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PREFACE

The classification of differentiable manifolds 1=  a
basic problem of differential topology, the moszt important
being bordism classification. Tuo closed manifolds are said
to be bordant 3f their disjoint union 1s boundary of some
compzct manifold. The set of all bordism classes of all
closed manifolds baving dimension n  form an abelian group
under the operation of disjioint vnion of manifolds. This
group 1s termed as n-dimensional bordism group and 1ts
theaory 1s termed as bordism theory. 1t became an 1mportant
area of differential topology when Pontrjyagin (273 in 1947
developed the notion of characteristic numbers of a
manifold. His theorem that the characteristic numbers of 3
closed manifold are zera 1f the manifold 15 a boundary was
the first to provaide some invariants for bordism
classification. Then came the monumental discovery of
R.Thom (243 in 1954 which revealed that the problem of
bordism 1s eguivalent to homotopy problem. This ooened new
avenues for solving many classification problems. Later
Wall ([£383 1n 1960 considered the bordism of oaoriented
manifolds and proved that an oriented ‘manifold bounds 1f and
only 1f aill 1ts Stiefel-Whitney numbers z2nd Pontraagin
numbers are zero. In 1972 Lee and Wasserman [J461 developed
the notion of eqguivariant characteristic numbers for

G-manifolds. hhare deveioped these 1nvaryants for
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vnoriented singular G—manifolds i1n 1976 [1Z31, for oriented
singular G-manifolds 1n 1982 [131 ana for (F,F’) - free
mani1folds 1n 1984 [1473.

Bordism theory took a different turn when i1n 1264 Conner
and Flayd i1ntroduced bordism method to the stugy of group
action [3] . His technique was applied to epuivariant
bordism by Stong, Kosniowshbi, Ossa, Wheeler, thare and many

others 1n the later period. Analysing the action of < b

z
actions on a manifold, Conner and Floyd [3] proved that 11
2 acts smaoothly on a closed manifold M without any fixed
points then M 15 a boundary. Stong [32] sirengthened this
result by proving that under the same condition M 15 =2 = -
boundary. thare developed this result further Tirst for 2z
finite abelian group (153 and then for any <“Yinite group
[163. The crucial role of Z-central component GZ(C) of the
centre of a finite group in i1ts action on closed manifolds
appeared clear for the first time 1n ([(163. thare proved
that 1f GZ(C) acts on M without any fined point thernm M 1s a
G-boundary. After analysis of toras actiocn 1n [L73, }thare
proved a general result for a compact Lie group action 1n
£181. This 135 the most general result available 1in  this
direction and the results aof Conner 2nd Floyd, Stong and
thare's earlier results are direct consequences of this
general result.

It 1s well lnown that 1f M 13 =3 :2 mani1fold 1n which the

fixed po:nts set has codimension 1, then M 135 a T ~bowundary.
z
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The mapping cylinder provides the required Zz—manlfolc with
boundary. In 19267 J.M.Boardman [J]1 proved that 1 f M 1s &
ZZ— manifold with M a boundary then dim M > (572« dim F,
where dim F 15 the maiimal dimension of the components of
fixed points set F of Zz—actlon on M. Thais 1s Lnown as
Boardman’'s five—halves theorem. In 1978 +Vosniowskil and
Stong [23] proved 1ts equivariant version. They also proved
that 1f M 15 2 Zz—manlfold such that the fixed points set
has constant dimension and dim M > 2.dim F, then M 15 a2
Zz—boundary. The basic technique used by them 1n this work
15 the caculation of Stiefel-Whitney numbers of M 1n terms
of the fixed points data {(FW*,yk)} by a specific formula.
In C161, khare has caonsidered the case when the fixed
points set F of Gz(C)’ the two centrzl component of the

n
centre of the group G, 1n M 15 nonempty. Let F = U F
(4]

where FL denote the {~dimensional component of F. Let
D(fL) be the normal disc bundle of FL in M" with the 1induced
action eL of G on D(yl). He has proved that 1f G/GZ(C) acts
trivially on F and 3 some pasitive dimensional
G-representation (NL, ¢L), 0= t =n, such that [D(yl), eLJ =
EFL][D(NL), ¢ 1n 9N (G: &, P}, where P 1s the family of all
subgroups of G which do not contain G;(C), & 15 the family
af all subgroups of G and D(HL) 1s the unit disc of NL’ then
the G—manifold M 15 a G-boundary. As a particular case,

one gets Conner and Floyd result (Thecorem 31.2)in (51 that

1t (22)k acts differentiably on a closed n—-manifold with n
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0, then there can not be precisely one fixed point.

In 1960, M. F. Atiyah and R. Bott in [1], showed that 1f
for & prime p, Zp acts on a homology shpere with two
1solated fixed points then the representations of Zp on the
tangent space at each fixed point are same. This shows that
the manifold 1s Zp—bordant to one with no fixed point, that
1s, to a free Zp—manzfold. The bordism 1s obtained by
removing & disk about each of the fixed points and attaching
a handle egquivariantly. In 19746, Ewing [?1 has proved the
same result for any Zp—manlfold for which equivariant
signature vanishes. Very recently Kasniowsk:i and J. Ewing
[10] proved that the same result 1s true for any smooth
Zp—manlfold provided that the dimension of the fixed points
set 1s not too small.

They also proved a more general result i1n the case when
number of 1solated fixed points 1s n 2 2. Their result 1s

2 {n / 23

that 1f n < 1 + — ’ —= then M 1s & -bordant to a
(p—l){logpnf - 2 p

free Zp—manlfold. Here {x} denotes the 1least ainteger

greater than or equal to x.

In 1981, Stong [301 proved that a mani1fold Mt s

bordant to a manifold Nzn“1 with 1nvolution T having fixed

po1hts set of diemension n & every Stiefel Whitney number of

MmNt involving a product . of two odd dimensicnal Stiefel

3

Whitney classes 1s. zera. In 1984, Stong further [31]
studied the problem: "Which compact tie—-groups G can act

smoothly (and effectively) on a closed oriented manifold ™

of positive dimension so that the fixed points set
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consists of precisely one point?"

In 19892, Demichelis Stefano [8] showed that a finite
group G acting effectively, locally linearly and preserving
arientation on a Z-homology 4 sphere has a fixed point set a
k~—sphere , k = 2. Wu L3921 1n 192920 extended the stiudy of
fixed points set made by Stong in CZO01. He considered J; as
the group of unoriented bordism classes of m—-dimensional
smooth manifolds which are represented by manifolds with
smooth i1nvolutions having m—t dimensional fixed points set
and obtained 2 necessary and sufficient condition for a

1

bordism class ta lie 1n Jik and Izu for k = 2 and t = 2.
™

The groups J:;ti and J:nfz were studied by GStong 1in [z01.
Waner £341 1n 1990 proved that a unitary Zps—manxfold cannot
have 2 single fixed point.

In €221, kosniowst1 proved that 1 f M 15 a 5'-manifold
with two 1solated fived points then 3 an i1nteger r such that
2" copies of M bounds 2as an c'-manifold. In £211,
Vosniowshi1 has shown that 2f M 15 a unitary s'-mani1fold of
dimension not equal to 2 or 6 with the fixed points set a
homology sphere then M 1s an Si—boundary. He further proves
that 2f M 15 2 unitary Sl—manlfold of dimension not equal to
4 with the finzed points set having i1ntegral homology of =&
product of two odd dimensional spheres then M 1s an
81—boundary. ‘

Conner, Floyd, Stong, and Khare used the technigque of

family of subgroups to study the equivariant bordism
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problems. It was for the first time that Kosniowski [1%3
realiséd that considering family of G-slice tybe is much
more stronger (though complicated) tool than considering
family of subgroups. He has shown that in equivariant
bordismi#heory', forfspme families of G-slice types, it is
possibiéAfdr the whb}e.theofy-to vanish.

fhis dissertétiph,#snaimed at studying bordism, group
a&fion_and_fixed’psiﬁts'set} In chapter I, we recall some
definifions and we'aisﬁuss fhe proof of the theorem due to

Thom:

Theorém: 1.2.10. :_:For k » n+1, the homotopy group
ﬂn+k(Md(k)) is: céaogiéélly -isomorphic to the wunoriented
cobordism;grogp m;:

In this chaptef'wéihaQe'also discussed the oriented version
aof the aqéye theorem{ﬂeﬁ

In.&hébteghll,?wgi%ecgll some préliminary definitions ;'
and the de%inifioﬁ?(*éf‘ -G}cﬁaraéterigtié classes of
G-manifolds. Vwe.%;uay.;ﬁ.thiS'section'the' theorem of Lee

.and4Wasserman E3£]£<

Theorem 2.2.5. llet (M) « % (G).. Then [M] =0 if and only

if all h*jcharacteriétickqqmbers vanish.

4 t

. N I .;_ N " T oL V.
Here 'in this section- we
. B T

gélﬁéf“recalf thE«ldefinitiDn cof

characteristic'clasées of unoriented and oriented singular ¢

G-manifolds defined by Khare -and we .study his theaorem -of ~ i

invariance of  charateristic classes of unoriented and

oriented singular G-manifolds under bordism:
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Theorem 2Z.4.3. If all the characteristic numbers of the

map f = M — X for an element EMn,f:BJ = m;(X;B),
corresoonding to the theory h*, are zero, then CM“,f;G] 15
zero in WB(X;B).

