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A Note on Symholc (lsed

Apart from the usual symbols used in this branch of
Hathematics, ve have had to use certain symbols to male typing

easjer.

Numbers enclosed in Z::7 indicate references from the bibliography
pgiven at the end of the work. The slash '/' has been used both
as a symbol for quolienting (e.p., Z/G representing 72 quotiented
by G) and for restriction of maps (e.g., f/A representing the map
f restricted Lo A). e hope that the reader will be able to distinguish
between the usages according to the circumstance vithout too much

difficulty.

Instead of using the usual symbols R, Z etc., for the sets of
real numbers ond integers etc., ve have represented them by

R, 72 etc..
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1.0.1

INTRODUCTION

If a balloon is deflated and placed on the floor, two antipodal
points end up over the same point., This is an intnitively evident
statement. DBorsuk-Ulam theorem puts this fact on a sound mathematical
footing. It therefore assumes the same importance, as a piece of
fundamental vorlk, as Jordan-Brouer Separation Theorem (Jordan Curve
Theorem in particular) or Brower's Fixed Point Theorem, which are both
theorems having intuitively clear statements.

The Borsul:-=Ulam Theorem was set forward by K. Borsuk in 1933 in the
paper entitled "Drei Salze tber die n-dimensionale ;;clidische Spare" 1:7,

which states that a continuous mAp of an n-sphere into the euclidean

n-space maps some pair ol antipodal points into a single point.

Ever since the publication of this result, mathematicians have tried
to answer scveral questions that arise naturally from this theorem, and

the process has continued to this day. What are some of these questions?

In order to answer this question, we should first have a closer loock
at Borsul's 1933 statement. This can be restated as : A continuous map
of an n-sphere into the euclidean n-space maps some pair of points
symmetric under the antipodal action on st (or some orbit of the
antipodal action on Sn) into a single point. One may then ask the
following quesltions :

Vhat is the nature and size (to be defined suitably) of the union of

such orbits (which are mapped to a single point) ?

1.0.2 Can we replace s" in the Borsuk-Ulam theorem by a space X together with



asome action (~.., involution or a proup action) and ark a question
similaa fo 1,0,1 7

1.0.3 As a parlicular c¢ace of 1.0.2 take ¥ = Y x Sn or more generally an
n-sphere bundle X —s Y uith [ibrewise action, and an equivariant
(in case Bk Alrse has an Aaction) map f: X—-9.§k. Hle could now ask a
question more pointed than 1.0.2, viz., What is the size of that part
of the union of orbits (as in 1.0.1 or 1.0.2) which is contributed
by Y ?

1.0.4 Could now, the cuclidean space (as the range space) in the Borsuk-Ulam's
Theorem be replaced by a space which is only locally euclidean, i.e.,
manifolds (Riemannian, smooth, pl., topological), homology manifolds
or Poincare duality spaces, and ask 1.0.1 ?

1.0.5 Consider a map Y x s L7, Y x Bk or more generally, a fibre map of
a sphere bundle over Y into a vector bundle over Y, where the spaces
involved have some fibrevise action, and maps are equivariant. VWhat

answers can ve obtain for 1.0.1 in this context ?

Several other questions may be raised, and we invite the reader to
join us in raising them. One general question, however, emerges from
these : "How far away are these Borsuk-Ulam sets (e.g., the zero sets)
from becoming a manifold (which corresponds to the transversality

principle) ?

1.1 This dissertation is the outcome of an attempt to assemble together
some of the ansvers to these questions as obtained by mathematicians
over the years. As the amount of work done in the last more than five
decades on this topic is quite large, and as not every work fits into

our line of enquiry, we have had to be selective. lHowever, we have
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1.1.2

tried to pick up mont of the significant works and tried to give a

survey up Lo Lhe present stale of research on Lhe topic.

We begin by mentioning two results which set the ball rolling in

the direction of the developments we are concerned with

Theorem : (Kalutoni /204 Yamabe and Yujobo £3§7 ). A continuous real-

valued function on an n-sphere maps the terminals of some n+1 mutually
perpendicular radii into a single value,
Theorem : (Dysen/11/). A continuous real-valued function on a 2-sphere

maps four ends of some pair of orthogonal radii into a single value.

These resulls cn be thought of as obtained by replacing the antipodal
action on a sphere in the Borsuk-Ulam Theorem by more general group

actions.

Guy Hirsch 1557 was the first to take a step touards answering 1.0.2.
He gave a suificient condition under which s in the Borsuk-Ulam
Theorem can be replaced” by a space wich an involution, but it is the work
of C.T. Yang ZZ§7 which contains an answer to the question 1.0.2 and as
a special case, the answer to 1.,0.1 too. He has considered a T-space
(a compact Hausdorff space together with a fixed point free involution
T) and defined an index of such a space which in some sense gives the
size of the T-sprce. Using this, he proves :
Theorem : (Yang 1327). If X is a T-space of index n and if f : X-—%'BF
(O<kgn) is 2 map, then the sct A(f) = {xe&X / f(x) = f(Tx)} , together
with T is a T-spice of index » n-k.

Taking X = s" and T the antipodal action, the theorem answers 1.0.1.

If k = n, then the theorem gives the classical Borsuk-Ulam result.



P. Bacon /2/ extended Yang's vork for involutions vhich are not
'l

necessarily [r1xed poinl free.

The answver to question 1.0.3 and also to 1.0.2 can be found in the
work of Conner and Iloyd Z§7, who have developped the notion of a
coindex of a space (vhich alzo in some sense gives the size of the space
involved), and made vse of Stiefel Whitney classes to prove the following
resulis :
1.1.+ Theorem : ZE? The same statement as 1.1.3, replacing index by coindex.

1«15 Theorem : 1y, (i) Let p: B—> Y be an n-sphere bundle over a compact

space Y, f: B _,Bm, m) n+1, a map, then the set S = {xeY / £(b) = f(=b)
for some b c—p-q(x)} supports cvery dual Whitney class WP, p) m-n.
(ii) If Y is a compact connected manifold, then result (i) implies that
(cohomology)dim S ) damY - p, provided ;p # 0 and p )y m-n.
Two noteworthy fecotvres of this poaper is that
(a) it proves a result wvhich is the first step tovards answering 1.0:;;
viz.,

1.1.6 Theorem : Suppose f is a continuous map of s" into a compact Riemannian n-
manifold. Then for some x, either I(x) = f(-x), or for some x, f(x) and
f(~x) are not joinecd by a unique peodesic of shortest length,

(b) Techniques of Lhis paper enables one to give a necessary condition

for a smooth manifold to be immersed in another srmooth manifold. cfr. 5.2.5

Jaworouski and lloszynski 4237 also prove resulis answering partially
question 1.0.lt by taking EPH as the range space. The works of lHunkholm
Zz§7 and Conner Z§7, contain a more complete answver to 1.0.4. We mention
here only onc of these:s
1.1.7 Theorem : (P.FE. Conner 157). Let f: 8" —> Mk be a continuous map, where

M is a smooth manifold, n k. Then dim ({xes™ / 1(x) = f(-x)} ) ) n-k,
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1.1.8

if nyke 1f n =)t and £ n"(n”;'_'i?) — 11(s™2.) in trivial, then

{xes™ / 1(x) = 1=t £ .

Mnsuers Lo 1.0.5 vere altempled by Jaworowski (/227, 1:27), Nakaoka ‘317,

Fadell and Iusseini /11/, and Dold £§7. A sample result is

QASSNUENY

Theorem : (Nold /0/). Tel £ : &(F) — E' , be an odd (ibre map of an

<
N B/

(m=1)-sphere bumdle info an n-plate bundle over ihe same paracompact

space B, Tel 7 = {x<;ﬂ(ﬁ) /@) = O} and 7 be ile quolient space under

the antipodal action on the sphere. Then for every polynomial q(t)e€ I*(B) (t]

of degree less Lhan n-», (L) s supported in 7 (in come sense made

explicit in V.1, c©7r. 7.1.3).

The sipniflicace of Dold's viork is first of all, that it opens up a
way to attack the problems in more general settings, involving more
general actions and more general bundles. Secondly, the work points a__
way for possible refinements of the results using K-theory or cobordism
techniques. Another notable feature is that this approach connects the

Borsuk-Ulam Theorem directly to immersion problems.

Several other morc recent workc dealing with the Borsuk-Ulam theorem
have been published. Notable among them are the works of Fadell, Husseini

and Rabinowitz (/757 ), llai Bao Duan /9/, Jaworowski /2I/,/25/ atid

Waclaw Marzantovicz /27/.

LA

As is always the case, answer to a question raises new questions and
this dissertation is no exception to this. (For example, one could ask
"Yhat is the G-level of a space (i.e., the min( {n /3an equivariant map
f Space<——?Sn_1 })) ? Some work was done in this connection by Conner

and Floyd L§7, for G = %,, who called the ge-level, the coindex of a space.

2



1.2

A more rccent work towards answering the question appeored in Z::7).
It is our hope that this survey will stimulate the reader to further

enquiry and investigation.

In the survey work that we have undertaken, an attempt has been made

to make each chapter self-sufficient, and hence any chapter can be read;
independantly of another. Apart from that, only 2 minimum of homotopy
and homolopy theories hns been taken for granted and mont often, even

elementarvy resvlts have been quolked to aid smooth rending.

In the first chapter, the classical Borsuk-Ulam Theorem is stated
and a proofl is cet forth wusing singular cohomolopy with coefficients

in Z,. In the proof we nse the lifting theorem (cfr. (397, 2.4.5).

The second chapter studies a generalisation of the Borsuk-Ulam Theorem
by C.T. Yang to maps of T-spaces into euclidean spaces. Using Cech-Smith
homology theory we define index-homomorphisms, and using these homomor-
phisms, we define the (homological) index of a T-space X. The main
result of the chapter says that if f: (X,T)-———->_I_?_k be a continuous map
of a T-space X into euclidean k-space where O<k ind X, then A(f) =
{x:éX / f(x) = f(Tx)} is T-invariant and compact and ind A(f)) ind X - k.
We note that this result implies that the homological dimension of
A(f) ) ind X - k. In conclusion, we prove that ind (Sn, A) where A is £he

k

antipodal map on s" is equal to n, and hence that if f: Sn——o.g , then

dim A(f) » n - k, which is also a generalisation of the Borsuk-Ulam Theorem.,

In the third chapter, we turn our attention to a proof of Yang's

generalisation of Borsuk-Ulam Theorem put forward by P.E. Conner and

E.E. Floyd. The proofl uses the notion of an abstract Coindex which we



define in the ver; first gection of the chapter. In Lhe ~ncond scction,
ve sel forth the prool of Lhe Lhrorem. The next two rections arve
devoted to studying a2 coliomolory coindex defined using equivariant
Alexander-Spanier cohomolory, free acyclic resolution of a finite

group G and certain cohomology classes which we shall define, and

proving that this cohomology coindex is in fact an abstract CoindeX.

In the next chapter we consider an equivariant map f: B-—e'Bm where
p: B—> X is an n-sphere bundle over a compact space X, my n+1, and
attempt to measure the set f_1(0). In the first section we define the
Stiefel Whitney classes of a sphere bundle following Grothendieck. In
the next section we introduce the dual of a Stiefel Whitney class, and
obtain some preliminary results involving these classes. Using
these results, ve obtain in the next section, that the set S = {xé&X /
f(b) = O for some b ép’1(x)} supports every dual class Wp, for p) m-n.
From this result we obtain that if X is a compact connected wmanifold,
dim (8) ) dim (X) - p, provided that Wp £ 0, p)m-n. In the concluding
section we prove a result independant of the above result, but included
in this chapter because the proof of the result will use some of the
results obtained in the chapter. We define the index, ind(X,T) of a
space X equipped with a fixed point free involution T, and using it, prove
that if f: S"— X is continuous, where X is a compact Riemannian n-
manifold, then for some x, either f(x) = f(-x) or for some x, f(x) and

f(-x) are not joined by a unique geodesic of shortest length.

Chapter five studies maps £:5"—» Mk, ny k, into a smooth k-manifold
Hk, which is not necessarily closed or compact. VWe look for results
about A(f) = {xess“ / f(x) = f(-x)} . In the first section we define

the twist of an n-plane bundle p :Y~—X/T, where (X,T) is a fixed point



-8 -

free involution, by the involution (X,T), and the universal whitney classes.
Using this we ohiain an expression for the Stiefel Vhitney class of the
twist. Further computations are made of Stiefel Whitney classes and

in the next secction we establish the main theorem which says that if

nyk, dim A(f)y n-k, ond that if for n = k, £* : 10 ("; ga)——ﬂ{n(s“; Z

5)

is trivial, then A(f) £ @ . 1In the concluding scction we see that the
involution (8", A) can be replaced by a fixed point free involution

(Zﬁn, T) on an n-—manifold.zn vhich is a homotopy n-sphere.

The sixth chapter deals uith parametrized Borsuk-Ulam Theorems.
We study fibre-preserving equivariant maps {:SE —>E!', where p: E—" B
and p':E' — B are vector bundles of dimensions m and n respectively
over a paracompnact space B and p/SE : SE —B is the induced sphere
bundle over B. 1In the first scction, using éech—cohomology with coeffi-
cients in EZ’
H*(B) (t], of the tio vector bundles respectively. We let 7 = {x €SE /

we define the Stiefel-Yhitney polynomials w(t) and w'(t) €

f(x) = O}.jnd define the quotient spaces SE and 7. The first theorem is

now set forth : If q(i)en*(B)[t] is such that q(1)/Z = 0, then q(t).w'(t) =
w(t).q'(t) for some polynomial q'(t) & H*(B) [t]. The theorem is clarified
and particularised using threc corollaries. The proof of the theorem

is undertaken in the more general setting of G-sphere bundles and G-actions,

for the case G = 22. In the second section, the same theorem is proved,
but now allowving fixed points in the action. In the last section of the
chapter, we see some examples, and consider how the result obtained in

the chapter may be used to measure obstructions to immersion of a manifold

in another.



1n the last and concluding chapter, we examine how the results of
the previous chapter may he developed using generalised cohomology
theories like K+ theory and cobordism theory. In the first section of
this chapter we do the preliminary spadework leading to, and the
definition of characteristic classes in the context of generalised
cohomology theories. The next section is devoted to an exposition
of the rudiments of K-theory and cobordism theory. The third section
studies spectra, associated homology and cohomolopgy theories, and ring
spectra. The scction studies also the spectra for K-theory and cobordism
theory, and examines how the ring spectrum structure can be extended to
these spectra. In the final section we examine how characteristic classes
can be defined for these generalised cohomology theories. We conclude
by remarking that the results of the last chapter can be extended to
the context of these generalised cohomology theories if we consider
Cech cohomology constructed from the spectra in consideration. Ve
further conjecturc that the results hold even if we do not consider Cech
cohomology. 'lc also pose some problems and propose new avenues for
exploration. TIt is true that the last chapter has turned out to be
longer than expecled. But the very general nature of the topics dealt

with in this chnpter has necessitated that.
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THE GLASSICAL RORSUK-ULAM THESREM

In the paper "Drei Satze uber die n-dimensionale cuklidische Spare!
published in 1933, K. Borsuk sect forward theorems which are known now
as theorems of Borsum-Ulam, [:7. The main theorem states that a map
of an n-sphere anto the euclidean n-space, maps some pair of antipodal
points into the same point. A purely point-setftopological approach to
the proof using triangulations to define the degree of a map is found
in Dugundji (Zﬁ§7, XVI.6). Here, howe-ver, we shall look at a proof

using singular cohomology theory ({397, 5¢8.9).

Theorem : Let f : S——s _Bn be a continuous map and A(f) = {x eSn / f(x) =

£(-x)} . Then A() £ f .

For the proof e shall use the well-known result : For n}»1, H*(EPH; ge)

is a truncated polynomial algebra over Ee, generated by v (the character=-
istic class of BPM, wnéH1(§Pn; 22) ), of degree 1 and height n+1. Ve

shall arraive at the proof after three lemmas.

L

Lemma; Let n>m»1 and let i:EPq—-q-BPn be a linear imbedding. Then for

agm, i*:mt(er"z,) = nireiz,).
Erool (3) > s™ s"
P, A
RP™ v RP"

p
Consider the above situation where : Sq———1—>BPn, is the O-sphere

bundle over BPn. Then i*(5) is homeomorphic to the O-sphere bundle
over BPm, i.e., the double covering pzzsm——~*ng. By naturality of

the characteristic class, i*(wn) =W . Further, by the result quoted
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above, Hq(BPn;ZZ) is generated by wnq, and Hq(Bpm;é?) by wmq.
Now, 1i*(w q) = (i*w )q =y 1
n n m

+
henee, 3 : (R57,) = 0 (E"E,) e

Lemma : Let n)>m 1 as above, and let f: BPQ~——¢£Pm be a map. Then,
there exists a mip {': §P3*~—’Sm such that P, e fr = f, where
Ih

Dy : o-~—71d is Lhe double covering.

Proof : The situalion is as follows @

s" S
| b
_]_i n/ B_P

- — _)..._._.._.

By the 1lifting criterion (cfr. {3%7, 2.4.5), if we prove that

T (IT(BPn)) 0, we are through.

First, let m

i1

1. Then n(gpn) = 22 andﬂﬂ(BP1) =2 .

Then as the only homomorphism from 52 to 2 is the zero homomorphism,
we shall have f, (T(RP™)) = O.
How let m > 1.
. * 1, opth 1,50
Consider the map f* : H (RP )—— H (RP)

As Hq(BPn)szgz, and its tvo elements as O and Wy e shall have

f'(wm)

* -—
O or f (wm) =V

\

n *
suppose [ (wm) N

m+1 m . .
f*(wm * ) = v, +1 , as f* is a module homomorphism.

£ 0 as nd)m.

= & as wmm+1 = 0,

Conclude that f*(wm) =
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Let 1 : BPT——w>§Pn and j iﬁﬂ——~?gpm be the Tinear mnclusion maps.
1 ,1 n m - . -,
Now, as RP =~ 5 and an /(01 )=~x 70(RP) = T i) and (3] can be

considered to be the generators of 7((EPn) and n({?WB respectively.

MNow, since f*(wm) = 0, we shall have i*f*(wm) = 0.
But by 2.1.1, j“(wm) £ 0.
Hence, (fo i)* # j* =5 fo.i is not homotopic to j.

How, [j] is the non-rzero element of ﬂ(BPm) o 7

Lo Hlence fo i must be

null-homotopic.

ice, [foi] = 0. icee, fg (1] =

£, (M(RP")) = 0

Lemma : Let n>my 1, Then there is no continuous map g : st g™
such that g(-x) = -g(x) ¥V «x es”. (i.e., no continuous antipode pre=-
serving map.)

Proof : 1If such a map existed, then passing on to quotients, we
would have a map f : Bpg___,gpm, making the following diagram

commutative :-

yOu

—‘_—

J

By 2.1.2, f can be lifted to a map f' : RP
] — —
Then, pi p, = f P, = D, e

Hence, f! P, and g are both 1ifts of the same map f Pqe

Note that for any xe€ 8", either g(x) f' p, (x)

or g(-x)

It
L]
]
-
~~
»
~
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so that g and f!' p, agree at a point of s”.

Hence hy the unique 11iting property, g = ! Pqe

But this is not possible, as for any xeffu g maps x and -x to

different points, while and hence f' p, maps them to the same point.
P P4 1

Proof of Theorem 2.1

Suppose d 1 : SQ———>§f1 such that A(f) = @&,

i.e., such that f(x) # f(-x) V x € 8",

n _ Sn-1

Then, define g ¢ S

£(-x) - £(x)
| £(-x) - £(l

by r(x)

vhich 1s both antipode preserving and continuous.

But this contradicls lemma 2.7.3 above.
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'3.0 MAPS TROM A T-GPACE TO A FUCLIDEAN SPACE - GENERALISATION OF THE

BORSUK-ULAM THEOREM BY C.T. YANG

S. Kakutani /26/, H. Yamabe and Z. Yujobo Z:§7 and F.J. Dyson Z::7:
also studied similar phenomena for maps of spheres into euclidean spaces.
The Kakutani-Yamabe-Yujobho theorem states that a continuous real—valuégw
function on an n-sphere mnps the terminals of some n+1 mutually
orthogonal 1ndii 'ty v gingle velue, Dyson's theorem ctates that a
continuvous real-valued function on a 2-sphere maps the fonr end points
of some pair of orthogonal dinmétcrs into a single value. Chung-Tao
Yang Z::7 in papers presented to the American Mathemntical Society
in September nd ilovember, 19%3, extended the Borsul:=Ulam theorem and
the ahove-quoted remults to the more general situation of maps of
T-spaces into euclido%n spaccs. llere we shall give our attention only

to the generalisation by Yang of the Borsuk-Ulam Theorem.

