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Abstract Here, we investigate the cosmological implications of Holographic Dark Energy
(HDE) in the DGP braneworld model of the universe. Taking HDE in DGP braneworld,
we investigate the model of non-interacting dark energy and derive its equation of state.
Subsequently, we study the correspondence between k-essence, tachyon, dilaton, hessence
and DBI-essence dark energy with the non-interacting HDE in a flat DGP braneworld and
reconstruct the corresponding scalar potentials which describe the dynamics of the scalar
fields. Also we study the correspondence between above mentioned scalar potentials and
effective dark energy coming from DGP braneworld in the absence of HDE and in this
situation, the potentials are reconstructed.

Keywords DGP braneworld - Tachyon - k-Essence - DBI-essence - Hessence - Scalar
fields - Dilaton - Holographic dark energy (HDE)

1 Introduction

In recent observations it is strongly believed that the universe is experiencing an acceler-

ated expansion. The observation from type la supernovae [1-3] is associated with Large
scale Structure and Cosmic Microwave Background anisotropies have shown the evidences

J. Dutta ()

Department of Basic Sciences and Social Sciences, North Eastern Hill University, NEHU Campus,
Shillong 793022, India

e-mail: jdutta29 @gmail.com

J. Dutta (X))
e-mail: jibitesh@nehu.ac.in

U. Debnath

Department of Mathematics, Bengal Engineering and Science University, Shibpur, Howrah 711103,
India

e-mail: ujjaldebnath@yahoo.com

U. Debnath
e-mail: ujjal @iucaa.ernet.in

@ Springer


mailto:jdutta29@gmail.com
mailto:jibitesh@nehu.ac.in
mailto:ujjaldebnath@yahoo.com
mailto:ujjal@iucaa.ernet.in

640 Int J Theor Phys (2012) 51:639-651

to support cosmic acceleration. It is found that cosmic acceleration is driven by some un-
known fluid having its gravitational effect in the very late universe. This unknown fluid
has distinguishing feature of violating strong energy condition (SEC) being called dark en-
ergy (DE) [4]. DE is characterized by negative pressure (p < 0) and positive energy density
(p > 0) which is related by the equation of state (EoS) p = wp. The combined astrophysical
observations suggests that universe is spatially flat and consists of about 70% DE, 30% dust
matter (cold dark matter plus baryons) and negligible radiation. Various models have been
proposed to solve this problem but nature of this DE still remains a source of doubt. A com-
prehensive review of these models is available in [4]. There are different candidates which
obey the property of dark energy given by—quintessence [5, 6], k-essence [7], tachyon [8],
phantom [9], ghost condensate [10, 11] and quintom [12, 13], interacting dark energy mod-
els [14, 15], brane world models [16] and Chaplygin gas models [17].

A simple and well studied model of brane-gravity (BG) is the Dvali-Gabadadze-Porrati
(DGP) braneworld model [18-20]. In this model our 4-dimensional world is a FRW brane
embedded in a 5-dimensional Minkowski bulk. On the 4-dimensional brane the action of
gravity is proportional to M2 whereas in the bulk it is proportional to the corresponding
quantity in 5-dimensions. The model is then characterized by a cross over length scale

_m

- _P 1.1
T (L.1)

re

so that gravity is 4-dimensional theory at scales a < r. where matter behaves as pressure
less dust but gravity leaks out into the bulk at scales a > r. where matter approaches the
behaviour of a cosmological constant [21]. A review on brane-gravity and its various appli-
cations with special attention to cosmology is available in [22-25].

The another way to approach to the problem of DE arises from holographic principle
which states that the number of degrees of freedom for a system within a finite region should
be finite and is bounded by the area of its boundary. As in [26] one obtains HDE as

op =3c*M3L™? (1.2)

where L is an IR cut-off and M,% = 1/+/87G. Li [27] showed that if we choose L as the
radius of the event horizon, we can get the correct equation of state and get the desired ac-
celerating universe. In the above expression of pp, ¢ is any free dimensionless parameter
characterizing all of the uncertainties of the theory, whose value can only be determined
by observations. The models of HDE, to some extent has advantage comparing to other dy-
namical dark energy models because they originate from fundamental principles of quantum
gravity.

