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SYNOPSIS 

Helium-4, a noble element, was first liquified by Kamerlingh Onnes in 1908 [1]. 

Since then liquid helium-4 (LHE-4) (a system of interacting bosons) has become 

a subject of extensive investigation. Onnes also observed that LHE-4 exhibits a 

liquid to liquid transition at ~ 2.1 K{Tx) [2] which transforms the Uquid from 

its normal phase {helium-1) of all properties of a normal liquid to a super-fluid 

phase {helium-II) of very low viscosity and very high thermal conductivity [3, 

4]. LHE-4 remains as Uquid even eX OK unless a pressure of about 25aims is 

applied. Super-fluid phase of LHE-4 possesses some more unique properties such 

as: (i) it can flow against the gravity along the walls of the container, (ii) its 

specific heat and related thermodynamic response functions such as expansion co­

efficient, pressure co-efficient etc. diverge logarithmically at A—transition, (iii) it 

exhibits thermo-mechanical and mechanocaloric effects, (iv) below Tx, its volume 

increases with decreasing temperature, (v) for certain velocity (flow/rotational) it 

sustains quantized circulation, (vi) it sustains four different sound modes, (vii) its 

dispersion curve at low Q shows anomalous nature, (viii) it remains calm and still 

on boiling (no bubble formation), etc. 

The wealth of experimental and theoretical results has been reviewed by 

several authors [3,5,6]. Several attempts have been made to develop a full mi­

croscopic theory but with little success. Most of the microscopic theories so far 

developed [7-15] start with the basic assumption that the super-fluid phase has 

macroscopic occupation of p = 0 state. However, the existence of p = 0 condensate 

has not been confirmed experimentally even after repeated efforts [16]. Recently, 

in a review article Legget remarks "In the sixty years since London's original pro­

posal, while there has been almost universal belief that the key to super-fluidity 

is indeed the onset of BEC at Tx it has proved very difficult, if not impossible, to 

verify the existence of the latter phenomenon directly. The main evidence for it 

comes from high-energy neutron scattering and, very, recently, from the spectrum 

of atoms evaporated from the liquid surface, and while both are certainly consis­

tent with the existence of a condensate fraction of approximately 10%, neither can 

be said to establish it beyond all possible doubts." Consequently, Landau's two 

fluid model [17,18] supplemented by the idea of quantized circulation presented by 

Onsager [19] and Feynman [20] remains as the only way to understand the prop­

erties of LHE-4 despite its several shortcomings [6]. Since a wholly microscopic 
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theory is not available, LHE-4 continues to be a subject of great interest. 

Over the last several years Jain has used a new approach to develop the 

microscopic understanding of the phenomenon [21-23]; this approach does not 

assume the existence of either Cooper type pairs in a fermionic system or BEC 

state (existence oi p = 0 condensate) in a bosonic system. This theory (Macro-

orbital theory) consistent with microscopic as well as macroscopic uncertainty, 

and excluded volume principle. It also provides microscopic foundation for the 

system to behave as a mixture of two fluid as envisage by Landau [17]. Basic 

objective of the present thesis is to show the agreement of experimentally observed 

thermodynamic and hydrodynamics properties of LHE-4 with those calculated by 

using macro-orbital theory and thereby to conclude that the theory has great 

potential to explain the properties of similar system and to provide a frame work 

that unifies the physics of bosonic and fermionic system. 

This thesis contains seven chapters. 

In Chapter-1 we present a brief discussion and review on experimental and 

theoretical studies of LHEl-4. 

Chapter-2 describes the salient features of macro-orbital theory. This the­

ory reveals that: 

1. Each particle in a fluid can be described by a kind of pair waveform x = 

•0(1,2) representing its wave superposition with another particle. For dis­

tinction X is proposed to be known as macro-orbital state [22]. 

2. Each particle in its macro-orbital has two motion; the g—motion representing 

the relative motion of one particle with respect to the other particle decides 

the quantum size (A/2 = 7r/q) of the particle (or the size of the space ex­

clusively occupied by the particle), and the /('—motion (not affected by the 

inter particle interaction) that participates in defining the quasi-particle ex­

citations of the system. Note that this aspect successfully accounts for the 

two fluid behavior of a super-fluid [22]. 

3. All particles in the ground state of a bosonic system have q = Qo — TT/O? 

with K = 0, and they represent an ordered state in the the phase space 

with A0 = 27r which accounts for their phase coherence [22]. They also 

develop a kind of collective binding which explains critical velocities for which 

superfluidity vanishes [22]. 
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4. Particles in the super-fluid state defines a closed packed arrangement of their 

equal size wave packets. Consequently, they cease to have relative motion 

rendering loss of viscosity; they can move in order of their locations on a 

closed path with A0 = 2n7r(n = 1,2,3,..) which accounts for the observed 

quantum vortices [22]. 

Chapter-3 presents our theoretical results on the logarithmic divergence of 

the specific heat at constant pressure(Cp), expansion coefficient (ap), isothermal 

compressibility(/CT) and pressure coefficient (P) of LHE-4 which are found to have 

very good agreement with experimental results. 

Chapter-4 gives a detailed analysis of the excitation spectrum of LHE-4 at 

low Q. Following the ordered arrangement of the atoms we estimate the excitation 

energy at different Q by assuming different atomic arrangements namely sc, bcc, 

fee and hep arrangements. We also obtain group velocity (Vg) as well as phase 

velocity (vp). 

In Chapter-5 we estimate energy gap (the collective binding of atoms in 

superfluid state) and use it to obtain superfluid density, critical velocity of linear 

flow and rotational motion, vortex line density, vortex energy etc. 

In Chapter-6 we make a systematic study of transition temperature, surface 

tension, bulk potential energy and surface layer thickness. Our results agree closely 

with their experimental values. 

In Chapter-7 we list the important conclusion of our investigation and 

future course of studies where macro-orbital theory can be used. 
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Chapter 1 

Introduction 



1.1 Liquid Helium-4 

Helium-4 is the first element of group VIIIA of the periodic table with atomic num­

ber 2, mass 6.6455A'10"^'' kg and ground state electronic structure Is^. Existence 

of helium-4 in nature was noted for the first time in the Sun's atmosphere during 

an eclipse in 1868 [1]. Many observers observed the yellow D3 line very close to 

Sodium D lines. However, this line was not observed in any laboratory flame. In 

1869, Rayat declared that the gas emitting D3 line was a new element which was 

proposed to be known as Helium by Frankland and Lockyer [1]. Helium-4 was 

discovered on earth in 1895 by Ramsay who obtained it from the mineral clevite. 

It is also available in earth's atmosphere with a concentration of about 1 part in 

2,00,000 [1]. 

In 1908, Kamerhngh Onnes obtained hquid helium-4 (LHE-4) with boihng 

point 4.21 K at atmospheric pressure which exhibits a liquid to liquid phase tran­

sition at T = TA = 2.17i^ [2-4]. Since the transition shows no latent heat [5] it 

is ought to be a second order phase transition, as concluded by Ehrenfest [6]. At 

T > Tx, the LHE-4 exhibits all properties of a normal fluid and is referred to as 

helvam-I. However, at 7" < 7A, it assumes the unique property of super-fluidity 

(characterized by zero viscosity) [1,4,7,8], and is identified as helvum-II 

Due to weak inter atomic Van der Waals forces added with zero point re­

pulsion, LHE-4 remains liquid even at absolute zero unless a pressure of about 25 

atms is applied. It may be noted that the zero point energy of a ^/ /c atom arising 

from its quantum nature assumes high magnitude and overcomes the potential 

energy arising from the inter-atomic forces. Consequently, helium-II is consid­

ered as a quantum liquid and its super-fluidity has rightly been recognized as the 

manifestation of quantum nature of particles at macroscopic level. 

Various physical properties of LHE-4 have be(;n studied since 1909 and 

surprisingly, many of these are found to be unique. For example, a jump in the 

speciflc heat curve at around 2.19 K observed by Keesom and Clusius [5], very 

large thermal conductivity observed by Keesom and Keesom [9], vanishiugly small 

viscosity observed by Burton [10] and Wilhem, Misener and Clark [11] and fountain 

effect discovered by Allen and Jones [12], etc. 

LHE-4 has been extensively investigated over the last eight decades. A 

large number of research papers, review articles and books have been published 



on the subject. In the following sections we attempt to summarize these works 

and the present understanding of the system. 

1.2 Experimental Studies 

1.2.1 Density 

The variation of density (p) of LHE-4 with temperature (T) was first studied by 

Kamerlingh Onnes [13] who observed a density maximum at about 2.2 K. This 

was confirmed by more accurate measurements of Onnes and Boks [14]. The most 

important conclusion of these experiments was a sharp discontinuity in dp/dT at 

2.2 K which is illustrated in figure 1.1. It is important to note that p, decreasing 

with temperature below 2.2 K, assumes a constant value below \AK. 

Keesom and Keesom [9] studied the pressure dependence of density for the 

first time in 1933. Some other density measurements were reported by Kerr in 

1957 [15], Kerr and Taylor in 1964 [16], Peshkov and Borovikov in 1966 [17], 

Boghosian and Meyer in 1967 [18], Elwell and Meyer in 1967 [19], Roach in 

1968 [20] and Hanson et al in 1976 [21]. More recently Neimela and Donnelly 

[22] calculated density from the dielectric constant using Clausius-Mossotti equa­

tion for the range 1.15 to 4.9 K. 

In recent times, Chan and co-workers [23] performed an experiment to 

study the influence of quenched disorder on the critical behavior of helium-II by 

confining the liquid to pores of three different porous media: Vycor, Xerogel and 

Aerogel glasses. They introduced disorder in helium-II by forcing its how through 

the structure of these media. Their results reveal a well defined power law behavior 

of super-fluid density near the transition temperature. 

1.2.2 Expansion Coefficient 

Early measurements of p [13,14], indicating a negative volume expansion coeffi­

cient (a) at about 2.2 K, were repeated with improved accuracy by Atkins and 

Edwards [24], and Kerr [15]. Edwards [25] obtained a from the measurement of 

refractive index while Chase et al [26] derived it from the measurement of di­

electric constant. These results are reviewed elegantly by Kerr and Taylor [16]. 



Ahlers [27] obtained a very close to Tx on six different isobars. The typical nature 

of a(T) under saturated vapour pressure is shown in figure 1.2. It indicates that 

a{T) having negative values below A-point, assumes positive values at T < 1.2 K. 

1.2.3 Dielectric Constant 

Keesom and Wolfke [28] measured the dielectric constant of LHE-4 between its 

boiling point and 1.9 K. They observed that the dielectric constant shows a sud­

den jump in the vicinity of 2.3 K which they attributed to a liquid to liquid phase 

transition. They called the phases helium-I (stable at higher temperature) and 

helium-II (stable at lower temperature). They observed that the dielectric con­

stant of helium-I is higher than that of helium-II. Similar results were obtained 

by Grebenkemper and Hagen [29] at 9100 MHz by measuring the resonant fre­

quency of helium filled microwave cavity. However, Chase et at [26] measuring 

the dielectric constant for the temperature range 1.4 iC to A.2K showed that po-

larizability is independent of temperature. While some other measurements have 

been reported in [30,31], an apparently most recent measurement has been made 

by Neimela and Donnelly [22]. 

1.2.4 Specific Heat 

Specific heat of LHE-4 was first measured by Dona and Kamerlingh Onnes [32] 

in 1926 at constant volume between 2.16 A' and 4.05 AT. It has also been studied 

by Keesom and Clusius [5] at saturated vapour pressure (SVP) in the range 1.4 K 

to A.IK who observed that it increases sharply at l.AK until it shows a steep 

maximum at about 2.19 K followed by a sharp fall at T > 2.19 K to a shallow 

minimum at 2.6 K, beyond which it again increases slowly. The shape of the 

specific heat versus temperature curve resembles the shape of the letter A and 

therefore, the singular point on this curve is called A-point as suggested by Ehren-

fest [1]. Keesom and Clusius [5] observed that no latent heat is associated with 

this transition which, obviously, concludes it to be a 2nd order phase transition, 

similar to a superconducting transition. These results were confirmed by a series 

of more accurate measurements performed by Fairbank and coworkers [33,34] who 

were able to measure the specific heat within almost 10~^ of A-point and also to 

show that the changes at this point can be described as logarithmic discontinuity 



of specific heat. Some other measurements of the specific heat under SVP were 

reported in [35-42]. Ahlers studied the temperature dependence of the specific 

heat along six different isobars and isochores [27]. The typical nature of tempera­

ture dependence of the specific heat is shown in figures 1.3 and 1.4. Specific heat 

measurements of pure "^He as well as ^He —'^ He mixture were reported by Gas-

parini and Moldover [43,44]. They observed that the specific heat of '^He —'̂  He 

mixture at constant chemical potential becomes infinite on the A-line at all '^He 

concentration. The effect of the finite size of the sample was studied by Lipa et 

al [45-47] and Gasparini et al [48-50]. Recently, Lipa and coworkers [51,52] have 

reported very carefully measured Cp, m and out of earth's gravitational field. To 

isolate the effect of gravity they made their measurements on STS-52 space craft, 

space shuttle Columbia. 

1.2.5 Thermal Conductivity 

Measurements of thermal conductivity of liquid helium was first reported in 1936 

by Keesom and Keesom [9]. They observed large thermal conductivity of helium-H 

which attained a maximum value of 810 cat cm~^sec^^K~^ below A-point. Allen 

et al [53] observed that the mechanism of conduction in hehum-H is different 

from other fluids, although they did not specify the details of the mechanism. 

Allen and Johnes [12] discovered the so called "fountain effect" (thermo-mechanical 

effect) in 1938. London [54] derived the fountain effect equation which was used 

by Meijdenberg et al [40] to determine accurate entropy and its variation with 

pressure and temperature. Inverse fountain effect i.e. mechanocaloric effect was 

discovered by Daunt and Mendelssohn [55] which was confirmed by Brewer and 

Edwards [56]. The co-efficient of thermal conductivity in thin and bulk ^Hc as 

function of temperature was measured by Um et al [57]. Kahn and Ahlers [58] 

measured the thermal conductivity at SVP confined to a fine glass capillary tubes. 

They observed that the thermal conductivity becomes effectively infinite below T\ 

when the bulk correlation length becomes smaller compared to the diameter of 

the confining capillaries. 

1.2.6 Viscosity 

Three different methods are employed to measure the viscosity of heham-H: (i) 

damping method (ii) flow method and (iii) rotational viscometer method. 



Damping Method 

In this method viscosity is measured by measuring the damping of the motion of 

a body (disc, cylinder or wire) immersed in it and was used for the first time for 

helium-II by Burton [10] and Wilhelm et al [11] in 1935 who studied the damping 

of the torsional oscillations of a cylinder. While they observed a drop in viscosity 

below A-point, their results did not agree with those of Kapitza [7] who used 

capillary flow method. In this context Kapitza [7] pointed out a discrepancy in 

their method. 

Later, Keesom and Mac Wood [59], Keesom and Keesom [60], Smith [61] 

and deTroyer et al [62] measured the viscosity using the torsional oscillation of a 

disc immersed in the liquid. On lowering the temperature through A-point, they 

also found marked decrease in viscosity of helium-II which appears to take a value, 

at say 1 K, about twenty-five times smaller than those at 4.1 K. Similar results 

are also observed by Tough et al [63] by using vibrating wire method. As such 

these experiments showed that helium-II is a viscous fluid with very low viscosity. 

Flow Method 

In this method the rate of flow of the fluid through capillary tubes or chan­

nels between two parallel plates is measured to find the viscosity. Johns and 

co-workers [64] and Bowers and Mendelssohn [65,66] used capillary tubes to mea­

sure the viscosity of helium-I and observed it to have a value of 30 micro-poise 

(practically independent of temperature in the range 2.8 — 4.2 K). 

Viscosity of helium-II using this method was measured simultaneously in 

1938 by Allen and Misener [12] in Cambridge and by Kapitza [7] in Moscow. In 

total variance with helium-I, they found that the flow of helium-II through a 

capillary is independent of the pressure head and the length of the capillary tube 

and concluded it to be non-viscous. Allen and Misener later investigated this 

property in considerable detail [67,68]. Kapitza [69,70] performed another set of 

experiments by allowing the helium-II to flow through flne slits and estimated the 

upper limit of the viscosity (less than 10^'^ poise). However, these results were 

contradictory to those obtained from oscillatory disc method in which viscosity 

was found to be more than 10~^ poise. This contradiction was resolved by Tisza 



in his two fluid model [71,72]. Some other measurements using the flow of helium-

II through narrow channels are reported by Giauque et al [73, 74] and Johns et 

al [64], 

Rotational Viscometer Method 

The rotational viscometer developed by Hollis Hallet and co-workers [75-77] con­

sists of two hollow cylinders of diflferent radii, one rotating inside the other which 

is kept stationary. Viscosity of the fluid is measured by measuring the torque 

transferred from the rotating inner cylinder to the outer cylinder. In contradic­

tion to the findings of flow method, these experiments also showed the viscous 

nature of helium-II as observed in the damping method. Interestingly, though 

the results of rotating and damping methods showed viscous nature of helium-II, 

they too are found to differ and in no method, viscosity drops instantaneously to 

zero at A—point. While in damping method it decreases gradually to zero with 

decreasing temperature, in rotational method it remains finite at all T < T^; in 

the latter case, it is even observed to increase when T is lowered below 1.8 /C and 

exceeds the viscosity of helium-I below 1 K. 

1.2.7 Surface Tension 

Surface tension of LHE-4 was first measured by van Urk et al in 1925 [78]. In 

the subsequent year, they reported extended measurements [79] showing a jump 

at Tx. Many other measurements have since been made [80]. Different meth­

ods of measurement such as rise of the liquid level in capillaries [78,79,81-84], 

measurements of force required to lift a metal ring from liquid surface [85] and 

measurements of surface wave velocity [86,87] have been used to measure the sur­

face tension. Edwards et al [88] and Eckardt et al [89] used a method in which 

changes in the capillary rise of the liquid in parallel plate capacitor is balanced by 

an electric field which keeps the meniscus stationary. Measurements by Allen and 

Misener [81], Dickson et al [84], and King and Wyatt [86] show good agreement 

with each other, while the data of Atkins et al [82] and Zinov'eva et al [83] are 

slightly larger. Zinov'eva et al reported a value '37Srndynes/an as against Atkins 

et al who found 371.9 mdynes/cm at absolute zero. In a later experiment, lino et 

al [90] used surface-wave resonance and reported 354.4±0.5 mdynes/cm at T = 0. 



Measurements of surface tension near Tx are reported by Atkins and Naia-

hara [82], Gasparini et al [91], Magerlem and Sanders [92] and Suzuki et al [93], 

while the surface and mter-facial tensions oi'^He—^He mixtures were measured by 

Guo et al [94], Sato and Suzuki [95] and Sato et al [96] A study of the hquid-sohd 

hehum mterfacial tension was reported by Gallet et al [97] 

In recent times surface tension of LHE-4 was measured by Roche et al 

Nakanishi and Suzuki [99] and Vicente et al [100] Roche et al [98] obtained sur­

face tension of the hquid by using a shghtly complex arrangement of capillaries 

patterned m chromium on a mono-crystalhne sapphire as substrate The extrap­

olation of their results yields a value 375 ± 3 mdynes/cm at absolute zero which 

differs by 6% from Imo et al [90] They attributed this difference to the meniscus 

effects which was not considered by Imo et al The measurements by Nakanishi 

and Suzuki [99] confirmed the findings of Imo et al [90] while Vicente et al [100] 

found values m agreement with Roche et al [98] It may be mentioned that Vi­

cente et al [100] employed a completely independent technique in which surface 

tension was obtained by using the frequency of the normal modes of vibrations of 

magnetically levitated helium drops 

1.2.8 Sound Velocities 

In heham-II we find four different sound modes namely first second third and 

fourth sound While first sound is the normal longitudinal sound mode corrc -̂

spondmg to the fluctuation m total density of the system at constant T, the second 

sound corresponds to the fluctuation of temperature Existence of second sound 

was predicted by Tisza [71] and Landau [101] m their respective two fluids models 

Similarly while the third sound is a surface wave on a hehum-II film, m which 

the super-fluid oscillates parallel to the substrate with normal fluid clamped for 

its finite viscosity, the fourth sound represents pressure wave m helium-II mside a 

super-leak where the normal component is immobilised and super-fluid is free for 

motion Existence of third and fourth sound was predicted by Atkms [102] 

Velocity oi first sound was deteimmed by Findlay et al [103] m 1938 using 

an ultrasonic method for a temperature range A22 K to lib K They used their 

values to calculate compressibility of liquid hehum, however, then experiments 

did not show any discontinuity at the A-transition Chase [104] measured the first 



sound velocity by a radar-pulse technique and used resonant quartz-crystal oscil­

lator as transmitter and detector. In a different method Itterbeek et al [105,106] 

measured it at different frequenies (200, 226, 500, 523, 800, 1485 and IbOO kHz) 

and temperature (1 and 0.985 A'). 

Shalnikov and Sokolov [107] attempted to generate and measure the sec­

ond sound velocity by using a oscillating piezo-quartz, but without success. Lif-

shitz [108] showed that the intensity of the second sound radiated by oscillating 

plate is million times less than the ordinary sound due to which Shalnikov and 

Sokolov was unable to detect it. However, Peshkov [107] detected and measured it 

successfully by using an electrical heater supplied with alternating current as trans­

mitter and a resistance thermometer as detector. While Hall and Vinen [109,110] 

studied the second sound in rotating hehum-II, Vinen [111-113] measured its at­

tenuation arising from the super-fluid turbulence. 

Rudnick et al [114] reported early generation and detection of third sound. 

Most of the early experiments on third sound are reviewed by Atkins and Rud­

nick [115]. Temperature dependence of third sound velocity was studied by Rud­

nick [116] who observed that it disappears near the transition temperature for 

steep rise of its dissipation. Ekholm and Hallock [117] measured the third sound 

velocity on static films. 

Temperature dependence of fourth sound velocity was studied by Shapiro 

and Rudnick [118] by setting up standing waves of fourth sound in an acoustic 

resonator. 

1.2.9 Neutron Scattering Experiments 

LHE-4 has been studied extensively by neutron scattering. The first neutron 

scattering experiment on the liquid was reported by Goldstein et al [119] in 1951. 

This was followed by a large number of transmission measurements using a wide 

range of neutron energies as well as by diffraction measurements (Henshaw and 

Hurst [120,121]). Guided by the idea of Cohen and Feynman [122] that neutron 

scattering could be used to determine the dispersion relation of the elementary 

excitations of LHE-4, a series of inelastic scattering measurement were performed 

in late 1950's [123-127]. These experiments revealed a "phonon-roton" dispersion 

which agrees qualitatively with that as envisaged by Landau [101]. While the 



neutron scattering experiments till 1970 have been reviewed elegantly by Woods 

and Cowley [128] and Price [129], results of additional studies performed till early 

1980's are summed up by Clyde and Svensson [130]. 

The basic objectives of neutron scattering experiments of 1970's and on­

ward were to find out (i) the nature {anomalous or normal) of the energy disper­

sion of thermal excitations at low Q (wave vector), (ii) the temperature depen­

dence of static structure factor [S(Q)], and dynamic form factor [S(Q,c<;)] and (iii) 

the relation between condensate fraction (macroscopic occupation of p = 0 state) 

and super-fluid density if Bose Einstein condensation really exists in the liquid. 

Similarly as mentioned by Clyde and Svensson [130], these experiments were also 

aimed to answer (i) why S(Q,a;) does not change abruptly at transition temper­

ature? (ii) why the width and peak position of S(Q,u;) at large Q oscillate with 

Q? and (iii) why S(Q,a;) shows no evidence of a sharp central component arising 

from a scattering by zero-momentum atoms in the Bose condensate of LHE-4? 

While these experiments served their purpose for certain objectives, the findings 

related to condensate fraction remained inconclusive [130-132]. Moreover, these 

experiments reveal a set of new puzzles to be addressed by future investigators, 

for example an IBC single particle momentum distribution function {n{p)) with 

no condensate can provide a satisfactory explanation of the observed scattering 

which indicates that condensate is not necessary to explain the observed scat­

tering. Moreover, the empirical relations that are used to show the existence of 

the condensate have no firm foundation in theory and the conclusion on conden­

sate fraction derived from the neutron scattering experiments will not have much 

mearnng if these empirical relations are found to be incorrect. 

1.2.10 Basic Properties of helium-II 

We have already mentioned about diffeient unique properties exhibited by hehum-

II. In this section we summarise these important properties of the liquid. 

1. Different values of viscosity: hehum-II behaves as a non-viscous fluid in flow 

measurement methods and exhibits a non-zero viscosity in rotatory or oscilla­

tory measurement. Even the values of viscosity from rotatory and oscillatory 

methods do not agree with each other. 

2. It can flow against the gravity along the walls of the container. 
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3. It has very high thermal conductivity (1000 times that of copper). 

4. The specific heat and other related thermodynamic response functions such 

as expansion co-efficient, pressure co-efficient etc. diverge logarithmicahy at 

A—point. 

5. It exhibits thermo-mechanical and mechanocaloric effects. 

6. Below Tx, volume increases with decreasing temperature. 

7. Above a certain velocity (flow/rotational), circulation becomes quantized. 

8. It sustains four different sound modes. 

9. Its dispersion curve at low Q shows anomalous nature. 

10. It remains calm and still on boiling against the bubble formation. 

1.3 Theoretical Studies 

Most of the remarkable properties of LHE-4 were discovered within the first three 

decades of its liquification in 1908. However, theoretical investigation of the sys­

tem had not started for a long time. Frohlich [133] was the first to provide an 

explanation of A-transition who considered it to be a special kind of order-disorder 

transition. However, this idea was criticised by London [134] who considered the 

phenomenon as a manifestation of "Bose Einstein Condensation" (EEC) of ideal 

Bose gas (IBG) [135,136] distorted by inter-molecular forces. London was led to 

this conclusion by some similarity in specific heat curves of LHE-4 and IBG which 

he reproduced later [137]. Using the parameters of LHE-4, he also showed that 

the BEC temperature (= 3.13 K) for Hehum is close to its Tx i.e. 2.19 K. 

To explain some of the important experimental results, a phenomenological 

"two fluid theory" was first proposed by Tisza [71,72,138]. In his theory. helium-II 

is considered to be a degenerate ideal Bose gas where atoms in their lowest energy 

state do not take part in dissipative motion indicating that viscosity of the fluid is 

entirely due to the atoms in excited states. Tisza initially considered the helium-II 

motion to be turbulent because velocity-pressure dependence for helium-II is more 

similar to turbulent than to laminar motion. The most important success of his 

theory was the prediction of the existence of temperature waves {second sound) 

in helvum-II. 
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In 1941, Landau [101] also developed a "two fluid theory" of LHE-4 which 

was based on diflferent considerations. Landau was critical about Tisza's theory. 

He pointed out that liquid helium has nothing to do with ideal gas and emphasized 

that nothing could prevent atoms in the lowest energy state from colliding with 

excited atoms and they should experience friction on moving through the liquid 

which implies that there should be no super-fluidity at all. In his theory there 

exist two independent motions of atoms in helium-II which are assumed to have 

no transfer of momentum from one to another. To be more specific, Landau 

considered helium-II to be a homogeneous mixture of two fluids: normal fluid 

(N-fluid) and super-fluid (S-fluid) with 

p = Pn + Ps (1-1) 

with p, pn and Ps respectively representing its total density, and densities of its 

N-fluid and S-fluid components. While /?„ represents the gas of elementary ex­

citations (phonons and rotons) and accounts for its total viscosity and entropy, 

Ps represents a component of zero viscosity and entropy. He showed that below 

a particular velocity (the so called critical velocity, Vc) of the flow of the liquid, 

creation of phonons or rotons is energetically not favourable and the liquid can 

behave as "super-fluid". In case of rotational motion he proposed that only a part 

of the liquid (N-fluid) is carried along by the walls of the container and the other 

part (S-fluid) remains stationary. Landau also showed that since the super-fluid 

does not enter into a rotation, the curl of the velocity of S-fluid must vanish. 

As such by using the definition N-fluid, the viscosity of the liquid can 

be calculated in the same way as that of a mixture of phonons and rotons. He 

proposed two independent relations for phonon and roton modes, respectively, as: 

(=cp (1.2) 

. = A + | 1 (1.3) 

where c is the velocity of the sound, p is the momentum of the excitation, A 

represents an energy gap for roton mode and // is an "effective mass" of the 

roton. However, Landau [139] later combined these relations by shifting the roton 

minimum to Po to form a single excitation spectrum, and we have 

, = A + ^ i ^ (L4) 

for roton excitations; the energy of the long wave excitation (i.e. phonon) was not 

changed. 
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Landau's 1941 paper is undoubtedly the most influential single contribution 

to the development of the phenomenological theory of LHE-4 for which he was 

awarded Nobel Prize. However, this has several shortcomings, inconsistencies 

and quantitative disagreements with certain experimental results viz. the critical 

velocity, second sound velocity, viscosity paradox etc. The shortcomings of this 

theory have been discussed in details by Putterman [135]. 

In the process of development of the microscopic theory, the first significant 

contribution came from Bogoliubov [140] in 1947. He analyzed a system of weakly 

interacting bosons and tried to overcome the basic objection to the London's 

idea of associating BEC to the unique behavior of hebum-II. Considering the 

degeneracy of a non-perfect Bose gas, he used the method of second quantization 

to show that in the presence of small interactions between the atoms, the low 

excited states of the gas can be described as a perfect Bose gas of certain "quasi 

particles" (elementary excitations). He established a relation which indicates that 

the fraction of atoms condense into p = 0 state does not assume 1.0 value even at 

absolute zero. The atoms in this state can move without any friction with respect 

to the elementary excitations. Most significantly his theory reproduces Landau's 

"phonon-roton" spectrum for low Q. 

Since the inter-atomic interactions between helium atoms to a good ap­

proximation are strong, LHE-4 cannot be considered as a weakly interacting Bose 

gas. Evidently, despite Bogoliubov's work, microscopic understanding of Landau's 

spectrum was not clear and the subject remained open for further investigation. 

The problem was then undertaken by Feynman [141 143]. Using the quantum 

path integral method, Feynman first showed that in spite of the strong inter­

atomic interactions, LHE-4 should exhibit a transition analogous to the transition 

of an IBG [141]. He further observed that no low energy excitation other than 

phonon could exist in the liquid [142] which agrees with Landau. Consequently 

the low temperature specific heat must vary as T^ and the flow resistance of the 

fluid should be small. In his third paper, Feynman used the variational approach 

to find the wave function that represents an excitation in the liquid and obtained 

for its energy f(Q); here S{Q) is the structure factor of the liquid. For larger Q. 

S{Q) has a maximum leading to a minimum in E{Q). Although Feynman relation 

gave an energy-momentum curve having the qualitative shape as suggested by 
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Landau, quantitative agreement was very poor. While Feynman's relation gave 

A = 19.1 X, (equation 1.4), thermodynamic data required A = 9.6 A'. In a 

subsequent paper Feynman, in collaboration with Cohen [144], used the concept 

of back flow to find modified form of wave function yielding A = 11.5 A', which 

has a better agreement with experiments. The new wave function suggested that 

the roton is a kind of quantum-mechanical analog of a microscopic vortex ring, 

of diameter equal to about the atomic spacing. In addition, they showed that 

neutron scattering experiment could be used to determine e{Q) [122]. 

Different physical descriptions of roton came from de Boer [145], Chester [146], 

Miller et al [147] and Lee and Mohling [148]. According to de Boer the roton loses 

its 'vortex' or rotation character and should be considered as short-wavelength 

longitudinal elastic mode. Chester proposed that roton is associated with the mo­

tion of a '^He atom with modified mass. Miller et al proposed that quasi-particle 

for Q lying between 1^4"̂  and 2^4"^ behave like the slow-moving impurity atoms 

in their coupling to the long wavelength excitations. Finally, Lee and Mohling 

studied the experimental data for the total cross-section of the inelastic scatter­

ing of cold neutrons in hehum-II and found that the projection of the angular 

momentum on the direction of momentum p of the roton is zero. In othei words 

the roton excitation has zero angular momentum implying that it loses rotational 

character. 

The idea of vortex line and quantization of super-fluid circulation was 

first introduced by Onsager (as cited in [1]) which was later developed by Feyn­

man [149]. Feynman showed that the quantized circulation around a vortex line 

representing a cylindrical hole, where no atom can enter, is given by: 

^ 27r/z 

m 

Feynman considered the radius of the hole to be equal to atomic spacing which he 

took arbitrarily as 4.0A. However, Vinen [150] estimated it to be ~ 0 .5^ which 

indicates that no real macroscopic hole exists in the super-fluid but only vortex 

lines. 

