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Preface 

The study of commutative alqcbra started with the 

works of famous authors like D. Hilbert, E. Noether, Macaulay 

and W. Krull. The latter progress in commutative algebra 

arises chiefly from cjuite different problems, issuing from 

Algebraic Geometry. 

The concept of local rings was introduced by W. Krull 

in his paper " Dimensions Theorie in Stellen rigen". Krull 

conjectured a few problems in his paper. These were proved by 

C. Chevalley in " On the theory of Local rings " and by 

I.S. Cohen in his thesis " On the structure and ideal theory of 

complete local rings ". Authors like Zariski, Nagata proved 

further important results with the study of local properties 

of Algebraic varieties. Those developmenta areembodied 

in the famous work of Nagata " Cocal rings ". 

The second stage of development of the subject was 

ushered in by the lecture notes of J.P. Serre " Algebre -

Locale Multiplicities", Classic papers of M. Auslander and 

D. Buchsbaum "Homological dimension in local rings" and "Maximal 

orders " by Auslander and Goldman. These authors introduced 

homological techniques into the subject. The proof of unique 

factorization in regular local rings by Auslander and Buchsbaum 

was ao achievement signalling that these techniques have come 

to stay. Some more important results were proved by these 
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authors by using homological techniques. Lichtenbaum's proof 

that TorJ (M,N) = (0) implies TarJ (M,N) = (0) for all j ;̂  i 

for finitely generated modules over a regular local ring is 

another achievement of this period. The subsequent appearance 

of the thesis of C. Peskin and L. Szpiro " Dimension Projective 

finite et Cohomologie Locale" and the work of M. Hochster on 

big Cohen Macaulay modules have all pointed out the effectiveness 

of homological techniques in Commutative Algebra. The "Zero-

divisor Conjecture" by I. Kaplansky, the "Tor - Conjecture" by 

M. Auslander, the Conjecture of H. Bass on Cohen - Macaulay 

rings are still open problems to mention a few. 

This dissertation consists of sAx chapters. 

Chapter I deals with preliminary definitions and 

results used in the dissertation. 

In Chapter II, we prove three theorems. In Theorem 2.1, 

<*re prove a result a special case of which says that if M and N 

are two reflexiv e modules of finite projective dimensions 

over a Gorenstein local ring such that Horn (M,N) is a third 

module of syzygies, then the natural homomorphism 

M (^N—.^Hom (M,N) is an isomorphism. This extends the result 

iriCl?)^' Ir» Theorem 2.2 we give a criterion for a module M 

over a regular local ring to have projective dimension less 

than or equal to an integer n. This extends the usual criterion 

for the projectivity of a module. In Theorem 2.3, we prove 



On; 

that over a 1-dimensional Gorenstein locil ring R if M,N 

are finitely generated R-modules such that Horn (M,N) is non^dro 

free than both M and N are free. This is a generalization of 

a tesult of W. Vasconceles C'2-'̂  » Theorpm 3.l3. 

If RC S is an extension of rings (not necessarily 

comwutative) making S into a projectice R-modUle then R is a 

direct sgawand of S if and only if S is faithfully projective. 

Thii is a result of Cartzen and others ^11 , Theorem - Ij • 

The authors also give an example of a ring extension in which 

S is R-projective but not faithfully projective. The example 

involsed noncommutative rings. In Chapter III, we show such a 

situation cannot happen if P is commutative i.e. if R C, S is 

an extension of rings making S projective as R-module then 

R is a direct summand cf S and S is faithfully projective. 

This is Theorem 3.1 of this Chapter. In Bourbaki 

r 4,0 > Ex 5.Aj P-.1762 this is raenticned as an exercise ŵ jen S 

is finitely generated as R-raodule. 

In Chapter IV, we give a criterion for a noettierian 

local rin§ to be regular. This involvez homological conditions 

on priiRe ideals of small height as compared to Wilbert-Serre 

Theorem Which says that 1? is regular if and only if the maximal 

ideal of R hai finite homological dimension. More precisely, 

suppose p^Cf^C ôJf every unmixed ideal (̂  of height atmost 2, 

then R is regular* W. Bruns T *̂  3 ^'^ earlier shown 
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that if pd Q^ <̂ oc for every ideal Q^ all of whose associated 

prime ideals have depth atnost 2, t!en R is regular. But our 

proposition is a direct imDrovement of M. Auslander's criterion 

given in [[ ̂  , Theorem B, Ccrollary 5 J . The proof also 

includes some results of independent interest giving criterion 

for a domain to be U.F.D. 

In chapter - V, we give an application of homological 

duality to generalized M-regular sequences. The notion of 

M-sequence is generalized in[ \^ ] as followss a sequence 

P , , P j , i - , P of nonfree modules i s sa id to be an M-sequence 

if TorJ ( M ® Pj (g)... (x)P^_^, P^) = (0) for l^i^n. The sum 

Z Pd P. is defined to be the length of the M-aequence 

P,,P,2,..P . We shall apply Strebel's homological duality 

([2.8] , §3, Theorem 13 ) to prove Theorem g.l on generalized 

M-sequences which states that if R is a regular local ring 

and . M a nonzero R-module end {Pi> P?" • P-,} is an 
A-

M-s^quence of nonfree (jorfect modulor of lengthydi 
^1 ^ 

Oh = annP. , d. = Pd P; '"or 1^ i<:n. Then for every 

i, .1 ̂ i ^n, 3 d^ elements x^^ , ><£ ' "" ^d ^" ^ i 

su,ch that the sequence of ̂ d^ elements {x^ } , 1 <i <n, 

1 ̂ j ^d, form an M-sequence in the usu^l sense. 
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In Chapter VI, i.e. the last Chapter we take R to be 

a non-commutative local ring i.e. P is a ring with 

jacobson radical 0{ such that R/Q] (= K) is a division 

ring. Mark Ramaras introduced the notion of BNSI rings 

in [24] . We have generalized this notion to non-commutative 

rings. A non-commutative local ring R is called a left 

BNSI ring if for every nonfree left P-module M, the 

seguence { 3i(M)} • ^ -i is strictly increasing where 

3. (M) = dim Tor. ( K,M) is called the ith Bettinumber of 

H. If R is a left and right BNSI-ring with jacobson 

radical 0^ nilpotent and M is an indecompossable left 

R-module such that Ext^ (M,R) = (0) then M is free. 

This is Theorem 6.6 of this Chapter which generalizes ^ 

tineo-fetn m m] 
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CHAPTER-I 

Preliminaries 

In this chapter we give a brief outline of some 

preliminary definitions and results used in the dissertation. 

We also fix notations and other conventions here. Throughout 

this dissertation a ring R means a ring with identity and an 

R-modu'le means an unitary module. 

§1.1. Projective and infective modules. Tor, and Ext, 

functors; 

Definition 1.1.0 : An R-module P is called Projective if 

given an exact sequence of R-modules M—>N —>0 and an 

R-linear map P —i N 3 8" R-linear map P-^ M such that 

the diagram 

l\ 
if 
M 

is commutative. 

Example; Any free module is projective. 
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Definition 1»1.1 ; An R-module I is injective if given an 

exact sequence 0 —» M —>N and a homomorphism M—^I there 

exists a homomorphism N—^I such that the diagram 

1* 
I 
1 

0 —*» M 

Example; 

-• N is commutative. 

Q is Z - injective. 

Definition 1.1.2; An exact sequence of maps and modules 

M —H> 0 where 
n ' n-1 ̂  1 • o 

P.s are projective is called a projective resolution of the 

R- module M. 

Example; Consider 2 / 22 as Z'-module. Then 

0—> 22 —5" Z' —> 2/22 —^0 is a projective resolution 

of 2 / 22. 

It is easy to see that any module M has a projective 

resolution. 

Definition 1.1.3; An exact sequence of maps and modules 

0--#M-*I^—^ I^-^ I^-^ where lis are 

injective modules is called an injective resolution of M. 

