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1e1 + Dynanicsl Systes +

Dynanmionl systems were evolved during the
study of ordinary differential equations in the late
19th Century, These can be 21ither continaously evolving
systems such s planstory motion ete., or diserete systems,
The continuous evolution of systeams wilth time led to the
study of ordinery differenticl equations,

Till recently it was generally believed that
most syetems with a few degrees of freedom behaved in a
very orderly menner, 1.0., given a certain set of accurate
initisl conditions, the futurs or the past could be predicted
accurately. :

This confidence in such eausal connection
between the states of a sysiem at two iafinitesmaliy
separated time=instents led to the sxtensive use of the
theory of differentisl eguations in the so called exact
sciences,

In the 19th Century with development of Kinetlo
theory the concept of causality and lrreversibility got
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blurred when dealing with large systems which led to
ergodic theorems ete.

1«21

Reoent studiecs have discovered that even
systems with a few degrees of freedom behaved erratically,
$.0.9 given any set of boundary conditions the hehaviowr
of the esystem at any glven time cannot be predicted relisbly,
whereas the so-ealled 'normal' gystems have clos d orbits
or such regular trajectories, thege systoms would behave
in an apparently cheotie manner, In guch & cage the ayatem
ie said to dahave cheotienlly, Any Swo system initially
elose to esch other after o certain intervel of tise can
change as much as permittel by the comwervation lawe,
Similarly some typleel orderly systems may approach a
partioular point and otay there once they reach the point
(such & point is oalled an atiraotor).

Por certain syetems the set of atiractors is
ungcuntable and has fractional dimension end what is more,
the syatem jumps from one point to another in the set
covering almost all points in the set,

1.3 ¢+ Elan of our Presentation ¢

In this work, we digouss chaotic motion of
dynemiosl systoms near strange attractoras.
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In the remainder of this chapter, we introduce
ordered dynamicel gystems to lay the foundation for the
chapters to come,

In chapter 11, we discuss the chaotic behaviour
of some dynemicd systems near strange attractors.

In chapter I1I we re-excamine, in detail, the
logistic equation in the Central Difference Scheme as studled
by Yamsguti and Ughiki,

Chapter IV simulates strange atiractors through
the composition of two simple hermonic métions in mutually
perpendiocular directions,

144 3

A Qynemical pystem is a wvay of deseribing the
motion of a certaln set of points ia o space Iu course of
tine, It is a set of sclution-curves of differential

eguetion,

A systen of differential egquations :
C{:L = .F;L (ui;u%;"'sun)):‘"1,2&,"':“) (1.1)
mc"uuutmmtuuuunm.m
space of the variables Yy 1= 1..,n is called the Fhase

Spaoe, The solution of eguations 1.1 in the phase space is
oulled a trajectory with the boundary conditions y(te=0)=y, .
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Prom the same set of eguations, it follows that the
trajectories do not intersect, A trajectory consisting
of a single point u, is onlled & rest point (fixed
point, stadionary point or equilibrium point), Then

F(u) =0 .. (162)

Every point of the phase space belongs to exactly one
trajectory exeoept for fixed pointe,

To {llustrate gsome gimpler aspests, we oconslider
& system In R, 3
du — P(uv)
dt

< £1e3)

av _ Q (u,V)
dt
P and Q hove coutinuous first order mrtisl derivatives

in the neignbourhood of (w,, ¥y uhere,
ity ) =0

A (U, V) =0

Then (u,sv,) is ealled a fixed point or eriticsl point,

A oritical point (u,,v,) of the system is called lsolated
if there exists an open neighbourhood of it wherein (w,,v,)
is the only eritiocsl point, Ef P,Q are differentiable at
that point, in the neighbourhood of (u,,v,) we can rewrite
1e4 a0

-« (1e4)

YT = AY ¢ nigher order terme, - - (1.5)



"% . {146)
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vhere A is a real 2 x 2 matrix, If A ls non-degenerate
(det A+ 0), we oun scleo small enough neighbourhoods
wvhere one could negleet higher order terms, Making a time
independent, invertible linear transformation

Yo T
in the uv=plane we get
Ol"!, s =4 T f,
';L_E" “‘C:r é=) - . (1eT)

By o proper choies of Ty, T | AT ean be brought into
canonical form with dlagonal elements X\, 2, 1 A, A,
being the eigenvalues of the nakrix A.

Without any loss of generality, we eonsider
the origin C, (04¢), to be the ecritical point, Then several
cages are of interest,

Qage 1.+ Ve firet consider the situation where the
eigenvalues are real.
(a) >\1<>\2‘.<O e

All sysiems starting in the neighbourhood of

C converge to it, Such a point is called a2 atable node,
This is also ealled an atiractor, (Pig. leln)
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Here alsc € iz a node but the systems starting
from a small neighbourhoed of ¢ diverge away from C. Such
a point is called a repellor, The gualitative picture in
this onse ia shewn in Pig., 1.1a with the arrows roversed,

(o) >\1<O<Azt

Admost all the trajectories (with very few
exceptions) in the neighbourhood of the eritical point
have the form of hyperbolse, Here none of the non-reciilinear
paths spproach C ap t — + o or ¢ — -« , Here only two
half lines pueses through the origin, Then € is ealied sn
unstable saddle point (Pig. 1410)

(aX1) A, =2, <0,

Here © is called a node, If A is dlagonicabls

then the trajectories are straight lines approaching C.
Then € is a stable node, (Pig 1.1e).

In cane A is not dlagonisable the trajectories
are oured pathe spproaching ¢ (Pig, 1.14), Here C 2ots as
an atiraotor,

(1) A, =2, >0 .

™is iz the same 22 the sbove situation, but
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here ¢ acts as & repellor (see PTig, 1.10 and Tig, 1,14
vith arrowe reversed),

Cage I ¢+ Now we consider situntions with the -Mmlm(A)
complex,

Then three gases srise:

() ReA <O,

Hore the paths apyrosche 'O in a epiral path,
Then C is colled e steble spiral point (Pig 1.2a)

(3) Re A > 0 .

