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PREFACE

The (co)homology functors are standard tools for
dealing with topological problems and they have been quite
effectively used to prove classical theorems like non-
retractibility of disc into its boundary, the Brouwer fixed
point theorem, nonexistence of vector fields on even
dimensional spheres and so on. The following two results
are potable in the sense that they demonstrate how effectively

L)

(co)homology theory reflects the geometric situations.

(I) Hopf- Whitney Extension theorem

If Y is an (n-1)-connected space and dim (X,A) < n+l as

CW-Complex pair, then the extension problem

19

X

2NN

TN
N

A —m>— Y

has a solution if and only if the algebraic problem.

G T ()

| —
A 4 —
Hn(A'TTC%Y)) < n ‘>ET?N
L < (Y, TrptY))

has a solutionoe
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(11) Hopf Classification Theorem.

If Mn is a closed, connected orientable manifold and Sn the
unit n-sphere, then the homotopy classes of maps [M,Sn],is
bijective to Hn(Mn s 2 ) =2 5 and that degree characterises:
the homotopy class of maps from M to Sns/&here are extensions
of these results for finite CW-Complexes by Hurewicz using

homology. The culmination of all these is the following

3

(A) Classification theorem : If X is a CW-complex and K(TT ,n)

is the Eilenberg Macclane Space of type (TT, n) then <there is

a one to one correspomdence [;X, K(Fr,n)] — N R IO

After all these stories of success of (co)homology
functors in Algebraic topology, as long as one ignores the
problems involving internal symmetries of topological (or geome—
trical) objects, mathematicians naturally started asking in 1930ts
how much information can these functors give about the internal

symmetries referred to above.

Although the study of internal symmetries of geometrical
objects had alrgﬁﬁybeen initiated by Brouwer in 1919 with his
famous existence theorems for fixed points of transformations of
objects, the study of such questions using (co)homological tools
was pioneered by PsAs Smith im 1935, Apart from mere existence
theoremes of fixed points he also gave the (co)homological
structure of fixed points of periodic transformations on Homology

spheres,
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It is the above work of P.A. Smith where so called
equivariant (co)homology. functors were first time introduced
in algebraic topology in the study of the internal symmetries
of geometric objects., Before we proceed further with the story

of equivariant (co)homology let us introduce some formal

terminology.

Let ,Q be the category of topological spaces (or Cw-
. Eq
complexes) and continuous maps. Let be the category of
triples (G,F, X) where X € on sy G a topological group and
Psq ——— Au‘tp (X) a homomorphism of G into the group of
) } '
§ -automorphisms of X . A morphism from (G, , X) to (G ,P yX )
is a pair (h,f) where h: G —> G' is a group homomorphism,

fs xra __* X! is a morphism in /e ’Such thet Foe(g): \”(41(9))-{.

If we fix a topological group G, then we get the subcategory

’QG of ,QEq.

Given an object (G, £ , X) of ’QG’ one gets a continuous
map $ G x X ——> X defined by (g,xxv) ——3 f(g) (x), such that
(1,x) ——> x and (g,(g', x)) = (gg', x)e This is called an action

of G on X. We denote £(g) (x) simply by gxe
In this case, X 1is called a G-space.

G

}
Let x¥ = {xe X |9Xx =x ¥ ge£Gt, this is called the fixed

‘ g™

point set of the action of G.

Let{Zx € X , then E_ = {-gx ] gc G} is called the orbit of x
r



%h is called an isotropy subgroup
“ homeo

of Ge It is wellknown that G/Gx A E, ¥ x€X.

The set G_ = gec |gx =x

The set X/G ={Ex I X@X},is called the orbit space of X.

By orbit structure of the triple (G,f , X), we mean the

structure of XG, X/G etc.

Since, A“tjz (X) describes the internal symmetries of the
object X and since the action of G's on X are intimately
' related to A"tJZ (X), hence the terms action of G on X and

internal symmetry of X are used interchangeably.

In the study of the internal symmetry of an object XE‘OQLZ ’

the basic questions which one tries to answer are 3

Q. (1) what is the orbit structure of X ?

]
Q. (ii) what is the structure of Hom Eq ((Gy £ ,%), (G',P,X')) 2

With reference to these questions let us now come back to our
survey of the evolution of Equivariant (co)homology theory.

P.Ae. Smith considered (?PJ’ £, X), where X is a homology sphere
(that is periodic transformation on homology sphere) and studied
the orbit structure of X, Using (co)homology groups H ;Kx) based
on P~ (co)chains (where § is some specific member of \ﬂZ[ng} )

he determined the structure of XG which again turned out to be

*
a homology sphere. H F(x) may be called Smith's Eguivariant

cohomology groupse.

Then it was Eilenberg who gave a similar definition of

*
equivariant (co)homology groups Hg (X) of a G-space X and
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preved that fot a sufliciently nice based space X and a system G

of local coefficients on X one has an 1somorphlsm of H,(X 1 @)

( homology with local coefficients ) with H, l( X )( X, Go )

where G, is the [ibre of over the base point, (see dctails about
local coefficicents in Steenrcd [Zﬂ] , whitehead [25] ), X is

the universal cover of X; and qu(x) is the lundamental group of

Xe This was a turning point in the study of manifolds, sincé using
this notion of equivariant (co)homology, one can talk of fundament:
class and Poincart” duality of anonorientable manifolds. e (e tRP2

(real projective planc) is nonorientablc and that

2 o, 75
IIO(IKP 1 Z) =32 , H (Ih ;2 )= Z RIE 112(IRP

2
;i Z )= 0

. C o 2
but if we consider Z with nontrivial TT1(1RP ) = Z/ [ action
giving rise to a locual coelficicnt system gé (twisted intcgers),

then
75 .2 Lo
(Isz;o?j, ) ';ug/w (s%52 ) = udD
- ~ ’/’){ .
ul(IRP?;oé ) = i”/(s Z) =0

o
o 55
o (IRP%; X5 ) Qligl’“){sz; z) =12

Note that 82 is the pnivevsal covering spacc of lRon These
equivariant {co)lomwolegy +thecoriecs were cffcctively used in
defining Steeured operations which in turn enriched the structure
of (co)homology vings \3ee [16] ). Smith's results gave rise to
investigations which wyepldced homology spheres by more‘gcncrnl
spaces and er p by more gemeral grsups. For not so general groups,
(se~ (8] ) affirmative genzralisations were obtained and the

(co)homology theary used for such studies is a variant of twe
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earliegyequivariant (co)homology theories. This is defined by
Borel. One associates with a G-space X , a fibre bundle

X — X, —eme——3 BG, with fibre X, where BG is the classif-
(EG x

ying space of G, XG@

X)/%, EG is the universal bundle

cver BGe Then define HEQ)&’ :(EL(XG). (co)homology structure of
%*

XG, X/G can be determined in terms of He (X)s (see che. I for all

these results and [4] for details.)

The equivariant (co)ho@ology theories considered so far
gave sufficiently satisfactory answers to questions Q(i) above
(although not completely satisfactorily see [8] ). However the
answer to the question Q(ii) involve the general equivariant
obstruction theory for which the equivariant (co)homology theories
developed so far were not adequate (for particular types of
actions on particular types of spaces however one can develop an

obstruétion theory see chapter II and [5] ) e

In order to overcome this difficulty, Bredon introduced
an equivariant (co)homology theory which extends Borel's definition
and which is defined in terms of chain complexes which are
functors on the orbit category of a given group Ge This functor
is defined in terms of ordinary chains of fixed points sets of the
complex by the subgroups of G. (see chapter II and [5] for
details). Using this (co)homology theory Bredon could develop an
equivariant obstruction theory as mentioned above and succeed in
proving an equivariant version of the classification theorem (&)
mentioned above. This (co)homology theory satisfies Seven Eilenberg
Steanrod axioms, where, ofcourse, the dimension @xiom kas to be

of a specific form involving G/H instead of points as in the . 35 --
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nonequivariant cosce Morcover he established that this is the

only(co)homology btheory satisfying the satid axiomso

Bredoﬁs cohomoloygy gygroups arc howcver defined only (or
finite yroups G and G-complexcso So Illman put this theory in
the singular G-equivariant setting,wherve G can be any topolog-
ical group, retaining all the good properties rclierred to above,
Illman's theory rvestricts to Bredon theory for finite groups.
(see details in chapter III and [10] ) . All these equivariant
(co)homology thcories developed so far were yreded over integers
as in the nonequivariant case and served thc purposc for which
they were constructed. llowever as soon as one asks whother an
cquivariant version of Poincare duality can be developed in
terms of the avoilable ordinary (co)bomology theories, onc cncoun—
ters a difficnlty which stems from the fact that ithe availablc
cunivariant integrally graded (co)homology theories doecs not
satisfy stability (suspension isowmorphism) with respect to arhitrary
represcutations VeRO(G)o (ioc. abscuce of on isomorphism of the

P4
* = * 4V
kind HG(X) — HG+ (SV/\ X), herc sV is the one point

compactification of V)o In order to remove this difficulty one
should first of »ll define a RO(G) -~ gradcd (co)homology theory,
and then it should sotisf{y the good properties needed to have

’ -
equivariant Poincave duaiity.

This kind of RO(G) = graded (co)homology itheorics were [irst
introduced by GoScgal who defincd RO(G)-gradcd K—-thcory, Similarly,
RO(G)-graded coliomotopy theory were developed by Kosniowskioe Finally,

the RO(G)~gradcd ovdinary cohowmology theory has bcen developcd by
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May, Maclure, Steinbergh, waner etcs extending’Bredon‘s theoryo

The details are yet to be published.(sec EEEEfer 1V and [ifj )

In this dissertation we have elaborated upon the above
survey and collected at one place all the equivariant (co)homology
theories developed till date, which are otherwise scattered in the
literature., In addition to this we have tried %o pin point the
relative mcrits and demerats of the various théories mentioned

above, which will be helpful to the future workers on the subjecto

i
ve now give the chapter&ise arrangement of the dissertation.

\

Chapter I 1s set out in the following faghion. ,We begin by
giving preliminary definitions of G—complexes and the'definition of
an equivariant category in B 1.0, In §‘1°l we give Smith's
definition of eqguivariant (co)homology groups and their applications
in studying the structure of ffxed point set, In 8 1.2 we give the
Eilenberg's definition of equivariant (co)homology and their relati-
onship with (co)homology with local coefficients. § 1.3 contains Borel's
definition of equivariant (co)homology groups and some of 1ts
important aiyplications - in particular, 1ts application im studying ?
the orbit structurc of spaces, generalising the Smith's results, as

far as possible,

Chapter II ii devoted to the DBredon's definition of equivariant
(co)homology. In 8B 2.1 we introduce equivariant (co)homology theory
ané in 8 2.2 we define suitable cecfifcient systems. Then in § 2,3
we give the Bredon's construction of equivariant cohomology groupso

8 2.4 is concerned with the equivariant obstruction theory as developed

by Bredon. In 8 2.5 we describe, in brief, the equivariant obstruction



cocycles for a free G-complex, using Eilenberg's equivariant

cohomology as given by Tom Diecke.

Chapter III contains Illman's definition of equivariant
cohomology. § 2,1 conteins some coﬁputations of equivariant
(co)homoloﬁy groups, using only tﬁe,existence of equivarfiant
singular (co)homologyltheory. § 2.2 ie devoted to the comstruction
of singular (c;)hbmology theory. § 3.3 1s concerned with the
construction of various notions liﬁe tranmfer homemorphism
Kronecker index andlcup product as defined by Illman in the
equivarintt settinge In § 3.4 we give a brief description of

generalised cohomology theory.
S 4.1

Chapter LWAbegins with the definition of stable equiva=-
riant homotopy groups and the (co)homology theory givem by
this. Then in 8 4.2 we enumerate, in brief, the necessity of
having a RO(G) graded (co)homology theory. § 4.3 is devoted to
some results, demonstrating the usefulness of having an RO(G)
graded (co);omology and also a necessary condition of the
existence of such an RO(G) greded (co)homology theory. Finally
in § 4.4 we indicate a line of construction of the ordinary

RO(G) graded (co)homology theory.
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LAPTER 1

Survey oi Bguivariart oréirery(Cghomology thzory of

P.h. Smith, S. Tilerberg aund L. Borel.

Let Q be the cetegory wnot2 objectt are
topological spaces ( or ce-couplexes) and wiode DOrprisng
are continuous mapS. Let/QzEb»be tae category »f trinlzo
(G, F, X) where xe;oEQZ7G is a topological group and
f t G-t /@ (), a homomorphism 02 & irto the groun of
Q?-automorphisms of X. A& morphism from (G, £, X
(Gi f’ﬁ X' ) is a peir ( h, f) where b: GH> G' 1is a group
homornorpnisn, £: X—X' is a morphism iquand

£.£¢3) = Pl @)

If we fix a topologieal group G, tien We get a subcetegory

,)é?é}of ‘)é? Ecv.

We are irterested is-studying the ornit structire
of objects oszzi. The purposs of this chajpter is to carvey
— r")

the netinods of P.A. Smith and Borel o Study tresSe giructures
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using suitable notions of (co)homology of thece objcocis,
which are called in the literature ac eguiveriant
(co)houwology tieories. Our emphasis will be zore om tho
various ways im waich thesc ejuiveriant (co)ronology
theories were constructad by Smithk, Tilenbarg, Borel and
otarers and to study hnow effectively they were used thon

the agplicalions themselves.

Toe chepter is set out ir the following feshion.
In é 1,0 we will give tac definitions of G-complexes
and G-cw complexes. In § 1.1 we will briefly descrinse tac
metnods of algebraic topolegy as used by P.h. Snith in
getting an exact seguence which involved the introducticr
of certain eguivariant (co)honology grougs, andd the

- - - . 4
interesting corsSeguences of tais exact sequence. In QL2

o

we introduce the Bilenberg's definition of equivaricnt
cohromology groups and indiéicate his result zbout the

relationship of tihic eguivariant (co)aomology group



¥ith the ordinary (co) homology roup uith local eoefficients.
%1.3 will be aavoted to the introduction of Borel's
definition of an ecquivariant cohomology theory. §1.4 will

be devoted to the applications of Borel's equivariant
cohouwology theory, and its relative werit over the earlier

definition of equivariant (co) homology theories.,

él.o G-couplexes and G~€W conmplexes

Most of the time we will work in the category of
G-complexes and G-8VW cowplexes. We give below the

definitions.

(1.0.1) bDefinition of a cell couplex ([T22]1)

A cell complex K on a Hausdorff space X is a
. n
COlleCtlonK ={‘e«‘} n=C,1,2, ..--...,9(63"}
of subsets of X indexed by non negative integers n, and
for each n, of running through some indeX set Jn. The
set q: is called a cell of dimension n, The cells nust

satisfy the conditions which are listed belou:

The set K" ={e‘:; re¢n,xedrt , aso

o
. -
is called tne a-skeleton of K. ¢ take £ = ¢
n
vet 1K® = Ue: , ana for eacn cell e,
ren

~e Jr
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N e ry - | n
t o | ¥ l = tae boundary of e
le edn X 0 A
0 -
N N n . <. n
— — = the interionr of e

/
We roguire XK to satisfy '

n
(2) x = U € =} K|
N,

(v) é%:ﬁ N E%gzq 7é CP ::é} n=n and.«x::{ﬁ

(¢) Zfor each cell tihere is a map

-t

n
eu( ’ | :
17— (80D

o
o . . . = s .
waricn is surjective and wmaps |)' homeomorjaically onio

Or)

éif . The maps %; are called tae craractasristic wans
n
of the cells e .
* &
m ) h'f
The cell & ig called an i:@edlate‘face oF %; }
o m
e mé-:’”;éch-
[b X T

I

(1.0.2) Defirition of e CW-Complex ([27])

!
A eW-cpozlex X on a space Y 15 a cell coamplex
L on A patiofying
(¢) X 1sclosure finite ie. each cell has only a finite number .