On the basis of the holographic principle proposed by [29] several authors have studied
holographic model for dark energy [30, 31]. Employment of Friedman equation p =3M ;‘;H 2
where p is the total energy density and taking L = H~! one can find p,, = 3(1 — cz)MﬁH 2,
Thus either p,, or pp behaves like H?. If we take L as the size of the current universe, say,
the Hubble radius % then the dark energy density will be close to the observational result.
So, in the last few years, the HDE models have [27, 28] received considerable interest.

It may be noted that in literature, standard DGP model has been generalized to (i) LDGP
model by adding a cosmological constant [32], (ii)) QDGP model by adding quiescence per-
fect fluid [33], (iii) CDGP by Chaplygin gas [34] and (iv) SDGP by a scalar field [35]. In [36,
37] the DGP model has been analyzed by adding HDE. In [38], DGP brane cosmology with
a brane scalar field is introduced. The aim of this paper is to investigate the correspondence
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between HDE and other dark energy candidates namely k-essence field [39], tachyonic field
[40], dilaton field [11, 41, 42], Hessence [43] and DBI-essence [44] in DGP braneworld
model of the universe without any considerable interaction. In General Relativity set up this
type of correspondence have been extensively studied [45-48]. We suggest holographic de-
scription of the scalar fields in DGP braneworld and reconstruct the potential and dynamics
of various scalar fields which describe DE.

The paper is organized as follows: Sect. 2 deals with HDE in the DGP braneworld model
while in Sect. 3, we establish the correspondence between HDE and other dark energy
namely, k-essence, tachyonic field, dilaton, hessence and DBI-essence. Also Sect. 4 deals
with the correspondence between above types of dark energy models and effective DE com-
ing from DGP brane. The paper ends with a short discussion in Sect. 5.

2 HDE in the DGP Braneworld Model

In flat, homogeneous and isotropic brane, the Friedmann equation in DGP braneworld model

[18-20] is given by
1 1 ’
Protal
H> = —+ — — 2.1
(V 3 +4r2+62rc) @1

or, equivalently (squaring r.h.s of (2.1) and eliminating square root term)

E _ Protal

Ie

H?>—¢

(2.2a)

where H = % is the Hubble parameter, o, is the total cosmic fluid energy density and

2

M2 . . - .
Fe = ﬁ is the crossover scale which determines the transition from 4D to 5D behavior and
5

€ = %1 (choosing 87G =1 i.e, M,% = 1). For € = 1, we have standard DGP(4) model
which is self accelerating model without any form of dark energy, and effective w is always
non phantom. However for € = —1, we have DGP(—) model which does not self accelerate
but requires dark energy on the brane. It experiences 5D gravitational modifications to its
dynamics which effectively screen dark energy.

The Friedmann equation (2.2a) can be written as

=1
3

where p.f, the effective energy density is given by

(om + Pegr) (2.2b)

3H

Peff = pPp + € (2.2¢)

c

Here we take p;ora1 = pm + pp Where p,, is the energy density of CDM and pp is the
energy density of DE. The energy conservation equation is given by

/.)total + 3H(ptotal + ptotal) =0 (22d)

where p;or = pp Which is the thermodynamic pressure of DE. Now assume that there is
no interaction between dark matter and DE. As the two component matter system is non-
interacting so they satisfy energy conservation separately, i.e.
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and
pp+3H(pp + pp) =0 2.4)
Our choice for HDE density is
3¢?
Pp = I3 2.5
where c is a constant and Rp is the future event horizon, given by
RE:a/tm%:a :05—22 (2.6)