The gituation kere is the same np above except
that the paths appronch € as t —> — o (see Tig 1.2 o with
arrowe reversed), This oritiecal point is an unstable spiral
point,

(e) ’RQA'-‘-OO

Here C is surrounded by sn infinite family
of oloced pathe dut it ie not epyroached by any path, Then
C 1z steble end s called s center, (Pigs 142b)

Thie behoviour cmn be illustreted sasily if
ingtead of = contimuoue development through a set of
differential equations, if one eonsiders a dlscrete tine
stepe h 20 thet the time evclution can be considered %0 be
an iterated map |

X [(nrDHh])= F{X(nh)] o
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The point Xo such that P(X,) = X, will be & fixed point
end 12 | 9F/53% | <1 then X, will be an attractor in
the above sense, This form of desoription will be used
more often in the chapters to comes

‘ The behaviour of the trajectories may change
drastically if eguations 1,9 are non=linear, This will
be discuseed in the nsxt chapter,



2.1 + Introduction

In the previocus chapter we had discussed
various types of fixed pointe and attractors ih norual
systems, We had a situation vhere the set of fixed pointe

vas & singlrton,

New we consider the cases vhere the behaviour
of the systom is erraily nesr the attractors, Consider
a map T'on & compact set X, satisfying the following
conditions,

{4) X is inverient under Te Levey
Mo X

(11) X hes = shrinking neighbourhood 1.6, there existe
an open neizhbourhood U of X, UDX,; eush that
T0<U,

Then X is ocslled en atiraetor,
(Pekmann 1983,0tt 1981)

On the other hand the system may not have

any points which sre attractors but if may have two disiinot
poinis say !". Py wuoh that under an 1teratel map ¥ a
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neighbourhood N, of P, gets mepped into & heigabourhood
l,wr,mumnl,gmmppaauun,.maww
7% (8 7.7), W, (or N,) gets nopped into N, ( or W,)
iteelf, If P 1s & contreoting mep then | det(E/x)|<?.
However, neigher of P,, P, are fixed points (as F(P)+ R,
w= 1, %. ), But if the system starts from neighbourhoods o’
Py or P, it converges to a two=point oycle, New if P le
parsmetrized by come parameter say o, then a change in
the paremeter X nay moke the two=point oyole unstable
and may genersie a four-voint stable cycle whiech in tuwen,
in courge of time may generato 20, 2% . ..., 2%~ point
oycles. vhen the persmeter X tekes a certein valus a2 - ?°‘"t
oycle may be genersted. This set of pointe is uncountable
and will be onlled = atrange attragtor. This behaviour
may oontinue for further increase of X and later a stable
J=point and other stabdke cycles may be generated,

The importance of strange attractors follows
from e foct that the system is econfined %o an unocountebly
infinite met of pointe and meves in an apperently erretle
nanner bhut does not f1ll any sisable volume of the phase
spage, In partioulsr the phase space hos fractionsl
dimencions, Wow we digcuss A fov oxamples of strange
attractors from literzture,

242 Hénon-Heilcs Ogoiliator s

Ve begin to illustrate the concepis of eheotic
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behaviowr nesr gtrenge attrsctors by summerizing the
work of Hénon-Weiles. They stulisd a dynsmical system
of twv degrecs Of freedom given by the Hamiltonian e.g.
(Joseph Tord 128%)

K .%u" T TR R
2
M BTV, PR ¢ X}

They obteined numerieal solutions for ithe
equation: deseribing the trajectories of the syetem for
sevoral energies, Tor sulficlontly small energice thae
oubie terme heve marginsl effect and the gqualitative
deseription of the motion ean be understood by epproximating
the motion wmwamﬁm»uom
of same periods., The phese gpace is four diuensioneal,
Besides the Hamilionian i, we cen also have T (=4(?,%eq,*))
as a constant of motion, Thus there are two consitents of
motions and so the trajectory is confined %0 a two dimensional
surface, The intsrseoticn of these trajeotorive with any
arbitrayy plane gives closed orblts. Vor example, when the
cubic texme are negleotedy these intersectionn (slso enlled
Foincare maps) in the (p,eq,)plane iz a cirele, But with
larger energies the influence of the cuble torms Leconmes
wm&u::m..-»m«»m-«a
approximately, Then we have only one constart of motion
which is H itself, Therefore the trajestories will mo loncex
be confined t0 2= dimensional surfaces but con roam around
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in a Ydimensional manifold, ruch a trajctory will intersedt

an erbitrary plene at discrete set of points.

For swell eusygies where there were two
eonsteants of motion, they found {hat at the energy level
E = 1/12 the intorsections of the trajectories with the
(qge Py) plene were closed orbite and hence the motion
is orderly., But as the energy is incressed the motion
gots turbulent and the interseetion of these twrajeclorles
with the plame results in polnts vhere the trajectory
enters the plane from one dlrection and then ocues baak
through & second point, Thus for un energy exceeding Ee1/12
and less than E = 1/8, sometimes the trajeotories are
eonfined to e 2-dluensional menifold and sometizee %o &
J=dirensional manifold, So at these energy levels some
of the 0xbite are o till closed wheress sone of them
generate soattered polata, But with still lavger enevgies
there are no 2-dimensional manifolds and the motion i
eompletaly chaotic, A slngle trejectory would oroes &
given (qy py) plene infinite wukber of times, through
countably infinite diserete set of points, but not through
cloged orbite, Two orbite which stert with almest 1denticel
initial boundary conditions eould in eoursze of time separate

out to the maximel extent possible and tho motion jeils
turbulent. Arcund £ = 1/12, points initially close %0 each
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other separate linearly in ocouvse of time, wheress Neo¥
E = 1/6, they separate exponentially,

Thas the traneltion of the orbitzl motion
from a twe dimensional to a three~dimensional surface
introduces ghaog in the motion,

2,3 t Iterated Model

Consider the non—invertible map : (Joseph Ford

1983},
Xpeq ® X, (¥od 1) - -+ (2e2)
The solution of equation 2.2 is:
x.-z“x.(mn . - SEODY