351 Theorem : Let (X,T) be a T-space and let f be a map of X into the
euclidean k-space gk, 0< k ¢ indX. Then A(f) = (xex / £1(x) = f(Tx)}

is T-invariant and compact and ind A(f)} ind X - k.
For the purposes of the proof, we shall outline briefly the salient
features of the Cech-Smith homology theory. Using it, we shall define

the index of a T-space and proceed to prove the theorem.

3.2 Cech=-Smith Homology Theory

3.2.1 Preliminary Definitions, Remarlks and Results

A T-space (X,T) is a pair, where X is a compact, Hausdorf{f space and T



3.2.2

ig a continuous fixed point {rce involution on X. A T-prir is a
triple (X,A;T) ubere (X,T) in A T-rpace and A is 1 T-invariant closed

subset of X.

A map of T-spaces, T: (X,A;T)—>(Y,B;T) is a map of X into Y which

maps A into B and {T = T{ (i.c., T is equivariant).

A T-pair (X,A;T) is aimplicial if X is a finite euclidecan simplicial

complex vhose simplices are permuted among themselves by T.

Let @ denote thr category of all T-pairs and all maps of such pairs
and let &, denote the category of all simplicial T-pairs and all

simplicial mops of such pairs.

Let (X,A;T) be a2 simplicial T-pair. Since T is a simplicial map * of
(X,A) into itself, it induces a chain map of the chains of (X,A)

into themsclves. Denote the chain map also by T. (All through

this discussion, the coefficient group will be assumed to be Z2' the
additive group of integers modulo 2),
A p-chain ¢ is called a T-invariant p-chain or a (T,p)-chain if
T(c) = c. All the (T,p)-chains of (X,A) form a group denoted by
cp(x,A;T).
Result : A p-chain ¢ is a (T,p)-chain < ¢ = d + T(d) for some
p-chain d. (cfr. /33/)
The boundary operator 0 maps Cp(X,A;T) into Cp_1 (X,A;T).
Let B (X,;T) = {céCp(X,A;T) / ?2c =0} e
if’"‘\
B (X,\iT) = DC_ (X,A:T) : /Oa?;dw - ;
Hp(X,/\;T) = ZP(X,A;T) / BP(X,A;T). ,;\\ 5},

-\\1?
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The elements of the above groups are respectively called (T,p)-cycles,

(T,p)-boundaries and pth T-homology classes of (X,A).

A simplicial map T : (X,A;T)

» (Y,B;T) defines a chain mapping
s CP(X,A;T)—-—» CP(Y,B;T), and induces a homology homomorphism

f, @ Hp(X,A;T)—*~? Hp(Y,B;T).

For a T-pair (X,A;T) there is, as in singular homology theory, a

boundary operator 9, : HP(X,A;T)-w——er_1(A,T)

*

First, let (X,A;T) be a proper simplicial T-pair (A simplicial
"T-pair (X,A;T) is said to be proper if for each vertex u of X, the
star of u does not intersect the star of T(u).) and let (X',A') be
the simplicial pair obtained from (X,A) by identifying every point
of X with its T-image. Then the natural map Y : (X,A)—— (X',A")
is simplicial and for every simplex ¢ of X (or A), Y () is the

simplex of X' (or of A') obtained by identifying < with T(o").

Denote by Cp(X',A') the group of p-chains of (X',A').

Note that there is a chain map f$ : Cp(X,A;T)——~~$>Cp(X',A')

defined by Y (d+ Td) = Y (d) = Y(7d).

Thus we define o homomorphism Y ¢ Hp(X,A;T)—~—4'Hp(X',A').

Note that the homology on the right is singular homology.

3.2.3 Proposition : Y is an isomorphism of HP(X,A;T) onto HP(X',A')
commutative vith f, and a,.
Proof : This follous immediately as ’G; is itself one-one and onto

and commutativity follows upon the definition of f, and 3,.

NMow since singular homology thecory satisfies the Eilenberg-Steenrod



!
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1

axioms, we have ¢

3.2.4 By 3.2.3, the sysiem H, = {Hp' Tes 6*} is a homology theory on Q‘ .

Now, let (X,A;T) be an arbitrary T-pair. By a covering of (X,A;T)
we mean a pair = (7, ;) vhere A, is a finite open covering of X
and A, is a subset of A, vhich satisfy the following :-
(i) The members of 7\5 are permuted among themselves by T, i = 1,2.
(ii) 72, covers A.
and
(iii) whenever UE€ A, the star of U (i.e., the union of all the
members of A, that intersect U) does not intersect the star
of T(U).
Then the nerve of each covering A of (X,A;T) is a proper simplicial
T-pair. YWe chall denote it by (X, ,A, ;T). The collection /\ of all
the coverings of (X,A;T) is directed by ) , where 4 >A means &
refines A . If A,w e/l and & >A , then there is a projection
'rx,u, t (g he 3T)——> (X, Ax 3T)
If ﬂkﬁv and 7@(& are two such projections, then they are contiguous

/

and hence wc have a unique homomorphism

M2 H O e 3T) o H (K o 5T,
The groups Hp(Xk +Ax ;T) and the homomorphisms niﬂ_ form an

inverse system.

3.2.5 The pth T-homology group of (X,A) is defined to be the inverse

1imit of this system, i.c.,

def
Hp(X,A;T) = Lam Hp(Xf,,Ak ;T)



]
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t

If (X,A;T) is A proper sinplicial T-pair, then (X,A;T) iiself can
be considered as Lhe nerve of one of its coverings, A say, and
the natural homomorphism Hp()(,/t;'l‘)—————*Hp()(7t A, 3T) will be an

isomorphism. 'Thus HP(X,A;T) is well-defined.
Amp £ : (X,A;7)~——(Y,B;T) of T-pairs induces a homomorphism
£, : HP(X,A;T)—~—>HP(Y,B;T)
and for any T-pair (X,A;T) there is a boundary operator
d, ¢ Hp(X,A;T)-——> Hp_1(A,T).
Now, given any T-pair (X,A;T), denote by (X',A'), the compact pair

obtained from (X,A) by identifying every point with its T-image.

Let the pt}1 Cech homology group of (X',A!') be denoted by ﬁgX',A').

3.2.6 There is a natural isomorphiem

~
=

Y. Hp(X,A;T) f{p(x',A')

commutative wilh f, and a,.

Now, since the Cech homology theory satisfies the Eilenberg-Steenrod

axioms and the continuity axiom, we have

3.2.7 The system 1l, = {Hp’ Ty 3*} defined above is a homology theory

on the category (I and satisfies the continuity axiom. We shall call

it the Cech-Smith homology theory.

3.3 Index of a T-Space

3.3.7 Let (X,T) be a simplicial T--pace. Define homomorphisms

S . '
: Zp(X,T)————> z, hy recurrence,

as follows :- Y(z) = In c , if p=0

Y@c) , if p)> O



vhere zeZp(X,T) is riven by ¢+ Tc,
and for d = Z:rjcri é_co(x;ﬁ), In d is defined b+ In d = Z;gi

( G is the cocfTicienl group).

Iet 2z = ¢ + T¢c = c¢c' + Tc! be Lvo representatiorns of z,

- A . '
c= 25T, ; ¢ —ch <rJ_.
Then, c+Tc = c' + Te' 5 J 5, T, + ZgiTG‘i

- Jp.a T,
2Ty, 2857 T

But {q‘i} are frec generators. So the above equality implies that

Y o4, o = 0—3 for some j or

Ta! for some j.
J

i.c., B; = gj for some j, by the uniqueness of representation
of c's.
[c1e) Zgl = ZGJ.

Hence In ¢ = Tn ¢!
Thus ¥ is wecll-defined when p = O.

Further, if z = J(d + Td) for some d + Td€C,(X,T)
then ?(z) = In (2d) =0
Hence Y annihilates BO(X,T)-

i.e., Y is vell-defined and annihilates BP(X,T) when p = O.

By induction, for p) O assume that Y is well-defined on Zp_,'(X,T) and
that ¥ annihilates B,oq (6T
Now choose z = ¢ + Tc € Zp(X,T).

If ¢' + Tc' is another representation of z, then we may write

- \ P L .
A +‘_'L(c,I + CZ) such that ¢ = T, * T, and ¢ c, +Tc2



Mow, Y(0c) -¥(0c")

i

9(501) + Y (aca) - \7(301) A aTcz)

V( dey) - V(0Te,)

i

O by induction hypothesis as 802 and aTc2
represent the same cycle.
Therefore, Y( d¢) = V(3c') and hence ¥ is well-defined on Zp(X,T).

Further, if z € Bp(X,T), say z = 9d + OTd for d + Td eBp+1(X,T),

il
It

then, Y(z) = V(0 0d) (or = ¥(In 2d) if p = 1)
=0

Hence Y annihilates Bp (x,T).

Thus we are able Lo define a homomorphism

303.2 \7 H Hp(X,T)—““—) _%2

defined by Y ( [z1) = Y(z), =z & Zp(X,T)

called the index homomorphism.

3.3.3 Proposition : If f : (X,T)-—(Y,T) is a simplicial map, for (z] €
Hp(X,T), (£, ((z1)) = Y({=z1).

Proof : we are to prove that V(f(z)) = ¥(z), z e'Zp(X’T)’ by the

definition of ¥, 3.3.2 and as £, [z} = [£(2)] .
We proceed by induction.

For p = 0, ve hove In f(2z) = In z and we are through.

Assume the result for p-1, p>O0.

let z=c¢ + Tc € ZP(X,T).

Then Y(z) = Y( dc).

Also Y(£(z)) =7(0f(c)) = Y(f(dc)) =¥( 9c) by induction hypothesis

and we are through.
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3.3.4 Now let (X,T) be an arbitrary T-space, and let [z] = {[_‘ZA']} be an
element of HP(X,T). Since (X, ,T) is simplicial, ¥([zx]) is defined.
By the commutativity property of the inverse limit homomorphisms

and 3.3.3, we shall have that ¥([z,]) is independant of A, so that

Vi HOGT) ——— 2,

given by 7 ( {[ZAJ}) = Y([zx1)

is a well-defined homomorphism called the index homomorphism.,

3.3.5 By 3.3.3 and 3.3.4, we shall have that if f: (X,T)—s(Y,T) be a

map of T-spaces, then for [z]E}{p(X,T). v(£,((z])) = 2([z1).

3.3.6 Proposition : Let (X,T) be a T-space and let F be a closed subset
of X, with FUT(F) = X. Let A = FMN T(F). Then there is a
homomorphism & : IIP(X,T)——«) Hp—’l(A'T)’ pY>O0

so that v ([{z]) = Y(alz]).

Proof : First of all, suppose that (X,A;T) is simplicial and let
[z] € Hp(X,T). Let z = ¢ + Tc be a representative of [z], such that the
support of c¢ is contained in F.

0

I

Then o(z) = O = 0c + 9Tc
= O0c¢ = 0Tc

= dc € Zp__1(/\,T).

Further, we have thnt the p—1th homology class of (A,T) containing
dc depends only on (=].
Thus we are enabled to define a homomorphism
A np(x,'r)--—» }{p_1(A,T)
by a(lz1l) = [acl.

Now, Y([z]) = (=) by 3.3.2
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= Q(ac) by 303.1
= 2( [acl) again by 3.3.2
= Y(alzl).

llence the simplicial case it established.

The non-simplicial case may be established by the standard procedure

of taking limits. @
3.3.7 Corollary : If V(Hn(X,T) ) = Z5y then ?(HP(X,T’)) = 2, for Ogpgn .

Proof : Taking F =X in 3.3%.6, we get a homomorphism
A Hp(X,T)———> Hp_1(X,T)

which makes the diagram
m(X,T) —L Ho_,(X,T)

N

Now, since 9(}{n(x,1")) =2+ for 0€Z,, 3iz] € nn(x,'r) such that

commutative.

Y([z1) = 0=v(alz]).
Similarly for 162%.
Hence,‘?(Hn~1 (x,T)) =

Proceeding dovnwards we get the required result.

3.3.8 Definition : Index of a T-Space

For any T-space (X,T), there is an integer n such that'V(Hp(X,T)) = §2
for OCpg¢n and w?(Hp(X,T)) = 0 for p)n.

Proof : By corollary 3.3.7, it suffices to prove that ‘V(Hp(X,T)) =0
for some pe.

Let Abe a covering of (X,T) and let p-1 be the dimension of (X, ,T).



3.k

Then HP(X" ,T) = 0,

Now, let [7] € Hp(X,’]‘). Then Y([z)) = ¥([z,]) = O

O.

1]

so that Hp(X,T)

This integer n is defined as the index of (X,T).

Generalised Borsuk-Ulam Theorem

Now, we are ready to restate theorem 3.1 and proceed to prove it.,

Let (X,T) be a T-space and let f be a map of X into the euclidean
k-space Bk, O<k gind X. Then A(f) = {xex / f(x) = f(Tx)} is
T-invariant and compact and ind A({) y ind X - k. Further, A(S) is

of homological dimension ) ind X - k.

Proof : Let f = ( f1, f2, cesces, fl') where each fj is a continuous

real-valued function on X.

Let A_(f) = X
AL(D) = {xex/ £,(x) = £(1x), i= 1,2,.00,5}
Fooo= {xen, (D) 7 £,60 ¢ £ (m0}
J = 1,2400ee,Ka
Then A(f) = A (f).

Clearly, each Fj is a closed subset of Aj_,](f) and

=
—
Hh
~r
1

F.U T(F,
3V (J)

i

and AL(F) F.M T(F,)
J J h|

F,= {x€x/ £,()gt,(m0}

and A1(f) = F1/\'I‘(F1).
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Then by proposition 3.3.6, we have that

ind A1(f) } ind X - 1.

By induction, we shall obtain ind Ak(f) 2 ind X - k.

Now, let us put ind X = n. Let A'k(f) be the compact Hausdorff
space obtained from Ak(f) by identifying every point with its T-image.
Then , by 3.2.6, we have Hn_k(Ak(f) yT) = ok (A'k(f) ) £ Q.

Hence dim A&(f) )y n -k

But as the natural map of Ak(f) into A'k(f) is a local homeomorphism,

dim Ak(f) Jn-k. @

Corollary : Let (X,T) be a T-space of index n. Then a map from X

. n . . co . .
into R maps some involution pair into a single point.

Proof follows directly from 3.4

Corollary : Given any map f : Sn-——,gk, the set {x es” / f(x) = f(Tx)}

is of dimension yn - k, where T is the antipodal map on s",

7

Proof: For the proof, it suffices to show that ind 8" = n. This we

shall do in the following lemma.

Lemma : ¥ : Hp(s“;r) %2, P = 0,7,2,.000,n, and hence (s",1) is
of index n.

Proof of lemma :

st

Iinte that since by 3.2.3, Hp(s“;T) Hp(gpn) we have that

n

n .
HJS,T) Z, if Og¢pgn

i

O if‘p)ﬂ.

Hence by 3.3.7 we only have to prove that ‘Y(Hn(sn,T)) = §2
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We shall prove it by induction.

Since 8° consists of two points, from the definition 3.3.1, it follows
o)
Y . = 7.
that (Ho(q st)) 25
Now, assume the result for n-1.
Let 8" be the wnit gphere in the euclidean (n+1)~-space, let T be the
antipodal map. ILet T = En+ be the subset of S" consisting of the points

whose (n+1)th co-ordinates arc non-negative. And T(F) = .

Ibw,EﬁJ\ T = L FNT(F).

Then the homomorphism 4 constructed in 3.3.6 is an isomorphism onto.

il

llence, ¥ (1 (5",1)) v (L _(FAT(E), )

", 1)

—f
(IH1-1

]
‘ '
-2

by the induction hypothesis.

Remarks

Putting k = n in 3.4.2, and using 3.4.1, we get the Borsuk-Ulam Theorem

2.1

3.4 and 3.4.1 are clcarly both generalisations of the Dorsuk-Ulam
Theorem to T-opaces and maps to cuclidean spaces. 3./t.2 gives more
information on the set A(f) = {xeas“ / f(x) = f(—x)} for a map f of

s into the cuclidean k-space, than does theorem 2.1.
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4,1.1

N

ABSTRACT COTHNDEX AID THE BORSUK-ULAM THRORIM

In this chapter, ve are not interested as much in looking at a
further gencralisation of the Borsuk-Ulam Theorem, as in looking at
the set A(f) we defined in chapter three, from a new angle. To this
end, we follow P,%, Conner and F,E, Floyd ZE? and first of all define
the abstract Coindex of a T-space (X,T) and proceed to prove the
generalisation of the Borsuk-Ulam Theorem as found in Chang
(cfr. theorem 3.1) uscing this definition. After that we proceed
to define the cohomology coindex of a T-space using fundamental
classes. e next prove that the cohomology coindex is a Coindex, i.e.,
that il satisfies the postulates of the definition ol abstract

Coindex.

Abstract Coindex

Let J be a collection of T-spaces. J is said to be hereditary if
and only if
(i) Whenever (X,T)€J and ACX 1is closed and T-invariant, then
(A, T/A) € J.

(ii) (s°,A) € J, where A is the antipodal map of S°.

Definition : A Coindex function on a hereditary collection J of
T-spaces assigns to each (X,T) € J, X # @, a non-negative integer
ore«, and satisfies
(i) If m : (X,T)— (Y¥,T') is an equivariant map between two elements
of J, then Coindex X £ Coindex Y.
(ii) If X = AvB, vhere (X,T) € J and A,B C X are closed and T-

invariant, then Coindex X ¢ Coindex A + Coindex B + 1
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(iii) Coind s° = o.

4,1.2 Deflinition: Conlinuily of the Coindex Function

\le say that Coindex is continuous on J if whenever (X,T) € J and A C X
is closed and invariani, then there exists an open neiphbourhood C

of A such that € is T-invariant and Coindex A = Coindex C.

L,2 Yang's Generalisation of Borsuk-Ulam Theorem

Let (X,T) be a T-space and let f: X-——,Bk be a map of X into

euclidean k-spacc. Let Ai(f) C X denote the set {'x eXx / f(x) = f(Tx)}
Then A(f) is a closcd invariant subset of X and Coindex A(f) »

Coindex X ~ k, for any continuous Coindex with Coindex s = n, for

all n.

Proof :

Inductively, define Aj(f) as follows :

Let f = (f1, f2, eraey fk) vhere each fj, j = 1,2,.ee,k are continuous

real-valued functions.

i

Define Ao(f) X

A, (1) { x €n_q (D) /1,00 = fj(’l‘x)} v 3= 142,00 0ke

Then Ak(f) = A(f).
Clearly A(f) is closed and T-invariant.

We shall prove the theorem by induction on j.

We have A (f) = -{x eX/ £,(x) = f1(TX)}

By continuity of Coindex, as A1(f) is closed and T-invariant, 3 an
open neighbourhood C of A1(f) such that C ip T-invariant and

Coindex C = Coindex A1(f).
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Let B = X~-C
Then B 15 closed, T-invariant and BN A1(f) = #.
Further, X = BU C.

Now, since B F\A1(t) = ¢, if x € B, f1(X) # f1(TX)-

Thus, we may define an equivariant map

B——— s°

f1(x) - f1(Tx)

by X —s

br,G0 - £, (ol

so that Coindex E'.g Coindex 5° = O, by definition.
low, Coindex X  Coindex C + Coindex B + 1 by 4.1.1 (ii)
= Coindex X ¢ Coindex A1(f) + 1

= Coindex A1(f) » Coindex X - 1,

By induction, we have Coindex Ak(fﬁ 7 Coindex X -~ k

Cohomology Coindex

Our aim now is to exhibit a concrete example of a Coindex function.
This, we do using fundamental classes. If T is a fixed point free
involution on a paracompact space X, we have the fundamental class
c € Hq(X/T; 22). (Il denotes here, the Alexander-Wallace-Spanier
cohomology). For example, we may take ¢ to be the Stieffel Whitney
class W, € H1(X/T; Ze) of the O-sphere bundle ¥ : X——X/T

(ZEEZ, 12.3). \e may also define ¢ in terms of the Smith-Gysin

sequence of ¥ : X—=>X/T with coefficients in ZZ :

The two-fold covering 7 : X— X/T gives rise to a line bundle
p: E—> X/T. Let [ be the subspace of E consisting of the

non-zero vectors of L. Then the exact sequence Br the pair (E, E)
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gives the following diapgram and the consequent sequence at the

bottom. %e ¢all it Lhe Smith-CGysin sequence.

