
Equiyariant Ordinarn (Co) homolog^ 
Th€ori| — A Survey 

BY 

S Y A l V I A r i l D A T T A . 
DEPARTMENT OF MATHEMATICS 

Submitted in partial fulfilment of the requirement 

of the Degree of Rllaster of Philosophy 

TO 

NORTH-EASTERN HILL UNIVERSITY 

SHILLONG 

J u l y X 9 8 8 



% ^ 
^ 

2>s 

DA7 



CERTIFICATE 

I ce r t i f y that the dissertat ion ent i t led " ,Equi variant Ordinary 

(Co)homology Theory - a survey " submit ted by Mrs. Syamali D a t t a ; 

in part ia l fu l f i lmen t of the requirements for the degree of Master of 

Philosophy IS the outcome of a study undertaken by the candidate. I 

cer t i f y that sources f rom which ideas have been borrowed are duly 

referred to . 

The mater ia l in this dissertat ion has not been presented for 

the award of a degree in any university bc fo ie . 

This dissertat ion may be placed before the examiners for evalua­

t ion and necessary fo rmal i t ies . 

^ ^ / ; X w v M / - ' ' ^ H ' ^ 
Himadr i Kumar Mukerjee 
Supervisor 

Shil iong, Mathematics Department 
Nor th Eastern HiUUniversi ty 

July 29, 198 SHILLONG. 



ACKlMGv^^LZDGSDJErJT 

Tfie s tudy for t h i s d i s s e r t a t i o n was undertaken under 

the guidance of Dr. H .X. Mul:erjee« I u ish to express my 

deep g r a t i t u d e to him for liaviag encouraged and d i r e c t e d my 

iTork in t h i s a r ea and h i s u.CC^sCawt suppor t which helped me 

in completing my rjork. 

I am thankfu l t o the Department of Mathemat ics , WEHU 

and in p a r t i c u l a r to the Head of the Department , prof . 

S.N. Dube for p r o v i d i n g me v^ith a l l the f a c i l i t i e s for a 

smooth p r o g r e s s of my s t u d i e s . 

Among those who helped me in a v a r i e t y of ways, I am 

p a r t i c u l a r l y indeb ted t o Dr. S«S. Khare for h i s i n i t i a l 

he lp cind a s s i s t a n c e wi thou t which I could no t have been able 

to under take t h i s s t u d y . 

I am g r a t e f u l t o Dr. M.B. Rege, Dr. F . S&ikia and 

a l l o ther f a c u l t y members of the depar tment of Mathematics 

for t h e i r c o n s t a n t encourogement and advise in c a r r y i n g out 

my work. 

I a l so convey ay gre . t i tude and s i n c e r e thanks to 

my esteemed c o l l e a g u e s Or, A. 3 . Chakravorty and Dr. N . J , Deb 

of Lady Keane Gi r l s* College for t h e i r cons t an t co -ope ra t i on 

and he lp dur ing my s t u d i e s . 



I vou id l i k e t o e x p r e s s my v /a rnes t t h c r / i s t o a l l t h e 

ivi .Phii and M.Sc . s t u d e n t s of tlie D e p a r t m e n t l o r t h e i r 

c o - o p e r c t i o n . 

Mr. V.T* James h a s t y p e J t h i s d i s s e r t r . t i o : i in a v e r y 

s l i o r t p e r i o d o'̂  t ime ana I cm t; > smitj n.l t o h im, I a l s o wi*$li 

t o t hank Mr. S«K. Dey e_id H i s s . A. I h a t t a c h a r j e-. l o r t y p i n g 

some r e s e a r c ' : m a t e r i a l s . 

Mr, T .B . T::rpa and Mr. K. Saa^ma have h e l p s d me i-i 

c j c l o s t 7 l i i . i g t h i s d i s s e r t a t i o i J aad I am thez ik iu ' . t o them. 

SYAMALI DATTA 



PREFACE 

The ( c o ) h o m o l o g y f u n c t o r s a r e s t a n d a r d t o o l s f o r 

d e a l i n g w i t h t o p o l o g i c a l p r o b l e m s and t h e y have been q u i t e 

e f f e c t i v e l y used t o p r o v e c l a s s i c a l t h e o r e m s l i k e n o n -

r e t r a c t i b i l i t y of d i s c i n t o i t s b o u n d a r y , t h e Brouwer f i x e d 

p o i n t t h e o r e m , n o n e x i s t e n c e of v e c t o r f i e l d s on even 

d i m e n s i o n a l s p h e r e s and so ono The f o l l o w i n g two r e s u l t s 

a r e n o t a b l e in t h e s e n s e t h a t t h e y d e m o n s t r a t e how e f f e c t i v e l y 

( co )homology t h e o r y r e f l e c t s t h e g e o m e t r i c s i t u a t i o n s . . 

( l ) Hopf- \Yhitney E x t e n s i o n t h e o r e m : 

I f Y i s an ( n - l ) - c o n n e c t e d s p a c e and dim ( X , A ) $ n+1 as 

CW-Complex p a i r , t h e n t h e e x t e n s i o n p rob lem 

t \ 

A 7" Y 

has a solut ion if and only if the a lgebraic problem. 

H^(A;TrC?(Y)) f H " ( Y , ^ ^ ^ ) ) 

has a solut ion. 

file:///Yhitney
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( I I ) Hopf C l a s s i f i c a t i o n Theorem. 

If M i s a c l o s e d , connected o r i e n t a b l e manifold and S the 

u n i t n - s p h e r e , then the homotopy c l a s s e s of maps [JA,S J ^ i s 

b i j e c t i v e to H^^CM^ ; Z ) = Z* . and t h a t degree c h a r a c t e r i s e s ' 

the homotopy c l a s s of maps from M to S o / l h e r e are ex tens ions 

of these r e s u l t s for f i n i t e CW-Complexes by Hurewicz using 

homology. The cu lmina t ion of a l l t h e s e i s the fo l lowing : 

(A) C l a s s i f i c a t i o n theorem ; If X i s a CW-complex and K (TT ,n) 

i s the E i l e n b e r g Macclane Space of type (TT , n) then t h e r e i s 

a one to one correspomdence [^ K, KiXTta)j H°(X;Tr)o 

After a l l t h e s e s t o r i e s of success of (co)homology 

f u n c t o r s in Algebra i c t opo logy , as long as one ignores the 

problems i n v o l v i n g i n t e r n a l symmetries of t o p o l o g i c a l (or geome­

t r i c a l ) o b j e c t s , mathemat ic ians n a t u r a l l y s t a r t e d asking in 1930 's 

how much in format ion can t he se f u n c t o r s give about the i n t e r n a l 

symmetries r e f e r r e d to above. 

Although the study of i n t e r n a l symmetries of geomet r ica l 

o b j e c t s had alreaidybeen i n i t i a t e d by Brouwer in 1919 with h i s 

famous e x i s t e n c e theorems fo r f ixed p o i n t s of t r a n s f o r m a t i o n s of 

o b j e c t s , the s tudy of such q u e s t i o n s us ing (co)homologica l t o o l s 

vfas p ioneered by P»A» Smith in 1935. Apart from mere e x i s t e n c e 

theoremes of f ixed p o i n t s he a l s o gave the (co)homologica l 

s t r u c t u r e of f i x e d p o i n t s of p e r i o d i c t r a n s f o r m a t i o n s on Homology 

s p h e r e s . 
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I t i s t h e above work of P . A . Smith where so c a l l e d 

e q u i v a r i a n t ( co ) homology _. f u n c t o r s were f i r s t t i m e i n t r o d u c e d 

in a l g e b r a i c t o p o l o g y in t h e s t u d y of t h e i n t e r n a l s y m m e t r i e s 

of g e o m e t r i c o b j e c t s . Be fo re we p r o c e e d f u r t h e r w i t h t h e s t o r y 

of e q u i v a r i a j n t ( co )homology l e t us i n t r o d u c e some fo rma l 

t e r m i n o l o g y o 

L e t j 2 ^^ "̂ 1̂ 6 c a t e g o r y of t o p o l o g i c a l s p a c e s ( o r CW-

complexes ) and c o n t i n u o u s maps . L e t ^ ^ be t h e c a t e g o r y of 

t r i p l e s ( G , f , X) where X € o b j 2 » G a t o p o l o g i c a l group and 

f s G f- Aut p (X) a homomorphism of G i n t o t h e group of 

, ^ - a u t o m o r p h i s m s of X . A morphism from ( G , f , X) t o (G , P , X ) 

i s a p a i r ( h , f ) where h: G ^ G' i s a g roup homomorphism, 

f j x' ' ^ X' i s a morphism in j g ^ 5uctn that foP(9)= <='(-*iC9))--f* 

I f we f i x a t o p o l o g i c a l g roup G, t h e n we g e t t h e s u b c a t e g o r y 

^ 0 Of jZ^->. 

Given an o b j e c t ( G , ) , X ) of *<1 Q> one g e t s a c o n t i n u o u s 

map : G X X > X d e f i n e d by (g,xx:) }• fig) ( x ) , such t h a t 

( l , x ) ^ X and ( g , ( g ' , x ) ) = ( g g ' , x) •• T h i s i s c a l l e d an a c t i o n 

of G on X. We d e n o t e f ( g ) (x ) s i m p l y by gx« 

In t h i s c a s e , X i s c a l l e d a G - s p a c e . 

'^ = SxC TL I gx = X ¥ g ^ G V , t h i s i s c a l l e d t h e f i x e d L e t X' 

p o i n t s e t of t h e a c t i o n of G. 

L e t ^ / x e X , t h e n E^ = 5 gx g € GV i s c a l l e d t h e o r b i t of x 
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The set G = '̂  g ̂  G j gx = x f is called an isotropy subgroup 
^ - ' '' home© 

of G. It is wellknown that G/G^ <̂  E^ ¥ x 6 X. 

The set X/G =f E | x(€XY,is called the orbit space of X. 

By orbit structure of the triple (G,f , X), we mean the 

structure, of X > X/G etc. 

Since, Aut r> (X) describes the internal symmetries of the 

object X and since the action of G's on X are intimately 

' related to Aut ̂  (x), hence the terms action of G on X and 

internal symmetry of X are used interchangeably. 

In the study of the internal symmetry of an object X€ ohjc, > 

the basic questions which one tries to answer are : 

Q. (l) What is the orbit structure of X ? 

Q. (ii) What is the structure of Hom _ ( ( G , P , X ) , ( G ' , P , X * ) ) ? 
nq 

With r e f e r e n c e to t h e s e q u e s t i o n s l e t us now come back to our 

survey of the e v o l u t i o n of E q u i v a r i a n t (co)homology t h e o r y . 

P.A. Smith cons idered (z?p , fy X) , where X i s a homology sphere 

( t h a t i s p e r i o d i c t r a n s f o r m a t i o n on homology sphere) and s t u d i e d 

the o r b i t s t r u c t u r e of X.'lUsing (co)homology groups H p (X) based 

on I - (co) cha ins (where y i s some s p e c i f i c member of <^J-^rEp/l ) 

he determined t h e s t r u c t u r e of X which again t u r n e d out to be 

a homology s p h e r e . H pVX) may be c a l l e d S m i t h ' s E q u i v a r i a n t 

cohomology groups . 

Then i t was E i l enbe rg who gave a s i m i l a r d e f i n i t i o n of 

e q u i v a r i a n t (co)homology groups Hv, (x) of a G-space X Euid 
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proved Lhoi. ioi a sufficiently nice based space X and a system G 

of local coefficients on X one has an isomorphism of H^(X ; Q ) 

( homology with local coefficients ) with H„ V '^ ( X , Q ' 

w h e r e G^ i s t h e f i b r e o l o v e r t h e b a s e p o i n t , ( s e e d e t a i l s a b o u t 

l o c a l c o e f f i c i e n t s i n S t e e u r o d [Z'l^ > w h i t e h e a d [25] ) , T i s 

t h e u n i v e r s a l c o v e r of X; arxd T I ' ^ ( x ) i s t h e f u n d a m e n t a l g r p u p of 

X. T h i s was a t u r n i n g p o i n t i n t h e s t u d y of m a n i f o l d s , s i n c e u s i n g 

t i l l s n o t i o n of e c j u i v a r i a n t ( c o ) homo l o g y , one can t a l k of f u n d a m e n t ? 

c l a s s and P o i n o a r e ^ ' d u a l i t y of a o n o r i e n t a b l e m a n i f o l d s o Co go lliP 

( r e a l p r o j e c t i v e p l a n e ) i s n o n o r i en t a b i c and t h a t 

l l ^ d K P ^ ; 7,) = 2 , H ^ ( I K ? ^ ; 2 ) = Z - J ^ ^ l i2( IRP ^ ; Z- ) = 0 

b u t i f we c o n s i d e r Zr w i t h n o n t r i v i a l TT. ( i R P ) = 7/(aJ' a c t i o n 
1 2 

g i v i n g r i s e t o a l o c a l c o e f f i c i e n t s y s t e m <p^ ( t w i s t e d i n t e g e r s ) , 

t h e n 

HQ ( I R P ^ ^ ) ^ 1 1 ^ 1 ^ ' ^ ' ( S ^ 2 ) = 2?̂ <{2> 

i i ^ d R P ^ 0^ ) ^ n^^i^hs^; 1/ ) = 0 

H ^ d R P ^ ^ ) =112^'-"-^ ( S ^ 2 ) = Z-
*" \ 

? 2 
N o t e t h a t S i s t h e u n i v e i - s a l c o v e r i n g s p a c e of |RP » T h e s e 

e q u i v a r i a n t ( co) li oiiro 1 r g y t h e o r i e s w e r e e f f e c t i v e l y u s e d in 

d e f i n i n g S t e e u r o d o p e r a t i o n s w h i c h i n t u r n e n r i c h e d t h e s t r u c t u r e 

of ( co) hoino l o g / r i n g s ( s e e [ l 6 ] )» S m i t h ' s r e s u l t s g a v e r i s e t o 

i n v e s t i g a t t o n s r*f»ich af'ep I 'Seed h o m o l o g y s p h e r e s by more g e n c r n l 

s p a c e s ^P<^ Z p by more g e n e r a l yraupSo. F o r n o t so g e n e r a l g r o u p s ^ 

( s e o fSl ) a-f i 'L-rmat t v e g e n e r a l i s a t i o n s w e r e o b t a i n e d and t h e 

( c o ) homo?i.ogy y i e o r y oised f o r s u c h s t u d i e s i s a v a r i a n t oT {he 
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e a r l i e r equiv a r i a n t (co)homology t h e o r i e s . This i s def ined bj-̂  

Bore l . One a s s o c i a t e s with a G-space X , a f i b r e bundle 

X ? X^ -^ BG, with f i b r e X, where EG i s the c l a s s i f -

ying space of G, X„f:v = ^ / G » EG i s the u n i v e r s a l btsndle 
G "̂""' n 

ever BG. Then de f ine H^ ( X j ' ^' '^^(^Q)* (co)homology s t r u c t u r e of 

X , X/G can be determined in terms of H ( x ) . ( s ee ch. I for a l l 

t h e s e r e s u l t s and f 4 j for d e t a i l s . ) 

The e q u i v a r i a n t (co)homo logy t h e o r i e s cons idered so f a r 

gave s u f f i c i e n t l y s a t i s f a c t o r y answers to q u e s t i o n s Q(i) above 

(a l though no t completely s a t i s f a c t o r i l y see \[&2 ) . However the 

answer t o the ques t ion Q ( i i ) invo lve the gene ra l e q u i v a r i a n t 

o b s t r u c t i o n t heo ry for which the e q u i v a r i a n t (co)homology t h e o r i e s 

developed so fa r were no t adequate ( for p a r t i c u l a r types of 

a c t i o n s on p a r t i c u l a r t ypes of spaces however one can develop an 

o b s t r u c t i o n t heo ry see chap te r I I and Z^^ ) • 

In order to overcome t h i s d i f f i c u l t y , Bredon in t roduced 

an e q u i v a r i a n t (co)homology t h e o r y which ex tends B o r e l ' s d e f i n i t i o n 

and which i s def ined in terms of chain complexes which are 

f u n c t o r s on the o r b i t ca tegory of a given group G. This func tor 

i s def ined in terms of o r d i n a r y cha ins of f ixed p o i n t s s e t s of the 

complex by the subgroups of G. ( see chapter I I and f s l for 

d e t a i l s ) . Using t h i s (co)homology theory Bredon could develop an 

e q u i v a r i a n t o b s t r u c t i o n theo ry as mentioned above and succeed in 

proving an e q u i v a r i a n t v e r s i o n of the c l a s s i f i c a t i o n theorem (A) 

mentioned above. This (co)homology theory s a t i s f i e s seven E i l enbe rg 

Steanrod axioms, where, o f c o u r s e , the dimension axiom has to be 

of a s p e c i f i c form i n v o l v i n g G/H i n s t e a d of p o i n t s as in t h e .^7- -
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n o n e q u i v a r i a n t c a s e . M o r e o v e r he e s t a b l i s h e d t h a t t h i s i s t h e 

on l y ( co) homolooy t h e o r y s a t i s l y i i u j t h e s n i d oxiomso 

Uredoa 's cohoiiiolocjy y r o u p s a r c hovfcvcr d o f i n c U o n l y t o r 

l i n i t c y r o u p s G and i;-comi)lexos<, So l i i i n a n p u t t h i s t h e o r y in 

t h e s i n g u l a r G-eq i i iv ar i an t s c t t i n cj ^ where G can be any t o p o l o g ­

i c a l g r o u p , r e t a i n i n g a l l t h e good p r o p e r t i e s r e f e r r e d t o nbovco 

I l l m a n ' s t h e o r y r e s t r i c t s t o Brcdon t h e o r y f o r f i n i t e g r o u p s , 

( s e e d e t a i l s i n c h a p t e r I I I and [lOj ) . A l l t h e s e e q u i v a r i a n t 

( c o ) h o m o l o g y t h e o r i e s d e v e l o p e d so f a r vjcre g r e d c d o v e r i n t e g e r s 

as in t h e n o n e q u i v a r i a n t c a s e and s e r v e d t h e p u r p o s e f o r wh ich 

t h e y were ĉ on s t r u c bcdo However as soon as one asK s A'/hcther an 

e q u i v a r i a n t v e r s i o n of P o i n c a r e ' d u a l i t y can be d e v e l o p e d in 

t e r m s of t h e a v a i l a b l e o r d i n a r y ( c o ) h o m o l o g y t h e o r i e s , one e n c o u n ­

t e r s a d i f f i c u l t y v.diich s t e m s f rom t h e f a c t t h a t t h e a v a i l a b l e 

e u n i v a r i a n t i n t e g r a l l y g r a d e d ( c o ) h o r a o l o g y b h e o r i e s d o c s n o t 

s a t i s f y s t a b i l i t y ( s u s p e n s i o n i s o m o r p h i s m ) w i t h r e s p e c t t o a r b i t r a r y 

r e p r e s e n t a t i o n s V < = R O ( G ) O ( i o C a b s e n c e of an i s o m o r p h i s m of the 

k i n d : I I „ ( X ) -> H (S / \ X) , h e r e S i s t he one p o i n t 

c o m p a c t i f i c a t i o n of v)o In o r d e r t o remove t h i s d i f f i c u l t y one 

s h o u l d f i r s t of a l l d e f i n e a R O ( G ) - g r a d e d ( c o ) h o m o l o g y t h e o r y , 

and t h e n i t s h o u l d s a t i s f y t h e good p r o p e r t i e s n e e d e d t o have 

e q u i v a r i a n t P o i n c a v e ' d u a l i t y . 