In this case also it can be shown that any module M 

has an injective resolutioTl • 
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Example: 0 «—^ 2 —> Q —> Q/Z' 

resolution of Z' as ? - module. 

0 is an injective 

Definition 1.1.4; A sequence of maps and modules 

M. • — * M 
'o+l 

n+1 
M n M •n-1 

n-1 M » '''n-2--^"" 

such that d o d , s 0 for every n is said to be a complex, n n+1 

We denote this complex by M^. Clearly Im d^i^^C ^^^ ^n' 

The R-modules Ker dn are said to be the nth homology of the 
Im d n+1 

Complex M̂^ and is denoted by H (M^). 

Definition 1.1.5; Let X̂ -<*̂  N —p 0 be a projective resolution of 

N. Consider the complex M (̂  X^ for any R-module M. Then the 
D 

nth homology of this complex is defined to be Tor^( M,N ). It 

can be shown easily that this definition is independent of the 

resolution X̂ -.̂  N — ^ 0 . These arc bifunctors on the 

category of R-modules and are called Tor functors. We 

mention here somo. properties of Tor functors: 

Proposition 1.1.0: (i) Tor^ ( M,N ) = H^ N . 

(ii) If 0-^n. N N, 0 is an exact sequence of 
1 '^ " ' '2 

R-modules, then there exists a lonq exact sequence 

» Tor'' (M,Nj-^Tor^ (M,N)->Tor^ (M,N,) 
n 1 n n c 

Tor^_^(M, N^)-# -^M (X)NI^-*^ M(S)N-* M ® H^-^ 0 
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R R 
(iii) Tor (M,N) = Tor (N, M )^i^ R is a commutative ring. 

(iv) Tor^ (M,N) = 0 for n > 0 if M is a flat module. 

Definition 1.1.6t The projective dimension of a module M is 

defined to be infinite if it has no finite projective 

resolution. Otherwise the length of the shortest projective 

resolution of M is said to be the projective dimension of M. 

The notation for Projective dimension of M is Pd M. 

Definition 1.1.7: If a module M has no finite injective 

resolution, we say that injective dimension of M is infinite. 

Otherwise the length of the hottest injective resolution of M 

is defined to be the injective dimension of M. The notation for 

injective dimension of M is id M. 

Definition 1.1,8; Let 0—)N-->I^ be an injective resolution of 

N . Consider the complex Hom(M,I^^). The nth homology of this 

complex is defined to be Extp (M,N). Extp(M, ) is a functor 

in the category of R-modules and is called Ext functor. 

We mention a few properties of this functor: 

Proposition 1.1.1: (i) Extp (M,M) = Homp(M,N). 

(ii) If 0--(̂ N.-H* N'-^ Nj'*-* 0 is exact then there exists a long 

exact sequence 

0--> Hom(M,N^)^-^-Horn(M,N)--^ Horn(M,N2)-~* ExtJ(M,N^) 

--^ExtJ(M,N) ̂ -^ExtJ (M,N2)—^ 
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(iii) If 0—•M,—^ M—i M«—^ 0 is exact then there exists a long 

exact sequence 

0~»Hom(M2,N)—^ Horn (H ,N)-J» Horn (M^ , N ) - ^ Ext"̂  (M2,N) 

Ext^(M,N)—% Ext-̂ (M.,M ) —> 

§1.2: Primary decomposition of modules 

Throughout this Section all rings are Commutative 

and modules are finitely generated. The set of prime ideals 

is called spectrum of R and is denoted as Spec R. 

Definition 1.2.0. A prime ideal p of R is said to be an 

associated prime of a module M if one of the following 

equivalent conditions hold: 

(i) There exists an element x€ M with Ann x = p. 

(ii) M contains a sabmodule isomorphic to R/p. The set of 

associated prime ideals of M is denoted as Ass M. 

Definition 1.2.1; The support of a module M denoted as 

Supp M is defined to be the set of all those prime ideals of 

R such that M / 0. 

Definition 1.2.2; A module M is said to have finite length 

if it possesses Jordon-holfler scries. We denote the length of 

a module M by 1(M). 

Throughout the remaining part of this section R 

denotes a Noetherian ring. 
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Proposition 1.2.0; A module M over a rinq R has finite length 

if supp M consists of maximal ideals only. 

Definition 1.2.3; A nonzero module M is said to be co-primary 

if given any afeR, the homothecy A^ ( multiplication by 'a' on 

M )is either injective or nilpotent. 

Example; Ti/l ? is a co-primary Z'-module. 

Definition 1.2.4; Suppose M is a co-primary module. Then the 

set i a€ R / JK ^ is nilpotentl is a prime ideal of R. This 

prime ideal p is said to be the associated prime ideal of M 

and M is called p-co-primary. 

Definition 1.2.5; Suppo se M is a nonzero module. A proper 

submodule N of M is said tn be p-primary if M/N is p-co-

primary. 

Definition 1.2,G: A proper submodule N of M is said to be 

irreducible if there does not exist a representation 

N = NjH N2 with ^'CNl, N C N 2 . 

Example; (0) is irreducible in Zr/p Z' where p is a prime 

integer and n S 1. 

Definition 1.2.7; Let N be a submodule of M. A primary 

decomposition of N is an equation N r Q.ITi Q«,n ••*'••• H Q 

where Q!s are primary in M. Such a decomposition is said 

to be irredundent or reduced if no Q. can be omitted and if 
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the associated primes of H/C ( l<,i<r ) are all distinct. 

Any primary decomposition can be simplified to a reduced 

primary decomposition. 

Proposition 1.2.1; Any proper submodule N of M has a 

primary decomposition. 

§1.3: Dimension of rings and modules 

Definition 1.3.0; A finite sequence of (r+l) prime ideals 

P ^ Pi D P?D I5P ^^ calleda prime chain of length r. 

If p is a prime ideal of R, the supremum of the lengths of the 

prime chains descending from p is called^height of p and is 

denoted ht(p). If ht(p) = 0, p is called a minimal prime ideal. 
th« 

If I is a proper ideal of R, then^hcight of I is defined by 

ht (I) = inf / ht(p)/ p 3 l] . 

Definition 1.3.1;The Krull dimension of a ring R is defined to 

be the supremum of the heights of the prime ideals in R. Krull 

dimension will be abbreviated as dim R. If R is a noetherian 

local ring then dim R is finite. It follows from definition 

that ht(p) = dim (R ) for p £ Spec R and for any ideal I of R, 

dim R/I + ht^I)^ dim R. 

Example; Krull dimension of a Principal ideal domain is one and 

K.dimension of a field is zero. 
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Deflnitlon 1.3.2; The Krull dimension of a module M is 

defined to be the supremum of the lengths of prime chains of 

'primes in Supp M. 

Proposition 1.3.0: Suppose R is a noetherian ring and M 

a finitely generated module. Then the following are 

equivalent: 

(i) M is a module of finite length;. 

(ii) The ring R/Ann M is artinian. 

(iii) dim M = 0 . 

Definition 1.3.3: Let R be a noetherian local ring. Let 

all R-modules be of finite projective dimensions. The supremum 

of the projective dimensions of all R-modules is called global 

dimension of the ring R and is denoted as gl. dim R. 

Definition 1.3.4; Suppose R is a noetherian semilocal ring 

and J be the Jacobson radical of R. An ideal I of R is 

said to be an ideal of definition of R if ^ I = J. 

Definition 1.3.5: Suppose P is a noetherian local ring of 

dimension d. If x,, x-, x. aencrate an ideal of 
i Z d -

definition of R, then x,, x«, x. are called system of 

parameters. 

§1.4: Regular sequence 

Definition 1.4.0; Let M be an R-module. A sequence 

a,, a2>.... a of elements of R is said to be M-regular if for 
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each l ^ i ^ r, a. is not a zero divisor on 

M/(a, M + a^M +••• + ai_i ^) ^^^ '̂' ̂  ^i^ + a2 M +,.. + a^ M. 

