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This thesis [1] concerns the study of hysteresis in anti-ferromagnetic random-

field Ising model at zero temperature. The external field is cycled adiabaticallyr, 

between -oo and oo. Two different distributions of the random-field are consid­

ered, (i) a uniform distribution of width 2A centered at the origin, and (ii) a 

Gaussian distribution with average value zero and standard deviation a. In each 

case the hysteresis loop is determined exactly in one dimension and compared 

with numerical simulations of the model. A very brief account of the broad con­

text of the work, the model, the probabihstic method used to solve the model, 

and the end result is given below. 

Hysteresis is a paradigm of non-equilibrium phenomena [2]. It occurs when 

a system is driven by a field that changes faster than the the system can cope 

with it. Feynman [3] in his book on statistical mechanics describes equilibrium 

as a state when all fast things have happened and slow things have not. What 

is fast and what is slow depends on the time scale of interest to us. Hot coffee 

in a cup may cool down to room temperature in a matter of minutes and then it 

may be considered to be in thermal equilibrium with its surroundings for hours. 

But over much longer period of weeks and months, the liquid in the cup is Ukely 

to evaporate into the air. In the context of hysteresis, the time period r of 

the driving field serves as a reference. There is pronounced hysteresis if the 

relaxation time r^eiax of the system is larger than r . The experimentalist controls 

T i.e. the frequency of the driving field uj = 27r/r, but Treiax is fixed for a given 

material. By choosing r > Treiax, one can study systems close to equilibrium, 

i.e. hysteresis loops whose area tends to zero. However, several systems are 

never close to equilibrium. These are generally systems that contain quenched 

disorder. The quenched disorder creates a large number of metastable states that 

are separated from each other by large barriers [4]. The relaxation time (escape 

from a metastable state) diverges exponentially with the ratio of the barrier height 

to the thermal energy of the system. We may consider the system to be at zero 

temperature without compromising with the essential physics of the phenomenon. 

The distribution of barrier heights translates into a distribution of relaxation 



times. A spectrum of diverging relaxation times means the presence of hysteresis 

even in the hmit r —* oo. The limit r —> oo is a theoretical limit. In the laboratory 

T can not be longer than the time available for the experiment. Systems with 

quenched disorder tend to show significant hysteresis over the longest practical 

time scale. For modeling this behavior we take the limit T —» 0 before the limit 

u —>^ 0. This gives nonvanishing hysteresis in the limit ui —* 0. 

Sethna and his co-workers [5] have introduced the non-equihbrium random-

field Ising model to study hysteresis in disordered ferromagnets at zero temper­

ature and in the limit a; -+ 0. The disorder in their model is characterized by 

on-site random fields having a Gaussian distribution with average value zero and 

standard deviation a. They employ the zero temperature Glauber dynamics of 

Ising spins in their model, i.e. a spin flips only if it lowers the energy of the 

system. It is an iterative dynamics. If a spin flips it changes the net field on its 

neighbors and may cause them to flip as well. This may result in an avalanche of 

spin flips. The dynamics is applied till each spin in the system is stable. The ap­

plied field h changes infinitely slowly as compared with the time (i.e. the number 

of iterations) taken by the system to reach a stable state. This is implemented 

in the model by holding h constant during an avalanche. This model has been 

studied extensively in the case of ferromagnetic interactions using mean field the­

ory, renormalization group, and numerical simulations [5]. Exact solutions of 

the ferromagnetic model have been obtained for Ising spins on a Bethe lattice of 

coordination number z [6-8], and continuous spins in the mean field limit [9]. 

Hysteresis in the anti-ferromagnetic random field Ising model [10-13] has 

received relatively little attention as compared to its ferromagnetic counter part. 

Only an expression for the major loop has been obtained [11] in one dimension in 

the case when the quenched field has a uniform distribution of width A centered 

at the origin and A < j J | where J is the anti-ferromagnetic exchange interaction. 

The purpose of the present paper is to extend this result to A > | J | . The results 

presented here also apply to a Gaussian distribution of the quenched random-field. 

It may appear rather surprising at first sight that there should be any difficulty 



in solving a one-dimensional Ising model at zero temperature. The difficulty arises 

primarily from the presence of quenched random fields. In general, problems with 

quenched disorder are difficult to analyze analytically. Problems with quenched 

disorder and anti-ferromagnetic interactions are more difficult. This is primarily 

due to two reasons. One, the relaxation process in the anti-ferromagnetic random-

field Ising model depends on the order in which the spins are relaxed. Two, the 

energy landscape of the anti-ferromagnet has many more local minima than that 

of a ferromagnet. 

The one-dimensional random-field Ising model is characterized by the Hamil-

tonian, 

t i l 

Here ŝ  = ±1 is an Ising spin at site i {i — 1 ,2,3, . . . , N), J is the nearest 

neighbor interaction ( J > 0 for a ferromagnet and J < 0 for an anti-ferromagnet), 

ht is a random-field drawn from a probability distribution <^(/it), and ha a uniform 

external field. 

The dynamics of the model is the discrete-time single-spin-flip Glauber dy­

namics at zero temperature i.e. St{t -I-1) = sign fi(t), where 

/j = J{s^-i + 5,+i) + h^ + ha (2) 

This means a spin flips only if it lowers its energy. It also assumes that if 

a spin-flip is allowed, it occurs at a rate which is much faster than the rate 

at which the magnetic field ha is varied. Iterative application of the dynamics 

leads to a fixed point state of the system such that Si(i + 1) = Sj(i) for each 

spin Si{t) in the system. The condition of adiabatic variation of the applied 

field is implemented by holding the applied field constant until a fixed point is 

reached. The fixed point is a local minimum of the energy (metastable state) of 

the system. Our aim is to find the magnetization m{ha) of each metastable state 

visited by the system as the applied field is cycled adiabatically from ha = - c o 



to ha = oo. The magnetization along the upper half of the hysteresis loop is 

given by symmetry, m"(/ia) = -m{-ha). We have m{ha) = 1 - 2P|(/io) where 

Pl{ha) is the probabihty that a randomly chosen site i is down (i.e. Sj = -1) at 

an appUed field ha- Pi{ha) is a function of p„(/ia), where 

/

oo 

</.(/i,)rf/i, (n = 0,l ,2) (3) 

•2{l-n)\J\-ha 

We say that a site flips up under a p„-process if n of its nearest neighbors are 

up when it flips up. In order to calculate Pi{ha) we make use of the screening 

property of a pair of adjacent down sites (doublet) that have remained unflipped 

in a monotonically increasing field from —oo to ha- A doublet separates the chain 

into two parts that have evolved independently of each other. The doublet also 

provides a natural length in the analysis of the chain. This is not a fixed length 

but rather a variable length of a segment of chain that is free of doublets and 

lies between two doublets at an applied field ha- The history of evolution of this 

segment may be analyzed independently of the rest of the chain. We denote the 

probability per site of finding a doublet on the chain by P||(/ia), and find 

Piiiha) = [PiiiU \0 i: ha)]\ (4) 

where 

Pail i |0 i; ha) = e-̂ oC"-) - [e-P^ '̂'") - {1 - pi(/i„)}] - £ ( - l ) " T „ ( M , 
n=3 

(5) 

Tn{ha) = 
n - 1 

(j){hi)dhi T\ I <p{hm-i)dhm-i / 4>{hn-i)dhn-i, 

(6) 



and 

4>{h) = [1 - e-P''(-''-21-'l)]</,(/i) (7) 

This is a generalization of a result derived in reference [11]. The result in 

reference [11] is valid in a special case when no p„(/io) process can begin before 

all Pn-iiha) processes have been completed everywhere on the chain. 

In order to calculate the probability that a randomly chosen site i is down 

at an applied field ha, we need to calculate the probability of a large number 

of related events concerning the history of spin flips at site i and its neighbors 

at sites i — 1 and i + I. If site i is down at ha, it may have never flipped from 

ha = —oc to ha, or it may have flipped two times. Its neighbors too may have 

flipped zero, one, or two times. The probability of flipping at a site depends on 

the state of its neighbors. If both neighbors are up, we may have to take into 

account which one flipped first. If a neighbor flipped under a pi process we have 

to take into account if the pi process pre-empted a po process or not. Careful 

considerations of these issued show that we need to calculate the probability of 

26 distinct processes. The final result is. 

Pliha) = Pmiha) + Piidha) + Puiiha) + Puuiha) + Puwi^a) 

-PmrniK) - Pm^iha) - /'tTTo(^a) - P]]]p{ha) 

+PmQiha) + PuMha) + Pmsiha) + PuMha) 

-Pmu{ha) - Pmv{ha) - Pmw{ha) - Pmx{ha), 

(8) 

where, 

Pm{ha) = [l-po{ha)]Pii{ha) (9) 



Piniha) = PmiK) = Po{ha)Pii{ha) (10) 

Pnuiha) = riPiidh') + Pm{h'M-h' - 2\J\)dh' 
•/—oc 

= j ° 2po{h')P^^{h')<l){-h' - 2\J\)dh' (11) 

PuwiK) = 2 / " dh'^i-h')po{h')Pu{2 i |3 I; /i') (12) 
J —oo 

P^Miha) = 2 f '^ dh'4>{-h' + 2\J\) 
J—oo 

ph'-2\J\ 

/ dh"<j>{~h!'-2\J\)P^^{Zi\2i-X) (13) 
Jh'-41J| 

/

ha />/l '-2|J| 

dh'4>{-h' + 2\J\) dh"^{-h") (14) 
•oo 7h'-4|J| 

PTTTo(M = Am(/ ia -4 | J | ) (15) 

PTTTHM--PnTL(/ia-4|J|) (16) 

PnTQ(M = 2 / " 6!/iV(-/i')Pu(i 112 i; h') 
J —oo 

X / dh"<f>{-h")P^^{5 I |4 i; h") / dh"'<t>{-h"' - 2\J\) (17) 



Pnmiha) = 2 /" ° dh'^{-h' + 2|J|) / dh"4>{-h" + 2\J\) 
J-oo Jh'-2\J\ 

r-h'+2\J\ 
X dh"'(l){-h"' - 2\J\) (18) 

•h" 

{ha) = 2 r dh'4>{-h' + 2\J\) f d/i'V(-/i")Pu(l i |2 i; h") 
J-oo Jh'-2\J\ 

f—h'+2\J\ 

X / dh"'(l){-h"'-2\J\) (19) 
J-h" 

PmAha) - 2 / " d/i>(-/i')Pu(l i |2 i; h') f dh"^{-h" + 2\J\) 
J-oo Jh'-2\J\ 

r-h'+2\J\ 

X / dh"'(P{-h"'-2\J\) (20) 
J-h" 

(ha) = 2 / " dh'<l>{-h' + 2\J\) f dh"(j>{-h")Pu{l i |2 i; h") 
J-oc Jh'-2\J\ 

X / ' dh"'cj>{-h"')P^^{5i\Ai;h"') (21) 
Jh'-2\J\ 

{ha) = 2 r dh'(t>{-h' + 2\J\) I dh"4>{-h" + 2\J\) 
J-oc Jh'-2\J\ 

X / dh"'<t>{-h"' + 2\J\) (22) 
Jh'-2\J\ 



^mwiha) - 2 /" " dh'cPi-h' + 2\J\) f dh"4>{-h" + 2\J\) 
J-oo Jh'-2\J\ 

X r dh"'<l>{-h"')P^^{li\2i;h"') (23) 
Jh'-2\J\ 

Pmxiha) = 2 / ° dh'cf>{-h' + 2\J\) f dh"4>{-h")Pu{l i |2 i; h") 
J-oo Jh'-2\J\ 

X / dh"'(f>{-h"' + 2\J\) (24) 
Jh'-2\J\ 

The calculation of P'\-[\o{ha)-, and P|-f|p(/io) requires the following additional 

quantities, 

PmB{K) = 2 r [Pu(2 i |3 i: /i') - {1 - po(/i')}] 

Pu(4 i |3 i: h')(t){-h! - 2\J\)dh! (25) 

PTiTc(/la) = Pnuiha) - Pmsiha) (26) 

'n^EiK) = 2 / " d/i',^(-/iO [Fa(2 i |3 i; h') - {1 - po(/^')}] (27) 
J —OC 

^TiTF^^a) = PTiTX)(/ia) - PniEiha) (28) 

PnTG(/ia) = {1 - Po{ha)}[l - e-«'('^"f (29) 



\MK) = 2{1 - poiK)} f " dh'PiiiS i |2 i; h')ct>{-2\J\ - h!) 

X / (i){-h")dh" (30) 
J ~oo 

PnM{K) = Pmc{K) - Pmciha) - PnMha) (31) 

Pnuiha) - [1 -Poiha)] [y"°° dhs^ihs) (32) 

uMha) - 2{l-poiK)} f ' dh'4>{-h') 
J —QO 

f dh"Pu{3l\2l,h")(t>{-h"-2\J\) (33) 

^ 4- I * * 

X 
-oo 

Pmiiha) = PniFiha) - PmAha) - PuMha) (34) 

Numerical simulations have played a valuable role in our analysis. An exact 

analytic result has to be necessarily in agreement with the simulations within 

numerical errors but arguments based on conditional probabilities can be subtle 

and prone to errors. Therefore at each step of the analysis, we devised a simulation 

of the model to yield the probability of the event being calculated. Occasionally 

the two did not match in the first instance necessitating a rethink of the analysis 

and locating the error in the argument. Each theoretical expression contributing 

to the final result was tested by simulation of the model in the following cases: (i) 

bounded distribution with half-width A = 0.5|J|; (ii) bounded distribution with 

A = 1.25| J|; (iii) a Gaussian distribution with standard deviation a = .5| J|. The 

average value of the random field is zero in all cases. As an illustration of the 

agreement between theory and simulation, figure (1) shows the hysteresis loop in 
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the case of the Gaussian distribution of the random field with a — 0.5| J| . As the 

lower and the upper halves of the hysteresis loop are rather close to each other, 

we have reploted in figure (2) the upper and lower magnetizations relative to 

their average value. In both figures the data from the corresponding simulation 

is superimposed on the theoretical curve. The two are indistinguishable on the 

scale of the figure. 

