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Preface

The study of commutative algcbra started with the
works of famous authors like D. Hilbert, E. Noether, Macaulay
and W. Krull. The latter progress in commutative algebra
arises chiefly from quite different problems, issuing from

Algebraic Geometry.

The concept of local rings was introduced by W. Krull
in his paper " Dimensions Theorie in Stellen rigen". Krull
conjectured a few problems in his paper. These were proved by
€. Chevalley in " On the theory of Local rings " and by
I.5. Cohen in his thesis " On the structure and ideal theory of
complete local rings ". Authors like Zariski, Nagata proved
further important results with the study of local properties
of Algebraic varieties. These developmentm areembodied

in the famous work of Nagata " Rocal rings ".

The second stage of development of the subject was
ushered in by the lecture notes of J.P. Serre " Algebre -
Localé@ Multiplicitifs", Classic papers of M. Auslander and
D. Buchsbaum "Homological dimension in local rings" and "Maximal
orders " by Auslander and Goldman. Thesec authors introduced
homological techniques into the subject. The proof of unique
factorization in reqular local rings by Auslander and Buchsbaum
was an achisvement signalling that these techniques have come

to stay. Some more important results were proved by these



authors by using homological techniqucs. Lichtenbeaum's proof
that Torz (M,N) = (D) implies TO{E (My,N) = (0) for all j ) i
for finitély generated modules over a regular local ring is
another achievement of this period. The subsequent appearance

of the thesis of C. Peskin and L. Szpiro " Dimansion Projective
finite et Cohomologie Locale" and the work of M. Hochgter on

big Cohen Macaulay modules have all pointed out the effectiveness
of homological techniques in Commutative Algebra. The "Zero-
divisor Conjecture" by I, Kaplansky, the "Tor - Conjecture" by

M. Auslander, the Conjecture of H. Bass on Cohen - Macaulay

rings are still open problems to mention a few.
This dissertation consists of six chapters.

Chapter I deals with preliminary definitions and
regsults used in the dissertation.
In Chapter II, we prove three theorems. In Theorem 2.1,
-we prove a result) a special case of which says that if M and N
are two reflexiv e modules of finite projective dimensions
over a Gorenstein local ring such that Rom (M,N) is a third
module of syzygies, then the natural homomorphism
M*QDPU~—$Hom (M,N) is an isomorphism. This extends the result
in[)%j. In Theorem 2.2 we qive a criterion for a module M
over a regulaer local ring to have projective dimension less

than or equal to an integer n. This extends the usual criterion

for the projectivity of a module. In Theorem 2.3, we prove
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that over a l-dimensional Gorenstein locadl ring R 4if M,N

are finitely generated R-modules such thdt Hom (M,N) is nonzdro
* s ¢

free than both M and N are free. This is & generalization of

a result of W. Vasconceles L29 , Theorem 3.1],

If RCS is an extension of rings (not neeessarily
commutative) making S into a projective R-module then R is a
direect summand of S if and only if S 1is faithfully projective.
This is a result of Cartzen and others T44 , Theorem - 17 .
The authors also give an example of a ring extension in which
S is R-projective but not faithfully projective. The example
involeed noncommutative rings. In Chapter III, we show such a
situation camnnot happen if R is commutative i.e. if R(C S is
an extension of rings making S projective as R-module then
R is a direet summand cf S and S is faithfully projective.
This is Theorem 3.1 of this Chapter. In Bourbaki
{10 , Ex 5.4, p-176} this is menticned as an exercige when S

is finitely generated as R-mcdule.

In Chapter IV, we give a criterion for a noetherian
loeal ring to be regular. This involves homological conditions
on prime ideals of small height as compared to Hilbert-Serre
Theorem which says that R is regular if and only if the maximal
ideal of R ha8 finite homologiel dimension. More precisely,
suppese pdO&e for every unmixed ideal Ol of height atmost 2,

then R is regular. W. Bruns [ 9 7] had earlier shown
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that if pd O (= for every ideal () 21l of whose associated
prime ideals have depth atrmost 2, tten R is regular. But our
proposition is a dircct improvement of M. Auslander's criterion
given in F 4, Theorem B, Ccrollary 5] . The proof also
includes some results of independent interest giving criterion

for a domain to be U.F.D.

In chapter - V, we give an application of homological
duality to generalized M-reqgular sequences. The notion of
M-sequence is generalized in[\ﬁ ] as follows: & sequence
Pl, Pz,--~-, Pn of nonfree modules is said to be an M-sequence
if Torf (M®P, ® ... ®P;_;» Py) = (0) for 14i¢n. The sum
L Pd Pi is defined to be the length of the M-sequence
Pl,Rz,..Pn. We shall apply Strebel's homological duality
({28), §3, Theorem 13 ) to prove Theorem .1 on generalized
M-sequences which states that if R is a regular local ring
and . M a nonzero R-module and {Pl, Pz"'“' Pn} is an
M-sequence of nonfree perfect modules of lengtﬁ%ﬁt
Qy = annP, , d; = Pd P; “or 1g ign. Then fr; every
i, 1 gign, 4 d; elements xii), xgi), -- xé%) in (Hi

i
such that the sequence of 3d, elements {x§1) Y » 1 gign,

1«3 g9 form an M-sequence in the usu2l sense.
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In Chapter VI, i.e. the last Chapter we take R to be

\

a non-commutative local ring i.e. P is a ring with

jacobson radical O] such that R/OT (= K) is a division

ring. Mark Ramaras introduced the notion of BNSI rings

in [24] . We bhave generalized this notion to non-commutative
rings. A non-commutative l8€al ring R is called a left

BNSI ring if for every nonfree left P-module M, the

sequence { Bi(M)} i1 is strictly increasing where

(d

Bi(M) = dim‘(TorE ( K,M) is called the ith Bettinumber of

M, If R is a left and right BNSI-ring with jacobson

radical QU nilpotent and M is an indecompossable left

1
R

This is Theorem 6.6 of this Chapter which generalizes &8

R-module such that Ext_ (M,R) = (0) then M 1is free.

ffneo-rem w (34] .
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CHAPTER-1

Preliminaries

In this chapter we give a brief outline of some
preliminary definitions and results used in the dissertation.
We also fix notations and other conventions here. Throughout
this dissertation a ring R means a ring with identity and an

R-module means an unitary module.

§1.1, Projective and injective modules, Tor. and Ext.

functors:

Definition 1,1.0 : An R-module P 1is called Projective if

given an exact sequence of R-modules M-+ N-30 and an
R-linear map P—-aN 4 an R-linear map P-~d3M such that

the diagram

N

P
)
}
'
f

4

is commutative.

Example: Any free module is projective.



Definition 1.1.1 : An R-module I 1is injective if given an

exact sequence 0 M- N and a homomorphism M-~gpI there

exists a homomorphism N-=21 such that the diagram

I
///” -
]
1
b
N

0~ M corngp is commutative.

Example: @G is Z - injective.

Definition 1.1.2: An exact sequence of maps and modules

.....--«)Pn-—-—) Pn 1—-)~------—>P1~—) Po--) M—p O where

1
Pis are projective is called a projective resolution of the

R~ module M,
Example: Consider 2 / 2Z as Z-module. Then

0~322 —32 -5 2/22 0 is a projective resolution

of 2 / 22.

It is easy to see that any module M has a projective

resolution.

