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1. Motivation and historical development of Kaluza-Klein theory 

There exist four fundamental forces in the Nature. These are gravitation, electromagnet- 
ism, weak and strong interactions. Unification of all these forces has been the ultimate 
goal of a theoretical physicist. Firstly, the unification of electricity and magnetism was 
obtained by Maxwell in his theory of electromagnetism in 1861--62. After the advent of 
special theory of relativity, three-space and time were unified into a four-dimensional 
space-time continuum by Minkowski. Unification of electromagnetism and weak 
interaction was obtained by Glashow, Weinberg and Salam. In 1961, Glashow [1] 
unified the weak and electromagnetic interactions using the gauge group SU(2) ® U(1). 
Later on, Weinberg and Salam showed independently that weak gauge bosons can acquire 
mass without any loss of renormalizability [2]. This theory got experimental support in 
1973 followed by discovery of the weak gauge bosons in 1983. Unification of strong, 
weak and electromagnetic interactions had been discussed by Georgi and Glashow, in 
1974, based on the gauge group SU(3)c ® SU(2)L® U(1)y in the standard model of 
grand unified theories [3]. Various other gauge groups also have been used to obtain a 
satisfactory version of the grand unified theory. 

In all these attempts, gravity (the oldest known interaction of the Nature) has been kept 
quite away, which is the source of dissatisfaction for a theoretical physicist. In 1914, 
Nordstr6m [4] proposed to unify Maxwell's theory with his theory of gravity induced by 
scalar fields in a very imaginative way in the framework of 5-dimensional theory. In 
1919, Kaluza proposed Einstein type theory of gravity in 5-dimensional space-time where 
4-dimensional Einstein's gravity and electromagnetism are obtained using the cylindrical 
condition which implies independence of components of metric tensor from extra 
dimensional coordinates. In the beginning, Einstein did not like Kaluza's idea, but 
eventually he supported it and this work was published in 1921 [5]. In 1926, Klein found 
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that Kaluza's results could be obtained using quantum mechanics also [6]. For a long 
time, Kaluza-Klein theory was almost idle barfing few papers here and there. In the 
middle of 1970s, string theory [7] and supergravity [8] appeared in the arena of field 
theory with high hopes to unify gravity and other fundamental forces. It was found that 
the string theory also leads to a higher-dimensional geometry like Kaluza-Klein theory. 
So the importance of a higher-dimensional theory was realized in true sense. In this 
context, Kaluza-Klein theory became very much popular by the end of 1970s. In 1978, 
Cremmer, Julia and Scherk proposed 11-dimensional theory which could yield gravity 
and the standard model of grand unified theory using Kaluza's mechanism [9]. This 
model of 11-dimensional theory is called N = 1 supergravity. After this work, people 
started to think that the only way to do supergravity is via Kaluza-Klein theory. Later 
on, 10-dimensional theory for supergravity was also proposed to cure some problems of 
11-dimensional supergravity, but it contained some other degrees of freedom of Yang- 
Mills multiplets in contrast to l 1--dimensional theory. Currently, this theory has been 
abandoned, but Kaluza-Klein is still interesting in the context of the early universe at 
high energy level where gravity is supposed to be unified with all other interactions. In 
what follows, a brief account of latest developments of the theory and mathematical 
techniques are discussed. 

~. Compact i f i cat ion  

Our observable universe is 4-dimensional. So it seems difficult to accept the idea of 
higher dimensional geometry on a physical ground. A solution to this problem, namely 
'spontaneous compactification', added a new dimension to the Kaluza-Klein theory. 
According to this idea, the higher dimensional geometry is supposed to be described as a 
product manifold M 4 ® M r,  where M 4 is the usual 4-dimensional space-time and M r is a 
compact manifold [10-12]. At extremely high energy, the universe is supposed to be 
(4 + K)-dimensional, but below a certain energy level extra-dimensional manifold M r 
gets compactified to extremely small size to be resolved. As a result, only M 4 is observed. 
Planck length is supposed to be a possible scale of compactification. The compact 
manifolds are homeomorphic (topologically equivalent) to a connected sum of tori or a 
sphere or a projective plane [13]. Physically, it means that M r can be conveniently 
def6rmed to one of these manifolds. Thus, for all physical purposes, a compact manifold 
can be treated as a connected sum of tori or a sphere or a projective plane. 

. 

(a) Kaluza-Klein model of electromagnetism 

Kaluza had shown that electromagnetism could be obtained from 5-dimensional general 
relativity. For this purpose, he used the method of weak-field approximation. Later on, 
Klein showed that Kaluza's result could be obtained, in general also, without this 
approximation. 

In Kaluza-Klein's theory, the manifold is taken as product of M 4 and a circle S I. 
Circle is a compact manifold with initial and final points identified. So a field f (x ,  y) 
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(here x represents four coordinates o n  M 4 and y is a coordinate o n  S 1) satisfies the 
condition [2] 

f (x ,  y) = f (x ,  y + 27rr), (3.1) 

where r is the radius of the circle. Fourier expansion for f (x ,  y) can be written as 

f (x ,y )  = ~ f~(x) e in(y/r), 
n ~ - - O 0  

which satisfies the condition given by (3.1). Using the quantum operator -ih(O/Oy) on 
f (x ,  y), eigenvalue of the momentum operator corresponding to y coordinate is obtained 
as (nli/r) for a particular n. So y component of momentum will be very high for 
sufficiently small r which means that only n = 0 mode can appear in the low energy 
physics. Due to this reason, Klein took all observed states independent of y which is 
analogous to Kaluza's cylindrical condition. 

In Kaluza's model, the 5-dimensional line-element is taken as [14] 

dS 2 ---- g~,~ dx~dx ~ - ~ 2 ( x ) [ / ~ #  d x  # -']-dy][r~Av dx v + dy]. (3.2) 

Here g~,~ are components of the metric tensor on M 4 with g~4 = g4/~ = -~b2r~/~ and 
g44 = -~b 2 as well as ~; is a constant of length dimension keeping r~A~, dimensionless. To 
discuss general relativity with this line-element is a bit difficult due to the presence of 
components of electromagnetic field in the metric tensor components. So, for 
convenience, it is better to choose basis one-forms [15] 

= dx ~, (3.3a) 

~4 = dy + r,A, dx ~. (3.3b) 

This type of basis is called horizontal lift basis (HLB). In HLB, components of the metric 
tensor, obtained from thg line-element (3.2), are gu~, g~4 = g4/~ ---- 0 and ~ = _(~2. Basis 
vectors dual to bases ~u (/2 = 0, 1,2, 3, 4) are given as 

0 0 
e~ - ox~ r,A~-~ , (3.4a) 

0 
e4 = ~ .  (3.4b) 

The dual bases ~ obey the algebra 

= C~e~, (3.5) 

where [~, ~]  are commutators of ~ and ~ .  Using the definition of ~ ,  given by (3.4), 
one finds that structure constants 

C41j ~-- Cpu4 = - n F ,  u (3.6) 

and all other structure constants vanish. It shows that bases ~ are anholonomic [15] (all 
structure constants vanish for holonornic bases). The connection coefficients in 
anholonomic basis is defined as" 

F~;~ ^~ = ½g~[e;~(g~) + e~(ga;~) - ea(g;~) + C~p;~ + Ce,;~ - C;~a]" (3.7) 
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So non-vanishing connection coefficients for 1-'~ are 

= F.)~, 

^/~ ^/~ I F~4 = F4~ = -~F~, 

and 
^4 ^ '  = 

(3.8a) 

( 3 . 8 b )  

( 3 . 8 c )  

Components of the Riemann tensor are given as 

^ f'~ ^ f'~ ^ ~ - I'~" F~ f'~a C~'~ (3.9) ~'~;~ = %( ~ ) -  e ~ ( ~ )  + F~,~ F ~  ~ ~ - 

w i t h / ~  - ~/~ and/~ = ~"~ R~. 
Ricci scalar for the line-element, given by (3.2) is calculated to be 

= R - ¢ 2 r . . r . "  - 
2 

k 30----i ¢,t, ¢,~ g~'~, (3.10) 

where F~,, = 0~, Av - 0, A~,. The volume element is 

V / ~ 0  ° At~' A g A03 A04 = v ~ d x  ° Adx' Adx 2 Adx 3 Ady 

as d ~  A d x  ~ = - d x  ~ A d x  ~'. 

The Einstein-Hilbert action in 5-dimensional Einstein's theory is written as 

S-- 161Gs/d4xdYCv/-~l[R-l¢2FtwF ~g- 2 ~v] 3¢2 ¢ , ,  ¢,~g ].  (3.11) 

If the radius of the compact component of M 4 ~) S 1 is r, 

0 < y < 27rr. (3.t2) 

Thus, 

S -  167rG4 -3¢2¢,~ ,¢ ,vg  ], (3.13) 

where G4 = Gs/27rr is the 4-dimensional gravitational constant. In the original work of 
Kaluza, ¢(x) is taken as a constant. 

(b) Non-abelian Kaluza-Klein theories 

In 1954, Yang and Mills generalized local U(1) invariance (which is an abelian theory) 
to local non-abelian theories. Around the same time, Shaw also did this kind of work but 
his contribution was not found interesting by physicists. The Yang-Mills theory was 
almost idle for a long span of time. In the early 1970s, this theory blossomed in the 
context of gauge theories, as gauge theorists found it a very convenient mathematical 
tool. In 1963, De-Witt proposed unification of Yang-Mills fields with gravitation under 
Kaluza-Klein scheme in a higher dimensional geometry [16]. A detailed discussion of 
this idea appeared in the work of Kerner [17]. (4 + N)-dimensional Einstein-Hilbert 
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action as well as derivation of gravitation, Yang-Mills fields and scalar field was 
discussed by Cho and Freund in 1975 [18]. 

In 1982, Salam and Strathdee raised a very important question 'What are the 
implications of extra dimensions in our observable universe?' In [19], they have discussed 
that through expansion of physical fields in normal modes associated symmetry groups in 
Kaluza-Klein theory make their appearance as massive multiplets and through 
components of the metric tensor these groups yield non-abelian fields. In what follows, 
a brief discussion on these aspects is given. 

In the (4 + N)-dimensional theory, coordinates are separated into x~'(# = 0, 1, 2, 3) of 
usual space-time and yn of N-dimensional compact manifold. The components of the 
metric tensor are given as [20] 

- n m A a ~ x ~. .  (X, y) = g..  (x) + gmn Ca (Y)¢~ (Y) ~ (x)a. ( ) ,  

~'~ (x, y) = gn~,(x, y) ----- -g,,m ¢7(Y)A~ (x), (3.14) 

- -  

where ¢~ (y) are Killing vectors satisfying the algebra 

¢~Om¢~ -- ¢~OmCn/3 = f;fCnct (3.15) 

with f~7 as structure constants. 
The Einstein-Hilbert action in (4 + N)-dimensional theory is written as 

1 / d 4 x d n y ~ R ( 4 + N  ) (3.16a) 
S(4+N)g -- 167rG(a+lv) 

with 

R(4+N) R4 + R N ( y )  1 ~ n ra c~ l~#u = + ~g,nn~a(Y)~a (y)F~.(x)F (3.16b) 

which can be calculated in HLB as earlier. In 5-dimensional case. N = 1 and the compact 
manifold is S l for which Ricci scalar vanishes. In (3.16b), 

c~ a /3 7 F~v =O~A~-OvA~, + f~A~A~. (3.17) 

Here a, fl and 7 are gauge indices for which the degree of freedom is equal to the 
number of Killing vectors. The number of Killing vectors depend upon the Lie group 
on the compact manifold. For example, if the compact manifold is sN, the symmetry 
group on S N is SO(N + 1). The number of generators of SO(N + 1) is [N(N + 1)]/2, 
which is the number of Killing vectors on S N. Also the maximum number of 
possible Killing vectors on N-dimensional manifold is IN(N+ 1)]/2. But it is not 
possible to get the maximum number of Killing vectors for every compact N-dimensional 
manifold, because the number of Killing vectors de~end on the symmetry group. 
The symmetry group on N-dimensional torus is [U(1)] . So possible number of Kill- 
ing vectors is N, which is the number of generators on T N. Thus T N has less than 
maximum number of Killing vectors, whereas sN accommodates maximum number 
of Killing vectors on a N-dimensional manifold. So S s is maximally symmetric, but T N 
is not. 
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4. Physical fields on M 4 ~)  M ~ 

Here we will consider compact manifolds T x and S x. Calculations on projective planes 
can be done in a similar manner. 

