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CHAPTER-I

INTRODUCTION

1. Dynamical Oceanography.

Oceanography is the study of the ocean in relation
to the earth's total environment. The study covers various
features of the ocean ranging from physical to biological

aspects. The findings have immense practical implications.

In Dynamical Oceanography ocean waves and ocean
currents form the subject matter of study. To explain these
two oceanic phenomenon, such as waves and currents we apply

the principles of fluid dyna mics along with those of
thermodynamics. The starting point of oceanographic motions

are determined by the systematic application of the fluid
continuum equations of motion and conclusion derived are

extensively used in the related field of oceanography.

1.1 Ocean Topography

The topography and structure of the oceans may be
divided into three major parts. The Ist part includes the
continental slopes and continental rises. The second is

submarine canyons, deep-sea trenches and abyssal plain,

midocean canyons and abyssal hills. The third part:is the



world wide ridge system and ridge valley.

The continental shelf which ringes the continents
and sloges gently ( gradient 1:1000) towards the ocean
basin has a width from a few meters to several hundred
miles and being mostly less than 600 ft deep. The
continental slope extending from a marked shelf break
péint to a depth of 1 to 2 miles has a gradient 1:40. The
continental rise, although it does not exist in all parts
of the world, varies in width from a few miles to a few
hundred miles, and has a gradual slope from 1:100 to
1:700, blending gently into the abyssal plain of the
deep ocean. The continental margin is the transition zone
between the continents and the ocean basins. The abyssal
plains situate at the base of the continental rise are
flat plains having a shallow gradient 1:1000. Associated
with them are small oval shaped abyssal hills formed by

continental sediment masses or igneous rock masses.

1.2. Ocean currents and waves

As preliminary to Dynamical oceanography, it is
in place tc mention as to the causes of ocean currents.
There are two main generators of ocean currents. The first
is wind, such as trade wind, cyclones etc. and the second

is density difference.



The powerful flow of air which moves across the
ocean surface in each hemisphere is known as Trade wind.

In northern / southern hemisphere, the trade wind moves

from N.E. to S.W./ S.E. to N.W. between the equator and
30° north/south latitude. Each of these flows initiate
the oceanic gyre of circulation in their respective
hemisphere. North trades/south trades produces north
equatorial/south equatorial current. Both of which move
west parallel to each other on either side of the equator.
These two currents are;separated by the equatorial counter
currents which runs to the east immediately north of the
equator and is fed by the two equatorial currents and is
a surface current.

The Coriolis force, and the shape and position of
the land masses affect the direction currents take. The

Coriolis force is the apparent force on particles moving

relative the earth when observed from the earth. For
unit mass, it is equal to 2V XS  where V 1is the

velocity moving relative to the earth and £+ is the earth's

rotation vector. The vertical component is negligible
compared with gravity and the horizontal component is
V x f,where f = 2 S™M@ (9 is the latitude) is the

Coriolis parameter. It is obgsrved that currents in the

northern hemisphere veer right and those in the south veer



left ar i the objects moving over the surface of the earth

de ate from their appointed path to the right/ left. in

the north/soduth hemisphere. This deviation of 'the currents
and the deflection of the moving bodies from their appointed

path occur because of the presence of the Coriolis force.

The effect is more marked as the distance from the Equator

increases, and results in the ocean currents circulating

clockwise north of the Equator and anticlockwise south

of it.
Strong and more well defined surface currents appear
on the western sides of the ocean basin rather than on the

eastern boundaries irrespective of the flow (northward or
southward). The surface currents form huge circular rings
in the ocran that move clockwise/anticlockwise in the

northern/ southern hemisphere.
Body of ocean water can be thought of as a set

of slabs, the top one driven by the wind and each driving
the one below it by friction. At each stage, the speed
of flow is reduced 'and in the northern hemisphere directed

more to the right and in the southern hemisphere directed

more to the left. This is due to the interaction between

the Coriolis acceleration and the frictional drag existing



between the varios layers of water. This spirlling of
current direction and decreasing velocity persists until
friction become negligible. The layer in which this takes
place is known as Ekman layer and the average flows in that
layer is at right angle to the wind driving it.There is
a vast system of deep water counter currents beneath the
surface current. This is known as subsurface counter

currents. Along with the surface currents, it also carries
million tons of water in the opposite direction.

Temperature ans salinity changes the density of
water, making it rise to the surface, or sink to the
depths creating vertical circulatory currents. The thermo-
cline is strongest in equatorial waters, where the contrast
between the warned surface layer and the cold deeper water
is greatest, at 1increasing latitudes it weakens, even
vanishing in certain polar waters. In the upper oceans,
from the thermocline-region to the surface are found the
variety of inter-related motions, internal waves, turbulence

and surface waves with whose dynamics we shall be concerned.

Ocean waves

Waves are the response made by the water as gravity

or on a small scale surface tension tries to restore the

surface to its original ‘evel when the wind disturbs it.



The size of the waves, both in length and in height
increases with the length of time for which the wind has
been blowing and the length of the water surface or

'fetch' over which it has been blowing.

When the wind stops blowing the waves do not
disappear. Waves travel over hundreds of Kilometetrs of
ocean. These waves running away from the wind which

generated them are called 'swell'.
We may divide the types of waves into ¢two groups:
(a) tidal waves ( also called 1long waves in shallow water)

(b) gsurface waves ( also called gravity waves).
Tidal waves possess the following distinctive features:
(i) wave length is large compared to the depth of water

and so the surface tension may be neglected.

(ii) The vertical component of velocity and ‘acceleration

of the liquid particles are so small as to be negligible
in comparison with the horizontal components. The horizontal
component of velocity is the same for all particles across
any vertical section of the bay or channels irrespective
of their depths.

(iii) Water level at the mouth of the bay varies harmonically

with time.



Gravity waves possess the following features.

(i) Wave length is much less than the depth of liquid.

(ii) The motion is irrotational as the flow arises

initially out of conservative forces.
(iii) Vertical component of acceleration is not negligible.

(iv) Effect of disturbance is noticeable upto a finite
depth only.

In order to study the above types of waves we make a
fundamental assumption that the squares and the product

of velocities and their derivatives are negligible, and the

wave amplitude is small compared with the wave length.

In this dissertation we try to give an elementary
survey of some important problems of waves in both rotating
and nonrotating fluids. The discussion of the problems are
based on the !

|

(1) Theory of linearised small amplitude irrotational

wave motion in a nonrotating fluid.

(i1) The theory of linearised 1long wave motion wherein

earth's rotation is taken into consideration.

The common theme of the problems is the estimation

of the response of an inviscid unbounded ocean of constant

depth and negligible compressibility to variable surface



disturbances about a state of rest or of rest relative

to the rotating earth, gravity being the only external

body force. Referred to the frame of reference pertinent
to any problem, the disturbances are either stationary or
moving with constant or variable speeds, they are usually
non-uniform and are periodic or oscillatory in time with
a constant time period. Slich disturbances can be related
to natural meteorological causes or to artificial devices
which are capable of altering a pre-existing atmosphere

ocean blanace in a significant way.

The generation of long waves by time dependent and
locally distributed atmospheric disturbances on the surface
of rotating ocean has always been a prime subject of study
for Oceanographers. It is well known that the free-wave
response of a shallow, homogeneous, inviscid ocean of
constant depth h to small perturbations about a state of
rest relative to the rotating earth is in the form of
Poincare - wave , provided the horizontal length scale is
comparable with the Rossby radius of deformation, (3h§6/bﬂ,
the Coriolis parameter f being supposed constant. The
transient barotropic response of the ocean is governed
by the forced Klein-Gordon equation, which according to

Gill [ 1 7] plays a great role in geophysical fluid

dynamics.



Standard tools for dealing with the problems are

Fourier transform, Laplace transform, special functions,
Neumann's integral formula [ € ), contour integration
etc. The solution of the forced Klein-Gordon equation in
the form of an infinite integral can be obtained by
constructing the appropriate Green's function as shown by
Crease {(17]. Because of the strongly oscillatory nature
of the integrands, accurate numerical approximations are
also not easily achieved and so one or the other methods
of asymptotic evaluation are proven to be cpnstantly

needed to investigate the wave phenomenon.

Various asymptotic methods used are

(a) Stationary phase method [ 4)).

If £(x) 1s oscillatory and large, and f(x) has a stationary

point at X i.e. f'(xo) =0, 0O <™ <% and f"(xo) <0
o : v
then the integral I(k) = _j PO e’ Fed o
o
2. {7’;(@ -t r'\/LI_'_O (l/“”)

- 2(r
R{—;}—{—T’—'(—io—-)‘ CP(‘K(DQ

If £f(x is oscillatory and large, and f(x) has a stationary
point at X i.e. f'(xo) =0, 0<cxXxgm and f"(xo) >0

m .
then the integral I(k) = J'cy(xj . LS
S

— 24 (x e
= {'W@j P o)

(b) Lighthill's formula for real and distinct poles. [14]

L f i) + LT/
' +0 ()



(c) Bleistein's Method [13]
When the pole and the station®ry point in the integrand

coincide this method is used and is discussed in detail

in various problems of the dissertation.

We now give the chapterwise arrangement of the

dissertation.

Chapter II is set out to study the problems related to

unsteady as well as the study-state wav e system in a
nonrotating fluid due to moving or stationery oscillatory

surface pressure.

Chapter III is devoted to study problems related to

rotating fluid due to periodic surface pressure.

Chapter IV contains problems on storm surge and monsoon

with reference to mathematical models developed for

prediction of storm surge and monsoon.

* x k kK



CHAPTER I1

ASYMPTbTIC ANALYSIS OF SHALLOW WATER WAVES DUE TO AN

OSCILLATORY SURFACE PRESSURE DN A NON-ROTATING FLUID

The purpose of this Chapter is to give an elementary
survey of some problems of wave motion in non-rotating
fluid.

The main objects of the problems are to determine
unsteady as well as steady state (when it exists) wave
system due to a surface pressure distribution of the
form F(x,y)eth H(t), H(t) being the Heaviside unit

function.

The discussion of the problems is based on the
linear theory of infinitesimal gravity waves by Wehausen
énd Laitone[ 2] . There the velocity potential integrals
for the general initial value problem with an arbitary
law of time dependence are given together with those for
the steady state problems with harmonic pressures. The
average rate of work is also mentioned. Choudhuri { 37
applies the method of multiple Fourier transform to solve

the general initial value problem with harmonic time

dependence, assuming also a sudden 1initial rise of water

-

level. The ﬁethod is also applicable to the case of arbitrary



time dependence to the pressure function. Asymptotic
analysis of wave integrals obtained are carried out for
large distances and times by the method of stationary
phase. He also evaluates in exact terms the steady-state
solution: found for a large class of function F(x,y) by

direct passage to the limit t —> <@ |

—~0

A brief statement of the problem

Let x, y, z denote the rectangular cartesian
co-ordinates taken in such a way that z = 0 and 2z = - h
are the undisturbed free surface and the plane bottom of
a horizontally unlimited mass of fluid of constant depth
h.

A wave motion is excited in the ocean by a sudden
surface displacement go(x,y) at t = 0 together with a

continuous surface pressure,

B(x,4t) = Fli,9) e @, £>0 (11

With usual notations, the well known equations of motion

and the boundary condition for the 1linearised theory are
2.
< P = O (1'2J

P = 0 on 2:——L\ (13 )
ot !



x >
% = "(?a—g)z:o , 20 (25)

2% 3P  _ ' Db, _ :
_552 +9 % = _ﬁ 2=0 (1 6)

The prescribed initial conditions are

s (x,y,0 = 3,(% ¥

CP'Z_ (xj ¥,050 = o)

(17)

The preblem is to find a solution &? of (1.2) which
satisfies (1.3), (1.6), and (1.7). € is then obtained from
(L.4).

Solution

Equation (1.2) is transformed by using the double Fourier

transform

7 L » 4+
Cb("ml s Mg 5 % t) = El{—,ffc@(%, 21/2;%,) = (m' MZ:D
—o° X dox oy

Solving the resulting differential equation subject to



(1.3)

CI) = Q(’Wl, ,W2/£> cocgh m(z +H)
7_)%?/ (2+9)

where T = (fm;l + ™M,

Transforming the equation (l1.6) and using (1.9), the

resulting equation in C comes out to be

Lot

D*C e - 1we — .
St - + o C = Pcoshmh F(mlomg (’1 10)
where

and F(ml, m is transformed form of F(x,y). The solution

o)

of this equation wunder the conditions obtained by trans-

forming (1.7), (1.4) and wusing (1.9) is

C = <cosh MH[{gso(m, . ’)"7*12) + ﬂt}_’.ﬁg_}s]nqt

. t
+ LF@—- F(”“l n“mz)f et @S sih.cr(t-s)olS]
0

Ihversion of (1.9) and (1.4) give finally



- 15 _

T an jf C%Eicr;gzni:) —L(mm-}mly)[él’;(m. ™)y

t .
s "‘l—- . t
syt 4+ & F(m(,mgx{s\mqt -} Lcof QLCOSX

0
Stna(t—s) oLs}JoLm.dm

(2-11)
— L -1 - mk—i-wml\&()
aps = Flupet 4R & ([ [
a?§o(m,)mgg\m(rt -+ kal,mz)x{sfmtrt-{—

t .
+ {_Cﬁfe.l-wss'th, Q‘(t—S)OLS} dmydm,
°

(111)

9'0 .

t

= —Flu ™ + 5 5] Slmma semb
-_— O o

i £ may) 2) 3

ol IOL'YV\L -— —a—a?z_“‘_ 'a'T; ' 217

- o

-1
(q?-_ o) (Cosq-t -~ cos wt) F (m, g’“?) o

AT (1:13)

The various differentiations under the integral sign hold

when disturbed surface area D 1is of finite exfﬁ%':ljffwx



Asymptotic value of S for large distances and times.

