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This thesis [1] concerns the study of hysteresis in anti-ferromagnetic random-
field Ising model at zero temperature. The external field is cycled adiabaticajlif-?.
between -0o and oo. Two different distributions of the random-field are consid-
ered, (i) a uniform distribution of width 2A centered at the origin, and (ii) a
Gaussian distribution with average value zero and standard deviation o. In each
case the hysteresis loop is determined exactly in one dimension and compared
with numerical simulations of the model. A very brief account of the broad con-
text of the work, the model, the probabilistic method used to solve the model,
and the end result is given below.

Hysteresis is a paradigm of non-equilibrium phenomena [2]. It occurs when
a system is driven by a field that changes faster than the the system can cope
with it. Feynman [3] in his book on statistical mechanics describes equilibrium
as a state when all fast things have happened and slow things have not. What
is fast and what is slow depends on the time scale of interest to us. Hot coffee
in a cup may cool down to room temperature in a matter of minutes and then it
may be considered to be in thermal equilibrium with its surroundings for hours.
But over much longer period of weeks and months, the liquid in the cup is likely
to evaporate into the air. In the context of hysteresis, the time period 7 of
the driving field serves as a reference. There is pronounced hysteresis if the
relaxation time 7,4, of the system is larger than 7. The experimentalist controls
7 i.e. the frequency of the driving field w = 27 /7, but Treiq; is fixed for a given
material. By choosing T > Treaz, One can study systems close to equilibrium,
i.e. hysteresis loops whose area tends to zero. However, several systems are
never close to equilibrium. These are generally systems that contain quenched
disorder. The quenched disorder creates a large number of metastable states that
are separated from each other by large barriers [4]. The relaxation time (escape
from a metastable state) diverges exponentially with the ratio of the barrier height
to the thermal energy of the system. We may consider the system to be at zero
temperature without compromising with the essential physics of the phenomenon.

The distribution of barrier heights translates into a distribution of relaxation



times. A spectrum of diverging relaxation times means the presence of hysteresis
even in the limit 7 — oo. The limit 7 — oo is a theoretical limit. In the laboratory
7 can not be longer than the time available for the experiment. Systems with
quenched disorder tend to show significant hysteresis over the longest practical
time scale. For modeling this behavior we take the limit 7" — 0 before the limit
w — 0. This gives nonvanishing hysteresis in the limit w — 0.

Sethna and his co-workers [5] have introduced the non-equilibrium random-
field Ising model to study hysteresis in disordered ferromagnets at zero temper-
ature and in the limit w — 0. The disorder in their model is characterized by
on-site random fields having a Gaussian distribution with average value zero and
standard deviation 0. They employ the zero temperature Glauber dynamics of
Ising spins in their model, i.e. a spin flips only if it lowers the energy of the
system. It is an iterative dynamics. If a spin flips it changes the net field on its
neighbors and may cause them to flip as well. This may result in an avalanche of
spin flips. The dynamics is applied till each spin in the system is stable. The ap-
plied field ~ changes infinitely slowly as compared with the time (i.e. the number
of iterations) taken by the system to reach a stable state. This is implemented
in the model by holding ~ constant during an avalanche. This model has been
studied extensively in the case of ferromagnetic interactions using mean field the-
ory, renormalization group, and numerical simulations [5]. Exact solutions of
the ferromagnetic model have been obtained for Ising spins on a Bethe lattice of
coordination number z [6-8], and continuous spins in the mean field limit [9].

Hysteresis in the anti-ferromagnetic random field Ising model [10-13] has
received relatively little attention as compared to its ferromagnetic counter part.
Only an expression for the major loop has been obtained [11] in one dimension in
the case when the quenched field has a uniform distribution of width A centered
at the origin and A < |J| where J is the anti-ferromagnetic exchange interaction.
The purpose of the present paper is to extend this result to A > |J|. The results
presented here also apply to a Gaussian distribution of the quenched random-field.

It may appear rather surprising at first sight that there should be any difficulty



in solving a one-dimensional Ising model at zero temperature. The difficulty arises
primarily from the presence of quenched random fields. In general, problems with
quenched disorder are difficult to analyze analytically. Problems with quenched
disorder and anti-ferromagnetic interactions are more difficult. This is primarily
due to two reasons. One, the relaxation process in the anti-ferromagnetic random-
field Ising model depends on the order in which the spins are relaxed. Two, the
energy landscape of the anti-ferromagnet has many more local minima than that
of a ferromagnet.

The one-dimensional random-field Ising model is characterized by the Hamil-

tonian,

H= *JZsst.l - Z h.s, — hq ZS" (1)

Here s, = +1 is an Ising spin at site ¢ (i = 1,2,3,...,N), J is the nearest
neighbor interaction (J > 0 for a ferromagnet and J < 0 for an anti-ferromagnet),
h, is a random-field drawn from a probability distribution ¢(h,), and h, a uniform
external field.

The dynamics of the model is the discrete-time single-spin-flip Glauber dy-

namics at zero temperature i.e. s,(t+ 1) = sign f,(¢), where

fz = J(sz—l + SH-I) + hz + ha (2)

This means a spin flips only if it lowers its encrgy. It also assumes that if
a spin-flip is allowed, it occurs at a rate which is much faster than the rate
at which the magnetic field h, is varied. Iterative application of the dynamics
leads to a fixed point state of the system such that s,(t + 1) = s,(t) for each
spin s,(t) in the system. The condition of adiabatic variation of the applied
field is implemented by holding the applied field constant until a fixed point is
reached. The fixed point is a local minimum of the energy (metastable state) of
the system. Our aim is to find the magnetization m(h,) of each metastable state

visited by the system as the applied field is cycled adiabatically from h, = —o0



to h, = 0o. The magnetization along the upper half of the hysteresis loop is
given by symmetry, m*(h,) = —m(—h,). We have m(h,) = 1 — 2P(h,) where
P, (h,) is the probability that a randomly chosen site ¢ is down (i.e. s, = —1) at
an applied field h,. Pj(h,) is a function of p,(he), where

pulha) = / N $(h)dh, (n=0,1,2) 3)

—2(1-n)|J|~ha

We say that a site flips up under a p,-process if n of its nearest neighbors are
up when it flips up. In order to calculate P|(h,) we make use of the screening
property of a pair of adjacent down sites (doublet) that have remained unflipped
in a monotonically increasing field from —oco to h,. A doublet separates the chain
into two parts that have evolved independently of each other. The doublet also
provides a natural length in the analysis of the chain. This is not a fixed length
but rather a variable length of a segment of chain that is free of doublets and
lies between two doublets at an applied field h,. The history of evolution of this
segment may be analyzed independently of the rest of the chain. We denote the
probability per site of finding a doublet on the chain by Py;(h,), and find

Pyy(ha) = [Py (1 110 L ho)P?, (4)

where

P(1110];h,) = g~ Polha) _ [e‘Pl(hu) -{1 —p1(ha)}] - i(_l)nTn(ha)’

n=3

(5)

Tn(he) =

[—ha $(h1)dhy I::ii[;/hw ¢(hm-1)dhm_1} /hoo G(hnr)dhn1,

2|Jl_ha m—2+2lJ| n-2+2|-]|
(6)



and

$(h) = [1 — e =2D]g(n) ("

This is a generalization of a result derived in reference [11]. The result in
reference [11] is valid in a special case when no p,(h,) process can begin before
all p,—1(h,) processes have been completed everywhere on the chain.

In order to calculate the probability that a randomly chosen site i is down
at an applied field h,, we need to calculate the probability of a large number
of related events concerning the history of spin flips at site ¢ and its neighbors
at sites ¢ — 1 and ¢ + 1. If site ¢ is down at A4, it may have never flipped from
hy = —oc to h,, or it may have flipped two times. Its neighbors too may have
flipped zero, one, or two times. The probability of flipping at a site depends on
the state of its neighbors. If both neighbors are up, we may have to take into
account which one flipped first. If a neighbor flipped under a p; process we have
to take into account if the p; process pre-empted a py process or not. Careful
considerations of these issued show that we need to calculate the probability of

26 distinct processes. The final result is,

Pi(ha) = Py (ka) + Pi1(he) + Pryy(ha) + Priralha) + Prytp(ha)
=Pr1im(ha) = Priv(ha) = Prijo(ha) — Prirp(he)
+P11q(Ra) + Prigr(he) + Prits(he) + Prigr(fa)
— Py (ha) — Prrv(he) — Priiw(Ba) — Prirx (ha),
(8)

where,

Pyji(ha) = [1 = po(ha)] PLL(Pa) 9)
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Pyy1(ha) = Pyyy(ha) = po(ha) Pyy (ha)

ha
Puta(he) = [ 1Pur(W) + P (W)l8(= = 24)ak

ha
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ha
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The calculation of Pj110(h,), and Pyy1p(h,) requires the following additional

quantities,
ha
Purs(he) =2 [ " [Pu@ 113 1 H) = {1 = m()}
P4 113 | R)¢(=h —2|J|)dn’ (25)
Pyic(ha) = Pryra(ha) — Prii(ha) (26)
ha
Pryp(ha) =2 [ dh'¢(—h") [Py (2 1 |3 [; ') — {1 — po(R)}] (27)
Pr11r(he) = Pr1p(ha) — Pyyre(he) (28)
Prira(ha) = {1 — po(ha)}[1 — e7Polhe)}2 (29)



ha
Purn(he) =21~ po(ha)} [ dWPu@ L 12 Lik)o(-217) - )

x § d(—h")dn" (30)

Pyi11(ha) = Pyjre(ha) = Prita(ha) — Prita(ha) (31)
Furs(ho) = 1 = o)) | [ ahadlis)| (32)

ha
Pyi1x(ha) = 2{1 = po(ha)} ] dh'¢(~h')
W

x [ dPy@ LI2 L 6(-H 211 (33)
Pyi1i(he) = Pyyyr(ha) — Prita(he) — Pryrk(ha) (34)

Numerical simulations have played a valuable role in our analysis. An exact
analytic result has to be necessarily in agreement with the simulations within
numerical errors but arguments based on conditional probabilities can be subtle
and prone to errors. Therefore at each step of the analysis, we devised a simulation
of the model to yield the probability of the event being calculated. Occasionally
the two did not match in the first instance necessitating a rethink of the analysis
and locating the error in the argument. Each theoretical expression contributing
to the final result was tested by simulation of the model in the following cases: (i)
bounded distribution with half-width A = 0.5|J|; (ii) bounded distribution with
A = 1.25|J); (iil) a Gaussian distribution with standard deviation ¢ = .5|J|. The
average value of the random field is zero in all cases. As an illustration of the

agreement between theory and simulation, figure (1) shows the hysteresis loop in
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the case of the Gaussian distribution of the random field with ¢ = 0.5|J|. As the
lower and the upper halves of the hysteresis loop are rather close to each other,
we have reploted in figure (2) the upper and lower magnetizations relative to
their average value. In both figures the data from the corresponding simulation
is superimposed on the theoretical curve. The two are indistinguishable on the
scale of the figure.

In conclusion we have obtained the zero-temperature hysteresis loop of a one
dimensional anti-ferromagnetic random field Ising model in the case when the
driving field varies from —oo to oo and back to —oo infinitely slowly. The prob-
lem is simple to state but difficult to solve. The end result for the hysteresis loop
involves integrals that have to be evaluated numerically. We have shown that
our theoretical results fit numerical simulations of the model quite well. How-
ever, several aspects of the problem still remain unsolved. For example we have
obtained the hysteresis loop when the driving field takes the system from one
saturated state (h, = —o0) to another (h, = 00). In this case we have a com-
plete knowledge of the a posteriori distribution of the quenched field at different
stages of evolution of the system. We are not in a position (so far) to obtain the
hysteretic response of the system starting from an arbitrary initial state. It would
be interesting to have an analytic solution of the problem in higher dimensions as
well. Numerical simulations suggest that the anti-ferromagnetic hysteresis loops
in higher dimensions have several plateaus for low values of A and o as compared
with |J|. Exact analytic solutions of problems with quenched disorder are difficult
in statistical mechanics. One may even argue if they are worth the effort that
has to be put in to try to obtain them. However exact solutions are intellectually
satisfying and provide a framework for understanding a wide class of complex

phenomena. We hope there will be more progress in this direction in the future.
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FIG. 1: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = —1
and a Gaussian distribution of the random field with o = 0.5. Results of numerical
simulation are superimposed on the theoretical expression.
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FIG. 2: Magnified theoretical and simulation hysteresis loops for ¢ = 0.5 where the
magnetization along increasing and decreasing field is measured from the average of

the magnetization on the lower and the upper half of the hysteresis loop in figure 1 at
corresponding applied field.
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Preface

Statistical mechanics today is a pillar of theoretical physics. It
started modestly in the form of kinetic theory of ideal gases in the
18th century but has made great strides in recent times. The task
before statistical mechanics is to provide a manageable and useful
description of an interacting system with a huge number of degrees
of freedom. It is neither feasible nor useful to track each degree
of freedom individually so one uses a small number of measurable
variables like temperature, density, pressure etc. and treats these
using probability theory. It is convenient to divide the thermody-
namic systems into two categories: (i) equilibrium, and (ii) non-
equilibrium. The assignment of a system to one of these categories
is made on the basis of a characteristic time scale. The demarcation
is not as sharp as we would like to think. For example, Feynman [1]
in his book on statistical mechanics defines equilibrium as a state
of the system when all fast things have happened and slow things
have not. What is fast and what is slow depends on the time scale
of interest to us. Hot coffee in a cup may cool down to room tem-
perature in a matter of minutes and then it may be considered to
be in thermal equilibrium with its surroundings for hours. But over
much longer periods of weeks and months, the liquid in the cup is
likely to evaporate into the air.

