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Abstract. In this paper, we obtain reliable expressions to calculate the barrier and pocket positions
of the real part of the effective phenomenological optical potential having Woods—Saxon form factor,
for different partial waves. The comparison of the results obtained from these formulae, when
compared with the numerical results obtained using Newton—Raphson iterative procedure are found
to be quite accurate, with error less than 1%. We also obtain algebraic expressions for estimating Ipoc,
the angular momentum at which the potential pocket vanishes, the accuracy of which is tested with
the exact calculations, using self-consistent iterative procedures. These and other expressions deduced
in this paper provide simple and useful methods for calculating critical parameters of heavy ion
effective potentials like barrier and pocket positions, curvatures at the barrier and pocket positions,
| . and the grazing angular momentum [, to carry out the analysis of heavy ion scattering.
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1. Introduction

In the study of elastic scattering, fusion, etc, in heavy ion collisions, one generally uses
the phenomenological optical model potential (OMP). This has the general form

Ur)= — Ugg(R,a,r)—i U, g(R, a,1) + Uclr)

where the most commoniy used expression for g(R,a,r) is the Woods-Saxon form
factor given by

r—R

-1
g(R,a,r)=|:1 +exp< )J with R =r,(A}3 + A}73). (1.1)
The quantities r, and a are the radius and diffuseness parameters, U, and U, are the
depths of the real and imaginary parts of the optical potential and 4, and A4, are the
mass numbers of the colliding particles having corresponding proton numbers Z, and
Z,. Similarly, one uses the following expression for the Coulomb potential:

Z,Z,e
Uc(r) = ;sz (BR2—r?), r<R, (1.2a)
C
Z,Z,¢
=__1rze, r>R,, (1.2b)
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where R. =r. (A} + A}) and r. is the Coulomb radius parameter.
When this OMP is used in the radial Schrodinger equation, the effective potential
governing the radial motion becomes

I+ 1)h?
X+ e

Ugﬁ‘(l’ r)= —Upg(R,a,r) —iUig(Rpa,r)+ Uc(r) + mr

(L.3)
where the last term is the centrifugal energy term and m is the reduced mass of the two
colliding nuclei having masses m, and m,.

The effective potential U (], r) in general is characterized by strong absorption, large
Coulomb barrier and a potential pocket interior to the Coulomb barrier for most of the
significant partial waves. The positions, heights and curvatures of the potential barrier
are important in characterizing different aspects of the collision like nucleus-nucleus
fusion around the Coulomb barrier [ 1], barrier region resonances, back angle oscilla-
tions generated by interference of barrier and internal regions [2—4] etc. [S] gives
approximate methods to calculate some of these quantities. Similarly, the angular
momentum [ = [, where the potential pocket vanishes and the grazing partial wave I,
such that Real (U 4(l,,r)) = E where E is the centre of mass energy, are important in the
study of heavy ion collisions.

For a global heavy ion potential having exponential form, Broglia and Winther [6]
have given an approximate empirical expression for the position of the s-wave real
potential barrier as

Ry, =107 (A} + 423 + 272 (1.4)

and starting from this, the barrier position Ry and pocket position Ry, can be
calculated using the Newton—Raphson iterative procedure. This procedure requires
judicious choice of initial values to avoid numerical complications when R, and
Ry, are close to each other.

Similarly, based on a global potential, [7] gives an empirical expression for [ as

lezez 12
lpw:[m (Rl +R2)3 (47['le2 —m>] (15)

where R, = 1233 4}/* —~ 0978 4, '3, R,,=R;R,/(R, +R,)and

N,—-Z\(N,—-Z
=095 1—18|— ! 2 231,
y I: ( Al >< AZ >:|

N, and N, being the neutron numbers of the two nuclei.