T l i i s k i n d of R O ( G ) - g r a d e d ( c o ) h o r a o l o g y t h e o r i e s were f i r s t 

i n t r o d u c e d liy GoScga l who d e f i n e d R 0 ( G ) - g r a d e d K - t h e o r y » S i m i l a r l y , 

R O ( G ) - g r a d e d c o h o m o t o p y t h e o r y w e r e d e v e l o p e d by K o s n i o w s k i o F i n a l l y , 

t he R 0 ( G ) - g r a d e d o r d i n a r y c o h o m o i o g y t h e o r y h a s been d e v e l o p e d by 
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May, Mac lu re , S t e i n b e r g h , Waaer e t c . ex t end ing Bredon ' s theoryo 

The d e t a i l s a re ye t to be p u b X i s h e d . ( s e c ^ h a p t e r IV and U^l). 

In t h i s d i s s e r t a t i o n we have e l a b o r a t e d upon t h e above 

survey and c o l l e c t e d at one p l a c e a l l t h e e q u i v a r i a n t (co)homology 

t h e o r i e s developed t i l l d a t e , which a re o t h e r w i s e s c a t t e r e d in the 

l i t e r a t u r e . In a d d i t i o n t o t h i s we have t r i e d to pin po in t the 

r e l a t i v e m e r i t s and d e m e n t s of the v a r i o u s t h e o r i e s mentioned 

above, which w i l l be h e l p f u l t o t h e f u t u r e workers on t h e subjec t , , 

We now give the c h a p t e r w i s e ar rangement of the d i s s e r t a t i o n © 

Chapter I i s s e t out in t h e f o l l o w i n g f a s h i o n . ,\Ve begin by 

g iv ing p r e l i m i n a r y d e f i n i t i o n s | of G—complexes and the d e f i n i t i o n of 

an e q u i v a r i a n t c a t e g o r y in § loO. In § 1.1 we give S m i t h ' s 

d e f i n i t i o n of e q u i v a r i a n t (co)homology groups and t h e i r a p p l i c a t i o n s 

in s t udy ing the s t r u c t u r e of f i x e d p o i n t s e t . In § 1.2 we give the 

E i l e n b e r g ' s d e f i n i t i o n of e q u i v a r i a n t (co)homology and t h e i r r e l a t i ­

onship with (co)homology with l o c a l c o e f f i c i e n t s . § 1.3 c o n t a i n s B o r e l ' s 

d e f i n i t i o n of e q u i v a r i a n t (co)homology groups and some of i t s 

impor t an t a v p l i c a t i o n s - in p a r t i c u l a r , i t s a p p l i c a t i o n irt s t u d y i n g 

the o r b i t s t r u c t u r e of s p a c e s , g e n e r a l i s i n g t h e S m i t h ' s r e s u l t s , as 

f a r as p o s s i b l e . 

Chapter I I i s devoted to the Br6do'\»s d e f i n i t i o n of e q u i v a r i a n t 
I 

(co)homology. In § 2 .1 we i n t r o d u c e e q u i v a r i a n t (co)homology t h e o r y 
i 

and in § 2 .2 we de f ine s u i t a b l e coo-ff-roiettt s y s t e m s . Then in § 2 .3 

we give t h e Dredon ' s c o n s t r u c t i o n of e q u i v a r i a n t cohomology g r o u p s . 

§ 2.4 i s concerned with the e q u i v a r i a n t o b s t r u c t i o n t h e o r y as developed 

by Bredon. In § 2 .5 we d e s c r i b e , in b r i e f , t h e e q u i v a r i a n t o bstructi^'on 
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e o c y e l e s for a f ree G-eomplest as ing Cilenberg*8 eqaivariant 

eohomology as given by 5Dom Diecke 

Chapter I I I contains Il lman*s d e f i n i t i o n of equivariant 

cohomologye § 3Jl contains some computations of equivariant 

(eo)homology gronpSt us ing only the e s i s t e n e e of equivariant 

s ingular (eo)homology theory* | 2*2 i& devoted t o the construct ion 

of s ingular (co)homology theory . § 3*'3 i s concerned with the 

construct ion of various no t ions l i k e traaafier horaomorphism 

Kronecker index and cop product as defined by Illman in the 

equivariBikt s e t t i n g * In § 3*4 we give a brief descr ipt ion of 

genera l i sed eohomology theory* 

Chapter IV^begins with the d e f i n i t i o n of s tab le equiva­

r i a n t homotopy groups and the (co)homology theory given by 

th i s* Then in § 4*2 we enumerate, in br ie f , the n e c e s s i t y of 

having a RO(G) graded (co)homology theory* § 4 , 3 ig devoted to 

some r e s u l t s * demonstratiog the use fu lnes s of having an aO(Q) 

graded (co)homology and a l s o a necessary condit ion of the 

ex i s t ence of such an SO(G) graded (co)homology theory* F i n a l l y 

in § 4*4 we i n d i c a t e a l i n e of construct ion of the ordinary 

KO(G) graded (co)homology theory« 
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CKAPTHa I 

S u r v e / o l j i l qu iya r i an t ordif-exy CCcjhoiaoIogy t h s o r y of 

P«A, S a i t h , S. Hiler.berg. and A. B o r e l . 

Let L / be t h e categor3' \Jr_0G3 ob jec tc a re 

t o p o l o g i c a l spaces ( or ce-coLiplexes) and wliooa aorpliiciio 

a r e cont inuous n a p e . Let J v ' b e t^ie ca tegory 3f t r i p l e o 

( a , f , X) v/here x ^ ob^^G i s a t o p o l o g i c a l group and 

P i Gr-^ jfcut /o Ol)^, a homosaorphisa ot G i n t o t h e gronp sZ 

j2^-autoaorpaisias of X. A morpiaisia from ( G, f̂  , X) 

(G, f , X' ) i s a p a i r ( h , f) where Ja: G->G ' i s a group 

iiomonorpaisa, £: X-^X' i s a morphism i n l a n d 

I f we f i x a topologixsal group G» then we gat a subcategory 

We a re i n t e r e s t e d i/: s tudy ing the o r b i t s t r u c t u r e 

of o b j e c t s ofj2^ , The purpose of t h i s chapter i s to cor^'-ey 

t h e ae thods of P.A. S a i t h and Borel t o s tudy tfease s t r u c t u r e s 

file:///Jr_0G3
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using su i table notions o£ (co)honology of tlieco objoctG, 

wLiicii are ca l led in the l i t e r a t u r e ao equiveiriar-t 

(co)b.ouology t i i eo r ies . Our emphasis wi l l be ziore on tiic 

var ious ways in wjiicli these eauivar iant (co)Jio:30logy 

theor ies were coristructed by Sni th , 'ailenberg, Borel e.n& 

others and to study how ef fec t ive ly they were used than 

the appl icat ions thease lvs s . 

The chapter i s set out in the following fashion. 

In o i.O we w i l l give tho def in i t ions of G-conplexes 

and G-cv/ conplexes. In î  1.1 we w i l l b r i e f l y describe the 

methods of a lgebraic topology as used by P.A. Smith in 

ge t t ing an exact sequence which involved the in t roduct ion 

of ce r t a in equivariant (co)homology groups, andi. the 

i n t e r e s t i ng consequences of t h i s exact secjuence. In h\..2 

v/e introduce the Ei lenberg ' s def in i t ion of eq^iivariejit 

cohonology groups and indicate h i s r e s u l t about the 

r e l a t ionsh ip of t h i s equivariant (co)homology group 
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V i t h t he o r d i n a r y ( c o ) homology i r o u p u i t h l o c a l e o e f f i c i e n t s . 

^ 1 . 3 u i l l be d e v o t e d t o t h e i n t r o d u c t i o n of B o r e l ' s 

d e f i n i t i o n of an e q u i v a r i a n t cohomology t h e o r y , ^ 1 . 4 iifill 

be d e v o t e d to the a p p l i c a t i o n s of B o r e l ' s e q u i v a r i a n t 

cohoLiology t h e o r y , and i t s r e l a t i v e m e r i t o / e r the e a r l i e r 

d e f i n i t i o n of e q u i v a r i a n t ( c o ) homology t h e o r i e s . 

^ 1 . 0 G - c o p p l e x e s and G-e\f c o a p l e x e s 

Most of t he t ime ve w i l l work i n t h e c a t e g o r y of 

G-cocQplexes and G-ftW c o m p l e x e s . We gi je below the 

d e f i n i t i o n s . 

( I ' O . l ) D e f i n i t i o n of a c e l l c o a p l e x ( r 2 g 3 ) 

A c e l l complex K on a H a u s d o r f f space X i s a 

C o l l e c t i o n K = | e " ) n = C , l , 2 , ' ' ^ ^ '^nT 

of s u b s e t s of X i n d e x e d by non n e g a t i v e i n t e g e r s n , and 

f o r e ach n , «. r u n n i n g t h r o u g h some i n d e x s e t J . The 

s e t e i s c a l l e d a c e l l of d imens ion n . The c e l l s must 

s a t i s f y t he c o n d i t i o n s which a r e l i s t e d b e l o w : 

The s e t K " = ^e"^ t r <̂ n , ô  € J r X , n > o 

is called the n-skeleton of K. we taKe K = ^ 

i,et iK^l = UeJ , ana for eacn cell e^, 
r^n 
e<G J r 
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' Ki *^ 1 ̂ v*'^" ' I n 

let ^ t=̂  C* n • '̂  ' ° '̂''̂^ boundary ot e 

F* ' c=: e — P •= the interior- of B. 

We require K to satisfy ' 

(a) X =. u e p =. \ K| 

(b) e^ n e^ 7̂  ̂  ^ n = a and a -|3 

(c) for each c e l l e^ , t he re i s a map 

o ^ 
v/hicii i s su r j ec t ive and maps O hoaeoaoriohically onto 

€? , , The maps f̂  are ca l led the cniirg.cterist ic maps 

of the c e l l s e . 

The c e l l G! i s ca l l ed an i:::„:ediate face of <2 n 

1 ' 

(1.0,2) DefivAtion of a Ĉ J-Conplex ([a£]) 

A eW-cpapl-ex X on a space X is a cell complejr 

li on Z Satisfying 

(d) K 13 closure finite i^. each cell has only a finite number 

Df ijimediate faces. 
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(e) X has t h e weak topology inaucecL by '£. i e . a si ibsst 

s e x i s c lo sed i f f S O e , i s cloQed i n C" for each 

( 1 , 0 . 3 ) &»- Conplexes ( [SJ ) 

Let G be a f i n i t e group. By a G-Coraplex we nean a 

OT-Coaplex K t o g e t h e r wi th a given a c t i o n oi G on K by 

c e l l u l a r maps such t h a t for g 6:G, vx^CK g(x)='XV i s 

a sub-complex of K. This d e f i n i t i o n of a G-cocaplax i s due 

t o Bredon (f&}, P I -1 ) 

(1.0.^) Definition of a G-cell complex i^X^ 

Let G be a topological group and Z be a G-space» A call 

complex K on S is said to be G-cell coiaplax if (a) the 

orbit space X Y G LS a Hausdorff space. 

(b) G "acts cellularly ie. G G X -^ ĉ e €̂ 1C V 3 ^ Gi 

(c) every point x of an open cell e has the same 

isotropy subgroup denoted by He. InQparticular, each 

b̂ aundary point is fixed by He. 

(d) if g iG not contained in He, then go is 

disjoint from e. 

(e) ̂ ho topology of the subspace QiQ^ is the 

idsntification topology deteruiined by the induced 

G-characteristic map. 
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-vLiors /vA.: G ̂  X >X io a fxxed topologica l le::t 

G-action and f *^: A ^ e i c a c h e r a c t e r i c t i c laap oi 
1 

(1 .0 ,5) G-CW Complex (Ei-^J) 

A G-Coaple3: IX.JC) is_ o^Ad. t o be G-fir-it5 coupla;:, i f i t 

"laa only xinite/'^ufnbe'h of tr-Ctills 

The G-cell conplex closure of a subset S of X, dsnotad by 
— *. I 

GX(S) , i s dsfined to be tno G-orbit 0/ X(S) v/hici'i tu rns 

out,^to be the sna l loc t G-invc.fiant cubconpXejc whicli contains 

S. Here X(S) dsnotea tho c e l l cj::iple:c closure of S„ v/hich 

i s defined to be the smallest sub coaplsx which contains S. 
1 

(1 .0 .6) Defii-ii'tion 

A G-cell couplox (X,K) i s ca l l ed , 7 a ' G-C?/ coiiple::, i f 

i t s a t i s f i e s tl->e fol l j / / ing tv/o coi:;ditijna: 

(G-c): G closure f m i t e n o s s . 

This fliaa.ns tjic G-cell complex closure cf oaclT c o l l G"X(e) i s 

a G-f in i te complex v/hicp i s equiv^ilent to t.iG condit ion tl^at 

the induced c a l l complex s t ruc tu re on the orbii: space X / S 

i s closure f i n i t e . In another v/ay, the c e l l couiplex closure 

X(G) of each c o l l has i n t e r s e c t i o n with only f i n i t e 

nunber of G-cel ls 
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(a-U') • G- "t'/eait topology. 

Taat i s , X has tlie i d s n t i f i c a t i o n topoloG/ v/ith rsopect 

to tile onto G-cl iaracter i2t ic aap Ox X, 

Gf : E ^ == J_l_6i ->< -^ >, ( - ^^ A ) > ^ , whero 

E to topologiaed ao a topological disjoint union. 

, ; " By condition (e) of (1.0J+) 

tiiic topology coxncxdes ;;ith;tiic v/aak topology with recpoct 

to tao closed covsr.l̂ g S. G e ^ G? e £ Gi f̂  J, , of 

X and whan X has thia topology tho orbit space >̂ /'(!TI ̂ "̂ ^̂  

the wealc topology with respect to the chare.cteristic i-aps 

(1.0.7) RgpIAHJCS 

1. A G-cell cooplex is tho G-oquivariant version of a cell 

cDCiplex. 

2. when G is a coapact group and a G-opace X is 

HauSL^orff then so is the orbit space X/(ST -1^ further 

X is 1st countable, then X is a G-CW complex if 

the induced cell coaplex structure on the orbit spaccX/<3f 

is a CW-complex structure. ( For details see [.2./̂3 ) 

I 
3. Uhen G is a conpact lie group then the condition 

(d) of ( t-O-S) follows froL} the conditions (b) and (c) 

for a cell cosiplex which is alco a G-spt.co 

( for details [a.-eQ ) 
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k» Iflien G i s a f i n i t e group, a G-Cl/ fcoaplsx i t s e l f raust 

be a CW-cocplex. 

Thus t h e d e f i n i t i o n of a G-CW Coiaplesc i s . reduced t o • 

. R G - s p a c e v/hich he.s a c w - s t r u c t u r e sa t i s f j r ing t h e follov/ir.g 

c o n d i t i o n s : 
O 

( i ) G a c t s c e l l u l a r l y 

( i i ) for each g^ 'G, t h e g - s t a t i o n a r y subspace 

^ X . G X f 9 ^ = ^ ^ \ fo ra s a subcomplex , 

This i s t he d e f i n i t i o n of a G-complex of G, Bredon 

( C.f ( 1 . 0 ^ ) ) . 

I-Iencs a G-cw coaplex i s a g e n e r a l i s a t i o n : of .th£i ccncept of a 

G-complex of Bredon. 

o 1,1 Smith theory^ S a i t n sequence and i t s impor tan t 

Consequences 

Let G «= a ( p a prioae) and K be a regulc-r ^ ^ 
P 

G-Coziplex. Let L CK be an i n v a r i a n t sub-cocp lex . 

Consider t h e fo l lowing elements of t h e group r i n g ^ G : 
F 

r =. f d 
(p "Bx a r e g u l a r ^-CoTvvf'ef here ive mea r a simpUdai c^-

Strnpfex.es vj eibssd. . C see t^!] ^X-i'^^J-

http://Strnpfex.es
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Then one can easily see that S T" ;rr Q _-:. "^ ^ 

and t-^~*=. 6" 

Then ( ^ e ^ Ci9J ) witii the given G-pair (K,L), i t 

is possible to associate, the Snith Coaoaology groups 

•Hp ( X , L ; 2^) y f - T 5 U-Lt̂ li-lin such a 

way that taetQ are natural Smith exact sequences (with 

coefficients in ^ p ) 

(1.1.0).... — ^ n'^C-K^L) ^ K ( T K ^ L ) y 

P 

_ b - T . ' /I. (^ (̂  

p ^ r ^ . L^ -:=. -K. n L -k: 

denote tne fixed point sets ol "L , K -respectively. 

These saith groups ,H p(K,L)j,Eieasure the nontriviality of 

the group action in the sense that they disappear as coon 

as the Ection hecoues trivial. 

Using these exact sequences one obtains the following, 

results: 

f C C K ^ L i Z'pO is -the ehAm suJaC«mf>le?<. of CCK^^^'^fi) ohX&ired. 

(: see \:Q3J Lis-^J . 
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(1,1,1) aanj; fornula 

I f G =^p. ( p , a prims ) and K i s a f i n i t e diasnGional 

roculer G-coaplax and LCl< ' i s an invar ian t aub-coaplex 

t.^3:'. for any in tagor n > 0 £-1^ any p —T^^ ' £ I- ^ t"'-^-
^ 

• V L̂  HI^ C K , L ) ^ I ^k H ' C K ^ L ^ ) 

^/hare rfc Z ^ (X) der.otss th3 dinaensiori of H (K) as .a 

vactorGpace over ^ K . Ucing tliese rank forjiula one can 

prove the ne:it r e s u l t . 
I 

(1 .1 .2) Sulor cLiar act e r i s t i c fcruula 

I f T ^ k H f K p ^-) -^t^ ^ ^^ ^^^ li i s a f i n i t e 

dimenoional regu la r G-cooplex LcK invar ian t Gut) cjmplax. 

In p a r t i c u l a r , , 

us ing the above rank formula and Euler cliar act e r i s t i c foraula 

0173 o"btains the following c laDJical r e s u l t s due t o P,A. Smith: 
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( 1 . 1 . 3 ) Cohoniology S p h e r e t h e o r e n 

I f G i s a b - g r o u p ( p ^ ^ b r i a e ) and i f K i s a f i n i t e 

d i m e n s i o n a l r e g u l a r G-complex such t h a t K'-^.—-S I t h a t i s 

H*(Kj 2 p ) ^ H * ( s ' ' J ^ p ) ] p t h e n 

K •'~>^ S , f o r soae r , - 1 £r r ^ n 
Q 

(where r = - 1 means K = <|D )» 

( 1 . 1 . 4 ) C l a s s i q c a l Disc t u e o r e a 

I f G i s a t ' - g r o u p (V, a p r i a e ) and K i s a f i n i t e 

d i m e n s i o n a l r e g u l a r G-complex and LCK an i n v a r i a n t sub -

complex such t h a t (K ,L) -^ ' ^ -^D , S " ) 

i . e . H^(K,L; 2^) = 0 , f o r i ?̂  n 

and H " ( K , L ; ^ ) < : ^ ^ 

t hen (K^, L^) •^^~^(D^, S**"^) , ^ .̂  f o r soae r , Q^-f^tr 

I f P i s odd , t i ien n - r i s e v e n . 

