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We present calculations of the local frequency spectrum of {110 )-split-interstitial atoms in bcc
metals with the use of the Green’s-function method. The dumbbell vibrates with low-frequency res-
onant modes and high-frequency localized modes with little contribution from the host frequencies.
In agreement with experiment the spectrum leads to enhanced mean-square thermal displacements
of the dumbbell atom. The frequencies of the librational modes B,, and B,, provide a consistent
explanation of the observed changes in the shear moduli of irradiated Mo. The long-range migra-
tion of the interstitial atoms is discussed in view of the obtained resonance modes.

I. INTRODUCTION

The dynamical behavior of self-interstitial atoms
(SIA’s) is of considerable interest in understanding the
properties of irradiated metals. The properties of SIA’s
in fcc metals including their stable configuration and dy-
namics are fairly well understood.! ~* Especially interest-
ing is the occurrence of resonance modes® of SIA’s which
are instrumental in explaining the physical properties of
irradiated metals.! ”® They provide simple physical inter-
pretation to interstitial elementary jumping processes
with low activation energy and lead to high shear polari-
zability of SIA’s. The earlier expectation’ of the direct
observation of the resonance modes in diffuse inelastic
neutron scattering has now been realized with the mea-
surements on electron-irradiated Al.’°

In the case of bcc metals the symmetry and structure
of SIA’s have been studied by computer simulation and
the (110)-dumbbell configuration, at least in a-Fe,!°™ 12
Mo, !> 13 and W,'>!* has been found. Experimentally, the
(110)-dumbbell configuration has been confirmed by x-
ray diffuse scattering in Mo (Ref. 15) and a-Fe,'®!7 by
internal friction measurements in Mo,'®* W,!° and a-Fe,?°
by elastic aftereffect in a-Fe (Ref. 21) and W,?? and by
magnetic aftereffect in a-Fe.?2 But the studies on the
dynamical behavior of this defect have not been reported.
Similar to the (100) dumbbell in fcc metals the {110)
dumbbell in bcc metals is expected to vibrate with
characteristic low-frequency resonance modes»?* and
high-frequency localized modes. Recent Mossbauer
study on trapped interstitials in Mo gives clear hints for
the existence of low-frequency resonance modes of the
(110) dumbbell.®

In this paper we report the calculation of dynamics of
the (110 )-dumbbell interstitials in a bcc metal presenting
the local frequency spectrum of the defect in Mo which
shows the occurrence of both kinds of characteristic
modes. The case of Mo is of special interest, since there
seems to be some controversy about the interpretation of
resistivity recovery and long-range migration of
SIA’s.242672% While computer simulation”!? favors a
three-dimensional migration involving reorientation of
the dumbbell axis no such reorientation is observed in
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elastic aftereffect measurements.?® The long-range migra-
tion of SIA’s is supposed to be mediated by the libration
mode of a dumbbell having strong displacements in the
(170) plane®® while observed strong reduction in shear
modulus C’ of irradiated Mo indicates strongest softening
of the lattice in the [110] direction.?’” The dynamics of
the (110) dumbbell would be of immense help in clarify-
ing the situation and is expected to give much needed in-
sight in understanding the behavior of SIA’s in bcc met-
als.

II. LOCAL DENSITY OF STATES

In a defect-lattice dynamical study the basic quantity
of interest is the lattice Green’s function for the defect
crystal. One of the most important consequences of the
presence of defects in solids is the excitation of the
characteristic modes of the defect, i.e., localized and reso-
nance modes. The occurrence of a resonance mode is sig-
naled by an increase in the density of states near the reso-
nant frequency, which is generally observed as resonant-
type peaks in the frequency spectrum of the defect crys-
tal, whereas the localized modes are identified as addi-
tional peaks in the spectrum. The density of states can be
expressed in terms of the Green’s function of the lattice.
Very often the characteristic modes are dominated by the
vibrations of the defect and a few of its neighbors. In
such a situation the local representation of the density of
states is more suitable where the total frequency spec-
trum of the lattice is expressed as the sum of the local
spectra of all the atoms in the lattice. Especially interest-
ing is the Green’s function at the defect site whose imagi-
nary part represents the local density of states of the de-
fect. Thus the resonant vibrations of the defect are best
described by the defect Green’s function G,,(d,d;w)
which is the dynamic response of the defect d, i.e., its dis-
placement in the ath direction due to a unit force with
frequency o acting on the defect d in the direction «a.
The local density of states of the defect d for vibrations in
the a direction is given by’