At present the statistical mechanics of systems in equilibrium is
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far more developed than its counterpart for non-equilibrium sys-
tems. Its basic tools and methods are well established and well
understood. A system in equilibrium at temperature T fluctuates
between different states of energy E; with the Boltzmann probability
factor exp(—E;/kgT). The probability is normalized by summing
the Boltzmann factor over all states. This sum is known as the par-
tition function Z. The free-energy of the system is F' = —kgT'In Z.
Equilibrium state is a state of minimum free energy. Various mea-
surable quantities can be obtained from the free-energy by differ-
entiating it with respect to appropriate fields. Often it suffices to
describe the measurable quantities and correlations in equilibrium
systems by their average values. Phase transitions are an excep-
tion to this rule because they are marked by a diverging correlation
length and anomalous fluctuations. However these problems have
been addressed successfully by the renormalization group approach,
and it is reasonable to say that the development of equilibrium sta-
tistical mechanics is nearly complete.

The development of equilibrium statistical mechanics has been
greatly facilitated by exact solutions and numerical studies of sim-
ple models. For example, careful studies of Ising models in one,
two, and three dimensions have contributed to the understanding
of the scaling of thermodynamic functions in the critical region,
and laid the foundation of the universality of critical behavior much

before these ideas received full theoretical understanding based on
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the renormalization group. Non-equilibrium statistical mechanics
at present is in a developing state. A wide variety of models and
phenomena are being studied. One hopes that results from such
studies would lead to the understanding of general principles of
systems far from equilibrium. The basic difference between equilib-
rium and non-equilibrium phenomena is the role of the relaxation
dynamics in non-equilibrium phenomena. By relaxation we mean
the dynamical process by which a system minimizes its free energy
to attain thermal equilibrium. The character of the ”fast things”!
Equilibrium statistical mechanics need not go into the ”what and
how” of the fast things. It is content to assume that the fast things
must have happened in such away as to endow the system with
the necessary properties to be in equilibrium. For example, its oc-
cupation probability of different states must be governed by the
Boltzmann factor. Other characterizations of equilibrium such as
detailed balance, minimum free-energy, maximum entropy follow
from the Boltzmann factor. In non-equilibrium statistical mechan-
ics we have to study the details of the relaxation dynamics. This is a
demanding task. The relaxation dynamics is system specific. Also,
it would be neither useful nor practical to follow the time evolution
of each individual degree of freedom. We should choose a small set
of useful and measurable quantities in non-equilibrium and focus on
the effect of the fast things on these quantities. Are these quanti-

ties just the non-equilibrium counterparts of temperature, density,
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and pressure etc or there are better choices? It would take time to
resolve these issues. The current activity seems to be focused on
specific models and phenomena and what we may learn from these.

Hysteresis is a paradigm of non-equilibrium phenomena. If a sys-
tem is driven by a cyclic field, and the time period of the field is
shorter than the relaxation time of the system, then the system
shows strong history-dependent non-equilibrium effects. The re-
sponse of the system in increasing part of the cyclic field is different
from that in the decreasing part. As the driving field makes a com-
plete cycle the response of the system makes a hysteresis loop. The
area of hysteresis loop determines the power consumed by the driv-
ing field. We are particularly interested in the effects of disorder on
hysteresis. Disorder is unavoidable in a thermodynamic system. It
can creep in the form of impurities and structural defects during the
preparation of the system. It could be a small disorder e.g a tiny
fraction of point defects in an otherwise perfect crystal, or a large
disorder that is characteristic of liquids. Intuitively the meaning
of small and large disorder is clear but there is no sharp division
between the two. A more useful way to look at disorder is based on
the relaxation dynamics of the system. If the disorder in the system
is able to relax well over the experimental time scales, we called it
annealed disorder. Annealed disorder is seen in very slowly cooled
liquids and metals. If the disorder can not relax on experimental

time scales, we call it quenched disorder. Quenched disorder remains
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frozen in the system over practical time scales. Glasses, spinglass
and other amorphous solid are example of quenched disorder. An-
nealed disorder is easier to treat analytically because the disorder
degrees of freedom are dynamical variables that can be treated on
equal footing with other degrees of freedom. Consider for example
a mixture of magnetic ions with non-magnetic impurity atoms at
a high temperature. If we allow the mixture to crystallize by cool-
ing it slowly, the impurities and the magnetic ions will remain in
thermal equilibrium with each other. The impurities are able to
move. Therefore, to calculate the partition function of the system,
we need to trace not only over the orientations of the spins of the
magnetic ions but also over the positions of the impurity atoms.
Quenched disorder on the other hand is difficult to treat analyti-
cally in equilibrium as well as non-equilibrium. In equilibrium, we
have to calculate the partition function for a given disordered con-
figuration of the system and then take the average of the logarithm
of this partition function over different realizations of the disorder.
In non-equilibrium too the analytic treatment of the dynamic de-
grees of freedom relaxing in a frozen background is more difficult.
The frozen background creates a large number of metastable states
in the system. These are separated from each other by high energy
barriers. The energetics of the dynamics is primarily determined by
the quenched disorder rather than thermal fluctuations. Although

quenched disorder is more challenging to treat theoretically it is
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creates a large number of metastable states in the system separated
from each other by large barriers. The relaxation time (escape from
a metastable state) in these materials diverges exponentially with
the ratio of the barrier height to the thermal energy of the system.
The distribution of barrier heights translates into a distribution of
relaxation times. A spectrum of diverging relaxation times means
that these materials show hysteresis even in the limit w — 0.
Sethna and his co-workers [5-7] have introduced the non-
equilibrium random-field Ising model to study hysteresis in disor-
dered ferromagnets at zero temperature and in the limit w — 0. The
disorder in their model is characterized by on-site random fields hav-
ing a Gaussian distribution with average value zero and standard
deviation 0. They employ the zero temperature Glauber dynam-
ics of Ising spins in their model, i.e. a spin flips only if it lowers
the energy of the system. It is an iterative dynamics. If a spin
flips it changes the net field on its neighbors and may cause them
to flip as well. This may result in an avalanche of spin flips. The
dynamics is applied till each spin in the system is stable. The ap-
plied field h changes infinitely slowly as compared with the time
(i.e. the number of iterations) taken by the system to reach a stable
state. This is implemented in the model by holding h constant dur-
ing an avalanche. This model has been studied extensively in the
case of ferromagnetic interactions using mean field theory, renor-

malization group, and numerical simulations. Exact solutions of
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the model have also been obtained in one dimension [8, 9] and on
a Bethe lattice of coordination number z [10]. Some exact results
have also been obtained for continuous spin models in the mean
field limit [11, 12]. There is comparatively little work in the case
of anti-ferromagnetic interactions. This thesis is a step in this di-
rection. We present an exact calculation of the zero-temperature
anti-ferromagnetic hysteresis loop in the zero-frequency limit of the
driving field in one dimension. The problem appears simple but the
analysis is unexpectedly complicated. The outline of the thesis is
as follows.

Section I provides an introduction to the problem studied in this
thesis. Section II defines the model for a general distribution of
the quenched random-field centered at the origin. We focus on two
specific cases: a uniform bounded distribution of width 2A and a
Gaussian distribution of standard deviation o. In section III we
present numerical results for the hysteresis loop in three represen-
tative cases: A = 0.5, A =1.25 and o = 0.5. Section IV presents
analytical calculation of the hysteresis loop in the case of a uniform
distribution of the random-field of width 2A, with A < |J|. Section
V, section VI, and section VII form the main body of the thesis.
These extends the result obtained in section IV to an arbitrary

distribution of the random-field. Section VIII contains concluding

remarks.
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I. Introduction

Hysteresis is a non-equilibrium effect commonly observed in sys-
tems subjected to a cyclic force [13]. It means that the response to
a changing force depends on the history of the force. In particular,
the response in increasing force is different from that in decreasing
force. This is caused by the delay in responding to the force. Theo-
retically hysteresis should disappear if the force changes sufficiently
slowly but this often corresponds to unrealistically long time peri-
ods such as the life span of an experimentalist. Several complex and
disordered systems like permanent magnets show hysteresis over the
longest practical time scales. Experience with spinglasses and other
systems containing quenched disorder [2] has revealed that the free
energy landscape of such systems comprises a large number of local
minima (metastable states). The number of local minima is ther-
modynamically large i.e. of the order of the number of degrees of
freedom of the system. The barriers between the local minima are
also large compared with the thermal energy of the system. Con-
sequently, in the absence of a driving field the system gets trapped
in one of the local minima and is unable to explore the entire phase
space over practical time scales. In this situation the thermal re-
laxation time of the system 7 is much larger than the relaxation
time of its constituent units (individual spin-flips) as well as the

period 27 /w of the cyclic driving field. Therefore a useful approx-
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imation is to assume 7 to be infinite or equivalently the system to
be at absolute zero temperature. This makes the dynamics of the
system deterministic and more amenable to analytic solutions and
simulations without compromising the essential physics of the prob-
lem. We take the limit 7' — 0 before the limit w — 0 to obtain
nonvanishing hysteresis in the limit w = 0.

In an extensive and pioneering work Sethna et al [5-7] used
the random-field Ising model [3] along with the Glauber dynam-
ics [14] at zero temperature to study hysteresis in ferromagnets
with quenched disorder. They analyzed their model using numerical
simulations, mean field theory, Wilson’s renormalization group [15],
and compared it with experiments. Their model reproduces several
experimentally observed features. These include familiar shapes of
hysteresis loops, Barkhausen noise [16}, and return point memory.
Interestingly the model predicts the existence of a non-equilibrium
critical point on each half of the hysteresis loop. This is based on a
Gaussian distribution of the random-field with mean value zero and
standard deviation o that plays the role of a tuning parameter in
the model. The model may be solved exactly in one dimension and
on Bethe lattices of a general coordination number z [8-10]. Above
a lower critical coordination number z [10, 17] there is a critical
value o, such that for ¢ < o, each half of the hysteresis loop has a
first order jump in the magnetization at some applied field h. The

size of the jump goes to zero as ¢ — o, from below. If h,. is the crit-
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ical field at which the jump vanishes, {h, 0.} is a non-equilibrium
critical point showing scaling of thermodynamic functions and uni-
versality of critical exponents in its vicinity. This is reminiscent of
equilibrium critical phenomena and appears to have a fair amount
of experimental support in the field of hysteresis as well. A gen-
eralization of the model [11, 12, 18, 19} to n-component (n > 1)
classical spins shows the existence of critical points in the general-
ized model as well. The critical exponents of the generalized model
are in the universality class of the random-field Ising model (n = 1)
if the critical point occurs at a non-zero value of magnetization or
the applied field. This is understandable because a non-zero value
of magnetization or the applied field picks a unique direction in
the system that effectively reduces its symmetry to that of an Ising
model. This lends further support to the broad agreement between
experiments and predictions of RFIM for hysteresis.

Hysteresis in the anti-ferromagnetic random field Ising model
[20-23] has received relatively little attention as compared to its
ferromagnetic counter part [5-7, 10, 17, 24-29]. This is partly
due to the difficulty of obtaining analytic solutions in the anti-
ferromagnetic case. For the ferromagnetic case, exact expressions
for the major and minor hysteresis loops have been obtained in one
dimension as well as on a Bethe lattice of coordination number z for
a bounded as well as a Gaussian distribution of the quenched field

[10, 22, 23]. The distribution of Barkhausen jumps (avalanches) has
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also been obtained [17]. Several other aspects of the ferromagnetic
model have been studied in the mean field theory as well as on pe-
riodic lattices [26-29]. In the anti-ferromagnetic case an expression
for the major loop has been obtained [12] in one dimension in case
the quenched field has a uniform distribution of width A centered
at the origin and A < |J| where J is the anti-ferromagnetic ex-
change interaction. The purpose of the present paper is to extend
this result to A > |J| as well. The results presented here are also
applicable to unbounded distributions of the quenched random-field
such as the Gaussian distribution.