2f iamnediste Tfaces.
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(e) X hes the weak topology induced by £ 1ie
SC X is closed iff St"\eit1 is cloged in ¢ for each
2,8

n,O( L4

(1.0.3) G- Complexes ({5])

Let G be a finite group. By a G-Comrlex we nean a

CW-Complex X together with a given action of G on X by
cellular maps such that for g &€ G, {XQK { g(x)=x} is
a sub-complex of X. This definition of & G-comvlex i85 Que

to Bredon ([§], PI-1)

(1.,0.4) Definition of a G-cell comvnlex ({24

Let G be a torologicael grous and ¥ be a G-space. 4 cell
compliex X on ¥ is said to be G-cell complex 1if (a) the
orbit space )Q/Z& is a Jausdorff space.

(b) G acts cellularly ie. @€K => ge €K v 9¢ G

(c) /every point x of an open cell e has the same
isqtropy subgroup denotad by He. In{Qparticular, each
bca;undary point is fixed by He.

(A) If g 1is not contained in He, then ge 1is
disjoint from e. ‘

(e) <the topology of the subspace G& is the
identification topology deteruined by the induced

G-creracteristic map,

G\fh(= /U o (Jde Fh)) : GaxAh-—a) GecX



~ <4 Ao 2
aaore AL G o< X —YX  is e fixed topoldgical kent
n, n - . ot o vemen
G-zction and f A e 15 e cunzracterigtic map ox
e,

(1.0.5) G=CW Couplex ([293)

~

A G-Comzlexr (¥,K) is 02id to be G-firite oouplex, if iv
O osmm e V0

hes only finitefloumper &f G-cells

The G-cell commlex cloSure of a suvSet S of |X’ dznoted by

G X(8), is defined to be tao G-orbit of X(S) whaich turns

out. to be the smallest G-inveriant Subcomplex waich contains
| .

S. Here X(S) denotes tho ceall comdlex closure of S, wiaich
is defined to be the smallest sub complex which contains S,

|
(1.0.6) Definition

4 G-=cell counlex (¥,K) 1s celled 7 o  G-CW coxzleu, if

1t satisfies the follosing two cocaditiong:

(G-c): G closure finiteness.

This means thc G-cell comglex closure cf cach c2ll G3{(e) is
e G-i¥inite complex which is sguivalent to tac conditicn thet
he induced cell complax structure onm the orbii space X /G
15 closure finite. In another way, tae cell complax closure

“(e) of each ccll has intersection with onl, finite

nunber of G-cells



(G=W): G- WeaX topology.
That is. X hes the identificetion topology with raspect

to the onto G-cinaractepistic aep of X,

GE_ E‘XZ_[_[_&.XA)<AG/\)——“‘9X , waere

Ex i5 topologised 20 & topological disjoirnt 3nion.
J : By condition (e) of (1.0.4)
tnic topology coincides uith(tnc weaak topology witha respoct
to tac closed coverimg %\Gue ; e ¢ G K ’S' . of
¥ and waen X onas this topology tho orbit space i{/?}, hes
the week topology wito respect to the charecteristic -eps
£/6 (= Mof ): & 5 8/6 C X/ -
(1.0.7) RIEMARKS

1. A G-cell complex is tho G-équivariant version of = cell
complex.
2., when G 1s a compoect group end a G-9pace X is
Jaus-dorff then so is tha ordit spaceX/Gy.If furtier
X 1is 1Ist countazble, then ¥ 1is & G-CW comaplex if
he induced cell coaplex structure on tha orbit spoceX /G
is a CW-complex structure. ( For deteils sez [24] )
'3, When G 1is ; compact lie groun then the condition
(a) of (1.0.5) follows frou tiae corditions (b) ant (c)
for a cell complex waich is alcc & G—sp;éc

( for details [29] )



- 7 -
4. Wnen G 1is e finite group, a G-CU complex itseli must

be a CW-complex.

Thus the definition of & G=CW Complex is . reduced %o 4

~

- @ G-space which aes a cw-sStructure Satisfying the followir L&
conditions:

o
(1) & &cts cellularly

(ii) for each g¢ G, the g-stationary subspace

% xX e X’ gx = X,k forms a subcomplex .

This is the definition of a G-complex of G. Bredon
( Cof (1 .0,4)) .

4

dence a G-cv complex is = generalisetiori: o .the concepl of a

G-complex of Bredon.

§1.1 Saith theory, Smita seguence and its important

Consequences

Let G = 1%, (p o prime) and X be & reguler (#)
G=Coxplex. Let L¢XK be an invariant sub-cordlax.

Consider the following elements of +the group ring Z/pG:~
%6:,*"3‘*%*""""1’3

(%) By a regular &. Gmples

here we mean & gimplicial G-

simplexes ¥ elosea . ( cee Te1 ,Ti51).


http://Strnpfex.es

Then one can ez8ily see that &6 T =0 ="T§&

and (e P — &

Then ( JSee £191 ) with the given G-pair (X,L), it
is possible to associete,
* Lol N .

34P (k,l-s Zp) 9 P:'t9¢$1ngnsmma

way taat tnerg are natural Smith exact sequances (with

tae Smith Coaocsmology groups

coefficients in ZP )
EREIN) PROSRIEN H?(‘K,L)-——-—}H (K,L) —

h oG & il ‘
H? (KyL)Y@ H (K L= HF“‘*;L/

— . s s+ 9 where
— b -7 G G
P =T o =xTnL , I <
denote tne fixed point sets of L , K mespectively. .

n
These smith groups ,H P(K,L),measure the nontrivielity of

the group action in the sense that taey disanpear as goon

]

[

.8 the ecction becowes trivial.

Using these exect sequences one obtains the following

results:

cletn %

(%] IH;(:K’L‘,'Z/?) =" Hp (Hom (PCUK,LZp) g Zp)) , where
PC(KyLyZp) is  the chain  subesmplex of C(K,L}Zp) oblained
by ta.k(n% P tronglalee 0f the ehalns of clkL;Zp),

( see €1, is1),



(1.1.1) Ranx foroula

IT G =‘ZP, ( p, & prime ) end K 1is a finite dimenSional
! . .
reguler G-complex and LCX ' 18 &an invariant sub-complex

. i, g e _-
taer for any integor n 20 ent any F =T R 1 & L &P 1

vk H;‘ (K4yL) + Z2xrk H (x™ 0 )

aL> n ‘ .
- £ Twk H" (K 5 )
g L>nNn v )
where rk d 0 (X) denotes the dimension of B T (K) as.a

vectorspace ovear ZP . Uoing tuese renk foraula one cen

crove the next result.
|

(1.1.2) Buler caaracteristic fcrrula

1r Tk HCK,’L»',ZP><00 and X i¢ a finite
dimensionesl regular G—complex7 LcX 1nvariant sub cumplelx,

tien G
e (R,L) + (P-DK(KST) = PA(K/G,L/6)

In particalear,

% (k50) = KK, L) (met B) -
where N (](,)L) - Z(."')L'Yvk }-]L (1{71.."') ZP)

-~ o~

using thae ebove rank foraula and RBuler chorecteristic fornmula

onie onteins tine following classicel results due to P,A., Smith:
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(1.1.3) Cohomology Sphere theorem

If G is a P-group (pghbrime) and if K is a finite

n .
dimensional regular G-complex such thet K'F~JS [that is

* *
H (K; z%):zli(sn 3 ij]p then

KG’W?/ Sr, for some r, -1 &£ r £ n

(where r = -1 means K¢ = 4 ).

(1.1.4) Classical Disc tueoren

If G is 2 P-group (b, a prime) and K is a finite

dimensional regular G-complex and LK an invariant sub-

\
complex such that (K,L)"“F{Dn, Sn—l)

i.e. H(X,L; 2,) =0, for i #n
and H"(K,L; %) ~%

for some r, 2sven-

tnen (k%, L%) — (0", s*71)

" ."‘#

1t b is odd, then n~r is even,

§1.2 Eilenberg's definition of e uivariant homology

and cohomology ( 263 , (71 )

Let X be a space on which a group %l acts.



1t $ETI and W Acv...;jc is a singular g-sioplax
] >,
in X, we may define -3 TR Ve X
> OV

ooeult) = @.ult) , ¥ £ € A

The action of 1| on singuler simplexes is extended lirearly
to tne action of |1 on tae singular chain complex C*(X)

do that the latter group becomss a |} -module. lioreover, one

shows that tihe boundery operater © connoutes witih the
action,so that stx) is a complex of [J-modules.

Let G be a rigat T] -mocaule and Q(G,X) aenote
tae subgroup ¢ &) C 4(X) generated by all eleients of tae
form g?@c- (3®€° » where Q€& 6-,€€“U and
ce C (X)-
Fone *< ) l / C. Cx>:G'®C"(X)
form the complex Gll @-n a3 @ ngx)

Tae boundary operator of G X C*CX) rnaps’ QC&DX) into
itoelf, 80 induces an endomorphism © of G@_‘TC*Q&)

Thus  Gp ®Qx0§) is a chain complex.

(L.2.4) Definitjion: The homology groups,
]

H"V (G ®'ITC‘*6<)) of the chain complex G @WC*OQ

are Talled - the equivariant homology groups of X

With coefficients in the Tl -nodule G, Hc;;T'CX; 'G,).

. . - . T .
Sizilarly, one defines tne equivariant cohonology

grouns.
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Let G be a left I} =module. The group of operator
homomorphisns HomTT(ﬁkb()’GQ is a sub-complex of the

cochain complex Hom (C, (X), G ).

(1.2. 2) Definition : The homolagy groups of HomTT(G*(X),G),

Hq (Homrﬂ(c*(x), G)), are called the eguivariant

Cohomology groups, Hg (e 3)-

If (x,xo) is & path connected space, and if G is
a 10cal system of groups over > (which is & covariant
functorg from the fundamentzal growpoid to the category of
groups) then TT,QKaxo)operates on G(x_ ).
Converselyywhenever TTICK;;bBOperates on some group GO
then there exists a local system of groups G Sikch thet
G(xo) = G, and the operation of 516?<,xb) on G(xo) is the
given action, -

So,whenever X is a path connected space with
an action of Tufx, % ), and TTéx, %) also operates on
a group Go, one can construct Eilenberg's equivariant
(co) homology groups HII (x; Go) (or H*ﬂ (X; Go)). One can
also define H, (X; G) where G is the local coefficient groups
determined by the operation of 'ﬂ&()(,xo) » These groups

are related by the following theorenm 3
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(142.3) Theorcm (Eilcnberg)
The honology groups 4ﬂbc(;s) with respcct o a systen G of
iocal coefficients on I, are isomorphic to the cquivariant

(%)

o~
homology groups @W (%3 Ga) or the universal covering

- ,\ - 4 . —~
space X of ¥ with the fundcacntal group TTlgxﬁ)Operat1ng on X
Nt/
a5 covering transformation%7/%or cohomology one has an analo-
gous theorem (due to Eilenberg)e.

(1.244) Theorem : With the sanme anotations as above the

cohonolecgy groups Hq(X;G) are isonorphic to the equivariant

>

o
e . s
cohomology groups }4116K) (X ; Gg)e
Eilenberg!s theorem has an important application when
XK= X(T ,1) is an Eilcnberg = MacLane ComplexX.

(142.5) Theorem If Tf is a group and G a system of local

-
coefficients dn XK= K(T1,1), then H'q,(K(TT y1) 3 G)=Tor, (Ggsz )

This is a generaliscation to the local coefficients of the
following theoren.
(1e246) Theoremn : If X is an aspherical space with fundamental
group Y1, then for an eskciian group G,

_H;q/(x;c)r: c:o’Erorcq'z(n) (Gyzr )

one
For cohomology has analogous results.
(142.7) Theorem IfY is a group and G is a system of local
coefficients on K (T ,1), then

HY (x (T, 1) s G)Q‘zExtciT(Z‘r , Gg)e
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§143 Bundls cohouology ( Borel ).

Let G be a compoet lie jroup and X be a G-space.

Let p: E,—7 B; be the universal G-bundle. Yhaen the lotal
snace XG of the associated ualversal burdle with X as
fibre may be regarded as thae arbit spcce OITEG x X ie.

XG = EG X X =(8 x X))/ G.
waere tae G-action is given by

-1

g. (e, x) = (cg  , gx).

(1+3.1) Definition The equivarient coho.wology oi ths

G-spece X, 1s deliwued to be tae ordirary col:onology of

'_H;(X) = H‘(Xg)-

the total spacse XG ies

This cohomolozy was definzd by A. 3Borel (Cﬁl,IGI,fQ] )
in order to generalise Saith thzory and get de~per results
taen those given by Smith's original method (wmentiored ip §ﬂd)

(1.3.2) Remark: It is easy to see that the Borel conStruction

1e

anctorial.

=

Given any G-nap f:X«:?'Y , We get a continuous may

£. + X, - YG wWwalch induaces a hoaomormnuism

L x o "
£ = f: H@\QY),“‘—") 7‘:‘@_({9 in bundle

cohomology.
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* . , o
In fact, H, ( - ) is a contraveriant functor on the cetegory
T

of G-pairs endé their maps, wuoich turns out > be a
generelised cohoaology tasory i.e. satisfies all axious

cf Wilerberg end Stesnrod , excepnt tae dimersion axicite

. . * *
(1.3.3) The coefficient groups are H; (pt) = H (BG)
= cononwology of taz clescifying spece of &.

(1e3.4) Qeuerk @

Tz2e eguivezriart coaodology of a G-srace I, With

coeffici>nts is defined in a sinilar way ( [200 ).

(1.3.5) Definition

R ) ¢ X> bs paracompact and 1let
L ©ve annyZAQQGule. The ejalvariant conomoiovgy 0% ine
G-space ¥, with coeificiesnts in L, denoted by ?; (%X; L),
is defired to be tne sheaf cohonclogy of tae total szece

Xg wita coefficiants in the constant sheafllL on X,

E 3 .
ie. HC:(X-,L) — H (X 3L)-

,§1'4' dpplications of Borel's edguiveriant coaomology taecry

(1.4.1) Usiaz Borel's dsfinition, Steenvol defined pover

. R . . r_«/‘ . Q‘ﬂ.}
operation in cohomology (lIGJ ) es follous: ¢ ‘;QR’S%
4 N ’5
- \i b
’ k4

AR L


file:///oKhM
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b

Léat X be a finite rsgular cell complex and K° be :ihe
n-fold cartesian product. Let S(n) be the syusetric groun

eromtetiors of the fecvors o1 X7,

5]

0f n—- 2leaents acting a

t

Let T] be a subgroup >f S5(n) and ¥ be a T{-Zfres acyclic

couplex viae the diegonal action,
n - n
Let W X K = (WxKX }/TT end

lat jobe tie ciaposition:
K'e>W x K'—> y x x"
" Il
The wap 1 ¥ X K —3 W igs a fibretion with
fibre X" .
Let u be & g-cocycle on K witih wvalues in an esbelian

group G&. G may be regerdsd as 2 couplex with components

G, = > 04 P #0Q end u: X — G is =
G' - r =0

cnein map of degree - Q.-

Let Gn(q) be tne S(n)- Couplex Gefined as
) ,
G* (a) = fo ? w * Q
n
A G. - QY= 0
vhere ve willte G X G % =« s o ...G = Gn

-
n factons
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~N e .
Let A€ S(n) act on G~ as rYollows:

. I st
£ g is even, o perautes tre factors of G vith no

o
Sign chenge. IL g 1is odd, A act on G Jy t.oe produnct

~a?

of tae 8ign of & and tac per.utetion of the facitors 2f &

Wit2 no 8ign changs.

n n n . . . L.
Tren u” ¢ K —3 G (g) is en eguiverient cnzin zep of
degree -n q.
Let € : W — Z be taec augaentation om W. Th23z
" ,
E®1 : WK — k"™ is ar eguiveriant chein uap
(ucing the diagonal action on the dowaair)
. h @1 _nu" no

§:€3, thae composition WER K — K —5 &G (9
i¢ ar ejuivaerient chein mep >f degrees - 1 ;ﬁékiéﬁwe 1EV2

LE. o (a8 LelC. ). - <L T 1-{10 ey HEASH T —Ail.V o

~ 3 : n g A -~
ar eguiveriant ng- cocycle cn W& K, which we denote

by Pu ¢ C?Tq'(WQak”.; & ¢y

It caz be groved that

(i) If we vary uw by a cohowuoleogy, +thsm Puo veries DYy En
eguivariant conomology,and

(ii) IZ uw ard v ara corzcaologgus gq-cocselas on X Uitk
valueds in G, then Pu and Pv ere ejuivarierntl, cshouol._gzuus

T
ng - cocyfles on ’J\!@_HK .


file:///ilth
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Thus P induces a nap
n n
A, o Y G ().
p: H (X&) — Ho (Wek ;G )
so that P 1is natural with respect to naps of the varicble
K, Po=0 and i*Pu= wxWx . o xo
The reduced nth powers iR defined by

(1x_a) " Py e nX(wm xK)

where @ : X —> X¥® is tas diagonal, and Wxnkz(Wx K)/n
n

1x da : wWx kK — Wx_K .
T T¥ m
If we are working with a field of coeificients we can
'*‘ ™\,
sxpend in 1~ (/T x K ) by the Kunneth theoren.
X
The coefficients of the expznsion of (] foﬁ) Pw , which

*
lies in H (X) are tie internal reduced powers.

g1.4.2) Borel used the cohomology theory developed by hi=n
to ralate cohomology of & G-~space With its fixed point seis
in (c.f. Theoren 1.4.3) and its quotient spacaes

(c.f. Taeorem 1.4.3 ). Lot Ti ke e ane Amonsional Torus.

