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ABSTRACT 

Number theory and Group theory are two such branches of mathematics 

which play a very interesting role in complementing and suplementing each 

other. Fermat's Little theorem, Quadratic Reciprocity Law and Arithmetic 

Functions are considered as three jems in number theory. These three top­

ics often play a very crucial role in almost every branch of mathematical 

sciences. The aim of this disertation is to study the generalizations of these 

concepts via finite groups. The choice of topics covered in this disertation was 

motivated primarily by their applicability in classification of finite groups. 

One very interesting feature of this disertation is that it can be easily 

understood with some amount of mathematical knowledge. Ofcourse, there is 

a chapter on preliminaries in which we recall a few standard facts from Group 

Theory (including Character Theory), Field Theory and Number Theory. 

Another important feature is that even though this disertation contains three 

topics which look independent of one another, one can see that they are 

actually interlinked through the notion of functions. In other words we can 

say that this disertation is a chain of three beads. 

In October, 1640, a French Mathematician called "Pierre de Fermat" 

communicated the following theorem to his friend "Frenicle de Bessy". 

If p is a prime and a is any integer not divisible by p, then p divides 

aP-^ - 1. i,e 

a^-^ = 1 (mod p). 



This theorem has since been called as " Fermat's Little Theorem (F.L.T.)" or 

simply " Fermat's Theorem". Almost 100 years later, in 1736 Leonhard Euler 

gave the first proof of the little theorem. Thereafter many Mathematicians 

have given sevaral proofs of this theorem, the simplest of them being the one 

given by the cyclic group of residue classes of integers modulo p, p a prime. 

One may ask what happens to the above result when p is not a prime. 

The answer to this question lies in the following result which is essentially 

due to C.F.Gauss : 

Let a be an arbitrary integer. Then for every positive integer n, 

^/i((i)a"/'^ = 0 (mod n), 
d\n 

where /x is the usual number theoretic Mbbius function. 

(This also generalizes Euler's Theorem i.e., if gcd(a, m) = 1 then a'̂ ('") = 1 

(mod m), m > 1.) The ca^e when a is a prime was settled by Gauss and 

his result was published posthumously in 1863. However the general case 

was settled during the years 1880 to 1883 when four independent proofs was 

given by Kantor, Weyr, Lucas, and Pellet. Recently 1986, C.J.Smith [1] gave 

a coloring proof of a more general result. In the year 2006 Pournaki [3] gave 

a group theoretic generalization of the Gauss's result as follows: 

Let G be a finite group of order n and let C* be the multiplicative group 

of non zero complex numbers. If f : G —> C* is a group homomorphism, 

then 

^f{g)a-/oi9) = o (modn), 

gee 

for any integer a. 



The main objective of Chapter 2 in this dissertation is to study the above 

mentioned generalization. 

In 1796 C. F. Gauss at the age of ninteen proved the first number theoretic 

reciprocity law, the classical law of Quadratic Reciprocity, It states that if p 

and q are two distinct odd primes then 

A) VP> 

where I - 1 is the Legendre Symbol. This result can be written in a more 

elegant form using the Kronecker Symbol and the Jacobi Symbol as f - J = 

n*\ n-l 
— I, where n is an odd positive integer, a any integer and n* = ( — l ) ^ n . 
a ) 

Using concepts and results known at least hundred years ago, W. Duke and 

K. Hopkins [26] in 2005 generalized the above result via finite groups as 

follows: 

Let a be a positive integer and G is a finite group of odd order n then 

(s) - (~ 
where ( — j = o if gcd (a, n) / 1 and [-p^) is the signature of the permutation 

of the conjugacy classes in G induced by the map g i—> p" from G to itself, 

if gcd {a,n) = 1. 

In Chapter 3 we have studied elaborately the above result. 

Finaly, in Chapter 4 we consider Q and X to be the collection of all finite 

groups and collection of all finite abelian groups (upto isomorphism). More­

over we consider A{Q) and A{X) which are the collections of all complex-

valued functions with domain Q and X respectively. 



In the next section we consider the set (counting multiplicities) C{G) = 

{HJHi-i : i = 1,2,... ,n} , where F,//7t_i's are composition factors of G. 

We define convolution of two functions f,g e A{Q), E-convolution and D-

convolution of two functions f,g G A{X) and study some properties of these 

convolutions. Some of the important results in this section are as follows: 

Theorem 4.2.5., Theorem 4.2.11., Theorem 4.2.16. 

A{Q) and A{X) are commutative rings with identity e under the additive 

and the multiplicative operations given by ordinary addition and appropriate 

convolution of funcitons. 

We also study the notion of coprimeness and multiplicativity for groups 

in ^ as well as in A". Some of the main results in this regard are as follows: 

Theorem 4.4.7. If f,g € A{G) are multiplicative then {f * g) o p £ A(G) is 

also multiplicative. 

Theorem 4.4.8. Iff,g^ A{G) then [f * g) o p = {f o p) * {g o p). 

Theorem 4.4.10. If f e A{G) with f{Eo) ^ 0 then there is a unique g € 

A{G) such that f*g = g*f = e. 

Corollary 4.4.11. The set of all functions f € A{G) with f{Eo) ^ 0 forms 

an abelian group under the operation given by convolution. 

Theorem 4.4.12. If f,g G A{G) are such that fop and {f * g) o p are 

multiplicative then g o p is also multiplicative. 

Corollary 4.4.13. The set of all multiplicative functions m A{G) of the form 

fop, where f G A{G), is an abelian group under the operation given by 

convolution. 

Where p : G —> G is given by p{G) = nC{G) , G GG-

In this chapter we have also studied the analogues of the usual number 



theoretic Mobius Function and the Liouville's function. Some of the main 

results in this direction are; 

Theorem 4.5.3. The Mobius Function fi G A{Q) is multiplicative. 

Theorem 4.5.6. /j, * u = u * n — e i.e., /i~^ = u and u~^ = //. 

Theorem 4.5.10. A*/i^ = /i^*A = e i.e., \~^ = ^j? where /i^ is 

the ordinary product of /j, with itself, and A is the group theoretic Liouville's 

function. 

Theorem 4.5.12. Let f G AiQ) be a mulptiplicative function such that 

f = fop. Then 

f is completely multiplicative if and only if f * (/i/) = (/i/) * f = e. 

i.e., f~^ = fif where fif is the ordinary product of ^ and f. 

As applications of the abelian version of Mobius Function we have: 

Theorem 4.6.2. Let Gm = Zp x Zp x • • • x Zp, m-times. Then number of 

subgroups of Gm of order p^{n < m) is 

(p"̂  - l)(p'"-^ - 1) . . . (p'"-"+i - 1) 
( p - l ) ( p 2 - l ) . . . ( p " - l ) • 

Theorem 4.6.3. Let Gm = Zp x Zp x • • • x Zp, m-times. Then 

Theorem 4.6.4. Let G = Z^ ' x Z^^ x - • • x Z^% m-times, where atleast 

one mi>2,i = l,2,...,r. Then 

fi{G) = 0. 



Final part of this chapter is devoted to the study of divisor functions, 

structure of the normal subgroups of the product of two groups and char­

acterization of groups using divisor functions. Some important results here 

are: 

Theorem 4.8.1. Let Gi and G2 be coprime groups. Then the normal sub­

groups of the product Gi x G2 are exactly the subgroups of the form NiX N2, 

with Ni < Gi and Â2 < ^2-

Theorem 4.8.2. Let Gi and G2 be any two groups. Then the following con­

ditions are equivalent: 

(i) Every normal subgroup of the product Gi x G2 is of the form Ni x Â2 

with Ni < Gi and N2 < G2 • 

(ii) For each Hi < Gi and for each H2 < G2, the centres Z(Gi/Hi) and 

Z{G2/H2) of the quotient groups Gi/Hi and G2/H2 have no subgroup 

in common. 

Theorem 4.9.6. (Abelian Quotient Theorem) 

IfG is a group with CF{G) < 2\G\ then any abelian quotient ofG is cyclic. 

Corollary 4.9.7. 

(i) If G is a perfect group then any abelian quotient of G is cyclic. 

(ii) The perfect abelian groups are precisely the cyclic groups Cn of order n 

with n perfect. 

We conclude the dissertation by studying and computing some examples 

of non abelian perfect groups. 
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PREFACE 

Number theory and Group theory are two such branches of mathematics 

which play a very interesting role in complementing and suplementing each 

other. Fermat's Little theorem, Quadratic Reciprocity Law and Arithmetic 

Functions are considered as three jems in number theory. These three top­

ics often play a very crucial role in almost every branch of mathematical 

sciences. The aim of this disertation is to study the generalizations of these 

concepts via finite groups. The choice of topics covered in this disertation was 

motivated primarily by their applicability in classification of finite groups. 

One very interesting feature of this disertation is that it can be easily 

understood with some amount of mathematical knowledge. Ofcourse, there is 

a chapter on preliminaries in which we recall a few standard facts from Group 

Theory (including Character Theory), Field Theory and Number Theory. 

Another important feature is that even though this disertation contains three 

topics which look independent of one another, one can see that they are 

actually interlinked through the notion of functions. In other words we can 

say that this disertation is a chain of three beads. 

In October, 1640, a French Mathematician called "Pierre de Fermat" 

communicated the following theorem to his friend "Frenicle de Bessy". 

If p is a prime and a is any integer not divisible by p, then p divides 

aP-i - L i,e 

a"-^ ~1 (mod p). 



This theorem has since been called as " Fermat's Little Theorem (F.L.T.)" or 

simply " Fermat's Theorem". Almost 100 years later, in 1736 Leonhard Euler 

gave the first proof of the little theorem. Thereafter many Mathematicians 

have given sevaral proofs of this theorem, the simplest of them being the one 

given by the cyclic group of residue classes of integers modulo p, p a prime. 

One may ask what happens to the above result when p is not a prime. 

The answer to this question lies in the following result which is essentially 

due to C.F.Gauss : 

Let a be an arbitrary integer. Then for every positive integer n, 

^/ i (d)a" / ' ' = 0 (mod n), 
d\n 

where fi is the usual number theoretic Mobius function. 

(This also generalizes Euler's Theorem i.e., if gcd(a, m) = 1 then a'^^'^'> = 1 

(mod m), m > 1.) The case when o is a prime was settled by Gauss and 

his result was published posthumously in 1863. However the general case 

was settled during the years 1880 to 1883 when four independent proofs was 

given by Kantor, Weyr, Lucas, and Pellet. Recently 1986, C.J.Smith [1] gave 

a coloring proof of a more general result. In the year 2006 Pournaki [3] gave 

a group theoretic generalization of the Gauss's result as follows: 

Let G be a finite group of order n and let C* be the multiplicative group 

of non zero complex numbers. If f : G —> C* is a group homomorphism, 

then 

5;^/(y)a"/''(«) = 0 (modn), 
geG 

for any integer a. 



The main objective of Chapter 2 in this dissertation is to study the above 

mentioned generalization. 

In 1796 C. F. Gauss at the age of ninteen proved the first number theoretic 

reciprocity law, the classical law of Quadratic Reciprocity. It states that if p 

and q are two distinct odd primes then 

^ - - ( - 1 ) ^ ^ 
9 / \V 

where ( - ] is the Legendre Symbol. This result can be written in a more 

elegant form using the Kronecker Symbol and the Jacobi Symbol as \-\ = 

I — I, where n is an odd positive integer, a any integer and n* = (—1) V'n . 

Using concepts and results known at least hundred years ago, W. Duke and 

K. Hopkins [26] in 2005 generalized the above result via finite groups as 

follows: 

Let a be a positive integer and G is a finite group of odd order n then 

(̂ ) = (T ) • 
where i'p^) — o if gcd [a, n) ^ 1 and l — j is the signature of the permutation 

of the conjugacy classes in G induced by the map g i—> g°' from G to itself, 

if gcd {a,n) = 1. 

In Chapter 3 we have studied elaborately the above result. 

Finaly, in Chapter 4 we consider Q and X to be the collection of all finite 

groups and collection of all finite abelian groups (upto isomorphism). More­

over we consider A{Q) and A{X) which are the collections of all complex-

valued functions with domain Q and X respectively. 

HI 



In the next section we consider the set (counting muhiplicities) C{G) = 

{H^/H^-l : i - 1,2,... , n}, where H^lHi-xS are composition factors of G. 

We define convolution of two functions f,g e A{Q), E-convolution and D-

convolution of two functions / , 5 € A{X) and study some properties of these 

convolutions. Some of the important results in this section are as follows: 

Theorem 4.2.5., Theorem 4.2.11., Theorem 4.2.16. 

A{Q) and A{X) are commutative rings with identity e under the additive 

and the multiplicative operations given by ordinary addition and appropriate 

convolution of funcitons. 

We also study the notion of coprimeness and multiplicativity for groups 

in Q as well as in Â . Some of the main results in this regard are as follows: 

Theorem 4.4.7. If f,g G A{G) are multiplicative then {f * g) o p e A{Q) is 

also multiplicative. 

Theorem 4.4.8. If f,g e A{Q) then {f * g)o p= (f o p) * {go p). 

Theorem 4.4.10. If f E A{Q) with /(£'o) ^ 0 then there is a unique g G 

A{G) such that f*g = g*f=ze. 

Corollary 4.4.11. The set of all functions f G A{Q) with f{Eo) ^ 0 forms 

an abelian group under the operation given by convolution. 

Theorem 4.4.12. If f,g G AiQ) are such that fop and {f * g) o p are 

multiplicative then g o p is also multiplicative. 

Corollary 4.4.13. The set of all multiplicative functions in A{G) of the form 

fop, where f G A{G), is an abelian group under the operation given by 

convolution. 

Where p : g —> g is given by p{G) = XIC{G) ,G eg. 

In this chapter we have also studied the analogues of the usual number 

IV 



theoretic Mobius Function and the Liouville's function. Some of the main 

results in this direction are: 

Theorem 4.5.3. The Mobius Function n G A{G) is multiplicative. 

Theorem 4.5.6. / / * u = u * fi = e i.e., /i~^ = u and u~^ = /i. 

Theorem 4.5.10. A * / i ^ = / i ^ * A = e i.e., X~^ = fi^ where /x̂  is 

the ordinary product of // with itself, and A is the group theoretic Liouville's 

function. 

Theorem 4.5.12. Let f € A{G) be a mulptiplicative function such that 

f - f o p. Then 

f is completely multiplicative if and only if f * {fj,f) = (/i/) * f = e. 

i.e., f~^ = / / / where /// is the ordinary product of ^ and f. 

As applications of the abelian version of Mobius Function we have: 

Theorem 4.6.2. ief G^ = Zp x Zp x • • • x Zp, m-times. Then number of 

subgroups of Gm of order p^{n < m) is 

{p^ - l)(p'"-^ - 1 ) . . . (p^'-^+i - 1) 
( p - l ) ( p 2 - l ) . . . ( p n _ i ) • 

Theorem 4.6.3. Let Gm = Zp x Zp x • • • x Zp, m-times. Then 

Theorem 4.6.4. Let G = Z^ ' x Z^= x • • • x Z ^ ^ m-times, where atleast 

one mj > 2, 2 = 1, 2 , . . . , r. Then 

fi{G) = 0. 



Final part of this chapter is devoted to the study of divisor functions, 

structure of the normal subgroups of the product of two groups and char­

acterization of groups using divisor functions. Some important results here 

are: 

Theorem 4.8.1. Let Gi and G2 be coprime groups. Then the normal sub­

groups of the product Gi x G2 are exactly the subgroups of the form NiX N2, 

with Ni < Gi and N2 < G2-

Theorem 4.8.2. Let Gi and G2 be any two groups. Then the following con­

ditions are equivalent: 

(i) Every normal subgroup of the product Gi x G2 is of the form N-i x Â2 

with Ni < Gi and N2 < G2 • 

(ii) For each Hi < Gi and for each H2 < G2, the centres Z{G\/Hi) and 

Z{G2/H2) of the quotient groups Gil Hi and G2IH2 have no subgroup 

in common. 

Theorem 4.9.6. (Abelian Quotient Theorem) 

If G is a group with o{G) < 2\G\ then any abelian quotient of G is cyclic. 

Corollary 4.9.7. 

(i) If G is a perfect group then any abelian quotient of G is cyclic. 

(ii) The perfect abelian groups are precisely the cyclic groups Cn of order n 

with n perfect. 

We conclude the dissertation by studying and computing some examples 

of non abelian perfect groups. 
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Chapter 1 

Preliminaries 

In this chapter we recall some of the basic definitions and results from the 

theory of groups, the theory of fields and the theory of numbers, which will 

serve as prerequisites for the forth coming chapters. 

1.1 Group Action 

Definition 1.1.1. Let G be a group and f2 be a set. Then G is said to act 

on Q or fi is said to be a G-set if V g e G and V a e fi there exists an 

elemant g • a E ^, determined uniquely by g and a, such that the following 

conditions hold: 

(i) 1 • a = a y a E Q, 1 being the identity element of G, 

(ii) (gh) -a = g • {h • a) V a e f ) and ^ g,heG. 

Definition 1.1.2. If Q is a G-set then for each a e fi, the orbit of a, denoted 



by orb(Q;), is defined to be the set 

{g-aen\g& G}. 

Definition 1.1.3. If fi is a G-set then for each a G ^, the stabilizer of a, 

denoted by stab(Q;), is defined to be the subgroup {g € G\g a = o:} of G. 

The following result is well-known: 

Theorem 1.1.4. Let Q be a G-set. Then, for each a: e fi, the number of 

elements in the orbit of a equals the index of stabilizer of a, i.e., 

|orb(a)| = [G:stab(a)]. 

Definition 1.1.5. Let f) be a G-set and g E. G. An element a G f) is said 

to be ^-fixed if ^ • o; = a. The set of all elements in Q which are ^-fixed is 

denoted by Fix(^). Thus, 

Fix(5) = {a e Q.\g -a = a}. 

Theorem 1.1.6. (Burnside's theorem) ([2], page 160) 

Let a group G acts on a finite set fl. If N is the number of orbits ofQ, then 

' 'sec 

Where 

•J^{g) = \Vxx{g)\maEn:g-a = a]\. 

The fixed-point counting function TT is the permutation character associ­

ated with the action of G on Q, and the above theorem says that number Â^ 

of orbits is exactly the average value of the permutation character over the 

group G. (We have given the precise defination of permutation character in 

the character theory section of this chapter.) 



1.2 Isomorphism Theorems 

Theorem 1.2.1. (First isomorphism theorem) ([4], page 22) 

Let (j): G —> H be a homomorphism of groups. Then 

Ker(/) 

Hence, in particular, if (j) is surjective, then 

Kevcj) 

Theorem 1.2.2. (Second isomorphism theorem) ([4], page 25) 

Let H and N be subgroups of G, and N <G. Then 

H ^HN 
Hf\N ~ N ' 

Theorem 1.2.3. (Third isomorphism theorem) ([4], page 26) 

Let H and K be normal subgroups of G and K < H. Then 

G/K ^G 
H/K H' 

Theorem 1.2.4. (Correspondance Theorem) ([10], page 98) 

Let (j): G\ —> G2 be a homomorphism of a group Gi onto a group G2. Then 

the following are true: 

(i) / / i < Gi = » (/.(//i) < G2, 

(ii) H2<G2=^(l>-\H2)<Gi, 

(iii) Hi<Gi=^cP{H^)<G2, 

(iv) H2<G2=^<p-'{H2)<Gi, 



(v) Hi < Gi and H^ D Ker(/» = > Hi = (l)-\(l){Hi)), 

(vi) The mapping Hi —> <i>{Hi) is a 1-1 correspondace between the family 

of subgroups of Gi containing Ker0 and the family of subgroups 0/G2; 

furthermore, normal subgroups of Gi correspond to normal subgroups 

0fG2. 

Corollary 1.2.5. Let N be a normal subgroup of G. Given any subgroup Hi 

of G/N, there is a unique subgroup H of G such that Hi — H/N. Further, 

H<G if and only if H/N < G/N. 

Theorem 1.2.6. ([4], page 26) 

Let N < G. Then their is a one to one correspondence between normal 

subgroups of G containing N and subgroups of G/N. 

1.3 Direct Products 

Definition 1.3.1. If H and K are groups, the (external) direct product of H 

and K, denoted hy H x K, is the group of all pairs (h, k), where he H and 

k E K, under the binary operation 

{h,k){h',k') = {hh',kk'). 

Theorem 1.3.2. ([4], page 29) 

Let G be a group with normal subgroups H and K; if H D K = {1} and 

HK = G then G = H X K, and in that case we say that G is the internal 

direct product of H and K. 



Theorem 1.3.3. IfGi and G^ are groups then Gi x {62} and {ei} x G2 afe 

normal subgroups of Gi x G2 isomorphic to G\ and G2 respectively. 

Theorem 1.3.4. / / H and K are two subgroups of a group G such that 

G - H X K, then H and K are normal subgroups G and G/H = K and 

G/K ^ H. 

Theorem 1.3.5. (Cauchy's Theorem) ([2], page 167) 

If G is a finite group whose order is divisible by a prime p, then G contains 

an element of order p. 

Theorem 1.3.6. Basis Theorem ([28], page 108) 

Every finite abelian group is the internal direct product of its Sylow subgroups. 

Theorem 1.3.7. Structure Theorem for Finite abehan group ([28], 

page 109) 

Every finite abelian group is the direct product of cyclic groups. 

1.4 Conjugacy Classes 

Let X, y be two elements of a group G. We say that x is conjugate to y 

(denoted by x ~ y) if x^ = gxg~^ = y for some g ^ G. The ralation "x 

is conjugate to y in G" is an equivalence relation on G. The corresponding 

equivalence classes are called conjugacy classes of G. The conjugacy class of 

X is denoted by Ci{x). 

Theorem 1.4.1. The number of conjugates of x in G is [G : CG{X)]. i.e., 

\Ci{x)\ = \G : CG{X)\. 



1.5 Normal Series 

Definition 1.5.1. A sequence (Go, Gi, ••• , G^) of subgroups of a group 

G is called a normal series of G if 

{1} = Go < Gi < 6*2 < • • • < Gr-i < Gr-

The quotient groups Gj/Gi-i, 1 < i < r, are called the factors of of the 

above normal series. 