L — u“(E,E)——~iia.H”(E)-_____~>}f’(ﬁ)__42:_*.H"*1(E,ﬁ ) I
S i P* W] T sl

N 1{"'1(3(/(1?)—(5;»11“()(/'1‘)

v 1 (X) g HN(K/T)— . .
T

llow consider the following section of this sequence :

* Q% *
/1) —2 s ) ) —
TLet 1 e HO(X/T) denote the unit class in HO(X/T).
Then put ¢ = §*(1).

In general, §* : HN(X/T) — Hn+1(X/T)

is given by d () = K. c

Thus we have the powers ¢ € H(X/T).
We aloco have that Cm.cn = ¢

.

Further if m ¢+ X ——= Y is equivariant, then m* :

(/) —s

1 (Y/T) s 1 (X/T)

map c(Y) onto c¢(X). 1In particular we have that if the mth power

m . n .
¢ (X) of c(X) is non-zero, then ¢™(¥) is also non-zero.

These are all wvell-known resvlts. In this section however, we

would like to define fundamental classes in a more general setting :

for

group action by any finite group G and for any principal ideal domain.

Let a finite group G act freely on a paracompact space X. Let L

be a P.I.D. and L(G) denote the Group-Ring (i.e.,

the ring of all

finite linear combinations of the form Zilg.g). Let J be an L(G)-

module. We use liere, the equivarisnt cohomology (as outlined in /127).



An egquivariant n-cochnin, accordiugly, is an Alexander-Spanier
n-cochain @ (/31/, 6.3) which assisgns to each (n#1)-tuple

(xo, Xqy aen s xn) of points in X, an element ¢(xo, Xgr eee g X )

n

of J such thnt ﬂ(gxo, CXqy eee o gxn) = g. ﬁ(xo, X1 eee s xn),
Ve € G. le denote the module of all such equivariant cochains

by Cq(X;J). The coboundary honmomorphism

3 Mx;0) —— ¥ (x:0)

is defined by O (x s X,y eee 3 X_) = 2 -1t B (X 3 eeey XiyeeeyX )
o) 1 . o i n+1
0<1igqg+
clearly S (g#) = r(84).

We denote the resulling cohomolory by HHUX/G ; J).

?

Tix 1y H 0 — 1 e “Ioé—-'—“',l<*n 00 0 & wrf——-——-— sesesey

a free acyclic recolution of G. ( By a free acyclic resolution of
G, ve mean an exact sequence of L(G) medules, L itself being -
considered as a trivial L(G) module.) As U is acyclic, there is

the following chort exnct sequence, for each n 2 0O :

0 > 7 > ' —> 5 ———> O
n n n-1
vhere Zn = Ter ( ”“-~~T>Un 1), I, being denoted by 2 4

Ve get the corresponding cxact cohomology sequence :

"
ba32 eee — PO/G50) s /G5 ) — o /G52, ) O 11 (1/632 ) wrens

4
n
Considering cuch sequences for all n ) 0, and joining them together

ve get the sequence of coboundaries

®
4,3.3 IIO(X/G;L)j—e H1(X/G;7,O)~—éi> rxz(x/a;zq)—éi

A -1 * ®
e S0 (x/Giz_ o), (x/asz, ) 85 ...
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Lel 1 éi]f‘(K/G;TJ devote 1t il Llass.

We denole by c(X;T), the inmpe 3%(1) € Hq(X/G;ZO).

By iteralion, lrl ¢'CGL) = 8+ (x:1)) € (x5 ).

Ve have the follouine resulin @

o3k Ifm: X——s ¥ 15 rquivariont, Lthe induced map

s /0 T ) s /GG 7 )

n-1

maps ¢ (¥;L) into ¢ (%31

n . . . .

4,3.5 Clearly c (X;L) will ~1so he a function of the particular resolution Y.
However ve have the [ollovaing ¢ TIf W' is another free acyclic
resolution of G there is an equivariant chain map YV : H—sW?',

In particular, thm~1o is a hormom~rphism 2 A of cycle groups.
I art, : SR P | > 7 n- ’ group

The indvced homororphism Hn(K/G;Zn_1)—_———> Hn(X/G;Z'n_1) maps
the class ¢ defined by means of the resolution Y, into the class
¢ delined by me s of the resolution Y's llow since there is an
equivariant chain oap {rom U'——s V! also, we conclude that =0

if and only if c¢'" = O.

L.%.6 TFor defining Llhe producis of these classes, first of all, define the
join W o W, of the frece acyclic rosolution W of G, with itself, as

follows :

1 % - | 1
(7o l)q = ©) Ipcp !

prq = n-1 1

With the usual boundary ( én(c ®c!') = ap(c) ®c' + (-1 ® 8q(c'),
where ¢ é:Up and c' & Uq, vith p+q = n=1), W o Y is also a free acyclic
resolution of G. (llole that I.G%&G)L ¥ L), Further, zm_1<w)(2 zn_q(w) C

7

Znen 1(l'l o W). TMNou, there exisl cquavariant chain maps W o W—aW,
m+n-



r

w !
mm_1(/) on the

inducing homomnrphisns 7 (o V) ——

ran=1
proup of cycles. These in twrn induce homomorphisms
7 (W) 7 G)— 7
n- 1 © n-1 '

(W), and hence homomorphisms

).

min=-1

) Hm+n(X/G;Z

n o 1 -
(/655 )) @ (/G52 men-1

-1

This homomorphism mips ¢ (X3T.) ® ¢"(X;L) into <M X;L).

L,3,7 1If in the above aralysis, we put G = 22, vie are back to fixed point

free involutions. Consider the free acyclic resolution of Z

2 9
1T 1-T 14T
“] = O*—’—Ix(gz)(-—’—' L(EZ)(——-——IJ(EZ)(————- X EE)
uith each Uj, the froup-ring L(Ea) of clements 11+T(12), (11, 12 €L,

T is the involution) and O : Nﬁ———+‘1n 1 multiplication by 14T if n
is cven and multiplication by 1-T if n 1s odd. Then we get only two

digtincl sequences t.3.2. TFurther if we put L = Z,, then Zn_1(W) = 22

for a1l n, and then ¢ € UM (X/T; 720 = 1P(/T 5 3,) is the

-1

classical fundamental class of the involution (X,T) seen earlier (4.3.1).

Nowr, weo ore in a position to define cohomology coindex. Note that

by the result "#.,3.6 on products, if "= 0, ¢ = 0 for all n ) m.

4.32.8 Definition: Let a finite group G act freely on a paracompact space
X and let I be a P.I.D., Then the cohomology coindex, coindL X is
defined to be the largest n for which the class cn(X;L) is not
zero. 'le write coindL X = =1, if and only if X = @ .
b b Ve nov procced to prove that coindL defined in section
t.% is in fact a Coindex function defined in section 4.1. Further we

want to establish tha! it satisfies the requirement of continuity.
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holiot hoh,1 (1) follows immediately from 4.3.4. Also 4.1.1 (iii) is
clear., We proceced nouw to establish 4.1.1 (ii), i.c., coindL X £

coind. A + coind, B + 1, where X = AUB and A, B CX are closed and

L

G-invariant. —

Proof : Let 001ndL A = n, and comdL B = n2 .
n1+1 n1+1 n1+1
Then i* : H (X/G; 7, ) H (NG z ) kills c (X;L)
1 1
n2+1 n2+1 n2+1
and j* : H (WG 3 2 )———— 10 (BG ;2 ) killsc (X3L)
2 2

Mow, consider the following Mayer-Vietoris sequences :

n_+n_+1 . n_ +n,+2

112 1*P%2 ]
cee—s H (a/GN B/G,Znﬂnaﬂ)___, 1 (A/GUB/G,Zn1+n2+1

(i*y.j*) n,]+ﬂ?+2 n1+n2+2
A (/e ;“n1+n2+1) ® I (/G 5 Zn1+np+1

)

Y e een

n, 3 n1+1 (i*,3*)
coe—ll (NGOB/G 5 7 ) s (MGUB/G ; 7 )-mmre——>
1 1

n1‘1 , n1+1
n (NG 2 ) @ 1 (B/G ; z, )

1 1

n, §° Nyt (i*, j*)
eee— I “(A/GNDB/G ; o )——» H (A/GUB/G ; z ) ——
2 2
n +1 np+1
IS (/G372 Dol (B/G3 2 )e—seee
112 nZ

Without loss of generality, assume Ny nse

n_ +1 n1+1
Then, ¢ €n (A/GUB/G Zn ) gets killed by (i*,j*).
1

n n n n1+1

1
llence, ¢, Ten 1(A/Gr\B/G P 2y ) s.t. 3‘(c1 ) =c¢ .
1
no+1 n2+1
Consider c¢ € H (A/GUB/G 2 ) and
2
n,+1 n +1

j,‘*(c e ) €H 2 (A/GNB/G ; Z“a)'

where, j, A/GNB/G <, A/GUB/G = X/G



g
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n n, il n_oingl

Then, e, 'y §.%(c ) e 1 7T (AGNB/G; 7 he3
1 I I ’ nH i ~'!\14r\,,+1)’ by 11.3.6
n ng+l n_+n,+2
Then we have 5'(c] s jq*(c =)y €n’ 2 (v/covp/a g 7 )
n_+n, +1
12
n1 n?+1 n1 n2+1
But, 8*(01 v j,"(c ) = 8’*(01 Jue (cfr. /347, 5.6.12)
n1+1 n2+1
= C v C
n2+1
= 0 as j,* (c ) = 0

Note that j1: AMGNB/G—— X/G = A/GUB/G is the composition

AGNB/G C BﬂS.__l_,.X/G and hence

n2+1 n2+1
j*(c ) = O implies that Ja* (c ) =0
n +n?+?
Therefore, c¢ - = 0.
llence, 001ndL X g n]+ n2+ 1.
ie.€4, coindT X« coindI A+ coinr:lT B+ 1. @

44,2 To establish the continuity of coindl, wve vant to prove that if
A is a closed invariant subset of X, then there exists an open

neighbourhood C of A such that C is T-invariant and coindL A= coindL C.

To prove this, we shall be usinpg the property of continuity of the
cohomology theory we are using. Hence, before we go on to the proof
of h.4.2, we shall have a brief look at continuity and the particular

deduction we shall be using. (cfr. /13/, X )

m
Lbk,3 Tet {(Xm, Am), ﬁ;1} be an inverse system of paracompact pairs and
2
maps over some directed set M. Applying the cohomology functor H, we
m .
et a direct system {Hq(Xm,Am), ﬂ%1 *} of cohomology modules and
' 2

homomorphisms. The cohorology theory H is said to be continuous on



the category of paracompact pairs and maps, if
q ™ q ™
. N ~ .
1lim {n (X 0, nm? } = i Lim {(xm,/\m), nm?k )

llow, let H be a continuous cohomology theory.

Let ACX be a closed subset of a paracompnact space X. Suppose now
that x/A = 0 for some x € H(X) (i.e., if i= A—5 X is the inclusion
map, then i*{x) = O0). Then the continuity of the cohomology theory

implies that there exists an open neighbourhood V of A such that

Proof
Consider {Bm} neA’ the collection of all closed sets of X s.t.

™

B :) A,V meA, directed by inclusion. Then {B s im } forms an
2

inverse systoem and the Timit of this system is (\) R = A.

n
me

The continuity of the crhomolory theory I implies thet
1im 1B ) = ul(n).
g m

lNovw consider the lollovring diagranm

()

JL,'/;2( ';
/ ¥ A
v\

RPN | (0 I{q(B KB ) e
i i "5 k
Mow, i*(x) = O
= 1.%] * (%) = Ir ji*(x) = 0, take V = Bmi and we

are through,



7 i]*(‘:) 7/ O, minee 4 '()1*("3)) =0
d 50t 1o sl 'kl* 11*(x) =0 (cir. [0/, VITT.h)
'.‘?., +
i (;{) =0
-]
ond e py Lale U= B[ and ve are thiough, @

Proof of h.h.2

First of all, i” ACC and both arc invariant, then the inclusion

map is itrel T econivariond omd henen cojndI AL cninr?I c.
w} ¥

To prove the opponite inequrlily, we Tirst of all assume without

loss of penerality that CandT A is [inite. By the continuity of
|

the cohomolory ve ronnider, e ret an open neighbourhood C of A

such that € 1w be considered Lo be invariant ( in 1.0.3, take

. . o .
closed innari-nt cuboels Bm nT X such that A Cij) and in the

follouving dizarnm @

_) it

(X/G H(A/G; - )

j*
n(c/6;-)
if i*(x) = 0 for comr x € H(X/G 3 - ), thenj*(x) = O, vhere i and j
are inclusion rips. As i1 and j are equivariant, ve have that
CojndL A coindL C @

Thus coindL is a conltinuous Coindex function on the class of finite

group actions on paracompact spaces.



HARS FROIT A SPHLERT BUNDLE, 10 IUCLIDLAN SPACE

Now, we talke 7 Slep touards pgeneralisation of the Borsuk-Ulam
Theorem in another darection, viz., we consider an equivariant map

h|
{:tB—->» R wvhere p: B——X 15 an n-sphere bundle over a compact

1

space X, (m » ni1), and ~ttempt to measure the set f (0). In

. . -1
particular, we shnll examine ho/ many fibres of p:B-——X, [

(0)
must intersect. Tor this purpose, we shall follow P.E. Conner and
EE Floyd L§7. t'e shall be using some of the material wve developed

in the last chopter and we shall develop a few more notions as we proceed.

Stiefel Whitney Classes of a Sphere Bundle

e shall consider an n-sphere bundle p ¢ B—— X over a paracompact
space X, whose siructural group is 0(n+1). Considering the antipodal
mip on each fihre B (=5"), we shall obtsin a fixed point free invo-
Jution T : B——R. Denote the orbit space B/T by B*., Thus we

get a bundle of projective n-spaces q : B*——X.

Note that the concept of a O-sphere bundle coincides with the
concept of a fixed point free involution. If p : B-—X is a

zero-sphere bundle, then q: B*—, X is a homeomorphism.

Let P ¢ Bi-w—>X, i = 1,2 be two phere bundles. Then there is

the sphere bundle pep, t B, 0 B, X whose fibres (B, o B,), are

. of the fibres of B1 and B

ox > defined by

the ordinary joins B1x o B

, ¢t

B, 0B, = {(t1b], t,0,) / b €B, 4 by€B,

= t,€ I, t et =1} .

1’ 172

Note that B1x o B, C D(B1x) X D(BZX) where D(Bx) denotes the disc

2x

of which B‘ is the boundary. Ve shall refer to this as the join of

- 27 -
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2

Lthe two sphere bundles, lor facility of notatien, ' shall denote

a typicnl element of (E) o H2)x Ly

(1-t) by kb, OCELT , b €B.

llote that the involution T : B1 0 82““"“’ B1 o} B2 has B] and 82

as invariant subspices and hence (B1 o BZ)* has Bq* and BP’ as

subspaces.

By naturality, the classes c]'él{l(Pn) of Sq——42~+ P"  are images

of the classes c¢* €'(B*) of T : B————»B*., Hence the map

i* ¢ H'(B*) ———— 1N (P") is epimorphic, i.e., the fibre P

of q ¢+ BY—— X is totally non-homologous to zero. (Throughout

this chapter too we shall be considerine Alexander-Vallace-Spanier ——
cohomology with cocfficients in 22). Hence the map Hi(Pn)-—————>Hi(B')

wvhich takes ¢’ to ¢t is a cohomology extension of the fibre. Ve

ret the following results
. k k . .
aq* + H (X)-—=1" (B*) is a monomorphism

+ .
For, Hk(X)~——S;~ ,If\(B*)

idaz\\\\k\\\\\ * g (=)

5 (x) @ 1P

Suppose q*t(u) 0

Then #*(u @ 1) 0, where @* is the Lerray-Hirsch isomorphism.

(cfr.{357, 5¢7.9)

> 1o 0, as @* is an fsomorphism

1

= u = O.

5.1.2 Every PKEEHR(B*) can be expressed uniquely as Fk = q*d, + q‘dk_1.c + eee



N

+ q¥a c

len"
vhere di € HI(X), and ¢ € H‘(B*) 15 the fundamental clacs of the

[

involution T : D —» B*,
This followus from the Lerray-ilirsch Theorem.

5.1.3 Using 5.7.2 1t follovus that cn+1 € Hn+1(B‘) can be expressed uniquely

n+1

n
as ¢ = q*v + q*wn.c + eee + Q*V .C

n+1 1

for classes vy € Hl(X), i = 1,2y eee 4 N+l,

Now for a piven rpnce Y, denote by H*(Y), the strong direct sum

o

Zi H'(Y). Consider an element in H*(Y) as a formal pover series
o

zitxi.tl , deQ ' (y). In particular, let w = w(B) denote the

element & wi.tl € H*(X), for the n-sphere bundle p : B—»X.

We let w =1,
o

5.1.4 Propesition : The function assigning to each sphere bundle p : B—X,
the class v € II*(X) is characterised by the following properties:
a) For a O-sphere bundle, w = 1 + ct, where c is the fundamental

class of (B,T).
b) If p; ¢ Bi'_** Xi are two sphere bundles and f : B1____,B2, a —

bundle map, then the induced map T @ X1-———9 X2 has

T w (B2) = v (B1)

c) If p; : B, ———> X, i = 1,2 are sphere bundles, then w(B1 o BZ) =

w(B1) . w(BZ).

Proof

a) From 5.1.3, c = q*w Further, for a O-sphere bundle,X and B*

1.
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are identified, Illence identifying v, vith its image under the

isomorphism q*, ve get the required result.

b) Consider the following diagram of maps induced on the cohomology levels
*
Iln+1(B2") — (8,*)

* *
a5 q,

T 0G) ——— ™ )
f*

Let 02n+1 € I{n+1 (Bz*) be the (n+1)th power of the fundamental class

c, of (Bz,T) and Jet c1n+1 € Hn+1(B1*) be the (n+1)th power of the

fundamental class c, of (B1.T). Then by the naturality of the

n+1 n+1
) = ¢

fundamental class and product, ve shall have f*(c2 1

Hov, by 5.1.3,

n+1 _ * " . . n
c, = ay* w(By) o+ 9, S R I ”(B2)1 c5
o (e, = o (ar w(B) ) £ wWBL) e Co) 4 eee + £*(q *w(B,) ue,™)
e 2 2 2'n+1 2 2°n 2 2 2°1°7°2
n
= f*qg*w(BZ)n+1 + f*qz*w(Bz)n.f*(cz) + eee + f*(qz*w(BZ)J.f‘(c2 )
.04, c1n+1 B n

T ™ 7%
= q 't w(BZ)n+1 + q*f w(BZ)b°C1 + eee + ¢ w(B2)1.c1

n
* * *
a, w(B1) 1+ q1 w(B1) .c1 + o o o + q1 W(B1)1-C1

By the uniqueness of such an expression and injectivity of q1‘, the result

follovse.

c) In B1 o] BZ' let 01 denote all points of fibres (B1 o B2)x of ,,

the form (1 - t)b1 + t b2 with t € ¥ and let C2 be all such with

t ) k.
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Then B1 o B2 = C1LJ 02’ Ci') Bi and Bi is an equivariant deformation

retract of Ci' i=1, 2.

