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INTRODUCTION

Given two topological spaces together with certain groups

acting on them, let us consider the gquestion : Does there
exist a continuous map between them which preserves these
group actions, namely an equivariant map °~ This general

question 1in specific situations gives rise to several
problems. For etample, the existence of an equivariant map
gets related to questions on the existence of embeddings of

manifolds or existence of cross sections.

One may consider two situations : (1) One considers the
extent to which a given continuous map betuween specific
spaces with group actions can be made equivariant. (2) One
looks for restrictions on gspecific spaces with group

actions, so that he may have an affirmative answer ta the

above question.

The generalisations of the Barsuk-Ulam Theorem attempts to

ansuwer questions of type (1), as is made specific below :

The Classical Borsuk—-Ulam Theorem states that a continuous
map of an n—sphere 1nto the EBuclidean n—-space maps some pair
of antipodal points i1nto a single point [Z2]. In a general
setting, Borsuk—-Ulam Theorem can be formulated i1n terms of

the following data :



(1) 4 Domain which may be a space with group action or
more generally, a fibre-bundle with a fibrewise action of a
group .

(11) A range which can be a space with group action or
more generally, a fibre—-bundle with fibrewise action of a
group

(111) A continuous map, uwhich may or may not be
equivariant, from the given domain to the range.

One then studies the “"size" of the wunion of points of the
domain space on which the map 1s equivariant or of the wunion
of points of the orbits of the domain space which are mapped

to a single point by the given map.

Determination of certain 1nvariants of spaces, namely level

oT coindex answers qQuestions of type (2) as 1s made specific

belows:

Another 1mportant aspect of problems related to equivariance
of maps 1s the level of spaces. The level of a topological
space X with a fiited point free i1nvolution T 1s defined to
be the number (T, ,X) = min < n : there exists a
Zz—equlvarxant map f : X ——» SWd}, where the space X and

the sphere s"™* are considered to have Zz—actlons given by

the i1nvolution T and the antipodal action respectively.

We now give below a braief historical survey of the progress
of answers to the specific questions that have been answered

in this thesis.

)



0.1 A BRIEF HISTORICAL SURVEY

While trying to study generalizations of the Borsulb Ulam
Theorem, one gives suitable meaning to the word "size"
referred to above. By looking at the various developments
centred around this problem, one notices that 1t 15 the
(coYhomological dimension that one attempts to estimate to a
sufficiently satisfactory limit. To do this estimation,
various algebraic invariants have been 1ntroduced. To name

a few : homology 1i1ndex aof C.T. VYang [411, cohomology

co-index of P.E. Conner and E.E Floyd (71, G-indices of

Fadell—-Husseini—Rabinowit: 161 and Jaworowst 1 £221,
characteristic polynomials [131, ([I3], certain 1deals
related to these polynaomials, an 1ideal—-valued 1ndex

resulting from these [151, Nataola’'s 1nvariant I(f) £311,
the egquivariant Lefschetz class L(f} and the equivariant
Euler class ea(f) of Necochea [z241, and the

self-intersection number C(f) of Lin [251], £261 and tahn

The 1last ainvariants attempt to measure the cohomology
dimension of the Borsub-Ulam set corresponding to a2 map of
mani1folds with group action. To be wmore specific, let
f : X —— Y be a map of manifolds with 2p~act10n, p =2
prime, with the action of Zp free on X. Let T and T’ denate
respectively, the action of Zp on X and Y. The 1later
generalisations of the Borsul-Ulam Theorem attempt to study
the cohomological dimension of the set A(f) = {x € X / f(Tx)

= T "f(x)J. In certain cases, for example, when X 15 &2

d



product of spheres and Y, a manifold, none of the invariants
that are at present available 15 able to give any
information about the dimensian of N(T). In this worl, we
have used a deep analysis of the aintrainsic nature of the
problem, the natural properties and geometric
interpretations of the Conner—-Miller classes and the Bredon
aperation, to establish that the dimensian of A(f) =2 m+n-},
where X = 5"%S" and the dimension of Y 1s k. We state below

the concerned result :

1.2.1 THEOREM

n k

"w8" —— V° ( k < m £ n) be a map of S"xS" 1into a

Let f ¢ 5

mani1fold. Let A(T)

CGi,y) e 8Mug" [ fl=,—y) = f(x,y)>.

The cohom. dim A(f) = m+n—i.

We mentioned above the characteristic polynomials introduced
by Dold and Nakaaoka. They are used to generalize the
Borsubt—-Ulam Theorem to bundle maps of sphere bundles. In
the present worl, we have examined the possibility of
generalising this to bundle maps of arbitrary manifold
bundles. We have established that, as i1in the case when the
mani1fold 15 a product of spheres, characteristic polynomials
do not give satisfactory results. Faor example, when the
manifold 1s S x5, (m £ n), the method of characteristic
polynaomials gives the dimension of the Borsuk-Ulam set
associated to a fibre map to be greater than or egual to
l1+m—k, where 1 1s the dimensipn of the base space and I, the

fibre dimension of the range. We refer to the results :



2.3.1 THEQREM

Ltet m1 : €E ———» B be an 5s"xs" bundle (1 { m X n)
with the fibreuwise Zz—actlon AxA, and n’ tE'—— B be a
vector bundle of dimension k, with fibrewise antipodal
action, over a paracompact space B, such that the quotient
bundle m : E —— B has the cohomology e:xtension property.
Let f: E —— E’ be a fibre—preserving eguivariant map. Put
Z = f '(0) and let Z denote the quotient by the action
induced on Z. Nouw, 1f gl{t,s) = 0O, e H*(B)[t,s] 15 &
paolynomial such that q(t,s)[ Z = 0, then 3I polynamials
ri(t,s), rz(t,s) € H*(B)[t,s] such that qgq(t,s}.W’ (L) =
ri(t,s).wi(t,s) + rz(t,s).wz(t,s).

2.3.2 COROLLARY : If the fibre dimensian of E’ 15 |}, then
deg(W " (t)) = t, deg (wi(t,s)) = m+1 and deg Nz(t,s)) = 2n.
Then q(t,s)lf = 0, for all polynomials whose degree i1n t and

s 1s less than m—k+1.
This means that the H*(B)—homomorphlsm

o HB. t'.s —— WD
thigli— tL.sJ]7
15 a monomorphism. Hence 1f ¥ < m,

Cohom. dim. Z 2 Coham. dim. B + m — .

In particular, 1f B 1s a point, we have an eguivariant map
f: 8"x8" ———» Rk and 1f LX< m < n, then Cohom. dim. Z e

m—F.

(411



We now proceed to use the Bredon operation and Caonner—Miller
classes, to extend the generalisations of Dold and Nakaolka,
to bundle maps of arbitrary manifold bundles. We see, 1n
fact, that \th15 method 1n several cases, gives better
estimates of the dimension of the Borsuk-Ulam set than the
method of characteristic polynomials. For example, using
this method, in the case mentioned above, we get the
dimension of the Borsul-Ulam set to be greater than or equal

to m+n+1-F. The relevant results are

J.4.1 THEOREM

Let (X, T s M, Vi) and (Y, L ™M, Kz) be G-bundles where M,

V1 and Kz are closed differentiable manifolds of dimensions
my, 0, N respectively, and such that there e:ist cohomology
extensions of the flbres.for both bundles. Let f:X ——— Y
be a fibre—-preserving map and A(f) = {xeXIf(Tlx = TL(f(x),

v = 0,1,2,...,p~1, T'e G}. Define g : X ——» X&Y by

g(x) = (i, f0)). Let 6 denote the restriction of g to a
fibre and let 6 :Hk(hixK }——» Hpk(hixa}z) be the Bredon

2
operation. Then 1f ﬁ (531)) 1s non—~era, then A 1s

I

non—empty and dim A(f) m+ n - (p—l)nz.

1

J.95.1 COROLLARY

et fz: X —— Y be a fibre—-preserving map from an n-—sphere
bundle with G action given by complex multiplication by pth
roots of unity on s™ (n odd, when p odd), to a Vk— bundle
with trivial G action, where Vk 15 &2 closed t—dimensional

manifold, aver the same closed m—-dimensional manifold M.



Let A(f) = {x € X | f(T'%) = fGo), = 0,1,2,...,p~1 2.

Then if (p~1)k < n, dim A(f) 2 a+tn—(p-1)k.

3.5.2 COROLLARY :

Let f: X —— Y be a fibre—-preserving map from an s™Mxs -
bundle with 6 action induced by the diagonal action of
complex multiplication by the pth roots of wunity on § «S5
(m < n, m and n odd when p aodd), to a Vk—bundle with trivial
G action, where Vk is a closed k—-dimensional manifold, over
the same closed L—-dimensional manifold ML. Let A(f) = {(x,y)
e 8"xS"| f(T (x,y)) = flx,y)y, v = 0,1, 2,..., p—1}. Now, if

(p—1)k < m = n, then dim A(f) 2 L + m + n — (p—-1)k.

In earlier topolagical literature, the number (-1 was used
under the name "co-index" (cfr. [71, [81). In [81, Conner
and Floyd computed the level of the real projective space
RP*™™* for certain lower dimensions (rRP>™1 here is
considered to have a fixed point free involution induced by
complex multiplication by 1). A. Pfister and §S. Stolz 1in
(351 examine upper and lower bounds for the 1level of the
Real Projective Space and the Complex Projective Space.
Later Stolz in [39]1 computed fully, the level af the Real
Projective Space mpzm*. Other results on the level of

spaces, 1n particular for Stieffel manifolds, are discussed

by Dai and Lam in [121].

We have taken inspiration from the works of A. Pfister and

S. Stolz and undertaken the computation of the level of the



Lens Space Lkmw4 & SmW4/Zk. Using complex K-theory and

some number theoretic arquments we establish a lower bound
for the level of the Lens Space. We are also able to
2m-4 . .
computy the level 1f Lk , when &k 1is odd. Using
cohomotopy Euler classes and K-theoretic codegree of vector
bundles, we are able to refine the 1lower bound obtained
earlier, when k is even. To establish an upper bound, we
use & "vanishing line" far the E2 term of Adams’ Spectral

Sequence. We find that if 2|k, but 2%y k, the computation

of the upper and lower bounds and a little analysis, enables

us to fix the level of the Lens space Lkmwd, k.  even. The

results are as follows :

4.2.2 PROPOSITION.

(i) The additive arder of o e Zlo 1/(1-(1+o )%, o9
2 2 2 2

is 2. (cfr. [351).

2k

(ii) The additive order of (i+o_)*-1 e Zlo  1/(1-(1+o )2,
2k 2k 2k

[ m-2 ] + 1
r
- 2 r

is 2 , where k = 2 .a, a =z 1, odd, r 2 O.

In particular when k is odd, the additive arder of

(1+o %=1 is 2™%.
2k

.2.4 THEOREM.

Zm) = 2[’1;-?] + 3, where k = 2°.a, a > 1 , odd, r = O.
In particular {(m) 2 Zm — 1, 1f k is odd.

4.3.2 THEOREM
{tm) = 2m, where {(m) denotes the level of the Lens space

L 7, k odd.

o
2k

m

)



5.3.6 THEOGREM

2m-1
Let <{(m) denote the level of the Lens Space Lk
p odd and r » 1.

y Also let m-2 = 2'a + b, a =2 0 and O £ b
r

2"~1. Then,

. m—1
{m) = 23+ 5 + c, c < 2|— — 28 |y © even
r+1
when 2m—(Za+2+c) = 6 mod 8
-1
> 2a + + < 2 - -
a 4 c, ¢C [r+1 a 1 , € odd,
r
when b = 20 —-1
> Za + 3 + s ofm-1
= Za 3 c, C 2751 ~3]» € even

in all other cases.

6.3.4 THEQGREM
Let {{(m) be as above. Then,

fm)y €< m + 1

< when m = 0,2 mod 8
=m+ 2 when m=1,3,4,5,7 mod 8
=m+ 3 when m = 6 mod B.

6.4.1  THEOREM

Let Z(m) denote the level of the Lens space Lka1, k = 2

<Py
p odd. Then,

L(m) = m+1 1ifm= 0,2 mod B

= m+2 if m

fif

1,3,4,5,7 mod 8

1}

m+3 ifm=6 maod 8B.

0.2 LAYOUT OF THE TRESIS

We have tried to make each chapter self-sufficient,

without

repetition, of course,

fraom chzapter tao chapter. The first
three chapters deal with the

Barsuk—-Ulam Problem and the

s k= 2 p,y



last three address themselves to the computation of the
level of the Lens Space. We also have an Appendix. We have
numbered most of the definitions, results, Lemmas,
Propositions and Theorems. In the numbers that we have
used, the first number refers to the chapter, the second to
the section and the third to the definition, result, Lemma,

Proposition or Theorem as may be the case.

In the first chapter we start with the definitions of
Steenrod’'s external cohomology operation P, the Eredon
operation &, generalized mod p Conner—-Miller classes and mod
p Bredon—Hattori classes leading to the definition of the
Self-intersection number. We also state without proof
certain results needed for the remaining worl of the
chapter. We then show that the existing i1nvariants fail +to
give any 1nformation about the Borsul-Ulam set for a map
from a product of spheres to a closed manifold, with respect
to the product antipodal action on the product of spheres
and trivial action on the closed manifold. We finally prove

the EBorsul-Ulam Theorem for a product of spheres. We

conclude withh a few remarks.

The second chaper attempts to parametrize the Borsulb-Ulam
Theorem for & product of spheres wusing the method of
characteristic polynomials. We first of all compute the
cohomology structure of s"us"/T and basing on this, define
the characteristic polynomials. We then have the Theorem,

and the Corollary which give the parametrized Borsul-Ulam

10



Theorem for a product of spheres. We conclude by noting
that the estimate for the dimension of the Borsuk-Ulam set
obtained by using this theorem is weaker than that obtained

in Chapter One.

Chapter Three proceeds lagically fram Chapters DOne and Two.
Since the method of Chapter One gives a better estimate of
the dimension of the Borsuk-Ulam set 1in the case wunder
consideration, than the method of Chapter two, we seek to
extend the wuse of the invariant of Chapter 0One, to
fibre-preserving maps of arbitrary manifold bundles over the
same closed manifold. To enable us to use the method of
Chapter One in the context of bundles, we first of. all
define parametrized Reduced power operation and Bredon
operation on a fibre bundle. We proceed then to state and
prove certain lemmas on the (co)homoleogy of fibre—-preserving
maps of fibre bundles, needed later in the chapter to prove
the parametrized Borsuk-Ulam Theorem for “fibre-preserving
maps of arbitrary manifold bundles, with fibrewise
Zp—action. As applications we have a parametrized
Zp—Borsuk—Ulam Theorem for fibre—-preserving maps from a
sphere bundle to an arbitrary manifold bundle over the same
closed manifold, and also 2 parametrized Zp—Borsuk—Ulam
Theorem for fibre—preserviqg maps from an s"xS"-bundle to an

arbitrary manlfold bundle over the same closed manifold.

In Chapter Four, Five and Six, we address the problem of

the level of spaces. In Chapter Four we use the caomplex

11



bi—~theory structure of the Lens Space and some Number
Theoretic arguments to establish a lower bound for the level
of Lens Spaces. We further use some results of Pfister and
Stolz {351 adapted to the present situation and certain
results of Conner and Floyd (7], to establish the level of

the tens Space Lkzm'~i when k 1s odd.