Definition 1.5.2. A composition series of a group G is a normal series 

(Go, Gi, • • • , Gr) without repetition whose factors Gi/G^-i are all simple 

groups. The factors Gi/Gt_i are called composition factors of G. 

Note 1.5.3. We often refer to a normal series (GQ, G I , • • • , Gr) by saying 

that 

{1} = Go C Gi C • • • C G, = G 

is a normal series of G. 

Lemma 1.5.4. ([11], page 241) 

Every finite group has a composition series. 

Theorem 1.5.5. (Jordan-Holder Theorem) ([11], page 241) 

Any two composition series of a finite group are equivalent in the sense that 

there is a one to one correspondence between their composition factors such 

that the corresponding factor groups are isomorphic. 

Definition 1.5.6. A group G is called completely reducible if either G is 

trivial or G is a direct product of simple groups. Obviously, every simple 

group is completely reducible. 



Definition 1.5.7. A group G is called decomposible if it is isomorphic to 

a direct product of two proper nontrivial subgroups. Otherwise G is called 

indecomposible. 

Theorem 1.5.8. ([2], page 91) 

Finite indecomposible abelian groups are precisely the cyclic groups having 

prime power order. 

1.6 Character Theory 

Definition 1.6.1. Let F be a field and A be an F-vector space which is also 

a ring with with 1. Then A is said to be an ¥-algebra if for c G F and x,y e A 

{cx)y = c{xy) = x{cy). 

Example 1.6.2. Let G be a finite group and ¥[G] be the set of all "formal" 

sums {J2(^99 I Og ^ ^ } - Then F[G] has a F-vector space structure in an 
gea 

obvious way. The elements of ¥[G] for which ag = 1 and a^ ~ 0 ii h ^ g 

is identified with g. This identification embedds G into ¥[G] and in fact G 

is a basis for ¥[G]. To define multiplication on ¥[G], we multiply the basis 

vectors according to their group multiplication and extend linearly to all of 

¥[G]. Then this defines the structure of an F-algebra on ¥[G]. 

Definition 1.6.3. Let A and B be two F-algebras. Then a mapping </» : 

A —> B is said to be an algebra homomorphism or an ¥-homomorphism if 

the following satisfies 

(i) (j){xy) = (l){x)(j){y) for ail x,y 6 ^; 



(ii) </.(!) = 1; 

(iii) (j) is an F- linear trasformation. 

Definition 1.6.4. Let M„(F) be the set of all n x n matrices over F. Let 

' d i a i 2 . . . a i n 

A = 
021 022 •• • ^271 

y O n l On2 • • • 0,nnj 

be a matrix in M„(F). The determinant of A is denoted by det(A) and is 

defined to be the scalar 

de t (A) = ^sgn{^)ai^{i)a24,(2) • • • 0'n4>(n)-
<t>es„ 

The trace of A is denoted by tv{A) and is defined to be the scalar 

n 

tv{A) = ^au. 
i=l 

Definition 1.6.5. Let A be an F-algebra. A representation of A is an algebra 

homomorphism p : A —)• M„(F). The integer n is called the degree of p. 

Definition 1.6.6. Two representation p and a of same degree n is said to 

be similar if there exists a non singular n x n matrix P such that 

p{a) = P-^o{a)P V a e A. 

Remark 1.6.7. 'Similarity' is an equivalence relation among representations 

of same degree. 



Definition 1.6.8. Let G be a group and let F be a field. Then F-representation 

of G is a homomorphism p:G —^ GL(n, F) for some positive integer n. 

Remark 1.6.9. A representation p of F[G] determines an F-representation 

p of G by restriction. Conversely, an F-representation p of G determines a 

representation p of F[G] by linear extension, i.e., 

V9€G / seG 
P ^ 

KgeG / geG 

We shall use the same symbol to denote an F-representation of G as well as 

the corresponding representation of F[G]. 

Definition 1.6.10. Let A be an F-algebra and let V be a finite dimensional 

vector space. Suppose for every v E V and x E A that a unique t;a; G V is 

defined. Then V is said to be an A-module if for all x,y £ A, v,w ^V, and 

c G F the following satisfies 

(i) {v + w)x = VX + wx, 

(ii) v{x + y) — vx + vy, 

(iii) {vx)y = v{xy), 

(iv) {cv)x = c{vx) = v{cx), 

(v) vl = V. 

Definition 1.6.11. Let V be an A-module. Then an A-invariant subspace 

Ŵ  of V is said to be a submodule of V. 



Definition 1.6.12. A nonzero A-module V is said to be irreducible if its 

only submodules are 0 and V, otherwise it is called reducible. 

Fact 1.6.13. Let p : A —> M„(F) be a representation of the F-algebra A. 

Let V = Mix„(F). Clearly 

vev, X e M„(F) => vX ev. 

Then for t; G V̂, a G A, va := vp{a) gives an A-module structure to V. 

Fact 1.6.14. Let M be an A-module. Let S is an F basis for M. For all 

a € A let aM : M —^ M be the map x \—y xa.'i a£ A. Set p[a) = matrix 

of aM with respect to the basis B. Then p defines a representation of A. 

Remark 1.6.15. There is a natural one to one correspondance (as mentioned 

in Fact 1.6.13 and Fact 1.6.14) between isomorphism classes of A-modules 

and similarity classes of representations of A. 

Definition 1.6.16. A representation p : A —> Mn(F) is said to be irre­

ducible if the corresponding A-module (as per Fact L6.13) is irreducible. 

Otherwise reducible. 

Definition 1.6.17. Let p be an F-representation of G. Then the ¥-character 

X of G afforded by p is the function given by xid) = trp(5). 

We restrict our attention to the special case that the field F = C and 

the word "character" will mean C-character. Notice that x(l) = degp, we 

say that x(l) is the degree of X- Characters of degree 1 are called linear 

character. 

10 



Remark 1.6.18. Similar representations of a group G afford equal character 

and characters are constant on conjugacy classes of a group G. 

Definition 1.6.19. Characters afforded by irreducible representations are 

called irreducible characters. 

Lemma 1.6.20. ([12], page 16) 

The number of similarity classes of irreducible representations of a group G 

is equal to the number of conjugacy classes of G. 

Lemma 1.6.21. ([12], page 16) 

Lei G be a group and Irr(G) be the set of all irreducible characters of G. 

Then \ Irr(G) j equals the number of conjugacy classes of G and 

\G\ = E X(l)̂ . 

Lemma 1.6.22, Let G be a finite abelian group. Then 

Irr(G)=Hom(G,C)^G. 

We denote Hom(G', C*) by G. 

Theorem 1.6.23. (First Orthogonality Relation) ([12], page 20) 

The following holds for every finite group G 

T^X^Xt(5)Xj(p"^) = <5ij. 

Lemma 1.6.24. ([12], page 20) 

Let p be a representation of a group G affording the character x and let 

g ^ G. Let n = o{g), the order of g. Then 

11 



(i) p{g) is similar to a diagonal matrix diag (si, • • • ,£/), where f = x(l); 

(ii) er = 1; 

(iii) xig) = T,£i a"^ lx(^)l < x(i); 

(iv) xig ^) = xig)-

Theorem 1.6.25. (Second Orthogonality Relation) ([12], page 21) 

Let G be a group and g, h ^ G. Then 

Yl xig)xih)^o 
XGlrr{G) 

if g is not conjugate to h in G. Otherwise the sum is equal to \CGig)\-

Definition 1.6.26. An algebraic integer \s a complex number which is a root 

of a polynomial of the form 

a;" + an-ix^"^ -\ h OQ, 

where aj G Z for 0 < z < n — 1. 

Theorem 1.6.27. ([12], page 35) 

Sums and products of algebraic integers are algebraic integers. 

Theorem 1.6.28. ([13], page 48) 

Let G be a finite group of order n. The values of the characters of G are 

algebraic integers in the cyclotomic field Q(Cn)) where Cn ^s a primitive n''^ 

root of unity. 

12 



Theorem 1.6.29. ([13], page 50) 

Let G be a finite group of order n. The Galois group 

Q = G(Q(Cn)/Q) = V , 

where Z„* is the group of units in the ring Z^ and Cn 5̂ a primitive n"* root 

of unity. 

Theorem 1.6.30. ([13], page 50) 

Let G be a finite group of order n and a is a rational integer prime to n. If 

a G Q., and a(Cn) = Cn"; then 

o{x{g)) = xig") 

for any character x ^.f^d any element g of G. 

1.7 Permutation Character 

Let G be a finite group acting on fi — {Q;I,Q;2, • • • ,otk)- Consider the map 

(homomorphism) 

/ : G - ^ GL{k, C) given by f{g) = [a,,],^,, 

1, if c/ • Oj = tti, 
where, Ojj = < 

I 0, otherwise. 
Then 

•^{g) = tr{f{g)) = I Fix(^)| =\{aen:g-a = a}\. 

•K{g) is called the permutation character of the action of G on Q. 

13 



1.8 Theory of numbers 

1.9 Elementary Congruences 

Definition 1.9.1. If an integer m, not zero, divides the difference a - 6, we 

say that a is congruent to b modulo m and write a = b (mod m). If a — 6 is 

not divisible by m , we say that a is not congruent to b modulo m, and in 

this case we write a^b (mod m). 

Theorem 1.9.2. ([5], page 48) 

Let a, b, c, d, x, y denote integers. Then 

(i) a = b (mod m), b = a (mod m), a — b = 0 (mod m) are equivalent 

statements. 

(ii) If a = b (mod m) and b = c (mod m), then a = c (mod m). 

(iii) If a = b (mod m) and c = d (mod m), then ax + cy = bx -{- dy 

(mod m). 

(iv) If a = b (mod m) and c = d (mod m), then ac = bd (mod m). 

(v) If a = b (mod m) and d\m, d > 0, then a = b (mod d). 

(vi) If ax = ay (mod m) and gcd (a, m) = 1, then x = y (mod m). 

14 



1.10 Legendre Symbol, Jacob! Symbol and 

Kronecker Symbol 

Definition 1.10.1. Let p be an odd prime and a E Nsuch that gcd{a,p) = 1. 

If the quadratic congruence x^ = 0 (mod n) has a solution, then a is said to 

be a quadratic residue mod p, otherwise a is called a quadratic non residue 

mod p. 

Definition 1.10.2. Let p be an odd prime, the Legendre Symbol f - 1 is 

defined as 

0, if p\a, 

1, if a is a q r mod p, 

—1, if a is a q n r mod p. 

The Legender Symbol has the following properties:-

Theorem 1.10.3. ([5], page 132) 

Let p be an odd prime. Then 

(i) a = b (mod p) implies that ( - j = ( - 1, 

P 

<"" ' 7 ) ~- il 
(iv) 

(v) 

aia2 • • • Ofc 

P 

= 1, 

15 



p - 1 
(vi) ( ^ ) = (-1) 2 , 

(vii) Q ) = (-1) 8 . 

Definition 1.10.4. Let n be an arbitrary odd positive integer and n = 

P1P2 • • 'Pk its factorization into primes (not necessarily distinct). Then the 

Jacobi Symbol is defined by 

\nJ \pj \pkj 

where I — I, i = 1,2,..., /c is the Legendre Symbol. 

Convention 1.10.5. ( - ) = 1 . 

Theorem 1.10.6. ([5], page 139) 

If a and n are odd and positive and if gcd (a, n) = 1, then 

Definition 1.10.7. A discriminant is a non zero integer d such that d = 0 

(mod 4) or d = 1 (mod 4). 

Definition 1.10.8. For a discriminant d, the Kronecker Symbol ( - ) is 

defined as 

0, if d is even, 

1, i f r f = l (mods), 

- 1 , ifd = 5 (mods). 

16 
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Convention 1.10.9. ( —r) = ^^5^ of d. 

Convention 1.10.10. l-

The value of { - ) is then defined for all a by multiplicitavity. 
a, 

1.11 Algebraic number field 

Definition 1.11.1. A subfield iiT of C is called an algebraic number field if 

its dimension as a vector space over Q is finite. The dimension of K over Q 

is called the degree of K, and is denoted by l-R': Qj. 

Definition 1.11.2. A prime p is said to split in the algebraic number field 

Q{Cn) if the principal ideal generated by p in the ring of integers of Q(Cn) 

factors into |(Q(Cn) : Q| distinct prime ideals, where |Q(Cn) : Q| is the degree 

ofQ(Cn)overQ. 

Definition 1.11.3. Let F be a finite field of characteristic p. Then the map 

Gp : F —> F defined by ap{x) = x'' iov x e ¥ is an automorphism, the 

frobenius automorphism of F. 

Theorem 1.11.4. ([9], page 91) 

p splits in any subfield o/Q(Cn) «/ and only ij Op fixes that subfield pointwise. 

Corollary 1.11.5. ([9], page 91) 

Let d be the discriminant of a finite group G. Then 

p splits m Q{Vd) if and only if ap{\fd) — \/d. 

17 



Theorem 1.11.6. ([9], page 77) 

Let d be the discriminant of a finite group G. Then 

p splits m QiVd) if and only if \ -] — 1-

1.12 Arithmetic Function 

A complex valued function defined on the positive integers is called an arith­

metic function. 

Definition 1.12.1. For positive integers n we make the following definitions 

which are examples of arithmetic functions. 

T{n) is the number of positive divisors of n i.e., T{n) — ^ 1 . 
d\n 

a{n) is the sum of positive divisors of n i.e., a{n) = ^d. 
d\n 

aaiji) is the sum of the o*'^ powers of the positive divisors of n i.e., aa{n) = 

d\n 

Definition 1.12.2. The arithmetical function / given by 

/(n) = 

is called the identity funtion. 

Definition 1.12.3. The arithmetical function u defined by u{n) = 1 for all 

n is called the unit function. 

18 



Definition 1.12.4. If n > 1 the Euler totient ip{n) is defined to be the 

number of positive integers not exceeding n which are relatively prime to n; 

thus, 
n 

'Pin) = ^ ' l , 
fc=i 

where the / indicates that the sum is extended over those k relatively prime 

to n. 

Definition 1.12.5. The Mobius function // is given by 

r 
1, ifn = l, 

/x(n) = •̂  0, if p^ I n for some prime p, 

(—1)'', if n = P1P2 .. .pr, Pi distinct primes. 

Definition 1.12.6. If / and g are two arithmetical functions then we de­

fine their Dirichlet product (or Dirichlet convolution) to be the arithmetical 

function f * g defined by the equation 

d\n 

Theorem 1.12.7. ([21], page 29) 

Dirichlet product is commutative and associative. That is, for any arithmeti­

cal functions / , g, h we have 

f * g = g * f {commutative law) 

if * g) * h = f * {g * h) {associative law). 

Theorem 1.12.8. ([21], page 30) 

For all f we have I*f — f*I = f. 
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Theorem 1.12.9. ([21], page 30) 

/ / / is an arithmetical function with / ( I ) / 0 then there is a unique arith­

metical function g such that 

f *g~g* f ^l-

The function g is called the Dirichlet inverse of f and it is denoted by f~^. 

Remark 1.12.10. The set of all arithmetical functions / with / ( I ) ^ 0 

forms an abelian group under Dirichlet multiplication. 

Theorem 1.12.11. ([21], page 31) 

The functions fi and u are multiplicative inverses, thus ix*u = u*iJi = I, 

/i = u~^ and u = ii~^. 

Definition 1.12.12. An arithmetical function / is called multiplicative if/ 

is not identically zero and if 

f{mn) = f{m)f{n) whenever gcd {m,n) — I. 

Theorem 1.12.13. ([21], page 34) 

The Mobius function fi is multiplicative. 

Theorem 1.12.14. ([21], page 38) 

The function a is multiplicative. 

Definition 1.12.15. An arithmetical function / is called completely multi­

plicative if / is not identically zero and if 

f{mn) = f{m)f{n) for all m,n. 

20 



Remark 1.12.16. u and / are completely multiplicative functions. 

Theorem 1.12.17. ([21], page 34) 

/ / / is multiplicative then / ( I ) = 1. 

Theorem 1.12.18. ([21], page 35) 

/ / / and g are multiplicative then f * g is also multiplicative. 

Remark 1.12.19. If / and g are completely multiplicative then f * g need 

not be completely multiplicative. 

Theorem 1.12.20. ([21], page 35) 

/ / both g and f * g are multiplicative, then f is also multiplicative. 

Theorem 1.12.21. ([21], page 36) 

/ / / is multiplicative, so is f~^, its Dirichlet inverse. 

Remark 1.12.22. The set of multiplicative functions is a subgroup of the 

group of all arithmetical functions / with / ( I ) ^ 0. 

An important example of a completely multiplicative function of positive 

integers is the Liouville's function given by 

A(n) = ( - l ) " H 

where n is a positive integer and VL{n) is the number of prime factors (count­

ing multiplicity) of n. 
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1.13 Perfect number 

Definition 1.13.1. A positive integer n is said to be a perfect number if n 

is the sum of all its positive divisors other than itself, i.e., if a{n) = 2n. 

Euclid proved that a number of the form 2"~^(2" — 1) is a perfect number 

if the factor (2" — 1) is prime. Leonhard Euler classified the even perfect 

numbers, but it is a long standing question as to wheather there is any odd 

perfect number at all. In 1757, Leonhard Euler classified the even perfect 

numbers as follows: 

Theorem 1.13.2. The even perfect numbers are precisely those numbers 

2'""^ (2'" — 1) where r >2 and 2'" — 1 is prime. 

Proof. Suppose r > 2 and 2'' — 1 is prime. Then using Theorem 1.12.14 

a(2'-i(2'- - 1)) = a(2^-^)a(2'' - 1), since gcd ( 2 ' - \ 2'' - 1) = 1 

= (1 + 2 + 2̂  + •.. + 2 '- i)( l + (2'" - 1)) 

= 2'" (2'- - 1) 

= 2(2'-H2'" - 1)) 

Therefore 2''"^(2'" - 1) is an even perfect number. 

Conversly suppose n is an even perfect number. Write n = 2*m where s> 1 

22 



and m is odd. Then n being perfect says that 

a{2'm) = 2 X 2*m 

==> a{r)a{m) = 2^+^m 

=> (1 + 2 + 2̂  + • • • + 2'')cr(m) = 2*+^m 

=> {2'+'- l)aim) = r+'m 

= > (2'+^ - l){a{m) -m) = m. 

Hence a{m) — m is a proper divisor of m since 2*+̂  — 1 > 1. But a{m) — m 

is the sum of the proper divisors of m, so a(m) — m is the unique proper 

divisor of m. Thus m is prime and a(m) — m = 1. Therefore 2*+̂  - 1 = m. 

Now n = 2«m = 2*(2^+i - 1) = 2^+1-^2'+^ - 1) with s + 1 > 2 and 2*+̂  - 1 

prime. Q 
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Chapter 2 

Fermat's Little Theorem via 

finite groups 

2.1 Introduction 

In October, 1640, a French Mathematician called "Pierre de Fermat" com­

municated the following theorem to his friend "Frenicle de Bessy". 

If p is a prime and a is any integer not divisible by p, then p divides 

aP-i - 1. i.e., 

a^-^ = 1 (mod p). (2.1.a) 

This theorem has since been called as " Format's Little Theorem (F.L.T.)" 

or simply " Fermat's Theorem". Almost 100 years later, in 1736 Leonhard 

Euler gave the first proof of the little theorem. Thereafter many Mathemati­

cians have given sevaral proofs of this theorem. The shortest among these 
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proofs is perhaps the following : 

Suppose Zp* is the set of all non zero residue classes of integers modulo 

p . Then Zp* is a group of order p - 1, whose identity element is T. Since 

p\a,a^O and so a G Zp*. Hence we have 

= > aP-^ = 1 

One may ask what happens to (2.1.a) when p is not a prime. The an­

swer to this question lies in the following result which is essentially due to 

C.F.Gauss : 

Let a be an arbitrary integer. Then for every positive integer n, 

Y^pi{d)a''l'^~^ (modn), (2.1.b) 
din 

where n is the usual number theoretic Mbbius function. 

(This also generalizes Euler's Theorem i.e., if gcd(a, m) = 1 then a"̂ ('") = 1 

(mod m), m > 1.) The case when a is a prime was settled by Gauss and 

his result was published posthumously in 1863. However the general case 

was settled during the years 1880 to 1883 when four independent proofs was 

given by Kantor, Weyr, Lucas, and Pellet. Recently 1986, C.J.Smith [1] gave 

a coloring proof of a more general result. 

In this chapter we shall discuss a group theoretic generalization of the Gauss's 

result (2.1.b), namely, 
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Let G be a finite group of order n and f : G —> C*, where C* is the multi­

plicative group of non zero complex numbers be a group homomorphism. Then 

geG 

and 

^/(^)a"/ ' ' (5) = 0 (modn), (2.1.c) 
geG 

for any integer a. 

This is the Main Theorem of this chapter. 

2.2 Induced action 

In this section we study some results related to orbit counting. Moreover, 

given a group element g we define a number c{g) and study some important 

properties of c{g) which will serve as prerequisites for our Main Theorem. 

Let G be a finite group acting on a finite set Q, by left multiplication. Let 

M be the set of all functions from Q, into some arbitrary finite set A. We 

can view M as the set of all possible colorings of the points of Q. with colors 

chosen from the set A. Clearly \M\ = a'^l, where a = |A|. We now define 

(induced) action of G on M. 

Let f e M and g e G. Define g-k f -.Q, —> A given by 

{9 * /)(«) = f{9~^ • a) for all a € Q. 

Clearly g-k f E M, and 

(1) (1 • f){a) = / ( I • a) = f{a), 1 is the identity of G. 
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Therefore 1 • / = / 

(2) {{gh) ^ f){a) = fiigh)-' • a) = f{h-'g-' • a) = /(/i"^ • {g-' • a)) = 

{h^f){g-'-a)^{g*ih*f))ia). 

Therefore 

{gh)-kf = gic{h*f). 

Thus, g-k f defines an action of G on M. 

Let TT be the permutation character associated with the (induced) action 

of G on M. Then 

A9)=\{f^M:gi.f = f}\,geG. (2.2.a) 

Lemma 2.2,1. Let f e M and g EG. Then 

9-^f = f if and only if / ( a ) = f{g -a), V a eQ. 

Proof. Suppose 

f{a) = f{g-a), V a e a 

We have g~^ • a e Q,. 