Definition 1.1.3: An exact sequence of maps and modules

OﬂM-iIO-.g Il-§12—~<)~-..--..- where Iis are

injective modules is called an injective resolution of M.

In this case also it can be shown that any module M

has an injective resolutiom.



Example: 02~ 0 — Q/2 — 0 1is an injective

resolution of # as 7# - module.

Definition 1.1.4: A sequence of maps and modules

d d d
N+l n n-1
M* - LR O*Mn.‘-l -.—_-* Mn ”“-“‘) Mn—l e Mn_z")'“"

such that d_ o d

n = 0 for evecry n 1is said to be a complex.

n+1
We denote this complex by M,. Clcarly Im dn+lg Ker d_.

The R-modules Ker dn are said to be the nth homology of the
Im d
n+l

Complex M, and is denoted by Hn(M*).

Definition 1.1.5: Let X,~ N — 0 be a projective resolution of

N. Consider the complex M(X) X, for any R-module M. Then the
nth homology of this oomplex is defined to be Torﬁ( M,N ). It
can be shown easily that this definition is independent of the
resolution X,~» N— 0 . These arc bifunctors on the

category of R-modules and are called Tor functors. We

mention here somq properties of Tor functors:

L . R i
Proposition 1.1.0: (i) Tor ( M,N ) “'W(:§ N

(ii) If O0-=N,~> N-— N,—3 0 is an exact sequence of

1
R-modules, then there exists a long exact sequence

R R
...... — Torg (MyN )=y Tor | (M,N)—¥ Tor | (M,N,)

~t Torh (M, N)=b3 M ON s MDD N MB Ny~ O .



(iii) Torﬁ (M,N) Torﬁ (N, M ))if R is a commutative ring.

0 for n 0 if N is a flat module.

(iv) Torﬁ (M,N)

Definition 1.1.6: The projective dimension of a module M is

defined to be infinite if it has no finite projective
resolution. Otherwise the 1length of the shortest projective
resolution of M is said to be the projective dimension of M.

The notation for Projective dimension of M is Pd M.

Definition 1.1.7: If a module M has no finite injective

resolution, we say that injective dimension of M is infinite.
Otherwise the length of the shortest injective resolution of M
is defined to be the injective dimension of M. The notation for

injective dimension of M is id M.

Definition 1.1.8: Let O -)N—=3I be an injective resolution of

N . Consider the complex Hom(M,1,). The nth homolegy of this
complex is defined to be Extg (M,N). ExtR(M, ) is a functor
in the category of R-modules and is called Ext functor.

We mention a few properties of this functor:

Proposition 1.1.1: (i) Extp (M,N) = Homp(M,N).

(ii) If O~eN, B N3N~ 0 is exact then there exists a long
exact sequence

0~ Hom(M, N, ) &3+ Hom (M, N) —3 Hom (M, N,) — Exta(M,N,)
—aExt%(M,N)'géExt; (M’Nz)'"*""""



(iii) If 0-—0M1—$ M-ﬁtwi-i 0 is exact then there exists a long
exact sequence

0 ~#Hom(M,,N)~3 Hom (H,N)=3 Hom (M),N)~3 ExtIR(MZ,N)

"‘9 EXtI(M,N)-—-’ Extl(Ml’N ).—eﬁtt.-.,.
R R

§1.2: Primary decomposition of modules

Throughout this Section all rings are Commutative
and modules are finitely generated. The set of prime ideals

is called spectrum of R and is denoted as Spec R.

Definition 1.2.0. A prime ideal p of R 1is said to be an

associated prime of a module M if one of the following
equivalent conditions hold:

(i) There exists an element x& M with Ann x = p.

(ii) M contains a saebmodule isomorphic to R/p. The set of

associated prime ideals of M is denoted as Ass M.

Definition 1.2.1: The support of a module M denoted as

Supp M is defined to be the set of all those prime ideals of

R such that Mp # 0.

Definition 1,2.2: A module M is said to have finite length

if it possesses Jordon-holfler scries. We denote the length of
a module M by 1(M).
Throughout the remaining part of this section R

denotes a Noetherian ring.
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Proposition 1.2.0: A module M over a ring R has finite length

if supp M consists of maximal ideals only.

Definition 1.2.3: A nonzero module M is said to be co-primary

if given any ag R, the homotheccy A, ( multiplication by 'a' on

M )is either injective or nilpotent.

Example: 2/23? is a co-primary Z-module.

Definition 1.2.4: Suppose M 1is a co-primary module. Then the

set {;aé R / ika is nilpotent} is a prime ideal of R. This
prime ideal p is said to be the associated prime ideal of M

and M is called p-co-primary.

Definition 1.2.5: Suppo se M is a nonzero module. A proper

submodule N of M is said to be p-primary if M/N is p-co-

primary,

Definition 1.2.6: A proper submodule N of M is said to be

irreducible if there does not exist a representation

N o= NN, with NE N, NG N,

Example: (0) is irreducible in Z/p"% where p is a prime

integer and n 2 1.

Definition 1.2.7: Let N be a submodule of M. A primary
decomposition of N is an equation N = Qlfﬁ sz)-'~f~~{10r
where Qis are primary in M. Such & decomposition is said

to be irredundent or reduced if no Qi can be omitted and if



the associated primes of M/Gi ( 1¢i¢r ) are all distinct.
Any primary decomposition can be simplified to a reduced

primary decompositian.

Proposition 1.2,1: Any proper submodule N of M has a

primary decomposition.

§1.3: Dimension of rings and modules

Definition 1.3.0: A finite sequence of (r+l) prime ideals

Pod P13 PoD - P, is calleda p?ime chain of length r.

If p is a prime ideal of R, the supremum of the lengths of the
prime chains descending from p 1is calleJ:geight of p and is
denoted ht(p). If ht(p) = 0, p is called a minimal prime ideal.

th
If 1 1is a proper ideal of R, thenAﬁcight of 1 is defined by
ht (1) = inf {; ht(p)/ p D I} .

Definition 1.3.1:The Krull dimension of a ring R is defined to

be the supremum of the heights of the prime ideals in R. Krull
dimension will be abbreviated as dim R. If R is a noetherian
local ring then dim R is finite. It follows from definition
that ht(p) = dim (Rp) for p ¢ Spec R and for any ideal I of R,

dim R/I + ht(I)é dim R.

Example: Krull dimension of a Principal ideal domain is one and

K.dimension of a field is zero.



Definition 1.3.2: The Krull dimension of a module M 1is

defined to be the supremum of the lengths of prime chains of

primes in Supp M.

Proposition 1.3.0: Suppose R is a noetherian ring and M

a finitely generated module. Then the faollowing are
equivalent:

(i) M is a module of finite lenqgth;.

(ii) The ring R/Ann M is artinian.

(iii) dim M = O

Definition 1.3.3: Let R be a noetherian local ring. Let

all R-modules be of finite projective dimensions. The supremum
of the projective dimensions of all R-modules is called global

dimension of the ring R and is denoted as gl. dim R.

Definition 1.3.4: Suppose R 1is a noetherian semilocal ring

and J be the Jacobson radical of R. An ideal 1 of R is
said to be an ideal of definition of R if _JT = J.

Definition 1.3.5: Suppose R is a noetherian local ring of

dimension d. 1If X1 Xpseeoen Xy gencrate an ideal of
definition of R, then X1s Xgyese»s X4 are called system of

parameters.

