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ABSTRACT

The study of shock waves in a mixture of a gas and small solid particles
is of great importance due to its applications to nozzle flow; lunar ash flow;
bomb blast; coal-mine blast; underground, volcanic and cosmic explosions;
metallized propellent rocket; supersonic flight in polluted air; collision of
coma with a planet and many other engineering problems (see [1-4]). In this
dissertation we have attempted to study some of the recent works done in
the area of propagation of shock waves in a mixture of a gas and small solid
particles. The dissertation consists of four chapters.

The first chapter is introductory. It gives, in brief, an idea about Two
Phase Flow, Fundamental Equations of Mixture of a Gas and Small Solid
Particles, Shock Waves, Jump Conditions across a Shock Wave, Radiative
Transfer Equations, Energy Equation in the Presence of Thermal Conduction
and The Concept of Self-Similarity, as used in the dissertation.

In the chapter 2, we have studied following two types of problem:

(1) Propagation of strong shock waves in a mixture of a gas and small solid
particles, and

(i) Propagation of shock waves in a dusty gas with exponentially varying
density.

In the first problem, we have studied similarity solutions of a strong shock
wave propagation in a mixture of a gas and small solid particles. Similar-

ity solution exists only when the shock is very strong and the surrounding
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medium is of a constant density and at rest and with negligible counterpres-
sure. The non-dimensional fundamental equations are derived and studied.
The results depend on three non-dimensional parameters; i.e. (i) the ratio of
specific heats of the gas «, (ii) the mass concentration of the solid particles
k, in the mixture and (iii) the ratio of the density of the solid particles to
that of initial density of the gas ;. Numerical solutions for various values
of v, k, and G are presented and discussed.

In the second problem, we have studied non similarity solutions of a
shock wave propagation in a dusty gas with exponentially varying density.
The variation of flow-variables with distance, in the flow-field behind a shock
wave are obtained at different times. The equilibrium flow conditions are
assumed to be maintained. Effects of an increase in the mass concentration
of the solid particles k, on the flow variables and on the distance between
the inner contact surface and the shock front are studied.

In the chapter 3, we have studied following two types of piston problem :

(i) A self-similar solution of a shock propagation in a dusty gas, and

(ii) Similarity solutions for the flow behind an exponential shock in a dusty

gas.

In the first problem, analytical solutions are obtained for the unsteady,
one-dimensional self-similar flow field between a strong shock and a mov-
ing piston in a dusty gas. The piston is assumed to be moving with time
according to the power law. The dusty gas is assumed to consist of a mix-
ture of a small solid particles and a perfect gas, in which solid particles are

continuously distributed. It is assumed that the equilibrium flow-condition
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is maintained and variable energy input is continuously suplied by the pis-
ton. The variation of flow variables with distance for a decelerated piston, a
constant velocity piston and an accelerated piston are studied.

In the second problem, we have studied similarity solutions for the flow of
a dusty gas behind a strong exponential shock driven out by a piston moving
with time according to an exponential law. The medium is assumed to be
a mixture of small solid particles and a perfect gas. In order to get some
essential features of the shock propagation, small solid particles are consid-
ered as pseudo-fluid and it is assumed that the equilibrium flow condition is
maintained in the flow-filed, and that the viscous-stress and heat conduction
of the mixture are negligible. Solutions are obtained, in both cases, when
the flow between the shock and the piston is isothermal or adiabatic. Effects
of a change in the mass concentration of the solid particles in the mixture k,
and the ratio of the density of solid particles to that of initial density of the
gas G; on the flow variables in the region between the shock and the piston
are also studied.

In the final chapter, we have again studied two types of problem :

(i) Propagation of shock waves in a dusty gas with radiation heat flux and

exponentially varying density, and

(ii) Propagation of shock waves in a dusty gas with heat conduction and

radiation heat flux.

In the first problem, propagation of spherical shock waves in a dusty gas

with radiation heat flux and exponentially varying density is investigated.



The equilibrium flow conditions are assumed to be maintained and the ra-
diation is considered to be of a diffusion type for an optically thick grey gas
model. The shock wave moves with variable velocity and the total energy of
the wave is non-constant. Non-similar solutions are obtained and the effects
of variation of the radiation parameter and time are studied. The effects of
an increase in (i) the mass concentration of solid particles in the mixture and
(ii) the ratio of the density of solid particles to the initial density of gas on
the flow variables in the region behind the shock are also studied.

In the second problem, propagation of spherical shock waves in a dusty
gas with heat conduction and radiation heat flux, in which density varies
exponentially, is investigated. The dusty gas is assumed to be a mixture of
small solid particles and a perfect gas. The equilibrium flow conditions are
assumed to be maintained, and the heat conduction is expressed in terms
of Fourier’s law and the radiation is considered to be of the diffusion type
for an optically thick grey gas model. The thermal conductivity K and the
absorption coeflicient ag are assumed to vary with temperature and density.
The shock wave moves with variable velocity and the total energy of the
wave is non-constant. Non-similar solutions are obtained and the effects of
variation of the heat transfer parameters and time are studied. The effects
of an increase in (i) the mass concentration of solid particles in the mixture
and (ii) the ratio of the density of solid particles to the initial density of the
gas on the flow variables in the region behind the shock are also studied at

given times.
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PREFACE

In this dissertation we have attempted to study some of the recent works
done in the area of propagation of shock waves in a mixture of a gas and
small solid particles. The dissertation has been divided into four chapters
and each chapter has been subdivided into a number of sections.

The first chapter is introductory. It gives, in brief, an idea about Two
Phase Flow, Fundamental Equations of Mixture of a Gas and Small Solid
Particles, Shock Waves, Jump Conditions across a Shock Wave, Radiative
Transfer Equations, Energy Equation in the Presence of Thermal Conduction
and The Concept of Self-Similarity, as used in the dissertation.

In the chapter 2, we have studied following two types of problem:

(1) Propagation of strong shock waves in a mixture of a gas and small solid
particles, and

(ii) Propagation of shock waves in a dusty gas with exponentially varying
density.

In the first problem, we have studied similarity solutions of a strong shock
wave propagation in a mixture of a gas and small solid particles. Similar-
ity solution exists only when the shock is very strong and the surrounding
medium is of a constant density and at rest and with negligible counterpres-
sure. The non-dimensional fundamental equations are derived and studied.
The results depend on three non-dimensional parameters; i.e. (i) the ratio of
specific heats of the gas 7, (ii) the mass concentration of the solid particles

kp in the mixture and (iii) the ratio of the density of the solid particles to



that of initial density of the gas G;. Numerical solutions for various values
of v,k, and G, are presented and discussed.

In the second problem, we have studied non similarity solutions of a
shock wave propagation in a dusty gas with exponentially varying density.
The variation of flow-variables with distance, in the flow-field behind a shock
wave are obtained at different times. The equilibrium flow conditions are
assumed to be maintained. Effects of an increase in the mass concentration
of the solid particles &k, on the flow variables and on the distance between
the inner contact surface and the shock front are studied.

In the chapter 3, we have studied following two types of piston problem :

(i) A self-similar solution of a shock propagation in a dusty gas, and

(ii) Similarity solutions for the flow behind an exponential shock in a dusty

gas.

In the first problem, analytical solutions are obtained for the unsteady,
one-dimensional self-similar flow field between a strong shock and a mov-
ing piston in a dusty gas. The piston is assumed to be moving with time
according to the power law. The dusty gas is assumed to consist of a mix-
ture of a small solid particles and a perfect gas, in which solid particles are
continuously distributed. It is assumed that the equilibrium flow-condition
is maintained and variable energy input is continuously suplied by the pis-
ton. The variation of flow variables with distance for a decelerated piston, a
constant velocity piston and an accelerated piston are studied.

In the second problem, we have studied similarity solutions for the flow of

a dusty gas behind a strong exponential shock driven out by a piston moving
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with time according to an exponential law. The medium is assumed to be
a mixture of small solid particles and a perfect gas. In order to get some
essential features of the shock propagation, small solid particles are consid-
ered as pseudo-fluid and it is assumed that the equilibrium flow condition is
maintained in the flow-filed, and that the viscous-stress and heat conduction
of the mixture are negligible. Solutions are obtained, in both cases, when
the flow between the shock and the piston is isothermal or adiabatic. Effects
of a change in the mass concentration of the solid particles in the mixture k,
and the ratio of the density of solid particles to that of initial density of the
gas GGy on the flow variables in the region between the shock and the piston
are also studied.

In the final chapter, we have again studied two types of problem :

(i) Propagation of shock waves in a dusty gas with radiation heat flux and

exponentially varying density, and

(ii) Propagation of shock waves in a dusty gas with heat conduction and

radiation heat flux.

In the first problem, propagation of spherical shock waves in a dusty gas
with radiation heat flux and exponentially varying density is investigated.
The equilibrium flow conditions are assumed to be maintained and the ra-
diation is considered to be of a diffusion type for an optically thick grey gas
model. The shock wave moves with variable velocity and the total energy of
the wave is non-constant. Non-similar solutions are obtained and the effects
of variation of the radiation parameter and time are studied. The effects of

an increase in (i) the mass concentration of solid particles in the mixture and
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(ii) the ratio of the density of solid particles to the initial density of gas on
the flow variables in the region behind the shock are also studied.

In the second problem, propagation of spherical shock waves in a dusty
gas with heat conduction and radiation heat flux, in which density varies
exponentially, is investigated. The dusty gas is assumed to be a mixture of
small solid particles and a perfect gas. The equilibrium flow conditions are
assumed to be maintained, and the heat conduction is expressed in terms
of Fourier’s law and the radiation is considered to be of the diffusion type
for an optically thick grey gas model. The thermal conductivity K and the
absorption coefficient ap are assumed to vary with temperature and density.
The shock wave moves with variable velocity and the total energy of the
wave is non-constant. Non-similar solutions are obtained and the effects of
variation of the heat transfer parameters and time are studied. The effects
of an increase in (i) the mass concentration of solid particles in the mixture
and (ii) the ratio of the density of solid particles to the initial density of the
gas on the flow variables in the region behind the shock are also studied at

given times.
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Chapter 1

BASIC CONCEPTS AND
FUNDAMENTAL
EQUATIONS

In this chapter we give some basic concepts about two-phase flow, shock
waves and self-similarity. We also derive fundamental equations and jump
conditions across a shock wave in a mixture of a gas and small solid particles

which will be used in forth coming chapters.

1.1 TWO-PHASE FLOW

By two-phase flow we mean a special flow problem in which we have to
consider the mechanics of two phases of matter simultaneously. In classical

fluid mechanics we treat the flow problems of a homogeneous fluid which is



in one state only i.e either in liquid, gas or plasma state. In such problems,
the solid bodies in the flow field are usually assumed to be rigid bodies so
that the solids may be considered as given boundary conditions of the fluid
flow problems. However, in many engineering problems as well as fluid flow
in nature, we have to treat the flow problems of a mixture of substances in
different states and the solid body may not be considered as rigid bodies
of given shape. Such a system may be called, in general , the multiphase
system and the corresponding flow may be called multiphase flow. The most
common types of multiphase flow consist of two phases of some substances
only.

Since the properties of a substance in different state are greatly different,
the two-phase flows should be classified according to the states in the flow
field. Each class should be treated independently from the other. Hence we
may classify the two phase flows as follows:

(i) liquid - gas flow;

(iii) liquid - solid flow;

(iii) Gas - solid flow;

(iv) liquid - plasma flow which also includes the mixture of electrically con-
ducting liquid and gas;

(v) plasma - solid flow which also includes the mixture of electrically charged
solid particles and a gas;

(vi) gas - plasma flow which also includes the mixture of different gases.

In the present study, we are concerned only with the two phase flow of
mixture of a gas and small solid particles. This is a well known problem of

internal ballistics, i.e, the flow of gas behind a projectile being expelled by
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gun powder. Recently this problem has been extensively studied because it
is connected with lunar ash flows [1]. In order to have a general view of the
whole flow problem of a mixture of gas and solid particles, we may divide
the flow into several stages in which the flow behaves differently in different
stages as shown in the following example.

For simplicity, let us consider well packed gun powder. In the first stage,
when the gun powder begins to burn, there is a very small amount of flow
of gas in the gun powder. The gun powder is practically undisturbed. The
flow is similar to the case of gas flowing through a porous medium. This
stage is usually called the fixed bed stage. As the combustion continues, the
amount of gas flow increases. As the gas flow reaches a critical value, called
the flow for fluidization, at which the character of the solid powder changes
abruptly to a pseudofluid, waves can be set up in the gun powder. This
pseudofluid behaves as a fluid so that it tends to form a level surface. The
flow field at this stage may be called the dense phase of the fluidized bed.
If the flow rate is increased, the flow is seen to become irregular; bubbles
of the gas rise through the packed gun powder and burst. This process is
known as slugging. Further increase of the flow rate will cause a disturbed
and irregular regime in which the flow becomes so rapid that it will push the
bullet and the gas will carry some gun powder with it. Beyond this point,
the region is called the dilute phase in which the solid matter occupies less
than 5% of the total volume and mixes with the gas in the flow field. This
dilute phase is simply called the two-phase flow of a mixture of a gas and
small solid particles in a narrow sense.

Many two phase flow problems of gas-solid mixture consider this dilute

3



phase. For the dilute phase, we may assume that the size of the solid par-
ticles is small enough so that we may assume that the average properties of
these particles may be obtained. Furthermore, since the number of the solid
particles is large, we may consider the solid particles as a pseudofluid if the
velocity of the gas is sufficiently high. Thus, we consider the mixture of gas
and solid particles as a mixture of two fluids.

There are many engineering problems, in which this dilute phase of solid

- gas flow is a good approximation of the actual condition.

1.2 FUNDAMENTAL EQUATIONS OF THE
MIXTURE OF A GAS AND SMALL SOLID
PARTICLES

Flowing Pai [2] and Pai et al [3], in this section we derive the fundamental
equations and some simple thermodynamic relations of a mixture of a gas
and small solid particles.

We consider only the case of particles being a pseudo-fluid. The solid
particles are spheres of identical mass m,, radius r, and specific heat Cs;. We
may consider the mixture as a mixture of two fluids: one is the real fluid,
gas and the other is the pseudo-fluid of solid particles. For each species r in
the mixture, we would like to know its velocity vector ¢;, its temperature T,

its pressure p, and its density p,. In this case, we have two definitions for



density: the species density and the partial density. Since these definitions
are important in derivation of the fundamental equations, we are going to
write down these definitions for the two species in the mixture as follows:

We consider an element of the mixture of a gas g and solid particles p
with total mass M = M, + M, and with total volume V =V, + V|, where
subscript g refers to the value for the gas and subscript p refers to that of
the solid particles.

It is convenient to introduce the number density of the solid particles n,
which is the number of solid particles per unit volume at a point in the flow

field. The volume occupied by the solid particles V; is

V, = n,.V7, (1.2.1)

4 . S . .
where 7, = 37"3 is the volume of a solid particle in the mixture. Without

subscript, we refer to the value of the mixture as a whole.

The mass of the solid particles in the volume V of the mixture is
M, = myn,V . (1.2.2)

The species density of the solid particles is defined as

M, mymn,V m,
ps = — = —_— = . (1 .2.3)
? Vo npV7p Tp

Hence, the species density of solid particles is a constant for a given problem.

