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ABSTRACT

Number theory and Group theory are two such branches of mathematics
which play a very interesting role in complementing and suplementing each
other. Fermat’s Little theorem, Quadratic Reciprocity Law and Arithmetic
Functions are considered as three jems in number theory. These three top-
ics often play a very crucial role in almost every branch of mathematical
sciences. The aim of this disertation is to study the generalizations of these
concepts via finite groups. The choice of topics covered in this disertation was
motivated primarily by their applicability in classification of finite groups.

One very interesting feature of this disertation is that it can be easily
understood with some amount of mathematical knowledge. Ofcgurse, there is
a chapter on preliminaries in which we recall a few standard facts from Group
Theory (including Character Theory), Field Theory and Number Theory.
Another important feature is that even though this disertation contains three
topics which look independent of one another, one can see that they are
actually interlinked through the notion of functions. In other words we can
say that this disertation is a chain of three beads.

In October, 1640, a French Mathematician called “Pierre de Fermat”
communicated the following theorem to his friend “Frenicle de Bessy”.

If p is a prime and a is any integer not divisible by p, then p divides
aP~t — 1. e

o> '=1 (mod p).



This theorem has since been called as “ Fermat’s Little Theorem (F.L.T.)” or
simply “ Fermat’s Theorem”. Almost 100 years later, in 1736 Leonhard Euler
gave the first proof of the little theorem. Thereafter many Mathematicians
have given sevaral proofs of this theorem, the simplest of them being the one
given by the cyclic group of residue classes of integers modulo p, p a prime.

One may ask what happens to the above result when p is not a prime.
The answer to this question lies in the following result which is essentially
due to C.F.Gauss :

Let a be an arbitrary integer. Then for every positive integer n,

Zy(d)a"/d =0 (mod n),

djn

where p is the usual number theoretic Mobius function.
(This also generalizes Euler’s Theorem i.e., if gcd(a,m) = 1 then a¢™ =1
(mod m), m > 1.) The case when a is a prime was settled by Gauss and
his result was published posthumously in 1863. However the general case
was settled during the years 1880 to 1883 when four independent proofs was
given by Kantor, Weyr, Lucas, and Pellet. Recently 1986, C.J.Smith [1] gave
a coloring proof of a more general result. In the year 2006 Pournaki [3] gave
a group theoretic generalization of the Gauss’s result as follows:

Let G be a finite group of order n and let C* be the multiplicative group
of non zero complex numbers. If f : G — C* is a group homomorphism,

then
> _f(g)a™"@ =0 (mod n),

9€G

for any integer a.



The main objective of Chapter 2 in this dissertation is to study the above
mentioned generalization.

In 1796 C. F. Gauss at the age of ninteen proved the first number theoretic
reciprocity law, the classical law of Quadratic Reciprocity. It states that if p

and ¢ are two distinct odd primes then

(£ -

where (E) is the Legendre Symbol. This result can be written in a more
elegant form using the Kronecker Symbol and the Jacobi Symbol as (%) =

(%), where n is an odd positive integer, a any integer and n* = (—1)"“5_111.
Using concepts and results known at least hundred years ago, W. Duke and
K. Hopkins [26] in 2005 generalized the above result via finite groups as
follows:

Let a be a positive integer and G is a finite group of odd order n then

a n*
@-(%)
a . a
where (5) =o1ifged(a,n) # 1 and (—é
of the conjugacy classes in G induced by the map g — ¢° from G to itself,

if gcd (a,n) = 1.

) is the signature of the permutation

In Chapter 3 we have studied elaborately the above result.

Finaly, in Chapter 4 we consider G and X’ to be the collection of all finite
groups and collection of all finite abelian groups (upto isomorphism). More-
over we consider A(G) and A(X) which are the collections of all complex-

valued functions with domain G and X respectively.
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In the next section we consider the set (counting multiplicities) C(G) =
{H,/H,, : i =1,2,...,n}, where H,/H,_,’s are composition factors of G.
We define convolution of two functions f,g € A(G), E-convolution and D-
convolution of two functions f, g € A(X) and study some properties of these
convolutions. Some of the important results in this section are as follows:
Theorem 4.2.5., Theorem 4.2.11., Theorem 4.2.16.

A(G) and A(X) are commutative rings with identity € under the additive
and the multiplicative operations given by ordinary addition and appropriate
convolution of funcitons.

We also study the notion of coprimeness and multiplicativity for groups
in G as well as in X'. Some of the main results in this regard are as follows:
Theorem 4.4.7. If f,g € A(G) are multiplicative then (f * g) o p € A(G) is
also multiplicative.

Theorem 4.4.8. If f,g € A(G) then (fxg)op=(fop)*(gop).
Theorem 4.4.10. If f € A(G) with f(E) # 0 then there is a unique g €
A(G) such that fxg=g* f = €.

Corollary 4.4.11. The set of all functions f € A(G) with f(E) # 0 forms
an abelian group under the operation given by convolution.

Theorem 4.4.12. If f,g € A(G) are such that f o p and (f * g) o p are
multiplicative then g o p is also multiplicative.

Corollary 4.4.13. The set of all multiplicative functions in A(G) of the form
fop, where f € A(G), is an abelian group under the operation gquen by
convolution.

Where p: G — G is quven by p(G) =IIC(G) , G €gG.

In this chapter we have also studied the analogues of the usual number
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theoretic Mobius Function and the Liouville’s function. Some of the main
results in this direction are:

Theorem 4.5.3. The Mobius Function p € A(G) is multiplicative.
Theorem 4.56. pxu = uxpu =¢ te, p ' =uand v} = pu
Theorem 4.5.10. A p? = 2+ X =¢ ie, X' = p® where p? is
the ordinary product of p with itself, and A is the group theoretic Liouville’s
function.

Theorem 4.5.12. Let f € A(G) be a mulptiplicative function such that
f=fop. Then

f is completely multiplicative if and only if f  (uf) = (uf) *x f =e.

ie., fl=puf wherepf is t}ze ordinary product of u and f.

As applications of the abelian version of Mobius Function we have:
Theorem 4.6.2. Let G, = Zp X Zp X - -+ X ZL,, m-times. Then number of
subgroups of G, of order p*(n < m) is

(" -E™*-1...p" " 1)
P-D@E*-1)...(" - 1)

Theorem 4.6.3. Let Gy, = Zp X Zp X - -+ X Zyp, m-times. Then

UGm) = (~1)mpzmm=D),

Theorem 4.6.4. Let G = Zg"* X Z7? x --- x L3, m-times, where atleast

onem, >2,1=1,2,...,r. Then

A(G) = 0.



Final part of this chapter is devoted to the study of divisor functions,
structure of the normal subgroups of the product of two groups and char-
acterization of groups using divisor functions. Some important results here
are:

Theorem 4.8.1. Let G, and G2 be coprime groups. Then the normal sub-
groups of the product G, x G, are exactly the subgroups of the form Ny x Ny,
with N; < Gy and Ny < G,

Theorem 4.8.2. Let G, and G be any two groups. Then the following con-

ditions are equivalent:

(i) Every normal subgroup of the product G, x G is of the form Ny x N,
with N1 < Gl and Nz ﬂ G2 .

(i) For each H; < G, and for each Hy < G, the centres Z(G1/H,) and
Z(G2/H,) of the quotient groups G1/H; and G2/H, have no subgroup
in COMMOn.

Theorem 4.9.6. (Abelian Quotient Theorem)
If G is a group with o(G) < 2|G| then any abelian quotient of G is cyclic.
Corollary 4.9.7.
(i) If G is a perfect group then any abelian quotient of G is cyclic.

(ii) The perfect abelian groups are precisely the cyclic groups Cy, of order n

with n perfect.

We conclude the dissertation by studying and computing some examples

of non abelian perfect groups.
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PREFACE

Number theory and Group theory are two such branches of mathematics
which play a very interesting role in complementing and suplementing each
other. Fermat’s Little theorem, Quadratic Reciprocity Law and Arithmetic
Functions are considered as three jems in number theory. These three top-
ics often play a very crucial role in almost every branch of mathematical
sciences. The aim of this disertation is to study the generalizations of these
concepts via finite groups. The choice of topics covered in this disertation was
motivated primarily by their applicability in classification of finite groups.

One very interesting feature of this disertation is that it can be easily
understood with some amount of mathematical knowledge. Ofcourse, there is
a chapter on preliminaries in which we recall a few standard facts from Group
Theory (including Character Theory), Field Theory and Number Theory.
Another important feature is that even though this disertation contains three
topics which look independent of one another, one can see that they are
actually interlinked through the notion of functions. In other words we can
say that this disertation is a chain of three beads.

In October, 1640, a French Mathematician called “Pierre de Fermat”
communicated the following theorem to his friend “Frenicle de Bessy”.

If p is a prime and a s any integer not dwisible by p, then p divides
Pl — 1. de

@ '=1 (mod p).



This theorem has since been called as “ Fermat’s Little Theorem (F.L.T.)” or
simply “ Fermat’s Theorem”. Almost 100 years later, in 1736 Leonhard Euler
gave the first proof of the little theorem. Thereafter many Mathematicians
have given sevaral proofs of this theorem, the simplest of them being the one
given by the cyclic group of residue classes of integers modulo p, p a prime.

One may ask what happens to the above result when p is not a prime.
The answer to this question lies in the following result which is essentially
due to C.F.Gauss :

Let a be an arbitrary integer. Then for every positive integer n,

Zu(d)a"/d =0 (mod n),
dln

where p is the usual number theoretic Mobius function.

(This also generalizes Euler’s Theorem i.e., if gcd(a,m) = 1 then a#(™ =1
(mod m), m > 1.) The case when a is a prime was settled by Gauss and
his result was published posthumously in 1863. However the general case
was settled during the years 1880 to 1883 when four independent proofs was
given by Kantor, Weyr, Lucas, and Pellet. Recently 1986, C.J.Smith [1] gave
a coloring proof of a more general result. In the year 2006 Pournaki [3] gave
a group theoretic generalization of the Gauss’s result as follows:

Let G be a finite group of order n and let C* be the multiplicative group
of non zero compler numbers. If f : G — C* is a group homomorphism,
then

S /()9 =0 (mod n),

g€CG

for any integer a.



The main objective of Chapter 2 in this dissertation is to study the above
mentioned generalization.

In 1796 C. F. Gauss at the age of ninteen proved the first number theoretic
reciprocity law, the classical law of Quadratic Reciprocity. It states that if p

and g are two distinct odd primes then

(£ -

where <—) is the Legendre Symbol. This result can be written in a more
q

elegant form using the Kronecker Symbol and the Jacobi Symbol as (%) =

n—1

(?—t), where 7 is an odd positive integer, a any integer and n* = (—1)"7 n.
Us?ng concepts and results known at least hundred years ago, W. Duke and
K. Hopkins [26] in 2005 generalized the above result via finite groups as
follows:

Let a be a positive integer and G is a finite group of odd order n then

a n*
©=(%)
a , a
where (5) =0 if ged (a,n) # 1 and (E
of the conjugacy classes in G induced by the map g — ¢* from G to itself,

if gcd (a,n) = 1.

) is the signature of the permutation

In Chapter 3 we have studied elaborately the above result.

Finaly, in Chapter 4 we consider G and X to be the collection of all finite
groups and collection of all finite abelian groups (upto isomorphism). More-
over we consider A(G) and A(X’) which are the collections of all complex-

valued functions with domain G and X respectively.
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In the next section we consider the set (counting multiplicities) C(G) =
{H,/H,, :i=1,2,...,n}, where H,/H,_y’s are composition factors of G.
We define convolution of two functions f,g € A(G), E-convolution and D-
convolution of two functions f, g € A(X) and study some properties of these
convolutions. Some of the important results in this section are as follows:
Theorem 4.2.5., Theorem 4.2.11., Theorem 4.2.16.

A(G) and A(X) are commutative rings with identity ¢ under the additive
and the multiplicative operations given by ordinary addition and appropriate
convolution of funcitons.

We also study the notion of coprimeness and multiplicativity for groups
in G as well as in X. Some of the main results in this regard are as follows:
Theorem 4.4.7. If f,g € A(G) are multiplicative then (f x g) o p € A(G) is
also multiplicative.

Theorem 4.4.8. If f,g € A(G) then (fxg)op=(fop)*(gop).
Theorem 4.4.10. If f € A(G) with f(Eo) # 0 then there is a unique g €
A(G) such that fxg=gx* f =¢.

Corollary 4.4.11. The set of all functions f € A(G) with f(Ep) # 0 forms
an abelian group under the operation given by convolution.

Theorem 4.4.12. If f g € A(G) are such that f o p and (f * g) o p are
multiplicative then g o p is also multiplicative.

Corollary 4.4.13. The set of all multiphicative functions in A(G) of the form

f op, where f € A(G), is an abelian group under the operation guen by

convolution.
Where p: G — G is gwen by p(G) =TIC(G) , G €G.

In this chapter we have also studied the analogues of the usual number

v



theoretic Mobius Function and the Liouville’s function. Some of the main
results in this direction are:

Theorem 4.5.3. The Mobius Function u € A(G) is multiplicative.
Theorem 4.56. p*xu = u*xp = € te, p ' =uand v! = p.
Theorem 4.5.10. A xu?2 = p2x X = ¢ ie, X' = p? where p? is
the ordinary product of u with itself, and X is the group theoretic Liouville’s
function.

Theorem 4.5.12. Let f € A(G) be a mulptiplicative function such that
f=fop. Then

f is completely multiplicative if and only if f * (uf) = (uf) x f =¢.

i.e., f'=uf wherepuf is the ordinary product of u and f.

As applications of the abelian version of M6bius Function we have:
Theorem 4.6.2. Let Gy, = Zyp X Ly X - -+ X Ly, m-times. Then number of
subgroups of G, of order p"(n < m) is

" -1HE™'-1)...(p" " 1)
-1 -1)...(p" - 1)

Theorem 4.6.3. Let Gy, = Zp X Ly X - - X L,, m-times. Then

(Grm) = (—1)mpamm=1),

Theorem 4.6.4. Let G = Z7* X L X --- X Ly, m-times, where atleast

onem,>2,1=12,...,7. Then

i(G) =0,

\7



Final part of this chapter is devoted to the study of divisor functions,
structure of the normal subgroups of the product of two groups and char-
acterization of groups using divisor functions. Some important results here
are:

Theorem 4.8.1. Let G; and Gy be coprime groups. Then the normal sub-
groups of the product G, X Gy are ezactly the subgroups of the form Ny x Ny,
with N; < G, and Ny < Gs.

Theorem 4.8.2. Let G, and G be any two groups. Then the following con-

ditions are equivalent:

(i) Every normal subgroup of the product Gy x G3 is of the form Ny x N,
with N1 S Gl and N2 ﬂ G2 .

(ii) For each H, < Gy and for each Hy < G, the centres Z(G,/H,) and
Z(Ga/Hy) of the quotient groups G1/H, and G3/H, have no subgroup

n common.

Theorem 4.9.6. (Abelian Quotient Theorem)
If G is a group with 0(G) < 2|G| then any abelian quotient of G is cyclic.
Corollary 4.9.7.

(i) If G is a perfect group then any abelian quotient of G is cyclic.

(ii) The perfect abelian groups are precisely the cyclic groups C,, of order n

with n perfect.

We conclude the dissertation by studying and computing some examples

of non abelian perfect groups.
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Chapter 1

Preliminaries

In this chapter we recall some of the basic definitions and results from the
theory of groups, the theory of fields and the theory of numbers, which will

serve as prerequisites for the forth coming chapters.

1.1 Group Action

Definition 1.1.1. Let G be a group and €2 be a set. Then G is said to act
on Q or ) is said to be a G-setif Vg€ G and V a € Q there exists an
elemant g - o € €}, determined uniquely by g and a, such that the following

conditions hold:
(i) 1-a = a Ya € Q, 1 being the identity element of G,
(ii) (gh) o = g-(h-a) VaeQNand Vg,hegG.

Definition 1.1.2. If Q is a G-set then for each a € €, the orbit of o, denoted



by orb(a), is defined to be the set
{g-a€Qlge G}l

Definition 1.1.3. If Q is a G-set then for each a € , the stabilizer of a,
denoted by stab(a), is defined to be the subgroup {g € Glg-a = a} of G.

The following result is well-known:

Theorem 1.1.4. Let ) be a G-set. Then, for each z € 2, the number of

elements in the orbit of « equals the index of stabilizer of a, i.e.,
|orb(e)| = [G : stab(a)].

Definition 1.1.5. Let 2 be a G-set and g € G. An element a € ( is said
to be g-fixed if g- @ = «. The set of all elements in  which are g-fixed is
denoted by Fix(g). Thus,

Fix(g) ={a €Q|g-a = a}.

Theorem 1.1.6. (Burnside’s theorem)([2], page 160)

Let a group G acts on a finite set Q0. If N is the number of orbits of €1, then

1
N = @Zn(g), (1.1.a)

g€eq@

Where
m(9) =|Fix(g)| =l {a € Q:g-a=0a}|.
The fixed-point counting function 7 is the permutation character associ-
ated with the action of G on 1, and the above theorem says that number N
of orbits is exactly the average value of the permutation character over the

group G. (We have given the precise defination of permutation character in

the character theory section of this chapter.)
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1.2 Isomorphism Theorems

Theorem 1.2.1. (First isomorphism theorem) ([4}], page 22)
Let ¢ : G — H be a homomorphism of groups. Then

G o

Hence, in particular, if ¢ is surjective, then

G o~
Ker¢

Theorem 1.2.2. (Second isomorphism theorem) ([4], page 25)
Let H and N be subgroups of G, and N 4 G. Then

H  HN
HNN N~

Theorem 1.2.3. (Third isomorphism theorem) ([4], page 26)
Let H and K be normal subgroups of G and K < H. Then

G/K

H/K

%

S

Theorem 1.2.4. (Correspondance Theorem) ([10], page 98)
Let ¢ : Gy — G be a homomorphism of a group G, onto a group G,. Then

the following are true:
(i) Hy < Gy = ¢(H)) < Gy,
(i) Hy < Gy = ¢7Y(H,) < Gy,
(ili) H1 <G = ¢(H,) 4Gy,

(IV) Hy<Gy, = ¢_1(H2) <1G1,



(v) H; < G, and H, D Ker¢ = H; = ¢~ (¢(H1)),

(vi) The mapping Hy — ¢(H,) is a 1-1 correspondace between the family
of subgroups of Gy containing Ker ¢ and the family of subgroups of G;
furthermore, normal subgroups of Gy correspond to normal subgroups

Of GQ.

Corollary 1.2.5. Let N be a normal subgroup of G. Given any subgroup H,
of G/N, there is a unique subgroup H of G such that Hy = H/N. Further,
H 4G if and only if H/N «G/N.

Theorem 1.2.6. ([4], page 26)
Let N < G. Then their is a one to one correspondence between normal

subgroups of G containing N and subgroups of G/N.

1.3 Direct Products

Definition 1.3.1. If / and K are groups, the (external) direct product of H
and K, denoted by H x K, is the group of all pairs (h, k), where h € H and
k € K, under the binary operation

(R, k)(H, ) = (hH', kK').

Theorem 1.3.2. ([4], page 29)

Let G be a group with normal subgroups H and K; if HN K = {1} and
HK = G then G = H x K, and in that case we say that G is the internal
direct product of H and K.



Theorem 1.3.3. If G, and G, are groups then Gy x {e2} and {e;} x G are

normal subgroups of G1 x Gy isomorphic to Gy and G, respectively.

Theorem 1.3.4. If H and K are two subgroups of a group G such that
G = H x K, then H and K are normal subgroups G and G/H = K and
G/K = H.

Theorem 1.3.5. (Cauchy’s Theorem) ([2], page 167)
If G is a finite group whose order is divisible by a prime p, then G contains

an element of order p.

Theorem 1.3.6. Basis Theorem ([28], page 108)

FEvery finite abelian group is the internal direct product of its Sylow subgroups.

Theorem 1.3.7. Structure Theorem for Finite abelian group ([28],
page 109)

FEvery finite abelian group is the direct product of cyclic groups.

1.4 Conjugacy Classes

Let z, y be two elements of a group G. We say that z is conjugate to y
(denoted by = ~ y) if 29 = gzg=' = y for some g € G. The ralation “z
is conjugate to y in G” is an equivalence relation on G. The corresponding

equivalence classes are called conjugacy classes of G. The conjugacy class of

z is denoted by C¢(z).
Theorem 1.4.1. The number of conjugates of x in G is |G : Cg(z)]. i.e

°)

|Cl(z)| = |G : Cg(x)].



