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PREFACE 

The classification of differentiab1e manifolds is a 

basic problem of differential topology, the most important 

being bordism classification. Two closed manifolds are said 

to be bordant if their disjoint union is boundary of some 

compact manifold. The set of all bordism classes of all 

closed manifolds having dimension n form an abelian group 

under the operation of disjoint union of manifolds. This 

group IS termed as n—dimensional bordism group and :ts 

theory is termed as bordism theory. It became an imoortant 

area of differential topology when Pontrjagin C273 in 1947 

developed the no'Cion of characteristic numbers of a 

manifold. His theorem that the characteristic numbers of a 

closed manifold are zero if the manifold is a boundary was 

the first to provide some invariants for bordism 

classification. Then came the monumental discovery of 

R.Thorn C343 in 1954 which revealed that the problem of 

bordism is eauivalent to homotopy problem. This ooened new 

avenues for solving many classification problems. Later 

Wall C3S3 in 1960 considered the bordism of oriented 

manifolds and proved that an oriented 'manifold bounds if and 

only if all its Stlefe1—Whitney numbers and Pontrjagin 

numb'-Ts are zero. In 1972 Lee and Wasserman C363 developed 

the notion of equivanant characteristic numbers for 

G—manifolds. Khare developed these invariants for 
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unonented singular G—manifolds in 1976 C12D, for oriented 

singular G-manifolds in 1982 C13D ana for (F,F') - free 

manifolds in 1984 C14D. 

Bordism theory too^ a different turn when in 1964 Conner 

and Floyd introduced bordism method to the study of group 

action C5!] . His technique was applied to equivanant 

bordism by Stong, Kosn lowsl-'i , Ossa, Wheeler, •̂•hâ e and many 

others in the later period. Analysing the action of u-^ — 

actions on a manifold, Conner and Floyd C51 proved that it 

Z " acts smoothly on a closed manifold M without any fixed 

points then M is a boundary. Stong C323 strengthened this 

result by proving that under the same condition M is a Z '-
2 

boundary. hhare developed this result further first for a 

finite abelian group C15] and then for any finite group 

Clfa]. The crucial role of 2-centr3l comoonent G (C) of the 
2 

centre of a finite group in its action on closed manifolds 

appeared clear for the first time in C16Ii. î hare proved 

that if G (C) acts on M without any fi;ced point then M is a 

G-boundary. After analysis of torjs action in C173, ^hare 

proved a general result for a compact Lie group action in 

C18D. This IS the most general result available in this 

direction and the results of Conner ^nd Floyd, Stong and 

}• hare's earlipr results are direct consequences of this 

general result. 

It IS well Inown that if M is a H manifold in which the 
2 

fi:;efJ points set has codimension 1, then M is a Z -boundary. 
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The mapping cylinder provides the required Z -manifola with 

boundary. In 1967 J.M.Boardman ZZl proved that if M is a 

Z - manifold with M a boundary then dim M > (5/2);< dim F, 

where dim F is the maximal dimension of the components of 

fixed points set F of 2 -action on M. This is known as 

Boardman's five-halves theorem. In 1978 K'osniou/ski and 

Stong L23I1 proved its equivariant version. They also proved 

that if M is a Z -manifold such that the fixed points set 
2 ^ 

has constant dimension and dim M > 2.dim F, then M is a 

Z -boundary. The basic technique used by them in this work 

IS the caculation of Stlefel—Whitney numbers of M in terms 
n-k. k 

of the fixed points data -C (F ,y )> by a specific formula. 

In C16D, Khare has considered the case when the fixed 

points set F of G (C), the two central component of the 
n 

centre of the group G, in M is nonempty. Let F = u F , 
o 

where F denote the ^—dimensional component of F. Let 

D (/' ) be the normal disc bundle of F in M'̂  with the induced 

action e, of G on D(>-, ). He has proved that if G/G (C) acts 
I I 2 

trivially on F and 3 some positive dimensional 

G-representation (W , <p), 0< L <n, such that CDC?^ ), e l -

:F''DCD(W|^) , -p^ in 3"t̂ (G: si^ P ) , where P is the family of all 

subgroups of G which do not contain G (C), JJ I S the family 

of all subgroups of G and D(W > is the unit disc of W , then 

the G-manifold (i is a G-boundary. As a particular case, 

one gets Conner and Floyd result (Theorem 31.3)in C5D that 

if (2 ) acts d1fferentlably on a closed n-manifold with n 
2 ^ 
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O, then there can not be precisely one fixed point. 

In 19<b0, M. F. Atiyah and R. Bott in C1D , showed that if 

for a prime p, 2! acts on a homology shpere with two 
p 

isolated fixed points then the representations of Z on the 
p 

tangent space at each fixed point are same. This shows that 

the manifold is 2 -bordant to one with no fixed point, that 
p 

IS, to a free Z -manifold. The bordism is obtained by 
p 

removing a disk about each of the fixed points and attaching 

a handle equivariantly. In 1976, Ewing C93 has proved the 

same result for any Z —manifold for which equivanant 
p 

signature vanishes. Very recently Kosniowski and J. Ewing 

C103 proved that the same result is true for any smooth 

Z -manifold provided that the dimension of the fixed points 

set IS not too small. 

They also proved a more general result in the case when 

number of isolated fixed points is n > 2. Their result is 
2 -Cn / 2> 

that if n <" 1 + —; . • V , :; ^ then li is Z -bordant to a 
(p-1)ilog n> - 2 p 

p 
free Z -manifold. Here {.:<} denotes the least integer 

p 

greater than or equal to x.' 

In 1981, Stong C30D proved that a manifold M " is 

bordant to a manifold N with involution T having fixed 

points set of diemension n <^ every Stiefel Whitney number of 
2 n — 1 

M involving a product lof two odd dimensional Stiefel 

Whitney classes is, zero. In 1986, Stong further C31IJ 

studied the problem: "Which compact Lie-groups G can act 

smoothly (and effectively) on a closed oriented manifold M 

of positive dimension so that the fixed points set 
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consists of precisely one point"^" 

In 1989, Demichelis Stefano L3J showed that a finite 

group G acting effectively, locally linearly and preserving 

orientation on a Z-homology 4 sphere has a fixed o o m t set a 

k-sphere , l< < 2. Wu C393 in 1990 extended the study of 

fixed points set made by Stonq in C30]. He considered J' as 

the group of unonented bordism classes of m-d imensional 

smooth manifolds which are represented by manifolds with 

smooth involutions having m-t dimensional fixed points set 

and obtained a necessary and sufficient condition for a 

bordism class to lie in J and J for k s 2 and t :̂  9. 
n n 

The groups J and J were studied by Stonq in C30!l . 
^ ^ 2n-l 2n-Z ^ ^ 

Waner C343 in 1990 proved that a unitarv Z s-manifold cannot 
p 

have a single fixed point. 

In C22II, Kosniowst 1 proved that if M is a S -manifold 

with two isolated fixed points then 3 an integer r such that 

r 1 

i; copies of M bounds as an S -manifold. In C21D 

Kosniowski has shown that if M is a unitary B -manifold of 

dimension not equal to 2 or 6 with the fixed points set a 

homology sphere then M is an S -boundary. He further proves 

that if M IS a unitary S -manifold of dimension not equal to 

6 with the fixed points set having integral homology of a 

product of tiiio odd dimensional spheres then fl is an 

S -boundary. 

Conner, Floyd, Stong, and Khare used the technique of 

family of subgroups to study the equivanant bordism 
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problems. It was for the first time that Kosnioujski C19] 

realised that considering family of G-slice type is much 

mors stronger (though complicated) tool than considering 

family of subgroups. He has shown that in equivariant 

bordism theory , for some families of G-slice types, it is 

possible for the whole theory to vanish. 

This dissertation is aimed at studying bordism, group 

action and fixed points set. In chapter I, we recall some 

definitions and we'discuss the proof of the theorem due to 

Thorn: 

Theorem 1.2.10. For k > n+1, the homotopy group 

n , (MO(k)) is canonically isomorphic to the unoriented 
n+ k . 

cobordism group Ui . 

In this chapter we have also discussed the oriented version 

of the above theorem. ; 

In chapter II, we .recall some preliminary definitions 

and the definition: of G-characteristic classes of 

G-manifolds. We study in this section the theorem of Lee 

and Wasserman C36]: 

Theorem 2.2.5. ;,Let CMD €• OT^ (G) . Then CMD =0 if and only 

if all h -characteristic numbers vanish. 

Here in this section we ::; also-;' recal 1' the definition of 

characteristic classes of unoriented and oriented singular 

G-manifolds defined by Khare -and" we study his theorem, of 

invariance of charateristic classes of unoriented and 

oriented singular G—manifolds under bordism: 
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Theorem 2.4.3. If all the characteristic numbers of the 

map f : M" » X for an element CM'^,f:G3 e 91:̂  (X; G) , 

corresDond inQ to the theory h , are zero, then CM ,f;GIl is 

zero in Ul (X;G) . 
n 

We also study the oriented version of the same in chapter 

II. 

In chapter III, we study the bordism method or studying 

the group action which was introduced by Conner and Floyd: 

Theorem 3.1.5. If Z acts smoothly on a closed manifold 

ti without fixed points then CM 3 = 0. 

Stong has strengthened the above theorem by showing in C323 

that: 

Proposition 3.2.6. If Z acts on a closed differentlable 
C 2 

manifold M" , then CM",e: = O in OT (Z*^). 

We study the above theorem and also the result that was 

proved by Khare in the case of a finite group. The crucial 

role of 2-central component G (C) of the centre of a finite 

group G in its action on closed manifolds appeared clear for 

the first time in C16I1. Khare proved that: 

Corollary 3.3.6. If 6 (C) acts on M*̂  under & without 
£ 2 

any stationary point then (M ,0) is a G-boundary. 

After analysis of torus aciton in Ci7], Khare proved a 

_general result for a compact Lie group action m C183. In 

chapter III, we discuss this r'esult: 

Definition 3.4.1. Let H be a i-amp3.ct Lie group. Then H 

IS said to be H-boundarv if there exists an H-manifold N 
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such that ^N = H and the restriction of action e on dN 

coinciaes with the given group operation of H. 

Let G be a compact Lie Group. By the central elementary 

H-group in 6, we mean the maximal subgroup H = H ;<..., ;c H, 

n-times, contained in the centre of G. 

Let 6 be a compact Lie group with H'̂  the central 

elementary H-group m G, H being H-boundary. Let h be a 

fixed point of H and p : H*̂  • H denote the projection 
r 

onto the r-th factor, 1 < r < n. Let H denote the subgroup 

of H"̂  with p (H ) = H, if 1 = r and p (H ) = h , if i ^ r. 
L 1 I. 1' ^ 

Let a family -CL > of subgroups of G be such that L n H is a 
r r 1' 

nontnvial subgroup of H , 1 < r < n. By an CL >-type 

action of G, we mean a differential action of G on a 

differential manifold M such that for every x in M, p (6 Pi 

H ) 15 either trivial or contains L far all r, 6 being the 

isotropy group of ;<. A point ;< in li is said to be a pseudo 

stationary point if p (G n H'^) I S nontnvial for all r, 1 S 
. ^j. X 

r < n. 

Corollary 3.4.5. Let M'̂  be a closed G-manifold with 

r 
L >-type of action for some family CL > of subgroups of G 

such that L n H is nontnvial. If M*̂  does not have any 
r r 

pseudo stationary point, then M is a 6—boundary. 

We also discuss the work of Wheeler C38D who has shown that: 

Theorem 3.3.9. If F_ (X,A) is 2-even (2-odd) for O < j 

< y then O (Z k) (5̂ ) (X.A) ® R ' is a free Q^ -» R -module on 
* 2 2 * 2 
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even (odd) dimensional generators. 

Here the fixed points pair F_y (X,A) of the pair (X,A) under 
2"* 

2 J 15 said to be 2-even (2-odd) if and only if H (X,A:R ) 

IS a free R -module on even (odd) dimensional oenerators. 
2 ^ 

In chapter IV, we study Boardman's five halves theorem 

C3D which states that: 

Theorem 4.1.17. Let T be smooth involution on a smooth 

closed n-dimensional manifold V, and let k be the fixed 

point dimension (that is maximum of the dimensions of 

different components of the fixed points set). If V is a 

boundary, then n < 5k/2. If further the class CVD is 

indecomposable in the cobordism ring 9̂  , then n £ 21' + 1. 

In this chapter, we also describe the result of fhare C163: 

Definition 4.2.1. Suppose (M ,©) is a closed G-manifold 

and F = ,U F , where F is the L-d imensional comoonent of 

F, IS the fixed points set of M under the subgroup G (C) of 

G consisting of all elements of order 2 in the centre C of 

6. Let Dd-' ) be the normal disk bundle of F in M with the 

induced action e of G on D(v ). Then F is said to have an 

equivanant trivial normal bundle in M , if G/G (O acts 

trivially on F and there exists some positive dimensional 

6-representations (W ,0 ) , O < I £ n, such that in 

Jl (G',si(,P), where Ĵ  I S the family of all subgroups of G and P 

IS the family of subgroups of 6 not containing G (C), 

CD(v>ĵ ) ,©1̂ 3 = CF"'::D(W ) ,<j!>ĵ:, DiVi^) being the unit disl- of 



(;< 

Theorem •3-.2.Z. If F has an equivariant trivial normal 

bundle in M , then F is a boundary and (M ,*̂ ) is a 

G-boundary. 

Further in this chapter, we study the wort' of K'osniows^ i and 

Stong's work on the calculation of characteristic numoer of 

a 2 -manifold in terms of its fixed points set. 
2 ^ 

Tneorem 4.3.1. Let ti be a closed n—dimensional manifold 

with a smooth involution T. Let F be the union of 

(n-k)-d imensional components of the fi;(ed points set of T 

and u be the normal bundle of F in li . If f (x , ... 

,x ) IS a symmetric polynomial over Z in n-vanables of 

degree at most n, then 

f < „ , . . . , . , m " . = E " - ^ - . ' • • '*-'^' - ^ • • • - - ^ - ^ ' , P - - , 
i n k 

' n <i ^ y,> 

where the expressions are evaluated by replacing the 

elementary symmetric functions a (x), <y (y) and a (z) by the 

Stief el-Whi tney classes w ( M " ) , W iu') and w (F'^ ) 

respectively and taking / the value of the resulting 

cohomology class on the fundamental homology class of M or 

n-k ' 

We described in this chapter the equivalent condition 

developed by Stong C303 for a manifold to be bordant to 

another manifold with involution having the fixed points set 

of dimension n. 

Theorem 4.4.8. A class ot <= HI is represented by a 
2r.-l 



(;ci ) 

2n—1 

manifold M with involution T having fi."ed points set of 

dimension n if and only if every Stiefe1-Whitney number of a. 

involving a product of two odd dimensional Stlefel-Whitney 

classes is zero. 

We also study the compact Lie—groups G that can act smoothly 

(and effectively) on & closed oriented manifold M of 

positive dimension so that the fixed point set consists 

of precisely one point. We study various results proved by 

Stong 11313 in this direction which can be summarised as 

follows: 

(a) For every non—abelian group, there e:cists a closed 

connected oriented manifold of positive dimension on which 

the group can act with exactly one fixed point 

(b) If 6 IS abelian of positive dimension with G the 
o 

component of identity then 

(i) for I6/G I even, there .exists a closed connected 

onentable manifold of positive dimension on which G can act 

with precisely one fixed point 

(ii) for IG/G I odd, divisible by at least two primes, 

there exists a closed oriented manifold of positive 

dimension on which G can act with precisely one fixed point, 

but no such action on a 

connected manifold can be effective 

(ill) for IG/G j a power of an odd prime, G cannot act 

on a closed oriented manifold of positive dimension with 

precisely one fixed point 
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(C) If G IS finite abelian then G cannot act on a closed 

oriented manifold of positive dimension with precisely one 

fixed point if either G = (Z ) or G is an abelian p-qroup 

with p odd. For all other finite abelian groups G, there 

exists a closed connected oriented manifold of positive 

dimension on which G can act with exactly one fixed point. 

Finally we give some recent results proved by Demichelis 

Stefano and Wu regarding fixed points set. 

In chapter V, we study the equivariant bordism theory 

using G-slice types. In this chapter we discuss the 

development made fay Deb and Khare considering any finite 

group, of the work of Kosnoiwski who has shown by 

considering finite abelian groups that using G-slice types 

m equivariant bordism theory it is possible for the theory 

to vanish. 

Let G be an abelian group, M a G-manifold and G the 

isotr^jiy subgroup at x. For every x « M there is a 

6 -module V whcih is equivariantly diffeomorphic to a 

6 -neighbourhood of x. The G -module V can be decomposed 

as V = V e V , where G acts trivially on V and no nonzero 
X X X X X 

vector of V is fixed by all of G > i.e. V does not have 
X X X 

anv trivial G -submodule. The oair CG ,V 3 is called the 
X " X X 

slice type of x e M. By a G-slice type we mean a pair CH; 

U3, where H is a subgroup of G and L) is an H-module having 

no trivial H—submodule. • 

A fam.lly J-" of G-slice types is a collection of G-slice 
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types such that CH: Ul •G ^ implies that CG , V j « J-", V ;c € 
X X 

G ;< U . A G-man 1 fold M is said to be <7="-free i f V ;; e M, the 
H 

slice type C6 , V ] at :< belonos to 3^, In usual way one has 
X X 

the notion of ^-bordant. This gives an equivalence relation 

on the set of all CJ^-Free G-manifolds of dim n. The set of 

equivalence classes can be given group structure in the 

usual manner giving rise to the group N Cî 3 . 

In [1193, Kosniowst'i constructed a family J' of G—slice 
o " 

types such that N L-3^1 = O. This gives in particular Khare's 

result namely if G acts on M without fixed points then li is 
2 

i k 

6—boundary. Considering G to be a finite group or <S ) " or 

a compact abelian Lie group, Khare and Deb have constructed 

a family j^iG) of G—slice types for which they have shown 

that: 
i 
I 
3 

Theorem 5.5.5. 9T^c9^(G>3 = O. 
n 
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CHAPTER I 

Preliminaries 

In this chapter uie discuss the hamatapy interpretation 

of unonented bordism, oriented bordism. We also 

introduce unonented and oriented singular bordism. 

Throughout this chapter, unless mentioned otherwise, the 

manifolds are closed, smooth and compact. 

§ 1. Some definitions and elementary results. 

In this section we introduce some elementary and 

essential notions and give some necessary results that may 

be used later on. 

(A) Unonented bordism. 

For any integer n i 0 let N be the set of all closed 
n 

u n o n e n t e d n—d i m e n s i o n a l m a n i f o l d s . A m a n i f o l d M -s N i s 
i i 

said to bord if M is the boundary of some (n+i)-dimensional 

compact unonented manifold W' . A manifold M" -S N is 
1 ri 

said to be bordant to a manifold M ^ N , denoted bv M 

M , if -cheir disjoint union M U M'̂  bords. It is easy to 
2 1 2 

see that ^ is an equivalence relation m N . The quotient 
n 

set N /^ , denoted by 9t , is an abelian group with respect 

to the operation 'disjoint union', i.e. CM'^D + CM"D = CM" U 

M 3. 91 IS called the n-dimens lonal unonented bordism 
2 n 

group. More preciselv 3T is a vector space over 2 . There 

IS a bilinear svmmetnc map of 3t ~> OX into lit induced by 
1. J <-+ ) 



the operation 'cartesian product of manifolds' and ST t= 
* 

ex 
® 9t becomes a graded commutative alqebra over Z . Thorn 

C343 has shown that 9t is a free commutative polynomial 

algebra over 2 with one generator in each dimension n 

except those of the form 2 ~ 1 ; for n even, projective space 

KP is a generator. For n odd and n ?̂  2'"-l , Dold has shown 

that the generator can be chosen as the bordism class of the 

Dold manifolds P(2 - 1 , 2 .s) where r and s are given by n + 

I = 2'^<2s -h 1} and P(m,n> is obtained from S*" x CP"^ by 

identifying (x, CzD) with (-x, C "z 1). Dimension of P(m,n) 

IS m + 2n. 

(B) Universal vector bundle. 

Consider BQ(n) = G (K ) = the set of all n - dimensional 

linear subspaces of \R^ and EO(n) = -C (X, x) | X <= 6 ((R*̂ ) , x 

e X >. Define p : EO(n) • BO(n) given by p ( X,x ) = X. 

Then V : EO(n) • BO(n) is the n-d imensional 
n 

Universal vector bundle dimension n in the sense that if ^ 

IS a vector bundle of dimension n over a paracompact base 

B(^) then there exists a map f, unique upto homotopy from 

B(?) to BO(n) such that ^ S f*(V ). BO(n) is called the 
n 

classifying space for the n-dimensional vector bundles and f 

IS called the classifying map for ^. 

Now for each n we have a map 

1 : BO(n) <̂ - • B0(n+1) 

n 

such that 1 maps a point (x .x . .... ,x ) of an 
n "̂  "̂  , 1 2 n 

n-dimensional plane X in BO(n) into the point (x ,...,x ,0) 
i n 

of an (n+1)-dimensional plane X' in B0(n+1), and with this 



•CBO(n)> is a directed system. 

Consider BO = dir lim BO(n) , ED = dir lim EO(n) 
n *<x n »oc 

a n d y = d i r l i f t i y . 
n 

n ><x 

Then V : EO * BO is a universal vector bundle which 

classifies vector bundles of all dimensions over paracompact 

base, i.e., if ^ is any vector bundle over a paracompact 

base B (̂  ) then there exists a map f : B (̂  ) * BO, unique 

upto homotopy, such that ^ = f (V). 

Definition 1.1.1. Let ? : E (̂  ) * B (̂  ) be a real 

vector bundle and ^ has a Riemannian metric. Then we define 

the associated d isc bundle, denoted by D(^ ), as the 

subbundle of E(^) consisting of :< <£ D (f ) with j| ;< j| < 1 and 

the associated sphere bundle, denoted S ( ^ ) , as the subbundle 

of E(^) consisting of x € S(^) with (| ;< || = 1 -

Definition 1.1.2 . Let k '• E (̂  > • B (? ) be a real 

vector bundle with a Riemannian metric. Then the Thorn space 

T(^) of the vector bundle ^ is defined to be the space 

D(? y/S(V ) . 

Remark 1.1.3. If the base space B(^> of a real vector 

bundle * : E (̂  ) • B(^) is a compact space then T (? ) 

can be identified with one-point compact ification of E(^). 

The correspondense x i * :< / v 1- ||. x Ip maps D (C ) \ SC^) 

diffeomorphically onto E ( ^ ) , inducing the required 

homeomorph ism from T (? ) » E (? ) U e , where e is the 

o o 
point at infinity. 

Notation 1.1.4. The Thorn space T <>' ) of the universal 



vector bundle > : EO(k) ^ BO (k ) is denoted by M O ( M . 

Definition 1.1.5. Let M and N be smooth manifolds of 

dimension m and n respectively and let f ; M > N be a 

smooth map. Then f has a point y <= N as a regular value 

throughout some subset X £ M if for every ;c e f (y) f\ X the 

induced map 

D f : T M * T N 

of tangent spaces is surjective. 

Lemma 1.1.6. Let W S K be an open subset and f : W * 

K be a smooth map. Let f have the origin as a regular 

value throughout a closed subset X £ W. Let K be a compact 

subset of W. Then there exists a smooth map g : W > K 

which IS homotopic to f and coincides with f outside a 

compact set and which has the origin a regular value 

throughout X U K, (cf. C253). 

Theorem 1.1.7. Every continous map f : s'^* * MO(k) 

IS homotopic to a map Q which is smooth throughout 

g (EO(k)) and is transverse to the zero—section of BO(k). 

Proof. We first approximate f by a map f which is smooth 

throughout f (EO(k),), Now, we choose an open covering of 

the compact set f~ (BO(k)) by open subsets W , ,W of 

f"*(EO(k)) such that o 

f (w ) £ (.r, )"'(u ) s u X. iR^ 
O V k V t 

where U is an open subset of B such that r I is trivial. 
L 

We choose compact sets K £ W such that f"^(BO(k)) £ 

int (K' K ). We now modify f on each subset W one 
1 r O t 

after another inductively. 



We assume that f has been chosen to satisfy the 

fallowing conditions : 

(L) f is a smooth map on f"* (E0(^)) = f"^(EO(k)) and 

coincides with f outside a compact subset of W 
i-i 1.-1 

(VL) f IS transverse to BO(k) on K U ... UK and 
t-i 1 1.-1 

(t.1.1.) the projection T̂ , tf _ (:<) ) € BO (k) is equal to 

y,(f (:<)), V ;< <£ f"*(EO(k)). 

We define f I : W • (•/, )~*(U ). By (tct), 
1. 

f maps W into (V )'*(U ) ^ U x K*". The first 
W-l 1. k L I 

co-ordinate V, (f (x)) of f (x) for x e W is given by (tn.). 
k V. u V 

-1 k 
Let p : ("/, ) (U ) >• (R be the projection to the 

L k 1. 

second factor. 

Since f j . is transverse to BO(k> throughout 
y. 

K U . . . UK so p o f I : W > U x K*" » K'' 
1 1.-1 V V-l ' W L V 

1, 

has O € R as regular value throughout (K U ... UK ) Q W . 

By lemma (1.1.6) we can approximate the map p " f by a 

smooth map from W to K such that it agrees with 

p of outside a compact subset of W and has origin as 

regular value throughout (K U .... UK > pj W of W . 

Let the approximating map be p " f . Then f is 

transverse to BO(k) throughout K U .... UK . Thus f 
1 V. V 

satisfies conditions (v), (LV) and (LVL). 

Proceeding by induction we define maps f , f , . . , f . 

Let g = f . Clearly g is transverse to BO (>= ) throughout 
r 

K U . UK . 
1 r 

Let for e € EO(k), O < [e] < 1 denote the Euclidean 

norm. Thus |ej = 0 iff e € B. We set |e | = 1 . 



Since K U UK is a neighborhood of f *(BO(k)) in 

the compact space S ", 3 c > 0 such that 

I f (X ) I > c, V :< « K U U^c•. . 

Let f. be chosen such that If (K) - f (:<) I < c/r, 
L ' t L - l I 

X l_ . Then clearly [g(;<) — f (x)| 

Now far ;< « K U UK , |g(x)| = jf (x) + g(x) - f.(x)| 

> j f . {K ) I - I 9 (X ) - f ( X ) ( > c - c = CJ . 

Therefore q (BO<k)) c: K U .... UK . Hence Q is transeverse 
1 r 

to BO(k) , V X € S^*^. B 

§ 2. Homotopy interpretation of unoriented bordism group. 

In this section we establish isomorphism between 

unoriented cobordism group and sufficiently higher homotopy 

group of MO. 

(A) Higher homotopy groups. 

Let (X, X ) be a pointed topological space. We consider 
o 

the space I with base point O, and the subspace I c I. Then 

suspension of I, S(I) is the space 

(I X I) / I X {:o> u I X ci> u {:o> X I 

and we define n-th suspension S (I) to be S (S(I)) 

inductively.' 

F O P any n > O, the homotopy group TI (X, x ) of the 

topological space (X, x ) is a covarient functor defined 

to be the set' of homotopy classes of maps of the pair 

(S'^(I), S'^'^^d)) to (X, X ). But we have S'\ I) % S'^CS") % 

S"̂ , V n. Hence, H (X, x ) = C (S'^(I), S"̂ '* (I) ) , (X, x ) ] 

s; L (S"^, S'^'*-) . (X, X ) D . 



(B) Thom map. 

We first defne Thom map 

T : n ,{MO(k)) »• DX 

Let Cf: € n , (MO(k)). Then by theorem (1.1.7) 3 a 

smooth map g which is homotopic to f and is transverse to 

BD(^) throughout S *'. So g (BO(k)) is a smooth, compact 

n-dimensional manifold. 

We define T(Cfn) = Cg"^ (BO (k ) ) ] . 

Theorem 1.2.1. Let M be a closed differentiable 

manifold embedded in K . There is a neighborhood of M in 

K which is diffeomorphic to the top space of the normal 

bundle of M in K under a diffeomorphism which takes each 

X € M to the zero normal vector at x. 

Proof. Let i> : E > M be the normal bundle of M in 

(R " and for £ > 0, let £(.£) £ E be the open subset of E 

consisting of the points (;<, v) <s E with |v| < s where ;< € M 

and V a normal vector to M at ;<. 

We define e : Els) • (R by e(x, v) = :< + v. 

We identify M with zero cross-section of E. The 

tangent space to E(^r) at any point (:<, O) on the zero 

cross-section has a natural splitting T M ® (T M) where 
X X 

(T M) is the orthogonal complement of T M in T (£(£>). 
X X <y.,0> 

Clearly the derivative D e is the identity map on T M 

X. 
and (T M) . Therefore, D e has rank n+k at all points 

X <x,0) 

on the zero croos-section. Applying Inverse Function 

Theorem at any point (;<, 0> on the zero cross-section, we 

get an open neighborhood U of (.•<, O) in El£) which is 



mapped diffeomorphically onto an open subset of R 

containing ;<. 