The partial density of pseudo-fluid of solid particles is defined as

D, = —F =Mpny, . (1.2.4)



Also,

M, V, M,
2= —”.—V—” = Zpsp » (1.2.5)
p

eV TV
Vo ~ . . . Co
where Z = 7 = Wyl called the volume fraction of solid particles in the

mixture. Hence

by = v = M = Zpsp = Psp Np Tp - (1.2.6)

The partial density of the pseudo-fluid of solid particles , is one of the
fundamental variables in our analysis and it is proportional to Z or n,,.
Similarly, we have also the species density of the gas and the partial

density of the gas too. The species density of the gas is defined as

M,
= 1.2.
and the partial density of gas is defined as
M, MV, V-V Vi

P= = g ) == g = (= 2y (128)

Only when Z << 1, the partial density of the gas is approximately equal
to the species density.

Now we are going to derive the fundamental equations and some simple
thermodynamic relations of the mixture of a gas and a pseudo-fluid of solid
particles based on the two-fluid theory.

(i) Equation of State and Thermodynamics

For each species in the mixture of a gas and a pseudo-fluid of solid parti-

cles, we have one equation of state. For the gas, we may use the perfect gas

law which is
po=RpTy=R(1-2Z)p,T,=(1-2)p, (1.2.9)
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where p, is the partial pressure of the gas in the mixture and Ty is the partial
temperature of the gas and R* is the gas constant .The total pressure of the

mixture is p which is obtained also from the perfect gas law:
p=R"p,T, . (1.2.10)

Since the total pressure of the mixture is the sum of the partial pressure
of the gas p, and the partial pressure of the pseudofluid of solid particles p,,
we have p = p, + p,. With the help of the equations (1.2.9) and (1.2.10) we
find that the partial pressure of the solid particles must be

py=2p. (1.2.11)
The equation of state for the pseudo-fluid of solid particles is simply
psp = constant . (1.2.12)

We consider the thermodynamic equilibrium condition such that T, =

T, = T. The density of the mixture as a whole is given by
P=D,+0,=2Zpsp+ (1~ Z)p, . (1.2.13)

The mass concentration of pseudo-fluid of solid particles is defined as

_ My MV _ P Zow

= f = 1.2.14

In equilibrium flow k, is a constant in the whole flow field. Therefore
from (1.2.14)

Z_ constant , (1.2.15)
p



in the whole flow field, for equilibrium flow.

Also from equations (1.2.13) and (1.2.14), we get

kP
kp+ (1— k)G’

7 = (1.2.16)

where G = Psp )

Since the gemperature of the solid particles 7}, does not associate with the
random translational kinetic energy of the particles and the temperature of
the gas does not relate with its translational kinetic energy, it is not profitable
to define a temperature of the mixture as a whole as in the usual treatment
of a mixture of two gases[4]. Thus we retain the two temperatures 7}, and T,.
In general, we shall write T, = T for simplicity and Tp may be equal to or
different from 7'. In the thermodynamic equilibrium condition, however,we
have T, = T, = T From equation (1.2.10), (1.2.13) and (1.2.14), we find the

following relation between the pressure and the density of the mixture as a

whole
_1-k e PRRT
p_l_ZpRT—l_Z, (1.2.17)
where
Rn=(Q1-k)R (1.2.18)

and R,, may be considered as an effective gas constant of the mixture and p
is given by equation (1.2.13).
The internal energy of the mixture per unit mass U, is related to the

internal energies of the two species by the following relation;

pUm = ﬁpUmp + ﬁgUmg
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or

PUn =Z psp Cop Ty + (1 — Z)p, C, T (1.2.19)

or

Un=k,Coy T, +(1=k,) C, T, (1.2.20)

where Cy, = C5 + C,p, , C, being the specific heat of solid particles due to
internal degree of freedom of solid particles and C,p, the effective specific
heat at constant volume of pseudo-fluid of solid particles. Here we assume
that Cs, and C, are constant for simplicity. For thermodynamic equilibrium
condition, we have the specific heat of the mixture at constant volume C,,,
as follows:

Com = kyCop + (1 — k,)Cy (1.2.21)

where C,, is the specific heat of the gas at constant volume.

The enthalpy of the mixture per unit mass is

Hyp=Un+2=k(C,T+ L)+ (1-k,)C,T, (1.2.22)

Psp

I3

where C), is the specific heat of the gas at constant pressure. For thermo-
dynamic equilibrium condition, the specific heat of the mixture at constant
pressure is then:

Com = kyCop + (1 = k,)C, . (1.2.23)

The ratio of specific heats of the mixture is

(+5)
r= m !

Com " (1+6B)

(1.2.24)



where

__CP l___CSP — kP
’Y_Cv,ﬁ - Cv ’ and&_l—kp

Subtracting equation (1.2.21) from (1.2.23) and using C, — C, = R*, we

. (1.2.25)

obtain

Com — Com = (1 — k) R* . (1.2.26)

From equations (1.2.24) and (1.2.26),we get

(I —kp)R
Com = (L —1)
and
_(1-k)RT
Cm =)
Therefore, B
1-k,
= = *T
Un = ComT = 2R
or, using equation (1.2.17)
1-2)p
_ P 2.97
MG 1220

If we consider the mixture as a homogeneous medium, the first law of

thermodynamics for the mixture gives
p

where dQ is the heat addition to the mixture.
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For isentropic change of state of gas-particle mixture, we have dQ = 0,

equation (1.2.28) gives
— = = " (1.2.29)

Since Z = Ky p

, for constant k, and Tp = T case, from the integration of
Psp
equation (1.2.29), we have

)\
—_— = t . 2.
T (1 — Z) constant (1.2.30)

Similarly, from equation (1.2.17) for a given k, and T, = T', we have

dp_dT 1 _dp

P 2.
=Ttz (1.2.31)
From equations (1.2.29) and (1.2.31) we have,

dp I' dp
_—=—— 1.2.32
» " 1-Z (1.2.32)

or
-T

D (1——_1)—2) = constant . (1.2.33)

We may calculate the so-called equilibrium speed of sound of the mixture
‘a’ from equation (1.2.33) as follows:
o_dp T ~-k)RT TR,T

C T8 T T a-27 T (-2p

or

2= ——2__. (1.2.34)



(ii) Equation of Continuity

For each species in the mixture , we have one equation of continuity which
gives the conservation of mass of that species. If we combine equations of
continuity of both the species, we may obtain an equation of continuity for
the mixture as a whole.

The equation of continuity for one-dimensional unsteady flow of the mix-
ture can be written as [2,3]

E"‘UE'FPE'FT:O, (1235)

where v = 0,1 and 2 correspond to the plane, cylindrical and spherical
symmetry, respectively, p is the density of the mixture and u the flow velocity
of the mixture.
(iii) Equation of Motion

For each species, the conservation of momentum gives the corresponding
equation of motion for that species. Combining the equations of motion of
both the species, we may obtain an equation of motion for the mixture as a
whole.

The equation of motion for one-dimensional unsteady flow of the mixture

can be written as [2, 3]

Ju ou 10p

where p is the total pressure of the mixture. Here, it is assumed that the

viscous stress and heat conduction of the mixture are negligible.
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(iv) Equation of Energy
For each species, the conservation of energy gives the corresponding equa-
tion of energy for that species. Combining the equations of energy of both
the species, we may obtain an equation of energy of the mixture as a whole.
The equation of energy for one-dimensional unsteady flow of the mixture

can be written as [2, 3]

Uy, oU, p (ap 8p> _0

o T 2 \e e

5 T (1.2.37)

where Up, is the internal energy of the mixture per unit mass.

1.3 SHOCK WAVES

In this section, we give, in brief, an idea about shock waves.

Shock waves are the most important distinctive features of supersonic flow
of a fluid, across which the medium undergoes sudden and often considerable
changes in velocity, pressure, density and temperature. The occurrence of
shock waves is commonly associated with the supersonic flight, explosion of
atomic bomb on the earth surface, thermonuclear explosion and electric dis-
charges. The occurrence of shock waves in a mixture of a gas and small solid
particles is encountered in several branches of engineering and science(see,
for example 2,3,5.6,7,8,9.10,11)

Shock waves are the most conspicuous phenomena occurring in non-linear
wave propagation. Even without being caused by initial discontinuities, they
may appear and be propagated. The underlying mathematical fact is that,

unlike linear partial differential equations, non linear equations often do not
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admit solutions which can be continuously extended whenever the differential
equations themselves remain regular.

Shock waves appear when elements in fluid approach one another with a
velocity larger than the local sound speed. It is true, of course, that a shock
wave is not a discontinuity in the strict sense. It has a finite thickness across
which the physical properties change continuously. The study of ‘structure’
of a shock wave involves the study of pressure , temperature, density, velocity
etc., in the small but finite thickness of shock wave. The thickness of shock
wave is of the order of few molecular mean free path.

Relative to the shock wave, the flow on the upstream side must be super-
sonic, on the downstream side the flow relative to the wave may be either
supersonic or subsonic , depending on the inclination of the incident stream
from the normal to the wave. If the incident stream is parallel to the normal

to the wave, the flow behind the wave is always subsonic relative to the wave.

1.4 JUMP CONDITIONS ACROSS A SHOCK
WAVES IN A MIXTURE OF A GAS
AND SMALL SOLID PARTICLES

In this section we first derive jump conditions across a shock front in
general form and then from these we derive jump conditions in particular
form which will be used in forthcoming chapters.

The jump conditions to be satisfied by jumps in the terms H, ﬁ, and G

14



of the general conservation law

0H ~
- wF = 141
5 +divF =G (1.4.1)

across general discontinuity surface is given by (Jeffrey[12]),
AH - F.a]+[§A] =0, (1.4.2)

where H and G are scalar functions, F is a vector function, X = q.n is the
normal speed of the discontinuity surface assumed to be moving with the
arbitrary velocity 4,7 being the outward drawn unit vector normal to the
discontinuity surface, g is some vector function such that G = divg and
the symbol {X] denotes the jump X, — X; in the quantity X across the
discontinuity surface.
Now we apply the jump equation (1.4.2) to conservation equations to
obtain the jump conditions in general form.
(i) Jump Condition for Continuity Equation
The continuity equation expressing the conservation of mass of the fluid
is
op
ot

where @ is the fluid velocity vector.

+div(pit) =0, (1.4.3)

Now applying equation (1.4.2) to equation (1.4.3),we find the following
jump condition:

Mp—pit.d] =0. (1.4.4)

It is useful to display this result in a different form by expressing it in

terms of
Up = @R — N, (1.4.5)
15
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the normal fluid velocity component relative to the normal velocity A of the
discontinuity surface. Alternatively expressed, the jump condition (1.4.4)

becomes,
[pun] =0. (1.4.6)
(ii) Jump Condition for Momentum Equation
The momentum equation is

Du

2% _grad p. 4.
57 = —9rad p (1.4.7)

Using equation (1.4.3),equation (1.4.7) becomes

0 S
a(pﬁ) + @ div(pi) + (pi. V)i = —grad p (1.4.8)

Writing above equation in component form,we have

) o 5
57 (PUa) + uadiv(pi) + (0.7 )us = _a_i’. ,

which can be put in the form
0 . . ap
ot =—o-. 1.4.
pr (pug) + div(pu,@) - (1.4.9)

Similarly,

0 . Op
ot i) = -3~ 1.4.10
at(puy) + div(puy ) 3y ( )
0 . dp
ot U) =3~ 1.4.11
ot (pu.) + div(pu, @) o ( )

Writing the jump conditions for above three equations and combining them,

we get

A p @ — pa(d.n)] = [p] i (1.4.12)
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Expressing it in the form 4, = @.7i — A, we get
[pdu, +pn]= (1.4.13)

(iii) Jump Condition for Energy Equation
The energy equation is

38_13 + div(EW) = —div(pd) . (1.4.14)

1
where E = 5,011'2 + pUp,

Jump condition for above equation across the discontinuity surface is
[A\E — Eid.n] — [pd.a] = 0. (1.4.15)
Expressing it in the form 4, = 4.7 — A, we get
[Ed, +p(d.n)]=0. (1.4.16)

The jump condition (1.4.6)expresses the simple fact that mass flow through
the discontinuity surface is constant. We shall denote the mass flow through
the surface by m. A discontinuity surface will only be called a shock when
the mass flow m through the surface is non zero. Hence fluid particles must
cross a shock front.

The jump conditions (1.4.6),(1.4.13) and (1.4.16) have been derived quite
general for an element of an arbitrary shock front moving with local normal
velocity A = ¢.f.

To simplify our jump conditions let us assume that the normal # is in the

direction of the fluid flow and velocity of the shock (discontinuity surface) is
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also in the same direction so that 4.7 = u, = || = u, U, = Up—A = u—r =1
and A = U, the shock velocity in the direction of the fluid flow.

Now we consider that a shock wave is propagated into a mixture of a gas
and small solid particles of density p;, at rest (u; = 0) and with counter
pressure p;, where subscript ‘1’ refers to the values immediately in front of
the shock. Following pai et.all (3], we assume that the viscous stress and heat
conduction of the mixture are negligible, and the equilibrium flow condition
is maintained in the flow field so that the velocity of the gas u, and that of
the pseudo-fluid of solid particles u, are equal and they are also equal to the
velocity of the mixture u. The temperature of the gas T, that of the solid
particles T, and that of the mixture T are also equal.

Under the above assumptions, the jump condition for continuity equation

1.e(1.4.6) reduces into the following form;
[pi] =0, (1.4.17)
which gives
p2(U — ug) = pU = m(say) , (1.4.18)

where subscript ‘2’ refers to the values immediately behind the shock front.
The jump condition for momentum equation i.e (1.4.13) reduces into the
following form:

[put +p] =0, (1.4.19)

which by using % = u — A, and equation (1.4.17) gives

P2 + pa(U — up)? = py + p U2 . (1.4.20)
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The jump condition for energy equation i.e (1.4.16) reduces into the
following form:
[Ed+pu] =0, (1.4.21)
. 1
which by using & = u — \,E = ipu2 + pUpn,, and equations (1.4.18) and
(1.4.20) gives

1 1
U, + B2y (U —u)*=Up, + By (1.4.22)
P2 2 P1 2
Also from equation (1.2.15) ,we have
Z_ 4
p2 p1
Thus we have the following jump conditions:
p2(U — uz) = pU = m(say),
P2+ (U — u2)® = py + pU?,
p2 1 2 po 1o,
U, =+ =-(U- =0, —+=U
m2+p2+2( us) "“+p1+2 ,
Z2 Zl
— = — 1.4.23
P2 m ( )

1.5 RADIATIVE TRANSFER EQUATION

The problems of radiative energy transfer in fluids have received increasing
attention in recent years as a consequence of the increasing speeds of bodies
through the atmosphere and the very high temperatures attained by gases
in motion. Effects of radiation are significance in the fields of nuclear power

and space research, for instance.
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Radiation plays an important role in many hydrodynamic processes rel-
evant to strong shock waves and explosions. Its role is not confined to lu-
minescence of the heated body. It can take part in energy transfer and heat
exchange,causing energy losses,thus affecting the hydrodynamic movement
of the matter.