(1.4.3) Theorem Let G = T} act on a Finite disensionel
space X and F be tae fixed point set. Then

1) He (X-F> Q) = H* ((x- Fi/a 5 &)

are torsion R-modules, where R = ¥ (Bg)
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-,

(
(ii) The %errel and cokernel O¥
* X (F,9) = RO &)
Hg (65Q) — }{6\( »q) =

are both torsion R-uiddules.
( for cdeteils sce L[ aJ )

|

(L.4.4) Theoren : Let G -.Ti have a finite nunber of

distirct isotropy groups on taa compact space X. Let

L = Z,(resp. KP’ a il2ld of caaracteristic p, orizle or 0)
n
4sgume din LX<°0 and x"\{'S

e, HMN(OX L) &~ HME"5L)

Let r be tlhe integar sg.t. r = n (ood 2)
such that F |\ ST

1 . — s o -
ten W' (X/G 5 L) =L for i=0

and {:r+3,'r‘+5,)---,ﬂ-1

and isomorphism otherwice

( for detei.s sce T[4 P.65 )

(1+%.5) Theored Let p be & priane (resp. 0 ) and let
G = ZD(I‘GSP- 7! ) o X 1is a G-space suca that
&



Let 1y bz suca that

N ‘ ‘L“'I’-’l
Then HL (X/GL 3]<-p!) = H CBg,‘pkp)

and Hi(}(/é; ;‘.K{P)‘-_:b,cﬂhETaw'xse for {#O (CL@,PG'H)

k k '
considaring the action of ‘Z’.P or'T on a Gompact

Space X, Borel obtained deeper results (see Theorem(l.%.6}),

I
than thosz .iven by Smitia's original method (nsaely

) 1

cohomology sphere thaoren éi.i ) . Here 'T'k: T ox.-- XT
\/_—*{—/

! % - +imes
. i 7
(L.4,6) Tacorem Let G =T", L = 7£ ( Kp resp.)
n
X is compact, X r\{_S and dim LX L0 .
Assune norcover that G aes only o Zinite nunder of
. G
digtinet isotropy grouzs on X. Taen KXo~ Sl" and

;! L

n-r is even (see [% 1, P 63 )

T2 basic touls in Borel's approach are tan: spectral
szjucnces essocicted to tae two nepo 7Y1 - XGL-% Ba
end  Nao @ X, — X/& . &g Por instence, ths
Serre Specurcl scqucence Jof tae fibre asp AV Xé“ﬁ P)Gt

ic used in provirg tae f£3llowing result.

( see T[4 Jrp.62 )



(144.7) Theorem Let G = T’i and dim X is finite .2,
Ny, -
H." (& k,) - is finite for all Ucx
Then for a = 0,1, 1 = a mod 2 and i‘?dimox, we have

5 5
2. <Dim H (X]< s oy g . l'_'
Szac2) “ 3Ka) % SZ'_Ea(':}HC (F; ]‘o) - d""’HCV.G‘.k.O‘)'

where ZHC1 (X; Ko) oleroles The ik cohomology &TouP with
compact  Support of X ith coeHicents in Xo.
(1.4.8) Corollary s There is equality iff the spectral

sequence over Ko of XG--$B(3 is trivial.

The Lera-y spectral sequence is used to prove theoren
(1.4.3) which js the primitive form of tae localisation theoren.
Pal
If R denotes the quatient field of R and S=R- {0} .is taken
as a multiplicative set in the ring R (in terms of the
‘ -1

llcalisation concept) then R = ST'R and one deduces from

theoremn (1,4,3) that

(1.4.9) €' H 2 230) = S HE (R Q)= H'(F;Q) H (B, 36)

This isomorphism is a special case of the so called Atiyah=-
Segal~Borel type localisation theorem of Bundle cohomology

(;or further generalisation of localisation results refer to

9] )
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CHAPTER II

Bredon's Equivariant (Co) homology Theory

The (€o) honmologies defined hy Eilenzerg and Borel are
readily computable and has masny applications as we have seen
in the last chapter. However, thiese definitions are not adequate
for tne development of equivariant obstruction theory.
For G-EW conplexes with free G-action Eilenberg's definition
can be used to develop a G-obstruction theory. ( [§] )

G Bredon ( [8] ) introduced an eguivariant ordinary
(co) homology theory H; (—), suitable for gendralising the
classical obstruction theory in the genersl (free¢ or non-free

G-action) G-equivariant context. Using this theory he proved

that bijection - -
[x,Y]— HY (X5 @ (Y))
G-

where Ei (Y) is a suitably defined coefficient system,

[X,Y]G is the set of equivariant honotopy classes of
equivariant maps from X to Y,

This chapter is divided into 5 sections., In @ 2.1 we shall
axiomatically introduce equivariant (co) homology theory. In
8 2.2 we define suitable coefficient systems and categaries

which are used in the constfruction of (co) homology groups.
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Brodon's construction

®
©

In <§2.6 Wo saall give to
ci cohomology greups. In é 2.? we sarcll describe in brie®

tue oguiverient obostruciiorn lheory, e develsged by .

Bredon. In § 2.5 vWe define eszulvariant obStruction cocycles

|

for a free G-complex ( G Compact Lia gproup) using Zilenborg'

S

egqursariant cchoiolosy ( ag givon in Toxr Dieck [23}

I

for finite grou s Bredon's deowiration o5F oquivariant

onsiruction cocycles exterds the chove defrnroron.

§2.l Touiveriant conowlogy thoery -

Y

Lzt G be & finlie grouy, %3 be ta2c ceategory of G-Couaplouoc
(c.2.Chpt.I 1.05 ) antd coutinuvous ejzalvearicont maps, ond
’é%be the cetogory of pairs (X,L) of G-coasleros ( LCYXK,
a & .3ub-complex)
'Abel' denotes tge cetegiry oi ebolien geousc. (see [32]) -
(2.1.0) YA equlvag}crt ( gereraliced) coaouology thcooy
)

on tho cetegory %% S ¢ ccgagcnee of controvariarlt functore

HT - G —5 Abe (nh e /)

N L) ——  HT (KL

1
suca taat the followirg three o105 oro seiliclied:

n \$!
(1) 12 L., £, arc sguivericatl/ DOTOLOZLC LEPS tien “H, (£o)="H £y



- 24 =

(2) The inclusion : (K4KNL)— (KL, L) induces an

isomorphism ~ W
iHr(KULjL)*~—%fH (K)KHL)

.y 2
(3) 1£ (K,L) & %Ea , then the sequence
N+!
by R L) = N (k) = TR (L) s L)
_..> PO )

is exact,

(2.1.1) The cohomology theory is called egquivariant classical

Cohomology, if it satisfies the ad~itional dimension axion :

(4) H" (G/H) = 0 for n£0 and all H.

(2.1.2) Sinilarly, one defines an equivariant cohomology

theory on the category {% of G-complexes with base point
: (o]
and base point preserving equivariant maps. (For details

see [§] PP 1 = 7)

$2,2 Coefficient Systems for G

sefore giving the construction of cohomology
groups, we derine the following coefficient systems and

categories, which will be used in the constructione.

(2.241) Definition,

The category of canonical orb%ts of G, denoted by;%? is
defined to be the category whose objects are the left coset
spaces G/H and whose morphisms are the equivariant mapse. If
aeG is such that a_lHac:K, then en equivariant nap

a s G/H —G/K is given by & (xH) = xaK.



(2.2.2) Definition

Generic coefficient systeus for G &s defined to be a

contrevariant functor M:é%_-*——a Abel, 4bel stands for

the category 2f abelian groups.

The generic coefficient systeus thaemselves foro a
-+ .
category, Dgran (é%; , &bel ), denoted by der’ which is

an abelian category with projectives and ingectives. ( see 122]).

(2.2.3) Let &> denote the the category whose objects ars
finite G-sub-complexes of a G-conplex X and whose nornlisms
are as follows:

If L and L' eare firite G-sub counlexes of X, then

hon (L,L' ) consists of all ueps g:L —gL<— L' <for g&g.

(2.2.4) Definition ‘

A locel coefgicient system on a G-complex K 1is a covarieant

functor fron the category: )2 —>4bel .

~°

/7

(2.2.5) Let & bYe a contrevariant functor :_K, —> 86
defined as follows:
For Lc X, ©(L) =6G/6. , waere

G{'==%‘ 9E€EG | g leaves L point wise fixed } .

If gLc L and f: L — L' denotes the map induced by
g€ G, then A(f) = T : GL') — OQ) is defir

bl

ed by

3

" ’ - o
g (g 6.)=28'gG -
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(2.2.6) Definition

Slwple coefficient systen

J . o ~ . .
If M & (_ G is a gencric coeificient oystow ihen
1
. N . . ) . .
1@ :JL —=3 Lbcl i8 called a simple cocfficicnt cystem

on X .

C . . . .
‘\: 2.3 Brecdon's Construction of Eguivariaant Cohoiology

oupe.

Let 2%1 QTC—~———~§ 4bzl be a local coefficrent systout.

Let us oricent the cells 0f XK  in such a wey waet G

vrescerves Lhe orientation.

(2.3.1) Tha n-cochain grou. C1q(YQBJZ ) 16 defined tu be

tho group of all functions f on n-cells oi X with
AR XCAN 6 i an n-cell of K.

N+

>k
by, BP(EIE) =5 [TiolklT—0o) )

s : . 2! m e
Defiine nouomorphisa o' : C (Kide)

whore of. (07) = 0@ (K (5)) -
)
end for KT) Ks) o, f/{c(t'*) 5)  denotes tl

(¢
morphisa Lo inelusion @ K(T)-— Kol

4loo, whenever [[T:ol #£Q 5 K(T) K(o).

. S r
one verifiocs thot Fa o~ -
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™ -
(2.3.2) ic (X 3k ) )51"} is o coclhain couplex.

n
(2.3.3) Define an action oi 6 on T (K3K&), by

3N = Lo()£(F's) , Tor €& and fec(K;k),

wiich gives 9(fIqo) =L (a9 (fm) = gx_(fo‘).

x - -, .
Tha automorphisn f w3 g(f) of C" (X )(;(0) d2fines on
. * ¢ . .
acltion of & on C (.’.K:J,J(D) by choin narpings, ove
. . n SN _
verifies that tie fixed point set C (X ;&»)  convisis

. h . D
pracisely of the equivariant n-cochains CG (K ;Xo)

(2.5.4) Definition

The eguivarient cohowology group is defined by |
! . n, x G
He (K38 = R (K540 ) -
(2.3.5) Renark

These cohvnology groups are easily conputeble, the order
of difficulty being roughly the sane as for nonequiveriant

ordinary coio.ialogy.

(2.3.6) denark

One cen siuwilorly define the equivariant ordirary hoaology

groups ( see the next chapter).
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‘(‘2:”-‘3‘7.‘7), : Remax"k;_

Bré dun 8 cohomology theory 1ncludes Ellenberg tgeor/ as a

Spe01a1 case. - ~

To prove th 1s another descklptlon of cochain Was con51dered

l

by Breden ( See o Th1 pp I 20), which is: descrlood

belou. !

* ‘ f ! . ' . s
(2. 3"8) An ele;rent QTX X i Z) ,belonging to the category .
JE? is deflned by | |

C (K5 ‘Zc (Gn/H) = Cn(K 17}

gma n_.c) 1, 2,

togetner Wltﬂ obvious vulues on qorpALSms of CEQ

C (]\/5Z/) R foriﬁ’-é chein
)Tl Of),l 27 S . '~ e

_complex,- , oL

7(2 3 9) Tne aomolovy of tais chain coaplex i.e.

C (;” Z) ), denoted by,_:‘;_ (K Z/ ) io an-

fele ent 1n | tle category fﬁ;,-or.the generic COeleCleuy
: = T
systems deflred by.r' o

H (K Z}(Gl/}{) ]—‘r (]K')IZ') Togetuer.

W1tA the ObV)OuS values on morphlsms. With tqese deflhlulOﬁ

‘onebsaow tuat tnere i3 an isomorphism: -

(2.3.10) C@, (X M) = Hom(cn(]( 2) ,M) [see §z~3~5_‘}
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For a G-module 4, the coefficient system M) M GC,@ is

defined as follows o/ :é%; —_— 4b is a contraveriant
e

functor defired by

Aia.

M (G /9)
and for g¢G, with g 'Hg X,
ME&) . AK——s Al

such that x ——> xg, one can suaow that there is an

isomorphism.

(2.3.11) };omz(@(cn(m Z),A) ==

qom (S, (K32) 2 M)
From (2.3.10) end (2.3.11) we get tae followirg isomorphism,

(2.3.12) Hom (Ch(ng/),,A) > C%(KL)M)
)

Left hand side of (2.3.12) is, by definition { as defired
by Tilenberg, see § 1.2), tne equivariant cochain group with

coefficients in tae G-module 4.

The isomorphism preseryves the coboundary operators, so We
nay vess to homology and obtain the isomorphism of the

correcyonding honmology groups.
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§2.4 Equivariant obstruction theory

In this section we consider the probliem oI extending
equivariantly an equivariant wmap and define ejulveriant
obstruction cochain, deformation cochain etc.

{for details see [5] , PP 11.1 }
L

(2.4.1) Let (K.L) be a relative G-Complex and

Let = X »>Y ., be an equivariant map, whereY
H

to be nonempty, arcwise concected

i

is a G-space. 4ssume Y

and n-simple for each subgroup H of G (where n 1is a

positive integer ).

Consider an .(n+l) cell § of K with a characteristic a&p
, &G

£ _: s®™ — k™, Then (.?.f ) (s Y, oso

o . 2 G

that q>.:t‘6, represents an element & Tfh(\{ ) Dezcte t is

eledent by C’Q(O”) . This defines a cociain

N+t
Ce e (xX,L} &hty)) s Where &-\)h(\() is a generic
coefficient system defined by
G (Y)Y(G /) = ”ThCY H, o)

gﬂ(‘(a C ?\) — (% o AR PN (Y,\J }-?"7677'))0

—

for g & G_ satisfying g Hgl K:
CcPC%&f) is represented by P - {: g6
and cf . £%G’ —.:CF?;fG =23:PL6' s, 59 that
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& \?*’) = @#(C‘?(G))'

/—\--.

