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Abstract. A comparative study of the properties o i  pocket and barrier resonances is 
carried out using finite-range potentials having a pocket and a barrier. Comparison is 
made between the s-wave potential barrier region resonances with an absorptive 
pocket, and the corresponding resonances of a potential barrier without an absorptive 
pocket. We numerically study the resonance slates generated by the finile-range 
truncated parabolic barrier. In this case the lxation of resonances in the vicinity of the 
barrier are approximately equispaced, but deviation from this ieature occurs for 
resonances farther away from the barrier top. Using these resuits as a basis we 
empirically analyse the resonances in the ''0 + ''0 system within the broad framework 
of the barrier region resonance model. 

1. Introduction 

The resonance phenomenon generated by the interaction between colliding systems 
and its role in the analysis of the s.cattering cross-section is an important aspect of 
scattering theory. In the S-matrix analysis, bound states and resonance states are 
analysed in a unified way in terms of the poles of the S-matriu in the complex 
momentum or energy plane [1,2]. The S-matrix S,(k) treated as the complex 
function S,(k) = S,(k) where h = I + 4 is generally analysed in terms of the Jost 
functions fn (k )  and f,(-k) [l], i.e. 

The poles of the S-matrix are searched in terms of the zeros of the Jost function 
f,(-k). The poles of the S-matrix occurring on the positive imaginary axis in the 
complex momentum (k) plane are associated with bound states. whereas the poles 
corresponding to 

k = k ,  = Re k, - iIm k, (2) 
occurring in the,lower half of the complex k plane can be identified as resonances, if 
Im k ,  is less than Re k,. This is because the resonance poles represent decaying 
states with positive energy 

E ,  = (Re k,)* - (Im kK)' (3) 
and finite width 

r =  4Re  kKIm kK. (4) 
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The smaller the Imk, the narrower is the width, and hence it corresponds to a 
long-lived resonance. 

Such a formal analysis of the S-matrix does not readily help us in identifying the 
physical origin of resonances and their localization in the configuration space of two 
colliding systems. However, this can be achieved from the strength and shape of the 
potential generating these structures. It is found that in potential scattering, the 
potential pockct, barrier and absorption have important roles in determining the 
nature of resonances. In the past few years interesting work has been done in this 
area [3,4], and hence further investigation in this line is desirable, since it  will help 
us in constructing appropriate models for explaining resonances in heavy-ion 
reactions. 

In the case of a finite-range potential with a pocket followed by a barrier we can 
identify two important possibilities: 

(i) The resonances occurring below the barrier and the wavefunctions corres- 
ponding lo which are localized predominantly in the pocket, can be termed pocket 
resonances (PRS). Thcse resonance states can decay by tunnelling away from the 
pocket across the barrier to infinity. If the effective barrier for a given state is large, 
the decay probability will be small, and as a consequence. sharp resonances will be 
generated. 

(ii) If the resonance energies are on the top of the barrier and the wavefunctions 
are dominant in the barrier region, they can be termed finite-range barrier 
resonances (FRBRS). In fact, one can visualkc such resonances as a result of a slowing 
down of the relative radial velocity of the colliding system in the barrier region. 

In a collision process the colliding system sees an effective potential for each 
partial wave which is the sum of the scattering potential and the centrifugal term. 
The latter introduces a very large repulsion near the origin. In the case of a potential 
with a pocket followed by a barrier the centrifugal term systematically varies the 
effective potential as a function of I ,  making the potential pocket shallower and 
shallower and slowly increasing the barrier height as l increases. Such a situation 
occurs in the case of real potentials between two heavy-ion systems. One of the 
objectives of the present paper is to clearly distinguish the nature and properties of 
PRS and FRBRS occurring in finite-range potentials. We also study the consequence of 
a large absorption in the pocket region using relevant examples. Since a typical 
nucleus-nucleus potential has a pocket and a barrier with large absorption in the 
pocket, this analysis can be extended to explain the resonances in heavy-ion 
reactions. As an illustration of the abov? approach we study the resonances in a 
typical heavy-ion collision system, namely I6O + ‘‘0, in terms of FRBRS. 