However, we find that for the most commonly used OMP having Woods—Saxon
form factor, there appears to be no simple formulae to calculate Ry, and .. This is
important in view of the fact that [, calculated from (1.5) and Ry, from (1.4) can be
significantly different for the OMP with Woods—Saxon form factor. In view of these, we
develop reliable and accurate algebraic expressions for Ry, Ry, and [ for the real part
of the potential given by (1.3). We obtain these in the next section and in § 3, we compare
the results obtained by these formulae with those obtained by the iterative procedures
and demonstrate that the formulae are quite accurate, having less than 1% error.
Section 4 gives the summary and conclusions.
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2. Algebraic expressions for Ry, Ry, and [

For heavy ion systems, it is found that as /increases from O to [, Ry, shifts towards the
interior region by about a fermi. Similarly, the pocket position shifts to the exterior
region by about a fermi as [ varies from 1 to [ .. When I=1_, the barrier and pocket
positions practically merge, generating a point of inflexion. We exploit this feature in
deducing the algebraic formulae for Ry, and Ry,

2.1 Expression for the barrier position Ry,

Since Ry, is in the vicinity of Ry, we can expand (1.1) around r = R, = Ry, for the
barrier position calculation so that

g(R,a,r)=f(x) =1 T Co 2.1

where C =exp((R, — R)/a) and x = ((r — Ry)/a).
Expanding f(x) around x = 0, we get
2 3

SO =10 + 51,0 + 3750 + 5O+ . 22)

where
1 C
fO=17¢ HO= "G cop
_Cc(Cc-1) _ (C-22-3
£,(0)= oLk f0)=-C <W>

Here, f; (0) denotes the ith order derivative of f(x) at x =0.
The radius of convergence of series (2.2) is

R, — R\?
Ixo| = (Oa >+7L’2

whereas the corresponding radius of convergence if one sets C=1 is = (i.e. if the
expansion is done at » = R). This mcans that, by expanding the original function
around r = R,, one increases the radius of convergence and hence approximating f(x)
by neglecting the fourth and higher order terms becomes reasonable.

We note that, in general, Ry, > R.. Hence, we use the following expansions
for 1/r and 1/r* for handling the Coulomb and centrifugal terms of the effective

potential
1 1 ax ax\? [ax\?
S BT hotindl B o
(=) (&) &) @
1 1 ax a x\? ax\?
S= 12 ) 13[4} _a(2X) 4| .
g2 (%) (7 ] e
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For convenience, we write the real part of U (I, 7) as
Z,Z2,¢e 4 A2 h?
2mr?

2m
V(i) = h—( —~Urg(Roa,) +

(2.5

where A2 =I(l + 1) ~ (I + 3)* for large I. Writing
Z,Z,¢*m 2m
T TR

and using (2.1)-(2.5), the effective potential, after neglecting terms higher than x3
becomes

&= Ux

Vo(lx) = _(4a312 L% VRfs(O))x3+ <3a2/12 2%a? VRf2(0)>x2

Ry  Rg 6 R "R 2
2a A2 2€a A2 2%
"< R Trt Vafl(O))x+<R2 r, W) (2.6)
Thus
VgL x) =agx? + byx + cp,
where

12a34?  6¢a® V,f,(0 6a% 1?  4¢a?
a, = _< ¢ + =Sl )>’ by = — V£ 0,

R TR T2 RE TR

2a1? 2
Cg= — (;3 Ifg Rf1(0)>

Next, we evaluate the appropriate zero of V.;(l, x) (which is a quadratic function
in x) to get xg,;:

— by — (b} —4ay cp)'?
2a,

Xpp =

2.7
and

Ry, =ax, + R,. (2.8)

The other root of xj, gives values of Ry, that increase with / and hence does not
correspond to the barrier position. It does not correspond to the pocket position either
as the true pocket position lies deeper inside. This root is therefore ignored. Equation
(2.8) can be used to calculate Ry, for all I's from I=0to ]

2.2 Expression for the pocket position Ry,

It is found that for different I's, the minimum of the potential occurs mostly in the
region interior to r = R. We have found that if f(x) is expanded around R, = R — 3aq,
minima calculations are quite accurate. The procedure is similar to that for the
maxima except for the Coulomb part which can be written in the following exact
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form in x using (1.2a).

3¢ £R§>_2aéR0 &t

=z -5 ) R

In the neighbourhood of x =0. i.e. r = R — 3a, we get the following approximate
expression after ignoring higher terms:

r<R..

