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ABSTRACT 

Quasi-twQ-dimenslonal models have been of recent 

experimental and theoretical interest (1,2), These are really 

three-dimensional, but the interactions in the off-plane 

directions are much weaker than the intraplanar bonds. The 

crucial parameter determining the critical behaviour of such 

a system is g, the rafc;'o of the tv/o types of interactions. For 

relatively large values of g, say >; 10 '̂, the system shows a 

three-dimensional behaviour. In this case, standard Pads 

approximant methods can be used to d'̂ n'̂ rlbe the system for the 

whole temperature range. On the other hand , If g is smaller, 

the system shows the true three-dimensional behaviour only on 

approaching the critical temperature very closely. If one moves 

away from the critical temperature, one sees a crossover to tha 

two-dimensional behaviour for o range of temperatures. This 

can be described nicely in terms of the crossover scaling 

theory of Rledel and Wegner (3) as extended by Pfeuty, Fiaher 

and Jasnow (4). 

The aim of this dissertation ¥as two-{oUS . FLnAtLu j"it 

was proposed to check the predictions of the crossover scaling 

theory in detail using the high-temperature series expansions. 

The second aim was to construct accurate approximants for ther­

modynamic quantities valid within the critical region. It was 

decided to restrict this study to the ordering susceptibility 

because, being the most singular thermodynamic quantity, it is 

highlŷ  suitable for studying the critical behaviour. Also, the 

information gotten from this about critical temperatures etc, 

can be used gainfully for weakly divergent quantities like 

apecific heat etc. The lattice models studied are the s,q, to 

s.c. and the 3,q« to f.c.c. laing models. 

The plan of this dissertation is as follows. In Chap-



tcr 1, a briaf history of the Ising model, of thj scaling and 

universality and also of crossoVo-r phenomena are given. An in* 

troductio'n to the present model is included in this Chapter. The 

scaling theory and its predictions ena plbo a summary of the 

previous \Jorks on th^ present model is described in Chapter 2, 

Chapter 3 contains a sum_n)sry of the extrapolation methods and 

also our study oP the isotropic behaviour of the model. We have 

used the standard Fade and graphical ratio methods for extrapo­

lation from high-temperature series expansions. By using the 

exact values of the exporrents and T (0), we obtain the first 

five universal amplitudes. This gives us a low~x expansion of 

the scaling function XCx), In Chapter 4, we obtain the aniso­

tropic behaviour of our model. We first, obtain the range in 

\-jhich the crossover scaling theory applies. Then ue use 

Fisher's method (.4) and other standard methods to obtain 

T^(g) and ACg) for g / 0 for a range of values of g. These 
c ' « • 

help us to obtain the values of the universal parameters x, X« 

Construction of the isotropic and an̂ Dotjfcpic scaling functions 

using two-point Pade approximants is carried out in Chapter 5, 

Also included in this Chapter is the calculation of the effec­

tive exponent of the susceptibility. We present detailed graphs 

of this exponent versus, temperature in the (̂ rUttcXil region for 

various values oT anisotropy for both the lattices. Chapter fij 

which is.the concluding Chapter contains remarks about other 

lattices and comparison with other results. 

The following results emerge from this study. 

1 , The detailed universal behaviour of the model near g =̂  0 

is described by the extended scaling theory (4) quite accu­

rately. We verify this by calculating the first five universal 

amplitude ratios^ 

2. The predictions of the theory about the double-power sca­

ling laMbf scale-factor universality etc, are verified and tho 

universal parameters arc calculated within- an accuraay of B%. 

file:///Jorks
file:///-jhich


3, The univer'sal scaling function for the dimensional cross-

ovec for the ausceptibility is obtained for all tomperatures 

in the critical region. The graphs of the effective exponent 

are presented for a range of values of anisotropy In this 

regime, CS) 
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INTRODUCTION 

Quasi-two-dimensional models have been of recent 

experimental and theoretical interest (1,2)« These are really 

three-dimensional, but the interactions in the off-plane 

directions are much weaker than the intraplanar bonds. The 

crucial parameter determining the critical behaviour of such 

a system is g, the rafeiio of the two types of interactions. For 

relatively large values of g, say >; 10 ̂ , the system shows a 

three-dimensional behaviour. In this case, standard Fade 

opproKimant methods can be used to describe the system for the 

whole temperature range. On the other hand , If g is smaller, 

the system shows the true three-dimensional behaviour only on 

approaching the critical temperature very closely. If one moves 

avjay from the critical temperature, one sees a crossover to the. 

two-dimensional behaviour for a range of temperatures. This 

can be described nicely in terms of the crossover scaling 

theory of Rledel and Wagner (3)' as extended by Pfeuty, Fisher 

and Jasnou (4). 

The aim of this dissertation «ss two-foW- FLt5tLy,Lt 

was proposed to check the predictions of the crossover scaling 

theory in detail using the high-temperoturo series expansions. 

The second aim was to construct accurate approximants for ther­

modynamic quantities valid within the critical region. It was 

decided to restrict this study to the ordering susceptibility 

because, being the most singular thermodynamic quantity, it is 

highly' suitable for studying the critical behaviour. Also, the 

information gotten from this about critical temperatures etc. 

can be used gainfully for weakly divergent quantities like 

specific heat etc.. The lattice models studied are the s.q, to 

3,c, and the s,q. to f.cc. Ising models. 

The plan of this dissertation is as follows. In Chap-



ter 1, a brief histojry of the Ising model, of the scaling and 

universality and also of crossover phenomena are given. An in­

troduction to the present model is included in this Chapter. The 

scaling theory and its predictions and also a summary of the 

previous works on this present model is described in Chapter 2, 

Chapter 3 contains a sumjiary of the extrapolation methods and 

also our study of the isotropic behaviour of the model. We have 

used ths standard Pade and graphical ratio methods for extrapo­

lation from high-?t8mperature aeries expansions. By using the 

exact values of the expon-ents and T_CQ)» we obtain the first 

five universal amplitudes* This gives us a low-x sxpanaion of 

the scaling function XCx), In Chapter 4, we obtain the aniso­

tropic behaviour of our model. We first obtain the range in 

which the ts-rossover scaling thec-̂ y applies. Then we use 

Fisher's method Q4) and other standard methods to obtain 
» 

T^Cg) and A(g) for g ĵ  0 for a range of values of g. These "' 
c • • , 

help ua to obtain the values of the universal parameters x, X« 

Construction of the iaotrooic and aniDotro;-.ic scaling functions 

usinrg two-point Pade approximants is carried out in Chapter 5, 

Also included in this Chapter is the caloulation of the effec­

tive exponent of the susceptibility. We present detailed graphs 

of this exponent Versua temper̂ ature in the JSyib'tcajT) region for 

various values of anisotropy for both the lattices. Chapter B., 

which is the concluding Chapter contains remarks about other 

lattices and comparison with other results. 

The following results emerge from this study. 

1. The detailed univers-aL behaviour of the model near g = 0 

is described by the extended scaling theory (4) quite accu­

rately. We verify this by calculating the first five universal 

amplitude ratios. 

2, The predictions of the theory about the double-power sca­

ling laws, scale-factor universality etc. are verified and the 

unlveJTsal parameters are calcuJated within an accuraay of 5?o, 



3, The universal scaling function for the dimensional crosa-

ovec for the susceptibility is obtained for all temperatures 

in the critical region. The graphs of the effective exponent 

are presented for a range of values of anisotropy in this 

regime, QS) 
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4b, Some as 4a, but for the 42 

f.c.c. lattice. The rela­

tions for this case are 

C,=112K^C^, C^=233BK^C^, 
d C d^ O CO' 



I 

5a, 

5b. 

7. 

8. 

9. 

10, 

I 

Pade ustimatGs for the uni-̂ .̂ . 

6 ' 
b c 6 

« 0 « » » 
44 

vcrsal ratios for the s.c, 

lattice evaluated at K=K (O). 
c 

The symbol '_' means a de­

fective entry, n,c« means 

not calculated 

Same as 5a, but for the*..,,.^. 

f,c,c. lattice 

Overall estimates for thui,.,., 

universal amplitude ratios 

Estimates of critical tcm-,,,., 

peratures K (g) for various 

va-lues of g, for the s.c. 

and f.c.c* lattices. Extra­

polation uncertainty is 

about 0.2% 

Estimates of the critical...... 
« 

amplitudes A(g) for various 

values of g, for the s.c* 

and f*c.c. lattices. Extra­

polation uncertainty is 

about A% 

Critical point shifts for...... 

the s.c, and f.c*c, lattices. 

Uncertainties in the last 

place ara indicated in the 

brackets 

Estimates of the anisotro-,,,.. 

pic amplitudes A ff(Q) "̂ or 

the s,c, and f.c.c, lattices. 

Uncertainties in the last 

^ % O t 9 9 » P 

46 

o « « « t « a « « t f 9 ..»*. 56 

57 

59 

63 



place are indicated in the 

brackets 

11, Coefficients of Fade appro- yo 

ximants for various P(z) 

for X - 1.334 and X = 1,071 

12, Same as 11, but for the 72 

case X = 1.530 and X - 1.216 

13, Values of non-universal ......................... 82 

parameters for various two-

to three-dimensional cross­

overs. 



FIGURES 

1. Schematic isotherms of a,,,,...... ..,«...,.5 

typical ferromagnet 

2. Scaling functions for the.,. *...,...,,6 

magnetization both above 

and below T (schematic) 

3. Various apeclal cases of.»..,,.,...,, .,.,«»,-|-̂  

the general n—vector ex­

change modal 

4s4 Extrapolation of |L(a) .............*,.. ,.5-1 

(see equation̂ . 4.2) ver-
~*2 aua n for various va~ 

lues- of g for the s.c, 

lattice. The parameter 

€ = - 0^5 for all of 

theae 
4b. Same as 4a, ' .but for the ,52 

f . c . c . l a t t i c e 
5a, Extrapolation of /^ ( g ) . * . . . r. 54 

(aee aquat^ion 4.2) ver-
aus n for various va~ 

luea of g for the s.c, 

lattice 

6b, Sam-e aa 5a, but for the..., , >.......̂ ^ 

f.c.a. lattice 

6a. Plot of w ̂ =p(g) versus g, ,•,......,..........,,, .̂ 0 
ej' TL 

for the 'a.c. lattice to 

obtain w 

6b, Same as Sa, but for the.,.,,,.»,.,,,.,,,.,,,.,,, ̂ 1 

f.c.c, lattice 

T'a, Extrapolation of A^^(g) ,. ^5 

versus g, to get- A^ for 



the s,c« latt-ice 

7b. Same as 7a, but for the..,,,,, 66 

f,c,c. lattice 

8. Plots of selected P(z) .73 

versus z for 0 ̂  z ̂ ^ 1, 

The symbols Ci)> (ii) 

and (iii) correspond to 

the three choices men­

tioned in the text (see 

equations 5,8, 5,9.and 

5,'lO) 

9a. Graphs of the effective ^6 

exponent versus log t 

for the three choices 

(i), Cii) and (iii) for 

the f.c.c. lattice 

9b, Same as 9a, but for the,.,, •••77 

s»c, lattice 

10a. The variations of the ef •*,,,.......,, ,,.,70 

fectivs exponent as a 

function of log t for 

various values of g for 

the f.cc. lattice 

10b. Same as 10a, but for the*.,,,. ....,.» 79 

s.c, lattice 



CHAPTER 1 

INTRODUCTION 

1.1, Brief History of Ising Model 

1 
Uhlenbeck aod Goudamit, in 1925, put forward the 

hypothesia that tha electron possesses a magnetic moment, and 

that, in a margnetic field its direction is quantized so that it. 

orients itself either parallel or anti-parallel to the field. 