§1.4: Regqular sequence

Definition 1.4.0: Let ™M be an R-module. A sequence

319 Bgsevse B of elements of R is said to be M-regular if for



each 1 ¢ i { r, a, is not a zero divisor on
~ AN 1

N
M/(al M+ azM oo+ a5 M) and M #£ alM + a, M +.,.. + a, M.

Definmnition 1.4.1: Let R be a noetherian local ring. The length

of a maximal M-regular sequence in the maximal idealnka R is
called the depth of M and is denoted as depth M. Thus

depth M = 0 if and only if 1 e Ass (M).

If R 1is an arbitrary noetherian ring and p ¢ Spec R, we have

depth Mp = 0 as Rp— module if and only if p ¢ Ass (M),

Proposition 1.4.0: Let PR be a noetherian local ring and let

M # 0 be a finitely generated R-module. Then depth M {dim(R/p)
for every p e Ass (M).

It follows from this proposition that for any finitely generated
module, depth M é_dim M.

Definition 1.4.2: Let R be a noetherian local ring and M

t

a finitely generated module . M 1is said to be a Cohen Macaulay

module if M = 0 or depth M = dim M. If the local ring R is
Cohen Macaulay as R-module we say that R is a Cohen Macaulay

ring.

Example: Localization of the polynorgal ring k [xl, Xoaeoo X
where k is a field St a2 prime ideal is a Cohen Macaulay ring.

Proposition 1.4.1: Let R be a Cohen Macaulay local ring. Then

for any ideal I, we have dim R/I + ht I = dim R.



Definition 1.4.3: The grade of a module M over a noetherian

local ring R is defined to be the length of a maximal R-
sequence contained in the annihilator of M. If M has finite
projective dimension then it is well known that

grade M { Proj. dim M.

Definition 1.4.4: Let R be noetherian local. An R-module M

is said to be perect if Pd M is finite and is equal to the
grade of-the module. F or a perfect module we have Exta (M,R) = O

for i £ Pd M.

Example: If x = ( Xys Xgpeeos Xp ) is an R-sequence, then

R/x 1is a perfect R-module.

Definition 1.4.5: A module M is said to be torsionless if the

natural mapping M- M** whrre * denotes duals, is injective.

Example: Any ‘torsion-free module over a domain is torsionless.

Definition 1.4.6: A module M is said to be reflexive if the

natural map b4~gM** is an isomorphism.
Example: Any free module is reflexive.

Proposition 1.4.2: ( Rees formula ) Let M and N be

R-modules. Then Ann N contains an M-regular sequence of

length t if and only if Ext; (M,N) =0 for i =0, 1,2,...t-1.

e e et e a4
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Propositionp 1.4.3 ( Asslander's depth formula):

Let M be a module over a noetherian lccal ring R having
finite projective dimension. Then

Pd M + depth M = depth R.

§1.5: Regular local rings and Gorenstein rings

Definition 1.5.0. Let R be a noetherian local ring. If there

exists a system of parameters generating the maximal ideal of the
ring R, we say that R is regular local and such a system of

parameters is called a reqular system of parameters.

Example: If K is a field, then the power series ring

K [[?l’ xz,...xéij is regular local.

Proposition 1.5.0 (Hilbert - Serre's Theorem):

A notherian local ring R is reqular local if and only if

global dimension of R is finite.

Definition 1.5.1: A noetherian local ringsis said to be a

Gorenstein ring if injective dimension of the ring 1is finite

as R-module.

Example: Let R be reqular local and x = (X, XpseeeXp)

is an R-sequence. Then R/x R is Gorenstein.

Proposition 1.5.1: Let R be a local Gorenstein ring and M

a nonzero R-module. Then depth M = dim R - t, where t is the

largest integer such that Extg ( MyR) £ (0).
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Definition 1.5.2: The inteqger t such that Extg (M,R) £ (0)

mentioned above is called the G-dimension of the module M.

Definition 1.5.3: A module M is said to be an nth syzygy

for a positive integer n if there exists an exact sequence
0= M-3 Fn_fﬁ° """ ~3F - Fo’ where Fis are free modules.

o KRR *#FO~‘;’ M- 0 is a projective
resolution of M, the Kernal of Fi—é Fi—l will be denoted
as ol*! M with the understanding that F_y = Mand oM = M;

* * . i
the Kernal of Fi“¥ Fi+ will be denoted as D q° M.

1

Definition 1.5.4: A module M is said to be rigid if

whenever Torq (M,N) = 0 for a module M, then Tor? (M,N) = 0

for all i3 1. Over a regular local ring any module is rigid.
This is a theorem of Licheten Baum (ﬁk&,.?;>

We shall make use of the following exact sequences of

M. Auslander and M. Bridger [43Jin Chapter II.

Proposition 1.5.2: For every pair of modules M and N and

for every integer n 3 0, there exist exact sequences:
Torg (D " M,N )=BExty (M,R) IN=2Exty (M, N)

— Tor? (D o™ M, N)=0

and

R

0— Exté (D 2" M,N) =% Tory

(M, N) ~> Hom(cxtg (M,R), N)

2

~3 Exty (D Q" M, N ).



CHAPTER - 1I1I

THE HOMOMORPHISM M* &) N—> HOM (M,N)
Throughout this chapter R denotes a Commutative

ring and modules ave finitely generated.
In the study of orders in simple algebras over the

quotient field of a regular local rinc R, M. Auslander and

0. Goldmen were led to show that if M 1is a reflexive

R-module suoh that HomR(M,M) is free then M itself is free.
This is generalized in [ 13 ] to assert that if M and N

are reflexive madules over a regular local ring R such that
How (M,N) is nonzero free, then M and N are both free. This
was proved by showing that under the given conditiorm, the
natural homomorphism M*CE) N~ Hom (M,N) is an isomorphism.

This can be improv ed further. This is our Theorem 2.1 of this

chapter. The projectivity of a module M 1is equivalent to
the surjeetiv ity of the natural homomorphism

MT ) M —> Hom (M,H).
Theorem 2.2 of this chapter is an extension of ‘this result
giving a eriterion for a module over a regular local ring to
have projective dimension leass than or equal to a given non-

negative integer.

If R is a 1- dimensional Gorenstein local ring and
A is a finitely generated R-module such that Hom(M,M) is free
then M 4is free. This is a result of W. Vasconceloes

[29, Th«3.1 ] . Theorem-2.3 is a generalization of this result.




Thecorem 2.1: Suppose M and N are reflexive modules of’

finite projective dimensions over a Cohen - Macaulay local Ring
R and N is rigid. Then if either Ext: ( Hom(M,N)*,R) = (0),
or the ring R 1is Gorenstein and Hom( M,N ) is a third module
of syzygies, then the natural homomorphism M*Qth—iHom(M,N)

is an isomorphism.

Proof:; We first claim that the given conditions imply

Ext% (M,N) = (0). This is proved by induction on Krull
dimension of ‘R. Firstly, if g 4is a prime ideal of height
atmost two, then Mq being a reflexive'Rq-module, depth Mq
depth Rq. Then Auslander's depth formula, Pd Mq + depth Mq
depth Rq implies that Mq is Rq- free. Hence Exté (Mq,ﬁq )

=(0). We can therefore assume dim R 2, 3, and that
1

Extp Mp, R% ) = (0), for all non-maximal prime ideals p of R.
P
Then either Exté(M,N) = (0), or it is a nonzero module of

finite length.

