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Including two-loop contributions to the renormalization group equations (RGE’s) and threshold
modification of the GUT boundary condition for the gauge couplings, we derive analytic formulas for
the mass scales and the GUT coupling constant in the SU(5) split-multiplet models recently investigated
by Amaldi, de Boer, Frampton, Furstenau, and Liu. The mass scales and the coupling constants are
computed using these analytic formulas in conjuction with the iterative convergence procedure adopted
for the solutions of RGE’s. In each model the threshold effects are evaluated under the assumption that
the superheavy masses are degenerate, partially degenerate, or nondegenerate, resulting in a very
significant modification of the degenerate intermediate mass of the new particles. The threshold-
uncertainty factor is noted to be the least in the partially degenerate case in one of the eight models mak-
ing the GUT predictions more precise on the intermediate mass. But the corrections are larger both on
the proton lifetime and the intermediate mass in the nondegenerate case in all models. For reasonably
precise model predictions we conclude that the superheavy masses may be either degenerate, or partially
degenerate, or else their mass-splitting coefficient may be small in the nondegenerate case.

PACS number(s): 12.10.Dm, 12.60.Cn, 13.30.Ce

I. INTRODUCTION

Grand unified theories (GUT’s) [1-8] are currently be-
ing investigated with renewed interest after a more pre-
cise determination of the standard model couplings has
become available from the CERN e*e ™ collider LEP
data [9-14]. The simplest grand unified theory based
upon SU(5) [1,2] predicts both the sin’d, and the
uniiication mass (M) which have been decisively ruled
out by experimental data. Although a number of GUT’s
such as SO(10) and E [8] with one or more intermediate
symmetries are being pursued as important theories to
describe the basic gauge interactions beyond the standard
model, considerable effort is also being made to revive
SU(5)-based unification schemes including additional fer-
mionic or bosonic degrees of freedom at the intermediate
mass scales [3-6,10,13,14]. Very recently the supersym-
metric (SUSY) SU(S) and non-SUSY SU(5) models with
split-multiplets [6] have been analyzed in detail in the
context of the LEP data by Amaldi, de Boer, Frampton,
Furstenau, and Liu (ADFFL) [10]. But the threshold
effects due to superheavy masses [15] have been noted to
be a major source of modification of different GUT pre-
dictions including SO(10) [12-14,16-18] and SUSY
SU(s) [19].

One objective of this paper is to derive analytic formu-
las for the mass scales and the GUT coupling constant
such that they can be predicted in terms of the well-
known quantities sin’6 (M3 ), a,(Mz), and a(M) and a
reasonable approximation on the two-loop contributions.
Another major objective is to estimate the numerical
values of threshold effects on the same scales and the
GUT coupling constant in the models investigated by
ADFFL [10]. In Sec. II we derive analytic expressions.
In Sec. IIT we obtain numerical values of the mass scales
following the improved procedure but neglecting thresh-
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old effects. The standard-model content of the su-
perheavy masses are identified and expressions for the
matching functions and threshold effects are derived in
Sec. IV and the Appendix. In Sec. V we compute numer-
ical values of threshold effects and study their implica-
tions. The paper is summarized with conclusions in Sec.
VI

II. ANALYTIC FORMULAS FOR MASS SCALES
AND GUT-COUPLING CONSTANT

To derive analytical formulas we use renormalization
group equations (RGE’s) of the standard model for
=M, (M;=degenerate intermediate mass of new de-
grees of freedom):

da;(n) a;

1 3
=L o2u)+—— a? ;
U ™ 3 ai(p) 3 2jzzlb,}a,(‘u)a](u), (1)

where i=1,2,3 refer to U(l)y, SUQ2);, SU(3)c gauge
groups of the standard group G,;;. For u>M; we use
the same Eq. (1) but with a; —a; and b; —b;; by includ-
ing additional contributions due to new degrees of free-
dom contained in the split-multiplets [10]

A=(2,—1,1)+(2,1,1),
B=(1,2/3,3)+(1,—2/3,3),
C=(2,1/3,3)+(2,—1/3,3), (2)
D=(1,—4/3,3)+(1,4/3,3),

E=(1,2,1)+(1,—2,1) .

With the components of split multiplets given in (2),
the eight models I-VIII considered by ADFFL are
defined in Table I. The values of a; and b;; are well
known for the standard model. The values of a; and b;;
are easily obtained using formulas given in [10] for the
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TABLE I. Identification of eight models (I-VIII) considered by ADFFL in Ref. [9].