It may appear rather surprising at first sight that there should
be any difficulty in solving a one-dimensional Ising model at zero
temperature. The difficulty arises primarily from the presence of
quenched random fields. Problems with quenched disorder are dif-
ficult to analyze analytically. Besides this the spin-flip dynamics
with anti-ferromagnetic interactions is more complicated than its
ferromagnetic partner. Consider two spin systems of equal size and
having the same realization of quenched field distribution. Let one
system have ferromagnetic nearest neighbor interaction J and the
other an anti-ferromagnetic interaction —J. In equilibrium, the
ground states of the two systems on a bi-partite lattice are related
to each other by symmetry. Evidently no such relation is available
between non-equilibrium metastable states of the two systems. An

applied field h, increasing adiabatically from h, = —o0 to h, = 00
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takes both systems from a stable state with all spins pointing down
(i.e. aligned along h, = —o0) to all spins pointing up. Although
the end points of the trajectory are the same for both systems but
the magnetization paths are different. In particular the number of
metastable states along the two paths are different. In the ferromag-
netic case, spins tend to flip up in avalanches and do not flip down
in increasing field. The anti-ferromagnetic dynamics is marked by
the absence of avalanches. This is because a spin flipping up at
an applied field h, prevents its neighbors from flipping up at the
same field. However, a spin flipping up at h, occasionally causes its
neighbor to flip down at h,. This is a kind of a reverse avalanche
in anti-ferromagnetic dynamics that involves only two spins includ-
ing the spin that triggers the avalanche. The forward avalanches
in the ferromagnetic case, and the reverse avalanches in the anti-
ferromagnetic case provide a mechanism for irreversibility in the two
models respectively and give rise to hysteresis. Due to the smaller
size of reverse avalanches the area of anti-ferromagnetic hysteresis
loop is much smaller than the area of ferromagnetic loop. Also
the Barkhausen noise on the ferromagnetic hysteresis loop that is
caused by large sporadic avalanches is nearly absent in the anti-
ferromagnetic case.

The relative difficulty of analyzing anti-ferromagnetic dynamics
comes from the fact that it is non-Abelian while the ferromagnetic

dynamics is Abelian. This means as follows. Consider an unstable
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system at an applied field h, such that one or more spins are not
aligned along the net field at their site. We relax the system till it is
stable. Relaxing the system means checking each spin and flipping
it if it is not aligned along the net field at its site. It is an iterative
process because flipping a spin may reverse the sign of the net field
at its nearest neighbors. We have to continue the relaxation process
till each spin in the system is stable. A dynamics is called Abelian
if the end result of the relaxation process does not depend on the
order in which the spins are relaxed. If the result does depend on
the order in which the spins are relaxed it is called non-Abelian.
Consider two nearest neighbor spins which are both down but the
net field at their sites is positive. If the interaction between the
spins is ferromagnetic, the spins can be relaxed in any order and
the end result would be that both spins are turned up. This is
because turning a spin up makes the net field at its neighbor even
more positive so that the neighbor also has to be turned up. This is
not the case with anti-ferromagnetic interactions. Turning a spin up
decreases the net field at its neighbor and it may decrease it below
zero so that the neighbor no longer needs to be turned up when
relaxed. Thus the end result may be one spin up and one down.
Which one is up depends on which one was turned up first. The
anti-ferromagnetic dynamics is therefore non-Abelian. As the stable
state at the end of the relaxation process depends on the order in

which the unstable spins are relaxed, we have to choose a protocol
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for the order in which the unstable spins are relaxed. At every step,
we choose to relax the most unstable spin in the system i.e. the
one whose flipping would lower the energy of the system the most.
Locating the most unstable spin at every step of the dynamics is
what makes the anti-ferromagnetic model more tedious to analyze
theoretically as well as numerically.

Although the aim of the present study is to find an analytic solu-
tion of a non-equilibrium problem with quenched disorder, we may
mention some connection with experiments. Relaxation dynamics
of any complex statistical system belongs to one of two broad cate-
gories: (i) where relaxation takes place by avalanches, and (ii) where
it proceeds by single localized events. The ferromagnetic random-
field Ising model belongs to the category of avalanches. It explains
experimental effects such as the Barkhausen noise and the possi-
bility of non-equilibrium critical points. The anti-ferromagnetic
random-field Ising models belongs to the second category character-
ized by the absence of avalanches. Due to the absence of avalanches,
we do not expect small changes in the applied field to cause large
changes spanning across the system. In other words, we do not ex-
pect the response of the system to be critical at any value of the
applied field. This rules out the existence of non-equilibrium critical
points in anti-ferromagnets. Our calculation shows that the hys-
teresis loop of an anti-ferromagnet with relatively small quenched

disorder (to be defined in the following) has a wasp-waisted shape

24



i.e. constricted in the middle. In the limit of very small disorder the
wasp-waisted shape gradually transforms into two hysteresis loops
joined by a long and narrow region of almost no hysteresis. For
much larger disorder the familiar pot-belly shape of ferromagnetic
loops is recovered. Thus the anti-ferromagnets can exhibit a wide
variety of shapes of hysteresis loops and this feature of our model is
in general conformity with experiments {30-34]. Anti-ferromagnetic
hysteresis loops comprising three loops are also observed in experi-
ments [35, 36]. This too is understandable if our one-dimensional
model is extended to lattices with higher coordination number. The
anti-ferromagnetic model may also apply to other systems that ex-
hibit glassy dynamics [8, 37-40] characterized by a single localized

events.
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I1I. The Model

We consider non-equilibrium anti-ferromagnetic random-field
Ising model in one dimension at zero temperature. At each site
i 1 = 1,2,3,...,N) of a linear lattice, there is an Ising spin
s; = £1 which interacts with its nearest neighbors through an anti-
ferromagnetic interaction J (J < 0). A quenched random-field h;
as well as a uniform externally applied field h, acts on s;. The

Hamiltonian of the system is,

H = —J28131+1 - Z h,-si - ha Z S (1)
We consider two distributions ¢(h;) of the random-field {h;}:

(a) A uniform bounded distribution of width 2A centered at the

origin,
o(hi) = 55 if [-A < hy < A
=0, otherwise. (2)

(b) A Gaussian distribution with average zero and standard devia-

tion o,

1 2
o(hi) = N e %2 (3)



It is convenient to rewrite H in terms of the net field f; acting on

spin s;,

H=-Y fisiy fi=J(sic1+50u1) + hi+ ha (4)

The spins {s;i(t) = =1} obey discrete-time single-spin-flip
Glauber dynamics at zero temperature i.e. s;(t + 1) = sign fi(t).
This means a spin flips only if it lowers its energy. It also assumes
that if a spin-flip is allowed, it occurs at a rate I' which is much
larger than the rate at which the magnetic field h, is varied. Thus
all flippable spins relax instantly and s;(t + 1) has the same sign as
the net local field fi(t) at its site.

si(t+1) = sign fi(t) = sign [J{si-1(t) + 5:41(t)} + hi + ha(t)] (5)

Iterative application of the above dynamics leads to a fixed point
state of the system such that s;(t + 1) = s;(t) for each spin s;(t) in
the system. The condition of adiabatic variation of the applied field
or equivalently the instant relaxation of spins mentioned previously
is implemented by holding the applied field constant until a fixed
point is reached. The fixed point value of s;(t) does not depend on
t as t — 0o. We may therefore denote it by s}. The fixed point is a
local minimum of the energy (metastable state) of the system. We

characterize it by its magnetization m(h,) per spin,
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mihe) = Y5t Q

Our aim is to find the magnetization m(h,) of each metastable
state visited by the system as the applied field is cycled adiabatically
from h, = —oo to h, = oo and back to h, = —oo. We start with
h, = —oo when each spin is necessarily aligned along the applied
field i.e. we have a fixed point with m = —1. Now we increase h,
slowly till some spin becomes unstable and needs to be flipped. We
flip that spin and check its neighborhood if any more spins have
to be flipped. If any of the neighbors are flipped, we check their
neighbors if they need to be flipped. This process is continued till
no more spin needs to be flipped i.e. we have a new fixed point. The
applied field is held constant during the passage from the old fixed
point to the new. This procedure is continued up to h, = +00 when
m = 1. The magnetization m*(h,) on the return trajectory when
h, is slowly decreased from h, = +00 to h, = —o0o0 can be obtained
from m(h,) by a symmetry relation m*(h,) = —m(—h,). Therefore
the calculation of the lower half of the hysteresis loop suffices to

determine the entire hysteresis loop.
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ITI. Simulations

Computer simulations of the preceding model play a useful role
in guiding its analysis and checking the analytic results. Normally
we used 10% spins on a linear lattice with periodic boundary con-
ditions and used 103 independent realizations of the random field
distribution to generate the data. The data was binned in 103 bins
in the applicable range of the applied field and average over different
realization of the field distribution. The simulation results shown
in figures (1)-(6) and some of the figures in section VIII were ob-
tained in this way. It took approximately four hours on our 3 GHz
desktop to generate the data for each figure. When the estimated
probability of an event was very small, say of the order of 1078, we
performed the corresponding simulation on a larger system, say 10°
spins, and a smaller number of independent runs, say 102. This was
to optimize the accuracy of the data and the time taken to gener-
ate it. We set J = —1, and as mentioned previously we performed
simulations for three cases: (i) A = 0.5, (ii)) A = 1.25, and (iii)

= 0.5. These values were chosen arbitrarily but represent three
broad classes of the analytic results. The simulations fit our theo-
retical results (to be presented in the following) quite well as may
be expected from an exact solution. Indeed the two are indistin-
guishable on the scale of the figures. The fact that simulations over

a relatively small size of the system agree with the exact results is
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due to the super-exponential decay of correlations in this system(39].
The agreement between theory and simulation also justifies (albeit
post facto) the implicit assumption in our analysis that the system

is self-averaging.

A.A=05

Figure (1) shows the hysteresis loop for A = 0.5. We see that
m(hy) = —1if h, < —2|J|-A, and m(hy) = 1if by > 2|J|+A. The
magnetization m(h,) rises from -1 to +1 in three steps. We call these
steps ramp-I (hy = —2|J|—A to hy = —2|J|+A); ramp-II (h, = —A
to he = +A); and ramp-III (h, = 2|J| — A to h, = 2|J| + A). The

ramps are connected to each other by two plateaus; plateau-1 ( h,
—2|J|+ A to hy = —A); and plateau-II (hy = +A to h, = 2|J| - A).
On the plateaus, the magnetization remains constant even though
the applied field continues to increase. Plateaus occur for A <
|J| (small disorder), and simulations suggest that magnetization on
the plateaus is independent of A. Numerically, the magnetization
on the plateaus is approximately m! = —.135 on plateau-I, and
m!! = .109 on plateau-II. The qualitative shape of m(h,) is easy
to understand. Due to the anti-ferromagnetic interaction between
nearest neighbors, spins with both neighbors down are the first to
turn up in an increasing applied field. Such spins turn up on ramp-I.

Next are the spins with one neighbor up and one down which turn up
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on ramp-11. Spins with both neighbors up require the largest applied
field to turn up, and these turn up on ramp-IIl. For A < |J|, the
three ramps are well separated from each other. In other words,
no spin with n up neighbors (n = 1,2) can turn up in increasing
h, until all spins with n — 1 up neighbors have turned up. On
each ramp, the sequence in which the spins turn up is determined
by the distribution of the quenched random field. Spins with large
positive quenched field turn up before spins with a lower quenched
field. The quenched field lies in the range —A to +A. Thus each
ramp has a width 2A along the axis of the applied field. When
a spin turns up on ramp-l, its nearest neighbors are placed in a
category so that they cannot turn up before ramp-I11. Similarly when
a spin turns up on ramp-Il, its nearest neighbor which is down
cannot turn up before ramp-1II. This is essentially the reason for the
absence of avalanches in the anti-ferromagnetic RFIM. Occasionally
on ramp-II and ramp-III, a spin turning up can cause its nearest
neighbor which is already up to turn down. We may call this a
reverse avalanche of size unity. There are no long avalanches as in
the ferromagnetic model. If there were no reverse flips at all there
would be no hysteresis in the model. The smallness of the reverse
flips is the reason behind the smallness of the area of the hysteresis
loop. In order to highlight the separation of the upper and lower
halves of the hysteresis loop we have plotted in figure (2) the relative

separation of the two halves relative to their average value. As the
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majority of the spins turn up one at a time, the calculation of m(h,)
becomes essentially a matter of sorting quenched random fields in
decreasing order on each ramp. The difficulty arises from the fact
that a posteriori distribution of random fields on unflipped spins
that are next to a flipped spin is significantly different from the
initial uniform distribution. The main problem is to calculate this
a posteriori probability distribution of random fields on unflipped

spin sites.
B.A=125

Figure (3) shows the hysteresis loop for A = 1.25. We see that
the three ramps comprising the hysteresis loop in figure (1) have lost
their individual identity. If A > |J|, a spin with one neighbor up
can turn up on the lower hysteresis loop before all spins with both
neighbors have turned up. This makes the analysis of the dynamics
more complex. We shall take it up in Section V and Section VI
Figure (4) is a magnified version of figure (3). It shows the relative

separation of the two halves from their average value at a given

applied field.