Let 0"')L—ﬁF-)M "-)0 ¢ o0 00 (l)

be an exact sequenee with F free. We apply the functor

Hom ( , N ) to (1) and get the exact sequwnce

1

R (M’N)

0 — Hom(M,N) =3 Hom(F,N) — Hom(L,N)—> Ext

-~ 0 Ceeeee (2)



The exact secquence (2) can be broken into two short

exact sequences as follows:
0 ~—~Hom(M,N) —> Hom(F ,N) =T - 0 ... (3)

and

0 <> T =5 Hom(L,N) = Exté(M,N)-iO V. (4)

By §he assumption on Extl(M,N), some powers of the maximal
ideal of R annihilates Extl(M,N). So, dim Ext (M,N) = O .
Since R is Cohen-Macaulay, qrade Extl(M,N) = dim R 3 3 .
This shows that Extg( Exté( M,N), R ) = (0) for j = 0,1,2.
Therefore, by dualizing (3) and (4),we get the following

exact sequences

0 =T~ Fom(F,N) " Hom(M,N) " Ext(T,R)
e (5)

»* ¥*
0 = Hom(L,N) —¥ T —5 0 e (6)
Putting (5) and (6) together we get the exact sequences:

¥* * *
0 —=Hom (L,N) — Hom(F,N) — Hom(M,N)

—3 Ext! (T,R) ... (7)

Now if p is a prime ideal of height atmost two, then Mp

and Np are free Rp— modules, as in the beginning of the proof.
Hence (1) and (4) imply that Tp is Rp - free, i.e.

( Extl(T,P))p = (0). Denoting by P, the image of the

1

*
homomorphism Hom(M,N) —» Ext™ (T,R), then by what it




precedes, Pp = (0). Thus if Qy= annihilator of P, then

height (3 » 3. Cohen - Macaulay property of R implies

that grade P = height O ) 3. Hence, we have Ext;(P,R) = (0)
for i = 0, 1, 2. Breaking (7) into two short emact sequences,

as in the case of (2), we obtain
¥* %* 1
0~ Hom(L,N) = Hom(F,N) = U0 ., (8)

*
0~ U *»Hom(M,N) = P — 0 (9)

Dualizing (8) and (9) and making usc of the fact that

Exty (P,R) = 0 for i = 0,1 in (9) and putting together ° the

resulting exact sequences we get,
0~ Hom (M,N) T Hom(F,N) %y Hom(L,N)™*
— Extl(U,R) ce (10)

From (9) and the facts that Extl (Hom (M,N)*,R) = (0), we get

Ext?! (U,R) = (0), i.e. the exact sequence (10) becomes

¥* * % * %
0 — Hom(M,N) ~—3 Hom(F,N) -+ Hom(L,N) w3 O
¢ o 0 (11)
From (1), applying the functor Ext ( ,N ) we get the exact

sequence,

Hom (F ,N) ~—> Hom (L,N) —» Ext? ( M,N) — O

Then with obvious maps, the diagram W

Qe



Proof: Suppose Pd. M = j. If j/ n, clearly
ExtJ¥(M, R) = 0 = Extp (M,M). If j = n, then it is well known
that the natural homomorphism

Extg (M,R) (E: [ p— Extg (M,M) is an isomorphism [}4]

Conversly, suppose that the latter homomorphism 1is
surjective, we make use of fundamental exact sequences of
M. Auslander and M. Bridger [ | ] which we have stated in
Chapter-1.

Torg ( o' a" M,N)~$Fxtg ,R) %) hLmQExtg (M,N)

—3 Tor? (0 " M,N ) =30 ... (12)

0—Extl (D @" M,N)-—?Torﬁ (M,N)~—§Hom(Extg(M,R),N)

2

r (D Q" M,N) L. (13)

—3 Ext

Taking M = N in (12) and using the fact that

Ext” (M,R)<:2 N—>Ext"(M,N) is surjective, we get,

Tor? (D " M,M) = (0). Since R is regular local,
Tor? ( Q" M,M) = (0) for J > 1. In particular

lff?D( D 2" M,M) = (0). Then (13) gields Ext;( D ™, D sTM)=(0).
Applying [13} we find that D 0" M is projective, i.e. " M is

projective. Hence P.d M £ n.



// Now we qgive a short proof of a result of

Jineah{1Q., Theorer-2.2 ] by applying the above Theorems.
Our result is more general than that of the author.

Proposition 2.3: Let R be reqular local. M be a finitely

*
- generated reflexive R-module. Suppose Exté ( Hom (M,®n) , R )=0

for every unmixed idecal O of height 2. Then M is free.

Proof: As in the proof of Theorem 2.1 above, the given conditions
mean Extl(M &) = 0. By [4, Theorem B ] there exists an exact
sequence&\?—% F =3 M— O}*&O where F is finitely generated
and free.yiggbly C) M and Hom ( , M) to the above exact 3
sequence we get, /
F () MM ) M—a®) M -3 0 k&,ﬁ,wﬂoﬂ
Lol =
0 = Hom (M,F) - Hom(M,M)~—) Hom (M,Q )

Since F is free, o is an isomorphism. Now M is free if 8
is surjective by Theorem 2.2. Since Extl (M,%) = 0, applying
Lemma [13] we get M*®{}f= Hom (M,(O%).

So,y 1is an isomorphism. This means that g is surjective.

The next theorem is a gencralization of a result of
W. Vasconcelos which says that over a2 1- dimensional Gorenstein
local ring R, a finitely generated R-module M is free if and
only if Hom(M,MX\ is free. Our proof runs parallel to the

argument of Vasconecelos [29, Theorem 3.1 ]



Theorem 2.4, Suppose R is a 1- dimensional Gorenstein local

ring and M,N are finitcly generated R-modules such that Hom(M,N)

*
is free. Then both M and N are free.

Proof: Let Y be the maximal 1deal of R. Since Hom(M,N)
is free, by Auslander's depth formula we sed that depth of
Hom (M,N} > 0. So ¥m 1is not associated to Hom (M,N). Since
Ass (Hom(M,N)) = Ass N €Y Supp M, ™} is not associated to N.
Also’h\ is not associated to R . 5So¥nis not in the union
of prime ideals associated to cither R or N i.e. J a €T o
a nonzero divisor on R as well as on N. The exact sequence

0—=R-3R—3R —> 0 ‘.. (14)
implies that the sequence
0 — Hom (N,R)-E,Hom(N,R)-iHomﬁ(N, R )
~3 ExtI(N,R) ... (15)

is exact, where R =*R/aR, N = N/zM. Since depth N = 1 and

1

G-dimension of N is 0, we get ExtP

(N,B) = (0).

Then (15) gives the isomorphaism

H (M, R ) TN R .. (16)
o b ey b

If P 1s finitely generated prOJectlve then the hd%omorphlsm
—— "

P OP—-—)R given by f ® a —p f(a) is called the trace map and

its image is an ideal of R, called the trace ideal of P.



The trace map abovc is denoted Tp. P has a direct summand
isomorphic to R if and only if Tp is surjective. This is
easy to see by using the fact that R is local. Then we have
the following commutative diagram.

