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It is well-known that a natural number n is said to be a perfect number' 

if the sum of all the positive divisors of n equals 2n. Euclid of Alexandria 

(300-275 B.C.) proved that 2"'~^(2'̂  - 1) is an even perfect number whenever 

2" — 1 is a prime. Two millennia after Euclid, Leonard Euler proved that this 

formula gives all the even perfect numbers. This result is often referred to 

as the "EucHd-Euler Theorem". As of today only 44 even perfect numbers 

are known, the largest being 2̂ 2582656 ^ (232582657 _ ^̂  ^i^^ 19616714 dig­

its, discovered on September 4, 2006, by Curtis Cooper and Steven Boone. 

However, it is still open whether or not odd one does exist, though many nec­

essary conditions for their existence have been found. For example. Brent, 

Cohen and te Riele [1] showed that odd perfect numbers must be greater than 

-|̂ Q30O Perhaps because they were frustrated by their failure to disprove the 

existence of odd perfect numbers, numerous authors have defined a number 

of closely related concepts and produced a raft of problems, many of which 

seem no more tractable than the original. One such concept is what is called 

the theory of harmonic numbers introduced by Oystein Ore [18] in 1948. A 

positive integer is called harmonic if the harmonic mean of its positive di­

visors is an integer. Of course, it was Pomerance [19] who used the name 

"Harmonic numbers" for the first time in 1973. A. & E. Zachariou [22] called 

these "Ore numbers". Ore himself proved that every perfect number is har­

monic. He also showed that 6 is the only square-free harmonic number and 

a power of a prime cannot be harmonic. It was proposed in 1989 by Edgar 

[9] and solved in 1992 by Callan [2], that every harmonic number having two 

distinct prime factors is an even perfect number. However, it is not known 

whether there are infinitely many harmonic numbers or whether there is an 



odd harmonic number apart from 1. Goto and Shibata [11] have computed 

all harmonic numbers having harmonic mean of their positive divisors not 

exceeding 300. They also have posed several interesting open questions. M. 

Garcia [10] has obtained all harmonic numbers less than 10^ in 1954. In 1997, 

G. L. Cohen [5] has listed all harmonic numbers less than 2 x 10^. Recently 

in 2007, Goto and Okeya [13] have listed all harmonic numbers less than 

10^ .̂ The concept of harmonic numbers have been generalized in a number 

of ways by many authors like Hagis and Lord [14], Hagis and Cohen [15], 

Cohen and Moujie [6], Cohen and Sorli [7]. For example, harmonic seeds, 

unitary harmonic numbers, infinitary harmonic numbers (using infinitary di­

visors [4]) and k-harmonic numbers have already become quite popular. In 

[12], Goto has given certain upper bounds for unitary perfect numbers and 

unitary harmonic numbers. 

In 1957, Kanold [16] has proved that there are only finitely many integers 

having a given fixed harmonic mean of their positive divisors. Recently 

Chishiki, Goto and Ohno [3] have proved that every odd harmonic number 

greater than 1 must be divisible by a prime greater than 10^. 

In chapter 1, we have collected some basic concepts from the theory of 

numbers, which are used in the subsequent chapters. We also include some 

important inequalities in this chapter. 

In chapter 2, we study some properties of harmonic numbers. Some of 

the important results are given below: 

Lemma 2.1.1. There is no harmonic numbers of the form p", where p is a 

prime and a > 0. 

Theorem 2.1.2. Every perfect number is harmonic, but not conversely. 



Lemma 2.1 A. H is monotonic in the sense that ife, f are positive integers 

and p, q are primes with e < f and p < q then 

H{p^) < H{pf) < H{qf). 

Theorem 2.1.5. No harmonic number greater than 6 is squarefree. 

Lemma 2.1.6. If H{n) is even then n is even. 

Lemma 2.1.7. Suppose n E Ti. If p is an odd prime such that p \\n and 
Ti n 

p I Hin), then — is harmonic. If 2 \\n and 4 | H(n), then — is harmonic, 
p 2 

Theorem 2.1.9. H{p^q^) > H{p^q^) where p, q are primes and e, / are 

integers such that p < q, e < f. 

Theorem 2.1.11. For any real number a, there exist only finitely many 

positive integers n satisfying H{n)"' > n. 

Theorem 2.2.1. Letn be an odd harmonic number and p^ \\ n. Then 

p^ = 1 mod 4. 

Lemma 2.2.7. If n is a harmonic number with w{n) = 2 then n is an even 

perfect number. 

Lemma 2.3.1. Let p be a prime. If H{n) = p then either p \ n or n is a 

perfect number. 

Theorem 2.3.2. Let p be a prime. If H{n) = 2p then 2p \ n. Also, if 

II{n) = 3p, then p \ n. 

Theorem 2.3.3. For any positive integer c, there exist only finitely many 

numbers satisfying H{n) = c. 



Lemma 2.3.4. Let w{n) denote the number of distinct prime factors of n. 
2'/'(n)+l 

For all n, H(n) > —r-; , with the following exceptions n = p, 2p, 6p (p ^ 
w;(n) + 1 

3), n = 30p{7 <p< 23) andn = l, 15, 21, 70. 

In chapter 3, we make a detailed study of k- harmonic numbers and some 

necessary conditions for existence of a k- harmonic number. 

The main results in this connection are as follows: 

Lemma 3.1.2. A power harmonic number has atleast two distinct prime 

factors. 

Lemma 3.1.3. If n is k-harmonic, then Hk{n) < T{n) — 1. 

Lemma 3.1.6. For a fixed integer n, Hk{n) is an increasing function of k 

and lim Hk{n) —T{n). 
A;->oo 

Lemma 3.1.7. Let p be an odd prime and 2"p'' be a proper k- harmonic 

number ( i.e.,k > 2 ^. If k is even then b = 7 mod 8. Also if k odd then b is 

odd and {p + l){b + 1) = 0 mod 16. 

Lemma 3.1.8. Ifp, q are primes such that p < q, and a, b are integers such 

that a > b > 1, and k > 1, then Hk{p'^q^) < Hk{p^q°') with equality if and 

only if a = b. 

Lemma 3.1.10. Let the primes p,q and positive integers a,b,c,d satisfy 

p< g, p^q^ < P V , Sp"^^ > V + i and {a + 1)(6 + 1) = (c + l)(d + 1), then 

fork>2 andc>a>b> d, Hk{p''q'') < Hkip'^q'^). 
u u 

Lemma 3.1.11. Let n^ = ]\p1\ n2 = Yi^T ^^ prime factorisations with 
1=1 i-i 

PI < 9i for i= 1,2,3,.. .u. Then Hk{ni) < Hk{n2), for any k, with equality 
iffni =712. 



Theorem 3.2.1. If n is a proper k-harmonic number, then 

Theorem 3.2.2. If n is a proper power-harmonic number, then T{n) > 60. 

Theorem 3.2.3. If n is a proper power-harmonic number, then n > 10^". 

In chapter 4, we discuss about the unitary and infinitary harmonic num­

bers. In section one, we study about the unitary, fc-ary and infinitary divisors. 

Some important results about them are given below: 

Lemma 4.1.2. p^ \k p" if and only if p^~^ \k p^• 

Theorem 4.1.3. For k > y — 1 >_ 0, p^ \k p'^ if and only if p^ |y_i p^. 

Theorem 4.1.5. p^ |ooP^ if and only if gcd^oip^,p'"'^) — ̂ > where x < y. 

Theorem 4.1.6. p jooP^ if and only if y is odd. 

Theorem 4.1.7. If y is even andp^ \ooP^, then x is also even. 

Theorem 4.1.9. p^ \ooP^ if and only if p^^ |ooP^^-

Theorem 4.1.10. If p^ \oo p^ and y is divisible by 2\ for some j > 0, then 

X is divisible by T. 

Theorem 4.1.13. p^' \^ py iff y = 2^ or 2^ + 1 or 2̂  + 2 or • • • or 

2^+1 - 1 mod 2^+1 

Theorem 4.1.19. p^ \^ p" iff g) is odd. 

In section tw ô of this chapter, we discuss some properties of unitary and 

infinitary perfect as v\̂ ell as harmonic numbers (UPN, IPN, UHN and IHN), 

as in [14], [15], [20], and [21]. The main results in this context are as follows: 

Proposition 4.2.1. Every UPN is a UHN. 



Proposition 4.2.2. If n is square-free and n / 6 then n is not a unitary 

harmonic number. 

Proposition 4.2.3. If n is an odd UHN then H*{n) is also odd. 

Proposition 4.2.4. If n is a UHN, gcd{p,n) = 1 and (p" + 1) | 2H*{n). 

Then p^n is also a UHN where p is a prime. 

Theorem 4.2.7. If Sc is the set of natural numbers n such that H*{n) = c, 

then Sc is finite ( may be empty ) for every real number c. 

Proposition 4.2.8. Ti is empty, i.e., power of a prime is never a unitary 

harmonic number. 

Proposition 4.2.9. T2 = {6,45}, i.e., 6 and 45 are the only unitary har­

monic numbers having two distinct prime factor. 

Proposition 4.2.10. The set of all unitary harmonic numbers with three 

distinct prime factors is given by 

T3 = {60, 90,1512,15925,55925}. 

Lemma 4.3.1. / / p " 11 n, then p"' > -r ^̂  , , where w(n) = k with 
2« _ H*[n) 

equality if and only if k = 1. 

Lemma 4.3.2. / / p " {r*̂ } is the minimum (maximum) prime power divisor 

ofn then 
^a< kH*in) {k-1)2'+ H*{n) 
^ - 2'-H*{n) ^ - 2'^-H*{n) ^' 

with equality if and only if k = 1 or n = p'^q'^r'^ where 9* = p" + 1 (so that 

2 I n) and r*̂  = p" + 2 or c = 0 { where q'' = r'^ — I, p" = r*̂  — 2 or 

a=0} . 



Lemma 4.3.3. Let n be a UHN with k distinct prime factors. Then 

k < < H*(n) < 2^ 
- k + 2 - ^ ^ 

Furthermore, we have first equality only when k = 2, second equality only 

when n = 2 or 6 and third equality only when n = 1. 

Theorem 4.3.5. Suppose that n is a UHN with k distinct prime factors 

and H*{n) = c. Then it follows that 

{a)n < c'^ , 

{b)n < (22*)'= 

with each equality if and only ifn = l. 

Theorem 4.3.6. There exists atmost finitely many unitary harmonic num­

bers with the specified number of distinct prime factors. 

Corollary 4.3.7. There are atmost finitely many unitary perfect numbers 

with a specified number of prime factors. 

Proposition 4.4.2. The set of infinitary perfect number (IPN) is a subset 

oflH. 

Theorem 4.4.5. For all n, H*{n) < H^{n) < H{n). For n > I, equality 

holds on the left iff p^ \\ n implies y = 2°, and on the right iff j ^ \\ n implies 

Proposition 4.4.8. If n e IH, gcd(p,n) = 1 and ffooif) \ Too(p^)H^{py), 

then p'n G IH. 

Theorem 4.4.9. / / Sc is the set of natural numbers n such that Hoo{fi) = c, 

then Sc is finite (or empty) for every real number a. 
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In the last chapter we discuss about the harmonic seeds [7]. Also we 

include some list of harmonic numbers and some result related to these lists. 

The main results in this connection are given below: 

Theorem 5.1.5. Suppose n andnqiq2qz • • -Qt (^^^ harmonic numbers, where 

Qi < Q2 < • •' < Qt osre primes not dividing n. Then nqi is harmonic, except 

when t> 2 and qiq2 = 6, in which case nqiq2 is harmonic. 

Theorem 5.2.1. The only harmonic numbers of the form 2°'.m, where m is 

odd and squarefree and 1 < a < 11, are those listed in the Tables 1 and 2. 

Theoreni 5.2.4. Letn be harmonic andH{n) < 1200. Thenn is one of the 

first 1376 numbers in the list which is available on the webpage http://www.ma. 

noda. tus. ac.jp/u/tg/files/list 3. 

Theorem 5.2.5. Let n be harmonic and H{n) < 13. Then n is one of the 

following 13 numbers: 

1 6 28 140 496 270 8128 672 1638 6200 

2970 105664 33550336. 

In particuler, the numbers n with H{n) = A or 12 do not exist. 

Finally, we would like to mention that we have posed certain interesting 

workable research problems in all the chapters. 

http://www.ma
http://ac.jp


Table 1: 

a 

1 

2 

3 

4 

5 

6 

7 

8 

9-11 

All 2°"m € H with m odd and squarefree 

2.3 = 6 

22.7 = 28, 22.5.7 = 140 

none 

2l31 = 496 

2^3.7 = 672 

2^127= 8128, 2^13.127 = 105664 

none 

see Table 2 

none 

Table 2: 

All 2^m e Ti with m odd and squarefree 

2« .3 . 5 . 7 . 11 . 19 . 23 . 37 . 43 . 73 = 15007087898880 

2 ^ 3 . 5 . 7 . 11 . 19 . 23 . 37 . 73 = 349002044160 

2 ^ 3 . 5 . 7 . 11 . 19 . 37 . 43 . 73 = 652482082560 

2 ^ 3 . 5 . 7 . 11 . 19 . 37 . 43 . 73 . 257 = 167687895217920 

2« .3 . 5 . 7 . 11 . 19 . 37 . 43 . 73 . 1031 = 672709027119360 

2« .3 . 5 . 7 . 11 . 19 . 37 . 47 . 73 = 713178090240 

2« .3 . 5 . 7 . 11 . 19 . 37 . 47 . 73 . 1033 = 736712967217920 

Hin) 

989 

506 

516 

1028 

1031 

517 

1033 

contd... 



All 2^m G H with m odd and squarefree 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2» .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2* .3 . 5 . 7 . 

2« .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

2^ .3 . 5 . 7 . 

11 . 19 . 37 . 73 = 15174001920 

11. 19 . 37 . 73 . 131 = 1987794251520 

11 . 19 . 37 . 73 . 131 . 523 = 1039616393544960 

11. 19 . 37 . 73 . 263 = 3990762504960 

11. 19 . 37 . 73 . 263 . 1051 = 4194291392712960 

17. 19 . 31 . 37 . 61 . 73 = 44345330883840 

17 . 19 . 31 . 37 . 73 = 726972637440 

17 . 19 . 37 . 67 . 73 = 1571198926080 

17 . 19 . 37 . 73 = 23450730240 

17. 19 . 37 . 73 . 271 = 6355147895040 ' 

17. 19 . 37 . 73 . 271 . 541 = 3438135011216640 

19. 23 . 37 . 73 = 31727458560 

19. 23 . 37 . 73 . 137 = 4346661822720 

19 . 23 . 37 . 73 . 137 . 547 = 2377624017027840 

2^ .3. 5. 7. 19. 23. 37. 73. 137. 547. 1093 = 2598743050611429120 

2^ .3 . 5 . 7 

2^ .3 . 5 . 7 

2^ .3 . 5 . 7 

2« .3 . 5 . 7 

2« .3 . 5 . 7 

2^ .3 . 5 . 7 

2̂  .3 . 5 . 7 

19 . 31 . 37 . 61 . 73 = 2608548875520 

19 . 31 . 37 . 61 . 73 . 1097 = 2861578116445440 

19 . 31 . 37 . 73 = 42763096320 

19 . 31 . 37 . 73 . 557 = 23819044650240 

19. 37 . 47 . 73 = 64834371840 

19 . 37 . 47 . 73 . 281 = 18218458487040 

19 . 37 . 47 . 73 . 281 . 1123 = 20459328880945920 

H{n) 

264 

524 

1046 

526 

1051 

1037 

527 

536 

272 

542 

1082 

276 

548 

1094 

2186 

549 

1097 

279 

557 

282 

562 

1123 

contd.. 
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All 2^m 6 n with 

2̂  .3 . 5 . 

2̂  .3 . 5 . 

2̂  .3 . 5 . 

2̂  .3 . 5 . 

2̂  .5 . 7 . 

2» .5 . 7 . 

2̂  .5 . 7 . 

2̂  .5 . 7 . 

2̂  .5 . 7 . 

2» .5 . 7 

2̂  .5 . 7 

2̂  .5 . 7 

2̂  .5 . 7 

2̂  .5 . 7 

2» .5 . 7 

2* .5 . 7 

7. 

7. 

7. 

7. 

11 

11 

11 

11 

19 

19 

19 

19 

19 

19 

19 

19 

19 . 

19 . 

19 . 

19 

19 

19 

19 

19 

. 23 

. 23 

. 23 

. 31 

. 31 

. 37 

. 37 

. 37 

m odd and squarefree 

37 . 

37 . 

37 . 

37 . 

31 

31 

37 

. 37 

. 37 

. 37 

. 37 

. 37 

. 37 

. 47 

. 73 

. 73 

47 . 73 . 563 = 36501751345920 

71 . 73 = 97941285120 

71 . 73 . 283 = 27717383688960 

73 = 1379454720 

37 . 61 . 73 = 9564679210240 

37 . 73 = 156798019840 

43 . 73 = 217494027520 

73 = 5058000640 

. 73 = 10575819520 

. 73 . 367 = 3881325763840 

. 73 . 367 . 733 = 2845011784894720 

. 61 . 73 = 869516291840 

. 73 = 14254365440 

. 73 = 21611457280 

= 459818240 

. 191 = 87825283840 

H{n) 

563 

284 

566 

144 

671 

341 

344 

176 

184 

367 

733 

366 

186 

188 

96 

191 
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PREFACE 

It is well-known that a natural number n is said to be a perfect number 

if the sum of all the positive divisors of n equals 2n. Euclid of Alexandria 

(300-275 B.C.) proved that 2"~^(2" - 1) is an even perfect number whenever 

2"— 1 is a prime. Two millennia after Euclid, Leonard Euler proved that this 

formula gives all the even perfect numbers. This result is often referred to 

as the "Euclid-Euler Theorem". As of today only 44 even perfect numbers 

are known, the largest being 2̂ 2582656 ^ (g^sssses? _ ^̂  ^j^j^ 19616714 dig­

its, discovered on September 4, 2006, by Curtis Cooper and Steven Boone. 

However, it is still open whether or not odd one does exist, though many nec­

essary conditions for their existence have been found. For example. Brent, 

Cohen and te Riele [1] showed that odd perfect numbers must be greater than 

2Q3OO_ Perhaps because they were frustrated by their failure to disprove the 

existence of odd perfect numbers, numerous authors have defined a number 

of closely related concepts and produced a raft of problems, many of which 

seem no more tractable than the original. One such concept is what is called 

the theory of harmonic numbers introduced by Oystein Ore [18] in 1948. A 

positive integer is called harmonic if the harmonic mean of its positive di­

visors is an integer. Of course, it was Pomerance [19] who used the name 

"Harmonic numbers" for the first time in 1973. A. & E. Zachariou [22] called 

these "Ore numbers". Ore himself proved that every perfect number is har­

monic. He also showed that 6 is the only square-free harmonic number and 

a power of a prime cannot be harmonic. It was proposed in 1989 by Edgar 



[9] and solved in 1992 by Callan [2], that every harmonic number having two 

distinct prime factors is an even perfect number. However, it is not known 

whether there are infinitely many harmonic numbers or whether there is an 

odd harmonic number apart from 1. Goto and Shibata [11] have computed 

all harmonic numbers having harmonic mean of their positive divisors not 

exceeding 300. They also have posed several interesting open questions. M. 

Garcia [10] has obtained all harmonic numbers less than 10"̂  in 1954. In 1997, 

G. L. Cohen [5] has listed all harmonic numbers less than 2 x 10^. Recently 

in 2007, Goto and Okeya [13] have Usted all harmonic numbers less than 

10^ .̂ The concept of harmonic numbers have been generalized in a number 

of ways by many authors like Hagis and Lord [14], Hagis and Cohen [15], 

Cohen and Moujie [6], Cohen and Sorli [7]. For example, harmonic seeds, 

unitary harmonic numbers, infinitary harmonic numbers (using infinitary di­

visors [4]) and k-harmonic numbers have already become quite popular. In 

[12], Goto has given certain upper bounds for unitary perfect numbers and 

unitary harmonic numbers. 

In 1957, Kanold [16] has proved that there are only finitely many integers 

having a given fixed harmonic mean of their positive divisors. Recently 

Chishiki, Goto and Ohno [3] have proved that every odd harmonic number 

greater than 1 must be divisible by a prime greater than 10^. 

In chapter 1, we have collected some basic concepts from the theory of 

numbers, which are used in the subsequent chapters. We also include some 

important inequalities in this chapter. 

In chapter 2, we study some properties of harmonic numbers. Some of 

the important results are given below: 



Lemma 2.1,1. There is no harmonic numbers of the form p", where p is a 

prime and a > 0. 

Theorem 2.1.2. Every perfect number is harmonic, but not conversely. 

Lemima 2.1.4. H is monotonic in the sense that if e, f are positive integers 

and p, q are primes with e < f and p < q then 

H{p^) < H{pf) < H{qf). 

Theorem 2.1.5. No harmonic number greater than 6 is squarefree. 

Lemma 2.1.6. If H{n) is even then n is even. 

Lemma 2.1.7. Suppose n E Ti. If p is an odd prime such that p \\ n and 
n n 

p I H{n), then — is harmonic. If 2 || n and 4 | H{n), then — is harmonic. 
V 2 

Theorem 2.1.9. H{p^q^) > H{p^q^) where p, q are primes and e, f are 

integers such that p < q, e < f. 

Theorem 2,1.11. For any real number a, there exist only finitely many 

positive integers n satisfying H{n)°' > n. 

Theorem. 2.2.1. Let n be an odd harmonic number andp'^ \\ n. Then 
p^ = 1 mod 4. 

Lemma 2.2.7. Ijn is a harmonic number with w{n) = 2 then n is an even 

perfect number. 

Lemma 2.3,1. Let p be a prime. If H{n) = p then either p \ n or n is a 

perfect number. 

Theorem 2,3.2. Let p be a prime. If H{n) = 2p then 2p | n. Also, if 

H{n) = 3p, then p \ n. 
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Theorem 2,3.3. For any positive integer c, there exist only finitely many 

numbers satisfying H{n) = c. 

Lemma 2.3.4. Let w{n) denote the number of distinct prime factors of n. 
ouj(n)-|-l 

For all n, H(n) > —7^ , with the following exceptions n — p, 2p, 6p {p 7̂  
w(n) + 1 

3), n = SOp (7 < p < 23) andn = l, 15, 21,70. 

In chapter 3, we make a detailed study of k- harmonic numbers and some 

necessary conditions for existence of a k- harmonic number. 

The main results in this connection are as follows: 

Lemma 3.1.2. A power harmonic number has atleast two distinct prime 

factors. 

Lemma 3.1.3. Ifn is k-harmomc, then Hk{n) < T{n) — 1. 

Lemma 3.1.6. For a fixed integer n, Hk{n) is an increasing function of k 

and \imHk{n) = r{n) 
k—*oo 

Lemma 3.1.7. Let p be an odd prime and 2"-p^ be a proper k- harmonic 

number ( i.e.,k >2). If k is even then 6 = 7 mod 8. Also if k odd then b is 

odd and (p-\-l){b+1) = 0 mod 16. 

Lemma 3.1.8. / /p , q are primes such that p < q, and a, b are integers such 

that a > b > I, and k > 1, then Hk{p°-q^) < Hk(p^q"') with equality if and 

only if a= b. 

Lemma 3.1.10. Let the primes p,q and positive integers a,b,c,d satisfy 

p<g, p^'q^ < p'^q^ Sp'̂ +i > Og'̂ +i and (a + 1)(6 + 1) = (c + l)(d + 1), then 

fork>2 andc>a>b> d, H^ip^q^) < Hkip'^q'^). 
u u 

Lemma 3.1,11. Let ui = Y[p1\ ns = H^i"' ^^ prime factorisations with 
1=1 1 = 1 

Pi < Qi for I = 1,2,3,.. . w. Then Hk{ni) < Hk{n2), for any k, with equality 
Zffni =712-
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Theorem 3.2.1. If n is a proper k-harmonic number, then 

Theorem 3.2.2. Ifn is a proper power-harmonic number, then T{n) > 60. 

Theorem 3.2.3. If n is a proper power-harmonic number, then n > 10^''. 

In chapter 4, we discuss about the unitary and infinitary harmonic num­

bers. In section one, we study about the unitary, A;-ary and infinitary divisors. 

Some important results about them are given below: 

Lenmma 4.1.2. p^ \k p^ if and only if p'^^^ \k p"-

Theorem 4,1.3. For k > y — 1>0, p^ \k p''^ if and only if p^ \y_i p^. 

Theorem 4.1.5. p^ \^ p^ if and only if gc6.^{p^,p^~^) = 1, where x < y. 

Theorem 4.1.6. p \ooP^ if and only if y is odd. 

Theorem 4.1.7. If y is even andp^ |oo P^, then x is also even. 

Theorem 4.1.9. p^ |ooP^ if and only ifp^^ |ooP^^-

Theorem 4.1.10. If p^ joo P̂  o-nd y is divisible by 2\ for some j > 0, then 

X is also divisible by 2K 

Theorem 4.1.13. p̂ ' loo p^ iff y = 2^ or 2^ -\-I or 2^ + 2 or • • • or 

2^+1 - 1 mod 2^+1. 

Theorem 4.1.19. p^ \^ py iff Q is odd. 

In section two of this chapter, we discuss some properties of unitary and 

infinitary perfect as well as harmonic numbers (UPN, IPN, UHN and IHN). 

The main results in this context are as follows: 

Proposition 4.2.1. Every UPN is a UHN. 

Proposition 4.2.2. Ifn is square-free and n ^ 6 then n is not a unitary 

harmonic number. 



Proposition 4.2.3. If n is an odd UHN then H*{n) is also odd. 

Proposition 4.2.4. If n is a UHN, gcd{p,n) = 1 and (p° + 1) | 2H*{n). 