Passing to orbit spaces, we get (B1 o BZ)*

n

a
Y

*

C

Q

+

Q
Pde

*

V)

=
e

*

|
—_
n
.

and Bi* is a deformation retract of Ci‘, i=
Thus, HY(B.*) = H(C.*)

1 1
also, if (Si € (B, o B,)*) and H((B, o B,)*) — H(B.*) kills

ﬁ% for i = 1, 2, then ﬁ1 . /32 = O,

(cfr. arguments in 4.4.1, using {3?7, 5.6.12)
Now, suppose that B1 is an m-sphere bundle and B? an n-sphere bundle.
] m+1 ., m . e .
Then ¢ +q !1(B1).c + e e o+ q wm+1(B1) € ((B1 o B2) )

. . . M+ 1
on restriction 1o R]* is 2t 20 s by 5.1.3.

- n+ ., n . n+1 .
Msn, ¢ +q Jq(ﬂz).c e o o 4+ q wn+1(B2) € i ((B1 ) BZ) )

C o . n+1
on resiriclion Lo D.,* i5 2¢ = 0.
[4

Ience by vhob foe oo i bY ished above, their product is zero in
m+n+e .
11 ((B, o R*).
1 p
Compinting the product and comporing the result vith the unique expression

min+2
c

~— * *
= q* u (B1 ) Bz) + g% v n+1(B1 o Bz).c + e e e +

rini2 m+

. M+n+
q w1(B1 o) BZ) . C

e get the required result. @

Since the Stiefel Vhilney classcs are also defined by the above
properties and by the uniqueness of the Stiefel-Whitney classes,

Lhe classes w. arc the Sticfel-thitney classes. (This vay of defining


file:///fith

1
.
N

5¢241

-~ hp

Stiefel-Whituey clanses is due Lo Grothendiech).

Turther PResulls

e need Lhe folloving computati~m and results hefore we turn our

attention to the specific problem 2t hand,

Consider the followine three sphere bundles over B*.

a) The O-sphere bundle ¥ : B3R

b) Consider B* as thr collecticn of all antipodal pairs of B.

Let B1 —» B* be the induced bundle which assipgns to each element
b* of B*, the fibtre of p: B—»X vhich conlains b*.

1eCay

B1 = q*(B) B
o
JLASSRE—.

¢) Turther, consider the sphere bundle BZ——~———+ B* vhich assigns to

cach b*, the{n-1)-sphere orthomenal to b* in the n-sphere Bx which

contains b*.

h i
Note that as sphere bundles over B, B, = Bo B,. By S5.1.4 (b),
the class of Bq—«—q B* is q* w, where w is the class of B——X.
Also, by S.1.)t (a), the class of the O-sphere bundle B - B*
is 1 + ct.
Hence, S.1./t (c) gives
g*(w) = (1 + ct) o (1 + dqt + e e o + dntn ) vhere

ZZ di. t1 is the class of B2

i'e" 1 + q*w 'tn+1 = ("‘*’Ct) (1 + X t + eee + qntn)

*1y
ot 4+ ees + Ln+1 1

1

_’B‘.



5.2.3

5.2

- i
1

How, for v € W (¥), rencide; Lbo imique inverse v -~ A1, ¢t in
i
the ring () =nd for 1 4 ~t iq the ring HY(BY) conmider the
. . 22
unique inverse 1 4+ ot + € E7 4 ceve.
\le have ¢
T+ &t & b L = (1 oaty Wt o+ + q'u fn*l)
1 n ' Y ser AVt °

(1 + ct «+ 02t2 oo e oe)

and

-
(1 + ct + czta e o e o )={14 d1t + o o o + antn) .

.t o+ qrw 7 + e s 0 o)

(1 + q*; >

1

Using notations of h.2.8, let coind, B denote coind. B vhere L = Z

2 L =2°

Theorem : For every n-sphere bundle, p ¢ B——X, coind., B = n+k,

2
where k is tho larpgest inteper with the dual whitney class Gk
Proof : Note that coind2 B is the degree of 1 4+ ct + 02t2 + oo —

NOoON-=2ero.

and that k is the degree of W,

llence from the relation 5.2.3, it follows that coind, B ¢ n + k.

2
Further, from the relation 5.2.2, comparing the coefficients of

n n . .
t, we get dn = ¢ + terms of lower degree in c, while (in-1’ 0%_2, cee

o , 811 consist of terms of degree less than n in c.

Using this in 5.2.3 and comparing the coefficients of tm, we get :

m - n .
c = q*wm .c + terms of lower degree in c.

. . . - m
lHence, since q* is a monomorphism, w men £ 0 =c £ 0.

Therefore, coind, B 3 m.

2



5e245

53

- hiy -

Rut the preatest v»Ine that m - n can take is
TeaCe, M~ Nyl
ofe coind, B ) n &}
[ 28

Thus we have Lhat coand, B = n + k.
ro

Corollary : TIf ~ dy{ferentinble n-manifold X can be immersed in a
Arfferentiable m-mnifold ¥, thenn + k {m + 1, vhere kK and 1 are
the largest antegers vith the dvual Stiefel-Whitney classes Wk(x) and
Wl(Y) non-zero.

Proof : If X can be immersed in Y, there is an equivarinant map of
the bundle oif unit tangent vectors to X, V1(X) into the bhundle of

unit tangent veclors to Y, VW(Y)‘

Then, Coind2 V1(X) ¢ comnd2 V1(Y)

= n-1 + &t mo- 1+

7N

= n o+ It ¢ m+l

. . . m
Consider an equivariant map { : B— R, man + 1 where p : B—X
is an n-sphere bundle over a compact space X. In this section we

1

shall try to measure the set f (0). Ve are particularlyfinterested

in seeing hov muwy fibres of p + B——X f~1(0) must intersect.

llote, first of all, th it f (Lorether with a homeomorphism) maps
-1 . . . m=1
B - £ '(0) equivariantly into S

flence, coind, (B ~ f_q(O) ) § m-=1

Definition : If A 15 a closed subset of the compact space X, and if
Y € 1 (x), then we say that A is a support of Y if for every

neighbourhood U of A, the natural map (from the exact sequence for



N

v

the prir (X, X-1)) 1I1'CE, X-)— 1 (X) has Y an its inope.

In Cech homolory, A iz a supporl of ¢ & Hn(X) if ¢ is in the

imge of 1 (M= Zv .an(x .

From the Toiner A dualils the nem s rhall have that in A compact
[
peranifold ¥, A cuppnts Y € 11 (X) if and only i A cupports the

Wl e e ()t 0

Theorem ¢ Jel n ¢ P ¥ be nn n-gphere bundle over thre compact

space X ond lel A be a clesed T-invariant subset of R, Tf coind,(B-A) <
m - 1, then p(A) ¢ 3 s a =srpporl for every dual ohitney class ;p’

D2 M= N

I'roof : Lel U b2 a neighbonrhoced of p(A).

Then p_q(U) = VDA

Hence, coind, (B - V)  coind, (B -A) { m~ 1.

2
Thus in HT(B* - v*), " = O.
But in B*, from the proof of 5.2.h,

m —
1

n .
c = q*v . ¢ + terms of lower degree in c.
m-n

Now, consider the diagram :
(B* - vO)—I >
q’ q

x-UL~T~>x

and the induced cohomology diagram

s

MM™(B*) ——2——5 H(B* - V*)
q* I q'.

1" (x) — (X - u)



We have :
. ! . - n
i*(c") = iv(qtw_ . F o o e o) =20
111
o n
= i*q*w . C =0
m-n
= itqty = 0
m-n
= *x ."7 7 =0
q ] =N
= i* M = 0, Az q'* is a monomorphirm,

Hence from the crnct sequence,

m-n(,

" t % -
e e TR, ) s TR0 T - W) s .

we have that w is in the imace of Hm-n(x , X=U) Hm—n(x)

Yo

i.e., p(A) supports ;m-n'

The same arguments carry throvgh for p Y m - n .

5.3.3 Corollary : Suppose that p : B——X is a bundle of n-spheres over a
compact space X, and that f : B-——,Bm (m p3 n+1) is equivariant with
respect to the antipodal maps. Then the set S C X, S = { x€X/

f(b) = O for some b € BY} supports every Wp’ for p m - n,

Proof: This is a direct application of 5.3.2 where A = f-1(0).
It only suffices to note that S = p(f~1(0)) and that

coind2 (B - f-1(0)) {m=-1.

5.3.t Consider the following diapram where fvhs and Q/kx are the Poincare

duality maps, and X is a compact, connected manifold.
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X, X = 8)— 5 HP(X)

n

g Ly

1 a

yimy - p(u)——————, Myimx - p(x)

~ The corollary then implies that dim § ) dim X - p provided that

;p 0O, p ) m=-n.

Skt Before we conclude this chapter, we would like to look at a
continuous map { : SQ——-——>X, vhere X is a compact Riemannian
n-manifold. Ye want to obtain some result on the set A(L) =
{x e s" / £(x) = f(-x)} . Ye shall obtain more detailed results

in the next chapter. Let us however have a loolk at A(fL) using

sone of the tools and procedures obtained in this chapter.

5.4.17 Definition : Lok T be 2 fixed point free involution on a space X.
The index of (¥,T) is the largest integer n for which there is an
. . N . .
equivariant map of S into X. ‘e denote the index of (X,T) as

ind(X,T).

Mote that this inde:r is nobt the same as the index of a T-space
we deflined using o homolopical construction in 3.0. UYe shall however

call it t'index', ns it has been called so in the literature. It is

however related to LI achomological coindex of a space X defined in- ™
4,0, We have that ind ¥ ¢ coindI X, for any coefficient group L
J
. . n
vhich has c01ndL 5 = n. (cir £§7 )

5.J1.2 Theorem : Suppose that X ds a compact differentiable n-manifold
and that p ¢+ B—— ¥ is the bundle of unit tangent vectors to X.

Then ind (B,T) = n - 1,



1=

s =1
Prool finee 3  r,
suppose nov, that dud (10
n
map { : 5 —— B.
) - a0 .
Then § ¢ RPN indu

viiich vill map the clons

n,.n n, n A
g™y e ume') ar (7,4
- n
From 5.1.%, ¢ (B) = SR
vo= 1
1
n, . n — n
Then ¢ (8 ) = J*q*wq.c
Using the "u foirmwloe for
. i,
xist classen 13'6 n,
. =
i
n, .n -,
o, ¢ (5) = I (

- T (
i
iyi+k
i+j+k =
In the above cxpresnion,
8q v,. Ck = 0 if v, = O,
3 N
If v, # 0, then v, = ¢!
J J
Thus we have Z: oqlv

’)f\

ind (P,7) o~ 1,

T) ¥ 13 i.c., that there oxisls an cquivariant
- n P
ces Tr ¢ () — 11 (RD)

UMY € 1 (nY) of (B,T7) onto the class

n-1 + ,
¢ b e o « + qQ*v_, vhere
n
I iz the Stinrfel-""hilney class of X.
-1
+ .

e o + 1*q*\\,n.

2N (cfr. /307, 6.10.7), we cet that there

1¢14n/2 such that

zz qu—j u

1

]

-~ | I
. 1 S u,. c)
+ij+ = n J
SqT 1* qru.. ck
- n J
i k . -
Sq° v, - ¢, putting v, = * q* u,
J J J
n
fix j. Then for that j, all the terms

. j ¢ ot
, as vc are in HJ(BP )y

J
(Z{i} ) c!l ]
1

coefficients in EZ

I3
c



5.4.3

ho

vhore {.g} in th? nod 7 bhinomial

But, 2;
i.

i
. = 0 nod 2.
1 -

1.
Hence Zz Sqlv_ e 0 = 0, for every je.
e i
. n, .n
. o C (S ) b= (J.
. . n
But this is falsec as connd2 5 = n,

Therefore, n - 1 £ ind (B,T) { n

which immediately implies that ind (B,T) =n - 1.

cocfficient,

. . n .
Corollary : Supposc that f is a continuous map of § into a compact

Riemannian n-manifold X. Then for some x, either f£(x) = f(-x)

or for some x, f(x) and f£(-x) are not joined by a unique geodesic

of shortest lensth.

Proof ¢+ JSuppose it to he false.

For each x € Sn, let T(x) denote the unit tangent vector to the

unique smallest geodesic joining f(x) to f(-x) at the midpoint of

the pgeodesic, and pointing towards f(-x).

Then F maps S° cquivariantly into V1(X), the bundle of unit tangent

vectors to X.

This is not possible, as by S5.4t.2, ind (V1(X), T) =n - 1,



6.0

HARS TNTO MATTOLDS

In the last saction of the previous chapter (5./1), we had a
. n . . . . .
quick look at nmaps from 5 into a Riemannian n-manifold. 1In this

n
chapter we lock at maps f ¢ 3

-~«~7Hk, with n » I, where Mk is a

smooth li-dimensionl manifold, not necessarily closed or even compact.

e are, as hefore, interected in results about A(f) = {x e g" / f(x) = f(-x)}.
In the first section we shall define the twist of an n-plane bundle

P :z —a X/T, where (X,T) is a fixed point free involution, and pro-

ceed to state (without proof) certain related results on Vhitney

classes required in the rest of the chapter. The second section will

be devoted to the statement of the main theorem and its proof. This

chapter has been puided by the work of P.E. Conner 457.

Preliminarics

Definition : Tet (X,T) be a fixed point free invelution, and let
P :n-——9X/T be an n-planc bundle over the quotient space.
Let P :ﬁ — X be the pull-back of the quotient map ¥: X—X/T,
thus : '%= V%T) 1

3 p

——— X
X —;—"' /T

Here, N C X x1, is given by {(x,v) € X xN/?(x) p(v)}‘

and p (%x,v) = x.

Define a fixed point free involution of i by T(x,v) = (Tx, =v).

Clearly P : (%, f)——(X,T) is equivariant and induces a bundle

~

P W (=1 )———> X/T. This is also an n-planc bundle and is
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referred to as the tuist of p :1 — > X/T by the involution (X,T).

Definition: Consider the orthogonal group O(n). In O(n), consider
the diagonal group D of diagonal matrices in which each entry must

necessarily be 1 or -1. Hence D 2 (éz)n, the n-fold product of Zye

The inclusion 1 : D————50(n) induces a homomorphism

i* ¢ H*(BO(n) ;3 72.) ———» H*(BD ga)

where BO(n) and BD are the classifying spaces of O(n) and D respectively

(obtainable by the liilnor construction),

Note thatl B(z?), the classifving space for 22

ac
rp”® = U RPn, the infinite dimensional real projective space ({207,
= S =

can be reparded as

4.11.3). Hence HH(B(5,); Z,) = Wt (R7 5 3,) = oz, [t
the polynomial ring over 22, renerated by a single one-dimensional
generator, téIIq(BPoc ;‘12). liow, taking B(Een) to be the n-fold
cartesian product of R(EZ) with itself, we get

(AD 5 7,) % 7, Lbgy toe oo vyt
The polynomial ring pencrated by the one-dimensional generators ti,

-— 1 - - . .th
ti € H (B(gz)i, 52) vhere B(fe)i is the i~ factor of B(D) and ti

is the image of ?i under the Kinneth map.

Borel has proved that the homomorphism

i* : H*(BO(n) ; ge)-——-——, H*(BD ; §2)
is a monomorphism vhose image is the subring of Za [t1, ta, « o ,tﬁ]

of symmetric polynomials in t1, e o o 4 Ln.

Now, let w 1
o

and v i*_1(vy), vhere v

k

K i the kth elementary symmetric

function in t t t .

12ttty



These "y are the universal Yhitney classes. Since every symmetric
<
polynomial can be erpressed as a polynomial in the elementary

symmetric tunctions, it follows that H*(BO(n);_?i2) 2 _Z_2[w1,wz, coey wn] .

By cl~asificatinn theorem, an 0(n) - bundle £ ——+X over a para-
comprcl space X is classified by a homotopically unique map

f: X —>R0(n). The imape of w, under the induced map

k

¢ 15(Bo(n) ; 2

2) aIT]:(X ; gz),

15 defined o Lhe kth "hitney class of £—— X and is also denoted

by V..

Yl may thus denole the I(th ‘Ihitney clacs v, as the kth elementary

1z

symmetric function in ¢t t cee tn , aund the total Stiefel-Whitney

19 29
class may be expressed as (1+t1) (1+t2) .« o e (1+tn) in the factored

{form.

6.1.3 Tet p @ —X/T be an n-plane bundle. Let & —X/T be the line

bundle associated with the involution (X,T). Consider b :%—X,

the pull-back of 1—X/T by the quotient map¥: X ——X/T given by
:ri = {(x,v) €X xM /V(x) = p(v)} . Identify X with the O-sphere
bundle associated with the line bundle { —»X/T. Then we can think of

Tx as =X

Thus consider X xq1 C, &§x1 , to define a map
VY :ﬁ —_—— % x

given by Y (x,v) = x@v.

llote that V¥ (T(x,v)) = ¥ (=%, =v) = =X @® -v

X@v
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Then passing onto quotients, we get a map

1 ~
P: — ( = 1) = § @T“
T
which is an isomorphism.

Let the total Sticflfel Vhitney class of 71___»X/T be expressed

as (1+t1) (1+t2) ces (1+tn), and let ¢ € rﬂ(x/T ; 32) be the first

Steifel Whitney clocs of § ——— X/T, so that its total class is
1+c. Then the tol~l Stiefel Uhitney class of £ @1 is

1l

n -
M Gaesty =7 ey

o n-k’

ee ey t e

. th . . .
vhere Voo 18 the n-k” elementary symmetric function in t1, t2,
-k n

fcir. @, 7).

1< - . . . .
Let(I15,T) be A fixed point free involution on 2 closcd k-manifold

namoo . . . 1+
y T') be an involution on a manifold VI et

It -
I, and let (Vv
. . . . . m
F be the set of fixed points of the involution (V'™ T1) and let
m . . . .
I denote the wninn of All m-dimensional components of I, which we
m
assume to be non-emply. TLety—TF be the normal n-plane bundle to
G | . . .
r C v . Since I’ is evidently T'-~invariant, wec can have a
. n . . . . . .
normal disc bundle D(M ) ——— i vhich is equivariantly diffeomorphic
. . . +m
to a compact invarimt normal tube (II,T') of I’m in \fn . TFurther,

as the diffeomorphisn is cquivariant, we may identify the antipodal

map A of D(M ) with T'/II : Il — 1,

low, (Hk 1)/ (FxT') is a tubular neighbourhood of (Hk x F) /

: " 1. |
(rx ) = /1) 2 M oin GfF x v

1l:

)/ (T-x T'), and we may

identify (M x 1) / (T x T') vith (Hk x D(N)) / (T x A). Thus it



6.2

- o

z 4
may be seen that the normnl bundle 1o (H]/T) x ' an (" x Vnkm)/(T x T')

k m
ple

15 obtained from the tvist by the i1nvolution (If F'oy T x id) with

the bundle induced by the projection :

|

e m l
w
E

>

m

From 6.1.3, the total Stiefel Vhatney class of the normil bundle to

(Hk/T) x F' is miven by

j
(ae)? w5 OD)

Ms

i 0
ihere ¢ € Hq(Hk/T ;i 7,) 1s the fundamental class of the involution

', )

k . . .
Theorem : Tet I be a smoolh k-dimensional manifold., TFor any map

£ 1 5% uMF, tet A(f) € ™ denote the set {x es" / 1(x) = 2(-x)} .
If n )k, then dim A(f) 3 n - k. If, forn = k, £* : 10" ; 2,)—
H(s" Z,) is travial, then A(f) # § .

Proof : First of all, ve assume that Mk is closed and connected.

Consider the fixed point frce involution (Sn X Mk x Mk, T)given by

k

T (x, y, z) = (-x, %, y). Then the quotient space (S" x M* x Mk) /T

is a closed n+2k-dimensional manifold. Further, the projection

s™ x Hk x Mk > 5" induces the bundle projection p : T

with fibre Hk X Hk and structure group C? (cyclic group of two elements.

. L
Let & be the diapgonal of HL x 1. Then 8" x4 is T-invariant and

s? x nK x ¥

T .

n . . .
hence RP x& is a closed n+k - dimensional subspace of

s x M x M Rp

n



We shall denote by d € H1(3Pn x &3 2,), d® 1, the characteristic

2
class of the involution (Sn »A, T). Expanding the result of 6.1.3

and calculating the highest characteristic class, we get that the

k-dimensional characteristic class of the normal bundle to BPn x D

k

is 2{ @ Vk—j where v

- j is the (k-j)-dimensional Whitney
j:O ' :

k

class of the tangent bundle lo N

I

Now, put X = st ox M x Hk .