Let U = U U . Consider e : U >• K . 
X X 

We claim that e is one-one on U. Note that e is already 

locally one-one. 

Suppose e is not one-one. Then for each integer i ,> O, 

considering s = l/i, there exist two distinct points 

(X , V ) P' (X' , V' ) 
, t L «. <-

<in the neighborhood E(l/i) such that e(x, v ) = e(x', v ' ) . 

,Since li IS compact, there exists convergent subsequences 

;{«J .n. {,<;J such that lim (x , v ) = (x, O) 
\. <-
J J 

and lim (x' , v' ) = (x' , 0) . 

Therefore, we get 

X = e(x,0) = lim e(x ,v ) = lim e(x' ,v' ) = e(x',0) = x' . 
t I L V 

J J J J 

But for large j, (x , v ) and (x' , v' ) e U with 
J J J J 

e(x , V ) = e(x' , v' ) contradicting the fact that e is 
J J J J 

local 1>̂  one—one. So e is one—one. 

Hence e is a dxffeomorphism which maps U onto an open 

neighborhood of M in R ". • 

Definition 1.2.2. Let li'̂  be a di f f erent i able manifold 

embedded in R*̂ * . Let ^ = (p, E, li) be a vector bundle over 

M and M be identified with the zero cross-section of E. A 

tubular neighborhood of M is a neighborhood of M in R 

which is diffeomorphic to a neighborhood of M in E. 

Lemma 1.2.3. Let V,N be manifolds, A S N be a compact 

8 



submanXfold and f 

transverse to A, 

V N a map such that f i< 

.-1 
Let M = f (A) and U a tubular 

neighborhood of M and E a tubular neighborhood of A. Let 

D £ U be a disk subbundle such that f(D) £ E. Then there is 

a homotopy from f to a map h : V * N such that hj is 

* E over the restriction of a vector bundle map $ : U 

f : ri » A, (cf. Theorem (4.6.7) of Cli:). 

Definition 1.2.4. Let ^ = (E, B, p) be a vecT;or bundle. 

Let Q be a manifold and g : Q * T(^ ) be a map. We say 

g IS in standard form if there is a submanifold M £ Q and a 

tubular neighborhood U S Q of M such that U 9 (E) and 

M = 9 (B) and the diagram: 

g|U 
U » E 

M 
9|M 

-• B 

IS a vector bundle map 

Lemma 1.2-5, Let f : Q -* T (? ) be a map. Then f is 

homotopic to a map in standard form. 

Proof. The argument similar to that in theorem (1.1.7) 

gives that f is homotopic to a map f which is smooth 

throughout f" iE) and transverse to B. Let M = f (B). Let 

U c f~ (E) be a tubular neighborhood of M in Q and D £ U a 
o 

disk subbundle. By lemma (1.2.3) we May assume that f is 

; homotopic to a map f such that f agrees in D with a vector 

bundle map 4 : U E. We define g U — T (? ) 

r $ on U Qiven by q = < „ .. • Then Q and f agrees on D and ^ • ' ^ l e o n Q N U i 
^ o 



g is in the standard form. Since g and f agree on <?D and 

both map Q\intD into the contractible space T(^)\B, we have 

g 2- f . Hence f is homotopic to a map in standard form. • 

Lemma 1.2.6 . r is a well defined homomorphism. 

Proof. Let g, g* be two homotopic maps from S to 

MO(k), both being differetiab1e on the inverse image of 

EO(k) and both being transverse to BO(k). 

Let H : S x I • MO(k) be a homotopy from g to 

g'. We assume that H(x, t) = H(x, O) for t < 1/3 

and H(K, t) = H(x, 1) for t > 2/3. 

Then the argument similar to that in theorem (1.1.7) 

gives a map G : s"* x I • MO(k) which coincides with 

H outside a compact * subset of S^* x I and which is 

transverse to BO<k) and G is equal to H on 

S^*^ X CO, 1/3: U S"*'' X C2/3, ID and is homotopic to H. 

Then 6 (BO(k)) is a smooth (n+1)-dimensional manifold 

of S'̂'''̂  X I whose boundary is g~^(Ba(k)) U g'~^(BO(k)). 

Thus T is well defined map. 

Let CaD, C/?D e 0 , (MO(k)>. By lemma (1.2.5) 3 a map 

f : S • MO(k) which maps lower hemisphere S"̂ * of e. 

and is homotopid: to o. and 3 a map g : S • MG(k) which 

maps upper hemisphere of S to e. and is homotopic to f'i. 

We define a map h : S • MO(k) given by 

r f on S^*^' \ E~ 
h = < ^n+k " + 

I g on S \ E 

Then h is transverse to BO(k) throughout S " and 

h"NBa(k)) = f'*(BD(k)) Ug~*(BO(k)). 

10 



T h e r e f o r e T (.Lai + Lpl) = z iLc\ + pj) 

^ ch"^(Ba(^)): 

= :f"^(BO(k)) Li Q"^(BO(k ) ) 3 

= Lf"\bD(l-))l + C Q " N B Q ( I < ) ) : 

= r ( L a i ) + r ( L 0 1 ) . 

Hense r is a well defined homomorphism. • 

Lemma 1.2.7 . The Thorn homomorphism r is surjective if 

^ > n. 

Proof Let LtlTl •£ Jt . We can assume that M*̂  •= S"̂""̂' by 
n 

Whitney embedding theorem for sufficiently large U. Let 

U = S"̂ *" be a tubular neighborhood of M . 

Now there is a vector bundle map h : U • E0(^ ). We 

e;ctend h to a map g : S'̂*''" • MD (k ) 

iuch that g 
( h on U , 
1 e on S""^ \ U. 
^ o 

Then g is transverse to BO (k) and g" (BO(t<)> = M . 

Let Cg] denote the homotopy class of g in 

n (MO(l<>,e ). By definition, the cobordism class of M is 
n + k O 

the image of Cgl. 

Therefore, r(Cgl) = ti'. • ** 

We now mention an important result without proof which will 

be used in the next theorem. For proof see of C4I1. 

Theorem 1.2.8 . Given a vector space bundle ^ over a CW 

compleic of dimension < m, any bundle map of ^ , restricted 

to a subcomplex, into y' can be e:;tended throughout ? ~. 

m 

Theorem 1.2.9. The Thorn homomorphism j; is injective if 
I' ,> n+1. 

Proof. Let f : s""*^ • MO (1< ) be a map which is 

11 



dif f erent lab le on f (EO(l<)) and transverse regular to 

BO(k) such that riZfl) = 0 ^ Ul . Let f"*'(BO(^)> = fi'\ Then 
n 

CM3 = 0. So M IS the boundary of a compact 

(n+1 )-d imensionalmanif old Q . We shall shoui that f is 

homotopic to the constant map. By lemma (1.2.5), we may 

assume that f is in the standard form. 

Let h : M ;; CO, ID • Q be a di f f eomorphism 

onto its image which carries M :; 0 onto SQ , We define a 

map h : 0 • C , ;< I , where C is the closed cube 

CO, ID , as follows. Let ;< <= Q'* , if ;< = h(y,t) where y € 

M"^ ?y 0 < t S 1\2 then let h (:<) = (y,t), if :( « image h, 

then let h (:<) = p, where p is a fi.xed point in int(C , ;>' 

I) , if ;< = h(y,t) where y •£ M"" and 1\2 i t St, let h (;<) 

(l-/"Ht))h(y, 1\2) + /•5'(t)p,where /'?(t) is a C'̂ -f unct ion with 

r/(t) > O, /9(t) =0 in a neighborhood of t = 1\2 and fiit) = 1 

, in a neighborhood of t=l. Then h is a differentiab1e map 

of m t Q into int (C , ; < ! ) . h is a one-one immersion in 
ri-i- k. 1 

a neibourhood of ^Q^* . Since dim (C :< I ) ,> 2(n + l), as t 
n + k 

,> n + l,.^! , mav be approximated bv an one-one immersion h : 

Q » C . ;< I which equals h in a neighborhood of 
1-1 •• k 1 

<?G) . Then the one—one immersion h is an embedding of 
2 

Q into C , :< I as Q is compact. Let 'o be a 
n + k 

homeomorphism of C , x I into D * . Let O now be 
n+ k 

considered as the subset U'̂ h (Q ) in* D 
2 

We have the man f of S' into MO(t ) which is a bundle 

map when restricted to a small tubular neighborhood of M'̂  in 

J S . By theorem (1.2.8), we can extend this map to a map g 

of the tubular neighborhood N of G! in D into tiQ(t ) 

which equals f m some neighborhood of &Q'^* in D"^*'^ . We 
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d e f i n e h : D • MO (I ) z i i v e n b^ 

^ ^ ( q o n N 
1 e o n D 

N 

Now h|S = f. So f IS homotoDic to the constant map.a 

Theorem 1.2.10. For [ ,- n+1, the hamotoDv group 

n , fr'IO(k)) 15 canonicallv isomorohic to the unonentad 

cobordism grouo 'Jt . 

§ 3. St 1efe1-Wh1tney Classes. 

In this section, we introduce Stiefel-Whitney classes, 

St lef e 1-Wh 1 tney numbers, and establish their invanance with 

respect to unonented bordism. 

Let ^ be an n-dimensional vector bundle with base 

space B(^). Then there exists a unique sequence of 

cohomology classes 

W (̂ ) € H''(B(?)) , 1 = 0, 1, 2, 

satisfying the following four axioms. 

Axiom 1 W (5 ) = 1 -e H*̂  (B(5 ) ) and W (? ) = 0 if i ,- n. 
o \. 

Axiom 2 If f : B(^) • Bin) is covered by a bundle 

map from ;? to n, then W (ij ) = f (W (r/)). 

Axiom 3 If ? and q are the vector bundle over the same 
k 

base space then W (̂ r̂)) = V W (s)W (-T)) , where ® denotes 
Ic 1. k - l . 

1 = 0 

the Whitney sum and the product on the right hand side is 

the cup product. 

Axiom 4 For the canonical line bundle / over the 

projective space KP , the cla^s W (>•- ) ^ 0. 

Definition 1.3.1. The cohomology classes W (̂  ) , i = 0, 



1, ... , satisfying the four axioms mentioned above, are 

known as Stiefe1-Whitney classes of ^. 

Also W<f) = 1 + W (̂  ) + „ + W (?) is called .the 
1 - n 

total Stiefel-Whitney class of the vector bundle ^. 

Definition 1.3.2. Let h be a smooth, closed, oriented, 

n-dimensional manifold. Using mod 2 co-efficients 3 a 

unique fundamental homology class CM D € H (M , 2 ). 

Hence for any cohomology class v € H (M , Z ), the 

krcinecker index <v, CM ]> € 2! is defined. Here 
2 

< , > : H'^CM'', Z > ® H (M'^, 2 ) • 2 
2 n ' E 2 

is the bilinear map given by < , >(v <S z) = ;<(y) <£ 2 ,where 

Cx] = V and CyD = z. 

Let i + i + ..... + i, = n be a partition of n (here 

1, j > O V i < j < k ) , then we can form the monomial 

W (M'')W. (M*^) W (M*̂ ) € H'^(M'^, 2 ) 

1 2 k 
and the corresponding number <W (M") .... W ( M " ) , CM'^3> is 

L 1, 
1 fc 

called the Stiefel-Whitney number of M" associated to the 

partition i + i + .... +i, = n. 
1 2 k 

Theorem 1 .3.3. If N is a smooth compact 

(n+1 )—dimensional manifold with boundary equal to M'̂  then 

the Stiefe1-Whitney numbers of M are zero. 
Proof. Given M'̂  = dN'̂ **, 

Now T(N )|n = T (M ) ^ £ , uihere _£ is a trivial line 

bundle, for, choosing an Euclidean metric on T<N'* ) , there 

IS a unique outward normal vector field along M which spans 

the trivial line bundle £ . 

Again T(N M M " ~ ^ (T(N >) where i : M ' • N 
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We have the bundle map 

T ( M ' ^ ) * i^ 

li' 

T(N'"-"\^ 

N' 

Therefore, i*(W (N*̂ *̂ )) = W (T^-r) <S> 4:̂ ) = W (M") for 1 0. 

Consider any partition p of n given by n = 1 +...+ 1 . 

Let W (t'l ) be the product of St 1 ef e 1-Whi tnev classes of M' 
p 

for the partition p, i.e., W (h") = W (M'^) W ( M " ) . 

H (M ) The natural homomorph ism t) : H (N , M' ) 

map CN"**D to CM'^:. 

Now <W (M"^), CM"^:,* = '-rW (M*^), t̂ CN*̂ **:,* 
P p 

p 

= c<?i*w ( N " * " ) , CN"*":,> 
p 

= 0. 

Therefore, the St 1efe1-Wn1tney numbers of h are all 

zero. B 

The converse theorem is due to Thom CI]. The proof is 

very complicated and is omitted here. 

Theorem 1.3.3. If all the St 1 efe 1—Wh 1 tney numbers of li 

are zero, then M is the boundary of some smooth compact 

manifold. 

§4. Oriented bordism. 

In this section, we define oriented Universal vector 

bundle, discuss oriented bordism, and give homotopy 

interpretation of oriented bordism group. We also define 

Pontrjagin numbers and give their invanance uiith respect to 

oriented bordism. 
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(A) Oriented Universal vector bundle. 

Let G ([P ) denote the Grassmann manifold consisting of 
r\ 

all oriented n-planes in K . Then G (K ) is a 2-fold 
n 

covering space of the unoriented Grassmann manifold 

G (K^^S. 
n 

~ OC 
Consider BSO^n) = 6 (R ) "= set of all oriented 

n 

n-d imensional subspaces of (R andESO{n) = C(X, w, :0 j (X, w) 

<E G (K ) , ;< € X and w is an orientation of X> . Define p : 
(•< n 

ESO(n) f BSO(n) given by p (X, w, ;<) = (X, w) . 
*\^ 

Then > : ESO(n) • BSO(n) is called an oriented 
n 

Universal vector bundle, i.e., every n—dimensional oriented 

vector bundle ? over a paracompact base space B(?) has a 

classifying map f : B(^) • BSO(n). BSO(n) is called 

the classifying space for oriented n-dimensional vector 

bundles. 

Now V n we have maps i : BSO(n) '^ • BSO(n+l) induced 
n 

from the inclusion map of SQ(n) into S0(n+1) such that 

{BSO(n)> 15 a directed system. 

Consider BSD = dir lim BSO(n), ESQ = dir lim ESO(n) 
n—Kx n—KX 

and ^ = d i r lim ;•. 
n 

n—Kx 

Then }•• : ESO • BSD is an oriented universal vector 

bundle which classifies oriented vector bundles of all 

dimensions over paracompact bases. 

Notation. The Thorn space T (/- ) of the oriented universal 

vector bundle r, : ESO(k) • BSOCk) is denoted by 

MSQ(»<). ' 
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Two closed oriented manifolds (M , m ) and (t1 , w ) 
1 1 2 2 

where w and w are the orientations of M and M 
1 2 1 2 

respectively, are said to be bordant, denoted by (M , w ) ^ 

(M , w ) , if there is a compact oriented (n+1)-dimenslonal 

manifold a (N, e) such that ON = M Li M and an orientation 
1 2 

preserving d i ffeomorphism 

(dN, de) % (M , -w )' U (M , w ) . 
1 1 2' 2 

It is easy to see that ^ is an equivalence relation. 

The set of these equivalence classes is denoted by O . The 
n 

operation of disjiont union, i. e., 

C (M , w )] + C(M , w )3 = CM U M , w U w D 
I ' l 2 ' 2 1 2 ' l 2 

makes Cl into an abelian qroup. O is called the 
n n 

n—dimensional oriented bordism group with the class of 

oriented bounding manifolds as the identity element and the 

inverse of CM , w 1 as CM , -w 1. The cartesian product 
1 1 1 1 

operation of oriented manifolds 

CM , w ] i< CM , w ] = CM :< M , w x w 1 
I t 2 2 1 2 1 2 

gives rise to an associative, bilinear product operation 

oc 
a X O — • O . O = ® Cl has the structure of a 
m n n+m •* ri = 0 n 

graded ring. 

Lemma 1.4.1. .Let 0 • E' • E • E' ' be an exact 

sequence of vector spaces. Then given orientation w of E, 

it induces an orientation w of E'. 

Proof Consider § (E' ) <z E. 

Let Cs ,..;>...s,> be a basis of '5(E'). We extend this 
1' ' k 

to a basis Cs , . . . , s, , t , . . . t > of E. Let w = Cu , . . . ,u D 
1 ' ' k ' 1 m 1 n 

be an orientation of E where all u 's are s 's and t 's for 
\. r y. 
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1 < r < k and 1 < x < m. Consider w' = Lw' ,....,w^ 1 such 

that w' = ^ (s ) for 1 ^ y ^ k where s is the y-th s 's 
y 1. \. r 

y y 
in u ,...,u . Then w' is an orientation of E' induced by 

1 n 

the orientation w of E. • 

Theorem 1.4.2. Every continuous map f : S • MSO(k) 

is homotopic to a map g which is smooth throughuot 

g (ESO(k)) and is transverse to the zero cross-section 

BSO(k). 

The proof is similar to the proof of theorem (1.1.7). 

Let f ; S » MSOCk) be a map. Then f is homotopic 

to a map g which is smooth throughout g (ESO(k)) and 

transverse to the zero cross—sect ion BSO(k). 

• Let M*̂  = g~^(BSO(k)). Let M'" be embedded in S'̂ *''. Then 

the normal bundle E(i> > to M is equivalent to the 

orthogonal complement of the tangent bundle on M in the 

tangent bundle of S . Also the normal bundle Ed^ ) to h 

is the pull-back of the normal bundle of BSQ(k) in MSO(k). 

Let î  be the orientation of E(u ) which is induced through 

the pull-back of the canonical orientation of BSO(k). 

Let c be the standard orientation of S^ . Now 

g (i> ) ^ T(S HM*^ • 

We have an exxact sequence of homomorphisms 

0 •TM'^ • T(S'̂ *'')I ,> • E(v>'') — - O . 

Let d be the orientation of TM" such that « * i- = <y on 

T ^^ ) IM" • Thus M is an oriented manifold with 

orientation ©. ' ~"i 

We define the Thom map r : n (MSO(k)) • CJ 
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given by r (Lfl) = CM*̂ , Ol. 

Theorem (1.4.3). For k > n + 1 the homotopy group 

n ,(MSO(k), e ) of the universal Thorn space is isomorphic n+k o 

to the oriented bordism group Ci . 
n 

Proof of theorem (1.4.3) is similar to the proofs in the 

case of unoriented cobordism group 9? . 
n 

(A) Euler Class. 

Let ? = (E, B, n) be an oriented vector bundle of 

dimension n. Let B be identified with the zero 

cross—sect ion of E. Then the projection rr : E • B 

induces an isomorphism n : H (B; Z) • H'^(E; 2 ) . 

The inclusion i : E ^ • (E, E ) induces a 
o 

homomorphism i : H (E, E ; 2) • H (E; Z) given by 

i*(y) = y|^. 

Let u fc H (E, E ; 2) be the fundamental cohomology class 

of H (E, E ; Z) and i (u) € H (E; Z) be its image under i . 

Definition 1.4.4. The Euler class of an oriented vector 

bundle^^ = (E, B, n) of dimension n is the cohomology class 

e(^) € H'~'(B; Z) such that r7*(e(^)) = i*(u). 

Definitoin 1.4.5. A complex vector bundle w of 

dimension n over B consists of a topological space E and a 

projection map rr : E • B, together with the structure of 

a complex vector space in each fibre rt (:<) , satisfying the 

following condition: 

For each point ;< e B, has a neighborhood U such that 

the map h : n~ (U) • U x C is a homeomorph ism which maps 

each fibre n (x) complex linearly onto x x C . 
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It IS a well l<nawn fact that if ? = (E, B, n) is a 

comple:; vector bundle, then the underlying real vector 

bundle ^j_ has an orientation. 

Thus for any complex n-dimensional vector bundle 

S; = (E, B, n} the Euler class e (̂  ) € H^'^(B, Z) is well 

defined. We consider E , the set of non-zero elements of E. 

We shall construct an (n—1)-dimensional bundle ? over E . 

o o 

A point in E is specified by a fibre F of ^ and a non—zero 

vector V in that fibre. Let ^ has a hermitian mectric. A 

fibre over v s E is defined to be the orthogonal complement 

of V in vector space F. Then ^ is an (n-1)—dimensional 

complex vector bundle. 

Definition 1.4.7 . By induction we define elements 

c (?) <E Ĥ ''(B; Z) for 0 < i < n 

called Chern classes as follows: 

Let c {? ) = 1. If 1 > O and c (? ) is already defined, 

c (?) = fT*"*(c is, )>, where n* : Ĥ ''(B) • H^'(E ) is an 

isomorphism for i < n, c (?) = ei^^) and c (? ) = O for i > 

n. 

The formal sum c (? ) = 1 + c (? ) + + c (?) in the 
1 n 

ring H (B; 2) is called the total chern class of ?. H 

Compact ification of real vector bundle. 

Let ? = (E, B, rr) be a real vector bundle. Let x ^ B 

and F be the fibre over x. The tensor product F ® C of F 

with complex numbers is a complex vector space and it is 

called the compactifition of F . Complexifying each fibre 

F of ? we obtain a new vector bundle, denoted by ? iS> C, 
X 

over the base space B. The vector bundle ? «> C is called 
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the complexifit ion of the real vector bundle ?, and it is 

isomorphic to its own conjugate bundle ^ €> C. 

Definition 1.4.9. Let ^ = (E, B, n) be a comple;: 

oriented vector bundle. The i-th Pontrjagin class 

p (̂  ) <E H (B; U-) IS defined to be the integral cohomology 

class (-l)''c (if <8> C ) . Clearly p (f ) = 0 for i > n/2. 

The total Pontrjagin class is defined to be the unit 

p ( 0 = 1 - P,<e) - - Pcnxz:^^> 

in the ring H " ( B ; 2 ) . 

Definition 1.4.10. Let M "̂  be a smooth, compact, 

oriented, 4n-dimensiQnal manifold. Let i + i + ... + i = 
1 2 k 

4n be a partition of 4n, then the number 

<p (M'*'')p̂  {M'*'̂ )...p (M"*"), CM""^!^ <= Z I S called the 

Pontrjagin number of M associated to the above partition 

of 4n. 

Thorn has shown that 

Theorem 1.4.11 . Let M be a smooth, compact and 

oriented manifold. Then some positive multiple M + .... + 

M IS art oriented boundary if and only if every Pontrjagin 

number p (M ) is zero. 

C.T.C. Wall has proved a much stronger statement, viz.. 

Theorem 1.4.12. Let M be a smooth, compact, oriented, 

n-dimensional manifold. Then M is oriented boundary if and 

only if all Pontrjagin numbers and .all Stiefe1-Whitney 

numbers of M are zero. 

Oriented singular manifold. 

Let (X,A) be a topological pair. An oriented singular 
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manifold in (X,A) is a pair (M'^,f) consisting of a compact, 

oriented, n-dimensional manifold M and a map 

f : (r-l'̂ ,̂ M'̂ ) • (X,A). 

An oriented singular manifold (M ,f) in (X,A) is said to 

bord if and only if there is a compact, oriented, 

(n+1)-dimensional manifold W and a map F : W • X 

such that li'̂  £ ĉw"̂* , orientation of M"̂  is induced by that 

of W"*\ F| n = f and F (W'^**\M'^) £ A. 

A singular manifold (M , f ) is said to be bordant to a 

singular manifold (M", f ) , denoted by (M*̂ , f ) "" (M*̂ , f ), 
^ 2 * 2 ' - ^ I ' l 2 ' 2 ' 

if their disjiont union (M LI M , f LI f ) bords. Then 
1 2 1 2 

clearly ~ is an equivalence relation among the oriented 

singular manifolds in (X,A). We denote the oriented bordism 

class of (M , f) by CM , fU and the collection of all such 

bordism classes by MSO (X,A). An abelian group structure is 

imposed on MSO (X,A) by disjoint union 
< n 

CM'' ,f 3 + CM'' ,f 3 = CM'' LI M*̂ , f LI f 3. 
I ' l 2 ' 2 1 2 ' l 2 

There is Q -module structure defined on the direct sum 

MSO (X,A*) = ® MSO (X,A). From an oriented singular 

manifold <M , f ) in (X,A) and a closed oriented manifold M 

a new singular manifold (M x M , g) may be defined where 

g(K,y) = f(K). The module structure is now given by 

CM" ,f3CM'": = CM" K M''\ Qi. 
1 ' 1 

This also defines on MSO (X,A) the structure of a graded 

right O —module. 

Unoriented singular manifold. 

Let (X,A) be a fixed topological pair. Then a singular 



manifold in <X,A) is a pair (M ,f) where M is a compact 

î"< ^ v ^ n , 
n-d imensional manifold and f : (M , <?M ) • (X , A) .' 

A bordism relation is defined in the set of all 

unoriented singular manifolds just as in the case of 

oriented version, except that no orientabi1ity requirements 

are imposed here. The resulting group of bordism classes 

are denoted by 'Jl (X,A). The unoriented bordism class of 

n 

(M'\f) is denoted by CM'^,fD, and the direct sum 3r^(X,A> 

oc 
e Jl ( X . A ) i s a g r a d e d r i g h t Jrt - m o d u l e . 

n = 0 n * 



CHAPTER II 

Characteristic numbers for singular G-bordism 

The purpose of this chapter is to define G-bordism, 

singular G-bordism, G-charactenstic classes of G-manifolds 

and singular G-mani folds; to prove their m v a n a n c e with 

regard to G—bordism and singular G—bordism. 

§ 1. B-bordism. 

(A) G—space, equivanant map, G-manifold. 

Let G be a group with discrete topology. A G-space is a 

topological space X together with a continuous map 

e : G .;< X * X such that 

(1) For each :< € X, and g ,g e G, e(g ,e(g , •<) ) = e(ci g , .< ) 

and 

(2) For each ;< € X, e(e,><) = x where e is the identity of G. 

We denote the G-space by (X,e) and e(g,K) by g;<. We 

call a continuous map © : G x X » X satisfying (1) and 

(2) an action of G on X. If X is a differentlable manifold, 

an action e : G x X > X is called differentiable action 

if the map © = ©I^ , „ is differentiable for every g e G. 
•̂  9 '•£g>xX 

An action © is said to be a principal, action if gx = g 

implies g = e. A topological space together with a 

principal action of G is called,a principal G-space. 

A subspace A of a G-space X is called a G-subspace if ga 

€ A for all g € G and a € A. By a 6-pair we mean a pair 



(X,A) where X is a G-space and A is a G-subspace of X. A 

G-pair {X,A) is principal if the action of G is a principal 

action. If X IS a 6—space then two elements ;; and ;< e X 

are called G-equi val ent, denoted by >; ^ x » provided there 

exists an element Q <= G with K = Q X . The relation _ is an 
i 2 

equivalence relation, and the set of all gx, g e 6, denoted 

by G , IS the equivalence class determined by x e X. The 

set of disjoint equivalence classes of X under this relation 

IS called the orbit set of X by G, and is denoted by X/G. 

This set with the quotient topology is called the orbit 

space of X by G. The equivalence class of x e X is also 

denoted by CxD. 

If X and Y are G—spaces then a continuous map f : X * 

Y IS called a G—map or an eqivanant map if f (gx) = gf (x) 

for all X <E X and q <E G. A map f : (X,A) > (Y,B) betuyeen 

two G-pairs {X,A) and (Y,B) is called an equivanant map if 

f : X * Y IS an equivanant map. An equivanent map f : 

X * y gives rise to map f : X/G » Y/G, an passing to 

the quotient, given by f(Cx]) = Cf(x)D, for all x «= X. 

An unonented G-manifold is an unoriented smooth 

manifold M with an action © : G x M • M of G such that 

for every g <s G the map © : M • fl given by e (x) = gx, 

IS a diffeomorphism. An oriented G-manifold is an oriented 

smooth manifold M with an action © : G x M • h of G such 

that the map © is an orientation preserving diffeomorphism 
9 

from M to M, for all g <= G. We call such an action e of G 

on M an orientation preserving action. 

Let M be an oriented G-manifold. We say M bounds if 
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and only if there i5 a compact oriented (n+1)-dimensional 

G-manifold W such that c?W is G-d i f f eomorph ic to 11 

under an equivanant orientation preserving map. We say 

that a G-manifold M is bordant to a G-manifold M', denoted 
1 2 

by M'̂  . M"^, if and only if the G-manifold M*̂  U M'̂  bounds. 
-̂  1 ~ 2 ' •' 1 2 

The relation ^ can be shown an equivalence relation. The 

resulting set of equivalence classes is denoted bv O (G). 

By the operation "disjoint union', this becomes an abelian 
oc 

group. The direct sum O (G) = ® O (G) is a graded 

commutative algebra with identitv over O . 

There is an unoriented analogue. The bordism relation 

is defined as in the case of oriented version, except that 

no orientab111ty condition is imposed. The unoriented 

G-bordism algebra is denoted by ?t (G). 