T
% N
N C) N ——— R

natural

N RN ®RR
k o

N
N*'@)N —_— R
R

Te show M is free, sufficient to show that N has a free
direct summand isomorphic to R. This is equivalent to
show TN is surjective., Now TN is surjective if and only if

Tﬂ is surjective, via Nakayama lemma. The exact sequence,

09N EN—F-—>0 gives rise to the exact

sequence,

0 —Hom (M,N) ~2 Hom(M,N) —> Hom_( M, R ) .. (17)
R

(17) implies that Hom ( M, N ) contains Hom (M,N) (O R
R R

as a submodule. Now Hom(M,N) is nonzero free implies

Hom(M,N)C)F? is nonzero R - free so that Hom(M , N )



contains a faithful R - module. So, Hom ( M , N ) is faithful.

- —-— M
This shows that M and N are both faithful. Since R 1is a

0 - dimensional Gorenstein ring, (0) is an irreducible ideal.

Let X1s Xpy ---. X be a set of gencrators of N . Then

Ann N = {} Ann x; = (0). As (0) is irreducible, Ann x, = (0)
= Ky o=
for some X4 So the map R — N ,A-*alxi is injective.

This shows that N contains R as a direct summand. So, Ty is |

surjective. This shows that TN 1s surjective. So, N is free.

As N 1is free and finitely generated, N can be written as

a direct sum of copies of R. Also Hom (M,N) is free i.?;/

*

Hom (M, C} R ) is free. So, M is free.



CHAPTER - IIl

SPLITTING OF RING EXTEMSIONS

If RLCS is an extension of rings making S into
a projective K-module then R 1is a direct summand of S if and
only if S is faithfully projective. This is shown by Cartzen
and others E_llfj . The authors also give an example of a
ring in which S is R-projective but not faithfully projective
The example involved non-commutative rings. 1In this Chapter we
show that such a situation cannot happen if R is commutative.

This is shown in Theorem 3.l.0f this chapter., 1In Bourbaki

-~
-

CIO y P-176 ) this is mentioned as an cxercise when S is

finitely generated as R-module.

First we state a Lemma thc proof of which is given

in Bourbakif{ 0.

Lemma: Suppose R S is a ring extension. Then S is

faithfully flat over R if and only if S/R is R-flat.

Theorem 3.1: Suppose R 1is a ccmmutative ring and RC S, a rin-

extension making § into a projective R-module. Then R is a

direct summand of S as R-module.



Proof: Let pgSpec R. Localizing the exact sequence

0 — R—S —S/R —> 0,we get the exact sequence

0 — R_— — (5 f R - .
p Sp (5/R)p-——> g o D modules

By a Theorem of Kaplansky L1773, the Rp - projective module

Sp must be free and hence faithfully flat over Rp . By above
lemma, ( S/R)p is Rp- flat. This being true for every

p & Spec R, S/R must be R-flat. Herce by\lemma above S
must be faithfully flat as R-mndule. Tc conclude that R as

a direct summand of S as R-module, one could make use of
Theorem~I of Cartzen and cthergor one could use the criterion

for projectivity aiven in L1673 tc conclude that S/R is

R-projective and so the exact sequence

0~ R~S~—>S/R—0 splits and hence R is a direct summand

of S.

Corollary 3.2: Let Rc be a commutative ring and R0<: R be an
extension of rings. If therc exists a ring S such that
R&: RG S with S prcjective as Ro' module, then R0 is a

direct summand of R as Ro - module.

Proof: By Theorem 3.1 there exists a splitting S-—%RO as

R0 - module. Restricting this tn R we get a splitting R-—»RO.

Corollary 3.3: Let ROC: R S be as above with S projective
as Ro—module, then R is a direct summand of S C) R/RO as

R - module.
o)
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Proof: Consider a aecomposition of S:S= R, # S, as
R,- modules. Then R = R ® !{f\ S,- “We obtain a monomorphism
f of R to S @® R/R = R, &) R/ROC} S, by setting
f(x+y) = x + (y + Rc) + Yy, where xg¢ Ro’ y€ R(\Sl. It is

clear that the mapping g: R/RO~% R F}Sl defined by

g( y+R, ) = y is an isomorphism. On the other hand,

Sl@R/RO Sl@R/FO (g), wherc

R/Ro(g) = {;y+g(y) / ye R/ Ro} . Hence R & R, ® R/RO (qg)
and R, @ R/R_() (S, = RCAR/R_ (DS, = S@R/R_. Hence

i

R is a direct summand of S(:)R / ho as RO - module.

The procf of the Cornllaries 3.4 and 3.5 are immediate

if we use [5, Conf?z‘Tg] and{23, P-88} .

Corollary 3.4: RC S extencsion of noetherian local rings. S is

a finitely generated R-module of finite projective dimension.

If S is recgqulsar local'7 Then R 1is a direct summand of S.

Corollary 3.5: R(CS extensidn of rings. R is regular local,

If S is Cohen Macaulay local ring, then R 1is a direct summand

of Sif Sns Lavrivke as R-voduwe .

Remark: The next proposition is proved in [ 201, < The
authors assume that R is a direct summand of the extension 5.
Our theorem above shows that the condition is not necessgary.
For the sake of completeness we give below the full proof of

this statement.
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If P ie R-projective an element ué&EP 1is said to be

unimodular if J f & Hom(P,R) with f(u) = 1.
Proposition 3.%: Let R S be a projective extension of

commutative rings. Consider the following statements:
(1). If P 1is a prcjective S-module, then an R-unimodular elemnt

nf P 4is also S - unimcdular.

(ii) If leis a maximal ideal of R, then ™S is a maximal

ideal of S. .
Then (1) implies (ii).
Proof: Let Tn\be a maximal ideal of R. Clearly 'h\§ £ S, for

suppose WS = S. Since S is R-projective, the extension
FrC S splits. Let ¢ S--R be a splitting as R-module.

Then ©/R = 1,. Here YnS = S implies @ (v S5 ) & (S)

1

= ‘(\-\&@(S) = R = YY‘LR
R i, contradiction.
So, ’Tnﬁ £ S. Let x € S N\ wmS. We show that WLS +x S5 = 5.

Notice
that HomR( S,R ) ==> Hom R/m (§/mS, R/YW‘) is surjective,

»

Bince S is R-projectiug) s/ S is a RAW: vector space and
X 1s nonzero in S/'n\S where x = x + nls, Ea R/“L ~ linear map
on S/rqS which does not vanish at x ; lifting it to
Homo (S,R) there exists f : S—F, P- linear map such that
f(x) ¢YTL . Hence if Oﬂ(x) :,% AN(x) / MNe HomR(S,R)} ,

[

Then UR(X) im . Hence YY-\k+ DF (x) = R.

U

Let u = (a,x) € P=SE S. If T, and T,

of S@®S, B+ AT, & Hom (P,R).

are the projections



Also, (BT + AT ) (u) = g(a) + A(x)
= a+ Ax) = 1.

Hence u is R~ unimodular element. Then by assumption it is
also S-unimodular i.e. therc exists g g HomS(P,S) such that

g(u) = 1; But g(u) = g(a,x) = g (a(1,0) + x (0,1))

1]

a g(»,0) + xq(0,1)

€ aS + xS W\S + x S.

i.e. 1 € S + xS.
Hence S + xS = S.