The Friedmann equation (2.1) can be rewritten as

H
T T, e/, Q.7)
Hy

where the dimensionless density parameters are defined as

m 1
Q=2 @p=L2 g =—
3H; 3H T 4r2H

(2.8)

and H, is Hubble parameter at redshift z = 0. Substituting the value of pp from (2.5) in
(2.8) and then differentiating the resulting equation w.r.t redshift z = 1/a — 1, we get the
evolution equation of Q2 as

aQp 29

1
dz _C(I‘I‘Z)(\/QD - \/Qin+S2D+Qrc+€ Qrc)

From (2.2a), setting z = 0 we get the initial condition of the above differential equation

(2.9)

as

Qp0)=1-2¢,/2. — 2,,(0) (2.10)
From conservation equation (2.4) of HDE, we obtain the equation of state parameter of
HDE,
1 dQp
wp=—14+1+z2)——— 2.11)
3a)D dz
Eliminating d?—” from (2.9) and (2.11) we finally get

1 2 J&
Wp=—= — — D (2.12)

3 3C vV Qm + QD + er + 6\/ Qr(

As in GR based theory here also wp < —1/3.

3 Correspondence Between HDE and Other Dark Energies
In the following subsections, we consider several types of dark energy models namely, k-

essence, tachyon, dilaton, hessence and DBI-essence. Then we investigate the correspon-
dence between HDE in DGP braneworld model and above mentioned candidates of DE.
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After that we reconstruct the potentials as well as dynamics of scalar fields of DE candi-
dates in DGP model.

3.1 Holographic k-Essence Model

In the kinetically driven scalar field theory, we have non-canonical kinetic energy term with
no potential. Scalars, modelling this theory, are popularly known as k-essence. First time, it
was used for kinetically driven inflation. Later on, it was used as a source of dark energy.
Motivated by Born-Infeld action of String Theory [49], it was used as a source to explain
the mechanism for producing the late time acceleration of the universe. This model is given
by the action [39]

S:/d4x¢—_gi(<2>,)?) (3.1
with
L@, X)=K(@)X+L(@$X* (32)
ignoring higher order terms of
%= % ¢70:39,9 (3.3)

Using the following transformations, ¢ = [ d¢+/|L()|/K(¢), X = £IX and f(¢) =

K?/|L|, the action (3.1) can be rewritten as

S= / d*x /=g f($)L(X) (3.4)
with
L(X)=X>-X. (3.5)

From the action (3.4), the energy-momentum tensor components can be written as

dc
Ty = F@)| 550600 — 8 L] (3.6)
These equations yield energy density as

o= f(@)—X +3X7], (3.7
and the pressure density as

pr=f(@[-X + X*]. (3.8)

where X = (1/2)¢$? for homogeneous ¢.
Therefore, from (3.7) and (3.8), the EoS parameter for k-essence scalar field is given as

= - XD 3.9
wk—Pk/ﬂk—m (3.9)
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Equating (3.9) with the HDE equation of state parameter (2.12), we have an expression
of X in the form

241 /2
X = N QA+ e/, (3.10)
1+ 1 ATy
¢ \/Q,,,+QD+Q,C+6,/Q,L,
From (3.7) we get
f(p)= Sty G.11)
TX3X-1 '

Using the relation $? = 2X and the above expression, the evolutionary form of the k-
essence scalar field is obtained as

i o 1/2
. 3 ¢ \/Qm‘FQD‘FQrC +€4/ Qe
¢ = (3.12)
141 20
c \/sz,,,+szn+szm,+e /@

Using the relation ¢ = a H¢', where the dot and the prime stand for the derivative with
respect to the cosmic time and the derivative with respect to a respectively, and integrating
we obtain the evolutionary form of k-essence scalar field as

4y 2 N 12
| 30 ¢ S+ Qe
¢(a)—¢>(ao)=/ — l‘/ o da (3.13)
aw Ha | 141 D
€ /Ut Qp+Qr e/,

3.2 HDE Tachyon Model
An action for tachyon scalar ¢ is given by Born-Infeld like action [40]

S = —/d“xJ—gV(d)),/l —8id;00;¢, (3.14)

where V (¢) is the tachyon potential.
Energy-momentum tensor components for tachyon scalar ¢ are obtained as