M+
This gives GCP & CG ‘(K, OJn(Y))

(2.4.2) Tefinition

., n
Cq, is called the sobstruction (cochain)to extending q>=)< vl —Y

(2.4.3) Tae equivariant obsiructioncocaain hat propzrties
analogous to those of noneguivariant obstruction cocnin,
namaly

(i) The obstruction cochiin 15 @, coeycle.

(ii) The obstructioncochain QC? is equal to zero i’f2 ¢

. . 1
can be extended eguivariantly to G

v L.
Tc study the obstructions to extending eguiveriant

howotopies orne dzfines the deformation cochain of tuo
n

equivariant maps Fy & K UL-P\!’? wita resvpect to
an equivariant homotopy
— ? ("\I Q'
= ' - — {.n-t
This is denoted by = FoS
@y F2

{(2.4.%2) Definition

Ve deformation cochain .,Jf = is defined to be an
FyF>

.

elenent belonging to Ch( / KOL . /un( ) ,.
<IN

such thet o} - Qc<><I)
u e CP;F»(S’ (O'J —~ CPI:

whare (P#F@ (Kxf) ‘)i %L is an
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)

equivariant map defined by q>¢br;9 (x,0) = q)(x)
{qmpecx,i) & (%)

and CP#FQCI{‘:‘) “':F'(xft)'

in important special case is that in which cP and & agree
an 1 UL and the homotopy F  is stationery.

(20"}05) If ¢|kn"'ul‘ = @!j<h*'uj_ end
the homotopy F is stetionary the deformetion cochain
d'q’pF,@ . is abbreviated to dg,e -

The deformation cochkzinis not a cocycle, nowever, one .as

a useful coboundery formula.

(2.%.6) Theorem:

The coboundary of the deformation cochain is given
by 84@ oF 4, & = C@" Q(\» . One has also the following
thzorest.

(2.4.7) Theoren

r
For a given eguivariant map P x ULk ~—mY
Znd decg (]‘;Lﬁw’hc\()))

"
there 18 an equivariant map & : K UL —Y

coinciding with P on Kn'sz L such that ch;>6::CL'

This tilcorea i8S uscu in proving the following important

result on eguivariant extension of wmaps.
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(2,4.8) Theoren.

The cohomology class of the obstruction dochain i8 equal

to zero iff - can be éxténdéd éguivariantly
n+1 q)lkﬂ v

td X' Ty L.

Suppose We are given an equivariant map f:L —% Y and we
Wwish t0 determine whether f can be extended over X. e
nave seen that £ ccn be extended over Kn iff the
obstruction. cochain C¥ =0

nw-1 "
But there may be different extensions of f over X, one

proves tne following theoremn.

(2a4.9) Thegorem.

f: L—Y hes an éQuivariqnt axtension to Kn(J L, if the
following conditions are Satisfied, vizé

(1), ‘{H i8 nonenply, arcwise connected and r-simple f£or

all r and for all HC G.
, Pty ~ N =0 . for Bl TN
(i) H . (o6 0Y)) 9

@ (K 23

This theorem has the following corollarye.

(24 4.10) Corollary.

If all the conditions of theorem (2.4.9) are satisfied znd

also one has the following cordition.

- v o, N X
(vi) CT(K L 5 C&_{?ﬁ Y)‘) = 0 for all r »n taen
S
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any two such eguivariant extensions are cohomologous.

(2.4.11) Definition

The uniguely defined cohomology class

[eg] € Pg (Kol SRR

is called the primary obstruction to extending £ arcd 18
+)
denoted by ))r7 (f?-

One can prove the follovwing extension theorem analogous 1o

the extension theorex: in nonequivariant extension theory.

(2.4.12) Bxtension Theoren

1z Ha (Kot 5 Dply))=0 ,tor n el AmK-L)
“ )

then an equivariant nap f:L =Y has an extension to X
n+4) .

iff Vv M ($):;(b under the condition (i), (ii) and

(1ii) of the Theoren (2.4.S) and the corollary (2.4.10);

. nti . .
when taz primary obstruction )) <1§) is defin=d.

As an application of thd extension taeoren one has the

following homotopy theorenm.

(2.4.13) Hoootopy theorsn

¢ - ) _»__—_(
Any two eguivariant maps £, g: K - Y with ’F"L %h‘
m
are equivariantly homotopic iff I (4:73)==(3 provided the

following conditions are satisfied:
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(1) YH 1 w-sfmple for all Hea and for all v

v o, C = ’ n<rgdim (k-L) ,
(i1) :HG(3< L Oply)) =0 Tem and

(iii)'}-lpcj (K,L 3 Wp(Y)) =0 P
. - Nee , , )
where | wN(£,9) = PG (%4*93)

X

] —~ '/\’J ? n+’L X
and A:HZ(K,L; WO, C‘(?)——NJ—>'HG (k"l,kx?ﬂua_x[
i8 an isomdrphisn.

We have the following classification theorem analogous to
Bilenberg classificat i n theorem for the ordinary (non-

equivariant) extension of a map.

(2.4.14) Classification theorem

Let us assume the conditions.

(1) W oois r- simple for all r and for all Hc G,

(1) (HE (K ,L 5 @5.07)) =o=H, (K,L; @.0v)) ,rem
HE (KL 3 6p (Y)) = 0= H L GG L 5 Bp00) 570

If f: X—>Y 1is an equivariant uap then the eguivariant

homotopy classes (relative to L ) of maps §: K-—Y

(vith g/L = £/L. ) arc in one to one correcpondence :/ith

the elements of }41“(?<, L OJnCX7)°
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{(2.4.15) Corollary.

Taking L = ¢ , the corresponding classification tlisoren

h 'l
asscests that for such z space ¥, L K,¥Y] s Hg (K, ®n ).

(2.4.,18) Zilenberg - Maclane G-Space

Using tne existencé of projectives in the category f G
one constructs G-conplexes of type (L5, n ) for all n> 1
and for all &J € C}G\

( for deteils see [s] ).

AS an inmportant conseguence of the classification theore::

one nas the following rzsult.
(2.4.17) Theoren

The Bredon cohomclogit groups HS (——; () are representable

—~ A
for all <w & P

4 space (Y, y,) with
B (Yogo) =205 Y # N

W 9 =N
being the classifying space.
n+l

We can give a description of }) (£) in terms of the

standard operations of homology theory and a suitable
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univarsal class, called the characteristic class.
(2.4,19) Definiticn

! Y - m —~ .
The characteristic class ig defined by 7t (£)€ U*C}(]<j W (Y))s

377’\44(_?}' — 55“ (’_7[1’1(.{))‘

such that
o~ N+l 12 Wp Y) )
N mn . o ( k) n
swhere, &% IH . (L3 ®m Y)) ———

is thé cohoundary.

(2.4.20) Definition

The characteristic class of a G-Coaplex Y 13 defiped by

Mmoo . —
thé characteristic class Zv (1d4) & -fLCT<>{ > 00?,0{)) ,\Nhere

1d:- ¥ —X is the Identity wuap.
M '
This is denoted by JC (Y ) for any equiveriant .:ap
2y * LA
f: K —Y, one has K (f) = £ (7 Y1) ,
one can ochow taat there 18 a natural isomorphisn.
(2.4.21) }Lm Y ¢ Ef),qh’)) . Hom (@nlY) ;00 ) )Q
G
RAI,
Under this isomorphisn X &)  corresponds to the
Identity houwoworphign. This result allows thoe computation

of tac cgaracteristic class.
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§ 2,5 ®Bguivariant obstruction Theory for free actions

of Gompact Lie groups.

We have seen in the previous sections that for a
finite group G and a general action of G ( on a G-complex)
the obstruction cocycles are repprebented in a cohomology
theory with special coefficient systems and that this is
not describable in the :Betting of Rilenberg-Borel

eflulvariant cohomology theory.

In this section, We Will see, however, thetl for
free actions of Compact Lie groups one can develop an
equivariant cbstruction theory in the getting of 3Tilenberg
definition. For finite group this comes as a particular

case of Bredon's description.
7/

Let ( X,4 ) be a relative G-conplex with free G-action on
AN4 i.e. Xn is obtained fron Xn-l by attaching n-cells,

G x D, of type G.
{"-“_7‘..,

Let G_ denote the conponent of G containing a’tﬁé"idéﬁﬁﬁ,éénwnt

v,

The G-action on X_  induces a G-action on H_(X_ , X .)
n n''n n-1
which factors over G/GO by homotopy inveriancs of homology.

Tius Hn(Xn, Xn_l) becoies a Z(G/Go) rodule .
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The filtreztion ( X, ) leads to a cellular chain complex,

c,.(X,A), on(G/GO) modules, namely,

(2.5.1) >0 "'7}{&+1<Xh+1 ?Xn)"’?}’{h@(haxn 1\)'—)

" e e ® e

consider a path connected, 'n - simple (n >1) G-spacelY,

1 K\(Y, y ) acts trivieliy on ﬂh(yjy)then the canonical

map ~qn CY, Y) —-‘;[S);Y from pointed to free homotopy
classes 1s bijictive., The action of G oa Y thus -induces
a well defined action of G/Z}o on 7‘_“(\[) meking Kh£Y>
a "Z/,(C}/G0 ) = module.

(2.5.2) Definition

>
The. cochain complex CG (X,A 3 Tfn(Y))

X .
yields cohomology groups which are denoted by SG- CX,A,TTnCY))‘

(he shows that these groups

are isomorphic to the groups é) / (x/&o,A/G i (Y))

1f the'Z/.(G/G ) module 7—71 (Y) is interpreted as a
local coefi‘1c1eat system M oil x/" ~— A/G, then the

groups SG/ C /GTO 9A/Go ) Wn(\()) can be thought
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of as conomology H (X/G, A/C ; M ) with local coefficients.

(2.{3.3) Definition of the obstruction cochalin

Congider [h] € [Xh *Y] G
Let cF = (CPJ.} M &Gx (Dn+-1, Sh) ‘_ﬁ(xnﬂ )Xn)

be a characteristic mapg, and eg‘fcnﬂ (X,IA\) be the
' !

basis element corresponding to

Then hfﬁ,(,‘)’\)(e Y € ES ’)Y_] .:is the

homotopy cless represented by hqﬁ_-
)

From the exact sequence of the pair (x“l, xn)

N+t T - .
it follows immediately that (’n)eo ‘t™h is extendable

over X

n+l .

(2.5+4) Remarks on obstruction theory in the equivarient

setting.

-

If we consider (K,L) to be a relatively free G.
~CW Complex i.ee if G acts freely on K™\L, then for every
(n+l) cell of K away from L, the group

- G ={gé G( g leaves O
g
point wise fixedz)
~
- {e
Let Y be a n- snmplé G- Space theu in the notatiaon of Bredon!;

INESIE u (%) = ’(Y‘fe}) = T, (Y)



So obstruction cochains are clenents

na .
C(PE C o (k.ny ", &) ) -

' oy ] . N . . .
Thus Ton Dieck™Sdefiniticn of equivarieant
obstruction cochains coxe as a particular ccse of Brelon's

eggivariant obstruction cochain.
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CHAPTER IIT

Iliman's definition of equivariant singular (co)homology.

In chapter II, we have discussed the equivariant
cohomology thcor& and the equivariant obstructiom theory as
developed by G.Brdoa ([5])s Bredon defimed G-equivariant
cohomology theory on a G-conplex, where G 1s discrete.

The definitior of Bredon wa: generalised by Illman (J10])

to cover Ge-complexes, where G is an arbitrary topological
group, This was dome by replacing the category é}g, as used by
Bredon, by a category E;S, whose,objects are G-spaces of the
form G/H, H bYelonging to some orbit type familyc?§ for G

( see § 3.1.1.) and G-homotopy classes of G-naps. This

(co)homology theory satisfies all the seven equivariant

Eilenberg-Steenrod axioms.

Remark : For discrete G, the two categories coincide,

Notions such as transfer homomorphism in equivariant
singular (co)homology with coefficients 1in a commutative ring
coefficient systenn, and cup products were also defined by

Illman ([10]).

The chapter is set out in the following fashion.
In é 3.1 we give some computstions which uses only the

axioms of the equivariaant homology and cohomology (sihgular)
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theory. § 3,2 will be devoted to a brief gutline of the

Illman‘s construction »f the singular (co)homology ~__<¥= )

fheO?y-'hvﬁzﬁ'%ngf we deBcribe briefly various notions like
transfer homomorphisn, kronecker index and cppproduct as
defined by Illman in the equivarient settihg. In § 3.4 we
describe briefly che generalised equivariant cohonology theory
and show how any generalised theory is connected by a spectral

sequence to the Bredon's theory of chapter II.

§3.1 The Zxistence theorems for eguivariant singuler

(cd)homology theory.

Let G be an arbitrary topolégical group, & a ring with unity,

and that all R-modules be unitary.

(3.1.1) Definition:

A family‘iﬂxof subgroups of G is called an orbit type family

Far
for G, if HeSh and H

is conjugate to H then Hg’e;iﬁﬁ .

(3.1.2) Definition

& covariant (resp. contravariant ) coefficient system

kK ( resp. m), forth over the ring R 1is a covariant
~
( resp. contravariant ) functor from the category é%kof

G-spaces of the <form G/H where H e‘?h. » and G-honotopy
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classes of G-naps, to the category of left (resp. right)

R-podules.

(3.1.3) Existence Theoren for homology

There exists an eguivariant homélogy theory Hs (—s5 k),
a covariant functory; defined on the category of G-pairs and
G-maps and having values in the category of left R-modules,
which satisfy all Seven equivariant 3-S axioms and which has

the given coefficient system % as coefficients.

(3.1.4) Existence taeorem for conomology

There exists an equivariant cohouology taeory H; (—; 1),
a conbravariant functor, defined on the category of G-pairs
and G-maps and heving values in the category of right

R-nodules, whichh satisfy . all seven eguivariant E-S axions

and which has the given coefficient system. m as coefficients.

(3.1.5) Example ( Ccmputation using only E-S axioms).

Let G = 81 be the circle group andX = S2 be the two

dimensional sSphere. Assume that 51 acts on 82 by the
standard rotation leaving the north and south poles fixed,

and acting freely elsewhere.

Let Xl and Xz dendote the northern and southern hemispheres

respectively and XO = Xilr\xz the equator.
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Letczil be tue orbit type feuily such thet both Gé—éﬁ\
and %g} & 23( « Lect R be a ring with Identity eleuent
and Kk be ¢ ccvariant coefficrent systeun for ?51 over RH.
45 o coagejuencae os lne T-5 axioms one nas ithe following
exact wayer - Vietoris seguence

. 3 G G
0 e 1760,k « 19 100 k@ H 061 k) e H, 05K)
>

- }—ll(X')k) &0

Since both Xl and X2 arc G-houotopy eguivalort to a point
and XO‘EE‘G as G-spaces, it follows thal the above exact

seguence eguals

0«— Hyx; k) e— k(6/6)® k @/6) Lotk k (6/4e)
G H,G&X,k) — — O
where bt k(G/Sep) —— Lk (G/a)

is induced by the G-nap o G — 6943

1S by ((G/e) @ k(G/an )
{( b@),-p) |aeka

Thus

'H_?(le();.; ke (b)‘: k(@)— karsay )

1“?,,1@(91():: o ., for m £ 0,1
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Let us take the orbit type iamilyggito be tie fanily of all
= S1 and let R be the ring of

=

closed Subgroups of G

intecgers,

Define a covarian. coefficient system k 2o follows:

ka/mt) =52 , H #G
rzl. s H =G

Let p: 6/ —G/G , where H # G 1induce the nctural

projection Zé——_7222 and let all otaer induced homomorphic.us
on k Dbe the Ldeatity on & . ’)‘Dhenj
G
Hy <, k) =2z,
G
H Gk) =z
HEGk) = 0, for see 1 :
A ’ = s 1O mpgo,1 (see W oductinn )

The equivariant singular cohouology groups of tle

(3.1.6)
G-space X (defined in§>3.1.5) ¢an similarly be coaputed.