This extra degree of Freedom is called spinri. In the same year, 
p 

Lenz suggested to his student Ising that if an interaction was 

intro-duced between the spins so that parallel spins in a lattice 

attract one another, and anti-parallel spina repel one another, 

then at sufficiently low temperatures the spins would all be 

aligned and the model might provide a microscopic description 

of ferromagnetism. The corresponding Hamiltonian is of the form 

Here J( > 0) represents the interaction between spins, H is en 

external magnetic field, m the magnetic moment of a single spin 

and J>- is a dummy variable which can take the valuesil. The 

suffix i runs over all sites of the lattice and<tj)over all pairs 

of sites i and J which are nearest neighbours Cn.n.). This is 



called the laing model. (For an interesting historical review 

of this model; see the article by Brush"^). 

laing solved the model in one dimension and found 

that the solution is analytic without any singularities and 

the spontaneous magnetization vanishes for all T > 0. Eleven 

years later Peierls showed tĥ jt the two-dimensional model does 

have a non-zero spontaneous magnetization and therefore can be 

regarded as a valid model of a ferromagnet, (For a summary of 

rigorous results on the Ising model, see the article by 

Griffiths in the Domb-Green Series^). 

In 1941, Kramers and Wannier diacovered a transfor­

mation which enabled them to calculate the exact value of the 

Curie temperature of a simple quadratic Cs,q«) lattice. They 

also showed how to develop exact series expansions for the par­

tition function at high and low temperatures. Their paper was 

followed by Onsager's famous calculation in 1944, of the parti-

tion function of the s.q. lattice in zero field, which has 

served as a landmark in the theory of critical behaviour. 

During subsequent years exact information was obtained on the 

Ising model as calculations were extendod to the spontaneous 
,Q_Q 1 Q—l 1 11 —1 3 

magnetization, correlations and susceptibility; 
solutions also became available for a variety of additional 

14 two-dimensiorai lattices. (See the reviews by Domb' and 
1 5 Syozi ). However, it has so far proved impossible to solve 

the model exactly in non-zero field or in three dimensions. 

In the absence of exact solutions the two alternative 

approaches available were closed form approximabions and series 

expansions. The former had been developed in the 19303 by Bragg 
1P 1 '7 1R 

and Williams,' Bethe, Guggenheim' and others. But, a com-

parison by Kramers and Wannior with exact series expansions 

showed that even the best approximations available gave only a 



few terms correctly* Also such approximationa were suggested 

by the authors to be unreliable in the critical region and 

this suggestion was substantiated by Onsager, 

Series expansions had been introduced by KrameJTS and 

Wannier with the aim of testing the validity of clcsced form 
1 9 approximations as mentioned above. Howavsir, Domb' suggestad 

that if expansions of sufficient length could be derived they 

might provide a direct assesajnent of critical behaviour. Such 

expanBiflns wer'e derived in two dimensiona for the s.q. lattice 
19 by Domb and in three dimenaiona for the simple cubic (s.c,) 

20 lattice by Wakefield. These calculations were extended to a 
14 variety of twc- and three-dimensional lattices and methods of 

extracting information regardinc critical behaviour v/ere stea­

dily imrproved. 

Series for the initial ausaeptibility at high tempe-

iraturea provided the smoothest and most regular pattern of 

behaviour of coefficienta, they were all found to be positive 
21 in sign, anc the ratio method was used to estimate the Curie 

temperatures and critical exponents. For the s.q. and plane 

triangular Cp»^0 lattices in two dimensions, the Curie tempe­

ratures were known exactly, and hence a more accurate estimate 
22 

could be made of the critical exponents, Domb and Sykces sug­

gested '-.he value V = 1,75 for the susceptibility exponent of 
11-13 23 

these lattices and this waa later Justified rigorously, ' 24 For thrca-dimenaional lattices the correaponding estimate was 
1.25. 

25 A dramatic step forward was taken by Baker in 19S1 
21 who applied Fade approximant to these laing seriea. For 

series with positive tarms, the results were in excellent ac­

cord with those of the ratio method. But for irregular seriea, 

e.g., the lovf temperature aeries for spontaneous magnetiza-



4 

tion, it was possible to obtain estimates for the critical 
exponent of the spontaneous magnetization. 

Due to the existence of the exact solutions and the 

possibility of deriving extensive series expansions both at low 

and high temperatures, the Xaing model has served as a pioneer 

in the exploration of critical baboyibur and many important 

results in the theory of critical phenomena started with ap­

plication to the Ising model. These include scaurate estimates 

of the critical exponents, * "̂ ^̂  accurate estinjates of criti-
14-

ca-1 values of thermodynamic f unctio'^n; observation that di­
mension rather than lattice structure determines critical beha­
viour of antiferromagnets,^^' critical amplitudes,̂ '-'»̂ '' critical 
equation of state, » critical correlations, surface and 
finite size effects, lattice-lattice scaling, correction 
terms to the equation of state, the crossover exponent. 

From all these and many more studies, it has now been 

established that, in general, the critical exponents depend on 

very few details of the system, e.g., the dimensionality, the 

symmetry properties of the Hamiltonian, etc. A systematic me­

thod of getting expansions for the exponents in terms of these 

parameters was introduced by Wilson and Fiaher. This so-called 

renormalization group method has been a valuable tool in get­

ting numerical values for critical parameters, sometimes com­

parable in ac35JUi?acy with the other methods. (Recent reviews 

are by Wilaon and Kogut and also by Fisher ) , 

1.2, Brief History of Scaling and Universality 

42 The scaling hypothesis was introduced by Widom, 
4"̂  '^P 44 

Kadanoff, Domb and Hunter, Patashinskii and Pokrovskii, 
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7 

more or less independently. (For recent reviews of these ond 

other ideas see Fisher, Stanley ), The basic idea is to 

look at the isotherms in Figures 1 and notice that they ere very 

similar to one another. The scaling hypothesis exploits this 

similarity to bring all the isotherms on one curve by introdu~ 

cing a change in scale which is temperature-dependent. The 

hypothesis states that 

where and are two exponents and 'a' and 'b' are scale 

factors which have been introduced to make the scaling func-
47 48 tions universal, ' The functions -f̂  are Valid for t > 0 

and t < 0, respectively, A typical sketch of functions -f is 

shown in Figure 2. Following comments are to be noted regarding 

the hypothesis. 

The symbol " ̂^ " denotes thĉ t it is vaiid in the cri«-

tical region, i,e,, for both H and t very small, typically 

_;^10 , The variable -x. =. hw j \t.\ has the ronge -KJO ^ :XL-^°O , 

The functions X and -̂  are different from each other owing to 

the fact that the isotherms for T > T arc essentially diffe-

rent from those for T ̂ ^̂  T , No particular value of oc corres~ 

ponds to the critical point (H = 0, T = T ) because 3c is inde-

terminate for H = 0, T = T , However, there exists one value of 
' c * 

X which corresponds to each path taken by an approach to the 

critical point. Of course, the hypothesis does what it was de-

signed to do. If we change H ond t by factors of 1 and 1 res-

pectively, M is simply multiplied by 1 , In fact, this can be 

explicitly noted by writing (1,2) in the following form 
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Table W SunwnBry of Defini t ions of C r i t i c a l Point Exponents 
f T . -

for Magnetic SyatGma,' Harc3 t = ^ " ' ' ' 

"̂  r^ 
Exponent Definit ion 

Condition s 
t H MO 

\ I 
Quantity 

<< 

oi 'H 

- o C ! 

( - t ) 0 0 0 

-c< 

(3 M - (-t;) 
(3 

V %j ^ (-t) 
--i 

0 /OT-

~-v 

0 

0 0 

0 b j ^ 0 

0 0 0 

specific heat at con­

stant magnetic field. 

Zero-field magneti'-

zation, 

Zerd-field isothermal 

susceptibility. 

S H r̂  jM 1 sgn 0 ^ 
(M) 

0 j)i 0 Critical isotherm. 



where 1 is arbitrary. In this form, it is called the general!-
46 zed homogesalty hypothesis. 

Now, we will study soma of the implications of the 

scaling hypothesis, 

o (a) For H = 0, wr. know that 0^= 0 for t > ^ and 

H = Bltjfor t ̂  0, (For the sake of completeneas, in Table 1, 

v;e givo the aLandnjrd defImliilnas of the>exponents ' ), In 

order to reproduce this behaviour equation (1,2) should satis­

fy the following 
-f+ CO) r 0 ^ -f_ Co) . i 3 

^ = ^ ^ y a -- B . 
(b) For T = T J, H —> 0 a new exponent is defined for 

w 

the shape of the critical isotherm. 

M r D H , T = T : ,, H ^ 0 , 

The functions (̂x)should satisfy the following conditions; 

f, (x) = X ' . X —3> OO f 

(c) Differentiating equation (1.2) with respect to H, 

we get a scaling hypothesis for 'X 

OC(H,t) ;i a b lt| f^ (-̂ ĵ . (U4) 

Using this, we can show that, 9«g., 

•̂ ^̂  ~V = A - ^ • 

Similarly, all other thermodyoamic functions can be shown to 

obey the scaling hypotheai*. So, all the thermodynamic 

exponents can be expressed in terms of just two exponents, 

v'i2., A and A. • By eliminating these one can get relations 

between exponents. Obviously, the number of independent rela-
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tijns will be twii less thnn the number af cxponenLs. An cxomplc 

of these relations is 

Similnrlyy nil the BmpliLudes can be expressed in terms of 

just two amplitudes and the values of -f and their derivatives 
'47 48 -

at special points. * The thermodynamic scaling has been 

verified experimentally in both fluids and magnets. F'ne detail­

ed predictions like the exponent relations have niso been veri-
49 50 fied both theoretically and experimentally, * 

In order to understand the universality hypothesis, 

we should first note that all the quantities that characterize 

the critical behaviour of the system can be divided into two 

categories: Universol ond Non-univcrsol, Quantities which depend 

on ycty few properties of the system arc called universal quan­

tities, e,g*, critical exponents and scaling functions. The 

remaining quantities which depend on details of the system are 

called non-'universal quantities, e.g., critical temperature, 

critical amplitude and scale factors. 

41 50 Most studies of universality * have been devoted to 

the so-called "n-vector model" or the "general exchange Hamil-

tonian". The basic voricbles in the model are n-componcnt 

classical unit vectors sitting on a d-dimensional lattice, 

interacting through a rotationally symmetric "exchange". The 

Hnmiltonian is written as 

>̂  = -T 1 L \ I . ; T > O , C1.5) 

where A - i >b. , c< = i j ^ j ^ . . . , TI I* s a t i s f y .the co-nst-raunt 

z K) -_ 1 . 
^"^ 41 50 

The Hamiltoniaii has been studied in all its generalizations, ' 
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Somc3 examples are, differing exchnnges in different lattice 

directions, in different spin directions; internctians bcco-

ming long ranged, etc. 

Before discussing the results it is useful to point 

out that the Hamiltonian (1,5) provides a model for mony inte­

resting physical systems, ns indicated in Figure 3« The values 

n = 1>2,3 are realized in magnetic materials, Superfluids arc 

described by n = 2 and ordinary fluids, binary mixtures and 

alloys by.-Ti = 1 , Recently, it has been shown that certain 
51 structural transitions can be described by n = 4,6,8, The li-

52—54 
mit n — > oo corresponds to the spherical modal. 

The universal quantities depend on the following : 

(i) Dimensionality d of the system, which is defined 

as the number of physical dimensions in which the system has 

infinite extent, 

(ii) Symmetry number n, which is the number of inde­

pendent components of the order parameter needed to describe 

the ordered state, 

(iii) Range of interactions,, short-range interactions 

are those satisfying H R- T(.R) < °o . All others ore classified 

as long-range. When interactions are long-range, they are usual-

ly taken to be JCR) ~' R for R > cx> , For o^ cj- <. X , 

the interactions are long-range and the exponents are a de-
41 pendent in general. 