On the flow-field of a gas,there are three radiative effects expressed in
terms of the radiation pressure, radiation energy density and radiation flux.

(i)Radiation pressure (pg) :

The only component of radiation stress which differs from zero is the

radiation pressure pr which may be written as

1
PR = §a1T4 ) (1.5.1)
where T is the temperature of the gas in °/K and 21 s known as the Stefan-

4
Boltzmann constant, ¢ being the velocity of light.

(ii)Radiation energy (Fg):
The radiation energy per unit mass of the fluid is given by

T4
Ep = “lp : (1.5.2)

where p is the density of the fluid.

(iii)Radiation flux (g;);

The net amount of energy passing through per unit area per unit time is
called the flux through the surface and for optically thick medium it is given

by expression (Helliwell[13]),

0 (pER) , (1.5.3)

i =—D
q Raxi
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where ¢; is the total radiative flux passing across a co-ordinate plane z; =constant

. cLgp . I : .
at a point, Dp = —~2 is the Rosseland diffusion coefficient of radiation,

1

Lp=——
R Klp,

(1.5.4)

L being the Rosseland mean free path of radiation and K;, which depends
upon temperature 7' and density p, is the opticity or Rosseland mean ab-

sorption coeflicient.

1.6 ENERGY EQUATION IN THE PRES-
ENCE OF THERMAL CONDUCTION

In an ideal fluid the law of conservation of energy is expressed by (Landau
and Lifshitz [14]),
0,1

9L e — _div]pi(e?
Bt(va + pUp) = dw[pv(gv + w)] . (1.6.1)

The expression on the left is the rate of change of the energy in unit volume
of the fluid, while that on the right is the divergence of the energy flux
density,w is the heat function and U, the internal energy per unit mass.If
the temperature of the fluid is not constant throughout its volume,there will
be, besides the energy transfer due to motion of the fluid,a transfer of heat
by what is called thermal conduction. This signifies the direct molecular
transfer of energy from points where the temperature is high to those where

it is low.
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We denote by ¢; the heat flux density due to thermal conduction. The
flux ¢; is related to the variation of temperature through the fluid by the

following relation:

g. = —KgradT. (1.6.2)

The constant K is called the thermal conductivity of the fluid which is
always positive. The coefficient K is in general a function of temperature
and pressure.

Thus the total energy flux in a fluid when there is thermal conduction
is pﬁ'(%v2 + w) — KgradT. Accordingly, the general law of conservation of
energy is given by the equation

J,1

512(5[)02 + pUp,) = —div[pﬁ(%’vz +w) — KgradT] . (1.6.3)

It is convenient, however, to put it in the following form by transforming

it with the aid of equations of motion (Landau and Lifshitz[14])

pT(%—f + ¥.gradS) = div(KgradT) , (1.6.4)

where S is the entropy per unit mass of the fluid. Note that if we neglected
the conductivity of the fluid, the energy equation (1.6.4) reduces to the energy

equation of an ideal fluid.

1.7 THE CONCEPT OF SELF-SIMILARITY

In this section we give a brief idea about self-similarity.
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The fluid motion is said to be one-dimensional when all its properties de-
pend on only one geometric coordinate and on the time. The motion in which
the distributions of the flow variables remain similar to themselves with time
and vary only as a result of change in scale is called self-similar. Self-similar
motion is of great importance in gas dynamics. In this case the flow variables
do not depend on the co-ordinates and time separately, but depend only on
particular combinations of them. The methods of dimensional analysis can
be used to find exact solutions of certain problems of one-dimensional un-
steady motion of compressible fluid. The spherical, cylindrical and plane
waves produce one-dimensional motion.

The basic physical variables in the Eulerian approach are the velocity
u, the density p, and the pressure p. The characteristic parameters are
the linear coordinate r, the time ¢ and the constants which enter into the
equations,the boundary and the initial conditions of the problems. Since the
dimensions of the quantities p and p contain the mass, at least one constant
a, the dimensions of which also contain the mass, must be a characteristic

parameter. Hence, as in [15],without loss of generality, we can assume that
dima= ML¥T® . (1.7.1)

We can then write for the velocity, density and pressure as
(1.7.2)

where V, G and P are arbitrary quantities and therefore, can depend only on
non-dimensional combinations of r and ¢ and other parameters of the prob-

lem. In general, they are functions of two non- dimensional variables. But, if
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an additional characteristic parameter b can be introduced with dimensions
independent of those of a, the number of independent variable which can be
formed by combining a and b is reduced to one. Since the dimensions of the
constant a contain the mass, we can choose the constant b in a manner such

that its dimensions do not contain the mass, i.e.

dimb= L™T". (1.7.3)
m4n
The single non-dimensional independent variable in this case will be 5
which can be replaced for m # 0 by the variable
T
where &' = — .
m

If m =0,V,G and P depend only on time ¢ and the velocity u is propor-
tional to 7.

This argument shows that, when the characteristic parameters include
two constants with independent dimensions in addition to r and ¢, the partial
differential equations satisfied by the velocity, density and pressure in the
one-dimensional unsteady motion of a compressible fluid can be replaced by
ordinary differential equations for V', G and P. The solution of these ordinary
differential equations can sometimes be obtained exactly in closed form and,

in other cases, approximated by using numerical integration.
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Chapter 2

PROPAGATION OF SHOCK
WAVES IN A MIXTURE OF
A GAS AND SMALL SOLID
PARTICLES

When a gaseous and dusty coma collides with a planet, the resultant
density of coma may be increasing or decreasing or may be constant. Due to
collision of such astrophysical bodies, shock waves are formed and these shock
waves may be strong or weak (Pai et al[l]). Pai et al[l] generalized the well
known solution of a point explosion in gas (Sedov [2], Korobeinikov[3]), to the
case of two phase flow of a mixture of perfect gas and small solid particles,
and brought out the essential effects due to presence of dusty particles on

such a strong shock wave.
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The propagation of plane shock wave in a medium where density increases
exponentially was studied by Ray and Bhowmick [4], verma and vishwakarma
[5] and many others. Vishwakarma [6] generalized the solution of Ray and
Bhowmick {4] in a gas to the case of two-phase flow of a mixture of gas and
small solid particles in which density obeys the exponential law. He found
the significant effects of the presence of dust particles in the medium on the
variation of density and pressure.

The solutions obtained by Pai et al [1] are similar whereas those obtained
by Vishwakarma (6] are non-similar one.

In this chapter, we study propagation of shock waves in a mixture of a
gas and small solid particles with constant and exponentially varying density

using similarity and non-similarity methods respectively.
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2.1 SIMILARITY SOLUTIONS OF A STRONG
SHOCK WAVE PROPAGATION IN A
MIXTURE OF A GAS AND SMALL SOLID
PARTICLES

This section is devoted to study similarity solutions of a strong shock
wave propagation in a mixture of a gas and small solid particles with constant

density. We follow Pai et al[l] here.

2.1.1 INTRODUCTION

We consider one-dimensional unsteady flow of a mixture of a gas and
small solid particles. Since we are interested in the shock wave propagation,
we may assume that the viscous stress and heat conduction of the mixture
are negligible. Furthermore, in order to get some essential features of the
shock wave propagation, we assume that the equilibrium flow condition is

maintained in the flow field (Pai et al[1]).

2.1.2 FUNDAMENTAL EQUATIONS AND BOUND-
ARY CONDITIONS

The fundamental equations for one-dimensional unsteady flow of a mix-

ture of a gas and small solid particles can be written as

dp dp Ou  vpu _
8t+uar+p5+—r——0, (211)
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ou  Ou 10p _
at " Yor T por

oUn, oUn p (0Op 3/))
_ v r ) = 2.1.3
ot "o 2 (8t+u8r 0, (2.13)

where v = 0, 1, or 2 corresponds to plane, cylindrical or spherical symmetry,

(2.1.2)

p is the density of mixture,

u the flow velocity,

p the pressure mixture,

U,, the internal energy per unit mass of the mixture,

r the distance,and

t the time.

The equation of state of the mixture of gas and small solid particles can

be written as (Pai et al[l], Vishwakarma [6])

_(1_kp)
P=11-2

where R* is the gas constant, T' the temperature, k, the mass concentration

pR'T , (2.1.4)

of solid particles and Z the volume fraction of solid particles in the mixture.
The relation between k, and Z is given by
ky = 2P (2.1.5)
P
where pg, is the species density of solid particles.In equilibrium flow, &, is a
constant in the whole flow field.

The internal energy per unit mass of the mixture may be written as

follows

Un = [kp Cop + (1 — k,)C,]T = ComT (2.1.6)
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where C,, is specific heat of the solid particles, C, is the specific heat of the
gas at constant volume process and C,, is the specific heat of the mixture
at constant volume process. The specific heat of the mixture at constant

pressure process is

Cpm = kpClop + (1= kp)Cp, (2.1.7)

where C), is the specific heat of the gas at constant pressure process.

The ratio of the specific heats of the mixture is given by (Pai et al [1],

Vishwakarma[6))
5 !
on_7(+5)
=22 = 2.1.8
. T (2.1.8)
where
Cp k C
= — (5 = Y / = i
1= =&’ andxﬁ C,
The internal energy is therefore, given by
p(1-2)
Up=—F7—=. 2.1.9
oT—1) (219

We consider that a strong shock wave is propagated into a medium of
density p;, at rest (u; = 0) and with negligibly small counter pressure p; = 0
, where subscript ‘1’ refers to the values immediately in front of the shock.

The boundary conditions at the strong shock with u; = 0 are as follows:
p2(U —uz) = pU,

P2+ p2(U — u2)2 =pU?,

D2 1 2 | S,
Un — 4+ (U - ==U",
Z. VA
2=, (2.1.10)
P2 P1
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where U is the velocity of the shock front which is a function of time ¢, and
subscript ‘2’ refers to the values immediately behind the shock front.

The initial volume fraction of the solid particles Z; is, in general not a
constant. But the volume occupied by the solid particles is very small because
the density of the solid particles is much larger than that of the gas(Miura
and Glass[7]), hence Z; may be assumed as a small constant. The expression

for Z; is (Naidu et al[8])

k
Zy = 2 , 2.1.11
YT GI(1—ky) + hy (2.1.1)
where G} = Psp is the ratio of the density of solid particles to the initial

91
density of the gas.

2.1.3 SIMILARITY SOLUTIONS

Following Pai et al[l], in this section we shall find solutions for v = 0 and
p1 =constant.

The boundary conditions (2.1.10) can also be put in the following form:
P2(U - Uz) =pU,

p2 = peua(U — u2) ,

1 1 Zy(U —
pa(U — uy) [_gz_ + —ug} pguy ~ 22U ey _ (2.1.12)

r-1
To obtain the similarity solutions, we write the unknown variables in the

following form

w=Ui(n), p=pi(n), p=pU%k(n), Z = Z1j(n) , (2.1.13)
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where i, j and k are functions of the non-dimensional variable(similarity

variable) n = _ZT) only and r,(t) is the location of the shock front at time
72
t so that
d7'2
Ult) = — . 2.1.14
=2 (2114)

The variable 7 assumes the value 1 at the shock front.
By using equations (2.1.1) and (2.1.9), energy equation (2.1.3) can be put
in the form
0 0 P Oou
— — ] |=(1-Z '-p—=0. 2.1.15
p(3+um) |20 2] + 0~ 03, (2.1.15)
Using similarity transformations (2.1.13), equations (2.1.1), (2.1.2) and(2.1.15)

can be transformed into the following form

j+5(i-n)=0, (2.1.16)

o] . . , 1 .
Vji~-n)+k = 54 (2.1.17)
PkT+k(1—52)(—n) = k(1 - jZ1), (2.1.18)

where the prime refers to the differentiation with respect to 7.

Solving equations (2.1.16) to (2.1.18) for ¢, ' and k',we obtain

SUFIKT = (i = m)2(1 = §22)] G530 — (i — n)(1 ~ §23)]

i = pE— , (2.1.19)
i i3 {kT = (i = m)*(1 = jZ1)} — jR{ZT — (i ~ n)(1 — jZl)}]
(i =kl ~j(e— )21 - jZ)} ’
. _ . (2.1.20)
L Al Gl Gl 3Y) (2.1.21)

kL — j(i —n)*(1 - jZ,)
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Using (2.1.13), the shock conditions (2.1.12) transform into

i(1) = k(1) = ?(;,_Tfl) i(1) = F——F%Z_l . (2.1.22)

Because of the dependence of the boundary conditions (2.1.22) and the
equations (2.1.19) to (2.2.21) on the initial volume fraction Zi, the similar
solution exist only when Z; is a constant, i.e for constant initial density only.

Normalizing the variables u, p, p and T with their respective values at

the shock, we obtain

u _in) p _km ﬁ 3(n)
P2

up  i(1)’ K1) p2 o 5(1)

:17‘; (:ggﬂgni) (1:2; ) (2.1.23)

From the similar solutions i(7),j(n) and k(n),we can find the relation

between the velocity of the shock front U(t) and the total energy release E,
of the flow field. The total energy release is
Ey = 2/0” p (%% + %u2> dr . (2.1.24)
The motion of the shock wave can be easily determined without solving
the equations of motion of the medium.For this we can proceed as follows:
Following Sedov[2], we take the following quantities as fundamental con-
stants:
p1 and E,
P1

where E is a constant having the same dimensions as the energy E, liberated

during explosion. The dimension of F for the plane case is

[E] = MT2 .
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Evidently, the constant E is directly proportional to Ej:

E():CYE,

where ¢ is a constant.

In this case the only dimensionless variable parameter 7 is given by

T

— .
E 5,2
(557t

7):

Let us assume that at the shock front, 7 assumes the value n* (constant).

Therefore

)

()¢
P

The constant n* can be set equal to any non-zero number. For the sake

o=

of simplicity, we shall set n* = 1. Therefore for the plane waves, the motion

of the shock wave is given by

1/3 1/3
Ty = (E) 23 U = 2 (E) 3 = 2 |E L
1 3 \n 3V o /12

or

1/3 1/3
T2:(£‘l> t2/3,U=§<_E_i) 15_1/3=2 Ep 1

o

Hence we may write
d'f‘z 21"2 2 EO ) E 1/3
Ut) = < =222 )2 _2 0 -1/3
(t) i 3( )r 3( ) t13 (2.1.25)

35


file:///P/Ot

To find «, we substitute equations (2.1.13) and (2.1.25) into equation
(2.1.24), we obtain

8 [1[1-2y, ji
== — . 2.1.26
o /0 [ 1 k+ 5 dn ( )

From the similar solution, we obtain « from equation (2.1.26) and then
substituting o of equation (2.1.26) into equation (2.1.25), we find the location
of the shock front 75(t) and the velocity of the shock front U(t) as a function
of Ey and t.

2.1.4 RESULTS AND DISCUSSION

The similar solutions of equations (2.1.19) to (2.1.21) with the boundary
conditions (2.1.22) depend on the non-dimensional parameters I' and Z; or

v, k, and G4. In other words, the similar solutions depend on

(i) the properties of the gas which is characterized by the ratio of the

C
specific heats v = 5’1,
v

(ii) the mass concentration of solid particles in the mixture k, , and
(iii) the density ratio between the solid particles and the gas G, .