A G-vector bundle is a vector bundle p : E • X such 

that E and X are 6-spaces, p and the nero-section s are 

G—maps. The tangent bundle of a smooth G-manifold is a 

G—vector bundle. 

A Linear representation of G in V is a homomorphism 0 

from the group G into the group GL(V). If there is a linear 

representation of 6 in V, we say that V is a representation 

space of G. 

i 

(B>. Classifying spaces B(0,6) and B(SO,G) . 

Let G be a finite group and W be a real orthogonal 

representation of G. Let BO (W) be the Grassmannian of 

n-dimensional subspaces of W with the G-action induced by 

the linear action on W. Let EO (W) = C (X,x) I X <£ BO (W) 
n ' n 
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and ;; e X > . The bundle ^ (W) : EO (W) • BO (W) with 

J (W) (X,:<) = X IS an n-plane bundle. Define an action of G 

on EO (W) by the bundle maps covering the action on BO (W) 

such that the projection is equivanant. Then j- (W) becomes 

a G-vector bundle. 

Let G have exactly r distinct orthogonal irreducible 

real finite dimensional representations. Consider 

[R*"(6) = (R^(G) « .... * [R°̂ (G) where [R'^(G) I S the countable 
1 r I 

copy of i-th represantation of G. It is a well known fact 

that the G-vector bundle 

r (G) = r i^°^<G)) : EO ((R*̂ (G)) * BO ([R'^(G)) 

n n ri n 

IS a universal n—dimensional G—vector bundle for the 

category of G-spaces in the sense that if p : X • B is 

any G-vector bundle of dimension n, then 3 a G-map f : B 
IX 

• BO (K (G)) unique upto 6-homotopy such that the induced 
G-vector bundle f (̂  (G)) is G—isomorphic to the G-vector 

n 

bundle p : X • B. We denote y ((R*̂ (6)> by y (0), 

EO (tR°'(G)) by E(0,6) and BO (R^'cG) ) by 6(0,G> . B(0,G) is 
n n r» n n 

called the classifying space for real n-dimensional 6-vector 

bundles. Taking the Grassmannian of oriented n-dimensional 

subspaces of CR (G) we get B(S0,6) which we call the 

classifying space for oriented real n-plane 6-bundles. In 

case 6 = -Ce} , B(0,G) = B0(n) the classifying space for real 
n 

n-plane bundles and B(SO,G) = BSD(n) the classifying space 
n 

for oriented real n-plane bundles. 

§2. 6-characteristic classes of G—manifolds and its 

invariance. 

Let p : EG • BG denote the universal G—bundle, i. e.. 
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EG IS a paracompact, contractib1e, free G-space and BG is 

the corresponding orbit space. Then, if X is any 

paracompact G-space, EGxX becomes a free G-space with G 

acting co-ord inate-wi se. Let EG •< X be the corresponding 

orbit space. Then we define a G-cohomology theory as 

h*(X;G) = H* (EG •; X; K ) , 

where K denotes a commutative ring, and H denotes singular 

cohomology theory. 

Consider a commutative diagram 

EG ;< X EG 

i % 1 
EG ;< X • BG 

a 

where the map q , induced by the projection n, is unique 

upto homotopy and is called the classifying map for the 

G-bundle EG ;< X • EG ;< X. 
o 

If h is an equivariant cohomology theory then elements 

of h (B(0,G) ;6) are called universal h characteristic 

classes. If E • X is the G—vector bundle induced by an 

equivariant map f : X » B(0,6) , then f (h (B(0,G) :G)) •= 
n n 

• ' A 

h (X;G) IS the charectenstic subgroup of the bundle E. This 

subgroup is well defined since f is unique upto\ equivariant 

homotopy. 

Suppose h is given by H oA where A is a functor from 

the category of G-spaces and equivariant maps to the 

category of topological spaces and continuous maps and H is 

singular cohomology theory and let h = Hj^"*^ denote the 

associated equivariant homology theory. Let 

' , > : h*(X;G) <̂S> h^(X;G) -• H^(pt.) 
H (pt . ) 
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be the krdnecker pairing. 

Suppose for each compact G-manifold W, there is a class, 

CW,^WD € h^(W,aW;G) satisfying 

(1) CW UW , dVi U<?W 1 = CW ,aw : + CW ,aW ] and 
1 2 ' 1 2 I ' l 2 * 2 

(2) <9^CW,aw: = LSMl. 

Such an element CW,dW3 € h (W,dW;G) is called a topological 

class of W. 

The ;<-characteristic number of a manifold M is defined 

by j<(li> = <T*(:<),CM1> € H (pt.) where x e h*(B(0,G) ; G ) . 

Theorem 2.2.1. Let C be the collection of G-manifolds. 

The ^-characteristic number is a o-equivariant bordism 

invariant if x is in the image of j : h (B(0,G) :6) * 

h (B(0,G) ; G ) , where j : B(0,G) 
n 1 

classifying the bundle (>' ® 1) 

-• B ( 0 , G ) I S t h e map 
r i + l 

P r o o f . We h a v e t h e c o m m u t a t i v e d i a g r a m ; 

dVi ~ -• B ( 0 , G ) 

W - B ( 0 , G ) 

and X = j ( y ) , y e h ( B ( 0 , G ) ;G> a s x i s i n t h e i m a g e o f j . 

Then x(<?W) = < T * ( x ) , C<?WD> = < T * , j * ( y ) , Cc>W:> = < i * T * ( y ) , 
<?W 

d :w:>= <T (y), i o cw:> = o. 
* w * * 

0\fi' V 

Hence x-characteristic number is bordism invariant. • 

Theorem 2.2.2. For any finite group G, there is a 

natural isomorphism of iTt -modules, -JJt (G) = 9T (BG) where 

JTt (6) denotes the set of all bordism classes G-manifolds 

and JJt (BG) denotes the groupof all bordism classes of 

singular manifolds in BG. 

Proof. We consider the universal principal 6-bundle u : 
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EG f BG. An element of Vt (BG) is represented by CV",f3 

where V is an n-dimensional manifold and f : V > BG is 

a map. Then in V x EG, let M be defined as the set of all 

(;;, y) with f (:<) - i-'(y). Now M is the principal G-space 

with action e of G given by 9 (;<, y) = (;<,Qy). The quotient 

map q : ti > V is q(;<,y) = :<, and q is a local 

homeomorphism. A differential structure is imposed on M to 

make q a local diffeamorphism so that M becomes a closed 

manifold together with a principal action of G. The map y/ : 

3rr^(BG) » ^^*^^^ given by v'(tv'^,f:) = C M " , © ! I S a 

well-defined homomorphism. 

Also, let CM ,03 <£ UX (G). Then there is an equivanant 

map F : M • EG which is unique upto equivanant 

homotopy. With V = M /G, this induces a homotopically 

unique map f : V • BG. We give a di f f erent labl e 

structure on V to make q : M • M /G = V a local 

diffeomorphism. This defines a map 

<p : 3^^(G) • 9T^(BG) 

given by (ji-( CM'^,eD ) = Cv",fl. 

Thus Jn^<6) ^Ot^CBG). • 

Lemma 2.2.3. If L £ G then B(0,G) I = B(0,L) , 1. e., 

B(0,G) thought of as an L-space is just B(0,L) . 
n n 

Proof Let E • X be a L—vector bundle. Then 6 ;< E • 
L 

G :< X IS a G-vector bundle and hence has a 6-equi v a n ant 

classifying map f : G :< X • B(0,G) . Since X S G ;< X, 

''f|L IS a L-equivarient map to B(0,G) j which classifies E 

ZU 



Theorem 2.2.4. If f M^ X IS an unoriented 

singular manifold then CM ,fD = O iff every characteristic 

number of the map f, <w w ..»w'^Uf (;<),CMIl-> = 0 for all 

;< <E H (X,Z ) where w is the j-th Stei f el-Whi tney class of 

M, (cf. page 56 of L61). 

By theorem (2.2.2), we have 01 (G) ^ Ut (BG) by the map 

which sends CM,el to CM/G,fl where f : M/G BG 

classifies the principal G-bundle M -* M/G. Consider the 

* * 
equivanant cohomology h (X;G) = H (EG x X;Z ) 

Now n : EG ;< M 
o 

a • 2 

• M/G IS a fibration. The inverse of 

TT, q 

M 

M/6 EG :< M given by q(Cgml) = Cf(m),ml, where f 

EG IS an equivanant map, is a homotopy equivalence 

as EG IS contractible. Thus h (M:G) = H (EG ;< M:Z ) = 
* ' • a ' 2 

H^(M/G;Z^) has a topological tlass if M is compact since M/G 

IS a compact manifold. Hence h -characteristic numbers are 

defined. 

Theorem 2.2.5. Let CM3 e jrr^(G). Then CMl = 0 iff all 

h -characteristic numbers vanxsh. 

Proof. We have an inclusion i : BO --• B(0,G) where BO 
n n n 

IS the classifying space for vector bundles with trivial 

G-action. Since B(0,e) = BO , we have that i : BO • B(0,6) 

IS a homotopy equivalence. From the diagram of fibrations 

BG :< BO 

BG 

EG :< Bo 

BO 

BG 

— EG :: B(0,G) 
1 

B(0,G) 

BG 
we see that EG ;< B(0,G) % BG ;< BO and hence 

O n n 

h*(B(0,6) ;6) = H*(BG:Z ) <& H*BO ;Z ) 
n ' 2 _„ n ' 2 
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We h a v e t h e maps 

M/G 9 ^ EG :< M ^^^^ EG ;< B ( 0 , G ) :::; BG :< BO 
O n i> 

and we will denote the composite by •̂;<k where t : ti/G • • BG 

and k : M/G BO . 
n 

Using the diagram ai principal fibrations below, we can 
J 

identify Z with the classifying map for the bundle M —• M/G: 

M fxid 
M • EG X ti 

M/G EG X M 
o 

— EG 

BG 

To identify k we see that there is a bundle map 

T(M) --• T(M)/6 and the classifying map T 
M 

M — B(0,G) 

factors as 

n 
M -• M/G -• BO -• B(0,G) 

Taking product with EG we get 

nxn idxp 
M/6 * EG X M » BG x M/G * BG x BO * EG x B(0,G) 

O 11 O 11 

and since rioq = id, we have k = p i.e. k classifies T(M)/G = 

T(M/6) ® T /G where T is the tangent bundle along the fiber 

n:M > M/G. T is induced by M/G » BG ——> BO where s 

F -̂  s 
dim G and ad : G * 0 the adjoint representation. 

Thus the Stiefel—Whitney classes of M/G may be expressed 

in terms of the Whitney classes of T(M)/G, \. w , 
• 1 

, k w 

and the Whitney classes of T which are in the image of I . 

Thus all cohomology classes w w ' u f (x) are in the 

image of (̂  x k) and h -numbers vanish if and only if the 

numbers <w ,w "̂  u f*(x), CMD>, for all x 
11 

H (X,2 ) , 



vanish where w is the 3-th Ste1te1-Wh1tnev clsss of M. 
J 

Hence the theorem follows from tneorem (2.2.2). • 

§3. Singular G—bordism. 

(A) Oriented case 

Let G be a finite group and (X,A) be a 6-pair. A 

singular oriented n-dimensional B-manifold in the G-pair 

(X,A) IS a triple (M ,f;G) consisting of a compact oriented 

G-manifold M of dimension n with boundary <?li and and 

equivanant map f : (M ,dh ) > (X,A). A singular 

oriented n-dimensional 6—manifold inthe G-pair (X,A) is 

called a singular oriented n-dimensional principal 

G-manifold in (X,A) if the action of G on M is a principal 

act ion. 

Two singular oriented n-dimensional G-manifolds 

(M ,f :G) and (M ,f :G) in (X.A) are said to be equivalent 
1 ' 1' 2 ' 2' ' 

if there exists an orientation preserving diffeomorphism 

0 : M y M such that <i> is equivanant and f od> = f . 
1 2 ^ - 1 2 * ^ 1 

A singular oriented n—dimensional G—manifold (M ,f :G) 

in (X,A) IS said to be equivalently bordant to (M ,f ;G> if 

there exists a compact oriented (n+1)—dimensional G-manifold 

W with boundary Ŵ and an equivanant map F : W —*• 

X such that there exis ts an orientation preserving 

equivanant map 1 : M U (—M ) • W where topology on 

1 (M LI (—M ) ) i n d u c e d b y 1 i s s a m e a s t h a t i n d u c e d by W • , 

F | ( M ' ' U ( - M ' ' ) ) = f U f and F ( W " * V ( M " U ( - M * ^ ) ) = A. 
• 1 2 1 2 1 2 

The relation 'bordant to' is an equivalence relation in 
* 

the set of all singular oriented n-dimensional G-manifolds 



in (X,A). We denote the set of equivalence classes oy 

£2 (X,A:G) and an element of il (X.A:G) by :M'^,f;G:. The set 

O (X,A:G) 15 an abelian qroup under the binary operation 
f > " 

Cri"̂  ,f ;GD + :M" ,f ;G1 = CM'^ LI M" , f U f ;GD 
l l ' 2 ' 2 I Z ' l 2' 

where Cn"" ,f ;63 and CM" ,f ;GD ^ C2 (X,A,-G). 
1 ' 1 ' 2 ^ 2 t-̂  

(B) Unoriented Case 

Let G be a finite group and (X,'A) be a C-oair. An 

unoriented n-dimenslonal singular 6-manifold in the pair 

(X,A) IS a triple (M ,f;G) where M is an unoriented 

n-dimensional compact G-manifold with boundary ^M and an 

equivanant map f : (Ii , dh ) • (X,A). 

A bordism relation is defined on the set of unoriented 

n-dimensional singular G—manifolds just as in case of 

oriented version, except that no o n en tab 111ty requirements 

are imposed here. The resulting set of bordism classes is 

denoted by Dl (X,A) and an element of 31 (X,A) is denoted by 

CM ,f,;GD. An abelian group operation is defined on Ot (X,A) 

as CM"^ , f ;G3 + C M " , f ; 6 : = C l i " JLl l i ' \ f U f ; G : w h e r e 
I ' l ' 2 ^ 2 ' 1 2 ' 1 2 ' 

CM'^ , f ; G : and C M " , f : G : ^ 9T ( X , A ) . 
1 ' 1 2 2 ri ' 

§4. Characteristic classes of unoriented singular G-manifold 

and its invanance. 

Let X be a finite CW-comple;< with free action of 6, 6 

being a finite group, and let X/G be again a finite 

CW-comple;<. Let h be an equivanant cohomology theory and 

h be the associated equivar'iant homology theory. Let 

h = H oA and h = H ^A where A is a functor from the 

category of G-spaces and equivanant maps, to the category of 

topological spaces and continuous maps, H is the singular 
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cohomology theory and H is the associated singular homology 

theory. Let 

' , .> : h"*(X;G) <̂S> h^(X;G) -• H^(pt) 
H < pi) 

be the kronecter pairing. 

Suppose CM ,f;GD is an element of unoriented bordism 

group 9T (X.A) and ;< -e h*(B(0,G) ; 6 ) . Then the 
n 1-1 

x-charactenst ic number of the map f : M • X associated 

with an element a"* <= h (X;G) is defined to be 

<T*n(:<) U f*(a"'), CM"D> e H (pt), where T n : M*̂  • B(0,G) 

IS the tangent map, i.e., the classifying map for the 

G-tangent bundle on M . 

In this section, we shall consider the equivarient 

cohomology h given by 

h*(X;6) = H^(EG ;< X;2 ) 

and the associated equivanant homology h given by 

h^(X;G) = H (EG :< X; 2 ) 

where the action of G on EG ;< X is given by 

g(e,,\') = (eg ,g;<), EG being the total space of the 

universal G—bundle. 

The map q : X/G • EG ;< X given by q(CxD) = Ch (:<),;<], 

where h is 'the map covering the classifying map 

h : X/G • BG of the projection G-bundle X • X/G, is 

homotopy equivalence. 
C| q 

Thus h*(X;G) ŝ H*(X/G;2 ) and h (X;6) ^* H (X/G;Z ). 

Therefore, h^(M":6> ^ H (M'^/GJZ ) has a topological class €/• 
# • 2 n 

in dimension n with a = a (a ) , o- beinq the fundamental 

class of the manifold M̂ '/G in H (M'^/G;Z ). 
* 2 



Theorem 2.4.1. If CM ,f;GD -£ 3C (X;G) is zero, then tor 
, i-, 

all K -e h (B(0,G) ; G ) , ;c-charac terist ic numbers of the map 
n 

f : M'̂  • X associated with every a. ̂  ^ h (X;G) are zero. 

Proof. Since CM ,f;GD e Dl (X;6) is zero, there e;:i5ts an 

(n + 1 )-d imensional compact manifold W and an equivanant 

map F : W X with <?W'"'"* M and FIM f . Let 

CW,i?W: € h (W'̂ *\<?W''''̂ ;G) be the topological class of 
n+l 

w Then S CW,<?WD <y . We have the following 

commutative diagram: 

h (B(0,G) ;6) 

h (B(0,G) ;G) -

n+ 1 

where j : B(Q,6) 

T n 
M 

* 
T n+l 
W 

h (M ;G) 

h (W ^d'A .G) 

—» B(0,6) IS the map classifying 

(y (G)<&1) , r (G) : E(0,6) --• B(0,6> being the universal 

G-vector bundle. Also 

h*(B(0,G) ;G) = H*(EG x B(0,G> ,-2 ) 

% H*(BG K BO ;Z ) 

% H*(B6,2 ) S) H*(BQ ;1Z ) 
2 ^ n' 2 

2 

S i m i l a r l y h ( B ( Q , G ) ; 6 ) ^ H ( B 6 , Z : ) <S> H (BO ; Z ) . 

2 

We h a v e j * = 1<»0(*, w h e r e a * : H*(BO ,Z ) —* H*(BO ; 2 ) 
n + l 2 n 2 

i s i n d u c e d by t h e i n c l u s i o n BO ^ 
n 

BO Since 01 

surjection, so j is a surjection. . Therefore for every 

;< € h*(B(0,G) ; G ) , 3 y e h*(B(Q,G) ;G> such that 
n n+l 

J (y) = ;<. 

Therefore ^T*r.(x) U f*(a"'),CM"D> 
M ' 

= <T*r,( j*(y) ) (J f*(a"') , <y > 
M n 



. (i T n+i(v) U f (a ), a ,^ 
V - n 

T n*i (y)LJF ( a ) , x u -

r*n*i(y) U F*(a"'), î <?_̂ CW , <:>W: / 

Thus all the x-characteristic numbers are rero. 

0. 

We now consider the map M 31 ( X ; G ) h ̂  (X ; G ) 

d e f i n e d b y yiiLW , f ; G : ) q f (c ), where a is the 

fundamental class of M /G in H (M /6:Z ) , and f is the map 
n 2 ' 

obtained from f by passing onto quotients making the 

following diagram commutative, 

f 
M 

M'VG — ^ 

-» X 

X/6 

and the map q : H (X/G;Z ) - h^(X;G) 

Let • Â  jr^(X/G) - H (X/G;Z ) be defined as 

A^(CN ,9^) = Q̂ (<:>''), where a' is the fundamental c 1 ass of N 

in H (N ;2 ) . Suppose v^ : 91^ (X ; G) -+ !n:^(X/G) IS given 

by v ^ C M ,f;G3) = CM /G,fD. Then ^ = q "î -'V̂ , and 

theretore, ^ is an epimorphism, since y. is so. For every 

a € h^(X;G), let CM ,f;6: 3T^(X,-G> such that 

y.i\.W ,f;6I]) = a. We define the 3t -module structure on 

h_^(X;G) by CV"'Da = M C M " X v"',f';G:, for every CV'"] 3^*' 

where the action of G on M x V is defined as 

Q(x,y) = (gx,y) and the map f : M x V • X is defined 

as f (K,y) = f<x). Thus h^(X;G) « 3T^ is a 9T^-module. Let 

<:c } be the additive base of h^(X;G). Let CM'̂ ,f ; G : <= 
ri.v. * 1. i 

3T^(X:G) with p(CM'^,f ;63) = c . We define 

h : h^(X;G) «> ?t^ ^ 3rr_^(X;G) 
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given by h(c « 1) = CM f ;GD 
H A 

Theorem 2.4.2. The map h : h^(X;6) «> ?t^ -» 

IS an iBomarphism. 

Proof. We have the following commutative diagram 

DT^ ( X ; G) 

h_^(X;G) «. 01^ 

•^'t*^^. 
H^(X/G;Z ) <& OT^ 

where h : H^(X/G;Z ) <& 7t^ • 

— 9T^(X;G) 

V. 

-* 3rt^(X/G) , 

-* UX^iX/B) 15 defined as 

h(c «S> 1) = CM /G,f :, 
n,v. \, \, 

c = q (c ). The vertical maps in the above diagram 
riA * n.L 

are isomorphisms and h is also an isomorphism by the 

theorem 17.2 of C5]. The isomorphism of h then follows from 

the diagram. 

Theorem 2.4.3. If all the characteristic numbers of the 

map f : M'̂  • X for an element CM'^,f;G: «= 9T^<X;G), 

corresponding to the theory h , are zero, then CM ,f;G1 is 

zero in dX (X;G) . 

Proof. Let M(CM'^,f;G]) = c e h^(X;G) and q ^(c ) = c 

H (X/G;2 ). Then f ia ) 
* 2 * 11 

C . 
n 

additive base of h (X;G) and c 

Suppose Cc J T 

"'̂  € h''(X;G) IS 

15 an 

the 

cohomology class dual to c in the sense that 
r>A 

= 6 , w h e r e c = q „ ( c ) and c ' 

n,) 

q (c ). Let c 

il. It C where S is a finite subset of I. Let c 
leS 

By the hypothesis each x-charactenst ic number of the 

map f : M X associated with c h (X;G> IS zero. 

I.e., <f (c ) , </ > = O,taking x to be the unit class of 
n 

h*(B(0,G) ;G). 
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* n ' -* -* I, 

= , V <q ) (c ) , f ^ q ^ ( ^ ) ,̂  = U. 

= ,̂  . (q*)"\c'').q^f^(r' ) = 0, 

since the diagram 
T 

h^(r-l";6) n^(X;G) 

f 
H (M'^/G;Z ) H (X/G;Z ) 
* ' 2 * 2 

IS commutative. Therefore <(q^) (c ),q^(c )-- = 0, implies 

that Cc'̂ .c -̂  = O. Thus c = 0 and hence c = O. Also 
n n n 

h (c 01) = CM ,f:G3. Since h is an isomorphism and c = 0, 

SO CM ,f;6D = 0. This completes the proof of the theorem. 

§5. Characteristic classes of oriented singular G~manifold 

and its invariance. 

Let X be a finite CW-comple;< with an action of a finite 

group G and let EG ;< X be again a finite CW-cofnple;<. Let 

CM ^SM'^I be a class assigned to each compact oriented 

G-manifold M*̂  in h^(M'^,<yM") such that 

(a) CM UM ,<?M U^M 1 = CM , i?M D + CM , ̂ M 3 and 
1 2 1 2 I ' l 2 ' 2 

(b) 'd CM,dMD = C<?M:. 

Such a class CM,^MD <= h (M,^M) is called a topological class 

of the oriented G-manifold M. 

Consider CM ,f3 « Cl (X,A>. We define K-character 1st ic 
n 

number of the map f:M > X associated with an element 

aT <£ h"'(X;6) to be <T*r, (x )Uf * (a"") , CM'^J> e h^(pt.) where 

T r. : M"̂  » B(SO,G) IS tangent map and CM"D <= h (M":G) I S 

a topological class of M . 



T h e o r e m ^ . 5 . 1 . The n - d i m e n B i o n a i ori.e'-i^z o n - r i p a l 

G - -bo rd iS ' i q r o u o O ( X , A : G ; i = \ r ^cmor rn i c t o tbe n-c; j •Tien5ton a l 

o n e n t e o b a r d i s f r o r c j p O (y ' EG . A •; eiG) . 

Proof. Lot Lh'\T;G3 -a ii ( < . A : G > . T h e n f : M' I S 

an e q u i v a r i : r , t m a p . A l s o u : M > t1 / G i s a p r i n c i p a l 

6 - b u n d i e . by c 1 a'3S i f i c a L lor* t h c o i - e m o f 6-bunclJ<"- . fn h a v - a 

map c" : tl -» EG and f-l : M /G • BG making the following 

diagram commutative 

Let the map (f,c<):M 

M' a 

M"/G 

EG 

1" 1̂  
-• BG 

X ;< EG be defined as (f,o')(a) 

(f(a). '-t (£) ) , for every a -s fi . Let f = (r.ct,' :M /G 

X ;< EG be tnc map obtained from (f,'.*.' on passing to the 

quofcionts. This gives a map 

/-(: O ( X , A ; G ) ->• O (X ;; EG, A :; EG) 
1-1 O O 

given by Â  ( CM'\ f ,-GD ) = CM"/G,f3. 

We define the inverse map 

h:0 (X X EG, A :< EG) 
n O O 

as follows: 

-> O (X,A;6) 

Let LN ,f3 ^12 (X !: EG. A x EG) 
n o O 

Then f : • N'"', dN'"*) 

(X ,\ EG, A ,',' EG) ana we have the following diagram 

X ;; EG 

N"" 1 . X < -EG 

where P : X ;< EG •̂  X X' EG 15 the projection map. Let M 

= [(y,;<,t) •<= N X ( X ;< EG) | ••f<y) = u (;<,t)>, and we aefine 

an action of G on M as g(y,x,t) = (y,Q(;<,t)). Clearly it 

IS a free action and M /G is homeomorohic to N Since N 
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I S a r o n e n t e c f T i a n ^ f c l c u j_rn o' '• f' * '̂ ' o e m g a 

c o v e r m o s c a c E . a d i f f p r e n t i ". 1 s t r u c ~ L . r e a n c ar. o^ z pn~=.ti.an 

c a r De Q i ^ e n T Q h, t a fras e ''1 an n —a i m e r s i o n - . 1 zr?i"n3ac~ 

o n e n t e a p r i n c i p a l G~ man i - f o l o a n c r h e map j / ' an o r i f n l a t i o n 

p r e s e r v i n g l o c a l a i f f e o m o r o n l E m . We a G " f i n e T ' : i1 • / 

as f ' ( y , > c . t ) - . . . A l s o 1 ' (<>fi"^ £ A , s i n c ^ f v t / l . i " ; S A G . 

~hL's CM , f ' : I 3 J -S S.} ( <, , A ; G ; . Tn i s g i v e s a map n . d e f m e o oy 

h ( L N , f ] ; - C M ' , f ' ; G l . Then lu"h and h^-^ a r 3 t h e l a e n t i f c y 

maps on Q ( X / G , A / G , ' and LI ( X . A : G ; r e s p e c c i ve l y . h e n c e /J i s 
< 

an isomorphism, a 

In this section, we will oe considering T;he equivariant 

cohomology and homology n (X;G) = ri (X x EG: ^^^ j and 

h^(X,-G) = H^^X ;r EG; Z©2 ). 

Theorem 2.5.2. If CM",f;G3 = O -s n (X;6), then ail the 
1-1 

x-charactenst ic numbers of the map f : M' • X 

associated with every a t h (X;G) are zero. 

Proof Let q : M'^/G h"" x EG be given by q<CxD) 

Cx,cx(x)3 where a. is the map covering the classifying map 

ft : ri^/6 V BG of the principal G-bundle M"̂  » M'^/6. 

Then q is homotopy equivalence with an inverse the 

projection map n : EG :< M » M /G. 
o 

Since G acts freely on M , 

h^(M'^;G) % H^(M'^/G,Z*Z ) SK H (M'^/G-Z!) * H ^ ( M " / G , Z ). 

Since M /G is an oriented manifold, h^ (M ;G) has a 

topological class, say c in dimension n. Since CM ,f;GD is 
ri 

zero in CJ (X;G), there exists an (n + 1 )-dimensional principal 
n 

compact oriented G-manifold W with an equivanant map 
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-» X such that ĉ w'̂ "̂  = M"^ and F|M F : w"̂ *̂  » X such that c>W"^* = M" and F|M" - f. Let 

CW""̂ *, ^W"^**: <£ h^(w'^**.dw'^''SG) be a topoloQical class of 

, ,n+l _, ^ ,_,,ri+l :», , " + 1 T , 
W Then <? (tW , <?W 1) = & . 

->•• n 

commutative diagram: 

We have the following 

M" = d W 
T n 
M 

UJ 

4-
n + 1 

T n + 1 
W 

-» B(S0,6) 

+ B(SO,G) 
n+1 

where j is the map classifying y (G) & 1; /'_fG) : E(SO,G) 

-» B(SO,G) being the universal oriented G—vector bundle 
n 

of dimension n. 