We alsao study the oriented version of the same 1n  chapter
II.

In chapter 111, we study the bordism method ot studying

the group action which was 1ntraoduced by Conner and Floyd:

Theaorem 3.1.93. If ZZ acts smoothly on a2 closed manifold
M" without ficed points them [M"1 = O.
Stong has strengthened the above theorem by showing i1in [I2]

that:

Proposition 3.2.6. If ZZ acts on 2 closed differentiable

manifold M”, then [M",81 = 0 1n M_(ZD).

We study the above theorem and also the result that was
proved by Khare i1n the case of a finite group. The cruc:al
raole of Z-central component Gz(C) of the centre of a2 finite
group G 1n 1ts action on Clpsed mani1folds appeared clear for
the first time 1n [14613]. Khare proved that:

Corollary 3.3.6. If GZ(C) acts on M" under o without

any stationary point then (Nh,e) is a G-boundary.
After analysis of torus aciton 1n ([17]1, Khare proved a
”general result for a compact Lie group action in [18B1. In

chapter III, we discuss this result:

Definiton 3.4.1. Let H be a compact Lie group. Then H

1s sai1d to be H-boundary 1f there exists an H-manifold N
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such that 8N = H and the restriction of action © on &8N
coinciaes with the given group operation of H.

Let G be a compact Lie Group. By the cenfral elementary
H—group 1n G, we mean the maximal subgroup HY = H % euu. i H,
n—times, caontained 1in the centre of G.

2]

Let G be a2 compact Lie group with H the central

elementary H-group i1n G, H being H-boundary. Let h’3 be a
fixed point of H and P, ¢ H" ——— H denote the projection
onto the r—-th factor, 1 £ r = n. Let Hv denote the subgroup
of HY with p(H) =H, 1f 1 = r and p(H) =h , 1f 1 = r.

Let a family {LP} of subgroups of G be such that er H 15 a
r

nontrivial subgroup of HF, 1 £ r = n. By an L r—type

P

action of G, we mean a differential action of G on a
differential manifold M such that faor every 1 1n M, pp(G;ﬁ
H™) 1s either trivial or contains Lr for all r, Gy being the
1sotropy group of x. A point % 1n M 1s said to be a pseudo

stationary point 1f p (Gyh H") 1s nontrivial for all r, 1 =
r A

r =< n.

Corollary 3.4.5. Let M® be a closed G-manifold with

{Lr}—type of action for some family CLP} of subgroups of G

such that Lr al HP 1s nontrivial. If M" does not have any
pseudo stationary point, then M 15 a B—-boundary.

We also discuss the work of Wheeler [IZ81 who has shown that:

Theorem 3.3.9. If F_ (X,A) 15 Z2-even (Z2-odd) for O = J
o)

2

<} then Q*(sz)(?)(X,A) ®© Rz‘ls a free Q@ R2~module on
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even (odd) dimensional generators.

Here the fixed points pair FZ fX,A) of the pair (X;A) under
2

Zg 15 sai1d to be 2-even (Z-odd) 1t and only 1f H*(X,A;RZ)
1s a8 free Rz—module on even (odd) dimensional generators.
In chapter IV, we study Boardman’'s five halves theorem

£3) which states that:

Theorem 4.1.17. Let T be smooth i1nvolution on a smooth

closed n—-dimensional manifold V, and let Kk be the fixed
point dimensian (that 15 maximum of the dimensions af
different components of the fixed points set). If V 15 a
boundary, then n = 3k/2. It further the class [V] ais
indecompasable 1n the cobordism ring m;, then n = 2F+1.

In this chapter, we also describe the result of thare [1&6]1:

Definition 4.2.1. Suppose (Mn,e) 1s a8 closed G-manifold

n

L L
and F = Yo F', where F 1s the l—-dimensional comoonenit of

F, 15 the fixed points set of M" under the subgraoup Gz(C) of
G consisting of 21l elements of order 2 1n the centre C of
G. Let D(UL) be the normal disk bundle of FL in MT with  the
induced action 9L of 6 on D(DL)' Then F 1s said to have an

equivariant trivial normal bundle 1n Mn, 1 f B/GZ(C) acts

trivially on F and there exists same paositive dimensional
G-representations (wL,¢L), o = 1 é n, such that 1n
W*(G;ﬂyP), where # 135 the family of all subgroups of G and P
1s the family of subgroups of (G not containing GZ(C),

[D(LR)‘QL] = [FL]ED(WL),éll, D(NL) being the wunit dist of

NV



Theorem 4.2.0. If F has an eguivariant trivizl normal

bundle 1n M, then F 1s a boundary and (M“,e) 1s a
G-boundary.

Further i1n this chapter, we study the worl of FNosniowst: and
Stong ‘s word on the calculation of characteristic numoer of
a Zz—man1fold in ferms of 1ts fixed points set.

Thnearem 4.3.1. Let M be a closed n-dimensional manifold

with a3 smooth 1nvolut16n'T- Let FW* be the union of

(n-k)—-dimensional components of the fi:ied points set of T

and v be the normal bundle of F™™* 1n M". It flx, .e-

,xn) 15 a symmetric polynomial over 22 1in n—variables of

degree at most n, then

f(i"'yiv--’ 1ty 32 T 4..4 = ?

FGe, can G IM") = . L nok  gE™ R
k M +yo
\ v=4 v
where the expressions are evaluated by replacing the

elementary symmetric functions oL(x), oL(y) and at(z) by the
Stiefel-Whitney classes uk(Mn), u&(vk) and uk(Fn_k)
respectively and taking . the value of the resulting
cohomology class on the fundamental homology class of M"  or
R, K

We described 1in ﬂthxs chaﬁter the equivalent condition
developed by Stong’tzoi for a mani1fold to be bordant to
another manifold with 1nvolut10q having the fixed points set

’ 1

of dimension n.

Theorem 4.4.8. A class a < 5%rﬂ' 1s represented by a

i



manifold M"Y with involution T having Tfixed points set of

dimension n 1f and only 1f every Stiefel-Whitney numbher of «
invelving a product of two odd dimensional Stiefel-Whitney
classes 15 Cero.

We za2lso study the compact Lie—groups G that can act smoothly
(and effectively) on a closed oriented manifold ™M~ of
positive dimens:on sa that the fixed point set cansists
of precisely one point. We study various results proved by
Stong [313 1n this direction which can be summarised as
follows:

(a) For every non—abelian group, there eitists a closed
connected oriented manifold of positive dimension on which
the group can act with exactly one fixed point

(b)) If 6 1s abelian of positive dimension with G the

<o

component of i1dentity then

[N

(1) for |G/G°| even, there .exi1sts a closed connected
orientable manifold of positive dimension on which G can act

with precisely one fixed point

(11) for lB/G°| odd, divisible by at least two primes,

there exists a closed oriented manifold of positive

+

dimension on which G can act with precisely ane fixed point,

but no such action on a

¢

connected manifold can be effective
(111) for |G/GO} a power of an odd prime, G cannot act
on a closed oriented manifold of p051t1v$ dimension wilth

precisely one fixed point
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(Z)Y If 6 15 finite abelian then G cannot act on a closed
oriented manifold of positive dimension with precisely one
fixed point 1f either.G = (22)k or 6 15 an abelian p-group
with p odd. For 311 other finite abelian qroups G, there
exists a3 closed connected oriented manifold of positive
dimension aon which G can act with exactly aone fixed point.
Finally we give some recen; results proved by Demichelis
Stefano and Wu regarding fixed points set.

In chapter ¥, @e study the equivariant bordism theory
using G-slice types. In this chapfter we discuss the
development made by Deb and Khare considering any finite
group, of the work of Kosnoiwski who has shauen by
cansidering finite abelian groups that using G-slice types
1n equivariant bordism theory it is poésible for the theory

to vanish.

i

Al

Let 6 be an abelian géoup, M a G-manifold and G the
isotr®my subgroup at . For every x = ™M thsre 13 a2
Gx—module Gx whcoih is  equivariantly diffeomorphic to a
Gx—neighbourhood dgf x. The Gx—module Qx’can be decomposed
as Ux= VX@VQ, where Gx acts trivially on V; and no nonzero
vector of Vx is fixed by all of Gx, i.e. Vx does not have

any trivial Bx—:ubmodule. The pair [B;,VXJ is called the

slice type of v €« M. By a G-slice type we mean a pair [H;

Ul, where H is a subgroup of G 'and U 1s an H-module having

no trivial H-submodule.:’

A famlly ¥ of G—-slice types is a collection of G-slice
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tvpes such that (H; Ul « F 1mplies that [ , V ] = F, V i1 €
X

N ’
G xHU . A G-manifold M 1s said to be F-free 1f V i1 € M, the
slice type [Gx, Vx] at « belonags to F. In usual way one has
the notion of F-bordant. This gives an equivalence relation
on the set of 211 F-Free G—manifolds of dim n. The set of

equivalence classes can be given group structure 1in  the

usual manner giving rise to the group Ni[fd.