4322 V50 ,  (3a%2% a2 V(00 ,
o=~ ) (150,
2a0* 2¢&aR
(R TR o)
22 LRy 3¢
=2+ ===V fO) )+ - (29)
(= ra
and
Vie(Lx) = ayx* + byx + ¢y,
where
12a®2%2 Vi f,5(0) 6a2i? 2ia?
= — — = = ——=5—V.£,(0
2aA* 2afR,
M (Rg R} R*M
The expression for x,,, becomes
— by + (b3 —day cy)'?
s =S (2.10)
Ry =axy+ R, (2.11)

where once again, the other root is neglected as this gives rise to values of R,,, that decrease
with increasing /. One may note here also that the radius of convergence for f(x) in (2.9) is

[Xol = /9 + 7% =434

This is significantly greater than n and supports the reliability of our approximation.

2.3 Calculation of I,

At angular momentum /=1 __, the effective potential does not have a maxima or
aminima but has a point of inflexion. It is found that this point is in the vicinity of r = R.
An expansion for f(x) appropriate for r in the vicinity of R is

f(x) =%(1 — tanh 22(—)

3
ie. f(x)=%[l—<§—-%+--->], 2.12)
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where x is now defined as x = (r — R)/a.
Using this, we get the following approximate expressions for V 4(l, x) and V (1, x).
Forr <R,

Vo 1247 6a%i* 2&a®
Veall, x)= —<—°+a—>x2+<a———— s )x

16" RS R* R3
V, 2faR 2ai?
Jo LR 22 213
T < 4 R R (2133)
and
) Vo 24a*2* 6a*A? 2%a®
Viglx)=— (§°+ I )x +( o R )
Forr> R,
, B V, 6&a® I2a3lz> ,  (4¢a* 6a’A?
Vil x)= _<E+ R + E X S + Re X
V, 2ta 2ai’
and

Vo 1286 24037\ [4a®  6aP)?
' TR

V;’ﬁ(l,x)=—<?+ R +T

If,fora given/near! ., Ry, and R, are present, by setting V4 (/, x) = 0, one can obtain
their positions. However, when the roots of this equation in x become complex, we can

say that the condition | =1 _has been reached. The critical condition for this is that the

discriminants of the quadratic equations (2.13a) and (2.13b) vanish. The expression for
Zgoc With this condition corresponding to (2.13a) and (2.13b) are

B 4£2a“+ Vi VeéaR T2

R¢ 16 2R}

A== < 2.14
o= | 120a°  Vea  12Vea® (2.142)

RR TR R

and
[6EVea®  328%a* Vi Viéaiz

R* R® 16 2R?
Fpoe = 96a*t Vea 122V ' (2.14b)

R IR R

One can also calculate [ by a different manner. We can find by a self-consistent
calculation that both V4(l,x) and V(I x) vanish when r =R, and /=1 In this
connection, we note that g(R, a, r) varies most rapidly at r = R and hence ¢'(R, a,r) has
a maxima at r = R. However, in the close vicinity of r = R, ¢’'(R, a,r) changes very
rapidly, i.e. r = Ris a sharp maxima of g'(R, a,7). And due to this, R _is very close to R.
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Hence, one may get the following first approximation to [, corresponding to (2.13a)
and (2.13b) by setting V4(l,,R)=0atr=R.

R® [V, 2&R

_ [R(%_ 2.1

Ao =\ 22 ( 4 R ) (2.15a)
[R3(Vy 2a

Thus, we have three alternative procedures to estimate [, namely formulae (2.14a) and
(2.14b), formulae (2.15a) and (2.15b), and the self consistent calculations. In table 2, we
give the results of the calculations done using these procedures.

2.4 Some other features

Another advantage of the availability of algebraic expressions for Ry, and R,,, is that
using them, one can easily get the curvature of the effective potential « and f at the
maxima and the minima, in the parabolic approximation [3]. For example, near the
maxima and minima, one can write

1 .
Uy(r)=Ug — 3 a(r — Ry;)?, for maxima,

1
=Uy+ Eﬂ (r— R,,)? for minima,

where Uy, and Uy, are the barrier and pocket heights.
It may be noted that the energy levels E of the potential pocket in the parabolic
approximation are related to § by the formula

E=hwy, Oy = [—

Similarly, the parameter « can be related to the barrier top resonances. Due to this,
the « and B factors have considerable significance in several cases of heavy ion
collisions. It is clear that

a=Ug(l,7) I,:RB,» B=U4(, r)l,:xM,

and these can be readily calculated using Ry, and Ry,;.

