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A Note Oil Ŝ m̂ 'olc l̂r.cfl 

Apart from the u.inal symbols ucecl in this brancli of 

Mathematics, MC linve had to use certain symbols to ma!:e typing 

easier. 

Numbers enclosed in / / indicate references from the bibliography 

given at the end of the v/ork. The slash '/' ĥ is been used both 

as a symbol for quolienting (e.g., Z/G representing Z quotiented 

by G) and for restriction of maps (e.g., f/A representing the map 

f restricted to A), '/e hope that the reader will be able to distinguish 

betv;een the uGa,^es according to ilic circumstance \'ithout too much 

difficulty. 

Instead of using tlie usual symbols ]R, ZZetc, for the sets of 

real numbers o.nd integers etc., \ic have represented tliem by 

R, Z etc.. 



1.0 INTRODUCTION 

If a balloon in deflated and placed on the floor, two antipodal 

points end up over the same jraint. This is an intuitively evident 

statement. BorGuic-Ulam theorem puts this fact on a sound mathematical 

footing. It therefore assumes the same importance, as a piece of 

fundamental \'ork, as Jordan-Brou'cr Separation Theorem (Jordan Curve 

Theorem in particular) or ]lro\.'er's Fixed Point TJioorom, v/hich are both 

theorems liavinf; intuitively clear statements. 

The Borsuk-Ulani Theorem v;as set forward by K. Borsuk in 1933 in the 

paper entitled "Drei Satze uber die n-dimensionale euclidische Spare" /37» 

which states that a continuous map of an n-sphere into the euclidean 

n-space maps r>ome pair of antipodal points into a single point. 

Ever since the publication of this result, mathematicians have tried 

to ansv/er several questions that arise naturally from this theorem, and 

the process has continued to this day. What are some of these questions? 

Tn order to ans\/er this question, we should first liave a closer look 

at Borsuk's 1933 statement. This can be restated as : A continuous map 

of an n-spherî  into the euclidean n-space maps some pair of points 

symmetric under the antipodal action on S (or some orbit of the 

antipodal action on S ) into a single point. One may then ask the 

following questions : 

1.0.1 \/hat is the nature and size (to be defined suitably) of the union of 

such orbits (wJiic)! are mapped to a single point) ? 

1.0.2 Can we replace S^ in the Borsuk-Ulam theorem by a space X together with 
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nome action ('̂.,':., involul ion or a r;roup action) nnd -irk a question 

nimil'-u I o 1.0, I ? 

1.0.3 As a particular ciro of 1.0.P take X = Y x S or more ccricrally an 

n-sphere buiulle X — > Y with fibrev/ise action, and an equivariant 

(in case R' a1 no has an action) map f: X—?]^'- '̂e could nov/ ask a 

question more pointed than 1.0.2, viz., V/hat is the cize of that part 

of the union of orbits (as in 1.0.1 or 1.0.2) which is contributed 

by Y ? 

1.0.4 Could nov/, the euclidoan space (as the range space) in the Borsuk-Ulam's 

Theorem be replaced by a space which is only locally euclidean, i.e., 

manifolds (Riemannian, smooth, pi., topological), homology manifolds 

or Poincare duality spaces, and ask 1.0,1 ? 

1.0.5 Consider a map Y x S > Y x j]" or more generally, a fibre map of 

a sphere bundle over Y into a vector bundle over Y, where the spaces 

involved have some fibrewiso action, and maps are equivariant. V/hat 

ansv/ers can \/o obtain for 1.0.1 in this context ? 

Several other questions may be raised, ajid v;e invite the reader to 

join us in raining them. One general question, however, emerges from 

these : "Ho\/ far av;ay are those Borsuk-Ulam sets (e.g., the zero sets) 

from becoming a manifold (v/hich corresponds to the transversality 

principle) ? 

1.1 This dissertation is the outcome of an attempt to assemble together 

some of the anG\;ers to these questions as obtained by mathematicians 

over the years. As the amount of work done in the last more theui five 

decades on this topic is quite large, amd as not every work fits into 

our line of enquiry, v/o have liad to be selective. However, we have 
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tried to plclc np mor.t of tlio significant works and tried to give a 

survey up t,o Ll\c present stale of research on the topic. 

V/e begin by mentioning two results which set the ball rolling in 

the direction of the developments we are concerned v/ith : 

1.1.1 Theorem : (Kalaitnni /26/ Yamabe and Yujobo /3^/ ). A continuous real-

valued function on an n-sphere maps the terminals of some n+1 mutually 

perpendicular radii into a single value, 

1.1.2 Theorem : A continuous real-valued function on a 2-6phere 

maps four ondn of some pair of orthogonal radii into a single value. 

These results cnn be thought of as obtained by replacing the antipodal 

action on a sphere in tlio Borsuk-Ulam Theorem by more general group 

actions. 

Guy Hirscli /1^/ was the first to take a step towards answering 1.0.2, 

He gave a suificjcnt condition under which S in the Borsuk-Ulam 

Theorem can bo rppliced'by a space v/] uh an involution, but it is the^work 

of C.T. Yang /3':/ which contains an answer to the question 1,0,2 and as 

a special case, bb.p answer to 1,0,1 too. He has considered a T-space 

(a compact Hausdorff space together v;ith a fixed point free involution 

T) and defined an index of sucli a space v/hich in some sense gives the 

size of the T-spicc, Using this, he proves : 

1.1.3 Theorem : (Yang /39/)» If X is a T-space of index n and if f : X—>• ̂  

(0<k^n) is a mnp, t,hen tlie set A(f) = \x6X / f(x) = f(Tx)} , together 

with T is a T-spice of index ̂  n-k. 

Talcing X = s" and T the antipodal action, the tlieorem answers 1.0.1, 

If k = n, then tlie theorem gives the classical Borsiik-Ulam result. 
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p. Bacon /Z/ exlcndod Yang's \;ork for involutionG \jhich are not 

necesnarily fixed point free. 

The ansuer to question 1.0.3 and also to 1.0.2 can be found in the 

work of Conner and Floyd /S7, wlio have developped the notion of a 

coindox of a ciiacc (\/hich alco in some sense gives the size of the space 

involved), ^nd made use of otiefel V/hitney classes to prove the following 

results : 

1.1.'+ Theorem : /S7 The same statement as 1.1.3» replacing index by coindex. 

1.1.5 Theorem : /S7 (i) Lot p: B — > Y be an n-sphere bundle over a compact 

space Y, f: B —> ^'\ m:^n+1, a map, then thfe set S = {x6Y / f(b) = f(-b) 

for some bg-P (x)|- supports every dual V/hitney class w , p^m-n. 

(ii) If Y is a compact connected manifold, then result (i) implies that 

(cohomology)dim S ̂  dimY - p, provided \i /. 0 and p^m-n. 

Tv/o notev/orthy fcotures of this paper is that 

(a) it proves a rcnult which ds the first step to'/ards answering 1.0.^, 

viz., 

1.1.6 Theorem : Suppose f is a continuous map of S into a compact fiiemannian r\-

manifold. Then for some x, either f(x) = f(-x), or for some x, f(x) and 

f(-x) are not joiiird by a imique geodesic of shortest length, 

(b) Techniques of lliis paper enables one to give a necessary condition 

for a smooth manifold to be immersed in another smooth manifold, cfr, 5»2.5 

Jav/oro\/ski and Iloszynski /2^/ also prove results answering partially 

question 1.0.'i by taking RP as the range space. The works of Hunkholm 

/30/' and Conner /v', contain a more complete ans\?er to 1.0.^. We mention 

here only ono of those; 

1.1.7 Theorem : (P.E. Conner /^J). Let f: s"—»-IP be a continuous map, v/here 

n^ is a sPiooth manifold, n^k. Then dim ({x<£S^^ / f(x) = f(-x)j )^n-k, 

file:///jhich


if n>k. If n .- 1: nnd f* : H''(n";2p)"^ Il"(s";Sp) ir, Lrivinl, then 

\_x6r/ / i(x) = ((-;:)} i 0. 

Ans\;crG to 1.0.5 \/cjc attempt od by Javforowski (/22/, /23/), riakaoka /3Vj 

Fadell and nuGceini / 1 V , and Do! d /B/. A sample rocult ic : 

1.1.8 Theorem ; (Hold A7) - T,cL f : r-,{h]) f E' , be an odd fibre map of an 

(m-l)-Gphcrc bund^o iiiio an n-plr>'\e bundle over I'm mmc paracompact 

space D. T,'M ^ - -ĵ ;: el "(F;) / f(::) = 0 j and Z be i Lr. qnntient space under 

the antipodal action on the sphere. Then for every polynomial q( t) 6 II*(B) Lt] 

of decree less tlv'-n i\-v, q(t) ^G supported in Z (in c-omc sense made 

explicit in 7.1. r''r. 7.1.3)-

The sifTtii Pi fnnc^ oT Hold's \/or!c is first of al] , that it opens up a 

uay to attack the problems in more general settin(3s, involving more 

general actions and more general bundles. Secondly, the work points a 

v/ay for possible refinements of the results using K-theory or cobordiem 

tecliniques. Another notable feature is that this approach connects the 

Borsuk-Ulam Theorem directly to immersion problems. 

Several other more recent works dealing with the Borsult-Ulara theorem 

have been published. Notable among them are the works of Fadell, Husseini 

and Rabinowitz (/T57 )> Î î Bao Duan /9/, Jaworowski /2^f/,/25/ aH3 

V/aclaw Marzantov.'icz /27/. 

As is al\/ayG the case, answer to a question raises new questions and 

this dissertation is no exception to this. (For example, one could ask 

"V/hat is the G-level of a space (i.e., the min( [n /3an equivariant map 

f ; Space — * s"" } )) ? Some work v/as done in this connection by Conner 

and Floyd /W, for G = Z-_, \/ho called the Z_-level, the coindex of a space. 
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A more rccenb v;ork towardr? onnwering the question appeored in /35/)« 

It ic our hope lh.-\t this survoy vdll stimulate the reader to further 

enquiry and invoGtigation. 

1,2 In the survey v/ork that v/e have undertaken, an attempt has been made 

to make eacli clnptor self-sufficient, and hence any chapter can be read/ 

indepcndantly of another. Apart from that, only o minimum of homotopy 

o.nd homology ihoorics has been talcen for granted atiH mor.t often, even 

nlomciitary rcr-.i'l l.r; h.av; boon quol;cd to aid smooth j-oadin/T;. 

In the firnt clnptor, th? classical Borsuk-Ulam Theorem is stated 

and a proof is cot forth usinp; singular cohomolop-y v;ith coefficients 

in ̂ p. In th*̂  proof we nee the lifting theorem (cfr. /3^^/, 2.^.5)« 

The second chanter studies a generalisation of the Borsuk-Ulam Theorem 

by C.T. Yang to maps of T-spacos into euclidean spaces. Using Cech-Sraith 

homology theory v;e define index-homoraorphisms, and using these homomor-

phisms, we define the (homological) index of a T-space X. The main 

result of the chapter says that if f: (X,T)—»R be a continuous map 

of a T-space X into euclidean k-space v/here 0 < k ̂  ind X, then A(f) = 

•[x 6X / f(x) = f(Tx) I is T-invariant and compact and ind A(f)> ind X - k, 

V/e note that tliis result implies that the homological dimension of 

A(f)^ ind X - k. In conclusion, we prove that ind (S , A) where A is the 

antipodal map on S is equal to n, and hence that if f: S — > E , then 

dim A(f)^n - k, which is also a generalisation of the Borsuk-Ulam Theorem. 

In the third chapter, we turn our attention to a proof of Yang's 

generalisation of Borsuk-Ulam Theorem put forv;ard by P,E. Conner and 

E.E. Floyd. The proof uses the notion of an abstract Coindex wliich we 



defino in thr V T / fi.Tr;h Gcrt-inn nl I he chapter. Jn tli" '~"cond Goction, 

\/c Get forth the p'-inC of thr th'̂ orem. Tlie next Uio rections are 

devoted to Gtud.yinr;: a cohoniolofy comdox defined usmp oquivariant 

Alexa7ider-Span:er cohomolofy, froo acyclic resolution of a finite 

nroup G and cortnin cnhomoloRy classes V/hich vie shall define, and 

proving that this coliomology coindex is in fact an abstract Coindex. 

In the next cinpter we consider an equivariant m p f: B—> R where 

p: B—*-X is an n-spFiere bundJ e over a compact space X, m^n+1, and 

attempt to measure the set f (0). In the first section we define the 

Stiefel V/hitney clansos of a sphere bundle followinc Grothendieck. In 

the next section we introduce the dual of a Stiefel V/liitney class, and 

obtain some preliminary results involving these classes. Using 

these results, \ic obtain in tlie next section, that the set S = {^x€X / 

f(b) = 0 for some b g-p (x)j supports every dual class v/ , for p > m-n. 

From this result we obtain that if X is a compact connected manifold, 

dim (S)^dira (X) - p, provided that w / 0, p>,m-n. In the concluding 

section we prove a result independant of the above result, but included 

in this chapter because the proof of the result will use some of the 

results obtained in the chapter. We define the index, ind(X,T) of a 

space X equipped with a fixed point free involution T, and using it, prove 

that if f: S —*• X is continuous, wliere X is a compact Riemannian n-

manifold, then for some x, either f(x) = f(-x) or for some x, f(x) and 

f(-x) are not joined by a unique geodesic of shortest length. 

n k Chapter five studies maps f:S — » M , n^ k, into a smooth k-manifold 

H ̂, which is not necessarily closed or compact. V/e look for results 

about A(f) = [x6S / f(x) = f(-x) j . In the first section we define 

the tv/ist of an n-plane bundle p :\-—>X/T, where (X,T) is a fixed point 
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free involution, h.y tlio involution (X,T), and tlie univorsal whitney classes. 

Using thin we obtain -in cxprcnsion for the Stiofel V/hitney class of the 

tv/ist. I\irt)ier conipuLationc are made of Stiefel Whitney classes and 

in the next Goction v/e establish the main theorem which says that if 

n>k , dim A(f)^n-k, and that if for n = k, f* : H"(M"; Z ^ ) — > - H " ( S " ; Z^) 

is trivial, then A(f) / 0 . In the concluding section we see that the 

involution can be replaced by a fixed point free involution 

( I " , T) on an n-manifold Z v;hich is a homotopy n-sphere. 

The sixth chapter deals with parametrized Borsuk-Ulam Theorems. 

V/e study fibre-preserving equivariant maps f:SE—»•£', where p; E — * B 

and p':E' —»• B are vector bundles of dimensions m and n respectively 

over a paracompact space B and p/SE : SE — ^ B is the induced sphere 

bundle over B. In tlio first section, using Cech-cohomology with coeffi­

cients in Ẑ _, '/e de Tine the Stiefel-V/hitney polynomials w(t) and v/'(t)6 

ir*(B)Ct], of th.e tro vector bundles respectively. We let Z = {x £SE / 

f(x) = 0 / and define the quotient spaces SE and Z. The first theorem is 

now set forth : If q(t) e H-̂  (B) [tj is such that q(t)/^ = Oi then q(t).w«(t) = 

w(t).q*(t) for come polynomial q'(t)& H*(B)[tJ. Tlie theorem is clarified 

and particularised using three corollaries. The proof of the theorem 

is undertaken in tlic moi'e general setting of G-sphere bundles and G-actions, 

for the case G = 'LI_ . In the second section, the same theorem is proved, 

but now allov/inr̂  fixed points in the action. In tlie last section of the 

chapter, we see some examples, and consider hov; the result obtained in 

the chapter may be used to measure obstructions to immersion of a manifold 

in another. 
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In the last and concluding chapter, we examine iiow the results of 

the previous chapter may be developed using generalised cohomology 

theories like K-T theory and cobordism theory. In the first section of 

this chapter \ie do the preliminary spadev/ork leading to, and the 

definition of characteristic classes in the context of generalised 

cohomology theories. The next section is devoted to an exposition 

of the rudiments of K-theory and cobordism theory. The third section 

studies spectra, associated homology and cohomology theories, and ring 

spectra. The section studies also the spectra for K-theory and cobordism 

theory, and examines how the ring spectrum structure can be extended to 

these spectra. In the final section we examine how characteristic classes 

can be defined for these generalised cohomology theories. We conclude 

by remarking tliat the results of the last chapter can be extended to 

the context of these generalised cohomology theories if v;e consider 

Cech cohomology constructed from the spectra in consideration. V/e 

further con.-jecturo that the results hold even if we do not consider Cech 

cohomology. l/c also pose some problems and propose new avenues for 

exploration. It is true that the last chapter has turned out to be 

longer than expected. But the very general nature of the topics dealt 

\>?ith in this chapter has necessitated that. 
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2.0 THE gL^SIIgAJ. i®ROTK-gT4M TMTO;?§](! 

In the popor "Drei Satze uhcr die n-dimensionale cuklidische Spare" 

published in 1933» K« Borsuk sot forward theorems v/hich are known now 

as theorems of Borsum-Ulam, /3/^. The main theorem states that a map 

of an n-sphoro into the euclidean n-space, maps some pair of eintipodal 

points into the same point. A purely point-set/topological approach to 

the proof using triangulations to define the degree of a map is found 

in Dugundji (/10/, XVI.6). Here, howe-ver, we shall look at a proof 

using singular cohomology theory (/3̂ /̂, 5»8.9). 

2.1 Theorem : Let f : S •* 11 be a continuous map and A(f) = ix^S / f(x) = 

f(-x)| . Then A(f) / 0 . 

For the proof ve nl ial l use the well-knovm r e s u l t : For n > . 1 , H*(RP : Z_) 
— —c 

is a truncated polynomial algebra over Z_, generated by v/ (the character-
—a n 

istic class of EP , w €11 (RP ; Z_,) ), of degree 1 and height n+1, V/e 

shall arrive at the proof after three lemmas. 

2.1.1 Lemma; Let n>m^1 and let i:nP »• RP be a linear imbedding. Then for 

q<m, i*:H^(Rp";Z2) ̂  n^(RP'^;Z2). 

Proof : 
i\§) -^ S 

1̂  
RP C 

"1 

Pi 

RP 
P-j ^ 

Consider the above situation v/here : S >.RP , is the 0-sphere 

btmdle over 1?P . Then i*(5) is homeomorphic to the 0-sphere bundle 

over RP , i.e., the double covering Pp:S »RP . By naturality of 

the characteristic class, i*(\; ) = v/ . Further, by the result quoted 
' n m ^ ^ 
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above, n'^(J7r";Z_) is generated by w ̂ , and H'^(RP"^;Z^) by w '̂. 
— —c. n — —fi m 

Now, i*(w ') = (i*w ) 
n n 

- \/ 
III 

hence, i*: Il'^RP'^Z^) S: ll'''(RP''';Ẑ ) 

2^1.2 Lemma : Let n> m ^ l a s above, and l e t f: RP •̂IIP be a map. Then, 

t l iere ex io to a pup f : '^^ ••S such t h a t Ppo f» = f, wli 

p_ : G j'Kr in Lhe double cove r ing . 

ere 

Proof : The nituaLion is as follows : 

]̂ r. -> — 
r 

RP 

By the lifting criterion (cfr. / y \ / , 2,4.5), if we prove that 

f^ ( 7r(Rp")) = 0, wo are through. 

First, let m = 1. Then TTCJRP'^) = Z^ and7r(RP^) = Z . '^ 

Then as tlie only hoinomorphism from ̂ _ to ̂  is the zero homomorphism, 

we shall have f^ (7f(Rp")) = 0, 

Now let m >1. 

Consider the map f* : H^RP'") jH^RP") 

1 n As H (RP )sZ_, and its t\;o elements as 0 and v; , we shall have — —2 n 

f*(w ) = 0 or f*(w ) = w . 
m m n 

suppose f*(w ) = v/ 
-̂•̂  m n 

f*(w '""') = v; , as f* is a module homomorphism. 

T^ Q as n > m, 

m+1 =5> ^ as w 0, 

Conclude that f*(\/ ) = 0 
m 
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Let i : RT >-IlP and j : PJ' ^RP be the 1 Incar i n c l u s i o n maps. 

Now, AG RF'̂  '^ Ĝ  nnd nn / [ ( ^ J ' " ) ^ IHRV^) ^ /^p, b i ^nc' LlJ can be 

considered ho l)e Hie generahorn of /r (RP ) and /r(_RP ) r o n p e c t i v e l y . 

riov/, s ince f*(u ) = 0, ve r.hall have i*f*(v; ) = 0 . 
m m 

But by 2 . 1 . 1 , .1*(" ) / 0 . 
m 

Hence, (f o i)* / j-̂  -^ foi in not homotopic to j. 

Now, [jj ic the non-r.ero element of /T(RP ) =;( Z_. Hence f o i must be 
-2' 

null-homotopic. 

i.e., C-f o iJ = 0. i.e., fj C i] = 0 

f^(7r(RP")) = 0 

2,1.3 Lepima : Let n> m^l. Then there is no continuous map g : S >• S 

such that g(-x) = -gCx) V xeS . (i.e., no continuous antipode pre­

serving map.) 

Proof : If such a map existed, then passing on to quotients, we 

would liave a map f : RP j.RP , making the following diagram 

commutative :-

•' P-

By 2.1.2, f can bo lifted to a map f« : Rp"— ^ S™. 

Then, P2f'P^ = f P-, = Pj 6« 

Hence, f• p and g are both lifts of the same map f P̂ « 

Note that for any x€S , either g(x) = f p (x) 

or g(-x) = f p^ (x) 

= f P̂  (-x) 
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so that g and f p agree at a point of S . 

Hence by the nniqun liltinp property, g = f p • 

But this ±r> not poFsible, ac for any xgS , g mapn x and -x to 

different points, v;hile p and hence f p. maps them to the same point. 

Proof of Theorem 2.1 

Suppose 3f : S >R such that A(f) = 0, 

i.e., such that f(x) / f(-x) tx^S^. 

Then, define g : s" ' s""^ 

, , . f(-x) - f(x) 
by g(x) If(-x) - f(x)l 

v;hich is both ajitipode preserving and continuous. 

But this contradicts lemma 2.1.3 above. 
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5.0 M/\PS FROM A T-GPACE TO /V EUCLIDEAN SPACE - GBIERAIJSATIOM OF THE 

B0RSUK-U7.,A1-1 TirEOR!lli BY C.T. YAIIG 

S. Kakutani /26/, H. Yamabe and Z. Yujobo /38/ and F.J. Dyson /ll/ 

also studied similar plienomeiia for maps of spheres into euclidean spaces. 