^ 1 , 2 E , i l e n b e r y " s d e f i n i t i o n of e u i v a r i a n t homology 

and CO homo l o g y ( ^25] , 1*73 ) 

Le t X be a s p a c e on ivhich a group yi a c t s . 
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I f f ^ 71 aĴ»cL x;c 1 A —>^c i s a aingular q -a laplax 

in X, we aay define "̂W. ; ^ — ^ ^ 

The action of TJ on singulex staplexes i s extended l inear ly 

t o tile action of IT on the oingular chain coapleac 

do that the l a t t e r group becoaae a TI -aodule. Koreover, one 

Biiowo t h a t the 'boundary operatftr 'b coonutes with the 

action^so t h a t C(3c) i s a coaplesc of y j -aodules . 

Let G be a r i g h t T l -aodule and Q(Gr,X) denote 

t ae subgroup G ^ C ^{X) generated by a l l elements of the 

fo ra g ^ ©ic - ^ ^ \ ^ , where <^£ G^ ^%eW ^^a 

' Form the coaplsx G ' < 0 ^ ^ •:Jt-̂  / "~ Q ftSn^-X"^ 

The boundary operator of G (S) Cj^^CX) maps' QC6»^"X) in to 

i t a e l f - so induces an endonorphisa 3 of G <S) C C-̂ V 
TT "̂  

Thus (̂3n © C ^ C X ) is a chain conplex. 

(1.2.4) Definition; The hoaology groups. 
>^cy^^®^C_^(50) of the chain coaplex G (gi C^CX) 

are "Called » the equivariant hOBology groups of X 

with coefficients in the IT-nodule G, W ̂ T X , G) )• 

Similarly, one defines tne equivSriant cohonology 

groups. 
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Let G be a l e f t 71 -modu le . The group of o p e r a t o r 

hotnoraorphisns Hom^ (j^(X. )y Q) i s a sub-complex of the 

cochain complex Horn (C^ (X) , G ) . 

TT 
( 1 . 2 . 2) D e f i n i t i o n : The homology groups of Horn (C^(X) ,G) , 

H (Horn (C^^(X), G) ) , are c a l l e d the e g u i v a r i a n t 

gohomolggy groups , T r J „ (7< ^Gi ) • 

If (X,ic ) i s a pa th connected space , and if G i s 

a l o c a l system of groups over X. (which i s a c o v a r i a n t 

functorcj from the fundamental groppoid to the ca t ego ry of 

groups) then TTj \X^x<j^ o p e r a t e s on G( x ) . 

Conversely^^whenever TF̂  (><",p<p'\operates on some group G 

then t h e r e e x i s t s a l o c a l system of groups G SficK "thst 

G(x ) = G and the o p e r a t i o n of r T ( X , ? t ) on G( x ) i s the 

given a c t i o n , 

&o^whenever X i s a pa th connected space with 

an a c t i o n of TT(X, *( ) , and ^ ( X , x ) a l so o p e r a t e s on 

a group G , one can c o n s t r u c t E i l enbe rg*s e q u i v a r i a n t 

n * 
( c o ) homology g r o u p s H„ (X; Go) ( o r H (Xj G o ) ) . One can 

(ft 

also define H^(X; G) where G is the local coefficient groups 

determined by the operation of TT (x,x^) « These groups 

are related by the following theorem i 
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(l»2.3) Thcorca (Eilcnberg) 

•Kic hoaology groups I-f|q (X"? G) with respect to a systea G of 

local coefficients on il, are isoaorphic to the equivariant 

hoijology groups rf^, » ' (X5 Gg) of the universal covering 

space X of X vjith the fundcacntal group TT, (7C) oper ating on X 

as covering tr ansf ornationsy'For cohocology one has an analo­

gous theoren (due to Eilenberg). 

(l«2«4) Iheorea : With the sane notations as above the 

cohonology groups H^(ljG) are isonorphic to the equivariant 

cohonology groups ''"|_ĵ /,̂ x (X j Go). 

Eilenberg's theorem has an inportant application when 

X= K(]T , l) is an Eilenberg - MacLane Complex, 

(1.2.5) Iheoreo If 7T is a group and G a system of local 

coefficients dn X= K(n ,l), then Hiy(K(TT , l) 5 G).CiTor (Ggj^ 

This is a generalisation to the local coefficients of the 

folio'.;ing theorem. 

(1.2.6) Theorem : If X is an aspherical space with fundamental 

groupTf, then for an abciian group G, 

.H:oj[X5G)<^ -cTc/C J^^"^) (G-,^). 
One ^ 

For cohomology^has analogous results. 

(1.2.7) Theorem IfTT is a group and G is a system of local 

coefficients on K (IT ,l), then 

H^ (K (TT , l) I G)^Ext^ (2r , GQ) . 
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f ^•3 Bundle cohoaology ( Bore l ) . 

Let G bo a coiapcct l i e ^roup and Zl bo a G-space. 

Let p : Eg-—^ B ,̂ be tiie u n i v e r s a l G-bundla. Taen t h e t o t ^ l 

space I'p of t he a s s o c i a t e d u n i v e r s a l bur.dle x/itli X as 

f i b r e nz-j be r ega rded as tlie o r b i t space oXB^ x X i e . 

Xg = Sg X X = ( Sg X X ) / G. 

Wiiere t na G-ac t ion i s given by 

g. ( e , x) = ( Gg , gx ) . 

(1^3.1) D e f i n i t i o n 5iie e q u i v a r i a n t coiio_iOlog7 J I tlia 

G-space X, i s d e i m e d t o be oiie o rd ina ry co!.:LDnolOci/ of 

t h e t o t a l space Y,^ i e . y^^^^) — ^ C^̂ C r̂) • 

Tliis coLioaology was def ined by A. Borel (C^la^tSl ^1^1 ) , 

i n j r d e r t o g e n e r a l i s e S^nith t h e o r y and get de'^per r e s u l t s 

t a e n tl iose given by S a i t i i ' s o r i g i n a l raetiaod (^encioned in ^^'0 

(1 .3 •2 ) Reoark; I t i s easy t o see t h a t t h e Bore l c o n s t r u c t i o n 

i s f u n c t o r i a l . 

Given any G-aap f : X - ? ^ Y , we get a cont inuous snap 

in • 2ig —^ Y^ ^7aich induces a hoaomorpaism 

cohomology. 
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In fac t , :i^ ( - ) i s a contrave.riant functor on tlie category 

of G—pairs and t h e i r Qaps, wnicli turns out tD be a 

generalised coliDnology t-ieor/ i . e . s a t i s f i e s a l l ascious 

of Eiler.berg £-nd Steenrod , except tns diner.sion axica . 

(i»3.3) The coefficient groups are H„ ({at) = H {BQ) 

= col̂ oaologj'' of the cle.soifying space of G. 

(1.3.^0 "̂̂ejiaark : 

T-ie equive-riant colioaology of a G-space 'A, wit!-. 

coeff ic ionts i s defined in a s i n i l a r way ( C2.0D ) • 

(1.3.5) Definit ion 

, ^ - '-- ^.^jijt ^> be paracoapact and l e t 

L be any ^ - j o d u l e . The eqaivariant coho::::olog/ of tne 

3-space X, with coeff ic ients in L, denotea by '-Ip (X; L) , 

i s defined to be the sheaf cohoaology of the t o t a l space 

Xjj ii?ita coeff ic ients in the constant s2aeaf{> L on Xp 

ie. > ? / ( X - L ; = v^^iy-c^^"^)' 

^1.4, Applications of Borel's equivariant cononology theory 

(l.^i.l) Usirig Borel's definition, Steenroc. defined pouer 
. . . • ^ ^ ^ ^ 

o p e r a t i o n in cohomology ( fig 1 ) as f o l l o u s : f" ^z^ , A-̂T 
• / ^ \ ^ 

\oKhM 

file:///oKhM
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Lat K \)B a f i n i t e reguleir c e l l complex and K'" be the 

n - f o l d c a r t e s i a n p roduc t . Let S(n) be tiie s;>^j^etric group 

of n- 3 leaen ts a c t i n g as perc3.utations of tiie fa.ctors of ii'\ 

Let Tl be a subgroup of S(n) and 17 be a TT-free a c / c l i c 

coiiple:c v i a tlie d iagonal a c t i o n . 

l l / '^ i / 
Let W X K = W x K j/lJ £.nu 

l a t j Qb>3 tne c j a p o c i t i o n : 

K^r-^W X K^ ^ T7 X K '̂ 

Tile trap : 1/ x K —^ " ^ i s a f i b r a t i o n witli 

f i b r e l i^ . 

Let u be a q -cocyc le on K vJith va lues i n an a b e l i a n 

group G. G aay be regfxded as a coiiplex witln coniponents 

G^ = ^ O , T ? T ^ 0 and u: K - ^ G i s a 

L G- , -J* = O 

ciiain dap of degree - q." 

Let G (q) be tiie S ( n ) - Ccaplex def ined as 

r" (q) = 5 O . <^ ^ <̂  

v;here we w±ite G - ® G •'•̂  . * ^ • - ® _ % =; "G"" 

Tv •fectcT»s , • • 
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^n Let<A€-S(n) a c t on G as X O I I J W S ; 

l i q i s even, cA, p e m u t e s t.ie fSvCtors of G" \ilth no 

ol^ii clie.r.ge. I f q i s odd, <?̂  ac t on G'^ oy t.-io product 

of t . ie s ign of «3( and t a c per i^uta t ion of tiie f a c t o r o of T' 

wi ta no s ign changa. 

T.ion u' : K ^ G (q) i s an e q u i v a r i a n t ciiain .aap oC 

dagree -n q . 

Ls't €. • W —^ 2 be tliG aug- jen ta t i JK on v/. QJlior, 

^ @ 1 ; W {x> K"*^ —^ X ^ i s ar e q u i v a r i a n t cfcis-i:.. nap 

(us ing the d iagona l a c t i o n on tiae doaa i r ) 

SbjJ, t l ie c o a p o s i t i o n W 0 K • ^ K • * <^ (*?-) 

i s an e q u i v a r i a n t cl^ain aap of deores - r.q. '̂ Ei|̂ l:!M^̂ we liavo 

an e q u i v a r i a n t nq- cocycle on W ^ X " » wl-ich we deoote 

I t can be proved t l -a t 

( i ) I f We V8X7 u by a cohonology, th^n Pu v a r i a s oy s.n 

e q u i v a r i a n t colaoaology, and 

( i i ) I f u and v eire coi^ojiologgrus q-cocyclos on X ' J i tb 

v a l u e s i n G, t l ien Pu and P v a re e q u i v a r i a n t l y cohouoi_ouus 

ng - cocyfiles on Vv/ (^, K 
71 

file:///ilth
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Thus P induces a nap 

SO tliat P i s na tura l witli respect to :::aaps of the var iable 

K, P o ~ 0 and j ^ Pu - U X "U. A - • - x ^ • 

Tiae reduced ntli powers l a defined by 

Where d : K —> K" is t.i3 diagonal, and W ^ ^^^(WxXj/n 

n "̂  
TT -TT IT 

If we are working with a field of coefficients^we can 

expand in 1-f (W'/Ji <« K ) by the Kunneth theorea. 
y 

The coefficients of the expansion of (3 x <^} P^x . which 

lies in H (K) are the internal reduced powers. 

(1,^,2) Borel used the cohoaology theorj'' developed by hin 

to relate cohoaology of a G-space with its fixed point sets 

in (c.f. TheoreiD 1,4.3) and its quotient spaces 

(c.f. Taeorea 1.4.3), U t T Wfi- "^^ crr^ dl^^^r^sio^oi TO/O<-L5 

(1.4,3) Theorem Let G = T*- act on a finite dijiensional 

space X and F be t.ie fixed point set. Then 

(1) >^,*(X-F,q) = K-'((X-Fi/,S,f^) 

are torsion R-aodules, where 21 = H (Bp) 
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( i i ) Tiie kernel and cokernal of 

1 
are both t o r s i o n R-uDduleo. 

( for d e t a i l s see t9>II ) 

1 
{l,k,k) Theorea : Let G « T^ have a f i n i t e ntiober of 

dxstir .ct iootropy groups on t'ae compact space X. Let 

L =» ^ ( r e s p . K . a a i e l d of c a a r a c t e r i e t i c p , prijie or O) 

Asourae din DC -C^ and "XT '"^ ^ 

Let r be tUa in teger s . t . r 5 n (nod 2) 

such t i iat p I /'%• t^ 

Then H " " C X / a 3 L ) - L . £OT^ i = o -

and icoDorphiam otherwxse 

( for d e t a i l s soe T ^ l P.65 ) 

(1 ,^ .5 ) Theored Let p be a pri:ae ( reap. 0 ) and l e t 

G " ^.p^Crsop, T* ) ^ X i s a G-space suca tiiCvt 
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Let r b3 sucji that -F* '~̂ p̂ '''' ' 

ana li"(X/<iiTCp> = o , ^ - - f - - e (^« '^^ '^^ 

considaring tiio action of ^<p OTX on a Oompact 

Space X, Borel obtained deeper results (oee Tiieorea(1.^.6)) ^ 
I 

tlaan tlaoso ^iven by Saiitii'a original DetbocL (nanely 

coiiomology sphere theoren ^1,1 ) . K̂ *«̂  "T" = "V x - • ^ T" 

(l.ii.6) Theorep Let G ? T̂  , L = 2̂? ( K̂  recp.) 

X is coapact, X ''v̂  S~> and din ̂  <̂  '^ • 

AG3u:ne aoroover that G liac only a finite nun'oer of 

diotinct isotropy grouco on X. Then -̂x-/ <^^ and 

, ' t 
n-r is even ( see 'I^^3, P 65 ) 

Tho basic tools in BOrel's approach eire th3 spectral 

sequonces associated t j the tv/o aapc T\^ - ^^r ^ ^ 6i 

ana '^•2. *- -^(^ ~~^ '^^G^ • -^^ t^^ instance, the 

Serre spectral soquence jf the fibre ^ap A^ '̂!>C^ ~^ "^(ji 

ic -used in proving the following result . 

( see tfi- ] p.62 ) 
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1 
( 1 . 4 , 7 ) Theorea Let G = T and din X i s f i n i t e >,,e-

r -1^ '^ ' ijU[ ^y^^ • i s f i n i t e for a l l U'CX_ 

Then fo r a = 0 , 1 , i = a mod 2 and i > d i a ^ X , we have 

compact Su^fjort oi X <:otth coeffLcXents Lr 3<o. 

(1 ,4 .&) C o r o l l a r y i There i s e q u a l i t y i f f the s p e c t r a l 

sequence over K of X„ >B^ i s t r i v i a l . 

The Lera^^ s p e c t r a l sequence i s used tcD prove theoreo 

( 1 . 4 . 3 ) i?hich i s the p^r in i t ive form of t a e l o c a l i s a t i o n t h e o r e o . 

If JR deno tes the q u o t i e n t f i e l d of R and S=a~ koK i s taken 

as a m u l t i p l i c a t i v e s e t in the r ing R ( i n terms of the 

\ ^ —1 
l l c a l i s a t i o n concep t ) then R = S R and one deduces from 
t h e o r e a ( l , 4 , 3 ) t h a t 

(K4.9) s"'H^c>^3,Q}-s^'HG^r5q)sHV,-Q)^^>j'c6^^9) 

This isomorphism i s a s p e c i a l case of the so c a l l e d ^ t i y a h -

,&egal-Borel type l o c a l i s a t i o n theorem of Bundle cohomology 

( fo r f u r t h e r g e n e r a l i s a t i o n of l o c a l i s a t i o n r e s u l t s r e f e r to 

Lis] ) • 
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CHAPTEil I I 

D r e d o n ' s E q u i v a r i a n t (Co) homology Theory 

The (Co) h o n o l o g i e s d e f i n e d by E i l e n ' o e r g and B o r e l a r e 

r e a d i l y c o m p u t a b l e and has many a p p l i c a t i o n s as v/e have seen 

in t h e l a s t c h a p t e r , Hoi7eyer, t ' l e s e d e f i n i t i o n s a r e n o t adequa te ; 

f o r t he d e v e l o p m e n t of e q u i v a r i a n t o b s t r u c t i o n t h e o r y . 

For G-fW c o m p l e x e s w i t h f r e e G - a c t i o n E i l e n b e r g ' s d e f i n i t i o n 

can be used t o d e v e l o p a G - o b s t r u e t i o n t h e o r y . ( [$] ) 

G Bredon ( f S j ) i n t r o d u c e d an e q u i v a r i a n t o r d i n a r y 

( c o ) homology t h e o r y H ( — ) , s u i t a b l e f o r g e n d r a l i s i n g the 

c l a s s i c a l o b s t r u c t i o n t h e o r y in t he g e n e r a l ( f r e e o r n o n - f r e e 

G - a c t i o n ) G-equ iv a r i a n t c o n t e x t . Us ing t h i s t h e o r y he proi^ed 

t h a t — b i j e c t i o n ^ 

[X,YJ-T H^(X; «;(Y)) 

vjhere aj^ (Y) is a suitably defined coefficient system, 

|_X,YJ„ is the set of equivariant homotopy classes of 

equivariant maps from X to Y. 

This chapter is divided into 5 sections. In 'f 2.1 we shall 

axiomatically introduce equivariant (co) homology theory. In 

§ 2.2 we define suitable coefficient systems and categories 

which are used in the construction of (co) homology groups. 
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I n A 2 .5 >/o GLiall SIVG bLie Brodon'c c o n o t r u c t i o n 

o l coLioaolofiy g r o u p s . In -̂̂  2.^* v/c s a c l l doDCxibe i n b r i 2 f 

t a g oquivejrie.nt o b c t r u c t i o n t h a o r y , £.s dovolopad by . 

Bredon. I n ^ 2 . 5 ''ic de f ine o'-iuivarxant o b c t r u c t i o n cocyc les 

for a f r e e G-complex ( G Cofppcct Lie fii-oup) u s ing Hi lonborg c 

e q u i / a r x a n t cclioj.ology ( as givon xn Tox Dieck L'^J 

For i i n i t o groups Broci^n'o do|i . ir-ition ox o q u i v a r i a n t 

o b s l r a c t x o n cocyc les exte/^ds the r.bovc dGfxn\t . ion. 