Suppose X, is weitien in binary representaticon
!. = 0, 110000 111 0 111 - (244)

then the lterated maps of equation 2,2 are gererated by
moving the decimsl point sequentianlly to the right and
dropping the integer part. All tne ilterates of X, lie

on the unit iutervel (Os1)e bet this interval be partithoned
into two cells viz,, the left ceil (O<x <-Q) and the

right cell (- <x <1)s 4 given iverate X, is inlor these
two cells as ite firet diglt is sero or one, Since in
genercl, the future digits of X, connot be determined

from ony past finlte part of the dlgits of Ky the true
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orbite are chaotic, This is true even when we teke any

finite number of equeal partitions of (0,1) insteed of
Just two,

In ease now, inatead of finite partitions,
infinite partitions heving szero c9ll gige are Saken,
then a cell nuzder sequence 1s thprocmxn
sequence iteelf, If the cell number digit string of
an orbit is random, then the orbdit itself is chaotie,

In cxder to understasd chnos from a mmoh
simplified model we condlder one-dimensionn] non=-invertible
mape Llustesd of compliented @ifferentisl equetions,

Cenaider the sequence XoaX 9Xopessnccarves
generated by the map P, Let the sequence be bounied,
This is possible if the segquence depends on the ohuolae
of the initinl wvolues, The average sorrelation function
between two mémbers sepcrated by m steps may go to gero
89 B —> 0o 9 ond the sequence may begome non~periodic., The
behaviour of such en iterated wap iv celled chaotic and
is ususlly obgerved in crse vhere the me; ig non-invertible,
Quite often it corresponds to = megnificstion or alongation
and & folding of the trsjectory,

Teo special exemples of non=invertibie maps
are (Ott 1981; Bambi Hu 1982) | - ¥
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"(‘)..‘1" """,)' D gt
Polx) » 4vx ( 1=x), 0 < b<l

where o and b are constants, Qualitatively both these

maps are similar in the senee that they desoribe 2 single
mmumrmm(r,)mumm
mwm:»(r,)mamﬁ“. Consegquently
the gecond umepping hes been used wore often,

- Por O<b<1,rzmothomtmm
into itself, The line x, = x ° , intersecits this mep &t
X, ® 0and x, = X'= 1= 1/4b for 1z < b <L o These points
of intersection are the fixed points of the wmap,

r(0) = 41
¥ (D =2 1~ 20)

In the region O <b < 1. the erigin ia a stable fixed
point, Por 1/ < b<¥,.» converges to xi In tais region
x'1s steble vheress the origin becomes unsteble., But for
3, < b< 1, both the origin and ¥are unstable, Wnen x™
becomes unstable ( » just exceeds /) it genorates a sibable
tweepoint oycle, say, 9,f, such that T(e)af, F(I{)we,

then b is furtherincoressed this two=point
oyele loocen 1te 2tability and around 9=0,862,, a four-point
oyele ig gemevated followed by 8, 16, %2, ete voiut oycles.
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The renge of values over vhich o 2°~point cyole is stable
deoreases geometriezlly with k and b spproaches 0,892 as
k — o o The uncountable set of points got vhen k — «
will be called a strange attractor, Beyond the walue of
b = 0,892 the gystem behaves chaotically, A further
inorease in b will leed to the emerzence of a threewpoint
oyole and other oyoles, In faet Ii, T = ¥, and J.A, Yorke
(1975) heve proved thet a threeepeint cyele implies chaos,

245 1 Two

A noninvertible one=divensional map 4disoussed
above oun be written as & two dimensionel invertible map
as follows 3

‘nu 3}“(5\) o y1'1
... (247

Va4 =0 X,

where F(x) is noninvertible, If b0 then x = y.,,/b
and 7, ® X, = 7 (Ypeg/Ple (0t£1981; Buabi iu 1962),

For & very emall b, eguetion 2,7 can be
oongidered as a one-dimengionsl moninvertible mup,

The Joeobian of the transformeation is

aan ’a'Xn-\-\ _
d = o 2dr b
/a‘am—\ /a ‘amt

(bqﬂ ’8%"
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1 |b] <4 , the eress will contrect by s faelor of
| b) on eash applicstion of the mep 2.7 ™Then & §yuLae
of anlt sysa about the orlyin unjer the sbove mepplug
smocessively decreapes in cree and nwtotioiny apronches
& subset with zero exea In %ﬁe x;;p&anc. T™his subeet 19
en sm. This subset would have ammlon less than
two,

Now consider a set in an m~dimenglonal space
end pertifion 1t into a mumber of euben of side € , let
¥ (<) be the nusbar of cubes nesded to cover the set, Ten
the dimension (4) of the set il difined by ¢

1. An N(E) v
o ey ————— -+ (248)
€20 \h(}/i)
If an attractor has o frectional dimension then 1t is
ealled a sticnge atiractor.

Hénon gtudlcd the following mepping o
2

ey V-0 * ¥y
(2.9)
Tnii * D Xy
In this case e
i - A& Xn .__.__...)9
- o .

He used the initial conditions x, = 0,631 and y, = 0,189
with @ ¢ 144 and b = 0,3, Unier repeated iterated mepping
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aillions o times, & bulk of tae polinte would lie very

mesy the attractor, The points are well disuributed
throughout the ctircetsy, Tic Aistribuiion is independent
of the starting point, vrevided 1t is in the besin of
ettreetbon which &= ¢ quafrilotersl with ARCD defined

Dy A m( = 1,33 0,42) B m (1,92, 0,133), 0 = (1,245, ~0.,14)
end D = (~1,06, =0,5), The attrcotor Wrosdly speaking

has & shape of = yayebola, To see this consider equation
2,% vith smell veluse of h, Then we have

Xy ®1~8 ¢ -!?—)’ * ¥ -+ {210

Bince 2 = 1,4, for amall b, ons osn approximete the above
equation to 3 ‘

.B" = ]- ‘sr ,:.1 .- £2e11)

The mupping has two fixed poinis F=(0.631544,

0.189406%) end B, = { = 1,1313544, ~0,3394063)s A peculior
behaviour of the at ractor newr ?, ie noticed, If one
congiders e emell square S, of side Oe1 about P,y snd
megnify it and then egain take a smaller gquare S of
aide 0401 about Pys then the distridution of pointe in

S, looks quite efidiler to that in S . This phonomenon
was shwen to contime for sbout 3 skapes of successive
megnifications, However, to see even the third mognificntion
he needed a few million iterations,
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e give 2 mach simpler axplanction of thls
feature of the astirsctor now, In particuler we consider
the selfwginllarity property of the atiractor under
scale~inverisnce, Tdr this cansider the trunaformation
of en infinitesmol line olement (4x, dy) mweor (x,¥)e
It is tranaformed under the mep in equation 2,9 o
(éxy ay).