Now 

f{g-' • a) = fig • {g'' • a)) = f{{gg-') • a) = / ( I • a) = f{a) 

=^i9-^f){ct) = f{a)=^g-kf = f. i.e., / is 5-fixed (see 1.1.5). 

Conversly, suppose 

9*f = f-

Now, for each a G Q, we have 

f{c^) = f{{9-'9)-a) = f{9-'-{g-cx)) 

= i9*f){9-o) =-f{g-a). 
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D 

As an immediate consequence we have the following 

Corollary 2.2.2. / is g-fixed if and only if f is constant on each of the 

orbits of < g > onCl. 

Given g E G, let c{g) denote the number of orbits of the cyclic group 

< g > acting on Q. Then 

7rig)=\{feM:g^f^f}\. 

=1 {/ e M : / is constant on each of the orbits oi < g > onCl} \ . 

= a'=(»\ where a = \A\. 

Lemma 2.2.3. c{g) is the total number of cycles, including trivial "1- cy­

cles", when the permutation ofQ, induced by g is written in cyclic notation. 

Proof. Suppose the orbits of < 5 > on 12 are 

< g > ai,< g > a2,• • • ,< g> ac^g). 

Therefore 
c(s) 

n = \_j<g>a,. 

Let 

^ = {ai,g-ai,g^-ai,--- ,g''~^-o:ua2,g-a2,g'^-a2,-• • ,g^'^-a2,--- ,Q;c(g),</-

Oic{g),--- ,g''~^ -Oicig)- Then 

g-rt = {g-Qii,g'^-au-- ,aug-a2,g'^-a2,-• • , a 2 , - - - ,g-ac(9),9'^-Oic{g)r • • ,o^c{g)}-

Therefore 
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(pg = {aug-ai,g'^-ai,--- , / ^•ai){Q2,g-oc2,g'^-a2,-• • ,5*" ^-a?) • • • (ac(p),5• 

Q;c(s),••• ,5''~^-ac(9)) 

Hence number of cycle is c(p). D 

Remark 2.2.4. If G = ^e and Q. = {1,2,3,4,5,6} is the set on which G 

acts naturally, then for g — (13) (246) G G, we have c{g) = 3. 

Lemma 2.2.5. Let G be a finite group of order n acting on itself by left 

multiplication. Let g ^ G such that o{g) = m. Then 

0(9) = ^ . m 

where c(g) is the number of orbits of (g) on G. 

Proof. Let i / = {g). Consider the action of if on G given by left multiplica­

tion. Let X € G. Then 

stab(a;) = {h e H : h-x = x) = {he H : h^l} = {1}. 

Now 

I orb(x)| = \H : stah{x)\ = \H : {1}\ = \H\. 

c{9) 

Again G = U ^ t ' where Oj is an orbit of G under the action of H such that 

\0^\ = \H\, for each i. 

Hence 

\G\=c{g)\Hl 

i.e., 
\G\ n 
\H\ m 

D 
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As an immediate consequence we have the following 

Lemma 2.2.6. Let G be a finite group of order n acting on itself by left 

multiplication. Let g ^ G such that o{g) = m. Then 

where x i^ ^he permutation character associated with the (induced) action of 

G onM. 

Lemma 2.2.7. Let G act on Q by left multiplication and O be a G-orbit of 

CI. Ifa,Pe O, then stab(a) ~ stab()5). That is stab(;9) = 5stab(Q;)^~^ for 

some g E G. 

Proof. Since a,PEO therefore P = g • a for some g E G. Let g' 6 stab(Q;). 

Then g' • a = a. Now 

gg'g~^ G ^stab(a)^~^. We show that gg'g~^ G stab(y5). 

We have 

Now 

{gg'g-') • /? = {gg')•{g-'-P) = {gg') -a^g-{g'•a) = g-a = p 

Therefore 

gg'g~^ G stab(/9) i.e., gstab(Q;)g~^ C stab(/3). 
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Again let h' 6 stab(^). Then 

=> h' •{g-a)=g-a 

=^ {h'g) • a = 5 • a 

=^ ia'^h'g) • a = a 

= > g~^h'g G stab(Q;) 

=> h' e gstab{a)g~^ 

stab(^) C pstab(Q;)5~^ 

stab(/3) = pstab(a)5~^ i.e., stab{a) ~ stab(;5). 

Therefore 

Hence 

D 

2.3 Complex polynomial 

Definition 2.3.1. For nonnegative integers m, we define 

/ x \ _x{x- l){x - 2) • • • (x - m + 1) 

which is a polynomial of degree m with rational coefficients. For m = 0, this 

is just the constant polynomial 1. 

Lemma 2.3.2. The set 

13= i(^\ : m G Z , m > o i 

is a basis for C[X]. 
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Proof. We know that /?' = {l,a;,x^,. . .} is a basis for C[X]. Therefore it is 

enough to show that /3 generates P'. We have 

i)4)'ur x' = 6 ! +6 ! + ' " 

and so on. Assume that 

Now 

(x\ x(x — \){x — 2) • • • (x — n + 1) 

or n! P j = x" + d„_ix"-^ + d„_2a;"~^ + • • • + rfix^, d, 6 C 

Hence 

x" = n! I 

Therefore it follows, using induction, that P generates P'. That is j5 is a 

basis for CfXl. D 

Lemima 2.3.3. Let f{x) G C[X] and f{x) G Z for all non negative integers 

X. Then f{x) G Z for all integers x. 
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Proof. Let degf = d. Then by Lemma 2.3.2, 

/w=E^(:). 
n=0 ^ ' 

Since n! divides the product of any n consecutive integers, we have (^) 6 Z 

V a: e Z. So it is enough to show that ĉ  G Z V /: = 1,2,3, ••• ,d. By 

hypothesis 

f(l) = Y^cn ( J e Z, V i G Z with I > 0. 
71=0 ^ ' 

We have (^) = 0 if n > / and (J) = ( [ ) = ! , therefore 

Co = /(O) e Z, 

Co + ci = / ( I ) G Z = » ci e Z, 

Co + 2ci + C2 = /(2) =4> C2 = /(2) - Co - 2cx G Z 

and so on. Since 
fe-i 

Ck = f{k)-J2'^l.] GZ, 
t=o ^ ^ 

it follows, using induction, that ĉ  G Z V k — 1,2,3,-•• ,d. This completes 

the proof. D 

2.4 A-good orbit 

In this section we shall define A-good orbit and establish few important results 

related to permutation character associated to the action of G. We begin with 

the following definition: 
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Definition 2.4.1. Let G act on Q, by left multiplication. Let A : G —v C* 

be a homomorphism. If C? is a G-orbit on Q, we say that O is X-good if the 

stabilizer in G of every point in O is contained in Ker A. 

By the above lemma we see that the stabilizers in G of various poins in 

O are congugate in G and so if any one of them is contained in the normal 

subgroup Ker A, then O will be A-good. 

If A is the trivial homomorphism which maps every element of G to the 

complex number 1, then every G-orbit is A-good. 

Lemma 2.4.2. Let A : G —> O be a non trivial homomorphism, where G 

is a finite group. Then 

Y^Xig) = 0. 
geG 

Proof. Let heG such that X{h) ^ 0. 

Now 

gea geG geo gee 

Therefore 

^X{g) = 0, smceX{h) ^ 0. 
geG 

D 

Note that in the above lemma, A can be replaced by an arbitrary multi­

plicative function. 

Lemma 2.4.3. The permutation character ir associated to the action of G 

on Cl is the sum of the permutation characters associated to the action of G 

on the orbits of G on Q. 
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Proof. Let ^i, ^2, • • • i n̂ be the orbits of G on Q,. Then 

r2 = ^1 U 2̂ U • • • U (9„. 

Let (jg, be the permutation character associated with the action of G on O^ 

Now 

n n 

1=1 1=1 
n 

t = l 

D 

Lemma 2.4.4. lef 9 be an orbit of G onU and let og be the permutation 

character associated with the action of G on 9. Then 

^H9)M9) ^\G\5g, where Sg = < 
gea 

1, if 9 is X-good, 

0, otherwise. 

Proof. 

S = Y,\ig)ag{g) 
geG 

= Y^H9)\{Pe9:g-P = /3} 
geG 

= J2H9) I Fix,(5) I 
geG 

geG 0eFixe(g) 
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1, iig-l3^p 

0, otherwise 

= E E %) 
geG0eFixe(g) 

geG^ee 

peOgeG 

= E E Ms). 

Now A Istab(̂ ) is a homomorphism from stab(^) to C*. If stab(^) C KerA, 

then by Lemma 2.2.7 A |stab(,8) is trivial for all p. In this case 9 is A-good and 

5 =1 ^ II stab(/5) 1=1 G I . 

If stab(^) ^ Ker A, then A |stab(/8) is non trivial. 

Therefore by Lemma 2.4.2 

^ \{g) = 0 and so 5 = 0. 
sestab(/3) 

D 

Lemma 2.4.5. Let A : G —> U' be a homomorphism where G is a finite 

group. Suppose G acts on some finite set Q by left multiplication and let X 

be the number of X-good orbits for this action. Then 

where n is the permutation character associated with this action. 
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Proof. We have by Lemma 2.4.4, 

f l, if ^ is A-good 

0, otherwise 

YJ2^{9)<^^^9) = E I ^ I -̂^ 
9 geG 

Y.^{g)'E^9{9) =\G\X 
seG 

^^KgMg) =1 G 1 X, by Lemma 2.4.3. 
geG 

^ = T^E^(5)^(5)-
'geG 

a 

2.5 The Main Theorem 

We are now in a position to prove our Main Theorem. In this section we shall 

give two different proofs of the Main Theorem. Further we shall also include 

some results related to primitive n*'' roots of unity and with the help of these 

results we shall show that our Main Theorem is actually a ganaralization of 

Fermat's Little Theorem/ Gauss' Theorem. 

Let G acts on some finite set Q by left multiplication. As before let M be 

the set of all mappings from Q. into some finite set A with \A\ = a. Consider 

the induced action of G on M. We saw that the associated permutation 

character n is given by the formula n{g) = a'^^^\ 

If we apply Lemma 2.4.5 in this situation we get the following 
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Theorem 2.5.1. Let G be a finite group acting on a finite set Q, by left 

multiplication and let f : G —> C* 6e a homomorphism. Then for each 

integer a, 

J2f{g)a<^^ G Z 
gee 

and 

J2f{g)a''^^^ = 0 (modn), 
g&G 

where c{g) is the number of orbits of < g > onO,. 

Proof. From the above Lemma, considering the induced action of G on Q,, 

we have 

' 'gea 

= ^ T-^Y^/(^)"''^^^ ^ ^1 for each positive integer a. 

— 7/(5)0'^^^^ 6 Z, for any integer a, by Lemma 2.3.3. 
geG 

Y^/(^)a'^^^^ G Z, for any integer a. 
geG 

and 

/J/(5)^'^^^^ = 0 (mod n), for any integer a. 
geG 

D 

In particular if G acts on itself by left multiplication, we saw in Lemma 

2.2.6 that the associative permutation character x{9) = a"/"̂ ^̂  . In this case 

we get the Main Theorem directly. But still we give a different proof of the 

Main Theorem. 
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Theorem 2.5.2. (The Main Theorem) 

Let G be a finite group of order n and f : G —>• C* 6e a group homomor-

phism. Then 

geG 

and 

^/(5)a"/ ' ' («) = 0 (modn), (2.5.a) 
geG 

for any integer a. 

Proof. The permutation character x is actually a character of G and / is 

also a character of G. We have 

[/,X]GZ [12], page 21 

sec 

— 7 /(^)a /̂ ^^ G Z, for all nonnegative mteger a, by Lemma 2.2.6. 

E/(i^)a"/°(») G Z, for all integer a, by Lemma 2.3.3. 
... 

geG 

= » ^/(5)a"/' '^^^ G Z, for all integer a. 
gee 

and 

X]/(i^)""^°^^^ = 0 ("lod n), for all integer a. 
geG 

D 

Pournaki [3] has also gave a Linear algebraic approach to prove the above 

Theorem. 
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Lemma 2.5.3. Any n"' root of unity is a primitive d*'' root of unity for some 

d\n, also such a d is uniquely determined by n. In other words G — \_\Gd, 
d\n 

where G is the set of all n"* roots of unity and Gd is the set of all primitive 

d''^ roots of unity. 

Proof. Note that G is a cyclic group of order n. Let y ^G. Then o{y) = d 

for some d\n. That is y'' = 1 but y'^ ^\\ik <d. That is y is a primitive d"* 

root of unity. 

Uniqueness is clear, because order of any element of a group is unique. D 

Lemma 2.5.4. Let G{n) be the sum of all n"* roots of unity. Then 

G{n) = 0 , if n>l 

Proof. Let x be a primitive n"' root of unity. Then 

= » (a;" - 1) = 0 

=J> (a; - l ) (x"-^+a;"-2 + . . . + l) = 0 

=^ (x"-^ + x"-2 + . . . + 1) = 0, since x ^ 1 

= > G{n) = 0. 

Since if x is a primitive n"* root of unity, then l,x,x^, • • -x""^ are the n' 

roots of unity. D 

Lemma 2.5.5. Let n be a positive integer. Then the sum of all the primitive 

n"' roots of unity in C is ^{n), where IJ, is the usual number theoretic Mobius 

function. 
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Proof. Let G be the set of all n*'' roots of unity and Gd be the set of all 

primitive d"* roots of unity. Let 

F{n) = sum of all the primitive n"^ roots of unity. 

G{n) = sum of all the n"* roots of unity. 

Then, by Lemma 2.5.3, we have 

G{n) = Y."^ 

d\n xeGd d\n 

By Mobius inverson formula 

d 
F{n) = Yn{d]G{-X 

d\n 

Therefore, by Lemma 2.5.4, we have 

F{n) = nin). 

D 

The following theorem shows that Theorem 2.5.2 is indeed a generaliza­

tion of congruence (2.1.b). 

Theorem 2.5.6. Let a be an arbitrary integer. Then for every positive in­

teger n, 

Y^i{d)a''l'^ = 0 (mod n) 
d\n 

where JJL is the usual number theoretic Mobius function. 
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Proof. Let G be the (cyclic) group of order n consisting of all the n"" roots of 

unity in C, and let / : G "^ C be the inclussion map. Now for any integer 

a, we have (Theorem 2.5.2) already proved that 

^/(5)a"/ ' ' (s) = 0 (modn) 
gee 

=^ ^^a"/°(»^ = 0 (mod n) 
geG 

=^ 5 ] ; ( ^ 9 J a " / ' ' s O (modn) 
d\n \g€Gd / 

=^ ^ / x ( d ) a " / ' ' s 0 (modn), by Lemma 2.5.5. 
d\n 

D 

We can also obtain some generalizations of Fermat's Little Theorem by 

reducing the congruence (2.5.a) to special cases. For example-

Considering / : G —> C* to be the trivial homomorphism, we get the 

following corollary of the above Theorem: 

Corollary 2.5.7. Let G be a finite group of order n. Then 

^an/o(5) = 0 (mod n) (2.5.b) 
geG 

for any integer a. 

In the special case where G is cyclic of prime order p, G contains one 

element of order 1 and p — 1 elements of order p, and so the congruence 

(2.5.b) gives 

oF = a (modp), 
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for all integers a, which is Fermat's Little Theorem. 

Applying congruence (2.5.b) to the case where G is cyclic of order n, we 

obtain the following corollary which generalizes Fermat's Little Theorem. 

Corollary 2.5.8. Let a be an arbitrary integer. Then for every positive 

integer n, 

^(^(d)a"/'^ = 0 (modn), 
d\n 

where ip is the Euler totient function. 

Proof. Since G is a cyclic group of order n, for each divisor d of n there exists 

a unique subgroup of order d. Therefore for each divisor d of n there exists 

exactly ip{d) elements of order d in G. Then by Corollary 2.5.7, we have 

^ ^ ( d ) a " / ' ' = 0 (mod n), 
d\n 

for all a G Z. D 
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Chapter 3 

Quadratic Reciprocity Law in 

finite groups 

The Quadratic Reciprocity Law has a very special place in the theory of 

numbers ever since Gauss, at the age of ninteen, proved it in 1796. Since 

then many proofs have been given. In this chapter, we present a recently 

developed group-theoretic generalization of the law. 

3.1 An elegant form of Quadratic Reciprocity 

Law 

The classical quadratic reciprocity law states that for any two distinct odd 

primes p and q, 

•i)=M)'^'^(f). (3.1.a) 
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Using the notion of Legendre Symbol, Jacobi Symbol and Kronecker Symbol 

as mentioned in Section 1.10, this law can be restated as follows: 

Theorem 3.1.1. Let n be an odd positive integer and a any integer, then 

0 = 0-
where n* = ( — l ) ^ n . 

To prove this theorem, we need the following lemma: 

Lemma 3.1.2. Let n be an odd positive integer. Then 

^ / 1 T l — 1 

n* = ( - 1 ) — n 

is a discriminant. 

Proof of the Lemma : 
n is odd = ^ n = 1 (mod 4) o r n s - 1 (mod 4). 

Now 

n = 1 (mod 4) => n = 1 + 4f, t G 

n - 1 
= 2t 

Again 

2 

n* = n = 1 (mod 4) 

n* is a discriminant. 

n = - 1 (mod 4) ==> n = - l + 4i, te 

= > n - H - 2 = 4f 
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n - 1 + 2 „ 
— s • = 2f 

= » n* = - n = 1 (mod 4) 

= > n* is a discriminant. 

Proof of the Theorem : 

Without any loss we can assume that a > 0 and gcd (a, n) = 1, since 

and 

0 = °=(ir)''f«^^('''"'^'-

— j = (-1)"^' = sign of n* = (^ 

Let a = 2*̂ 6, where 6 is an odd integer and fc G N U {0}. Then 

Now, 

"*\ _/'"*\V"*\ /'"*\''f(-i)"^" 
b V 2 

= (-i)'V''(-i)^'fQ 

= ( ^ ) , by (3.1.6). 
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3.2 Legendre symbol in terms of Dirichlet 

Character 

A character / of the group Z„*, the group of units in Z„ where n is a positive 

integer, gives rise to a Dirichlet character modulo n. In this section we shall 

show that if we take n to be an odd prime p, then Zp* has a unique character 

of order 2 and its associated Dirichlet character is the usual Legendre symbol. 

Definition 3.2.1. Consider Z„ as a ring, where n is a positive integer. Let 

G = Z„* be the group of units in Z„. Corresponding to each character / of 

G, we define an arithmetical function Xf '• N —> C given by 

{/ (a) , if gcd {a,n) = 1, 

0, otherwise. 

The function Xf is called a Dirichlet character modulo n. 

Consider the group Zp*, p an odd prime. Then Zp* is a cyclic group of 

(even) order p - 1. Therefore Hom(Zp*, C*) is a cyclic group of order p - 1 

and has a unique element of order 2 say / . Then 

Lemma 3.2.2. Xf *5 the usual Legendre Symbol. 

Proof. We have 

/ (a) , ifgcd (a,p) = l. 

Define 

Xf{a) 
0, otherwise. 

- ] , Z ; ^ 0 given by /(a) = {^\ 
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Clearly it is well defined. Now for x,y ^ Zp*, 

Therefore / is a homomorphism of %p* of order 2 and so 7 = /• 

Therefore 

{/ (a) , ifgcd (o,p) = l, 

0, otherwise. 

I f - J , ifgcd (a,p) = l, 

0, otherwise. 

Thus Xf is the usual Legendre Symbol. D 

3.3 Legendre symbol: Zolotarev's observa­

tion. 

In 1872, Egor Ivanovich Zolotarev, a Russian mathematician gave another 

interpretation of Legendre Symbol. In this section we shall study this ovser-

vation elaborately. 

Let G = Zp, the group of residue classes modulo p under addition. Let a 

be an integer such that gcd {a,p) = 1-

Consider 

(t>a : Zp —> Zp given by x i—> ax. 

Now 

X = y =^ax = ay =^ (p^{x) - ^{y). 
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Therefore (fe is well defined. Again 

ax = Wy =^ax = ay (mod p) =^ x = y (mod p) =^x = y. 

That is 0a is one one. Therefore (j)aisa, permutation on Zp. 

Note 3.3.1. We have 

</ .a :Zp-^Zp, 0 j : Z p ^ Z p =^ (h o <f>-, : Zj,—^ Zj,. 

Now 

Therefore 

Lemma 3.3.2. Define 

F : Zp* —> C* given by F{a) = sgn (j>a. 

Then F is a homomorphism. 

Proof. For a,be Zp* , 

F{a b) = F{ab) ^ sgncj)^ = sgn {(j)a o (l>^) 

= sgn ^ sgn ^ = F{a)F{b). 

(noting that signature of the product is the product of the signature.) 

Therefore F is a homomorphism on Zp* i.e., F is a character of Zp*. D 

Now let X be a generator of Zp*. Then ^ is a. (p — I) cycle. That is <f)x is 

odd. Thus F is non trivial. Also F has order 2. Hence 

F = / = . 

since in Z* order 2 homomorphism is unique. 
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3.4 The Quadratic symbol for a finite group 

In this section we define the Quadratic symbol for a finite group G and study 

some properties and implications of this symbol. 

Let G be a finite group of order n with conjugacy classes 

Ci = {1}, C2, . . . , Cm- Let o be an integer relatively prime to n. 

Lemma 3.4.1. Consider the map f : G —> G given by f{g) — §"•. Then 

f is a permutation of G. 

Proof. Suppose QI = f̂-

Now 

9i - 91 - 9i - 9i 9i - 9i - 92 - 92 - 92-

Therefore / is an injective map from G onto itself. That is / is a permutation 

ofG. D 

This / induces a permutation on the conjugacy classes of G also sending 

C I—> C". Let this permutation be <f)a. 

We now define Quadratic symbol for a finite group as follows: 

Definition 3.4.2. Define F:N —>C given by 

sgn(j)a, ifgcd(a,n) = 1, 
F{a) = ( 

10, otherwise. 

« ) • 

F{a) is called the Quadratic symbol of G at o and is denoted by ( — 1 
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In view of Zolotarev's observation we can see that the Quadratic symbol 

for G = Zp, where p is an odd prime is the Legendre symbol: 

The following lemma tells us a very interesting property of F, which says 

Lemma 3.4.3. F defines a real Dirichlet character modulo n. 