The universal quantities do not depend on the details 

of iattice structure, the length of the system in the direc­

tion in which it is finite, and the strength of the interactions 

in different directions. They are also independent of the magni­

tude of the spin quantum number S = ~ -y^ ̂ ^ • • • • ^ , number of 

spin components, amount of anisotropy in the spin space as long 

as it does not change the symmetry properties of the Hamiltonian, 
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Lastly, they do not dj|jcnd on the strength or the next nearest 

(or more) neighbours as compared with that of nearest neighbour 

interactions. 

The basic reason for universality is the existence of 

long-range correlations near the critical point. Due to their 

range, they do not "see" the details of the system, but only 

the gross features like the dimensionality, symraeury properties, 

etc. 

Summing up, to each set of Cd,n,<r) corresponds a uni­

que set of two independent thermodynamic exponents and a unique 

scaling function. Systems having the same (d,n,<r-) ore said to 

belong to the some universality eioss, A natural question is as 

to how one extrapolates between different universality classes. 

This lends naturally to crossover phenomenn which is the sub­

ject of the next section. 

1,3, Brief History of Crossover Scaling and Universality 

Crossover occurs when the exponents of the system 

change discontinuously nt n special point when a parameter, say 

g, is changed continuously* Let us call the special value of g 

zero. Then, for g = 0, we have one s«t of exponents o(. , 6 , 

"V t etc. And, by the universality hypothesis, ̂for g / 0, we 

have another set of exponents, say, e< > fl • "i/ ,etc. For con­

venience, let us call the g = 0 and g ĵ  0 systems as the iso­

tropic and anisotropic systems, respectively, 

55 56 According to the crossover scaling theory, * which 

is developed systematically in Section 2.1, one expects that 

for weak anisotropy, the system behaves first as if fully iso-
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tropic when the critical point is approached. However, on going 

closer to the critical temperature T (g), the system starts to 

respond to the anisotropy until, eventually, its behaviour be­

comes fully characteristic oT g ̂  0 systems. The change to ani~ 

sotropic form occurs in the vicinity oi" a crossover temperature 

T = T (g) + A T whose variation is determined by a crossover 
c 1 / ^ 

a-exponent <p according to A T ~ g . The value of <p is ch 

racteristic of the isotropic system and the type of crossover 

involved but, as usual, should not depend on the djtails of 

lattice structure, etc. 

To describe this behaviour, a scaling hypothesis for 

the case of spin-space anisotropy (e.g., Heisenberg to Ising 

crossover; in terms of the variables 9 /1- f where 

t= [ T - T ^ C ^ ) ] / T C O ) , (,g5 

55 was made by Riedel and VJegner, They verified the predictions 

of the theory in the mean~field approximation and in the sphe­

rical model. This, however, left open the value of the shift 

exponent V , defined as 

This question was discussed in detail by Fisher and Jasnow 

(unpublished). They showed that,in general, H' may or may not 

be equal to <p , If M̂  r <j/), then one can make an extended sca­

ling hypothesis in terras of the variables a/t v/here 

t = [ T - T C O ) ] / T J O ) . (̂;̂>, 

Conversely, if the extended form is assumed, then the conclu­

sion ^ - ((> is forced. If ^ f- (j> , then the extended scaling 

can still be made but in terms of more complicated variables, 

(For many examples of this last case, see Singh (unpublished)). 



To see the kind of crossovers that are possible in 

physical systems, let us turn to Figure 3. Let us denote each 

point by its co-ordinates (d,n). (We restrict ourselves to the 

case ,of short-range forces, for 5im;jliGity) ̂  In principle, each 

point is characterized by a different set of exponents, so \ie 

can have crossover from any one point to another. Most thorough­

ly studied, theoretically as well as experimentally, are the 

cases (3,3) to (3,2) and (3,1), All the predictions were veri­

fied and scaling functions were obtained theoretically by 
58—60 

Pfeuty, Jasnow, Fisher and Singh, These results had a di­
rect application in Heisenberg systems exhibiting a bicritical 

R 1 R ? 

point. Such points were studied experimentally by Rohrer 

who found good agreement between theory and experiment. Various 

crossovers in the spherical mod^l were studied by Riedcl and 

Wogncr and Singh and Jasnow (unpublished). The only other 

case which has been studied in some detail is the (2,1) to 
50 (3,1) case by Stanley and coworkers, Wc discuss their work in 

Suction 2,2 in detail. Many other interusting crossovers have 

been studied mainly by the rcnormalization group techniques. 

(For a recent review see the article by Aharony ), In the 

coming section we introduce the present model. 

1.4. Present Model 

Onsager's paper on the two-dimensional Ising model 

also contained a discussion of the anisotropic rectangular lat­

tices with different interactions J end J in the two principal 

lattice directions. This work has been extended to the sponta-

neous magnetization in the anisotropic lattice (see Domb ), 

For these exact solutions , critical exponents remain unchanged 

as long as 0 /̂  0. 

to ^ ^ 
% 
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B5 The smoothness postulate generalizes this result 

to any isotropic system in d dimensions. For example, ii" we 

consider a seL of parallel s.q, lattices with intcjnsl Jlntcr-

actions J coupled to one another \ifith interaction J, we should 

expect the system to display three-dimensional critical expo-

nents as long as J > 0, and to revert to two-dimensional ex-

ponents only when J = 0, 

In this work, we shall be dealing with quasi-two-di­

mensional systems, i.e., three-dimensional systems in which 

the interactions in the off-'plane directions are weaker than 

those within the planes. The most important parameter determi­

ning the behaviour of such a system is the latticc-anisotropy, 

g, i«e,, the ratio of the interplanar to intraplaBar couplings. 

For g large, say more than 10 or so, the properties of the 

system are essentially three-dimensional in nature. So one can 

use the standard Padc approximant method to construct the' ther-

modynamic functions for all temperatures. On the other hand, 

for smaller values of g, the crossover behaviour makes itself 

felt, so more refined techniques must be used. 

Our model is the ferro-magnetic quasi~two-dimensional 

Ising model without magnetic field. The interactions which are 

purely in the xy-plane are denoted by J and all others by J, 

The anisotropy parameter is g = J/J = J /J . The two lattices 
2 xy 

studied are the s,c. and face-centered cubic (f.c.c.) lattices. 

We are considering a crossover from 2-d to 3-d, The Hamiltonian 

of our model is 

ŷ JL 

The first summation runs over all the r.n, pairs of spins in 

the xy-plane, and the second summation is over all other n.n, 

pairs. For g = 0, the Hamiltonian describes a set of mutually 

non-interacting two-dimensional Ising models. For g = 1, it 

file:///ifith
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describes either the s.c. or f.c.c, model. 

In Chapters 3 to 5, we will study the crossover sca­

ling behaviour of this model in detail. Such models have also 

been studied experimentally. (For a recent review, see de Jongh 

and Micdcma ), The only known example of the present model 

is perhaps FeClp, But in this case, the value of g is estimated 
—2 to be a X 10 , 50 it is outside the crossover scaling region. 

Further experiraantal studies on such systems would be most 

welcome. 

The coming section gives the summary of all the remain­

ing chapters. 

1,5. Summary of Remaining Chapters 

The outline of the remaining chapters is as follows. 

In Chapter 2, the crossover scaling theory is presented. Also 

given is a summary of previous work on the same model. In 

Chapter 3, the low-g expansion of the scaling function is ob­

tained through the analysis of the isotropic critical behaviour 

of the susceptibility. The study of the critical behaviour in 

the presence of small but finite anisotropy is the subject of 

Chapter 4. In Chapter 5, we construct the closed form approxi-

mants for the scaling function and wc also examine the cross­

over of the susceptibility exponent based on this function. 

Chapter 6 which is the lest chapter contoins a summary of the 

work done nnd also our concluding remarks. 
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CHAPTER 2 

Scaling Theory and Summary of Previous Work 

2.1, Scaling Theory and its Predictions. 

= - T H A A - q T r. A A , A =±1 , T>0 . (1,8) 

In this Chapter, we shall obtain the detailed predic­

tions of the scaling theory as applied to the ferromagnetic 

quasi-two-dimensional Ising model Hamiltonian (1,8), 
XU 0 

For g = 0, the Hamiltonian (1«8) describes a set of mutually 

non-interacting two-dimensional Ising models. The zero-field 

reduced susceptibility is given by, 

Xc<j=o,T) ^ ^\: , (2.1) 

where, 

t = t"T'-"̂ t̂̂ >] / V ^ ^ y (2.2) 

in the critical region. So, in the absence of anisotropy, the 

critical behaviour is described by the usual critical exponents 

c< , p , V ...., But L-f anisotropy is present, the critical 

temperature is shifted from T (0) to T (g) and the critical 
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behaviour i s described by the new exponents ô  » [i > "^ . . . . . . 

Thu5 for q ^ Of i t i s convanienc to introduce 

t = [T-Tjg)! I\'C0) • (2.3) 

The suscep t i b i l i t y i s then given by, 

X C q , T ) :>6 A(q^ t , b —> o . (2.4) 

55 For small t and small g, the generai scaling theory impljss 

that the zero~field susceptibility should be of the form, 

where <b is the crossover exponent and the scale factors A,B, 

have been introduced to make the scaling function X.(>i)- univer­

sal. Now for g = 0, we should get (2.1). Therefore, we must have 

X ^CX) > i 3 ^ > O • 

On the other hand, to reproduce (2.4), X^(x) must go to zero as 

X —5> CX3 as follows. 

Substituting this in (2.5), we get 

so that. 

This is the so-called double power law scaling prediction. 

The hypothesis (2»5) leaves open the question of the 

Variation of the critical point shift, 
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t(Q) = [T.tql-Tjol] l \ VI 
Co) 

(2.6) 

,53,58. with g, for small g, Ono may, inducid, '' introduce a new shift 

exponent y through . 

t^(g) ~ g. 

As mentioned before in Section 1.3, it can be sho\/n that if 

^ - Y J t.hen the extended scaling theory applies and vice 

versa. The extended scaling theory implies that 

X C Q J ' T ) ^ A t ' ^ X ( B ^ / t ' ^ ) (2.7) 

VJe shall exclusively work with this extended form of the theory, 

which means, e.g., that we put Y = y . (Of course, the two 

scaling functions X (x) and X^(x) are simply related). 

Now, we summarize the detailed predictions of the 

theory following Pfeuty, Jasnow and Fisher, Henceforth, this 

paper will be referred to as POF, The successive derivatives 

of the zero-field susceptibility at g = 0 should diverge as 

•a % 
m 

(- c L. V -, C2. 

The scaling function X(x) may be normalized by 

XCo)-l , (^U i . 

Thus, we can easily see that, 

and 
Co = A Ĉ  = AB, 

m 
= AB- (g. 

8) 

(2.9) 

(2,10) 

Since the scaling function X(x'i is universal, the ratios of 

the amplitudes. 
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R 
m 

r c 

m 

m — i j C y O ^ « » « 

are predicted to be universal. 

For fixed positive g, however, we require equation 

(2.4) to be satisfied as t —5> 0, i.e., T >T (q>. To repro-

duce this behaviour, the susceptibility in the extended form 

(2,7) must be singular at t = t (g) which, in accord with the 

equality <̂  = H* , can be written as 

Uc^)^^J^'^ , Bsg->0 (2.11) 

The scaling function X(x) itself, for g Ĵ  0, should be singular 

at X, say, to reflect the crossover to the ne\-i exponent li . 