Distribution of the flow variables are obtained from equations (2.1.19) to
(2.1.21) by numerical integration. Runge-Kutta method of fourth order is
used for numerical integration, starting from the shock front (n = 1) and
continuing upto centre of symmetry (n = 0). For the purpose of numerical
integration the following values of the non-dimensional parameters are used

(see Pai et al[1])
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v=13, 14,20, 30, 6.0;
k,=01,02,03,04,06,07;
G, =1.0, 10.0, 100.0, 1000.0 .

In figs. 1-5, the effects of v for a given k, and G1 on the quantities
E, ﬁ, E, —T— and Z are shown. In fig.1, we find that for given k, and
uz P2 P2 T2u
G|, the velocity — decreases as 7 increases while in fig.2, we find that the

U2
density L increases with increase of . Fig.3 shows the variation of pressure
P2
P which is different from those of — and 2. Near the shock front (n=1),
D2 Uz P2

the pressure increases with increase of y while near the the centre (n = 0), the

pressure decreases as vy increases . In fig.4, we find that the temperature T
2

increases as y decreases.In general, the temperature increases as 7 decreases.
Fig.5 shows the variation of the volume fraction of the solid particles Z in
the flow field. Near the shock front (n = 1), Z decreases as <y increases while
near the centre (n = 0), Z increases with increase of +.

In figs. 6-10, the effects of k, and G; for a given value of v on the

T
quantities i, £ P - and Z are shown. For v=14 and G, = 1.0, fig.6

Ug P2’ p2’ Tzu
shows that the velocity — increases with the increase of k,. For k, = 0.6
U2

and v = 1.4, the value of Eu- decreases as G| increases. In fig.7, we find
2

that for v = 1.4 and G; = 1.0, the density pﬁ increases with increase of k,
2

but for large G; such that G; = 100 or larger, the density L decreases with
P2
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increase of G;. Fig.8 shows the variation of pressure p£ . For vy = 1.4 and
2

G, =1.0, P increases with increase of k, but for v = 1.4 and G, = 100, P
decreases v€i2th increase of k,. In fig.9, we find that for y = 1.4 and G; = 1%,
the temperature decreases with increase of k, but for large G; = 100, the
temperature increases with increase of k,. In fig.10, we find that the values

of Z increase with increase of k, but decrease with the increase of G;.
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Fig.1 The variation of the velocity (u/u,) behind the shock with similarity
parameter 1 at k,=0.1 and G,=1.0 for various y
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n
Fig.2 The variation of the density (p/p;) behind the shock with similarity
parameter 1 at k,=0.1 and G,=1.0 for various y
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O k,=0.1,G=1.0

p/p2

Fig.3 The variation of the pressure (p/p;) behind the shock with similarity
parameter 1 at k,=0.1 and G;=1.0 for various y
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Fig.4 The variation of the temperature (T/T;) behind the shock with similarity
parameter 1 at k,;=0.1 and G;=1.0 for various y
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Fig.5 The variation of the volume fraction of the solid particles Z in the mixture
behind the shock with similarity parameter n at ky=0.1 and G;=1.0 for
various y
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Fig.6 The variation of the velocity (u/u;) behind the shock with similarity
parameter 5 at y =1.4 for various k; and G,
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Fig.7 The variation of the density (p/p,) behind the shock with similarity parameter n
at y =1.4 for various k; and G,
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Fig.8 The variation of the pressure (p/p,) behind the shock with similarity
parameter n at y =1.4 for various k, and G,
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Fig.9 The variation of the temperature (T/T;) behind the shock with similarity
parameter 1 at y =1.4 for various k; and G
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Fig.10 The variation of the volume fraction of the solid particles behind the shock
with the similarity parameter 1) at y =1.4 for various k, and G,
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2.2 PROPAGATION OF SHOCK WAVES IN
A DUSTY GAS WITH EXPONENTIALLY
VARYING DENSITY

This section is devoted to study non-similarity solutions of a shock wave
propagation in a dusty gas with exponentially varying density. We follow

Vishwakarma [6] here.

2.2.1 FUNDAMENTAL EQUATIONS AND BOUND-
ARY CONDITIONS

Here we consider the same type of flow of a mixture of a gas and small
solid particles as taken in last section 2.1, so fundamental equations and
boundary conditions for this problem are also same as that in section 2.1.2.

Here we assume that the initial density of the medium (the mixture of a

gas and small solid particles) obeys the exponential law,
p=pe’, (2.2.1)

where o; and p are positive constants.

From jump conditions (2.1.10), we get

w=(1-8U,

P1
P ==,
B

D2 = (1 - 5)P1U2 3
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4
/6 ?

where U = %%2— is the shock velocity, and R the distance of the shock front

Z (2.2.2)

from the plane, the line or the point of symmetry. also the quantity S is

given by
'+22,-1
= ——. 2.2.3
g r+1 ( )
Let the solution of equations (2.1.1) to (2.1.3) be of the form
u=t"1V(),
p=1t"D(£),
p=t""2P(¢), (2.2.4)
where
E=te’, A #£0 (2.2.5)

and 2 and A are constants to be determined subsequently. We choose the

shock surface to be given by
& = constant , (2.2.6)

so that its velocity is given by

1

Us=-——.
Xt

(2.2.7)

From equation (2.2.7), it is clear that A < 0. The solutions of the equations
(2.1.1) to (2.1.3) in the form (2.2.4) are compatible with the shock conditions
only if,
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Q=2 and A= - (2.2.8)
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As a consequence of equations (2.2.1), (2.2.5), (2.2.7) and (2.2.8), the

effective shock Mach number M, ahead of the shock is given by

2 U. 41 -7
M? = U—2 = 2 = ( ;3” = constant .
ajy {_—L_pl (1;—121)} Ipraiés

Since M, comes out to be a constant and p; can be taken to be of order

zero for a very strong shock, we conclude that the shock retains its great

strength even for a large time. Hence our solutions obtained in the next

section are applicable for any time ¢ > 7 till Z; remains constant, 7 being

the duration of initial impulse.

Also from equations (2.2.7) and (2.2.8), we obtain

2 t
R= —log- .
(3] OgT

2.2.2 SOLUTION OF THE EQUATIONS

From equations (2.2.4), (2.2.7), (2.2.8), we obtain

0 0
—8§ = apU — ugg ,
op  ..0p
o= Vs
ou ou
— =uUXAN-U—.
o ~uwA-Ug;
Let us suppose that
r u , P 14
’[":——, ’u,l:—, _—_—’ ,:——_
R0 Ty

Using equations (2.2.10) to (2.

[\~

to (2.1.3), we obtain
du’  u'Roy (1-p8)8 dp’

dr' — 20 =w)  p(l—w)dr’
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(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)

(2.2.13)

.13) in the fundamental equations (2.1.1)

(2.2.14)



ldf  oR 1 du vu'

— = — 2.2.15
o dr! 1——u’+1—u’dr’+r’(1—u’)’ ( )
1 dp r dy ToyR
—_—— = — . 2.2.16
pdr (1-2Z)pdr (1-2)(1-) ( )
Solvi ions (2.2.14) to (2.2.16) for 2, ¥ and % e obtain
olving equations (2.2.14) to (2.2. or -5, = 0
_dﬁzppfﬂ[ 2vu' (1 — ') — oy Ru'r ] , (2.2.17)
dr' 20 LB Zip)(1 - ) - TB%p(1 - B)
dv'  pTB%*(1 - B) [ 2vu'(1 ~ ') — oy Ru'r’ ] _ voR
dr' — 2r(1—) |p(B-Zip)1-u)2-TFp(1-p)] 21-w)’
(2.2.18)
d _aRp | ppTB*(1-B) 20/ (1 — u') — o Ru'r’ }
" 1-w 21— u) | 7B = Zip) 1 —w) - TBp (1= B)
! / 1
_ Wely | vip (2.2.19)

21 —w)?2 (1 ~au)r
In terms of dimensionless variables 7/, p’, p’ and «’ the shock conditions take

the form

rr=1p =1 =1 4 =1-8. (2.2.20)

Equations (2.2.17) to (2.2.19) along with the boundary conditions (2.2.20)
give the solution of our problem. The solution thus obtained is a non-similar
one since the motion behind the shock can be determined only when a definite

value for time is prescribed.

2.2.3 RESULTS AND DISCUSSION

Distribution of the flow variables v/ = E, p = L and p = L are ob-

U P2 P2
tained from equations (2.2.17) to (2.2.19) for spherical shock (v = 2) at

given instants by numerical integration. Runge-Kutta method is used for
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numerical integration,starting from the shock front (r' = 1) and proceeding
inwards. For the purpose of numerical integration the following values of the
non-dimensional parameters are used(see Pai et al[l], Miura and Glass[7],

Vishwakarma[6})

vy=14;

k, =0, 0.1, 04;
G, =100;

g'=

—t-=2,4

u

Fig.1 shows that in the initial stages of the motion (; = 2), the velocity
u' increases as we move from shock front to the inner contact surface, but
at latter stages (; = 4), it decreases after attaining a maximum. Also, it
shows that for small values of k,, the values of u’ tend to be those for the
corresponding perfect gas.

Fig.2 shows that the pressure p' decreases as we move from shock front
to the inner contact surface. This decrease of pressure is faster for dusty gas
in comparison to that for the corresponding perfect gas.

Fig.3 shows that the density p’ increases as we move from shock front to
the inner contact surface which is in contrast with the corresponding case of
perfect gas (Ray and Bhowmick[4]), where it decreases.

Figs.1 to 3 show that the effects of an increase in mass concentration of

solid particles k, are:
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(i) to increase the velocity v’

(ii) to increase the slopes of the pressure and density profiles in the region
behind the shock front, and

(iii)to decrease the distance between the inner contact surface and the
shock front. This results due to the fact that shock speed is reduced when

shock moves in a dusty gas with comparatively higher k.
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Fig.1 Variation of reduced flow velocity #’in the region behind the shock front
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Fig.2 Variation of reduced pressure p’in the region behind the shock front

51



6t
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Fig.3 Variation of reduced density p’in the region behind the shock front
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Chapter 3

SELF-SIMILAR PISTON
PROBLEMS IN A DUSTY
GAS

In the last chapter we considered the shock waves produced on account of
sudden explosion in a medium and studied the propagation of shock waves in
a dusty gas with constant and exponentially varying density. In this chapter
we consider the shock waves produced by a plane, cylindrically symmetric
or spherically symmetric piston and study self-similar motion of a dusty gas
displaced by a piston moving according to (i) power law and (ii)exponential

law.
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3.1 A SELF- SIMILAR SOLUTION OF A
SHOCK PROPAGATION IN A DUSTY
GAS

This section is devoted to study a self-similar flow of a dusty gas behind
a shock driven out by a piston moving with time according to power law.
The dusty gas is assumed to consists of a mixture of small solid particles
and a perfect gas, in which solid particles are continuously distributed. It
is assumed that the equilibrinm flow-condition is maintained and variable
energy input is continuously supplied by the piston. We follow Steiner and

Hirschler[1] here.

3.1.1 FUNDAMENTAL EQUATIONS AND BOUND-
ARY CONDITIONS

The conservation equations for an unsteady, plane, cylindrically or spher-
ically symmetric flow field between a shock and a piston moving behind it in
a mixture of a perfect gas and small solid particles may be written as(Pai[2])

dp dp Ou  vpu _

‘8—t+u5;+p—67+7-—0, (311)

ou Ou 10p

E+u5?+;5;—-0, (3.1.2)
oU,, oU, p (0p op\ _
5 +u o ((% +u6r> =0, (3.1.3)



where v = 0,1 or 2 corresponds to plane, cylindrical or spherical symmetry,

p is the density of mixture,

u the flow velocity,

p the pressure of mixture,

Up, the internal energy per unit mass of the mixture,

r the distance, and

t the time.

The equation of state of the mixture of perfect gas and small solid particles
can be written as (Pai [2], Pai et al [3], Vishwakarma [4]),

- %pR*T , (3.1.4)

. |2 .
where R* is the gas constant, T the temperature, Z = —~ the volume fraction

14
m : : o
Z the mass fraction (concentration) of the solid particles in the

and k, =
mixture, where mg, and V, are the total mass and the volumetric extension
of the solid particles and V and m are the total volume and total mass of
the mixture.

The relation between k, and Z is given by

ky = ggfﬁ , (3.1.5)

where ps, is the species density of solid particles.In equilibrium flow, &, is
constant in whole flow field. Therefore from equation (3.1.5)
Z
— = constant , (3.1.6)
P

as psp is constant.
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Also we have the relation (Pai[2])

kp

Z =
G(1—k,)+k,’

(3.1.7)

where G = Psp

is the ratio of the species density of solid particles to the
9
species density of the gas.

The internal energy per unit mass of the mixture may be written as

Un = [k,Csp + (1 = k)CWJT = ComT (3.1.8)

where Cy, is the specific heat of the solid particles, C, the specific heat of the
gas at constant volume and C,,, the specific heat of the mixture at constant
voluine.

The specific heat of the mixture at constant pressure is

where C,, is the specific heat of the gas at constant pressure.

The ratio of the specific heats of the mixture is given by (pai[2], Pai et al

[3], Marble[5])
58
F_ Cpm _7<1+_7—>

=C. = 1irep (3.1.10)
— CP — P 1 _ Csp
where v = Cv,é— T and §' = C,’
Now,
Com — Com = (1 = kp)(Cp — Cy) = (1 — k) R™ . (3.1.11)



The internal energy per unit mass of the mixture is, therefore, given by

p(1-2)
p(l'=1)

From the first law of thermodynamics and the equation of state (3.1.4),

Un = (3.1.12)

we may calculate the speed of sound in the mixture, as

d o .
where (f) denotes the derivative of p with respect to p at constant en-
P/ s

tropy S.

From equation (3.1.7) we have

Vi k
Zy=2= £ , 3.1.14
TV Gl —ky) + K, (3.1.14)
where G| = Psp is the ratio of the density of the solid particles to the initial

g1
density of the gas, and subscript ‘1’ refers to the values in the initial state.
The compressibility (adiabatic) of the mixture may be calculated as (Moelwyn-

Hughes|6])

d(i
C=—p< &)

1 1-Z
7})-) — =2 (3.1.15)

= T
. pa P

The volume fraction of solid particles in the mixture lowers the com-
pressibility of the mixture, while the mass of the solid particles increases the
total mass, and thereby may add to the inertia of the mixture. This can be

demonstrated in two limiting cases of the mixture at the initial state. For
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G, =1, it follows from (3.1.14),(3.1.4) and(3.1.15) that

Y4 1-— k'p
d (4 = .
R* Tl an Cl Fp1

Zl = k'p, P = (3116)

Equation(3.1.16) shows that an increase in the volume fraction of solid
particles (which is equal to k, for G; = 1) lowers the compressibility of the
mixture in the initial state. In other limiting case, i.e, for G; — oo, the
density of the solid particles p;, — 0o and the volumetric extension of the
solid particles V;, tends to zero. Therefore Z; tends to zero according to
equation (3.1.14). Hence it follows from equations (3.1.4) and(3.1.15) that

D1 1 1
= =—. 1.1
p1 wﬂ(rw)’ﬁ T'p; (3.1.17)

In this case the compressibility is not affected by the presence of solid parti-
cles. The solid particles contribute only to increase the mass and inertia of
the mixture of solid particles and a perfect gas.