The Kakutani-Yamabc-yu.joVjo i:liRorciii states that a continuouB real-valued 

function on a.n n-sphcre naps the terminals of some n + 1 mntn.ally 

orthogonal i.vu'"'! u>': . ̂  sinf-le vcl uc. Dyson's theorem r-tafces that a 

continuous roal-v-i.li.iGd ihmctlon on a 2-spliere maps the four end points 

of some pair of oi'tl)C(7;onal diameters into a single value. Chung-Tao 

Yo.nfi; /39/ ill poporn jir'csentcd to the American Mathematical Gociety 

in oeptembcr and i'fv.'embei', 195'3) extended tlie Borsuh-Ulam theorem and 

the above-quoted rnnn.lts to t'lo more general situation of maps of 

T-spaces into eu.clidean spaces. Here we shall give our attention only 

to the generalisation by Yang of the Borsuk-Ulam Theorem. 

y,^1 Theorem : Let (X,T) be a T-space and let f be a map of X into the 

euclidean k-space R'\ 0<k^indX. Then A(f) = {_x6X / f(x) = f(Tx)} 

is T-invariant and com.pact and ind A(f)^ ind X - k. 

For the purposes of the proof, we shall outline briefly the salient 

features of the Ccch-Smith homology theory. Using it, we shall define 

the index of a T-space and proceed to prove the theorem. 

3.2 Cech-Smith Homology Theory 

3.2.1 Preliminary Definitions, Remarks and Results 

A T-space (X,T) is a pair, v/here X is a compact, Hausdorff space and T 
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is a continuous fixed point [rco involution on X. A T-p'\ir is a 

triple (X,A;'[') uliprc (X,T) ir, n. T-rpncc and A is -\ T-invnriant closed 

subset of X. 

A map of T-spicoo, f: (X,A;T) ^(Y,B;T) is a map of X into Y v/hich 

maps A into B n\v\ IT = Tf (i.e., f is equivariant). 

A T-pair (X,A;'L') is nimplicial if X is a finite euclidcan simplicial 

complex whose sinipJicns are pex̂ mufced among themselves by T. 

Let a denote thr> citefjory of all T-pairs and all maps of such pairs 

and let <2^ denoLo tho cTtonory of all simplicial T-pairs and all 

simplicial mops of such pairs. 

Let (X,A;T) be a simplicial T-pair. Since T is a simplicial map • of 

(X,A) into itself, it induces a chain map of the chains of (X,A) 

into themselves. Denote tlie chain map also by T. (All through 

this discussion, tiic coefficient group v/ill be assumed to be Z_^, the 

additive group of integers modulo 2). 

A p-chain c is called a T-invariant p-chain or a (T,p)-chain if 

T(C) = c. All the (T,p)-chains of (X,A) form a group denoted by 

C (X,A;T). 

3«2.2 Result : A p-chain c is a (T,p)-chain <=» c = d + T(d) for some 

p-chain d. (cfr. /33/) 

The boundary operator 3 maps C (X,A;T) into C ^ (X,A;T). 

Let Z (X,A;T) = {c 6 C (X,A;T) / 3 c = o} iy j. 

Bp(X,A;T) = 3Cp^^(X,A;T) " ^^^^Sjl'^i 
\ 

\ ~'\ r̂ '̂"" 
H (X,A;T) = Z (X,A;T) / B (X,A;T). 
p ' ' p ' p ' 
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The elements of the above groups are respectively called (T,p)-cycles, 

(T,p)-boundariGG and pth T-homolocy classes of (X,A). 

A simplicial map f : (X,A;T) *• (Y,B;T) defines a chain mapping 

f: C (X,A;T) >C ( Y , B ; T ) , and induces a homology homomorphism 

f̂  : H (X,A;T)- --> U (Y,B;T). 

For a T-pair (X,A;T) there is, as in singular homology theory, a 

boundary operator "3 ̂  : H (X,A;T) >• H ^(A,T) 

First, let (X,A;T) be a proper simpliciEil T-pair (A simplicial 

'T-pair (X,A;T) is said to be proper if for each vertex u of X, the 

star of u does not intersect the star of T(u).) and let (X',A') be 

the simplicial pair obtained from (X,A) by identifying every point 

of X with its T-image. Then tho natural map Y : (X,A) > { X « , A 0 

is simplicial and for every simplex <r of X (or A), "̂  ( ̂ ) is the 

simplex of X' (or of A') obtained by identifying ^ with T(cr). 

Denote by C (X',A') the group of p-chains of (X',A'). 

Note that there in a chain map V^ : C (X,A;T) ? C (X',A') 

defined by V^ (d+ Td) = ^ (d) = Y(Td). 

Thus we define o homomorphism "T : H (X,A;T) ;• H (X',A*). 

Note that the homo]ogy on the right is singular homology. 

3.2.3 Proposition : Y is an isomorphism of H (X,A;T) onto H (X',A') 

commutative i/iL!i f̂  and o^. 

Proof : This follo\/s immediately as ^ is itself one-one and onto 

and commutativity follows upon the definition of f̂  and ^^. 

Now since singular homology theory satisfies the Eilenberg-Steenrod 
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axioms, we have : 

3.2.'f By 3»2.3» t-'ie C3ys1cm Ĥ  - [u , f,, 9^} is a homolocy theory on (2^ . 

Nov/, let (X,A;T) be an arbitrary T-pair. By a covering of (X,A;T) 

v/e mean a pair = (A, '̂j.) \;here /i, is a finite open covering of X 

and ^j is a subset of ^, \/liich satisfy the following :-

(i) The members of '^ . are permuted among themselves by T, i = 1,2, 

(ii) ^2 covers A. 

and 

(iii) whenever U6/^,, the star of U (i.e., the union of all the 

members of /\ that intersect U) does not intersect the star 

of T(U). 

Then the nerve of each covering % of (X,A;T) is a proper simplicial 

T-pair. We shall denote it by (X;̂  ,A;̂  ;T). The collection V\ of all 

the coverings of (X,A;T) is directed by y , where ̂  >^ means ,A. 

refines X . If 7\-,̂ 4oeA and <î  > A. , then there is a projection 

""A^U. ' (V,Au;T) > (X;v,Ax ;T) 

If T^XL, 9-"d -̂.̂ ^ are two such projections, then they are contiguous 

and hence uc Iiavc a luiique homomorphism 

7r̂ ^̂  : Hp(X^ ,A^ ;T) -* Ĥ CX̂ ^ .A^ ;T). 

The groups H (X^ ,^\ ;T) and the homomorphisms TT* form an 

inverse system. 

3.2.5 The p T-hniTiology group of (X,A) is defined to be the inverse 

limit of tliis system, i.e., 

def 
II (X,A;T) = Lim H (X;̂  .A;,, ;T) 
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If (X,A;T) IG rx proper ninpl icial T-pair, then (X,A;'T) itcolf can 

be considered OG Lhc nerve of one of its coverings, A say, and 

the natural hopiomorphism H (X,A;T) >• H (X^ ,A-̂  ;T) will be an 

isomorpliism. Thus H (X,A:T) is v;oll-defined. 

A map f : (X,A;T)- ^(Y,D;T) of T-pairs induces a homomorphism 

f̂  : H (X,A;T) -̂H (y,B;T) 
P ir 

and for any T-pair (X,A;T) there is a boundary operator 

d^ '. H (X,A;T) ^ Hp_^(A,T). 

Now, given any T-pair (X,A;T), denote by (X',A'), the compact pair 

obtained from (X,A) by identifying every point with its T-image. 

th -• •* 

Let the p Cech homology group of (X',A') be denoted by H(X',A'). 

3.2.6 There is a natui'al isomorphirm 

Y : H (X,A;T)—^—H (X«,A') 
p ' ' P 

commutative with f̂  and 9,. 

Nov/, since the Cech homology theory satisfies the Eilenberg-Steenrod 

axioms and the continuity axiom, we have 

3.2.7 The system 11̂  = 111 , f̂ , ̂ ^| defined above is a homology theory 

on the category d and satisfies the continuity axiom. We shall call 

it the Cech-Smith homology theory. 

3.3 Index of a T-Space 

3.3.1 Let (X,T) be a siniplicial T-.".;̂ ce. Define homomorphisms 

">• : Z (X,T) > Z- by recurrence, 

as follows :- "̂ (z) = ( In c , if p = 0 

S)(ac) , if p > 0 
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where 7, eZ (X,T) i s pivcn by c h Tc, 

and for d = Z f - c r . 6 C (X;^0, In d i s def ined bv In rt = Z.ej_ 

( G i s the coc^ficicnL g ro up ) . 

Let z = c + Tc = c ' + Tc ' be f\/o r e p r e s e n t a t i o n s of z , 

c = Z G. ^ . ; C = 2^g cr' 

Then, c+Tc = c' + Tc' =̂  2.0^0"^ + Zgj^TO"^ 

= Z r;.<J**. 7 g.To-'. . 
,1 J + ̂ ^a 0 

But (cr. I -TO free Generators. Go the above equality implies that 

V i, or. = cr'. f̂or some j or 

= T cr' -'"or some j. 
J 

i . e . , g. = G- fo-'' some j , by the uniqueness of r e p r e s e n t a t i o n 

of c ' s . 

so Z G ^ = ZCy 

Hence In c = In c ' 

Thus "^ i s v /c l l -def ined v;hen p = 0 . 

Fu r the r , i f s = ^ ( d + Td) for some d + Td€C^(X,T) 

then VCz) = In O d ) = 0 

Hence ^ annihilates B (X,T). 
o 

i.e., ^ is well-defined and annihilates B (X,T) when p = 0. 

By induction, for p>0 assume that V is '-/ell-defined on Z (X,T) and 

that V annihilates B .(X,T). 

Now choose z = c + Tc 6 Z (X,T). 
P 

If c' + Tc' is another representation of z, then we may write 

2 = c + Cp + Tic + c ) such that c = c + c^ and c* = c^ + Ic^. 
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Now, V( dc) --̂ (6)0') = S> O c ^ ) + ̂  Oc^) - ^'Oc^) - V( aTc^) 

= 0 by induction hypothesis as 9cp and STC-

represent the same cycle. 

Therefore, S>( Qc) = "9( dc') and hence T* is well-defined on Z (X.T). 
P 

Further, if z e B (X,T), say z = dd + d Td for d + Td 6 B ^^(X,T), 

then, •i'Cz) = S> ( 3 dd) (or = -i {in 3d) if p = 1) 

= 0 

Hence V annihilates B (X,T). 
P 

Thus we are able to define a honiomorpliism 

3.3.2 ^ : H (X,T) ^ Z_ 
P -^ 

defined by V ( [zl) = -9(z), z 6 Z (X,T) 

called the index homomorphism. 

3.3.3 Proposition : If f : (X,T) »-(Y,T) is a simplicial map, for Cz"] 6 

H (X,T), V(f^([z-1)) =^(tz-l). 
ir 

Proof : we are to prove that VCfCz)) =-?{z), z t Z (X,T), by the 

definition of >* , 3.3.2 and as f̂  [zl = Lf(z)i . 

We proceed by induction. 

For p = 0, \/e h-̂ ve ]n f(z) = In z and v;e are through. 

Assume the result for p-1, p>0. 

Let z = c + Tc e Z (X,T). 

Then ^(z) = "̂  ( dc). 

Also -^(fCz)) = V( af(c)) = >'(f(3c)) =-?( dc) by induction hypothesis 

and we are throuph. 
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3.3«^ Now let (X,T) be an arbitrary T-space, and let Uzl = |0^;?} t)e an 

element of II (X,T). Since (X;̂  ,T) is simplicial, ̂ (tzxj) is defined. 

By the commutativity property of the inverse limit homomorphisme 

and 3»3»3, we shall have that ''(r̂;;̂.̂^ ̂ ^ independant of A , so that 

V : H (X,T) Z-

P -2 

given by vdCz^j}) = VCCz^^) 

is a well-defined homonorphism called the index homomorphism. 

3.3.5 By 3.3.3 and 3.3-^, "e shall have that if f: (X,T)—•(Y.T) be a 

map of T-spaces, then for [z]eH(X,T), V(f̂ ((;z'J)) = -i'(Cz]). 

3.3.6 Proposition : Let (X,T) be a T-space and let F be a closed subset 

of X, with FUT(F) = X. Let A = F O T(F). Then there is a 

homomorphism A : H (X,T) >H (A,T), p>0 

so that V([z]) = V( A[z]). 

Proof : First of all, suppose that (X,A;T) is simplicial and let 

^z] £ H (X,T). Let z = c + Tc be a representative of [z], such that the 

support of c is contained in F. 

Then d(z) = 0 ^ dc + ̂ Tc = 0 

=̂  dc = 9Tc 

4> dc G Z _^(A,T). 

Further, we have that the p-1 homology class of (A,T) containing 

d c depends only on [z"J. 

Thus we are enabled to define a homomorphism 

A : Hp(X,T) r H (A,T) 

by ACCZJ) = C^cl. 

Now, V([zl) = 9(z) by 3.3.2 
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= -?Oc) by 3.3.1 

= -Pi L(?cl) again by 3.3.2 

= V(A[z]). 

Hence the simplicial case is established. 

The non-simplicial case may be established by the standard procedure 

of talking limits. ® 

3.3.7 Corollary : If ^(H^(X,T) ) = Z^, then V(H (X,T)) = Z^ for O ^ p ^ n 

Proof : Taking F =X in 3.3.6. we get a homomorphism 

A : H (X,T) ^H^.(X,T) 
P P-T 

v/hich makes the diagram 

commutative. 

How, since >»(H^(X,T)) =Z^, for Oez^, 3 Lz] 6 H^(X,T) such that 

-?([zl) = 0 =V(ACz]). 

Similarly for 1 €£p. 

Hence, >* (Ĥ ,̂̂  (X,T)) = Z^. 

Proceeding dovmwards we get the required result. 

3.3.8 Definition ; Index of a T-gpacc 

For any T-space (X,T), there is an integer n such that V(H (X,T)) = Z_^ 

for O^p^n and S* (H (X,T)) = 0 for p>n. 

Proof : By corollary 3.3.7. it suffices to prove that V(H (X,T)) = 0 

for some p. 

Let Abe a covering of (X,T) and let p-1 be the dimension of (X^ ,T). 
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Then H (X^ ,T) = 0 . 

Now, l e t [73 € H (X,T) . Tlicn 9 ( [ z J ) = "̂  (UzpC )̂ = 0 

60 t h a t H (X,T) = 0 . 
P 

This integer n is defined as the index of (X,T). 

3.^ Generalised Borsuk-Ulam Theorem 

Now, we are ready to restate theorem 3»1 and proceed to prove it., 

Let (X,T) be a T-spaco and let f be a map of X into the euclideaji 

k-space R^, 0<k4ind X. Then A(f) = (xfeX / f(x) = f(Tx)} is 

T-invariant and compact and ind A(f) >ind X - k. Further, A(f) is 

of homological dimension V ind X - k. 

Proof : Let f = ( f, f_, , f ) where each f. is a continuous 
' A d k J 

r e a l - v a l u e d funct ion on X. 

Let A ( f ) = X o 

A.( f ) = { x e X / f^(x) = f^(Tx) , i= 1 , 2 , . . . , j } 

F̂  = {-^/^^_/^) / fj^'^) ^ f .(Tx)} 

J — T , C t » . » » , k . 

Then A(f) = ^,^(f)« 

Clearly, each F. is a closed subset of A. .(f) and 
J J 

A. .(f) = F.W T(F.) 

and A.(f) = F.nT(F.) 

Let j = 1. 

F^ = ^x^X / f^(x)^f^(Tx)} 

and A^(f) = F^nT(F^). 
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Then by proposition 3»3«6, we have that 

ind A^(f) ̂  ind X - 1. 

By induction, we shall obtain ind A, (f) ̂  ind X - k. 

Now , let us put ind X = n. Let A' (f) be the compact Ilausdorff 

space obtained from A, (f) by identifying every point with its T-image. 

Then , by 3.^.6, we have Ĥ _ĵ CÂ (f) > T) = R^_^ ^^\^^^ ^ ^ ^-

Hence dim A'(f) ̂  n - k. 

But as the natural map of A, (f) into AV^^) is a local homeomorphism, 

dim Aĵ (f) ) n - k . @ 

3,k.^ Corollary : Let (X,T) be a T-cpace of index n. Then a map from X 

into R maps some involution pair into a single point. 

Proof follows directly from 3'^ 

^'^'.^ Corollary : Given any map f : s" ,.R'̂ , the set {xGS" / f(x) = f(Tx)} 

is of dimension >n - k, where T is the antipodal map on S . 

Proof: For the proof, it suffices to show that ind S = n. This we 
- ' ' ' I 

shall do in the following lemma, 

3.^.3 Lemma : V : H (s'̂ .T) = Z_, p = 0,1,2,.... ,n, and hence (s",T) is p _2 

of index n. 

Proof of lemma : 

Pole that since by 3.2.3, H (s";T) S H (Rp") we have that 

H (S",T) = Z^ if 0 4p<n 

= 0 if- p>n. 

Hence oy 3.3.7 we only have to prove that V(H^(S ,T)) = Z^ 
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We shall prove it by induction. 

Since S consicts of tv/o pointn, from the definition 3«3»1» it follov;s 

that V(H^(Fi°,t)) = Z^. 

Nov/, assume tho result for n-1. 

Let S be the unit sphere in the euclideaji (n+l)-spnco, let T be the 

antipodal map. Lot F = E" be tho subset of S consisting of the points 

+ 
v;hoso (n+1) c o - o r d i n a t e s a rc n o n - n e g a t i v e . And T(F) = IT . 

How, E " n E " = G^~'^ = F n T ( F ) . 
+ 

Then the homomorphisrn A constructed in 3«3«6 is an isomorphism onto. 

Hence, V (ir̂ (̂n'̂ ,T)) = V (!Î _̂ (F r> T(F), T)) 

- -^(n^^_^(3'^-^ , T)) 

= S^, by the induction hypotlicsis. 

3.5 Remarks 

Putting k = n in 3«'l-«2, and using 3.^.1, we get the Dorsu)t-Ulam Theorem 

2.1 

3.')- and 3.''«1 are clearly both generalisations of tlio Borsuk-Ulam 

Theorem to T-cpaccs and maps to cuclidean spaces. 3.'i-«2 gives more 

information on the set A(f) = (x6S / f(x) = f(-x)} for a map f of 

S into the ouc]idenn k-space, than does theorem 2.1. 
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4.0 ABSTRACT COTIIDEX AJID THE DORSUK-ULAM TIIBORHl 

In this chapter, wo are not interested as mucli in looking at a 

further Gcncralication of the Borsuk-Ulam Theorem, as in looking at 

the set A(f) v/e defined in chapter three, from a nev; angle. To this 

end, we follo\/ P.E. Conner and E.E, Floyd fQ and first of all define 

the abstract Coindex of a T-spacc (X,T) and proceed to prove the 

generalisation of the Borsuk-Ulam Theorem as found in Chang /39/ 

(cfr, theorem 3.1) using this definition. After that we proceed 

to define the cohomology coindex of a T-space using fundamental 

classes, We next prove that the cohomology coindex is a Coindex, i.e., 

that it satisfies t):e postulates of the definition of abstract 

Coindex, 

4.1 Abstract Coindex 

Let J be a collection of T-spaces, J is said to be hereditary if 

and only if 

(i) \/henevor (X,T)6 J and AC X is closed and T-invariant, then 

(A,T/A) 6 J. 

(ii) (S ,A) € J, where A is the antipodal map of S * 

4,1.1 Definition : A Coindex function on a hereditary collection J of 

T-spaces assigns to each (X,T) fe J, X / 0, a non-negative integer 

or oc, and satisfies 

(i) If m : (X,T)—•(Y,T') is an equivariauit map between two elements 

of J, then Coindex X ̂  Coindex Y. 

(ii) If X = AUB, wlierc (X,T) € J and A,B C X are closed and T-

invariant, then Coindex X ̂  Coindex A + Coindex B + 1 
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(iii) Coind S° = 0. 

k,^.?. DoCinition; CoiiLJnuilY of the Coiridex Function 

',/e say that Coindex in continuouG on J if whenever (X,T) 6 J and A C X 

is closed and invariant, tlion there exists am open neighbourhood C 

of A such that C jn T-invarianl and Coindex A = Coindex C. 

km2 Yang's Generalisation of Borsuk-Ulam Theorem 

Let (X,T) be a T-space and let f: X •R be a map of X into 

euclidean k-spacc. Let A. (f) C X denote the set (x G X / f(x) = f(rx)} 

Then A(f) is a closed invariant subset of X and Coindex A(f) ̂  

Coindex X - k, for any continuous Coindex with Coindex S = n, for 

all n. 

Proof : 

Inductively, define A.(f) as follows : 

Let f = (f., f-), ...., f, ) v/here each f., j = 1,2,...,k are continuous 

real-valued functions. 

Define A (f) = X 
o 

A.(f) = ( X ^A^_^ (f) / f^(x) = f^(Tx)} , j = 1,2,...k. 

Then Aĵ (f) = A(f). 

Clearly A(f) is closed and T-invariant. 

We shall prove the theorem by induction on j. 

We have A^(f) = {x G X / f^(x) = f^(Tx)} 

By continuity of Coindex, as A.(f) is closed and T-invarieuit, 3 an 

open neighbourhood C of A (f) such that 'C is T-invariant and 

Coindex 'C = Coindex A (f). 
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Lot B = X - C 

Then B \z closo<!, T-invnrtniib and B O A.(f) = 0 . 

Fur ther , X = BU C. 

Now, s ince B n A ^ ( f ) = 0 , i f x € B, f^(x) ^ f^(Tx), 

Thus, we may def ine an e q u i v a r i a n t map 

B . 3 ° 

f^(x) - f^(Tx) 
by xi 

Uf/x) - f^(Tx)« 

so that Codndox B ^ Comdex S = 0, by definition. 

How, Coindex X ^ Coindex C + Coindcx B + 1 by f̂.1.1 (ii) 

=^ Coindex X < Coindex A.(f) + 1 

=^ Coindex A^(f)^ Coindex X - 1. 

By induction, \;e have Coindex A, (f) ̂  Coindex X - k 

^,3 Cohomology Coindcx 

k»3»'\ Our aim nov/ is to ex]iibit a concrete example of a Coindex function. 

This, we do usinE fundamental classes. If T is a fixed point free 

involution on a paracompact space X, v/e have the fundamental class 

c € H (X/T; Z„). (II denotes here, the Alexander-V/allace-Spanier 

cohomology). For example, wo may take c to be the Stieffel Whitney 

class w, 6 n\x/T; Z„) of the 0-sphere bundle V : X »-X/T 
1 —^ 

(/29/, 12.3). Me may also define c in terms of the Sraith-Gysin 

sequence of if : X >X/T with coefficients in Z^ t 

The tv;o-fold coverinc T̂  : X >• X/T gives rise to a line bundle 

p : E >• X/T. Let E be the subspace of E consisting of the 

non-zero vectors of E. Then the exact sequence t>r the pair (E, E) 
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g ives the followinf^ diap;ram and tlie concequent sequence a t the 

bottom. V/e calJ i t l.ho oniithrGyoin sequence. 

. Il"(E,E) i ' ->H"(E) . n ' ' ( E ) _ _ ^ l _ ^ H " + ' ' ( E i ) >. . . 

5(1 '^* 511 

4 1 - 1 -

•p* $11 1̂1 4 

•^n ' ' " ' (X/T) - ;pvI l " (X/T) ^-. \{\X) ^ H " ( X / T ) -
S •? X 

- 7 > 

Flow cons ide r the fol lowing s e c t i o n of t h i s sequence : 

II°(X/T) ^ ^ H^X/T) "̂ * >u\x) —^ >• H ' V X / T ) 

Let 1 e H°(X/T) denote the unit clnss in H°(X/T). 