1.5 Normal Series

Definition 1.5.1. A sequence (Go, Gi, ---, G;) of subgroups of a group

G is called a normal series of G if
{1} :G0<1G1<]G2<]"'4Gr_1QG,-.

The quotient groups G,/G,-1, 1 < i < r, are called the factors of of the

above normal series.

Definition 1.5.2. A composition series of a group G is a normal series
(Go, G1, -, G,) without repetition whose factors G;/G,-; are all simple

groups. The factors G,/G,_, are called composition factors of G.

Note 1.5.3. We often refer to a normal series (Go, G1, -+, G,) by saying
that
{1}=GocGiC---CG, =G

is a normal series of G.

Lemma 1.5.4. ([11], page 241)

Every finite group has a composition series.

Theorem 1.5.5. (Jordan-Holder Theorem) ([11], page 241)

Any two composition series of a finite group are equivalent in the sense that
there is a one to one correspondence between their composition factors such

that the corresponding factor groups are isomorphic.

Definition 1.5.6. A group G is called completely reducible if either G is
trivial or G is a direct product of simple groups. Obviously, every simple

group is completely reducible.



Definition 1.5.7. A group G is called decomposible if it is isomorphic to
a direct product of two proper nontrivial subgroups. Otherwise G is called

indecomposible.

Theorem 1.5.8. ([2], page 91)
Finite indecomposible abelian groups are precisely the cyclic groups having

prime power order.

1.6 Character Theory

Definition 1.6.1. Let I be a field and A be an F-vector space which is also
a ring with with 1. Then A is said to be an F-algebra ifforc € Fand z,y € A

(cx)y = c(zy) = z(cy).

Example 1.6.2. Let G be a finite group and F[G] be the set of all “formal”
sums {)_ay9 | a; € F}. Then F[G] has a F-vector space structure in an
obviousgevfr;ay. The elements of F{G] for which a; =1 and a, = 0if h # ¢
is identified with g. This identification embedds G into F|G] and in fact G
is a basis for F[G]. To define multiplication on F[G], we multiply the basis

vectors according to their group multiplication and extend linearly to all of

F{G]. Then this defines the structure of an F-algebra on F|[G].

Definition 1.6.3. Let A and B be two F-algebras. Then a mapping ¢ :
A — B is said to be an algebra homomorphism or an F-homomorphism if

the following satisfies

(i) ¢(zy) = ¢(z)e(y) for all z,y € 4;
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(i) ¢(1) = 1;
(iii) ¢ is an F- linear trasformation.
Definition 1.6.4. Let M, (F) be the set of all n x n matrices over F. Let

ai] ai2..-Q1n

Ao 492 ...Qa2,

Qnl An2 .. - Qun

be a matrix in M,(F). The determinant of A is denoted by det(A) and is
defined to be the scalar

det(4) = Z sgn(¢)a1¢(1)a2¢(2) <+ Qng(n)-
PESn

The trace of A is denoted by tr(A) and is defined to be the scalar

n

tr(A) = Zaii.

i=1
Definition 1.6.5. Let A be an F-algebra. A representation of A is an algebra
homomorphism p : A — M, (F). The integer n is called the degree of p.

Definition 1.6.6. Two representation p and o of same degree n is said to

be similar if there exists a non singular n X n matrix P such that
p(a) =P 'o(a)P V ac€ A

Remark 1.6.7. ‘Similarity’ is an equivalence relation among representations

of same degree.



Definition 1.6.8. Let G be a group and let F be a field. Then F-representation

of G is a homomorphism p : G — GL(n, F) for some positive integer n.

Remark 1.6.9. A representation g of F[G] determines an [F-representation
p of G by restriction. Conversely, an F-representation p of G' determines a

representation g of F|G] by linear extension. i.e.,

p (Zagg) =) ayp(g).

9€G 9€G

We shall use the same symbol to denote an F-representation of G as well as

the corresponding representation of F[G].

Definition 1.6.10. Let A be an F-algebra and let V' be a finite dimensional
vector space. Suppose for every v € V and z € A that.a unique vz € V is
defined. Then V is said to be an A-module if for all z,y € A, v,w € V, and
¢ € F the following satisfies

(i) (v+w)z = vz + wz,
(i) v(z +y) = vz + vy,
(iii) (vz)y = v(zy),
(iv) (cv)z = c(vz) = v(cz),
(v) vl = .

Definition 1.6.11. Let V be an A-module. Then an A-invariant subspace
W of V is said to be a submodule of V.



Definition 1.6.12. A nonzero A-module V is said to be irreducible if its

only submodules are 0 and V, otherwise it is called reducible.

Fact 1.6.13. Let p : A — M,(F) be a representation of the F-algebra A.
Let V = My, (F). Clearly

veV, X e M,(F) = vX eV

Then for v € V, a € A, va := vp(a) gives an A-module structure to V.

Fact 1.6.14. Let M be an A-module. Let B is an F basis for M. For all
a € Aletay : M — M be the map z — za, ¥V a € A. Set p(a) = matrix

of aps with respect to the basis B. Then p defines a representation of A.

Remark 1.6.15. There is a natural one to one correspondance (as mentioned
in Fact 1.6.13 and Fact 1.6.14) between isomorphism classes of A-modules

and similarity classes of representations of A.

Definition 1.6.16. A representation p : A — M,(F) is said to be irre-
ducible if the corresponding A-module (as per Fact 1.6.13) is irreducible.

Otherwise reducible.

Definition 1.6.17. Let p be an F-representation of G. Then the F-character
x of G afforded by p is the function given by x(g) = tr p(g).

We restrict our attention to the special case that the field F = C and
the word “character” will mean C-character. Notice that x(1) = degp, we

say that x(1) is the degree of x. Characters of degree 1 are called linear

character.

10



Remark 1.6.18. Similar representations of a group G afford equal character

and characters are constant on conjugacy classes of a group G.

Definition 1.6.19. Characters afforded by irreducible representations are

called irreducible characters.

Lemma 1.6.20. ([12], page 16)
The number of similarity classes of irreducible representations of a group G

s equal to the number of conjugacy classes of G.

Lemma 1.6.21. ([12], page 16)

Let G be a group and Irr(G) be the set of all irreducible characters of G.
Then | Irr(G)| equals the number of conjugacy classes of G and

Gl= > x(1)%
X€Irr{G)

Lemma 1.6.22. Let G be a finite abelian group. Then
Irr(G) = Hom(G,C*) &2 G.
We denote Hom(G, C*) by G.

Theorem 1.6.23. (First Orthogonality Relation) ([12], page 20)
The following holds for every finite group G
1

—ZXl(g)XJ(g—I) = 51.]-

|G|
geG
Lemma 1.6.24. ([12], page 20)
Let p be a representation of a group G affording the character x and let
g € G. Let n = o(yg), the order of g. Then

11



(i) p(g) is similar to a diagonal matriz diag (€1, ,€y), where f = x(1);
(i) ef =1;
(iif) x(9) = > &i and [x(g9)] < x(1);

(iv) x(97") = x(9)-

Theorem 1.6.25. (Second Orthogonality Relation) ([12], page 21)
Let G be a group and g, h € G. Then

> x(9)x(h) =0

x€lrr(G)

if g is not conjugate to h in G. Otherwise the sum is equal to |Cg(g)|.

Definition 1.6.26. An algebraic integer is a complex number which is a root

of a polynomial of the form
" + a1z 4+ ag,
where a; € Zfor0<i<n - 1.

Theorem 1.6.27. ([12], page 35)

Sums and products of algebraic integers are algebraic integers.

Theorem 1.6.28. ([13], page 48)
Let G be a finite group of order n. The values of the characters of G are

algebraic integers in the cyclotomic field Q((,), where (, is a primitive n*

root of unity.
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Theorem 1.6.29. ([13], page 50)
Let G be a finite group of order n. The Galois group

¢ = GQ(G)/Q) =Zn",

where Z,* is the group of units in the ring Z, and {, is a primitive n'* root

of unity.

Theorem 1.6.30. ([13], page 50)
Let G be a finite group of order n and a is a rational integer prime to n. If

o € G, and 0((,) = (,,°, then

for any character x and any element g of G.

1.7 Permutation Character

Let G be a finite group acting on ? = {ay,ay,...,ax}. Consider the map

(homomorphism)

f:G — GL(k,C) given by f(g) = [a,,)]

kxk>

I, if g-o=a,
where, a,; =

0, otherwise.
Then

m(g) = tr(f(g9)) = |Fix(g)| =|{a € Q: g - a=a} |.

m(g) is called the permutation character of the action of G on 9.
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1.8 Theory of numbers

1.9 Elementary Congruences

Definition 1.9.1. If an integer m, not zero, divides the difference a — b, we
say that a is congruent to b modulo m and write a = b (mod m). If a ~ b is
not divisible by m , we say that a is not congruent to-b modulo m, and in

this case we write a # b (mod m).

Theorem 1.9.2. ([5], page 48)

Let a,b,c,d, z,y denote integers. Then

(i) a = b (mod m), b = a (mod m), a — b = 0 (mod m) are equivalent

statements.
(ii) Ifa=b (mod m) and b = ¢ (mod m), then a = ¢ (mod m).

(iif) If @ = b (mod m) and ¢ = d (mod m), then ax + cy = br + dy

(mod m).
(iv) Ifa=b (mod m) and c = d (mod m), then ac = bd (mod m).
(v) Ifa=b (mod m) and dlm, d > 0, then a = b (mod d).

(vi) If az = ay (mod m) and ged (a,m) =1, then x = y (mod m).

14



1.10 Legendre Symbol, Jacobi Symbol and
Kronecker Symbol

Definition 1.10.1. Let p be an odd prime and a € N such that ged(a, p) = 1.
If the quadratic congruence z2 = 0 (mod n) has a solution, then a is said to
be a quadratic residue mod p, otherwise a is called a quadratic non residue

mod p.

Definition 1.10.2. Let p be an odd prime, the Legendre Symbol (—) is
D

defined as )

0, if pla,

a
—]=41, ifaisaqrmodp,

-1, ifaisaqnrmodp.

\

The Legender Symbol has the following properties:-

Theorem 1.10.3. ([5], page 132)

Let p be an odd prime. Then

15



(vii) (%) ~(-1) 8

Definition 1.10.4. Let n be an arbitrary odd positive integer and n =
p1p2 - - - Pk its factorization into primes (not necessarily distinct). Then the

Jacobi Symbol is defined by

5= G)

where (£>, 1=1,2,...,k is the Legendre Symbol.
L)

Convention 1.10.5. (%) =1.

Theorem 1.10.6. ([5], page 139)
If a and n are odd and positive and if ged (a,n) = 1, then

(&) =t= (2)

Definition 1.10.7. A discriminant is a non zero integer d such that d = 0

(mod 4) or d =1 (mod 4).

Definition 1.10.8. For a discriminant d, the Kronecker Symbol (Ei-> is
defined as ] .
0, if diseven,

d
<§> =41, ifd=1 (mod38),

-1, ifd=5 (mod 8).

\

16



. d
Convention 1.10.9. )= signof d.

d 0, if d#1,
Convention 1.10.10. (—>

0 1, ifd=1.

The value of (g> is then defined for all a by multiplicitavity.
a

1.11 Algebraic number field

Definition 1.11.1. A subfield K of C is called an algebraic number field if

its dimension as a vector space over Q is finite. The dimension of K over Q

is called the degree of K, and is denoted by |K : Q|.

Definition 1.11.2. A prime p is said to split in the algebraic number field
Q(¢) if the principal ideal generated by p in the ring of integers of Q(¢,)
factors into (Q(¢, ) : Q| distinct prime ideals, where [Q(() : Q| is the degree
of Q(¢n) over Q.

Definition 1.11.3. Let F be a finite field of characteristic p. Then the map
op : F — T defined by o,(z) = 2P for z € F is an automorphism, the

frobenius automorphism of F.

Theorem 1.11.4. ([9], page 91)

p splits i any subfield of Q(() +f and only 1f 0, fizes that subfield pointunse.
Corollary 1.11.5. ([9], page 91)

Let d be the discriminant of a finite group G. Then

p splits m Q(V'd) +f and only +f ap(\/c_l) = Vd.
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Theorem 1.11.6. ([9], page 77)
Let d be the discriminant of a finite group G. Then

p splits in Q(\/a) if and only 1f (g) = 1.

1.12 Arithmetic Function

A complex valued function defined on the positive integers is called an arith-

metic function.

Definition 1.12.1. For positive integers n we make the following definitions
which are examples of arithmetic functions.

7(n) is the number of positive divisors of n i.e., 7(n) = >_1.

o(n) is the sum of positive divisors of n i.e., o(n) = de.ln

04 (n) is the sum of the o' powers of the positive diviszl;ls ofnie., gu(n) =

Tde.

dln

Definition 1.12.2. The arithmetical function I given by

1, if n=1,
I(n) =
0, if n>1

is called the identity funtion.

Definition 1.12.3. The arithmetical function u defined by u(n) = 1 for all

n is called the unit function.

18



Definition 1.12.4. If n > 1 the Euler totient ¢(n) is defined to be the
number of positive integers not exceeding n which are relatively prime to n;

thus,
!
p(n)=> 1,
k=1

where the 7 indicates that the sum is extended over those k relatively prime

to n.

Definition 1.12.5. The Mobius function p is given by

4
1, ifn=1,

p(n) = 4 0, if p* | n for some prime p,

(-1)", ifn=pps...p., p distinct primes.

\

Definition 1.12.6. If f and ¢ are two arithmetical functions then we de-
fine their Dirichlet product (or Dirichlet convolution) to be the arithmetical
function f x g defined by the equation
n
(f*9)(m) = 3 _fd)a().
din
Theorem 1.12.7. ([21], page 29)
Dirichlet product is commutative and associative. That is, for any arithmet:-
cal functions f, g, h we have
f*xg=gx*f (commutative law)

(f xg)*h= fx(gx*h) (associatve law).

Theorem 1.12.8. ([21], page 30)
For all f we have I x f = fx1 = f.
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Theorem 1.12.9. ([21], page 30)
If f is an arithmetical function with f(1) # 0 then there is a unique arith-

metical function g such that
frg=gxf=1
The function g is called the Dirichlet inverse of f and it is denoted by f~'.

Remark 1.12.10. The set of all arithmetical functions f with f(1) # 0

forms an abelian group under Dirichlet multiplication.

Theorem 1.12.11. ([21], page 31)

The functions p and u are multiplicative inverses, thus pxu =u* p = I,

p=u"tandu=p"t

Definition 1.12.12. An arithmetical function f is called multiplicative if f

is not identically zero and if

f(mn) = f(m)f(n) whenever ged (m,n) = 1.

Theorem 1.12.13. ([21], page 34)

The Mobius function u is multiplicative.

Theorem 1.12.14. ([21], page 38)

The function o is multiplicative.

Definition 1.12.15. An arithmetical function f is called completely multi-

plicative if f is not identically zero and if

f(mn) = f(m)f(n) for all m, n.

20



Remark 1.12.16. u and I are completely multiplicative functions.

Theorem 1.12.17. ([21], page 34)
If f is multiplicative then f(1) = 1.

Theorem 1.12.18. ([21], page 35)

If f and g are multiplicative then f * g is also multiplicative.

Remark 1.12.19. If f and g are completely multiplicative then f * g need

not be completely multiplicative.

Theorem 1.12.20. ([21], page 35)
If both g and f * g are multiplicative, then f is also multiplicative.

Theorem 1.12.21. ([21], page 36)

If f is multiplicative, so is f~!, its Dirichlet inverse.

Remark 1.12.22. The set of multiplicative functions is a subgroup of the
group of all arithmetical functions f with f(1) # 0.

An important example of a completely multiplicative function of positive

integers is the Liouville’s function given by
Am) = (~1)2

where n is a positive integer and §)(n) is the number of prime factors (count-

ing multiplicity) of n.
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1.13 Perfect number

Definition 1.13.1. A positive integer n is said to be a perfect number if n

is the sum of all its positive divisors other than itself, i.e., if o(n) = 2n.

Euclid proved that a number of the form 27~!(2" — 1) is a perfect number
if the factor (2™ — 1) is prime. Leonhard Euler classified the even perfect
numbers, but it is a long standing question as to wheather there is any odd
perfect number at all. In 1757, Leonhard Euler classified the even perfect

numbers as follows:

Theorem 1.13.2. The even perfect numbers are precisely those numbers

212" — 1) wherer > 2 and 2" — 1 is prime.
Proof. Suppose r > 2 and 2" — 1 is prime. Then using Theorem 1.12.14

(@72 1)) =0 (2o (2" - 1), since ged (27,27~ 1) =1
=(1+2+224 -+ 27 D)1+ (27 - 1))
=27(2" - 1)
=2(2"1(2" - 1))

Therefore 27~1(2" — 1) is an even perfect number.

Conversly suppose n is an even perfect number. Write n = 2m where s > 1

22



and m is odd. Then n being perfect says that

o(2°m) =2 x 2°m
o(2%)o(m) = 2°t'm
1+2+224.--+2%0(m) =2°"'m

(2s+1 _ 1)0(m) — 2s+1m

rld

(25t — 1)(o(m) —~ m) = m.

Hence o(m) — m is a proper divisor of m since 2°*!' — 1 > 1. But o(m) —m
is the sum of the proper divisors of m, so o(m) — m is the unique proper
divisor of m. Thus m is prime and o(m) — m = 1. Therefore 2°*! -1 =m.
Now n = 25m = 25(25+! — 1) = 25+1-1(25+1 — 1) with s+ 1 > 2 and 2°t1 — 1

prime. O
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Chapter 2

Fermat’s Little Theorem via

finite groups

2.1 Introduction

In October, 1640, a French Mathematician called “Pierre de Fermat” com-
municated the following theorem to his friend “Frenicle de Bessy”.

If p is a prime and a is any integer not divisible by p, then p divides
a1 -1. ie,

a®'=1 (mod p). (2.1.a)

This theorem has since been called as “ Fermat’s Little Theorem (F.L.T.)”
or simply “ Fermat’s Theorem”. Almost 100 years later, in 1736 Leonhard
Euler gave the first proof of the little theorem. Thereafter many Mathemati-

cians have given sevaral proofs of this theorem. The shortest among these
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proofs is perhaps the following :
Suppose Z,"* is the set of all non zero residue classes of integers modulo
p . Then Z,* is a group of order p — 1, whose identity element is 1. Since

pta,a+#0andsoae€Z,”. Hence we have

a =1

= Pl =

—i

= p](a”_1 - 1).

One may ask what happens to (2.1.a) when p is not a prime. The an-
swer to this question lies in the following result which is essentially due to

C.F.Gauss :

Let a be an arbitrary integer. Then for every positive integer n,

Zp(d)an/d =0 (mod n), (2.1.b)

djn

where p 1s the usual number theoretic Mobius function.

(This also generalizes Euler’s Theorem i.e., if ged(a,m) = 1 then a®™ =1
(mod m), m > 1.) The case when a is a prime was settled by Gauss and
his result was published posthumously in 1863. However the general case
was settled during the years 1880 to 1883 when four independent proofs was
given by Kantor, Weyr, Lucas, and Pellet. Recently 1986, C.J.Smith [1] gave
a coloring proof of a more general result.

In this chapter we shall discuss a group theoretic generalization of the Gauss’s

result (2.1.b), namely,
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Let G be a finite group of order n and f : G — C*, where C* is the multi-

plicative group of non zero complex numbers be a group homomorphism. Then

Zf(g)a"/"(g) ¥/
geG
and
Zf(g)a"/"(g) =0 (mod n), (2.1.c)

9€qG

for any integer a.

This is the Main Theorem of this chapter.

2.2 Induced action

In this section we study some results related to orbit counting. Moreover,
given a group element g we define a number ¢(g) and study some important
properties of ¢(g) which will serve as prerequisites for our Main Theorem.

Let G be a finite group acting on a finite set by left multiplication. Let
M be the set of all functions from 2 into some arbitrary finite set A. We
can view M as the set of all possible colorings of the points of Q with colors
chosen from the set A. Clearly |M| = a/¥l, where a = |A|. We now define
(induced) action of G on M.

Let f € M and g € G. Define g« f : § — A given by

(g* f)a)=f(g7' a) forallac Q.

Clearly g x f € M, and
(1) (1 % f)(a) = f(1-0a) = f(a), 1 is the identity of G.
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Therefore 1+ f = f
(2) ((gh) * f)(@) = f((gh)™! - a) = f(h7g™ - a) = f(R7' - (g7' - a)) =
(hx f)(g™" o) = (g% (hx ) (@),
Therefore
(gh) * f = g* (h* f).
Thus, g x f defines an action of G on M.