In the expression (l.12)passing to polar co-ordinates
( m )\?9 and (s, @) in the ( m;, m,) and (X,¥) plane
respectively and replacing s by ts, then
the part of these integrals containing w 1is written

first in the form

i :
& D twt () -8)
g = I ot tj € © Jo ds
o]
where
ofr oo
Jq - .%if ciquf‘fﬂfili ;;(?YLCOS'YP, 1*15tHJW9 x
] (o] v
Oy (™) o LP Pl

FE’ = FE('hmaﬂys 3) = thAf§¥;3§Z$JI?§]§ + (—l)3 ™o X

cos(wv=-6), =12

j,m = 252%’ is a monotone decreasing function in
o ¢4 ™ML 0
Thus there is always a single +ve real root ™ :-/LCW;SJ
of only either Pl,m = 0 or P2,m = 0 according as -
cos{w=-6) is > or (0 and ks NaR > 1

P



Applying the method of stationary phase [4] to the

integral Jé,

v
| AL — .
Ty ~ EJ oy . T F(AACOS'\}P) Msun_r\@x
cos(v-9 >0
Vy y
2f > Lh e, 1 Ay x
e + =
-r P AL, S 2
(s e
Vo .
M F (mcosy, A SImAp) LAl P
() - r Puu (&)
114
w"\e(ﬂe ( )
Pify,s) = tsfgactarhah & (acos(v-9
.
4P
Therefore (1‘1%@

C?j,\{,,:O when ’\}fti&)ﬁ—i*&
)

,@j)“}”?’ln}n:@)'ﬁ—f@ =0<(33,

andal
tsWg W +/\/€OJ\1L\°("\ Il sechtah | = 4
2n o X

(1:15)

Applying the method of stationary phase again to (1l.14)

VI : .
3/7" F (x (oS8 ;2 simg) e'"Pilx, 855 tts complex

~~ -~
-— D =
3.2- - hq’(a{)( Pac o« (0(,53

/

romquﬁal‘e whern ts Vi >,/ n > .- Lo

- S s (t15a)



and when r4{ téx]:;—fl , the <contribution of the. first {eha'n} of T,

[

above to I s

Yo

0<~ - .

LIS KCOSB, X SIMB)X

% %{tj G‘Lc()< 'pxo(io(,s)J F( I )
h/tNgh

Sewled )

i
where W(OCJ S) - tS(g%'ﬁ&ﬂHo(k)/z—xh‘L Go‘t(l-S)/h

L
wicH = 4% = t[(go(tanho(k) ]l

w9 .= & §% >0
Now W'(s) = 0 gives o« tamh«h = w™/ ¢ (1169

This equation has a single positive real root « = ()

(say). By (1.15), the corresponding value s = Sq is

po

Se = r/ct)
where @'17)

C = (23 cooco)-' [g w4 h (a(}g"‘ —-m‘*)]

|

The stationary point of w{<, s) belong to s-interval in

(.16 ) 1if

[h/t (gh)vz L so 41

The right inequality gives n < ct



I1f, however,

ct ¢ » <« tJgh
there is no stationary point in the s-interval concerned.
A similar process shows that the corresponding phase
function in the contribution of the second term of % @ise)
to J, has no stationary point in the same interval. Fer (1:1&)

1

Applying the method of stationary phase to J the

l’

remaining parts of the double integral in (1.12),

yields the term obtained by replacing 3}9%(3)&0399))5»7159
by F(YCose, 'i)sf‘h_&)

3 |
3f§f\/é’—(_'}5%37)— Xke[{gp;o(mos&’ vsw:_@) +
F (Y coso, VSIn@)}eihP(Q)S)‘] +

(15 V2 (22)F (<5050, % 5ims) ©
Fyt2 < wheh  pcct<tdgR

© when ct <hdtVaR (119)
ﬁPé‘r\/o when "b>{}\7§r'1 LY,__>OC>

(@t~ b +371/4)

whevre Vv s the real +ve oot of (1°15), fok 3 =1, k< tVg]

l 1
anel where P'j),)(.v) = pj)vl) (%@)/ J = 1,2

/

Value of % in the Steady state.

In (1.13) a change of variable to polar co-ordinates

( m,vV) in the ( my mz) plane 1is made and introducing

the following function



-
th

2

— " F (mcosv, ™ sl ”‘-‘V> X )
£C1/§,7ﬂ) _g _L7n(¥105q“+vs‘hﬂa
e CHY,

- H P, ) To (mR) A 4P
D (2'1)

V2

R o= | b (5"

observing that,
(> ) = d(m~3/?') s m —> 9
:F /’\J)m - '
Integrating .by parts the second term on the R.H.S. of

(1.13) and as t —> < , it tends to zero.

Hence finally (1.13) reduces to o0
- -1
Lt R - J -
0
@osqﬂ:— coswt) dT, (202)

where

M(T) = W?Lf%fxlfgjvvg %%%;// (q~4-a0 (2-3)

The part ( 0,%2 ) of the q -range of integration in

(2 7 2) becomes
/2.

oW -
— coswtf M) (g - o) IoL‘I‘ (2:44)
o)



and the part ( w/f2 , «© ) of the o« -range of integration

by Bochner's theorem [ 2] and as t —> .o amounts to
-/ .
- cos wt PV J MDD (¢ -w) T - 14 sihwt M)
0y (2'4!3)

Applying (2.4a) and (2 .4b) in (2'2 *) and then (1.13)

finally becomes as t —» @
B ( ) Lot + wle“*’f iy Stnh 2<ch ff
9r5 = - Flx4le 263 72 Sinhfdy T ho /3

F, B) TolxoR) dx 413 _ffDF(x,]z) e oA B X

>q
2“I0(7LF0 ,
x‘PVf 2tarhzh — 037-/‘3[ Az (z€)

To find the principal value in ( 2.5 ) we regard

g as a complex variable and 1integrate the function

(1)
0

with centre at z = 0 and radius R, = ( v +1/2)TT/k in the

e

f(z) = z H (zR) /(ztanh zh- @/g).along a semicircle
upper half plane. The contour is indented at z = 0 and
z = %Xg to account for a branch point and the real pole
of f£(z) at these points. Here HO“) is the Hankel
function of the first kind of order zero.

Now by Cauchy's residue theorem

P o T (zR)dz _ 2 o e .2 heol —q a®
PV[ ztankzk—col/‘é B 43 231 s ko(kSR)/< ¢

A | S= 4_;\32k39
; - (227



where k's satisfies the equation ktanhkh = - CDE/@-

and f(z) has n purely imaginary poles iks, s =1 to n.

Ko(z) is the modified Bessel function of the third kind
. VY2 -2

of order zero, which varies as Z'Q'e as 2z —» °©

Therefore the series in ( 2.7) converges rapidly.

Observing that

7 v
, - os (W -6)
:]—0 (.)cl) — EL(—] f eLx C ( d/\k y
-1
Y = tan H—ch
and . >

sinh?«y + h wl/@

¢ being defined by (1.17). @ .5) can be finally expressed

as

10
905 = - F (%) oot + Z:"("(C’ wfe )f? (ozocosf\}/’) o(osmn{f)
- -1

N el(wt + /o — Ly P cos (¥~ o) Ay

Lok
_ o wre® ff F(x, p)d<dp X z,jo‘x .
D,

2109

- 2 2,2
s%\ ks Ko(ks R)/(L\co" - 3&37- + hg ks)
(2 %)



Some characteristics of the Motion

\

In the unsteady state, the motion has the

following characteristic according to (1.14).

(1)

The disturbance is mainly confined within the circle

Cyt r = tdgh
Inside Cyv the nature of this motion changes sharply
across the circle C, : r = ct. Within Cor there are

both dispersive waves and dominant progressive waves
represented by the two terms of the right of (1.1%)
taken in order. The diverging progressive wave 1is of
length ( 217/40 ), fregnency /20 and a direction-

-1
“ /2

ally variable amplitude diminishing as Between

C, and c and possibly beyond c the progressive waves

ll
disappear and dominant waves are dispersive in
nature. Analytically, we have an example of the Stokes

phenomenon in this change of character of the asymptotic

expansions across the circle r = ct.

As t —> o« , the wave motion attains a steady state
everywhere as given by (2.5). For large values of r, the
steady state motion amounts to the same .diverging

progressive wave found within c, together with a

2

stationary wave.



-2 -

Thus asymptotic development obtained by Chaudhury exhibit

a change of character of the waves about the circle r = ct

( i.e. where the station@ry point coincide with the pole).
This is also a non-uniform expansion in the parameter

( r/ct) and valid only when ( r/ct) is bounded away from
unity. C.R. Mondal [ 5] uses Neumann's integral formula Le)
to find the solution of the problem of waves generated by an
initial surface pressure F(x,y) exp (iwt ) on a nonviscous,

horizontally unbounded liquid of finite depth h. 1In her

paper an attempt has been made to determine an asymptotic
expansion of the wave integral for large ( a}%/g. ) which
shall remain uniformly valid even when (' r/ct) is near

unity. To gain this objective a method due to Bleistein [13]
is used and the final expression leads to the two limiting

cases r/ct <<l and r/ct > |

A brief statement of the problem

¥

Let ( r, ®, z ) denote cylindrical co-ordinates

taken in such a way that z = 0 and 2z = -h are the
undisturbed free surface and the plane bottom of a

horizontally unbounded mass of liquid of constant depth h.

A wave motion is generated in the ocean by the continued

action of a surface pressure over a region D,



starting from the moment t = 0. With usual notationn
the well known equations of motion and the boundary

conditions on the linearised theory are:

Pen + 7 Pn + 7 Pgg + Py = O (32)
P, = O 2= —h (3+3)
F'h = (@)e-06 — 9% (3 4)
Se = ~(Fa)eog, t >0 (- <)
Py T gP2 = Flht ‘2=o (@ ¢)

The initial conditions are
$(x,y,2;0 =0 ,350xy;0) =0 (3 7)

Our problem is to find a solution qDOE (3.2) which satisfy

(3.3), (3.6) and (3.7). % is then obtained from (3.4).

Solution:

One can represent the function G(r,?d) by Neumann's

integral formula [ € ]

20 G(r,0) = kc(kff (R, ©)

% J‘o[k{R +l° —2’RhCOS )} RdR d®
(3'8)



Since the function

Io[k{R 4+ pr—=2RP COS Q 8)}1((381’\ L&('Z"""‘_)SECH[(L‘

is a
Solution of Laplace's equation (3.2) which satisfies
(3.3), the velocity potentialt? can be expressed in the

form

®(r, 6 2;t) = fk dk Jf (. £) cosh k(2 +h) sechkh

& (R, 8) RdrdO (3-q)
Substituting for q3 in (3.6) and (3.7), the equation for

c, comes out to be

1

1}

Clee +cr2C, 1twexpliot) (3°10)

Subject to the boundary conditions

1: gk t%hk"’t
The solution of (3.10) under (3.11) is

t
C = Tlsin Tt + Lmv”'fsintr(t—s) ex]a(icos)q,S““(&i&)
0

Following a transformation to cartesian coordinates

(r,a)—=>(x3%), (R,0) =(x,B), G(re—> F(x1y)



the expre551on

i e anncos o 53}/2] :{{x I (4 P)}

11
_(fzﬂ) Jexp( tkR'cos v ) dy = (1) jexP{ LL(RC‘OS("{" y}d'y
where
R'T = (x- oc)z. + (3__ }3)?- Y = fah{(y-—]s)/(x—o()}
using {3.9) and (3.12%) in (3.4) and following the above

transformation, (3.4) finally becomes 1
9ry = -r(» y)exp (fot) + (2n) (a/at)fkdkjv F(kcos#”
smnfﬂ) {sun&rt +LCOJSIH.Q'({:—'S) exp(tcos) o(s}

X QXP{‘ tkr cos( —-@)} Ay (51¢)
where
F (kcosr\{», ksanql») (2r) ]J—F(oc/]@ Q)&P{Lk (o( cosy +f3 slh\{,ﬁ)}ollxo{ﬁ
(3:17)

The expression (3.16) agrees with one obtained by Chaudhuri
[ 37 if the initial rise of level assumed by him is

neglected.

