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ARSTRACT

Quasi~two—-dimensional models have been of recent
experimental and theoretical interest (1,2), These are really
chree~dimensional, but the intsractions in the off-—plane
directions are much weaker than the intraplanar bends. The
crucial parameter determining the critical behaviour of such
a system is g, the ratlo of the two types of interactions. For
relatively large values of g, say = 10—2, the system shows a
three—~dimensional behaviour. In this case, standard Padé
approximant methods can be used to dearribe the system for the
whole temperature range. On the other hand , if g is smaller,
the system shows the true three—dimensional behaviour only on
apnroaching the critical temperature very closcly. If onc moves
away from the critical temperaturc, onc sces @ grossover to the
two—dimcnsional behaviour for a rangc of Lemperaturces. This
can be described nicely in terms of the crossover scaling
theory of Ricdel and Wegner (3) as cxtended by Pfeuty, Flshar
and Jasnou (4).

The aim of this disscrtation wes two-{old . ﬁmhxha,lh
wvas proposed to check the predictions of the crossover scaling
thecory in dctoll using the high—temperaturec scrics exponsions,
The second aim was to construct accurate aspproximants for ther-
modynamic quantitles valid within the critical region. It was
decided to restrlict this study to the ordering susceptibility
because, belng the most singular thermodynamic quantity, it 1s
highly suitable for studying the critical behaviour, Also, the
iAformation gotten from this about critical temperatures etc.
can be used gainfully for weaskly divergent quantities like
specific heat etec.. The lattice models studlied are the s.q; to
s.c. and the g.q. to P,c.c. Ising models,

The plan of this dissertation is as follows. In Chap-



ter 1, a briaf history of the Ising model, of the scaling and
universality and also of crossover phenomena are givene An in-
troduction to the present model is included in this Chapter. The
scaling theory and its predictions ana plso a summary of the
previous vworks on thé present model is described in Chapter 2.
Chapter 3 contains a summery of the extrapolation methods and
also our study of the’isotropic behaviour of the model. We have
used the standard Pade and graphical ratio methods for extrapo-
latian from high~temperaturs series expansions. By using the
exact valuss of the expoments and TC(O), we obtain the first
Five universal amplitudes. This gives us a low—x expansion of
the scaling function X(x). In Chapter 4, we obtain the aniso-
tropic behaviour »f our model. We first obtain Lhe range in
which the crossover scaling theory applies. Then ve use
Fishef's method (4) and other standard methods to obtain
Tc(g) andiA(g) for g # O far a range of values of g. These
help us to obtain the values of the universal parameters X, X.
Construction of the‘isotropic and anisatgpepic scaling Punctions
using two-point Pade approximants 1s carried out in Chapter 5.
Also included in this Chapter is the calgulation of the effec~
tive exponent of the susceptibility. We present detailed graphs
of this exponsnt versus temperature in the Erikicad region for
various values of anisotropy for both the latiices. Chapter &,
uhich is the concluding Chapter contalns remarks sbout other

lattices and comparison with other results.

The followimg results emerge from this study.

1. The detailed universal behaviour of the model near g = O
is described by the extended scaling theory (4) quite sccu-
ratcly, We verify this by calculating the first five universal
amplitude ratios.

2. The predictions of the thcory aboul the double—psuer sca-
ling lavs, scale—factor universality ctc. are verificd and the
umiversal paramclers arc calculaled viivhin an accuracy of 5% .
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3. The universal scaling function for the dimensional cross—

over for the susceptibllity is obtained for all tomperatures

in the critical ragion; The graphs of the effective exponent

arec presented for a range of valucs of anisotropy in this

re
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INTRODUCT ION

Quasi-two—-dimensional models have been of recent
experimental and theoretical interest (1,2). These are really
three~dimensional, but the interactions in the off-plane
directions are much weaker than the intraplanar bonds. The
crucial parameter determining the critical behaviour of such
a system is g, the ratlo of the two types of interactions. For
relatively large values of g, say = 1O~2, the system shows a
three~dimensional behaviour. In this case, standard Padé
approximant methods can be used to describe the system for the
whaole temperature range. On the other hand , if g is smaller,
the system shous the true thrze—dimensional behaviour only on
approaching the critical tempera*ure very closcly. IPf onc moves
away from the critical temperaturc, onc sees s crossaver to the
two~dimensional behaviour for a range of temperaturces. This
can be described nicely in tceems of the crossover scaling
theory of Ricdel and Wegner (3) as cxtended by Pfeuty, Flsher
and Jasnou (4).

The aim of this disscrtation was two-fold. Furstly, ik
wvas proposed to check the predictions of the crOSSOVCb'sééiind.
thecory in detoll using the high-temperaturc scrics expansions.
The second ailm was to construct accurate aspproximants for ther-
modynamic quantitlies valld within the critical region; It was
decided to reskrict this study to the ordering susceptibility
because, belng the most singular thermodynamic quantity,-it 1s
highly: suitable for studying the critical behaviour, Also, the
ifformation gotten from this about critical temperatures etc.
can be used gainfully for weakly divergent quantities like
specific heat ete., The lattice models studied are the s.q; to

S«Ce. and the s;q. to f.c.c. lsing models,

The plan of this dissertation is as follows., In Chap-



ter 1, a bricf history of the Ising modcl, of the scaling and
universality and also of crossover phenomena are givens An in=~
troduction to the present model 1s included in this Chapter. The
scaling theory and its predictions and also a summary of the
previous works on thé present model is described in Chaptsr 2.
Chapter 3 contains a sumiary of the extrapolation msthods and
also our study of the‘isotpopic behaviour of the model., We havs
used ths stendard Pade and graphical ratio methods for extrapo~-
lation fram high=temperaturs series eXpansions: By using the
exact valuss of the exponents and T (O), we obtain the first
five universal amplitudes. This g&VEa us a low=x sxpanalion of
the scaling funection X(x), In Chapter 4, ws obtain the aniso-
tropic behaviour of our model, We first obtain the range in
which the erossover scaling thec-y applies; Then we use
Fisher's method (4) and other standard methods to obtain

T (9) and A(g) for g # O for a range of values of g. These

help us to obtain the values of the universal parameters x, i.
Construction of thuiisotroplc and anisotponic scaling functions
using two-point Pade approximants 1s carried out in Chapter 5.
Also included in this Chapter is the calsulation of the efffec~
tive exponent of the susceptibilily. We present detalled graphs
of this exponent versus tempersture in the @¥itweal) region for
various values of anisotropy for both the lattices. Chapter 6,
wvhieh is the concluding Chapter contzins remarks about other
lattices and ocomparison with other results,

The Pollowing results emerge from this study.

1. The detailed universal behaviour of the model near g = O
is described by the extended scaling thesory (4) quite accu-
rately; We verify this by calculating the first five universal
amplitude ratlos.

2, The predictions of the thcory about the double—pover sca-
ling laws, scale—factor universality etc. are verifiecd and the
universal parameters arc calculated vithin an accuracy of 5%,



3. The universal scaling function for the dimensional cross-

over for the susceptibllity is obtained for all tsmperatures
in the critical region; The graphs of the effective exponent
are presented for a pange of values of anisotropy in this
regime, (8)
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CHAPTER 1

INTRODUCT ION

1.1, Brief History of Ising Model

Uhlenbeck apd Goudsmit,1 in 1925, put forvard the
hynothesis that ths electron possesses a magnetic moment; and
that, in a magnetic field its direction is quantized so that it
orients iltself sither narallel or anti-parallel to the field.
This extrz degree of freedom is called spim. In the same year,
Lenz suggested to his student Ising2 that if asn interaction uas
introduced bstvween the spins so that parallel spins in & lattice
attract one another, and anti-parallel spins repel one snother,
then at sufficiently lov temperatures the spins would all bse
aligned and the model might provide a microscopic description
of ferromagnetism. The corresponding Hamiltonian is of the form

- T3> Aaas -mH2Z & , (1.1)
wp -3 L

Here J( > O) represents the interaction between apins, H is en

external magnetic field, m the magnstic mement of a single spin

and bL is a dummy variable which can teke the valuss*¥ 1. The

suffix L runs over all sites of the lattice and{tydver all pairs

of sites i and j which are nearest neighbaurs (n.n.). This is



2

called the Iaing model. (For an interesting historical review
of this model, see the article by Brush”),

Ising solved the model in one dimension and found
that the solutlon is analytlc without any singularities and
the spontaneous magnetization vanishes for a1l T > 0, Eleven
years later Peierls® shoved that the two-dimensional model does
have a non—zero spontaneocus magnetization and therefore can bhe
regarded as a valid model of a ferromagnet, (For a summary of
rigorous results on the Ising model, sse the article by
Griffiths in the Domb-Green Serles®).

In 1941, Kramers and Wannier8 discoversd a transfor-—
mation whlch enabled them to cslculate the exact value of the
Curie temperature of a simple quadratic (s.q.) lattice. They
also showed how to develop exact series expansions for the par-
tition function at high and low temperatures. Thelr paper wasg
followed by Onsager's famous calculation in 1944 of the parti-
tion T‘unction7 of the s.q. lattice in zero field, which has
served as a landmark in the theory of critical behaviour,
Buring subsequent years exact information vas obtalned on the
Ising modsl as calculations were extendud to the spontansous

magnetization,8~9 correlations O™ 11-13

and susceptibility;
solutions also became available for a variety of additional
two~dimensior il lattices. (See the reviews by Domb14 and

Syozi15). However, 1t has so far proved impossible to solve

the model sxactly in non-zsro field or in thres dimensions.

In the absence of exact solutions the two alternative
approachas avallable were closed form approximations and serles
expansions. The former had been developed in the 1830s by Bragg
and Willlams,'® Bethe, ' 18
parison by Kramers and Wannier6 with exact serles sxpansions
shoved that even the best approximations available gave only a

Guggenheim'~ and others, But, a com—



3

few terms correctly. Also such approximations wers suggested
by the authors to be unrsliable in the criticsl region and
this suggestion was substantiated by Onsager.7

Series expanslons had been Yniroduced by Kramers and
Wannier® with the ailm of teating the velidity of clossd Porm
approximations as mentisned above. Howsver, Domb 19 suggsstad
that if expansions of sufficlent lsngth could bs derived they
might provide a dirsct assssament of critical behaviour. Such
expamsions vere dsrived in tuo dimensiona for the s.q. lattlice
by Domb ' and in three dimenslons for the gimple cubic (s.c.)
lattice by Wakefield.Z?? These calculations were extended to a
variety of two~ and three—dimensional lattices14 gnd methods of
extracting infarmation regardinc critical behaviour vere stea—
dily improved.