Thus Y5 is maximal in S.

L



CHAPTER - 1V

CRITERION FOR REGULARITY

In this chapter, by a ring we mean a commutative
ring and modules are finitely generated. Here we give a
criterion for a local ring R to be reguar. M. Auslander
T 4 , Theorem B, Corollary-5) proved that a Cohen Macaulay
unique factorization domain R 1is regular if projective
dimension cf Cx is finite for every unmixed ideal v of height
less than 2. Besides Bourbaki's theorem on torsion free
modules over integrally closed domains, which is an essential
point in the proof of M, Auslander, we make use of Macrae's
result 21 , Prop-4.3] on projective dimension of grade
one grade unmixed ideals in a noetherian domain to prove the
theorem which gives the criterion for a local ring to be regular.
W. Bruns [ © ] had shown that if Pd (@ << for every ideal Ol
all of whose associated prime icdeals have height at most 2,
then R 1is regular local. Here we have deleted the additionaid
assumption that R is a Cohen - Macaulay wunique factorization

domain, We state the theorem.

Theorem: A local ring R 1is regular if projective dimension of

O is finite for every unmixed ideal Cﬂ of height less than O0¥=2,

Remark:= Let k be a nonnegative integer. A local ring R
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is said to satisfy the Sk— condition if whenever p is a prime
with height 7, k, then depth Rp 2 k. If Rp is regular
local for all prime ideals p with height { k, then R is said

to satisfy the Rk- condition. Serre's criterion on normality

says that a local ring is an integrally closed domain if and

only if it satisfies 52 and Rl {22, Theorem - 391 . Notice

that our 5, - condition is somewhat different from that of [227 .

Lemma 4.1: A local ring R satisfies the Sk+1- condition if

projective dimension of p is finite for all prime ideals p

of height k.

Proof: Suppose q is a prime ideal of height z k+1., Let p
be any prime ideal of height k contained in qg. Clearly

Pd (pRp) and Pd

( qu) arc both finite and
R

p Rq

pd Rg,p Rq) >, pd t2(‘ijp) = k-1, the,latter holds since Rp is

regular local. Hence pd ( Rq/ qu)'k k . Also Rq/ qu being

R
q

an integral domain and not a field, we see that

depth ( Rq / qu ) 2 1. Then the well known depth formula

depth ( Rq / qu) + pd (Rq/qu) = depth Rq implies that

R
q


file:///j2i2
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depth Rq"z k+l, i.c. R satisfies S - condition.

k+1

Lemma 4.2: A local ring R is a unique factorization domain

if de p is finite for every prime idcal p of height é 1.

Proof: Lemma 4.1 implies that R satisfies Sz— condition.
Also pd r P is finite implies Rp is regular local. Hence R
also satisfies the condition Rl‘ Then by Serre'a normality
criterion quoted above, R is a2 (normal) domain. Now if p
is a prime ideal of height 1, it is clearly grade one grade
unmixed. Such a prime ideal is principal by Macree's theorem

21, Prop-4.3] . Then it is well known that R must be a

unique factorization domain.

Proof of the Theorem: The rest of the proof relies upon the

material developed in M. Auslander's article quoted in the

beginning. Lemmas 4.1 and 4.2 show that R is a unique

factorization domain satisfying the cnondition 83. We shall

conclude R is regular by showing that de M is finite for

every nonzerc module M. Let A be a second syzygy of M

so that there exists an exact sequence 0= A Fl~é F0~é M= D
ceeees (%)

with FO and F1 free modules. If A were free, we would have

pd R M é 2 and we would be through. Suppose A is nonfree.

R being integrally closed, A is a reflexive module.

Bourbaki's Theorem([2{, Theorem-6, §a] then gives an exact
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sequence
0 »F A= O 0 ... (%*)

where F is a free module and (j is an ideal of R. Now(j

cannot be a principal ideal, for otherwise the sequence (*¥)

will split and A will be free. This means on the one hand

() is neither 0 nor R and on the other hand F £ (0), the

latter holds since F = (0) forces (§ to be reflexive, i.e.

principal, R being a unique factorization domain. Let

p e Ass ( R/py ). We claim heipht p g 2. For suppose height p > 3.

Since R satisfies 53 - condition, depth Rp 2 3. Clearly also

depth Rp/&Rp = 0, so that depth pr = 1. Localizing (**)

at p, we get the exact sequence 0 -» Fp +Ap »fﬁp > 0 ... (%)

Since A is a nonzero reflexi ve module and depth Rp > 2, it

follows that depth Ap > 2 [Q., Lemma 2] . Then the exact

sequence (***) implies depth F_ = 2. But F being a nonzero free

p
module depth Fp = depth Rp > 3, _a contradiction. Hence the claim

is proved.

Next R being a unique factorization domain, one can
apply proeedure [4 , Proposition 4] to find an unmixed ideal 7)
of height 2 isomorphic to Cﬁ, Applying the long exact
sequence for Ext. to the short exact sequences(*) and (**) we
get for j >2, the isomorphisms Exté ( l) , ) = Extg (G » )

g Extg ( A, )T Extg+2 ( M, ). Since 2) is an unmixed
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ideal of height 2, dezj is finite by assumption so that

Extd

R (b, ) =(0) for j sufficiently large, i.e.

Extg+2( M, ) = (0) for j sufficiently large. Hence

projective dimensicn of M is finite i.e. R is regular

local.

o e,

o



CHAPTER - V

AN APPLICATION OF HOMOLOGICAL DUALITY TO GENERALIZED

M-REGULAR SEQUENCFS

Throughout this chapter modules are assumed to be
finitely generated. Suppose R is a regular local ring and
M a nonzero R-module. The familiar notion of M-sequence is
generalized in ([i4] g2 Definition ) as follows: a sequence
Pl’ Pz,--., ,n of non-free modules is said to be an M-sequence
if Torf (M@P, ®---@ P, » P) = (0) for 1gign.
The sum}f #Pd Pi is defined to be the length of Ehe M-sequence
Pl,Pz,-—-., P . It is shown in [ 14 ] that the length of

n

an M-sequence Pl’ Pz.—-., p is almest depth M, that any

n
M-sequence can be extended to a maximal M-sequence, and that
any two maximal M-sequences have the same length namely
depth M. Suppose Cli denotes the annihilator of P, for
l1<ign. We assume that the ideals Cni are nonzero for
all 1lgig¢n. It is shown in ([15 ] , Theorem'?) that

53 X; € Cﬂi such that Xys Xgy== X is an M-sequence-.
In this ehapter, we shall apply Strebel's ‘homological
duality ([2@] , § 3, Theorem B ) to establsh the following

Theorem:
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Theorem 5.1: Suppose R 1is a regular local ring and M

a nonzero R-module. Let {Pl, PZ,—-. Pn} be a sequence

of monfree perfect modules over R, forming an M-sequence of
length d say, LetOKi = annihilater of P, ( which are
clearly nonzero) and let d, = Pd P, for 1{ig¢n. Then for
every i in 1 <ig¢n there exist di elements

i o~
xgl), xgi),-- xgi) in Cﬂi such that the sequence of Zd,;
i =y

elements {xgl) }» 15 if n form an M-sequence in the usual
sense.