Uniform asymptotic expansion of %

The s~integration in (3.16) is first completed.

The dominant part of the asymptotic value of S5 are

determined from 7Y -integral of (3.16).
writing

Q(rq») = cos(ny—&)



The zeros of Q/(W) are

N o=6,1f+0 when 04 6 £/
and Y = 6, 6-1i when n<g <21
With kv S 1 , the method of stationary phase[ 4 _}

gives

'L(gﬁ b)yzgfg- = (S/d’{:)fo(k'/’-[expgi (ﬁ/l, *-‘W’)} F (kcos&,l«sina)
K
+ QXF{‘ L (ﬁ/lf - k"‘)} —P-;(- kcoso R —ksin&)_]x

[(v-_c.g)q{exp({qt’) - exp(iw/t)}— (0"* &3)—2(

{exp(—iq{)_ QKF(Ccot)} +O(h,_:/z)ou<
' (219)

where r’/ = r/h

The part of k-integral of (3.19) of which the integral
has both a stationary point and a pole is

oo
- 1

L, ={(cr—co) K™ F (kcos@, ksing) X
*QXF{:LY’ (vt/r -k)+iﬂ/4}olk

(3 20)
The stationary point k = kl(r/t) is the real positive r oot

of the equation) q-’(k)t/;ﬂ -1 =0 ’ (3' 21)



This root exists when ( t./gk~/ h) > | . The pole

k = ko(a) is the real positive root of

ktanhkh = 031‘/8»

when the stationary point coincides with the pole i.e.

k|= kO, from (3.21), it becomes

- / 7
P/t = cr’(ko) = (J?}—[I/Q,) [(kk) /zﬁa%kL)/z-}.(khco{LM\)secw'wl]

k=To
= ('P_kocoa)"[:%wz + h (gzk: - 034)] = C

For large r and t , the asymptotic expansion of I”
is obtained by Bleistein's method! [ 137} which will remain
valid when r/ct is near 1. For this purpose, a new

&
variable z' defined by the relation

(wt/m —k)=(0t/r k) = ~(£' 22 + az),  (3:24)

is used. Here z' = 0 corresponds to the pole k =k, and

a is a parameter set in for deséribing the distance

| ky=kg | which is found out to be

@2 = - Lo L) tlan} (k= k)"
- Va
L a :ilko—k,ltrﬂ(knf/h:}

The positive sign of 'a' is fixed by requirement that

=IN

Z’)Z,: o Should be positive, so that

sgn a = sgn(ko—kl).



Taking

- Vo _ I - . "
(U_—"w> k/Z‘F'(kCOSQ, L(Slh@) 215_2/ :(A/Z )_\_ ;Ph-('zl'*'&)

which gives
~\, V2
A = C ko F(L(oC.OSQJ chlhg))

and

R :h{kZZ/C(ko—kl)}x?(kocos®, kssln@)
+(k:/2—/{<r(k.)—m}) x?‘(k'coso P klsm@)]x "
[r/tltr”(k,)lj

For large r, applying Watson's Lemma [’16],, the integral

Ill finally becomes
i”’\’ exp {i. (ha’l/.z + wb - kyr +JT/L,)} X [Af, 2"le><f>
o 2
{—-L (h/z) (2'+ aDZ} dz' 4 Poj[ exp —%“‘”/2) (Zl’fogzjd’l]
2I

- -1
—— QXF{{_ (ha'z‘/,?, <+ oot - koh +17/4 )} x[/-kj((zl-—a) exp
("L”°ZF/2)CAZ', +'j%;{ QXf>E~1Zn2f/2)dnJ

= -1 (1+L>/-\ sqn o CIS(pat/2)- exp {1’. (Cot — kyh +j?/t,)}
+p (/P> (1-1) ij‘)i{(ha}/z + oot~k +ﬂ/z,)j +o[~"")

(3 30)
where CIS(x) = C(x) + i s(x), C(x) and s(x) being Fresnel's

integral. The two terms in (3.30) give an asymptotic expansion

which is uniform when |1 = (ct/r)| £ constant.



The asymptotic values of the other pertinent

k—-integrals in (3.19) are

(i) exp( Lcot)fk (keossy ksims) (1= o) exp (- thr)eth

-ﬂLC-lk /ZF. (k (‘_OSs) k S\RQ)QX'P{ (ﬂ)t—'k‘ h)}‘{' O(Y) )

UDIJQ(W“%aif|E(—kcoss,_kéh6>£xF{i(kw-qi)}&k

-l -1 s - .
s Zﬂ/thu(‘ﬁ”‘]/z v‘(k,ﬁ-&-wj k,/ F(-k,co\s&J-k,S 9)

X exp[—-L{ T ()t — kv —n/z,}]x H(tJgn /P =D)+D (¥ 1),

rk,>> 1. (3'31)

With these values in (3.19)and replacing ra2/2 by means of

(3.24) with z2' = -a, k = kl both before and after perform-

ing the operation by 9/9§ the result obtained is
385~ [’(ﬁko/g")yz (/03§ 1 = & exp (La4) syme
CIS(haQ'/?f)} x F(kycoss, kOS‘“@)Q"FEi(wt'k"h_,
__ﬁ/‘f)} + i‘q(k,){ht[cr”(ku)I}-sz{k:h[@,(“ﬂ""]
X F (kcose; , kysime;) = @kl F (kocoso, kosing)

([ (vs] } rfe e

15 gvt q— (k,}]} v(kD EC]‘CRD +co}

X_F(‘I"/COSSJ —k sf%@) 2xpP {—1 [Q (\kD'*: k, n:]};]

xH(tJIR/r =) + 0(F7T¥2) e ke



limiting cases of (3.3)

() If k /ky>> 1, then  o”/(k) <X 7 (ks) or

%
h << et « E(S‘\) 2. . Under this condition a is

negative and ra2/2 > 1.
The wave system as observed from (3.32) generally consists

of dispersive wave accompanied by a forced progressive
wave of velocity w/ko. The latter constitutes the dominant
part and possesses a verying amplitude expressed by a

certain,combination of Fresnel's integral.

(I1) If ko/kl'>> 1 , then c¢t {«r and for sufficiently
small values of c/lgh we see that the progressive wave
disappear and the wave motion is wholly dispersive at

places for which ct L r

We will now discuss the problem of small

amplitude surface wavesdue to an oscillatory pressure
on an infinitely deep single fluid, initially at rest.

This problem has been considered by several authors

(Debnath, [f ], Miles [ 7], sen [ 107 either in two

or three dimensions. The asymptotic behaviour of the

unsteady waves presented by them does not remain uniformly

valid through the transition zone. Mahanti [ 117} tries



\
(e8]
o

|

ro find a uniformly valid asympotic solution of the
problem of unsteady waves resulting from the pressure

. ] ,
.f(r)e1Wt x H(t) where r = ( x2 + 22)/z’ H(t) is Heavside

unit function. He uses the method of Vander Waerden

and stationary phase principle for large r and

Solution:

The integral solution for the surface

displacement ‘5E8] is
fk N j (k) dk
= e. [ (t -p) + 1 (*i)"h)J‘}*

5/2, ?f (1 R)l/l.

/4
€ rle, e+ (e ) (1)
29/2‘3f C,TFRX l/2. P
o> oot 2 et .
) - T(IH)e — 2T e ~ikr
ILi(E ) = jo\m{(k) P -
~ (2)
7 - i (Tt ~ ke
12(-4:,‘0:[ Vi T F (k) (v + @) eL( ) ol -+ (3)
)
wpere v':,\Eﬂ}) f is the density of the fluid and

a bar denotes the Hankel transform with respect to r.
It is noted that the pole of the integrand in (2) is

k = Cﬁl/a— and the stationary point of the combination

Tt - ky is kK = gtz/l,p”-



Applying Vander Waerden's method for a uniform
asymptotic expression of Il(t,—r) in the neighbourhood
of r = gt/2w which arises when the stationary point

coincide with the poles.
writing
oo

§ >3 (%/9) (o - co\)-| X

ell.(q't"‘q'z"’/a)dq_ _ /«IQ.LCOt(‘g)—S/ZX

I - %L -l - le™
%qéf(q /3)(“2"031) e ni da
o

~3/2

I, (k,-r) = 2(

(4)
where the path of integration passes below/ above
according as W > 3t//zn . The first integral
of (4) above, after introducing the new variable

> = v/ — 9t / 2r o assumes the form

- . 2 Pt n?
jgl}lf CHANCEEON ‘f‘EJ S T o
(s)

i Nl -1 -1 O
T F (YD (v - @) gizf’ = Alz-12y) + %:'thh

(e)

where 1z = (z)¢ =
A and B0 are found to be

A = or § (©*/9)

2« olat/ae = ! [PE)e 2T (32140 - P37



For w"r /9 5»! , application of Watson's Lemma to

(5) and after (6) 1is substituted in it, we see that (5)

is asymptotically equivalent to

-7Ndz A Q‘L(wt - w'r/o + /) CLS(CDQ‘V’ 202/3> $YT 24

g o el(afl/l‘h ~5lu)

41 W
where
2 oLt
. ' — Jk
Cis(») = C () + tS(x) = ‘(
o] v ﬂt‘
Again for QFWajj >> | , the second integral of (4) is

equivalent to

AL T (S TN
<

Hence the evaluation of Il(t9—r) is completed. The remaining

integrals in (1) may be evaluated by the method of stationaery

phase lel for r >> 1. Therefore, the final expression

for =% from (1) can be written in the form
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T > (@73 ' Deos (P 2l }s T Zo X
R Wl%—n(l«k) (3 ) 3

i(wt-dlwﬂ—%ﬁM> iﬁ?/?”pf(%074wﬁ—&ﬁf@b@
= M V3 f gt (t/2p - @

‘ - - 3t/ 4,
el(j{_?*/l("’) T ge2F (gt%/uvr*) e +

272 ppi (9t/z2n t ©)

OCr 3%, S>> (@)

This result is uniformly valid with respect to gt/2ro
in the neighbourhood of gtfR2rw =1, v —> <

We further note that the dominant contribution to =& is
a progressive wave moving with velocity g/e . In the
limiting cases i.e. when gt/2re >> 1, the dominant
contribution to % is nill and when gt/2rcew << l‘,

the dominant contribution to % is

L JER P F (e2%g) o i(wt~ /9 + 7?/1,.)
/2 Jn
s

Lastly we will discuss the two dimensional initial-
value problem of waves due to an oscillatory pressure
moving uniformly on the surface of a fluid of depth 4 and
density §, , overlying another fluid of depth h and
density it .. This problem has also been considered by
C.R. Mondal [457 . Here the integral representation of the
displacements of both the free surface and the interface

are obtained with the help of the integral transform method.

To obtajn the steady-state solution of the problem at large

distance a theorem due to Lighthill[34] is applied.



Formulation of the problem

A heavy homogeneous fluid of density f, and
of uniform depth é lies on another heavy homogeneous
fluid of density £ ( % > £ ) and of uniform depth h-d,
both fluids being of infinite horizontal extent,
initially both the fluid are at rest and the surface of
separation is a horizontal plane. Waves are generated both
on the free-surface and on the interface by the action
of a pressure distribution f(x) exp (iwt) which is
suddenly applied on the free surface at the initial
moment and is then made to move continually with an

uniform velocity V.

For the two-dimensional motion in the xy-plane,
a coordinate system 1is chosen with the origin on the
undisturbed free surface, where y-axis is positive upwards
and the x~axis is positive to the right. It is convenient
to pos; the problem in a moving co-ordinate system in
which the origin moves with the velocity V along the
positive x-direction, so that the applied pressure strip

is fixed with respect to this system. Let y =N ( x,t) and

y = -d + 5(x,t) be the equations to the free surface and
the.surface of séparation respectively at any subsequent
time t. With usual notations, the linearised equations

of wave motion and the other necessary conditions are



(L) vl?j = 0) *x € (—"0/ —o)/ g € L— 'O——] ‘jel_—h/—‘dj
4= 2,1 QO
(L) f{l by + Pop —V Py +3N =0, -l =y<o,t>o0 (2)’
My = VM, = Ppyy Y=0, EJO @)
-1
(i) f (#,' Pogel) + Py - VPix + 3 (ytel) =0, 4)
—h <y <<, £>0

where @;(x,y,t) and pj(x,t), j = 2,1 are the velocity
potentials and the pressure for the upper and lower fluid

respectively.

(iv) The interfacial conditions are

= O(Piye = 2V P T VE P + 9Fiy) /“_13"“*"'(5)

— 9
“?vj = Fiy > J = - X

(v) The initial conditions ‘are

4 = 0, (j“L %’1>



(vi) The condition at infinity are

(vii) The bottom condition is

Py =0 om 3=-h ()
the suffixes 2 and 1 refer to upper and lower fluids
respectively.