Let 7 be the permutation character associated with the (induced) action

of G on M. Then

m(g)=|{feM:gxf=f}]| g€GC. (2.2.3)
Lemma 2.2.1. Let f € M and g € G. Then
gxf=f ifand only if f(o)=f(g-a), Ya €.
Proof. Suppose
fla)=f(g-a), Va €.
We have ¢~1-a € Q.
Now
flg7ha)=flg- (97" -0)) = f((997") - 0) = f(1- @) = f(a)
= (g f)(a) = f(a) => g* f = f. ie, fisg-fixed (see1.1.5).
Conversly, suppose
gxf=1F
Now, for each a € €, we have
fle)=f((g7'9)-0) = flg7" (- @))
=(g*f)lg-a)=flg-a).
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As an immediate consequence we have the following

Corollary 2.2.2. f is g-fized if and only if f is constant on each of the

orbits of < g > on Q.

Given g € G, let ¢(g) denote the number of orbits of the cyclic group

< g > acting on . Then

m(g) =|{f €M :gxf=Ff}].
=| {f € M : f is constant on each of the orbits of < g > onQ}|.

= g9, where a = |A|.

Lemma 2.2.3. ¢(g) is the total number of cycles, including trivial “1- cy-

cles”, when the permutation of 2 induced by g is written in cyclic notation.

Proof. Suppose the orbits of < g > on Q2 are

<g>0a1,<g >0, ,<g> Q-

Therefore

c(g)

= L_l < g>a,.

1=1
Let
1= {alag'al’gQ'al’ e ,gk'l-al,az,g~a2,92-a2, e 1gkr1'a27 Ty Qg 9
Qc(g)s " " ,gk_l " Qe(g)- Then
gQ = {g'ala gz'ala <, Qg grae, g2.a2’ H 0/ L 7g'ac(g)7 g2'ac(g), e aac(g)}-
Therefore
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d)g = (alag'alagz'ala te agk_l'al)(a21g'a2,g2'a2a e ,gk_l'a2) T (af:(g))g'
Ce(g)s 59"+ )
Hence number of cycle is ¢(g). a

Remark 2.2.4. If G = S and 2 = {1,2,3,4,5,6} is the set on which G
acts naturally, then for ¢ = (13)(246) € G, we have ¢(g) = 3.

Lemma 2.2.5. Let G be a finite group of order n acting on itself by left
multiplication. Let g € G such that o(g) = m. Then

c(g) = %

where c(g) is the number of orbits of {g) on G.

Proof. Let H = (g). Consider the action of H on G given by left multiplica-
tion. Let z € G. Then

stab(z) ={he€ H:h-z=z}={he H:h=1} ={1}.

Now

|orb(z)| = |H : stab(z)| = |H : {1}] = |H].

c(g)

Again G = | | O;, where O, is an orbit of G under the action of H such that
i=1

|O,| = |H]|, for each 1.

Hence
|G| = c(g)|H],
ie.,
_lGl _n
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As an immediate consequence we have the following

Lemma 2.2.6. Let G be a finite group of order n acting on itself by left
multiplication. Let g € G such that o(g) = m. Then

X(g) — an/O(g)’

where x 1s the permutation character associated with the (induced) action of

GonM.

Lemma 2.2.7. Let G act on Q by left multiplication and O be a G-orbit of
Q. If a,B € O, then stab(a) ~ stab(8). That is stab(8) = gstab(a)g™! for
some g € G.

Proof. Since a, 8 € O therefore 8 = g - o for some g € G. Let ¢’ € stab(a).

Then ¢' - @ = a. Now

99'97! € gstab(a)g~!. We show that gg'g™" € stab(B).

We have
B=ga=g'-f=o0
Now
(99'97") - B=1(9d) - (g7" - B)=(99") - a=g-(¢-a)=g-a=p

Therefore

9g'g™" € stab(B) ie., gstab(a)g™! C stab(B).
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Again let A’ € stab(f). Then

W-B=8
h(g-a)=g o

(Wg)-a=g -«

=
—_

= (¢"'Wg) - a=a
= ¢ 'h'g € stab(a)
.

h' € gstab(a)g™!

Therefore

Hence

stab(B) = gstab(a)g™'. i.e., stab(a) ~ stab(B).

2.3 Complex polynomial

Definition 2.3.1. For nonnegative integers m, we define

(m) :x(x—l)(x—2)~--(a:—m+1)

m m!

1

which is a polynomial of degree m with rational coefficients. For m = 0, this

is just the constant polynomial 1.

Lemma 2.3.2. The set

- {(2) mesma)
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Proof. We know that 8’ = {1,z,7% ...} is a basis for C[X]. Therefore it is
enough to show that 8 generates 5. We have

Now
r\ z(z-1)(=z-2)---(z-n+1)
n) n!
or n! (Z) =1+ dy 12"V Hdy oz i+ +dizt, d; € C
Hence

n—1 n-—2
n __ i T i T
# =) e () - (7) - ()

Therefore it follows, using induction, that 3 generates 8'. That is 8 is a

basis for C[X]. a

Lemma 2.3.3. Let f(z) € C[X] and f(z) € Z for all non negative integers
z. Then f(z) € Z for all integers .
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Proof. Let degf = d. Then by Lemma 2.3.2,

f(@) = Z (2)

Since n! divides the product of any n consecutive integers, we have (:) ¥/
V £ € Z. So it is enough to show that ¢, € Z V k = 1,2,3,---,d. By
hypothesis

d
f(l)=ch(TlL) €Z,V1leZwithl>0.

n=0

We have (fl) =0ifn>1{and (é) = (i) = 1, therefore

co = f(0) € Z,
C0+61=f(1)€Z=>61€Z,

Co+261+02:f(2)=>62=f(2)—00—201€Z

and so on. Since o

e = f(k) - ;Q(Z) € Z,
it follows, using induction, that ¢t € Z V k£ =1,2,3,---,d. This completes
the proof. O

2.4 M\-good orbit

In this section we shall define A-good orbit and establish few important results
related to permutation character associated to the action of G. We begin with

the following definition:
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Definition 2.4.1. Let G act on 2 by left multiplication. Let A : G — C*
be a homomorphism. If O is a G-orbit on {2, we say that O is A-good if the

stabilizer in G of every point in O is contained in Ker A.

By the above lemma we see that the stabilizers in G of various poins in
O are congugate in G and so if any one of them is contained in the normal
subgroup Ker A, then O will be A-good.

If A is the trivial homomorphism which maps every element of G to the

complex number 1, then every G-orbit is A-good.

Lemma 2.4.2. Let A : G — C* be a non trivial homomorphism, where G

s a fintte group. Then

> Mg)=0.

g€G
Proof. Let h € G such that A(h) # 0.

Now

MR)Y “A(g) = D _MB)Ag) = D _Agh) =D _Ag).

geG geG g€G g€G
Therefore

ZA(g) =0, sinceA(h) # 0.

geG

0

Note that in the above lemma, A can be replaced by an arbitrary multi-

plicative function.

Lemma 2.4.3. The permutation character m associated to the action of G

on §) is the sum of the permutation characters associated to the action of G

on the orbits of G on Q.
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Proof. Let 6,,6,,--- ,6, be the orbits of G on Q. Then
Q=6,U0U---U6b,.

Let o4, be the permutation character associated with the action of G on ,.

Now
0o,(9) =|{@€86,:9-a=0a}|

= Zagl(g):ZI{aE&:ya:aH

= Zao )=|{a€Q:g-a=a}|=1(g).
ad

Lemma 2.4.4. Let 0 be an orbit of G on Q and let og be the permutation

character associated with the action of G on 0. Then

1, ¢f 0 is A-good,
Z/\ Joo(g) =| G | by, where 6y =

9€G 0, otherwise.

Proof.

S = "Xg)os(9)

g€eG

=) Mg)|{Beb:g-8=5}
geqG

= Z/\ ) | Fixq(g
geCG

=Y Mg) > 1

g€eG BEFixg(g)
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=Y > Ng)

gEGBEFixg(9)

o B
_22659 ), where, 54 = b Mg p=p

9€G Beb 0, otherwise

= ZZ(S,Q’Q)\(Q)

BEB geG

=), ). Ma)

BE gestab(B)

Now A |stab(s) is @ homomorphism from stab(8) to C*. If stab(8) C Ker A,
then by Lemma 2.2.7 X |sean(g) is trivial for all 8. In this case # is A-good and

S =| 6 || stab(B) |=| G | .

If stab(8) € Ker A, then A |sab(s) is non trivial.
Therefore by Lemma 2.4.2

Z Mg)=0and so S =0.
gestab(B)

a

Lemma 2.4.5. Let A : G — C* be a homomorphism where G is a finite

group. Suppose G acts on some finite set ) by left multiplication and let X
be the number of A-good orbits for this action. Then

ZA

gEG

where T is the permutation character associated with this action.
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Proof. We have by Lemma 2.4.4,

1, iféfis A\-good
Z/\(g)ae(g) =| G | 8, where &g =

g€G 0, otherwise
= > Mgoslg) =Y, |G

8 geG [/}
= > AN9)Y oslg) =G| X

geG [/}
= > XMg)r(g) =| G| X, by Lemma 2.4.3.

geaG

1

= X= mg*(g)ﬂ(g)-

2.5 The Main Theorem

We are now in a position to prove our Main Theorem. In this section we shall
give two different proofs of the Main Theorem. Further we shall also include
some results related to primitive n** roots of unity and with the help of these
results we shall show that our Main Theorem is actually a ganaralization of
Fermat’s Little Theorem/ Gauss’ Theorem.

Let G acts on some finite set by left multiplication. As before let M be
the set of all mappings from Q into some finite set A with |A| = a. Consider
the induced action of G on M. We saw that the associated permutation
character 7 is given by the formula 7(g) = a9,

If we apply Lemma 2.4.5 in this situation we get the following
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Theorem 2.5.1. Let G be a finite group acting on a finite set 0 by left
multiplication and let f : G — C* be a homomorphism. Then for each

integer a,

> 9P ez

9€G
and

Zf(g)ac(g) =0 (mod n),

geaG
where c(g) is the number of orbits of < g > on Q.

Proof. From the above Lemma, considering the induced action of G on (,

we have
Zf (9)m(g) € Z
geG
= z f(9)a® € Z,  for each positive integer a.
|Gl
= —Z f(g C(g Z, for any integer a, by Lemma 2.3.3.
gGG
= Z f(9)a®9) € Z,  for any integer a.
9€G
and

Zf(g)ac(g) =0 (modn), for any integer a.
9€G

O

In particular if G acts on itself by left multiplication, we saw in Lemma
2.2.6 that the associative permutation character x(g) = a™°® . In this case

we get the Main Theorem directly. But still we give a different proof of the

Main Theorem.
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Theorem 2.5.2. (The Main Theorem)
Let G be a finite group of order n and f : G — C* be a group homomor-

phism. Then
> Se)a0 ¢ 2
9€eG
and
Y f(g)a™*® =0 (mod n), (2.5.a)

9€G
for any integer a.
Proof. The permutation character x is actually a character of G and f is

also a character of G. We have
[f,x] € Z [12], page 21

= =Y loxls) €2

geG

1
= ;E f(g)a™°9) € Z, for all nonnegative integer @, by Lemma 2.2.6.
geG

1
= ;Zf(g)a”/"(g) € Z, for all integer a, by Lemma 2.3.3.
e

SEN Zf(g)a"/"(g) €Z, for all integer a.
geqG

and

Zf(g)a"/"(g) =0 (modn), for all integer a.
geG

O

Pournaki [3] has also gave a Linear algebraic approach to prove the above

Theorem.
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Lemma 2.5.3. Any nt* root of unity is a primitive d** root of unity for some

d|n, also such a d is uniquely determined by n. In other words G = [ Gy,
din
where G is the set of all n** roots of unity and Gy is the set of all primitive

d® roots of unity.

Proof. Note that G is a cyclic group of order n. Let y € G. Then o(y) = d
for some d|n. That is y¢ = 1 but y* # 1 if k < d. That is y is a primitive d**
root of unity.

Uniqueness is clear, because order of any element of a group is unique. [

Lemma 2.5.4. Let G(n) be the sum of all n™ roots of unity. Then
Gn)=0, ifn>1
Proof. Let z be a primitive n** root of unity. Then
" =1
= (2"-1)=0
= (-1 T+2" %+ 4+1)=0
= (2" '+2"?+..-4+1)=0, sincez # 1

= G(n)=0.

Since if z is a primitive n* root of unity, then 1,z,z2, ---z" ! are the nt*

roots of unity. O

Lemma 2.5.5. Let n be a positive integer. Then the sum of all the primitive

n't roots of unity in C is p(n), where u is the usual number theoretic Mobius

function.
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Proof. Let G be the set of all n'* roots of unity and G4 be the set of all
primitive d** roots of unity. Let

F(n) = sum of all the primitive nt* roots of unity.

G(n) = sum of all the n** roots of unity.

Then, by Lemma 2.5.3, we have

G(n) = Zx

z€G
=N z=>"F(a).
d|n z€Gy dln

By Mobius inverson formula

F(n) = Y u(d)G(5):

dln

Therefore, by Lemma 2.5.4, we have

a

The following theorem shows that Theorem 2.5.2 is indeed a generaliza-

tion of congruence (2.1.b).

Theorem 2.5.6. Let a be an arbitrary integer. Then for every positive in-

teger n,

dln

where p is the usual number theoretic Mobius function.
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Proof. Let G be the (cyclic) group of order n consisting of all the n* roots of
unity in C, and let f : G — C* be the inclussion map. Now for any integer

a, we have (Theorem 2.5.2) already proved that

S f(g)a?@ =0 (mod n)

geG

— Zga"/"(g) =0 (mod n)
9eG

= Z(Zg)@/da(} (mod )
din 9€Gy

= Zu(d)an/d =0 (modn), by Lemma 2.5.5.

dln

O

We can also obtain some generalizations of Fermat’s Little Theorem by
reducing the congruence (2.5.a) to special cases. For example-
Considering f : G — C* to be the trivial homomorphism, we get the

following corollary of the above Theorem:

Corollary 2.5.7. Let G be a finite group of order n. Then
Za"/"(g) =0 (mod n) (2.5.b)
9€G

for any integer a.

In the special case where G is cyclic of prime order p, G contains one
element of order 1 and p — 1 elements of order p, and so the congruence

(2.5.b) gives

a’ =a (mod p),
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for all integers a, which is Fermat’s Little Theorem.
Applying congruence (2.5.b) to the case where G is cyclic of order n, we

obtain the following corollary which generalizes Fermat’s Little Theorem.

Corollary 2.5.8. Let a be an arbitrary integer. Then for every positive

integer n,

Zcp(d)a"/d =0 (mod n),

d|n

where ¢ is the Euler totient function.

Proof. Since G is a cyclic group of order n, for each divisor d of n there exists
a unique subgroup of order d. Therefore for each divisor d of n there exists

exactly ¢(d) elements of order d in G. Then by Corollary 2.5.7, we have

Y p(d)a™* =0 (mod n),

din

for all a € Z. O
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Chapter 3

Quadratic Reciprocity Law in

finite groups

The Quadratic Reciprocity Law has a very special place in the theory of
numbers ever since Gauss, at the age of ninteen, proved it in 1796. Since
then many proofs have been given. In this chapter, we present a recently

developed group-theoretic generalization of the law.

3.1 An elegant form of Quadratic Reciprocity
Law

The classical quadratic reciprocity law states that for any two distinct odd

<%) = (-1)=T % (g) : (3.1.a)
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Using the notion of Legendre Symbol, Jacobi Symbol and Kronecker Symbol

as mentioned in Section 1.10, this law can be restated as follows:
Theorem 3.1.1. Let n be an odd positive integer and a any integer. then

(=%

n/ \a)’
where n* = (—1)*7 n.
To prove this theorem, we need the following lemma:
Lemma 3.1.2. Let n be an odd positive integer. Then
n-1

n*=(-1)zn

18 a discriminant.

Proof of the Lemma :

nisodd=>n=1 (mod4)orn=-1 (mod 4).

Now
n=1 (mod4) = n=1+4t tecZ
= n; Lo
= n"=n=1 (mod4)
= n'is a discriminant.
Again

n=-1 (mod4) = n=-1+4¢t teZ

= n—1+2=4¢
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= 2t
2
n-—1
3 +1=2t
nol oo

n*=-n=1 (mod 4)

eyl

n* is a discriminant.

Proof of the Theorem :

Without any loss we can assume that a > 0 and ged (a,n) = 1, since

(7)=0= (";) if god (a,m) # L.

n

(?;1.) = (~1)*" =sign of n' = (_’fl) .

Let a = 2%, where b is an odd integer and k € NU {0}. Then

©)-=0() (-

and

-1 n

(1) (3) . (3.1.b)

Now,

||

‘_

x
N
o-l l
N’I v




3.2 Legendre symbol in terms of Dirichlet
Character

A character f of the group Z,*, the group of units in Z, where n is a positive
integer, gives rise to a Dirichlet character modulo n. In this section we shall
show that if we take n to be an odd prime p, then Z,* has a unique character

of order 2 and its associated Dirichlet character is the usual Legendre symbol.

Definition 3.2.1. Consider Z, as a ring, where n is a positive integer. Let
G = Z," be the group of units in Z,. Corresponding to each character f of

G, we define an arithmetical function x;:N-— C given by

f(@), ifged (a,n) =1,
xs(a) =
0, otherwise.

The function x; is called a Dirichlet character modulo n.

Consider the group Z,*, p an odd prime. Then Z," is a cyclic group of
(even) order p — 1. Therefore Hom(Z,*, C*) is a cyclic group of order p — 1

and has a unique element of order 2 say f. Then

Lemma 3.2.2. x; is the usual Legendre Symbol.

Proof. We have
f(@), ifged (a,p) =1,

0, otherwise.

xs(a) =

Define
f:2,* — C* given by f(a) = (%) :
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Clearly it is well defined. Now for Z,J € Z,",

f@9) =F(zy) = (%y) ) (%) (z) ]

Therefore f is a homomorphism of Z,* of order 2 and so f = f.

\I

@) f(@®).

Therefore
}‘_( ), ifged (a,p) =1,
xs(a) = 1
0 otherwise.
(g), if ged (a,p) = 1,
0 otherwise.

Thus x; is the usual Legendre Symbol.

3.3 Legendre symbol: Zolotarev’s observa-

tion.

In 1872, Egor Ivanovich Zolotarev, a Russian mathematician gave another

interpretation of Legendre Symbol. In this section we shall study this ovser-

vation elaborately.

Let G = Z,, the group of residue classes modulo p under addition. Let a

be an integer such that ged (a,p) = 1.
Consider
¢z : Z, — L, given by T +— @z.
Now

T =79 =>az = oy = 0:(Z) = ¢a(9).
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Therefore ¢g is well defined. Again
G = ay = az=ay (modp) = z=y (modp) =T =
That is ¢5 is one one. Therefore ¢z is a permutation on Z,.
Note 3.3.1. We have
bz:Zy —> Ly, 5:Ly— L, = $go ¢y Ly — Ly
Now
(620 ¢5)(T) = da(85(T) = ¢albr) = abz = d5(2).
Therefore
b30 65 = bz
Lemma 3.3.2. Define
F:Z," — C given by F(a) = sgn ¢5.
Then F is a homomorphism.
Proof. Fora,be Zy
F(ab) = F(ab) = sgn ¢ = sgn (¢a© ¢)
= sgn ¢z sgn ¢z = F(a)F(b).

(noting that signature of the product is the product of the signature.)

<

Therefore F is a homomorphism on Z,* i.e., F is a character of Z,*. 0O

Now let T be a generator of Z,*. Then ¢z is a (p — 1) cycle. That is ¢z is

odd. Thus F' is non trivial. Also F' has order 2. Hence

rr-(3)

since in Zj order 2 homomorphism is unique.
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3.4 The Quadratic symbol for a finite group

In this section we define the Quadratic symbol for a finite group G and study
some properties and implications of this symbol.
Let G be a finite group of order n with conjugacy classes

C, = {1},Cs,...,Cn. Let a be an integer relatively prime to n.

Lemma 3.4.1. Consider the map f : G — G given by f(g) = g¢*. Then

f is a permutation of G.

Proof. Suppose gf = g5.

Now

az+ny

— 1 _ aa:+ny
g =6 = %

=079 =g =g =g " = g

Therefore f is an injective map from G onto itself. That is f is a permutation
of G. a

This f induces a permutation on the conjugacy classes of G also sending
C +— C*°. Let this permutation be ¢,.

We now define Quadratic symbol for a finite group as follows:

Definition 3.4.2. Define F: N — C given by

sgn ¢q, if ged(a,n) =1,
Fla) = g ged (a,n)

0, otherwise.