In Chapter five, we first formulate ¢the problem of
determining the level of a space, 1n terms aof existence of a
nowhere vanishing section for a certain vector bundle, an
obstruction for which 1s the Cohomotopy Euler class. We
proceed to establish preliminaries on Cohomotopy Euler Class

and Codegree of vector bundles, and using these, we refine

Z2m—1

the lower bound for the level of Lk .

established in

Chapter Four 1n certain cases, when } 1s even.

Chapter Six 15 devoted to establishing an upperbound for the

level of Lk2Mﬂ, k even. We use Adams’ gspectral sequence,
to do this. First of 2all, we present the necessary
preliminaries on Adams’ spectral sequence and certain

results of Adams (11, and Stolz [3?1. We proceed, using the
ZP cohomology structure of the Lens Space, to establish an
upper bound for the level of the Lens Space when k 1s even.

A little elementary analysis using the results of Chapters

2m-1
Faour and Five enables us to determine the level of L_k m

when 2|k but 2°f k.

At the end, we present an Appendix which presents the



details af the computation of the integral and Zp—cnhomology
structure of the Lens Space. We have used the Zp—cohamology
structure in the preceding work. We did the detailed
computation because the necessary details were not available

in & compact form anywhere.

ADDENDUM

After the preparation aof the present thesis was completed,

it was brought to our notice by S. Stolz that some of our

results could be obtained by using obstruction theory as

follows : Consider the natural projection map
2m~1 2m-1

nos Lk —_— Lkp . If p is an odd 1integer, then =

is a Zw;equivalence, i.e., 1t 1induces an isomorphism on

n1( ) ® Z(Z), where 2(2) stands for integers localised at 2.
By obstruction theary, it follows that the level of Lkpz"‘"
is the same as the level of Lka1. We are thankful to

Stolz for bringing this to our neotice.

We have also come to learn that some of the results of
Chapter Four is included in a result of Vicks (Bull AMS
75(1926%) p 1017, Cor 3.3). OQur proof is, however, more
elementary. As it is also of independant interest and does
not use any obstruction theory, we decided to retain it in

the thesis.



A BORSUK ULAM THEOREM

CHAPTER ONL
FOR A PRODUCT OF SPHERES

1.1 INTRODUCTION

The classical Borsuk-Ulam Theorem has been generalized 1in
several ways. One of the more recent results 1n this
direction 1s due to Kahn and Lin (cfr. [23]1 and [261). They
have generalized the Borsub-Ulam Theorem to maps of

manifolds, The result for Zz—actlon 15 as follows :

1.1.1 Let f : (T,M) — (T1’N) be a wmap aof closed manifolds

where T 15 a fiited point free i1nvolution on M and T1 1S5 an

1nvolution, not necessarily free, on N. Let A(f) = {1 = Mn|
fF(Tx) = Tif(x)}. Now, 1f m > n, then dim A(f) 2 m = n,
provided the "self-i1ntersection number" C(f)dgf

<" Qg (1)), [E

1> = 0. (The notations are be explained

in 1.2,

The result has also been generalised by kahn and Lin to

Zp*actlons (cfr. 0241, [251).

In the course of this chapter, 1t w1ll become clear that
this result does not yield any 1nformation about the
dimension of A(f) when M 15 replaced by a product of tuwo
spheres s"us" and T = A x A, where A 15 the antipodal action
on, the sphere. In this chapter, therefore, we prove

generalisations of the Borsuk-Ulam Theorem for maps from

14



s™«S" 1nto a manifold Vk using Conner—-Miller classes and

self-intersection numbers.

1.2 THE GENERALIZED CONNER-MILLER CLASSES

AND THE SELF-INTERSECTION NUMBER

In £91 Conner and Miller defined certain characteristic
classes which he later called the Conner—Miller classes.
Lin 1n [26]1 1ntroduced a generalization of these classes for
involutions and later i1n [25], he 1ntroduced the Generaliced
Conner-Miller classes foar Zp—actxons. In this sectiaon we

recall the necessary details.

Let G = Zp for a prime p.

It 15 Fnown that H*(BG)

1]

Zp[a,b]/az,

)

and HY(BG) = Z [cl, 1f p

2
where deg a = deg ¢ = 1, deg b = 2 and b = (32, where 3 1s

the Bockstein homomorphism corresponding to the exact

sequence O —— & -»> £ 2 y Z y O,
P p P
We shall write w_ = bh, w = abh for p odd, and w = c
2h 2h+1 L
when p = 2. As long as there 1s no confusion, we shall

wraite W€ H (M/G) for the images of wooe H' (BG) under the

s

map 1nduced by M ——— {ptl.
Let X be a2 free G-space and v : X —— X/G, the natural
projectiaon. We have the "umkehr homomorphism":

tr 1 H (X) — H (X/B).

We shall call 1t transfer. Since EG 15 contractible, the

s 102 899



projection v : x* « E6 — XF xGEG gives rise to

k. 53
v H*(prBEG) = H*G(Xp) — H xXP)

and the transfer

gr 2 HO(X®) —— H*G(xp) = H*(prGEG).

We have the external cohomology operation of Steenrod

P : H¥W(X) — Hepq(xp)

satisfying the following properties:

* *
a) For any map f: Y — X, (fpxal) P =Pt
*
b)) v P(a) = a4 ¥ aa ¥ v x a0 (p times)
c) Pla+3) = P(a) + P(3) + z, where =z is in the image of tr.

d) P(a.r3)

f

P(a) .P(f3).

(cfr. [3B1).

1.2.1 The Bredon Operation

The diagonal action (G, XxEG), has an equivariant embedding

e : X x EG —— XxP
given by e8(x,s) = (x, TS, ..., Tpﬁx, s)y, where T 1s the
genérator of 6. This induces an embedding,

E : XxgEG —— XPxEB.
Further, the equivariant projection X:#EG —— X will induce
a fibration p:XxGEG — X/6 with  fibre EG. P 1is 2
homotopy equivalence. Following Bredon [31, we define the
Bredon operation

Q : HY(X) —— HP%x/B)

by postulating that for a € HY(X), Q(a) e HPU(X/BG) is the

unique cohamolaogy class for which

+* 3*
p (Qlx)) = E P(a).

16



We list below some of the properties of @ that we shall be
using :

a) @ commutes with homomorphism i1induced by eguivariant maps

*p-1

B) Q) = a.T (a) wun T (o).

1

c) Qa+3) Qla) + QA(B) + z, where = 1s 1n the i1mage of the
transfer homomorphism.

d) Q(a.3) = G(a) . .Q(3)

1.2.2 BGeneralized mod p Conner-Miller Classes

Let M" be an n-dimensional manifold and let G act freely on
M. If % t{p—-1)n + s> < ¥ £ n, then for a fixed z « HS(Mn/G),
the nod p Conner-Miller Class ak(z) < Hk(M) 1s the unique

cohomology class for which

(- Ny N - - A
6 (z).a, M1 WL ones T - Q) TMN/BI,
for all o € HV“(M™. When = = 1 e HO(M/B), or w o H(M/B),

the above defines the usual Conner—Miller class and we

denote 1t by ek.

In the above definition [M"1 and [M'/G1 denaote respectively,

the fundamental homology classes of M and M/G.

We state without proof the following proposition. We shall

use 1t later 1n our work.

1.2.2 Proposition

Let f = (Ti,M:) _— (T, M™) be an equivariant map between

two fixed point free i1nvolutions on closed manifolds. Let

m

-_— ™
H Al /1 t bit ces. If
f M1 . — M be the i1nduced map on orbit space

17
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1

z € H9<M:/T1), then for all k » ={(p-1)n+sl,

K+¢m-nr) !(Z)) = f!(ek(Z)).

Note that for any map f: MT—————aMm between closed

m+k-n

k
manifolds, the “"umkehr" homomorphism f :H (M:)—————+ H M™)

is defined by the commutativity of the diagram
Hk(mi“) W ™)
l [Mi)ﬁ— l (M-

H M) e— 3 H ™M™
Latal b §

where the vertical maps are Poincaré duality isomorphisms.
i.e., for x e Hk(M:), fG0 e H™™M™  is  the unique

*
cohomology class for which < £ (y) cmi“J > =

<, Goly tM™1 > for all y € KO 5™, (Using the well
known identities relating cup and cap products).

(Praaof of Prapasition cfr. [261). g

1.2.4 Mod p Bredon—-Hattori Classes.

Let V" be a closed manifold with G-action (not necessarily
free). With m > n, let Ss™ (m odd when p odd), have G—-action
(given by complex multiplication by pth roots of unity if p
is odd and the antipodal action when p = 2). The mod p

Bredon-Hattort class Bq(V) e HY (V) is defined to be the

unique ‘cohomology class for which AN **’A“Aﬁ%*”

{Bq(V).a, (vhiy = <u

n ..
5 : RQlamly, [V x_5 1>
pgrm—{(p-1iin T

for all a € qu(vh), where 7T denotes the free diagonal

. ™ ™m
action of G on V x5 .

18



We also have the following product formula verified by Kahn

(cfr. [231 and [241) which we state without proof.

1.2.5 PROPOSITION

Let M" and N" be closed manifolds with G—-action, the former
free and the latter, not necessarily free. On M x N, we

have the fixed point free diagonal action. Then
((p—1)n /p] ?
ek(m *x N = % _ ek_J (M) @ Bjﬂu)
J=0 e

provided the classes are defined.

1.2.6 Self Intersection Number

Let M" and Vk be closed manifolds with G—-action, the former
free and the latter, not necessarily free. On mevk we have

the free diagonal action. Let f : M Vk, m > (p—1)k be

any map and g : MT — mevk, a map defined g({x) =
G, F(x)) for all x € M".  Put A(f) = {x| £(T'(x)) =  Tfx),
it = 1,2,..., p—12, where T is a generator aof G. For 1 <
Ho(Mm), g!(l) < Hk(MxV) is the cohomology class dual to the
image § of g. The "self-intersection number" Dfph1TkQﬁ
o L=0
‘N TL(g) can easily be seen to be homeomorphic to A(f)) is
v=0
defined to be

Cif) = <w Q(g!(l)), M V1>

m—-(p-11k G

where w and @ relate to the diagonal G action on Mx\V. (Note
that in the above we have used T  to denote the G-action on

M, V and MxV).
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Using the Product formula 1.2.5, we get that
t(p-1rksp) x
Cefy = ¢ <& My. f (Bj(V)), M1,
)=0

m-)

We now have the preliminaries required to prove the main
result of this chapter. In the remaining work, we shall let

G = 22. We shall also write ¢ for wL.

1.3 A BORSUK-ULAM THEDREM FOR A PRODUCT OF SPHERES

Caonsider a map f: SmxSh—————aVk, k< m = n. We have the
diagonal antipodal fixed point free action on s"ug". On
k .

V', we consider the trivial action.

tkr23
Now, C(f) = L <8 = (S"x8"). f*(Bfw*)) , [5"x8 1>
)=o

Since the action on Vk is trivial by supposition, B°<vk)

Nuo(Vk) = 1 (cfr. [261). Further, since k < m,

3 k 3] .
C(f) = <8 (8"xS8™. f (B (V5)), [8™xS5" 1>
m+n L8]
= {CZ(nwn)-—(nwn) , [SmK Sn]:>
A
= ™" ' ts™x s"ax
A
. . - m+1
= 0O, since as we shall see in 2.2, cC = 0.

Thus, Theorem 1.1.1 is not able to give wus any conclusion
about the dimension of A(f). However, a deeper examination
of the given data and the machinery developed does yield the

following:

>



1.3.1 THEDREM
Let f : S"xg" — Vk { k< m = n) be a map of s"xs" into a
manifold. Let A(f) = {(x,y) & g"xg" [ f(—x,-y) = Tflx,y¥y)>.

The cohom. dim. A(f) =z m+n-—k.

Before we go to the proof of the theorem itself, we state
and prove twa lemmas which will be used in the proof of the
theorem.
Consider the equivariant map

<EEEEE): Sk V¢ —— 8Mxs™wV" ad motakom |
where t 1 S x5 is the natural inclusion,

and the induced map

A C 8™us kv

T i T

g k

I1xtxl =
af quotient spaces. (We shall, for facility of notation,
denote the diagonal antipodal action on SmxSn, the diagonzl

action on Smka and the diagonal action on SmxSnka, by T).

1.3.2 LEMMA
8 n[SmxSnx k] .
< H — 1s Non z2ero

Proof : Note that the compasite

(1x»x1)‘(1)

0 k

m .k 1TSS | Smxsnka Sva

5 xV
where 7 i1s the projection §"xg" — Sm, is equivariant and

equal to the identity. Passing onto guotients, we get a map

S™xV® TRixl s"xs (V" 7 s"xv"
T g T T
and n o lxixul = IdSmek
T



m

k .
—— S xVv .
so that lxtﬁl* [[—7:—1] i1s nonh zZero.

The commutative diagram

pe (VY (TxEmDyr e (87xs"xvt
T > T

m k m

" XV Axixld, xS xV¥
m+k T i T ek T

which defines the map (1:vx1) gives us that (1xvil) | (1)

is non zZero.

a
Now, 1l1et f: S"x5" ——» vk, < m = n be any map.
Define g : S x5 —» 5™ g VK
by glu,y) = ({x,y), Tlx,y)).
1.3.3 LEMMA
(1xix) (g (1)) = 1efv1™, where V1% e W™ is  the

!
cohomology class (vector space) dual to the fundamental

homology class EVk].

Proof: Note that g, ([S"xS"1) = [8"x8"1 @ f (1) + 1 @ f (I8"x8"1 +
Lx®y y X € HL(SmxSn)

Ck
dim x +dimy = men and vy = H (V)
v L L v

Since by assumption, ¥ < m £ n, the last two terms are zero.
Thus g*([SmxSn]) = [S"A5"1 ® 1. And hence,
(1xtx1) % (g, (1)) = (1xix1) (C8"x8"W 1 m = )™ g (1s™xs"1) .

- b -~ \ =~

= (uixD) ¥ (lelervil™)

b #
=1 & [V']

e
Lol



where [Vk]* 1s the cohomology class dual to the fundamental

homologyy class [Vk]. a

Praaf aof Theorem 1.3.1

m " k
. .

By lemma 1.3.2 we have that (1xtxl) (1) & HHFiJ£iJ&LJiS

T

non Tero.

Hence, <€ (S™xs"xv ) ((Txix1) (1)).g,(1), £s™ s "xv 1>

m-+n

= <<1xix1y(am(smka)(1)).g31), RV MLVLE N
by proposition 1.2.3.
= <o_(s™xV*) . (1xix1) ¥ (g, (1), 8TxvF 1>

by the definition of (1xixl),

= <o (8"xVMr. (1erVv¥1™) |, [s™i1erVe1r, by lemma 1.
Ckr21 K - L%

= < (% emﬂe B V). (1ervi1T, [sM1erv 1 »
1=0

by Proposition 1.2.5
= < _(s™ o Bo(vk>.(1®tvk3*>, [s™lervX1s
as k < m and hence [k/21 < m.

= <em(sm).<1®cvk]*), £s™1erv >

as the action on Vk is trivial and so Bo(Vk) =

Nuo(vk) = 1. (cfr. 1.3).