C.o=05

Figure (5) shows the hysteresis loop for o = 0.5 for a Gaussian

distribution of the random field. The Gaussian distribution is an
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unbounded distribution. Therefore we may not expect the hysteresis
loop to comprise of sharp ramps and plateaus as in figure (1). How-
ever, notice the qualitative similarity between figure (5) for ¢ = 0.5
and figure (1) for A = 0.5 sans the sharp edges in figure (1). In
spite of this qualitative similarity, the analysis of the hysteresis loop
has to proceed on the lines of the analysis of figure (3). Indeed the
general analysis presented in Section V , VI and VII applies equally
to a uniform distribution with A > |J| and a Gaussian distribution
for any value of 0. Figure (6) is a magnified version of figure (5)
showing the relative separation of the two halves of the hysteresis
loop from their average value at a given applied field. In view of the
smallness of the area of the anti-ferromagnetic hysteresis loop, the
magnified loops are better suited to judge the fit between simulation

and theory to be presented in the following.
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IV. Bounded distribution of quenched field
with A < |J|

If A < |J| and the applied field h, is increased adiabatically from
—o0 to 00, the spins with both neighbors down flip up first (ramp-
I). Next are those with one neighbor up and one down (ramp-II).
The last category of spins to flip up are those with both neighbors
up (ramp-III). The ramps are separated by plateau-I and plateau-
I1. The width of the plateaus along the applied field axis decreases
with increasing A and goes to zero as A — |J|. Magnetization on
ramp-I was determined in reference [20] by exploiting a similarity
between this problem and the problem of random sequential adsorp-
tion(RSA) [41]. The rate equations of the RSA problem were used
to determine m(h,) on ramp-I, but they could not determine m(h,)
on ramp-II and ramp-III. A different approach was introduced in
[21, 22} which determined magnetization on all three ramps for
A < |J|. We recall this approach briefly because it serves as the
starting point for analyzing magnetization curves for A > |J| as
well as for a Gaussian distribution of random-fields. The following
subsections contain the main results obtained in references [21, 22]

with some reworking of notation and formalism.
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A. Ramp-I

The analytical results for the magnetization on ramp-I are con-
veniently expressed in terms of three quantities po(ha), p1(hs), and
pa(ha). These are the probabilities that a spin which has quenched
field h; and which has respectively zero, one, or two nearest neigh-

bors up can flip up at applied field h,. Thus,

palt = [ g (=012 (0
~2(1-n)|J|~hq

As the applied field increases adiabatically from h, = —oo to

he = 00, spins with both neighbors down begin to flip up at h, =

—2|J| — A and continue to flip up till h, = —2|J|+ A at which stage

ramp-1 is completed and there are no down spins whose neighbors

are also down. The fraction of up spins on ramp-I at an arbitrary

applied field A, is given by,

1 _
Pi(ha) = 5[L — &7, (8)

The central object in the calculation of PTI (hg) is the probability
(per site) of finding a pair of adjacent down spins on ramp-I at
applied field h,. We denote this object by the symbol Pfl(ha). It is
calculated as follows. Imagine coloring all sites with h; +2|J|+h, >
0 black, and all sites with h; + 2|J| + h, < 0 white. Consider two
adjacent down spins A and B shown in Figure (7). The sites A and
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B can be both white, both black, or mixed. Given that A is down,
it is clear that the state of B can only be influenced by the evolution
of the system to the right of B. Similarly, given that B is down, the
state of A can only be influenced by the evolution of the system to
the left of A. We shall refer to this as the principle of conditional

independence [42]. It requires

Pl(hs)=P(A]|BL)P(B ||A ) 9)

where P(A | |B |) is the probability that spin at site A is down
given that spin at B is down, and P(B | |A |) is the probability
that B is down given that A is down. We take up the calculation of
P(B | |A ). If B is a white site, P(B | |A |) = 1 because white
sites have not been relaxed from their initial state. If B is a black site
and the site to the right of B is a white site then P(B | |[A |) = 0.
In general P(B | |A |) depends on the length of the string of black
sites to the right of B. Suppose B is a black site, and there are (n—1)
additional black sites to the right of B. In this case, the probability
Pg that B is down satisfies the following recursion relation,

n ]' n— 1 7~
Pp = —Fj 24+ (1~ H)PB ! (10)

The rationale for the above recursion relation is as follows. Let
the black site farthest from B on the right be labeled as the n-th
site. Any of the n sites could flip first. The probability that the
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n-th site flips first is therefore equal to <. If this happens, (n-1)-th
site is prevented from flipping up on ramp-I. The probability that
B is down is now reduced to the probability that the end point of a
chain of (n-2) black sites is down i.e. P52, This accounts for the
first term in equation (10). The probability that n-th site is not
the first site to flip up is equal to (1 — %) Given this situation, the
probability that B is down is equal to the probability that the end
of a string of (n-1) black sites is down. This accounts for the second

term in equation (10). We can rewrite the recursion relation (10) as

7 n— 1 7~ -
(PB_PB 1)=—E[PBI_P§ 2] (11)

It has the solution,

~ (="
no__ § :
Summing over various possible values of n with appropriate

weight, we get

PB1IAY =3 > T 0 )
n=0 m=0 )
=y (_ni!m(l — o) > 1§
m=0 n=m
— i (’be‘})m — P (13)
m=0



In the above array of equations, py stands for po(hs). Thus,

PlIl — e~ 2po(ha) (14)

Let P be the probability per site of finding a down spin and P,
the probability per site of finding a down spin which is followed by

an up spin. Clearly,

I _ pl I _ I
Keeping in mind that on ramp-1 an up spin must be preceded (as
well as followed) by a down spin, we get P “ = PI Thus,
Pl =1-P/| - P

or,
1
P! =5 - P[] = [1 — ¢~ 2polha)] (16)

The magnetization on ramp-I is given by
m! (k) = 2P/ (h) — 1 = —e~2polha) (17)

The exact value of the magnetization on plateau-I is equal to —Elg

which is approximately equal to -.135.
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B. Plateau-I

Plateau-I contains down spins in singlets and doublets punctuated
by up spins. Each spin in a doublet has one neighbor up and one
down. Therefore the net field on it is simply the sum of the random
field h; on its site and the applied field h,. It turns up when h;+h, >
0. The random field lies in the range —A < h; < +A. Therefore an
applied field smaller than —A is sufficiently negative to pin down all
doublets. This accounts for the range (—2|J|+A) < hy < —A where
the magnetization shows a plateau. In each doublet, the spin with
the larger quenched field h; flips up on ramp-II when h; + h, > 0.
The spin with the smaller quenched field then becomes a singlet
which does not flip up before ramp-III. Thus, in order to find the
form of ramp-1I, we need to find the a posteriori distribution of
quenched random fields on the doublets.

Consider a doublet on plateau-I as shown in Figure (8). The dou-
blet sites are denoted as 1 and 2, and the quenched random fields on
these sites are h; and hy. The a posteriori probability distributions
of h; and hs will be identical by symmetry. These distributions
¢(hy) and ¢(hy) are determined by the relaxation process on ramp-
I. If the doublet survives up to plateau-I it must exist on ramp-I.
Consider ramp-I at an applied field h,. Given that site-2 is down at
this point, the probability that site-1 is also down is equal to e~ Po(h).

Site-1 may be down because (i) it is a white site i.e. hy+2|J|+h, <0
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and therefore it could not turn up even if both its nearest neighbors
were down, or (ii) it is a black site but blocked from turning up by
its neighbor that has turned up before it. The probability that it is
a white site is equal to 1 — pg(h,). Therefore the probability that
it is a black site but down at h, is equal to e7Po(ha) — {1 — po(hq)}.

This means,

A
Prob(1 |12 L; by + 2J] + he > 0) = / 3(hy)dhy
~9)J|<ha

= [e‘f’o("“ -{1 —po(ha)}] . (18)

q~5(h1) is obtained by taking the derivative of the above expression.

We get,

d(h1)dhy = [1 — e P(=m=27D) 4 h.)dh, (19)

Assuming h; > hg, site-1 would turn up on ramp-II when h; +
he = 0. The density of sites on ramp-II at this value of the applied
field is given by,

$(—ha)dhg = [1 — e PP~ p(_p)dh, = [1 — e 7)) p(—hy)dhq
(20)
We now address an issue which is crucial for determining ramp-II

correctly. This concerns two adjacent doublets as shown in Figure
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(9). What is the probability per site of observing this object on
ramp-I? A doublet has an important property. It separates the
lattice into two parts (one on each side of the doublet) which have
evolved uninfluenced by each other. Thus, we can separate Figure
(9) into three parts as enclosed in the dashed boxes. Evolution inside
each box has remained shielded from the outside. The evolution in
the middle box requires that site 3 flips up before site 2 or site
4. The probability for this event is equal to 3. Given that site
2 is down, the probability that site 1 is down is equal to e Polha),
Similarly, given that site 4 is down the probability that site 5 is
down is equal to e~P("), Thus the probability per site of observing
two adjacent doublets on ramp-I at an applied field A, is equal to
%6‘21’0(”0). Note that it is quite different from the square of the
probability of finding a single doublet! Let hq, hg, hs, hs and hs
denote the quenched fields at sites 1, 2, 3, 4, and 5 respectively. We
» are interested in the case hy > h;, and hq > hs, and ask what are
a posteriori distribution of fields Ay, hs, ..., hs on ramp-II. Let the
probability that h;(¢ = 1,...,5) lies in the range [~hy — dhg, —hq)
on ramp-II be denoted by p;(—h,)dh,. The distributions of h; and

hs are given by,

{1 — e‘pl(ha) }

() = T2 () (21)
(1 — eP1(ha)
pa—ha) = L () (22
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Equation (21) is obtained as follows. If sites 1 and 2 are down on
plateau-I, they must have been down all along ramp-I. Given that
site 2 is down on ramp-I, the probability that site-1 is down is equal
to ePolha) This accounts for the denominator. The numerator gives
the a posteriori probability distribution of the quenched field at site
1 on the lines of the preceding discussion with reference to figure
(8). Equation (22) is written similarly. Note that the distributions
p1(h;) and ps(h;) are each normalized to unity. Next we turn to the
distributions of hs, h3, and h4. As stated previously, he > h; and
hs > hs so we are looking at the case where hy and h4 flip up on
ramp-II. We may assume without loss of generality that hy > hs.
Let hy4 flips up on ramp-II at applied field h, i.e. hgy + hgy = 0.
The probability for this is equal to ¢(—hg)p1(he){l — p1(h.)}; the
three multiplicative factors giving respectively the probability that
hy = —hg, site 3 is up at h,, and site 2 is down at hg. Thus,

pa(—ha) = 6p1(ha){1 — p1(ha)}d(—ha) (23)

The factor of 6 on the rhs arises as follows. At h, on ramp-II site
2 will be down and sites 3 and 4 will be up at h, given that at an
earlier field h, — 2|J| on ramp-I site 3 had flipped up before 2 and
4 with probability % The site flipping up on ramp-II may be to the

left of the central site or to its right. This gives an additional factor

of 2.
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The distribution of hg is obtained similarly. We find,

p2(_ha) = 3p?(ha)¢(_ha) (24)
C. Ramp-II

Ramp-II is determined by the combination of two terms. The
dominant term is the increase in magnetization due to the decrease
in the number of doublets. When a doublet disappears, it adds
an extra up spin in the system which increases the magnetization.
Occasionally, a disappearing doublet creates a string of three up
spins. A triplet of up spins is unstable on ramp-II if A < |J]
and therefore the central spin of the triplet flips down as soon as
the triplet is created. This decreases the magnetization. In the
following, we calculate the above two terms separately. Refer to
figure (8) for calculating the first term. Let us assume h; < hy. The
a posteriori distribution of fields h; and hy in figure (8) are the same
as p1(h;) in figure (9). The probability that the doublet disappears
at ho + h, = 0 on ramp-II is given by

00 ha
PIf = 2700 [ )i, [ otyan @)

—hg —oc
The factor e~2Pol%e) is the probability per site of finding a doublet
at h, before any of them have been relaxed. The factor 2 takes care

of the fact that either h; or hy may be the larger field although
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the expression is written on the assumption that site 2 flips up
first. When a doublet disappears, a pair of adjacent up spins is
created. This is the reason for the choice of the subscript on PTITI :
The superscript indicates that the probability refers to ramp-II. We

obtain,

2 h2=00

ha
P = ¢ 70lhe) {/ pl(hl)dhl} (26)

(o o]

ho=—hq
For A < |J|, po(hs) = 1 if py(h,) > 0. Therefore,

P =L [a+e) - {mt+em®)] @

We now calculate the fraction of (unstable) up triplets on ramp-
II. Refer to figure (9) with the assumption that hy < hy. An up
triplet forms when hy + h, = 0. The cumulative fraction of up

triplets is given by,

Pifi =
1 00 ha Sl ha
ge—zpo(ha / h pa(ha)dhs / p1(h1)dhy / pa(ha)dhy / ps(hs)dhs
—~hg —00 ha =00
(28)

The two factors before the integrals give the probability per site of
finding the object shown in Figure (9). These take into account the

condition that hg > h4. The next two integrals give the probability
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that hy + h, = 0 and h; < hy. When hs is in the range —h, and

—h, — 6hg, hs can be anywhere in the range hy to co. Let py(hy) be
the density of hy in this range. Clearly,

pa(he) = /°° pa(hg)dhy, or pa(h;) = _dpa(hy)

29
. an (29)

The integrals in equation (28) can be evaluated exactly for a uni-
form distribution. We get a non-zero contribution only if p; (hs) > 0.
If A < |J| and py(h,) > 0 then we must necessarily have po(h,) = 1.
Thus we get,

113 6 1
PTITIT = § |:§ + E —6 {1 + Z}pl(ha) +3p§(ha)
1 2 3 3 1 4 2 5
+{1+E} pl(ha)—z{Hg}pl(h“HEPI(h“)
_ {6 (1 s 2) _ 6pa(ha) = 3 (1 ¥ 1) P(h) + 2p‘f(ha>} et

+ {g + 3p1(ha)} e’zm(h“)]

Putting the various terms together, the probability that a ran-

domly chosen spin on the lattice is up on ramp-II is given by

Pi(ha) = o[t — e + P (o) — PE (ha) (30)
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The magnetization on ramp-II is given by
m'(hs) = 2P{T(hs) — 1 (31)

The magnetization on plateau-II is equal to,

21 7 8
Im_ e '.-1_ =, -2 - : 1 39
0 6 3¢ 109 (approximately) (32)

D. Plateau-I1

Each down spin on plateau-Il is a singlet. However, there are
three different classes of singlets: the singlets formed on ramp-I;
singlets formed on ramp-II by a vanishing doublet; and finally the
singlets formed on ramp-II by the unstable central spin of an up
triplet flipping down. The a posteriori distribution of random field
is different for each class. Let p, pl!, and p! denote the density

of random fields in the three cases and P/, P/f, and P! be the

probability of finding the corresponding singlet at applied field h,on
plateau-II.