Fermions Scalars

Model A B C D E A B C D E
I 0 1 1 0 0 1 0 0 0 0
II 0 0 1 0 0 0 0 0 2 0
111 0 0 1 0 0 0 1 0 1 0
v 0 0 1 0 0 0 1 0 1 1
A\’ 0 1 1 0 0 0 0 1 1 0
VI 0 0 1 1 0 1 0 1 0 0
VII 0 0 1 0 0 0 2 0 0 1
VIII 0 0 1 0 0 0 3 0 0 0

respective models. When u is near the GUT scale, the 1 a

threshold modification of the conventional GUT bound- ag'= o A;+B . —Cysin’6y,

ary condition a;(My)=ag; is introduced through the s

matching functions A;:

g ' —i[D3(P{+Pf’)+E3(P§+P2”)
1 1 A; . I U
=1 _ %o, 3 —Fy(PL+PY))+4, ,
a(My) ag 127 i (3) 33 3)] G
AGEAa51=3—1—(D3A1+E3A2—F3A3) , (4c)
w

where a; is the GUT-coupling constant and A;(u) in-
cludes the effects of one-loop modification of the light-
gauge boson propagators due to superheavy vector bo-
sons, fermions, and scalars [15].

In order to arrive at the analytic expressions for the
mass scales, at first we use the two well-known combina-
tions & '(Mz)—2a;(M;) and a”'(Mz)—{a; ' (My),
to obtain two equations involving In(My/M,) and
In(M; /M), sin®0y, a(M3), a;(Mz), and two-loop and
threshold effects. These equations are then solved to ex-
press In(M, /M) and In(M;/M,). The expression for
the inverse GUT-coupling constant ag ! is obtained using
the fine structure constant matching condition at M,
[21], i.e.,

a N Mz)=3%a;(Mz)+a; \(Mz),

through the evolution equations for a; (M) and
a; (M) and the analytic formulas for In(My, /M) and
In(M;/Mz). The analytic formulas for all the models
considered in [10] are as given below:

M
1n—M—”=% Al—Blf;-—G-ClsinzOW —D(PI+PV)
VA
—E(PL+PY)+F (PI+PY)+Ay,
oMy
AU=AlnE—?(D,AI-FEIAZ——FlA?,) , (4a)
M
1nM—;—§— A2+Bzai—czsin29,,, —D,(PI+PY)
s
—E,(P}+PY)+F,(PS+PY)+4A, ,
M,

z

where 4;, B;, C;, D;, E;, and F;, i=1,2,3 are given in
Table II for all the eight models [10]. In Egs. (4a)-(4c),
the terms containing a(My),a,(M;) [=a3(M;)], and
sin’0, are the one-loop terms and those containing the
P; functions defined as

a,(M;)
PI= BXI’ XI:..ln__J____, B,=b,/a ,
i ? ijaj J aj(MZ) j jr %
a;(My)
U_— ’ U U_— J U ' ,
Pr= ?BUXJ" Xj *ln;jj— ;) Bi=bi/aj

are the two-loop contributions. The terms Ay, A;, and
A containing the A; functions are the threshold contri-
butions on My, M;, and ag ', respectively.

We note that the formulas are in the identical forms as
(4a)—(4c) in the models II and IV, and III and VII. Also
in model VI (4a)-(4c) are of the same form as the models
II and IV. Certain clear advantages of the present
method can be stated as follows. Through these analytic
formulas it is possible to estimate the one-loop, two-loop,
and threshold contributions separately. Given more im-
proved measurements of sin’8y,, a,(M;) and a(M;) in
the future, the one-loop term will be known more accu-
rately. The two-loop terms can be estimated using either
the one-loop approximation to the gauge coupling con-
stant evolutions or the iterative convergence procedure
described in the next section. The experimental uncer-
tainties in the mass scales and ag ' can also be evaluated
analytically from the known uncertainties of sin’@y,, a;,
and a at M, by using the one-loop terms in (4a)-(4c).