2Cl)Md
Z, d,0)=

ImG,,(d,d;0) , (1)
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where M, is the mass of the defect atom. If we write the
imaginary part of the same site Green’s function in terms
of the eigenvectors and eigenfrequencies of the lattice it is
easily seen that Z ,(d,w) gives the number of frequencies
in the interval (0, ®, +d®) multiplied by the square of the
amplitude of atom d in the a direction. Thus the local
density of states is the quantitative measure of the num-
ber of modes contributing to the vibrational behavior of
the atom d. In a defect lattice Z,(d,») will, in general,
be different for each direction and therefore the local den-
sity of states of the defect is defined by the average

ZCOMd
Z(d,w)=
3

> ImG,,(d,d;w) . ()

The concept of local density of states is quite useful in the
context of the defect-lattice dynamics. In fact, the local
frequency spectrum of a defect completely describes the
vibrational behavior of the defect atom. It is particularly
useful for calculating those vibrational properties of the
defective crystal which do not depend on correlations of
different atoms, e.g., mean-square thermal displacement,
defect contribution to thermodynamic quantities like en-
tropy and lattice specific heat, etc.

We discuss the local frequency spectrum of the (110)
dumbbell using the standard Green’s-function method for
the interstitials.> The entire space is divided into two
subspaces: a central subspace C consisting of the
dumbbell atoms and a subspace R containing the rest of
the lattice atoms. The defect Green’s function
G,.(d,d;w) can be obtained from that for the interstitial
subspace

Geel@)=[Pec—Peg Grp(@)Pre —Mcco®] ™', (3)

where @ is the Einstein force-constant matrix for the
subspace C, ® is the force-constant matrix coupling
the subspace C to host space R. It is observed that Eq.
(3) has the form of the Einstein approximation for the in-
terstitial region where the correction —® gz Grg (©)P
to the Einstein term & describes the effect of the dy-
namic relaxations of the atoms in the rest lattice. For the
case of the interstitial the subspace R contains all the
atoms of the ideal lattice and Grg =(®gp —Mppw?) ™!
can easily be calculated in terms of the ideal lattice
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Green’s function and the force-constant change matrix
Vrg for the subspace R when the interstitial is kept fixed.
The function @RR is calculated in exactly the same way
one calculates the defect-lattice Green’s function for the
case of substitutional impurities

Grr=G°—G%G° , 4)
where the ¢ matrix is given by
T=Veg (1+GVgr) !,
with (5)
Vg =Prp —P°—(Mpg —M)o” .

In Eqgs. (4) and (5) quantities with superscript zero refer
to the ideal lattice. In the present case the defect mass
M, is just equal to the host atom mass M.

We use a defect model with second-nearest-neighbor
interactions. In a recent study the problem of self-
interstitials in cubic metals has been discussed in detail
where complete group-theoretic analysis of second-
neighbor defect models for the { 100) dumbbell in the fcc
lattice and the {110) dumbbell in the bcc lattice has been
presented.’® The (110)-dumbbell configuration in the
bece lattice is shown in Fig. 1. The defect is described by
an assumed vacancy at the origin and interstitial atoms at
(£x,%+x,0)a /2 where a is the lattice constant. In this
model the dumbbell is surrounded by 8 nearest neighbors
and 6 second-nearest-neighbors and as such the defect
space consists of 17 sites and one has to deal with 51X 51
matrices. In order to reduce the complexity of the calcu-
lation the orthorhombic symmetry (point group D,;,) of
the (110) dumbbell is used to obtain symmetry coordi-
nates for the interstitial and its neighbors. The required
symmetry coordinates are given in Table I. The defect
space is decomposed as

[\ =8A4,+5B,,+6B,,+5B;,+34,+8B,,+8B,,

+8B,, . (6)