In conclusion we have obtained the zero-temperature hysteresis loop of a one 

dimensional anti-ferromagnetic random field Ising model in the case when the 

driving field varies from —oo to oo and back to —oo infinitely slowly. The prob­

lem is simple to state but difficult to solve. The end result for the hysteresis loop 

involves integrals that have to be evaluated numerically. We have shown that 

our theoretical results fit numerical simulations of the model quite well. How­

ever, several aspects of the problem still remain unsolved. For example we have 

obtained the hysteresis loop when the driving field takes the system from one 

saturated state {ha = —oo) to another {ha = oo). In this case we have a com­

plete knowledge of the a posteriori distribution of the quenched field at different 

stages of evolution of the system. We are not in a position (so far) to obtain the 

hysteretic response of the system starting from an arbitrary initial state. It would 

be interesting to have an analytic solution of the problem in higher dimensions as 

well. Numerical simulations suggest that the anti-ferromagnetic hysteresis loops 

in higher dimensions have several plateaus for low values of A and a as compared 

with I J | . Exact analytic solutions of problems with quenched disorder are difficult 

in statistical mechanics. One may even argue if they are worth the effort that 

has to be put in to try to obtain them. However exact solutions are intellectually 

satisfying and provide a framework for understanding a wide class of complex 

phenomena. We hope there will be more progress in this direction in the future. 
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FIG. 1: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = —1 
and a Gaussian distribution of the random field with a = 0.5. Results of numerical 
simulation are superimposed on the theoretical expression. 
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FIG. 2: Magnified theoretical and simulation hysteresis loops for a = 0.5 where the 
magnetization along increasing and decreasing field is measured from the average of 
the magnetization on the lower and the upper half of the hysteresis loop in figure 1 at 
corresponding applied field. 
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Preface 

Statistical mechanics today is a pillar of theoretical physics. It 

started modestly in the form of kinetic theory of ideal gases in the 

18th century but has made great strides in recent times. The task 

before statistical mechanics is to provide a manageable and useful 

description of an interacting system with a huge number of degrees 

of freedom. It is neither feasible nor useful to track each degree 

of freedom individually so one uses a small number of measurable 

variables like temperature, density, pressure etc. and treats these 

using probability theory. It is convenient to divide the thermody­

namic systems into two categories: (i) equilibrium, and (ii) non-

equilibrium. The assignment of a system to one of these categories 

is made on the basis of a characteristic time scale. The demarcation 

is not as sharp as we would like to think. For example, Feynman [1] 

in his book on statistical mechanics defines equilibrium as a state 

of the system when all fast things have happened and slow things 

have not. What is fast and what is slow depends on the time scale 

of interest to us. Hot coffee in a cup may cool down to room tem­

perature in a matter of minutes and then it may be considered to 

be in thermal equilibrium with its surroundings for hours. But over 

much longer periods of weeks and months, the hquid in the cup is 

likely to evaporate into the air. 

At present the statistical mechanics of systems in equilibrium is 
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far more developed than its counterpart for non-equilibrium sys­

tems. Its basic tools and methods are well established and well 

understood. A system in equilibrium at temperature T fluctuates 

between different states of energy Ei with the Boltzmann probability 

factor exp(—^j/fc^T). The probability is normahzed by summing 

the Boltzmann factor over all states. This sum is known as the par­

tition function Z. The free-energy of the system is F = —/c^TlnZ. 

Equilibrium state is a state of minimum free energy. Various mea­

surable quantities can be obtained from the free-energy by differ­

entiating it with respect to appropriate fields. Often it suffices to 

describe the measurable quantities and correlations in equihbrium 

systems by their average values. Phase transitions are an excep­

tion to this rule because they are marked by a diverging correlation 

length and anomalous fluctuations. However these problems have 

been addressed successfully by the renormalization group approach, 

and it is reasonable to say that the development of equilibrium sta­

tistical mechanics is nearly complete. 

The development of equilibrium statistical mechanics has been 

greatly facilitated by exact solutions and numerical studies of sim­

ple models. For example, careful studies of Ising models in one, 

two, and three dimensions have contributed to the understanding 

of the scaling of thermodynamic functions in the critical region, 

and laid the foundation of the universality of critical behavior much 

before these ideas received full theoretical understanding based on 
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the renormahzation group. Non-equilibrium statistical mechanics 

at present is in a developing state. A wide variety of models and 

phenomena are being studied. One hopes that results from such 

studies would lead to the understanding of general principles of 

systems far from equilibrium. The basic difference between equilib­

rium and non-equilibrium phenomena is the role of the relaxation 

dynamics in non-equilibrium phenomena. By relaxation we mean 

the dynamical process by which a system minimizes its free energy 

to attain thermal equilibrium. The character of the "fast things"! 

Equilibrium statistical mechanics need not go into the "what and 

how" of the fast things. It is content to assume that the fast things 

must have happened in such away as to endow the system with 

the necessary properties to be in equilibrium. For example, its oc­

cupation probability of different states must be governed by the 

Boltzmann factor. Other characterizations of equilibrium such as 

detailed balance, minimum free-energy, maximum entropy follow 

from the Boltzmann factor. In non-equihbrium statistical mechan­

ics we have to study the details of the relaxation dynamics. This is a 

demanding task. The relaxation dynamics is system specific. Also, 

it would be neither useful nor practical to follow the time evolution 

of each individual degree of freedom. We should choose a small set 

of useful and measurable quantities in non-equilibrium and focus on 

the effect of the fast things on these quantities. Are these quanti­

ties just the non-equilibrium counterparts of temperature, density, 
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and pressure etc or there are better choices? It would take time to 

resolve these issues. The current activity seems to be focused on 

specific models and phenomena and what we may learn from these. 

Hysteresis is a paradigm of non-equilibrium phenomena. If a sys­

tem is driven by a cychc field, and the time period of the field is 

shorter than the relaxation time of the system, then the system 

shows strong history-dependent non-equilibrium effects. The re­

sponse of the system in increasing part of the cychc field is different 

from that in the decreasing part. As the driving field makes a com­

plete cycle the response of the system makes a hysteresis loop. The 

area of hysteresis loop determines the power consumed by the driv­

ing field. We are particularly interested in the effects of disorder on 

hysteresis. Disorder is unavoidable in a thermodynamic system. It 

can creep in the form of impurities and structural defects during the 

preparation of the system. It could be a small disorder e.g a tiny 

fraction of point defects in an otherwise perfect crystal, or a large 

disorder that is characteristic of liquids. Intuitively the meaning 

of small and large' disorder is clear but there is no sharp division 

between the two. A more useful way to look at disorder is based on 

the relaxation dynamics of the system. If the disorder in the system 

is able to relax well over the experimental time scales, we called it 

annealed disorder. Annealed disorder is seen in very slowly cooled 

liquids and metals. If the disorder can not relax on experimental 

time scales, we call it quenched disorder. Quenched disorder remains 
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frozen in the system over practical time scales. Glasses, spinglass 

and other amorphous solid are example of quenched disorder. An­

nealed disorder is easier to treat analytically because the disorder 

degrees of freedom are dynamical variables that can be treated on 

equal footing with other degrees of freedom. Consider for example 

a mixture of magnetic ions with non-magnetic impurity atoms at 

a high temperature. If we allow the mixture to crystallize by cool­

ing it slowly, the impurities and the magnetic ions will remain in 

thermal equilibrium with each other. The impurities are able to 

move. Therefore, to calculate the partition function of the system, 

we need to trace not only over the orientations of the spins of the 

magnetic ions but also over the positions of the impurity atoms. 

Quenched disorder on the other hand is difficult to treat analyti­

cally in equilibrium as well as non-equilibrium. In equilibrium, we 

have to calculate the partition function for a given disordered con­

figuration of the system and then take the average of the logarithm 

of this partition function over different realizations of the disorder. 

In non-equilibrium too the analytic treatment of the dynamic de­

grees of freedom relaxing in a frozen background is more difficult. 

The frozen background creates a large number of metastable states 

in the system. These are separated from each other by high energy 

barriers. The energetics of the dynamics is primarily determined by 

the quenched disorder rather than thermal fluctuations. Although 

quenched disorder is more challenging to treat theoretically it is 
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creates a large number of metastable states in the system separated 

from each other by large barriers. The relaxation time (escape from 

a metastable state) in these materials diverges exponentially with 

the ratio of the barrier height to the thermal energy of the system. 

The distribution of barrier heights translates into a distribution of 

relaxation times. A spectrum of diverging relaxation times means 

that these materials show hysteresis even in the hmit w ^^ 0. 

Sethna and his co-workers [5-7] have introduced the non-

equilibrium random-field Ising model to study hysteresis in disor­

dered ferromagnets at zero temperature and in the limit uj —>• 0. The 

disorder in their model is characterized by on-site random fields hav­

ing a Gaussian distribution with average value zero and standard 

deviation a. They employ the zero temperature Glauber dynam­

ics of Ising spins in their model, i.e. a spin flips only if it lowers 

the energy of the system. It is an iterative dynamics. If a spin 

flips it changes the net field on its neighbors and may cause them 

to flip as well. This may result in an avalanche of spin flips. The 

dynamics is apphed till each spin in the system is stable. The ap­

plied field h changes infinitely slowly as compared with the time 

(i.e. the number of iterations) taken by the system to reach a stable 

state. This is implemented in the model by holding h constant dur­

ing an avalanche. This model has been studied extensively in the 

case of ferromagnetic interactions using mean field theory, renor-

malization group, and numerical simulations. Exact solutions of 
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the model have also been obtained in one dimension [8, 9] and on 

a Bethe lattice of coordination number z [10]. Some exact results 

have also been obtained for continuous spin models in the mean 

field limit [11, 12]. There is comparatively little work in the case 

of anti-ferromagnetic interactions. This thesis is a step in this di­

rection. We present an exact calculation of the zero-temperature 

anti-ferromagnetic hysteresis loop in the zero-frequency limit of the 

driving field in one dimension. The problem appears simple but the 

analysis is unexpectedly complicated. The outline of the thesis is 

as follows. 

Section I provides an introduction to the problem studied in this 

thesis. Section II defines the model for a general distribution of 

the quenched random-field centered at the origin. We focus on two 

specific cases: a uniform bounded distribution of width 2A and a 

Gaussian distribution of standard deviation a. In section III we 

present numerical results for the hysteresis loop in three represen­

tative cases: A = 0 . 5 , A = 1 . 2 5 and a — 0.5. Section IV presents 

analytical calculation of the hysteresis loop in the case of a uniform 

distribution of the random-field of width 2A, with A < |J | . Section 

V, section VI, and section VII form the main body of the thesis. 

These extends the result obtained in section IV to an arbitrary 

distribution of the random-field. Section VIII contains concluding 

remarks. 
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I. Introduction 

Hysteresis is a non-equilibrium effect commonly observed in sys­

tems subjected to a cyclic force [13]. It means that the response to 

a changing force depends on the history of the force. In particular, 

the response in increasing force is different from that in decreasing 

force. This is caused by the delay in responding to the force. Theo­

retically hysteresis should disappear if the force changes sufficiently 

slowly but this often corresponds to unrealistically long time peri­

ods such as the life span of an experimentalist. Several complex and 

disordered systems like permanent magnets show hysteresis over the 

longest practical time scales. Experience with spinglasses and other 

systems containing quenched disorder [2] has revealed that the free 

energy landscape of such systems comprises a large number of local 

minima (metastable states). The number of local minima is ther-

modynamically large i.e. of the order of the number of degrees of 

freedom of the system. The barriers between the local minima are 

also large compared with the thermal energy of the system. Con­

sequently, in the absence of a driving field the system gets trapped 

in one of the local minima and is unable to explore the entire phase 

space over practical time scales. In this situation the thermal re­

laxation time of the system r is much larger than the relaxation 

time of its constituent units (individual spin-flips) as well as the 

period 27r/a; of the cyclic driving field. Therefore a useful approx-
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imation is to assume r to be infinite or equivalently the system to 

be at absolute zero temperature. This makes the dynamics of the 

system deterministic and more amenable to analytic solutions and 

simulations without compromising the essential physics of the prob­

lem. We take the limit T —̂  0 before the limit w -^ 0 to obtain 

nonvanishing hysteresis in the limit u = 0. 

In an extensive and pioneering work Sethna et al [5-7] used 

the random-field Ising model [3] along with the Glauber dynam­

ics [14] at zero temperature to study hysteresis in ferromagnets 

with quenched disorder. They analyzed their model using numerical 

simulations, mean field theory, Wilson's renormalization group [15], 

and compared it with experiments. Their model reproduces several 

experimentally observed features. These include famifiar shapes of 

hysteresis loops, Barkhausen noise [16], and return point memory. 

Interestingly the model predicts the existence of a non-equilibrium 

critical point on each half of the hysteresis loop. This is based on a 

Gaussian distribution of the random-field with mean value zero and 

standard deviation a that plays the role of a tuning parameter in 

the model. The model may be solved exactly in one dimension and 

on Bethe lattices of a general coordination number z [8-10]. Above 

a lower critical coordination number z [10, 17] there is a critical 

value ac such that for a < ac, each half of the hysteresis loop has a 

first order jump in the magnetization at some applied field h. The 

size of the jump goes to zero as cr —^ ac from below. If he is the crit-
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ical field at which the jump vanishes, {h^ CTC} is a non-equilibrium 

critical point showing scaling of thermodynamic functions and uni­

versality of critical exponents in its vicinity. This is reminiscent of 

equilibrium critical phenomena and appears to have a fair amount 

of experimental support in the field of hysteresis as well. A gen­

eralization of the model [11, 12, 18, 19] to n-component (n > 1) 

classical spins shows the existence of critical points in the general­

ized model as well. The critical exponents of the generalized model 

are in the universality class of the random-field Ising model (n = 1) 

if the critical point occurs at a non-zero value of magnetization or 

the applied field. This is understandable because a non-zero value 

of magnetization or the apphed field picks a unique direction in 

the system that effectively reduces its symmetry to that of an Ising 

model. This lends further support to the broad agreement between 

experiments and predictions of RFIM for hysteresis. 

Hysteresis in the anti-ferromagnetic random field Ising model 

[20-23] has received relatively httle attention as compared to its 

ferromagnetic counter part [5-7, 10, 17, 24-29]. This is partly 

due to the difficulty of obtaining analytic solutions in the anti-

ferromagnetic case. For the ferromagnetic case, exact expressions 

for the major and minor hysteresis loops have been obtained in one 

dimension as well as on a Bethe lattice of coordination number z for 

a bounded as well as a Gaussian distribution of the quenched field 

[10, 22, 23]. The distributionof Barkhausen jumps (avalanches) has 

20 



also been obtained [17]. Several other aspects of the ferromagnetic 

model have been studied in the mean field theory as well as on pe­

riodic lattices [26-29]. In the anti-ferromagnetic case an expression 

for the major loop has been obtained [12] in one dimension in case 

the quenched field has a uniform distribution of width A centered 

at the origin and A < | J | where J is the anti-ferromagnetic ex­

change interaction. The purpose of the present paper is to extend 

this result to A > | J | as well. The results presented here are also 

applicable to unbounded distributions of the quenched random-field 

such as the Gaussian distribution. 