ITII. COMPUTATION OF MASS SCALES AND ag'
WITHOUT THRESHOLD EFFECTS

The mass scales and the GUT coupling have been eval-
uated by ADFFL [10] using the method of numerical
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TABLE II. Coefficients in the analytic formulas for mass scales and unification coupling in (4a)-(4c).
Model A, B, C, 4, B, C, 4, B, c,
I L 2 1 I 2 ) 5 157 8s
38 57 19 19 19 19 76 114 38
6 40 24 75 178 378 157 464 251
ILIV iH e i 3 I s 26 39 e
4 92 20 50 344 248 157 871 460
1LV ] 25 5 " 25 Ei 2% 7 29
v 0 1 1 46 28 32 s 74 209
23 23 69 207 69 138 207 69
VI 6 40 24 15 18 iz} 203 82 385
113 113 113 113 113 113 226 339 113
VIII 2 162 138 216 492 1068 177 159 29
365 365 365 365 365 365 292 146 146
Model Dl El F‘ Dz E2 F2 D3 E3 F3
I S 15 25 s I z 265 7 1s7
456 152 228 19 19 19 912 304 456
ILIV S 15 10 125 303 89 785 345 e
4 226 226 113 452 452 226 2712 904 339
5 6 23 125 99 86 785 101 871
1LV 2% 53 25 58 6 25 88 m 2988
v 0 3 3 s 31 52 515 lo 187
23 23 414 46 207 1656 184 414
VI 5 15 10 125 303 189 lois 567 341
226 226 11 452 452 226 2712 904 678
VIII 3 147 81 Iy 213 123 295 321 159
292 1460 730 73 365 365 1168 1168 584
solution of the RGE’s. We obtain solutions for these MP<pu<MY
quantities by a new method combining the analytic for- I -
mulas derived in Sec. II with the iterative convergence 1 1 ' ZB In a; (p)
i ’ ; = —-—a n—E— -
prf)cedure of solvmg.the RGE’s. To describe the method a(p) o (M;) 2« ij ( M)’
briefly at first we ignore the two-loop and threshold
effects due to superheavy fermions and Higgs scalars tc; (5b)

start with. In the first step values of MY, M}, and a

are obtained from (4a)—(4c) keeping only one-loop terms.
These masses are used in the numerical solutions of
RGE’s as the limiting values for the two different ranges:
M, <us<M?

1 __ 1 1 L a;(#)
a,-(ll.) ai(MZ) Zﬂ'a, lnMZ 41T 2‘Bulnaj(j‘lz) )
(5a)

The one-loop values of a;(u) are obtained ignoring the
third term in the right-hand side (RHS) of (5) and are
used to estimate these terms in the next approximation to
obtain better values of a;(u). The process is iterated un-
til the values of a;(u) obtained for each value of u con-
verge. The values of a;(M}) and a;(MY) obtained in this
manner are used to evaluate the P/ and P,U functions and
the two-loop correction terms in the RHS of (4a)-(4c)

yielding new values of MY, M?, and a% to begin the

TABLE III. Model predictions for mass scales and GUT-coupling constant without threshold effects

for a;=0.113.
-1
Models M} (GeV) M) (GeV) af
1 103.045:tl.3 1015.975i0.32 35.11+1.02
I 102.151:{:1.35 10I5.386:f:0‘25 35.00+1.01
I 103>623£1.2 1015-3910.26 36.31+£0.9
v 10%25£1.35 1015-38910.25 35.07£1.01
v 103-606%1.36 1016:543£0.4 33.25+1.32
VI 107 347£1.35 1015-5£0.25 31.80+1.2
VII 103-697%1.2 1015-4661+0.26 36.24+0.9
VIII 103 %04%1.16 1015-988%0.32 36.61+0.8
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FIG. 1. Variation of mass scales as a function of strong in-
teraction coupling a;. The solid lines are the predictions in
model I without threshold effects. The dotted (dashed) line
represents threshold corrections for S=5(10) for partially de-
generate case as described in the text.

second step. The new values of mass scales obtained in
this manner are again used as the limiting values of the
two ranges in (5a) and (5b) where the iteration procedure
is repeated to obtain improved values of a;(u) including
a;(M?), a,(MY), P} and PY at the end of the second step.
The third step starts with improved values of My, M},
and a%. In fact the values of mass scales and ag' ob-
tained in this manner are found to converge after the fifth
or the sixth step in all the eight models. As a cross-check

0.103 0.108 0O.l13 0Ol8 0.123
Kg

FIG. 2. Same as Fig. 1 but for model II in the degenerate
case.
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1 1 1 | | 1 j
0.103 0.08 0.3 0.8 0.123 0.128
°<S