The pioneering work on what are defined as barrier top resonances (BTRS) has 
been done by Friedman and Goebel [5 ]  using the Hamiltonian for the inverted 
parabolic barrier 

and they showed that the corresponding resonance states have the energ) 
E, = v, - i(n + : )v .  

E ,,,,,, = h, - i(2n, + / + 5)v. 

(6) 
They have also generalized this in the case of scattering in three dimensions, for 
which the resonance poles are at 

(7) 
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These resonances are of a special type in the sense that all of them have the same 
energy corresponding to the barrier top Vu and steadily increasing widths. In the 
same paper [5] they indicate that in the case of a barrier of height V, located at 
r = R B  their model of BTRS based on an inverted barrier is appropriate for the study 
of resonances when there is infinite absorption introduced to the left of the barrier. 
They have also discussed the application of such a model to heavy-ion reactions. 

The definition of BTRS as given in (7) indicates that at a given energy E = Vu and 
for a given I ,  corresponding to the barrier top, there is a large number of 
superposing resonances with increasing width. On the other hand, in observed 
heavy-ion resonances we expect a set of discrete resonances for any given I .  In this 
connection it may be noted that the definition of BTRS as given in [5] corresponds to 
an infinite-range barrier, and the corresponding situation can be expected lo be 
somewhat different in the case of a more realistic finite-range potential with the 
pocket and the barrier. That is to say that the definition corresponding to (7)  
pertains to resonances generated by a special type of barrier whereas in more 
realistic situations the resonances can be expected to occur as a result of an interplay 
between the barrier and the pocket together with absorption. In situations where the 
pocket is highly absorptive, the barrier region resonances can be expected to be 
important. Such a situation can occur in nucleus-nucleus collisions. Hence in the 
present paper we distinguish the resonances in the barrier region from aTRs as 
defined in [5] by using the term ‘FRBRS’. 

This paper is organized in the following way. In section 2 we carry out a 
comparative study of the properties of PRS and FRBRS using some model calculations. 
In section 3 we describe the barrier region resonance model for the “0 + I6O 
system using the resonances generated by a truncated parabolic barrier. Finally in 
section 4 we present a discussion and conclusions. 

2. Pocket resonances and barrier resonances 

In [3] we described the nature of resonances using an exactly solvable repulsive 
Eckart potential for the s-wave without any pocket. The resulting formula for the 
resonance energy and width was found to be suitable for ‘’C + I2C and ”C + l60 

systems. To elucidate additional features of barrier states, we make a comparative 
study of the potential pocket resonances and barrier resonances using both 
rectangular and Woods-Saxon shape barriers and also elucidate the role of 
absorption in the pocket region in both the cases. 

2.1. Rectangular potential barrier 

Let us consider fhe s-wave resonances generated by the potential U ( r )  = f i2V(r) /2p  
where V ( r )  is in units of fm-’ and 

V ( r )  = 0 r s a  r a b  b > a  

= v,, a < r < b .  (8) 
This is an idealized example of a potential having a pocket ( ~ S Q )  and a barrier 
(a  < r < h )  region. One can expect that in the pocket region in the case of an s-wave 
the potential will generate very long-lived states which are close to the correspond- 
ing levels of the one-dimensional box of range a. The lifetime of these states will be 
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governed by the penetrability factor from the pocket to the outside region (r  3 b). 
On the other hand, since the system will have reduced kinetic energy in thc barrier, 
one may expect generation of FRBRS also, dominated by the region a < r < b. Their 
width will be substantially larger than the width of the PRS since these states do not 
have to penetrate a barrier for decay. Also, we can expect that wavefunctions 
associated with the FRBRS should be dominant in the barrier region. 

Solving the s-wave Schrijdinger equation 

d2Y - + [k' - V(r)JY = 0 
drZ (9) 

where k 2  = 2mE/h2, for the potential given by (8) we get the following expression 
for the s-wave S-matrix: 

2iXb (1 + a / k ) A  einb + (1 - 
S(k)=e- [(I - a / k ) A  einh + (1 + 

where 
A = [sin ka - ( i k / a )  cos ka]  e-'""/2 

B = [sin ka + (ik/a) cos ka] eiou/2 

(Y = (k2  - V")'R. 

