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INTRODUCTION

Given two topological spaces together with certain Qroups

acting on them, let us consider the guestion : Does there
exist a continuous map between them which preserves these
group actions, namely an equivariant map 72 This general

question in specific situations gives rise tao several
problems. For example, the existence of an equivariant map
gets related to gquestions on the existence aof embeddinags of

manifolds or existence of cross sections.

One may consider two situations : {13 One considers the
extent to which a given continuous map between specific
spaces with group actions can be made equivariant. {2} ODne
looks for restrictions on specific spaces with group
actions, so that he may have an affirmative answer to the

above guestion.

The generalisations of the Borsuk—-Ulam Theorem attempts to

answer gquestions of type (1), as is made specific below :

The Classical Borsuk-Ulam Theorem states that a2 continuous
map of an n—sphere into the Euclidean n—space maps some pair
of antipodal points into a single point [23]. In a generzal

setting, Borsuk-Ulam Theorem can be formulated in terms of

the following data :

o



(i} A Domain which may be =z space with group action or
more generally, a fibre-bundle with a fibrewise action of a
group .

(ii) 4 range which can be za space with group action or
more generally, a fibre-bundle with fibrewise action of =a
group

(iii) A4 continuous map, which may or may not be
equivariant, from the given domain to the range.

One then studies the “"size" of the union of points of the
domain space on which the map is equivariant or of the union
of points of the orbits of the domain space which are mapped

to a single point by the given mapg .

Determination of certain invariants of spaces, namely level
OT coindex answers guestions of type (2) as is made specific

belows:

Another important aspect of problems related to equivariance
of maps is the level of spaces. The level of a topological
space X with a fixed point free involution T is defined +to
be the number {T,X) = min { n = there existks S
Zz—equivariant map f : X ——s SWﬂ}, where the space X and

n-4 : 5 3
the sphere S are considered to have Zz—act1on5 given by

the involution T and the antipodal action respectively.

We now give below a brief historical survey of the progress
of answers to the specific gquestions that have been answered

in this thesis.

fJ



0.1 A BRIEF HISTORICAL SURVEY

While trying to study generalizations of the Borsuk  Ulam
Theorem, one gives suitable meaning to the word ‘“size®
referred to above. By looking at the various developments
centred around this problem, one notices that it is  the
(co)homological dimension that one attempts to estimate to a
sufficiently satisfactory limit. To do this estimation,
various algebraic invariants have been introduced. To name
a few 2 homology index of C.T. Yang £4iij, cohomology

co-index of P.E. Conner and E.E Floyd [71, 0G-indices of

Fadell-Husseini~-Rabinowitz L1463 and Jaworowski [223,
characteristic polynomials [131, EZ33 4 certain ideals
related to these polynomials, an ideal—-valued index

resulting from these [131, Nakaoka’'s invariant I{(f) [Z11,
the equiwvariant Lefschetz class L{f} and the eguivariant
Eulser class ea(f) of Necochesza {241, and the

self—-intersection number C(f) of Lin [251, L2613 and Eahn

2331, [241.

The 1last invariants attempt to measure the cohomology
dimension of the Borsuk-Ulam set corresponding to 2 wmap of
manifolds with group action. To be more specific, let
f & X —— Y be a map of manifolds with Ep—action, o a
prime, with the action of Zp free on X. Let T and T  denote

-

respectively, the action of ap on X and Y. The later

generalisations of the Borsuk-Ulam Theorem attempt to Stuqy
the cohomological dimension of the set A(f) = {x € X / f(Tx}

= T ' f{x)>. In certain cases, for example, when X 15 &

A



product of spheres and Y, 2 manifold, none of the invariants
that are at present available 1is able to give any
information about the dimension of N(T). In this  work, we
have used a deep analysis of the intrinsic nature of the
problem, the natural properties and geometric
interpretations of the Conner-Miller classes and the Bredon

operation, to establish that the dimension of A(f) 2 m+n-k,
m

where X = 8"u8" and the dimension of Y is k. We state below

the concerned result :

1.2.1 THEGOREHM
Lot £ 2 8718 Vk (k< m = n) be a map of 5"«s" into a

manifold. Let A(F) = {Gi,y) € §'x8" | Fl-x,-y) = TFG,y)3

The cohom. dim A(f) = m+n—k.