O\’X/ o, W A A

o\\&’ = 0.7 o dua

The elgeaviluss of ths sdove mutelx ™ ave 3

AL weled x ¢ /1.96x° ¢ 0,3 and
Ao =gt % = /7.93 * 0.3,

mmt:,:,--a.s.mwmatmormu
less then 0,55 (= J0.3) (say Do) vaile st of the other
fe aluoys greater than [0,5. m faot the laygereigenvolue
( 2) exaceds 1,0 1£ || > 0,25 ( see table Ze1)e Tt
%he corresponding eigenveotore be 3, and S, .
then sny srbitrayy veotor oS ean be expresced se = linear
nombination of § and S o I \2)>0.25, |2 | excests
1and | | <054 one oun oonslder o swacre eneloged

by €5, @l €5, where €<< 1 , Tnis square gete mepped
ints a veotshgle with the lerger side < |) () and the
smaller side €|)) v Thus under repsated mups ono sxpects
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thias squere %0 Jdegeiwraie 0 & 1ime of fnfinite length,
Iherefore the atiwecior use dimension at least oue, But
ap e liae of iufinite lengih is, counfined to the besin
of attruotion, it gets folded, I faet if ve consider
the parebolia of equation 2,11, wnder the map 1t gete
folded once aud looks like two perabolae Joined at ome
end. » repeated map will generate four parsbolee linked
successively, Mis provess contlmmes ed, infinitum, In
tala process the cttreetor 6ot la of disension 1,20.

mmuwnmw%m
Py la the 5 direction with P,0, lying in the S, direction
vhere O, lz the oentre of AyBye Then under the meyping
AyBy geto megrified by a faotor of 1492 ( | | neer x=0,6315)
yith diregtion belng reversed and with its centre O,
sugh that 02?2 1iez aleng the 3, direotion tut vwith the
distance O,F, contraoted Ly o factor of 0el156 (|).|neer
x = 0.6318) (See Fig 2,1). Another Lleration ofa A8,
gives us Ay By with Oy Py 0156 tiuss O, aud A.By
tvice of A B,e Thue under successive mavpings the points
on the 1line elexent inltially oclose to each other get
soperated onl suceessive fterutions of such sanll line
seguents in Ji"ferent mognifications chov similer properties,
Thus the set scts as en sttractor which Le called the
Hénons sttruster,
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SHAPIRR LXI

Sel 8 JIatroduoction s

Yemagut! and Ushiki (1981) have considered
e simple Ordinary Differential Equation that exhibits
chaotic beheviour when solved mumerically, In this
chapter, we consider their problem and give an altern-
ate and simplewbxplanation for the behaviour of the

system,
They considered the ordinary differential
equation :

_i(_{_.:—-_.\i(i——y), - - (3e1)

with initial condition Ylo)= y_ . (°< s S 1‘)'
A direct integration gives 1

y = (3.2)
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The exaet solution starting from 0< Y, <!
is monotonleslly increa:ing and converges to 1 as
t —> + o Here y»1 is the saturation point.

A physicsl representation of equation 3.1
1o the grovth of the population, If u is the popwlation
l‘llmtmmdu/dth*m”m“
the population, Te rate of grovth is proportionel to
the present populstion and the mutusl destruction is
proportional to the square of the populations Aftor a
certain time, the population resches a saturation point
and remains constent, After proper sealing of population
and time, the system is well represented by equation 31 »

’43‘ . WR3L NE T

If the integration is %0 be done mumerically
the simplest method Yo use would be

WD hF = (k) + K (Z\: Ce)

However, sinee U {(-)h] le alreedy evailsble
d s
ui&nﬂ)h} = uilr- i)k} + Rh (i‘*)ﬂka— 2K (d:‘) +O(h)

is = better approximation end is expected to yield a
more accurate result.

Physioally, tals implies that the rate of
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production depends on the level of the species at an
earlier time in addition to the present population level,
thus simulating the delay in the production mechenism,

Fow if equation 3.1 were to be solved by the
Central Difference Scheme, '

Unyg — Un-t

R h

= U (1 — Up) o - (5e3)

vith two initisl conditions .= y and w,= Y, +hy (- )5
(vhere n, 1o evaluated to a three digit acouracy),
then the solution behaveas peculdarly.

With y.= 0.5, u,» 0,525 and with step sise
h = 0,1, the equation 3,5 gives an unstable phenomena,
These types of golutions are called ghost solutions,

From thelr caloul:tions on & caloulator wita
single precision and with the ebove mentioned initial
conditions, they found that for o<t < 36 , the
numericel solution gives a good mpproximation of the
true solution, In this region the solution u  incresses
monotonically end approushes 1,0 o But for t >8.6
the monotonoelity is lost and the solution startes
sig=sagging, When § = 9,7, the velue of u,  crosses 1.0
for the first time and the solution begina to oseillate,
The growth of the emplitude of osoillation is geometrio,
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and its rate of growth ic such that the amplitude is
multiplied by about e = 2,71.... for At = 1,0, Around