FIG. 3. Same as Fig. 1 but for model III in the degenerate
case.

of the validity of the procedure, the gauge couplings
a; (u) obtained in the last step are plotted against y us-
ing (5) to verify the change of slope at the intermediate
scale u=M, and the values of M, and ag' at the meet-
ing point u=M_. All the relevant quantities obtained ig-
noring the small logarithms in the A; function are denot-
ed as MY, M, and a% as presented in Table III. We
have used the same input parameters as ADFFL [10],
sin?0y, =0.2333+£0.0008, a,=0.113+£0.005, and o'

03 108 413 8 123

FIG. 4. Same as Fig. 1 but for model IV in the degenerate
case.
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0.103 0.108 013 0.118

Xg

FIG. 5. Same as Fig. 1 but for model V in the degenerate
case.

=127.910.2 at the Z mass. We find that the unification
masses are very close to those obtained in [10] having
negligible differences in most of the models. Although
there are no drastic differences on M}, our values do pos-
sess quantitative differences in models V and VIIIL.

We have analyzed variations of the mass scales with a;
as shown in Figs. 1-8 by the solid lines for all the eight
models [10]. These curves, in addition to expressing an-
ticorrelation between M and M, also indicate the range
of values of a; within which the model predictions are
possible.

003 0108 0113 0.8
Xs

FIG. 6. Same as Fig. 1 but for both degenerate (D) and par-
tially degenerate (PD) cases.

M, (GeV)

M, (GeV)
)
T

[ 1 1 1
0.103 0.108 0.13 0.l18 0.123 0.128
Xe

FIG. 7. Same as Fig. 1 but for model VII in the degenerate
case.

IV. DEPENDENCE OF THRESHOLD EFFECTS
ON SUPERHEAVY MASSES

In Table IV we present the G,;; content of the su-
perheavy masses of fermions (M,-F ) and scalars (M;),
i=A,B,C,D,E, having the transformation properties
given in (2), while choosing the Higgs scalar extended

1
0.103 0.08 0113 0.I8 0.23 0.128

FIG. 8. Same as Fig. 1 but for model VIII in the degenerate
case.
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TABLE 1IV. Superheavy masses near the unification scale
contributing to threshold effects in models I-VIII where sub-
scripts A,B,C,D, and E refer to the components of split-
multiplets.

Model Masses of fermions Masses of scalars
I MEMEME M3

I MEMEME ME 2ME M3

111 MEMEMEME M3 ,ME M3
v MY M M, ME M5,M¢

v M, M§,M{ M3

VI MEMEME M3 .M35,M3
VIl MEMEME ME 2M5, M3, M3
VIII ME MEME ME IMS

survival hypothesis has been used [21]. In every model
the superheavy Higgs scalar masses near My, in 24 and 5
used for spontaneous symmetry breaking (SSB) are
5OM%(1,2/3,3); 243M‘2“’(3 0,1)+M$*(1,0,8). Us-
ing the notation 77] ln(MF/MU) ;= In(M;/My),
j=A4,B,C,D,E, <5>—1n(M‘5’/MU) and 5%
=In(M* /M), i=1,2, the matching functions are de-
rived in the Appendix. Using (4a)—(4c) we express A,
A, and Ag in terms of 7);’s and consider three different
cases, degenerate (D), partially degenerate (PD) and non-
degenerate (ND), for each model and extremize Ay in
each case leading to constraints on 7;. These constraints
are then used to compute A; and Ag.

To illustrate the method, if the masses are nondegen-

erate (ND) the extremization of Ay in model I leads to

= 77 F = =p(H) =+ |ng; nE=n —71(24)‘”77(

=q9"'=F InB; Ay=5/114£81nB; A;=L(1F45InB)
and A;=1/2287(75+411 InB). In the partlally degen-
erate (PD) case we assume all fermions and Higgs scalars
belonging to the split multiplets possess separate degen-
erate masses M¥ and M5, and the two superheavy com-

ponents in 24 possess the same masses M ** but different

from M®: MF=MF, M’=MS i=4,B, c D,E;
M,-(24’=M(24’, i=1,2, n’ =77F’ ms:ns, 77,24)_77 _ Then
extremization of Ay, leads to 7f=7' —ilnB,
P=nP=gW=n"'=FmB  with Ay;=1/114(5