F(a) is called the Quadratic symbol of G at a and is denoted by (—g—)
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In view of Zolotarev’s observation we can see that the Quadratic symbol

for G = Z,, where p is an odd prime is the Legendre symbol:

a a
=) ={t—=1. 4.
(G) (|G|> (3.4.2)
The following lemma tells us a very interesting property of F', which says

Lemma 3.4.3. F defines a real Dirichlet character modulo n.

Proof. Let G be a finite group of order n, and a be an integer relatively prime
to n. Define

f:Z,* — C* given by f(@) = sgn ¢,,

Where ¢, is the permutation on the conjugacy classes of G given by C; —
Cja. Now

G=b =>a=b+nt = sgn ¢, = sgn ¢s,
(noting that C**™ = C® and therefore @p1ne = @). So f is well defined. Also
(¢a o ¢b) (C) = ¢a(¢b(c)) = ¢a(Cb) = Cab = ¢ab(C)'

That is ¢, 0 ¢p = dgp. So,

f(ﬁg) = f(-‘%) = sgn ¢ab = sgn (¢a o ¢b) - f(a)f(g)

Therefore f is a character on Z,*.

Now,

Jsgn $o, ifged(a,n) =1,

\ 0, otherwise.

,

B <f(&), if ged (a,n) =1,

\ 0, otherwise.
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Thus F' is a real Dirichlet character modulo n. O

Definition 3.4.4. Let G be any group (finite or infinite). Consider the map
f:G—G givenby gr— gL
A conjugacy class C in G is said to be real if C~! = C otherwise it is said

to be complez. Here C~! denotes f(C).

Remark 3.4.5. The complex conjugacy classes occurs in pairs C and C!
with |C| = |C~!|. We order the conjugacy classes so that the first r; classes
are real. Thus m = r;+2ry, where 7, is half the number of complex conjugacy

classes. We then set

d=d(G) =(-1™IGI" T c;

_elial 1ol
=CU™MEnG el
16l 1G]

=CUE e

Since for any conjugacy class C, :—g}- is a nonzero integer therefore it follows d
is a non zero integer. Clearly, given a prime p we have p | n if and only if p |
d. Thus d has the same prime divior as n. We call d the discriminant of G,
a name that is justified by the fact that d = 0o or 1 (mod 4), as we shall see

later.
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3.5 Matrix of character table

In this section we shall consider the Matrix of a character table and then
establish a very crucial relation between the determinant of the Matrix of a
character table and d, the discriminant of G.

Let G be a finite group with conjugacy classes C; = {1},C,,...,Cp and

g, € C, be a representative element for all . The matrix

M= [xz(g])]mxm

where x,, © = 1,2,...,m are the irreducible characters of G is called the

Matriz of the character table of G.

Lemma 3.5.1. Let G be a finite group of order n with conjugacy clases

C, ={1},Cy,...,Cn. M be the matriz of character table of G. Then
(det M)? = %d,

where

d= (—1)’2|GI"JI=111|C,|‘1, leN

Proof. Let x1,X2,-.-,Xm be the irreducible characters of G. g, € C, be a

representative element of C,, i =1,2,...,m. Now
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x1(g1) x1(g2) -+ x1(gm)
x2(91) x2(g2) - x2(9m)

M =

Xm(91) Xm(92) --- Xm(gm)

x1(91) x2(g1) --- Xm(91)

M = (GI) = x1(92) x2(g2) --- Xm(92)

x1(9m) X2(gm) - .- Xm(gm)

Again

x1{g1) x2(g1) --- xm{g1) x1(g1) xa(g2) --. xa(gm)
M*M — X1(92) x2(g2) - -- xm(92) x2(91) x2(g2) - .. X2(9m)

X1(gm) X2(gm) - Xm(gm)/ \Xm(91) Xm(92) --- Xm(gm)

{ i)&(gl ) in(gl)Xz(gﬂ ces i::le gl)Xz(gm) \
_ Exz )x.(91) f)l (92)x:(92) - - g)lxz 92)X:(9m)

\gxz(gm)xz(gl) ng(gm)Xz(QZ) éxz(gm)xz(gm) )



|Ce(g)] ... 0
= , by Theorem 1.6.25

0... ICG(gm)l

= . (3.53,)
0 ... |G|ICnl1
Now,

s 77 < | 22(90) x2(g2) - Xa(gm)

xm(g1) Xm(g2) - Xm(gm)

x1(gr ") xa(gzh) -+ xalgmt)

-1 -1 -1
_ x2(91") xa(927) -+ x2(9m’) , by Lemma 1.6.24.

Xm(97") xm(95%) -+ Xm(9:")

x1(g1) x1(g2) --- x1(9n) xa(gnk) - x1(95%2r)
| xalgr) xa(g2) -+ xal9r) X2(97; 1) -+ Xx2(97}2rs)

Xm(91) Xm(92) .- Xm(9r) Xm(gr 1) -+ Xm(97er,)
Suppose,

Xs(gr_l:-i) = XS(gT1+j)7 where 7,5 € {1,2" . .,2’!‘2}; 1#7]; s€ {I’Zv .- ',m}'
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Then

Xs (gr1 +1) = Xs (gT1+J)

A Xs(gr1+z) = Xs(gr1+1)

— XS(gr1+z) = Xs(gr_ﬁ{-])‘
Therefore

X1(g1) x1(g2) ... Xl(gn) X1(9¢(r1+1)) Xl(g¢(7‘1+21‘2))

det I = x2(91) x2(92) --- X2(9r1) X2(9o(r1+1)) - -+ X2(Go(r1+2r2))

Xm(91) Xm(92) -+ Xm(9r1) Xm(Gori41)) -+ Xm(Go(ri+2r0))

where, ¢ € SymX, X = {ri1 + 1,7 +2,...,71 + 212} such that ¢ is a

product of transpositions of total length 2r;. Therefore
det M = sgn(¢) - det M = (—1)" det M. (3.5.b)
Again by equation (3.5.a), we have
det(M* M) = [GI" T |G| G H Gyl
= det(M*)det(M) = lGl”Jijl]C]l‘l (|G|'2tfjl|cr,+,|-l>2, by Remark 3.4.5.
— (=1)"(det M) = |G|"Jijl|cj|—lz2, by equation (3.5.).
= (det M)? = (—1)’2|G|”Jf=111\CJ\“1l2
= (det M)? =I%d, | €N.
This completes the proof. 0
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Remark 3.5.2. We have

det(M) = Z89"(¢)X1(9¢(1))X2(9¢(2))~--Xm(9¢(m))'

$ESm
Let
A=Y xu(9e0)x2(962) - - - Xm(Gpm)-
$ESm, ¢ even
B= Y xi(9s1)x2(96®) - - Xm(9s(m)-
PESm, ¢ odd

Clearly det M = A - B.
In view of Theorem 1.6.28, we have A and B are algebraic integers and
therefore A+ B and AB are algebraic integers. We shall in fact prove that

A+ B and AB are rational integers. The following lemma is important to

prove this result.

Lemma 3.5.3. Let G be a finite group of order n with conjugacy classes

C, ={1},C,,...,Cn and g, € C, be a representative element for all i. If gcd
(a,n) =1, then

{9192, 9m} = {91, 93, .., 9m}-
Proof. It is enough to show that g} is not conjugate to g* for any i,j =
1,2,...,m; i # j. Suppose, g7 ~ g; for 1,5 =1,2,...,m; ©# j. Then
g; = 99797, for some g € G
= g5 = (99.97")"
=  g,=969"", by Lemma 3.4.1
= %~

a contradiction. Therefore g¢ is not conjugate to g5 O
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Following is a corollary of the above lemma:

Corollary 3.5.4. Let G be a finite group of order n with conjugacy classes
C1={1},Cy,...,Cp and g, € C, be a representative element for all 1. If ged
(a,n) =1, then there ezist 1 € Sy, such that g} = gy

Theorem 3.5.5. A+ B and AB are invariant under the Galois group. That
is, if G 1s a finite group of order n and a is a rational integer prime to n and

ifo €3G, and 0((,) = (", then
0(A+ B)=A+ Band o(AB) = AB.
Hence in particuler A+ B and AB are rational integers.

Proof. In this proof ¢ € S,,.

o(A+B)=0 (ZX1(9¢(1))X2(9¢(2)) i -xm(g¢(m)))
¢
= %:0 (x1(90(1)) x2(90(2)) - - - Xm (9a(my))
= %:0 (x1(9601))) & (x2(962))) - - - & (Xm (9(my))
= le(g;(l))xg(gg(z)) .+~ Xm(9g(m))> by Theorem 1.6.30
¢
=) x1(9p6(1)) X2(9u(6(2)) - - - Xm(9u(o(mp)), by Corollary 3.5.4

¢

= x1(951)x2(96) - - - Xm (9p(m))
®

= A+ B.
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o(AB)
=0 (( > x1(96w) - - - Xm(9p(m) ) (Zm(gm) xm(gqs(m))))
@ even ¢ odd
=ag (Z x1(9s(1)) - - m(9p(m)) ) (Z x1(9e()) - (9¢(m)))
¢ even ¢ odd
( E X1 g¢(1)) 9¢(m)) (ZX1(9¢(1)) (g¢(m )
¢ even ¢ odd
= (Z X1(gy(o1)) - - - Xm 9¢(¢(m)))> (le o)) - (gw(qs(m))))
¢ even @ odd
( Z x1(gs)) - - - Xm(gg(m)) ) <ZX1(9¢(1) Xm(g¢(m)))
¢ even ¢ odd
= AB

3.6 Generalized Q. R. L.

We are now in a position to prove the Generalized Quadratic Reciprocity

Law for finite groups.

Theorem 3.6.1. Generalized Q. R. L.
6| 16l

Let G be a finite group of order n with discriminant d = (—1)’2n|C o |C’_|
2 T

Then
(i) d=0or1 (mod 4).
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d
(ii) For any integer a, (%) = (E)

(iii) For any integer a, (%) is trivial if and only if d is a square.

Proof. Proof of Part (i)
We have
12d = (detM)? = (A — B)* = (A+ B)? — 4AB.

Again
(A+B)2 —4AB = (A+ B)? (mod 4)
= (A+B)’-4AB=0o0r1 (mod 4)
=> [?d=00r1 (mod 4). (3.6.a)
Now, if G is odd, then [ is odd and d is odd. Therefore
2d=1 (mod4) and =1 (mod 4).

Which implies d =1 (mod 4).

Again if G is even, then since
1G] =1+ |Co| + -+ +|Cri| + [Crial + -+ |Cryams,

we have C; is odd for some i = 2,3,...,r, (noting that complex conjugacy

classes occurs in pairs). It follows d =0 (mod 4). a

The prove of part (ii) is a direct consequence of the following propositions:

Proposition 3.6.2. Let ¢ € G be such that o((,) = (%, where (, 15 a

primitive n'* root of unity and gcd (a,n) = 1. Then

o(Vd) = (%) Vd.
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Proof. We have

x1(91) x1(g2) --- x1(9m)

detM = x2(91) x2(g2) --- x2(gm)

Xm(91) Xm(92) - -+ Xm(gm)

Using Theorem 1.6.30, we get

x1(9%) x1(g3) --- x1(9m)

U(detM) — X2(gil) X2(g‘21) Xz(g;‘n)

Xm(9%) Xm(95) --- Xm(9m)

= (%) detM.

It follows from Theorem 3.5.1 that
o(+ IVd) = (%) (% 1vVd).

Which implies that

g

Proposition 3.6.3. Let G be a finite group of order n with discriminant d.

- ()

Proof. We know that d and p has the same prime divisors. Therefore p {
d

n => ptdandso (—) = +1.
p

Then for any prime p, p{n
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{

Suppose (C—l) = 1. Then applying Theorem 1.11.6 and Corollary 1.11.5,
p

we get
p splits in Q(v/d) i.e., 0,(Vd) = Vd
1.€., (g) vd = Vd
. P d
e, l=]l=1=1-].
b (G) <p>
Next Suppose (C—l> = —1. Then also applying Theorem 1.11.6 and Corol-
D

lary 1.11.5, we get

p doesnot split in Q(Vd) i.e., a,,(\/é) + Vd

e, (£)va = i
e ()= 1= ()

Therefore we can conclude that

(&) -

J
N
= A
——
(=N
=
—
s

a
Proposition 3.6.4. Let G be a finite group of order n with discriminant d.
Then
-1\ _ (d
G) \-1)°
Proof. Let Cy = {1},C,,...,Cy, be the conjugacy classes of G. r; the num-

ber of real conjugacy classes and 7, half the number of complex conjugacy
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classes.
We have
(_il]—_) = sign d= (_1)7‘2, By Remark 3.4.5.

(:Gl> = sgn ¢—11

where ¢_, is the permutation on the conjugacy classes of G given by C
C~!. Now

Again

d) Cl C2 . C’,-1 Cr1+1 e Cm
-1 =
Cl Cg e C,-l C¢(r1+l) P C¢(m)

where ¢ € SymX, X = {r1+1,r1+2,...,71+2r2} such that ¢ is a product

of transpositions of total length 27,.

(2)=mea=cr=(4).

. ay . ay . . 9.
Since (5> is a character modulo n therefore ( 5) is totally multiplica-

tive. Therefore Part (ii) of our main result follows from The above proposi-

Therefore

O

tions by multiplicativity.
Proof of Part (iii)
We have by Lemma 3.6.2
0(\/3) = (%) Vd, o € G, a any integer prime to n.

o(Vd) = Vd = Vd € Q = d is a square.
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Again if d is a square then

ﬂe@=>\/3=o(\/3)=(%)\/3=> (%):1.

The following lemma, is very important to prove the direct generalization

of classical quadratic reciprocity law.

Lemma 3.6.5. Let G be a finite group of odd order n. Then G has only one
real conjygacy class namely {1}.
Proof. Suppose C is any real conjugacy class of G and g € C. Now
Cisreal = C=C"1l=geC™..
Again g € C = ¢! € C-!. Therefore g ~ g~!. Now
gr~g !l = ¢g7'=hgh ! forsomeh € G
= ¢g=hg 'h™' = hhgh'h~! = h2gh?
E0 gh2 = hzg

= h?¢ Cg(g)

Moreover since n is odd, therefore o(h) is odd, say o(h) = 2 + 1 for some

positive integer . Now

h = h2l+lh — h2[+2 — (hZ)H-l.

Again
h? € Co(g) = (A*)'*! € Ca(g) = h € Cu(g) = hg = gh.
Now
g l=hgh 'l =ghh ! =g.
But o(g) is odd. Therefore g = 1. i.e., C = {1}. 0O
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In the special case if we take G to be a group of odd order, we get the
following corollary of the Main Theorem, which is a direct generalization of

classical quadratic reciprocity law (Theorem 3.1.1).

Corollary 3.6.6. Let G be a finite group of odd order n. Then d = n* and

for any integer a
N n*
o (3) = (5)
o (AN o
(ii) (5) is trivial if and only if n is o square.

Proof. Proof of Part(i)
Let C; = {1},C,,...,Cn, be the conjugacy classes of G. Then C; = {1} is

m—1

the only real conjugacy class of G and d = (—-1)"z n. Now

m—1

nisodd = disodd=d=1 (mod4)=(-1) 2 n=1 (modm).
(3.6.b)
Again we have
n is odd = n" is a discriminant =>n* =1 (mod 4)
= (-1)""'n=1 (mod 4). (3.6.c)

n=(-1)z n (mod 4)

T
—
~—
I
—
I
[y
~—
.

(mod 4), since ged (n,4) = 1.

Il
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and for any integer a,

To prove Part (ii) we need the following:
Lemma 3.6.7. Let n be an odd positive integer. Then
n* is a square if and only if n is a square.

Proof.
nisodd = n=+1 (mod 4).
Suppose n is a square. Then n # —1 (mod 4) and so
n=1 (mod 4).So, n =1+ 4t, for somet € Z.
Therefore
n—1 4t41-1

n*=(-1)" 2 n=(-1)"2 n=(-1)*n=n, which is a square.

Conversly, Suppose that n* is a square. Now

Since n is positive,
n* # —n. Son = n*, which is a square.
O

The proof of Part (ii) follows immediately in view of our main theorem
namely Theorem 3.6.1 and Lemma 3.6.7.
Finally we see from Theorem 3.6.6 and (3.1.a) that Zolotarev’s result

(3.4.a) holds for any group G of odd order.
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Chapter 4

Arithmetic Functions of Finite

Groups

One of the major portions in the theory of numbers is occupied by the arith-
metic functions. These are complex valued functions defined on the set of
positive integers. This chapter deals with the complex valued functions de-

fined on the collection of all finite groups (abelian as well as non abelian).

4.1 Introduction

Let G be the collection of all finite groups (upto isomorphism). Then G
can be regarded as a monoid with respect to the direct product of groups
(treating the isomorphic groups as the identical ones). The identity element
of G is given by the trivial group Ejy, the group of order 1.

Let X be the collection of all finite abelian groups (upto isomorphism)
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and let J be the collection of all completely reducible groups of X. Then X
and J are submonoids of G.

Again let N* be the monoid of the positive integers. Then N* = J under
the correspondence n — G, where n is a positive integer and G the unique
completely reducible group of order n.

Let A(G) denote the collection of all complex-valued functions with do-
main G and A(X) denote the collection of all complex-valued functions with
domain X. Then ||, 1 and € are three well known members of A(G)

where for a given G € G we define

1_, lf G = EO,
|G| = the order of G, u(G)=1, and &(G) =

0, otherwise.

Similarly if we take G € X, then | |, u and € defined as above are also
members of A(X).

Moreover the functions A and 7”defined by A(G) = the grade of G =
number of groups in X of order < |G| and 7(G) = number of direct factors of G

are also members of A(X).

4.2 Convolutions of functions

In this section we study convolution of any two functions f,g € A(G). We
also study convolution of any two functions f,g € A(X) defined in two

different ways and some properties of these convolutions.
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4.2.1 Convolution of functions in A(G)

Let G € G. Then G has a composition series given by
Ey=Hy<xH «---<H, 1< H,=G.

The Jordan-Holder Theorem states that any two composition series for a
group have the same set-with-multiplicities of composition factors, upto iso-
morphism of factors. We denote this set with-multiplicities as C(G). Thus,

for the above composition series

C(G)={H,/H\-1:1=1,2,...,n}
and it is uniquely determined by G upto isomorphism of factors. By conven-
tion C(Ey) = ¢.
Theorem 4.2.1. For all K 4 G the set C(G) is the disjoint union (i.e.,
union counting multiplicities) of the sets C(G/K) and C(K).

Proof. Let
({K}=)Hy/K < H)/K < Hy/K Q- - < Hy(=G)/K

be a composition series of G/K. Since {K} = Hy/K, therefore Hy = K.
Moreover each H, is a subgroup of GG containing K. Also by (Third Isomor-
phism) Theorem 1.2.3,

Hz+1/K Hz+1 . .
& l = e, T 2.
0K T (simple), i =0,1,2,...,n (4.2.a)

Now let
Eg<aNi<dNyd---<d N,y < K
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be a composition series of K. Then
EyadN <N, 4 AN 1 <K< Hi<H Q- < Hy 1 <H, =G
is a composition series of G. And

C(G) = {Nl/Eo,Nz/Nl, . .,K/Nm_l,Hl/K,Hg/Hl,. . ,G/H _1}
=C(K)uC (G/K).

Following is a direct corollary of the above theorem.

Corollary 4.2.2. For any G1,Gs € G, C(G1 X G>) is the disjoint union (i.e.,
union counting multiplicities) of C(G;) and C(G»).

Proof. In view of Theorems 1.3.3 and 1.3.4, we have G; < (G; X G,), and
(G1 X G2)/G1 = G,. Therefore by above theorem

C(Gl X G2) = C(Gl) UC((G1 X Gz)/Gl) = C(Gl) UC(Gz)

a

Given G € G, let IIC(G) denote the direct product of all members (count-
ing multiplicities) of the set-with-multiplicities C(G). Clearly for any G € G,
[IC(G) is completely reducible. As a convention we take IIC(E,) = Ej.

Definition 4.2.3. If f and g are any two functions in A(G) then their con-
volution is defined to be the function f * g € A(G) given by

(f*9)(G) = D> _F(H)g(K),
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where G € G, and the summation is over all ordered pairs (H,K) € G x G

which satisfy one of the following conditions:

(1) One of H and K is G, and the other is Eg,
(i1) H x K =TIC(G), and none of H and K is E.

ie.,
(f*9)(G) = f(G)g(Eo) + f(E)g(GY+ > f(H)(K),
(H,K)eEGXG
HxK=I1C(G)
H#Eo,K+#Eq
where G € G.