The dumbbell motion occurs in all the modes except Bj,
and A4,. The defect Green’s function can be projected in
different subspaces of the defect space:

dI‘ or
Guold,d;w)=(da|G(o)lda)=3F 3 I (da|lTuj){TujlG(w)|Tuj ¥ {Tuj’lda) , (7)
I p=1jj=1

where o gives the number of times that the I'th irreduc-
ible representation with the dimension d occurs in the
total representation I'y,. With the help of the symmetry
coordinates U(T'wj)=|Twj) the coefficients (da|Tuj)
are readily evaluated, facilitating the calculation of the
defect Green’s function in terms of the Green’s functions
Glc of the interstitial subspace for different irreducible
representations. The C-space Green’s function G for
each irreducible representation I' reduces to a scalar. In

[

terms of Gl the elements of the defect Green’s function
are

G (d,d;0)=G,,(d,d;0)

A B B B
HGeé+Gcdf + G +Ged')

l

N 5 (8)
G, (d,d;0)=HG & +Gc) .

The local density of states of the defect is given by
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FIG. 1. (110)-dumbbell configuration in the bcc lattice.

Z(d,0)=13 Z (d,0)

a

= %Im( GEE+G ol +G o +Gok + Gz
+G2) . )

We consider a longitudinal force constant A and a trans-
verse force constant B for interaction between two atoms.
In the highly compressed region near the interstitial :he
force constants are very large, and even the transverse
force constants become comparable to nearest-neighbor
longitudinal force constant 49 in the ideal lattice. How-
ever, due to repulsion of the atoms the transverse force
constants are always negative. In fact, the typical low-
frequency resonance modes of SIA’s are results of only
these negative transverse force constants.® As far as the
vibrations of the (110) dumbbell are concerned, from
the elements of the defect Green’s function G(d,d ;w)
and the symmetry coordinates we see that the dumbbell
atoms move parallel to its axis in 4, and B3, modes and
perpendicular to it in all the other modes. In B, and
B,, modes dumbbell atoms move along [110] while in
B,, and B,, modes they move along the Z direction.
The motion of dumbbell atoms and its four nearest neigh-
bors in the (110) plane in different modes has been de-
picted in Fig. 2. As is evident from Fig. 2, the force con-

stants between the dumbbell atoms are involved only in
the case of even modes (Ag, B, and Bzg). While in the
case of the 4, mode the dominant longitudinal force con-
stant between dumbbell atoms is involved and the rela-
tively weak transverse force constant is not important, in

FIG. 2. Vibrational modes of the {(110) dumbbell in the bec
lattice: localized (A4,) and resonance modes.
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TABLE I. Symmetry coordinates in defect space of the { 110) dumbbell in the bee lattice. U (/a) is the amplitude of displacement
of the /th atom in the ath direction. See Fig. 1 for identifying different atoms.

Representation Symmetry coordinates

A, U4, )=1[U1x)+ U(1p)—U(Tx)— U(Tp)]
U(A4,,2)=(1/8"2)[U(2x)+ U(2y)— U(3x)—U(3p)— U(Zx)— U(Zy)+ U(3x )+ U(3y)]
U(A4,,3)=1[U(22)+ U(32)~ U (32)— U(32)]
U(A4,,4)=(1/8"2)[— Ul4x)+ U(4y)+ U(5x)— U (5p)+ U(dx)— U(3y)— U(3x )+ U(5p)]

U(A4,,5)=1[U(42)+ U(52)— U(4z)— U(52)]
U(A,,6)=1[U(6x)+U(Ty)—U(6x)—U(Ty)]
U4, )=1[U(6y)+U(7x)—U(6y)—U(7x)]
U(Ag,S) (1/2'2)[U(82)— U(82)]

B, U(B,,D=1[U(1x)=U(1y)=U(Ix)+ U(1y)]
U(B,,,2)=(1/8")[U(2x)—U(2p)—U(3x)+U(3y)—U(2x)+ U(2y)+ U(3x)— U(3y)]
U(B,,,3)=(1/8"2)[—U(4x)—U(4p)+ U (5x)+ U(5y)+ U(4x)+ U(dy)— (Sx) U(—y)]

U(Bg,4)=%[U(6x)—U(Ty)—U(6x)+ U(6x)+ U(Ty)]
U(B,,,5)=1[U(6y)—U(Tx)~U(6y)+U(7x)]