= <6 _(s™, ts™3>.<ovkr®, vty = 1.
Thus,
1= <o (s"xs"xV*) (lxux1) (1), g, (1), [8™x8 kv 1>
: Mmoo n Kk
= <cm—k.(lxixl)!(l).Q(g!(l)), FiAi%-lg—] >

by definition.
k
. m-k  — . . sM sy .
= {c .(IXLXI)!(ll, Q(g!(i)) . [_~—T—__—] >

The geometric meaning of the Bredon operation as equivariant

self- intersection, (cfr. [251 and [26]), implies that

N
¢

&

8



CRVI-RVVLS B ACE) B
Q(qg,(1)) M [—-T——-—] = 91*[[ T ]] , where g = g ACE) "

Thus the above expression can be written as

P AcHTY.
<« ATED, (0, g, ([ T]]

_ *  mok ACE) .
= <9, (c .(IXLAI)!(l)), [ T ]>
Hence, gi*(cm—k. (TxaxI) (1)) e H™™ (A (f)/T) 1s non zero,
so that the cohom dim. (A{f)) 2 m + n — . =

1.4 REMARILS
1.4.1 There are various 1nvariants which have been
introduced to measure the dimension aof A(f) faor maps of

mani1folds with i1nvolution. We have mentioned those of Kahn

and Lin which use the "Self—-intersection Number." We may
also mention the Equivariant Lefschetz class L) of
Necochea (cfr. [343) which 1s motivated by Nal aoka’'s

invariant I(f) {(cfr. [T11) and the Equivariant Euler class
eG(f), also of Necochea [Z4]1. Theorem 1.3.1 1s necessitated

because the results of t+'ahn, Lin, Mataola and Necochea do

not yield any i1nformation about dim A(f) for a map

f: §"xS" — Vk. In fact, the cohomological structure of

m

2 VSA {as we shall see 1n 2.2), mates C(f) = O, so that the
-~

Fahn-Lin result fails to give any nformation about Af).
Moreover for the same reason, in the case we . are

considering, I(f) = L(f) = e> (f) = 0. Hence, neither the

2

results of Nakaoka nor those of MNecochea are able to give

any information about A(f) for maps f : §"x8"” —— V.

k)
5



1.4.2 In Theorem 1.3.1, if k& 2 m, and m = n, then as will be

evident from the proaof of the theorem, we cannot make any

conclusion about the dimension of A(T). In fact one can
directly see that if k = m, then the map f :8"x§"——» g* -
defined by f(x,y) = ix, where i: 8™ —— S*, is the
natural inclusionghas A(f) = ¢.

m

For, A(f) = f(x¢,y) « 8Txg" | f=x,~y) = flx,y)>

= L{(,y) & S"xS"| i(=x) = i(x) 3

¢, as k = m.

Thus the result of the theorem is valid only for k { m £ n.

)]
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CHARACTERISTIC POLYNOMIALS
CHAPTER TWO AND A PARAMETRIZED BORSUK-ULAM THEOREM
FOR S™xS" BUNDLES

2.1 INTRODUCTION

Parametrization of the Borsuk-Ulam Thearem is another
direction 1in which the Borsuk-Ulam Theorem has been
generalized. The works of Jan Jaworowski, Dold and Nakaoka
(cfr. 191, (201, 1131, (311 and [321) are in this
direction. Dold [13] parametrizes the Borsuk-Ulam result
considering fibre-preserving equivariant maps from sphere
bundles to plane bundles, equivariance being considered with
respect to fibre-preserving involutions. Nakaoka [33]

generalizes the result to £ - actions.
p

The relevant resu{t of Dold runs as follows :

2.1.1 LlLet nm : E~——> B «——— E’ : n° be two vector bundles
over the same paracompact space B and f : S8 — E°, a
fibre—-preserving equivariant map w.r.t the antipodal action,
where SE = E 1s the sphere bundle of E. If m and n are the
fibre dimensions of E and E° respectively, and if m > n,

then the cohomological dimension of £f'(0) in terms of a

K<i§§EEEE§EE> cohomology theory with coefficients in 22

satisfties
Cohom dim (f'(0) = Cohom. dim B + m — n —1.
If B is taken to be a point, we obtain a generalisation of

the classical Borsuk—-Ulam result.



In his approach, he uses certain polynomials which Nakaoka
[3Z3] called Characteristic polynomials. In this chapter, we
use characteristic polynomials to prove a parametrized

version of the Borsuk—-Ulam Theorem for a product of spheres.

Let (E, n, B, S"xS"™) be an S"xS" (m < n) fibre—-bundle over a

paracompact space B. Let E have a free fibre-—-wise Zz—action

m n

induced by the diagonal antipodal action AxA = T on S x5 .
_ SH\VST\

Let (E, =, B, ——%——) be the quotient bundle with fibre

m n

S xS

+ - In this chapter we 1look at fibre preserving

equivariant maps from E to E’, where E’ is a vector bundle

over the same base B. We first of all establish the Zz

cohomolagy structure of SmxSn/T. For ease of notation, we

m _m
%S

shall denote S™"xS" by X and T

by X.

2.2 THE COHOMOLOGY STRUCTURE OF s™xs"/T

2.2.1 LEMMA

m n
Let c < H‘F’T‘—S] be the fundamental class of  the

m " * S!‘l\ % S 12}
involution (T, S xS ), 1 < m £ n. Then H E—ﬁr—J is a free
graded module generated by {ct,chnd},o = v £ m+n, subject
to c" i 0, where d is an n—-dimensional generator and c " =

O for i1 < n.

Proof : We consider three cases.

Case 1 z m+l < n

Consider the O-sphere bundle X —— X and its Gysin

sequence
* y * . * . *
e WYY (D) 2 MR GO P iRy T WD 2
R YO — ...



Z * = 0, m, N, m+N

We lnow that H*(X) 2t

1

0O, otherwise.

Hence the section of the sequence for O £ L < m gives us

that HO(X) 2 H' XD =~ ... 2 WYX 2 z_.

m

Further, since m < n, let + 2 § ———o s"

be the natural
inclusion and let d :S" —— S"xS" be defined by

d(x) = (%, X).
Since d 1s clearly equivariant, we have a commutative

cohomology diagram

H™(8"xs8™) d — H™(s™)
* —%

p p
L (8 xs” a (S
T — T

This, together with the 06Gysin sequence for the O-sphere
bundle, s™ —— Sm/T girves us that E* and hence p* 1s the

zero map (note that d* 1s an 1somorphism).

Now, consider the following section of the above Gysin

sequence :

#* * *
cee—— HNX) — HMTNO —= WO WMo
=
*
H™ (X)) —=e— H™' (X)) —— ™0 —— L.
Since H" *(X) = 0O and p* 1s the z-ero map, 22 = H"* O =

m, = *
H (X). Since r 1s 1njective and hence an 1i1somorphism, and

m+4 *
since H (X} = 0O, S, 1S zero; but 1t 1s also onto. Hence

m+i  —

H (X = O.

It 15 easy to see that H™ (X) = H™%(X) = ... = H"'(X) = ¢

$1}



Further, the equivariant map d : §"xg" —— g"xs" given by

dix,y) = (x, y)
gives rise to a2 commutative cohomology diagram
*
H™ (8"xS™) d > H(8™x8™)
* —3*
P P
R NPT a R AP
T - T
. —%
The fact that im p = {0, a1+az}, where {31, az} generate
NN N L . - . *
H (8 x5 ) = 22 @ 22 (vide case 2) gives us that p 1is onto

* n m g}
(as d maps ai+a2 onto the generator of H (8§ x5 )).

A look at the Gysin sequence,

* *
e (X 2 HY ) —2 o Wt oo S WY OO
* *
S W) —P— WP —— Ll
shows us that p* i1s an isomarphism for Kk = n — 1 and that
¥*
s 1s an 1somorphism for n-1 < k = n+m-2
Hence 2, = H (X) = ™5 = ... = H" (XD
Thus, Hk(Y) = 22, O=<k <mgj;n=<k = @mtn.
= 0, otherwise.
Case 2 :n = m
As 1n case 1, we shall obtain that H(X) = Z, , 0%k =a1.
Now, consider the diagram :
*
H™(8™xs™) —2 & H™(is™
* —3
§ E
o™ gMyg" E* y H™ §2
T f T
—%
We have that p is the zero map.(cfr. case 1). Hence

Im p* c {0, a1+az} where {at, az} generate HT(s"xs™)

I
fd
&

Zz' But p* Z 0 (as may be eaéily seen from the Gysin
sequence section given below). Hence,
+*
= {C +a > = Z .
Im p D, a ta, Z,

29



The following section of the Gysin sequence,
* * #*
cee — BN —— HTTPOO 2 WO B W D

3* 3*
Sea H™ () —Bas H™M ) —— ...

H™ (X)
* *

now gives that since Im p = Zz and S, & monomorphism,

2
rank considerations mate H(X) =2 o 2_.
Thus, H(X) = Z, 0%k <m1; mbl < k £ 2m

- =2 2 , k = m
2 2

= 0, otherwise.

Case & : n = m+l

A consideration of the two commutative diagrams of casel and
] Y
the Gysin sequence sections that follow shows wus that 1n

this case
HYK) = 2, 0 < k £ 2m+1

= 0, otherwise.

Finally, we find the generators. Let ¢ <« H (X)) be the
fundamental class of the 1nvolution (T, X) (1.e., the
characteristic class of the cero-sphere bundle X —— X)
and let d € H'(X) be the n—dimensional generator. The fact
that s (x) = x.c for % e€ H(X), v 21 and s (x) = 0,

X € Hm(Y), n # m gives us that H*(Y) 1s generated as a

free—module by {cL, wa.d}’ subject to the condition ™=
0. Evidently also, d° = O.
The case when n = m can be seen as follows :

Consider the section of the Bysin sequence we considered 1n

— : *
case 2. If b1’ bz generate H™(X) = Zze 22, then p (b)) =

1

a+a (notations as 1n case 2), for . = 1 or 2, since p 1s
i

Y
“

not the zero map. Call that b, d. Then 1t can be easily
L
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m m+d -

seen that H'(X) is generated by fc', d>. That ¢ = 0
follows from the naturality of the characteristic classes
and a3 consideration of the cohomology diagram induced from
the commutative diagram

m n k24 m
S x§ ——— S5

E

»

§"xs" n . g"

T TT
where n is the praojection. a
Now, we proceed to form the characteristic polynomials. We

shall assume that we can apply the Lerray-Hirsch Theorem to
the fibre bundle (E, n, B, X). For this, it suffices to
postulate that B is l-connected. Otherwise, we assume that
a cohomology extension of the fibre exists (cfr. [361). We
consider a continuous cohomology theory with
coefficients in 22.

2

2.2 CHARACTERISTIC POLYNOMIALS

By the Lerray-Hirsch Theorem, there exist elements c e H'(E)

and d e H'(E) such that the natural homomarphism

- * * = ¥ — —_ —

J : H(E) —— H (X) maps ¢ to c and d to d, and that
— — —_ - —_

H*(E) is an H*(B)—module (via nn )}, generated by {E?, c " d3,

O £ i =2 mn. To simplify notation, we shall use c and d to
denote c and d.

We first of all let 1 < m < n. n
/

2m =

e H"YE) and d® € HY(E) respectively as

. m
ke may write c
b

m .
= w + we + ... +wc + od, where a € £, aa = O if
m+i m 1 2

m+i

-,

n » m+l, and

A
[uy



2 m Yo
= + c + ...V c +vd+v c.d+ ...tV cd
d v2n v2ﬁ-1 * 2n-m n r—1 n-m

for unigue w, v € H (B)
We define the following polynomials, which we shall call

characteristic polynomialshf)in the indeterminates t, of

degree 1 and s, (0of degree H\(Compare Nakaoka, [33]).

~ re
m m+4i
W (t,s) = w + w t + ... +wt + ¢t + a.s
E S m+4 m b §
m
W (t,s) = v + v t + .. + v t +vs + ... +
2 2n 2n-4 2n-m n
m 2
v t .5 + s .
n-m
[ For 1 < m = n, the relations will be of the form
C m+i m —_
c = w + weCc + .. wec +wd + o c.d
m+i m 1 4
and
2 m _ ™m
d = v + v C + ... +vec +yvd+ v cd + ... + 3 c d.
2m 2m-—-4 m m m-%

m+1 m+1
for c € H

(E) and d® € H*™(E) and unique Wy JL’ v,
|9
and v« H'(B), o, 3 « z,.

The Characteristic Polynamials will now have the form

W ((t,s) = w +w et e+ wtT ™ Gs +oat.s
1 m+4 m 1 1
and

W (t,s) = v + v t+ ...+ vt + Vs +v ts + ...
2 2m 2m—14 m m m-4

+ ﬁtms + 52.]
It 1is easy to see that (t,s) — (c,d) gives an

*

isomorphism of H (B)—algebras:

H*(B) [t,s)

12 = H O(E)

(W (t,s), W, (t,s)) =

. -

Now let E- ——E—+ B be a3 vector bundle (of dimension k? over

B. Let f: E —— E’ be a fibre preserving mab, equivariant

-1
with respect to the antipodal action on E'. Let Z = T (0}

hr-dan ]
~tal



€ E, and put Z, the quotient of the fixed point free action
induced from E. We denote by SE° the sphere bundle of E’.
Then SE’ is a bundle of (k—-1)-dimensional projective spaces.
We knaw that H'(RP*™) = Z.[c’1/c'® where c¢© e H'RP™) s
the fundamental class of the antipodal i1nvolution on Sbﬂ.
Since we can define the fundamental class of the fibrewise
involution on SE',/mapping c’ to this element gives us a
cohomology extension of the fibre. Thus we can apply the

Lerray—Hirsch Theorem to the fibre bundle SE° —— B and get

. Jp—
that H (SE") is freely generated as an H*(B)~m0dule by

4 .2 L k-1

1, ¢y c’, ceey C sy where we have denoted the
fundamental class of the involution on SE° also by ¢’ e
H* (SE").

We may write c'ke Hk(gg') as
. W' o+ w c o+ +ow C,bd
€ - k k-1 1 1 .
for unique w'L e H(B). We define the characteristic
polynamizal
. _ . . ./ k-1 k
W(t)—wk+wk_it+...+w7/1t + £,
and have that
*
H (B [t1 . %, =,
Wy o HsED
t ———— ¢’ - as H*(B)—algebras.

3*

To simplify expression, for a polynomial qg{(t,s) € H (B)[t,s1,
we shall denote by q(t,s)]g or q(t,s)lf, the images of
g{t,s) by the first map or the compaosite respectively, in

the following :

7
M



*

— i ¥
H¥(B) [t,s] — H(E) ——— H (D

* . 3
(t,8) ———— (Cad) ———— (i€, i d)

Now that the preliminary definitions have been made and
notations established, we are in a position to proceed to

the main Theorem of this Chapter.

h

.3.1 THEOREM

Let n : E——— B be an S"'xS" bundle (1 < m = n)
with the fibrewise Zz—action AxA, and n’ ET—— .B be a
vector bundle of dimension k, with fibrewise antipadal
action, aver a paracompact space B, such that the quotient
bundle 7 : E —— B has the cohomology extension property.
Let f: E —— E’ be a fibre-preserving equivariant map. Put
Z = £'(0) and let 7 denote the quotient by the action
induced on Z. Now, if qgq(t,s) = 0O, € H*(B)Ct,sl is a

\
pPolynomial such that q(t,s)| 7(:;3,0, then 3 polynomials

Y

N ™~
ri(t,s), rz(t,s) =3 H*(B)[t,s] such that q(t,s).W’ (L) =
r (t,sY. W (t,s) + r (t,s).W (t,s).
1 1 2 2
Proof:
* —
Let gq(t,s) € H (B)Lt,;s] be such that q(t,s)|Z = 0. By the

continuity of the cohomology theory we are considering, 3 V
e e T

open in E, V > Z, such that g(t,s)|V = O.