Also, h*(B(SO,G) ;G) = H*(B<SO,G) :< EG ; Z * Z ) 
' ' n ' ' n <3 ' 2 

^ H (BG ;< BSD : 2 « Z ) . 
n n 

T h e r e f o r e , h * ( B ( S O , G ) :G) % H * ( B G : 2 : « 2 ) & H* (BSO :Z f62 ) and 
' r>' ' 2 n 2 

^* 

h (B(SO,G) ;G) % H (BG;Z«Z ) « H (BSD ;Z«)Z ) . Sir^ce j* is 

surjective, for every ;< e h (B(SO,G) ;G) there exists y -s 

n 

h (B(SO,G) :G) such that j (y) = x. 
n + l 

Therefore, ' T n ( X ) U f (a ) , O' 
M n 

' ^ T i ^ j ( y ) U i F ( a ) , c y 
M n 

= I T n+i(y) U i F ( a ) , < ? C W , d W 1 

^ T n+i(y) U F (a ) , 1 <? CW , <?W ] > 

= 0. 

Hence all x—characteristic numbers arp zero. • 

Theorem 2.5.3. If all the x-characteristic numbers of the 

» X associated with every a ^ h <X;G) is 

map f : M n 

zero then CM ,f;G: € O (X;G) is zero, 



Proof. We have by theorem (2.5.1.) that 

O (X:G) % a (X :c EG) 

Therefore, it is sufficient to prove that CM /G,fD - O, 

where f is the map as given in the proof of theorem 

= 0, for all (2.5.1). We have < T*r.(;<) U f*(a"'), CM*̂ ] > 
M 

X -£ h'^""'(B(SO,G) ;G) and a"' ^ h'"(X;G). We have the 

following commutative diagrams: 

h (B(SO,G) ;G) 
n 

H*(BG:2:®Z ) <S> H*(BSO :2«2 ) 
' 2 n' 2 

* 
T n 
M 

— * 
T n 
M 

— h (M ;G) 

- H*(M'VG;Z®Z: ) 
' 2 

and h*(X;G) --* h*(M'^;G) 

H (X X EG:2®2 ) 
O ' 2 

— • H*(M'^/G;2®2 ) 
' 2 

where T n and f are the maps obtained from T n and f on 

oassing to quotients, and q is the isomorphism induced from 

the homotopy equivalence q : M /G -» M'̂  ;C EG. Also, T * 

= ( ^ X k) , where ^ : M /G -• BG IS the classifying 

map of the principal G-bundle h -» M 7 G and 1- M'7G 

-» BSD is the classifying map for the n—d imensional 

bundle T(M )/G -• ri /G, 

Let c/ be the fundamental class of M /G. Then 
n 

o- = q l-O" ), where q : H (M /G;Z®2 ) — h^(M ;G> IS an 

isomorphism. Therefore 

< T*n(.<) u f*(a"'), <y > = O. 

^ < (q*)"^(^ X M*M*<;<)U(q*)"* f *(a'"), q^(3^ ) 

-» <• (̂  X k)*M*(:<) ^ f" '*(a'"), Z7 > = O 

(•f X k)*(y) U f *(a'") , c/ O 



* — * m 
for all V -£ H (B6: Z*Z ) c H (BSD : Z*Z ) and a -c 

' 2 n ' 2 

H'" ( K ;; EG, Z*Z ). Therefore, the St 1 e f e 1-Wh 3 tney classes of 

M /G c^n oe e/pressed in ter^ms of [ i"! ) , ....... ^ (ÎJ ) , 
1 n 

where w is the i--th S^ j pf e 1-Wh 1 tney classes^ of the 

universal bundle ^'^ : ESQ > PSO . It follD";s that all 
3 ri 1̂  

the St 1 pif e ]-Wh 1 tney classo'S of M '/G ^re in •t'lp 'oiaqf of 

(̂  N M * . Thus 

1 1 ~r * . ni. — 

' w M u f (a ) , o > = U 
1 r n 

for every a*" •£ H"^ (X ;< EG : Z*Z ) , i + 2 i + . . . + r i = n-m, 
o 2 1 2 I 

w being the j-th St lef el-Wh 1 tney class of M'^/G. Also all 

the Pontrjagin classes of M /G can be expre-^sed in terms of 

the images of the Pontrjagin classes of the universal bundle 

r"" : EBO • BSO under I'*. Hence 
9 i< 11 

1 t T * , I" > — ' p p u f ( a > , < y , = ' ^ , 
1 1 n 

f o r a l l a"* <z H"\X :< EG; Z « Z ) , r < n/A, n-m ^ l ( : + 2 i ^ 
0 2 ' ' 1 2 

... +ri ) and p , ... ,p being the Pontrjagin classes of 
r 1 r 

M'^/G. Thus CM'^/G,f: € £2 (X ;< EG) with all the 
r. O 

Steifel-Whitney numbers and Pontrjagin numbers of f : M^/G 

• X ;< EG equal to zero. It is given that all the 

torsion elements of H (X ;< EG:a_> have order two. Hence the 
o 

theorem follows from theorem (17.5) of C53. 
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CHAPTER III 

Bordlsm and Group action 

In 1964 Conner and Floyd introduced bordism method to 

the study of group actions. In this chapter uie describe the 

result of Conner and Floyd which states that a closed 

ZE "-fnanif old bounds if the Z -action is fixed point free. We 
2 2 

shall also develop the generalised version by R.E.Stong, 

according to which a closed 2! —manifold is IT —boundary if 
^ 2 2 

the 2'-actian is stationary point free. Ne;ct we discuss the 
2 

uiorl' on finite group action and equivariant bordism, compact 

Lie group action and bordism by fhare. Finally we study the 

worl- of Wneeler on oriented bordism of IZ k — action. 
2 

§1. Action of ii- u;ithout fi;ced points. 

Def1tion 3.1.1. Let M be a manifold. Then a 

differentiable map T : M • h of order two is called an 

involution on M'. 

Let M be a G-manifold. Let F be the set of fi;<ed 

points of a group action on M , i.e., F = C :< e M | g;< = ;< 

for all g <e G >. For each I-, u S 1̂  < n, we denote by F £ 

M the union of the k—dimensional components of F. Then F = 
k k n—k k 

U F' and 0 * F will denote the normal bundle to the 

union of the l~-d imens lona 1 components of the set of 

stationary points and o • ^ i^ the normal bundle to the 

whole set of fixed points. The group G acts as a group of 
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bundle maps on r/ • F sending each fibre onto itseit. 

Let T be a differentiab1e involution on a closed 

manifold M . We assume T is an isometry in a fixed 

Riemannian metric on the normal bundle r) • F. Then there 

are also .the bundle involutions T on S (// ' ) , where o • F 

= LI' (// ' • F") IS the normal bundle to F and S (1/ ') is 

the sphere bundle. For k < n, the total space here has 

dimension (n-1). Let (T, S(o)) = 11*̂  (T, SC^;""''")). then S (;; > 

IS called the normal sphere bundle to the fijcea points set. 

Now we have H ((RP(oi.),Z! ) = Z Ltzl is the polynomial ring 

on c € H ((RP(c».).Z ). A fixed point free involution (T.X) is 
2 *^ ' 

induced by a homotop ical ly unique map f : X/T • KP (ex) . 

We denote f (c) € H (X/T,2 ) by c once again and call c the 

characteristic classes of the involution. In general the 

numbers <w w ....w c , c/(X/T) ,> <E Z , are called the 
1 2 r 

involution numbers of (T,X) corresDond ing to a oar-cion 

1 + 1 ... + 1 of n—m where w 's are the St 1efel-Wh1tney 
1 2 1 I. 

classes, and c/(X/T) is the fundamental class of X/T. 

TheoVem 3.1.2. Suppose for each non—negative integer n 

there is a fixed point free involution T on a closed 

n—maniflod X such that for each n the involution number 

•••'c'̂ ,c/(X/T), of (T,X'^) IS non- = ero. Then rcT,x''':> is a 

homogeneous Ot -moaule basis for 9T (Z •> . In particular if 
^ * * .2 

(A,S ) IS tne antioadal involution on the n-sphere rhen 

CCA,S'^:> is a basis for ^t^ (Z >• 

For proof see page 74 of C63 . 

By rheorem (3.1.2), for every fixed ooint free 

involution (T,M ), we have a unique exoression 
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m = 0 

Lemma 3.1.3. If (T,ti) is an involution on a closed 

manifold uiith (T,S(Y7)) the bundle involution on the normal 

sphere bundle of fixed point set, then in 91 (Z ) , 
n-l 2 

'^•" '• -I 

CT,S(o)3 = , Z CT,S(,/' •)] = u. 

Proof. Since F does not contribute. we can very well 

assume that F = 0. Let (T,N) be a closed tubular 

neighborhood of F. Then W = M \int(N) is a compai-t regular 

T-invanent n-d imensional submanifold of ti for which (T,W ) 

has no fixed points and we have (T,c>W') = (T,S07)) = ^T,<?N). 

Hence we have CT,S(r/)D = Z. CT,S<r/'^' )3 = 0. 

Theorem 3.1.4. Let (T,M ) denote a smooth involution on 

a closed manifold with o • F the normal bundle to the 

fixed point set. I f 77 « R • F is the Whitney sum of the 

normal bundle with a trivial line bundle then, lRP(o ® CR) is 

a closed n-manifold and Ch'̂ : = CCRP(r/ ® K) ] in 31 . 
ii 

Proof. We consider the involutions (T .M'^XI) and 
1 

(T ,M'^;<I) where T (K,t) = (x,l-t), T (x,t) = (tK,(l-t)). 

Then fixed points set of T is fl'̂  x (1/2) and the normal 

bundle to this fixed set is a trivial line bundle. The 

fixed points set of T is F x (1/2). Identifying F with F x 

(1/2), the normal bundle to the fixed points set of T is T) 

® K • F. 

We define an equivanant d 1 f f eomorph ism 4J : (T ,M xt̂ I ) 

-• (T ,ri'\<c>I/ by 0(x,l) = (Tx,i) and -//(x, O) = (X,u>. We 

adjoin (T ,M xl) to (T , M ' X I ) along thier boundaries by 0. 

This gives an involution (T ,M * ) on a closed manifold 
3 
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M"^*^. The fixed points set of M"* under T is M ' U F. 
3 

Therefore by lemma (3.1.3) we have 

CA,S'':CM'^: + CT,S(T7 © tR)D = o e MO (z: ). 

Passing to qoutients we get CM'^3 = C(RP<o « CR) 3 . • 

Theorem 3.1.5. If Z acts smoothly on a closed manifold 
2 

M'̂  without fixed points then CM"3 = 0. 

Proof. We use the method of induction. 

For k = 1, (T,h ) IS a fixed point free involution. The 

mapping cylinder of the quotient map q : M • M /T is a 
compact (n+1 )-man 1 fold whose boundary is li . 

k-l _„k 
We assume that the result is true for Z . Let t^ acts 

2 2 

smoothly on a closed manifold M without fixed points. Now 

Ic k — 1 . t"\ 

2 = 2 X t̂  . Let F be the fixed points set of Z in M . 
2 2 2 ^ 2 

If F = <̂ , then by the induction hypothesis, the result is 

true. If F ;«! <̂ , then Z >: Z acts as a group of 

orthogonal bundle maps on the normal bundle '// • F. The 
generator T, of the first Z acts on each tibre as the 

' 2 

k-l 
antipodal map. Since <::: has no fixed point in F, the 

fibres of o * F are earned onto distinct fibre by all 

elements Z' . We form the Whitnev-sum o * [R • F. We 
2 

k-l 
extend the action of Z x Z' to o * [P bv T(v,t) = (-v,-t) 

2 2 ' 

and for g •£ Z , g(v,t) = (gv,t). Then we have the sphere 

k-l 
bundle (̂  , S (;; «e IP)) with T acting as the bundle 

V--1 
involution and correspondingly an induced bundle (Z , (RP (f/ 

^,k-l iu-l _ ® K)) <• (<L-" , F ) . Since <— has no fired points on t-, 
2 2 

k-l 
the actions of Z on IFP(;/ * CR) is also fixed ocint free. 

2 

Thus by induction hypothesis CIRP (i; ® K) 3 = 0. Therefore, 

from the theorem C3.1.4), Cri"3 = Z\PP(r, e CR) j = (>. 
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§ 2 . iJ^.-f" ) - F r e e b o r d i s m and a c t i o n of ^ u j i thou t f i ; ; ed 
^ ' _ ^ ^ 2 

points. 

Definition 3.2.1. A family î  in G 15 a collection of 

subgroups of 6 such that 

(a) if H "S î  and K is a subgroup of G with K S H then \ e >", 

(b) if H € ^ then gHg"^ e J^, for all g -s 6. 

Definition 3.2.2. Given a family j ^ xn a group G, an 

action & of G on a smooth manifold M is said to be J-"-free 

if for everv ;-> -e M the isotropy group 6 •£ j ^ . We often say 

that (li ,©) IS an J='-free manifold. 

Suppose y , y are families in G and /̂' £ >~. An iJ^ ^J^ ) 

free n-dimensional singular manifold in a 6-pair (X,A) is a 

5-tuple (M",M ,M ,0,f) where 
u 1 

(a) © : G ;,' M • M is a group action with ni",e) being 

^—free. 

(b ) M and M are compact submanifolds of the boundarv t̂M'̂  
u 1 

with M̂*̂  = M U M , M n M = ^M = <?M which are invariant 
o 1 o 1 o 1 

under the G-action such that (M .©IG x M ) is ^""'-free. 
o ' o 

(c) f : M • X IS an equivanent map such that f (M ) = A. 

Definition 3.2.3. A 5—tuple (M .M ,M ,©,f) is bordic to 

another 5-tuple (M'"̂  ,M' , M' ,d' , f' ) if 3 a 6-tuple 

(V''''*,v"̂ ,V ,V ,0,F) where 

(a) (V ,0) IS an v?'-free manifold and F : v' • X is an 

equivanent map with F(V ) £ A. 

(b) 0\J^**' = M'̂  U M'"^ U V"*" where M*̂  n v"̂  = KJM"^, M''*' fi v"*" 

t̂ M'*̂ , M"̂  r, M'"̂  = <?< and v"̂  n (M" U h''"") = t̂V"*", v"*" is 

invariant under © which restricts to w on M and «' on M' 

(c) FJM'^ = f and F|M' '̂  = f' . 
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(d) V IS the union of G-invanant submanifolds .V and V 

with intersection a submanifold V such that <̂ V - M UV UM' , 
L L V 

M n V~ = dM and M' n V~ = dM' , i = 0 , 1. 

(e) (V , ©IG K V ) is an :?" -free manifold. 

1 

'To be bordic' is an equivalence relation in the set of 

all {•7^,3=' )-free n-d imensional singular manifolds in (X,A). 

The equivalence classes of the 5—tuple (M .M ,M ,e,f) under 

this relation is denoted by CM .M ,M ,©,f3 and is called an 
o 1 

{y,~y )-free n-dimensional bordism element in (X,A). The set 

of all (.J^,J^ )-free n-d imensiona 1 bordism elements in (X,A) 

forms an abelian group with respect to the operation induced 

bv disjoint union and is denoted by 3T (G: .5=',.?'̂  ) (X , A) . We 
n 

call it (v?', J'='' )-f ree n-d imensional unoriented bordism group 

of (X,A). Consider 

lR_̂ (6;5̂ ,i='''') (X,A) = ®9T (G ; Ĵ  , Ĵ"̂  ) t X , A ) . 

It IS easy to see that DT (6;.^,^ )(X,A) is a module over the 

unoriented bordism ring 9T with multiplication given by 
CN"']CM'\ri ,M ,©,f: = CN'"xhr,N"':<M , N'";<M ,e' , f' D 

o' 1' ' o 1 

where-O' : G :; (N :<ri ) • (N" ;<M ) is defined as g (:i, y / = 

(:c,Qv) for all (x,y) <£ N"';<M'̂ '̂  g e G and f : N"':;M'̂  X is 

f (x,y) = f(y). The module 91^ (G; J-̂, J-"'') (X . A) is called 

(0^,^ )-free unoriented bordi'^m module in (X.A) over Ot . 

I f u : (X,A) • (X ,A ) IS an equivanent map between 

G-pairs, one has the induced homomorphism 

«* : or (G-,̂ -',̂ ''') (X,A) 9t̂ (G;>/',Ĵ ' ) (X ,A ), 

defined as a CM' ,M ,M ,e,f3 = CM'^,M ,M ,©,otf3. The boundary 
i 

homomorphism ^ 
0 : 3f^(G;r,J^'' ) (X,A) -* 9t^ (G;-:?̂ ,X > (A,si'> 
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of degree -1 is given by 

d CM'\h ,M ,e,fD = CM ,c)h ,0,e|G X M ,tjri :. 

It can be seen that if 3^ ^ S. J^ S >" are families in G. 

Then the follouiing sequence 
t 

J 

— - 9t^(G;J^' ,:?"'"'') (X,A) ^- 3r^ (G;>",.>•"'') (X, A) 

ar̂ (G;>-',-r'") (X,A) * Dt^iG;J^'' ,S^''"' ) (X,A) 

is exact, where j : (̂ ,.?' ) "̂  • i^,j- ), j' : (J*',Ĵ ' ) ^ » 

(,7̂,Ĵ' ) and j' ' : (S^,<p) ^ • (J«" ,:?" '̂  ) are inclusion maps.. 

We now consider a specific group G = Z , generated by 

2 
elements t , -. ,t, with relations t = 1, and t t = t t . 

For p :̂  k, let 2 be the subgroup of Z" generated by t , 

,t . Let Ĵ  = - C H S 6 ( H i Z ^ = C t , '.. ,t 1} and >" 
' p p ' ^ 2 i' p k+1 

the family of all subgroups of £. . Then we have 

O 1 k k+i 

Proposition 3.2.5. For 0 < p < k, the sequence for the 

triple of families •?" £ ^ S >̂  becomes a split exact 
p p+ 1 k-n 

s e q u e n c e : 

n 2 k+1 p n 2 k+1 p+l •-

n - 1 2 p+1 p 

P r o o f . We c o n s t r u c t a map 

n - 1 2 p+1 p n 2 k+1 p+ i 

L e t CM'^,el € 9t (S' ' ;^^ ' , j ^ ) . L ^ t F be t h e f i x e d p o i n t 
n - 1 2 p + 1 ' p 

set in M'̂  under (Z ) . F is a submanifold of M' with 
2 

dF = ĉM n F . S i n c e a l l i s o t r o p y s u b g r o u p s on t^h' t ) e lonQ t o 

^ , X <£ ^ M " -• 6 -i> 2*". A l s o X -e F ^ G z> Z*^. H e n c e F n <?M 
p X ^ 2 X 2 

= 0 and F is a closed submanifold embedded in the interior 
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of M. 

i"i 1-
Let ^ be the normal bundle of F in M . Bv Z"-tubular 

2 

neighborhood theorem, 3 a Z'-tubular neighborhood of F in M 

which 15 ZI "-d 1 f f eomorph ic to disc bundle Dd-O on F, the disc 

bundle D(u) havino induced action of Z~ throuoh vector 
2 

bundle maps covering the actions of Z on F. Since F is tne 
2 

fixed point set of 2! , S acts as linear transformations of 
2 2 

each fibre of D(v) into itself with only the zero vector 

being fi;;ed under the action. 

Since all isotropy groups of ti belong to J^ , ;< -e M -> 
p + i 

G ±> S*^* - A l s o x € F - » G r? Z.^. So t a c t s f r e e l y on F 
X * 2 X 2 p + 1 

and hence also acts freely on D (i-*) . 

Let q : F • F' = F / -. t ,- and q : D(L>) • 
^1 p+l 2 

D' (.u) = D (1̂ ) / <t > be the quotient maps. Let i^' be the 
p+i "̂  

vector bundle obtained from u on passing to quotients. Then 

Since t commutes with the action of iZ on F and D(v), 

p-M 2 

we have induced actions of Z on F' and D(.u' ). 
2 

Let C and C be the mapping cylinder of q and q , then 

we have maps q : C • F' and q : C • D' (î ) , ALso 
1 1 ^ 2 2 

we have the induced maps v' : D' (î ) • F' and v : C • 
2 , 

C induced by u : Dd--) • F and the group action u induces 
group actions y and <̂  on C and C respectively. Now we 

k ''*' -1 
have a 2 -di ff eomorph ism 0 : (u ) (<?C ) —• D(i^). 

2 • 1 
M'" X CO,13 U C 

2 k We define W = —-. r-r r - . — r and a S -action X on W (y,l)~<jt'(y) 2 
n •• 

which restricts to the action © x 1 on M :< 1 and w on C . 
2 Z 

We note that ^W is the union of four manifolds M x -CO}, 
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* , -1 Dn 
' 2 1 

M*̂  :< C0> , X acts as & and Ẑ *̂ has no fi;ced point, on <?M ;< 

CO,13, X acts as © x 1 and Z^ has no fixed point, on (M' X 

<:i> \ D(i.') X Cl>), X acts as © x 1 and Z"" has no fixed 
2 

points, since all fixed points are in F i= mt.Dd-'). On (<?C 

\ (j,' )~*'<iC ), X acts as v and 2^ has no fixed point, for 'f 
1 ' 2 2 ' 2 

act on C by bundle maps with 22^ actinq as linear 
2 •' "̂  2 -

transformation on the fibres and having the zero vector as 

the fixed point set. 

Hence CW,X: «= Ul (z"";.̂ , ,>" ). We define pCM'^eD 

CW,X3. Consider W = <?W x CO, 13. Then t?W = didl-i x CO, 13) = 

<SW U <?W = <?W U (M'" X CO} U M'̂  X I) u (M*̂  X Ci:- \ D ( ^ ) X Cii) 

*.-! u (^C \ (u ) <?C ) , and a l s o X| ,^ A ^,, i s e q u a l t o 
2 1 ' I (ul ) X <?W 

on 

li*̂ . Hence C<5W,Xi,_ > ,̂, 3 = CM'^,©3. • 
' (Z ) X ^W 

2 
),: 

Proposition 3.2.6. If Z' acts on a closed differentiab1e 
C . _ 2 

manifold M"^, then CM'^,G3 = 0 in UX (Z*" ) . 
i> 2 

Proof. We have the exact squence of the triple -T̂  S ?* £ 
o k . 

With 9? (Z v̂?" ,Ĵ  ), the bordism group of stationary point 
"" Z 1^ iJ 

i k 
free actions and UX (<:i iO=' .y ) = 9T (Z ) . Now we have the 

* 2 k + 1 ' o * 2 

map J as the composite j, o .... <> j <• 3 

* 2 k.+ 1 U 

.-^y 
- ^ ^ . ^ - 2 ' ^ . . ' ^ - . ^ 

v . - 1 

Now by the proposition (3.2.5), each j is one-one for 

0 ^ 1 < k. Hence 1 is one-one and 1 = 0. So [f1 3 =0 in 

3r̂  (2 ) . 
•< 2 



^3. Finite group action and equivariant bordism. 

Throughout this section we ui 111 tal- e G to be a finite 

group. In this section we will prove that if B acts without 

fi.ced paint on a manifold M' then M is a 6-baundary. 

Definition 3.3.1. Let (Ĵ ,.̂ ~ ) be a oair of families in G 

and cc be a central element in G of order 2. WP call (J^ .J^ ) 

an admissible pair of families with respect to u, € G i f 

(i) ct-sH, for all hi -e. >~ \ •?' . 

(ii) H ^ J^" -> CH u C<i>2 € J-"̂, and 

(ill) the intersection S of all members of j ^ \ J^ is in 

j^ \ y . 

Example 3.3.2. Let G be a finite group. The 2-central 

component G (C) <zan be written as Z = tt , ... ,t J where 

t , ... ,t are the qenerators of Z with t = 1 and t t = 

t t . Let y be the family of all subgroups of G not 
J >- i-

k ^ 

containing Z , 0 S !<• < r, where Z denotes the subgroup of G 

generated by the first k generators t , ... 5 *, - Then 

(>:̂, ,.5̂ , ) IS an admissible pair with respect to t, , 

OS \ ^ r. 

Theorem 3.3.3. If (J=',.?' ) is an admissible pair of 

families in G with respect to a <s = 6 (C) , then an element 

CM",e] in 9T (G;J=',J^) is zero in Orr̂ CG;-?' ,-3^^), where y is the 

smallest family m G consisting of all subgroups CH u Ca>D ; 

H € ^. 

Proof. Let S be the intersection of all members of -^ \ 

y . F denote the fixed point set of M under S with <?F = 

dt^'^ n F. But X t F -• G z> S-, and x ^ JM'"" -• G t 5--"' ̂  6 d̂  
X X y. > 

S. 
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Hence Of - <p and F is a closed submanifold embedded in 

the interior of M . Since >" \ 0^^ is invariant under 

conjugation, S is normal in G and hence the action O on M 

induces an actiqn on F which we denote again by »5. 

Claim: a acts freely on F. 

Suppose a fi:<es a point ;•: of F, then B =.-' CS u Ca> !! . 
K 

Therefore CS U -Ca} 1 e y . Further S t - ^ \ - > ~ implies that 

CS U Ca> J G j^" \ 3=' . Hence a <= CS U Cc2.>3 which is absurd. 

This shows that a acts freely on F. 

Let î  be the normal bundle of the embedding of F in the 

interior of M and D(i^) be the disc bundle with the action 

o of G on D(i^) induced by the real vector bundle maps 

covering the action © on F. Let F' = F/Lo,l and 

D' (i>) = D (i->)/CtiD . The actions © and o on F and D(IP) induce 

actions &' and © ' on F' and D' <!>) respect ive 1 v. Let C and 

C be the mapping cylinders of the equivanant double covers 

• D' (v) respectively and 
q̂  : F — F' and q : D(L') 

V and ip be the induced actions on C and C respectively, 

We have the fallowing diagram: 

C • D' (Ĵ ) 

F' 

where ot : C • C is the map induced from ly' 
2 1 

F' by going to the mapping cylinders, 

D' iv) 

Then dC n 
1 

homeomorphic to F, a. <.dC ) is homeomorphic to D(i>> and the 

-1 * 
action u/ on ex iOC ) is isomorphic to the action © on 

1 1 . 

Dd--). We have a G-d i f f eomorph ism (p : o('̂ (<?C > ^ D(J^) and 

we define W = ( (M"̂  ;; CO, 13) LI C ) / ((y,l) "- '/-(y)). The 
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action V o"f G on W IS given by vjM " CO, 13 =0:<. 1 and v|C 

= y . Let V be the set (<?ri" ;< CO, ID) u ( (M*̂  \ inrDd--)) x 

•Cl>) U (̂)C \ intcr^(^C )). Clearlv W is Ĵ~ -free snd <?W is 
2 1 ' a , 

the union of V and M by identifying £>V with t̂M , Now V is 

:y -free as S is the intersection of all members of >/" \ •J' . 
a, 

Therefore <?W is •^ -free. Hence CM ,&J is zero in 

* a o-

Corollary 3.3»4. For every t-, O ^ t < r, the 

homomorphism Jl^CGz^:^ ,3^ ) • 91^(6:^,^,) induced from 
* k-i-i K * k. 

the inclusion map (j^ • ,J?', ) • (.</',•J-", ) is rero, where yf 
k + l K K 

denote the family of all subgroups of G. 

Proof. (J=" ..T ) IS an admissible pair of families with 
k+i k 

respect to t for O < ^ < r. We have (5̂ , ) = J=", and 
•̂  k+i k t k 

k + i 

bordism exact sequence 

31 (G;J^ , , ^ ) -* 9r ( G ; ( ^ ) , < ^ >, > ^ - .')f ( G ; ^ - ; , ^ > 
k + l k+1 

w h e r e i ^ : 31 ( G ; (5=", ) , (•5-" ) ) OT^ ( 6 ; J V , O ^ ) i s 
k+1 k + i 

IS induced by the inclusion < (5̂ , ) i ^^, ^ '> —' isf^J^). 
•^ k + l l k l k 

k+ 1 k+ 1 

By theorem (3.3.3) we conclude that the homomorphism 

• 9t^<G;^, .^) • 1JÎ (G;J=J',Ĵ  ) 
* k+l k * k 

IS zero. 

Corollary 3.3.5. Let the 2-central component 6 (C) of a 

group G be denoted by S"". Let P be the family of all 
subgroups of G which do not contain G <C). Then the 

^ • 2 
homomorphism UX {G;P) • ~IX (.G^J^) induced from the 

inclusion map ^ » J^ is the zero homomorphism. 

Proof. By corollary (3.3.4) we have 
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IS the zero hamomorph ism, O S ! r. We have the e;;act 

sequence for the triple J-~ = >" = yJ, 
V r • I 

L J 

.. --* 3r (G;r, ,7- ) ^- DT (G; J-; , >-', ) -̂» :)r(G ;.;,>-, )_-».. 

where o is the homomarphism induced from the inclusion j : 

(.j^.J^ ) • {s^ ,j^ ). Since 1 15 the zero homomorph i sm, j 

15 a monomorphism. Therefore the composite 

9t (G;j^,J^ ) . 01 (G:j5r,C?" ) • 0( (G:^',j^ ) 
• (J * 1 * r 

IS a monomorphism and hence from the e;cact sequence of the 

triple Ĵ  £ P S jj,-", we have 31 (G;P,j^ ) • 9t (G;J^,J^ ) is the 

zero homomarphism. 