Definition 1.4.1; Let R be a noetherian local ring. The length 

of a maximal M-regular sequence in the maximal idealrnof R is 

called the depth of M and is denoted as depth M. Thus 

depth M r 0 if and only if l(Ŷ e Ass (M). 

If R is an arbitrary noetherian ring and p e Spec R, we have 

depth M = 0 as R - module if and only if p e Ass (M). 
P p 

Proposition l.A.O; Let R be a noetherian local ring and let 

M ?{ 0 be a finitely generated R-module. Then depth M4di''i(R/p) 

for every peAss (M). 

It follows from this proposition that for any finitely generated 

module, depth M <[_ dim M. 

Definition 1.4.2; Let R be a noetherian local ring and M 

a finitely generated module . M is said to be a Cohen Macaulay 

module if M = 0 or depth M = dim M. If the local ring R is 

Cohen Macaulay as R-module we say that R is a Cohen Macaulay 

ring. 

Example; Localization of the polynorrial ring k^x., x^j--' ^Z^ 

where k is a field ^.^ a primo ideal is a Cohen Macaulay ring. 

Proposition 1.4.1; Let R be a Cohen Macaulay local ring. Then 

for any ideal I, we have dim R/I + ht I = dim R. 
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Definition 1.4.3: The grade of a module M over a noetherian 

local ring R is defined to bo the length of a maximal R-

sequence contained in the annihilator of M, If M has finite 

projective dimension then it is well known that 

grade M ^ Proj. dim M. 

Definition 1.4.4; Let R be noetherian local. An R-module M 

is said to be perfect if Pd M is finite and is equal to the 

grade of-the modulo. F or a perfect module we have Ext^ (M,R) = 0 

for i )t Pd M. 

Example; I f x̂  r ( x,, x^t ^j. ) is an R-sequence, then 

R/£ is a perfect R-module. 

Definition 1.4.5; A module M is said to be torsionless if the 

natural mapping M —» M whrre * denotes duals, is injective. 

Example; Any''torsion-free module over a domain is torsionless. 

Definition 1.4.6; A module M is said to be reflexive if the 

natural map M--Ĥ  M is an isomorphism. 

Example; Any free module is reflexive. 

Proposition 1.4.2; ( Rees formula ) Let M and M be 

R-modules. Then Ann N contains an M-regular sequence of 

length t if and only if ExtJ (M,N) = 0 for i = 0, 1,2,...t-1. 
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Propositioip 1.4.3 ( Aaslandcr's depth formula): 

Let M be a module over a noetherian local ring R having 

finite projective dimension. Then 

Pd M + depth M r depth R. 

§1.5: Regular local rings and Gorenstein rings 

Definition 1.5.0. Let R be a noetherian local ring. If there 

exists a system of parameters generating the maximal ideal of the 

ring R, we say that R is regular local and such a system of 

parameters is called a regular system of parameters. 

Example; If K is a field, then the power series ring 

K f'̂ ij ^^2'• *''̂ rZl 1 ^^ regular local. 

Proposition l.S.O- .(Hilbert - Serre's Theorem): 

A notherian local ring R is reguTar local if and only if 

global dimension of R is finite. 

p 
Definition 1.5.1: A noetherian local ring ,is said to be a 

Gorenstein ring if injectivc dimension of the ring is finite 

as R-module. 

Example; Let R be regular local and x = (x,, x„,...x ) 

is an R-sequence. Then R/x̂  R is Gorenstein. 

Proposition 1.5.1: Let R be a local Gorenstein ring and M 

a nonzero R-module. Then depth M = dim R - t, where t is the 

largest integer such that Extp ( M,R) ^ (0). 
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Definition 1.5.2; The inteqer t such that Extp (M,R) i (0) 

m entioned above is called the G-dimension of the module M. 

Definition 1.5.3; A module M is said to be an nth syzygy 

for a positive integer n if there exists an exact sequence 

0 —> M-^ F 

If • 

n-1 

~^F -^ F n-1 

•-^F ,—^ F , where F! s are free modules. 
1 o' 1 

-•F -Hk • M —^ 0 is a projective 

resolution of M, the Kernel of ^•--^^•_\ will be denoted 

as fi M with the understanding that F . = M and Ji°M = M; 

* V * i 

the Kernel of F.—^ F̂ ^̂ ^̂  will be denoted as D n M. 

Definition 1.5.4'. A module M is said to be rigid if 

R R 

whenever Tor, (M,N) = 0 for a module M, then Tor. (M,N) = 0 

for all ikl. Over a regular local ring any module is rigid. 

This is a theorem of Licheten Baum \ ''̂ y . ' ) 

We shall make use of the following exact sequences of 

M. Auslander and M. BridgerCl3in Chapter II. 

Proposition 1.5.2; For every pair of modules M and N and 

for every integer n ̂  0, there exist exact sequences: 

Tor2 (D fi" M,N )-*-4Extp (M, R) ®, N-H Extp (M, N) 

TorJ ( D fi" M, N)-i> 

and 

0-^ Extp (0 n" M,N)-*Tor^ (M,N)-> Hom(Extp (M,R), N) 

Ext^ ( D fi" M, M ). 
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THE HOMOMORPHISM H* <£) N—» HOM (M.N) 

Throughout this chapter R denotes a Commutative 

ring and modules a.̂ e finitely generated. 

In the study of orders in simple algebras over the 

quotient field of a regular local ring R, M. Auslander and 

0, Goldman were led to show that if M is a reflexive 

R-module auoh that Homp(M,M) is free then M itself is free. 

This is generalized in [ i2> ] to assert that if M and N 

are reflexive modules over a regular local ring R such that 

H«̂ l̂  (M,N) is nonzero free, then M and N are both free. This 

was proved by showing that under the given conditic^a, the 

natural homomorphism M ^ N—r>* Horn (M,N) is an isomorphism. 

This can be improv ed further. This is our Theorem 2.1 of this 

chapter. The projectivity of a module M is equivalent to 

the aurjeetiv ity of the natural homomorphism 

M*(^ M — > Hom (M,M). 

Theorem 2.2 of this chapter is an extension of this result 

giving a criterion for a module over a regular local ring to 

have projective dimension leas than or equal to a given non-

negative integer. 

If R is a 1- dimensional Gorenstein local ring and 

i is a finitely generated R-module such that Hom(M,M) is free 

then M is free. This is a result of W. Vasconceloes 

[29* Th-3.1 3 . Theorem-2.3 is a generalization of this result, 
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Theorem 2.1: Suppose M and N are reflexive modules of ' 

finite projective dimensions over a Cohen - Macaulay local Ring 

R and N is rigid. Then if cither Ext^ ( Hom(M,N)*,R) = (0), 

or the ring R is Gorenstein and Hom( M,N ) is a third module 

of syzygies, then the natural homomorphism M (X) N—> Hom(M, N) 

is an isomorphism. 

Proof; We first claim that the given conditions imply 

Extp. (M,M) = (0). This is proved by induction on Krull 

dimension of R. Firstly, if q is a prime ideal of height 

atmost two, then M being a reflexive' R -module, depth M^ 
q y q ' ^ q 

= depth R . Then Auslander's depth formula, Pd M + depth M 

= depth R implies that M is R - free. Hence Extp '̂̂ Q'̂ '̂Q ^ 

=(0). We can therefore assume dim R ̂  3, and that 

Extp ( M , W ) = (0), for all non-maximal prime ideals p of R. 

finite length. 