-~

The exact sequence

¥
e HY(E, V) — 2 W E) — W) —— L
* — »* —
now gives a € H (E,V), such that i te) = g(t,s)|E.
The map f : E — E° induces ¥ : £E — Z —— E " —-(0) of the

quotient spaces. Since the i1nduced cohomolagy homomarphism

3*
1is a H (B)-homomorphism, we shall have that



W E-Z=uwi) =W (F()) = FTWIE) = 0 as
' W' (c) = O.
The exact sequence
* = = = '3 * — ¥ = =
cee —> HA(E, E-7) — 2 3 HI(E) —— HI(E -7) —» ...

gives 3 € H (E,E - Z), such that j:(ﬁ) = W (t)|E.

Hence, q(t,s).W' (%) |E j*(a).j:(ﬁ)

]

1}

1
— .
J (oo U 3, by naturality of cup
products.

But, a U3 € H(E, VU (E - Z)) = H(E, E), so that a U 3 = 0.

H (B)[t,s]
W _(t,5),W_(t,57)

Thus, gl(t,s).W (t)|E = 0. But H (D)

-
Hence 3 polynomials ri(t,s) and rz(t,s) € H*(B)[t,s] such
that q(t,s).w'(t)'= ri(t,s).wi(t,s) + rz(t.s).wz(t,s). =1
We have the following Corollary which gives us the

parametrized version of the Borsuk-Ulam Theorem.

2.53.2 COROLLARY : If the fibre dimension of E’ is k, then
deg(W’ (t})) = k, deg (w1(t,5)) = m+1 and deg wz(t,s)) = 2n.
Then q(t,s)|7(# 0O, for all polynomials whose degree in t and

s is less than m—-k+1.

This means that the H*(B)—homomorphism

m-k % . *
@ H (BY. t'.8) ———— H ()
TL+3 = O

N -
ttegli— 5 ¢ .SJ[Z
is a monomorphism. Hence if k < m,

Coham. dim. Z > Cohom. dim. B + m — k.

A
w



(‘,(&J/VV /,L/é/
In particular, &#f B is a point,A?e have an equivar
m <

f: 8"xs" — > ®*  and if k£ m £ n, then Cohom.
m—k.

2.4 REMARKS

8]

T

4.1 Corollary 2.3.2 can be used to find a lower

dim A(f) for any map ¥ :SmxSh*———+Rk, k£ m = n as

Denote by T, the AxA action on s"xs". Caonsider
m n 3 .

g: S 5§ — > R defined by g(x}) = f(x) —-f(Tx).

clearly equivariant with respect to the action T

and the antipodal action on Rk . Also, A(f) is

o '(0) and hence dim A(f) = dim (g (D)) =2 m — k.

Thus the corollary gives a weaker estimate for

bound of A(f) than theorem 1.3.1. However theo
gives information only when k < m (cfr. 1.4.2) whi
2.3.1 is valid for all k and hence gives 1in

whatever the value of k. ~f§f R=”“‘

iant map

dim. Z =

bound for
follows:
the map
q 1is

n

on 8™Mxs

precisely

the lower
rem 1.3.1
le Theorem

formation,



A BORSUK-ULAM THEOREM
CHAPTER THREE FOR MAPS OF FIBRE-BUNDLES
WITH MANIFOLDS AS FIBRES

3.1 INTRODUCTION

As we have seen in the previous chapters, Dold [131 and
Nakaoka [3I3]), parametrized the Borsuk—-Ulam Theorem using
characteristic polynomials. An extension of this methad to
maps of bundles where the fibres are arbitrary closed
manifolds could entail great difficulty, and may often give
less than satisfactory results. In Chapter Two, we have
seen a particular example which illustrates this fact. In
this chapter we generalize the Barsuk-Ulam Theorem to maps
of fibre bundles over a closed manifold, where the fibres

are arbitrary closed manifolds.

We let G = Zp, p a prime, and we consider (co)homology with
coefficients in Zp. We start with a few necessary

prerequisites.

3.2 PRELIMINARIES

o

-2.1 A FIBRE-BUNDLE WITH G ACTION

Let X and K be paracompact G-spaces. Let n 2= X ——— B be a
continuous map of X to a paracompact space B. Then
& = (X, n, B, K) is called a fibre-bundle with G action, 1f
the following condition is satisfied. For each point b € B,
-1

7 "(B) is an invariant subspace of X, and there exists a

neighbourhocod U of b and an equivariant homeomorphism
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o : UxK —— n () such that me ‘(u,k) = u where

UxK is considered as a G-space by glu,k) = (u,gk).

Ltet & = (X, n, B, K) be a fibre bundle with & action.

" Consider its p—fold Whitney sum with itself
g = (& X, E, B, kKP).An element of g X can be written as x =
P P
(K y Xy «2e 9% )} such that 7T () = mix)y, ¥ i. The
1 2 P L L

fibre of &p is kP, the p-fold product of K with itself.

If we identify K with a typical fibre, then we have the

inclusion i: K ~——— X and the corresponding inclusion

i : K> —— & X. G acts on KF by T(x 4% _, .- e ) =
P P 17 2 P

(xz, Rga «es aX _, xi). Consider the diagonal action of 6 on
ol

KPx EG, which is free. The map v KPx EG ~— praEG

inducesv” : H*O(Kp) ——— H(KP), (as EG is contractible)

and the transfer tr : H (K") —— H* (P). We can define
a similar action of G on g X and the diagonal action on
?X X EBG. Since the inclusion

®ix 1z Px EG — ® X % EB
is equivariant, we get gi % 1 : KP xGEG —_— g X x_ EG.

The projection vz g X x E6 —— g X % g EG gives rise to

ot

he homomorphism 5*: H*a(% X) —— H*(g X) and the transfer

_ 2 3%
tr: H (% XY — H c(§ X). We also have the commutative
diagram
—%
H (& X) —2 o H (& X)
(®ix 1) @i
P x P
HY (kP Ld y HYEP)



3.2.2 Parametrized Reduced Power Operation

The inclusion j : ®X —— XP gives rise to an equivariant
p

inclusion J x 1 = (g X) % EG — XP x  EG. Passing to .,

. . P,

quotient spaces, we aobtain J xal : (g X} X EG —— X7 xgEG.

Define the Parametrised Reduced Power Operation P on X as

the composition : *

= K P k (ixgl? Kk
P 2 H(X) — Ha" (xPy — <= HGP ‘? X)

where P = Hk(X) —_— Hapk(Xp) is Steenrod’'s Reduced Power

operation. (cfr. [101). P has properties 2analogous to

those of P. We list below those which we shall use.

3.2.3 Properties of P.

*— — %
a) For any bundle map f z Y —— X, (% f xal) P =Pf .
b) ;*5 (ul = j*(u X U ¥ ... X ud.
P timoa.
c) P(u + v) = P(u) + P(v) + 2, where =z 1s in the image of tr.

d) Plu.v) = P(w).P(v).

.2
~ a s

.4 Bredaon Operation on a Fibre Bundle.

Define an equivariant embedding e : X x EG ——— XPx EG by

e(x,g) = (%, Tx, ..., TPh, g).
Note that since the action of 6 is fibre preserving, the
embedding factors through ?X % EG. It will also induce an
equivariant embedding aof K x EG in KP x EG. Passing onto
the quotient spaces, we get the following maps :

é : K xGEB _— KP

x_ EBG
a

E

X “ EG —— (& X)) x EG
a P a

m

X x EG ——s x? «  EG.



We also have the commutative diagram :

~

K x EG E » KP % EB
a a
lix 1 l &1 < 1
a P a
X x_ EG > (& X) x_ EG
a E P

Further, consider the G-bundles
K ——— K/G
and X — X/6

and the associated EG-bundles

P

K xGEG _ K/B

and p

X xGEG —_— X/G.

We obtain the commutative diagram :
ixal
K xOEG » X x EB

P p

=]

K/6 » X/G

Define the Bredon Operation @ on the fibre bundle X by

commutativity of the diagram :

H(X) —F 1 P x)
a p

= ¥*

Q E
4 4

pk (X/B)——¥—s Hapk(X)

H

Note that the commutativity of

H" (X) P s H PX(o X)
a »
J P e*
¥ v
Hgk (xPy = H"G“(X)

the

ensures that Q@ is essentially the same as @&, the usual

Bredon Operation generalised to G-action (cfr. 1.2).
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3.3 SOME TECHNICAL RESULTS ON THE (COYHOMDLOGBY OoF

FIBRE-PRESERVING MAPS OF FIBRE-BUNDLES

Let Zi = (X, Ty K1, My, 82 = (Y, LI Kz, M) be G—-fibre
bundles with fibres, closed differentiable manifolds K1 and
K2 of dimensions n, and n, respectively, over a closed
differentiable manifold M, of dimension m. On the Whitney

sum Eia 82 = (X & Y,mn, K1KK2’ M ) we havg the fibrewise

diagonzal action.

Let f : X ——— Y be a fibre preserving map, and let
ALT) = {x € X | #(T%) = Tf(x)y & = 0,1,2,..., p-i3}.
Define g : X ——— X @ Y, also a fibre-preserving map
by g(x) = (x, fi{x)). The image § of g 1is evidently the

graph of f.

We assume that there existfe ) . e H*(X) and {f > < H*(Y)
L (RS 3 =J
* *
such that €i (e > & H' (K and {12*<fJ>} e H'(K) form a free
*
basis for H*(Ki) and H (Kz) respectively as modules over
* . .
H (pt), where 1,: K{——-+ X and 1,z Mz —— Y are fibre
inclusions. We know that if M is 1i-connected, this is
always truej; otherwise this is equivalent to the assumption

of the existence of cohomaology extensions of the fibres.

(cfr. [36] and £371).

We have the following diagram of induced bundles :

* J

A X xY)Y =X Y ——uw x Y
M 4 — M M
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where A is the diagonal map, A(m) = (m,m), and j is induced
on the top spaces making the diagram commutative. Now

) *
{ ment in H (XxY) such that
xett& fj}\.el,je.) are elements

* . * *
£i (e )®i_ (f)rre H (K xK)) are free generators over

1 i 2 ) 1 2

*
H*(pt). Then {j*(e,e f)>e H (XoY) are elements such that
i J

3*
{i *(e )®1 *(f.)} generate H
1 L 2 J

(cfr. [371).

Let 51* .

Q*
1

and cohomology Lerray—-Hirsch isomorphisms

bundles Zi and 81682.

3.32.1 PROPOSITION

I

The diagram H_(X)

(Kx Kas an H* (pt)-module.

and éz* ' éz*denote respectively the homology

relating to the

3

éx*

1@5*

> H*(XQY)

@2*

L) — I x K
H*(M)QH*(Pi) H*(M)®H*(liw }2)

is caommutative, where 6 K1~—~——+ K1x Kz is the restriction
of g = X ——> *@Y to a typical fibre.

Proof: We note first of all, that the Lerray-Hirsch
isomorphisms for homology and cohomology are induced by the
same chain level map (cfr. [371). Further, since the
coefficients are in the field Zp, the (corhomology groups

are in fact vector spaces and

duals of each other. Hence 1t

suffices to prove the result in cohomology.

i.e.,

*
a

*
H (X)) «————m——

§*
1

—%
H*(M)®H*(K1) 1&g

—

we are to prove the commutativity of

HY (XaY)

‘i*
2

H (MYeH™ (K x K )
4 2

5H
]



We define a t X —————— X % Y by the commutativity of

X ———g—~—a X ®Y
\\\9 ///J
X ® Y

é 15, of course, essentially g, as f 15 fibre-preserving.

*
The i1nduced cohomology diagram gives that for a®b € H (XxY),
a.f¥(b) = g taeb) = g 3 (a®b), by the definition of g.
Now, take T m @ (i “(e) ®1_(f)) € H M ® H(Kx K.
k 1 L 2 J 1 2

*_ * * . * _ * * *
g §2 [E m @ (11 (eL)® (12 (fJ))] = g (L =n m -3 (eL® fJ))

il

* ¥ * %

Y gn m .- 93 (EL® fJ)
* ~%

p nom. g (eL® fJ)

11

I

* *
M nom . eL.f (fJ)

* —% . ¥ . *
and éi (leg )[tmk® (11 (eL) ® 1, (fJ))]

_ * A . *
= §1 [E m @ g (11 (eL)® i, (fJ)))

1]

* . e P
@1 [Z me i (eL).f (12 (fJ))]

)

¥* . 2 3*
) bml@ i, (e .f (fﬁ)]

i

3 ¥*
o nom . eL.f (fJ)

This proves the commutativity of the above diagram and hence

the proposition. a

n_+k
The Umkehr homomorphism g,: H(X) —— » H 2 (XoVY)

is defined by the commutativity of the diagram
n_+k
H ) —% 1, H 2 (XeY)

[X1n - [XeY1 —
g

Mo D L0 —XE W

2 2
where the Poincare duality i1somorphisms £XIN -~ and [(X@YINn -

l':(XQY)

4

d



aEe defined by the commutative rectangles

H*
3 §1 *
H¥ (M) ® H (K y HT(X)
[MI1eLK 1n — l £X1r—
1
3
K ) « 1% (X)
H, (M) ® H (K) « nen
and
* §2 * * .
H* (M) ® H (K x K) y  HY(X®Y)
(MlelK x K Je— L XDV I+
1 2 §
2
H (M) @ H (K x K) «—""— Hm+n‘#n _, (XeY)

3.3.2 LEMMA

o * - :
For 1 € H (X, g,(1) = §2 (1eg, (1)),
Proof: We simply consider the following diagram where all
the quadrilaterals are now commutative. We get the result
by chasing 1 e HO(M)®H°(K1) corresponding to 1 & HO(X),

around the outer rectangle, and keeping in mind certain

dimensional considerations.

* *
o (s} §1 o 9, "2 §2 i )
H (M)eH (Ki) —— H (X} ————— H " (X®Y) &——— T H (M)@H’(Kisz)
Lt J=En
[M]&[Kilﬁ— CXIm~ CXaYI1rm—
i
9, ’
iiiw—”’Hm+“ (X) —mm— Hm+h (XaY) @2* . [M]®[K1xK2]ﬁ
1 1®a 4 \‘ J’
H (M H (K ) 3 -+ ¥ H (MYeH (K <K )
m n 4 P L J 1 2
1 LHiEmen
For example, (1@5*) (IMIBLK 1 m 1) = [M] @ 5*([K1])

[M1 @ [Kx K1 n (1eg, (1))
e H (M) ® H (KxK),
m n N 1 2
by the definition of g (1).
* -_—
And hence, g (1) = @2 (1 © g (1)) B
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— * *

Write g (1) = T a (i e ® i_ f), where a € Z
! va) Ly 1 L 2 ) L

?

ve Il <1 and y = J < 7J.
Then, g, (1) = éz*(l&sl(i))

= () UT a (i (eeof)) .
1) L J

3.3.3 PROPOSITION

If ﬁ (6“1)) 1s non—zero, then Q(g, (1)) 1s non—aero, where

@ : HMK x K) ———— H (K x K and Q@ : H(XeY) — HP"(Xe Y)
1 2 17a 2 a

denote the Bredon aperations on the fibres and top

spaces respectively.