By, U(By, 1)=(1/2'2)[U(12)— U(12)]
U(By,2)=(1/8"1)[U(2x)+ U (2y)+ U(3x)+ U (3y)— U(2x)— U(2y)— U(3x)— U(3y)]
U(B,y,3)=1[U(22)—U(32)— U(22)+ U3z)]
U(B,,,4)=(1/8"2)[U(4x)+ U (4y)+ U(5x)+ U(5y)— U(4x)— U(4y)— U(5x ) — U(5p)]

U(B,,,5)=1[U(62)+U(72)—U(6z)— U(72)]
U(By,,6)=1[U(8x)+U(8y)—U(8x)—U(8y)]

B, U(B;,,1)=(1/8"2)[u(2x)—U(2y)+ U(3x)— U(3y)—U(2x)+ U(2y)— U(3x )+ U(3p)]
U(B3,,2)=(1/8"})[U(4x)— U(4y)+ U(5x)— U(5y)— U(4x )+ U(4y)— U(5x )+ U(5y)]
U(By,,3)=%[—U(42)+ U(52)+ U(4z)— U(52)]
U(Byy,4)=1[U(62)—U(72)—U(62)+ U(7z)]
U(B3,,5)=1[U(8x)— U(8y)— U(8x)+ U(8y)]

A, U(A,,1)=(1/8V3)[U(2x)—U(2y)— U(3x)+ U3y)+ U(2x)—U(2y)— U(3x)+ U(3y)]
U(A4,,2)=(1/8")[—U(4x)—U(4y)+ U(5x)+ U (5y)— U(dx)— U(dy )+ U(5x)+ U(5p)]
U(A4,,3)=1[U(62)—U(72)+ U(6z)—U(7z)]

By, U(B,,,1)=(1/2")[U(12)+ U(1z)]

U(B,,,2)=U(0z)
U(B,,,3)=(1/8"3)[U(2x)+ U(2y)—U(3x)—U(3y)+ U(2x )+ U(2y)— U(3x)— U(3y)]

[
U(B,,,4)=1[U(22)+ U(32)+ U(22)+ U(32)]
U(B,,,5)=(1/8"2)]—U(4z)+ U(4y)+ U(5x)— U(5y)— U(dx )+ U(4y)+ U(5x)— U(5p)]
U(B,,,6)=1[U(42)+ U (52)+ U(4z)+ U(52)]
U(B,,,7)=1[U(62)+ U(72)+ U(62)+ U(7z)]
U(B,,,8)=(1/2")[U(82)+ U(8z)]

B,, U(B,,,)=3[U(1x)=U(1y)+ U(1x)—U(1y)]
U(B,,,2)=(1/2"*)[U(0x)—U(0p)]
U(B,,,3)=(1/8")[U2x)—U(2p)+U(3x)— U(3p)+ U(2x)— U2y)+ U(3x)— U(3)]
U(B,,,4)=(1/8"2)[U(4x)— U (4y)+ U(5x)— U(5p)+ U(4x)— U(4y )+ U(5x)— U(5y)]

U(B,,,5)=1[—U(42)+ U(52)— U(4z)+ U(52)]
U(By,,6)=1[U(6x)—U(Ty)+U(6x)—U(Ty)]
U(B,,,7)=1[U(6y)—U(7x)+U(6y)—U(7x)]
U(B,,,8)=1[U(8x)—U(8y)+U(8x)—U(8y)]
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TABLE 1. (Continued).

Representation

Symmetry coordinates

B,, U(B,,,)=1[U(1x)+ U (1y)+ U(Ix)+ U(1y)]
U(B3,,2)=(1/2"2)[U(0x)+ U (0y)]
U(B,,,3)=(1/8"3)[U2x)+ U (2y)+ U(3x)+ U(3y)+ U(2x)+ U(2y)+ U(3x )+ U(3y)]
U(B,,,4)=1[U(22)—U(32)+ U(22)— U(32)]
U(Bs,,5)=(1/8"2)[ U (4x)+ U(4y)+ U (5x)+ U (5y)+ U(dx )+ U(4y)+ U (5x)+ U(5y)]
U(B,,,6)=1[U(6x)+U(7y)+ U (6x)+ U(Ty)]
U(B,,,7)=1[U(6y)+ U (7x)+ U(6y)+ U(7x)]
U(B,,,8)=1[U(8x)+U(8y)+ U(8x)+ U(8y)]