The experimental evidence of vortex lines was first given by Hall and vi­

nen [109]. They [110] suggested that the second sound attenuation [109] can be ex­

plained in the presence of vortex line. Further experimental evidence of quantized 

circulation are provided by experiments of [151-154]. In the above mentioned Bo-

goliubov [140] theory "degenerate condensate" plays an important role. This idea 
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was further developed by Onsager and Penrose [155] and by Bogoliubov [156,157]. 

Using the properties of ground-state wave function and an assumption that there 

is no "long-range configurational order", Onsager and Penrose showed that BEG 

occurs in helium-II at absolute zero. They found that almost 8% of the atoms con­

densate into zero momentum state and proved that for such a state of the system, 

one has < il>{t,r) >j^ 0 where ipitjr) is the Bose operator. This property allows 

one to derive the hydrodynamical equations (with two velocities) from the micro­

scopic theory which was done independently by Bogoliubov [157] and Hohenberg 

and Martin [158]. In his field theoretical approach, Bogoliubov observed broken 

gause invariance and showed that if some kind of symmetry in the system is broken 

then in statistical mechanics "quasi-average" is preferable over "normal average". 

Bogoliubov as well as Hohenberg and Martin obtained Landau's hydrodynamic 

equations by considering an external scalar potential and sources of particles. 

These equations with viscous terms were derived by Galasiewicz [159,160] and 

Krasnikov [161] using Bogoliubov's approach. Similar equations were also derived 

by Khalatnikov [162] using a diff'erent approach where the distribution function of 

elementary excitations in helium-II satisfies Boltzman equation. 

Landau and Khalatnikov [163] calculated the temperature dependence of 

the viscosity coefficient (r;) by calculating the effective differential cross-section for 

the scattering of quasi-particles by each other. Later, Khalatnikov [164] used the 

same method to calculate temperature dependence of thermal conductivity(K) and 

V-

Generalised form of off-diagonal long-range order (ODLRO) of the reduced 

matrices in the coordinate space representation was introduced by Yang [165]. 

However, existence of such ODLRO in single particle density matrix was hinted 

by Penrose [166] and later by Penrose and Onsager [155]. Yang has shown that 

ODLRO leads to a new thermodynamic phase of the system and super-fluidity 

of helium-II is characterized by its existence. The smallest N for which ODLRO 

occurs is a set of particles that forms a basic group exhibiting the long range 

correlation. He also reveals that the basic group necessarily be composed of bosons 

or even number of fermions. Kane and Kadanoff [167] showed that such a long 

range correlation appears only in 3-D implying that the phase transition in 1-D 

or 2-D systems must differ from that in 3-D sji8tenn;;~>~-



In deriving the hydrodynamic equations for a system in thermodynamic 

equihbrium, the impact of thermal fluctuations should obviously be small. How­

ever, in the absence of the said equilibrium the state of the system would be col­

lision dominated because local in-equilibrium leads to frequent collisions between 

particles. This situation brings serious mathematical complexity in developing a 

theory that explains important thermodynamic and hydrodynamic aspects of the 

system. For example a viable theory must be consistent with hydrodynamical 

equations as well as with thermodynamic relations which is needed to obtain the 

excitation spectrum of the system. Several methods were developed to overcome 

such difficulties [157,158,168,169]. 

Use of field theoretical approach to develop a microscopic theory of LHE-4 

type system started with Bogoliubov's [140] study of weakly interacting bosons. 

However, the helium atoms experience strong short range repulsion which for­

bids any two helium atoms from occupying same point in real space and of­

fers serious difficulties in formulating a viable theory of LHE-4. Brueckner and 

Sawada [170,171] tried to overcome these difficulties by considering the system to 

be a dilute one. They found that the expectation value of the interaction energy 

for dense system like LHE-4 diverges and the divergence is intimately connected 

with the large amount of energy required to remove particles from the ground 

state. Consequently, they first considered a dilute system of ^//e type atoms and 

analysed its low energy excitations; the analysis was later extended to include high 

energy excitation. Goble and Trainor [172] used this theory for various hard core 

radii to find that condensate fraction varied from 0.37 to 0.79 as the hard core 

radius was altered from 3.0 to 1.0 A. In a similar study Parry and ter Haar [173] 

found that roton minimum disappears if the depletion effect is included in such 

calculations; even poorer results were rendered when an attractive trail was added 

to the hard core. These difficulties, evidently, showed that hard sphere boson gas 

is not a good model for liquid helium. Liu et al [174,175] showed that a qualita­

tively correct excitations spectrum can be obtained if two body pseudo-potential 

( [176] and [177]) is used. 

Despite various difficulties, Brueckner and Sawada's method has been con­

sidered as an important tool for microscopic derivation of the excitations spectrum 

of LHE-4. The accuracy of this method has been examined by Bycking [178] who 

used Green's function techniques to find the depletion of p = 0 state and a new 

method of solving scattering matrix equation. He obtained numerical values for 
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excitation energy by using hard sphere potential with hard core radius of 2.6A as 

well as Lennerd-Jones (LJ) 6-8 potential with a = 2.8A and e = 6.34 K. Although 

both potentials rendered qualitatively acceptable excitations spectrum, however, 

first sound velocity was larger than the measured one for hard sphere potential 

and smaller for LJ potential. In addition Bycking was unable to obtain self con­

sistently correct condensate fraction; the value of condensate fraction obtained by 

him in both cases was larger than unity (unphysical value). 

Singh and Kumar [179,180] included a weak long-range attraction along 

with the short ranged repulsive interaction in their field theoretical approach. 

They have shown that at zero temperature, if the parameters of the attractive 

part of the interaction are suitably restricted, the self energy part of the Green's 

function leads to a phonon like excitation spectrum for small momentum. They 

extended the theory to non zero temperature using temperature dependent Green's 

function. 

Depletion of the ground state also leads to several difficulties in the applica­

tion of many body techniques to LHE-4. Behaev [181], Hugenholtz and Pines [182] 

tried to overcome these difficulties using perturbation technique. While Beliaev 

developed a method to rigorously account for the depletion and found a formu­

lation free from all kinds of divergence, Hugenholtz and Pines obtained a result 

eliminating the p = 0 state that agree with Beliaev. They found that energy gap 

does not exist for phonon dispersion. 

Brandow [183,184] developed a perturbation theory which is somewhat 

different from Behaev [181] and Hugenholtz and Pines [182]. He emphasized the 

similarity between ground state and collective excitations of LHE-4 and those of a 

normal Fermi liquid. He extended Goldstone's [185] cluster expansion for normal 

fermionic systems to bosons. 

Another approach approximating the self energy term has been used by 

Tserkovnikov [186,187], Pines [188,189], Etters [190] and Cheung and Griffin [191, 

192] but without much improvement in the correct understanding of the system. 

Following the success of BCS theory of superconductivity significant at­

tempts have been made to develop analogous pairing models of '^He. Valatin and 

Butler [193] were the first to develop a pair condensate theory of homogeneous 

boson system. Later Girardeau and Arnowitt [194] and Gross [195] combined the 

idea of a single particle and pair condensate. This approach was further developed 
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by Zubarev and Tserkovnikov [196], Girardeau [197], Weiitzel [198], Luban [199], 

Cummings and Johnston [200], Kobe [201], Parmenter [202], Evans and Imry [203], 

Brown and Coopersmith [204], Coniglio et al [205], Evans and Rashid [206]. A 

phenomenological pairing model was put forward by Hastings and Halley [207,208] 

to propose an explanation of the anomalous dispersion of the elementary excita­

tions at long wavelength. Ristig [209] derived pairing function which represents 

the fundamental component of a pairing model. 

In a different approach to the microscopic understanding of LHE-4 type sys­

tems, variational techniques with presumed approximate form of the wave function 

have been used to find the structure factor S{Q) and pair distribution fluctuation 

{g{r)) which have well defined relationships with different properties of a fluid. In 

this context Jastrow wave function 

* = 5]exp(L/(r,,)/2) (1.7) 

has been widely used in most of the initial theoretical formulations. Here U{rij) is 

so defined that ^ vanishes when the inter-particle pair potential assumes infinitely 

large value for two particles occupying close positions. It appears that two different 

approaches have been used to express U{r). 

As used by McMillan [210] and Schifl!' and Verlet [211], U{r) is approximated 

by 

Us{r) = -{a/rr (1.8) 

where a and n can be chosen to have suitable values. While McMillan [210] 

used Monte Carlo procedure on two different sets of 32 and 108 atoms, Schiff and 

Verlet [211] used techniques of molecular dynamics for a set of 864 atoms to obtain 

minimum energy, density, condensate fraction for certain values of a and n. In 

a similar related study Padraore and Chester [212] used Monte Carlo method to 

calculate the excitation energy using the Jastrow function. 

In the alternative approach, different relations between U{r) and the pair 

distribution function {g{r)) such as BBGKY (Bogohubov, Born, Green, Kirkwood 

and Yvon) equation [213], the hypernated chain (HNC) equation, the Percus-

Yevick equation [214], the modified Percus-Yevick equation [215] etc. have been 

employed to find g{r) and the ground state energy. One finds that different equa­

tions have been used by different groups. For example, while Lee [216] used the 

HNC equation, Massey [217] and Massey and Woo [218] used BBGKY equation. 
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However, all these calculations reveal a non-zero value for S{Q) for Q = 0 in 

contradiction to the exact result. Reatto and Chester [219] showed that this dis­

crepancy arises from the inadequacy of the assumed form of U{r) and can be 

removed by considering long range correlations in the ground state wave function 

due to the virtual phonons. 

Correlated Basis Function (CBF) method has been developed by Feen-

berg and collaborators [220-225] and has reviewed elegantly by Woo [226]. This 

method was used by Campbell and Feenberg [227] to calculate the long range 

correlation in. the ground state wave function. In their calculation they initially 

took U{r) of Massey and Woo [218] and then used their formalism to obtain an 

improved S{Q). While Jackson and Feenberg [221] calculated the second order 

contribution from two-phonon intermediate states, Lee and Lee [228] included the 

second order effects of three phonon states. Four phonon contribution has also 

been calculated by Lee [229] and Lai et al [230]. CBF calculation using two- and 

three-body correlations were performed by Chang and CampbeU [231]. Schmidt 

and Pandharipande [232] included the three-body correlations in the ground state 

wave function and used HNC summation method to find the excitation energy. 

Manousakis and Pandharipande [233] generalized CBF perturbation theory to in­

clude back flow correlations and used Variational Green's-function Monte Carlo 

method and experimental pair distribution function to calculate the second order 

correction. While Iwamoto [234], Jackson [235] and Zawadowski [236] discussed 

the dependence of S{Q) on the density of two-phonon states, temperature depen­

dence of roton energies was discussed by Ruvalds [237], Jackie [238], Takeno [239] 

and Nagai [240]. 

Sim et al [241,242] have applied both the canonical transformation method [140, 

170,171] and the Jastrow function approach [243-245] to obtain the energy of the 

dilute Bose gas. They showed that both approaches give identical results for those 

terms involving the potential (1/)'" for m less than 4. However, Jastrow function 

approach fails to give higher order interaction term correctly. In a similar ap­

proach, Wong et al [246,247] used a method developed by Wong and Fung [248] 

to establish a relationship between the two. They expressed the explicit matrix 

representation of the linear unitary transformation in terms of the multi-particle 

basis-correlation function. However, they did not propose any specific form of the 

Hamiltonian. 
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In recent time various Monte Carlo methods such as Variational Monte 

Carlo (VMC), Green-function Monte Carlo (GFMC), Path Integral Monte Carlo 

(PIMC) are used to calculate the properties of LHE-4. Whitlock and Panoff [249] 

has used GFMC method to find the momentum distribution of LHE-4 at zero 

temperature. Similar calculations are performed by Caperley and Pollock [250-

252] using PIMC method and by Masserini et al [253] using VMC method for 

non zero temperature. Caperley et al [254,255] and Moroni et al [256] have used 

diffusion Monte Carlo (DMC) method to calculate the properties of ground state. 

This method is also used by Moroni et al [257] to calculate one body density matrix 

and the momentum distribution of LHE-4 as well as of liquid ^He. Euler Monte 

Carlo (EMC) method is developed by Vitiello and Schmidt [258] and Moroni et 

al [256] and used by Moroni et al [256,259] to calculate the properties of LHE-4 

and liquid ^He. 

1.4 Conclusion 

During the last six decades untiring efforts have been made to develop either 

a microscopic theory or a phenomenological theory that accounts all the unique 

properties of LHE-4. Tisza's model [7L72,138], Landau's two fluid model [101,139] 

and Ginzburg-Landau ^—theory [260] are prominent among the phenomenological 

theories. The microscopic formalism of LHE-4 are broadly based on two different 

approaches: field theoretical approach and variational approach. Field theoretical 

approach has been started with Bogoliubov's theory of weakly interacting Bose 

gas [140] which was further developed by Beliaev. Hugenholtz and Pines, Brueck-

ner and Sawawda and others. Variational approach was first used by Feynman 

and contributed further by Jackson and Feenberg, Jastrow, Penrose and Onsager 

and others. In microscopic approach there are theories which presume the exis­

tence of p = 0 condensate, there are theories which presume 'pair' condensation, 

there are theories with no condensation and there are theories which presume 

p = 0 condensate together with pair condensation and many particles conden­

sation. Despite all these efforts there is no single theoretical framework which 

explains all important properties of LHE-4. One may find one theory for one 

property then other for other property. Moreover, the existence of p = 0 conden­

sate, which plays an important role in most of the above mentioned microscopic 

theories, has not been established beyond doubt [130,131]. Deep inelastic neutron 
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scattering (DINS) experiments, which have been performed with a primary goal to 

observe direct evidence of p = 0 condensate, has not succeeded in reaching its goal. 

Various methods of analyzing of the DINS data lead to estimate the condensate 

fraction(no) that ranges between 2.4 and 17% [130,132,261]. However, the value 

of 77,0 so mferred is inconsistent and model dependent. Jackson [261] also observed 

that data are consistent with the absence of a condensate too. Reviewing the 

results of neutron scattering experiments up to 1987, Glyde and Svensson [130] 

remarked: 

The equations which are used to interpret the neutron scattering data 

are essentially empirical relations with no firm foundation m theory. 

To apply these relationships it is necessary to make some assumptions. 

These assumptions are often major source of uncertainty m the analysis. 

In another article Sokol [132] remarked: 

/ / the underlying assumptions of the expressions used m the fits (neu­

tron scattering data) are incorrect, then the results inferred will not have 

much meaning. It is interesting to note that the observed scattering in 

liquid helium can he fit extremely well simply by using the momentum 

distribution (n(p)) of the ideal Bose gas. This holds true in both the 

normal and super-fluid phase. The best description of the scattering in 

the super-fluid is obtained by using an ideal Bose gas n{p) with no con­

densate. 

Very recently, in a review article Leggett [131] remarked: 

In the sixty years since London's original proposal, while there has been 

almost universal belief that the key to super-fluidity is indeed the onset 

of BEC at T\ it has proved very difficult, if not impossible, to verify 

the existence of the latter phenomenon directly. The mam evidence for 

it comes from high-energy neutron scattering and, very, recently, from 

the spectrum of atoms evaporated from the liquid surface, and while both 

are certainly consistent with the existence of a condensate fraction of 

approximately 10%, neither can be said to establish it beyond all possible 

doubts. 
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These comments of the experts in the field reflect that still there is a doubt 

about the existence of p = 0 condensate in super-fluid helium. It is unfortunate 

that while there is no firm foundation for the existence of p = 0 condensate in 

super-fluid helium, most of the microscopic theories start with the basic assump­

tion that this state (p = 0 condensate) really exists in the system. Reviewing the 

progress of theoretical work at the fifteenth Scottish University summer school 

Rickayzen [262] stated: 

There is no microscopic theory of superfluid '^He. There are many math­

ematical models which appear to provide insight into the behavior of su-

perfluids but there is no theory which provides quantitative prediction 

that agree with observation. Even some of the most widely held assump­

tions of the theory such as the idea of condensation in a zero momentum 

state can not be said to be proved beyond reasonable doubt. 

Concluding a review article, Woods and Cowley [128] also observed: 

Despite all the experimental information and numerous theoretical dis­

cussions there is still no convincing theory of the excitations which begins 

with the known interaction between helium atoms. 

At the same time Kleban [263] proved that theories assuming the existence of p = 0 

condensate contradict the excluded volume principle-a direct consequence of hard 

core nature of particles. It is interesting to note that very recently Ettouhami [264] 

questions the vahdity of the Bogohubov theory [140], which was the starting point 

of the field theoretical approach. As such, the only way to understand the proper­

ties of LHE-4 is the two fluid model of Landau [101,139] supplemented by the idea 

of quantized circulation presented by Onsager [265] and Feynman [149]. However, 

this combination has several shortcomings too. Discussing these shortcomings 

Putterman [135] remarked, 

The two fluid theory plus quantization bears striking similarity to the old 

quantum theory. Just as the old quantum theory had to be modified m 

light of the wave particle duality, one must expect that our determinis­

tic two fluid theory of helium-II will be modified by microscopic wave 

particle duality. 
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The above mentioned facts motivated Jain to use an entirely new approach 

to develop a microscopic theory of super-fluid helium known as "Macro orbital 

theory" [266-268]. This theory neither assumes the existence of p = 0 condensate 

nor applies the variational method. We discuss the salient features of this theory 

and its significant results in Chapter 2. One may find that the theoretical results 

obtained by Jain's Macro-orbital theory closely agree with the experimental results 

which indicates that this theoretical framework has great potential in accounting 

for the properties of widely different system of interacting bosons. And to this 

effect the present thesis has succeeded in its major objective. 
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Figure 1.1: The density of LHE-4 under the saturated vapour pressure. (Source: Kerr and 

Taylor [16] as cited in [8]) 
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Figure 1.2: Expansion coefficient of LHE-4 under the saturated vapour pressure. (Source: Kerr 

and Taylor [16] as cited in [8]) 
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Figure 1.3; The specific heat of LHE-4 under the saturated vapour pressure (Source: Wilks [8], 

p-666) 

Figure 1.4: The specific heat of LHE-4 under the saturated vapour pressure (Source: G. 

Ahlers [42]) 
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Chapter 2 

Macro-orbital Theory 



2.1 Introduction 

Liquid helium-4 (LHE-4) is a system of interacting bosons (SIB). As discussed in 

Chapter-1 inter-atomic interactions have been posing great difficulties in formu­

lating a viable theory of the liquid. Consequently, some of the earlier theories are 

related to a system of weakly interacting bosons or a dilute (low density) Bose 

gas. Although, later studies tried to overcome these difficulties by using different 

approaches (cf.. Chapter-1) but with little success. 

Over the last few years, Jain [1-4] used a non-conventional approach after 

identifying several sources of errors in the basic considerations of the conventional 

approaches and concluded his Macro-orbital theory. In developing his approach, 

he first identifies the following realities of LHE-4. 

I. ^He atoms in LHE-4 move freely within its volume on a surface of constant -ve 

potential (—K) unless they collide with each other. One may find that inter­

atomic interactions in the liquid can be represented by a two body central 

potential V{rij) such as Lennard Jones potential. 

V{r,,) = 4e 
12 / \ 6 

^ij J \^V . 
(2.1) 

which could be identified as a sum of: (i) a short range strong repulsive term 

V^{r^j) and (ii) a relatively weak long range attractive term V''^(ry). While 

V^{rij) can be approximated to hard-core repulsion VHC{'>^IJ) ( ^//c('"ij < 

a) = oo and Vncifi] > cr) = 0 with a being the hard core diameter of an 

atom), V'^{r^j) is approximated to a constant negative potential —Vg. It is 

obvious that Vnci'T'ij) forbids two particle from occupying same point in real 

space and —VQ keeps particles confined to a fixed volume. 

2. Following a systematic analysis of a 3 — D case of two HC particles of finite 

size, Huang [5] establishes VHC{'>^) = AS{r). Same result has been obtained 

for 1-D dynamics of two HC particles by Jain by studying the possible con­

figuration of PI and P2 just at the instant of their collision. He finds that 

while P I and P2 keep their centers of gravity at a; = cr (with X2 — a/2 and 

Xi = —cr/2), they register their physical touch at x = 0. Their encounter 

with Vffcix) in this process is a result of this contact at a; = 0 beyond which 

two HC particles can not be pushed in. Naturally, in this process, a has 

no importance either as the size of PI or P2 or as a distance between their 
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centers of gravity. The process of collision only identifies that particles are 

hard spheres, (whether of finite a or of infinitely small o) and this means 

VHC{X) = ASix). 

3. Analysing the basic nature of the possible dynamics of two particles (say PI 

and P2) in the system, Jain observes that F l and P2 encounter 5—potential 

only when they suffer a collision. While in a two body collision, they simply 

exchange their momenta, ki and ^2, in a many body collision, where they 

may collide simultaneously with other particle(s), they could be identified to 

jump from their state of ki and ^2 (or their relative momentum k = k2 — ki 

and center of mass (CM) momentum K = k\ + /C2) to that of new momenta 

k[ and k'2 (or k' and K'). It is obvious that each of them has free particle 

motion between two coUisions. Evidently, a state of two particles even in the 

presence of other particles of the system can be identified characteristically 

with a state of two HC particles. In other words a pair of particles forms the 

basic unit of the system and the wave mechanics of two HC particles serves 

as an important basis for understanding a many body system. 

In the following section we discuss the dynamics of two HC particles in a 1-D box 

and its results can be extended to 2 — D and 3 — D systems. While the dynamics 

of a many body system is discussed in section-2.3, important inferences of Macro-

orbital theory are discussed in section-2.4. In section-2.5 we put our observations 

as concluding remarks. 

2.2 Wave Mechanics of Two Hard Core Quantum Particles 

in 1-D Box 

The dynamics of P i and P2 can be described by the Scrodinger equation expressed 

in the CM coordinate system as 

4m dX"^ m dx^ 
+ AS{x) ^{x,X) = E^{x,X) (2.2) 

with 

^{x,X) = M^)exp[i{KX)] (2.3) 
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with ipk{x) representing their relative motion and exp[i{KX)] -the CM motion. 

It is evident that their relative motion can be described by the equation 

+ A6{x) ^{x) = EkM^) (2.4) 
m dx"^ 

with Ek = E — h^K'^/Am. All notations in equations 2.2 and 2.3 including 

X = X2 — Xi and fc = k2 — ki (2.5) 

X = {xi+ X2)/2 and K = ki+k2 (2.6) 

have their usual meanings. Alternatively for ki and k2 we also have 

ki = - g + K/2 and k^ = q + K/2 (2.7) 

Evidently in CM coordinate P I and P2 are seen to move with equal and opposite 

momenta (q, -q) and maintain a center of symmetry at their CM. This renders, 

kcM(l) =-kcM(2) = (? and XCM{1) =-XCM{2) (2.8) 

where XCM and kcM represent respectively the position and momentum of a par­

ticle with respect to CM. Equations 2.8 and 2.7 define the characteristic details of 

2.2.1 Characteristics of Two Body Dynamics 

Functional form of Vfc(2:) 

Using the step potential nature of A6{x) Jain finds that each particle of the system 

can be described by separate plane wave such as Uk (̂xj) = exp(2kjXi) exp[—z£'ji/fi] 

(assumed to have unit normahzation). However, for the possible superposition of 

the waves representing PI and P2, a state of two particles is better expressed by 

^{xi,X2,t)'^ = l/V2[Uki(Xl,t)Uk2(x2J) ± Wk2(Xi,t)Uki(x2,^)] (2.9) 

which can be rearranged as 

^(x, X, t)^ = ijjkix, t)^ exp {tKX)exp[-i{Ek + EK)t/ri] (2.10) 

with 

^^(x,t)+ = V2cos{kx/2)exp[-iEkt/h] (2.11) 

^fc(x,t)~ = V2sm{kx/2)exp[-iEkt/h] (2.12) 

42 



Both ^pk{x,t)'^ and ipk{x,t)~ represent a kind of stationary matter wave (SMW) 

that modulates the relative phase positions {(p ~ kx) of PI and P2. Although, 

ipk{x,t)~ is a desired solution of equation 2.4 because it vanishes at x = 0, its 

anti symmetric nature forbids it to be a wave function of two HC bosons. How­

ever, even symmetry of A6{x) reveals that 0fe(x,i)"'' = sm{\kx/2\)exp[—iEkt/h], 

which is also a solution of equation 2.4, can represent the eigen state of two HC 

bosons [6]. Moreover, as \xpk{x,t)~\^ = \(f)k{x,t)~^\^, the modulation of the relative 

position of two HC fermions represented by il)k{x,t)~ is exactly identical to that 

of two HC bosons represented by 0fc(x,i)+. This concludes that relative configu­

ration and dynamics of two HC particles are not influenced by their fermionic or 

bosonic nature and these aspects can be determined by analyzing either ipk{x,t)~ 

or 0fc(x,i)"'". In general, the eigen function that represents the two HC particles 

state is expressible in the form of 

C(x, X,t)^ = (;k{x,t)^ exp[i{KX)\exp[-i{Ek + EK)t/h] (2.13) 

with 

and 

C(x, t)~ = Tpkix, t)~ = V2sm{kx/2)exp[-iEkt/h] (2.14) 

C(x, ty = (l)k{x, t)+ = V2sm{\kx\/2)exp[-iEkt/h] (2.15) 

Expectation value of energy 

Expectation value of the energy operator is given by 

h'K^ h^e h^ {kj + kl) , , 
< H{2) >= + - — = —^ ^ 2.16 

4m 4m 2m 

which represents purely a kinetic energy. This is because A6{x) = 0 for x 7̂  0 

and ({x,t)^ = 0 for X = 0 rendering < AS{x) > = 0. However, as shown in [6] 

this does not imply that the problem is equivalent to a non-interacting system. 

As shown in [6], the quantized values of q and K are expressed by 

q^ = kn/2 = {n + l)Tr/d (n = 0,1,2, ) (2.17) 

and 

KM = {N + l)7r/L (TV = 0,1, 2, ) (2.18) 

As such Jain concludes that the two particles for their relative motion behave as 

if they are confined to different halves of the one dimensional box which agrees 
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with excluded volume condition envisaged by Kleban [7]. Equations 2.17 and 2.18 

render the total energy E{n, N) of PI and P2 as 

while the ground state (G-state) is characterized by 

qo = n/d and Ko = n/L (2.20) 

and 

^ ° = 8 W ^ ¥ = 2-^2e„ (2.21) 
h^ 17 

K = ~ 

Here CQ = h'^/Smd'^ is the G-state energy of a particle in a box of size d. 

Ground state configuration 

The ground state configuration of the system is represented by 

q = 'K/d = 27r/X,< X >= X/2 and < 0 > = 27r (2.22) 

where X = L = 2d. This indicates that in the ground state configuration PI 

and P2 define a closed-packed arrangement occupying a space (= A/2) equal to 

their wave packets size and their motion becomes collisionless. However, in excited 

state wave packets size decreases with increasing energy and the motion becomes 

coUisional. 

Macro-orbital 

The particles in their quantum state either experience a repulsion (when x < X/2) 

or no force (when x > X/2). In both cases they have no binding in x-space 

and retain their independent particle state in spite of their inter particle phase 

correlation, which can keep them locked at < 0 > = 2mr (n=l,2,3,....) in the 

0-space. Before a collision P I and P2 move towards each other with opposite 

momenta and after collision they either exchange their momenta or their respective 

position. The first possibility gives a kind of self-superposition (i.e. superposition 

of plane waves of the same particle in their respective half) and the other renders 

a mutual-superposition (i.e. superposition of the plane waves of the different 

particles). In wave mechanics there is no way to find out whether the particles have 

their self-superposition or mutual-superposition. However, there is no distinction 
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between the two because both of them arise from the superposition of the plane 

waves of momenta ki and k2. The self-superposition identifies each particle as 

an independent entity in a state represented by a (q, -q) pair moving with CM 

momentum K. In other words, the state of each particle of the pair can be described 

by a separate pair wave form, say ^(x(j), A"(j)). This is different from ((x, X) and 

proposed to be called a Macro-orbital. 

For a general usage Macro-orbital is obtained by using ^(a:(j), ^(i)) = 

C(x, X) and replacing x, X, q and K, respectively, by X(j), X(j), g(j), andK{^i) to 

make a reference to z*'' particle. This renders 

e(^W, ^ w ) = 5C,(,)(x(,)) exp [/^w^w] (2.23) 

where B is a normalization constant and C,q^^^ is that part of a Macro-orbital which 

does not overlap with similar part of other Macro-orbitals. Since, the Macro-

orbital represents a particle in its self superposition state, it is not a solution of 

equation 2.2. However, if the Hamiltonian of the system is expressed as 

H{2) = hi + h2 = h{l) + h{2) (2.24) 

where K = -^-^ being the kinetic energy operator of the i*'̂  particle and 

then ^(x(j), X(j)) becomes a eigen function of the operator h(i). 

2.3 Many Body Interacting Bosonic System 

The Macro-orbital theory starts with 
2 N N N 

I 

2rn 
^W = -^T.^" + T.^i\^^-r^) = f^o + Y.^{\n-r,\) (2.26) 

1=1 Kj %<J 

representing the microscopic quantum Hamiltonian of a system of N-interacting 

bosons. Here ^ V^ represents the K.E. operator of the i^^ particle. 

2.3.1 State Function 

In view of what has been inferred in Sections 2.1 and 2.2, the state of each particle 

in the system can be represented by a Macro-orbital 

(̂̂ W> R{i)) = 5JC9(,)('"W) e^P (^^W^w) (2-27) 
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where Cq^,^{r(i)) stands either for ipg^^^ or ({)q^^y Since a Macro-orbital is an eigen 

function of the Hamiltonian of a pair of HC particles expressed in terms of h{i), the 

kinetic energy part (Ho) of the Hamiltonian (equation 2.26) should be rearranged 

in terms of h{i) [3] with which a Macro-orbital is consistent as an eigen function. 

Using A'̂  Macro-orbitals for N particles, the state functions of n*'̂  quantum state 

of equal energy En can be expressed as 

i'n = 4>n{q)4>n{K) 

with 

(t>n{q) = 

UK) = 

' 2 \ ^/2 ^ 

• ^ 1 = 1 

N 

exp[—iEn(k)t/h] 

(2.28) 

(2.29) 

/ 1 \ iV/2 N 

^ ^ pK 1=1 

exp[-iEn{K)t/h] (2.30) 

with 

N N 

En{k) = Yl <^)^ En{K) = J2 <K\ and A = {—)'/' (2.31) 
i v ; 

1=1 1=1 

The term Ylpxi^^)^ ^̂  equation 2.30 refers to the sum of different permutations of 

K over all particles, (-1-1)̂  used for bosonic system and ( — 1)^ is used for fermionic 

system. The fact that no two particles in the system are expected to occupy same 

r [8] is ensured by the restriction, QJ > n/d or Aj/2 < d. Since one has E = A'̂ ! 

different •0n for a given state, the general state function can be written as: 

^- = ^tl'''n (2.32) 
^ 1=1 

2.3.2 Energy Eigenvalue 

(2.33) 

Expectation value of energy of the n^^ state is 

^ ^ < 0 n | / / n | 0 n > ^ < K\{Ho{N) + A6{r^j))\(j)n > 

< 4>n\(t>n > < (Pn\4>n > 

Two particles dynamics reveals that each particle in the system is represented 

by a SMW pair of CM momentum K^ and relative momentum k^ = 2q^ and 

< A5{rij) >= 0. This gives the energy of the n*'̂  state as: 

En = 
< <Pn\Ho{N)\<Pn > 

N 

< > 
1=1 

8m 2m 
(2.34) 
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Where Ki can have any value between 0 to CXD, while the lowest q^ is decided by 

the volume v^ available to i—th particle. Naturally, for the ground state energy all 

Ki = 0 and ĝ  can be obtained by using the fact that each particle in the ground 

state has lowest possible energy i.e. largest possible A/2 (obviously, equal to the 

size of the cavity exclusively occupied by the particle) indicating that the largest 

volume occupied by *̂'̂  particle is Vi = (A/2)^. In principle, this renders ground 

state energy of the system as 

»̂ = E ^ = E A 3 P-35) 
N 

with 
N 

^v^ = V (2.36) 
1=1 

Minimizing Eo by using equation 2.36 one easily finds that 

2.4 Inferences of the Macro-orbital Theory 

2.4.1 Evolution of the System with Decreasing T 

For a constant particle density of the system the inter particle separation d remains 

constant while Xx (thermal de Broglie wavelength) increases with decreasing tem­

perature (T). As a result {d — A/2) decreases with T and at a certain T = Tg, 

((i —A/2) vanishes and q motion gets frozen into zero point motion oi q = QO = 7r/d. 

Evidently, the system moves from a state of A/2 < d to a new state of A/2 = d. 

While the former state with 0(= 2qd) > 27r represents randomness in 0 positions 

(i.e. a disorder in 0-space), the latter state of (p = 2n represents an ordered state. 