We mentioned above the characteristic polynomials introduced
by Dold and Nakaoka. They' are wused to generalize the
Borsuk—Ulam Theorem to bundle maps of sphere .bundlez. In
the present work, we have éxamined the possibility of
generalising this to bundle maps of arbitrary manifold
bundles. We have established that, as in the case when ths
maniftold is a product of spheres, characteristic polynomials
do not give satisfactory results. For example, when the
manifold is SmxSh, (m = nl, the method of characteristic
polynomizals gives the dimension of the Borsuk-Ulam set
associated to a fibre map to be greater than or egual to

l1+m—k, where 1 is the dimension of the base space and k, the

fibre dimension of the range. We rafer to the results :



2.3.1 THEOREM

Let m : E——— B be an §S"xS" bundle (1 < @ = n)
with the fibreuwise Zz~action AxA, and  T° tE'——» B be a
vector bundle of dimension k, with fibrewise antipodal
action, over a paracompact space B, such that the gquotient
bundle 7 : E —— B has the cohomology extension property.
Let f: E —— E° be a fibre—-preserving equivariant map. Put
Z = f'(0) and let 7 denote the quotient by the action
induced on Z. Now, if g{(t,s) = 0, e H*(B)[t,sl is =2

polynomial such that q(t,s)[ Z & 0, then I polynomials
*
tu(t,s), rz(t,s)  H (B)Lt,sl such that gi{t,s}.W’ (%2 =

r {t,s).W (t,s? 2 r {(t,sr.W (£t,5}).
1 1 2 2

2.3.2 COROLLARY : If the fibre dimension of E’ is k, then
deg(W (t)) = k, deg (Ni(t,s)) = m+l and deg wz(t,s)) = Zn.
Then q(t,5)|f = O, for all polynomials whose degree in t and

s is less thanm m—k+1.

* :
This means that the H (B)—~homomorphism

=l * i ; % e
& H (By. t'.8) ———— H (D)
L+j = O

b ety tl.sjlf

is a monomorphism. Hence if k £ m,

Cohom. dim. Z = Cohom. dim. B + m — k.

In particular, if B is a point, we have an eguivariant map

28 58" ey Rk and if k< m € n, then Cohom. dim. Z =

m—k.



We now proceed to use the Bredon operation and Conner—-Miller
classes, to extend the generalisations of Dold and Nakaoka,
to bundie maps of arbitrary manifold bundles. We see, i
fact, that this method in several cases, gives better
estimates of the dimension of the Borsuk-Ulam set than the

method of characteristic polynomials. For exazmple, using

this method, in  the ase mentioned above, we get the
dimension of the Borsuk-Ulam set to be greater than or equal

to m+n+1-k. The relevant results are

Z.4.1 THEODOREH

Let (X, nm , M, Hi) and (Y, L M Kz) be G-bundles where M,
Ei and Hz are closed differentiable manifolds of dimensions
M4 a s n, respectively, and such that there exist cohomology
extensions of the fibres for both bundies. Let f:{ —m8 — ¥
be a fibre-preserving map and A(f) = {KEXIf(TiK) = TL(f{x),

i

= 04,1,2,...,p~1, Te B3. Define g 1 X ——— X&Y by
3

L

g(x) = (x, flx)). Let 5 denote the restriction of g to a
fibre and let ﬁ :Hk(ﬁixﬁz)——~—+ Hpk(KixGKZ) be the Bredon
operation. Then if é (5“1)) is non—zero, then AT} is

non—empty and dim A(f) =Z m + n, -~ (p—l)nzn

3.9.1 COROLLARY

Let fz X ———— Y be a fibre—preserving map from an n—sphere
bundle with G action given by complex multiplication by pth
roots of unity on 8" (n odd, when p odd), to a Vk— buane

with trivial G action, where Vk is 2 closed k—dimensional

manifold, over the same closed m—dimensional manifold M.



Let A(f) = G e X | F(T%) = fay, i = 0,1,2,...,p—1 3

Then if (p—1)k < n, dim A(f) = m+tn—(p—1Jk.