Tlien put c = <5*(l). 

In general, S* : ir'(X/T) > l['̂ ''\x/T) 

i s given by J * (ex) = (X. c 

Tims we have the powers c ' € H " ( X / T ) . 

V/e a l s o liave thot c . c m-i-n 

P'urther if m : X ^̂  Y ds equivariant, then m* : H \ Y / T ) *• II^X/T) 

map C(Y) onto c(X). In particular we have that if the mth power 

c(X) of c(X) is non-zoro, then c (Y) is also non-zero. 

These ai'c all well-known results. In this section however, wo 

\;ould like to define Fundamental classes in a more general setting : for 

group action by any finite group G and for any principal ideal domain. 

Let a finite group G act freely on a paracompact space X. Let L 

be a P.I.D. and L(G) denote tlie Group-Ring (i.e., the ring of all 

finite linear combinations of the form ̂ 1 .g). Let J be an L(G)-
E 

module. V/e use hero, the equivariant cohomology (as outlined in /12/). 
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An equ iva r ion t n.-r.ocU.'iln, accord inp;ly, in an Moxand'^r-r;pT!\icr 

ii-cochain 0 {fV^7, ^>.3) v/Jiich acoif^nc to each (n) - l ) - tuplo 

(x , X , . . . , X ) of pointG in X, on element 0 (x , x . , . . . , x ) 
0 1 n • o 1 n 

of J such thn t 0(G>^^, C"- , . • • • 1 Z^-^ = g- 0 ( - o ' ^ 1 ' • • • t ^ )» 

V'g 6 G. './e dcnoto the modulo of a l l such e q u i v a r i a u t cochains 

by C ( X ; J ) . The coboundary lionioiiiorphism 

^ ; c'̂ (X;J) ^c'^'"\x;J) 

i s defined by (5 0 (x , x , . . . , x ) = 2 ( -1 )^ 0 (x , . . . , x , . , . , x ) 

c l e a r l y 5 (c0) = r;( <5 0 ) . 

Vfe denote the r c su lL inc cohoinolo(;y by IF (X/G ; J ) . 

Fix W : o < L <—. V/ f̂ !''.,< . . . . . ( \] ^ ..j< ., u^4-

a free acyclic rcooTutinn of G. ( By a free acyclic resolution of 

G, \/e mean an exact Gcqnonce of L(G) nodulcc, L itcclf beinj^ 

considered as a tri'-ial L ( G ) niodulc.) As 1/ is acyclic, there is 

the follov/Jn/7 short exact sequence, for each n ̂  0 : 

0 * 7, > '/ ^ Z -:, > 0 
n n n-1 

\;here Z = Her ( "̂  ^1/ ^ ) , L bein.g denoted by Z . 

',/e get the corrcsnoidlnf^ exact cohoinology sequence : 

4.3.2 ... ̂ Il"(X/G;Z^^) > Il"(X/G;l'^^) ^ II"(X/G;Z^_^) — ^ ir"^\VG;\)-

Considering such soqucnccs for all n ^ 0, and joining them together 

v;e get tlie sequence of coboundaries : 

'f.3.3 I[°(X/G;L)-^ I f ^ X / G i Z ^ ) - ^ I I ^ ( X / G ; Z ^ ) ^ .... 

CH""^X/G;Z^_2)_^H"(VG;Z^_^)_li ... 



Let 1 e Il"(X/(";;T,) (Ic'inlo D 1 r, LPLI c l n n c . 

l/e denote by c(X;T,), Urn ji-rf^ § " ( l ) ^ H \ X / G ; S ) . 

By i t e r a t i o n , lot c"(X;L) = 5 *(c"~'^(X;L)) € Il"(X/0;Z^^_^). 

We have the fono' , / i i ir rocul t r , : 

k,'^.h I f m : X ». y iG (^qub-arJD'iL, the induced map 

ni* : }\\Y/r,; r^^_j) ^lf{X/G; 7.^_^) 

maps c (Y;L) anlo c (X;I . ) . 

'+,3.5 Clearly c l,X;L) will -^IGO be a function of the particular resolution V/. 

Ilov/ever \/c ha'/o the Iollo\']ii'̂  : If '•/• is another free aĉ '-clic 

resolution of G thore is an equivariant chsin map "̂  : W—*-V/'. 

In i>articular, tli'̂i 0 is a hopioin"rp)iism Z -^ ;,- Z' of cycle croups. 

The induced homonorplnsir : 'f"(X/̂ ';̂ 'n_̂ ) > n'^(X/G;Z'^_^) maps 

the class c defined by ncans of the resolution W, into the class 

c' defined by moTr- of tlic resolution './'. Nov/ since there is an 

equivariant chain prip from U' > \/ also, we conclude that c = 0 

if and only if c'" = 0. 

4 . 3 . 6 For d e f i n i n c Llic products of those c l a s s e s , f i r s t of a l l , def ine the 

jo in \-l o W, of the fice a c y c l i c r e s o l u t i o n W of G, witJi i t s e l f , a s 

follov/s : 

('/ o W) = © \! ® '/ 
p»-q = n-1 ^ ^ 

With the usua l boundary ( 5 (c ® c») = 3 (c) ® c ' + ( - l ) ^ c ® 3 ( C ) , 
n p q 

v/here c fe',/ and c ' € '••' , v/ith p+q = n - 1 ) , W o \I i s a l s o a f ree a c y c l i c 
p q 

resolution of G. (l!ote that L C2L/^^L = L ) , Further, Z .(W) ® Z .(W) C 
jivG) m-1 n - 1 

Z (̂V/ o W). rioi/, there e x i s t e q u i v a r i a n t chain maps W o W vV/, 
m+n-1 
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in.ducinr'; homomorphiGrn /', ^{\I o './) y "', (̂'/) on the 

j-̂ roun of --yclcK. Thor,n jn turn induce liomomorpliismG 

7. ,('.') O 7' Ml) »• 7' .(W), and lionce honiomorphisms 

Thir, hoiromorphiGn rmpr. c'̂ (X;I,) ® c"(X;L) into c'̂ '̂ '̂ (X;L). 

^.3.7 If in the above apalj.s3s, we put G = _Z-, v;e are back to fixed point 

free involutions. Consider the free acyclic resolution of Z_ , 

1 (-T 1-T 1+T 
W = 0^ L(Z2)*- L C Z ^ ) * L(Z2)< 

with each I/., the nf'O'̂ P-r'inc I^CZ-) of elements 1 +T(1-), (1., Ip 6 L, 

T is the involution) and d : W >.'7 ^, multiplication by l+T if n 
n n-1 

is oven nnd multiplication by 1-T if n is odd. Tlien v;e get only two 

distinct sequences ''.3.2. Further if v/e put L = Z_p, then Z A\'l) = Z 

for all n, and then c'̂  G Il"(X/T; Z^_^(\')) = Il'̂ '(X/T ; Z^) is the 

classical Cundanontal class of the involution (X,T) seen earlier (^.5.1), 

FJoi', v'o ore in a position to define cohoniology coindex. Note that 

by tlic result h.^.G on products, if c = 0, c = 0 for all n ^ m. 

'f.3.8 Definition: Let a finite group G act freely on a paracompact space 

X and let L be a P.I.D, Then the cohomology coindex, coind^ X is 

defined to be the largest n for which the class c (X;L) is not 

zero, '/e write coind X = -1, if and only if X = î  . 
J_i 

k,k I'le no\; proceed to prove that coind^ defined in section 

'̂ .3 1*3 in fact a Coindex function defined in section h."]. Further we 

want to establish thai it satisfies the requirement of continuity. 
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h.h.^ 'u'ul (i) follovfs inimediately from h.^.h. Also 1̂.1.1 (iii) is 

clear. We proceed now to ectabliGh 'f.1.1 (ii), i.e., coincL X 4 

coincL A + coind B + 1, where X = AUB and A, B C x are closed and 

G-invariant. 

Proof : Let coind A = n and coind^ B = np . 

n +1 n +1 n +1 
Then i* : K (X/G; Z ) »• H (A/G ; Z ) kills c (X;L) 

n +1 n_+1 n +1 
and j* : H (X/G ; Z ) • H (B/G ; Z ) kills c (X;L) 

ttow, c o n s i d e r t h e fo l l ov j i ng M a y c r - V i e t o r i s s e q u e n c e s : 

n +n +1 , n +np+2 
^ H "^ ( V G O n / G ; ? . ^ ^^ J 5 _ ^ H ( A / G U B / G ; Z ) 

( i * , . ] * ) n Ml +2 n +n +2 
. „ - ( , / G ; ^ , ^ , , ^ , - , ) e H (B/G ., Z^^^^^^^) . . . 

n . N^ n +1 ( i * , , 1 * ) 
^H ( A / G O J ^ / G ; 7, ) . _ ^ ^ H ( A / G U B / G ; 7. ) > 

n i1 n +1 
If ( A / G ; Z ) © II (B/G ; Z ) ^ . . . 

" l 1 

n t ' n +1 ( i * , j * ) 
-H (A/GHB/G ; Z ) ^ H ( A / G U B / G ; Z ) • 

" 2 2 
n^-h1 n +1 

II "" (A/G ; Z ) e II ~ (B/G ; Z ) — » . . . 
" 2 " 2 

V/ithout l o s s of G e n e r a l i t y , assimie n ^ n - . 

n +1 n +1 
Then, c 6 II ( A / G U B / G ; Z ) g e t s k i l l e d by ( i * , j * ) . 

1 

n n n^ n + i 
Hence, c ^€11 ^ A / G H B / G ; Z^ ) s . t . S * ( c ^ ) = c 

n_+1 n_+1 
C o n s i d e r c € H (A/GUB/G ; Z ) and 

2 
n +1 n +1 

j * ( c "̂  ) € H '̂  (A/GOB/G ; Z ) 
1 n2 • 

w h e r e , j ^ : A/G OB/G c ^ A / G U B / Q = X/G 



Then, ĉ  . ,1,,*(c '' ) ^ II ' ' (A/GHB/G; Z,̂  ^^^^^^), by '..3.6 

n I! .-1 n +n +2 
Then v̂e havo c5 (c w.1 *(c - )) € H ' '^ (A/GHB/G ; Z ) 

"-1 "p'1 n n +1 
But, ̂ (c^ o ,j,,nc - )) . 5*(c^ ^)oc '̂  (cfr. / W , 5.6.12) 

n +1 Hp+I 
= c w c 

n +1 
= 0 as ,]^* (c "̂  ) = 0 

Note that j^: A/GOD/G ^ .X/G = A/GUB/G is the composition 

A/GHB/G C ^ B/G -- '̂  » X/G and hence 

Hp+I n_+1 
.j*(c ) = 0 implies that j^* (c ) = 0 

n^+n^+? 
Therefore, c " - 0. 

Uence, coincL X ^ n + n_,+ 1. 

i.e., coinrl X ^ coind A + coind B + 1. @ 

h,h,Z To eotablish the continuity of coind̂  , we v/ant to prove that if 

A is a closed invnriant subset of X, then there exists an open 

neichbourhood C of A cucli that C is T-invariant and coind̂  A = coind^ G, 

To prove this, v;e shall be usin;; the property of continuity of the 

cohomology theory v/e arc usinn. Ifcnce, before we go on to the proof 

of 'f.^.2, v/e shall have a brief look at continuity and the particular 

deduction we shall be using, (cfr. /13/« X ) 

f '"l 1 
^.^.3 Let ^(X , A ), ^ 5- be an inverse system of paracompact pairs and 

». m m !n_ J 

maps over some directed set M. Applying the cohomology functor H, we 
. m ^ ' 

net a direct system |H'^(X ,A ), 71 *> of cohomology modules and 
'-' •' I m m m- J 

homomorphisms. Tiie cohonology theory H is said to be continuous on 
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the ca.tegory of paracompact p a i r s and mapc, i f 

l im iH'^(X ,r\ ) n ' *\ = ]{^i litn / (X ,A ) , 7\ H ) 
—> I m ' 1,1 > n ip J < \ m' ni ' in- J 

Nov;, let II be a continuous cohomology theory. 

Let A C X be a cloccd subset of a paracomp-ict space X. Suppose now 

that X/A = 0 for nomo x € IKX) (i.e., if i= A — » X is the inclusion 

map, then i*(x) = 0 ) . Then the continuity of the cohomology theory 

implies that there exists an open neighbourhood V of A such that 

x/v = 0, 

Proof : 

Consider -JB ( ,, the r o l l c c t i o n of a l l c losed s e t s of X s . t . 
I mj m^A 

f '^l ) 
D ~) A, V m € A , d i roc tod by i n c l u s i o n . Then <B , i ^ fo 

111 -^ I "̂  '"p J 
rms an 

2nvorc<c sys item and t'l̂^ "lin'iL of this system is I I D = A. 
in 6 A 

The continuity of the ĉ hoir.o] of;y theory H implies that 

liin ]{^(B ) = n^(A). 
— * m 

no\/ consider the folio''in/; diagran : 

ir'Hx) 

^ H'̂ CB ) 
rn. .,, 

- "^(B„ ). 

Now, i*(x) = 0 

*-• * (x) = 0. ^ 1- J- If 3.*(x) = 0, take V = B and we 
1 

arc t l i rough. 



I f i^*(::) / 0 , r,Muo -^*{ i^*(- :)) ^ 0 

J n o , o i : > j • ^ . 1 . . -"* i *(x) = 0 ( c ' v . / T 7 , v iTI . ' l ) 

^ (x) = 0 

r"f! .'o fny lr\]'o V = B and \;G a r c L'li'^'ii'i. @ 
n. 

Proof of hj].2 

F i r s t of a l l , i ' ' ACC and both a rc i n v a r i a n t , then the m c l u c i o n 

niop i s I t r c l f '̂ ou i \ i r i - 'nL 'ind !iciic" coind A ^ coind C. 

To prove tlio oppo-.i tc i n n q m l i l y , \/e f i r s t of a l l assume wi thout 

l o s s oF nejieial i Lv Llni co]n(' A i s f i n i t e . By ilie c o n t i n u i t y of 

the coliomolory >,tr (-on-jidcr, wo r o t an open neighbourhood C of A 

such t h a i -C m y bo cons idered Lo be i n v a r i a n t ( in ' '!. 'i.3t take 

closed in-.cirT^nl sub'-cts B of X sucli t ha t K C V> ) and in the 
m ^ 111 

follô /in(; djr'̂ n'n : 

IKVG; - ) 

ll(C/G;-) 

if i*(x) = 0 for some x ^ HC/V/G ; - ), thGnj*(x) = 0, where i and j 

arc inclusion naps. As i and j are equivariant, \;e have that 

coind A > coind C @ 
Li \-i 

Thus coind is a continuous Coindex function on the class of finite 
ij 

group actions on paracompact spaces. 



5.0 IIAPG FJ?On A 5VU\Jir, nnr'DLI, 'K̂  UK'AdmAU SPACE 

riow, wc lake T rAop towirds f^cnoralisation of Llip J3ornuk-Ulam 

Theorem in atiothor fhrection, viz., v;e consider an equiviT-iant map 

PI 
1:B »-̂  \;hero p: B ».X in an n-sphere bundle over a compact 

space X, (m ̂  nil), and attempt to measure the set f~ (0). In 

particular, v;e nhal] examine ho'/ many fibres of p:B—>X, f (0) 

must intersect. For this purpose, we shall follov; P.E. Conner and 

EE Floyd /S7. \'e slial] be using some of the material \/e developed 

in the last ch'^pt^r and uc shall develop a fev/ more notions as we proceed. 

5,1 Stiefel V/liitney Classes of a Sphere Bundle 

V/e shall consider an n-r.phere bundle p : B >X over a paracompact 

space X, whose structural f̂ roup is 0(n+1). Considering the antipodal 

mTp on each fihr" B̂ ^ (=S ) , we shall obtain a fixed point free invo­

lution T : B »-B. Denote the orbit space B/T Vjy B*. Thus we 

get a bundle of projective n-spaces q : B* >-X. 

Note that the concept of a 0-sphere bundle coincides with the 

concept of a fixed point free involution. If p : B—>• X is a 

zero-sphere bimdle, then q: B* ,. X is a homeomorphism. 

Let V. : B. >X, i = 1,2 be two mhere bundles. Then there is 
• ^ 1 1 

the sphere bundle P-,<> Bp *• B o B_ •X whose fibres (B^ o B ^ ) ^ are 

the ordinary ionns B, o B_ of the fibres of B. and B- defined by 
•' "• 1x 2x 1 2 

^ x ° B2x = i^SS' W / N^'^lx' b2^^2x' S ' ^ 2 ^ ^ ' S^^2 = ^1 

Kote that B. o B^ C D(B. ) x D(B ) where D(B ) denotes the disc 

of which B is the boundary, '-'o shall refer to this as the join of 
x 



3"' 

Lhe tv/o cpfiPJT l.MindLo'-̂ . J'OT (^ . r^l i ty of n o t a t i o n , •'" rJiall denote 

a t v p i c i l olopi'^'il of (r, o 1̂ )̂ hf 

IX 
( 1-L) b . 4 tb_ , 0 < t ^ 1 , b . € B. 

Note that the involution T : D o B_ >. B. o Bp has B and B_ 

as invariant sulinpacor, and hence (B o D_)* has B * and B_* as 

subspaces. 

By naturality, the classes c €H (P ) of S ^ P are images 

of the classes C ^ € H ^ ( B * ) of T : B •B*. Hence the map 

i* : H"(B*) *H (P ) is epimorphic, i.e., the fibre P 

of q : B* •X is totally non-homologous to zero. (Throughout 

this chapter too wc shall be considering!; Alexander-\.'a]lace-Spanier — 

cohomology v/iMi coefficients in Z_). Hence the map H (P ) »• H (B*) 
— c ! 

which takes c to c is a cohoniology extension of the fibre. We 

p;et the fo]lov;ing results : 

5.1.1 q* : H"(X) >H'(B+) is a monomorphism 

For, H^(X) !ll ,. n''(B*) 

ideal ^-^^ ]0*( = ) 

n''(x) 0 H°(p") 

Suppose q'''(u) = 0 

Then 0*(u 0 1) = 0, where 0* is the Lerray-Hirsch isomorphism. 

(cfr./3V. 5.7.9) 

-:> 1! 0 1 = 0, as 0* is an isomorphism 

=̂  u = 0. 

5.1.2 Every ,̂ €H'(B*) can be expressed uniquely as ji^^ = q* d ^ + q*<Xĵ _̂ .c + , 
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^ n* o(, .c 

uhcro a. £ n^(X), c-tid c 6 H (B*) is the fundanî ntnl c]nn of the 

involution T : B * J i * . 

This follo\;s fron the Lorray-IIirGch Theorem. 

5.1.3 Uning 5.1.2 it r'-)llo\/G th:it c "̂  € fl ̂  (D*) can be expresced uniquely 

n+1 • • * n 
as c = q*\' . + n*M .c + ... + q*v;̂ .c 

^ n+1 n ^ 1 

for classes v;. ̂  F[ (X), i = 1,2, ... , n+1. 

Nov; for a fiven rpnco Y, dcnotn by H*(Y), the stronp; direct sum 

P H (Y). Consider an element in H*(Y) as a formal power series 

o 

^01..t , oC . ^ II (Y ) . In particular, let w = w(B) denote the 

element t£_ w..t 6 H*(X), for the n-sphere bundle p : B •X. 

We let v; = 1 . 
o 

5.1.4 Proposition : The function assigning to each sphere bundle p : B ^X, 

the class w € H*(X) is characterised by the following properties; 

a) For a 0-sphere bundle, w - 1 + ct, v/here c is the fundamental 

class of (B,T). 

b) If p. : B > X. are two sphere bundles and f : B. »-B-, a 
•̂ 1 1 1 1 2 

bundle map, then the induced map f : X. > X_ has 

1* w (B,) = V (Bj 

c) If p. : B, ».X, i = 1,2 are sphere bundles, then w(B o B2) = 

w(B^) . wCB^). 

Proof 

a) From 5.1.3, c = q*w . Further, for a O-sphere bundle,X and B* 
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are identified. Hence identifymn w \;ith its imafre under tlie 

isomorphism q*, wc get the required result. 

b) Consider the following diagram of maps induced on the cohomology level; 

n"^\D^*) 

Hp/ 

H^^^X^) 

- ^ ^ ^ H " " ' (B^O 

" q-,* 

"̂""''(x̂ ) 

Let c^ ^ H (]̂ 2*̂  ''̂  ̂ ''° (n+1) power of the fundamental class 

c^ of (B2,T) and ]et ĉ "̂ '' € II"'^\B^*) be the (n+1)*'^ power of the 

fundamental class c. of (B.,T). Then by the naturality of t)ie 

fundamental class and product, \;e shall have f*(c_ ) = c 

Nov;, by 5.1.5. 

n+1 
= ^2* "^^2^1+1 ^ ̂ 2* "^^2^n-"2 + • • • + ̂ 2* " ^ ^ 2 ^ ' ""z 

' . f*(c2 ) = f*(q2* '̂'(Q2̂ n+1̂  "" ̂ * ^V ''̂ ®2̂ n * ̂ "2̂  "" *•* "*• f*<q2*''̂ 2̂̂ '*̂ 2 ^ 

= f*q2*"^^2^n+1 "̂  ̂ *V^^^®2^n*^*^^2^ "̂  *** "̂  f*(q2*w(V3*^*^°2^^ 

I.e., c. 
n+1 

= q/f^vKB^)^,^^ + q^*f*w(B2)^^.c^ + ... + q^*f*w(B2)^.c^ 

= q/ ''^'^^K+^ "̂  ̂ i* "^^i^n*^i + • • • + q-i* W(B^)^-C^" 

1̂ 
By the uniqueness of such an expression and injectivity of q^*, the result 

follows. 

c) In B o B_, let C denote all points of fibres (B o B ) of 

the form ( l - t ) b + t b with t < J4 and let C_ be all such with 

t > %, 
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Then B^ o B^ = C^^ C , C O B . and B. is an equivariant deformation 

retract of C , i = 1, 2. 
1 ' 

Passing to orbit spaces, we get (B o Bp)* = C * U C-*, C.*3)B.* 

and B.* is a deformation retract of C*. i = 1, 2. 
1 1 ' ' 

Thus, Ĥ '(B.*) = IÎ (C.*) 
1 1 

also, if p^ 6H((B^ o B^)*) and H((B^ o B^)*) *.H(B.*) kills 

/3̂  for i = 1, 2, then ^-^ - 3 ^ = ^• 

( c f r . arguments in h.h.ly us ing / 3 V » 5 .6 .12) 

Nov;, suppose t ' l a t B i s an m-sphere bundle and Bp an n-sphere bund le . 