Thus the particles of the system move from their disordered to ordered state in 

0-space at Tc where we obviously have all g, = qg. Consequently, at T < %, all 

•ipn become identical and 0„ attains the form of single V̂ „. As a result, all the E 

micro states merge into one state indicating a kind of oneness of the system and 

therefore, the system at T < T̂  is described by 

Cl^n = €{Q = QoWniK) (2.38) 
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2.4.2 Effective Inter Particle Interaction 

Macro-orbital theory replaces V^^{r) by VHC{I") and imposes the condition, "no 

two particles should share same r in configuration space". This shows that WP 

manifestation of particles extends the range of influence of Vf/c(^) from Va — cr 

to Ta = A/2 when A/2 > a. This repulsion is the zero point repulsion and can be 

derived as the first rf derivative of the ground state energy, Eo = -^^^ Evidently, A 

in V//C(T) = AS{r) should be proportional to ^ | ^ - In most systems of interacting 

bosons (SIB) inter particle interaction falls faster than the zero point repulsion 

particularly for all a < r < A/2. Because of this zero point repulsion LHE-4 does 

not solidify even at T = 0 unless an external pressure of 25 atms is applied. This 

zero point repulsion also explains the negative volume expansion in LHE-4 with 

falling T around T>,. As T decreases, the wave packet size of the particles increases 

and the wave packets of neighbouring particles get overlapped. To remove this 

overlapping of the wave packets, zero point repulsion increases the inter particle 

separation. 

2.4.3 Quantum Correlation Potential 

One of the main features of Macro-orbital theory is the quantum correlation po­

tential (QCP) which has two components. The U^^ pertaining to k motion controls 

the (f) = kr position of a particle and is given by: 

U,] = -keTo In [2 sin2(0/2)] (2.39) 

where T has been replaced by T^ because T equivalence of k motion energy at all 

T <Tx is To- This potential has the minimum value —fĉ To In 2 at 0 = (2n -)- l)7r 

(with n=0,l,2,3,....) and maximum value CXD at 0 = 2n7r (with n=0,l,2 ). U^^ 

always increases for any small change 8(j) in 0 at its minimum, as 

]p{64>f =-^kBTo{8<t>f (2.40) 

with force constant 

C = ~kBTo. (2.41) 

Therefore, the particles experience a force = —CScf) which tries to maintain 6(f) = 0 

and sustain the order of particles in ^-space. 

The second component pertaining to K motion is expressed by 

-27r\R' ~ R"[^' 
Ui-, = — fcfiTln 1 -H exp 

\rp 
(2.42) 
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with A^ = h/{2TT{'im)kBT)^^'^ which is identical to the expression obtained for 

non interacting bosons [9]. This potential is the origin of the force that drives 

the particles of the system in /C-space towards K = 0, (BEC state of K motion) 

where it has its minimum value —ksT\n2. 

2.4.4 Transition Temperature (TA) 

What follows from Sec-2.4.1 that the lower bound of T̂  is 

27rmfcBA|. SirmkBcP 

which is T equivalent of ground state energy where the particles have A^ = 2d. 

However, to obtain real Tc = T\ one must note that with T moving below Tx, 

particles of the system not only have q = QQ, but also start attaining K = 0. Evi­

dently, A transition follows two processes simultaneously: (i) ordering of particles 

in 0—space rendering q — Qo and (ii) BEC of particles (as SMW pairs) driving 

them towards /T = 0, which gives a transition temperature 

1 h^ 

(P ^ V2.62\^ j 
(2.44) 

4 '^-KvaksT 

where TBEC is usual BEC temperature [9]. The factor | appears because the plane 

wave of K motion of a particle has ^ ^ energy and TBEC varies as 1/m. The 

sharpness of the transition is well evident from its condition A = 2d. 

While the particles of the system can be assumed, to a good approximation, 

to represent HC particles moving freely on a surface of constant potential —14, 

the fact that two neighbouring particles do experience inter-particle interaction 

during their relative motion which causes a change to the inertia of the particles. 

To incorporate this effect, Jain introduces effective mass m* to replace va in equa­

tion 2.44 (which was obtained from a model based on free particle picture) and 

obtains 

(2.45) n= "' 
87rm*kB + 0 d^ V2-61K, 

Evidently, d, V and m* are three pressure (P) dependent quantities which in turn 

explain the pressure dependence of Tx. While Tx is expected to increase with 

increasing P for the usual decrease in the values of d and V, however, Tx may 

show a reverse change if m* increases with P. In this context Jain notes that m* 

of '^He atom should increase with P for an obvious increase in the strength of 

inter-particle attraction with increasing P. 
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2.4.5 Thermal Excitation 

The ground state configuration of the system is defined by 

A0 = 2n7r, Qo = -i and < r >= d (2.46) 

Evidently, the system is a closed packed arrangement of wave packets leaving 

no freedom for the particles to move across each other. Particles can move in the 

order of their locations maintaining ^(f) = 2n7r. If A0 = kr = 2mT configuration is 

disturbed by some excitation, the particles are restored to its original configuration 

by U^j generating waves of 0 oscillation. The frequency {uj^{Q)) of such oscillations 

can be obtained by considering a chain of atoms and nearest neighbour interaction 

as the only responsible force present in the system, and we have 

/4C 
MQ) = d-j\MQd/2)\ (2.47) 

where Q is the wave vector and p is the measure of inertia for (p niotion. It is 

clear from the relation 6(p = 2q{Sr) + 2r{6q) that (f) oscillation can appear as the 

oscillations of both r and q. While r—oscillations could be identified as phonon 

modes when all particles retain q = q^, the 9—oscillation represents the phonon 

like waves of momentum oscillations when the particles in the chain maintain 

r ~ d. The quantum quasi-particle that arises from the g—oscillation is named 

as Omon. The system like LHE-4 exhibits no transverse mode because the shear 

forces between particles are negligible and only one branch of longitudinal mode 

because the system is isotropic. Evidently, u}r{Q) of phonons can be represented, 

to a good approximation, by the dispersion of the elastic waves in a chain of 

identical atoms and it can be obtained from equation 2.47 by replacing (3 and C 

by m and C, respectively. From equation 2.41 

C = ATT^C/d^ = 2TT^kB To/d^ = irhyimd^ (2.48) 

It may be mentioned that d and C are descending and ascending function of Q 

because an increase in energy of the particles by an excitation reduces wave packet 

size of the particles which renders a decrease in d and increase in C. As such the 

phonon energy, Eph{Q), is obtained from 

EphiQ) = huriQ) = / ; Y ' ^ ^ | s i n ( Q c / ( g ) / 2 ) | (2.49) 

However, since d -^ a, d{Q) and C{Q) are bound to become Q independent for 

Q > TT/CT and maximum in Eph{Q) falls at Qmax = 'KJO. Eph{Q) over the range 
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Q > n/a and < 2n/d follows 

E,niQ) = hur{Q) = h^j^^!^^^\ sin(Qa/2)| (2.50) 

Since phonon like dispersion is expected only till the excitation wavelength A > d 

(i.e. Q < 27r/d), the spectrum for A < a (i.e. Q > 2'rr/a) could be identified to 

follow 

EJQ) = ^ (2,51) 

a kind of single particle dispersion. Here mp represents a kind of mass factor that 

measures the effect of quantum correlation in the (q,-q) pair. A transition from 

EphiQ) to EspiQ) takes place over the range 27r/(i < Q < 2Tr/a before Eph{Q) 

meets zero value at Q = 27r/a. Macro-orbital theory predicts a minimum value of 

energy at 

Qrmn = [^ + "] (2-52) 
a a 

2.4.6 Two Fluid Behaviour 

For T <Tx, the system is described by the state function of equation 2.38 where 

(t>n{Qo) deals with q motions and (pni^^) with K motions of the particles. The 

component 4>n{Qo) represents the ground state of the system in which all particles 

are constrained by the relation A0 = 2mr. This state has zero entropy {S = 0) 

and zero viscosity (77 = 0). The excitations are the effects that can propagate 

from one end of the system to the other against the closely packed WPs in the 

background. They, obviously, form a kind of gas (as envisaged by Landau [10,11]) 

that accounts for total S and other thermal properties of the system. Moreover, 

the excitations render rj ^ 0 because their effects can lead to frictional movements 

of the particles. As such, (pnilo) has the basic properties of super-fluid (5—phase) 

while 0n(A') has those of normal fluid (A''—phase). As all the particles take part 

in both (pniQo) and (f)^{K), none of them can be labeled as N or S particle. All 

these aspects justify the use of inertial mass density associated with excitations to 

obtain normal fluid density Pn{T) and super-fluid density PsiT) = p{T) — Pn{T) 

and vindicate Landau's two fluid model. 

For T > Tx, the state of the system can not be described as the product of 

two independent functions, rather this state is represented by equation 2.32. As a 

result, the system should be like a single component fluid as observed for LHE-4. 
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2.4.7 Energy Gap and Its Consequences 

With T moving below Tx, the WPs of neighbouring particles having increased size 

(> d) get overlapped and pushes the particles against the inter-particle attraction. 

This overlapping and V^f{r) perturb the state \K = 0,qo > as well as its energy 

So to So:t l^l where l̂ l̂ is the expectation value of the interaction potential due to 

the overlapping of the wave packets. However, it is better to replace \u\ by |i^(T)| 

as the overlapping may depend on T. The state of lower energy, i.e. So — \i^{T)\ 

represents a kind of bonding (or paired) state while £„ + |i^(T)| represents an anti-

bonding state. Since this happens to all particles of the system, the ground state 

energy of the system falls below Neo{Tx). The new energy of the system is given 

by 

NeoiT < Tx) = N£,{Tx) - N\iy{T)\ = Ne^ - E,iT) (2.53) 

When the system moves to the lower energy state, size of the wave packets get 

increased depending on i^(T). This forces the system to expand against inter 

molecular interaction with decreasing T as exhibited by LHE-4. The expansion, 

however, needs energy to work against inter-particle attraction. Incidentally, there 

exist a small number of N*{T) of thermally excited particles even at T < TA 

which avoid quantum correlation with other particles. With fall in T below Tx, 

the number of these particles decreases from N*{Tx) to N*{T) and in the process 

they release an additional energy Ae(T) = kBToln2[N*{Tx) - N*{T)] with 

.13 /2 

y/sde (2.54) ^'(T) = ^ 
2m 

^^P ( ^ ) - ' 

where Sc = - ^ represents such energy that an atom oi e > £c has no quan­

tum correlation with its neighbours. For LHE-4 system, ^£{T) and Eg{T) closely 

satisfy the relation Ae(r) = Eg{T), which holds good for all T < Tx- As such, 

A£{T) energy released from quantum correlation becomes available for the expan­

sion of the system and used to push the particles to a higher potential energy by 

an amount AV^it) = AeiT). The net loss of energy is A£(T) + Eg{T) = 2Eg{T) 

out of which AVs{T) — Ae(T) is restored back as an increase in potential energy 

(work done against Vj'̂ (r)) of the particles. This energy represents a kind of strain 

in the system and termed as self energy of the particle. AVs{T) depends on the 

size of the wave packets and q, hence it serves as a source of Omon. Increase of 

AVs{T) with falling T implies that Omon field intensity increases with decreasing 

phonon field intensity. 
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AtT <Tx, the system is in a peculiar state of equilibrium in which particles 

are held at higher potential than the normal state. But net energy N£o{Tx) — 

2Eg{T) + AVs{T) = NSoiTx) - Eg{T) is lower than Nto. Eg{T), is identified as 

collective binding energy among the particles rendering the system to become a 

liquid of single molecule and energy gap between normal and super-fluid state. 

The value of Eg{T) can be calculated from the relation 

Nh? 
Eg{T) = Ne{T) - Ne{Tx) = 

4 ~ 4 8m 

High Thermal Conductivity and Low Viscosity: 

[dx - dr] (2.55) 
4mdl 

If two heads X and Y in the system maintain a small T and P differences, Macro-

orbital theory predicts the equation of state as Eg{X) = Eg{Y) -\- SAT — VAP. 

For equilibrium Eg{X) = Eg{Y) which gives 

SAT = VAP (2.56) 

This equation reveals that the system should exhibits thermo-mechanical and 

mechanocaloric effects. This also shows that the co-efficient of viscosity r] should 

be zero if it is measured by capillary method under the condition AT = 0 and 

thermal conductivity 0 should be infinitely high if it is measured under AP = 0. 

Because of this high 6 and closed packed structure, thermal convection currents 

are absent in the system, therefore, S-phase does not boil like N-phase. Since 

the particles in S-phase can only move in the order of their location, they cease 

to have relative motion, particularly during their linear motion. Therefore, the 

system exhibits vanishingly small 77 for linear motion. However, in the rotating 

fluid, the particles moving in neighbouring concentric circular path have relative 

velocity producing quantized vortices as the source of natural viscous behaviour. 

Critical Velocity and S-phase: 

The state function of the S-phase 4>n{(lo) changes to (t>n{Qo) when the system flows 

with velocity — Aq. This new state function is represented by: 

N 

Kiqo) = Mqo) exp(zK ^ R,) exp[-t[N{eo + e{K)) - Eg{T)]tin] (2.57) 

with 2Aq = K. The S-state function remains stable against such a flow unless the 

flow energy ^Nmvj — Ne{K) overtakes the collective binding energy Eg{T) of the 
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system. The critical velocity at which the system loses its super-fluid behaviour 

is given by 

Even at y < Vc{T) the super-fluid may show sign of viscous behavior due to 

creation of quantized vortices. However, the system retains its super-fluidity unless 

energy of all vortices produced in the system exceeds Eg{T). 

Super-fluid Density: 

In Macro-orbital theory super-fluid density Ps is related to Eg{T) through the 

relation 

and normal density Pn{T) — p{T) — Ps{T). Knowing the value of Eg{T) (using 

equation 2.55), values of fc(T') and Ps{T) can be obtained easily. This relation also 

shows that at Tx the super-fluid component vanishes (as PsiT) = 0 for Eg{T\) = 0) 

and at T = 0 the normal fluid component vanishes (as ps{^) = p(0)). For 0 < T < 

Tx, the fluid maintains its two fluid nature. Considering the time independent 

part of the equation 2.57 super-fluid velocity, Vg, can be expressed as 

with S{R) = K. Y!^ Ri- The factor 2m appears because of the fact that V^ S{R) 

render the momentum of the pair. This relation also shows the relationship be­

tween super-fluid velocity Vg and the phase S{r) of 5"—state wave function. 

2.4.8 Quantized Vortices 

This theory also shows the existence of quantized vortices in helium-II as men­

tioned by Feynman [12,13]. It also gives a satisfactory explanation to Wilks [14] 

reservation about Feynman model. The circulation of velocity field 

K:=y^v,{i).Ar, = -y"Aq^.Ar, = — (2.61) 

with ^ j A^j.Arj = 2n7r, which presumes that the relative configuration of parti­

cles during their reshuffle on a closed path maintain phase correlation. Only the 

particles of 5—phase satisfy the relation A0 = IWK whereas for the particles of 

normal phase satisfy A0 > 2n7r. This explains why quantized vortices do not exist 

in normal phase. 
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2.4.9 Logarithmic Singularity of Specific Heat 

Macro-orbital theory predicts simultaneous occurrence of two separate phenomena 

at Tx: (i) BEC of SMW pairs and (ii) ordering of particles in phase space. It 

is predicted that when the particles move from their uncorrelated state (0 = 

2mr ± S4>x) at T^ (just above 7^) to correlated state (0 = (2n + l)7r) at T^ 

(just below Tx), the system releases an excess amount of energy which makes a 

significant contribution to the specific heat at A—transition. If Nx particles move 

from their uncorrelated state to correlated state, the excess amount of energy is 

given by: 

Ae^-NksTo I n 2 s i n 2 ( ^ ^ ^ ^ ^ ^ ^ ^ ' ) - l n 2 (2.62) 

Following the theories [15] of critical phenomena one finds 

6ct>x = SMO)m^ + «2|Cr + aslCl'] (2.63) 

with C = ^Y^- ^^ ^ good approximation Tx 

A,_^^,,T„l„(M^) (2.64) 

where 

6cPx = 50A(O)lCr and Nx = ^ ^ \ ^'^ (2.65) 

A choice for LHE-4 parameters and i/ = 0.55 and (50^(0) = TT, equation 2.64 gives 

Cp{J/mole.K) = -5.71 In [Cl - 10.35 = -A In |C| + B (2.66) 

while experimental results reveal A = 5.355 and B = —7.77 for T > Tx and 

A = 5.1 and 5 = 15.52 for T < Tx [16]. 

2.4.10 Thermodynamic Properties 

In Macro-orbital theory energy of a particle in SMW configuration is given by 

B..w+.w._^ii- p.67) 

Possible values of E ranges between its ground state energy £o = h'^/SmcP = E 

(for K = 0, k = 2ir/d) to oo (for K = oo) and this range is available from the 

relation 

E = --— + eo = e{K) + so (2.68) 
8m 
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This energy expression is used in starting expression of the standard BEC the­

ory [9], to find 
PV v-^ 

= -Y^ ln[l - z exp{-i3[e{K) + ej)] (2.69) 
e{K) 

and 

with (3 = l/ZcfiT and fugacity z = exp [Pyi) {/j, is chemical potential). Redefining 

the fugacity by 

z' = z exp{-Peo) = exp [/?(/i - ffj (2.71) 

and following the procedure of standard BEC [9], Macro-orbital theory reveals 

P _ 27r{SmkBTf^^ '•°° 

and 

f°° 1 
J x^l^ ln(l - ^e~-)dx = ^^3/2(^') (2.72) 

N-No 2T:{^mkBTf'^ f°° x^^^dx 1 r x^'dx 1 , „ ,̂  „ , 
V h^ 

where x = Pe{K) , A = h/{27r{Am)ksTY^'^ and ^3/2(2') has usual expression. This 

reduces the problem to that of non interacting bosons but with a difference. In 

this formulation z' — 1 expected for T < Tx which implies /j = e and z' < 1 for 

T > T\ implies ^ < EQ, however, for a system of non-interacting bosons /x = 0 for 

T < TA and /x < 0 for T > T^. 

2.5 Conclusion 

Deviating from the conventional thought, Jain successfully develops the micro­

scopic theory of a system of interacting bosons which is well equipped to explain 

the properties of LHE-4. His theory vindicates (i) Landau two fluid phenomenol­

ogy [10], (ii) London's idea of macroscopic wave function of the S-state [17], (in) 

the observation of Bogoliubov [18] that super-fluidity is the manifestation of an 

inter-particle interaction etc. Jain's theory explains different properties of LHE-4 

within experimental error. 

The main features of Jain's theory are : (i) the formation of (q,-q) pairs of 

particles (with q = qo) around 7A ; (h) the pair formation arising from the quan­

tum correlation and inter-particle attraction which is shown to be energetically 

favourable, (iii) the binding of these pairs differs from the binding of two electrons 
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in a Cooper pair in the sense that the necessary attraction is the inherent '^He-'^He 

attraction and it leads to the coUective binding of all particles in the system for 

which the entire system behaves like a single macro-molecule, (iv) this binding 

serves as an energy gap between the super-fluid and normal phases of the system, 

(v) it has been successfully developed within the framework of the wave mechan­

ics, (vi) it is consistent with excluded volume condition as well as microscopic 

and macroscopic uncertainty, (vii) while the atoms in helium-I are randomly dis­

tributed in normal space, momentum space and phase space, in helium-II they 

define an orderly arrangement in these spaces with a kind of crystalline arrange­

ment in normal space, a momentum q = n/d or its integer values, and relative 

phase position of A0 = 2n7r; they cease to have relative motion and remain free 

to move in order of their positions on a closed path, (viii) its mathematical for­

mulations are exceptionally simple and its inferences have unparalleled clarity. 
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Chapter 3 

Thermodynamic Response 
Functions and Their Logarithmic 
Singularities at A-Point 

Abstract The singularity of specific heat (Cp) and related properties (viz thermal 

expansion coefficient, Qp isothermal compressibility, KT and pressure coefficient f3) 

of liquid helium-4 at X—point is studied and the accuracy of its logarithmic nature 

as concluded for the first time from a microscopic theory (Maciu orbital theoiy) of 

a system of interacting bosons is examined A very good agreement between the 

results of this theory and PTperimpnt<i concludes that the singularity is intrinsically 

logarithmic However, as shown by other studies reporhngcarefully measured Cp of 

liquid helium-4 around T\ for \t\ = \{Tx — T)/Tx\ ranging between \Q^^ to 10~^, in 

and out of earth's gravitationalfield and in finite size samples, weak effects arising 

from earth's gravity and small size round it off and Cp assumes asymptotic nature 

near £ ~ 0 



3.1 Introduction: 

One of the most significant properties of LHE-4 is the observed discontinuity in 

the specific heat at A—transition. Keesom and Clusius [1,2] were the first to 

measure the temperature dependence of the specific heat. They observed a jump 

in the specific heat in the vicinity of 2.19/, K. Their results showed that the shape 

of the specific heat versus temperature curve resembles the shape of the letter A 

and hence, the transition is called A-transition as suggested by Ehrenfest [3]. A 

series of more accurate measurements [4-10] revealed that the discontinuity of the 

specific heat is logarithmic in nature. Data of the earlier measurements [4-6] are 

best fitted to the empirical relation 

Cp = - A l o g | T - r A | + B (3.1) 

with A = 3.00 joules/gm/deg for both T > Tx and T < Tx and B = -0.65 

joules/gm/deg for T > TA and B = 4.55 joules/gm/deg for T < Tx [11,12]. 

However, a series of later measurements [7-10] reveals a deviation from the above 

relation. This set of data are not consistent with equal amphtudes of logarithmic 

term specifically when Tx — T > 10~^K. These measurements yield [7,12] 

1.04 < — < 1.06 (3.2) 
~ A' " ^ 

where primed and unprimed coefficients refers to T < Tx and T > Tx respectively. 

Recently, Lipa and coworkers [13,14] have reported very carefully measured 

Cp, in and out of earth's gravitational field. To isolate the effect of gravity they 

made their measurements on STS-52 space craft, space shuttle Columbia. While 

the net dependence of their Cp on t = {Tx — T)/Tx is certainly asymptotic but 

their analysis indicates that once the observed Cp is corrected for the factors which 

round off its values near Tx, the corrected Cp fits closely logarithmic variation. 

Similarly, careful investigation of the effects of finite size of the sample performed 

by Lipa et al [15-17] and Gasparini et al [18-20] also reveals that Cp variations 

are intrinsically logarithmic; they assume asymptotic dependence on t when the 

sample size becomes smaher than coherence length. 

In addition to specific heat, the A-transition of liquid helium-4 (LHE-4) 

is characterized by logarithmic singularity of: (i) expansion coefficient (a^), (ii) 

isothermal compressibility {kx) and (iii) pressure coefficient (/?) [11,12] with vary­

ing strength. 
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Early measurements of density of LHE-4 [21,22] which show peak at A-

point (indicative of a divergence of ttp) were repeated with improved accuracy 

by Atkins and Edwards [23], Kerr [24], Edwards [25], and Chase et al [26] for 

detailed analysis. These results are reviewed elegantly by Kerr and Taylor [27]. It 

is evident that ap for its linear relation with Cp should have logarithmic divergence 

at A—point. Similarly, the divergence of/? investigated by Ahlers [9], Lounasmaa 

and Kaunisto [28], Lounasmaa [29], and Kiersted [30,31] is ought to be logarithmic. 

We note that thermodynamic relations between various response functions, as 

discussed by Rice [32], Pippard [33,34], and Buckingham and Fairbank [5], indicate 

that KT is an asymptotically linear function of Cp and hence of ap. Evidently, kr 

is naturally expected to show logarithmic singularity at A—point. However, the 

identification of this behavior from experimental observation is obscured by large 

regular contribution. 

Despite a long and rich history of experimental works and untiring efforts 

of nearly seven decades for developing a viable microscopic theory of LHE-4, the 

exact nature and origin- of the above stated singularities has been unknown. The 

importance of this is reflected by a comment from Feynman in his book [35]. 

Recently, Jain [36] used unconventional approach to develop a long awaited mi­

croscopic theory of a system of interacting bosons such as LHE-4 based on Macro-

orbital representation of a particle in a many body system and obtained a relation 

for the logarithmic singularity of Cp. In this chapter we have attempted to ex­

amine his relation for its agreement with experiments and used it to find similar 

relations for ap, KT and p. 

3.2 Thermodynamic Response Functions and Their Rela­

tions 

Basic thermodynamic response functions are the specific heats at constant pressure 

and constant volume i.e. Cp and Cy, the isothermal and adiabatic compressibility, 

KT and K,S, the isobaric expansion coefficient, ap, and the pressure coefficient, /?. 

These quantities are defined by 

C , = T ( | ) ^ . (3.3) 
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Here V and S are the volume and entropy per mole. Basic relations between these 

response functions and their singular behavior at A—transition are obtainable from 

the fundamental thermodynamic relations. Considering the entropy as a function 

of P and T, we get 

Using the MaxweU's relation {dS/dP)j. = — {dV/dT)p and equations 3.3 and 3.7 

one can obtain 

dS = -Vap dP + T-^Cp dT (3.10) 

From this equation, the temperature derivative of S along any arbitrary thermo­

dynamic path can be obtained as 

fdS\ , , /dP\ Cp , , 

On rearrangement this equation gives 

Equation 3.12 gives the relation between specific heat at constant pressure and 

isobaric expansion co-efficient. Considering the entropy as a function of V and T, 

one can obtain 

Using Maxwell relation {dSjdV)T = {dP/&T)y and equation 3.4, the temperature 

derivative of S along any arbitrary thermodynamic path can be obtained as 

ds\ (dP\ (dv\ Cv ,,,,, 

After rearrangement this equation gives 
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Using equations 3.12 and 3.15, one can find 

c,-c..vr[^)...r{%l(;^l ,3..) 

Considering the volume as a function of P and T, one can get 

Using equations 3.5 and 3.7 we get 

dV = -VKT dP + Vap dT (3.18) 

From this, temperature derivative of V along any arbitrary thermodynamic path 

can be obtained as 

on rearrangement which yields 

Eliminating ap from equation 3.12 and rearranging the terms, we get 

KT = -(f: 
2 -1 

^ [{dS/dT)tl{dP/dT)l + {dVldT\/{dP/dT\] 
L'P 

V 
(3.21) 

Starting from Maxwell's relation {dS/dV)T = {dP/dT)v we get 

or, p = -— (3.22) 
K.T 

To study the singularities in the response functions given by 3.3- 3.8 at A—transition, 

it is advantageous to choose a thermodynamic path (along which t is constant) in 

some sense "parallel" to the A—line. In that case t will represent a distance from 

the A—point. The coefficients in equations 3.12, 3.15, 3.16, 3.20 and 3.22 depend 

upon the detailed definition of t. It follows from [12] that when t vanishes, the 

coefficients become independent of the choice t and equal to derivative along the 

A—line. It is also shown that {dS/dT)x, {dP/dT)\ and {dV/dT)x are finite along 

the A—line. 
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3.3 Logarithmic Singularity in Cp 

In what follows from chapter-2 that A—transition is the manifestation of two sepa­

rate but simultaneous phenomena: (i) BEC condensation of (q,-q) pairs at i^ = 0 

state and (ii) ordering of particles in phase space. Macro-orbital theory predicts 

an energy [36] 

Ae = -NkeTo In2s in^( ' " "^^^^) - ln2 (3.23) 

to be associated with the ordering of particles in the phase space. This energy 

is the origin of logarithmic singularity of Cp at A—point. For a small range of 

\t\ < O.l K, Macro-orbital theory concludes 

Cp{J/mole.K) = -A In |i| -F B (3.24) 

with 

A = —kBTo2u (3.25) 

and 
N 

B = —keTo [2lni5M0)) - ln4 + 2i^] (3.26) 

In order to demonstrate the fact that equation 3.24 obtained from Macro-orbital 

theory can correctly account for the logarithmic divergence of Cp, Jain [36] used 

To = IA9K, V = 0.55 and 50A(O) = TT to conclude A = 5.71 (both for T <Tx and 

T > Tx) matching closely with: (i) similar estimates based on Widom-Kadanoff 

scaling laws [34,37-40] and (ii) yl = 5.1 for T < TA and 5.355 for T > Tx obtained 

from experimental Cp. While the close agreement between theoretical A and 

experimental A showed the accuracy of equation 3.24, but the choice of parameters 

rendered B = —10.35 which, however, differs significantly from B = —7.77 (for 

T > Tx) and 15.52 (for T < Tx) estimated from experimental Cp [12]. Here we 

examine this aspect more deeply to find that: (i) d4>x{0) should, in principle, be 

lower than n because the shift in 0—positions of all particles in the process of 

their order-disorder in (f) space need not be equal to n and (ii) 5(f)x{0) should not, 

necessarily, be equal for both sides of Tx because particles on T^ side nearly have 

random positions in 0—space while the same on T^ side are largely locked with 

A0 = 2ri7r which indicates that 50A (0) on +ve side should be slightly lower than 

TT, while that on —ve side should be fairly small. Guided by these points, we find 

that S(px{0) =- 0.75K for T > Tx and S<p = 0.0847r for T < Tx with u = 0.47 render 

A = 5.1148 and B = 16.9319 for T < Tx and A = 5.1148 and B = -6.8930 for 
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T > T\ which agree closely with their experimental values. This agreement can be 

better perceived from figures 3.1-3.3 where we plot our calculated Cpvs.T\ — T 

along with the experimental values [7] for comparison. We present our calculated 

values of specific heat in Table-3.1. Further since A depends on v and our choice 

of its equal value for both sides of T\ renders A^ = A~ whose experimental values, 

however, have small difference [7,9,40]. Evidently, if v is presumed to have slightly 

different values on two sides of Tx for the same reason, the difference in A'^ and 

A~ is easily explained. Evidently, Macro-orbital theory accounts for the observed 

logarithmic singularity in all its details. 

3.4 Logar i thmic Singularities in ap^ KT and (3 

It is evident from equations 3.12, 3.20 and 3.21 that ap and Kt have linear relations 

with Cp. Therefore, the singularities in these response functions should be similar 

to that of Cp. For a divergent Cp, however, Cy and P are less singular because 

the leading singularities in /? (equation 3.22) get cancelled and Cy is linear with 

P [12]. 

3.4.1 Expansion Coefficient (ap) 

Temperature dependence of ap around T\ can be obtained by using equation 3.24 

in equation 3.12. 

V.n[%)^a,^-Alnttl^B-n[§)^ (3.27) 

On rearrangement this equation yields 

ap = A^\og\T-Tx\ + Bx (3.28) 

with 

and 
B + AlnTx-Tx{dS/dT), 

^^- WWWT). ^^ ^ 
where A and B are the same coefficients given by equations 3.25 and 3.26 respec­

tively. To estimate the coefficients A^, and BQ, we use [dP/ffT)^ = —Il2.5bar/K, 

(dS/dT)^ = 102 crri^ bar/mole/K^ and Vx = 27.38 cmy mole [12]. These param­

eters give Aa = 0.0166 and B^ = 0.0032 for T < Tx and A^ = 0.0166 and 
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5 Q = 0.0367 for T > Tx, while experiments reveal A„ = 0.01680 and B^ = 0.0025 

for T <Tx and A^ = 0.0169 and B^ = 0.0379 for T > Tx [II]. We depict our 

results in figure 3.4 along with the experimental results of [23] and [9], respectively, 

marked as Exp.(l) and Exp(2). Numerical values are presented in Table-3.2. 

3.4.2 Isothermal Compressibility (KT)' 

Equations 3.20 and 3.21 provide linear relations between the isothermal compress­

ibility and ap and Cp, respectively. Substituting the Cp given by equation 3.24 

in equation 3.21 we find 

KT=^AJog\T-Tx\ + B, (3.31) 

with 

and 

_A_ 

VxTxidP/dT)] 
An = -2.3025 , , ^ , , ^ , ^ , , (3.32) 

A\nTx + B 1 
'̂  VxTx{dP/dT)l V •"K 

jdS/dT)^ {^V/^T)^ 

[dPiml ^ idP/dT)x 
(3.33) 

Using (dV/dT)^ = A3.82cm^/mole/K and other parameters as used above we find 

A« = -0.0001 and B„ = 0.0141 for T <Tx and A^ = -0.0001 and B^ = 0.0138 for 

T > Tx- Our calculated KT is depicted in figure 3.5 with the experimental values 

taken from [10]. Though, our results exhibit a logarithmic divergence, there exist 

a systematic difference from Ahlers findings. 

3.4.3 Pressure CoefRcient (/3) 

Values of pressure coefficient near 7\ can be obtained by using the calculated 

values of ap and KT in equation 3.22. We have plotted our values in figure 3.6 

along with the experimental points obtained from [7] and [23]. These points are 

marked respectively as Expt.(l) and Expt.(2). As expected, the divergence of P 

at A—point undoubtedly appears to be logarithmic. 