(i) When M K = TK: T K is K-times product of circles with different radii rl, r z , . . . ,  rk. So 
Fourier expansion of a physical field ~b(x, y) can be written as 

~b(x,y) = ~ ~nv. .n , (x)exp[i (nlYl+. . . -FnkYk~l  (4.1) 
nl...nk=-oo \ rl rk ] J 

and the line-element looks like 

as 2 = ~,~ a x . ~  - (~ d0~ + . . .  + 4 d~), (4.2) 

where 0 _< 01, . . . ,  0k _< 27r. Even other boson fields can be treated in a similar way. 

(ii) When M K = SK: In this case, harmonics are a bit complicated. A massless scalar 
field cp obeys the Klein--Gordon equation [21] 

lT(4+K)~b = ~ O x M  ~ ~b = 0, (4.3) 

where gMN are components of the metric tensor on M4(~ M K. Equation (4.3) can be 
written as 

([-74 -~- ["TK)~ = 0, (4 .4)  

where I74 is defined on g 4 and OK on M K. 
If A is the eigenvalue of the operator DK for the scalar field ~b, 

[:]Kq6 = A~b. (4.5) 

To obtain A, the set of all homogeneous harmonic polynomials ~ of degree l in Euclidean 
(K + 1)-space are considered. A homogeneous polynomial of degree l can be written as 

,. ,- x ~l'''''~' (4.6) ~(x ,  . . , x / ~ + l ) )  = ~l , . . . ,~ ,  

where ca~,...,~ x are symmetric with each l taking ( K +  1) values. Thus linearly 
independent c~l,...,~ t are (~:+t)Q in number. If ~ is a harmonic on (K + 1)-dimensional 
Euclidean space 

V~K+I)~ = 0, (4.7a) 

which yields 

~l122Cotl,Ot2,...,Ot / : 0 .  (4.7b) 

The number of equations (4.7b) is (u+t-2)C(/_2). 
The (K + 1)-dimensional Euclidean space is described by the line-element 

2 as<~+l/= ~ + ~ + - . - +  ~ + ~ .  (4.8) 
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The sphere S K is embedded in (K + 1)-dimensional Euclidean space. For the purpose of 
calculation of ~, it is convenient to write (4.8) in polar coordinates as 

2 dS(K+l ) = dr  2 + r2kij d0/d0/, (4.9) 

where 0 _< 01, . . . ,  0(K-1) <_ 7r and 0 <_ OK <_ 27r. Now (4.7a) can be written as 

2 ^-~- r -  Or ~7(K+l )q~  + r-2[-]K = 0 .  (4.10) 

As q~ is homogeneous, 

= rt~b. (4.11) 

So, from (4.10), 

[]K49 = - l ( l  ÷ K - 1)~b. (4.12) 

Thus A = - l ( l  + K - 1) with degeneracy, 

ds(K,  1) = (K+t)Ct - (r+l-2)C(l_2) ' (4.1 3) 

where n C  r :~ n[/(r!(n - r)[). 
If ~b is replaced by components of a vector, A can be calculated as 

A = - [ I Z ÷ ( t - 1 ) ( K - 1 ) ] ,  1 = 1 , 2 , . . . ,  (4.14) 

with degeneracy 

dr(K, l) : (K ÷ 1)[(K+I)c l -- (K+l)C(l_2) ] -- (K+l+l)C(l+l) ÷ (K+I-3)C(I_3). 

(4.15) 

If ~b is replaced by divergenceless traceless rank-2 tensor components, 

A = _[•2 _at_ (K - 1)(1 - 2)], 1 = 2, 3 , . . . ,  (4.16) 

with degeneracy 

dr(K, l) = ½ (K -t- 1)(K ÷ 2)[ (K+l )c  l --  (K+l-2)C(l_2) ] 

- ( g  .l. 1 ) [ ( K + I + I ) C ( / + l )  _ ( K + / - 3 ) C ( l _ 3 ) ] .  (4.17) 

If T/j = kij T, A can be calculated like scalars. The traceless tensor is of the form 

2 kij(Vlzl) .  (4.18) Qij(z) : V i  zj .a¢_ Vjzi  - 

Now two cases arise here: 

(i) In case VtZl = O, A = -[12 + (K - 1)l - (K + 2)],I = 2, 3 , . . . ,  with degeneracy 
dr(K,  l) given by eq. (4.15). 

(ii) In case z = VX (X is a scalar), A = - [ 1 2 +  ( N - 1 ) l - 2 N ] ,  l = 2 ,3 , . . . ,  with 
degeneracy ds(K,  l) given by (4.13). 
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A spinor field ~b satisfies the higher-dimensional Dirac equation [22, 23] 

[iFMvM -- m]42 = 0, (4.19) 

where F M are Dirac matrices satisfying the condition 

{F M, F u } = 2g ~N. (4.20) 

F M in (4.20) can be decomposed as (7 u, ,ym). Here 

7 u = ea u'zfl, a = 0, 1,2, 3 (4.21a) 

and 

m 7m = e, h.~m, rh = 4 , 5 , . . . ,  3 + K. (4.21b) 

Here ~ t  = (,~a, ~,h) are (4 + K)-dimensional Dirac matrices in flat space-time. In (4.21) 

= , ~  ® I, (4.22a) 

,~  : ,75 ® ,.y,h, (4.22b) 

where , ~  are standard 4 x 4 Dirac matrices and , @  are Dirac matrices on M K • ,',//" and 
I (identity matrix) are 2 x/2 x 2 K/z matrices (when K is even) and 2 (K-l)/2 x 2 (K-l)/2 
matrices (when K is odd). ,@ in (4.22b) is given as 

• .,/5 = i,.y0,.,/1,.y2,,73 (4.23a) 

and 

(,75) 2 = I. (4.23b) 

A spinor field ~b(x, y) can be expanded as 

~b(x, y) : Z ~3i(x)xi(Y)' (4.24) 
i 

where Xi(Y) satisfy the equation 

i ' ) Z n ~ m X i  : - - m i , " / s  x i  . (4.25) 

Equations (4.19) and (4.25) yield 

[iTuvu - (m + mi,~5)]~3i(x) : 0. (4.26) 

The Lagrangian density corresponding to the Dirac equation is given by (4.26) 

L : ~bi(x ) [i~/~V, - (m q- mi*@)]~bi(x ). (4.27) 

For convenience, chiral transformations are used for ~b/(x), which is given as 

~bi(x ) --+ ~bPi(x) = exp[ia,@]~bi(x), (4.28) 

where a = arctan(mi/m). Under these transformations 

~i(x)iT~'V~¢i(x) 
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remains invariant and the mass term acquires the canonical form 

~b'i(x)(m z + m~)'/2~b'i(x). 

(For details of calculations, see Appendix A). 

5. A realistic Kaluza-Kle in  model 

Weak interaction and electromagnetism were unified under the symmetry group SU(2)® 
U(1). Later on, strong interaction was also brought under this scheme through the 
symmetry group SU(3) ® SU(2) ® U(1). Popular name of this model is the standard 
model. With the recent discovery of top quark (truth quark) the standard model has 
become more interesting. In 1981, Witten suggested unification of gravity with the 
standard model under Kaluza-Klein scheme [24]. In this scheme, SU(3) ® SU(2) ® U(1) 
is the symmetry group on a compact manifold. The space of lowest dimension with 
symmetry group SU(3) is CP 2 (complex projective space). For details of CP 2, one can 
refer to Appendix B. S 2 is the lowest dimensional manifold with SU(2) symmetry and S 1 
is the group manifold for U(1). Thus the compact manifold with SU(3) ® SU(2) ® U(1) 
can be CP 2 ® S 2 ® S 1 which is a 7-dimensional real space. CP 2 ® S 2 ® S 1 is not a unique 
manifold with symmetry group of the standard model, but it is more convenient. 

6. Cosmological  models in Kaluza-Klein  theory 

It has been discussed above that, under Kaluza-Klein scheme, higher-dimensional space- 
time is taken as product of the usual 4-dimensional paracompact manifold and a compact 
manifold. It is also supposed that the internal space (the compact manifold is the internal 
space) is too small to be observed. In the early 1980s, the validity of this idea was 
discussed by many authors [25-28]. In this scheme, there is a large discrepancy between 
scales of the external space-time (observed 4-dimensional space-time) and the internal 
space. Now the question arises 'How is this large discrepancy caused?' To answer 
this question, two kinds of attempts were made. One is the method of quantum 
instability of the internal space for contraction by Appelquist and Chodos [29]. 
They computed one-loop effective potential for a scalar field in 5-dimensional space-time 
and found that it tends to minus infinity when the fifth dimension shrinks to zero. Later 
on, Rubin and Roth [30] studied finite temperature effect in the analysis done by 
Appelquist and Chodos and found two kinds of instabilities. Meanwhile, Tsokos [31] had 
shown that inclusion of 5-dimensional fermionic degree of freedom could save the one- 
loop effective potential from divergence to minus infinity. The other method uses a 
dynamical evolution of the higher-dimensional universe as suggested by Chodos and 
Detweiler [32]. This method is the cosmological dynamical reduction, which was found 
interesting because the expansion of external space-time and contraction of the internal 
space were explained simultaneously. Firstly, Chodos and Detweiler (CD) proposed 
Kasner type 5-dimensional solution of the field equations. The line-element for this 
model is 

dS 2 = dt 2 _ tl/2[dx 2 + dy 2 + dz 2] - t-1/2p2d02 ' (6.1) 
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which can be generalized as 

with 

3 3+D 

i=1 j=4  

(6.2a) 

3 3+D 3 3+D 

Z p i +  Z p  j = 1 =  Z p / 2  + Z p  ~. (6.2b, c) 
i=1 j=4  i=1 j=4  

Later on, higher dimensional Robertson-Walker type solutions were obtained. The 
generalized (1 + d + D)-dimensional Robertson-Walker line-element looks like [33-35] 

d S  2 : dt 2 - R2a(t)g,~ dxmdx n - RZ (t)gMlv dy M dy/¢, (6.3) 

where Ra(t) is the scale-factor associ~lted with the external space and Ro(t) is the scale- 
factor associated with the internal space. The topology of such a model is 
R ® M a ® B °, g,~(rn, n = 1,2, . . . ,  d) are components of the metric tensor on B n, which 
is the internal compact manifold. The non-vanishing components of Ricci tensor for the 
line-element, given by (6.3), are 

/'aRa Dkn~ 
R 0 0 = - ~  ~-~a+ R o ) '  (6.4a) 

r2kd d fkd~ R~f .kd ko 
R,,~= [ - -~d+~-~a)+-~a~f l -~a+D~D)Jg ,  , (6.4b) 

[2ko+ ?o  i,°r.k  oko l 
RMN : I--~D -dtt \-~D,] q- RDD ~kd -Rdd q- -R-~D ) ] gMN' (6.4c) 

where ka is the spatial curvature of M a and ko is the spatial curvature of B n. Sahadev has 
obtained solution of Einstein's equations for Ra and Ro taking different perfect fluids. In 
these models, Ra increases and Ro decreases with time. These solutions suffer from a 
problem that Ro(t) = 0 at a certain time, which is not correct because it implies that 
internal space vanishes at this particular time. It is true that internal space is too small to be 
observed, but it does not vanish. This problem is called 'crack of doom' singularity. In CD 
model [32], it occurs as t ~ ~ .  Matzner and Mezzacappa [36] have proposed 5- 
dimensional model, where this problem occurs at some time during the evolution of the 
model. Solutions obtained by Sahadev also, are not free from this problem. Physics 
requires Ro(t) to stabilize asymptotically. Copeland and Toms (CT) realized the necessity 
of this constraint, but they found that all solutions are unstable if the higher dimensional 
manifold is a product of the flat 4-dimensional space-time and a sphere [37]. Actually CT 
did not solve (4 + D)-dimensional Einstein equations, but they solved equations derived 
from 4-dimensional action for gravity. Gleisser and Taylor (GT) have obtained solutions of 
6-dimensional Einstein's equations satisfying the above criterion [38, 39]. Rosenbaum 
et  al [40] have suggested diagramatic solutions for 5-dimensional Kaluza-Klein cosmo- 
logical model and have shown that by an appropriate choice of parameters 'crack of doom' 
singularity can be avoided. In [41,42], some interesting solutions were obtained where 
Ro(t) stabilizes asymptotically. In what follows, a brief account of these models is given. 
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Here the topology of the (4 + D)-dimensional space-time is R ® M 3 ® T ° with the 
line-element [38] 

[ dr2 Fr2(d02 +sin20&b2)] R2o(t) dS 2 = dt 2 - R~(t) 1 - kar - - - - ~  

m m u x 6mn(dy m - r,A z d~)(dy m - r,A, dx n ), (6.5) 

where k3 is the spatial curvature of M 3 with possible values + I, 0, -I for dosed, flat and 
open models respectively. Here ~c is a constant of length dimension like (3.2). The matter 
field considered in this model is a scalar field ~b. The complete action is 

s =  f d 4 x d D y ~  

x [  1 R +~{gUN(DMqA)*(DNqA)--m2~*(~}I (6.6) 
167rG(4+o) (4+0) 

where Ga+n = G4Vo (G4 is proportional to Newtonian gravitational constant which is 
equal to Mp -2, Me is Planck mass), Vo = (27r)2plp2 ' ' '  Po (Pl, P2, . . . ,  Pn are radii of 
circles which are components of TO), R4+D = R4-~r~ Omnr#v__ ,. ~v 
O~,Am,Du = ~7u + r~A~Vm,Dm = Vm(V u and Vm are covariant derivative in curved 
space-time) and g(4+D) is the determinant of the metric tensor, given by (6.5). 