Then c"'^^ + q* ' /^(B.,).c '" + . . . + q*v;^^^(B^) ^ lf*\{B^ o Bp)*) 

on rostrictDO)) 1o B * i s 2c = 0 , by 5.1 •3« 

Also, c"^"^ + q-̂  ' , ; . (B^) .c" + . . . + q*w .(B„) G i r " ^ \ ( B . o B-)*) 
I r. n + I c. \ c. 

on restriction Lo B-,* is 2c = 0 . 

Ilonco by i'h'>f, ĥ ^ '• •"' <• I 'b] Lolicd above, their product is zero in 

ir""^((B^ o Bp)-). 

Coppi'l inr the product and conipnring the r e s u l t \fith the unique express ion 

^iinn+2 ^ ,̂  ,^ ^ ^ . ^ ^̂  .^ o B_).c + . . . + 

^ rnn i2 1 2 ^ m+n+1 1 2 

q* w^(B^ o Bp) . c 

'/e get the required result. @ 

Since the Stiofcl lliiLney classes are also defined by the above 

properties and by the uniqueness of the Stiefel-V/liitney classes, 

the classes w. arc tlic Gticfol-iniitney classes. (This \;ay of defining 

file:///fith


/,o 

.jtiefcl-iniifciic.y r;l,'ir-,r,or. i c rluc Lo Gro thcnd iec ' : ) . 

5.2 Fur ther RGG\illg 

',/c need the folJoi/inr; coniputit j ore and r e s u l t s before we turn our 

a t t e n t i o n to the rjpocific problem at hand, 

5 .2 .1 Consider tlic fo l lowinr th ree r.pliei e bundles over R*. 

a) The 0-spliore bundle V : n_—->R+ 

b) Consider B* ns tiie c o l l e c t i o n of a l l a n t i p o d a l p i i r s of B. 

Let B. > B* be the in.duced bundle which a s s i g n s to each clement 

b* of B*, the f ib re of p : B—*-X \/}iich con ta ins b * 

I . e . , B^ = q*(n) B 

ir • x 
q 

c) F u r t h e r , con.sider the sphere bimdle Bp »• B* \/hich a s s i g n s to 

cnch b* , t h e ( n - l ) - s p ! i o r c or thogonal to b* in the n-spliere B which 

con ta ins b * . 

Note t l ia t a s sphere bundles over B , B = B o B-,. By 5.1.'i- ( b ) , 

the c l a s s of B. >• B"̂  i s q* w, where w i s the c l a s s of B • X . 

Also, by 5.1. ' i ( n ) , the c l a s s of the O-sphere biuidle B B* 

is 1 + c t . 

Hence, 5 . 1 . ' ^ (c) g ives : 

q*(w) = (1 + c t ) . (1 + rt t + . . , + ot^t ) where 

< ^ r t . . t i s the c l a s s of B- »-B*, 
1 2 

i . e . , 1 + q*w^.t + . . . + q*w^^^.t"'^'' = (1+ct) (1 + tx^t + . . . + c(.^t") 
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l!o''/, l o r \! € : i r ( X ) , f'Qiiririn] Ll-n nnlqu^ JnvorGc \' - rL v. t^ 3tl 
: 

the r inn H*('0 r-n,i Cnr '1 ! --t in t h'- rinr; ! r (D*) vnvr-S'W^- the 

? 2 utnque mvernn 1 t c t + c t i 

',/o have : -

5 . 2 . 2 1'+ c / , t -̂ . . . I o< (. -. (1 I n * u , . t + . . . + q^ -̂ , . t " ^ ) . 
I t' " 1 nt-1 

(1 + ct + c t + . . . . ) 

and 

5 . 2 . 3 (1 + ct + c^t""- + . . . . ) = (1 + c<h + . . . + o( t " ) . 
1 n 

(1 t- q*w^.t + q*w . t ' + . . . . ) . 

Using n o t a t i o n s of h.Z'.o, l e t coind_ B denote coind D \;here L = Z_. 
t— LI " " C 

5.2.'l- Tlicorem : For every n-cphere bundle , p : B *-X, coind_ B = n+k, 

v/hcre k i s tho l a r p e n t i n t e g e r v;ith tlie dual whitney c l a s s w non-zero . 

? 2 

Proof : riote that coind_ B is the degree of 1 + ct + c"t + ... 

and Lliat k is the degree of \-i. 

Hence from the relation 5.2.3» it follows that coind_ B ^ n + k. 

Further, from the relation 5.2.2, comparing the coefficients of 

t , v/e Ret ol = c + terms of lower degree in c, while c< ., cX , . 
' '̂  n n-1' n-2 

o( all consist of terms of degree less than n in c. 

Using this in 5.2.5 -̂ nd comparing the coefficients of t , we get : 

m i— n. , _ - J 
c = (\*\J .c + terms of lower degree in c. 

' m-n 

Hence, since n* is a monomorphism, v/ / 0 =^ c / 0. 
' ^ m-n 

Therefore, coind^ B y^ m. 
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But the rrcnto'-A \'']\\c Lint v\ - n ran lake in 1;, 

1 . " . , m - n (1' 

. * . coind^ B ^ II f 1 

Thus wo liave Lli.it C"1IKI^ B = n + k, 

3'2..5 Corol lary : Tf n Hj ( f c r c u t i n h l o n -nan i fo ld X can be inp'orscd in a 

d i f f o r e n t i a b ] c m-mni fo ld Y, then n + k ^ m + 1, wlicre k and 1 a r e 

the l a r g e s t intcgerG \ / i th the dual S t i e fe l - ' , / h i tney c l a s s e s w (X) and 

ŵ  (Y) non-zoro . 

Proof : I f X can bo li'inorGod in Y, t h e r e i s an e q u i v a r i a n t map of 

the bundle ol un i t tannont vec to r s to X, V (X) i n t o tho bundle of 

u n i t t angent v e c t o r s to Y, V (Y). 

Then, coind^ V^(X) ( coind^ V^(Y) 

=^ n-1 + Ic ^ 'Ti - 1 + 1 

^ n + !: ^ m + 1 

5.3 Consider an equivariant map f : B — * R , m^n + 1 where p : B ^X 

is an n-sphcre bundle over a compact space X. In this section v;e 

shall try to measure tlie set f (0). Me are particularlj/interested 

_1 
in seeing how many fibres of p : B *• X f (0) must intersect. 

llote, first of all, thit f (tofetlier with a homeomorphism) maps 

-1 m-1 
B - f (0) equivariantly into S 

-1 
Hence, coind (B - f (0) ) ^ m - 1 

5.3.1 Definition : If A is a closed subset of the compact space X, and if 

^ ^ Il"(X), then we say that A is a support of ^ if for every 

neighbourhood U of /V, the natural map (from the exact sequence for 
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the pn i r (X, X-U)) n'^(X, X-H) » H " ( X ) Inc Y m U P lPi?r;e. 

In Cecil hono]QfY, A i s a Gupporl of c € H (X) i f c i s in the 

irriDre of 11 ('\)-
n ;̂  _>11 ( X ) 

n 

From the rr)iiif-"'^ r'li-i 1 i (> tlion^pi u" r)in11 liivc t'l'^^ "i'l i roinpact 
1-

ii-i-"^n i fold X, A <~npr n i'-, V € H (;() i{ and only i ' A ci ipfor ts the 

rlml c e fl , (X) of ( . 

5.3«'^ Thcorcp^ : I.cl p : I' >• X b" •MI n-ophere bundle over t!'.'̂  compact 

space X and l o l A ho n r loocd ' r - m v a r i a n t subse t of P . Tf coindp(B-A) 4 

PI - I, then p('\) C_ " ^"^ a '".I'ppoi L for overy dual " 'n tnoy c l a s s w , 

p ^ n - n . 

I'roof : Lot U bo a no Lnhboui-hoed of p (A) . 

Then p~^(U) = V 3 A. 

Hence, coindp(n - V) ,̂  coind (B - A) ^ m - 1. 

Thus in Il'̂ (D* - V*), c"' = 0. 

But in B*, fron the proof of 5«2.'i-, 

c = n*\; . c + terns of lower degree in c. 
' m-n '-'̂  

Now, cons ide r tlic diarrram : 

(B* - V*)<- i >-B 

•r q » 

X - U C ->X 

and the induced cohoniolocy diagram 

n"'(B*) i ^ }f{B* - V*) 

n"'(x) 
3* 

IÎ (X - U) 
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We have : 

i+Cc" '̂") = i^CqM-; .c''' + . . . . ) = 0 
n-u 

=> i*q*v,' . c = 0 
m-n 

L*n*v/ - 0 
m-

=^ q«* •]• w = 0 

_x. ,1"* '•' = 0 , ao q'* i s a monomorphirp. 

Ilonce from the croict Gcquencc, 

. . ,ir'^(x, x-u)--._^!r''(x)-Ji-^ir"(x - u).—^. . . . 

we have that w is in the ina.̂ e of n"'~"(X , X-U) >.H"'~"(X) 

i.e., p(A) snpportc v; 
m-n 

The same arguments carry throufrh for p '̂  m - n . 

5.3«3 Corollary : Suppose that p : B •» X is a bundle of n-spheres over a 

compact space X, and that f : B >.R (m ̂  n+1) is equivariant with 

respect to the antipodal maps. Then the set S C X , S = A x ^ X / 

f(b) = 0 for some b € B } supports every v/ , for p ̂  m - n. 

Proof; This is a direct application of 5.3«2 where A = f (0), 

_1 
It only suffices to note that S = p(f (0)) and that 

coind2 (B - f"\o)) ̂  m - 1 . 

5.3«'t- Consider the following diagram v;here '^Ap and n A are the Poincare 
O A 

duality maps, and X is a compact, connected manifold. 
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ir(x, X - s)-

n.tt 
' r 

H,. „ (S) 
dimX - p 

HP(X) 

V I X 

- "din,X - p^^) 

The corollary then implien that dim 5 ^ dim X - p provided that 

v; / 0, p > m - n. 
p ^ ' 

5«'+ Before v;e conclude this chapter, we would lil<:e to look at a 

continuouG map f : G ••X, where X is a compact niemannian 

n-manifold. V/c want to obtain some result on the set A(f) = 

•Ix £ S / f(x) - f(-x)| . V.'e cliall obtain more detailed results 

in tJie next cliaptcr. Let us however have a lool: at .A(r) using 

sor.ie of the tools and proccdu.rcs obtained in this cliapter. 

5•'̂ •1 Definition : I..e t T bo a fixed point free involution on a space X. 

'['he index of (X,T) is the ].ar[-cst inteper n for whicli there is an 

equivariant map of ?i into X. './e denote the index of (X,T) as 

ind(X,T). 

Note that tliis inde:-: is not the same as the index of a T-space 

we defined u.sin̂  <"'• hor.iological construction in 3«0« ''''e shall however 

call it 'index', -:IG it has boon called so in the literature. It is 

however related to ti'" ̂ '.oiiomoloEical coindex of a space X defined i n ' 

'l-.O, V,'e have that ind X ^ coind X, for any coefficient group L 

v;hich has coind ,S = n. (cfr /o/ ) 

5.̂ 1.2 Tlicorcm : Gupposc that X ds a compact differentiable n-nianifold 

and tliat p : B >X is the bundle of unit tangent vectors to X. 

T!ien ind (B,T) = n - 1. 
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P I oof : rAm o ';" ^ C V, ind V\'v) ^ n - 1. 

."uppoGc I 'd ' , 'ilip! jiKl (n , ' r ) ^ i; i . e . , tha t there oxinLc on cquivaricint 

map f : G * B. 

Tiien T : Rp'.̂ : • n* inducer . ?* : u'^D*) • K ' ^ I ^ P ' ' ) 

I'liicU \ . ' n i ni.np 1'te CT'T;.'-, c'^Jl") t ir(P^O of (B,T) onio the clacG 

C " ( G " ) 6 Il"(liP") or ( G " , A ) . 

From 5 . I . 3 . c (n) --- M*'; .c t . . . + q*\' , " ' icro 

\' - 1 I ••, I . . . I- '/ in the oti'^'c]-''hiiney class of X. 
1 n 

Then C"(G'^) - 7*q*'.;,| .c"" ̂  + . . . + T*q*w^. 

UciriG the ''/u fomulre for -; (cfr. / 3 V , 6.10.7), '"c C^t that there 

cxjct clas.iec. u. 6 II (X), 1 4 J 4'V2 such that 

^ Gq̂ -̂̂  U, 
3 • — ' 1 

i 

now, c (G ) - I { Z. q*'.'. . c ) 
i 

( ^ q* Gq^ u.. c") 
i+i+k = n ^ 

Z Ga^ 1* q*u.. c 
"1 

1 I i+k =: n 

<L Gq V. . c"' , putting v. = f* q* n. 
i+j+i: = n 

In the above cxpTecnion, fix .j. Tlien for that j, all the terms 

Sq^v^. ĉ ' = 0 if V. = 0. 

,1 :) 
If V 7^ 0, then v. = c'̂  , as '/c are in H^CUP"), coefficients in Z-

Thus v/e have 

i 4.1 
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in iĉ f'" < . > if. th-? nod P binor. inl c o e f f i c i e n t , 

. ^ { : But, <L \-- 1 = 0 nod P. 
i 

Ilcuce /^ •Sn'"". . n " - 0, ''nr every j . 

. - . c"(s") . 0. 

But this is false as conndp S = n. 

Therefore, n - 1 :̂  ind (n,T) < n 

which immediately implies tb.at ind (B,'r) = n - 1. 

5.'f.3 Corollary : Sujipose that f is a continuous map of S into a compact 

Riemannian n-mnnifold X. Tlien for some x, either f(x) = f(-x) 

or for some x, f(x) and f(-x) are not joined bj'- a unique geodesic 

of shortest lennth. 

Proof : oupposc il to be false. 

For each x 6 G , let F(x) denote the unit tangent vector to the 

unique smallest geodesic joining f(x) to f(-x) at the midpoint of 

tlie geodesic, and pointing tov/ards f(-x). 

Then F maps S equivariantly into V (X), the bimdle of unit teingent 

vectors to X. 

This is not possible, as by 5.̂ .̂2, ind (V^(X), T) = n - 1. 



6.0 MATS INTO MAIIITOLDH 

In the lant noctioii of tho prcviouG chapter (5»'0, wo had a 

quick look at napG from G into a Riemannian n-manifold. In this 

n k k 
f-W", with n > !:, v/here M is a 

chapter vfe loo!: at maps f : ,j 

c-niooth k.-d 1 menriTom] manifold, not necessarily closed or even compact. 

',/e aie, as before, interectod in results about A(f) = |x 6 S / f(x) = f (-x) |, 

In the first section we shall define the twist of an n-plane bundle 

p : I •X/T, wliere (X,T) is a fixed point free involution, and pro­

ceed to state (v;itliout proof) certain related results on Vrtiitney 

classes required in t}ie rest of the chapter. The second section v;ill 

be devoted to tlio statement of the main theorem and its proof. This 

chapter lias been puidcd by the work of P.E. Conner /37« 

6.1 Preliminaries 

6.1.1 Definition : Lot (X,T) be a fixed point free involution, and let 

p :1|—^•X/T be an n-pianc bundle over the quotient space. 

Let p : >2 t-X bo the pull-boclc of the quotient map V : X *-X/T, 

tlius : 7^=- y'\D \ 

p - p •' 

X «• X/T 

Here, %C X x l i s givon by | ( x , v ) £ X xTj /VCx) 

and p ( x , v ) = x . 

P(v)}-

Define a fixed point free involution of | by T(x,v) = (Tx, - v ) . 

Clearly p : ("̂  i T) ^{X^T) is equivariamt and induces a bundle 

p : x/f {=%) ?• X/T. This is also an n-plane bundle and is 

= 50 = 
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referred to nc the t\/ist of p :^ ».X/T by the involution (X,T), 

6.1.2 Definition; ConGidcr the ort'iogonal group 0(n), In 0(n), consider 

the diagonal group D of diagonal matrices in which each entry must 

necessarily be 1 or -1. Hence D = C^-) , the n-fold product of ̂ _. 

The inclusion i : D >0(n) induces a homomorphism 

i* : H*(BO(n) ; Z_) ^H^CBD ; Z_) 
— < i —d 

where BO(n) and BD are the classifying spaces of 0(n) and D respectively 

(obtainable by tlie Ililnor construction). 

Note tlia L B(Z_p)> the classifying space for 7, can be regarded as 

RP = VJ PiP , the infinite dimensional real proiective space (/20/, 

'^.11.3). nonce II^CBCZ^); ̂ ) = H* (RP'̂  ; Z^) S Z^ [t'J , 

the po]ynonia] ring over /̂ p, generated by a single one-dimensional 

generator, t6II (RP"̂  ; Z,). How, taking B(^p") to be the n-fold 

cartesian product of B(Ẑ _) with itself, we get 

II*(BD ; Z^) =11:2. ^^V ^2' * * ' ' ̂ n^ ' 

The polynomial ring generated by t.he one-dimensional generators t., 

"t. £ Ĥ  (B(Z_).; Z_) \;here B(Z_). is the i^^ factor of B(D) and t. 
1 —li 1 —fi —c. 1 1 

is the imago of t. under the Kunneth map. 

Borel has proved that the homomorphism 

i* : II*(BO(n) ; Z^) > H*(BD ; Z^) 

is a monomorphism \/hose image is the subring o f Z _ L t , tp, . . . ,tj 

of symmetric polynomials in t , . . . , t . 

Now, let v; = 1 
' o 

-1 th 
and \/ = i* (̂i,)i ̂ 'here v is the k elementary symmetric 

K K K 

function in t^, t_, . . . , t . 
1 2 ' n 
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These '/, a r e the u n i v r r i a l U'liitney clanscG. Since every symmetric 
k 

poJynopiial can be erprcsced as a polynomia] in the elementary 

GymniGtric tnnctions, iL follo\/s that H*(BO(n);Z ) = Z-Cw ,v/ , ..., w l . 

]3y rl-̂ •̂ nif i en tion theorem, an 0(n) - bundled vX over a para-

compncl, opacc X i.o claGniriod by a homo topical ly unique map 

f: X ^BO(n). The iniap-o of v/ under the induced map 

K 

f* : Fl''(BO(n) ; Z^) ^Il^XX ; Z^), 

iG dofinod ic Lh.e !: '/hiLney class of ̂ -—v X and is also denoted 

by ̂ v 

'/c ii'ay thus dcioLe the k '/liitney c l a s s \- as the k e lementary 

syiiinotric funct ion in t , t p , . . . , t , and the t o t a l Stiefel-V/hitney 

c l a s s may bo expressed a s (1+t^) ( l+ t„ ) . . . (1+t ) in the factored 
I d n 

foim. 

6.1.3 Let p : ij^—>X/T be an n-plane bundle. Lot ̂ —»-X/T be the line 

bundle associated v;ith the involution (X,T). Consider p : ^ — • X , 

the pull-baclc of ^ rX/T by the quotient map V : X ^X/T given by 

•Ĵ  = |(x,v)ex xy[ / V(x) = p(v)| . Identify X v/ith the 0-sphere 

bundle associated with the line bundle ^ yX/T. Then we can think of 

Tx as -X 

Thus consider X x T̂  CZ_^ ^ X'>Ĵ  , to define a map 

given by 'y'(x,v) = x(g)v. 

note that Y (T(x,v)) = ^ C-x, --v) = -x ® - v 

= X ® V 
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Then passing onto quotients, v;c get a map 

T 

v/hicli is an isomorphism. 

Let the total Sticlel Whitney class of >[ •X/T be expressed 

as (1+t^) (l + t^) ... (1 + tĵ ). ̂ "̂nf̂  iGt c 6 H \ X / T ; ̂ 2) be the first 

Steifel V/hitnoy CIOGS of %- *• X/T, so that its total class is 

1+c. Then the tot-̂ l Gtiorel ',,'liitney class of ^ ^ \ is 

n 
1~[ (1 + c + t.) = 7 1 (1+c) 
j - 1 ^ k=:0 

Ic 

th where v , is th.e n-k elementary symmetric function in t-, t_, .... t . 
n-k .; J 1' 2 n 

(cfr. l ^ , 7 ). 

6.1. ' i L e t ( i r \ T ) bo a fixefl po in t free invo lu t ion on a c losed k-maiiifold 

I I ' , pjiil "iet (V " , T ' ) bo an invo.lution on a manifold V ' . Let 

Y be tlic s e t of ri::od p o i n t s of the i nvo lu t i on (v '*' , T ' ) and l e t 

F denote the union 0:̂  a l l 11-dimonsional components of F, v;hich we 

assume to bo non.-empty. Let >1—>• F be tlie normal n-plone bundle to 

F' d V ' . •'^inco F i s evic 'ent ly T ' - i n v a r i a n t , v/e can have a 

normal d i s c bundle 1)( 1̂  ) -,. 7 which i s e q u i v a r i a n t l y diffeomorphic 

to a compact invar i - \n t norrral tube (II ,T ' ) of F^ in V """ . Fv\rther, 

as t]ie diffcomorpliisn i s e q u i v a r i a n t , we may i d e n t i f y the a n t i p o d a l 

map A of D(Ti) with T'/fl : I! - N . 

Ilow, (n" X II ) / (T X T ' ) i s a t u b u l a r neighbourhood of (I-P x F '") / 

(T X T«) ~ (n 'yT) X F " in (?!"' x v"''"'") / (T-x T ' ) , and we may 

i d e n t i f y (M '̂ x II) / (T x T ' ) with (ll'^ x D ( ^ ) ) / (T x A). Thus i t 
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may be seen tha t t'jo normnl buii'llc to (n ' ' / ? ) x F"' in (u''̂  x V^ '^ ' ^VCT X T « ) 

3G obtained from the l\ ' ir;t b / the nnvolut ion ( iP x F' , T x jd ) v/ith 

the bundle induced by the pro. iect ion 

11 X i' „m -> F 
T X i d 

From 6 . 1 . 5 , Hic t o t a l ot i '^fe] l.'hitney c l a s s of the normil bundle to 

( I ' . V T ) X F " i-i niveii by 

1 k 
lAiere c ^ II (!'. V T ; ^ T ) I S the fimdnniental c l a s s of the i n v o l u t i o n 

(n'S T) 

6.2 Theorem : Let tl "• be a smooth k-dimensional manifold. For any map 

f : s" ^M'^ let A(f) C s" denote the set { x € s" / f(x) = f(-x)} . 

If n > k, then dim A(f) > n - k. If, for n = k, f* : II"(M" ; Z ) »-

H"(S" ; Z^) is trivial, then A(f) / 0 . 

Proof : First of all, \'e assume that H is closed and connected. 

Consider the fixed point free involution (S x M x M , T)given by 

n k k 
T (x, y, z) - (-X, ',, y). Then the quotient space (S x H x M ) / T 

is a closed n+2k-dimcnsional manifold. Further, the projection 

„n ,,k ,,k n" J J.. u J-. • i. • S x M X M ^ RP 
S X M X H » S induces the bundle projection p : = ^ — 

with fibre M " x fT and structure group C- (cyclic group of two elements. 