Series Por the initial sugceptlbility at high tempe-
ratures provided the smoothest and most rsgular pattern of
behaviour of coefficients, they were all found to be positive

21 was used to estimate the Curle

in sign, anc the ratio method
temperatures and critical exponents, For the s.g. and plane

triangular (p.t.) lattices in two dimensions, the Curie tempe—
ratures were known exactly, and hence a more accurate estimate
could be made of the critlcal exponents, Domb and Syk:es22 aug-
gested “he value¥ = 1,75 for the susceptibility exponent of

these lattices and this was later justifisd rigorously.11~13’23
For three~dimensional lattlices the corprsesponding astimatee4 Wa

1.25,

s

A dramatic step forvard was taken by Baker25 in 1961

who applled Pade approximantz1 to thesc Ialng ssrics. For
series with positlve torms, the results were in excellent ac-
cord with those of the ratio method. But for irrsgular serles,
e.G., the lou temperature serles Por spontansous magnetiza-



tion, it was poasible to obtain estimates for the eritical
exponent of the spontaneous magnetization.

Due to the existence of the exact solutions and the
possibility of deriving extenslves series expansions both st low
and high temperatures, the Ising model has servcd as a ploneer
in the exploration of critical behnviuvur and many impoptant
reaults in the theory of critical phenomena started with ap-
plication to the Ising model. Thsse include accurate estimates
24,26-28 accurate estimates of criti-
cal values of thsrmodynamic functin"s,14 observation that di-
mension pather than lattice structure determines critical beha~
viour of antiferrmmagnets,zg'critlcal amplitudes,sg’31
equation of state,zz’33 criticel oorrelations,34 surface and
finite size effects,SS lattice-lattice scaling,36 correctlion
terms to the equation of stat.e,37 the crossover GXponeni.Sa

of the critical exponents,

critical

From all these and many more studies, it has now been
established that, in general, the critical exponents depend on
very few details of ths system; e.g., the dimensionality, the
symmetry properties of the Hamiltonian, etc. A systematic me-
thod of getting expansions for the exponents in terms of these
parameters was introduced by Wilson and F.tsher.:'39 This so=-called
renormalization group method has been a valuable tosl in get-
ting numericsl values for critical parameters, sometimes com—
parable in acmuracy with the other methods, (Recent revieus
are by Wilaon snd Kogut’© and slso by Fisher 1),

1.2, Brief History of Scaling and Universality

The scaling hypothesis was introduced by Widom,42

Kadano?f, %3 Domb and Hunter,-2 Patashinskii and Pokrovskil,**
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more or less independently. (For recent reviews of these and

45 Stanley™ ). The basic ides is to

other idcas scc Fisher,
Iouk at the isotherms in Figure 1 and notice thal they aore very
similar to one another., The scaling hypothesis exploits this
similarity t» bring all the isotherms on one curve by introdu-
cing a chonge in scale which is Lemperature~dependert. The

hypothesis states that

M(H,T) (bq J
~ —= - -1 TC ’ (1.2)
a e . \t\") et

where and arc bwo exponents and 'a' and 'b' are scale

factors which have becn introduced to make the scaling func—
417,48 The functions -%+ are valid for £t > O

and t < 0, respectively. A typical skctch of functions { is
shown in Figure 2. Following comments cre Lo be notcd rcegarding

tions universal,

the hypothesis, )
The symbol " o, " denotes that it i&s valid in the cri-
tical rcgion, i.c., for both H and t very small, typically
4—10"2.' The variable o= bt—\/ll:lA has the rongc - < x <00
The functions { and -f arc differcnt from each other owing to
the fact thot Lhu isotherms for T >-T arc cssentieslly diffec-
rcnt from those for T LT, o No particulﬂr valuc of oc corres—
ponds to the critical palnt (H=0,T=T ) because x is inde-
termingte for H = 0, T = Tc' However, therc exists onc value of
X which correspands to cach path taken by an approach to the
critical p01nt Of course, the hypothesis does what it was de-
signed tn do. If we change H and t by factors of 1 and I
pectively, M is simply multiplicd by 1 , In fact, this can be
explicitly noted by writing (1.2) in the following form

MuLg~ad M(LbhH, L) | (103



Table 1;-Summaay of Definitioqs of Critical Point Exponamts
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; susceptibility.
- ! :
¥ Kot 0 0 0
5 | |
S H~ |Mlagn O #/0 #0  Critical isothcrem.

(M)
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wvhere 1 s arbitrary. In this form, it is called the generali-
zed homogegeity hypothesis.46

Now, we will study some of Lhe implications of the
scaling hypothesis,

(a) For H = 0, we know that (M= 0 for t > B and
H = Bit)for t = O. (For the sake of completeneas, ir Table 1,
e give bhe standord definiticms of the_exponents?®%0), 1n
order to reproduce this bechaviour equation (1.2) should satis—
fy the following

i

f,@=0 s f =1
7\:ﬁ + ) a_:B.

(b) For T = Tc’ H—=>0 a new exponent is defined for

the shape of the critical isothcem,
1/6
M= DH / ’ T =T s H—> 0,

o
The functions f(gshould satisfy the following comditions:
f, (x)=x1/8 s X —>00 ,
O?\/A:.L/S , D=a bils.
(c) Differontiating cquation (1.2) with respeet to H,

we get a8 scaling hypothesis for “A
A=A

AH,t) ~ &b |t f;:' (%\—‘;) ) (1.4)

Using this, we can show that, g¢.q.,

Similarly, all other thermodynamic functions can bc shown to
obey the scaling hypothcak%. So, all the theemodynamic
exponents can be expresscd in terms of just two exponents,
vig,, A and A o By eliminating these onec can get relstions
between exponents, Obviously,; the npmbcr of indcpendent pcels-—
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tions will be two less than the number of cexponents. An cxample

of these rclation526 is

¥ =p(s-1)

Similarly, all thc amplitudcs can bc expressed in teems of
just two amplitudes and the values of £, and their derivatives
41,48 1, thermodynamic scaling has heen

verified experimentally in both fluids and magncts; e detala—

ot spceial points.

cd predictions like the exponent relations have also been veri-
43,50

ficd both theoretically and experimentally.
In order to understand thc universality hypothesis,
We should first note that all the gquantitics that characterize
the ecritlcol behaviour of the system con be divided into two
cotegories: Universal ond Non-universal, Quantities which depend
on very fcw propertics of the system are colled unliversal quan-—
tities, c;g., critical exponcents and scaling functions. The
remaining quantitics which depend on details of Lhe system arc
called non-univcersal quantitics, c;g., critical temperature,

critical amplitudec and scale factors.

41,50 have been devoted to

Maost studics of universality
the so=called "n-vector model" or the "generaol cxchonge Hamil-
tonian", The basic veriables in the model are n~componcnt
classical unit vectors sitting on g d—-dimensional lattice,
interacting through o ratationolly symmetric "exchange". The

Homiltonian 1is written as

}\:—TZZ‘»ﬁ T>o0 | (1.5)

)
L)j
where {_ yk=1,2,3. :} satisfy the eonstraunt
n <
S (£) .1
L

A=1

The Hamiltonmian has been studied in all its gcneralizations.41’5o
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Some cxamples arc, diffcring cxchanges in diffcrent lattice
dircctions, in diffcerent spin dircctisns; interactions beco-
ming long ranged, ctc,

Before discussing the results it is useful to paint
out that the Homiltonian (1.5) provides a madel for mony inte—-
rcsting physicol systcems, as indicated in Figure 3. The values
n=1,2,3 arec rcalized in magnetic materinls, Superfluids arc
described by n = 2 and ordinary fluids, binary mixturcs and
alloys bym = 1, Recently, it has becen shown that certain
structural transitions can be described by n = 4,6,8.51 The 1li-

mit n — o corrcsponds to the spherical model.52—54

The universal gquantities depend on the following :

(i) Dimcnsionglity d of the system, which is defined
as thec number of physical dimensions in which the system has
infinitc extent.

(ii) Symmctry number n, which is thc number of inde-
pcndent componcnts of the arder paromcter needed to describe
the ordercd statc;

(iii) Range of 1ntcractlons” short~rangc intcractions
arc those satisfying E:.R T(R) £, All sthers arc classified
as long-ranyge. When lnteractlons are long-range, they are usual-
ly taken to be J(R) ~ R_( *e) for R——> o0 . For 0< o < & ,
the interactions are long-range and the exponents are ¢ —de-
pendent in general.4

The universal guantities do not depend on the details
of lattice structure, the length of the system in the direcc-
tion in which it is finite, and the strength of the interactions

in different directions. They are also independent of the magni-

tude of the spin quantum number S :.% ,i,% e

spin components, amount of anisotropy in the spin space as long

oo , number of

as it docs not change thc symmetry properties of the Hamiltonian,
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Lastly, they do not depend on the strength of the next nearcst
(or more) ncighbours as comparcd wilh that of ncarcst neighbour
intcractions,

The basic rcason for universality is the cxistence of
long~rangc ecorrclations ncar the critical point, Duc to their

range, they do not "sce"

the details of thc system, but only
the gross featurcs like the dimensionality, symmelry properlics,

ctc,

Summing up, to cach sct of (d,n," ) corrcsponds a uni=-
quc sct of two indcpendent thermodynamic exponents and a unique
scaling function. Systems having the same (d,n,e) arc said to
bclong to the same universality class., A natural qucstion is as
to how onc cxtrapolatcs between different universality claosscs.
This lcads naturally te crossover phenomena which is thc sub=
jeet of the next section.

1.3. Bricf History of Crossover Scaling and Universality

Crossover occurs when the exponcnts of the system
changc discontinuously at a specinl point whcn o paramcter, say
g, is changed contlinuously. Let us call the special value of g
zero. Then, for g = G, we have one set of exponents « , p ,
~ , etc. And, by the universality hypothesis, for g # 0, ve
have another sct of exponents, say, ai ’ 13 s XY ,etc. For con-
venience, let us call the g = O and g # O systems as the iso-
tropic and anisotropic systems, respectiVely;

55,56 which

is developed systematically in Section 2.1, one expects that

According to the crossover scaling theory,

for weask anisotropy, the system behaves first as if fully iso-
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tropic when the critical point is apiroached, However, on going
closer to the critical temperature Tc(g), the system starts to
respond to the anisotropy until, eventually, its behaviour be=
comes fully characteristic of g # O systems, The change to ani=
Sotropic form occurs in the vicinity of a crossover temperature
T = Tc(g) + A,Tx whose variation is determined by a crossover
i/? The value of ¢ is cha-
racteristic of the isotropic system and the tvpe of crossover

exponent ¢ according ta A TX ~ g

involved but, as usual, should not depend on the dotails of
lattice structure, etc.

To describe this behaviour, a scaling hypothesis for
the case of spin-space anisotropy (e.g., Helsenberg to Ising
crossover) in terms of the variables %/t. s where

k- [T-Tc_taﬂ /Tc(°’ ) (1.65)

vas made by Riedel and WEQDBF.55 They verified the predictions
of the theory in the mean-field approximation and in the sphe~
rical model, This; however, left open the value of the shift
exponent ¥ , defined as
/v

g-loxg  » §7°
This question was discussed in detail by flisher and Jasnou56
(unpublished). They showed that,in general, Y may or may not
be equal to ¢ . If Y- ¢, then one can make an extended sca-
ling hypothesis in terms of the variab165<3/t¢where

t = [T-TC(O)] /TC,(O) . (1.7)

Conversely, if the extended form is assumed, then the conclu-
sion Y= ¢ is forced, If Y + 4>, then the extended scaling

can still be made but in terms of more complicated variables,
(For many examples of this last case, see Singh57 (unpublished)).