The conditions 2 / ( ~ ) ( 6 S / 6 g  MN) = 0 imply Einstein's field equations 

, [ RMN - -  ~gMNR4+D = 87rG4+D 7ff ) + t~2 T(F)] 
16rcG "MNJ, 

where 

T M N ( 4~ ) = (OMfb)*(OlVfb) -- IgMN[g~S(oR~)*(Osfb ) -- m2q~*~b] 

(neglecting terms containing gauge fields) and 

TMN(F) m : ~ m n ( F ~ l L  F ~  1 _ L',m ~nRS'~ - -  "~,~MNFRS 1" } .  

(6.7a) 

(6.7b) 

(6.7c) 

Maxwell's field equations for FMN and ~b are obtained from the action given by (6.6) as 

( a / ~ ) O M [ ~ F  MN] =0 (6.8) 

and 

(['7 + m2)~b = 0. (6.8a) 

A u are required to live on R ® M 3 only [38], hence due to homogeneity of space-time 
FUN are taken as 

FMN = ~, (~N/v~DF(t)  for M = #, N = v 
(6.9) 

( 0 otherwise ' 

where e uN are components of Levi-Civita tensor. Connecting (6.8) and (6.9) 

F(t) = A /(Ro) D. (6.10) 
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Further ¢(x, y) is decomposed as 

¢(x,y) = ¢0(t, 0,0) + (a(t,x,y) 

such that 

and 

(6.11) 

([7 + m2)~b0 = 0 (6.12a) 

(R  + m2)q~ = 0. (6.12b) 

is a small fluctuation, so cosmic dynaroics is supposed to be governed by ¢o only. 
Hence T~N ) can be ignored compared to Tff~ ). The WKB solution of (6.12a) is written as 

eimt 

~0 ~ X/VDVma3bD" (6.13) 

Now the Einstein's field equations for the line-element (6.5) are [38] 

R3 , ~ RD [ 2On2A 2 ] 
3 R3 + t)-~o = 87ra4+D. 1~°12 - m2[¢°12 + 1 6 7 r G 4 + o ~  2)b2d] ' (6.14a) 

D~o) 87rG4+°md)°t~" 2k3 , d fk3"~ i~ 3 (3R3 + ~2DA2 2 2 2 
( o + 2 )  ' 

(6.14b) 

d (Ro~ . RD['.R3 Ro) t~2D(DW4)A 2 87rG4+Dm2~2t~ 
& \ R D J  +Gt3R33+D-~D =2(D+2)(RD) 2° ( D + 2 )  , (6.14c) 

where l is the constant of unit magnitude and length dimension, which is used for the 
dimensional correction. To avoid the 'crack of doom' singularity, it is assumed that 

R2(t) = f 2  + [R3(t)]-2. (6.15) 

I f f  2 < [R3(t)] -2, [R3(t)] -2 = 2t/If  + R23 is the solution in case k3 = -1 .  Moreover, the 
integration constant Ro3 is given as 

f2R~3 = -~[-  6(D - 2 )  + ~/36(D - 2)2 + 24(D - 3)2 - 24(D + 3) ] . 

I f f  2 > [R3(t)] -2, 

[R3(t)] 2 =  (~ /4a7- /~2 /2" ) ' f2 )  sinh[(2t/ te)v/-~+ 6]-( /~/2") ' f2) ,  

k~ ~A2D2(D + 1)(D + 2) 
O~-- 4f2D 

4f2D 
7 = 2k] gA2D2(D + 1)(D + 2)f 2°, 

( D - 3 )  > 1 as D > 6  f2R] > ~ - , 

where 
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and 

27rG 4 < VR 2 R2m. 

For details of these solutions, one can refer to [41]. Exact solutions of Einstein's field 
equations have been obtained in refs [23, 42]. 

In [35], Sahdev has assumed that when temperature drops below 1/R (R being the 
radius of compact manifold), extra-dimensional space ceases to be dynamically effective 
and 4-dimensional universe emerges. During this phase, extremely hot universe cools 
down to a minimum temperature 1/R and reheats until it becomes effectively (1 + 3)- 
dimensional. He has also examined horizon and entropy problems in this framework. As a 
result, Sahdev obtained an explanation to the horizon problem of the standard big-bang 
cosmology and suggests that this question should be rephrased in terms of entropy as 
'Does the entropy falling within a causal horizon equals at any stage to the entropy of the 
observed universe ?' He has obtained that causal horizon is almost equal to R3 (d = 3) and 
entropy within the causal horizon is a free parameter. 

Some authors as Alvarez and Gavela have discussed heating effect of the internal space 
[43], which was more clarified by Bar and Brown [44]. Adapting this approach, largeness 
of the entropy in the early universe can be discussed [45]. Also Abbott, Barr and Ellis 
have discussed the possibility of large amount of inflation from Kaluza-Klein 
cosmological model [46]. 

7. Particle creation due to quantum effects 

As mentioned above, dynamical behaviour of external and internal scale-factors were 
explored in [33-35] and later on by others also [36-42]. In these models, external 
manifold blows up and the internal one shrinks. While deriving these solutions of higher 
dimensional Einstein's field equations, perfect fluid energy-momentum tensor was used. 
Alvarez and Gavela [43] discussed entropy production due to shrinking of the internal 
manifold which was developed by Kolb et al [45]. According to these estimates, entropy 
production was far from satisfactory. Later on, Abbott et al [46] suggested that large 
number of dimensions (,~ 40) of the manifold could be helpful to explain the entropy 
problem. In spite of all these attempts, satisfactory explanation for large entropy could 
not be obtained. So, study of quantum effects on Kaluza-Klein cosmologies was 
found necessary. In this approach, quantized matter field is considered in the back- 
ground of classical gravity in the absence of fully renormalized quantum theory of gravity 
[47, 48]. Following this approach, it was expected that particle production due to quantum 
effects could explain sufficient amount of entropy generation. Another purpose of 
this study was to know the effect of particle creation on dimensional reduction [49-51]. 
This idea was motivated by the work of Zel'dovich [52], Zel'dovich and Starobinsky 
[53] as well as Hu and Parker [54] regarding isotropization of the universe in the 
convenient 4-dimensional theory. 

In 1984, Maeda [55] found that isotropization process is rapid in 5-dimensional space- 
time like 4-dimensional case considered by Hu and Parker [54]. In the above mentioned 
paper, Maeda had not taken into account the closed behaviour of the internal space. The 
topology of the 5-dimensional manifold was M 4 ® R 1 . Later on, he discussed the same 
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problem for manifolds M 4 ® S1,M 4 ® T ° and M 4 ® S 7, where internal manifolds 
were compact. Some details of similar investigations for other topologies are given as 
under [47]. 

The line-element for (1 + d + D)-dimensional space-time (R 1 ® M a ® M °) can be 
taken as given in (6.3), where M a and M ° are maximally symmetric spaces. Here the aim 
is to study the effect of particle creation due to quantum process. ~ is the matter field 
which is massless and conformal. So, the Lagrangian for ~b is given as 

where 

(7.1a) 

d + D - 1  
- 4(d + D) (7.1b) 

and R is the Ricci scalar for (1 + d + D)-dimensional space-time. The field equation for 
q~ is obtained from the Lagrangian given by (7.1) as 

(fq + ~R)q~ = 0. (7.2) 

Components of the energy-momentum tensor for ~b are given by 

TM N .~ OM~)ON~) _ 1 g M N :  ~)Op~ ) _ ~)2 (RMN _ 1 gMNR) 

+ ~[~MVNd/) 2 -- gMN~P~p~2] .  (7.3) 

In the case of a conformal field, trace of the energy-momentum tensor vanishes at the 
classical level, but an anomalous term appears at quantum level when dimension of the 
manifold is even. So, to avoid the trace anamoly at the quantum level also, Maeda took 
(d + D) even and set T = 0 (see ch. 6 of [56] for further details). 

Harmonics ht(x) and HL(y) can be introduced for M d and M ° spaces respectively 
satisfying equations 

VuVUhl(X) = -~hl(X) ,  [#, u = 0, 1 , . . . ,  (1 + d)] (7.4a) 

and 

V,,,VmHL(Y) = --~HL(Y), [m = 2 + d , . . . ,  (1 + d + D)I. 

These harmonics obey orthonormal conditions 

f ddx lv~alh~(x)ht'(x)=6u' 

(7.4b) 

(7.5a) 

and 

/ d°yl~oIH~(y)HL,(y) : 6H,, (7.5b) 

where gd is the determinant of gu, and gD is the same for gin. tp can be expanded as 

dp = k(rl)-(d+°-l )/2X(~, x, y), (7.6) 
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k(,7) = [ ( s J ( R o ) " ]  '/<d+°) 

,7 = j k 0 )  

Further X(rl, x,y) can be written as 

t * * * X(rl'x'Y) = Z [AI, LXI, L (rl)hI(x)HL(y) + AI, LXt, L(rl)hl (x)H~.(y)]. (7.7) 
l,L 

Using ~b, given by (7.6), equation (7.2) looks like 

-2  -2  ['g (d) R (D)] 
X tt 3 t - Q x - R  (Vl.tV Is -4- V m V m ) X - ~ R  L'~-d2 -]-'~--D JX = 0, (7.8) 

where prime (t) denotes derivation with respect to ~/. 
Further, connecting (7.7) and (7.8), one obtains 

X "-4- (~2L + Q)XIL : O, (7.9a) 

where 

and 

with 

and 

aO/d + o + I)(R  2 
Q =  4(d+D)  2 \Rd Ro,I  (7.9b) 

f~/2z = k2 [R~ + RJ--~] (7.9c) 

w ~ l = ~ + d ( d - 1 ) k  d (7.9d) 

w2L = K 2 + D(D - 1)k o (7.9e) 

as R (a) = d ( d - 1 ) k a  and R (°) = D ( D -  1)ko because M d and M ° are maximally 
symmetric spaces (homogeneous and isotxopic space). 

The scalar product of two spinless fields are given as 

(4>,, ~b2) = - i  f[q~l (x)Ou ~b~(x) - O m  c~;(x)c~2(x)]nMv/-~d~, (7.10) 

where n u is the future-directed vector given as (1,0, 0, . . . ,  0) orthogonal to space-like 
hyperspace ~ with dE as volume element which is equal to ddx d°y. With this definition, 
orthonormal conditions for q~u and q~N can be written as 

((am, ON) = 6MN, ( fb~, fb*N) = --6MN, (~M, q~) = 0. (7.11) 
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The conditions for canonical quantization are given as 

[¢(t,x, y), ¢(t,x' ,  y')] = O, 

[Tr(t,x,y), ~r(t,x',y')] = O, 

[~(t,x,y), 7r(t,x~,y')] = i6a(x - x~)8°(y - y'), 

where 7r = OL/O(Oo ~b) and L is the Lagrangian density for ~b. 
The equal-time commutation relations (7.12) yield 

[AIL,AI,L, ] : 0 "~ ~ = [AlL,Al,t, ] 

and 

(7.12) 

(7.13a, b) 

[AtL,A~,L, ] = 6u,6tz, (7.13c) 

for creation and annihilation operators A~L and At/~ respectively. The vacuum state 10) is 
defined as 

AtLIO} = 0 (7.14) 

for all l and L .  The orthonormality condition is obtained as 

*l I * I 
•ILXIL -- •ILXIL = 0 .  (7.15) 

Using (7.6), (7.8) and components of the metric tensor given by (6.3) in (7.3), 

1 :-(d+o+Ur ,2 
T O =-~1~ IX - a x  2 + k2{R2[(4~ - 1)(VUX)~TuX 

+ 4~XVuVuX - ~R(d)X2 ] + R~)[(4~ - l)(~TmX)~ZmX 

+ n ~ x V m V m x  - ~R(D)X2]}]. (7.16) 

The vacuum expectation value of T O yields the energy density as p = (0[T0°10) which is 
independent of spatial coordinates, so one can write 

1 
-- VdVD / ddx d°yv /~ (0 [  Z °10), (7.17) P 

where Vd = f d d x v / - ~  and VD = fd°yv / -~[ .  Using (7.14) and (7.16) in (7.17), one can 
write 

k-(d+o+l) 
Q 2 

P - 2 v d v o  [ Ix ' , f  + - )lxttl ], (7.18) 
l,L 

which includes ultraviolet divergence. It means that TMN need regularization. The 
appropriate method for this case is the adiabatic regularization given by Hu and Parker 
[see Appendix C]. 