I- I' n 
Let ^̂  be the diagonal of M x 11 . Then S x A is T-invariant and 

_,n .,K .,K 
hence RP x A is a closed n+k - dimensional subspace of = . 
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We shall denote by d ^ H (RP x A ; Z_ ) , d 0 1, the characteristic 

class of the involution (S xA, T). Expanding the result of 6.1.3 

and calculating the highest characteristic class, ve get that the 

k-dimensional characteristic class of the normal bundle to RP x A 

is /__ d ® A' . v/here \', . is the (k-i)-dimensional V/hitney 
i = 0 ^^~^ ''"̂  
J 

class of the tangent bundle to H". 

Now, put X = S" X H'̂  X M'̂  . 

For the inclusion i : RP x A C rX/T, consider the induced 

homology map i^ : IÎ ĵ̂^ (Rp" x A ; Z^) >H ^^(X/T ', Z^)» 

Then î ( [ RF" X A ] ) € H , (X/T ; Z_) where [ RP" x A 1 denotes 
• — n+k —2 — 

the fundamental class of PJ" x A . 

Nov; consider the duality map 

Rl ^- : ir(X/T ; Z_) ^H ,( X/T; Z_) 
—c. n+K —c 

and the element (f ^^ 6 !r''(X/T ; Z^) such that | T Tj^ = i* CERP" X A ] ) , 

The element Q̂  is called the cohomology class dual to the submanifold 

RP" X A C X/T . 

It has been shown by Thorn ( /37/) that i*{ <p.) would be the 

k 'r/hitney CIOGG of the normal bundle to RP x A . 

k 

Thus, i* ( qp, ) = 2_ d̂  ® w 
k . ^ ^ k-3 . 

Let N be a closed tubular neighbourhood of Rp" x A in X/T. Then 9 



is the image of [llV xAJ under the composition 

H , (RT" X A ) = IJ , (N) 
n+k — ii+k 

= H''(ri, N ) 

k. 
ir'(X/T , X/T - N ) by excising X/T - N 

o 
from (X/T, X/T-N ) 

-• II (X/T) , from the exact sequence for 
o 

the pair (X/T, X/T - N). 

Considei^ing t!ic eracL sequotico 

V' ° U k ° 

. . »H^(X/T, X/T - FI) > i r (X/T) ,. i r (X/T - U) ^ . . . 

and by choosing bho tubular neighbourhood properly, \/e have that 

for any open nGighbourliood U D RP x A , cp is in the kernel of 

the liomomorphicn i* : ir'(X/T) =̂ }l''(X/T - U ). 

n k 
IIov; let us considor naps f : S *• M ̂  . To each such map we 

associate a cross-section of p : X/T ^RP by defining 

s( [xl ) = [(x, f(x), f(-x))j where [x] ̂  Rp" 

corresponds to x € G and [(x, f(x), f(-x))] corresponds to 

(x, f(x), f(-x)) 6 X. Note t.hat by the definition of T, 

[(x, f(x), f(-x))J = [(-X, f(-x), f(x))] , so that s( [x^ ) = s( [-x]). 

Hence s is well-defined. If f is a homotopy of s, then the induced 

section o f p : X/T >RP" is given by ŝ ( [ x] ) = [(x, f^(x), f^(-x))] 

To each f : S fH", we associate the cohomology class s*if,) € 

H''(RP"). 
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6.2.1 Lemma! If G* ( <y ) /- 0, then dim (A (f) ) ^ n - k. 

Proof : There is the qnotien t map -̂ S »-RP . 

Put D(f) •̂  ( A ( f ) ) . 

Clea r ly G : RP" * X/T hac s"'' (RP'^ x :̂̂  ) = B ( f ) . 

Let U bo an open noir^libourliood of PvP x A in X/T. 

Consider the dinn;ram 

{̂ '̂ (X/T) ^*- •I{^'(X/T - U) 

H^'CRP"). 

• s . 

-^ > H^(PP''- s ' ^ U ) ) 

Since ,j*( <P ) = 0 ( by earlier analysis), v/e shall have t h a t 

j / ( . s M cp ) ) = 0 

i . e . , .i^* (d^') 0 , a s s*( 9 ) ^ H^^(RP") / 0 

s * ( % J - d"". 

Nov/, given an open nciglibourliood V of B ( f ) , we can choose U = p (V), 

so tha t s " \ u ) C V. 

Hence for every open neighbourhood V of B(f), d lies in the kernel 

of IÎ '(RP") » H C R P " - V). (In terms of Alexander-Wallace-

Spanier cohomology, this means that the support of d^ lies in B(f). 

cfr. 5.3.1). 

Suppose now, that the homomorpl lism ir""̂ (RP") •ir'"^(B(f)) 

is trivial. Since the cohomology theory we are considering is 

continuous, \/o con choose an open neighbourhood V of B(f) such that 
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d"~'^ l i e s in 1-.!ie l^crnel of H"~' ' ' (11P") > Il"~''XV). ( c f r . hji.3) 

Consider now, tlio followin[; tv;o sequences : 

and 

.1 * 

with j*(d"~^ ' ) = 0 and . j ^ * (d'̂ )̂ = 0 . 

Hence choose a i. ^ JI (PJP , V) with image d 

and ^. e II^^CPP", RP" - V) with image d"̂ . 

Using the relative cup product v;e find that d is the image of 

« , . 5, under the homomorphism 

H"(RP", V U R P " - V) -H"(PJ="). 

But V U RP" - V = RP", so that « , . /5, = 0 
— — ' n-k ( k 

hence d = 0, v/hich is a contradiction. 

and 

Hence H""'^(RP") > H"~'̂ (B(f)) is non-trivial. 

Therefore, dim (B(f)) and hence dim (A(f)) "̂  h - k . 

Note that in the notation of chapter h,0, v;e have just proved that 

if s* ( f,̂ ) / 0, coind^ (A(f)) ̂  n - k. 

Now, for the case n > k, to prove that dim(A(f)) ̂  n - k, it remains 

to prove that s*( ĝ , ) / 0. 

By definition, s* depends only on the homotopy class of the original 
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map f : S > M \ First of all, wc shall show that f is homotopic to 

a map which is constant on the southern licmisplierc. 

6.2.2 Leinma : Let f : 8 ^U" be a map. Then f is homotopic to a map 

f : S >]]'' whicli talces every point on E ( = •(_ x ^ H / the last 

co-ordinate-^ 0 J- i.e., the southern hemisphere), to f (0, 0, . . . 0, -l). 

Proof : 

Every point on P, ' (except (o, o, ... o, 1) and (0, 0, ..., 0, -1)) deter­

mines a point on tJio equator {x = (x , . . . , x ) ^ . j / x = o | , 

v.'hich lies on th-̂  geodesic which joins (0,0, ..., 0, 1) to (0, . . . 0, -l) 

and passiun; thvouHi thi.t p-innl:. Let x G S denote such a point 

corresponding to the point x ^ r;' . 

Let V.' : T ?• G bo defined by 
1 

V; (L) =: ('1 - b) (0, . . . 0, 1) + t (X) ^ ̂  J 

'' 11(1 - t) (0, . . . 0, 1) + t (x)|l 

and '-; (t) : I >o' be defined by 

1 - t) X + t (0, . . ., 0, -1)1! 

Further define w ^ M : I ^ G By 

•'. . '.u (t) = ("û  (2t) , 0 4t<;'. 
1 + ? 

W2(2t - 1) , JKt^l. 

Now, let any x ^ G be expressed as w ^ v;_ , . for some t ̂  I. Note 

that (0, 0, . . . 0, 1) and (0, . . ., 0, -1) will be v/̂ ŵ̂  (0) and 

w^ , v; (1) respectively, for M and v; defined using any point on 

the equator. 
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Define F : y" x T •• G" 

by F^(x, G) = fw ^w^ ( ( l - < s ) i ) , 0 ^ t <)^ 
"̂  ' I n 

ŵ  ^ \ ' 2 ( ( l - 5 ) t + s ) , ; H t i 1. 

F then (̂ ;i von a liomoLniiy b" l"ccn tlif̂  i d e n t i t y imp on S , and a map 

v'hich t akes every po in t on n to the po in t (0 , . . . , 0 , - l ) . 

Hence, f o F X T- ir 

gives a liomotopy bet'.;ecn f nnd o map f : S 

po in t on V, o f ( 0 , . . . , -1) = V ( s a y ) . 

-^I'l" wliich t akes every 

@ 

Thi'P v/ithont loor, of f ;cnora] i ly , \/c can assume t i n t I i s cons tan t 

,-,n . , ; i . on E_ , I . e . , r {-n = y^ 6 F. . 

Consider G ~ C G TS the e q m i o r . Tlicn f(S ) = v . 
' o 

Ilenco i f MQ de'f'ine c : Rl'' yRP x 

by s ^ ( [ x ] ) = [(x, y^, y^)] 

for [x^ ^ RP , \/e s in 11 have the follov/ing commutative diagram : 

s . 

m> n-1 • RP" X A 

,. 1 

PJ''' X/T 

The corresponding cohomology commutative diagram gives us :-

i-l* ̂ * ( ^k^ 6̂ * i* ( fĵ ) 

k 

iL 
3=0 

d ® ^̂  . ) , by a result 
k-j ' 

established in the proof of 6.2 
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Note that s^ : py" r RP" x A can be decompocod as 

Rpn-1 ^___^ Kpn-1 ^ ̂ n-1 _ ± i ^ ^ n ^ ^ 

v/here A i s the diarjonal map and c : HP ~ ^ A i s the 

constant map c(x) = (y , y ) , 
o o 

k . k _ 

Then s^* ( 21 d'̂  ® V j ^ " ^* ^^1* ̂  c* ( Z_ d̂  ® \ _ •)) 

k 
= A* ( 2^ i/ d'J ® c*w .) 

3=0 ''"̂  

= 1^* ( î*d̂ '̂  © 1), as c*(w ) = 1 

and c»(Wĵ _.) = 0, V k-j > 0. 

= i^Md^) e ir'CRP""'̂ ). 

;<̂  0 as n > k. 

Hence, s*((p ) / 0 and the proof is complete when n > k. 

How, we turn to a map f : s" >• M̂ ^ for which f* : II" (M") >n"(s") 

is trivial. Me continue to assume that M is closed and connected 

and we still require that f(E") = y (: ll". 

Consider the equivariant map 

given by F (x) = (f(x), f(-x)) 

Note that, since either x or -x alv/ays lies in IT , F actually maps 

S^ into the wedge n"v n" = fl" x (yJU(yJ x M". 

Also, the involution, (t, IP x M ) given by.t(y, z) = (z, y) leaves 

the v/edge invariant. 
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Further, (ll" x rf) / t ,,n , „ „n ,,n ,,n . . . . 
M and F : S »• tl v II is equivariant. 

6.2.5 Lemna : If F : IW *\\ ic Ihe map of quotient spaces associated 

with F, then F* : Tr"(l!") » !r"(Rp") is trivial. 

Proof; The validity of the statement is clear from the following 

commutative diarrom :-

H"(n", y^) 

ft F* 

H"(S") ^ II"(S'\ E") ^ II"(E", S"-"^) ^ H"(RP^ RP"-^) ̂  Ĥ CRP'̂ ) 

l/here the first isomorphism comes from the cohomology exact sequence 
0̂  

for the pair (S , F_); the second by excising E' ; the third as 

(E , S ) and (RP , RP ) are both of the same homotopy type; 

and the fourth from the coliomology exact sequence for the pair 

(KP^, RP^-'). 

Note that the first f* is zero by assumption. This ensures that the 

last F* is also trivial. @ 

i- „n /-..n yj\\ 

6.2.^ Lemm. : Under the composition RP x (y^, y^) >• = — 
o o 

-» —, v/e have i.* i_* ( <̂  ) = d" ® 1. 
T I 2 'n 

Proof : Consider the diagram : 

F " ^ (̂ o' ̂ o^ 
i2 o ii 

1 

RP xZ^ 
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Me knov; tha t i'* ( <p ) = d R 1 -t d (f! \(' t- . . , + 1 u? v/ 

n 

Note t h a t i = id x c v/Jiere c : A ^(y , y ) i s the cons tan t map 

c(x) = (y^ , y ^ ) . 

k 
Then, i *(i* ( 9 )) = id* 8 c* ( 2 1 (d'̂  ® « •)) 

3=0 " - J 

n 
7~ (d'^ 8 c*w .) 
J=0 J 

,n „ ^ 
= d Q 1 . 

i . e . , i * i_* iCp) = d" 0 1 
1̂ ^2 ^ ^ n 

To establish the thoorem for n = k, all we have to do now is to 

prove that s* ( (p ) 7̂  0. 17G proceed to do that. 

Put Y = s" X (ll"v 11") and lot ŝ  : Rp" *> Y/T be defined by 

s^([x]) = ( [x, f(x), f(-x)] ) 

Then s : KP" »X/T is the composite 

RP" - ^ Y/T —" X/T. 

IIo\;, s : PJ? *-Y/T is a crocs-section of the fibre map 

p^: Y/T- *R1'' . Hence s *p * = id* implies that s^* cannot be 

the zero map, and hence that 

Ĝ * : II"(Y/T) • Ĥ 'CRP") 

is an epimorphism. 
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r,ot Y eH"(Y/T) , GO bliat G *( Y ) = d". 
n 1 11 

For example, uc could cot T = p.^Cd ) . 

Under i^* : IJ ( Y / T ) ^ If (RP x (y , y )) we s h a l l have 

i^* ( r^^) = d" fi 1. 

Then, from 6.2.'i, v;c have that i +( r ) = i.'i 
1 2 (V 

Hence, from the cohomolocy exact sequence for the pair (Y/T, RP" x (y , y )) 

we have that Y + i *( cp ) lies in the image of 

H"(Y/T, PP" X (y , y^)) ^ 1 - * H" (Y/T). 
o o 

6,2.5 Lemma : The composition 6 * .i* is trivial. 

Proof : Consider the follov/ing diagram 

II"(Y/T , RP" X (y^, y^)) ^ .H"(Y/T) 

1̂1 

H"(H", y„) 

iV 

H"(RP") 

V/here the isomorphism p* is obtained as follows 

S" X ( M " V M " ) 
consider the map P : Y/T 

T 
, M" ; ^ -_^ 

which is induced by the projection S x (M v M ) -^ M"V M". 

note that S" x (M" V H") - S" X (y , y^) = . S x (M - y^ ) u 

S X (H - y^ ) 
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]"dentificat.ion n'vcr, : Y/T - (PJ^" x (v , y )) = r," x (!l" - j y ] ) 
— " o o *• o ' 

Thus the nap |3 p c t n a l J y reives r i co to the p r o j e c t i o n 

S" X (I!", y ) . d l " , y J 

v;hich induces an inomorphioni u\s x II", y )) = U''̂  ({]", y ) 

Hence 6 * of tlio above diagram is an isomorphism. 

Rirther, by 6.2.3 F* is trivial. 

Hence, wo geb s *,j* is trivial. 

Ifow, since "̂  + i *( 9 ) lies in the image of j*, v;e shall have 

i.e., B^* i^* (cp^) = s^*(r^) 

i.e., s*{cp^^) = d^^H^CRP") 

/ 0 

The required result now follows by 6.2.1. 

Thus we have established the tfieorem for closed, connected mainifolds. 

6.2.6 We can establish the result for compact manifolds with boundary by 

doubling. 

Definition and result : The double of a manifold with boundary (M, dM) 

is the identification space obtained from (H, dM) x 0̂} i_j (M, dM) x {l^ 

by identifying (x, 0) with (x, I) if x € dll» The double of (M, dM) " 

is a manifold without boundary of the same dimension, in v/hich M is 
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embedded. ( /Y)J , 1 Ji ). 

Concider the diaf;ran 

(II, dU) 

i o f 

Double of M where i is the embedding. 

As I is the embedding, note that A(f) = A(i o f). 

Hence, the result follows from 6.2. 

6.2.7 The extension of the result to an open manifold follows as an open 

manifold can bo considered as the increasing union of compact manifolds 

\/ith boundary, art! as S is compact. 

6.2.8 Coro] "lary : ] f f is a map of S into a connected non-compact n-manifold 

then thore is a point x GS for \/hich r(x) = f(-x). 

ProQ-f : The proof follows directly from 6.2 as under the hypothesis 

'i/,.n of non-rompactncGS, II (!1 , Z_) = 0. @ 

6.3 In conclusion, let us consider in brief \/hat generalisation \ie may malce 

for the invol iLion (S , A). 
f 

Lot i 2L , T) be any fixed point free involution on a closed n-mamifold 

\/hich is a homotopy n-sphere. Then by results obtained in /b/ there 

exist equivariant naps (p : { Z , T) »-(S , A) and <p': (S , A) »• 

(Z" , T). Further, both a> and <J>* are of odd degree, Nov/, given 

a map f : z" fl\^'\ let A,̂ (f) be the set of all x £ 2_" sach that 
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r(x) = f(Tx). Then obviouGJy, m' n^ps A(f o cp') equivariantly to 

A^^(f). As \;e h^vo noLerl ifc tho end of 6.2.1, 6.2 applied to 

this situation gives ll'at coind- A(f o 9') ^ n - !:. oince an 

equivariant nap cnnnot decrease coind_, it follo\/s that coind-

T(f) ̂  n - 1:. Hence the result C.2 is valid also for the fixed 

point free involution ( Z , T) 
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i/o attcnipL no\;, Lo piriii'̂ ti-]-,0 the Borcuk-Ul-'m Theorem. As v;e 

ha\'e nolcH ctlTor, \;orI' in 1'n r> direction has been rlone by Nakaoka 

( / W ) , J-^voro"-!] (/?P7, / Z ^ ) , Fadell and Ilusr.cini (/TV) and 

Dold (/J[7) • In Mur-, cinplcr, we shall examine the \/ork of Dold 

in detail, './e concider odd (equivariant) fibre-preserving maps 

f : SE »-E' v/here p : E vB •* E' : p' are vector bundles 

over the same paracompact space B and p/SE : SC »-B is the 

induced sphere bundle over B. I'e shall be interested in measuring 

the set Z = { X €SE / f(x) = O } . Throughout this section we shall 

be using Cech cohomology \/ith coefficients in Z_^, 

7.1 Parametrized Borsu!:-Ulam theorems for Sphere Bundles vdth Fixed 

Point Free Involutions. 

Let p : E ».B and p' : E' :>-B be vector bundles of fibre 

dimensions m and n respectively, over the same paracompact space B . — 

Let v;,(E) and v;.(E') ^ H'^(B) be their Stiefel-V/hitney classes 

(henceforth denoted simply as v/. £md w' . as long as there is no 

confusion) and \/(E;t), w(E«;t) € H*(B) [t] defined by 

m 
u(t) = w(E;t) = Z. w.(E) t*""̂  

0=0 ^ 

ni 

w'(t) = u(E';t) = 21 v/.(E') t""̂ ' 
j=o J 

be their Stiefel-V/hitney polynomials. Here H*(B) \t\ is the polynomial 

ring over PI*(B) in one indeterminate t of degree one. Clearly w(t) 
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has degree m, both in the indeterminate and as an element of the 

graded ring H*(B)[tJ. 

Let p/SE : SE » B denote the sphere bundle of p : E *>B. 

Let f : SE ^E' be a map such that p'f = p/SE and f(-x) = - f(x). 

Let Z = (xtSE / r(x) = OJ. Tlie antipodal action T : x. •-x 

is clearly a fixed point free involution on SE and on Z. Thus the 

projection maps SE >• SE/T (= SE ) and Z .-Z/T (= Z ) are 

two-sheeted covering maps. 

For the inclusion i : Z > SE, v;e have the cohomology 

homomorphism i* : H^CSE) > H''("Z). Let u 6 H \ ^ E ) and i*(u)6 

-1 _ 

H (Z), denoted by u/Z, be respectively, their characteristic classes, 

Thus we have homomorphisms of H*(B) algebras 

<r : H*(R) [t] H*(SE) ^H*(Z) 

t I »• u • *• u / Z 

We shall, for the sake of clarity, write p(t) / 'SE and p(t) / Z 

for the images p(u) £ II*(SE) and p(u/ Z) € H*(Z) respectively, of 

p(t) 6 H*(B) t . 

7.1.2 Theorem : If q(t) e II*(B)Utl is such that q(t) / Z = 0, then 

q(t).\/(E»;t) = w(E;t).q«(t) for some polynomial q'(t) £ H*(B)Ut]. 

(i.e., either q(t)/ ̂  / 0 or w(E;t) divides q(t).w(E';t)). 

Before we prove the theorem, let us look at a few important 

corollaries : 



70 

7.1.3 If ni, n are the fibre dimennions of E and E' recpectively, then 

q(t) / Z / 0 for all polynomials q(t) whose degree v/ith respect 

to t is smaller than m - n. 

7.I.'*- In other v;ords, the H*(B)-liomomorphism 

m-n-1 _ 
© H*(D). t̂  *. n*(Z) 

1 = 0 

t^ I > t^ / Z 

is monomorphic. 

7.1.5 In particular if m>n, then the cohomological dimensions of Z and 

B satisfy the relation : 

cohom. dim (Z) ^ cohom. dim (B) + m-n-1. 

Proof : If the degree of q(t)< m - n, then the relation q(t).w(E';t) = 

v/(E; t).q'(t) can never hold for any polynomial q'(t), and hence 

q(t) / Z / 0. 

7.1.̂ f follows immediately from 7.1.3 and 7.1.5 is an immediate conse­

quence of 7.1.^ . @ 

Note that if B is a single point, then the result 7.1.5 is a generalisation 

of the classical Borsuk-Ulam theorem by Bourgin and Yang (/39/, discussed 

earlier in 3.0). In particular, of m = n+1, we get the classical 

Borsuk-Ulam theorem itself (/37 » discussed in 2.0), 

7.1.6 If we wish we can work with singular cohomology theory and we v/ould 

get : 
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i f q ( t ) 6 H*(n)[ i ] iT ouch blnl q ( t ) / V = 0 for nopie open neiGhbourhood 

V of Z in "SE, then 

q ( t ) . u ( E ' ; t ) = \ ; ( E ; t ) . q ' ( t ) 

for some polynomial q'(t) € H*(D)[t] . 

We shall nov; proceed on to t)ie proof of 7.1.2. l.'o c)iall hov;ever, 

do it in a much more c^ncral setting than stated earlier, as follows :-

7.1.7 Definition : A G-sphore bundle (of dimension m-1) is a fibre map 

p: S * B together with a free fibre-wise G-action r on S, 

such that 

(i) (p, t̂  ) is G-locally trivial, i.e., B is covered by open sets 

U such that p (U) ŝ  U x Y (where Y is the fibre) as G-spaces 

over U, ^(u,y) = (u, T:y) 

(ii) The fibre is G-homotopically equivalent to a compact finite 

dimensional G-space. 

and 

(iii) H*(Y) = H*(s"'"^), where s"""̂  is the (m-l) - sphere. 

All spaces involved are considered to be paracompact. 