Then p^n is also a UHN where p is a prime. 

Theorem 4.2.7. If Sc is the set of natural numbers n such that H*{n) = c, 

then Sc IS finite ( may be empty ) for every real number c. 

Proposition 4.2.8. Ti is empty, i.e., power of a prime is never a unitary 

harmonic number. 

Proposition 4.2.9. T2 = {6,45}, i.e.. b and 45 are the only unitary har­

monic numbers having two distinct prime factor. 

Proposition 4.2.10. The set of all unitary harmonic numbers with three 

distinct prime factors is given by 

T3 = {60,90,1512,15925,55925}. 

Lemma 4.3.1. / / p " 11 n, then p°- > -7 ), , , where win) = k with 
2^ - H*{n) ^ ' 

equality if and only if k— 1. 

Lemma 4.3.2. / / p " {r'̂ } is the minimum (maximum) prime power divisor 

ofn then 
^a< kH*{n) [k-1)2^+ H*{n) 
f - 2^- H*{n) ^ - 2̂= - H*{n) ^ 

with equality if and only ifk= 1 orn = p'^q''r'^ where 5̂  = p° + 1 (so that 

2 I n) and r'^ — p" -\- 2 or c = 0 { where q'' = r^ — I, p" = r^ — 2 or 

a=0} . 

Lemma 4.3.3. Let n be a UHN with k distinct prime factors. Then 

ofc+l 

k < < H*(n) < 2\ 
-k+2- ^ ^ 
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Furthermore, we have first equality only when fc = 2, second equality only 

when n— 2 or Q and third equality only when n = 1. 

Theorem 4.3.5. Suppose that n is a UHN with k distinct prime factors 

and H*{n) = c. Then it follows that 

2 

{a)n < c'^ , 

{b)n < (2^')'' 

with each equality if and only if n — 1. 

Theorem 4.3.6. There exists atmost finitely many unitary harmonic num­

bers with the specified number of distinct prime factors. 

Corollary 4.3.7. There are atmost finitely many unitary perfect numbers 

with a specified number of prime factors. 

Proposition 4.4.2. Every IPN is an IHN. 

Theorem 4.4.5. For all n, H*{n) < Hoo{n) < H{n). For n > 1, equality 

holds on the left iff p^ \\ n implies y = 2°', and on the right iff p'^ \\ n implies 

y = 2^-i. 

Proposition 4.4.8. If n e IH, gcd(p,n) = 1 and a^{py) \ T^{py)H^{py), 

then p^n G IH. 

Theorem 4.4.9. / / Sc is the set of natural numbers n such that Hoo{n) = c, 

then Sc is finite (or empty) for every real number c. 

In the last chapter we discuss about the harmonic seeds. Also we include 

some list of harmonic numbers and some result related to these hsts. The 

main results in this connection are given below: 

Theorem 5.1.5. Suppose n andnqiq2qs .. .Qt are harmonic numbers, where 

Qi < Q2 < • •• < Qt are primes not dividing n. Then nqi is harmonic, except 
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when t>2 and qiq-z = 6, in which case nqiq^ is harmonic. 

Theorem 5.2.1. The only harmonic numbers of the form 2"'m, where m is 

odd and squarefree and 1 < a < II, are those listed in the Tables 5.1 and 5.2. 

Theorem 5.2.4. Let n be harmonic and H{n) < 1200. Then n is one of the 

first 1376 numbers in the list which is available on the webpage http://www.ma. 

noda.tus.ac.jp/u/tg/files/list 3. 

Theorem 5.2.5. Lei n be harmonic and H{n) < 13. Then n is one of the 

following 13 numbers: 

1 6 28 140 496 270 8128 672 1638 6200 

2970 105664 33550336. 

In particuler, the numbers n with H(n) = 4 or 12 do not exist. 

Finally, we would like to mention that we have posed certain interesting 

workable research problems in all the chapters. 

vin 

http://www.ma
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Chapter 1 

Preliminaries 

In this chapter we recall some of the basic definitions, notations and con­

ventions from the theory of numbers, which will be used in the forthcoming 

chapters. 

1.1 Arithmetic functions and perfect num­

bers 

A complex valued funtion, whose domain is the set of positive integers, is 

called an arithmetic funtion. 

Definition 1.1.1. For positive integers n we make the following definitions: 

T(n) is the number of positive divisors of n. 

cr(n) is the sum of the positive divisors of n. 

ak{n) is the sum of the k-th powers of the positive divisors of n. 



Thus we have 

T{n) = J ^ l - cr(n) = ^ d , akin) = ^ d ^ 
d|n d\n d\n 

Definition 1.1.2. If / is an arithmetic funtion not identically zero such 

that f{mn) = /('m.)/(n) for every pair of positive integers m,n satisfying 

gcd(7TT,, n) = 1, then / is said to be multipUcative. If j{mn) = f{m)f{n) 

whether m and n are relatively prime or not, / is said to be totally multi­

plicative or completely multiplicative. 

r and a are multiplicative function. In fact it is well-known that if n = 

PTP2^ • • -VT is the prime factorization of n > 1, then 

T{n) = (ai -f l)(a2 + 1 ) . . . (a^ + 1) 

and 

<,(n) = ^-1 \^-l \ ... hi i . 
Pi - 1 P2 - 1 Pr - 1 

Definition 1.1.3. A positive integer n is said to be a perfect number if 

a{n) — 2n. 

Euclid and Euler proved the following theorem for a perfect number. 

Theorem 1.1.4. If 2'^ - 1 is a prime [k > 1) then n = 2'="̂ (2*̂  - 1) is a 

perfect number and every even perfect number is of this form. 

Proof. Let p denotes the prime 2^—1, then n = 2'^~^p. Now since a is 

multiplicative, 

(j{n) = a{2^~^)a{p) = {2^ - 1)2'= = 2n. 



Hence n is a perfect number. 

Conversely, let n be an even perfect number then n = 2'̂ ~^m where m is 

an odd integer and k > 2. Since a is multiplicative, a(n) = (2^ - l)cr(m). 

Therefore, 2'=m = (2*= - l)a(m). This gives (2'= - 1) ! 2*̂ m. But 2*= - 1 and 

2* are relatively prime, 2'= - 1 | m. Suppose, m = (2'̂  - l)t, for some t > I, 

then CT(m) = 2^t. Now, 

2''t = C7(m) >Tn + t = 2^t. 

Thus, 

(7(m) = m + t, 

this imphes that m has only two divisors m and t. Hence t = 1. This means 

that m = 2*̂  - 1 is a prime. Thus n = 2*̂ ~̂ (2'̂  — 1), where 2*̂  — 1 is an odd 

prime. Hence complete the theorem. D 

Note that the prime of the form 2̂^ — 1, A; > 2 are called mersenne primes. 

Till now there are 45 known mersenne primes. Also, as of October, 2006, 44 

even perfect numbers are known, the largest one being 2̂ ^̂ ^̂ ^̂ ^ x (2^^^^^^ '̂' —1) 

with 19616714 digits, discovered on September 4, 2006, by Curtis Cooper and 

Steven Boone. However it is still open whether or not odd perfect numbers 

exists, though many necessary conditions for their existence have been found. 

For example. Brent, Cohen and te Riele [1] showed that odd perfect numbers 

must be greater than 10̂ °*̂ . 

Lemma 1.1.5. Ifn is a perfect number then T{n) can not be odd. 



Proof. Suppose, T{n) is odd for some perfect number n. Also let, n = Ylpf* 

r r /p'^' + l - l" 
then T{n) = Yli^i + 1) ^^^ ^('^) ~ Tl I ~ —̂ • Since T{n) is odd, 

all CKj's are even. Now since product of odd numbers of odd terms is odd, 

therefore cr(n) = TT — ) is odd, which is a contradiction to the fact 
i=i V Pi - 1 / 

that a{n) = 2n. Hence, for all perfect number n, T{n) must be even. D 

1.2 p-adic ordinal 

Let p be a prime and let g be a rational number. Suppose that q = •p^mjn 

with -p \ mn. Then e is called the order of p in g or, the p-adic ordinal of q, 

denoted by ordp(g). 

p-adic ordinal of q forms one of the basic ingredients for an entirely dif­

ferent theory known as p-adic analysis (see [17]). 

Theorem 1.2.1. Letp be an integer (not necessarily prime). Ifp = 1 mod 4, 

then 

ord2(l + p + p^ + • • • + p^) = ord2(e + 1). 

Again ifp = l mod 4 and ord2(p + 1) = m^ then 

ord2(e + 1) + m — 1; if e is odd 
ord2 ( l+p+p^ 4- hp^) = < 

I 0 otherwise. 

Proof. Let e + 1 = 2'^l where / is an odd integer. If /c = 0 then e + 1 is odd. 

So, ord2(e -}-1) = 0. Also, 

1 +P + P̂ H + p ' = l + p + p^H + p ' " ^ 



Since sum of odd numbers of odd number is again an odd number, 

ord2 {l+p+p'^ + ---+p^) = 0 = ordz (e + 1). 

Next, let fc > 1. Now, 

p(e+i)_i _ {p^y-lp^' -I 
p-l ~ p2«= _ 1 p _ 1 

=. ord. [ - J ^ ) - ord. ( - ^ ^ ^ j + ord. ^ ^ - ^ j = ord, ^ - -

Now, 

• =ip + l){p' + l)...{p'^-' + l) P ^ - 1 / „ , I N / 2 , IN / 2*=-! 

^ ords ^ j = ord2(p + 1) + ordzCp^ + !) + ••• + ordsCp^' - 1) 

= k = ord2(e + 1). 

Thus, 

ord2(l + p + p^ + h / ) = ord2(e + 1). 

Since, p = 3 mod 4 and ord2(p + 1) = m, we have p'^' + I = 2.odd Vz, 

therefore, 

1 + p + • • • + p ' = (p + l)(p2 + r) + • • • + (P^*"' + 1) = 2"'.2''-\odd 

Thus, if e is odd then ord2(l + p + • • • + p^) = m + ord2(e + 1) - 1. Again 

if e is even then ord2(l + p + • • • + p^) = 0, as sum of odd numbers of odd 

term is odd. Hence the theorem. D 



Lemma 1.2.2. Ifp is an odd prime and A; = 1 mod p then for any positive 

integer n, 

ordp(n) = or dp 
/ c - 1 

A;" — 1 r^ 
Proof. Let p and fe be fixed. Also let, f[n) — and x — \-

k — \ \_p 
px < k < px + p. But k= I mod p, k = px + I. Now, 

fc^-1 ( l + p x ) " - ! 
— = u -r 

Thus, 

Then 

/ ( " ) = "+i:(")w-

ordn 
A;"- 1 

i ) = o r d , ^ n + f : g ) ( p x r ^ 

It is sufficient to show that ordp((")) + (j —l)(l + ordp(x)) > ordp(n), Vj > 2. 

We have, 
/ n \ _ ri(n — 1 ) . . . (n — j + 1) 

So, 

ordp( ( . )) = ordp(n) + ordp(n - 1) H h ordp(n - j + 1) - ordp(j!) 

> ordp(n) — ordp(j!). 

From elementary number theory we get, 

Thus, 

ovd,{j\) = ̂ [ 4 ] < ̂ 4 = - ^ < ^ < J - 1. 
^ p^ z_^pi p— 1 2 

ordp(( . j ) > ordp(ri) - ordp(j!) > ordp(n) - j + 1. 



This implies 

ordp( n J) + j - 1 > ordp(n), Vj > 2. 

Since 1 + ordp(a;) >' 1, ordp(g)) + (j - 1)(1 + ordp(x)) > ordp(n), Vj > 2. 

Hence the lemma. 

D 

From above lemma, we can easily show that following result. 

/A;"' - 1 \ 
Corollary 1.2.3. ordp(n!) = ordp f — ] ifk = l mod p. 

Lemma 1.2.4. Suppose p is an odd prime, q is an integer not divisible by p, 

and n is a positive integer. Let I denote the multiplicative order of q mod p. 

Then p \ (g" — 1) if and only if I \ n, in which case ordp I —. \ = u if 

ordp(n) = u. 

Proof. Since I is the multiplicative order of q mod p. Therefore q' = 1 mod p. 

First, let p \ q^ — 1 i.e. q^ = 1 mod p. But I is the least positive integer such 

that ĝ  = 1 mod p. Thus, I \ n. 

Conversely, let I | n, we have, n = It, for some integer t. This gives 

g" - 1 = {q^y - 1 = 0 mod p. So, p | g" - 1. 

Next, let k = q\ k = l mod p. Also, let / = pr therefore q'- — q^ = g'" = 

1 mod p. Thus, I \ r, which is a contradiction. So, I and p are relatively 
A;' — 1 

prime. Now p" || n gives, p" || t. Therefore by Lemma 1.2.2, p" 11 
k ~ 1 

„ g" - 1 
i.e., p " —; . Hence the lemma. D 

g' - 1 
Lemma 1.2.5. Suppose q is an odd prime and n is a positive integer. Then 

g" - I Z' g" - 1 \ 
2 I — iff2\n, in which case ord2 1 = ord2(n) — 1. 



o" — 1 Q" — 1 
Proof. First let 2 I - . This implies = 1 + g + • • • + q"~^ = 

' g - 1 g - 1 

0 mod 2. Thus, n=0 mod 2 i.e., 2 | n. 

Conversely , let 2 \n. Now, 

g - 1 

Thus, 

2 

= l + gH hg'^ = n mod 2 = 0 mod 2. 

g " - l 

g - 1 

Next, let q^ = k and n = 2r. Now, 2" || n gives 2"~^ || r. By first part, 

2"'^ II ̂ — ^ • So, 2"-i II V - ^ - Hence the lemma. D 
k — 1 ĝ  — 1 

Lemma 1.2.6. If k ~ I mod 4, i/ien /or an?/ positive integer n, 

ord2(n) = ord2 
k-1 

k 
Proof. Suppose, I — [-]. This implies 4/ < A; < 4/ + 4. But fc = 1 mod 4, 

/c = 4/ + 1. Now, 

A;" - 1 (4i + 1)" - 1 

k - \ 41 
J=2 

= „.tg)(40-. 
It is sufficient to show that. 

ordzlf'"')) + 2(j - 1) + ord2(/)(j - 1) > ordsCn). 

Now, 

ord2(( . j) =:ord2(n) + ord2(n - 1) H h ord2(n - j + I) - ord2(j!) 

> ord2(n) -ord2(j!) 



oo . oo 

Now by elementary number theory, 
CX) 

1=1 i = l 

Therefore, 

ordzC K j) > ordaH - ordaO'!) > ord2(n) -j> ordaCn) - (2j - 2). 

Thus, 

ord2((''^^) + 2(j - 1) +ord2(/)(j - 1) > ordain). 

Hence, 

orda f j = ord2(n). 

D 

1.3 Harmonic mean 

Most popular among all types of "mean" are arithmetic mean, geometric 

mean, harmonic mean. 

Given a positive integer n, the arithmetic mean A{n), the geometric mean 

G{n) and the harmonic mean H[n) of the positive divisors of n are defined 

as, 
1 

^ W = - H - G{n) = \\\d\ , -—— = -—-} -. 
Tin) \^^ ) Hin) T(n)^-^d 

^ ^ \ d\n / ^ ^ ^ ^ d\n 

Note that A, G, H mentioned in the above definitions are arithmetic func­

tions. In fact all of them are multiplicative functions. 

Of the three means defined above, the harmonic mean H{n) plays the 

pivotal role in this dissertation. 



, , nrln) 
Lemma 1.3.1. For all positive integer n, Hin) = —^-r-. 

a{n) 
Proof. The harmonic mean, H{n) of a positive integer n is defined by, 

1 _ 1 ^ 1 

H(n) ~ ^ ^ d ' 
^ ^ ^ ^ d\n 

Since 

it follows that 

d\n d\n d\n 

H{n) nT{n) '^i''^) 

a 

As A(n) = 4 4 and G{n) — A/TI, we have, the following result. 
T[n) 

Corollary 1.3.2. For all n, 

H{n)A{n) = G{nf. 

In other words, the geometric mean of the divisors is the geometric mean of 

the arithmetic and harmonic mean of the divisors. 

Lemma 1.3.3. Ifn is an even perfect number, then 

H{n) = ord2{n) + 1. 

Proof. Since n is an even perfect, so by Euclid-Euler Theorem 

where (2" — 1) is an odd prime. Now, 

^,/ X nrin) nrin) , , , 
H{n) = — V = - ^ - a = ord2{n) + 1. 

cr(n) 2n 

Hence the lemma. D 
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Lemma 1.3.4. Ifn = UPT ^^en H{n) > H ^ V -
i=l i=lPi + i 

Proof. We have, 

_ _ _ 1 
i=i 1 + — + . . . + —-— i=i 1 + _ + . . . + Pi (Pi)''* Pi (Pi)'"' 

k ^ k 

Pi 

n 
4 

Remark 1.3.5. For n > 1, i7(n) > - . 
o 

Throughout this dissertation w{n) denotes the number of prime factors 

of any integer n. 

Lemma 1.3.6. Ifw{n) = k>2, then H{n) > k. 

k 

Proof. Let n = YiP?^' ^^ ^^^ prime of decomposition of n. So, 
i = l 

k 
2pi 4 6 10 10 „ ,10 , '̂ (")̂ n,-f?T>iw-f-(f)'->^ 

tJiPi 

Lemma 1.3.7. H{n) < r ( n ) , Vn. 

Proo/. If n = YIPT is ^^e prime decomposition of n. Then 
i = l 

^(n)=n—i""'^^ 1 < n("^+1)=^w-
i=i 1 + — + • • • + — ^ i=i 

Pi (Pi)"' 

11 
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1.4 Some more results 

Lemma 1.4.1. Suppose p is a prime and t is any integer, then p | (1 + t + 

••• + tP-^) ifft = 1 mod p. 

Proof. First let, t = 1 mod p. Then I + t + ••• + t^'^ = 0 mod p. Thus, 

p\{l+t-^t'+----\-ti'-^). 

Conversely, let p \ (1 + 1 H +tP~^) . Now, by Fermat's Theorem, 

tP = t mod p. This gives, (i - l)( i + £ + t̂  + . . . + t^-^) = (i - 1) mod p. 

Therefore, 1 + i -f t̂  H +1^"^ = 1 mod p, which is a contradiction. Thus, 

t=l mod p. • 

Corollary 1.4.2. Ift = l mod p then ordp(l + i + t̂  ^ • • • + tP-^) = 1. 

Proof. If A; = 1 and p is an odd prime, then by Lemma 1.2.2, 

ordp(n)=ordp f - ^ I T f J • 

Now, putting k =t and n = p, we get the required result. D 

Lemma 1.4.3. Suppose k, I, p are primes with p = 1 mod I. If I \ {I +p + 

[- p'^~^), then k^ I. 

/ c - l fc-l 

Proof. Since, p ^ 1 mod I, ^ p * = k mod I. li I \ Y^p\ then I \ k, which is 
i=0 i=0 

impossible unless k= I. O 

Proposition 1.4.4. Let r, a, b he positive integers. If integers Xi,X2,- • • Xj-

satisfy 1 < Xi < X2 < • • • < Xr and 1 < fl (̂  "I ) < T ^ 11 (1 "̂  ) ^^^^ 
i = l -^i 0 i—i Xi 

it follows that 

llxi<{b + lf''-'-{b+l)' 
i = l 
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with equality if and only if Xi = rUi, I < i <r, where 

{b + 1)^'-'; if I = 1,2, ...r-1 

(6 + 1)2^"'-^ i = r 

Proposition 1.4.5. Let a,b,k be positive integers. Suppose that n is a pos­

itive integer with k distinct prime factors such that cr'^iin) = -. Then it 

follows that n < {b + 1)̂  "^'^{{b + 1)̂ *~^ — 1). Furthermore, if the equality 

holds, then k < 2. 

1.5 Some inequalities 

Lemma 1.5.1. J/ai > 02 > • • • are real numbers then Vm, n>l, 

a i + a 2 - l \-am\ fai-\-a2-\ \-am+n\ 

m J \ m+n J 

Proof. M i <m and y j < n, we have Ci > am+j- Fixing i and summing 

over j we get 
n 1 " 

nai > J^a^+j =^ai> - ^ a ^ + j . 

Now summing over i, 
n n m m-\-n 

/am > —}am+j =^ (m + n]^ai > m^Cfc 
J = l j=l i=l fe=l 

m ^ m+n 

— } ai > } Ofc. 

1=1 fc=i 

D 
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Lemma 1.5.2. Let a < b and c > 1 are integers and p,q are primes such 

that p < q. Then, 

1 < S{q') < Siq") < S{q) < S{p) < 5 ( / ) . 

Proof. Wehave,5(g«) = ^ ) = l + ^ + ^ + --- + ^ > l . (/) 

Now, 

r., h^ 1 1 1 , 1 1 1 1 
vy / q q^ q^ q q^ q" q'' 

>l + - + \ + --- + -^=S{q^). (//) 
q q^ q"' 

Again, 

/76+1 _ 1 fj 

Aiso, 

%-) = ^ < i + ^ - % ) < i + ^ + --- + ^ = 5(p )̂. (iv) 

Thus, (/), ( / / ) , ( / / / ) and {IV) gives the required result. D 

Lemma 1.5.3. Let p, q be primes and e, / positive integers. Ifp<q,e<f, 

then 

1 < S{q') < S{qf) < 5(p^) < S ( P O < 2. 

Proof. We know that 

S{q^)=l+- + \+-.. + \ > l . (./) 
q g2 ge 
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Also, 

1 1 1 1 

q q ^7J q q-

>l + - + \ + ... + \ = S{q''). (II) 

Now, S{qf) < -^— < S{p) < 5(p2) < • • • < s(p«) < 5 ( P O - i^I^)-
q-l 

Lastly, 5(p/) = l + ^ + - - - + ^ < l + Q + --- + ^ j < 2 . (IV) 

Hence from (/), {II), {III) and {IV), we have 

1 < S{q') < S{qf) < S{p') < S{p^) < 2. 

Lemma 1.5.4. S'" > ( r + l)^, Vr > 2 

Proof. For r = 2, we get the equality. Now, V r > 2, 

3 ' "=( l + 2)^> 1 + 2.r2 > (r + 1)̂  

D 

D 

Lemma 1.5.5. / / s > 1, /̂len 5* > 1 + (s + 1)2. 

Proof. For s = 1, we get the equality. Suppose, the inquality is true for s. 

Now, 

5̂ +̂  > 5(5 + 1)2 + 5 > (s^ + 4s + 5) > 1 + (s + 1)2. 

D 

Lemma 1.5.6. Ifs>2 then 5^ > (2s + 1)̂  

15 

% urf/f> 
r 

j^«5-;; 

'S 
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Proof. We have, 

5^ = (1 + 4)" > 1 + 4s2 + 4s(s - 1) > (2s + l)^. 

D 

Lemma 1.5.7. 5""^ > â  + 1, Va > 2. 

Proof. We have, 

5"-^ = (1 + 4^-1 > l + 4 ( a - l ) + ^ ^ ^ ^ i ^ ^ ^ ^ 4 2 = 8a2 + 20a+13 > â  + l. 

D 

Lemma 1.5.8. 3" > 20^ + 1, Va. 

Proof. We have, 

3" = (1 + 2)" > 1 + 2a + ^ : ( ^ ^ 2 2 = 1 + 2a'. 

D 

Lemma 1.5.9. 5" > Sâ  + 1, V a > 3. 

Proof. We have, 

/, .Nn -. . fi(ci—1),9 a(a—l)(a —2) , „ , 
5" = (1 + 4)'' > 1 + 4a + - ^ - — ^ 4 ^ + ^ ^-^ U^ > 1 + 8a'. 

D 

Lemma 1.5.10. 3" - 1 > 4a, Va > 3. 
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Proof. We have, 

a(a — l) 9 a(a~l)(a — 2) 
3" = (1 + 2)" > 1 + 2a + ^ ^ ^2' + ^ ^ -

> 1 + -a^ - 2a2 + -a 
o o 

> 1 + 4a^ - 2a^ + - a > 1 + 2a^ + - a > 4a. 
o O 

Lemma 1.5.11. 2'-+i > (r + 1)^, Vr > 3 

Proo/. For r = 3 we get the equality. Let 2'"+̂  > (r + 1)^. Now, 

2r+2 ^ 2.2'"+^ > 2(r + 1)2 > r^ + 4r + 4 = (r + 2)^ 

Hence, 

D 

2'-+i > (r + 1)^, Vr > 3. 

n 

Lemma 1.5.12. 3* > (s + 1)^, for even s. 

Proof. For s = 2, equality holds. Suppose, 3* > (s + 1)^ for even s with 

s> 4. Now, 

3^+2 = 9.3^ > 9(5 + 1)2 = 9̂ 2 .^ 18s + 9 > (s + 3)^ 

Hence the inequality. D 

Lemma 1.5.13. 2'-+̂  > - ( r + l)^ , for r> 2. 
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Proof. For r = 1 the result is true. Suppose it is true for r > 2 i.e., 2̂ "+̂  > 
Q 

- ( r + 1)^ Now, 

2^+2 > 2^(r + 1)2 > ^(r^ + 4r + 4) = ^(r + 2)\ 

D 

r(r + 1) 
Lemma 1.5.14. 2̂" > ^ ^ Vr > 1 

Proof. For r = 1, the result is true. Suppose the inequality is true for r > 2, 
r(r+ 1) 

i.e., 2'- > ^ J ^ Now, 

2r-+i > oK^ + l) ^ ( ^ + l ) 2 r (r + l)(r + 2) 
- 2 2 2 • 

Hence the inequality is true for all r with r > 1. D 

27 
Lemma 1.5.15. 3̂  > — ( s + 1 ) 2 , Vs > 3. 

16 

Proo/. It is sufficient to show that 3*"^ > —(s + 1)^. For s = 3, we get the 
16 

equality. Suppose the inequality is true for all s > 3. Now, 

r~' = 3.y-' > 3~{s + 1)2 > ^{s' + 4s + 4) = ~{s + 2f. 