Corollary 3.3.6. If G (C) acts on fi under O without 
£ 2 

any stationary point then (M ,0) is a 6—boundary. 

Proof. The corollary follows from the corollary (3.3.5). 

§4. Compact Lie group action and equivariant bordism 

Khare has extended the theorem (3.3.3) for a torus 

action. He finally considers the compact Lie group action 

and proves that the induced action of the central elementary 

H—subgroup of G determine G-bordism. This gives us the 

result of torus action in particular case. 

Definition • 3.4.1. Let H be a compact Lie group. Then H 

15 said to be H-boundary if there exists an H-manifold N 

such that c?N = H and the restriction of action e on dN 

coincides with the given group operation of H. 

Let G be a compact Lie Group- By the central elementary , 

H-group in G,>we mean the maicimal subgroup H = H x .... x H, 

n—times, contained in the centre of G. 
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Let G be a. compact Lie group with H rhe central 

elementary H-group in G, H being H-boundary. Let h be a 

fi.\'Od point of H and p : H"̂  » H denote the projection 

onto the i—th factor, 1 < r < n. Let H denote the subgroup 

of H"̂  with p (H ) = H, if 1 = r and p (H ) = h , if i ?̂  r. 

Let a family CL > of subgroups of G be such that L n H is a 
r . 1 r 

nontrivial subgroup of H , 1 < r n. By an CL >-type 

action of G, we mean a differential action of 6 on a 

differential manifold M such that for every ;; in M, p (G n 

H ) 15 either trivial or contains L for all r, G being the 
r X 

isotropy group of x. A point x in M is said to be a pseudo 

stationary point if p (G n H" ) is nontrivial for all r, 1 S 
r K 

r < n. 

Let^'^S !?^ be families in G such that there exists an 

H-boundary subgroup H of G satisfying the following 

conditions: 

(a) No nontrivial subgroup of H is contained in K, for all 

(b) The intersection I of all the members of 5" \ !^ ^ is in 

(c) H IS contained in the centre. 

We call such a pair (3̂ ,0̂  > of families an admissible 

pair in G with respect to H £ G. 

Example 3.4.2. Let CL > be a family of subgroups of G 
— • ^ 

such that L n H be a nontrivial subgroup of H . Let 
r 

denote the family of all subgroups K of G for which p (KnH ) 

IS trivial atleast far one j = 1, ...., r , and the 

nontrivial subgrouos p (K fi H ) of H contain L . Then 

) ) ) 
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( , ) 15 an 3dmi55iQle pair of families in G ojith 

respect to H , 0 i r i n, being the empty family. 

Theorem 3.4.3. If (^ ^J ) is an admissible pair of 

families in G with respect T O a subgroup H, u^hich is 

H-boundary. then the homomorphism Ylj^^'i^i ^ ) * 

-fl^^-^ ^ '^ ^ ) xvydutzea by the inclusion map '-^-, ^ ') * 

^^ 1^ ^ 15 •'̂he zero homomorphism, where ft denotes the 

smallest family in G containing all the subgroups CS U Ql, S 

-s and 0 a subgroup of H. 

Proof. Let CM'\fc>D « Tt ̂ G; 3^, ^f'^) . Let I be the 

intersection of all members of ^ \'3 and F be the fixed 

points set of M under 1. Since ¥\ ^^ is invariant under 

conjugation, I is normal in G, so that the action © induces 

an action ar\ F, which we denote by & again. Let v be the 

normal bundle of the embedding of F in the interior of M 

and D(i>) be the disc bundle with the action O of G on Dd--) 

induced by the real vector bundle maps covering the action © 

on F. Since F is the fixed points set of I and no 

non-tcivial subgroup of H is contained in V , for all \ ^ ^ \ 

5*", no point of F is fi;<ed by the subgroup CI 'J Q] , Q being 

a nontrivial subgroup of H. Thus H acts freely on F and 

hence on D (î ) . Let F' = F/H and D* (L>) = D(v)/H. The 

actions e and O on F and on D(i^) induce actions e' and e ' 

on F' and D' (î ) respectively. Since H acts freely on F and 

D(i^), the quotient maps ^ : F • F' and ? : D(v> • 

D' (v) are principal H-bundles." Since H is H-boundary, 3 an 

H-d1fferentlal closed manifold (N,0) such that the boundary 

«iN = H and the restriction of the action <p to <?N - H 
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coincides with the operation in H. We consider the fibre 

bundles ? e CN3 and ^ ^ CN] associated to the 

principal H-bundles ^ and ^ respectively. The total space 

E of ^ IS given by E = (F x N)/H, where the action ot H 
1 1 1 ' 

on F ;< N is given by h(:;,y) = (xh,h y ) , h t H and (;<,y> <B F 

X N. The boundary dE is di f f eomorphic to (F x H)/H. We 

fix a point h of H and define a map r/ (F X H>/H --• F as 

0(C'<,h3) = xh where h = hh. Then o is a d i f f eomorph ism. We 

define an action y of G on E as gCXjtD = Cx9,t3. Then the 

Thus E IS a diffeomorphism n preserves the H-action. 

G-manifold with dE being equivanently diffeomorphic to F 

Similarly the total space E of ? is (D(^>) x N)/H, where 

the action of H on D(v) x N is given by h(x,y) = (xh,h t ) . 

= CxQ,t3 . Let the action y^ of G on E be given by gCx,tD 

Let a : E -• E be,'the map induced from i^' : D' (.u) F' 

by going to the associated fibre bundles. Then we have the 

commutative diagram; 

2 
--• D' (i^) 

ex 

? CN] •: ,'E 
1 •j'l t 

F' 

Also u iOE ) IS diffeomorphic to D(v) and the action y^ on 
1 • ^ 2 

-1 _ * a (dt ) IS isomorphic to the action & on Dd"). We 
1 

d e f i n e 

G W = ( ( M ' " , X C 0 , 1 : ) , ^ U E ) / ( y , l ) > ~,^<j>(y) . L e t , t h e a c t i o n $ o f 

on>W b e d e f i n e d ' b y § IM x f C O / i g . = © ' x 1 a n d , $ ) E = v' . i . L e t ' 

V b e ' t h e ' s e t (^M'^CX C o / l D > , U ' . ( (M"^ X t l > \ , m t ( D ( v ) ) x , { : i> ) ) ' 

U (i?E \ i n t < a (.SE ) ) > . , S i n c e ' I i s t h e i n t e r s e c t i o n o f a l l 
2 ' 1 ,. 

m e m b e r s o f ^ \ S^ •, V I S (^ ,S^ > - f r e e 
H H 

A l s o W 

(5'' , y ) - f r e e w i t h c?W t h e u n i o n o f V and M . i d e n t i f y i n g d^ 
H H 
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with <?ri". Thus CM'^,e3 is z^ro in m G ; ̂  ^A^^). a 

Corollary 3.4.4. For every r, 0 < r < n, the 

homomorphism y>/.B: </ \.:^^) • •Ri-G ;j^, î") induced from the 

inclusion map (/ ̂  ,^^) . (̂,!? > is zero. 

Proof. We note that (̂  ̂  ,5̂' > is an admissible pair of 

families with respect to the subgroup H ̂  , O < r < n, and 

also(^^) = y ^ . UWe have the composite map 
r H •- r . - • : • . , : 

' v . - .•• . • •••" • . , ••-••• • • • i ; - - : -> ' • ; ••• ••:\] ' . r + i '.' r + l r • . 

induced by the inclusion'.,(/^.Z^) ^ (^^^J„ •.^^^v. ^ 
• ' • . • . - ' r - V ' . ^ ' . ' v ! ^ ^' • ' • • . ' " " ' • ^ . ''''•*• 

.̂  •(./?, ). ' '• - By -: theorem (3.4.3) we obtain that the 
r 

homomorphism yH6; V\»5?*') ^yifG;jJ,'^h is zero. 
•.' •• • '-.• - ; -: • • • . - . s v ' - . - ^ - . . ! - : ' - - ' . . ; • • ; . • • . • • . : . , • , • 

- Corollary 3.4.5: .:';Let>M'̂ ' be a closed G-manifold with' 
• i • : — \ — ^ ^ - r / • • . • • : • • ? > ' v • • . • • • • ; . • . • •'„ . ^ •:. 

• . : ; ' . • • • - T ' . - ' .-' • ' • • • ' . ' • ; , ; " • • • ' • • . • • ' • • ' ^ 

;<:L >-,type of action .for: some family -CL> of subgroups of G 

such that L n H > is ; nontri vial. If li does not have any 
, : , • • • • . "'•.•:- • , ' ' : ' - : : : ' S £ v / ^ - > : - v - ' ' ' ̂  • . -

• • - ; • , . • : • • . '•••• • ' • - • • • ' n 

pseudo stationary point,-v-then M is a G-bounda,ry. 
• : - • - • • • ' . • ; . ; • • • , : .•••• :- ' - . . . i . r . : : ? ' " v - ; - ^ • : ; - w ; : ' : • • ' • . - • • • 
•. •, ' • • • . • • •- . •••• ' •• •• ; ; v , ; V - • • ' : r ' . i ' f . - . ; . • • • . ; • . • • , • • . 

'7̂  P r o o f . I t i s c l e a r - ' f r o m t h e h y p o t h e s i s t h a t , f o r ; a l 1 x € 

i1 , p (G n ,H ) isVei ; . then; ; ; t r i ,v ia l o r c o n t a i n s L f o r - a i i .. ; r,.-

But M Ĵ d o e s not- have :>any-.pseudo s t a t i o n a r y p o i n t , s o ' p (6 n 
.- • • ., • • • . :. - . • • : • • • . • • . i ; ? : ^ ; ; ^ - - • ; ; • > - • • '̂  ; ; . , , . • ,. - . • . . , ;, - • • 

, ' : • • . • -•• • ' . - ^ • - 5 i . ' ; ¥ " ? / - ' ; - i ' . > ' - ' • . ' V ; ?•'•, •• -••-, • : , •• -. • • • • - • . : • ' • 

H " ) : is trivial atleastJjfora.one r, 1 < r <;n. . ' Thus • p (G n: 
, . • ; : - . . : ; " !. :•• : : • • > . . • / . • : : : ^ . ' ^ f ^ i ^ : ' i i p - - . j y J ' • . • • • • • '•. :•; - • • • . . • • • • • • • . ^ . : : ; . ' • J . - ' > * ^ ^ 

• • T - !;!<iV'ivji!'c': 

e;H'^,)-v.is:3^riv;ial •^at•le^ast&^^ J ; I = I •> '•: . . ' . -.' ,n' ' ; ' ;Und ;;:;the-. 

:̂ f̂c:-: . . . . . . . . . . . . . . . . . , . . . ^ , 
A nontri vial sub'g roup.ip. (G n H ) of H , contains L ,. :.Hence ^ G' 

? € 5̂  . ̂ ^^Thus i:MV,,©D,fe:imG;^<,^ •). ^'°*^ '̂ y corollary ( 3 . 4 . 4 ) . and ;. 

:̂ ;Th.eret,ore:;;the;,-'cpmpasi,:te>ilyfo|"fe:IŜ ^ :.-i. •' • •'-• ^:'' •^^:^'5.'-V ..-.'^••.••4'!"^5 

is a monomorphism and henc«> by the bordism exact sequence of 
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the triple (̂ ,5̂  ,1? ) one gets that the homomorph i5m 

yV(G ; y , / ) ' Y\ 'G'TJ^ , 5̂  )i'^ *-he zero hamoinorph i r.m. 

Hence CM"^,©] I S zero in )^(G;^) since jT = qi . 

•^5. The oriented bordism of Z V-actions. 
2 

In this section we discuss rhe work of E.R.Wheeler on 

the oriented bordism of Z -actions. We shall prove in this 
2 

s e c t i o n t h a t £2 {Zi y) <& R i s a f r e e ii <2> R (rodule on e v e n 
* 2 2 * 2 

dimensional generators, where R = C n/2 | n, r -H IT } i s a 

subring of „ . 

(A) Classifying spaces for bundles with G—actions. 

Let G be a finite abelian group and ^ i -•• >€ be all 

possible irreducible complex representation of G. We define 

G action on f = £ ?&.,.*(£ by considering (f as the 

countable direct sum of the i-th irreducible reoresentation. 

Let B(U,G) be the Grassmannian of comolex s—planes in £ 

and E(U,G) = [(W,;^) I W e B(U,G) and :< e WD. Then v 

E(U,G) • B(U,G) defined as ?• (W,;<) = W is "che complex 
S 3 3 

s-plane bundle over B(L!,6) . Since the elements of G acts 
a 

on (C 'via complex linear transformations, there is induced 

G-actions on B(U,G) and E(LI,6) . This makes }• : E(U,G) 
a s 3 3 

• B(U,G) the universal complex s-plane equivanat 
a* 

bundle for the family of all complex n-plane G-bundles in 

the category of G-spaces. 

Similarly, we have the universal real s—plane 

equivanent bundle in the categorv of G-spaces, }- : E(0,G) 
a s 

• B(0,G) over B(0,G) where B(0,G) is the Grassmannian 
a 3 3 

of real s-p lanes in R*" =(R. ®...®rR. . , ... , are the 
t l i t 

irreducible representations of G and E(0,G) = C(W,,<> I W -s 
a ' 
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B (0,G) and ;< •= W> . 
s 

Now we can define a merric on E(U,G) such that 5 action 
3 

IS orthogonal with respect to this metric. Further, for any 

r-0(iip]p;< G—hufidle E -• X of dimen=;ion s Ov'ei a compart 

Hausdorft space X, we can define a metric on E such that the 

G-action on E is orthogonl with respect to this metric and 

the bundle map covering the classifying map induces 

(D(E),S(E)) • (D(E(U,G) ),S(E(U,6) )) where D(E) and 
3 S 

D(E(LI,G) ) denote the unit disc bundles and S(E(U,G) ) and 
S 3 

S(E) denote the unit sphere bundles. 

We now consider the G-space B(U,6) and the fixed points 
3 

sets of subgroups of 6. Let H be a subgroup of H and X be a 

compact Hausdorff G—space. The isomorphism classes of 

G-bundles over X of comple:; dimension s are in one-one 

correspondence with the G—homotopy classes of equivariant 

maps from X into B(U,G) . Now if H fi <es X, any equivai iant 

map takes X into the fi;<ed points set of H acting on 

B(U,6) , say F (B(U,G) ). Hence if H fixes X, then the 
3 n 3 

G—homjtopy classes of equivariant maps from to X to 

F (B(U,6) ) are in one—one correspondence with the 
H ' 3 

isomorphism classes of G—bundles over X of complex dimension 

s. Thus F (B(U,G) ) is the classifying space for G-bundles 

of complex dimension s over base spaces X such that H fixes 

X. 

Exactly the same analysis is true for equivariant real 

s-bundles over X and F (8(0,G) ). 
H ' 3 

Proposition 3.5.1. If H is a subgroup of G, then 

F (B(U,G) ) IS G-homotopy equivalent to u B(U,G) .< ... x 
H S t 
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BdJ.G) , I'lhere H h a s r - 1 r r e d u c ib 18 cample; ; r e o r e s e n t a t i o n s 

wi t h Z t = •=. 

Proof. Since H has r-irreducib1e complex representations, 

a cample;< G-bundle E over a G-space which is fixed by H 

decomposes into E ® ... ® E . Therefore F (.B(LI,G) ) is 
1 r H ' 3 

G-homotopy equivalent to U B(LJ,G) y . . . :< D(U,G) , such 
1 r 

thatt + - . . + t = s . I 
1 1 

Proposition 3.5.2. F-„ (B(0,Z! k) ) is Z k "homotopy 
U-, 2 s 2 
Z 

equivalent to u B(G,Z k) :< BcO,2 k) , t + t = 5 . 
^ ' 2 1 ' 2 t ' 1 2 

1 2 

Proof. Since the real irreducible representaT; ions of 2 
2 

are multiplication by +1 and -1 on 1-dimensional vector 

space, a Z k bundle over a Z k space which is fixed by Z! , 
•̂  ' 2 2 ^ -̂  2 ' 

decomposes into E ® E where Z acts on the fibres of E 
I t 2 L 
1 2 1 

and E by multiplication by +1 and —1 respectively. Thus 
2 

the classifying space for s-dimensional real vector bundles 

over Z k spaces fixed by Z is U B(0,Z k) x B(0,Z k) , t 
2 •' 2 2 1 2 L ' I 

1 2 

+ t = s. 

Proposition 3.5.3. F^ (F^ (B(D,Z k) )) is Z k-i 
^ } t^ 2 s 2 
2 2 

homotopy equivalent to U B(LJ,Z k) x ... x B(U,Z k) with 
'̂ •' ^ ' 2 1 2 1 . 

X r 

Z t •= 5. 
r 

Proof. Let F^ (B(0,Z k) ) denote the component of 
> 2 

F_„ (B(0,Z k) ) above which Z acts as multiplication bv -1 
a_ ' 2 s 2 
2 

in the fibres of the canonical bundle. Now the Z k action 
2 

restricted ' to F^ (B(D,Z k) ) can be considered a Z k-i 
Z ' 2 s 2 
2 

action. Now F.., (F-„ (B(0,Z k) )) is the classifying space 
J_ 1 t̂  ' 2 s 
2 2 
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for Z V bundles E • X which have the properties (a) Z2 j+i 

Z V fi'ies X and (b) Z Z îi Z > acts on the tibres of 
2 2 2 2 

E as multiplication by - 1 . Sucn a bundle E splits into 

subbundles loiih respect to the irreducible representations 

of Z j+i. Each irreducible represntat ions of Z j+i, which 
2 ^ 2 

satisfies the condition (b>, is the realification of an 

irreducible complex representation. Therefore, each of the 

split subbundles of E has a comple-; structure. Thus if 

there are r irreducible representations of Z j+i then 
2 

F-,, (F_„ (B<0,Z k) ) ) IS Z V.-1 homotopy equivalent to U 
t^ \ cL. 2 3 2 
2 2 

B(lJ,Z k) :< ... :< B(U,Zk) with Z t = 5 . 
2 1. ' 2 L 1 

1 r 

Definition 3.5.4. Let ? : E • X be a bundle with 

fibre F. Then the determinant bundle of ^ is a line bundle 

det< : detE • X whose fibres are •̂ 'F where the n-th 

exterior power A p = (p <g) ... <B> F ) / S , where S is the 

subspace generated by the elements of the type x ® x ® ... 

<ax withx = x , i ; * j . 
n 1. j ' 

Note 3.5.5. Let y : E(0,Z k) F Z ( B ( 0 , Z k) ) 
23 ' 2 2a i^ 2 2s 

2 

represent the canonical 2s plane bundle over 

F~ (B(0,Z k) ). Now B(0,Z k-i) is Z k-i homotopy 
Z ' 2 2s ' 2 2o 2 *̂ -' 
2 

equivalent to F_, (B(0,Z k) ). Since Z ' Z k acts as 
^ Z 2 2s 2 2 

2 

multiplication by -1 on the fibres of E(0,Z k) and since 
^ ^ ' 2 23 

the determinant of -1 acting on an even dimensional vector 

space IS +1, Z acts trivially on the determinant bundle of 

r , i.e., det^' : detE(0,2k) • F~ (B(0,Zk) ) is 
' 2 3 ' ' ' 2 9 ' 2 2 9 Z ' 2 2 9 

2 

a Z k-i b u n d l e . 
2 
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P ' - n p a s i t x o n 3 . 5 . 6 . I f f : (M, OM, Z k-i a c t a i n ) • 
!r 2 

(D ( d e t E ( 0 , Z k) ) , S t d e t E ( 0 , Z I') ) . d e t ( 2 V a c t i o n ) , ' i s an 
2 23 ' 2 23 2 

equivanant map, then f may be equ i var i an 11 y homotooed to be 

transeverse regular on the zero section of detE(0,Z V) 
2 23 

Further, if A £ M is a closed subspace and f|A is already 

transv/erse regular, the homotopy caci be chosen to fix A. 

For proof see page 291 of C29D. 

Theorem 3.5.7. Q (ZkyiJ'.J^ )(X,A) ^ 
n 2 ' « 

e n / 2 ] 

® a (Z k-i) (<r) (F_ (X)/F^ (A) A T(det;-' )) where 
9 = 0 n-29+1 2 c:. 11 23 

2 2 
K : E(0,Z k) • F_„ (B(0,Z!k) ) is the canonical 
23 ' 2 23 t2_ ' 2 25 

2 2s-plane bundle over F-, (B(0,Z! k) ). 
£^ 2 23 
2 

P r o o f . L e t Chr.M , M ,T ,FD t il (Z ). ) (J^, J-"' ) ( y , A ) w h e r e T 

g e n e r a t e s t h e Z k a c t i o n on M . L e t F be t h e 
^ 2 2 

(n-2s)-d imensional component of the fixed set of 2 <• Z k 
2 2 

acting on M . Then F is a submanifold of M with induced 
^ 2 

action of Z k-i and ^F = F n M . Leti^:E(!^) • F be 
2 2 2 1 2 

the normal bundle of F in M"^. Since the disc Diu) of the 
2 

norm'sl bundle can be identified equivanantly with a small 

tubular neighborhood of F , no elements of D(v) \ 
2 ' 

Czero-section] can be f ixea by Z j for 1 < 3 S t . Since 

each fibre of u" is a representation space for 11 , u is Z k 

bundle aver F such that Z acts as multiplication by -1 in 
2 2 f J 

the fibres. Then v : E(i^) • F is classified 
2 

equi v a n an 11V into F-̂  (6(0,Z k) ) giving a Z k bundle map 
^ ' Z ' 2 2 a ^ ^ 2 ^ 

2 
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E(i^) 

î  

--» E (Q , Z k ) 
2 2a 

— B 10 , Z V - 1 ) 
' 2 23 

Now by tal- ing the determinant bundles of u and ^ we have a 
2a 

2 k-i bundle map 
2 

d « I. 9 ' 

det (£(1^) ) -• det (E (0,Z k) ) 
2 23 

d e t >•' 
2 a 

-• B(0,Z k- 1 ) 
' 2 2a 

Then deto' maps the pair (D(detE(v), S (detE ti--) ) ) into the 

pair (D(detE(0,2 k) ), S(detE(0,2k) )). We have a map 
^ ' 2 23 ' ' 2 23 

(detQ' X f)odeti^ : (D (detE (î  ) ) , D (detE (:> )/dF ) U Si.detE(i^))) 

- (F^ (X) ;< D(detE(0,Z k) ), F_ (X) ;< S(detB(0,2k; ) 
2 23 2 23 u 

F_„ (A) :< D(detE(0,Z k) )) which gives rise to map 
2 

t r.X2J 

O (2 k) (r,5^ ) (X,A 
• 2 ' O ' 

e = 0 
O (2 k-i) (jf-) (F^ (X,A) 
i-i-2a+i 2 2 

:< (D(detE(0,Z k) ) , S(detE(0,2k) >). 
2 2a 2 2s 

Now we define an inverse map of F. Let [lN,<>N,S,hD e 

a CZ k-t) (Ĵ ) (F-_ <X,A) X (D(detE(0,2 k) ), 
n - 2 s + l 2 Z ' 2 28 ' 

S ( d e t E ( Q , Z k) ) ) . L e t p : F. , (X) :< D ( d e t ( 0 , Z k ) ) 
' 2 2a ^^2 £_ ' 2 23 

2 

D(detE(Q,Z k) ) be the projection onto second factor. Then 
' 2 2 3 

we have p oh : N D(detE(0,Z k) ) IS an equivanant 
' 2 2a ^ 

map. So by the proposition (3.3.5), p.oh may be considered 

(up to equivanant hamotopy) to be transverse regular on the 
t 

zero-section 8(0,2 k-i) of detE(0,2k) . Let N' 
' 2 2a ' 2 28 

(P oh)~^(B(0,Z k-i) ). Since y has a 2 k action covering 
2 2 2a 2a 2 

the 2 k-i action on B(0,2 k-i) - (p oh) (y ) • N' is a 
2 ' 2 23 2 2a 
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bundle with an induced 2 k action 5uch that 2 < ZZ K- acts as 
2 2 2 

multiplication by -1 in the fibres. Let S' generates the 

H k action on (p '̂ h) (>' ). ALso D((p •̂ h) (/' )) " is 
2 ^̂ 2 23 2 29 

oriented and S' is orientation preserving. Thus we can 

define a map 

K : O (Z k-i) (Ĵ ) (F-, (X,A) x (D (de tE (O ,Z k) ), 
I-.-23*! 2 i^ 2 23 

2 

S(detE(Q,Z k) ) ) • O (Z k) (̂ ,>-' ) (X,A) given by 
2 23 n 2 ^ 

KCN,<?N,S,h: = CD((p •^h)*(r >), S((p -h)*(/' )), 
2 23 2 2s 

D({p oh) (y )/<?N'), S' p ohoTT'D. Then one can verifv that 

2 23 2 

FoK = i d and K^F = i d . Hence O ( Z k ) ( > - ' , ^ ) ( X , A ) 

C n/-'2] ^ 
% « O (Z k - i ) (CT--) ( F - . ( X ) / F _ (A) / \ T ( d e t > ' ) ) . • 

3 = 0 n - 2 3 + 1 2 iî  til 23 
2 2 

Let (X,A) be a CW pair with action of 2 k and q : (X,A) 

• (X/G,A/G) be the quotient map. Using corollary 2.3 of 

CE.E.floyd : Periodic maps via Smith Theory; Seminar on 

Transformation Groups, Annals of Mathematics studies, No.46, 

Princeton university Press, Princeton, N.J., I960, chapter 

III 3 one obtains that if H„(X,A:R ) is a free R -module on 
* 2 2 

even (odd) dimensional generators, then H {X/G,A/G;R ) is a 

free R -module on even (odd) dimensional generators. A pair 

(X,A) is defined to be 2-even (2-odd) if and only if 
H (X,A:R ) is a free R -module on even (odd) dimensional 
* ' 2 2 

generators. Using this and the homology exact sequence of 

the cofibration S(det^ )• • D(det^ ) —-> T(det^ ),, 
. ' 23 ' 2 3 . ' 23 ' 

Wheeler has shown that if F_, .(X,A) is 2-even (2-odd) for 
' 2 , 

0 < j < k then Y = (F_ (X)/F^ (A)) A Udetr ) is a 2 k-i 
. lii Z 2a 2 

2 2 

space with F^ (Y) is 2-odd (2-even) for 0 < j :̂  k.-l. 
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Lemma 3.3.3. If (X.AJ i5 2 V. oair which is 2-even 
' 2 

( 2 - a d d ) , t h e n O < 2 k ) ( J = ' ) ( X , A ) ® R i s a f r e e Cl <£} R - m o d u l e 
' -* 2 s ' 2 -i<̂  2 

an even (odd) dimensional generators. 

Proof. We know that O (G)(J^ )(X,A) is isomorphic to -^^'^'^ 

;; EG, A ;; EG) where EG is the total space of the universal 
o a 

principal G-taundle. Since (X,A) js 2-evr>n < 2-odd ) , one 

infers that (X ;< EG, A :c EG) is 2-even (2-odd). It is easy 
o o 

to see that O (X,A) © R ^ (£} O R ) & H^(X,A;R ), 
-̂  ' 2 * 2 R -< ' ' 2 ' 

Since 

(X.A) IS a CW pair with H (X,A:R ) a torsion free R -module. 
' * 2 2 

The lemma now follows immediately. 

Wheeler finally establishes 

Theorem 3.3.9, If F_ (X.A) is 2-even (2-odd;' for O i j 

< V- then Q (2 k) (-7=") (X, A) O R is a free O ® R -module on 
* 2 ' 2 * 2 

even (odd) dimensional generators. 

Proof. The case k = 0 follows from the lemma (3.3.8). 

Suppose that the theorem is true for t' i \--. Then by the 

hypothesis and the lemma (3.3.8) we obtain that 

O (Z k)(^)(X,A) ® R is a free O O R -module on even (odd) 
* 2 2 , * 2 

dimensional generators. Also by theorem (3.3.7) one gets 

a (Z k) (-T.^ ) (X.A) % 
n 2 ' e ' 

c n/21 ^ 
® a (Zk-i)(^)(F_ (X)/F_ (A) '̂  T(detr )). 

9 = 0 i"i-2a+l Z u- C 2a 
2 2 

Therefore, from the discussion preceeding lemma (3.3.8) and 

induction hypothesis, we conclude that O (2 k) (.J^.S" ) (X,A) <& •' n 2 e ' 

R 15 free O ® R -module on even (odd) dimensional 
2 , * 2 . 

generators. The result now follows from the following split 

e:<act sequence 
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— O^ (Z k) (>- ) (X,A) <S> P, 
* 2 e •• 

O tZ k ) (.̂  ) I X , A ,' & R 
* 2 ' 2 

— i i i Z V.) <j=-,J^ ) ( X , A ) '̂  F̂ , 

Note that if (X,A) ( pt., <p) , the above theorem 

impl les that O (2 t ) <£> R is free O ® R -module an even 
^ * 2 2 * 2 

dimensional generators, since (pt.,.^) is 2-even. 
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CHAPTER IV 

Group action with lixed points set 

In this chapter we shall discuss hoî i the normal oundle 

to the "fi^ed points set of an involution on a closed 

manifold e.cplicitly determines the bordism class of 

manifold. We shall discuss Boardman's five-halves theorem 

which states that if M is a Z -manifold then dim M > 
2 

(5/2)dim F, If M IS a boundary. We shall discuss the wort 

of Khare about finite group action and fixed points sets. 