The extended theory makes the simplest assumption, viz., 

-1/ 

X 
-̂  oc . (2.12) 

This results in the following predictions. The quantity x is 

universal and is given by 

i - B(1J~^ (2.13) 

The amplitudes A(g) in (2,4) diverge as 

with 

A r̂  A x w d> 

1 o , 

(2.14) 
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The universal amplitude X can be obiained from (2,14), 

y = A^ (ji) w ' / A (2.15) 

The parameters x and X are universal, while A,Q,vj and A are 

non-universal. 

After this brief summary of the scaling theory, we 

summarize previous work in the coming section. 

2,2« Summary of the Previous VJork on the F̂ resent Model 

We start with a summary of two-dimensional Ising 

models to which the present model reduces for g = 0. A begin-

ning was made by Kramers and Wannier who showed that the 

model possesses a symmetry property, which permits location 

of the Curie temperature if it exists and is unique. It was 

found that it lies at 

K^(0) = J / kQT^(O) = A. In (1 +72) 

= 0.440606793..., (2.'l6) 

The symmetry also excludes certain forms of sinQularities at 
7 

T , e.g., a jump in the specific heat, Onsager, in his paper on 

a two-dimensionol model with an order-disorder transition com­

puted, rigorously, the partition function of the two-dimensional 

s.n« model for the case of vanishing field. He showed that the 

specific heat la logarithmically singular at T given by Kramers 

and Wannier. His calculation showed for the first time that the 

formulation of statistical mechanics is capable of describing 

phase transitions and critical phenomena without any extra as­

sumptions. An initial study of the susceptibility for the s.q. 
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lattice was done by Domb and Sykes who suggested that l - -^^ 

A theoretical justification for this value was first given by 
1 2 Fisher and the argument has subsequently been made complete-

ly rigorous* 

Now we summarize the work on the quasi-two-dimensio­

nal models. The method of series expansions foe X (g,T) fgc 

the above model of the anisotropic s.c. lattice was used by 
R Q '7F1 

Oitmaa and Enting. ' Writing 

they evaluated the first eleven polynomials H,(g). By perfor­

ming ratio and Fade approximant (P.Aj analysis for different g 

values, ,they found a continuous variation of the critical ex­

ponent "V with g which, they claimed, conflicted with the 

smoothness postulate predictions or a sharp change at g = 0, 
71 Rapaport pointed out that such a continuous variation must 

be expected from a finite number of terms in (S.'Tl). This is 

due to the fact that as g approaches zero, more and more terms 

are required to indicate the true behaviour of the critical 

exponent. Using an alternative analysis which attempted to es­

timate the critical exponents of the isotropic derivatives of 

X(g,T), i.e., dj (see equation 2.8), Rapaport showed that 

the data were consistent with <i> = 1,75 = a , Therefore, he 

concluded that the data did not conflict with universality and 
72 smoothness. Similar conclusions were drawn by Paul and Stanley, 

who had independently developed high-temperature scries expan­

sions for the anisotropic s.c. and f.c.c. lattices. Rapaport's 

conclusions were again challenged by Enting and Oitmaa who 

estimated the value of the exponent j> which was different from 

1*75 and suggested that the scaling theory was not obeyed. 

Liu and Stanley, Citteur and Kasteleyn resolved 
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the controversy by proving rigorously that 9 ~ « Also 

Harbus and Stanley developed gsneral-g series for the speci­

fic heat, susceptibility and second correlation moment for the 

anisotropic s.c, and f.c.c. lattices and these series were sub­

sequently analysed by I 

in support of scaling. 

77 sequently analysed by Krasnow et al, who found good evidence 

This problem has been attacked by renormalizaltion 

group approach. Using this method, Grover ° and Chang and Stan-
79 J. ~^ 

ley showed that (p - 6 for the general case of lattice 
on 

dimensionality crossover. Also, Bruce' ' studied the problem of 

obtaining crossover scaling functions for this case. 

In the next chaoter^ we give a brief summary of the 

extrapolation methods and obtain the g = 0 scaling behaviour. 

The g ?̂  0 behaviour is discussed in Chapter 4, 
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CHAPTER 3 

Two-dimensional Behaviour 

3.1, Summary of the Extrapolation Methods 

Before studying the model for g = 0 and g ĵ  0, in 

this section, we give a brief summary of the extrapolation me-
21 thods for analysing the power series expansions. They are the 

ratio method and •^!^i^aL^\i:^foM^dr)/t (P.An) methods. 

Ratio method is generally used to determine the lo­

cation and nature of a dominant singularity which lies on the 

real axis. Let us assume that the dominant singularity of some 

function F(K) is on the real axis at K = K , and that all the 
w 

coefficients in the series are real and of one sign. Suppose 

that the function P(K) has a power scries of the form 

00 

(3.1) 
^̂ )̂ = ̂ 0 -n^' 

about the origin K = 0, If 

C3.2) 
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then the serioa converges for \K\ C K and diverges ror | K I > K , 
Correspondingly, there must be at least one singularity (non-

-analytic point) on the circle of convergence \ K \ = K . It fol~ 
lows from (3,2) that 

^n« ^̂ "̂  '̂c" ' ^ -^ ^l * ^̂ .̂S) 
or, more prec ise ly , 

TV->00 

where the unknown function, f(n), satisfies 

For f(n) let U3 consider the form 

(3,4) 

(3,5) 

^c...A(-^\--)-A-^^-'"^^-'-:i ^-'^V,3.) 

-fw 
which behaves asymptotically like 

An 
- — •> (3.7) 

where ITv ) is the gamma fuoction. The form for f(n) implies 
that for "̂  > 0 and real K, we- have, 

-T! -, _ 
Fcx)= A ( i - - | - ^ [ i + 0 ( i - - ^ U , k ^ K , . . 

V c (3.8) 

Evidently, the parameters "̂  and A direcily determine the cri­
tical exponent and amplitude respectively, at the singularity. 
If we assume that the various s-ingularitiss are power laws, 

equation (3.8) justifies (3,6) and (3.7) as the natural choice 
'22 2̂ ^ 

for f(n). Following Domb and Sykes, consider the ratio of 
sucressive coei^ficients, 



27 

•n a . ' 

From (3,3) and (3B), we expect 

n = 1,2,3 .,, . (-3*3) 

^.-^"U^^'-^'^^i^^ ' " oo 

(3.10) 

so that the ratios vary linearly with -̂  ao n j. oo , The inter-

cept on -- = 0 will give K and the slope gives ( o - 1)/ K , n C- c 
from which a can be determined. But if only a limited number 

of terms are known, we can oitnly hope that the initial ratios 

will be sufficiently well-behaved as to enable an accurate 

extrapolation to be made. This depends, amongst other things, 

on the proximity and nature of any other singularities. 

Knowing the estimatad values of the critical point 

and critical exponent by the above method, \ie can also have 

refined estimates of each of them having known one of them 

first. Thus, given the exact value of the critical point K , 

or an estimated value K , one may form the sequence of • 
22 approximations 

According to C^^ip) 

50 that V should approach s linearly against--, provided K 

is sufficiently accurate. A modified version of (3.1^), namely, 

^ <̂  C3.13) 



28 

is sometimes used^ where £ is a small shift which generally 

helps to improve convergence. 

If one has the exact value of critical exponent '^ , 

or a good eatlmate li p one can usually obtain a rapidly conver­

gent sequence of estimates for the critical point K from the 
24 ^ 

sequence 

Since the leading correction term is of the order 0(-ra), the 

limit K~ should be approaghed horizontally versys ~ . Even if 

"V la somewhat different from 'i , this will aff»ct the convei-

gence only tĥ dtJgh a term (V-'V )y'Ti, 

If the critical point K and critical exponent "̂  

are known accurately, the amplitude of singularity may be esti-

mated (equations 3«3 and 3,R) from the sequence 

f^ - !!_£. 

Equations (3.3 ) and (3.*?) suggest the alternative sequence 

but this is not usually very satisfagtory. Howefer, small errors 

in K and "V are magnified in estimating the amplitude A, so 

that comparatively lower accuracy is obtained. 

T|e main failure tf the ratio methori is that in most 

cases it (d̂ ĉ Lŝ î̂ ĥ  «>oly •i>e• f̂ »|vj5-''iii>'3 at a ̂feirae .̂aadj iSlŝ  if 

this singularity iles an the real axis and is domi-iî t. If the 

ratios of the successive coefficients are oscillating wildly 
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in sign as well as magnitude, which implies that the singulari­

ty closest to the origin is in the complex plane and is not the 

physical ainguJ^arity, then the ratio method fails completely. 

In such e case, P.A» method can be used successfully, 

Pade^ approximants enable several singularities 

lying anywhere in the complex K-plane to be studied simulta­

neously, in a systematic manner. In effect, they provide a me­

thod of approximately analytically continuing a function beyond 

its radius of convergence and up to the physical singularity, 

or beyond. Fade"method can also be applied to a series of all 

positive coefficients. It was introduced into physics by Baker 

iksi 
25 

O p V n •2 

and Gammel end Baker et al., and first applied to critical 
phenomena by Baker.' 

The [L,M1 P.A. to a function F(K) is the ratio of a 

polynomial P^CK) of degree L to a polynomial Q^W of degree 

M, Thus we have, 

Without any loss of generality, we can assume QQ = 1. The coef­

ficients pg, p., pg .p|_ and q., q^ ......q̂ ^ are chosen 

that the expansion of [.'-»̂J ag^ee with the expansion of F(K) 

through order L + M, i.e., 

F(K) = [ 1 , M ] + 0( K^+^b (3.'l8) 

Equating the coefficianta of K̂"*"̂  fcKl>ough K*""*̂  in. C3.'l7) gives 

M simultaneous linear equations for q- to q̂ .̂ Substituting 

their solution into the CL+D linear equations, obtained by 

equating the coefficients of K° through K in (3.18), then 

yields the coefficients PQ to p, . 
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If the series expaision of F(K) is knoviHi thjWHigh order 
N' ' 
K , the calculable eppro/imanta can be arranged in a Fade 

84 
table 33 follows 

[1,2] [2,2] . ; ; [N-1,2] 

[1, N-1.3 

Applying this method to the series far a function F(K) 

given in (3.1) we find that if A(K) is analytic at K = K , then; 

fm-M^--^) C^ - ^o^A-v^J^ C3.13) 

where A = A(K ) , I t follows tha t the logarithmic der iva t ive 

DtK)E ^ ) ^ K K ) ^ ^ I ^ ^ [ i 4 - 0 C K - K 4 3 ^ , , ^ 

has a simple pole at K , "" Since P.A. con represent- simple 
c 

poles BXact-ly, approximants to the D(K) series should converge 

much faster than approximants to the F(K) series. If an qppro-

ximant, has a pole in the Vicinity of K^, its location, will 
c 

give the estimate of K while the cofFcaponding residue will 

bo en estimate of - a . 

If the exact value of- a good estimate of "̂  ia given, 

then the appropriate poles of the approĵ rfiant-s to the series for 

k C3.21) 
c> 
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should give a more rapidly convergent sequence of the estimates 

for K ." The corresponding residues yield estimates of -K A ; 

and hence the amplitude A. 

Conversely, if the exact value or a good estimate of 

1< is known, a better estimate of the critical exponent can be 
LA 

abLained by forming P.A^ to the series 

•^CK^) E ( U ^ - K : ) D C K ) ?i-^ 4 - 0 ( K - K . : ) , V < — ^ K ^ (3,22) 

zind e v a l u a t i n g them a t K = K . 
c 

If both K and "j/ are known accurately enough, better 

estimates of A can be obtained by forming P»Aw to the series 

for 

(K^ - K) [ F ( K ) ] ^ K^ A + OCK - K^) , K -> K^ (3,23) 

evaluating them at K and raising the result to the power "̂  . 