Hence, 

3"~^> T^(s + l ) ' f o r s > 3 . 

D 

32 
Lemma 1.5.16. 2''+^ > —(r + 1)^, Vr > 1. 
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4 
Proof. It is sufficient to show that 2'' > - ( r + l ) ^ Vr > 1. Now, the 

inequality is true for r = 1,2. Suppose it is true for r, with r > 2, i.e., 

2^> - ( r + l)2. Now, 

2-+1 > 2 i ( r + If = ^(2r2 + 4r + 2) > ^(r + 2f. 

Thus, 

2'"> K(^ + 1)^ ^^^ 1-

D 
3 

Lemma 1.5.17. 3" > -{s + 3)^ Vs > 3. 

Proof. For 5 = 3 , the equahty holds. Suppose the inequahty is true s, 5 > 4. 

Now, 

3^+1 = 3.3^ > 3.^(5 + 3f - ^(35^ + 185 + 27) > ^(5 + Af. 

Hence, 

3 ' > ^(s + 3)2, V s > 3 . 

D 
64 Lemma 1.5.18. 2^+^ > _ _ ( ^ ^ 1)2̂  y^ > ^ 

Proo/. It is sufficient to show that 2^'^ > ~{r + If, Vr > 5. For r = 5, the 
y 

equality holds. Suppose that the inequality is true Vr > 6. Now, 

2r-2 ^ 2.2^-3 > 2.1(r + 1)2 > l ( r2 + 4r + 4) = ^(r + 2f. 

Hence, 

2 ^ + ^ > ^ ( r + l)2, V r > 5 . 

D 
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Chapter 2 

Harmonic Numbers 

Perhaps because a number of mathematicians were frustrated by their failure 

to disprove the existence of odd perfect numbers, many authors have defined 

a number of closely related concepts and produced a raft of problems, many 

of which seem no more tractable than the original. One such concept is the 

notion of harmonic numbers. Harmonic number is a kind of generalisation of 

perfect numbers. In this chapter we shall study harmonic numbers and their 

properties in detail. 

2.1 Definition and characterisation 

A positive integer n is said to be harmonic if the harmonic mean H{n) of 

its divisors is an integer. The set of all harmonic number is denoted by 7i. 

At the end of this dissertation we have Usted all harmonic numbers up to 

10̂ "̂ . From the table 5.4, we can also see that there are no powerful harmonic 
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numbers less than 10^^ where a number n is powerful if p | n implies p^ \ n 

{p is a prime). We now discuss some of the basic properties of harmonic 

numbers. 

Lemma 2.1.1. There is no harmonic number of the form p", where p is a 

prime and a> 0. 

Proof. Let n = p° be a harmonic number. Then, 

Hin) 
l + p + p^ + '-'+p'' 

Since, 1 + p +p"^ + • • • + p"' and p" are relatively prime, 1+p + p'^ + • —h p" 

divides (a -H 1). But, {1 + p +p'^ + • • • + p"-) > (a + 1). Hence, n can not be 

a harmonic number. D 

Theorem 2.1.2. Every perfect number is harmonic, but not conversely. 

Proof. Let n be a perfect number. Then, a{n) = 2n. Now, 

„/ ^ 'nTJn) nrju) T{n) 

First let n be an even perfect number, T{n) is even. Hence, H{n) is an 

integer. Next let n is odd then it is known that one of the exponents in the 

prime factor decomposition is odd so r(ra) is even also in this case. Hence 

every perfect number is harmonic. 

The converse of this theorem does not hold. For example, 140, 270 are 

not perfect numbers, but //(140) = 5, i7(270) = 6. D 

Form the above theorem we get the following result. 
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Corollary 2.1.3. If n = 2"~n2" - 1) is perfect (so that 2" - 1 and a are 

primes), then H{n) = a. 

Till now, no odd harmonic number has been discovered. In fact, it is a 

conjecture that all harmonic numbers other than 1 are even. 

Lemma 2.1.4. H is monotonic in the sense that ife,f are positive integers 

and p, q are primes with e < f and p < q then 

H{p') < H{pf) < Hiqf). 

Proof. Note that, {—r} is a monotonically decreasing sequence. Therefore, 

if e < / , we have, 

^ H{p') > H(pf) 

On the other hand, ii p < q, we have, 

— > —, Vz with l<i< f. pi qi 

Therefore, 

^ H(p^) < H{qf). 

This proves the lemma. D 

Theorem 2.1.5. No harmonic number greater than 6 is squarefree. 
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Proof. Let n > 6 be a squarefree harmonic number. Then, n = piP2 • • -Pr 

where Pi, 1 < ^ < r, are distinct primes arranged in ascending order. Now, 

Hin) = 2^- ^^^^• • •^ ' -
(Pl+l)(P2 + l)---(Pr + l ) ' 

Case 1: n is even. Without any lose we can take pi = 2. Now, 

4p2 • • • Pr 
H{n) = 

P2+1P3 + 1 Pr + l 
2 2 2 

Since / /(n) is an integer, we must have P2 = 3. So, 

2 p 3 - - - P r 
Hin)^ (P3 + 1) (Pr + 1) 

Therefore, —-— | (2p3P4 • • -Pr)- This imphes -̂ —— | 2, which is a contra-

diction to the fact > 2. 
2 

Case 2: n is odd. So, 

P1P2 •••Pr H{n) = 
P1+IP2 + I Pr + 1 

2 2 2 

Here the denominator contains atleast r prime factors less than Pr, but the 

numerator has (r-1) prime factors less than p^. Hence H{n) is not an integer, 

which is a contradiction. This completes the theorem. D 

Lemma 2.1.6. IfH{n) is even thenn is even. 

r 

Proof. Suppose n is odd. Also, let n = HPi ' where p'^s are distinct odd 
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primes. Now, 

2 => ord2{H{p^')) = ordiivl') + ord2{ei + 1) - ord2(l + Pi + p ' + • • • + P-') 

< 0 Vz 

So, ord2H{n) = 0. 

This implies that ii^(n) is odd, which is a contradiction to our hypothesis. 

Hence, n is also even if H{n) is even. D 

Lemma 2.1,7. Suppose n G 7Y. If p is an odd prime such that p \\ n and 
Tl Tl 

p I H{n), then — is harmonic. If 2 \\n and 4 | II{n), then — is harmonic, 
p Z 

n n (JiTi) n i~\n) 
Proof. Since, n \\ p, so - is an integer. Now, a(—) = , . and r(—) = , . . 

p p a{p) p rip) 
n .n . 
—T( —) 

Tl 7) T) 7 ? ~ l ~ l 

Also, II{—) = y^ = H{n)—-—, which is an integer as p || II(n) and 

P 
Tl 

2 I (p + 1). Hence, — € ?Y. Now, taking p = 2 in the above proof and using 
P 

n 
the given hypothesis we can show easily that — ̂ H. D 

G. L. Cohen [5] mentioned the following result for a harmonic number n 

with w{n) = 3 or 4. 

Lemma 2.1.8. Suppose w{n) —2, or A. Then a{n) ^ 2n. If (j{n) = 2>n then 

n G {120, 672, 523776}. 

Theorem 2.1,9. H{p^q^) > H{p^q^) where p, q are primes and e, f are 

positive integers such that p < q, e < f. 
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Proof. We are to show that 

P'gfje + ! ) ( / + 1) ^ pfq^f + l)(e + 1) 

p- 1 q-I P - 1 9 - 1 

=^p^qf{pf+' - 1)(5^+^ - 1) > p^q'{p'+^ - l){q^+^ - 1) 

In general, if a > 6 and 1 < x < y. Then, 

xYix"^' - l){y'^' - i) > x'^y^x'^' - l)(y"+^ - 1) 

or, x°y^(y"+^ - x^'+^t/''-'') + r r V > 2;''y''(j/'̂ +i - x"+^) + x^y'' 

or, x''y''x"-''(?/°+^ - x''+^y''-'') + xY > 2;^^(y"+' - x"+i) + x"2/^ (2.1.a) 

Now, 

1 __ ^^)b+l > 1 _ ( ^ ) 2 > 1 _ _ ^ > 1 .> 1 
y x+l' ' x + 2 X ~ x""-^' 

So, 

Thus, 

y 

or, xYx''-\y''+^ - x^+^y"-^) > x^iy^^^ - x^^^) (2.1.b) 

Again, x < y and a > 6 gives 

x V > a ; V (2.1.C) 

(2.1.a), (2.1.b) and (2.1.c) gives 

a:V(a^"^' - 1)(/+^ - 1) > x''y''{x''+^ - l){y''+' - 1). (2.1.d) 
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Now, taking x = p, y = g, e -= 6 and / = a in (2.1.d), we get the required 

result. n 

Lemma 2.1.10. Let a he a positive integer such that for some p = 2 mod 3. 

We have, 3p \ cr{2°') and gcd(3p, a + 1) = 1. If m is an odd integer such that 

2'^m is harmonic then m is not squarefree. 

Proof Note that p ^̂  2, for if p = 2 then 2 | (2''+^ - 1), which is absurd, 

therefore p is an odd prime. Let m be a squarefree odd integer such that 

n = 2"m is harmonic. Now, T{n) = 2^('")(a + 1). Since, H{n)o{n) = nT{n), 

3p I a(n) and gcd(3p, a + 1) = 1, we have, 3 || n and p \\ n. As 3 | o{2^) and 

p = 2 mod 3, 3 I (p + 1). Again p \\ n gives (p + 1) | cr(m), 3 | a{n). Thus, 

3^ I H{n)a{n). But 3^ f nr{n), which is impossible as Hin)a(n) = nr(n). 

Thus, m cannot be squarefree. 

D 

Theorem 2.1.11. For any real number a, there exist only finitely many 

positive integers n satisfying H{n)°' > n. 

Proof. Since a harmonic mean is less than or equal to a geometric mean and 

the geometric mean of positive divisors of n is y/n, there exist no harmonic 

numbers n satisfying H{ny > n. Also if a < 2, then H{n)°' < H{nY < n. 

So for a < 2, the theorem is true. We may assume now that a > 2. Now, 
HinY 

fixing the real number a, define a function f(a,n) = — ^ ^ ^ . Since H 
n 

is multiplicative so also / is multiphcative in the second variable, that is 

f{a,mn) = f{a,n)f(a,m) when gcd(n, m) = 1. Thus for a prime p and a 
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positive integer e, 

Hip')'' p("-i)«(e + 1)' 
fio^,Pn pe (pe 4 . pe-1 .| ,. X)a ' 

lip < q then 

/(a,P^) = \ ^ - > 1 J— = f{(^,q")-
p-(l + - + • • • + - ) « 9^(1+ - + ••• + - ) -

p p^ q q^ 

Also, 

(1 + V 
e "p^ 

Now by L.H. rule we can easily show that as e —> 00, e^°'p' -^ 00. Hence 

f{a,p') is monotonically decreasing as a function of p and e for sufficiently 

large p and e. Furthermore, we have lim/(Q;,p^) = 0 and lim/(Q;,p^) = 0. 
p—too e—>oo 

Hence there are only finitely many prime powers p' satisfying f{a,p') > 1. 

Let L be the set of integers whose all prime components satisfy this condition. 

Since L is finite, there exists the maximum value max„g^/(Q:,ri). Let A 

be this maximum value. There are also only finitely many prime powers 

q^ satisfying f(oi,q^) > —. Let L^ be the set of integers whose all prime 

components satisfy this condition and M be the set of integers n satisfying 

the required condition f{a,n) > 1. Clearly M C L^. Since L° is finite, M is 

also finite. Hence the theorem. D 

2.2 Some results on odd harmonic n u m b e r 

Theorem 2.2.1. Let n be an odd harmonic number and p' \\ n. Then, 

p' = I mod 4. 
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Proof. If p^ = 3 mod 4 then p = 3 mod 4 and e is odd. Now, 

^^ ' 1 + p + p2 ^ • • • + p« 

=» ard2{H{p^)) = ord^ip^) + ord2(e + 1) - ord^il + p + p^ + (- p^) 

= ord2{e + 1) - or(i2(l + P + P^ + • • • + p^) 

= -ordiip+1) + 1 

< - 1 < 0, 

which is a contradiction. Hence p® = 1 mod 4. D 

Lemma 2.2.2. Let n he an odd harmonic number of the form p'^q^ where p 

and q are distinct primes. Also let I he the multiplicative order of q mod p 

and k he the multiplicative order of p mod q then l\{s+\) and k\(r -\-\). 

Proof. Let n = p^q^ and H{n) = m. Then, 

fq\T + l)(s + 1) = m(l + p + p2 + • • • + p'")(l + ,7 + g2 ̂  •. • g*) (2.2.a) 

Now, by Fermat's theorem we have, 

p^~^ = 1 mod q and q^~^ = 1 mod p. 

So, 

Z I ( p - l ) a n d k\{q~ 1). 

Now, let l\{s+l) then p | (g^+i - 1), by Lemma (1.2.4). So, (2.2.a) gives 

p^ I m. Also, 

( r + l ) ( s + l ) = i(l + g + g 2 ^ . . . + g^), where i = ^ ^ ^ ^ "̂  ^ ' ^ "" •+^ '^ 
p'"^* 
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Therefore, 

P^ 

Also, 

qH<{r + l){s + l). 

Thus we get, 

p ' " 9 * < p V ^ < ( r + l)2(s + l ) l (2.2.b) 

Now there are two cases arise: 

case 1: p > 3 and r > 2 and g > 5. Now, 

p'" > S'" > (r + 1)^ 

Also, 

Hence, 

p Y > ( r + l ) ' ( s + l ) 2 , 

which is a contradiction to (2.2.b). 

Case 2 : p = 3, r = 1. Then 

(3g^)2(g+l) 
^ ( ^ ) = —ZEVi—— = ^ . 

4̂  
g - 1 

which gives 

3(s + 1) = ^ . ^ ^ ^ > 2m > 2g^ 

Now, 

9' 

2s + 1 > ^(s + 1) > ĝ  > 5^ > (s + 1)2 + 1. 
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So, we get 

ŝ  + 1 < 0, absurd. 

Hence, 

l\ (s + l). 

Similarly we can prove that 

k\ (r + 1). 

D 

Lemma 2.2.3. Suppose n = p^q^ is an odd harmonic number, I is the 

multiplicative order of q mod p, k is the multiplicative order of p mod q, 

r+ 1 = ak and s+l =bl. Then max(a, b) > 3 is impossible. 

Proof. Suppose max (a, b) >3. Without any loss we can assume b > 3. Now 

since n is harmonic, H{n) = m, say. 

Thus, 

fq^r + l){s + 1) = m^ -^-
p—l q—l 

i.e., 

(r + l ) ( 5 + l ) = u ^ — ^ . (2.2.C) 
g - 1 

ffi p»-+i _ -^ qs+i _ 2 
where, u = . Clearly, u is an integer. Now, 

fq^ P — 1 9 - 1 

p ^ < l + p + p 2 + . . . + / <uq' <u—, —q^-^ = {r + l){s + l)q^-\ (2.2.d) 
^' — 1 

Also, 

g ' - 1 - "• g' - 1 
g^+1-' < ^ , / < u—r-T- = (r + l)(s + 1). (2.2.e) 
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From (2.2.d) and (2.2.e) we get, 

i.e., 

p^q^'-'^'^' <(r + lfbH\ (2.2.f) 

Next to establish that 

prqib-miy^r + lfbH\ (2.2.g) 

which is a contradiction to (2.2.x). Now, if in (2.2.y) a unit increase in b 

increases the left hand side of (2.2.y) by a factor g' and increases the right 

hand side of (2.2.y) by a factor — ~ — < —-. So it is enough to show that 

But, 
{b-hiy . 1 , 2 / 1 6 ^ I 

Hence it is enough to prove (2.2.y) for b — 3. i.e., it is enough to show that 

/ g ' + i > (r + 1)29/2. 

Now there are several cases arise. 

Case 1 : 9 > 5,r > 2. Now, p'' > (r + 1)^ and g'+^ > 201^ > 91"^. 

Therefore, 

p V + i > 9 ( r + l ) ¥ . 

Case 2 : r = 1, g > 5. Then (2.2.x) becomes, 

W+' > 36P. 
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So, p'-g'+i > 3.5'+i > 36/2 _ 9^2(^ ^ i)2_ 

Case 3 : g = 3, thenp'"g'+^ = p'̂ S'̂ ^ > 9(r +1)2/2, -^^^ ^r^i-i ^ {r^lfl\ 

Prom above cases we can easily show (2.2.y), for all values of r, l,p, q, which 

is a contradiction to (2.2.x). Hence, raax(a,6) > 3 is impossible. D 

Lemma 2.2.4. Suppose n — p^q^ is an odd harmonic number, k is the 

multiplicative order ofp modq, I the multiplicative order of q modp, r + 1 = 

ok and s + 1 = bl, then max(a, b) ^ 2. 

Proof. Suppose, max(o, b) = 2. Let b = 2 and a < 2. Since n is harmonic, 

H{n) = m, say. i.e., 

p-'^'W'-Hakm = ^ P " - l t f + l)(g'-l) p.2.h) 
p — 1 9 — 1 

Since, gcd(q,g' + 1) = gcd(p"''~^, 5' + 1) = 1 therefore (2.2.z) gives 

(g' + 1) I 2akl. (2.2.i) 

Now by Fermat's Theorem 

This gives 

p^ ^ = 1 mod q. 

k\{q-l). (2.2.J) 

'Now, 

q-' + l < 2 a A ; / < 4 / ( g - l ) . 

Claim: / < 2. If not then 

q-l g - 1 - 3 - 1 
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Thus, 

g' + 1 > 4l{q - 1), 

which is impossible as g' + 1 < 4Z(g - 1). Hence the claim. Now there are 

four cases arise. 

Case 1 : Z = 1, a = 2. Now, k\q-l=^q = ck + l, where c is an positive 
2ak 

integer. Also, q > 2p+ I and g + 1 | 2a/c. Therefore, if a = 2 then 

4k 4k 
becomes -r—— which is an integer. Hence c < 3. Also, -; < 3 because 

ck+2 ~ ck + 2 
4k 4k 

if > 4 then we set an absurd. Now, if c = 1 and — = 2,3 then 
cfc + 2 - ^ ck + 2 ' 

4k 
p\ 2, which is not possible as p is odd. Again if c = 2 and ——- = 1 then 

Ak 
k = 1 and p | 2, which is also not possible. Lastly if c = 3 and — — - = 1 

CK ~Y Z 

then we get 13 | p°''^~^q'^^~^2akl which is impossible. Hence / = 1 and a = 2 

is also not possible. 

Case 2 : Z = 2, a = 2. In this case (2.2.i) gives, 

q"^ +l<Bk<8{q-l)=> {q-4Y <7 ^q = 3,5. 

Now, if g = 3 then p | 8, impossible. Also if g = 5 then 13 | 4, which is 

absurd. Hence, I = 2 and a = 2 is impossible. 

Case 3:1 = 1 and a = 1. In this case (2.2.i) becomes 

2k _ 2k 

q + 1 " ck + 2' 

which imphes that c = l,k = 2 and g = 3 which is impossible. Hence this 

case is also not possible. 

Case 4 : Z = 2, a = 1. In this case (2.2.i) becomes, 

g2 + 1 I 4k. 
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So, 

g2 + l < 4 f c < 4 ( g - l ) , 

which is not possible since 

52 + l > 4 ( g - l ) , Vg. 

Hence this case is impossible. Therefore our assumption max(a, b) = 2 is 

wrong. Hence the lemma. 

D 

Lemma 2.2.5. Suppose n = p^q^ is an odd harmonic number withp < q, I is 

the multiplicative order of q modp, k is the multiplicative order of p mod q, 

r + 1 = ak and s + 1 =bl, then m£Lx(a,b) ^ 1. 

Proof. Suppose a= b = 1. Then r + 1 = k, s + I = I. Therefore, A; > 1 and 

I > 1. Now, 

pV(r + l)(s + 1) = m ^ ^ - ^ i — ^ , 

where m = H{n). So, 

p^-\^-'ki = ^ p ' - i g ' - i (2.2.k) 
p-1 q-1 

Claim: I and k are primes. Suppose I is a composite number > 4. Also let li 

be the largest proper divisor of I. Then 2 < li < I. Clearly, p f q-'̂  - 1 since 

li < I. From (2.2.k) we get 
o'̂  - 1 
^ -—^ I kl. (2.2.1) 

Thus, 

q'l-i < 2 < kl < qp < (?. 
q- 1 
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So, h < 3, impossible as 2 < Zi. Thus I can not be a composite number > 4. 
o'l - 1 

Now let ; = 4 then li = 2 and = q + l. Also, (2.2.k) gives, 
q- 1 

(g + 1) < 4/c =^ dfc + 2 < 4fc ^ d < 3, 

where q = dk + I iov some positive integer d. So, 

q = k + l,2k + l,3k + l. 

Now if fc is odd and q = 2k + 1 then A; + 1 | 2 and so A; = 1 and q = 3 which 

is not possible as p < q is an odd prime. Hence k must be even. Now, since 

k is even, 

A; + 2|4fc (2.2.m) 

or, 

2k + 2\Ak (2.2.n) 

or, 

3k+ 2 \ 4k. (2.2.0) 

4k 
Now if 7 — - G Â  then A; < 6 i.e., A; = 2,4,6. So, q = 3,5,7 which are not 

possible as p < g, 5 f 2 and 7 {4. So, (2.2.m) is not possible if A; is even. Next 
2k 

(2.2.n) gives - — - G N whish implies A; = 1, absurd. So, (2.2.n) can not be 
/c ~r~ i 

hold. Lastly, (2.2.o) gives k = 2, which is also not possible as 5 f 2. Hence / 

must be a prime number. Next let k = l^v, where u>Q, I \v and k is not 

prime. Also let d be the largest proper divisor of A;. Then q\{p'^ — 1) and so 
p^ — \ 

— I kl — l^'^^v. Now first let I be an odd prime. Since /" 11 A; therefore 
p-1 

pfe _ 1 v'^ ~l v'^ —\ 
l"" II ~ T-- Also since I l^^^^v, I /"u. Hence, 

p - 1 p—1 p—1 
pd-\ < ^ _ z i < p ^ ^ _̂ .2.2.p) 

p — 1 
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Now since I is odd so pj^3. Therefore p > 5. Now, 

pd-l > gd-l >cP+l>k + l>k, 

which is a contradiction to (2.2.p). Thus if / is an odd prime then k is also 

a prime. On the other hand if Z = 2 then 

p ^ - 1 
p - 1 

< 2k. (2.2.q) 

p'̂  - 1 
Now p > 3 gives > k which contradicts ( 2.2.q). Now several cases 

p - 1 
arise. 

Case I: Suppose k= 4 then d = 2 and 5 = 1,r = 3. Now, 

p - 1 

Now if p = 3 then q =b and then n = 3^.5 which is not harmonic. Again if 

p— 7 then q= 5, which is also not possible as p < 5. 

Case II: fc > 4 then d > 3. In this case p 7̂  3 because if p = 3 then 3^^-1 < 4d. 
pd _ I 5*̂ —1 

So p > 5 and then — > — -— > 2(P > 2k, which cotradicts (2.2.q). 
p - 1 4 

Hence k can not be 4. Thus, k is also a prime number. Now we can easily 

show that 
8kl 

max(/c, I) < —— < m< kl < min(A;p,g/) < max(fcp, ql) < pq < q^. (2.2.r) 
-LO 

From (2.2.1), we get 

m I p^-^q^~^kl. 

So, the only possible values of m are 

(I) q, (II) p" with 1 < p < A;/ and (III) pH with 1 < p= < A;. 
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Now iim =q then (2.2.1) gives 

P •'• I o f c - l J - 2 i 

p - 1 

But 

Also from (2.2.1) we get 
P- 1 

qi-2 , P' 

p - i 

p'' -I 
Therefore, the possible values of are 

p - 1 q'-\ kq'-\ If and klf • 

= a^""^ then ( 
p - 1 

If -;;̂ —— = g'"^ then q'"^ = 1 mod p, which is a contradiction to the fact 

pfc _ 1 
that / is the multiplicative order of q mod p. Again if "^ = kq^-"^ then 

p - 1 
n^ —I 

I = p, which is impossible as Z < p < g. Similarly if = lq^~'^ then also 
p - 1 

k = p = l, a contradiction. So, m^ q. Now if m = p^ where 1 < p'̂  < A;Z then 
it 1 fc 1 

(2.2.1) gives ^ - ^ I q^-^kl and so ^ - ^ = q^~\ q'-^k, q^'^k, q^~^kl. Now if 
p — 1 P ~ 1 

p*̂  — 1 ?' — 1 
= q^'^kl then = p'^-'^-i and so p'^-^-'^ = 1 mod q, impossible. 

p - 1 q-1 

Again if — = q^~^l then / = q and so g | p — 1, impossible. Next if 

p — 1 p — 1 
— = q^~^k then k I — and then by Lemma 1.4.1 we get p - 1 is 

p - 1 p - 1 
divisible by k. Also we have / | p - 1. But, 

Thus / < A;. Hence we get I and k are two distinct prime factors of p — 1 and 
pfc _ 1 

sop > hi, which contradicts the fact that p*̂  < kl. Next if = q^~^ then 
p - 1 
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g'~^ = 1 mod p which is also not possible. Hence m = f- where 1 <f- <kl 

is not possible. Finally, if m = p'̂ / where \ <f <k then (2.2.1) becomes 

j.~c-xj-u- P ' - I g ' - I 
p - 1 9 - 1 

where c + 1 < 3̂= < p'̂  < fc. Thus A; - c - 1 > 0. Now 

Also 

and so 

Thus 
pfc . 

d-

- 1 
- 1 

V-

-1 

11 • 

\v' 

Vi 

= 9'-

V-

—c-

k' 

- 1 , 

- 1 • 

-'t 

-'k. 

or q^' 

'k 

-ifc 

p*̂  — 1 p*̂  — 1 
Now if = q'~^ then g'~^ = 1 mod p a contradiction. Again, if = 

p — 1 P — 1 
g'~ f̂c then fc I — - cl'^ and so p = 1 mod k. Also I \ p - \ and so 

p - 1 

kl<p-\ < p which is impossible as p'^ < kl. Hence all the possibihties of 

m are denied. Therefore mELx(a, 6) = 1 is impossible. D 

In view of Lemmas 2.1.1, 2.2.2, 2.2.3, 2.2.4 and 2,2.5, we have the following 

theorem. 