We consider that a strong shock wave, driven by a piston is propagated
into a medium (mixture of perfect gas and small solid particles) of constant
density p; at rest (u; = 0) and with negligibly small counter pressure p; = 0.

The boundary conditions at the strong shock are as follows,
p2(Us — uz) = p1Us

p2 + p2(Us — u2)2 = ,01U32 )

1 1
Un, + P2, —(Us = ug)? = ZU?

p2 2 2%
Z Z
e (3.1.18)
p2 P
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where subscript ‘2’ refers to values immediately behind the shock, U; is the
velocity of the shock front which is a function of time and Z; is given by
equation (3.1.14).
From shock conditions (3.1.18), we have
Uz = (I—IB)Usa P2 = %’

Z
p2= (1= B)pUZ, Z= 7‘ , (3.1.19)

where (3 is given by the relation

I'-1+27

b= (r'+1)

(3.1.20)

3.1.2 SELF-SIMILARITY TRANSFORMATION

The inner boundary of the flow-field behind the shock is assumed to be an
expanding piston. In the frame work of self-similarity (Sedov([7]) the velocity

dr . . . .
U, = —£ of the piston is assumed to obey a power law which results in
Pdt

=

t k13
- _y, (%) , (3.1.21)

where 7, is the radius of the piston and ¢, denotes the time at a reference

Up

state. Equation (3.1.21) encloses three cases of the formation of a strong
shock , where the counter-pressure ahead of the shock can be neglected: for
n = 0 the piston instantaneously starts to move at ¢ = 0 with constant
velocity Uy. As a result a strong shock is produced from the beginning, if
the piston velocity Uy is sufficiently high.For n > 0 the piston is continuously

accelerated , and a shock is produced which arrives at a strong shock limit
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at large times. For —1 < n < 0 the piston velocity suddenly rises at ¢t = 0
from zero to infinite velocity leading to the formation of a strong shock in the
initial phase. In the cases of cylindrical and spherical symmetries (v > 0)
we can not take the exponent n < —1 for physical reasons. In regard to
the shock boundary condition self-similarity requires that the velocity of the

T . :
shock U, = d_ts is proportional to the velocity of the piston, that is

dr t\"
_Yrs _ - .1.22
U, = ol CU, (to) , (3 )

where r; is the shock radius and C' is a constant.
Using (3.1.22) the time and space co-ordinate can be transformed into a
dimensionless self-similarity variable n as

n="L= [(”[Z(lj)tz] (o) - (3.1.23)

The variable 77 assumes the value ‘1’ at the shock front and 7, = 2 at the
Ts

piston. To obtain the similarity solutions, we write the unknown variables in
the following form (Steiner and Hirschler [1]),

-
u = ;V(n), p = pD(n),

2
r
p= Plt—2P(77), Z=2Z,D(n), (3.1.24)
where V, D and P are functions of 1 only.

With the help of equations (3.1.24), equations(3.1.1) to (3.1.3) can be

transformed and simplified to

[V~(n+1)]§2+Dd—‘i+(u+1)£=

o 0 0, (3.1.25)
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DV 1dP V(V-1) 2P
_ 1 — —_—— - 7 _ = 1.
[V—-(n+ )]Dn+an+ ” +Dn 0, (3.1.26)
dP rp dD 2P(V -1
( ) (3.1.27)

a1 DA-ZD)dy aV-(ntD)]

V  dP d
Solving equations (3.1.25) to (3.1.27) for L(iin @ and 5, we get

&V _ —[V—(n+1)]dD 1%

% = D % —(v+ 1)—77— , (3.1.28)
dP odD DV 2P
Zr =WV DF G T AV = (e D) =) = T (3129)
ol 2P(V -1)
gQ:2P—DV[V{V—(n+1)} ] ——V—(n+1) 5.130)
dn N[N +{V - (n+1)}? ’ h
where
-I'P

Using equations (3.1.24) ;the shock conditions (3.1.19) transformed into

V()= (1-B)n+1), D)= % ,
P1)=(1-8)(n+1)>. (3.1.32)

The piston’s path coincides at 7, = 2 with a particle path. Using equations

S
(3.1.21) and (3.1.24) the relation
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Vi) =n+1 (3.1.33)

can be derived. In addition to the shock conditions (3.1.32) the kinematic
condition (3.1.33) at piston surface must be satisfied.

The ordinary differential equations (3.1.28) to (3.1.30) with boundary
conditions (3.1.32) can now be numerically integrated to obtain the solution
for the flow behind the shock surface.

The individual flow variables u,p and p can be related to their corre-
sponding values immediately behind the shock, which are denoted by the

subscript ‘2’ as follows

3.1.3 RESULTS AND DISCUSSION

Distribution of the flow variables between the shock surface (n = 1) and
the piston (n = 7,) are obtained from equations (3.1.28), (3.1.29) and (3.1.30)
using Runge - Kutta method. For the purpose of numerical calculations,
values of the constant parameters are taken to be (Miura and Glass|8], Pai
et al[3], Vishwakarma[4] ) v = 2; v =14; ' = 1; k, = 0.2; G; = 10;
n = —0.2, 0, 2. The value v = 2 corresponds to spherical shocks. Also,
n = ~0.2 corresponds to a decelerated piston, n = 0 to the constant velocity
piston and n = 2 to an accelerated piston.

Figs. 1 - 3 show the variation of the flow variables E—, L and 2 for

Uz P2 p2
the cases n = ~0.2, n =0and n = 2 for G; = 10 and k, = 0.2. As

can be seen from equation (3.1.30) for non-dimensional density D, there is
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a singularity at the piston, where V = n + 1, because the equation for D
becomes singular there. In the constant piston velocity case associated with
n = 0 this singularity is removable and a finite solution for D(= —'D—D(l)) is
obtained as shown in fig.2. In the cases of accelerated (n = 2) and dpeZcelerated
(n = —0.2) piston, the singularity is non-removable, and the derivative of the
density tends to positive and negative infinity, respectively, as shown in figs.
3 and 1. This singularity can be physically interpreted as follows (Steiner
and Hirschler[1]): the path of the accelerated piston converges with the path
of the particle immediately ahead condensing the gas to infinity whereas
the path of the decelerated piston diverges from the path of the particle
immediately ahead rarefying the gas.

Figs. 1 to 3 also show that the pressure and the velocity radially decrease
due to spherical geometry, except for the decelerated piston, where the pres-
sure radially increases (fig.1). In the latter the decrease in pressure due to
geometry is not compensated by the compression of the dust.

It is also found that the effects of an increase in the value of n are to

increase the flow variables —, £ and 1 and to decrease the distance of

Uz P2 P2
the piston from the shock front.
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Fig.1 The radial profiles of the velocity u, the pressure p and the density p for an decelerated

piston (n = - 0.2). All quantities are related to their corresponding values uy, pa, p>and 1 at the
shock
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Fig.2 The radial profiles of the velocity u, the pressure p and density p for an constant
velocity piston (n = 0). All quantities are related to their corresponding values uz, p2, p2 and 1y
at the shock
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Fig.3 The radial profiles of the velocity u, the pressure p and the density p for an accelerated
piston (n = 2). All quantities are related to their corresponding values uz, p2, 2 and r, at the

shock.
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3.2 SIMILARITY SOLUTIONS FOR THE
FLOW BEHIND AN EXPONENTIAL SHOCK
IN A DUSTY GAS

In this section, we present similarity solutions for the flow of a dusty gas
behind a strong exponential shock driven out by a piston moving with time

according to an exponential law. We follow Vishwakarma and Nath([9] here.

3.2.1 INTRODUCTION

Ranga Rao and Ramana [10] obtained approximate analytical solutions
for the problem of unsteady self-similar motion of a perfect gas displaced by
a piston moving according to an exponential law. Higashino[11] investigated
the propagation of shock waves in a dusty gas by characteristic method by
applying the motion of a piston (plane, cylindrical or spherical) obeying an
exponential law. In the present study , we investigate the one-dimensional
unsteady self-similar flow of dusty gas behind a strong shock driven out by a
cylindrical or spherical piston moving with time according to an exponential
law, namely

rp,=Aexp (M), A>0, (3.2.1)

where 7, is the radius of the piston, A and A are dimensional constants and
t is the time.

Since we are concerned with self-similar motions, we may assume that
R = B exp(\t) , (3.2.2)
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where R is the shock radius, and B a dimensional constant which is to be
determined.

In order to get some features of the shock propagation, small solid parti-
cles are considered as a pseudo-fluid , and it is assumed that the equilibrium
flow condition is maintained in the flow-field, and that the viscous stress and
heat conduction of the mixture are negligible (Pai et al[3]).

We study both the cases, when the flow between the shock and the piston
is adiabatic or isothermal. The assumption of isothermal flow is physically
realistic, when radiation heat transfer effects are implicitly present. As the
shock propagates, the temperature behind it increases and becomes very
large so that there is intense transfer of energy by radiation. This causes
the temperature gradient to approach zero,i.e the dependent temperature
tends to become uniform behind the shock front and flow becomes isothermal
(Korobeinikov[12), Laumbach and Probstein[13], Sachdev and Ashraf[14)).
With this assumption we obtain,in sections 3.2.2 and 3.2.3 , the similarity
solutions. In section 3.2.4, we present the solutions for the flow taken to be
adiabatic.

A comparative study between the solutions of isothermal and adiabatic

flows will be made in section 3.2.5.

3.2.2 FUNDAMENTAL EQUATIONS AND BOUND-
ARY CONDITIONS-ISOTHERMAL FLOW

The fundamental equations for one-dimensional, unsteady and isothermal

flow of a mixture of a gas and small solid particles can be written as ( Pai et
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al[3], Zhuravskaya and Levin[15], Sachdev and Ashraf[14]),

ou_ ou 10p_
at ' “or " por
dp dp Ou vpu

0, (3.2.3)

'5{+UE:+P'B—T+—T—'=O, (3.2.4)
ar
5 = 0, (3.2.5)

where v = 1 or 2 corresponds to the cylindrical or spherical symmetry, p, u, p,
and T are the density, the flow velocity, the pressure and the temperature of
the mixture, and r and t are the distance and time.

The equation of state of the mixture of perfect gas and small solid particles

can be written as (Pai[2], pai et al[3], Vishwakarma[4]}),

p= ((11 — ]“Z”)) pR'T , (3.2.6)

where R* is the gas constant, k, the mass concentration of solid particles and
Z the volume fraction of solid particles in the mixture.

The relation between k, and Z is given by

Zps
ky = 2P

P
where p,, is the species density of solid particles.

Like section 3.1.1, the internal energy per unit mass of the mixture is

_r(1-2)
Up = ST 1) (3.2.7)
wher T, the ratio of the specific heats of the mixture , is given by
(1+68'/7)
= 2.
Y (1+(5,6’) ) (3.2.8)
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wherefy:%z,éz l—pkp and ' = (és:
Also, we have the relation
k
Z = 5 , 3.2.9
(1—-ky)G + kyp ( )
where G = 22 is the ratio of the species density of solid particles to the

9
species density of the gas.
The laws of conservation of mass, momentum and energy across the shock
: . . dR\ . .
front propagation with velocity U (: ——) into the mixture of perfect gas

dt
and small solid particles at rest (u; = 0) give the following shock conditions

p2(U — ug) = pU = m, (say),

P2 — p1 = MUy,

= (3.2.10)

where the suffices ‘1’ and ‘2’ refer to the values just ahead and just behind
the shock front, respectively, and F' is the radiation heat flux. If the shock
is strong,

p1=Un, =0. (3.2.11)
Then from the shock conditions (3.2.11), we get

P1

up = (1 - B)U, =g

Z
p2=(1-B8)pU? Z»=

—ﬂl , (3.2.12)

71



where (0 < 8 < 1) is given by the relation

B—27, 1 R —F
(r—n_ia_ﬁ”' U

(3.2.13)

As the shock is strong , F» — F} is negligible in comparison with the
product of p, and U (Laumbach and Probstein [13]). Therefore, equation

(3.2.13) reduces to
s L-1+22
 (T+1)

The expression for the initial volume fraction of the solid particles Z; is

(3.2.14)

given by, from equation (3.2.9)
kp

7 = , 3.2.15
= ATRG R (8:215)
where G, = @, is the ratio of the species density of solid particles to the
g1
initial species density of the gas in the mixture.
Equation (3.2.6) together with equation (3.2.5) give
p (1-2Z)p

Ea -7 L 3.2.16
p2 (1= 2Z)p; ( )

3.2.3 SIMILARITY SOLUTIONS

For the problem under consideration we take the similarity transformation

in the following form

u=UV(n), p=mD(n),
= ,01U2P(77)a Z = ZID(n) ) (3217)

where V, D and P are functions of the non-dimensional variable (similarity

variable) nn = _I% only. The variable 77 assumes the value ‘1’ at the shock front
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and 7, on the piston. Equations (3.2.1), (3.2.2) and the relation 7, = %’
yield a relation between A and B in the form

A=DBn,. (3.2.18)

Equation (3.2.16) with the aid of equations (3.2.17) and (3.2.12) yield a

relation between P and D in form

(1-8)(B— Z)D(n)
1 - Z1D(n) '

By use of equations (3.2.17), equations (3.2.3), (3.2.4) and (3.2.19) can

P(n) =

(3.2.19)

be transformed to

dv 1dP
(V—’I])%"‘Bgn’-l-v:o, (3.2.20)

dD _dV vDV _

V —n)— + D—— + 0, 3.2.21
v -+ DG+ 2 (3.2.21)
dP (1= B)(8—21)dD
= O-ZDF @ (3.2.22)
Solving equations (3.2.20), (3.2.21) and (3.2.22) for EidB and C—Cllz, we
n n

obtain

iD _ [(V=nv—nDV(i - Z,D)
i =P -2) -V -1P( 7D’ (3:2.23)
V(V —n)(1 - Z.DY - (1 - 8)(8 - 2)"Y]
av n
(3.2.24)

dn — [(1=-8)B-2) - (V—n2(1-ZD)?
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The shock conditions (3.2.12) with the help of equations (3.2.17) take the

form

1
V)= (-8, D) =3 PO)=(1-5). (3.2.25)
In addition to the shock conditions (3.2.25), the condition to be satisfied
at the piston surface is that velocity of the fluid is equal to the velocity of
the piston itself.

Now the velocity of the fluid at the piston surface is
u, = mRV ()

and the velocity of the piston is

dr
d—: =mTry
Therefore,
drp
’LLp = Tit_
gives
V) = 1. (3.2.26)

Now, equations (3.2.23) and (3.2.24) can be numerically integrated to obtain

the solution of the problem.