Evaluation of ~ t  or ~ L  depend on the topology of the space. If d-dimensional space is 
topologically open or fiat ie, ka < 0, 

Vd f dak. 
, J 
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Similarly for D-dimensional internal space 

(2~) J 

i fko  < 0. 
Looking at the expression of p given by (7.19), one finds that it is divergent for large 

modes I or L. Technically speaking, the equation for p contains ultraviolet divergence. So 
naturally it needs regularization for being physically meaningful. In the case of time- 
dependent space-time background which are not conformally fiat, the only appropriate 
regularization method is adiabatic regularization. This method too has a problem that it 
cannot provide energy momentum explicitly as a functional of metric unless explicit form 
of the line-element is available. Under these circumstances, Maeda [47] has given crude 
approximation of higher-dimensional version of adiabatic regularization method given by 
Fulling et al [57], which is discussed below. 

In this method, energy density p is divided into quantum p_art Pq(t) and classical 
part Pc(O" Quantum domain is given by the condition wL = / ~ - ' f l  b < r~l(t), where 
L ---_ (l, L) and rH is the horizon scale given as 

rli(t) = [~(t) f '  di 
J k(7) 

The classical domain satisfies the condition w_L > r~ 1 (t). It can be realized below that for 
low frequency modes l) b, probability of creation of quantum particle is high. Here, by 
quantum domain, one means the domain in momentum space where quantum effects such 
as particle creation and vacuum polarization are dominant. Other regions in momentum 
space, where quantum effects are suppressed are called classical domain satisfying the 
above mentioned condition. 

Using (7.18) as well as conditions for quantum(classical) domains, Pq(t) arid Pc(t) can be 
estimated• For these estimations, solution of the differential equation (7.9) is needed. To 
get the required solution, method of variation of parameters can be used. To apply this 
method, a particular form of the complementary function is required, which is obtained 
here through WKB approximations. Thus solution of (7•9) can be written as 

. , 9 ,  

From (7.19), one obtains 

• { f l d ~  1 / 2  ,7 ,7 X,L=-tt-~--; [OqLexp~iLod~TfltL)+3tLexp(iS;d~TfltL)] (7.20a) 

imposing the condition 
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which is normally used in the method of variation of parameters. Connecting (7.9) and 
(7.20), one obtains 

i(~)U2[a't/.exp(-if, n:d~f~t/.)-/3't/` exp (i  ~ :  dr7 f~t/`) ] 

[ (  i , )  ( ~0 ) = (2f~tL) -1/2 Q-~I2I/, c~//.exp - i  d~f~l/, 

+(2f~2/`+Q+~,/`)/~t/`exp(ifo ° d~ f~//`) ]. (7.21) 

Equations (7.20b) and (7.21) determine 

al/. = (f~l/.) -1 -~Q%/. + ~(f~t/. - iQ)~t/.e×P 2i d~Qt/, (7.22a) 

and 

~IL = (a//`) -1 ~QOtl/̀  + ~(al/` + iQ)C~lL exp --2if atL . 
\ J 7o 

In the quantum domain, wt and wL can be taken small. So there is no harm in setting 

e x  IL "~ 1. 

Using (7.23) in (7.22), one obtains first order 
(ot/L + filL) and (at/. - fit/.) yielding solutions 

a,/. = Cl [f~,~2 - if~l/2 f :  dC-lf~,L 

and 

ordinary differential 

(7.23) 

equations for 

+Cz~ 1/2 (7.24a) 

/3tL=CI[~L2+i~L1/2fo~dFI~IL --C2~IL 1/2, (7.24b) 

where C1 and C2 are complex constants. Connecting (7.15), (7.19) and (7.20), one obtains 
the condition 

latLI 2 --I/3ILI 2 = 1. (7.25) 

Equations (7.24) and (7.25) yield 

C1C ~ -~- C~C 2 = ½. (7.26) 

If the initial state is vacuum, 

alL(~70) = 1 and /3u:(r/o ) = O. 
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Using these initial conditions in (7.24), one obtains 

Ca = 1 [f~tL(rl0)]-l/2 and C2 = ½ [f~lL(r/O)] U2. (7.27) 

NOW Pq(t) is obtained as 

Pq(t) =(2VdVDR(d+D+I)) -1 Y~ 
l,L 

{ ( f ~ 0 n ) 2 } ]  1 × 2f~tL(r/0)l f~L -- Q + Q dr/ + ~ f~lL(r/0) , (7.28) 

using (7.19)-(7.27) in (7.18). Initially horizon scale will be very small. So the frequency 
will satisfy the condition W_L < rffl(t) because W_L > r~ll(t) will lead to unphysical 
situation leading to wL being almost infinite. Thus, initially one has quantum domain. So, 
it is reasonable to consider quantum particles not to exist initially. As a result, 

Pc(to) = 0. (7.29) 

Quantum domain which satisfies the condition wC < r~l(t)= [R(t)r/(t)] -1 (where 
rn(t) = R ( t ) f ' d ~ / k ( t ) =  R(t)q(t)) shrinks with time.-So quantum particles will enter 
into the classical domain satisfying the condition WC < rill(t) as horizon scale will 
increase with time (r~ 1 (t) will decrease with time yielding w_L > r~ 1 (t) for some W_L 
satisfying wb_ < rH 1 (t) earlier). Thus one obtains energy density of quantum particles 
entering into classical domain in time interval (r/, r /+ At/) given as 

~pq(t) = pq(LL.m(r/), r/) - pq(LL_m(r/ + Ar/), r/), (7.30a) 

L__ m being the maximum quantum number which satisfies the condition Wc < r~l(t). 
Maeda has assumed these classical particles to behave like the collision-dominated 
relativistic perfect fluid with isotropic pressure Pc = Pc/(d + D). Conservation of energy 
momentum tensor leads to 

Pc(r~ + Ar/) = [R(r/)/R(r/ + Ar/)]'+a+°[pc(r/) + 6pq(r/)], 

which can be written as 

p(r/+ Ar/) = [R(r/)/R(r/+ ZXr/)]l+d+O[pc(r/) + 6pq(r/)] 

+ pq(L_m(r / + Ar/), (r/+ Ar/)) 

= [R(r/)/R(r/-F Ar/)]'+a+°p(r/) + {[R(r/)/R(r/+/~r/)ll+d+O 

X (Opq(r/) -- pq(r/)) + pq(Zm(r/+ Ar/), 77) 

pq(___.(r/+ Ar/), (,7 + 

= + Ar/k -I'+d+°) 

x Opq(Cm(r/+ Ar/)R -('+a+°) (r/+ Ar/))}A~= 0. (7.30b) 
or/ 
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Equation (7.30) leads to a very interesting result 

(pkl+d+o), Or ;.l+d+o, 
= ~ t P q "  J, (7.31/ 

on taking the limit A t / ~  0 and using the basic definition of derivatives. Equation (7.31) 
relates rate of creation of quantum particles to the total energy density. 

The energy momentum tensor for the perfect fluid can be written as 

T ~  = (p + p)uMut~ - (6pa + 6'po)g~m, (7.32a) 

where u M -- (1,0, 0 , . . . ,  0) are components of the velocity vector normalized to unity, 

1 for M, N = # , u = O ,  1 , . . . , d  (7.32b) 
6 =  0 f o r M ,  N = m , n =  l , . . . , D  

and 

6 ' = { 0 1  f ° r M ' N = l z ' u = O ' l " ' " d  (7.32c) 
for M , N  = m ,n  = 1, . . . , D .  

With the definition of energy-momentum tensor, given by (7.4), conservation equation 
M T~;M = 0 leads to 

R~ 
Opt) -~o =- 0, v - '  (pv)' + dpd ~ + (7.33) 

where V = (Ra)e(Ro) D = k a+°. Trace of energy-momentum tensor is given as 

T = p - dpa - D P o .  (7.34) 

Using (7.31), eqs (7.33) and (7.34) yield 

a ( y  - o~,) T(Y-~ [P"kl+"+°] ' (7.35a) Pa 

and 

( T - p ) ~  k-(l+d+D) [__~ ] 
Po = 0(t3' - ~') D - - ~ - ~ )  [pqR '+a+°] , (7.35b) 

where a ' =  R~a/Ra and tY = R'o/Ro. Thus, rate of creation of quantum particles 
contribute back reaction effect on the background. 

In the background model M 4 ® M ° (where M 4 is the conventional four-dimensional 
flat universe and M ° is the closed D-dimensional internal space), energy density of 
quantum particles can be calculated at a particular time t = to from (7.28) as 

= ~ d3k~L('r/o) " 

(7.36) 

Here, Y]~L ~ (V3/(2~r) 3) f d3k has been used as k3 = 0. Using the definition of f~2 from 
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(7.9) in (7.36), #q(to) is calculated as 

Oq(,o) = [167r3VDt~4+D] -1 (Ro/ao) 2 I2+ (Rolbo) 2 ~-~(w2L lo) - -~ I0 , 
L 

(7.37a) 

where ao ~ a(r#o), bo - b(r#o), Ro -= R(r#o), 

S -~o[ ( ~ a2 ) I12 
Io ---- dak[flL(r#o)] - '  = 2 .  km k2m -t- b2 L 

a ~  f k. + I~ + (ao~o/bolVl~ ~ ] 
~lnJ, (£~o-7-D-~o) JJ 

and 

(7.37b) 

/2 ~ f d3k[['~L(l]°)]-lk2 ~0 km[k2m --i-- 3~o~2L) 

+ 3_~2o w~ 1 n a  2 f km 9- [k2m + (aowolbo)2] 1/2 ~ ] 
b o [ (~wo--~o) J J" (7.37c) 

(as M 4 is flat), which yields 

Ikl _< ao{r~2(Oo) - ~/b2)} 1/~. 
km is the maximum of Ikl, so one gets the above mentioned value of the same which means 

-km <_k<_k.. 

The adiabatic regularization method given by Fulling et al [57] is discussed in Appendix 
C. Using this method for the higher-dimensional case, regularized energy density can be 
written as 

P ==- - (OAITOIOA) [2VdVDR(I+d+D)]-I E 
l L 

1 f~, 2 

+~[t~ ) ~2(2)-~¢2(3)-~flZ(cE(S))2-~Q~z(2,, (7.38) 

where era(n) is defined in Appendix C. 
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Assuming d = 3 and M 4 a s  a flat space-time 

Pq(t) =[167r3VD[{(4+D)]-l ~L f d3k 

X - Q  Qdr/' + , ,  - +(Q/2f~)  , 

which is the regularized energy density in the quantum region. 

(7.39) 

8. Gravitational Casimir energy in Kaluza-Klein theories 

As discussed above, one gets convinced that extra dimensions should be extremely small 
as these dimensions are not observed at low energy level. To understand it in the case of 
higher dimensional static models, one can make an analogy to the Casimir effect in 
electrodynamics which is a quantum effect. According to classical electrodynamics, there 
exists no force between two conducting uncharged infinite plates. However, results, 
obtained from quantum electrodynamics, are different. These results yield an attractive 
force between such conducting plates due to negative zero-point energy between them 
[56, 58, 59]. In Kaluza-Klein theories, similar situation is obtained between external and 
internal manifolds. For example, in the simplest case of 5-dimensional theory, x 5 = 0 and 
x 5 = L5 where L5 is the distance around the fifth dimension. Appelquist and Chodos have 
obtained the effective potential of the metric field up to one-loop quantum correction 
given as [29] 

15((5) 
Veff(L5) -- 47r2 (L5) 4 , 

where Riemann zeta function ((5) = 1.037. . . .  The negative sign for Veff shows that 
the effective potential is attractive causing contraction of the extra dimension. This 
result is reliable only when L5 is greater than Lp as loop expansion is valid up to this scale 
only. 