the other two modes the longitudinal force constants are
not involved and, therefore, the transverse force con-
stants are quite effective. Consequently, in the 4, mode
one expects a localized mode, while in other modes we
may get a localized mode or a resonant mode depending
on the motion of the neighboring atoms of the dumbbell.
If the neighbors move in phase or out of phase with the
dumbbell atoms we get a resonance or localized mode ac-
cordingly. For odd-symmetry translation modes B,,,
B,,, and B, also the nature of the characteristic mode is
decided by the phase shift between motions of the
dumbbell and its neighbors, i.e, these are in phase for the
resonance modes and are out of phase for the localized
modes.

III. APPLICATION TO Mo

We have calculated the local frequency spectrum of the
dumbbell atom in Mo. In order to calculate the local
spectrum we have to evaluate the force constants in the
vicinity of the defect in addition to computing the ideal
lattice Green’s functions. For calculating force constants
in the defect space we use the potential constructed by
Johnson and Wilson®' (JW) from elastic constants and
unrelaxed vacancy formation energy. The JW potentials
are simple and can easily be applied in defect calcula-
tions. They have been used in calculations of
irradiation-produced point defects in bce metals and give
the correct trend for the properties of point defects in
various bcc metals.!> More importantly, the JW poten-
tials clearly represent the difference in elastic property
between two groups of bcc metals, i.e., between so-called
normal metals a-Fe, Mo, and W and superconductors, V,
Nb, and Ta, a property quite vital for the configuration
and migration characteristics of SIA’s in these metals.
However, apart from the use of the constant unrelaxed
vacancy formation energy of 1.8 eV for all the bcc metals
considered, the JW potential has a shortcoming in that it
leads to a very high value of activation energy of intersti-
tial migration."!? This indicates that the electronic
effects might be quite important in bcc metals as many
other pair potentials also fail to give low activation ener-
gies found in experiments.! Incidentally, the improved
N-body potentials based on the embedded atom
method®? give lower values of migration energy, though

still much larger than experimental values, but they fail
to give the correct configuration of SIA’s in Mo and W.*
Under these circumstances, the JW potential is con-
sidered to be the only available set at present which
represents the crystal properties rather well and gives the
correct trend for the defect properties though some pair
potentials have been constructed by a similar method. In
fact, except at some high symmetry points in the first
Brillouin zone, the phonon dispersion in Mo is correctly
described by the JW potential.3! Nevertheless we feel
that the use of the JW potential, in general, will result in
upward shift of phonon frequencies because the most
dominant nearest-neighbor force constant calculated with
the JW potential, A%(JW)=6.4578X10* dyn/cm, is
much higher than that occurring in lattice dynamical
model A 9(phonons)=3.97X10* dyn/cm, fitted on the
basis of the experimentally observed phonon frequen-
cies** and which are to be used for the evaluation of the
perfect lattice Green’s functions. As far as the defect
spectrum is concerned, the possible resonant-mode fre-
quencies are likely to be overestimated because of the
close correlation between the resonant modes and the mi-
gration energies of SIA’s. In view of this discussion,
therefore, the JW potential will be used only to estimate
the relative magnitudes of different force constants in the
defect space and the actual force constants to be used in
the calculations will be obtained by scaling these force
constants according to the lattice-dynamical force model
derived on the basis of the experimental phonons.