Solution:

The non-temporal part of the applied pressure f(x) is assumed
to be a generalised function. The Fourier transform of P
with respect to x 1is denoted by P :

$(k, wit) = @) [ f e, y;t) exp (-iko) e (10}
Application of the usual Fourier transform method followed

by a slight simplification enable us to write the following

solution of the system (1) - (8).
97 = [—iq-, Apenp (v ) E ]+ T Ay exp{l (vk-m
— 1T, A exp{i(Vk-fvy}t}-LtquqeﬂP{f(Vk‘GQ{}

- § (e -v)p 4 ﬁ“—F}«xP(cww] (1)

Where Al, A2, A3, Aq are constants and are given below

A= L f @ kv % s-kv) T+ Rk
' 2, T, (T - v;)[<r,-a>rkv (e ) )} +
+ Y 2 f
- - -_t
e ey T," + (-kV)(kv “iy+2ﬁ¢mm1—nux

x[a)(a)-—kv_‘)i- 3ktkde 9
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A, = i

T (- kv)
A CATC RS

{(w—kv)'z‘k?\(k)ﬁ_ +f
T to-kv

26T (T ~q,2) .

x[wz + (w kv)(kv+<r®] ;?:FTFETjTF?Y{;J(m—ka+3ktkh{]

. T4
As =

(e0-kv)
21, T, (d‘, —:r)_)

T,-© +kV {(w_kv)l N Q(k)}]+ 'z?zi{

Tz@“ll‘%_l)

£ ~tv)+ gk Ehkel
A Lq-“l'*- (w-kv) LKV - Tl)——l t Zfzq-z ((T'll —"rzl) [w(w V) ]

(t2)
w Lood fonrs nen]] - e
Ay =~ 2, @, (- q‘zj[ T, -0 tkv
£ @ (- kv)+gkthk kel
X [:q"’l t (w—kv)(kv—{.q‘l)j T o2fTa @*- TLL.)[ ( ]
(€=1) 9k th K(h-<l) _
RCk) = L% € £h kd AR kK (h-d) and . e = fo/f
Pk = -'{(o KV + ’l(k)} { CRIZORICY

T VIR St - (- vid ]

The quantities + T * T are the roots of the
frequency

(0
equation
4 _ Ehked + &k K lh=d) o2
TS IR TTeth kd #h k (h-)
(=) g k™t kd thk (h-d) _ 0
bt & thkd #h k(h-d)
According to

a constant

Wehausen [2 7] and Mahanti [14]
h

there exist
0 ( 0<h, <« d)

0 such that

0s)



Applying Fourier inverse integral,
oo
m = (7_{;)—’/z.f M oexp (Lke) oth
the surface displacement % can be obtained.

To fi(nd the integral’representation for the
displacement % we notice that pl = p2 on the interface

y = -d+ B8 . Therefore from equation (2) and (4)
Po(Fak —VPax +98) = £ (Py — VFAx +9%) for ya-<

Applying Fourier transform in this equation and after

some simplification the result obtained is

{i (- e)s’%}? = {vf* P (k) ~9 kT, &.(k)} A exp{{ (wm)t}

~AzexP{£(vk—th}]+-{qfﬂﬂu)—skqaedk%x

[A3 exp {i(w + Tt } — Ay exp {i(vw%}iﬂ

+ {(w— WAZ RO — 9k (@ = vk 8 ()P exp (cot)

'LE""?(CJ"VK-D’L P, (kD exp C‘wa:) (IG)
- 2
Where

P(k) = ¢ b k(h-e) oh ked + € sh kd

O (k) = ek k (heel)zl kd te b kel

The displacement °S is obtained by the Fourier inverse
transform formula



Asymptotic Analysis of M and S in the steady

state ( t —> =~ )

The dominant parts of the asymptotic values of

M and B in the steady state are determined by the following
result due to Lighthill [I14):

If f(k) has a simple pole at k =2, then as (x| —>°

b . .

j{(k) " ok = 1misgn x. (Residue of f(k)elX¥

- at k =« ) + 0(1/ Ixt ), when
a <« < £ b - - (k)

We first express " in a suitable form. Equations (1p) and

(11 ) together with the expressions on (12) after transform-

ing the range of integration to the positive k-axis give

the following expression for m

y
@ﬁ)zﬂﬁﬁ = M4+, M,

')LI = - exp(dwt)J (cr,l- \'rzl‘)—' (- vk)l{(w-vk)l'*' R(k)}-’(
o

{qu_n (- viOt} 'x F (k) exp (thx) etk

— exp (L’ot)f (v~ — vzx)"(to+ vk)z{(o Frr)*+ R (- x
o -1 .
{qu_(w-kajl} x?(k)eprwkadk
o < .
‘V2f0ﬁ3~qfsA(u-VO{(w—kaﬂ+R(@}(m-Ho»vwx
’ f(k)*”P{{(kx+ VK-FVt)}JA +

[comtd]
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?(k)exp{‘(kx+m,t)}dk+
‘/zJ(T, —TQ (LD*'VK){(CO-{-Vk) + R (- k)}(q-, - vk)x
£ EK) qxp{ C(k>x 4 vik- T,t)}OU\

o

_l/zf(v‘, - vzz) (co+vk){(co+l,k)7-+,u k)}@-‘_gco-ewox

(-k) exp{ kx+ vk 7. f)}cu\

q] —_ *QXP &)t)' ((:r" —q'zlj ([.) Vk) %(C‘J-—'Vk) + R(k)’;x
2 (L
{ S (e V‘Q; f(k)QKF’(U‘V-)d“I

+Q"P(cwt))f(<n’"—7‘z’~)—'(w + vk)lf(w+vv\)l+ Q(—k)}x
{Q‘:‘— (w+vk)2'}—',(?(k) e xpP (—-tl«‘x)cU(-i-
-
7_3—'(&)_vk) i(w-“vk)’—-f- R(—k)}{@z{*a’)—vk}x

o
+ I/?_‘('(q_il_ T
o —————————
A (ke vk*q”zf‘)}oux

x § (K Q"Pgt
—u/—,_J (e — ) (0= VIO T e VK)l—%R(*k)}{wz-,—ca-vk}}l

x-f(k)»exp{ (k> + Vit T2 t)}cU\

_.\/')_J (q’:‘_— q-zz_>" (&.)-t-vk) i(@%—vk)q‘ +Q(—K)} X
o)

(T -0 = v;q”‘)( f ) exp %—L. (kx +vk—<rz't)}dl<+‘
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sy [t e v 4 v e 0]
[&]

(v,_-a—ca + VK)_'X .-f(—k)exp{q.'(kx + mrt)}dk

M, = ‘/7_]; (- o) [ {vzl-r (e ~kv)(kv—<r,)} o Tt 4
+§r 4 (o-kv) (kv =) } T2t 4
-+ iq]l +.Uu—kv)(kV'fviﬁ} efiqit] X
7 (1) otk (et V)
_.l/z f (v -m,)"! { W (- kv)+ gk th kd}x

LT — Lt 1Tt~ Tyt
)\(re1't+eL‘+ez+e )x

L T V)

b

Yo twk
- @_’n) £ =

The contribution of Obg to the steady-state value of 7
will not be considered any further because the integrands
therein have no poles. Now first we consider the integral
in Wﬂ. We see that the poles of the integrand in ™M, are
the points where Ty - H+VvKk =g, T w vk =0,

Y - - vk = 0,



These poles are located as the points of
intersection of the curve y = <, and the straight lines y=vVk-w
y = -VK + w, Y = VK + w . We see that two distinct pole

oLy and dgare present for all values of w, V, kK while
the poles o« and 2 may be distinct, may be coincident
or may not be present at all. This depends upon whether
the straight line y = VK + w intérsects the curve y = Y;
at two distinct points or touches it ‘or remain outside
the curve. When it is tangent to the curve at the point
(say) then X, is obviously a double pole of the last two

integrand in n, -

The condition for the occﬁrance of the double
pole can be written as
w/tk) = v, Tkl = Vk 4+ (17)
where Q{ denotes the differentiation of v with respect
to k. It is a critical case. We charécterise this case by

V = v,*¥, Then it is clear that « oy are distinct
|

1 )
and real only when V < vl*.

The integrals in ﬂ\ are denoted as Iln’ n =1 to 6
taken in order and the integrals in m, as IZn’ n =1 to 6.
The asymptotic valuves of Ill and 112 as xt — < can be

written down in terms of the contribution from their poles.



I, = ({ﬂ/z) sgn % { 1 (ds-)"l/l(txﬂ exp (iﬁ(;’() -3 (“43’X|(“D X

X exp (lwt) , (%)

thz—Gﬂh}sg%ﬂ(H(Vf—v){?(-%)wlkﬁ)prt%dﬂ>+
+ 'f(—o(ﬂ Y (-%g) exP (‘L‘“z’o}x Qup (Ceot) (19)

v (k) = (o~ vrf)"{ (0 -vi)®+ RUOT (vk - (/- v)‘J’
L) = (@ ) { (w0 -v T RO (vi = e vy !

The integrand 113, 114 and Iy will be evaluated for t
The integral 113 is evaluated by substituting m= Vk- T
To make the integrand single-valued within the range of
integration, we divide the range of integration ( 0,°°)
over k into two sub-ranges ( O, <J ) and (KJ,CO). It is

easily found that m ( &J).= -M, where M 1is a fixed

positive number. Therefore 113 reduces to

0 xa iy 2
-, 1 — -
Il’b = ‘/L(__fm * :((\4 )[(Tll’“(rzl) (v -v) (e kv) %(‘w kV)*R“)}*
x (k) ‘QXP(L.k"()](m’—w)“\e)(/b[d'm{‘)d”l.
The quantities within the square bracket being expressed
in terms of m. Since the pole k = ®3occurs in the second

integral, from relation (b)Y
I = =(t (?/L).F (o(s)’\y"(z(gﬁ e?&P§i (ot + <3 x)} , t-—>w (20)

To evaluate.the integral Il4' a substitution m = Vk+ T

is made. Then using the relation (b)

I“, Ne "({ﬁ/z):[-:(o(q)x,@’(zh QXP{'L (ot +a<41)}) % -——7.90 (21)



The integral I is evaluated by the same substitution and

15
by the same sub-division of the range of integration as Iiq-
Observing that the pole k = «joccurs in the second integral
and the pole k = &y occurs in the first integral. By using
(b)) = 7,

I,c o0 = AR/ HV - V[ F e ¥ =) exp (=150 = F - <) x

4 (—x2) exp (- !:o(Z’K)J exp (veot) -+ sz)

E - ©
The integrand of I16 having no positive pole will not

contribute to the asymptotic value of ’nl.

The evaluation of ’szollows silimarly; the
correspondence of symbols and relation with the preceding

case being as follows:
T > T, XE TV PBi o, 4 = 0,1, 3 4;
2
Vi —> \/; ’ (vl‘z”"q‘zz-)(’\n ;fll)‘—? ST GQ)('\V?_)%Z)'

The results (ig ) to (22) andthe corresponding values of

the' integrals in nllenable us to write M in the following

form
(2ﬁ)V23 FZ."LB 'L‘ﬂH (Vl-x'- \/)r\l’,[—d?_‘s-—? (__(_,(7.') exP {i(wt —‘7(7_1')}

CTHNY WY (=BT ER) exP{i@ot - B0,

'K‘_’? OCF sty e (2?-)



(’lﬂ)vzgf’z”], = -~ LA H (V= VW) F ) exp %1’ (ot - d,X)}
+ 41 W (kDT (<) expii (k)'t+o(3x}} -
0 (xg) F (g Qx’P{'C (ot txy x)} +
i H (V- CROT () expiilet-Pr) ) -
<% (Ba)F (Ba) 2XP {{ (ot + F‘BXB} +
AR (BT (PR <xp i (0 T Py, x>
(22)

Proceeding in the same way as for WL, we obtain the

asymptotic values of % as follows:
@MYE(—€) BgE & ATH (VF-V) MExD W (- T ) exp{ (ot
CANHIVE -V Mo (CBDY CRBOT CBDx
xexp (et ~ P20}, P (23)
M- ORIT = 1M (DY @D (xa) expii(ot +x3x0] -
My (DX ()T () exp it (cot + x4 x)\}-
AR (VE= VM D RO F 64D Q*P{f we-)} -

AH (VX -V) Mo (FPOYL(- EDFAGIN exffé(wt —]s,k)}
~ MMy (B, (R F (Pa) QKF{’f(‘D* +]33’Q}+

MBIy (POF (P exp § <108 + Py}

% —> — O (7_3)



_ ghk{h-ho-d) ¥ (1= €)sh k(h-o) ch k(h-ho-ol)
M) = Sh k(n-d) ch kg

M,(K) = shklh-ho) £ (1-€) sh kCh-d) ch k(el-ho)
: sh W(hed) ok Why

Critical case

Here we consider the cases in which the integrands have

double poles. When V = , let A= «, = «y ( say), it is

*
Vl \ ‘
easily seen that 71(x,t) and % (x,t) both become singular

on the critical curves.