Proof. Let G be a finite group of order n, and a be an integer relatively prime 

to n. Define 

/ : Z„* — > C given by /(a) = sgn (l)a, 

Where 0a is the permutation on the conjugacy classes of G given by Cj i—> 

Cj". Now 

a = b = > a = b + nt = > sgn (j)a = sgn 06, 

(noting that G*"̂ "' = G* and therefore (j)b+nt = (f>b)- So / is well defined. Also 

(0a O 06)(G) = UMC)) = UC") = G"" = (t>at{C). 

That is (j)aO(j)b = (f>ab- So, 

f{ab) = f{ab) = sgn (j>ab = sgn {(f)a o 0^) = f{a)f(b). 

Therefore / is a character on Z„*. 

Now, 

\sgn(t)a, ifgcd(a,n) = 1, 
F{a) = I 

10, otherwise. 

/ (a) , if gcd(a,n) = 1, 

0, otherwise. 
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Thus F is a real Dirichlet character modulo n. D 

Definition 3.4.4. Let G be any group (finite or infinite). Consider the map 

f:G—>G given by g^—> g~\ 

A conjugacy class C in G is said to be real ii C"^ = C otherwise it is said 

to be complex. Here C~^ denotes f{C). 

Remark 3.4.5. The complex conjugacy classes occurs in pairs C and C~^ 

with \C\ = \C~^\. We order the conjugacy classes so that the first ri classes 

are real. Thus m = ri+2r2, where r2 is half the number of complex conjugacy 

classes. We then set 

d=d{G)={--^r\Gru^\cjr 

={-irn 

icii ic2|---iaj 
\G\ \G\ 
\C2\'--\Cr,[ 

\G\ 
Since for any conjugacy class C, -r-^ is a nonzero integer therefore it follows d 

is a non zero integer. Clearly, given a prime p we have p | n if and only if p \ 

d. Thus d has the same prime divior as n. We call d the discriminant of G, 

a name that is justified by the fact that d = o or 1 (mod 4), as we shall see 

later. 
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3.5 Matrix of character table 

In this section we shall consider the Matrix of a character table and then 

establish a very crucial relation between the determinant of the Matrix of a 

character table and d, the discriminant of G. 

Let G be a finite group with conjugacy classes Ci = {1}, C2, . . . , Cm and 

gj G Cj be a representative element for all j . The matrix 

M = [\.(Pj)Lxm 

where XD ̂  = 1,2,. . . ,m are the irreducible characters of G is called the 

Matrix of the character table of G. 

Lemma 3.5.1. Let G be a finite group of order n with conjugacy clases 

Ci = {1}, C2, . . . , Cm- M be the matrix of character table of G. Then 

where 

d={-ir\Grn^\c,\-\ /€N 
Proof. Let Xi,X2, • • • ,Xm be the irreducible characters of G. 5, € C, be a 

representative element of Cj, i = 1,2,..., m. Now 
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M = 

X l U l ) X1U2) ••• X\{9m) ^ 

X2i9l) X2{92) • • • X2{gm) 

\Xm{9l) Xm{92) • • • Xm{9m)j 

( 

M* = {My = 

Xii9i) X2{9i) ••• Xm{9i) 
\ 

Xli92) X2{92) ••• Xm{92) 

\Xl{9m) X2{9m) • • • Xm{9m)J 

Again 

M*M = 

/ 
Xi{9i) X2{9i) ••• Xm{9i) 

\ 

Xl{92) X2{92) ••• Xm{92) 

( 

\X\{9m) X2{9m) • • • Xmi9m)J 

\ Xi{9i) Xi{92) ••• X\{9m) 

X2{9l) X2{92) • • • X2{9m) 

\Xm{9l) Xm{92) • • • Xm{9m)j 

( JlXx{9i)Xi{9i) 12Xi{9i)Xi{92) ... J2Xi{9i)Xt{9m) \ 

m . 
1=1 
m _ 

t = l 

YlXi{92)Xii9i) T,Xi{92)Xi{92) ... T,Xi{92)Xi{9m) 
1=1 2=1 t = l 

K^Xt{9m)Xz{9l) J2Xt{9m)Xi{92) . . . J2Xi{9m)Xi{9m) 
\ t = l 1=1 1=1 J 
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Now, 

^\CG{9.)\ • • • 0 ^ 

, hy Theorem 1.6.25 

1̂0 ... \CG{9m)\) 

^(G | |C i | - l . . . 0^ 

^ 0 . . . | G | | C ^ | - 1 ^ 

d e t M 

Xi{9i) Xi{g2) ••• Xi{9m) 

X2{9l) X2{g2) • • • X2{9m) 

Xmigi) Xm{g2) • • • Xm{gm) 

(3.5.a) 

X2{gT^) X2{g2^) ••• X2{gm) 

Xmigi^) Xm{g2^) • • • Xm{gm) 

, by Lemma 1.6.24. 

xi{gi)xi{g2) ••• xiUn)xi(5ri+i) ••• Xl(Pri+2r2) 

X2{gi)x2ig2) ••• X2ign) X2{g7,\i) ••• X2{g7^+2r2) 

Xmigi) Xm{g2) ••• Xm(yri) Xm(5r~i + l) ••• X m l ^ n W j ) 

Suppose, 

Xs{97,\i) = Xs{gn+j), where i,j € {1, 2 , . . . , 2r2}; i ^ j ; s G {1, 2 , . . . , m } . 
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Then 

Xs{gn+i) = Xs{gri+j) 

Xs{gr,+z) = Xs{gn+j) 

Xs{gn+i) = Xs{gr,\j)-

Therefore 

detM = 

Xl{gi)Xl{g2) ••• Xligri) Xl{g<t>{ri+1)) • • • Xl(P<^{ri+2r2)) 

X2(Pl) X2(52) • • • X2{gn) X2{g4>{n+l)) ••• X2{g4>(ri+2r2)) 

X m ( p l ) Xm(52) • • • Xmigri) Xm{g4>(ri + l)) ••• Xm(50(r,+2r2)) 

where, (/» e SymX, X = {n + 1, ri + 2, . . . , ri + 2r2} such that <̂  is a 

product of transpositions of total length 2r2. Therefore 

det M = sgn{(f>) • det M = (-1)'"^ det M. (3.5.b) 

Again by equation (3.5.a), we have 

det(M*M) = |Gp n \C,\-\Gf'^ n \Cr,^\-^ 
j = i 1=1 

=^ det{M*)det{M) = \Gp U^\Cj\-^ (\G\'' 3 |a,+, |-M , by Remark 3.4.5. 

= ^ (-l)''^(detM)2 = \G[-' U \Cj\-H\ by equation (3.5.6). 
j = i 

^^ (detMf = (-l)'-^lGp n ICjj-^i^ 

= > (det M)^ = Pd, leK 

This completes the proof. D 

56 

file:///Cj/-H/


Remark 3.5.2. We have 

det(M) = ^sgn{(t>)xi{g4,(i))X2{94>{2))---Xm{g,t>{m))-

Let 

A = Yl Xl{9<t>{l))X2{g<p{2)) • • •Xm{94>{m))-
<t>^Sm, <t> even 

B = Yl X\{94'{l))X2{g<f,{2)) • • •Xm{94>{m))-

Clearly det M = A-B. 

In view of Theorem 1.6.28, we have A and B are algebraic integers and 

therefore A + B and AB are algebraic integers. We shall in fact prove that 

A + B and AB are rational integers. The following lemma is important to 

prove this result. 

L e m m a 3.5.3 . Let G be a finite group of order n with conjugacy classes 

Ci = {1}, C2,..., Cm and g^ E Ci be a representative element for all i. If gcd 

{a,n) = 1, then 

{9u92,---,9m} = {gt,92,---,9m}-

Proof It is enough to show that g^ is not conjugate to g^ for any i,j = 

1,2,..., m; zV i- Suppose, g^ r^ g^ for i, j = 1,2,..., m; i^ j . Then 

9J = 99z9'^, for some g eG 

=^ 9^ = {99z9-'r 

= ^ 9] = 99i9~^, by Lemma 3.4.1 

=> 9t^ 9j, 

a contradiction. Therefore yf is not conjugate to 5" D 
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Following is a corollary of the above lemma: 

Corollary 3.5.4. Let G be a finite group of order n with conjugacy classes 

Ci = {1}, C2, . . . , Cm o,nd g^ ̂  Ci be a representative element for all i. If gcd 

(a, n) — 1, then there exist ip E Sm such that g^ — 5^(,). 

Theorem 3.5.5. A + B and AB are invariant under the Galois group. That 

is, ifG is a finite group of order n and a is a rational integer prime to n and 

if o ^Q, and a(Cn) = Cn"; ihen 

a{A + B) = A + B and a{AB) = AB. 

Hence in particular A + B and AB are rational integers. 

Proof. In this proof (j) e Sm-

a{A + B) = ai ^Xi{9<t>ii))X2{9<t>{2)) • • • Xm{g^(m)) 
\ <t> / 

= X ! ^ {Xl{.9<i>{\))X2{g<t>{2)) • • • Xm{g,t>{m))) 

= Yl<^ {Xl{9<l>{l))) (^ (X2{9m)) • • • <̂  (Xm(^0(m))) 

= J2xMii))X2{g;(2)) • • • Xmiglim)), by Theorem 1.6.30 

= '^X\{9ip(<t>ii)))X2{gi>{,i>{2))) • • • Xm{9^(^(m))), by Corollary 3.5.4 

<t> 

= A + B. 
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Again 

a{AB) 

= ^ I I H ^l(^<*(l)) • ••Xm{g<j>(m)) J ( ^Xl{9<l>(\)) • ••Xm{g^(m)) 
\ \(l> even I \4> odd / 

= ^ I S X^^9<i>{\)) • ••Xmig.fim)) J (^ ( ^Xl{9<l>(l)) • ••Xm{9Hm)) 
\(t> even / \<^ odd / 

= ( Z ) X\{9l{X)) • • • Xra{9%{m) \ ( l ^ X l { ^ 0 { l ) ) • • • Xm(5$( . 
\(/) even / \<t> odd 

X I Xl{9mm)) • • • Xm{9rP{<t>(m))) ] I 2 jXl(</V( .^( l ) ) ) • • • Xm(i?V(0(m))) 
.̂<)> ct/en / \ ^ odd 

= ( X I >^^(9.t>il)) • • • Xm{9<t>{m)) J ( ^Xli9<t>w) • • • Xmi9<t>{m)) 
\ 0 even / \<t> odd / 

= AB. 

D 

3.6 Generalized Q. R. L. 

We are now in a position to prove the Generalized Quadratic Reciprocity 

Law for finite groups. 

Theorem 3.6.1. Generalized Q. R. L. 
\G\ \G\ 

LetG be a finite group ofordern with discriminant d = {—lY'^njp— ... ' 

Then 

(i) d = Oorl (mod 4). 
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(ii) For any integer a, ( — 1 = I ~ I • 

(iii) For any integer a, I —) is trivial if and only if d is a square. 

Proof. Proof of Part (i) 

We have 

f^d = {detMf = {A- Bf = (A + Bf - 4AB. 

Again 

{A + Bf - AAB = (A + Bf (mod 4) 

= ^ {A + Bf - AAB = 0 or 1 (mod 4) 

= » l'^d = Oorl (mod 4). (3.6.a) 

Now, if G is odd, then / is odd and d is odd. Therefore 

l^d = 1 (mod 4) and l^ = 1 (mod 4). 

Which implies d=l (mod 4). 

Again if G is even, then since 

|G | = 1 + IC2I + • • • + l a j + l a . + i l + • • • + \Cr,+2r,\, 

we have Ci is odd for some i = 2 , 3 , . . . , ri, (noting that complex conjugacy 

classes occurs in pairs). It follows d = 0 (mod 4). D 

The prove of part (ii) is a direct consequence of the following propositions: 

Proposition 3.6.2. Let o ^ Q he such that o-(Cn) = Cn"; where Q is a 

primitive n"* root of unity and god [a, n) = 1. Then 
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Proof. We have 

detM = 

Xl{9i) Xl(P2) ••• Xli9m) 

X2{gi) X2(P2) ••• X2i9m) 

Xm{gi) Xm{92) ••• Xm{9m) 

Using Theorem 1.6.30, we get 

a (detM) 

Xi{9t)xM) 

X2{9t) X2{9^) 

•• Xli9m) 

• • X2{9m) 

Xm(pi) Xm{92) • • • Xmig^) 

It follows from Theorem 3.5.1 that 

a{± /\/d) = ( ^ ) (± Is/d). 

Which implies that 

<^{V~d) = ( ^ ) Vd. 

D 

Proposition 3.6.3. Let G be a finite group of order n with discriminant d. 

Then for any prime p, p\n 

(§) = 0 
Proof. We know that d and p has the same prime divisors. Therefore p \ 

n => p\ d and so ( - 1 = ±1 . 
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Suppose ( - I = 1. Then applying Theorem 1.11.6 and Corollary 1.11.5, 

we get 

p splits in Q{v/(i) i.e., ap{Vd) = Vd 

i.e., i^^^^ = Vd 

Next Suppose ( - I = - 1 . Then also applying Theorem 1.11.6 and Corol­

lary 1.11.5, we get 

p doesnot spht in Q{vd) i.e., ap{\/d) ^ vd 

i.e., ap{Vd) = -\fd 

i.e., (^) \/d = -\fd 

'- (I) = - - if) • 
Therefore we can conclude that 

(§) - if) '̂ H-
n 

Proposition 3.6.4. Let G be a finite group of order n with discriminant d. 

Then 

i) = (A 
Proof. Let Ci = {1}, C2, . . . , C^, be the conjugacy classes of G. ri the num­

ber of real conjugacy classes and r2 half the number of complex conjugacy 
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classes. 

We have 

—\ = sign d = {-IY\ By Remark 3.4.5. 

Again 

where </>_! is the permutation on the conjugacy classes of G given by C 

C-\ Now 

Ci C2 • . • L/ri L/ri+l • • • Cf, 

Cl C2 . . . Cri C^Ti+1) • • • C^rn)^ 

where ^ G SymX, X = {ri + 1, fi + 2 , . . . , fi + 2r2} such that 0 is a product 

of transpositions of total length 2r2. 

Therefore 

(^) =.,„,_. = (-». = (A). 
D 

Since f — j is a character modulo n therefore (7^) is totally multiplica­

tive. Therefore Part (ii) of our main result follows from The above proposi­

tions by multiplicativity. 

Proof of Part (iii) 

We have by Lemma 3.6.2 

a{-vd) = l — j vd, a E Q, a any integer prime to n. 

If ( ^ ) = 1, then 

a{Vd) = Vd^^y/dEQ^d IS a square. 
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Again if d is a square then 

VdeQ=>Vd^a{Vd)={^)Vd=^Q=l. 

The following lemma is very important to prove the direct generalization 

of classical quadratic reciprocity law. 

Lemma 3.6.5. Let G be a finite group of odd order n. Then G has only one 

real conjygacy class namely {1}. 

Proof Suppose C is any real conjugacy class of G and g ^ C. Now 

C is real = > C = C"^ =J> 5 e C-\ 

Again g ^C ^ g~^ G C~^. Therefore g ~ g~^. Now 

g ~ g~'^ =^ g-^ = /ip/i"\ for some h e G 

=^ g = hg-^h'^ = hhgh-^h-^ = h'^gh'^ 

=^ gh' = h'g 

=^ h'e Caig). 

Moreover since n is odd, therefore o{h) is odd, say o{h) = 2/ + 1 for some 

positive integer /. Now 

h = h'^-^'h = /i2'+2 = {h^y^\ 

Again 

h^ G Caig) ^ {h'Y^' € Ccig) ^ h e Caig) ^ hg = gh. 

Now 

g~^ = hgh~^ = ghh~^ = g. 

But o{g) is odd. Therefore g = I. i.e., C = {1}. D 
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In the special case if we take G to be a group of odd order, we get the 

following corollary of the Main Theorem, which is a direct generalization of 

classical quadratic reciprocity law (Theorem 3.1.1). 

Corollary 3.6.6. Let G be a finite group of odd order n. Then d — n* and 

for any integer a 

(ii) (7 ; ) is trivial if and only ifnis a square. 

Proof. Proof of Part(i) 

Let Gi — {1}, G2, . . . , G„i be the conjugacy classes of G. Then Gi = {1} is 

the only real conjugacy class of G and d = {—l)~2~n. Now 

n is odd =^ d is odd =^ d=\ (mod 4) = > (-l)~2~n = 1 (mod m). 

(3.6.b) 

Again we have 

n is odd =^ n* is a discriminant =^ n* = 1 (mod 4) 

= > (-1)^^71 = 1 (mod 4). (3.6.c) 

From equations (3.6.b) and (3.6.c) we get 

( - l ) ^ n = ( - l ) ^ n (mod 4) 

= > ( - 1 ) ^ = ( - 1 ) ^ (mod 4), since gcd (n, 4) = 1. 

= ^ ( - i ) = ^ = ( - i ) V 

= » d = n*. 
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and for any integer a, 
' a\ _ / n 

D 

To prove Part (ii) we need the following: 

Lemma 3.6.7. Let n be an odd positive integer. Then 

n* is a square if and only if n is a square. 

Proof. 

n is odd =^ n = ±l (mod 4). 

Suppose n is a square. Then n ^ — 1 (mod 4) and so 

n = 1 (mod 4). So, n = 1 + 4i, for s o m e i e Z . 

Therefore 

n* = (—l)"~2~n = (—1) 2 n = (—l)^'n = n, which is a square. 

Conversly, Suppose that n* is a square. Now 

n* = (—l)''2~n = ±n. 

Since n is positive, 

n* 7̂  —n. So n = n*, which is a square. 

D 

The proof of Part (ii) follows immediately in view of our main theorem 

namely Theorem 3.6.1 and Lemma 3.6.7. 

Finally we see from Theorem 3.6.6 and (3.1.a) that Zolotarev's result 

(3.4.a) holds for any group G of odd order. 
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Chapter 4 

Arithmetic Functions of Finite 

Groups 

One of the major portions in the theory of numbers is occupied by the arith­

metic functions. These are complex valued functions defined on the set of 

positive integers. This chapter deals with the complex valued functions de­

fined on the collection of all finite groups (abelian as well as non abelian). 

4.1 Introduction 

Let Q be the collection of all finite groups (upto isomorphism). Then Q 

can be regarded as a monoid with respect to the direct product of groups 

(treating the isomorphic groups as the identical ones). The identity element 

of Q is given by the trivial group EQ, the group of order 1. 

Let X be the collection of all finite abelian groups (upto isomorphism) 
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and let J be the collection of all completely reducible groups of X. Then X 

and J are submonoids of Q. 

Again let N* be the monoid of the positive integers. Then N* = J under 

the correspondence n i—> G, where n is a positive integer and G the unique 

completely reducible group of order n. 

Let A{G) denote the collection of all complex-valued functions with do­

main Q and A{X) denote the collection of all complex-valued functions with 

domain X. Then \\,Vi, and e are three well known nvembeis of A{Q) 

where for a given G e ^ we define 

\G\= the order of G, u{G) = 1, and e{G) = 
1, if G = Eo, 

0, otherwise. 

Similarly if we take G E X, then \ \, u and e defined as above are also 

members of A{X). 

Moreover the functions A and redefined by A{G) = the grade of G = 

number of groups in X of order < |G| and /(G) = number of direct factors of G 

are also members of A{X). 

4.2 Convolutions of functions 

In this section we study convolution of any two functions / , p G A{Q). We 

also study convolution of any two functions f,g E^ A{X) defined in two 

different ways and some properties of these convolutions. 
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4.2,1 Convolution of functions in A{Q) 

Let G ^ Q. Then G has a composition series given by 

Eo = Ho < Hi < • • • < Hn-i <i Hn = G. 

The Jordan-Holder Theorem states that any two composition series for a 

group have the same set-with-multiplicities of composition factors, upto iso­

morphism of factors. We denote this set with-muItipHcities as C{G). Thus, 

for the above composition series 

C{G) = {HjH^^i:i = 1,2,...,n} 

and it is uniquely determined by G upto isomorphism of factors. By conven­

tion C{Eo) = (j>. 

Theorem 4.2.1. For all K < G the set C{G) is the disjoint union (i.e., 

union counting multiplicities) of the sets C{G/K) and C{K). 

Proof. Let 

{{K} =)Ho/K < HJK < H2IK <!••.<! Hn{= G)/K 

be a composition series of G/K. Since {K} = HQ/K, therefore HQ = K. 

Moreover each H^ is a subgroup of G containing K. Also by (Third Isomor­

phism) Theorem L2.3, 

^ 7 ^ = ^{simple), i = 0,1,2,...,n. (4.2.a) 

Now let 

£•0 <] Â i <] A''2 <] • • • <] Nm-i <3 K 
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be a composition series of K. Then 

is a composition series of G. And 

C{G) = {NjEo, N2/NU . . . , K/Nm-i, Hi/K, H2/H,,..., G/i7„_i} 

= C{K)uC{G/K). 

D 

Following is a direct corollary of the above theorem. 

Corollary 4.2.2. For any Gi, G2 € Q, C{Gi xG2) is the disjoint union (i.e., 

union counting multiplicities) ofC{G\) andC{G2). 

Proof. In view of Theorems 1.3.3 and 1.3.4, we have Gi < (Gi x G2), and 

(Gi x G2)/Gi ^ G2. Therefore by above theorem 

C(Gi X G2) = C(Gi) U C((G: x G2)/Gi) = C(Gi) U C(G2). 

D 

Given G e Q, let UC{G) denote the direct product of all members (count­

ing multiplicities) of the set-with-multiplicitiesC(G). Clearly for any G G G, 

UC{G) is completely reducible. As a convention we take UC{Eo) = EQ. 

Definition 4.2.3. If / and g are any two functions in A{G) then their con­

volution is defined to be the function f * g E A{G) given by 

( /*5)(G) = ^f{H)g{K), 
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where G G 5, and the summation is over all ordered pairs {H,K) e Q x Q 

which satisfy one of the following conditions: 

(i) One of H and K is G, and the other is EQ, 

(n) HxK^UC{G), and none of H and K is EQ. 

I.e., 

(/ * 9){G) = f{G)g{Eo) + I{EQ)g{G) + ^ f{H)g{K), 

HxK-nC(G) 

where G €. G. 