^ 2 . 1 "j^quivc-rxcnt coao-iolo/A7 t l ' o c r y 

Let G be c. f i n x t c ^rcu-^, ^ bo t . ic ca t ego ry of G-Coi-iplo::e3 

( c " . d i p t . I 0 1.Oj) ) and co:.txnuou3 e i j a i v a r i a n t DcpG, end 

^ b e tlio cc tog- ' -y o f paxro (K,L) of G-co^i^Ioroc ( LCX, 

a G ,3ub-complex) 

' A b e l ' denotes t^ie ca t egory oi abe lxan gr^u:c; . C se.e 113̂ 1 J • 

( 2 , 1 . 0 ) J*n equxvarxa r t ( gar.ersilxaed) coaojo logy tlieoj.-y 

on ti-'o ca tegory ^ xc r coqaencc cf c o n t r o v a r x a r t l u n c t o r c 

togo t l i e r witLi n a t u r a l t ra i .c for . ja txoi .c 

suc:i t n a t tlio fo l lowx/g t i i reo rzxo :c a re e a t i c f x e d : 

(1) I f f ,̂ f̂  a rc equxva rxcn t ly lionobopxc LoapG t l i e n * ^ . Cio)=-Ji ^^1' 
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(2) The inclusion : (K^KHL)' =? (K UL, L) induces an 

isomorphism 
.v* -M (KUL ,1-) -^A^CK ,KinL) 

r>+i 
(3) If (K,L) G ^'] , then the sequence 

— ^ . . . • » 

is exact. 

( 2 . 1 . 1 ) The cohonology theo ry i s c a l l e d e q u i v a r i a n t c l a s s i c a l 

Cohomology, i f i t s a t i s f i e s the ad-^i t ional d i aens ion axiom ; 

(4 ) H" ( G / H ) = 0 for n : ^ 0 and a l l H. 

( 2 . 1 . 2 ) S - i n i l a r l y , one d e f i n e s an e q u i v a r i a n t cohoraology 

theory on the ca t ego ry A^ of G-conplexes ivith base poin t 

and base po in t p r e s e r v i n g e q u i v a r i a n t maps. (For d e t a i l s 

see IS2 PP 1 - 7 ) 

v2,2 Coefficient Systems for G 

Before giving the construction of cohomology 

groups, we define the following coefficient systems and 

categories, which will be used in the construction* 

(2.2,1) Definition. 

The ca t ego ry of canon ica l o r b i t s of Ĝ  denoted by (9, i s 

def ined to be the c a t e g o r y whose o b j e c t s are the l e f t co se t 

spaces G/H and ivhoae morphisms are the e q u i v a r i a n t maps. Pf 

a&G i s such t h a t a" HaCK, then en equiv? i r ian t map 

'a^ : G/H --^G/K i s given by a" (xH) = xaK. 
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(2.2.2) Definit ion 

Generic coefficiont sŷ steus for G is defined to be a 

contravariant functor M: O^ > Abel, Abol stands for 
Or 

tiiQ category of abelian groups. 

Tile generic coeff ic ient systeus themselves fora a 

category, Dgran ( ^ , Abel ) , denoted by C^ , which i s 

an abelian category with projec t ives and ing.ectives. C-^^^ h^^y^ 

(2.2.3) Let t}S denote the the category whose objects are 

f i n i t e G-sub-conplexes ox a G-coaplex K and whose norp-^icas 

are as follows: 

I f L and L' are f i r i t e G-sub couplexes of K, then 

hon (L,L* ) cons is t s of a l l uaps g:L — ĝL<̂ -> L' for g ^ S . 

(2 .2.^) Defini t ion 

A loca l coefgicient systea on a G-coaplex K i s a covariant 

functor froD the category; ^X!- -^Abel . 
/ 

(2.2.5) Let ^ be a contravariant functor : t ) C — ^ ^a 

defined as follows: 

For L d K, ^ (L) = G/G , where 

G] = ^ 'S ^ G I g leaves L point wise fixed \ . 

I f gL d L' and f: L —^L' denotes the nap induced by 

g €. G, then ^ ( f ) = "^ : <9(L') —^ ^(L) i s defined by 

'g ( g^ G^, ) = g 'g Gĵ  . 
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(?-. 2.6) Dofini t ion 

Situpls cooffi-cient system 

I f M (̂  C ^ io a gener ic c o s f i i c i c n t ayDtow then 

'y'^O JCK. —y i*bcl i s cEillod a oimple cocf f ic ion t cystow 

on K . 

V- 2.3 Bredon'a Construct ion of EquiveiriaAt Coho^olj^/ 

groups. 

Lot •^ - tX; ^ Abol be a l oca l coeixxciant sydtcLi. 

Lot uo or ien t t he c o l l s Ox K in cuch a way Lnat G 

preGcrvcD the o r i e n t a t i o n . 

(2 ,3 .1 ) The n-cochain tirou_ C ( K joCo ) lo defined to be 

the (;;;roup of a l l funct ions f on n -ce l lo of li v/ith 

£(0-1 £ ^XjCcr) ^ 0" ia an n - c e l l of K. 

Define houonorphisa b : C C ^ j ^ ^ ' ' ' )• ^ ^J^^cVo) 

by. b^'Cnco-) =2C'^:o-]<;CC'c:-^(T)£c'r; 

Whore atcC^) • = ^ ^ • ^ ^ ^ ^ 3 -

and for X ( T ) C r 1< (<3'^ ^ ^^C'C--;<^) denotec t!:e 

aorphioa rZc ( XiiCUlu :iic7^ : X ( ^ ) '> ^<<^^)' 

Alao, v/henever L ' ^ - ^ ^ ^ <̂  ? K CcT ) d X Co") » 

one ver ix ioa thait c\'̂  *"' ^ § " ~ O -
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( 2 . 3 . 2 ) - ^ ' ^ C3< ^X ) 5 ̂  J i o a coc>c,in cOuipleji:. 

n 
( 2 . 3 .'^) Dofino an a c t i o n o i G on C ( X ^ o ^ G l ., by 

6t--f)̂ '5-) :,, /PC^J)^ (9'^:) , ^^ T^^T -met ircEcV.Aj 

Tha autoaorphiGD f f̂  ->, g ( f ) of C ( 3 < J < ; C P ) «>-3'finGU r.n 

a c t i o n of G on C (3< ^ /£> ) by cha in Liappinf-co, o'oe 

v e r i f i e s t l i a t t l i s f i x e d p o i n t s e t - C C X ^ - J ' U ' ) ' cji:!UiotD 

prociOGly of t h e e q u i v a r i a n t n-cocliain?; C^ CK^JCO) 

(2.3.^) Definition 

TUc e q u i v a r i a n t coLioaology group i s de f inad hy ^ 

( 2 . 3 . 5 ) aoaarJc 

These cohouology groups are easily coaputablc, the order 

of difficulty being roughly the saue as for nonequivariant 

ordinary coao..iOlogy, 

(2.3.6) ae'iark 

One can siuilarly define the equivariant ordir>ary hoaology 

groups ( see the next chapter). 
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( 2 . 3 . 7 ) Roac^rk.. 

B r e d o n ' s coliomology t h e o r y i n c l u d e s E i l e n b e r g ' s t l i eo ry as a, 

s p e c i a l c a s e . ^ 

To prove t i i i ; s^another d e s c r i p t i o n of cochatn v/as cons ide red 

by Breden ( see L ^ l PP 1 -20) , which i s d e s c r i b e d 

^ -, ' I ' • ' • ' • " ^ 

b e l o w : j 

(2.3.8) An eleinent ^y^^^*^ J belonging to the category 

xf is defined by 

together with obvious values on aorphisas of L-^ 

yz.-riX^ ' O n = Ool-,2,' • ' ' ' ' ̂ 0^°^^ chain 

complex. 

(2.3.9) The homology of this chain complex i.e. 

^n ( ^ V ^ ^ ^ ^ ^ '̂ denoted by, H^( K; ̂  ) is an 

eleaent in the category , of the generic coefficieiiu 
-• • • ^ ^ r ' 

- ' . ' • • • • ' - ^ 

systems def ined by . 

K^ {K-,%)i<k/V)= '^nO'^'l'^). .oge.. --»_ V - . ^ , -^ > x.og3Tiiier 

w i t h t h e obvious v a l u e s on niorphisms. With t h e s e d e f i n i t i o n 

one shows , tha t t h e r e i s an isomorphism: 
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For a G-aiodule A, ths c o e f f i c i e n t system liy M c C ^ i s 

def ined as fol lows : M : ̂  —^ Ab i s a coi i t raveTiant 

func tor def ined by 

M(G/H) = A^ 

and for g^ G, v/ith g'^ B.g CZ K, 

)^C^) ; A^~^ A^ 

such t i ia t X « ^ xg , one can show t h a t t h e r e i s an 

isomorphism. 

( 2 . 3 . 1 1 ) Eom ( : C r , C K ? Z ' ) , A ) ^ 

Horn C ^ l n C ^ ' Z ' ) , M ) 

From (2 .3 .10) and (2 .3 .11 ) v/e get t h e fol lowing isoaorphis in . 

(2.3.12) -lota (C^CK^jZ/Jv^j ; ^ C^C^^M) 

Left hand side of (2.3.12) is, by definition ( as defined 

by Eilenbergj see h 1.2), tne equivariant cochain group with 

coefficients in the G-module A. 

The isoQiorphiSEa preserjves the coboundary operators, so we 

a&y pass to homology and obtain the isoiaorphism of the 

corresponding homology groups. 
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S 2,k Bquivariant obstruction theory 

In this section we consider the problem of ê itending 

equivariantly an equivariant map and define equivariant 

obstruction cochain, deformation cochain etc. 

ftor details see ^ ^ , PP II.l J 

(2.'t.l) Let (K^L) be a relative G-Coaplex and 

Let cp : X ? Y -» be an equivariant map, where Y 

u 
is a G-space. Assume V "̂o be nonempty,, arcwise conr̂ acted 

and n-simple for each subgroup Z-I of G (where n Is a 

positive integer ). 

Consider an (n+1) cell (5̂  of K with a characteristic aap 

t : S" - ^ K̂ ". Then ( ,^ .f^ ) ( s") d Y^'^^^^ 

that <qp»f̂  represents an element 6 ^ ^ M /-.̂ 'Deiiote t is 

element by ^^rrX^^ • l̂iiis defines a cochain 

C^ ^ ,(̂  C^^L.; S^n<V)) , where io^(Y) is a generic 

coefficient system defined by 

for g <ĉ  G satisfying g HgC K.. 

'^cp^^'^) i^ represented by ^ «'Tq-<5? 

and c^ . f ̂ ^ ^«f ̂Ij5 - "^^ V ' s^ "̂ ^̂"t 
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Tliis gives —q> — —^ 

(2.^*2) Defini t ion 

<^^is cal led the ^obstruction (cochainjto extending ^'"Y- ^^ ^ ^ 

(2.^ ,3) T-ie equlvarxant obstructioncocLiain lias propsr t ies 

analogous to those of nonequivariant obstruct ion cocnin, 

namely 

( i ) The obstruct ion cochiin i s ©./ co~&yc\&. 

( i i ) - The obstractioncocliatia ^a> ^^ equal to aero i-Tf <^ 
n+1 can be e;ctended equiveiriantly to K \j !>. 

To study the obstruct ions to extending equivariant 

hoaotopies one dofines the deformation cochain of ti/o 

equivariant aaps <:J>J S : f< L/L-i* \ ^ with respect to 

an equivariant homotopy 

This is denoted by 

(2.^.^) Definition 

The deformation cocha"in 'J ̂  c- o is defined to he 

element belonging to f- ^ ( kC o'- -̂  '-^rs^ ' - /. 

such that ci ^ K.6) ~ C^^ ^ C ^ ' ^ - ^ J 

where ^ ^ _ /3 '. ( !< '̂  I- ) ;_>< L >f T is an 

an 
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equivariant nap defined by T <±3 #• (O C^^^) •= 4̂  ^^^ 

and 

An important special case is that in which ĉ  and & agree 

on K*̂" U L and th3 horaotopy F is stationary. 

(2.'i.5) If ^ ' I k ' ^ - 'UL " ^ h < ' ^ - " ' u L P-n<i 

the hoEiotopy F is ste.tionary the deforac.tion cochain 

^cP F ^ ^^ abbreviated to ^ cp Q ' 

The deforiiiation coch:i.Tnis not a cocycle, hov/ever, one _ as 

a useful coboundary formula, 

(2.^.6) Theorem; 

The coboundary of the deformation cochain is given 

^Y ^^(^ .yF .)0 ~ ^6>-~'^'^ • '̂̂ e has also the folljuing 

th3oreai. 

(2.4.7) TheoreP 

For a given equivariant map <:p " ^ '-̂  •- *" J ̂  

Wind. a e c g c x . L ; ^ ^CY;J^ 

there is an equivariant map <̂  - 1^ '-' ̂  ^ ''• 

coinciding v/ith cp on K^~ U IJ oUch that ĉ L̂ ^ (5~ * 

This theorea is usca in proving the follov;ing important 

reDult on equivariant extension of aaps. 
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(2,4.8) Theorem-

The cohoaology class of the obstruction cochiin i^ ê tuai 

to zero iff C2>{ y^t can be Extended iquiVariantly 

ta K'^*^^ L. 
^k^'-'^L 

Suppose we are given an equivariant map f :L ->—^ Y and we 

wish to determine Whether f can be extended 6v6r K. le 

have seen that f can be extended over K iff the 

obstruction^ cochain Cr — C> 

But there nay be different extensioriS of f over K", one 

proves tne following theorem. 

(2*4.9) Theorem. 

f; L,—*̂  y has an equivariqnt extension to> K U L, i f the 

following conditions are sat isf ied. , v i z . 

(1), Y i s nonempty., arcwise connected and r-siiapla^ foY 

a l l r and for a l l HOG', 

Thi'a theorem has the following, coroLl-eary* 

(<̂ 2.̂ 4vlf0.)} Gorollar.y. 

Ilf all the conditions, of theorem (2.,k,9) airs satisfied and 

also one has the following: condition. 

(iai.); |H (- (JC j L j ^^iY)') " 0 tor B-U. r > n î aan 
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any two such, equivariant extensions are cohomologous. 

(2.^,11) Definition 

The uniquely defined cohodology class 

is called the priiaary obstruction to ê ctending f ar-d is 

denoted t»y 

One can prove the follo-Jing extension theorem analogous to 

the extension theoren in nonequivariant extension theory. 

(2.4.12) Extension Theoreu 

If H ^ 0<J^ 0 C^^^^f 1 ) T 

then an equivariant nap f :L -^Y has an extension to K 

iff '>/ \,V)-=^Q) under the condition (i), (ii) and 

(iii) of the Theorem (2.4.9) and the corollary (2.4.10); 

when tas primary obstruction is defined. 

As an application of thd extension theoren one has the 

following hOQotopy theorem. 

(2.4.13) ZoQotopy theorsa 

Any two equivariant aaps f, g: K — ^ Y with ^\\S~ '^ 

are equivariantly homotopic iff O^ 

following conditions are satisfied; 
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(i) -y'^ -is v>-sample for* all MCG a n d I err ail i" 

w h e r e , c o ^ ( : f , S ) - A ^ ' ) ^ ' " ' ' C4 '4^g l ) ' 

and ?. 1 -K^ ( X , L ; oJ-,, (."V ?) —^^—> H*^ '^(X-I,7<x-diua;.z;,^(y 

is an isoamrphisn. 

¥e have tlie following classification tlieoreui analogous to 

Silenberg classificaii-n theorea for the ordinary (non-

equivariant) extension of a nap. 

(2,4,1^) Classification theorea 

Let u3 assune the conditions. 

(i) Y" is r- siaple for all r and for all Ed G. 

M J C K , L ; 6$y,t-^)):^0-^ri^'-'Ci<,L ;iZ^C^));^>^ 

If f: K-^Y is an equivariant uap then the equiveiriax'.fc 

hoDotopy classea (relative to L ) of aaps g; K->Y 

(v;ith g/L = f/L ) aî o in one to one correspondence './itLo 

the elenents of H *" (X ., L., W^^CY)) • 
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(2.^.15) Coi-ollary. 

Talking L = ci> , the corresponding classification tlisoren 

assests that for such a space Y, C'<,YJ^< > '^ G ^^i ^n^"^7' 

(2.^,15) ̂ ilenberg - Haclane G-space 

Using tiiQ existencd of projectivss in the category (|]̂  Q, 

one constructs G-coaplexes of type ^2^, n ) for all n ̂  1 

and for all G^ (r ^{ys 

( for details see {"5"] . ). 

As an inportant consequence of the classification theorei: 

one has th© following result. 

(2.4.17) Theorea 

The Bredon cohoaologi? gx'oups H? ( > O^) are representable 

for all CO tr 'v_^ 

^q/CY9^o) - S o , Cy^h 

A Space ( Y , s^^) with 

being the classifying space. 

(2.4.18) ReaarR 

ye can give a description of y^^* (f) in terns of the 

standard operations of homology theory and a suitable 
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univarsal class, called the characteristic class, 

(2,'i,i9) Definition 

The characteristic class i^ defined by 7C (zjC >l^ Cl<^ <^n(.V)j^ 

such that 9'^'-'i-9) - 8"" Cic\i))' 

Whore , h-' : 'H ̂  C LI ̂ ^v, CY ) ) > ̂  G ' ' 

is the coboundary. 

(2.^.20) Definition 

The c h a r a c t e r i s t i c c l a s s of a G-Coaplex Y i s defii^ed by 

tho c h a r a c t e r i s t i c c l a s s ' ^ ('1<^) ^ ^l '^^ ( Y , & ^ OV )J , vvjioere 

Id : - Y ^ Y i s the I d e n t i t y uap. 
1-1 

This is denoted by ~JC (Y )• for any equivarianfc ̂ ap 

f: K )Y, one has X ^ < ̂ ) - ^ ^^C CV̂ l ) ̂  

one can chow that there is a natural isomorphisa. 

(2.^.21) a-L"" (Y -, Sn^-^') ^ XOTTH (SSynCV; , S n C Y ) ) ^ 

Under this isoaorphiso "^L $!y) corrosponde to the 

Identity hojouorphiaa. This result allov/s the coaputation 

of tiio cgaracteristic class. 
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> 2,5 Squivariant obstruction Theory for free actions 

of eoppact Lie groups. 

We iiave seen in t[ie previous sections that for a 

finite group G and a general action of G ( on a G-coiaplex) 

the obstruction cocycles are represented in a cohoaology 

theory with special coefficient systems and that this is 

not describable in the )6etting of Silenberg-Borel 

eciuivariant cohoaology theory. 

In this section, we will see, however, that for 

free actions of Coapact Lie groups one can develop an 

equiyariant obstruction theory in the setting of llilaiiberg 

definition. For finite group this cones as a particular 

case of Bredon's description. 

Let ( Xs.A ) be a relative G-coaplex with free G—action on 

XVA i.e. X is obtained fron X ^^ b;Jr attaching n-bells, 

G X D^ , of type G. 

Let G^ denote the conponent of G containing e_̂ -the i.4enttKi «4mê tr 

The G-action on X^ induces a G-action on H (X , X ^) 
n n^ n ' n-1' 

which factors over G/G by honotopy invariance of honology. 