A

In [191, kosniowski constructed a family *» of G-slice
types such that Ni[?] = 0. This gives 1n particular khare’'s

result namely 1°f 82 acts on M without fixed points then M 1is
G6—~boundary. Caonsidering G to be a finite group ar ($1)k or
a compact abelian Lie group, Khare and Deb have constructed
a fam11y<%(é) of G—slice types for which they have shown

that: .
{
1

Theorem 5.5.5. 92:[5#(5)3 = 0.
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CHAPTER I

Preliminaries

In this chapter we discuss the homotopy i1nterpretation
of wunoriented bordism, oriented bordism. We also
introduce wnoriented and oriented singular bordism.
Throughout this chapter, unless mentioned otherwise, the

manifolds are closed, smooth and compact.

1. Some definitions and elementary results.

In this section we 1ntroduce some elementary and
essential notions and give some necessary results  that may
be used later on.

(A) Unoriented bordism.

Far any integer n = O let Nr be the set of all closed

unariented n—-dimensional manifolds. A manifold ™M N 15

th

ih

saird to bord 1f M 15 the boundary of same (n+l)-dimensional

compact unoriented manifold W, A manifold M: < N 15
ia}

said to be bordant to 3 manifold M: = N\ y, denoted by M:
1

M: s, 1T their disjoint union M: u M; bords. It 1s easy to

see that ., 1s an eguivalence relation 1n N . The guotient
n

set Nn/“ y denoted by U% y 15 an abelian group with respect

to the operation ‘disjoint unmion’, 1.e. [M:] + [M:] = [M: u

M:]. mk 15 called the n—-dimensional unoriented bordism

.

group. More precisely ﬂﬁ\ 1S 3 VveCTor space over ZZ. There

1s & bilinear symmetric map of J1 © 3 1into I induced by
L J l,f)



the operation ‘cartesian product of manifolds® and It =

*
o3
® It becomes a graded commutative algebra over 2 . Thom
L= ¢ 2
[34]1 has shown that m; 1s a free commutative polynomial

algebra aver 22 with one generator 1n each dimension N

~

except those of the form 4m_1; for n even, projective space
RP" 1s a generator. For n odd and n = 2™-1, Dold has shouwn
that the gemerator can be chosen as the bordism class of the
Dold manifolds P(2p—1, 2°.s) where r and s are given by n +
t = 27 (2s + 1) and Plm,n) 1s obtained fram S x <CP" by
identifying (x, [=z1) with (=, T T 1). Dimension of P(m,n)

1s m + 2n.

(B) Universal vector bundle.

Cansider BOQ(n) = Gn(Ra) = the set of all n — dimensional
linear subspaces of R® and EO(n) = ¢ (X, x» | X « Gn(m“), i
€ X . Define p : EO(n) ——— BO(n) given by p ( X,x ) = X.

Then Vn : EO(n) —— BO(n) 1S the n—dimensigonal

Universal vector bundle dimension n 1n the sense that 1t ¢

1s a vector bundle of dimension n over a paracompact base

E(¢) then there exists a map fy unique upto homotopy from
*

B(f¥) to BO(n) such that & = f (Vn). BO(n) 1s called the

classifying space for the n-dimensional vector bundles and f

1s called the classifying map for €.

Now for each n we have a map

1 : BO(n) “—o—— BO(N+1)

n

such that 1 maps a point (% .3,  ceee 9 X ) of an
[ R 1 2 ™
n—dimensional plane X 1n BO(n) i1nto the point (xl,...,xn,o)

of an (n+l1)-dimensional plane X° 1n BO(n+1), and with this

)



{BO(n)} is a directed system.

Consider BO = dir lim BO(n) y, EO = dir 1lim ED(n)

n—--»x N—

and ¥ = dir lim Vn.
N—a

Then ¥ : ED ——— BO is a universal vector bundle which
classifies vector bundles of all dimensions over paracompact
base, 1.e., if & is any vector bundle over a paracompact
base B(f) then there exists a map f : B¢ ) —— BO, unique

A

*
upto homotopy, such that & = f (¥).

Definition 1.1.1. Let & : E() ————— B(¥) be a real

vector bundle and ¢ has a Riemannian metric. Then we define

the associated disc bundle, denoted by D(&), as the

subbundle af E(Z) consisting of x € D) with || x || £ 1 and

the associated sphere bundle, denaoted $(¢¥), as the subbundle

of E(¢) cansisting of x € (&) with || <« | = 1.

Definition 1.1.27 . Let & : E(!) ———+ B() be a real

vector bundle with a Riemannian metric. Then the Thom space
T(¢) of the vector bundle ¢ is defined to be the space

D(EY/S(E).

Remark 1.1.3. If the base space B ) of a real vectar

buﬁdle £ : E(Z) ——— B(¥) is a compact space then T(&)

can be identified with one-point compactification of E().

2
A

The correspondense x ——— x / 1-= |l x |7 maps D) \ S
diffeomorphically onto EE), inducing the required
" homeomarphism from T(¥) ——— E() U eO,where e, is the

paint at infinity.
) 1
Notation 1.1.4. The Thom space T(yk) of the universal

"



vectar bundle r,o EQ(K) ———— BO(L}) 15 denoted by MO ).

Definition 1.1.5. Let M and N be gsmooth manifolds of

dimension m and n respectively and let f : M —— N be 2
smooth map. Then f has a point y € N as a regular value
throughout some subset X = M 1f for every it = f_L(y) N X the
1induced map

Df : T M ————— T N

4 x Y
af tangent spaces 1s surjective.

Lemma 1.1.6. Let W = R" be an open subset and f : W —>s

Rk be a smooth map. Let f have the origin as a3 regular
value throughout a closed subset X £ W. Let K be a compact
subset of W. Then there exists a smooth map g : W —> Rk
which 1s homotopic to f and coincides with f outside a
compact set and which has the origin a regqular value

throughout X U K, (¢cf. (251).

Theorem 1.1.7. Every continaus map f : Q“k — MO(K)

1s homotopic to a map g which 1s smooth throughout

§1(E05k)) and 1s transverse to the zero—-section of BO(k).
Proof. We first approximate f by a map f0 which 1s smooth

throughout f;‘(ED(k)). Now, we choose an open covering of

the compact set f;‘(BD(k)) by open subsets W ,......,W of

r

f;‘(EO(kn such that

-1 - . ok
fo(wt) & (yk) U) = UL x R

L

where UL 1s an open subset of B such that Yk,u 15 trivial.

L

We choose compact sets KL = w‘ such that f;‘(BD(k)) =
int (K{ c e Jﬂ). We now modify fo on each subset NL one

after another i1nductively.



We assume that fL_-1 has been chosen ta satisfy the

Ny

following conditions :

(W) f 15 a smooth map on fIL}EO(L))

[t §

f;‘(EO(k)) and

coincides with fwx outside a compact subset of W

-1’
(w) 1‘L__1 15 transverse to BO(k) on xlu - U}\L__1 and
(vt} the projection 1&(fbd(x)) « BO(k) 1s equal to

Y (f (x)), V x € f '(EO(K)).
k o o

-1
We define f“‘wL : W ('/k) (UL). By (e ),
f maps W into (YO = U xRS The first
-1 L k L L
co-ordinate Y;(ft(x)) of fL(x) for x € wL 1s given by ().

Let P : (ka*(ut) —_ ., R be the projection to the
second factor.

Since f 1S transverse to BO (k) throughout

-1 ‘ W
L

:NL—————-»ULx [Rk —_ [Rk

Kiu .e. UK so p ° f\-1,wL

L—-1

has O € Rk as regular value throughout (K1U .. UkL N W .

L

-1

By lemma (1.1.6) we can approximate the map P ° fL__1 by a
smooth map from WL to Rk such that 1t agrees with
pt°f_ ocutside 3 compact subset of wL and hHhas origin as

regular value throughout (KU .... UK) N W of W.
b 4 L Lt L
Let the apprgoximating map be P.° fL. Then fL 15

transverse to BO(k) throughout KJJ eeae UK | Thus f\

L

satisfies conditions (), (u) and (w).

Proceeding by i1nduction we define maps f1, fz, C ey fr.

Let g = fr. Clearly g 15 transverse to BO(k) throughout
KU (... UK .
1 r

Let for e € EO(k), O £ |e|] < 1 denote the Euclidean

narm. Thus |e' = 0 1ff e € B. We set |e°| = 1.



Since H;U ...... UK is a neighborhood of f;‘(BD(k)) in
the compact gspace Sn*k, e » O such that
[ f | = ¢, V x & KU ... UK .
(4] 1 r

Let 1’.L be chosen such that |fL(x) - f 1(:<)| < c/lr,

L~
Then clearly |[g(x) - fo(x)| < c.

Now far = « HJJ .o UKr, lg )| = lfo(x) + g(x) - fo(x)
> lfo(X)‘ - |9x) - fo(x)l e — e = 0.
Therefore gﬂ(BO(k)) < KJJ eves UKr. Hence g is transeverse

n+k

to BO(k), V¥V x e 5 .

& 2. Homotopy interpretation of unoriented bordism group.

In this section we establish 1somarphism between
unoriented cobordism group and sufficiently higher homotopy

qroup of MO.

(A)Y Higher homotopy groups.