The equilibrium position of the dumbbell is taken to be
(+ 0.5283,+0.5283,0)a /2 as found by Taji et al!? in
molecular-dynamics simulation using the same JW poten-
tial. Having fixed the dumbbell position, we have used
the Green’s-function method of lattice statics to find the
equilibrium positions of other atoms in the defect space.*
The strongest distortion is suffered by four nearest neigh-
bors of the dumbbell in the (110) plane, i.e., atoms 2, 3, 2,
and 3 (see Fig. 1). However, in view of the known fact
that the Green’s-function method based on harmonic ap-
proximation underestimates the distortion nearest to the
dumbbell, it was thought to be necessary to use alterna-
tive values for the displacements of these atoms. As there
is no published result on the displacement field of the
(110) dumbbell in Mo, the magnitude of distortion for
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these atoms was taken to be 0.29a /2, a value found for
a-Fe in another computer simulation,'® instead of
0.225a /2 found for a-Fe, Mo, and W in the lattice-statics
calculation.®® In view of the fact that in the units of a /2,
the separation between the dumbbell atoms is almost the
same for all the three normal metals a-Fe, Mo, and W,!?
and the distortion of the nearest neighbors as calculated
by the lattice statics is also the same (=0.225a /2) for all
the three metals the use of a-Fe displacements is unlikely
to have any important effect on the calculated force con-
stants and on the resulting frequency spectrum. With the
equilibrium position of the atoms in the defect space thus
taken into account, we consider five types of force con-
stants A;,B; (i=1,...,5) corresponding to different dis-
tainces characterized by the following pairs of atoms:
(1,1), (1,2), (1,4), (1,6), and (1,8) (see Fig. 1). The vacan-
cy is described by zero coupling to its neighbors. The fol-
lowing values of force constants are obtained:

A,=7.47144%, A4,=9.173149, 4,=0.558249,

A,=2.297249, A45=0.530949,
(10)
B,=—0.684549, B,=—0.883849,

B,=—0.045149% B,=—0.16344%, B;=0.048549 ,

where A9 is the nearest-neighbor longitudinal force con-
stant in the ideal lattice. The perfect lattice Green’s
function of Mo was calculated by a modified Gilat-
Raubenheimer method*® utilizing phonon data calculated
on the basis of a third-nearest neighbor axially symmetric
force model derived from Born-—van-Karman fits to the
measured phonons.** In the actual calculation of the lo-
cal frequency spectrum the nearest-neighbor force con-
stant 49 for the ideal lattice figuring in Eq. (10) was set
equal to that occurring in the lattice-dynamical model
used for the phonon calculations. This amounts to scal-
ing the force constants calculated on the basis of the JW
potential by a factor equal to A J(phonons)/A4%(JW)
(=0.64151). This type of procedure is essential for
ensuring consistency between used phonons in the calcu-
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lation of the Green’s functions and the used force-
constant changes in the defect space. Furthermore, this
type of scaling has the effect of reducing the defect-
induced phonon frequencies thus offsetting the overes-
timation of resonant-mode frequencies suspected with the
use of the JW potential. Since the potential function cor-
responding to the force-constant model used for generat-
ing the perfect lattice Green’s function is not known, an
alternate and more consistent procedure would have been
to use the same pair potential JW) to calculate the
Green’s functions. However, is using phonon-based force
constants for the Green’s functions, the idea is to ensure
that the perfect crystal is correctly described within the
harmonic approximation and possible uncertainties
remain confined to the force constants in the vicinity of
the defect alone. In any case, after the scaling of the
force constants according to the lattice-dynamical model,
clearly a consistency has been achieved between the force
constants used for Green’s functions and the force con-
stants in the vicinity of the defect.

The calculated local frequency spectrum of the
dumbbell atom and the host lattice spectrum are plotted
in Fig. 3. The characteristic feature of the defect spec-
trum is the occurrence of sharp resonance modes within
the allowed band of frequencies and localized vibrational
modes above the crystal maximum frequency w,,,. As a
matter of fact, the defect spectrum is described by reso-
nant and localized modes alone with little participation of
the normal modes of the host lattice. There are in all six
resonance modes, five at low frequencies and a resonance
mode of B, symmetry just below the band edge. The
frequencies of the resonance modes are (in THz)

v e=1.39, v =259, 4Pu=273,

R (11)

r

V2 18=7.995

V=283, v =329, 4

There are six localized modes one of which is just above
®na.x- The frequencies are