Also we shall develop the work of ^ osniowst i and Stong on 

involutions and characteristic numbers. We shall also 

discuss Stong's works on involutions with n-dimensional 

fi;;ed points set and group actions having one fixed point. 

^ 1 . Fixed points set and Boardman five-halves theorem. 

In this section our aim is to study the G-bordism with 

the help of dimension of the fixed points set. The simplest 

result proved in this direction is by Conner and Floyd. He 

proved that if the fixed points set in a S -manifold h has 

codimension 1, then M is a Z -boundary. The bounding 

manifold is given by the mapping cylinder C of M , i.e., 

M"̂  X CO, ID , -, X.U, ^ j: r- M'"' Tt, 
~, r-;—p—-.—7—r—r-7- , Where © is the action of G on M . The 
(x,1 ) " (© (x),1 ) ' 

action ip on C is given by © x .1. With this acitan the 

boundary of (C,^) is (M , © ) . 

For each positive integer n, and for each real vector 



b u n d l e if c o n s i d e r a w e l l - d e f i n e d c h a r a c t e r i s t i c c l a s s c ('t, ) 

•s H ' \ X ^ , u ihe re X i s t h e b a s e s p a c e of f i I'lfiich '-irT i T-''i r", I h c 

f o l a w i n g a ' c i o m s : 

( a ) c/ (f iC ) ) = f (c/ ( ^ ) > , f o r a n y b u n d l e map f; 
ii n 

(b> a {^ 9 r)'> - c (.^ ) + cr (17), for vecxar undies ^ and 0 
r\ n n 

over the same base space; 

(c) c/ (?) = W (?)", if ? is 3 line bundle. 
n 1 

Suppose tne symmetric functionn t + ... -*- t, can be 

expressed as the function f (s , s , ... , s ), where s is 
1 2 n I. 

the i-th elementary function in t , ... , t, . Then cy (s) = 
i t r, 

f(w , ... , w ), ̂  being a vector bundle of dimension t- . 

If the base space X is a n-dimensional manifold with 

fundamental class z <= H (X), we define e (? ) = c/ (,J),z ,> -s 

Z . We also define </ (X) = c (T) and e (X) = e (r), where T 

IS the tangent bundle of X. In terms of e , the result of 

n 

Thom described under unoriented bordism in section 1 of 

chapter I can be reformulated in the following form. 

Theorem 4.1.1. The ring 9t 15 a graded polynomial 

algebra over 2 with one generator in each degree not of the 

form 2 - 1. The class CVl € 91 serves as a polynomial 
generator in degree n if and only if e (V) = 1. 

rj 

The following lemma is significant for calculation of 

St 1efe1—Whitney numbers of the Milnor manifolds. 

Lemma 4.1.2. Let H be the surface in IPP ;< KP 
rrt , n 111 11 

defined by the equation t u + t u + . . . + t u = 0, where 
0 0 1 1 ni m 
1 

(t , ... ,t ) are the homogeneous co-ordinates in KP and 
0 m 111 

(u , ... ,u ) are homogeneous coordinates in CPP , m S n. 
O n ^ I-. ' 

Then for any class 0 e H ((RP ;< (PP ) we have <J <-p, r: > 
m r^ ' H 

72 



4/. (.a + fi) , z .> , w h e r e z and z are the tunds'Tiental 
pxp H pi p 

classes of the hilnor manifold H and FP ;; [RP 
m , n 111 11 

respectivelv and j is the inclusion map of H into IPP ;' 
•^ ' 111 , 1-1 m 

RP and cx ,/"̂  are the generators of H^ (KP ;< KP ) inherited 
1 1 " 1 i"i 

from IPP and KP respectively. 
Ill 1 1 

Proof. The one dimensional cohomoloqv class in (PP ;; (PP 
I l l 1 1 

dual to the sabmanifold H m + Pi i.e., j^z = 

•it-

z n (a + ft) . Then <j 0, z ,' = <'0, j„z > = <0, 
p>'p H * H 

z n (ot-t-/'3')> = -'̂ . (o(+^?) , z > . 

The module s t r u c t u r e of "JX (X) over OX i s given by the 

fo l lowing: 

Theorem 4 . 1 . 3 . For a CW space X, the 3T„-module 31 (X) i s 

f ree ,and fu : 3t^ (X ) • H^ (X ) defined by /jCVjfl = f^z , 

where z i s the fundamental c l a s s of V induces an 
V 

isomorphism JT (X> ̂  H (X) ® 31 . The elements z e 3̂  (X) 
•* * * ot * 

form a 3t„ base of 3T (X) if and only if ^̂  (z ) form a Zl - base 

of H^(X) . 

Proof. Let ic > be a homooeneous base for the vector 
n,t 

space H (X:Z ) over 2 . For each c choose an element 
•̂  ^ ' 2 2 i> , L 

CV",f 3 « 3t (X) with Mi:v",f : = c . •CCV",f :> forms a 

homogeneous base of 3̂ ĵ X) over 9T . a 

The following lemma describes polynomial algebra 

structure of 9T„(B0) over fTt . 

Lemma 4.1.4. The ring 9T (BO) is a" polynomial algebra 

over N with one generator in each positive- degree. The 

class C^3 of a vector bundle ^ over a n-dimenslonal manifold 

serves as a polynomial generator if and only if e (if) = 1. 

Proof. The homology H (BO) is a polynomial algebra on 



the Qenerafcors a •£ H (BQ(1)> = H (cfO), for i 0. Also if 

^ 15 a vector bundle with classifying map f : X » BO(I ) 

> eO and u •£ H (X), the class f (u) serves as one 
1-1 "*• 

of the polynomial generators of H (BO) if and only if 

' a {^) , u " = 1. Combining this with theorem (4.1.1.) we 
n 

get the lemma, a 

For convenience we write b (f ) - e (V) whenever ^ is a 

vector bundle over a manifold V. Thus b (?) = e (p„CV,f3), 

where f : V > BQ is the map classifying the bundle ? and 

p IS the homomorphism induced from the constant map p : BD 

» p t. 

Definition 4.1.5. A bordism class of a manifold is 

decomposable if and only if it can be expressed as a sum of 

products of lower dimensional bordism classes. 

Lemma 4.1.6. Suppose given for each positive integer n, 

elements x' and :<' ' of OX (BO), with x' absent if n has the 
n n n r. 

form 2 - 1. Then these elements form a system polynomial 

generators of the ring 91 (BO) over 2 if and only if for 
"if" 2 

each n the pairs of numbers (b (x'), e (x')), (b (x''), 
n n n n n n 

e (x'')) and (0,0) are distinct. 
n n 

Proof. Let p : yt^(BD) » 9T be the homomorphism 

induced by the map p : BO > pt-i and i : Ot » 9T (BO) 

be the inclusion of rings induced by the inclusion of a 

point into BO. For each n, we choose an element y s. yi (BO) 
n n 

such that e (y ) = 1, so that 9t (BO) is a polvnomial algebra 
n n * "' , 

over 9T̂  on the generators y : We may assume that b (y ) = 
* r> n n 

0, by replacing y by y + i p y , if necessary, since 

"* r» n "̂f" •* n 

b (y ) = e (p y ). We now choose polynomial generators z : 
i"> 1-1 ri -t- r\ 1-1 
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n not of the form 2*̂  - 1 . for 3t^, included in IH^^BO) by i^; 

then e (z ) = 0 and b (z ) = 1. So 91 (BO) is a polvnomial 
n n n n * 

a l o e b r a o v e r 2 uii th y and z a s q e n e r a t o r s . 
^ 2 n n ^ 

Now any element :< in Ot (BO) can be expressed as a 
n 

polvnomial in y and z . Since b and e vanish on lower 

dimensional bordism classes. We have ;c = e (:<) y + b (;;)z 
II r\ n fi 

+ decomoosable elements. Hence the lemma follows. 

Let M denote the set of bordism classes of all 
n 

n-dimensiona1 manifolds with an involution that is free on 

the boundary. Let CV ,TD e M . Then the f.et F of fixed 
i"i 

points IS the disjoint union of various submanifolds F of 

dimension i and each F admits a tubular neighborhood N 

that IS isomorphic to the disk bundle D(v ) of the normal 

bundle h' to F in V , D(v ) havino the fibrewise antipodal 

involution on each fibre. Assuming N to be disjiont, T 

acts freely on' the complement of the union N of N . acts 

freely. So V is bordant to N in M . But H is determined 
n 

by the normal bundles to the fi:;ed points sets F^. So M 

may "be regarded as the bordism group of smooth vector 

bundles over manifolds, where n is the total dimension. 

Definition 4.1.7. Let F denote the set of bordism 
n 

classes of all n-dimensional manifolds with free involution. 

Then the homomorphism d : M • F defined bv <?CV,TD = 
n n-i 

C 5V , T/<?VD 15 called the bordism J—homomrpn i sm . 

Definition 4.1.8. We call the element s = C D \ T ] 'of M 

the suspension element where T is the antipodal involution 

on the unit disc D . 

Let f : V > W be a smooth man between smooth 
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manifolds. Let C Q , Q ] -e ST (W). B\ transverse regularity 

theorem, Q : Q » W can be considered to be transverse to 

f (that is f ;; Q : V ;r Q • W ;; W is transverse to the 

diagonal submanifold AW). Let P be the pull baci- of f and 

g, I.e., P = C(v,q) € V ;,- G | f(v) = g(v)] -c V ; Q. Define 

h : P > V as h(v,q) = v. 

Definition 4.1.9. The 3T^-module homomorphism f : 9T. (W) 

y or (V) defined as fCQ,gD = CP,h3 is called the transfer 

homomorphism induced by f. 

Definition 4.1.10. For any integer n, A sufficiently 

large (at least n ) , we define L = inv lim Of , (KP ), 
'\* 

where the inverse limit is formed using the homomorphisms h 

: 3̂  (KP ) • Ut (CRP ) , induced by the 
n + \ k + i ) A+<k+i) n+k A+k 

i n c l u s i o n h : (RP » (PP s o -chat t h e g r a d e d g r o u p L 
A + k A+V + l ^ 3 ^ ' 

IS a 3T -module. We define the stable bordism J-homomorphism 

J : M • L on the class C?3 from the sequence of 

elements ds,^'"'Z^l « 31 (IPP , ) , where d=,^'*^i^l is the 
,̂+ ̂ •̂̂ k A + k 

class of the manifold S(^ ® £~ ) with involution. 

Theorem 4.1.11. Let I denote the graded group of the 

bordism classes of manifolds ojith involution. Lft :; s M. 

Then ;< <£ I if and only if J;< is an element of the subalgebra 

K of power series m e, e = e € L is the element 
1 - 1 

represented by the inclusion [RP , '̂  * (PP 
-l+k A+k 

Proof. We have the split short e;;"act sequence 

0 * I f M > F » 0. 
n n n-l 

Then we have I = Z 9T (BO(i)) and also I = im p = l-er <?. 
n n—t n 

t.^ t 

Consider the map P : L » OX (PP ). Let 9 •= L be 
1. n + V A + V 11 n 
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the element represented by the inclusion KP , i= £RP , , 

defined far n > -A. Then we have o e = © . We have for 

any integer n, © = e . By theorem (4.1.3.), for -A i n :£ 

t , e IS mapped to a Ut^-base of UX (KP , ) and for n ,' l- & 
* * A + k 

IS mapped to 0. As we let ^ vary, we find that L is the 

graded algebra of Laurent series in & with coefficient in 9T 

and as ^ has degree - 1 , there are only finitely many terms 

udth negative powers of ©. Then it is easy to see that P is 

a surjective map with kernel © K 
n+k-t-l 

Noui taking k = - 1 , we find that kernel is K and the 
n 

J P homomorphism O is the composite M • L • Ot ((RP ) . 
n n n-i (X 

Now, x e l «• x e t t e r d •* <?;', = 0 «• PoJ;( = O ** J;< € K. 

Hence the theorem follows. B 

Theorem 4.1.12. Let V be a closed manifold with 

involution T. Then JCV,TI] = EVD + terms with positive 

powers of &. 

Proof. Let CV,T]I « I. To determine the constant term in 

the power series JCV,TD, consider l< = 0. So that we have 

surjective map L * Ot ((PP ) with kernel ©K and only 
ri n A 11 + 1 

the constant term survives . For the image in Ot (KP ), we 

have c?sCV,Tl = Ct̂ CV ;< D S , T ;< Tl = CV x S*̂ , T :<TD = CV ;< 

S , 1 ;< TD = CVD.l, because the manifolds with involution (V 

;< S , T ;< T > and (V ;-, S , 1 •< T) are isomorphic. Hence 

JEV,TD = CV] + terms with positive powers of ©. 

We adjoint to M a formal inverse s of s, to get 

MCs'^^D. Then MCs~^D = 9T <B0) <£) Z Cs, s"*: and the stable 

J—homomorphism extends uniquely to an algebra homomorphism 

J : MCs"*D f L . 
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Definition ^.1.13. Let ;c e M. Then the nitration of 

an element ;< , denoted by a f i 1 (;•) , is the highest dimension 

of the various components of a base manifold of a 

representative vector bundle. 

The folloiiiing lemma gives oenerators ;; of MCs 1 and z 

of dX on which the effect of J is ^nown. The lemma also 

gives filtration of )••. . 
n 

Lemma 4.1.14. For each n not of the form 2 - 1, yie can 

find elements :< <s 'Jt (2 ) £ M and z' <B dt with the 
n * 2 n 1-1 n 

properties 

(a) the ;< form a system of polynomial generators of MCs 1 

over the subalgebra 2 Cs,s D; 

(b) the z form a system of polynomial generators of 3t ; 
n "* 

(c) Jx = n + terms involving ©: 
n n 

(d) fil(x ) = n/2 if n is even, or (n-l)/2 if n is odd: 
n 

(e) the filtration of a polynomial in the x is the maximum 
of the filtrations of its terms. 

Proof. We define an involution T on the projective space 
t 

[RP by 

in terms of homogeneous co-ordinates (t , .. , t , t' , . . , 

t' ) on (RP '. Its fixed points sets are the linear subspaces 
L 21. '̂  

KP defined by t' = t' = . . . = t' = 0, and (RP defined by 

t = t = . . . = t = 0 . For the normal bundle v of (PP we 

have c/ (î > = lot , where cx generates the cohomology H (KP ). 

For the normal bundle v> of FP we have o- (v-) = (.i + Do. 

The product involution T x T on CPP x (PR naps the 
L J 21. 2) 

Milnor manifold H into itself, i < j. We consider the 
2c,2j 
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fixed points sets of T :< T IH , which are just the 

intersections with H of the four fi;;ed points sets of 
2t,2j 

T K T o n KP X (RP , n a m e l y (PP ;< KP , [PP :< KP , KP 
L J 2v. 2 1 . 1. J L J - 1 L - l 

;c KP a n d [RP ;< [RP rJow iPP :< [Rt̂  i n t e r s e c t s H i n 
t J 2L.2J 

a copy of H . The normal bundle u of H m H is 
>.,J 1 t.j 2i.,2j 

the restriction to H of the normal bundle of \PP :; (PP in 

(RP 
Z\. 

(RP and we have a (j> ) 
2j L+J-l 1 

L+J-l 

1 -ex + J ./"̂  
L+J-l 

2) 
w h e r e ex a n d f-i g e n e r a t e s t h e c o h o m o l o g i e s o f CRP a n d IPP 

21. 

The sets CPP x [RP and (RP :< (PP are entirel y contained 
L J - l L - l J 

i n H . T h e n o r m a l b u n d l e u o f CRP 
21.,2j 2 L 

(PP i n H 
J - l 2 1. , 2 J 

' b e c o m e s t h e n o r m a l b u n d l e o f (RP ;( (RP i n IRP y \PP i f 
l. J-l 2V 2j 

we add the normal line bundle of H i 
21..2J 

n (PP X [RP ; 

therefore 

<y (i^ ) = 1 .ot 

t+j-l 2 

L + J - l .-j'--^J-i + (j + 1) ./V + (o(+/?) 

21. 

L + J - l 

2j 

Similarly, for the normal bundle v of [RP x [RP in H 
3 L - l J 2l,.2j 

we find that 

o (u ) = (i + l ) .a ^ + J .fi 
L + J - l 9 

-J-^ . , ..-J-* ^ (c+z-y)"-^^-' 

F i n a l l v , (RP x [RP intersects H in a copy 
L-l J-l 2 L , 2 J 

H , which has dimension i+j-3 and we can ignore them. 
i.-i,j-*Ji-

of 

We shall list the generators x according to the form of 

n . 

Case I. n = 4k-2. 

We tal-e x , = C(RP , , T 1. The fixed points sets 

F IS the disjoint union (RP , U (RP •' But the normal bundle 
2k-l ZV. 

'of (PP , IS the Whitney sum 2 K 
2k. -̂  ^ 

-* (RP , , where ^ is the 
2k.' 

O. canonical line bundle on (RP and hence e , (? ) 

2 k 2k 

the Whitney sum (2t-l)^ 

2k-l 

The 

n o r m a l b u n d l e t o (RP i 
2 k - l 

[RP , . T h u s , c/ <vJ 
2 k - l ' 21. -1 

( 2 t - 1 ) .c< H e n c e , e , (x , ) 
2 ^ - 1 • t k - 2 
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or 

= 1 and b , (:< , ) =- e , (KP , ) = 0. 
2l;-i 4 k - 2 2k-l 2l:-i 

Case II. n = 4k-l, n not of the form 2"̂  - 1 . 

We choose positive integers i and j such that i+j = k 

and the binomial coefficient " = 1. We take ;•; , = 
l̂  1 J 4k-i 

CH , T ;< T IH 1 . The fixed point dimension is 
•*1.,4J 2 L 2 J ' *\.,*l 

2k-l. To find e , (:< , ), we evaluate c , (u) on the 
2k-l 4k-l ' 2k-i 

fundamental classes of the various components and add. For 

H we have <y , (i> ) = 2i.c< '"̂  -•- 2j.fi ^~ = 0. To find 
21.,2j 2k-l 1 

c of the normal bundle on KP x KP , we note that the 
2k-l 2l 2J-1' 

jix- t. J. 2 i . 2 J - 1 , .̂ .2k-i ( 2k-1 1 „, , coefficient of ot (i in (a-«-/?) ^^ 7 • Also, f 

KP X KP , the coefficient of cx̂ ''"*/?̂ ' in (a + fi)^^'*' is 
2L-1 2)' ' 

[ "Si' ] ' [ 21-1 ] • Thsrefare, 

Also, b , (X , ) = e , (H ) = f ̂ ^̂ '̂ ^ 1 = 1-
2k-l 4k-l 2k-l 2i.,2j \̂  2l J 

Case III. n = 4k. 

We take x , = CKP , , T , 3. For the normal bundle of 
4k 4k' 2k 

2k fixed points set KP , we have o (j--) = 2k.ex = 0, so that 
2k 2k ' 

e , (X , ) = O. Also, b , (X , ) = e <KP ) = 1 . 

2k 4k ' 2k 4k 2k 2k 

Case IV n = 4k+l. 

We take x , = HH ,, T x T IH 1. For the fixed 
4k-H 2,4k' 1 2k I 1.4k 

2k 2k 2k points set H we hcive a i.x> ) •= a ' + 2k.fi = a . To 
1,2k 2k 1 • ' 

evaluate this on H , , we use lemma (4.1,2), which yields 
1,2k ' ' ^ 

2k zero. Far the set KP :,• KP ., we find o- ii^ ) = ex + 
1 2k-il 2k 2 

2k 2k 2k —1 

(2k + l)./:( ' + icn-t-p) , in which the coefficient of afi ' is 
I '̂';' I = 0. For the set KP x KP we find o- (.u ) 
{_ l J O 2k 2k 9 

2k 

2. a 

8 0 
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2^ 2k 2 V 

+ 2k ./̂  + (U+/:;) which does not contain the term fi 

Hence e ( c ) = 1 and h (< ) - p (H ) = 0. 
2^ 41--H 2^ 4V*i 2^ 1.2k. 

These ;; '5 form polynomial generators of MCs 1 over 
1-1 

SCs.s D. The elements r ^ Ot are given by The equation 
n M 

J;c = z + terms involving ©. Assertion (D) follows from 
n n 

theorem (4.1.1) and assertion (c) fallows from theorem 

(4.1.12). Assertion (d) is obvious from the choice of ;. 
n 

and above discussion. Since MCs ] = CTt (BO) 0 2 Cs.s 1, by 
* 2 

lemma (4.1.6), for each n, we choose an element y -e MCs 1 

satisfying (a), (d) and (e) of the lemma. We can adjust y , 

by replacing y by y + î P>,y if necessary, where 1^ and p 

are the maps defined in lemma (4.1.6), so that we have ;c = 

y + decomposable terms; from which assertion (e) for ;c is 
n n 

Clear. • 

Corollarv 4.1.15. J : M • L and J : MCs"^3 • L 

are monomorphism. 

Proof of this follows from lemma (4.1.15). 

Corollary 4.1.16. Given ;c € M, J :< is a finite Laurent 

serie^ if and only if ;< 15 a polynomail in s with 

coefficient in 3T -

Proof. Since J is a homomorphism of 3T -algebra and Js = 

e , corollary (4.1.15) gives that J;< is a finite Laurent 

series in e «* ;< is a finite Laurent series in s with 

coefficients in 9t - Since x e M, negative powers of do not 

occur. Hence x is a polynomial in s with coefficients in 

Fmsilly we give the Boardman five halves theorem. 

Theorem 4.1.17. Let T be smooth involution on a smooth 
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closed n-d imensiona 1 manifold V, and let t; be the fixed 

point dimension (that is maximum of the dimensions of 

different components of the fixed points set). If V is a 

boundary, then n < 5k/2. If further the class CV3 is 

indecomposable in the cobordism ring 9T , then n S 2k+l. 

Proof. Let V be an n-dimensional manifold with 

involution, uiith fixed point dimension k, so that CV,TD has 

filtration at most k. We write CV,T] by lemma (4.1.14) as a 

polynomial in x , s and s ; by the lemma (4.1.14) and the 

theorem (4.1.11) we find that this polynomial must take the 

form 

CV,T1 = ,K + ^^s"^ + X s"^ + . 
' O 1 2 

where each X is a polvnomial over Z in x . By theorem 

(4.1.12) and lemma (4.1.14), CV3 is a polynomial in z 

corresponding to \ . 

Case (a), X ^ 0. Now for all Generators x , fil(x ) > 2r/5 

and so k > fil(CV,T]) > filx > 2n/5. 
n 

Case (b), X = O. Here the term x actually appears in X , 
and so k > filX > filx > (n-l)/2. • 

o I-. 

§2. The stationary paints set F and the normal bundle. 
2 

Definition 4.2.1. Let (M ,©) be a closed B-manifold and 
n 

F = y. ^ ' where F is the l-dimensionai component of F, 

be the fixed points set of M under the subgroup G (C> of G 

consisting of all elements of order 2 in the centre C of G. 

Let D(i> ) be the normal disk bupdle of F in M ' with the 

induced action e of G on D(v ) , Then F is said to have an 

equivariant trivial normal bundle in M , if G/G (C) acts 
—2 ' 2 
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trivially on F and there e;;ists some positive d iiTiens ion al 

G-representat ions (W ,0 ) , 0 r̂  I < n, such that in 

Ot (.G',sJ,P), where s! is the family of all subgroups of G and P 

IS the family of subgroups of G not containing G (C), 

C D ( ^ ) , © 3 = : F ' " : C D ( W ) ,e' D , D ( W ) being the unit dis^- of 

Theorem 4.2.2. If F has an e o u i v a n a n t trivial normal 

bundle in M ' , then F is a boundary and ( M ' , 0 ) is a 

G—boundary. 

Proof. Since F has an c q u i v a n a n t trivial normal bundle 

in ti , we have CD(v ),e 3 = CF ILL ii-i ) ,<pl for some positive 

dimensional G-representations (W ,0 ) , O < l < n. 

the e:cact sequence of the triple <p £ P = s!, 

We have 

-» 01^<.G;y/) > m^(G;j^,P) » 9T^ (G;P) 
"K" TT «" — 1 

Now, j ^ CM ,©3 
I =o 

ZD(u^) ,&^1 
I =o 

CF :cD(W|^) ,0^: 

Therefore, <9^j^ CM''',©3 = Z CF*"! CS (W ) ,.̂  : = 0 in 01: (G;?>. 
*"* 

Hence, there exists a P—free manifold (W,?)) of dimension n 

such that C<?W , o3 Z LF'':CS(W|^) ,(?!,ĵ: m 9t^(6;P), i.e., 
L =0 

(<?w'\o) "^ <• U F*" X (S(W ),.^ >) (1 ) 

Let (V ,y ) , ... , (V ,1/j ) be the set of all irreducible 
1 1 m m 

representations of G. Now any G-representation can be 
m 

Kk) written as * (V ,v, > for some map f : CI, ,m3 
k = 1 

2 , vj;here 2 i s t h e s e t of non—nega t ive _ i n t e g e r s , 

i < k > 
Therefore, W = & (V ,v ) L ~ for some f CI ,m. 

;ince W 15 positive dimensional, there e;;i3t at 



least one member V (I) •£ CI, ... ,m:) such thax f (i-O.)) :̂  0. 

Now we fix some (i <£ CO, ... ,n}. Then there e ist t {(i) -s 

CI, ... ,mD such that f (1- (/?>) ^^ 0. We consider the 

irreducible representation (V .u ,̂ ) of G. Let p = 

(V , (*/ ) be an irreducible factor of the 

G 
2 

(C)-representat ion induced by (V, ,, ,v ,̂ > - As p is 

1—dimensional, lerp is isomorphic to the subgroup H, , of 

k k —1 
2 isomorphic to 2 . Now g <= H ^ -> X : CF' • CP is 
2 2 ^ k</̂ ) 9 

identity, i.e., H ^ fixes V Let A be the largest 

subset of CI, ... ,m> such that H ^ fixes V , j •£ A, -̂  . 

C1 earlV V-(/•})€ A, ,, ;̂  -?-. Let A(l,ry) = E f, ( J ) . 

Now L<.ft,ft'> ^ 0 . From ( 1 ) we g e t , 
n 

F (^^W'",)/) "- U (F^ X F ( S ( W ) , ^ ) ) 
H ^ H L L 

n 
i . e . , c?F ( W " , o ) ~ U (F*- X F ( S ( W ) , ^ ) ) . 

H H I L 
k</?J l = u kv/':!} 

Let Z ., be the subgroup complement to H , , in G (C). 

As W IS P-free, Z . acts freely on F w" = F so that 

we have (<?F"^,OI^ ,,) "̂  U (F*" x (S '' ,a)) uhere a is 
I =u 

the antipodal involution. Also C<̂ F ,'/| S .3 is zero in 

3t (Z ,,:-7' ), ^ being the family consisting of on 1 v trivial 
* z.fi' 1 ' 1 ^ ^ ^ 

subgroup of Z 

Therefore, O = CJF*,,/|Z^ D = Z CF*- x (S"̂ ''''"̂ ^ ~\ a ) 3 . 

But 3T (Z :Ĵ  ) IS free dt -module with generators CS , a ] , n 

fc Z_^. Since A{p,fi) ^ 0, CF'^: =0, for all ,3 t CO, ... ,n>. 

Hence CFl =0 m Ot . Therefore, 

Ba 



n 

j^ CM'\©D = Z C F S . C D C W ) ,0 ] = O m 9T (G;o:^,P). But we 
L =o 

have J : 9t (GJJ:.'') • 9t (G;.-??,?) is an injection. 

Therefore CM ,Ol is zero in IR (G;J^'). a 

§3. Characteristic number of a manifold with involution. 

In this section we shall discuss the calculation of 

characteristic classes of a manifold with involution which 

was worted out by Kosniowsti and Stong. 

Theorem 4.3.1. Let M be a closed n—dimenslona1 manifold 

with a smooth involution. Let F be the union of 

(n —t )-d imensional components of the f i;ced points ser of T 

and V'' be the normal bundle of F in M . If f(;, , ... 