Remark 4.2.4. If f, g € A(G) then one can also define their ordinary product
fg € A(G) given by

f9(G) = f(G)9(G), VG €G.
However, the convolution defined above turns out to be more fruitful.

Theorem 4.2.5. A(G) is a commutative ring with identity € under the addi-
tive and the multiplicative operations given respectively by ordinary addition

and convolution of funcitons.

Proof. The proof of the theorem is a direct consequence of the following

lemmas. O

Lemma 4.2.6. If f g,h € A(G) then ((f xg) *h) = (f x(g*h)).
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Proof. In this proof the sumation is taken over all ordered pairs (H, K),
(H',K'),(H",K") € G x G such that none of H, K, H',K', H", K" is Ej.
Now for G € G

((f * 9) x )(G)

= (f*9)(G)h(Eo) + (f * 9)(E0)h(G) + HxKZHC(G)(f*g)(H)h(K)

= f(G)g(Eo)h(Ev) + f(Eo)g(G)h(Eo) + y K'ZI'IC(G) (H")g(K')h(Eo)

+ f(Eo)g(Bo)MG) + > (f(H)g(Eo)h(K) + f(Eg)g(H)A(K)
HxK=TIC(G)

+ > F(H")g(K")h(K))

H'x K"=TC(H)=H

= f(G)g(Eo)h(Eq) + f(Eo)g(G)h(Ee) + >0 f(H')g(K')h(Eq)

H'xK'=IIC(G)

+ f(Eo)g(Eo)h(G) + 3 f(H)g(Eo)h(K) + f(Eo)g(H)h(K)
HxK=IIC(G)

+ > f(H")g(K")h(K)

H" x K" x K=TIC(G)
(H" K" K)EGXGXG
H"#Eo,K"#Eo,K#Ep

= >, f(L)g(M)R(N),
(L,M,N)eGxG x(g

such that

(i7) Onmeof L, M and N is G, and the other two are E;, or
(1) L x M x N =T1IC(G), and no two of L, M, N are E,.

Similarly we can show that

(Fxg+m)G) = Y F(L)g(M)KN),

(L,M,N)EGXGXG

such that the above two conditions hold.
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Lemma 4.2.7. If f,g,h € A(G) then

frlg+h) = (f*g)+(f*h)

Proof. In this proof the sumation is taken over the ordered pairs (H, K),
(H',K') € G x G such that none of H, K, H'| K' is Ey.
Now for G € G
(f x (g +h))(G)
= f(G)(g + h)(Eo) + f(Eo)(g + h)(G) + HxKglc(G)f(H)(g + h)(K)
= f(G)g(Eo) + f(G)h(Eo) + f(E0)g(G) + f(Eo)h(G)
+ X f(H)g(K)+ f(H)A(K).

HxK=IIC(G)

Again

((F*9) + (F * W)(G)

= (/*9)(G) + ([ * h)(G)

= [@B) +[(ENg(@)+ 5 f(H)g(K)
+I(GME) + S(BIG)+ 5 J(HY(K)

= f(G)9(Eo) + f(Eo)9(G) + F(G)h(Ep) + f(Eo)h(G)
+ (G){f(H)g(K) + f(H)h(K)}.

HxK=IIC

Hence

fx(g+h) = (f*g)+(f*h).
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4.2.2 Convolutions of functions in A(X)

Here we give the definition of E-convolution of two functions in A4(X’) and

study some properties of this convolution.

Definition 4.2.8. If f and g are any two functions A(X), then the E-
convolution is defined to be the function f - g € A(X) given by

(f-9@G)= D f(D)(E)
DxE=G
(D,E)EGXG
Remark 4.2.9. When G is restricted to J(= N*) then the E-convolution

reduces to the usual number theoretic convolution which is multiplicative.
Remark 4.2.10. 7= u - u.

Proof. We have

w-u)(G)= > uD)uE)=rG).
(DoYeonG

The following theorem is immediate from the above definition.

Theorem 4.2.11. A(X) is a commutative ring with identity € under the ad-

ditive and the multiplicative operations given respectively by ordinary function

addition and E-convolution of funcitons.

Proof. If f,g,h € A(X), then

(f-(g-m)G) =((f-9)-B)(G)= Y F(L)g(M(N),

LxMxN=G
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where the summation is over all ordered triples (L,M,N) € G X G x G
such that L x M x N = G. The associative law for multiplication is thus

established. The other ring properties can be easily verified. a

Now we give the definition of D-convolution of two functions in A(X’) and

study some properties of this convolution.

Definition 4.2.12. If f and ¢ are any two functions in A(X) the D-convolution
of f, g is defined to be the function f ® g € A(X) given by

(fO9)(G) = f(H)g(G/H).

H<G

Lemma 4.2.13. Suppose f,g € A(X). Then fOg = gO f, ie., D-

convolution of functions is commutative.
The following proposition is important to prove the lemma.

Proposition 4.2.14. Let H be a subgroup of a finite abelian group G and
HY = {x € G| x(H) = {1}}, where G = Hom(G, C*). Then

() G/H = H,
(i) G/HY ~ H.
Proof.
Define ¢: CT/TI — H* given by ¢(f) = x, where

x: G — C* given by x(9) = f(gH) Vg€G.
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Clearly ¢ is well defined. Again let x,,x2 € H*. Then x1(g9) = fi(¢H) and
x2(9) = fo(gH) for some fy, fo € G/H. Now

X1 = X2
= x1(9) =x2(9) V9€G
=> fi(gH) = fo(gH) VgH € G/H

= fi=fa

Therefore ¢ is one one. Moreover given any x € H' we can define a function
S CT/?I given by f(gH) = x(9) V gH € G/H. Thus ¢ is onto. Again
let fi,f> € G/H. Then fi(gH) = xa(g) and fo(gH) = xa(g) for some
x1,X2 € G. Therefore (fif2)(gH) = (x1x2)(9). Which implies ¢(f1f2) =
x1x2 = &(f1)o(f2), i.e., ¢ is a homomorphism. This proves part (i).

For part (ii), consider A : G — H given by A(x) = x|g. Clearly this
map is onto. Moreover A(x1x2) = (xuX2)ir = Xy rXzir = Mxa)Mxz). Again
if Iy is the identity element of H then Ker(A) = {x € G : A(x) = Iy} =
{xeG: x|g = In} = H*. Therefore by First isomorphism Theorem 1.2.1,
we have G/H+ = H.

O

Proof of the lemma :

For f,g € A(X) and G € X, we have

(fo9)(G) =) f(H)g(G/H)

H<G
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= > f(G/H")g(H")
H<G

= Y g(HYF(G/HY)
Hi<G

@ H)(G) = (g0 )G,

Vo
@

noting that for any finite abelian group G, G~G (Lemma 1.6.22) and H
can be replaced by H' because L is a one to one correspondence between

the set of subgroups of G and the set of subgroups of G ([12], page 30).

Lemma 4.2.15. Suppose f,g,h € A(X). Then f© (9O h) = (f O g) O h,

i.e., D-convolution of functions is associative.

Proof. For f,g,h € A(X) and G € X, we have

(fO(goh)(G) =) f(H)(goh)(G/H)

H<LG
o (GIH
= H KYh{ ——
S 1 )(Kgajmg( (L ))

=2f(H)( > (K/H)h(fjj’,j))

H<G K/H<G/H

= > f(H) (Z (K/H)h (G/K)>

HLG H<K<LG

-y (zf (K /H) ) AG/K)

K<G \H<K

= > (f O g9)(K)h(G/K)

K<G

= ((f ©9) © h)(G).
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Hence
fO@oh)=(fOg)0h
O

As a consecuence of the above results we can make the following theorem.

Theorem 4.2.16. A(X) is a commutative ring with identity € under the ad-
ditive and the multiplicative operations given respectively by ordinary function

addition and D-convolution of funcitons.

4.3 Coprime groups and multiplicative func-

tions

Definition 4.3.1. The groups G1,G> € G are said to be coprime or rela-
tively prime if C(G;) and C(G2) have no member (i.e., composition factor) in

common. For example the alternating groups As and Ag are coprime.

Definition 4.3.2. The groups G;,G; € G are said to be almost coprime

if C(G1) and C(G3) have no abelian member (i.e., composition factor) in

common.
In view of the above definition we get the following:

Theorem 4.3.3. If the groups Gi and Gy have coprime orders, then they

will be coprime.

Proof. Let the groups G; and G have coprime orders. Suppose X (# E;) €
C(G1) N C(G3). Then X € C(G,) and X € C(G,). Which implies [X| | |G4]
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and | X| | |G2|. Which is a contradiction to our hypothesis that orders of G,

and G, are coprime. Therefore the groups G; and G, are coprime. a

The converse of the above proposition is not true. For example the alter-
nating groups As and Ag are coprime but they do not have coprime orders.
But if the groups G; and G, are abelian and coprime, then the converse of

the above proposition is true.

Theorem 4.3.4. If the groups G, and G4 are abelian and coprime, then they

have coprime orders.

Proof. Suppose ged (|Gi|,|G2|) # 1. Then there exists some prime p such
that p | |G| and p | |Gal.
By Cauchy’s Theorem 1.3.5,

there exists g; € G, and g2 € G, such that o(g;) = o(g2) = p.
Now consider the subgroups < g; > and < g > of G; and G, respectively.
Then < g; >< Gy and < g; >< Gy, since G is abelian, and |< ¢ >|=|<
92 >|=p.

Now by Theorem 4.2.1

C(G1) =C(G1/ < g1 >)UC(< g1 >).

and
C(G2) =C(G2/ < g2 >)UC(< g2 >).

But < g; > = < g, >, being cyclic group of same order. Therefore

C(< g1 >)=C(< g2 >) ie.,, C(G)NC(Gy) # ¢,
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a contradiction, since G, and G, are coprime. Hence G, and G, have coprime

orders. 0

Definition 4.3.5. A function f € A(G) which is not identically zero will be

called multiplicative if we have

f(Gy x G2) = f(G1)f(G2)

whenever G, G2 € G are coprime.

Definition 4.3.6. A function f € A(G) which is not identically zero will be

called completely multiplicative if we have

f(G1 x Ga) = f(G1) f(Ga)
for all G1,G, € G.

Definition 4.3.7. A function f € A(G) which is not identically zero will be

called almost completely multiplicative if we have

(G x G2} = f(G1) f(Ga)
whenever Gy, G, € G are almost coprime.

Remark 4.3.8. We have
(1) f(Eo) =1if f satisfies any of the multiplicativity conditions.
(ii) ||, v and € are all completely multiplicative functions.

Returning back to abelian groups we have the following definitions.
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Definition 4.3.9. The greatest common direct factor ged (G, Ga) of two
groups Gy, Gy € X is defined to be the group of maximal order in & which
is a direct factor of both G and Gs.

Definition 4.3.10. The groups G1,G; € X are said to be E-coprime if ged
(G1,G2) = Eq.

Definition 4.3.11. Let f € A(X) be such that f(Ep;) = 1. Then f will be

called E-multiplicative if we have

f(G1 x Ga) = f(G1)f(Ga)
for all G1, G, € X such that ged (G, Gs) = Ey.

Definition 4.3.12. Let f € A(X) be such that f(E;) = 1. Then f will be

called totally E-multiplicative if we have

f(G1 x G2) = f(G1)f(Ga)
for all G1,G, € X.

Remark 4.3.13. If f(G) is E-multiplicative , then it is completely deter-
mined by the values for G = P*, where k£ = 1,2,... and P ranges over

indecomposable groups of X .

Remark 4.3.14. If G is restricted to J, then since N* = J, the above
defination becomes equivalent to the usual usual number theoretic defination

of a multiplicative function.

Remark 4.3.15. The functions | | and € are both totally E-multiplicative

and hence E-multiplicative.
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As a consequence of Theorem 4.2.11, we have the following corollary.

Corollary 4.3.16. The set of E-multiplicative functions 1s a sub-semigroup

with identity € of the E-multiplicative semaigroup of A(X).

Proof. Let S be the collection of all E-multiplicative functions in A(X). To
prove the result it is enough to show that if fy € S, fo € S, then f = f1- fo €
S. Certainly, f1(Ey) = fo(Eo) = 1 implies that f(Eq) = 1. Suppose now
that G = G; x Gy, ged (G, Gs) = Ep. If D, E is any pair of groups in
X such that D x F = G then by the Basis Theorem 1.3.6, D and E have
unique decompositions, D = D; X Dy, E = F; x Ey such that D; X E; = Gy,
Dy x Ey = G. Hence ged (D1, Dy) = ged (Ey, Fs) = Ep. Therefore noting
that fi, f2 € S, we get
f(GixGy)= > fi(Dix Da)fa(Er x En)

D1 xE1=G)
Do x E;=G2

= > AD)AD) fo(Br) fo Ee)

D1 XE']:Gl
Dax Es=G2

= Z f1(D1) f2(E) Z f1(D2) fo( Es)

D1 xE1=G) Dy xEs=G>

= (fl 'f2)(G1)(f1 : fz)(Gz)
= f(G1)f(G2).

Therefore f € S. Again ¢ is the identity in S. O

Definition 4.3.17. The groups G;, G, € X are said to be D-coprime if their

orders are coprime i.e., if ged (]G4, |G2|) = 1.
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Definition 4.3.18. Let f € A(X) be such that f(E,) = 1. Then f will be

called D-multiplicative if we have

f(G1 x G2) = f(G1)f(G)
whenever G, Gy € X are D-coprime.

Note 4.3.19. The functions | |, u and € are D-multiplicative.

4.4 Some results on arithmetic functions of
A(G)

Consider the factorization map p : G — G given by p(G) = IIC(G) where
G € G. By Jordan-Holder Theorem, p is well-defined.

Theorem 4.4.1. p is a monoid homomorphism.

Proof. Let G1,G3 € G. Now in view of Corollary 4.2.2, we have
p(G1 X Gz) = HC(Gl X Gz) = H(C(Gl) UC(G2)) = (HC(Gl)) X (HC(Gz))
= p(G1) % p(G2). O

Theorem 4.4.2. p(G) = G if and only if G is completely reducible in G.

Proof. Suppose p(G) = G. Then G is completely reducible as p(G) = [IC(G)
is completely reducible.

Conversly suppose G is completely reducible. Then

G:E()OI'G=G1XG2XG3X--'XG",
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where G,’s are simple (not necessarily distinct).

Now
p(G) = p(Gy X Ga X G3 X -+ X Gyp)
= p(G1) x p(G2) x p(G3) x - -+ x p(Gy)

=G XGyxG3x---xG, =G.

O

Note 4.4.3. On the completely reducible groups the convolution ‘+’ coincides

with the E-convolution which is multiplicative.

Theorem 4.4.4. If G, and G, are coprime, then p(G;) and p(G3) are also

coprime.
Proof. Suppose there exists some K € G such that

K € C(p(G1)) NC(p(G2))
= K € C(p(G1)) & K € C(p(G))
=> K is a direct factor of p(p(G1)) = p(G;)
& K is a direct factor of p(p(Gs)) = p(Gy)
= K e C(G)NC(Gy),

a contradiction. Hence p(G;) and p(G:) are coprime. O

In general, the convolution of two multiplicative functions in .4(G) is not
multiplicative. But using the fact that if G;, G, are completely reducible

then G; x G is also completely reducible, we make the following:
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Lemma 4.4.5. If the groups G1,G2 € G are coprime as well as completely

reducible, then

(f * 9)(G1 x G2) = (f * 9)(G1)(f * 9)(G2);
when f and g are multiplicative.

Here we mention some important relations between an arithmetic function

and the factorization map p.

Theorem 4.4.6. If f € A(G) is multiplicative then f o p € A(G) is also

multiplicative.

Proof. Let G1,G € G be coprime. Then by Theorem 4.4.4, p(G,) and p(G,)

are also coprime. Now

(f 0 p)(G1 x G2) = f(p(G1 X G2)) = f(p(G1) % p(G2)) = f(p(G1))f(p(G2))
= (f o p)(G1)(f 0 p)(G2). O

Theorem 4.4.7. If f,g € A(G) are multiplicative then (f xg)op € A(G) is

also multiplicative.

Proof. Let G1,G5 € G be coprime.

Now

((f * 9) 0 p)(G1 x G3) = (f * 9)(p(G1 x G))

= (f * 9)(p(G1) x p(G2))

= (£ 9)(p(G1))(f * 9)(p(G?2))

= ((f *9) 0 p)(G1)((f * g) © p)(G2);

noting that p(G1), p(G2) are coprime as well as completely reducible. Thus
f * g is multiplicative. O
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Theorem 4.4.8. If f,g € A(G) then (fxg)op=(fop)*(g0p).

Proof. We have

((f * g) 0 p)(G)

= (f * 9)(p(G))

= f(p(G))g(Eo) + f(E0)g(p(G)) + (HKE);g ; f(H)g(K).

HxK=p(p(G))=0(G)
Again

((fop)x(90p)(G)

= (fop)(G)(gop)(Eo)+(fop)(Eo)(gop)(G)+ 3o  (fop)(HI)(gop)(K)
(H,K1egxg
Hix Ki=p(G)

= f(p(G))9(Eo) + f(E0)g(p(G)) + > f(p(HN)g(p(K1))
(p(H1),p(K1)EGXG
p(HNxp(KN)=p(G)

= f(p(G)g(Ep) + f(Eo)g(p(G))+ > f(H)g(K). O
(H,K)egxg
HxK=p(G)

Corollary 4.4.9. p induces a unitary ring homomorphism of A(G) into itself
given by f — f o p where f € A(G).

Proof. Let h: A(G) — A(G) be given by f — fop.
Clearly h is well defined. Now,

hf+g)=(f*g)op=(fop)*(gop)=h(f)=h(g).

O

Theorem 4.4.10. If f € A(G) with f(E) # 0 then there is a unique g €
A(G) such that fxg=gx* f =¢.
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Proof. Given G € G. Suppose |G| =1 i.e., G = Ey. We can calculate g(G)

from
1=¢(G) = (f * g)}(G) = f(Ev)g(Eo).
Next suppose |G| = 2. We can calculate g(G) from

0=¢(G) = (f *9)(G) = f(G)g(Ev) + f(E0)9(G).

Continuing by mathematical induction we see that if g(G) has been evaluated

for groups of orders j = 1,2,...,n — 1, then g(G) is determined by

0=¢(G) = (f*9)(G) = f(G)9(Eo) + f(Eo)g(G)+ >  f(H)g(K);
(H,K)egxg
Hx K=1IC(G)

noting that this equation contains g(G) only in the term f(E;)g(G), and.so

can be solved to give a unique value for g(G). O
As an immediate consequence of the avove theorem we have the following:

Corollary 4.4.11. The set of all functions f € A(G) with f(Ep) # 0 forms

an abelian group under the operation given by convolution.
Proof. Let A'(G) = {f € A(G) : f(Eq) # 0}. Suppose f,g € A(G). Now
(f * 9)(Eo) = f(Eo)g(Eo) # 0

and so (f * g) € A'(G). Again we have by the above theorem if f € A'(G)
then f~! € A(G). Suppose f~}(Ep) = 0. Then

(f * F7)(Eo) = f(Eo)f ™ (Eo) =0
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i.e., e(Ey) = 0, contradiction. Therefore f~1(Ey) # 0. ie., f~! € A'(G). We
know that (A(G),+,*) is a commutative ring with identity €. Therefore *
— ——is ‘associative’ and ‘commutative’ in A'(G). Hence (A'(G), x) is an abelian
group. O
Theorem 4.4.12. If f,g € A(G) are such that f o p and (f *x g) o p are

multiplicative then g o p is also multiplicative.

Proof. Let G,,G2 € G be any two coprime groups. We shall use induction
on the direct factors of p(G;) and p(G,) to prove that

(90 p)(G1 x G2) = (g0 p)(G1)(g 0 p)(G2).

We have Ej is a direct factor of both p(G;) and p(G3). Now

(90 p)(Eo X Eo) = (g0 p)(Eq)
= ((¢ * g) o p)(En)
= (g0 p)(Ey) * (9o p)(Eo), by Theorem 4.4.8
= €(p(En)) * (g © p)(Ev)
= e(Eo) * (9 0 p)(Eo)
= (f 0 p)(Eo) * (g © p)(Eo)
= ((f * g) 0 p)(En)
1,

and so, as the induction hypothesis, we assume that for each direct factor

K, of p(G:1) = II(G,) and for each direct factor K, of p(G3) = II(G;) with
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K, x K3 # p(G1) x p(G2) we have

(g9 0 p)(K1 x K3) = (g0 p)(K1)(g 0 p)(K2)
i.e., glp(K;x Ka)) = g(p(K1))g(p(K2))
ie, g(Kix K)=g(Ki)g(Ks).