For the first component OH of n . it is clear

that the values of I and I remain unchanged,

T110 113 14

while each of the integrands of I11 and I15 has a double

pole at o and hence these integrals are to be calculated.
This can be done with the help ¢f Lighthill's result
( b .

. ) ,
Ty etsgnoc %,7/(#"%1) ‘SL(ka)z +r2('k)ﬁj«co

X-f(én(o\) exfz§1‘ (a)t«—o(ox)} 5 1x _>ooJ \/:V"F
(24)
The d-minant contrikbution to the integral T comes from

15

the neighbourhood of the point k = Xp- The integral I15

can be written as
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tel

5 = i/z f [Ccr,- ar) (w+vk)%(w+VK) + R(- k)}x

k)](v,~co Vi) Qx?g (kx 4+ 7 — Vi t)}cbk @(é’a)
- (25)

Substituting m = Vk +t@-Y,near k = oy , then

o= =l (k= DT T (%)
Therefore '

o = O ‘FOY‘ k::o(o

m = GI(SC”LV) for Kk “:0(0*&/ and K =dpte’

€ being a positive number .

Substituting these in ( 25 )

‘( La)+vm$(a3+vk)2+f2( k)} x
5 (@ P — 0o -vk)

W F () expif-ko+ TR )]tk

- 2—-1/2_ T i(CO't‘V k)'L—t- R(‘k)} i( k] QKP% a){; a(oz)})(

Jq~ ” ql —

j (WL-B/Z oXxP (_-L'frh-l:) Ao
(9]
Replacing the upper limit of the integral by oo , its

asymptotic value is found out.

Ly = 2 2( 3/2)! 2 (&—'77)7 ) i (e9 +Vk) 1—2{-@}])(
K=q,

X £ («o(o) QP {4: (0t — s + 'ﬂ/4>} g t=>72 vayt
-- (26



Similarly the two integrals 122 and 125 are evaluated in

terms of their contributions from the double pole f% ’

122:.tﬁ.53hw. g: (* —-¢2) { (0+ vKk)*T + R (- k)}]

FePDepiitot- R}, T va v

1o = ?:'/7_(_ ,}/2-)! tl/l _U;z_,__( —q’,_) g(co+vk) + R (- k_)}]

L //)/ kz]}
x¥(*f§°\ QMP{&'(Q{- ——j}bﬁog, lXI"—>'O/ \/:V;
(2¢2)

It is seen that the solution for Wl(x,t) becomes singular
on the critical curves. For its contribution from the
integrals 112, 115, 122 and 125 as given 1in eguations
(24), (26), (27 ) and (2% ) respectively become
asymptotically infinitely large. Similar analysis will

show that the solution for % (x,t) also becomes singular

on the critical curves.

6. Physical Discussions

When V # Vi (i = 1,2 ) we see from (22) and (23)
that the steady-state wave system consists of several
simple progressive waves. The numbers and distributions
of the surface and interfacial waves relative to the

pressure system follow the same rule and so we mention

the characteristic of surface waves only. From (22), we



see that there are three possible distributions of
surface waves.

(1) If V 1is less than both V¥ and V% the total

1 27
number of the waves is eight, two on the front side and

six on the back side.

{ii) If V 1lies between Vi and V2* , there are six

waves, one on the front side and five on the back side.

(iii) If V exceeds both Vi and V§ , there are four

waves, all of which are on the backside.

The waves on the front side are of lengths 19(“;';]%?)
and they move with constant velocities (D(#i',]%') along
the positive x-direction. The waves on the back side are
of lengths 2ﬂ(4f|9 I}J ,xé* 3 ddlfﬁ§4/iﬁ{') and these

move with constant velocities (ﬁ(«f‘)73fbd§',“['97?;b ﬂ[[))

the first two in the positive x-direction and the last four
in the negative x-direction. The amplitudes of all these
waves are independent of x and t, these however, depend

on the parameter -

vi=v(gw! , w'= w(kjg)™> , A = ik

and e = p,/ 01+

* %k K k%



CHAPTER III

DISPERSIVE LONG WAVES DUE TO ATMOSPHERIC

DISTURBANCES ON A ROTATING OCEAN.

In this chapter we are concerned with the transient
barotropic response of a shallow, homogeneous inviscid ocean
of constant depth h to a horizontal wind forcing which is
time dependent as well as varying in space. Such a response

( In fact, response to many other forcing mechanisms such

as atmospheric pressure variations, precipitation, evaporation

differences, tide producing forces etc.) is governed by the
forced shallow water equation or the forced Klein-Gordon
equation [ 4 J. It is also not difficult to obtain the
solution of this equation in'the form of infinite integrals
by constructing the appropriate Green's function, as shown
by Crease [ 17] who uses the Morse - Feshbach solution to
analyse the propagation of long wave due to some particular
steady atmospheric disturbances acting on a sea surface.

This approach is based on formulation of the so called

radiation condition at infinity. Next we will discuss an

initial value problems of shallow water waves where the



solution is obtained by the method of integral transform.
The wave integral is then subjected to an asyﬁptotic analysis
which follows essentially a method due to Bleistein [13]
and is uniform across the line produced by the coalescing

of the pole and the stationery point of the wave spectrum.
We shall discuss about the following two problems:

(i) Propagation of long waves due to atmospheric disturbances

on a rotating sea.( Crease) T 177.

(ii)Shallow water waves on a rotating ocean due to an

oscillatory surface pressure ( Mondal) T 18].

Problem (i)

Introduction: Long waves in shallow water in a nonrotating

system are not dispersive but in a rotating system they
are. Here we will study the effect of this dispersion on the
wave elevation and velocity. Bottom friction is' neglected
and nonlinear terms in the equations of motion are also

neglected.

A stationery force of constant amplitude is suddenly
applied over one half of an infinite sea —* < >x/Zoo at

time t = 0 and thereafter. It is found that the interval

between the arrival of a surge at a point and its first

maximum there decreases with increasing distance of the point



from the edge of the generating area, but the maximum
diminishes in amplitude correspondingly. In a nonrotating
system the amplitude would increase without limit, while

in a rotating system it is found that a steady-state
amplitude is reached by a series of oscillations approxima-

ting in period to the inertia periocd.

The longitudinal and transverse velocities are

also found out.

The equations of motion.

Neglecting the nonlinear terms, the fundamental equations of

motion are

R g
9P a%+v*
g\_::* +YL«_* = “'F‘—g' + o2 C?z)

and the hydrostatic pressure equation is

- he + 9r(x- =) @)

1

where wr . o¥

3 are the horizontal velocities in the x,y

direction*and ¥ 1is the elevation of the surface above the
mean level. p 1is the pressure in the sea at depth 2z and

p is the air pressure on the sea-surface. Y ::zmsin<?,

a

where w 1is the angular velocity of the earth and ¢ ., the

north latitude, is <P 1is known as the Coriolis parameter,



Y is the kinematic viscosity.

Equation (3) is substituted in (1) and (2) and are integrated

from surface to the bottom to obtain

2=0
_ a_‘s__l%_[" —9—%:\
%{: - Y = -9 P ax hoeE 2= —h
5 -2 =0
9% 'a‘;’c\_*_[____ _éz‘l
o w = - -7 3
oL + v dsy T F 5y D

where u and v are depth mean horizontal velocities.

T = P (B) a1y, = £(E)e aue

x0

-~

are the components of wind stress at the surface.

Vr')t.b = f‘l)(%—% "f‘\jb _ f’))(gli})at z = -h

are the components of bottom stress and are neglected.

2ba oka . _
=5 and =Y are the components of air pressure

gradient over the surface.

Since the air pressure gradient and wind stress

are assumed to act only in the x-direction and'the

conditions are assumed constant in the y-direction, the
equations of motion takes the form.

AU - Vv - _?% — 3E(’x}t> (4)

ae &

+\/UL prnd ) (5)



where El(x,t) = %5 (%;% — j%%) is a known

function of x,t.

The equation of continuity becomes

Su - _ 49 . ‘ )
I - h t

The velocities u,v can now be eliminated from (4), (5)

and (6) and the differential equation for ¥ is found to be.

e

™ L[ 3™ 2 _ _ J'E
Sez 511(%11 +V ) = Sxot ~ T T T T - (7

'

Equation (7) when integrated with respect to t, gives

’_‘B'L _ L [2ax 2 S . _ .
R (CAR D] -

without the inhomogeneous term, the equation (8) is known

as the Klein-Gordon equation. Crease has found the solution
of (8) in terms of a Green function which satisfies the

equation

B (xt ] mat) = g (Fh V%) G lrtlxoto)

et

= SIS (xm k) Sle—tg) — - @

where & (y) is the Dirac delta function and G is to

represent an outgoing wave for large lxl , t.
The solutio;n of (9) in three dimension is well

known ( Morsé and Feshbach 1953, [ 197) ) which is in one



dimension takes the form:
s 7
Gt(‘)d:"xo{o) = 2f1(gh) :ro{v I:(t _to)z - (x- _XO:?_] ?-}.
1% = %]
X H[(t—to) - ._—-(%Y/l:]

where H(y) is the Heaviside unit function and Jo(y) is a

Bessel function of the first kind of order zero. The expression

of ¥ in terms of the Green's function 1is

Ly = 20(gh) f °U°°L§’Tox JB{YX
° -
x ) 2] 2
(- L)% — (- %0) X H| (t-¢&) - | 3c = %] D)
' L t] oy = =
where & is a small positive number and 2 0 at t 0.

Particular solutions:

To‘éfudy the solution (11) Crease has taken two particular

forms of E(x,t ):
Case 1 : if E(x,t) = -AH(t) H(-x) e (22

The equation (11) after substituting (22) becomes

t

sy " "ll ’/Z | %]
= Hit - p - —. - 2 S~ 23)
25 = (9h) A{ (t =) O{Y [1“ SJ H[*f (o 4T
where ' E-ty, = -

Using the nondimensional parameters

y-T =B YE = b, 8%{3%_ = Q



the equation (13) can be expressed as

b ]
A J H(b-j})jol(j}’l_d)_)/"—l H(p- lal)oLP

A (3 H) Y2

_ye
or more concisely
y ' maoax jal, b
Y x = ' Va. .
A (g2 f T (pr — ) dp
1ol

which is the basic solution of the problem.

Case II
If E(x,t) = - AH(t-T) H(X-x) - ae)
amax|agl, by
I
then 2y = f jb(}f‘- a?') = ol.P s (1)

5
ARy Il

where G4 = [V(x—x)/@p\)%-] and b, = \/(‘t"T)

-

If the system are nonrotating the waves are not dispersive

and all the waves propagate with the same velocity 'NEﬁLX

The force such as (16) extending over a semi-infinite range
-0 Lx &£ 0 would set up a surge of ever increasing

height . In the case of rotating system, the waves will

be dispersive. From equation (8), it follows that a wave

frequency has a wave number given by kQ':: (ql—-yz)/ﬁh



and a wave vélocity
c* = <%%; + gh |
and the group velocity ¢ = 3“(/(9‘-\ k* + V")/Z
o Cc = ah
Thus it follows that the wave velocity has a minimum of (gh)VL
and the group velocity a maximum. The shortest waves will

be observed at a given point first, althobgh they have the

smallest wave velocity.

The period of oscillations of %

The maximum and minimum of 5 at a given place
occur [equation ( 17 ﬂ when JO(bz—az') = 0. Let odd order
zero of Jo(x) be denoted successively by jO’ n.

Therefore the maximum of ¥ occur when

2 : 2 ' _ . X - pe
bn = Jo,q;x T o [jo,v = 2740, o= F cs]
bh ) j + ax o .

T L
N 270,n [ jozh] (1%)
+  dov
~ A Jdon ' < a
o [ dom J

If Tn (a) defines the local period at a as the time between

two successive maxima n, and n+l, and T. is the inertia

I
period 21/Y ,



’)_ [}
and () .  _ = — (“ << Jom )
. TI 230,% ) 3o"n+l
(1)
Tn(a) Jomtit T Join A% 30 nti
T1 T 2a ’
where . p (20)
! - ~ 2/
jo;n+| Jon

Equation (19) and (20) shows that for points close
to the edge of the generating area the local period of the
surge is slightly less than the inertia period and approach-
ing it rapidly, while at points a long distance away, the
local period 1is at first much smaller than the inértia

period and increases linearly for the first few oscillations.

The time Ty elapsed from the arrival of the first

disturbance at point ‘'a’ to the first maximum of % is

given by
. Va.
Vig = (2, + &) - a
—_— ' a .
— Jo,) T @ 5 _.,) a << 1y,
4 .
— -Ziz' a > Jo,

From the graphic representation of Y Ty against a, it is
made clear that the internal between the arrival of the -

\ . . » )
surge at 'a’ and its first maximum there decreases with

increasing distance a from the edge of the generating area.