To see the kind of crossovers Lhat are possible in
physical systems, let us turn to Figure 3. Let us denote each
point by its co-ordinates (d,n). (We restrict ourselves to the
case of short-range forces, for simplicity), In principle, each
point is characterized by a diffcerent set of cxponents, so ve
can have crossover from any one point to another, Most thorough-
ly studied, thecretically as well as experimentally, are the
cases (3,3) to (3,2) and (3,1), All the predictions were veri-
fied and scaling functions were obtained theoretically by
Pfeuty, Jasnouw, Fisher and Singh.EB”BO These results had a di-
rect application in Heisenberg systems exhibiting a blicritical
point.61 Such points were studied experimentally by Rohrers2
who found good agreement between theory and experiment. Various
crossavers in the spherical modcl werc studied by Riedel and
Wngcr55 and Singh and Jasnow63 (unpublished), The only other
casc which has becen studied in some dctall is the (2,1) to
(3,1) casc by Stanlecy and coworkcrs.SO We discuss thelr work in
Scction 2;2 in detoil. Many other interesting crossovers have
been studicd mainly by the rcnormalization group techniques.
(For a recent review sce the article by Aharony84 ). In the
coming section we introduce the present model.

1e4. Present Model

Onsager's paper7 on the two=dimensional Ising model
also contained a discussion of the anisotgopic rectangular lat-
tices with different interactions J and J in the two principsl
lattice directions. This work has been extended to the sponta-
neous magnetization in the anisotropic lattice (see Domb14).
For these exact solutions , critical exponents remain unchanged
as long as 3£ 0,
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65 generalizes this result

The smoothness postulate
to any isotropic system in d dimensions. For example, iP we
consider a set of parallel s.q. lattices with intcrnel &ntpr-~
actions J counled to one another with interaction J: we should
expect the system to display three-dimensional critical expo-
nents as long as JI> O, and to revert to two-dimensional ex-—

/
ponents only when J = O,

In this work, we shall be dealing with quasi-two-di-
mensional systems, i;e., three~dimensional systems in which
the intcractions 1n the off-planc directions are weaker than
those within the planes. The most important paramcter determi-
ning the behaviour of such a system is the latticc-anisotropy,
d, i:e;, the ratio of the interplanar to intraplamar couplings.
For g large, say more than 10_2 or so, thc propertics of the
system arc csscntially thrce=dimensional in naturc. So onc can
usc the standard Padec approximant mcthod to construct the ther-
madynamic functions for oll tempcratures.es On thc other hand,
for smallcr valucs of g, the crossover bechaviour mnkes itsclf
felt, so morc rcfined techniques must be used,

Our model is thc ferro-magnetic quasi-two-dimensional
Ising medel without magnetic field, The interactions which are
purely in the xy-plane are denoted by J and all others by 3.
The anisotropy parameter is g = J/J = Jz/J,y’ The tuo lattices
studied are the s.c. and face-centered cubic (f.c.c.) lattices,
We are considering a crossover from 2-d to 3-d, The Hamiltonien

of our madel 15

)4:_3‘2‘_'_,55 -33' Zéb , A=t1,T>0 . (1.8)
wp -3 Wyt

The first summation runs over all the r.n. palrs of spins in

the xy-plane, and the second summation is over all other n.n.

pairs. For g = 0, the Hamiltonian describes a set of mutually

non—interacting two—dimensional Ising models. For g = 1, it


file:///ifith

17

describes either the s.ce. or f.c.c. model,

In Chapters 3 to 5, we will study the crossover sca-
ling behaviour of this model in detail, Such models have also
been studied exparimentally: (For a recent review, seec de Jongh
and Miodcma67 )e The only known cxample of Lhe present model
is perhaps FcCle{ But in this case, the valuc of g ls cstimsted
to bc 3 x 1D~2, so it is outside thec crossover scaling region.
Further experimental studics on such systems would be most

welcome,

The coming section gives the summary of all the remain-
ing chapters,

1.5, Summary of Remaining Chapters

The outline of the remaining chapters is as follows,
In Chapter 2, the crossover scaling theory 1s presented. Also
given is a summary of previous work on the samc model. In
Chapter 3, the low—g expansion of thec scaling fucction is obe=
tained through the analysis of the isotropic critical behaviour
of the susceptibility, The study of the critical behaviour in
the presence of small but finite anisotropy is the subject of
Chapter 4. In Chapter 5, we construct the closed form approxi-
mants for the scaling function and we also examine the cross-
over of thec susceptibility cxponent based on this function,
Chopter 6 which is the last chapter contains a summary of the
work donc and also our concluding remarks,

(e e v .

e AT TN
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CHAPTER 2

—— ———

Scaling Theory and Summary of Previous Work

214 Scaling Theory and its Predictions.

In this Chapter, we shall obtain the detailed predic-
tions of the scaldng theory as applied to the ferromagnetic
quasi-two-dimensional Ising model Hamiltonian (1.8),

xy ;
M--T > ;,L;,__zj' Z.:'}"L’" y =1, T>0 . (1.8)
ajp 3 ap 1ot
For g = 0, the Hamiltonian (1.8) describes a set of mutually
non-interacting two-dimensional Ising models. The zero-field
reduced susceptibility is given by,

- : |
7((%=0,T) ~ At (2.1)

where,
t:[TJum]/Zw) ) (2.2)

in the critical region. So, in the absence of anisotropy, the
critical behaviour is described by the usual critical exponents
ALy P , ¥ ees.s BuUt «f anisotropy is present, the critical
temperature is shifted from TC(O) to Tc(g) and the critical
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behaviour is described by the nev exponents OK F) 'X P
Thus for g # 0, it is convanient to introduce

b= [ToTgl [T (2.3)

The susceptibility is then given by,

. . _Y
X(ra,T) X A(a\ d , B — o0 . (2.4)

For small i and small g, the general scaling theory55 impl.=s
that the zero-field susceptibility should be of the form,

Y . .
’x.(g,T)z At xa(Bﬁ/t?) , (2.5)

where 4) is the crossover exponent and the scalec factors A,B8,
have been introduced to makec the scaling function X (x) univer~
sal. Now for g = O, we should get (2. 1), Therefore, ye must have

X(x)——>i 3 X —>0

On the other hand, to recproduce (2. 4), X (x) must go to zcro as
X —> oo as follovs,

.o (-]
X(x)z)(lx . % — w
Substitutdng this in (2. 5), we get
) (¥-¥)/ 9.
,X,(%,T) zAxi(Bifa) t R
so that, |
(¥-¥)/9

~ B
A(a) ~AX1( 1%)
This is the so~callcd double powcr law scaling prediction.

The hypothesis (2.5) leaves open the guestion of the
variation of the critical point shifi,
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t(q) = [Tc(cd)-Tc(o)] /Tc‘°’ ’ (2.6)

56,58,

with g, for small g. Onc may, indced) introduce @ new shift

L 4
t.(g) ~ g./

exponent ¥ through

As mentioned before in Section 1;3, it can be shoun that if
vV = ¢ s Lthen the extended scaling theory applices and vice
versa. The extended scaling thecory implies that

mz,TmAé"X(Bﬁ/t‘?) . 2.1

We shall exclusively work with this extended form of the theory,
which mzans, e¢.qg., that we put Y = ¢ . (of course, the two
scaling functions X (x) and XT(X) arc simply related),

Now, vwe summarize iLhe detalled predlctlons of the
theory follouing Pfeuty, Jasnow and Flsher. Henceforth this
paper will be referred to as PJF. The successive derivatives
of the zero-field susceontibility at g = O should diverge as

= (—B—T’)—(') ~ C t-““mp) (2.8)

l___Jm" -aam [ ’ t'—QO .
The scaling functlion X{x) may be normalized by
d X
AKw@=1 <I;)o: L. (2.9)

Thus, we can easily see that,

Co = A , C1=AB,

c, AB" (J:x. >o . (2.10)

Since the scaling function X(x) is universal, the ratios of
the amplitudes,

and

i
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m = 1,2’3y:¢o

are predicted to be universal,

For fixed positive g, howvever, we require equation
(2.4) to be satisfied as t —> 0, 1l.e,, T-—~9'Tc(q). To repro-
duce this behaviour, the susceptibility in the extended form
(2.7) must be singular at t = tc(g) vhich, in accord with the
equality ¢ = Y , can be written as

‘:(%):l‘dzi/gb , 8s g—> 0 (2.11)
c
The scaling function X(x) itself, for g # O, should be singular
at x, say, to rcflect the crossover to the new exponent :3 .
The extended thcory makes the siqplast assumption, viz.,
. - .
Xaox X (1-2) , x—x . (2.12)

This results in the following predictions. The guantity x is
universal and is given by

3‘C =B L:u‘ ¢ . (2.13)

The amplitudes A(g) in (2.4) diverge as

: ¥ -X)/¢
A(a): AW% y 3___9 o ,
with . .
- . N-Y A
A= AXW ¢
Y-Y¥)/¢. -/ _¥
:AB( X x ¢ .

(2.14)
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The universal amplitude % can be obtalned from (2;14),
~ ¥ . N-Y .
X = Awgb w /A (2.15)

The parameters x and X are universal, while A,B,Q and A are
non—universal. ’ ' -

After this brief summary of the scaling theory, we
summarize previous vork in the coming section,

2;2; Summary of the Previous Work on the Present Model

——

We start with a summary of two—dimensional Ising
models to which the present medel reduces for g = O. A begin-
ning was made by Kramers and Wannier6 who showed that the
model possesses a symmetry property, which permits location
of the Curie temperature if it exists and is unique; It was
found that it lies at

i

K(0) =3/ kgT (0) %: In (1 +/2)

0.4406067934 4 v, (2.16)

Ii

The symmetry also excludes certain forms of singqularities at

TC, E«J., 8 jump in the specific heat. Onsager,7 in his paper on
a two—dimensional model with an order—disorder transition com-
puted, rigorously, the partition function of the two-dimensional
s.q; model for the case of vanishing field. He showed that the
specific heat is logarithmically singular at TC given by Kramers
and Wannier., His calculation shoved for the first time that the
formulation of statistical mechanics is capable of describing
nhase transitions and critical phenomena without any extra as-
sumptions., An initial study of the suereptibility for the s.q.