Remeirk 4.2.4. If/, ^ G A{Q) then one can also define their ordinary product 

fg e A{g) given by 

f9{G) = f{G)g{G), V G e g . 

However, the convolution defined above turns out to be more fruitful. 

Theorem 4.2.5. A{Q) is a commutative ring with identity e under the addi­

tive and the multiplicative operations given respectively by ordinary addition 

and convolution of funcitons. 

Proof. The proof of the theorem is a direct consequence of the following 

lemmas. D 

Lemma 4.2.6. / / f,g,he A{g) then ( ( / * g) * h) = {f*(g*h)). 
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Proof. In this proof the sumation is taken over all ordered pairs {H, K), 

{H\ K'), {H\ K") egxG such that none of H, K, H\ K\ H'\ K" is ^Q. 

Now for G G ̂  

{U*9)*h){G) 

= if * g){G)h{Eo) + if * g){Eo)h{G) + E if * 9){H)h{K) 
HxK=nC{G) 

= f{G)g{Eo)h{Eo) + fiEo)g{G)hiEo)+ E f{H')g{K')h{E,) 
H'xK'=nC{G) 

+ f{Eo)g{Eo)h{G) + E {f{H)g{Eo)h{K) + f{EMH)h{K) 
HxK=nc{G) 

+ E f{H")g{K")h{K)) 
H"xK"=nC(H)=H 

= f{G)g{Eo)hiEo) + f{Eo)giG)h{Eo) + E f {H')g{K')h{E^) 
H'xK'=nC{G) 

+ f{E,)g{Eo)h{G) + E f{H)g{E,)h{K) + f{EMH)h{K) 
HxK=nC{G] 

+ E f{H")g{K")h{K) 
H"xK"xK=nC(G) 
(H",K",K)eGxgxg 

E f{L)g{M)h{N), 
(L,M,N)egxgxG 

such that 

(i) One of L, M and N is G, and the other two are £'0, or 

(a) Lx M X N = UC{G), and no two of L, M, Â  are EQ. 

Similarly we can show that 

if * {9 * h)){G) = Yl f{L)g{M)h{N), 
{L,M,N)egxgxg 

such that the above two conditions hold. 

72 

D 



Lemma 4.2.7. If f,g,h G A{Q) then 

f*{g + h) = {f*g) + {f*h). 

Proof In this proof the sumation is taken over the ordered pairs {H, K), 

{H', K')eQxg such that none of H, K, H', K' is EQ. 

Now for G G ̂  

UH9 + h)){G) 

= f{G){g + h){E,) + f[E,){g + h){G) + E f{H){9 + h){K) 
HxK=nC(G) 

= f{G)g{Eo) + f{G)h{Eo) + f{Eo)g{G) + f{Eo)h{G) 

+ E f{H)g{K) + f{H)h{K). 
HxK=nC{G) 

Again 

((/*5) + (/*/i))(G) 

= (/*5)(G') + (/*/i)(G) 

= /(G)p(£;o) +/(£^o)5(G) + E / W P W 
Hx/c:=nc(G) 

+ /(G)/i(£;o) + f{Eo)h{G) + E fmg{K') 
H'xK'-nC(G) 

= /(G)^(£;o) + /(£^o)5(G) + f{G)h{Eo) + f{Eo)h{G) 

+ E {f{H)g{K) + f{H)h{K)}. 
HxK-nC{G) 

Hence 

f*{g + h) = {f*g) + {f*h). 

n 

73 



4.2.2 Convolutions of functions in A{^) 

Here we give the definition of E-convolution of two functions in A{X) and 

study some properties of this convolution. 

Definition 4.2.8. If / and g are any two functions A{X), then the E-

convolution is defined to be the function f • g E A{X) given by 

{f-9){G)= E f(D)9iE) 
Dy.E-G 

(D,E)eGxg 

Remark 4.2.9. When G is restricted to J{= N*) then the E-convolution 

reduces to the usual number theoretic convolution which is multiplicative. 

Remark 4.2.10. T"— U • u. 

Proof. We have 

{u-u){G)= Yl <D)U{E) = TXG). 
DxE=G 

{D,E)egxg 

D 

The following theorem is immediate from the above definition. 

Theorem 4.2.11. A{X) is a commutative ring with identity e under the ad­

ditive and the multiplicative operations given respectively by ordinary function 

addition and E-convolution of funcitons. 

Proof If f,g,he A{X), then 

{f-{9-h)){G) = {{f-g)-h){G)= J2 f{L)9{M)h{N), 

LxMxN-G 
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where the summation is over all ordered triples {L,M,N) € Q x Q x Q 

such that L X M X N — G. The associative law for multiplication is thus 

established. The other ring properties can be easily verified. D 

Now we give the definition of D-convolution oHv/o functions in A{X) and 

study some properties of this convolution. 

Definition 4.2.12. If / and g are any two functions in A(X) the D-convolution 

of / , g is defined to be the function f Q g ^ A{<V) given by 

( / 0 5 ) ( G ) = ^ / { / ^ M G ' / / f ) . 
H<G 

Lemma 4.2.13. Suppose f,g e A{X). Then f Q g - g Q f, i.e., D-

convolution of functions is commutative. 

The following proposition is important to prove the lemma. 

Proposition 4.2.14. Let H be a subgroup of a finite abelian group G and 

H^=^{xeG\ x{H) = {!}}, where G = Hom(G',e). Then 

(i) GJH ^ H^, 

(ii) G/H^ ^ H. 

Proof. 

Define (j): G/H —> H^ given by </>(/) = x, where 

X : G —> C* given by x(^) = figH) VgeG. 
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Clearly 0 is well defined. Again let Xi,X2 ^ H^. Then xi(i?) = fi{gH) and 

X2(^) = f2{gH) for some / i , /s G GJH. NOW 

Xl = X2 

= ^ Xi(5) = X2(5) V ^ G G 

= > h{gH)^f2{gH) ygHeG/H 

=^ fi = f2. 

Therefore (f) is one one. Moreover given any x G H-^ we can define a function 

/ 6 GJH given by /(i?/f) = xio) ^ gH e G/H. Thus (̂  is onto. Again 

let / i , /2 G G / ^ . Then /i(pi/) = Xi(p) and ^ ( p i / ) = X2{9) for some 

Xi,X2 e G. Therefore {fif2){gH) = (xiX2)(5)- Which implies <f){fif2) = 

X1X2 = </'(/i)</»(/2), i-e., 0 is a homomorphism. This proves part (i). 

For part (ii), consider A : G —> H given by A(x) = X\H- Clearly this 

map is onto. Moreover A(xiX2) = (XIX2)IH = XI\HX2\H = '̂ (Xi)A(X2)- Again 

if IH is the identity element of H then Ker(A) = {x G G : A(x) — IH} = 

{x ^ G : x\H = IH} — H^. Therefore by First isomorphism Theorem 1.2.1, 

we have G/H^ ^ H. 

U 

Proof of the lemma : 

For / , 5 € «4(A') and G 6 Af, we have 

UQ9){G)=Y,f{H)g{GIH) 
H<G 
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= ^f{G/H^)g{H^) 
H<G 

= {9 0f){G) = {gQf){G), 

noting that for any finite abelian group G, G ^ G (Lemma 1.6.22) and H 

can be replaced by H^ because ± is a one to one correspondence between 

the set of subgroups of G and the set of subgroups of G ([12], page 30). 

Lemma 4.2.15. Suppose f,g,h e A(X). Then f Q (g O h) = (f Q g) Q h, 

i.e., D-convolution of functions is associative. 

Proof For f,g,he A{X) and G € A', we have 

{fe{gOh)){G)=J2fiH){gQh){G/H) 
H<G 

H<G \K'<G/H ^ ' 

= E / W ( E 9{KlH)h{GlK) 
H<G \H<K<G 

= J2(jlf(H)9{K/H)\hiG/K) 
K<G \H<K ) 

= Y.^fQg){K)h{GlK) 
K<G 

= {{fQ9)(Dh){G). 
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Hence 

fQ{gQh) = {fQg)Qh. 

D 

As a consecuence of the above results we can make the following theorem. 

Theorem 4.2.16. A{X) is a commutative ring with identity e under the ad­

ditive and the multiplicative operations given respectively by ordinary function 

addition and D-convolution of funcitons. 

4.3 Coprime groups and multiplicative func­

tions 

Definition 4.3.1. The groups Gi,G2 G Q are said to be coprime or rela­

tively prime if C(Gi) and C{G2) have no member (i.e., composition factor) in 

common. For example the alternating groups A^ and A^ are coprime. 

Definition 4.3.2. The groups Gi,G2 G G are said to be almost coprime 

if C{Gi) and ^(^2) have no abelian member (i.e., composition factor) in 

common. 

In view of the above definition we get the following: 

Theorem 4.3.3. / / the groups Gi and G2 have coprime orders, then they 

will be coprime. 

Proof Let the groups Gi and G2 have coprime orders. Suppose X{^ EQ) G 

C(Gi) nC(G2). Then X G C((?i) and X G ̂ (Gz). Which implies \X\ | |Gi| 
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and |X| I IGgj. Which is a contradiction to our hypothesis that orders of Gi 

and G2 are coprime. Therefore the groups Gi and G2 are coprime. D 

The converse of the above proposition is not true. For example the alter­

nating groups A5 and AQ are coprime but they do not have coprime orders. 

But if the groups Gi and G2 are abelian and coprime, then the converse of 

the above proposition is true. 

Theorem 4.3.4. If the groups Gi and G2 are abelian and coprime, then they 

have coprime orders. 

Proof. Suppose gcd (|Gi|,|G2|) 7̂  1. Then there exists some prime p such 

that p I |Gi| andpl IG2I. 

By Cauchy's Theorem 1.3.5, 

there exists ^i G Gi and p2 ^ G2 such that o{gi) — 0(^2) = P-

Now consider the subgroups < pi > and < ^2 > of Gi and G2 respectively. 

Then < gi X Gi and < 52 >< G2, since G is abelian, and |< ^1 >1=|< 

92 >\=P-

Now by Theorem 4.2.1 

C ( G i ) = C ( G i / < y i > ) u C ( < p i > ) . 

and 

C{G2) =C{G2/ < g2>)uC{< g2>). 

But < 5i > — < ^2 >, being cyclic group of same order. Therefore 

C{<9i>)=C{<g2>) i.e., C{G,)nC{G2) ^ (f>, 
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a contradiction, since Gi and G^ are coprime. Hence Gi and G2 have coprime 

orders. O 

Definition 4.3.5. A function / € A{G) which is not identically zero will be 

called multiplicative if we have 

f{Gi X G2) = f{G,)f{G2) 

whenever Gi, G2 ^ G are coprime. 

Definition 4.3.6. A function / £ A{G) which is not identically zero will be 

called completely multiplicative if we have 

/ (Gi X G2) = f{G,)f{G2) 

ioT all GuGiEG. 

Definition 4.3.7. A function / € A{G) which is not identically zero will be 

called almost completely multiplicative if we have 

/ (Gi X G2) = f{G,)f{G2) 

whenever Gi,G2 E G are almost coprime. 

Remark 4.3.8. We have 

(i) f{Eo) = 1 if / satisfies any of the multiplicativity conditions, 

(ii) I I, u and e are all completely multiplicative functions. 

Returning back to abelian groups we have the following definitions. 
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Definition 4.3.9. The greatest common direct factor gcd {Gi,G2) of two 

groups Gi, G2 G A" is defined to be the group of maximal order in X which 

is a direct factor of both Gi and G2. 

Definition 4.3.10. The groups Gi,G2 G X are said to be E-coprime if gcd 

(Gi,G2) = £'0. 

Definition 4.3.11. Let / G A{^^) be such that f{Eo) = 1. Then / will be 

called E-multiplicative if we have 

/(Gi X G2) = /(Gi)/(G2) 

for all Gi,G2 G A" such that gcd (Gi,G2) = EQ. 

Definition 4.3.12. Let / G A{X) be such that f{Eo) = 1. Then / will be 

called totally E-multiplicative if we have 

/(Gi X G2) = /(Gi)/(G2) 

forallGi,G2G A'. 

Remark 4.3.13. If f{G) is E-multiplicative , then it is completely deter­

mined by the values for G — P'', where k = 1,2,... and P ranges over 

indecomposable groups of X . 

Remark 4.3.14. If G is restricted to J, then since N* = J, the above 

defination becomes equivalent to the usual usual number theoretic defination 

of a multiplicative function. 

Remark 4.3.15. The functions | | and £ are both totally E-multiplicative 

and hence E-multiplicative. 

81 



As a consequence of Theorem 4.2.11, we have the following corollary. 

Corollary 4.3.16. The set of E-multiplicative functions is a sub-semigroup 

with identity e of the E-multiplicatwe semigroup of A{X). 

Proof. Let S be the collection of all E-multiplicative functions in A{X). To 

prove the result it is enough to show that if / i G 5, /2 e S, then / = / i • /2 G 

5. Certainly, /i(£;o) = /2(-E'o) = 1 implies that f{Eo) = 1. Suppose now 

that G = G} X G2, gcd {GijG^} = EQ. li D, E is any pair of groups in 

X such that D x E = G then by the Basis Theorem 1.3.6, D and E have 

unique decompositions, D = DiX D2, E — EiX E2 such that DixEi =Gi, 

D2 X ̂ 2 = G2. Hence gcd {Di,D2) = gcd {Ei,E2) = EQ. Therefore noting 

that / i , /2 G S, we get 

f{G,xG2)= Yl MDixD2)f2{E,xE2) 
DixEi=Gi 
D2X.E2-G2 

= Yl hiD{)f,{D2)f2{E,)f2{E2) 
DixEi=Gi 
D2XE2=G2 

= E / l (^ l ) /2(^ l ) E MD2)f2{E2) 
DixEi-Gi D2XE2=G2 

= ( / l - /2){G'i)( / i - /2)(G2) 

= f{G,)f{G2). 

Therefore f e S. Again € is the identity in S. D 

Definition 4.3.17. The groups Gi, G2 ^ ^ are said to be D-copnme if their 

orders are coprime i.e., if gcd (|Gi|, IG2I) = 1. 
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Definition 4.3.18. Let / e A{:^) be such that /(£:o) = 1- Then / will be 

called D-multiplicative if we have 

/ (Gi X G2) = /(Gi)/(G2) 

whenever Gi,G2 G ̂  are D-coprime. 

Note 4.3.19. The functions \\, u and e are D-multiplicative. 

4.4 Some results on arithmetic functions of 

Consider the factorization map p : Q —^ G given by p{G) = IIC{G) where 

G e Q. By Jordan-Holder Theorem, p is well-defined. 

Theorem 4.4.1. p is a monoid homomorphism. 

Proof. Let Gi, G2 G Q. Now in view of Corollary 4.2.2, we have 

p{Gi X G2) = UC{G, X G2) = U{C{Gi)L\C{G2)) = (nC(Gi)) x (nC(G2)) 

= p{G,) X p{G2). D 

Theorem 4.4.2. p{G) = G if and only if G is completely reducible in Q. 

Proof. Suppose p{G) = G. Then G is completely reducible as p{G) = UC{G) 

is completely reducible. 

Conversly suppose G is completely reducible. Then 

G = £;o or G = Gi X G2 X G3 X • • • X G„, 
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where Gi's are simple (not necessarily distinct). 

Now 

p(G) = p{Gi X G2 X Ga X • • • X (?„) 

= p(Gi) X p{G2) X p{Gs) X • • • X p{Gn) 

= 6*1 X G2 X Ga X • • • X G„ = G. 

D 

Note 4.4.3. On the completely reducible groups the convolution '*' coincides 

with the E-convolution which is multiplicative. 

Theorem 4.4.4. If Gi and G2 are coprime, then p{Gi) and p{G2) are also 

coprime. 

Proof. Suppose there exists some K E G such that 

KeC{p{Gi))nC{piG2)) 

=> KeC{p{Gi))kKeC{p{G)) 

==> K IS 21, direct factor of p(p(Gi)) = p(Gi) 

k, K is a, direct factor oi p{p{G2)) = /'(G2) 

= ^ KeC{G,)nC{G2), 

a contradiction. Hence p{Gi) and p(G2) are coprime. D 

In general, the convolution of two multiplicative functions in A{Q) is not 

multiplicative. But using the fact that if Gi,G2 are completely reducible 

then Gi x G2 is also completely reducible, we make the following: 
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Lemma 4.4.5. If the groups Gi,G2 € G are coprime as well as completely 

reducible, then 

{f*g){G^xG2) = {f*g){G,){f*g){G2); 

when f and g are multiplicative. 

Here we mention some important relations between an arithmetic function 

and the factorization map p. 

Theorem 4.4.6. If f E -^{0) is multiplicative then f o p ^ -^{G) is also 

multiplicative. 

Proof. Let Gi, Ga 6 ^ be coprime. Then by Theorem 4.4.4, p(Gi) and p{G2) 

are also coprime. Now 

( /op) (G: X G2) = f{p{G^ X G2)) = f{p{G,) X p{G2)) = f{p{G,))f{p{G2)) 

-( /op)(Gi)( /op)(G2). D 

Theorem 4.4.7. If f^g €. A{G) are multiplicative then {f *g)op ^ A.{G) is 

also multiplicative. 

Proof. Let Gi,G2 ^ G he coprime. 

Now 

(( / * 9) o p){Gr X G2) = ( / * g){p{G, x G2)) 

= (/*5)(p(Gi)xp(G2)) 

- if * g){p{GMf * 9MG2)) 

^{{f*9)op){Gy){{f*g)op){G2); 

noting that p{Gi),p{G2) are coprime as well as completely reducible. Thus 

f * g is multiplicative. D 
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Theorem 4.4,8. If f,g e A{G) then {f * g) o p = [f o p) * {g o p). 

Proof. We have 

{{f*9)op){G) 

= {f*9MG)) 

= MG))g{Eo) + f{Eo)g{p{G)) + E f{H)g{K). 

HxK=p{p(G))=p{G) 

Again 

((/op)*(5op))(G) 

= {fop){G){gop){E,) + {fop){E,){gop){G)^ ^ {fop){Hi){gop){Ki) 
HixKi=p{G) 

= f{p{GMEo) + f{Eo)g{p{G)) + E f{pm)g{pm) 
iPiH>),p(Ki)eQxg 
p{Hi)xp(Kf)=p{G) 

= f{p{G))g{Eo) + f{Eo)g{p{G)) + Z f{H)9{K). D 
{H,K)egxg 
HxK=p{G) 

Corollary 4.4.9. p induces a unitary ring homomorphism of A{Q) into itself 

given by f i—> fop where f e A{Q). 

Proof Let h : A{0) —> A{G) be given by / i—> fop. 

Clearly h is well defined. Now, 

h{f*g) = {f*g)op={fop)*{gop) = h{f) * h{g). 

D 

Theorem 4.4.10. If f e A{Q) with f{Eo) ^ 0 then there is a unique g G 

A{Q) such that f*g = g*f = £. 
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Proof. Given G ^ Q. Suppose 1G| = 1 i.e., G = EQ. We can calculate g{G) 

from 

l^e{G)^U*9){G) = f{E,)g{E,). 

Next suppose |G| = 2. We can calculate g{G) from 

0 = e[G) = if * g){G) = fiG)g{Eo) + f{Eo)g{G). 

Continuing by mathematical induction we see that ii g{G) has been evaluated 

for groups of orders j = 1,2,..., n — 1, then g{G) is determined by 

0 = e{G) = (/ * g){G) = f{G)g{Eo) + f{Eo)g{G) + Yl fiH)g{K); 

HxK=nC{G) 

noting that this equation contains g{G) only in the term /{Eo)p(G), and.so 

can be solved to give a unique value for g(G). D 

As an immediate consequence of the avove theorem we have the following: 

Corollary 4.4.11. The set of all functions f G A{G) with f{Eo) / 0 forms 

an abelian group under the operation given by convolution. 

Proof. Let A'{G) = {/ G A{g) : / (EQ) ^ 0}. Suppose f,ge A'{g). Now 

{f*g){Eo) = f{Eo)g{Eo)^0 

and so (f * g) e A'(G). Again we have by the above theorem if / G A'iG) 

then / - I G A{G). Suppose f-^{Eo) = 0. Then 

if*f-'KEo) = f(Eo)f-\Eo)=0 
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i.e., £{Eo) = 0, contradiction. Therefore /"H^o) 7̂  0. i.e., /"^ G A'{g). We 

know that {A{Q),+,*) is a commutative ring with identity e. Therefore * 

is-%ssoetative' and 'commutative' in A'iG). Hence {A'{Q),*) is an abeUan 

group. D 

Theorem 4.4.12. If f,g E A{G) are such that fop and (f * g) o p are 

multiplicative then go p is also multiplicative. 

Proof. Let Gi,G2 6 ^ be any two coprime groups. We shall use induction 

on the direct factors oi p{Gi) and p{G2) to prove that 

[gop){G,xG-,) = {gop){G,){gop){G2). 

We have EQ is a direct factor of both p{Gx) and p{G2). Now 

{gop){EoxEo) = {gop){Eo) 

= {{e * g) o P){EQ) 

= {eo p){Eo) *{go p){Eo), by Theorem 4.4.8 

= e{piEo))*{gop){Eo) 

= e{Eo)*igop){Eo) 

= {fop){Eo)*{gop){Eo) 

= {{f*9)op){Eo) 

= 1, 

and so, as the induction hypothesis, we assume that for each direct factor 

Ki of p{Gi) = n(Gi) and for each direct factor K2 of ^(^2) = n(G2) with 
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KiX K2^ p{Gi) X p{G2) we have 

(g o p){Kr X K2) = (g o p){K{){g o p){K2) 

i.e., g{p{K, X K2)) = g{p{K{))g{p{K2)) 

i.e., g{K^ X K2) = g{K{)g{K2). 