It may appear rather surprising at first sight that there should 

be any difficulty in solving a one-dimensional Ising model at zero 

temperature. The difficulty arises primarily from the presence of 

quenched random fields. Problems with quenched disorder are dif­

ficult to analyze analytically. Besides this the spin-flip dynamics 

with anti-ferromagnetic interactions is more complicated than its 

ferromagnetic partner. Consider two spin systems of equal size and 

having the same realization of quenched field distribution. Let one 

system have ferromagnetic nearest neighbor interaction J and the 

other an anti-ferromagnetic interaction —J. In equilibrium, the 

ground states of the two systems on a bi-partite lattice are related 

to each other by symmetry. Evidently no such relation is available 

between non-equilibrium metastable states of the two systems. An 

applied field ha increasing adiabatically from ha = —oo to ha = oo 
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takes both systems from a stable state with all spins pointing down 

(i.e. aligned along ha = -oo) to all spins pointing up. Although 

the end points of the trajectory are the same for both systems but 

the magnetization paths are different. In particular the number of 

metastable states along the two paths are different. In the ferromag­

netic case, spins tend to flip up in avalanches and do not flip down 

in increasing field. The anti-ferromagnetic dynamics is marked by 

the absence of avalanches. This is because a spin flipping up at 

an applied field ha prevents its neighbors from flipping up at the 

same field. However, a spin flipping up at ha occasionally causes its 

neighbor to flip down at ha- This is a kind of a reverse avalanche 

in anti-ferromagnetic dynamics that involves only two spins includ­

ing the spin that triggers the avalanche. The forward avalanches 

in the ferromagnetic case, and the reverse avalanches in the anti-

ferromagnetic case provide a mechanism for irreversibility in the two 

models respectively and give rise to hysteresis. Due to the smaller 

size of reverse avalanches the area of anti-ferromagnetic hysteresis 

loop is much smaller than the area of ferromagnetic loop. Also 

the Barkhausen noise on the ferromagnetic hysteresis loop that is 

caused by large sporadic avalanches is nearly absent in the anti-

ferromagnetic case. 

The relative difficulty of analyzing anti-ferromagnetic dynamics 

comes from the fact that it is non-AbeUan while the ferromagnetic 

dynamics is Abelian. This means as follows. Consider an unstable 
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system at an applied field ha such that one or more spins are not 

aligned along the net field at their site. We relax the system till it is 

stable. Relaxing the system means checking each spin and flipping 

it if it is not aligned along the net field at its site. It is an iterative 

process because flipping a spin may reverse the sign of the net field 

at its nearest neighbors. We have to continue the relaxation process 

till each spin in the system is stable. A dynamics is called Abelian 

if the end result of the relaxation process does not depend on the 

order in which the spins are relaxed. If the result does depend on 

the order in which the spins are relaxed it is called non-Abelian. 

Consider two nearest neighbor spins which are both down but the 

net field at their sites is positive. If the interaction between the 

spins is ferromagnetic, the spins can be relaxed in any order and 

the end result would be that both spins are turned up. This is 

because turning a spin up makes the net field at its neighbor even 

more positive so that the neighbor also has to be turned up. This is 

not the case with anti-ferromagnetic interactions. Turning a spin up 

decreases the net field at its neighbor and it may decrease it below 

zero so that the neighbor no longer needs to be turned up when 

relaxed. Thus the end result may be one spin up and one down. 

Which one is up depends on which one was turned up first. The 

anti-ferromagnetic dynamics is therefore non-Abelian. As the stable 

state at the end of the relaxation process depends on the order in 

which the unstable spins are relaxed, we have to choose a protocol 
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for the order in which the unstable spins are relaxed. At every step, 

we choose to relax the most unstable spin in the system i.e. the 

one whose flipping would lower the energy of the system the most. 

Locating the most unstable spin at every step of the dynamics is 

what makes the anti-ferromagnetic model more tedious to analyze 

theoretically as well as numerically. 

Although the aim of the present study is to find an analytic solu­

tion of a non-equilibrium problem with quenched disorder, we may 

mention some connection with experiments. Relaxation dynamics 

of any complex statistical system belongs to one of two broad cate­

gories: (i) where relaxation takes place by avalanches, and (ii) where 

it proceeds by single localized events. The ferromagnetic random-

field Ising model belongs to the category of avalanches. It explains 

experimental effects such as the Barkhausen noise and the possi­

bility of non-equilibrium critical points. The anti-ferromagnetic 

random-field Ising models belongs to the second category character­

ized by the absence of avalanches. Due to the absence of avalanches, 

we do not expect small changes in the applied field to cause large 

changes spanning across the system. In other words, we do not ex­

pect the response of the system to be critical at any value of the 

applied field. This rules out the existence of non-equilibrium critical 

points in anti-ferromagnets. Our calculation shows that the hys­

teresis loop of an anti-ferromagnet with relatively small quenched 

disorder (to be defined in the following) has a wasp-waisted shape 
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i.e. constricted in the middle. In the limit of very small disorder the 

wasp-waisted shape gradually transforms into two hysteresis loops 

joined by a long and narrow region of almost no hysteresis. For 

much larger disorder the familiar pot-belly shape of ferromagnetic 

loops is recovered. Thus the anti-ferromagnets can exhibit a wide 

variety of shapes of hysteresis loops and this feature of our model is 

in general conformity with experiments [30-34]. Anti-ferromagnetic 

hysteresis loops comprising three loops are also observed in experi­

ments [35, 36]. This too is understandable if our one-dimensional 

model is extended to lattices with higher coordination number. The 

anti-ferromagnetic model may also apply to other systems that ex­

hibit glassy dynamics [8, 37-40] characterized by a single localized 

events. 
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II. The Model 

We consider non-equilibrium anti-ferromagnetic random-field 

Ising model in one dimension at zero temperature. At each site 

i {i = 1 ,2,3, . . . , JV) of a linear lattice, there is an Ising spin 

Sj = ± 1 which interacts with its nearest neighbors through an anti-

ferromagnetic interaction J (J < 0). A quenched random-field hi 

as well as a uniform externally applied field ha acts on Sj. The 

Hamiltonian of the system is, 

H = -J^SiSi+i - ^ h i S i - h a ^ S i (1) 

i i i 

We consider two distributions (l>{hi) of the random-field {hi}: 

(a) A uniform bounded distribution of width 2A centered at the 

origin, 

cj>{hi) = 2^ if [-A < hi < A] 

= 0, otherwise. (2) 

(b) A Gaussian distribution with average zero and standard devia­

tion a, 

<̂''') = W^"^- <'̂  
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It is convenient to rewrite H in terms of the net field fi acting on 

spin Si, 

H = -^fiSi] fi = J{si-i + Si+i) +hi + ha (4) 
i 

The spins {si{t) = ±1} obey discrete-time single-spin-flip 

Glauber dynamics at zero temperature i.e. Si{t + 1) = sign fi{t). 

This means a spin flips only if it lowers its energy. It also assumes 

that if a spin-flip is allowed, it occurs at a rate F which is much 

larger than the rate at which the magnetic field ha is varied. Thus 

all flippable spins relax instantly and Si{t + 1) has the same sign as 

the net local field fi{t) at its site. 

Si{t+1)= s i g n / i ( 0 = sign [J{si--^{t) + Si+i{t)} +hi+ ha{t)] (5) 

Iterative application of the above dynamics leads to a fixed point 

state of the system such that Si{t + 1) = Si{t) for each spin Si{t) in 

the system. The condition of adiabatic variation of the applied field 

or equivalently the instant relaxation of spins mentioned previously 

is implemented by holding the applied field constant until a fixed 

point is reached. The fixed point value of Si{t) does not depend on 

t as i -^ 00. We may therefore denote it by 5*. The fixed point is a 

local minimum of the energy (metastable state) of the system. We 

characterize it by its magnetization m{ha) per spin, 
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Our aim is to find the magnetization 'm{ha) of each metastable 

state visited by the system as the applied field is cycled adiabatically 

from /IQ = — DO to /ifl = 00 and back to ha = —oo. We start with 

ha = —oo when each spin is necessarily aligned along the applied 

field i.e. we have a fixed point with m = —1. Now we increase ha 

slowly till some spin becomes unstable and needs to be flipped. We 

flip that spin and check its neighborhood if any more spins have 

to be flipped. If any of the neighbors are flipped, we check their 

neighbors if they need to be flipped. This process is continued till 

no more spin needs to be flipped i.e. we have a new fixed point. The 

applied field is held constant during the passage from the old fixed 

point to the new. This procedure is continued up to ha = +oo when 

m = 1. The magnetization my'{ha) on the return trajectory when 

ha is slowly decreased from ha = +oo to ha = —oo can be obtained 

from m{ha) by a symmetry relation m^{ha) = —m{—ha). Therefore 

the calculation of the lower half of the hysteresis loop suffices to 

determine the entire hysteresis loop. 
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III. Simulations 

Computer simulations of the preceding model play a useful role 

in guiding its analysis and checking the analytic results. Normally 

we used 10^ spins on a hnear lattice with periodic boundary con­

ditions and used 10^ independent realizations of the random field 

distribution to generate the data. The data was binned in 10^ bins 

in the applicable range of the applied field and average over different 

realization of the field distribution. The simulation results shown 

in figures (l)-(6) and some of the figures in section VIII were ob­

tained in this way. It took approximately four hours on our 3 GHz 

desktop to generate the data for each figure. When the estimated 

probability of an event was very small, say of the order of 10~^, we 

performed the corresponding simulation on a larger system, say 10^ 

spins, and a smaller number of independent runs, say 10^. This was 

to optimize the accuracy of the data and the time taken to gener­

ate it. We set J = —1, and as mentioned previously we performed 

simulations for three cases: (i) A = 0.5, (ii) A = 1.25, and (iii) 

a = 0.5. These values were chosen arbitrarily but represent three 

broad classes of the analytic results. The simulations fit our theo­

retical results (to be presented in the following) quite well as may 

be expected from an exact solution. Indeed the two are indistin­

guishable on the scale of the figures. The fact that simulations over 

a relatively small size of the system agree with the exact results is 
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due to the super-exponential decay of correlations in this system [39]. 

The agreement between theory and simulation also justifies (albeit 

post facto) the implicit assumption in our analysis that the system 

is self-averaging. 

A. A = 0.5 

Figure (1) shows the hysteresis loop for A = 0.5. We see that 

m{ha) = - l i f / i a < - 2 | J | - A , andm(/ia) = l i f / i a > 2 | J | + A . The 

magnetization m{ha) rises from -1 to +1 in three steps. We call these 

steps ramp-I {ha = —2\J\—A to ha = —2| J|-l-A); ramp-II {ha = —A 

to ha = +A); and ramp-III {ha = 2| J | - A to /ia = 2| J | + A). The 

ramps are connected to each other by two plateaus; plateau-I ( ha = 

- 2 | J | + A to ha = - A ) ; and plateau-II {ha = + A to ha = 2 | J | - A ) . 

On the plateaus, the magnetization remains constant even though 

the applied field continues to increase. Plateaus occur for A < 

\J\ (small disorder), and simulations suggest that magnetization on 

the plateaus is independent of A. Numerically, the magnetization 

on the plateaus is approximately m^ = —.135 on plateau-I, and 

m^^ = .109 on plateau-II. The qualitative shape of m{ha) is easy 

to understand. Due to the anti-ferromagnetic interaction between 

nearest neighbors, spins with both neighbors down are the first to 

turn up in an increasing applied field. Such spins turn up on ramp-I. 

Next are the spins with one neighbor up and one down which turn up 
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on ramp-II. Spins with both neighbors up require the largest applied 

field to turn up, and these turn up on ramp-III. For A < | J|, the 

three ramps are well separated from each other. In other words, 

no spin with n up neighbors (n = 1,2) can turn up in increasing 

ha until all spins with n — 1 up neighbors have turned up. On 

each ramp, the sequence in which the spins turn up is determined 

by the distribution of the quenched random field. Spins with large 

positive quenched field turn up before spins with a lower quenched 

field. The quenched field lies in the range —A to +A. Thus each 

ramp has a width 2A along the axis of the applied field. When 

a spin turns up on ramp-I, its nearest neighbors are placed in a 

category so that they cannot turn up before ramp-II. Similarly when 

a spin turns up on ramp-II, its nearest neighbor which is down 

cannot turn up before ramp-III. This is essentially the reason for the 

absence of avalanches in the anti-ferromagnetic RFIM. Occasionally 

on ramp-II and ramp-III, a spin turning up can cause its nearest 

neighbor which is already up to turn down. We may call this a 

reverse avalanche of size unity. There are no long avalanches as in 

the ferromagnetic model. If there were no reverse flips at all there 

would be no hysteresis in the model. The smallness of the reverse 

flips is the reason behind the smallness of the area of the hysteresis 

loop. In order to highlight the separation of the upper and lower 

halves of the hysteresis loop we have plotted in figure (2) the relative 

separation of the two halves relative to their average value. As the 
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majority of the spins turn up one at a time, the calculation of m{ha) 

becomes essentially a matter of sorting quenched random fields in 

decreasing order on each ramp. The difficulty arises from the fact 

that a posteriori distribution of random fields on unflipped spins 

that are next to a flipped spin is significantly different from the 

initial uniform distribution. The main problem is to calculate this 

a posteriori probability distribution of random fields on unflipped 

spin sites. 

B. A = 1.25 

Figure (3) shows the hysteresis loop for A = 1.25. We see that 

the three ramps comprising the hysteresis loop in figure (1) have lost 

their individual identity. If A > \J\, a spin with one neighbor up 

can turn up on the lower hysteresis loop before all spins with both 

neighbors have turned up. This makes the analysis of the dynamics 

more complex. We shall take it up in Section V and Section VI. 

Figure (4) is a magnified version of figure (3). It shows the relative 

separation of the two halves from their average value at a given 

applied field. 