Let (X, xo) be a pointed topological Sbace. We consider
the space I with base point O, and the subspace I <« I. Then

suspension of I, $(I) is the space

-

(I x« 1) /1T x £0Y UT x {412 U {03 x I

n

and we define n—-th suspension % (1) to be s (sS(I))

inductively. "’
For any n 2 O, the homotapy graup 'ﬂn(X, xo) of the

topological space (X, xo) 1s a covarient functor defined

to be the set of homotopy classes of maps of the pair

(™ (I, "1 to (X, x,).  But we have s™1) & "% =x

s, V¥ n. Hence, M (X, x ) =€ 3"(I), ")), X, x.) 1
n (o] (8]
=L (3", ™Y, (X, ) 1.



(B} Thom map.
We first defne Thom map
T ¢ I (MO(L)Y) — > T
ek n
Let [f] e ﬂn*k(MD(k)). Then by theorem (1.1.7) 3 =a
smooth map g which 1is homotopic to f and is transverse to
BO (k) throughout Sn’k. Sao gﬂ‘(BD(k)) 1s a smooth, compact
n—dimensional manifold.

We define T(CLf1) = Cg " (BO(k))1.

Theorem 1.2.1. Let M" be a closed differentiable

manifold embedded in Rn*k. There is a neighborhood of M"  in

RW* which is diffeomorphic to the top space of the normal

bundle of M" in me under a diffeomorphism which takes each

n
¥ €« M to the zero normal vector at x.

Proaf. Let vk :t E ——— M be the normal bundle of M" in

n+k

14 and for £ » O, let E(e) & E be the open subset of

E
consisting of the points (x, v) € E with |v| < & where x s M

and v a normal vector to M" at x.

We define e & E(e) — RWd:by el(x, v) = x + v,

Ne.identify M" with =zero cross-section of E. The
tangent space to E(g) at. any point (xy ©O) on fthe zero
cross-section has a natural splitting TxM ® (’l’xM)'L where
(TXM)'L is the orthogonal complement of TxH in me”(E(z)).

Clearly the derivative D( e is the identity map on ™M

%,0) . x

4
and (TXM) . Therefore, Dmcne has rank n+k at all points
on the zero croos-section. Applying Inverse Function

Theorem at any point (x, O) on the zero cross—-section, we

get an open neighborhood Ux of (x, ©) in Elsg) which is



mapped diffeomorphically onto an open subset of Rn’k

containing .

Let U = g Uy. Consider e : Y —— Rn*k.

We claim that e 1s one-one on U. Note that e 1s already

locally one—one.

Suppase e 15 nat one-one. Then for each i1nteger » » 0O,

considering £ = 1/1, there exist two distinct points

J

(x4 v ) = (x'y, v')
N L L L L

r1n the neighborhaod E(1/1) such that e(x\, vL) = e(xl, v’

18

.S1nce M 15 compact, there exists convergent subsequences

"4X } and {x’} such that lim (x , v ) = (x, 0O)
1 LJ LJ \.J \.J

i and lim (x: ’ vl Yy = (x', O).
. 3 J

Therefore, we get

X = e(x%,0) = lim e(xL,v Y} = laim e(x’ Lv' )} = e(x’ 40) = x'.
t t L
‘ J J J J

But for large 3, (x , vL) and (x: ’ v:) € Ux with
L
J J J J

’

elx 4 v ) = e(x’' 4 v
9 L
3 3 J 3

) contradicting the fact that e 1S
locally one—-one. 50 e 1s one-one.

Hence e 15 a diffeomorphism which maps U onto an open

neighborhood of M" 1n R™K.

Definition 1.2.2. Let M" be a differentiable manifold

embedded 1in R™ . Let Z = (p, E, M) be a vector bundle over

M and M be 1dentified with the zero cross-section of E. A

n+k

tubular neighborhood of M”15 a neighborhood of M°  1n 174

which 1s diffeomorphic to a neighborhood of M" in E.

Lemma 1.2.3. Let V,N be manifolds, A S Nbe a caompact




submanifold and f : V ——»+ N a map such that f 1s
transverse to A. tet M = f'A) and U a tubular
neighborhood of M and E a tubular neighborhood of A. Let

D € U be a dislk subbundle such that f(D) € E. Then there 1s
a homotopy from f to a map h ¢ V ——— N such that h[D 15

the restriction of a vector bundle map & : U —— E aver

f: M — A, (cf. Theorem (4.46.7) of [111).

Definition 1.2.4. Let ¥ = (Ey, B, p) be a vecrtar bundle=.

Let @ be a manifold and g : @ ——— T(¢) be a map. We szay
g 1s 1n standard form 1f there 1s 3 submanifold M £ Q and a2
tubular neighborhood U € Q@ of M such that U = gd(E) and

-1

M =g (B and the diagram:

1s a vector bundle map.

Lemma 1.2.5. Llet f : Q ——— T(&) be a map. Then f 1s

homotopic to a map 1n standard form.
Proof. The argument similar to that 1in theorem (1.1.7)
gives that f 1s homotopic to a map fo which 1s smooth

throughout f;i(E) and transverse to B. Let M = f;x(B). Let

U < f;i(E) be a tubular neighborhood of M 1n & and D

I

u a
disk subbundle. By lemma (1.2.3) we may assume that f0 1S

homotaopic to a map f1 such that f1 agrees i1n D with a vector

bundle map ¢ : U ~—— E. we'deflne g : U — T

¢ on U

given by g = { e onQ\U "
o

Then g and f‘ agrees on D and



g 1s in the standard form. Since g and f1 agree on 8D and

both map Q\intD into the contractible space T(f)\E, we have

Q = f1' Hence f 15 homotopic to a map in standard form. =

Lemma 1.2.6 . T is a well defined homomorphism.

Procof. Let g, g’ be two homotopic maps from Sn+k to
MO(k), both being differetiable on the inverse image of
EO(k) and both being transverse to BO(k).

i n+k
f

Let H + & ¥ I ——— MO(k) be a homotopy from g to

g’. We assume that H(x, t) = H(x, 0O0) for t < 1/3

it

and H(x, t) H(x, 1) for t =2 2/3.

Then the arqument similar to that in theorem (1.1.7)

gives a map G : ™% w1 MO (k) which coincides with

H outside a compactiugubset of Sn+k x I and which 1S
transverse to BO (k) and G is equal to H an
n+k n+k

Y x [0, 1/31 U S x 0273, 11 and is homotopic to H.

Then Gﬂ(ED(k)) is a smooth (n+1)—-dimensional manifold

n+k

of & x I whose boundary is g-i(BD(k)) u g'-1(BD(k)).

Thus T is well defined map.

Let [Lal, L[3] e ﬂwm(MD(k)). By lemma (1.2.5) 3 a map

f:s™k MO(k) which maps lower hemisphere gnrk of e

[&]

$n+ k

and 1s homotopic¢ to « and 3 a map g : + MO(k) which

maps upper hemisphere of SMk to e, and is homotopic to /7.

Srwk

We define a map h : ———— MO(k) given by

fon ™% \ E

h = gon‘SMk\E

3 43

Then h 1s transverse to BO(k) throughout Shﬂ:and

R 'BO(KY)Y = £ 9(BOW)) U 9 *(BO(K)).

10



Therefore T (Lal + [31)

n

T(loe + 37

Ch *(BOC(K)Y) ]

n

n

Cf ' (BO)) U g™ (BO(k))]

n

Cf '(BOG)IIT + [g "(BO(K))]
= 7(led) + T(LR1).

Hense 7 15 a well defined homomorphism. =

Lemma 1.2.7 . The Thom homomaorphism v 15 surjiective 1f

v > n.

Proof Let (M1 e JRU We can assume that ™" = 3" by
Whitney emgedd1ng theorem for sufficiently large k. Let
U= S™" be a tubular neighborhood of M. |

Now there 1s 2 vector bundle map h : U —~ EOQ(). We

n+k

extend h to a map g : & — MO(}L)

e on Sn+k \ U.

such that g = { h on U
G

Then g 1s transverse to BO(k) and gd(BD(k)) = M.

Let L[gl denote the haomotopy class of nl 1n
[xwk(MD(k),eU). By definition, the cobordism class of MY s
the 1mage of [gl.