3.2.4 ADIABATIC FLOW

In this section, we present the similarity solution for the adiabatic flow

behind a strong shock driven out by a cylindrical or spherical piston moving
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according to the exponential law (3.2.1). The strong shock conditions, which

serve as the boundary conditions for the problem , are given by (Pai et al[3])

_21-20)U
=TTy
B (C'+1)
p2—(1—\_1+221)p1)
P2 = (F+1) PIU )
N C+1)
Zy = (I‘ 1T 221) 1, (3.2.27)

which are the same as given by equations (3.2.12) and (3.2.14) in the case of

isothermal flow. For adiabatic flow, equation (3.2.5) is replaced by

aUm 8Um 4 3P Bp _
IRl (at +u8t> =0. (3.2.28)

By use of equations (3.2.17), equations (3.2.3), (3.2.4) and (3.2.28) can

be transformed to

(V—T])E77+EE)-+V=0, (3229)

dD _dV uvDV
V —n)— + D— + =
(V-mn) an p ;

0, (3.2.30)

dP TP(V—n) dD B
v -ng oG -—ZDjar T 2F =0 (3.2.31)
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vV dD dP

Solving equations (3.2.29) , (3.2.30), and (3.2.31) for @ dn and Eﬁ,we
obtain
dV _ WTPV +2P(1 — Z:D)n— (V — ))VD(1 = Z:D)n 3.2.32)

dn nl(V = n)2D(1 ~ Z;D) — T'P] ’

dD _ DwI'PV +2P(1— Z:D)n~n(V —n)VD(1 - Z:D)]  vDV
dn n[(V = n)?D(1 - Z.D) —TP)(n - V) MV@?¥>

dP [(V ~n)D{vT'PV +2nP(1 - Z,D) ~ (V —n)VD(1 —~ Z,D)n}] '

dn nl(V —n)?D(1 - Z,D) - T'P)
(3.2.34)
The shock conditions (3.2.27) with the aid of equations (3.2.17) take the
form
201 — 7)) I+1 2(1 — 2,)
=" “U = = ——" 2.
v F+1 » D) F—-1+22, (1) +1 (3:2.:35)

In addition to the shock conditions (3.2.35), the kinematic condition
(3.2.26) at the piston surface must be satisfied.

The ordinary differential equations (3.2.32) to (3.2.34) can now be nu-
merically integrated to obtain the solutions for the adiabatic flow behind the

shock surface .

3.2.5 RESULTS AND DISCUSSION

Distribution of the flow variables between the shock surface (n = 1) and

the piston (n = 7,) are obtained from equations (3.2.19), (3.2.23) and(3.2.24)
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for isothermal flow, and from equations (3.2.32) to (3.2.34) for adiabatic
flow. For the purpose of numerical calculations , the values of the constant
parameters are taken to be (Pai et al[3], Miura and Glass[8], Vishwakarmal[4])
v=2 v=14; g =1, k,=0, 02, 0.4;and G; =1, 10, 100. The
value v = 2 corresponds to spherical shocks and the value k, = 0 to the dust
free case.

Figs. 1 to 3 show the variation of the non-dimensional flow variables V, D
and P in isothermal and adiabatic cases.

It is found that the effects of an increase in the value of G, are

(i) to increase the flow variables V, D and P in the flow field behind the
shock (see figs. 1 to 3);

(ii) to decrease the distance between the shock front and the piston; and
(iii) to decrease 3 (i.e. to increase the shock strength) (see table 1).
Effects of an increase in the value of k, are as follows:

(i) to decrease the flow - variables V, D and P, when G; = 1, 10 and

to increase them when G; = 100 ,

(ii) to increase the distance of piston from the shock front when G; =1 .
At higher values of G, the effect is small and of opposite nature (see

table 1); and

(iii) to increase 8 (i e.to decrease the shock strength) when G; = 1, and
to increase it, when G; > 50 . the strength of the shock is almost

unaltered by an increase in k,, when G; = 10.
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The above effects are found in both the cases, whether the flow is isother-
mal or adiabatic.

In the adiabatic case, there is an unbounded density distribution near the
piston in some cases whereas in isothermal case, the density is finite at the
piston for all values of k, and G;. Thus the assumption of zero temperature
gradient brings a profound change in the density distribution as compared
to that of the adiabatic flow (except the case when G; = 1); whereas the

pressure and velocity distributions are little affected.
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Fig. 1. Velocity distribution in the region behind the shock front
(1) kp= 0 (perfect gas); (2) k,=0.2,, G=1; (3)k,=0.2,G,;=10; (4) kp=0.2 , G;=100;
(5 k0.4, Gi=1; (6) k,=0.4, G=10; (7) k,=0.4 , G;=100
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Fig. 2. Density distribution in the region behind the shock front
(1) kp =0 (perfect gas); (2) k,=0.2 , Gi=1; (3) k,=0.2 , G;=10; (4) k,=0.2, G;=100;
(5) kp=0.4 , G1=1; (6) k,=0.4, G;=10; (7) k,=0.4 , G;=100
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Fig. 3. Pressure distribution in the region behind the shock front
(1) kp = 0 (perfect gas); (2) k,=0.2 , Gi=1; (3) k,=0.2 , G;=10; (4) k,=0.2, G;=100;
(5) k,=0.4, G1=1; (6) k;=0.4, G|=10; (7) k,=0.4, G,=100
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Chapter 4

PROPAGATION OF SHOCK
WAVES IN A DUSTY GAS
WITH INTERNAL HEAT
TRANSFER EFFECTS

The influence of radiation on a shock wave and on the flow field behind
the shock front has always been of great interest, in the field of nuclear power
and space research. Consequently explosion and piston problems with radi-
ation heat transfer effects have been studied (Elliot[1], Wang[2], Helliwell[3],
Ghoniem et al[4]). In this chapter we shall study the following two types of
problem:

(i) Propagation of shock waves in a dusty gas with radiation heat flux

and exponentially varying density; and
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(i) Propagation of shock waves in a dusty gas with heat conduction and

radiation heat flux.
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4.1 PROPAGATION OF SHOCK WAVES IN
A DUSTY GAS WITH RADIATION HEAT
FLUX AND EXPONENTIALLY VARY-
ING DENSITY

This section is devoted to study the propagation of spherical shock waves
in a dusty gas with radiation heat flux and exponentially varying density.

We follow Singh and Vishwakarma[5] here.

4.1.1 INTRODUCTION

Since the phenomena associated with heat transfer in a radiating fluid
are extremely complex whether the fluid is at rest or in motion, steady or
unsteady , so we study the problem under certain assumptions. We assumed
that the gas is grey and opaque, and the shock is isothermal . Radiation
pressure and radiation energy are considered to be very small in comparision
to material pressure and energy, respectively, and therefore only the radiation
flux is taken into account. In order to get some essential features of shock
propagation, small solid particles are considered as a pseudo- fluid, and it
is assumed that the equilibrium flow condition is maintained in the flow
field, and that the viscous stress and the heat condition of the mixture are

negligible.

86



4.1.2 FUNDAMENTAL EQUATIONS AND BOUND-
ARY CONDITIONS

The fundamental equations for one-dimensional , spherically symmetric
and unsteady flow of a mixture of a gas and small solid particles taking
radiation flux into account, can be written as (Vishwakarma [6], Singh and

Srivastava[7])
dp Op Ou  2pu _
at + “or + Por + ro

0, (4.1.1)
ou ou la_p _

il Tt 4.1.2
8t+u8r+p8r 0, ( )

_ —_— 2: [ N
o TV 2\ar tVar) T e rr) =0, (4.1.3)

oUp, oUp, p ( op @) 1 0
where p is the density of the mixture, u the flow velocity in the radial direc-
tion, p the pressure of the mixture, U,, the internal energy per unit mass of
the mixture, g the radiation heat flux, r the distance, and ¢ the time.

Assuming local thermodynamic equilibrium , and taking Rosseland’s dif-

fusion approximation, we have

=——— 4.14

ac
where T is the Stefan - Boltzmann constant ; ¢ the velocity of light ; and
Lg the mean free path of radiation , which is a function of density p and
absolute temperature 7.

Following Wang [2], we have
Lr = Lg,p*'T% , (4.1.5)
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where o* and 8* are constants.

The equation of state of a mixture of gas and small solid particles can be

written as (Pai[8])

11—k,
_ : 416

where R* is the constant, Z the volume fraction of solid particles in the
mixture and k, the mass concentration of the solid particles in the mixture.

The relation between k, and Z is given by

kngfﬂ, (4.1.7)

where p,, is the species density of the solid particles. In the equilibrium flow,
kp is a constant in the whole flow field.

The ratio of the specific heats of the mixture is given by (Marble[9),
Pai[8])

5 !
c, 1+ Tﬂ
[= Co = T (4.1.8)

where
Cpm is the specific heat of the mixture at constant pressure,

Cym is the specific heat of the mixture at constant volume,

C k , _ Cs

Y= —ﬁa 76 = E H :6 = __P’

Cy 11—k, C,

C, is the specific heat of the gas at constant pressure,

C, is the specific heat of the gas at constant volume,and
Cl, is the specific heat of solid particles.

The internal energy per unit mass of the mixture is given by (Pai [8])
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Up = 1;%__—% : (4.1.9)

We consider that a spherical shock wave is propagated into the medium,
at rest, with small constant counter pressure. Also, the initial density of the

medium is assumed to obey exponential law

p = ueX" (4.1.10)

where ; and p are suitable constants.

The shock is assumed to be isothermal (formation of the isothermal shock
is a result of the mathematical approximation in which the flux is taken to
be proportional to the temperature gradient. This excludes the possibility of
a temperature jump, (see for example Zel’dovich and Raizer[10] , Bhowmick

[11], Singh and Srivastava [7]) and, hence, the conditions across it are

p2(U —ug) = pU = m, (say),

p2 + p2(U — wp)? = py + pU?,

D2 1 2 4R, D1 1 2
Un, + ==+ =(U — ~ 222 U + 5+ U
ma p2+2( uy) s "“+p1+2 :
Zy 2y
p2 P
I =Ty, (4.1.11)
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where U = %1;_% denotes the velocity of the shock at r = R(t), indices ‘1’ and
2’ refer to the values just ahead and just behind the shock surface , and
qr, = 0 (Laumbach and Probstein[12]). From shock conditions (4.1.11), we

get

up = (1 - AU, ,,2:%,

Z
pa=(1-Z)pU? Z,= —51 , (4.1.12)

1+D)8+(1-T)—22, 1-21

=(1— _ 2
dr, = (1 ,3) 2(F — 1) (F _ I)M‘? U,
where [ is given by
1-2
B=2i+ w5 (4.1.13)
and
U? 2 I';y

Mz.—_'——,az-———,
e (- 2)

M. being the shock - Mach number referred to the speed of sound a, in the
dusty gas.

The initial volume fraction of the solid particles Z; is, in general not
a constant. But the volume occupied by the solid particles is very small
because the density of the solid particles is much larger than that of the gas
(Miura and Glass [13]), hence Z; may be assumed as a small constant. The

expression for Z; is (Naidu et al[14])
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k
7. = p , 4.1.14
PTG~ k) + Ky (4.1.14)

where G| = Psp s the ratio of the density of solid particles to the initial
g1

density of the gas. Values of Z; for some typical values of k, and G, are

given in table 1.

Table 1. Values of Z; for some typical values of k, and G

k|G| 2
0.2 | 10 |0.02439
50 | 0.00498
100 | 0.00249
0.4 | 10 | 0.06250
50 | 0.01316
100 | 0.00662

Let the solution of the equations (4.1.1) to (4.1.4) be of the form (Vish-
wakarma (6], Singh and Srivastava (7], Bhowmick [11], Verma and Vish-

wakarma [15])

u=1t"V(¢), p=1t"D(g),
p=1t"P(¢), qr=1t"2Q(¢), (4.1.15)
where

£=teM, A£0 (4.1.16)
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and constants Q0 and ) are to be determined subsequently . We choose the

shock surface to be given by

&y = constant, (4.1.17)

so that its velocity is given by

1
At

which represents the outgoing shock surface, if A < 0.

U= (4.1.18)

The solution of the equations (4.1.1) to (4.1.4) in the form (4.1.15) are

compatible with the shock conditions if

QN=2 A=-=2 a'=1, fr=-2. (4.1.19)

Since necessarily A < 0, relation (4.1.19) shows that a; > 0, which means
shock expands outwardly in an exponentially increasing medium.

The strength of the shock, under these conditions remains constant, for

U? U? 41 = Z)p
M2 = — = = - t B
e a% T, I‘plaf §§ constant
p1(l = Z1)

Also from equations (4.1.18) and (4.1.19), we obtain

2 t
R = —log—, (4.1.20)
(03] T

where 7 is the duration of the initial impulse.
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4.1.3 SOLUTION OF THE EQUATIONS

The flow variables in the flow-field behind the shock front will be obtained
by solving the equations (4.1.1) to (4.1.4). From equations (4.1.15), (4.1.18)
and (4.1.19), we obtain

Ou ou
op dp
op dp
=-UZ. (4.1.23)

Using equations (4.1.21) to (4.1.23) and the transformations

' r p_ U r__ P
rT=45 U =13, =,
R U P D2
! p I} dr
p=—, qp = — 4.1.24
P2 R qRr, ( )

in the fundamental equations (4.1.1) to (4.1.4) , we obtain

dp’ o t  du 2

a’ - 1—-u [QIOQ; + a + 7,—] , (4.1.25)
dp' o du’ t
e 1 — ! - ! z
dr! (1 —_ Zl),B l:( u’)dT, +ulog7_] 3 (4126)
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dqu (1 - Z1)

ar Q+DB+0-1)-22, 1-2,]

Zp\dp' P ,\dp w 2¢, ‘
W1 - L L oa- R (4197
-0 - 2OE 8ot - -0} -2 (a

I NL ([3 le) dp r l o /dpl

%——lt p (8- Z)m,{1+ﬂw ZioNp sl

0g—
(4. 28)
where
N = daclr,ar (4.1.29)
R*S

is a non-dimensional radiation parameter and

C-1)y(1-2)3

L= :
1+0)p+(1-1)-22, 1-2Z
’ (4.1.30)
. . dp'  dp'  dgg du’,
Solving equations (4.1.25) to (4.1.28) for I D and o we
obtain

dp’ p’ t du’ 2u’
dr'! 1 — 4 I:QlOg;_- + Ef—; _,:l ) (4131)
ap’ p ~du ot
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dgp (1-2y)

= X
dr’ 1+0)8+(1-T)-22 1-Z
" 1-p) l( ) (2 ) =22, _ 7 1
/ / /o0 t
{ (B Zip)(L—u)?p I“];'] A (1~ )b ~ Zp)ulog — 2Fp,Ul} - X
AL dr AL 7"’ o
(4.1.33)
t
du’ 1 gr(l — Z,)B(1 — u')\/p—’log;

T PEI 2= G- 2o WP NV 7

/ol 32 _Zl\
(1— )8~ zlp')p'uqog; _ op (1 - Zﬂlogé _ WPz,
(4.1.34)

,,.I

The adiabatic compressibility of the mixture of the gas and small solid
particles may be calculated as (c.f. Moelwyn - Hughes[16])
1 Bp) 1-Z2
C=- (—~ = — 4.1.35
p\0p/g Tp ( )
where (8_/)) denotes the derivative of p with respect to p at a constant
S

op

. . - c
entropy S. The non - dimensional compressibility ¢ = — can be expressed
Co
as

=2 7 (4.1.36)

Also, the total energy of the flow- field behind the shock front is given by
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file:///dpJs

R
E = 47r/ p(Unm + %uz)r2dr. (4.1.37)
0

Using equations (4.1.24) and (4.1.19),equation (4.1.37) becomes

167T,U,R3 L ;D'(l — Zl)(ﬁ - le/) 1, r '
E = B2 /0 [ T +§pu2 rdr' . (4.1.38)

Hence the total energy of the shock wave is non-constant and varies with
R3.
In terms of dimensionless variables 7/, p/, ¢/, u' and ¢}, the shock conditions

take the form

r'=1,p=1 p=Lu=1-0, ¢g=1. (4.1.39)

Equations (4.1.31) to (4.1.34) along with the boundary conditions (4.1.39)
give the solution of our problem. The solution so obtained is a non - similar
one, since the motion behind the shock can be determined only when a

definite value for time is prescribed.