(11) 
(12) 

(13) 
The resonance poles of this S-matrix can be obtained by searching for the zeros of 
the denominator in (lo), in the lower half of the complex k plane. Based on a 
numerical search for such zeros, a number of poles or resonance positions of S ( k )  in 
the complex k and complex k2 planes are obtained. The results are listed in table 1. 

We find that potential pocket resonances with energy Re k$  < Vu are extremely 
narrow (small Im k:). Their imaginary parts are related to the decay constant 

This relation explains the extremely small imaginary part of the resonance poles for 
the PRS listed in table 1. In contrast, the imaginary part of the FRBRS are much larger. 
The sharpest FRBR is closest to the barrier; the other two are somewhat distant from 
the barrier top (see table. 1). We have also carried out the numerical search for 
resonance poles for the barrier V(r) = V,, r S a;  V ( r )  = 0, r > a  and did not find any 
resonance pole having an energy less than Vu. This can perhaps be attributed to a 

Table 1. Pocket and barrier resonance positions in the complex k plane in the case of a 
shifted rectangular repulsive barrier, see (8). with parameters V,,= 10.0 Em-', a = 3.0 fm 
and b = 6.0 fm. 

Nature of Rcsonane k (fm-') k'(fm-*) 
poles pole 

Pocket poles I 0.94-0.13X IO-'i 0.89-0.ZX IO-$ 
I1 1.88-0.6OX 10-9 3.54-0.2X 10.9 

Il l  2.78-0.23XIO'~ 7.74-0.1 X IO-'; 

Barrier poles 1V 3.31 - 0.026 10.96 - 0.173i 
V 3.89 - 0.087i 1516-0.6771 

VI 4.36 - 0.125 19.04 - 1.093; 
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large reflection from the sharp edge at r = a  and a small transmission on to the 
bamer region for E < V,. 

One way to visualize the distinction between PRS and FRBRS is to determine the 
localization of the corresponding wavefunctions in the coordinate space. In figure 1 
we have shown the variation of the modified s-wave radial wavefunction Y(r) 
(Y(r)=sin kr as r+O) in the region of the pocket and the barrier at resonance 
energies (real part of the pole positions in the complex kZ plane) both above and 
below the barrier height. It is clear that PRS are characterized by a typical 
bound-state-like behaviour inside the pocket and damp out in the barrier region (see 
figures l(a-c)). Of course it will pick up sinusoidal oscillations outside the bamer 
(r 3 . b )  since the resonance energy is positive. On the other hand the wavefunctions 
corresponding to the FRBRS (figures I(d-f)) are characterized by enhanced oscilla- 
tions in the barrier region, and comparatively less amplitude in the pocket region. 
However, in the case of resonances further above the barrier the amplitude of the 
wavefunction IYi is comparable both in the pocket and barrier regions, but still the 
predominance in the barrier region is retained. This indicates that the barrier is less 
important in the case of PRS but dominates the barrier region states. 

L.0 fio 
.,‘“.I 

2.0 LO 60 0 2n 

Figure 1. The variation of the modified s-wave radial wavefunction IYI against r 
corresponding to (a-c) pocket and (d-f) barrie? resonances of a potential given by (8). 
The amplitudes of the wavefunctions are normalized to one at their first maximum. Here 
V, = 10.0 fm-’, a = 3.0 fm and b = 6.0 fm. 
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The situation when the pocket is absorptive can be studied using the potential 
V(r) = iW r s a  U'CO 

= v, a < r < b  
= O  r a b  (15) 

where Vu is a positive quantity. This is an idealized example of an absorptive pocket 
and transparent barrier. In table 2 we list the variation of typical PR and FRBR 
positions with W. It is seen that Imk?, in the case of PRS is very close to the 
imaginary part W of the potential V(r). This illustrates that the widths of the PRS will 
be approximately W whereas the widths of the resonances associated with the 
non-absorptive barrier are affected to a lesser extent (but not negligible) by the 
absorptive pocket. 