3.5 Discussion 

Several experimental studies of specific heat of LHE-4, viz. in bulk, investigated 

out of earth's gravity [13,14] and confined to different geometries [15-19], have 
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been performed near A—point for various reasons discussed elegantly by these 

authors as well as by Bhattacharya and Bhattacherjee [41] and Schultka and 

Manousakis [42]. In particular, these studies aim at verifying several predictions 

of renormalization group theory. For the same reasons, extensive investigation of 

the Cp of liquid ^He-^He mixtures near their A—points have also been made by 

Gasparini ei al [43,44] and second sound propagation in LHE-4 has been studied 

by Marek et al [45] and Swanson et al [46]. One, evidently, finds that the gravity 

of earth and the effects of finite size sample round off the Cp of LHE-4 at the 

A—point and the position of its maximum is shifted to a temperature (say T„) 

below Tx by a small amount. However, in the absence of these effects Cp diver­

gence is logarithmic as concluded by Jain's theory [36]. In this context it may be 

mentioned that Jain's theory [36] does not incorporate weak effects arising from 

gravity of earth, finite size of the sample, etc. while concluding equation 3.24. 

Since such effects would always be present, the experimental Cp would always be 

rounded for one reason or the other as one tries to reach closer and closer to Tx. 

It may be noted that Jain's approach [36] to the microscopic theory of 

LHE-4 type systems differs from conventional approaches (see Ref [36]) for its use 

of a Macro-orbital (a kind of pair waveform [47]) to represent the self superposi­

tion state of a particle in a many body system where each particle assumes its self 

superposition when its collision with other particle(s) forces its pre-collision and 

post-collision states (both represented by plane waves of two different momenta) 

to have their superposition. This, naturally, tends to organize two particles in 

collision at phase positions differing by A0 = 2n7r, particularly, when particles 

are of low energy with de Broglie wave length A being equal to or larger than the 

inter-particle separation d and this is achieved for nearly all particles in the sys­

tem at low temperatures with thermal de Broglie wave length Ax ~ 2d [36]. Since 

Jain's approach gives due importance to all consequences of this superposition 

which represents one of the simple truths of wave nature of a quantum particle, its 

results are naturally expected to agree with experiments. In addition the merits 

of Jain's approach also rest with the facts that: (i) it makes no assumption like 

conventional theories of a system of interacting bosons which assume that p = 0 

condensate exists in super-fluid state of LHE-4 type systems or Cooper type bound 

pairs of ^He atoms are the origin of super-fluidity of liquid ^He type systems, (ii) 

its all inferences are based on a systematic critical analysis of the solutions of 

A'̂ —particle Schrodinger equation, (iii) as seen from [36,48], it proposes a single 
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framework for all many body systems of interacting bosons (or fermions) like '^He 

(or electrons in solids or ^He) atoms, (iv) its simple mathematical framework is 

easy to comprehend and does not permit many adjustable parameters like conven­

tional theories where one finds widely different theoretical predictions depending 

on the values of such parameters [for example as discussed in [49], different papers 

using BCS picture predicted widely different super-fluid Tc for liquid ^He), (v) 

as shown in this paper it explains even those observations, viz. the logarithmic 

singularity of Cp and related properties of LHE-4, which found no basis in the 

framework of conventional theories, etc. In addition, the fact that the theoretical 

results, obtained by using Jain's approach, for example for super-fluid Tc of Hq-

uid ^He and its pressure dependence [49], excitation spectrum of LHE-4 [50], and 

those reported here, match closely with experiments, clearly indicates that Jain's 

theoretical approach has great potential to explain the physics of widely different 

many body systems. This has been demonstrated in his recent work related to 

the basic foundations of superconductivity [48] and ground state of Â  hard core 

particles in 1-D box [49], unification of the physics of widely different many body 

systems [51] and wave mechanics of two hard core particles in 1-D system [47]. 

Recently, Fliessbach [52] reported a semi-phenomenological microscopic 

model of A—transition of hehum-II, proposed to be known as ''almost ideal Bose 

gas modeF (AIBG). To this effect, he intuitively modifies the wave function 

^iBG = Yl,^k[4>kY'' representing a state of ideal Bose gas (IBG) with 0^ = 

exp(2k.rj) replaced by (pk = Bin{qxj + 0j) and introduces the concept of local­

ized phase ordering by physical (or Dirichlet) boundary conditions at the walls of 

macroscopic volume V. While there is considerable resemblance of these aspects of 

Fliessbach's single particle function (l)k = sm{qXj + 9j) with Jain's Macro-orbital 

0mo = sin (q.r) exp (K.R) function which identifies each atom like a particle of 

quantum size A/2 = ir/q moving freely with momentum K, there is great deal of 

difference in the allowed values of q permitted by his theory [52] {viz., q > TT/L 

with L being the size of macroscopic V) and Jain's theory [36] {viz., q > -n/d with 

d = (V/NY/^). It may be noted that Jain's theory uses purely microscopic con­

siderations and the possibility of wave superposition to conclude a Macro-orbital 

as the right wave function for a particle in a system like hehum-II [36]. Interest­

ingly, we note that Fliessbach finds that the energy, responsible for the logarithmic 

singularity of the specific heat of LHE-4 at A—point, is related to phase ordering 

and it depends on t as tin |t| which agrees with Jain's result forming the basis 
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of equation 3.24 used in the present analysis, of course with different multiplying 

factors to iln|;i|. It may be noted that Fliessbach does not use his relation to 

show the nature of agreement of his theoretical results with experiments, hence no 

comparative analysis of his results with our results could be possible. However, 

since Fliessbach's model also uses phase ordering (although introduced intuitively) 

to explain the logarithmic nature of the said singularity, it may be argued that the 

phase ordering of particles, as concluded by Jain's microscopic theory, has strong 

foundation and the fact that this ordering is an important characteristic of super-

fluid phase of LHE-4 type systems, can not be ignored. In this context, it may 

be mentioned that studying the coupled low dimensional super-fluids, Mathey et 

al [53] find that super-fluids have strong tendency to phase lock which falls in fine 

with an important inference of Jain's theory that inter-particle phase locking is 

an inherent aspect of a super-fluid. 

3.6 Conclusion 

It is evident that Cp of LHE-4, when observed in absence of the effects of earth's 

gravity or of finite size of the sample, exhibits logarithmic singularity at T\ and 

this agrees closely with Jain's microscopic theory [36]. As per Jain's theory, the 

logarithmic singularity of Cp is a consequence of order-disorder of particles in phase 

space forced by the wave nature of particles or quantum correlation between a pair 

of bosons. We find that Jain's theory [36] is capable of accounting for the difference 

in Cp at r < T\ and T > T\ for the same value of \T\ — T\. It is noted that ap, 

KT and (5 exhibit logarithmic divergence for their relation with Cp which implies 

that the divergence of these quantities also originates from the ordering of the 

particles in the phase space. The agreement of our theoretical values obtained 

from Jain's theory [36] with experimental results confirms the accuracy of Jain's 

relation for Cp beyond doubt. In other words it may be concluded that Jain's 

Macro-orbital theory is equipped to explain the origin of logarithmic divergence of 

thermodynamic response functions and it is more advantageous for its accuracy, 

simplicity and clarity. As such the present work answers the long standing question 

related to origin of the logarithmic divergence of Cp and related properties which 

found no answer from conventional theories. 
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Table 3.1: Calculated and Experimental Cp of LHE-4 at SVP near T\ 

lO~'^{Tx-T) 

{K) 

35.720 

32.020 

27.730 

24.030 

16.810 

15.890 

14.190 

10.840 

10.000 

9.159 

7.495 

6.660 

6.532 

6.199 

5.862 

5.826 

5.520 

5.169 

4.827 

4.649 

4.372 

4.155 

3.817 

3.689 

3.478 

3.136 

3.033 

2.792 

2.627 

Cp{Theory) 

{J.mole~ 

34.04 

34.94 

35.89 

36.97 

39.17 

39.48 

39.76 

41.76 

42.30 

42.76 

43.89 

44.60 

44.67 

44.92 

45.25 

45.30 

45.54 

45.93 

46.27 

46.52 

46.86 

47.07 

47.60 

47.79 

48.06 

48.61 

48.86 

49.23 

49.61 

Cp{Expt.) 
1 ^ - 1 ) 

34.61 

35.21 

35.99 

36.77 

38.71 

39.02 

39.64 

41.10 

41.54 

42.02 

43.11 

43.75 

43.86 

44.14 

44.45 

44.48 

44.77 

45.13 

45.50 

45.71 

46.04 

46.32 

46.78 

46.97 

47.29 

47.85 

48.03 

48.48 

48.81 

io-4(rA - T) 

(K) 

0.4865 

0.4739 

0.4482 

0.3533 

0.3348 

0.3178 

0.2885 

0.2168 

0.1850 

0.1685 

0.1282 

0.1220 

0.1215 

0.0190 

0.0143 

0.0100 

0.0098 

0.0081 

0.0070 

0.0065 

0.0050 

0.0050 

0.0024 

-0.0032 

-0.0034 

-0.0063 

-0.0065 

-0.0096 

-0.0100 

Cp{Theory) 

{J.mole~ 

58.34 

58.46 

58.98 

60.04 

60.31 

60.50 

61.05 

62.40 

63.29 

63.88 

65.28 

65.51 

65.37 

74.00 

77.10 

77.70 

78.00 

80.50 

81.90 

82.20 

82.80 

83.50 

86.80 

65.30 

63.80 

59.00 

58.00 

56.80 

57.60 

Cp{Expt.) 
1 ^ - 1 ) 

57.99 

58.13 

58.44 

59.73 

60.02 

60.31 

60.83 

62.39 

63.25 

63.76 

65.25 

65.52 

65.54 

75.64 

77.18 

79.13 

79.24 

80.27 

81.07 

81.47 

82.90 

82.90 

86.89 

64.10 

63.77 

60.42 

60.25 

58.13 

57.90 

Experimental values are from ref [7] 
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Cont. 
1 0 - ' ' ( T A - T ) 

(K) 

2.4600 

2.1270 

1.9570 

1.7560 

1.7250 

1.7210 

1.5560 

1.4820 

1.4170 

1.3890 

1.2860 

1.2220 

1.1530 

1.0830 

1.0710 

1.0550 

1.0080 

0.8881 

0.8392 

0.7972 

0.7495 

0.7197 

0.6708 

0.6244 

0.5175 

0.5030 

0.4973 

Cp{Theory) 

{J.mole~ 

49.88 

50.65 

51.12 

51.71 

51.79 

51.84 

52.28 

52.60 

52.85 

52.93 

53.32 

53.58 

54.02 

54.28 

54.28 

54.44 

54.60 

55.22 

55.56 

55.92 

56.20 

56.36 

56.72 

57.03 

57.97 

58.30 

58.32 

Cp{Expt.) 

•'K~') 

49.17 

49.96 

50.42 

51.01 

51.10 

51.12 

51.66 

51.93 

52.17 

52.28 

52.70 

52.98 

53.30 

53.64 

53.70 

53.78 

54.03 

54.72 

55.02 

55.30 

55.64 

55.86 

56.24 

56.63 

57.65 

57.81 

57.87 

lQ-'^{Tx - T) 

(K) 

-0.0114 

-0.0168 

-0.0179 

-0.0371 

-0.0895 

-0.1728 

-0.2379 

-0.2660 

-0.4383 

-0.5097 

-0.6855 

-1.0250 

-1.1840 

-1.3780 

1.7240 

-1.7240 

-1.8780 

-2.0690 

-2.4140 

-2.7530 

-3.0140 

-3.0800 

-3.4040 

-3.9490 

-4.6310 

-5.3390 

-6.0480 

CpiTheory) 

{J.mole~ 

57.10 

53.70 

54.60 

51.00 

46.14 

42.75 

41.08 

40.43 

37.78 

36.98 

35.41 

3.22 

2.50 

1.63 

0.43 

30.43 

29.99 

29.46 

28.64 

27.93 

27.48 

27.33 

26.80 

26.04 

25.20 

24.44 

23.77 

Cp{Expt.) 
- 1 ^ - 1 ) 

57.19 

55.08 

54.74 

50.77 

45.98 

42.40 

40.66 

40.05 

37.33 

36.51 

34.90 

32.71 

31.93 

31.10 

29.88 

29.88 

29.42 

28.89 

28.05 

27.33 

26.84 

26.72 

26.18 

25.37 

24.50 

23.73 

23.05 
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Table 3.2: Calculated values of Op, KT and (3 of LHE-4 at SVP near T\ 

10-3(TA - T) 

K 

10.00 

9.00 

8.00 

7,00 

6.00 

5.00 

4.00 

3.00 

2.00 

1.00 

0.90 

0.80 

0.70 

0.60 

0.50 

0.40 

0.40 

0.30 

0.20 

0.10 

0.09 

0.08 

0.07 

0.06 

0.05 

0.04 

0.03 

0.02 

0.01 

ap 

/K 

-0.0254 

-0.0262 

-0.0271 

-0.0281 

-0.0293 

-0.0307 

-0.0324 

-0.0346 

-0.0377 

-0.0430 

-0.0438 

-0.0447 

-0.0457 

-0.0469 

-0.0483 

-0.0500 

-0.0500 

-0.0522 

-0.0553 

-0.0606 

-0.0614 

-0.0623 

-0.0633 

-0.0645 

-0.0659 

-0.0676 

-0.0698 

-0.0729 

-0.0782 

KT 

/Bar 

0.01440 

0.01441 

0.01442 

0.01443 

0.01444 

0.01446 

0.01448 

0.01450 

0.01454 

0.01460 

0.01461 

0.01462 

0.01463 

0.01464 

0.01466 

0.01468 

0.01468 

0.01470 

0.01474 

0.01480 

0.01481 

0.01482 

0.01483 

0.01484 

0.01486 

0.01488 

0.01490 

0.01494 

0.01500 

/3 

bar/K 

-1.7639 

-1.8187 

-1.8798 

-1.9490 

-2.0288 

-2.1229 

-2.2379 

-2.3856 

-2.5930 

-2.9452 

-2.9985 

-3.0580 

-3.1253 

-3.2029 

-3.2945 

-3.4063 

-3.4063 

-3.5501 

-3.7519 

-4.0946 

-4.1464 

-4.2043 

-4.2699 

-4.3454 

-4.4345 

-4.5434 

-4.6833 

-4.8797 

-5.2133 

1 0 - 3 ( T A - T ) 

K 

-O.OOl 

-0.002 

-0.003 

-0.004 

-0.005 

-0.006 

-0.007 

-0.008 

-0.009 

-0.010 

-0.020 

-0.030 

-0.040 

-0.050 

-0.060 

-0.070 

-0.070 

-0.080 

-0.090 

-0.100 

-0.200 

-0.300 

-0.400 

-0.500 

-0.600 

-0.700 

-0.800 

-0.900 

-1.000 

ap 

IK 

-0.0660 

-0.0607 

-0.0576 

-0.0554 

-0.0537 

-0.0523 

-0.0511 

-0.0501 

-0.0492 

-0.0484 

-0.0431 

-0.0400 

-0.0378 

-0.0361 

-0.0347 

-0.0335 

-0.0335 

-0.0325 

-0.0316 

-0.0308 

-0.0255 

-0.0224 

-0.0202 

-0.0185 

-0.0171 

-0.0159 

-0.0149 

-0.0140 

-0.0132 

KT 

/Bar 

0.01500 

0.01494 

0.01490 

0.01488 

0.01486 

0.01484 

0.01483 

0.01482 

0.01481 

0.01480 

0.01474 

0.01470 

0.01468 

0.01466 

0.01464 

0.01463 

0.01463 

0.01462 

0.01461 

0.01460 

0.01454 

0.01450 

0.01448 

0.01446 

0.01444 

0.01443 

0.01442 

0.01441 

0.01440 

P 
bar/K 

-4.4000 

-4.0631 

-3.8648 

-3.7235 

-3.6136 

-3.5235 

-3.4473 

-3.3811 

-3.3226 

-3.2703 

-2.9242 

-2.7204 

-2.5753 

-2.4623 

-2.3698 

-2.2915 

-2.2915 

-2.2235 

-2.1634 

-2.1096 

-1.7539 

-1.5445 

-1.3953 

-1.2792 

-1.1842 

-1.1036 

-1.0337 

-0.9720 

-0.9167 
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Cont. 
lO-^{Tx - T) ap 

K 

0.009 

0.008 

0.007 

0.006 

0.005 

0.004 

0.003 

0.002 

0.001 

IK 

-0.0790 

-0.0799 

-0.0809 

-0.0821 

-0.0835 

-0.0852 

-0.0874 

-0.0905 

-0.0958 

KT 

/Bar 

0.01501 

0.01502 

0.01503 

0.01504 

0.01506 

0.01508 

0.01510 

0.01514 

0.01520 

/3 

har/K 

-5.2638 

-5.3202 

-5.3840 

-5.4575 

-5.5443 

-5.6503 

-5.7865 

-5.9777 

-6.3026 

i o - 3 ( T A - r ) 

K 

-2.0 

-3.0 

-4.0 

-5.0 

-6.0 

-7.0 

-8.0 

-9.0 

-10.0 

ap 

IK 

-0.0079 

-0.0048 

-0.0026 

-0.0009 

0.0005 

0.0017 

0.0027 

0.0036 

0.0044 

KT 

IBar 

0.01434 

0.01430 

0.01428 

0.01426 

0.01424 

0.01423 

0.01422 

0.01421 

0.01420 

a 
bar/K 

-0.5510 

-0.3357 

-0.1823 

-0.0630 

0.0348 

0.1176 

0.1895 

0.2530 

0.3099 
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Figure 3.1: Cp of LHE-4 around A—point with squares indicating experimental values [7] and 

line representing our theoretical results. 

isi 

o 
E 
3 

Q. 

o 

C7U 

80 

70 

60 

50 

40 

30 

on 

1 1 1 1 

\ 

1 1 1 1 

-6 -5 -4 -3 -2 -1 
log IT-TJ 

Figure 3.2: Cp vs. log jT^ - r | curve for LHE-4 around A-point on log scale Experimental points 

are taken from ref [7] 
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Figure 3.3: Cp vs. T\—T curve for LHE-4 around A-point (the points in tiiis figure are closer to 

A—point in comparison to figure 3.1). Curves on two sides of A—point join each other {as shown 

here) when weak perturbation on logarithmic singularity round it off. Experimental points are 

taken from ref [7] 

0.01 0.005 0 -0.005 -0.01 

Figure 3.4: Up vs. T\-T curve for LHE-4 around A—point. 
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0.0142 -
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Figure 3.5: KT VS. TX —T curve for LHE-4 around A—point with stars indicating experimental 

points [10] and line representing our theoretical results. 
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Figure 3.6: P vs. Tx — T curve for LHE-4 around A—point. 
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Chapter 4 

A Study of Elementary 
Excitations and Anomalous 
Dispersion in Liquid Helium-4 

Abstract Elementary excitations m hehum-IT at long wavelengths have been inves­

tigated by usmg Jain's Macro orbital theory We have estimated E(Q), Vq and Vp 

using Q dependent values of d and C and considering different atomic arrangements 

namely for sc, brc, fee and hep arrangements Estimated values for E{Q), Vg and 

Vp agree closely with experiments Anomalous nature of Vp and Vg at low Q is well 

established Our results reveal that anomalous nature exists up to Q ^ Q 43̂ 4 ^ which 

closely agrees with experiments 



4.1 Introduction: 

The study of elementary excitations in liquid helium-4 (LHE-4) has a long and 

rich history. It started in 1941 when Landau [1] published his first paper on the 

subject entitled, "The Theory of Superfluidity of Helium 11". He was of the opinion 

that in LHE-4 like systems only collective excitations involving many atoms exist 

and these could be known as "elementary excitations". He also argued that these 

excitations should follow a 'phonon' like energy spectrum, namely, 

E{Q) = cQ (4.1) 

at low Q (excitation wave vector). Guided by the existence of critical velocity for 

which surperfluidity vanishes, he further argued that the spectrum at higher Q 

should have a form, 

EiQ) = A + Qy2fi (4.2) 

where A represents a kind of energy gap in the spectrum of elementary excitations. 

He called these excitations as 'rotons'. In 1947, Bogoliubov [2] established an ap­

proximate relation for E{Q) by using a microscopic theory of weakly interacting 

Bose gas and at the same time, Landau [3] proposed a modification in his higher 

energy spectrum (equation 4.2). In order to account for the observed thermody­

namic properties of LHE-4, he concluded that the modified spectrum should have 

the form 

£:(0) = A + (Q-Q„)V2M (4.3) 

and argued that the relations 4.1 and 4.3 are two different parts of a single excita­

tion spectrum (cf figure 4.1). Here, Qo represents minimum energy position in ro-

ton region and A represents roton minimum energy. Using the experimentally ob­

served thermodynamic properties of LHE-4, he obtained A = 9.6K, Qo = 1.95A~\ 

and // = 0.77M, where M is the ^i/e atomic mass. Using V{Q) = sin Q/Q (Fourier 

transform of the inter-atomic potential) Bogoliubov showed that E{Q) for weakly 

interacting boson gas agrees qualitatively with Landau's phonon-roton spectrum. 

Eff"orts to develop a microscopic understanding of the elementary excitations in 

LHE-4 started with Feynman [4] who used variational approach to establish a re­

lationship between E{Q) and S{Q) (the structure factor of LHE-4). He obtained 

which was found to be about twice the experimental E{Q). Guided by this obser­

vation, Feynman and Cohen [5] introduced a phenomenon of back flow and used it 

82 



to obtain a relation for E{Q), which showed a better agreement with experimental 

values at saturated vapour pressure (SVP). While similar results were obtained by 

Pitaevskii [6] by using quantum liquid hydrodynamics, Padmore and Chester [7] 

pointed out that Feynman and Cohen's E{Q) does not describe the pressure de­

pendence of roton minimum. It appears that later studies by Feenberg [8], Jackson 

and Feenberg [9,10] and others [11-13] have included the effects of phonon-phonon 

interactions more fully to obtain an improved E{Q). The progress up to 1975 is 

reviewed by Woo [11] and Campbell [14]. 

The neutron scattering experiment on LHE-4 was reported for the first 

time in transmission geometry in 1951. It was followed by diffraction measure­

ments by Henshaw and Hurst [15,16]. In 1957, Cohen and Feynman [17] showed 

that the neutron inelastic scattering (NIS) could be used to determine E{Q) of 

LHE-4. Stimulated by this inference, a large number of NIS measurements were 

performed in late 1950's [18-22] and it was observed that E{Q) of helium-IIindeed 

agrees with "phonon-roton" spectrum envisaged by Landau. A typical nature of 

the excitations spectrum as obtained from NIS is shown in figure 4.1. The segment 

ABC of the graph represents the phonon excitations with point B representing 

what we call as 'maxon' (maximum energy position, Qmax), and the region around 

point C where excitations have nearly zero group velocity represents what we call 

as 'roton' with point C representing minimum energy position (roton minimum, 

Qo). While segment CD represents nearly free particle excitations, segment DE 

represents the plateau region which arises due to mixing of single particle excita­

tions with multi phonon modes. 

4.2 Anomalous Dispersion 

Existence of anomalous dispersion in helium-II was first suggested by Maris and 

Massey [23] in 1970. Immediately this topic has received a great deal of atten­

tion and numerous functional forms for the dispersion at low Q have been pro­

posed [11,24-30]. The measurements by Cowley and Woods [31] gave a hint of 

the anomalous dispersion for the first time, however, it was Svensson et al [25] 

who established its existence beyond doubt. The measurements by Svensson et al 

covered pressure up to 24 atms, and indicated that at SVP anomalous dispersion 

region extended to Q = 0.52A~^ They further observed that anomalous disper­

sion region decreases with increasing pressure. It is because of this anomalous 
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dispersion that higher energy excitations decay through three phonon processes 

rather than less favourable four phonon processes. More accurate measurements by 

Stirhng [29] at SVP indicated an anomalous dispersion region up to Q = 0.55A'^ 

The measurements by Dynes and Narayanmurti [32] based on balhstic phonon 

propagation method indicated that anomalous dispersion disappears completely 

at pressures above 2Q bars. 

Pitaevskii and Levinson [33] introduced three parameters which are the 

characteristic of anomalous dispersion curve: the parameter Q,, is the wave vector 

where the group and phase velocity coincide, second parameter Q2 is the largest 

wave vector beyond which decay into two identical phonons is not possible, and 

third parameter Qoo, is the wave vector where the phase velocity coincides with 

the velocity of sound. For Q >Q2, decay into two phonons is not possible, but the 

phonon may decay into three or more phonons. As such one may find that the 

anomalous nature of the dispersion has not been explained from any microscopic 

theory. However guided by the observation that Jain's Macro-orbital theory has 

closely explained the origin of the anomalous dispersion in a system of interacting 

bosons, we in this chapter use his theory to account for the experimentally observed 

anomalous dispersion of LHE-4 at quantitative level. 

4.3 Dispersion in Macro-orbital Theory 

Macro-orbital theory predicts that below the transition temperature LHE-4 system 

maintains an orderly and closed packed arrangement of wave packets represent­

ing different particles leaving no space for their random motion. Evidently, the 

frequency of phonons can be represented, to a good approximation, by the disper­

sion of the elastic waves in a chain of identical atoms which have been discussed 

in Chapter-2. The relation 

EphiQ) = huJriQ) = hJ^^^l siniQd{Q)/2)\ (4.5) 
V f f t 

gives detailed information about the energy spectrum of the system. 

4.3.1 Quantitative Study 

Earlier, Roychoudhury [34] attempted to explain the excitation spectrum as well as 

the anomalous nature of the dispersion curve quantitatively using Jain's Macro-



orbital theory [35]. He used equation 4.5 to obtain the best possible values of 

EphiQ)^ ypi= Eph{Q)/hQ) and Vg {= ^ % ^ ) , at different Q by using a set of 

d{Q) and C{Q), chosen to find Eph{Q), Vp{Q) and Vg{Q) which agree closely with 

experimental values. To calculate the Q dependence of C{Q), he used the relation 

<*(« = TTT-Q: ("-7) 

for lower values of Q while Q dependence ofd{Q) is calculated by using the relation 

27r 

( ••in I V \ 

V 3.709 ~ 2 '̂  

which he obtained from 

27r 27r 
Q = 2AQ (4.8) 

He used d(0) = 3.709A for helium-II. His results showed that C and d change 

almost hnearly with Q, having C = 2.74 dynes/cm and d — 3.709A at Q = 0 

and C = 5A6 dynes/cm and d = 2.85A aX Q = l .lA~^ He also showed that the 

variation of C{Q) with the change in d{Q) is nearly linear except in the small 

range oi d{Q) at high Q values. 

Later, Jain [36] used the relations 

d{Q) = d-d! sin T:Ql2Qmax = 3.5787 - 0.7484 sin 'nQ/2Qmax (4.9) 

and 

C(Q) = C + C" sin 7rQ/2Q^ax = 3.1619 +2.3619 sin 7rQ/2Qmax (4.10) 

to find the necessary d{Q) and C{Q) at different Q < Qmax- He constructed 

these relations intuitively to ensure smooth variation of d{Q) and C{Q) from 

their values aX Q = Q io Q = Qmax without any discontinuity even in their first 

derivative at Qmax beyond which they become independent of Q. He estimated 

d{Q = 0) = 3.5787A using the density of helium-II (0.1452£?m/cc) [37] and used 

this value in equation 4.5 to fix"C(Q = 0) = 3.1681 (iynes/cm. He used maxon 

position i.e. Qmax — T^/(^ — l.llA"'^ to fix d{Qmax) — o — 2.8293A and estimated 

the value of C{Qmax) = 5.53 dynes/cm by using E{Qmax) — 13.92/^ [38]. Then he 

used these results to fix d' = d - o" = 0.7484A and C = C{Qmax) - C{Q = 0) == 

2.3619 dynes/cm. These parameters yield energy that closely match with the ex­

periments and quahtatively produce the anomalous character at low Q < ir/a [36]. 

However, at the quantitative scale it differs slightly from the experimental results. 
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For example these parameters yield a sound velocity Vp = 247m/sec a.t Q = 0 

while experiments reveal 238.21m/sec. Despite this shght disagreement with the 

experiments, we feel Macro-orbital theory provides a good microscopic under­

standing of the excitation spectrum of LHE-4. In the following section we shall 

attempt to show how a close agreement with the experiments is possible using 

same set of relations. 

4.3.2 Present Study 

Macro-orbital theory reveals that anomalous nature of the dispersion originates 

from the Q dependence of d{Q). An atomic chain of constant d {say d = 3.5787A 

or d = a = 2.8314A) does not exhibit anomalous nature. Jain has obtained 

the maximum value of d (= 3.5787A) considering the volume available per atom. 

However, in the ordered state it is possible for the atoms to arrange themselves 

in one of the atomic arrangements (namely, sc, bcc, fee and hep) or in a mixed 

state. For simplicity, if we assume the arrangement to be sc, bcc, fee or hep, 

we get four possible values of d; note that the sc arrangement has been used 

by Jain's whose results have been summed up in the above discussion. For all 

cases minimum value of inter particle separation i.e. a remains same because it 

is obtained from maxon position, Qmax (see figure 4.1). We obtain the minimum 

value of C from equation 4.5 using experimental value of the first sound velocity 

(i.e. 238.21 m/sec) in Q —*• 0 limit while maximum value of C{Q) is obtained 

from the same relation using maxon energy E^ax = 13.78K. Maxon postion 

Qmax — I-IOSA"^ is used to fix the value of cr = 2.8442A. (All experimental values 

are used from ref [24].) To calculate the maximum value of inter particle separation 

i.e. d{Q = 0), we use density of LHE-4, p = 0.145135m/cc [39]. We have presented 

the values of these parameters for different atomic arrangements in Table-4.1. 

Values of d{Q) and C{Q) at different Q have been obtained by employing above 

mentioned parameters in equations 4.9 and 4.10 while E{Q) has been estimated 

using corresponding d{Q) and C{Q) in equation 4.5. From these energies we have 

calculated the phase velocity using the relation Vp = Eph{Q)/hQ while group 

velocity (= ^QQ- ) is obtained by calculating energies at Q ± 0.00001. We have 

tabulated our estimated values of energy, phase velocity and group velocity for 

different atomic arrangements along with the experiments in Tables 4.2 to 4.5. 

We also depict our findings in figures 4.2 to 4.5. 
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In the above estimation it is assumed that d{Q) and C{Q) change smoothly 

up to Q = Qmax beyond which it becomes Q independent. However, d{Q) and 

C{Q) may attain their saturation values at a lower Q resulting a change in the 

dispersion curve. We have studied this effect considering three such values of Q 

namely: 0.70, 0.90 and I.IOSA"^. We presents our results in Tabels 4.6 to 4.9 and 

in figures 4.6 to 4.9. The set of parameters used to calculate d{Q) and C{Q) are 

same as Table 4.1. 

Next, we have used a different approach to calculate the Q dependence of 

d{Q) and C{Q). Short life time of the excited state indicates a strong interaction 

between the particles in their excited state implying decrease in inter particle sep­

aration which is evident from the fact that wave packet size of particles decreases 

with increasing energy and the particles can come closer to each other. Therefore, 

d must decrease with the population in the excited state which is proportional to 

exp{—E{Q)/kBT) where ks is the Boltzmann constant and T is the temperature. 

Consequently we have 

d{Q) = do + d! exp(-QVa) (4.11) 

and 

C{Q) = Co + C" [1 - exp(-QVa)] (4.12) 

to calculate d{Q) and C{Q) at different Q where a = O.ISA"^. This set of relations 

yields energy which matches closely with the experiments and we get an anomalous 

dispersion region extended up to •^ 0.45A~^ while equations 4.9 and 4.10 reveal 

it to be around 0.25A"\ This aspect of our findings is evident from the figures 

4.10 to 4.13. We have presented our results in Tables 4.10-4.13 along with the 

experimental values for comparison. For clarity we identify the calculations based 

on equations 4.9 and 4.10 as model A and those based on equations 4.11 and 4.12 

as model B. 

4.4 Discussion 

Several theoretical and empirical relations have been proposed to fit the NIS data 

in low Q range and reviewed briefly by Maris [27] and Dynes and Narayana-

murty [32]. However, these relations are not consistent with each other in the 

sense that there is no general agreement on the functional form or the magni­

tude of the dispersion. Moreover, the parameters of these relations are not fitted 
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to both the neutron scattering data and data obtained from other sources (e.g. 

specific heat at low temperature or sound velocity measurement etc.). Different 

values of the same parameter have been proposed from time to time to fit different 

sets of experimental data. 

First dispersion relation, that was of Landau [1,3], did not predict any 

anomalous nature of the dispersion curve. Later, Landau and Khalatnikov [40] 

proposed a dispersion relation for excitation in superfluid hehum in the form 

E{Q? = A,Q^ + A2Q' + AsQ^ + A^Q^ (4.13) 

They showed that this could explain the whole dispersion curve including roton 

region provided the values of A's are calculated by imposing suitable conditions. 