Hence a knowledge of R, and R,,, readily helps us to determine additional features of
the quantal states associated with the effective potential. For completeness, we also note
that the grazing angular momentum 4, at any centre of mass energy E above the Coulomb
barrier, can be calculated [8] using the approximate formula, valid for Woods—Saxon type
form factors (for the nuclear part of the effective potential), given below.

A2 2 1 (E—Ep)V,
142 =N E—z(Vy+2¥)+——2 N8
( +r’2> VCB[ 2( CB+ NB)+ EB ]’

where V5 and ¥ are the Coulomb and nuclear potentials at Ry, E; = V., + V5 and
the Coulomb parameter n = Z, Z, */hv, v being the initial relative velocity.

Pramana - J. Phys., Vol. 48, No. 3, March 1997 831



I Jamir et al

The expressions deduced in this section help in readily calculating Ry, Ry, Lo, L
wyy,; and wy, for OMP with Woods—Saxon form factors. However, it is necessary to
verify the accuracy of the formulae for Ry, Ry, and [, by comparing with the exact
calculation of these quantities. This is described in the next section.

3. Results and discussion

In order to verify the accuracy of our formulae for Ry, and [, we have used a number
of optical potentials corresponding to systems of different heavy ion pairs. The OMP
parameters are listed in table 1. In figures 1 and 2, we give a typical set of results for the
variation of R, and R,; as a function of [ obtained from our expres-
sions (2.7), (2.8) and (2.10), (2.11) respectively and compare the same with the corre-
sponding exact results obtained using Newton-Raphson iterative method. It is seen
that our formula (2.7), (2.8), and (2.10), (2.11) give Ry, and R, quite accurately and in
general, the error is less than 1% and in many cases, the accuracy is still better. Typical
results are given in figures 1 and 2. We have verified that results similar to those
indicated in figures 1 and 2 are obtained for all the heavy ion systems listed in table 1.
The results shown in figures 1 and 2 include both shallow (*°Ca + “*4Ca) and deep
potential wells (160 + 2°8Pb). »

In table 2, we list the I, values obtained from the different procedures. Column
A corresponds to the result obtained from the self-consistent calculation of V (I, x) =0
and V; (I, x) = 0 using the cubic polynomial approximation (2.12) to V,(/, x). Columns

Table 1. Optical model parameters used in the calculations.

System a(fm) ro(fm) Uy (MeV) rc(fm)  References
160, + 1#**Ndgo 0-57 1-34 20-0 1-25 [91
160, + 143Smy, 0.57 134 20-0 125 [10,11]
160, + 152Sm,, 057 134 20-0 125 [10,11]
1604 + 194Smg, 0-57 134 200 1-25 [10, 11]
160, + 298Pby, 0-50 125 1000 1-25 [12,11]
328 6 + 3%Ni,gq 0-65 1-20 50-0 1-20 (133
328 ¢ + %*Ni,g 065 120 50-0 1-20 [13]
37CL, , + 1238bs, 0-51 1-25 41-8 125 91
4OAr o + 122Sng, 0-51 125 41-8 1-25 [14, 11]
40Ca,, + *°Ca,, 043 1-35 350 1-35 f15,11]
40Ca,, + **Ca,, 0-43 135 350 135 [15,11]
58Ni, g + 124Sns, 0294 126 581 126 {17,113
5*Ni,g + 118Sn,, 0294 126 581 1-26 [17,11]
64Niyg + 20Zr,0 0-55 1-25 400 125 (9]
808e,, + 8%Se;, 0-55 125 400 1-25 [9]
81Br. s + 9°Zr, 0-43 1-35 350 135 [113
81Br. s + %%Zr,, 0-43 135 350 1:35 [11]
81Br,5 + Moy, 043 1-35 350 1-35 [11]
S1Br.. + 1%4Ru,, 0-43 1-35 350 135 [11]
58Ni,g + 1204 0-50 122 90-0 1-22 [18]
S8Ni,g + 3®Niyg 0-55 120 400 125 [16,11]
58Ni,g + %*Niyg 055 120 400 1-25 [16, 11]
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Figure 1. Variation of barrier position (Rg;) and pocket position (Ryy,) as a func-
tion of / for systems #°Ca + *%#*Ca, obtained from algebraic expressions given in
the text and these curves are denoted by symbol B. Symbol A denotes the
corresponding results obtained using the Newton-Raphson iterative procedure.
Upper pair of curves denote barrier positions and lower pair the pocket positions.
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Figure 2. Same as figure 1 for system (6O + 298Pb).