PI(h,) = / X o (h;)dh;, x=a, b, ¢ (33)

It is useful to think of singlets in each class as being black or white
on the ramp on which they are created. Suppose a singlet is created

on ramp-I at applied field A},. It is created black if h;+2|J|+ A} > 0,
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and white if h; + 2|J| + h], < 0 where h; is the quenched random
field at the singlet site. If a singlet is black at applied field A} then
it is also black at fields greater than hA!. A black singlet on ramp-I
at k), will turn up on ramp-III at h, = h + 4|J|. Therefore if we
know the fraction of black singlets on ramp-I we can calculate how
they are destroyed on ramp-IIL

The fraction of black singlets created on ramp-I is given by,

PI(B,) = po(hy)— [1 - 0] 2 [eomt) _ 41— py())]
(34)
The explanation of the above equation is as follows. Imagine
ordering the sites of the lattice in order of decreasing quenched field
on the site. When all sites with h; +2|J|+ k! > 0 have been relaxed,
the fraction of the relaxed sites is equal to po(h) (the black sites).
This fraction is made of the up sites (the second term on the right),
black doublet sites (the last term), and the black singlets. Hence
the equation for P/{(h}). The last term is written as follows. In
each doublet, there are two sites from which we can choose one.
This accounts for the factor 2. The quantity in the square bracket
gives the probability that the chosen site is black, and e ?o(he) is the
probability that the other site can have any allowed value of the

quenched field.

It is instructive to derive equation (34) by an alternate and more
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direct method as well. We note that a pair of down spins on the
chain has to be followed by a down spin or an up spin, i.e. Py =

P,y + Pyj1. Similarly, Py + Py = Pyy. Thus,

Py (hy) = Pm(h') = Py (hy) — Py (he)
= e~ 2olha) _ {1 — py(h!)}e2Polha)

= po(A)e” % (35)

We can obtain the fraction of singlets P;|; from P;); and Pjj; by
calculating the probability that the down spin at either end flips up

under a py process.

h/
Pur(h) =2 [ Pru(he(-217] - H)ar

po(hs)
=2 / e~ P podpo
0

=g [1-e ] (e e )

The above expression gives the total fraction of singlets on ramp-I
which include black (h; +2|J|+ k), > 0) as well as white (h; +2|J|+
h!, < 0) singlets. The fraction of white singlets is given by,

Tui}Tnte(h/) {1 _ po(h;)}[l _ e—Po(hQ)]2 (37)
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The first factor on the rhs gives the probability that the central
site is white. Given that the central site is white, the probability
that its neighbor is up is equal to 1 — e Po(ha) The probability that
both neighbors are up is equal to [1 — e‘p"(ha)]? Thus,

Pri(he) = Prg(he) — Piiy'e(hy)

= po(h.) — {1 — e—2po(hi.)] — 9¢~Polha) [e—Po(hL) —{1- po(h;)}]

DN

(38)

The fraction of black singlets on ramp-II (h; + k) > 0) generated
by vanishing doublets is given by,

P = [0 — (1 - (i) (39)

The above equation is easily understood. It is the probability
that both sites of the doublet are black. If both sites of the doublet
are black, the one with higher random field must flip up on ramp-II
leaving us with a singlet on plateau-II which is black.

The fraction of black singlets created by unstable triplets requires
the calculation of triplets. We have calculated the fraction of triplets
as they are formed on ramp-II. What we need now is a similar but
different calculation. The point can be understood with a reference
to Figure (9). Recall that hg > hy > hs. On ramp-II, we needed

the fraction of triplets with hy + h] > 0, because the formation
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of triplets is controlled by this threshold. The restoration of the
triplets on ramp-III is controlled by the condition hs—2|J|+hs > 0.
Keeping in mind that we want h; < hg, and hs < hy, the probability
that hy — 2|J| + h, > 0 is given by,

PH(h,) =2 [ / N d(h3)dhs / " pa(ha)dhy / " ps(hs)dhs

~ha+2|J] oo o
ha ha
/ p2(ha)dhs / pl(hl)dhl]

Using po(he) = 1 and p;(he) = 1 on plateau-II we get,

2 1 2 4 1 5 4
II _ “ = “ = _ - e Rl
P, (hg) = (1+e)+[4+e+62}pz(ha) 2[1+e+62]p2(ha)

183 4 1) 5., 1 11 4 L 5 2] (o)
v 3+ S ] i) - 1 2] min + tna + 1+ 2]
2
_Epz(ha)e—pz(ha) + p%(ha)e_m(h“) + % [1 - e—2pz(ha)] (40)

E. Ramp-III

The rise of magnetization on ramp-III is due to singlet sites turn-
ing up in increasing field. At the start of ramp-III there are three
categories of singlets present on plateau-II, and we have classified
each of them conveniently into black and white singlets. The frac-
tion of singlets on plateau-II that turn up at h, on ramp-III is given

by the fraction of black singlets in each of the three categories:
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P (hg) = P (ha) + BT (ha) + P (ha) (41)

However the calculation of magnetization on ramp-III turns out
to be a bit more complicated. There is a new twist. Frequently when
an original singlet site on plateau-II turns up on ramp-11I its nearest
neighbor turns down. We call this the creation of a new singlet on
ramp-11I. The newly created singlet site would turn up at a larger
applied field on ramp-I11. We shall call this event the destruction of
the newly created singlet. We have to calculate the newly created
singlets and their destruction before the magnetization on ramp-III
may be obtained. It should be noted that this means that some sites
flip three times in the course of a monotonic increase of applied field
from —oo to co. However, no site flips more than three times.

When does a vanishing singlet on ramp-III create a new singlet
on an adjacent site? Consider the singlet at site 3 in figure 10.
Suppose site 3 flips up at h,, i.e. hg — 2|J| + hy = 0. Now the net
field on site 2 is equal to hy+h,. This is necessarily positive because
ho+2|J| —hg > 0if A < |J|. Thus site 2 would stay up after site 3
flips up. Consider site 4. After site 3 has turned up the net field at
site 4 is equal to hy—2|J|+h,. Thus site 4 will turn down if hy < h3.
Site 3 will stay up even if site 4 turns down because hz + h, > 0.
These considerations can be put in the form of two guiding rules.

When a singlet turns up on ramp-III, (i) its nearest neighbor stays
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up if the next nearest neighbor is down, and A < |J|, (ii) its nearest
neighbor turns down if it has less quenched field than the singlet
and the next nearest neighbor is up. Detailed considerations show
that only the singlets created on ramp-I fall under the purview of
these rules. Therefore we focus on the singlets present on plateau-
I. Specifically we focus on the configurations shown in figure (11)
and figure (12). In each of these figures a new singlet is created on
site 3 when the singlet on site 2 is destroyed. The two figures make
different contributions because of the role played by the next nearest
neighbor of the singlet on the side of the newly created singlet.

The a posteriori distribution of the quenched field at site 2 is
given by

Bha) = |1 = 2] (ny) (42)

The contributions of figure (11) to the fraction of newly created
singlets when all sites with h; — 2|J| 4+ h, > 0 have been relaxed on

ramp-1II is given by,

00 ha

PHI(h) =2 / sha)dh [ dlhs)dhs | (he)dhs

—ha+2|.]| —00 ho
3 2 _ 1 -
=3 2pa(1 — po) — gpg —2(1—py+pi)e P + 5(1 — 2py)e P2

(43)

In the above and the following equations py = pa(h,). Similarly
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the contribution of figure (12) is,

oo - h he -
PMI(h,) = / S(h)dhs [ d(hs)dhs ¢<h4 Vind [ g(hs)dhs

—ha+2|J| —oc - —00

1 _ 1 _ 1 _ 1 “1\ 3
:—-(-?;+3€ 1>+(§+58 1>p2—~(§+28 1>p§+§(1+e 1)p2

1 4 1 2
12p‘é+{(§+36 1)“(1+26 Npa+e pz—gp}e”2~

(44)

In calculating the total fraction of newly created singlets, we have
to multiply the contribution of figure (12) by 2 because an equal
contribution is made by a configuration in which the doublet is to
the left of the vanishing singlet.

The destruction of newly created singlets on ramp-III can be an-
alyzed in a similar manner as their creation. The probability that

site 3 flips for the third time in figure (11) is given by,

P (hy) = 2 / b(ha)dhs | d(ha)dha [ $(ha)dha
~he+2|J] hs ha
1

. _ 1
=5 [L =€) = 2pe™™ +po(1 - po) + 373

(45)

Similarly, the contribution to destruction of newly created singlet

in figure (12) and another similar figure in which the doublet is to
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the left of the singlet is given by,

ha hs -

Pt =2 [ glhdh [ o)y [ olhe)dnd | (hs)as
—ha+2|J| hs -0 —o0

2 1
=2 — (L+4e™)pa + (% + 36‘1> 3 — (1 + 56*) P; + 7P)
—{(1+2) —2(1+e)pa+pie” +e P

(46)

Putting all the terms together, the probability that a randomly

chosen site on ramp-11I is up is given by,

PII(R,) = P (hg) + PI(Re) + P (hy) + P (hy)
—P"(hg) = PI"(hg) + PP (ho) + P (he)  (47)

The magnetization in increasing field h, is given by
m(ha) = 2P/ (h,) — 1 (48)

The magnetization mg on the return trajectory in decreasing field
may be obtained by symmetry mpg(h,) = —m(—h,). These re-
sults has been superimposed on the corresponding simulation data
in figure (1) and figure (2). The simulation results for the return
hysteresis loop were obtained independently without using the sym-

metry.
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V. Unbounded distribution of quenched field

It is convenient to introduce the following nomenclature. We say
that a site flips up under a pg-process if none of its two nearest
neighbors are up when it flips up. It is said to flip up under a p;-
process if it flips up when one of its neighbors is up and the other
is down. Similarly, a site flipping up under a po-process has both
its neighbors up at the time it flips up. The simplifying feature of
the analysis for A < |J| is that a p,-process (n = 1,2) can not take
place anywhere on the chain unless all p,_; processes have been
exhausted. In other words a new ramp can not begin before the
previous ramp is completed. This feature is lost if A > |J| (or if the
distribution is Gaussian) because a p; or a p; process can occur on
the chain even if pg-processes have not been exhausted (i.e. there
remain strings of three down spins on the chain). The fact that
Do, P1, and ps processes can run concurrently makes the calculation
of a posteriori distribution of quenched fields at down sites more
complicated than encountered in the preceding section.

Our first task is to calculate the probability of occurrence of a
doublet in the chain. A doublet is a pair of adjacent down spins that
have remained down in a monotonically increasing field from —oo
to h,. The significance of a doublet lies in its screening property. It
separates the chain into two parts that have evolved independently

of each other. The doublet also provides a natural length in the

99



analysis of the chain. This is not a fixed length but rather a vari-
able length of a segment of chain that is free of doublets and lies
between two doublets at an applied field h,. The history of evolu-
tion of this segment may be analyzed independently of the rest of
the chain. Let us focus on one end of such a segment. We label
the sites 0,1,2,3,...,n starting from the left end of the segment.
Our immediate object is to calculate the probability (per site of the
chain) that site-0 and site-1 form a doublet at h,. This is equal to
P(1 110 {;hq) where Pyy(1 | |0 |; hg) is the conditional probability
that site-1 is down given that site-0 is down. We proved in section
IV that Pyj(1 | |0 |; k) = e~ if only pg-processes are allowed.
This is an exact result on ramp-I for A < |J| and we take it as the
leading term of the exact result for A > |J| or for an unbounded
distribution such as the Gaussian distribution. The main effect of
A < |J| is that if one of two adjacent sites say site-1 and site-2
(h1 + 2|J| + he > 0 and hy + 2|J| + h, > 0) flips up under a po-
process then it prevents the other from doing the same. As long as
|h1 — hg| < 2|J| the same effect will be obtained at site-1 and site-2
for other distributions of the quenched field. In any particular real-
ization of the quenched field distribution, the occurrence of a large
connected cluster of sites with h;y; — h; > 2|J| is rare. Therefore

the case A < |J| serves as a good starting point for the exact result.