+17InB), A;=L(1x11InB) and A;=1/2287(75
+1981nfB). Formulas for the degenerate (D) case are ob-
tained most easily by taking nf=xS=7"=9y
=n==xInB yielding Ay=1/1145F9InB), A,;=(1
1211InB) and A;=1/228m(75+3781nB). The correc-
tions for all other models can be derived using (4a)-(4c)
and the expressions obtained in the Appendix and can be
summarized as

Ay=Ay+BynB,
A;=A;+B;Inf3, (6)
A;=As;+BgInB .
For all models A, =~0.044, but 4;~0.0526, 0.0530, and
0.0522 for models I-III, IV-VI, and VI, VIII, respec-

tively. The values of other parameters are given in Table
V.

TABLE V. Numerical values of coefficients in the threshold formula (6) for models I-VIII when the
superheavy masses are degenerate (D), partially degenerate (PD), and nondegenerate (ND) as defined in

the text.
Model Ag Type By B, Bg
(D) F0.079 +1.108 +0.5270
I 0.1047 (PD) F0.149 +0.580 +0.2764
(ND) +0.526 F2.368 F0.5737
(D) F0.0700 +1.115 +0.6600
I 0.1047 (PD) F0.1415 +2.220 +0.6835
(ND) +0.5130 F3.854 F0.7272
(D) F0.0736 +1.096 +0.6000
111 0.1047 (PD) +0.1686 +1.890 F0.6240
(ND) +0.5528 F3.176 F0.6216
(D) F0.0265 +1.785 +0.565
v 0.0975 (PD) +0.1415 +1.560 +0.686
(ND) +0.5575 F3.584 F0.780
(D) +0.0870 +1.116 +0.5940
v 0.1053 (PD) F0.0869 +0.884 +0.4000
(ND) +1.0430 F2.478 F0.7623
(D) F0.071 +1.115 +0.627
VI 0.1056 (PD) +0.141 F0.230 ¥0.033
(ND) +0.460 +2.247 F0.758
(D) F0.0700 +1.100 +0.625
VII 0.1044 (PD) +0.1680 +1.890 +0.595
(ND) +0.5943 ¥3.570 F0.732
(D) F0.0820 +1.027 +0.5500
VIII 0.1044 (PD) +0.2958 +1.898 +0.6289
(ND) +0.7500 F3.050 F0.5930
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V.COMPUTATION OF THRESHOLD EFFECTS
AND IMPLICATIONS ON MODEL PREDICTIONS

In the absence of any accurate information on the
value of B, we follow the standard-model Higgs boson
mass as a guide and take 8= 10. Using (6) and the values
of coefficients given in Table V we have computed numer-
ical values of threshold corrections on the unification
mass, intermediate scale and the GUT-coupling constant.
Using B=5 and 10 the ratios My /MJ, M;/M}, and ag'
are given in Table VI for models I-VIII for the degen-
erate, nondegenerate, and partially degenerate cases
where MY, MP, and a% are the two-loop computed
values neglecting threshold effects as explainecll in Sec.
III. The corrected inverse coupling is ag'=al +Aag’.
The proton lifetime (7,) for the p—e *#° mode is com-
puted using the formula

T,= My (7
-7

where M, =proton mass, and compared with the experi-
mental limit for the p—e *7° mode, 7, 23X 10? yr. We
define Tg with the quantities on the RHS of (7) having the
superscript.

In Figs. 1-8 we have presented a variation of M, M?,
My, and M; as a function of a; including threshold
effects with =5 and 10 in the case where the correction
appeared to be the least on the intermediate mass. It is
quite clear that the corrections on the unification mass
and proton lifetime are small and remain stable against
threshold effects in all models for the degenerate and par-
tially degenerate cases shown in Figs. 1-8 with the ex-
tremal value of My /M{~10*"2 and 7,/79~10*' for
B=10.

In Figs. 9-12 we have plotted (7, )., and (7, )y, as a

TABLE VI. Numerical values of threshold effects on intermediate mass, unification scale and the GUT-coupling constant in mod-
-els I-VIII in three different cases.