2.2. Barrier with Woods-Saxon shape with an absorptiue pocket 
The discussion in the last section using a rectangular barrier and pocket can be made 
more realistic by using a smoother barrier with an absorptive pocket. Such an 
analysis is important in correlating the nature of barrier region resonances as 
specified in [5J and the nature of resonances with an ordinary repulsive potential 
barrier. The barrier region resonances studied in [5] obtained using a repulsive 
potential barrier were uninfluenced by reflection at r = 0. This was accomplished by 
either allowing r to extend to -a, or by putting adequate absorption inside the 
region. In this section we compare the results for barrier states with (i) the boundary 
condition V = 0 a1 the interior edge of the barrier and (ii) with a barrier having a 
highly absorptive pocket for its interior, to clarify the differences between the two 
approaches. 

For the model calculations we used the potential 
V(r) = VR(r) + iVl(r) 

Vdr) = Vo/U + exp[(Ru - r - Cl)/a,l} 

(16) 

= Vi/{] + exp[(r - Ro - C2)/a21). r > R ,  (17) 
(18) 

where 
r s R u  

V I W  = U'dU + exp[(r - RO + Cw)/awl} W" C 0. 

Figure 2 indicates the shape of the potential for a typical set of parameters. The 
ratios C l / a l  and CJa, are chosen large enough compared to unity such that the 
barrier is reasonably Rat and VR(r) has continuity at r = Ru for all practical 
computation purposes. Absorption in the pocket region can bc varied by varying Ub. 
In figure 3 we indicate thc location of three pocket region poles and two barrier 
region poles in the complex ka plane obtained using this potential for diffe,rent 

Tahle 2. lllustralion of the variation of pocket and barrier pole positions for different 
strengths of the imaginary par1 (W) of the potential given by (15) (see text) with 
parameters !I,, = 10.0 fm-', a = 3.0 fm and h = 6.0 fm. 

Typiwl PR poles. k'(fm-') Typical barrier resonants poles. k' (fm-') 

l!+i(fm-') (i) ( i i )  (9 (ii) 

0.0 0.894 - 0.25 X IO-*i 3.541 - 0.3 x I O - ?  10.962 - 0.175 15.164 - 0.677i 
0.4 0.894 - 0.396i 3.542 - 0.3831 10.952 - 03OYi 15.171 - 0.829i 
I .2 0.895 - 1.189i 3.546- 1.151i in.940 - 0 . m  15.147- 1.13% 
2.0 0.897 - 1.983 3.550- 1.92Oi 10.936 - 0.3271 15.071 - 1.459i 
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-10 1 I ? I I 1 
6 0 10 0 * RC rtfm) 

Figure 2. Plot of the potential having a barrier with a Woods-Saxon shape with an 
absorptive pocket, for a typical set of parameters. The parameters used are 4, = 10 fm-2, 
U;,=-Sfm-'. R 0 = 4 . 5 h ,  C , = I . S i m ,  C2=2.0fm, C,=l.Sfm, a,=O.I2fm, a 2 =  
0.25 im and a, = 0.05 fm. 

strengths of absorption. The use of the complex k 2  plane rather than the complex k 
plane is preferred because the real and imaginary parts of the resonance poles in the 
k2 plane are directly related to resonance energies and widths. It may be noted that 
the real parts of the pole positions for both pocket and barrier resonances do not 
vary much when absorption is increased. However, as expected it is seen that Im k k  
in the case of PR is very close to the strength WO of the V,(r).  But in the case of 
barrier resonance closest to the threshold the variation of Im k $  with respect to WO is 
relatively small compared to the corresponding PR. This indicates that the barrier 
with an absorptive pocket does not affect the position of the FRBR. 