)
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lattice was done by Domb and Sykesz“

who suggested that ¥ = 1‘
A theoretical justificotion for this value was first given by
Fisher12 and the argument has subsequently been made caomplete-

ly rigorous.SU

Now we summarize the work on the quasl-two—-dimensio-—
nal models. The method of series expansions Por X, (g,T) for
the above model of the anisotropic s.c. lattice was used by

Oltmaa and Enting.69’7o Writing

X(%,T): 1+ 2 % Hj}a) w{ \ W = tanh K, (217)
=1

they evaluated the first eleven nolynomials Hl(g). By perfor-
ming ratio and Pade approximant (P.A) analysis for different g
values, they found a continuous variation of the criticsl ex-
ponent ¥ with g which, they claimed, conflicted with the
smoothness postulate predictions of a sharp change at g = O,
Ra'.:iaport.ﬁ{‘I pointed out that such a continuous varlation must
be expected from a finite number of terms in (Z;Tt); This is
due to the fact that as g approaches zero, more and more terms
are rcequired to indicate the true behaviour of the critical
exponent, Using an alternative analysis which attempted to cs-
timate the critical gxyonents of the isotropic deriQativus af
X (g,T), L.ca, L_, (sce equation 2. 8), Rapaport showed that
the data werc CDnSlStpnt with ? = 1,75 = ¥, Therefore, he
concluded that thc data did not conflict with universality and
smoothness. Similar conclusions werc draun by Paul and Stanlcy,72
who had indecnendently developed high-temperature scrics cexpan—
sions for the anisotropic s.c. and f.c.c. lattices, Raggport's
< who

estimated the value of the exponent ¢> which was different from

conclusions were again challenged by Enting and Oitmaa
1.75 and suggested that the scaling theory was not obeyed.

Liu and Stanley,74 Citteur and Kasteleyn75 resolved
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the controversy by oroving rigorously that ¢ = X « Also
Harbus and Stanley7 develoned general—g series for the speci-
fic heat, susceptibillty and second corrclation moment for the
snisatropic s.c. and f.c.c. lattices and these serics were sub-
sequently analysed by Krasnow et al. 1 who found good ecvidence
in support of scaling,

This problem has becn attacked by renormalizakion
group approach, Using this method, Grovar78 and Chang and Stan-
ley795howed that ¢ = ¥ for the general case of lattice
dimensionality Crossover. Also, BruaeRO studied the problem of
obtaining crossover scaling functions for this case.

In the next chaoter; we give a brief summary of the
extrapolation methods and obtain the g = O scaling behaviour,
The g # O behaviour is discussed in Chapter 4.
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CHAPTER 3

———

~- - ~—

Two-dimersional Behaviour

31, Summary of the Extrapolation Methods

Before studying the model for g = 0 and g # 0, im
this section, we glve a brief summary of the extrapolation me-
thods for analysing the power serles expansions.a1 They are the
ratio method and FreeXapproncimant (P«A.) methods.

Ratio method is generally used to determinc the lo-
cation and mature of a dominant singularity which lies on the
rezal axis. Let us assume that the dominant singularity of some
function F(K) is on the real axis at K = Koo and that all the
cocfficients in the serics are rcal and of one sign. Supposc
that the function F(K) has a power scries of the form

m .
F(K) = %;5 ankn .
(3.1)
about the origin K = Q, If
_1/1\ ( )
. 3.2
Lm \ a_n = \(C 9
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then the serles converges for \K\ L.KC and diverges ror IK\> KC:
Correspondingly, therc must be at least onz singularity (non-
~analytic po%nt) on the circle of convergence ‘K\ = KC; It fol~
lows from (3.2) that

a,x f(n) K;n , K —> Kg ’ (3.3)

or, morc preciscly,

Jim Lo [ fm] =1 (3.4)

N> XN
wheee the unknown function, f(n), satisfiecs
A/n
fim (gl = 1t . (3.5)
Nn—>

For f(n) let us consider the form

Y4+n-1) A ¥ (@) (¥42).- - (F4n-1)
&m:A( n )‘A ol €348)

wvhich bechaves asymptotically like
X-1
An

[(v)

whore [Z%) is the gamma function, The form for f(n) implics
that for ¥ > 0 and recal K, we have,

“:('ﬂ) ~ ’ (3._7)

-3 -
Foo=A(L- “\;':_3 E1+0(1——é)]> K— kfa..'a)

Evidently, the paramcters ~ and A dircchly determine the cri-
tical exponent and amplitude respectively, st the singularity;
I? we assume that the various singularitiss are power laws,
equation (3,8) justifies (3.8) snd (3.7) as the natural choice
for f’(n).'22 Following Domb and Sykes,22 consider the ratio of
sucressive coefficlents,
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 _5 PR -
“ -_ a y n= 1,.:.,\—) s a0 3 (.3'9)

From (3.3) and (38), ve expect

2=k [1+——-+0( J), o0

(3.10)
so that the ratios vary linearly with l as n—> o0, The inter—
cept on % 0 will glve K, and the slope gives (¥ = 1)/ K
from which ¥ can be determlned But if only a limlited number
of terms are known, we can omly hope that the initial ratios
will be sufficiently vell~behaved as to enable an accurate
extrapolation to be made. This depends, amongst other things,
on the proximity and nature of any other singularities.

Knowing the estimated valuss of the critical point
and critical exponent by the above method, us can also have
refined cstimates of ecach of them having known one of them
first. Thus, given the exaet value of the critical point Kc’

or an estimated value Kc’ one may form the scquence of
approximation522
]
- _ + 1 .
'Xﬂ: n (T,% ) (3.31)

According to (3{;p)

!

i i —>
XY U'*O(nﬂ M (3.12)

H
so that ‘Knshould apnroach ~ linzarly against %, provided Kc
is sufficliently asccurate. A modified version of (3.11), namely,

e) = (n+e k1) 41
~_(e)= (n+e) (frk - 1) ; o1
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is sometimes used, vhere € is a amall shift which generally
hclps to impraove convergence,

If one has the exact value of critical exponent ~ ,
or a good estimate ¥ , onc caen usually obtain a rapidly convcr=
gent scguence of estimatss for the critical point Kcafrom the
sequence

% -4 n{ -1 1
-— n ~t + """1 n-— . 3.14
(kc )h_-_ Ny ¥-1 kc [i O(n YJ) - )

Since the leading correction term 1s of the order O(%@), the
limit KZ’ should be approaghed horizontally versys % . Even if
Y 1s somewhat different from Y , this will affact the convea—
gence only thsgugh a,term(Y-fYﬁfn.

If the critical point Kc and critical exponent Y
are known asccurately, the amplitude of singularity may be esti-
mated (equations 3,3 and 3.,8) from the sequence

AL aﬂH: (3043)
) (1+:\\-1) {3e33)

Equations (3.3 ) and (3:#) suggest the sliermatlive seqyence

n fzk)

An = a K — > (3438)

but this is not usually very satisfsgtory. Howeyer, small errors
in Kcland ~ srg magnified lm ggtimating the amplityde A, so
that comparatively lower asgcouracy is obtained.

Tge main fallyre af the pstio method is that ia most
ceses it deals(ikh) enly sne:(gingulavity sb - bkime and &lsp, 17
thls singularity lies an the real axis and 1s domim3mt. If the
ratios of the successive coefficliemts are oscillatimg wildly
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in sign as well as magnitude, which implies that the singulari-
ty closest to the origin is in the complex plane and is not the
physical singularity, then the ratio method fails completsly.
In such & case, P,A. method can be used successfully.

Pade” approximants enable several singularities
lying anywhere in the complex K~plane to be studied simulta-
neously, in s systematic manner. In sffect, they provide a me-
thod of approximately asnalytigally continuing a function heyond
\ts radius of convergenes snd up to the physical singulasity,
or beyond. Pade’ method can elso be spplied to a series of all
positive coefficients, It wes introduced into physics by Baker
and Gammel®2 and Baker st al;,B3 and first applled to critical
phenomena by Baker.25

The EL,M] P.A. to a function F(K) is the ratio of s
polynomial PL(K) of degree L to & polynomial QM(K) of degrse
M. Thus we have,

2 A g S S ) G S L
[ ] PL(K) Pg *+ PqK + poK= + pLK
Ly,M| = T = N
UK Qg + 4K + quZ + ~—~--—~qMKM

(3.1
Without any loss of generality, we can sssume dg = 1., The coef-
ficlents pg;, P1y Pp eeeesedp and Qqs Qo seeseely orE chosen
that the expansion of [L,M] agree with the expansion of F(K)
through order L + M, 1.e;,

F(K) = [L,M]+ o( k=1 (3.18)
Equating the coeffictents of K-*! theough K- ia (3.17) gives
M simultanecus linear squations far <P to qM; Substituting
their solution into the (L+1) linear squations, obtsined by
equating the cosfficlents of K® thsough K- in (3.18), then
ylelds the coefficlents Po to pL;
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If the series expaaslon of F(K) is known through order
KN, the calculsble mpprogimants c¢an be aprsnged in & Pade’
tab1884 as follows

d o Bl . . R
1,2 [2,2] . . 1,2

]
»

ﬁ:N~13

Applying this method to the series fer a function F(K)
given in (3.,1) we Pind that if A(K) is amalytic at K = Kos them

e |
RmxAu~§)D+OU-%ﬂ, (3.19)
) <

where A = A(K_). It follows that the logarithmic derivative

DK = %_R...Jn F(k) = ———-——a[i%-O(K “3}(3 20)

(K- KD
K—>
has a simplec pole st Kc‘ Since P.A. can represent simple

poles exactly, approximants to the D(K) seriags should converge
much faster than approximants to the F(K) series. If an appro-
ximant. has a pole in the vicinity of Ker its location vill
give thz cstimatc of K while thc cogmcsponding residuc will
bc &n cstimate of ~“J

82

If the cxact valuc of a good cshimate of Y is given,
then the appropriabc poles of thc approgimants to the serics for
1/ /¥
3.21
[F(K)] Lo XA [+ O(k-KD] K (32D

(- %)



31

should give a more rapidly convergent sequence of the estima}es
for KC.“a The corresponding residues yield estimates of —KCA CY

and hence the amplitude A.

Conversely; 1f the exact value or a good estimate of
K. 18 knewn, a better estimate of the critical exponent can be
olivained by forming P.AQ to the serles

%
~ 0 = (K=K)D(K) =¥ +0(K-K) , K— K (3,22)
ond evaluating them at K = Kc'

If both K_ and ¥ are known accurately enough, better
cstimates of A can be obtained 0 by forming P.As to the series

jor 1[¥
8/ ,
(K, = KD [F(K)] ~ K A+ O(K=K), K—sK_  (3.23)

evaluating Fhem at KC and raising the result to the power 3 .
In addition, one of the higher order approximants should pro-
vide an excellent extrapolation for F(K) over the entire range
from K = O to KC;EB

In summary, Pade method can be expected to work rea—
~onably well whenever F(K) diverges strongly to infinity or
converges strongly to zero at KC; This is the case for the
high—tenperature susceptibility series and low~temperature
=pontaneous magnetization series, respectively, of the ferro-
magnetir Ising model. If F(K) has singularities at several
points in the complex K~plane, the Pade method attempts to
trest ecch of them. For example, 1f enough series coefficlents
are available, the location and exponent of singularity may be
apprcximated by an appropriate pole and residue of the higher~
~order appzoximants to D(K).
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In addition to these general methods, there arc spe—
cial methods to analyge the crossover bechaviour of the scaling
function. We discuss and apply them in the coming sections.