Therefore, t(f{gl) = M'. = )
We now mention an i1mportant result without proof which will

be used i1n the next theorem. For proof see of [4].

k
Theorem 1.2.8 . Given a vector space bundle & over a CW

- k
comple:: of dimension < m, any bundle map of ¢ , restricted
k
to a subcomplex, into rk can be extended throughout & .
m

Theorem 1.2.9. The Thom hamomorphism L’k 1s  1njective 1f

b2 N+t

n+k

Proof. Let £ : & _ MO((k) be a map which 1S

11



differentiable on f “(EO(k)) and transverse regular to

BO (k) such that T([fl1) = O « 9 . Let f “(BOW)) = M". Then

™

tM1™ = o. So M" 1s the boundary of a compact

(n+i)—-dimensionalmanifold Qw“. We shall show that ¥ 1S

homaotopic to the constant map. By lemma (1.2.95), we may

s

assume that f 1s 1n the standard form.

n

Let h = ™M 2 [O, 11

Qwu be a diffeomorphism

aoanto 1ts i1mage which carries M" % O onto 0&”“. We define a

n+ 1

map h : @ —_— C v 1, where C 1s the closed cube
it N+ k n+k

N+l

[O,l]”m, as follows. Let x < Q s 1T x = h(y,t) where y <
M® % O £ t = 1\2 then let hl(x) = (y,t), 1f = = 1mage h,

then let hl(x) = p, where p 1s a fixed point in 1nt(C“*kx

I, 1f % = h(y,t) where y <= M" and 1\2 = ¢ =1, let hl(x) =

(1-3(t))h(y, 1\2) + A(tip,where 3(t) 15 a C™-function with

- -

7 (t) = 0, f(t) =0 1n a neighborhood of t = I1\2 and (t) = 1
1in a neighborhood of t=1. Then h1 1s a differentiable map

N+ 4
of 1nt Q into 1nt(Cn*kx I). h1 1S a one—pnNe 1mmersion 1n

a neibourhood of JdQ""'. Since dim (Cn+kx1) s 2(n+1), 3s ¢

g n+1,.h1, may be approximated by an one—-one i1mmersion hz :

"ttt — Cn’kx I which equals h1 i a2 neighborhood of
aa“*‘. Then the one—one i1mmersian h2 1s an embedding of
Q'H1 into Cn*;x I as @1 1s campact. Let y be a
homeomorphism of Cn*kx I 1nto Dn*k+1. tet 0""' now be
considered as the subset wohz(Qn*l) i DR

We have the man f of ‘Sn+k intc MO ) which 15 a bundle

map when restricted to a small tubular neighborhood of M” 1n

k
g By theorem (1.2.8), we can extend this map to a map g
of the tubular neighborhood N of ™t 1n D“”Hi into MG
which equals T 1n some neighborhood of o™t 1n Dh+k+1. We

12



detine h: D —— MO ) Zi1ven bv
= Q on tht ko
h { e on DTTY U N
(8]
MNow h]Snﬂ:= f. So f 1s homotobic to the constant map.m
Theorem 1.2.10. For | SN+l the homotooy group
ﬂ'+;(MD(L)) 15 czanonically i1somorohic to the unoriented

cobordism grouo SR.
L

& 5. Stiefel-Whitney Classes.

In this section, we 1ntroduce Stiefel—-Whitney classes,
Stirefel-Whitney numbers, and establish their i1nvariance with
respect to unoriented bordism.

Let ¥ be an n—-dimensional vector bundle with base
space B(Z). Then there exists a3 unique sequence of
cohomology classes

W (Z) e HUB(Y)Y , 1 = O, 1, 2yueeenn
satisfying the following four axioms.
Axiom 1 WO(E) = 1 = HO(B(E)) and wt(z) =0 1f 1 -~ n.
Axiom 2 If f : B() —— B(n) 1s covered by a bundle
map from g to n, then WL(() = f*(wt(n)).
Axiom 3 1f & and n are the vector bundle over the same
k

base space then wk(fen) = WL(ﬁ)Nkﬂ(n), where & denotes
Lt=0

the Whitney sum and the praduct on the right hand side 1s
the cup product.
Axiom 4 For the canonical line bundle ;i over the

projective space RPI, the class Nl(yi) = O,

Defimition 1.3.1., The cohomolooay classes NJ&), 1 =



1, -«. , satisfying the four axioms mentioned above, are
known as Stiefel-Whitney classes af ¢.

Also W) = 1 + Ni(f) + Wemeneees + wn(g> is called the
taotal Stiefel-Whitney class of the vector bundle ¢.

Definition 1.3.2. Let M be a smooth, closed, aoriented,

-

n-dimensional manifold. Using mod 2 co-efficients 3 a

unique fundamental homology class M3 e Hn(Mn, ZZ).
Hence far any cohamolagy «class v & Hn(Mn, 22), the
krdnecker i1ndex <v, M 1> e Zz is defined. Here
< , > 1 HV(M™, z) e Hn(M“, z) — Z,

is the bilinear map given by < , >{(v @ z) = x{y} < Zz,where
"kl = v and L[yl = =z.

Let i1 + iz + Li... + ik = n be a partition of n (here

1, J » 0V i=<j = k), then we can form the monomial
W (MW (MT) cevees W MY e HVMY, 20
\.1 Lz ‘k 2

and the corresponding number <W M"Y L. W ™y, M1 s
1 k

called the Stiefel-Whitney number of M" associated to the

L T O = .
partition i 12 +1k n

Theorem 1.3.3. If N is a smooth compact
(n+1)-dimensional manifold with boundary .equal to M then

the Stiefel-Whitney numbers of M" are zero.

Proof. Given M" = onN"'%,
Now T(NW“)lmn =27 (M) e &, where.e:1 is a trivaial line
bundle, for, choosing an Euclidean metric on T(N""'),  there

1s a unigque outward normal vector field along M” which spans
the trivial line bundle &'.

Again TN )| n = i"(T(N™) where i ¢+ M° e—u N ™

14



We have the bundle= map

T o & . TN
Mn " 1 R Nn+1
* +
Therefore, 1 (W (N"™)) = WA(TM™) & <% = w (1™ for 1 O .
C v L
Consider any partition p of n given by n = 1 +.,..+ 1.

1 b

Let Np(Hn) be the product of Stiefel-Whitney classes of i1

for the partition p, 1.e., W (M) = W MD)e.e..... WM™y,
P Ll L}
The natural homomorphism 9 : Hnl(Nw“, M) - H ™
hd t
map tN"'3 to M™3.
Now <wp(m“), tM"3s = <w ™y, 9N""'1s
P
= /awp(m“), EN"Tt 1,
* n+1 N+
= (d1 NP(N Y, IN T30
= 0.
Therefore, the Stiefel-Whitney numbers of M” are all

Zero. ®

The converse theorem 1s due to Thom [1]. The proof 15

very complicated and 1s omitted here.

-

Theorem 1.2.3. If all the Stiefel—-Whitney numbers aof M

™

are Tero, then M" 1s the boundary of some smooth compact
mani1fold.

54. Oriented bordism.

In this section, we define Dr1eqted Universal vector
bundle, discuss oariented bordism, and give homotopy
interpretation of oriented bordism group. We also define
Pontrjagin numbers and give their i1nvariance uwith respect to

oriented bordism.




-

(A) Oriented Universal vector bundie.

Let Gn(W“d) denote the Grassmann manifold consisting of

all oriented n—-planes 1n ®""".  Then Gn(Rnﬂﬁ 1s a 2-fold

covering space of the unoriented Grassmann manifold
5 (R™ ). .
n

Consider BSO(n) = GH(R“) *= set of all oriented
n—dimensional subspaces of R™ andESO(n) = COX, w, ) [ (X, w)

< GH(R“), x € X and w 1s an orientation of X>. Define P, :
ESO(n) ——— BSO(n) given by pn(X, wiy, ) = (X, w).
Then ro ESO(n) ——— - BSO(Nn) 15 called an oriented

Universal vector bundle, 1.e., every n—dimensional ariented

vector bundle ¥ over a paracompact base space B() has a

classifying map f : B(¢¥) ——— BSO(n). BSO() 1s called

4

the classi1fying space for oriented n-dimensional vector
bundles.

Now V n we have maps 1o BSO(n} “————— B50(n+1}) 1nduced
from the 1nclusion map of S0(n) into S0(n+1) such that
{BSO(n)) 1s a directed system.

Consider BSO = dir lim BSO(n), ESO = dir 11m ESO(N)
n—o n—-x

and y = dir 11im .
n—x

Then » : ESO BSO 1s an oriented universal vector

bundle which «classifies oriented vector bundles of all
dimensions over paracompact bases.

Notation. The Tham space T(rk) af the oriented universal

vector bundle Y, = ESO (k) BS0O (k) 15 denoted by

MSO (k). 1

16



Two closed oriented manifolds (ML, mx) and (Mz, wz)
where W and w, are the orientations of ™ and !

1

respectively, are said to be bordant, denoted by (M‘, wl) ~
(Mz, wz), if there is a compact oriented (n+1)-dimensional
manifold a (N, ) such that N = M1 u MZ and an orientation
preserving diffeomorphism
(9N, de) x (M, —wt). U M, w).

It 1s easy to see that |, 1is an equivalence relation.
The set of these equivalence classes is denoted by Qn. The
operation aof disjiront union, 1. e.,

[(Mx’ wl)] + [(Mz, wz)] = [M1 U Mz’ W u wzl
makes Qn into an 3belian group. Qn is called the
n—-dimensional ‘oriented bordism group with the class of
ofiented bounding manifolds as the identity element and the
inverse of [M1’ wt] as CM1, —wil. The cartesian product
operation of oriented manifolds
[M1’ le X [Mz, wzl = CM* X Mz’ WX w2]

gives rise to an associative, bilinear product operation

x
0 ¥ 0 —3Q . Q= e 0 has the structure of a
m n n+m 3 n=9C n
graded ring.
- , & ¥ ‘e
Lemma 1.4.1. ..Let O + E E — E be an exact

sequence of vector spaces. Then given orientation w of E,
it induces an orientation w of E’.
Proof Consider &(E’') < E.
Let {s‘,..@..,sk} be a basis of $(E’). We extend this
to a basis {51,...,5 t ,...tm} o% E. Let w = [ul,...,u ]

kY s n

be an orientation of E where all u ‘s are s ‘s and t ‘s for
L r ¥

17



1 < r =<k and 1 2 x = m. Consider w’ [w;,....,w 1l such

k
that w =% (s ) for 1 = y = b where s is the y-th s 's
Yy
Y Y

in Uigeoeagtt - Then w’ is an orientation of E’ induced by
n

the arientation w of E. =

Theorem 1.4.2. Every continuous map f : Snﬂ:——ﬁ MSO (k)

is homotopic to a map g which 1is smooth throughuot
dﬂ(ESD(k)) and is transverse to the zero craoss—section
BSO (k).