In addition, one of the higher order approximants should pro­

vide an excellent extrapolation for F(l<) over the entire range 

from K = 0 to K .'̂^ 
c 

In summary, Fade' method can be expected t-o work rea-

-.onsbly v̂ êll whenever F(K) diverges strongly to infinity or 

converges strongly to zero at K , This is the case for the 

high-temperature susceptibility series and low-temperature 

spontaneous magnetization series, respectively, of the ferro­

magnetic Ising model. If F(l<) has singularities at several 

(Joints in the complex K-plane, the Fade method attempts to 

treat eiich of them. For example, if enough series coefficients 

are available, the location and exponent of singularity may be 

approximated by an appropriate pole and residue of the higher-

-order app:oximants to D(K)<. 
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In addition to these general methods, there are spe­

cial methods to analyas the crossover behaviour of the scaling 

function. VJe discuss and apply them in the coming sections. 

3,2. The Isotropic Behaviour 

In this section, we will deal with the g = 0 or, iso­

tropic, behaviour of the Hamiltonian C1.8). Wg will deal with 

the cases a.q, to s.c. and s.q, to f,c«c. For g = 0, we get a 

set of s.q« laing models. For the s.̂-» model, the critical tem­

perature is given by (2.1S) and thg c]»itical exponent "V is 

equal to 7/4, The amplitudes A for X (OjT) was obtained by 
31 Sykes and coworkers who analysed the high-temperature series 

for the two-dimensional laing model. They found that near T 

the ferromagnetic susceptibility behaves as 

^ .7/4 , -r -'/* 

with A = 0.96259 i 0.00003, A-^ 0.0742, T^eSQ Values are in 

excellent agreeuent with the exact values obtained by Barouch, 
- 23 

Ma Coy and Wu. They obtained 

A = 0.9625817322 ..,, A 5= 0,'0749C8153S ... 

(3V25) 
(We remark in passing about the confLy^^^j singularities in the 

asymptotic behaviour of the susceptibility in equation C3,24). 

We have not included these in our analysis, since we feel that 

the series are probably too short to examine all the subtle 

efrects taking place for small values of g. We have concentra­

ted only on the leading crossover behaviour for small g). 

Knowing the value of A, the value of B can be obtain-
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Table 2. Rigoroca Rssults, for Crossing C^9S f r ^ a Quasi-l-

-dimensionai Lattices to a true 3-dimensional Latti­

ce. The Lattice Coefficients are defined below, l-̂ sre 

Physical Quanti-g Lower g Upper 

ty Q Bound Q Bound 

~T 
Range of- (T,H) 

' f I 1̂,1 1 

-rS, 

'|-CH(T,H.g)] -lNg^JT^J^^2] 

3_'XCT,H»g) giKFIr.̂  X + g,K 'X 

XXCT,H=0,g) 

Arbitrary, 

Arbitrary. 

29211*^^^ r — 3 
K^X 

^^X(T,H=0,g)j (6g3^~ 2g33) (993^+12932 T > T , H=iQ, 

*33̂  

Lattice Coefficients. 

T T 
g 0 s.q.to s.c^ s.q.Lo f.c.c'̂ l 

d ^ 0 1 

91 

921 

922 

931 

932 

533 

2 

2 

2 

2 

2 

2 

8 

32 

32 

128 

123 

128 
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ed from Liu and Stanley relations, '"' We briePly sketch the Liu-

-Gtanley arguments. First let us consider the anisotropic s.c* 

lattice. The reduced susceptibility of a lattice whioh is com-

posed of (N+1) layers with M spins in each layer is given by 

On differentiating with respect to g, 
N r 

where {" 

/^\ /^KV^ A] 
i ' (3,26) 

•y denotes the thermal average of a two-dimensional 

Hamiltonian» Now each of the summations inaide the curly brac­

kets is over all spins which lie in a single plane and thus 

each summation is exactly the reduced susceptibility of a two-

-dimensional lattice. Thus in" the thermodynamic limit, one gets 

{m=iK[%toq 
? 

(3.27) 

This equation is the first order correction term of the two­

-dimensional approximation of the three dimensional quantity 

% (g;T)« Similarly, they also proved relations for higher deri­

vatives upto the third derivative. We summarize their results 

for the s.q. to a.c. and s,q, to f.c.c, lattices in Table 2. 

These relations coupled with the scaling form 

%C^,T) « 

clearly give- ^ = « , 

At CB^/t^) 

Also using the normalization that 
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Table 3a, Reduced Susceptibility Expansion Coefficients b , 
nl 

for the s,q, to s.c, case* 

(} n O 0 5 

'̂  i ^ Q ^1 U " i ^ I 1̂ 
0 0 1 

1 0 4 

0 

16 

2 

3 

3 

3 

3 

4 

4 

4 

4 

4 

5 

2 

0 

1 

2 

3 

0 

1 

2 

3 

4 

0 

2 

34 1 

80 

32 

1 1 

92 

330 ^ 

240 

42 1 

2 

2 4 0 ^ 

5 

5 

5 

5 

5 

6 

6 

6 

6 

6 

6 

G 

7 

7 

7 

7 

1 

2 

3 

4 

5 

0 

1 

2 

3 

4 

5 

6 

0 

1 

2 

3 

1210 1 

1331^ 

485.-^ 

42 1 

4 

B11 ^ 

4098 Y^ 

6520 

3761 1 

728 

34 T^ 

4 

1533 ̂ r^ 

13112 1 

27748 Y5 

22055 ^ 
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a 

T 
0 
0 
X 

n̂l 

TD T 

Li 
n 3 1 

1 
0 n̂l 

7 

7 

7 

7 

8 

a 

8 

8 

8 

8 

9 

9 

9 

9 

4 

5 

B 

7 

0 

1 

E 

3 

4 

5 

6 

7 

8 

0 

1 

2 

3 

7601 ^ 

874 I 

?p 34 

8 

3809 f ^ 

40234 § ^ 

107712 

119472 ^ 

1 53277 

12225 ^ 

874 I 

2 

119469^ 

334327 ll^ 

107 558211 ^ 

9 

9" 

9 

9 

9 

9 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

4 

5 

6 

7 

8 

9 

0 

\ 

2 

3 

4 

5 

6 

7 

8 

9 

10 

372997 1^ 

113401 ^ 

16342 11^ 

R 158 

4 

22820 m i 

3̂ 5515 | I ^ 

1370308 ^ 

2402802 ^ 

20S8551 ~j 

918502 ^ 

193700 ̂  

18700 III 

^^2 TO? 
o 2522 

4 
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1 
^ 1 

i 

IPX I 
0 0 " 0 

n 'nl 
0 
Q 'nl 

0 

1 

2 

3 

4 

5 

f-r-̂ .̂  8046493 
'̂̂ '̂ ' 14139175 

157 977909 

4588445 -̂ Â̂ .̂ , 

9680300 

10409460 

6037733 

28 
T35 

34 

427 

Ms" 

6 

7 

8 

9 

10 

11 

1866900 1 ^ 

285425 1 ^ 

13712-|^ 
t 

374 41^ 

-, 2209 

8 
I5 



38 

Table 3b. Reduced Susceptibility Expansion Coefficients b , 

for the s.q. to f^c.c, case. 

T T 
0 n 'nl n 'nl 

0 

2 

3 

3 

3 

4 

0 

0 

8 

0 12 

64 

56 

0 34 f 

320 

2 

3 

0 

656 

389 4 

92 

1 

2 

3 

4 

0 

1322 3 

4544 

5994 1 

2610 1 

2 4 0 ^ 

5 

5 

5 

5 

5 

6 

6 

6 

6 

6 

6 

6 

7 

7 

7 

7 

1 

2 

3 

4 

5 

0 

1 

2 

3 

4 

5 

6 

0 

1 

2 

3 

4842 

24501 ^ 

52739 

49866 

17473 

611 ^ 

16392 

^ 

^ 

T? 

15 

113250 J 

350577 1 

532530 

398216 8 1^ 

11525Q^ 22 

1538 
58 
3T5 

52451 

470871 T5 

1950239 I 
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n 

7 

7 

7 

7 

8 

n 
Q 

a 

8 

0 

8 

8 

8 

8 

9 

9. 

9 

9 

0 

1 

4 

5 

6 

7 

0 

1 

2 

3 

4 

5 

6 

7 

a 

0 

1 

2 

0 
0 
0 
0 

nl 

4202769 ~ 

4993002 1 

3053159 1^ 

759545 221 

3809 6^5 

180939 ^ 

1811017 ^ 

9584969 43 
•4-5 

27327480 | 

45509776 |p 

43951545 ̂ ^ 

193 
22924237 ^ 

4966694 ^ 

9364 -̂ '̂ — '̂̂'̂  ' 2835 

477876 | ~ 

5561420 ^ 

4294S637 T§F lob 

0 
0 
0 
0 

^ 

0 
9 

9 

9 

9 

9 

9 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

Q 
0 
0 
0 

1 

4 

5 

6 

7 

8 

9 

0 

1 

2 

3 

4 

5 

6 

7 

3 

9 

10 

0 
0 
0 
d 

1 

'̂ nl 

154892344 | 

339157477 |i 

456207197 - ^ 

372564564 ^ 

168266475 || 

32458505 ||ji^ 

22820 1 ^ 

1382060 1|§5 

22672635 ^ olo 

179063707. | ^ 

791598100 ^ 

2176311440 ||g 

3818160361 1 ^ 

4327624997 | ^ 

3048735819 - ^ 

1219450540 § ^ 

211100973 (̂ 32̂ 5̂ 
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X(0) = ̂ - ^ = 1 . (3/28) 

Using equation (3,27) we get, for K = K^CO)» 

B = 2 K^(0) A , Cs.q. to s.c.) 
and 

B = 8 K (0) A * (a.q,' to f,c.c.) 

Thus, numerically, we have, 

BCsVq, to s.c.) = 0,843394142 .«, (3.23a) 

B(s,q« to f.c.cj = 3.39357S56 .,, (3«29b) 
For our analysis ue have used the high'-temperature series given 

TS B9 

by Harbus and Stanley, Oitmaa and Enting, The susceptibi­
lity series, as mentioned in Section 2,2, are obtained up to 
11th and 10th order for the s.c. and f,c.c. lattices, respec­
tively. They have been given in powers of tafih K. But, for 
convenience, we have converted them to the form 

10,11 

%(g,K) = II a^(g) K" , (3.aQ) 
where ^^"^ 
The coefficients so obtained are given in Table 3a,b for the 

s.c. and f.c.c. lattices, respectively. Many checks on our 

calculations of a (g) have been carried out. We know that fo» 

g = 1, aniso^opic lattices reduce to isotropic lattices, res­

pectively. For this case, the coefficients a_Cg) of the two 

lattices studied agree with their respective cases. ' For 

g = 0, both the s.c. and f.e.c. series must reduce to s.q. se-
31 ries. This check is ajso successful. Finally when g = ^ , the 

s.c, series reduces to that of linear chain, whereas the f . c ^ c , 
to body centred cubic (b.c.c.) series. ' It is found 
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Table 4a, Pade Estimates for the IsoLroplc AmplitudesE for the 

s,c, lattice* The symbol ' ' means a defective 

entry and n,c. means not calculated. The Estimates 

given here are related to the actual Estimates by 

the following relations. Cp = ^\'^pf C3 = SK C3, 

i—5" 
Pade Q 

T 
1 

T 
0 
1 

T 
0 

1,1) n ,c . 