Vi =8.26, v;*=8.07, v *=10.965,

(12)
B
ViE=12.17, v]"=12.38, v/*=12.77.
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FIG. 3. Local frequency spectra of the { 110) dumbbell (
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) and an atom in the host lattice (— — —).
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The spectrum shows that the vibration amplitudes of the
dumbbell are much larger than the host atoms with dom-
inant contributions from x and y components. Especially
large amplitudes are observed for sharp resonance modes
B, and B,, having displacements along [110]. Compar-
itively smaller amplitudes are seen for broader resonance
modes B,, and B;, with dumbbell displacement along
[001]. For the breathing mode A, and the translation
mode B,, the interstitial atoms move along dumbbell
axis [110]. The amplitude distribution in different modes
can be understood from the following considerations.
For motion along [110] the dominant longitudinal force
constants are not involved at all and the effect of negative
transverse force constants B, and B, is maximum
whereas for motion along [001] the transverse force con-
stant B, is less effective and in addition the longitudinal
force constant A, between the dumbbell atom and its
neighbors in the (110) plane is also involved (see Fig. 2).
We observe that for the breathing mode 4, the longitudi-
nal force dumbbell atoms is effective and the relatively
weak transverse force is not important leading to a local-
ized mode, whereas in the case of resonance modes—
both for the translation modes with odd symmetry as
well as the libration modes with even symmetry —the
neighboring atoms move in phase with dumbbell atoms
so that connecting strong longitudinal forces are not
effective and consequently the mode frequency is lowered.

The resonance modes lead to large mean-squre thermal
displacements of the interstitial

Z,d,w)

(u)y=[ Mo Coth

fiw
2kT

do , (13)

which become proportional to T at high temperatures
(u2)=kTG,,(d,d;0=0), kT>hao, . (14)

The calculated mean-squre thermal displacement for a
dumbbell atom and for a host atom are given in Fig. 4.
For T>40 K, (u?) for the dumbbell atom increases

dumbbell

o 20

=3 2

>(|o

2

u

1.0 - host

50 100 150 200 250 300
T(K)

1 1 " n

FIG. 4. Mean-square thermal displacements for a (110)-
dumbbell atom and for an atom in the host lattice.

more rapidly than that for the host atom and varies
linearly with 7. This is consistent with a Mdssbauer
study of trapped interstitials at >’Co by Marangos et al.?
These authors concluded that the defect complex is the
(110) dumbbell with one of the neighbors being substitu-
tional >’Co and have found that there is a strong increase
of mean-square thermal displacement of Md&ssbauer im-
purity at about 0.1®,(=40.3 K) and, therefore, for a de-
tailed comparison with the experiment the appropriate
quantity is the thermal displacement squared of one of
the neighbors of the dumbbell. However, a comparison is
still possible, since in a resonance mode the motion of the
neighbors is in phase with that of the dumbbell atom and
thus the same resonance is involved in the vibrations of
the dumbbell as well as the neighboring >’Co atom. To
the extent that the thermal population of resonance
modes is responsible for the strong increase of {(u?2) at 40
K and its linear increase with T above this temperature,
the present result of mean-square thermal displacement is
essentially in agreement with the experiment as a strong
increase of {u?)of the substitutional >’Co atom as well as
that of the dumbbell atom at about the same temperature
of 40 K is indicative of the interstitial diffusion stage I,.
In fact, the temprature 40 K nearly coincides with the in-
terstitial diffusion state I, in Mo.*¢

Because of resonance modes the SIA’s show large dia-
elastic polarizability. The influence of resonance modes
on elastic constants is determined, to a large extent, by
selection rules based on symmetry. The most important
contribution to the change of elastic moduli is given by?

ACP=§<EPR|:(0)16PR> , (15)

c

where €’ are eigenstrains, R is the position vectors of
atoms, ¢(0) is the ¢ matrix in the static limit, ¥, is the
unit cell volume, and c is the concentration of defects.
Using symmetry coordinates and appropriate eigenstrains
we find that changes in different elastic moduli
A(C,+2Cy,), A(C}; —Cy,), and A(2C,,) are determined
by tAg, (¢78,¢7'%), and (¢t %,t *,t %), respectively.
Since the 4, mode gives only localized modes the bulk
effect is seen to be small and, therefore, in the presence of
sharp dumbbell resonances, it is clear that A(C,; —C},)
and A(2C,,) are determined by librational modes B,
and B,,, respectively. For resonance modes the ¢ matrix
is approximated by?