Proof : Consider the diagram :

n2 —* nz
H 2K K ) —2t H % (XaY)
1 2
N} Q
LA it Phae
H (K x K ) «—a—H (X& Y)
1 G 2 a

- —3t . .
where i and 1 q 3re homomorphisms 1induced by 1nclusions.
The diagram 1s commutative since 1 : Kx K. ——— XY is

equivariant.

Hence, I*amg.(l)) =@ 1M, (1

~ - *
=Q 1 [n*u) UT a (] (e@f))]
L) v
~ (- *
= Q [i*(}:a 1 e ®f))]
L) v
=Q (T 17 3 (e ®f))
v L J
~ . . 3
-—Q(zaw (11 eL®12 fJ))
= Q (g,(1)).
The proposition follows. a



3.4 THE PARAMETRIZED BORSUK-ULAM THEDREM

3.4.1 THEOREM

Let (X, s M, Ka) and (Y, nz, M, Kz) be G-bundles where M,
K1 and K2 are closed differentiable manifolds of dimensions
my N, N, respectively, and such that there exist cohomology
extensions aof the fibres for both bundles. Let f:X ——— Y
be a fibre-preserving map and A(f) = {xeXIf(TLx) = Ti(f(x),
L= 0,1,2,...,p-1, T'e 6>. Define g : X -~——> XoY by
gl{x) = (x, FCO)). Let aidenote the restriction of g to a

fibre and let 6 :Hk(Kisz)————» Hpk(KixGKZ) be the Bredon

operation. Then 1if ﬁ (aﬁl)) is non-—-zera, then A{(f) is
non—empty and dim A(f) =z m + n, - (p—l)nz.

Proaof:

tet 6(5“1)) be non—zero. Then by proposition 3.3.3,
Q(g“l)) is non—zero. Hence it suffices to prove that if

Q(g, (1)) = O, then dim A(f) 2 m + n- (p—l)nz.

This follows from the following series of lemmas:

3.4.2 LEMMA. ¥ supports g,(1).

Proof: By ¥ supports g“l), we mean that g“l) is 1in the
kernel of the map an(XeY)  — an(X@Y\U) for all
neighbourhoods U of § in X&Y.

This is easy to see, as g,(1) is the cohomolagy class dual

the fundamental class of ¥%. ]
p-1

T.4.3 LEMMA. O T($)/T supports Qg (1))
L=0

Proof: This has been proved by S. Kahn (£24]1) wusing the
geometrical interpretation of the Bredon operation. In
fact, he proves that 1if (T,Mm) be a fixed point free

46



diffeomorphism of prime period p, and 1if & closed subset
p—1

S5 <« M supports a class a < Hk(M), then N T'(S)/T supports
L=0
Qo) < HX /). a
p-1
Z.4.4 LEMMA. n'ﬁ(g) is equivariantly homeomorphic teo A(f).
Proof: It is ;;:y to see that g]A(f) is an equivariant
homeomorphism of A(f) onto p;\iT‘(g). o
L =0

Now, to complete the proof of the theorem, we note that

p—-1
since r)TJ(g)/T supports Q(g, (1)) and Q{g (1)) = O,
Lo ! !
p-1 p-1
. - _
dim [ nTt (g)/T] and hence dim [ n’t (?)] = m+n+ n, pn,
L=0 L=0
= m + n- (p—l)nz. {This can be seen using some duality

arguments}). The thearem now follows from lemma 3.4.4.

3.5 APPLICATIONS

Using mod p Conner-Miller classes and Bredon—Héttori classes
(cfr. 1.2), the main theorem enables us to prove certain
parametrized generalisations of the Borsuk-Ulam theorem.
As the first application, we have. the following Coraollary
which gives a parametriczed generalization of the Borsuk-Ulam
Theorem for fibre—-preserving maps from sphere bundles to

arbitrary manifold bundles over the same closed manifold.

3.5.1 COROLLARY
Let f: X —— > Y be a fibre-preserving map from an n-—sphere

bundle with G action given by complex multiplication by pth
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roots of unity on s" (n odd, when p odd), to a Vk— bundle
with trivial G action, where Vk 1s a closed l.—-dimensional
mani1fold, over the same closed m—-dimensional manifold M.
Let A(F) = {x € X | FIT ) = Fx), v = 0,1,2,...,p"1 3.

Then 1f (p—-1)k < n, dim A(f) 2 m+n—(p—-1D)k.

Proaof :
Let g be defined as earlier. We have the map a, the
restriction of g to fibres. Lin considers the

"self—-intersection number®
{”Mp—m'a (g,(1)), [S“:\'Tvkn,
where 7 15 the free diagonal action. This number, by
definition 1s
<0 _(s"x V).g,(1), 8"« V1.
Using the product formula of 1.2.5, this 1s shown to be
non—zero (cfr. (251).
Hence 6(5“1)) 15 non—z-erqQ.
The corollary follows on the application of the Main Theorem

to this situation. ]

We also get a parametrized version of the result of Theorem
1.23.1 as another application.

3.5.2 COROLLARY :

Let f: X —— Y be a fibre-preserving map from an S"xS -
bundle with G action 1nduced by the diagonal action of
camplex multiplication by the pth rocts of uwunity on &S «S8
(m £ n, m and n‘odd when p odd), to a Vk—bundle with traivial

k
G action, where V 15 a clased k—-dimensional manifold, over

the same closed l-dimensional manifald ML. Ltet A(f)Y = {(x,y?
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m

e 8™x8"| F(T'(x,y)) = flx,y), i = 0,1, 2Z,..., p~13. Now, 1if
(p-1)k < m £ n, then dim A(f) Z L+ m + n - (p-1)k.
Proaof:
For p = 2, let k < m £ n. We consider the number
—_—— - k
<6 (8™xS"xVF) ((TwixI) (1)) . g (1), I[S™xS"xV 1>
m+n ! H
which is equal to
k
— o= sMug " kv .

<wm_k. (lexl)!(l).Q(g!(l)), [—__T__——'] p
In 1.3.1, we have proved that this number 1s non—-zero.
Hence a(aﬁl)) 1S NoN—zZero.
For p odd, the same proof as in 1.3.1. with slight changes,
proves that in this case too a(aﬁl)) is non—-zero when

(p-1)k < m < n.

The corollary now follows from the Theorem 3.4.1.

B

3.5.F Remark

We note that in the situation of carcllary 3.5.2 (p=2)

- L

’ the
existing invariants are not able to give any information
about the dimension of A(f) (cfr. 1.4.1 for details about
this). Also, comparing corollary 3.5.2 with theorem
2.3.1, and Corollary 2.3.2 (p = 2}, which was proved using
the method of characteristic polynomials of [131, it is
clear that in many situations, Theorem 3Z.4.1 may help to
get better estimates of the size of the Borsu&—Ulam set,

than that obtained by characteristic polynomials.
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LEVEL OF THE LENS SPACE

CHAPTER FOUR

2m- 1

, FOR ODD x

4.1 INTRODUCTION

In the first three chapters we considered one aspect of
equivariance of maps — the Borsuk-Ulam Problem. Now we turn

our attention to another aspect - the Level of Spaces.

The level of a Topological space X with a fixed point free

involution T is defined to be the number {(T,X) = Min {n :
there exists a 22— equivariant map f:X — Swd},where the
space X and the space 8" ' are considered to have

Zz-actions given by the involution T and the antipodal

action respectively.

In earlier topological literature, the number {~1 was used
under the name "“co—-index" (cfr. {71, [8]). In [81, Conner
and Flayd proved that &RPS) = 5. (Here ®PZ™™* s
considered to have a fixed point free invalution induced by
complex multiplication by i}). For greater dimensions, the
level of the Real Projective épace and the Complex
Projective Space was explored by A. Pfister and S. Stolz in
3531, and later determined for the Real Projective Space by
S. Stolz in [39]. Other results on the level, in particular
for Stieffel Manifolds, are to be found in [12]. Here, we

examine the level of the Lens Space.
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CAY

The Lens space Lka1 is the orbit space of the Zk—action on
- . h .
g%m e Cm, given by multiplication by the 'Y root of unity

Ezn1/k e C. On LkaA we can have a fixed point free

2 -action induced by multiplication by e™ % the 2™ root

of unity. We are interested in calculating the level of the
Lens space Lkqu’ with respect to this Zz—action and the
antipodal action on the sphere. We shall denate by {(m),
the level of Lkmm1. In this Chapter we shall establish a
lower bound for the level of the Lens Space using Complex

K—theary and some number theoretic arguments. We shall also

be able to determine the level when k is odd.

4.2 A LOWER ESTIMATE FOR {(m)

Let H be the Hopf bundle over cP™ *and Hk denote the

m-1

* 2m~4 2m-1 .. 2m-1 r
pullback p H, where p:L, =8 /Zk — 5 /S = CP

1

is the natural projection induced by the inclusion Zk £ S

m—1

We denote by n, the class of H in K(CP ) and by L the

class of H in K(Lkmw*). Here K(-) denotes the complex
. . P 2m-~1 J— _ k m
k—theory. As a ring, h(Lk ) = L(ak)/(l (1+0k)’ o, Y,
where ok =N, - 1.

Note that H is the vector bundle over CPmd, associated with

the representation h : s*x@ —_— C, given by

multiplication by =z & s'. Also Hk is the vector bundle over

2m-1 . . . -
Lkm associated with the representation hk &R C — C,

which i1is the restriction of h to Zk' Since this construction

is compatible with tensor products, we have that ? sz = (sz)

351



is the wvector bundle over Lﬁfmd' associated with the

representation f hzk : sz X % C — % C = C.

Now, suppose f = L zZmt 5 8™ is an equivariant map with

respect to the 22 action on Lkmm4 described earlier and the

antipodal action on S"'. Let f:8°™* ., Lka1——i—+ g™t

2m-1 2m-1

_be the composition of f with the projection v =z S —_— Lk

Then f 1s equivariant with respect to the Zzt—action on 82™

v/ k

i

given by multiplication by en and by —1 on g™ . Passing

to orbits we have a map f : szzm--1 — RP"L.

We let n be even, n = 2t, say. Then the map

given by F([x,zi® - zk]) = E?(x), z, - «+== « =1 may be

seen to be a well-defined bundle map covering

£ =L 2m-1 [RPZL—i = L 2L—1.
2k 2

g ~ o
Hence f (nz) = (n”)k, where f is the induced map in

K—theory. Thus we have proved :

2m-1 2t—1
L _ S be a
k
2m-1 2t-1

2k —_— L2 be the

4.2.1 PROPAOSITION . Let f

Zz—equivariant map and let f

induced map on orbit spaces. Then 1in complex K-theory

£ ) = (n %, (cfr. [3I51). &
2 2k

Let the situation now be as in 4.2.1, with t as small as

possible. This means that Jdm) = 2t or {&(m) = 2t-1

o
rJ



according as Z(m) is even or odd respectively. Using

Proposition 4.2.1, we get that

~ 3 . 2N _ ) k _
i (02) = f (112 1} = (nzk) 1
k
= (1 + o'zk) 1.
Hence the additive arder of
k _ - _ 2k m . .. of
(1t + o, ) 1 e L[oEk]/(i (1+o, 77, o, ) is a divisor

L 2 t
the additive order of o, € 2[02]/(1—(1+02) ’ 02).

4.2.2 PROPOSITION.
is

(i) The additive order of o, € 2[o,1/(1-(1+0 )%, o5

2

is 2'"'.  (cfr. [351).

(i) The additive order of (1+o )%-1 e 2lc_  1/(1-(1+e )%¥
2k 2k 2

k ' o
=]+
r
2 r

is 2 , where k = 2 ,a, 2a 2 1, odd, r = O.

and [x] denotes the integral part of x

In particular when k is odd, the additive order of

m-—4

(1+o_*-1 is 2
2k
Proof =
To evaluate the order of an element of Z[al/ (1—(1+a)n,am),
represented by a polynomial p e &{al, with vanishing

constant term, we expand the quotient p/ (1-¢1+a)™) in a

o .
formal power series Y bff, b_L e Q. Now, p will be
L=0
contained in the ideal generated by 1 - (1+a)n, i.e., p will
be zero, if and only if bo, bi, ceny bm_2 are integers.

Hence the order of p will be

l.c.m. { denominators of bo, b, ..., b .
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Proof of (i)

o 1 1 o -1
2 —
—_— = - = - = 1 + 2/
Note that =135 72 R = [ /,;]
2 2
© J
= - é T -0 02/53 -
0 . j
= E (-—1)‘) . 2/2J+1.
j=o
. t~
Hence the order of o, is l.c.m. [2ﬂ1, 0 = J 2 t-2 3, i.e., 2 t,
Proof of (11}
(1 + o 0% -1 .
We have that T =1+ o 2%~ = 7 (ivo kK
2k k
_ -1
2 + k g o k
- 1) 2k ccc 2k
-1
_ 1 1 k k
T R (L | I
«w 81"1 o 91'0‘. +9L
- 2 T (-1) 2k 1 k-1 % %2 k ) k-1
St T8 EN s + 1 %2 % J U« I §
n=0 1 k - 1
Sk Tk-1gT < %y <
© N
=¥ bn Yo
n=0

To avoid cumbersome repetition, we shall refer to the above
expression as expression [Al. We will need to consider two

other expressions which are parts of expression [Al.

Expression [B1 : i, {:‘] . [zk“i}_[k] 1 2 [k] k=1 Tk
-1 L2 k 1 k-1

and expression [C]1 :
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We shall also call a partition 51+52+ cee t+ s of n,

i i < < <

admissible, if and anly :f s, 25 _,% - = S, -

Case 1: k = 1 mod 2.

Consider expression [Bl. We note that [?] = k= 1 mod 2.

n

k] , which

1

)

Hence the power of 2 1n the denominator of =n [
is the value of [Bl for the admissible partition O+0...+0+n

of n, 15 n. It 15 evident that for a fixed n and for other

admissible partitions 51+52+...+sk of n, the power of 2 in
the denominator of [B]l 15 less than n. Hence expression
[C]1 = %ﬂ where 1 = 1 mod 2. Thus, 1n expressian [A],
l.c.m.{denominators of b_, ..., b 3 1s 2MTE o ™Mt

Case 2 z L = 0 mod 2.

Let Kk = 2°a, a = 1, odd and r 2 1.

For the proof, we need the following results on binom:ial

coefficients.

4.2.3 Lemma
2Ja . . . Al 2Ja
[ b ] =0 mod 2 if a = 1, odd, and b < 2°; and [ ] = 1 mod 2.

~J =
oZ

In particular, putting a = 1, we get that the binom:ial

-
. P
coefficients [ b] s b < 2J, are even.

Proof of Lemma

We know that if m = 2‘mL and n = ¥ 2'n be the diadic

expansions of m and n, then

[:] = [:LJ mod 2. (cfr. [401).
=0 N

Hence [2] 1s aodd 1f and only 1f m = n for each .. Note

that for m = 2a, m = 0, 0 £+ < j-1, m = 1. Ifn =b < 2,

L J



]

J
Z 3 _
then for some ( < , n = 1, so that l b ] = 0O mod

-,

Further, if n = 2’, then n = O for i > j. Thus m. Z n far
J
each i and hence [2ba] = 1 mod 2. a

We proceed with the proof of the proposition.