In what follows, the mathematical method for calculation of effective potential 
(Casimir energy) for gravity in (d + D)-dimensional space-time M d ® M ° is discussed 
[21]. The action is taken as 

S[g] - 16rrld+o f da+°Xv~(4+o)l(R + 2A). (8.1) 

Under transformations gMN ~ gMN + hUN, one obtains 

S[g + h] = S[g] + 6S + 62S +.. . ,  (8.2) 

where first variation is 

1 eslgl- 16 Od+ofdd+Dx /lg(4+D)lhMN 
x[--RMN +½gMN(R+2A)], (M,U=O,l,2,...,d+O) (8.3) 
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and the second variation is 

1 f 
62S[g] = 167rGd+o ] da+°x~/[g(4+°)[ It(12gMN h __ hMN) 

X [½ [] hUN + ½ VM VN h - ½ gPQ(VpVNhMQ + VMVphNQ)] 
+ (2hMPh~ - hhMN)RMN + [¼h 2 - lhRShRs](R + 2A), (8.4) 

where h is the trace hMN, [] = ~7N~7N and indices are raised by gMN. If gMN are physical 
fields satisfying the gravitational field equations 

6S 
- - 0 .  6g MN 

In the case of higher dimensional gravity, Killing symmetries (isometrics) of the intemai 
space provide gauge group of the theory. So, the gauge transformations are 

x M x M + , M ( x ) ,  (8 .5)  

where ~M(x) are components of the Killing vector in the internal manifold M °. Here 
I M(x)I << l. As theory is covariant, S,6S and 6Zs are invariant under gauge 
transformations given by (8.4). Using Fourier transformations of h and hea, one finds 
that the term 

1 gMN h _ h M N ) [ 1 V M V N  h _ I gPQ(VP~TNhM Q q_ ~TMVphNQ)] 

yields eigenstates with vanishing eigenvalues. To employ the method of Feynman path 
integrals, these terms should be removed. For doing so, a suitable gauge-fixing term 
should be added which is given as 

1 
S~F - 327rGd+o f dd+°x~/~4+D)l GM(glGN(g)gMN' (8.6a) 

where GM is defined as 
GM = gPO Vt~ grim -- ¼ VM(g(QgPQ) • (8.6b) 

Terms to be eliminated from S[g + hi appears in the one-loop quantum term 62S[g + hi. 
So, one-loop term of S6F is alSO required, which is given as 

1 [ d+D g (_igl MN MN ~2SGF --327rGd+-~ ] d Xw~4+o)l{ h + h ) 

x [- ½ VMVN h + gPQVMVphQN] }. (8.7) 

Adding (8.4) and (8.7), one obtains 

62(S[g]+ SGF)- 16 l+of d d + D x ~  

: 1 MN-- MN 1 x ~ g  n - h  )[5l-qhMN--(2hMeh~--hhMN)] 

x RUN -- [¼ h 2 - ½ h RshRs](R + 2A ) + h M~Vh PQRpMQN ) 

1 d+D d+D 64  dsf d xd e /Jg 4+o)(x)l 
V/Ig(a+o)(X~)IhMNvP Q MN V ~ hpQ, (8.8a) X 
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where the operator vP vQcMN is given as 

vPvQcMN = 1 PQ MN PM QN PN MQ - PQR MN) - RMNPQ [zg g - g  g In1 -2 (g  R g 
(8.8b) 

with 

0 ' = 0 - R - 2 A .  (8.8~) 

Here gauge condition has not been used. Instead of it, gauge fixing term has been added. 
In such a case, Fadeev-Popov method is very convenient. Now it remains to calculate 
Fadeev-Popov ghost matrix M ( ~ )  defined as 

Under gauge transformations, given by (8.5), change in g p ~  can be calculated as follows. 
It is known that 

where terms containing higher orders of E are neglected. Equation (8.10a) yields 

~ P Q  = V Q ~ P  + VPEQ. (8. 

The result, given by (8.10b), implies that 

S,GM = O f M  + +ReP. (I  

Now the effective action r (g)  is given by [60] 

where 

and 

= d e t ( ~ g ) ~ )  = det (~6:  + R:). 

Thus 

r (g)  = S[g] + ;In det vPvQcMN - In det M ( ~ ) .  

For evaluation of the integral in (8.12), one can refer to Appendix D. 
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Determinants in (8.14) can be evaluated on choosing a particular manifold. Chodos and 
Myers [21] have considered the manifold M a ® S ° (M d is d-dimensional Minkowski 
space-time and S ° is D-dimensional sphere) with components of the metric tensor 

where 

and 

gMN = ?~MN + r2ff°MN, ( 8 . 1 5 )  

{ ~  form, n=O, 1 , . . . , ( d - 1 )  
~MN-'~" 0 fori, j = d , d +  l , . . . , ( d + D - 1 )  

0 for m, n :- 0, 1 , . . . ,  (d - 1) 
~MN= ~ij fori, j = d , d +  l , . . . , ( d + D - 1 ) .  

Here r/~ are Minkowski metric components and ~;/j are metric components on S °. 
In the manifold M d ® S°,M d has no curvature. Since S ° is maximally symmetric, 

curvature terms are given as 

R MNPQ : r-2[t~MN~ PQ -- t~MQt~NP], (8.16a) 

R PQ = r-2(D - 1)t~ PQ, (8.16b) 

R = r-2O(O-  1). (8.16c) 

If E is the eigenvalue of the operator (MlVeQ, one can write 

MN E h MN. d D X t ~  × V P V Q ¢ hpQ : (8.17) 

heQ are components of a second rank symmetric tensor. So, in the language of differential 
forms, it can be treated as 1-form (p-form is a covariant anti-symmetric tensor). Now 
using Hodge's decomposition theorem (refer to Appendix E), heQ can be decomposed 
into exact form (longitudinal component), co-exact form (transverse component) and 
harmonic form. For S °, Betti number b0 and bl are equal to 1 and other Betti numbers 
vanish. So, harmonic components of hpQ will vanish as bl = 0 (it is so because hpQ are 
treated as 1-forms). On the basis of the above discussion, one can write 

hpQ : ppQ q- ~gpQ + XI~pQ , (8.18a) 

where ppQ, being exact form, is the longitudinal component and (~gpQ + Xt~pQ), being 
co-exact form, is the transverse component. So 

t~gpQ q- Xt~p Q : O. 

But ~ and X are linearly independent, so 

gPQ PeQ = 0 : neQ pe Q. (8.18b) 

Connecting (8.8), (8.17) and (8.18), 

_[-q,pMN_ r-2(O _ 1)[~eNgMQ + ~QM gNP]peQ + 2r-2t~MQ~Np peQ: EpMI~, 

(8.19a) 
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½ ( O + d - 2 ) R ' ~ + D ( D -  1 ) r - 2 ~ +  ½DI'-q 'x+O(O- 1)r-2x = E ~ ,  (8.19b) 

[ ] 'X  - (D - 1)(D - 4)r -2x  - (D - 1)(D + d - 4 ) r - 2 ~  = E X. (8.19c) 

Here [ ]  is the Laplacian on M a ® S D, so 

[] = I-]m + r -ZOs,  (8.20) 

where [-1,, is the Laplacian on M a and l--ls is the same on S ° .  Obviously, the operator f-qm 
has eigenvalues _n2. Moreover, coupled equations (8.19b) and (8.19c) yield 

(D + d - 2) [-qq? - 2[(O + d - 2)A + E]¢  

+ [D(D - 1 ) ( D -  2)r -z  + D E ] x  = 0, (8.21a) 

[-qX - [2A + 2(D - 1)(D - 2)r  -2 + E] 

- [(D - 1)(D + d - 4 ) r -2 ]¢  = 0. (8.21b) 

Combining these equations, one obtains 

(D + d - 2) [[--12 - {2A + 2(D - 1)(D - 2)r  -2 + E}[-q]69 

- 2[(D + d - 2)A + E l i •  - {2A + 2(D - 1)(D - 2)r  -2 + E}]¢  

+ (D - 1)(D + d - 4)r -2[(D - 1)(D - 2)r  -2 + Z]69 --- 0. (8.22) 

pMN are scalars on S ° when M = m and N = n. These are vector components when 
M = i (internal index) and N = n and tensor components when M = i and N = j .  
Corresponding to different nature of  pUN in three different cases, (8.19a) can be 
written as 

[ -  [ ]  + 2A + D(D - 1)r -2 - E]p  ~ = 0, (8.23a) 

[ -  [ ]  + 2A + (D - 1)Zr -2 - E]p  i" = 0, (8.23b) 

(using n in = O) and 

[ -  [ ]  + 2A + (D 2 - 3D + 4)(D - 1)r -z  - E]p ij = 0. (8.23c) 

Eigenvalue of  the operator in (8.23a) is obtained using (4.12) as 

Z = t~ 2 + 2 A +  [I 2 + ( D -  1 ) ( l+D)]r  -2 

with determinant given by 

DI = H ~ I [ { I 2  + ( D - 1 ) ( I  + D)}r-2  + 2A + ~2] (1/2)(a+l)dds(l), (8.24a) 

/=0 

where ds(l) is given by (4.13). The vector components pin on S D can be decomposed 
using Hodge 's  decomposition theorem as 

pin = win + ~Ti o.n 
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where W in is the co-exact form and ~7ia n is an exact form (a n are scalars). The 
eigenvalue of the operator in (8.23b) corresponding to W in is 

E = i¢ 2 + 2 A +  [12 + (D - 1 ) ( 1 + 0  - 1) - 1]r -2 

with determinant 

(2O 

D 2 = H H [ { 1 2 + ( D - 1 ) ( I + D - 2 ) } r - 2 + 2 A + t ¢ 2 ]  'z~(l), (8.24b) 
t¢ / = 1  

where dr(l) is given by (4.15). Moreover, 

n l (v i a  n) = ~7'(D~ n) + gi~vl~rn 

= [-to 2 - I ( I + D -  1)r-2]~io "n + ( D -  1)r-2~io "n 

-- [-t¢ 2 - {l 2 a t- l - 1)(D - 1)r-2}]~io "n. 

Now E for y7io ~ is given as 

E = t¢ 2 + 2A + [/2 + (O - 1)(l + O - 2)]r -2. 

So, the determinant is 

oo 

n3 = 1-I 1-I [{12 + ( D -  1)(l + O -  2)}r -2 + 2A + t¢2] a4('). 
t¢ l = l  

Three cases are possible for tensor components p~L Using (4.16) 
divergenceless tensor, 

(8.24 ) 

in (8.23c) for 

oo 

04 = H H [ { I  2 + ( O -  1)(I + O -  2)}r -2 + 2A + ~¢2ldr(/). 
t ;  l = 2  

The other two cases yield determinants 

(8.24a) 

o5 = 1-[ 

06 = 1-I 

{3O 

H [{/2 + (D - 1)(l + D - 3)}r -2 + 2A + t¢21 d~('), (8.24e) 
l = 2  

f i  [{•2 + (D - 1)(l + D - 4)}r -2 + 2A + t¢2] as(0. (8.24f) 
1=2  

The determinant of eigenvalues for the operator in (8.22) is given as 

c¢  

D7 =1-I  1-I{(D + d -  2)[{12 + ( D -  1)(l + D -  2)}r -2 + 2A + t¢ 2] 
t~ l = l  

-4- 2(D - 1)2(D - 2)(d - 2)r-4} ds(l). (8.24g) 

The ghost determinant de tM (c) assumes a similar form with eigenvalue equation 
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which can be rewritten as 

(['-16~t + (n  - llr-2nt~)eN = EGe N. (8.25) 

When N = n, e, is scalar on sO. So, the determinant of eigenvalue 

DIE)= 1-[[I[l(l + D -  1)r -2 + ~2]das(/). (8.26a) 
e; l = 0  

When N = i, ei are components of a vector on S D, which can be decomposed into exact 
and co-exact forms using Hodge's decomposition theorem as above. Now the determinant 
of eigenvalues are 

D~ G) = I-I  1-I[{/2 + l(D- 1) + ( D -  2)}r -2 + ~2]ds(,) (8.26b) 
l = l  

and 
oo 

O~G)= 1-I I-I[{/2 + l(D-1)}r -2 +/~2]dv(/). (8.26c) 
/=1  

One can notice that all these determinants, given by (8.24) and (8.26), have a general 
form 

oo 

o = 1-[ IX[{/2 + l ( n  - 1) + (o  - 2) + c ( x , n ) } r  -2 + ~21a(/). 
l=lo 

(8.27) 

As a result 

d( 
lnD -- - ~  s=0" (8.28) 

Now ((s) is evaluated in the region where s is large and the result is analytically 
continued to s = 0. For evaluation of ((s), one can refer to Candelas and Weinberg [26] 
as well as Chodos and Myers [21]. 

As explained above, evaluation of these determinants yields one-loop quantum 
correction VQ given as 

VQ=(27rr)4[ -1--~(~e(-2rnx)(2~nS+3x+2x2)l, ,=1 \ 7rn---~ ~ -- ~2(5)  } ] +  47r3x 3 D 

(8.29) 

In 1990, Buchbinder et al have calculated 2-loop effective action on the background 
geometry M a ® T n [61]. 