Thus Hjj(Xjj» ̂ n-1^ becomes a 2:(G/G ) nodule . 
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The f i l t r a ^ i b n ( X ) lead's to a c e l l u l a r chain complex, 

C^^(X,A), 0 1 ^ ( 0 / 0 ^ ) modules, namely, - ^ ^ 

(2.5,1). . . . -^Hnn(^>..o^n)-^M^CX»„X„,^)-^ 
. . , » • » 

consider a path connected, n - simple (n ^ l ) G-spaceiV* 

•̂ ^ ^ . ( Y , y ) acts t r i v i a l l y on 7T ^"y^oVbhen the canonical 

map ^Yl^^-?^}—^TS "̂Y J f i-offi pointed to f ree homotopy 

c l a s ses i s b i j i c t i v e . The action of G oa 'V' t hus ' i nduces 

a -t7ell defined action of G/CI on 7\ (Y) making A^j^CY} 

a *J^{G/G ) - module. 

(2 .5 .2 ) Def in i t ion 

The. cochain complex C Cx^A ^ J\ ( y ) ) 

y i e l d s cohomology groups •j7hich are denoted by ^)^ C^^ ' ^^^n^^^* 

Qae shows th'aH; these groups 

are isomorphic to the groups O (x/(^ V ' ^ / G O ' ^ n ^ ^ ^ - ^ * 

If t h e \ 2 ( G / G ) module ^'ti ^^ ) i s i n t e rp r e t ed as a 

local coe f f i c i en t system M on X/G ""̂ ^̂  A /G, then the 

groups g j ^ . ^ ^ ^ / ^ o ' ^ ^ ^ o 5 ''^n'^Y'^ ) ;c'an be thought 
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of as cohoiaology H ^ ( X / G , A / G ; IvT ) with l o c a l c o e f f i c i e n t s . 

( 2 . 5 . 3 ) D e f i n i t i o n of the o b s t r u c t i o n cochaln 

Consider \^W\ € l?^}n ^J ^ 

Let cf. 3 (c^ ,̂) : ,LL G X ( D^"^, S*') —^(Xn^^ ;X„) 

be a char a c t e r i 9 , t i c ciapr5y, and ^ ^ C L ^ ., C ^ ; < v ) be the 

b a s i s e lement c o r r e s p o n d i n g t o cx) • -

Then C ^ - ^ ^ C ^ ) ( e p e C S ^ Y ^ J ;iB t h e 

homotopy CI&BS represented by hCb.• 
I 

From the exact sequence of the pair (̂ n .1» -''n̂  

it follows immediately that C! C^)=0 ifh is extendable' 

°^^^ ^ n+1-

(2.5.4) Remarks on obstruction theory in the equivariant 

settin^g. 

If we consider (K,L) to be a relatively free G:-

-CI Complex i.e. if G acts freely on KXL, then for every 

(n+l) cell of k away from L, the group 

G =Jg^ G I g leaves (CT 

point 'jise fixed S 

Let Y be a n-simpl<= G:-space then in the notation of Bredo 
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So obstructior. cocliains are elements 

Thus Ton Daeck'Sdefinition o^ equivarieLnt 

obstruct ion cochains cone as a pa r t i cu la r ccse of Bracor.'s 

eq^ivariant obstruct ion cochain. 



CHAPTICR III 

Illnisin'e defiiiltioB of equivariant singular (co)horaolô y. 

In chapter II, we have discussed the equivarlant 

cohomology theory and the equivariant obstructioM theory as 

developed by G.Brdoa ([5])» Bredon defined G-eqUivariant 

cohomology theory on a G-conplex , whore G is discrete. 

The definition of Bredon wai generalised by Illman (£lOj) 

to cover G-coaplexes, where G is an arbitrary topological 

group. This was done by replacing the category W^, as used by 

Bredon, by a category 0 , whose.objects are G-spaces of the 

form G/H, H belonging to some orbit type family^ for" G 

( see 6 3«1.1.) and G-homotopy classes of G-maps. This 

(co)horaology theory satisfies all the seven equivarlant 

Eilenberg-Steenrod axioms. 

Remark : For discrete G, the two categories coincide* 

Notions such as transfer homomorphism in equivarlant 

singular (co)homology with coefficients in a commutative ring 

coefficient system, and cup products were also deĴ ined by 

Illman ([lO]). 

The chapter is sot out in the following fashion. 

In y 3«'l we give some computations which uses only the 

axioms of the equivarlant homology and cohomology (singular) 
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theory. S 3.2 v/ill be devoted to a brief outline of the 

IllEian's construction of the singular (co)hoaolo@^ Clî iil-J 

theoT7- 1/̂  ̂ 2.^ ̂ tl̂ D' '̂̂® describe briefly various notions like 

transfer hoaomorphisn, kronecker index and c^pproduct as 

defined by Illaan in the equivariant settihg. In o 3»^ we 

describe briefly Lhe generalised equivariant cohoaology theory 

and show how any generalised theory is connected by a spectral 

sequence to the Bredon's theory of chapter II. 

^3.1 The Existence theorems for equivariant singular 

Cca))homology theory • 

Let G be an arbitrary topological group, B, a ring with unity, 

and that all R-aodules be unitary. 

(3.1.1) Definition; 

A family ^^ot subgroups of G is called an orbit type family 

for G, if H e ^ and H^ is conjugate to H then H^^g: *^ . 

(3.1.2) Definition 

A covariant ( resp , contravariant ) coeff ic ient system 

~ ( rssp« ^ )# ^o r*^ over the r ing R i s a covariant 

( r e s p , cfintravariant ) functor from the category ^Gt°^ 

G-spaces of the form G/il where H ^ l3i , and G-homotopy 
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classes of G-aaps, to the category of left (resp, right) 

R-aodules« 

(3.1.3) Sxistence Theorea for hoaology 

There exists an equivariant hoaology theory Ĥ ^ (-—5 ^ )? 

a covariant functor,defined on the category of G-pairs and 

G-maps and having values in the category of left R-nodules, 

which satisfy all seven equivariant 3-S axioms and which has 

the given coefficient systea I-c as coefficients, 

(3.1.^) Sxistence tlieorep for cohoaology 

There exists an equivariant cohouology theory H^ (-—; m ), 

a contravariant functor, defined on the category of G-pairs 

and G-aaps and having values in the category of right 

R-aodules, v/hich satisfy, all seven equivariant E-S axioas 

and which has the given coefficient systea. n as coefficients, 

(3.1.5) Bxaaple ( Ccaputation using only E-S axioms). 

1 2 
Let G = S be the circle group and^= S loe the two 

1 2 
dimensional sphere. Assuae that S acts on S by the 
standard rotation leaving the north and south poles fixed, 

and acting freely elsewhere. 

Let X^ and X^ denote the northern and southern hemispheres 

respectively and X^ = X^ O Xg "tiie equator. 
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Let sli be tile o r b i t type f a u i l / such t i iat both G-e-Qfv 

a nd Sej ̂  î̂  . Lot R be a ring with Identity elc-ient 

and k be a ccvariant coefiiciant systeu for 'jil over R. 

Ac a concequenco 0/ tne 11-3 axioas one hac the following 

exact liayer - Vietoris sequence 

Since both X^ and Xg care G-houotopy equivalort to a point 

and X ' ^ G aD G-spaces, it follows that the above exact 

sequence equals 

0 < H^Cx • kj ̂  k (G/G ;© J< (G/C ) ̂ t̂llijl̂  k (G Aej) 

< H, (Lx,ic) < o 

where >^ t k (G Aej- ) ^ k (<a/<i' ) ̂  

i s induced by the G-.3ap ]-•> : G ^ G / G * 

Thm 
H V - l5j= ^ k(G/C:r) © k (6 / .^ l ) 
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Let us take the orbit type i£.Gily,^to be the le^uily ot all 
1 

cloDed subgroups of G = S and let R be the ring of 

integers. 

Define a covarianu coefficient systop k e.o follovs: 

Let p;. G/H —y G/G , where H ^ G induce the natural 

projection "^ ^"^0 '"̂ '̂ ^ •'•̂ ^ ̂ ' ^ other induced honouiorphiSuiD 

on k be the identity on 2:1 . Then . 

(3 .LB) The equivariant singular cohouology groups of t'19 

G-space X (defined ini3,1.5) 6an siailarly be couiputed. 

(using, only the E-S axions). For a contravariant coefficient 

syoten a, the cohoaology groups are as follows: 

l i ^ ( X - m) c=- rr^ {C^/\^\)/ Im ^ {Tf, - iT )̂ 

a 

Gr 

Where TT-, : >•« C & / 6 > ® ^ (Cir/G-; > m iG/G) , 
denotes taa projection on bbe ith factor i =• 1,2. 
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^3,2 Conotruction f equivariant singular Lao.aolOGy and 

cohODOlogy £:i....»ps. 

The conatruction ol equivaric.nt singular (co)hoaolo©^ groupc 

as given by Illjc.n is very nu£h analogous to that of ordinary 

(co)ho.nology. 

(3-2.1) Definition; 'An equivariant singular n-tsiaplex in a 

G-space X is a G-aap T: A x G/K > X for scxue subgroup 
71 

H of Gj v/Lierc A , is tlir standard n-cLuplex. v;o v/rite 

t(T) = rl and call xt the type oi" T. 

The ith lace oi T is defined as the equivariant singuler 

(n-i) siaplcx 

whore ĵ-i - ^^r, ''' ^ "n is a aap 

defined by ê n (̂ o' ^a > • • * ' " " ^ ^ ̂ -r.-!^ ~ 

for T:=o , 1 ^ ^ , 3 , . . * , n . 

(3,2.2) Let Zm denote the infinite cyclic ^roup on the 

generuator T , "vfacv^. T is an equivariant singular n- Siuplcx 

with type t(T) £ ' ^ 

A-^ <Q'iv <̂ î/-t ̂. 1 ; > dOL-ijtas the tensor product over the 

integers. 
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where, the direct sun © is taken over all equivaricnt 

sinplexes of fixad typo t(T) and the direct sua ^ Is 

over all T with t(T)^ are denoted by C^ (X^k) > 

k is a covariant coefficient systeu. 
^^ ^^(n , , r . 

Define homomorphisms^ 

by r - ^ i-.<^) 

-7 (-^ T-=0 

where a e. ]< ((^/^^^-p^) . 

then 'Si-,_, =-^^1 = o 7 so t h a t 

S^ (X;J<) = ^i';^ (x;k) ,?„} is^ 

chain complex. 

(3.2.3) Let -5'oa'̂  '̂  :h ̂ ^^ "̂  ̂  denote the set of all 

elements of C CX ̂  k ) that have almost one Qoordtna-te f 0# 

Now one defines a retstion "̂̂  in the set > t̂-,̂  

Let h:- ̂  ̂  ^ G / x ^ A >̂  G/Y! be a G^map 

which covers ^d'. A , ^ A 

#or> every x G i\^ ^ t he re i s a G-map 

h5^ : G/K ^G/K' defined hy h C<3K) tzTj V - ' ^ <̂  ^ = ^3^ ) * 

w h e r e , \^jr I ll^>. G/x' > G/K' 
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is projection on the second factor. Then one can show that 

the G-maps hQ and h'j are G-hoaotopic. 

Thus if K, K' ^ ^ ^ , it follow^ that 

that IS the G-EJap h induces m this way a unique homomorphisra 

from k(G/K) to Ic'(G/K* ). We denote this homomorphism by 

(3,2,^) IfJe define a relation '-N̂ ^ in Sr̂ iĴ  the following way. 

Consider two arbitrary eleaents T 0 a , T ^) a in ^^^ 

where T: //̂  n X G/K —> X and 

T' A n X G/K'—)X a r e e q u i v a r i a n t s i n g h l a r 

n-siiiiplexes be longing t o r^\ i n X, and 

a e fc(G/K) , a ' e k ( G / K ' ) . 

we def ine 

T (5ĉ  a r-N̂  T' î y a' iff there exists a G-map 

h : ^ r^^^ ^'^ ^ ~^ ^^n >' 6̂  / iĈ  covering 

'iJi '. s 1 ^ Cln such that T = To h and h^(a) = a'. 

Let L ,̂  iv-̂  5 **̂/ ^ ^ r, V '̂  "̂  V be the subiaodule 

consisting of all elements of the 

form / ( "̂  i (Jy'̂ i ''̂  T^ <S ̂ i y J ̂ ' *̂̂ '̂ *̂ ^ <̂*>' ajuH«rco« here 
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where Tĵ  ® "^T. ""^ "• Y ® S-i 

f o r ^ = 1 ,2*3 o. ^ 

one observes t.iiat the boundary homomorphis/ns 

restricts to 'S-n : C.^ C>^ , '< ) ^ ^-n_i 

and thus induces a boundary liomomorpaista Bn. - C^ ^'^j '^J • ^ ^ h -

where c^ic,k}=c^"5^^^^';tx^k). 

one verifies that '2>£-,_, oSĵ i _ o^ gg that 

o '̂'̂•> '- L "̂^ ^ ^̂  J IS a Cham complex. 

(3.2.6) Definition. 

The homology of the chain complex S C^^jk^ gives the 

equivariant singular homology groups of X with coefficients 

in k. 

Considering a G-pair (X,,A) and using the earlier notations 

and results one defineH a chain complsy S Ĉ ,̂'̂  ^ ) =-•? ̂ Tn ̂  ' y^^ 
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and obtains a ohort exact sequence of chain coaplexec 

/-̂  /"* /̂  

0 -^S (Avk )- ^S (X;k ) :̂ s CX,A;1C) __̂  ̂ ^ 

(3.2.7) Definition: The nth Iionology module o£ the chain 

complex S (X, A; k ) is defined to be the nth homology 

module > l ^ (K, ^h ^ ) ' 

(3.2.0) nem̂ rlc The homology sequence of the G-pair is 

obtained in tne standard way. 

The other axioms viz. the equivariant homotop/, 

excision and the diuiension axiom are proved by imitating 

the corresponding proofs for ordir>ary singular homology. 

(3.2.9) Reraark. 

The equivariant singvilar cohoaology theory with coefficient 

systeiu 'ra' i s cor.ctructed hy a procedure dual to the one 

described above. The deta i l s are availably in Illnian 

( see jjO] ->p 17 ) . C 5 ^ ^ <^^^<* nremarK C^.z.ik)). 

(3.2.10?) dei?.arK 

The coefficient systea, v/hich is contravariant for cohomology 

and covariant for homology, as used in the Bredon -1 Illraan 

equivariant theories can be unified using the notions of a 

I'lactcey functor as defined below; ( for details see i[2.S] ) , 
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(3.2.11) Definition 

Let G be a finite group and let G-set be the category of 
< 

finite G-sets and G-maps. 

A bifunctor K = ( M , M̂ )̂ : G-set ^ ^ - Mod 

consists of a contravariant functor Î  : G-set — ^ ^ Mod and 

a covariant functor K̂ :̂ G-set-^ -/^- i'̂od with f^^(Sjr: 

M (S), for finite G-sets S. If f: S—^T is a morphism, 

then M* (f) = f* and M^ (f) = f^ 

(3.2.12) Definition 

A bifunctor is called a Mackey f\mctor if it has the 

following properties: 

for each pull back diagraa in G-set 

T — ^ — ^ V we have h^^ = n T^ 

The two embeddings S—^S + T^—-T into the disjoint 

union define an isomorphisa 

T h e u s e o? MAS^CJ f<xr>t^ta* ^»tce.s it poSi-̂ We to pyeiferit l-UC>:,AjM) 

^n«t H (KJA')M) if^ Tfe usu^L d.'J^^L -f&sfiicm a^ cue. doe^ ^ ff^ 

tffyiNeveridnt parr ot H . 
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(3 .2 .1*3) Reaark 

For a c t i o n s of a d i s c r e t e group G, t h^ c a t e g o r y 6^ of 

I l l a a n ' s d e f i n i t i o n ( • ^ 3 . 1 ) c o i n c i d e s w i t h t h a t of B r e d o n ' s 

d e f i n i t i o n . ( S 2 . 2 ) . 

I f G i s d i s c r e t e , t h e n G/H e t c . a r e a l s o d i s c r e t e and t h e r e 

c a n n o t be any n o n t r i v i a l G-hotaotopy ; G/H X I > G/K so t h a t 

e v e r y G-hoao topy c l a s s c o n t a i n s a s i n g l e e l e m e n t and t h u s 

t h e c a t e g o r y (9. c o n s i s t s of G - s p a c e s of t n e form G/H and 

G-maps. 

( 3 . 2 . l 4 t ) The c o c h a i n g r o u p s Hon (C C^ <; 2^) ^ ^^^ ) of 

B r e d o n ' s t h e o r y ( d i s c r i b e d in - ^ 2 . 3 . 5 ) a r e i s o m o r p h i c t o 

t h e e o c h a i n g r o u p s c " ( K J M ) of i l l a a n ' s t h e o r y ( g i v e n i n 

^^-3 .2) . 

tie d e f i n e a map, 

i n t h e f o l l o w i n g way : 

Le t ffeHoD ( C ^ C K , 2 ^ ) , M) . 
-^ <( 

Then 6 J ( f ) t ^^(Kiivl) d e f i n e d by 

B{f) (T ) = f (G/H) ( T j ^ ) ^ J M C < 3 » / - H ) -

where T : / .X^-X-QG/H y K i s an e q u i v a r i a n t 
)-> H 

s i n g u l a r n - S i m p l e x and T„ : •c\ > K i s d e f i n e d by 

T^ ( x ) = T ( x , e H ) . 
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Now we show t h a t ^ ( f ) G. C^ (K ,M) 

L e t T : A " X G / I I ^ K and T ' ; Z ^ " x G / L ^ K be two e q u i v a r i a n t 

s i n g u l a r n - s i m p l e x e s and h : ^ ' ^ x G / H > A " X G / L be a G-map 

w h i c h c o v e r s Id : A 
# — 

n - > A " , such t h a t T= T' ho 

To show t h a t h f ( T ' ) = f ( T ) = f ( G / : I ) (T^ ) C M ( G / H ) . U s i n g t h e 

f a c t t h a t f i s a n a t u r a l t r a n s f o r m a t i o n , we s ee t h a t t h e f o l l o w i n g 

d i a g r a m commutes 

C J ^ ( K ) ( G / H ) = 

i Vr 

C „ ( K ) ( G / L ) = G ( K ^ 

ll^M^u{G/n) 
4\ 

A^ 

f ( G / L ) 
-> M(G/L) 

Th * —, : h u s ( 3 o 2 o l 5 ) h " f ( T « ) "^^^^ h * f ( G / L ) ( T J ) = f ( G / H ) h (T,• ) 

where T' : A -^ K*" i s d e f i n e d by 1^ (x ) = T ' ( x , eL) 

-> G/L< ¥, t £ / : i " , 3 a G-map h ; G/H — 

Now, l e t h:G/H ^ G / L be a G-map, t h e n t h e r e i s an e l e m e n t 

g ^ G w i t h g~ II g c L 

Such that h(xH) = xgLo Corresponding to this g G Gfj a G map 

f r o m K -^ K 5|) i s g i v e n by a j > g a c 
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Thus f ^ ' C ^ ( ^ L ) ^ ^ ( ^ ( K ^ ) Q i s def ined by 

S ( \ ' ) = 9TI 

From (3.2.15") we get 

h* f ( T ' ) = f(G/H)gTj^ 

= f(G/H) Tĵ  

; For , r h( t , e . . ^ = T ' ( t , gL) 

^VNd/? x 'h= T,So^T(t,eH)= T ' ( t , g L ) 

i .€. Tjj(t) = gT^ J. ' 

Wow, '̂̂® def ine a nap^as xollo' j 's ! 