Now we examine the correlation between the barrier region resonances 
generated in the presence of an absorptive pocket on the interior side of the pocket 
(case A) and the resonances generated by an ordinary potential barrier. In order to 
eliminate the absorptive pocket in potential (16) we introduce a hard core at r = R, 

-6 I I t I I 

IO 12 14 0 2  4 6 82 
Re[k 1 

Figure 3. The location of pocket and barriar region resonance poles in the complex k2 
plane in mils o i  im-' obtained using the potential given by (16) for different strengths 
(WJ of absorption. The other parameters are as i n  figure 2. The open circles represent 
pocket resonance poles and the solid circles represent barrier region resonance poles. 
The numbers next to the pole positions indicate -1V" in units of fin-', The arrowhead 
indicates the barrier top. 
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Table 3. Barrier region resonance positions in thc complex k plane in the case of a 
potential given by (16) having a barrier with a Woods-Saxon shape and a highly 
absorptive pocket with I+;,= -2Ofm" (case A) and a potential given by (16) but with a 
hard core at r = R, =3.Ofni (case B). The other potential parameters are listed in the 
caption of figure 2. 

Barrier resonance poles Case A, k (fm-') Case B, k (fm-') 

1 3.263 - 0.06801i 3.%1 - 0.05872i 
I1 3.984 - 0.4607i 4.096 - 0.3702i 

Ill 4.502 - 0.701% 4.410 - 0.5670i 

such that Y ( r )  = 0 at r S R ,  and analyse the nature of resonance poles generated. 
R, is close to the interior edge of the barrier (figure 2). We refer to this as case E. 
This is akin to the model for barrier region resonances used in 131. In table 3 we list 
the barrier region resonances, in the complex k plane obtained by potentials 
corresponding to case A and case B. The comparison of pole positions indicate that 
thc barrier resonance poles in both case A and case B are not very different. 

The physical reason for this can be analysed by comparing the modified s-wave 
radial wavefunctions corresponding to case A with a high absorption (WO= 
-20 fm-2) and case B at energy k2 close to the barrier. In figure 4 we indicate lV/ at 
k2 = 10.74fm-* corresponding to both case A and case E, respectively, normalized 
such that both have the same highest peak. This illustrates that introducing a high 
absorption at r < R c  gives approximately the same wavefunction in the barrier 
region and outside as that of an ordinary barrier with an infinite repuIsion a1 r = R,. 
It is clear that if IWul is made still larger the damping of IWI in the absorptive pocket 
will be much more rapid. Thus, the barrier with a strong absorptive pocket gives rise 
to a wavefunction which is quite similar to the wavefunction of a repulsive barrier 
with infinite repulsion (Y = 0) at the interior edge of the barrier. 

Since heavy-ion scattering is dominated by the barrier region and the interior 
region is highly absorptive, and the potential is much better known in the barrier 

1.2 , I 

Rgure 4. The modified s-wave radial functions near a barrier region resonance 
The full line corresponds to case A and the dotted line corresponds 10 case B (sec 
Here k ' =  10.74fm-' and WO= -2Ofm.'. All other parameters are as in figure 2. 

pole. 
text). 
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region than in the nuclear well region, the dominant mechanism of many heavy-ion 
resonances can be expected to be barrier region resonances. Moreover, the strong 
enhancement of the wavefunction in the vicinity of the barrier suggests that the 
nuclei orbit in the resonance states with a relative distance given by the barrier 
position. The model calculations discussed in this section indicate that the positions 
of resonance poles above the barrier are only marginally affected when we replace 
the absorptive pocket by a bard core at the interior edge OF the barrier. There is a 
close similarity in the behaviour of I€' in the barrier region. The present approach 
provides a good scheme to study to what extent heavy-ion resonances can be 
attributed to barrier region resonances. This is clear in view of the fact that the 
effective potential, including the centrifugal term, for most of the relevent partial 
waves is dominated by the barrier region, and the corresponding wavefunction to 
the left of the barrier becomes highly damped due to the combined effect of high 
absorption and a large centrifugal barrier. 

3. Barrier region resonance model €or the I6O + '60 system 

3.1. Resonances generated by a truncated parabolic barrier 
The analytical formula used in the analysis of "C + "C and "C + IhO systems [3] 
was based on the S-matrix for the repulsive Eckart potential which gave (n  + 3)' 
dependence on the resonance energies. However, an examination of available 
experimental data [6-81 in the I6O + ''0 system indicates that resonance energies 
for a given partial wave are approximately equispaced. The immediate idea one then 
has is to interpret them in terms of a suitably structured rotation-vibration model 
with the approximate equispaced resonances being generated by a parabolic barrier. 
The approaches of [SI are motivated by potentials which generate resonance states 
in the potential pocket region. However, we note that in the vicinity of the barrier 
one can have resonance states generated by the barrier itself. In this paper we 
restrict ourselves to interpreting the heavy-ion resonances within the framework of 
barrier region resonances. 