C . CT = 0.5 

Figure (5) shows the hysteresis loop for a — 0.5 for a Gaussian 

distribution of the random field. The Gaussian distribution is an 
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unbounded distribution. Therefore we may not expect the hysteresis 

loop to comprise of sharp ramps and plateaus as in figure (1). How­

ever, notice the qualitative similarity between figure (5) for o = 0,5 

and figure (1) for A = 0.5 sans the sharp edges in figure (1). In 

spite of this qualitative similarity, the analysis of the hysteresis loop 

has to proceed on the lines of the analysis of figure (3). Indeed the 

general analysis presented in Section V , VI and VII applies equally 

to a uniform distribution with A > | J | and a Gaussian distribution 

for any value of a. Figure (6) is a magnified version of figure (5) 

showing the relative separation of the two halves of the hysteresis 

loop from their average value at a given applied field. In view of the 

smallness of the area of the anti-ferromagnetic hysteresis loop, the 

magnified loops are better suited to judge the fit between simulation 

and theory to be presented in the following. 
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IV. Bounded distribution of quenched field 
with A < I J| 

If A < I J | and the applied field ha is increased adiabatically from 

—oo to oo, the spins with both neighbors down flip up first (ramp-

I). Next are those with one neighbor up and one down (ramp-II). 

The last category of spins to flip up are those with both neighbors 

up (ramp-III). The ramps are separated by plateau-I and plateau-

II. The width of the plateaus along the applied field axis decreases 

with increasing A and goes to zero as A —> \J\. Magnetization on 

ramp-I was determined in reference [20] by exploiting a similarity 

between this problem and the problem of random sequential adsorp-

tion(RSA) [41]. The rate equations of the RSA problem were used 

to determine m{ha) on ramp-I, but they could not determine m{ha) 

on ramp-II and ramp-III. A different approach was introduced in 

[21, 22] which determined magnetization on all three ramps for 

A < \J\. We recall this approach briefly because it serves as the 

starting point for analyzing magnetization curves for A > | J | as 

well as for a Gaussian distribution of random-fields. The following 

subsections contain the main results obtained in references [21, 22] 

with some reworking of notation and formalism. 
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A. Ramp-I 

The analytical results for the magnetization on ramp-I are con­

veniently expressed in terms of three quantities po{ha), Pi{ha), and 

P2{ha)- These are the probabilities that a spin which has quenched 

field hi and which has respectively zero, one, or two nearest neigh­

bors up can flip up at applied field ha- Thus, 

/

oo 

(f){hi)dhi{n = 0,1,2) (7) 

•2{l-n)\J\-ha 

As the applied field increases adiabatically from ha = — oo to 

ha = oo, spins with both neighbors down begin to flip up at ha = 

—2| J| — A and continue to flip up till /la = —2| J | -h A at which stage 

ramp-I is completed and there are no down spins whose neighbors 

are also down. The fraction of up spins on ramp-I at an arbitrary 

applied field ha is given by, 

P^^a) = \[l - e-'^^^^'^^], (8) 

The central object in the calculation of P^{ha) is the probability 

(per site) of finding a pair of adjacent down spins on ramp-I at 

applied field ha- We denote this object by the symbol Pdiha). It is 

calculated as follows. Imagine coloring all sites with hi + 2\J\-hha > 

0 black, and all sites with hi + 2| J | + ha < 0 white. Consider two 

adjacent down spins A and B shown in Figure (7). The sites A and 
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B can be both white, both black, or mixed. Given that A is down, 

it is clear that the state of B can only be influenced by the evolution 

of the system to the right of B. Similarly, given that B is down, the 

state of A can only be influenced by the evolution of the system to 

the left of A. We shall refer to this as the principle of conditional 

independence [42]. It requires 

P[^{ha) = P{A i \B i)P{B i \A i) (9) 

where P{A J. \B | ) is the probability that spin at site A is down 

given that spin at B is down, and P{B J. \A | ) is the probabihty 

that B is down given that A is down. We take up the calculation of 

P{B i\A i). If B is a white site, P{B [ \A i) = I because white 

sites have not been relaxed from their initial state. If B is a black site 

and the site to the right of B is a white site then P{B l\A I) = 0. 

In general P{B [ \A J.) depends on the length of the string of black 

sites to the right of B. Suppose B is a black site, and there are (n—1) 

additional black sites to the right of B. In this case, the probabihty 

Pg that B is down satisfies the following recursion relation, 

pn ^ ipn-2 _̂  (1 _ i )pn - l (^Q) 
it lb 

The rationale for the above recursion relation is as follows. Let 

the black site farthest from B on the right be labeled as the n-th 

site. Any of the n sites could flip first. The probability that the 
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n-th site flips first is therefore equal to ̂ , If this happens, {n-l)-th 

site is prevented from flipping up on ramp-I. The probability that 

B is down is now reduced to the probability that the end point of a 

chain of (n-2) black sites is down i.e. Pg~^. This accounts for the 

first term in equation (10). The probability that n-th site is not 

the first site to flip up is equal to (1 — ^). Given this situation, the 

probability that B is down is equal to the probability that the end 

of a string of (n-1) black sites is down. This accounts for the second 

term in equation (10). We can rewrite the recursion relation (10) as 

{PB ~ PV) = -hPB~' - PB~'] (11) 
it 

It has the solution, 

" (-1) 
PB-E^-J- (12) 

„ ml 
m=0 

Summing over various possible values of n with appropriate 

weight, we get 

00 n 

^(Bii^i) = EE^po"(i-Po) (-J)' 
m! 

n = 0 m=0 

m—O n=m 
oo 

TO=0 

i-Po) 
ml = E ^ ^ — (13) 
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In the above array of equations, po stands for po(^a)- Thus, 

p[^ = e-^Poiha) (14) 

Let P! be the probability per site of finding a down spin and P^-^ 

the probability per site of finding a down spin which is followed by 

an up spin. Clearly, 

Keeping in mind that on ramp-I an up spin must be preceded (as 

well as followed) by a down spin, we get PL — Pi. Thus, 

or. 

P' = l[^-Pii] = l[^-e'''^^''^] (16) 2L u j 2 ' 

The magnetization on ramp-I is given by 

m\h) = 2P/(/z) - 1 = -e-̂ PoC*") (17) 

The exact value of the magnetization on plateau-I is equal to — ̂  ? 

which is approximately equal to -.135. 
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B. Plateau-I 

Plateau-I contains down spins in singlets and doublets punctuated 

by up spins. Each spin in a doublet has one neighbor up and one 

down. Therefore the net field on it is simply the sum of the random 

field hi on its site and the applied field ha- It turns up when hi+ha > 

0. The random field lies in the range —A < hi < +A. Therefore an 

apphed field smaller than —A is sufficiently negative to pin down all 

doublets. Thisaccountsfor therange (—2|J|+A) < ha < —A where 

the magnetization shows a plateau. In each doublet, the spin with 

the larger quenched field hi flips up on ramp-II when hi + ha > 0. 

The spin with the smaller quenched field then becomes a singlet 

which does not flip up before ramp-III. Thus, in order to find the 

form of ramp-II, we need to find the a posteriori distribution of 

quenched random fields on the doublets. 

Consider a doublet on plateau-I as shown in Figure (8). The dou­

blet sites are denoted as 1 and 2, and the quenched random fields on 

these sites are hi and /i2- The a posteriori probability distributions 

of hi and /i2 will be identical by symmetry. These distributions 

0(/ii) and 4){h2) are determined by the relaxation process on ramp-

1. If the doublet survives up to plateau-I it must exist on ramp-I. 

Consider ramp-I at an applied field ha. Given that site-2 is down at 

this point, the probability that site-1 is also down is equal to e~P°^^\ 

Site-1 may be down because (i) it is a white site i.e. /ii-l-2| J|-l-/ia < 0 
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and therefore it could not turn up even if both its nearest neighbors 

were down, or (ii) it is a black site but blocked from turning up by 

its neighbor that has turned up before it. The probability that it is 

a white site is equal to 1 - po(^a)- Therefore the probability that 

it is a black site but down at ha is equal to 6"̂ °̂ '*"̂  ~ {1 " Po{ha.)}-

This means, 

Prob{l i |2 i; hi + 2\J\ +ha>0)= [ ^{hi)dhi 

= 'e-Po('^»)-{l-po(M}]. (18) 

0(/ii) is obtained by taking the derivative of the above expression. 

We get, 

~^{h{)dhi = [1 - e-P°(-'̂ i-21- l̂)]0(/ii)d/ii (19) 

Assuming hi > h2, site-1 would turn up on ramp-II when hi + 

ha = 0. The density of sites on ramp-II at this value of the applied 

field is given by, 

i>{-ha)dha = [1 - e-P°('^"-2|-^l)]0(-/l,)d/i, = [1 - e-P'^'''^^]4>{-ha)dha 

(20) 

We now address an issue which is crucial for determining ramp-II 

correctly. This concerns two adjacent doublets as shown in Figure 
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(9). What is the probability per site of observing this object on 

ramp-I? A doublet has an important property. It separates the 

lattice into two parts (one on each side of the doublet) which have 

evolved uninfluenced by each other. Thus, we can separate Figure 

(9) into three parts as enclosed in the dashed boxes. Evolution inside 

each box has remained shielded from the outside. The evolution in 

the middle box requires that site 3 flips up before site 2 or site 

4. The probability for this event is equal to | . Given that site 

2 is down, the probabihty that site 1 is down is equal to 6'^°^^"^. 

Similarly, given that site 4 is down the probability that site 5 is 

down is equal to 6'^°^^"^ Thus the probability per site of observing 

two adjacent doublets on ramp-I at an applied field ha is equal to 

ig-SpoCia) ]S[ote that it is quite different from the square of the 

probability of finding a single doublet! Let hi, ^2, ^3, hi and h^ 

denote the quenched fields at sites 1, 2, 3, 4, and 5 respectively. We 

»are interested in the case /i2 > /ii, and /14 > h^, and ask what are 

a posteriori distribution of fields hi, h2,..., h^ on ramp-II. Let the 

probability that hi{i — 1 , . . . , 5) lies in the range \—ha - dha, -h^ 

on ramp-II be denoted by Pi{~ha)dha. The distributions of hi and 

/i5 are given by. 

/ I _ p-Pl{ha)\ 

" ' ( - ' ' " ) = e-MK) ^ ( - ' ' ' ) (21) 

' '*(- ' '") = e-MK) ^ ( - ^ ° ) (22) 
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Equation (21) is obtained as follows. If sites 1 and 2 are down on 

plateau-I, they must have been down all along ramp-I. Given that 

site 2 is down on ramp-I, the probability that site-1 is down is equal 

toe"^^'*"^. This accounts for the denominator. The numerator gives 

the a posteriori probability distribution of the quenched field at site 

1 on the lines of the preceding discussion with reference to figure 

(8). Equation (22) is written similarly. Note that the distributions 

pi{hi) and P5{hi) are each normahzed to unity. Next we turn to the 

distributions of /i2, h^, and h^. As stated previously, h2 > hi and 

/i4 > /i5 so we are looking at the case where /i2 and /i4 flip up on 

ramp-II. We may assume without loss of generality that h^ > h,2. 

Let /i4 flips up on ramp-II at applied field ha i.e. h^ -\- ha = 0. 

The probability for this is equal to 4>{—ha)pi{ha){l — Pi{ha)}; the 

three multiplicative factors giving respectively the probability that 

/i4 = —ha, site 3 is up at ha, and site 2 is down at ha. Thus, 

P^{-ha) = 6piiha){l - Pl{ha)m-ha) (23) 

The factor of 6 on the rhs arises as follows. At ha on ramp-II site 

2 will be down and sites 3 and 4 will be up at ha given that at an 

earlier field ha — 2\J\ on ramp-I site 3 had flipped up before 2 and 

4 with probability | . The site flipping up on ramp-II may be to the 

left of the central site or to its right. This gives an additional factor 

of 2. 
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The distribution of h2 is obtained similarly. We find, 

P2i-ha) = 3pl{ha)(l>{-ha) (24) 

C. Ramp-II 

Ramp-II is determined by the combination of two terms. The 

dominant term is the increase in magnetization due to the decrease 

in the number of doublets. When a doublet disappears, it adds 

an extra up spin in the system which increases the magnetization. 

Occasionally, a disappearing doublet creates a string of three up 

spins. A triplet of up spins is unstable on ramp-II if A < \J\ 

and therefore the central spin of the triplet flips down as soon as 

the triplet is created. This decreases the magnetization. In the 

following, we calculate the above two terms separately. Refer to 

figure (8) for calculating the first term. Let us assume h\ < h2. The 

a posteriori distribution of fields hi and /i2 in figure (8) are the same 

as pi{hi) in figure (9). The probability that the doublet disappears 

at /i2 + /̂ a = 0 on ramp-II is given by 

/

oo pn2 

Pi{h2)dh2 / pi{hi)dhi (25) 
•ha J—OC 

The factor e"'^''^^^''^ is the probability per site of finding a doublet 

at ha before any of them have been relaxed. The factor 2 takes care 

of the fact that either hi or /i2 may be the larger field although 
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the expression is written on the assumption that site 2 flips up 

first. When a doublet disappears, a pair of adjacent up spins is 

created. This is the reason for the choice of the subscript on P^^. 

The superscript indicates that the probability refers to ramp-II. We 

obtain, 

P{{ = e-'^^^'^^ y'%,{hMhi^' 
/l2 = 00 

(26) 
h2 = — ha 

For A < |J|, po{ha) = 1 if Pi(/ia) > 0. Therefore, 

(l + e - ^ ) - { p i ( M + e-P^('^")}]' (27) 

We now calculate the fraction of (unstable) up triplets on ramp-

II. Refer to figure (9) with the assumption that /12 < h^. An up 

triplet forms when h2 + ha = 0. The cumulative fraction of up 

triplets is given by. 

pii _ 

1 /"OO /•/12 /"CXD phi 

e-2Po(^a) / p^{h2)dh2 / Pl{h,)dh^ / ~p^{h,)dh, / p,{h^)dh^ 
"J J— ha J— 00 Jh2 J—00 

(28) 

The two factors before the integrals give the probability per site of 

finding the object shown in Figure (9). These take into account the 

condition that hs > h^. The next two integrals give the probabihty 
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that h2 + ha = Q and hi < h2. When /i2 is in the range -ha and 

—ha — Sha, ^4 can be anywhere in the range /12 to 00. Let p^ihi) be 

the density of ^4 in this range. Clearly, 

/<00 

P2(/i2) = / PA{hA)dh4,, or p4(/ii) 
Jh2 

dp2{hi) 
dhi 

(29) 

The integrals in equation (28) can be evaluated exactly for a uni­

form distribution. We get a non-zero contribution only if pi(/ia) > 0. 