For a fixed n and for an admissible partition of n, the

power af 2 in the denominator of expression [B1 is

£s - r{s-s) —-prp(s-s) - ... —r (s - s ).
1 1 2 41 2 9 r r r
2 -2 2 -1 2
where each r Z 1, by Lemma 4.2.3.
£s —ri{s-s5) — (s -5 ) — ... — (5 - s ).
1 1 2 2 "8 r r
2 —1 2
= —(r—-1)(s -5 ) + 5
1 "2 r
2
< s .
r
2
Note that = = {é}], as the partition of n we are
2 2

If n = 0O mod 2, for the admissible partition
s+s + ... + s = n, where s = ... = s = QT, expression [B]
8 2 2!‘ E 2!‘ <
1 ~F 52
reduces to ——ﬂ/;r '{h2§] . Hence by Lemma 4.2.3,
—

the ; power of 2 in the denominator is Qw. Further, in this

B
<

case, for any other admissible partition, Sr< gr . SO that
2

the power of 2 1n the denominator of expression L[Bl is 1less

than gf- Therefore expression [C1 1is of the form —ﬂ/%r
-~ a3
where 1 is add. Hence in expressiaon LA,
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. m—2
l.c.m.{denominators of bo 9 =y bnwz} 1s [ ﬂr] + 1.

-

This completes the proof of Proposition 4.2.2 a

We now proceed to the Theorem which establishes a lower

bound for the level of the Lens Space.

4.2.4 THEOREM.

L(m) = :['—“—;-3] + 3, where k = 2°.a, a =1 , odd, r = O.
In particular {{m) 2 2m — 1, if k is odd.

Proof: By Propositions 4.2.1 and 4..2.2 we have that

t-l:?[m—_rz]*i'l
2

i.e., 2t—122[2‘%§]+:. @
4.2.9 Remark
Let f Lkzmhi———-——» sP™* and g - Lkz““‘————» s¥*  pe
Zz—equlvariant maps with respect to multiplication by em/k
on L _and -1 on S. Denote by f : S™*'——, &* and
- 2n-1 q-1 .
g = S5 —~— S s the composition of f and g with the
projection maps from the spheres to the Lens spaces

respectively. Then f and 5 are Zzt-equlvariant with respect

. k
to multiplication by e"‘/ on the domains and by -1 an the

ranges. Taking their joins, we get a &_ —-equivariant map

2k
=% —% 2m=- 4 2n-41 -1 -1
5 o%x g o 8™t g, gPTt o g7,
. —¥* —% 2(m+n)-1 (p+g)—1
i.e., f * g = S S A

Passing to quotients we get a Zz—equlvarlant map

_— 2im+n)—-1 (p+q)—1
f*g = L, — 5P



Using this construction we can improve the lawer bound for
Z(m) when m—-2 is of the form 2 (1+1)-1 as follows H
According to our present estimate, if m—2 = 2r(1+1)—1, then

{(m) =z 21+3. Suppose, if possible, {(m) = 21 + 3. Then

r
. . . 2¢2 (L+0+4)-1 2l+3)-1
there exists a Zz—equ1varlant map f : Lk — S -

Applying the abaove construction to f, we get a

Zz—equivariant map

r+1i
_— 2¢2 L+)+2)-2 (4l+S)—1
f*f = Lk —_ s 5 .

This contradicts the estimate of 4.2.4, that

227N 141)42) 2 4(1+1)+3 = 41+7.

Hence {(m) = 21+4 if m—2 is of the form 2 (1+1)-1.

4.3 LEVEL OF L 2™ * « opD

We first of all use the construction of 4.2.5 to prove a

lemma which will be used here to determine the lavel of

2m-14

Lk for odd k. The lemma will also be used in later

wark .

4.3.1 Lemma

{m+n) = L(m) + {(n) where {(m) denotes the level of Lkad,
for a fixed k. (cfr. L[392]).

2m-4 Z(m-1 2n—-1 Lrvy-1
Proof: Let f : Lk — 5 and g = Lk — 8

be Zz—equivariant maps with respect to multiplication by

124 W4 3
e

on Lk and -1 on S. Then by the Jjoin construction of

4.2.5, we shall get a Zz—equivariant map

?;a . Lkam+m-1 S&mh&n#1_

L{m) + f(n). @

1A

Hence, <{(m+n)

o8



Now we are in a position to proceed to the Theorem

determining the level of Lkqu for odd k.

4.3.2 THEOREM

Z{m) = 2m, where Z(m) denotes the level of the Lens space
L*™ k odd.

Proof : By 3 result of P.E. Conner and E.E. Floyd, we know
. 2m-1 .

that {(m) = dim (Lk ) +1. (cfr. [73, J.75.

This, 1in conjuction with Theorem 4.2.4 tells us that

2m—~1 £ L(m) = 2m.

Suppose {(m) = Zm-1.

Then, 2m+1 = 2(m+1)-1

1)

{(m+1) = L(m) + (1)

(2m—1) + (2-1) = Zm,
obviously & contradiction.

Hence {(m) = 2Zm. a

59



A REFINEMENT OF THE LOWER BOUND
CHAPTER FIVE FOR THE LEVEL OF
THE LENS SPACE Lkzm", k EVEN

5.1 INTRODUCTION

In the preceding chapter we established a lower bound for
the level of the Lens Space LkaA. In several situations,
we can better this lower bound by using some abstruction
theory and K-theoretic codegree of vector bundles. This is
done by first of all reducing the problem of determining
the level of the Lens Space, to that of the existence of a
nowhere vanishing cross section of a certain vector bundle.
In this chapter, we do precisely this, and refine the 1lower

bound for the level of the Lens Space LkaA, k even.

5.1.2 Formulation of the Problem.

2m-1 2m-1
L

Consider the line = e R - I
e bundle L Lk 2/ 2% f
2m-1 -1 . . . .
f. = Lkm _— " is an equivariant map , then
. 2m-1 2m-1 -1 . . .
1dxf = Lkm - Lk'“ »% g~ is an equivariant map, and
. . 2m~-1 2m-1 -1
passing to quotients, we get a map L L, LM X ﬂSn .
2k k &r2
and hence a nowhere vanishing section of
2m-1 - R .
nL =t “" K ﬂmn——a Lmhi. Conversely, a2 nouwhere vanishing
k er/2 2k
section of nL gives rise to an equivariant map. Hence uwe

can characterise the level of Lkzm--1 as the smallest n  such

that nL has a nowhere vanishing section. We shall denote

the level of Lkz""~1 by <£(m).
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5.2 COHOMOTOPY EULER CLASS AND

K~-THEORETIC CODEGREE OF VECTOR BUNDLES

In the following we briefly recall some preliminaries on the

Cohomotopy Euler Class and K—theoretic codegree of Vector
Bundles that we shall need in this chapter. For further

details we refer to [101, [11] and [3921 etc..

5.2.1 Cohomotopy Euler Class

Let X be a2 finite CW complex and let E be an n—-dimensional
vector bundle over X. Let T(E) denote its Thom Space. The

zero section of E induces a map i1 : X

-+ T(E), or, more
generally, a map 1 : T(F}) —— T(E®F) for a vector bundle F
over X. If E° is an n’'—dimensional inverse bundle of E, then
a trivialization of E®E’ induces a map t : T(E®E‘) — ™"
For n° large, the bundle E° is wunique and we define the
cohomotapy Euler class of e(E) to be the composition

TE") — 2 |, T(EeE"') —F ., g™ .

The Thaom spectrum M(E) is by definition the nth desuspension
of the suspension spectrum of T(E). The definition of the

Thom spectrum may be extended to virtual bundles, by writing

M(-E) = M(E’) where E’ is an inverse to E. For 1large n’,

the set of homotapy classes of maps from T(E") to Snﬂ\,
. . _ _ o

LT(E ), g™ 1, is isomorphic to {T(E'), g " Y, the group

of homotopy classes of maps from the suspension spectrum of
T(E’) to the suspension spectrum of Sn*n'. By suspension
isomorphism, this is isomorphic to {M(-E),S8"2 = nr (M(-E)).
Using these identifications, we consider tﬁe cohomaotopy
Euler class e(E) to be an element of 7" (M(-E)). As we
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consider n (M(-E)) to be a “"twisted" cohomotopy group of X,

we denote 1t as nn(X; ~-E).

5.2.2 The ordinary Euler class and the cohomotopy Euler
class are related as follows : The Hurewicz homomorphism
h 2 A" (X3-E) = i (M(~E)) ——— HY(M(E");:Z) = HN(X;-E)
maps e(E) to a (twisted) cohomology class EZ(E) which is
called the cohomology Euler class of E. If E is orientable,
the Thom isomarphism H (X;-E) = H (X3;Z) maps e,(E) to the
usual Euler class. If we replace integral cohaomology with
Zz—cohomology, the corresponding Hurewics- homomorphism maps
e(E) to the nth Stieffel-Whitney «class of E (here, of

course, we do not need E to be oriented).

5.2.3 Properties of the Cohomotopy Euler Class

The following are the important properties of the cohomotopy
Euler class.

(1) Multiplicative Property

e(EoF) = e(E).e(F), where the product on the right 1is the
cup product for (twisted)cohomotopy, and E and F are vector
bundles aver X.

(ii) Vanishing of the Cohomotopy Euler Class

If E is an n-dimensional vector bundle aver & Tinite
CW-complex X and dim (X) < 2(n-1), then E has a nowhere
vanishing section if and only if its cohomotopy Euler Class

vanishes (cfr. [10] Z2.4).

It 15 this property that enables us to use the cohomotopy
Euler Class to establish bounds for the level ot a space.

&2



9.2.4 OGysin Sequences

If E—2 ., X is a vector bundle of dimension n over X and F

is another vector bundle over X, then there is a cofibration

T(p*F) —E L TF —: T (EeF) , inducing 1long e:xact

sequences =

. % #*
s B NXEeF) 2 7Y B rtsEr; pY Ry 2

L-n+1

(X;E0F)— ...

and
] * ) s . 3
—— HT™MX3EeF) 2 H'(X;F) B2 H'(sEY;pT Py 2

(%ot g §

H (X5 E&F)

+ .
which are respectively called the cohomotopy and cohomology

Gysin sequences far S(E) with coefficients in F. The maps
i* in these sequences are multiplications respectively by
the cohomotopy and the cohomology Euler classes of E. These

sequences will be needed later in the chapter.

5.2.5 Codegree of an Orientable Vector Bundle

If E is an aorientable(virtuzl) vector bundle over a space X,
the codegree of E denoted by cd(E), 1is defined as the 1index

of the Hurewicx hamomorphism h : 7% (M(E)Y ) —s Ho((M(E);Z).

5.2.6 K-Theoretic Codegree aof a Vector Bundle

Note that the composition

A2 MEN o P ME) ;22 H (ME) ;&) is the same as  the

composition r° (M(E))—"x— KO MEN S0 W (ME) ;@) where h, is
the K—-theory Hurewicz homomorphism and ch 1is the Chern

character. The index of 1m(i) N im(ch) in 1m(i) is defined

to be the K-theory codsgree of £ and is denoted by cd®(E).
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In the above definition, if we replace the Chern character
ch:k® (M(E)) —s H*(M(E);G) by the Pontrjagin character
Ph:KGO(M(E)) _— H*(M(E);G) which is the compositiaon af
the complexification map KO®(M(E)) — —— K (M(E)) and the
Chern character, we obtain the KO-theoretic codegree of E

which is denoted by cd“°(E).

5.2.7 Lemma : cd(E) is a multiple of cho(E), which in turn

is a8 multiple of cd®(E). ]

ch(E) is characterised by

5.2.8 Lemma : Let E be aI complex vector bundle over a
finite CW space X with torsion free homology. Then
cd“(E) = mintm € N | m. ch™ (Todd (-E)) e K°(X)e®@ is integral?
where Todd(E) € H*(X;Q) denotes the Todd genus of E.

Todd genus is multiplicative

i.e., Todd (EoF) = Todd(E).Todd(F)

and if L is a line bundle, then

Todd (L) = (exp(c (L))~ 1)/t1(L). a
5.2.9 Lemma : Let L be a complex line bundle. °~ Then
ch™(Todd (-L)) = log(A+1)/A € K°(X) ® @ , where A =

L-1 e K°(X) and log (A+1) is the usual power series of the

natural logarithm. | m

3.2.10 Lemma : If E is some (virtual) vector bundle oaver

m-—41

Ccp s, then the index of the Hurewicz homomorphism
2 - 2 -1
h @ 7 (@p™ e » (TP 75 2) 15 the codegree of
m-s-1

E + sH over CP . [
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5.3 A REFINEMENT OF THE LOWER BOUND FOR {(m)

We have now introduced the preliminaries. We proceed to the

refinement of the lower bound.

Let k = 2". p, podd, r = 1. We may identify Lﬁfm-1 with

the sphere bundle of HZk, the ZkU\ tensor product of the

Hopf bundle H —— CP™"' over the Complex Projective

space. We know that the Hopf bundle H is the vector bundle

associated to the standard one—dimensional complex
representation of st given by multiplication by et e s'.
h
Then Hk, Kk tensor power of H 1is the wvector bundle
. . . ikt w4
associated to the multiplication by e ', for e € 5. Also

* k -
p (Hk), the vector bundle over L_°™* induced by the

2k
projection p :szzm_1= S(H**)— CP™™* is the vector bundle
associated to multiplication by et for e' e sz, the
th . 1
group of 2k roots of unity € G'.
Now, for a generator em/k of 2 and =z €« C, =. etk'n/k =

2k’
—z lies an the straight 1line passing through =z and the
origin 1in the complex plane. ' Hence the . above
representation of sz is the sum of two copies of the
one—dimensional real representation of Zz whose associated

line bundle is L (cfr. 5.1.2), i.e., p (H = 2L.

For arbitrary g, we write down the cohomotopy and the
cohomology Gysin sequences of the sphere bundle S(HZk) with

coefficients 1in —qu (cfr. 5.2.4).
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»* * . B
e EE (P g™y i (P g s WA‘(L;L fi-2qL) —
h h
'lhi . ® 2 * 2 l s
- - - 2 bt §
— WY %P2 LS 5 W™ 2y —Fa— W T2y —

The naturality of the cohomotopy Euler class gives us that

for e(gH%) e n®3(CP™*; —gHS) , p:(e(qu)) = el(p (qH))

am—1

S5 —2aly .

= e(2qL) < n2q<L2

Further, we know that H*(CP"hi;Z) = ZCx]/xm, where x e H (CP™
is the first chern class of the Hopf bundle. Then the
cohomoloqy Euler class eZ(Hk) = c‘(Hk) = kx = 2rp.x, and
ew(qu) = (2rp.:<)q = 2rq.pq.xq.
We also have that i: is multiplication by eZ(HZk) = 2kx
- ,_‘P+1
= 2 "px.