1,2 

2,1 

2,2 

2,3 

3,2 

3,3; 

3,4 

\3 

4 ,4 

4 ,5 

5,4 

3,5 

5 ,3 

n . c . 

n , c . 

n . c , 

n,c» 

n^c . 

n . c . 8.34509 2.82782 

n . c . 9'/4S56xlO^ ,̂ >.3S27>i10 

1.75685 4,58772 19.6793 340099*10'' 1.3013x10^ 

1.3S032 3.5351S 10*1:-;S9 

1,16311 1.83379 20.4840 

U4964C 3,57507 

'»49a00 3»5^.194 

3.36700 __ 

7,1615X10^ 3.e4SlHlo2 

1.60641 3.81980 13.1909 S.STS^XlO 

1.5043G 3,65253 11.9415 

1.40167 3,48315 ' 10.1643 

1.49330 3.5147Q 

1.47242 

1.488a2 

1 
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Table 4b, Same as Table 4a, but for the f , c « c , l a t t i c e . The 

r e l a t i o n s for t h i s case are given as f o U o v s . 

^c"2 cTV ^c"4- ^c"5 

^6 = 

1 'J. I 

Fade 0 C, 
0 ^ 

( n i : 
( 1 , 2 : 

( 2 , 1 : 

( 2 , 2 : 

(.2,3: 

C3-,2: 

( 3 , 3 : 

C3,4: 

( 4 , 3 : 

( 4 , 4 : 

( 5 , 4 : 

%\^x 
(2>i : 

(2,4,: 

( '4,2: 

( 3 , 5 : 

( 5 , 3 : 

) n , c . 

) n . c . 

) n .c . 

) 0,85609 

) 0.'85815 

) OrSBSOO 

) 0.85644 

) 0.84888 

) 0",84336 

) 0.346in 

) 0^84298 

) 0,86367 

) 0.84302 

) 0.'8465 2 

) 0»842a8 

•^c^B* 

0 ^ ^ 

n.c . 

n,c,' 

n . c . 

0.77.103 

0.'776 83 

0.77616: 

0.77334 

0.'75779 

0.89600 

0.75553 

0,76891 

0 ^ 

n.c . 

n . c . 

3,^9054x10'^ 

4.'3714x1 o"̂  

4.446^x10^ 

4.4235x10"^ 

4,4030x10'^ 

4,7084x10^ 

3.3001x10'* 

4V3733X10'^ 

! ^5 

9.1813x10^ 

1,2625x10^ 

1.099Cx10^ 

1.3193x10^ 

1.3674x10^ 

1.3489x10^ 

1,4582X10^ 

1.'4419x10^ 

Q 1 

3.2806:x10'^ 

4,4803x10'^ 

3.5043x10'^ 

4.7418x10' ' 

2,7613x10"^ 

5.'2805x1 o'̂ -
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that this condition is also satisfied by our series. Further 

tests,such as the derivative tests (upto third derivatives), 

are also carried out as checks on our coefficient calculations 

and it is.found that they are satisfied. 

Thus satisfied with our series, we next proceed to the 

analysis of the susceptibility derivatives in order to test the 

scaling predictions and to gain more information about the sca­

ling function X(x) near x = 0, The successive derivatives of 

X should diverge as 

The amplitudes C are analysed both by the standard series me­

thods and also by forming P,Ac- to 

obtained by taking into account the fact that <j|> = "̂  in (3,31), 

The results are presented in Table 4 for the two lattices. Con­

sidering normalization conditions, we can easily see from equa­

tion (3.31) that 

Cg = A , Ĉ  = AB , (3,32) 

and hence 

Since the scaling function X(x) is universal, the ratio of the 

amplitudes 

C C *"—̂  — 

"5 p - , .a. "* 

(3.34) 

are predicted to be universal, P,A, and/ratio"'racŴ .ads'are'Osod 
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Table 5a, Fade Estimates for the Universal Ratios for the s.c, 

lattice. The numbers are the values of the P.A, 

evaluated at K = K (0). The symbol ' ' means a de-

fective entry, n.c. means not calculated. 

Fade R. R, R. 
T 

R 4 

'VJ 
Rr 

1,1 

1,2 

2,1 

2,2 

2,3 

3,2 

3,3 

3,4 

4 ,3 

3,5 

5,3 

5,4 

4,5 

n^c, 

n#c, 

n . c . 

1.7913 

1.0650 

2.4663 

1.7242 

1.6667 

1.6554 

1.5718 

1,6729 

1.6911 

1.6712 

1.6712 

n . c . 

n . c . 

n . c , 

1.4862 

1.4617 

1.4605 

1.6715 

1,4570 

1.4557 

1.4727 

1.5112 

1.5192 

n.c, 1.3781 

n . c . 0,4392 

n . c . 

1.2617 1.1791 

l ,440a 1,9235 

1.4136 1.6009 

1.2995 

1.2521 

1.2470 

1.2633 

1.3369 

0,2264 

1,1238 

4.6123 

1,9174 
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Table 5b, Pads Estimates for the Universal Ratios for the 

f.c.c. lattice evaluated nt l< = l< (0), 

. Q 
Fade? ^1 

Q 
Q 
0 «2 

0 
0 
0 
0 

Ro 

0 
0 

0 
f^4 

0 

0 «5 

1,1 

.2,1 

2,2 

2,3 

3,2 

3,3 

3,4 

4,3 

4,4 

3,5 

5,3 

n.c, 

n»c. 

n.c. 

n.c. 1,0000 1,0000 

n.c. 

n.c. 

0.9321 

0,9067 

0.8994 

0,9414 

0.9512 

0.9508 

0.9490 

0.9456 

0.9475 

1,0033 

0.9155 

0*3100 

0,8973 

0.9073 

0.9054 

0.2095 

0.2748 

:.5596 

0,2C73 0.3074 

0*3100 6.4398 9.7256 

1.0000 

0.2093 

0,2738 
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Table 8. Overall Estimates for the Universal Ar̂ plituds Ratios 

5 5 '—1! - 1 ! '—5 ^~~ 
0 0 . . 0 Adopted Q Mean- 0 S p h e r i c a l 

Ra t i o 0 f . c . c . 3 3 .C. 5 ^ ^3^ Q - f i e l d J ^^^^^ 
Q Q Q Q value Q 
D Q 0 i D 

R̂  K6703 1,6715 1 •6709 2 - 1,5 

R^ 1.47a3 1.4718 1,4755 1.5 U333 , , , 

R^ U 2 a i 4 1.2924 1 .2a ia 1.3^3 ,,<, U 2 5 

R^ 1.2599 U2410 1.2505 1.25. 1.2 

Rg 1,124a 1.1402 1.132a U 2 1 <,66B « . . 
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to calculate R , The results of our analysis are displayed in 

Table 5, for both the s.c. and f.c.c, lattices, for the values 

of m = 1 to m = 5 evaluated at K = K (0), We also find that 

for R„'a, on the whole, the standard methods give consistent 

results except for the f<c,c, case for m > 1 , which for uneX"̂  

plained reasons is badly behaved. Accordingly, we have omitted 

it in our analysis. The overall estimates for the two lattices 

end the mean-field theory values are listed together in Table 6. 

The recently calculated valuea for the spherical model are also 
RR 

shown, It can be seen clearly that the values for the laing 

models lie between those of the mean-field and spherical model 

values, A similar behaviour was found in the parallel cese of 

spi-n-space anisotropy, ' Our confidence limits based on over­

all analysis are 1,1,2,3 and 5% in the amplitudes R̂  to R^ res*-

pectively* It is evident that the central estimatea for the 

amplitudea ratios, for the two lattices under study, match each 

other within at moat 1%, Hence the scale--factor universality 

of the scaling function is confirmed within these limits, 

(Having known so many of the input parameters exactly, we shoulc 

have expected the results to be more accurate than this, but 

our experience showa that the analysis is difficult because of 

the high value of the crossover exponent <t> ~ 7/4). 

'From the mean adopted values of the universal ratio 

^amplitudes R. to Rr, one can get an expansion of the scaling 

function XCx). Using the normalization (3,28) and the expres­

sion (.3,34), X(x) can be expanded near x = 0 ̂ as 

X(x) =1 + X + •— x'̂  + '^ •• )C -^ . 

We get 

X(x) = 1 + X + 0.83545 x^ + 0.S3S6 y.^ + 0,54S7 x'̂  

+ 0.4355 x^ + 0.3273 x^+ (3.35) 
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with the extrapolation uncertainties of about 1,1,7,3,5 and 8% 
? R 

in the coefficients X to x , respectively. The above represen­
tation of the scaling function XCx) is valid for x 4< 1. 

In the vicinity of the critical value x, the scaling 
58 function should have a form 

X(x)- X (l - -̂  ) . (3.36) 

Preliminary estimates of x and X are obtained by-forming direct 

P.Aw to the six-term series of X(x) , Thus we get, taking into 

account the singularity of X(x) at x. 

• 
x = 1,334 , X = 1.071 . 

Thus so far, we have obtained the values of x and X 

by considering the g = 0 behavipû r of the susceptibility. In 

the next Chapter, we look at the detailed behaviour of the 

model for g i- 0,-
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CHAPTER 4 

Anisotropic Behaviour 

4,1, Introduction 

So far, ue have seen in the prccecding Chapter that 

the scaling theory holds good for the case of small g in the 

limit g —^ 0, In this Chapter, we study the behaviour of the 

model for g small, but not equal to zero. We need small Values 

of g because the scaling theory does not epply for larger g, 
-2 say ^ 10 . However, for very small values of g, one needs 

longer series for a reliable analysis. Therefore, for the 

crossover scaling analysis, there is a typical window for the_ 

values of g. An estimate of this range can be made by making 

a scaling hypothesis for the coefficients a (g3o Following 
58 PJF, v;e--have 

(4.1) • 
a^(g) J5J Oĵ (O) F(ng ) , n —*, oo , g.-^^ 0 

F(0) = 1 . 

This predicts, e.go. that the sequence 
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where, 

should vary os 

oo 

Applying this method to our model, we find that the ranges of 

g amenable to analysis ore 0,01 ^ g ^ 0,08 and 0,005 ̂  g ;̂  

0,02 for the s,c, ond f.c.c, lattices, respectively. This is 

in generol agreement with the previous work of Harbus and Stan* 

ley, who obtained similar ranges by a different method. 

Having decided on the values of g to work with, the 

next step is to estimate the critical temperature K (g). The 

critical point shifts u) ore calculated in order that the lo-

cation of the singularity, x, in the scaling function con be 

determined. Critical amplitudes A(g) can then be estiniated by 

standard methods. Having obtained A(g), one can find A and X« 

The constants x and X are universal while the scale factors 

A,B, uj and A ore non-universal, 
oo 

In the coming Sections, we will give a detailed re­

port on the methods used and the results obtained, for all 

these parameters except A and B which were already obtained in 

Section 3,2, 

4,2, Estimation of Critical Points and Critical Amplitudes 

Generally, one may believe that there is no special 

problem involved in the estimation of T (g) from the suscepti-

bility series at fixed g. However, standard methods have been 

found to depend rather heavily for their success on a simple-
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-power-law behaviour of % Ca^CF)* The difficulty here lies in 
the fact that the susceptibility at small g changes over from 
one power law form to another at a crossover temperature which 
lies very close to T (g)» Failure to recognize this point may 

lead to unusual behaviour, e.g., the dependence of "V on g, * 
71 which is really an artifact of the shortness of the series. 

On the other hand, if g is large enough, the estimation of T (gg) 
c 

by straightforward methods can be trusted. 

Before proceeding further, we comment on the assign­
ment of the "known" parametersj because the final values of 
various parameters will be particularly sensitive to the assu­
med value of V 9 For the value of ~Ti we have chosen 1,75 (see 
Section 1,1)« The values of "̂  = 1^25 corresponds to the value 

of V for the three-dimensional Ising model. (Very recently 
R7 

Chen, Fisher and Nickel ' obtained « = 1,238 in their study 

of the Ising model, using a secures of 21 terms. But since our 

series are shorter (upto 10th and 11th order) and their analy­

sis gives ^ = 1,25, we have chosen this value for consistency.) 