Theorem 2.2.6. If n is an odd harmonic number, then w{n) > 2. 

From above results we can conclude that if n is a harmonic number with 

w{n) —2, then n must be even. 
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Lemma 2.2.7. Ifn is a harmonic number with 'w{n) = 2 then n is an even 

perfect number. 

Proof. In view of the above result, it is enough to show that n is perfect. Let 

n = 2'"g*, where q is odd prime and H{n) = m, then 

2V(r-+ l)(s + 1) = m(2'-+i - 1)^'^ ~ \ (2.2.s) 
q- 1 

Claim : s = 1. Suppose s > 1 is an odd integer. So, s + 1 is even. Let 

s + 1 = 2'^v where w > 0 and v is an odd integer. Clearly 2" || (s + 1), 

2"-^ II '^\~^ by Lemma L2.4, also 2""^ || ^ ^ . So (2.2.s) gives 

(2.2.t) 

q̂ +̂  - 1 . (r + l)(s + l) 
^ 2 - 1 I 2 

^ 2 ~ % 2 _ 1 • 

Now, 

q'-' < tq'-' <t(l + t + t' + ...+q^-^) = (̂  + 1)(^ + 1) . . . . (2.2.u) 

From (2.2.s), (2.2.t) and (2.2.u) we get 

2̂ +1 < 1 + ĝ t < g + g t̂ < g(^ + l)(^ + l ) . 

Thus 

But 

2 ' - + Y ~ ' < ( r + i r ( 5 + i r - (2.2.V) 

2' '+'> | ( r + l ) 2 V r > L 
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Also 

9 ' ~ ' > ^ ( s + l ) ' V s > 5 . 

So, 
2r+3^s-2 > 4(^ ^ ;L)2(^ ^ i)2^ 

which contradicts (2.2.v). Hence s < 5 i.e., s = 3. Now if r > 5 then 

So, 

(r + 1)2(5 + If = 16(r + 1)2 < ^ ( r + 1)^ < 2̂ +^̂ ^ 

which is a contradiction to (2.2.v). So, r < 4. Now (2.2.s) gives 

2'^^q^{T + 1) = m(2'-+i - 1 ) ^ - ^ . (2.2.W) 

Now if r = 4 then g- = 31 and then we get an absurd result. Again if r = 3 

then q = b and then also we get an absurd result. Similarly r = 2 and r — 1 

are also not possible. Hence s can not be an odd integer greater than 1. Next 

let s is even and then gcd(q'^ 1 + g -|- • • • + g«) = l gives 

and so 

Now (2.2.s) gives 

^_^ , ( r + l)(s + l) 

q-l 

(2'-+i - 1) I tq\ 

Now, 

q' <tq' < t{l-^ q+ • • • + q') < {r -^ l)(s + 1). 

40 



Thus, 

2 ^ + V < ( r + l ) ' ( s + l ) ^ (2.2.x) 

which is a cotradiction to the fact that 2^+^g^ > (r + 1)^(5 + 1)^, for r > 3. 

So if r > 3 then s can not be even. Therefore r < 2 and s is even. Now 

2..1 > _ 

5, 5 ^ 2, 

8 27 
2'-+i > _(r + 1)2 for r > 1 and g' > 3* > —(s + 1)^ for s > 2. So for even 

2 ' - ^ V > ^ ( r +1)^(5+ l ) ^ 

which contradicts ( 2.2.x ). Hence s = 2 and r = 1,2. Now if s = 2 and r = 1 

then (2.2.s) gives 1 + q + q^ = 1, which has no solution. Again if r = 2 then 

q= 7 and we get 1 + g + ĝ  = 57, which is not possible. Hence s must be 1. 

Now putting s = 1 in (2.2,s) we get 

2'"+^g(r + 1) = m(2'"+^ - 1)(9 + 1) (2.2.y) 

=> q I m(2'-+i - 1) 

=» g I m or g I (2'"+^ - 1) 

Now if g I m then m = qx and then (2.2.y) becomes, 

2^+i(r + 1) = x{T+' - l)(g + 1) -^ (2'"+^ - 1) 1 (r + 1), 

which is not possible since 2'"+̂  > (r + 2), Vr > 2. Hence, q \ (2'"+^ - 1) and 

so (2'""'"̂  — 1) = qu where u is an odd integer. Putting this in ( 2.2.y), we get 

-u I (r + 1) and 

2'^\r+l) = m{2'+^ + u-l). (2.2.z) 

Now take v = [^] so that r = 2^+^ for some 9 e [0,1). Now since u<r + l, 

u-1 < 2^+^ If u 7̂  0 then taking log we get Zo^2(« - 1) <v + 0. Now let 
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u—1 = 2'^.odd. Clearly k < r+1, and so highest power of 2 dividing 2'"+^+u—1 

is atmost 2\ Hence 2'"+^~'' | m i.e., m = 2^+^-'^mo, mo E N. Now, 

2'-+i(r + 1) = 2'"+^-''mo(2'"+i + u-l) 

^ 2'̂ 2^(r + 1) = 2%o(2'"+^ + tx - 1) 

=> r(r + 1) = 2^mo(2'"+^ + u-l) 

=> r{r + 1) > 2^^' 

which is absurd. Thus our assumption w 7̂  1 is untenable and so u = 1. 

Therefore q = 2^^^ — 1. Also (r+1) is an odd prime since q is an odd prime. 

Hence n — 2'"(2''''"^ — 1), which is an even perfect number by Euclid- Euler 

Theorem. Hence the theorem. D 

PROBLEM: Does a nontrivial odd harmonic number exist? 

PROBLEM: Given any two primes p and q, how many harmonic numbers 

are there with p and q as the only prime factors? 

2.3 Harmonic numbers with a given harmonic 

mean 

Lemma 2.3.1. Let p be a prime. If H{n) = p then either p \ n or n is a 

perfect number. 

TKTITII 
Proof. Since p = H{n) — — - ^ gives p \ nr{n) =^ p\ n or p \ r(n). Now, 

r r 

if p I n then done. If not then p \ r(n). If n = H P ^ ' then r(n) = fK^i + ^) 
1=1 i = l 
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and so p \ {cj +1) for some j , ej =pk-l for some positive integer k. Without 

any loss take ei = pfc — 1 then 

r 

T{n) - kpYlici + 1) > /cp2'"(")-i > p2'"(")-\ (2.3.a) 
1=2 

Now, 

r •w{n) 

r{n) = H{n)S{n) = H{n)llS{p'^) < P I [ ^ 

iu(n) 

i=l 

Prom (2.3.a) and (2.3.b) we get 2™(")-̂  < w{n) + 1, which is not true if 

w{n) > 3. Hence w{n) = 2. But the only harmonic numbers of the form p°'q^ 

are perfect numbers by Lemma 2.2.7. Hence iip\n then n must be a perfect 

number. D 

PROBLEM: Is it true that given any prime p3 a, harmonic number n such 

that p I n? 

Theorem 2.3.2. Let p be a prime. If H{n) = 2p then 2p | n. Also, if 

H{n) = 3p then p \ n. 

Proof. H{n) is even so by Lemma (2.1.6), n is also even. Therefore, 2 | n. 

It is sufficient to show that p \ n. Suppose, p \ n, then p | T{n). Now, if 
r r 

n — PlPi* then T[n) = f l (̂ i + 1) and so p | (ei + 1), for some z, 1 < z < r 

i, e., ej = kp — 1, for some k. Without any lose, we can take ei = kp ~ \, 
T 

Pi= q and m — [JPi'- Then n = g*̂ P~̂ 7n with q\m. If w{n) < 2, n is an 
i=2 
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even perfect number and then H{n) is a prime number which is not the case. 

Therefore, w{n) > 3 i.e., •w{m) > 2. Now, 

H{n) = H{q^-P-^m) > H{q''^-^)H{6) > H{2^^-^)H{6) > kp. 

Thus, 2p > kp impUes k = 1. Also, H{q^~^) > p gives 

Now, 

^—^p < //(g'=P-^) < p. 

Him) = ^P 
H{qr>-^) 

i.e., 2 < H{m) < ^ 
q-1 

i.e., ^ = H{10) < H{m) < ^^ 
9 V / - V / ^ _ i 

Since m > 10, q< 10. Therefore, g = 2,3, 5,7. 

Casel: q = 7. In this case, n = JP-'^m with 7 \ m. So, - < /f (7^-^) < p. 
7 

Also, 2 < H{m) < -. Suppose m> 1. U w{m) = 2 then H{m) > 2.5. Also, 

if w{m) > 3 then H(m) > —. Therefore, m = 10 and n = 7^-^10. But 

7P-1 = 3 has no solution. Hence, g 7̂  7. 
5 

Case2: q = 5. In this case, 2 < if (m) < - . If p = 2,3,5, the statement holds 

by Theorem 5.2.5. So, we assume p >7. Therefore, 

H{bP-^) < ^~^] whence, H{rn) > 2.49. 

Claim 1: There does not exist an integer m satisfying 2.49 < H{m) < 2.5. 

If u;(m) > 3 then H(m) > H{2)H{3)H{5) = ^ > 2.5. So, we have, w{m) < 
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2. Let w{m) = 2 then m = p^q^, where e , / > 1. Now, if max(e,/) > 2 

then H(p^90 > H{2^)H{3) = — > 2.5. So, max(e, / ) = 1. If m is odd 

then H{m) > H{3)H{b) =- 2.5. Again if m even then H(26) = 2.47 and 

H{30) = 2.51. Similarly, w{m) = 1 is also not possible. Hence the claim. 

Case 3: Let q — 3 then n = 3^~^m with 3\m. Then, 

^p < H{3^-') < p 

i.e. 2 < H{m) < 3 

Now, if(3-^) = 1 ^ < 1 ^ . Hence, 

Therefore, 

2.998 < H(m) < 3. 

Claim 2: There does not exist an integer m satisfying 

2.998 < H{m) < 3. 

If u;(m) > 3 then H{m) > H{2)H{3)H{b) = ^ = 3.13 > 3. So, w{m) < 2. 

Now, let w{m) = 2 then m = ̂ ^^f^- Therefore, 

E{rn) = H{T^E{f^) > H{T')H{^^^) > 4, 

which is not possible as H{m) < 3. So, •w{m) = 1. If m = 2̂ ^ then 
O^^lp + 1 ^ 3 3 

^ ( " ^ ) = 261+1 - 1 • ^̂  - ^ ^^^^^ ^1 ^ ^ ~ 2 ^ ^•^•' ei + 1 > 6 - — and 

so H{m) > 3, which is impossible. Also if Ci = 1,2,3,4 then H{m) < 2.998. 
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Hence there exist no integer m satisfying 2.998 < H{m) < 3. 

Case 4: Let n = 2^~^m with 2\m. Since 

we have 

3.96875 < H{m) < 4. 

Such integers m satisfying wijn) > 2 and 2 j m are only 3^.23 and products 

of two distinct odd primes. First, put m = 3^.23 then we get 2^"^ = 104 

which has no solution. So, m ^ 3^.23. Next put m = pij92 then 

Hence the odd integer 2^ — 1 is equal to either pi, p2 or piP2- If 2̂^ — 1 = pi 

or p2 then 2^~^ = 0, impossible. Also, if 2^ — 1 = pip2 then 

P1P2 + 1 = (Pi + 1)(P2 + 1)) which has no solution. 

So, all possibilities of p f n are denied. Hence if H{n) = 2p then p\n. By the 

similar argument we can show that if H{n) = 3p then p\n. D 

PROBLEM: To determine whether or not any integer m such that m is 

relatively prime to p ( p is a prime ) and H{n) = mp implies p | n. 

PROBLEM: To determine whether p j H{n) imphes p | n. 

PROBLEM: Assume that H{n) is a triple of a prime. Is n arithmetic? 

Note that a positive integer n is said to be arithmetic if the arithmetic mean 
. . . . ., , (^(n) . 

01 its positive Aln) = —r-^ is an integer. 
r(n) 

Kanold [16] proved the following interesting result. 
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Theorem 2.3.3. For any positive integer c, there exist only finitely many 

numbers satisfying H{n) = c. 

Proof. Clearly, c > 0. Let Sc be the set of all natural number n such that 

H{n) = c. Also let Sc is an infinite set. We have w{n) < H{n) V n with 

w{n) > 2. So with out any loss assume ^n E Sc, w{n) < k where A; > 2 is a 
k 

fixed positive integer. Now let n̂  = H P ^ ' ^ ^^^^ "« ^ ^c then 
j = i 

c=t]H{pS')>H{p:n-
3=1 

Now H{p^^^) > —^^-—, Vj = 1,2 • • -A; as { - } is a monotonically in-

creasing sequence. Thus, Qy < 2c — 1, Vj = 1,2 • • • /c. Since 2c — 1 is a fixed 

quantity, the components aij of Pij can attain only finitely many values. 

Therefore we can construct a subsequence rij, of rti for which ai^j = cnj, Vj = 

1,2, •• -A;. In other words, ni^ = Piti"^•Pit2°'^• • • •Pitk°'''- With out any loss we 

can replace it by i then we have n, = Pii"^.Pt2"^- • • •Pik'^''- Now, the sequence 

{"t = Pi\°''^Pi2°''^ • • •Pik"''} is equivalent to sequence {(pil'*^J5^2°^ • • • ,Pik°"')}-

Now if range {Pij°'^} is finite then 3 subsequence which is infinitely constant. 

Also if range of {pij'^^} is infinite then 3 subsequence which is strictly increas­

ing. So we can construct a strictly increasing subsequence of sequence {rii}. 

With out any loss we can take the sequence {rij} is strictly increasing. Now 
k k 

let ni,n2 G {rij} with ni 7̂  n2. Also let ni = YlPii ^^^ ^̂ 2 = FIP^I'- ^ ^ W 

suppose 722 > ''̂ 1 then pjj ^ Pij > for all j with strict inequality for atleast 

one j . Now put bj = i^(p"j) > 0 V; and Oj = H{p^j) > 0 Vj. Thus 

% > bj, Vj and strict for atleast one j . (2.3.c) 
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Therefore c = aia2 • • • Ofc = 1̂̂ 2 • • -bk- Now, 

0 = ai02- • -Ofc — 6162 • • -̂ fc 

= (ai - 6i)a2 • • • afc + (a2 - 62)̂ 103 • • • f̂c H (ofc - f̂c)fti&2 • • • f̂c-i 

Therefore, Oj = 6i Vz = 1, 2, • • • A;, which is a contradiction to (2.3.c). Hence 

Sc can not be infinite. D 

Lemma 2.3.4. Let win) denote the number of distinct prime factors of n. 
2t«{n)+i 

For all n, Hin) > —T-T with the following exceptions n = p, 2p, 6p [p ^ 
w{n) + 1 

3), n = 30p{7 <p< 23) and n = 1,15, 21,70. 
t 

Proof. Suppose n > 1 and n = YIPT where p'^s are distinct primes. Now, 

^=s(n)=ns(p-)<n-^<n^=t+i=^n)+i. 
D' 2 ~1~ 1 T lT l ) 

Now, Pi> i + l gives —-— < therefore, H(n) > r-r- Vn. Thus, 
Pi— I i I + w[n) 

the theorem is proved for those n for which T{n) > 2'"(")+^ In fact, this 

is always the case except if n is squarefree or of the form p^m where m is 

squarefree and p \ m. Now, suppose n = piP2 • • 'Pr, then T{n) = 2̂ "̂ ") < 

2^(n)+i Again, if ra = / ^ i ^ s • • • ̂ r, then T(n) = 3.2™^")-! < 2'"(")+^ Also if 

n = Pî P2^ • • • p""" where either some aj > 3 or r > 2 and there exist i and j 

such that ai = aj = 2. If â  > 3 for some i then with out any loss take ai > 3. 

So, T{n) = (ai + l)(a2 + 1) • • • (a, + 1) > 2"^W+i. Again if ai = â  = 2, for 

some ij^ j we can take ai = 03 = 2 then r(n) > 9.2'̂ ^")-2 > 2'^(")+\ Hence 

the theorem. 

By inspection, we can show easily that the theorem is not true for the 

given values of n. D 

48 



Chapter 3 

k-Harmonoic Numbers 

In this chapter we study a generalization of harmonic numbers called k-

harmonic numbers. This study is all about finding a necessary condition for 

the existence of a A;-harmonic number as no A;-harmonic number could be 

determined so far for A; > 2. 

3.1 Definition and basic properties 

For any positive integer n > 1, the sum of the k-th. powers of the positive 

divisors of n is denoted by o"fc(n) i.e., <Jfc(n) = Y^d''. Clearly o-o(n) = T{n) 
d\n 

and cri(n) — a{n). 

Cohen and Moujie [6] have defined a number n > 1 to be a k- harmonic 

number or power harmonic number if the harmonic mean of the k-th powers 

of the positive divisors of n is an integer and it is denoted as 

Hk{n) = 
ak{n) 
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Till now, no k-harmonic number with fc > 2 could be found. Only we can 

able to know a number of necessary conditions that must be saisfied by such 

numbers. 

Definition 3.1.1. A power- harmonic number is said to be proper if it is 

k-harmonic for some integer A; > 2. 

We can easily -veriiy that ak{n) ioi k > 0 is multiplicative. Since o^{n) is 

multiplicative so is Hk{n). 

Now we discuss some basic properties of k-harmonic number. 

Lemma 3.1.2. A power harmonic number has atleast two distinct prime 

factors. 

Proof. Let n be a number such that w{n) = 1. Also let n = p°'. Then 

H (n) = "'""(") = P°HQ + 1 ) 

(^k{n) 1 -^p'=-f-p2A:_^pafc• 

N0W, p"'̂  j 1 + p'= + p̂ fc + pcik SQ^ 1 4. pfc ^ p2fc ^ ^ak I (a + 1), which is not 

possible. Hence, a power harmonic number has atleast two distinct prime 

factors. D 

Lemma 3.1.3. Ifn is k-harmonic, then Hk{n) < T{n) — 1. 

Proof. Suppose n is a k-harmonic number, then w{n) > 2. Now, Hk{n) = 
n T(TI) n 
—y—- < TIU) as —T-r < 1. But Hk(n) is an integer. Hence, Hhin) < 
(yk\n) CTkin) ° ' ' -

T(n) - 1. D 

Lemma 3.1.4. For n> I, Hi{n) < r(n) - 8 for all even harmonic number 

except for n = 6, 28,140,496,8128. 
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Proof. Since all harmonic numbers n with Hi{n) < 13 satisfies the above 

inequality except n = 6,28,140,496,8128. So we can take Hi{n) > 14. Now 

n > 2, we have, 

3 ^ 1 v^^l r{n) r{n) 

Thus, 

Now, 

Hence, 

2 ^-^d Hi{n) - 14 
d\n 

T{n) > 22. 

^ , , nrin) 2 , , ^ , , 22 
cr(nj 0 o 

^ i (n) < r ( n ) - 8 . 

D 

Remark 3.1.5. Hi{n) < T{n) — 10 for all even harmonic numbers with the 

above exceptions. 

Lemma 3.1.6. For a fixed integer n, Hk{n) is an increasing funchon of k 

and lira Hk{n) = T{n). 
fc—»00 

Proof. Let d be a divisor of n. Now, 

^kW - y- > r— > — = Hk-i{n). 

T— T—— T—— 

Hence, Hk{n) is an increasing function of k. Now, 

—TT-= 1 + > -TT-^ 1, as k-^ oo. 
d\n,d>l 

51 



So, 

Hence, 

, . r(n) I . , 
HkW) - —-TT -^ TW as A; -^ oo. 

n'^ 

lim-fffc(n) = T{n). 
k—>oo 

D 

Lemma 3.1.7. Let p be an odd prime and 2°"^ he a proper k- harmonic 

number ( i.e.,k > 2 ^. If k is even then 6 = 7 mod 8. Also if k odd then h is 

odd and {p + l){b+l) = 0 mod 16. 

Proof. Let n = 2°p^. Also let b is even. Now, 

2 ° y f e ( a + l ) ( 6 + l ) 

which is an integer. Since gcd{ak{p''),p^'') = gcd(crjt(p''),2"'^) = 1, 

ak{p'')\{a+l)ib+l). (3.1.a) 

Also, 

gcd(afc(2°), 2°'=) = gcd(cr,(p''), 2'̂ )̂ = 1, 

a,{p'')a,{2')\p''{a + l){b + l). 

z.e.,i7fe(n) > 2"̂ ^ (S.l.b) 

Now, if a < 6 then ak{p'') > p^^ > p^^ > Ŝ * > {2b + if > (a + l){b + 1), 

which contradicts ( S.l.a ). Also if a > 6 then Hk{n) > 2°-^ > 2^" > (a + 1)2, 

which contradicts the fact that if n is k-harmonic then Hk{n) < T{n) — 1. 

Hence h must be odd. Next let k be even. Also if b equivl mod 8 is not 
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true, then crjfc(p'') = 1 + p'' + • • • + p^^ = {b + I) mod 8. i.e., 8 \ ak{p^). So, 

ak{p^) = 2'^odd, r < 2. Hence 3.1.a gives 

^ | ( a + l ) ( 6 + l ) . (3.1.C) 

Also, 

Now, a , ( 2 " ) ^ is odd, a . ( 2 « ) ^ [ p^^a + 1 ) 1 ^ . 

z.e.,iffc(7z)>2'^^ (a.l.d) 

If a < 6 then (3.1.c)gives a contradiction. Again if a > & then also we 

get a contradiction. Thus b = 7 mod 8. Next if k is odd then ak{p'') = 

l + p + ---+p^'' = —^{p + 1) mod 8. If (6 + l)(p + 1) = 0 mod 16 is not 

true then 8 \ (Tk{p^) and so Ok{p^) = T'.odd, r < 2. Now, 

and so 

^ ^ l ( a + l ) ( 6 + l ) , (ifr = 2). (3.1.e) 

Claim: Hk{n) > 2"^-^. Now, 

oafe 

2°V'(a + l)(b + l) y-?>'"'(^+l)(b+l) 

2'-

Thus, i7;t(n) > 2°'=-'". If r = 1 then done. If r = 2 then (S.l.f) gives Hk[n) > 

2°'=-^ Hence the claim. 
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Now if /c > 3 and a < 6 then \ak{p'') > -p^'' > V^^ > ^^^ > (26 + 1)^ > 

(a+1)(6+1), which contradicts (3.1.e). Again if a > 6 then Hk{n) > 2°*̂ "̂  > 

2̂ ° > (a + 1)̂  > (a + l)(b + 1) = T{n), which contradicts the Lemma 3.1.3. 

Hence (b + l)(p + l) = 0 mod 16. • 

Lemma 3.1.8. / /p , q are primes such that p < q, and a, b are integers such 

that a > 6 > 1 and k > I, then iffc(p"q'') < Hk{p''q°'), with equality if and 

only if a = b. 

Proof, li a = b then clearly Hk{p°-q^) = Hk{p^q°'). Now suppose a > b and 

X = p'', y = q'' then the condition Hk{p°'q^) < Hk{p^q°') is equivalent to, 

i.e., xYix'^^ - ! ) ( / + ' - 1) < 2;V(x"+^ - 1)(/+^ - 1) 

i.e., x^y^y^^^ - a;"+̂ ) + x^y^ < x^y^x'''\y''^^ - x^^y"-^) + /^/^ (S.l.g) 

Now, 

3/ , L I 1 - ^ / **^ \0 ^ ^ / * * ^ \ 9 ^ J- J-

1 - (-)"+' > 1 - ( - f > 1 - ( — ^ ) 
y^ ^y^ ^x + l^ 

> > - > 
y y x + 1 x + 2 X x"-~^^ 

1 

,.a—h ^ „,a—b Also, x"'^ < y°-~^ gives 

2 ; V < x V . (3.1.i) 

Using (S.l.h) and (S.l.i), we can show that ( 3.1.i ) is true with strict in­

equality. D 

From the above result we get the following immediate corollary. 
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Corollary 3.1.9. If Pi,P2, • • • ,Pu are primes such that p\ < p2 < • • • < Pu, 

and ai ,a2) '" ' > ^u '̂ '"̂  integers such that ai > 02 > • • • > flu > 1, and 

k > 1, then Hk{vTpl^---pl-) < Hk{pTPT •' • Pu'')> where il,i2,---iu is 

any permutation of 1,2, • --it. There is equality if and only if this is the 

identity permutation. 

Lemma 3.1.10. Let the primes p,q and positive integers a,b,c,d satisfy 

p< q, p^q^ < p^q"^, 8p''+^ > V + ^ and (a + l)(fe + 1) = (c + l)(d + 1), then 

fork>2 andc>a>b> d, Hkip^q^) < Hk(j)''q'^). 

Proof. Let x = p'',y = q''. Then the condition Hk{p°'q^) < Hk{p'^q'^) becomes 

x'^y^x^^' - l)(y'̂ +^ - 1) < a;V(x"+^ - l)(y*+i - 1) 

i.e., x''+'^+\x' - y") + x^y* < x"+'=+^(y'' - y"^) + x V . 