Then, since (f * g) o p is multiplicative, we have

((f * g) 0 p)(G1 x G2) = ((f * g) 0 p)(G1) ((f * g) 0 p)(G2)
= (f*9)(p(G1) x p(G2)) = (f * gNp(G1)) (f * 9)(p(G2))
= Y f(H)g(K)

(H,K)eGxg
HxK=p(G1)xp(G2)

= | ¥ @) Y. f(H)g(Ky)

(H1,K1)eG %G (Hz,K3)eG %G
HyxK1=p(Gy) Hax Ko=p(G2)
= Z f(Hi x Hy)g(K1 X K>)

(H1 x Ho, K XKz)Gng
HyxHyx K1 xK2=p(G1)xp(G2)

= > F(Hy x H)g(Ky)g(K),

(H1,K1),(H2,K2)€EGXG
Hi xK1=p(G1), H2xK2=p(G2)

Therefore, using induction hypothesis, we have

9(p(G1) x p(G2)) = g(p(G1))9(p(G2))-

This completes the proof.
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We can now make the following important corollary of the above theorem.

Corollary 4.4.13. The set of all multiplicative functions in A(G) of the
form f o p, where f € A(G), is an abelian group under the operation given

by convolution.

Proof. Suppose
A := The set of all functions f € A(G) with f(Ep) # 0. Then (A, ) is an
abelian group by Corollary 4.4.11. Again suppose
A" := The set of all multiplicative functions in A(G) of the form f o p where
f € A(G). Clearly A’ C A. We shall show that A’ < A. Let fop, gop € A'.
Now

(fop)x(gop)=(frg)op,
which is multiplicative by Theorem 4.4.7. Therefore (f o p) * (9o p) € A'.

Again using Theorem 4.4.8 we have

(fop)x(flop)=(fxfop=cop=g,

which is multiplicative . Therefore (fop)~! = (f~'op),.which is multiplicative
by the above Theorem 4.4.12. Since f~! € A(G), therefore (f~!0p) € A,
ie., (fop)™t € A" Hence A’ < A. a
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4.5 The Mobius Function

The Mobius function, which is one of the most useful examples of arithmetic

functions of positive integers, is given by

(1), if w(n) = Yn)
p(n) =
0, otherwise

where n is a positive integer, w(n) is the number of distinct prime factors of

n, and (n) is the number of prime factors (counting multiplicity) of n.

4.5.1 Mobius function for finite groups (abelian and

non abelian)

The group-theoretic analogues of w, 2 and the M6bius function p is defined

as
w(G) = number of distinct (i.e., non-isomorphic) factors in C(G),
Q(G) = number of factors (counting multiplicity) in C(G), and
(-1, ifw(G) =2(G)
uwG) =
0, otherwise
where G € G.

Clearly w(Ey) = 0 = Q(Ep) and so u(E,) = 1.

Remark 4.5.1. Taking G = C,,, we have



because C, = Cp;r1 X - -+ X Cp, 7, Where p1™, ..., pi"* is the standard prime
factorization of n, and so C(C,,) consists of the simple groups C,,, each having

multiplicity r,, 1 <1 < k.

Theorem 4.5.2. Q(G; x G) = Q(Gy) + QG,) for all G,G, € G, and
w(G x Gq) = w(G1) +w(G2) if Gi and G2 are coprime.

Proof. In view of Corollary 4.2.2, given G;,G, € G, we know that C(G; x
GQ) = C(Gl) L C(Gz) Now

Q(G; x G4) = number of factors in C(Gy x Gy)

= number of factors in C(G;) U C(G2)

= number of factors in C(G,) + number of factors in C(G3)

= Q(G)) + Q(G,).
Again suppose G4, G, are coprime, then C(G;) N C(G3) = ¢. Now,

w(G1 X G3) = number of distinct factors in C(G; x G3)
= number of distinct factors in C(G;) U C(Gs)
= number of distinct factors in C(G))
+ number of distinct factors in C(G)

= w(Gy) + w(Ga).

Theorem 4.5.3. The Mdbius Function p € A(G) 1is multiplicative.
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Proof. Let G1,G2 € G be coprime.
Suppose w(G1) = (G1) and w(G3) = 2(G2). Then

w(G) + w(G2) = QG1) + QG)
- W(Gl X G2) = Q(Gl X Gg)

Now

UGy X Ga) = (<1010 = (10D = ()G (1)@

= pu(G1)p(Go).
Again suppose w(G;) # QG1) or w(Gs) # Q(G2). Then

(.U(Gl) + w(G’z) 75 Q(Gl) + Q(Gz)
— W(Gl X Gz) ?é Q(Gl X Gg)

Now
u(Gr x G) = 0= p(G1)p(Ga).

Thus p is multiplicative. O
Proposition 4.5.4. u(P*) =0 if P is stmple and k > 1.

Proof. If P is simple and k > 1, we have Q(P*) = k. But since the groups
P, P are not coprime therefore w(P¥) # k. Which follows the result. a

Theorem 4.5.5. ;10 p = p and uo p = u, where p is the factorization map.

Proof. To show po p = p. Suppose C(G) = {K1, Ky, ...,K,}. Each K; is
simple and so C(K;) = K;, i =1,2,...,n. Now p(G) = K; x K3 X - - - x K,,.
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Case I: Each K, is distinct. In this case we have

(ko p)(G) = u(p(G)) = u(Ky x Ko x -+ X Kp)
= w(K)u(Kz) ... p(Ky)
= (-1)* = (-1)*9 = u(G).

Case II: Each K, is not distinct. In this case we have w(G) # Q(G). Now
(no p)(G) = u(p(G)) = 0= u(G).

Noting that u(P*) = 0 if P is simple and k > 1 a positive integer. Therefore
o p=pin each case.

For the second part

(uwo p)(G) = u(p(G)) =1 =u(G). ie., uop=u.

Theorem 4.5.6. pyxu=u*xpu=c te, pl=uandu™! =p.

Proof. We have pop = p and uo p = u. Now u is mulptiplicative and u is

mulptiplicative. Therefore

(1 * u) o p is mulptiplicative, by Theorem 4.4.7
= (pop)*(uop)is mulptiplicative, by Theorem 4.4.8

= u*u is mulptiplicative.
Again for any G € G

(1 *u)(G) = ((n*u) 0 p)(G) = (1 * u)(p(G)) = (u*u)(TIC(G)).
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Now, for G # Ey, [IC(G) is a product of powers of distinct simple groups in

G. And for each simple group P € G, for each positive integer &,

(uxuw)(P¥)= > u(H)u(L)
(H,L)eGxG
HxL=Pk

= p(Eo)u(P*) + w(P)u(P* 1) + ...
+ u(P*Nu(P) + p(P*)u(Ey)
= p(Eo) + p(P) + -+ - + u(P*¥)
=1-14+04+---4+0=0.

By mulptiplicativity of u * u it follows that

(1 u)(G) = (u*w)(TIC(G)) = 0 = £(G), VG € G.

Therefore

pru=u*xpg=c ie, u ' =p.

g

As an immediate consequence, we have the following analogue of the

Mobius inversion formula.
Theorem 4.5.7. For f.g€ A(G), f=gru<=>g= f*pu.

Proof. We have to simply ‘multiply’ the first equation on the right by u to
get the second, and the second equation on the right by u to get the first. O

An important example of a completely multiplicative function of positive

integers is the Liouwville’s function given by
Mn) = (-1
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where n is a positive integer. We define the group-theoretic analogues of A

as

MG) = ()™

where G € G.

Theorem 4.5.8. The Liouville’s function A € A(G) is completely multiplica-

tive.
Proof. For any G1,G, € G, we have

MGy x Gp) = (—1)HC>E2)

= (—=1)MCV+HUG) | by Theorem 4.5.2
— (_1)9(01(_1)9(02)

O
Theorem 4.5.9. Aop = )\ and p? o p = u?® where p is the factorization map.

Proof. To show Ao p = A. Suppose C(G) = {K},K>,...,K,}. Each K, is
simple and so C(K,) = K,, i =1,2,...,nand p(G) = K; X Ky x --- x K.

Now

(A0 p)(G) = Ap(G))
= MKy X Ky X -+- x Kp)
= MEDAK2) ... MKy)
= (-1)" = (-1)™® = A(G).
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ie, dop= A\

For the second part

(1 0 p)(G) = p*(p(G)) = w(p(G)I(p(G))
= (ko p)(G) (ko p)(G)
= u(G)u(G) = p*(G), by Theorem 4.5.5.

ie., utop=p O

Theorem 4.5.10. A x u? = p?x A =¢ e, X! =pu®> wherepy® is the
ordinary product of p with itself.

Proof. We have Ao p = ) and u?o p = pu%. Now A is mulptiplicative and 2

is mulptiplicative. Therefore

(A * 4?) o p is mulptiplicative
= (Ao p)* (u®o p) is mulptiplicative, by Theorem 4.4.8

= X * u? is mulptiplicative.
Again for any G € G

(A% p%)(G) = (A +1?) 0 p)(G)
= (A * 1) (p(G))
= (A* p*)(IIC(G)).

Now, for G # Ey, IIC(G) is a product of powers of distinct simple groups in
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G. And for each simple group P € G, for each positive integer k,

Aty (PYy = Y MH)E(K)
(H,L)egxg
HxL=Pk

= MEo) 2 (P*) + M(P)p*(P* 1) + ...
+ A(P* 1 (P) + MP*) i (Eo)

= A(P¥) + A(PFh)

= (-1)* + (-1

=0.
By mulptiplicativity of A * u? it follows that
(A %) (G) = (A + ®)(IC(G)) = 0 = ¢(G), VG € 6.

Therefore

Axp=ptxd=¢ de, AX'=pl

Theorem 4.5.11. For each G € G,

(A% u)(G) = (ux \)(G) = 1, ifp(G) = p(H x H) for some H € G,

0, otherwise.

Proof. We have
(A *u)(P*) = A(Ep) + MP) + AP + -+ + A(P)

o141 +(1)k 0, ifkisodd
fmnd — + —_— — =

1, ifkiseven
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for each simple group P € G, and for each positive integer k. Hence, it
follows that if G € G then (A x u)(G) = 0 or 1 depending on whether there

exists or does not exist a factor in C(G) having odd multiplicity. d

Theorem 4.5.12. Let f € A(G) be a mulptiplicative function such that
f = fop. Then f is completely multiplicative if and only if f * (pf) =
(uf)*f=€. e, f~'=puf wherepf is the ordinary product of yu and f.

Proof. In this proof (H,K) € G x G such that none of H and K- is Ej.

Suppose f is completely multiplicative. Now for each G € G, we have

(f * )G = FG)(uf)(Eo) + fF(E) )@ + > FIH)(ef)(K)

HxK=IC(G)

= f(G)+ GG+ Y. fHxK)uK)

HxK=IIC(G)

= f(G) + uG)f(G) + Y_f(IC(G
= f(G) + u(G)f(G) + }: fop)(G)u(K
)+
+ )+

= f(G) + w(G)f(G) + f(G))_mK)

= f(G) + w(G)F(G) + F(G) ((u * 1)(G) — u(Eo) — u(G))
= f(G)(u* 1)(G)

=¢(G).

By Theorem 4.5.6; noting that (f o p)(G) = f(G), f(Ep) = 1 and ¢(G) = 0
for G # Ej.

Conversely, since f is mulptiplicative it is enough to show that f(P¥) =
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f(P)¥ for each simple group P in G and for each positive integer k. Now,

)+ f= & = (u)* NPY) =0

= u(Eo)f(Eo)f(P*) + p(P)f(P)f(P*!) =0

= f(P*) = f(P)f(P*")

and so, by iteration, f(P¥) = f(P)*. This completes the proof.

4.5.2 Mobius functions for finite abelian groups

In this subsection we shall study E-Mobius function and D-Mdbius function

for any group G € X and some related results. We begin with the following

theorem:

Theorem 4.5.13. There ezists a unique function i(G) satisfying the relation

DxE=G

This function is E-multiplicative and determined by

) ) ~1, if k=1
i(Eo) =1, p(P*)=
0, if k>1,

where P is an indecomposible group in X .

Proof. If there exists such a function, it must be unique, because
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i.e., i is the multiplicative inverse of u in the ring A(X} and hence unique.
We now show that a function is actually determined by (4.5.a). If there

exists such a function, then

(-u)(Eo)= Y. D)u(E)=e(E)

DxE=Fg

If P is indecomposible, then P is a cyclic group with order a power of a

prime. Now

Again,

(@-uw)(F?)= ) HD)u(E)=e(P?)

DxE=P?
= —1+1+aP*=0

= p'(Pz) =0,
and hence by induction
A(P¥Y =0 for all k > 2.

Thus if G = E, or the power of an indecomposible group P, then (4.5.a) is
satisfied, provided

i(Eo) =1, p(P*)=
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The conditions (4.5.b) determine a unique E-multiplicative function ji(G),
by Remark 4.3.13. This function (i.e., f) satisfies (4.5.a) for all G € X;

because, if we put

T(G)= Y D), GeX, (4.5.0)

DxE=G
then T = [ - u, which is E-multiplicative by Cor 4.3.16. But € is also E-

multiplicative, and therefore, since the relation

holds for groups of the form G = P*, by Remark 4.3.13 it must be valid for
allG € X. a

As an immediate consequence, we have the following analogue of the

Mobius inversion formula.

Theorem 4.5.14. For functions fi(G), fo(G) of A(X)

(G)= Y fuD) ifand only if fo(G)= > WUD)A(E).

DxXE=G DxE=G

Proof. In the commutative ring A(G), by (4.5.a), we have
f-u=E¢.
Now
hi=huv=p0 fi=ia-(hru)y=Ff-(i-u)=fire=fo. (45d)
Again
fo=i-fi= foru=(g-fi) - u=fi-(k-v)=fi-e=h. (4.5.¢)
Equations (4.5.d) and (4.5.e) gives the result. Q
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The following corollary is immediate.

Corollary 4.5.15. If f,(G) is an arbitrary function of A(X), then there

ezists a uniquely determined function fa(G) such that

fi(G) = Z fa(D).

DxE=G
Theorem 4.5.13 has the following corollaries.
Corollary 4.5.16. If G = P,** x P,** x --- x P,*", where P, P, ..., P, are
distinct and indecomposible, then the function i(G) defined by the theorem

has the following evaluation:

- (_1)1" Zf G=P1XP2X°"XP,.,
i(G) =

0, otherwise.

Corollary 4.5.17. In case G € J(& N*), the collection of all completely
reducible groups of X, then G is of the type

= n LIV Tk
G_ZPI XZP2 X XZPI:’

where py, pa, . ..,pr are distinct primes. In this case
_ (1% if m=np=-=m=1,
i(G) =
0, otherwise.

i.e., If G € J, then ii(G) reduces to the ordinary Mobius function.

Let U = X; be a semigroup of X containing E, and generated by a set s
of indecomposible groups of X. If s is the set of all indecomposible groups
of X, then U = X; = X. Again if s is the set of all irreducible groups of X,
then U = X; = J, where J is the set of all completely reducible groups.
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Definition 4.5.18. The enumerative totient p(G) is defined to be the num-
ber of groups H € X such that H is of order < |G| and E-coprime to G.

Definition 4.5.19. The generalized totient oy (G) is defined to be the num-
ber of groups in U of order < |G| and E-coprime to G. Clearly

If G € J then ¢;(G) reduces to the ordinary Euler ¢-function (since
J = N*).

Definition 4.5.20. The U-grade of G, Ay(G) is defined to be the total

number of groups in U of order < |G|.

Remark 4.5.21. It follows from the above definition that
(i) Ax(G) = A(G).
(ii) A,(G) =|G|, since J = N*.

Remark 4.5.22. Since U is generated by indecomposible groups, it follows
that G; x Gy € U <= G,,Gy,eU.

Theorem 4.5.23. oy(G) = Y. upy(D)Ay(E), where

DxE=G
* MG), if Gel,
1y (G) =
0, otherwise.
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Proof. Let H,D,K € G and H € U. We have by the defination of oy (G)
and €(G)

eu(G) = ) elged(G, H))

|H|<|GI
HeU

= Z Z f(D), by Theorem 4.5.13

|H|<|G| DxK=(G,H)
HeU

=) 2 ) D

|H|L|G| DxHy=H DxE=G

HeU
- Y ) ¥
DxE=G DxH\=H
|HI<|G|
Hev
= Z (D) Z 1, by Remark 4.5.22.
DxE=G |Dx H1|<|G]
Dev H1eU
I
DXE=G ID||H| <G|

= Z ui(D) Z 1, by definition of uj,(D).

DxE=G |Hy|<|E|

H eU

= Y uy(D)Ay(E).
DxE=G

In view of Remark 4.5.21, we now have the following corolaries:

Corollary 4.5.24. If U = X, then ox(G) = ¢(G) = Y. WD)A(E).
DxE=G

Corollary 4.5.25. If U = J, then ¢;(G) = 5. u4(D)|E|.
DxE=G
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Corollary 4.5.26. Y (D) = A(G).
DxE=G

Proof. We have form Corollary 4.5.24

Therefore by Theorem 4.5.14,

S (G) = A(G).

DxE=G

-

Theorem 4.5.27. The function ¢ is E-multiplicative.

Proof. We know that the function | | is E-multiplicative. Again by Theorem
4.5.13 p% is E-multiplicative. Therefore in view of Theorem 4.3.16, ¢; =
ps* - | | is E-multiplicative. O

4.5.3 Partition function

In this section we study Partition function defined on positive integers and

Zeta function of X’ and some results related to them.

Definition 4.5.28. For positive integer r, define
P(r):= number of (unrestricted) partitions of r.
E(r):= number of partitions of r into an even number of distinct parts.

U(r):= number of partitions of r into an odd number of distinct parts.
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As a convention we take P(0) = E(0) =1 and U(0) = 0. Let n > 0 have
the canonical factorization n = IIp" into powers of distinct primes p.

Define the functions a and v given by a(n) = Y u(G) and v(n) =
|G|Z fi(G). Then we have the following: o

Theorem 4.5.29. The functions a and v are E-multiplicative.

Proof. We have
a(n) = > 1. (4.5.1)

|Gl=n
Let n = nyny, ged (ny,ny) = 1. By the Basis Theorem 1.3.6, each G in (4.5.f)
has a unique factorization, G = G; x G, such that |G1| = ni, |Ga| = n,.
Hence ged (G1,G2) = Ey. Now

a(n = nlng) = Z 1= Z 1

|G1xG2|=n IG1]|=n1,|G2{=n2

=Y 1y 1

|Gil=n1 |G2j=n2

= a(ny)a(ns).

i.e., ais E-multiplicative. Again

v(n =nny) = Z i(G) = Z B(Gy x G))

[G1xG2|=n |Gh1{=n1,|G2|=n2
= Z i(G1) Z (Gr)
|G1]=m1 |Gz|=n2
= v(ny)v(ny).
i.e., v is E-multiplicative. a
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Theorem 4.5.30. We have v(p") = P'(r), where P'(r) = E(r) - U(r).
Proof. Let

X' ={GeX:|Gl=7}

X, = {G € X': G is a product of even number of distinct groups}.

Xy = {G € X': G is a product of odd number of distinct groups}.
Then |X)| = E(r) and |A,| = U(r). Now

v(p) = Y iG)

|Gl=p"
= Y HG) + Y iG)
Gegy GeGy
= |X)| — |X,], by Corollary 4.5.16.
= E(r) - U(r)
= P'(r).

d
Theorem 4.5.31. a(n) = I} P(r), v(n)= Hl P'(r), where P'(r) = E(r) -
p"|n prin
Ulr).

Proof. We know that the number of non isomorphic abélian group of order
p" is P(r). Therefore a(p") = P(r). Now,
a(n) = a(p;™p2"% ... pr™)
= a(p1")a(p2") . . . a(pr™)
= P(r)P(rq) ... P(r)
= I P(r).

prin
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Again

v(n) =v(p"p" ... pc™)
=v(p"v(p") .- v(pe™)
= P'(r))P'(r3)... P'(rx), by Theroem 4.5.30.
= II P'(r).

pTin

Following lemma is a consequence of Theorem 4.5.13.

1, if n=1,
Lemma 4.5.32. ) a(d)v(e) =¢(n) =
de=n 0, if n>1
Proof. From Theorem 4.5.13, we have
S (D) = £(G)
DxE=G
= Y 3 D) =3 e
|G]=n DXE=G |Gl|=n
= ) UD)=c¢(n)
|D| |E|=n

= Y. > iD)=¢()

de=n IDl:d, IEI:e

= Y > D) Y 1=¢(n)

de=n |D|=d |E|=e
= Zl/(d)a(e) =e(n).
de=n
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Lastly we study “zeta function” of A and establish a very interesting

result.