% = 17,0, the oseillation looses ite symmetry with respect
to y = 1.0, At ¢ = 19,6, u, takes a negative value for
the firet time, e maximal values reach 1,5 and then
start decreasing, The smaller values go down to =0,5

and then both approach 0,0 while oseillating, At ¢ = 33,8,
u.exoeeds 0.5 and it recovers the values u, amd u. ..
almost identical to the initial condisions u end u,

end the oycle Begine again,

The ghost solutions appear even if h is very
small, One of the remsons put forward by them is that
the Central Difference Scheme iz a second oxder difference
scheme and instebility enters at y » 1.0 and y = 0,0,
They deduged that the global behaviour of the mumerical
solution computed by the Central Difference Scheme is
very sensitive to the initial condition, time-mesh length
and the precision of the computer employed. In a computer
with eingle or double precision the eycle was repested
more than 10° times. But with quadruple preecision it
diverged to -~ after two cycles. The solution when
ealeuleted using a simple programmable ealoulator diverged
t0 = ~ after one oycle iteelf, They also observed that

the time needed for one eycle depends on the precision
used ani that the period of stay is approximately

proportional to the ordex of preocision, They attributed
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the phenomenon t0 the round=off errors,

3.3t Qup Buseriga) Resulty

In order %0 study their results we aimulated
our machine 0 aot 88 a 2,34 5¢6,7,8 and 9 digit
machine and ve sleo made &4 act like & roundvoff machine
for dirferent step sizes and initial velues, In general
all the cases exoept for & few (wniech we discuce later),
mllmm

The Central Difference “cheme represented
by Equations 3,7 can be rewritten as set of cowpled
firet orvdar finite difference eguations,

Uansg — Uan = Rh Uzn,y (1"' uznu) - @)

(3e4)

Uoney — Ugn.g = Rh Yan e Ty )

For simplicity wve denocte u . byw smdu . ., WV,
80 that equation 3.4 beoomes

— u, = 2h Vs (1= V) @)
(3+5)

Vasa — Va = Rh \A“(l‘un) Ltk

un-ﬂ.

Por & amall time step, u and v keep increcsing
monotonically between the initiel value and 1,04 Bnt
when the velue of u reaches 0,9934, then the value of
v_is slightly lover and the sig-segging starts at tals
point, Gase Whe velus of u, Je0h austele 175 < shawe €
Lstthe leact count of the maehine, then v, does not
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mnm.umuvnv‘vmmmmm
provided w, < 1-+5¢ This contimes $111 u, exceeds
Te +5¢ .*MMQWMuLM
derivative is positive, whoreas that of v, belng
negative, ite value starts deeressing. w, reaches ite
naxizmun value 1,5 when a resches 0,0, (2e the R.H,.3,
of equation 3.5(a) vanishes for v, e0,0) after whioh 1t
starts decreasing, Now both u, end v, keep decreasing
$111 v, reaches its lowest valus =05 (as R.H,S, of
equation 3,5(b) vanishes mu‘ﬂ.ﬁ); Then omwards
it starSe increseing trying to reach the value sero.
At the came time w, cleo approaches sero, When w, <t
then v, ~ = u,, Heve eny one of u, or v, may attain
& value wvhose magnitude is less than S ¢ firet,

Suppose w, attaine this velue firet, Ia tale
case v, does not get any 1ift and so it remains unchenged
$111 u, resches ~5¢ ¥ After that both w, and v, tend
%0 — x o But this occured only in three ouces wvhen we
slmulated the maghine t0 & 2,4 and 5 digite truncating
naohine,

On the other hand in cuce v, atialne a value
slightly greater than =5 ¢ firet, then u, docs not get
any help at all and so remeins unchanged till v, atiains
a2 value slightly greater than 5€., umvnmm
§ € mark both w, and v, stert incressing in the positive
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direction anl another oycle stsrts, These results are
independent of precision, step~size and initial wvalue,
Two exemples of this bohaviouwr are shown in Pig 3,2 amd
Fig 5.5, Whereas in the gawe of 6 diglt aceuracy v
reaches sero eerijer and then omwards the next cycle
starts (Pig %.2), in the cace of 5 digit caleulation
w approaches sere first, after which both wy, v tend %o
= 00 (Fig 3e3)

The initial values ve used were u,=0,5 amd
u,=0,5249791674 ( ealoulated exsetly from equation 3.2),
Uging these initial values and time step h = 0.1, we
found thot sigezag started at t=5,0, md u, reached a
value just greater than 1,0 vhen t96,5, After thet $411
t220,3, the chaos contimued, ot which point w, approached
sero. The duretion of chaos is ceen to be independent of
precision, chunge in initial value, truncation or rounding,

3e4% Anslyticel Explanetion

If v, is caloulated from equation 3.2, the
non~chacile reglon is more or less independent of accuracy,
step~pize, initial value, prcoision, ete, On the other
hand if u, 1s fed only to three diglit acouracy, aiditional
error (say positive) intreduced in v, would supress u,
waich in t@vn would enmhance v, and this may csuse additionsl
eomplioations. Bquations .5 are a finite difference
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repregentation of a set of two coupled first order

differential equations (if we neglect terms of the
order of h’)

du — v (L-V) St
o € (346)
dE

vhere wve denote sven values by u and odd wvalues by v,
The initial boundary conditions would give values of
u and v at =0,

Now eliminating time from equations (3.6)

gives us
Y(i1-—-YVY
il_('_L- 3 ~<____2 vt -0 RONED
dav u(L-yv
A streight forward integretion gives us
—i—uz-— ..'1_'..\13 == __A_‘_.VR___ _1__\/! o (5.3)
R - R >

vhere the integrating constant is kept zerc as u and
v coinoide in the non-chaotle region, Rguation 5.8 oan
be regarded as & ouble equation for v in terms of u.
Solving this equation gives us