Now, 8p"+i > 9g'̂ +^ gives. 

c"+i .9.^ 9 

Again, g > 3, so y > 3^. Also, 

Multiplying x'^y^, we have, 

^a+c+l(^6 _ yd) > y''+'^+l(a;'= - x«) . (3.1.J) 

Now, 

x^y^ = p'^'^q^^ < p'='=/'= = x'y'^. (3.1.k) 
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(3.1.J) and (3.1.k) gives 

X ̂ +'̂ + (̂:r̂  - y") + x'^y'' < x^+'+^y^ - y'^) + x'y'^. 

Hence for /c > 2, 

D 

Lemma 3.1.11. Let rii — nPi^N ^2 = FI^^ ^^ vrime factorisations with 
i = l i-l 

Pi < Qi for i= 1,2,3, • • • u. Then Hk{n\) < Hkiji^), for any k, with equality 

iff Hi =77,2-

Proof. An average is larger if the numbers it averages are larger. Since Pi < 

qi^i, therefore Hk{Pi^) < Hk{qi'), Vi Since Hk is multiplicative, Hk{ni) < 

Hk{'>T'2), for any k and the equality holds whenever n^ = n2. • 

3.2 Some necessary conditions for existence. 

In this section we mention certain necessary conditions for the existence of 

/c-harmonic numbers with k> 2. 

Theorem 3.2.1. If n is a proper k-harmonic number, then 

Proof. Since n is k-harmonic so by Lemma 3.1.3, 

Hk(n)<T(n)-l. 
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Therefore, 

Tin) > — ^ - 7 r = 1 H 7-N = i + 

- (Jk{n)-n^ Okin) ^ 
d\n \nj 

- 1 

Also, 

= 1+1 Ei l • P-2-) 
yd\n,d>l 

1 ^ 1 

(i |n,d>l m = 2 

where (̂A;) is Reimann's zeta function. Now, 

°° 1 1 '^ 1 

T n = l T n = 3 
c 

1 V r 1 
-7- + hm / -7 
2k c^ooJ2 a:* 

< 1 + — + Um / -^dx 

, 1 2 ^ A; + l 

2*= (fc-l)2* (fc-l)2'= 

0̂ - E j . < ( ^ - (3-2.b) 
d|n,(i>l ^ ' 

k — \ 
Hence (3.2.a) and (3.2.b) gives r{n) > 1 + -—-2^=. 

If for example, n is even but not divisible by 3, then 

^ ^ 1 1 1 1 1 1 1 
^ < ^ + 4fc + 5 ! + 7fc + gfc + 10̂= 

d |n ,d>l 
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and we may use (3.2.a) to obtain a better lower bound of T{n), for a given 

value of k. When n is k-harmonic with k > ko and 2 < /CQ < 8, we get the 

following values for a lower bound of T{n). 

2\n, 

2\n, 

2|n, 

2fn, 

3|n 

3\n 

3|n 

3\n 

2 

3 

4 

6 

12 

3 

6 

8 

21 

79 

4 

14 

16 

70 

466 

ko 

5 

29 

32 

223 

2566 

6 

59 

64 

693 

13635 

7 

121 

128 

2122 

70996 

8 

247 

256 

6446 

365021 

For example, if n is an odd k-harmonic number with A; > 6, then T{n) > 

693. 

Theorem 3.2.2. If n is a proper power-harmonic number, then r(ri) > 60. 

Proof. Essentially, we consider all n with 2 < T(n) < 59. Let us assume that 

n is a proper power-harmonic number and we get contradictions. If r(n) is 

prime, then n has only one prime factor and can not be a power-harmonic 

by Lemma 3.1.2. Among the other 41 values, the most complicated is that 

for which T{n) — 48 (corresponding to the fact T{T{n)), for 2 < T{n) < 59, is 

greatest when r(n) = 48) and we give certain details only in this case, except 

for one situation to be described more fully later. There are eleven subcases 

to be considered ( apart from the possibility n = p^'', which cannot be power-

harmonic by Lemma 3.1.2). These correspond to prime factorisations of n of 

the following forms: (a) n = pip"^, (b) n = p\p2', (c) n = p\p^, (d) pXpl^, (e) 

n = PIP2PI^, (f) n = Piplpl,{g) n = pip^pl (h) n = pjplpl (i) n = P1P2P3P4, 
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(j) n = P1P2P3P4, (k) n = PIP2P3PAPI- We treat them in turn, although not 

in the order indicated. 

By Lemma 3.1.6, for any integer m > 1 we may define k*{m) = min{fc : 

Hk{m) > T{m) — 1}. Again by Lemma 3.1.3, if k*{m) = 2 then m is not 

proper k-harmonic number for any k and, from the above table , k*{m) < 5 

if m is a proper k-harmonic number and T{m) < 58 ( accounting for our 

choice of "60" in the statement of the theorem, since 59 is prime). For 

integers mj > 1, i = 1,2, • • • w, we shall use the notation K{mi, m2, • • • rriy) = 

{kii k2,-- • , ky) to mean that k*{mi) — ki (or i = 1,2,- • • v. 

(d) Suppose n = PIPI, where, first, pi > P2- Calculation shows that 

/r(2^3^ 3^5^ 5^7^ 7^ll^ 11^13^) = (6,4,3,3,2). (3.2.C) 

If n = 2'^p^ for p> 2, then by Lemma 3.1.11, this confirms that n cannot be 

k-harmonic for A; > 6. If fc = 2 or A; = 4, Lemma 3.1.7 imphes that n cannot 

be k-harmonic; if fc = 3 or A; = 5, it may be verified by computer that 0-̂ (2 )̂ 

has at least three distinct odd prime factors so that 

^^(")=^^(2W 
cannot be an integer. A more general approach is available here: since 

22*= -f 1 = (2*= + 1)2 - 2'=+̂  

and 

2̂ '= + 1 = (2̂ '= + 1)2 - 2'=+! = (2^ + 1)' - 2̂ +2(2̂ = + 1)2 + 22'=+!, 

then 
08k _ 1 
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has at least three distinct odd prime factors for any A; > 1. If n = S'̂ p ,̂ with 

p > 5, then, as above, we need only check that crfc(3̂ ) has at least three 

distinct odd prime factors for A: = 2 and k = 3. We use a similar approach 

if n = 5'^p^, with p > 7, or n = 7^p ,̂ with p > 11. If n = p'^q^ for p,q 

with 11 < p < q, then using Lemma 3.1.11 and (3.2.c ), we have k*{n) — 2, 

and n is not proper k-harmonic. We suppose next that pi < P2, and write 

X(253^ 3^5^557^7^11^11^13^) - {kuk2,h,k^,k^). It follows from (3.2.c) 

and Lemma 3.1.8 that fci < 6, ^2 < 4, ^3 < 3, ̂ 4 < 3 and k^ = 2. We can then 

proceed numerically as before for the remaining cases, (c) Suppose n = pfpl^. 

We assume first that pi > P2, and write K{2^^3\ ?>^^5^, b^^7\ 7^ll l^ ll^HS^) 

= {ki,k2,k3,k4,k5). Since 2'̂ 3̂  < 2^^3^ 8.2» > 9.3̂ ^ and A;*(2^3 )̂ = 6, we 

have ki < 6, by Lemma 3.1.10. We may similarly estimate k2,- • -k^, and 

complete the proof as above. When pi < P2, we proceed in the manner of 

the corresponding part of ( d ).( a, b) In case (a), where n = Pipl^, and 

case (b), where n = Pipl^, we again proceed as before, except that in (b) we 

need not consider the subcase n = 2 ^ y , by Lemma (3.1.7). (h) Suppose 

n = PIPIPI- Assume first that max{pi,p2,P3) = pi. We calculate that 

K{2^3^5\ 3^5^7^ 5^73ll^ 7^11^13^ 11^13^17^) = (6,4,3,3,2). (3.2.d) 

If n = 2^p^q^ with 3 < p < g, then this implies that we need only show that 

Hk{n) is not an integer for 2 < A; < 5. Note here that 

2^^+^3p3^g^^ 
^'=(^) - (1 + 2'̂ )(1 + 22fc)a,{p3g2)" ^3.2.e) 

If fc = 2, then (1 + 2*̂ )(1 + 2'^^) = 5.17, so that p = 5 and g = 17 if H2{n) is 

to be an integer; but then (1 +17^ + 17^ f 5^), a contradiction. The situation 
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is similar if A; = 4. If A; = 3, then (1 + 2'=)(1 + 2^'') = S^S.IS; cancelling 3, the 

denominator of the right-side of (3.2.e) has at least three distinct odd prime 

factors so that H3{n) cannot be an integer. The situation is similar if /c = 5. 

We use similar arguments when n = 3^p^q^, ior b < p < q, or n = b^q^p'^, for 

7 < p < g, or n = 7^p^q'^, for 11 < p < q, oi n = r^p^q'^, ior II < r < p < q. 

Assume next that pi is between p2 and pa, or smaller than both p2 and ps, 

and suppose 

iC(2^3^5^ 3 V 7 ^ 5^7^11^ 7Ml2l3^ 11^13^17^) = (ki, k^, h, k^, k^) 

and 

K{2^3^5^, 325^7^ b^lhl^, 72ll3l3^ Il2l3^17^) = {h, k, h, k, k)-

By the Corollary of Lemma 3.1.8, Hk{2^3^b^) < Hk{2^3%^) a.nd Hk{2^3^b^) < 

Hk{2'^3^5^), and then, from ( 3.2.d ), fci < 6 and ii < 6. Similarly, k2, k < 4, 

^3,̂ 3 < 3, ki,l4 < 3 and ^5,̂ 5 = 2, we then proceed as above, (g) Here, 

n = P1P2P3, and we suppose first that Pi > P2 > Pa- We calculate 

i^(2^3^5, 3^5^7,5^7^11,7^11^13,11^13^17) = (6,4,3,3,2). (3.2.f) 

and eliminate remaining cases as before. Also as before, the corollary to 

Lemma 3.1.8 allows us to treat other orderings of pi,p2,p3 similarly, with no 

further calculations of specific values of k*{n). (f) We could proceed as in (g) 

in this case, n = P1P2P3, or we can make use of Lemma 3.1.8 and (3.2.f), as 

follows. Suppose Pi > P2 > P3 and write 

K(2''3^5,3V7,5^7^11,7^11^13,11^13^17) = (A;i, k2, h, k^, k^). 
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Since ^(2^335) = 6, 2^3^ < 2^3^ and 8.2^ > 9.3^ we have h < 6, and 

similarly k2 < 4, fcs < 3, k^ < 3, k^ = 2. The rest proceeds in the usual 

fashion. ( e, i, j ) The case (e), as well as the two cases (i) and (j), in which 

n has four distinct prime factors, may also be handled in this manner. We 

concentrate finally on the case in which n has five distinct prime factors, 

(k) We have n = PIP2P3PAPI- Suppose first that mm{pi,p2,P3,P4,P5) = Pd-

Calculations show that 

K{2'^3.5.7.11,3^5.7.11.13,5^7.11.13.17, 7^11.13.17.19, 

Il2l3.17.19.23,13^17.19.23.29) = (6,4,3,3,3,2). (3.2.g) 

If n = 2'^pqrs, with 3<p<q<r<s, then this means that we need 

consider Hk{n) only for 2 < fc < 5. We have 

^fcW(1^2'= + 22fe)(l + p^)(l + gfc)(l + rfc)(l + s^)-

Say k = 2. Since 1 + 2^ + 2^ = 3.7, then 7 | pqrs, if H2{n) is to be an integer, 

and then, since 1 + 7^ = 2.5^ ( so 5 | n ), 1 + 5^ = 2.14 ( so 13 | n )and 

1 + 13^ = 2.5.17, we are lead to the contradiction that 5^ | n^. If A; = 3 

and Hsin) is an integer, then, since 1 + 2̂  + 2^ = 73, 1 + 73^ = 2.7.37.751 

and 1 + 7^ = 2^.43, we have n divisible by 7.37.43.73.751; however, n has 

only four distinct odd prime factors, so this is a contradiction. It is similarly 

impossible to have A; = 4 or 5. We similarly use (3.2.g) to show that n is not 

proper k-harmonic if n = S^pqrs where 7<p<q<r<s, ovn = 7^pqrs 

where II <p<q<r<s, and it follows immediately from (3.2.g ) that 

this is the case if n = 13'^pqrs where 17 <p<q<r<s. The Corollary 

to Lemma (3.1.8) allows all other orderings of pi, • • -ps to be handled in a 
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manner corresponding to that described above in cases (h) and (g), but with 

special numerical arguments in each of the numerous subcases. We omit all 

remaining details concerning the case T{n) = 48. Elimination of all the above 

subcases follows since numerical factors appear in the denominators of the 

expressions for Hk{n) ( or by use of Lemma (3.1.7)). there are occasions 

in the complete proof when this is not possible. In these cases, r(n) has 

a divisor of the form I + p'^. { For larger values of T{n), there would be a 

corresponding problem when T{n) has a divisor of the form crjt(p°), for a > 1. 

) When n has four distinct prime factors, for example, this happens three 

times: when pi,P2,P3 are distinct odd primes and ( i ) n = 2piP2pl, k = 2; 

( ii )n = 3piP2P3 ( and 3 \ P1P2P3 ), ^ = 2; and ( iii ) n = 2piplpl, A; = 3. 

Of these, ( ii) is most easily eliminated, but the elimination is indicative of 

general approach. In this case, 

_ 3'pblpl2H _ 2'3V,PIPI . , , , . 
""^^^^ - (1 + 3^)a,{p,p,pl) - a,{p,p,pl) • ^'-'-^^ 

If H2{n) is an integer, then this shows that 9 | H2{n), since 3 f cr2{P\P2Pt)-

But, using Lemma (3.L11), the corollary to Lemma (3.L8), and ( 3.2.h), we 

have 

33 < i72(3.5Yll) < H2{n) < 36, 

so H2{n) = 34 or 35, this is a contradiction. 

D 

We remark that the smallest number with at least 60 divisors is 5040 = 

2''325.7, and the smallest such odd number is 135135 = 3^5.7.11.13. 

PROBLEM: To determine whether or not 60 is the greatest lower bound 

for T{n) in Theorem 3.2.2. 
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Theorem 3.2.3. If n is a proper power-harmonic number, then n > 10^°. 

Proof. A program was written with an outer loop incrementing n by 1 from 

2, but by virtue of Theorem (3.2.2), considering only those n with T{n) > 60. 

( These are the numbers 5040, 7560, 7920, 8400, • • •) Within an inner loop 

increamenting A; by 1 from 2, Hk{n) was calculated until it occured that 

Hk{n) exceeding T{n) — 1. This must happen, according to Lemma (3.1.6). 

No integer values were found for Hk{n). By Lemma (3.1.3) and (3.1.6), the 

inner loop could then be terminated. A number of computers were used 

with different ranges of values for n, and the process was stopped when 

n exceeded 10̂ *̂ . The program was written in UBASIC, making use of its 

facility for rational arithmetic to check that the obtained values of Hk{n) 

were indeed not integral. D 

We conclude this chapter with the following conjecture. 

Conjecture: There does exist any proper power harmonic number. 
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Chapter 4 

Unitary and Infinitary 

Harmonic Numbers 

In this chapter we discuss two generalizations of harmonic numbers, namely, 

unitary and infinitary harmonic numbers. We also list these numbers up to 

4.1 Unitary and infinitary divisors 

A positive divisor d of n is said to be a unitary or l-ary divisor if gcd{d, 2) — 

1. Using this, one defines the unitary divisor function a*^ as 

Definition 4.1.1. A positive integer n is said to be a unitary perfect number 

(in short, UPN) if (7^(n) = 2n. 
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Subbarao and Warren [20] listed four UPNs : 6,60,90 and 87360. They 

showed that every UPN is even and conjectured that there exist only four 

UPNs; however Wall [21] discovered the fifth one: 2^^3.5^7.11.13.19.37. 

79.109.157.313, an integer with 24 digits. He showed that this is the exact 

fifth one, that is, there exist no unknown UPNs less than the number above. 

It is still open whether or not there exist other UPNs. 

A positive divisor d of n is said to be a 2-ary divisoroin if gcd-^^d, ") = 1, 

i.e., the greatest common 1-ary divisor of d and f is 1; and in that case we 

write d [2 n. 

Inductively, we can also define the k-ary divisor of a number n. More 

precisely, we write d |A; ̂  if Z'^^k-ii^i ? )"• ' • • Note that k-axy divisors occur 

in pair, i.e., d is a fc-ary divisor of n if and only if ^ is also so. 

We mention the following two results for fc-ary divisors. 

Lemma 4.1.2. p^ \k Tp" if and only ifp^'^ \k p^• 

Proof. We have, 

f \k f ^P" \ f and gcdfc_l(p^p''-^) = 1 

^f-"" I py and gcdfc_i(p^-(''-^),p^-^) = 1 

D 

Theorem 4.1.3. For k> y - 1 >0, p^ \k p'^ if and only if p^ \y_i p^. 

Proof. The proof is by induction on y and k. For k = I, the result is true. 

Now suppose the result is true for y < K — 1. For k = Y — 1, there is nothing 
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to prove. Let the result be true forY — l < A ; < i i r — 1. Now consider y = Y 

and k = K. Suppose, p'^ \K p^• Also let p"" \Y-I p^• Then 1 < x < Y - 1 

and gcdy_2(p'^,p^~^) ^ 1. Let gcdy_2(p^,p^~'^) = p" where a > 1. Since 

p" \Y-2 P^, the induction hypothesis shows that p° |x-i p^, then again by-

induction we get p" \K-I P^- Similarly, p" |y_2 p^~^ and y — x < Y — I, 

p" | r - i - i P^ and then p" |/c-i p^~^. Hence, gcd;^_i(p^,p^~^) > p° > 1, 

which contradicts the fact p^ |i<r P^- Thus p^ |y_i p^. Suppose next that 

p^ |y_i p^ . Also let p^ fir p^, then x < F - 1 and gcd^-ilp'^.P^^'^) = P^ 

where b> 1, thenp** \K-I p^, and the induction hypotheses givep'' |i_i p^ and 

p'' \Y-2 P^- Similarly, we can show that p* |y_2 p^~^, which is a contradiction 

to p^ |y_i p^. This completes the proof of the theorem. 

D 

In view of the above results, we have the following defintion due to G. L. 

Cohen [4] 

Definition 4.1.4. Given any two integers a: > 0 and y > 0, p^ is said to be 

an infinitary divisor of p^ if p^ \y_i p^, and in that case we write p^ |oo p^-

The greatest common infinitary divisor of p* and p' is denoted by gcd^(p', p^). 

By convention, 1 |oo 1- We then have the following results for infinitary divi­

sors. 

Theorem 4.1.5. p^ looP'' if and only if gcd^{p^,p'"'^) = 1, where x <y. 

Proof. If ?/= 0, 1 or if X = 0,2/ then the result is trivial. Now, let y >2 and 

l<x<y — l. If p"" foo P^ then p"" \y_x p^ and so gcdĵ _2(p'̂ ,P^~'̂ ) = p° > L 
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Now, 

gcd^_2(p^p^-^) = p'̂  4^ p" |,_2 p^ and p" |,_2 p^-^ 

<;=;> p" |^_i p^ and p" |(y-x)-i p''"'', by Theorem(4.1.3) 

^p" |ocP"andp" |ooP^-" 

^ g c d ^ ( p ^ p ' " " ) > p ' ^ > l • 

Hence the theorem. • 

Theorem 4.1.6. p |ooP^ if and only if y is odd. 

Proof. If y = 1 then p |oo p, so we can assume y>2>. Now we have, 

P looP^ ^ gcd^(p,p''-^) = l^p\^ p" - ! 

<^ gcdoo(p,p^~^) > 1, by Theorem (4.1.5) 

^ gcd<^(p,/"^) = P ^ P loo P^~^-

Continuing this process we get, 

P loo P^ "^ P loo P, which is true. 

Hence the theorem. D 

Theorem 4.1.7. If y is even and p'^ loo P^; ^hen x is also even. 

Proof. Suppose x is odd then y — x is also odd. By theorem (4.1.6), we have, 

p loo p^ and p loo p^""" =̂  gcdoo(p'̂ ,p^~'̂ ) > p > 1 

which contradicts the fact p^ |oo P''- Thus x must be even. D 
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Remcirk 4.1.8. If x is even and p^ \oo P" then y may not be even. For 

example p^ |oo P^ since gcd^^p^^p) = 1. That is the converse of the above 

theorem is not true. 

Theorem 4.1.9. p^ \ooP^ if and only if p^^ |oo P^^ • 

Proof. We use induction on y. The result is trivial for j / = 0. Now sup­

pose the theorem is true for y < Y — 1. Consider y — Y. Clearly, we 

may assume 1 < x < Y — I. Suppose, p^ |oo P^ but p^"^ foo P^^• Then 

gcdoo(p^^, p^^"^"^) = p" where a > 1. This imphes p" |oo p^^ and p" |oo p^^"^"^-

Now by Theorem 4.1.7, a is even. Let a = 26. Since p̂ *" |oo P^^ and 

P̂** loo p^^~'^^, so by induction hypothesis we have, p** |oo P^ and p** |oo P^~^-

Then gcdoQ(p ,̂ p^~^) >p^ > 1, which is a contradiction to the fact p^ |oo P^-

Next suppose that p^ foo P^ then gcdoo(p^,p^~^) = p'^ for some c > 1. There­

fore, p^ loo P^ and p'^ loo p^~^. So by induction hypothesis, p̂ *̂  |oo p̂ "̂  and 

P^' U P^^~^^. So, gcd^(p2^p2y-2^) > pS'̂ , this imphes p^^ foo p^^. Thus if 

P^ loo P^ then p^^ loo P^^• Hence the theorem. D 

Theorem 4.1.10. Ifp^ |oo P̂  Cind y is divisible by 2^, for some j > 0, then 

X is divisible by 2K 

Proof. The result is trivial for j = 0. Suppose it is true for j = k. Now 

consider j = A; -I-1 then let y = 2'̂ "̂ â. Since y is even and p^ |oo p^ so by 

Theorem 4.1.7, x is even say x = 2w. Then by last theorem, p^ |oo P^ a-

Therefore by induction hypothesis w is divisible by 2*̂ . Hence x = 2^w = 

2^.2t = 2^^H. i.e., 2*=+̂  | x. Hence the theorem. 

D 
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As a consequence, we have the following two corollaries. 

Corollary 4.1.11. The mfimtary divisors ofp^" are 1 and p^". 

Proof. Since y = 2" i.e., y is divisible by 2", therefore by the last theorem, x 

is also divisible by 2". Thus, x = 2". Also 1 |oo P^"- Hence the corollary. D 

Corollary 4.1.12. For 0 < k < 2^ p'^' U P '̂"^^• for 2^ < k < 2J+\ 

Proof. Since p^^ has only two infinitary divisors 1 and p^^ itself. Also since 

0 < j'^ < 2̂  and gcd^{p'^\p'^) = 1, this implies p^^ |oo p̂ "̂*"*̂ . For the next 

part it is enough to show that p"^' foo P*"- Since 2^ < k < 2^'^'^, k = 2^ + t 

where 0 < t < 2K Therefore it is enough to show that p̂ ^ foo p̂ "̂*"' where 

0 < t < 2^. Using the first part we get gcdoo(p^^p^^+*) ^ 1. This implies 

that p^ foo p̂ "̂*"*. Hence the corollary. D 

Theorem 4.1.13. p^' \oop'iffy = 2J or 2̂  + 1 or 2̂  + 2 or • • • or 2̂ +^ -

1 mod 2^+1. 

Proof. We have, 

p'^ loo P' ^ gcd^(p2^,py-'') = 1 ̂  p^^ too P^-^^ 

<^gcd< (̂p^^P -̂̂ '̂Vp '̂ 

^/MooP^-^'" 

Replacing yhy y -2^^^, we have 
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In this way we shall have 

p'Uoo P'^ P'' loo p'-''"'\ (4.1.a) 

where I > 0 is the largest integer such that y — 2^'^^l > 2K Then 2̂  < 

y-2^^H < 2^'^^. Now using the first part of last corollary we get the required 

result. 

D 

Theorem 4.1.14. Lei y = Yjjfi^- Then p^^ |oo p^ if and only if y^ = 1. 

Proof. In the previous theorem we have shown that p |oo py if and only if 

2J + 2^^H <y< 2^+^(1 + 1) where / > 0 is the largest integer such that 
00 

y - 2^+H > 2K Now, 2^ + 2^+1/ <y < 2^+'^{l + 1) means y = Y.VkV'' where 
fc=0 

%• = 1. Now, 

y = 2^ + {yo2' + y,2' +•••+ y,_i2^-i) + yj+i2^+' + yj+22'+' + ••• 

= 2^ +a + 2^+^ p. 

where a = yo2^ + yi2^ + ••• + ?/j-i2^-^ and /? = yj+i + 2.yj+2 + •••• Now, 

a=?/o2° + yi2i + --- + %-i2^- ' 

< 1.2°+ 1.2̂  +•• • + 1.2 -̂̂  

= 2̂ ' - 1 < 2^. 

Putting P =1 we have, 

2̂ ' + 0 + 2^+H > 2̂ ' + a + 2^+^P < 2̂ +^ + 2^+H 

or, 2̂  + 2̂ +̂ Z <y <2^+\l + l). 

Hence p2' |ooP^- D 
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Theorem 4.1.15. Let x = I^a:;j2'' and y - x = YL^o^^- Then p^ |oo p" iff 

« 

Proof. Suppose first that Xl^j-^j T̂  0- Then 3 j such that x̂  = 2;̂  = 1. So, 

J?̂ ' loo P^ and p^^ loo P^~^, by last theorem. Therefore, gcd^{p^,p^~^) > 

p2̂  > 1. Hence p^ joo P^-

Conversely, suppose p^ foo p"- Let gcdoo(p'^,p^~^) = p" with a > 1. 