(using only the BE~S axioms). For a contravariant coefficient
syotem @, the cohonology groups are as follows:

He 00m) = ken (P (- T,) 7 mG/&) @mME/6) — m(6/4e)):

Ho(xsm)= m (e/ier) In "0, - m)
H;L(X,"h) = o ,for g #0,1

where T @ m(G/Gy ® M G/G) — hﬁ(G/Q)J

denotes tue projec:ion on the ith factor i = 1,2.
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cohoniology £i...pS.

The construction »I egjuivarient singuler (co)hoaology gsoups
as given by Illacn 1is very nmufh analogous to that of ordinary

(co)honology.

(3.2.1) Definition:'4n eguivariznt singular n-Sicplex in a

G-space X is a G~-oap T: £%1x G/H — X for some subgroup
H of G, vwherc [krlis tar dlendard n-siuplex. we write

t(T) = d and cail 1t the type of T.

b]

The ith face of ® ic cdefined &5 the eguiveriant singuler

(n-1) siaplex
t

. . . _
Tl :T s} (e‘h XK 13_ ; An'Jx C'/H >X
{— *
where €. ﬁBnu‘ > 1S a aap
£ ~- O‘L X, X . f X. ) —
defined h; Sh ( ? 1 5 - - v = Y e —
(X526 3K, 57 53 X730, X552 )Xy ).

for 1= 0 s 1 45 2 s By - » -

- infinite o o o
(3.2.2) Let Zp Cenote the infinite cyclic group on th
generator T , warrnr T 18 an eguliveriant singulor n- Siuplexr
with type t(D) € %k

ZT ®l<(G/t (T.)) dezobes the tensor product over tie

integers.
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The left R-ri0dules Z ® Z/T@k(CT/t(T )

(M eh
where, the direct sun @) is taken over ell equivaricnt

sitplexes of fixad typo ié('I’
€, N
over all T with t{T)p are denotod by Ch (X:k) ,

g

Lo
and the direct Sun Z is

k i3 a covariant coefficient systew.

Define homomorphisms ’/a\h : C‘,,] (X;k)__..__., C n*1(’,><'.,1<)
Y : & 1 _(1)
by on (T ®a) :.::%Z("‘l) T ® 2 , fov T >0
1=0

T =
(‘ © 5 for nco.
whexre 9 e (G/t(T3) -

then  ?),_, <D, = o, sgo that

~ & Gy ~

S (X;k) :ié\'h <X5‘<))—b“n}isa
chain complex.

~ G
(3.2.3) Let SahC C " (X5 ) denote the set of all

elements of 6:: (X3 k) that nave atmost one goordinate ¢ 0.

. * i .
Now one defines a reistion 7~ in the set . gn

Let hi- &~ G/ > A % G/K' be a Gemap
which covers 14! AN s Ay

for every x e Ap, » there is a G-map

-, . "y L i %, K ).
h-g : G/K —>G/K' defined by hxcak) =) ]gra h(x,9
where , pr : A G/K’———-~—————> G/K,
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is projection on tae se'cond factor. Then one can show that
the G-maps hg% and hq),; are G-hoemotopic.
Thus xf K, X' Gog,j , it followd that \
. i : . /
hey (B k(G — k (6erxyy,
(-hﬁ'.)‘lk = ( 57 e (&/x)
that 1s the G-map h induces 1in this way a unique homomorpiaism

from k(G/K) to k(G/K' ). We denote this homomorphism by
b, k(a/k) — k(G /XD .

)

(3.2.4) VYe define a relation ‘~.7 in gnin the following way.

R . 2 . ’ 2
Consider two arbitrary elements T fa, T ) a "in >n

AV

where T: An X G/K -3 X and

' An x G/K'—>¥ are eguivariant singnlar
. ~
n-simplexes beloaging to (:;\ in X, and

a € k(G/K) , a' e k(G/K").

we define

T & a = T' xYya' iff there exists a G-map

N ;o /
h : A"P» x &/ K ? D * U’Ik covering

/2

A :ﬁr\f—? ﬂn such that T = s h and h,(a) = a’.

~—érr \ f\e\/
Let C o (,X7l<) - Cr,\x'7 k)
N G
C A

be the submodule

ot

o
form %

1

X k) consisting of all elements of the

N

/ H‘ A 1
TL 6},’@\ ~e T_Q @ a() ; ~ ASends fay dderence bhere |

1
Q
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L/ ‘.
where T;®7Aq ™~ ®ay
/ / {
or Tt ®@a; ™~ Ti®aq
for T=1,20%00ceca. &

one observés tihet the boundery homomorpvhisms
I~ N\ G PN C_‘,“ B
bh : C—)’l ( X "’ k _) —“_‘% C _) (x') k )

g |

—_ = G 4 5 & )
restricts to 2n 3 Cq, (X k) C,n*' (x k).
. G, L
and thus induces a boundary uomomorpnism an : Ch (X5k> -——)Ch_
r / .
>3 .
where ()C k ) = C ( <) C); <3 k )

one verifies that 2n-¢°%r = ©, so that

3« (x,k ) = ’ECTG (xsk)y 2,

is a chain c'mrnf))ex.

Cr
The homology of the chain complex S (x,k) gives the

equivariant singular homoloy grouns of X withh coelficients

in k.

Considering a G-pair (X,A) and using the earller I’lOtathI’iu

and results one defines a chain complzx S O’»,A k) ——»—%‘C (X5 lﬁy
r
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and obtains & short exact sequence of chain complexes

& G G
0—S (Asky)— SG(X;k )55 CAck) o

(3.2.7) Definition: The nth nomology wodule of the chain

complex SG(X, 4; k) is defined to be the ntu homology

module ZH..]C: (x, ASk ) -

(3.2.8) lemark The homology sequence of the G-palir is

obtained in tne standard way.

The other axioms viz. the equivariant homotlopy,
excision and the diwension axiom are proved by imitating

the correspording proofs for ordipary singular homology.

(3.2.9) Remark.

The eguivariant singular cohomolopy theory with coefiicient
system 'm' iS5 corStructed by a procedure dual to the one
described above. The detalils are availablg in Illman

( see [lo] wp 17 ). ( See aise vemark (3.2.14).
(3.2.10) leuark

The coefficient system, which is contravariant for cohocmology
and covariant for nomology, &5 used in the Bredon -, Illman
equivariant theories can be unified uging the notions of a

liacikey functor as definéd below: ( for details see | 28] ).
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(3.2.11) Definition

Let G be a finite group and let G-set be the category of

¢

finite G-sets and G-maps.

7 Z?— ¥Mod

*
consists of a contravariant functor i : G-Set — Q; Mod and

*
A bifunctor 17 = (M4 , My) ¢ G-set -

a covariant functor Ii,: G-seg— - [/~ Kod with M*(S);
*
M (S), for finite G~sets S. If f£: S—)T 1is a morphism,

* *
then M (£) = £ and ¥, (f) = f,

(3.2.12) Definition

A bifunctor 1is called a Mackey functor if it has the

following properties:

for each pull back diagram in G-set
u-+—5
AR Y h
—— F = A%
T Y we have 1,7V = %

The two embeddings S-S + T&— T into the disjoint

union define an isomorphism

gv\“(_S{—T) = M (S) @M #(T)

The use of Mackej funator malkes (b pessble o present H.(X,A',M)

K . ; ‘ (
et HY(X,A5M)  in L) trsual.  dval  fashiom 3  Ohe. Hoes e
evclinary PoN- G/ 0i vapriant cohomologies Moveover . each of Hel—,—1M1)
® W& ey
nol (@ @: ™M) eah be éxlended

Maekey functore Sueh  that

Mol . .
o( y .M) LK e ¢euvariant part of M and HOC"’"‘)'M) s thre
2

tovibavariant part  of M.
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(3. 24 1‘5) Remark
For actions of a discrete group G, tte category c%%of
Illman's definition ( $ 3.1) coincides with that of Bredon's

definition. ( § 2.2).

If G is discrete, then G/H etc. are also discrete and there
cannot be any nontrivial G-homotopy : G/H x I—— G/K so that
every G-homotopy class contains a single element and thus
the categoryé%;consists of Ge-spaces of tne form G/H and
G-maps.

(3.2.14) The cochain groups Hon (Q,\(K,;Z/ . ™ ) of
Bredon's theory ( discribed in §>2.3.5) are isomorphie to
the eochain groups Cg (K3M) of Illman's theory (given in

g(s 3.2).

We define a mape.

0 Hom (CA(KaZ) 5 MYy C;(K;M)

in the following way 3

Let f&Hon (C [ (K,2Z), M).

P e

Then (A(f) € C(j‘,(K’,M) defined by

@ (£) (T) = £(G/0) (T )& M(G/H) -

where T Kxna‘Cﬁ/H ~—= K is an eguivariant

n H

singular n-Simplex and TH s & — K is defined by

T, (x) = T(x,eH).



- 54 -

Now we show that Q(f) & c’é (K ,M)

Let T : A" x G/l ——— K and T': A" x G/L —— K be two equivariant

singular n -simplexes and h:z;n x G/H ——9z§n x G/L be a G-map

which covers 1d 1t AT —3> AR , such that T= T' h,

To show that h T (T') = T(T)= f(G/II)(TH)G M(G/H), Using the

fact that f is a natural transformation, we see that the following
\ -

\
diagram commutes

Cn(K)(G/H)=Cn(KH) £06/1) 5 y(a/n)

Tin ¥ ”

cn(x) (g/L) = Cn(KL) M(G/L)

A

N2

£f(G/L)

. ¥ = .y defn * ' '
Thus (3.2015) o F(r1) =" o £(e/L) (2 )= £(e/H) n ()

where T} s AT — kY is defined by T (Xx) =T'(x, el)

¥ tea™, 3 a G-map h; G/H — G/L,
Now, let h:G/H ———> G/L be a G-map, then there is an element

g€ G with g 11 gel

Such that h(xH) = xgL. Corresponding to this gEGH a G map

from kT ) K”@ is given by aj—— gao
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K4l
Thus ‘?\#Z C (KL)—§ Qﬁ(‘KH) () is defined by
From (3.2.15) we get

T (T) = f(G/H)gTL'_

= £(G/H) T,
- r 1
IL_ For, [ h(t,e.d =T (t,gL)
1 !
Q“dfﬁ T h= T,50T(t,eH)= T (t,gL)
1.€ ' —i '
o= TH(t) - gTL -4
¢
Now, We define a mappas follows :
- Y -
D . C K ;M) s Hom (G, (K, Z),M)
- ™
Let E I GARG SO

then T(£) € Horn (Cn(¥32),™M) s
dafined by PENG/HN5) = £ (6T oh)

where & . Ah —-)K}'C is a singular
n-simplex, 1+ 60‘ ,
N,z AxH A e
4. AN X C‘I/H ————— 0 K 6/60- is induced

by the Ge-map : G/H —1}—’% ‘G Gg given by- M ,___}g(’_—}(f

and T o G/ G —> o is the projection on

the first factor. -

It is easy to see the.t(P and & are inverses of each other.

Thus there is an isozorphisn Cg_ (K; M) e Hom (En (K5Z)SM)

given by T «— 1,


file:///7here
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This isomorphism clearly preserves the coboundery operators.

Thus We may pass to homology amd obtain the isomorpiisn

"r‘%(]/ s M) 22 Hy (Hem (Qh(y;51f79M-)

é 3.3 The properties like functorielity in the transformation

group, existence of transfer homdmorphis.is for both singular
horiclogy and cohomology were establisied by Illman. (For

details see EG] rp 43-79).

(3.3.1) The transfer honomoryhisn

Let PC G be & closed subgroup of G such that the rignt cosel

spaces P ~G consists of s elencnts, that is

PG =§§39‘J Pa,; oo 9936}
Since P‘-is closed in G, eac2 voint in P~ G 1is closed in
P~G. P~G has tae quotient topology from the projection
nap it ¢ G--—~P~G. It follows that P~ G =zcs the discrete

topology.

23.3.2) A G-nap [5 : @?/F4'~¢aé?/ﬂl, wiere H, H' are
arbitrary subgroups of G, is said to be of ' type P 7},
- ~ / 1

if 23 (eH) 7‘%}{ o Where P, & P

/'y -1
In this case, we have H F>T4 k; and hence
o

. ’ ! -1 .
S Y5 . Thus we cen defiine a
PrRC B POHIE »
P-nap
) Ny ’ —— e & p/’
2 P/pan 7 Pad!



/> e RPHH,\‘) - L’O POH) S
we have /x| CphCrPn F%X) = Fﬂﬁo (.D}\7F4/> p

where b '

The P-map /5! is independent of the choice of the element

s e 2 and depznds only omn the G-zap /2
o

of ' type P°'.

For, if }/5(\@(4) :}@‘z-{/j fs c P

i

-~

i 4 .~ ~ /
then PP, € T

~n o/ [y {
and hence, = (0 H ) — §3 (PN )°
r Ci

(3.3.3) any G-map (3 : G/ —> G/H oZ 'typs P'

deternines a P-nap

TSRS —> P
/'5"",/53,”4 Pk’
. ~y
Let :M}j be an orbit typc fanily for G and C§1 be an

N’
orbit type fanily for P, such that if H E;;ﬂ’ then

o~ !
g P & Cj‘ . .

ray>y
Let k' and k bec ‘'covariant coefficient systems for SH
A . , /
and » respectively, over the ring .i. Let /\ k—> k
be a netural transformation of transfer type witihh respect to
the inclusion P --> G, this means that ¥ H & o

we have a honmonorphism of left R-nodulzss



7 .
A kem —s k (P/pn)
such that if /3 : G/H - G/K is a G-map of ‘type P', then

the diagran be\owﬁ D) commutes

e () >k (Pren )
yem l ! | (/3})*
2 (G/k) —— —> R (p/pPnk)

/
(3.3.4) Let (Y, B ) be a G-pair and (Y, B’ ) denote the
'Phpair obtained by restricting tae G-action to t:e cubgroup P.
W/

One constructs a transfer 2omonorpnisa in the Zolloving way,

For eachh eleaent Pge PNG, an induced cazinm map (Pg )

®
A
) a6 P { /
(Pg )#' STOY, o, b) — 5(\{937&1}
1'_5 de\nlﬂ:‘:l and for g ¢ G’
N G‘\ A} o ‘:) l , ,

awap (9 Cr,<\/a B, “M>CQ<Y’G"E)

'~ *«' !

is defined as follaws.

Let T: /Ar\x G/K —> Y be an equivariant singuler n-sioplex
belonging to (B| in Y.

Consider the cbm'posite nap o)
P\L \ -.l.'._fi_.__: An‘x G’/KﬁY

L x o )
a, % T;/Pﬁ%l(a‘r r gk gt

_fj\

where /YL&VQ 5 P!'«BK ')) ?CQKC{’))

beT’_én



- 59 -

/
and [@] is the Ge-map, winich is & G-honooouorphisn, deternined

by tae condition ] (x, e(eKg )) (x,8X ).

iy /
The nap T[?]?L‘ A‘h% _'[‘)/p nC:\KC}} __,__>\(

when considergd as a ucp into tine P-space Y' , is a

P-equivariant singuler n-Siuplex belonging to ‘h in Y'.