- ¥* k
Now, suppose that e(Z2gqL) = P, (e(gH )) = O. Then by

exactness, we get a y € n&rz(CPm-l; HZK—qu) such that

. * k .
11(y) = e(gH ). Commutativity of the diagram gives us that

* k _ .
hz(e(qH })y = 12(h1(y))

i.e., eZ(qu) = h*(y) . ZTup.x
1.e., 2rq.pq.:<q = ht(y). 2N4p.x, so that,
5.3.1 hyty) = 2797 gt a9t

In Chapter Four we have established lower bounds for £{m)
for two different cases (cfr. 4.2.4 and 4.2.35). We shall

denote this lower bound by 1. Take g = [1+C], c = O where

]

[x] denotes the integral part of x. Then
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)

{ 1+c if 1+c is even

1+c-1 if 1+c is odd

We want to find the qgreatest value of c which will give a
contradiction to 5.3.1. It will then follow that for this
value of c, e(2qlL) # 0 and hence 5.2.3 (ii) that

1+ ¢ + 1, 1if l+c is even

T 9 =z
5.3.2 {{m) = 1 +c, if 14c is odd.

Using 5.2.10, we get that the index of the Hurewicz

homomorphism h1 : nzq_z(CPnhl; HZk— qu) — Fﬁq_z(CPnhi; £)
1s the cadegree of kﬁk—qu + (g—-1)H over CPm_w_“_ﬂ i.e.
CPm—q
5.3.3 Lemma : Ch™*Todd ( —(H¥*-gH"+(g-1>H)) = (1-y)%7?
2 = > = - &
maod 2 Z“nty] where y n/2, n H 1, and . the
integers localized at 2.
Proof : Note that
logn=1) _, _mn . nt _ a7,
) 2 S 4 Tt
If we write /2 = y, we see that the above power series is
an element of Zaﬁy]. Further, 1f we compute modulo EZQ”
we find that Ch™' Todd (-H) = 199%3111 , by 5.2.9.

= - 22 .
(1-y) mod 2 (”Cy]
In general, we can see that if X € ZLnl, with vanishing

constant term, then

log (14X)

. = (1 - mod 2 Z_ryl.

2k
- : +

Hence, Ch ‘Todd (-n2%y = log (n+1)
2k

(n+1) - 1

2k
= [1 - 5ﬂii%r——3-] mod 2 Z _[y]

o

s (2)
J
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-2
1 mod 2 z@ﬁy].

¥
; +1)
Also, Ch*Todd (-H*) = liﬁi’-’—k-l——
(n+1yk- 1
| 4
_ (n+1) — 1 PR
= [1 = ] mod 2= z*m[y]

hJ
i

Lyl

k k-1
.+
= {1 - n*lin q+ — Lo ] mod
2 (2)

1 mod 2 Z(Z)Cyil as k = O mod 2.

Since the Chern character 1s a ring homomorphism, using the

multiplicativity of the Todd Genus, we get that

-4

Ch™ Todd (=(H™ - qH* + (g-1)H))Y = (1-yI)%* mod 2 2 _[y3.

5.3.4 PROPOSITION

The codegree of HZk - qu + (g—1)H aver €P™? (and hence the
1index of the Hurewicz homomorphism h1 H nmkz(CPmﬁ}FFk—qu)
——— H¥%*@P"™;2) 15 a multiple of 2™9' ¢ omTe
according as m = 2q or m < 2q.

Proof : We tnow that K°(CP™?) 1s the truncated polynomial

ring Ztnl/hm_qd where n = H —1. When we express (1—y )94,
y = n/2, as a power series in n, we see that g—1 1s the
smallest power of 2 such that 2V ' (1-y)%* e z_ Inl. & Also
2™ 9 s the smallest power of 2 such that 2m~qﬂ(22“btn3)
= ZQHCQJ/QM%”i It follows that pm-a-t and T
respectively are the smallest powers of 2 such that
(1-y) T 'mod 2z, Lyl 1s contained 1in z .t r;]/r;m_qﬂ,
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accarding as m—g-1 = g—-1 or m-gq-1 < g-1 respectively.

The proposition follows from 5.2.8 and 5.2.30. ]

5.3.5 Lemma : Let m,q,l,c be as defined earlier 1in the
chapter.Then
a) When b = 2'-1,
(1) m =z 2q according as ¢ < m—2a-4 1f ¢ 1s even
or as ¢ X m—2a-3 1f ¢ 1s odd.
m_ _ sl -2
U

1f ¢ 1s even

(11) m—q » rg-r—1 according as c 7

1)

m
or as ¢  Zf|———r-
r+1

a} -1 1f c 1s odd.

~fm-1l ) =~
“|r=1 787

1f € 15 even

N

(111> m~g—-1 > rg-r—1 accarding as c

or as c < ZCEZL —aJ -1, 1f ¢ 1s odd.

b) In the other cases,
1) m = 2q according as c £ m—2a-J, 1f ¢ 1s odd

or as ¢ £ m—2a3-2, 1f ¢ 1s even

11) m-q ~ rg-r—1 according as c < 2[ Tl —a] -1, 1f ¢ 1s odd

, 1T € 1s even.

—? ™y

m
or as ¢ € 22— -—a
~ [r+1

111) m—q-1 > rg-r—1 according as c

~
H3

[?5% —aJ—l, 1f € 15 odd
or as c < :{m—l
r+1

-a} , 1f c 15 even.

| S

Proof : In (2), 1 = 2a3+4 and in (b)), 1 = 25+3, by 4.2.4
and 4.2.5. Thus, 1n (a), 1l+c 1s even or odd acording as cC
1s even or odd and 1na (b)) l+c 15 even or odd according as cC
1is odd or even. Elementary calculations now prove (1) in

both (a)and (b).
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n

Far (11) 1n both cases, we have that m—q > rg-r—-1 €& g :F:T +1.
14c

We note further that 1f l+c 18 even g = ——, and when 1+C 1S
odd, q = 225 - L . (cfr. 5.3.2).
Thus, for example, when 1 = 2a+4 and 1f ¢ 1s odd, we have

., m
that m—gq » rg-r—-1 & gq ~ =1 +1

2a+4+c 1 . m
5 73 St
s m _
< C ’“(r+1 a] 1.

Similar calculations prove (11) 1n all other cases.

For (111) 11n both cases, we have that

PR o m+r m~—1
m—gq-1 < rg-r—-1 & g < ey e +1.

Cansiderations sim:ilar to thase above now prove (111) in

bath cases. a

Finally we come to the theorem which establishes the refined

lower bound.

5.3.6 THEDOREM

Let Vv = 2rp, podd and r =2 1. Write m—-2 = 2Pa+b, where a2 =2
0, O = b = 2" -1. Then £(m), the level aof the Lens space
Lkzmd'sat15f1es the following :
when r = 1, {m) =2 o+l, m = 0,2,4 mod B

Z m+2, m = 1,3,5,7 mod B

Z m+3, m = & mod 8.
When r > 1, {(m) = 2a8+5+c, c < 2[25% —a], C even,

2m~(2a+2+c) = &6 mod 8.
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IV

2at+4+c, c < [ } , € odd,

when b = -1,

IV

~ - Ve "\
PRt R of c < -— —a C even

in all other cases.

Case 1 : MWe first of all consider the case when b = 2 -1.
By 4.2.95, 1 = 2a+4.

When r = 1, by lemma 5.3.5 (a),(i) and (ii), m < 2g and

m—q » rg—r—1 hold simultaneously when -1 < ¢ 1, 1.e.,

I

when ¢ = 0 1if ¢ is even, and when 0 < ¢ < 2, 1.e., when
c =1 if ¢ is odd. Hence proposition 5.3.4 contradicts
5.3.1 1f 2q = 2a+4+c where ©¢ = 0 if c is even and if 2q =
2a+3+c where ¢ = 1 if ¢ is odd. In either case {(m) = 2a+5
(cfr. 2.3.2. i.e., {m) 2 m+2, as in this case, since r =
1, m = 2a3+3.

On the other hand by lemma 3.3.5 (a), (1) and (iii), m = Z2q
and m—q-1 > rg—-r-1 hold when ¢ £ -1 and ¢ < O if ¢ 1is even
and when ¢ = 0 and ¢ < 1 1f ¢ is odd. As we assume c = 0, ue
cannot draw any conclusions from these results.

il

When » 2 1 , m < 2g and m—g > rg-r—-1 hold simultaneocusly

. m . .
when m—~2a—-4 < c < E[FIT —a] -2 if c is even and when m—2a-3

-

< c < A[rm —a] -1 1f € 1s odd. Elementary calculations

show that these restrictions do not yield any integral value

of c.

The conditions m = 2q and m—-g~1 > rg-r-—-1 y;eld c = E;I% —a] -2
if ¢ is even and c < 2[::1 —a}—l if ¢ 1is odd. Hence =&
contradiction of 5.3.1 is obtained when 2q = 2at4+c or 2Za+3+c
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according as c is even or odd, cC satisfying the above

restrictions. 5.3.2 now yields the required result.

Case 2 : 1 = 2a+3 (Cfr. 4.2.4).

When r

1, by lemma 5.3.5 (b), (i) and (ii), m < 2q and

s

m—q > rq-r—1 hold simultaneously when 0 < ¢ { 2 i1f € is even
and when -1 < c <1 if ¢ 1s odd. " These do not give any
values for c. 0On the other hand, m = Z2q and m—-g—-1 > rg-r-1
hold simultaneously when c £ 0 if ¢ is even and ¢ = -1 if <«
is add. This gives us that ¢ = 0. Hence propositian 5.3.4
contradicts 5.3.1 if 2g = 2a3+3+c where c = 0. Hence <{{(m) >
23+3 (cfr. 5.3.2). i.e., {(m) =2 m+1l, as in this case, since’

r =1, m = 23+2.

When r » 1 , considerations similar to those in case 1 give

us that no integral values af c are obtained when m < 2q
and m—g > rg-r-—-1. When o = 2q and m—-g-1 > rg-r-1,
simple calculations give the required modifications in the

lower bound.

Caze 3: Put 2qg = 2Za+i+c, c¢ 2 O (evidently c is even).

We want to obtain conclusions about the codegree of
k k - ~-a-2-c/’ .

RZ—gH"+ (g-1)H over cp™ 9 = gp"OT%eZ, Write s  for

m-a—1-c/2. Consider the cofibration

a-1 23

cP*™t —— P® —— PPt x 577,
and the induced long exact sequence in KO-theory

cee— KO Y (5%®) —— KB (EP®) —— KO (CP®TY) — KO (8% —

~
]



This gives us an isomorphism
KO (CP®) —=—5 k0% (CP®™)
by Bott periodicity in KO theory, provided that Zs = & mod 8.

: k
Hence the KO-theoretic co-degree of Fﬁk—qH +(gq—-1)H over

P (ie., CPMTOTF2 - ¢p™? hen 2q = D2at4+c) is  the
same as 1ts KO-theoretic codegree over cp® (1.e,
CcP™ % = ¢p™ Y when 2q = 2a+2+c).

The proof of Theorem 5.3.6, case 2, in conjunction with lemma
2.2.7 gives us the required results both when r = 1 and when

r > 1. )



AN UPPERBOUND FOR THE

CHAPTER SIX LEVEL OF THE LENS SPACE

Lkzm" , k EVEN

6.1 INTRODUCTION

In this chapter, we use Adams’ Spectral Sequence, especially
a "vanishing line" for its E2 term to establish an upper
bound for the level of the Lens Space Lkzm"1 ghen k is even.
The determination of the upper bound will enable us to
establish the level when 2 | k but 2° f k. We first of all

establish a few preliminaries on Adams’ Spectral Seguence.

For details we refer to [39]

6.2 PRELIMINARIES ON ADAMS® SPECTRAL SEGUENCE

Let X and Y be finite spectra and let p be a fixed prime.
We say that a map X ——— Y has Zp*ﬁdams' filtration =2 s, if

1t can be written as a compasition

X > Z - ane —mm 7 _ Y
1 a-1
af s maps which are all ¢trivial 1in Zp—cohomology. . This
defines a filtration on [5£'X;Y1 dgn (x;Y1". wWe shall denote

by FB[X;YJh, the subgroup of elements of filtration = s, in
[X;YJn. When X or Y 1is the sphere spectrum S°, this defines
a filtration on the homotopy or the cohomotopy groups. of

spectra respectively.

The following lemma relates to the comaptibility of the

Adams’ filtration with the cup product.
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&.2.1 Lemma

1f « and a’ are vector bundles over a space X and f and f°
are elements of nn(X;a) and n"(X3a’) of Adams’ filtration 2
s and = s’ respectively, then their cup product has

filtration 2 s+s'. (cfr. [321, 4.3) <}

Associated to the Adams’ filtration on [X;Y]n, there 1is a
spectral sequence Er&L(X,Y), called the Adams’ spectral
sequence such that
8.t ~ ) .
E00 (X,Y) = FSI:X,Y]L_9 / FSﬂ[X,Y]L_Q,
where FSEX;Y]bﬁ denotes the elements of filtration s in
[X;Y]bﬂ. Also the intersection of all Fs[X’Y]ue consists
of the torsion elements of [X,Y]bs,whose order 1is prime to
p..- The E2 term of the spectral sequence is
E®'X,Y) = Ext *“(H'Y, H'X)
2 A
*
where HY and H X denote the cohomology of Y and X
respectively with coefficients in Zp, which is a module over
the mod p Steenrod Algebra A.The differentials have the form
s+r,t+r—-1

d. = ESNX,Y) — E

R (X,Y).

We need the following results for subsequent work.
For p = 2, let Ao denote the subalgebra of A generated by
Sqi. Note that since Sqisq1 is zero, this 1is an exterior

algebra.

6.2.2 Proposition : (cfr. [13, Thm I, p. 62.)

Let M be a graded A-module which is free aver Ao and
(1-1)—-connected, 1.e., trivial in dimensions < 1. Then
Ext '(M,Z?) is zera 1f t-s < 1+F(s), wuwhere F(s) 15 the
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numerical function defined by F(4r) = 8r, F(4r+1) = 8r+i,

F(4r+2) = Br+2) and F{4r+3) = Br+4. o

6.2.3 Corollary = (cfr. [391).

Let X be a finite spectrum whose Zp—cohomolcgy vanishes for
P Ddd‘and whose Zz—cohomology is free as an Ao—module and
trivial above dimension d. Let o € 7"(S) be an element of

Adam’'s filtration s. Then a = 0, provided that d-n < F{(s).

6.3 AN UPPERBOUND FOR {{(m)

Earlier (cfr. 5.3), we have denoted the lower limit for the
level of the Lens space we obtained in Chapter Four (vide
4.2.4 and 4.2.5). What we do is use corollary 6.2.3 above,
to find the smallest f for which the cohomotapy Euler Class

e ((1+f)L) € n" (M(=(1+f)L)) is trivial. Hence wusing 2.3

.l e

a.

(ii), we shall be able to establish an upper bound for the

level of the Lens Space.

We first of all recall the cohomology structure of LkaA.

We have discussed the details of the computation of the

1

Cohomology structure of Lkzm- in the Appendix. We present

~

the structure here for ready reference.