For phonon of small Q equation 4.13 gives 

E{Q) = CoQ{l + 7Q' + •••) (4.14) 

with 7 = -0.31 lA^ and Co = 2.383 x Wcm/sec. However, Maris [27] has pointed 

out that there is no theoretical basis for the equation 4.14. Moreover, the viscosity 

of the normal fluid calculated by Landau and Khalatnikov using this value of 7 did 

not agree even quahtatively with its value measured by Whitworth [41]. Later, 

Khaltanikov [42] proposed a different value of 7 (= —O.OOITA^) to explain the 

sound absorption and experimental results of Chase and Herlin [43]. However, a 

series of later experiments posed serious problem to this value too. These diffi­

culties led Maris and Massey [44] to propose that 7 is a positive quantity which 

are supported by the specific heat measurements by Phillips et al who found 

7 = 0.3782A^ whereas a later analysis of Maris [45] estimated a value ~ 0.72A^. 

Neutron scattering data of Woods and Cowley [38], which were later con­

sidered to be quite inaccurate, revealed a dispersion relation 

E = hcoQ {I + jQ^ - 5Q^) (4.15) 

with 7 = 0 ± 0.02A^ and 6 = 0.30 ± 0.02A^, an indication of a normal dispersion. 

To fit the more accurate neutron scattering data, Maris [45] proposed a functional 

form 
1 - QVQ\ E = hcoQ 1 +^^\ + Q2/Q2 (4.16) 

'B. 

with 7 = I.II2A2, QA = 0.5418A-\ QB = 0.3322A-^ and ĉ  = 2.383 xlO^ cm/sec. 

For small Q this relation becomes 

E = hCoQ {1 + jQ^) (4.17) 
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and for Q much greater than QA and QB 

E = hcoQ [(1 + 7QI) - hQl/Q\) Q'] (4.18) 

This provides a good fit to both the specific heat and the neutron scattering data. 

Brooks and Donnelly [46] proposed a relation 

E - c^hQ (1 + aaQ' + a^Q^ + a^Q^ + aeQ'' + arQ^ + asQ') (4.19) 

that contains terms up to eighth power of Q except the quadratic term. This 

expression gives a better fit to entire dispersion relation including the roton region. 

Molinari and Regge [47] included the quadratic term and proposed a relation in 

the form of 

E = CohQ{l + aiQ + a2Q + ...) (4.20) 

to get a good fit to the specific heat and neutron scattering data. While the 

sound velocity measurement by Anderson and Sabisky [48] on helium film confirms 

Molinari and Regge's findings, experiment by Roach et al [49] concludes that the 

coefficient of quadratic term is small ( |a i | < 0.01 A) and hence, can be omitted 

from the dispersion relation. 

Dispersion relation in Macro-orbital theory is based on different footings [36]. 

In the superfluid state the closed packed arrangement of the wavepackets gives a 

dispersion relation that is similar to the elastic wave in mono-atomic 1-D chain 

in crystalline sohd. The only difference is the inter atomic separation which is 

constant for solid due to its strong attractive inter molecular forces whereas in 

liquid helium, where inter molecular forces are relatively weak, it varies with Q. 

This also explains why longitudinal mode is the lone possible mode of excitation 

in the system. Though the dispersion relation of Macro-orbital theory seems to 

be different, it reduces to familiar functional form in the low Q range. In the low 

Q range a choice for the equations 4.9 and 4.10 (model A) gives a functional form 

similar to Molinari and Regge [47] with ai ~ 0.302A and a2 ~ -0.6976A^ while 

Molinari and Regge's relation yields ai = 0.2733A and ^2 = -0.7138A2 [27]. On 

the other hand if the equations 4.11 and 4.12 are used for Q dependence of d and 

C (model B), dispersion relation in the low Q range reduces closely to that ob­

tained by Maris and Massey's [23] (equation 4.15). While we have 7 = 1.6956A''̂ , 

they find 7 = I.II2A2. 
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4.5 Conclusion 

Our results show that Macro-orbital theory is the lone theory of LHE-4 developed 

within the scope of microscopic framework which yields an excitation spectrum 

that closely agrees with experiments and clearly provides the origin of its anoma­

lous nature. Our calculation starts with the orderly arrangement of the atoms in 

the system as proposed in Macro-orbital theory and the fact that our results agree 

with experiments provides strong foundation to this consideration. Further the 

fact that our results for fee or hep agree more closely with the experiments indicate 

that the helium atoms in LHE-4 prefer to have these arrangements in comparison 

to sc or bcc. Anomalous nature of the dispersion originates due to the change in 

inter particle distance with Q. While Macro-orbital theory shows the existence of 

an orderly arrangement of the atoms in the system for T <T\,iox T > Tx atoms 

are randomly distributed. This explains why "one phonon" excitations disappear 

at Tx-
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Table 4.1: Different Parameters (equations 4.8 and 4.9) for sc, bcc, fee and hep arrangements 

sc bcc fee hep 

dmax(A) 3.5776 3.9036 4.0157 4.0157 

a {A) 2.8442 2.8442 2.8442 2.8442 

do {A) 3.5776 3.9036 4.0157 4.0157 

d'{A) -0.7334 -1.0594 -1.1715 -1.1715 

Cmax {dynes/cm) 5.4067 5.4067 5.4067 5.4067 

Co (dynes/cm) 2.9462 2.4747 2.3384 2.3384 

Ci [dynes/cm) 2.4604 2.9320 3.0683 3,0683 

Qmax(A-i) 1.105 1.105 1.105 1.105 
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Table 4.2: E(Q), Vp and Vg for sc arrangement 

Q 

A-' 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

E(Q) 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

K 

Theory 

0.00 

0.92 

1.86 

2.80 

3.74 

4.66 

5.56 

6.44 

7.28 

8.08 

8.84 

9.56 

10.23 

10.85 

11.42 

11.93 

12.39 

12.79 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

v^ 
m/s 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 

156.57 

149.19 

141.82 

134.48 

3 

560 

Theory 

238.21 

241.29 

243.37 

244.49 

244.73 

244.15 

242.84 

240.85 

238.27 

235.16 

231.58 

227.59 

223.23 

218.54 

213.55 

208.29 

202.76 

196.98 

190.95 

184.65 

178.07 

171.19 

163.99 

156.54 

148.95 

141.24 

133.44 

V, 

m/f 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

-13.36 

-27.87 

-42.07 

-55.94 

) 
sec 

Theory 

238.21 

243,85 

246.62 

246.49 

244.11 

239.41 

232.71 

224.68 

215.15 

205.12 

193.59 

181.55 

169.01 

154.97 

141.93 

127.39 

112.34 

96.79 

80.24 

62.19 

43.13 

23.07 

2.01 

-16.05 

-35.11 

-53.16 

-71.22 
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Table 4.3: E(Q), Vp and Vg for bcc arrangement 

Q 
A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

E(Q) 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

K 

Theory 

0.00 

0.93 

1.88 

2.84 

3.80 

4.74 

5.65 

6.53 

7.38 

8.18 

8.93 

9.64 

10.29 

10.90 

11.45 

11.95 

12.40 

12.79 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

V 

m/: 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 

156.57 

149.19 

141.82 

134.48 

p 

sec 

Theory 

238.21 

242.88 

246.08 

247.93 

248.56 

248.10 

246.67 

244.42 

241.47 

237.91 

233.86 

229.40 

224.60 

219.52 

214.19 

208.66 

202.94 

197,03 

190.92 

184.60 

178.03 

171.17 

163.99 

156.54 

148.95 

141.24 

133.44 

v; 
m/i 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

-13.36 

-27.87 

-42.07 

-55.94 

5 

3ec 

Theory 

238.21 

246.80 

251.14 

251.51 

248.63 

243.42 

235.47 

226.19 

215.15 

203.62 

191.08 

178.54 

165.00 

151.96 

138.42 

124.38 

109.83 

94.79 

78.24 

62.19 

44.13 

24.07 

2.01 

-16.05 

-35.11 

-53.16 

-71.22 
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Table 4.4; E(Q), Vp and Vg for fee arrangement 

Q 
A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

E(Q) 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

K 

Theory 

0.00 

0.93 

1.89 

2.86 

3.82 

4.77 

5.69 

6.57 

7.42 

8.22 

8.97 

9.67 

10.32 

10.92 

11.47 

11.96 

12.41 

12.80 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

1 

m, 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 

156.57 

149.19 

141.82 

134.48 

'^P 

/sec 

Theory 

238.21 

243.51 

247.16 

249.29 

250.07 

249.64 

248.18 

245.83 

242.72 

239.00 

234.77 

230.13 

225.16 

219.93 

214.48 

208.84 

203.04 

197.07 

190.93 

184.59 

178.02 

171.17 

163.99 

156.54 

148.95 

141.24 

133.44 

V, 
m/ 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

-13.36 

-27.87 

-42.07 

-55.94 

see 

Theory 

238.21 

247.94 

252.90 

253.52 

250.63 

244.93 

236.22 

226.69 

215.66 

203.12 

190.58 

177.04 

164.00 

149.96 

136.42 

123.38 

108.83 

94.29 

78.24 

62.19 

43.13 

24.07 

2.01 

-16.05 

-35.11 

-53.16 

-71.22 
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Table 4.5: E(Q), Vp and Vg for hep arrangement 

Q 
A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

E(Q) 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

K 

Theory 

0.00 

0.93 

1.89 

2.86 

3.82 

4.77 

5.69 

6.57 

7.42 

8.22 

8.97 

9.67 

10.32 

10.92 

11.47 

11.96 

12.41 

12.80 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

V 

m/i 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 

156.57 

149.19 

141.82 

134.48 

p 

see 

Theory 

238.21 

243.51 

247.16 

249.29 

250.07 

249.64 

248.18 

245.83 

242.72 

239.00 

234.77 

230.13 

225.16 

219.93 

214.48 

208.84 

203.04 

197.07 

190.93 

184.59 

178.02 

171.17 

163.99 

156.54 

148.95 

141.24 

133.44 

^ 
m/s 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

-13.36 

-27.87 

-42.07 

-55.94 

p 

sec 

Theory 

238.21 

247.94 

252.90 

253.52 

250.63 

244.93 

236.22 

226.69 

215.66 

203.12 

190.58 

177.04 

164.00 

149.96 

136.42 

123.38 

108.83 

94.29 

78.24 

62.19 

43.13 

24.07 

2.01 

-16.05 

-35.11 

-53.16 

-71.22 
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Table 4.6: E(Q) for sc arrangement for different Qmax (in A~ 

Q 

A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

Expt. 

K 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

^max — i-iUD 

K 

0.00 

0.92 

1.86 

2.80 

3.74 

4.66 

5.56 

6.44 

7.28 

8.08 

8.84 

9.56 

10.23 

10.85 

11.42 

11.93 

12.39 

12.79 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

^max — U.yU 

K 

0.00 

0.92 

1.87 

2.82 

3.77 

4.70 

5.61 

6.49 

7.34 

8.15 

8.92 

9.64 

10.32 

10.94 

11.52 

12.03 

12.49 

12.88 

13.20 

13.45 

13.63 

13.74 

13.78 

13.75 

13.65 

13.49 

13.25 

Qmax = 0.70 

K 

0.00 

0.93 

1.88 

2.84 

3.80 

4.74 

5.66 

6.54 

7.39 

8.20 

8.97 

9.70 

10.37 

11.00 

11.56 

12.07 

12.51 

12.89 

13.20 

13.45 

13.63 

13.74 

13.78 

13.75 

13.65 

13.49 

13.25 
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Table 4.7: Vp and Vg for sc arrangement for different Qmax (in A ^) 

Expt. Theory 

Wmax ^ l - iU5 Qmax ^^ U.9U Qmax ^^ U. (U 

Q V^ Vg Vp Vg Vp Vg Vp Vg 

A ~ ^ m/sec m/sec m/sec m/sec m/sec m/sec m/sec m/sec 

0.00 238.21 238.21 238.21 238.21 238.21 238.21 238.21 238.21 

0.05 238.78 239.79 241.29 243.85 242.01 245.17 243.07 247.12 

0.10 240.51 245.44 243.37 246.62 244.61 248.63 246.37 251.51 

0.15 243.28 251.64 244.49 246.49 246,09 249.00 248.24 251.89 

0.20 245.80 254.60 244.73 244.11 246.56 246.37 248.85 248.88 

0.25 247.59 254.31 244.15 239.41 246.10 241.66 248.37 243.67 

0.30 248.46 250.79 242.84 232.71 244.82 234.97 246.96 235.72 

0.35 248.35 244.02 240.85 224.68 242.83 226.69 244.78 227.19 

0.40 247.21 234.01 238.27 215.15 240.22 217.16 241.98 217.16 

0.45 245.04 220.77 235.16 205.12 237.07 206.63 238.66 206.13 

0.50 241.82 204.28 231.58 193.59 233.46 195.09 234.91 195.60 

0.55 237.56 185.69 227.59 181.55 229.44 182.56 230.79 184.06 

0.60 232.47 167.34 223.23 169.01 225.07 170.52 226.31 170.52 

0.65 226.76 149.32 218.54 154.97 220.37 157.48 221.47 155.97 

0.70 220.60 131.62 213.55 141.93 215.35 142.94 216.22 139.42 

0.75 214.08 114.23 208.29 127.39 210.03 127.89 210.60 123.88 

0.80 207.31 97.16 202.76 112.34 204.39 111.34 204.68 107.33 

0.85 200.33 80.42 196.98 96.79 198.40 93.28 198.48 91.28 

0.90 193.21 63.99 190.95 80.24 192.02 73.22 192.02 73.22 

0.95 185.99 47.88 184.65 62.19 185.32 56.17 185.32 56.17 

1.00 178.69 32.09 178.07 43.13 178.41 38.12 178.41 38.12 

1.05 171.34 16.62 171.19 23.07 171.29 19.06 171.29 19.06 

1.10 163.96 1.47 163.99 2.01 163.99 1.00 163.99 1.00 

1.15 156.57 -13.36 156.54 -16.05 156.54 -16.05 156.54 -16.05 

1.20 149.19 -27.87 148.95 -35.11 148.95 -35.11 148.95 -35.11 

1.25 141.82 -42.07 141.24 -53.16 141.24 -53,16 141.24 -53.16 

1.30 134.48 -55,94 133.44 -71.22 133.44 -71.22 133.44 -71.22 
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Table 4.8: E(Q) for bcc arrangement for different Qmax (in A ^) 

Q 

A- i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

Expt. 

K 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

Qmax — 1.105 

K 

0.00 

0.93 

1.88 

2.84 

3.80 

4.74 

5.65 

6.53 

7.38 

8.18 

8.93 

9.64 

10.29 

10.90 

11.45 

11.95 

12.40 

12.79 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

^max — U.yU 

K 

0.00 

0.93 

1.89 

2.87 

3.83 

4.78 

5.70 

6.59 

7.43 

8.24 

8.99 

9.70 

10.36 

10.97 

11.53 

12.04 

12.49 

12.88 

13.20 

13.45 

13.63 

13.74 

13.78 

13.75 

13.65 

13.49 

13.25 

Qmax = 0.70 

K 

0.00 

0.94 

1.91 

2.90 

3.87 

4.83 

5.75 

6.63 

7.47 

8.26 

9.01 

9.72 

10.38 

11.00 

11.56 

12.07 

12.51 

12.89 

13.20 

13.45 

13.63 

13.74 

13.78 

13.75 

13.65 

13.49 

13.25 
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Table 4.9: Vp and Vg for bcc arrangement for different Qmax in {A ^) 

Expt. Theory 

g „ « ^ = 1.105 Qm«z = 0.90 Qmax =0.70 

Q Vp Vg Vp Vg Vp Vg Vp Vg 

A~^ m/sec m/sec m/sec m/sec m/sec m/sec m/sec m/sec 

0.00 238.21 238.21 238.21 238.21 238.21 238.21 238.21 238.21 

0.05 238.78 239.79 242.88 246.80 243.92 248.69 245.45 251.39 

0.10 240.51 245.44 246.08 251.14 247.81 253.90 250.20 257.42 

0.15 243.28 251.64 247.93 251.51 250.06 254.53 252.78 257.54 

0.20 245.80 254.60 248.56 248.63 250.85 251.64 253.52 253.15 

0.25 247.59 254.31 248.10 243.42 250.39 245.43 252.75 245.68 

0.30 248.46 250.79 246.67 235.47 248.86 236.97 250.79 235.72 

0.35 248.35 244.02 244.42 226.19 246.45 226.69 247.91 225.19 

0.40 247.21 234.01 241.47 215.15 243.31 215.66 244.35 213.65 

0.45 245.04 220.77 237.91 203.62 239.60 204.12 240.32 202.12 

0.50 241.82 204.28 233.86 191.08 235.42 191.58 235.95 190.58 

0.55 237.56 185.69 229.40 178.54 230.88 179.05 231.35 179.55 

0.60 232.47 167.34 224.60 165.00 226.05 167.01 226.54 167.51 

0.65 226.76 149.32 219.52 151.96 220.98 153.47 221.52 154.47 

0.70 220.60 131.62 214.19 138.42 215.69 140.43 216.22 139.42 

0.75 214.08 114.23 208.66 124.38 210.18 125.88 210.60 123.88 

0.80 207.31 97.16 202.94 109.83 204.44 110.34 204.68 107.33 

0.85 200.33 80.42 197.03 94.79 198.40 92.28 198.48 91.28 

0.90 193.21 63.99 190.92 78.24 192.02 73.22 192.02 73.22 

0.95 185.99 47.88 184.60 62.19 185.32 56.17 185.32 56.17 

1.00 178.69 32.09 178.03 44.13 178.41 38.12 178.41 38.12 

1.05 171.34 16.62 171.17 24.07 171.29 19.06 171.29 19.06 

1.10 163.96 1.47 163.99 2.01 163.99 1.00 163.99 1.00 

1.15 156.57 -13.36 156.54 -16.05 156.54 -16.05 156.54 -16.05 

1.20 149.19 -27.87 148.95 -35.11 148.95 -35.11 148.95 -35.11 

1.25 141.82 -42.07 141.24 -53.16 141.24 -53.16 141.24 -53.16 

1.30 134.48 -55.94 133.44 -71.22 133.44 -71.22 133.44 -71.22 
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Table 4.10: E(Q) for fcc arrangement for different Qmar (in A-I) 

Q Expt. Qmax = 1.105 QmaI = 0.90 Qmax = 0.70 

A-' K K K K 

0.00 0.00 0.00 0.00 0.00 



Table 4.11: Vp and Vg for fee arrangement for different Qmax {in A )̂ 

Expt. 

Q. 

Theory 

1.105 Q„a: .=0.90 

Q K V„ Vr, Vn K Va 

Qr 

m/sec m/sec m/sec 
' 9 "P •'3 ' P 

m/sec m/sec m/sec m/sec 

= 0.70 

m/sec 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 

156.57 

149.19 

141.82 

134.48 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

-13.36 

-27.87 

-42.07 

-55.94 

238.21 

243.51 

247.16 

249.29 

250.07 

249.64 

248.18 

245.83 

242.72 

239.00 

234.77 

230.13 

225.16 

219.93 

214.48 

208.84 

203.04 

197.07 

190.93 

184.59 

178.02 

171.17 

163.99 

156.54 

148.95 

141.24 

133.44 

238.21 

247.94 

252.90 

253.52 

250.63 

244.93 

236.22 

226.69 

215.66 

203.12 

190.58 

177.04 

164.00 

149.96 

136.42 

123.38 

108.83 

94.29 

78.24 

62.19 

43.13 

24.07 

2.01 

-16.05 

-35.11 

-53.16 

-71.22 

238.21 

244.68 

249.07 

251.61 

252.53 

252.06 

250.44 

247.86 

244.52 

240.59 

236.20 

231.46 

226.45 

221.24 

215.84 

210.25 

204.46 

198.41 

192.02 

185.32 

178.41 

171.29 

163.99 

156.54 

148.95 

141.24 

133.44 

238.21 

250.07 

255.91 

256.66 

253.15 

246.68 

237.72 

227.19 

214.65 

202.62 

190.08 

177.54 

165.50 

152.46 

138.92 

125.38 

110.34 

93.28 

73.22 

56.17 

38.12 

19.06 

1.00 

-16.05 

-35.11 

-53.16 

-71.22 

238.21 

246.39 

251.70 

254.55 

255.33 

254.45 

252.27 

249.11 

245.27 

240.96 

236.36 

231.57 

226.63 

221.54 

216.22 

210.60 

204.68 

198.48 

192.02 

185.32 

178.41 

171.29 

163.99 

156.54 

148.95 

141.24 

133.44 

238.21 

253.15 

259.68 

259.80 

254.90 

246.43 

236.22 

224.68 

212.65 

200.61 

190.08 

177.54 

166.51 

153.97 

139.42 

123.88 

107.33 

91.28 

73.22 

56.17 

38.12 

19.06 

1.00 

-16.05 

-35.11 

-53.16 

-71.22 
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Table 4.12: E(Q) for hep arrangement for different Qmax (in A ^) 

Q 

A- i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

Expt. 

K 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

13.75 

13.68 

13.54 

13.35 

ymax — i-lOo 

K 

0.00 

0.93 

1.89 

2.86 

3.82 

4.77 

5.69 

6.57 

7.42 

8.22 

8.97 

9.67 

10.32 

10.92 

11.47 

11.96 

12.41 

12.80 

13.13 

13.40 

13.60 

13.73 

13.78 

13.75 

13.65 

13.49 

13.25 

^max — U.yU 

K 

0.00 

0.93 

1.90 

2.88 

3,86 

4.81 

5.74 

6.63 

7.47 

8.27 

9.02 

9.72 

10.38 

10.98 

11.54 

12.05 

12.49 

12.88 

13.20 

13.45 

13.63 

13.74 

13.78 

13.75 

13.65 

13.49 

13.25 

Qmax = 0.70 

K 

0.00 

0.94 

1.92 

2.92 

3.90 

4.86 

5.78 

6.66 

7.49 

8.28 

9.03 

9.73 

10.39 

11.00 

11.56 

12.07 

12.51 

12.89 

13.20 

13.45 

13.63 

13.74 

13.78 

13.75 

13.65 

13.49 

13.25 
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Table 4.13: Vp and Vg for hep arrangement for different Qmax (in ^ ) 

Expt. Theory 

Qmax = 1.105 Qmax = 0.90 Qmax = 0.70 

Q Vp Vg Vp Vg Vp Vg Vp Vg 

A~^ m/sec m/sec m/sec m/sec m/sec m/sec m/sec m/sec 

0.00 238.21 238.21 238.21 238.21 238.21 238.21 238.21 238.21 

0.05 238.78 239.79 243.51 247,94 244.68 250.07 246.39 253.15 

0.10 240.51 245.44 247.16 252.90 249.07 255.91 251.70 259.68 

0.15 243.28 251.64 249.29 253.52 251.61 256.66 254.55 259.80 

0.20 245.80 254.60 250.07 250.63 252.53 253.15 255.33 254.90 

0.25 247.59 254.31 249.64 244.93 252.06 246.68 254.45 246.43 

0.30 248.46 250.79 248.18 236.22 250.44 237.72 252.27 236.22 

0.35 248.35 244.02 245.83 226.69 247.86 227.19 249.11 224.68 

0.40 247.21 234.01 242.72 215.66 244.52 214.65 245.27 212.65 

0.45 245.04 220.77 239.00 203.12 240.59 202.62 240.96 200.61 

0.50 241.82 204.28 234.77 190.58 236.20 190.08 236.36 190.08 

0.55 237.56 185.69 230.13 177.04 231.46 177.54 231.57 177.54 

0.60 232.47 167.34 225.16 164.00 226.45 165.50 226.63 166.51 

0.65 226.76 149.32 219.93 149.96 221.24 152.46 221.54 153.97 

0.70 220.60 131.62 214.48 136.42 215.84 138,92 216.22 139.42 

0.75 214.08 114.23 208,84 123,38 210.25 125.38 210.60 123.88 

0.80 207.31 97.16 203.04 108.83 204.46 110.34 204.68 107.33 

0.85 200.33 80.42 197.07 94.29 198.41 93.28 198.48 91.28 

0.90 193.21 63.99 190.93 78.24 192.02 73.22 192.02 73.22 

0.95 185.99 47.88 184.59 62.19 185.32 56.17 185.32 56.17 

1.00 178.69 32.09 178.02 43.13 178.41 38.12 178.41 38.12 

1.05 171.34 16.62 171.17 24.07 171.29 19.06 171.29 19.06 

1.10 163.96 1.47 163.99 2.01 163.99 1.00 163.99 1.00 

1.15 156.57 -13.36 156.54 -16.05 156.54 -16.05 156.54 -16.05 

1.20 149.19 -27.87 148.95 -35.11 148.95 -35.11 148.95 -35.11 

1.25 141.82 -42.07 141.24 -53.16 141.24 -53.16 141.24 -53.16 

1.30 134.48 -55.94 133.44 -71.22 133.44 -71.22 133.44 -71.22 
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Table 4.14: Different Parameters (Equations 4.11 and 4.12) for sc, bcc, fee and hep arrangements 

so bcc fee hep 

dmax 3.5776 3.9036 4.0157 4.0157 

a 2.8442 2.8442 2.8442 2.8442 

do 2.8434 2.843 2.8429 2.8429 

d' 0.7342 1.0606 1.1728 1.1728 

Cmax 5.4067 5.4067 5.4067 5.4067 

Co 2.9462 2.4747 2.3384 2.3384 

C/ 2.4632 2.9353 3.0717 3.0717 

Qmax 1.105 1.105 1.105 1.105 
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Table 4.15: E(Q), Vp and Vg for sc arrangement 

Q 
A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0,85 

0.90 

0.95 

1.00 

1.05 

1.10 

E(Q) 

K 

Theory 

0.00 

0.91 

1.83 

2.76 

3.70 

4.63 

5.55 

6.45 

7.31 

8.13 

8.91 

9.64 

10.31 

10.94 

11.51 

12.02 

12.48 

12.86 

13.18 

13.44 

13.62 

13.74 

13.78 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11,26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

Vi ) 
m/sec 

Theory 

238.21 

239.33 

241.85 

244.48 

245.61 

243.67 

238.23 

230.70 

220.67 

209.64 

196,60 

184.06 

171.02 

156.48 

141.93 

126.38 

110.34 

92.78 

75.23 

57.17 

39.12 

21.06 

2.01 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

V, 3 
m/sec 

Theory 

238.21 

238.58 

239.58 

240.84 

241.95 

242.53 

242.32 

241.23 

239.29 

236,59 

233.25 

229,38 

225.06 

220.35 

215.28 

209.88 

204.14 

198.10 

191.77 

185.17 

178.32 

171.25 

163.99 

Expt 

238.21 

238.78 

240.51 

243,28 

245,80 

247,59 

248,46 

248,35 

247,21 

245,04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 
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Table 4.16: E(Q), Vp and Vg for bcc arrangement 

Q 
A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

E(Q) 

K 

Theory 

0.00 

0.91 

1.84 

2.78 

3.74 

4.70 

5.64 

6.55 

7.41 

8.22 

8.99 

9.70 

10.36 

10.97 

11.53 

12.03 

12.48 

12.86 

13.18 

13.44 

13.62 

13.74 

13.78 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11,80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

V, 1 

m/sec 

Theory 

238.21 

240.15 

244.86 

249.76 

251.64 

249.44 

242.49 

232.21 

220.17 

206.13 

193.09 

179.55 

167.01 

153.47 

139.42 

124.88 

109.33 

92.28 

75.23 

57.17 

38.12 

21.06 

3.01 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

Vp 

m/sec 

Theory 

238.21 

238.87 

240.63 

242.87 

244.88 

246.05 

246.07 

244.84 

242.49 

239.22 

235.28 

230.84 

226.05 

220.97 

215.64 

210.06 

204.23 

198.13 

191.77 

185.16 

178.31 

171.25 

163.99 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 
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Table 4.17: E(Q), Vp and Vg for fee arrangement 

Q 
A-i 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0,45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

E(Q) 

K 

Theory 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.67 

6.58 

7.45 

8.26 

9.02 

9.72 

10.38 

10.98 

11.54 

12.04 

12.48 

12.87 

13.18 

13.44 

13.62 

13.74 

13.78 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

V, 1 

m/sec 

Theory 

238.21 

240.46 

245.99 

251.64 

253.90 

251.45 

243.74 

232.71 

219.17 

205.12 

191.58 

177.54 

165.00 

151.96 

138.42 

123.38 

108.33 

91.78 

75.23 

57.17 

39.12 

21.06 

2.01 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

V, 
m/s 

Theory 

238.21 

238.99 

241.05 

243.68 

246.04 

247.45 

247.54 

246.25 

243.74 

240.26 

236.08 

231.43 

226.45 

221.23 

215.79 

210.14 

204.27 

198.15 

191.77 

185.16 

178.31 

171.25 

163.99 

3 

>ec 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 
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Table 4.18: E(Q), Vp and Vg for hep arrangement 

Q 

A~' 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.05 

1.10 

E(Q) 

K 

Theory 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.67 

6.58 

7.45 

8.26 

9.02 

9.72 

10.38 

10.98 

11.54 

12.04 

12.48 

12.87 

13.18 

13.44 

13.62 

13.74 

13.78 

Expt 

0.00 

0.91 

1.84 

2.79 

3.76 

4.73 

5.69 

6.64 

7.55 

8.42 

9.24 

9.98 

10.65 

11.26 

11.80 

12.26 

12.67 

13.01 

13.28 

13.50 

13.65 

13.74 

13.78 

V, r 

m/sec 

Theory 

238.21 

240.46 

245.99 

251.64 

253.90 

251.45 

243.74 

232.71 

219.17 

205.12 

191.58 

177.54 

165.00 

151.96 

138.42 

123.38 

108.33 

91.78 

75.23 

57.17 

39.12 

21.06 

2.01 

Expt 

238.21 

239.79 

245.44 

251.64 

254.60 

254.31 

250.79 

244.02 

234.01 

220.77 

204.28 

185.69 

167.34 

149.32 

131.62 

114.23 

97.16 

80.42 

63.99 

47.88 

32.09 

16.62 

1.47 

K ) 
m/sec 

Theory 

238.21 

238.99 

241.05 

243.68 

246.04 

247.45 

247.54 

246.25 

243,74 

240.26 

236.08 

231.43 

226.45 

221.23 

215.79 

210.14 

204.27 

198.15 

191.77 

185.16 

178.31 

171.25 

163.99 

Expt 

238.21 

238.78 

240.51 

243.28 

245.80 

247.59 

248.46 

248.35 

247.21 

245.04 

241.82 

237.56 

232.47 

226.76 

220.60 

214.08 

207.31 

200.33 

193.21 

185.99 

178.69 

171.34 

163.96 
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Figure 4.1: Elementary excitations spectrum of LHE-4 [24] 
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Figure 4.2- Estimated values of E(Q) (solid line) at different Q for sc arrangement (Table-4 2) 

along with experimental values (represented by *) [24]. C{Q) and d{Q) are obtained using 

equations 4.9 and 4.10. 

