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The dot and the cross products of a and b are defined,
respectively, as’

a-b =ab cos 6, (1)
axb = fiab sin 6. 2)

Here all notations have their usual meanings. Authors of
various texts on vector algebra differ on the basis for adopt-
ing these definitions. Resnick and Halliday' believe that
these operations are defined in this way because they prove
useful in physics, otherwise one can have an alternative
such as

ab=a'b"?tan 0 /2. (3)

Similar views are held by Arfken.? However, others® do not
state any reason explicitely; perhaps they agree with the
argument (often given in the classroom) that Eqgs. (1) and (2)
simply define the two products and do not require any basis
for this purpose. This note establishes that Eq. (1) and (2)
are unique and could be formulated mathematically. For
this purpose it examines the net product, a*b, defined as a
quantity obtained through the normal process of algebraic
multiplication of expressions defining the vectors. For ex-
ample, if we define

a=aa, (4)

b=a,bcosf +a,bsinb, (5)
then

a*b = 3, *3 ab cos 6 + 4, *a,absin 6. (6)

where the unit vectors 4, (parallel to a)and &, (perpendicu-
lar to a) lie in the plane of a and b. Note, that the order of 3,
and @, has been kept as it should appear through the pro-
cess of multiplication because the precise operational na-
ture of @ *a, is yet to be determined. In order to know a*b
we need to simply find G, *3, and & *a, .

a, *a,: Consider a set of parallel vectors, {V,[V, = 0V, },
where V, is any vector of length | V| pointing along a cho-
sen direction defined by D. Using simple argument and log-
ic it can be shown® that in all frames connected through a
rotation (proper or improper) {V,} can be represented by
the set of numbers { ¥;} with one to one correspondence in
their elements if the problem does not involve any vector
outside the set {V,}. Obviously in all frames connected
through a rotation the ner product of two parallel vectors
V_and V, belonging to { V,} would mean to be the product
of V,and V, i.e.,

Vv, =V.V, (7)
implying that
ay»a; = 1. {8)

a,*a,: Let a and b be the vectors in the x-y plane of a
frame, then with reference to the situations shown in Fig.
1,we evaluate a*b as

axb = ixiab cos 8 + ?*}'ab sin @

=ab cos 8 + ixjab sin 6 [Fig. 1(A)], (9)
where from Eq. (7), we have used =1 Similarly we have
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a*b = ab cos 0 + ixjabsin 6 [Fig. 1(B)], (10)
a*b = ab cos 6 — j+iabsin 6 [Fig. 1(C)]. (11)

Here we observe that (i) ?*}' is independent of a, b, and 6, (ii)
situations in Figs. 1(A) and 1(B) are connected through a
rotation of the frame about £ by an angle ¢ = — (7/2
— @), and (iii) in general, & can have any value between 7
and — 7. In view of these observations the same value of
a*b obtained for situations depicted in Figs. 1(A) and 1(B)
reveals that /%j is invariant under any rotation about k.
Furthermore, a comparison of Egs. (9) and (11) shows that
%]

in an anticommuting operation, i.e.,

% = — J*i. (12)
Comparing Egs. (6} and {9) we note that these relations do
not differ from each other except that / and j in Eq. {9),
respectively, replace 4, and 4, in Eq. (6). This leads to the
conclusion that &, *4, must be invariant under any rotation
about the axis (say #) perpendicular to the plane of @, and
a,,1.e., of aand b. In consequence of Eq. (12) we also have

a*¥a, = —a, *q. (13)
These conclusions should remain valid in any frame of ref-

erence since the definitions of 4, and &, [hence the con-
struction of Eq. (6)] are not affected by the location of a and
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Fig. 1. Vectors a and b as they appear in thg x—y plane of different frames
of references rotated by an angle @ about k. Anticlockwise rotation has
been considered for positive @.
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b in the frame. However, it is clear that  would transform
into a new axis A’ under a general rotation of the frame
according to

A =R"h (14)

In view of these observations and the fact that a vector
remains invariant under any rotation about the axis along
itself and transforms according to a relation similar to Eq.
(14) under a general rotation of the frame, 4, #4, can be
identified as a vector along #, i.e.,

&" *ﬁl =ﬁK, (15)
where K is a constant number. By appropriately defining

the unit of @, *@, in relation with the units of 4, and 4,, K
can always be chosen to be unity. Thus

ay*a, = h. (16)
The information that 7 is perpendicular to the plane of a
and b, does not uniquely decide the direction of 7. It is
therefore decided conventionally in relation to the direc-

tions of a and b.
From Egs. (6), (8), and (16) we have

a*b = ab cos 8 + hab sin 6. (17

Thus the net product of two vectors turns out to be the
sum’® of a scalar quantity ab cos € and a vector quantity,
fiab sin 6. Such a sum may have some significance as a
mathematical entity but does not carry any sense as a phys-
ical quantity. However, if both terms are considered separ-
ately, they may have some significance in physics too.
Therefore, we can separately name and define these quanti-
ties as

dot product: a-b=ab cos 6, (18)
aXb = fiab sin 6. (19)

It may be noted that in its definition, the nef product a*b
is not much different from the normal algebraic product of
two quantities; whatsoever difference exists in its evalua-

cross product:

tion is a technical necessity. Equations (1) and (2) are, there-
fore, unique in the sense that they, respectively, account
fully for the scalar and vector components of the net pro-
duct [cf. Eq. (17)]- Thus it is clear that we cannot have any
alternative of these operations which serve the same pur-
pose. It also becomes clear that the physical observations
are not essential for quoting them as the bases for defining
these operations the way they are defined; in fact this note
provides to these definitions a necessary mathematical
background.
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Sasb = ab cos 8 -+ Aab sin 6 should not be sensed 4s a simple sum of two
quantities. This point may be understood by examining the transforma-
tion properties of asb particularly under rotation—reflection operations.
For example, under inversion/(reflection through the plane of a and b),
asb transforms to ab cos & — hab sin 6. Using a =1a, +ja, + IAcaZ and
b=1b, +jb, + kb, one may easily have asb=a,b, +4a,b, +a,b,

+#a,b, —a,b,)) + jla,b, —a.b,) + k(a b, —a,b,). Under reflection
through, say x—y plane, it will transform to asb
= ‘bex + ayby + azbz + i(aybz - axby) +j(asz - axbz)

—k{a b, —a,b,)

Addendum: “Trouble with the method of images”
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The recent paper by Newcomb' on the difficulties involved
in summing a series associated with the method of images is
very interesting for the detailed discussions it contains. As
a supplement to this paper, I wish to bring to the readers’
attention several papers and comments which have pre-
viously appeared in this Journal. 3
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Erratum: “Einstein coefficients, cross sections, f values, dipol moments, and

all that” [Am. J. Phys. 50, 982 (1982)]
Robert C. Hilborn

The numerator of the first factor in Eq. (25) should be
Ya/2w. Consequently, the numerical values of o, (0 = w,,)
and g{w,,) in Sec. VIII should each be reduced by a factor of
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2. In the caption for Table I, the correct equations are

B, = {g2/g_l)BZI’ Ji2= —(82/81) /21- 1 thank A. E. Sieg-
man for pointing out the factor of 2 error.
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