Definition 4.5.33. The “zeta-function” of X is defined for real values of

s>1by
Z(s) = 1 - a(n)
()= D17 = 2
Gex n=1
KG) _ vl _ 1
Theorem 4.5.34. GEEDX o = L5 = 26y
Proof. We have
HO) _ i(G)
Gex Gl GeX, |G|=n n’
1
=D v
n:ln
—v(n)
=> (4.5.6)
n=1
Again
oo o
a(n) v(m)\ _ <—a(n)y(m)
(54 (S) - e
1
=Y Y alnv(m)
k=1 mn=k
=3 =
k=1
Therefore
P
m=1 m (Z %%l) (3)
n=1
Combining equations (4.5.g) and (4.5.h) we get the required result. O
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Definition 4.5.35. The D-Mobius Function fi is defined by the formula
pOu=c¢.
Lemma 4.5.36. i(Ep) = 1.
Proof. We have
(2 © u)(Eo) = e(Eo)
= (Eoju(Ey) =1
= A(Eo) =1.
O

Proposition 4.5.37. For each G € X, the equation (4 © u)(G) = €(G) has

a unique solution for a(G).

Proof. We use induction on the order of G. Suppose |G| =1 ie., G = E,,
then 1(G) = 1. Next suppose |G| = 2. Then

(20 u)(G) =¢€(G)
= [i(Eo)u(G) + A(G)u(Eo) =0
= a(G)=-1

Suppose for all H € X whose order is less than order of G, i(H) is uniquely

determined. Now,
(20 u)(G) =¢(G)

= S AHu(g) =0
H<G

= > i(H)=0
H<G

111



— Y A(H)+(G) =0

H<G
= AG)=->_ MH). (4.5.1)
H<G
i.e., i(G) is uniquely determined. a

Considering G to be Cy x Cs and C4, one can see that the Mobius Func-
tions u(G), #(G) and (G) and are all distinct.

Following is a analogue of Mobius inverson formula.
Proposition 4.5.38. For f,g € A(X), we have fQu=F < f=F O f.

Proof.

fOou=F=(fouwoi=Foi=>fo@uoi=Foj

= f0e=FOi=f=FOp

Conversly,

f=Foip=fou=Fopou=fou=FOo(i0u)

=>fOu=FQe=fOu=F.

Proposition 4.5.39. The D-Mobius Function i is D-multiplicative.

Proof. Let G1,G2 € X be such that ged (|Gy],[G2|) = 1. If |Gy x Go] =1
then G; = Ey, Gy = Ej, and so

G X Ga) = (Eq) = (G1)u(G2).-
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Hence the result is trivial. Now suppose the result is true for all subgroups
of G; x G, which has order < |G; x Go|. By (4.5.1) we have,
ﬂ(Gl X GQ) = - Z /},(Hl X Hg)

H1<G1,H3<Gs
Hy x Hy#G1xGy

=— Y A(H)i(H,)

H1<G1,H2<Go
Hy xH#G1 xG>

== Y A(H)(Ha) + M(G1)i(G)
H\<G1,H2<G2

= i(G1) (Go).
Hence £ is D-multiplicative. O

Let M be the collection of all complex valued functions defined on X’ x X'.
We now prove the following theorem, by means of which we shall give a

different proof of the above proposition.

Theorem 4.5.40. If F € M, then there exists a unique f € M such that
for (G1,G2) € X X X,
F(G,G))= > f((HK)).
H<G1,K<G:
Proof. If such a function exists then it is unique. Consider the function

¢ € M given by

$((G1,G2)) = Y, f((G1, K))

K<G,
e $((G1,—)) = f((G1,~)) Ou .
i,e f((Gy,~)) =¢((G1,=)) O, by Proposition 4.5.38.
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Therefore

f((G1,Ga)) = Y $((GL, K (GZ) . (4.5.)

K<Ga

Again

F(=,G2)(G1) = F((G1,G?))
= 3 (f(H,-) 0 u)(Ga)

H<LGy

= > #(H,-)(Gs)

H<Gy

ie.,

#(—,G2) = F(—, G2) © i, by Proposition 4.5.38.

Therefore
G
$((G1,Ga)) = Y F((H,Gy)) ( H‘) (4.5.k)

HLGy

From equations (4.5.j) and (4.5.k), we see that f depends only on F' and f.
Hence f is unique. Now we show that such a function f exists. Consider
the functions f,¢ € M given by (4.5.j) and (4.5.k) respectively. Now given

G € X, consider the functions

0c,(G2) = #((G1,G2)) and fe,(G2) = f((G1,G2))
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defined on X. Similarly, given G5 € X, consider the functions

¥6,(G1) = ¢((G1, G2)) and Fg,(G1) = F((G1, Ga))

defined on X. Then from (4.5.j), we get
. [ G2 . .
f6,(G2) = ) b, (K)ip ) e fa, =06, 0 ie, b6, = fo, Ou.
K<G,

Similarly, from (4.5.k), we get
va, = Fe, © i ie., FG; = 9g, O u.

Now

Y AEE) =Y )

H<G,,K<G; H<G1K<G2

= Y (fn ©u)(Ga)

H<LG,

= Z 0H(G2)

HLG,

= ) ¢((H,G2))

H<LG,

= Z Ye,(H)

H<Gy

= (Yg, © u)(G1)
= FGz(Gl)
= F((G1,Gy)).
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We now give another proof of the Proposition 4.5.39.
Proof: Let F' € M be given by

F((G1,Gy)) = €(G1)e(Ga).
Consider, g € M given by

9((G1,G2)) = 1(G1)(Ga).

Now,

oo g(H He)= ). alH)a(H)

H1<G\),H2<Gy H1<G1,H2:<G>
= ( Y ﬂ(H1)> ( by ﬂ(Hz)>
H1<G1 H2<Gs
= E(Gl)E(G2)
= F((Gs, Ga)). (4.5.1)

Again consider, h € M given by
h((Gl, Gg)) = /:L(G1 X Gz)

Now,

>0 ((HuHp))= Y A(H x Hy)

H1<G1,H2<G, H1<G1,H2£Gy

= Y A(Hix H)

HixH;<G1xGs
= E(Gl X Gg)
= &(G1)e(Gy)
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Hence g and h are two solutions of the equation
F((G,G))= Y, [((Hi,H)):
Hy1<G1,H2£G2

It follows from the Theorem 4.5.40 that, g = h. i.e,,

(G x Go) = (G (G2). i.e., fis D-multiplicative.

4.6 Computation of ji(G) for any G € X

Suppose G = Zp X Zp X -++ x Z, m-times. Every element of G, is
of order 1 or p. So every subgroup of G, of order p* (n < m) is of the
form G, = Z, x Z, x - -+ X Zy, n-times (upto isomorphism). We look for
n elements in G,, say v;,vs,..., U, such that v; ¢< vy, ve,...,;,..., 0, >.

Clearly < vy,vy,...,v, > is a subgroup of G, of order p".

Lemma 4.6.1. Let S be the collection of all ordered sets {vy,vq,...,u,}

taking from Gy, such that v; ¢< v1,vs,...,0;,...,V, > for each i. Then

ISl=0@"-1)@™-p)...(0" - p"7).

Proof. Total number of elements in G,, is p™. But we can’t take 0 in our
choice of v;’s. Therefore v, can be choosen in (p™ — 1) ways. For the choice of
ve we have to avoid the multiples of v;. There are p multiples of v;. Therefore
vy can be choosen in (p™ —p) ways. Continuing in this way we see that v, can
be choosen in (p™ — p"~!) ways. Therefore |S| = (p™ — 1)(p™ —p)...(p™ -
p"h). 0
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Theorem 4.6.2. Let Gy, = Zp X Zp X -+ X Ly, m-times. Then number of
subgroups of Gy, of order p™(n < m) is

(p" =™ =1). " 1)
P-1)@*-1)...(p" - 1)

Proof. Let S be defined above and H be the set of all subgroups of G,, of

order p"(n < m). Define
f:S—H givenby {v1,0,...,0.} —> < v,0,...,0, >.

Clearly this map is onto, since each H € H has an ordered basis.
Note that each H € H has (p" ~ 1)(p" — p)...(p" — p"!) many basis

sets. Therefore

IfHE) =" - 1)@" -p)...(0" —p"") =k (say).
Now S = Hl__lﬂf“(H), ie, |S| = Z |[fY{(H)| =k Z 1 = k|H|. Therefore
_S_ @ -1)e"-p)...(p" - ")
M= = e —p) (" —p"Y)
_ " -0t -1 (M -)
P-1)E*~1)...(" ~ 1)

Theorem 4.6.3. Let Gp, = Zp X Zpy X -+ - X L, m-times. Then

ﬁ(Gm)‘z (_l)mp%m(m—l).
Proof. We use induction on m. If m = 1 then

ﬂ(Gl) = /:"(Zp) =-1= (—l)m‘pzm(m’l)
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Suppose the result is true for all groups G, r < m. If we denote the number
m+1

of subgroups of G, of order p"(r < m + 1) by , then from the
T,
millm +1
definition of 1, we have > ity = 0. That is
r=0
T 5
m [m + 11
_ﬂ(GmH) —1= Z e
r=1 T
- P
m
= m (~1)rpire-
r=1 r
L dp
m . m m 1
= D + (=1) pzr(’ , ([11], page 465)
r=1 T r—1
P )
nlm
— Z (_1)rp2(r+l)(r+1 1) + Z ( 1 p2r(r 1)
=1{7 =1 |(r—1
P P
or,
m+1 m
—(Gmy1) = Z (-1 pzr(r 4 Z pzr(r 1)
=1 (7 —1 =1 (T —1
P P
= (- 1) pz(m+l)(m+l N4 Z p2r(r~ )((_1)1-—1 + (-1)7)
r=1 r—1
P

ie., ((Gmy1) = (=1)™1pz(m+(m+1=1) 454 hence by induction the result

follows. g

Let G be a finite abelian group. |G| = n = p,*p,®2...py%. Then G =
G1 X Gy x --- x Gk, where G, is a subgroup of order p,*. Again G, =
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Zpmy X Lpna X -+ + X Lp ne, Where ny+ng+...1 = €,. Since f is multiplicative
therefore to find i(G) it is enough to look at the groups of the type H =

Zprq X anz X o X ant.

Theorem 4.6.4. Let G = Z"* X Zy? X - - X Ly, r-times, where atleast one

m,>2,1=1,2,...,r. Then
A(G) = 0.

Proof. We use induction on the order of G. Suppose the result is true for all
groups of the type G and order less than that of G. Now,
AG) =) MH)=- ( > AH) + Z’ﬂ(H)) :
H<G H<G, H<G
where G, = Z, X Z, X - - - X Zp, r-times and the 7 indicates that the summation
is extended over all subgroups of G in which atleast one element has order

grater than p. Therefore it follows, using induction that i(G) = 0. O

4.7 Divisor functions

Some well-known examples of divisor functions which form an integral part
of arithmetic functions of positive integers are given by
7(n) = Zl, o(n) = Zd, and o0,(n) = Zd"‘
djn din din
where n is a positive integer and « is any complex number.
The group-theoretic anlogues of these functions are defined as

T(G)=)"1, oG =) IN, and 0u(G)= Y IN®

NG N<4G N<G
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where G € G. Thus,

7(G) is the number of normal subgroups of G,
0(G) is the sum of the orders of normal subgroups of G, and

0o(G) the sum of the o™ powers of the orders of normal subgroups of G.

Clearly, 00(G) = 7(G) and 0,1(G) = ¢(G). Also, in particular, if we
take G = C, then 0,(C,) = 04(n); noting that there is an one to one
correspondence between the normal subgroups of C, and the divisors of n

given by N — |N|, where N < C,..

Theorem 4.7.1. Since every proper non-trivial normal subgroup N of a
finite group G satisfies 2 < |N| < J_C2_?1’ we have

27(G) + |G| -3 < 0(G) <1+ T(G)g.

Proof. Let Eg # N < G. Then 2 < |N| < g

Suppose Ny, Ny, ..., Ny, are the proper non-trivial normal subgroups of G.
Then
16l
2’
= 2m< Y |N|<n |
NaG

= 2) 1<0(G) —1—|G|<<Z1)%

NG N«G

IGI Gl

2< M| L
M) -

2<|N|< 32 < Nyl £ =

2(r(6) - 2) < 0(G) 1~ [6] < (r(G) - 2)‘23‘.

!

l

27(G)~4<0(G)-1-1|G| < 7(G )

21(G)+1G|-3<0(G) < 7(G )§+1

J
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Theorem 4.7.2. If G € G, then

o(G) = Y r(G/Ny),

9€G

where N, is the smallest normal subgroup of G containing g.

Proof. We know that, Vg € G, the normal subgroups of G/N, are in one to
one correspondence with the set {N : N, SN I G} ={N:g€ N <G},
and so 7(G/Ny) = |{N : g € N < G}|. Therefore,

a(@) =D IN=) D1

N<G N<GgeN
1, if geN,
= ZZég,N, where d, v =
NdGgeG 0, otherwise.
=22 &
gEGNIG
=3 Y 1=) |{N:ge NG} = 7(G/N,).
gEGENIG 9€G 9€G

O

We know that For each element @ € G, the set H = {a" : n € Z} is
a subgroup of G. Moreover this is the smallest subgroup of G containing
a. Because if H' be another subgroup of G containing a, then by closure
property of H' all of a2,a3,...a™,--- € H', and thus H C H'.

As a corollary of Theorem 4.7.2 we have the following number theoretic

identity.
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n-1
Corollary 4.7.3. For any positive integer n, o(n) = 3 7(ged (n,k)).
k=0

Proof. Putting G = Cy, in Theorem 4.7.2, we have

a(n) = o(Cyp)

3
—

]

’ ( C]:;n ) , <k > is the subgroup of Cy, generated by &
<k>

3 >
[
-

]
g

C% ' n
a (a) , wherek = ——————gcd )

k=0
n-1 n-1

=Y 7(Coatmm) = Y_7(ged(n, k).
k=0 k=0

4.8 Normal subgroups of the product G; X G

In this section we study the structure of the normal subgroups of the product

of two groups.

Theorem 4.8.1. Let G, and Gy be coprime groups. Then the normal sub-

groups of the product Gy x Gy are exactly the subgroups of the form Ny X Ny,
with Ny 4 G, and Ny < G,.

Proof. Let Ny 4 G, and N, < Gy. Suppose (ng,ng),(n},ny) € Ny X
Na; ny,nf € Nysng,ny € No. Now (n1, ng)(nf, np) = (nin], ng, nb) € Ny x Ns.
i.e., Ny x Ny < Gy X G,. Again let (g1, 92) € G1 x G5 and (ny,n2) € Ny x Ns.

Then (g1, 92)(n1,m2) (97", 95 ") = (g1n1g7 !, gomag; ') € Ny x N,. Therefore
N1XNQSG1XG2.
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Conversly, suppose N < G x Go. Let m,: Gy X G — Gy, (i = 1,2) be
the projection map. For (g1, 92), (977,95 ") € G1 X Go,
m1((91,92) (97" 97 1) = m(g197", 9205 ) = ugrt = ml(g1, g2))m (97 95 ))-
i.e., m; is a homomorphism from G; X G, to G;. Similarly 7, is a homomor-
phism from G; x G to G5. And therefore , is a homomorphism from N to
G, also. By (First Isomorphism) Theorem 1.2.1

=N N N N
! - Ker(mlN) - Ker(m)ﬂN N ({61} X Gz)nN - ngN
(4.8.a)

Again by Theorem 4.2.1

C(N)y=C (G;r\; N) UC(G2NN) =C(m(N))UC(G,NN). (4.8.b)
Similarly
~ N _ N _ N N
ma(N) = Ker(m[N) ~ Ker(m) NN~ (Gix {&})NN ~ G NN’
(4.8.c)
and
C(N) =C(m(N)) UuC(G1 N N). (4.8.d)
from equations (4.8.b) and (4.8.d)
C(WI(N)) UC(GzﬂN) = C(ﬂ'z(N)) UC(GIQN). (488)

But C(m(N)) € C(G,) and G;, G; are coprime. Therefore by Defination
4.3.1

C(m(N)) N C(ma(N)) = ¢ (481)

Again GiNN = (G, x {e;}) NN C Gy x {e3} = G. Similarly GoN N =
({e1} x G2) N N C {e;} x G, = G5. Therefore C(Gy N N) C C(G,) and
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C(GyN N) C C(G,) and so
C(GiNN)NC(GyNN)=¢ (4.8.g)

Hence

C(m(N)) = C(G.N N) = |r(C(m,(N)))| = |r(C(G.A N))|
= |m(N)| = |G. N N|. (4.8.h)

Again any element of G; N N = G; x {e2} N N is of the form (ny, e;), for
some (ni,ny) € N, and clearly (n1,e;) € m(N) X {e2} = 7 (N) for any
(n1,e2) € Gy NN, Thus Gy NN C m(N). Similarly G, N N C mp(N). By
(4.8.h) we have G, N = m,(N). Therefore

7 (N) x m(N) = (Gi N N) x (Go N N) (4.8.i)

Now we have

(i) (GinN)<4N, (Ga:NN) dN.

(i) (GiNN)N(G2NN) = {(er,€2)}.

(iii) N = (GiNN)(G2NN).
Therefore by Theorem 1.3.2 we have

N =(GiNN) x (GaNN) =m(N) x mp(N),

with m,(N) 4 G,. O

Given any two groups G; and G, (finite or infinite, abelian or non-
abelian), we now develop a condition which is equivalent to saying that every

normal subgroup of the product G; X G5 is of the form N, x N, with N, < G|,
i=1,2.
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Definition 4.8.2. We shall say that the groups G; and G, have a subgroup
in common if there exist non-trivial subgroups H; of Gy, and H, of G, such

that H1 = H-z‘

Theorem 4.8.3. Let G, and Gy be any two groups. Then the following

conditions are equivalent:

(i) Every normal subgroup of the product Gy X G5 is of the form Ny x Ny
with N1 ﬂ G1 and N2 ﬁ G2 .

(ii) For each Hy, < Gy and for each Hy < Ga, the centres Z(G,/H,) and
Z(Go/ H,) of the quotient groups Gi/H, and Go/H; have no subgroup

in common.

Proof. Suppose that G; and G satisfy the second condition. Let N Gy x
Gs. Set Hy = m((Gy x {e2}) N N) and Hy = my(({e1} X G2) N N) where e,
are identities of G, and =, : G; x Gy — G, are projections, 1 = 1,2. Then

H, x {e2},{e1} x Hy C N C m(N) x m2(N) and so
Hy x Hy = (Hy x {e2})({e1} x Hy) C m(N) x mo(N) (4.8.)

It may be noted here that H, Q G, and H, < 7,(N), i = 1, 2. Now, suppose
a; € m(N). Then (a),a3) € N for some a; € Gy; in fact ay € m(N).
Therefore, Vg, € Gy, we have
(119171, a2) = (g1, €2)(a1,a2) (917", e2) € N
= (qua1g 'ar " e) €N
= qing1 a1t € Hy

= qi1H1a,H, = a1 H 9, H, € G1/H,.
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ThUS, (11H1 € Z(Gl/Hl) SO, we have 7T1(N)/H1 C Z(Gl/Hl) Slmllarly,
FQ(N)/HZ C Z(Gz/Hg) Note that if a;,b; € 7T1(N) then (0,1,(12), (bl,bg) €N

for some ag, by € mo(N), and so (albl'l, azby 1), (a1by, azbe) € N. Therefore,

(1,1H1 = b1H1 =t albl’l S H1 = (alb1_1,62) eEN

— (el,azbz_l) EN & agb2~1 € Hy < aHy = b, H,.

This means that we have a well-defined injective map f : m(N)/H, —
m2(N)/H, given by f(a; H;) = a;H, where (a1, a;) € N. Also, f(a; Hib H,y) =
flaibyHy) = agboHy = agHobyHy = f(aHy) f(bi Hy), showing that f is a ho-
momorphism. Finally, if b € 7(N) then (a,b) € N for some ¢ € m(N)
and so f(aH;) = bH,, which implies that f is surjective. Thus f is an iso-
morphism. Hence it follows from the hypothesis that 7,(N)/H, are trivial
subgroups of Z(G,/H,), i = 1,2. Therefore, H, = m,(N), ¢ = 1,2, and so
N = H, x Hy, by (4.8.).