Now, one sets :

(%) (T@a) R R A Fed (o)
whero a ¢ k(G/K) end

(), -k (en/ ks) — k (6/x) 1o the

isonorphisa determined by the G-homeooorrisn ["}—l’ end
> r l ’ o

Aol t@/y ))““‘"*:;(p/Pﬁﬁ‘Kﬂ)
This defines the,homomorphls:l /\ ™. o/ L’

- LI (\/ o) )wm ({‘,(i)‘)/ -

(3J B L__ " iy " r 1
(r“g ) " commmtes with the boundary hououorphisn . Also f peP, then

|

T-‘(m)g = ) N0 k) = ¢ oK)

vhere
n r(\.’.)’;b )‘——”"'\1 "‘V’)<\/ _),l?)

denotes the natural prOJectlon. Thus for each element

Pz} & PG, one defined an induced hombnorphicn
,\ (,‘ ] / ’ !
& . / ) - . o
(z)%)ﬁ. - (v, ) — CH(,/7$J,§<)
by o I Loy where /3 1is any
( ‘/C:“)) ﬂ — I\((\," j -{_” ’
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representative for the right coset Pg. i.e. éféPg.

LR

X . G -
The homonorphisns() '\\pg 3:'; . S O \ -3 > {Y > 1&‘

ore ¢ == (y chain napg
~ o]

: E;~1\4#3;P5 —_— S (¥, 1.

N\ f,f}
f,\. ‘/

we define

(4w nd —— / p . ,9
to be the chain map ! == S Z— e +
1L='

S (”’53 Wy (\3fb

-~

?T4g induces a chain nap S \\

~p

which cournutes with the chain mep irduced by a G-Lep

£: (X, A) ~— 5 ( Y,B) and its corresponding P-1ap
%} ‘ (x/)f¥> ______ > (\'9;V,>) and in tuwrn induces the
honomorphisn

-

(=t k) e B

Thus one has the following thzorem?

(3.3.5) Bheoren: Let P be a closed subgroup of G such that

/

P~G 1is finite., Let the covariant coefficient gysstams k

[

and k for P and G respectively, be as above, cnt let
/N ik N k be a natural transfornction of transfer
type with respect to Pw-3 G. For any G-pair { ¥, B)Q
We have transfer homomorphisms
i \ Vol | ‘)
. v,k
(\T ,/\) - —I{h \ I‘J“\<)M-") }—-‘%h (\‘/‘)ﬂ

for every n.
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These transfer homoriorphaisms cocaute with boundery

~

nonomorphisn and with homomorphisms induced by G-none.

Onc now studies the coaposite of the trawvsfer howoncrphisn
(! 4N ) nuland o, - the homonorphisu ( L ) & ) irducead
- ¥

by the inclusion i : P &7 Gy

g / ‘

Let CP : k ——3 k be a natural transforuation W.r.t.
/ e !

L3 P56 i.e.,for each d & U, there is =

/ I

——

s

PR A T o N
homémorphisn. (1 ¢ I« -/ H ! -7 L‘QC"\}/'LU“’/ J such that

. foeon b T ! ,
id K & c and o p/}.( i'-———9 P/K is a P-map with

/

-~ -~ ! g -ll\ -
O((Q“'\/) . P{K S el \X.({ ) o= [l K .

then (;)J\* = ()P, :

where U {X): Cn/((P’) > G/ (i) is given by
(et ) = )i (KD
Thus 5 (o()((li N ( H/)) —_ % ((f:*o) L((;") .

'

Let 9 ! t.< —3 K be a naturesl

transformation with respect to the Identity homomorphism

id : G — G. With the notations,as above, one rag tae

following theorem.
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(3.3.6) Tacoren :
If for every I « (& we .8sauze thet
]0 . ‘/¢)g /\\ /) bad (:' W23YC
X{ - P
e /" . . . N s .
r :<;1//p¢1}{ 3 s H 1s tae watural rrojoction,
then tihe composite hodomorphis.am @
P . - f T
I ad / B vV C -
< :\4‘)a“) RN »:>( &)« r4°‘0(|yk)
ENEARPE NN n (05
equals 8 9 ,1 , €15 the nwher of elements in ths
PNG .

right coset grace

(3.3.7) Corollary

1d, the composite equals uaultiplicetiorn by &

If (_:} =
(3.3.8) The transfer howmoaorphisi in conomology is dual to
I
the construction in howolo 7.
' for details See [l0] pp 61 |
!
c= . . .
Let P, G,-S,Cibczyzetc. are as above and m' , m Dbe tne
| c\»( , FA0N
contravariant coefficient systeus for ™Ji and (j?,
. \\\
respectively over the ring R.
/'7 / )
Let~Z ¢ m -S> m be a natural transforpation of transfer
to the inclusion P t—-»G, then one

type Wwith respect
constructs transfer hozoworxhisns g



¥ Iy N
Vo - s 3 ' oy [ N\ r)q

(3.3.9) (1,570 A p (B == g (1, m)

. / )
Now, let M, 71 ~—> m be a natural transformation
Wwith regpect. to ‘i:P -3 G, & tm —>n be a
nomonorphisn from tae contravariant coefficient systen m
onto itself,

We have tiie following theoren.
(3.3.10) Taeorens
[ ~ ’
If for every H & r;ﬁ’( , Wwe assume that (gr.)b\}’ )[0*=@
where F. 67/(3(1 b 2 é‘/H denotes

the natural projection, then we have for any G-pair

( Y, B) and for every integer n, the composite houomorphism

>; ] —-7 "o -

» * “ y
y B [(,\é,‘/ . “/’»;' ‘)) _(—”t,j\{/_) " o
e, (v, ¢ }J‘ (v By ? H(ﬂ(\ﬂﬁ» )

equals =0,

\2+3.1%) __~ ° Corollary <

(%)

It ~ = 14, this comﬁdéitq‘equals multiplication by 8.

For equivariant singular cohomology with coefficients
in a commutative ring coefficient systeii, Illman defined @
kronecker Index and also a cup product, waich is chowWwn 10

be cormmutative.
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1all now give in brief the definitions of ithe kronecker

We ci
Index and the cup product.

(3.3.12) Definition of Kronecker Index.
covarient and contrevariant

of kK and n,
a . .
+ over R , consists of a

A pairing W
coefficient systems for
homomorphism of R-modules
o @ k(G s B HET
such that 12 & ¢ &/H —72 G/ L KE o
b e m (6 /14)

be a G-map and
I <(§1/’l<)

o &
(¥ (@ )

w (b@gd*(a\)z i
P S
S C?r) (X,‘k)

then
A - N >
Now let ¢ & Cogm)ond O
(’_ '
(3.3.43) Definition: The Kkronecker index of C  and
L )e R

/\
& , denoted by, <‘ <

as follows:

A ’ (TO® )

AN P \\ = s 7 )‘ P

L C .0 = D} T / L

N~ ' éﬁ\ K , Where
L-——

‘_f)‘/
o= ) T
=1
It is a well definedthomomorphism of R-modules

Eqtxsm @ 805 — R,

——
—

Ly !

is defined



PN A \ .‘é{
rr ‘e e Cp (M, 5 ¢ L (Kok)

one shows that the definition <2,) » = {C :,’()")j
PN

?; C‘r( “ .
Where S & -, \Xs ‘) is any representative for &4 ,

gives a well-défined homomorphisn

- G
., > (’_’VC’(X,m)@)ch(X,H-—)R-
g 51

For a G-pair (X,4), the homomorphism in (3.3.11)

induces a pairing on the cohomology level, nenely

n I ' N, -~ (—ﬂ .
(3.3.1%) [ ./7 i HCn (X9 A s¥n) é\) Hm ()(,/} )k)—QR
whichh 18 a honomorphism of R-nodules ard we call it tae

kronecker index.

(3.3.15) Definition of cup product

Here we consider a commutative ring coefficisrt system .
n+ O
Letr: o ' Px G/ —5 x, Kedn

be an equivariant (n+p)- Singuler si.uplex.

Let A n and /% n denote respectively the frost n-face and

back n-face of é)hi—h X /<

wiere o (%o, - oo Xn) 5 gK) =
((>ﬁov"""7Xn707"'fq)7[3K)

and /5r7(<31o, : 7'th) 19 =

((‘D,k7) 7(),’710)-"771'(\),’53K>
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(3+3.16) Definition
/\ "\

For C € (X')hq)
-~ f“
~
and ?\, e L (X’”)
Ga o~ ntl
the cup product n 7 SN ) 71')'))

is defined by
/C\Ur’\, CT) - (E'\(TV(I‘\})(C{ k‘[ (3 "}) cmMm (Gv/K)
(3+3.17) Remnark
rn L P
For C 61,G)<>(7YY:) and C,F‘_-v(_,é,<)(7'ih)

shows that the cup product
nt p ,
‘: ch?‘ G& C?<31 C\K.7Vﬂ)

(3-3.18) Remark

one

n
> .
For a G-pair (X,4), and for ¢ £~ C&(XJ")"’)
Py
and e Co(x,A,m)
we define the cup product o
n+ .
C:JCI - CI,- (K*;Hfr’>'

&g
"This ‘defines a nonomorphism of R-mod{zles

htb

(3.3.19) U : C (X5 A m)O C (’(A r)-C (XA"’)

One establishes the following fornula by standard calculations
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(3.3.20) S(cve,) = (dc)ue, *(-')% v (6C) -

C 1
thet is, the honmonmorphisms U fora a cochain map.

Thus one gets a cup product &n the cohonology level.

(3 *Ja 21) Renmark
The cup producf is comnmutative in the scnse that if
o,

'—) . - H X\A‘ ’¥\

y & l«-!el(x)A,M) and Lj/C é,( s Ay ony) , then
- V\p
! o

4Y 4, = ) Ccd v j) '

(3.3.22) Remark

de also bave the notions of cup product ard cransier in the

Bilenberg - Borel setting of eguivariant cohomology theory,

which are given below.

Let {TT, G, X) and (17 ﬁ G'; K' ). be tio algebraic triples.

{
Then one has a triple (‘ﬂ‘x‘ﬂlj G (%) énl ) kfég}l< )
and there is a map s )
AT ~ ~ GG
o ¥ 5 C - (k&)= (KOK !
'C‘iT (<, 6)® T WX/

which gives a cross product or the external product.

1 f
* (((;é:) — 7
: ! !
m (oK, 906)
X Tif

* "
(3.3.23) H_, (;‘(") - > ;.:;\ 4
T ¥
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One can define a diagonal map
, , \o . S
ATy b s K) oy (TIXT, 686 K X K)
where 7 acts on G(§J G' in the first triple by the
diagonal action.

Hence,; one has a map

AN

4
N . } , X v A< . )
)1 7‘ ’ “’% * < ¥: x i< o (,3*1 @ 6\ ) - "4’ ( ™~ G‘\)é—
hd A —
T X 5 - v
Combining with tha external product given in (3.3%.23) one
has the cup product pairing
- ¥ ‘ ,

% Y -~ | . o ~

(3 03 024) }‘Ji T ( "\/ 3 é‘t ) @ H ., (kf 9 <3‘1 ) e
i ) n !

The transfer homomorphism in the Eilenberg-Borel setting 1is

described ad follows:

Let P be a subgroup of finite index in '| and let

X=C_(X) bea Tl -complex ( c.f é 1.2) Let G be a

il -nodule and 7 * CC*{)() s @) - H g’m""* (Cn#(f))(ﬂ)

be the cochain ccuplex. One 2aas the inclusionC

L C_:, LK S 6n) — C';(K:,Cﬂ)

% .
v K # . v ’/ - \ )
inducing a map ' : Ly (1< aEﬂ) — F1P < ,Gr)

) [

(3+.3.25) The transfer homomorphismn

, - (K56
v Cl(ks ey — CH Y )



i , - PR o £ ,

Let w € O {1ty 4) ana ¢ & C,(x) =k
- PPN = ’ f —y - \

then IRV S T T (o ‘ C /

where ,fj,j is a set of left coset representatives of P in [j
¢

~1
XK is a fl -coaplex so ¢ € & XK. One can S.oW that

tae definition of € is independent of tae choice of

reprsentatives and { is a chain nap.

¢" induces a map -

ARV,
T 4 ;i( K o G) > l”‘;ﬂ (K6 )

which is napural for equivariant maps of 7T\ -cozdlexzes K.

T

(3.3.26) If ! U : P’ denotes Phe index of P in |},

—
i
}
— -

s
that i, the number of eleuents ip the Set ‘3Ch.3 , uviaen

the conposition »

" - e > K
¥ <|<l é"} — D (‘D (\_ k“’\._-q) ey U ‘__‘\f( r.)
— . p i
th B
is multiplied by (v P .

Therefore the definition of transfer by Illmann extends that of Borel's.

(
g 3¢4 Generalised equivariant Cohomology theory.

A generalised equivariant colo.clogy theory can

be constructed using G-spectra ( c.f {fé i Iv.lt )

(3.4.1 ) Definition & G-Spectrum is a colilection
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! —
T \jﬁ ( n ¢ 1? % of G-spaces, together witn
equ1Vor1ant naps - Iy SYn — Yn i
Let. \( be a G-spectrun and X be a G-space and let
— k-

% S 3‘ \V/k~} denote the set of G-homolopy classes
N -6
of G-naps. i
Comnsider the honmomorphisns '( ., defined by the couposite
|
. 1<
suspensim e T .
= k- - g —_— V-l T [oK-nt -
xC Koo '~*i"738 X DT _}"““; : S x «)Yk‘ﬂi
I AR o |- J _ - g/
\'_ ‘—“6‘) ’ ~\S‘
" K-
The groups ’ [j: X A ‘Q] together with the

honmomorphisms 'TL forn a dlrect systeu.
I3

(3.4,2) Definition

The nth eguivariant cohomoclogy group is dofinod as

7N - P
—~~ ~ . A {
""* (X Y) am ‘ SO RS \:/ - if_T -«S ’YVwk}
-~.'-§ - - ‘\'1—‘ -
ke k &y
ok Ly
v (375 Y, ] =TSV
hnas -
(=

If X end Y are G-spaves, let F{X,Y) deﬂote the space of
all ( beses point preserving) maps froa X to Y irn the coupact
open topology. F(X,Y) is a G-space witn the follouing
G-action.

I o
If £: X ~Y and g& G, we get (i = 1Y 7))
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The set F(%,7)¢ of stationary points of G on F(X,Y) is

just the set of eguivariant .aps from X to Y.
Let us write F(X,Y)G = B(¥X,Y¥). Let ¥ be locally coupect,

Let BE(X,Y) be a spectrum consisting of the spaces E(X,¥)))

2
Then from (3.4.2) we have

RN
(X,¥)) =tmT E GO/

(3.4.3) T ( Tk N

T

If ACX is ineariant under G, then Ior eny G-Spzcn W,

there is the following exact sesguence

H \
§
‘.

e : 1 N o e C A a
(&%%{fUQA5Wj””fiM;‘7[Aﬂﬂé

where Cé 18 the mapping cone of 4. IFf (X,A) ic 2 veir of
G-Bomplexes then XWUVU A hes the same eguiveriant homotopy

type as doses X/h.

. \ j"‘k‘w/ . e
Teking W = J<L  Tr 4k and pessing to the limit
over k DWe obtain the following exact Seguence on the

eategory of G-Complexes wita base point.

1

N : mh(X'Y)ﬂVA(A' )
(Guses) H, (x/A3Y)— H U] 6

& - !
Since, there ig a natural isomorphisn

I~ L{ﬁ#ﬂs'
S X = s X 5 we obtein & natutal isoumorphism

S



\ o e kene A
wrk._r'Xka‘! i /\_\_,‘—“%{ \‘; (f ’) S)\’ 5 \’/kj

2 LS - - G
These comute with 71‘ , lence define a natural
k
isonworphisn
/‘\-hl", ,
-~ . ' I "“f (Sxt y)
| . H@oo(X,Y) 5 !
(3-406) 5 ’ (1 =

~ %
Thus = (X:?Y:> definec an eguiverient cohomology
[l s} -
/‘7
>

theory on T (the category 5& G=-Ccuzloves wite booe noint).