The proof 1is similar to the proof of theorem (1.1.7).

n+k

Let £ : &

MSO(k) be a map. Then f is homotopic
to a map g which 1is smooth throughout g_‘(ESD(k)) and

transverse to the zero cross—section BSO(k).
{

Let M = g *(BSO(k)). Let M" be embedded in S"X. Then
the normal bundle E(vk) to M s equivalent to the
orthogonal complement of the tangent bundle on M® 1n  the

n+k

tangent bundle of & - Also the normal bundle E(vk) to ™M

n

is the pull-back of the normal bundle of BSO(k) in MSO(k).

Let v be the orientation of E(vk) which is induced through

L
-

the pull-back of the cananical orientation of BSO(k).

Let o be the standard orientation of $°+k. Now

* k. o n+k
Q(V):T(S )an-

We have an exxact sequence of homomarphisms

0 —TH" — TS Y| — B — 0 .

Let © be the orientation of TM" such that © @ +» = < on
T(Sn*k)|mn . Thu? MT s an oriented manifold with
orientation e. o <3

We define the ‘Thom map T : M (MSO(K)) — = O

18



n

tM”, o1.

given by T(L[f1)
Theorem (1.4.3). For k > n + 1 the homotopy group
rhwk(MSD(k), eo) of the universal Thom space 1is isomorphic
to the oriented bordism group Qn.
Proaof of theaorem (1.4.3) 1is similar to the proofs i1n the
case of unoriented cobordism group WA. |

(A) Euler Class.

Let & = (E, B, mn) be an oriented vector bundle of
dimension n. Let B be identified with the zero
cross—section aof E. Then the projection =n : E — B
. . . * n . n _
induces an isamorphism nt : H (B &) — = H (E; &).

The inclusion i : E ‘<—st (E, Eo) induces a

homomorphism it Hn(E, Eo; Z) —— H (E; &) given by
. *
i (y) = yIE.

Let u  H(E, Eo; £) be the fundamental cohomology class

*
of H(E, EO; Z) and i*(u) e H'(E; Z) be its image under 1 .

Definition 1.4.4. The Euler class of an oriented vector

bundle ¢ = (E, B, n) of dimension n is the cohomology class

* *
e(f) € H'(B; &) such that n (e(¥)) = i (u).
9

Definitoin 1.4.5. A complex vector bundle A of

dimension n ovér B consists of a topological space E and a
projection map n : E —— B, together with the structure of
a caomplex vectar space in each fibre n—l(x), satisfying the
following condition:

For each point x € B, has'a neighborhood U such that
the map h : ) — U x € is a homeomorphism which maps

each fibre n '(x) complex linearly onto x x C .

19



It 15 a well known fact that 1f & = (E, B, =) 1s a
comple:: vector bundle, then the wunderlying real vector
bundle 8R has an orientation.

Thus for any complex n-dimensional vector bundle
¢ = (E, B, n) the Euler class e(!) e H™B, &) 15 well
defined. We consider Eo’ the set of non—-zero elements aof E.
We shall construct an (n—i)-dimensional bundle {0 over Eo'
A point 1n EU 1s specified by a3 fibre F of & and a naon—zero
vector v 1n that fibre. Let £ has a hermitian mectric. A
fibre over v < E0 1s defined to be the orthogonal complement
of v 1n vector space F. Then EO 1s an (n—-l)-dimensional

complex vectar bundle.

Definition 1.4.7 . By i1nduction we define elements

c (&) < H2'(B; Z) for O £ 1 £ n

called Chern classes as follows:

Let co(fo) = 1. If 1+ 2 O and ck(Eo) 1s already defined,
c () = e (2 )y, where o i HY(B) —— H™(E ) 1s  an
L e ] L G [¢] (8]
1somarphism for 1 < n, cn({) = e(&m) and cL(E) = 0 for 1 >
n. .

The formal sum c(¥) = 1 + cl(f) + i eiaee + cn(f) in the

ring Hn(B; Z) 1s called the total chern class of ¢. =

Compactification of real vector bundle.

Let ¥ = (E, B, n) be a real vector bundle. Let x <« B
and Fx be the fibre over x. The tensor product Fx ® C of Fx
with complex numbers 1s a complex vector space and 1t 1s
called the compactifition of Fx. Comple«i1fying each fibre

Fx of ¥ we obtain a new vector bundle, denaoted by ¢ © C,

aver the base space B. The vector bundle & ® € 1s called

20



the complexifition of the real vector bundle &, and 1t 1s

1somaorphic to 1ts own conjugate bundle ¢ ©® C.

Definition 1.4.%9. Let ¢ = (£, B, nr) be a comple:

oriented vector bundle. The 1—th Pontrjagin class
p‘(f) < H‘L(B; <) 15 defined to be the 1ntegral cohomolagy
class (—1)‘c2L(e ® €). Clearly p (¢) = 0 for 1 » n/2.
L
The total Pontrjagin class 1s defined to be the unit
p) = 1 + p1(8) + iiiiaaea. + p[n\zj({‘)

in the ring Hn(B; 2.

Definition 1.4.10. tet M*" be a smooth, compact,
ori1ented, 4n—-dimensional manifold. Let 1 + 1, + ... + =
4n be a partirtion of 4n, then the number

<p, amp (M“‘)...pL M*M, M*™1, e 2  1s  called  the
1 2 k

Pontrjagin number of M*" associated to the above partition

of 4n.

Thom has shown that

Theorem 1.4.11 . Let M" be a smooth, compact and

oriented mani1fold. Then some positive multiple MY+ L. +

M" 15 ad oriented boundary 1f and only 1f every Paontrjag:in

number pL(Mn) 1S zZero.

+

C.T.C. Wall has proved a much stronger statement, viz.,

Theorem 1.4.12. Let M" be a smooth, compact, or:ented,

n-dimensional manifald. Then M" 1s oriented boundary i1f and
only 1f all Pontrjagin numbers and ,all Stiefel-Whitney

™
numbers of M are zero.

Oriented singular manifold.

Let (X,A) be a topolegical pair. An oriented saingular



manifold in (X,A) 1s a pair (Mn,f) consisting of a campact,

ariented, n—-dimensional manifold M" and a map

f (M", oM"Y ——+ (X,A).

An oriented singular manifold (M“,f) in (X,A) is said to

bord 1f and only if there 1s =2 compact, ariented,

n+4g

-+ X

(n+1)-dimensional manifold W' and a map F : W

n+g

such that M = ow , orientation of M" is induced by that
n+4 n+4% n

of W ’ Fan = f and F (W \M) = A.

A singular manifold (M:, fi) is sa:id to be bordant to a

n

singular manifold (M:, t,), denoted by (m:, 0~ M,

fz),
1f their disjiont union (N: u M:, f1 u fz) bords. Then

~

clearly is an equivalence relation among the oriented
%ingular manifolds 1n (X,A). We denote the oriented bordism
class of (M", f) by [M", f1 and the collection of all such
bordism classes by MSDn(X,A). An abelian group structure.is
%mposed an MSOn(X,A) by disjoint union

[M: yf,1 .+ [M: 1 = [M: u M:, f U f 3.

There 1s Q_—module structure defined on the direct sum

"6 ] *
)

MSD*(X,W) MSDn(X,A). From an oriented singular
manifold (m:, f,) in (X,A) and a closed oriented manifold M
a new singular manifold (M: x Mm, g) may be defined where
g({x,y) = f). The module structure is now given by
cm: ,f1rM™1 = [N: x M", gl.
This also defines on MSO*(X,A) the ;tructure of a graded

right O*-module.

Unoriented singular manifold.

Let (X,A) be a fixed topological pair. Then a2 singular

b
ol al



manifold in (X,A) 1s 2 pailr (Mn,f) where M" is a compact

n—-dimensional manifold and f : (M“,OM“)

+ (X,A).)

A bordism relation 1s defined in the set of all
unoriented singular manifolds Just as in the case of
oriented version, except that no orientability reguirements
are impaosed here. The resulting group of bardism classes
are denoted by mh(X,A). The unoriented bordism class of
(M",f) is denoted by [M",f1, and the direct sum N, (X,A) =

&
"2, mﬁ(X,A) is a graded right m;-module.

~
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CHAPTER 11

Characteristic numbers for singular G-bordism

The purpose of this chapter 1s to define G-bordism,
singular G-bordism, G-characteristic classes of G-mani1folds
and singular G-manifolds; to prove their 1i1nvariance with
regard to G-bordism and singular G-bordism. '

£1. OG-bordism.

(A) G-space, equivariant map, G-mani1fold.

Let G be 3 group with discrete topology. A G-space 1s &
topological space K together with 2 continuous map

& : 6.2 X — X such that

(1) For each x € X, and 9,19, € G, e(gl,e(gz,w)) = e(glgz,x)

and

(2) For each « € X, ©(le,x) = x uwhere e 15 the 1dentity of G.
We denote the G-space by (X,©) and ©(g,:) by gx. We

call a continuous map & 1 G x X —— X satisfying (1) and
(2) an action of G on X. If X 1s a differentiable manifold,

‘an action © : G x X —— X 15 called differentiable action

1f the map eg = el{g}xx 1s differentiable for every g e G.
)

An action @ 1s said to be a principal. action 1f gx = g
1mplies g = e. A topological space together with a

principal action of G 1s called a principal G—-space.