Figure 4 3: Q dependence of Vp and Vg for sc arrangement (Table-4 2) Solid line and dashed line 

represent theoretical values of Vp and Vg respectively. Stars and squares represent corresponding 

experimental values [24] 
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Figure 4.4: Estimated values of E(Q) (solid line) at different Q for bcc arrangement (Table-

4 3) along with experimental values (represented by*) [24]. C{Q) and d{Q) are obtained using 

equations 4.9 and 4.10. 
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Figure 4.6: Estimated values of E(Q) (solid line) at different Q for fee arrangement (Table-

4 4) along with experimental values (represented by *) [24]. C{Q) and d{Q) are obtained using 

equations 4.9 and 4.10. 
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Figure 4.7. Q dependence of Vp and Vg for fee arrangement (Table-4 4) Solid Ime and dashed 

Ime represents theoretical values of Vp and Vg. Stars and squares represent experimental values 

of Vg and Vp [24]. 
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Figure 4 8 Estimated values of E(Q) (solid line) at different Q for hep arrangement (Table-

4 5) along with experimental values (represented by *) [24] C{Q) and d{Q) are obtained using 

equations 4 9 and 4 10 
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Figure 4 9 Q dependence of Vp and Vg for hep arrangement (Table-4 5) Solid line represents 

theoretical values of Vp and dashed line represents theoretical values of Vg Squares and stars 

represent experimental values of Vg and Vp [24] 
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Figure 4.14: Q dependence of Vp and Vg for sc arrangement (Table-4.15). C{Q) and d{Q) are 

calculated using equations 4.11 and 4.12 Solid and dash lines represent theoretical values of Vg 

and Vp respectively. Plus and cross symobols represent experimental values of Vg and Vp [24]. 
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Figure 4.15: Q dependence of Vp and Vg for bcc arrangement (Table-4.16). C[Q) and d{Q) are 
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Chapter 5 

Energy Gap and Related 
Properties 

Abstract In MacTO-orhitat Jormalmm an pnprgiy gaj) (which is respon'iihle for a col­

lective binding of the atoms in superfiuid phase) appears between the superfluid and 

normal fluid phase This energy gap is account for most of the unique properties 

of the superfluid helium At a certain velocity (flow/ rotational) of the superfluid, 

kinetic energy of the system overtakes the collective binding energy (energy gap) and 

the fluid becomes normal fluid This veloatij is the critical uelocdij for which su­

perfluidity of the system vani'ibe'i completely, however, it is different from the viual 

critical velocity of vortex formation In this chapter we estimate the energy gap at 

different temperature and use its values to estimate critical velocities for linear flow 

as well as rotational motion, vortex line density, radius of vortex ring etc We also 

estimate the normal and superfluid density using the energy gap A close agreement 

lb observed between the estimated and erpei unental values 



5.1 Introduction 

At the transition temperature, Tx, liquid helium-4 (LHE-4) undergoes a transi­

tion from its normal phase of properties of a normal fluid (N-fluid) into super-

fluid (S-fluid) phase exhibiting various properties related to the phenomenon of 

'super-fluidity'. The two phases are also known as 'helium-F and ^helium-IF. As 

concluded by Jain's theory [1], the energy of S-fluid is lower than that of N-fluid 

and it is also evident from the fact that only an increase in thermal energy or mo­

tional energy by definite amount destroys super-fluidity of helium-II. Jain's theory 

identifies this difference in energy by what he calls as 'Energy gap Eg {ox collective 

binding of the entire system) and relates it to several unique properties namely 

critical velocities {vc or Q.c), super-fluid density (p^), coherence length (^) etc. In 

this context Jain follows standard physical reasons which are used to relate similar 

parameters in case of superconductors. In this chapter we analyse these relations 

to obtain the temperature dependent Vc, Oc, p^, ^ etc and compare their values 

with experimental results to examine their accuracy. It may be emphasised that 

our theoretical results agree closely with experiments indicating the accuracy of 

Jain's microscopic theory. 

5.2 Energy Gap 

We find that energy gap between N- and S-phases of LHE-4 is responsible for its 

super-fluidity and related properties and is given by [1] 

E,{T) 
N h^ h^ 

Smdl 8mdj.^ 
(5.1) 

where dx and dr are the inter particle separations at Tx and T{< Tx) respectively. 

Eg{T) is also obtainable from 

Eg{T) = Ae{T) = [N*{Tx) - 7V*(T)]fcBT„ In 2 (5.2) 

where N*{T) and N*{Tx) represent the number of excited particles which are free 

from quantum correlation at T(< Tx) and Tx respectively. The number of excited 

atom is given by 

h' ksT 
\fede (5.3) 
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where £c — %^ (with Qc ~ 27r/a, a being the hardcore radius) represents the 

lower bound of e > £c for which an atom has no quantum correlation with its 

neighbours. 

Evidently, Eg{T) can be calculated by using values of dr and d\ in equa­

tion 5.1 or by obtaining N*{T) and N*{Tx). Since consistency of the two relations 

has been shown by Jain, we calculate Eg{T) by using equation 5.1. We obtain 

required d for this calculation using temperature dependent density of helium-

11 available in ref. [2]. We present our estimated Eg{T) (per particle) and d at 

different temperature in Table-5.1 and depict in figure 5.1. 

5.3 Super-fluid and Normal Fluid Density 

In Macro-orbital theory super-fluid density {ps{T)) is considered as the order pa­

rameter of the transition and related to Eg{T) through the relation 

p,{T) = [Eg{T)/Eg{0)]p{T) (5.4) 

where p{T) is the total density. Using equation 5.2 one can also find 

P^i^) = J^T^f;^^ P(^) (5-5) 

which indicates that pg can be obtained either by calculating Eg{T) or the number 

of excited particles that avoid quantum correlation. For normal density (p„) we 

obviously have ^„(T) = p(T) - p,(T). 

To calculate the super-fluid density using Â * we have expressed equa­

tion 5.3 in the form 

N*{T) _ d^ 
N 4 ^ 

2m 3/2 foo f ""P W - ' 
- 1 

\^de (5.6) 

where Â  is the total number of atoms in the system and d^ is the volume available 

for each atom. This relation takes the form 

with 

X = 1 = 1 = . (5.8) 

. o = j ^ (5.9) 
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and 

'- = 2^^^^ (^-l") 

We solve this integration numerically by using C-programming with Ax = 10~^° 

for every step and continue the summation until the contribution of individual 

step falls below 10~^^. It may be mentioned that the use of Ax < 10~^" do not 

change the value of the integration. 

Values of Ps and pn{= p — Ps) obtained from equation 5.4 as well as equa­

tion 5.5 are presented, respectively, in Tables 5.2 and 5.3. Although the results are 

slightly different, the difference is not significant. While the results obtained from 

equation 5.4 show ps ^ p aX T < 1.4 K, those obtained from equation 5.5 show 

Ps ~ p for T < 0.6 /C only. The two values at higher temperature fall smoothly 

and assume zero value at T = T^. Temperature dependence of our normalised Ps 

and Pn is shown in figure 5.2. 

5.4 Critical Velocity 

The existence of a critical velocity(t;c) in helium-II was put forwarded by Daunt 

and Mendelssohn [3] in order to explain the observations of the helium film flow out 

of beakers. In such films super-fluid moves due to gravitational potential difference 

and should possess infinite velocity due to its non-frictional motion. However, its 

observed finite value led Daunt and Mendelssohn to propose that there is a certain 

Vc for helium-II beyond which it loses its super-fluid nature. By measuring the 

film thickness, they estimated the upper limit of Vc to be about 70 cm/sec. 

Existence of Vc was also predicted by Landau in his two fluid phenomeno-

logical theory [4] of super-fluid helium-II. He attributed the friction between liquid 

and waUs of capillary through which liquid flow to a phonon or roton excitations 

and proved that below a certain velocity Vc creation of phonons and rotons is en­

ergetically impossible. His predicted Vc for phonon excitation found to be about 

25000 cm/sec and for the roton about 8000 cm,/sec which is much higher than the 

experimentally observed Vc = 70 cm/sec [5]. The disagreement between theory 

and experiments was addressed by Feynman [6] by introducing the idea of quan­

tized super-fluid circulation. He suggested that the resistance to flow at higher 

velocities is not due to direct creation of rotons, instead it is due to the formation 
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of vortex rings. He showed that Vc for which flow energy is just sufficient to form 

vortices is 

Vc=—:ln{d/a) (5.11) 
ma 

where d is the sUt width and a is the core radius of vortex ring which he assumed 

to be of the order of atomic spacing. For a sht width d = 10"^ cm and \n{d/a) = 6, 

his relation gives a Vc about 100 cm/sec [2] which is somewhat higher than the 

observed critical velocities. He attributed this difference to various complications 

that exist in the system. For example vortex lines may be created inside the tube 

due to irregularities on the surface of the wall. Another widely used expression of 

Vc for the formation of quantized vortex ring is [2,7] 

Vs,c = (h/md) '"'f)-i (5.12) 

where d is the diameter of the capillary and a is the core radius of the vortex 

ring. A similar expression was derived by Glaberson and Donnelly [8] considering 

the presence of metastable vortex lines. These relations give a Vc of the observed 

magnitude in relatively wide channels. However, Wilks [2] mentioned that these 

relations fail to give a fair account of the Vc if the channel width falls below 1/i. 

Even for the wide channels results do not match exactly. Moreover, these equations 

yield a Vc which is temperature independent while some experiments [9-11] show a 

strong temperature dependent Vc- A more fundamental difficulty has been pointed 

out by Vinen [12], who, considering the size of the channels (which is enormous in 

atomic scale) argued that the formation of a vortex ring as large as the diameter of 

the channels is almost impossible. A reasonable figure for the greatest diameter of 

a vortex ring which could be created instantaneously inside the Uquid is probably 

of the order of 10~^ cm and this corresponds to a Vc of about 100 cm/sec. He 

further suggested that such high velocities are only required to create vortices and 

a few vortex line may already be present in hehum-II at the start of an experiment 

possibly in metastable state. In presence of these vortex lines, turbulence sets in 

at much lower velocity. 

Since then a large number of experimental and theoretical articles have been 

published proposing different explanation and interpretation for the phenomenon. 

For example Anderson [13] introduced the idea of quantum phase sUps which was 

observed in the experiments of 1980's and 1990's [14-23]. This set of experiments 

observed a local super-flow velocity which reaches a value 22 m,/sec at the vortex 

nucleation site. Reppy et al [24-26] studied the properties of persistent current in 
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helium-II. Hess [27] and Hulin et al [28] measured the critical velocities in a small 

hole by filtering it near the hole with porous medium. This set of experiments 

reveals a strong temperature dependence of the critical velocity with a value about 

500 cmlsec at 1.4 K. Critical velocities of helium film are also studied by different 

authors [29-38]. 

In rotational motion vortices appear in the form of concentric circular 

streamlines of atoms, lying in planes perpendicular to the axis of vortex and 

surrounding the central core. It is believed that two different critical velocities 

exist for rotational motion. First critical velocity ip^ci), which is relatively small, 

represents the minimum angular velocity for which first vortex of macroscopic size 

(of the order of the cylinder) appears in the liquid and the second critical veloc­

ity (ric2), which is very high, represents the angular velocity for which density of 

vortex lines becomes maximum [7]. Linear velocity of circulation in streamline of 

radius r is obtained using the relation [7] 

K = (f) Vg.dl = 2T(rVs{r) = n— (5.13) 
J rn 

which gives 

Vs{r) = K/27rr (5.14) 

Energy associated with a single vortex line is mainly the kinetic energy of circu­

lation and this energy per unit length is given by [7] 

-PsV^,{2Trr)dr (5.15) 
T 

where Co is the core radius and b is the radius of the vortex ring. Using equa­

tion 5.14 for a particular value of K one can find 

When the first vortex appears in the rotating fluid it's associated flow pattern fills 

the entire container. Minimum angular velocity to create such vortex (i.e. Od) is 

given by [7] 

2'KmRi \ an J "o 

with Ro is radius of the cyhnder. For example, i( Ro = I cm, Q,ci takes the 

value ~ I0~^rad/sec. Energy of vortices reveals that, an array of more fines 

with circulation of small n (i.e. lower value of n) is more favourable than a single 

circulation with large K (i.e. higher n). As a result more and more vortex lines 
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with smaller K are developed with increasing Q,. For a particular value of the 

angular velocity (> flci), density of such lines is given by [7] 

n^ = 2f2/K (5.18) 

However, this process can not be continued indefinitely and a theoretical limit is 

set on the proximity of vortex lines by the overlapping of their cores. It would 

happen if D, were to reach the higher critical velocity [7] 

which is of the order of 10^^ rad/sec. 

Despite these untiring and numerous efforts, no proper explanation is found 

for the critical velocities and it remains as one of the least understood aspects of 

helium-II. However, general belief is that it is the critical velocity for quantized 

vortex formation which leads to quantum turbulence and dissipation in the flow 

and rotational motion. 

In Macro-orbital theory Vc carries a different significance. Above this flow 

velocity, flow energy overtakes the coUective binding energy Eg of S-phase. This 

velocity is obtained from the condition Ne{K) = N{mvl/2) = NEg which gives 

v,{T) = ^[2Eg{T)/m\ (5.20) 

For a flow velocity Vf < Vc, the super-fluid phase is stable against the flow. As ve­

locity of the flow crosses the critical limit, the super-fluidity of the system vanishes 

completely. This critical velocity is large and different from the critical velocity 

of vortex formation. However, presence of quantized vortices that causes viscous 

behaviour is expected even if Vf < Vc-

We have calculated temperature dependence of critical velocity using equa­

tion 5.20 and presented our values in Table-5.1. Our results show a strong temper­

ature dependence of Vc from A—point to lAK below which it remains constant. 

We depict our findings in figure 5.3. 

In case of rotational motion Macro-orbital theory predicts flc2 rather than 

flci- A numerical value of flc2 can be obtained as follows: 

With increasing fl size of vortices decreases while riy increases. When fi 

reaches r2c2, riy and radii of vortices become such that rotational kinetic energy 

overtakes the collective binding energy of the system and super-fluidity of the 

127 



system vanishes. If Sy is the energy of such vortices with radius r^, n^ can be 

obtained from the condition 

TTR'^lriye^ - Eg{T) (5.21) 

where R and / are radius and length of the cyhnder respectively. This equation 

gives 

n„ = 
E,{T) 

(5.22) 
TTR'^lSy 

In Macro-orbital theory all atoms participate in both normal and super-fluid 

phases indicating that all atoms serve as constituent of vortices present in the 

system. Hence, we can replace ps by p in equation 5.16 and using this we find 

4m^Eg{T) 
n„ = IR^h'^pln.ro/ao 

Substituting the value of Eg from equation 5.1 we find 

2nm^ 
n„ -N 

h' h^ 

9>md\ Smdj, hHR'^p{T)\urolao 

When A'' is replaced by {'nR^lp{T))/m, above equation becomes 

(5.23) 

(5.24) 

27rm 
n„ 

K" h^ 

h'^luTo/ao [Smd\ 8md'^ 

However, n^ should simultaneously satisfy the condition, 

1 
riy < 

nri 

(5.25) 

(5.26) 

because this is the maximum number of vortex lines that can exist in the system 

for a given To- Therefore, rotational energy may possibly overtake the collective 

binding energy when 

1 27rm 
nrl /i^lnfo/oo 

From this relation we obtain 

In To/ao 27r̂ m 

r h^ 
_8mdl 

\ ^ ' 
8mdl 

h^ 1 
8mc?|,_ 

(5.27) 

(5.28) 

This equation shows the temperature dependence of TQ as well as indicates the 

temperature dependence of n ,̂, e^ and Oc2- Choosing a value of ao (in our case 

Oo = 1.7893 X 10~^ cm which is half of the average atomic spacing) one can solve 

this equation analytically to find the values of r^ at different temperature. Using 

these values in equation 5.25 we estimate the values of n^ using which we obtain 

the corresponding values of f]c2 at different temperature from equation 5.19. We 
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present our estimated values in Table:5.5. We also depict the variation of TQ, £VI 

Uy and f]c2 with temperature in figures 5.4, 5.5, 5.6 and 5.7. These graphs show 

a strong temperature dependence of these quantities. While riy and Qc2 decrease 

with temperature from 1.4 K to T\ where they vanish, vortex size, Tg and its 

energy, EQ increase with temperature. 

5.5 Coherence Length 

Below Tx, the particles of the system get locked in phase space (A0 = 2mv) 

and the quantum correlation potential offers a collective binding energy, Eg, to 

the system [1]. As a result there exists a coherence in super-fluid state which is 

characterised by coherence length [1] 

We have obtained the coherence length at different temperature from the energy 

gap corresponding to that temperature and shown in Table-5.1 and figure 5.8. 

Above 1.4 X, result exhibits a temperature dependence. 

5.6 Discussion 

Concept of energy gap is an old idea in physics which is widely used to explain the 

properties like electrical conductivity, superconductivity etc. However, no phe-

nomenological or microscopic model other than Jain's Macro-orbital theory uses 

this idea to explain the unique properties of helium-II. In Macro-orbital formalism 

an energy gap between S- and N-phases appears spontaneously and it explains why 

LHE-4 is a super-fluid below Tx with a definite stability against weak perturbation 

of certain energy value. As inferred by Jain [1], wave packets of the neighbouring 

particles below T\ have their overlap which perturbs the ground state energy of 

the system and renders anti-bonding state of energy {EQ + ^{T)) and bonding or 

paired state of energy [EQ — i^{T)). The latter is more favourable than the former 

and this becomes the source of an energy gap between the normal and super-fluid 

phases. As the size of the wave packets depend on temperature, strength of the 

perturbation as well as energy gap are also temperature dependent. Temperature 

dependence of energy gap is well evident from figure 5.1. Energy gap between the 
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two phases remains constant from OK to lAK and it decreases with temperature 

up to Tx where it has zero value. 

We use equations 5.4 and 5.5 to estimate ps and p„. We depict our findings 

in figure 5.2 with experimental values. A close agreement between our values and 

experiments is well evident from this figure. 

Our estimated values of Vc are higher than those obtained from the capillary 

or film flow measurements (Tables 5.1 and 5.6 and Ref [2]). As we have already 

mentioned that our Vc corresponds to that velocity above which superfluity of the 

system vanishes completely. The measured Vc usually represents velocity required 

for vortex formation and does not account for the loss of total super-fluidity. 

However, we note that our Vc is very close to the measured value by Hess [27] 

and Hulin et al [28]. Hess [27] found a Vc around 500cm/sec at lAK by placing 

compressed-rouge super-fluid filters in the flow path on each side of the orifice. 

Huhn et al [28] who studied the flow of the superfluid helium between two bath 

through a small hole (6-10 ^—diameter) by filtering the liquid near the hole using 

either a circular porous bronze plug or jeweller's rouge compressed between two 

bronze plugs, observed a dependence of Vc on flow direction (inward and outward 

from the inner bath) for porous bronze plug which was not observed in compressed-

rouge filter. While they observed maximum v^ about 1000 cm/sec and 800 cmlsec 

respectively for inward and outward flow through porous bronze filter, it was about 

350 cm/sec for compressed-rouge filter. Both Hess and HuUn et al observed strong 

temperature dependence of the critical velocity which agrees with our findings. 

Film thickness(c?), flow rate(i?) and Vc in helium films are also studied in 

a large number of experiments. Henshaw and Jackson [39, 40] and Atkins [29] 

measured the thickness and flow rate simultaneously during the transfer pro­

cess of the liquid from a beaker. Using these data Daunt and Smith [30] cal­

culated Vc for the film flow. While the data of Jackson and Henshaw reveals Vc 

between 105 and 118 cm/sec for a temperature range from 1.1 K to 1.9 K, Atkin's 

data at 1.47 A' gives Vc between 35 to 39 cm/sec. In a similar experiment with 

improved measurement technique Jackson and Grimes [35] obtained a transfer 

rate 13.4 x 10~^cm^/sec and Ham and Jackson [34] obtained a film thickness 

3.02 X 10~^cm at 1 cm height at 1.60 A' This gives a revised Vc = 54.1 cm/sec at 

1.60 7^. Knudsen and Dilhnger [31,32] studied the spreading of hehum-II film on 

a dry surface of copper or stainless steel. By measuring the velocity of advance-
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ment of the front of the spreading film they obtained a.Vc = 37 cm/sec. As cited 

in [35], DiUinger recorded a value 17.7 cm/sec for the average velocity in similar 

experiments. Pickar and Atkins [37] obtained a value 25 - 40 cm/sec by measuring 

the third sound velocities in the film. Telschow et al [38] measured the critical 

velocities in unsaturated films and observed a variation of Vf. with temperature as 

well as with d of the film. They found a maximum value around 200 cm,/sec for a 

d ^ 11 atomic layers. However, they mentioned that this value may be as high as 

520 cm/sec for a film of 4 atomic layers thickness. In Table 5.6 we have presented 

some of the measured values of Vc in films. This shows that Vc may take a wide 

range of values depending upon the experimental situations. 

In rotational motion our Oc2(~ l^^rad sec~^ for T < 1.4 7 )̂ corresponds to 

a riy (Table:5.1) which is just allowed by the geometrical structure. Our estimated 

value of flci represents that value of fi below which a complete transformation 

of super-fluid to normal fluid is not possible. However, there is a possibility that 

actual transformation takes place at a higher value of n,; which yields a higher fic2-

Another estimation [7] used a vortex core size~ 0.5A that gives a value of the order 

of 10^^ rad sec~^. This value of the core radius seems to be unrealistic because 

every particle of the system on an average shares a volume d ,̂ (i(~ 3.5776A) being 

the inter particle separation. In this estimation vortices of core size is assumed 

to be formed which we find unrealistic. Value of ag used by us is well inside the 

two extreme values proposed by Feynman [6] (~ 4.0A) and Vinen [41] (O.sA) and 

very close to the value {1.3A) used by Rayfield and Reif [42]. 

Our estimated value of ^ using are shown in figure 5.8. Interestingly these 

values are close to the thickness of the films of flowing superfluid out of a beaker 

under saturated vapour pressure. We also find that the maximum radial size of a 

vortex line has value close to ^. 

5.7 Conclusion 

Energy gap between super-fluid and normal fluid phases is one of the main infer­

ences of Macro-orbital theory. Jain successfully uses this aspect to explain certain 

properties of the superfluid such as temperature dependence of p^ and Vc, mechano-

caloric and thermo-mechanical effects etc. Our calculations on pn, v^ and ^ are 

based on their relations with energy gap. A close agreement of our values with 
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experiments establishes the accuracy of these relations and the foundation of the 

Macro-orbital theory. Our results also establish that Jain's Macro-orbital theory 

is the most successful microscopic theory in explaining Vc and related properties. 
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Table 5.1: Energy Gap, Coherence length and Critical Velocity 

Temp. 

K 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

P 

gm/cc 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14512 

0.14512 

0.14511 

0.14511 

0.14512 

0.14513 

0.14516 

0.14521 

0.14526 

0.14535 

0.14546 

0.14562 

0.14583 

d 

cm 

3.5776e-08 

3.5776e-08 

3.5776e-08 

3.57766-08 

3.5776e-08 

3.5776e-08 

3.5776e-08 

3.5777e-08 

3.5777e-08 

3.5778e-08 

3.5778e-08 

3.5777e-08 

3.5776e-08 

3.57736-08 

3.5769e-08 

3.5765e-08 

3.5758e-08 

3.5749e-08 

3.5736e-08 

3.57196-08 

Eg/atom 

K 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.05126-02 

1.0512e-02 

l,0620e-02 

1.0620e-02 

1.0512e-02 

1.0405e-02 

1.0082e-02 

9.5455e-03 

9.0088e-03 

8.0429e-03 

6.86226-03 

5.14556-03 

2.8938e-03 

e 
cm 

2.1450e-06 

2.1450e-06 

2.1450e-06 

2.1450e-06 

2.1450e-06 

2.1450e-06 

2.14506-06 

2.13416-06 

2.1341e-06 

2.12326-06 

2.1232e-06 

2.1341e-06 

2.1450e-06 

2.1790e-06 

2.23956-06 

2.30526-06 

2.4397e-06 

2.6413e-06 

3.0502e-06 

4.06746-06 

Vc 

cm/sec 

657.36 

657.36 

657.36 

657.36 

657.36 

657.36 

657.36 

660.74 

660.74 

664.12 

664.12 

660.74 

657.36 

647.10 

629.64 

611.68 

577.96 

533.86 

462.28 

346.68 
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Table 5.2: Calculated Values of p„ and ps using Energy Gap 

Temp. p Eg/atom pn Ps 

{K) gm/cc K gm/cc gm/cc 

0.2 0.14513 1.0405e-02 0.00000 0.14513 

0.3 0.14513 1.0405e-02 0.00000 0.14513 

0.4 0.14513 1.04056-02 0.00000 0.14513 

0.5 0.14513 1.0405e-02 0.00000 0.14513 

0.6 0.14513 1.0405e-02 0.00000 0.14513 

0.7 0.14513 1.0405e-02 0.00000 0.14513 

0.8 0.14513 1.0405e-02 0.00000 0.14513 

0.9 0.14512 1.0512e-02 0.00000 0.14512 

1.0 0.14512 1.0512e-02 0.00000 0.14512 

1.1 0.14511 1.0620e-02 0.00000 0.14511 

1.2 0.14511 1.0620e-02 0.00000 0.14511 

1.3 0.14512 1.0512e-02 0.00000 0.14512 

1.4 0.14513 1.0405e-02 0.00000 0.14513 

1.5 0.14516 1.0082e-02 0.00450 0.14066 

1.6 0.14521 9.5455e-03 0.01199 0.13322 

1.7 0.14526 9.00886-03 0.01949 0.12577 

1.8 0.14535 8.04296-03 0.03299 0.11236 

1.9 0.14546 6.8622e-03 0.04952 0.09594 

2.0 0.14562 5.1455e-03 0.07360 0.07202 

2.1 0.14583 2.8938e-03 0.10527 0.04056 
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Table 5.3: Calculated Values of p„ and ps from the Excited Number of Particles 

Temp. 

{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

P 

gm/cc 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14512 

0.14512 

0.14511 

0.14511 

0.14512 

0.14513 

0.14516 

0.14521 

0.14526 

0.14535 

0.14546 

0.14562 

0.14583 

Xx 

cm 

1.9523e-07 

1.5941e-07 

1.3805e-07 

1.2348e-07 

1.1272e-07 

1.0436e-07 

9.7617e-08 

9.2034e-08 

8.731 le-08 

8.3248e-08 

7.9704e-08 

7.6577e-08 

7.3791e-08 

7.1289e-08 

6.90256-08 

6.6964e-08 

6.5078e-08 

6.3342e-08 

6.1738e-08 

6.0250e-08 

Pn 

gm/cc 

0.00000 

0.00000 

0.00000 

0.00001 

0.00004 

0.00019 

0.00059 

0.00145 

0.00299 

0.00547 

0.00912 

0.01416 

0.02080 

0.02919 

0.03949 

0.05180 

0.06620 

0.08280 

0.10164 

0.12268 

Ps 

gm/cc 

0.14513 

0.14513 

0.14513 

0.14512 

0.14509 

0.14494 

0.14454 

0.14367 

0.14213 

0.13964 

0.13599 

0.13096 

0.12433 

0.11597 

0.10572 

0.09346 

0.07915 

0.06266 

0.04398 

0.02315 
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Table 5.4: Normal and Super-fluid Density Ratio 

Temp. jK) pl/p p*/p p^*/p pnP PTIP PTIP 

0.0 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 

0.1 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 

0.2 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 

0.3 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 

0.4 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 

0.5 0.0000 1.0000 0.0000 0,9999 0.0000 1.0000 

0.6 0.0000 1.0000 0.0003 0.9997 0.0000 1.0000 

0.7 0.0000 1,0000 0.0013 0.9987 0.0002 0.9998 

0.8 0.0000 1.0000 0.0041 0.9959 0.0008 0.9992 

0.9 0.0000 1.0000 0.0100 0.9900 0.0026 0.9974 

1.0 0.0000 1.0000 0.0206 0.9794 0.0066 0.9934 

1.1 0.0000 1.0000 0.0377 0.9623 0.0145 0.9855 

1.2 0.0000 1.0000 0.0628 0.9372 0.0279 0.9722 

1.3 0.0000 1.0000 0.0976 0.9023 0.0479 0,9521 

1.4 0,0000 1,0000 0.1434 0.8566 0.0765 0.9235 

1.5 0.1001 0.8999 0.2010 0.7990 0.1177 0.8824 

1.6 0.1001 0.8999 0.2720 0.7281 0.1674 0.8326 

1.7 0.2002 0.7998 0.3565 0.6435 0.2345 0.7655 

1.8 0.3003 0.6997 0.4553 0.5447 0.3244 0.6756 

1.9 0.4003 0.5997 0.5691 0.4309 0.4362 0.5638 

2.0 0.6003 0.3997 0.6976 0.3024 0.5816 0.4184 

2.1 0.8002 0.1998 0.8409 0.1591 0.7697 0.2303 

2.2 1.0000 0.0000 1.0000 0,0000 1,0000 0,0000 

•* data are from table-5,2 

•k-k data are from table-5,3 

•k-k-k data are from ref, [43] 
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Table 5.5; Critical Angular Velocity and Other Quantities 

T 

(K) 

0.20 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

0.90 

1.00 

1.10 

1.20 

1.30 

1.40 

1.50 

1.60 

1.70 

1.80 

1.90 

2.00 

2.10 

P 

(gm/cc) 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14512 

0.14512 

0.14511 

0.14511 

0.14512 

0.14513 

0.14516 

0.14521 

0.14526 

0.14535 

0.14546 

0.14562 

0.14583 

Ps 

(gm/cc) 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14513 

0.14662 

0.14662 

0.14811 

0.14811 

0.14662 

0.14513 

0.14066 

0.13322 

0.12577 

0.11236 

0.09594 

0.07202 

0.04056 

E, 

(K) 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.04056-02 

1.0405e-02 

1.0405e-02 

1.0405e-02 

1.0512e-02 

1.0512e-02 

1.0620e-02 

1.0620e-02 

1.0512e-02 

1.0405e-02 

1.00826-02 

9.5455e-03 

9.00886-03 

8.04296-03 

6.8622e-03 

5.1455e-03 

2.89386-03 

ro 

(cm) 

5.67626-07 

5.67626-07 

5.6762e-07 

5.6762e-07 

5.6762e-07 

5.6762e-07 

5.67626-07 

5.6407e-07 

5.64076-07 

5.60576-07 

5.60576-07 

5.64076-07 

5.6762e-07 

5.7862e-07 

5.9822e-07 

6.19606-07 

6.6360e-07 

7.3006e-07 

8.66756-07 

1.21566-06 

£v 

(ergs) 

3.17536-08 

3.17536-08 

3.17536-08 

3.17536-08 

3.17536-08 

3.1753e-08 

3.17536-08 

3.16796-08 

3.16796-08 

3.1605e-08 

3.1605e-08 

3.1679e-08 

3.1753e-08 

3.19806-08 

3.2374e-08 

3.27896-08 

3,3598e-08 

3,4723e-08 

3.67396-08 

4.06966-08 

riv 

{cm~'^) 

9.87546-1-11 

9.8754e-Hl 

9.87546-1-11 

9.8754e-l-ll 

9.8754e+ll 

9.8754e-l-ll 

9.8754e-l-ll 

9.9999e-Hl 

9.99996-t-ll 

1.01256-1-12 

1.0125e-H2 

9.9999e-fll 

9.8754e-|-ll 

9.50366-hll 

8.89116-1-11 

8.2878e-Ml 

7.22546-1-11 

5.9696e-hll 

4.23526-1-11 

2.15346-1-11 

^ c 2 

{radseC^) 

4.92326-1-08 

4.9232e-(-08 

4.92326-1-08 

4.92326-h08 

4.9232e-|-08 

4.92326-1-08 

4.92326-1-08 

4.9853e-|-08 

4.98536+08 

5.04776-^08 

5.04776+08 

4.9853e+08 

4.9232e+08 

4.7378e+08 

4.4325e+08 

4.1318e+08 

3.6021e+08 

2.9761e+08 

2.1114e+08 

1.0735e+08 
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Table 5.6: Critical Velocities in Helium Film 

T Flow rate d v^iaverage) Vc 

K cw? / secern cm cm/sec cm/sec 

1 1.10 16.9X10"^ 1.63X10-6 104 105 

1.30 16.9 1.63 104 110 

1.50 16.8 1.66 101 114 

1.70 16.1 1.82 88.5 118 

1.90 12.8 1.94 66 118 

2 

3 

1.60 

1.3 

13.4 

-

3.02 

2.0 

54.1 

37 

4 1.47 7.4 1.9 - 39 

7.8 2.1 - 37 

8.15 2.3 - 35 

4 1.25 - - - 25-40 

5 1.50 - 6 layer - 200 

1.60 - 8 layer - 180 

1.80 - 11 layer - 100 

sets 1 and 2 from Ref [44] 

set 3 from Ref [31] 

set 4 from Ref [37] 

set 5 from Ref [38] 
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Figure 5.1: Energy gap of helium-II under saturated vapour pressure 

c 
Q . 

T3 
C 

Q. 

()()()()()<>("><-XXX 

0.8 

0.6 

0.4 

0.2 

o)()i()i()i()i()i()i()K--)r::r(:>P' 

0.5 1 1.5 
Temperature (T) 

2.5 

Figure 5.2: Normal and Super-fluid density ratio at saturated vapour pressure. Dotted and solid 

lines represent our calculated results (equations 5.4 and 5.5 respectively) and while the crosses 

and asteroids represent experimental points [43] 
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Figure 5.4: Radius of the vortex ring obtained from equation 5.28 for which rotational energy 

crosses the collective binding energy. 
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Figure 5.6: Density of vortex line as estimated from equation 5.25. For this value of n„, super­

fluidity of the system loss completely. 

141 



o 
cu 
CO 

•D 

re 
• ^ 

o 

5.5e+08 

5e+08 

4.5e+08 

4e+08 

3.5e+08 

3e+08 

2.5e+08 

2e+08 

1.5e+08 

1e+08 
0.4 0.6 0.8 1 1.2 1.4 1.6 

Temperature (K) 
2.2 

Figure 5.7: Values of higher critical angular velocity as obtained using n^ in equation 5.19. 