Nou to estimate K (g), apart, from the standard me-
21 ^ 

thods, following PJF, we extrapolate the sequence 

(4.2) 

versus n , We have varied the shift t in order to check the 
consistency and to improve the overall smoothness of the se­
quence. It is expected that (4,2) should approach K (g) linear-

—2 ly in the variable n as n —*• oo , This is indeed verified as 
can be seen from Figures 4a,b, where we present the plots of 

—2 J^ (g) versus n for various values of g for the s,c, and f.c.c, 

lattices, respectively. 
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Tnbls 7, Estimates of Criticnl Temperatures K-(g) for various 

vnlues of g, for the 3,c» and f.c.c. lattices. Extra­

polation uncertainty is about 0,2?o, 

««»«'»'»-

T o C « C « s.c, 

K,(g) 0 
JL 

0 
SL 

^eCs) 

0,006 0,40355 0.01 0.41806 

0.003 

0,010 

o.oia 

0.014 

0,016 

o.'ois 

0,020 

0.39730 

0,'39093 

0.38595 

0,'38110 

0.37636 

0,37202 

0.36792 

0,02 

0,03 

0.40766 

0.39872 

0,04 

0.05 

0.06 

0.07 

0.08 

0,09 

0.39124 

0.38476 

0.37893 

0.37341 

0.'35S46 

0,36390 
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T rrble 8, Estimates of tho Criticnl Amplitudes A(g) for various 

values of g for the s.c, and f.o.c, lattices. Extra** 

polntion uncertainty is about 4?o,., 

T f .c.c, s.c. 

Q 
0 

A(g) A(g) 

0,006 

0,008 

0.^10 

0,012 

0V014 

o.'oia 

0.018 

0.'020 

1,985 

1.861 

1.706 

1 .647 

1,5755 

1.505 

1.4535 

1 .'4055 

0,01 2,495 

0,02 

0.03 

0.04 

o".;o5 

0.'05 

0.07 

0,08 

2.135 

1 .878 

U722 

1.624 

1,543 

1.469 

1.4175 

0.09 1.378 
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In addition, conventional methods for finding the cri­

tical temperatures,e,g,, using the sequences 

have also been used. These are found to show oscillations owing 

to the loose-packed nature of the s.q, lattice. The plots ver-

sus n are presented in Figures 5a,b for the s.c. and f,c,c. 

lattices, respectively. In (4.2) these osciHstions are can* 

celled to a large extent due to the presence ̂ f the ratio ĵ .« 

Extrapolations of the plots of JUL (g) versug n allawr*~tJs to 

estimate K (g) to an accuracy of about a conservative 0,25̂ , Our̂  

estimates of K^(g) based on overall analyses are listed in Tabi-e 

T for both the lattices. 

Knowing the values of K (g), we can ngjf determine the 

critical amplitudes. This is don.c by using the conventional ra­

tio methods based on the extrapolation of 

versus n which ore found to work well for both the cases. Our 

estimates for A(g) are listed in Table 8, Uncertainties in the 

amplitudes are about 4% and come mainly from those in K (g). 

Thus we have estimated the critical points and the 

amplitudes. In the coming Section we wiil proceed with the calw 

culations of ^-^g*^ from K (g) and hence t̂ he shift amplitude • 

Finally from these values we will calculate X| 
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Table 9. Critical Point Shifts for the s^c, and f,c.c« lat­

tices* Uncertainties in the last place are indica­

ted in the brackets^ 

f 4C,C. 

^ ^ _ 

g \ "off^Q^ 
^ 

s.c. 

"eff^5) 

0.006 1.568 (50) 

0.008 1.554 (40) 

0.010 1,569 (40) 

0.012 1,555 (30) 

0,014 1.550 (30) 

0.015 1.551 (3U) 

0.01P 1.547 (25) 

0.020 1.544 (20) 

0.01 0,7134 

0.02 0.7008 

0,03 0.7063 

0.04 0.7060 

0.05 0.7020 

0.06 0.6994 

0,07 0.6972 

0,08 0,6840 

0.09 0,6893 

390) 

260) 

20D) 

17^) 

145) 

130) 

120) 

11Q) 

1Q0) 
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4,3, Estimation of uo and x 

In the previous Section, we have calculated the values 

of the critical temperatures K (g) for different values of g 
c • 

and also the values of ihe-criti<scl-«rplitudo3 A(g)~̂ ifor:'5otih-tiio 

lattices under study. It is believed that K„(g) varies linear • 

ly with g over a wider range than its inverse which is knT (g)/J 

To enable the extrapolation to be carried out to stuell. g, we 

define^^ 
W 

-V^K^(O) - K^(g)] 
Ĉg) = 9 [ K (0) J eff^y^ - y I K (0) J (4,4) 

Here we have accepted H" = 9 and plotting log TK (lO) - K Cg)j 

versus log g confirms this. Table 9 gives our calculated 

values of LAJ ̂ „(g) for both s,c, and f.c.c, lattices. These 

are seen to depend weakly on g. To obtain ^ , we extrapolate 

Lu ff(g) versus g and g. In both the cases, we get similar re-* 

suits. In Figures 6a,b we represent graphs of UJ -^^g) versus 

g for both s,c, and f.c.c, lattices from which we conclude 

that, 

LxJ = 0.715 i 0,025 (s.c) (4,5a) 

LO = 1.575 i 0.055 (f.c.c) • (4.'5b) 

The uncertainties in ^ reflect those mainly present in K (g). 

The values of UJ are non-universal, but using the definition 

(2.13.) and the non-universal values of B from (3.29) we can, 

in eech case, determine the universal parameter- x. 

X = 1.526 i 0.090 (s.c.) (4.Ba) 

X = 1,533 i 0.090 (f.c.c) . (4,Bb) 

It is found that the central estimates agree with each other 
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TDble 10, Estimates of the Anisotropic Amplitudes A ff(g) for 

the s,c. and f,c,c. lattices. Uncertainties in the 

last place are indicated in the brackets. 

r « C « C a y S , C , 

^ -. 

i I 

0,006 0.4602 (27D) 

0,008 0,"4684 (250) 

0.'010 0,4577. (250) 

0.012 0,4655 (250) 

0 , b l 4 0r4653 (300) 

0,016 0.'46ia (260) 

0.018 0,4612 (.250) 

0.020 0,4596 (250) 

0.01 

0.02 

0.̂ 03 

0.04 

0,05 

0.06 

0,07; 

0.08 

0,09 

0.6693 (470) 

0.6982 (440) 

0,6896 (450) 

0.6865 (450) 

0,5900 (430) 

0.690? (440) 

0,6872 (430) 

0.6888 (450) 

0.6925 (450) 
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to about 0,5%, aKd hence the scale^factor universality is very 

well satisfied. For further work, from the above two values, 

we adopt the mean of the central estimates as the universal 

value, viz., 

X = 1.530 . 

It ia to be noted thgt. we have mostly avoided using 

the Fade method for the g ĵ  0 anglysia as this was already done 

by Harbus ^nd Stanley in thei* study of thia model. Their 

aim was mainly to test the double pouec-lau predictions. How­

ever, on uaing th§ir Figures 2a arid 3, we eatimi^e the values 

of Lo (A^) fjpom their analysis to be eonalatently higher 

(.lower) than o\^t central eatimates fgr the two moiieis, but 
within our confidence limits. 

• 
The coming Section deals with the estimation of A 

8nd X« 

".• ' • • ; • ' • • ' • ' ' f 

4.4, Estimation of Critical Amplitudes A and X 
oo 

From the values of A(g) obtained in Section 4.2, ua 

form 

which are again found to have a weak dependence on g. The values 
0 

o'f A(g) r,^ for various values of g are listed in Table 10, To 
obtain A from A(9) n^i we extrapolated them to q = 0 against, g 1/,̂  oo d erf' ^ 
and g, to give 

A =̂  0.690 i 0,040 (s.c.) (4,7a) 
CO 

A =s 0.462 * 0.025 (f.c.c) (4.'7b) 
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In Figures 7a,b, we show these extrapolations versus g for the 

two lattices studied. Again the uncertainties in the values of 

A reflect those in K^(.g), Once again, we can tesL the univer-
oo C t 

s a l i t y by evaluoting X using the seperate non-'universal con­
s t an t s from ( 4 , 7 ) , CJ from (4 ,5) and A fwm (3 ,25) , th««ugh 
the r e l a t i on {^equation (2 ,1^)^ 

oo 

' . ' (T(--V) ,^ I , 

The results for the two independent calculations are 

X = 1,̂ 220 ± 0,030 (3,0,') . (4,8a) 

X = 1,212 * 0';0.iP (f.cioi') •• (4i'8b) 

We note that the central estimates of X for the two lattices 

agree with each other within 0,7?o, Hence, we conclude that the 

scale-factor universality of the scaling function is very well 

satisfied. For further work, we iaks the universal value of X 

to be 1,21s, In passing we remark that these values agree with­

in 10 - 12% with the crude estimates in Section 3«2. obtained 

from the g = 0 analysis. Of course, the estimates obtained in 

the present work ore the result of a much more detailed (g ̂  0) 

analysis and are believed to be more accurate. 

In summary, we hove examined the crossover scaling 

function for the quasi-two-dimensional Ising model in detail, 

for small but finite g in the scaling regime, and have confirm­

ed the scoLe-fnctor universality of the critical point SDhiffc 

and amplitude. 

We will now turn to the conatrruction of, approximants 

for the fllill scalinrg function in the nextt Chapter. 
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CHAPTER 5 

Scxaling Functions and the Effective Exponent 

5,1, Introduction 

To recapitulate, we hove discussed the fferromagnetic 

qussi-two dimensional Ising model with the anisotropic exchange 

coupling for the s,c, and f,c,c. lattices. We have analyzed the 

high-temperatuce series expcnsions for ^^ ^^»Wp t in terms of 

the extended scaling theory 

TCCq,"!") ^ A t X ( 6 Q / t ) , (5.1) 

with 

t = [T - T^(0)] / T^(0) . (5:2) 

The non~uniVersal parameters A, B and K (0) were discussed in 

Section 3,2. They were obtained exactly from previously known 

results. We have obtained an expansion for X(x) tc order x 

and in the process demonstrated the universality of the availa­

ble coefficients. We have also studied the "large"-x behaviour 

and, in particular, have checked the universality of x and X 

defined in the asymptotic form 
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X(x);^X (l - V A , X—:> X , (5.3) 

In; order to determine X(x) more precisely and to 

interpolate between the small x and large x behaviour, we. write 

X(x) = P(x/x) / [l - (.*/x)] , (5.4) 

where, 

P(0) =1 , P(1) = X . (5.5) 

By constcuction, P(,z) is expected to be a rather smooth func-̂  

tion of its argument. It is determined as a power series in 

z(= x/x) to order z using the known power scries for X(x) in 

ê Ûdtlan 3. 35. It is natural to form two-point PoA* to con­

struct a representation of P(z) valid over the whole range 

from z = 0 to z = 1. 

Before presenting the approximants, we note that the 

values of the universal parameters x and X we have adopted are 

(i) X = 1.334 , X = 1»071 , (5,6) 

which come from the g ̂  0 analysis, see Section 3.g, The values 

from g ĵ  0 analysis (see Sections 4,3 and^4.4) are 

(ii) X = 1.530 , X = l.'aie , (5,7?) 