6.3.1 The Zp~cohomology structure of L 2" 1

HL®™zy)y = W@ 2y, if p t k
k P p

* - .
HO@®RP™ 2 ), if p = 2, 2|k

but 2° t &
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Z [a,b]l %
- . B ,(a)= b, 1f p

1s  odd, p|k,

a2 , bm
but p tk, where a € Hl(LfW1;Zp),
- *
b & HZ(L?“1;ZP) and ﬁp 1= the mod »p

Bockstein.
ZpCa,b] 2
Pl 1f p"|k, where a

a b

and b € H (L2 ;2 ).
k P

2m-41
s )

1
H (Lk ;

Moreover when

p = 2, a 15 the first S-W class of
the line bundle L ™%y R ——  2™*
k-2 2 k

6.3.2 Proposition : M(-{(2g+1)L) satisfies

(1) H*(M(—(2q+1)L);22) 1s free
(11) H*(M(—(2q+1)L);Zp) 15 triv
prime p.
Proof :

HY (L

114

(1) We note that H*(M(—(2q+1)L;22)

2

as an A —module
o)

1al for an odd

zm-1_
v 52,) by the

Thom i1somorphism given by cup with the Thom class U e«

HO(M(—(2q+1)L);22). Now, Sq1(¢(1)) = Sqi(U)
6.53.1, by the definition of the S5-W classes.
Thom i1somorphism). For s < m, Sqi(é(bs))

sq' (b®).5q° Uy + sq°b®).sq* Wy = b®.a.U, as

(Note that even though H*(M(—(2q+1)L);Za) 1is free over A,

H*(Lzrﬂ; Z,) 1s not, as sq'(b) = 0).

This proves (1).

(11} To prove the second part, we use the

= a.U, from
(@ denotes the
= sqtw’.uy =

sqtb) = O.

Gysin sequence

for S(L) with coefficients 1n —(2g+2)L (cohomology waith

Z —coefficients. Cfr 5.2.4).
P
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3t

p

Mt —(Zq+2)L) ——

cee— HTHL TR (2g+IL) —— H" (L

2wm-1
2k

H (S (L) 5p  (—(2g+2)L)) — ...

We note that (a) S(L) = Li’“"

(b) —(2g+2)L is orientable.

Since p is an add prime, p{k (or ptk) & p!2k (gr p 4 2k).

2m-1

Hence by (a), the untwisted Zp~ cochomology aof S(L) = Lk

and ngd are isamorphic. Because of (b, p* may be
considered tg be 1nduced from the corresponding map 1in

untwisted cohomology, and hence 1is an isomorphism. (cfr.

The exactness of the sequence now implies that
* N )
H (L™ 5 —(2g+1)L) , d.e., H (M(=(2g+1)L); z )

is trivial. a

6.3.2 Proposition : The cohomotopy Euler class e((2g+1)L)
has Adams” filtration at least q.

Proof: w2(2L), the second S-W class, is the image of e (2L)

under the Hurewicz homomorphism and wz(EL) = (wi(L))2 = a’=0.
Hence, e(2L) has Adams’ filtration at least 1. Therefore,
e(2qL) = (e(2L))?Y has Adams’ filtration at least q. " Note

that e(L) 1s trivial in Zp cohomology (cfr. 6.3.2) and hence
has Adams’® filtration at least zero. By 6.2.1, it follows

that e((2q+1)L) has filtration at least q. -]

6.3.4 THEOREM

2m-1 r

Let {(m) denote the level of the Lens Space Lk , k= 2Z2p,

p odd, r = 1. The following hold:
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Proof

general,

-
-

(m) £ m+1 when m = 0,2 mod 8

I}

£ m+2 when m 1,2,4,5,7 maod 8

X m+I when m = & mod 8.
Put m-2 = 2'a + b where O = b < 2-1, a =2 O. In
we put 2g+1 = 1+f. We want to find the smallest

value of f for which e((l1+f)L) € nhf(M(~(1+f)L)) vanishes.

Using the naotations of 6.2.3 we have d = 2m~1y, n = 2g+1 =
1+f. By 6.3.3, s = g l:;:l. In particular, when b =
2°-1, 1 = 2a+4 (cfr. 4.2.5). Hence n = Za+t4+f and 5 = =2 =*1
In other cases, 1 = 2a+3(cfr. 4.2.4). Then n = 2Za+3+f and
2a+2+f
s = —s - Elementary calculations using 6.2.2 give us
that d-n ¢ F(s) holds, and hence that the cohomotopy Euler
class e((1+f)L) wvanishes according to the following

conditions

r

{{m) £ 2a+4+f when b = 2 -1
where f > m-2a-4, when 2a+3+f = 0 mod B
> gﬂ:%i:z y when Za+3+f = 2 mod 8
> m—2a-3, when 2a3+3+f = 4,6 mod 8.
and {(m) = 23+IJ+f, 1n all other cases
where f > m-223-3, when Za+2+f = O mod 8
> gﬂ:%i:é, when 2a+2+f = 2 mod B
> m-2a-2, when 2a+2+f = 4,6 mod B.
tet b = 2°-1. Then m = 3 or 7 mad 8. Put f = m—-2a-4+1,
1 2 0. We get from the first condition that {(m)} = m+21 1f
m+1—-1 = O mod 8. We get the least values for 1 to be 6 or 2

according as m

according as m

i
4

Z or 7 mod 8. Thus, <{(m) £ m+bé or m+2

T or 7 mod B. The examination of other

(i
¢

canditions using similar consideration, give us the

following results :
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{m) =2 m+8 or m+4
Z m+2 or m+4
> m+& or m+8
according as m = 3 or 7 mod 8. Choosing the 1least upper

bound, we get {(m) = m+2 when m = 5 or 7 mod 8.

Similar calculations 1n the general case give us the

follawing conclusions :

Llm) = o+l, m+8, m+7, m+b, m+3, m+d, m+I, m+2

{m) = m+2, m+2, m+?, m+8, m+7, m+b, m+S, a+id

Lm} = m+5, m+4., m+I, m+2, m+%, m+B, m+7, m+6 and

{m) = m+7, m+b, m+S, m+4, m+Z, m+t2, m+9, m+8

according as m = O0,1,2,...,7 mod 8. A comparison of these
results give the theorem e:xcept when m = Z and 4 mod 8.

When m = 2 mod 8, we put Zg+1 = m+1. Then we find that the

ineguality d-n . F{s) holds.When m

4 mod 8,

{m) = Hm=-2) + {(2) (by 4.3.1

= m—1+5 = m+l
This completes the proof of the theorem. =]
6.4 THE LEVEL OF L "' WHEN | = Tp, o ODD

We see that Theorem 4.2.4 combined with Theorem 5.2.6 fiues

the level of the Lens space L?Wd, b= 2p, p odd, except
when m = 4 mod 8. For fixing this, we note that
(m+2)+25 = {(m+2) < L(m)y + £(2) by S.3.1

= {(m) + &
Thus, m + 2 =< {(m).

Hence we have the following :



&6&.4.1 THEOREM =
2m-1 A
Let {(m} denate the level of the Lens Space Lk . Kk =2p, p

odd. Then, {(m) = m+1 if m = 0,2 mod 8

= m+2 ifm = 1,3,4,5,7 mod 8

4

= m+3 1f m & mod B. a

i1

6.4.2 REMARKS

When k = 2'p, r »1, p odd, we note that the lower and upper

bounds for the level of ,Lkqu maove farther apart as r

increases. We have at present established the bounds by

using obstructions to the existence of cross sections. It

. does not seem that the obstructions to the existence of

cross sections which can be abtained using existing
techniques like Obstruction theory, Singularity metheods, and
Postnikov decompositions, can be effectively computed in

order to bridge this gap.

81



COHOMOLOGY STRUCTURE

APPENDIX
OF THE LENS SPACE

In this appendix, we present a detailed computation of the
Cohomology structure of the Lens Space with both integral
coefficients and Zp coefficients for a prime p. When we
needed it in our work, we could not find it in a compact
form in any available literature. Hence we present it here
so that other students who may require it can find it

easily.

Zm-1 2m-—-1

Let Lk =85 /Zk, k any positive integer denote the

Lens Space. Consider the fibrations

81 Lk2m-—1 LkZm-—i/Si cpm-—i

and 81 —_— Szm—1 —_— tl.',Pm-1

i

and the diagram

2 —— S - _, s /2, = gt
Jr , W
i SZm— 1 L 2m-1
k K
[ A <+ -
(EPD\ 4 CP“\ i

(diagram 1)

Note that n is a k—fold covering.

Since CP"? is simply connected, we have the Lerray-Serre

spectral sequences far the two fibrations above : The

* -
spectral sequence {E:“q, dFL} converging to H (Lkmni) where
,Ezgq = HP(CPhhl; H(s')) and the spectral sequence
. s . * _2m-1 2.9 . w1
{E pq,d > converging ta H (S ") where ETY = HPp 5
r r

»
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E'S -
HY(s*)). We shall use our knowledge of H (5™  to

2m-—14

determine H*(Lk ).

Note that except for the differentials, the E2 terms are

identical. The E2 terms are given by

H'(s'y o H's'y o H'«s'y o
1[ + + + + +
1 1 1 i 1

o 01 b 2 4 g 2m—21 2m—14
H7(s* o H°:s") 0 HZ(s™) 0

with zeraes elseuwhere.

Let a « H'(S") and b = HZ(CPm—i) be the generators. Then
2n,0 n -
the generator of E2 is b, n = m1 and the generator of
Ezzn'1 1s ab“, n =< m—1. We have the filtration
0 = H2m—2(82m-1) = F0,2m~-2 > Fi,Zm-a = L > FZm-Q,i >
gm0 o o,
In particular, szm-ao o Y
This gives us that d2S : Ezzm—"'1 —_— E.;m_z'0 1s onto

and hence an i1somorphism. Similar analyses show that all

relevant differentials d2S except dzs: EszQA—————a Ezmmo
= 0, are i1somorphism.
The product formula gives that dzs(a.b) = b2 Further,
since 7 : S —— S' (cfr. to diagram 1) 1s & k—fold
*
covering, H'(8") ——— H'(SY 1s given by
n* (a) = k.a.
Since spectral sequences are natural, we have
nfd Mayy = d St an
2 2
s s
= d2 {ka) = kb, as d2 1s an 1somorphism
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Note further that n° : H°(S') ——— H°(S") is the 1identity.

Hence, dzLa) = kb. Also, the product formula gives dzL(ab)

= kb>. Thus we get that the differentials d2L are
4

one—to—-one (in fact a multiplication by k). (A)

INTEGRAL CCOHOMOLOGY

The E2 terms of the second gpectral sequence (integral

coefficients) are given by =

Z 0 2 o & o
- <+ + + + +
| 1 1 1 I

O 1 2 9 Zm—-2 2m-— 1
Z v & 0 Z O

zeroes elsewhere.
. L .
We have examined d2 above. Because of its nature, we see

that the Ew terms are as follows :

o O O 0 z 0
+ + + + +
1 ] i L |
(4] 1 2 8 2m- 2 2m- 41
z 0 P 0 O
k ZL
zeroes elsewhere.
We have the following filtration :
2m-41 o, 1,p-1 ,0 .
HP (L ) = FPP o2t o (L 2FP" 20 —_— (B’
" g
where E = —_—= 0 when 3 = O and i not even
w FL+1,J-1
except when 1 = 2Zm—2.
2m-2,1
E = 2.
oW
. , 1,)-1 -
Also, when 1 15 even, Frdo= g far each 1 when 3 * 0O
Lo \,0
and F = E = Z .
& k
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An analysis of the filtration (B) gives us the following

2_
1integral cohomology structure of Lk"‘i.
HLH_zqu = Zk, 1 =0, 1 even, 1 = Zm—-1
2, 1 = 0, 2m—1
0O, otherwise
Ring Structure of H (L 2™ *;2)
- * ) Zk[xJ
It 1s easy to see that H (Lk 52) = — @ A Lyl
b
2 2m-1
where x € H (Lk 52) 1s a two dimensional generator, and
y € HZMd(Lkmmﬂ;Z) 1s a Zm—1 dimensional generator.

gp-CDHDMDLDGY, FOR A PRIME p

If pik, they by (A}, dzL 1s <~ero, so that the E2 terms

survive to i1nfinity. Hence the E00 terms are as follows

2 0 2 0 2 s]
P + +P + +¥ +
1 | i ] L
O 4 2 2] 21n—- 2 2in— 4
2 0 2 0 Z 0
P P P

zeroes elsewhere.

If 1 1s even, the filtration (B> gives that all the

1inclusions e:xcept the last are equalities and EQOL’0 = gv°
= Zp. If 1 15 odd, (B) shows that all 1nclusions except
L,0 1,0 -

the last but one are equalit:ies. Ew = F = O and
E«rq’l Frriat o Zp. We thus obtain that when pjk,
* -

H(L?®™™ =2, 0 <% < 2m-1.

k P
If ptt, then the differentials dzL are 1somorphisms. The

E00 terms are as follows :



CI
&
&
+C
N
o

I
2
0

2m-2 2m- 1

o
LI T S

C vl
<
<

2
P

-

zeroes elseuhere.

An analysis of (B) immediately gives

f

Htﬂjfm-‘) = { 2,1 =0, 2m-1

0, otherwise

1

The Zp cohomology structure of Lkzm_ 15 thus determined.

1;Z )

Ring Structure of W (L *""*;z )

Case 1 : plk and p2|k

It 1s clear that the even dimensional cohomology groups

HmKLk) are generated by x‘, where % € HZ(Lka1;Zp) is a
two—dimensional generataor. Let y € H1(LkaW4;Zp) be a one
dimensional generator. Note that H‘(Lka4) b EmoA, s0
2 0,2 )
that y € Eclo = 0. Alsa xy %= 0 as ab = 0.
2 [x,y]
Hence H (L ™%z ) = B~ |
k p m 2
< . Y
If p =2, using the GBysin sequence of the S°~  bundle
Lir;>———a Lkzm'.1 we can easily show that in this case vy is

the first Stieffel-Whitney <class of the line bundle

X, R ——m0m—»
Lk/z Zz Lk

2m-¢ 2m-1

86



Further, consider the exact sequence

0 —a z B , 2. - Z >y O
P P P
and the induced exact sequence
*
g ﬂp 1 1
— H (L 3&8 ) ——aH (L &) —— H (L & 2)
k o k P k P
1 o
H s & “e.
H (Lk,zp)—-———» H(L 52 ) ——

Since p2|k, HL(Lk;Z 2) = 2 2. Hence the above seguence

P P
gives that ﬁ: = 0.

Case 2 : p|k but pz{k.
In this case, the only difference we have from the above

case is that using the above cohomology sequence, we get

1

*
H (L ;& 2) = 0. Hence ﬁ: is one—-to-one, so that ﬁp(y) = K.

k;p
Further, if p = 2, then the Bockstein is Sq1 and so, ﬂ*(y)

= Sqi(y) =y = X.

We can therefore gather the above results as :

* 2m-1 ¥* 2m-1

H™ (L, ) =  H (5 ;Zp),ifp»{'k
H*(RPZ"‘";ZZ), if p=2, 2|k but 2%t k
Z [x,yl x
L ,  (y) = x, if p is  odd,
Vm y2 p
%",

plk, but pz*k, where y €

Hi(Lkzm—i;Z ), % =

P
2 2m-1 * .
H (Lk ,Lp) and ﬁp is the

mod p Boackstein.

2Z [x,y] 2
£, it P |k, where y e
m 2
X JY

1

- 2
H*(Lkz"‘ 20, k& HOW™
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Moreover, When p = 2, vy is the
first S~W class of the line

2m-1 2m-1
bundle L " x R —— L "
kr2 &

2
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