Then, since {f * g) o p is multiplicative, we have 

( ( / * 9) o P){G, X G2) = ((/ * 9) o p){Gi) ( ( / * g) o p){G2) 

=^ ( / * 9){p{Gx) X p(G2)) = (/ * gMGi)) ( / * 9MG2)) 

=^ J2 m)9{K) 
(.H,K)eGxg 

HxK=p{Gi)xp{G2) 

^ V ^ 
J^ f{HMKi) 

{HuKi)egxg 
\HixKi=p{Gi) I 

^ f{H2)g{K2) 
{H2,K2)egxg 

\H2XK2=P{G2) 

E / ( i / i X H2)g{K, X 7̂ :2) 

(HixH2,KixK2)egxg 
HixH2xKixK2=p{Gi)xp(G2) 

^ / ( F i X H2)g{Ki)g{K2), 
{Hi,Ki),{H2,K2)egxg 

HixKi=p(Gi), H2xK2=p(G2) 

Therefore, using induction hypothesis, we have 

9(p(Gi) X p(G2)) = 9{p{G,))g{p{G2)). 

This completes the proof. D 
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We can now make the following important corollary of the above theorem. 

Corollary 4.4.13. The set of all multiplicative functions in A{Q) of the 

form fop, where f G A{Q), is an abelian group under the operation given 

by convolution. 

Proof. Suppose 

A := The set of all functions / G A{g) with f{Eo) ^ 0. Then {A, *) is an 

abelian group by Corollary 4.4.11. Again suppose 

A' := The set of all multiplicative functions in A(G) of the form fop where 

/ € A{G). Clearly A' C A. We shall show that A' < A. Let fop, gape A'. 

Now 

(/ o p) * (5 o p) = (/ * ^) o p, 

which is multiplicative by Theorem 4.4.7. Therefore {f o p) * {g o p) e A. 

Again using Theorem 4.4.8 we have 

( / o p ) * (/"^ o P) = ( / * /~^) op = eop = e, 

which is multiplicative. Therefore (/op)"^ = (/~^op),.which is multiplicative 

by the above Theorem 4.4.12. Since /~^ G A{g), therefore (/"^ o p) e A', 

i.e., ( / o p)-i G A'. Hence A' < A. D 
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4.5 The Mobius Function 

The Mbbius function, which is one of the most useful examples of arithmetic 

functions of positive integers, is given by 

{(-1)'^("), ifw(n) = Q(n) 

0, otherwise 

where n is a positive integer, uj{n) is the number of distinct prime factors of 

n, and Q.{n) is the number of prime factors (counting multiplicity) of n. 

4.5.1 Mobius function for finite groups (abelian and 

non abelian) 

The group-theoretic analogues of a;, Q and the Mobius function fj, is defined 

as 

u){G) = number of distinct (i.e., non-isomorphic) factors in C{G), 

Q.{G) = number of factors (counting multiplicity) in C{G), and 

f(_l)w(G)^ ifa;(G)=fi(G) 
/^(G) = < 

I 0, otherwise 

where G E Q. 

Clearly U}{EQ) = 0 = ^{EQ) and so H{EQ) = 1. 

Remark 4.5.1. Taking G = Cn, we have 

uj{Cn) = uj{n), fi(C„)=f2(n) and, ^(C„) =/x(n) 
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because C„ = Cp^n x • • • x Cpi^r,^^ where pi'^ ... , p / * is the standard prime 

factorization of n, and so C{Cn) consists of the simple groups Cp^, each having 

multiplicity r,, 1 < i < /c. 

Theorem 4.5.2. fi(Gi x G2) = fi(Gi) + ^(^2) for all GuG2 € G, and 

uj{Gi X G2) = w(Gi) +uj{G2) if Gi and G2 are coprime. 

Proof In view of Corollary 4.2.2, given Gi,G2 €. Q, we know that C{Gi x 

G2)=C(Gi)uC(G2). Now 

Q{Gi X G2) = number of factors in C{Gi x G2) 

= number of factors in C{Gi) U C(G2) 

= number of factors in C{Gi) + number of factors in C(G2) 

= Q{Gi) + n{G2). 

Again suppose Gi, G2 are coprime, then C{Gi) fi C(G2) = </>. Now, 

uj{Gi x G2) = number of distinct factors in C(Gi x G2) 

= number of distinct factors in C{Gi) U C(G2) 

= number of distinct factors in C(Gi) 

+ number of distinct factors in C(G2) 

= u;(Gi)+u;(G2). 

D 

Theorem 4.5.3. The Mobius Function fj, G A{G) is multiplicative. 
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Proof Let Gi,G2 e ^ be coprime. 

Suppose u{Gi) = n{Gi) and a;(G2) = 0(G2)- Then 

= » u}{Gi X G2) = f^(Gi X G2). 

Now 

-M(Gi)/i(G2). 

Again suppose uj{Gi) ^ fi(Gi) or a;(G2) 7̂  ̂ ^(^2). Then 

a;(Gi)+a;(G'2)7^f)(Gi)+n(G2) 

= ^ u}{Gi X G2) / f^(Gi X G2). 

Now 

/x(Gi X G2) = 0 = //(Gi)/z(G2). 

Thus /i is multiplicative. D 

Proposition 4.5.4. /i(P'^) =0 if P is simple and k > 1. 

Proof If P is simple and A; > 1, we have Cl{P'') = k. But since the groups 

P, P are not coprime therefore u}{P^) 7̂  fc. Which follows the result. D 

Theorem 4.5.5. p.o p = p, and uop — u, where p is the factorization map. 

Proof. To show p,o p = p.. Suppose C{G) = {Ki,K2,..., Kn}. Each Ki is 

simple and so C{Ki) = Ki, i — 1,2,. ..,n. Now p{G) = KiX K2X • • • x Kn. 
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Case I: Each Ki is distinct. In this case we have 

(/xop){G) = fi{p{G)) = fi{K, xK2X---xKn) 

= (- ir = (-ir(«)=/i(G). 

Case II: Each i^, is not distinct. In this case we have OJ{G) ^ Q(G). Now 

{t,op){G) = i,{p{G)) = 0 = ti{G). 

Noting that IJ.{P'^) = 0 if P is simple and k> \ a, positive integer. Therefore 

p,op = fxin each case. 

For the second part 

{uop){G) = u{p{G)) = 1 = u{G). i.e., uop = u. 

D 

Theorem 4.5.6. / i *u = u* / / = e i.e., p,~^ = u andu~^ — p,. 

Proof. We have po p = p and uo p — u. Now p is mulptiplicative and u is 

mulptiplicative. Therefore 

{p*u)o p\s mulptiplicative, by Theorem 4.4.7 

= > (/i o p) * (u o p) is mulptiplicative, by Theorem 4.4.8 

==^ /x * u is mulptiplicative. 

Again for any G £Q 

{p * u){G) = {{p * u) o p){G) = (/i * u){p{G)) = (/. * u){UC{G)). 
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Now, for G ^ EQ, UC{G) is a product of powers of distinct simple groups in 

Q. And for each simple group F G ^, for each positive integer k, 

HxL=P'' 

= lj,{Eo)u{P') + iiiPMP"-') + ... 

+ li{P'-'HP) + fi{P')u{Eo) 

= fi{Eo) + /x(P) + • • • + i^{P') 

= l - l + 0 + --- + 0 = 0. 

By mulptiplicativity of fx*u it follows that 

{fi * u){G) = (/i * u){nC{G)) = 0 = e{G), VG G g. 

Therefore 

fx* u = u* n~ e i.e., u ^ —/j,. 

D 

As an immediate consequence, we have the following analogue of the 

Mobius inversion formula. 

Theorem 4.5.7. For f,g e A{Q), f = g*u <=i^ g = / * fj,. 

Proof. We have to simply 'multiply' the first equation on the right by /j, to 

get the second, and the second equation on the right by u to get the first. D 

An important example of a completely multiplicative function of positive 

integers is the Liouville 's function given by 

A(n) = (-!)"(") 
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where n is a positive integer. We define the group-theoretic analogues of A 

as 

X{G) = (-!)"(«) 

where G E G. 

Theorem 4.5.8. The Liouville's function A G A{Q) is completely multiplica­

tive. 

Proof For any Gi,G2 EQ, we have 

A(GixG2) = (-l)"(^^^''^) 

^ (_l)n(Gi)+n(G2)^ by Theorem 4.5.2 

= A(Gi)A(G'2). 

D 

Theorem 4.5.9. Aop = A and p^ o p = ^ where p is the factorization map. 

Proof. To show A o p = A. Suppose C{G) — {Ki, K2,..., Kn}. Each K,, is 

simple and so C{Kt) = Ki, i — 1,2,..., n and p{G) = Ki x K2 x • • • x Kn-

Now 

{\op){G) = X{p{G)) 

= XiKi xK2X---xKn) 

= X{K,)X{K2)...X{Kr,) 

= (-1)" = (-ifiG) = x{Gy. 
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i.e., A o p = A. 

For the second part 

(M^ O P){G) = /x'(p(G)) = MG)Mp{G)) 

= (pop)(G)(/xop)(G) 

= ^l{G)^i{G) = p2(G), by Theorem 4.5.5. 

i.e., p^ o p = p?. O 

Theorem 4.5.10. A*p^ = p^*A = e i.e., X~^ — p"^ where p} is the 

ordinary product of p with itself. 

Proof. We have A o p = A and p? o p = p'^. Now A is mulptiplicative and p^ 

is mulptiplicative. Therefore 

(A * p?) o p is mulptiplicative 

=^ (A o p) * [p? o p) is mulptiplicative, by Theorem 4.4.8 

= ^ A * /x̂  is mulptiplicative. 

Again for any G G G 

(A*/.2)(G) = ((A*p2)op)(G) 

^{X*p'){p{G)) 

= (A * p2)(nC(G)). 

Now, for G 7̂  Eo, nC(G) is a product of powers of distinct simple groups in 
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G. And for each simple group P € ^, for each positive integer k, 

(A*/.2)(P'=)= J2 M^)/ i 'W 

HxL=P'' 

= X{Eo)ii\P') + X{P)ii\P'-') + ... 

+ X{P'-')i^'{P) + X{P')^j'{Eo) 

= XiP") + XiP"-') 

= {-if+ {-!)'-' 

= 0. 

By mulptiplicativity of A * /i^ it follows that 

(A * f?){G) = (A * f/){YlC{G)) = 0 = e{G), VG G G-

Therefore 

X*iJ? = iJ?*X = e i.e., A~̂  =//^. 

Theorem 4.5.11. For each G eG, 

1, if p{G) = p{H X if) for some HeG, 

0, otherwise. 

D 

(A*U)(G) = (M*A)(G) = -( 

Proof. We have 

(A * u)(P'=) = A(^o) + A(P) + A(P2) + • •. + A(P'=) 

0, if A; is odd 
= 1 - 1 + 1 + (-1)* = < 

I 1, if A; is even 
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for each simple group P e G, and for each positive integer k. Hence, it 

follows that ii G e Q then (A * u){G) = 0 or 1 depending on whether there 

exists or does not exist a factor in C{G) having odd multiplicity. D 

Theorem 4.5.12. Let f G A{G) be a mulptiplicative function such that 

f = fop. Then f is completely multiplicative if and only if f * {fif) = 

(A*/) * / = £• i-^-, f~^ = M/ where iif is the ordinary product of fi and f. 

Proof In this proof {H,K) e Q x Q such that none of H and K^is EQ. 

Suppose / is completely multiplicative. Now for each G G ^, we have 

(/ * (/^/))(G) = f{G){fxf){Eo) + /(^o)(/i/)(G) + Yl fiH){l^f){K) 
HxK=nC{G) 

= /(G) + //(G)/(G) + E / ( ^ ^ ^ ) ^ W 
HxK=nC{G) 

= /(G) + /i(G)/(G) + '£f{UC{G))fi{K) 

= /(G) + /x(G)/(G) + J2(f ° P)iGHK) 

= f{G)+f,{G)f{G) + f{G)Y,(^{K) 

= /(G) + /i(G)/(G) + /(G) {{u * i,){G) - /z(Eo) - M(G)) 

= f{G){u*fi){G) 

= e(G). 

By Theorem 4.5.6; noting that (/ o p){G) = /(G), f{Eo) = 1 and e{G) = 0 

for G 7̂  Eo-

Conversely, since / is mulptiplicative it is enough to show that f{P^) = 
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f{P)^ for each simple group P in ^ and for each positive integer k. Now, 

{f^f)*f= e = :^( (^ / )* / ) (P '=) = 0 

= ^ KE,)f{Eo)f{P') + fi{P)f{P)f{P'-') = 0 

= ^ f{P') = f{P)f{P'~') 

and so, by iteration, f{P^) = f{P)''. This completes the proof. D 

4.5.2 Mobius functions for finite abelian groups 

In this subsection we shall study E-M6bius function and D-Mobius function 

for any group G ^ X and some related results. We begin with the following 

theorem: 

Theorem 4.5.13. There exists a unique function fx{G) satisfying the relation 

J2 f^{D) = e{G). (4.5.a) 

This function is E-multiplicative and determined by 

[ -1 , if k = l 
{l{Eo) = 1, /i(F*) = < 

[o, if fe> 1, 

where P is an indecomposible group in X. 

Proof. If there exists such a function, it must be unique, because 

(/i-n)(G)= Y. KD)u{E) = e{G) 

DxB-G 

=4> fl- U = S 
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i.e., fl is the multiplicative inverse of u in the ring A{X) and hence unique. 

We now show that a function is actually determined by (4.5.a). If there 

exists such a function, then 

{il-u){Eo)^ Y, ~KDHE) = s{Eo) 
DxE=Eo 

If P is indecomposible, then P is a cyclic group with order a power of a 

prime. Now 

(A-u)(P)= Y. KD)u{E)=e{P) 
DxE=P 

Again, 

fL{P) = - 1 . 

{Ji-u){P')= Y. KD)u{E) = e{P') 
DxE-P^ 

- 1 + 1 + /i(p2) = 0 

A(P^) = O, 

and hence by induction 

/i(P'=) = 0 for all A; > 2. 

Thus if G = £̂ 0 or the power of an indecomposible group P , then (4.5.a) is 

satisfied, provided 

ft{Eo) = l, MP") 
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0, if A; > 1. 
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The conditions (4.5.b) determine a unique E-multiplicative function fi{G), 

by Remark 4.3.13. This function (i.e., jj,) satisfies (4.5.a) for all G ^ M; 

because, if we put 

T{G) = Yl A(^)' ^ ^ '^' (4-5-c) 
DxE=G 

then T = jj, • u, which is E-multiplicative by Cor 4.3.16. But e is also E-

multiplicative, and therefore, since the relation 

T{G)=e{G), 

holds for groups of the form G = P^, by Remark 4.3.13 it must be valid for 

all GeX. D 

As an immediate consequence, we have the following analogue of the 

Mobius inversion formula. 

Theorem 4.5.14. For functions fi{G)j2{G) of A{X) 

/ i ( G ) = E /^l^*) if and only if f^iG) = J^ MWi(£^)-
DxE=G DxE=G 

Proof. In the commutative ring A{G), by (4.5.a), we have 

ft- U = £. 

Now 

fi = f2-u =^ fi- fi=fi-{f2-u) = f2-{fL-u) = f2-e = f2. (4.5.d) 

Again 

f2 = fi • fi =^ f2 • u = {jl • fi) • u = fi • {fi • u) = fi • e = fi. (4.5.e) 

Equations (4.5.d) and (4.5.e) gives the result. D 
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The following corollary is immediate. 

Corollary 4.5.15. If fi{G) is an arbitrary function of A{X), then there 

exists a uniquely determined function /2(G) such that 

/ i ( G ) = ^ f2{D). 
DxE=G 

Theorem 4.5.13 has the following corollaries. 

Corollary 4.5.16. If G = Pi^' x P2'' x • • • x 'P^^^ where Pi,P2,...,Pr are 

distinct and indecomposible, then the function JJL{G) defined by the theorem 

has the following evaluation: 

il{G)= { 
{-ly, if G = PiXP2X---xPr, 

0, otherwise. 

Corollary 4.5.17. In case G G J ( = N*), the collection of all completely 

reducible groups of X, then G is of the type 

G = Zpi"' xZp,"^ x - - -xZp ,"* , 

where P\,P2,---,Pr o-f^ distinct primes- In this case 

(-1)'=, if ni = n2 = • • • = Uk = 1, 

otherwise, 

i.e., If G ^ J, then JJL{G) reduces to the ordinary Mobius function. 

Let f/ = ^s be a semigroup of X containing EQ and generated by a set s 

of indecomposible groups of A'. If s is the set of all indecomposible groups 

of X, then U = Xs = X. Again if s is the set of all irreducible groups of X, 

then U — Xs = J, where J is the set of all completely reducible groups. 
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Definition 4.5.18. The enumerative totient (p{G) is defined to be the num­

ber of groups H ^ X such that H is of order < |G| and E-coprime to G. 

Definition 4.5.19. The generalized totient (pu{G) is defined to be the num­

ber of groups in U of order <\G\ and E-coprime to G. Clearly 

MG) = V>{G). 

If G G J then ^j{G) reduces to the ordinary Euler y?-function (since 

J^N*). 

Definition 4.5.20. The [/-grade of G, Au{G) is defined to be the total 

number of groups in U of order < |G|. 

Remark 4.5.21. It follows from the above definition that 

(i) A;,{G) = A{G). 

(ii) Aj{G) = \G\, since J^N*. 

Remark 4.5.22. Since U is generated by indecomposible groups, it follows 

that Gi X Ga G [/ <;=> Gi,G2 6 [/. 

Theorem 4.5.23. (pu{G) = J2 M M ^ ) ^ C / ( ^ ) > where 
DxE=G 

l^hiG) - { 
HG), if GeU, 

0, otherwise. 
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Proof. Let H,D,K e G a^nd H e U. We have by the defination of ifu{G) 

and e{G) 

MG)= E (̂gcd(G',/̂ )) 
\H\<\G\ 

H€U 

= ^ ^ A P ) , by Theorem 4.5.13 
|H|<|G| DxK^{G,H) 

= E E E A(D) 
|H|<|G| DxHi=H DxE=G 

HeU 

= E wi') E 1 
DxE=G DxHi=H 

\m<\G\ 

Heu 

= Y^ il{D) Y^ 1' by Remark 4.5.22. 
DxE=G |DxHi|<|G| 

DeU HiSU 

= E «D) E 1 
DxE=G lD|lHi|<|G| 

= Y f'uiD) Yl 1' by definition of/i^(D). 
DxE=G \Hi\<\E\ 

= Y f'u{D)Au{E). 
DxE=G 

In view of Remark 4.5.21, we now have the following corolaries: 

Corollary 4.5.24. IfU = M, then ipx{G) = ^p[G) = J2 KD)A{E). 
DxE=G 

Corollary 4.5.25. IfU = J, then ipj{G) = ^ tJ'j{D)\E\. 

DxE=G 
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Corollary 4.5.26. ^ ip{D)=A{G). 
DxE=G 

Proof. We have form Corollary 4.5.24 

DxE=G 

Therefore by Theorem 4.5.14, 

J2 ^{G) = A{G). 
DxE=G 

Theorem 4.5.27. The function ifj is E-multiplicative. 

O 

Proof. We know that the function | | is E]-multiplicative. Again by Theorem 

4.5.13 n*j is E-multiplicative. Therefore in view of Theorem 4.3.16, tpj — 

fxj* • I I is E-multiplicative. D 

4.5.3 Partition function 

In this section we study Partition function defined on positive integers and 

Zeta function of X and some results related to them. 

Definition 4.5.28. For positive integer r, define 

P{r):= number of (unrestricted) partitions of r. 

E{r):= number of partitions of r into an even number of distinct parts. 

U{r):= number of partitions of r into an odd number of distinct parts. 
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As a convention we take P(0) = E{0) = 1 and U{Q) = 0. Let n > 0 have 

the canonical factorization n = Hp'" into powers of distinct primes p. 

Define the functions a and u given by a(n) = XI " (^ ) ^^^ ^l'^) — 
|G|=n 

^ fi{G). Then we have the following: 
\G\=n 

Theorem 4.5.29. The functions a and u are E-multiplicative. 

Proof. We have 

ain) =Y^1. (4.5.f) 

Let n = nin2, gcd (ni,n2) = L By the Basis Theorem 1.3.6, each G in (4.5.f) 

has a unique factorization, G = Gi x G2 such that |Gi| = ni, IG2I = n2. 

Hence gcd ( d , G2) = EQ. NOW 

a(n = nin2) = V ] 1 = V^ •'• 
|GixG2|=n |Gi 1=711 ,|G2|=:n2 

= E i E i 
|Gi|=ni |G2|=n2 

= a(ni)a(n2). 

i.e., a is E-multiplicative. Again 

ẑ (n = nin2) = ^ /i(G) - ^ /i(Gi x G2) 
|GixG2|=n |Gi|=ni,|G2|=n2 

|Gi|=ni |G2|=n2 

= i^{ni)iy{n2). 

i.e., 1/ is E-muItiplicative. D 
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Theorem 4.5.30. We have uip') = P'{r), where P'{r) = E{r)-U{r). 

Proof. Let 

r = {GeX:\G\ = p'-}. 

Xi = {G € X' : G is a. product of even number of distinct groups}. 

X2 = {G e X' : G is a product of odd number of distinct groups}. 

Then 1̂*11 = E{r) and l̂ 'aj = t/(r). Now 

\G\=pr 

= jA'il - IA'21, by Corollary 4.5.16. 

= E{r) - U{r) 

= P'(r). 

D 

Theorem 4.5.31. a{n) = IT P{r), u{n) = n P'{r), where P'{r) = E{r)-
p''\n p^\n 

U{r). 

Proof. We know that the number of non isomorphic abelian group of order 

p'" is P{r). Therefore a{p^) = P{r). Now, 

a{n) = a{p/'P2''...pk'') 

= a{p/^)a{p2'^)...a{pk'-') 

= P{r,)P{r2)...P{rk) 

= UP{r). 
p'-jn 
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Again 

= P '(r i )P '(r2) . . . P'(rfc), by Theroem 4.5.30. 

= n P\r). 

Following lemma is a consequence of Theorem 4.5.13. 

{1, if n = 1, 

0, if n> 1. 

Proof. From Theorem 4.5.13, we have 

^ liiD) = e{G) 
DxE=G 

=^ E E ~^(D) ̂  Y: (̂̂ ) 
\G\=n DxE=G |G|=n 

=> ^ HD)=e{n) 
\D\ \E\=n 

^ E E ~^iD)=e{n) 
de=n |D|=rf, |£;|=:e 

^ E EA(^) EI=^W 
de=n \D\=d |E|=e 

^ i / ( ( i ) a ( e )=e (n ) . 
de=n 

a 

D 
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Lastly we study "zeta function" of M and establish a very interesting 

result. 