P 1 
Then either Extp(M,fJ) r (0), or it is a nonzero module of 

Let 0 -^ L-^ F—»M —> 0 (l) 

be an exact sequenee with F free. We apply the functor 

Horn ( , M ) to (1) and get the exact sequt»fice 

0 -s Hom(M,N) —^ Hom(F,M) —> Hom(L,N)—^ Extp (M,N) 

- ^ 0 ( 2 ) 
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The exact sequence (2) can be broken into two short 

exact sequences as follows: 

0 —^Hom(M,N) --^Hom(F,N) -~>T —• 0 ,, . . (3) 

and 

0 ->T-^Hom(L,N)«->- ExtJ(M,N) —>0 ... (A) 

By Jzhe assumption on Ext (M,Nl), some powers of the maximal 

ideal of R annihilates Ext^(M,N). So, dim Ext (M,N) = 0 , 

Since R is Cohen-Macaulay, grade Ext (M,N) r dim R ̂  3 . 

This shows that Ext^C Extp( M,N), R ) = (0) for j = 0,1,2, 

Therefore, by dualizing (3) and (4),we get the following 

exact sequences 

D —*T*~^ Hom(F,N)*—> Horn (M , N )*-—i Ext "̂  (T , R) 

0 -^Homd.N)*—^ T* 

(5) 

(6) 

Putting (5) and (6) together we get the exact sequences; 

G~»Hom (L,N) —^ Hom(F,N) —> Hom(M,N) 

—i Ext-̂  (T,R) (7) 

Now if p is a prime ideal of height atmost two, then M 

and NL are free R - modules, as in the beginning of the proof. 
P p :3 3 •-

Hence (1) and (4) imply that T is R - free, i.e. 

( Ext-^(T,P)) = (0). Denoting by P, the image of the 

* 1 / homomorphism Hom(M,M) — * Ext (T,R), then by what it 
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precedes, P = (O). Thus if 0\= annihilator of P, then 

height 0\ y^ ^ • Cohen - Macaulay property of R implies 

that grade P = height OT ̂  3. Hence, we have Extp(P,R) = (0) 

for i = 0, 1, 2. Breaking (7) into two short eaact sequences, 

as in the case of (2), we obtain 

0-^ Hom(L,M)*->^ Hom(F,N)'*--> U-• 0 .. (8) 

O^U-^Hom(M,N) -^ P -^ 0 (9) 

Dualizing (8) and (9) and making use of the fact that 

Extp (P,R) = 0 for i s 0,1 in (9) and putting together ' the 

resulting exact sequences we get, 

0->Hom (M,N)*^ Hom(r,N)*l^ Hom(L,N)** 

~* Fxt^(U,R) ... (10) 

From (9) and the facts that Ext"'' (Hom (M,N)*,R) = (0), we get 

Ext (U,R) = (0), i.e. the exact sequence (10) becomes 

0-^ Hom(M,N)*^ Hom(F,N)*t-^ Hom(L,N)*^ 0 

(11) 

From (1), applying the functor Ext ( 

sequence, 

Hom(F,N)-»Hom(L,N)-^Ext^ ( M,N) 

Then with obvious maps, the diagram 

,N ) we get the exact 
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Proof; Suppose Pd. M = j. I f j ̂^ n, clearly 

Ext^(M, R) = 0 = Extp (M,M). If j r n, then it is well known 

that the natural homomorphism 

Extp (M,R) (t) \A -^ Extp (M.M) is an isomorphism [|3 . 

Conversly, suppose that the latter homomorphism is 

surjective, we make use of fundamental exact sequences of 

M. Auslander and M. Bridger [1 ] which we have stated in 

Chapter-I. 

Tor2 ( on" M,N)—>Fxtp (M,R)i2) N-««#Extp (M,N) 

—^ TorJ (D f)" M,N ) - ^ 0 ... (12) 

0-^Ext-^ ( D n" M,N)-tTor'^ (M, N) -^ Horn (Extp (M, R) , N) 

-^ Extp (D fi" M,M) ... (13) 

Taking M = M in (12) and using the fact that 

Ext" (M,R)Q N—>Ext'^(M,N) is surjective, we get, 

Torĵ  (D fi M,M) = (0). Since R is regular local, 

Tor^ ( Dfi" M,M) = (0) for j > 1. In particular 

TOE|M D fj" M,M) = (0). Then (13) gields ExtJ( D QPH, DjfM) = (0) 

Applying [ 13 3 we find that D .̂ M is projective, i.e. fl M is 

projective. Hence P.d M <.n. 
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Now we qivc a short proof of a result of 

JineahttQ-, Theore(r-2.2 ] by applying the above Theorems. 

Our result is more general than that of the author. 

Proposition 2.3; Let R be regular local. M be a finitely 

1 * 
f gan«5rated reflexive R-module. Suppose Extp ( Horn (M,Ch) , R )= 0 

for every unmixed ideal Qi. of height 2. Then M is free. 

Proof; As in the proof of Theorem 2.1 above, the given conditions 

ean Ext (M,Oi() = 0. By [d > Theorem B ] there exists an exact 

sequencer 0 —^ F —^ M —^ O'C~f'0 where F is finitely generated 

and free.^Apply jT) M and Horn ( , M) to the above exact "S 

sequence we get, 

F (T) M*~-|. M (x) M*—^(X® M*-^ 0 

"i î U 
0 - Horn (M,F)-^ Hom(M,M^-^ Horn (M,0( ) 

m 

V 

^7^ 
i ^ ^ ^^^ 

Since F is free, a is an isomorphism. Now M is free if 0 

IS surjective by Theorem 2.2. Since Ext (M,Gf̂ ) = 0, applying 

Lemma [l3] we get M*@{>^= Horn (M,0). 

Soj-y is an isomorphism. This means that 3 is surjective. 

The next theorem is a generalization of a result of 

W. Vasconcelos which says that over a 1- dimensional Gorenstein 

local ring R, a finitely generated R-module M is free if and 

only if Hom(M,M\is free. Our proof runs parallel to the 

argument of Vasconoelos [ Z5 > Theorem 3.1 ] . 
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Theorem 2.4. Suppose R is a 1- dimensional Gorenstein local 

ring and M,N are finitely generated R-modules such that Hom(M,N) 
•X-

is free. Then both M and N are free. 

Proof: Let TH, be the maximal ideal of R. Since Hom(M,N) 

is free, by Auslandpr's depth formula we sed that depth of 

Horn (M,N) y 0. So Yt\ is not associated to Horn (M,N). Since 

Ass (Hom(M,N)) = Ass N O Supp M, "Vn is not associated to N. 

Also TK^ is not associated to R . So yr» is not in the union 

of prime ideals associated to either R or N i.e. ̂  ^ £ Tin ' 

a nonzero divisor on R as well as on N. The exact sequence 

0-^R—^R-TfR —^ 0 (14) 

i m p l i e s t h a t t h e sequence 

0-~>Hom ( N , R ) _ ^ H o m ( N , R ) ^ - ) Hom^(N, R ) 

—^ E x t p ( N , R ) . . . (15) 

is exact, where R = K/aR, N = N/cf-'. Since depth N = 1 and 

G-dimension of N is 0, we get Fxtp (NyB) = (0). 

Then (15) gives the isomorphism 

Hom (FS R ) '^ N'' fxlR 

D CJ 
m If p is finitely generated/projectijye then the homomorphis 

P (XjP—>R given by f (̂  a — ^ f(a) is called the trace map and 

its image is an ideal of R, called the trace ideal of P. 
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The trace map above- is denoted T . P has a direct summand 
P 

isomorphic to R if and only if T is surjective. This is 

easy to see by using the fact that R is local. Then we have 

the following commutative diagram. 

N* (X) 

natural 

•i^ 

M* (X) N (X) R 
R 

N* ® R 
R 

N 

i 
- * R 

Tc show N is free, sufficient to show that N has a free 

direct summand isomorphic to R. This is equivalent to 

show 1^ is surjective. Now T̂ , is surjective if and only if 

Tn is surjective, via Nakayama lemma. The exact sequence, 

0 -9N ;N Fi — > 0' gives rise to the exact 

sequence, 

0 —^Hom (M,N) _2_>Hom(M,N) — > Horn ( R, N ) 
R 

(17) 

(17) implies that Hom ( M, R ) contains Horn (M,N) ® R 

R R 

as a submodule. Now Honi(M,N) is nonzero free implies 

Hom(M,N)(X)R is nonzero R - free so that Hom(R , R ) 
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contains a faithful R - module. So, Horn ( M , N ) is faithful 

This shows that M and N are both faithful. Since R is a 

0 - dimensional Gorcnstoin ring, (0) is an irreducible ideal. 