Thus,
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Py(1 110 §: hy) = e7Polha) { leading term } (49)

Our approach is to add correction terms to the leading term to
make it an exact result. The correction terms are functions of p; (h,).
No correction to the leading term is required if p;(h,) = 0. For
p1(ha) > 0, the corrections may be divided into two categories. The
first category is the one in which a doublet created by a pp-process

is subsequently destroyed by a p;-process. This is similar to the fate

of doublets on ramp-II for A < |J| and we get,

Pll(l l |0 l; ha) = e~ Polha) _ {6—p1(ha) — {1 _ pl(ha)}]

{ first order correction } (50)

The second category of correction involves events where a p;-
process pre-empts a pg-process. These events are a signature of
A > |J| and do not exist if A < |J|. We illustrate this by a simple
example. Suppose for a particular realization of the distribution of
quenched fields hy, ho, h3, hy . . ., site-1, site-2, site-3 are black, site-4
is white, and hg > hy > hy. If A < |J|, site-3 will flip up first,
block site-2 from flipping next, and therefore site-1 will flip up last.
This will result in the absence of doublet at site-0 and site-1. Now

consider A > |J| so that it is possible to have hy > hy + 2|J| but
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hi + h, < 0. In this scenario site-3 will flip up first, then site-2, and
site-1 will remain down giving us a doublet at site-0 and site-1 that
was not allowed if A < |J|. The probability of this new doublet

created by a p;-process pre-emptying a po-process is given by,

—ha 00
Ty(he) = / o(h1)dhs / Hh)dhs (1)

2|J)~ha hi+2]J|
Here qz(hg) is given by equation (19) of section IV. This is because
equation (19) of section IV gives the a posteriori distribution of the
quenched field on a black site next to a site that has flipped up by
a po-process. In our example site-2 is a black site next to site-3 that
has flipped up by a pg-process. T3(h,) term is the leading term in
the category of correction terms that arise because a p;-process has

pre-empted a pg-process.

P(L 110 J;ha) = &) — [emlh) — (1 — py (hy)}] + Ta(ha)

{ second order correction }  (52)

The next correction comes from a cluster of adjacent spins that
flip up as follows. Site-4 flips up under a pg-process (hq+2|J|+hy >
0), site-3 flips next under a p;-process (hs > hy + 2|J]), site-2 also
flips under a p;-process (hy > hy + 2|J|) after site-3 has flipped up,
and site-1 remains down (hy + hy < 0,h; + 2|J| + hy > 0). The

contribution from this event is,
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Ty(ha) = — / ™ shdh, / T blhe)dhy / " 3(hs)dhs
~2|J|~ha hy+2|J] ha+2|J|

(53)
Notice that T3(h,) is positive and Ty(h,) is negative. T3(h,) is
positive because it produces a doublet (at site-0 and site-1) where
it did not exist under the pg-process alone. Ty(h,) is negative for
the following reason. Ty-process and po-process is mutually exclu-
sive and since both contribute to a doublet then they must be added
separately avoiding double counting. Thus the leading term in equa-
tion (49) under po-process alone is an overestimate and has to be
reduced by an amount Ty(h,). However, Ty-process also gives rise
to a doublet. Hence an amount equal to the one subtracted from
the leading term has to be added to it resulting in zero correction
to the leading term. Now consider the first correction shown in
equation (50). This is an underestimate because it comes from the
destruction of overestimated doublets in the leading term. It can be

corrected by adding Ty(h,). The correct result at the present level

of accuracy is,

PLU(LL10 §ha) = &) — [0 — {1 — pi(ho)}| + Talha) — Tu(ha)

{ third order correction } (54)
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Continuing in this vein we get the following exact result,

Pll(l Lo Lihe) = g Polha) _ [ —p1(ha) _ {1—py( a)}] Z( 1)"Ty(ha)

{ exact result } (55)

where
Tn(he) =
—ha n—1 0o ~
/ $(h1)dhy H/ ¢(Pm—1)dhm 1 / ¢(hp—-1)dhn_1
—2|J|~ha hm—2+2]J] hn—2+2|J]

(56)

The probability per site of finding a doublet on the chain is equal

to,

Pyy(ha) = [Py(1 110 }: hy)P? (57)

Note that although the (unconditional) probability of a doublet is
the product of two mutually conditional probabilities, our notation
for this is Pj;(h,) (without the square sign). In general it is not
possible to do the integrals exactly to get an analytic expressions
for T,,(h,) in a closed form. These have to be evaluated numerically.
However T, decreases exponentially with increasing n. In our nu-
merical work we included terms up to n < 4 in the calculation of

the conditional probability P;;(1 | |0 |: h,), and used the square of
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this quantity to calculate the probability per site of doublets. This
gives an excellent fit with the simulation data as shown in section
VL

Although a doublet at an applied field h, is the most basic object
in our calculations but we need to calculate the probability of several
other objects before we can calculate the magnetization curve. In
order to calculate the magnetization curve we need to know the
probability P;(h,) that a randomly chosen site is up at h,. On the
lower half of the hysteresis loop, it is more convenient to focus on the
complementary probability [1- P;(h,)] that a randomly chosen site is
down. The randomly chosen site can have both its neighbors down,
or both of them up, or one up and one down. If both neighbors of a
down site are down, the site in question is necessarily a white site.
The probability (per site) that a site is white is equal to 1 — py(h,).
Given a white site, the probability that both its neighbors are down

is given by,

Py 1(ha) = [1 = po(ha)]PLL(ha) (58)

Next, consider a down spin with one neighbor up and one down.
In both cases there is a doublet, and the up spin is either to the left
of the doublet or to its right. We have calculated the probability
of a doublet as well as a triplet. From these we can obtain the

probability of a doublet followed by an up spin using the equation
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Py11(he) = Pyi(ha) = Py 1 (Ra) (59)
Naturally Py|1(he) = Py (ha) by symmetry.

Substituting from equations (58), we get

Pyj1(hq) = Ppyy(ha) = polha) Pyy(ha) (60)

Note that the up spin in the above object could have flipped up
under a pg or a p; process. We have checked the above equations

against numerical simulations and the agreement is excellent as may

be expected.
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V1. Singlets

Now we calculate the probability P;j;(h,) that a randomly chosen
site is down and both its neighbors are up. Let the three consecutive
sites that form this singlet be labeled 1, 2, 3 and h;, ho, and h3 denote
the respective quenched fields. Without loss of generality we can
assume that just before this singlet is created site-1 was up and
sites 2 and 3 were down as shown in figure (14), i.e. site-1 flips
up before site-3. We have to know if site-1 has flipped up under a
po-process or a py-process. We consider both these possibilities for
site-1 as well as site-3. The case when site-2 has never flipped in the
course of applied field changing from —oo to h, is somewhat simpler
to analyze. Even in this case the probability P;;(h,) depends on
whether (i) both neighbors flipped up under a pg-process, or (ii)both
neighbors flipped up under a p;-process, or (iii) one neighbor flipped
up under py-process and the other under a p;-process. In the case
(iii) it is also important whether the neighbor that flipped up first
flipped under a po-process or a pj-process. Indeed we require the
following objects before we can calculate Py 1(h,) in the simpler case

mentioned above.

o P;14 The fraction of singlets at applied field h, when site-1 is

up by a po or a p;-process and site-3 flips up by a pp-process.

e P15 Fraction of Ppj14 that are black at creation.

63



e Pj1c Fraction of Pjj14 that are white at creation.

e P;;1p The fraction of singlets at applied field h, when site-
1 is up by a pgy or a p;-process and site-3 flips up next by a

D1-process.
o P11 Fraction of Py 1p that are black at creation.

o Pyt Fraction of Pyj;p that are white at creation (Prjjp —

P 11E).

o P;1¢ The fraction of singlets at applied field h, when site-1
and site-3 flip up by a pg-process and site-2 is white.

® P;11g The fraction of singlets at applied field h, when site-1
flips up by a p;-process, site-3 by a pg-process, and site-2 is

white. Site-1 flips up before site-3.

o P; )11 The fraction of singlets Ppj1¢ that are white at their cre-

ation but are black at h,.

o P;i1; The fraction of singlets at applied field h, when site-1
and site-3 flip up by a p;-process and site-2 is white.

o P;1x The fraction of singlets at applied field h, when site-1
flips up by a p;-process, site-3 by a pg-process, and site-2 is

white. Site-3 flips up before site-1.

e P11 The fraction of singlets Pjj;r that are white at their

creation but are black at h,.
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e Pypm Destruction of singlets associated with Ppjrp. By de-
struction we mean the disappearance of a singlet due to the

down spin flipping up under a ps-process.
o Pji1nv Destruction of singlets associated with Prj1g.
e Py110 Destruction of singlets associated with Ppjqc.

e Pj1p Destruction of singlets associated with Pyjqr.

Up to this point we have focused on singlet sites that have never
flipped starting from the saturated state at h, = —oco. In other
words we have considered configurations comprising site-1 up, site-
2 down, site-3 up where site-2 has never flipped up in increasing
field from —oo to h,. However, the anti-ferromagnetic dynamics
also allows a singlet with site-2 having flipped twice i.e. site-2 can
flip up and flip down again in the course of monotonically increasing
applied field. In order to take into account the analysis of this second
category of singlets, we need to calculate the following objects that

are defined with respect to figures (15), (16), and (17).

e Pj11o This object refers to figure (15) with the proviso that
ha > hy, hg > hs, hy > hg (hy < hy will give an equal con-
tribution). Site-3 flips first, site-4 flips next, site-2 flips after
site-4 causing site-3 to flip down. Pj1¢g refers to the fraction

of singlets created in this way.
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o P;;1r This object refers to figure (16) with the proviso that
he > hs, hsy > hz, hy > hy (hy < hy will give an equal con-
tribution). Site-3 flips first, site-4 flips next, site-2 flips after
site-4 causing site-3 to flip down. P;j;g refers to the fraction

of singlets created in this way.

e Pj11s This object refers to figure (17) with the proviso that
hy < hgz, hy > hs. Site-3 flips first, site-2 flips next, site-4
flips after site-2 causing site-3 to flip down. P15 refers to the

fraction of singlets created in this way.

e P17 This object also refers to figure (17) with the proviso
that hs < hg, hy > hg. Site-3 flips first, site-4 flips next, site-2
flips after site-4 causing site-3 to flip down. Pjjjr refers to the

fraction of singlets created in this way.

o P11y This object refers to the destruction of singlets associated

with PTlTQ'

e Pj11v This object refers to the destruction of singlets associated

with PR

e Pypyw This object refers to the destruction of singlets associ-

ated with PTLTS-

e Pr11x This object refers to the destruction of singlets associated

with Py,
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A. Prj1a

In an increasing applied field the objects associated with Pjj14
are created from objects associated with Pj;; and P;j; when the
down site at one end of these objects flips up under a pp-process.
Suppose site-3 flips up under a py-process at A’ (—oo < b’ < hy).
Then we have hg + 2|J| + A’ = 0 with probability ¢(—2|J| — h’).
Thus,

ha
Pij1a(ha) = /_OO[PuT(h') + Py (W)]o(=h = 2|J])dH
ha
— [ o) )oK 2D (61

where we have used equation (60). As a check we note that equa-

tion (60) is recovered by differentiating equation (61) with respect
to h,.

B. Piyp

This quantity is given by the equation.

ha

Pyiplhe) = 2/ [P(2 113 4: ) = {1 —po(R)}]

—0Q

P(4113 |: W)g(=h' = 2|J|)dh  (62)

The explanation of the above equation is as follows. The in-
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tegrand comprises three factors. The last factor is the prob that
site-3 flips up at &’ under a po-process. The other factors take into
account that site-2 and site-4 (the right neighbor of site-3) are down
at b’ and site-2 is black: #(—h' — 2|J|)dh’ is the probability that
site-3 flips up at A’; Py (2 | |3 |: &) — {1 —po(h')} is the probability
that site-2 is down and black (hy + 2|J| + 1 > 0); P, (4 | |3 |; /)
is the probability that site-4 is down.

C. Pure

This is simply equal to P;j14 — P;j1p but the notation is useful

in the following analysis.