In the next Section, we will deal with the scaling 

functions corresponding to the above two cases. 
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5,2, Scaling Function Case (1) 

We have stjjdisd the diagonal and near-^diagonal ap-
proxiraanis to P (z ) , viz^, [2,2J , [ 2 , 3 ] , [ 3 , 2 3 , [2»43 , 
[ 4 , 2 j , [ 3 ,3 ] , [3 ,4] and [ 4 , 3 l . Their values are given in 
Table 11. By studying these P,A. in d e t a i l , \/e find tha t many 
of the approximants except 1.3,4"] and l4 ,3 j sho\; a pole in 
the range 0 ^ ' z ^ t , Preaumably, the only s ingular i ty of X(x) 
ahoul-d be a t x, aa P(z) should be smooth. So we reject- a l l 
the P«A. except. [3 ,4] andtl ^*3 j as= unsui table . These two P,A, 
agree with each other within 1%% Wc have chosen the [^4,33 
approximant for fur ther work. The value of P(z) obtained from 
the L4J>37 approximant. i s 

p (z ) - 1 - 0/90575 z 4- 7.9044 2^ + 7.8061 z^ + 0.37986. z^ , 

1 - 0.98965 z + 7,9528 z^ + 7,' l435 z"̂  

( 5 . 8 ) 

The approximants from the g ĵ  0 analysis will be 

studied in the coming Section. 

5.3, Scaling Function Case (ii) 

In the previous Section, we have shown how the iso­

tropic scaling function for large x behaviour can be obtained 

and also how to interpolate between the small x and large x 

behaviour by obtaining approximants to P(z) defined in equation 

(5.4) and using the conditions given in (5,7). In a similar 

fashion, we study the g ̂  0 scaling function in this Section, 

For this case, the sarns'̂  set* of jP-.A.-tgk̂ en in c'a4e"('i) 
^ •' ' \ ' I , -• '^•r 
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Fig. 8 
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are also calculated except that here x = 1,530 and X = 1.21B, 

Their voluea are presented in Table 12, Again, by looking at. 

the aobos and the poles of tĥ ibe approximants, wj fin<5 that. -

raost of thefU are quite smooth end agree with om anothejc upto 

0,5?o, For further work, \Je have chosen the.-[̂ 3,4 J approximgnL, 

which is 

(ii) P(z) = 1 " U0007 z « U7fg73 z^ + 2,4125 z^ 
1 - 1.2807 z - 1,5782 z^ + 2.8172 z"̂  + 0,40368 z" 

(5.9) 

In addition to the above two cases, we have also 

utilized the simplest form for P(z), viz., 

Ciii) P(z) = 1 + ( X - 1 ) z , (5.10) 

with 

X = 1.530 , X = 1,216 , 

in our analysis. For comparison, plots of these three selected 

vaiues of P(z) versus z are presented in Figure 8, 

Now we comment on the behaviouj* of P(z) versus z in 

the three cases. The case (ii) show a broad maximum. It is ab­

sent in cose (iii) by construction, while in case (i) it iSyabsent, 

we believe, due to the following reason. This appraximant is 
a 

obtained from the series X(x) using the parameter x = 1,334, 

which has been determined by direct analysis as the singular 

point of X(x), Furthermore, the two-point Pode forces it to 

pass through (z = 1, P(1) = X = 1,071), the value of X having 

estimated as the amplitude of X(x) directly. In case (ii), how­

ever, P(z) is required to pass through the point (z = 1, P(1) = 

X = 1,21B) obtained along with x = 1,530 from an entirely dif­

ferent. Cg Ĵ  0) analiysis. 
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The next step in our analysis, is to study the crossr-

over behaviour of the exponent of the susceptibility % Co[]j"Fi)« 

This will be c*i (UDSstJ io itho.coanjiag Scctian.-, 

5,4, The Effective Expoocnt-

So far we have obtained a representation of the sca~ 

ling function for the diverging susceptibility, viz., 

?C(^,T):^ At C i - f 1 ^CO (5.11) 

where z = x/x and x = Bg/t, The values of all the parameters 

involved in the above relation have been igiven In the previous 

Chapters. The set of universal constants x and X and the cor­

responding universal functions P(z) are given in equations 

(5i9),-C5«9^) and (5,10), It is to be noted that the represen­

tation (5,11) is valid only in the scaling regime, g ̂ <- 1 and 

t << 1, 

An "effective exponent","V„„ can be defined analy-
. . n . . . 45,88,89 ^̂ '̂ 
tically through, * ' 

(Another equivalent approach is plotting In X vej-sus In t, 

which may be closer to an experimental determination). Using 

equation (5,9), it is easily shown that in the scaling regime. 

Now as g —>0 at fixed temperature T, ^^£,(T,g'—>0) > o , 
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On ihe other hand, if g is fixsd at a small, positive value and 

T - ^ T^(g)> i-e., t - ^ 0 , -^g^^CT—^T^(g),g)—-:> "V, as ex­

pected. The detailed behaviour between these t\/o limits will 

depend on the non-'universal parameters relating to the lattice 

type and model, and also on the choice of P(z). Since we have 

obtained all the relevant parameters in the priscceding Sections 

we can now calculate X>f-p using C5,13.,). Figures 9 a,b display 

the plots of a ĝ .̂versus log t for g = 10 « Curves (i), (il) 

and (iii) correspond to the three choices of PCI) (.see equations 

5,3, 5,9 and 5,10), Curves (i) and (iii) are smooth but the 

curves (,ii) show some structure mainly in the region where the 

anisotropic effects predominate. Therefore, we concentrate 

mainly on the choice (i) because it gives smooth a „_ and uti-
erf 

lizes the full series (3.35), Ir Figures lQa,b we show the 

graphs of "̂  g^^ against log t for various values of g. Since 

the critical region Is usually for t ^ lo" , one should not 

take the graphs seriously beyond this reduced temperature. 

Also for t :^ 10 there is expected to be a crossover to the 

mean-field exponent of unity. 

From Figures 1Qa,b it can be seen that the effective 

exponent will start to deviate from a = 1.15 near t ^ 10 , 
* 

These curves show the crossover of ~i .p̂ .(T,g) from ~V t6 "Y for 

fixed values of g. All the curves start from = 1.25, rise 

smoothly and go to 5 = 1,75, as t increases. For g :^ 10 , 

our graphs predict a gradual crossover from 1.75 to 1»25 as 

one goes towards the criltJLcal temperature. For g ;>; 10 , one 

may not see a complete crossover to the isotropic value of 

1.75, Thus, experiments in the range g ̂  10 and t ^ l Q may 

yield intermediate values of "V . Finally, it should be noted 

that the crossover region is about four decades in t for a 

given value of g. Its width is practically independent of latr-

tice type as it depends mainly on the crossover exponent. In 

using the crossover analysis one must remember that it is. not 
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designed to describe the behaviour outside the critical region; 

alternative analyses exist to describe the behaviour over the 

full high"temperature region, see for example Reference 66, 

This completes our study of the crossover behaviour 

of the susceptibility % Oo'ĵ n) of the quasi-two-dimensional 

Islng model. 
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CHAPTER 6 

General Renjerks and CoRclMsions 

&. 1Q General Remarks % Other Lattices and Related Models 

We have studied the lattice-anisotropy crossover for 

the s.q, to s,c, and s.q, to f.c.c, lattices only. However, 

following modern ideaS' about universality, we expect the sca­

ling function X(x) to be univers.ol for all other crossovers 

from two to three dimensions. Only the values of the non-uni­

versal parameters will depend on the lattice type, 

- Since all the two-dimensional lattices with nearest 

neighbour interactions have been Solved exactly, the values of 
14 45 A and K (Oj are known-* * The value of B follows from Liu-

7J4 
-Stanley relations 

where A is the number of extra interactions in the dff'-plane 
..J ' • • 

directions. Then from the universal values of x and X one can 

get the va:'lues of UJ and A, Fojr illustration, we display the 
. . oo . . . 

results for s.q, to b.cc, and triangular to f,c.c, crossoovers 

in Table 13. (For completeness, we also collect the results for 
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the s«q, to s,c, and s,q, to f.c.c. )« Other lattices can 

be dealt with similarly. 

As examples of related mode3'S, consider our Hamilto-

nian (equatiom 1.8), in the s,c, case. We have considered the 

case (i) J > 0, g > 0, For the other choices of signs, we have 

the following three possibilities: 

Cii) J > 0 , g < 0 , 

(iii) J ^ 0 , g > 0 , 

(iv) J < 0 , - g <c 0 , 

All these cases can be studied by making appropriate scaling 

hypothesea in a manner similar to our case. The only diff̂ erence 

is that the usual susceptibility will not be the ordering sus­

ceptibility in these cases. In case (ii), % will diverge 

strongly for g = 0 but only weakly for g ĵ  0, In cases (iii) 

and (iv), oven the g = 0 susceptibility will diverge only weak­

ly. All these cases can be handled by using the techniques of 
9X3 Qerber and Fisher who discussed o similar problem for the 

case ofi spin-space cnisotropy. 

6D,2. Comparrison of our Results with othera 

Even though our results verify the scaling pnd univer­

sality theories and are internally consistent, it would be very 

useful to study the model by using other methods. We have al-

ready compared our results of UJ and A with those of HarbusB and 

Staniey'̂ '̂  in Section 4.3. °° 

The problem of obtaining the scaling function can be 

attacked by renormalization group (RG) technique, newer extra­

polation methods and experiments. 
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There hes been CDnsiderable interest, recently in the 
40 41 

RG approach to the theory of critical phenomena, * For our 

model, Grover and Chang and Stanley pcDVed that (P = V 
80 

using these methods, Bruce studied the problem of obtaining 

the scaling filinction • But so far, the scaling function has not. 

been obtained by these methods^ Thereffbre, it »Oiuld be highly 

desirable if the scaling function can be obtained using the 

RG method, which will be aft indirect chegk on OUF calculay.Qns, 

Recently, a more powerful technique, the partial dif-
91 ferential approximants technique for the series analysis has 

been developed. An application of this method to several test 

functions and dimensional crossover-, in the Ising model was 
92 made by Stilck and Salinas, "gain, there have not been a 

calculation of the crossover scaling function by this method. 

It would be of great interest to apply this method to the pre­

sent problem. 

Regarding experimental studies, there ore very few 

of them but in most cases, either one or both of the interac-

tions J and J are antiferromognetic. The only known example 

of the present model is perhaps FeClp, In this case, the value 
—2 

of g is estimated to be 7?,5 x 10 , but from our study of the 

effective exponent, we con easily see that this value of g is 

outside the crossover scaling region. 

Thus, further work, both experimental and theoreti­

cal. Would be most welcome. , 
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6,3. Concluding Remnrks 

WQ hnve studiud the crossover behaviour of Lhe sus­

ceptibility of quaai-tuo-dimensional Ising models, occuring 

when small anisotropic exchange interactions are introduced 

into an otherwise isotropically coupled sjysteiDiT, The two lat­

tices studied are a,c» and f«c,c« lattices. It has been shown^ 

with good numerical precision, that a scaling formulation des­

cribes the crossover of the susceptibility. We have verified 

the detailed predictions of the extended crossover scaling 

theory both for g. = 0 and g i^ 0 and have obtained accurate es­

timates for the nonr*univeraal and universal parameters. 

By studying derivatives of the susceptibility with 

respect to the anisotropy in the isotropic limit, we have ob­

tained the expansion for the scaling function X(x), in powers 

of X* Furthermore, the universality of the expansion with res­

pect to lattice structure has been convincingly demonstrated 

for the two lattices studied. 

In additiorr, ue have done careful analyses for finite, 

non-vanishing values of anisotropy to reveal the universality 

of the scaling function X(x), in particular, to evaluate the 

singular behaviour as x approaches a characteristic critical 

value X related directly to the anisotropy-inducad shift in 

critical temper-aturc. In this way, wa have been able to con­

struct accurate approximants to a crossover scaling function 

valid in the whole critical region. 

The crossover of the effective susceptibility cxpon 

n6?nt,~V _„, has. been studied over a wide range of temperatures 

for a range of anisotropics. The results indicate that the full 
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crossovcjr behaviour may be experimentally unobacrvablc for 

physical anisotropias of a few percent. 

* * * * - V y r V f 
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