Vo= g

e [' 2 :(’z (3-9)
~2u) ri(3—-2u gu(®—
(3-2u) £|( )+ 8u(3-2W) g
4
The first r‘ %¢9(a) corresponds to normasl hehaviour.
The solution in this comse is given by

i
U=V = 3 CQ_E- oo (3e10)
e

=

Now, in eguation 3,9(b) we ochoose the uppe  sign (plus).
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This will give us v as the upper branch and u as the
lower branch in Tig 3,1 during ochaos,
A change of depenient variable through
w _____%_ — CosR6 e L W L

gives an expression for v from equation 3,9 (b) as

V = A e Cos (ae - /) .. (3e12)
R
Substituting equation 3,11 in equation 3,6 (a) end with
& change of independent verisble from ¢t to S = et
we get :
Stn (2 &
d§ _ &Su( 9:" /5) dé - (313
S 17/4 — Ces 275
vhere 29 = 28 — X/
Henoe
R A ol(CosZ¢> " V5 - ik d (sin 24)
3 Cos 24 — 1/4 S g —h .-
giving (by ehoosing a proper starting point for time)
'to:n ¢ o T/é =%
i/r5
= \'qncf"—'-'-g-* /4‘ - (3e14)
1— /%

Substituting this back in eguation %,9(b) we get



e i+ 5%
= j_+§2' (o)
(3.15)
1+ 35° o

mumaﬁmmwuv‘umuﬂmtm
J«9(b) the two curves get interchanged,

Although the represented coupled differential
eguation is a better approximation to the @entral Difference
Schene, i# is not sdequate when the R,H,5., of egquation
346 vanishes, So we have to introduce the h° term also,

' Then the eguations are

2.h d TRIMESTY A olu —~ Rh V(1=V) » IR
L e
2 3 (3416)
Rh dV v _— ghu(t-w .-®
O A e (&=

In equation 3,16, the third derivative term starts an
odd=even asymuetry very near wu,v ~ 1,0, This asyumetry

is not due to the least count of the mecuine dut due to
the h’- term, Due to thle asysmetry one of u or v will

be appreciably avay froam unity when the other is near 1.0

Let,

4 = UL —V .

— u+V

$ = urt
Then eguation 3. 16 becones
g_4__+_b, A s afag—-1) @
dt nhi (3.11)
dé , h A% _(1- ¢)+17‘4

de 1% alt’
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If b is small, the eguations and hence the solution

would be similer to those of equation 5.6 as A 1is
‘emall’ in some sense, A quick estim te of A ecan be
obtained if in eguation 3,17(a) we substitute equation
3.2 for ¢ o 8ince we are interested in the valuss of
Up¥s $ ~ 140, the RS, of equation 3,17(a) can be
epproximated by A iteelf, Hence we have

t
A= Age

Thus the value of A increases exponentially, This explains
mcmotcflmmthombdmmmmam-
starts, This exponential growth of gig=zag ls illustrated
in Pig 3.4 and Pig 3.5 for the step sizes of h=0,1 and

h=0,01 respectively.

J¢5 ¢ Mixed Difference Scheme and Comnection with
Hénon Helles Oselliator,

Tameguti and Ushiki used a mixture of Fuler's
finite difference scheme together with the Central Difference
Scheme to prevent the chaotic behaviour, Chaocs can also
be eliminated using the Predictor = Cerrector method,

They considered the mixed difference scheme parametriged
by My O < U <1l for the ordinsry differentisl equation
Se1. Bouation 3.1 can be written in the fops

(L- ) ““*1 i Ml‘ﬂé_ﬂ:_una wy o3
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Alternatively

)
= EL dny 4B (U Un huy
14+ M 1+M

which is the sane as

Uiy

R

un+1 = 1-MH Vn - " ‘—"l'\u'n]
1+ M
Vn+1 = U.n .

Then for suffieieantly cmell time h wita M > hzZ, the
solution of eguation 3,18 is non=-chaotie for 0 < t <w,
Tor o smell h with O < A < h2z, the sclution after
initially converging to a saidle point then repeats the
oyeles vhich were got earlier, These oycles then grodually
deform and finally the solution converges to a sequence
of period two, m,ucab/g,, near 140, u, converges o a
periodic sink of period two, Thus for U > k/a. the
fixed point (1,1) is o sink end for A< h/z 1t becomes

a hyperbolie fixed point.

Trensforming the equation 3,18
qh.___,_____/U'l-h-_{ -—————h—/u)xn-Fi]

2 h 1+4
V., oot [(*‘ "")y +1J
2h
into the form
R
’xﬂ-*i a8 Hh_‘-i St

3 o K
n+ 1
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iy
(L +M)"

L=

1 -M

1+ M
we get the Hénon mapping which for certain particuler
value produces the Hénon-felles strange attrzctor.

—
—
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SHAPIER = IV

STRANGE ATTRACTORS IN THE OQOMPOSITION OF

441 ¢ Introduotion

In chepter II we had discussed the Hénon-Helles
adtraotor, Wow we discuss = much simpler system which
exhibits a similar cheotic approach whlch is invariant
under sealing by the study of composition of two simple

harmonic motions in mutually perpendicular directions @
X== Cost

?:Cos(ﬁt+9+ ?T/.z,) WaRes

for different values of /3

442 1 3 18 rational,

In equations 41y if O = (2K+1) T2 then
is represents = oirecle and if O =»(2k% ), k an integer,
we get a straight iine, Por all other values of 0 we
get an elliipse.

Now we consider a slightly different set of
simple harmonic motions with /O =M/N where M~N are large
integers. Also

2 = Cost
y = Cos (( M)t + 6+ 'N/‘@ -+ (4e2)
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Por a small enough range of time t~27T
since M=, the motion represented by eguation 4.2 is
quite similsx to that of equation 441y 1e0ey 1t would
appesr almoat like a cloged ellijytic orbit, However,
after each loop around the orbit, due to the fifferende
of W/N from 1,0, the effective value of O would change
by (W/N). 27T approximately, Consequently the shape of the
ellipse changes continuously. Trom & shape at sometime
almost close to the straigh: line y = x, through an
eliiptic orbit it chemges to = eircular orbit and then
to a shape close to the straigh’ line y = =x, then through
8 circulsr orbit back to the original line, Thus one
expects the value of the dlstance of the point from the

origin given by

R= (a'+ 72) i o (4B)
to osclillate with a period of spproximately T, the
succescive minima (maxims) starting mear 1.0 and monoto=
nieally decreasing (inoressing) et the begimning, This
process continues till O (in the eguation 4,2) reaches
T/2¢ Then onwarde the minima (mexime) start incressing
(deereasing ) monotonically, The complete trajectory has
a period NT o

Three caces of interest are discussed below.