Also let a = J^^j'^''^ x — a = ^6^2-' and y — x — a = Ylcj2^. Now since 

a = ^aj2^ > 1 so ttj = 1, for some j . Also since p" |oo P^, by first part we 

get ^ajhj = 0. Thus b-, = Q^j. Now, x^ = Oj + 6j for each j . Hence Xj = 1. 

Similarly, p" |oo p""^ gives Xl'̂ jCj = 0, i.e., Cj = 0 Vj. Hence, Zj = aj+bj = 1. 

Thus X^^j^j 7̂  0- Hence the theorem. 

D 

Corollary 4.1.16. The mfinitary divisors of p^"^'^ are p^, 0 < x < 2" — 1. 

Proof Here, y = 2'' - 1. Let a; = Exj2^ and 2" - 1 - x = Y^zfiK So 
a-\ 

2° - 1 = X^(a;j +2j)2J. This implies x̂  + ^̂  = 1 Vj, 0 < < a - 1. Now 

if Xj = 0 then 2̂  = 1 and if x̂  = 1 then Zj — 0. Hence in both case, 

XlxjZj = 0. D 

Theorem 4.1.17. If p^ looP", P^ |ooP^ thenp^ |ooP^-

Proo/. Let X = Xl̂ ĵS ,̂ ?/ = ^%2- ' , y - x = Y^rj2^, z - y = Y.Sj'^^ and 

-z - x; = X^tj2^. Since p^ |oo P ,̂ 

^ x , r , = 0 . (4.1.b) 
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Also, p^ loo P̂  gives 

Y^VjSi = 0. (4.1.C) 

We are to show that Y^Xjtj — 0. Now y = X^(rj + Xj)2^. Since \/j, Xj = 1, 

therefore rj = 0, by (4.Lb). We have, yj = r^ + Xj, \/j. Now suppose that 

Xk — I, for some k therefore ffc = 0 and then j/fc = 1 and so Sk — 0. Now, 

z-x=iz-y) + iy-x)-= ^{rj + Sj)2^. 

Therefore, if A; = 0, ro + SQ = 0 which imphes to = 0. Again if fc > 0 then 

h = fk + Sk = Oii we do not have r̂  = Sj = 1 for any i < k. li u = Si = 1 for 

some i < k then by (4.1.b), Sj = 0 and by (4.1.c), yi = 0 and so yi=^ ri + Xi 

is not possible. Hence it follows that Yl^i^j — 0- Thus p^ |oo P -̂

D 

From the above theorem we see that the infinitary divisors satisfy transi­

tivity relation. However, in general, k- ary divisors do not satisfy transitivity. 

For, p Is p^, and p^ I5 p^, but p \^ / . 

Theorem 4.1.18. Suppose 2" < y < 2"+^. / /p^ |oo P^"^", thenp'^ |oo p^ and 

P^-^'' loo P^- / / a; < y - 2" and p^ U P^ /̂len p^ U P^^^". 

Proo/. Since 2" < y < 2"+^ y = 2" + 1 , where 0 < i < 2P. Now by corohary 

4.1.16 we get p^" | ^ p^'+\ i.e., p^" |^ pv. So, gcd^lp^-.pV-s") = 1. This 

gives p"''^" loo p^. Now, since p^ |oo p^~^" and p^"^" |oo p'', so by previous 

theorem p^ |oo p^- Now, let x = ^Xj2^ and y — 2" — x = ^2 ; J2^ . Since 

P"" U P""^" so 5]]̂ j-2j- = 0 . D 

Theorem 4.1.19. p^ |oo p^ ijS'' 0 «« odd. 
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Proof. We have, 

Q is odd «(^-; ; ;+")=odd 

<^ y — X and x has no powers of 2 common 

a 

4.2 Unitary harmonic number and its prop­

erties 

Let r*{n) and a*{n) be the number of unitary divisors of n and sum of the 

unitary divisors of n respectively. Also let H*{n) be the harmonic mean of 

the unitary divisor of n. Then we can easily verify that 

H'(n) = ^ . 
^ ^ a*{n) 

Following Hagis and Lord [14], if H*{n) is integer then n is said to be 

a unitary harmonic number (in short, UHN). Note that r*, a* and H* are 

multiplicative functions. If n = Pi^P2^ • • -p^* then we can easily show that 

T*in) = 2^ a*{n) = (1 +pT){l+P?) • • • {1+PT) 

and 
nT*{n) _ -A- 2pf' 

^ ' aHn\ -l-J-1 G*{n) ^ ^ ^ l + K 
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Proposition 4.2.1. Every UPN is a UHN. 

Proof. Let n be a unitary perfect number. Now, 

„ . ( „ ) . ! ^ = 5 ^ = 2 - M - ' (4.2.a) 

where u;(n) is the number of distinct primes of n. From (4.2.a), we see that 

H*{n) is an integer, i.e., n is a UHN. • 

Since H{n) = H*{n) if and only if n is square-free, we can reformulate 

Theorem 2.1.5 as follows: 

Proposition 4.2.2. Ifn is square-free and n ^ Q then n is not a UHN. 

Proposition 4.2.3. Ifn is an odd UHN then H*{n) is also odd. 

Proof. Let n = Pi'P2^ • • •p^^ where p[s are odd primes. Then 

Since p'^s are all odd so the denominator of (4.2.b) is a multiple of 2̂ " and 

hence it follows that H*{n) is odd. • 

Proposition 4.2.4. Ifn is an odd UHN, p" |( n, and p = Aj + 3 then a is 

even. 

Proof Let n = jfp^'' •••vT- Then 

2 2 ' " 2 
p" + 1 

If a is odd then p" = 3 mod 4 and then —-— is even. But numerator of 

(4.2.c) is odd, if a is odd H*{n) can not be integer. Thus a must be even if 

n is a UHN. D 
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Remark 4.2.5. If n is an even UHN and p" || n where p is the largest prime 

dividing n, then largest prime dividing H*{n) is less than or equal to p with 

exponent not exceeding a. 

Proposition 4.2.6. If n is a UHN, gcd{p,n) = 1 and (p" + 1) | 2H*{n). 

Then p°"n is also a UHN where p is a prime. 

2H*(n) 
Proof. Since ff*{n) is multiplicative, H*(p''n) = H*{p'')H*{n) = p"-—^. 

Since [p" + 1) | 2H*{n) so H^p^n) is an integer. Hence p^n is a UHN. O 

Analogous to Theorem 2.3.3, Hagis and Lord [14] proved the following 

result. 

Theorem 4.2.7. If Sc is the set of natural numbers n such that H*{n) = c, 

then Sc is finite (may be empty ) for every real number c. 

Proof. Suppose Sc is an infinite set then there exists an infinite subset Scm of 

Sc whose elements have exactly m distinct prime factors with 1 < m < [c]. 

Therefore it follows that there exists an infinite sequence {ni,n2, •••} of 

distinct integers with the following properties 

(I)ni e Scm-
m 

{Llj n j - P i P2 Ps -1 Pis Pis+1 Vim — ^ ilPij 

where p"^ < P2^ < • • •p'fSi < • • • < p^"* and P may be empty i.e., s = 1 

but s - 1 7̂  m 

and (HI) p^^' —> oo as z —> oo for j = s, • • • n. 

Now, 
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Therefore there exists a fixed positive integer v such that 

m 

YJ/f*(p50 = 2̂ "+̂ -̂  - ;̂, for i = 1,2, • • • 

= ^ n T - r ^ = 2 - + ^ " - ^ , fori=.l ,2,---

=> ?; = 0 (by (7/7)) 

m 

So, n ^ * ( P y ' ) = 2"^+ -̂% which is a contradiction to (4.2.d). This contra-

diction implies that Sc must be a finite set. D 

Now, let Tfc be the set of all unitary harmonic numbers which have exactly 

k prime factors. Hagis and Lord [14] gave the results for the sets Ti, T2 and 

Proposition 4.2.8. Ti is empty, i.e., power of a prime is never a unitary 

harmonic number. 

Proof. Let n = p". So, H*{f) = —-^-—. Since 1 + p " f 2p", so 7/*(p") can 
1 +P' ' 

not be an integer. Hence, Ti is empty. D 

Proposition 4.2.9. T2 = {6,45}, i.e., 6 and 45 are i/ie onZy unitary har­

monic numbers having two distinct prime factor. 

2^+1 
Proof. We have, 7 — - < H*{n) < 2^. Here, k = 2 and 7/*(n) is integer, 

H*{n) -2 or 3. Now let n = p'^q^. Without any loss assume, p° < q^. 

Case 1: H*{n) = 2. Then p" < 2, by Lemma 4.3.2. So, p" = 2. Then g*" > 3. 

Now 
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Hence, n = 6. 

Case 2: H*{n) = 3, thenp"^ < 6. So, p" = 2,3,4,5. p" = 2 gives q" = - 9 , 

impossible. Also p'* = 3 and p" = 4 are not possible. Now, if p" = 5 then 

q^ = 9. Therefore n = 5 x 9 = 3 2 x 5 . 

Hence, Ts = {6,45}. • 

Proposition 4.2.10. The set of all unitary harmonic numbers with three 

distinct prime factors is given by 

Ts = {60, 90,1512,15925, 55925}. 

Proof. By Lemma 4.3.3, H*{n) = 4,5,6, or 7 if n G T^. Let n = p^gV. 

With out any loss assume p" is the minimum prime power of p dividing n. 

We have 

•̂(") <f<,h!m^). (4.2.e) 

Casel: iir*(n) = 4 and then p" = 2 , 3 . p" = 2 gives H*{n) = H*{2q^r'') 

and then 3 | n. With out any loss assume q = Z then n — 2.3^r'^. Since n can 

not be squarefree s o 6 > l o r c > l . I f 6 > l then 

2.3^r^8 2 32.5.8 
4 = -7 rrr^ r > 3(l + 3'')(l + r'̂ ) - 3 ( l + 32)(l + 5)" 

This gives ft = 2 and r" = 5. Thus n = 2.3^5 = 90. If c > 1 then as seen 

above 6 = 1 and so n = 2.3.r'̂ . Thus, 

2.3.r^8 
~ 3.4.(1+ rc)" 

which is not possible. So, c > 1 is not possible. If p" = 3 then Lemma (4.3.2) 

gives q* = 1 + 3 = 4 and r^ = 3 + 2 = 5 and so n = 3.2^.5 = 60. 
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Case2: H*{n) = 5. By Lemmas (4.3.1) and (4.3.2) gives, p" = 2,3,4,5. If 

p" = 5 then Lemma (4.3.2) gives q'' = 6, impossible. So p° 7̂  5. Again 

H*{n) = 5 gives 5 | n. Assume q = b. Now p" = 2 gives r = 3 and 

n 
— n Kb oc 2.b\2,^. Also, H*{2.^^.2,") = 5 gives (S**-̂  - 3)(3'=-^ - 5) = 16, which is 

not possible. Similarly p* = 3, 4 are not possible. Hence if H*{n) = 5 then 

there does not exist any n G T3. 

Case 3: H*{n) = 6. Then n is even and p" = 4,5,7,8. As above we can show 

that p° = 4,5, 8 are not possible. Now let p" = 7. Also let q = 2. Then we 

get r" = a*", c > 1. Now, 

6 = 7 L t / f o ^ ^ (3 ' " ' - 2)(2''-i - 3) = 7 => 6 = c = 3. 
(l + 2'')(l + 3'=) ^ ^̂  ' 

Hence, n = 23.33.7 = 1512 . 

Case 4: H*{n) = 7 then 7 | n. With out any loss we can take q = 7 and 

then 7 < p" < 21 i.e., p" = 8, 9,11,13,16,17,19. Now let n = p"7V'^ with 

6 > 2. If p" = 8 then r^ = 3"= with c > 2. So, i7*(8.7''3'=) = 7 gives 

{3'-'^ - 7) (7*-^ - 9) = 2^ which has no solution. Next if p" = 9 then 

H*{9.7''.r^) = 7 gives 5 | r^. Let r = 5 then we get (7''-^ - 5)(5'^-^ - 7) = 36 

which gives 6 = 2 and c = 3. Therefore, n = 9.7^.5^ = 55125. Now, for 

p° = 11,16,17,19, there is no solution for H*{n) = 7. Again if p" = 13, then 

n = 13.7*.r^ So, (1 + r=)(H-7'') = 13.7*-2_r<=.4 which gives 7''-2 | (1 + r'=). If 

6 > 4 then 49 | (l+r'^) gives r'̂  < 97. But //*(13.7l97) > 7. Therefore 6 = 2, 

then we get r'^ = 25. So, n = 13.7^.5^ = 15925. Hence the proposition. D 

PROBLEM: To determine Tk where k>4. 

PROBLEM: To find a relation between suffix k in T^ and number of ele­

ments in the set Tk. 
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P R O B L E M : To verify whether the number of harmonic numbers having a 

fixed harmonic mean c depends on k where k = w{n). 

PROBLEM: How many harmonic numbers are there with w{n) — 2? 

4.3 Upper bound for UHN: 

In this section, we prove first the following lemmas. 

Lemma 4.3.1, // rf II 'T-, then rf > TT, ^̂  , . where, w(n) = k with 
J y w > f - 2k - H*{n) ^ ' 

equality if and only if k = 1. 

Proof. Let ^ > L Since p° \\n, n = p'^x with p\ x. Now, 

H*{n) = H*{p'^)H*{x) = -^H*{x) < - f — 2 ^ " ^ = 
l + p" 1 + p" 1 + p" 

This implies that p° = „ , . . Now if A; = 1 then n — p°' and then 
2-H*{n) ^ 

H*{n) - - ^ and hence / = ^^j"^} ,. D 
^ ^ l + p « ^ 2-H*{n) 

Lemma 4.3.2. / / p " {r'^} is the minimum (maximum) prime power divisor 

ofn then 
kH*{n) (fc-l)2^ + g*(n) 

^ - 2^-H*{n) ^ - 2'^-H*{n) ^' 

wt/i equality if and only if k = 1 or n = p^'q^r'^ where q'' = p"' + 1 (so that 

2 I n j and r'^ — p"' + 2 or c-0 {where q'' = r^ — 1, p'' — r'^ — 2 or a = 0} 

80 



Proof. Let n = p^'p^ •••pT- Take p^' = p". Then 

>2 

2p° 2p°^ _2p^ 

fc p" p" + l p" + A ; - l 

m this 

Again 

we get, 

taking p̂ '° = 

H*(n) 

= 

(p" + 1) p 

2V 
p'^ + k 

^ - 2*=-F*(n) ' 

r*̂ , we get 

= H\p-)H*{pl-) 

2vV 2pf 

r'^+ 1 

• • • i7*(r'=) 

2P?-Y 
i+p^-Y 

° + 2 

^c 

l + r'̂  

p'^ + k 

(4.3.a) 

From above we get 

- > - ' ^ ' ^ ^ ^ ^ -

Hence (4.3.a) and ( 4.3.b) are the required inequality. The equality holds 

only in the specified "exceptional" cases. D 

Lemma 4.3.3. Let n be a UHN with k distinct prime factors. Then 

nk+l 

~ A; + 2 - ^ ' 

Furthermore, we have first equality only when k = 2, second equality only 

when n= 2 or 6, third equality only when n = 1. 
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Proof. We have Vfc, 2̂=+̂  > A;̂  + 2k. Now, let n = p^^p^^ •••vT- Since 

{ } is a monotonically increasing sequence of real numbers and bounded 

by 1. Thus, 

2PT H\n) = Jl^^<\{2 = 2K (4.3.C) 

Again, 
i = l ^» i = l 

2̂= 
"̂"̂  fe ^ * / ' n ° ' ^ A: 1 j . r , ' * ' -

n=4^ n i i | ^ ni+-
1=1 Pi 1=1 Pi i= i Pi 

A; + 2 
(4.3.d) 

From (4.3.c) and (4.3.d), we get the required result. Now, if n = 2 then 
A ofc ofc 

H*{n) = -= -—-. Again if n = 6 then H*{n) = 2 = -—-. This 

completes the lemma. D 

Lemma 4.3.4. Let n bea UHN with k distinct prime factors, and H*(n) — c. 

Then the following facts hold, 

(a) Ifk<3, then n G {1, 6,45, 60,90,1512,15925, 55125}. 

(b) Ifc<5 then n 6 {1,6, 45,60,90}. 

Proof, (a) If A; = 0 then n must be equal to 1. Now by Proposition (4.2.8), 

we have there is no UHN with k = I. Again ii k = 2 then by Proposition 

(4.2.9), n = 6,45. Finally if /c = 3 then by Proposition (4.2.10), we have 

n = 60,90,1512,15925,55125. This complete the proves of part(a). 

(b) If c = 1, then by Lemma (4.3.3), k<c—l, which gives fc = 0,1. But 

for k — 1, there is no UHN by Propositon (4.2.8). Thus n = 1 when c = 1. 
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Now if c = 2 then by case 1 of Proposition (4.2.9), we get n = 6. Again if 

c = 3, then from case 2 of Proposition (4.2.9), we have n = 45. Next if c = 4 

then n = 60,90, by case 1 of Proposition (4.2.9). Finally, if c = 5 there is no 

UHN, by case 2 of Proposition (4.2.10). Hence completes the part(b). 

a 

Now, we have prove the following two theorems for the upper bounds of 

a UHN. 

Theorem 4.3.5. Suppose that n is a UHN with k distinct prime factors and 

H*{n) = c. Then it follows that 

(a) n <c'^ , 

(b) n < (2̂ *)*̂  with each equality if and only ifn= 1. 

a*(n) 2* 
Proof. Since (Jli{n) = ° , , = —, then by Proposition (1.4.5), 

n<ic+ lf"-\ic + if'" - 1) < (c + if. (4.3.e) 

If /c < 3 or c < 5 then by Lemma (4.3.4), we get the required inequalities. 

So, we may assume that k > 4 and c > 6. now since by Lemma (4.3.3), 

c < 2*= i.e., c-f- 1 < 2^ then (4.3.e) implies that n < {2^f = (22')^ Now, 

since A; < 4, 

2t+3 {k + 2)^ < 22'=+̂  => fc + 2 < 2 4 

Hence by Lemma (4.3.3) impHes that 

C > -, > ^ T T T = 2 4 . 

- fc+2 2 ^ 
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Therefore, 

2^ < 
c2 

Now, c + 1 < c^ if c > 6. Hence it follows that 

-^ 2 

D 

Theorem 4.3.6. There exists almost finitely many unitary harmonic num­

bers with the specified number of distinct prime factors. 

Proof. Let A; be a fixed positive integer. Since < H*{n) < 2*̂  Vn with 

w{n) — k. It follows that c = {H*{n)\ n is a UHN with w{n) = A;} is a finite 

set. Therefore by Theorem 4.2.7 the result follows. D 

CoroUciry 4.3.7. There are almost finitely many unitary perfect numbers 

with a specified number of prime factors. 

Proof. It follows immediately since the set of unitary perfect numbers is a 

subset of the set of unitary harmonic numbers. D 

PROBLEM: To find a result analogous to Theorem 4.3.6 for harmonic 

numbers. 

We conclude this section with the following table of UHN up to 10^. 
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Table 4.1: List of unitary harmonic numbers upto 10^. 

n 

1 

6 

45 

60 

90 

420 

630 

1512 

3780 

5460 

7560 

8190 

H*{n) 

1 

2 

3 

4 

4 

7 

7 

6 

9 

13 

10 

13 

n 

9100 

15925 

16632 

27300 

315000 

40950 

46494 

51408 

55125 

64260 

66528 

81900 

H*{n) 

10 

7 

11 

15 

10 

15 

9 

12 

7 

17 

12 

18 

n 

87360 

95550 

143640 

163800 

172900 

185976 

232470 

257040 

330750 

332640 

464940 

565488 

H*{n) 

16 

14 

19 

20 

19 

12 

16 

28 

10 

20 

18 

22 

n 

598500 

646425 

661500 

716625 

790398 

791700 

859950 

900900 

929880 

H*in) 

19 

13 

12 

13 

17 

29 

18 

33 

20 

4.4 Infinitary harmonic number and its prop­

erties 

Let P be the set of all primes and let / = {p^" : p & P,cx e No}. From the 

fundamental theorem of arithmetic and the fact that the binary representa­

tion of a natural number is unique, it follows that if n > 1 then we can write 

it in exactly one way (except for the order of the factors) as the product 

of distinct elements from L Each element of I in this product is called an 
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I-component of n. 

Let the number of I-components of n be denoted by J{n). Then clearly, 
00 

J(l) = 0 and if y = Y^yi^^ where j/j = 0 or 1, then we can easily show 
i=0 

that J(p^) = YlVi- J is an additive function so that if n = H P^ then 
pv\\n 

J{n) = E JiP"")-
py\\n 

Definition 4.4.1. A positive integer d is called an I-divisor of n if every 

I-component of d is also an I-component of n. 

Now if <Ji{n) is the sum of the I-divisors of n, then CTI{1) = 1 and oilp^) = 

Y[ (1 -j-p^') if y = YlVi^^- We can easily show that o"/ is a multiplicative 

function so that if n = [][ j?^ thencr/(n) = f| 11 (1+P^')- Also if r/(n) is the 
pv\\n pv||n2/i=l 

number of I-divisors of n then r/(n) = Yl 2"^^^^^ = 2-'^'^\ The set of infinitary 
py\\n 

divisors of n is equal to the set of I-divisors of n. Therefore, if roo(n) and 

(7oo(n) denote the number and sum, respectively, of the infinitary divisors of 

n, we have T^{py) = 2^^^, Oooip^) = E (1 + P^') where y = Yl Vj'^^• 

Now, if n = n P^ ^'^^ y — YlVj'^^y ^^^^ 
py\\n 

-Tooin) = 112'^"^ = 2^H^ 
pv\\n 

where J{n) = E J{p'") = E Z î 
pvyn pv\\n 

and 

P''||ny,=l 

The infinitary harmonic mean of n or the harmonic mean of the infinitary 
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divisors of n is given by 

' '°°^' '^ a^in) a,(n) = n n (1 + P^O i ^ U 1 + P̂ " ' 

If Hoo{n) is an integer then n is said to be an infinitary harmonic number 

(IHN) and the set of all infinitary harmonic number is denoted by X. It may 

also be mentioned here that a positive integer n is said to be an infinitary 

perfect number (IPN) if croo('̂ ) = 2n. 

The following two results are similar to Proposition 4.2.1 and Lemma 

4.3.3. 

Proposition 4.4.2, Every IPN is an IHN. 

Proof. Let n G IPN, then aoo{n) = 2n. Now, 

(Tooin) 2n 

which is an integer as J{n) > 1. Thus n El. D 

Lemma 4.4.3- Let J{n) — J. Then, ifn>l, 

X 
Proof, Since { - } is monotonically increasing and bounded above by 1 

J/ ~r J-

for positive values of x, we have, 
2* z 

pv\\nyi=\ ^ 

Also, 

-'-. V + P ' ' ~ 34 J + 2 J + 2 ^ ' 

Hence the lemma follows from (4.4.a) and (4.4.b). D 
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Note that we have equality on the left in the above lemma if and only if 

n = 2 or Ti = 2.3 or n = 2^.3 or n = 2^.3.5. Also Hoo{n) = 1 if and only if 

n = 1. 

Lemma 4.4.4. Suppose that there are s zeroes in the binary representation 

ofy. Then 
r{py) ^ r + 1 

roo(p^) 

t 

Proof. Let y = Xl^i^* where yt = 1. Since There are s zeroes in the binary 
i=0 

representation of y, 

y > 1 + 2 + 2̂  + • • • 2'-"-^ + 2' = 2* + 2*-' - L 

Therefore, 
r{py) _y + l 2* + 2*-* _ 2̂  + 1 

D 

Theorem 4.4.5. For all n, H*{n) < Hooin) < H{n). For n > I, equality 

holds on the left iff p''^ \\ n implies y = 2°̂ , and on the right iff p^ \\ n implies 

y=2^-l. 

Proof Since H*{1) = H^{1) = H{1), so let n > 1. If py \\ n implies that 

7/ = 2", then 

Since H* and i/oo are each multiplicative, it follows that H*{n) = Hoo{n). 

Now suppose p^ II n and y =A 2"' then y = 2'^' + 2°^ + • • • + 2°^ where 

ai > Q2 > • • • > ftu > 0 and u > 2. It follows that 
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H*{py) ^ 2py (i + p^"^)(i + p^°^)---(i+p^°") 

2U-1 py 

1, 1 1 
<5( i + 5 + 55 + ---) = i 

Thus, 

Since, H* and i/oo â re multiplicative, 

H*{n) < H^{n). 

If p^ II n implies that y — 2^^ — 1 then 

p^ — 1 

Since, H* and ifoo are multiplicative, it follows that 

H*{n) < H^{n). 

Now, suppose that p^ \\ n and y ^ 2^ — 1. There are several cases arise . 

Suppose first that there are s zeroes in the binary representation of y where 

s > 2. Then since p > 2, 

H{py) _ T{py) a^P') ^ 2 ^ + 1 {i + py){p -1) 

Hooipy) Tooipy) o[py) - 2 p v + i - i 
_ ^ ^ 3(p^+^-5p^ + 5 p - 3 ) ^ ^ 

2(pi/+i _ 1) 
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Now suppose that y is odd then by Theorem 4.1.6, we have p ||oo P" and so 

P^'^ lloo P^- Therefore, using Lemma 4.4.4 with s > 1 we get 

H{py) _ r{py) a^ipy) ^ 2 ^ + 1 (1 + P ^ ) ( P - 1 ) 
H^{py) T^ipy) a{py) - 2 py+^-i 

2{py+^-l) • 

Lastly, s = I and y is even. Then the binary representation of y has the form 

11 • • • 110, so that 2 ^ - 2 where 7 > 2. If 7 = 2, then 

H{py) _ H{p') ^,^ ^ {p-lf ^ ^ 

Next if 7 > 3, then 

H{py) ^ Hip'-"-') ^ 2 ^ - l ( p ^ - - l ) ( p - l ) 
Hooipy) HUP'''-') 27-1 (p2 - l)(p2-r-l) 

Ti -I p 4 J_ 4 7 
^ 2T-1 p + 1 - 3^ ~ 2 ^ ^ - 3 8 ^ • 

Therefore in all cases, 

H{py)>H^{py). 

