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We comment on some statements and results in the paper by Beckman, Karsch, and Miller. We also
point out certain anomalies in treating the zero-mass case with a constraint.

In a recent paper,! Beckmann, Karsch, and Miller have
analyzed the Bose-Einstein condensation of an ideal rela-
tivistic Bose gas in 4 dimensions. They solve the model in
the usual way in the grand canonical ensemble by introduc-
ing a chemical potential u corresponding to the constraint of
the conserved number of bosons. By numerical evaluation
of the equations for the density and the specific-heat anom-
aly, they are able to show the qualitative difference between
the massive and massless relativistic systems. However, the
results obtained in the paper are contradictory to the known
results for photons (in the appropriate limit). Also, their
treatment of the extreme relativistic and the massless cases
is anomalous.

They mention the energy spectrum
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where ¢; are constants [see their Eq. (1.1)]. In the para-
graph following this equation, they claim that ‘‘another
physically interesting case is that of a gas of massless parti-
cles where we have o =1 together with all the coefficients
equal to ¢, the velocity of light....”” Later, in the same
paragraph, they say that for d < o there exists no Bose-
Einstein condensation (BEC), while d > o guarantees that
it takes place. Firstly, Eq. (1) for o =1 does not reduce to
the spectrum
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which is the true spectrum of massless particles. Instead, it
reduces to
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which is easily seen to represent a spectrum of 4 nonin-
teracting massless particles all moving in one dimension!
Fortunately, later in their calculation, they use the correct
spectrum (2) for the massless case, so none of their calcula-
tions are affected by this statement. Secondly, their state-
ment about the existence of BEC clearly does not apply to
photons. For these particles, d =3 > 1=o0; their Table I
will give a finite critical temperature 7, and Table II will
give a jump in specific heat. None of these things happen
for the usual photon gas.? All the thermodynamic proper-

e(p)=c(pi+py+ ---

ties of photons are analytic for all temperatures 0 < 7 < co.

The reason why their result for the zero-mass bosons
does not reduce to the photon result is as follows. Photons
have zero mass, thus move with the speed of light. In
QED, it is known? that these particles cannot support any
internal quantum numbers that are conserved. Even their
total number is not conserved. Therefore one should not
introduce any constraint in studying the statistical mechanics
of such particles. Hence, any calculation which artificially
introduces a constraint on massless particles in analogy with
the massive ones will not give photon results.

Finally, we comment briefly on their treatment of the ul-
trarelativistic case. It is curious that the results of the m =0
case and m #= 0, but very small, are different [see, for ex-
ample, their Egs. (3.10) and (3.11)]. This would seem to
suggest that the approach to the limit m — 0 is nonuniform.
The clue to this was recently found by Haber and Weldon,*
who emphasized the following point. One starts at low tem-
peratures with a given number of particles. Here the
nonrelativistic form of the particle spectrum may be used.
As the temperature increases, however, relativistic effects
must be taken into account. These manifest themselves in
two ways. Firstly, the full spectrum

e(p) =12+ mH)'? (4)

must be used. Secondly, according to QED, the number of
particles is no longer conserved when spontaneous pair pro-
duction becomes important (at kgT > mc?). At these tem-
peratures (indeed, for logical consistency, at all tempera-
tures) one must use the conservation law for the number of
particles minus antiparticles.® If one does this, the photon
results are recovered for m =0, and a correct description of
the ultrarelativistic gas is obtained. (That this must be done
has been known for the case of fermions for some time.®)
Of course, the m — 0 limit and the m =0 case both give the
photon results now.

Lastly, we wish to say that the study of Bose gas with par-
ticle spectrum (4), but with a constraint on the number of
particles alone, is perhaps worth studying in its own right as
a statistical mechanical problem, but its relevance to an ac-
tual relativistic Bose gas is doubtful.
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