Beyond this critical angular velocity density of vortex line does not increase and the super-fluid 

get transformed into normal fluid. 
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Chapter 6 

Transition Temperature and 
Some Other Aspects of Liquid 
Helium-4 

Abstract In this chapter we estimate (i) transition temperature, (ii) absolute value 

of surface tension of LHE-4 and (m) thickness of the surface layer by using Macro-

orbital theory and emphasizing on the orderly anangeinent of the atoms ('st, bcc, 

fee and hrp arrangements) We estimote the potential energy using Leanard Jones 

potential Ovr estimated valves closely agree with experiments 



6.1 Introduction 

Liquid Helium-4 (LHE-4) have been studied extensively for its unique properties 

since its first liquification in 1908. Despite having a long and rich history of 

investigation, some of the key features of the system have remained unexplained. 

Transition temperature, surface tension at T = 0, surface layer thickness are few 

such features. In this chapter we shall try to address these aspects using Macro-

orbital theory. 

6.2 Transition Temperature 

It was London [1,2] who initially proposed that the peculiar phase transition ("A-

transition"), that LHE-4 undergoes at 2.19 K (value of T^ estimated at that time), 

probably has to be regarded as the Bose-Einstein Condensation (BEC) of hehum 

atoms, distorted, of course, by the presence of inter molecular forces and by the 

fact that it manifests itself in the liquid not in the gaseous state. To calculate Tx 

he used the relation for critical temperature of the BEC in an ideal Bose gas i.e 

where m is the boson mass, A'' is the total number of atoms and V is the to­

tal volume. Using the liquid helium parameters and C(3/2) = 2.612 he obtained 

TBEC ~ 3.13K which is about 44% higher than the observed value. This dis-

crepency was attributed to the interactions of the helium atoms, effect of which 

was not included in London's calculation. However, it proved difficult to consider 

the interactions between atoms in analytical calculation of the BEC. 

To develop a microscopic theory of LHE-4, the field theoretical approach 

starts with considering the system as weakly interacting Bose gas. Leading order 

effect of a weak two-body interaction on critical temperature (J^^^ of a homogeneous 

weakly interacting Bose gas has been studied for long time and have been reviewed 

extensively by Haque [3] and Andersen [4]. Despite these efforts, no microscopic 

calculation renders the experimental value of Tc for LHE-4. Quite contrary to its 

observed T^ = 2.17K, the above mentioned calculations predict an increase in Tc 

compared to that of an ideal Bose gas. Lee and Yang [5] were the first to predict 

such an increase proportional to ^/a (a being the scattering length). However, 
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they later predicted a shift hnear with a [6] but without any definite sign (+/-) 

and magnitude of the shift. While Glassgold et al [7] predicted an increase in Tc 

similar to Lee and Yang [5], Huang [8] predicted an increase proportional to a^l"^. 

Huang's approach was used by Schakel [9] and Wilkens et al [10] who predicted 

a negative shift. Although all these calculations use perturbation theory, they 

render results which differ from each other significantly. 

Using a different approach (normahzed group calculation) Toyoda [11] pre­

dicted a shift in agreement with experimental value for LHE-4 (i.e. a negative 

shift in Tc) but in contradiction with the earlier findings [5,7,8]. However, using 

the same approach Bijlsma and Stoof [12] and Ledowski et al [13] found a positive 

shift. While Bijlsma and Stoof predicted a shift proportional to alna, calculation 

of Ledowski et al showed that leading behavior is proportional to a. 

Fetter [14] used of Hartree-Fock theory and found a negative shift which, 

however, does not agree with the findings of Huang [15] who also used the same 

approach but obtained a positive shift proportional to â ^̂ . Huang's conclusion 

was later criticized by Baym [16,17] who included more terms in the expression 

to show that the result was an artifact of an approximation. Another treatment 

on these fines has been reported by Pethick and Smith [18]. 

More recently, Baym, Laloe and collaborators [16,19-29] using effective-

field theory showed that the parametric dependence of Tc is indeed linear in a 

i.e. 

^^^ =cn"\ (6.2) 
TBEC 

where ATc is the shift in Tc from TBEC- We note that the estimated values of the 

constant c in above equation fall in a wide range from 0.7 to 3.8 [4]. This fluctu­

ation in c prompted Baym and his group to predict a logarithmic contribution at 

the next higher order [17]. 

Numerical calculations of Tc have been performed using the above effective-

field theory with lattice gas model and Monte Carlo methods. Such calculations 

have been carried out by several groups [19,21,26-29]. 

Despite London's early work and voluminous work on weakly interacting 

dilute Bose gas, the question on the effect of the repulsive interactions on Tc 

(i.e. T\) of liquid helium remains unresolved. Only possible way to explain the 

observed —ve shift in Tc for liquid helium was the use of effective mass of the 
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atoms in the liquid. Chapline [30] calculated a % which is quite close to actual 

A—point of helium using a partition function calculated by Feynman [31] that 

takes into account the effective mass enhancement. After Chapline's work, this 

problem remained untouched until it is revisited by Jain [32] and Harada [33] very 

recently. Jain [32] explains the observed Tx in his Macro-orbital theory (Chapter-

2) while the idea of spontaneous symmetry breaking in a hard-core interacting 

Bose system is used by Harada; it may be noted that Jain's theory also attributes 

the A—transition to spontaneous symmetry breaking. 

6.2.1 Calculation of Tc using Macro-orbital Theory 

Macro-orbital theory predicts a transition temperature (detailed discussion is pre­

sented in Chapter 2) 

1 h'^ 
T\ = To + -TBEC = 4 SnmkB 

1 ( ^ Y' 
d? ^ \2.1W) 

(6.3) 

where Tg is the temperature equivalent of ground state energy. We note that Tx can 

be estimated simply by using d, which is the only unknown parameter in the above 

relation. We have calculated d for different possible atomic arrangements (i.e. sc, 

bcc, fee and hep) using the observed density .14513 g^m/cc [34]. Maero-orbital 

theory explains the pressure dependence of the transition temperature replacing 

m by effective mass m* which is expected to increase with pressure which increase 

inter-particle attraction. 

6.2.2 Results and Discussions 

Our calculation reveals d = 3.5776,3.9036,4.0157 and 4.0157A, respectively, for 

sc, bcc, fee and hep atomic arrangements and corresponding values of Tx as 

2.271, 2.033, 1.964 and 1.964 X. Our estimated values deviate 4 - 12% from the 

observed value (2.172A') as against 40% deviation of London's estimation. Our 

results can be shown to agree exactly with the observed value if we replace real 

mass of the atom by its effective mass as used by Chapline [30]. We have found 

that the required effective mass is higher than the real mass of helium in case 

of sc arrangement (1.0511 times of the real mass) while it is lower in all other 

arrangements (it is 0.9410,0.9092,ararf0.9092 times of real mass for bcc, fee and 
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hep arrangements respectively). Apparently our findings for bcc, fee and hep ar­

rangements contradict with the idea of effective mass which is believed to increase 

inside the liquid due to the inertia of the system. However, the fact that par­

ticles of the system experience a repulsive force as soon as the system is cooled 

through Tx may be responsible for the decrease of effective mass. Moreover, near 

Tx the question regarding the specific arrangement of the atoms is unimportant 

because at this temperature the size of the atomic wave packet just crosses the 

inter-particle separation and the particles of the system have large fluctuations in 

their positions in normal, momentum and phase spaces. As the temperature of 

the system falls through Tx the wave packets have mutual overlap and due to the 

repulsive nature of the inter-particle interaction the system assumes an orderly 

atomic arrangements. Near Tx, what is more important is the average volume 

available to each atom, the Tc corresponding to sc arrangement assumes more 

relevance. 

Although as mentioned above effective mass of an atom is expected to 

increase with pressure (P) due to increase in inter particle attraction, however, an 

exact relationship m* and P is not known. The nature of the P dependence of 

m* can therefore be determined by using the pressure dependent values of T\ in 

equation 6.3. We estimated m* for diff'erent atomic arrangements and presented 

our findings in Table-6.1 and figure 6.1. We observed a variation which is almost 

linear with pressure. In conclusion we find that Macro-orbital theory not only 

renders Tx that agrees with experiments but also concludes that the shift in Tc 

has negative value. In addition it provides the microscopic origin for the pressure 

dependence of T\. 

6.3 Surface Tension 

Surface tension (a) of helium-II has been extensively studied by experiment and 

theory since its first measurement by Urk et al [35] in 1925. This experimental 

study was followed by a large number of measurements, primarily with a goal 

of investigating the unusual temperature dependence of u and its absolute value, 

cr(0). These measurements used various techniques, e.g. the capillary rise method 

(Allen and Misener [36], Atkins and Narahara [37], Zinov'eva and Bolarev [38], 

Dickson et al [39]), the surface-wave method (King and Wyatt [40], Boldarev 

and Peshkov [41]) etc. While o values obtained by Allen and Misener, Dickson 
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et al and King and Wyatt agree with each other and rendered an extrapolated 

(j(0) ~ O.SbO dynes/cm at 0 K, the data of Atkins et al and Zinov'eva et al 

yielded a{0) ~ 0.375 dynes/cm; the origin of this difference (~ 0.025 dynes/cm,) 

is not well understood. 

Similar difference is also observed in recent experiments. In 1985, lino 

et al [42] measured a of hehum-II by the surface-wave resonance method and 

reported a a{0) = 0.354 dynes/cm which is in good agreement with Allen and 

Misener, Dickson et al and King and Wyatt. Roche et al [43] obtained a value 

0.375 dynes/cm from the dispersion relation of a capillary wave at a micron wave­

length. Roche et al explained that the difference with lino et al arises due to the 

mass effect, i.e. the mass of the meniscus modifies the dispersion relation of the 

surface waves in the cavity. However, this explanation was negated by Nakanishi 

and Suzuki [44] who obtained the surface tension by eliminating the meniscus ef­

fect and found a value in agreement with lino et al. Vicente et al [45] measured 

a over a temperature range 0.6 to 1.6 K and from the extrapolation estimated 

a{o) = 0.375 ± 4 dynes/cm. 

The most successful theory that could give the temperature dependence of 

the surface tension of hehum-II is the one due to Atkins [46], who, suggested that 

major contribution to the surface tension comes from the quantized surface modes 

of vibration (also referred to as "ripplons"). Atkins assumed that these surface 

modes should be similar in nature to the macroscopic capillary waves which have 

a frequency dependent phase velocity as given by 

u = {2T^av/pfl^ (6.4) 

where u is the frequency of the wave. Atkins chose a cutoff frequency Uc such that 

the total number of normal modes of vibrations in the surface was equal to the 

total number of atoms in a monomolecular layer (of thickness 5) at the surface. 

According to Atkins theory, a part of the observed o{T) arises from the presence 

of quantized surface modes and accounts for the unusual temperature dependence. 

Considering these points for T = 0, Atkins obtained a relation 

The second term on the right hand side represents the zero-point contribution 

to the surface modes. Using the experimental values oi 5 = d and a(0) = 

0.2)10 dynes/cm, they obtained Oi{0) = 0.140 dynes/cm, which leaves about 
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0.230 dynes/cm as the contribution of the surface modes. At the nonzero tem­

perature Atkins also found an added contribution of the surface modes expressed 

by 

-0.0069 T^/^ dynes/cm (6.6) 

An alternative explanation of the temperature dependence of the surface tension 

has been proposed by Singh [47], who used the ideal gas model for this liquid and 

enumerated the eigenfunctions in a bounded continuum so as to take into account 

the surface term. He obtained the temperature dependent part of the surface 

tension as 

-0.0075 T^ dynes/cm (6.7) 

(j(0) has been calculated by different authors [48-59] using various methods such 

as Variational calculation, Variational Monte Carlo calculation etc. Using Gross 

and Pitaevski's imperfect-gas model, Brouwer and Pathria [48] obtained cr(0) and 

surface layer thickness {t) after taking into account the contribution of quantized 

surface modes of vibration. Bowley [50] used modified Bijl-Jastrow wave function 

and performed a variational calculation to obtain the minimum surface energy 

and hence cr{0). Shih and Woo [51] performed a fully microscopic calculation to 

determine the surface structure of helium-II and cr(0). Chang and Cohen [52] cal­

culated the surface energy and cr(0) by taking into account the variation of the two 

particle-correlation function in the surface energy and minimizing it by a density 

profile. A Similar calculation was performed by Mackie and Woo [57]. Pandhari-

pande et al [59] performed a Variational Monte Carlo (VMC) calculation of the 

ground states of helium-II drops containing 8 — 728 atoms. More recently, Biben 

and Frenkel [60] used the density fluctuation theory of quantum fluids and Marin 

et al [61] applied Diffusion Monte Carlo method (DMC) to study the structure 

and energetics of the helium surface and hence a. 

6.3.1 Calculation of Potential Energy Using Macro-orbital Theory 

Macro-orbital theory provides a simple way to calculate surface energy, surface 

tension and surface layer thickness. Macro-orbital theory shows that below the 

transition temperature the size of the wave packets associated with the atoms of 

the system exceeds the inter particle separation (d) {d^ gives the volume available 

per atom which can be obtained from the density of the liquid) and as a result the 

particles get locked in the phase space and ordered in the real space. In the ordered 
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state, arrangement of the wave packets may be similar to the atomic arrangement 

sc, bcc, fee, hep or a mix state of these arrangements. Evidently, potential energy 

of an atom that arises from the inter molecular forces can be obtained using a 

standard potential available in the literature. In this regard we have used the 

Lennard-Jones potential 

nn,) = 46 a 
r. 

12 
a 
r. 

(6.8) 

with e = 10.22/(' and a = 2.556A [62]. The parameters e and a depend on the 

polarizability and average dipole moment of an atom as well as on the core overlap. 

The potential energy of the system is obtained by summing up the potential of 

equation 6.8 over all i and j i.e. total potential 

^ = ^E^(^^^) (6.9) 
u 

The factor | takes care of the repetition of i and j . If we express inter-particle 

distance fjj in terms of nearest neighbour distance d as 

r^J = P^jd (6.10) 

where Pjj is a multiplication factor and use equation 6.8 in equation 6.9, we find 

V = 2e 
12 

(J 

As in the orderly arrangement every atomic location is symmetric we find 

A^d^ 
(6.11) 

V = 2Ne 

which gives potential energy per particle Vo- However, for a particular value of Pjj 

there is a group of atoms and the expression for Vo can be simplified by combining 

the contribution from these atoms. If Uij is the number atoms at distance Pijd, 

contribution of these atoms to the potential of z*'̂  particle is 

VoiPj) = 2e © 
12 n. y 

p l 2 

12 

p 6 (6.13) 

Total potential energy per particle can be estimated by considering the contribu­

tion from the atoms situated at all possible P^y 

6.3.2 Calculation of Surface Energy 

Equation 6.13 gives the potential energy when the atom is well within the liquid. 

However, potential energy per particle reduces on the surface because for every 
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P^j there is lack of contribution from {uij — np)/2 atoms where Up is the number 

of atoms at Pi^d on the surface plane. Therefore, potential energy at an atomic 

location on the surface layer due to the atoms having same P^j is 

Vs{P^J) = lin^J+np)V{P,,) (6.14) 

Total potential energy is obtained by considering the contribution of all possible 

p 

6.3.3 Calculation of Surface Tension 

A conclusion from equation 6.13 and 6.14 is that an atom on the liquid surface is 

at higher potential in comparison to its counterpart well within the liquid. Excess 

energy on the liquid surface is 

VeiP,) = - ^ ^ ^ V ( P . , ) (6.15) 

and surface tension is the consequence of this excess energy. Surface tension, which 

is equal to the excess energy per unit area, can be estimated from the total excess 

energy associated with each particle (taking into the account the contribution from 

all possible Pjj) and surface area available for each atom on the surface. 

6.3.4 Results and Discussions 

Possible values of Pĵ  for different atomic arrangements are shown in Table-6.1 

along with the total number of atoms TT-JJ at that neighbourhood. For a particular 

neighbourhood we have also tabulated the number of atoms (up) located in the 

same horizontal plane along with the number of atoms in the first, second and 

third horizontal plane (ripi, np2 and n^a) respectively. Most of the atoms up to 

10*'̂  neighbourhood are located on these planes only. 

The inter-atomic distance d depends on temperature and hence on density 

of the liquid. First we have calculated the lattice constant (a) for different atomic 

arrangement using the density (Ref [34]) in standard relations [63] and then used 

these values to obtain d. Temperature dependent values of d are shown in Table-

6.3. 

We have presented our calculated values of bulk potential, surface poten­

tial, and excess energy on the surface for sc, bcc, fee and hep arrangements in 
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Tables 6.4-6.15. Our calculation reveals that significant contribution towards the 

bulk potential comes only from the nearest neighbour atoms which is about 70% 

for sc, 65% for bee, 83% for fee and 84% for hep arrangement. This contribution 

decreases rapidly with the distance and at lO*'* atomic neighbourhood it reduces 

to 0.2%, 0.38%,0.16% and 0.55% of total potential for sc, bcc, fee and hep arrange­

ments respectively. This indicates that contribution is less significant for higher 

neighbourhood distances. This justifies our results which include the contribution 

up to lO*'̂  neighbourhood only. 

Our potential energies are comparable to the results obtained from so­

phisticated computer calculations such as Green Function Monte Carlo (GFMC) 

method, Variational method etc. Table 6.16 shows a comparison of our findings 

with the results of few such calculation. We have observed about 12% increase in 

the magnitude of the potential energies for an increase in temperature from T = 0 

to T — 2.2 K. This change is associated with the change in density with tem­

perature. Despite the fact that our estimated value of potential energy is slightly 

lower than the other estimations, physical picture of the system and calculation 

of the potential energies are much more simpler and clearer in our approach than 

the others. 

In our model the system is considered to be free from thermal excitations 

and other kind of fluctuations. As a result the calculated surface tension is almost 

independent of temperature and the slight variation observed is due to the change 

of density with temperature. Our computed values represent a(0) (intrinsic sur­

face tension which depends on the inter particle interaction, hence on inter particle 

separation) rather than (7{T). We can include usual ripplon contribution (Equa­

tion 6.6) in our scheme to obtain the temperature dependent values of the surface 

tension. Our predicted a at T = 0 (= 0.494, 0.518, 0.529 and 0.491 dynes/cm for 

sc, bcc, fee and hep arrangements respectively) is higher than the two experimen­

tal values, a = Q.35Adynes/cm [42] and a = 0.37bdynes/cm [43,45]. However, 

our estimation is comparable to other theoretical estimation which varies from 

0.23 to 0.51dynes/cm (Table 6.19). 

Another result which is comparable to experiment is the surface width t. 

Referring to Table 6.18 we find that for sc and hep arrangements excess energy per 

particle in 2"''̂  atomic layer (from the surface layer) respectively becomes 0.44% 

and 0.12% of the excess energy per atom on the liquid surface. Corresponding 
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to bcc and fee arrangements this energy becomes 0.26% and 0.48% in 3̂ "̂  layer. 

From these findings we predict a surface width twice of the atomic layer separa­

tion if the system follows sc or hep arrangement and three times if the system 

follows bcc or fee arrangement. Our estimated values for sc, bcc, fee and hep 

arrangements, respectively, are 7.16, 6.76, 8.52 and 6.56 A. Our estimated values 

for bcc and hep arrangements are in good agreement with a recent experimental 

measure at T = OAiK for a 125 A film, ^ = 6.5 ± 0.5 A [64]. However, in an 

early experiment Osborne observed t = 8.5 ± 1.5 A [65]. A comparison with other 

theoretical estimation is shown in Table 6.19. 

6.4 Conclusion 

Our investigation indicates that the effective mass of helium atom plays an im­

portant role on the pressure dependence of T\. While, as indicated from figure 

6.1, this dependence is expected to be linear, its theoretical foundation may form 

a subject of a future investigation. 

We have presented a simple calculation of a(0) based on Macro-orbital 

theory. Our a{0) estimates do not include the effects of parameters such as den­

sity variation and the change of atomic layer separation near the free surface of 

the liquid. Although we consider a static structure of the hquid, however, to a 

good approximation it seems to be valid for the liquid near the surface as indi­

cated by a good agreement of our (T(0) value with experiments. Noting the fact 

that our value (^ 495 mdynes/cm) is about 30% higher than experimental values 

375 mdynes/cm it may be stated that smaller density of helium atoms near the 

free surface could account for the difference. In this context it may be mentioned 

that this density falls from bulk value to its vapour density (relatively a very small 

value) over the three top atomic layers near the free surface. One may also relate 

the difference of our results with experiments to thermal fluctuations in density 

and the difference in zero point motions of atoms near the surface and in the bulk. 

However, the so called sophisticated theories also render a{0) values (Table 6.19) 

varying from 230 to 510 mdynes/cm. This not only indicates the inability of these 

theories in accurately accounting for the said fluctuations but also shows that our 

calculations are reasonably accurate. We hope that a future course of study which 

incorporates the said fluctuations with our model may help us in improving our 

results. 
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Table 6.1: Ratio of the estimated effective mass to real mass of the helium atom at different 

pressures. Effective mass is obtained using the observed transition temperature in equation 6.3 

Pressure Tc p Molar volume m* /m 

(in bar) {K) (gm/cc) (cc/mole) sc bcc fee hep 

0.050 2.172 0.14615 27.38 1.0511 0.9410 0.9092 0.9092 

1.646 2.157 0.14927 26.81 1.0734 0.9610 0.9285 0.9285 

7.328 2.095 0.15812 25.31 1.1485 1.0281 0.9934 0.9934 

15.031 1.998 0.16710 23.95 1.2494 1.1185 1.0807 1.0807 

18.180 1.954 0.17023 23.51 1.2935 1.1579 1.1188 1.1188 

22.533 1.889 0.17423 22.97 1.3588 1.2165 1.1753 1.1753 

25.868 1.836 0.17708 22.60 1.4133 1.2652 1.2224 1.2224 

30.115 1.763 0.18044 22.18 1.4903 1.3342 1.2891 1.2891 
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Table 6.2: Values of Pij and corresponding numbers of atoms 

Number of atoms 

Total O^'plane P*plane 2*''plane 3''''plane 

rij 

Simple 

1.000 

1.414 

1.732 

2.000 

2.236 

2.449 

2.824 

3.000 

3.162 

3.317 

Tlij 

Cubic 

6 

12 

8 

6 

24 

24 

12 

30 

24 

24 

rip 

4 

4 

0 

4 

8 

0 

4 

4 

8 

0 

n p j 

2 

8 

8 

0 

8 

16 

0 

8 

8 

16 

" • P 2 

0 

0 

0 

2 

8 

8 

8 

16 

0 

0 

np3 

0 

0 

0 

0 

0 

0 

0 

2 

8 

8 

Body Centred Cubic 

1.000 

1.155 

1.633 

1.915 

2.000 

2.309 

2.516 

2.582 

2.828 

3.000 

8 

6 

12 

24 

8 

6 

24 

24 

24 

32 

0 

4 

4 

0 

0 

4 

0 

8 

0 

0 

8 

2 

8 

16 

8 

0 

8 

8 

16 

0 

0 

0 

0 

8 

0 

2 

0 

8 

0 

8 

0 

0 

0 

0 

0 

0 

16 

0 

8 

0 
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Contd. 

Number of atoms 

Total O^'plane 1^'plane 2*''plane 3'''^plane 

'•P2 n„ 

Face Centred Cubic 

1.000 

1.414 

1.733 

2.000 

2.236 

2.450 

2.646 

2.829 

3.000 

3.163 

12 

6 

24 

12 

24 

8 

48 

6 

36 

24 

4 

4 

0 

4 

8 

0 

0 

4 

4 

8 

8 

0 

16 

0 

8 

0 

16 

0 

16 

0 

0 

2 

8 

8 

0 

8 

16 

0 

0 

8 

0 

0 

0 

0 

8 

0 

16 

0 

0 

0 

Hexagonal Closed Packed 

1.000 

1.414 

1.633 

1.732 

1.915 

2.000 

2.236 

2.449 

2.517 

2.646 

12 

6 

2 

18 

12 

6 

12 

6 

6 

24 

6 

0 

0 

6 

0 

6 

0 

0 

0 

12 

6 

6 

0 

12 

0 

12 

6 

0 

12 

6 

0 

0 

2 

0 

12 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

6 

0 
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Table 6.3: Nearest neighbour distance for different atomic arrangements 

Temp p Nearest Neigfibour Distance (A) 

{K) gm/cc sc bcc fee ficp 

0.2 0.1451 3.5776 3.9036 4.0157 4.0157 

0.3 0.1451 3.5776 3.9036 4.0157 4.0157 

0.4 0.1451 3.5776 3.9036 4.0157 4.0157 

0.5 0.1451 3.5776 3.9036 4.0157 4.0157 

0.6 0.1451 3.5776 3.9036 4.0157 4.0157 

0.7 0.1451 3.5776 3.9036 4.0157 4.0157 

0.8 0.1451 3.5776 3.9036 4.0157 4.0157 

0.9 0.1451 3.5777 3.9037 4.0158 4.0158 

1.0 0.1451 3.5777 3.9037 4.0158 4.0158 

1.1 0.1451 3.5778 3.9038 4.0159 4.0159 

1.2 0.1451 3.5778 3.9038 4.0159 4.0159 

1.3 0.1451 3.5777 3.9037 4.0158 4.0158 

1.4 0.1451 3.5776 3.9036 4.0157 4.0157 

1.5 0.1452 3.5773 3.9033 4.0154 4.0154 

1.6 0.1452 3.5770 3.9030 4.0151 4.0151 

1.7 0.1453 3.5764 3.9023 4.0144 4.0144 

1.8 0.1453 3.5758 3.9016 4.0137 4.0137 

1.9 0.1455 3.5748 3.9005 AM26 4.0126 

2.0 0.1456 3.5736 3.8992 4.0112 4.0112 

2.1 0.1458 3.5719 3.8973 4.0093 4.0093 

2.2 0.1461 3.5697 3.8949 4.0068 4.0068 
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Table 6.4: Potential energy for sc arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vi 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.14 

-14.15 

-14.15 

-14.16 

-14.18 

-14.20 

-14.22 

-14.26 

-14.30 

V2 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.15 

-18.16 

-18.17 

-18.19 

-18.20 

-18.23 

-18.26 

-18.31 

-18.37 

Vs 

-18.96 

-18.96 

-18.96 

-18.96 

-18.96 

-18.96 

-18.96 

-18.95 

-18.95 

-18.95 

-18.95 

-18.95 

-18.96 

-18.96 

-18.97 

-18.99 

-19.01 

-19.03 

-19.07 

-19.12 

-19.18 

Potential energy per particle (K) 

V4 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.21 

-19.22 

-19.23 

-19.24 

-19.26 

-19.29 

-19.32 

-19.37 

-19.44 

V5 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.73 

-19.74 

-19.75 

-19.77 

-19.78 

-19.81 

-19.85 

-19.90 

-19.97 

Vs 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.03 

-20.04 

-20.05 

-20.07 

-20.09 

-20.12 

-20.15 

-20.21 

-20.27 

V7 

-20.10 

-20.10 

-20.10 

-20.10 

-20.10 

-20.10 

-20.10 

-20.10 

-20.10 

-20.09 

-20.09 

-20.10 

-20.10 

-20.11 

-20.12 

-20.13 

-20.15 

-20.18 

-20.22 

-20.27 

-20.34 

Vs 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.21 

-20.22 

-20.23 

-20.24 

-20.26 

-20.29 

-20.33 

-20.38 

-20.45 

Vg 

-20.28 

-20.28 

-20.28 

-20.28 

-20.28 

-20.28 

-20.28 

-20.27 

-20.27 

-20.27 

-20.27 

-20.27 

-20.28 

-20.28 

-20.29 

-20.31 

-20.33 

-20.36 

-20.40 

-20.45 

-20.52 

Vio 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.32 

-20.33 

-20.34 

-20.36 

-20.38 

-20.41 

-20.45 

-20.50 

-20.57 

Vi, V2, V3 etc. are potential up to 1st, 2nd, 3rd neighbourhood respectively. 
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Table 6.5: Potential energy on the surface for sc arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vsi 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.78 

-11.79 

-11.79 

-11.80 

-11.81 

-11.83 

-11.85 

-11.88 

-11.92 

VS2 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.46 

-14.47 

-14.48 

-14.50 

-14.52 

-14.54 

-14.58 

-14.63 

VS3 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.86 

-14.87 

-14.87 

-14.89 

-14.90 

-14.92 

-14.95 

-14.99 

-15.03 

Surface P.E. per Particle (K) 

VS4 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.07 

-15.08 

-15.09 

-15.10 

-15.11 

-15.13 

-15.16 

-15.20 

-15.25 

VS5 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.42 

-15.43 

-15.43 

-15.45 

-15.46 

-15.48 

-15.51 

-15.55 

-15.60 

Vse 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.57 

-15.58 

-15.58 

-15.60 

-15.61 

-15.64 

-15.66 

-15.70 

-15.75 

VS7 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.61 

-15.62 

-15.63 

-15.64 

-15.66 

-15.68 

-15.71 

-15.75 

-15.80 

VS8 

-15.68 

-15.68 

-15.68 

-15.68 

-15.68 

-15.68 

-15.68 

-15.68 

-15.68 

-15.67 

-15.67 

-15.68 

-15.68 

-15.68 

-15.69 

-15.70 

-15.72 

-15.74 

-15.77 

-15.81 

-15.86 

Vsg 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.72 

-15.73 

-15.73 

-15.75 

-15.76 

-15.79 

-15.81 

-15.85 

-15.91 

Vsio 

-15.75 

-15.75 

-15.75 

-15.75 

-15.75 

-15.75 

-15.75 

-15.74 

-15.74 

-15.74 

-15.74 

-15.74 

-15.75 

-15.75 

-15.76 

-15.77 

-15.79 

-15.81 

-15.84 

-15.88 

-15.93 
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Table 6.6: Excess surface energy for sc arrangement 

T(i^) Excess energy per particle (K) 

Vei Ve2 Ve3 Ve^ Ve^ VCQ Vej Veg Veg Vew 

0.2 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.3 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.4 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.5 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.6 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.7 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.8 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

0.9 2.36 3.69 4.09 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

1.0 2.36 3.69 4.09 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

1.1 2.36 3.69 4.09 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

1.2 2.36 3.69 4.09 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

1.3 2.36 3.69 4.09 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

1.4 2.36 3.69 4.10 4.14 4.31 4.46 4.48 4.53 4.55 4.58 

1.5 2.36 3.70 4.10 4.14 4.31 4.46 4.49 4.53 4.56 4.58 

1.6 2.36 3.70 4.10 4.14 4.32 4.47 4.49 4.54 4.56 4.58 

1.7 2.36 3.70 4.10 4.15 4.32 4.47 4.49 4.54 4.56 4.59 

1.8 2.36 3.70 4.11 4.15 4.32 4.48 4.50 4.55 4.57 4.59 

1.9 2.37 3.71 4.11 4.16 4.33 4.48 4.50 4.55 4.57 4.60 

2.0 2.37 3.72 4.12 4.16 4.34 4.49 4.51 4.56 4.58 4.61 

2.1 2.38 3.73 4.13 4.17 4.35 4.50 4.52 4.57 4.59 4.62 

2.2 2.38 3.74 4.15 4.19 4.36 4.52 4.54 4.59 4.61 4.64 
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Table 6.7: Potential energy for bee arrangement 

TiK) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vi 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.87 

-11.88 

-11.88 

-11.89 

-11.91 

-11.92 

-11.95 

-11.98 

-12.02 

V2 

-15.82 

-15.82 

-15.82 

-15.82 

-15.82 

-15.82 

-15.82 

-15.81 

-15.81 

-15.81 

-15.81 

-15.81 

-15.82 

-15.82 

-15.83 

-15.84 

-15.86 

-15.88 

-15.91 

-15.96 

-16.01 

V3 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.83 

-16.84 

-16.85 

-16.86 

-16.88 

-16.90 

-16.94 

-16.98 

-17.04 

Potential Energy per Particle (K) 

Vi 

-17.62 

-17.62 

-17.62 

-17.62 

-17.62 

-17.62 

-17.62 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.62 

-17.62 

-17.63 

-17.65 

-17.67 

-17.69 

-17.73 

-17.77 

-17.84 

Vs 

-17.82 

-17.82 

-17.82 

-17.82 

-17.82 

-17.82 

-17.82 

-17.81 

-17.81 

-17.81 

-17.81 

-17.81 

-17.82 

-17.82 

-17.83 

-17.85 

-17.87 

-17.89 

-17.93 

-17.98 

-18.04 

Ve 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.88 

-17.89 

-17.90 

-17.91 

-17.93 

-17.96 

-17.99 

-18.04 

-18.10 

V-! 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.04 

-18.05 

-18.06 

-18.08 

-18.11 

-18.15 

-18.20 

-18.26 

Vs 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.16 

-18.17 

-18.18 

-18.20 

-18.21 

-18.24 

-18.28 

-18.33 

-18.39 

Vg 

-18.24 

-18.24 

-18.24 

-18.24 

-18.24 

-18.24 

-18.24 

-18.24 

-18.24 

-18.23 

-18.23 

-18.24 

-18.24 

-18.25 

-18.25 

-18.27 

-18.29 

-18.32 

-18.35 

-18.40 

-18.47 

Vio 

-18.31 

-18.31 

-18.31 

-18.31 

-18.31 

-18.31 

-18.31 

-18.31 

-18.31 

-18.30 

-18.30 

-18.31 

-18.31 

-18.32 

-18.33 

-18.34 

-18.36 

-18.39 

-18.43 

-18.47 

-18.54 
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Table 6.8: Potential energy on the surface for bee arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1,6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vs, 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.94 

-5.95 

-5.95 

-5.96 

-5.97 

-5.99 

-6.01 

VS2 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.22 

-9.23 

-9,23 

-9.24 

-9.25 

-9.26 

-9.28 

-9.30 

-9.34 

VS3 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9.90 

-9,91 

-9.92 

-9.93 

-9.94 

-9.96 

-9.99 

-10.02 

Surface P.E. 