4.1.4 RESULTS AND DISCUSSION

The distribution of the flow variables behind the shock front is obtained
by numerical integration of equations (4.1.31) to (4.3.34) with boundary con-
ditions (4. 1. 39). For the purpose of numerical integration, the values of
the constant parameters are taken to be (Pai et al[17], Miura and Glass[13],
Vishwakarma [6], Singh and Srivastava [7]) v = 1.4; k&, = 0,0.2,0.4;G, =
10,50, 8" = 1; M? = 20; N = 0.6,0.8,10; and ; = 2,4. Starting from the
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shock front, the numerical integration is carried out until the singularity of

the solution

P (L= 21) — (B~ Z1p)P (1~ u)? =0
is reached. This marks the inner boundary of the disturbance and at this
surface, the value of /(= 7,,) remains constant.

Figs. 1 to 8 show the variation of the reduced flow variables o/, o', ¢%
and v’ with reduced distance r’ at various values of the parameters ;, N; ky, G4
and fig.9 shows the variation of the non - dimensional compressibility ¢’ with
reduced distance ' at various values of k,, G;. Table 2,3 and 4 display the
density ratio % across the shock and the piston of the inner boundary surface

!

r,, (say) for various values of constant parameters.
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Table 2. Density ratio Pz _ l across the shock front for different values of

P B
kp and G1

1
klp Gl Q:—

£1 B

0 27.99998
0.2 10 | 16.30122
50 | 23.43556

100 | 24.82961
0.4 | 10 | 9.96989
50 | 18.88506
100 | 21.42447

Table 3. Position of the inner boundary surface for different values of the

.. ) t
radiation parameter N and time — with k, = 0.2 and G; = 50
T

; N | Position of the inner boundary surface(r;)
2106 0.95844

0.8 0.95828

10 0.95769
4 10.6 0.97232

0.8 0.97212

10 0.97127
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Table 4. Position of the inner boundary surface for different values of k, and

leitthloand£:2

k, | Gy | Position of the inner boundary surface(r;)
0 0.96241
0.2 10 0.94595
50 0.95769
100 0.95923
041 10 0.92257
50 0.95101
100 0.95494
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The effects of an increase in the value of the radiation parameter N are

(see figs. 1 to 4):

(i) to decrease the density p' and to increase the pressure p’ at any point
in the flow- field behind the shock. The decrease of density and the

increase of pressure become significant near the inner boundary surface,

(ii) to increase the radiation heat flux ¢%; and the velocity «’ near the inner

boundary surface , and

(i) to increase, slightly, the distance of the inner boundary surface from

the shock surface (see table 3).
The effects of an increase in the time (—j—) are (see figs. 1 to 4):
(i) to decrease the density p' and the pressure p’,
(ii) to increase the radiation flux ¢% and the velocity v/, and

(iii) to decrease the distance of the inner boundary surface from the shock

surface (see table 3).

Figs. 5 to 8 show that for given values of N and Gy , the effects of an
increase in the mass concentration of the solid particles k, at a given instant

are

(i) to increase the density p', the pressure p', the radiation heat flux IR

and to decrease the following velocity v/, and

100



(i) to increase the distance between the inner contact surface and the shock
front (see table 4). This means that an increase in the mass concentra-

tion of the solid particles has an effect to decrease the shock strength.

Also figs. 5 to 8 show that for given values of N and k, , the effects of an
increase in the ratio of the density of the solid particles to the initial density

of the gas G at a given instant are

(i) to decrease the density p', the pressure p/, the radiation heat flux ¢j

and to increase the flow velocity u’, and

(ii) to decrease the distance between the inner contact surface and the
shock front (see table 4). This means that an increase in the ratio of
the density of the solid particles to the initial density of gas has an

effect to increase the shock strength.

The effects of an increase in k, or G; on the shock strength may be
explained with the help of the compressibility of the mixture as follows :

Fig.9 shows that the compressibility decreases as the value of k, igcreases,
whereas it increases as the value of G increases. The decrease in the com-
pressibility causes weaker compression of the gas behind the shock and, hence,
a decrease in the shock strength.The increase in the compressibility causes
stronger compression of the gas behind the shock and , hence, an increase in

the shock strength.
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4.2 PROPAGATION OF SHOCK WAVES IN
A DUSTY GAS WITH HEAT CONDUC-
TION AND RADIATION HEAT FLUX

This section is devoted to study the propagation of spherical shock waves
in a dusty gas with heat conduction and radiation heat flux, in which density

varies exponentially. We follow Vishwakarma et al(18] here.

4.2.1 INTRODUCTION

In the present work, we study a non-self -similar solution for the shock
propagation in a dusty gas with heat conduction and radiation heat flux, in
which density varies exponentially. In order to get some essential features
of shock propagation, the solid particles are considered as a pseudo - fluid
and it is assumed that the equilibrium flow condition is maintained in the
flow-field, and that the viscous stress of the mixture is negligible. The heat
transfer fluxes are expressed in terms of Fourier’s law for heat - conduction
and a diffusion radiation mode for an optically thick grey dusty gas, which is
typical of large - scale explosions. The thermal conductivity and absorption
coeflicient of the gas are assumed to be proportional to appropriate powers
of temperature and density (Ghoniem et al[4]). Also it is assumed that the
dusty gas is opaque, and the shock is isothermal. The radiation pressure and
radiation energy are neglected. The gas ahead of the shock is assumed to be

at rest.
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4.2.2 FUNDAMENTAL EQUATIONS AND BOUND-
ARY CONDITIONS

The fundamental equations for one-dimensional, spherically symmetric
and unsteady flow of a mixture of gas and small solid particles with heat
conduction and radiation heat flux may, in Eulerian coordinates, be expressed
as (Abdel - Raouf and Gretler[19], Ghoniem et al[4], Vishwakarma [6])

dp dp Ju 2pu

—8—£+u5+pg+—7—:0, (4.2.1)

ou ou 1010_0

5{ + UE _p_b—’; =Y, (4-2-2)
% oU, p . op dp 1 0, 5
5t “or p? ot +u8r)+—pﬁ§(qr ) =0, (4.2:3)

where r and ¢ are independent space and time coordinates, p is the density
of the mixture, p the pressure,u the flow velocity, U,, the internal energy per
unit mass of the mixture and q the heat flux.

The total heat flux ¢ , which appears in the energy equation may be

decomposed as

q4=4qc+qr, (4.2.4)

where ¢¢ is the conduction heat flux, and gp the radiation heat flux.

According to Fourier’s law of heat conduction

oT
qC = _KE" y (4.2.5)
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where K is the coefficient of thermal -conductivity of the dusty gas and T the
absolute temperature.

Assuming local thermodynamic equilibrium and using the radiative dif-
fusion model for an optically thick grey gas (Pomraning [20]), the term g¢g,
which represents radiative heat flux, may be obtained from the differential

approximation of the radiation - transport equation in the diffusion limit as

gr = d < 7 ) aﬁ (4.2.6)

3\ag/) or "’
where o is the Stefan - Boltzmann constant and apg is the Rosseland mean
absorption coefficient.
The thermal conductivity K and absorption coefficient ag are assumed
to vary with temperature and density. These can be written in the form of

power laws, namely (Ghoniem et al[4])
T Be p ) éc
K=Ky = —~
’ <T0> <Po ’

Br dp
QR = QR, <,12_‘> (fg) , (427)
0

where subscript ‘0’ denote a reference state. The exponents in the above
equations should be compatible with the shock conditions of the problem
and the form of the required solution.

The above system of equations should be supplemented with an equation
of state. The medium is assumed as a mixture of a perfect gas and small

solid particles. Then the equation of state of the mixture can be written as

(Pail8])
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1—k,
= * 4.2-8

where R* is the gas constant, k, the mass concentration of solid particles and
Z the volume fraction of solid particles in the mixture.
The relation between k, and Z is given by

k= _Z_Zs_P , (4.2.9)

where p;, is the species density of solid particles. In the equilibrium flow, &,

is a constant in the whole flow- field. Therefore,

Z
— = constant (4.2.10)
P

in the whole flow field. Also we have the relation (Pai[8])

k
Z= P 4.2.11
Gl—ky)+ k' ( )
where G = Bpi” is the ratio of the density of the solid particles to the species
g

density of the gas.

The ratio of the specific heats of the mixture is given by (Pai [8], Mar-
ble[9])

5/
1+ —
Com 7( 7)

r=gm= -, (4.2.12)

where
Cypm is the specific heat of the mixture at constant pressure,

Cym is the specific heat of the mixture at constant volume,
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_CP — kP I_CSP
fY—Cva 6_1—]61,, B_Cv)

C, - the specific heat of the gas at constant pressure,

C, - the specific heat of the gas at constant volume, and
Csp - the specific heat of solid particles.

The internal energy per unit mass of the mixture is given by (Pai [8])

p(1-2)
Up = ———+ . (4.2.13)
p(l - 1)
According to equation of state the isothermal speed of sound is
o\ ?
p p
so=|=—) =,/——. 4.2.14
’ (BP)T p(1-2) (4214

The disturbance is headed by an isothermal shock and, hence, the condi-

tions across it are

p2(U — us) = ;U

pa+ po(U — U2)2 =p + ﬂlU2 )

p2 1 g2 po 1
Uny + =+ (U —up)? = == =U,,, + =+ -U?
P2 3 ? U e 20
% _ 2z
P2 pr
T, =T, (4.2.15)
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where U = % denotes the velocity of the shock at r = R(t), indices ‘1’
and ‘2’ refer to the values just ahead and just behind the shock surface, and
¢: = 0 (Laumbach and Probstein [12]).

From the shock conditions (4.2.15), we get

U2 = (1 - ﬂ)U 3
P2 = % )
p2=(1-Z)mU?, (4.2.16)
Z
ZZ = '—61 )
1+DT)g+(1-T)-22, 1-2;
= (1— _ 3
The quantity J is given by the equation
1-2,
B=2+ e (4.2.17)
where
kP
A (4.2.18)

TG —k)+k,’
G is the ratio of the density of the solid particles to the initial density of
the gas and M, is 1the shock- Mach number referred to the speed of sound

a; = [—F—pl———} : in the dusty gas i.e.
n(l— 21)
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2 Up(1-2

4.2.19)
ay Ipy (

Also, we have

. 2
M? = l(l_FZiM_ (4.2.20)

where M is shock - Mach number referred to the speed of sound in dust -
1

free perfect gas (ﬁ) and is defined by
M

1

M= (p’:ﬁ;)z . (1.2.21)

The initial density of the medium is assumed to obey an exponential law,

namely

py = pe* (4.2.22)

where p and o are suitable constants.
Let the solution of equations (4.2.1) to (4.2.4) be of the form (Bhowmick
[11], Verma and Vishwakarma [15], Singh and Srivastava [7], Vishwakarma

[6])

u=t"V(E), p=t"D(E),

p=t"7P(), ¢=1"7Q(), (4.2.23)

where
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E=te, M#0 (4.2.24)

and the constants §2 and A are to be determined subsequently . We choose

the shock surface to be given by

£y = constant (4.2.25)
so that its velocity is given by
S (4.2.26)
At -

which represents an out going shock surface if A < 0.
The solutions of equation (4.2.1) to (4.2.1) in the form (4.2.23) are com-
patible with the shock conditions and equation (4.2.5) and (4.2.6), if 0.9966
(03] 1 7

Q‘:Qa /\:—?a /BC:_§+6C1 BR:§+6R (4227)

Also, from equations (4.2.26) and (4.2.27) , we obtain

2
R="logt

ar Tty

(4.2.28)

where t, is the duration of the almost instantaneous explosion.

4.2.3 SOLUTION OF THE EQUATIONS

The flow variables in the flow - field behind the shock front will be obtained

by solving the equations (4.2.1) to (4.2.6). From equations (4.2.23), (4.2.26)
and (4.2.27), we obtain
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— = lU-U=—, 4.2.29
o =V (42:29)
Op Op
9 _ _ Ak 4.2.30
Op Op
— =-U=. 4.2.31
or or ( )
Using equations (4.2.29) to (4.2.31) and the transformations
!/ T ! U / p ! p ) q
r=—= u==, p=—, p==—, ¢=— 4.2.32
YT’ p2 P P2 1 g2 ( )
in the fundamental equations (4.2.1) to (4.2.3), we obtain
dp’ o [du t 2
an _ U o1pqt 4+ 2% 4.2.33
dr' (L—u') |dr T Ogto N r! } ’ ( )
dp' o [ N du’ , ot
PR TR Y. _(1 u)dr' +ulogto} , (4.2.34)
dg' _ (1-2)) o
dr! (1-5) 1+D+(Q-0V-22, 1-2
2 M2
, Zip'\dp’ P t dp' 2q'
1-— l—-—)— —{20log— — (1 —u)—}| — =
[( u')( 3 )dr’ + Fp,{Qp logto (1 u)dr, - (4.2.35)

Using equations (4.2.33) and (4.2.34), equation (4.2.35) becomes
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dq’ (1 - Zl)

dr' A+D)B+(1-T)-22, 1-2
(1 - /@) [ 2 M32
(L —uP(B-20)0 [ nde  (1=w)(B-2Zip)o, b 21‘p’u’] _ 9
[{ (1- 2B I (I T r'
(4.2.36)
By using equations (4.2.5) to (4.2.7) in (4.2.4), we get
_ _160 Z+5}2 63 _1_63 "'6H aT K() _l+6c JC aT
q_BaRO [Tz po T2 %p ]EF_T—%MC 50[ P ]—87
0 Po
(4.2.37)
From equation (4.2.8) we get
or 1 1-2Z)op pop
il T { | (4.2.38)

Using equations (4.2.38), (4.2.16), (4.2.19), (4.2.28) and (4.2.32) in (4.2.37),

we get

Y CAN G VAL X
where
2
. I'2(1-2)2
CB)legty [AADE+(A-T) 22  1-2 ]’
2(1 - B)(log ) [ 20— 1) (- I)ME]
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-~ - -1
5 = [Lapy" o (CpuM2) " %r(8 — Zyp') (3408 )pOn | Topy™¢(Tp1Mg)~1+(f — Z,p) "2 P0pe

B~ (1+6r) B-(1-dc)

I'C and g are the conductive and radiative non-dimensional heat transfer pa-
rameters, respectively . The parameters I'c and 'r depend on the thermal con-

1
ductivity K and the mean free path of radiation —, respectively , and they are
QR

defined by
KoTpay 160T5 o
I'r = d I'p= , 4.2.4
€7 podd(1 = Zo)2Hie e LR 3ar,poad(l — Zo)2—°r (4.2.40)
where qg = ——P0___ s the speed of sound in the reference state.
po(1l — Zo)

From equations (4.2.33), (4.2.34) and (4.2.39), we get

! 1 — T Vol (1—2! t "
du’ qu‘(p’p')z(l - u’) + (8 (110_)511)tﬂ(2 u') <logt—0—) - QPI(IOQ%) _ g;&

dr' P~ (B=Z1p)(1—-u')2p’
(1-21)8

(4.2.41)
By using equations (4.2.32) and (4.2.16) in (4.2.14), we get

Qyso (1 — Zl)ﬁzpl
U TN B2 -

T
here TV = — .
where 7

The adiabatic compressibility of the mixture of the gas and small solid particles

may be calculated as (Moelwyn - Hughes[16])

1 8p) 1-2
C=-|%—~] =—, 4.2.43
p(@p s I'p ( )

117



where (_(Z_p) denotes the derivative of p with respect to p at constant entropy S.
P/ s
The non-dimensional compressibility ¢’ = o, can be expressed as
2
VA
=)
C'= (4.2.44)

1A

Also, the total energy of the disturbance is given by

R
E= 47r/ p(Um + %uz)rzd'r , (4.2.45)
T

where 7 is the position of the inner boundary of the disturbance. Using equations

(4.2.13), (4.2.32) and (4.2.16), equation (4.2.45) becomes

167uR® 11
_ 1o [ (4.2.46)

'1-20)(B~=2Z:0)] 1o
E——— - Iu12+p( r/ d'f',
aep | 2°

2 (r-1)
Hence the total energy of the shock wave is not constant and varies as R3.
This increase of total energy may be achieved by the pressure exerted on the fluid
by the inner expanding surface (a contact surface or a piston).