3.2. The Isotropic Behaviour

In this seetion, we will deal with the g = 0 or, iso-
tronic, be haviour of the Hamiltonian (1 8). Wg will deal with
the cascs S. q. ts s.c. and s, g. to f.c c. For g = 0, we get a
sct of s.q. Ising models. For the 50!& model, the critical tem-—
peraturc is given by (2;16) and the ceitical exponent ~ is
cqual to 7/4. The amplitudes A for X (O,T) was obtaincd by
Sykes and coworkers31 who analysced thc high-temperaturc scries
for the two—dimensional Ising model., They found that near T_
the ferromagnctic susceptibllity behaves as

7/4 / 3}4 +
'X(o,T)xA(i- ) +A (i~——) y T>7y3,24)

yith A = 0.96259 £ 0,00003, A~ 0.0743, These values are in
excellent agrcement with the exact values obtained by Barouch,
Mc Cey and WU.23 They obtained

A = 0.9625817322 ..., A = 0.07T43081538 ...
(3.25)

(We remark in passimg sbout the conflucng singularities in the
asymptotic behaviour of the susceptlbility im equation (3. 24).
We have not included these im our analysis, since we feel that
the series are probably too short to examime all the subtle
effects taking place for small values of g. We have concentra-
ted only on the leading crossover beghavioue for amall g):

Knowing the value of A, the value of B can be obtain-
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Table 2. Rigorous Rssults, for Crosaing €yer frem a Quasi-2-
—~dimensional Lattices to a true 3-dimensional Latti-—
ce., The Lattice Coefficients are defined below. Hcee

Physical Quanti-3; Lovsr Upgec ]
ty : Bound i Bound g*ange of- (T, H)
YT'; Q
EL—CH(T;H»Qi] -1 Ng1JT ‘ﬁ 2] Arbitrary,
33 0 2
\:_@_’X,(T,H,g)] K‘M, < % + g1K ’7& Arbitrary.
az =0
— - 3 .
P‘l %(T,H=O,g)] 20,42 %, 2(gpq% gp) T > T,y HeO
p) bR =0 —3 !
3 3 X Keix'

> - .
{?__’X»(T'H:ng% (8931“ 2933) (5931+12932 T > Tcs Hzi%}p

80 _ —
x K2 % +6gz) K3 X

Lattice Coefficients,

Q Q o
g 0 seg.to s, 68 S.Ge to T.cC. ch)

9, e 8
921 2 3z
<P 2 32
34 2 128
9o 2 123

2 128
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ed from Liu and Stanley relations.38 We brieily sketch the Liu-
~Stanley arqumenis. First let us consider the anisotroplc s.c.
lattice. The reduced susceptibility of a lattice whish is com—
posed of (N+1) layers with MZ spins in each layer 1s given by

-1
% (g57) = [ty M° ] ;os(»j» - <n><a)]

A
'
On differentiating vwith respect to g,

ot (@)« T L { Ty g )

38 R 1R=1 )..lL f'l‘_ R FR R a

Z4h >Z; >Z ﬂ

}‘, 2+1 r& % O3 )-l Z.'H )LZ-\’i g_ ) PR N X
AR 4 (3,26)
where {oe0-- ZLdenotes the thermal average of a two-dimensional

Hamiltonian, Nov each of the summations inaide the curly brac-
kets ls over all spins which lie in 2 single plane and thus

each summation is exactly the reduced susceptibility of a two-
~dimensional lattice. Thus in the thermodynamic limit, one gels

(%)o = 4K [’)(. (o)] *

This equation is the first order correction term of the two-—

(3.27)

~dimensional approximation of the three dimensional quantity

X (g,T), Similarly, they also proved relations for higher deri-
vatives upto the third derivative, We summarize theilr results
for the s.q. to s.c. and s.g. to f,c.c, lattices in Table 2.
These relatlons coupled with the scaling form

-
'X,(a,T) ~ At (B%/\Z?)
clearly give- ¢ =,

Also using the normalization that
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Table 3a. Reduced Susceptlblllty Expansion Coeffliclients b nl

for the s.qg. to s.c. case.

Q 8—0 8 ]
n 8 1 c bnl 8 8 n Q b § bnl
g g )
0 0 1 5 1 1210 -*;:
1 0 4 5 2 1381 %
1 1 2 5 3 485 é
> 0 12 5 4 42 &
2 1 16 5 5 %
2 2 2 6 0 511 %
>
3 0 34 % 5 1 4098 &
3 1 80 5 2 6520
3 > 32 5 3 3761 %
1
3 3 1% 6 4 128
4 o 92 6 5 34 %5
2 4
4 1 330 i 2 6 78
2 53
2 240 1 0 16533 =15
2 5

4 3 42 £ 1 1 13112 §

> 4

5 0] 240 k1o 1 3 22855 o]
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T T
i § ] bnl 8 0 8 1 ] bnl
'R Q Q ]
7 1601 g- 9 4 372897 %
7 874 % g 5 118401 %%E
1 22‘%§ 3 5 16342 ,85
8 257
9 T 9 1 743 =75
8 3809 %%5 9 8 5 %%%
.. 274 4
8 107712 10 0O opg20 828
g 119472 %% 10 1 345515 %%33
8 53277 % 10 2 1370308 %%
5 12225 %% 10 3 2402302 g%%
8 874 & 106 4 2068551 %3
3 13 %TS 10 5 913502 %%%
3 2 10 B 198700 =
5 15 g
g 9354 %g%g 10 7 18700 g%g
3 119469 %}% 10 8 562 %%5
9 334827 S 10 9 2 5355
3 556211 Ao 10 10 Forem
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P R 3
ngt g bm 00 "9 i bn1

g ] f4 9 g g

8046493 68

11 0 55317 Sqigasgz 11 6 1856900 25=
11 1 977909 —%‘—Zf 11T 285426 —g%
11 P 4538445 %-?—}g—% 11 3 18712‘%%_-%
11 3 9680300 % 11 9 374 531.?
11 4 10408460 %% 11 10 1 %Cl%
11 5 5037733 -g% 11 11 8 .




Table 3b., Reduced Susceptibility Expansion Coefficients bn
for the s.q. to f.c.c, case,

1

38

3 bl -
Y,
0 by 8 " 8 1 bny
g
0 1 5 1 4842 %
1 4 5 2 24501 %—
1 8 5 3 52739 %
P 12 5 4 49866 %
P 64 5 5 17473 %—5
2 56 5 0 511 —é—
2 8
3 34 & 6 1 16392 2
3 %20 5 2 113250 %
3 656 6 3 250577 g
n 1 R332 2
3 389 % 5 4 532530 &
4 g2 6 5 398216 %
- _ 22
4 1322 & & 6 115250 %5
53
4 4544 1 o 1638 3=
4 5994 % 7 1 52451 -g-
1 2 7
4 2610 £ 1 2 470871
3 7
5 240 9= 7 3 1950289
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N 1NN
1 b
i i nl 00" gt by
d )] g 0 g g
7 4 42027159 g g 4 154892344 g
_ 5 . 31
T 5 4993002 & 9 5 339157477 2k
7 5 3053159 2 g 6 456207197 %%3
221 4
g 7 159545 5= 9 1 372564564 %T%
. 67 43
3 @] 3309 1 05 9 3 168266475 5%
8 1 150939 %%% 9 9 32458605 %%}%g
3 2 1811017 %% 10 0 o220 5628
25
Lr3 Y 138
3 3 9584959 72 10 1 1382060 132
8 4 271327180 % 10 2 22672635 7}5
3 5 45609778 18 10 3 179083707, 122
N 45 189
8 5 43951545 g% 10 4 791598100 %%g
193 4B
3 1 2e924237 132 10 5 2176311440 2=
182 . 97
4 8 4966694 125 10 B 3810160361 4= )
. 1968 1aar 31
g 0 9364 L350 10 7 4327524997 $
g 1 277975 S8 10 a 3046735313 -4
’ R I " 315
g > 6561420 158 10 g9 1219450540 22188
315 ' %1105
9 3 42945637 }%% 10 10 211100973 {%gggg
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x(0) =4 ﬁ Q) =4, (3.,28)
we get
~N-¢
(ﬁ“—) At m
lo]

Using equation (3.27) vwe get, for K = KC(D),

B =2K(0) A, (s.q. to s,.c.)
and

B =2 Kc(O) A . (s.q; to f.CuCs)

i

Thus; numerically, we have,
B(s.q. to s.c.) = 0,848334142 .., (3.29a)

B(s,q. to F.ceC.) = 3.39357656 ..., (3.29b)
For our analysis ve have used the high-temperature series given
by Harbus and Stanley, © Oitmaa and Enting.>° The susceptibi-
lity series, as mentioned in Section 2,2, are obtained up to
11th and 10th order for the s.c. and f.c.c. lattices, respec—
tively. They have besen given in powers of tanh K. But, for
convenience, we have converted them to the form

10,11

A (g,K) = 2 a (a) K", (3.30)

uhere "ie
() = Z b1 ch

The coefficlents so ob%ginad are given in Table 3a,b for the
S.c. and f.c.ce lattices, respectively. Many checks on our
caleulations of an(g) have been carried out, We know that for
g = 1, anisoBropic lattices reduce to isotropic lattices, res-
pectively. For this case, the coefficlents an(g) OFS%hgstwo
lattices studied agree with their respective cases,”™ ’ For
g = 0, both the s.e. and f.e.c. serles must reduce to s.g. se-
ries.z1 This check is a}s0 successful., Finally when g =® , the
S.Cs serles reduces to that of linear chain, vhereas the f.c.c.
31,85 It is found

to body centred cubic (b:c.c.) series.
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]
Table 4a. Pade Estimates for the Isoiroplc Amplitudes for the

s.c, lattice, The symbol '

' means a defective

entry and n.c, means not calculated, The Estimates
given here are related to the actual Estimates.by

the following relations., C, = 4K§Cé, C3 = 8K2C3,
C, = 16K§c;, Cg = 32K2p;, Cg = 64K§Cé .
1 0 0 ' Q 1 1 )
Pade 8 C, g Cs 8 c, § Cg Ce
(1,1)  n.ce n.c. NaCs — .
(1,2)  n.c. necC. nec.  B8.34508  2.,82782
(2,1)  nece 0aCs nece  9,4556x10' 5.38274102
(2,2) 1.75685 4,58772 19.6798  3,8089%101 1,32018%10%
(2,3) 1.,36032 3,53515 10,1488  3,36700 .
(3,2) 1.16811 1.83379 20,4840  7,i67x10' 3,8451x10°
(3,3) 1.606841 3,81980 13,1908  B.5763%10"
(3,4) 1,50436  3,65253  11.9415
(7,3) 1.40167 3.48315 10,1643
(4,4) 1,49333 13,5147
(4,5) 1.47242
(5,4) 1.48892
(3,5) 1.49642  3,575Q7
(5,3) 12530300  3,57194
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Table 4b, Same as Table 4a, but for the f, c.c. lattice. The
relations for this case qre glven as follcus.