Let X,, Xp, .... X be a set of generators of R . Then 

Ann N = f^\ Ann x. = (0). As (0) is irreducible, Ann x. = (0) 

_ X. -
for some x.. So the map R —^ N , A —>Ax. is injective. 

This shows that N contains F5 as a direct summand. So, Jr. is 

surjective. This shows that Tĵ  is surjective. So, N is free. 

As N is free and finitely generated, N can be written az 

a direct sum of copies of R. Also Horn (M,N) is free i.e./ 

Horn (M, (2| R } is free. So, M is free. 



CHAPTER - III 

SPLITTING OF RING EXTENSIONS 

If RC5 is an extension of rings making S into 

a projective R-module then R is a direct summand of S if and 

only if S is faithfuEy projective. This is shown by Cartzen 

and others ^ 1 1 ^ . The authors also give an example of a 

ring in which S is R-projective but not faithfully projective 

The example involved non-commutative rings. In this Chapter wo 

show that such a situation cannot happen if R is commutative. 

This is shown in Theorem 3.1.of this chapter. In Bourbaki 

\_XO f P-1^6J this is mentioned as an exercise when S is 

finitely generated as R-module. 

First we state a Lemma the proof of which is given 

in BourbakiClo3. 

Lemma; Suppose R ^ S is a ring extension. Then S is 

faithfully flat over R if and only if S/R is R-flat. 

Theorem 3.1; Suppose R is a commutative ring and R̂;̂^ S, a rin' 

extension making S into a projective R-module. Then R is a 

direct summand of S as R-module. 
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Proof: Let p£5pec R. Localizing the exact sequence 

0 —^ R —b S —^ S/R -—^ 0, we get the exact sequence 

0 R (S/R), 0 of R -modules. 
P 

By a Theorem of Kaplansky ri?"!* the R - projective module 

S^ must be free and hence faithfully flat over R . By above 

lemma, ( S/R) is R - flat. This being true for every 
P P 

p ^ Spec R, S/R must be R-flat. Hence by lemma above S 

must be faithfully flat as R-module. Tc conclude that R as 

a direct summand of S as R-mndule, one could make use of 

Theorem-I of Cartzen and cthersor one could use the criterion 

for projectivity given in C l-€ "̂  -̂ conclude that S/R is 

R-projective and so the exact sequence 

0 -^ R —)S —^ S/R —^0 splits and hence R is a direct summand 

of S. 

Corollary 3.2: Let R be a commutative ring and R <:!*" R be an 

extension of rings. If there exists a ring S such that 

R„C RCS with S projective as R - module, then R is a 

direct summand of R as R - module. 

o 

Proof; By Theorem 3.1 there exists a splitting S —>R as 

R - module. Restricting this to P we get a splitting R—^R^^. 
Corollary 3.3; Let R (̂  R C S be as above with S projective 

as R -module, then R is a direct summand of S (?̂  R/R as 
o ' ^^ o 

R - module, o 
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Proof; Consider a decompositio'^ of S: S = R̂ , $9 ^ i ^s 

R - modules. Then R = R Q R̂ Â S,. We obtain a monomorphism 

f of R to S 0 R/R = R 0 R/R 0 S, by setting 

f(x+y) = X + (y + R_̂ ) + y, where x^R , yC ROS,. It is 

clear that the mapping g: R/R ~-̂  R O S, defined by 

g( y+R„ ) = y is an isomorphism. On the other hand, 

S^0R/R^ = S^0R/F (g), where 

R/Rp(g) = |y+g(y) / y£R/ n \ . Hence R S R^ 0 R/R^ (g) 

and Ro(9 R/R^(gl<5i S^ = R^ 0 P / R ^ 0 S^ = S 0 R/R^. Hence 

R is a direct summand of S (+̂  R / R as R - module. 

The proof of the Corollarios 3.4 and 3.5 are immediate 

if we use \||S, Confa'T̂ l and^ia, P-BS} . 

Corollary 3.(i: R C S extension of noetherian local rings. S is 

a finitely generated R-moduJe of finite projective dimension. 

If S is regular local.^ Then R is a direct summand of S. 

Corollary 3.5; RCS extensiin of rings. R is regular local. 

If S is Cohen Macaulay local ring, then R is a direct summand 

Remark; The next proposition is proved in \l ^oI\. \ The 

authors assume that R is a direct summand of the extension S. 

Our theorem above shows that the condition is not necessjiary. 

For the sake of completeness we give below the full proof of 

this statement. 
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If P is R-projectivc an element u £P is said to be 

unimodular if "3 f <£ Hom(P,R) with f(u) = 1. 

Proposition 3. "6; Let R C S be a projective extension of 

commutative rings. Consider the following statements: 

(1). If P is a prcjectivc S-module, then an R-unimodular elemnt 

of P is also S - unimodular. 

(ii) If 'VŶ is a maximal ideal of R, then TrnS is a maximal 

ideal of S. 
Then (1) implies (ii). 

Proof; Let iT̂ b̂e a maximal ideal of R. Clearly Tr̂ S i S, for 

suppose Yq̂ S = S. Since S is R-pro jective, the extension 

P/ C S splits. Let 6 : S--iR be a splitting as R-module. 

Then G/R = 1^. Here Yr̂ S = S implies Q ( ̂ 1^ S ) = ©(S) 

^ rYVĵ 0(S) = R -> YŶ R = p 

~^ rn = f̂j contradiction. 

So, Tr^S i S. Let x £ S \ YY^S . Wc show that YT̂ S + x S = S. 

Notice 
t h a t Hom,^( S,R ) — j - Horn ^.^ (S / r r^S, R/>fr> ) i s s u r j e c t i v e , 

-«ince S i s P - p r o j e c t i v e 5 / YTĴ  5 i s a R/r^- v e c t o r space and 

X is nonzero in S/yr^ S where x = x + YY^S, ^ R/^ - linear map 

on S/Y5^S which does not vanish at x ; lifting it to 

Homp(S,R) there exists f : S—>R, P- linear map such that 

f(x) ^ TT]^ . Hence if Op,(x) = \ A(x) / 7̂  e Homp(5,R) 

»_ 

Then OR(X) C^ Tf\ Hence >ŷ  + Op (x) = R. 

Let u = (a,x) £ P = S 0 S. I f TT , and )\ are the projection! 

of S 0 S , 9Tr,+ A T T ^ e Horn (P,R). 
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Also, (Qr\ + ^TT^ ) ( u ) = e (a) + ?\ (x) 

= a -*• ?\ (x) = 1. 

Hence u is R- unimodular element. Then by assumption it is 

also S-unimodular i.e. there exists g £ Hafnc(P,S) such that 

g(u) = 1; But g(u) = g(a,x) = g (a(l,0) + x (0,1)) 

= a g(i,0) + xq(0,l) 

ĝ  aS + xS C ^ S + X S. 

i.e. 1 

Hence 

Q. 5 + xS. 

S +• xS = 5. 

Thus trS is maximal in S. 



CHAPTER - IV 

CRITERION FOR REGULARITY 

In this chapter, by a ring we mean a commutative 

ring and modules are finitely generated. Here we give a 

criterion for a local ring R to be regiJar. M. Auslander 

^ ^ , Theorem B, Corollary-S^ proved that a Cohen Macaulay 

unigue factorization domain R is regular if projective 

dimension of 0( is finite for every unmixed ideal Ol of height 

less than 2. Besides Bourbaki*'s theorem on torsion free 

modules over integrally closed domains, which is an essential 

point in the proof of M. Auslander, we make use of Macrae's 

result|[̂  2.1 , Prop-4.3j on projective dimension of grade 

one grade unmixed ideals in a noetherian domain to prove the 

theorem which gives the criterion for a local ring to be regular, 

W. Bruns C 9 J had shown that if Pd Q? <.oC for every ideal Oj 

all of whose associated prime ideals have height at most 2, 

then R is regular local. Here we have deleted the additionaJL 

assumption that R is a Cohen - Macaulay unigue factorization 

domain. We state the theorem. 