9. One-loop quantum correction and induced gravity 

In 1983, using 5-dimensional space-time with topology M 4 ® S1 and line-dement, given 
by (3.2), for ~b(x)= 1, Toms [62] obtained induced gravitational action as well as 
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Maxwell's action through one-loop quantum correction to scalar and spinor fields. The 
action for the scalar field ~ is taken as 

S~ = 1 f dSxv/~l[g#~O;,~O~ ~ _ m2~2 _ ~/~5q~2], (9.1) 

where ( is the non-minimal coupling constant, S 1 is a non-simply connected manifold. So 
~(x, y) can be twisted or untwisted field. Untwisted field is periodic in y and twisted field 
is anti-periodic in y [63, 64]. ¢(x, y) can be decomposed as 

where 

oo 

t~(x,y) = ~ ~(,o(x)exp[2"zr(n + a)y/L], (9.2a) 
t l ~ - - O 0  

( ~  for untwisted field 
a = for twisted field. 

Connecting (9.1) and (9.2) and integrating over y 

1£ f d4xv/~[g~,~(D(.)~(n)),(D(n)~(n)) S8 =~ -~ 

2 ^ *  ^ ^ *  ^ 1 2 I ~ v ^ *  ^ 
- M(n)¢(n)C)(n) - ~Rc~(,,)(~(n ) + ~tc Fu.F ¢(,,)0(n)], 

where 

(9.2b) 

(9.3a) 

D(n) ~(n) = (0. - iq(n)A#)qb(n), 

M~n ) = m 2 + 4 : ( n  + ot)2L -2, 

q(n) = 27r~(n + a)L -1. (9.3b) 

The one-loop effective action can be written, in this case, as 

• OO 

r l/= ½ ln det A<n , (94a) 
--OO 

where the operator 

A(~) = ot,"~'D(~)D ~ + M~) + ~R - ¼~r~2F~,, F ~.  (9.4b) 

Toms has computed F 0), using the heat-kernel method where kernel K(n)(S,X,X ~) is 
defined for the operator A(n) [56]. As a result 

£f t F0 ) = __i d4 x trK(n)(S,X,X'), (9.5a) 
2 - ~  j J0 

where lx stands for the trace. The Schwinger DeWitt expansion of IxK~(s, x, x ~) yields 
o o  

IX K~ (s, x, x l) = i# 4-N (41ris)-N/2 e x p ( - i M 2 s ) ~  (is)Pap (x), (9.5b) 
p = 0  
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where # is a parameter of mass dimension and N is a parameter for dimensional 
regularization such that one gets the actual 4-dimensional theory on taking the limit 
N ~ 4. Connecting (9.5a) and (9.5b) one can find that the first three terms in the series 
yields divergence in the integral 

~ d s  f -- i# 4-N(aTris)-N/2exp(-iMEs) 
JO S 

× [ao(x, x') + (is)al (x, x') + (is)2a2(x, x l) +---] .  (9.5c) 

All other terms are convergent for a 4-dimensional theory. So, the coefficients a0, al and 
a2 are crucial. On taking the limit x ---* x ~, these coefficients are given as 

ao(x) = 1, 

al (x) = (1 _ ~)R + 1 x2~U,~F~,,, 

1 ,~2F~U F . (9.5d) a2(x) = - ~ n  u~ + " "  

From (9.5), one obtains for N + untwisted fields 

N, + r(1) =~-~2 / d4xv~ 

((3) ( 1 _  ()R+(~+~)~L)2X2FU~Fu~+...]. (9.6) 
x L L" + 2L 2 \ 6  

Other terms are not calculated here, because the purpose is to obtain induced gravity and 
induced Macwell's term. 

For the N O twisted fields (a = ½), 

_- No r(1) ~ f d 4 x v / ~  

[45((5) ) ( ,  / ""]  (9.7) 
. 

For calculation of these terms, one can refer to Appendix E 
Including N~/2 untwisted Dirac spinors and N~/2 twisted spinors also in the theory, the 

total one-loop effective action 

i ,  fl) 1 8~r2 f d4xv,,,~ [ 45~(5) 16.N, + 8L 4 { (No -4N1/2) - -4Nl~  2)} = ~ ( o  

x ( ( N ~ / 2 - ~ N 1 / 2 ) - ~ ( I + ~ ) ( N f f - : N o ) } F U ~ F ~ , ~ + . . . . ]  (9.8) 
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This result shows that the induced cosmological constant can vanish provided that 
N~- = 4N~2 and N O = 4N~2. 

In 1984, Candelas and Weinberg [26] have calculated induced cosmological constant, 
induced gravity and fine-structure constant using the background geometry of (4 + N)- 
dimensional space-time with topology M 4 ® B N. Moreover they have calculated one-loop 
effective potential and discussed stability problem. 

Yoshimura [51] has computed the one-loop quantum effective action at finite 
temperature in the background geometry of higher-dimensional Robertson-Walker type 
model with topology R 1 ® S a~ ® S a2. The line-element is taken as 

2 (2) d S  2 : d7 "2 + a2(r)7~)dxadx b + a2(r)Tmndymdy n, (9.9) 

where r = it (t is the cosmic time), the scale factor ai is periodic i.e. ai(r + ~) = ai(r) 
with/~ --- T -1. Here scale factors are slowly varying to maintain'thermal equillibrium up 
to a good approximation. 

The effective 4-dimensional gravitational constant Geff is obtained here as 

G-~ 1"~ G41 -~lr-(az+2)/2d2(d2+ 1)F ( ~ - - ~ )  T d2+2, (9.10) 

where G4 is the Newtonian gravitational constant. It is interesting to note that G~ff < 0 
above the critical temperature given as 

Ter - -  71 "+(d2+2)/2 d2(d2 + 1)F G4 • (9.11) 

Physically, it means that gravity becomes repulsive when T > Tcr. In natural units 
(h = c = 1)G4 ~ MpE(Mp is the Planck mass), so Tcr will be much below Planck energy 
if dE is large. 

Assuming infinitely many cycles of expansion and contraction of the universe, 
Yoshimura has discussed that temperature might have raised above the critical 
temperature during contraction and due to anti-gravity effect of Geff < 0, the present 
expansion might have started. He has also suggested that a huge amount of entropy might 
have produced due to many cycles of the universe possibly solving horizon and flatness 
problems of the standard cosmology. 

In 1985, Gleiser and Taylor [38] have obtained time-dependence of coupling constants 
in the six-dimensional cosmological models with topology M 4 ® S 2. Thus, first time 
dynamical model was used for these kinds of investigations. 

In [41], a gauge-dependent model with topology M 4 ® T ° has been considered and 
solutions of higher-dimensional Einstein's equations have been obtained with energy 
momentum tensor of scalar as well as Maxwell's fields. Using the background geometry 
of these solutions, time-dependence of gravitational constant, cosmological constant and 
fine-structure constants are obtained through dimensional reduction and one-loop 
quantum correction to scalar fields. Some mathematical details of this approach is given 
as follows. 

The line-element for the underlying model is given by (6.5) with solution of 
Einstein's equations, given by (6.15). Using the horizontal lift basis, discussed in § 3 in 
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the case of 5-dimensional theory, the action for pure gravity can be written as 

1 /daxdOyv/-~l(R 4 1.2~ ~-,, ~.nu,~ (9.12) 
Sg = "167rG4+o - ~ °"mr ~ r  J' 

where Ricci scalar vanishes on T °. 
Components of the metric tensor gMN on the manifold M 4 ® T ° can be written as 

0 ) 
gMN = -R 2 (t)6,,~ ' (9.13) 

where gu~ = diag (1 , -R  2, - R  2, - R  2) o n  M 4 and gMN a r e  metric tensor components on 
T D. Now conformal transformation yields 

( ~ u  0 ) (9.14) gMlV R (t) = , 

where ~#~ - diag (1, _R~2R2, _R D-2R3 ,2 _RD-2R3).2 
On using conformal transformations, given by (4.2), in (4.1) double divergence terms 

for b will appear. Using Gauss's divergence theorem on such terms, one can realize that 
these terms do not contribute to the theory. As a result, one obtains 4-dimensional action 
for gravity alongwith Maxwell's term as 

S~4) (27'r)2plP2"" "PD f d4x I~4IRDD-2 

JR4 D \RoJ(k°'~ 2]j, (9.15) x - ,  ~2n°~v~'~'~ - (0  + 2)(0 + 3) 

on integrating over y. 
Conformal transformations, given by (9.14), were used for mathematical convenience. 

So, to come back to the original system another conformal transformation is done to undo 
the earlier one which are given as 

~ ~ Ro2(t)gu,. (9.16) 

Using these transformations, S~ 4) (given by (9.15)) is written as 

S~4)- 16~'G41 J[ d4x(R3)3(RD)D[R4_ 

where G4 - G4+o/(27r)2pl P2"" "fit). 

D~2Fu~F~- D(D-  1) ( k ° ~  2] j '  
(9.17) 

The action for scalar field ¢ is given by (6.6). Further it is decomposed into 
homogeneous part q~o and inhomogeneous part ¢ as given by (6.11). For convenience, one 
can write 

q~o = [(27r)2plP2 "'" PD(RD)D](-1/2)~?O (9.18a) 
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and 

~=[(2~')2PlP2""PD(R°)°](-1/2) E ~(n)exp i~_~(27r(nj+oOyjlpj , 

nln2""nD=-°°  L j = l  

(9.18b) 

where a is given by (9.2b) and ¢(~)--Cn,~r.~o" Connecting (6.6) and (9.18) and 
integrating over y, it is obtained that 

where 

and 

where 

and 

with 

S((~)  = S ( 4 ) ( ~ 0 )  + S(4)(~)n)  , 

: 1  d4x(R3)3Do (~D) S(4)(~°) 2 7  [ - [ ~ 4  +m 2 +-2-tR3)3D/D3~ 

_fDo~ 2 D d 

' £ f  S(41 ('0) 2 d4x(R3)3 
nl/12.,.nD~--OO 

~ ~ 2 ":* "Z x [g"~ (D~,~(N))* (D, ~(N)) - M(n)~)(N)~(N)], 

o () 
= (27r)2E{2r(nj+a)/py}2 +m 2 +3D:D3)  Do 

M~.) \RD/ j=l - 2 - \ g /  RDD 
I'Ro'\ 2 D d Do 

(9.19a) 

(9.19b) 

(9.1%) 

and 

(9.19d) 

D~,¢(n ) = V~,fb(n) + iq(n)A~(n ) (9.19e) 

D 27r 
q(n) = ~ M ) n i ,  M = - -  

j=l PH 

D D 

 .:Eo,/EIn, 
j = l  j = l  

Recognizing ~M as e, one finds q(~) 
multiple of e. 

as charge of scalar field ~b(n ) being integral 
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In curved spaces, operator regularization method is very convenient, because it leads to 
finite results [65,66]. Using this method, one-loop quantum correction to ¢(,) is 
computed and the series is summed up. Up to adiabatic order 4, the effective action with 
one-loop quantum correction is given as 

- d[{.2)Sfd4x(R3)2 E 
rll ?12...tlD = --O~ 

(n) + ~R"Va~R 4 v 
× (S --  1) ($  - -  2 )  ] 6 ($  --  1 ~  R4 + [~(4)R(4) 180  (4) ( )# c~fl 

1 uv R 1 2 
180 R(4, (4)~u+7-2R(4)+~FuuFlW)}]L=o 

which reduces to 

2 6 R(4) + ~-~ [-'](4)R(4) 

1 .uw~. 1 uv 1 D ~2F~vF~V I 
+ 1-~ r'(4) ~(4)u~a~ - ~ R(a)R(4)u~ + -~ R~4) + ]~ 

) {3m4 }] 
+ 4 6 R(4) • (9.20) 

For summation of series, one can refer to Appendix E 
Equations (9.17) and (9.20) yield the effective Maxwell's term as 

f d4xtRk 3) [ ~----~G4X2[Dt~2(RD)O i._~21n(#2/m2)]F#uF#U" 

Using normalization of electromagnetic fields, one obtains 

"Dt~2(Ro)O o~Z ln(#Z/m2)l = 1 
64rcG4 +-~- (9.21) 

as the standard Maxwell's term in the action is 

~ f d4xv/-~Fu .Fu"" 

Since ~ = e/M = epl4/2rr, (9.21) implies that 

4---~: [---~--- [ ~  ~ ln(#2/m2) (9.22) 

Equations (9.17) and (9.20) yield the effective action for 4-dimensional gravity as 
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m 2 
S ~ 4 ) = - / d 4 x ( R 3 ) 3 I {  l ~ G a ± - g  ' m2+-~ln(#2/m2)}R4 

{ (~DD) 2 3 m 4 m 4  }] - D ( D -  1) + ---~-+~- ln(#2/m 2) , 

which implies that 

1 (Ro) ° 
16~rGeff 161rG4 

m 2 m 2 
- -  + V + T ln(#2/mZ) 

(9.23) 

(9.24a) 

and 

( ( R ~ )  2 3, m4 m4 } A ef 
8~-~eff -- D(D - 1) + 4 + - ~ -  ln(#2/m 2) . (9.24b) 

Renormalization at # 2 =  m 2 leads to the following results from (9.22) and (9.24) 
given as 

e 2 16~G4 
4~r - Op2n(Ro ) D ' (9.25a) 

1 (RD) o m 2 
- -  + (9.25b) 

16~'Geff 16rrG4 6 

(9.25c) 

and 

(R~) 2 3m4 Aeff = D(D - 1) -t 
8"~eff 

Using solutions of Einstein's field equations, given by (6.15), one obtains time- 
dependence of e2/4¢r, Geff and Aeff. It is interesting to note that when t --~ o0, time- 
dependence of these terms ceases to be effective. In [42], time-dependence of 
fundamental constants has been discussed in singularity-free 5-dimensional Kaluza- 
Klein cosmological model. In this paper, heat-kernel method has been used for 
calculation of one-loop correction. In [67, 68], (1 + 1)-dimensional as well as (1 + 2)- 
dimensional cosmological models have been obtained using these methods. 