0;90;¢
T.. =V _ iiv1— gk oo . 3.15
j (@) |: 70909 +8ijv1— g oo l¢:| (3.15)

Equations (3.14) yield respectively the energy density and pressure for the tachyon as

1%
o =Ty = G (3.16)
V1—¢?
pi=-T'=-T}=-T} =-V(@$)/1 — ¢ (3.17)
for which the EoS reads as
w=Pr— g1 (3.18)
Pr
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Now we suggest a correspondence between HDE and tachyon scalar field, i.e. we identify
p: with pp. Using p, = pp = 3H02S2D and (3.15), we have

1/2
V() =piy/1 — ¢ =3H;Qp [1 2 Vo } (3.19)

_+_
3 3¢ /Q+ Q2+, +/Q2,

Equating (3.17) with the HDE equation of state parameter (2.12), we reconstruct the
scalar field as

(3.20)

1/2
oo |2(i ! V0 !
3 €/ + Q0+ Q. +€,/Q.,

which implies

(3.21)

1/2
o L2t Ner
aH | 3 ¢+ Qp+Q, +€,/9,

Evolutionary form of the tachyon field is obtained by integrating the above equation

12
e 2 S
¢(a>—¢(ao)—/%%{§(1—z\/m+f Q)} da (322)

3.3 HDE Dilaton Model

The pressure density and the energy density of the dilaton scalar are given by [41]

pa=—X+ce’X? (3.23)
pa=—X +3ce?X? (3.24)

where ¢ and A are positive constants and P2 =2X. Consequently, the EoS parameter for the
dilaton scalar field can be written as

-1 oY
Wy = Pd _ —ltce” X (3.25)
pa  —1+3ce’X
Like above two cases, comparison of (2.12) and (3.24) yields
17 2 Vp
c Qp+2+ € U+ QD+ Qe e/,
3ce’ X = (3.26)
1 + 1 V@p
€ U+ QL+ e/,
Substituting X = ¢'>2 /2, in the above equation we get
2/Qp+4+1 /Tp "
b 1 c b ¢ /Ut D+t
e =—— (3.27)
3¢ 1+ 1L V9D
€ U+ QL+ e/
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Integrating the above equation, we get

2 o 4 Niory 12
2 % b (ao) A 41 cV&p+A+T N QD+ +e /e
¢(a)=—In| 2?9 + —— — da
A 23¢ Joy aH 1 N
¢ \/Qm+QD+Q,L.+eQ /<,
(3.28)
3.4 HDE Hessence Model
The Lagrangian density of the hessence is given by [43]
1 2 2 2
Ly= 5[(3;&5) — ¢ (0,0)°1 = V() (3.29)
The pressure and energy density for the hessence model are given by
Y 242
pn=5(¢"=¢707) = V(9) (3.30)
and
1., 242
ph=§(¢ —¢°0°)+ V(o) (3.31)
with
0 = a’$?0 = constant (3.32)

The corresponding equation of state parameter for hessence DE is given by

P (@2 —¢%6%) —2V(9)
== =L . 3.33
O o T (7 — 0200 +2V(9) 339

By pn=pp= 3H0252 p and equating (2.12) and (3.32), we get the expression of potential
as

(3.34)

1 /o)
V = HXQp (2 +- D )
C

VO F Q0+ Q4+ €/

Also the scalar field ¢ can be found from the following first order non-linear ordinary
differential equation

do\* 2 1 v
LH? (_¢) 0 —2H20p (1- - D (3.35)
da a®¢? QU+ Qp+Q, +6/Q,

3.5 HDE DBI-Essence Model

Consider that the dark energy scalar field is a Dirac-Born-Infeld (DBI) scalar field. In this
case, the action of the field be written as [44],

v
Sapi = —/d4xa3(t) T(@) 1~ quqb) +Vp)—T() (3.36)
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where T'(¢) is the warped brane tension and V (¢) is the DBI potential. From the above
expression, the corresponding pressure and the energy density of the scalar field becomes,