For the inclusion i : an x & C . X/T, consider the induced

. n
homology map i, : I . (RP” x & 22)-__-__,Hn+k(X/T ; EQ)'
Then i,( [RT" x a1) € B (X/T 5 Z,)  vhere [Re" x Al denotes

the fundamental class of RP" x A .

llow consider the duality map

X

) k
5]~ foun s 2 —— O 2y)
and the element ¢, € Hk(X/T ; ga) such that [%J"?& = i, ([BPn xal).

The element q} is c1lled the cohomology class dual to the submanifold

=

R x & CX/T.

It has been shown by Thom ( {377) that i*((?k) would be the

kth Vhitney class of the normal bundle to an x A,
k

Thus, i* (@) = z aJ @V s .
: j=0

Let N be a closed tubular neighbourhood of g?n x & in X/T. Then <yk



is the image of [an x &'] under the composition :

112

n
J
H (B x o) (™)

In+k

e

i an,

I 0
H(X/T , X/T - N ) by excising X/T - N

0
from (X/T, X/T-N )

I

- Hk(X/T) , from the exact sequence for

(o]
the pair (X/T, X/T - N).

Considering the eracl sequence

o) o
K % <
e o o—s H (X/T, X/T = )eeos N (X/T) —» H}(X/T S 1 [,

and by choosing the tubvlar neighbourhood properly, wve have that

. n .
for any open necirhbourhood U D RP x &, @, is in the kernel of

IR e
Lhe homomorphism j* H‘(X/T)————f>H1(X/T -U).
llow let us consider maps { ¢ s, Mk . To each such map we

associate a crosc-scction of p : X/T_.___.EPn by defining

s( [x)) = [(x, £(x), fex))]vhere [x] ¢ RP"
corresponds to x € S and [(x, £f(x), £(-x))] corresponds to
(x, f(x), f(-x)) € X. llote that by the definition of T,
((x, £(x), £(-x)] = [(-x, T(=x), £(xN] , so that s( [x1) = s( [-x]).
Hence s is well-defined. If ft is a homotopy of s, then the induced

scction of p X/T——-—e'BPn is given by St([ x]) = [(x, ft(x), ft(-x)i] .

To each [ : Sn————+lﬁc, we assoclate the cohomology class s‘(<?k) €
/

(P,



6.2.1

~

Lemma:  If s* ( ?y) # 0, then dim (A (f) ) > n - ¥,

Proof : There is the gnotient map ¥ Sn————>BPn.

Put B(f) = ¥ (A(£)).

Clearly & BPn———~—a X/T has 5 (BPn x &) = B(f).
Let U be an open necirghbourhood of BP“ x & in X/T.

Consider the diarram

HOy/T) —— 3 1T - )

c* s *

1

”k(BPn) -5 R Hk(BPn— 8-1(U))
"1

Since j*( ?y) = 0 ( by earlier analysis), we shall have that

t
(@)

J*s (9 ))

A R = 0, a5 5*(9) € KM £ 0

s (9) =

Now, given an open ncighbourhood V of B(f), we can choose U = p-1(V),

so that s-q(U) cVv.

Hence for every open neighbourhood V of B(f), dk lies in the kernel
H{ n ko n

of I'(RP ) ——— H(RP" - V). ( In terms of Alexander-Wallace-

Spanier cohomology, this means that the support of dk lies in B(f).

cfr. 5.3.1).

Suppose now, that the homomorphism Hn-k(BPn)-——,Hn-k(B(f))
is trivial. Since the cohomology theory we are considering is

continuous, uve con choose an open neighbourhood V of B(f) such that



d lies in the kernel of U

n-k 11-31(

) —s TR . (orr. hhL3)

Consider now, the following two sequences

-z - n-lc n * -}, -
NPT ¢l DS R SN M LS ) NI
and
I
n 1

ke, . ke : <
e e ", " - v ) e — e - V). .

n-k
)

— I
with j*(d =0 and j1* (a™) = 0.

n-%

n—k(

Hence choose « €N EPn, V) with image d

n-I

and B, € (", " - V) with image a°.

Using the relative cup product we find that d" is the image of

o 18
n-k* pl{ under the homomorphism

H (e, TURe" - V) H'(RP").

- n n

U - = hes - =
But VU RP v RP, so that o (5k 0 and
hence dn = 0, which is a contradiction.

Hence Hn-k(BPn)-——————e Hn-k(B(f)) is non-trivial.

Therefore, dim (B(f)) and hence dim (A(f)) > n - k .
Note that in the notation of chapter 4.0, we have just proved that
if s* ( ?p) £ 0, coind, (A(£)) 2 n - k.

Now, for the case n ) k, to prove that dim(A(f)) » n - k, it remains

to prove that s*((py) £ O.

By definition, s* depends only on the homotopy class of the original



map f : Sn;___>ﬁk. First of 2ll, we shall show that f is homotopic to

a map which is5 constant on the southern hemispherc.

6.2.2 Lemma : TLet f : Sq-~7lﬂ{ be a map. Then f is homotopic to a map
~ n 1z . . n n
£ ¢ 8 ——11" vhich takes every point on o ( = {_x €S / the last

co-ordinate £ O}»i.e., the southern hemisphere), to £ (0, 0, . + . O, =1).

Proofl :
Gvery point on 5" (except (o, 0, vee 0, 1) and (0, O, eee, O, =1)) deter-
s RE BIPN PPN T - n =
mines a point on the equalor {x = (xo, o e ey xn) s / X, = 0 },
vhich lies on thn geodesic which joins (0,0, «.., O, 1) to (O, « « + O, =1)
and passing thvovsh that print. Let % € s denote such A point

. . . A
corresponding to the point x € 5,

Let PR T —-—8" be dofined by
0, (1) = (1 -t) (0, « « o O, 1) + &t (f) b eI
N -t o, .. .0, 1 + t &
and wz(t) : T ——>35" be delined by
WORE (1~ )X 4+ t (0, « o oy O, =1) t €T.

-2 + t@ ..., 0 =D}

Turther defline Waow Vst I —

w2t = 1), Qg .

Now, let any % ¢ 5" be expressecd as PR (t) for some t € I. lNote

that (0, O, « « « 0, 1) and (O, . . ., O, =1) will be v (0) and

%72

w2 (1) respectively, for u_ and w, defined using any point on

V1. 1 2

the equator.
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Define i ¢ S X T

by F_(xy 5) = My eV ((4s)t), 0gtgll

vy o Vo ((1-8)E 4 8),  HCECT

, . . . 1
F_ then gives a homolopy belveen the ddentity map on S, and a map

v

vhich takes every point on Ei to the point (0, . . ., 0, =1).

. N L
Hence, f o '+ 5 x T - i

122

. rd n RE .
gives a homolopy betucen f and o map £ : S———11" which takes every

point on ﬂf to £(0, « « oy =1) = Yo (say)e @

Thus withoul loss of peneralily, uve can assume that { is constant

n . 3| J
on B, ilen., T (ri) = ¥, €.

. PRIEEN N N . n-1
Consider 5 C 8 ns the equator. Then (8 ) = Vo

. . n-1 n
Hence if we define .'31 + RP >» PP x

by s, ([xD) = [(x, Yo yo)]

Tfor [x] € an—l, ve shnll have the following commutative diagram :

5
BPn-1 1 .

P x o
i i
1 l

> X/T

The corresponding cohomology commutative diagram gives us :=-

RP

Lt st () 89" 1* (@)

K
s * ( Z_ d3®w .}, by a result
1 j=0 k-]

established in the proof of 6.2
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n-1
Note that 5, ¢ 54— BPn » N can be decomposed as

-1 A - - '
an —-—“-~—"—+‘§Pn Y™ 1 L m"xa

1

where & is the diapgonal map and c : P —> N is the

constant map c(x) = (yo, yo).

Ik . K .
Then 5.* ( 0. dd@u )= o (itxct (2. alg@w .))
1 =0 k-3 1 i=0 k-J

1

* Cow ) *1,
N (jg?; i d ®C”]c-—j)

= a* ( i,]*dkCD 1), as c"(wo) = 1

and c‘(wk_j) =0, Vk-j>0.

n-1)

. k k
i,*(a7) €r(pe

A O as n > k.

Hence, s*( CP]’) # 0 and the proof is complete when n ) k.

Now, we turn to a map f : s" > U for which £* : I (M) ——1"(s™)
is trivial. Ve continue to assume that Hn is closed and connected

and we still require that f(E?) =¥, ¢ .

Consider the equivariant map

e ﬁl-—~—~»lf1>:nn

given by F (%) = (f(x), £(-x))

Note that, since either x or -x always lies in E? , I actually maps

s™ into the wedge If'v 1" = 1" x {rJuly} = T

Also, the involution, (t, H x u™) given by .t(y, z) = (z, y) leaves

the wedge invariant.
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6.2.’4‘

~I

Further, (11" x 1) / t M oand Fo: s 1o 1" is equivariant.

0

Lemma : IT T : IFJL-——*~7HH is the map of quotient spaces associated

with F, then F* : (M) —» 1 (RP")  is trivial.

Proof: The validity of the statement is clear from the following

commtative diaprom -

n n
I ,*:yo)

£ g £ Al T*

Hn(sn) o Hn(sn’ E?)

R

(e, s = e, rRe™T) = H(RP™)

Vhere the first isomorphism comes from the cohomology exact sequence

n .n
i)

for the pair (S, L~); the second by excising E? ;  the third as

n-1)

(Ef, Sn—1) and (BP”, RP are both of the same homotopy type;

and the fourth from the cohomology exact sequence for the pair
(", ™).

Y
Mote that the first {* is zero by assumption. This ensures that the

last T* is also trivial. @
1 n n
. 1 s x(Mty M
Lemma : Under the composition BPn ple (yo, yo) —> xé M)
i X n
——— T Ve have i.* 1% (CPn) = d ®1.

Proof : Consider the diagram :

n . X
Pox (30' yo) T

%

b VAN
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Ve know that i+ ((Pn) = d &1 4+ 4 g PR 1@ v
n
= (dJ 8 v .)

Hote that 1

id x ¢ where c : é&————a(yo. yo) is the constant map

c(x) = (¥, ¥,)-

-1

Then,

i

k
*(i* (@) = 1d* @ c* ( %0 (@ e, )

i

1l n
ZZ: (d" & c*v_ )
3=0 n-d

at e 1.

"

. e s . n
fecey 178 (@) = 4 @1

To establish the thecorem for n = k, all we have to do now is to

prove that s* ( ¢n) # 0. Ve proceed to do that.

put ¥ = 5" x (1"v i) and let 5, RP"——— & ¥/T be defined by

s, (Ix1) = ([x, 1(x), £1(-x)])

Then s : gpn—-——+x/T is the composite

n 51 i2
RP — Y/T > X/T.
Tlovr, 84t g?n~————-*Y/T is a cross-scction of the fibre map
Py Y/T~__*,§Pn. Hence 51*p1* = id* implies that s1* cannot be

the zero map, and hence that

5%t W (Y/T) ———s ()

is an epimorphiscm.
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Set Y € 1 (Y1), s that 5,70 () = ar.

For example, we could set Yn = p1*(dn).

Under ij* : Hn(Y/T)——-»If%EPn x (yo, yo)) we shall have

- o
i, ( Yn) = d @& 1.

i G2, v s that 1Y = i_*i.*
Then, from 0 , Ve have that i ( Tn) i, ( 4%)

11*( Yn + iZ*((?n)) =0

Hence, from the colomology exact sequence for the pair (Y/T, BPn x (yo, yo))

we have that Tn + ia*( q%) lies in the image of

1 *
H(y/r, BT x (v, v ) —L— 1" (/D).

6.2.5 Lemma : The composition 51* j* is trivial.

Proof : Consider the following diagram ¢

K/, RR" x (v, ¥,)) T oWy
Aliy 51*

*

ro]

A\

H (", y,) H'(RP™)

Where the isomorphism f* is obtained as follows :

n n it
consider the map B : 1/T - S xT(n v i) M ;M“ = M

which is induced by the projection S" x (M"+ M)

an Mn.

liote that " x (1" 1™ - 8" x (v, y) =.8"x 0" - y du

n n
S x (M - Yo )
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7

1

Tdentification riven ¢ Y/T - (EPI X (yo’ yo)) = s« (I‘xn - {yo})

Thus the map P octually rmives rise to the projection
n n n
85 (I, ¥ ) e 1,y )
which induces an isomorphism M (S" x i, yo)) z o, yo)

Loy

Hence ﬁ * of the above diagram is an isomorphism.

Further, by 6.2.3 F* is trivial.

Hence, we get s1*j* is trivial.

Now, since fn + ia*( ?n) lies in the image of j*, we shall have

51* (Yn+ iz?* ((Pn)) =0
iees, 5,* L0 (@) = s, *( 1)
. R _omn_.n..n
ieee, 5 (<pn) = d €H (RP)

£ 0

The required result now follows by 6.2.1.

Thus we have established the theorem for closed, connected manifolds.

We can establish the result for compact manifolds with boundary by

doubling.

Definition and result : The double of a manifold with boundary (M, M)

i6 the identification space obtained from (M, M) x {0} (M, M) x {1}

by identifying (x, 0) with (x, 1) if x € oi. The double of (M, M)

is a manifold without boundary of the same &imension, in which M is
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cmbedded. ( {197 , 1),

Consider the diagram :

s"—L ., o)

Double of M where i is the embedding.

As 1 is the embedding, note that A(f) = A(i o f).

llence, the result follows from 6.2.

The extension of the result to an open manifold follows as an open
manifold can be considered as the increasing union of compact manifolds

. n .
with boundary, amlas S is compact.

Corollary ¢+ 1f f is a map of s" into a connected non-compact n-manifold

then there is a point x € s" for which I(x) = T(~-x).

Proof : The proof follous directly from 6.2 as under the hypothesis

n,,n
of non-compactness, I (i1 = O. @

iée)
In conclusion, lel us consider in brief vhat generalisation ve may make

for the invol ilion (Sn, A).

¢

Let (27, T) be any fixed point free involution on a closed n-manifold
vhich is a homotopy n-sphere. Then by results obtained in Z§7 there
exist equavariant maps @: (2", T)—— (", A) and P': (s, A)——
(Zn, T). Further, both @ and @' are of odd degree. Now, given

a map [ : Z}l———’ﬂk, let AT(f) be the set of all x 6.2? such that



((x) = £(Tx). Thon obviously, @' mps A(f o q)') equivariantly to
A.T(f). As ve have noled nt the end of 6.2.1, 6.2 applied to

this situation gives that coind, A(f o @') » n - k. 3ince an
equivariant map connot decrease coindz, it follous that c:oind2

AT(f) 2 n - k. lence the result .2 is valid also for the fixed

point free involution (Zn, T)
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PAPATPPLAATTON OoF T, Pop,iL <ULAT THNORIT

Yo attemnl nou, Lo paronetrise the Borsuk-ll-m Theorem. As we
have nnled emiier, vorlk in this direction has beeon done by Nakaoka
(/31/), Jworer-ta (/277

Dold (137). In thas chaplter, ve shall examince the work of Dold

25/, Fadell and Husseini (/7%/) and

in detail. Ve consider odd (equivariant) fibre-preserving maps

f i+ SE—>E" vhere p ¢: E——-B «——E' : p' are vector bundles
over the same paracompact space B and p/SE : S ——B 1s the
induced sphere bundle over B. \le ghall be interested in measuring
the set Z = { x €SE/ f(x) =0 }. Throughout this section we shall
be using Cech cohomology with coefficients in Z,.

2

Parametrized Borsuli-Ulam theorems for Sphere Bundles with Fixed

Point Free Involutions.

Let p : E——B and p' : T'——B be vector bundles of fibre
dimensions m and n respectively, over the same paracompact space B.__
Let wj(E) and wj(E') € Hj(B) be their Stiefel-Whitney classes
(henceforth denoted simply as wj and w'j as long as there is no

confusion) and v(E;t), w(E';t) € H*(B) [t] defined by

m N
u(t) = w(Ezt) = Z w.(E) "
j=0 J
m
wi(t) = u(Erst) = 2. w (Bv) t™
j=0

be their Stiefel-Whitney polynomials. Here H*(B) [t] is the polynomial

ring over H*(B) in one indeterminate t of degree one. Clearly w(t)
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has degree m, both in the indeterminate and as an elemcnt of the

graded ring I*(B)[t].

Let p/SE : SE—— B denote the sphere bundle of p : E—B.
Let f : SE—-»E' be a map such that p'f = p/SE and f(-x) = - f(x).
Let 2 = {xéSE / I(x) = O} . The antipodal action T : X +—— =X
is clearly a fixed point free involution on SE and on Z. Thus the
projection maps SE —» SE/T (S SE ) and 2 —2/T (= Z ) are

two-sheeted covering maps.

For the inclusion i : Z~—— SE, we have the cohomology
homomorphism i* : H1(§E)——————, H1(2). Let u € H1(§E) and i*(u)€
H1(2), denoted by u/Z, be respectively, their characteristic classes.

Thus we have homomorphisms of H*(B) algebras

o : H*B) [t]—————— H*(SE) ———1*(Z)

le shall, for the sake of clarity, write p(t) / SE and p(t) / Z
for the images p(u) € H*(SE) and p(u/ Z) € H*(Z) respectively, of

p(t) € 1*(B) t .

Theorem : I q(t) € H*(B)[t] is such that q(t) / Z = O, then
q(t).u(E';t) = w(Z;t).q'(t) for some polynomial q'(t) € H*(B)[tl.

(i.e., either q(t)/ Z £ O or w(E;t) divides q(t).w(E';t)).

Before we prove the theorem, let us look at a few important

corollaries :



7e1s3 If m, n are the fibre dimensions of T and E' respectively, then
q(t) /7 # 0 for all polynomials q(t) whose degree with respect

to t is smaller than m - n.

7.1.4 In other words, the H*(B)-homomorphism
m-n-"1 5 -
@® Bt —— H*(2)
1=0
1

t? —— t' /3

is monomorphic.
7.1.5 1In particular if m»n, then thc cohomological dimensions of 2 and

B satisfy the relation :

cohom. dim (Z) y cohom. dim (B) + m-n-1.

Proof : If the degree of q(t){m - n, then the relation q(t).w(E';t) =
w(E;t).q'(t) can never hold for any polynomial q'(t), and hence

alt) / Z # 0.

7.1.4 follows immediately from 7.1.3 and 7.1.5 is an immediate conse-

quence of 7.1.4 . @

Note that if B is a single point, then the result 7.1.5 is a generalisation
of the classical Borsuk-Ulam theorem by Bourgin and Yang (/39/, discussed
earlier in 3.0). 1In particular, of m = n+1, we get the classical

Borsuk-Ulam theorem itself (izz , discussed in 2.0).

71.6 If we wish we can work with singular cohomology theory and we would

get :
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if q(t) € 1*(B)[t1 is suvch that q(t) / V = O for some open neighbourhood

V of 7 in §E, then
q(t) « u(Brst) = w(E;t).q'(t)

for some polynomial q'(t) € W*(B)[t] .

WYe shall now procced on to the proof of ?7.1.2. Ve shall however,

do it in a much more general setting than stated earlier, as follows :-

Definition : A G-sphere bundle (of dimension m-1) is a fibre map

p: S ——— B together with a free fibre-wise G-action t on S,
such that
(i) (p, T) is G-locally trivial, i.e., B is covered by open sets
U such that p—q(U)ze U x Y (where Y is the fibre) as G-spaces
over U, t{(u,y) = (u, wy)
(ii) The fibre is G-homotopically equivalent to a compact finite
dimensional G-space.,
and

(iii) H*(Y) = H*(Sm_q), vhere ™7 is the (m-1) - sphere.

All spaces involved are considered to be paracompact. -

For our purposes, G= Z, and we consider cohomology with coefficients

2
in ga. But other subgroups GCZS1 and other coefficients apart from
Z., may also be considered.

=)

Examples for G-sphere bundles are unit sphere-bundles of vector spaces
with antipodal action. tcould also be taken to be any fibre-preserving

action on a vector bundle, or sphere bundle E and S = E - Fix (r),
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where Fix ( ) dénotes the fixed points of the action v . However,
one must ensure that the local triviality includes the action as

noted in (i) above.