In view of the approximately equispaced resonance energies for a given 1 in the 
"0 + I6O system we investigate whether an inverted finite-range parabolic barrier 
can generate in the vicinity of the barrier approximately equispaced resonances. In 
order to do this we studied the s-wave S-matrix numerically, for the finite-range 
inverted parabolic barrier given by 

V ( r )  = V,, - pr2/2 r < R  
= O  r > R  (19) 

where 

This potential is of interest because in the case of the infinite-range harmonic 
oscillator barrier, BTR poles in the complex energy plane for different partial waves 1 
were given by (7), indicating that the number of resonances of increasing width are 
situated at resonance energies close to the barrier top. Hence the corresponding 
result in the case of a finite-range truncated parabolic barrier is of more interest in 
the context of potential scattering. In table 4 we list several pole positions of the 
s-wave S-matrix in the complex k2 plane in the case of a potential given by (19) for 
different values of p. It is interesting to note that there are resonances both below 

R = (2V,,/p)'". 
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and above the barrier and their spacings and widths indicate some approximate 
symmetry. It is also interesting to note that the two levels in the immediate vicinity 
of the barrier are approximately equispaced with respect to the resonance closest to 
the barrier. This linearity is gradually destroyed in the case of levels further away 
both above and below the barrier. 

We know that in the case of a harmonic well -LJ,,+mw2r2/2 of depth U, the 
s-wave energy levels are given by the formula 

E, = -U,, + (Zn + 1)hw (20)  
indicating a spacing of 2hw between the adjacent levels. In this case the ground state 
energy is 3/2hw above the bottom of the well. On the other band the corresponding 
barrier resonances occur very close to the barrier top. But in our analysis using a 
large amount of data we found that the spacing between the barrier top level and 
the next adjacent level on the either side is approximately in the range (2)In to 2hw. 
However, due to the finite-range harmonic barrier and the fact that resonant states 
do not decay exponentially, anharmonic terms significantly affect the levels away 
from barrier top. The nonlinearity or unharmonicity becomes important even for 
n = 2 (assuming the level closest to the barrier top to be n = 0). as is clear from table 
4. We also observe that the sharpest resonance is practically on the top of the 
barrier. 

Another interesting aspect which we noted is that Im k i  of two levels adjacent to 
the barrier top are approximately the same, indicating resonances of the same width. 
In order to interpret this we calculated the transit time for a classical particle to slide 
down the truncated harmonic oscillator barrier in the classically allowed region for 
energy E ,  = U,, f A, A < U". We find that these two items are given by the same 
formula, 

Further, it may be noted that for a given R ,  ris  proportional to Uh", indicating that 
for FRBRS the width will increase with barrier height, for a given range R. Similar 
results are obtained in the case of the repulsive Eckart potential [3]. 

The calculations on the repulsive Eckart potential [3], the square well barrier, 
the barrier with a Woods-Saxon shape and the finite-range harmonic barrier indicate 
that different resonance level spacings can be expected if one uses different types of 

Table 4. Resonance positions in the complex k 2  plane in the case of cut-off parabolic 
barrier represented by (19). 

k'(fm-') 

p = o . l h - '  fl=0.2fm" p = 0.3 fm-4 
K, = 10 rmw2 v,= iorm-' v,, = IO fm-' 

11.30-0.6953i 12.14- 1.1074i 12.67- 1,389i 
10.56-0.5S97i 10.94-0.8407i 1 1 . 1 1  - 1.051i 
10.01 - 0.4472i 10.00-0.62991 10.01 - 0.7762i 
9.448 - 0.5524 9.224- 0.7794i 8.891 - 1.008 
8.673-0.6700i 7,994-0.9973 7.186- 1.3Mi 
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potential barrier. This can be fruitfully exploited in constructing the appropriate 
models for the description of heavy-ion resonances 