C, = 112K cz, C, = 2338K C,, c, = K4C4, Cq = Kgcé
Cs = KECB.
1 ';E— 1 g ! 1 ] g ]
Pade 8 C, . cs { ¢, Ce ] Cq
(1,1) N, NG n.ce  9.1813x10° 3.2806x10"
(1,2) Necs n.C. neCe 1,2625%10° 4,4803x10"
(2,1) n.Cs Nec. 3.9054x10% 1,0096x10° 3.5043x107
(2,2) 0,85609 0,77103 4,3714x10% 1,3193x10° 4.7418x10"
(2,3) 0.85815 0.77688  4,4469x10% 1,3674x10°
(3,2) 0.85800 0,77616  4,4285x10% 1,3488x10°
(3,3) 0.85644 0,71334 4,4030x10"
(3,4) 0,84888 0,75779
(4,3) 0,84336  0.89605
(4,4) 0,84610
(5,4) 0.84233
21,3) 1.4582x10°  2.7613x10"
(Z,1) 4.7084x10% 174419x10° 5.2805x10"
(2,4) 0.86367 0.15553  3.3001x107
(4,2) 0.,84302 0,75891  4.3733x107
(3,5) 0.84652
(5,3) 0,84298
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that this condition is also satisfied by our series. Further
tests,such as the derivative tests (upto third derivatives),
are also carried out as checks on our coefficient calculations
and it is found that they are satisfied.

Thus satisfled with our series, we next proceed to the
analysis of the susceptibility derivatives in order to test the
scaling predictions and to gain more information about the sca-
ling function X(x) near x = O. The successive derivatives of
"} should diverge as

o - (Hemp)
— . (S_T“) v C b , t—0, (3431)
m 3 o

The amplitudes C, are analyged both by the standard series me=~
thods and also by forming P.AJ'}o
1+m m
C - [:1 X ¢ )8§ (EiZE‘)
- m
™ Kc(o) p) 3 o s

obtained by taking into account the fact that ¢ = ¥ in (3,31).
The results are presented in Table 4 for the two lattices. Con-

sidering normalization conditions, we can easily see from equa-
tion (3.31) that

C,b=A , C =AB , (3.32)
and hence "
d X

dx™/o

Cm (3,33)

il

AB™ (

Since the scaling function X(x) is universsal, the ratio of the
amplitudes

R = M=l Tmtl . —mly —mas R
m P = —_—
Cn — .
(3.34)

are predicted to be universal, P:A: and, rotlo~mcbhods are - gsod
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Table Sa. Padé Estimates for the Universal Ratios for the s.c.
lattice. The numbers are the values of the P.A.
evaluated at K =‘KG(O). The symbol '__' means a de-
fective entry, n.c. means not calculated,

, I B .
Pade g R1 8 R2 0 R3 § R4 § R5
(1,1)  n.c. NeCe naC. 1,3731 1.3369
(1,2)  n.c. NaGo n.c.  0.4392 0,2264
(2,1)  n.c. NeCs N.C. . .
(2,2)  1.7918  1,4862 1.2617  1.1791 1,1233
(2,3) 1.0850  1.4617 1.4408  1,9235 4,6123
(3,2) 2.4683  1.4805 1.4136  1,6009 1,9174
(3,3) 1.7242  1.8715 1.2996  1.2633
(3,4) 1.6667  1.4570 1.2521
(4,3)  1.6554 1.4557 1.2470

(4,4) 1.8718 1.4727
(3,5) 1.8723  1,5112
(5,3) 1.6911  1,5192
(5,4) 1.6712

(4,6) 1.6712
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Table 5b, Pade Estimates for the Universal Ratios for the
fec.c, lattice cvaluated ot K = KC(O).

0 { 0 ] Q
Padel R, ¢ R T g R
8 1 2 0 34 4 9 5
Q. ) ) q
(1,1)  n.c, nee.  1.0000  1.0000 1.0000
(1,2)  n.c. nec.  0,2095 . 0.2033
(2,1)  n.c. Nec. . .5596 .
(2,2) 0.9321  1,0033  0,2748 0.2738

——

(2,3) 0.9087 0.9155 0,273  0,3074
(3,2) 0.839394 0.9100 65,4398  9.7258
(3,3) 0,9414  0,8973 2,4557

(3,4) 0,9512  0,9073

(4,3) 0.9508  0.9054

(4,4) 0.9430

(3,5) 0,9456

(5,3) 0.9475
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Table 6. Overall Estimates for tha Universal 4mnlitude Ratios

R\
0 1] 7 K T
| o 8 Adopted 8 Mean- { Spherical
o 13 £ -
Rut.LO 8 T «CaCs S4Cs 0 mean vgiﬁéd g model
0 0 8
Ry 1,6703 1.6715 1,6709 2 - 1,5
R, 1.4793 1.4718 1,4765 1.5 1,333 o0a
Ry 1.2914  1.2924  1.291% 1,333 .., 1,25
R, 1.2539 1,2410 1,2505 1,25 1,2

Re 1,1243 1.1402 1.1323 1.2 1,666 4qs
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to calculate Rm; The resuyts of our anadysis are displayed in
Table 5, for both the s.c. and f.c.c. lattices, for the values
of m = 1 to m =5 evaluated at K = KC(O). We alsa find that
for Rm’a, on the whole, the standard methods give consistent
results except for the f,c.c. case for m > 1, which for unex~
plained reasons is badly behaved. Accordingly, we have omitted
it in our analysis. The overall estimates for the two lattdopes
and the mean-fisld theory values ars listed together in Table 6.
The recently calculated values for the spherical model are also
shown.88 It can be seen clearly that the values for the laing
models lie bstween those of the mean—~field and spherical model
values, A similar behaviour yas Pound in the parallel cese of

53,60 Our confidencs limits based on over-

spin—-space anisotropy,
all analy;is are 1,1,2,3 and 5% in the amplitudes R1 to Rg res—
pectively, It is evident that the central estimates for the
amplitudes ratios, for the tyo lattices under study, match each
other within at most 1%, Hence the scale—factor universality

of the scaling function is confirmed vithin these limits,
(Having known so many of the lnput parametsrs exactly, we shoulc
have expected the results to be more accurate than this, but
our experience shows that the analysis is difficult because of

the high value of the crossover exponent ¢ = 7/4).

"From the mean adopted values of the universal rstio
‘/amplitudes R1’to Rg, one can get. an expansion of tLhe scaling
Punction X(x). Using the normallzation (3,28) and ths expres-—
sion (3,34), X(X) can be expanded near x = O as

2
R RT R
X(x) =1 + x +-§l %2 4 13 2R O \
We get
2 3 4
X(x) =1 + x + 0,83545 x~ + 0.,6866 x~ + 00,5467 x

+ 04355 x2 4 0.3273 x8 4 = = = = = - (3.35)
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with the extrapolation uncertainties of about 1,1.7,3,5 and 8%
in the coefficients x2 to xs, respectively, The above represen-
tation of the scaling function X(x) is valid for x << 1,

In the vicinity of the critical value x, the scaling

function should have a form58

X(Ox X (1-3) . (3.36)
X

Preliminary estimates of ; and X are obtained by forming direct
P.Ay to the six-term series of X(x) o Thus we get, taking into

.~

account the singularity of X(x) at ;,
.‘ [ ] .
X = 1,334 , X = 1,011 .

Thus so far, we have obtained the values of ; and i
by considering the g = O behaviour of the susceptibility. In
the next Chapter, we look at the dctailed behaviour of the
model for g # O,-
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CHAPTER 4

Anisotropic Behaviour

4,1, Introdugtion

So far, we have seen in the prcececding Chapter that
the scaling theory holds good for the case of small g in the
limit g —> 0. In this Chapter, we study the behaviour of the
model for g small, but not equal to zero, We need small values
of g because the scaling theory does not epply for larger g,
say = 1072, However, for very small values of g, one needs
longer series for a reliable analysis. Therefore, for the
crassover scaling analysis, there is a typical window for the.
values of g; An estimate of this range can be made by making
a scaling hypothesis for the coefficients a (g); Following
PIF, 28 e have i

e

a
a,(9) & 8,(0) F(ngg, N — o, g—>0 (a1
2l

F(O) =1 .

This predicts, e.gs., that thc sequence

\;an 3il¢[ nf (K 1}

n+d-1



o0

where,
(@) =ala) /o, ,
should vary as 4
. . . 1
W, = w+(‘}(-'x’)l-n%11¢ \ T\% —_—

Applying this method to our model, we find that the ranges of

g omenable to analysis ore 0,01 < g £ 0,08 and 0,005 & g <
0,02 for the s.c, ond f.cec. lattices, respectively, This is

in generol agreement with the previous work of Harbus ond Stan-
ley,76 who obtoined similor ronges by o different method,

Having decided on the vaolues of g to work with, the
next step is to estimate the critical tempersturc Kc(g). The
critical point shifts W are calculated in order that the lo-
cotion of the singularity, ;, in ‘the scaling function can be
determined. Critical amplitudecs A(g) can then be estimated by
standard methods. Having obtained A(g), one can find A and X.
The constants x and X are universal while the scale factors
AsB, w  and Qmare non-universal,

In the coming Sections, we will give a detailed re-
port on the methods used and the results obtained, for all
these parameters except A and B which were already obtained in
Section 3, 2.

4,2, Estimation of Critical Points and Critical Amplitudes

Generally, one may believe that there is no specisal
problem involved in the estimation of Tc(g) from the suscepti-
bility secries at fixed g« However, standard methods have been
found to depend rather hecavily for their success on a simple—
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-power-law behaviour of 'X,C%LQQ. The difficulty here lies in
the fact that the susceptibility at small g changes over from
one power law form to anocther at a crossover temperature which
lies very close to T (g). Failure to recognize this.poiﬁt may
lead to unusual behaviour, e.g., the dependence of Y on g,69’70
which is really an artifact of the shortness of the series.'71

On the other hand, if g is large enough, the estimation of TC(QQ

by straightforward methods can be trusted.