3.3.2 COROLLARY =
Let fz: X ——— ¥ be a fibre—-preserving map from an 5 x5 -
bundle with 6 action induced by the diagonal action of

m T
Ko

complex multiplication by the pth roots of unity on 5
(m = n, m and n odd when p odd), to a Vk—bundle with trivial
G action, where Vk is a closed k—-dimensional manifold, over
the same closed -dimensional manifold ML. Let ACFY = {{x,y?

€ 8"x8"| FT (x,y)) = flx,y), ¢ = 0,1, 2yuu., p—13. Now, if

(p-1)k < m € n, then dim ACf) = L+ @ + n — (p—1)k.

In earlier topological literature, the number &1 was used
under the name "co-index" (cfr. [71, [81). In [83, Conner
and Floyd computed the level of the real projective space
kPt for certain lower dimensions (RP?™* here is
considered to have a fixed point free involutidn induced by
complex multiplication by 1i). A. Pfister and 5. Stolz in
L3531 examine upper and lower bounds for the level of the
Real Projective Space and the Complex Projective Space.
Later Stolz in [39] computed fully, the level of the Rezl
Projective Space RpZMTt, Other results on the level of

spaces, in particular for Stieffel manifolds, are discussed

by Dai and Lam in [123.

We have taken inspiration from the works of A. Pfister and

5. Eftolz and undertaken the computation of the level aof the

~l



Lens Space Lkzw~1 = SmW1/Zk. Using complex K-theory and

some number theorstic arguments we establish a2 lower hound
fpr the level of the Lens Space. HWe are also able to
compute the level 1f Lka1, when k 1s odd. Using
cohomotopy Euler classes and K-theoretic codegree of vector
bundles, we are able to refine +the lower bound obtained
earlier, when k is even. To establish an upper bound, e
use a “vanishing line" for the E2 term of Adams’ Spectral
Seguence. We find that if Efk, but 22$ ko the computation
of the upper and lower bounds and a little analysis, enables
us to fix the level of the Lens space LkaWd, k even. The

results are as follows =

4.2.2 PROPOSITION.

(i) The additive order of ¢ < 2L ]/(1~(1+0')2, o
2 2 2 z

is 2. (cfr. [351).

<o
2k

. L kK o o . 2k
(11) The additive order of (1+02k) 1 = LEOék]/(l (i+02k) "
[m-—z ] + 1
-
is 2 z , where k = 2P.a, a =1, odd, » = 0.
In particular when k is odd, the additive order of
(1+o_ -1 is 2™,
2k
4.2.4 THEOREM.
Hm) = 2[1%35 ] + I, where k = 2°.a, a =1 , odd, r = O.
In particular {(m}y 2 Zm — 1, if k is odd.
4.3.2 THECREH
{{m)y = 2m, where {(m) denotes the level of the Lens space
Lkzm", k odd.



9.3.6 THEGREM

Let {(m) denote the level of the Lens Space Lkqu

—r
s HO= < Dy
podd and r » 1. Also let m-2 = 2'a + b, a = 0 and 0 = b =
2'-1. Then,
; . m—1
{ = 2 F I ) e
{m)y = 2a + 3 + o, c % h[r+1 a ], C even
when 2Z2m—(Zz+24c) = & mod B
- o s fm—1
= 2a+ 4 +c, c < L[F:T - a) -1 , © odd,

when b = 2°-1

in 2ll other cases.

6.53.4 THEOREM
Let £{{m} be as above. Then,

fmy = m + 1 when m = 0,2 mod B8

1A
3
+
“J

2 when m = 1,3,4,5,7 mod B8

1A
3
+
L

when m = & mod B.

6.4.1 THEOREM

Let {(m) denote the level of the Lens space Lka1, k = 2o,
p odd. Then,

£{m?} = m+1 it m

il
<
P
3
Q
=8
w

= m+z2 1if m

= m+3 i1f m

i
o
3

0

o
w

0.2

3 LAYOUT OF THE THESIS

We have tried to make sach chapter self-sufficient, without
repetition, of course, from chapter to chapter. The first
three chapters deal with the

Borsuk—-Ulam Problem and the



last three address themselves to the computation of the
level of the Lens Space. We also have an Appendix. We have
numbered most of the definitions, resulits, Lemmas,
Propositions and Theorems. In the numbers that we have
used, the first number refers to the chapter, the second to
the section and the third to the definition, result, Lemma,

Proposition or Theorem as may be the case.