Model B Degenerate Partially degenerate Nondegenerate
M, /M? My /MY Aag! M;/M? My /MY Aag! M, /M? My /MY Aag!
+g§(5) _—;884 +0.43 —0.08 —1.63 +0.39
5 107% 101 83 tggi 10 0.38 10+0.12 tggg 10+l.68 10—0.35 I?(‘g
1
+i(l)g —8.06 L3 +0.60 —0.13 —2.34 +0.55
10 107t 10+ .10 —%::1’1 10—0456 10+0.17 tg;g 10+2.39 10—0.51 I%%%
+g§(6) Igg; +1.57 —0.08 —2.48 +0.38 )
5 107% 10%° t(l)ég 10—1.53 10+0.12 r(l)%g 10+2.52 10—0‘34 I}(z)'é
II
+}(l’; :8% 5 +2.24 —0.12 —3.56 +0.59
10 107" 107" a 10722 10%016 AW 10%3% 107%# e
+8;3 ;88; 107 —1.30 +0.14 —2.20 +0.41
5 107% 1019 _(l):(s)6 10+L34 10—0.10 ;??(l) 10+2.24 10—0.37 1(1)?8
111
+}(1)-} Iggg 5 —1.87 +0.19 -3.15 +0.57
10 10~ % 101° t{‘Z‘B 10+l.91 10—0.15 ;—}gi 10+3.20 ]0—0.53 I{gi
+}.§7 :0.00 . +1.11 +0.12 —2.48 +0.41
—1.22 . . -1 —=0. . . - -
5 10 10+0.% 8 107197 107008 8 10%2® 10703 L
v
+{273é ;—881 +1.58 +0.16 —3.56 +0.58
10 107" 10008 e 1070 107012 g 10t 10705 B
+g$(6) +8g§ +1.06 +0.64 —0.04 —1.71 +0.75
5 107% 107° 106 10-—0.59 10+0.08 tg;i 10+].75 10—0‘71 ;{ég
A\
+1.14 +8(l); +0.91 —0.07 —2.45 +1.06
—1.09 —0. +1.47 — —0.86 +0.11 +1.03 +2.50 —1.02 —1.65
10 10 10 % 1 10 ~0.82 10 10 Tise
+0.80 —0.03 +0.18 +0.12 —1.55 +0.34
5 10—0.76 10+0.O7 i(l);g 10—0.14 10—0.08 i(o)(l)g 10+|.59 10—0.30 ;}g;
VI
+1.14 —0.05 +0.25 +01.6 —2.22 +0.48
10 10 1.09 10+0.09 t}gi 10*0.21 10-‘0.12 tg(l)g 10+2.26 10—0.44 I}g;
+0.79 —0.03 +1.34 +0.14 —2.47 +0.43
5 10—0.75 10+0.07 t(l);(l) 10—1.30 10—0.10 t(l)gg 10-+-2.52 10—0.40 :}(z)g
VII
+{A32 —0.05 +1.91 +0.19 —3.55 +0.61
10 10~ % 8 10+0.09 t%gg 10—1.87 10—0.15 t};; 10+3.59 10—0.58 :%;g
+g.;4 —0.04 +1.35 +0.23 —=2.11 +0.54
5 107 0 10+O.08 tggg 10—1‘30 10—0. 19 t(l);% 10+2.15 10—0.50 ;(1)82
VIII
+1.05 —0.06 +1.92 +0.31 —3.03 +0.77
10 10—1.00 10+0.10 t}iliz 10—1.87 10—0.27 t{gg 10+3.07 10—0.73 I}%g
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FIG. 9. Predictions on maximal [(7,)pn.] and minimal
[(Tp)min] values of proton lifetime in model II as a function of
the superheavy mass splitting coefficient B in the degenerate (D)
and partially degenerate (PD) cases, 72 represents proton life-
time for the p—e*7° mode without threshold effects. The
dashed horizontal line represents the experimental lower limit

on 7,.

function of B with fixed a;,=0.118+0.0007 [22] in four
different lowest unification mass models: II, III, IV, and
VII. It is clear that even for S=5-10 in the degenerate
or partially degenerate case (7,)n,, €xceeds the Super-
Kamiokande limit by a factor of 10—-40. Thus, in order
to verify or rule out the model by proton decay experi-
ments through the p —e " 7° mode, improvements on the
accuracy of planned experiments are essential. But in the
nondegenerate case the corrections to My and 7, are
much larger with the observed extremal modifications
My /My =~10*" and 7,/79=10"*? in model V for the
same value of B.