Conversely, suppose G, and Gy do not satisfy the second condition. So,
there exist H, < G,, ¢ = 1,2, such that Z(G,/H,;) and Z(G,/H,) have
a subgroup in common. Let K,/H, be non-trivial subgroups of Z(G,/H,),
¢ = 1,2, such that there is an isomorphism F : K/H, — K,/H,. Put
N = {(a1,a9) € Ky x Ky : F(a1H1) = ayH,}. Let (a1,a2), (by,0)) € N
then F(a;H;) = apH, and F(biHy) = byH,. So, F(aib," Hy) = azb, ' H,.
Thus (ay,az)(b,b2)™" = (a0, a28,™") € N, showing that N is a sub-
group of G x G,. Again let (a1,a2) € N and (g1,92) € Gy x G3. Then,
(91, 92)(a1,82)(g1,92) " = (g1a1017", g202927") € Ky x Ky, since K, 4 G,,
¢ =1,2. Also, since ¢, H, € K,/H, C Z(G,/H,), i = 1,2, we have
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F(gia191" ' Hy) = Fa Hy) = a;Hy = 920292 H.
Thus (g1, g2)(a1,2)(g1,92)"" € N, and so N 9 G; x G2. On the other
hand, suppose N is of standard form N; x N where N, 4 G,, + = 1,2.
Then, m,(N) = N,, 1 = 1,2. But since F is bijective, we have m,(N) = K,,
1 = 1,2. Therefore, N = K; X K,. Since K;/H; is non-trivial, there is
some a; € K;j such that a;H, # H,. But (a;,e2) € K; x K = N. So,
F(a,H,) = eaHa = Hy, the zero element of Ky/H;. Therefore, since F' is
injective, we have a; H, = Hj, the zero element of K;/H,. This contradiction

shows that N is not of the form mentioned in the first condition. O

The following corollary generalizes Theorem 4.8.1.

Corollary 4.8.4. If G1,Gy € G are almost coprime, then every normal
subgroup of the product G, x G4 1s of the form Ny x Ny with N; < G, and
N, 4 G,.

Proof. Let Hy < G; and H; < G be such that the centres Z(G,/H,) and

Z(G2/Hj) have a subgroup in common. So, there are non-trivial subgroups

K,/H, of Z(G,/H.), i = 1,2, such that
K,/H, = K,/H,.
Then C(K,/H,) = C(K32/H,). Since H, < K, 4 G,, we have
C(K,/H,) CC(K,) CC(G,), i=1,2.

Thus, C(G,) and C(G;) have an abelian member in common. A contradiction

since G1, Gy € G are almost coprime. By Theorem 4.8.3 we get the required

result. d
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The converse of the above corollary may not be true. For example Con-

sider the Symmetric group S; and Cs in G.
{e} V14428,
is the composition series of Sy, where
V = {e, (12)(34), (13)(24), (14)(23)}

is the normal subgroup of Ss. Thus C(Ss) = {V,A4/V,Ss/As}. Again
C(C3) = {C3}. Therefore C(Ss) and C(C3) have an abelian member in
common, namely C3 = A,/V. i.e., S4 and Cs are not almost coprime.

But for each H; < S4 and for each Hy < Cs, the centres Z(S,/H;) and
Z(C3/H,) of the quotient groups S;/H; and C3/H, have no subgroup in
common. Therefore every normal subgroup of the product Sy x Cj is of the

form N1 X Nz with N1 < 54 and N2 < C3.

Proposition 4.8.5. If f € A(G) is multiplicative (or, almost completely
multiplicative) then the function F € A(G) given by

F(G) =) f(N)

N<G
is also multiplicative (or, almost completely multiplicative).
Proof. Let G1,G2 € G be a pair of coprime {or, almost coprime) groups.
Clearly, if N; 9 G; and N, < G, then N; and N, are also coprime (or,
almost coprime) (since C(NV;) C C(G,) etc). So, we have

F(GixGy) = Y f(N) = > [fNixN)

NA(G1xG3) N14G1,N24G2

= Y Y AN)N) = FG)F(G).

N1dG1 N2 QG
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Lemma 4.8.6. The map f : G — C defined by f(G) = |G|*, where o € C,

s completely multiplicative.

Proof. For G,,G; € G,
F(G1 x Ga) = |Gy x Go|* = (IG1] - |G2)* = |Gh[* - |G2|* = f(G1) f(Ga)
Thus f is a completely multiplicative function in .A(G). O

Corollary 4.8.7. o, is almost completely multiplicative.

Proof. Let G1,G5 € G be almost coprime. Now

0a(G1xGa)= Y [N°

NdG1xG2

= Z |N1 X Nzla

N1<G,N24Gp)

= D V% Nyl

N14dG1N24G,

= ) N ) Ny
N14Gy N2dG2

= Ua(Gl)Ua(Gz)-

Therefore o, is almost completely multiplicative. ]

4.9 Characterization of groups using divisor

functions

In this section we try to charactrize finite groups using the notion of divisor

functions studied in earlier sections.

130


file:///G2/r

Definition 4.9.1. A finite group G is called perfect if o(G) = 2|G|. It may
be mentioned here that this notion of perfect group, has aparently no relation
with the more conventional counterpart available in the literature, namely

the groups which are equal to their commutator subgroups.

For example C, the cyclic group of order 6 is a perfect group. (In the

last section of this chpter we shall discuss “Perfect groups” elaborately).

Definition 4.9.2. An abelian quotient of a group G is a quotient group of

G which is abelian.

Lemma 4.9.3. For any group G,

o(G) = ZI{N :NdG,g€ N} = Zl{normal subgroups of G containing g}|.

geG geG

Proof. We have

o(G)= ) IN|

N4G
=|{(N,9) : N2 G,ge N}|
=) {N:NQG,ge N}

g€G

|

Definition 4.9.4. An element h of G is called a normal generator of G if

the only normal subgroup of G containing h is G itself.
Proposition 4.9.5. Let G be a group.
(i) If o(G) < 2|G| then G has a normal generator.
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(i) If G has a normal generator then any abelian quotient of G 1s cyclic.

Proof. (i) Suppose v(g) := |{normal subgroups of G containing g}|. By
Lemma 4.9.3
1
0(G) < 2|G| <= Y v(g) < 2|G| <= = 2_v(g) < 2 <= the mean over all
9€G |Gl gec

geGofv(g) L2

Case I:

If G is not simple or not trivial then v(e) > 3, e the identity element of G.
So for the mean to be < 2, there must be some h € G for which v(h) =1
and this says exactly that h is a normal generator of G.

Case II:

If G is simple then any non identity element of G is a normal generator.

Case III:

If G={e} then e is a normal generator.

(ii) Let A be an abelian quotient of G, with 7 : G — A a surjective
homomorphism, and let - be a normal generator of G. Suppose K < A and
w(h) € K. Then 7~ !}(K) < G such that h € 77}(K). Therefore 7-}(K) = G
(since the only normal subgroup containing h is G). i.e., 7(G) = K = A («
is surjective). Therefore the only normal subgroup of A containing 7(h) is A.
i.e., m(h) is a normal generator of A. Now m(h) €< m(h) >< A. Therefore

A =< 7(h) >, cyclic. Hence the result. a

132



Theorem 4.9.6. (Abelian Quotient Theorem)
If G is a group with o(G) < 2|G| then any abelian quotient of G is cyclic.

Proof. Follows from the above proposition. 0O

The above theorem has the following corolaries, the second of which says

that abelian perfect groups ‘are’ just perfect numbers:

Corollary 4.9.7.
(i) If G is a perfect group then any abelian quotient of G is cyclic.

(ii) The perfect abelian groups are precisely the cyclic groups C,, of order n

with n perfect.

Proof. Part (i) is immediate. For (ii) let A be perfect abelian. Now A/{e}
is an abelian quotient of the perfect group A. Hence A/{e} i.e., A is cyclic.
But we have already seen that the perfect cyclic groups correspond exactly

to the perfect numbers. a

Most trivial characterrization of groups using divisor functions is perhaps

the following;:
0.(G) = |G|* +1 <= G is a simple group

where G € G, and « is a complex number. Also, we know that any finite
abelian group G has a (normal) subgroup of order d for every divisor d of
|G|, and G has exactly one such subgroup for every divisor d if and only if G
is cyclic. Therefore, for any abelian group G € G, we have 0,(G) > 0,(|G]),
and the equality holds if and only if G is cyclic.
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Definition 4.9.8. A group G is said to be covered by a collection of subgroups

if each element of the group belongs to atleast one subgroup in the collection.

In our context:
Let GeG. IfG = HLiGH,, then G is said to be covered by H,’s. {H,:
H, < G} is called a cove;z'ng of G. If G = HLiGH“ then {H, : H, < G} is

called non trivial covering, otherwise trivial.

Theorem 4.9.9. [16] A group has a finite non trivial covering by subgroups
iff it has a finite non cyclic quotient. i.e., for finite G

G = chH if and only if G has a finite non cyclic quotient.

Fact 4.9.10. From the above theorem we can say that if G # HUgH then
<

every quotient of G is cyclic.

Fact 4.9.11. In particular if G € G such that G # NL<chN then every abelian

quotient of G is cyclic.
Lemma 4.9.12. Let G € G be such that G = NUGN. Then 7(G) > 5.
4

Proof. Since |N| < 1% VN « G, and since the identity element of G is a
common member of all normal subgroups of G, it follows that any two proper
normal subgroups of G can contain at the most |G| — 1 distinct elements.

Hence G must have atleast three proper nontrivial normal subgroups, which

in turn implies that 7(G) > 5. O

Proposition 4.9.13. Let G € G. If o(G) < 2|G| + 2 then G # NUGN.
<
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Proof. Let us assume that G = NU(;N . Then, for each g € G, the smallest
<

normal subgroup N, of G containing g is a proper normal subgroup of G, and

so G/N, # {e} which means 7(G/Ny) > 2. Therefore, by Theorem 4.7.2,

we have

o(G) =) _(G/N,)

geG

=7(G/{e}) + D T(G/N,)

9€G, g#e

27(G) +2(IG| - 1),

since there are |G| — 1 numbers of non identity elements and for each of them

7(G/Ng) > 2. Again (given)

a(G) < 2|G| +2
— 7(G) +2(|G| - 1) < 2|G| +2
— 7(G)+2|G| -2 < 2G| +2

= 7(G) <4,
a contradiction. Hence G # U N. O
NaG

We have the following corollary to the above proposition, which is also

an improvement to the abelian quotient theorem.

Corollary 4.9.14. If G is a finite group with o(G) < 2|G| + 2 then every

abelian quotient of G is cyclic.

Proof. In view of Fact 4.9.11, the proof is immediate. O
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Remark 4.9.15. If ¢ : G — G’ is a homomorphism of groups G,G' € §
then 7(¢g(G)) < 7(G), since ¢7*(M) < G YV M 2 ¢(G). In particular, we
have 7(G/N) < 7(G) V G € G and V N 9 G; moreover, the inequality is

strict if IV is nontrivial.

Theorem 4.9.16. [16]. A group has a nontrivial finite covering by normal
subgroups if and only if it has a quotient isomorphic to an elementary abelian

p-group of rank two for some prime p.

Proposition 4.9.17. Let G € G be such that 7(G) = 5 and G = NL<J1GN.
Then G = Cy x C.

Proof. By the above Theorem, there is a normal subgroup of G such that

G/N = C, x C, for some prime p. So,

T(G/N) = 7(C x Cy) = p+3
= 7(G) > p+3, since 7(G) > 7(G/N),

=p=2 = N={e},

otherwise 5 = 7(G@) > 7(G/N) = p+ 3 = 5 which is absurd. Hence the

proposition follows. a

The Proposition tells us that if G # Cy x C, then the hypothesis of the
above Corollary can be further improved to ¢(G) < 2|G| + 3.

4.10 Examples of Perfect Groups

In this section we study some examples of perfect groups among some of the

well-known families of finite groups. As mentioned earlier a finite group G is
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said to be perfect if 0(G) = 2|G|.

For example let C,, be the cyclic group of order n. Then C,, has exactly
one normal subgroup of order d for each divisor d of n, so o(C,) = o(n),
and C, is perfect just when n is perfect. Thus perfect groups provide a
generalization of the concept of perfect numbers, and Cg, Cog, Cygs are all

perfect groups.

Remark 4.10.1. None of the symmetric groups S, or alternating groups A,
is perfect. If n > 5 then A, is simple and the only normal subgroups of S,

are 1, A, and S,,. So 0(4,) # 2|4,| and o (S,) # 2|Sy|- For n < 4, we have

o(4;) = 1, a(S) = 1,
g(Az) = 1, o(S2)=1+2 = 3,
o(43) = 143 = 4, o(S;) = 14+3+6 = 10,
0(A) = 144+12 = 17,  o(S) = 14+4+12+24 = 41.

Remark 4.10.2. A (finite) p-group is a group of order p", where p is prime
and r > 0. Lagrange’s Theorem says that the order of any subgroup of a
group divides the order of the group, so if G is a p-group then ¢(G) = 1
(mod p). Hence no p-group is perfect.

Remark 4.10.3. The perfect dihedral groups are in one-to-one correspon-
dence with the odd perfect numbers [25]. So it is an open question whether

there are any perfect dihedral groups at all.

The following Theorem is a corollary of the Theorem 4.8.1, and is a direct

analogue of Theorem 1.12.14.
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Theorem 4.10.4. ¢ is multiplicative.
Proof. If G, and G, are coprime, then

O'(Gl X Gg) = Z lNl X Ngl
N14Gy,N24Gy

= > ) IM|IN|

N149G1N2 4G,

= > M| N

N14Gy N2dG»

=0(G1)o(G2).

4.10.1 Some examples of non-abelian perfect groups

(Even Order)

Example 4.10.5. S3 x Cs. The group S3 x Cs of order 30 is perfect. For S;

and Cs have coprime orders (6 and 5), so are coprime. Now

0(33 X CS) = 0'(83)0'(05) = (1 +3+ 6)(1 + 5) =60 = 2|S3 X Csl

We present the next two examples along with the method by which they

were found.

Example 4.10.6. A5 x Ci5105. The group As x Cis108 of order 907680 is

perfect. Firstly As is simple of order 5!/2 = 60 and o(As) = 1 + 60 = 61.

Let us try to find a perfect group G of the form G = A5 x G;, where G is
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some group prime to As. Now As x G, is perfect. Therefore,

0'(A5 X Gl) = 2'145 X Gl'
= 0(As5)0(G1) = 2|45]|G4|

o(G1)  2l4s| 120
= = —. 4.10.
Gy~ o(As) 61 (4.10.2)

Therefore our G, should be such that it satisfies (4.10.a). Let us look for

such a group G; amongst those of the form G, = Cg; X Go, where G, is prime

to Ce and As. Now Ag x Cg1 X Gy is perfect. Therefore

0(As)0(Ce1)a(G2) = 2|As||Ce1]|Gy]

0(Gy) _ 2|A4s||Cel 2-60-61 60
|G,]  o(4s5)0(Cer)  61-62 31 (4.10.0)

Therefore our G5 should be such that it satisfies (4.10.b). Similarly let us

look for such a group G, amongst those of the form G, = C3; x G3, where G

is prime to C3;, Cs; and As. Again As X Cg; X C3; X G is perfect. Therefore

0(As5)a(Cs1)0(C31)0(Gs) = 2|A45(|Ce1|Ca [|G3|

0(G3) _ 21A5”Cﬁ]”031' . 2-60-61-31 . E
|G3| N O'(A5)0'(061)0'(C31) B 61-62-32 N 8 '

Therefore our G should be such that it satisfies (4.10.c). Such Gj is C, and

(4.10.c)

the groups As,Cs1,C3; and Cg are pairwise coprime. Thus if
G = A5 x Cg1 X C31 x Cg = A5 X Ce1x31x8 = As X Cis1s,

then G is perfect.
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Example 4.10.7. Ag x Csee776. The group As X Csesr7s of order 132039360
is perfect. This time, we start with the simple group Ag of order 6! /2 = 360.
We have 0(Ag) = 1+ 360 = 361. Let us try to find a perfect group G of the
form G = Ag x G where G, is some group prime to Ag. Now Ag x G is
perfect. Therefore,
o(Ag)o(G1) = 2|46l|G1|

|G| o(As) 361

Therefore our G, should be such that it satisfies (4.10.d). Let us look for

(4.10.d)

such a group G; amongst those of the form G; = Cs61 X G, where Gy is

prime to Cs; and Ag. Now Ag % Cse; X G is perfect. Therefore

0(As)0(Cs61)0(G2) = 2| Asl|Cs61]| G|

9(Gz) _ 2|Ag||Cser] _  2-360-361 240 (410.0)
[Gal ~ 0(Ag)o(Cagy) 361-(1419+361) 127 o

(note that 361 = 192 and 127 is prime.) Therefore our G, should be such

that it satisfies (4.10.e). Similarly let us look for such a group G, amongst
those of the form Gy = Ci97 X G3, where G3 is prime to Cia7, C361 and As.
Again Ag x Cs6; X C1o7 X G3 is perfect. Therefore

a(A5)0(0351)0(0127)0(G3) = 2|A6||0361HCE27“G3‘
9(Gs) _ 2|Ae||Csa||Crr]  2-360-361-127 15
|Gl ~ 0(Ag)o(Cae1)0(Crar)  361-381-128 8
Therefore our G5 should be such that it satisfies (4.10.f). Such G3 is Cs, and

(4.10.f)

the groups Ag, Cs61, Cio7 and Cy are pairwise coprime. Thus if
G = Ag x Csg1 X Cig7 x Cg = Ag X Cag1x127x8 = As X C3e6776,
then G is perfect.
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Few more examples of nonabelian perfect groups:
Consider the generalized quaternion group Q. of order 4m, m > 2, given
by

Qum =< a,b|a®™ =1, =a™bab! =a™' >.

Theorem 4.10.8. If m is odd then the proper normal subgroups of Qum are
precisely the subgroups of the cyclic group generated by a.

Proof.
Qum = {1,a,d%,...,a®™ 1, b,ab,a%,.. .,a’™ b},
We have
bab™' =a! = ba = a”'b = aba”! = ba”? (4.10.g)
Also

bab™' =a ' = batb ' =@t = ba' =a b =>a'ba’ =b Vi€ Z.
(4.10.h)
Let N 9< a > and a*b,k = 0,1,...,2m — 1; | = 0,1 be any element of
Qum -
If I =0, then clearly a*a’a™* € N, Vo’ e N;j=0,1,...,2m ~ 1.
If I = 1, then by (4.10.h), a*ba’bla™* = a*a9a* = a7 € N,V &’ € N.
Therefore N < Qyyp,.

Next let N be a normal subgroup of Qy,, such that a'b € N for some
¢ > 0. Then by (4.10.h)

a™ = b® = a'ba’b = (a’b)(a’b) € N.

Again
a®*™ = (a'b)(ba’) = (a'b)b(a’b)b™! € N.
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It follows a® € N. Let d = gcd(2i, m). Then d = 2iz + my for some z,y € Z.
So

ad — a2ix+my — (a21)z(am)y c N.

Note that, since m is odd, d is also odd. Therefore d|i and hence o' € N
forcing b € N and so aba™! € N. Now by (4.10.g)

aba e N=ba?2eN=ad%le N=da’€N.

Since d is odd therefore gcd (d,2) =1 and soa € N. Hence N = Qy,,. O
The following is a direct corollary of the above theorem.
Corollary 4.10.9. 0(Qs,) = 4dm+0o(2m) if m is odd.

Using multiplicativity of o one can see that the non abelian groups

Qi2, @y X Ci9,Qus x Ci3,Quag x A5 X Cyg3 x C11 and oy X Cig are all

perfect groups.

We conclude the dissertation with the following unsolved problems:
Problem 1 : To develop a group theoretic analogue of Wilson’s theorem,
namely, if p is a prime then (p — 1)! = —1 (mod p).

Problem 2 : Is there any H with |H| = a such that (-2,—) = (%) where

n* = (-1)"7'n, n odd integer 7
Problem 3 : Suppose a, n are positive integers such that ged (a,n) = 1 and
G, H are finite groups of order n and a respectively. Is there any relation

between (%) and (%) ?
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Problem 4 : Given two finite groups G and H, which positive integers a

satisfy (—g—) = (%) ?

Problem 5 : If G is a finite group then for which positive integers n we have
AL n+1
) (5) N ( G )
. (n-1 n n+1
(i) ( G )“(5)”( G )

Problem 6 : To study all groups G for a given value of 7(G).

Problem 7 : To study in detail under what condition a finite group has a

normal generator.
Problem 8 : To study the decomposibility of any non abelian group using

various multiplicative functions.
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