Pyjrc(ha) = Pyjra(ha) — PyirB(ha) (63)
D Prp

The singlets in this category are generated by doublets that are
bordered by up spins at both ends. Thus site-1 is up, site-2 and site-
3 are down, and site-4 is up. Site-2 and site-3 are on equal footing
and therefore the a posterior: distribution of quenched fields <z~5(h2)
and @(hs) are identical. We can assume without loss of generality
that hg > hy and multiply the result by a factor 2. Thus we focus on

a singlet created at site-2 when site-3 flips up at b’ (—oo < b’ < hy).
We get,
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ha
Puro(he) =2 [ dWO(-RIm(K)PL(2 L3 i) (69
The explanation of the above equation is as follows: ¢(—h') is the
probability that site-3 flips up at &' + hz = 0; po(R') P (2 | |3 |;A')
is the probability that site-2 is down and site-1 is up just before
site-3 flips up. The a posteriori distribution ¢(h’) may be obtained

by differentiating the following equation.

/_h’dhgé(hg,):[ — {1—py(K) ] N ()T - 21J))
" (65)
where,
To(K) = " h1)dh
W=, soan
n-1 o0 00
hom—1) @B B(Pn—1)dh—
. [Tg/l;m_2+2|J| A1) 1} /hn_2+2|J| Phn-s)dhny (66)
We may rewrite equation (55) as
PU(LLIO L) = 70 — [0 — {1 = py ()]
= [Ty = Tl = 21D)] (67)

n=3
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For spins flipping up under a p;-process only the second and the

last term on the right hand side comes into play.

E. Prjig

Here we want the fraction of singlets in section D that are created
black. If h' is the field at which site-3 flips by p;-process then the

cumulative fraction of singlets which are black at creation is given

by

he
Pyipthe) =2 | dWo(=H)[P (2 L |3 |; 1) — {1 —po(h')}] (68)

—00

The first factor in the integrand gives the probability that hs +
h' = 0, and the second factor gives the probability that site-2 is
down and black at h'.

Py1r(he) = Pyyip(he) — Pryte(ha) (69)
G. Pie

If a site is white with probability 1 — pg(h,) then it is down with
probability unity. The probability that either of its neighbor is down

under a po-process alone is equal to e~?°(%), Thus the probability
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that either of its neighbor is up under a po-process alone is equal to

1 — e~Polha)  Therefore,

Prj1a(ha) = {1 — po(ha) }[1 — e7Po0e)]? (70)

H. Pryiy

ha
Pyyis(ha) = 2{1  po(ha)} / AP (3 |12 1 H)g(~21T] — )
)
x (—h")dn" (71)

The above equation is understood as follows. The integral over
h" takes care of the site flipping up under a p;-process at h”. There-
fore the density associated with this integral is the a posteriori
distribution ¢(—A~"). Site flipping up under the pg-process flips
up at A’ where h' > h"”.The density associated with this site is
P (3112 1;h)p(—2|J| — k). The first factor accounts for the fact
that the site in question is down given that it is next to a down site
(the white site with probability 1 — py(h,) and the second factor
accounts for the fact that although it is down it is on the verge of
turning up at h’' under a py-process. Finally the factor 2 takes care
of an equivalent configuration in which the location of sites flipping

up under a p; and a p;-process are interchanged.
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I Pyir
The fraction of singlets P;|1c that are white at their creation but
black at h, is given by,
Pryr = Prse — P — Pua (72)

o]

Runlt) = 1= ol | [

—~ha

dhsdﬁ(hs)] (73)

The first factor takes into account that the singlet site is white.
The second factor gives the probability that both neighbors of the

down site flip up under a p;-process.

K. Pk

Py 1k may be obtained on similar lines as P ;5. We get,

ha
Piii(ha) = 2{1 - poha)} / dH§(~H)

h/
x /_ dh'Py (3 | |2 s R")g(—h" — 2|J]) (74)

o0
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L. P

The fraction of singlets P;;r that are white at their creation but

black at h, is given by,

Pyyir = Pryr — P — Pk (75)
M. Priim

We now turn to the destruction i.e. the disappearance of a singlet
due to the down spin flipping up under a ps-process. We start
with the destruction of singlets associated with P;j;p. Taking into
account the inequalities hy — 2|J| < hg < hq that require site-2 to

be down and a black site when site-3 flips up, we get

he
Priine(ha) = 2 / WG (=H +2|J))

—00

h—2}J]
R S NI (76)
h—41J]

N. Py

We now turn to the destruction of singlets associated with Py ;g.
These singlets were created under the condition hy+2|J| > hz > hs.
They will be destroyed at hy — 2|J| + b’ = 0 with the probability

¢(—h'+2|J|). Thus the cumulative fraction of the destroyed singlets
at h, is given by,
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w-21g]

he
Paw(h) =2 [ aid(i +207) [ Cawd(-n") (7

'—4|J|

We now consider the destruction of singlets associated with P 1c.
Recall that Pjjjc are white at creation. A fraction Pjjj; of these
become black, say at k' i.e. these can flip up at A’ under a pg-
process if they were to have both neighbors down. However they
have both neighbors up. Therefore they would flip up at applied
field h, = b’ + 4|J|. Thus we get,

P10 = Prjyr(hg — 4]J1) (78)
P. Pryrp

P;11p represents the destruction of singlets associated with Py)1p.
This is similar to the preceding case because P;jir are also white
at creation. Following similar reasoning as used in the preceding

section,

Piyp = Pryip(he — 4]J]) (79)
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Q. Pry1q

Refer to figure (15) and the definition of Ppj;g. We have by <
ho, hs < hq. The screening property of doublets ensures that the
evolution of sites 2, 3, and 4 is uninfluenced by sites 1 and 5. Also,
hs > hy > hgy for site-3 to have flipped up before sites 2 and 4
(hs > ha > hy would make an equal contribution). Now site-2
flips up at A, and site-3 flips down. Therefore, hy + A, = 0, and
hs—2|J|+ha < 0. Consequently hg—hy < 2|J|, hy < h3 < ho+2]J],
and hy < hgy < hy+2|J|. The probability that site-3 would flip down

when site-2 flips up is given by

ha
Puroha) =2 [ dio(-R)PU(1 L [2 1K)
—0C
—h'+2|J|

X
X/ dhll¢(—hl,)Pll(5 l |4 l,h”)/ dhl!/¢(_hlll _ 2|J|) (80)
h

'—2|J| Y7

The limits on the integrals were discussed just before the equa-
tion. Note that one can use the quenched field at a site as a variable
of integration or equivalently the applied field at which the site in
question flips up. We have written the integrals in terms of the ap-
plied fields A", A", b’ at which sites 3 , 4, and 2 flip up respectively (
h" < h" < h'). The explanation of the integrands is as follows. The
integrand in the last integral is the probability that site-3 flipped
up by a pg-process at hs + 2|J| + " = 0. The second integrand is
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the probability that site-4 flips up at hy +h" = 0 and site-5 is down.
Similarly the first integrand is the probability that site-2 flips up at

h' and site-1 is down.

R. Prj1r

Refer to figure (16) and the definition of Pjj;p. Our object is
to calculate the probability that site-3 flips down when site-2 and
site-4 are up. This happens only if site-3 flips up after site-1 and
site-5, i.e. sites 2, 3, 4 form a string of three down spins bordered
by up spins at 1 and 5 just before 3 flips up. Because sites 2 and
4 are adjacent to up spins the distribution of hy and h4 is the a
posteriori ¢(hy) and ¢(hy) respectively. Also hg > hy — 2|J| and
hs > h4—2|J]| because 3 flips up before 2 and 4. We assume hy > hy
and multiply our result by a factor of 2 to include the case hy < hs.
Thus hy —2|J| < hg < hy, hgy — hy < 2|J|, and hy < hy < hg + 2|J]|.
The probability that site-3 flips down when site-2 flips up is given
by

hae % _
Priia(he) = 2 / AR 3(—H +21J)) / AR G(—H" + 2)7)
—00 h'—2}|J|

~h'+2J]
‘ / dh"G(—h" —2ld))  (81)

hII
The integrand of the first and the second integral is the prob-
ability that site-2 and site-4 flip up by a ps-process at A’ and h”
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respectively. The last integrand is the probability that site-3 flips
up by a po- process at h”'.

S. Pis

In figure(17) site-2 or site-4 could flip up first. Let us consider the
case when site-2 flips up first i.e. hy > hg —2|J|. P15 is zero unless
hy < h3 < hg and hg — 2|J| < hy < hy. Therefore the probability
that a new singlet is created at site-3 when site-4 flips up is given

by

ha B
Pji1s(he) = 2/ dh’qb(—h' + 2|J]) /h, - dh”qb(—h”)Pu(l ]2 l;h”)

—h'+2|J|
y / dh"S(—h" —21J))  (82)
_h”

The last integrand has the same interpretation as in the previous
object P;j1r. The second integrand is the probability that site-1 is
down when site-2 flips up by a p;-process at h”. Finally the first
integrand is the probability that site-4 flips up by a po-process at b’

. T. Pyr

Site-4 would flip up before site-2 in figure(17) if hy > ho + 2|J|.
Clearly hs > hs. Site-3 would flip down when site-2 flips up if hs <
ha+2|J|. Thus hs and hy lie in the range hy —2|J| < h3 < hy +2|J]
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and hy + 2|J] < hg < hg + 4|J|. The probability that site-3 flips

down when site-2 flips up is given by

hl

ha
Purr(h) =2 [ CAHYR)PL(LL R L) /h o BB 1)

—W42lJ]
x / AW S(—h" —2J))  (83)
~h"

The integrand is similar to that in Pjj1g except that the first

integral is for hy and the second for hy.

U. Py

Py is associated with the destruction of objects characterized
by Pjj3g. The destruction can be analyzed on similar lines as their
creation except that we now have the inequalities hy < hq < h3 and
hs — 2|J| < hz < hs. The probability that site-3 in P;1¢ flips for
the third time is given by

ha K
PTTTU(h’a) = 2/_ dhl¢(—h/ + 2|J|) /h/_z‘Jl dh”(ﬁ(—h”)Pu(l ! |2 1 h”)

z .
y / A" (~H")PLy(5 | 14 LK) (84)
W=2|J]

The second and the third integrands give the probability that
sites 2 and 4 flip up at h” and A" respectively. The first integrand
is the probability that site-3 flips up by a p-process at h’. Note that

78



a priori distributions ¢(hsy), #(hs), #(h4) are used here because these

sites have remained screened from site-1 and site-5.

V. P

Pyy1v is associated with the destruction of Pyj1r. The inequalities
that govern Pyyqv are hy < hy < h3 + 2|J| and hg < hy < hg + 2|J|
Thus the probability that the down spin in P ;5 flips for the third

time is

ha % )
zmwwa=z/ M@pw+%m/" ARG (k" + 2|
-0 h'-2|J]

hII
x/ dh" (—h" +2|J]) (85)
h'=2|J|

The second and the third integrands give the probability that site-
2 and site-4 flip up by a ps-process at h” and h" respectively. The

first integrand is the probability that site-3 flips up by a py-process
at b

Pyy1w 1s associated with the destruction of Pyj1s. The appropriate
inequalities for Pry1w are hy < hy < hg +2|J| and hy — 2|J| < h <
hs. The probability that the down spin in question flips for the third

time is
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hl

ha -
Prriw(ha) = 2 dHM—M+2UD/ AR §(—h" + 2|7
—00 h'—2|J|
hll
« [ SRR L ) (36)
W—2)J]

The first integrand is the probability that site-3 flips up by a po-
process at h'. The second and third integrands account for site-4

and site-2 respectively.

X. Pimix

Pr11x gives the fraction of singlets associated with Py that are
destroyed at h,. These may be calculated in a similar manner as in
the preceding case. We now have the inequalities hy + 2|J| < hg <
hs + 2|J| and hs — 2|J| < hg < h3. Therefore the probability that
the down spin in Pj);r flips up is given by,

h K

Priix(ha) = 2 / AR B(~K +2)7) oy S HCEOPU(L L2 i)

hII
x/ dHG—K" +210))  (87)
h

'=2|J]

The last two integrands pertain to sites 2 and 4 respectively, and

the first to site-3.

80



VII. Magnetization on lower hysteresis loop

We are now in a position to write the magnetization on the lower

half of the hysteresis loop.

m(he) = 1 — 2P| (hy) (88)

where P| is the probability that a randomly chosen site on the
chain is down at applied field h,. A randomly chosen site on the
chain can be characterized by the number n of up neighbors it has

(n=0,1,2). Thus we can write,

Pi(ha) = Pyyy(ha) + Py1(ha) + Pryy(ha) + Pryr(ha)  (89)

The first term corresponds to n = 0, the next two terms that
are equal by symmetry correspond to n = 1, and the last term
corresponds to n = 2. We obtained the first three terms on the
right-hand-side with relative ease in section (V). Surprisingly the
evaluation of the last term i.e. Pjj1(h,) proved rather tedious re-
quiring the calculation of 24 terms as a pre-requisite [P;j14(h,) to
Pi11x(he)]. We have (so far) not found a simpler method to calcu-
late Pjj1(h,) in spite of much effort and thought. Putting all terms
together we get,
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Py(hg) = Pyyy(ha) + Pyyy(ha) + Ppyy(ha) + Priza(ha) + Pripp(ha)
—Pyym(ha) — Priin(ha) = Priro(ha) — Prirp(ha)
+Pr11q(ha) + Priir(ha) + Prirs(he) + Pripr(ha)

~Pr1u(ha) = Pirv(ha) = Priiw (ha) — Prirx(ha)

(90)

We note that several objects that we calculated in the preceding
section do not appear explicitly in the above equation e.g. Pjj15(hq)
does not appear explicitly in equation (90). However it is necessary
to calculate Pjj1p(h,) because it is needed in the calculation of
Pyjim(he) and Ppjyo(h,) that appear in the final formula. Similar
remarks apply to other terms that were calculated but do not appear
explicitly in equation (90).