Before proceeding further, we comment on the assign-
ment. of the "known" parameters; becsuse the final values of
verious parameters will be particulsrly sensitive to the assu-
med value of ¥ , For the va}ue of ¥ we have chosen 1;75 (see
Section 1;1); The values of Y = 1;25 corresponds to the value
of ¥ for the three~dimensional Ising model. (Very recently
Chen, Fisher and Nickelam obtained ¥ = 1,238 in their study
of the Ising model, using a serivs of 21 terms, But since our
series are shorter (upto 10th and 11th order) and their analy-
sis giVEs’“f = 1425, we have chosen this valuc for conaistency;)

Now to estimate Kc(g), apart from the standard me=

thods,21 tollowing PJF, we cxtrapolote the sequence
< (g)s (<=2 g |
2 " \nrer¥-< {4@ (4.2)

1. We have varied the shift € in order to check the

versus n
consistency and to improve the overall smoothness of the se~-
guencc. It is expected that (4,2) should approach KC(g) lincar-
ly in the variable n"% as n —> o0, This is indeed verificd as
can be seen from Figures 4a,b, where we present the plots of
M,(g) versus n"¢ for various valucs of g for the s.c. and feCeCe

lattices, respectively.
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Table 7. Estimates of Critical Tumperwturns K (g) for various
volues of g, for the s,.c, and f.c.c. latticcs. Extra-
polation uncertainty is about O, 2%

fos:c. § s;c.
g § Ks(g) § g E Ko(g)
Q q
0,006 0, 40355 0,01 0.41606
0,003 0,39730 0,02 0.40766
0,010 0.33093 0,03 0.39872
0.012 0,38595 0,04 0.39124
0,014 0.38110 0,05 0,38475
0,016 0.37636 0.06 0.37883
0,018 0,37202 0.07 0,37341
0,020 0.36792 0,08 0, 36846

0.09 0,36330
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T-hle 8: Estimotes of the Critical Amplitudes A(g) for various
valucs of g for the s.c. and f.c.c. lattices., Extre~-
polation uncertainty is about 4%._,

f;c;c. g‘ S4Co
. ]

g E ACg) g g ) ACg)
0,006 1,985 0,01 2,495
0.008 1,861 0,02 2.135
0.010 1,708 0.03 1.873 -
0.012 1.647 0,04 1,722
0,014 1,5755 0,05 1.624
0.016 1,506 0.03 1,543
0,018 - 1.4535 0,07 1,469
0.020 1,4055 0,08 1,4175

0,09 1.318
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In addition, conventional methods for finding the cri-
tical temperaturcs,e.g., using the sequences

— _ NYye 1 .
Haly)= ('n+e+41_ 1) a () ’ (4.3)

havc also been used, These are found to show oscillations owing

to the loose~packed naturc of the s;q. latticey The plots ver-
54Us n"2 are presented in Figures S5a,b for the 5.Ce and feCeCe
lattices, respectively. In (4.2) thesc osc;lletlons are cane
celled to a large extent due to the presence of the ratio-%ﬁ?$
Extrapolations of the plots of }L (g) versus n w2 allow™ usflo
estimate K_(g) to an agcuracy of about a conservative 0.2%, Our
cstimates of Kc(g) based on overall analysis are listed in Table

T for both the lattices,

Knowing the values of Kc(g), we can nQyg determinc the
critical amplitudes, This is donc by using the conventional ra=-
tio methods based on the cxtrapolation of

[A(%):) = o,(%) {Kc%)] / “+~¢ 1)

VEIsus n"1 which are found to work well for both the cases. Our

estimates for A(g) are listed in Table 8, Uncertainties in the
amplitudes are about 4% and come mainly from those in Kc(g).

)

Thus we have estimated the critigal poimts and the
amplitudes, In the coming Section we will proceed with the cale
culations of uaeff‘from K (g) and hence the shzft amplitude .
Finally from these Valuas we Will calgulate x,
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Table 8. Critical Point Shifts for the s.c. and f.c.c. lat-
tices. Uncertainties in the last place are indica—

ted in the brackets,

Q
TeCuCu ) S.C,
_ 0
. -
g (ﬁ Wef‘]o(g) § g g WG]"f(Q)
0
0.006 1.568 (50) 0.01 0,7134 (330)
0,008 1.554 (40) 0.02 0.7008 (260)
0,010  1.569 (40) 0,03 0.7063 (200)
0.012 1,555 (30) 0,04 0,70680 (17@)
0.014  1.550 (30) 0.05 0.7030 (145)
0.016 1,551 (30) 0.06 0.6394 (130Q)
0,017 1,547 (25) 0.07 0.6972 (120)
0.020 1,544 (20) 0.08 0,6840 (11@)
0.09 0.6832 (100)
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4,3, Estimation of (v and x

In the previous Section, we have calculated the values
of the critical temperatures K (g) for dlfferent values of g
and also the values of the‘critiaal uﬁpllhudas A(g) for-poth-the
lattices under study., It 1is belleVed that K (g) varies linear
ly with dqgver a wider range than its inverse which is kg Cﬁg)/J
To enagée the extrapolation to be carried out to smell g, ve
define

. -? Ko(0) = K (g{]
Weep(a) = ko) (444)

Here we have accepted ¥ = ¢ and plotting log [KCQO) - Kc(gﬂ
versus log g confirms this.76 Table 8 gives our calculated
values of Gdeff(g) for both s.c, and f.c.q; lattices, These
are seen to depend weakly on g. To obtain W , we extrapolate

' Bff(g) versus g and g. In both the cases, we get similar re=-
sults. In Figures Ba,b ws represent graphs of Lu #e(@) versus

g for both s.c. and foCaCo lattlces from which we conclude
that,

—

W = 0,715

b

0,025 (SeCs) (4.5a)
1.575 % 0,055 (FeCeCs) o (4.5b)

w

it

The uncertain§ies in W reflect those mainly present in Kc(g).
The values of w are non-universal, but using the definition
(2.13) and the non-universal values of B from (3;29) we can,
in eech case, determine the universal parameter X.

1+

= 1,525 % 0,090 (5eCe) (4.62)

Xea KXo .

= 1,533 0;090 (f.c;c.) . (446b)

It is found that the central estimates agree with each other
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Toble 10, Estimates af the Anisotropic Amplitudes Aef?(g) for
the s.c, and f,c.c. lattices. Uncertainties in the
last place are indicated in the brackets,

T ]

fncaCn E S.Ca

T .
ERN Aepp(9) ;g 9 Aope(9)

g .

0.006  0.4B02 (210) 0.01 0,6693 (470)
0,008  0,4684 (250) 0,02 0.6982 (440)
0.010  0,4577 (250) 0.03 0.6896 (450)
0.012  0,4655 (250) 0.04 0,6865 (450)
0.014  0.4853 (300) 0.05 0,6900 (430)
0.016  0.4618 (2560) 0.06 0.6907 (440)
0,018  0.4612 (250) 0,07 0.6872 (430)
0.020  0,4596 (250) 0.08 0.6888 (450)

0.09 0.6926 (450)




64

to sbout 015%, acd hence the scale—~factor universality ls very
well satisfied. For further work, from the above two values,
we adopt the mean of the central sstimates as the universal
value, viz;,

; = 1,530 .

It Is to be noted that we have mostly avolided using
the Pade method for the g # O analysis ss this was already done
by Harbus and Stanley78b in thelr study of this model, Thelr
aim was malnly to test the double power—law predicticns. Hou—
ever, on ualng thelr Figures 2a and 3, we estim§te the values
of w (A ) from their analysis to be consistently higher
(lover) than oyt central estimatss for the twe models, but
within our confidenss limits.

The coming Ssction desls with ths eatimation of A
and X.

4,4, Estimation of Critlcal Amplitudes Aand X

From the values of A(g) obtalned in Section 4;2, ue

form

. . -¥)

Mgy = A o0
Uhlch are again found to have a weak dependence on g. The Valuet
of A(g) of T for various values of g are listed in Table 10, To
obtain A, from A(Z)nf, we extrspolated them to g = O against g
and g, to give

A = 0,690 % 0,040 (s.c,) (4.7a)

oo

Ao F 0.462 % 0,025 (F.c.Cu) (4.7b)
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In Figures Ta,b, we show these extrapolations versus g for the
two lattices studied. Again the uncertainties in the values of
A reflect those in chg){ Once again, we can test the univer-
sality by evalumting X using the seperate nonwuniversal con-
stants from (447), W from (4,5) and A Fpom (3,25), threugh
the relation [equation (Z‘Isj]

(=) Y
XA b | A
The results for the two independent calculations are

.
X

1,220 £ 0,030 (54cs) L (4482)

Xe ;

= 1,212 £ 0,00 (FocaBs) o (4,80)

We note that the central estimates of i for the two lattices
agree with ecach other within 0,7%, Hence, we conclude that the
scale=factor universality of the scaling function is very well
satisfled. For further work, we &aks the universal value of X
to be 1,216, In passing we remark that these values agree with-
in 10 = 12% with the crude estimates in Section 3:2,obtained
from the g = O snalysis, Of course, the cstimates obtained in
the present work are the result of a much more detailed (g # O)
analysis and are believed to bc more accuratc,

In summary, wc have examined the crossover scaling
function for the quasi=two-dimensional Ising model in detail,
for small but finite g in the scaling regime, and have confirm-
ed the scale-factor universality of the critical point shift
and amplitude,.

We will now turn to the congtruction of approximants
for the full scaling function in the next Chapter,
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CHAPTER 5

Scaling Functions and the Efffective Exponent

S5.1. Introduction

To recapitulate, we have discussed the ﬁérromagqetic
quagi~two dimensional Ising model with the arisotropic exchange
coupling for the s.c. and f.ce.c. lattices. We have analyzed the

high—-temperature series expensions for ’Xzﬁgpﬁ?, in terms of
the extended scaling theory

-~
X(ﬂ’ﬂ % At X(Ba/td)) . (541)

with
t=[1-T7(]/ 70 . (5.2)

The non-unLVGrsal parameters Ay, B and K (O) were discussed in
Section 3.2. They were obtained exactly from previously known
results. We have obtained an expansion for X(X) tec order %8

and in the process demaonstrated the universality of the availar
ble coefficients, We have also studied the "large"-x behavxdur
and, in particular, havec checked the universality of x and X
defined in the asymptotic form
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)

-~
X(x ) X (1 --’;‘ 3 , X —> X (543)

In: order to determine X(x) more preciscly and to
interpolate bctween the small x and large x bchaviour, we writc

. . 1 .
X(x) = P(x/x) / [? -~ Gt/x):] , (5.4)

where, ,
P(O) =1 , P(1) =X, (5.5)

By constpyction, P(z) is expected to be a rather smooth func=
tion of its argument. It is determined as a power series in
z(= x/;) to order 25 using the known power scries for X(X) in
equetian 3.'35. It is natural to form two=point P.Ay to con-
struct a representation of P(z) valid over the whole range
from z = 0 to z = 1,

Before presenting the approximants, we notc that the
[ J o
values of thec universal parameters x and X we have adopted are

(1) x = 1.334 , X = 1,071 , (5.6)

which comec from the g = O analysis, sec Scction 3.2, The values
from g # O analysis (sec Sections 4.3 and+4.4) arc

(11) X = 1,530 , X = 1.216 (5.

In the next Section, we will deal with the scaling
frunctions corresponding to the sbove two cases.
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5.2, Scaling Functlon Case (1)

We have studied the diagonal and ncar—~diagonal ap-
proximants te P(z), viz., [2,2], [2,3], 3,21, [2,4],
[4 2] [ﬁ 3] ’ ES 4] and [4 3) . Their values are given in
Table 11. By studying these P.A, in detall, ve find that many
of the approximantg except [3 4] and [4 3] shou a polez in
the range 0 <z <1, Presumably, the only singularity of X(x)
should bs st x, so P(z) should be smooth, So we rcject all
the P.A. cxcept. [3,4] endl [4,3] as unsuitable. These tuo PoA.
agroc with cach other within 1%, Wc have chosen the [4,3)
approximant for furthsr work, The valus of P(z) obtailned from
the [4,3] approximant 1s

P(z) = L= 0.90575 z + 7.9044 z° + 7.8081 z° + 0,37986 7" .