Vsi 

-10.29 

-10.29 

-10.29 

-10.29 

-10.29 

-10.29 

-10.29 

-10.29 

-10,29 

-10.29 

-10.29 

-10.29 

-10.29 

-10.29 

-10,30 

-10.31 

-10.32 

-10.34 

-10.36 

-10.38 

-10.42 

Vs^ 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.39 

-10.40 

-10.40 

-10.41 

-10.42 

-10.44 

-10.46 

-10.49 

-10.52 

per particle (K) 

Vse 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.44 

-10.45 

-10.45 

-10.46 

-10.47 

-10.49 

-10.51 

-10.54 

-10.58 

VS7 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.52 

-10.53 

-10.54 

-10.55 

-10.57 

-10.59 

-10.62 

-10.65 

F S 8 

-10.61 

-10.61 

-10.61 

-10.61 

-10.61 

-10.61 

-10.61 

-10.61 

-10.61 

-10.60 

-10.60 

-10.61 

-10.61 

-10.61 

-10.62 

-10.63 

-10.64 

-10.65 

-10.68 

-10.70 

-10.74 

Vs^ 

-10.65 

-10.65 

-10.65 

-10.65 

-10.65 

-10.65 

-10.65 

-10.64 

-10.64 

-10.64 

-10.64 

-10.64 

-10.65 

-10.65 

-10.66 

-10.66 

-10.68 

-10.69 

-10.71 

-10.74 

-10.78 

Vs,o 

-10.68 

-10.68 

-10.68 

-10.68 

-10.68 

-10,68 

-10.68 

-10.68 

-10.68 

-10.68 

-10.68 

-10.68 

-10.68 

-10.69 

-10.69 

-10.70 

-10.71 

-10.73 

-10.75 

-10.78 

-10.82 
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Table 6.9: Excess surface energy for bcc arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vei 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.94 

5.95 

5.95 

5.96 

5.97 

5.99 

6.01 

Ve2 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.59 

6.60 

6.60 

6.61 

6.61 

6.62 

6.63 

6.65 

6.67 

Excess energy per particle (K) 

Vea 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.93 

6.94 

6.94 

6.95 

6.96 

6.98 

6.99 

7.02 

Ve4 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.32 

7.33 

7.33 

7.34 

7.34 

7.36 

7.37 

7.39 

7.42 

Ve5 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.42 

7.43 

7.43 

7.44 

7.45 

7.46 

7.47 

7.49 

7.52 

Vee 

7.44 

7.44 

7.44 

7.44 

7.44 

7.44 

7.44 

7.43 

7.43 

7.43 

7.43 

7.43 

7.44 

7.44 

7.44 

7.45 

7.46 

7.47 

7.48 

7.50 

7.53 

Vej 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.51 

7.52 

7.53 

7.53 

7.54 

7.56 

7.58 

7.61 

Ves 

7.56 

7.56 

7.56 

7.56 

7.56 

7.56 

7.56 

7.55 

7.55 

7.55 

7.55 

7.55 

7.56 

7.56 

7.56 

7.57 

7.58 

7.59 

7.60 

7.62 

7.65 

Veg 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.59 

7.60 

7.60 

7.61 

7.61 

7.63 

7.64 

7.66 

7.69 

Veio 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.64 

7.64 

7.65 

7.66 

7.68 

7.70 

7.72 
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Table 6.10: Potential energy for fee arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

^̂ 1 

-15.24 

-15.24 

-15.24 

-15.24 

-15.24 

-15.24 

-15.24 

-15.24 

-15.24 

-15.23 

-15.23 

-15.24 

-15.24 

-15.24 

-15.25 

-15.27 

-15.28 

-15.30 

-15.33 

-15.38 

-15.43 

V2 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.25 

-16.26 

-16.26 

-16.28 

-16.30 

-16.32 

-16.35 

-16.40 

-16.45 

^3 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.45 

-17.46 

-17.47 

-17.48 

-17.50 

-17.53 

-17.56 

-17.61 

-17.67 

Potential Energy per Particle (K) 

V, 

-17.71 

-17.71 

-17.71 

-17.71 

-17.71 

-17.71 

-17.71 

-17.71 

-17.71 

-17.70 

-17.70 

-17.71 

-17.71 

-17.71 

-17.72 

-17.74 

-17.76 

-17.79 

-17.82 

-17.87 

-17.93 

v^ 
-17.97 

-17.97 

-17.97 

-17.97 

-17.97 

-17.97 

-17.97 

-17.97 

-17.97 

-17.96 

-17.96 

-17.97 

-17.97 

-17.98 

-17.98 

-18.00 

-18.02 

-18.05 

-18.08 

-18.13 

-18.19 

Ve 

-18.02 

-18.02 

-18.02 

-18.02 

-18.02 

-18.02 

-18.02 

-18.02 

-18.02 

-18.01 

-18.01 

-18.02 

-18.02 

-18.03 

-18.04 

-18.05 

-18.07 

-18.10 

-18.13 

-18.18 

-18.25 

Vy 

-18.21 

-18.21 

-18.21 

-18.21 

-18.21 

-18.21 

-18.21 

-18.21 

-18.21 

-18.20 

-18.20 

-18.21 

-18.21 

-18.22 

-18.23 

-18.24 

-18.26 

-18.29 

-18.32 

-18.37 

-18.44 

Vs 

-18.23 

-18.23 

-18.23 

-18.23 

-18.23 

-18.23 

-18.23 

-18.22 

-18.22 

-18.22 

-18.22 

-18.22 

-18.23 

-18.23 

-18.24 

-18.26 

-18.28 

-18.31 

-18.34 

-18.39 

-18.45 

Vg 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.29 

-18.30 

-18.31 

-18.33 

-18.34 

-18.37 

-18.41 

-18.46 

-18.52 

Vio 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.32 

-18.33 

-18.34 

-18.36 

-18.38 

-18.41 

-18.44 

-18.49 

-18.56 
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Table 6.11: Potential energy on the surface for fee arrangement 

T(A') 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vs^ 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.16 

-10.17 

-10.18 

-10.19 

-10.20 

-10,22 

-10.25 

-10.29 

VS2 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.00 

-11.01 

-11.01 

-11.02 

-11.03 

-11.05 

-11.07 

-11.10 

-11.14 

VS3 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.60 

-11.61 

-11.61 

-11.62 

-11.64 

-11.65 

-11.68 

-11.71 

-11.75 

Surfac 

VS4 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.77 

-11.78 

-11.78 

-11.79 

-11.81 

-11.82 

-11.85 

-11.88 

-11.92 

e P.E. per Particle (K) 

VS5 

-11.95 

-11.95 

-11.95 

-11.95 

-11.95 

-11.95 

-11.95 

-11.95 

-11.95 

-11.94 

-11.94 

-11.95 

-11.95 

-11.95 

-11.96 

-11.97 

-11.98 

-12.00 

-12.02 

-12.06 

-12.10 

Vse 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.97 

-11.98 

-11.98 

-11.99 

-12.01 

-12.02 

-12.05 

-12.08 

-12.12 

Vsj 

-12.07 

-12.07 

-12.07 

-12.07 

-12.07 

-12.07 

-12.07 

-12.07 

-12.07 

-12.06 

-12.06 

-12.07 

-12.07 

-12.07 

-12.08 

-12.09 

-12.10 

-12.12 

-12.14 

-12.18 

-12.22 

Vss 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.08 

-12.09 

-12.09 

-12.10 

-12.11 

-12.13 

-12.16 

-12.19 

-12.23 

VS9 

-12.12 

-12.12 

-12.12 

-12.12 

-12.12 

-12.12 

-12.12 

-12.12 

-12.12 

-12.11 

-12.11 

-12.12 

-12.12 

-12.12 

-12.13 

-12.14 

-12.15 

-12.17 

-12.19 

-12.23 

-12.27 

Vsio 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.14 

-12.15 

-12.16 

-12.17 

-12.19 

-12.22 

-12.25 

-12.29 
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Table 6.12: Excess surface energy for fee arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vei 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.08 

5.09 

5.09 

5.10 

5.11 

5.13 

5.14 

Ve2 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.25 

5.26 

5.26 

5.27 

5.28 

5.30 

5.31 

Excess energy per particle (K) 

Ves 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.85 

5.86 

5.86 

5.87 

5.88 

5.89 

5.90 

5.92 

Ve4 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.93 

5.94 

5.94 

5.95 

5.95 

5.96 

5.97 

5.99 

6.01 

Ve^ 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.02 

6.03 

6.03 

6.04 

6.05 

6.06 

6.08 

6.10 

Vee 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.05 

6.06 

6.06 

6.07 

6.09 

6.10 

6.12 

Vej 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.15 

6.15 

6.16 

6.17 

6.18 

6.20 

6.22 

Ves 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.14 

6.15 

6.15 

6.16 

6.16 

6.17 

6.18 

6.20 

6.22 

VeQ 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.17 

6.18 

6.18 

6.19 

6.19 

6.20 

6.21 

6.23 

6.25 

Ve,o 

6.19 

6.19 

6.19 

6.19 

6.19 

6.19 

6.19 

6.18 

6.18 

6.18 

6.18 

6.18 

6.19 

6.19 

6.19 

6.20 

6.20 

6.21 

6.22 

6.24 

6.26 
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Table 6.13: Potential energy for hep arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vi 

-15.23 

-15.23 

-15.23 

-15.23 

-15.23 

-15.23 

-15.23 

-15.22 

-15.22 

-15.22 

-15.22 

-15.22 

-15.23 

-15.23 

-15.24 

-15.25 

-15.27 

-15.29 

-15.32 

-15.36 

-15.41 

V2 

-16.24 

-16.24 

-16.24 

-16.24 

-16.24 

-16.24 

-16.24 

-16.24 

-16.24 

-16.23 

-16.23 

-16.24 

-16.24 

-16.24 

-16.25 

-16.27 

-16.28 

-16.31 

-16.34 

-16.38 

-16.44 

Vs 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.38 

-16.39 

-16.39 

-16.41 

-16.43 

-16.45 

-16.48 

-16.53 

-16.59 

Potential Energy 

V4 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.28 

-17.29 

-17.30 

-17.32 

-17.33 

-17.36 

-17.39 

-17.44 

-17.50 

v^ 
-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.61 

-17.62 

-17.63 

-17.65 

-17.66 

-17.69 

-17.73 

-17.77 

-17.84 

per Particle (K) 

Ve 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.74 

-17.75 

-17.76 

-17.77 

-17.79 

-17.82 

-17.85 

-17.90 

-17.96 

V7 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.87 

-17.88 

-17.89 

-17.90 

-17.92 

-17.95 

-17.99 

-18.03 

-18.10 

Vs 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.91 

-17.92 

-17.93 

-17.94 

-17.96 

-17.99 

-18.02 

-18.07 

-18.14 

Vg 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.94 

-17.95 

-17.96 

-17.97 

-17.99 

-18.02 

-18.06 

-18.10 

-18.17 

Vio 

-18.04 

-18.04 

-18.04 

-18.04 

-18.04 

-18.04 

-18.04 

-18.03 

-18.03 

-18.03 

-18.03 

-18.03 

-18.04 

-18.04 

-18.05 

-18.07 

-18.09 

-18.12 

-18.15 

-18.20 

-18.26 
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Table 6.14: Potential energy on the surface for hep arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vs, 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.42 

-11.43 

-11.44 

-11.45 

-11.47 

-11.49 

-11.52 

-11.56 

VS2 

-11.93 

-11.93 

-11.93 

-11.93 

-11.93 

-11.93 

-11.93 

-11.92 

-11.92 

-11.92 

-11.92 

-11.92 

-11.93 

-11.93 

-11.94 

-11.95 

-11.96 

-11.98 

-12.00 

-12.03 

-12.07 

VS3 

-12.00 

-12.00 

-12.00 

-12.00 

-12.00 

-12.00 

-12.00 

-11.99 

-11.99 

-11.99 

-11.99 

-11.99 

-12.00 

-12.00 

-12.01 

-12.02 

-12.03 

-12.05 

-12.07 

-12.10 

-12.15 

Surface P.E. per particle (K) 

VS4 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.60 

-12.61 

-12.62 

-12.63 

-12.65 

-12.68 

-12.71 

-12.76 

VS5 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.76 

-12.77 

-12.78 

-12.79 

-12.80 

-12.82 

-12.85 

-12.88 

-12.92 

Vse 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12.89 

-12,89 

-12.89 

-12.90 

-12.90 

-12.91 

-12.93 

-12.95 

-12.97 

-13.01 

-13.05 

VS7 

-12.96 

-12.96 

-12.96 

-12.96 

-12.96 

-12.96 

-12.96 

-12.96 

-12.96 

-12.95 

-12.95 

-12.96 

-12.96 

-12.96 

-12.97 

-12.98 

-12.99 

-13.01 

-13.04 

-13.07 

-13.12 

VS8 

-12.98 

-12.98 

-12.98 

-12.98 

-12.98 

-12.98 

-12.98 

-12.97 

-12.97 

-12.97 

-12.97 

-12.97 

-12.98 

-12.98 

-12.99 

-13.00 

-13.01 

-13.03 

-13.06 

-13.09 

-13.14 

Vsg 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-12.99 

-13.00 

-13.00 

-13.02 

-13.03 

-13.05 

-13.07 

-13.11 

-13.15 

Vsio 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.06 

-13.07 

-13.07 

-13.09 

-13.10 

-13.12 

-13.15 

-13.18 

-13.23 
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Table 6.15: Excess surface energy for hep arrangement 

T{K) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

Vei 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.81 

3.82 

3.82 

3.83 

3.84 

3.85 

Ve2 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.31 

4.32 

4.32 

4.32 

4.33 

4.34 

4.35 

4.37 

Excess Energy 

Ve3 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.38 

4.39 

4.39 

4.39 

4.40 

4.40 

4.41 

4.42 

4.44 

Ve4 

4.69 

4.69 

4.69 

4.69 

4.69 

4.69 

4.69 

4.68 

4.68 

4.68 

4.68 

4.68 

4.69 

4.69 

4.69 

4.69 

4.70 

4.71 

4.71 

4.73 

4.74 

Ves 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.86 

4.86 

4.87 

4.88 

4.89 

4.91 

per Particle (K) 

Vee 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.85 

4.86 

4.86 

4.87 

4.88 

4.89 

4.91 

Vej 

4.92 

4.92 

4.92 

4.92 

4.92 

4.92 

4.92 

4.91 

4.91 

4.91 

4.91 

4.91 

4.92 

4.92 

4.92 

4.92 

4.93 

4.94 

4.95 

4.96 

4.98 

Ves 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.93 

4.94 

4.94 

4.94 

4.95 

4.96 

4.97 

4.98 

5.00 

Veg 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.95 

4.96 

4.96 

4.97 

4.98 

5.00 

5.01 

Veio 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.97 

4.98 

4.98 

4.98 

4.99 

5.00 

5.01 

5.02 

5.04 
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Table 6.16: Comparison of our computed potential energies of helium-II (in units of K/atom) 

at T=0 with some other theoretical as well as experimental results. 

Authors(year) 

McMillan (1965) 

Schiff and Verlet (1967) 

Massey and Woo(1967) 

Whitlock et al (1979) 

Gaglione et a/(1980) 

Kalos et al (1981) 

Kalos et al (1981) 

Usmani et al (1982) 

Sears (1983) (T = 1.00 K) 

This work 

Reference 

[66] 

[67] 

[68] 

[69] 

[70] 

[62] 

[62] 

[71] 

[72] 

Potential 

Lennard-Jones 

Lennard-Jones 

Lennard-Jones 

Lennard-Jones 

Lennard-Jones 

Lennard-Jones 

HFDHE2 

HFDHE2 

HFDHE2 

Lennard-Jones 

Method 

Variational 

Variational 

Variational 

GFMC 

Variational 

GFMC 

GFMC 

Variational 

Experimental 

Potential Energy 

-19.82 

-19.46 

-20.32 

-20.47 

-20.06 

-20.47 

-21.59 

-21.73 

-21.29 

-20.32 (sc) 

-18.31 (bcc) 

-18.32 (fee) 

-18.04 (hep) 
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Table 6.17: Calculated values of the surface tension of hdium-II at different temperatures. These 

values do not include the contribution of ripplon or thermal disturbance present in the system 

Temp {K) Surface tension (dynes/cm) 

sc bcc fee hep 

0.20 0.4937 0.5181 0.5293 0.4915 

0.30 0.4937 0.5181 0.5293 0.4915 

0.40 0.4937 0.5181 0.5293 0.4915 

0.50 0.4937 0.5181 0.5293 0.4915 

0.60 0.4937 0.5181 0.5293 0.4915 

0.70 0.4937 0.5181 0.5293 0.4915 

0.80 0.4937 0.5181 0.5293 0.4915 

0.90 0.4936 0.5180 0.5292 0.4914 

1.00 0.4936 0.5180 0.5292 0.4914 

1.10 0.4935 0.5179 0.5291 0.4914 

1.20 0.4935 0,5179 0.5291 0.4914 

1.30 0.4936 0.5180 0.5292 0.4914 

1.40 0.4937 0.5181 0.5293 0.4915 

1.50 0.4939 0.5184 0.5296 0.4918 

1.60 0.4943 0.5188 0.5300 0.4921 

1.70 0.4949 0.5194 0.5306 0.4927 

1.80 0.4956 0.5201 0.5314 0.4934 

1.90 0.4966 0.5212 0.5325 0.4945 

2.00 0.4979 0.5226 0.5339 0.4958 

2.10 0.4997 0.5245 0.5358 0.4976 
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Table 6.18: Excess energy (in units of K/atom) at different atomic layers 

for simple cubic for body centred cubic 

T{K) surface below surface layer surface below surface layer 

layer 1*' 2"̂ ^ 3'"'̂  layer 1*' 2"*̂  3'"'' 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.58 

4.59 

4.59 

4.60 

4.61 

4.62 

4.64 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.26 

0.26 

0.26 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.63 

7.64 

7.64 

7.65 

7.66 

7.68 

7.70 

7.72 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.28 

0.29 

0.29 

0.29 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.08 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 

0.02 
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Contd. 

TiK) 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

for face centred cubic 

surface 

layer 

6.19 

6.19 

6.19 

6.19 

6.19 

6.19 

6.19 

6.18 

6.18 

6.18 

6.18 

6.18 

6.19 

6.19 

6.19 

6.20 

6.20 

6.21 

6.22 

6.24 

6.26 

below 
ist 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.17 

1.18 

1.18 

1.18 

1.19 

surface layer 
2nd 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.16 

0.17 

0.17 

3rd 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

for hexagonal closed packed 

surface 

layer 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.62 

8.63 

8.63 

8.64 

8.65 

8.66 

8.67 

8.70 

8.72 

below 
1 st 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

0.24 

surface 
o n d 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

layer 
3rd 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 
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Table 6.19: Comparison of our calculated surface tension and surface thickness at T = 0 with 

some other theoretical calculation and experimental observations 

Authors Reference 

Theoretical estimations 
Brouwer and Pathria (1967) 

Fitts (1969) 

Bowley (1970) 

Shih and Woo (1973) 

Chang and Cohen (1973) 

Padmore and Cole (1974) 

Liu et al (1975) 

Ebner and Saam (1975) 

Lekner and Henderson (1978) 

Mackie and Woo (1978) 

Saarela et al (1983) 

Pandharipande et al (1986) 

Krotschek et al (1987) 

Valles and Schmidt (1988) 

Galli and Reatto (2000) (for slabs) 

(for drops) 

Biben and Frankel (2002) 

Experimental Values 
Atkins and Narahara (1965) 

Edwards et al (1975) 

lino et al (1985) 

Osborne(1989) 

Roche et al (1997) 

Nakanishi and Suzuki (1998) 

Penanen et al (2000) 

Vicente et al (2002) 

This work 
simple cubic 

body centred 

face centred 

hexagonal closed packed 

[48] 

[49] 

[50] 

[51] 

[52] 

[73] 

[53] 

[54] 

[56] 

[57] 

[58] 

[59] 

[74] 

[75] 

[76] 

[60] 

[37] 

[77] 

[42] 

[65] 

[43] 

[44] 

[64] 

[45] 

Surface 

thickness (t) 

(A) 

2.0 

11.5 

2.0 

2.4 

4.5 

6.9 

5.0 

7.8 

3.9 

-

6.0 

7 

About 6 

4 

4.8 

7.8 

6.0 

-

-

-

8.5±1.5 

-

-

6.5±0.5 

-

~7.16 

~6.76 

~8.52 

~6.56 

Surface 

tension 

{dynes/cm) 

0.28 

-

0.51 

0.36 

0,40 

-

0.29 

0.38 

0.43 

0.33 

0,23 

0,43 

-

0.366 

.429 

-

0.382 

0.3729 

0.378 

0.354 

-

0.375 

0,354 

-

0,375 

0.494 

0.518 

0,529 

0.491 
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15 20 
Pressure (in bar) 

35 

Figure 6.1: Figure represents the variation of effective mass with pressure. Effective mass 

are obtained using experimental values of T^ at different pressure [78]. Solid line with crosses 

represents the variation for sc arrangement while broken line with asteroids represents the same 

for bcc arrangement. Broken line with solid triangles represents the variation for fee as well as 

hep arrangement. 
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Chapter 7 

Summary and Conclusion 



7.1 Summary and Conclusion 

Liquid helium-4 (LHE-4) undergoes a liquid to liquid phase transition which trans­

forms it from its normal (N) liquid phase {hehum-I) to superfluid (S) phase 

{hehum-II) at T = Tx (= 2.17 K). Helium-II exhibits several fascinating physical 

properties such as zero resistance to linear flow, zero entropy, very high thermal 

conductivity, thermomechanical and mechano-caloric effects etc. London proposed 

that this transition is a manifestation of Bose-Einstein condensation of''//e—atoms 

in p = 0 state which is commonly called as p = 0 condensate representing a well 

known state of a many body system where quantum effects dominates the macro­

scopic behaviour of the system. Numerous efforts have been made to investigate 

LHE-4 both by theoretical and experimental physicists, however, the microscopic 

origin of its unique properties has not been clearly understood. 

Two microscopic approaches based on pseudo-potential and variational 

principle have been basically used to develop a viable theory of the system but 

none of these efforts has concluded the desired theory even though several hun­

dreds of research articles have been published over the last eight decades. Micro­

scopic theories based on widely different assumptions such as: (i) the existence 

of p = 0 condensate, (ii) (q,-q) pair formation, (iii) pair condensation, and (iv) 

many particle condensation but none of these theories fully explains experimental 

properties of the liquid to an acceptable degree of accuracy. In fact no single 

theoretical framework has helped in explaining different aspects of hehum-II. Sim­

ilarly, hundreds of papers based on variation principle have been reported on the 

calculation of the amount of p = 0 condensate and the excitation spectrum but 

without satisfactory results. While excitation spectrum has not been found with 

desired agreement with experiments, amount of p = 0 condensate obtained by 

using sophisticated Monte Carlo methods is found to vary between 0 — 13%. Re­

sults of the neutron scattering experiments which have been performed with the 

basic objective of observing p = 0 condensate in LHE-4 are not conclusive on its 

existence. Reviewing the results of neutron scattering experiments and theoretical 

works on the estimation of p = 0 condensate, Sokol [1] remarked, 

/ / the underlying assumptions of the expressions used m the fits (neu­

tron scattering data) are incorrect, then the results inferred will not have 

much meaning. It is interesting to note that the observed scattering m 

liquid helium can be fit extremely well simply by using the momentum 
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distribution (n(p)) of the ideal Bose gas. This holds true in both the 

normal and super-fluid phase. The best description of the scattering m 

the super-fluid is obtained by using an ideal Bose gas n{p) with no con­

densate. 

In a recent review article Leggett [2] also remarked, 

In the sixty years since London's original proposal, while there has been 

almost universal belief that the key to super-flmdity is indeed the onset 

of BEC at Tx it has proved very difficult, if not impossible, to verify 

the existence of the latter phenomenon directly. The mam evidence for 

it comes from high-energy neutron scattering and, very, recently, from 

the spectrum of atoms evaporated from the liquid surface, and while both 

are certainly consistent with the existence of a condensate fraction of 

approximately 10%; neither can be said to establish it beyond all possible 

doubts. 

Similar views have been expressed by different authors from time to time [3-5]. 

While these comments of the experts in the field reflect that the existence of 

p — 0 condensate in super-fluid heUum is still doubted, most of the microscopic 

theories start with the basic assumption of the existence of p = 0 condensate. 

Consequently, it is not surprising that such theories fail to give a complete de­

scription of the system. Various shortcomings of these theories are also pointed 

out by Woods and Cowley [3], Rickayzen [6], Kleban [7] and, very recently, by 

Ettouhami [8] who questions the validity of the Bogoliubov theory [9] of weakly 

interacting bosons which is used as starting point of the field theoretical approach 

clubbed with the assumption of the existence of p = 0 condensate. As such Lan­

dau's two fluid phenomenological theory [10,11] supplemented by the idea of 

quantized circulation presented by Onsager [12] and Feynman [13] remains the 

only way to understand the properties of LHE>4 despite its several shortcomings. 

Absence of a proper microscopic theory of LHE-4 has been felt for a long 

time [3,6]. Only recently, Jain has successfully developed a microscopic theory of 

a system of interacting bosons which is well equipped to explain the properties 

of LHE-4. His theory vindicates (i) Landau two fluid phenomenology [10], (ii) 

London's idea of macroscopic wave function of the S-state [14], (iii) the observa­

tion of Bogoliubov [9] that super-fluidity is the manifestation of an inter-particle 
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interaction, (iv) Ginzburg-Landau V'—theory [15], etc. Jain's theory explains dif­

ferent properties of LHE-4 within experimental errors. Consequently, it could be 

regarded as the long awaited theory of LHE-4. Important features of the theory 

can be summarised as follows: 

1. The theory makes no assumption such as the existence of p = 0 condensate. 

Its all inferences are derived from the solutions of the Scrodinger equation of 

A'̂ —interacting bosons. 

2. The theory successfully incorporates both components of the inter-particle 

interaction (repulsive and attractive components). 

3. The (q,-q) pairs with q and K motion form the basic unit of the system. 

4. The (q,-q) bound pairs of atoms (with q = qo) around Tx arises from the 

quantum correlation potential and inter-particle attraction. This pair for­

mation is energetically favourable and the binding of these pairs differs from 

the binding of two electrons in a Cooper pair in the sense that the necessary 

attraction is the inherent ^He-^He attraction. 

5. Pair formation leads to the collective binding of all particles in the system for 

which the entire system behaves Hke a single macro-molecule. This binding 

serves as an energy gap between the super-fluid and normal phases of the 

system. 

6. The theory shows that p — 0 condensate is not necessary for the superfluidity 

of the system. 

7. The transition at T\ is characterised by two separate phenomena: (i) ordering 

of the particles in phase space with relative phase point separation of A0 = 

2mv (n = integer number), and (ii) BEC of particles in K = 0 state of their 

/T—motion. 

8. The atoms in helium-1 are randomly distributed in normal space, momentum 

space and phase space, while in helium-II they define an orderly arrangement 

in these spaces with a kind of crystalline arrangement in normal space, a 

momentum q = •n/d or its integral multiple, and relative phase position of 

A0 — 2nn; they cease to have relative motion and remain free to move in 

order of their positions on a closed path. 
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9. It has been successfully developed within the framework of the wave mechan­

ics. 

10. It is consistent with excluded volume condition as well as microscopic and 

macroscopic uncertainty. 

11. Its mathematical formulations are exceptionally simple and its inferences have 

unparalleled clarity. 

All these points motivated us to testify this theory by estimating numerical values 

of certain physical properties of superfluid helium-4 and examine their agreement 

with experiments. In this context we have studied logarithmic divergence of spe­

cific heat at constant pressure and related thermodynamic properties, excitations 

spectrum at low Q and its anomalous nature, energy gap and related properties 

such as superfluid density and critical velocities, transition temperature, surface 

tension and surface layer thickness which are presented in different chapters of 

this thesis. The fact that our results match closely with experiments indicates its 

accuracy and its great potential in explaining the behavior of LHE-4 type different 

systems of interacting bosons. Evidently, this fulfills one of the basic objectives of 

this thesis. 

Macro-orbital theory estimates the energy associated with the A—transition 

and concludes that this energy is responsible for the logarithmic divergence of 

specific heat (at constant pressure, Cp) at Tx. In this thesis, we have used this 

energy to estimate the numerical values of Cp as well as expansion coefficient {ap), 

isothermal compressibility (KX) and pressure coefficient (/?) and compared them 

with the experimental values (cf. chapter 3). A close agreement of the estimated 

values with the experiments establishes the accuracy of the relations of Macro-

orbital theory. We note that for the first time a microscopic theory (Jain's Macro-

orbital theory) provides a proper account of the origin of logarithmic divergence 

of specific heat and related thermodynamic properties. 

Using the dispersion relations available in Macro-orbital theory, we have 

estimated excitation energy E{Q), group and phase velocities at different Q for 

different atomic arrangements (sc, bcc, fee and hep). Our results for E{Q) closely 

agree with experiments and we observe an anomalous dispersion region extended 

up to 0.43A~^. Our results for fcc/hcp arrangements agree more closely with 

experiments (cf. chapter 4). 
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In Macro-orbital theory, the energy gap that exists between the normal 

and superfluid phase accounts for the various unique properties of the system e.g. 

critical velocity (vc), thermomechanical and mechanocaloric effect, etc. We used 

this energy gap to estimate superfluid and normal fluid density, critical velocity 

for linear and rotational flow, vortex line density, vortex size etc. Our results for 

superfluid and normal fluid density agrees closely with experiments (figure 5.2). 

Our results for critical velocity are higher than the measured one and this diflPerence 

is expected because the measured Vc usually represents the velocity required for 

vortex formation and does not account for the loss of total super-fluidity, while 

critical velocity predicted by Macro-orbital theory accounts for the total loss of 

superfluidity of the system. Our results are very close to the measured values of 

Hess [16] and Huhn et al [17] who measured Vc in a smaU hole by filtering it near 

the hole with porous medium. The strong temperature dependence of the critical 

velocity observed by Hess and Hulin et al agrees with our findings. 

Using the expression available from Macro-orbital theory we estimated T\ — 

2.271, 2.033, 1.964 and 1.964 K for sc, bcc, fee and hep arrangements respectively 

(cf. chapter 6). Our estimated values deviate 4 — 12% from the observed value 

(2.172i^) as against 40% deviation of London's estimation. Our investigation 

further indicates that the effective mass of helium atom plays an important role on 

the pressure dependence of T^. While, as indicated from figure 6.1, this dependence 

is expected to be linear, its theoretical foundation may form a subject of a future 

investigation. 

Our simple calculations for surface tension at T = 0 (cr(0)) based on Macro-

orbital theory do not include the effects of parameters such as density variation 

and the change of atomic layer separation near the free surface of the liquid. Our 

estimated value {'^ 495 mdynes/cm) is about 30% higher than experimental values 

375 mdynes/cm. It may be stated that smaller density of helium atoms near the 

free surface could account for the difference. However, the so called sophisticates 

theories also render a(0) values (Table 6.19) varying from 230 to 510 m,dynes/cm. 

We hope that a future course of study which incorporates the said fluctuations 

with Macro-orbital theory may help us in improving our results. 

The estimated results of various physical properties of LHE-4 that are 

presented in chapters 3, 4, 5, and 6, closely agree with experiments and thus 

estabhsh that Macro-orbital theory successfully explains these properties of the 
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system. In addition, the theory can be used to study entropy, thermal conductivity, 

specific heat, pressure dependent dispersion relation, static structure factor S{Q) 

and dynamic form factor S{Q,UJ) etc. in the quantitative level. Formalism of this 

theory can be extended to different systems like Helium — 3, superconductor, 2-D 

bosonic system etc.. Our group plans to investigate these aspects and hopes to 

open new frontier for future studies. 
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