Definition 4.5.33. The "zeta-function" of X is defined for real values of 

s > 1 by 

GeX^ ' n= l 

00 

Theorem 4.5.34. E ^ = E $ ^ = zfc)-

Proof. We have 

\G\s 2^ 2^ n' 
GeX I ' n=l G€X, \G\=n 

0 0 

n=l 

0 0 / V 

n=l 

Again 

s,n=l / \ m = l / m,n 

00 J 

= Zl Ail S «H^H 
fe=l 

00 

= E-
fe=l mn=fc 

fc=l 
k^ 

Therefore 
,u{m) 

Combining equations (4.5.g) and (4.5.h) we get the required result. D 
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Definition 4.5.35. The D-Mobius Function jl is defined by the formula 

fiQu — e. 

Lemma 4.5.36. /i(£'o) = 1-

Proof. We have 

{fiQu){E^) = e{EQ) 

= ^ /i(£'oH^o) = l 

= ^ A(^o) = l-

D 

Proposition 4.5.37. For each G ^ X, the equation {fi 0 u){G) = e{G) has 

a unique solution for jJ,{G). 

Proof. We use induction on the order of G. Suppose \G\ = 1 i.e., G = EQ, 

then /i(G) = 1. Next suppose |G| = 2. Then 

{fLeu){G)=e{G) 

=> ij{EoHG) + fiiG)u{Eo) = 0 

= > A(G) = - 1 

Suppose for all H G X whose order is less than order of G, fi{H) is uniquely 

determined. Now, 

{fiQu){G) = e{G) 

H<G 

H<G 

111 



H<G \<G 

KG) = -'£KH). (4.5.i) 
H<G 

i.e., p,{G) is uniquely determined. D 

Considering G to be C2 x C2 and C4, one can see that the Mobius Func­

tions //(G), /x(G) and /i(G) and are all distinct. 

Following is a analogue of Mobius inverson formula. 

Proposition 4.5.38. For f,g E A{X), we have fQu = F <̂ =̂  f = FQfi. 

Proof. 

feu = F=>{feu)oft = Fofi-^fe{uQfi) = F(Di^ 

=^fQS = FQfi=^f = FQil. 

Conversly, 

/ = F O / i = > / 0 u = ( F 0 / i ) 0 u = > / O u = F 0 ( / i 0 u ) 

=^fQu = FQ€=^fQu = F. 

O 

Proposition 4.5.39. The D-Mobius Function ft is D-multiplicative. 

Proof Let GuG^ £ X he such that gcd (|Gi|, IG2I) = 1. If |Gi x G2I = 1 

then Gi = EQ, G2 = £'0, and so 

A(Gi x G2) = ix{Eo) = fi{G{)fi{G2). 
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Hence the result is trivial. Now suppose the result is true for all subgroups 

of Gi X G2 which has order < |Gi x G2I. By (4.5.i) we have, 

KGi X G2) = - Yl ^(^1 ^ ^2) 
Hi<Gi,H2<G2 
HixH2^GixG2 

= - Yl f'iHMH^) 
Hi<Gi,H2<G2 
HixH2^GixG2 

= - J2 KHMH2)+KGMG2) 
Hi<G\,H2<G2 

= A(Gi)A(G'2). 

Hence jx is D-multiplicative. D 

Let M be the collection of all complex valued functions defined on A:* x A*. 

We now prove the following theorem, by means of which we shall give a 

different proof of the above proposition. 

Theorem 4.5.40. If F £ M., then there exists a unique f E M such that 

for{GuG2)eXxX, 

F((Gi,G2))= Yl fiiH^K)). 
H<GuK<G2 

Proof. If such a function exists then it is unique. Consider the function 

(f) E M. given by 

K<G2 

i,e <l>{{Gu-)) = f{{Gu-))Qu 

i, e f{{Gi, -)) = (f){{Gi, -)) 0 fi, by Proposition 4.5.38. 
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Therefore 

Again 

I.e., 

Therefore 

f{{GuG2))= E'f>({GuK))(l(^). (4.5.J) 
K 

K<G2 

F{-,G2){G^) = F{iGuG2)) 

= ^{f{H,-)Qu){G2) 
H<Gi 

= ^<j>{H,-){G2) 
H<Gi 

= J2 HH, G2) 
H<Gi 

= (<^(-,G2)Ou)(Gi). 

(/,(_, G2) = F{-, G2) 0 A. by Proposition 4.5.38. 

<i>{{GuG2)) = Y. n{H,G2))fi (^) . (4.5.k) 
H<Gi ^ ^ 

From equations (4.5.j) and (4.5.k), we see that / depends only on F and /t. 

Hence / is unique. Now we show that such a function / exists. Consider 

the functions f,(f)eM. given by (4.5.J) and (4.5.k) respectively. Now given 

Gi e X, consider the functions 

OGAG2) = <l>{iGuG2)) and fcAG2) = /((Gi.Ga)) 

114 



defined on X. Similarly, given G2 ^ X, consider the functions 

^G,(Ci) = 0((Gi,G2)) and Fo.iGi) = F{iGuG2)) 

defined on X. Then from (4.5.J), we get 

K<G2 ^ ^ 

Similarly, from (4.5.k), we get 

Now 

'ipGi = FoiO fi i.e., FQ^ = •002 O u. 

H<Gi,K<G2 H<GiK<G2 

= E< (̂(̂ '̂ 2)) 
i/<Gi 

= E «̂3(̂ ) 
H<Gi 

= FG2{GI) 

= F({GuG2)). 

n 
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We now give another proof of the Proposition 4.5.39. 

Proof: Let F e M he given by 

Consider, g ^ M given by 

5((Gi,G2))=A(Gi)A(G2). 

Now, 

Hi<Gi,H2<Gi Hi<Gi,H2<G2 

'l<Gl ) \H2<G2 J 

= e{G,)e{G2) 

= F((Gi,G2)). (4.5.1) 

Again consider, h e M given by 

h{{Gi,G2))=KGixG2). 

Now, 

Hi<Gi,H2<G2 Hi<Gi,H2<G2 

Y, A(^i X H2) 

HIXH2SG1XG2 

= £(C?i X G2) 

= e(Gi)e(G2) 
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= F((Gi,G2)). (4.5.m) 

Hence g and h are two solutions of the equation 

F{{G„G2))= Yl fi(HuH2)). 
Hi<GuH2<G2 

It follows from the Theorem 4.5.40 that, g = h. i.e., 

fJ,{Gi X G2) = /x(Gi)/i(G2). i.e., p. is D-multiplicative. 

4.6 Computation of ft^G) for any G ^ X 

Suppose Gm = Zp X Zp X • • • X Zp m-times. Every element of Gm is 

of order 1 or p. So every subgroup of Gm of order p" (n < m) is of the 

form G„ = Zp X Zp X • • • X Zp, n-times (upto isomorphism). We look for 

n elements in Gm say v\,V2,...,Vn such that Vi ^< ui, U2,..., {5^,..., t)„ >. 

Clearly < t;i, U2,..., fn > is a subgroup of Gm of order p". 

Lemma 4.6.1. Lei S be the collection of all ordered sets {v\,V2,..-,Vn} 

taking from Gm such that Vi ̂ < vi,V2,...,Vi,...,Vn > for each i. Then 

|<5| = ( p - - l ) ( p ' " - p ) . . . ( p ' " - p " - ^ ) . 

Proof. Total number of elements in Gm is p'"- But we can't take 0 in our 

choice ofvi's. Therefore vi can be choosen in (p"* — 1) ways. For the choice of 

V2 we have to avoid the multiples of Vi. There are p multiples of Vi. Therefore 

V2 can be choosen in {p^—p) ways. Continuing in this way we see that Vn can 

be choosen in (p"* — p"~^) ways. Therefore \S\ — (p'" — l)(p'" — p)... (p"* -
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Theorem 4.6.2. Let Gm = "^p ^ ^p >^ • • • >^ ^P^ rn-times. Then number of 

subgroups of Gm of order p^{n < m) is 

(p'" - l)(p'"-^ - 1) •.. (p"^-"+i - 1) 
( p - l ) ( p 2 _ l ) . . . ( p " - l ) 

Proof. Let S be defined above and % be the set of all subgroups of Gm of 

order p^{n < m). Define 

f -.S — > % given by (vi, ^2, • • •, w„} i—>< Vi,V2,...,Vn> • 

Clearly this map is onto, since each H Q% has an ordered basis. 

Note that each i? G "H has (p" - l)(p" - p ) . . . (p" - p""^) many basis 

sets. Therefore 

\f-\H)\ = (p" - l)(p" - p ) . . . (p" - p"-i) = k (say). 

Now 5 = U f-\H), i.e., \S\ = J ] \f-'{H)\ = kJ2l = k\n\. Therefore 
Hen H^n H^U 

i5 | ^ ( p " - l ) ( p " ' - p ) . . . ( p " ' - p " - ^ ) 

A; ( p " - l ) ( p " - p ) . . . ( p " - p " - i ) 

^ (p"' - l)(p"^-^ - 1) . . • [fn-n+l _ 1) 

( p - l ) ( p 2 - l ) . . . ( p " - l ) • 

D 

Theorem 4.6.3. Let Gm = 1pXlp>^ ••• x Zp, m-times. Then 

fi{Gm) = ( - 1 ) > X — ^ ) . 

Proo/. We use induction on m. If m = 1 then 

/i(Gi) = /i(Zp) = - 1 = ( - i ) > 5 - ( ' " - i ) . 

118 



Suppose the result is true for all groups Gr,r <m. If we denote the number 

m + l 
of subgroups of G^+i of order p'"(r < m + l ) by 

fir = 0. That is 

, then from the 

m+l 

definition of fi, we have Yl 
r=0 

m + l 

r 

-il{Gm+l) - 1 = E 
r = l 

= 1: 
r = l 

m + l 

r 

m + l 

r 

1 

Mr 

( - l ) > 5 ' - ( ' - l ) 

=EU^ 
r = l 

= E 
r = l 

m 

r 
+ 

-• p 

m 

r - 1 
(_l) ' -pH'-i) , ([U],page 465) 

m 

r 

{-lypiir+Dir+i-D + y ^ 

r = l 

m 

r - 1 

(_l)'-p|'-('-i) 

or, 

m+l 

-jl{Gm+l) = J ^ 
r = l 

m 

r - 1 
i-iy-^^'^'-'^ + f2 

- (_i)"'p5('"+i)('"+i-i) + y ^ 

r = l 

r = l 

m 

r - 1 

m 

r - 1 

(_l)'-p^('-i) 

p H ' - i ) ( ( - i ) ' - i + (_i)'-) 

i.e., A(Gm+i) = (-l)'"+ip5("*+i)('"+i-i). and hence by induction the result 

follows. n 

Let G be a finite abelian group. |G| = n = pî ^p2^^ • ••Vk''- Then G = 

Gi X G2 X • • • X G/r, where G, is a subgroup of order pj^-. Again Ĝ  = 
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Zp.ni X Zp,n2 X • • • X Zp,nt, whcre ni + n2 + .. .Ut = e,. Since fi is multiplicative 

therefore to find //(C) it is enough to look at the groups of the type H -

aJp"! X iup^i X • • • X Mjp^i. 

Theorem 4.6.4. Let G = Z^ ' x Z^^ x • • • x Z^% r-times, where atleast one 

mi>2,i = l,2,...,r. Then 

A(G) = 0. 

Proof. We use induction on the order of G. Suppose the result is true for all 

groups of the type G and order less than that of G. Now, 

A(c?) = - E A W = - ( E ^W + E'M^) )' 
H<G \H<Gr H<G / 

where Gr = Zp x Zp x • • • x Zp, r-times and the / indicates that the summation 

is extended over all subgroups of G in which atleast one element has order 

grater than p. Therefore it follows, using induction that /i(G) = 0. D 

4.7 Divisor functions 

Some well-known examples of divisor functions which form an integral part 

of arithmetic functions of positive integers are given by 

T{n) = ^ 1 , o{n) = 2^d, and Oain) = y^d" 
d\n d\n d\n 

where n is a positive integer and a is any complex number. 

The group-theoretic anlogues of these functions are defined as 

T{G) = ^ 1, a{G) = J2 m and a^{G) = J ] {N^ 
N<G N<G N<G 
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where G £ Q. Thus, 

T{G) is the number of normal subgroups of G, 

<y{G) is the sum of the orders of normal subgroups of G, and 

Oa{G) the sum of the a'^ powers of the orders of normal subgroups of G. 

Clearly, OQ{G) = T{G) and Oi{G) = a{G). Also, in particular, if we 

take G = Cji then aa{Cn) = cra{n); noting that there is an one to one 

correspondence between the normal subgroups of Cn and the divisors of n 

given by N i—> \N\, where N < Cn-

Theorem 4.7.1. Since every proper non-trivial normal subgroup N of a 

finite group G satisfies 2 < \N\ < '-^, we have 

2T{G) + |G | - 3 < a{G) < 1 + T ( G ) ! ^ . 

Proof. Let EQ^N <G. Then 2 < |A |̂ < i ^ . 

Suppose A î, Â 2, • ••,Nn are the proper non-trivial normal subgroups of G. 

Then 

2 < | A r i | < ! | l , 2 < | i V 2 | < ! ^ , . . . , 2 < K | < l ^ . 

=^ 2n<5^|Ar|<nM 

N<G 

N<G \N<G I 

= > 2(r(G) - 2) < a{G) - 1 - |G| < {r{G) - 2) lf i . 

= > 2 r ( G ) - 4 < a ( G ) - l - | G | < r ( G ) ! | l - | G ' | . 

= ^ 2r(G) + | G | - 3 < a ( G ) < T ( G ) ^ + l. 
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n 

Theorem 4.7.2. IfGeG, then 

a{G) = Y^r{G/Ng\ 
geG 

where Ng is the smallest normal subgroup of G containing g. 

Proof. We know that, V5 G G, the normal subgroups of GjNg are in one to 

one correspondence with i\\Q s&t {N : Ng < N < G] = {N : g ^ N < G), 

and so T{GlNg) = \{N : g e N <G)\. Therefore, 

N<G N<GgeN 

N<Gg€G 

1, if geN, 

0, otherwise. 

g€GN<G 

- E E I = E K ^ = ^^^^<^}| = E^(^/^5)-
geGgeN<G g&G geG 

D 

We know that For each element a e G, the set H = {a" : n G Z} is 

a subgroup of G. Moreover this is the smallest subgroup of G containing 

a. Because if H' be another subgroup of G containing a, then by closure 

property of H' all of a ,̂ a^,... a", • • • G H', and thus H C H'. 

As a corollary of Theorem 4.7.2 we have the following number theoretic 

identity. 
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Corollary 4.7.3. For any positive integer n, o{n) = $] r(gcd(n, A;)). 
n - l 

fc=0 

Proof. Putting G = Cn, in Theorem 4.7.2, we have 

a{n) - a{Cn) 

_ V " 7- j — ! L - \ < A; > is the subgroup of C„ generated by k 

fc=0 ^ ^ 

n - l n - l 

= 5Z^(Cgcd(n,;fc)) = ^r{gcd{n,k)). 

D 

4.8 Normal subgroups of the product Gi x G2 

In this section we study the structure of the normal subgroups of the product 

of two groups. 

Theorem 4.8.1. Let Gi and G2 be coprime groups. Then the normal sub­

groups of the product G\ x G2 are exactly the subgroups of the form NiX N2, 

with Ni < Gi and N2<G2-

Proof Let Ni < Gi and N2 < G2. Suppose {ni,n2),{n[,n'2) G M x 

N2] rii,n[ e Ni;n2,n2 G N2. Now {ni,n2){n[,n2) ~ (nin'i,712,7^2) G N1XN2. 

i.e., NixN2<GiX G2. Again let (51, ̂ 2) eGixG2 and (ni, 712) G iVi x N2. 

Then (^i,52)(ni,n2)(srSfl^^) = {ginig^^g2n2g2^) e Ni x N2. Therefore 

Ni X N2 < Gi X G2. 
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Conversly, suppose AT ^ Gi x G2. Let TT̂  : Gi x G2 —> G,, {i = 1,2) be 

the projection map. For {91,92), (fff ,52̂  ) ^ Gi x G2, 

M{9\,92){9i\92^)) = M9i9i\9292^) = 9i9i^ = T^i{{9u92))Tri{{9l\92^))-

i.e., TTi is a homomorphism from Gi x G2 to Gi. Similarly 1:2 is a homomor­

phism from Gx x G2 to G2. And therefore TTJ is a homomorphism from N to 

Gi also. By [First Isomorphism) Theorem 1.2.1 

N N N N 
MN) Ker(7rilAr) Ker(7ri)nAr {{ei}xG2)nN GaDAT' 

(4.8.a) 

Again by Theorem 4.2.1 

C{N) = C { ~ ^ ^ U G(G2 nN) = C{m{N)) u G(G2 n N). (4.8.b) 

Similarly 

,,(iv)--A—= "i = "i = _Z_ 
'^ ^ Ker(7r2|Ar) Ker(7r2)nAr (Gix{e2})nAr GiHA^' 

(4.8.C) 
and 

C(Ar) = G(7r2(Ar)) u G(Gi n AT). (4.8.d) 

from equations (4.8.b) and (4.8.d) 

C(7ri(Ar)) U G(G2 nN) = C^N)) U G(Gi n A )̂. (4.8.e) 

But C{Trt{N)) C C{Gi) and Gi, G2 are coprime. Therefore by Defination 

4.3.1 

C{7rriN))nC{n2{N)) = (l> (4.8.f) 

Again GinA^ = (Gj x {ea})nA^ C Gi x {62} = Gi. Similarly GiON^ 

{{ei} X G2) n AT C {ei} X G2 = G2. Therefore G(Gi n N) C C{Gi) and 
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C(G2 n Â ) C G(G2) and so 

G(Gi nN)n C(G2 nN) = (f) (4.8.g) 

Hence 

C{7r,{N))=C{G,nN) = ^ |7r(G(7r,(iV)))| = |7r(G(G.niV))| 

=4>|7r.(iV)| = lG.niV|. (4.8.h) 

Again any element of Gi fl iV = Gi x {62} n A/̂  is of the form (711,62), for 

some (ni,n2) G N, and clearly (ni,e2) € 7ri(A'') x {62} = 7ri(A )̂ for any 

(711,62) e Gi n iV. Thus Gi n iV C 7ri(iV). Similarly G2 n /V C 7r2(iV). By 

(4.8.h) we have G^DN = n^iN). Therefore 

ni{N) X 7r2(iV) = (Gi nN)x (G2 D N) (4.8.i) 

Now we have 

(i) (Gi nN)<N, (G2 nN)<N. 

(ii) (GiniV)n(G2niV) = {(ei.ea)}. 

(iii) N = {GinN){G2nN). 

Therefore by Theorem 1.3.2 we have 

AT = (Gi n A )̂ X (G2 n AT) = 7ri(A^) x 7r2(Ar), 

with 7r.(A )̂ < G,. D 

Given any two groups Gi and G2 (finite or infinite, abelian or non-

abelian), we now develop a condition which is equivalent to saying that every 

normal subgroup of the product Gi x G2 is of the form Ni x A2 with AT, < Gj, 

i = l ,2. 
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Definition 4.8.2. We shall say that the groups Gi and G2 have a subgroup 

in common if there exist non-trivial subgroups iii of Gi, and H2 of G2 such 

that Hi^ H2. 

Theorem 4.8.3. Let Gi and G2 be any two groups. Then the following 

conditions are equivalent: 

(i) Every normal subgroup of the product Gi x G2 is of the form Ni x iV2 

with Ni < Gi and N2 < G2 . 

(ii) For each Hi < Gi and for each H2 < G2, the centres Z{Gi/Hi) and 

Z{G2/H2) of the quotient groups Gi/Hi and G2/H2 have no subgroup 

in common. 

Proof. Suppose that Gi and G2 satisfy the second condition. Let N <Gi x 

G2. Set ifi = 7ri((Gi X {62}) n N) and iig = 7r2(({ei} x G2) n N) where e, 

are identities of G, and TT, : Gi x G2 —^ G, are projections, i = 1,2. Then 

Hi X {62}, {ei} X H2C N C 7ri(iV) x 7r2(A'') and so 

H,xH2 = {Hi X {e2})({ei} x ii2) C 7ri(iV) x 7r2(iV) (4.8.J) 

It may be noted here that if, < G, and if, < 7r,(iV), z = 1,2. Now, suppose 

ai e •KiiN). Then (ai,a2) € N for some a2 G G2; in fact 02 G 7r2(iV). 

Therefore, Vpi € Gi, we have 

{g\a\9i~\a2) = (gi,e2)(ai,a2)(gr\e2) G N 

==> {giai9r^ai~\e2) G N 

=^ Qiaigr^ar^ e ifi 

= ^ giHiaiHi = aiHig^Hi G Gi/if^. 
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Thus, aiHi e Z{GJH,). So, we have 7ri{iV)/Hi C Z{Gi/Hi). Similarly, 

7r2iN)/H2 C Z{G2/H2). Note that if ai,6i e TXI{N) then (01,02), (61,62) ^ Â  

for some 05,62 € 7r2(iV), and so (aifer\a262"^), (0161,0262) e N. Therefore, 

oiHi = 61//i <J=J- ai6r^ e / / i 4=> (a i6 r \ e2 ) € Â  

<̂ =4̂  (61,0262"^) G iV 4 = » 0262"^ e i?2 < = ^ a2i/2 = 62^2-

This means that we have a well-defined injective map / : 7ri{N)/Hi —> 

7T2iN)/H2 given by f{aiHi) - 02/̂ 2 where (oi, 02) e N. Also, f{aiHibiHi) = 

f{aibiHi) = 0262^2 = 02^262-^2 = f{aiHi)f{biHi), showing that / is a ho-

momorphism. Finally, if 6 € 7r2(A )̂ then (a,6) € Â  for some o G iriiN) 

and so f{aHi) = bH2, which implies that / is surjective. Thus / is an iso­

morphism. Hence it follows from the hypothesis that ni{N)/Hi are trivial 

subgroups of Z{Gi/Hj), i = 1,2. Therefore, 77, = T^iiN), i = 1,2, and so 

AT = ifi X H2, by (4.8.J). 