For our purposes, G= Z^ and we consider cohomology with coefficients 

in ̂ _, But other subgroups GCS and other coefficients apart from 

Z_ may also be considered. 
— < d 

Examples for G-sphere bundles are unit sphere-bundles of vector spaces 

with antipodal action, ccould also be taken to be any fibre-preserving 

action on a vector bundle, or sphere bundle E and S = E - Fix (̂  ), 
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v;here Fix ( r ) denotes the fixed points of the action T . However, 

one must ensure that the local triviality includes the action as 

noted in (i) above. 

7.1.8 Definition : Y, the fibre of p : S • B is a cohomology sphere 

and dim ( Y ) < oc (by 7.1.7 (iii) above). Hence the orbit space 

Y = Y/G with G = Z_ , a cohomology projective space, 

^•®" H*(Y) = H*(S"'"'') 

and H*(Y) = H^CRP'""^) 

1 — 
where u £ H (Y) is the characteristic class of the Z_-action. Since 

—£. 

u is also defined on S = S/G, ue can apply the Lerray-Hirsch theorem 

to the fibre bundle p : "S •> B and obtain that H*("S) is freely 

generated over n*(D) by 1, u, . . . , u 

(Note that this result is familiar for singular cohomology. We have 

worked in a similar vein using A'/S cohomology in 5.0. For Cech 

cohomology, in this chapter, ue assume the result. Ue shall see in 

the next chapter hov; such results can be obtained for generalised 

cohomology theories). 

IIo\;, expressing u' € II' (S) in terms of these generators we get unique 

w. € H'^(B), j = 1, 2, . . ., m such that 
J 

n m-1 
u = v; + v/ .. u + . . . + w.. u 

m m-1 1 

m m-1 f. 
I.e., u + w^.u + . . . + w . u + w = 0 

1 m-1 ra 

Follov/ing Grothondieck, ue ca l l these elements, the Stiefel- \ /hi tney 



classes of (p, r ) , put t inc <; =: 1 and \/. = 0, i > n. 

(cfr , 5*1 v'licre in tlic AWG cohomology se t t i ng , we have proved that 

these in fact are the Gtiefel '.Hiitney c lasses ) . 

As e a r l i e r , "e define tlie Gfcicfol-'.Aaitney polynomial 

u(t) = Z '̂- • t'""̂  

and vie immediately have that 

ir*(B)[tl / \/(t) = n*(s) 

under t < *• u 

as H*(B)-alcebras. 

V/e nov/ reformulate theorem 7.1.2 to include the above generalisations 

and proceed to prove it. 

7.1.9 Tlioorcm : Let p : G >D be a G-sphere bundle and let E' be a 

space with a G-action ^'and a map p': (E* - Z') •• B (where Z' = 

Fix ( r'))j such tliat (p', r') is a G-sphere bundle, G =Z^ . 

Let f : S *• E' be a G-map/;hich is fibre-preserving (i.e., p'f =p) 

in S - f"\z'). Put Z = f"\z'), Z = Z/r C S = SA • Now, if 

q(t) € II*(B)[tl is a polynomial such that q(t) / 7 = 0 , 

then q(t) . w'(t) = w(t). q«(t) 

for some polynomial q*(t) ̂  H*(B)Ctl , v/here 

m . n 

w(t) = 2L «-(^) t"'"" 5 " ' ( t ) = Z l ^- (E' - ^'^ ^ 
i=0 "• 3=0 ^ 

m and n being the respective cohomological fibre dimensions, and 



- 74 -

q(t) / Z is obtained from the lI*(B)-homomorphism : 

H*(B)[t] *- H*(Z) 

u / ^ 
t I ' 

Proof : Let q(t) / "z = 0 . Then by the continuity of Cech cohoraology, 

there exists an open neighbourhood V C S of Z such that q(t) / V = 0, 

Now by the exactness of 

_ r _ 
. . . J-H+CS , V) ». H*(S) >-H*(V) > * • • 

we get a V € H * ( S , V) , such that j*(v) = q(t) / S. 

On the other hand, the map f : (S - Z ) *• (E' - Z«) 

induces the cohomology homomorphism 

f* : H*(E' - Z') *• H*(S - Z) 

on the orbit spaces, and v;e have 

"•(t) / (S - Z) = v/»(u), by definition 

= w'(f* u')» since as f is a map over B, 

f* is a H*(B)-homomorphism. 

= 7* ( w' (u«) ) 

= 0, as w«(u») = 0. 

Consider the exact sequence 

. . . *. H*(S, 'S - Z) î  »• n*(S) #• H*(S - Z ) 

there exists an z 6 H*(S, ̂ - Z) s.t. j*(z) = v/'(t) / S. 

Nov/, vuz € H*(S, VU(S - Z) ) S H*(S, S) = 0 

Hence, q(t) .w«(t)/ S = j*(v)wj*(z) = j*(vuz), by naturality 

= 0 
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But H*(S) = II* (D) [t] / w(t) 

Hence, q(t). w'(t) must be a multiple of w(t) 

i.e., there exists q'(t) G H*(B) [tl , such that q(t).w'(t) = w(t).q»(t), 

We may note that in the above p» is not defined on the whole of 

E* but only on E' - Z'. For an example of a Z_ - space E' where . 

p' is not defined on all of E', one may consider the Thorn space of 

a vector bundle. 

7.2 A Borsuk-Ulam Theorem in the Presence of Fixed Points 

V/e now v/ant to generalise 7»1«2 by allowing for non-zero fixed points 

of the action r, but assuming that f relates the fixed point 

sets by a cohomology isomorphism. Here we shall restrict ourselves 

to vector bundles and linear actions, and not concern ourselves with 

the cohomological version as set forth in 7»1.9. 

The set up is as follows :-

We have vector bundles E, F, E', F' over B and we let G = Z^ act on 

E © F and E' ® F' by r(x, y) = (-x, y), i.e., antipodal action on 

E, E' and trivial action on F, F'. We now consider a G-map 

f : S ( E © F ) E«<S)F» 

over B and aim to obtain the cohomology dimension of Z = f (0). 

(Note that S(E © F) denotes the unit sphere bundle of E © F over B.) 

We have that S(E © F) is homeomorphic to the fibre-wise join 



- 76 -

SE ^ SF ( \;hich \;e shall denote by SE ^ SF). 
B 

As f is a G map, f ( r(0, y)) = r (f(0, y)) 

=» f (0, y) = r(f(0, y)) 

so that f (0, y) € F'. 

Hence, f maps SF = { z e S E ^ S F / c z = 2 } into 

F« = { z € E ' © F ' / cz = z} . 

We assume in addition that f(SF) C F« - {o} and that f / SF : SF #> F» -{O} 

has odd degree in the fibres. In particular, F and F' must have the 

same fibre dimension, say k. 

As earlier, v;e denote by S(E©F), Z, E etc., the corresponding orbit 

spaces of the G-action. Further, v/e use the notations p(t) / "Z, 

w(E;t) etc., as earlier. We shall also use the follov/ing obbreviations: 

S = S(E@ F) - SF 

and S = S(E ® F) - SF 

7.2.1 Theorem : If q(t) 6 H*(B)[t] is such that q(t) / Z = 0, then 

q(t).v/(E';t) = w(E;t).q'(t) 

for some polynomial q'(t) € H*(B)[tJ. 

Proof : Note that r and r'operate freely on S = S(E © F) - SF and 

(E« -{O}) © F' = (E' © F') - F« respectively. 

1hu3 we get characteristic classes of the action u € H (S(E® F) - SF) 
1 

and u« € H ( (E« © F ' ) A - F'). 

As earlier we may substitute these classes for the indeterminate in 

the polynomials p(t) € I[*(B)Ct7 . (For example, we may have 

q(t) / Z and q(t) / ̂ . Note that f(SF)C F« - (Ojso that 

f~ (0) (=Z) Cfl SF. Hence Z C S making the former polynomial possible.) 
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If q(t) / Z = 0, then by the continuity of the Cech cohomology, 

there exists an open neighbourhood V C°'S of "Z such that 

q(t) / V = 0. 

By the exactnes of the sequence 

y _ 
. . . •HMS, V) r H*(S) .-H*(V) *-. . . 

v/e get an element v € H*('S, V) such that j*(v) = q(t) / 's. 

Further, the map f : S - f'^F') *• (E' ©F«) - F« 

^(E* - {O})0F' 

induces T* : II*(E' - {6} ) *- "*^^ ~ ̂  ^̂ '̂ ^ 

on the cohomology of the orbit spaces, (Note that as F' is contractible 

(E' ©F') - F' «i (E« - (O) ) ©F' is homotopic to E' - 0 

Nov; consider v;»(t) / S - f (F') = w»(u) 

= w«(7*(u«)) 

= 7*(w«(u«)) 

= 0. 

Then the exact sequence 

. . . > H*(S, "S - 7 "'' (F')) — ^ — * • H*(S) >.H*(S - 7 "''(F')) 
I 

gives an element z € H*('s, "S - 7 ~''(F«)) such that j*(z) = w«(t)/"S. 

We have already seen that S(E ® F) = SE ̂  SF 

and S(E(J) F) = SE ̂  SF 

where * denotes fibre-joins over B, 

Nov/, consider the tv/o vector bundles 
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P^ : S ( F ; 0 !•') - HF 

and p : p*F 

->• oB, \.'liGre p iG the nntural retraction of 

S(E © F) - SF ( 5̂  SE ̂  SF - SF) onto SE 

-*• G!] where p = p/SE : SE >• B is the fibre-projection, 

Since the fibrcG of the tv;o vector bundles are isomorphic, v̂ e get 

a vector bundle iconiorphism p*F = S — 

SiniJL-rly p*F 5 n ( = S(E © F) - SF ), where p : SE -> B 

Mote Lliat (S , S - SE) i s the Thom space of p*F and t h a t (S , S - SE) 

i s the Thorn space of p*F. 

Let G 6 H ' ' ( S , "S - SE), s € n ' ' (F , F - (O} ) and s ' ^ H^HF\ F« -{OH) be 

respectively tl\e Thon classes of p*F, F and F' respectively. 

Let ToF be an open tubular neighbourhood of SF in S v/hich is small 

enough r.o I hat f(T3F)r^E' = 0 • If B is Compact we will be able 

to coiiGirucfc iL \;iLh unirorn radius for the fibres of TSF. But 

if B is not coi.ipact, \;c nay have to resort to a variable radius 

r, f'v the rjbres T, of TSF. 
b b 

ConGidcr the rolloi/iug diagrai.i 

(S, S - f ~ \ E ' ) ) *-i- (G, TSF) i—*• (S, S - SE) 

I 

(E* © F» , E« © F» - E«) 

•proj. 

(F', F- -10}) 

and the corresponding coliomology diagram : 



ir*(n, '•; - f " ' ( £ • ) ) 

f-f 

-*!!*• (n , TSr) < ~ II*(fi, S - SK) 

•r* 

!I*(E' ® F\ E' © F ' - E ' ) 

p ro j • 

n*(F«, F' - i O ) ) 

Note thc't i-̂  i,-, an nriDPorp'iinri -̂ G TGF i s of the Game Iioniotopy type 

ac o - HE. A] GO prnj'^ Lr, -̂ n iGoniorpluGin for s i n i l a r I'caGons. 

Fur ther f (o r C) I'V.PG OF i n t o F ' - {O} , by anGumption, v/ith odd-degree 

in the f ibroG. o i n i l n r l y for ToF. Thoreforo T * taJ-cec Thorn c l a s s e s 

to Tliom claGseG. 

1 . 0 , ^ M G ' ) - I -^(G) € I!+(.S, TGF) 

Ito-; cniiGTrl".- " " ( G I ) 6 l lU^ , ~ - ~ ~ \ : ] ' ) ) , and Lbo product 

yu7, u ~ n n ' ) e ' r ( ~ , ^ ' U (~ - T " \ F ' ) ) U (G - T \ F ' ) ) ) 

= i r (G , -G) 

- 0 

'/c no'.; apiily j+ Lo br ing v u z i n t o H*(S), and i* to br ing 

j * ( v u z) ^ i* (~*(G ' ) ) i n t o H*(S, TSF). 

Thus \/e have 

0 = j * ( v ) ^ j * ( z ) u i * ( f * ( s ' ) ) 

( q ( t ) / G) u ( v ; ' ( t ) / G) a f * ( s ' ) 

= q ( t ) . w«(t) / S o i * ( s ) 

= i * ( q ( t ) . w ' ( t ) / G u G ) 
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l̂ ul i* \r nil i CO, lOT nil 1 rn , r.n t ' rH q ( t ) . v ' ( L ) / G U G = 0 . 

FiirLliGi' u n DS the 'I'liom inonorphicm, vliich g ives 

q ( t ) . u « ( t ) / S = 0 

'\G './e have noted e a r l i e r , "G = "SCE ®F) - SF has a natural re t rac t ion 

to Sw, u'hich iniplioG t l ia t 

n*(S(E @ F) - SF) = H*(SE) = H*(B) r t l / w ( t ) . 

Thorofore, q(t) . \/'(t) is a multiple of v/(t). 

i.e., there exists q'(t) € H*(B)Ctl, s.t. q(t).w«(t) = w(t).q«(t) 

7.3' Examples and Rcmarlcs 

To illuGti-aLc the formula of 7.1.2, we consider a linear map 

0 : E * E' of constant rank. Then v/e loiow that Kernel, Image 

and Cokcrne] of 0 arc vector bundles, \/hich we shall denote by K,I and K' 

(cfr. ^ , 3.8). 

Then E = K © TJ and E' = I ® K', v/here Tĵ  = I, 

Hence w(E;t) = \;(t) = v;(K;t). w(I;t) 

and 

w»(t) = u(E';t) = u(l;t) . w(K';t) 

Thus v.'e pet 

v/(K;t).u'(t) = \/(K;t).w(l;t).w(K';t) 

= \/(t).v/(K';t) 

Also, by definition, Z = SE O 0 "'' (0) = SK 

andw(K;t)/SK = 0 
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Conversely, note tliat q(t) / "SK = 0 <=> q(t) is a multiple 

of \;(K;t), say q(t) = w(K;t) . X(t). 

Then q(t) . v/«(t) = A(t) . w(K;t) . w'(t) 

= X(t) . w(K;t) . w(l;t) . w(K';t) 

= A(t) . v/(t) . v;(K';t) 

GO that q(t) . w'(t) = v/(t) . q'(t) holds with 

q«(t) = ;̂ .(t) . w(K';t). 

7.3.1 The set of polynomials q(t) £ H*(B)[tl such that q(t) / Z = 0 is 

clearly an ideal in n*(B)[f]. Fadell-Husseini called it the index of 

tlio G-npace Z /j^. Further, the set of polynomials q(t) v;hich 

satisfy q(t).w'(t) = v/(t).q'(t) for some q»(t) G H*(B)Ct:] is 

also an ideal in II*(B)[t], denoted by |]v;(t) : v/'(t)][ . 

Tfie tlieorens wo b.ave proved in this cliapter state that 

index (Z) C ["(t) : w'(t)]. 

IIov;, consider the ring 11*(B) C'tj 't ] of finite Laurent series, 

obtained from IC*(B)[t"l , by inverting t. If dim(B)< oc or E« 

is a bimdle of finite type, then(w» (t))"'' G H*(B) Ct, t"''] , 

Then v.'e have in n*(B)Ct, t" 3, 

[̂ /(t) : W(t)] = (W(t)'. w(t) H*(B)Ctl ) n H*(B)ttl 

V'liich is an intersection of tv/o }I*(B)-free modules. 

Clearly ['.•/( t) :\.-'(t)] is independant of the map f, Hence tie ideal 

J = [w(t) : w»(t)l contains Z(f) for all odd maps f : SE ^ E' 

If we replace E and E' by E 0 F and E' @ F respectively where F is 
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any vector bunrHe over B, Ihc relations v/(t) = \;(E 0 F; t) = 

\/(E;t).w(F;t) mid \;'(t) = '/(E' © F; t) = w(E'; t) .v'(F; 1) imply 

that J ic unchnnp;ed. Hence \ie have that J contains Z (0) for all 

odd mapG 0 : G(E @ F) >• E' © F, for all F. 

7.3.2 Note that in all cacea the theorem 7.T.2 is a richer result than 

the corollarien tliat follo';. 

Let UG first of all consider the case \/hen m ^ n, \/here m = dim E and 

n = dim E'. Clearly in this case the corollaries do not c^ve any 

information. Ho\;cvor, \ic can use the result of the theorem to study 

some standard obstruct ions to immersions. Consider the follov/ing 

set up : Lot li and 11 be manifolds of dimensions m and m„ respectively, 

m. ^ fflp. We would require that IL be paracompact. Let g : M *- I'L 

be a differentiablc rap, '/e I'ant to find a necessary condition for 

it to be an immersion. Lot 6r, : T!I > TI'I_ be the resultant map 

of tangent bundles. ]f g is on immersion, 

'n ^ 1,!i 1,m 2,g(m) 1 

is a monoraorphism. 

Define f : Til ^ g*(TIl_) , g*Tt'5_ is the bundle induced by g 

by f'(m,v) = (m, dg^^Cv)). — 

Then, f• is a mononorphism as dg is a monomorphism for every m. 

Nov/, consider SITI , 1 ho sphere bundle of Tl-1 and f = f«/ STM : 

STl'l̂  — 

As Z = 0 , l/Z = 0 

> g*ni2. Clearly 7 = f"'(0) = 0 , i.e., f: STl-1̂  —^ [r*Tl\^ - (0), 

and hence, v/'(t) = u(t) . q*(t) 
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q'(L) = w'(L) . u(t)"^ e H*(n^)[Li 

TiilG incariG that tlio CIOGG [ W (t) .w(t)"''] € H*(M^) [t, t"'']/ H*(M )[t] 

da an obstruction for G '• "-, ^ "p to be an immersion. 

(The GymbolG v/(t), \7'(t), q(t) etc., have obvious meanings analoGous 

to Lh.oGc dcveloppcd in this section). Apart from this, every 

q(t) for v/liich q(t) . \;'(t) . v/(t) ^ H*(tL)Ctlgives a measure 

of how much every effort to immerse H- in 11- v/ill fail. . 

In the cace v/hen m=n, if there is a G-map SE >• E* - (0), 

WG sliall have that vi(t) = v;«(t). 

Finally, if m > n also, the theorem provides more information than 

the corollary. For example, consider E = the complex Hopf bundle 

1 2 

over B = Cr ^a o , and E' = the trivial line bundle. Then m = 2 > 

n = 1. Clearly it is impossible to have a relation of the form 

t.w»(t) = u(t) . q'(t) for any q«(t) € H*(B)[tl. Hence the 

theorem nccecsitates that t/ Z ;̂  0, v/hich is something the corollaries 

do not tell us. Floi/evor, the theorem does not give any better 

ectimate for tlie dimension of Z than the corollary. 



R.o DO'rJUK-iJj.Aii T'lirHMi /V'lj f',LW !'M,jrj'::o MOHOLOGY THComriG 

Th"̂  putpti'-,'̂  of l!iT̂  chajil'̂ r i--, to Qxve an introductory survey 

on liou one could do/oToti hl'o NieoreriG of the laot chapter using 

p;enora] I'~,''M1 liomol OI~ ,- uid cohoi'ioTory theories like K-theory and 

cobordir.m I h'̂ n> ̂  . 'vu^ m l P T I ion for domr^ this is, as suggested by 

Do]d hDPiceK, 'adoniiic tho Ti-ipli cabil ity of the results proved in 

these more ^eneraliced sot np^,. 

It is clear -Trop tl'o v'or' of the last chapter, that to obtain 

analogues of p u'lnotn-cd Hoi "u'.-Ulin Ihcorenis in the context of 

gcncralisGd ooJioi'iolog) Lhcoricc, \ -̂  v̂ ould have to develop the notions 

of characteristic classes ond /generalise the Lerray-IIirsch theorem. 

One could oblian dct'nl-:; oT L'lir, ' ork m so '-•lal v or'.s, notably 

och ii t7oi /'j?-./- 'f') "̂ vci-, i^~- •"̂'̂•'11 fi ?c a "cry b-aef account here 

for comijlcteucis .-"nd for \ aku\g the reading smoother. After developping 

these prclinmajy notions, vc shall give brief descriptions of K-theory 

and cobordism theory and ucipg the notion of a Ring SiDectrum, v/e 

shall explicitate the nult]plicative cohomology structures inherited 

by them, '.'c then indicate the construction of characteristic classes 

m tJie contc;:t o-̂  tliesc theories, '/e conclude the section by proposing 

analogues of the results of the last chapter and indicating v/hat problems 

and what nei/ avenues this \/ork opens. 

8.1 Homology and Cohonology theories and characteristic classes. 

8.1.1 Definition : Let Cf ' 'jc the honotopy category of topological pairs. 

On / • \/e have the restriclion functor R : 



R(X, A) -- (A, ̂ ) nu'l R( r ) = f/A . 

An \mreduccd homolô ;-/ theory h^ on j ' is a sequence of functors 

h : y ' ^ J^- (the caterory of abolian groups) for each n ̂  ^ 

and natural tronsTorno t j ons d : h »• h ^ o R, n ̂  ^ , satisfying 

the following tv/o axioms : 

(i) Exactness : For every pair (X, A)^ y ', the sequence 

9 . (X,A) h [i] 

, . . —^ 'i ai(^^' ^) — ^ ^ " ^ , ( ^ ' ^ ) - ^ ^ ^ — ^ h ^ (^ ' ^ ) — 

\rd] 
:• h (X,A) ^ . . 

n 

i s cxncL, '/liero i : (A, 0) > (X,0) and .j : (X,0) • (X,A) 

are incluGions. 

( i i ) E x c i s i o n : For every p a i r (X,A) ^ • , , . „ r-A -4-1 ^ ^ and subse t U (_ A v;ith 
_ o 
U d A , the inclusion j : (X-U, A-U) >• (X, A) induces 

an isomorphisn 

h [j] : h (X-U, A-U) *- h (X, A) 

for all n e. 7,. 

Now consider the homotopy category of pointed topological spaces. 

On v/e have the suspension functor defined by 

S(X, x^) = (SX , *) and s([f]) = [Sfl = [igi'^^]-

A reduced homology theory k̂  on is a collection of funct ors 

and natural equivalences a" : h *• h . o S, 
^ n n n+1 ' 

n 6 Z , s a t i s f y i n g the exac tness ajciom : 

file:///mreduccd
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Fnr ovory pojnL'^fl p-'i f (XjA," ) wiLh inclursionn .i : (A, x ) *• (X, x ) 

and y. (X, x ) • (XWCA, *) \/!iere X WCA i s the mappinc cone 

of i : (A, X ) > (X, X ) ) , tlie sequence 

k l iJ k r j ] 
k (A, X ) -^—* 1: (X, X ) —*• k ( XUCA, • ) 

n ' o n o n 

i s e x a c t . 

V/e s h a l l o f ten inipooe on a reduced homology theory 

( i ) the v.'cdf];o axiom 

For every collection {(Xo( t ̂ cx ) ' ^ S A [ of pointed spaces, 

the inclusions î ^ : X^ v XQ induce an isomorphism 

{i«J : © k (X« ) *> k„( V X«),neZ. 