Let -{ 4- C ^ (3^ 5tn) 

then ( ^ ( ^ ) e l4c-rr. ( C - n C * ^ ? ^ ) ? ^ ) i s 

ddfined by $ (-F ) ( ( 3 / K ) C ^ ) ri ^(<5"oT7,o^) 

\7here <5~. i^ - > X ^ i s a s i n g u l a r 

n - s i m p l e x , 3-1 cT CS^ > 

^ . . A ' ^ X 6 / V , ^ _ 1 ^ _ - ^ A ' ^ A 6 / e ^ . i3 induced 

by the G-nap t G/H > 'G (Sg- given by- ^ K --^gfe^ 

and TT̂  ; ^ ^ K ' ^ / ( j ^ > ^ ^ i s the p r o j e c t i o n on 

the f i r s t f a c t o r . 

I t i s easy to see thc.t <J3 o^-iO B arc in^tcrses of each o t h e r . 

Thus t h e r e i s an i s o c o r p h i s n c ^ i ^ i ^ j i i ; v—r'v^ 3 ^ 3 

given by f ^ ^ f» 

file:///7here
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This isonorphisn clearly preserves the coboundary operators. 

Thus we may pass to honology and obtain the isonorphisa 

(^3,3 The properties like fuiictorielity in tlie transfornation 

group, existence of transfer honitoorphis_is for both singular 

hoaology and cohoaology were established by Illaan. (For 

details see HO^ pp ^3-79). 

(3»3.1) The transfer hoaoaorphisg 

Let PciG be a closed subgroup of G such that the right coset 

spaces P \G consists of s eleacnts, that is 

Since P is closed in G, eaci point in ?\ G is closed in 

P-^G. PxG has the quotient topology froa the projection 

nap n : G -^ P-^G. It follows that P--G .zc.s the discrete 

topology. 

b.3.2) A G-nap f^ I ©(\A -~;^/,/, where H, H* are 

arbitrary subgroups of G, is said to be of ' type P '•'% 

if ^ f e K ) -=(oK v/here > € P. 

In this case, we have *}-[ d l^'^ r and hence 
> o o 

p,"^ -j-j ^ '^ i ^C\y\ ) |=> ' • Thus we Cc.n def ine a 
o 

P-aap 
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by the cond i t ion 

we have /^\ ( ("> ( PO H )) — \^-\^ ( P 0 H ^ 5 

where )D c- Y, 

The P-aap / o ! i s independent of t h e choice of t h e e l e a e n t 

b G- ^̂  and deponds only on t h e G-map /2> 

of • type P ' . 
ft 

For, i f /d>reH) ^ b )-/ , j^ C- P 

t hen h U 

and hence, P !, 1" ' > n y' — U v. f » i ' / 
/- ' o ' 

( 3 . 3 . 3 ) Any G-aap ^-3 : G/I-I — ^ G/H ' of ' t y p e P ' 

d e t e r n i n e s a P-nap 

V. 1 ( 

Let , j~' be an orbit type faaily for G and QJ\ be an 

orbit type faaily for P, such thc.t if H 'f̂ -ij, then 

H I" P (•= (j\ • . / 
Let k' and R bo *covarient coefficient systems for (f)l 

and (--̂  , respectively, over the ring -I. Let / \ k ^ k 

be a natural transfornation of transfer type with respect to 

the inclusion P ̂ -^ G, this neans that V H ^ -̂.j} Q 

we have a hononorphisn of left R-uodules 
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r 
/ \ l k(G/H) p k CP/pfM-/) 

such t h a t i f / 3 ; G/H —> G/K i s a G-aap of ' t y p e P*, t h e n 

the d i a g r a a g i l c ^ g ^ ^ commutes 

' / 

4 

-/ 1̂  (P /Pn i4j 

y 

' „ / (3*3.^) Let ( V » B ) be a G-pair and ( Y , B ) denote t h e 

'P;-pair o b t a i n e d by r e s t r i c t i n g t a e G-ac t ion t o t i e cilbgroup P* 

One c o n s t r u c t s a t r a n s f e r Lioaonorphisa i n t h e fo l lowing way. 

For each elei^ent Pg <̂  P \ G , an induced cha in -nap (Pg ) ? 

i.s deimed and fo r g C- &# 

a uap ( 9 r Q^, c ^ C N', B 
P / / 

-> C^Cv,B;k;; 

is defined as follows. 

Let T: <̂  y G/K —^ Y be an equivariant singular n-siaplax 

belonging to ^i in Y, 

Consider the cbaposite nap 

a X p / p 
to 

Where 

.-v-V...r^ ^̂ -̂ -̂/--̂ ^ 

t:> ̂  P ̂~/-, 
'^i-; ĉ 
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and |Ig]is the G-oap, which is a G-hoaooaorphisa, deterained 

by the condition C^](x, e(gKg" )) = (x,gK ). 

The nap J ĵ Ĵfn *. A^^ ^ P / P Hc^ K g ^ V 

when considered as a acp into the P-spaco Y' , is a 

P-equivariant sxngular n-Sxuplex belonging to ^^ in Y'. 

Now, one Bets • ' 

"Ft 'i^ 

where a C k(G/K) and 

isoaorphisa deterained by the G-hoaeo_iorp!2iBa Tul, and 

This defines the hoaooorphiea r-, / / i ^ 

( Q ) conmiites with the boundary hououorphisn . Also l-f fatp.lhen 

'̂ here r- , i P ^ ' i , , K 

denotes the natural projection. Thus for each elenent 

P'-j <^ P'^G, one defined an induced honoDorphicn 

('̂ 9) •• C'; (v.. i!), k) —^ c'' C,-; p.''. !<'j 
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representative for the right coset Pg. i.e. g e-Pg. 

The honoaorphiSQsQ V ^'ii * ^ X̂ ?"-'̂ '̂")""--'Ĉ ,'"̂ ^ ̂ w 

9r« "t]]]̂ Ĉ) chain naps 

r ^ ! \ 

^r a - ^ : S CY^8;h —^ S (^ 
v;8 deiine "~ jf 

' y 

to be the chain nap -^^I'^v.)^ 

V 1̂  induces a chain nap ^- ^ \ S CY-J^^K'!-^ - (y^^y 

which coLinutes v/ith the chain nap induced by a G--L.ap 

f : (X, A ) y ( Y,B) and its corresponding P-nap 

- ' . />;'' /s^) ^̂  ( \' ^pj) and in turn induces the 

hoaonorphisn 

Thus one has the following theoron? 

(3.3.5) 'Zheoren; Let P be a closed sub£,roup of G such that 

P ̂ G is finite. Let the covariant coefficient o/steas k 

and k for P and G respectively, be as above , ana let 

(\ : k — ^ k be a natural transforuation of transfer 

tj^e with respect to Pt_-^ G. For any G-pair ( Y, B ) Q 

We have transfer hoaonorphisas 

(^' ,^) : nS U. t.-'<) —. H''; (Y! iV; i<'} 
for every n. 
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These t r a n s f e r hoaonorphisao coLiQute wi th boundsxy 

honomorphisn and with liomoaorphisas induced by G-nr,ps. 

Ono now s t u d i e s the coapos i t e of t h e t r a n s f e r Liononcrphisn 

( ' ^ ^ - N A ) ' r/.-I-and. .. , - t h e honoaorphica ( L .̂  A ) induced 

by t h e i n c l u s i o n i : P '—^> G^ 

Let <i> : K ^ ic be a n a t u r a l t r a n s f o r n a t i o n v / . r . t . 

1 : P '—••? G i . e . ^ f o r each H Q- cjl , t l i e re i s a 

hoiaimorphisn. (b ! |< ( l - ' / H . - '"7* |< !^GO/T-C H / ) such t l i a t 

i d K '^V '• and cS \ P/yi^ > B ^ K ' i s a F-aap v/ith 

then 4^^ - - '-(•--^}$ 7 

where i {<^) [ <^Vi. ( p O ^ '^/-iL'^^) i s given by 

Let 0- ' 1< —-^ \^ be a n a t u r a l 

t r a n s for n a t i o n v;ith r e s p e c t t o t h e I d e n t i t y hoaoaoi'^phiSEi 

i d : G —i^ G. With t h e n o t a t i o n s as above, one lias the 

fol lowing t h e o r e a . 
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( 3 . 3 . 6 ) TaeorjD : 

I f for e v e r / H vc- "c^H, we .asaupe tLic,t 

f : ' - ' i / p O H —^ ( ~ / H ' 12 •t̂ T-3 -.-.atural i T O j o c t i o n , 

thcr; t i i8 coDpoGitE iioao3oripIiiDi-xi! : 

equa l s -8 'S ^ I , ^ xo t h e nvci'toer of e l e n e n t c i n t h e 

rigl^t coGet space P \ G , 

( 3 . 3 . 7 ) C o r o l l a r y 

If i'^• ~ Id, the coaposite equals uultiplicatior. by ^ . 

(3.3.8) The transfer hoaojorphisei in cohoaology ia dual to 

the construction in hoaolo ,7. 

.' for details See [10] pp 6! 1 

Let P, G, S^^j^, ^;\ etc. are as above and m' , m be the 

contravariant coefficient systems for "•.,)( and rji » 

respectively over the ring R, ~~~~ 

Let \ L ' m —^ m be a natural transfornation of transfer 

type with rospect to the inclusion P< ^G, then one 

constrjicta transfer hoaonorphisaSQ 
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(3.3.9) C r U K ) : H p C v . ' f t V - v ) — ) HliY,l^,rn) 

Now, l e t "f' ; >^y'^ —^ r>i be a natural t ransforaa t ion 

with reopect- to i :P •—? Q, (y : n --> n be a 

hodonorphisn froa tlie contravariant coeff ic ient systea a 

onto i t s e l f . 

We have the following theoren. 

(3.3.10) Theoren; 

I f for every H (̂  QT? , we assune tha t ( i I ^^' ) /^ - ^ 

v;here r » ^ / p H \-{ ^ ^/ \-i denotes 

the na tura l pro jec t ion , then we have for an / G-pair 

( Y, B) and for every integer n, the composite houoaorphism 

equals ,;:; 6 >. 

,5.3.11) ̂...- - Corollary <̂? 

If T̂* = Id, this coaposite equals multiplication by ^ . 

For equivariant singular cohonology with coefficients 

in a cooautative ring coefficient systeu, Illnan defined s 

kronecker Index and also a cup product, which is cliown to 

be cooautative. 
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We c i ia l l now give i n b r i e f t h s d e f i n i t i o n s of tlia fcronecker 

Index and t h e cup p r o d u c t . 

(3 .3 .12) D e f i n i t i o n of KronecRetf Index . 

A. p a i r i n g w of k and a , cova r i an t and contre .var iant 

c o e f f i c i e n t systems for c'^i over R , c o n s i s t s of a 

hoaoQorphisa of R-aodules 

such t h a t i f ^ • ^f^^ ^ ' ' ^ ' " • 

be a G-aap and b <̂  m ( ^ . / K ) 

t h e n ^ C b © c > C ^ ( a ^ ) :=. CO (o{''(h)&^C^)' 

NOW l e t C^ ^ C c A , - ) ^ - - ^ Ŝ ~ ^ ^ n ^ ^^> '^) 
G' ' 

(3 .3 .*3) D e f i n i t i o n : The Rronecker index of C and 

{f , denoted by , <̂  ".f" .> c T } e T^ -, i s def ined 

as fo l l ows : 

t^ , where V - 0 - / -=̂ - ^ ^ ' ^ -

o* - 7 Tc ®C»-̂  
I t i s a v/ell def ined homociorphism of R-modules 

IS 
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For -c e Cl('<>'^) , 'S C- 'J^'(^'k) 

one shows that the definition <(.C,0 ̂  — <C^'?*^/? 

where 0 <r •- o '- ' / ^^ ̂ ^y representative for 6 » 
0 
n 

gives a well-ddfined hoaonorphisa 

For a G-pair (X,A), the hoDonorphisin in (3.3.11) 

induces a pairing on the cohoaology level,, nanely 

(3.3.iM < >> ; H . (^'? A Un}^;i-i ' ;"Cx9/nK)-^R 

which is a hoaoaorphisia of R-nodules and v/e call it the 

kronecker index. 

(3.3.15) Definition of cup product 

Here we consider a cooiiiutative ring coeflicier-t systen • . 

Let T ; /^' ^ ^^ x &I/K > X , '< C- ' ^ 

be an equivariant (n+p)- Singular simplex. 

Let (A f-^ and y^ y, denote respect ively^ t l ie fro.i t i i-face and 

back n- face of A x <̂ "̂  / K 

where ^ ^ ( C ^ ^ o , ' ' ' • ' ^ ^ t ^ j j ^ ^ ' ^ J — 

a n d / 3 , ^ , ( (^t Q J , .; -̂ < n ') ^ ^j.< ) __ 
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(3*3.16) Definition 

For C e ^ (̂  

the cup product -̂ JC, 6 L ^^ - O^J 

is defined by <, 

(3.3.17) Renark 

For C (̂  -^(>^^. nr.) and C , ̂  C ^ ( X'yW-n) 
^ • (:si 

one shows that the cup product 

cue, c- ^ r ^ ^ ^ ' " ^ 
(3.3.18) gemark 

For a G-pair (X,A), and for C ^ ^ ^ (>^ ^n >'''̂ } 

and C , £ ^ - , 5 , ^ ^ ^ ^ ^"^ j 

we define the cup product 

cue, ^ 
' Tikis "defines a honomorphisa of B-modules 

(3.3.19) u : C ; (^,A.,^)® C".('<.A;-)-?Cj(^A,m) 

One establishes the following formula by standard calculations 
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(3.3.20) Sicuc) ~((^c)uc, i^(-Ocu(Sc,)-

that is, the homonorphisns U fora a cochain uap. 

Thus one gats a cup product ain the cohonology level. 

(3 .3 .21) Reaafk 

The cup product i s coonu t^ t ive i n the sense t h a t i f 

y Q l_f '^ (̂ X -A ; rn) and ĉ  ̂  ^ H ^ ( X , A ^ Os) , then 

(3 .3 .22) Reaairk 

7/e a l s o bave t h e notxons of cup product and t r a n s f e r i n t h e 

E i lenber^ - Bore l s e t t i n g of equ ivar ia r . t cohomology t h e o r y , 

which a re given below. 

Let ( r r , G, K) and (77 , G ' , K' ) . be t-./o a l g e b r a i c t r i p l e s . 

Then one has a t r i p l e ( T T X T l ' , 6 ^ ( > ) 6 n 5 i < @ K ) 

and t h e r e i s a map 

v/hich g ives a c ross product or t he e x t e r n a l p roduc t . 

(3.3.23) M ( K . c<.)r:^^-^ ^ ( .^6 ' ) 

ff X T! '' 
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One can define a diagonal nap 

where ~n acts on G ^ G' in the first triple fcy tl\e 

diagonal action. 

Hence, one has a aap 

TT X -;-. ^ - 11 

Conbining with the external product given in (3.3.23) one 

has the cup product pairing 

(3.3.2^4) H '-" (\y ^ 6-. ) ® H ^ , (>̂ 'o (^) ^ 
Ti • n • 

The transfer honoaorphism in the Silenberg-Borel setting is 

described afl follows: 

Let P be a subgroup of finite index in ' i and let 

K = C (X) be a T\ -complex ( c.f ̂  1.2) Let G be a 

K-nodule and r * (C (x) •; ̂ ,) ̂  ^ ̂ .̂"̂  (" T (̂ ) ? ̂ } 

be the cochain complex. One has the inclusionn 

inducing a map i ; {-| ( ̂"̂  ̂  6-̂ ) -"̂  '~^ p ̂  '̂  '̂  V 
n 

(3.3.25) The t rans fe r hosaomorphisn . 
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is dsfmad as follou's: 

Let u C: C ^.'^ ( !'. ', bi) and C 6 C^ (>•) " '< 

2 '̂' ̂  then '̂̂  u CC ) -̂  2~'̂ ^̂  J(c^""c) 

where -̂ ^ . ( is a set of left coset representatives o± P in yi 
c '3 

X is a rt -coaplex so c^^ L C & "K. One can s _jw chatrj 

the definition of T is independent of the choice of 

reprsentatives and C is a chain nap. 

î" induces a map , N 

•7-. M*Cl^,&) •> l̂-'p ('<'^/ 

which is najJiiral for equivariant naps of T\ -complexes K. 

(3.3.26) If ]~Tr : p j denotes fhe index of ? in Tl , 

that is, the nunber of eleuents ir> the Set ^ ^ • i » then 

the conposition 

C 1 ( < : fc) -- ̂  C ; C ̂- . (̂  ) ^ - n C^- ̂ 0 
i s m u l t i p l i e d by I r\ : P i . 

Therefore the definition of transfer by lUmann extends that of Borel's. 

0 3f^ Generalised equivariant Cohonology theory. 

A generalised equivariant cohô iClogy theory can 

be constructed using G-spectra ( c.f [SI IV.1 ) 

(3.^.1 ) Definition A G-spectrun is a collection 
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"/, ( Y ^ b- y \ ^ (^ <^ ^1 of G-spaceo, toge t i ie r v/itn 

e q u i v a r i a n t aaps 'r ^^ . 

Let- Y be a G-spectrtun and X be a G-space and l e t 

k - n ( K - f 1 . —1 

i S ^ 5 V k I denote the set of G-homoiopy classes 

of G-naps. 

Consider the hoaonorphisas ' 1 , , defined by the coaposite 

The groups ' j i- >̂ o 'KJ ' together with the 

hononorphisns T fora a direct systeLi. 

(3.^.2) Definition 

The nth equivariant cohopology group is defined as 

' k - — \- -] 

Now, D y , Y 1 ^ . -^ I X O v L) • 

I f X and Y a re G-spaxzec, l e t F(X,Y) deriote t he space of 

a l l ( b?S3 po in t p r e s e r v i n g ) naps f roa 7 t o Y in tl^e compact 

open topol2)gy. F(X,Y) i s a G-space v;ith t h e follox/ing 

G-ac t ion , 

I f f: X ~̂-̂ Y and g .^ G, we get q(f;r-'f^ .^^lf[~^ ^ij 
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p 

The set F(X,Y) of stationary points of G on F('A,Y) is 

just the set of equivariant japs froa X to Y. 

Let us v/rite F(X,Y)^ = E(X,Y). Let X be locally cozipact. 

Let S(X,Y) be a spectrua consisting of tLie spaces S(X,YCi ) 

Then fron (3,^.2) we have 

(3, 

.en iron {j>^'i,Z) we nave 

.4.3) \„(BC^^V) ^^^ ^U^^^'^^^l 

If ACX is invariant under G, then for any G-cpex-: W, 

there is the follovJing exact sequence 

where CA is the mapping cone of A. If (X,A) ic a pair of 

G-6oaplexes then XU'CA hao the same equivariant homotopy 

type as does X/A. 