-1
Pabi = VTT(qﬁ) —V(p) and pui =(y — DT (@) + V() (3.37)

where y is reminiscent from the usual relativistic Lorentz factor and is given by,

y = (1— %) (3.38)

Thus the equation of state for DBI-essence is given by,

- (y =DT(p) —yV(g) (3.39)

vy = DT(@) +V($)

Now we consider here two particular cases y = constant and y # constant [50].
Case I: y = constant. In this case, for simplicity, we assume T (¢) = n¢> (n > 1). So

we have y = /%7 In this case the expressions for ¢, T (¢) and V (¢) are given by

1/2
“ Hy n—1 1 oL
- = = |29p,/—[1-= 4
¢(@)—¢O) ﬁ, Ha[ PY ( ¢ Qm+sz,>+szr,j+e\/9_,ﬁ>] da (340)

T =2/n(n— 1)H:Qp (1— % AP ) (3.41)

Qm + S-ZD + Qrg +e€ QVL»

and

1 NAY]
V=H029D[3—2(n—,/n(n—1))(1—2 — +s§ +e\/s7>} (3.42)
m D re re

Case II: y # constant. In this case let us assume y = é*. So from (3.37) we have
T(p) = % In this case the expressions for ¢, T (¢) and V (¢) are given by

1
a1 1 NL®) e
¢>(a)—¢(0)=/ — | 2H3Qp [ 1- - D da (3.43)
a Ha ¢ Q2+ Qp+ R, +€,/2,
2 1 m 2.S+2
T [2HS2p (1 CJQM+QD+Q,C+6‘/9,E)] - (344
RHQH(1- L N R — 1 o
0=eb ¢ U+ e/,
and
0 1 NeT 242
V — 3H20 — [2Hy€2p (1 f\/szm+sz,)+s2rc+e,/sz,(.)] - 345
T pmee, -t Nior )T+ 1 (4
0°D ¢ U+ e/,
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4 Correspondence Between Effective Dark Energy in DGP Brane and Other Dark
Energies

Here we have considered there is no any external DE like HDE in DGP braneworld model.
So the DGP braneworld model of the universe is filled with only dark matter. In absence of
HDE, put pp =0 in (2.2c¢), we have the effective density coming from DGP model as

3¢H

re

Peff = 4.1

From the energy conservation equation (2.2d) and the field equation (2.2a), we obtain the
effective pressure coming from DGP model as

3H2i 4.2
Peff——ZH_% 4.2)
So the EoS parameter for DGP model is given by
€e—2H
Wy = P E 27 4.3)

Here € must be positive because otherwise p.ss will be negative, which is not possible. So
€ = +1. The effective part for DGP brane generates dark energy provided w.rr < —1/3 i.e.,
Hr.(6 —r.) > 3. In the following subsections, we’ll discuss the correspondence of effective
dark energy coming from DGP brane with other dark energy models. In this situation, we
reconstruct the potentials as well as dynamics of scalar fields in k-essence, tachyon, dilaton,
hessence and DBI dark energy models.

4.1 k-Essence Model

As before in Sect. 3.1, equating effective EoS of effective energy density (4.3) and wy from
(3.9) in this case, we have

1—-2Hr. — Hrc2

=—*< 4.4
3—Hr.(6+r.)
From (3.7) we get
f(9)= A 4.5
reX(3X —1)

Using the relation ¢ = 2X and the above expression (4.4), the evolutionary form of the
k-essence scalar field is obtained as

. [2=2Hr.2+r)]" @6
T L 3—Hr(6+4r) '
which integrates to
6 (@) — d(ap) / L [2-2HrC 4] @)
a) — ¢(ap) = — .
), Ha | 3—Hr.(6+r.)
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4.2 Tachyon Model

As before in Sect. 3.2, equating p, = p.ss from (3.15) and (4.1) and also equating w; = weys
from (3.17) and (4.3), we have