In terms of dimensionless variables ', u', o', p', and ¢', the shock conditions

(4.2.16) take the form

=1 4 =0-p8), P=1, p=1, ¢ =1 (4.2.47)

Equations (4.2.33) ,(4.2.34), (4.2.36) and (4.2.41) along with the boundary
conditions (4.2.47) give the solution of our problem. The solution so obtained is a
non-similar one, since the motion behind the shock can be determined only when

a definite value for time is prescribed.
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4.2.4 RESULTS AND DISCUSSION

The distribution of the flow variables behind the shock front is obtained by
numerical integration of equations (4.2.33),(4.2.34),(4.2.36) and (4.2.41) with the
boundary conditions (4.2.47) by the Runge - Kutta method of the fourth order.
For the purpose of numerical integration, the values of the constant parameters
are taken to be (Ghoniem et al[4], Vishwakarma(6]) v = 1.4,k, = 0,0.2,0.4;G, =
10,50,100; ' = 1; M? = 25;6¢c = 1;6g = 2;T¢ = 0.05,0.1,0.8, 00; T'g = 10, 50, 100, 200, 1000;
and {t(; = 2,5.The value k, = 0 corresponds to the dust free case. Starting from

the shock front ,the the numerical integration is carried out until the singularity

of the solution

PRI —2Z)) = (B— Z,p)p' (1 )2 =0 (4.2.48)

is reached. This marks the inner boundary of the disturbance and at this surface

7' remains constant.

. . . a
Figs. 1- 3 show the variation of the reduced flow variables o', p/, ¢, o/, —IUSE

and the non- dimensional compressibility C' with reduced distance ' at various
t .
values of the parameters k,, G1; I, " g, - and tables 1 - 3 show the position
0

0
of the inner boundary surface in different cases.
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Table 1. Position of the inner boundary surface for different values of k, and G,

t
with 'c = 0.05, TR =10 and — =2
0

k, | G1 | Position of the inner boundary surface r’
0 0 0.9863
02| 10 0.9692
50 0. 9872
100 0. 9881
04| 10 0.9371
50 0.9804
100 0.9966
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: t
Table 2. Position of the inner boundary surface for different values of — and I'c

to
with k, = 0.2, G; =10 and I'g = 10.

% I'c | Position of the inner boundary surface 7/
2 1005 0.9672

0.1 0.9631

0.8 0.9529

00 0.9515
5 10.05 0.9840

0.1 0.9821

0.8 0.9726

o0 0.9710
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t
Table 3. Position of the inner boundary surface for different values of = and '
0

with b, = 0.2, Gy =10and I'¢ =0.1

% I'r | Position of the inner boundary surface r/
2 50 0.9618

100 0.9608

200 0.9595

1000 0.9556
5 | 50 0.9808

100 0.9798

200 0.9785

1000 0.9749
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Figs. 1(a) - (f) show that for given values of ', I'g and Gy, the effects of an

increase in the mass concentration of the solid particles k, at given instant are

a
%9 and the total

(i) to increase the pressure p’, the isothermal sound speed

heat flux ¢’ at any point in the flow field behind shock,

(ii) to decrease the tendency of the density p’ attaining a peak point (a maxi-
mum) in the flow -field behind the shock,

(iii) to decrease the velocity u' and the non-dimensional compressibility C' in
general. The decrease in the compressibility causes weaker compression of

the gas behind the shock and, hence, a decrease in the shock strength, and

(iv) to increase the distance between the inner boundary surface and the shock
front (see table 1). This means an increase in the mass concentration of the
solid particles has an effect of decreasing the shock strength, which is same

as concluded in (iii) above.

Also, figs. 1(a)- (f) show that for given values of I'c, T'g, and k,, the effects
of an increase in the ratio of the density of the solid particles to the initial density

of the gas G at a given instant are

(i) to decrease the pressure p', the total heat flux ¢’ and isothermal sound speed
a’LSO

U ?

(ii) to increase the velocity v’ , the density p' and the non-dimensional compress-
ibility C’. The increase in the compressibility causes stronger compression
of the gas behind the shocks and, hence, an increase in the shock strength,

and
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(iii) to decrease the distance between the inner boundary surface and the shock
front (see table 2). This means that an increase in the ratio of the density of
the solid particles to the initial density of the gas has an effect of increasing

the shock strength which is same as indicated in (ii) above.

t
The effects of an increase in the time (—) are (see figs. 2 and 3)
0

(i) to increase the density p’' for lower values of I'c and T'r and to decrease it

for higher values of I'¢c or I'g,

(ii) to decrease the pressure p’ and the total heat flux ¢/,

Qiso

(iii) to decrease the isothermal sound speed for higher values of I'c or I'g,

and to displace the point of maximum isothermal sound speed nearer to the

shock front for lower values of I'c and I'g. (see figs. 2(e) and 3(e)),

(iv) to increase the fluid velocity v’ and the non-dimensional compressibility C’

, and

(v) to decrease the distance between the inner boundary surface and the shock

front (see tables 2 and 3).

Effects of an increase in the value of conductive heat transfer parameter T'¢

are
(i) to decrease the density p’, the total heat flux ¢’ and the fluid velocity «/,
(ii) to increase the pressure p’ and the non-dimensional compressibility C’, and

(iii) to increase the distance between the inner boundary surface and the shock

front (see table 2).

Effects of an increase in the value of radiative heat transfer parameter I' are

very similar to those of an increase in I'¢.
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Fig. 1(a) Variation of reduced density p' in the region behind the shock front for I'. =0.05,
[;=10 and t/to=2 1: k=0, G1=0; 2: k;=0.2, G1=10; 3: k,=0.2, G;=50; 4: k,=0.2, G,=100;
5:kp=0.4, G;=10; 6: k,=0.4, G;=50; 7: k,=0.4, G;=100
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Fig. 1(b) Variation of reduced pressure p’ in region behind the shock front for . =0.05,
I,=10 and t/t5=2 1: k,=0, G,=0; 2: k,=0.2, G\=10; 3: k,=0.2, G;=50; 4: k,=0.2, G;=100; 5:
k,=0.4, G1=10; 6: k,=0.4, G;=50; 7: k,=0.4, G;=100
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Fig. 1(c) Variation of reduced total heat flux ¢’ in region behind the shock front for
I .=0.05, [;=10 and t/ty=2 1: k;=0, G|=0; 2: k;=0.2, G;=10; 3: k;=0.2, G;=50; 4: k,=0.2,
G=100; 5: k,=0.4, G;=10; 6: k,=0.4, G;=50; 7: k,=0.4, G;=100
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Fig 1(d) Variation of reduced fluid velocity #' in the region behind the shock front for
[.=0.05, T,=10 and t/t;=2 1: k,=0, G,=0; 2: k;=0.2, G;=10; 3: k;=0.2, G;=50; 4: k,=0.2,

G,=100; 5: k,=0.4, G,=10; 6: k,=0.4, G;=50; 7:k,=0.4, G;=100

126



-« Perfect goo
——— Nusty pas

5

0.8
0.6
>
U
0.4
0.2

0.97 0.97§ 098 0.985 0.99 0 99% t

!

Fig 1 (e) Variation of reduced isothermal sound speed Do

in the region behind the shock

front for [, =0.05, I';=10 and t/t¢=2 1: k;=0, G;=0; 2: kp,=0.2, G;=10; 3: k,=0.2, G;=50;
4: k,=0.2, G;=100; 5: k;=0.4, G|=10; 6: k,=0.4, G;=50; 7: k,=0.4, G,;=100
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Fig 1 (f) Variation of reduced non-dimensional compressibility C' in the region behind the
shock front for I'. =0.05, I',=10 and t/tg=2 1: k,=0, G,=0; 2: k,=0.2, G;=10; 3: k,=0.2,
G1=50; 4:k,=0.2, G;=100; 5: k,=0.4, G;=10; 6: k,=0.4, G;=50; 7: K;=0.4, G,;=100

127



096 0.97 0.98 0.99 1

r' .

Fig. 2(a) Variation of reduced density p’ in we region behind the shock front for k,=0.02,
G,=10 andI', =10 1: I".=0.05, t/ty=2; 2: I'c=0.1, t/t=2; 3: I'.=0.8, t/t¢=2; 4: I'c=oo,
t/t6=2; 5: T'c=0.05, t/t¢=5; 6: I'c=0.1, t/t;=5; 7: T'c=0.8, t/tt=5; 8: ['c=wo0, t/tx=5
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Fig. 2(b) Variation of reduced pressure p’ in the region behind the shock front for £,=0.02,

G,=10 andI’, =10 1: I'c=0.05, t/ty=2; 2: I'c=0.1, t/ty=2; 3: ['c=0.8, t/t;=2; 4: I'c=co,
t/tg=2; 5: I'c=0.05, t/t;=5; 6: ['c=0.1, t/tx=5; 7: I'c=0.8, t/te=5; 8: ['c=00, t/tx=5
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Fig. 2(c) Variation of reduced total heat flux ¢’ in the region behind the shock front for
k,=0.02, G,=10 and[, =10 1: ['c=0.05, t/t¢=2; 2: ['c=0.1, t/t¢=2; 3: T'c=0.8, t/t:=2; 4:
Cc=0m, t/tg=2; 5: Tc=0.05, t/ty=5; 6: I'c=0.1, t/t=5; 7: I'c=0.8, t/tx=5; 8: I'c=00, t/tx=5
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Fig 2 (d) Variation of reduced fluid velocity #' in the region behind the shock front for
k,=0.02, G,=10 andT', =10 1: ['c=0.05, t/tx=2; 2: I'c=0.1, t/te=2; 3: I'c=0.8, t/ty=2; 4:
Tc=ow, t/tx=2; 5: T'c=0.05, t/ty=5; 6: I'c=0.1, t/ty=5; 7: T'c=0.8, t/t;=5; 8: I'c=c0, t/tx=5
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Fig. 2(e) Variation of reduced isothermal sound speed a;s,/U in the region behind the shock
front for k,=0.02, G,=10 andT, For =2 ¢=0.05, t/tg=2; 2: [c=0.1, Vt=2; 3: ['c=0.8,

For t/t=5
t/tg=2; 4: Tc=o0, t/t5=2; 5: T'c=0.ud, vi=2; 6: T'c=0.1, t/t=5; 7: I'c=0.8, t/t;=5; 8: ['c=w,
t/tg=5 ’
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Fig. 2(f) Variation of reduced non-dimensional compressibility C’ in region behind the
shock front for K,=0.02, G,=10 andI’, =10 1: I'c=0.05, t/t¢=2; 2: I'c=0.1, t/ty=2; 3:

I'c=0.8, t/t¢=2; 4. I'c=co0, t/ty=2; 5: T'¢=0.05, t/t¢=5; 6: I'c=0.1, t/tx=5; 7: I'c=0.8, t/ty=5;
8: T'c=wm, t/tp=5

130



e

14

11 .
'

c.8

U6

099

098

096
'

Fig. 3(a) Variation of reduced density o’ in the region behind the shock front for k,=0.02,
G,=10 andTc =0.1 1: T,=50, t/ty=2; 2: T,=100, t/tq=2; 3: T';=200, t/tc=2; 4: [,=1000,
t/t9=2; 5: T,=50, t/to=5; 6: [,=100, t/tq=5; 7: T',=200, t/ty=5; 8: I',=1000, t/t¢=5
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Fig. 3(b) Variation of reduced pressure p’ in the region behind the shock front for K ,=0.02,
G,=10 andI'c =0.1 1: T',=50, tt=2; 2: T},=100, t/to=2; 3: I,=200, t/t¢=2; 4: I,=1000,
t/to=2; 5: I'; =50, t/t5=5; 6: I',=100, t/ty=5; 7: I';=200, t/t;=5; 8: I',=1000, t/ty=5
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Fig. 3(c) Variation of reduced total heat flux ¢’ in the region behind the shock front for
k,=0.02, G;=10 andT'c =0.1 1: T;;=50, t/tg=2; 2: [};=100, t/t¢=2; 3: [},=200, t/t=2; 4:
[,=1000, t/ty=2; 5: T=50, t/t¢=5; 6: I',=100, t/t;=5; 7. I';=200, t/tc=5; 8: I,=1000,

t/tg=5
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Fig. 3(d) Variation of reduced fluid velocity #' in the region behind the shock front for
k,=0.02, G,=10 andT'c =0.1 1: T'};=50, t/t¢=2; 2: [,=100, t/ty=2; 3: [,=200, t/t¢=2; 4:

I,=1000, t/to=2; 5: I',=50, t/t¢=5; 6: I',=100, t/tc=5; 7: I',=200, t/t;=5; 8: I';=1000,

t/tg=5
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Fig. 3(e) Variation of reduced isothermal sound speed ajs;,/U in me region behind the shock

front for £,=0.02, G,=10 andI'c =0.1 1: I},=50, t/ty=2; 2: [,=100, t/tg=2; 3: I;=200,

t/tg=2; 4: T,=1000, t/t¢=2; 5: I',=50, t/to=5; 6: I',=100, t/te=5; 7: I,=200, t/t;=5; 8:
I',=1000, t/t;=5
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Fig. 3(f) Variation of reduced non-dimensional compressibility C' in the region behind the
shock front for k,=0.02, G,=10 andI'c =0.1 1: I},=50, t/ta=2; 2: I',=100, t/t=2; 3:
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8: T, =1000, t/to=.
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