If A < \J\ and pi(/ia) > 0 then we must necessarily have Po(^a) = 1-

Thus we get, 

nn - 3 - + --6h + -\piiha)+3pliha) 

+ {^ + 3pi(/ia) e-2p̂ (̂ «) 

Putting the various terms together, the probability that a ran­

domly chosen spin on the lattice is up on ramp-II is given by 

1, - 2 II, yll Priha) = :.[! - e-1 + P//(/i„) - P//^(/i„) (30) 
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The magnetization on ramp-II is given by 

m'\ha) = 2P/^(/ia) - 1 (31) 

The magnetization on plateau-II is equal to, 

m'' 27 7 1 8 2 e e 
30 6 3 

= .109 (approximately) (32) 

D. Plateau-II 

Each down spin on plateau-II is a singlet. However, there are 

three different classes of singlets: the singlets formed on ramp-I; 

singlets formed on ramp-II by a vanishing doublet; and finally the 

singlets formed on ramp-II by the unstable central spin of an up 

triplet flipping down. The a posteriori distribution of random field 

is different for each class. Let pj/, pl^, and p^^ denote the density 

of random fields in the three cases and P / ^ P / ^ and P/^ be the 

probability of finding the corresponding singlet at applied field haOn 

plateau-II. 

P 
00 

II 
X 

/

CO 

pi\hi)dhi, x - a , b, c (33) 
•ha 

It is useful to think of singlets in each class as being black or white 

on the ramp on which they are created. Suppose a singlet is created 

on ramp-I at applied field /i^. It is created black if /ij-f2| J | -|-/i^ > 0, 
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and white if hi + 2| Jj + h'̂  < 0 where /ij is the quenched random 

field at the singlet site. If a singlet is black at applied field h'^ then 

it is also black at fields greater than h'^. A black singlet on ramp-I 

at /i'a will turn up on ramp-III at ha = h'^ + 4\J\. Therefore if we 

know the fraction of black singlets on ramp-I we can calculate how 

they are destroyed on ramp-III. 

The fraction of black singlets created on ramp-I is given by, 

Pa\K)=pom-\ [l - e-2^°(^^)]-2e-Po('̂ '») [e-^o(^") - {1 - Poih',)} 

(34) 

The explanation of the above equation is as follows. Imagine 

ordering the sites of the lattice in order of decreasing quenched field 

on the site. When all sites with hi + 2\J\ + h'^ > 0 have been relaxed, 

the fraction of the relaxed sites is equal to po{h'a) (the black sites). 

This fraction is made of the up sites (the second term on the right), 

black doublet sites (the last term), and the black singlets. Hence 

the equation for Pi^{h'g). The last term is written as follows. In 

each doublet, there are two sites from which we can choose one. 

This accounts for the factor 2. The quantity in the square bracket 

gives the probability that the chosen site is black, and 6"^° '̂''') is the 

probability that the other site can have any allowed value of the 

quenched field. 

It is instructive to derive equation (34) by an alternate and more 
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direct method as well. We note that a pair of down spins on the 

chain has to be followed by a down spin or an up spin, i.e. P^ = 

Pill + Piiv Similarly, P^i + P |u = Ai- Thus, 

PmiK) - PidK) = PiiiK) - PuiiK) 

^e-2poK)-{l-po(/i;)}e-'P°('^») 

= Po(/i'a)e-2^°('̂ ") (35) 

We can obtain the fraction of singlets P^^ from Pm and P m by 

calculating the probability that the down spin at either end flips up 

under a po process. 

PmiK) = 2 r PmiKm-m - h:)dK 
J —oo 

rMK) 
= 2 / e-^P°podpo 

JO 

= 1 [l _ e-'PoiK)] - po(/i'Je-2P°('^») (36) 

The above expression gives the total fraction of singlets on ramp-I 

which include black (/li + 2| J | + /i^ > 0) as well as white (/ij + 2| J | + 

/I'a < 0) singlets. The fraction of white singlets is given by. 

Pm'^K) = {1 - Po{Km - e-̂ ° '̂'''f (37) 
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The first factor on the rhs gives the probability that the central 

site is white. Given that the central site is white, the probability 

that its neighbor is up is equal to 1 - e~P°^^'''\ The probability that 

both neighbors are up is equal to [1 - 6"̂ °̂ '*^̂ ]̂ . Thus, 

PnfiK) = PniiK) - PnT%K) 

(38) 

The fraction of black singlets on ramp-II {hi + h'^ > 0) generated 

by vanishing doublets is given by, 

Pi'ih:)=[e-'^^''^-{l-Mh':)}]' (39) 

The above equation is easily understood. It is the probability 

that both sites of the doublet are black. If both sites of the doublet 

are black, the one with higher random field must flip up on ramp-II 

leaving us with a singlet on plateau-II which is black. 

The fraction of black singlets created by unstable triplets requires 

the calculation of triplets. We have calculated the fraction of triplets 

as they are formed on ramp-II. What we need now is a similar but 

different calculation. The point can be understood with a reference 

to Figure (9). Recall that h^ > h^ > h2- On ramp-II, we needed 

the fraction of triplets with h2 + h'^ > 0, because the formation 
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of triplets is controlled by this threshold. The restoration of the 

triplets on ramp-III is controlled by the condition h^ — 2\J\ + ha > 0. 

Keeping in mind that we want hi < /i2, and h^ < hi, the probability 

that h:i - 2\J\ + ha > Q is given by, 

Pi'(ha) = 2 0(/i3)rf/i3 / p4{hi)dhi / pr,[h^)dh, 
•ha+2\J\ J-oo J-oo -/la+2|J| 

-h. 

P2{h2)dh2 / pi{hi)dhi 
•oo J—oo 

Using po{ha) = 1 and pi{ha) = 1 on plateau-II we get, 

Pi'{K) =-{! + -] + 
1 2 4 

+ -
1 3 4 1 

7: + - + -^ PUK) 
1 
4 e 

P2{ha) - 2 

1 

' 5 4 

P2(^a) + 20Piiha) + 1 + 3-P2(/la) 

--P2(/ia)e-P^('^") + p^(/ia)e-P^('̂ "^ + M ^ " e"'̂ '̂̂ "^] (40) 

E. Ramp-III 

The rise of magnetization on ramp-III is due to singlet sites turn­

ing up in increasing field. At the start of ramp-III there are three 

categories of singlets present on plateau-II, and we have classified 

each of them conveniently into black and white singlets. The frac­

tion of singlets on plateau-II that turn up at ha on ramp-III is given 

by the fraction of black singlets in each of the three categories: 

50 



P'^'iK) = P'J\K) + Pl'\ha) + Pi'\ha) (41) 

However the calculation of magnetization on ramp-III turns out 

to be a bit more compHcated. There is a new twist. Frequently when 

an original singlet site on plateau-II turns up on ramp-III its nearest 

neighbor turns down. We call this the creation of a new singlet on 

ramp-III. The newly created singlet site would turn up at a larger 

applied field on ramp-III. We shall call this event the destruction of 

the newly created singlet. We have to calculate the newly created 

singlets and their destruction before the magnetization on ramp-III 

may be obtained. It should be noted that this means that some sites 

flip three times in the course of a monotonic increase of applied field 

from — oo to 00. However, no site flips more than three times. 

When does a vanishing singlet on ramp-III create a new singlet 

on an adjacent site? Consider the singlet at site 3 in figure 10. 

Suppose site 3 flips up at ha-, i.e. hz — 2\J\ -I- /la = 0. Now the net 

field on site 2 is equal to hi + ha- This is necessarily positive because 

/i2 + 2| J | - /i3 > 0 if A < I J|. Thus site 2 would stay up after site 3 

flips up. Consider site 4. After site 3 has turned up the net field at 

site 4 is equal to /i4 —2| J|-1-/IQ. Thus site 4 will turn down if h/^<hj,. 

Site 3 will stay up even if site 4 turns down because h^ + ha > 0. 

These considerations can be put in the form of two guiding rules. 

When a singlet turns up on ramp-III, (i) its nearest neighbor stays 
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up if the next nearest neighbor is down, and A < | J|, (ii) its nearest 

neighbor turns down if it has less quenched field than the singlet 

and the next nearest neighbor is up. Detailed considerations show 

that only the singlets created on ramp-I fall under the purview of 

these rules. Therefore we focus on the singlets present on plateau-

I. Specifically we focus on the configurations shown in figure (11) 

and figure (12). In each of these figures a new singlet is created on 

site 3 when the singlet on site 2 is destroyed. The two figures make 

diff'erent contributions because of the role played by the next nearest 

neighbor of the singlet on the side of the newly created singlet. 

The a posteriori distribution of the quenched field at site 2 is 

given by 

i{h2) = [l - e-P̂ -̂'̂ +̂̂ UDJ ^(^^) ^42) 

The contributions of figure (11) to the fraction of newly created 

singlets when all sites with /ij - 2| J | + /la > 0 have been relaxed on 

ramp-III is given by, 

/

oo _ phi ^oo _ 

i{h2)dh2 / 0(/l3)rf^3 / i>{h4)dh4 
7ia+2|J| 7-00 Jh2 

r'OO _ /•/i2 

'-ha+2\J\ 

I - 2p2{l - V2) - \PI - 2(1 -V2+ vl)e-^' + \{l- 2p2)e-'P^ 

(43) 

In the above and the following equations p2 = P2{ha)- Similarly 
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the contribution of figure (12) is, 

P 
/

oo ~ /•/12 rhz nhi ~ 

0(/l2)d/l2 / <j>{h^)dh^ / 0(/l4)dM / <^(/l5)d/l5 
•/la+2|7| 7-OC 7 - 0 0 ^—00 

- (5 + 3e-') + Q + 5e-') p. - g + 2e-') p̂  + i (l + e"') P̂  

-Y/, + { (5 + 3e-') - (1 + 2e-') p, + e'V^ - Ip^j e 

P2 _ g-2p2 

(44) 

In calculating the total fraction of newly created singlets, we have 

to multiply the contribution of figure (12) by 2 because an equal 

contribution is made by a configuration in which the doublet is to 

the left of the vanishing singlet. 

The destruction of newly created singlets on ramp-III can be an­

alyzed in a similar manner as their creation. The probability that 

site 3 flips for the third time in figure (11) is given by. 

/

oo /"OO ~ poo ~ 

(j){h^)dh^ / ~^{h2)dh2 / 4>{hA)dh^ 
-K+2\J\ Jhz Jh3 

(45) 

Similarly, the contribution to destruction of newly created singlet 

in figure (12) and another similar figure in which the doublet is to 
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the left of the singlet is given by, 

/

oo roo _ rns rn^ ~ 

(f>{h)dh / 4>{h2)dh2 / 4>{h4)dh4: / 4>{h5)dh 
•ha+2\J\ Jhz J-oo J-oo 

= 2e-' - (1 + 4e-i) P2 + Q + Se''^ PI-(^1 + ^e" ' ) PI + \pt 

- {(1 + 2e-i) - 2 (1 + e-i) P2+pl} e'^ + e'̂ P^ 

(46) 

Putting all the terms together, the probability that a randomly 

chosen site on ramp-III is up is given by, 

P\'\K) = P\\K) + Pi'\K) + Pl'\K) + Pl'\K) 

-Pi'\K) - Pi'\K) + Py\K) + Pl'\K) (47) 

The magnetization in increasing field ha is given by 

m{ha) = 2P\'\ha) - 1 (48) 

The magnetization rriR on the return trajectory in decreasing field 

may be obtained by symmetry mR{ha) = —m{—ha). These re­

sults has been superimposed on the corresponding simulation data 

in figure (1) and figure (2). The simulation results for the return 

hysteresis loop were obtained independently without using the sym­

metry. 
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V. Unbounded distribution of quenched field 

It is convenient to introduce the following nomenclature. We say 

that a site flips up under a po-process if none of its two nearest 

neighbors are up when it flips up. It is said to flip up under a pi-

process if it flips up when one of its neighbors is up and the other 

is down. Similarly, a site flipping up under a p2-process has both 

its neighbors up at the time it flips up. The simplifying feature of 

the analysis for A < | J | is that a p^-process (n = 1,2) can not take 

place anywhere on the chain unless all pn-i processes have been 

exhausted. In other words a new ramp can not begin before the 

previous ramp is completed. This feature is lost if A > | Jj (or if the 

distribution is Gaussian) because a pi or a P2 process can occur on 

the chain even if po-processes have not been exhausted (i.e. there 

remain strings of three down spins on the chain). The fact that 

Po, Pi, and p2 processes can run concurrently makes the calculation 

of a posteriori distribution of quenched fields at down sites more 

comphcated than encountered in the preceding section. 

Our first task is to calculate the probability of occurrence of a 

doublet in the chain. A doublet is a pair of adjacent down spins that 

have remained down in a monotonically increasing field from — oo 

to ha- The significance of a doublet lies in its screening property. It 

separates the chain into two parts that have evolved independently 

of each other. The doublet also provides a natural length in the 
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analysis of the chain. This is not a fixed length but rather a vari­

able length of a segment of chain that is free of doublets and lies 

between two doublets at an applied field ha- The history of evolu­

tion of this segment may be analyzed independently of the rest of 

the chain. Let us focus on one end of such a segment. We label 

the sites 0 ,1 ,2 ,3 , . . . , n starting from the left end of the segment. 

Our immediate object is to calculate the probabihty (per site of the 

chain) that site-0 and site-1 form a doublet at ha. This is equal to 

P^ ( l i |0 i; ha) where Pii{l [ |0 J.; ha) is the conditional probability 

that site-1 is down given that site-0 is down. We proved in section 

IV that Piiil i |0 i; ha) = e-P^^^"^ if only po-processes are allowed. 

This is an exact result on ramp-I for A < | J | and we take it as the 

leading term of the exact result for A > | J | or for an unbounded 

distribution such as the Gaussian distribution. The main effect of 

A < I Jj is that if one of two adjacent sites say site-1 and site-2 

{hi + 2\J\ + ha > 0 and /i2 + 2|J| + ha > 0) flips up under a PQ-

process then it prevents the other from doing the same. As long as 

|/ii — /i2l < 2| J | the same effect will be obtained at site-1 and site-2 

for other distributions of the quenched field. In any particular real­

ization of the quenched field distribution, the occurrence of a large 

connected cluster of sites with /ij+i — hi > 2\J\ is rare. Therefore 

the case A < | J | serves as a good starting point for the exact result. 