The velocity in the direction of propagation:

From (4), (5) and (6), the differential equation for u

is found to be

2 I 2 z) I -1
47 oanlge Y o =as =

The solution of (21) in terms of Green's function whic h

satisfies the equation (9)

oo '/2
+
Lw = -ofi (9R)2 +ed*°f3§ [Ct t)? - (X XO)] }x
. He) el T,

Now, the result obtained by using NEDSIE
oF = — AS(+ -
Gc T (+) 0 (- x)
! :
and [V('x—'xo)]/(ak)/z = < e
b
2V 2y
sa % T Rl ) A (b - 1) de (23)
a

Considering the case a >0, then

b [}
2V o o= H(b—a) [ 3, (b*— x2) 7 dx (24 a)
3 O
and when a < 0
b l a’
2, 1.
.?;"_/u = f jb(bl""lJ e ““(b*’“')‘f:ro(skx’-}’u«
IA ) A
. <
B [}
= 2Sinb = H(b-lal) To (67— x> (248)
So that, for te]
b<iaj &Mu = 2sihb (25)

JA



The velocity transverse to the direction of propagation.

The equation (5) on integration becomes

o\ —
S5 % T w
Now from equation (23)
b 0
2y e Vo
2% = < [ap (e nlp o) e
0 a (25)

if a2 0, then it follows from equation (25) after some

manupulation of the integral L
& .
P S b-a
2V _ | |- cosb — f ok < fjn (P ) odp [H( )
JA ) a

(2¢)
If a £ 0, two separate cases are considered.

(i) b «la} , the equation (25) becomes
© » Va,
Sa ...foLF; f :rO(P, =)
0 -p
= - 2(1- cosb) (27)
(ii) b > lal
b P 1
2V = 2, - Zcosb—-J dp T (pr- <272 dx
A &l 1al

(29)

The last integral is similar to that occuring in equation

(26) with l|al instead of a.



Physical conclusions

Some physical interpretation are made from the solutions of

% , u, and v. When a force is applied over one half of

an infinite sea, it is observed from equations @5)’(19)

that a motion is set up in the generating region in the
direction of applied force and following immediately from
this a transverse velocity is set up to balance the rotational

forces arising from the original motion.

The effect of discontinuity in the applied force
at the boundary of the genenating area is transmitted to
other parts of the sea, with maximum group velocity equal
to (ghfh' .From equations (15), (24a), (24b), (26), (28) it
is shown that, not until sufficient time has elapsed for this

effect to be propagated to any particular point does any

change take place in the state of motion (that is , no motion
outside the generating area and 1inertia type motion witﬁin
the generating area). When this time has elapsed the water
acquires a superimposed motion which by the continuity

condition must lead to an 1increase in water level.

The conditions when the time becomes very great
(b »=0 ), the 1limiting values of % u,v are found to be

(Erdelyi 1951)F 227.



A9
32)
gi,v_ —> cosbh - e~ % (a>0)
Ag
—~lal
—> cosb + € - 2 (x¢0)
-

If the system were nonrotating, the application of a force
given by (1%) would lead to an ever increasing surface
elevation. ( all wave lengths travelling with velocity (gh)hJ
but owing to dispersion in the fotating system a steady
elevation is reached. The pressure gradient resulting from
the steady slope is balanced by the geostropic force. (due

1ol

to the term -e af/lal 1in the transverse velocity).The

term -°2 in the transverse velocity is just that needed to
create a cordidlis force to balance the applied force. Thus
the forcing function E(%,+) 1is balanced at large times

by a transverse current and not by a surface elevation.



Problem - (I1)

The propagation of 1long waves in a shallow

rotating ocean due to steady atmospheric disturbances
is discussed from the notable work of Crease.(Problem I}).
Recently Debnath and Kulchar{. 20 ) attempted a study of
the unsteady plane 1long waves produced by an oscillatory
horizontal surface stress distribution on a homogeneous
rotating ocean of constant depth h. The asymptotic
expression for the wave height % obtained by them is
however non-uniform in the néighboﬁrhood of the critical
line as determined by the coalescing of the pole of the
wave spectrum of 7 and the stationary point of its phase.
This results in the presence of infinite wave amplitudes
in the asymptotic expansions obtained by them for the
unsteady state, moreover the steady state solution presented
therein turns out to be singular when the coriolis parameter
f = 2rsinge be comes equal to the circular frequency

00 of the forced oscillation.

C.R. Mondal (1%7) has giv en a uniform asymptotic
analysis of the probhlems of this type for large distances
and times. The solution is found to be non-singular forw =f
and {x| = ct. Here the integral transform method is used

to obtain the solution more easily. In the last part of the



problem, an attempt is also made to show that the wave
elevation reduces to corresponding basic solutions
derived by Crease [171 ~ of wind stresses of constant

strength (w = 0 ).

Formulation of the problem.

Long waves are generated in a shallow horizontally
unbounded ocean of constant depth h and density
by the action of a time periodic wind stress which

suddenly begin to act on the surface at time' t = 0.

The linearised equations of motions referred

to horizontal axis ox and oy rotating with earth are

-\
Woe + Uy = -h M,

Uy — fu

i

—3M *+ %[ Ph | 1) = (8)

Vi + fu = —3%3 + @3/Pk J

Here u,v,TL are respectively velocity components and the
surface elevation above the mean level. ( «rx~)*TJ ) are
the wind stress components in the x- and y- directions.

f= 28sin® is the coriolis parameter supposed

constant.

Eliminating u,v from (1) - (3), yield the



following equation for M :

(szz - 'D)q‘l{. = Q(X) '\j)t) o (4)

1/ (3

c = ‘3“; L4
- | 3
Q> yt) = ¢! { S O G -g")}

It is assumed that the wind stress is time—periodic and
unidirectional, parallel to the x-axis and that it is

independent of vy. Therefore, ~3 = ¢ ,

T = F(x) exp (lwt) H (&) , where
H(t) = Heaviside' unit function.

Equation (4), therefore reduces to

ol X

L’L LSt 4 &">]°1 = pla? ((oF [ ax)expliat
€)

The constant of integration being supposed zero. ThHe
initial conditions and the condition at &nfinity for (6)

are respectively
hix,0) =0 ; Mm(x0) =0 (7)
lWlI = a bounded quantity as (x| —» =
Solution.

Introducing the Fourier exponential transform El(Kf)of



o

Mk = (Qﬂ)_v"f N (%, 1) exp (-ikx) dx
-
The equation (6) transforms to
oy omrm = -tk F(K) exp (Tot), (¢)
where Vs
frnq' = (klcl + {7‘)

The general solution of (8) is

t
= ;ﬁu(k) cos (mt + €) "“k(f‘"‘)—'?(k)J sinm (t-9)x
o

X e (tws)ds .
Now by (7), we see that ED{K) = 0. Evaluating the
s-integral and using the Feourier inversion theorem, the

result obtained is

o

2 f T™cos mt + 1 sinmt —m QXP(L‘(O{')})‘

Y
.rl_('x)t) = (Zﬂ) Lf f'Yh_L"nn"“—-CO'LJ

-—

X k?(k> QKP(ik’X)OU( ----Cq)

Asymptotic analysis of M .

Observing that the integrand in TL( x,t ) is non-singular

for all k, and is likely to be convergent with sufficient

restrictions on -}.;(k), ’)-L can be written as the sum of
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two integrals possessing Cauchy principal values

PV]. = (Sﬂ)_‘/% ifﬁl(ng*-na) (10)
where
7 F (%)
m, = -9_&xp(icof:)J( AR exp (ko)) dk
e (11)
oy
- exp (imt) exp (- imi)
s -2[0 SL m-co + , Mt X

kF (W exp (tk» dk ... (12)

m

The poles of the integrand in h_'are given by k= i(wa-fz)y’-.
These are real and distinct i1iff w> f. Denoting these

poles by + k,, and using Lighthill's formula( 14], the

0’
following asymptotic estimate of 71‘ is obtained for

large 1 x|

M~ s .
Wll - - TlrLC Sqn x. exp (Leot) x

x[_ﬁ(ko) exp (Lk,%) +-1E‘(-k°3‘bxp(—- Lkox)]x H(1-f/0)+

O ( |/txl> ~-~-'(l3)

As 717_ possess both poles and stationary points and

according to their distribution nlcan be written as

ﬂ?_:‘l:l +I, ¥ 1 + 7,
where
T (tk) Fltk
1, = J(f;)(:h—~m3 exP{i('m:t‘_th)}oU(

(o}

Gs) -U¢)
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- j" (3) F (3K

M (m+ W)

exp {-—{ (mt = kx)} olk

° a7 - (19)
The integrals for Jl , bossess only stationary points.
Hence the asymptotic expansion of J1 and J2 for large

1x} and t is obtained by the method of stationary

phase:

T = (’lﬂf )/" 1%l F (—k) EXP[-'II,{-fC-,(cltl—lXIz)'f-.ﬂ/q}]
c? (Cm-(:z‘ — Ixl )4 {fct + co(c"'-t’~-|x17-)'/;}

+0(Vim), —et £ 20 ----(21)
Ty~ o(!'ix) ¢veese wx & —ct ) 70 (22)
e ¥ im0 enp ol G5 (0 x5 ]
T, o (20£ Y izl F L exp 2
(56 — =Y § fet ¥ o (T S miDE
+ 0 (Vi) 0 % &Lct +++ (23)
..T?_ > O U/lxl) L S Y PR ')L) ct 5 xLO (24)

The integrands of Il 2 both possess a simple pole

[

k = k, iff w> f,

0
- lya.
kg = ¢ (w2 = f2)
and 1if 0 < 1] <« ¢t , for phases in each of the
integrands, there is a stationery point k = kl in I, and
J2,for x>0, and in I, and Jl for x < 0:
K — 1l f
i\ - 1
¢ (crt%> — 1| 2) V2

The asymptotic values of Il and 12 differ' according as

their integrands possess or do not possess poles i.e



their integrands possess or do not possess poles i.e.

according as @w> f or w<& f.

Case 1 wdé fE.

1. and I. have stationary points only. Consequently the

1 2
method of stationary phase [ 4 ] gives.

! - t
I, ~ ( 2§ Y it B (k) exe [ {fc lerar - wt) T 4 r"/lfj]
c3 (™™ —1xi™)g S et — oo (- |xﬁ-)‘/a}

+O(‘/|x0, when -ct<'>(<0,!>q-—>°o~-"(15‘)

I, > o (Yiw) , when x <-ct %S0, (k| —>eo (26)

I, = —{ T N2 1ot F (= ki) exP[i{‘FC"({L{L" lxll)t/?-{.ﬁ/é}]
(= ™)V 2fet - 6 (ME- 1)z ]

2
c3
.+O(l/lxl)p O(X(Ct’ l 3| —> o0
T, ~ O(!Yi%),when X>ct, ®<o, IX[—>= ( 25)

Case II. WHf, 0 <lx!| £ ct.



In this case, the integrands in Il and 12 each have a pole

together with a stationary point respectively for x ¢ 0 and

X > 0. Hence Bleistein's method is used to estimate the

asymptotic of both I, and 12 which will remain uniform

1

even ' when the pole in either integrands coincides with

the corresponding stationary point.

Writing I as I and k = (f/c) sinhz the equation

1,2
(15-16) reduces to

X

r o= C—uf (%) [F (2 K)]

fcoshz -

exp{ 14 e (et |1 coshz - sinh z)}di-
(26)

The points 1z = 2gr 2 = are taken to corresponds to

21
the pole k = k, and k = k, respectively.

0 1

Hence

2y = In[ £7'5 o+ (cor = $2)V2 }]

2, = (1/2) n§ (et + 12 [Cet — 1=}

When the stationary point coincide with the pole Zyr

21

f x| /t = (/) (oJL-»-FZ)V1 = G4

A new variable s defined b y the relation

(ct I 'coshz - sinhz)~ (ct (=i coshz, — sinhzy) = 5's2 +bs
(a1)



is introduced. s = 0 corresponds to the pole g and b
is a parameter set in for describing the distance |zl—zol.

The requirement that the derivative

L2z s+b
ds ctlxr451hk2-cosk2

1

is finite and nonzero, makes s+b = 0 when 2z = z).

Now by L'Hospital's rule,

!

(cm)i - ‘

Ts Je= -1 (ctrM‘Mmshz-—Sthz)z:z’
Putting s = -b, 2z = z, in (31),

The sign of b is fixed by the requirement that

(ciz
s s = o

, = be positive which gives
B |
b = (x| I (2o — Z‘l) (C_ztl — | 'Xll)/?—

In a new form of (26),

e e[t - e (o g0 )T

-

(k) F (4 L
Uﬁ% ‘i—.l%] @xp § ifeix (6™ + k)] ds
S =

(33)

where 5§ > 0 1is such that Sx >> 1, and the stationary



point of the phase, if any, lies in (S, =0 ).