, ;c ) IS a symmetric polynomial over Z in n-variables of 

degree at most n, then 

f (i+v , . , i-+y, , z , . . , z > 
f(;c^, ... ,X^__)CM"D = Z '- ^ '- ^ ^ ^ LF""'-] 

' n 1̂ + y j 
L = 1 

where the expressions are evaluated by replacing the 

elementary symmetric functions c (:c) , cr (y) and o- (z) by the 

Stief ei-Whi tney classes w (M ), w (u") and w (F ') 

respectively and taking the value of the resulting 

cohomology class on the fundamental homology class of h' or 

Proof. Let N be a closed manifold of dimension rt-\ and JJ 

be a l<—plane bundle over N. Let M be 'the projective soace 

bundle KP(^ ® 1) of the lines in the fibres of ^ e l . Let T 

be the involution induced by multiplication by —1 in the 

fibres of ^ and by -••1 in the fibres of the trivial line 

bundle 1. The fixed points set of T is then the union of N 
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- CPP (1 ) uiith normal bundle <f and [PP (̂  ) with normal bundle 

the standard line bundle. We consider the equation 

f(:()CMD = Z ^'^Y/' ^^ :F1. 
n 1̂ -̂  y 

Then both sides of the above equation 3re invanancs of the 

equivanant bordism class of the involution (M,T;. Also it 

IS additive on the di'^joint union of the involutions. Hence 

jt 3=1 enough to chec^ the formula for the jovolutions which 

generate the equivariant bordism additively. 

A=i both sides of the equation are additive functions of 

f, we shall ch<=ck the formula for the smallest symmetric 

polynomial s (;;) = Zx . . . ;< containinq the given monomial, 

where >j= ( L , ... .t) is a partition of n. 
X r 

Now for any k-plane bundle 77 aver N the cohomology 

H*(KP(r/);Z ) 15 the free H*(N;2 > module on 1, c, ... ^c^''' 

where c is the St 1efe1-Wh1tney class of the standard line 

bundle. 

Now St 1 ef e 1—Wh 1 tney class of (RP ( 0 ) is given by 

w([RP(o)) = w(N) . C (l+c)*" + (l+c)''~^w (77) + .... + w (r/)} 

and i f ex <s H (NrZT ) , t h e n 
' 2 ' 

if 1 < V-1 
c''aL[RP(o)D 

jr U If 1 < V-1 
~ I w , (o)aCN3 if 1 > I--1 

where w denotes the dual St 1efel—Whitney class defined by 

w ( 0 ) w (0 ) = 1 -
n-k 

Now using splitting principle we have w(N) = fl (l+c< >, 

\ 
w(? ) = n (1+/? ) . Then 

u 
1 

n-k K 
w([RP(? e 1)) = n (l+c<).(l+c).n (1+C+/-? ) 

L L 
1 1 
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ana ii)([PP(f:') = n (i+cx ) . n a+c+r-- ) 
1 1 

For f (:; , 
n CO 1 

we nave f (,. , 

,;; )C[PP(^ © 1)3 = s (:< , ... ,:; ) C!PP f̂  « 1)D = s (T([FP(ct e 

1)>):(RP(^' e 1 ) ] , 'iihere s (T (KF (C ® l)))clenote5 the 

characteristic class. The characteristic class I H stable, 

so the right hand side becomes 

^ o . ^ ^ ' ^ ^ ^ ' t ' 
, c+fi , a , . 

iU 1 
' n-k ^ 

f (1-^y, ) 

Also 
(1+y^ 

-CKP (̂  ) D 

s (1+y, ) 

(1+y) 
-CKP (̂  ) 3 

(-
n- 1 

(1+V) S (Z , ) 

(1+y) 

C(RP(?)3, where s 
i^y-io 

(1+y) 

O 1 f 1 « OJ and is the obvious 

partition if i € w, and the right hand side becomes 

( r ([PP (^ ) ) ) ) CKP (ct ) 3 
s ( T ( I R P ( J f ) ) ) 

( rrx—^ + ^ (1+c) s 
( 1 + C ) tO-<L> 

L > O 

s ( c+ /? , . . , c + / ? ,ot , . . ,oi^ , ) 

( 1 + c ) 

, c+ /?^ ,ot^, ,cn , "/ )C(PP (? ) 3 . 
n-k. 

s p l i t t i n g p r i n c i p l e t o T ( N ) a n d * , 

+ Z ( l+c)*" ^5 ic+p , 

W-<v.> I 

Finally applying the 

f ( l + y ^ , . . , l + y ^ , : < ^ . 
' ^ . - k ^ 

n ( l + y ) 
CN3 

n ( i + / ? ) I:N3 . On expanding the 

expression s (1+^ , ,l+n^,CK^, '^n-k^ 

H ( N , Z ) w i t h r € H ( N , Z ) , we g e t 
2 \. 2 ' 

= c o ^ ^ " ' ' ^ . ' 
,c+/-? , a , . . ,o< ) = 

k 1 n - k 

n - k , , 
^ C ' ' ^ ^ , 

t = 0 

n - k 

I 
L = 0 

w h e r e I col 

1 + . . + 1 , 
1 r 
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( 1 +/V , o() n - k 

^̂ "̂ "n(i4 )̂ ^̂^ = [ f." ^ ] 
1. = U 

. - k 

?- ( 1 + î i (^ ) + . , 4- w (,- ) ) r N 3 
1 r.-k 

L n - k - 1 . 
I. = 0 

a n d 
00 

( c + ^ ^ , a ) 

( i + c ) 
-C[RP(,? ) 3 = ( "L c ' ' " ' ' ' ' r ^ l . ( l + c + c " + . . . ) C K P ( < ) 3 

w i t h c i ^ i V (1 + c + c^ + . . . ) C [ R P ( ? ) D 

1 n - 1 - L 

0 i f I oj I - 1 , n - 1 - : 
b y s e l e c t i n g v n - l ) 

r CtP.P (^ ) D i f ) c o j - i i n - l - i 

d e g r e e t e r m s . 

s (c+/";?, a ) 
T h u s ^ • . • — : ( R P ( ; ? ) : 

( Z c • "̂  w , ( 5 ) > C C R P ( ^ ) : , i f lool S n - 1 

O 

s ( i + ^ , a ) 

0 

, i f I OJ j > n 

C N 3 , i f (ojj < n - l 

, i f I CO I > n - 1 

S i m i l a r l y 
s ( c - ^ / ' i , a ) 

( 1 + c ) 
-i:[RP(? « i ) D = -

s (i+r?,c<) 

0 , i f I Co I • n 

Now we h a v e f ( ; < ) C [ R P ( P ® 1 ) 3 = s ( c , c + r t , ex) CKP (^ ® 1 ) 1 

= s ( c r + r ^ , a ) CRP (^ e 1 ) : + 2 c ' ' s (c+/V, a ) CKP (? « 1 ) 3 
OJ 0J-<>.) 

I. / O 

= 5 (c+ry,a) CKP (;̂  « 1)3 + Z c(l+c)''~^5 (c+z-V-cO CKP (̂ '®1 ) 3 
OJ OJ-<i.> 

<. > o 

where using" |'JJ 1 < n the terms added from c(l+c) -c 

evaluate to rero. Thus, 

f (;c) CKP (? ® 1)3 

= s (c+r?,a) CKP (̂  ® 1)3 + . Z (l+c)''"'̂ s (c+r3f,cO CKP (̂" ) 3 
OJ OJ—'W ' 

\. > O 

as c./'CCRP (̂ «1 ) 3 = 1 .}-'CD<P(iM3 where i is the inclusion from 

(RP(^) to CRP(^©I). Then the above equation reduces to 
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f ( :() CKP (? ® 1 ) D 

f ( H - - ) ^ (C+/^,C") 
s (c+ri ,a)C[RP (? ® 1 ) 3 + - 4 T ~ T ^ CKP (? ) : + 5^i_ _ - CKP (? ) ] . 

60 ' ( 1 + y ) ( 1 + c > 

F i n a l l y , i f |<x>| < n - 1 , s (cz+ft ,a) €RP (^ * 1 ) 2 = 0 and 

s (c+/?,o«) s ( l + / ? , a ) 

iTE)- '̂ '̂ '̂ ^̂ ^̂  = -WTTTT— '̂̂ ^ = nTTrfey'^^^' '̂̂ '̂ ^^ "̂'̂  

S (C+/? ,0 ( ) 
OJ 

| w | = n , (i+c) ^^P<^^^ = 0 , and s ^ (c+r^O() CCRP (^tfil ) : 

s (c+/?,o<) 
s ( c + / 9 , o ) ( l •*• c + c^ + )C(RP(?®1)1 = ' ^ , r— C[RP(?<fil): 

Oi ' ' ^ ( 1 -)-C ) 

mi+fi} n ( i + y ) 
u 

Thas, if joj < n, we have 

f (x)CRP(?«l)] = 1 | | 1 ^ > C K P { 0 : + l^.^±Xx£>CN]. 

Hence the theorem follows. • 

As a consequence of the above theorem Stong and 

Kosniowski have proved the stronger version of Boardman 

theorem proved m §1. ' - ̂  
^ I '̂  . ' 

Tneorem 4.3.2.5' If (Mj,f\/,T) is an involution with fixed' 
'J'' y ,'>•>>'> ' \ 

point set F and dim M- >' (5/2)dim F, then (li ,T) is a 

boundary. 
>i 

n ' 
Proof. Suppose F denotes the n-dimensional part of the 

fixed points set, with r > (3/2).n and for i > n. 
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(F ,u ) 15 zero in Ot (BO(n+r-i)). Consider a pair of 

partitions OJ = (i , ..., i ) and oj' = (j , - • • , J ) for 
1 3 I t . 

which jo| + j<x)' I = n, oj being a nondyadic partition. Let 

f , (;<) be the symmetric function defined as 
V. + 1 V L + 1 I. 

f , (x) = C Z (1 + x ) ̂  .;< ̂  (i + x ) ̂  .:< ̂ } . 
Co ,0J 1 1 3 9 

J •*! J J + 1 ) 

<. Z (l+;< ) .;< ̂  (l+:< ) .;,->. 
1 1 L l 

This symmetric function satisfies the followinQ properties 

(a) In f ,(1+y,z)/n(1+y), the term of least degree is of 
Co f Co 

degree atleast n and f , (1+y ,...,l+v ,z ,...,z )/'n(l+y) = 

s (z).s , (y , •-., y , z , ...,z ) + terms of higher degree. 
Co C(J 1 1 - 1 n 

(b) If 1 € 00, 1 ,̂  1, so 2i + 1 ' (5/2)1 . Thus the 

highest degree term m f , (;<) is of degree 2 j m | + s + 2|oo' | 

< (5/2)(|oj| + |w' I ̂  ^ (5/2)n. 

Therefore, uie have 

(i) f , (;,')CM D = O, since f , (;>') has degree ^ n + r. 
CO , <*) uJ , Co 

(ii) If 1' - n, (F",i/ ") bounds and so all characteristic 
numbers vanish. For k '• n, all the terms of 

f , (1+y , z )/n ( 1+y ) have degree ,- I-'. Thus, 
Co, Co 

(f , (l+y,z)/n(l+y) ) CF*"": = 0, k ^ n. 

(ill) (f , (1+y, z)/n (1+y) ) CF'""] = 5 (T).s , ( T * U ) C F " : , from 
CO ,00 -̂  uO CO 

the calculation of the degree n term. 

From theorem (4.3.1), we have s (T).S , (T«&V)CF ] = 0 for all 
Co uJ 

partitions oj, oj' with |OJ| +|OJ' | = n and oj nondyadic. One 

t-nows that f : N » X bounds if all characteristic 

numbers s (r ).f (;; )CND = 0, where Icol + i = n, C are base 
00 N L ' ' L 

elements of H (X;2 ) and oo is a nondyadic partition. Thus 

the map T * î  : F • BO classifying the bundle T & u 
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bounds. Let f : V » BO be a map with boundary 
n+r 

T <& V : F"̂  • BO . Let o : V*̂""̂  y BO classify the 
n+i ni 

normal bundle of V in some K . Then &^ (f ;< g) : V 

» BO has boundary map î  ® (n^m) : F » BO 

classifying the stabilization of u. Since the stabilization 

BO » BO 15 monic at bordism level, CF ,u 1 is zero 
r n+iii+r 

in Dt (BO ). Thus, inductively, all the fixed data of (M,T> 
n r 

are zero in bordism. Hence (M,T) bounds, a 

Kosniowst1 and Stong have also provided a formula for the 

evaluation of the characteristic numbers of manifolds u;ith 

(Z act ion . 
2 

Let M be a closed n-dimens lonal manifold (jJith a smooth 

action of the group 2". Let f(;<) = f (;<,...,;;: ;c , ... 
2 1 1 1 1 

, :; : . . . : ; ; , . . . , ; < ) b e a p o l y n o m i a l o v e r ZZ w h i c h i s 
1 3 

symm.etnc in each of the sets of variables C;' , ... , :< i and 
i. n 

• C x , . . . ,:c > , 1 = 1 , . . . , s . We w r i t e Z = ! ^ T , . . . , T I 
1 t-i ' ' 2 1 k ' 

L 

2 
T = 1 : T T = T T } . A-Jsuming a , . . . .c< , to b e f o r m a l 

L <- ), J >- ^ J. k 
'1 

variable, let ex = Z Cal p(T ) = -1> for p an irreducible 
, P I.' \. 

representation of Z . Let F be a component of F and K be 
2 0 

t h e Q u o t i e n t f i e l d o f 2 Cot , . . . ,o( H . The r e s t r i c t i o n o f 
2 1 k 

the tangent bundle of M to F decomposes into subbundles 
o 

under the action of Z' as r IF = T ® ( e î  ) where V' is 
2 M ' O F _ iO p u p;̂ u 

the subbundle on one space which Z acts via p; and the 

subbundle on which 2 acts trivially is identified with the 
2 

tangent bundle o f F . L e t p = d i m F , a =dim!-' . Then n ^ o o p p 

= p + Z q . Also each subbundle ^ decomposes such 'that 
n n fi 

^ (F = « (̂  , Z acting via p. If q = dim f then n = 
' o p 2 p p V. 
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Z o . ^ DBPiows!- 1 and Stono have proved tne •follou.ing 

theorpm (jeneralising theorem (4.3.1): 

Tneorem 4.^.5. The element > -7=r-,—==—^ CF ] s r is 
L n (cv + V; u 

a polynomial in o< , ... ,ct and has constant term equal to 

f (;<)Ctlj, where the expression is evaluated by reolacing the 

j-th elmenrarv svmmetric function in Cz . ... ,z > by w iF ) 
1 ' p ^ 3 u 

= u) (r ) , ,.y , . . . ,v J by ui d' ) and Cw , ... , îi pJ 
j F ^ ' ^ p ' '^p ^ i p p ' ' p 

n 
by w (̂  ): (for proof cf. 1132]). 

J P 

'•J 4. Involutions with fixed points set of constant 

dimension. 

In this section, we shall study the worhs done by 

fosniowsi-i and Stong who investigated invalutians (MiT) 

having fixed points set of constant dimension. This study 

was made in 1978 by Kosniowsl-i and Stong C233 . Later Stong 

C30I1 almost completed this study in 1981. One needs some 

facts about symmetric functions to mai-e this investigation. 

We mention beloui some of them uiithout proof. 

Lemm'S 4.4.1. If cr (x) denotes the i-th elementary 

symmetric function Z x .x ...x , then 
•' 1 2 L 

I 

(a) o-̂ i-ŷ ,. ... ,1-y,) = \ [ \-_\ ] ̂ (y,, --• ,y,> 

(D ) c/ (1+y , ... , 1+y , n , . . . , z ) = > o - W , 

... , V > . 0 ' ( Z , ... ,Z ) . 
k q 1 r\ 

Lemma 4.4.2. For 1 < i < inf (I- ,n) , 3 symmetric 

poivnomials f (,x , ... ,x ) and q (x , ... ,x ) of 

degree i 2i such that 



f (1+v , .. . 1+y, ,z , .. ,z ) = c- (z) + hiQher deqree terns, 

Q (1+y , .. , 1+y ,z , .. , z ) = o- (z; + hiQher deqree terms. 

Lemma 4.4.3. There exists symmetric aolvnomialB h c ;< , 

... .;; ), l<i::i 2n, of degree S i far which the deqree i 

term in h (;; , ... , ;< ) is -:>•(;; , ... , ;< ) . and such that 

n (i+y , .. , 1+y ,z , .. ,z ) has no non-zero terms of 

degree 'i/2). 

In Z2Z1 K'osnioujski and proved the following results 

regarding fi;<ed points set of constant dimension. 

Proposition 4.4.4. Let (M ,T) be an involution with 

fixed points set F of constant dimension n. If either V 

n or ^ = n with M being boundary, then the involution 

(M ',T> bounds. 

Proof. If 1 + ... +1 + J + ... +j = n, then 
1 r 1 s 

k k n 
w iF) . . . .w (F).w (̂  )....w iv )CF D 

V. 1. J J 
i. r 1 3 

(f ....f .g ....g )(1+y,z) 
— f CF": 

n(l+y) 
= (f ....f .g ....g )(;<)CM 1 = 0, since M ~ bounds. 

> • > - ) , ) 

t r 1 a 

Thus, all St 1efel—h1tney numbers of the maa\p v : F 

» BO classifying the normal bundle of F in M are 

zero. Hence (M ",T) bounds. 

Proposition 4.4.5. If (M ,T) is an involution with 

fixed points set F of constant dimension n, then (M,T) is 

bordant to (F x F, twist). 

Proof. For i + ... + i = 2n, the Stiefe1-Whitney number 
1 r 

w ....w HMD IS given by 
r 
(h . . . .h ) (1+y , ... ,1+y , z , ...,z ) 

• n(i+y ) '^ ^ 



and h (l+y,z^ has no non-rero term of degree •• (i''2) by 

lemma (4.4.3). Therefore, h (l-t-y,z) = c< + higher terms 
2J J 

and h (l+y,z) = a. + higher term. Also 
2J+1 j+l 

(h ...h )(l+y,z) has all non-zero terms of degree ,- n, if 
1. r 

any i is odd. Thus, all Steifel-Whitney numbers of M 

divisible by an odd w are zero (i.e. allmonomials or degree 

2n in St 1 ere 1—Wn1tney classes involving odd w evaluated at 

CM 1 is zero). Therefore by Milnor M ' is bordant to N' X N " 

for some n-dimensional manifold. Consider the involution 

(M U N ;< N , T U twist) bounds as an involution. Thus 

(M^'^jT) is bordant to (N"" X N'",twist). Hence CF'\I^D 

CN , T : in m (BO ) , so that N is bord ant to F. This implies 

that (M ,T) IS bord ant to (F X F, twist). 

Proposition 4.4.5. If (M , T) is an involution with 

fixed points set F of constant dimension n > K, then every 

Stlefe1—Whitney number of M " divisible by a monomial 

t 

w . . .w with s > n-k is zero 
2v. +1 2 L -t-l 

1 a 

Proof. or 2.'(Zi ) + s + 2.(Zj^) = n+V , the 
s— a ft 

Stlefel-Whitney number w ...w .w ...w CM ] is 
21, *i. 2\. +1 2 j 2 j 

, 1 9 1 L 

g i v e n b y 

(h. . . . . h " . h . . . . h ) ( l + y , z ) 
2 1 . + 1 2 1 . + 1 2 I 2 j 

n(l+y) 

The degree * of the least non-zero term in 

(h ....h )(l+y,z) 15 Zi + s + Ej., = q or higher. One 
1 t > . 

has 2q - n+k + s, so if s > n-̂ k then q > n and therefore the 

-̂  n 

Stlefe1-Wh1tney number of F given above is zero. 

ThP following proposotion enables us to determine an 
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involution (M,T) in terms of F and M up to bordism. 

Proposition 4.4.(b. Suppose CM̂ "̂ "̂ : =0 and M^""^ = <?V̂ '\ 

Consider the involution {r(M ),s), where 

_ 1 .. 2 n - 1 

(r:,m) ~ (-z,Tm) 

and sCz,mD= Cr,m3. The fixed data of this involution is 

(M , 1) U (F , 1̂  « 1 ) . Consider a manifold W obtained 

by taking disjiont union of involutions (r(M) x CO,ll,s ;< 1) 

and (V ;< C-1,1], 1 x -1) and then identify M x C-l,i: with 

an equivanent tubular neighborhood of M x CID m r(M) ;.• 

Cl>. This gives an equivanent bordism of (r(M),s) to an 

involution (N .s ) with fixed data (F ,u *1 ) . By 

proposition (4.4.5), {H ,s ) is equivanently bordant to 

the involution (F x F , twist which has fixed data (F ,r, 

where T I S the tangent bundle on F. Now CF , T ] •& SR (BO ) is 
ti n 

completely determined by CF 3, So if CF 1 =0 in yt , then 

CF'^,1^'^"^: € Ul (BO ) IS mapped to zero in Ul (BO ). Hence 
n n-l n n 

CF'^.V'^"^: = 0 m ytUBQ ) . This shows that (M^'^"^,T) 
n n-l 

bounds. This completes the proof of the proposition. 

This study started by Kosniowski and Stong in C233 was 

almost completed by Stong in 1981 by proving that a class a 

•£ 01 15 represented by a manifold M with involution T 
2n-l . ^ 

having fi:(ed points set of constant dimension n •** every 

Stietel-Whitney number of a involving a product of two odd 

dimensional Stlefel—Whitney classes is zero. To establish 

tthis first Stong proved the following lemma: 

Lemma 4.4-7. Let A^ £ VI^ be defined as A = C u e 9T for 

which all Stlefe1-Wh1tney numbers divisible by a product 
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w w are zero]. For everv non—cyadic odd inreoer 
2L + 1 2j + i " 

2p+l, there is an indecomposable > -s A . For anv 
'̂  2p*x 2p*l 

such choice or indecoiiposabl es -CX • ) , every x̂ « A can 
2 VJ+ 1 2! 1-1 

u-i-p 
be expressed ) \ .if-' ) , for some p ^ <= 31 

p<n- 1 

Proof. For each non-dyadic oad i, let us choose 

polynomial generators x = Â  for 31 S Z C ;c I i ;̂  2-13. Let 
I V . - * « - 2 v . ' 

[4 be the manifold representing the classes K - v. . For 

cjiven 'jt <£ A , let M be its representative. Then upto 
•̂  2(1-1 ' ^ ^ 

bordism , we have 

M̂'"""̂  -" U N ̂  :<...•< N ' . . . . ( n 

2n-± 
If tl is indecomposable, this union contains the 

single term N ' with all other terms having length î  i. 

Therefore, by addino X to a.. we may assume that all 
2n-l ' •' 

terms have length r ,- 1 . We irerate this process. So 

assuTie that all products in the expression have lengrn i s. 

suppose that the product 

^1 \ 2̂ ' 2̂ \ \ 

N X ... X N X N X X N X x N x ... x N , 
J J 

where N* x . . x N has p factors with p + p + . . + p, = 

s, occurs as a term m M . 

For VJO = (1 ... 1 ), let s = s be the the 
1 r O I....L 

1 r 
1. I. 

svmmetric function E x . . . x ' of the classes x for which 

the St lef el-Whi tney class is w = flCl + x ). Then, 

s CM̂ '̂ -̂ D 7^ 0, 

since it has the value one for^the term 

J J, ^ J p 

s CN X . . . xN : = n (s CN ']) ' 
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and it IS zero on all other products in the expression (1) 

Note that s CN^H = 1, since N^ is decomposable. 

Now consider the product 

<p = 5 s ...5 

By rules for products 

J^ • - • j^ J^ - - - J ^ J, - - - J, 
1 1 2 2 k ]• 

0 = S + Z S , 

•"i" " ' ' ' i ' " ' 2 " " " • ' a ' " ' '•"!•** '""t 

where each oo in the sum has indices •••' s so that s CMl = O, 

and hence <pZhl ^ O. Let us consider the classes s 
J • • • 0 

with p odd. If J = 2'^(2v+l), u ,- O, then s 
J , . . J 

2 

(s ) IS an even power of an odd dimensional 
2v+l . . . 2V+1 "̂  

2r»—1 

class and hence any Stlefe1-Whitney number of M 
divisible by s is zero. If j is odd, then s is 

J - - - J J - - - J 

an odd dimensional class. 

Since (jt-CM̂ '̂ '̂ l P^ O and cy = CM^'^'^D <s A , at themost 
2 n - 1 ' 

one of the numbers p can be odd, and for that odd p the 

corresponding j must be odd. Since 2n-l = Z p j is odd, 

at least one odd p and j must occur. Let p and o is odd. 

Then 

^1 \ -"2 'Z \ \ 

N :< ... ;< N ;< N X ... x N :< ;c N :< ... x N , 
P . 

i 

IS equal to N x V x V and hence represents a class 

\ ip ) . Therefore bv subtracting from classes of 

'p 

the form X (/i ^) , one can retriove all products of 
2p+i 

length s. Now induction completes the proof of the 

proposition. 

Theorem 4.4.8.. A class a e 51 is represented by a 
^ , 2n-l ^ •' 

manifold M i»Jith involution T having fixed points set of 
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constant dimension n *» every St lef el-Wh i tney number of ex 

involving a product of two odd dimensional St i ef e 1-Ujh i tney 

classes is zero. 

Proof. Direct implicaxion follouis from proposition 

(4.4.5). Converse follows from proposition (4.4.7) and 

induction on n-

§5. Broup actions having one fixed point. 

In this section our effort is to study the compact 

Lie-groups G that can act smoothly and effectively an closed 

and oriented manifold M of positive dimension such that the 

fined points set of M consist of orecisely one point. One 

notes that we may consider manifold to be connected as the 

component of M containing the fixed point is invanent under 

the action. From the works of Conner and Floyd (mentioned 

in chapter III), one easily notes that G can not be 2~. 

Also 2 acts on KP via the action tCx ,x ,x 1 = C-x ,x , ;c 3 

With exactly ane fi;ced point namely C0,0,1D. Further Conner 

and Floyd conjectured in 1964 that for p an odd prime, 2 k 
p 

can nat act on an oriented closed manifold with e^-actly one 

fixed point. This conjecture was established by Atiya and 

Bott CID. We begin with an algebraic result. 

Theorem '4.5.1. If 6 is a compact non abelian Lie group, 

there is a faithful complex representation of B having no 

one dimensional irreducible subrepresentations. 

Proof. We I'now that G has a faithful finite dimensional 

cample;; representation W. Let W = W ® W' , where W is the 

sum of all one dimensional irreducible subrepresentations, 

W' being the sum of all irreducible representations of 
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dimension greater than one. Let N £ G be the kernel of the 

representation W , so that N is a closed normal <=;ubqrDiip of 

G. lev CG,GD denote the closure ot the subgroup generated by 

the commutators. 

Now the commutators act trivially on any one dimensional 

representations, so CG,G3acts trivially on W . Thus any 

element in N n tG,6] acts trivially on both W and W and so 

on W. Since W is faithful, this gives N n CG,GD = C13. 

If n € N and g <= G, then ngn g = n(gn g ) belongs 

to N by normality of N. But ngn g is a commutator, so 

ngn g = 1 , i.e., ng = gn. Thus N is central in 6. 

Now N ;< C6,GD is a closed subgroup of G, and if ^ is a 

one dimensional irreducible representation of N and p a 

nontnvial irreducible representation of CG,6], then Z <S> p 

IS an irreducible representatlonof N K C 6 , G ] , and is a 

constituent in some irreducible representation U. of G. 

Then U. must have dimension greater than one, since its 

restriction to C6,6D is nan—trivial. 

We.have some finite sum of representations i is faithful 

for N, so there is a representation V which is the sum of W 

and a finite sum of representations U, which will be a 

faithful representation of G with no one dimensional 

irreducible subrepresentaions. a 

Let V be a representation of 6 over F (= (R or C) having 

no one dimensional irreducible reoresentations. Let FP(V © 

F) be the projective space of F-lmes m the representation 

space V e F, where F is the trivial one dimensional 

representation of G. The action of G on V <& F induces an 

99 



action on the lines and hence on FP(V e F ) . Now. if G fixes 

X -s FP (V <© F ) , then ;< is a one dimensional invanent 

subspace of Vt&F, hwz the only such subspace is Qiven by -cne 

trivial summand F. Thus the action of G on FP(V « F) has 

er^actly one fixed point. Therefore theorem (4.5.1) gives 

the following result 

Corollary 4.5.2. If G is a compact non-abelian Lie qrouD 

the G has an effective action on an oriented manifold with 

exactly one fixed point. 

ProDOSition 4.5.3. If G is a compact abelian Lie group ^ 

2 
2", 3 an effective G—action on a closed manifold of Dositive 

dimension with exactly one fixed point. 

Proof. If dim 6 0, then the component of the identity is 

G = (S ) for some r ,> 0. The representation of b on C 

given by (::, -. , 2 > ( w , ... ,w) = ( z w , ... , 3 w ) has 
• ' l r l ' r 11 rr 

no one dimensional invanent subspace. Therefore CS ) acts 

on N = <CP i<C^ & C) with exactly one fixed point. Let M be the 
1. r 

space of (S ) equivarient map from G to N and let G act on 

M by (gf)<g') = f(g'g), f e M. Since G/H is finite , number 

of coset representatives are finite. Also f : G » N is 

determined by the values f (g ) , where g are coset 

representatives. Therefore M is a closed connected manifold 

diffeomorphic to |G/H| copies of N. Also gf = f, for all g 

implies that f<Q = (gf)(l) = f(l), i. e., f is a constant 

map. Further hf(l) = f(h.l> =^f(h) = f(l), for h e (S"")'", 

so that f(l) IS the fixed point "of N = CP (C'" & C) under 

(S >'̂. Hentze the action of G an M has exactly one fixed 

point. 
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1̂  
Proposition 4.5.4. If G is finite abelian group ^ 2 , 

then 3 an effective 6- action on a closed manifold ot 

positive dimension with one fixed point. 