t(0)=V—V|—’-><—§|V=—V%§lV, (16)
w

wr r

where V=®—®° is the force-constant change matrix
pertaining to the entire defect space and |r) represents
the normalized resonance state. From Egs. (15) and (16)
it is evident that, in the event of resonant contribution to
the elastic constants, the change is always negative.
Especially, the reduction in the shear moduli is inversely
proportional to the square of the resonant frequency and
it becomes very large for low-frequency dumbbell reso-
nance. As a)f‘g <, * we conclude that —AC’> —ACy,.
This is in agreement with the experimental measurements
of Okuda and Mizubayashi.?’
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The long-range migration of SIA’s can be explained in
terms of the resonant modes. By sufficient thermal exci-
tation of the resonant modes the dumbbell atoms acquire
enough energy to overcome the saddle point forming a
new dumbbell with one of the neighboring atoms. An in-
spection of Fig. 2 shows that purely translational mode
B,, may give rise to one-dimensional migration whereas
the librational modes B, and B,, may cause rotations by
90° in the (001) plane and by 60° in the (111) plane, re-
spectively. The long-range migration is possible through
a combination of the translation and one of the rotations.
However, migration in the (001) plane, either through
pure translation or through a combination of the transla-
tion (B3,) and the rotation by 90° (B ,), is unlikely since
such jumps involve distances larger than the nearest-
neighbor distance in the lattice. Threfore the long-range
migration of SIA’s should occur through the combination
of the translation Bj, and the libration B,,. However,
there could be two possible mechanisms: (i) a three-
dimensional migration with a reorientation of the
dumbbell axis by 60°, a process found in computer simula-
tion"!2 and (ii) a two-dimensional migration without re-
orientation in which the dumbbell jumps to a neighboring
site while its axis remains in the (110) plane. Similar to
the elementary jump of the (100) dumbbell in fcc metals
one would suspect that the jumping process involving the
reorientation of the {110) dumbbell should be favorable.
However, in elastic aftereffect measurements a reorienta-
tion of the (110) dumbbell has not been observed up to
500 K.2® We conclude, therefore, that a two-dimensional
jump through the combined effect of the B;, translation
and the B, libration provides a consistent picture of the
long-range migration of SIA’s in Mo. Thus unlike the
{100) dumbbell in fcc metals, where the libration E, is
involved in both the long-range migration of SIA’s as
well as strongest softening of the lattice, in the present
case two different libration modes of the ( 110) dumbbell
are involved in these phenomena, i.e., while B,, is in-
volved in the long-range migration of SIA’s the B, mode
has the lowest frequency and causes the strongest soften-
ing of the lattice.

We note that one shortcoming in the calculation is the
use of the JW potential. Nevertheless, the calculated lo-
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cal frequency spectrum gives an excellent account of ex-
perimental results in Mo and we feel that the broad
features of the spectrum are unlikely to be changed with
an improved potential.

IV. CONCLUSION

We have discussed the dynamics of self-interstitial
atoms in bce metals with the use of the Green’s-function
method. Employing a second-nearest-neighbor defect
model, we have discussed the conditions for the oc-
currence of the resonant and localized modes of (110)-
split-interstitial atoms. We have shown that the local fre-
quency spectrum of the {110 )-split-interstitial atoms in
bee metals is described by resonant and localized modes
alone and an almost negligible contribution comes from
the eigenfrequencies of the perfect lattice. In agreement
with experiment the spectrum leads to much enhanced
thermal displacements of the defect. The calculated reso-
nance frequencies of librational modes B, and B,, pro-
vide consistent explanation of observed changes of shear
moduli in irradiated Mo. The long-range migration of
SIA’s in bce metals results from two-dimensional jumps
of (110) dumbbells in their (110) habit planes which is
made possible though the combined effect of the transla-
tional mode Bj, and the librational mode B,,. The result
for the vibrations of the {110) dumbbell in bcc metals is
very similar to that of the {100) dumbbell in fcc metals.
However, there is an important difference: while in fcc
metals the librational mode E, of the (100) dumbbell
figures in both the long-range migration of SIA’s as well
as the strongest softening of the lattice, in bcc metals two
different librational modes of the (110) dumbbell figure
in these processes, i.e., the long-range migration of SIA’s
is helped by the B,, mode but the strongest softening of
the lattice is caused by the librational mode B,,. Finally,
the present result for the {110)-dumbbell vibrations are
considered to be typical of bcc metals.
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