Thus, 
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Pail I |0 i: ha) = e'P"^^-^^ { leading term } (49) 

Our approach is to add correction terms to the leading term to 

make it an exact result. The correction terms are functions oipi{ha). 

No correction to the leading term is required if pi{ha) — 0. For 

Vi{ha) > 0, the corrections may be divided into two categories. The 

first category is the one in which a doublet created by a po-process 

is subsequently destroyed by a pi-process. This is similar to the fate 

of doublets on ramp-II for A < | J | and we get, 

Piiil i |0 i; ha) = e-P^^^<^^ - [e-P^C'") - {1 - p,{ha)} 

{ first order correction } (50) 

The second category of correction involves events where a pi-

process pre-empts a po-process. These events are a signature of 

A > I J | and do not exist if A < \J\. We illustrate this by a simple 

example. Suppose for a particular realization of the distribution of 

quenched fields /ii,/i2,h^,h^..., site-1, site-2, site-3 are black, site-4 

is white, and hj, > h2 > hi. If A < |J | , site-3 will flip up first, 

block site-2 from flipping next, and therefore site-1 will flip up last. 

This will result in the absence of doublet at site-0 and site-1. Now 

consider A > | J | so that it is possible to have /i2 > /ii + 2| J | but 
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hi-\-ha < 0. In this scenario site-3 will flip up first, then site-2, and 

site-1 will remain down giving us a doublet at site-0 and site-1 that 

was not allowed if A < \J\. The probability of this new doublet 

created by a pi-process pre-emptying a po-process is given by, 

/

—ha /"OO 

<P{h)dhi / 4>{h2)dh2 (51) 
•2\J\-ha Jhi+2\J\ 

"—ha 

-2\J\-ha Jhi+2\J\ 

Here (^(/i2) is given by equation (19) of section IV. This is because 

equation (19) of section IV gives the a posteriori distribution of the 

quenched field on a black site next to a site that has flipped up by 

a po-process. In our example site-2 is a black site next to site-3 that 

has flipped up by a po-process. Ts{ha) term is the leading term in 

the category of correction terms that arise because a pi-process has 

pre-empted a po-process. 

Ml i |0 i; ha) = e-P°(̂ ») - [e-P^̂ '̂ ") - {1 - p,{ha)}\ + UK) 

{ second order correction } (52) 

The next correction comes from a cluster of adjacent spins that 

flip up as follows. Site-4 flips up under a po-process (/i4 + 2| J | + /io > 

0), site-3 flips next under a pi-process (/13 > /12 + 2| J | ) , site-2 also 

flips under a pi-process (/i2 > hi + 2\J\) after site-3 has flipped up, 

and site-1 remains down {hi + ha < 0,hi + 2\J\ + ha > 0). The 

contribution from this event is, 
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/

-ha /-oo roo 

(t>{h)dh, / Cl){h2)dh2 / ^ih3)dh3 
•2\J\-ha Jhi+2\J\ Jh2+2\J\ 

(53) 

Notice that T^iha) is positive and T4(/ia) is negative. T3(/ia) is 

positive because it produces a doublet (at site-0 and site-1) where 

it did not exist under the po-process alone. T^{ha) is negative for 

the following reason. T4-process and po-process is mutually exclu­

sive and since both contribute to a doublet then they must be added 

separately avoiding double counting. Thus the leading term in equa­

tion (49) under po-process alone is an overestimate and has to be 

reduced by an amount Ti^{ha)- However, T4-process also gives rise 

to a doublet. Hence an amount equal to the one subtracted from 

the leading term has to be added to it resulting in zero correction 

to the leading term. Now consider the first correction shown in 

equation (50). This is an underestimate because it comes from the 

destruction of overestimated doublets in the leading term. It can be 

corrected by adding T/^{ha)- The correct result at the present level 

of accuracy is, 

Pii(l i |0 i ; U = e-P̂ '̂̂ ") - [e-P̂ ^̂ ") - {1 - p i ( M } ] +T3[K)-Uha) 

{ third order correction } (54) 
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Continuing in this vein we get the following exact result, 

00 

Pail i |0 i ; M = e-P°(''») - [e-P̂ ê ") - {1-Pi{ha)}] - Y^i-irUha) 
n=3 

{ exact result } (55) 

where 

Tn{ha) = 
-ha 

f " cl>{h,)dh, 
J-2\J\-ha 

^ ~ 1 /"OO 

f j / 4>{hm-i)dhm-i 
»„_q Jh, m=3 " ""» -2+2|J| 

/•OO 

/ 4>{K-i)dhn-\ 
7/l„_2+2|J| 

(56) 

The probability per site of finding a doublet on the chain is equal 

to, 

Piliha) = [Pail i |0 i: ha)f (57) 

Note that although the (unconditional) probabiUty of a doublet is 

the product of two mutually conditional probabilities, our notation 

for this is Pj|(/ia) (without the square sign). In general it is not 

possible to do the integrals exactly to get an analytic expressions 

for Tn{ha) in a closed form. These have to be evaluated numerically. 

However Tn decreases exponentially with increasing n. In our nu­

merical work we included terms up to n < 4 in the calculation of 

the conditional probability Pii{l I \0 [• ha), and used the square of 
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this quantity to calculate the probability per site of doublets. This 

gives an excellent fit with the simulation data as shown in section 

VI. 

Although a doublet at an apphed field ha is the most basic object 

in our calculations but we need to calculate the probability of several 

other objects before we can calculate the magnetization curve. In 

order to calculate the magnetization curve we need to know the 

probability P]{ha) that a randomly chosen site is up at ha- On the 

lower half of the hysteresis loop, it is more convenient to focus on the 

complementary probability [l-P|(/ia)] that a randomly chosen site is 

down. The randomly chosen site can have both its neighbors down, 

or both of them up, or one up and one down. If both neighbors of a 

down site are down, the site in question is necessarily a white site. 

The probabihty (per site) that a site is white is equal to 1 -po{ha). 

Given a white site, the probability that both its neighbors are down 

is given by, 

Pm{ha) = [l-po{ha)]Pii{ha) (58) 

Next, consider a down spin with one neighbor up and one down. 

In both cases there is a doublet, and the up spin is either to the left 

of the doublet or to its right. We have calculated the probability 

of a doublet as well as a triplet. Prom these we can obtain the 

probability of a doublet followed by an up spin using the equation 
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^iiT(^a) = Plliha) - Piuiha) (59) 

Naturally Pii^{ha) = Aii(^a) by symmetry. 

Substituting from equations (58), we get 

Pidha) = Pmi^a) = PQ{ha)Pii{ha) (60) 

Note that the up spin in the above object could have flipped up 

under a po or a pi process. We have checked the above equations 

against numerical simulations and the agreement is excellent as may 

be expected. 
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VI. Singlets 

Now we calculate the probability P^^{ha) that a randomly chosen 

site is down and both its neighbors are up. Let the three consecutive 

sites that form this singlet be labeled 1,2,3 and /ii, ^2, and /13 denote 

the respective quenched fields. Without loss of generahty we can 

assume that just before this singlet is created site-1 was up and 

sites 2 and 3 were down as shown in figure (14), i.e. site-1 flips 

up before site-3. We have to know if site-1 has flipped up under a 

Po-process or a pi-process. We consider both these possibilities for 

site-1 as well as site-3. The case when site-2 has never flipped in the 

course of applied field changing from —00 to ha is somewhat simpler 

to analyze. Even in this case the probability P^i'^{ha) depends on 

whether (i) both neighbors flipped up under apo-process, or (ii)both 

neighbors flipped up under api-process, or (iii) one neighbor flipped 

up under po-process and the other under a pi-process. In the case 

(iii) it is also important whether the neighbor that flipped up first 

flipped under a po-process or a pi-process. Indeed we require the 

following objects before we can calculate Pm(/ia) in the simpler case 

mentioned above. 

• Pw[A The fraction of singlets at applied field ha when site-1 is 

up by a po or a pi-process and site-3 flips up by a po-process. 

• P^iiB Fraction of P-^I^A that are black at creation. 
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• ^TiT^ Fraction of Pw\A that are white at creation. 

• P^JD The fraction of singlets at applied field ha when site-

1 is up by a po or a pi-process and site-3 flips up next by a 

pi-process. 

• PuiE Fraction of -PfiT '̂ that are black at creation. 

• PfifF Fraction of P^IID that are white at creation (Pfi-fD — 

-PriT-E)-

• P^iiG The fraction of singlets at applied field h^ when site-1 

and site-3 flip up by a po-process and site-2 is white. 

• Pu^H The fraction of singlets at applied field h^ when site-1 

flips up by a pi-process, site-3 by a ^jQ-process, and site-2 is 

white. Site-1 flips up before site-3. 

• P | j | / The fraction of singlets PtiTC that are white at their cre­

ation but are black at ha-

• Puu The fraction of singlets at applied field h^ when site-1 

and site-3 flip up by a pi-process and site-2 is white. 

• P'liiK The fraction of singlets at applied field h^ when site-1 

flips up by a pi-process, site-3 by a po-process, and site-2 is 

white. Site-3 flips up before site-1. 

• -PtiT-̂  The fraction of singlets -PfiT^ that are white at their 

creation but are black at ha-
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• Pf\1M Destruction of singlets associated with -Ptjt-B- ^y ^®" 

struction we mean the disappearance of a singlet due to the 

down spin flipping up under a p2-process. 

• -PttTTv Destruction of singlets associated with PII^E-

• Pftto Destruction of singlets associated with -Pfxtc-

• P]-\]p Destruction of singlets associated with P^]F-

Up to this point we have focused on singlet sites that have never 

flipped starting from the saturated state at ha = —oo. In other 

words we have considered configurations comprising site-1 up, site-

2 down, site-3 up where site-2 has never flipped up in increasing 

field from —oo to ha- However, the anti-ferromagnetic dynamics 

also allows a singlet with site-2 having flipped twice i.e. site-2 can 

flip up and flip down again in the course of monotonically increasing 

applied field. In order to take into account the analysis of this second 

category of singlets, we need to calculate the following objects that 

are defined with respect to figures (15), (16), and (17). 

• -PfiiQ This object refers to figure (15) with the proviso that 

h2 > hi, h4 > h^, hi > h2 {h^ < /i2 will give an equal con­

tribution). Site-3 flips first, site-4 flips next, site-2 flips after 

site-4 causing site-3 to flip down. PtlTQ refers to the fraction 

of singlets created in this way. 
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• P]i-\R This object refers to figure (16) with the proviso that 

h2 > hs, hi > hs, h^ > h2 {hi < /i2 will give an equal con­

tribution). Site-3 flips first, site-4 flips next, site-2 flips after 

site-4 causing site-3 to flip down. PIIIR refers to the fraction 

of singlets created in this way. 

• P]i]S This object refers to figure (17) with the proviso that 

/i2 < ^3, hi > h^. Site-3 flips first, site-2 flips next, site-4 

flips after site-2 causing site-3 to flip down. Piiis refers to the 

fraction of singlets created in this way. 

• P^iiT This object also refers to figure (17) with the proviso 

that /i2 < /i3, ^4 > /13. Site-3 flips first, site-4 flips next, site-2 

flips after site-4 causing site-3 to flip down. P-^^T refers to the 

fraction of singlets created in this way. 

• P-fTic; This object refers to the destruction of singlets associated 

with P^^Q. 

• P^]'\v This object refers to the destruction of singlets associated 

with P|||i?. 

• P^iw This object refers to the destruction of singlets associ­

ated with P^iis-

• PtTT^ This object refers to the destruction of singlets associated 

with PiiiT-

66 



A. Pi TIM 

In an increasing apphed field the objects associated with P-^I^A 

are created from objects associated with Pm and Pm when the 

down site at one end of these objects flips up under a po-process. 

Suppose site-3 flips up under a po-process at h' (—CXD < h' < ha). 

Then we have h^ + 2\J\ -\-h' = 0 with probability 0(-2 | J | - h'). 

Thus, 

Pnuiha) = I \Piim + Pnim(i>{-h' - 2\J\)dh' 
J —00 

= f " 2pQ{h')P^i{h')(f){-h' - 2\J\)dh' (61) 

where we have used equation (60). As a check we note that equa­

tion (60) is recovered by differentiating equation (61) with respect 

to ha. 

B . P^ nw 

This quantity is given by the equation. 

PUT5(M = 2 r [P^(2 i |3 i: h') - {I - Po{h')}] 
7—00 

Plii^ I \3 i: h')(l>{-h'- 2\J\)dh' (62) 

The explanation of the above equation is as follows. The in-
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tegrand comprises three factors. The last factor is the prob that 

site-3 flips up at h' under a po-process. The other factors take into 

account that site-2 and site-4 (the right neighbor of site-3) are down 

at h' and site-2 is black: 0 ( - ^ ' - 2\J\)dh' is the probability that 

site-3 flips up at h'; P| |(2 j |3 j : h') - {l-po{h')} is the probability 

that site-2 is down and black (/i2 + 2| J | + /i' > 0); Pu(4 i |3 i; h') 

is the probability that site-4 is down. 

C. P||tc 

This is simply equal to P^-IA — Puw but the notation is useful 

in the following analysis. 

Pn^ciha) = Pnuiha) - PmBiha) (63) 

The singlets in this category are generated by doublets that are 

bordered by up spins at both ends. Thus site-1 is up, site-2 and site-

3 are down, and site-4 is up. Site-2 and site-3 are on equal footing 

and therefore the a posteriori distribution of quenched fields 0(/i2) 

and (/>(/i3) are identical. We can assume without loss of generality 

that /i3 > /i2 and multiply the result by a factor 2. Thus we focus on 

a singlet created at site-2 when site-3 flips up at h' (—oo < h' < ha). 

We get. 
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PuMha) = 2 / " dh'4>{~h')po{h')Pu{2 i |3 i; h') (64) 
J —oo 

The explanation of the above equation is as follows: ^{—h') is the 

probability that site-3 flips up at h' -\-h^ = 0; po{h')Pii{2 i |3 i]h') 

is the probabihty that site-2 is down and site-1 is up just before 

site-3 flips up. The a posteriori distribution 0(/i') may be obtained 

by differentiating the following equation. 