(ii) Weak Homotopy Equivalence Axiom ('-/HE axiom) 

If f : X y Y is a v/eak homotopy equivalence, then 

'* : k„(X, x^) .k^(Y, f(x^) ) 

is an isomorphism for all n 6 Z, x 6 X. 

V/hen v/e are dealing v/ith C\<-space5 (or with topological spaces 

with the reduced homology theory satisfying V/HE axiom) it may be 

shown that there is a one-one correspondence between reduced and 

unreduced homology theories (cfr, /32/, 7«35)« 

We also have the dual notion of cohomology theories. All that we 

have said about homology theories is true about cohomology theories. 

To avoid needless repetition, here v/e shall only define a reduced 
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cohomology theory. 

A reduced cohomolopy theory k* on is a collection of cofunctore 

and natural equivalences cr : k o S *• k , 

n 6 Z satisfying the exactness axiom : 

For every pointed pair (X, A, x ) v/ith inclusions i : (A, x ) ——*• (X, x ), 

j : (X, X ) ^ (XUCA, * ) , the sequence 

k̂ CA, x̂ ) ..Jlllî k̂Cx, y,^)Jlm-^\ XUCA, *) 

is exact. 

8.1.2 In the context of limits, \/e have the following result for a 

cohomolocy theory, v/hicli wc shall need later. 

Let (X, X ) be a C'./-conplex and let X° C x''c. . . C x"c • . • C X 

be subcomplexes with Sr'^ X = X, i : A y X , i : X • X 
•̂  n:j. 0 "̂n n — 

the inclusions n ̂  m. Then clearly {k^(X^), j * , N I is an 

inverse system for every q £ ̂ . 

For every q € Z, and for x = (x , x , . . . .) £ ]J k^(X ) 
n 

define 0 : JT l^'^(^) ^ T7 k^(x") component-v/ise 
n n 

.sS(x̂ ) = (-1)"-„ * ( - i r ' C - ( v i V 
Note that ker^ C ]T'^^(x") is the set of all x such that 

n 

'1 
1 •(x .) = x ,n>.0. Hence by definition, 
n n+1 Vi ' 

ker3 = lim k^(X^), the inverse limit of the syst em. 
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Define lim k^(x") = coker h • 

If no\/, k* satisfies the wedge axiom on the homotopy category 

of pointed C'.7-complexes), then there is an exact sequence — 

0 .̂  > lim^ k^-\x") • k^(X) ^"•^> lira k^(x") .• 0. 

Thus, in cohomology, /i •! : k^(X) • lim k (A ) is an 

isomorphism if and only if lim k (A ) = 0. 

8,1.5 We shall also include here, the statement of the Lerray-Hirsch Theorem. 

Let p : (E,E) »• B be a fibration pair with B 0-connected and 

fibres (F, F). Let h* be a cohomology theory with products. 
* 

Suppose e , e_, . . ., e £ h*(E,E) are elements such that i*e , i*e_, 
• • 

. . ., i*e 6 h*(F,F) form a free basis for h*(F,F) as a module over 

h*(pt.). Then h*(E,E)is a free h*(B) - module with generators 

{e^, e_, . . ., e f and the module action given by be = p*(b)<je, 

for b 6 h*(B). 

8,1.^ Nov; v;e are equipped v/ith all that we require for the discussion of 

characteristic classes. V/e start v/ith the following theorem : 

Theorem : Suppose h* is a cohomology theory v/ith products such that 

for each n there are elements x € h (£P ) satisfying 

(i) h*(CP'') = h*(pt) fx^lAx^"'"'') 

(ii) the inclusion i : CP »• CP gives 

i*(Vî  = \ ' '"^^-
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Then for each U(n)-bundle ^ over a CV/-complex X, there are uniquely 

defined elements c^{%), c^(S), . . ., c ("S) with c.(^) £ h^^(X) 

depending only on the isomorphism class of 5 cuid satisfying 

a) if ̂  •>• X is -a bundle and f: Y > X, a map, then 

c^(f*5) = f(c^(4) ), 0,<i4n 

b) if r >CP" is the Hopf U(l)-bundle over CP", then c (^) = x 
— — ' 1 r 

c) c C^) = 1 for all 5 
o 

d) If ̂  is a U(m)-bundle and TJ is a U(n)-bundle both over X, then 

cA%®l.) = 2^ c.CS) c.(n), 0,^i^n+m 
3 + k =1 ^ 

where c .(^ ) = 0 if j ̂  m, and c { \ ) = 0 if k>n. 

Here we shall just describe hov/ c.(£ ) are obtained, and omit the 

detailed proofs. 

Consider £P as the space of all complex lines in £ •, passing 

through 0. Then E(Y) = ((l,y) € CP" x c""̂'' / ye l) . 

Now consider the U(n)-bundle X *•' X, and let P( $• ) be tlic space 

of all lines through 0 in all the fibres of t, . Then we get a fibre 

bvmdle p': P(S ) •X with fibre £P ~ . Let ?V̂  bo a line bundle 

over !>(.%) where Ei \ ) = {(l,y)eP(^) x E( & )/ yGl]". Then there 

ie a monoraorphism Â , »- p'*(5 ) of the bundles vhcro p'*('&) is 

the induced bundle over Pi%). The following is a diagram of the 

situation : 



^0 

note that if j : £]' »•?(£) is tlie inclusion of a fibre, 

then j*( X ) = Y. Let ̂ 4.. be tlic orthogonal complement of A in 

p«*(2.). Thenp'*(^)=s \®Afe * /i^^ ̂  ̂ (n-l)-bundle. 

From the assumptions (i) and (ii) and 8.1.2, \/e obtain that 

h^CCP*) = h*(pt) [["asj] '̂hero x̂ ^ 6 h^(CI^) is the unique element 

such that i *(xa) = x , i : CP'̂  >• CP"' is the inclusion, 

n " n n — — 

Considorinr; BU(1) as CP"^ , lot i : P( ̂  ) ^ CP°° be the classifying 

map for the line bundle A, . Th.us ue have that f o i = i ^ and so 
fe "̂  n - 1 

j*f*(x„ ) = x^_^. Let y = r*(xo.) e h^-(P(E)). Then 1, y, y^, . . ., y""'' 
'1 

are elements in h*(P(^)) s.t. {j*1, j*y, . . ., o*y " } = 
/ n-1 , 
1 ^' '̂ n-l' * * •' \--] j form a basis for h*(CP"~ ) over h*(pt.). 

The Lerray-Hirsch theorem (8.1.3) nov; applied to the fibration 

CP""'' > P( £ ) *• X says that h* (P ( £ )) is a free 

h*(X)-module generated by {l, y, • . ., y ]. Hence we can express 

y as a linear combination 

y'' = (-1)""̂ '' c^(<).1 + (-1)\_i(0. y + . . . + c^(g). y""\ 

for appropriate coefficients c^(&), c-(i^), . . ., c ( £ ) ^ h*(X). 

Ue define c ( O = 1 . o 

That these coefficients are uniquely determined, depend only on the 

isomorphism class of 5 and satisfy all the conditions (a), (b), 

(c) and (d) can be proved, (cfr. /32/ l6.2) 
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For real bundles wo have the follov/ing similar result : 

Suppose h* is a cohomology theory v/ith products, such that for each 

1 n 
n > 1 , there are elements x g h (RP ) satisfying 

n — 

(i) h*(RP") = h*(pt.)Cx^] / (x̂ '*'"'') 

(ii) the inclusion i : RP *• RP '*' ^ives i*(x ^) = x 
— — ^ n+1 n. 

Then for each 0(n)-bundle £ *• X, over a CV/-complex X, there are 

uniquely defined elements v; ( S ) , w ( g ) , . . ., v/ ( t,) with w.(g) ^ h'̂ Oc), 

depending only on the isomorphism class of g and satisfying 

a) w^(f* ̂  ) = f*(v/̂ ( g )) for all f : Y > X; 

b) If ^ *-RP^ is the Hopf 0(1)-bundle over RP", then 

c) W Q ( ^ ) = 1 for all t 

d) w (g^i^) = <L^ w. ( S ).w .(7j_ ) where g is a 0(m)-bundle and 
i+j=k ^ "̂  

1) is a 0(n)-bundle, both over X and w.(S) = 0 if j>m 6uid 

w.C^ ) = 0 if i ;̂  n. 

We may have similar results for symplectic bundles. 

Brown's representation Theorem showed that msiny of the importeint 

fimctors in Algebraic Topology v/ere essentially horaotopy fimctors. 

Before we conclude this section, we shaill state this theorem which 

will prove to be essential in the later parts of the chapter. 
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8.1.5 Brov/n's ReprcGcntation Theorem. 

Let h be a contravariant functor from the 

homotopy category of pointed CV/-complexes to the category of pointed 

sets, satisfying the following axioms : 

(i) v/edge axiom : If {X«]Q(^^ be a family of objects of ^W and 

i 01 : Xgi *• V Xo, be the natural injection of all oc, then 

{i*rt| : h{ V X^) »- 77 (h(X^ )) is a bijection; 

(ii) Mayer~Vietoris axiom : If (X, A^, A-) be a CV/-triad of objects of 

/̂'/and X 6h(A^) and x^ € h(A2) are such that x / A^n A^ = 

X V A . O Ap then there exists x 6 h(X) such that x/A- = x 

and x/Ap = x_. (If i.: A. O A _ • A., j=1,2 are inclusions, 

then by x./A 0 A _ v/e mean i.*(x.) G h(\ O A-̂  etc.). 

Then there exists a pointed CV/-complex Y and a universal element 

u ^ h(Y) such that T : [-, Y] *• h ( - ) is a natural equivalence, 

v/here if X £ then T : fx, Y] > h(X) 

is defined by T^([f1) = f*(u). 

(u is called a tmiversal element if T : [S , Y1 • h(S ) 
I 

as defined above, is a bijection for every n ̂  0.) 

In the above situation, we call Y, a classifying space for the functor 

h. 

8.2 K-Theory and Cobordism Theory 

In this section \/e intend to present the elements of K-theory and 
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cobordism theory in the form of nainly definitions and results. 

V/e start v;ith K-thoory. 

8.2.1 K - Theory 

V/e say that tv/o vector bundles ^, t^ over the same base X (but not 

necessarily of the same dimension) are stably equivalent ( notation 

% ^ TĴ  ) if and only if there are trivisil bundles £*> a" over X 

v;ith %®<i^ ^ <il+ Q," . V/e denote by KO (X) the set of all stable 

equivalence classes of real vector bundles over X. The stable equi­

valence class of S v;ill be denoted by (E} . 
s 

By taking {^] + H ] = IS@''j| we may introduce an 'addition' 
S S ^ ' ' S 

on KO(X). The addition so defined is both associative and commutative. 

The class U] of all trivial bundles over X is the identity element, 
s 

Further, if 'iS is a vector bundle over a finite-dimensional CV/-complex 

N X, then there is a vector bvmdle tj over X such that gffî  "^ £ 

for some M. Hence for every (̂ le KO (X), there exists b^ e KO(X) 

such that l%\ + (n} = {̂ ©'>l} = (<̂1 , so that KO(X) is an 

abolian group when X € , the homotopy category of connected, 

pointed, finite CV/-complexes. KO(X) is csilled the reduced real K-group 

of X. 

The natural inclusions G k n ̂  "̂ k 1 k n 1 °^ Grassmanian manifolds 

induce inclusions BO(k) C B0(k+1) in the classifying spaces for 

vector bundles, for all k ^ 1. We let BO = U ^ BO(k) with the 

^̂?eak topoloty. Let V be the universal vector bimdle over BO(k), 
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\ 

If X is a finite CW-complcx, then X is compact and hence any map 

f : X »• BO factors through BO(k) for some k. 

If v/e define T : [- ; BO,*] Ko ( - ) 

by T( [f] ) = {f*( Y. )\ 

then T is a natural equivalence on 

In a similar fasion v;e can define K(X), the stable equivalence classes 

of complex vector bundles over X and KSp(X), the stable equivalence 

classes of quatemionic vector bundles over X, called the reduced 

K-group of X and the reduced symplectic K-group of X, respectively. 

We have also the natural equivalences ; 

[- ; BU,*] ».K( - ) 

[- ; BSp,*l i-KSpC - ) 

on defined similarly. 

8.2.2 Now, let V (X) denote the set of all isomorphism classes of real 

vector bundles over X, X € fvp( the homotopy category of finite 

CV/-complexes). Define an addition on V (X) by taking (?|+[''Ii = [<f©l|,} 

Since this addition is both commutative ajid associative, V„(X) becomes 

an Abelian semi-group. Let K(V (X)) be its group completion and 

denote it by KO(X). The elements of KO(X) may be denoted by 

\%\ - {ll v;liere % and r̂  are real vector bundles over X. Clearly KO 

is a contravariant functor on /('I. 
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Define a nap y : V (X) v KO(X) 

by Y ( 1"̂ }) = {t\^ 

Then by tlic univcrGa! p rope r ty of group complet ion, vie ge t a 

Iionoi.iorphiGi^ S : KO(X) ^KO(X). 

I'Yirther, "c def ine -« : KO(X) *• KO(X) 

by J<- ( it}^ ) = ISi _ [i,^] where n = dim t 

1/c Gce t h a t G o -K = \ri(\'\ 

Let (X, X )€ TOLIV* Concider the obvious maps 

-* X {"J 

nnd c : X >[:c \ 
o' 

and the induced naps i* :KO(X) >• K0( {x } ) 

c* :KO({xJ ) ^ KO(X) 

uliich give a splitting for the exact sequence 

0 > KO(X) — ^ >>KO(X) ^* * KO({xJ ) Ĵ  0 
c* 

Hence KO(X) = KO(X) © K0((xj ) 

Gincc tliG dements of V^(X) a re determined by dimS , hence V„({xJ ) = N. 
H I K O — 

SO that KO({xj ) = K(Vĵ (lxJ )) = K(N) = Z. 

Thus, KO(X) = KO(X) ® Z. 

Therefore, we have a natural equivalence 

[- ; Z X BO] -̂  K0( - ) 
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Siiinlar dJ.',cur,r.ir)nG cin ho cArriod out for V (X), tho cot of 

all equivalence clar.GOG of coroplcx vector bundles over X, and 

V (X), the Get o' al] equiya"tonco classes of quatornionic vector 

bundles over X, and define 

K(X) = K(V^(X)} ond KSp(X) = K(Vj^(X)). 

\/e cot n a t u r a l equ iva lences 

[- ; Z :•: BU] = K( - ) 

[- ; Z X BSp] - KSp ( - ) . 

In particular, ve may compute the groups KO(S^), K(S^) and KSp(S^) 

by using the above results, the Bott Periodicity theorem which states : 

Z X BU - aT3U 

Z X BO - a PSp 

z X BSp - Q^eo 

and some computations of the homotopy groups of BU, BO and BSp. 

The results may be tabulated as follows : 

q(mod 8) 

KO(S^) 

K (S^) 

KSpCs"̂ ) 

1 

^ 

Z_ 

Z 

2 

^2 

0 

0 

3 

Z-, 
- 2 
Z 

0 

k 

0 

0 

0 

5 

z 

z 

z 

6 

0 

0 

z^ 
- 2 

7 

0' 

z 

Z-, 
- 2 

8 

0 

0 

0 

8,2.3 Cobordism Theory 

Consider a collection of spaces X^ and strictly commutative diagrams 
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-* BO(n) 

"C ,Bi 

X n+1 f 
-> B0(n+1) 

n+1 

v/here f are fibrations. V/e shall denote such a system by X. n 

An X-structure on a smooth manifold M is a pair (h, v ) where 

^n+k 
h : fl > R i s an embedding v/ith -i : Vt- BO(k) the 

classification map of the normal bundle of the embedding h, 

and ">' : M *• X̂  is a lifting of 

\ 

•f. 
i.e., fĵ  o -̂  = V 

BO(k) 

Given an X-structure (h,^ ) on H, we can define a sequence (h , ̂  ) 
ra m 

of X-structures as follows (note m > k) : 

u ., h „n+k h : M R m 

m 

BO(k) 

BO(m) 

and 

m \ 

Sm-1° • • • ° ̂ k 

m 

"JMo X-structures (h, ̂  ) andOi*, ̂ 0 on M are equivalent (where 
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h : fl —*R and h' : M • R arc embeddings) if there exists 

k" ^ max (k, k') such that 

n+k" n+k" h, „ = T o h' where T : _R > R is some translation, 

and T*, „ ~ ^ V " ^y ^ homotopy equivalence which oovers 

^k" = ""k" • " ^BO(k"). 

By an n-dimensional X-raanifold v/e shall mean a manifold M of dimension 

n together with an equivalence class {(h,5 )] of X-structures on M. 

If (V/, d\-l) is an n-dimensional manifold with boundaxy and if (h, ? ) 

is an X-structure on \1 where 

h / 3V/ , . 
3,1 ^R"+^-^ 

• i 

W H . fi"^^ 

then (h/3\7, ^o i) gives an X-structure on dW called the X-structure 

induced by (h,v ). 

A map of X-manifolds is a smooth map f : M » M' between manifolds 

M and H' with X-structures (h, ^) and (h», ?') respectively such 

that h» o f = T o h for some translation T and v» o f -"^(homotopy 

over "5' = y o f ). 

The empty set 0 v/ill be regarded as an n-dimensional smooth manifold 

for all n ^ 0, having a unique vacuous X-structure. 

Two n- dimensional X-manifolds (M^, {(h^, V^)] ) and (M21 {(^2* ^2^^ ̂  
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are said to be X-cobox'dant, (',/ritten tl ^ ^ M-,) if there exists 

an X-manifold ((W, d'/), (h, v) ) with boundary, of dimension n+1, 

such that ( a\.', {(h/d',/, Vo i)} ) is X-diffeomorphic to 

Note that ^^J is an equivalence relation. \/e shall write ^ for the 
A n 

set of all X-cobordism classes of closed n-dimcnsional X-manifolds, n ̂ 0 , 

The operation ot taking disjoint unions u defines a binary operation 

on ti and it constitutes \L into an abelian group n ^ 0, with the 

class \p\ as the zero-element. 

The Unoriented cobordism group i]̂  

If we take X = {BO(0), B0(1), . . . , BO(k), . . . .^ 

and g, : Bi, : BO(k) » BO(k+l) 

f, : BOdO j>-BO(k), the identity map, 

then 14 is denoted by X)^ , and is called the unoriented cobordism group. 

The Oriented cobordism Group Q^ 

Take X = {nr.O(O), BG0(1), . . ., BSO(k), . . . .1 

C, = BSi : BSO(k) »-BSO(k+l), Si : SO(k) »- S0(k+1) 

and f, : BGO(k) — — > BO(k) , j, : SO(k) ^O(k). 
k 13,1, K 

"'k ThenD^' is denoted by Q.^ or simply H^ and is called the oriented 

cobordism group. 
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The Complex or Unilni-y CobordiGm Group D^ 

X = j X , X -, X_, . . . , > 

±3 given by X̂ ĵ  = BU(k) = X^^^^^ 

Cp, : Xp — »• Xp. is the identity map 

S2k+1 : X̂ ,,̂ ^ • X2ĵ 2̂ is Bjĵ  where ĵ ^ : U(k) —>U(k+l) 

f-,, = fo, -1 ! BU(k) »• B0(2k) are the clacsifying maps for the 

universal bundle Y y BU(k), considered as a real vector bundle. 

denoted by \1^ is called the complex or the Unitary cobordism group. 

In an analogous fashion, if we taJce Xp, = BSU(k) = X_, . v/e get the 

special Unitary cobordism group Ll^ , On the other hand if we take 

sm '̂ kv ~ -̂Ul 1 ~ •̂ Ul' ? ~ ^%U ̂  ~ BSp(k), we get the simplectic cobordi 

group Q^ ^. 

8.3 V/e turn our attention now to see how generalised homology and 

cohomology theories may be defined using the K-theory and cobordism theory. 

To do this, we need notions of spectra, and products of spectra. V/e 

proceed nov/ to develop these ideas. 

8.3.1 Spectra 

A spectrum E is a system {x , a | where each X £ the homotopy 

category of pointed C'./-conplexes) and a : SX *• X ^ is a 
" " n n n+1 

homotopy equiva]ence into a subcomplex of X ^. 
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l''or 0 'iniplc, r;i von a opicc X, '̂c have the cuGpencion cpectrum 

n(X) riven by ];(X) = (•, n <0 

.S"(X), n ^ 0 

I/hem Iho IdcntTty iTiapc S (X) ->• S (X) servo a s the map £ , n ^ 0 . 

The sphere rpcc t run S° = { s ° , S ( S ° ) , S ( S ° ) , . . . . ] i s a 

p a r t i c u l a r c:campl e of the suspension spectrum. 

An CI- Gpoctrum is a spectrum {x , i [ such that the adjoint 

(2.' : X 
n n 

-• n X ^ of the inclusion <L : SX 
n+1 n n 

-*• X . (where 
n+1 

H X ^ is tlie loop space of X ^) is a \/eak homotopy equivalence for 
n+1 n+1 

every n. 

8.3.2 Spectra oncl assocjated homology and cohomology theories 

\'e can no\/ define the reduced homology and cohomology theories 

asGocnaLed \;itli any spectrum E = ( E , t >. 

Define E (X) = TT ( E A X ) = ri"(S°), E A X ] = lim [G''"'̂ , (EAX),1 
k-

def 
and E"(X) = [E(X),Z.^E] = [ Z""(S°) A X. E ] ^I 

lim [S^'AX, E _ ^ ] 
k-*oo 

""n+k 

For f : (X, x ) ->• (Y, y ), Me take 

E^(f) = (1 /s f), 

and E^^(f) = E(f)* 

(Note that 21E is the spectrum defined by ZE = E ̂ ) . 
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WG d'-riiio a- : v (x) — > r .(GX) to bo tlic compocilG : 

ri''"'''(s°), E A s"^^ x l = E ,(sx), 
*- n+1 

g- is a naturni equivalence. 

We define cr" : £"•*"(SX) *-E"(X) to be the composite : 

if'-\5x) = [ECsx), Z"^''E] * 4 - [lECx), 2:''^''E] - ^ 

UECX), ZL^'E] = E"(X), 

where i* is induced by i : E(SX) > ZE(X), 

and cr is a natural equivalence. (^32/, 8.33) 

Let (X, A, X ) be a CV/-pair. Then the sequence 

[l.^S°), E A A ] ^^^^^t >[l"(S°). E A X ] (\"Ĵ  [ Z " ( S ° ) . E A ( X U C A ) ] 

is exact. I.e., the sequence 

E (A) i*->. E (X) »J > E (XWCA) is exact. 
n n n 

Also the cequencG 

[ECA), Z " E ] C ^^^^* [E(X). X " E ] •^^ i^[E(XUCA), Z " E ] ^ 

is exact. I.e., the sequence 

E"(A) ^——— E"(X) i ^— E"(Xk^CA) is exact. 