The magnetization in increasing field is obtained by substituting
equation (90) into equation (88). The magnetization in decreasing

field on the upper half of the hysteresis loop is given by symmetry,

m*(hq) = —m(—hy) (91)

In the next section we compare the theoretical result against nu-
merical simulations of the model in selected cases. We consider

a uniform bounded distribution of the quenched field as well as a
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Gaussian distribution. As may be anticipated, the agreement be-

tween theory and numerical simulation is quite good.
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VIII. Comparison with simulations and
concluding remarks

Simulations of the model have played an important role in the
analysis presented here. Although an exact analytic result has to
be necessarily in agreement with the simulations within numerical
errors but arguments based on conditional probabilities can be sub-
tle and prone to errors. Therefore at each step of the analysis, we
devised a simulation of the model to yield the probability of the
event being calculated. Occasionally the two would not match in
the first instance necessitating a rethink of the analysis and locat-
ing the error in the argument. Each of the theoretical expression in
the preceding section was thus verified by simulation of the model
for the following distributions of the random field: (i) bounded dis-
tribution with half-width A = 1.25|J] (ii) a Gaussian distribution
with standard deviation o = .5|J|. The average value of the random
field is zero in both cases. The comparison between the theoreti-
cal hysteresis loops and the hysteresis loops obtained by simulation
was shown already in section III. Here we show the comparison for a
few intermediate quantities that were used to obtain the hysteresis
loops.

We begin with the probability per site of a doublet on the lower
half of the hysteresis loop. Figure (18) shows the theoretical expres-

sion for P||(h,) for the Gaussian distribution with the corresponding
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data from numerical simulation superimposed on it. The fit is so
close that the two are indistinguishable on the scale of the figure.
Figures (19) and (20) show similar comparisons for uniform distri-
butions for A = 1.25 and A = 0.5 respectively. In each of the
following figures data from the corresponding numerical simulation
has been plotted along side the theoretical expression. In most cases
the match between theory and simulation is so good that there ap-
pears to be only a single curve in the figure. In other cases ( when
the probability of the event is relatively small and finite size correc-
tions are larger) we can barely make out that there are two curves
that almost lie on each other. Figures (21), (22), and (23) show the
result for P} (h,) for the Gaussian and uniform distributions with
A =1.25 and A = 0.5 respectively . Results for P;j;(h,) + Pj}1(ha)
are shown in figures (24), (25) and (26). Figures (27), (28), and (29)
show the comparison between theory and simulation for P;j;4(h,)
for a Gaussian as well as a uniform distribution. Figures (30), (31),
and (32) shows similar comparison for Pjj;p(h,). Figure (33), (34),
and (35) are for Pyyrm(he). Figures (36), (37), and (38) are for
Pi1inv(he). Figures (39), (40), and (41) show Pjj;9(hs). Figures
(42), (43), and (44) show Py1p(h,). Finally, Figures (45), (46) and
(47) show Pjjyw(hge). These figures and a few more that we have
omitted here have played a very important role in the process of
finding the exact magnetization.

In conclusion we have obtained the zero-temperature hysteresis

85



loop of a one dimensional anti-ferromagnetic random field Ising
model in the case when the driving field varies from —o0 to oo
and back to —oo infinitely slowly. The problem is simple to state
but difficult to solve. The end result for the hysteresis loop involves
integrals that in general have to be evaluated numerically. We have
shown that our theoretical results fit numerical simulations of the
model quite well. However, several aspects of the problem still re-
main unsolved [43]. For example we have obtained the hysteresis
loop when the driving field takes the system from one saturated
state (h, = —00) to another (h, = 00). In this case we have a com-
plete knowledge of the a posteriori distribution of the quenched field
at different stages of evolution of the system. We are not in a posi-
tion (so far) to obtain the hysteretic response of the system starting
from an arbitrary initial state. It would be interesting to have an
analytic solution of the problem in higher dimensions as well. Nu-
merical simulations suggest that the anti-ferromagnetic hysteresis
loops in higher dimensions have several plateaus for low values of A
and o as compared with |J|. Exact analytic solutions of problems
with quenched disorder are difficult in statistical mechanics. One
may even argue if they are worth the effort that has to be put in
to try to obtain them. However exact solutions are intellectually
satisfying and provide a framework for understanding a wide class
of complex phenomena. We hope there will be more progress in this

direction in the future.
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FIG. 1: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = —1
and A = 0.5 (see text). The z-axis shows the applied field and the y-axis magnetization
per spin. As |J| < A, each half of the hysteresis loop comprises three ramps separated
by two plateaus. The lower half of the loop shows magnetization in increasing field and

the upper half in decreasing field. A theoretical expression has been superimposed on
the numerical data.
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FIG. 2: A magnified view of the theoretical and simulation hysteresis loops for A = 0.5
where the y-axis shows the magnetization in increasing and decreasing field as measured
from the average of the magnetization on the lower and the upper half of the hysteresis
loop in figure 1 at corresponding applied fieid.
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FIG. 3: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = ~1
and A = 1.25 (see text). The z-axis shows the applied field and the y-axis magnetiza-
tion per spin. As |J| > A, the plateaus of figure 1 disappear and the three ramps merge
into each other. A theoretical expression has been superimposed on the numerical data.
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FIG. 4: Theoretical and simulation hysteresis loops for A = 1.25 where the mag-
netization along increasing and decreasing field is measured from the average of the
magnetization on the lower and the upper half of the hysteresis loop in figure 3 at
corresponding applied field.
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FIG. 5: Hysteresis loop for an anti-ferromagnetic random-field Ising model with J = —1
and o = 0.5 (see text). Notice the approximate similarity with the hysteresis loop in
figure 1 but the absence of sharp ramps and plateaus. For a Gaussian distribution the
three ramps merge into each other for any value of ¢ although this is less pronounced at
smaller values of 0. A theoretical expression has been superimposed on the numerical
data.
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FIG. 6: Magnified theoretical and simulation hysteresis loops for ¢ = 0.5 where the
magnetization along increasing and decreasing field is measured from the average of
the magnetization on the lower and the upper half of the hysteresis loop in figure 5 at
corresponding applied field.
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RESEERLE

FIG. 7: Spins on Ramp-I in an applied field ~2|J| — h. Filled circles show sites with
quenched field h; > h. The probability per site of a doublet (two adjacent down spins)
such as AB is equal to e~ 2P, where p is the fraction of filled circles on the infinite lattice.

b5 8

FIG. 8: A doublet on Plateau-I: h; and hy are the quenched random fields on the
doublet sites 1 and 2 respectively.
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FIG. 9: Two adjacent doublets on Plateau-1: Each doublet separates the lattice into two
parts whose evolution histories on Ramp-I are independent of each other. Evolutions
inside each dashed box is shielded from outside. The probability that spin at site 3
flips up on Ramp-I is therefore equal to % Given this, the probability that the spins at
sites 1 and 5 remain down all along Ramp-I is equal to % each. The shielding property
of the boxes can also be used to determine a posteriori distribution of random fields
hl,hz,h3,h4, and h5.

»d G

FIG. 10: A singlet (site 3) with one next nearest neighbor down (site 1), and one next
nearest neighbor up (site 5). When the singlet turns up at an applied field h,, the spin
at site 2 stays up if A < |J|, but the spin at site 4 flips down if hy < ha.
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FIG. 11: Two adjacent singlets on Plateau-I: If hy = min(hsg, hy), and hg < hg, then the
spin at site 3 will flip down when the spin at site 2 flips up on ramp-III. This process
creates a new singlet on ramp-III.

bpged

FIG. 12: A singlet followed by a doublet on Plateau-I: If hy > hs, and hs < hg, then a
new singlet will be created at site 3 when the spin at site 2 turns up on ramp-III.
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FIG. 13: A doublet followed by a singlet on Plateau-I: If hg > ho, and hs < hs, then a
new singlet will be created at site 4 when the spin at site 5 turns up on ramp-III

hy  hs
hy

FIG. 14: An up spin followed by a doublet. Site-1 may have flipped up under a pg-
process or a pp-process. Subsequently when site-3 flips up we get a singlet at site-2.
The fraction of such singlets depends on the details of how sites 1 and 3 have flipped.
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FIG. 15: A doublet followed by a doublet. We get a singlet at site-3 if sites 2 and 4 flip
up before sites 1 and 5 and site-3 flips down because it is unstable with both neighbors

up.

hy hy

hs hs

FIG. 16: A singlet followed by a singlet. A singlet is created at site-3 if sites 2 and 4
flip up under a po-process and then site-3 flips down because it is unstable when both
neighbors are up.
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FIG. 17: A doublet followed by a singlet. We get a singlet at site-3 if site-2 flips up

under a p;-process, site-4 flips up under a po-process and then site-3 flips down because
it is unstable when both neighbors are up.
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FIG. 18: Probability of a doublet P||(hs) for a Gaussian distribution with o = 0.5{J].
Simulation data has been superimposed on the theoretical expression.
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FIG. 19: Probability of a doublet Py (h,) for a uniform distribution with A = 1.25(J|.
Simulation data has been superimposed on the theoretical expression.
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FIG. 20: Probability of a doublet Py|(hs) for a uniform distribution with A = .5|J|.
Simulation data has been superimposed on the theoretical expression.
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FIG. 21: Probability of Py} (hs) for a Gaussian distribution with o = 0.5|J]. Simulation
data has been superimposed on the theoretical expression.
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FIG. 22: Probability of P|||(h,) for a uniform distribution with A = 1.25|J|. Simula-
tion data has been superimposed on the theoretical expression.
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FIG. 23: Probability of Py)|(hs) for a uniform distribution with A = 0.5|J|. Simulation
data has been superimposed on the theoretical expression.
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FIG. 24: Pj) (he) + Py 1(he) for a Gaussian distribution with ¢ = 0.5|J|. Simulation
data has been superimposed on the theoretical expression.
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FIG. 25: Py} (ha) + Pyj1(ha) for a uniform distribution with A = 1.25|J|. Simulation

data has been superimposed on the theoretical expression.
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FIG. 26: Pyj (ha) + Pyj1(ha) for a uniform distribution with A = 0.5|J|. Simulation

data has been superimposed on the theoretical expression.
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FIG. 27: Theory and simulation for Pjj4(he) for a Gaussian distribution with o =
0.5|J].
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FIG. 28: Theory and simulation for Pjj1a(he) for a uniform distribution with A =
1.25}J].
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FIG. 29: Theory and simulation for Pjj14(he) for a uniform distribution with A =
0.5|J].
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FIG. 30: Theory and simulation for Pjj1p(h,) for a Gaussian distribution with ¢ =
0.5{J].
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FIG. 31: Theory and simulation for P;j1p(hs) for a uniform distribution with A =
1.25|J].
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FIG. 32: Theory and simulation for Pjj;p(he) for a uniform distribution with A =
0.5|J].
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FIG. 33: Theory and simulation for Pyiar(h,) for a Gaussian distribution with o =
0.5]J].
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FIG. 34: Theory and simulation for Pyypas(h,) for a uniform distribution with A =
1.25/J).

107



012

0.08 }

0.04

0

1.5 1.8 2.1 24

FIG. 35: Theory and simulation for Pji1ar(hq) for a uniform distribution with A =
0.5|J].
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FIG. 36: Theory and simulation for Py1in(h,) for a Gaussian distribution with ¢ =
0.5/J].
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FIG. 37: Theory and simulation for Pit1n(hg) for a uniform distribution with A =
1.25|J}.
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FIG. 38: Theory and simulation for Pyi1n(he) for a uniform distribution with A =
0.5|J]|.
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FIG. 39: Theory and simulation for Pjj1q(hs) for a Gaussian distribution with ¢ =
0.5}J].
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FIG. 40: Theory and simulation for Pjjg(he) for a uniform distribution with A =
1.25/J].

110



0012 ﬂ

0009 | / J

0.006 r— 7 1

0003 f S .

FIG. 41: Theory and simulation for Pyj3g(he) for a uniform distribution with A =
0.5J].
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FIG. 42: Theory and simulation for Py (h,) for a Gaussian distribution with ¢ =
0.5}J).
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FIG. 43: Theory and simulation for Pjj1p(hs) for a uniform distribution with A =
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FIG. 44: Theory and simulation for Pjip{hs) for a uniform distribution with A =

0.5|J).
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FIG. 45: Theory and simulation for Prtw (ha) on the left, and Pryyw (ha) on the right
for a Gaussian distribution with ¢ = 0.5|J].
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FIG. 46: Theory and simulation for Pypw(he) for a uniform distribution with A =
1.25|J|.
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FIG. 47: Theory and simulation for Pjitw(h,) for a uniform distribution with A =
0.5|J].
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