A p p e n d i x  A 

Dimensional reduction of Dirac spinors 

In a space-time with topology M a-D ® K D where K D is a compact manifold with space- 
like coordinates ya and M d-D is the (d - D)-dimensional Minkowskian space-time with 
coordinates x u. Dirac lagrangian for a spinor ~b(x, y) is given as 

L ,  = ½~[i('7~Vu + ~/ava ) + md]~b + h.c. (A1) 
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~b can be expanded as [21,22, 66] 

~b(x, y) = y ~  ~bM(X)~b~a (y), (A2) 
i 

where A = 1 , . . . , , ~  and M = 1 , . . . ,  37'/such that ,4h7/:  2[d/2]. The appropriate choice for 
the d-dimensional Dirac matrices 7 ~ =- (7 ~, -~) are given by [69] 

.,/" : F" ® Sa, ~a = F~ ® SM (A3) 

with S;~Sa = Ia, S~tSM = IM, S~ = Sa, S~ = SM and {Sa, r a} = 0, [SM, r; ']----0 or 
[S;~, F ~] = 0, {S~t, F" } = O. If (d - D) is even, one can choose .3, = 2[a-o]/2,/f/= 21ol/2, 
S a = la, SM = 77 F° F 1 . . .  F d-° - I  . If (d - D) is odd ,  F I' are 2 [d-°-l]/2 in number and SM 
is the last F ~' i.e. F d-° - I  which implies that 

Sxt = ~p0 F1 . . .  Fd-O-1 = rlF0 pl . . .  Fd-O-2S~ t 

: 7l~ 0 F 1 . . .  Fd-D-2~F 0 F 1 . . .  F d - o - 2  : IM. 

Thus SM commutes with all F ~' in case ( d -  D) is odd. If D is odd, Sa = 14 with 
A = 2 [D-1]/2. 

In (A2) ,  ~b~ (y) satisfy the equation 

Fa~a~JiA (y) = M~b~ (y), (m4) 

where M is the mass matrix . Connecting (A1), (A2) and (A4) 

L¢ : ½~M[i~/'V, + (rod + iMSM)]~b M + h.c. 

It is difficult to handle the mass term 
transformation is used which is given as 

~b M --* ¢ ~  = exp[iaS~t]~b M. 

Also, 

(ioLS~t) 2 
exp[ia S~t] = 1 + iaS~t ~ 2! 

= cos a + iS~t sin a.  

From (A6), one obtains 

Now 

obtained here. So, 

(iOLSM) 3 - - + - -  F ' -  
3! 

~M = ~b~ F ° = ~ t  (COSa -- iSM sin a) .  

CM[iF'v, + (rod + iMS~t)]¢n 

= ~ t  (cos a - iS~t sin a)(cos  a + iS~t sin a ) F ' V ~ ¢ ~  
--I  

+ CM[(mdcos2a + M s m 2 a )  + iSM(MCos2a - md sin 2 a ) ] ¢ ~  

= ~M[U~V, + ((rod) 2 + M2)'/2l~b~, 

as tan 2a = M/md.  
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Appendix B 

Complex projective space 

If zk, k = 1 , 2 , . . .  ,N + 1 are complex numbers and A is another complex number such 
that 

(Z 1,z2 . . . ,zN+I) : (,,~Z 1,/~z2,...,/~zN+I), 

the resulting space is the complex projective space CP u. It is a simply connected compact 
manifold. In case N = 1, 

(z ~ , z 2) = (~z I , Az~), 

which gives CP 1 or S 2. We have 

(zl,z2 z 3) = ( ~ l ,  ~z 2, Xz3), 

in case N = 2, which gives CP a. The coordinates on CP 2 are z l / z  3 and z2/z 3. Thus 
(z l / z  3, z l / z  3) cover all points on CP 2 barring points for which z 3 = 0, such regions are 
homeomorphic to R 4 (deformable to R4). Points, for which, z 3 = 0 may be regarded as 
points at infinity. Such points belong to CP I. If 

6 
Izll 2 + IzZl z + Iz312 = ~, 

the line-element on CP 2 is given as 

dS 2 = 1 + g (1~112 + 1~2[ 2) Id~a[ 2 + Idyll 2 

+ 6A_ id(~lU2)l 2 A 1 - ~ d(l~ ~ 12)d(l(I 2) , 

where ~1 : z l / z  3 and (z = z2/z 3. 

Appendix C 

Adiabatic regularization 

Adiabatic regularization method was developed by Parker et al for regularization in 
Robertson-Walker space-times, 

dS 2 = d t  2 - a~(t)dx 2 - a~(t)dy 2 - a~(t)dz 2. (C1) 

The matter field is provided by neutral scalar field ~b with the lagrangian 

L = 1 V/~{gUVOuqAOv¢ _ ~R(a2 _ mZ(p2}, (C2) 

which yields the field equation for ~b in the background geometry, given by (C1), as 

a~ ~ 1 °~ 1 0 2  ( ~ )  
~+lv/vl~- - ~ x ~ - ~ - ~ - a ~ O z ~ +  R+m ~ ~ = 0 ,  /C3/ 
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where V = V / ~  = ala2a3 and dot denotes partial differentiation with respect to time t. 
The equal-time canonical commutation relations.are 

[~b(x, t), ~b(x', t)] = [Tr(x, t), 7r(x', t)] = O, (C4a) 

[~b(x, t), 7r(x', t)] = i6(x - x'), (C4b) 

where 7r = OL/O• = V(b. 
Components of the energy-momentum tensor are given by 

= 1 Ao 0 V#Ov(t~2)  Tuv Ou(oOvd? - ~g~vg udPOv ~P + ½guvm2( b2 - 

+ ~guvgA~vAOa((P2) -- ~ ((P2)(Ruv - ½guvR). (C5) 

Equation (C5) yields 

TO :V-2/3 V-2/3(O'Tx)2 + ~ E aSz2(OiX)2 
i=1 

1 3i~1 a72Xc~ix1 ] 3 .= 2 (m2 - V-2/3Q)x2 (C6a) 

and 

 =v2f3[, v v l \ai 3 Xc3ox 

2 1 3 1 a;2X~X +-~ a~2(OiX) 2 - -~ ~ aJz(OjX)2 - 

1 W )  - v-2/3Q}x2] (C6b) 

where X = V1/3f b, r /=  int t v - l /3d t  and prime (t) denotes differentiation w.r.t. 7/and 

- (c6 1 
Q = -~ . . \ai aj,/ 

The field equation (C3) is written as 

3 
~ X  - V213 Z av~ Ex~x + (V213m2 + Q)X = O. (C7) 

i=I 

Equation (C7) is a linear equation, so its solution can be written as 

(27r) -3/2 f d3k[akXk(rl)e ik'x + atkX[(rl)e-ik'x], (C8) X 

where Xk(0) satisfies the equation 

X~ q- ( a2 + a)Xk = 0 (C9a) 
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with 

If 

using (C4) 

( k2 +m2  : : v2/3 j.  

, I  * I 
X k  X k  - -  X k X k  -~- i, 

rAt A t 1 = 0, [ak,Ak'] : t  k, k'J 

[Ak,A~, ] = 8 ( k -  k'). 

The vacuum state 10A) is defined as 

Ak[0A) ---- 0. 

Connecting (C6), (C8) and (C9), one obtains 

_- (0AITOl0A) = (167r2)- lv-4 /3  [ d3k[lx~12 + (f~2 + a)lXk[2] /90 
d 

and 

(C.9b) 

(C10) 

(C.11a) 

(C.11b) 

(C12) 

(C13a) 

(P,)o -= --<0AIrlIOA/ 

= ~(16r2)_,V_4/3 f dak[lX,kl2 + (a, IV'  IXkl 2 \ai 3 V / 

[ ( ~  1 ~--[) - (f~2 + Q,] IXkl2 ] (Cl3b, + 6V2/aa~ + c9° - 3 

One can easily find that P0 and (Pi)o are divergent. There exist two methods to obtain 
suitable finite observables: (1) regularization and (2) renormalization. Regularization 
means replacement of divergent quantities by well-defined expressions in a manner 
consistent with the physical basis of the theory. In renormalization, infinities are either 
absorbed in physical constants such as charge and mass or cancelled by counter-terms. 

Adiabatic regularization is a subtraction scheme. The essential point in this method is 
the identification of contributions of the vacuum state. But it is difficult to define physical 
vacuum in curved space-time which really corresponds to 'no particle state'. The reason 
is change in gravitational field which feeds energy to perturbed mode of scalar fields. In 
Robertson-Walker type space-times, one has special advantage of having a priviledged 
class of observers, called co-moving observers, who see the universe precisely isotropic. 
This is why this regularization method is applicable to Robertson-Walker type space- 
times only as four velocity for co-moving observers are given as (1,0,0,0). Still there 
remains one problem which is time-dependence. To get time-independent physical 
vacuum state (which is a must to get 'no particle state'), the universe should expand 
adiabatically. 

To ensure adiabaticity, Parker and Fulling [54] introduced a parameter T in the scale 
factors ai(t)(i = 1,2,3) replacing t by t/T. In the limit of large T, ai(t/T) and its 

Pramana - J. Phys., Vol. 49, No. 4, October 1997 361 



S K Srivastava 

derivatives will necessarily be slowly varying functions of t, because O/Ot 
T-l(O/a(t/T)). Thus T -t  and its powers appear in every equation. However, original 
equations can be obtained by putting T = 1. The limit T ~ o~ yields the static case. 

This procedure requires two important conditions. 

(i) The operators A k and A~k must be annihilation and creation operators in the adiabatic 
limit (arbitrarily slow time variation of components of the metric tensor). Moreover, 
identification of physical particles should be valid up to T 4. 

(ii) Regularization of infinite quantities like/90 and (Pi)o should be done using mode by 
mode subtraction in the integrands. Expanding the integrand in powers of T -1, three 
leading terms are sufficient to subtract to get non-divergent quantities. Thus, 
adiabatic regularization is a misnomer of subtraction scheme. 

To carry out the programme of adiabatic regularization, higher order WKB 
approximation is needed which was obtained by Parker [57] through iterative process. 
Later on, Chakravorty [70] obtained WKB solution of the (C9a) to all orders in an explicit 
form. According to Chakravorty's result positive frequency solution of (C9a) can be 
written as 

Xk(rl)=[2V1/3(rl)Wk(~l)]-l/2exp[--if~v1/3(rl')Wk(rl')drl'], (C14a) 

where 

with 

and 

Wk(Z/) = V-1/S[Y(1 + e2)(1 + ~4)] 1/2 

c_2 = - y -3 /4 Oo (y -1 /2 a n y1 /4 )  

(C14b) 

(C14c) 

-~4 ~" -Y- l /2 (  1 -'l- ~_2)-3140rl{[Y(1 "Jr- ~2)]-1/200[(1 -F _~2)i/4]}, (C14d) 

Y being given as 

Y = a~ + a .  (C14e) 

Using definition of f~,  given by (C9b) and Y by (C14e) in (C14b) we have 

Wk = Wk[1 +-~2 + Qf~k 2 +-~2Qf~k 2 + ~4 "4-_~4Q~k 2 + _~2_~4 -t- Qf~k 2 + . . . ] .  