Thus, by the definitions 8.1.1, E^ is-a homology theory on 

E* is a cohomology theory on 
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The coefficient groups of the Homology theory Ê  are 

EJS°) = r i . " (S° ) , E A S ° ] = 7 T ^ ( E A S ° ) = 7T^(E) 

and the coefficient groups of the cohomology theory E* are 

E"(S°) = C2"''(S°).5°, E] =[Z"(S°),E]= 7T^(E). 

For any spectnun E, since E* soitisfies the wedge axiom, we have 

that for any filtration {x"} of a CW complex X, we have the following 

exact sequence : 

0 ^ lim^ E^-\x'^) ^ E'I(X) - i ^ lim E^(x") ^ 0 

Further, if E is an f).- spectrum, then for every pointed CW-complex 

(X, X ), we have a natural isomorphism Er(X) = [ X,x ; E ,*3 . 

8,3.3 Products on Spectra 

To obtain a product structure on homology and cohomology defined using 

spectra, we v/ould like to define products of spectra. 

The Smash product of two spectra E and F is denoted by E A F. 

The complexity of its construction precludes it^s inclusion here. 

However, we shall look at what is called the naive smash product, 

because the smash product, in most of the important cases that we 

consider, is equivalent to the naive smash product. 

For any B C rJ (or any ordered set, order isomorphic to N^), we have a 

monotonic function (3 : N »• N, defined by ^ (n) = the number of 

elements b CB with b < n. In particular we have d : N »• N 

associated with the inclusion N C N. Let N be now partitioned by 
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D and C, i.e., B U G = N and B P \ C = 0. We then have maps 

B and f :rT ^ N, associated with the inclusions B C N̂  and 

C C ]^. We define the naive smash product 

E A^^F by (E A^^F) ^(^j = E^(^jA F ̂ ^^^, n € N. 

V/e state bolov; the conditions under which E A_,^F = E A F. 

BC 

(i) If B and C are infinite. 

(ii) If B has d elements and SE = E ^, V r > d, 
r r+1' ^ 

(iii) If C has d elements and SF = F ,̂ V r > d, 

r r+1' *̂  

In particular, let F be any spectrum and let X be a CW-complex, 

Then F A E(X) = F A ^ E(X) = F A X where E(X) is the suspension 

spectrum of X. 
8.3.4 Ring Spectra and Homology smd Cohomology Products 

Nov/ that we have defined the smash product of spectra, we are 

equipped to define ring spectra. 

A ring spectrum E is a spectrum with a product /U. : E A E • E 

,0 
(a map of spectra) and an identity i : S 

following diagrams are homotopy commutative. 

(i) E / S E A E ^^^^ 

1 A ^ 

-» E such that the 

(ii) 

-» E A E 

E A E Jt. E 

E A S 
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Iloto that 1 i s the homotopy equivalence 

,0 
0 N' 

S /s E 2 S /v ^ .,E = E 

and r is the homotopy equivalence 

E A S ° = E A j ^ ^ ° = E 

is said to be commutative if 

is commutative up to homotopy. 

Given a ring spectruri (E,/*,i) We can introduce external produc,te in 

the homology E^(X) and the cohomology E*(X) as follows : 

(i) A : E (X) » E (Y) > E (X A Y) 
n m ra+n 

(ii) A : E"(X) a E^(Y) ^ E " ' ' ' " ( X A Y ) 

(iii) / : EP(X A Y) « E (Y) ^E^"^ (X) 
q 

(iv) \ : EP(X) a E (X A Y ) >• E (Y) 
q p-q 

The definitions of these products are quite natural. We shall 

indicate here the construction of 

A : E (X) 8 E (Y) >• E (X A Y) 
n m n+m 

Let z ̂  E (X) and y tE (Y) be represented by f: s" »• E A X 

and E i s"' > E A Y respectively. We take x ̂  y € E (X A Y) 
" n+m 

to be represented by the composite 
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S"-''" = S" ̂  S"' f ̂  G > ( E ^ X ) ^ ( E ^ Y ) "̂"̂ "̂  > E A E A X A Y ^^1 ̂  

E A X A Y. 

(For the definitions of the other products, cfr. /32/, 13»50). 

For CVZ-pairs (X,A), (Y,B) we have the relative groups E^(X,A) etc., 

and corresponding external products which result from the fact that 

(X/A) A(Y/B) = (X X Y)/ (X X B W A X Y). 

Thus v/e get products 

( i ) X : E (X,A) a E (Y,B) > E (X x Y, X x BUA x Y) 
n ' m ' n+m 

( i i ) X : E " ( X , A ) « E " ( Y , B ) ^ Ê '̂ '̂ ĈX x Y, X x BUA x Y) 

( i i i ) / : E^(X X Y, X X BUA x Y) 8 E (Y,B) ^ E^^(X,A) 

( i v ) \ : E^(X,A) 8 E (X X Y, X X BUA x Y) ^ E (Y,B) 

q q-p 

Nov/ that v/e have external products, we can use the diagonal map to 

define internal products \j and n . 

Regard A as the map A : (X, A O B) > (X x X, X x BUA x X) = 

(X,A) x (X,B) 

for pairs' (X,A, (X,B). 

v-» - product is defined as the composite 

E"(X,A) a E^(X,B) ^-^ Ê-""" ((X,A) X (X,B)) > E""""(X, A U B) 

and r>-product is defined as the composite 

E"(X,A) a E (X, ALJB) —'' ̂ ^i* > E"(X,A) a E((X,A) X (X,B)) ^ > E^ „(X,B) 

' m ' m m-n 
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8.3.5 Sufficient Condition for the Existence of Rinc Spectrum Structure 

on a Spectrum. 

In the following theorem we state a sufficient condition for 

the existence of a ring spectrum structure on a spectrum. This 

will enable us later, to equip certain spectra we are concerned with, 

with a ring spectrum structure. 

Theorem : Let E be a spectrum and i : S 
n 

-vE , and 
n 

ju. : E A E • E be systems of maps such that the following 
/ nm n m n+m 

d i a g r a m s a r e homotopy commuta t ive f o r e v e r y m, n , p : 

1 A i 
( i ) S'' A S" *• S A E 

111 
,n+1 

( i i ) S" E 

n+1 

i A 1 

n,m 

n 

• l , n 

-•' n+1 
1 A i 

- > E A E •*-
n ra 

Am,n 

£1 E A S ' " 

'• r 

7 ^ S A E 

n+m ' ' ra .n n 

1 A > U 

( i i i ) E A E A E ^-2!E-
n m p 

f A1 
• - ' nm 

E A E 
n+m p 

^ E ^ E 
n '^ m+p 

/*-r\*^m,p 

A n , m+p 

n+m+p 

v/here C : S A E 
nm m 

-•• E i s t h e i n c l u s i o n , 
n+m 

Suppose f u r t h e r t h a t l i m E^ (E ) = l i m E ^^ A( ) ^ ^ Y ( n ) ^ 

= l im ' ' E " - \ E ^ ( ^ ) A E ^ ( ^ ) A E ^ . ( ^ ) ) 

0 
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for any partition N = B VJ C or N = BUCUD. 

Then there is a map i : S *• E and for every partition 

N = B U C with B and C infinite, a map 

/*-p̂  : E A „^E > E 
BC ^'^BC^ 

Sll 
E A E 

such that the homotopy class I/̂ l = C/^p^^ is independant of B, C 

and such that the diagrams 

BC 

(i) S' -̂  Z"S° 

n 

E C 
n 

-Zi 

^̂ ^̂  ^fi(n)^^^(n)^ •̂  Z"(E A^^E) 

A 
l̂ n) r(n) 

E C 
n 

->- Z. (E A E) 

2 > 

-> 2. (E) 

commute upto homotopy, making (E, A , i) a ring spectrum. 

If moreover, 

'̂ 'fn.̂ m 

-̂  \m ^ ^4n 

4m,'fn 

E ̂n+'fm 

is homotopy commutative, then (E, /»• , i) is a commutative ring spectrum. 

8,3.6 V/e turn our attention now to the, construction of spectra for K-theory 

and cobordism theory, and equip them with a ring spectrum structure 

using 8,3»5« 
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The fol lowing two fl-Bpectra. a r e the K-theory and KO-theory 

s p e c t r a r e s p e c t i v e l y . 

\,i) K ' • • ( K K^ K^ K— Kr • • • 

II II II II II 
. . . Z X BU XiBU Z X BU QBU Z x BU . . . 

with 4'2. : K ,̂ ^^hu^ 

Ẑ  X BU ' f riBU, the homotopy equivalence 

of the Bott Periodicity Theorem (8.2,2) 

^ ^ ^'2i.r '̂ Si.l '^^2i 

QBU #• jQ(Z X BU) = HBU, the identity map. 

(ii) KO : . . . KO KO. KO- KO, KO. KO^ 
o 1 2 3 '•̂  5 

" » II II II U 
. . .Z X BO r^BSp n^BSp XiBSp Z x BSp D?BO 

KOg KO KOg . . . 

" II U 
D^BO n B O Z X BO . . . 

with (£'. : K. •"OK. ̂  given by the Bott Periodicity 

Theorem if i = 0 (mod 8) or ^(modS). ' 

and a.*. : K. > K. ̂ , the identity map otherwise. 

We then have homology and cohomology theories K^, KO^ and K*, KO* 

defined by these spectra. Since these are -spectra, we shall have : 

K^(X) ± [X; K ] and KO^(X) = (Jx; KO 7 
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K^(X) = [X,x ; K ,* J and KO^(X) =[x,x ; KO ,*] 
o q o q 

In particular KO°(X) = [X,x ; Z x BO, *] = KO(X) 

and K°(X) = [x,x^; Z x BU, *] = K(X). 

Since 2 K = K and 2. KO = KO, the coefficient groups K^(S°) 

have period 2 and the coefficient groups KO^(S ) have period 8. 

These appear in the table at the end of 8,2.2, 

These spectra are equipped with a ring-spectrum structure as 

follows : Let F be R or C. Given two F-vector bundles, ^ "• » X 

'̂  ' •> Y, of dimensions m and n respectively, we have the tensor 

product bundle £ 8 *[ *• X x Y of dimension mn with 

fibre ^ «., 1? over (x,y) € X x Y. 
x a ^ y 

If X is a finite CW-complex, the map 

V^(X) x V^(Y) -* Vp(X X Y) 

defined by ( {̂ f , {m ) > > 1^8 '̂ f induces a unique map 

X : K(X) a K(Y) 

associative and commutative. 

From X, v/e also get a product 

A : K(X) a K(Y) -

•^ K( X X Y ) , which is natural. 

•̂  K(X A Y) 

for pointed, f i n i t e CW-complexes X,Y, /\ i s na tu ra l , eissociative 

and commutative. 
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To extend x and A 1:O infinite complcxoc o.nd npcctra, wo note 

first of all, that as BU = ,^^ BU(lO and BU(k) = U , G, (C), 
k ̂  1 n > k k,n — ' 

we can see that BU = ^^ G _ (C). Let us denote G _, by G . 
n ^ 1 n , 2 n — n,2n"'n 

Let S be the universal bundle and a , the trivial bundle over 
n ' 

G . Let u = [5 [ - [a^l fK(G ). If i : G > G ^ is the 
n n " - n ' s ^ ' B ^ n n n n+1 

inclusion, v;e shall have that i* (u ^) = u . Hence ful is 
n n+1 n ^ IT 

an element of lim K(G ). This is in fact, the class u = ClpTrl ^ 

[BU; BU] = K (BU). The exactness of the sequence 

0 *• lim K~ (G A G ) »- K ( B U A B U ) >• lim K(G A G ) *• 0 

n n -"I— n n 

implies that there is an element U A U € K ( B U A B U ) such that 

u/v U/G A G = U AV U for all n >, 1. This element is unique 
n n n n ' 

1 •^-l 
as lim K (G A G ) = 0. Call this element L . Thus ,U: B U A BU -n n r^ / 

Now, if we define 

A o -, : K_ A K„ > K_ _ 

' 2n,2m 2n 2m 2n+2m 

to be /.: BU A BU > BU 

and i„ : S >• K_, 

2n 2n 
to be S^" = S^ A S^""^ : : *- BU A BU — J ^ — > BU 

^2 ̂  ̂ 2n-2 
(v;here ip : S ^ BU is the classifying map of \il}̂  ~V-i ^ 

K(S^), 01 ». S^ = CP^ is the Hopf line bundle and 1 > S^, 

the trivial line bundle), for n ^ 2, then the conditions of 8.3.5 nray 

be seen to be satisfied. V.'e thus get a commutative ring spectrum 

BU. 
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(K,/.., i) Buch thit the product K(X) & K(Y) • K(X x Y) 

is induced by the tensor product of bundles. 

In an sinalogouB fashion, the spectrura KO may also be equipped with 

a ring spectrum structure, (cfr./52/,'8. 91) 

8.3.7 Generalised honology and cohomology theories using cobordism theory 

are constructed using what are kno\m as Thorn Spectra. 

Let X 6 iv (the category of finite CVZ-complexes). Let ^ = 

p : E(t> ) >• X be a vector bimdle over X of dimension n. 

vrtiere D( iS ) and S( £) are respectively the disc bundle and the 

sphere bundle associated v;ith ̂  , and call it the Tliom space of "S . 

Let 7T : E(D(^)) >-iK ̂  ) be the quotient map. If f : ̂  

be a morphism of 0(n) bundles, then this induces a map of D ( ^ ) into 

D()] ) which takes S( g ) into S ( T | ) , Thus we get a map M(f) : U(t )—•MC^), 

We shall have ll(g o f) = H(g) 6 M(f) and M(1^) = ^..r-^y 

If % and X are bundles over X^ and Xp respectively, then it 

may be proved that H( ̂  x %^) - M( t, ) A IK ̂ p)» In particular 

ift is the trivial n-bundle over X, we shall have that 

M(X©(2.") ^ s"OK^)). 
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How, conc-ider .- G.ynLom X •= {x^., ^'y,Cy] as concidorcd in 8.2.3. 

Let Y be the universal k-diniciiGional vector bundle f *• BO(k) 

and let ^. (X) = f *( T ) be the induced bundle over X , ̂  k. 

So we get Thoin Gpo.ccs lU T (X)) and maps of Thorn spaces ll(f, ) : 

K("f (X)) ^ IK T, ). (We shall agree to denote li( T, (X)) and 

n(T, ) by I'!X, and 110, respectively). 
iZ K i\. 

Since C|,*( ̂ ,. ^(X)) = ~̂, (X) © (2. , g will induce a bundle map 

-1 

from Y (X) @ <i — ? • "̂  ,,(X). Hence \;o got a map of Thorn spaces 

Thus v/e get a spectrum t'X - ItiX, , <̂ , y called tlie Tliom spectrum 

defined by t!io -ystom X = v V ' "̂l ' C,} • Îi particular, if v;e consider 

in order the five systems we considered in 8.2.3, we get respectively— 

the Thorn spectra 110, IIGO, MU, IISU and MSp. 

As soon as one has a spcctriu,!, one gets homology and cohomology 

theories. Tims \ie get bordism theories MX^( - ) and the cobordism 

theories I1X*( - ). A tlioorem of Tliom states that 0 ^ = 7T^(MX), 

This result enables us to compute tlie coefficient groups of these 

homology and cohomology theories for the various Thorn spectra. 

To obtain ring spectrum structure on the above spectra, we proceed 

as follov/E : 

For G = 0, SO, U, GU and Sp, we have maps 
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M : vr,{)\) X nG(m) > na(n+m) 

such Lhat if % js Ihe universal G(n)-bundle over DG(n), 

then \/ '̂  ̂  - S X ̂  . The induced maps of Thorn complexes 

mil n+m n m ^ ^ 
Lhon have the Torn 

A = r ( " ) : f,n(n) A r.GdiO = i!( 5 X 1& ) 9-
ui'i ;iin n m 

IK ~g ) = I!G(n+m). 
n+ni 

Tnrth'^r, Llir̂  inc"'union i : * >• BG(n), induces 

T : S" = n( t " ) c H G ( n ) . 
n 

T.hcnc iiiapn saLisfy Iho requironcnts of tlieoi-cm 8.3.5. Thus these 

cpoclja 02-0 rjnn spectra, and products can be defined in the 

linrinj Dry 3n'J coh'M'iolof̂ y theories defined by tliese spectra. 

8.H 'In this section, \'e shall define a complex orientation, and see that 

a rinp; sp'^ctrum equipped with a complex orientation satisfies the 

conditions of theorem 8.1.'+. This will immediately give us chara­

cteristic classes in the setting of the generalised cohomology theories 

that we have considered in this chapter. 

I,Gt E be a ring spectrum. 4n element y € E*(GP"* ) is said to be 
111 "" 

1 oc 

a coi'iplc;: orientation ol IC if the inclusion i : _CP >• £P 

sends y.̂  to a rcncrator i*(yp) € E* (CP ) = E*(S ) over E*(S ) . 

ExamDies 
Tî G '<:- Spectrum K : Consider the K-spectrum IC. Let {y, 1 = 

k's 
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IT 1^ - ll\^€ K'(CP°^) v.'horo T ic the Ilopf line bundle over 

î P and 1 is \:bn trivial bundle. Then y is a complex orientation 

of K. 

The Thom Spectnmi !1U : V.'c have a homotopy equivalence BU(l) - MU.. 

Consider the map f : CP"' ? BU(1) - I!Û  "^^^> Z^ MU where M(i) 

is the map of spectra induced by the inclusion of tiU- as the 

second term of the spectrum !;U. The element {_f] - y,„, 6 t-UJ (£P°* ) 

is a complex orientation of I'U. 

8,'i-.1 Theorem : Let E be a rin/; sjiectrum witli a complex orientation 

Vj. 6 E^(CP°^ ). Then 

E*(CP") = EMpt.) [ y j / (y/^'') 

and E*(GP°̂ ) ^ E*(pt.) [ [ŷ l̂ ] . 

The proof consists in shov/ing that the Atiyah - Hiraebruch spectral 

sequence for tjic cohomology theory E* 

n*(cp'\ E*(5°)) ^ E*(cp") 

is trivial, (cfr. /32/, l6.29). It tmmediatelj follows that 

E*(CP") has an E*(G°)-basis (ŷ ., ŷ^ , ŷ-̂;, . . ., y^" } • 

This proves that E*(CP") = E*(pt.) [y„l / (y.,""̂ '̂ ). 
ILJ lit 

V/e then have that lim E*(CP ) = 0 and hence 

C*(CP^) ^ ^ E*(CP'') = E*(pt)[[y^l], 
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8.̂ 1.2 rgrapiGbri7,od Borsul:-Ul3m Tlicorcm for Generalised Cohomology 

TiieoricG 

Lot E be a rinc npectruni equipped \/ith a complex orientation 

(c.f>, K or !'U) \'hich dcfineG homology and cohomology theories 

K^ and ID* respectively. Let p : X > B and p' : X* »>• B 

be comiilex vector bundles of complex fibre dimensions m and 

n respectively over the same paracompacL space B. Let 

c.(X) £ vr-^0}) and c.(X') € E^^(B) be the F,*-theoretic chern 

classes. 

la 

Lot c (X,t) = 21 (-1)^0.(X) t"~^ and 
i = 0 ^ 

c (x',t) = 21 (-i^^c.CxOt""^ 
i ::: 0 ^ 

bclonf;i!ig to Ĵ ;*(B) [_l\ bo their respective chern polynomials. 

Lot T and T' be free, fibre-preserving, norm-preserving 

3 = U(l)-actions on the given vector bundles respectively. Lot 

r : SX >• X' be a fibre-preserving equivariant map, where SX — > • B 

is the (2m-1 )-sphcre bundle associated witli p : X > B, and let 

T itself denote tlie induced S action. Then we shall have the 

coiaplex projective bundle : p : SX/T > B. Let Z = (_x €SX / f(x)=:0} 

and lot Z = Z/T. 

Then the Lheorom 7.1.2 and its proof are valid in the context of 

these generalised cohomology theories and chern classes and vie 

may state : 



8. 'f .3 Theorem ; 

I f q ( t ) € r,*(D) [ t j xr> ,snch th-L q ( 0 / V = 0 for some open 

neiclibourhood V of ?',, Lhcn 

qd . ) . c (X ' ,L) = c (X ,U . q ' ( t ) 

Cor some polynoinir'l q ' ( i ) ^ E - d O t t J . 

(cfr. 7.1.6 COL- j tr. r ounicrpirl) 

I f V;G use Cecil coJioiioloc.7 K'̂  iPGtcad of E*, v/e c e t : 

S.'t.'f Theoroi'i : 

If q(t) G E*(D) tt] is such that q(t) / Z = 0, then 

q(t) . c(X',t) = c(X,t) . q'(t) 

for some polynonial q'(t) ^ E*(B)[tl. 

(Cfr. 7.1.2 for the counter part or the result). 

V 

For E*-theory, the more generalised version of Dold's result, 

7.1.9 is also valid. 

Atiyah has shovm in /T/ that the K-theoretic characteristic classes 

give sharper results about immersions and embeddings. Hence the above 

results v;hich contain K-thoorctic or cobordism chern polynomials are 

clearly stronger results about inmcrsions mentioned earlier in 7«2,'f. 
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8.5 Hov/ Avenues 

In thiG section we v/ould like to indicate a fcv; directions that new 

researcli in this field can talce. 

One may attempt to further generalise the domain, the range 

or tlie actions considered in BorsuJc-Ulam theorem. In 

particular one may attempt to obtain results akin to that of Bold 

(cfr. 7«1«2) in the context of cyclic subgroups G S of order k 2 

and study G-sphere bundles p: S B and their "Chern-Grothendieck" 

classes g. h (B; £ / k ) . Then projective spaces and bundles v/ould 

be replaced by different kinds of lens-spaces and bundles. 

We liave studied above, hov/ the results of Dold can be extended to 

Genoraliscd Cohomology Theories, but v/e have had to assume a 

Cech construction. The reason is that v/e have required "continuity" 

of the cohomology tlieory for the proof. One may conjecture that it is 

possible to obtain the results in the absence of the continuity 

hypothesis; i.e., that the results 8.k.k and its more general version 

( a result in the spirit of 7«1.9) are valid for E*-cohomology theory 

(cfr. B.ii). 

In tliis v/ork, v/e have at different stages, studied various indices 

(e.g., the index defined in 3-0. the coind^ defined in ^.0). One 

could compute some of these indices for specific spaces. V/e have 

mentioned in the introduction, the v/ork of Stoltz /35/ v/ho has 
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computed a certain coindex (cfr. 1.1.) for the real projective space. 

Certain computations can prove to be fruitful. 

We have had occasion to point out various applications to 

v/hich the results that have been obtained so far, can be put (cfr, 

for example, 5*2,5 ̂ uid 7.3.2), We could explore further appHxations 

for the results of the Borsuk-Ulam Theorem. We could also study in 

depth some of the applications v;e have mentioned, notably that of 

the result 7.1.2 for study of immersions of manifolds in manifolds. 

One may even v/ant to study in more detail the structure of the 

set A(f) or the set Z that v/e have studied in this work. 

Several avenues are open and questions and problems abound. It 

is our v/ish that the above v/ork and the problems we have posed will 

stimulate further research and investigation in this field. 
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