3.2. Analysis of the data 

Based on the above discussion on the truncated inverted harmonic oscillator barrier 
and noting that in the case of the IhO+ I6O system the number of observed 
resonance states in the Coulomb harrier region is less than or equal to five, we seek 
to analyse these resonances using the empirical expression 

+ . I ) =  V g ) + ( C , + C , / 2 ) n  +&n2  n = O , z t l , + 2  (22) 

where Vgl  is the height of the barrier for the Ith partial wave, and C<)* C, and E are 
parameters. The heights of the effective potential Vg) for different Is have been 
calculated using the global nucleus-nucleus potential 191 

V ( r )  = -50(R,R2)/(RI + Rz)  exp[(RI + RZ - r) /aI  (23) 
where 

Ri = 1.233A:” - 0.978A;’’3fm 

a = 0.63fm 

(i = 1,2) 

along with centrifugal and Coulomb potentials. C,Iz is the term which takes into 
account the fact that the effective barrier varies slowly with I .  E accounts for the 
deviation from the linear dependence of n in the neighbourhood of the barrier. This 
expression is based on the assumption that in the vicinity of the harrier the effective 
potential has a height V $  and a shape close to an inverted harmonic oscillator. In 
such a situation a reasonable parametrization for the barrier resonances is given by 
(22). In this parametrization 1.g) incorporates the 1( /  + l)/? term, implying that the 
present model is also akin to the rotation-vibration model, even though the term 
‘rotation-vibration state’ may not be appropriate in our model since our description 
is based on the model of orbiting states around the barrier. 

Table 5. The quantities Rg) ,  Vg’ and a typical set of E @ , / )  mrrespondino, to the 
’‘0 + ‘‘0 system. The parameters used to compute €(n, /) are C,, = 0.7478 MeV, 
C,=0.00127MeV and ~=0.1724MeV. 

/ R(BI)(fm) V&?(MeV) n = - 2  -1 0 1 2 

2 8.09 
4 8.03 
6 7.93 
8 7.81 

10 7.67 
12 7.54 
14 7.40 
16 7.27 
18 7.13 
22 62% 

10.70 
I I .27 
12.18 
13.44 
15.10 
17.18 
19.71 
22.73 
26.26 
35.02 

9.89 10.12 10.70 
10.43 10.68 11.27 
11.28 11.55 12.18 
12.47 12.79 13.44 
14.04 14.40 15.10 
16.00 16.42 17.18 
18.40 18.88 19.71 
21.26 21.82 22.73 
24.62 25.27 26.26 
32.96 33.82 35.02 

11.63 1Z.90 
12.21 13.51 
13.15 14.46 
14.45 15.80 
16.15 17.55 
18.29 19.74 
20.89 22.41 
23.98 25.57 
27.61 29.29 
36.57 38.47 

24 6.76 40.31 38.01 38.99 40.31 41.99 44.00 
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0 I I I I I Figure 5. Plots of E ( n , / )  against the assumed values of n 
for the resonance data of the ''Ot I6O system. The 

-2 -1 0 1 2 parameters used arc listed in table 5. The experimental data 
(solid circles) are from 16-81, n 3  

The barrier resonance states occur somewhat symmetrically around the barrier in 
the case of a truncated parabolic barrier. Hence, it is natural to designate the states 
above and below the barrier using n taking values 0, 51, f2, etc. The quantities n 
and 1 together determine the energy of the resonance states. 

Using this formula we have fitted the experimental data for the ''0 + I6O system. 
The experimental data closest to the barrier top E(n, l )= V g )  correspond to the 
n = 0 level, and those above and below are assigned positive and negative values, 
respectively. The resonance energies obtained using (22) are listed in table 5 .  In 
figure 5 we depict the results obtained for even /alone with experimental data. I t  is 
clear that the present approach gives quite a good fit to the experimental data. T h i s  
fit to the experimental data also implies that in this parametrization, the relation 
between the energy levels and the I([ + 1) term incorporating the rotational aspects 
of motion is also automatically taken care of. 