7.1.8 Definition : Y, the fibre of p : S — B is a cohomology sphere
and dim (Y)< o« (by 7.1.7 (iii) above). Hence the orbit space
Y = Y/G with G = Z, , & cohomology projective space,

ioeo m"1
! )

H*(Y) = H*(S

and H*(Y) = H*(Bpm-1)

H

z, Ll /™

where u € Hq(Y) is the characteristic class of the Ee-action. Since
u is also defined on § = 5/G, ve can apply the Lerray-Hirsch theorem
to the fibre bundle p ¢ S —» B and obtain that H*(S) is freely
generated over I*(B) by 1, Uy + « « , um-1.

. (Note that this result is familiar for singular cohomology. We have
worked in a similar vein using A'/S cohomology in 5.0. For Cech
cohomology, in this chapter, we assume the result. e shall see in

the next chapter how such resulls can be obtained for generalised

cohomology theorics).

Nou, expressing umélfkg) in terms of these generators we get unique
wj € HJ(B), i=1,2, « « «y, Mmsuch that

r m-1
u =V + v e U + o o o + W_ o U
m m=1 1

. m m-
lecey u + V,en + e« e o + wm_1 e U+ W= 0

Following Grothendieck, we call these elements, the Stiefel-Whitney
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~J

\

!

classes of (p, ), putting vo= 1 and ”j =0, § > nr.

(cfr. 5.1 where in the AVS cohomology setting, we have proved that

these in fact are the Stiefel ‘hitney classes).

As earlier, ve define the Stiefel-Yhitney polynomial

m=3J

u(l) = Uj . t

m
j=0

and we immediately have that

I (B) 1 / w(t) = 1*(8)

under t — U

as H*(B)-algebras.

tle now reformulate theorem 7.1.2 to include the above generalisations

and proceed to prove it.

Theorem ¢ Let p : 5 —— B bc a G-sphere bundle and let E' be a

space with a G-action v’ and a map p': (E' - 2') —— B (where 2' =

Fix ( ¥')), such that (p', ') is a G-sphere bundle, G =27, .

2o
Let £ ¢+ § = E' be a G-mapfhich is fibre-preserving (i.e., p'f =p)
in's - £7(2'). Put 7 = f‘1(z'), Z=2/CS=25k . Now, if

q(t) € 1*(B)[t] is a polynomial such that q(t) / Z = O,
then q(t) . w'(t) = w(t). q'(t)
for some polynomial q'(t) ¢ H*(B)[t], where
m n

w(t) = 2w (B t"TT o wrt) = D w, (B - 3r) ¢
i=o  * j=0 Y

m and n being thec respective cohomological fibre dimensions, and
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q(t) / Z is obtained from the H*(B)-homomorphism :

H*(B) [t] —— H*(Z)
u/ 7

t ——

Proof Let q(t) / Z = O. Then by the continuity of Cech cohomology,
there exists an open neighbourhood VC S of Z such that q(t) / V = O.

Now by the exactness of

1%

- J —
e o « =2 H*(S , V) ——— H*(S) =————s H*(V) —— ° °
we get a V’éH*(E, V), such that j*(v) = q(t) / S.
On the other hand, the map f : (S = 2 ) =—— (E' ~ 2')
induces the cohomology homomorphism
f* : HY(E' = Z') ——> H*(S -~ 2)

on the orbit spaces, and we have

wi(t) / 5 -7)

w'(u), by definition

= w!'(f* u'), since as f is a map over B,
T* is a H*(B)-homomorphism.

= 1* (w' (u') )

= 0, as w'(u') = 0.
Consider the exact sequence
_ = = i - - =
oo —H*3E, 5 -7) —L— 1*3E) —— H*E -T ) —> ...

there exists an z € I*(S, S- Z) s.t. j*(z) = w'(t) / S.

Now, vez € H*(S, VU(5 -Z) ) = H*5,85) =0

Hence, q(t).w'(t)/ S

I

j*(v) uj*(z) = j*(vuvz), by naturality

i1

0
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But H*(5) = H*(B) t] / w(t)

Hence, q(t). w'(t) must be a multiple of w(t)

i.e., there exists q'(t) € H*(B) [t] , such that q(t).w'(t) = w(t).q'(t).

@

We may note that in the above p' is not defined on the whole of

E!' but only on E' - Z'. For an example of a - space E' where .

Z,
p' is not defined on all of E', one may consider the Thom space of

a vector bundle.

A Borsuk-Ulam Theorem in the Presence of Fixed Points

We now want to generalise 7.1.2 by allowing for non-zero fixed points
of the action t, but assuming that f relates the fixed point

sets by a cohomology isomorphisme. Here we shall restrict ourselves
to vector bundles and linear actions, and not concern ourselves with

the cohomological version as set forth in 7.1.9.

The set up is as follows :-

We have vector bundles E, F, E', F' over B and we let G = ge act on
i
E@F and E' ® F' by z(x, y) = (-x, y), i.e., antipodal action on

E, E' and trivial action on F, F', We now consider a G-map

f: S(E®®F) —— E'@F!
over B and aim to obtain the cohomology dimension of Z = f-1(0).
(Note that S(E @ F) denotes the unit sphere bundle of E@®F over B.)

We have that S(E@® F) is homeomorphic to the fibre-wise join



76201

- 76 -

SE , SF ( vhich ve shall denote by SE , ST).
B

As f is a G map, £ (T (0, y)) T (£(0, ¥))

= 1 (0, y)

T (£(0, y))
so that £ (0, y) € F'.
Hence, f maps SF = {zéSE + SF/ Tz = z}into

F':{zéE'@F'/ tZ:z}.

We assume in addition that f(SF) C F' - {0} and that f / SF : SF — F' - {0}

has odd degree in the fibres. In particular, F and F' must have the

same fibre dimension, say ke

As earlier, we denote by S(E @ F), _Z-, E etc., the corresponding orbit
spaces of the G-action. Turther, we use the notations p(t) / Z,
w(E;t) etc., as earlier. We shall also use the following obbreviations:

S

S(E® F) - sr

and S =3(E@F) - SF

i

Theorem : If q(t) € H*(B)(t] is such that q(t) / Z = O, then
q(t)w(Est) = w(Est).q'(t)

for some polynomial q'(t) € H*(B) [t].

Proof : Note that T and z’operate freely on S = S(E®F) - SF and

(E' -{0})@® F' = (E'® F') - F' respectively.

Thus we get characteristic classes of the action u € H1(—S'(E® F) - SF)
and w' € H' ( (B @F)/c - F1).

As earlier we may substitute these classes for the indeterminate in
the polynomials p(t) € H*(B)[t] . (For example, we may have

q(t) / Z and q(t) / S. Note that f(SF)C F! - {0}so that

f-1(0) (=2) q: SF. Hence Z C S making the former polynomial possible.)
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If q(t) / Z = 0O, then by the continuity of the Cech cohomology,
there exists an open neighbourhood V C°S of Z such that

q(t) /v = 0.

By the exactnes of the sequence

jt

e« o o """’H*(g, V) —— H*(g) "—_""H‘(V) ——e o o

ve get an element v € H*(S, V) such that j*(v) = q(t) / S.

Further, the map f ¢ § - f'1(Fv) ——> (E'Q@F') - F?
~(E' - ) @F!
= = -1
induces T* : I*(E' - {_o} ) — H*(S - £ (F"))

on the cohomology of the orbit spaces. (Note that as F' is contractible

(Et @F') - F' =~ (E' - {0} ) ®F' is homotopic to E* = O
Now consider w'(t) /S - T “Ypny = wt(u)
= w'(T*(ur))
= T*(w'(u'))
= 0,
Then the exact sequence
coe— G F-TT ) o ) G - T TEN) —.

!
gives an element z € H*(S, S ~ T “Y(F")) such that j*(z) = wHt)/ S.

We have already seen that S(E@ F)

1]
n
=
*
n
=

and S(E@F)

"
[4p]
=
*
n
x

where * denotes fibre-joins over B,

Now, consider the two vector bundles



Pyt S(FQ@ ™) - 8 —> 55, vhere P, is the natural retraction of

S(E@TF) - SF (= SE , SF - SF) onto SE
and ¥ ¢ p*F ——— 3" where p = p/SE ¢ S, ———= B is the fibre-projection.
Since lhe {ibres of the two vector bundles are isomorphic, we get

a vector bundle isomorplhiism p*F = S —_—

Similrrly p*F ¢ 5 ( 2 S(E@TF) - SF ), vhere p : SE —> B

Note Lhat (S, S8 - SE) is the Thom space of p*F and that (S, S - SE)

is the Thom space of p*F.

m o= Ll <
Let::é}ﬂ'(S, S-5%), s €EN(F, F -{0}) and s' € HI(F', F' -{® be

respectively the Thon classes of E*F, F and ' respectively.

IL.et T3 be an open tubular neighbourhood of SF in S which is small
enoush so that f(I3T)NRY = ¢@g . If B is compact we will be able
to conslroct il vilh vniform radius for the fibres of TSF. But

if B is not coupact, ve may have to resort to a variable radius

r. i lhe (ibres Tb ol TSF.

b

Conrcider ihe fellouing diagran

(EBror' ,L'@F - E')

Y

[proj.

(F', F! _{o})

and the corresponding cohomology diagram :



HES

= 0w 7 - b ] - = ¥ _— = e
@&, 5 -7 (5) —— 11" (5, Tsr) ¢——=— 1*(5, § - EF)

o

~ A

f\ -f*

T(E' @O, TToF - T')

{4

A .
proj *

m(rr, T -{0})
Hote thel 17 is an asoporphisy ns TST is of the same homotopy type
as 5 - 5We Alco projt is -~n disomorphism for similar recasons.
Further T (or ) mips SF into F' -{0}, by assumption, with odd-degree
in the fibres. Similarly for T5F. Therefore T * {akes Thom classes

to Thom classes.

fvce, T¥ (3') - 1*(s) € ut(3, Tow)
o consaeder T9(n1) € 111 (3, 5 - T *1(3')), and Lhe product
vonuTHEn € (T, vuU G- T U E - T @)

= II* (.S-'-, )

'le nou apply j* Lo bring v u z into H*(S), and i* to bring

(v uz) u i (T*(s')) into B*(S, TSF).

Thus we have

o
{

= j*(v) vj*(z) v I+(T*(s1))

)

(q(t)/ 5) v (ur(t)/ 5) vT*(s')

1

q(t) « v (L) /S u i*(s)

1]

i*(q(t) « v (t)/ S us)
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But it ir an igomrvhicn, so that q(t)a'(L)/ 5 vs = 0.

Further o 5 15 the Thom isomorphism, which gives

q(t) «ur(t) /5 =0

As ue have noted earlier, S S(E @F) - ST has a natural retraction

to 877, vhich implies that

n
R

*(5(z @ F) - SF) H*(SE) H*(B) [t1/ w(t).
Therefore, q(t) . w'(t) is a multiple of w(t).

i.c., there exists q'(t) € H*(B)[t], s.t. q(t).w'(t) = w(t).q'(t)

@

Examplcs and Remarks

To illustrate the formula of 7.1.2, we consider a linear map
B : FE—> ' of constant rank. Then we know that Kernel, Image

and Cokernel of @ are vector bundles, which we shall denote by K,I and K!

(cfr. [207, 2.8).

Then E = K@&7WM and B' = I @K', vhere 'Q =
Hence w(E;t) = w(t) = w(Kjt). w(I;t)

and

wr(t) = w(Er;t) = w(Izt) o w(K';t)

Thus we pet

w(K;t).ut(t) v(Kst)ow(Igt)w(K¥;t)

1

i

v(t).w(K';t)
Also, by definition, 2 = SEN @ -1 (0) = sK

andw(K;t)/SK =0
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Conversely, note that q(t) / SK = O <= q(t) is a multiple
of w(iyt), say q(t) = w(Kst) « A(t).

Then q(t) . w'(t)

A(t) o wiKst) o wr(t)

A(t) « w(X;t) .'w(I;t) « w(K';t)

A(t) o w(t) o w(K';t)

i

so that q(t) « wr(t) w(t) o« q'(t) holds with

q'(t)

il

A(t) o w(K'st).

The set of polynomials q(t) € H*(B)[t] such that q(t) / Z = O is
clearly an ideal in 1I*(B)[t]. Fadell-Husseini called it the index of
the G-space 7 1557. Further, the set of polynomials q(t) which
satisfy q(t).w'(t) = w(t).q'(t) for some q'(t) € H*(B)(t] is

also an ideal in H*(B)[t], denoted by [w(t) : wr(t)] .

The theorems we have proved in this chapter state that

index (2) C [w(t) : w'(t)].

lNlow, consider the ring H*(B) (t, t-1] of finite Laurent series,
obtained from H*(B)[t] , by inverting t. If dim(B){ e or E!
is a bundle of finite type, then(w'(t))—1 € u*(B) (t, t-1] .

Then we have in ¥ (B) [ t, t-1],

[u(e) : wi(e)] = (ur(e) .« w(t) me(BYt] )N H*(B)Tt]

which is an intersection of two H*(B)-free modules.

Clearly [w(t):u'(t)] is independant of the map f. Hence tie ideal
J = [wu(t) : wr(t)]contains Z2(f) for all odd maps f : SE —— E!

If we replace E and E' by E@ I and E' @ F respectively where F is
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any vector bundle over B, the rclations w(t) = w(BZ @ F; t) =
(Ejt)ew(F3t) and w'(t) = w(E' @ Fy t) = w(B';t).w(l;L) imply
that J is unchnged. llence ve have that J contains Z (@) for all

odd mps 4 : S(F@®F) ——> ' ® F, for all F.

Note that in all cases the thecorem 7.71.2 is a richer result than

the corollaries that follo',.

Let us first of all consider the case vhen m { n, vhere m = dim E and

~

n = dim B'. Clearly in this case the corollaries do not give any
information. Howecver, uve can use the result of the theorem to study
some standard ohstructions to immersions. Consider the following

set up : Let H1 and H2 be minifolds of dimensions . and m., respectively,

o, ¢ Mmye e vould require that H1 be paracompact. Let g : M

1 — M2

be a differentiable map. ‘e vant to find a necessary condition for

it to be an immersion. Let dp e TH1-—~—+ T, be the resultant map

2

of tangent bundles, 17 iz an immersion
(&) > b

dp = dr/'T : T —_— T
" Ty14

1,m 2,e(m) » m € My

is a monomorphism.

Define fr: TH1

by £'(m,v) = (m, dgm(v)). —

—_— g*(THa) v E*TH, is the bundle induced by g

Then, f' is a monororphism as drm is a monomorphism for every m.

Now, consider Sﬂﬂq, the sphere bundle of TH1 and f = f'/ S’I’M1 :

ST > g*Nl1,. Clearly 7 = £710) = @, i.e., 1 ST, —> g*Til, - (O).
AsZ=0,12=0

and hence, w'(t) = wu(t) . q'(t)
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L) = ur (L) . ou(e) ! € e i) (1]

This means that the class [wv(t).w(t)”] € H*(H,\) Lt, t—1]/ H*(M,‘)[t]
is an obstruction for g : H1 — ”2 to be an immersion.

(The symbols w(t), wi(t), q(t) etc., have obvious meanings analogous
to those developped in this section). Apart from this, every

q(t) for which q(t) . ur(t) . w(‘c)"1 ¢ H*(H1)[flgives a measure

of houv much cvery effort to immerse M1 in ”2 will fail. —

In the case when m=n, if there is a G-map SE —» E' - (0),

we shall have that w(t) = w'(t),

Finally, if m > n also, the theorem provides more information than
the corollary. For example, consider I = the complex Hopf bundle

over B = CP1¢3 32, and L' = the trivial line bundle. Then m = 2 )

n = 1. Clearly it is impossible to have a relation of the form
towt(t) = w(t) . q'(t) for any q'(t) € H*(B)[t] . Hence the
theorem nccessitates that t/ 2 £ O, which is something the corollaries

do not tell us. Houvever, the thecrem does not give any better

estimate for the dimension of Z than the corollary.
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BORSUK-ULAIE THLOR'IY Ao G PALICTD HOHOLOGY THOORITS

The purponn of thre chaplter 15 to give an introductory survey
on hotr one could deselop the theorems of the last chapter using
pencralised homoloe and cohomnlory theories like K-theory and
cobordism thenr,. The pator vlaon for doing this 1s, as supgested by
Dold himsel{, ‘ndening the applicability of the resulis proved in

these more peneraliced sect ups.

£

It is clenr fror the vor! of the last chapter, that to obtain
analogues of piraretri-ed Bor-v'-Ulan theorems in the context of
peneralised cohomnlory Lheories, v~ vould have to develop the notions
ol characteristic classes ond seneralise the Lerray-Hirsch theorem.

Onec could ohbinan dect~1ls ol Lhaig *or'C an se ~ral vorhs, notably

Schnatrer 4327. Ty sver, s~ ~holl rire a ery bolef account here

for completencss ond for 1 lkang the reading smoother. Afler developping
these preliminary nolions, ve chall give brief descriptions of K-theory
and cobordism lhecory and uvzing Lhe notion of a Ring Spectrum, wve

shall explicitate the multaiplicative cohomology structures inherited

by them. ‘e then indicate the construction of characteristic classes

in the context o these theories. ‘'Ye conclude the section by proposing
analogues of the results of the last chapler and indicating what problems

and what nev avenucs thig wvork opens,

Homology and Cohorology theories and characteristic classes.

Definition : Let 572' be the homotopy category of topological pairs.

2
On 5’2' ve have lhe restraction functor R : 5{2' e 57 '



RX, A) = (A, ) At R( £ ) = /A .

An wnreduced homology theory h, on 172' is a sequence of functors

hn: 72' —— L}f (the category of abelian groups) for each n € 2

and natural transformations an : hn ———-»hn o R, n€ Z , satisfying

-1

the following two axioms :

(i) Exactness : Tor every pair (X, A)E jz', the sequence
9., (X,0) h (il

n

n+1 .
—> hn(As g) ——> hn (Xy ﬂ) _—

e o o —D h (X, A)
n+1

h (3]

—d hn (X,A) —— . e e
is exact, vhere 1 : (A, @) —— (X,@8) and j : (X,8) —> (X,A)
are inclusions.

(ii)Excision : For every pair (X,A) 72' and subset U C A with

[¢]
U C A, the inclusion j : (X-U, A-U) —— (X, A) induces

an isomorphism
1 i . h V-U A=T h X A
An[:]] . n (“ s ) —— n ( ’ )

for all n € 7

Now consider Opf the homotopy category of pointed topological spaces.,

’, ’ 4 S
On Wwe have the suspension functor S:W @/ defined by

S(X, x.) = (X, *) and s([f]) = [sf] = [15,~1].

/
A reduced homology theory k, on @7 is a collection of functors

4

k @7-———-——>U€SZ

n and natural equivalences o~ : h =——»h o S,
n n n+1

n €z, satisfying the exactness axiom :


file:///mreduccd

For every pointed prijr (X,,,xo) uilh dnclusions i: (A, xo) — (X, XO)
and j: (X, xo) —— (X\UCA, *) vhere X\UCA is the mapping cone
of i ¢+ (A, xo) —_—s (X, xo)), the sequence

kn[ij k [J]
kn(A, xo) — l:n(}(, xo) ———p kn( X\JCA, *)

is exact,

Ye shall often impose on a reduced homology theory

(i) the uvedpe astiom
I

For cvery collection {(X&, Xe ) : dEE/\} of pointed spaces,

the inclusions iy @ Xy

ng induce an isomorphism

i : k (X )| Xt Za
et @ 106) —— K (¥, nez

(ii) WYeak Homotopy Equivalence Axiom (WHE axiom)

If f : X—— Y is a weak homotopy equivalence, then
f, kn(X, xo) —_— kn(Y, f(xo) )

is an isomorphism for all n € Z, X € X.

When we are dealing with Cl-spaces (or with topological spaces
with the reduced homology theory satisfying WHE axiom) it may be
shown that there is a one-one correspondence between reduced and

unreduced homology theories (cfr. 5327, 7.35).

Ve also have the dual notion of cohomology theories. All that we
have said about homology theories is true about cohomology theories.

To avoid needless repetition, here we shall only define a reduced
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cohomolopgy theory.