Now, it is assumed that the expansion

— k - e
R E) = S e,

where A and Bn( n=20,1,2... ) are constant.

The values of A and BO are found to be

A= A, = ' F o ko)
F (% ko) + + 1212 F (£ k) . ‘
BO = Bo'.t = -.i: —E_C— C(C 'L.E?-__ lx'?—)l/q {,Fck_w(czkl_\xrl_)/z

Application of Watson's Lemma {_1€), and replacing the

range of integration by — o 4« % g o + the equation

(33) now becomes for large {x1,

-1
If'\/ C

exp[i {ast — i (e —f2) P chf!p b [l }]x

o

A[ S ex<p %i(ch'{ les’z} ds’ +

—_—-

BOJ exp Ech)ﬂ_{: | et S”‘}ds’] + O('//xl)



On evaluating the integrals

2
1~ ! f[(l-L)AxSﬂVLb Cig (jigi?EEL) X

Q)«P[r{ %cﬁt —~c;|(ch-—-f1)b2 rxlg}] +

. l I
< (L+L) By (ﬁc/f ‘7“)/2 X exP[:f. {wt - c"(co”‘-«FL)y’-,\v

|l — (7_c)-l {»bq‘lxlj]] —i-o(l/{xl) , Ixl—>=

(a7

exp (—i,t)

where CiS(6) = C(W) - iS(wW) = J; —(E?FE?T;Z

C(W) and S(®) being the Fresnel's integral [12]

From equation (37), the values of I, and I, can be easily

1 2

obtained.

Case III. ®> f, x outside [- ct, 0] , [:O,Ct-]
In these two cases Il and 12 have poles only, consequently,

Lighthill's formula [ 147} gives
' -2 e . -1 - YVa

-+ O(l/(:u)/ ® -t %T0, (x| —= <

Iz e 1 T? c’zsﬁhx F (—ko) exP[i {wt - ! (m": {z’)yl x}]

+ 0 (l//xlsj x>c-ﬁ/'x<0/ (x| —7 9



Collecting the results systematically derived in different

cases, the final expressions for WL in various cases

are found to be

Case 1. o<t , o0 <lxtceat

72 1%l

Y i [F
) m = -;—(fz@s (T -0

[ D) expli f5e! (M = 1?) 4 141 ]

fct + @ ("4t — (i) V2

£ (e exnlt et (e 1) ma]
-F—C‘t — D CC'L{:L -— [‘)LL’L:) I/L

+ 0 ()

@) 'VLc i( P \)l/z ]

CC_’L{._'L — lkl"—B'ﬂ, X

*E(Mﬁexp[kg{€4(8%1—rmlyé+fMJ

fet — @ (T — k)

Fl-k) exp [t {ffJ(c1£1-lqu>/ Lol
i fet + a;zcl%if:nﬁQiivzf__ 'ﬁo

-ct 4£2¢ Zo 39)

Case II (07{_.) O <lXxl < ct



- 78 -

(0
o« VR F (ko) . ci £b% 1% -
e S0 oo s 32+ 0]
exp [+ feot— e (- £ - F/L}F e
X F (- ke) _ £F (W) 1% ‘ i
b | %l Y (c2e® =i 2) Wy {$c’c — o (et - 1%2) Y
] e )Y _ 1f F (k) 1x
X pr[}%{ic (<€ = 15l ™) /q}]-}. Z({:Plncgy/lx
cer [ e iy ]
)
CQLH— — 1) by i{_ct % o (ctee _hd,_)\/z_}— + 0 (Yixy)
when O &L Lk “0)
)
- LT F (ke _ - 1%
M —ﬁ? [(L 1) + 2sg b'CLS(_—z—E—ﬂX

Q)(P[‘L {(Jt -i-c‘l(a)"’—nc’-)l/lx ——ﬁ//’,}]_ !

-
2(frrca)n’

F (ko) {:F_Ufmw
btV (ST — A B) S ok — o (it —W}JX
R R x T {:c"' (C'L{L—(x;'?- Vo _ ﬁ/q]__'tﬁ_(ﬂ«.) x|
P[ % ) j (Q.{—'PZC\ZS)'/;_X

A G”‘P[‘L{{C—’ ("t = =x1=)2 ¢ gy, }]
(> == 2) Yy {-Fc't + O (T ) Ve + O(’/nu)

when — c ¢ Ck(@ (lfl)
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Case III. when > ¥ , > outside [—-ct, ct]

’VLZ’ O('/[xl)9 when e ¢(—Cct , x> ct

Limiting cases

(D If 1x| << cyt, then k; << kg b> 0 and
|

) - -1 -/

cis (2 B 1xl) A~ 2 > e 4['-’-’-1,with these values
in (3%) - (41), 'YL can be obtained as

(yLi’—’- O((Ct)—% l’(‘) when Co.f-fl) —ct £ cct,

P (0207 (pe) F (k) explifor-cl@ D" =],

when WY £, 0 ¢x Lt , (42)

"M = (ﬂ/?-)l/z(f’c’-)—' ex/—»[i, { Lot +c (0= f£2) '/"u}] F (ko)

when Co){:)—c,‘f:¢'x 0 G

() If cot << |x| ¢< ct. Then k0 << kl' b< 0, and we have from

(38) - (41).

Mo - (4 prea) (1t fct) (cHt™ — ™) %

L] F k) exp §-L(# VAT n@}]

when CO<-§)O¢>L¢Ct'



nx - () i1 fct) (M~ S
waEE(H\exp{i({d{ﬁftl—llﬁ 44V4)}]

when W< g —ct<x <O

~1/7. -y
gk (£ P=c?) (m«l/c{)(cqt?'—— x1™)  x
Re[Fue expf- i (4T T2 - 1)) |
when w>f, 0 <x<ek.
ne —(f F"ch‘jh( et/ ct) (&E> — el . X
Re[Flk) =xp§ i ferl fem T - ) ]
when yf , —ct £x <0

The limiting case (b)‘shows specially the progressive

waves disappear and the wave motion is wholly dispersive
at places for which cot & \x\y for all w# f.
An illustrative case

Po (¢, £ =(p/2°9€°scot, 1%l < &

= 0 1%l 2 &

F (ko) @Mz x b {sin(kea) /(o) }

then from the limiting case (a),

2 PCL in(koa) + l
—-—LP = ﬂg-a* COS{CJt“"—QL(CO—‘Fz) z‘x}

the characteristic of this type of wave motion is graphically

illustrated in (Fig.l) by plotting (1) 2“1P3L\/b against

equation (£ )} becomes
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Physical conclusions:

Several characteristics of the unsteady wind forced motion
can be easily made from (38) - (41l). First, we note that the
disturbance\ outside the region (-ct, ct) 1is insignificant.
Within this region, the wave system differs in character
according as the forcing frequency 4 is greater or less
than the inertial frequency f. For©<f ythe waves are

entirely dispersive in nature, while, for w?%§, the waves
system' consists of dispersive ' waves sdpeLpOsed on

two dominant Oppositely moving progressiv e waves
having dgEferent and variable amplitudes expressed by
certain combinations of Fresnel integrals, if .§(k0) =0
in (40 ) and ( 41), the progressive waves disappear and
there are only dispersive waves ét places in -ct < x < ct.
Within the region of validity, the expression (38) - (41)
are all seen to be nonsingular for o= £, for the
dispersive waves .in (38) and (39), and for progressive

wave components, this non-singularity holds for all o .

It is also observed that the properties of one
dimensional wave motion are mostly similar to those of
the corresponding problem with circular symmetry obtained
by C.R. Mondal T 2171 . One notable distinction, however

is that, there the wave has a spatially damped amplitude,
1/2,

this damping factor { » ‘) is absent in one dimensional

problem.
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Crease's solution.

() 1§ Fo) —AHMBOHED , F'oO = AHMS %

1]

Ox

i} -tk
Fk) = (2ff) '/Zf— AHIOHEYE T s,
-
= (M A HOE) Tl (1)

~—

where S(x) is Dirac's delta function. The expression

for WL may be written as

- t
"M = (2(?3 2 (4/p) exP(La)t:)XJ exp (-lws) s x
o o]
x‘[ !k E(k)sth%S)exF(ikx)dk
) ()
Substituting (1) into (2) we get

t s '
== ,'nfc)-.l Al Qxp (Ceo f:) X | ex (—LQ)$> ds x AlH () Coskx su‘(ﬁs)
i & l ! F i {km +gc—:)z}z,L

t
c(2pe) A exp wt) [ A9 - exp (-iws) X
o}
¢ (FsE 0 H (s- B dls
[EQGJ’ P. 26 j

for CO:!C), and fs = [3 , +7\/C = ft= b

/

’Mux(Ft 5 IFC"XI)

WL = = (ZFC)-l A f T, \[ﬂpﬁ-— alfd[z

| Fc e

which is Crease's basic solution of the problem of wind
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stresses of constant strength which starts to blow
uniformly at t = 0 over the region x &0 in the direction

of x increasing.

Case (ii)

(0) F(®) = W) H (vt~ )

Fllo = —H) s (vi-%)

(2%

Fk) = (zn)“”-f HOE) H (vt - %) e 5% ot

-dkvt
+(k) <
- _ +( ) (1)

(20) 72 ik

where J(x) 1is Dirac's delta function. The expression

for WL may be written as
: o
m = - )R (/p) exp (lwt) Xf%’kf (- Cwsdds x
)
) [ o W EK) sim (m0s) @np (00O oL (D)

Substituting (1) into (2) we get

t
/Y], = (ﬂfq)" Qoep (L‘wt)-/ Q;Q{:(—('(u'_‘-) ds X
o
HUE) sin(aes) coe k (-vh) g
g fo {kq‘ + («Fc*l) L}VL

[ Reld, P o2c ]
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’V]_ = (ZPCY" exp (L'wt)j{- H(+-5) exp (—('LJS) A
)

B(e o () ) s - ety o

which corresponds to Crease's solution (47) of the
problem of wind stresses created at t = 0 and moving

with a velocity Vv . [17]

* %k k k k



CHAPTER IV

MONSOON AND SURGE

Monsoon and surge are two important natural phenomena
that affect human life and property in the coastal area.
Rainfall due to monsoon is connected with the production of
foodgrains and generations of hydro-electric power. It may
also be responsible for flood and causes devastations equal

to surges.

Storm surges are the outcome of cyclonic winds blowing
over a large surface of water, which is bounded by a shallew
basin. The driving force of the wind leads to the accumulation
of water on the shore line which, in turn, results in a sudden
and substantial rise in sea level. They are known to cause
devasting floods along the coastal area. Mathematical models
have been prepared for the prediction of storm surges and
coastal inundation associated with several cyclones in the

Bay of Bengal and the Arabian Sea.

»

Wind blows in opposite directions over certain regions
of the tropics in summer and winter. For instance, over the
Arabian sea, the wind at low levels blows from the south-west

in summer and from the north-east in the winter. Such a seasonal:

reversal in the direction of the wind is traditionally known as



monsoon. The word 'monsoon' is derived from the Arabic word

'mausam' for a season. Thus the essence of monsoon is

seasonality.

Nowadays special emphasis is given on Mathematical
Modelling in Atmospheric sciences, Oceanic science and
Physiological fluid dynamics. Mathematical models help the
predictibility of monsoon and storm surges. These predictions
are highly valuable in terms of security and economic activity

of men in the coastal area.

Advance information is urgently needed on three

aspects of monsoon, namely,
(1) the likely dates of onset and withdrawal of monsoon,

(2) periods of heavy and sufficient rainfall during the

monsoon season,
(3) the total quantum of monsoon rainfall.

Monsoon modelling is therefore one of the prime objective of
continued research in India and other coastal areas.
This chapter is set out to study briefly,
(1) Mathematical models developed for the prediction of storm
surges and coastal inundation associated with the severe

cyclones in the Bay of Bengal and the Arabian sea.
(2) Monsoon and Monsoon modelling.
Model-1I

We shall study here a mathematical model by P.K. Das,



(1981),[133 showing how a basin responds to a sudddn impulse
of the kind provided by a tropical cyclone. Here, the scaling
of shallow water equations in terms of the speed of a
cyclone moving over a..basin and another velocity related to
basic characteristics is reported. For a basin of 1iniform
depth, an analytical solution has been obtained for the zero
order equations. The solution suggests that, in the initial
stage, the divergence of the wind stress is more important
than the curl of the wind stress. In the subsequent stages,
the curl become more important. It is also shown'that the
basin does not respond to a cyclone until a certain time has
elapsed. The adjustment of time depends on the storm speed and
is inversely proportional to the square root of the basin

depth.