/

o o OU 

^dhiihs) = [e-P (̂'̂ ') - {l-Piih')}] - J2{-irfr,{h' - 2\J\) 
n = 3 

(65) 

where, 

(f>{hl)dhl 
•2\J\-h' 

X 

•2\J\-h' 

(f){hm-i)dh, m—1 
.Tn=3'''''">-2+2|'^l 

/ 
n-2+2\J\ 

4>{hn-i)dhn-i (66) 

We may rewrite equation (55) as 

Ml I |0 i; h') = e-Pô '̂ ') - [e-P^i^'^ - {1 - p,{h')} 
CXD 

- ^ ( - 1 ) " \Uh') - Uh' - 2\J\)] (67) 
n=3 
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For spins flipping up under a pi-process only the second and the 

last term on the right hand side comes into play. 

E. PniE 

Here we want the fraction of singlets in section D that are created 

black. If h' is the field at which site-3 flips by pi-process then the 

cumulative fraction of singlets which are black at creation is given 

by 

PuMha) = 2 / ° dh'i>{-h') [Pu(2 l\3i-h')-{l- po{h')}] (68) 
J — 00 

The first factor in the integrand gives the probability that /13 + 

h' = 0, and the second factor gives the probability that site-2 is 

down and black at h'. 

F . Pi TITf 

PuAha) = Pnwiha) - PmEiha) (69) 

G. Pi TUG 

If a site is white with probability 1 — po(^a) then it is down with 

probability unity. The probability that either of its neighbor is down 

under a po-process alone is equal to 8'^°^^"^ Thus the probability 
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that either of its neighbor is up under a po-process alone is equal to 

l_e -Po(H. Therefore, 

Pmciha) = {1 - Po{ha)}[l - e-^^^'^-f (70) 

H. Pmu 

(/la) = 2{1 - poiha)} [ " dh'Pai^ i |2 i; h')<p{-2\J\ - h') 
J —(X 

/ (f>{-h")dh" (71) 
J—oo 

X 
-CX3 

The above equation is understood as follows. The integral over 

h" takes care of the site flipping up under a pi-process at h". There­

fore the density associated with this integral is the a posteriori 

distribution 0(—/i"). Site flipping up under the po-process flips 

up at h' where h' > h".T'he density associated with this site is 

-Pii(3 i |2 i; h')(l){-2\J\ - h'). The first factor accounts for the fact 

that the site in question is down given that it is next to a down site 

(the white site with probability 1 — Po{ha) and the second factor 

accounts for the fact that although it is down it is on the verge of 

turning up at h' under a po-process. Finally the factor 2 takes care 

of an equivalent configuration in which the location of sites flipping 

up under a po and a pi-process are interchanged. 
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I . P1 TiT/ 

The fraction of singlets Pu]C that are white at their creation but 

black at ha is given by, 

Pnu = Pn]c - Pn^G - PUIH (72) 

J . Pi uw 

Pnuiha) = [1 - Poiha)] 
/

oo 

. ha 

dhz^{hz) (73) 

The first factor takes into account that the singlet site is white. 

The second factor gives the probabihty that both neighbors of the 

down site flip up under a pi-process. 

K . Pi \UK 

P-ll^K may be obtained on similar Unes as PtiT^- ^ ^ S t̂, 

PmK{ha) = 2{l-v^{ha)] I " dh'~^{-h!) 
J—oo 

X / d/i"Pu(3i|2i;/iX-/i"-2|J|) (74) 
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L- PmL 

The fraction of singlets PUJF that are white at their creation but 

black at ha is given by, 

Pn^L = PniF - Pnu - Pn\K (75) 

We now turn to the destruction i.e. the disappearance of a singlet 

due to the down spin flipping up under a p2-process. We start 

with the destruction of singlets associated with P^ts- Taking into 

account the inequalities /i2 - 2\J\ < h^ < hi that require site-2 to 

be down and a black site when site-3 flips up, we get 

P T T T M ( M - 2 r dh'~^{-h' + 2\J\) 
J —CO 

rh'-2\J\ 

/ dh"ct>{-h"-2\J\)Pi^{3i\2l;h") (76) 
Jh'-4\.T\ 

N . Pi TTTN 

We now turn to the destruction of singlets associated with P]I]E-

These singlets were created under the condition /i2 + 2| J | > h^ > hi-

They will be destroyed at hi - 2\J\ + h' = 0 with the probability 

(j){—h'-\-2\J\). Thus the cumulative fraction of the destroyed singlets 

at ha is given by, 
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rha rh'-2\J\ 

^mN{ha) = 2 / dh!~^{-h! + 2|J|) / dh"4>{-h!') (77) 
7-00 Jh'-A\J\ 

' ./i'-2|J| 

-4|J| 

o. Pnto 

We now consider the destruction of singlets associated with PfifC-

Recall that P'[i]c are white at creation. A fraction P ^ / of these 

become black, say at h' i.e. these can flip up at h' under a PQ-

process if they were to have both neighbors down. However they 

have both neighbors up. Therefore they would flip up at applied 

field ha = h' + 4| J | . Thus we get, 

Pmo-Pmi{K-V\) (78) 

P. Pti ip 

P^'\'\p represents the destruction of singlets associated with PmF-

This is similar to the preceding case because P'\I\F are also white 

at creation. Following similar reasoning as used in the preceding 

section, 

T̂TTP = ^ n T i ( ^ a - 4 | J | ) (79) 
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Refer to figure (15) and the definition of PII^Q- We have hi < 

/i2, hs < h^. The screening property of doublets ensures that the 

evolution of sites 2, 3, and 4 is uninfiuenced by sites 1 and 5. Also, 

/i3 > /i4 > /i2 for site-3 to have flipped up before sites 2 and 4 

(^3 > h2 > hi would make an equal contribution). Now site-2 

flips up at ha and site-3 flips down. Therefore, /i2 + ^o = 0) ^iJid. 

h^-2\J\ + ha < 0. Consequently/i3-/i2 < 2|J|, h^ < h^ < /i2 + 2|J|, 

and /i2 < /i4 < /i2+2| J| . The probability that site-3 would flip down 

when site-2 flips up is given by 

fha 

PwQiha) = 2 /" " dh'(l>{-h')Pu{l i |2 i; h') 

fh' i'-h'+2\J\ 
/ dh!'4>{-h!')P^^{h i |4 i-h!') / dh!"4>{-h!" - 2\J\) (80) 

Jh>-2\J\ J-h" 

The hmits on the integrals were discussed just before the equa­

tion. Note that one can use the quenched field at a site as a variable 

of integration or equivalently the applied field at which the site in 

question flips up. We have written the integrals in terms of the ap-

phed fields h'", h", h' at which sites 3 , 4, and 2 flip up respectively ( 

h'" < h" < h'). The explanation of the integrands is as follows. The 

integrand in the last integral is the probability that site-3 flipped 

up by a po-process at hj, + 2| J] + h'" = 0. The second integrand is 

75 



the probability that site-4 flips up at h4 + h" = 0 and site-5 is down. 

Similarly the first integrand is the probability that site-2 flips up at 

h' and site-1 is down. 

Refer to figure (16) and the definition of P]1]R- Our object is 

to calculate the probabihty that site-3 flips down when site-2 and 

site-4 are up. This happens only if site-3 flips up after site-1 and 

site-5, i.e. sites 2, 3, 4 form a string of three down spins bordered 

by up spins at 1 and 5 just before 3 flips up. Because sites 2 and 

4 are adjacent to up spins the distribution of /i2 and /14 is the 0 

posteriori 0(/i2) and 0(/i4) respectively. Also ha > h2 — 2\J\ and 

/i3 > /1.4 — 2| J | because 3 flips up before 2 and 4. We assume hi > /i2 

and multiply our result by a factor of 2 to include the case /14 < /i2-

Thus hi - 2\J\ <h3< /i2, hi-h2< 2|J|, and h2< h^K h2 + 2\J\. 

The probability that site-3 flips down when site-2 flips up is given 

by 

'uMha) = 2 / " dh'4>{-h' + 2\J\) f dh!'4>{-h!' + 2\J\) 
J-00 Jh'-2\J\ 

r-h'+2\J\ 
X / dh"'(l){-h"' -2\J\) (81) 

' - / i " 

The integrand of the first and the second integral is the prob­

ability that site-2 and site-4 flip up by a p2-process at h' and h" 
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respectively. The last integrand is the probability that site-3 flips 

up by a po- process at h"'. 

In figure(17) site-2 or site-4 could flip up first. Let us consider the 

case when site-2 flips up first i.e. /12 > /14 — 2| J| . P ^ s is zero unless 

/i2 < ^3 < /i4 and hi - 2\J\ < /i2 < hi. Therefore the probability 

that a new singlet is created at site-3 when site-4 flips up is given 

by 

r-h' 

Pn^siha) = 2 / " dh'4>{-h' + 2\J\) [ dh"cl>{-h")Pu{l i |2 i; h") 
J-00 Jh'-2\J\ 

r-h'+2\J\ 
X / dh"'(j){-h'"-2\J\) (82) 

J~h" 

The last integrand has the same interpretation as in the previous 

object Ptitfl. The second integrand is the probabiUty that site-1 is 

down when site-2 flips up by a pj-process at h". Finally the first 

integrand is the probability that site-4 flips up by a p2-process at h' 

T . Pi TiTT 

Site-4 would flip up before site-2 in figure(17) if /14 > /i2 + 2| J|. 

Clearly h^ > h2. Site-3 would flip down when site-2 flips up if hz < 

/i2 + 2|J|. Thus hs and hi lie in the range hi-2\J\ < h^ < h2 + 2\J\ 
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and /i2 + 2|J | < /14 < /12 + 4|J|. The probability that site-3 flips 

down when site-2 flips up is given by 

^TiTr(^a) = 2 / " dh'(j>{-h')Pii{l i |2 i; h') [ dh"^{-h" + 2\J\) 
J-oo Jh'-2\J\ 

r~-h'+2\J\ 

X / dh 'X-h" ' -2 lJ l ) (83) 
J-h" 

The integrand is similar to that in P^i^s except that the first 

integral is for /i2 and the second for h^^. 

V. PTTTC/ 

PfllJ7 is associated with the destruction of objects characterized 

by P][-[Q. The destruction can be analyzed on similar fines as their 

creation except that we now have the inequalities h2 < h^ < h^ and 

/i3 — 2| J | < /i2 < ^̂ 3- The probabifity that site-3 in P^^IQ flips for 

the third time is given by 

'muiha) -= 2 / " dh'<l>{~h' + 2\J\) f d / iV(- / i" )Pu( l i |2 i; h") 
J-OQ Jh'-2\J\ 

X r dh"'cj>{-h"')Pu{5i\Al;h"') (84) 
Jh'-2\J\ 

The second and the third integrands give the probability that 

sites 2 and 4 flip up at h" and h'" respectively. The first integrand 

is the probability that site-3 flips up by a p2-process at h'. Note that 
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a priori distributions 0(/i2), (f^ihs), (t>{h/^ are used here because these 

sites have remained screened from site-1 and site-5. 

V. Pmv 

P||-fy is associated with the destruction of P'[1'\R. The inequaUties 

that govern PtTTV' ^̂ ® /i2 < ^4 < /̂ s + 2| J | and 1̂3 < /i2 < /̂ s + 2|J|. 

Thus the probabihty that the down spin in P]1]R flips for the third 

time is 

Pmv{ha) = 2 / " dh!(}>{-h! + 2|J|) / dh"i>{-h" + 2\J\) 
J-00 Jh'-2\J\ 

X / dh"'(l){-h"' + 2\J\) (85) 
A'-2|J| 

The second and the third integrands give the probabiUty that site-

2 and site-4 flip up by a p2-process at h" and h'" respectively. The 

first integrand is the probability that site-3 flips up by a p2-process 

at h'. 

W. P^^^w 

P|f 1^ is associated with the destruction of -PfiT -̂ '^^^ appropriate 

inequalities for P^^^w are hs < hi <hs + 2\J\ and h^ - 2| J | < /12 < 

/i3. The probability that the down spin in question flips for the third 

time is 
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Pmwiha) = 2 / ' " dh'(P{-h' + 2\J\) f dh"4>{-h" + 2\J\) 
J-oo Jh'-2\J\ 
X t d r0 ( -nn i (u i2 i ;n (86) 

Jh'-2\J\ 

The first integrand is the probability that site-3 flips up by a p2-

process at h'. The second and third integrands account for site-4 

and site-2 respectively. 

-PtTT̂  gives the fraction of singlets associated with P\['\T that are 

destroyed at ha- These may be calculated in a similar manner as in 

the preceding case. We now have the inequalities /12 + 2| J | < /i4 < 

/i3 + 2| J | and /is - 2| J| < /i2 < h^. Therefore the probability that 

the down spin in P\I]T Aips up is given by, 

^nTx(^a) = 2 / " dh!cj>{~h' + 2| J|) / dh"<j>{-h")P^^{\ i 12 i; h") 
J-oo Jh'-2\J\ 

X / dh"'(t>{-h"' + 2\J\) (87) 
Jh'-2\J\ 

The last two integrands pertain to sites 2 and 4 respectively, and 

the first to site-3. 
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VII. Magnetization on lower hysteresis loop 

We are now in a position to write the magnetization on the lower 

half of the hysteresis loop. 

m{K) = I - 2Piiha) (88) 

where P^ is the probability that a randomly chosen site on the 

chain is down at apphed field ha. A randomly chosen site on the 

chain can be characterized by the number n of up neighbors it has 

(n = 0,1,2). Thus we can write, 

Piiha) = Pilliha) + Pll^iha) + Pm{ha) + PuiiK) (89) 

The first term corresponds to n = 0, the next two terms that 

are equal by symmetry correspond to n = 1, and the last term 

corresponds to n = 2. We obtained the first three terms on the 

right-hand-side with relative ease in section (V). Surprisingly the 

evaluation of the last term i.e. Pm(/ia) proved rather tedious re­

quiring the calculation of 24 terms as a pre-requisite [P^^A{ha) to 

•PTTT̂ (̂ a)]- ^^ h.ave (so far) not found a simpler method to calcu­

late P|||(/ia) in spite of much effort and thought. Putting all terms 

together we get, 
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Piiha) = Pmiha) + Piniha) + ^ T U l M + PniA{ha) + PuMha) 

-Puwi^a) - PmN{ha) - Pmo{ha) " i^TTT-P(M 

+Pn]Q{ha) + PuMha) + Pn]s{ha) + PuMha) 

-Pmui^o) - -PTTTv(^a) - P]]]w{ha) - P^'\]x{ha) 

(90) 

We note that several objects that we calculated in the preceding 

section do not appear explicitly in the above equation e.g. P^iB{ha) 

does not appear explicitly in equation (90). However it is necessary 

to calculate P^^^Biha) because it is needed in the calculation of 

PuiMiha) and Pf||o(^a) that appear in the final formula. Similar 

remarks apply to other terms that were calculated but do not appear 

explicitly in equation (90). 