Let R be any notherian local ring and A be a
perfect R-module of projective dimension d. Denote by A*,
the R-module Eutg(A,R). Then Strebel's homological duality
( (28] , 3, Therem B) agserts that there exists natural
isomorphism.

R

~ i *
Tor j(A, )y T Extg(A D T (*)

b

of connected sequences of functors for J>o0. Moreover

*
Extg (A, R) is naturally isomorphic to A.

Lemma 5.2. Suppose P is a nonzero perfect module of

projective dimension d over the reqular local ring R.

Let M be any R-module such that Tor? (P,M) = (0).

Then Ext3 (P,M) ¥ (0) for 0< jgd-1.
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Proof: By 'rigidity’', Iorg(P,M) = (0) for j 31
Then the duality isomorphism (*) above means in this case

TorR
d~j

(P, M) T Extd (p] M)

Hence Extg (P*, M) = (0) for O gjgd-1.

By D.Rees - [2¢] or GEQTheorem 26 1, this is equivalent to
the existence of an M-sequence of length d in the
annihiletor of P¥. Since Extg (PT R) £ P, it is easily
seen that the annihilator of P and p¥ are the same. Hence

by applying D.Rees's theorem again we get, Extg (p,M) = (0)
for 0 g¢j gd-1.

Lemma 5": Let R be any noetherian local ring. Let

P, Ml’ Mz,---, Mn be a sequence of nonzero finitely generated
R-modules such that Exty (P,M.) = (0) for j= 0,1,2,~--,t-1,
where t » 1. Then 3 Xqr Xgo==esXy in the annihilator of P

forming on Mi-sequence simultaneously for all 1 <i g<n.

Proof: Let (O denote the annihilator of P, Suppose t = 1

so that Hom (P’Mi) = (0) for 14i<n. Then Qtis not contained
in any prime ideal associated to Mi’ this being true for all

i gi gn. Hence there exists xe(m~which is not in any prime
ideal asgoeiated totanf of the modules Ml,Mz,--Mn . Such

an element x is a nonzero divisor of every one of the

modyles MI’MZ""’ Mn' This proves the lemma when t = 1.
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Suppose t> 1. We use induction on t. By what precedes,
there exists X1€ (h which is not a zern divisor of every
one of the modules Ml’MZ"”' Mn' Then it is easily seen

J _ .
that Extp (p, Mi/xiMi) = (0) for 1£i¢n and
J=0,1,2,00..4t-2. Inductively, we can assume the existence
of elements Xx,, Xz...... Xy in §1 forming an Mi/ x Mg

- sequence simultaneously for lg ig n. Then x;.Xxy,...% is an

Mi-sequence simultaneously for all 1 gig n.

Proof of Theerem 5.1: Since any permutation of

{PI’PZ"" Pn} is still an M-sequence LSA,§2,Theorem ]
R
we get Tor,( M®P1®P2®...®Pi , P, ) = (0) for

o< ig n-1l, where the interpretation when i = 0 i
R .
Tor, (M,Pn) = (0). By Lemma 5.2 this means that
J - .
Extp(P , M®P; @ ... ®P; ) =(0) for o g¢jg d - 1 and

o< ig¢ n-1. Applying Lemma 5.3, we can find elements

(n) _(n)

(n) . .
X1 0 Xy Tsees Xg in Cﬂn forminag an

n
MG Py ) Py @... ®Pi - sequence simultaneously for

0 g¢ign-1. For the sake of simplicity let I, be the ideal

~ k
(n) (n) __
1 ¥

generated by x y X -, Using induction on

(n)
2 X -

k and the short exact sequences

(n)
X
O —(M/TM @ P ® ...®P,_, =L mim) ®

PLE - QP I M ® P ... Pig— O
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one can easily see that
R
Tor, (M/IM @ Py ®... 0P, 1,P; )

k = 1,2,¢0., dn' Teking k = dp, this means

(0) for

greees Pn_,1 is a M/(xinz xé??.., xén) )M - sequence
n

Inductively on n one can assume the existence of elements

(i)
X1 ol

Xél) yo oo xc(jl) in GYi for 1 gig n-1, such that
i

{xj(i) } lg ign-1 is a M/(X{n), Xé??--gxén)) M - sequence.
1¢ Jg dy "

Then clearly the Sd. elements{ixgi)e y lg ign
[ 3 N TS
1

A
IN
[«

3

foym an M-sequence.

.Corollary 5.8: Suppose Pl’PZ""’P is a sequence of

n

nonzero perfect modules over a regular local ring R such

R -
that Tor) (P, ® P, @®... @P; ;s Py ) = (0) for
l¢ ig n. Then, P, &P, . &.... (%P, is a perfect module
n

of arade equal to ¥ qgrade Pi'
1

Proof: It is easy to see that one can assume without loss of
generality that none of the Pi is a freec module. Then

P P2,... Pn is an R-sequence of modules. Let Pd P, = d

1’ i i
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for if is n. Llet Oli = annihilator of Pi for ifif n.
Clearly 071 # (0) for every i. By above Theorem, there

exist x(l) ’ x(%-)--. x(i) in OY such that the elements
1 2 di i

N

form an R-sequence in the usual sense.

(1) y 1
oy

n
d.
i

IN A

i
J

Clearly@i annihilates P1®°2®€ @ @ P, for every

/A

i in the range 1g ig n. Hencte + 012 400 +(ON

n
annihilates P, () P, (... ®P . Since Ol +(Ty¢. ..+ (7
contains the elements xj(i) for 1¢ i¢n and 1 «j fdi’ we

find that grade (P; () P, (Q.... () P, )3 d+d+...4d .
Also the conditions

R .
Torj Py ® P, ®..®OP;_ 45 P; ) = (0) for j 31 and

l¢ ig n imply that

Pd(P) ® Py @+ Q) P) = Pd (P &) Py Qe P ;)
+Pd P,. " Adding we get,

PA(P) @ P, ). P, ) = Pd P +PdP, +..cus PP

= d; +d, +...+ d . Hence, grade (F; @ P, .. P, )

> Pd(P, ® P, ®.& P ). Since the inequality in the
other direction is clear, we find that P, &) P, OEEQ) P is

a perfect module of grade equal to Pd(Pl @.@ Pn)::z grade P, .
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Corollary 5.5: Let R be a regqular local ring and M a

nonzero R-module. Suppose Pl’PZ"""Pn is a sequence of

nonfree perfect modules over R forming an M-sequence.

n
Let d = § Pd Py. Then the annihilator P, ®°, @.@ P

corntains an M-sequence, in the usual sense of length d.

Proof: By [145§Z,Theorem 2] , one sees that Pl, P,yeeoP

2 n

is an R-sequence and
R ) .

‘I'orj (Pl ® P, @@ Py M) = (0) for j >l.
Corollary 5.4 implies that P, (9 P, . & P, is a
perfect module of orade equal to d. Then by lemma 5.2, we
get

Extd (P, ® P, @...® P, M) = (0) for 0 ¢j gd-1
R 1 2 cos n? = & & .
Hence the annihilator of P, (® P, & ....® P, contains

M-sequenece of length d.

n

an



CHAPTER - VI

BNSI Rings. .

Throughout this chapter R 1is assumed to’' be a
non-commutative local ring i.e. R is a ring with jacobson
radical O(such that RAQl is a division ring. All R-modules

are assumed to be finitely generated.