Conversely, suppose Gi and G2 do not satisfy the second condition. So, 

there exist if, < G,, z = 1,2, such that Z{Gi/Hi) and Z{G2/H2) have 

a subgroup in common. Let Kt/H,, be non-trivial subgroups of Z{GjHi), 

i = 1,2, such that there is an isomorphism F : Ki/Hi —^ K2/H2. Put 

N = {(01,02) e Kix K2 : F{aiHi) = oa/fa}- Let (01,02), (61,62) G Â  

then FiaiHi) = 03/^2 and F(6ifri) = 627/2- So, F(a i6r^ i / i ) = a2b2~^H2. 

Thus (01,02)(61,62)"^ = (oi6r\o262~^) € Â , showing that AT is a sub­

group of Gi X G2. Again let (01,02) e A" and (51,52) e Gi x G2. Then, 

(5i,52)(oi,02)(5i,52)~^ = {9iai9r\ 520252"^) € TiTi x K2, since /(T, < G,, 

z = 1,2. Also, since o,i/. G Ki/H^ C Z{Gi/Hi), i = 1,2, we have 
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F{giaigr^Hi) = F{aiHi) = 02/^2 = 92a2g2 ^^2-

Thus {gi,g2){ai,a2){gug2)~^ € N, and so iV < d x G2. On the other 

hand, suppose N is of standard form Ni x N2 where Â , < G„ i = 1,2. 

Then, 7rj(Ar) - N^, i = 1,2. But since F is bijective, we have 7r,(A'̂ ) = K^, 

I = 1,2. Therefore, N = Ki x K2. Since KilHi is non-trivial, there is 

some ai 6 Ki such that aiHi 7̂  / / i . But (01,63) ^ KiX K2 = N. So, 

F{aiHi) = e2H2 = i?2, the zero element of K2/H2. Therefore, since F is 

injective, we have aiHi = ^ 1 , the zero element oi Ki/Hi. This contradiction 

shows that N is not of the form mentioned in the first condition. D 

The following corollary generalizes Theorem 4.8.1. 

Corollary 4.8.4. If Gi,G2 G G are almost coprime, then every normal 

subgroup of the product Gi x G2 is of the form Ni x A'2 with Ni < Gj and 

N2 < G2. 

Proof. Let Hi <l Gi and H2 < G2 be such that the centres Z{Gi/Hi) and 

Z{G2/H2) have a subgroup in common. So, there are non-trivial subgroups 

KJH, of Z{G^/H^), i = 1,2, such that 

Ki/Hi ^ K2/H2. 

Then C{Ki/Hi) = C{K2/H2). Since H, < K, < G., we have 

C{KjH,)CC{K,)CC{G,),i^l,2. 

Thus, C{Gi) and C{G2) have an abelian member in common. A contradiction 

since Gi,G2 eQ are almost coprime. By Theorem 4.8.3 we get the required 

result. • 
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The converse of the above corollary may not be true. For example Con­

sider the Symmetric group 54 and C3 in ^. 

{e} <V < A4<i Si 

is the composition series of ^4, where 

y = {e,(12)(34),(13)(24),(14)(23)} 

is the normal subgroup of 54. Thus 0(84) = {V, A4/V, 54/A4}. Again 

C{C3) = {C3}. Therefore C(54) and C(C3) have an abelian member in 

common, namely C3 = A^/V. i.e., ^4 and C3 are not almost coprime. 

But for each Hi < S4 and for each H2 < C3, the centres Z{S4/Hi) and 

Z{Cz/H2) of the quotient groups S4/H1 and C3/H2 have no subgroup in 

common. Therefore every normal subgroup of the product ^4 x C3 is of the 

form Â i X Â2 with Ni < S4 and N2 < C3. 

Proposition 4.8.5. If f E •^{Q) is multiplicative (or, almost completely 

multiplicative) then the function F G A{Q) given by 

F{G)=J2f{N) 
N<G 

is also multiplicative (or, almost completely multiplicative). 

Proof. Let G\,G2 6 ^ be a pair of coprime (or, almost coprime) groups. 

Clearly, if Â i < Gi and Â2 ^ G2 then Â i and Â2 are also coprime (or, 

almost coprime) (since C{Ni) C C{G\) etc). So, we have 

F{Gi X G2) = Y. / (^) = E /(^i ^ ^2) 
iV<(GixG2) Ni<Gi,N2<G2 

= E E /(^i)/(^2) = F{Gi)F{G2). 
Ni<GiN2<G2 
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D 

Lemma 4.8.6. The map f : Q \—>C defined by f{G) = \G\°, where a G C, 

is completely multiplicative. 

Proof. Fo rGi ,G2G^ , 

f{G, X G2) = \G, X G2r = (IGil • \G2\r = IGir • 1^2^ = f{Gi)f{G2) 

Thus / is a completely multiplicative function in ^ ( ^ ) . D 

Corollary 4.8.7. CTQ is almost completely multiplicative. 

Proof. Let Gi,G2 € ^ be almost coprime. Now 

a.(GixG2)= Yl W 

N<GixG2 

Ni<Gul^2<G2) 

= E E 1̂ 111̂ 2!" 
Ni<GiN2<G2 

= E î ii" E î 2r 
Ni<Gi N2<G2 

= a«(Gi)a„(G2). 

Therefore CTQ is almost completely multiplicative. D 

4.9 Characterization of groups using divisor 

functions 

In this section we try to charactrize finite groups using the notion of divisor 

functions studied in earlier sections. 
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Definition 4.9.1. A finite group G is called perfect if a{G) = 2|G|. It may 

be mentioned here that this notion of perfect group, has aparently no relation 

with the more conventional counterpart available in the literature, namely 

the groups which are equal to their commutator subgroups. 

For example Ce, the cyclic group of order 6 is a perfect group. (In the 

last section of this chpter we shall discuss "Perfect groups" elaborately). 

Definition 4.9.2. An abelian quotient of a group G is a quotient group of 

G which is abelian. 

Lemma 4.9.3. For any group G, 

cr{G) = 2_J{^ '• N <G,g E N}\ = /Unormal subgroups of G containing g}\. 
geG geG 

Proof. We have 

a{G)=J2\N\ 
N<G 

= \{{N,g):N<G,geN}\ 

= Y;^\{N:N<G,geN}\. 
geG 

D 

Definition 4.9.4. An element /i of G is called a normal generator of G if 

the only normal subgroup of G containing hisG itself. 

Proposi t ion 4.9.5. Let G be a group. 

(i) If a[G) < 2\G\ then G has a normal generator. 
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(ii) / / G has a normal generator then any abelian quotient of G is cyclic. 

Proof, (i) Suppose u{g) := |{normal subgroups of G containing g}\. By 

Lemma 4.9.3 
1 

a{G) <2\G\^=^Y1 ^{g) < 21^1 <J==̂  7777 E HQ) < 2 <(=> the mean over all 
gea \^\geG 

geGof u{g) < 2. 

Case I: 

If G is not simple or not trivial then z/(e) > 3, e the identity element of G. 

So for the mean to be < 2, there must be some h e G ior which v{h) = 1 

and this says exactly that /i is a normal generator of G. 

Case II: 

If G is simple then any non identity element of G is a normal generator. 

Case III: 

If G={e} then e is a normal generator. 

(ii) Let A be an abelian quotient of G, with TT : G —> A a surjective 

homomorphism, and let /i be a normal generator of G. Suppose K < A and 

Tr{h) e K. Then ir-\K) < G such that h e TT'^K). Therefore n-\K) = G 

(since the only normal subgroup containing h is G). i.e., 7r(G) = K = A {T: 

is surjective). Therefore the only normal subgroup of A containing 7r(/i) is A. 

i.e., 7r(/i) is a normal generator of ^ . Now 7r(/i) €< •n{h) > < A. Therefore 

A =< n{h) >, cyclic. Hence the result. D 
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Theorem 4.9.6. (Abelian Quotient Theorem) 

If G is a group with a{G) < 2\G\ then any abelian quotient oJG is cyclic. 

Proof. Follows from the above proposition. • 

The above theorem has the following corolaries, the second of which says 

that abelian perfect groups 'are' just perfect numbers: 

Corollary 4.9.7. 

(i) If G is a perfect group then any abelian quotient of G is cyclic. 

(ii) The perfect abelian groups are precisely the cyclic groups C„ of order n 

with n perfect. 

Proof. Part (i) is immediate. For (ii) let A be perfect abelian. Now A/{e} 

is an abelian quotient of the perfect group A. Hence A/{e} i.e., A is cyclic. 

But we have already seen that the perfect cyclic groups correspond exactly 

to the perfect numbers. D 

Most trivial characterrization of groups using divisor functions is perhaps 

the following: 

aa{G) = |C?|" + 1 <=i' G is a simple group 

where G E Q, and a is a complex number. Also, we know that any finite 

abelian group G has a (normal) subgroup of order d for every divisor d of 

\G\, and G has exactly one such subgroup for every divisor d if and only if G 

is cyclic. Therefore, for any abelian group G eG,we have a^iG) > cra{\G\), 

and the equality holds if and only if G is cyclic. 
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Definition 4.9.8. A group G is said to be covered by a collection of subgroups 

if each element of the group belongs to atleast one subgroup in the collection. 

In our context: 

Let G e ^. If G = U Ht, then G is said to be covered by if,'s. {if, : 
H.<G 

H^ < G} is called a covering of G. If G = U H^, then {H^ : H, < G} is 
Hi<.G 

called non trivial covering, otherwise trivial. 

Theorem 4.9.9. [16] A group has a finite non trivial covering by subgroups 

iff it has a finite non cyclic quotient, i.e., for finite G 

G = U H if and only ifG has a finite non cyclic quotient. 

Fact 4.9.10, From the above theorem we can say that if G 7̂  U H then 

every quotient of G is cyclic. 

Fact 4.9.11. In particular if G G ^ such that G ^ U N then every abelian 
N<G -^ 

quotient of G is cyclic. 

Lemma 4.9.12. LetG eQ be such that G= U N. Then T(G) > 5. 
N<G ^ ' ~ 

Proof. Since |Ar| < l|i \/N < G, and since the identity element of G is a 

common member of all normal subgroups of G, it follows that any two proper 

normal subgroups of G can contain at the most |G| - 1 distinct elements. 

Hence G must have atleast three proper nontrivial normal subgroups, which 

in turn implies that T{G) > 5. D 

Proposition 4.9.13. Let GeQ. If aiG) < 2\G\ + 2 then G 7̂  U TV. 
Ar<G 
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Proof. Let us assume that G = U N. Then, for each geG, the smallest 

normal subgroup Ng of G containing g is a proper normal subgroup of G, and 

so G/Ng ^ {e} which means T{G/Ng) > 2. Therefore, by Theorem 4.7.2, 

we have 

a{G) =Ylr{G/Ng) 
geG 

=r{G/{e})+ Yl -'(G/Ng) 
geG,g^e 

>r(G)+ 2( |G|-1), 

since there are |G| — 1 numbers of non identity elements and for each of them 

r{G/Ng) > 2. Again (given) 

a(G)<2|G| + 2 

= > r(G) + 2 ( |G | - l )<2 |Gl + 2 

=^ r(G) + 2(G| - 2 < 2|G| + 2 

=^ T ( G ) < 4 , 

a contradiction. Hence G ^ U N. D 
N<G 

We have the following corollary to the above proposition, which is also 

an improvement to the abelian quotient theorem. 

Corollary 4.9.14. If G is a finite group with a(G) < 2jG| + 2 then every 

abelian quotient of G is cyclic. 

Proof. In view of Fact 4.9.11, the proof is immediate. D 
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Remark 4.9.15. U q : G —> G' is a homomorphism of groups G,G' e G 

then T{q{G)) < T{G), since q~\M) < G V M < q{G). In particular, we 

have T{G/N) < T{G) V G G ^ and V A^ < G; moreover, the inequality is 

strict if N is nontrivial. 

Theorem 4.9.16. [16]. A group has a nontrivial finite covering by normal 

subgroups if and only if it has a quotient isomorphic to an elementary abelian 

p-group of rank two for some prime p. 

Proposition 4.9.17. Let G e Q be such that T(G) = 5 and G = li N. 
^ N<iG 

Then G = C2 x G2. 

Proof. By the above Theorem, there is a normal subgroup of G such that 

G/N = Cp X Cp for some prime p. So, 

r{G/N) = riCpXCp) = p + 3 

=> r{G) > p + 3, since T{G) > T{G/N), 

=^P = 2 =^ N={e}, 

otherwise 5 = T{G) > r{G/N) = p + 3 = 5 which is absurd. Hence the 

proposition follows. D 

The Proposition tells us that if G 7<̂  G2 x C2 then the hypothesis of the 

above Corollary can be further improved to a(G) < 2|G| + 3. 

4.10 Examples of Perfect Groups 

In this section we study some examples of perfect groups among some of the 

well-known families of finite groups. As mentioned earlier a finite group G is 
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said to be perfect if (j{G) = 2\G\. 

For example let C„ be the cyclic group of order n. Then Cn has exactly 

one normal subgroup of order d for each divisor d of n, so a(C„) = cr(n), 

and C„ is perfect just when n is perfect. Thus perfect groups provide a 

generalization of the concept of perfect numbers, and C6,C285C'496 are all 

perfect groups. 

Remark 4.10.1. None of the symmetric groups Sn or alternating groups An 

is perfect. If n > 5 then An is simple and the only normal subgroups of Sn 

are 1, An and Sn- So a{An) ^ 2|A„| and a{Sn) ^ 2\Sn\. For n < 4, we have 

criAi) = 1, a{Si) = 1, 

a{A2) = 1, a{S2) = 1 + 2 = 3, 

a{A3) = 1 + 3 = 4, a{S3) = 1 + 3 + 6 = 10, 

a ( ^ ) = 1 + 4 + 12 = 17, ^(54)= 1 + 4 + 12 + 24 = 41. 

Remark 4.10.2. A (finite) p-group is a group of order p^, where p is prime 

and r > 0. Lagrange's Theorem says that the order of any subgroup of a 

group divides the order of the group, so if G is a p-group then a{G) = 1 

(mod p). Hence no p-group is perfect. 

Remark 4.10.3. The perfect dihedral groups are in one-to-one correspon­

dence with the odd perfect numbers [25]. So it is an open question whether 

there are any perfect dihedral groups at all. 

The following Theorem is a corollary of the Theorem 4.8.1, and is a direct 

analogue of Theorem 1.12.14. 

137 



Theorem 4.10.4. a is multiplicative. 

Proof. If Gi and G2 are coprime, then 

a{Gi X G2) = Yl 1̂ 1 ^ ^2! 

= E w E 1̂2! 
N i < G i iV2<G2 

= a(Gi)a(G2). 

D 

4.10.1 Some examples of non-abelian perfect groups 

(Even Order) 

Example 4.10.5. 53 x G5. The group 53 x G5 of order 30 is perfect. For ^3 

and G5 have coprime orders (6 and 5), so are coprime. Now 

c^iSs X Cs) = a{S3)a{C5) = (1 + 3 + 6)(1 + 5) = 60 = 2|53 x Gsl-

We present the next two examples along with the method by which they 

were found. 

Example 4.10.6. A5 x Ci5i28. The group A5 x G15128 of order 907680 is 

perfect. Firstly A^ is simple of order 5!/2 = 60 and <r{As) = 1 + 60 = 61. 

Let us try to find a perfect group G of the form G = ^5 x Gi, where Gi is 

138 



some group prime to A5. Now Ar, x Gi is perfect. Therefore, 

a(/ l5xG'i) = 21^5 X Gil 

=> a{As)a{Gr) ^ 2\A,\\G,\ 

ajGi) ^ 2IA5I ^ 120 
^ (Gil a{A,) 61 • 

Therefore our Gi should be such that it satisfies (4.10.a). Let us look for 

such a group Gi amongst those of the form Gi = Ggj x G2, where G2 is prime 

to Gei and A5. Now A5 x Gei x G2 is perfect. Therefore 

(4.10.a) 

^(A5MG6iMG2) = 2IA5IIG61IIG2I 

a(G2) 2IA5IIC61I _ 2 - 6 0 - 6 1 _ 6 0 
(4.10.b) 

IG2I a{A5)a{Cei) 61-62 31' 

Therefore our G2 should be such that it satisfies (4.10.b). Similarly let us 

look for such a group G2 amongst those of the form G2 = G31 x G3, where G3 

is prime to C31, Gei and A^. Again A5 x Gei x G31 x G3 is perfect. Therefore 

o{A,)a{CeMCu)<j{G3) = 2M5IIC61IIG31IIG3I 

a(G3) 2|^||G6i||G3i| 2-60-61-31 15 
(4.10.C) 

IG3I a(A5)a(G6i)a(G3i) 61 • 62 • 32 8 ' 

Therefore our G3 should be such that it satisfies (4.10.c). Such G3 is Cg, and 

the groups ^5,G6i,G3i and Cs are pairwise coprime. Thus if 

G = J45 X Gei X C31 X Cs — A5 X Geixsixs = A5 x G15128, 

then G is perfect. 
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Example 4.10.7. Ag x C366776- The group Af, x C366776 of order 132039360 

is perfect. This time, we start with the simple group A^ of order 6!/2 = 360. 

We have a{A^) = 1 + 360 = 361. Let us try to find a perfect group G of the 

form G = A^xGi where Gi is some group prime to A^. Now A^ x Gi is 

perfect. Therefore, 

a{A,)a{G,) = 2\A^\\G,\ 

a(GO ^ l l i a l ^ 720 

^ |Gi| a{A,) 361' ^' ' ' 

Therefore our Gi should be such that it satisfies (4.10.d). Let us look for 

such a group Gi amongst those of the form Gi = G361 x G2, where G2 is 

prime to Gsei and A^. Now A^ x Gaei x G2 is perfect. Therefore 

a{A,)a{Cz,MG2) = 2IAIIG361IIG2I 

a ( G 2 ) ^ 2|A6||G36i| ^ 2-360-361 ^ 2 4 0 

IG2I c7(A6MG36i) 361-(1 + 19+ 361) 127' ^ ' '̂ ^ 

(note that 361 = 19^ and 127 is prime.) Therefore our G2 should be such 

that it satisfies (4.10.e). Similarly let us look for such a group G2 amongst 

those of the form G2 = G127 x G3, where G3 is prime to G127, Gaei and A^. 

Again A^ x G361 x C127 x G3 is perfect. Therefore 

(y{A^)<J{C^^^)o{C^2l)o{G^) = 2|A6||G36i||Gi27||G3| 

^(Ga) ^ 2|^||G362||Gi27| ^ 2 • 360 • 361 • 127 _ 15 

IG3I a(^)a(G36i)a(Gi27) 361 • 381 • 128 8 ' ^ " ' ' ' 

Therefore our G3 should be such that it satisfies (4.10.f). Such Ga is Gs, and 

the groups A^, G361, G127 and Gg are pairwise coprime. Thus if 

G = ./le X G36I X G127 X C% = A^ X G36IX 127x8 = -^6 X G366776) 

then G is perfect. 
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Few more examples of nonabelian perfect groups: 

Consider the generalized quaternion group Qim of order 4m, m > 2, given 

by 

£.4m =<a,b\ Ĝ "̂ = 1,ft2 = a"^,bab-^ = a'^ > . 

{1, a,a\..., a^"*-!, b, ab, a\..., a'^'^-'b}. 

Theorem 4.10.8. Ifm is odd then the proper normal subgroups ofQ^rn a^e 

precisely the subgroups of the cyclic group generated by a. 

Proof. 

We have 

bab~^ = a~^ =^ba = a'^b ==> aba~^ = ba'^ (4.l0.g) 

Also 

bab'^ = a-^ = > ba'b~^ = a~' = > ba' = a~'fe =^ a'ba' =b V i G Z. 

(4.10.h) 

Let N << a> and a'=6', A; = 0 , 1 , . . . , 2m - 1; / = 0,1 be any element of 

Q4m. 

If / = 0, then clearly a'^a^a'^ eN, V â  e A^; j = 0 , 1 , . . . , 2m - 1. 

If / = 1, then by (4.10.h), a'^ba^b'^a-'' = a'^a'^a'^ = a'^ e N , \/ a^ e N. 

Therefore A'' o Q4„. 

Next let A?̂  be a normal subgroup of Q4^ such that a^b e N for some 

i > 0. Then by (4.10.h) 

a"' = 62 = a'ba'b = {a'b){a'b) G N. 

Again 

a2'+'" = {a'b){ba') = {a%)b{a'b)b-' G N. 
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It follows a '̂ G N. Let d = gcd(22, m). Then d = 2ix + my for some x, y e Z. 

So 

Note that, since m is odd, d is also odd. Therefore d\i and hence a^ e N 

forcing b e N and so a6a"^ G N. Now by (4.10.g) 

aba-^ G TV = ^ 60-2 G iV = > a f̂t-̂  e N =^ a"^ € N. 

Since d is odd therefore gcd (d, 2) = 1 and so a e N. Hence Â  = Q4m. D 

The following is a direct corollary of the above theorem. 

Corollary 4.10.9. a{Q4rn) = 4m + a{2m) if m is odd. 

Using multiplicativity of a one can see that the non abelian groups 

Qi2,Q2o X Ci9,Q28 X Ci3,Q244 X A5 X C43 X Cn and Q220 x C109 are all 

perfect groups. 

We conclude the dissertation with the following unsolved problems: 

Problem 1 : To develop a group theoretic analogue of Wilson's theorem, 

namely, if p is a prime then (p — 1)! = — 1 (mod p). 

Problem 2 : Is there any H with \H\ = a such that (— j = ( 77 ) where 

n* = ( — l ) ^ n , n odd integer ? 

Problem 3 : Suppose a, n are positive integers such that gcd (a, n) = 1 and 

G, H are finite groups of order n and a respectively. Is there any relation 

between ( —j and (77) ? 
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Problem 4 : Given two finite groups G and H, which positive integers a 

satisfy ( ^ ) = ( ^ ) . 

Problem 5 : If G is a finite group then for which positive integers n we have 

<')(5) = ( T ) -

(") {'¥) - (5) = G y 

Problem 6 ; To study all groups G for a given value of r{G). 

Problem 7 : To study in detail under what condition a finite group has a 

normal generator. 

Problem 8 : To study the decomposibility of any non abelian group using 

various multiplicative functions. 
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