A subspace A of a G-space X 1s called a G-subspace 1f ga

€ A for all g € 6 and a € A. By a G-pair we mean a pair



(X,A) where X 15 a G-space and A 1s a G—-subspace of X. A
G-pair (X,A) 15 principal 1f the action of G 15 a principal
action. If X 15 2 G—space then two elements B and ®, € X

are called G-equivalent, denoted by Moo Xy provaided there

ex1sts an element g € G with RoOT Gx, - The relation ., 15 an
equivalence relation, and the set of all gx, g € 6, denoted
by Gx, 15 the equivalence class determined by x € X. The
set of disjoint equivalence classes of X under this relation
1s called the orbit set of X by G, and 1s denoted by X/G.
This set with the quotient topology 1s <called the orb:it
space of X by G. The equivalence class of x € X 1s 2also

denoted by [x1].

If X and Y are G—-spaces then a continuous map f : X —

f

Y i1s called a G-map or an eqivariant map 1f f(gx) gf(x)

for 211 x € X and g € G. A map f : (X,R) — (Y,B) between
two G-pairs (X,A) and (Y,B) 1s called an equivariant map 1f
f : X ——> Y 15 an equivariant map. An equivarient map f :
X — Y gives rise to map f : X/G —— Y/G, on passing to
the quetient, given by f(IxJ) = [f(x)1, for all x « X.

An unoriented G-manifold 1Ss an unoriented smooth

manifold M with an action & : 6 « M — M of G such that
for every g € 6 the map eg t M —— M given by & () = gLy
9

1s & diffeomoarphism. An oriented G-manifold 1s an ariented

smaoth manifold M with an action & : é Xx M - M of 6 such

that the map eg 1s an orientation preserving diffeomorphism
from M to M, for all g € G. We call such an action & of G
on M an orientation preserving action.

Let M" be an oriented G-manifold. We say M~ bounds 1f

N
u



and only 1f there 13 a compact oriented (n+l—dimensionzal
G-manifold Wt such that ow"™* 15 bG-diffeomorphic to 1"
under an equivariant orientation preserving map. We say

that a G—-manifold M: 1s bordant to a G-manifold M:, denoted

by M: e M:, 1f and only 1f the G-manifold M: u M: bounds.
The relation i can be shown an equivalence relation. The
resulting set of equivalence classes 1s denoted by Qn(B).
By the operation ‘disjoint union’, this becomes an abelian

x

group. The direct sum Q*(B) = Q (G) 1s a graded
n

D
n=o
commutative algebra with 1dentity over Q*.

There 1s an unoriented analogue. The bordism relation
1s defined as i1n the case of oriented version, except that
no orientability condition 1s 1mposed. The wunoriented

G-baordism algyebra i1s denoted by m¥<e).

A G-vector bundle 1s a vector bundle p : E —-» X such

that E and X are G-spaces, p and the =sero-section s are
G-maps. The tangent bundle of a3 smooth G-manifold 1s a

E—vector bundle.

A Linear representation of G 1n V 1s a homomorphism ¢

from the group G i1nto the group GL (V). If there 1s 2 linear

representation of G 1n V, we say that V 15 a3 representation

space of 5.

3
(B). Classifying spaces B(D,G)n and B(SD,G)n.

Let G be a finite group and W be a real orthogonal
representation of G. Let BDn(w) be the Brassmannian of
n—dimensional subspaces of W with the G-action 1i1nduced by

the linear action on W. Let EDn(w) = { (X,x) | X € BDn(N)



and :x € X 2. The bundle }ﬁ(N) : EDH(N)

- BD“(W) with
}n(N)(X,x) = X 1s an n—plane bundle. Define an action of G
on EDn(N) by the bundle maps covering the action on EDn(N)
such that the projgection 1s eguivariznt. Then }h(w) becomes
a G-vector bundle.

Let & have exactly r distinct orthaogonal 1i1rreducible
real finite dimensional representations. Consider

R™MG) = ﬂz‘i‘

G) & .... @ R?(G) where RT(G) 1s the cauntable
copy of 1—th represantation of G. It 1s a well knowun fact
that the G-vector bundle
¥ () = yn(m“(s)) : Eon(l}a“us)) - Bon(t}z“(a))

1s a wuwniversal n-dimensional G-vector bundle for the
category of G-spaces i1n the sense that 1f p : X —-» B 1s
any G-vector bundle of dimension n, then 3 a G-map f : B
—_ BDn(Ru(G)) unigue upto G-homotopy such that the i1nduced
G-vector bundle f*(rn(G)) 15 G—-i1somorphic to the G-vector
bundle p = X —— B. We denote rn(R“(G)) by rn(G),

Eon(ua“(sn by E(D,G)  and Bon(uz“(e)) by B(D,6) . E(D,6) 1s

called the classifying space far real n-dimensional G-vector

bundles. Taking the Grassmannian of oriented n-dimensional
subspaces of Ra(B) we get B(SD,G)“ which we call the
classifying space for oriented real n-plane G-bundles. In
case G = {e2, B(D,G)n = BO(n) the classifying space for real
n—plane bundles and B(SD,G)n = BSD(nf the classifying space
for oriented real n—-plane bundles.

§2. G-characteristic classes of G-manifolds and 1ts

invariliance.

Let p : EG

BG denote the universal G-bundle, 1. e.,



EG 1s a paracompact, contractible, free G-space and BG 1s
the corresponding orbit space. Then, 1t X 13 any
paracompact G-space, EGxX becomes a free G-space with 6
acting co—-ordinate-wise. Let EG wOY be the corresponding
orbrt space. Then we define a G-cohomology theory 25
h¥(X36) = H (EG '« X5 F),

where | denotes a commutative ring, and H* denotes singular
cohomology theory.

Consider a commutative diagram

124

EG x X ———~ EG
I, |

EG « X BG
a

where the map q s induced by the projection n, 15 unique
upto homotopy and 1s called the classifying wmap for the

G—-bundle EG x X

EG < _X.
e

if h* 1s an equivariant cohomology theory then elements

of h*(B(D,G)n;G) are called universal h* characteristaic
classes. If E —+ X 15 the G—-vector bundle i1nduced by an
equivariant map f : X — B(D,G)n, then f*(h*(B(D,G)n;B)) =
h*(X;G; 1s the charectérlst1c subgroup of the bdndle E. This
subgroup 1s well defined since f 1s unique uptd% equivariant
homotopy. ‘
Suppose h* 1S given by H*oA where A 1s a functor from
the categaory of G-spaces and equivariant maps to the
category of topoclogical spaces and continucus maps and H* 1s

singular cohomology theory and let h* = H*oA denote the

associated equivariant homology theory. Let

. *
s, 7t h (X;5;6) 2 h*(X;B)

+ H, (pt.)
H (pt.)



be the kronecker pairing.

Suppose for each compact G-manifold W, there 1s a'class,
[W,dW] € h*(w,aw;s) satisfying
(1) [wiuwz, awiuowzl = cwt,ow11 + th,awzl and

(2) 8, [W,dW] = [LaWl.

Such an element [W,0W1 € h*(w,aw;e) is called a topolaogical
class of W.

The x—characteristic number of a manifold M is defined
by x(M) = <T:(X),[M]> € H_(pt.) where x € h*(B(D,G)n;G).

Theorem 2.2.1. lLet G be the collection of G—-manifolds.

The x—characteristic number 1s a O6-egquivariant bordism
invariant i1f x is in the image of J* : h*(B(D,G)wu;G) _—
h*(B(D,G)n;B), where j : B(D,G)n —_ B(D,B)Wﬁ 1s the wmap
classifying the bundle (yn & 1).

Proof. We have the caommutative diagram:
T

oW O + B(D,6)
1 3
Tw
W + B(O,6)
N+l
% * . . . ¥
and x = 3 (y), y € h (B(D,G)WM;G) as x 1s in the image of j .
* * * *
s = < . S = < ] <3
Then x(3W) .Taw(x), LW <T o (y), L[IOWI: 01 Tw(y),
o * - ~ _
O*EW])— <Tw(y), 1*0*EWJ, = 0.
Hence x—characteristic number 1s bordism invariant. =
Theorem 2.2.2. For any finite group 6, there 1s a

natural i1somorphism of m¥—modules, -m*(G) = M*(BG) where
W*(G) denotes the set of all bordism classes G—mani1folds
and m;(BG) denotes the group-of all bordism classes of

singular manifolds i1n BG.

Proof. We consider the universal principal G-bundle v :

n)
0



EG —— BG. An element of Ul}BG) 1s represented by [Vn,f]
where V" 1s an n-dimensional manifold and f : V' —— BG 1s
2 map. Then 1in vt ok EG, let M" be defined as the set of all
(i2y,y) wirith f(x) = viy). Now MY 1s the principal G-space
with action © of 6 given by g(x,y) = (x,gy). The guotient
map q : MY —— VT s g(x,y) = X, and g 1s a local
hameomorphism. A differential structure 1s i1mposed on M to
make q a local diffeamorphism sag that M" becomes a closed
mani1tpld together with a principal action of G. The map yw :
N (BG) —— I_(G) given by w(IV",f1) = M ,e]l 1s a
well-defined homomorphism.