(ClS) 

The definition of Q, given by (C6c) yields 

Q = O(T-2). (C16) 

Using these definitions 

~-2 = 1 + O(T -2) + O(T -4) + . . . ,  

= O(T -4) -~- O(T -6)--~. . . .  
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So, up to order 4 of T-1 

Wk = O-)k[1 + '2 + '4] 1/2, 

where 

'2 = -~2 + QQ-2 
and 

(C17a) 

(C17b) 

£4 = ~4 -'~ -e2Q "-2. (C17c) 
Defining 'n(m) as a term of 'n which is of the order T -m, one obtains up to order T -4, 

{ , 3 , 1 ) 
Ixl 2 = (2,) -1 1 - ~ ,2(2) + g [£2(2)] 2 -- ~ e2(4) -- ~ '4(4) , (C18a) 

Ix'l 2 (2f~)-I {9t2 + [~ " /  1 (~-~')2] 1 = -I'- ~ -'F ~ "2'2(4) 

1 1 1 [f~,,~2 1 ['fY'~ , "l 

1 f~' 
0niX[2 =--(2")-1((~-~) +~ [';(3)- (~)'3(2)] }. (C18c) 

Using results, given by (C18), in (C13) divergent terms in P0 and (Pi)o are obtained as 

(P0)div. = (327r3)-lv-4/3fd3k"-t{2"2+[~ /'"t~x2 -Q] 

1 (~_~) 2 1 / ' . " \ ,  1~22 1 } 
8 '2(3) +~L~)'E(3)q-~t '2(3)+~Q'2(2) , (C19a) 

(Pi°)div=(967r3)-lv-4/Sfd3kf~-l{6v2/3(ki']E+[e2(2)(f~E-3v2/3(~) 

H- [~ ( ~-~ ) -- \ ~,]("'~ (a'i - V-~v) + O~7 (a' - V---Vv) - \ai 

_1 2 2 (, + 3 
"-1-"2 ('2(4)+'4(4) 2'2(2)) - 3V2/3 \aiifl(ki') \2(4) '4(4) -- ~ '2(2)) 

1 [ (~2"~ 2_ 9g (a,'. _ V ' : V' ] 
- 2  '2(2) L\2.,] ~\ai 3-v)+O'l(~i-~)-Q 

1 
- ~'2(3) \ai 3V 2-~ " (C19b) 

Regularized (Po)~g and (Pio)reg are obtained by subtracting these divergent terms from Po 
and (Pi)o respectively i.e. 

(PO)reg = P0 -- (P0)div. 
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and 

(Pio)reg : ( P i ) o  - (PiO)div." 

Appendix D 

Path integration 

The Gaussian integral ff_~ dx e -x2 can be evaluated as given below. Suppose that 

F I = dxe -x2 
o o  

Now 

12 = dx e -x2 dye -y2 = dx dye -(x2+y2). 
OO O~ (30 OO 

Using x = r cos 0 and y = r sin 0 

/0 /0 - 12 = rdrdOe-:  = 7r, 

which implies that 

l = v ~ .  

Using this idea [57] 

L ~  dx e-Q(x) = (2--~) l/2exp(b2 /2a), 

where 

(D1) 

(D2)  

b21( Q(x) - ~  ax2 - bx= - ~ + - ~  a x -  

Taking the form of Q(x) for n variables {xl ,x2, . . .  ,Xn} as 
n n 

1 E xJaijxJ- E bixi' 0 ( x )  : ,,j=l ,=1 

the generalized form of the result (D2) can be obtained. In the matrix form (2(x) can be 
written as 

Q.(x) = l xr Ax - br x =½(x  - xo)r a(x - xo) - ½ br a- lb ,  (D3) 

where A is a n × n non-singular matrix with elements A U, xo = A-lb, x r is the transpose 
of x, 

X2 
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(hi) b2 
b -  

f_ ~ dxldx2-., dx,e -o(x) = (27r)n/2(det A) -1/2 exP(½brA-lb), 
oo 

where detA = ala2.. .a,,  ai(i = 1,2, . . . ,  n) being eigenvalues of the matrix A. 
The effective action F is calculated as 

where 
and 

(D4) 

exp(ir/h)=N f f (DS) 

N is the normalization constant, D~b = (27r) -n/2 &bl(xe ) x &b2(xe)...d~bn(xe) 

1/ 
S0[~] = ~ d4x~/'~[g#Vc~l.t(~(~v~) - m2~ 2] 

i 
= "~ f d4XE~/-~ (b(XE)[-- F] 2 -'~ m2]~(XE) 

(suffLx E shows Euclideanized form of the variable after Wick's rotation) and 

To employ the above method of integration, Euclideanization is needed. The operator 
(_[--]2 + m 2) on ~b(xe) yields eigenvalues corresponding to every element of the column 
matrix ~b forming a n x n diagonal matrix. So, from (D5) 

exp(i F/h) = N(det A) -U2 exp 1 [ j r (_  []2 + m2)j], 

which implies that 

iF _ 1 [jr(_[--]2 + mE)j] + In [N(det A) -1/2] 
h 2h 

= 1 [ j r (_  D 2 + m2)j ] _ Ntr ln  A. 
2h 

(D6) 
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Appendix  E 

Cohomology, Betti numbers and Hodge's decomposition theorem 

It is possible to distinguish between 2-dimensional non-homeomorphic spaces (two 
spaces are called homeomorphic if both are deformable into each other without cutting. 
Technically speaking, two spaces S1 and $2 are homeomorphic if there exists a map 
f : $1 ~ $2 such that (1) f  is one-one and onto (2) f  andf  - l  are continuous) in an intuitive 
manner. But this method is not effective to distinguish between higher-dimensional non- 
homeomorphic spaces. Homology and cohomology groups serve this purpose [71]. 

p-dimensional subspaces of an n-dimensional space X forming abelian groups Cp with 
an infinite sequence 

o.+~ o. o~ °--%° 0 
• ''----> Cp+ 1 ~ Cp ~ C p _ l . . .  ----+ C 1 

are called to constitute a chain complex denoted by C*. Here ap are differentials or 
boundary operators such that Op-lap = 0 for p >_ 1. Moreover ap is a map such that 

+ = (o.c' l + (o c l 

The set K e r 0 p -  {c E Cp: Opc--0} forms a subgroup in C o called a group of p- 
dimensional cycles. The set ImOp+l =- {c E Cp:c = Og+lU} forming subgroup in C o is 
called a group of p-dimensional boundaries. The factor group KerOp/Im O r is called p- 
homology group of C*. Thus p-homology group contains p-cycles which are not 
boundaries. Dual space of p-homology group is called p-cohomology group. It is also 
called pth de Rahm cohomology denoted as He(X). 

A general space X is not necessarily a Hausdorff space (A space is Hausdorff if 
open sets around any two distinct points are disjoint). If X is not Hausdorff, it may 
contain elements with torsion as well as torsion-free elements, pth Betti number is the 
dimension of pth cohomology group of torsion-free elements, because only torsion-free 
elements form a linear space (vector space) as linearity is lost in presence of elements 
with torsion. 

Manifold is a space which is locally Euclidean and Hausdorff. So, all elements of a 
manifold are torsion-free. If manifold is real and differentiable (analytical), p-forms can 
be defined on it. Using differentiable p-forms, pth de Rahm cohomology group HP(M) of 
a real manifold M n can be defined as the quotient space of the real vector space of closed 
p-forms which are not exact. 

A p-form w is closed if dw = 0 and it is called exact if w = da, where a is (p - 1)- 
form. Similarly, a p-form is called co-closed if 6w = 0 and co-exact, if w = 6/3, where/3 
is (p + 1)-form. 

The operator d is defined as 

d f - -  Of ~ x  / dxi, 

where f is 0-form (scalar) and d f  is 1-form. Thus operator d raises the form by 1 i.e. 
d : FP(M) --~ F(p+I)(M), where FV(M) is the space of p-forms. The Hodge operator is 
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given as • :FP(M) --, F(n-P)(M),O <<_p <<_ n. I f a  is a p- form given as 

(9[ = o[it...ipd~l A d x  i2 A . . . A d ~  p, 

• OL = oQl , . . ipd~ p+I A dx/p+2 A ' "  A dx/n. 

The operator 6 is given by the map 6 : FP(M) ~ FO'-O(M). Thus, 6 = - • d , .  I f f  is a 
0-form on M 3, 

d f  = 0 f  dxl Of +~x3dX 3 
Ox ~ + 3-~x 2 d 'd  

d f =  O f d x 2 A d x 3 +  A + A d ~  
OX l OX 2 OX 3 

d*df -O(*df-~) ÷ ~ d x 2  ÷ ~  dX3 

[ : f  ÷ : f  : f  ] . l A . 2 A . 3  ' 
= LoT:  ÷oT:j 

as dx / A dxJ = - d x J  A d~.  Now, 

: :  : :  ] 

which is a 0-form. 
A p-form is an anti-symmetric covariant tensor. A p-form is called harmonic if 

[-ko = 0 (where [ ]  = d6 + 6d) which implies that dw = 0 and 6w = 0. Moreover, dw = 0 
and &o = 0 imply [3w = 0. Each cohomology class on a compact  Riemannian manifold 
I-IP(M) contains a unique harmonic representative i.e. 

HP(M) -- {w • FP(M) : • w  = 0}. 

To be more specific, HP(M) does not contain exact and co-exact forms. 
Using these results, Hodge proposed a theorem of p-forms which states that on a 

compact  orientable Riemannian manifold M n, Fg(M) of differentiable p-forms can be 
decomposed into harmonic and non-harmonic forms as [72] 

FP(M) = •FP(M) • HP(M) 
= (d~ + 6d)FP(M) @ HP(M) 
= d F P q  (M) @ 6FP+I(M) @HP(M). 

Here 0 < p < n (p  is an integer) and H p (M) is finite dimensional. In other words, if w is a 
p- form on a compact orientable Riemannian manifold, it has a unique representation 

w = dc~ + t ~  + 7, 

where o~ is a (p  - 1)-form,/3 is a (p  + 1)-form and 7 is a harmonic p-form. Here, it is 
clear that d a  is an exact form, ~/3 is a co-exact ;onn. 

As discussed above, pth Betti number b.  is the dimension of finite dimensional vector 
space HP(M). So, if b.  is zero on M n, p-forms can be the sum of exact and co-exact forms 
only. 
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In the language of a physicist, exact 1-form is longitudinal component and co-exact 1- 
form is transverse component of a vector. In tensorial notation, a co-exact 1-form 
component A~, can be recognized if it satisfies Aft = 0 and exact 1-form component as 
A~ = O~ f ( f  is a scalar). 

Appendix  F 

Riemann zeta function 

Using binomial expansion, one can write 

oo 

(1 - x )  -1 = 1 + x + x  2 + . . . .  ~ x n 
n=0 

for ix[ < 1. This kind of expansion is not possible, when Ix[ _> 1, because in this case 
~-~n~0 xn is divergent. The above expansion yields 

where s > 1 and p is a prime number. It should be noted that 1 is not a prime number. 
Multiplying (F1) for all prime numbers, one obtains 

-1 1 1 1 

1 1 
= 1 + ~ + ~ + . - .  

oo 1 
- - - - ~ - -  s >  1. (F2) 

n = l  n s  

This identity was found by Euler who had taken s as a real number, which sets a link 
between the series )"~n~l (1/ns) and prime numbers. Riemann discussed that deepest 
features of prime numbers can be realized taking s as a complex number with Re s > 1. 
So, when s is complex, ) ~ 1  (1/n') is called Riemann Zeta function written as 

((s) = 7 '  Res > 1. (F3) 
n=l  

The series is convergent for Re s > 1 only. Integral representation of this function is 
given as 

1 f0 ~ t ~-1 ~(s) = ~ d t ~  1' (F4) 

showing that ((s) can be analytically continued and it is single valued for all s except 
s = 1. A consequence of (D4) is given as 
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• 7~s 
¢(s) = 2STr s-1 sm ~- r(1 - s)((1 - s), 

((s - 1) = 21-srr -s cos(1/27rs)F(s)f(s). (F5) 

Another important result of analytical continuation of this function is given as 

lim ( ( - m  + e) = ( - 1 ) "  B'+I (F6) 
,~o m + 1 ' 

where m is a natural number, Bn's are Bernoulli numbers, Bo = 1, B1 = 1 ,  B2 -~ 1, 
B3 = 0, B4 -- _ 1 ,  B5 = 0 " " .  Thus, 

1 BEn 
( ( 0 ) = - - ~ ,  ( ( - - 2 n ) = 0 ,  ( ( 1 - - 2 n ) =  2n 

(27r ~ )  
((2n) = - 2(2n)-----~ B~, (n = 1,2, 3 , . . . ) .  (F7) 
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