4. Discussion and conclusions 

We will now summarize the main results of the present paper, and follow this by 
some discussions on resonances in heavy-ion scattering. We have analysed two 
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categories of resonances which can be identified in scattering from a finite-range 
potential with a pocket followed by a barrier. If the potential is real, PRS will be 
more important because of their narrower widths. However, if the pocket is highly 
absorptive, the scattering will be dominated by resonance states dominant in the 
barrier region. 

It should be mentioned that within the framework of the WKB approximation, 
Brink [9] also studied resonances generated by the barrier region. The FRBR states 
are somewhat different from the BTRS defined in terms of an infinite-range parabolic 
barrier given in [ 5 ] .  In particular, FRBRS have different energies, unlike the BTRS in 
[5]. Grama et a1 in their recent paper [4] present a global method to identfy all the 
S-matrix poles in the k-plane for a central potential. They came to the conclusion 
that a potential with a complex well followed by a real barrier can support two types 
of resonance poles (those localized in the potential well and those localized outside 
the potential well), which is consistent with our definition of PRS and FRBRS. Their 
work also supports our model [3] for heavy-ion resonances. 

The present approach for the analysis of heavy-ion resonance data comes within 
the general framework of potential scattering, that is if the potential pocket is highly 
absorptive resonances can be attributed to the barrier region. It may be noted that 
in the case of the l60 + I6O system, studies of resonance have been carried out using 
different approaches such as the orbiting cluster model [lo] and using shallow 
potentials [Il-141, deep potentials [15.16] and potentials such as the Morse and 
anharmonic well [S. 171. The orbiting cluster model essentially incorporates im- 
plicitly the spirit of barrier region resonances in the sense that resonances for a given 
I are in effect rotating clusters with a separation approximately corresponding to the 
barrier. The calculations based on the effective shallow potential is somewhat akin 
to the present approach. 

The deep potential approach [15,16] is quite interesting. This potential also gives 
a barrier position approximately equal to that obtained by using a global 
nucleus-nucleus potential. However, it  gives a deeper pocket because of the large 
values of the strength of the attractive part of the nuclear potential. In [16] the 
strength of the imaginary part in the pocket is 2.5MeV. In the absence of an 
imaginary part such a deep potential can be expected to generate very sharp 
resonances but their widths will be drastically enhanced and will be of the order of 
W if the imaginary part is present. Even in such potentials if the barrier region is 
surface transparent, one can expect resonances close to the barrier to be narrower 
because the imaginary part of the potential will affect them to a comparatively lesser 
extent. This point is illustrated using model calculations in section 2. These 
demonstrate the fact that in the case of a surface transparent potential (a small 
imaginary part in the barrier region and a large imaginary part in the pocket region) 
the FRBRS are more important than the PRS. 

+ I6O system the spacing between the levels is of the order 
of 0.6 to 5 1 M e V  [6], and hence one expects their widths to be in the 
kiloelectronvolt region. Hence, even in the fits obtained using the deep potential 
the resonances are perhaps dominated only by the barrier. 

In the case of long-range (16 fm) potentials used in [S, 171, the minima of the 
effective potential are almost at the Coulomb barrier position. Hence, by construc- 
tion, the potentials used are such that they generate PR states in the vicinity of the 
barrier. Such long-range potentials may have to be interpreted in terms of extremely 

In the case af the 
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deformed shapes of the colliding systems, whereas our model can be visualized in 
lerms of the usual heavy-ion collisions dominated by the barrier region. 

The approach in the present and earlier paper [3] essentially emphasizes the 
point that in potential scattering. rcsonances can be classified broadly in two 
categories namely pocket and barrier resonances. and in the description of heavy-ion 
resonances the barrier resonance is more appropriate since the pocket region is 
highly absorptive. I t  may also be noted that in 131 FRBRS has been applied to the 
I2C + "C and I2C + "0 systems using the model based on the resonances generated 
by the repulsive Eckart potential. Thus the results of [3] and the prcsenl paper 
complete the analysis of heavy-ion resonances in three important cases within the 
framework of the barrier region resonance model. 
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