Theorem; A local ring R is regular if projective dimension of 

Q is finite for every unmixed ideal (jt of height less than Ots^, 

Remark;= Let k be a nonnegative integer. A local ring R 
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is said to satisfy the S. - condition if whenever p is a prime 

with height >,. k, then depth P ^ k . If R is regular 

local for all prime ideals p with height <. k, then R is said 

to satisfy the R, - condition. Serre's criterion on normality 

says that a local ring is an integrally closed domain if and 

only if it satisfies S_ and R, \j2i2. , Theorem - 39^ . Notice 

that our S. - condition is somewhat different from that of \̂2.i] 

Lemma 4.1: A local ring R satisfies the S, ,- condition if 
^ k+1 

projective dimension of p is finite for all prime ideals p 

of height k. 

Proof; Suppose q is a prime ideal of height > k+1. Let p 

be any prime ideal of height k contained in q. Clearly 

Pd (pR_,) and Pd ( pR ) arc both finite and 
p_ P R ^ 

pd ( p R„) >, pd ( pR ) = k-1, the,latter holds since R is 

regular local. Hence pd ( R / pR ) "> k . Also R / pR being 
r, Q Q ^ qq 

an integral domain and not a field, we see that 

depth ( R / pR ) ̂  1. Then the well known depth formula 
r- q r- q ^X' r-

depth ( R / pR ) + pd (R /pR ) = depth R implies that 
q q D q q q 

file:///j2i2
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depth R V k+1, i=c. R satisfies S, ,- condition. 
'̂  q ^ k + l 

Lemma 4.2; A local rinq R is a unique factorization domain 

if pdp p is finite for every prime ideal p of height 4. 1. 

Proof; Lemma 4.1 implies that R satisfies S_- condition. 

Also pd n p is finite implies R is regular local. Hence R 

also satisfies the condition R,. Then by Serre'a normality 

criterion quoted above, R is a (normal) domain. Now if p 

is a prime ideal of height 1, it is clearly grade one grade 

unmixed. Such a prime ideal is principal by Macrae's theorem 

{̂ 21 > Prop-4.33 . Then it is well known that R must be a 

unique factorization domain. 

Proof of the Theorem; The rest of the proof relies upon the 

material developed in M. Auslander's article quoted in the 

beginning. Lemmas 4.1 and 4.2 show thnt R is a unique 

factorization domain satisfying the condition S,. We shall 

conclude R is regular by showing that pdp M is finite for 

every nonzero module M. Let A be a second syzygy of M 

so that there exists an exact sequence 0-^A—>r,~^ F —^ M -> 0 
1 o 

(*) 

with F and F, free modules. If A were free, we would have 0 1 

pd • M <il 2 and we would be through. Suppose A is nonfree. 

R being integrally closed, A is a reflexive module. 

Bourbaki's Theorem |[2i , Theorem-6, 4^1 then gives an exact 
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sequence 

0 - > - F - ^ A - » i 3 ] ^ 0 ... (**) 

where F is a free module and 0? is an ideal of R. Now (/| 

cannot be a principal ideal, for otherwise the sequence (**) 

will split and A will be free. This means on the one hand 

0] is neither 0 nor R and on the other hand F i (0), the 

latter holds since F = (O) forces (5r to be reflexive, i.e. 

principal, R being a unique factorization domain. Let 

p e Ass ( R/c>j ). We claim height p $ 2. For suppose height p :>. 3 

Since R satisfies S, - condition, depth R x 3. Clearly also 
J p '' ' 

depth R /Q^R = 0, so that depth 67 = 1. Localizing (**) 

at p, we get the exact sequence 0 -• F -••A -•/5> "*" 0 ...(***) 

Since A is a nonzero reflexi ve module and depth R > 2, it 

follows that depth A > 2 [̂  , Lemma 2] . Then the exact 

sequence (*-"-*) implies depth F = 2 . But F being a nonzero free 

module depth F = depth R >, 3, a contradiction. Hence the claim 

is proved. 

Next R being a unique factorization domain, one can 

apply proeedure [̂  , Proposition ^] to find an unmixed ideal '^ 

of height 2 isomorphic to (jn - Applying the long exact 

sequence for Ext. to the short exact sequencesC*) 3nd (**) we 

get for j >2, ths isomorphisms Ext^ ^ 1) > ^ ^ '̂̂ '̂R ^ ̂ { ' ^ 

S' ^^ts ( A , ) ? '̂̂ R̂ ^ '̂> *̂ Since Q is an unmixed 
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ideal of height 2, pt̂ cjt) is finite by assumption so that 

Extx i']^ , ) =(0) for j sufficiently large, i.e. 

Extn ( M, ) = (0) for j sufficiently large. Hence 

projective dimension of M is finite i.e. R is regular 

local. 



CHAPTER - V 

AN APPLICATION OF HOMOLOGICAL DUALITY TO GENERALIZED 

M-RFGULAR SEQUENCPS 

Throughout this chapter modules are assumed to be 

finitely generated. Suppose R is a regular local ring and 

M a nonzero P-module. The familiar notion of M-sequence is 

generalized in ( [i-̂  ] ̂§ẑ l>cfinit"ioTi. ) as follows: a sequence 

P,, Pyf-'t ^ of non-free modules is said to be an M-sequence 

if TorJ ( M 0 P ^ 0 - - - ® P^_^ , P^) = (0) for l< i^ n. 

The sumE Pd P. is defined to be the length of the M-sequence 

P^fPo' •» ^n' ^^ ^^ shown in [ 14 ] that the length of 

an M-sequence P., Pj'--'* P̂ . is atmest depth M, that any 

M-sequence can be extended to a maximal M-sequence, and that 

any two maximal M-sequences have the same length namely 

depth M. Suppose C^, denotes the annihilator of P, for 

1< i< n. We assume that the ideals (]\ . are nonzero for 

all 1<; i < n. It is shown in ( [iS ] , Theorem () that 

3 ^i ^ Oil such that X., x^,-~ x is an M-sequence. 

In this chapter, we shall apply Strebel's homological 

duality ([2.«] , § 3, Theorem B ) to establish the following 

Theorem: 
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Theorem 5«I; Suppose R is a regular local ring and M 

a nonzero R-module. Let {P,? Po,--. P } be a sequence 

of nonfree perfect modules over R, forming an M-sequence of 

length d say. Let 0]. = annihilator of P. ( which are 

clearly nonzero) and let d. = Pd P. for l^i^n. Then for 

every i in 1 <i< n there exist d. elements 

^1 ' ̂ 2 '"" '̂d ^" ^ ' ^^^^ that the sequence of ZL̂ ĵ  

elements {x^ }, 1^ i< n form an M-sequence in the usual 

1< j <d. 
•C ^ s 1 

sense. 

Let R be any notherian local ring and A be a 

perfect R-module of projective dimension d. Denote by A , 

the R-module E««tp(A,R). Then Strebel's homological duality 

( [2%] , 3, Therem B) asserts that there exists natural 

isomorphism. 

TorJ^jCA, ) = ExtJ(A*, ) (*) 

of connected sequences of functors for j ̂  o. Moreover 

d 
R 
d , * 

Extp (A , R) is naturally isomorphic to A. 

Lemma 5.2. Suppose P is a nonzero perfect module of 

projective dimension d over the regular local ring R. 

Let M be any R-module such that 

Then Ext^ (P,M) » (0) for 0<j^d-l. 