Taking VV-* -~ J <̂  ' r, -f k ^̂ nd passing to the liait 

over k , we obtain the f ollov/ing exact sequence on the 

category of G-Coaplexes with base point, 

0...5) HN^VA^Y)^H;('<'I)-^M^^'I)^ 

Since, there is a natural isonorphisn 

-^ ^ --^ -- -̂ ^ ? we obtain a natutal isouorphism 
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Tiiece coanute v/itli '̂ '1 , Iience def ine a n a t u r a l 

xsoaoi-'piiiOLa 

* u ^ f x - Y l ^ TT^'/s^/O 

TiiuQ '"•' , L ? 1 / def inec an e q u i v a r i a n t cohoaology 

theo ry on "V"! (tlie ca tegory ox G-Co-i"lozos w i t c oaoe r^o in t ) . 

( 3 . ^ . 7 ) rlenarR In Chapter 4 , wa - j i l l r ive a RO((G) s t a b l e 

v e r s i o n of t h e above concept . 

V -^'^ __TIie s p e c t r a l sequence for ar- egiAivariarit coliOLiology 

t h e o r y 

Let ? ^4! «, o "̂  r be any e q u i v a r i a n t colionology t-ieory 

and l e t K be a G-Conplex of d i - enc i cn N < oO I f & i s 

not f i n i t e ^ t h e n we s n a i l assume t h a t ^y\ s a t i s f i e s t h e 

follov/ing asrion: 

(3 .5 .1 ) I f S i s a d i s c r e t e G-set witli o r b i t s S , t hen 

i s an i s o a o r p h i s n , where ' ! S —•> S i s t.^e i r . c luo ion . 

Let ^ K 3 be a sequence of G-sub corole^jos sac . t_iat 

K = K^, t h e p - s k e l e t o n of K. 
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Put 

b <^-o 
^ 

^ 
P 
Pj^y Pt^'i /^. (--nV'^''( K "N 

Then the escact cohonology sequence of the pair ( K , K ) 

provides an exact couple: 

V:. 
-̂  D 

\ 
B 

The differential ô  is the composition 

. H ^ ^ ^ ^ ^ ' ( K ' " K ^ % e 
I 

C^\.v&n b^ Thii ^xac t toujplA. 

and the spectral seqnencs cor-verges to the graded group 

"̂  

E^^^^-M 

Since /K 

associated with tiie filtration 

of T' ' ^ _ ^MK^"^^ (k:) 

where, -> C p i s t he p1^^ suspension of t h e d i s c r e t e G-set 

C; , Cp i s t he s a t o/^j^^ p _ e e l l s ox i ^ V <̂ er>oTiS ^^^^xiv-L b . , . P<^t. 

Thus, 

a/ 
. E '= '%'7r" ' - \c / l - ; ) -)r(c;): . '^^^r) 
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Let ĵ ,j denote tiie coeff icient systen defined 

by b5(GAl) »^^ (G/H)3 fo r any equivariant map f:G/TI —^ G/K 

\0ne •C£L€§?£3 ^^ isoaorphisa 

on to Bredon's 

equivariant chain groups, 

and v e r i f i e s tiiat under t i i i s isoaorphisa the d i f f e r en t i a l 

csl. . t*. / t^ becoraes, upto sign, the 

coboundary. 

Thus we have: 

(3.5.3) ^^p ^uicr^uV, 
cohomology group. 

v ^ , the Bredon's equivariant 

(for d e t a i l s see [3J }̂'(̂ PP IV,10 ) 

' The spec t ra l sequence converges (when dioi K < oO ) to the 

graded group associated with the above f i l t r a t i o n of 

(3»5»^) For any equivariant cohoaology theory ^ f^ ^^ J 

and a G-Conplex K v/ith dimension N <C<^ , there i s 

a spect ra l sequence with F*̂  ^ -x. y^r~ ^•'^ ^ '^ / which 
2. Or 
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converges to ttvo graded group associated vritli soae 

filtration of ̂ -^^'^(K). 

(3»5«5) The classical uniqueness Taeorea 

Suppose f^ is an equivariant COIIOUOIOQ,/ tlieory satisfying 

the diaension ajcion. 

Let h <̂  Cl ̂  denote the coefficient syston defired hy 

h(G/H) =^°(G/H) . Let K be a finite diacnsionaX 3-cociplex. 

(If K is infinite, we assuae that tne condition (3«5»* ) 

is Satisfied.) 

In this case, the spectral sequence degenerates for r >5.2. 

in fact, 4'^^ JH|(K^^; , ̂ ^O 

It follows t_--at ^ (K) ̂  M ^ (K ^fi) 

and the isoaorphisa is G.io"\im to be natural. 

Thus tnis is the only equivariant cohouology t.ieory having 

coefficients h. For general h G- CI.^ , h is tJie coefficient 

system of the cohoaology t.ieory E„ (K|h). tnat is t'̂ ero is a 

natural isonorphisa n(&/H) ^ I-Î  (G/-i; h ) • 
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C . 1PT3R IV 

RO(G) Rfadod equivariant (co)homoloRy. 

The advent ol equ ivar ian t Dtaol3 f.^ouotopy (Sogal e t c . ) 

gave the mot ivat ion Xor the developuieat of equiivariant 

co.iOLiology taeorieG wiiicli are c teo le in t l i ic ^sr .eral oe t t i i ig . 

Hquiveiriant K-tiieory and equivariE,nt cohonotopy theorieG 

provided suci exaap les , using ou i t ab le G-apcctra, Tlie ordinary 

co2oniolbgy t f e o r i e o deccribad i;o J03 l a s t cLi£;ote.fO do .-ot coje 

w i t j ^er .eral isod s t a b l e c i a r a c t e r . Tliere i o , tr '-5refore, a need 

t o devolop suc'i a t . ' 'eory. 

Tns conotruct ion o:? cuc!.-̂  a tr.oory ic ur.der v/e,/|_30 J . TL-,O 

purpooG Df '. to c i a p t e r ao t o give a b r i e f repof t on t ' ' e 

vario"io l a c j ^ of t a e tlOffi) t'-radod ordinary co'̂ 0,101033'" t.-oory, 

We give a b r i e f 3^'plar.ation of t.io ter..i ' a t a b l o ' descr ibed 

above; i^idicate tLie iioefulneos of oucli a. t>eory; and tlio 

c t a t ao of i t c c a l c u l a t i o n . 

In b l we give t i e d e f i n i t i o n of c tcb lo equ ivar ian t hojo^opy 

groxpo and t d s (co)aoaology t-iaory given by t>iG. 

In (^2 we give t.^o noceooity ox 'laving a 'IO(G) graded 

(co)- J iology theory ( Poincare d u a l i t y ) . 

1̂ 3 IS deveted to co-e r eou l to demonstrating t.ie 

\x03.:nlooad' of saving an j;iO(G) graded (co)Jiojology 
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( 

(conner cor.jacture) end aloo a r.acecoar/ cor.dxtlon ( in torias f 

Ox traaioxer) , ol t. a e;cxator.ce of a:. AO(G) graded (;o)l*o:iiology 
I o e o r / . 

In ^ 4 v/e xncl\cat8 a l ina oT const ruct ion ox t.ie ordinary 

j'lO(G) - graded (co)iioraolog/l tneory . 

^ ^ ,1 Stable equivar ian t .aoaotopy groups. 

(4 .1 .1) Def ini t ion ( L̂ -BH ) 

Let G be a couipact l i e group. Consider tlae clirected category 

of couplex G-aodul83 U. V , W , %Q 7 / rx t aV<W| ] u? t'^ere 

e x i s t s U and an isoaorphissnTJ" 0 \ / ' = ' 1 / / . Let S =" V LZ-fô  r 
1 - -

be t a e one point coj ioact iJ icat ion of V wit") CO as base 
po in t . 

Let X and Y ba pointed G-spaces a.'xd l e t rx ,Y] „ denote 

t'oe se t o£ G-.-^oaotopxc pointed G--iepG; X—>Y . Suppose 

V •< W and C'looce an isoj:o_"pMsn O ? ̂  L X q ^ v = ' \A/ . 

To eacli object V of t_i3 category, we assoc ia te tlie se t 

S A ^ ^ S A i j and to an / marpiiisu - L l V — ^ W assoc ia te 

t.~_o suspensioi oian JD^ j. M^XC- i s t^.e conpocifce 

CsVx , S^vn-^i^Cs '̂ S AX ,S>£>Y] 
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where (1) io trs st^spenoion v i t i i lcl(S ) . (2) io induced 

by t'zB c anon i ca l LiomeoLiorp-iisa S A S ^ S ^ and 

(3) i a induced hy t h a xsomGrpliisa CP t U . < © V ^ W ^ . '0 -̂3 

can o'lC;/ t i i e t b » . , , i s xndcpondent of t h e cnoice of Cl> and 

Tho d i r e c t l i m i t of t h i s eynten i o de f ined t o bo t h e s e t of 

o t a b l e e q u i v a r i a n t mapo, <^5*Y's- " -

T.^a 

{^^i _ has the structure of an abelian group. This group 
iG denoted by co C^^Yj-

O 

Let us def ine 

r TT. V V L-i 

(A^ ( - , - ) a r e f u n c t o r s ( for morphismo (X,Y) — ^ \?^;Y J 

^ 2 1 ( T ^ ' J V - ) •'•̂  d e f ined i n t h e n a t u r a l v/ay) 

C0i..travariar.t , i n t.iQ f i r s t c o o r d i n a t e end c o v a r i a r t i n ti'io 

cecoi'd c o o r d i / f t e . Tiiece f a . i c to r s w i l l be used J:o aa f ine 

hooiology end coboaology t h e o r i e s i p ivnat fol io-i /s , 

"Je now give t.ie d e f i n i n i t n o n of' a ( s t a b l e ) spectrum ( £2L3J/ ) . 
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( i i , i , 3 ) A cpectrui.i coi o i c t c ol t i s fo l lov/ i r : ; d a t a : 

(a) A po in t ed G-Dp?.co X 0 -0 ^ ' - - o r sc-C-. co -pl'j.z G-jioCu-'ilc U, 

(b) A p o i n t s ^ G-::ap g^f^^v '̂  S ^ / V X ( V ) ^ " X ( V N ^ ) . 

v/Konaver W i ^ ' 'L : (_0Y 

(c) A p o i n t e d G-lio.^otopy ac;uival9r.C9 h{VV,V)i '̂-(V) —> ^''-00 » 

t a e :toilov7ing c.:^io-o . 

So X (W) de : j CJ I V- i. L_/ only o.". t."e xc;o.zorpAiCLa CIJXC'L; O.? \J 

( i i ) i ; n cxd U ' s-re i co , :o rp^ ic a. d k : ^3 ^ S^* 

i c t i 'o ::iap ir.ducad by a:: i c o . / o r p i i o a , t a s n tl'^s I'.ollowir.^;; 

dia^raoG era co ; „ .u t e t i v9 upto p o i n t e d G-ao_:3tcpj'". 

u sV\X(v,) JS 

^ V J . 

x(vO 

err) 
?72 

(W)_^_!^.^_?^^^G'/VA^V©W) 

N / 



lie ' j i i l vio-r c o n s t r u c t (co/.ic_:ology t h e o r y given by a s t a b l e 

G-spectrutn X = ( ^ ( u ) , T ^ j V ) 

Let X and Y be t-jo poi-'-tecl G-spaces . Consider the 

suspens ion map as t h e composi te 

l_s A X , X ( V ) A Y J Q > |_sASAx, S A X ( V ) A Y J Q 

o 

(2) ) [s" ® Vx,X(W)AY ] ^ ^-jy-^ [s''AX,X(U)AY J Q ^ 

i7here the map ( l ) i s suspens ion v/ith l d ( s ) , t h e map (2) i s 

u V ,~ U'DY 
induced by t h e c a n o n i c a l homeomorphism S />» S = 3 ^ 
and (3) by an isomorphism U 0 V £ W« 

Vith t h e s e maps bC->T> the G-homotopy s e t s oT po in t ed 

G-maps Is AX; X ( V ) A Y J „ form a d i r e c t sys t em. 

( 4 . 1 . 4 ) we denote X Q ( X 5 Y ) = iTm [ s ^ A X ; X ( V ) A Y ' J ^ 

j \ ( X | Y ) c a r r i e s a n a t u r a l s t r u c t u r e of an a j e l i a n g roup . 

I t i s c o n t r a v a r i a n t in X and c o v a r i a n t in Y. 

( 4 . 1 . 5 ) rje d e f i n e . 

XI (X;Y) =Xo (S"" XI Y) , n^O 

= lim f s ^ A S ^ A X , X ( V ) A Y ] ^ 

Q 

"X̂  ( - , - ) satisfy the following axioms of an equivariant (co)icmology 

theory, unstable if * e Z and stable if * e RO(G) ( see ( 4.1.8) ). 
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F i r s t VG r s c c . l l t i s ei^.^xvariai-.t (co) lonolOc^y t o o o r y ao 

'Gtacl.i3d DO f a r . 

Lot G-Com dG.-ots t.iQ C c t e s o " / oZ poxntod opaceo v/iixcli 

ac'^xo t.-̂ o G t r u c t u r 3 Ox a poxi'.tad G-eojiple:;^. 

Let ' A b e l ' be t n e ca t ego ry ox Abelxan g roups , 

( ^ , 1 , 6 ) An unstv-ole eqa ivorxan t homology t a e o r y cono i s to oZ 

a ooquencQ Y 'H-n i"^ ^ LL °^ c o v a r i a n t f u n c t o r s 

4^ ; G l - u r m ' -^ Abol and a saquence of n a c u r a l 

t r a n c f orcaationc ' —--̂ -. 

sach t l i a t t _ i e ' f o i l citing h o l e s : 

(1) n i 3 i ioaotop/ xnvarxant , 

(2) < ^ i s an isoinorphism (Euspension isosiorphism) 

(3) Tor any map f i."^^—^ Y xn G-Co„i , t h e saDuence 

xs o z a c t . 

We nov/ g ive t h e axioms of an e q u i v c r i a n t ( s t a b l e ) 

(co)i ioj iolog/ t a e o r y . ( f-^^H ) 

' (co)horaology 
(Ai,1.7) A s t a b l e equivarxar l t [_ "• t a a o r y , graded over 

•an. e.belicn group</{y. cons l o t s of fcae fol lov/ ing d a t a : 
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(a) L ::r....il7J -i,_, U ^ A ^ 0:1 covarici'-t iunc-ooro 

-7̂  Al3 3 l . 

- , j . J t i J (b) i. lioaoLiorpIiic::! : R(G) —^J^ fro.: l:.;ic (c.dclitiva 

of ::"--oJc;'japlo;^ raprccor-tcticr. r i n g 3-(S-) tirloj!^ 

(c) 7, bo-onjrpliiSL: ;; ^ — - ^ c A 

(cl) fD;r cac_- couiplo:: raprcoontc t ion \'", a fc- i l / jf natizrci 

t r r r c f or aat i one V 4i^(x)—>i.^,^yCs""A^),'^c-A 
(J ^ i > ^ 

(0) iw fa- i l / of .'-atvjral tra_-.cf orr.ationc 

TL19CG data oat icfy t i e fcilo'/i.-.g a::ic-:c: 

(1) for caca ^a Or A ( "^c^^-n^-"^ V^^^Tl) 

ar.fi ((3^^^-j^ 1 ' ^ ̂  ' S ^ "°^^"" "''̂ ' ̂ f'̂ "̂̂ ^̂ ^̂  lioaology tlisory 

-A/ ( i i ) 6 

(cta'Dilxty) 

a. i-J c -_ icc".or Drxo. ( cuopsr-Gior. by '/ ) 

( i i i ) T.12 diagre/r'. below is commutative 

^ X A ^^) 
cr 

" V 

->^^^w^^'^^^) 
, ^ X i ^ V 
o 

^-/ 

^ t L U V ( S A X 
TJ V 

->4i^ , . r , .ASAS/lx) 
'c^+UfV 

http://ar.fi
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T* - •-̂  P -i r —r c nn L (iJv) V.io Lli£.^re(V! below is cc^^mutative 

-K^(X) î5 , ^^^^ (SA-X) 

t cr 
, v . 

^|/6' "V 

^ . . / ^ ^ • ^ ) 
'^^.l-rV-CS^^^^'Ax) 

\ ^ ^ 
^ . 
m c< tV-r 1 

'L A / 
T -K-

T^ to induced ]:)y t j c owictii.fi -:c.p 

T: 
V - 1 

(v) I f Q ^ V . t a a :Zollowir.s die-graa io co: -iratr.biv: 

^^^ Cx) N / 

.-V, 

-̂ M.V V= '̂ ^^ 

T:IO iGOL:or^..iiG:i (*) io i . .auced 'oy c::. iaoaorp"; ion L I — ^ V 

. ., " . . . . M . :v 
ana oha corrGCooriQir.g aonsoiicrp-^ioii o 

(^i.1^0) :iGaa--.-c.J 

V 
1. O-.e ma/ tlii.rZ': c i (5" ao d c i i n i n g a r:ati,irr.l ic;o„-or"pl'ic. 

•n^2i') -̂"̂ ^ 

o'. -i-n 

\A-TTn 

file:///A-TTn


2. ^quivariant uriCtatola or s tab le coaoaology t i ieor iss are 

defir'sd in tl-je obvious dual vJay. 

3 . Sqaivaxiant c tabla (co)iiomology tiieorj^ for a pair ('A,Y) , 

where (X,Y) ca r r i e s the s t ruc ture of a &~coapl3K zind a 

subcooplex i s defir.ed as -^ (TX'JY) — ̂  ^^/"V^^ 

I The iiomology theory of pointed spaces i s cr.lled a rec'uced 

homology theory and i s denoted by i^ C'^} J ' 

4 . I f '.'/e take ^ = RO(G),the r e a l represeiitatioL- ririg of G, 

then tJQ corresponding (co)iiomology theors^ i s ce l led an 

aO(G)-graded (co) hoaology. 

JtXi aO(G)-graded (co)homology theory corresponding to a s table 

spectr'xa ( 3'{V) , Qu,v ) i s defined by 

[__ See ^ 4 , 1 . 4 for the def in i t ions of ^j^'^ C ?—) J, 

(^,i«10) Reaarks: 

1. The defiiAtion of an unstable e^uivariant (co)h'OJ3 3logy 

theory given by aa unstable G-spectra has been described in 

Chapter I I I . 

2. I f we tai<e the G-spectruEi BU{V') '^^ &®'^ s table 

equivariant K-theory. 
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3« I f we tako tlTe G-spoctrum S(V) (the &piiero spectrinn) 

we get s tab le cohoinotopy theory, 

k. The Dtable G-spcctruin for ordirx.£.ry (co)honology t.20or7 

i s s t i l l in the process of construct ion aid x/e on l / give 

a sketc-i of i t and the usefulness of the coho::::ology 

theory given hy i t , in the r e s t of the chapter . 