A reduced cohomolopy theory k* on 9?9{15 a collection of cofunctors
K" 9%7

n € Z satisfying the exactness axiom :

. n
ai and natural equivalences o sk +1 0 S ——> kn,

For every pointed pair (X, A, xo) with inclusions i : (A, xo) — (X, xo),
i (X, xo) ——> (XU CA, *), the sequence
n,. n
K .
kM (A, x_) PR EN SIS xo)<i-—rl1— K XU CA, *)

is exact.,

In the context of limits, ve have the following result for a

cohomolopy theory, which we shall need later.

Let (X, xo) be a Cl-complex and let X°C X%:. ..CX'Cc...CxX

be subcomplexes with U X" = Xy 3 Xt — Xm, i X" —>X
nyo0 n n—
the inclusions n ) m. Then clearly -{kq(Xn), jnm* s 2{} is an

inverse system for every q € 7.

For every q € Z, and for x = (x_, X,y « « . .) € ]T k3(x™
n

define O : TT' K3(x") — T1-kq(xn) component-wise
n n

as 8(x ) = (=% x + (D™ M .

Note that ker$ c:'Tfkq(x“) is the set of all x such that
n

n+, (x_ ,) =x_ , n ) 0. Hence by definition,

Jn n+1 n

kerd = lim kq(Xn),.the inverse limit of the system.
(—-—
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Define  lim' kKUX™) = cokerd .

s

If novw, k* satisfies the wedge axiom on Q%Qche homotopy category

of pointed Cl/-complexes), then there is an exact sequence
1 =1 {;nf}
0 = Lim kI7(X") ——s k}(X) —=— 1im k}(x") — o.
s
Thus, in cohomology, {in‘} : K3(X) — 1im k¥(X™) is an

isomorphism if and only if 1im! k377 (x™) = o.

We shall also include here, the statement of the Lerray-Hirsch Theorem,

Let p : (E,é) —— B be a fibration pair with B O-connected and
Tibres (F, %). Let h* be a cohomology theory with products.
SUpPPOSC €.y €5y o o ey eré h*(E,é) are elements such that i*e1, i*ez,
o o ey i*er € h*(F,%) form a free basis for h*(F,%) as a module over
h*(pt.). Then h*(E,é)is a free h*(B) - module with generators

{e1, €51 o o =y er} and the module action given by be = p*(b)v e,

for b € h*(B).

Now we are equipped with all that we require for the discussion of

characteristic classes. UWe start with the following theorem :

Theorem : Suppose h* is a cohomology theory with products such that

for each n there are elements X, € hZ(EPn) satisfying

(1) ne(e™ = wrpt) [x1/(x ")

(ii) the inclusion i : CP" ———a»CPn+1 gives

) = x'n>1o

3 *
1 (Xn+1 n
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Then for each U(n)-bundle § over a Cli-complex X, there are uniquely

defined elements c¢ (%), c,(2), . . ., c (%) with c,(8) € n2ix)
depending only on the isomorphism class of % and satisfying

a) iff——» X is a bundle and f: Y ——s X, a map, then

c;(f*2) = f*(c;(%) ), 0gign
b) if Y——sCP" is the Hopf U(1)-bundle over CP", then c (¥) = x_

c) CO(E) = 1 for all g

d) If ¥ is a U(m)-bundle and 7 is a U(n)-bundle both over X, then

L c(B) (), Ogignen

j+k=i

c(E®M)

where cj(‘g) 0if j ) m, and ck('fl)=0if k yn.

Here we shall just describe how ci(i ) are obtained, and omit the
detailed proofs.

Consider _(_I_Pn as the space of all complex lines in _(_D_n”‘, passing
through O. Then E(Y) = {(Q1,y) € _C_Pn x En+1 / yely .

Now consider the U(n)-bundle & — X, and let P(%€ ) be the space
of all lines through O in all the fibres of §. Then we get a2 fibre
bundle p': P(% ) ——+» X with fibre an-1. Let 7\ﬁ be a line bundle
over P(% ) where E( 7\-5’) = {(l,y) EP(%) x E(%)/ ye1l}. Then there
is a monomorphism h’,'-—-’ p'*(E ) of the bundles vhere p'*{%) is
the induced bundle orer P(%). The following is a diagram of the
situation :

2-5—-———» p'*(¥%) £

i

CP(%) ————X



lote that if j : "' —— P(£) is the inclusion of a fibre,

then j*( Al ) =Y. Let /&r be the orthogonal complement of 72 in
p'™(%). Then p'* (&) =~ ADL, . fyisa U(n-1)-bundle.

From the assumptions (i) and (ii) and 8.1.2, ve obtain that

h*(CP®) = h*(pt) [[xmj] vhere X,, € ha(gﬁv) is the unique element

such that in*(xcc) = X, i an —-—->9P°° is the inclusion.

n

Considering BU(1) as _(ZP"c , let ¥ : P(%) —+9P°° be the classifying

map for the line bundle 7L£. Thus ve have that f o j = in-’] and so
J*M* (%e ) = X1e Let y = (%) € ha(p(ﬁ)). Then 1, ¥, y2, e o ey yn-1

are elements in h*(P(§)) s.t. {3*1, 3*7, « « o j,yn-—'l} -
{ 1 x % n-1 ne
"=t 70T T } form a basis for h*(CP" ') over h*(pt.).

The Lerray-Hirsch theorem (8.1.3) now applied to the fibration

e P(%) =~ X says that h*(P (E)) is a free

n-1}

h*(X)-module generated by {1, Yy o o o9 ¥ . Hence we can express

n . . .
Yy as a linear combination

e DM e (6014 (D% (E)ey 4 e v o (B)L YT,

for appropriate coefficients c,](f;), cz(f,), o« o ey cn(z) € h*(X).

—

Ve define co(s ) = 1.

That these coefficients are uniquely determined, depend only on the
isomorphism class of § and satisfy all the conditions (a), (b)),

(¢) and (d) can be proved. (cfr. 4327 16.2)
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For real bundles we have the following similar result :

Suppose h* is a cohomology theory with products, such that for each
n »1, there are elements xne h1(BPn) satisfying
(1) h* (™) = h*(pt)x 1/ (™)

(ii) the inclusion i : Ian ———>BPn+1 gives i“‘(Xn+1) =X

Then for each O(n)-bundle & —> X, over a CW-complex X, there are
uniquely defined elements wo(E ), w,l( £)y o o oy wn( %) with wi(E) € hj(x),
depending only on the isomorphism class of ¥ and satisfying
a) wi(f* £ ) = f*(wi('Z)) for all f : Y— X;
b) If f-——-—»_l_?_Pn is the Hopf 0(1)-bundle over B_Pn, then
s (T) =
w,]( ) X

c) wo(&) =1 for all %

a) wk(ﬁeﬁl) = i+Zj=k wi( E)""j“l) where ¥ is a O(m)~bundle and

1 is a 0(n)-bundle, both over X and wj(z) = 0if j)m and

wi(Tl) = 0 if 1) n,
We may have similar results for symplectic bundles.

Brown's representation Theorem showed that many of the important
functors in Algebraic Topology were essentially homotopy functors.
Before we conclude this section, we shall state this theorem which

will prove to be essential in the later parts of the chapter.
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8.1.5 DBrown's Representation Theorem,

8.2

Let h : gaﬂf;-——-+-9é§§ be a contravariant functor from the

homotopy category of pointed Cll-complexes to the category of pointed

sets, satisfying the following axioms :

(1) wedge axiom : If {Xq}ae[\ be a family of objects of Qaﬂ/.and
1gq ¢ Xgq=—> Y Xg be the natural injection of all «, then

{i*a} : h( Y Xy) ——> B- (h(X4)) is a bijection;

(ii) Mayer~Vietoris axiom : If (X, Ay A2) be a CW-~-triad of objects of

ng%nd x1é}MA1) and x., € h(AZ) are such that x1/ A1(\ A2 =

xz/A1fW A2, then there exists x € h(X) such that x/A1 = X,
and x/A2 = X5e (1f ij: A1(”\A2 — Aj’ j=1,2 are inclusions,
then by xj/Aql"\A2 we mean ij*(xj) € hﬁqf“\Aé\ etce)e

Then there exists a pointed CW~-complex Y and a universal element

u € h(Y) such that T, * (-, Y]———=h ( - ) is a natural equivalence,

where if X€ PH| then T, : [X, Y1 —— h(X)

is defined by Tu([f]) = f*(u).

(u is called a universal element if T : [s", Y] —— h(s™)

as defined above, is a bijection for every n ) 0O.)

In the above situation, we call Y, a classifying space for the functor

K-Theory and Cobordism Theory

In this section we intend to present the elements of K-theory and
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cobordism theory in the form of mainly definitions and results.

We start with K-theory.

K - Theory

We say that two vector bundles Z,'q over the same base X (but not
necessarily of the same dimension) are stably equivalent { notation

% = 1) if and only if there are trivial bundles ¢', ¢'' over X

with ¥@e' «~ q+ M. Ve denote by KO (X) the set of all stable
equivalence classes of real vector bundles over X. The stable equi-~

valence class of § will be denoted by{ﬁ}s.

By taking {B}_ + {1} . = {§@7] _ we may introduce an 'addition!

on KO(X). The addition so defined is both associative and commutative.

The class {¢} of all trivial bundles over X is the identity element.

H

Further, if % is a vector bundle over a finite-dimensional CW-complex
X, then there is a vector bundle % over X such that Xeév = GN
for some N. Hence for every{iLe KO (X), there exists {ql;e KO(X)

such that B, + {1l = {fe@m}, = {}, . so that KO(X) is an

’
abelian group when xe;@?@#h{ , the homotopy category of connected,
pointed, finite Cl/-complexes. KO(X) is called the reduced real K-group

of X.

The natural inclusions GK, k+n(: Gk+1,k+n+1 of Grassmanian manifolds

induce inclusions BO(Xk) ¢ BO(k+1) in the classifying spaces for

vector bundles, for all k » 1. We let BO = kk),) , BO(K) with the

weak topoloty. Let‘{k be the universal vector bundle over BO(k).
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If X is a finite CY-complex, then X is compact and hence any map

f : X = BO factors through BO(k) for some k.

If we define T : [~ ; BO,*] Ko ( =)

by T(L£1) = {r (v}

then T is a natural equivalence on (/),é“/l/‘: .

In a similar fasion we can define R(X), the stable equivalence ,classes
of complex vector bundles over X and KSp(X), the stable equivalence
classes of quaternionic vector bundles over X, called the reduced
K-group of X and the reduced symplectic K-group of X, respectively.

We have also the natural equivalences :

[-; BUA] ——R(-)

[-; BSp,*] —— &sp( - )

on @&7‘4, defined similarly,

Now, let VR(X) denote the set of all isomorphism classes of real

vector bundles over X, XE€& 714( the homotopy category of finite
CW~complexes). Define an addition on VR(X) by taking {ﬁ*-{"l} = {f@ft}

Since this addition is both commutative and associative, VR(X) becomes

an Abelian semi-group. Let K(VR(X)) be its group completion and

denote it by KO(X). The elements of Ko(X) may be denoted by

{Z} -{n} vhere % and 7] are real vector bundles over X. Clearly KO

. /
is a contravariant functor on 7(/;__.



Define a rap y : VJ,(X) —— KO(X)

{8}

by v ({&})
Then by the universal properily of group complelion, we get a
lomeworphis @+ KO(X) — KO(X).
purther, ve define % : KO(X) —— KO(X)
by X ( {E}s ) = {5} - {an} vhere n = dim % .

/e sce that G oKX = 1RO(X)

Let (X, yo) € @&7{{. Congider the obvious maps

=)

: {xé——-———»x

and

(¢

v ~r

i —"—_"’{no}

and the induced maps i* :KO(X) =————> KO( {XO} )
c* ro({x} ) ——— KO(X)

which pive a splitting for the exact sequence

~ X T
0 —> RO(X) —————> KO(X) ——tsr Ko(fx} ) ——> 0
C#

Hence KO(X) = To(X) @ Ko({xc}) -

Since the dements of VR(X) are determined by dim% , hence VR({xd} ) =N,
1 2

so that KO({x}) = K(V ({x})) = k(M) = Z.
Thus, KO(X) = Ko(X) @ Z.

Therefore, we have a natural equivalence

[-;2z=x8B0] = KO(-)



Similar dincuscions can he carried out for VC(X)’ the set of
all cquivalence classes of complex vector bundles over X, and

v . . .
V”(u), the set of a1l equivalence classes of quaternionic vector

bundles over X, and define
KOO = K(V(x))  end KSp(X) = K(V,(X)).

Ve get notural caquivalences

i

(-3 2 xBul KO =)

13

(- 5 % x Bsp] KSp (= ).

In particular, ve may compuie the groups ko(s?), K(sY) and ksp(s?)

by using the above results, the Bott Periodicity theorem which states :

(12BU

42 x BU =
h
Zx B0 = OBSP
b
Z x BSp = (0L BO

and some computations of the homotopy groups of BU, BO and BSp.

The results may be tabulated as follows :

q(mod 8) 1 2 3 b 5 6 7 8
q |

ko(s%) zZ zZ, Z, O z 0 0 0

K (s%) Z 0 z 0 z 0 2 0
q

ksp(s?)  z 0 0 0 z 2, 0

8.2.3 Cobordism Theory

Consider a collection of spaces X and strictly commutative diagrams
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f
X —2—» B0(n)
Ly Bln
Xn+1 - BO(n+1)
n+1

vhere fn are fibrations. e shall denote such a system by X.

An X-structure on a smooth manifold M is a pair (h, ¥ ) where
h N ______,.Bn+k is an embedding with ¥ : M——— BO(k) the
classification map of the normal bundle of the embedding h,
and ¥ : M ———X_is a lifting of
~ ~,
ic€ey £, 0¥ =7 7 £

k k

M » BO(k)

Given an X-structure (h,¥ ) on M, we can define a sequence (hm, ;m)

of X-structures as follows (note m » k) :
ho: M—D MK
" \WT&\\\ r}
m 3
RO m
BO(m)

and

<t
=
<l

m_,]O..ong

X
m

Two X-structures (h,¥ ) and h', ') on M are equivalent (where



. ]
h :r#—-~g“+k and h' : M —— Rn+k arc embeddings) if there exists

k" » max (k, k') such that

" | 1]
hyv. = To h'k,, where T : B?+k —p §P+k is some translation.
and ;k" = ?'k" by a homotopy equivalence which ®vers
Vym = ?'yg s M —— BO(k".

By an n~dimensional X-manifold we shall mean a manifold M of dimension

n together with an equivalence class {(h,; )} of X-structures on M.

If (W, 9¥) is an n-dimensional manifold with boundary and if (h, %)
is an X-structure on VW where

h / 2y

oY — Rn+k-‘1
i ,}
R 'ﬁn+k

then (h/dW, Yo i) gives an X-structure on oW called the X-structure

W

induced by (h, 3 ).

A map of X-manifolds is a smooth map f ¢ M————> M' between manifolds
M and M' with X-structures (h, ¥) and (h', 3') reschtively such

that h* o f = T o h for some translation T and 3' o f 3:;(homotopy

over 7= »!' o f ).

The empty set @ will be regarded as an n-dimensional smooth manifold

for all n ) O, having a unique vacuous X-structure.

Two n- dimensional X~manifolds (M1, {(h1, 91)} ) and (M2, {(hz, ?é)} )
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are said to be X-cobordant, (written H1 f\& HZ) if there exists

an X-manifold ((W, 9'), (ﬁ, ¥) ) with boundary, of dimension n+1,
such that ( 9V, {(h/3J, Yo i)} ) is X~diffeomorphic to

(qut,, (o, 30} o {(hy, 3,01 ).

llote that ~4, is an equivalence relation. Ve shall write flhx for the
set of all X-cobordism classes of closed n-dimensional X-manifolds, n )0,
The operation of taking disjoint unions u defines a binary operation

on ()nX and it constitutes flnx into an abelian group n ) O, with the

class {f§} as the zero-clement.

The Unorientled cobordism group ILO

If ve take X = {BO(0), BO(1), « « « , BO(K), « « . .}

and g : Bi_ : BO(l:) ———> BO(k+1)

£, BO(k) ———> BO(k), the identity map,

then (LX is denoted by I)*O, and is called the unoriented cobordism group.

The Oriented cobordicm Group (I,SO

Take X = {BS0(0), BSO(1), « « «, BSO(k), . . . .}

0 = Bsi, : BSO(k) ————> BSO(k+1), Si, : SO(k) —— SO(k+1)

k

and  f_: B5O(K) 5 Bo(k) , ¢ SO(k) ————> 0O(k).
y “k

a
Thenf)*x is denoted by ()*QO or simply ()* and is called the oriented

Ik

cobordicm group.
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The Complex or Unilary Cobhordism Group f)*U

K= {X X Xou 0 e o W}

is given by X, = BU(k) = Kol
Go). * Xak —-———————9-X2k+1 is the identity map
8 7S [3 3 3 > .
2kl 1 Xy 4 ——> X5 5 is Bj, where j_: U(k) —»U(k+1)

fon = Topq ¢ BU(k) ———— BO(2k) are the classifying maps for the

universal bundle YP_-———+ BU(k), considered as a real vector bundle.

s 15 called the complex or the Unitary cobordism group.

In an analogous fashion, if we take X Kk = BSU(k) = X ve get the

2 2k+1

special Unitary cobordism group £1,°U. On the other hand if we take

X = X = Sypean = X4k+3 = BSp(k), we get the simplectic cobordism

group I)*Sp.

We turn our attention now to see how generalised homology and
cohomology theories may be defined using the K-theory and cobordism theory.
To do this, we need notions of spectra, and products of spectra. Ve

proceed now to develop these ideas.

Sgectra

A spectrum I is a system {Xn, Qn} where each xne qzﬂy(the homotopy

LI A 11 . 1
category of pointed Cil/-complexes) and ¢ :SX —>X ,isa

homotopy equivalence into a subcomplex of Xn+1'
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For o nmple, riven a space X, vwe have the suspension spectrum

P(X) rpaiven by ])(X)n = (*, n<oO

s™(X), n )0

4

vhewr the identity maps s"(X) —— 5™(X) scrve as the map € , n) 0.

The sphere rpectrun 5° = {So, s(s%), Sa(SO), .« o o } is a

rarticular cxample of the suspension spectrum,

An (}- spectrum is a spectrum {Xn, an} such that the adjoint

¢' X —aOX of the inclusion & : SX ——»X (where
n n n+ n n n+

1
0 Xn+1 igs the loop space of Xn+1) is a wveak homotopy equivalence for

every n.

8.3.2 Spectra and associated homology and cohomology theories

l'e can nov define the reduced homology and cohomology theories

associnted vith any spectrum £ = {En’ cn}.

Define T _(X) M(EAX) = [ZM(s%), EaX] def 15m [, (EAx)k]

K~eoo
and 0 = (20, 28] = (260 Nx, 5] %
Lim [S5AX, T ]
! n+k
k~ao
For f : (X, xo) —_— (Y, yo), ve take
R = (1 Af),
n -
and (L) = E()*
(llote that ZI is the spectrum defined by ZE = E_ ).




- 102 -

We defane av @ 1" (X) ———>T, _(5X) to be the composite
n n n+1

z n+1

(So), ZE /\X] —_—=>

n, .o
E(X) = [Z7("), Eax] —=—— (2

(3779, £ as’a x1 (5X).

n+’l

T, is a natural equivalence.

We define o : Enﬂ(SX) —— E'(X) to be the composite @

z— 1

"] & (2B, ™E] e

s = [2Gs0), =

(zx), 2"} =20,

where i* is induced by i : E(SX) —— Z E(X),

and o is a natural equivalence. (/32/, 8.33)

Let (X, A, xo) be a CW-pair. Then the sequence

[37%), B an] —tadde L rshs®)) pax] Ladk (5759, En(xUCA)]

is exact. I.e., the sequence
. ‘x
E_(A) — E (X) —d— E_(X\UcCA) is exact.

Also the sequence

[B(n), z'p]ZE [EX), 77E] 2D ey, zE]

is exact. I.e., thc sequence

EMA) —— BM(X) L EM(X\UCA) is exact.