When ¥ 1z even ( and M = ¥ ¢ 1), the minimum
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value of R is of the order of 1/¥ and the maximum velue
is exactly /2 « In this case after N/2 loops sbout the
origin the value of R reaches itz nmaximum value, and
the curve retraces its path, The trajectory; of one
particul > onse of this type with N= 10 and M = 11 is
shown in Pig. 4.1,

On the other hand if M fs even and Ns N ¢ 1,
mcuhmvmunummmohutﬁum
value of B is not exactly (Z. In fact we have

VB — Rpman. ~ 0(1/N2) . Ched)

This case is illustrated in Tig. 4.2 for M =10 and ¥ = 11,

If M, N are hoth odd, the trajectory will
neither reach the origin nor [2, through it goes near
these points at distances comparable to the above cases.

4¢3 !ﬂh irrational,

We now consider a generulissation of the
equation where M/N is replaced by an irrstionslhumber,
Then we have after sceling the time by = factor of A

in squation 4,2
- Sint

7 = Cos Bt (4.5)

Sinee every irrational number S can be spyroximeted by
a rational number of the form W/N (M,N having no common
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factord, the orbit will have tue features of the above
types of trajectorles,

Por times smeller than N 4 the smallest
of the minima ic of the order of 1/1!. Then the largest
of the maxims is of the order of [2 —0 (1/N%) &
A better rationsl spproxigetion to A, M /N, (where
at a time of the order of 1/N . In between tamse Mo
tines the minimum value of R deoreases at first as with
each loop the phase difference between the two sizple
harsonic motions gets built up till it reaches and then
onvards the minimum value of R etarts increasing.

Now in order to study the chaotic hehaviour
nesr strange attroetors in the Hénon-ieiles oseillator
we choose a specific value of /3 which shows infinite
number of such close ayproaches to the origin, eabh
succosaive denominstor incressing aprroximetely by a factor
of ten, The A we chose is

B =1+ = 1+ L

lo + 1

10+;£0_:_ oy -+ (446)

=26 —4 = 1.099019% . ..
The partisl convergents to (see appendix)

M « 11 111 11R1 11321 | ..(4eT)

e

Nk 10 7 101 ’ 1020 ° 0301
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are the best approximations to 4 in the following sense 3
For every poaitive integer N{W; and for all integers M,

M g

MK
. S . (he8
N N l 48

S0 we expeot ( dn time sesles of the order of jT ) ,
ummomatmtenppmd.o’(uﬁ)wm
approximetion of the order of 1/%; (or ll&). n e
mechine with 16 digit acouracy it is Aifficult %o
demonstrate the behsviour nesr the maxima, Tor, even
with k = 4, 1/82 felle below the least count of the
maohine and hence only k = 2 cen be studled,

In the following we study the approach of R
to gerc in four different generations,

Trom the discussion following eguation 4.5,
in viev of equation 4.8 it is clear that the closest
approach ocours only =t times approxim tely (Ng/2)
when N, is even (times corresponding to N7 , wita N
0dd will lead to mexime closer to [2),

To start with we desoribe the behaviour in
detail for the #ime 0 <+< {o% » During this period 11/10
is 2 good approximation to A , The dependence of R on
t for this renge is shown in Pige 445

The wvalue of B in eguation 4,5, iaitially,
at t = 0 1 1,0, But asz time increaces the phase difference
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between x and y increases from T/2 and so the value of
R decreages first, A better representation of R is given

. ‘ 2
R=[1—Sinf(a+e)t) Sin(en)] i~ B

woere & =B -1% 00990198 - ---

Prom equation 4.9 it sppears that the first minimus with
& vaiue of R = 0,96 ocours when 2% exeeeds T/z slightly,
for et tals value of %, Sin{(R+2)t} reaches its
maxisum value and Sin(st)[<0°1] echanges slowlys As t
continues to increase, the value of R inoreases till it
resches 1ts next mixisum velue uhen 2¢ Q-'.3W/z « Then
onwards the minime (maxima) kee. decressing (inereamsing)
monotonieally $1ll 22t ®I,(tx5%) ¢ At t 225K , the
ainimun value of R = 0,025, The nearby maximum velue of
R is epproximately [2 o Now, &c % increaces the minima
(maxime) of R start inecressing (decreasing) monotonically
till around ¢t = 10X , then onvards the same behaviour
described above gets repeated for some more eycles, This
patiern resembles the smplitude modulated radio frequency

siznal,

Trom equation 4,9, since £ =~ 1/10 we expect
a 5 (the minimun velue of R in esch loop of 10 eycles
each of time period ~ ) to be smaller than 0,1. In thls
range thers is only one value of t where Ry < Oels A
local minimun (<0.2) can occur only wnen Bt =z (n+V2)F,
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vhere n is a positive integer. As S~ 0,1, this can
hepyen approximately at intervels of 1077 . Now we study
the locsl minime of R (within each loop of 10 7, R, ),
in the ﬂglﬂl 0 <t < 1020%s The first R ocours sround

- o5
t= 57, as war discussed mncr.(s.u.-i‘:a 4 'L,>

_ Por ¢ = nx, let At =(m+z)w+Samd Sy be
[F« {(/bt)/w ol 1/2,}]7(. Tor ¢ = 57 we get S = —0' 1540144 - -
Also,
R i
(’M{m)h g T
Por evedy inerease in t by 107 the O, inereases by =0,031,
(see table 4,1)s So after |5,| exoeeds a value </; where
Al = |Fe (B72] ) o

1.e.a =~ 01 .
it is more advantageous to sdd a x to the value of +

(£ =55% ) to £ind & locel minimus then® add snother 107,
Addition of x ohanges the sign of the phase @ifference