^ 
k»2. Poincare dua l i ty in Bquivariant Category 

In t h i s sect ion v/e v/ill describe the necescitj^ of having 

a RO(G)-graded ordinary (s ingular) (co)ho:3ology theory, 

(^.2.1) The necess i ty of having a RO(G)-graded sir.gulrj: 

(co)honiology theory i s best described by the fol'-Ov/ing 

problea: 

To develop an equivariant analogue of Poincare dual i ty 

theoren (1^) which s t a t e s tha t 

I f M i s coapBct ê nd oriented then H^I c::=^ B. -M. 

To obtain an eauivaxiart analogue, we need the notion of 

an or ien ta t ion of a r e a l G-vector bundle "T , such as the 

taL.gent bundle of a saooth G-aanifold, 

Lot T h be the Thora-complex of ^ , T ^ i s 

obtained froa the t o t a l space by one point compactification 

of f ibres and i den t i f i c a t i on of the result ing, points 

a t oO . 



I f tlie base space of ^̂  i s a point then > i s a 
^ y compaciificatioa 

r e a l G-representation V and T f' i s i t s orie point^S . 
I f the base space i s an orbi t G/H, then i ^ ^ i5i ^ ^ J'̂ ' 

Let Rp ~ be a r ing valued coiionolo:;/ tiieory on 

G-spacec. If Y i s an li-space then by Bore l ' s de i i n i t i on 

of coiioaoiogy ky^(y^) -\c^ ( Y H ) ~^Q, ^ ^ ^y^^ 

gives the associated cohomology theory on Y. 

Mox'/p a Is. - o r i en ta t ion of r i s a cohonology c lass U.„ 

v/heT»e M. ̂  k/^ C T f ""̂  5 whose re3 t r i c t io r , s to Them 

COiiiplexes of base o rb i t s G/H are ' g e n e r a t o r s ' . 

This de f in i t ion i s meaningful only v/_ien 

kg (S ) i s free v/ith one generator over k— (S°) . 

For general Zt -graded cohoraology theor ies t h i s i s not 

t r u e . So Bredon's theory developed in the e a r l i e r chapters , 

whic;-̂  i s an integral l j^ graded cohomology bheor / , i s not 

adequate to develop Poincc.r%''duality. 

The RO(G)-graded cohonolog/ theor ies cone with 

suspension isomorphisms ^ 
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and G-reprGD^ntatlonc; V, w.^are 2i ^ m ' ^ / ^ S « 

ac v;3 'iav8 oeen in the lao t coction<, 

Iloro g e n e r a l l / , or.o -lac an ac:.ociatad lioQDlogy t. iaory 

and the re OJCO icociorpaionc ^ ^\j 

and ^^C6.Vx„Z^) = E^-w-T^Y) 
for Cl-cpaces Y and I-I-reprecertation T7, v/liors T ' io tlae 

taifigent l i - reprasenta t ion ox G/Zi a t eH. 

For sucli t a a o r i e c , tlie notion of a k^- or ie r . t a t ion of a 

r e a l G-bundle T aaliec good sence , because 

the Stable equivar iant suspension isomorphism 

So, K V ^ y i s f ree on one~gehGrator 

over krr (S^) . 

* 
Tl'us , a k^-orxer. tat ion of the tangent our-dle of a smooth 

G-aai'iifold iriplioc! Pcir.care d u a l i t y eicactl / aa in the 

nJ:I3C;aiveiriant cass . 
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^ 'i>'} UsefulneBO of RO(G)-graded o rd i ro ry cohotaology 

and conditxono ol i t s ex i s t ence 

,^0(G)-graded ordi i .c ry co^ouology iiau proved to be q u i t e 

uooful xn g iv ing easy proofs of deep r o o u l t o v/nich wefo 

c e r l i e r proved uoing dx l f e r sn t and lengthy tool-'niqueSjxor 

cjccaple tr-o follov/ing t-ieoroi^ has an easy proof us ing 

R0(5)-grcded o rd ina ry ccljaoaology t heo ry . (See Q j ^ ) 

(^•3«1) Tjioorom Lot X bo en o rd ina ry G-opc-ce and 

H be a closed subpi ouo of G^ Tf : X/H ——> X/G be the 

n a t u r a l p r o j e c t i o n . Then lo r any cooffxcient group R, 

t . iero e x i s t s a n a t u r a l t ran&fer honionorphisa 

sucli t i a t C . T) io n u l t i p l i c a t i o n by t h e 'Sulor 

c n a r a c t e r i c t i c ' ^ ^ ( G / H ) , I t has t ' le fol lowing consecjoencQ, 

(^w3.2) Coniior Conjcct^ore 

Let X be fx ra to dxcetisional end have f x n i t o l y aany o r b i t 

t y p e s . 

(^i.3.3) geuarfco 

(i) TbeoreuG (̂ .3,1) and (k,^,2) were first proved hy 
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Oliver using cecii cohomol&gy and t o t a l l y d i f ferent 

tschiiiques. 

( i i ) I f H has f i n i t e index in G, a def in i t ion of a t ransfer 

v/as given hy I l l o a n ( See ^ 3 • 3 4 ) 

Now, v/e give a necessary (and suf f ic ien t under 

ce r ta in conditions) condition (in terras of t r ans fe r ) for 

tLi3 existence of ordinary 30(G)-graded coiio-nology theory. 

Let B be a closed subgroup of G.onbed G/H as a G-subspace 

of a G-representation V. 

Let T be the tangent H-spaco of G/I-I at e£ and v/rito 

V » T 0 T as an H-space. 

The Normal G-bundle of the enbedding G/H <—^ i s the 

project ion ' G x -.T —^̂  G/I-I. ~ 

and G X .T , may be embedded as a noraal tube in V. 

Applying Pontryagin - Tioo^ Construction, one' obtains a 

G-nap -L 

(4.3.4)-t : S^ = ,e - / \ ( ^S C Z S r A ^ S 

^ {-Wnf ̂ \ s."̂ -

Let n : (6r/H)A S ^ S ĝ ĵ Q projection. 
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:-Iopf's tjseoren i np l i e s tha t the degree oi tiTs coaposite 

V \ V 
iT̂ t : S 7 S is the 3uler charexteriDtic 

Consider the Br^don cohoaology :-!„ ( - ; M) witii coefficient 

c/stsu M. For I-I CI G there is e. honionorphisin 

MC-^) : H(6r/6r) ^ MC<S/H). where i : G/H ̂ -^ G/G-

ic the inclusion. 

Now, (-M c&/n) =. 1H^<: £6^/H)''> J H ) 

Suppose tha t Brecon cohoaology ejrfccridc to aa RO(G)-graded 

cohoaologj'' theory . 

n̂d f{_f / S ° , M) ^ •R')'(S^-iM). 

T̂ ê G-nap t : 5 } ( ^ / H ) A S 

induces a honoaorphisnn 

(̂ .3.5) t"^ : H((^/H) - ^ H ( 6 / G ) 
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S i a i l a r construct ion sl'io^/s tiie.t: 

(^.3.6) Tile or en. I f tiae Bredon coliomology er-tonds to an 

aO(G)-graded ccbonology thon tlie coeificieri t systaci 

M adiiits a t r ans fe r iioaoaorpiaisa^fj^ 

f : M(G/K) ^ M(G/H) _,wlien K d H <^ Gf̂ i 

sucl^ tt iat i f i : G/K <•—^ G/H i s the inclus ion Dap taen 

l:oM(i ) : M(S/H) ^M(G/H) i s the mul t ip l i ca t ion 

by 3X^(H/K). 

i'feis cor.dition i s also suf f ic ien t for tlae ei^itension of 

i-Ij, ( - ; M) to an AO(G) graded coiioaology theory ( for 

su i t ab le M ) . 

(tor d e t a i l s see fjl^l ) * 

J ^'^ Bquivariant aO(G)- grq^ded singular (co)'aoaolOpy 

Refer to the H,0(G)-graded colionology t.'ieory 

defined in t e r a s of s table G-spectra in ^ ^ . i . The purpose 

of t . : i s sect ion i s to indicate tiie speci f ic s t ab le 

G-spectruEi vJiiich w i l l give r i s e to the singular aO(G)-graded 

(co) ."•-onology, At tiie end of the sect ion we w i l l give a 

l i t t l e more e x p l i c i t def in i t ion of RO(G)-graded (co)Liouology 
» 

tor ew(V)-conplexes as given by Waaler C^^-^] ) • 
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( ' i .^-1) To f ix notat ions l e t us indicate t'sio s tab le -

equivariant categories vJe w i l l work ^Jitii and r e c a l l t . 

t J 3 defi:.;ition of Bredon's equivariant cohoaology in tLiis 

tier.8re.l s o t t i n g . 

Let \J =• 0 V ^ wiiare V. i s tJ.e sum of countably 

many copies of V. ar.ci I '^ l \ rvs'.o tiirougii a sot of 

represen ta t ives lo r tb.a i r reduc ib le r ea l representa t ions 

of G. 

A G-spectruQ Ê  i s a co l lec t ion of based G-spaces SV 

indexed on the f i n i t e dimensional invariant subspaces V 

of U together with G-hoaeoaorphisas 

£ V S / ? - ^ CV-fW^) , fQ^ y orthogonal to W. 

Maps E —> F are co l lec t ions of G-maps i3V —^ PV 

coapatible with the given homeonorphisas. T-Ionotopies B'XQ 

families of saps parametrised by the unit i n t e r v a l . A map 

i s a v/eak equivalence i f each fixed point aap:(BV)^—> (FV)' 

i s a v;eak e^iuivalence. 

The s table category HS^ i s obtaiiiad froE the hoaotopy 

category of G-spectra by adjoining foraal inverses to the 

v/eak equivalences. There i s a notion of a G-CW spectrum, 

and HS^ i s equivalent to the honotopy category of 

G-C¥ spectra and ce l lu l a r naps, 

( See V^J ) 
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(^ .4 .3 ) Let 'S* denote t h e f u l l sub -ca tegory of HS^ wi th 

ob jec t s G/I-I'̂ A S. 

(̂ .̂ •̂ ) for a G-spectrun Y and an integer n, define a 

Mackey functor U =TT Y on the category such that 

where s" = ^"g.. 

(̂ •̂ •5) Definition 

Consider a G-CW spectrun Y with nth skeleton Y^, 

Define C Y =71 „ (Y"/Y""^) . n n ' ' 

t / Y i s a wedge of G-spec t ra of t h e fo rn <a/H '̂ ^^ 

Then Ĉ Y i s a complex i n t h e a b e l i a n ca tegory of Mackey 

f u n c t o r s . 

( 4 , ^ , 6 ) D e f i n i t i o n 

The c e l l u l a r co chain coaplojc i s do l i n e d by 

C"*'(Y|M) = Hoa (C^Y , M) 
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Pacoins t o Lioaolos'/ ona o b t a i n s a Zr -g raded cohonology 

ti-_oor3'- .-l'^(Y;i'I) on G s p e c t r a , v/itli c o e f l l c i e n t c t n II. 

that is ^ I-i°(Y;Ii) io r e p r s c e n t o d by an Silor.bor^; 

Kacila^Srp opoctrua 'K(M, O ) . 

Tlio IIO(G) gcaded t h o D r / , detor.-iinod by K ( M , 0 ) ex t ends ' t i e 

Zc-graded c e l l u l a r t l i eory H (Y;i<) t o an /IQ(G)-graded Bi-edon 

cohoBiDlogy tvitli c p e f f i c i e n t c i n M. 

( ^ . 4 . 8 ) RoiiiarRs 

1 . Wo >.avo a dual coi ' .c t ruct ion o l RO(G)-gradcd aomology 

t - i eo r ieo H^ { YIB) \i±tj. c o e f f i c i a n t a in c o v a r i a n t 

f.vTCiors . -*̂  ' © -—^ -^'t). 

2 , For f i n i t e G, 'Q i ° s e l f - d u a l and t hen tJie tz/o 

k inds 01 c o e f i i c i o n t oyst-^ac a r c e q u i v a i c n t , 

3» For gene ra l G, a q u i t e dir_crei . . t Icind o:C S i l e n b e r g -

r^ac Dr-ne spectri.i^ Ii(lJ,0) r e p r o s e n t o t hece ftonology tj^eoriec-

\Vc now make litllc more oxplii.il the definition of RO(G) -j^radcd 

(co)homology of a G-C\VtV) Complck . 

http://oxplii.il
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(ii.k.9) Def in i t ion; 

Let *2AlDQ the ortadgonal G-nodule, (rv5)^^ v/aeris RG io 

thG r e a l group algebra er-dov/ed v/itli i t s na tu ra l inner 

product . 1/e wr i te V <^t - l , ±f V io a f i r . i t e 

diacnGional G--.invf,ri£nt sub..:~<?lal3 o : ? * ^ . 

Ii: V ^'^TA. , then a G-CW(V) coaplex i s a G-space X 

v;it-i a given docouipooitio-i :; = Colia X^ cucli t h a t 

(1) X =^JLLG./H^; i s a d i s jo in t union 
V *̂  f 

Oi G-orbi t s , where V i s a t r i v i a l 3^-aodule for eac i l)', 

( i i ) X i s obtained fron x"" by a t taching c e l l s of tiiG 

fora Gx-TD(V-a)jWhere H i s such t h a t V has a t r i v i a l 

n -d i jens iona l sumnand as an H-aodule, and v/here n «• din V-n 

D(U) denotes the un i t disc in W <'^LX . 

('..^:.iO) Def ini t ion 

Let 0 denote the category v/hose objects arc the G-spaces 

G/H for H C G and whose morphisns p^xo giver, by 

where the subscr ip t + denotes the addi t ion of a d i s jo in t 

bacepoint . 



- 96 -

(^.^1,11) Do£in i t io r . 

Let K bo a G-CW(V) Complex, tlion e. d i f f o r e n t i a l l y graded 

c o r t r a v a r i a n t cystc^i i s givon by 

I ! 

-a 
v;hore 13 ** d i n V p 

and W i o l a r g e onougli to c o n t a i n a t r i v i a l n-dii:i9noioflal 

QuauieLnd, 

Tlic fol lov/ing p r o p e r t y of c o n t r a v a r i a n t and c o v c r i a n t 

xvmctors iiaC! boen used t o cor .d t ruct cocliain and caa ln 

coLiploxes. 

( ^ . ^ .12 ) I f T and S a rc |ContraVar iant a d d i t i v e func to r s 

T I G—• -> / lb , S '. Q ^Jlb ^ and 

T" \ f^ 7 Ab i s a covc.riant a d d i t i v e functor 

tj.er. one may forn tj.o a c o l i a n ' g r o u p s Horn ( T ? S^X"^^^^^ 

:-Ion _ ( T, S ) -ij, tiie so t of a l l n a t u r a l t r a n s f o r n a t i o n a 

from 'T —t S i n tlio c a t ego ry Q J 

• and -rg)T = Î TO^/H)@ TrG/ji) 

jwlioro we def ine f iu^j t ' - ^ - t (x) t^ t ' 

jior t £ T" ( G / J O , t ' S T (C-/H) 
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id for c. siorp'^isa f : G/I-I - ; G/K i n tlie cat 3gory ^ an 

(k,k^±3) L)e:?initiori 

UGij::g r e s u l t , on (4 . ^ .12 ) and c"ons'icioring f : 3 co-^travariar-t 

coe fx i c i en t systaa- C ^ (x) (dGxinsd ir. (^: .^,11)) 

•aihs cociiairi and ciiain coaplssreD ara def ined roopec i ivo ly ' ty 

C*(X,T ) = Ham ._ C C w ^̂ C?<"-) ., T ) 
0 

(̂ .̂ .14) Definitions 

t̂• 
By passage to hoinology of tlia coctiair. co-zpl^x C (X,T ) 

one aef irsG tLie 0.0(G) graded co'^ojiology , 3-f (X^T)-
6r 

S i m i l a r l y ^ iioaology of t l ie cliain coniplG:,̂  C^ 0̂ 5,5=) ^G '̂̂ i-'-e' 

f i 3 RO(G)-graded ho.^ology Z^. (X; T ) . 

(4 .4 .15} I'/e g ive belov a l i s t ox ba&ic pi-opart ioo 

RO(G)-graded s i a s a l a r . cob.onolocy ( 112^3 ) 

( i j 'DiaariSior. a x i o a ' 

JI^ ( a / d , i ) a;' T (G/H) for oact: 2 O G 

Hp (G/H ; T ) = 0 ^? n 7̂  0. 
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(2) H r ^ / ^ -y T ) = K ^ (.Gn/K ' T ; 

and T I K ^S T I;̂  ragarded 

as a coefxicient s/3ton for K-c rb i t3 . t-^ers 7^1 K i.ec.o 

V I K 6 R ( K ) . 

{h) 'SuDpansion lor^orp-iisn' 

wjiare t i e reduced colioaolog/ j i a beced S--c;':c3 JX' i^ ^iven 

by tlie iiatural construct ion _-ig((3";,-Jie) ; T ) for p a i r s . 

(5) -"Q C^; T ) has a uatural uocule s t ruc ture over AC6) * 

(̂ i.(G) i^ the BEirtisuifi- r ing of G ) . 

T.ie detaxlc oi a i l the e/oov^ cj_.cfc.c-actlcnsanc- tr ,eir 

proper t ies wi l l appear in [30 J 

loaarK 

The RO(G-) grrded cohoaoloc,y theory devoiopod abcvs 

( in ^ 4 . ^ , i 0 ) i s r e l a t ed to Bredon coho_iolo,;;,7 as ^ J 1 1 ; - / C : 

Let *^ denote the catogor/ whose objects are those o.. 0 

aE\d '.Jl">ose morpjisas are toe G-uaps ; G/tl —^ 5/K. A coptra-

var iant systeu T : 5* ^ i.b , i s a Bredon cor.travariant 

http://or.tr
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v i a tliG ±ncl-..sion ^ ' •> 0 • 

I f a Rredon ss^-sten ''" t ^ ^ ^ f c ^ oBltendc -':o a 

c o n t r a v a r i a r t (Macksj'") c y s t e a T : (9 ^ ^^ j t r s n 

t h e Bredon cohonology v/itii T coexf ic ie i r to a g r s s s . / i th 

H - ^ f X ^ T ' ' ) for n $ ' ^ upto ng/tural isomorphism, 

(^ ,^ ,17 ) Reaark; i.s fa r as t . ie coapu ta t ions of tJia 

RO(G) graded cohonology r i n g s a re coiicernsd we 'ce^va 'jha 

follov/ing in format ion (see T̂ SH ) 

Let A b e . t h e c o e f f i c i e n t syc t eu given by 

A (G/:-I) = A(3) ^ U(H) Burncido r i n g of H) . 

H^ {jl.',A ) i s t i ie e q u i v a r i a n t analogue of t-ic ordinexj' ' 

i n t e g r a l coaoaology. 

o 'Dhe coapu ta t ion of t h e HO(G)-graded cohonxilogy rir^g 

G Hp ( }3"t ; A ) for an a r b i t r a r y G i s :;id@ open. 

Per G a f i r . i t e group of order p (a p r i u e ) 

S t o n g C j ^ i i ^ ) "'has done t h e c o a p u t a t i o n s . 
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