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Preface

The study of commutative algebra started with the
works of famous authors like D. Hilbert, E. Noether, Macaulay
and W. Krull. The latter progress in commutative algebra
arises chiefly from quite different problems, issuing from

Algebraic Geometry.

The concept of local rings was introduced by W. Krull
in his paper " Dimensions Theorie in Stellen’rigen". Krull
conjectured a few problems in his paper. These were proved by
C. Chevalley in " On the theory of Local rings " and by
1.S5. Cohen in his thesis " On the structure and’ideal theory of
complete local'rings ". Authors like Zariski, Nagata proved
bfurther important results with the study of local properties
of Algebraic varieties. These developmentm areembodied

in the famous work of MNagata " Rocal rings ".

The second stage of development of the subject was
ushered in by the lecture notes of J.P. Serre " Algebre -
Localé Multiplicitifs", Classic papers of M. Auslander and
D. Buchsbaum "Homological dimension in local rings" and "Maximal
orders " by Auslander and CGoldman. These authors introduced
homological techniques into the subject. The proof of unique
factorization in regular local rings by Auslander and Buchsbaum
was an achievement signalling that these techniques have come

to stay. Some more important results were proved by'these



authors by using homolbgical techniques. Lichtenbaum's proof
R

that Tor? (M,N) = (D) implies TO{i (M,N) = (0) for all Jg i
for finitely generated modules over a regular local ring is
another achievement of this period. The subsequent appearance

of the thesis of C. Peskin and L. Szpiro " Dimansion Projective
finite et Cohomologie Locale" and tﬁe work of M. Hochster on

big Cohen Macaulay modules have all pointed out the effectiveness
of homological techniques in Commutative Algebra. The "Zero-
divisor Conjecture" by I. Kaplansky, the "Tor - Conjecture" by

M. Auslander, the Conjecture of H. Bass on Cohen - Macaulay

rings are still open problems to mention a few.
This dissertation consists of six chapters.

Chapter I deals with preliminary definitions and
results used in the dissertation.
In Chapter II, we prove three theorems. In Theorem 2.1,

euevpféye a result  a special case of which says that if M and N

7
are two reflexiv e modules aof finite projective dimensions
over a Gorenstein local ring such that Hom (M,N) is a third
module of syzygies, then the natural homomorphism

B LX) N ~hHom (M,N} is _an tsomorphism. This extends the pesult
in[)27]. 1In Theorem 2.2 we give a criterion for a module M
over a regular local ring to have projective dimension less

than or equal to an integer n. This extends the usual criterion

for the projectivity of a module. In Theorem 2.3, we prove



)

that over a 1-dimensional Gorenstein local ring R if M,N
are finitely generated R-modules such that Hom (M,N) is nonzdro
free than both M* and N are free. This is s generaiization of

a result of W, V8800h¢6188~t23 s Theorem 3.17,

If RCS is an extension of rings (not neeessapily
commutative) making 5 into a projectiwve R-module then R is a
direet summand of S if and only if S is faithfully projective.
This is a result of Cartzen and others {44 , Theorem - 17 .
The authors also give an example of a ring extension in which
S is R-projective but not faithfully projective. The example
involeed noncommutative rings. In Chapter 111, we show such a
situation cannot happen if R is commutative i.e. if RC S is
an extension of'rings making S projective és é-nodule then
R is a direet summand of S and S is faithfully projective.
This is Theorem 3.1 of this Chapter. In Bourbaki

{10 , Ex 5.4, p-176] this is menticned as an exercise when §

is finitely generated as R-mcdule.

In Chapter IV, we give a criterion for a noetherian
loeal ring to be regular. This involves homological conditions
on prime ideals of small height as compared to Hilbert-Serre
Theorem‘ﬁhiéh‘sayé that R is regular if and only if the maximal
ideal of R has finite homolegiel dimension. More precisely,
suppese iprda(.@‘ffcr every unmixed ideal :Q of height atmost 2,
then R is regular. W. Bruns I 9 ] had earlier shown
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that if pd (}{ £ oc for every ideal @ all of whose associated
prime ideals have depth atmost 2, then R is regular. But our
proposition is a direct improvement of M. Auslander's criterion
given in [‘q , Theorem B, Ccrollary 5] . The proof also

includes some results of independent interest giving criterion

for a domain to be U.F.D.

In chapter - V, we give an application of homological
duality to generalized M-regular sequences. The notion of
M-sequence is generalized in[\q ] as follows: a sequence

Pl,ﬁPz,----, Pn of nonfree modules is said to be an M-sequence

5 H R ! .
if Tory; (M® P, & ®Pi-l’ P;) = (0) for 1&i¢n. The sum
2 Pd Py is defined to be the length of the M-sequence '

B HZ,..Pn. We shall apply Strebel's homological duality

1’
(28] , §3, Theorem 13 ) to prove Theorem .1 on generalized
M-sequences which states that if R is a regular local ring
and i M a nonzero R-module and {P;, P,.---. P} is an

: 0
M-sequence of nonfreec perfect modules of 1ength2gt

Cki = annPi - di = Pd ?; for 1g ign. Then for every

e

. ; i di) (i) .
1,51 g¢i gn, Ea di elements X U HpT e xdi in CHi

such that the sequence of $di elements {x§l) } s X fi &n,

1<jgd; form an M-sequence in the usual sense.



V)

In Chapfer VI, i.e. the last Chapter we take R to be
a non-commutative loecal ring i.e. B is a ring with
jacobson radical O such that R/(y (= K) is a division
ring. Mark Ramaras introduced the notion of BNSI rings
in [24] . We have generalized this notion to non-commutative
rings. A non-commutative 1l#€al ring R 1is called a left
BNSI ring if for every nonfree left R-module M, the

sequence { Bi(M)} i1 L8 strictly increasing where

o

Bi(M) = dim‘<Tor§ ( Ky,M) is called the ith Bettinumber of

M., If R 1is a left and right BNSI-ring with jacobson

radical O nilpotent and M is an indecompossable left

1
R

This is Theorem 6.6 of this Chapter which generalizes &

R-module such that Ext_ (M,R) = (0) then M is free.

theotem ‘wm [24] :
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