In the first chapter we start with the definitions of
Steenrod’s external cohomology operation P, the EBredon
operation i, generzlized mod p Conner-Miller classes and mod
p Bredon—-Hattori classes leading to the definition of the
Self—-intersection number. We also state without proof
certain results needed for the remaining work of the
chapter. We then show that thes existing invariants fail to
give any information about the Borsuk-Ulam set for a map
from a product of spheres to a closed manifold, with respect
to the product antipodal action on the product of spheres
and trivial action on the closed manifold. We finally prove
the Borsuk-Ulam Theorem for a product of spheres. ke

conclude with a few remarks.

The second chaper attempts to parametrize the Borsuk-Ulam
Theorem for 2 product of spheres using the method of
characteristic polynomizls. We Tirst of a1l compute the
cohomology structure of s"xs"/T and basing on this, dgetine
the characteristic polynomials. We then have the Theorem,

and the Corollary which give the parametrized Borsuk-Ulam

10



Theorem for z product of spheres. We conclude by noting
that the estimate for the dimension of the Borsuk-Ulam set
obtained by using this theorem is weaker than that obtained

in Chapter One.

Chapter Three proceeds logically from Chapters One and Two.
Since the method of Chapter One gives a better estimate of
the dimension of the Borsuk-Ulam set in  the case under
consideration, than the method of Chapter two, we seek to
extend the wuse of the invariant of Chapter ODOne, to
fibre-preserving mapslof arbitrary manifold bundles aover the
same closed manifold. To snable us to wse the method of
Chapter One in the context of bundles, we first of all
define parametrized Reduced power operation and Bredon
operation on a fibre bundle. WHe proceed then to state and
prove certain lemmas on the (colhomology of fibre—-preserving
maps of fibre bundles, needed later in the chapter to prove

the parametrized Borsuk-Ulam Theorem for “fibre—-preserving

maps of arbitrary manifold bundles, with Tibrewise
Zp—action. As applications we have a parametrized

Zp—Borsuk—Ulam Theorem for fibre—-preserving maps fTrom a
sphere bundle to an arbitrary manifold bundle over the same
closed manifold, and also a parametrized Zp—Borsuk—Ulam
Theorem for fibre-preserviqg maps from an 5"«8"-bundle to an

arbitrary manifold bundle over the same closed manifold.

In Chapter Four, Five and Six, we address the problem of

the level of spaces. In Chapter Four we wuse the caomplex

11



E-theory structure of the Lens Space and some Number
Theoretic arguments to establish a lower bound for the level
of Lens Spaces. We further use some results of Pfister and
Stolz [35]1 adapted to the present situation and certain
results of Conner and Floyd [731, to establish the lsvel of

the Lens Space Lka1 when k is odd.

In Chapter five, we first formulate the problem of
determining the level of a space, in terms of existence of a
nowhere vanishing section for a certain vector bundle, an
obstruction for which is the Cohomotopy Euler class. He
proceed to establish preliminaries on Cohomotopy Euler Class

and Codegree of vector bundles, and using these, we refine

2m~41

the lower bound for the 1level of Lk .

established in

Chapter Four in certain cases, when k is even.

Chapter Six is devoted to establishing an upperbound for the

level of Lka1, k even. We use Adams’ spectral sequence,
to do this. First of all, we present the necessary
preliminaries on Adams’ spectral seqguence and certain

results of Adams [11, and Stolz [39]1. We proceed, using the

Z cohomology structure of the Lens Space, to establish an
P

upper bound for the level of the Lens Space when k is even.

A little elementary analysis using the results of Chapters
2m-1

Four and Five e2nables us to determine the level of Lk

when 2|k but 22* k.

At the end, we present an Appendix which presents the



detzils of the computation of the integral and Zp—cshamalngy
structure of the Lens Bpace. We have used the Zp—:mhammiagg
structurs in the  preceding work. We did the detailed
compuitation bscause the necessary details wers not availasbls

in & compact form anywhere.
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