Let M be any R-module such that Tor^ (P,M) = (0). 
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Proof; By 'rigidity', Tor1(P,M) = (0) for j ^1 

Then the duality isomorphism (*) above means in this case 

Tor^ (P,M) = ExtJ (Pt M) 

Hence Ext^ (P*, M) = (0) for 0 ^j^d-l. 

By D.Rees • [26] or [2.'2.jTheorem 26 ] , this is equivalent to 

the existence of an M-sequence of length d in the 

annihilator of P . Since Extp (P, R) *= P, it is easily 
* 

seen that the annihilator of P and P are the same. Hence 

by applying O.Rees's theorem again we get, Ext^ (P,M) s (0) 

for 0 ̂ j ̂ d-1. 

Lemma 5,3. Let R be any noetherian local ring. Let 

P» M., M-, , M be a sequence of nonzero finitely generated 

R-modules such that Ext^ (P,M^) = (0) for j= 0,1,2,-—,t-l, 

where t ^ 1. Then 3 ^i* ^2'—*'^t ^" ^^^ annihilator of P 

forming on M.-sequence simultaneously for all 1 <i ^n. 

Proof; Let Ol denote the annihilator of P. Suppose t = 1 

so that Hom (P,M.) s (0) for l^i<.n. Then Qj is not contained 

in any prime ideal associated to M., this being true for all 

i ^i 4cn. Hence there exists xgQ? which is not in any prime 

ideal associated to any of the modules M,,M«,—M^ . Such 

an element x is a nonzero divisor of every one of the 

m<xlul£a M.,M-,-—, M . This proves the lemma when t s 1. 
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Suppose t> 1. We use induction on t. By what precedes, 

there exists x,e Ql which is not a zen divisor of every 

one of the modules M,,Mo,.... M . Then it is easily seen 
i Z n 

that ExtJ (P, M^/x^M^) = (0) for l^i^n and 

j = 0,1,2, t-2. Inductively, we can assume the existence 

of elements Xj* x, ,x. in (̂  forming an M./ x,M. 

- sequence simultaneously for l̂c i< n. Then x,.x„,...x. is an 

M.-sequence simultaneously for all 1 ̂ i^ n. 

Proof of Theorem 5.1; Since any permutation of 

{Pj.Pjj... P } is still an M-seauence t. ̂ ,$2, Theorem ] , 

we get TorJ( M ® P̂  (x) P̂  (x) . . . g) P̂  ' ̂ n ^ = ^°^ ^°' 

o< i^ n-1, where the interpretation when i = 0 i' 

Tor, (M,P ) s (0). By Lemma 5.2 this means that 

ExtJ(P^, M(x) Pj 0 ... (x)P. ) =(0) for o <j^ d̂ -̂ 1 and 

o< i< n-1. Applying Lemma 5.3, we can find elements 

(n) (n) 
1 ' \ 

(n) 
\ in 0? formino an 
a '̂ n 

^ ® ''i ® Pj (iX • • • (5) P • - sequence simultaneously for 

o <i^n-l. For the sake of simplicity let I. be the ideal 

generated by >i\^ > '<o > > ^t'^ 

k and the short exact sequences 

Using induction on 

k+l 0~*(M./I^M) (^ P^© ...0Pi^i -^^^^ (M/I^M) -^ 

Pi®...®p.^^^(M/i^^^M) 0 p̂  ® © ^ . r ^ o 
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one can easily see that 

TorJ (M/I^M ® P^ © • • • 0 P i _ i » P i ) = (0) •'or 

k = 1,2,..., d . Takinn k = d , this means ' ' n - n 

P,, P^,..., P ,.•. is a M/(xJ", xi,-.., Xj"'' )M - sequence 
(n) 
I 
n 

Inductively on n one can assume the existence of elements 

(i) .(i) x\ in 0? . for 1 ̂ i^ n-1, such that 

{x.^^^ } 1< i< n-1 is a M/(x^"\ x^y}..,x^"b M - sequence 

1< J.< di 

Then clearly the ̂ d̂- ele 

fo'ji'' an M-sequence. 

mentsJ x. r , 1< i< n 

1< "%< d. 

.Corollary 5»*' Suppose ^i > ̂ o'* ' ' '''n "'•̂  ° sequence of 

nonzero perfect modules over a regular local ring R such 

that TorJ ( P^ 0 P2 © • • • © P i . i . Pi ) = (0) •'or 

1^ i^ n. Then, Pi (x)P̂  . (x)....(x^P is a perfect moduli 

n 
of orade equal to Z qrade P.. 

1 ^ 

Proof; It is easy to see that one can assume without loss of 

generality that none of the P. is a free module. Then 

P,» Pji*** P_ is an R-sequence of modules. Let Pd P. = d. 



- 38 -

for i< i< n. Let Oli = annihilator of P. for i <i< n. 
'k ^ 1 1 V X 

Clearly U?. li (0) for every i. By above Theorem, there 

exist x^^' , Xjj--. ^^^ in 0?. such that the elements 
JL 

{x .̂  ' } "* " form an P-sequence in the usual sense. 
^ H U di 

Clearly{5{^ annihilates ^1(^9®^ 0''' ^ ^ ^°^ every 

i in the range 1< i< n. Hence^, + Q2 +••• +0? 

annihilates P. (x) P̂  (x) •. • (x) P . Since 0?,+072+* ••• +07 

contains the elements x / ^ for 1< i< n and 1 <j <d., we 

find that grade (P^ (x) P (x) . . .. @ P̂^ )> d,+d_+.. .+d . 

Also the conditions 

Torj (Pĵ  O P̂  <x>..(g)P̂ _̂ , P̂  ) = (0) for j ̂ 1 and 

1^ i^ n imply that 

Pd (Pj ® P2 ® . . . © P.) = Pd (P^0 P2 ® . . ^ P i _ i ) 

•+Pd P^. Adding we get, 

Pd(Pĵ  (^ Pj ®..(x;P ) = Pd P̂  + Pd P2 + + Pd P̂  

s dĵ  + d2 +...+ d̂ . Hence, grade (P, 0 Pg (x) .. <7) P̂  ) 

^ Pd(P^ (x) P2 0'• .(x) P ). Since the inequality in the 

other direction is clear, we find that P. (x) P. (x). .0 P is 

a perfect module of grade equal to Pd(P. (^••-0P-)=I grade P.. 
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Corollary 5»5; Let R be a regular local ring and M a 

nonzero R-module. Suppose P,,P_,....,P is a sequence of 

nonfree perfect modules over R forming an M-sequence. 

n 
Let d = ? Pd P.. Then the annihilator P^ (D ̂ 2 ©" * *© ''n 

contains an M-sequence, in the usual sense of length d. 

Proof: By [|/!jj §2, Theorem 2] , one sees that P,, P„,...P 

is an R-sequence and 

ToFj (Pî  0 P2 ® (x) P^, M ) = (0) for j >1. 

Corollary 5*^ implies that P, (5) ?„ 0* •-(i) ^n ̂ ^ ̂  

perfect module of nrade equal to d. Then by lemma 5.2, we 

get 

Ext^ (P̂  0 P2 © . . . © P^, M) = (0) for 0 <:j ^ d - 1 . 

Hence the annihilator of ^T (^ ^o ® ' ' ' ' ^ ^n contains an 

M-sequence of length d. 



CHAPTER - VI 

BN'SI Rings. , 

Throughout this chapter R is assumed to'be a 

non-coramutative local rinq i.e. R is a ring with jacobson 

radical 0( such that R/QI is a division ring. All R-modules 

are assumed to be finitely generated. 

Let M be a left R-module. Since M is finitely 

generated, M/Of M = ^/(J\ ^ R '̂  is a finite dimensional 

(left) vector space over P/(j7 • Let [M/(j|M s R/|̂ ] = r. 

We take a free module F of rank r with basis { e. }. 

Suppose X,, X2»--- X be a set of generators of M/0| M. 