1 - 0,98965 z + 7.9528 z° + T.1435 z°

(5.8)

The approximants Prom the g # O analysis will be
studied in the coming Section,

5.3, Scaling Function Cassae (1i)

In the previous Ssection, we have shown how the 1lso-
tropic scaling function for large x behaviour can be obtained
and algo how to interpolate between the small x and large X
behaviour by obtalning approximants to P(z) defined in equation
(5.4) and using the conditlons given in (5.7). In & similar
fashion, we study the g # O scallng function in this Seetlon.

For this case, thé same'sét:of -P. A “kaken in caée ‘1)
I A
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are also calculatcd except that here ; = 14530 and i = 1;216;
Their volues are presented in Table 12+ Agair, by looking at
the aepros and the poles of thuse approximants, we find that .
nost of thum are quite smonth and agree with one another upto
O#5%s For furthcer work, we have chosen the..[3,4tl approximant,
which is

3

(i1) P(z) = 1 = 1.0007 z = 1,1373 Z + 2.,4125 2z
1 = 142807 z = 1.5782 z° + 2.8172 z° + 0.40368 z
(549)

In addition to the above two cases, we have also
utilized the simplest form for P(z), Viz.,

(ii1) P(z2) =1+ (X=1)2z , (5.10)
with
X = 1,530, X = 1.216 ,

in our analysis. For comparison, plots of these three selected
values of P(z) versus z are presentcd in Figurc 8,

Now we comment on the behaviouep of P{z) versus z in
the three cases. The case (ii) show a broad maximum, It is ab=
sent in casc (iii) by construction, while in case (i) it is(,absent,
we believe, due to the following reason, This approximant is
obtained from the serics X(X) using the parametcr x = 1334,
which has been determined by direct analysis as the singular
point of X(x)e. Furtheemore, the two=point Pade forces it to
pass through (z = 1, P(1) = X = 1,07), the value of X having
estimated as the amplitude of X(xX) directly., In case (ii), how=-
over, sz) is required to pass through the point (z = 1, P(1) =
X = 1.216) obtained along with x = 1,530 from an entirely dif-
ferent (g # 0) anaLysls.
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The next step in our analysis, is to study the cross~
over behaviour of the exponent  of the susceptibility 7L Q@,Q\.
This will be c¢i awssd iothg_caming 3cctiang

5.4, The Effective Expopant-

So far we have obtained a representation of the sca-
ling function for the diverging susceptibility, viz.,

-~ -
’)C(%,T)w, Ae [i- 31 PG (5411)
. ¢

where z = x/x and x = Bg/t. The valu=s of all the parameters
involved in the above relation have becn given 1n the previous
Chapters. The set of universal constants ; and ; and the cor-~
responding universal functions P(z) are given in cquations
(528), (549) and (5.10)s It is to be noted that the represen-
Eation (5411) is valid only in the scaling regime, g << 1 and
t << 1,

An "effective exponent",Téfﬁ can be defined analy=
tically through,45’88’89

IaX
"Jeﬂ('\”,z) = [T(_Ua)-T] Y,a“fr—] . (5.12)

(Another equivalent approach is plotting 1n X versus 1n t,
which may be closer to an experimental determirnation). Using
equation (5,9), it is easily shown that in the scaling regimc,

N Pl(z) ) «
-— t _Z-—-—— - 5‘13
‘o’eﬁcr,%)__-t (Hevp o+ 9 e ) 9

Now as g —> 0 at fixed temperaturec T, ﬁéfﬁ(T,g->O) —s N
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On the other hand, %f g is fixad at a small, posit%Ve value and
T — T.(g), f.e.y t— 0, ngf(T.__;TC(g),g)-——a ~, as ex~
pected, The detailed behaviour between these tuo limits will
depend on the non~universal parameters relating to the lattice
type and model, and also on the choice of P(z). Since we have
obtained all the relevant parameters in the precceding Sections
we can nou calculate ¥ PP using (5.13)., Figures 8 a,b display
the plots of ¥ cppversus log £ for g = 1079, curves (1), (i)
and (1ii) correspond to the three choices of P(:z) (see equations
5.8, 5.9 and 5,10), Curves (1) and (iii) are smooth but the
curves (ii) show some structure mainly in the region whers the
anisotropic effects predominate. Thercfore, we conecentrate
mainly on the choice (1) because it gives smooth Y pp 80D uti-
lizes the full series (3. 35). Ir Flgures 1Qa,b we show the
graphs of ¥ of P against log t for Varlous values of g. Since
the critical reglon 1s usually for £ < 10 2, onc should not
take the gxaohs seriously beyond this reduced temperaturc.
Also for t = 10 e there is expected to be a crossover to the
mean—fleld exponent of unity.

From Figures 1Q0a,b it can be seen that the effective
exponent yill start to deviste from¥ = 1,75 near t = 1072,
These curves show the crossover of fﬁ(T,Q) from ~ to X’fcr
fixed values of g. All the curves start from = 1.25, rise
smoothly and go to ¥ = 1,75, as £ increases. For g < 1078,
our graphs predict & gradual crossover from 1.75 to 1,25 as
one goes towards the crifical tsmperature., For g = 1O~8, one
may not see a complete crossover to the isotropic value of
1.75., Thus, experiments in the pange g = 10 8 and t‘4L1D.2 may
yleld intermediate values of ¥ . Finally, it should be noted
that the crossoVer‘region 1s asbout four decades in t for a
given value of g. Its width is practically independeni of lat-
tice type as it depends mainly on thc crossover exponenh{ In
using the crossover snalysis onc must remember that it is not
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designed to describe the behaviour outside the critical regiong
altcrnative analyscs exist to describe the behaviour over the
full high-tcmperature region, sce for example Refcrence 66,

This complctes our study of the crossover behaviour
of the susceptibility X, G?,q? of the quasi-two-=dimensional
ising model,
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CHAPTER &

General Remarks and Conglusiens

B%1s General Remarks : Other Lattices and Related Models

We bave studied the lattice-anisotropy crossover for
the s.q: to s.c. and SeQe LO f.ceCe lattices only, However,
following modern ideas about universality, we cexpect the sca-
ling function X(x) to be universal for all other crossavers
from two to three dimensions, Only the values of the non=uni-
versal paramcters will depend on the lattice type.

. Since all the two=dimensional latticecs with nearest
neighbour interactions have been golved exactly, the valucs of
A and K (O) arc known.m’45 The value of B follows from Liu-

-Stanley relations ™

(%’%)o = AK [X(o)]z

where A is the number of extra interactions in the off=planc
dlrectlons. Then from the universal velues of x and x onc can
get the Values of W and A. For illustration, WG dlsplay the

results for s.q. to bece c?)and triangular to fe.ce.ce. crossovers
in Toble 13 (For completeness, we also collect the results for
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the SeQe L0 SeCe and s¢q, Lo feCacCs )« Other lottices can
be dealt with similarly.

As examplcs of related models, consider our Hamilto=
nian (equatiom 1, 8), in the s.c. case. We have considered the
case (1) J > 0, g > O, For the other ghoices of signs, we have
the folloying three possibilitics:

(ii) 3 >0 , g < 0,
(iii) 3 < o , g >0,
(iv) J « O vy 9 < 0O,

All these cases can be studied by making appropriate scaling
hypotheses in o manner similar to our case. The only diffference
is that the ususl susccptibility will not be the ordering sus-
ceptibility in these cases. In case (ii), X will diverge
strongly for g = O but only wcakly for g # O, In cases (iii)
and (iv), even the g = O susceptibility will diverge only wecake-
ly. All these cascs can be handled by using the techniques of

90

Gerber and Fisher who discussed a similar problem for the

case ok spin=space anbsotropy;

5;2; Comparison of our Results with others

Even though our results verify the scaling and univer-
sality theories and are internally consistent, it would be very
useful to study the model by using other mcthods., We have al-
ready compared our rcesulbs of W ond A with those of Herbus and
StanLBYTEb in Scction 4.3. =

The problem of obtaining the scaling function can be
attacked by rcnormalization group (RG) technique, newer cxtra-
polation methods and experimcnis,
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There hes been considerable intcrest rccently in the
RG approach to the theory of critical phenomena.4o’41 For our
model, Grovaer and Chang and Stanleymg proved that 4> =Y
using these methods, Brucc80 studied the problem of obtaining
the scaling ffunction , But so far, the scaling function has not
been obtained by these methods; Thereffore, it would be hjighly
desirable if the scaling function can be obtained using the
RG method, which will be afy indirect chegk on ocus calculafjans.,

Recently, a more powerful technique, the partial dif-
ferential approximants techniqueg1 for the series analysis has
bcen developed; An application of this method to several test
flunctions and dimensional crossover- in the Ising model was

made by Stilck and Salinas.g2

»gain, there have not been a
calculation of the crossover scaling function by this method,
it would be of great interest to apply this method to the pre-

sent problem,

Regarding experimental studies,B7 there are very few
of them but in most cascs, cither one or both of the interac-
tions J and J,are antiferromagnetic. The only known example67
of the present model is perhaps FeClz; In this case, the value
of g is estimated to be TaW5 x 10-2, but from our study of the
effective exponent, we can cosily see that this value of g is

outside the crossover scaling region,

Thus, further work, both experimental and theorecti--
caol, Would be most welcomal
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6.3. Concluding Remarks

We hnve studiced the crossover behaviour of Lhe sug-—
centibility of quasi-two~dimensicnal Ising models, occuring
when small anisotproplc exchange interactions sre introduced
into an otherwise lsotropically coupled system:. The two lat-
tices studied are s.c, and f.c.c. lattices. It has been shown;
with good numerical precision, that a scaling formulation des-
cribes the crossover of the susceptibility. We have verified
the detailed predictions of the extended crossover scaling
theory both for g = 0 and g # O and have obtained accurate es-
timates for the nonruniversal and universal parameters.

By studirtng derivatives of the susceptibility with
respect to the anisotropy in the isotropic limit, we have ob-
tained the expansion for the scaling function X(x), in powers
of %e Furthermorce, the univepsality of the oxpansion with res-
pect to lattice stiructure has been convincingly demonstrated
for the tuo latticcs studicd.

In additiom, uc have done careful analyses for finite,
non-vanishing valucs of anisotrony to recveal the universality
of the scaling function X(x), in particular, to evaluate the
singular bchaviour as x approaches s charecteristic eritical
value ; related dircctly to the anlsotropy-induced shift in
critical tempersture, In this way, wa have bceen able to con=
struct accuratc apnroximants to a crossover scaling function
valid in the vwholc critical region.

The crossover of the effective susceptibility cxpom
nent,‘xuff, has. becn studied over a wide range of temperstures
for a range of anlsotroples, The results indicate that the full
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crossover behaviour may be cxpecrimentally unobscrvable for

physical anisotroplces of a fcw percent.

s ¥ % v Thest
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