Basic equations

The shallow water equations are given below:

AF
ut+tuul+uua)—flf =_§ai(83.+_p?g> 4 ngb T) (2)

t+cwx+wg>+w—~§—(gy+ ba + ?( X)W

Se + (s +h)w]l, -+ [ (s +k)v].3 = 0O (3)



where f is the Coriolis parameter and po,f , 3 are atmospheric
pressure, density of water and amplitude of the surge. u, L-

are depth averageed velocities in rectangular cartesian
coordinates ( oxyz ) where the x and y axes point to the
east and north respectively and 2z 1is the vertical axis.

FX is the eastward component of the wind stress at the surface.

F_ is the sea bed friction. Gs’ G, northward component of

b b

surface stress (GS) and bottom stress ( Gb).

S b
G = GS - Gb
h = depth of water.

Suffixes have been used to denote partial derivatives. These
equations are useful for examining the response of a basin.

For scaling, the following assumptions are taken.

L = Characteristic length ( 500 km )

T = Characteristic time ( 24 hr )

Z = 2 m = mean surge amplitude

H = 1- m = mean depth of water

V.= average speed of storm propagation ( 6 ms™ 1)

C = Characteristic velocity of surge.
The vertical velocity at the free surface (W) is of the order

of (2/T), but from the equation of continuity
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W/H~ C/L
whence C~- (L/H) (Z/T).

Thus, the magnitude of C is 1-2 ms—l, which is about a

third of the storm speed (VS).

The speed of the storm may be used to define. Froude Number

( Fr ).

Fe = \/s/ (8»“.)1/?_

Considering average values, Fp= 0'6 . The equations (1) - (3)

are made non-dimensional by using the nondimensional quantities.

-{:* = T
Ux , U = W, V/C
hye = k—/H
My 5 Yu = Xy Y/L
- (4)
R = Pe/rgH Beo= HIT
2
aF, = aF/pul AGy = OG/Puy

G = S’/ Z

For strong winds, the magnitude of the friction velocity u,

_3 _5'2_

is approximately 10 n?s

On droping the *, the nondimensional equations are
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]
U €Uy TUuy) —FY = ‘?}[3 + P] +< K+e§
(5)
\/s
—_._—- < + Pl + )h+€‘§
Ve +e(uve tuy) FE S [ ] (
(¢)
<, +[(e5 +moul, + [Cex+ndvl, =0, (7)
where E = z/H = CT/L— (8)
Zero-Order Equations
The dependent variable in (5), (6) and (7) when
expanded in powers of ¢ , systems of increasingly higher
order may be derived. The zero-order equations, when € &£ 1,
are
, \/s 9
| .\_.\_/é_p:'_{_ U*"T)AG‘ (10)
v Ffuw = “F—'g[’g' c CH
-+ ) = O Q1)
St t C‘\u)z Ch- s

Numerical solutions of the zero-order equations have been



obtained ( Das et al 1975) for the northern sector of Bay

of Bengal. An idealized storm with specified distribution

of pressure and winds, which moves along a straight track with
constant speed is assumed. This hits a given sector of coast.
By changing the storm characteristics, it is possible to relate
the surge amplitude with the intensity and speed of the storm.
It is seen that with same storm characteristic, the response
may be different for two basins if their bottom topography

is different. The correct formulation of the sea-bed friction
and wind stress and boundary conditions on the sea boundary

are some of the difficulties encountered in numerical models.
Tide-surge interactions are important but difficult to estimate
in shallow seas where €& 1is of the order of unity. The tidal
cycle, often imposed as an initial state, cannot be determined
with much accuracy due to lack of observations on the open sea.
Despite these limitations, the zero order equations provide a

useful base for modelling a storm surge.

Basin response to winds:

The zero-order equations could be used to estimate how
quickly a basin of depth (h) will respond to the cyclonic

winds of a tropical cyclone.
Eliminating u, YV from (5), (6) and (7) and by

computing the vorticity and divergence of the water, the



result obtained is

T h 2 - h v 2 WasT
R I

T

< (0], + &) w3

where ‘ L12J
IT = 19F + 49g

and i, j, k are unit vectors in cartesian co-ordinates.

From equation (12 ) we can conclude that the surge is

generated by three forcing functions:

(I) the pressure tendency in the field of cyclone.

(II) the rate of change of diwvergence of YT and

(I1I) the curl of differential friction. As sea-bed friction

is a small fraction of the wind stress, the 2nd and 3rd

forcing terms in ( 12 ) represents,

(1) the rate of change of divergence and (II) the curl of

the wind stress. So we see that it is the only curl of the

wind stress which has no time dependency.

Now, Laplace transform 1is applied to equation ( 12 ) and

noting that the Laplace transform of © can be represented

as
2%

= f )= exF(—st) oLt

O

w>

and similar expression for the transform of P and <IT.



A distinction can be made between .two situations:
(a) small values of time ( t. ) when s -—> °0 , and
(b) large time ( t ) when s —>0

. - A
For case (a), the relevant equation for < 1is found to be

(Fn s * $ (5 %,9) (14)

where c#(‘x/a,S) = __F}%/ SSO>+(-\Z§'>VP + ——IV.'
)

I

‘godenotes the value of & at ¢t =0

For ,
__(pii# S = L[+ b~ 5 (1s)

where 0

¢ = vt g, + (“yofs-)v R

<2 :( )(u*T)k X[é?%’*@;')o]
$, = f2x + :;o”

A comparison between ( 14 ) and (15) suggests that for

small value of t ie. at the initial stage, the divergence

of the wind stress plays the dominent part and the rate of



change of cyclone pressure is more important. At longer
times the curl of the wind stress becomes more important as
the gradients of the initial values of "8 and P appear to-

assert themselves, while in the beginning only ¥, is important.

These inferences are also physically reasonable,
because the initial response of a basin would be to drive
away the water from the disturbance source. This is measured
by the divergence of the wind stress. At later stage,
rational character of the wind will become more important.

This is the curl of the wind stress.

We may also express the solution of (14) in terms
Green's function when one considers infinite domain.
If R 1is the distance between an observation point (x,y)

and a source point ( Xgr Yo ), then,

Va
R = [(’X_—Xo)z + L“J“tio\l_-] (16)

For small R,

~ 0
S = [ ko[ Frs RINR] & (%o ,Y0) o dyo

where [Ko Frs P\/IJT\ ] represents a modified Bessel

function of the second kind which also Laplace transform of
2 2 2 '
[{: - Fr R /""] for + > FpR / Jh (Morse and

Feshback (1953).

A
As ™ is the Laplace transform of 8§ , we see that the basin
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does not respond until a time ( Fpr R /Af: ) has elapsed.

This time depends on the storm speed and inversely proportional

to NW where h is the depth of the basin.

Model 2

Here we shall discuss about a numerical model by M.P. Singh

L24] :for the prediction of storm surge.

Formulation of the model

The basic hydrodynamic equations of continmity and
momentum for the dynamical process in the sea form the basis

of the formulation of the numerical model. The vertically

integrated form of these equations are given by

o%

et sx 3y =0
S 1 2 (uw) + (bW = -g(§+h)2E —L(§rh)3ke

U
Fs
+ R Z?qjs (u%-fu@ =

d ) b9 (o) 4Ln -
§e+ (v 0) v (D) E = -5 (s +n) 3. - Leik
s Cro 2 %
PR Ry (Crenn
where u,v are depth averaged velocity components in the

direction of x and y respectively. §& , h and f are



- 96 -

the sea surface elevation, depth of the 'basin and the density
of the sea water.
Then
- - » .
u, v [}%+—k)LF, (§ +'k)\>] are two new prognostic
LU
variables. '

¢ +h

Total depth of the basin.

( FS, GS ) are vind stress components.

Cf = 2 W6 x 10_23 an empirical bottom friction co-efficient.
The above equations are solved numerically subject to the

following initial and boundary conditions:

§ =uw =v=0 everywhere for t < 0.

At the coast, WCOS«L *+ Vv sin«C —= O for all t >0,
where oLl denotes the inclination of the outward drawn normal
to the X-axis. Normal currents across the the open sea

boundaries may be prescribed by a radiation type of condition.

The model has been used successfully in simulating the
surges generated by the devastating 1975 Porbandar,
1977 Andhra and 1982 Orissa and Saurastra cyclones. It is
noticed that the model predicted maximum surge is in fairly
good agreement with the observed surge at two tidal stations,

viz., Paradip and Dharma.
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Like surge, monsoon is also a matter of great concern
to the people living in the monsoonal regions. Sulochana
Gadgil [ 257] has made a detailed study of "Fluid dynamics

of the monsoon". The monsoon is by no means restricted to the
Indian region and the surrounding oceans.

Ramage's (1971) delineation of the monsoonal regions
of the world using a criterion based on the seasonality of
winds shows the monsoon to be a planetary scale phenomenon.
The seasonality of the wind is but one aspect of the variation
of the tropical circulation. Two scales appear prominently in
the variation: (1) The synoptic scale of 2 %5 daYs associated
with coherent structures of a few hundred kilometers in the
horizontal extent, called tropical disturbances and (II) the
longer period of fluctuation ( with a time-scale of two weeks
or more ) between the active spells and weak spells associated

with the planetary scale.

The synoptic-scale disturbances organise the cumulus
clouds. This intense tropical disturbances are typhoons or
hurricane. These synoptic-scale disturbances are embedded in
the planetary scale. The interactions among these three scales

havd been studied by application of fluid dynamics.

Planetary-scale monsoon:

The major features of the 1longitudinally and



temporally averaged tropical circulation at the surface of

the earth are:

(1) The trade winds blowing from the subtropical high
ppressure belts towards the equatorial region dan the
north-easterly (south easterly) direction in the northern

(southern) hemisphere.

(II) A zone of 1low pressure in the equatorial region called
the equatorial trough or the Intertropical Convergence

Zone (ITCZ) in which the trades from the two hemisphere

converge. Although the pressure field is axisymmetric, the
trades have a westward component of velocity due to action

of the <Coriolis force which is significant for these
planetary scales. The air converging in the ITCZ rises and
moves poleward in the upper troposphere. The vertical
ciréulation comprises ascent over ITCZ and descent every-
where else. This meridional cell is called the Hadley’'cell.
The updrift in the ITCZ which occurs throughout the troposphere

is associated with intense moist convection.

The location of the ITCZ varies with season in
association with the variation of the sea-level trough. The
amplitude of the seasonal variation is maximum in the monsoonal

regions. The zonal component changes from easterly to westerly

upon crossing the equator because of the changes in sign of



the local vertical component of the rotation of the earth.

Poleward of the trough, the notth easterly trades prevails.
Thus ' a seasonal reversal in the direction of the wind
occurs over the region 1lying between two latitudes
corresponding to the extreme 1locations of the equatorial

trough.

Hadley cell: a simple model.

The ultimate source of energy for the atmospheric
motion is the radiation from the sum. Earth's étmosphere
may be considered to be transparent to the solar radiation.
The atmosphere is heated at its bottom boundary ie. at the
surface of the earth. The heat balance at the surface of the
earth determines the nature of the boundary condition. Large
heat capacity of the ocean implies a prescription of the
surface temprature with latitude. Again since the heat
capacity of the 1land is negligible, heat flux is taken into
consideration again as a function of latitude. The Hadley cell
is then the axisymmetric response of a rotating planetary

atmosphere to longitudinally wvarying heating from . below.

This problem of side ways convection has been
studied by analytical and numerical models, in the linear as

well as nonlinear regime. The vertical transport of heat and

momentum by turbulence can be assumed to parametrized in
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terms of eddy co-efficient. The important results emerging
from these models are (1) the rising limits of the
convective cell is located at the 1latitude at which the
specified surface temperature or heat flux is maximum.

(II) When the Rayleigh numbers are high, the ascending limbt

is much narrower than the descendaing one. (III) The circulation
being more or less restricted to a depth of about one
kilometer from the surface for parameters appropriate to the
earth's atmosphere. The circulation extends throughout the
troposphere only when a miq-tropospheric heat source
representing the latent heat released by the convective

clouds associated with the ITCZ is included in the model.

Centre for Advanced studies in Atmospheric and

Fluid Sciences at I.I.T., Delhi has succeeded in the
development of a variable grid General Circulation Model
and has been termed as Monsoon General Circulation Model
( MGCM) (247 . The wunique feature of the model is that it

allows higher «concentrations of grid points in the Indian

Monsoon area and thus allow a finer description of the

monsoon structure while retaining the main features of the

global general circulation.
The model equations are governed by the well known

laws of conservation of momentum, mass and energy. This
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model is written in o -co-ordinates ( pressure normalised
by surface pressure, }:/Po ). It has the advantage of
incorporatiﬁg the lower boundary condition in an easier
way as the earth's surface becomes the co-ordinates surface.
In the horizontal the resolution is variable which gives

the finer resoclution over the monsoon area.

MGCM was successfully run on real time basis
using May 25, 1985 data as the initial input to capture the
characteristic large scale monsoon circulation for the

current onset of monsoon.

* %k k k k
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