Proof. By the hypothesis, G has at least one element of 

or 

C :< , - ,c , :< J 
1 t> 2 

order 4 QT p for some odd prime p. Consider H 

The action of ZE on KP qiven by tCx ,.<,;< 3 = 
* ^ ^ u 1 2 

has exactly one fixed point. For H = Z , the representation 
o 

on C given by (e ,z) » e .2 has no invanent one 

dimensional space. Therefore 2! acts on CP(C © C) with 
p 

exactly one fixed point. Now, since G/H is finite, using 

the same construction as in proposition (4.5.3), we get 3 

closed manifold of positive dimension on which G acts with 

exactly one fixed point. 

Proposition 4.5.5. If 6 is a finite abelian p group with 

p an odd prime, then G cannot act on a closed oriented 

manifold of positive dimension with precisely one fixed one 

fixed point. 

Proof. We prove the result by induction on |G|. If |Gj = 

p, 6 is cy^ilic. Then G cannot act on a closed oriented 

manifold with a single fixed point (see the proposition 

(4.5.4))for proof cf. C2D). Now let 6 be finite abelian p 

group acting on some oriented manifold M of positive 

dimension with one fixed point x e M. Let J be a subgroup 

with fe> g J ^ 6 and let F be the component of the fixed 

points set of J which contains x. G/J acts on F, which is 

onentable, fi"xinQ precisely the (joint x. Therefore by 

induction F must be zero dimensional. 6 then acts on an 

invariant neighborhood of x so that no proper subgroup of G 
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fi'/es any point other than x in the ne ighborhaod, so 6 acts 

freely on ne iqhborhaad \[;;j. Thus Z :i 2 cannot be 
p 1 

subgroup of G, and G must be cyclic. This is a 

contradiction, as cyclic p groups cannot act on a closed 

oriented manifold with precisely one fi:;ed point. 

Proposition 4.5.7. If G = (S^)' ;< H , r > 0 and H 

abelian of odd order, then G cannot act effectiv'ely on a 

closed connected oriented manifold of positive dimension 

with exactly one fixed point. 

Proof. Suppose G acts effectively on a closed connected 

oriented manifold M of positive dimension with precisely one 

fixed point x. This action can have a finite number of 

distinct isotropy groups G, H , H , ... , H . Now each H 

can contain only a finite number of the groups G = (2 a)"^ x 
s p 

P, for if H contain an infinite number of these subgroups, 

then H being closed it must be equal to G. being closed. 

Hence there is a G , for some s, which is not contained in 
s 

any of H , and that G is a finite abelian p group acting on 

M with precisely one fixed point :<. This contradicts 

proposition (4.5.5). Hence the proposition follows. 
1 r 

Proposition 4.5.7. If 6 = (S ) x , r ,> O and H abelian 

of odd order, then 6 cannot act effectively on a closed 

connected oriented manifold of positive dimension with 

exactly one fixed point. 

Proof. Suppose G acts effectively on M which is closed 

connected oriented with positive dimension having exactly 

one fixed point x. Now the tangent space T M of fl at x 

splits irreducible repersentation of G, which are two 
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dimensional, and at least one of which is nontrivial on 

1 r 2 

(S ) . Let V = K be one such irreducible representation of 

G. The action of G on V factors through a quotient group 

6/H = S . Let F be tne component of the fi:<ed points set of 

H containing ;<. F is a closed oriented manifola with an S^ 

action having exactly one fixed point . Since V occurs as a 

subrepresentation of T M, F is positive dimensional which is 

a contradictlonto the fact that S can not have any such 

action, cannot act effectively on a closed oriented manifold 

of positive dimension with precisely one fi.<ed point. 

^6. Bordism of 2 -manifold and S -manifolds and some recent 
p 

results. 

In this section we shall briefly menrion Z and 
p 

S -bordism and fixed DOints set. In 1968, Atiyah and Bott 

C13 proved that if for a prime p, Z acrs on a homology 

sphere with two isolated fixed points then the 

representations of 2 on the tangent space at each fixed 

point are same. This implies that the given such 

Z -m-anifold to one with no fixed point which in turn is 
p 

Z -bordant to p copies of some manifold with Z action being 
p p 

the permutation. 

Definition 4.6.1. If a free Z -manifold M is Z -bordant 
P p 

to p copies of some manifold with Z action being the 
p 

permutation, then we sav that the Z -manifold is 
p 

Z -boundarv mod p. 
p 

In view of this definition Atiya and Bott result can be 

reformulated as below: 

If Z acts on a homology sphere with two isolated fixed 
p 
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p o i n t s -Chen M i s a 2 - b o u n d a r y mod p . 
p 

In 1983, Euiing and KOsniowski has proved the similar 

result for any Z -manifold. They showed that if M is an 
P 

2n-dimen5ional 2 -manifold with two isolated points and if n 
P 

> p-3 then li is a 2 -boundary mod p. In the same paper they 
p 

further generalised this result for more number of isolated 

fixed points given as follows. 

Theorem 4.6.2. Let M be a 2n-dimensional 2 -manifold 
jj 

with 1 number of isolated fixed points satisfying 1 ^ 1 + 

-; , 7 r-.——-—=;—^ then M IS 2 -bardant to a free 2 -manifold. 
{p-l)tlog n>-2 P p 

p 

Here Cx> denotes the least integer greater than or equal 

to X. 

One notes here that if M has a pair of fixed points 

where the representation of 2 on the tangent space at each 
P 

fixed points is isomorphic by an onentaticn reversing 
isomorphism then M is 2 -bordant to a 2 -manifold with two 

p p 

less fixed points. The bordism can be achieved by removing 

a di5l< about each of the concerned fixed points and 

attaching a handle equivan ently. Therefore we may ignore 

such pairs of fixed points. 

Coming to S -action, we have a similar result for 

S -manifold proved by Kosniowsl-i C22D in 1983. 

Theorem 4.6.3. Let M be an S -manifold wi-ch two fixed 
points, then there is an integer r such that 2' copies of M 

bound as an S -manifold. 

Further he showed in C21] that i f ti is a unitary S -

manifold of dimension ^ 2 or 6 and if the fixed points set 

is a homology sphere then !i is an S -boundary. In the same 
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paper Kasniawsi- i also proved that if M is a unitary 

S -manifold of dimension ^ 6 ana if the fixed points set has 

the integral homology of a product of two odd dimensional 

spehres then M is an S -boundary. 

In 1989, Demichelis Stefano C83 showed that a finite 

group G acting effectively, locally linearly and preserving 

orientation on a 2—homology 4 sphere has a fiiced poinx set a 

(--sphere , k < 2. Wu C393 in 1990 extended the study of 

\^ 
fixed points set made by Stonq m C30]. He considered J as 

the group of unoriented bordism classes of m-dimensional 

smooth manifolds whcih are represented by manifolds with 

smooth involutions having m-k dimensional fixed points set 

and obtained a necessary and sufficient condition for a 

2k 21+ X 
bordism class to lie in J and J for t- i 2 and t < 9. 

n n 

The g r o u p s j " ^ and J were s t u d i e d by S tonq m 11293. 
^ ^ 2n-l 2r-,-2 

Waner LZ42 in 1990 proved that a unitary 2 s-manifold cannot 

have a single fixed point. 
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CHAPTER V 

Vanishing of equlvariant borclism groups 

In this chapter, we shall discuss, that in equivanant 

bardism theory, using families of slice types, it is 

possible for the theory to vanish. This worl- was developed 

by Kosniowsl<i by considering finite abelian groups. Here in 

this section, we shall discuss the development made by Khare 

and Dev,considering any finite group, not necessarily an 

abelian group. We also mention the results obtained by Deb 

and Khare in the case of l<—torus action and actions of a 

compact abelian Lie group. 

^ 1 . G—slice type and bordism of families of G—slice types. 

Let li be a G-manifold and ;< € M then G is the subgroup 

of G that fixes x. For each x e M there is a G module V 

which IS equivariently diffeomorphic to a G tubular 

neighborhood of x. This module V decomposes as V = 
X X 

V ® V , where G acts trivially on V and no non—zero 
X X X X 

vector of V is fixed by all of G . 
X X 

Definition 5.1'.l. The pair CG :V 1 is called the 
X X 

G-slice type of the point x € M. 

Definition 5.1.2. If H is a subgroup of G then a pair 

CH;U1, where U is an H-module with no trivial H-submodule, 

IS called a G-slice type. 

Definition 5.1.3. A family ^ of G—slice type is a 



collection such that if CHiUD s 7' tnen for 9very :; s G i-̂ Ui 

the G-slice tyoe CG iV D •£ J^. 

Corresponding to a family .f of G-slice types we say that 

a G-man 1 fold is of tyoe -r" if for every ;c € M, CG :V̂  ] •= J^. 

Similarly we call a G-manifola M with ooundary M to be of 

type (Ĵ jT*) if for all ;< e M the G-slice type CG ;V 3 fe J-". 

Definition 5.1.4. Let M and n be two n-d imens i onal 
1 2 

G-manifolds of type :?". Then n is said to be J^-bordant to 

M if there is a.n (n + 1 )-dimensional B—m3.nifold N of type 

(̂ ,̂ ) such that the disjoint union f1 U M is equi v a n ant ly 

diffeomorphic to <?N. 

This equivalence relation on the set of G-manifoids of 

type >" gives rise to a bordism theory ?T CJ-"] . The relative 

bordism group 01 CT^3^1 is defined in a way similar to the 

definition (3.2.3>.. 

We also have a result similar to (3.2.4): 

Theorem 5.1.5. There is a long exact sequence 
V J d 

. . . » Uc L-F ,«5^ 3 » 9t CJ^,>7> 3 » 3T CT^.VT- 3 » 
r> n n 

Ut LsT- ,J=̂  J > . . . for any triple Ĵ  £ Ĵ  - J- of 

families of 6-slice types, where i : (Ĵ  ,J-"' ) < • (-J-",J-" ) 

and J : (.7=",̂. ) •= » (.5̂,j» ) are the inclusions and c/- is 

the boundary map. 

§2. Conjugate class of G-slice types, bundle bordism and the 

map u—. 
P 

Let CG :V 3 be the G—slice type of a point x of a 

G-manifold M. The orbit G(;<> of ;< is a closed and compact 

submanifold of M. The normal bundle î  (i ) to G (;; ) in M is a 
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smooth G-vectar bundle and its dist bundle is 2 closed 

6-invari3nt tubular neighborhood of G (;<) . ALso G sets as a 

group of bundle maps on i> (1 ) and the fibre over x is 

G -invariant and contains no trivial G -subspace. 

Let Q be the map on the total space E (i--(1 * ) induced by 

the action of g on the base space G (:< ; . The G-sl:ce type 

of Q-.t ~ G (;< ) is_CgG g iQ.^ 3. The underlying vector space 

of V and g V are same and the action of ghg , h -s G on v 

e Q^V is same as the action of h on v -e V . 
* y. X 

Definition 5.2.1. If p = CH;VD be a G-slice type then 

the collection -CCQHQ ;Q V3 | g e G> I S called a conjugate 

class of 6-slice types and is denoted by p or CH;VD'^. 

Let us consider a family J*" of 6-slice types and p = 

CH;VD ^ ^. Then for every point ;< e 6 :< V, the 6-slice type 
n 

CG ;V ] € j^. Also the G-slice type of anv other point y e 
X K ^ I- - . ^ 

G ;: V, IS of the form CK;UD where } £ H and U is a subspace 

of V with H- action as the restriction of H-acton on V. The 

conjugate class CK;U3"^ gives the 6-slice type of all points 

in Giy) . So we see that p -e ̂  implies that p £ •?". 

Definition 5.2.2. Let p be a conjugate class of 6-slice 

types. A G-vector bundle ^ ; E(?) ——» B(^) is said to be of 

type p if the set of points m E(^) having the slice type in 

p is precisely the zero-section. 

Definition 5.2.3. Let ^ : E(?) * B(?) be a G-vector 

bundle of type fS. Then ^ is said to be a boundary if there 

exist a G-vector bundle ^' : "E(?' ) • B(Jf' ) of type p 

such that <?B(?' ) = B<^). 

Bordism of bundles of type p leads to the bundle bordism 
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group 3T Cp], where n denotes the total dimenBion of the 

vector bundles in question. 

Let J^^ = T be the families oT G-slice tyoes uiith J-" = J-"' 

u Cp} and let M be a G-manifold of type (̂ '.Jf' ). The set N-

of all points ;; •£ M having G-slice type in p is a closed 

G-subman 1 f old of M and a small equivanant tubular 

neighborhood of N- is equivalent to 3 disk bundle of the 

normal bundle to N in M. This normaJ bundle is s G-vector 

bundle type p and the total dimension of it is n, if N is 

n-dimensional. The assignment of a bordism class of a 

G-manifold M of type (J^,^ ) to the bordism class of the 

normal bundle of N- in M defines a natural JJf -module 
p * 

homomorphism 

p n ' i> 

Theorem 5.2.4. Let ^ i= v?" be families of G-slice types 

with ^ = y' u -Cp} then, u- : 9T'^C^,J^'3 »• 'sf^Lpl is an 

JJt -isomorphism, 

P roof. We define an inverse map of the map x.—, /j : 3t dp] 

* "S^Ly ^y '^. Let C?] € 3t°CpD. Then the disc bundle D(?) 

is a 6-manifoId of type (^,^'^). We define \ji\.^l) = CD(e):. 

Let Cn: € 3T:̂ C.5=',J=̂ 3. If B be the set of all points of M 

having G-slice type of p, then i^-CMD is the bordism class of 

the normal bundle 1^(1) : E<i>) >̂  B of B in M. Then D (? ) 

is a submanifold of dimension n and it is id^^^ ) bordic to 

M. So we get u-j^- = id. Similarly ^>-o^ = id. • 

Now we have the following result: 

Theorem 5.2.5. If ^ £ d^ are families of G-slice types 

with Ct = j^ u Cp} , then there exists a long exact sequence 
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n n n n-1 

where <? is the homamarph ism defined by dL^l = S (̂  ) ; S (̂  ) 

being the sphere bundle of the bundle ?. B 

§3. Extension map and families of G-slice types, isomorphic 

bundle bordism groups. 

Let 6 be the subgroup of G generated by the elements of 

y 
order 2 in the centre of G. Then G is isomorphic to Z 

for some integer k > O. We choose once and for ail a basis 

g , g , 1 Q, of G and order the elements of 6 by g < 

L Z k 2 2 1 

g^ .'.... C- ĝ  < g^ -H g^ < < g^ ^ g^ 

Suppose that K is a*subgroup of H such that H = i'.O ® K', 

where O ^ K e G , then we write V- £ H. Let x e G be tne 
2 2 2 

minimal element in G which satisfies H = '.;<> ® K. We 
2 

define a homomorphism p = p : H > K, given by p(ax 

+ ^) = k and call it the distinguished projection from H to 

V. now if U IS a K-module and K S H then we obtain an 
2 

H-module p (U), where p (U) is the H-module with the 

underlying space is the same as L) together with the action 

of H given by h(u) = p(h).u, u -s L). 

Corresponding to a G-slice type CK,-U3 with K = H we have 

an extension function e = e given by 

K.H 

e ^ CK;U3 = CH; \nK) ® p*(U): 

where V(K) denotes the set of real numbers with n <= H acting 

on it by multiplication by +1 if h e V and by -1 iT h e f. 

When H = ;<,> ® \< we have gHg"*̂  = <:<> «& Q̂  Q"^ and hence 

eCgKg"^ ; g U3 = CgHg"* ; V(gKQ~*) <& p*(g U)3 
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= CQHQ ^ ; 9 (V (K ) * o^UD 

Th"s e induces a map e^ = e on the collection of 
K.H K.H 

conjugate classes of G-slice types Li jUD" and 

e'̂  CKiUD*^ =̂  CH; V a. > * p*(U)j"^ 
K.H 

Let G be a subgroup of B containing G . U'e define three 

tamilies of G-slice types: 

J--'(G) = iLqhig~'';g^'^l | LH;Kn is a G-slice type with H = G, g 

e G> , -r'CG) = tCK:U: e J^(G) I K n G ^ G J and >"'(G) = :?"̂ (G) 

u <:e CK;U] I CK;U: e i=-'̂ (G) and K S H with H n G = G >. 

K,H ' Z 2 2 

Suppose that p = CH;V!)^ be a conjugate class of B-slice 

types and ^ : E (̂  ) —• B(^) be a G-vector bundle of type 

p. Since the zero section of ^ is precisely the set of all 

points of E (.? ) having G-slice type m p, the fibres of ^ are 

isomorphic to V as vector spaces. If p is now a conjugate 

class of G-slice types of an orbit of the G-manifold E(i^) 

then we can take the set of all points having G-slice types 

in p and form the normal bundle to it m S ( ^ ) , which is a 

G—vector bundle of type p', p'being a G-slice type. This 

correspondence gives rise to an Jt -homomonphism v̂  : 9t Lp2 

» Jt°ip' 2 given by y-'C? D = Lv-, (Si^))!. For p = e^Cp'D, v 
n p 

becomes an isomorphism. Precisely we have 

Lemma 5.3.1. Let R £ H and p = CHJVD"^, p' = CK;U:'^ be 

two classes of conjugte G-slice types such that e (p' ) = p. 

Then i/- : Jl Lpl »• OX Lp' 1 is an 9^^-isamrph ism. 
n n * 

For proof see C63. 
Theorem 5.3.2. Let r £ ^ £ Ĵ  £ .... , be a sequence 

o t 2 • 
'̂  " - o 

of subfamilies of jf^ (.G) with <i) ->" = p = CCe.K 1J, (ii) .y*" 
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= Ĵ  u Cp > -for all 1 i: 1, (iii) u >" = >", .and (xv) 

e'̂ Cp ) = P for all 1 i 0. Then 01° L^l = 0. 
"̂ aL 2L-H * 

Prao-f. We have the exact sequence 

.. — » ar*^L^ 1 —* ox'^13-- 1 — » 3t'^cp 1 -^ yf cj-- : — » .., 

for 1 > O, J-" is the empty family. Then 9T°CJ-" 3 = Ot^Lp D. 

By lemma (5.3.1), 'Jl°Lp 1 ^ 01° Lpl. From the long exact 

sequence and the fallowing diagram 

.. » Drt'̂ C:;̂ ' 3 > 3T*^C-r 3 • 01°Lp 3 - ^ 3?'̂  LJ- 3 » .., 
n o n 1 n t n - i o 

m"^ ip 3 
n - l O 

i t f o l l o w s t h a t <? 15 an i somorph i sm s o t h a t OX LJ^ 3 = 0 . 
n 1 

Proceeding this way, we get 01 O" 3 = DT dp 3 and 01 C^ 3 
* 2L * 21. * 2i.*t 

= 0. Thus 3T^C^3 = lim 01° LO^ 3 = 0. • 

» 

•§4. Ordering the conjugate classes of G-slice types. 

Three distinct relations < are defined on the collection 

A of all subgroups conjugate to subgroups of G, on the 

collection of all H-modules, H •£ A and finally on the 
collection of all conjugate classes of G-slice types of the 

family. ̂ ^(G) and extend each of these relations into a total 

ordering on the respective collection. 

Every subgroup H of G h^s a distinguished base h h 
2 2 ^ 1 2 

i. . . . <• h such that h is the least element in H and for i 
n\ 1 

> 1, h is the least element ^monq those elements of H which 

are not in -̂ h ,h , ,. ,h ,> the subgroup generated bv h , 

h , ... ,h_ . Using the distinguished base, the subgroups 

of G are first totally ordered as follows: 

2 

<B> < <q > < <q > ' <.' vg .Q . . .Q > < fg ,g > ." . . . . , 
1 2 1 2 k 1 2 

I.e., first by tne order of the subgroup and then 
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le;; icograph 1C3.1 1 y on the distinguished base. 

A relation < is defined in the set of subgroups of G by 

the following rules: 

Rule A. Let H and K belong to A. We define S as below 

(i) if jH| < |K| then H < K 

(li) if |H| = |K| and |K | < |H | then H < f> , where k = K n 

G and H = H n G , 
2 2 Z 

(iii) if |H| = |K|, |H I = |K I but H < K then H < K and 

(iv) if jH| = \^^-\ 1 ^ ~ ^'^- then we order them arbitrarily so 

as to make the relation < a total ordering on A. 

Next, a relation < is introduced in the set of all 

non-trivial irreducible H-oiodules, H <= A as follows: 

U :̂  V i f U = V or else there exists a subgroup K such that • 

K = H and U = p i (V) where i : K -' » H is the natural 
2 "̂  

inclusion and p H * K is the distinguished projection. 

Lemma 5.4.1. The relation < is a partial ordering on the 

collection of all nontrivial irreducible H-modules (for 

proof cf. C6]). 

'A total ordering on the set of all irreducible H-modules 

having same dimension is chosen compatible with the partial 

ordering int.roduced. The total ordering is extended to all 

non-trivial irreducible H-modules by writing U < V if and 

only if dim U < dim V. Since any H—module can be expressed 

uniquely as the sum ofvall irreducible H-modules, the total 

ordering on all H-modules is extended lexicographically. 

Rule B. Let U and V be two H—modules, 

(i) If dim U < dim V, then U < V. 

(li) If dim U = dim V and V follows U lexicographically. 
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then U < V. 

Lastly, the order :S is defined by Pule C on the 

collection of all classes of conjugate G-slice types of the 

family •>"'(G) as follows: 

Rule C. Let p = CH;UD"^ and o' = Ck;VD^ be two conjugare 

classes of G-slice types of J^(G). 

(i) If dim U < dim V, then p i p ' . 

(ii) If dim U = dim V and H i I', then p S p'. 

(ill) If dim U = dim V, H = K and U i V then p i p ' . 

§5. Decomposition of a family. 

If the dimension of a conjugate class of 6-slice types 

IS defined as the dimension of the module present there in, 

then there are only a finite number of conjugate classes of 

G—slice types of a given dimension. The classes of the 

family ^(G) a.rs totally ordered by the Rule C and can be 

indexed by non-negative integers as p < p < p 

wnerep =-CC-e;>:(R]>. L e t J ^ = U p , 

i 2 

Then Ĵ  is a 

family of G-slice types. Corresponding to the family J^ a 

collection ^ = -Cp , p , 

Let A , B and C 
J J _ 

. , p > IS formed. 
i 

be three mutually disjoint 

subcQiIections' of -F such that :^ = A u B u C . 
J J J J J 

J «J 
We set A = Cp >, B = 0 and C 

For J = 

4>. Let 

A , B and C be defined for some j > 1. Then we have 
j-i j-i » j-i _ _ • 

Ĵ  = A U B U C and J^ 
J-i- J-l J-A J-l J 

U -Cp > . There are 

two possibilities: (i) either p = e^(p) for some p € A ,9 
- J 

or else (ii) p ^ e (p) for any p <£ A 
J ' j-i 

In case (i), A , B and C are defined as A 
J J J J 

j-i 

A U 
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Cp] , b = B U Cp > and C = C u ipj ana in case (ii) 
J j-i J ) J-i 

thev are defined as A = A U 'p ) , B = B and C 
J j-i J J )-x I 

C 

We note some lemmas which will be used later (for proof 

of these, cf. 1:6:). 

Lemma 5.5.1. There is at most one conjugate class of 

G-slic types p .e A such that e'(p) = p . 

Lemma 5.5.2. If N is sufficiently large compared to n 

then A consists of conjuqate classes of G-siice types of 

dimension greater than n. 

Lemma 5.5.3. If CH;U]^ is a conjugate class of G-slice 

types and p € A be a conjugate class of Li-slico types of an 

orbit of a point of G x, U then either p = CH;U3^ or else 

Theorem 5.5.4. There is an isomorphism 

® L> : JR^CJ^ : » « at^Hp 3. 

p <£ A 

Proof. Induction on j is used to prove the result. The 

result IS clearly true for j = O. 

We now suppose it is true for (j-i), i.e., 

•s u : O^'^Cr 1 » & Ol'^Lp 1 
p <£ A 

<• J - -̂  

15 an i s o m o r p h i s m . 

We c o n s i d e r t h e long e x a c t s e q u e n c e 

d 
. . . *• m^L^ 2 » yr'^C^- D f Ot^Lpl —> 

n j - 1 "̂  J " J 

m° O - 2 , . . . and u : Ot^ LJ" 2 * 01° CpD.We 
r < - l j - 1 t n - i j - i n - i i 

h a v e t h e c o m p o s i t e v <><? : 9T Cp D » Jf Cp D . I f v <> <? 
L J r> ) n - l 1. L J 

^ O, then p IS a conjugate class of G—slice types of G x V, 

where CH:VIl = p ^ J^ . Then bv lemma (5.5.3) p « A . 
J ! L J 
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Now for the class p there exists at tnasz one conjuqa'ce 
i 

class of G-slice types p such that e"̂  (̂  ) = /O . If there 
>• >• ) 

does not e;;ist any such p -e A , then for any p •£ A 
^ \ J - l ' -̂  L J - 1 

both p and p belonq to A and so v> od = 0 for every P "S 
L J J t J - >. 

A . Thus ( ® iJ )o^ = O and consequently <? = 0. We 
'-' p - A ^ ^ ^ 

1. J- i 

have a short exact sequence 

0 » JR'^C^ 3 5̂ —f !n*^C^ : ^—» 3T*'Cp 3 *• O . 
ri J - l ri J "̂  J 

If for p , we have p -e A such that p = e (p ) then 

neither p nor p belong to A and by lemma (5.3.1) 
J «• J 

2̂  <.<? : DT^^Cp : • 3T° Cp D 
t J n J n-l. \. 

IS an isomorphism and once again we have a short e;;act 

sequence 0 * Jt^Lp 2 » 01^LJ^ 1 » Tt'^LJ^ 2 » 0 
r> >. ri J - l n j 

and the monomorphism of <? . 
J 

Both the short exact sequences split as the modules 

involved are vector spaces over 2 . Thus one concludes the 
2 

theorem for the first case. 
For the second case we note that A = A \ Cp > and 

J J - i >• 

t h i s g i v e s 01°C^- 3 ^ ^ 3T*^Cp ] . 
p € A 

<• ) 

Theorem 5 . 5 . 5 , aT*^C^(G)] = 0 . 
f̂  

Proof. Corresponding to the positive integer n we tal-e 

all conjugate classes of G-slice types of dimension < n+1. 

If J*" IS the union of all these classes then 
N 

9t*̂ :>-(S)3 = O'fcJ^ 1 ^ « ?l'^Cp3. 
ri n n — . n L 

p <= A 
i N 

If now N is made sufficiently large compared to n then 

by lemma (5.5.2), A consists of all conjugate classes of 

G-slice types of dimension / n and the isomorphism e v is 
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ze ra. 

C o r o l l a r y 5 . 5 . 6 . Suppose t h a t G i s 3 f i n i t i ? ' j r o u p . If M 

IS a G-man i fo ld in which G a c t s u i i t h o u t f i ;ced p c i n t s t n e n M 
2 

IS a boundary. 

Proof. The corollary now follows from theorem (5.5.5) 

because if G acts uiithout fi:ced points, then an isot'^opy 

subgroup H of a point m M satisfies the condition tnat H n 

6 ^ G . Thus M IS then a maniold of type J-~' (G) amd 
2 2 -"^ 

CQsequently of type J*"{G). • 
Finally we mention the result obtained by Deb and Khare 

in the case when the group is a compact abelian Lie group. 

By the structure theorem compact abelian Lie group 6 = 

k )• 

T ;; r , where T is the t—torus and P a is afinixe abelian 

group. If the elements of G are denoted by <y . >' , • . • , 

y , 9> where y •;= S for 1 i i i k and q •:= P, then "here are 

homomorph isms p : G » 6 given by p (y , v , ... , v, , D ) 

= (O, 0, ... , y, 0, ... , e :• , 1 < 1 < k. 
\. 

Consider the elementary abelian 2-group Z~ conrained in 
k _ k 

T •= G., If ;< IS the generator of p (Z~) then these elements 
C L 2 

also form a base of Z". consider the following collection 
2 

of G-slice types for 0 < j < t : 

J--' = C CH;V1 I p (H) = finite or S^ for 1 S i S I- and x « 

p (H) for atleast (k-j) values of i>. An extensio map is 

defined on each of the families J^ by eCK;U3 = CH;Va')«p Ul 
for EKrUD € >̂  , O S j ^ k. Let J=" = ^ u e (J-" ) = 0. Using 

J J J J 

similar techniques to those used for the proof of theorem 

o '̂  
(5.5.5) Dev and Khare proved that 71 LJ^ H = 0. 
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