Let M be a left R-module. Since M is finitely

ul

generated, M/QIM R/gy x g M is a finite dimensional

(left) vector space over R/OT' Let [M/ @M : RAy] = r.

We take a free module F0 of rank r© with basis { ey } .

Suppose il’ Xgym== in be a set of generators of M/GyM.

Let X19 Xps-- :r
mapping Fo —~— M, e — X; is an epimorphism with

be lifts of §l;§2,——.§r to M . Then the
Kerf0 C ChFo. Such an epimorphisom is called a minimal

epimorphism. Thus for any left P-modul:s M there exists
f‘

a8 minimal epimorphism P— Me 0 Let F0 -2+ M be a
minimal epimorphism and Kl e its kernal. Also, let

FI~* KI—» 0 be a minimal epimorphism. So we get a minimal

free reselution by (left) frce P-mocdules,

Fe ——— Fn'u¢ Fn-f’* em——— +Fl—-+ FO-—» M o}



Let R/GT = K . Consider the complex

K (X) Fp tor K @ F» KQF _1oven 2KQF 2 K @ F - KD Ma

where each of the maps K@Fn-+ K ® Fn—l are zero.

)

KGO Fy-

Then Torz(K,M)

So,

dim Tors(K,M)

| dim ( K @ F; )
K

rank F..
i

Two left R-modules A and E are projectively

equivalent if there exist projective irft R-modules P and Q@

such that A @ P ¥ B@® Q. If P,» P > M+ 0 and

Ql > Qo + M > 0 are any two presentations of M, then

* ¥*
Co-Ker ( P: - P; ) and Co-Ker ( G, » @y ) are projectively
equivalent as richt Rf-modules. If both of these

presentations are minimal, the co-kernals are isomorphic.

ES
* * )
Let DM = CBker ( F_ » F ) where F, » F » M & 0 is
0 1 1 o
a minimal presentation of M. Thus Fi > Fﬁ + DM+ O

is @& presentation of DOM. Since free modules are reflexive,

* % * %
coker ( F1 + F0 ) = Coker(Fl > FO) = M,

So, M and D(DM) are projectively cauivalent. It follows
that M is free if and only if OM = 0. The importance of

OM for our purpose, comes from the following exact sequence
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established in more general form by ,uslander [2]

2

0 -» Exté (OM,R) + M » M** -+ ExtR («M,R) =+ O

Thus M is reflexive if and only if

Ext§ (DM, R) = 0 for i = 1,2.

The proof of the followinn proposition is identical

with proposition 1.1 (24] .

Proposition 6,1: The folloging are eauivalent:

(i) Every reflexive left R-module is free.
(ii) For every left R-module M, if
Exté (M,R) 2 0 for i = 1,2, then M is free.

Proposition 6.2: Let F be a 1ina. Suppose M is a left

R-module contained in a left fre. -module P, 1If

M gé M P, then M is free.

Proof: We see that M/ MAOIP is a nonzero R/Q‘ - submodule
of P/&P. Since R/07 is a division ring, M/M AQP is
a nonzero left vector space over P/o]. kence there exists
a finitely generated nonzero free lcft R-module F and an

epimorphism f: F » M such that the i1induced homomorphism
M

f FA%F + MMM AQP is an isomorphism. Let the composite -
inel.

f‘
Fo— M ~~ P map be © ; then the induced homomorphism
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© : F/gfF =+ P/OIP is the composite of the isomorphism
F/gF ¥ M/M N OIP and the monomornhicm M/M (\ QP ~ P/ O P

and so © s a monomorphism. it is a eplit monomorphism
since R/gy is e division ring. Let & : Plap +F/ O F

be an R-linear splitting of & so that

FoD : F/@F » F/qyF 1is the identity map. This

? is induced from an PR-lincar map

¢ : P+ F. Then ¢ o0 : F ~ F is such that

$o0 = %00 = identity. HFencr ¢ a0 is an automorphism
of F. Let ¢ea® = h., Define &: P—F as $=hlo¢ .
Then o9 = h’l.ooe = identity map on F. So. @ ¢ F » F

f
is a monomorphism. This shows that the map F -—M is a

monomorphism, Simee it is already surjective, so an

isomorphism.

Definition 6.3: For any left R-modulc ™ and for any i 3 o,
let Bi(M) = dim Kjor? ( K, M) as a lcft vector space over
K. Bi(M) is called the ith BeXtinumber of M.

Definition 6.4: R is called a(left) BNSI ring ( Beltinumbers

strictly increasing ) rinqg if for every nonfree left

R-module M, the sequcnce qgi(M)} is strictly

1;1

increasing.
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Proposition 6.5: Suppose R is-a left and right BNSI ring

with Jacobson radical (y nil potent. Let M be a left
{zee
R-module such that MQQFO for some lecft,.R-module FO.

A
Then for any right free R-module *, DMi FG -

Proof: tet R" + R" > M &+ 0 —ceeao_. (%)
be a minimal presentation of M. Since M C OH'O and

0 + M o Fo - FO/M + 0 exact,

R™ + R" o Fo * F,/M > 0 is a part of a minimal

resolution Fol M. Then Bl(Fo/M ) = n and BZ(FO/M) = m.

Since R is a BNSI ring, m > n. Duslizing (*) we get

0 + M SR &« R™ 4 DM s+ © exact

Since M O(Fo, ann M 'Qannm. Ey hypothesis Q is
nijpotent. Let t be the index of rilrotency of( ..
so, O° =(0) end fF T £ (@, Ther () = = o Ty
Thus there exists x ( #0)¢ ("' such that x( = 0.

So, ann()( # 0. As ann MDann(} , ann M # 0.

Claim: For any f @M, F(MCQ . For if F(M)¢ 0], there

exists xgM such that f(x) #-0\ Then f(M) = R/Qv‘ . So,
This

G+ f(M) = R. Thus 1 = X+y where Xef (M) y €Q] . implies

Az l-y, a unit. This shows that f(M) = R contradicts the
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fact that annM £ O,

Since ann M £ 0, ann M*¥ £ 0 as a right R-module.
So, by above argument F(M*)(:C% . This shows that
Hom ( M (%) = Hom (Me, R).

= Hom (M, R" ) = Hom (M, R" ).
Thus the image of M* under © 1is contained in Cz rR™, Using this
it can be seen that the presentation RM 5 R + DM > 0 is
minimal. Now if DM E;FCW, for a right free module F, the argument
as above can be used to show that n > m, which @omtvadicts the

fact that m3»n. Thus DM gi F(Cp for any right free module F.

Theorem 6.6 : Let R be a left and right BNSI ring with

Cn nilpotent and let M be an indepompossable.left

‘-'7
R-module contained in a left free R-module such that

Ext?l (M,R) = (0), then M is free.

Proof : M is contained in a left free R-module F0 . If
M CWFO s Proposition 6.2 shows that M is free.

Suppose M ( GYFO . Now for any module T, T 1is a submodule

of a free module if and only if Extl(DT,R) 0. By hypothesis,
Extl (M,R) = 0. Since M 1is projectively equivalent to
D(DM) we get Extl(D (DM), R) = 0., So DM is a submodule

of a free right R-module F. Since by assumption M (:_GhFO
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and

M # 0, by Propositien 6.5, DN ?; FO] for any
right free module F. So, by Propos.cicn €.2
This shows that M

DM
is free.

is free.
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