Let Xj^, x^,-' Xj. be lifts of x,,X2>--.x to M . Then the 

mapping F i •.* 

K 

•—•" M, e^^—• X. is an epimorphism with 

erf C. 0{^n* Such an epimorphisom is called a minimal 

epimorphism. Thus for any left P-modul-: M there exists 
f 

a minimal epimorphism P—»• M—v 0 Let F M be a 

minimal epimorphism and K, pe its kernal. Also^ let 

F,—> Kv—•• 0 be a minimal epimorphism. So we get a minimal 

free resolution by (left) free P-moriules, 

• " " ^ - ^ ^ - l ^ 
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Let R/(n = K . Consider the complex 

« © K ® F^ ^ •^^''n-l ^K(2)F^^ K 0 F^ -*. K 0 M, 

where each of the maps K (3) f̂r,-> K 0 F^_j^ are zero. 

Then Tor^(K,M) = K 0 F^. 

So, 

dim Tor^(K,M) = dim ( K 0 F ) 

= rank F. . 

Two left R-modules A and E are projectively 

equivalent if there exist projective Irft R-modules P and Q 

such that A (+̂  P = B 0 Q. If P̂ ^̂  P̂ -̂  M -• 0 and 

Q̂  -• Q -• M -• 0 are any two presentations of M, then 

Co-Ker ( P -». P. ) and Co-Ker ( Q -> Q, ) are projectively 

equivalent as rinht R-modules. If both of these 

presentations are minimal, the co-kernals are isomorphic. 

Let DM = Ceker ( F"̂  -»- FT ) where F. -»• F -• M -> 0 is 
o J- 1 0 

a minimal presentation of M. Thus F -v Fv -• DM -̂  0 

is A presentation of DM. Since free modules are reflexive, 

= M. coker ( F, •*• F ) = Coker(F, -> F ) 
i o i 0 

So, M and D(DM) are projectively equivalent. It follows 

that M is free if and only if DM = 0. The importance of 

DM for our purpose, comes from the following exact sequence 
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established in more general form by /.uslander [2] 

0 •*• ExtJ (DM,R) -̂  M ^ M** •* Extp (,M,R) -»• 0 

Thus M is reflexive if and only if 

ExtJ (DM, R) = 0 for i = 1,2. 

The proof of the followinq proposition is identical 

with proposition 1.1 [^2i(} . 

Proposition 6.1; The following are eauivalents 

(i) Every reflexive left R-module is free. 

(ii) For every left R-modulp M, if 

Extp (M,R) 3 0 for i = 1,2, then M is free. 

Proposition 6.2; Let P be a iino. Suppose M is a left 

R-module contained in a left frc. il-module P. If 

M ^ OlP, then M is free. 

Proof i We see that M/ M AOlP is a nonzero R/Q» - submodule 

of P/©jP. Sincr R/QI is a division ring, M/M H OlP is 

a nonzero left vector space over ^/Q) . hence there exists 

a finitely generated nonzero free loft R-module F and an 

epimorphism f: F •* M such that the induced homomorphism 

f : F M F -• MyM ̂ CfP is an isomorphism. Let the composite " 
f incl. 

F —• M -•••«»•• P map be 0 ; then thn induced homomorphism 
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0 ' ^/0{^ •*• P/O] P is the composite of the isomorphism 

F/ô  F = M/M n &lP and the monomornhj crn M/M f\ OfP -• P/Ol P 

and so 0 Is a monomorphism. it is a ?plit monomorphism 

since R/QI is a division ring. Let ^ : P/ftf -• F/ Q] F 

be an R-linear splitting of 0 so that 

$»^ : F/Ol F -• F/Q^F is the identity map. This 

$ is induced from an P-lin-par map 

$ : P ->• F. Then $ o G : F -̂  F is such that 

$»Q = $•"© = identity. Henc- $ * 0 is an automorphism 

of F. Let 4> B 0 = h. Define $: p—i F as ? = h" o * 

Then *$ o 0 s h' .$o0 = identity map on F. So. Q s F -v P 
f 

is a monomorphism. This shows that the map F •—••M is a 

monomorphism. Since it is already surjective, so an 

isomorphism. 

Definition 6.3; For any left R-modulc M and for any i ^ o, 
p 

let 3. (M) = dim Tor.' ( K, M) as a left vector space over 

K. $.(M) is called the ith Bettinumber of M. 

Definition 6.A: R is called a(left) BNSI ring ( Beitinumbers 

strictly increasing ) ring if for every nonfroe left 

R-module M, the sequence {jB̂ Cf̂ ')} j is strictly 

increasing. 
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Proposition 6.5; Suppose R is- a loft and right BNSI ring 

with Jacobson radical Q^ nil potent. Let M be a left 

R-module such that M COir for soc.e IcftyvR-module F . 
*- ' o /* o 

Then for any right free R-module DM ̂ FC^ 

Proof: Let R*" •* R" C*) 

be a minimal presentation of M. Since M C Ol F and 

O ^ - M - v F -•F/M -••0 exact, 

R m R ••• F -•• F /M -̂»• 0 is a part of a minimal 

VJ M. Then B, (I" /M ) = n and 6_(F /M) 
0 1 0 Z O 

resolution 

Since R is a BNSI ring, m > n. Hurlizing (*) we get 

= m, 

0 -> M ^ R" ->• R*" -• DM ^ 0 exact 

Since M Q O^^n* ^"" ^ '^a'^riQ]' V̂ hypotbesis (J\ is 

nijpotent. Let t be the index of ni]potency ofOj > . 

So, 0\^ = (0) and q^"^ i (0). The ̂  (0) = Q^ - (^'^Qi " 

Thus there exists x ( i 0 ) ^ Qi " ouch that xQ] e 0. 

So, ann Q? ;̂  0. As ann M^annQ] , pnn ¥> i Q, 

Claim; For any f € M*, f(M)CQl - F'or if f(M)^ Q}, there 

exists x^M such that f(x) dQ\. Then f(M) = R/QI . So, 

Qj + f(M) = R. Thus 1 = X+y where Aef (M) y e 0]. /, implies 

X= 1-y, a unit. This shows that f(M) = R contradicts the 
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fact that annM i 0, 

Since ann M / 0, ann M* / 0 as a right R-module. 

So, by above argument f(M )C- 0\ • This shows that 

Horn ( M ,(%) - Horn ( M«, R ). 

jH s ,,__ , .,* r.n 

* ,n 

r^ Horn ( M , {>( R ) = Horn ( M , R" ). 

Thus the image of M under 0 is contained in C?( R • Using this 

it can be seen that the presentation R -*• R -»• DM -•• 0 is 

minimal. Now if DM C ^0[^ for a right free module F, the argument 

as above can be used to show that n > m, which Co-T»'ttiaclltftS 'tV\e 

fact that m>n. Thus DM ^ F C7 for any right free module F. 

Theorem 6.6 : Let R be a left and right BNSI ring with 

Qi nilpotent and let M be an indepompossable^left 

R-module contained in a left free R-module such that 

Exf^ (M,R) = (0), then M is free. 

Proof : M is contained in a left free R-module F . If 
0 

M (T_ {hf̂ Q » Proposition 6.2 shows that M is free. 

Suppose M (2, (j7 ̂ n ' '^°" ^°^ ®"y module T, T is a submodule 

of a free module if and only if Ext (DT,R) = 0. By hypothesis, 

Ext (M,R) = 0. Since M is projectively equivalent to 

D(DM) we get Ext''"(D (DM), R) = 0. So DM is a submodule 

of a free right R-module F. Since by assumption M C1^Q\J 
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and M ^ 0, by Propositisun 6. 5^ DH (t. F(T) for any 

right free module F. So, by Propos. cicn 6.2, DM iŝ  free. 

This shows that M is free. 

Ikcc. «• '•• f I '^ 

. < . . " * ^-(iji' 
Oatt .„. 
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