Thus, by the definitions 8.1.1, E, is.a homology theory on @%/and

E* is a cohomology theory on @7{/.’
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The coefficicent groups of the homology theory E, are
o
E (5% = [£(s%), EA8"] = TTL(E AS%) = TN (E)

and the coefficient groups of the cohomology theory E* are

E'(s%) = [TsT)as%y E] =[Z7(s%), E)= T (B).

For any spectrum E, since E* satisfies the wedge axiom, we have
that for any filtration {Xn} of a CW complex X, we have .the following
exact sequence :

iy}

0 ——s 1im' B M) —— B3 () —2 1 1im E3(X®) —= 0

Further, if E is an ()- spectrum, then for every pointed CW-complex

(X, xo), we have a natural isomorphism E'(X) = [ Xy% 3 En,*] .

8.3.3 Products on Spectra

To obtain a product structure on homology and cohomology defined using

spectra, we would like to define products of spectra.

The Smash product of two spectra E and F is denoted by E A F.

The complexity of its construction precludes itZs inclusion here.

However, we shall look at what is called the naive smash product,

because the smash product, in most of the imporfant cases that we

consider, is equivalent to the naive smash product.

For any BC N (or any ordered set, order isomorphic to E), we have a
monotonic function (3: N ——— N, defined by B(n) = the number of
elements b €B with b ¢ n. In particular we have « ¢ N —— N

associated with the inclusion N C N. Let N be now partitioned by
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Band C, i.e., BLUC = N and BMNC = @. We then have maps

(3 and ¥ :N — N, associated with the inclusions B CN and

CCll. We define the naive smash product

EoApF % (B ALF) gy = E )y~ Fy)r €N

e state below the conditions under which E /\BCF EEAF,

(i) If B and C are infinite.

Er+1’ vVr)d

(ii) If B has d elements and SEr

(iii) If C has d elements and SFr

Vr) de

Fr+1’
In particular, let F be any spectrum and let X be a CW~complex.
Then F AE(X) = F N @ E(X) = F A X where E(X) is the suspension

spectrum of X.

Ring Spectra and Homology and Cohomology Products

Now that we have defined the smash product of spectra, we are

equipped to define ring spectra.

A ring spectrum E is a spectrum with a product /L ¢t EAE—E

(a map of spectra) and an identity i : S° —— E such that the

following diagrams are homotopy commutative,

(i) E AE AE L >E AE

] [

EAE L

> E
(ii) EAS? —22Y S paAE 21 %4 g
r l 1

E
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llote that 1 is the homotopy equivalence

[{t3
t1

S°~E = s°,\¢NE

and r is the homotopy equivalence

EAS® = E /\E ¢SO

e
=

is said to be commutative if

(iii) E A E s E
N
E AE

is commutative up to homotopy.

Given a ring spectrum (E, A ,i) We can introduce external products in

the homology E,(X) and the cohomology E*(X) as follows :

(1) A En(X) e Em(Y)——:,Emm(x AY)

(i1) A : EYX) 8 E(Y) ———— " (X A Y)
(iii) /7 : EP(X A Y) @ Eq(Y) —_ T (x)
(iv) \ : EP(X) @ B, (X AY) —>E__ (Y)

p-q

The definitions of these products are quite natural. We shall

indicate here the construction of

At E(X)@E (Y) ——— E (XAY)
Let z € E_(X) and y €E_(Y) be reprecented by f: " —— > E AX
and g : " — EAY respectively. We take x A y € En+m(x AY)

to be represented by the composife
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T
S =g "I Al (BAX) AEAY) 22 EAEAxAY —£215

EAX AY.

(For the definitions of the other products, cfr. 1327, 13.50) «

For CW-pairs (X,A), (Y,B) we have the relative groups E,(X,A) etc.,
and corresponding external products which result from the fact that
(X/A) A(¥/B) = (XxY)/ (XxBUAXY).

-
Thus we get products

(1) x En(X,A) 2 Em(Y,B) —_— En+m(X x ¥, Xx BUA X Y)
(ii) x ¢ ENx,A) @ E"(Y,B) ——> E"™N(X x ¥, X x BUA x Y)
(iii) / : EP(X xY, Xx BUA X Y) @ E,(Y,B) —> EP~9(x, )

(1v) N ¢ BP(X,A) @ E (X X ¥, X x BUA x ¥) —> E__ (Y,B)

Now that we have external products, we can use the diagonal map to

define internal products v and n .

Regard Aas the mp A: (X, AUB) — > (X x X, X Xx BUA x X) =
(x,4) x (X,B)

for pairs (X,A, (X,B).

Vv - product is defined as the composite

E%x,A) @ E"(X,B) —2—> B ((x,A) x (X,B)) E%(x, AU B)

and N -product is defined as the composite

E'(X,A) @ E (X, A\JB) ——1—&&» E'(X,A) @ Em((X,A) x (X,B)) -E——>Em_n(x,13)
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8.3.5 Sufficient Condition for the Existence of Ring Spectrum Structure

on a Spectrum,

In the following theorem we state a sufficient condition for
the existence of a ring spectrum structure on a spectrum. This
will enable us later, to equip certain spectra we are concerned with,

with a ring spectrum structure.

Theorem : Let E be a spectrum and ?n . g" —E , and

}: tE AE —FE be systems of maps such that the following
nm n m n+m

diagrams are homotopy commutative for every m, n, p :

1 A1
(i) s A8 —D, s1AEn
_ Q1,n
n+1 i
S ntl - E n+1
n I A1 1A1 "
(ii) s' E I > E E «—8 E AS
m n m n

n+m m,n
1A}:
. . mp :
(1i1) E AE A Ep E A~ Em+p
Ao A1 Aoy mp
Eovwmp
n+m p n+m+p

n . . .
where ¢ ¢t S AE ~———F is the inclusion,
nm m n+m

Suppose further that lim| En_1(En)

. 1 wn=1
1im' EY (Eﬁ(n)/\ E (ny)

. 1 =n-1
1lim En (E ﬂ(n)/\ E T‘(n)A Ej(n))

= 0
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for any partition N = B\JC or N = BUCUD.

Then there is a map i : S° ——— E and for every partition

N =B\UC with B and C infinite, a map

frggt E A E——> E
Sl

EAE

such that the homotopy class [/L] = [/L'BC] is indépendant of B, C

and such that the diagrams

(i) 8" —— 31 g°

i, JZ in
E_ S ZnE

(ii) E ﬂ‘(n)/\ E Y(n)C——a s ™NE ABCE) -——r =™E A E)

n

/L{.’»(n) ¥ (n) 2

B > s™(E)

commute upto homotopy, making (E, o i) a ring spectrum.

If moreover,
_——-H

oo um\ /4‘{m lin

Ehn+4m

is homotopy commutative, then (E,/«- , 1) is a commutative ring spectrum.

We turn our attention now to the construction of spectra for K~theory
and cobordism theory, and equip them with a ring spectrum structure

using 8.3.5.
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The following two [)-spectra are the K-theory and KO-theory

spectra respectively.

(i) K: « « « K K K K3 K4 s o

I I I I I
e+ «¢2xBU OQBU ZxBU QBU ZxBU ...

with e'2i : K2i —_— DK2i+j

2 x BU ————— Q_aBU, the homotopy equivalence

of the Bott Periodicity Theorem (8.2.2)

and  ¢'55 .9t Kagq QK,;
Q BU - ((Z x BU) = (BU, the identity map.
(i1) KO : o o » KO, Ko, KO, Ko3 KOy, Ko5
Il 1] i i i U

e o +Z x BO ﬂ?BSp D,ZBSp NBSp Z x BSp D.3B0

KO6 KO,7 K08 o« o o

" " "
00 QB0 ZxBO...

with ¢!, : Ki————-’QK

i given by the Bott Periodicity

i+

i
i

Theorem if i = O (mod 8) or 4(mod8).

and a.'i : Ki —— the identity map otherwise,

Kivao
We then have homology and cohomology theories K,, KO, and K*, KO*

defined by these spectra. Since these are -spectra, we shall have :

kix) = [x; xq] and kol(x) = [x; KOq]
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4x) = [X,x_; Kq,*] and Ko(x) =[x,x_; KOq,“']
In particular K0°(X) = (X,x_s Z x BO, *] = Ko(x)
and  K°(X) = [X,x;2xBU, *] = KCO.

Since 22K = K and 7_8}(0 = KO, the coefficient groups k9(s°)

have period 2 and the coefficient groups KOq(SO) have period 8.

These appear in the table at the end of 8.2.2.

These spectra are equipped with a ring-spectrum structure as

follows : Let F be R or C. Given two F-vector bundles, E—> X

'71 ———>» Y, of dimensions m and n respectively, we have the tensor

product bundle % QF?[ —> X x Y of dimension mn with

fibre Ex L "[y over (x,y) € X x Y.

If X is a finite CW~complex, the map

vg(x) x VC(Y) —_— vc(x x Y)

defined by ( {E} . {71} ) ——— {E @CV],} induces a unique map

x : K(X) @ K(Y) ——> K( X x Y), which is natural,
associative and commutative.

From x, we also get a product
A K(X) 8 K(Y) ——> K(X A ¥)

for pointed, finite CW-complexes X,Ys A is natural, associative

and commutative,
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To extend x and A to infinite complexes and spectra, we note

i f Rets as = < = U T.
first of all 3 that a BU = k\; 1 BU(] ) and BU(k) nYy k( k,n((:) 3
7is & C = U 5 C G
we can see that BU ) 1 G ’2 (C). Let us denote € ,2 by G .

Let Zh be the universal bundle and Qn} the trivial bundle over

n ~ . .
G . Letu = {gn}s - {G, }s €K@G ). Ifi: G —> G, 4 is the
inclusion, we shall have that i* (u_ ,) = u_. Hence {u} is
n n+1 n 1
an element of lim L(Gn). This is in fact, the class u = [1BU] €

LBu; Bul = ¥ (BU). The exactness of the sequence

0 —— lim1R-1(G AGC ) = K(BUADU) —» 1im K(G_AG ) == 0O
n n -t n n

implies that there is an element uau € K(BUABU) such that
ua/G AG =u au for all n ) 1. This element is unique
n n n n

as lim1 T{-1(Gn/\ Gn) = 0. Call this element /Lx. Thus /[«: BU A BU —> BU.

MNow, if we define

/A'Zn,Zm ' K2nA KZm : K2n+2m

to be Jfut BU A BU ————> BU
and i 18—k
© 2n ' 2n
tobe 52" 2 A2 LBy ABU —As By
1Al
27 "2n-2
(vhere 12 : 32 ——— BU is the classifying map of {’\}, -{1} s €

K(SE), n—> 82 E QP1 is the Hopf line bundle and l—— SZ,

the trivial line bundle), for n » 2, then the conditions of 8.3.5 may

be seen to be satisfied. We thus get a commutative ring spectrum
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(Ky &, 1) such that the product K(X) @ K(Y) —— K(X x Y)

is induced by the tensor product of bundles.

In an analogous fashion, the spectrum KO may also be equipped with

a ring spectrum structure. (cfr./32/,'8. 91)

8.3.7 Generalised horology and cohomology theories using cobordism theory

are constructed using what are known as Thom Spectra.

Let X € hg (the category of finite Cl/-complexes). Let % =

p: O(%) —> X be a vector bundle over X of dimension n.

We define M(%) = E(D(E))
E(S
vhere D( %) and S( %) are respectively the disc bundle and the

sphere bundle associated with % , and call it the Thom space of % .

Let 7t: G(D(%)) ——> 11(% ) be the quotient map. If f : & —~——1
be a morphism of O(n) bundles, then this induces a map of D(% ) into
D(7 ) vhich takes S(&) into S(17). Thus we get a map M(f) : N(E )—>M(7).

We shall have li(g o f) = M(g) 6 M(f) and M(']g) = 1M(£ )*

If E,] and 52 are bundles over )(1 and X2 respectively, then it
may be proved that 1M( ’51 x 5,) = M( ‘c",]) A H( 52). In particular

ifd' is the trivial n-bundle over X, we shall have that

ME@h) = sT(E)).



- 117 -

low, consider » sysbem ¥ = {Xk’ fk'ck} as considered in 8.2.3.

Let Yk be the wniversal k-dimensional vector bundle 'fk-————~+ Bo(k)
and let "{k(X) = fk*('fk) be the induced bundle over X Y k.

So we get Thon Spaccsll(1'k(x)) and maps of Thom spaces H(fk) :

K(\fk(X)) —_— H('fk). (We shall agree to denote H(’fy(X)) and

IK‘fP) by MX,_and 10, respectively).

r

ti

Since Gy*('Yh+1(X)) 2 Tk(x) ® Qj, g, will induce a bundle map

k

Irom Y&_(X) @ ¢!

» ‘(p+1(K). lHence ve get a map of Thom spaces

¢ M (¢ M S’ 1_, —— :A .
kg s S — B

Thus we get a cpectrum HX = {”Xk’ QP} called the Thom spectrum
defined by the -~votem ¥ = {XP, {k’ gk} « In particular, if we consider

in order the five systems we considered in 8.2.3, we get respectively—

the Thom spectlra 10, 1150, MU, 1ISU and MSp.

As soon as one has a spectruwa, one gets homology and cohomology
theories. Thus ve pget bordism theories MX,( - ) and the cobordism
theories 11X*( - ). A theorem of Thom states that ()*X = T, (HX).
This result enables us to compute the coefficient groups of these

homology and cohomology theories for the various Thom spectra.

To obtain ring spactrum structure on the above spectra, we proceed

as follows @

For G = 0, S0, U, SU and Sp, we have maps
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\ o Bo(n) x ne(m) ———> RG(nam)

!
nni

such that if 211 is the universal G(n)-bundle over BG(n),

then v ¥ En+m = 8n Pl Em. The induced maps of Thom complexes

Lthen have the Tornm

£l
I

- I(W”m) +onan) A ety 2oy En X Em) ——

1 $n+m) = 11G(n+m).

Turther, Lue inclusion i ¢ * ————— DG(n), induces

- n o n

i 82 H( ¢) =—— 1G(n).
Thene waps salisfy Lhe requirements of theorem 8.3.5. Thus these
opeelia are ring spectra, and products can be defined in the

homolory and cobritinlory Lheories defined by these spectra.

Tn this section, ve shall define a complex orientation, and see that

A ring spectrum cquipped with a complex orientation satisfies the
condilions of thecorem 8.1.4. This will immediately give us chara-
cteristic clacses in the setting of the generalised cohomology theories

that we have considered in this chapter.

Lel & be a ring spectrum. An element y_ € E*(CP™ ) is said to be

-

. . . . . . 1 oc
a comple:n orientation of © if the inclusion 1 : CP —— CP

. ~ 1 N 2 o]
sends i Lo a renerator 1*(yF) € E*(CP ) = E*(87) over E*(57).

Txamples

The '~ Speclrum ¥ ¢ Consider the K-spectrum K. Let {yk}s =




- ~0
{T‘}ﬁ - {1§, €K (QP&:) vhere ¥ is the Hopf line bundle over

=)

(£ . P . . . .
LP7 and 1 is thn trivial bundle. Then Y 1s a complex orientation

of K.

The Thom Spectrum 11U : ‘o have a homotopy equivalence BU(1) = MU

1.

Consider the map £ : CP™ ¥ BU(1) = MU ——li££l9 2:2

C. ; MU where M(i)

is the map of spectra induced by the inclusion of HU1 as the

second term of the spectrum lU. The element [f] = Ny é.ﬁU2(9P°°)

is a complex orientation of IiU.

8.be1 Theorem : TLet T be a ring spectrum with a complex orientation

yp € BUcP®).  men

Fe(cp™) = E*(pt.) Cypl / (yEn”)

n

and T (CPY)

mr(pt.) [ [ygl].

The proof consists in showing that the Atiyah - Hirzebruch spectral

sequence for the cohomology theory E* )
(P, B+(5°)) 5 E+(cP)

is trivial. {(cfr. /32/, 16.29). It immediately follows that

- n ) . 2 n

E*(CP") has an F*(3 )-basis {yE, Vg o yEB; - e o Vg } .
n+1
I
o)

This proves that i*(g?n) = E*(pt.) [yE] / (y

Ve then have that ].im1 E*(gpn) = 0 and hence

1

%*(pr) im ﬁ*(an) = E*(pt){[b'ElL
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8.4.2 Tarametrized Borsul:=Ulam Theorem for Gencralised Cohomology

Theoriecs

Let T be a ring spectrum cquipped vith a complex orientation
(eere, K or 1'U) vhich defines homology and cohomology theories
', and E* respectively. Let p ¢ X —— B and p' ¢ X'—— B
be complex vector bundles of complex fibre dimensions m and

n respectively over the same paracompact space B. Let
- 23 21 . .
ci(A) € F(R) and ci(X') € £ (B) be the I*~theoretic chern

classes.

11 . .
2 (—1)lci(X) ¢ and
0

Tet c (O, t)

i =
n . .
2 e (xne™T
i=0

c (1, t)

[

helonming to 7*(B) [L] be their respective chern polynominls.

Let T and T' be free, fibre-preserving, norm-preserving

31 = U(1)=-actions on the given vector bundles respectively. Let

e 5 ——> X' be a fibre-preserving equivariant map, where SX —>» B
iz the (2m-1)~sphere bundle associated with p ¢+ X —— B, and let
T itself denote the induced 51 action. Then we shall have the

complex projective bundle : P : SX/T ——> B. Let 2 = { x€SX / £(x)=0§

and 1et 7 = Z2/7.

Then the Lheorem 7.1.2 and its proof are valid in the context of
these feneralised cohomology theories and chern classes and we

may state :
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8.4t.3 Theorem :

15 q(t) € nv(m) [t is sueh thnl q(t) / V = O for some open

neighbourhood V of %, then
a(l) o c(7r,L) = c(X,L) . q'(t)

for some polynominl g'(i) € v (p){t].

(ctre 7.1.6 Tor its commterpart)

-

-~
TT we vse Cech cohonology WY instend of I*, we et

St Theoren
Tf q(t) € E¥(B) [t] is such that q(t) / Z = O, then
q(t) « c(X',t) = o(X,t) . q'(t)

for some polynomial q'(t) € ﬁ*(B)[t].
(Cfr. 7.1.2 for the counter part of the result).

v
Tor E*-theory, the morec generalised version of Dold's result,

7.1.9 is also valid.

Atiyah has shoun in 117 that the K-theoretic characteristic classes
give charper results abonl immersions and embeddings. llence the above
results which contain K-theorelic or cobordism chern polynomials are

clearly stronger rcsulls about irmersions mentioned earlier in 7.2.k4k,
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ilow Avenues

In this section we would like to indicate a few directions that new

research in this field can take.

One may attempt to further generalise the domain, the range
or the actions considered in Borsuk-Ulam theorem. 1In
particular one may attempt to obtain results akin to that of Dold

(cfr. 7.1.2) in the context of cyclic subgroups G sT of order k 2

and study G-sphere bundles p: S B and their "Chern-Grothendieck"
classes g, Hl(B;'g/’k). Then projective spaces and bundles would

be replaced by different kinds of lens-spaces and bundles.

tle have studied above, how the results of Dold can be extended to
Generalised Cohomology Theories, but we have had to assume a
Cech construction. The reason is that we have required "continuity"
of the cohomology theory for the proof. One may conjecture that it is
possible to obtain the results in the absence of the continuity
hypothesis; i.e., that the results 8.4.4 and its more general version
( a result in the spirit of 7.1.9) arc valid for E*—cohomology‘theory

(cfr. 8.b).

In this work, we have at different stages, studied various indices
(e.g., the index defined in 3.0, the coind, defined in 4.0). One
could compute some of these indices for specific spaces. We have

mentioned in the introduction, the work of Stoltz /%5/ who has
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computed a certain coindex (cfr. 1.1.) for the real projective space.

Certain computations can prove to be fruitful.

YWe have had occasion to point out various applications to
which the results that have been obtained so far, can be put (cfr.
for example, 5.2.5 and 7.3.2). We could explore further applications
for the results of the Borsuk-Ulam Theorem., UWe could also study in
depth some of the applications we have mentioned, notably that of

the result 7.1.2 for study of immersions of manifolds in manifolds.

One may even want to study in more detail the structure of the

set A(f) or the set Z that we have studied in this work.

Several avenues are open and questions and problems abound. It
is our wish that the above work and the problems we have posed will

stimulate further research and investigation in this field.
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