A

\/J
(3.4.7) Renark In Chapter &, w2 will give a ROCG) steble

version of the above concept.

5 3.5 The spectral seguence for ar eluivariecst colouology

S

theorz

o F
Let 2 L ﬂ(5-j be any eguivarient cohomology tiszory
14 «

-

and let X ©be a G-Complex of divencicn N <Cod If XK is

foliowing axions:

(3.5.1) If S is a discrete G-set with orbits S, , taen

R ‘ TR (5
i, H(S) > TH5)

is an isomorppisn, where ' | 5 —=% 5 ig tae irclusion.
0/\' \4
Let iKéS ve e sszguence of G-gub colnlexcs cac. vaat

K = Kp, the p-skeleton of K.
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~ Yy ‘W b+ ( KPY’ K l~”*’/)

. Syt g
NI LA S

i
i

Put

/“" =\~

. . -1
Then the exact cohozology sejuence of tae pair ( KP, KP )

provides an exact couple:

AN

E

Tae differential <A‘ is the conposition s
Prov p o b Gy TNV f
e W TR T (KT = e
o Lot J Pty
o + AT )= E,

CLd {

Qiven by This exact Couplk
" and the spectral sequencekco;verges to the graded group

associated with the filtraetisn
. - )
_FEooy L Pray LI P A
77 ke H G Tk
A

.

o P s
Since K /K ~ Sf Cl;

+ : D . o exloynel bage pd’ih't.
Cp ’ CP is the sat o £ a1l p-—CellS of i{,.r- cenole s a’\;/

o .y A, k o~y -
g5 9 (RS NPV (oRg PO ALY

Thus,
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Let ‘F:GVC—: 66 @) denoté the coeffifient Systen defined
by hi(c/a) .6}{9((;/"‘ Y3€or any equivarient map £36/d —3 G/K

BV (e) : HYG/K) 5 HV(6/1)
Then fh"y(ér/y) = ‘HOV(G/H) _ R () )

One as~ 1 an 1uoaorphlsm

(3+5.2) A& ¢ 0)—-1 OV(CP — CértK 7ﬁ0V) on to Bredons
equivariant chain groups,
and verifies that under tnis isomorphisn the differexntial

_(O:a bty
«:'l".E' DV Eq*’?’\/

T ( becomes, upto sign, the
coboundary.

Thus We have:

(3.5.3) E f;)av =5 Hglcy ’ {"’CI/}, the Bredon's equivariant

cohomology group.

(for details see [5] fzp IV.10 )

" The opectral sequence converges (wasn dim K < o0 ) to the

graded group associated with the above riltraticn of
9 w).
(3.5+4) For any equivariant coaomology tleory Q_C}{ S S

and a G-Complex X with dimension W <«o , there is

a spectral seguence with E‘;‘ i i Hg (K5 }'OV) waich
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converges to the graded group associated with Sowme

filtration of 4P (x).

(3.5.5) The classical unigueness Theodrenm

sy
[}

*
Suppose f1j 1o an eguivariant cohorolopy theory satisiyin
[

tae dinension axion,

Let h € 6 G denote the coefficient systen defirzd by
n(G/g) =‘H°(G/H) . Let X be & finite dimcrsional G&-complex.
(If K is infinite, we assume that tae condition (3.5.% )

is satisfied.)

In this cese, the spectral sequence degererates for r > 2.

In fact, E:”OV_-_-; SHZ(K/;"’!) s X =6

o s vFEO

It followe t.:at C.)L(b(x) o~ HZ(K sH)

I3

and the isomorphism i8S saoun to be natural.
Thus tric is the only equivariant conouology treory naving
coefficients h. For genercl h G-éigj, R is t.ae coefficient

*
system of the cohoaology tisory HG (K;h),tnat is,tzerc is a

?
natural isomorphism a(G/d) }Ig (G/4; b )



RO(G) grad.d equivariant (co)homology.

The advent of eanivariant ctaols Louotopy (Scgal otc.)
zeve the wmotivetion for the developiienl of ejuivariant

co.i020l0gy tieories waich are ctevnle in taigc Jezreral gevting.

Iguivariant K-theory and eguivarient conomotopy theories

provided suci exenples, uSing suitzovle G-Spcctre. The ordinary

coxomology treories deccribed ir b2 last chewters do ot coas

et

vity generaliscd gtable craracter. There ig, toarerore, & nead

-
9
(=)

1o devolop such & v.heory.

Tna congtruction ol cuch e ticory is urder Way'[30;]- Puo

purpooe 2f L 10 chlapler 210 to give & brizf report on toe

@

e

varioo fadﬁ% oi tne ROGG) gradad orcinaery co"o.0lozy t.oory,

o

Wle give a brief ersplanation of t.ac ter. 'stable' descriked

L.

avove; indicate the usefulness or such a theors; and ths

gtetug of itc calculation.
Iun §1.we give taie definition os steble equiverient hoao.opy

grouaps and tne (co)aoaclogy tacory given by tris.

6]

\ . . s . -
Ir (2 we give tac necessity of naving & 10(G) reded
. e, .
(co). v dlogy taircocry ( Poincere duality).

v

§5 1s deveted 1o co.e resultc demonstreting toe

’

uge..nincessd' of reving an RO(G) sreded | (co)aroaology



._177_.
|

(comner corjscture) cnd eiso a necessary cowndition ( in toras

0. iransfer), oS t.2 exicterce of ar RO(G) greded €o).ouology
|

L

L enc /. ,

In %4 we 1ndwcate a l1ine os construction of t.e ordinary

10(G) - graded (co)homolog/!tneory.

@ 4,1 Stsble eguivariant 0omotopy groupsS.

(441.1) Definition ( L23] )

Let G bs a compact %Lie group. Consider the Cirected category
of couplex G-nocules J,V ,W,.c.... We wr1teV<w§g 17 tners
exists U  and an isomorphisnTU &Y =W. Let SV= V ’U{w}

be tae one poim}: co.pactilication of V wWith & as baeﬂie‘
coint.

Let X and ¥ ©b2 pointed G-sparesasd let E(,ng denote

& G-.1215: X—>Y . Suopose

V<< W and cwd00e 2n 150 0-prisn C? . UV =W.

tne set ol G-romotopic point

]

To °ach_ object V of taz cotegory, We ascocicte the cet

V .30 .
[S /\X S /\{]G ar.C to ans marghisu 4 : V— W associzate

12 gusvensSaa: nan b viicos i85 tte compoocite
- Vv - o
[s'AX 5 SRy -L._)Ls NeVAx ;A Y24,
_ U&)V U@V po)
) ’ (3
LS ] N A AX g /\Y__I
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wnere (1) i8 trz  sSuspersion wita 1d(SLI). (2) is irduced
N
by oe canonical homeowuornaisn SLH\ gV:__a,éitixf eand
(3) igc induced by thiz 1somorphrisn CP: U,@V =WwW. Qro
aen show toet .d. went of the cnoice of and
cen 5107 tuet byyy, 18 1rdepon e;) ) e e CP
f
17 U < lthen ») =
i <VQW) } ‘v\f?v V)M bw)u [
The direct limit of this cystem io defirned to bec the set oxf

stable equivariant nmaps, {Xg\{

fXYB um[sm( 5/\‘(] |

%?< .}G.has th Soracture of gn abellan roup. Tais group
G

15 Genoted b 3 -

is Ceno y oo, (XY)

Let us defire

& (%,Y) = woﬁ (sX Y) , 30

= %‘_n;[s'“/\s‘ﬂx, SY\YJ

G y . S (fxfg(x

OQrﬁ—,—)are functors (for morphisms (X,Y)

G

Y)

(fxva) is defined in the ncturel way)

, | . . ,
cortraverisert ,in ta2e Lfirst coordisate end coveoricrt in too

i
“

gcor€ coordireta. Taesce facctors will be uszd to dafine

Q

hozolngy &nd cobomology the0f1es ip waat follous,

de nov give tas defininibmon of' a (stable) spectrum ( [237 ).



(L.1.3) pactruii coioiscte o2 tiz foelliouiry detas

(a) A noiptcad G-opaco X (LD o.c for zact €2 3Lz G-.sodaile U,
. U
(b) A pointel G-iap ?W;V‘“ ST/N\XV)— X(wW)-
whenever W = UEYV
(c) A& pointed G-ho_otony eziuivalerncs hi{w,V): 7V, —r (D),

wozgrever Vooend W are icouorniic o0 h(W,V) cebtisfies

[&]

tae Yollowing erions

(1) (W3 ,Wa)h (W, ,Wi) = falws,wg) -

¢

So X (W) dezensc ronly o2 toe 1Sozorpilcwe clecy of W .

T U .
(i1) Iz U exné Q' ere icouordiic & 2 k: 37— sU
1s tr2 map irnducad by el icosorviisca, tazn ths Zollowirg
dicgroms crz colutetive upto zointed G-hoctcopy.

() %

N X&V) —t X(M)

\;k/\tﬂ( V2 ) ‘i/ }IW(W
u ‘ N
AKX (Y, X (W)

q)’VJz)fz-
(1) )

S AN Frgmeriow)

t
|
C<’(-l@\f@)w,'\/@w

CFuov EOWMW, < mdvew)
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Ve will novr coastruct (coj)ao-ology theory given by a stable
G-spectrum X = (4(u), ?U,V)
Let X and ¥ ®e two poiited G-spaces. Consider the

suspension map as the composite

O L 4 - -O
v J v J
[g/\x HVOAY] > |SAS A X, SA Z(VATY

— [SU D VA 1, g (Y 18— [s"'"/\x,x(w)/\YjZ 5

where the map (1) is suspension with 1d(sY), the map (2) is
. e

induced by the canonical homeomorpaism SU/\ SJ = SJOV

and (3) by an isomorphism U HV £ W

¥ith these maps b‘;is;’;«“x the G-aomotopy sets ol pointed

s

ry . "{C .
G-maps |S AX; X(V)/\Y_G form a direct system.

G v -0
) - PO 2 W $¢ - \
(4.1.4) we denote A (X ; 7) = lim Ts'Axy 2(vyny 1o

/

G . .- . < .

o (X3Y) carries a matural structure of an aselizi group.
It is contravariant an I and covariant ia Y.

(441.5) e define.
G . G a . .
Jen (&5Y) =K (5% 25 ¥) , upo

. n VvV, . o 0
= lin [s"ASTAZ, 2(VAY T
V -~

XS'( - , - ) satisfy the following axioms of an equivariant (cojrcmology

theory, unstable if * ¢ Z and stable if * ¢ RO(G) ( see ( 4.1.8) ;.
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First vie receli tie ejowvariart (co)iomology toocory ao
stadisd ©o far. ~

o) >

Let G-Cowm~ de_otz tag ceiego~y of pointoed spaces waich

eC'ard toh2 structucre of & poincz2d G-Boaple
Let 'Abel' be tae catozory of Abelien groups.

(4.1.6) &n unst.ole egaivarient homology taeoxry condisto of

a gdcjuencas {)n \3’) GZ} of covariant funcutors

'
1 .

43 ' th.ngq1on_——ﬂ———? Abzl and & Sejuence of naivural

7

trc ﬁuformatlon —_—
G dan @) — Ay gy () m€Z (Whera SX=SNK)

guach thet tae following holcs:

1 ﬁ i8 nomotop, inverichnt .
n
(2) Oy, is en isouorphism (susponsion isomorphism)

o ..
(3) for any mep £:. X—> ¥ 1n G-Coa , the sesguence

o 00 2 ) BeEE e

19 o.saCle

-

Ae now give the axioms qi en eguivcriant (otabla)

(co)Yhoaolog, tasory.( [25] )

' (co)homology
(£.1.7) 4 stadble eguivariant / - tagory, graded ovaer

an evnzlien grou;UA,)consists ci tre following data:



B )
o L . h'_llj-__,r/ L
(2) L/hd , % & ¢ j
A - e &
ho( A — &bel,
(b) 4L Domomorpnisi i R(G)-aéy%

0F coveriosnt Funciors

‘u; U0 Y

tions

Ch (X)) hard (5 AR) oK €A

(d) ®or cac- comasiocn reéprosentotio:
trorCooraations {f
6] ;%7\( )
(2) & fe.il, o% -atoral txcoclorzet
Thece Qata ceticsy L2 Zcoileoring e
(1) Jfor cech K ¢ OL{ < i% e oY
<_oa<%;Y) I&a ¢ 72 ) Jor: &
(i1) §“V 10 o iocuorsrisa |
{ctamility)

(11i) Tac diegren. below is commutative

CT'\T
fg 00 —Z 5 h
J s Vv

&+l

+

S\//\ X)

zic.uct

(=) \nC—Za>

n unStaovls ~omology treory
Saspeoasior by V)

UV
SFU+V(S T AK)


http://ar.fi
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o (X) » dny 4 (SR

o) | \)l/ 5V

| by +1-rv‘§~\?\31’\x>
AN A4 )/’/ TAx

A
N (5NSAX)
L +V+
T, 1o induced by tao wwictiing zep

14
V4 A <
©w SNG —— SN

v

/
i

(v) Iz =~ \/ , tac followinz diegrem ic comaubati
150 (”uA')
. >
s 8 4“cx+ll 5

o

6 |
v (57AX)

S K+ V

!

Ths icomorsaics (¥*) 1o i.cuced vy oxn 150207 100 u—-») V
U -

orreSaonding nomsoiasrpilisa 5T —) 5

[
]

[4
[O)
(@]

(4.1.3) 2evaczs
N
1. 07¢ may thirk cif O as derinring & ceturcl iZo.ororica

{) ’ y ——
Lroa toe unsteble tomolon,/ theory </}’)(7‘ 41 (*'3 } nNe g )

(C;(-H’l \ ie Zl> irss 2 unstedle honeloys theoxs

1 € 7
A (—)|n €4 (T8,
C[];7<'1‘.\:71’}1 ] > ’ AV

5

v

-~
~


file:///A-TTn

~ &Y -

2., Bguivariant uwstable or staoble coromology taeorics ars

defired in the obvious dual vay.

3. Bguivariant stabls (co)homology tueory ior a pair (X,Y),
waere (¥,Y) carries

t
subconplex i8 defired &8 fiﬁ(}(;{) :_Qiﬂ(§{/§{>

ac structure of & G-comovlax and a

{:The aomology theory of pointed spcoces is cclled a veluced

homology theory and is denocted by 'ix ()f):l‘

4, If we take h = RO(G),the reel revresentetior ring of G,
then tae corresponding (co)aomology theory ic c-lied an

RO(G)~greded (co) homology.

An RO(G)-graded (co)nomology theory corregponding to a steble

spectrua ( (V), Qu,v ) 1is defined by

A &y = 1Tk

Ve

| -G
[ Sea Q 4.l.4 for thae dsfinmitiors of 3&,(: (‘";*)l
7

1. The defiiritior of anm unsteble ejuiverient (co)hoznslogy

theory given by aa unsteble G-Spectra 2es tes2n aescrived in

2, IZ we teke the G-spectrum BU(Y) we get stadle

equiverian K-theory.
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3. If we tako the G-spoctrum S(V) (the spherc spectrum)
we get stable cononotopy theor: .

-

4, The steble G-spccirum for ordinary (co)homnoclogy tieor
is still in the vrocess of construction a:d we only give
a sketca of it and the usefulness of thz colozdlogy

theory given by it, in the rest oi thz chapter.

§ %,2. Poincarsd duglity in Bguivariant Bategory

In 215 section we will describe tae necessity of having

a RO(G)~-graded ordirary (singular) (co)honology theaory.