Since i7 and H^o are multiplicative, so it follows that 

H^[n) < H{n). 

This completes the proof of the theorem. D 

From the Theorem 4.4.5 and Lemma 2.1.5, we can easily obtain the fol­

lowing result. 

Lemma 4.4.6. The only square-free mfinitary harmonic number is 6. 
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Proposition 4.4.7. / / n is odd, n ET , p^ \\ n and p = im + 3, then y is 

even. 

The following Proposition gives a criterion for obtaining one IHN from a 

given IHN. 

Proposition 4.4.8. If n e l , gcd{p,n) = 1 and a^ijp'') \ Too{p^)Hoo{p''^), 

then p^n G X . 

Proof. Since H^o is a multiplicative function, 

Hocip'n) = H^{py)H^{n) = ^'^°°}^%^{n) = integer. 

Hence the lemma. D 

Analogous to Theorem 2.3.3, Hagis and Cohen [15] proved the following 

result. 

Theorem 4.4.9. If Sc is the set of natural numbers n such that Hoo{n) — c, 

then Sc is finite ( or empty ) for every real number c. 

2C+1 
Proof. By Lemma (4.4.3) and the fact that c < Vc > 0, we can say 

that the number of I-components of n is bounded above by c. Assume that 

5c is infinite. Then Sc must contain an infinite subset Scm, each of whose 

elements has exactly m I-components. So there exist an infinite sequence 

'̂ 1,̂ 2,5^3 • • • of distinct integers with the following properties. 

(i) rii e Scm 
m 

(ii) n, = p r • • -PT-TVI:- • ••P^ = P n ^ r . ^^ere pf- < • • -ptT < 
j=s 

PYS" < P^rrT <̂̂ ^ ̂  ~ 1)2, • • •• The p-s are primes which are not necessarily 
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distinct; P may be an empty product, but s — \^ m. 

(iii) jpfj'^ —> oo as z —> CO for J = s,---m. 

We know that 

From (i), (ii), ( 4.4.c) and the fact that i/oo is multiplicative, we have 

^=n^.(pr)=2»-nrfk-<= 
Therefore, there exists a fixed positive integer v such that 

Y[H^{PT;') = 2^-^^'-V). (4.4.d) 
3=s 

But from (iii), it follows that 

l imi /oo(pr ) = 2, 

for J = s,- • -m. Therefore, for large i, 
m 

0=9 

This is a contradiction to (4.4.d). Hence, ^c must be a finite set. D 

Analogous to Theorem 4.3.6 we mention the following result. 

Theorem 4.4.10. There exist almost finitely many infinitary harmonic num­

bers with a specified number of I-components. 

Proof. Consider the elements of J with precisely k components. There are 
2^+1 

only finitely many integers between and 2*̂ . If / is one of these integers 
/c + 2 

then by previous theorem, Si must be finite ( or, empty ). Hence the theorem. 
D 
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Corollary 4.4.11. There is atmost a finite number of infinitary perfect num­

bers with a specified number of I-components. 

Proof. Since every IPN is an IHN, the corollary follows from the previous 

theorem. D 

We conclude this chapter with the following list of IHN up to 10^. 

Table 4.2: List of infinitary harmonic numbers up to 10^. 

n 

1 

6 

45 

60 

90 

270 

420 

630 

2970 

5460 

Hoo{n) 

1 

2 

3 

4 

4 

6 

7 

7 

11 

13 

n 

9100 

15925 

27300 

36720 

40950 

46494 

54600 

81900 

95550 

136500 

Hoo{n) 

10 

7 

15 

16 

15 

9 

20 

18 

14 

25 

n 

163800 

172900 

204750 

232470 

245700 

257040 

409500 

464940 

491400 

646425 

Hoo(n) 

24 

19 

25 

16 

27 

28 

30 

18 

36 

13 

n 

716625 

790398 

791700 

819000 

900900 

929880 

955500 

Hoo{n) 

21 

17 

29 

40 

33 

24 

28 
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Chapter 5 

Harmonic Seeds and List of 

Harmonic Numbers 

In this chapter, we study a special type of harmonic numbers called harmonic 

seeds. As the name suggests this type of numbers seems to form the nucleus 

of all harmonic numbers. We also tabulate all harmonic numbers up to 10^ .̂ 

5.1 Harmonic seed 

Although, it is not easy to extend the direct search for harmonic numbers, we 

shall show through the introduction of harmonic seeds, which was introduced 

by Cohen and Sorli [7]. 

Definition 5.1.1. Let n be an positive integer then a divisor of n is said 

to be a unitary divisor of n and n is a unitary multiple of d li d \ n and 

gcd(d, - ) = 1. Also d is called proper unitary divisor ii d > 1. 
a 
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Definition 5.1.2. A harmonic number is called a harmonic seed if it does 

not have a smaller proper unitary divisor which is harmonic. 

Every harmonic number is unitary multiple of a certain seed. It is con­

jectured that such a harmonic seed is unique. In Table 5.4, we marked all 

the harmonic seeds with an asterisk. 

Remark 5.1.3. Any harmonic number is either itself a harmonic seed or 

a unitary multiple of a harmonic seed. For example, n = 2^.3^.5^.31 is 

harmonic with H{n) = 27; the proper unitary divisors of n are the various 

product of 2 ,̂ 3^, 5̂  and 31. Since 2^.5^.31 is harmonic and does not itself 

have a proper unitary harmonic divisor. So it is a harmonic seed of n and in 

all of these cases the seed is unique. 

Remark 5.1,4. Since there are no harmonic numbers of the form p" and the 

only harmonic numbers of the form p°'q'' where p ^^ q are primes, are even 

perfect numbers. So even perfect numbers are harmonic seeds and besides 1, 

all other seeds have atleast three distinct prime factors. 

Now we are going to discuss an algorithm for determining all harmonic 

seeds less than 10^ .̂ From the second remark we are able to know that even 

perfect numbers are harmonic seeds and all other harmonic seeds, besides 

1, have atleast three prime factors. Now let 2" || n, where o < 35 since 

2^^.3.5 > 10^2. We are now going to construct an even harmonic seed n, based 

on specific components 2", 1 < o < 35, by calculating H{n) simultaneously 
2^^r(2^^) 

with n until /^(n) is an integer. Take a = 13 then H(2^^) = — 

2147 
a{2i3) 

Choosing the largest prime in the denominator, either 127'' || n for 
3.43.127 
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1 < 6 < 3 since 2^^.3.127^ > 10^^ or p^^e | „ foj. ^^^^ ^ g^ ^j^^t 127 | T{n). 
2^ 7 

Now if b = 1 then H(2^^127) = — - so that 43̂ = || n for 1 < c < 3 since 

2^^.127.43.11 > 10^^ or p"*̂  | n. In the similar way, we then take , in particular 
2'''7 2^ 7 

i/(2i3 127.43) = — r , F(2^^12743.11) = —2-. In this stage we must have 
0.1 i o 

3̂ ^ II n for 1 < d < 6, or p^ \ n for two primes p, or p^ \ n for some 
2^.3.7 

prime p. Considering all possibilities we get if(2^^.127.43.11.3^) = —^-^ , 
5 

i/(2^^127.43.11.3^5) = 2^7 and so 2^^127.43.11.3^.5 is a harmonic seed. Odd 

harmonic seeds upto 10^^ were sought in the same way. 

Theorem 5.1.5. Suppose n and ngig2<?3 • • -Qt ore harmonic numbers, where 

q\ < q2 < • • • < qt o.^^ primes not dividing n. Then nqi is harmonic, except 

when i > 2 and qiq2 = 6, in which case nq^q^ is harmonic. 

Proof. Assume that t>2. First suppose that qi > 3. Since nqiq2qz • • -qt is 

harmonic number and H is multiplicative, 

H{nqxq2qz •••qt) = H{n)H{qi) • • • H{qt) 

= Hin) = h, say. 
91 + 192 + 1 qt + l 

Then 

Since 

2 

so qt \h and then 

rji ^ oi + 1^2 + 1 g t + 1 
H{n)qiq2qz •••Qt^ h ^ -—. 

qi + l g2 + l ^ ^ qt + l ^ 

TJi hqt + 1 
H{nqiq2q3 • • • qt-ij = TT—, an mteger. 

Qt ^ 
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Applying the same argument to the harmonic number nqiq^qz • • -qt-i and 

repeating as necessary, we get H{nqt) = integer, i.e., nqi E H. For the next 

part we take qi =2 then 92 = 3 and n is odd. Now, 

Hinqiq2) = H{n)H{q{)H{q2) = 2H{n), 

which is an integer since n is harmonic. Hence nqiq^ is harmonic . D 

From the above theorem we get the following remark. 

Remark 5.1.6. If n and nqi are harmonic numbers with qi > 2,qi \ n then 

^ ^ ^ I H{n) i.e., gi < 2H{n) - 1. 

PROBLEM: Are there infinitely many harmonic seeds n with w(n) = 3? 

If not, find all such n. Does an odd one exist? 

PROBLEM: Does every harmonic number have a unique harmonic seed? 

5.2 List of harmonic numbers 

We first make a list of all harmonic numbers of the form 2"m with m square-

free and 1 < a < 11. 

Theorem 5.2.1. The only harmonic numbers of the form 2°'.m, where m is 

odd and squarefree and I < a < II, are those listed in the following tables: 
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Table 5.1: 

a 

1 

2 

3 

4 

5 

6 

7 

8 

9-11 

All 2°"m € H with m odd and squarefree 

2.3 = 6 

2^.7 = 28, 22.5.7 = 140 

none 

2 l31 = 496 

2^3.7= 672 

2^127= 8128, 2^.13.127 = 105664 

none 

see Table 5.2 

none 

Table 5.2: 

AH 2^m € Ti with m odd and squarefree 

2 ^ 3 . 5 . 7 . 11 . 19 . 23 . 37 . 43 . 73 = 15007087898880 

2̂  .3 . 5 . 7 . 11 . 19 . 23 . 37 . 73 = 349002044160 

2 ^ 3 . 5 . 7 . 11 . 19 . 37 . 43 . 73 = 652482082560 

2̂  .3 . 5 . 7 . 11 . 19 . 37 . 43 . 73 . 257 = 167687895217920 

2 ^ 3 . 5 . 7 . 11 . 19 . 37 . 43 . 73 . 1031 = 672709027119360 

2 ^ 3 . 5 . 7 . 11 . 19 . 37 . 47 . 73 = 713178090240 

2« .3 . 5 . 7 . 11 . 19 . 37 . 47 . 73 . 1033 = 736712967217920 

H{n) 

989 

506 

516 

1028 

1031 

517 

1033 

contd. 
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All 2^m G H with m odd and squarefree H{n) 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 . 3 . 

28 .3 

28 .3 

28 .3 

28 .3 

28 .3 

28 .3. 

28 .3 

28 .3 

28 .3 

28 .3 

28 .3 

28 .3 

28 .3 

5 . 

5 . 

5 . 

5 . 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5. 

5 

5 

5 

5 

5 

5 

. 5 

7 . 

7 . 

7 . 

7 . 

7 . 

7 . 

7 . 

7 . 

7 . 

7 . 

. 7 . 

7 . 

7 . 

. 7 . 

11 . 

11 . 

11 . 

11 . 

11 . 

17 . 

17. 

17 . 

17. 

17. 

17. 

19. 

19. 

19. 

7. 19. 22 

. 7 

. 7 

. 7 

. 7 

. 7 

. 7 

. 7 

19. 

19. 

19. 

19. 

19 

19 

19 

19 . 

19 . 

19. 

19. 

19 . 

19. 

19 . 

19. 

19 . 

19 

19. 

2 3 . 

2 3 . 

23 

t. 37 

31 

31 

31 

31 

37 

37 

37 

37 

37 

37 

37 

37 

31 

31 

37 

37 

37 

37 

37 

37 

37 

73 

37 

37 

37 

37 

47 

47 

47 

, 73 = 15174001920 264 

. 73 . 131 = 1987794251520 524 

. 73 . 131 . 523 = 1039616393544960 1046 

. 73 . 263 = 3990762504960 526 

. 73 . 263 . 1051 = 4194291392712960 1051 

. 37 . 61 . 73 = 44345330883840 1037 

. 37 . 73 = 726972637440 527 

. 67 . 73 = 1571198926080 536 

. 73 = 23450730240 272 

. 73 . 271 = 6355147895040 542 

. 73 . 271 . 541 = 3438135011216640 1082 

. 73 = 31727458560 276 

. 73 . 137 = 4346661822720 548 

. 73 . 137 . 547 = 2377624017027840 1094 

137. 547. 1093 = 2598743050611429120 2186 

. 61 . 73 = 2608548875520 549 

. 61 . 73 . 1097 = 2861578116445440 1097 

. 73 = 42763096320 279 

. 73 . 557 = 23819044650240 557 

. 73 = 64834371840 282 

. 73 . 281 = 18218458487040 562 

. 73 . 281 . 1123 = 20459328880945920 1123 

contd. 
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All 2^m e Ti with m odd and squarefree H{n) 

2̂  .3 . 5 . 7 . 19 . 37 . 47 . 73 . 563 = 36501751345920 563 

2̂  .3 . 5 . 7 . 19 . 37 . 71 . 73 = 97941285120 284 

2* .3 . 5 . 7 . 19 . 37 . 71 . 73 . 283 = 27717383688960 566 

2̂  .3 . 5 . 7 . 19 . 37 . 73 = 1379454720 144 

2̂  .5 . 7 . 11 . 19 . 31 . 37 . 61 . 73 = 9564679210240 671 

2̂  .5 . 7 . 11 . 19 . 31 . 37 . 73 = 156798019840 341 

2̂  .5 . 7 . 11. 19 . 37 . 43 . 73 = 217494027520 344 

2̂  .5 . 7 . 11 . 19 . 37 . 73 = 5058000640 176 

2« .5 . 7 . 19 . 23 . 37 . 73 = 10575819520 184 

2̂  .5 . 7 . 19 . 23 . 37 . 73 . 367 = 3881325763840 367 

2« .5 . 7 . 19 . 23 . 37 . 73 . 367 . 733 = 2845011784894720 733 

2̂  .5 . 7 . 19 . 31 . 37 . 61 . 73 = 869516291840 366 

2« .5 . 7 . 19 . 31 . 37 . 73 = 14254365440 186 

2̂  .5 . 7 . 19 . 37 . 47 . 73 = 21611457280 188 

2̂  .5 . 7 . 19 . 37 . 73 = 459818240 96 

2« .5 . 7 . 19 . 37 . 73 . 191 = 87825283840 191 
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Proof. For each value of a in turn, we put n = 2"m, where m is odd and 

squarefree . Also let n is harmonic. Now if a = 1 then n — 6. Next if a = 2 
O'(O) -J-r Q' 

then n = 2^m. Now let q' = —rr where g is a prime and Q, s = FI "4 where 

q[s are all distinct primes and 1 <j < s. Then clearly Qj,s — H{qjqj+i • • -qs)-

Now (7(2 )̂ = 7 and so 7 I nrin) but 7 f r(n) and so 7 || m. Therefore 7 || n. 

We can write n = 2̂ .7A; where k is an integer such that either k = I ov k 

is squarefree and gcd{k, 14) = 1. Now if A; = 1 then n = 2^.7 = 28 which is 

a harmonic number. If k ^ I then let k = qiq2- • • qs where gi's are distinct 

primes with qi < q2 < •••qs- Then Hin) = 3H(k) = 3—r-, r- Since 

H{n) is an integer therefore the denominator can be fully factored into the 

the numerator to produce an integer. It follows that q[ = 3 i.e., gj = 5. 

Now if s = 1 then n = 2^.5.7 = 140 which is a harmonic number.If s > 1 

then H{n) = 5— j . Since q[ < gi < gg, Vj > 1. If we take q'^ = 5 then 
9 2 • • • 9 s 

g2 = 9 which is not possible. So, s > 1 is not possible. Hence if a = 2 

then the only harmonic numbers of the form 2".Tn are 28 and 140. Now if 

a = 3,7,9 then a{2^) = 3.5, cr(2^) = 3.5.17, a{2^) = 3.11.31. We know 

that if a is a positive integer such that for some prime p, p = 2 mod 3, 

3p I cr(2°) and gcd(3p, a + 1) = 1 . Also if m is an odd integer such that 

2'^m is harmonic then m can not be squarefree, by Lemma 2.1.10. Using this 

result we can easily show that if m is squarefree then there is no harmonic 

number of the form 2°"m where a = 3,7, 9. Next let a = 4 then n = 2^m. Then 

cr(2'̂ ) = 31 and 31 || n. We can write n = 2"*.31.A: where k is an odd integer 

such that gcd(A;,31) = 1 and either fc = 1 or A; is squarefree. li k = 1 then 

n = 2^.31 = 496, which is a harmonic number. If k is squarefree > 1, then let 

101 f ^'^ - ^ ^ ^"-

• j " ^ \\ <(\(i^ _.."). 
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k = qiq2 • • -Qs where q'^s are distinct primes such that gi < 92 < • • • ^s- In this 

case H(n) = 5Qi , = 5^)^^ " ' ̂ ' • To get H{n) integer let qi = 5 then gi = 9, 

impossible. So s > 1 is not possible. Similarly we can show the theorem for 

a = 5,6,10 and 11. Now consider the case a = 8 and a(2^) = 7.73 then we 

can show that 7 || n and 73 || n. Let n = 2^.7.73./c where k = qiq2 •••qs where 
2^ 32 

g|s are distinct primes not 2,7, 73. Now if (2^7.73) = ^ - - , so A; 7̂  1. Hence 
26 32 Q „ . . . „ 

k is squarefree. Now H(n) = -r=-^ ^ . Let gi = 37 then q[ = 19 and 
37 qW2---Qs 

H(n) = ^ '^^ '^ ; • • •^^ If 52 = 19 then ĝ  = 10 then H{n) = ^ ' l ^ ' ^ ^ " ' ^ ; . 

Put ga = 5 then ĝ  = 3 and H(n) = 2^3^^f'"^'. If 5 = 3 then n -

2^.5.7.19.37.73, which is a harmonic seed and all other harmonic numbers 

arise from this "seed " and depend on finding a value for ql which divides the 

numerical part of the current numerator and for which gj is a prime different 

from those already encountered. There are the following possibilities for q'^: 

2,2^, 2.3, 22.3,2^.3 and 2^3 (these are the only acceptable divisors of 2^3) 

If g; = 2 then g4 = 3 and H{n) = 2^.3'^.Q5^,. If s = 4 then we found the 

solution n = 2^.3.5.7.19.37.73 otherwise , there are the following possibilities 

for g^ : 2S 2.3, 2^.3,2^.3,2^.32 and 3^ (these are the acceptable divisors of 

2^.32. ) Now if ĝ  = 2" then q^ = 31 and then H{n) = 32.31.^6,8- If s = 5 

then n = 2^.3.5.7.19.31.37.73, otherwise we must consider possible values of 

gg and so on. Then we must consider the other possible values of q^ and then 

other possible values of gg. The proof continues until all possibilities have 

been considered. D 
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G. L. Cohen [5] mentioned the following result for a harmonic number 

n > 2 . 1 0 ^ 

Lemma 5.2.2. Suppose n is a harmonic number, satisfying n > 2.10^ and 

H{n) < 13. Then n has a prime factor exceeding 20. 

Goto and Okeya [13] have listed all harmonic numbers n with the property 

H{ny-^^ > n as follows 

Theorem 5.2.3. Let n be harmonic and H(n)'*'^^ > n. Then n is one of the 

first 1643 numbers in the list which is available on the webpage http://www.ma. 

noda.tus.ac. jp/u/tg/files/list 5. 

They also listed all harmonic numbers with the property H{n) < 1200. 

Theorem 5.2.4. Let n be harmonic and H{n) < 1200. Then n is one of the 

first 1376 numbers in the list which is available on the webpage http://www.ma. 

noda. tus.ac.jp/u/tg/files/list Z. 

For the proof of next theorem, we need a tabulated improvement of last 

theorem, for harmonic numbers n with small values of w{n) . Let Pj denote 

the ith prime, so that P^ = 2, P2 = 3, • • •. Then pi > Pi for each i, and our 
P 2 + 1 

improvement is based on exact calculations with ^—, rather than 
Pi - 1 i 

as in the above proof. For example, if 2 || n and w(n) = 3, then we get 
S{n) = S(2p^2'PT) < •5(2.3.5), so that 

^, , T(n) 22.3 64 
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In this way, we have constructed the column of lower bounds for H{n) headed 

2 II n in Table 5.3. For each value of 'w{n), H{n) is not less than the corre­

sponding entry in this column. The other columns treat the special cases in 

which 2°' II n for 2 < a < 11, 2^^ ] n and 2 f n respectively. 

Suppose 2^ II n, w{n) > 3 and n 7̂  140. By Theorem 5.2.1, r(n) > 

2t.(n)-232_ îgQ^ g^^^ ^ ^(22) n S{Pi). This is used in the calculations for 
1 = 2 

the third column of the above table, and in this fashion this table may be 

completed. We notice from the table that w{n) < 4 if H(n) < 13. Not having 

to consider u;(n) > 5 was the main reason for seeking only those n Eli with 

H{n) < 13 in next theorem. The number of columns in the above table was 

determined by continuing until it could be assserted that if n is harmonic 

with H{n) < 13, and n is even, then 2^ { n ( except if n = 1056664 ). 

Theorem 5.2.5. Let n be harmonic and H{n) < 13. Then n is one of the 

following 13 numbers: 

1 6 28 140 496 270 8128 672 1638 6200 

2970 105664 33550336. 

In particuler, the numbers n with H[n) = 4 or 12 do not exist. 

Proof. By Theorem 2.3.4, we have, for all n, 

•2w{n)+l 

H{n) > —-^—- (5.2.a) 
^ ^ w{n) + 1 ^ ^ 

with the following exceptions n = p,2p,Qp (p 7̂  3), n — 30p (7 < p < 23) 

and n = 1,15, 21,70. As a function of w{n), the right-hand side of (5.2.a) is 

increasing function, and equals to 4 when w(n) = 3. Also, H{n) > 5 when 

104 



Table 5.3: lower bounds ior H{n) ii n EH 

uj{n) 

3 

4 

5 

6 

7 

> 8 

2 | | n 

5 

8 

14 

25 

47 

88 

2 2 | | n 

a = 6 

10 

18 

32 

60 

113 

n ^ 140 for a, n 7̂  67 

23 j |n 

7 

12 

22 

40 

74 

141 

2 for b, 

2^1 n 

10 

16 

28 

50 

92 

174 

2^\\n 

6 = 11 

17 

31 

57 

106 

201 

and n ^ 105664 for c 

2'\\n 

c = 14 

23 

39 

70 

129 

243 

uj{n) 

3 

4 

5 

6 

7 

> 8 

2^ | | n 

16 

25 

42 

76 

140 

264 

2 « l | n 

23 

31 

49 

89 

d= 164 

264 

n ^ 1379454720 for d 

2'\\n 

27 

36 

57 

97 

179 

336 

21° II n 

32 

42 

67 

115 

208 

384 

2I1 II n 

23 

36 

61 

111 

209 

395 

2 i 2 | n 

14 

24 

44 

80 

151 

285 

2 | n 

6 

10 

19 

35 

66 

126 
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win) > 3. Now by Lemma 2.1.1, if H(ji) < 4, we must have n = 1, or 

w{n) = 2. Then by Lemma 2.2.7 and corollary of Lemma 2.1.3, n = 6 or 

28. In particular, there is no solution of the equation H{n) = 4. Suppose 

H{ri) = 5, so 5cr(n) = nT{n). Two solutions n = 140 and n = 496 are shown 

from table 5.4. For any other solution, from table 5.4 , we have w{n) = 3 and 

2 II n and from Lemma 2.3.1, we have 5 | n. By Lemma 5.2.2, the remaining 

prime factor exceeds 20. Then T(n) = 5S{n) < 55(2.52"3) < 9.9, which 

is a contradiction to Lemma (2.1.5). The proof continues in this manner, 

considering in turn each possible value of H{n). 

Finally, suppose Hln) — 12, so that 12cr(n) = ?T,r(n). Now, using Lemma 

2.1.7, we deduce that we can not have 2 || n or 3 || n. and from Lemma 

2.1.8, r(n) 7̂  24 or 36. Of course when r(n) 7̂  12, we note that there are no 

solution in table 5.4. Now suppose n is odd. Then we can not have w{n) = 4, 

since this implies that 32 < T{n) = 12S{n) < 125(3.5.7.2"3) < 27.5. So, if 

n is odd, then w{n) = 3 and T{n) = l2S{n) < S{3.5.23) < 23.6. Note 

that, 4 II T{n), since otherwise 2 | n then 3 f T{n). Thus 3^ | n, but we 

cannot have 3^ || n, else 3 | r{n), or 3^ || n, by Theorem 2.2.1. The only 

possibility is then n = 3^.^^, where p,q are distinct odd primes exceeding 

3; then we have cr(3^) = 11^ | n, a contradiction. Suppose n is even and 

w{n) = 4. From Table 5.3, 2"^ \ n, so T{n) < 125(23.3.5.2'3) < 44.2. The 

only possible exponents for the four prime factors of n are arrangements 

of 3,1,1,1 or 4,1,1,1. Since 2̂  \ n, these arrangements are impossible, 

by Theorem 5.2.1. Hence w(n) — 3. Again from Table 5.3, 2^ \ n, so 

that T{n) < 12S'(2^.3.2"3) < 37.1. Suppose first that 3 | n. Then, since 

2 .̂32 I n, n must equal to one of the following 23.3^.^, 213^.^, 2'^.3'^.p'^, 2'^.3\p 
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or 2^.3^.p. But all of which are easily eliminated, whatever the prime p. 