B and Care theresults for [ obtained from (2.15b) and (2.14b) respectively. The results
listed under column D estimates [, setting the condition that at I =] _ the difference
between Vi (1, x) at its maximum and minimum values is less than 0. MeV and using
Newton—Raphson procedures to calculate the maximum and minimum. We have
noticed that this procedure can give rise to numerical problems of convergence near
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Table 2. Comparison of [, values from various formulations.
The [, values under columns (A) and (D} are obtained from the
self-consistent calculation and Newton—Raphson method re-
spectively. The [, values under columns (B) and (C) are ob-
tained from (2-15b) and (2-14b) respectively.

System booc Lo Lo Looc
A B C D
160, + %4 Ndg, 31 30 31 29
16O + 1“’3Sm 62 30 29 30 28
i:O +1:iSm 31 30 31 29
O, + Sm62 31 31 32 30
160, + 208Pb,, 133 131 135 132
37S + 1?1128 60 58 62 59
40Cl + i Sbg, 83 82 84 81
40Ar + '%%8ng, 86 84 86 84
raer N B
20
58Ni, g + 1248n5, 209 208 210 207
64Nl +1188n,, 217 216 217 214
mmnze o opo8 %y
€ 34
81Br + 7 r 44 103 102 103 99
81Brys + **Zr40 107 106 107 103
81Br,5 + Moy, 103 102 103 99
81Br,. + 1%“Ru 104 103 104 100
::Nl 8+5 O§ 82 80 84 79
Ni,g + °"Niyg 54 53 55 51
58Ni, g + **Ni, g 59 58 60 55

I=1,, due to the closeness of the maximum and minimum. For the purpose of
comparison, we may treat results in column A obtained from self consis-
tent calculations of R _and [ as exact results. We find that the result from algebraic
expressions corresponding to columns B and C give very good estimates of I, and
difference of + 1 in most cases originate due to rounding off to the nearest integer.
Further we note that the simple formula (2.15b) is a very good estimate of /. for OMP
with Woods—Saxon form factor. The results from (2.14a) and (2.15a) also give substan-
tially similar results except for the cases of OMP where R < R. Hence, we give only the
numerical results obtained from (2.14b) and (2.15b) and the self-consistent calculation.

It may be noted that the cubic polynomial expression for V,; (I, x) around the barrier
region given by (2.6) is quite accurate (error <1%) near the barrier region
(Rgg—5) <r <(Rgy+5), s<1fm. Similarly, V;(l,x) approximation by the cubic
polynomial (2.9) around r=(R —3a) is also a reliable expression in the region
(R—3a—s)<r<(R—3a+s), where s<1fm. Hence, one may use appropriate
generalization of this approach for complex OMP to calculate algebraically the
turning points of the effective potential in the WK B analysis of the heavy ion collisions.
However, to have accurate results, one should use complex optical potentials. Further,
in our procedure, the expression for turning points close to the barrier can be obtained
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as a solution of a cubic equation which are straightforward to calculate but algebraic-
ally lengthy. Hence, we have not listed the expressions here.

4. Summary

We have obtained algebraic expressions for calculating the barrier and pocket posi-
tions for all partial waves of the real effective OMP’s with Woods—Saxon form factor
and have verified their accuracy in a number of cases for heavy ion systems. We have
also obtained simple algebraic expressions for calculating I, where the effective
potential vanishes. This gives a very good estimate of I obtained from the self-
consistent calculation. The algebraic expression for Ry, R,,; and V,,(l, x) in the barrier
and pocket regions are useful in calculating easily the curvature parameters wy, and
w,y near the barrier and pocket positions in the parabolic approximation. The
approximate expressions for V; (I, x) are also useful in the calculation of the turning
points in the WKB analysis of heavy ion collisions.
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