(4.2.1) The necessity of having a RO(G)-gradad sirguler
(co)homology theory is best described by tic follouirg

provlem:

To develep arn eguivariant aralogue of Poincerd duality

theoren (14) waich states that

. . -
If M is compect and oriented thon H'M = H .M.

n-1i
To obtain an z0uivariart aralogue, w2z nzed the notion of
an orientation of & real G-vector bundle 4% , Such as the

e

tacgert buadle of a smooth G-manifold.

Let Tf be the Thom-complex of ? . Tf is
obteined from the total cpace by one point compactification

or fibres end identification of the reculting points

at o0 .
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If the base Space of g is a point tanen § is &

COfnqu&lflCathn
real G-represSentation V and Tf is its owme point/S”.
W‘
.r-

If the base opace is en orbit G/H, then TE& =& AHS Jov

arr  H-Tepresentahon W.

*
Let I:G “be a ring valued cohonolo;y theory on
G-upaceu. If Y is arn Z-spece then by Borel's delinition

of conomology _k (v) “kG\ (YH) kg \Go N “Y)

gives the associated cohomology theory on ¥
-~ W ™. W

LA S x ~ + \ - < .
(Tf) = ké(m /\HS J o= k}{(" )

»*

Mow, a kG- orientation of f is a cchomology class M_;
F \ .

where € kg (T€) , whose restricticcs to Thom

Couplexes of base orbits G/3J are ‘generators'
This definition is meanirngful only w:zen

‘(.d*(sw) is free with one generator over ka*(So) .

For general % -graded cohomology t::eorleu thic is wnot
true. 50 Bredoun's theory developed in the zarlier chepicrs,
waich i8 amn integrally greaded coaomology tieor/,is not

edejuote to daveslop Poincer?’ dueliiy.

The RO(G)-graded cohomology theories come with

uspension 1°omorphlsms

TE ) = baV(2%) , e « €ROE)
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v N
and G-repres@ntations V, woore ZX :’}Q/\S 9

asc we have Seen in the last scetion,

[lore genereils, or2 2e5 emn aclociatad homology tacory

and tbere ur“ 1uoaor011umu o<*

K&z = ()
e L “(a'h,ZY) = E w-1 Y

7 v

for l(I-gpaces Y and d-reprecertetion W, wiere T * 10 tae

tangent d-repvresentation of G/E at cH.

*
For such tasories, the notion oI a kG- oriervetion ol &

real G-bundle makes good sense , becazuse
kl—[ (S i &<H<S ) 2

the Stable equivariant suspension isomorphism

50, kd* (S > is fro

e on one geherator

- * v - . - -

frue, a RG-orle:tatlon 0r tne tengent ourdlc of a Smooth
- . . . . / . . .
G-nznifold inplies Pcincare duelity exzcctly as in the

nonasalvariant cecse.



§ he3 Usefulness of RO(G)-graded ordircry cohorology

and conditions of ite existence

R0(G)~-graded o¥diicxy covruology nes proved to ve quite
uscful i1n giving easy proofs of deep results waich wero
eerlisr proved using different and lengthy toohnigues,for
cxcudle oo following treorewr has an gasy proof using

RO(5)~grcded ordinary co.vaology theory.(See [1z] )

(4.341) Thoorem Let X Y»o cn ordinary G-Spcez and

H bc a closed subgioun of Gg T : X/H —> X/G be the

natural projection. Than for any cqofficient groug R,
taers axists a natural trancfer homonorphisn

: h .
T HY (/1 5 R — s H' (X G sR) >Ny 0

~ %
such tiat C.T is multiplication by the Zuler

coreracteristic t)C(G/H). It has the following conSegoanca.

(4.3.2) Connor Conjeeture

Let X ©be finite dicencionai cnd heve finitely sany orbit

Typao,

—
Tacn ’HQ{/CMR):O if j}*@;}z)-:o
(4.303) Aeparks

(1) Theorews (4.3.1) end (4.3,2) were first groved by
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Oliver using E/ech cohomolagy and totelly difierent
teconiques.
(ii) I£ ¥ has finrite index in G, a definition 2% o transfer

was given by Illmen { See §3.3.1)

lfow, we give a necessary(and sufficient under
certeirn corditiong) condition (in terms of transfer) for

thas existence o2 ordinery RO(G)-graded cohomuology theory.

Let ¥ ©ec a closed subgroup of G ,crbed G/E as a G-subSpece
of a G-representation V.
Let T Ybe the tangent H-spece of &/Z at es and write
N ) . .

V = T g) T as an iH-space.
The Normal G-bundle of the embedaing G/H 3V is tne

. . . + i
projection ! G x . T — G/H.

L s .
and G xl—fT ‘mey be embedded as a normal tube in V,

Applying Pontryagin - Thoa Construction, one obtains a
G-nap 4 _r-L + v
(33.8) &1 S —a & NS @ Ny®

= (&/1)" N s,

, \? SV ~7
Let m 3 (CT/H)/\ 7 S be hhe projection.
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Zopf's treorem implies thaat the degree oi thz composite

tH

me.pC

¥ v . e
— s is the Tuler charscterisctic

Tr,t ¢ S
X (e/m).
* K3 5, -3 . -
Corsidcr the Bradon cohonology Z—IG (- ; M) with coefficient
gysten M. For A CG there is e homomorphism
ML) ! M(G/&) — M(G/H). wiere i 1 G/ G/6

ic the inclusion.

von, (M (6/H) = F2( (&/m)s M)
M(G/G) =g (875 ™M)

Suppose taat Bredon cohomology extonds to aa RO(G)-graded

cohoriology theory.

3

- ) R o G') v
v He (Co/m)", M) = (/MRS M)
an , M) = S4M)

'\ * N
The G-nap t: S —> (6‘!/1—{) /\ S
induces a hononorphisn VN
~ V. N\ SN
£* T ((G/m) IASS M) —H () M) o5
that ¢ , 3 homomorphism

(3.5 ¥ M(G/H) — M(6/6)



Similar comstruction shovwsg thet:

(4.3.6) ThHeoren. If the Bredon cohomology extends to aun
RO (G)~-graded cchomology then the coefficizut gysteam

M aduits a transfer homomorphismd)

T s 1(6/X) —— 1(6/H) ,when K < B C Ggp
such that if i 3 G/K <« G/H is the inclucion mep tien
ToM@i ) + M@/d) —>M(G/H) is the multiplication

by x (E/K) .

This cordition is glso sufficiznt for th2 cxtension of
1, (- 5 M) to an R0(G) graded coaomology thaory ( for
suiteble M ).

(for details see [}3] ) .

§ L.k Bquivariant RO(G)- graded sirgular (cq)homologz

Refer to ths RO(G)-greded cohomology tazory
acfined in terms of stable G-spectra:ha‘é4.i. The bpurpose
of t-is Section is5 to indicete tixz svecific stable
G-gpecirum waich will give risz to the singular RO(G)~-graded
(co)romology. 4t the snd of tae secticn we Wwiil give a
1it?1e nore explicit defirvition of RO(G)-graded (co)rouolcgy

for ew(V)-complexes as given by Wamer ([2%1) .
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(4.4.1) 7o £ix notetions let us irdicate the stabic -

equiveriant categories we will work witn and recall .

-

tre definition of Bredon's sguivariant cohonology in this

gererel satting.

- e} '
Let U =@ V¢ , waere V;K) is the sun o countebly
™

. . < . ”
many coplies of Vi ans 1ﬁV13 rw.e tarough & sst OF

()

represzsntatives for thz irraducible reel revresentationge

Ge

!

0

&
<

A G-spectrun E 1is a collection of based G-Spaces

indexed on the finite dimensional invariant subspece v

[ O]

of U together with G-homeororphisns

(49)
EV = (2 EQV+W) s for V orthsgonal to W.

Meps B —y F are collections of G-maps BV —> FV
conzatible with the given homeomorpiisms. ™omotopiss are
families of maps paremetrised by the unit interval. A mep

is & week eguivalence bf cach fixed point map:(EV)Hﬁ_ﬁ (FV)}i

is a Weak ejuivalence,
(4.4.2)

The stablg category HSG is obtaiied from the homotopy
cetegory or G-spectra by edjoining formal inverses to the
weak eguivalences. Therpe ic a notion of a G-CW spectrun,
and HSG is egulvalent to the homotopy category of

G-CY spectra and ccllular napsS.

( See [12 ] )



(k.%4.3) Let ? denote the full sub-category of HSG with
objects G/a*A S.

(koek,4) for a G-spectrun Y and an integer n, define a

Macitey functor Ii =TTnY on the categocy © such thet

g .
.Y Ce/H’ NS) = Te/H ns »Ylg

where Sn = Z_nS‘"'

(4e%4.5) Definition

Consider a G-CW spectrum Y with nth skeleton YO,
Define C.Y =T _ (¥*/™1y,
n n
N, n- ’ + B
Y/\{ is a wedge of G-spectra of the form G@/H NS

Then C,Y 1is a complex in the abelian catezory of Mackey

furctors,

(4.4.6) Definition

The cellular cochain complex 18 dciined by

C*(Y;sM) = Homa (C,Y , M)



..9Lr...

Pacsoing to nomology one obtains a Z -greaded cohonology

Loy j*<(Y;M) on G opecire, with coceificients in Il

N

’ o e * - N
,EL.7) The 0¥ tera of toe coaomology thaory HOO5M),

that s, P(y;iZ)  i5 reprasernted by an Bilosvorg

N v
Lac%gggigspectrua XM, O ).
T2 RO(G) geaded thoors, detoroined by K(M,0) cxtends the
* -
Z-graded celluler theory W (Y;K) to an R0(&)-graded Bredon

cohomdlogy with c9efficients in M.
i

(4.%4.8) Romarks

1. We 2eave a Gual coastruction of RO(G)-greded homology

tueories H, ( ¥;0) vita cosfficients in covavient

—

fractors . N & —> &b,

2. Ior finite G, ED is seli-cduzl end then the two

kinds of coefiicient oyst=ns arc cguivalent,

i
m

3. I'or generel G, a quite cdirf_crort zind ox Bilenverg-

'

Moc Ione spectrus X(i7,0) rapresents thecc homology theorizc.
! /
1

We now make hittle more explicit the definition of  RO(G) - graded

(co)homology of a G-C \"(V') Complex .


http://oxplii.il
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(4.4.9) Definition:

Let 2 be the orthdgonal G-module, (BG)CU) wherd RG 1is
the reel group algebra erncoved vith its natural inner
product. We write V <UL , if V is a firite

dinenscional G-inverient sub.sdule 07 2L .

If V £24 , then a G-CW(V) complex is a G-space X

vita a given decoupositio: ¥ = Celin %® sucHd that

o
1) X 52_%} Gi//PJV (is a disjoint union

0f G-orbits, where V 1is a trivial Hv-module for eaca M.

n-1

(ii) %™ is obtained from X™ % by attachirg colls oZ thie

9
forn GxHD(V-m),where H is Such that V hes a trivial

n-digensional sSuwamand as en Heo odule, end where n = din V-n
D(U) denotes the unit disc in W‘<9Ll .

(4e2410) Definition

Let & denote the category whose objects axrc the G-ocpoces
G/H for I C G and whosSc morphisns are givern Ly

+ Vv + V_
O(6/H 4 G/K) -\olim[G/H/\rS A AN 4
VLA G

(0]

where the subscript + denotes tac addition o2 a disjoint

besepoint.
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(&ok,11) Definition

Let X be a G-CW(V) Coaxclex, tacn o differentially graded
contravariant cystoa is givon by

I

CV—.LT\ X XG&r/11) ::[Z VW Cu /]_{"‘ ; Zw>h>‘<"‘~'+1’l/xv+vh-1

e

vhere W= din Vo

and W 1is large erougl to comtain & triviel n-dimsnsioneal

sumnmand, |

Thc following property of contraveriant and covcrient

functors hat beesn usaed to cordtruct cochecin and cacin
couinlexes.

~

(k.4,12) If and S

/

arc contravariont additive functors

——s AL S : é ~—>4b . and

3
<@

Q)g i

. /& — &b is & coveriant edditive functor

tlen one mey for:m the atvelion' groups Hom (’?,§),[W52re

1

[~

- iy ra ' ~
Jori _( T, S ) the sot of all natural tremsformotions

from T — § in tae cetegory é]

and TRT =7 TG/HYR T(G/H)
e HC &

: ¥y . o~
E;J'Acre we definc 1 ‘t."x/ et %) £, 1
~

o2

for te& T (6/X), t' & © (c/3
: £
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—

and for & morphism T i 6/H — G/K in the catsgory 8 .

(k.%413) Definition

Using recult on (4.4.12) end gonsioring th2 coxtravaricont

coefiicient system EVm (X) (defired izn (Z.4.11))

the cocnein end chein complexes sre defined raspeciivil/

(4e4.1%) Definitions

¢

* —
By npassage to homalogy of tae cochain corplax € (X,T )

. e . . o V4%
one Gefirss the RO(G) graded conouology

_ "6

Similarly . nomology of the chcin comples Cy (X)) defi:ee

)

*(X; T).

t22 RO{(G)-graded ho..clogy H$+

(2.4.15; We give belovw a list of bacic jrovertizs of
RO(G)-graded sinzalar. conomologry ( [ 251 )

s ' 3 o - . » .- ’
(1Y 'Dimersion axioa

- -

d (6/4, )= T (6/4) for seck I &

o ¥ n4# o.

fl

vy (G/= ;T )

e
o5

4

ML (XT)-
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_ V+n '
(2) HZD(G/H )T ) = (6/w, F)=0 i ™o

')) . = L D!K('X:f—“!}f)
() H (Gx <5 T )= H WY
"L]U KCG&  ena ' Tk s 7T o regarded
as a coefiicient syston for X-cruits. kere PIK  ecns
VIKE ax).

(4) ‘Suspension Iod>morpaisn'

z — V4V
]_{V(Y T) == Hgf <<X T)

wazre tie reduced c¢onsuolozy oi a hegel &~Cooca w)(’ i piven

by tae naturel construction A ((X,%*); T ) for pairs

* -
(5) o (X3 T ) nas a naturzl moecule structure over A(G) -

(4(g) 1 the Barnsit/ie_ ring of G ).

(ke%:416) Rz erks

Tae detleilc 2% 21l the esove co.Stsucticrseans toeir

wroperties will apgeer in BO] .
Aonerk

The RO(G) gr-ded cohowology theury davaispod -bove
( in §4.lﬁ.10) is rclaced to Bredon cohoaolony &S JJi1 miCe

Let ‘@ dencte the catcgory wnose sbjecic ace thosz ol £

end Whose morpoisms are toe G-uaps: G/H —y /K. & contro-

veriant systen T § & ——————> b 518 & Bredon corbravariant


http://or.tr
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systen :]—:L@; Q'@ ‘—:'/qb (ir. t2e sense of SSQ'?’)

incl.sion G- O

<
‘-J
o
o
)
w
H
~

If a Bredon systen L @ > Ab egtends “o e

-—) Ab, than

the Bredomn cohomology with T coefficients agrezs Jith

D|

—
contraveriart (Mackey) cystem T

N — .
H@ (X,' ‘r’) for ne’Z upto netursl isonorphisa,

0]

(%.45.17 ) Remerk: 4s far as the computetions of tae
RO(G) gradsd cohomology rings ere corcernzsd Ve heve the
foliowing information (see [257)

Let 4 be.t2e coeflicient systew given by

4 (6/3) = &(H) , (A(H) Burnside ring of ¥

*
[

M, (X34 ) is the eguivariant anclsgue of tic ordinery

integrel condomoloagy.

Thz computation of the RO(G)-greded cohomology ring
#*

H, (Pt » A ) for an arbitrary G ic wide open.
For G a firite group of order p (a prine)

Storg(21] ) Thas dove the computetions.
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