( = to + ) to approximately 4/z, Then onwaxds for the

next ten loops the phese difference kesps decreasing by
04031 ( see table 4,1) Consequently R, also starts decreasing
per each loop and mear 4= 1067 . The value of By (= 0,008)
is lower then the previous velue (near t = 5x )o The value
of R at thic time (R)) iz the lowest in a super loop of
1017 (from S6 7 to 157 7 ) ¥e contimue this till the value
of |5| just exceeds 4/2 4 wnen we add a 7 to t to get the
next minimém, This proce:s is repeated for each super 1oop
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of 1017 (10 loope * 1 eycle)s The local minims, R in

each super loop near €~ S7, 1067, 207~ , 3087, ete.
are successively smaller than the previous ones till t=5107
The global minimum of the grand loop 0Lt € 10207 18
attained at ¢t = 5107 , Till ¢t = S10 K

RS+1 iy <0
But for ¢ )5107 we get
Rs-+-1 = iRg DO

The vajue of R, near ¢ = 5107 is approximately 1/100
of the value of % at ¢ = 57, Sainlarly the miajmum value

Ry in the next grand loop 10207 < t <20407 ocours near

t = 15307 and has a value 1/100 that of R at ¢ = 157 ,

This process i= repeated in the next two generations which
are illustrated in Pig, 4.5 and Pig. 4.6, This procees

keeps repeating ad infinitum vhen the time scale is magnified
by 2 hundred each time,



In this dissertation we have just bwiefly
studied the convept of strange attractors and the behaviour
of the trajectories near them. We supported this
concept by = few examples.

In the beginning & brief intradustion to
ordered dynsmionl systewms wvas given, Then the conoept
of sirange attrsotorc wee introduced, In Chapter II
we saw a few exsmples of this in different models, This
was followed by the study in deteil of the ochsos in
central difference scheme for logistie sgquations, An
analytionl expicnatice of the ocgowrrenge of chaos was

also given,

An originel eontribution of this dissertation
iz the yhenmomenva of self-similariiy undsr sosle~invariance
- near strange attragtors in the composition of two simple
harwonie motions in mmturlly perpenileuler direotions.

' In vecent times thers hna been a ot of
development in this tople. It has applications in a
vast renge of subjecte, To mame & few, we heve evelution
of specles and Volterras equation (Scuds, P.M, and James
Re Zelgler 1978} turbulence of fluids (Icreans 1963



-y
43

Fuelle and Tekens 1971) buckiing besms (Holmea))
Optics (Stewart 1981); blood production ete, Hotable
omissions in this dlssertation are the work done by
Se Smale, Volterrs, Vander Pol, Suslle and Takens,
Iorens and others, Tals topic hes & ilot of scope
for fursher developments, Some of she properties

of plrsnge «Wtractors such ss dimension, correlation
function, dlateibdotion funotion ete ¢zt Ve studied
in more detail, S, Smele and Ushiki, 5. have also
done a lot of study of this conoept with the help
of dimenaion theory and teopology.
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APPENDIX

fHere we list the resuilts from the Theory of

continued fractions required in Chapter IV (@hrystal. 1964),

Any real number /3 can be expressed as a continued

fractions
3

e S B A e UAEE)
% a3+"'

where Ry9 8,9 849y o« o+ . are positive integers, If
/3 is rational, then this continued fraection is

terminating ( a =0, n N).

The partial convergonts to;6 are defined as

An - al__‘. 1 :_Pﬂ...-(ko:)

Gg ~+ L gt | Qn
]

Gg+apet-" "1 ay

where P_, 0, are integers (mutually prime) .

TI.I)
Py® 8y 3 9, =1
.-'(A.s)
'2 = I‘ Ca# l' Q2 = lﬁ

There is a recurrence relation between P's and Q's;

P- o .l 'l-l . "--z
. .. (Aed)

Q- = .i Ql--l - Q--a



The fraction /%!- P / Q, 1is called the nth partial

convergent, Then P., Q. satisfy the following relationss

n
Pa Pa=1 = (=1)
2, | % - % aind
v v kRS
P P («1)"? o
n N2 ® n
Qn QI-Q QI : Qn-z

The odd convergents increase monotonically inm
value whereas the even convergenie decrease monotomnically,
Every even convergent is greater tham every odd convergent,

Also these econvergents P / 0, tend to Las n—e0e-

For all integers, P, Q such that Q(Q.. L]

o - f”

‘ /3 6371 {: /3 T Q

1t

bok i g = R -4
¥, o+ :1+—7—-:/5“ :

T
then the partial convergents are

1, A1, Al . 1131 . 233210 § 114331, 1154631

100 301 1020 1030) 104030 1050601

11660641
10610040

g~ -
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For the »rreblem in chapter IV, if the trajectory has
to approach the origin then ’t/‘]C s ( ﬁ‘t/‘(r — 1/2
have to be very cloae to integers and consequently this

is egpceted to ocour when

:~ N 2: ( Q2n l

™ 2



(SN
~1

l . ’ ! AL[ l Asl
040 Oe 542 0e548
De25 1.000 Ue 300
Qe 1.508 0s189
0.6315 14924 0156
CeTo 2.1 _ De134
Te00 : 2903 0e10%
125 5583 04083
1e50 4,270 0.070

NOTE 3 If x50, A < 0y As>0 and vicewversa if x< O

( - 2,8% 1 )
0,3 0

The eigenvalue of the malrix

for different vnlnes of x,.



TASLE 4,1
ten? § n
$x =0401340
187 «0,04620
8K 0, 07701
25 R «0,10781
48 K «=0,13861
88 X “0,16942
S47(6SK) +0,14166 (=0.20042)
661K +0,11086
76 N +0,08008
86~ +0,0492%
L L ) +0,01848
196 A -0,01236

The phase differense betuwees x nnd y at different
instantis of time, Note norticularly at time (=837
it {9 more adeantngeous to give n further eoten of

AR prathrr than 104,
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e

Te

9

10,
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