Then we may now suppose that 2̂  | n, 3 f n and w{n) = 3. Then 3 | T{n) 

and T{n) < 125(2^5.23) < 30.9. Now by Theorem 5.2.1, it follows that we 

cannot have 2^ || n or 2^ || n. If 2" || n, then a(2^) = 31 | n, and either 

n = 2 .̂31.;?^ or n = 2'*.31^.p, but they are not harmonic for any p. If 2^ || n, 

then a{2^) = 7 | n, since cr(7^) = 2801 || n, but 22.712801 is not harmonic. 

Again we cannot have 7̂  |1 n, since then -cr(7^) = 19 | n, a contradiction to 
o 

Lemma 5.2.2, also we can not have 7 || n since then 2^.7.p" for o = 2 or 4 and 

gcd(14,p) = 1, but substituting this into 12o-(n) = nT{n) we get 4 | (a + 1), 

a contradiction. Hence the theorem. D 

Theorem 5.2.6. Let n be harmonic number less than 10^^. Then n is one 

of the 937 numbers given in Table 5.4-

Proof. Let, 

H={nE N: H(n) e N}. 

Hi = {neH :n< 10^^}. 

H2 = {neH:H{nf-^^>n}. 

H3 = {neH: H{n) < 1200}. 

Clearly, HiC H2U H3. Indeed, suppose that n e Hi. U n ^ H3, then 

Hinf-^'' > 1200 -̂̂ ^ > 10̂ ^ > n, 

and hence n G H2. Now by Theorem 5.2.3 and Theorem 5.2.4, the sets H2 

and H3 are known. Therefore we can give the set Hi. Hence the theorem. D 
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PROBLEM: Are there infinitely many harmonic numbers? How about 

harmonic seeds? 

We conclude this chapter and also the dissertation with the following table 

which lists all the harmonic numbers up to 10^^. In this table, harmonic seeds 

are marked with asterisks. 
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Table 5.4: List of harmonic numbers up to 10^^. 

n 

1 

*6 

*28 

140 

*270 

*496 

*672 

*1638 

2970 

*6200 

*8128 

8190 

18600 

*18620 

27846 

*3O240 

*32760 

55860 

105664 

117800 

H{n) 

1 

2 

3 

5 

6 

5 

8 

9 

11 

10 

7 

15 

15 

14 

17 

24 

24 

21 

13 

19 

n 

167400 

*173600 

237510 

242060 

332640 

360360 

539400 

695520 

726180 

753480 

950976 

*1089270 

1421280 

1539720 

2178540 

*2229500 

2290260 

*2457000 

2845800 

4358600 

H{n) 

27 

25 

29 

26 

44 

44 

29 

46 

39 

46 

27 

42 

47 

47 

54 

35 

41 

60 

51 

37 

• 

n 

*4713984 

4754880 

5772200 

*6051500 

*8506400 

8872200 

11981970 

14303520 

15495480 

16166592 

*17428320 

18154500 

*23088800 

23569920 

23963940 

27027000 

*29410290 

32997888 

*33550336 

37035180 

H{n) 

48 

45 

49 

50 

49 

53 

77 

86 

86 

51 

96 

75 

70 

80 

99 

110 

81 

84 

13 

102 

n 

44660070 

*45532800 

46683000 

50401728 

*52141320 

56511000 

69266400 

71253000 

75038600 

80832960 

*81695250 

90409410 

108421632 

110583200 

*115048440 

115462620 

137891520 

*142990848 

144963000 

163390500 

H{n) 

82 

96 

114 

53 

108 

115 

105 

116 

91 

85 

105 

83 

92 

91 

78 

106 

87 

120 

118 

135 

contd.. 
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n 

164989440 

191711520 

221557248 

233103780 

*255428096 

287425800 

300154400 

301953024 

318177800 

318729600 

*326781000 

400851360 

407386980 

423184320 

428972544 

447828480 

*459818240 

*481572000 

499974930 

500860800 

513513000 

526480500 

H{n) 

140 

176 

94 

107 

88 

101 

130 

27 

73 

168 

168 

184 

187 

89 

156 

152 

96 

168 

153 

176 

209 

145 

n 

540277920 

559903400 

623397600 

*644271264 

675347400 

714954240 

758951424 

766284288 

819131040 

825120800 

886402440 

900463200 

995248800 

1047254400 

1162161000 

1199250360 

1265532840 

*1307124000 

1352913408 

1379454720 

*1381161600 

1509765120 

H{n) 

186 

97 

189 

117 

189 

200 

161 

132 

188 

97 

204 

195 

189 

184 

215 

207 

143 

240 

164 

144 

240 

45 

n 

1558745370 

*1630964808 

1632825792 

1727271000 

1862023680 

*1867650048 

2008725600 

2140041600 

2144862720 

2369162250 

2481357060 

2701389600 

2705020500 

2716826112 

2738824704 

2763489960 

2777638500 

2839922400 

*2876211000 

2945943000 

3134799360 

3209343200 

H{n) 

159 

99 

101 

222 

158 

128 

203 

188 

260 

203 

201 

270 

149 

228 

166 

212 

255 

205 

150 

218 

266 

139 

contd. 
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n 

3221356320 

3288789504 

3328809120 

3349505250 

3506025600 

3594591000 

3702033720 

3740553180 

3831421440 

4143484800 

4146734592 

4720896180 

4738324500 

5058000640 

5133201408 

5275179000 

5297292000 

5510647296 

5579121240 

5943057120 

6720569856 

7279591410 

H{n) 

195 

230 

191 

205 

308 

308 

213 

202 

220 

312 

232 

197 

261 

176 

51 

226 

308 

167 

214 

341 

235 

163 

n 

7330780800 

7515963000 

8104168800 

8154824040 

8243595360 

*8410907232 

8436460032 

*8589869056 

*8628633000 

8659696500 

8696764800 

*8698459616 

9866368512 

*10200236032 

10575819520 

10597041000 

10597759200 

10952611488 

10983408128 

11076156000 

11296276992 

11480905800 

H{n) 

322 

322 

351 

165 

344 

171 

236 

17 

195 

265 

191 

121 

299 

96 

184 

227 

357 

221 

172 

322 

237 

357 

n 

12941019000 

13067913600 

13073550336 

13398021000 

13581986600 

13584130560 

13660770240 

*14182439040 

14254365440 

14378364000 

14541754500 

14980291200 

15174001920 

15192777600 

15358707000 

16003510272 

16569653760 

16919229600 

17624538624 

18999981000 

*19017782784 

*19209881600 

H{n) 

229 

328 

224 

328 

181 

380 

169 

384 

186 

440 

267 

329 

264 

440 

329 

53 

296 

357 

253 

407 

336 

256 

contd. 
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n 1 

19744452000 

20015559200 

20387256120 

21537014400 

21611457280 

21943595520 

22633884000 

22933532160 

23450730240 

23855232960 

24362612820 

25559301600 

25666007040 

26113432800 

26242070400 

26454556800 

27122823000 

27689243400 

27726401736 

29715285600 

30063852000 

30600708096 

H{n)\ 

328 

181 

391 

344 

188 

392 

329 

278 

272 

173 

211 

369 

85 

377 

456 

332 

332 

369 

187 

495 

460 

144 

1 n 

31638321000 

31727458560 

31766716800 

32950224384 

32956953120 

33040072800 

34174812672 

34482792960 

*35032757760 

35793412200 

37906596000 

39970476000 

40053686400 

40520844000 

40752391680 

40805200800 

42054536160 

42763096320 

43783188480 

*43861478400 

43952044500 

44184172032 

H{n) 

275 

276 

460 

258 

366 

371 

239 

396 

392 

371 

464 

332 

464 

465 

494 

369 

285 

279 

87 

264 

269 

309 

n 

45578332800 

45923623200 

50497467930 

51001180160 

52748186400 

53227843200 

53621568000 

54572427000 

54648009000 

56481384960 

*57575890944 

57629644800 

*57648181500 

57897151488 

59388963480 

61434828000 

62487000576 

64834371840 

64914595200 

*66433720320 

67622100480 

*71271827200 

H{n) 

572 

510 

303 

160 

371 

334 

500 

334 

285 

395 

192 

384 

273 

248 

402 

470 

437 

282 

470 

224 

302 

270 

contd. 
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n 

*73924348400 

77120316000 

*779247O00OO 

78340298400 

80422524000 

80533908000 

80551516500 

*81417705600 

81488534400 

83410119000 

*84418425000 

87825283840 

89526646440 

93419333280 

95088913920 

95300150400 

97941285120 

100383241728 

100522566144 

103262796000 

108061356200 

109111766400 

H{n) 

125 

472 

375 

522 

334 

375 

493 

484 

472 

290 

375 

191 

404 

377 

560 

598 

284 

262 

444 

474 

193 

474 

n 

*109585986048 

*110886522600 

112202596352 

115987576320 

*123014892000 

*124406100000 

126090783000 

133410461184 

134369095680 

*137438691328 

137770869600 

142275893760 

142985422944 

143173648800 

147112449120 

150115204512 

150759100800 

151955343540 

153003540480 

154567413000 

*156473635500 

156798019840 

H{n) 

324 

155 

176 

518 

484 

375 

438 

311 

89 

19 

663 

398 

323 

530 

367 

233 

602 

373 

240 

602 

390 

341 

n 

159248314400 

159381986400 

164297299320 

164751121920 

169696449000 

169956154368 

*183694492800 

194743785600 

201532767744 

*206,166804480 

213815481600 

217494027520 

220524885504 

220920860160 

*221908282624 

227783556000 

234605428736 

236489897160 

237191556096 

240423674400 

250230357000 

*271309925250 

H{n) 

193 

531 

411 

430 

295 

416 

672 

611 

263 

384 

405 

344 

326 

515 

171 

602 

184 

319 

254 

534 

377 

405 

contd. 
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n 

280541488500 

285266741760 

287879454720 

288662774400 

289048687200 

292337717760 

307001350656 

307030348800 

311203567584 

312402636000 

321300067176 

326196097920 

330097622400 

336607789056 

341519256000 

349002044160 

350280184800 

362526484320 

384342364800 

403031236608 

405280060416 

410240742912 

H{n) 

505 

728 

320 

836 

535 

314 

452 

462 

333 

478 

197 

736 

478 

264 

325 

506 

389 

671 

367 

336 

434 

453 

n 

417624936960 

426778934400 

*428440390560 

428555439000 

429520946400 

434508127200 

437409004032 

439655610240 

*443622427776 

465036042240 

*469420906500 

470717137800 

479411093504 

482476262400 

483548738400 

494122282290 

502612830720 

505159855200 

*513480135168 

518453342208 

520212037632 

547929930240 

H{n) 

436 

618 

546 

298 

689 

697 

644 

744 

352 

392 

507 

697 

188 

484 

537 

317 

740 

935 

648 

101 

272 

540 

n 

583096381560 

586207480320 

603567619200 

616719527424 

618269652000 

626112396000 

633926092800 

652482082560 

653289436800 

661576406400 

666574634880 

*677701763200 

693688413600 

703816286208 

704575228896 

713178090240 

726673802400 

726972637440 

753132796416 

765181053000 

779729094144 

783990099200 

H{n) 

422 

748 

874 

454 

860 

479 

704 

516 

860 

479 

752 

340 

697 

276 

405 

517 

538 

527 

458 

443 

656 

495 

contd. 
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n 

793104238080 

819730138500 

*830350521000 

861743282400 

863638364160 

869516291840 

888875820360 

888988066400 

893835790848 

906550977024 

*945884459520 

950432517216 

970956604800 

995024181060 

*997978703400 

1018809792000 

*1058501001600 

1070373679200 

1076349859200 

*1085239701000 

1103539437000 

1109541413120 

H{n) 

759 

519 

756 

957 

416 

366 

327 

277 

658 

331 

756 

339 

888 

401 

279 

950 

648 

707 

614 

648 

614 

285 

n 

1135890756000 

*1144136294400 

1159571485800 

1161528261600 

1175104476000 

*1179832600464 

1200229430400 

1209584724480 

1211621062400 

1219581548640 

1233377308800 

1253107608480 

1288623772800 

1324245491712 

1325481830400 

*1330464844800 

1331785072800 

1369947647250 

1377031864320 

1386998613000 

1413817996500 

1438233280512 

H{n) 

869 

350 

707 

409 

899 

217 

869 

584 

510 

551 

893 

389 

622 

368 

736 

660 

986 

409 

432 

803 

509 

282 

n 

1447428787200 

*1480003190400 

1482760097280 

1507838492160 

*1517389419000 

*1542738616320 

*1553357978368 

1556017837920 

1567241676000 

1571198926080 

1578475971072 

1584792261000 

*1599300612000 

1626268644000 

1656012758400 

1681994012160 

1683038945280 

1708842189600 

1721209990500 

1773515487744 

1784852619264 

1801169758080 

H{n) 

600 

529 

774 

962 

529 

352 

252 

555 

872 

536 

664 

551 

648 

614 

872 

439 

440 

707 

715 

471 

372 

762 

contd. 
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n 

1862961762816 

1886043571200 

1888271330400 

1919938116096 

1924339334400 

1948245082112 

1959868310400 

1987794251520 

2015156183040 

2020639420800 

2021976333000 

2033105289600 

2051203714560 

2059445329920 

2061489484800 

2066882988800 

2070303429600 

2096328767456 

•2112394079250 

2128528765440 

2130069916800 

2172650274816 

H{n) 

612 

516 

699 

463 

729 

191 

1118 

524 

560 

1232 

555 

510 

755 

434 

517 

522 

729 

241 

585 

776 

652 

284 

n 

2183877423000 

*2198278051200 

*2236152828000 

2259816300000 

2267834849280 

2312019021312 

2335483332000 

2363575441500 

2439654963200 

2448134325000 

2448278300160 

2468667064500 

2471771484000 

2520477679104 

2567400675840 

2608548875520 

2627456832000 

2644660418400 

2677752441000 

2706066874368 

2708593305600 

2708845856640 

H{n) 

652 

1080 

529 

725 

704 

851 

725 

533 

508 

725 

781 

521 

915 

621 

1080 

549 

980 

979 

735 

376 

752 

764 

n 

2709493768800 

*2827553208480 

2915401724928 

2965353955200 

3076882754400 

3105356994432 

3175969724928 

3218345676000 

3238966130400 

*3321402084000 

3356538237000 

3377333836800 

3398177502720 

3448576989000 

3500961340800 

3519081431040 

3522876144480 

3531726240768 

3607776900000 

*3622293071600 

3634863187200 

3772440804608 

H{n) 

1003 

686 

446 

904 

1005 

616 

668 

652 

981 

1080 

389 

847 

776 

545 

946 

460 

675 

488 

725 

245 

765 

323 

contd. 
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n 

3777406841600 

3881325763840 

*3946161492000 

3962552630400 

3990762504960 

3991394534400 

4029093232640 

4205037804800 

4224973334400 

4240965560832 

*4314435969536 

4346661822720 

*4409499089268 

4437102673920 

4517245877760 

4537735429500 

4603679570880 

4612268729250 

4638285943200 

4660073935104 

4694568278400 

4712844296160 

H{n) 

530 

367 

735 

906 

526 

858 

316 

531 

1288 

669 

385 

548 

147 

464 

786 

754 

337 

765 

1010 

378 

1133 

1001 

n 

4713692054400 

4741836503040 

4752162586080 

4824711643136 

4832764209000 

4903097162600 

4959751305600 

5085231579136 

*5111051997870 

5148385482240 

5268640785408 

5289640356000 

5290460648928 

5431874152320 

5469709639680 

5681022328800 

5745853670400 

5808057260544 

5853911263200 

5914045683000 

*5914410203520 

5956949980800 
1 . 

H{n) 

643 

736 

565 

344 

643 

361 

1296 

37 

366 

758 

806 

946 

629 

766 

608 

701 

524 

636 

985 

457 

936 

908 

n 

6045468549120 

*6073712944992 

6175225017000 

6200648966400 

6312101796000 

6343192620800 

6352588408320 

6355147895040 

6669629366400 

6734495875072 

6764077878600 

6793110213120 

*6844445080704 

6884622108000 

7121968308000 

7131668544000 

7191166402560 

7274578147200 

7318964889600 

*7322605472000 

7338147328512 

1 7512024199680 

Hin) 

728 

693 

565 

783 

878 

534 

554 

542 

878 

49 

305 

788 

684 

916 

643 

1400 

470 

916 

762 

672 

876 

1106 

contd. 
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n 

7531474204800 

7574491607040 

7626085510400 

7741979148288 

7761092320800 

7766789891840 

7780605009408 

7867987832250 

*8449576317000 

8467093071360 

8468207666688 

8633641161600 

8729162297856 

8756458300800 

8867577438720 

8924263096320 

8977654413000 

9027208888320 

9068974548480 

9231944494500 

9269718441984 

9314808814080 

H{n) 

1312 

173 

535 

506 

1014 

420 

639 

783 

936 

1022 

514 

1316 

1224 

662 

785 

620 

662 

472 

789 

767 

644 

1O20 

n 

9564679210240 

9689839810560 

*9831938337200 

10112079035520 

10132001510400 

10256659997220 

*10297226649600 

10341947847528 

10410668674560 

10434320851500 

*10461217539500 

10670692032000 

10680522652800 

*10711009764000 

10799170314240 

*10881843388416 

10996995170304 

11007262156800 

11332220524800 

*11484718245000 

11535568819200 

*11567890545120 

H{n) 

671 

752 

350 

1426 

1050 

421 

630 

373 

1026 

543 

305 

995 

1628 

1050 

616 

648 

382 

764 

795 

1125 

526 

1053 

n 

11610780300000 

11643511017600 

11725700507136 

11810043108864 

11937636711000 

11977778891232 

11999552292000 

12087279697920 

12412499299200 

*12452007204000 

12493968334848 

12578345325000 

12588244300800 

12602388395520 

12757657068800 

12876333500800 

13202304998400 

13217359034880 

13230227556000 

13327831686400 

13552871623200 

*13661860101120 

H{n) 

745 

1188 

642 

1242 

1188 

765 

745 

474 

1634 

936 

651 

745 

902 

1035 

537 

646 

903 

1112 

662 

935 

1038 

1056 

contd... 
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n 

13914857829600 

14115958857000 

14379426038250 

14474134929408 

14635113292800 

•14747907505800 

14814719631360 

14873771827200 

15007087898880 

15147350507520 

15246642902400 

15337823806032 

*15462510336000 

15820566085632 

15889967976960 

16080035811840 

16212258972000 

16524280700928 

* 16924847940000 

16965637957800 

17086937762048 

17130547324800 

H{n) 

1313 

1428 

795 

516 

1210 

434 

446 

650 

989 

792 

1328 

403 

960 

517 

1044 

1428 

942 

656 

1125 

527 

462 

942 

n 

17505483899904 

17550753948000 

17566056012960 

17592306732000 

18218458487040 

18297947606400 

18449074917000 

18536508900000 

18544856803200 

18942468120576 

19029577862400 

19075764394368 

19098061983000 

19172121516800 

19621667049600 

20193653718784 

20432681637984 

*20662005324800 

20663813681280 

20746479283200 

21204827804160 

*21590959104000 

H{n) 

824 

926 

1066 

1188 

562 

918 

1224 

745 

926 

658 

801 

688 

1449 

538 

964 

468 

783 

506 

1457 

946 

1115 

800 

n 

*21733758429600 

21738589593600 

21755342568960 

21967816416000 

22047495446340 

22051566231552 

22072153958400 

22332001910400 

*22385029489560 

22717860433632 

22735712876800 

22742476922880 

23300369675520 

23375124208800 

23409541693440 

23814974355480 

23819044650240 

*23885971200000 

23906526134400 

23929031075040 

24133566352896 

24146583347250 

H{n) 

434 

665 

1449 

1008 

245 

383 

766 

1702 

198 

657 

957 

632 

630 

1018 

816 

802 

557 

960 

911 

569 

1269 

801 

contd.. 
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n 

24345523036800 

*24613169545216 

24722083685376 

24960513123000 

25075635936512 

25206921653760 

25278832051200 

25483518950400 

26025228028800 

26183184168960 

26407085632256 

26757162432000 

26772789288960 

26818992224640 

27184083544800 

27188110404000 

27214447163904 

27258821990400 

27261634143744 

27501146956800 

27628679988000 

27717383688960 

H{n) 

1242 

285 

854 

1242 

339 

1462 

1254 

913 

1142 

762 

476 

998 

806 

1464 

1041 

1224 

1272 

1376 

617 

1140 

919 

566 

n 

*28103080287744 

29040286302720 

29193612739200 

29382474401280 

29495815011600 

29646588972000 

30209639896800 

*30233275380000 

30368564724960 

30676980297600 

31094717121000 

31671732879360 

32133029292000 

32176700980480 

32327865884160 

32713768684800 

*32752714995000 

33451592638464 

34044371361000 

34222225403520 

34854206521344 

35085648124800 

H{n) 

496 

1060 

919 

1442 

525 

964 

1055 

1155 

1155 

1336 

569 

828 

1365 

551 

1062 

1377 

1155 

664 

1476 

1140 

536 

1337 

n 

35137010809600 

35195158303200 

35560552416480 

35727233502464 

36457089596928 

36501751345920 

36567846174720 

36690736642560 

36783914076000 

37342487131488 

37643864076000 

37695962304000 

38287967477760 

38583480499200 

38629000502400 

38781262840320 

38903025047040 

39275901181440 

39377859655680 

40220975692800 

40369640927616 

40815295466400 

H{n) 

986 

1377 

1079 

483 

1278 

563 

478 

1460 

1242 

795 

929 

1850 

1064 

1276 

969 

1476 

1065 

1474 

764 

917 

1144 

1042 

contd. 
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n 

40963871894400 

41051610243072 

41975434828800 

42848120544768 

*43180427911400 

43588078934400 

43645811489280 

43865704602720 

43905339878400 

*43947421401888 

44008577613000 

44095620366336 

44345330883840 

44531496801792 

44621315481600 

45108496097280 

45124517299680 

45406018134400 

45634960425600 

*46O13471418096 

*46353444300800 

46796172040800 

H{n) 

1338 

713 

1160 

1173 

403 

1661 

2040 

1331 

1573 

216 

1484 

524 

1037 

886 

900 

776 

1073 

670 

1739 

558 

760 

1019 

n 

47089809930800 

47824897105920 

•47911115564928 

48765763791360 

49749547075200 

49921679808000 

50131876354560 

50560395177600 

51006265947000 

51260813286144 

51633280258560 

52500435423744 

*53092467020880 

54409216942080 

54557264361600 

*54934276752360 

54942374462976 

55062424216800 

56087667603968 

56100553084800 

56221571976570 

56261841199200 

H{n) 

455 

682 

1008 

1068 

1269 

1862 

1484 

2070 

1269 

693 

1448 

523 

651 

1080 

2376 

252 

1284 

1853 

715 

1272 

671 

1059 

n 

56463835428000 

56483529822720 

57209988326400 

57516364550400 

57517704153000 

58628502535680 

58637313657000 

58954886991000 

58960053398400 

*58991630023200 

59050215544320 

59888894456160 

6Q580961156352 

60868244209500 

60876700907400 

61015386432000 

61259428298250 

61986015974400 

62469841674240 

62707195371744 

63687677113088 

63750063484800 

H{n) 

2040 

794 

1290 

807 

1272 

1070 

1073 

1491 

986 

620 

2070 

1275 

702 

778 

549 

1540 

1131 

759 

1085 

801 

492 

2088 

contd. 
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n 

64720497623040 

65058512238720 

67157796625920 

67306216513536 

68029152998400 

68919093243000 

69775118828800 

70879832150400 

70902132973056 

71485642681600 

71681373036000 

71969788628304 

72370674647040 

72874680721920 

72982369892250 

72982688808960 

73288695889920 

74454619599360 

75153571113600 

75167128764000 

76343936628960 

76392247932000 

H{n) 

846 

1716 

1491 

668 

1175 

1494 

979 

1752 

647 

1003 

1769 

427 

860 

1512 

807 

848 

479 

2088 

1278 

1269 

1323 

2070 

n 

77052018771000 

77212128389760 

77547710691360 

77654820789000 

78429196876800 

78497425843200 

78508410140160 

78730921315200 

78958268284896 

78961886115840 

79221256896768 

*79708161843200 

80508613785600 

80548660192000 

81178611180800 

*84761657875440 

84762932436000 

85372015528800 

85398298444800 

85434688810240 

85454920812800 

85626151750656 

H{n) 

1278 

1368 

1086 

1421 

1331 

1298 

1494 

967 

1287 

766 

714 

660 

1397 

1232 

1005 

651 

1272 

1859 

1180 

770 

981 

722 

n 

86100192346112 

86887495094400 

87548446375936 

88527848521728 

88847505747000 

88954751508480 

89163516169728 

89229599877600 

89875965763584 

*90134334505600 

90606219580800 

91501705658880 

92895015213000 

92945339487000 

94258317081600 

96320660436000 

96422831210496 

97516898519040 

97769262366720 

97789867812000 

98079457512960 

H{n) 

367 

2408 

91 

526 

1498 

824 

887 

1943 

669 

952 

1202 

626 

1202 

1716 

921 

2088 

548 

1376 

852 

947 

1074 
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