The magnetization in increasing field is obtained by substituting 

equation (90) into equation (88). The magnetization in decreasing 

field on the upper half of the hysteresis loop is given by symmetry, 

m"(/ia) = -m{-ha) (91) 

In the next section we compare the theoretical result against nu­

merical simulations of the model in selected cases. We consider 

a uniform bounded distribution of the quenched field as well as a 
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Gaussian distribution. As may be anticipated, the agreement be­

tween theory and numerical simulation is quite good. 
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VIII. Comparison with simulations and 
concluding remarks 

Simulations of the model have played an important role in the 

analysis presented here. Although an exact analytic result has to 

be necessarily in agreement with the simulations within numerical 

errors but arguments based on conditional probabilities can be sub­

tle and prone to errors. Therefore at each step of the analysis, we 

devised a simulation of the model to yield the probabihty of the 

event being calculated. Occasionally the two would not match in 

the first instance necessitating a rethink of the analysis and locat­

ing the error in the argument. Each of the theoretical expression in 

the preceding section was thus verified by simulation of the model 

for the following distributions of the random field: (i) bounded dis­

tribution with half-width A = 1.25| J | (ii) a Gaussian distribution 

with standard deviation a = .5| J|. The average value of the random 

field is zero in both cases. The comparison between the theoreti­

cal hysteresis loops and the hysteresis loops obtained by simulation 

was shown already in section III. Here we show the comparison for a 

few intermediate quantities that were used to obtain the hysteresis 

loops. 

We begin with the probability per site of a doublet on the lower 

half of the hysteresis loop. Figure (18) shows the theoretical expres­

sion for P\\{ha) for the Gaussian distribution with the corresponding 
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data from numerical simulation superimposed on it. The fit is so 

close that the two are indistinguishable on the scale of the figure. 

Figures (19) and (20) show similar comparisons for uniform distri­

butions for A = 1.25 and A = 0.5 respectively. In each of the 

following figures data from the corresponding numerical simulation 

has been plotted along side the theoretical expression. In most cases 

the match between theory and simulation is so good that there ap­

pears to be only a single curve in the figure. In other cases ( when 

the probability of the event is relatively small and finite size correc­

tions are larger) we can barely make out that there are two curves 

that almost lie on each other. Figures (21), (22), and (23) show the 

result for Piii{ha) for the Gaussian and uniform distributions with 

A = 1.25 and A = 0.5 respectively . Results for Pm(/ia) + Pm(/ia) 

are shown in figures (24), (25) and (26). Figures (27), (28), and (29) 

show the comparison between theory and simulation for P^^A{ha) 

for a Gaussian as well as a uniform distribution. Figures (30), (31), 

and (32) shows similar comparison for P^i'^r){ha). Figure (33), (34), 

and (35) are for Pj^^M{ha)- Figures (36), (37), and (38) are for 

-PTTTÂ (̂ a)- Figures (39), (40), and (41) show Pn]Q{ha)- Figures 

(42), (43), and (44) show P^^^u{ha)- Finally, Figures (45), (46) and 

(47) show P^-^wiha)- These figures and a few more that we have 

omitted here have played a very important role in the process of 

finding the exact magnetization. 

In conclusion we have obtained the zero-temperature hysteresis 
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loop of a one dimensional anti-ferromagnetic random field Ising 

model in the case when the driving field varies from — oo to oo 

and back to — oo infinitely slowly. The problem is simple to state 

but difficult to solve. The end result for the hysteresis loop involves 

integrals that in general have to be evaluated numerically. We have 

shown that our theoretical results fit numerical simulations of the 

model quite well. However, several aspects of the problem still re­

main unsolved [43]. For example we have obtained the hysteresis 

loop when the driving field takes the system from one saturated 

state {ha = —oo) to another [ha = oo). In this case we have a com­

plete knowledge of the a posteriori distribution of the quenched field 

at different stages of evolution of the system. We are not in a posi­

tion (so far) to obtain the hysteretic response of the system starting 

from an arbitrary initial state. It would be interesting to have an 

analytic solution of the problem in higher dimensions as well. Nu­

merical simulations suggest that the anti-ferromagnetic hysteresis 

loops in higher dimensions have several plateaus for low values of A 

and a as compared with \J\. Exact analytic solutions of problems 

with quenched disorder are difficult in statistical mechanics. One 

may even argue if they are worth the effort that has to be put in 

to try to obtain them. However exact solutions are intellectually 

satisfying and provide a framework for understanding a wide class 

of complex phenomena. We hope there will be more progress in this 

direction in the future. 
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Figures 

FIG. 1: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = - 1 
and A = 0.5 (see text). The a;-axis shows the applied field and the y-axis magnetization 
per spin. As | J | < A, each half of the hysteresis loop comprises three ramps separated 
by two plateaus. The lower half of the loop shows magnetization in increasing field and 
the upper half in decreasing field. A theoretical expression has been superimposed on 
the numerical data. 
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FIG. 2: A magnified view of the theoretical and simulation hysteresis loops for A = 0.5 
where the y-axis shows the magnetization in increasing and decreasing field as measured 
from the average of the magnetization on the lower and the upper half of the hysteresis 
loop in figure 1 at corresponding applied field. 

-0.5 

FIG. 3: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = —1 
and A = 1.25 (see text). The ar-axis shows the applied field and the y-axis magnetiza­
tion per spin. As \J\ > A, the plateaus of figure 1 disappear and the three ramps merge 
into each other. A theoretical expression has been superimposed on the numerical data. 
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FIG. 4: Theoretical and simulation hysteresis loops for A = 1.25 where the mag­
netization along increasing and decreasing field is measured from the average of the 
magnetization on the lower and the upper half of the hysteresis loop in figure 3 at 
corresponding applied field. 

FIG. 5: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = —1 
and a = 0.5 (see text). Notice the approximate similarity with the hysteresis loop in 
figure 1 but the absence of sharp ramps and plateaus. For a Gaussian distribution the 
three ramps merge into each other for any value of CT although this is less pronounced at 
smaller values of a. A theoretical expression has been superimposed on the numerical 
data. 
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FIG. 6: Magnified theoretical and simulation hysteresis loops for a = 0.5 where the 
magnetization along increasing and decreasing field is measured from the average of 
the magnetization on the lower and the upper half of the hysteresis loop in figure 5 at 
corresponding applied field. 
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o 

FIG. 7: Spins on Ramp-I in an applied field —2\J\ — h. Filled circles show sites with 
quenched field hi > h. The probability per site of a doublet (two adjacent down spins) 
such as AB is equal to e~^P, where p is the fraction of filled circles on the infinite lattice. 

hi ha 

0 0 0 0 

FIG. 8: A doublet on Plateau-I: hi and /12 are the quenched random fields on the 
doublet sites 1 and 2 respectively. 
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@ (3) 0 

FIG. 9: Two adjacent doublets on Plateau-I: Each doublet separates the lattice into two 
parts whose evolution histories on Ramp-I are independent of each other. Evolutions 
inside each dashed box is shielded from outside. The probability that spin at site 3 
flips up on Ramp-I is therefore equal to | . Given this, the probability that the spins at 
sites 1 and 5 remain down all along Ramp-I is equal to ^ each. The shielding property 
of the boxes can also be used to determine a posteriori distribution of random fields 
hi,h2,h3,hi, and/15. 

r 
h. 

ha 

Q) 0 

FIG. 10: A singlet (site 3) with one next nearest neighbor down (site 1), and one next 
nearest neighbor up (site 5). When the singlet turns up at an appUed field ha, the spin 
at site 2 stays up if A < \J\, but the spin at site 4 flips down if hi < h^. 
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FIG. 11: Two adjacent singlets on Plateau-I: If h2 = min(/i2, hi), and /13 < /12, then the 
spin at site 3 will flip down when the spin at site 2 flips up on ramp-III. This process 
creates a new singlet on ramp-III. 

h ĥ  ht 

(3) d) © 
h, 

FIG. 12: A singlet followed by a doublet on Plateau-I: If /14 > /15, and /13 < /12, then a 
new singlet will be created at site 3 when the spin at site 2 turns up on ramp-III. 
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Q (! (4) (5) (6) 

FIG. 13: A doublet followed by a singlet on Plateau-I; If /13 > /i2, and /i4 < /15, then a 
new singlet will be created at site 4 when the spin at site 5 turns up on ramp-III. 

r 
h, 

h 

FIG. 14: An up spin followed by a doublet. Site-1 may have flipped up under a po-
process or a pi-process. Subsequently when site-3 flips up we get a singlet at site-2. 
The fraction of such singlets depends on the details of how sites 1 and 3 have flipped. 
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0 (2) (3) @ (5) 

FIG. 15: A doublet followed by a doublet. We get a singlet at site-3 if sites 2 and 4 flip 
up before sites 1 and 5 and site-3 flips down because it is unstable with both neighbors 
up. 

h k 

(3 ® (3 
h. h, 

FIG. 16: A singlet followed by a singlet. A singlet is created at site-3 if sites 2 and 4 
flip up under a p2-process and then site-3 flips down because it is unstable when both 
neighbors are up. 
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FIG. 17: A doublet followed by a singlet. We get a singlet at sitc-3 if site-2 flips up 
under a pi-process, site-4 flips up under a P2-process and then site-3 flips down because 
it is unstable when both neighbors are up. 

FIG. 18: Probability of a doublet Puiha) for a Gaussian distribution with a = 0.5| J | . 
Simulation data has been superimposed on the theoretical expression. 
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FIG. 19: Probability of a doublet Pii{ha) for a uniform distribution with A = 1.25|7|. 
Simulation data has been superimposed on the theoretical expression. 
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FIG. 20: Probabihty of a doublet Pii{ha) for a uniform distribution with A = .5|J|. 
Simulation data has been superimposed on the theoretical expression. 
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FIG. 21: Probability of Pm(ha) for a Gaussian distribution with a = 0.5| J). Simulation 
data has been superimposed on the theoretical expression. 

-0.5 

FIG. 22: Probability of Pmiha) for a uniform distribution with A = 1.25| J|. Simula­
tion data has been superimposed on the theoretical expression. 
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FIG. 23: Probability of Pm^(/ia) for a uniform distribution with A = 0.5|J|. Simulation 
data has been superimposed on the theoretical expression. 

0.4 

0.3 -

0.2 -

0.1 

— 1 1 • 

/ 

/ 
/ 
/ / 

/ 
/ 
/ / 

— . = — 1 1 

— 1 1 

\ 
\ \ 
\ 

\ 
\ 
\ 

1 1 ^ " - ^ ^ 

FIG. 24: P|ii(/ia) + Pw^iha) for a Gaussian distribution with a = 0.5|J|. Simulation 
data has been superimposed on the theoretical expression. 
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FIG. 25: P-\ii{ha) + Paiiha) for a uniform distribution with A = 1.25| J|. Simulation 
data has been superimposed on the theoretical expression. 
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FIG. 26: P-\ii{ha) + •PUTC*") ^^^ ̂  uniform distribution with A = 0.5| J|. Simulation 
data has been superimposed on the theoretical expression. 
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FIG. 27: Theory and simulation for P^iiA{ha) for a Gaussian distribution with a 
0.5|7|. 
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FIG. 28: Theory and simulation for PtitAC^a) for a uniform distribution with A 
1.251J|. 
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FIG. 29: Theory and simulation for PuiA{ha) for a uniform distribution with A 
0.5|J1. 
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FIG. 30: Theory and simulation for P-\iwi^a) ^^^ ̂  Gaussian distribution with a 
0.5|J|. 
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FIG. 31: Theory and simulation for PU-[D{K) for a uniform distribution with A 
1.25|J|. 
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FIG. 32: Theory and simulation for P^iDiK) for a uniform distribution with A 
0.5|J|. 
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FIG. 33: Theory and simulation for PTTTMCIO) for a Gaussian distribution with a 
0.5|J|. 
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FIG. 34: Theory and simulation for P\\-\M{ha) for a uniform distribution with A 
1.25|J|. 
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FIG. 35: Theory and simulation for P^]M{ha) for a uniform distribution with A 
0.5|J|. 
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FIG. 36: Theory and simulation for Pn|jv(/ia) for a Gaussian distribution with a 
0.5|7|. 
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FIG. 37: Theory and simulation for P^|-rjv(/io) for a uniform distribution with A 
1.25|J|. 
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FIG. 38: Theory and simulation for P|^|7\r(^o) for a uniform distribution with A 
0.5|J|. 
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FIG. 39: Theory and simulation for FfiTQl^o) for a Gaussian distribution with a 
0.5|J|. 
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FIG. 40: Theory and simulation for P-\i-\Q{ha) for a uniform distribution with A 
1.25|J|. 
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FIG. 41: Theory and simulation for P\\\Q{ha) for a uniform distribution with A 
0.5|J1. 
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FIG. 42: Theory and simulation for P|t|[/(/ia) for a Gaussian distribution with a 
0.5|J). 
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FIG. 43: Theory and simulation for P\\\u{ha) for a uniform distribution with A 
1.251^1. 
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FIG. 44: Theory and simulation for P^^^u^ha) ioi a uniform distribution with A 
0.5|J|. 
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FIG. 45: Theory and simulation for P-[\\wi}^a) on the left, and P\\\w^a) on the right 
for a Gaussian distribution with o = 0.5| J|. 
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FIG. 46: Theory and simulation for Ptt|w(/ia) for a uniform distribution with A 
1.25|J|. 
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FIG. 47: Theory and simulation for P\\-[w(ho) for a uniform distribution with A 
0.5|J|. 

114 



Brief Bio-data of the Candidate 
{as required by NEHU format for PhD thesis) 

cell phone 9863046871 
email: kurbah88@gmail.com 

Lobisor Kurbah 
Department of Physics 
St. Edmund's College 
Shillong-793 003 
Meghalaya, India. 
Date of Birth: May 22, 1976; Unmarried. 

Education: 
Exam. Institution Year Div. 
High School St Anthony's School, Shillong 1993 2nd 
Pre Univ St Edmund's College, Shillong 1995 1st 
B.Sc. St Edmund's College, Shillong 1998 1st 
M.Sc. NEHU, Shillong 2000 1st 

Teaching Experience: 
Teaching Physics at B.Sc. level in St Edmund's College, Shillong from April, 

2001 till date. 

115 

mailto:kurbah88@gmail.com