3H 1712

Vip) = [Zn H] (4.8)
and

. 1 172

$=— [rf —2r.+ ﬁ] (4.9)
which integrates to

“ 11, 172
¢(a) —¢pla)=| ——— [rc —2rc—|——] da (4.10)
aw Hare H

4.3 Dilaton Model

As before in Sect. 3.3, equating wy = w, sy from (3.24) and (4.3) and using X = (]52/2, we

get
2N\"213+4Hr. —3H27"?
30 = ST e T e 4.11)
3¢ 3—Hr.(64r.)

On integration, we obtain

A [* 1 (344Hr.—3Hr2\'"?
¢(a)_ ln e2d) 4 S+ AHr. —3Hry da (4.12)
A 6c Ja aH 3—Hr.(6+7r.)

4.4 Hessence Model

As before in Sect. 3.4, equating p;, = p.rr from (3.30) and (4.1) and also equating wy, = wess
from (3.32) and (4.3), we have the expression for potential as

_3HQGHr. - 1)

= (4.13)
2r.(2Hr. — 1)
and the scalar field can be calculated from the following differential equation
d 2 3H(Hr.—1
2 (22 Q" _3HWHr.—1) (4.14)
da a6¢2 re(QHr. — 1)

4.5 DBI-Essence Model
Similar to Sect. 3.5, here we also consider two cases for constant and variable y for DBI
dark energy model and keeping in mind that the choices in cases I and II remain same.

Case I: y = constant. Assume T (¢) = né? (n > 1). In this case, equating (3.36) with
(4.1) and (3.38) with (4.3) and after simplifying we obtain the expressions for ¢, T (¢) and

V(¢)as
« 1 [ fa=13H@Wr.-D]"
n- Te —
¢>(a)—¢(0):/ao E[ p rC(ZHrC—l):| da (4.15)
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B ——3H(Hr. - 1)
T =/nn 1)—rc(2Hrc—1) (4.16)

and

4.17)

3H (Hr.—1)
V= 1—(n—+ )

[ R Y T 1)]
Case II: y # constant. Assume y = d)". In this case, equating (3.36) with (4.1) and (3.38)
with (4.3) and after simplifying we obtain the expressions for ¢, T'(¢) and V (¢) as

1

3H(Hr.—1) ]2
[¥] da 4.18)

@
¢(a)_¢(0):/ aH | r.2Hr,— 1)

ao

[3HHreD) 22

T = re(QHre—1) (4 19)
3H(Hre=1)7:25 _ ’
(1™ —1

and

3H(Hre—1) 1282
3H [eme—n1**

V= T [3HHr—)) (4.20)
Fe [r(-(2Hrj»—l)]S+2 +1

5 Discussions

In this work, we have considered the flat DGP braneworld model of the universe in FRW
background. Here we have also considered that the universe is filled with dark matter and
holographic dark energy (HDE) and they are non-interacting. The EoS for HDE have been
calculated in terms of dimensionless density parameters. We have studied the correspon-
dence of various dark energy models namely, k-essence, tachyon, dilaton, Hessence and
DBI-essence with the non-interacting HDE in DGP braneworld model of the universe. In
all the DE models, we have reconstructed the potential and dynamics of the scalar fields
in DGP braneworld. Here, we assume that scalar field models of dark energy are effective
theories of an underlying theory of dark energy. Naturally, scalar fields with holographic
feature should be capable of realizing the holographic evolution of the universe. Next, we
have considered there is no any external DE like HDE in DGP braneworld model i.e., in
this situation the universe is filled with only dark matter. So we have calculated the effective
density and pressure coming from extra terms of the DGP braneworld model. In this situa-
tion, we have reconstructed the potentials as well as dynamics of scalar fields in k-essence,
tachyon, dilaton, hessence and DBI dark energy models also. It will be interesting to recon-
struct the potentials for various dark energy models in several versions of modified gravity
theories.
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