The corrections are also found to be larger for the in-
termediate masses in every model even for the degenerate
and partially degenerate cases as shown in Figs. 1-8 by
the dashed (dotted) lines for B=10(5). Taking
a,=0.118+0.007 and B=10 including experimental and
threshold uncertainties we find that for verifying the
model predictions at accelerator energies the search lim-
its on the new fermions and scalars should extend by a
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FIG. 10. Same as Fig. 9 but for model III.
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FIG. 11. Same as Fig. 9 but for model IV.

factor of nearly 100 compared to the uncorrected predic-
tions in all models, except VI where the threshold correc-
tion factor is only 10¥%25 on M, in the partially degen-
erate case. This uncertainty is very reasonable, making
the predictions in model VI more precise compared to
others. With the improvement of experimental precision
in the future, the threshold uncertainty would be the
main factor controlling the experimental search for new
particles. In this sense model VI is singled out if the su-
perheavy masses are partially degenerate. For the nonde-
generate case the threshold effects are found to introduce
much larger uncertainties.

VI. SUMMARY AND CONCLUSION

We have derived analytic formulas for mass scales, and
the GUT-coupling constant up to two-loop order
modified by matching function corrections. When
threshold effects are excluded, these formulas are capable
of predicting successfully the corresponding values in
terms of sinzew, a,, a, and two-loop contributions.
Another advantage of the analytic formulas has been to
evaluate the experimental uncertainties of relevant quan-
tities in terms of the uncertainties of sin?0y, a;, and a.
The mass scales and a; have been computed using a nov-
el procedure that uses these formulas and iterative con-
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FIG. 12. Same as Fig. 9 but for model VII.
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vergence method of solutions of RGE’s. Formulas for
extremal values of threshold effects have also been ob-
tained in all the eight models considered by ADFFL [10]
such that the corresponding numerical values can be
readily obtained for any value of the heavy-mass-splitting
coefficient in the degenerate, partially degenerate, or non-
degenerate cases.

Although the numerical values of threshold corrections
are found to be small on the unification mass and proton
lifetime in the degenerate and partially degenerate cases,
they are quite substantial and are found to change the in-
termediate mass by nearly one order for S~10 in almost
all models except model VI. In all such models including
experimental uncertainties and threshold effects we find
that the search limits for the new fermions and scalars at
future accelerator energies should be increased by a fac-
tor 100 over the uncorrected predictions. But in model
VI in the partially degenerate case the threshold correc-
tion factor on M; is only 10¥%2%) making it more precise
compared to others. In the nondegenerate case the
corrections are much larger and found to change the pro-
ton lifetime and the intermediate masses by more than
one order even for a smaller value of the splitting
coefficient B~5. The threshold corrections are larger in
the split-multiplet models mainly because of additional
heavy fermions near the GUT scale. Since the correc-
tions are quite large in the nondegenerate case threaten-
ing to upset precise model predictions for 8= 10, we con-
clude that the superheavy masses might be either degen-
erate or partially degenerate if the model predictions are
to be reasonably precise. Alternatively the mass-splitting
coefficient must be restricted to smaller values with 8<5
in the nondegenerate case.
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APPENDIX

In this appendix we derive matching functions and
threshold effects in all the eight models I-VIII con-
sidered by ADFFL. Using the notation

S1=5+ 205+ 2np+3aE+30Y
fr=3+anf +29¥ ,
fy=2+4np+0 0 +3920

the matching functions in models I-VIII are stated
below.

Model I: A;=f, +%17§ ,
M=f,
M=f3+73 .

Model Il: A, =f+$m3+3ne+ %0 ,
AM=f+6n¢ ,
M=f3+anp+and .

Model III: A,=f,+&n3 +3n5 +ind+ S0,
M=frtn%+3uE
hy=f3+4np+27¢ .

Model IV: ll=fl+%1,§+%7’i +%,,T(S': ,
M=fr+n+3n¢ .
hy=f3+4ng+27¢ .

Model V: k1=f1+%17§+%,,7(5) ,

M=f,
M=f;.

Model VI: A, =f,+inf—2nf+ 293 + 893 4+ 495 |
AM=f2
M=fi—4n5 +ans+n3 +03 .

Model VIL: A,=f,+&n5+05 +1nS+3q5
M=f+2m%+3n¢,
A=f3+ani+2n8+15 .

Model VIIL: A,=f,+&55+295 ,

M=f+315,
Ay =f3+4n; .
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