Also, 1let [Mn,e] € mA(G). Then there 1s an eqguivariant

map F : M° ——+ EBG which 1s unique upto equivariant

homotopy. With Vo o= Mn/G, this 1nduces a homotopically
unique map f : Vi BG. We give a daifferentiable
structure on V' to make q M" -~ MY/6 = VO a local

diffeomorphism. This defines a map

@ : 91*(8) — 91*(58)

.

given by @ (LM ,e1) = [V",f1.

‘Thus m¥(a) :iR*(BG). n

Lemma 2.2.3. If L £ G then B(O,G)n|L = B(O,L)“, 1. e.,
B(D,G)n thought‘of as an L-space 1s just B(D,L)n.

Proof Let E —— X be a L-vector bundle. Then G xLE —
G xLX 1s a B-vector bundle and hence 'has a G-equivariant
classifying map f : G xLX —_— B(D,G)n. Since X & B xLX,

“fl|L 15 a L-equivarient map to B(D,G)hIL which clasei1fies E

— X. =

20



Theorem 2.2.4. If f : M ——~ X 1s an unoriented

singular manifold then (M™,f3 = 0 1ff every characteraistic

L L L

number of the map f, <Wﬁhgz--.wn“ U f*(x),[M]) = 0 for all

% € H*(X,Zz) where wo1s the J)~th Steifel-Whitney class of

M, (cf. page 56 of [61).

By theorem (2.2.2), we have 91_(G) = J1_(BG) by the map

which sends [M,81 to [M/G,fl where f M/G —— BG

classifies the praincipal G-bundle M —— M/G. Consider the

*
equivariant cohomology h (X;G) = H*(EG xOX;Zz).

Now n : EG KGN —— M/G 15 a fibration. The inverse of

7T, q : M/ —— EB KOM given by g(lgml) = [f(m),ml, where f
t M ——> EG 15 an equivariant map, 1s a homotopy eguivalence

as EG 1s contractible. Thus h_(M;6) = H_ (EG x M;Z ) =
* * a 2

H (M/G3;Z ) has a topological class 1f M 1s compact since M/G

¥
1s a compact manifold. Hence h ~characteristic numbers are

»

defined.

Theorem 2.2.95. Let [M] € mQ(G)‘ Then [M]1 = 0O 1ff all

*
h —characteristic numbers van;sh.

Proof. We have an i1nclusion 1 : B0 —-+ B(0O.3) where BD'
—_—— 13} N ™

1s the classifying space for vector bundles with trivial

G-action. Since B(O,e) = BO , we have that 1 : BO —— B(0,6)

b

1s a homotopy equivalence. From the diagram of fibrations

BG x BO — > + EG x B0 —2> . EG x B(0,B)
2] [a} n
l lBD lsto,s)
n 1)
BG = BG - BG

we see that EG KOB(D,G)n X~ BG x« BDh and hence

-s

h*(B(0,B) ;6) = H (BG:Z > ® H BO
12l 2 1a}



We have the maps

M/G —3 . EG x M —1xT | es x B(0,6) = BG x BO

"

and we will denote the composite by {xk where { : M/G —» ' BG

B
K

and k¥ : M/G —— BDn.

Using the diagram of principal fibrations below, we tan
i

identify ¢ with the classifying map for the bundle M — M/G:

M—%9 G xMe—— " EG
M/G 3 EG x M —————» BG

“a
To identify k we see that there 15 a bundle map
T(M) — TM)/G and the classifying map Ty d M — B(O,G)n

factors as

n p 1
M —— M/ —— BDn — B(D,G)n.

Taking product with EG we get

q Tx 1T 1dxp ~
M/ — EG Xq M —— BG «x M/G —— BG x BOn—:—+ EG KOB(D,G)n

and since nogq = id, we have k = p i.e. k classifies T{M)/G =

TM/G) & TF/G where TF 15 the tangent bundle along the fiber

niM — M/G. T_ is induced by M/G <, s 29, BO_where s =

dim 6 and ad : G —— D9 the adjoint representation.
Thus the Stiefel-Whitney classes of M/G may be expressed

*
1in terms of the Whitney classes of T(M)/G, L Wiy eees k*wn

*
and the Whitney classes of TF which are in the 1i1mage of < .
L L

Thus all cohomology classes w: ..... w U f*(x) are 1n the

*
1mage of (& x k)* and h —numbers vanish 1f and only 1f the
L L N

numbers <w ‘....w " U £¥(x), tMI>, for all x e H (X,2 ),



vanish where w 1s the j—th GSteitel-Whitney <clsss aof M.
J
Hence the theaorem follows from tneorem (Z.2.2). =

§2. Singulzar G-bordism.

(A) Oriented case

Let G be a finite group and (X,AY be a OG-pair. A
singular oriented n-dimensional G-manifold 1n the G—-pair
(X,A) 15 a traiple (Mh,f;B) consisting of a compact oriented
G-mani1fold M" of dimension n with boundary oM”  and and
equivariant map f : (Mh,dMn) — (X, A). A singular
oriented n—-dimensional G-manifold 1nthe G-pair (X,A) 1s
called a singular oriented n—-dimensional princapal
G—manifold 1n (X,AR) 1f the action of G on M 1s a principal
action.

Two singular oriented n—-dimensional 6-mani1folds
(M: ’fx;B) and (M: ,fz;G) 1in (X,A) are said to be eguivalent

1f there exi1sts an orientation preserving diffeomorphism

@ = M:——» MZ such that ¢ i1s equivariant and f20¢ = f1'

A singular oriented n—dimensional G—manifold (M: ’f1;8)

in (X,A) 15 said to be equivalently bordant to (M ,f 36} 1f
2 2

there exists a compact oriented (n+i)-dimensional G-manifold

I/Jh'u with boundary ONWM and an equivariant map F : W —

X such that there exists an ori1entation preserving

equivariant map 1 : M: 2 (—M:) — W™ where topology on

'

n+d

1(M: u (—M:))'1nduced by 1 1s same as that induced by W- ,
Fl™ U -MDy) = £ U £ and FW™N™ U =MDy = A

1 2 h § 2 1 2

The relation ‘'bordant to’ 1s an equivalence relation in

the set of all singular oriented n-dimensional G-manifolds

——

- wd



in (X,A). We denote the set of eaguivalence <classes oy
Q2 (X,A:5) and an element of Q (X.A3:B) by [M",f:G1. The set
n h
2 (Xx,A:6) 13 an abeli1an group under the binary operation
(R

tM” f 361 + M° ,f 361 = MT U M, fUH f ;63
1 1 2 2 1 2 1 2

where [M" ,f ;61 and M ,f ;51 = Q (X,A;G).
1 1 2 2 "

(B> Unaoriented Cace

Let G be a finite group and (X,A) be a OC-pair. an
unoriented n-dimensional singular G-manifold 1n the pair
(X,A) 1 a triple (Mn,f;G) where ™M° 13  an unorxented
n-dimensional compact G-manifold with boundary aM”  and an

equivariant map f : (Mn,dmn)

- (X, A).

A bordism relation 1s defined on the set of wunoriented
n—-dimensional singular G—-man:ifolds just as 1n case of
oriented versiaon, except that no orientability requirements
are i1mposed here. The resulting set of bordism classes 1s

denoted by 3{(X,A) and an element of JR}X,A) 15 denoted by

™

M ,f,561. An abelian group operation 1s defined on SEAX,A)

as M) ,f 561 + [M; . 1,361 = [M: u M;, f, U 1,361 where

n
1 2

[M: ,f,367 and LM; ,T,361 € 9 _(X,A).

§$4. Characteristic classes of unaoriented singular G-manifold

and 1ts 1nvariance.

Let £ be a Tinite CW—complex with free action of G, G
being a finite group, and let X/G be again a finite
CW—-complex. Let h* be an equivariant cohomology theory and

h* be the associated equivariant homology theory. Let

h* = H*QA and h* = H*oA where A 1S a functor from the

category of G-spaces and eguivariant maps. to the category of
*

topological spaces and continuous maps, H 1s the singular

3
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cohamolagy theary and H* 15 the associated singular homology

theory. Let

-+
t , 2 = h (X;6) »2 h*(X;G)
H (pb

+ H, (pt)

be the kronecter pairing.

Suppose [Mh,f;G] 1s an element of unoriented bordism

group Sa(X,A) and X = h*(B(D,G)n;G). Then the
Kx—-characteristic number of the map f : M" —+ X associated
with an element a" < hn(X;B) 1S defined to be

*
<Ton(x) U f¢a™, [M"1> e H_(pt), where T.n : M — B(0,B)
M * M n
1s the tangent map, 1.€8., the classifying map for the
G-tangent bundle on M".
In this section, we shall consider the eguivarient
E'S
cohomology h given by
h¥(X36) = HY(EG x X352
a 2
and the associated equivariant homology h* girven by
h*(X;G) = H*(EB xGX;ZZ)

where the action of & on EG x X 1s given by

gle,x) = (egqggx), EG being the total space af the

-

universal G—-bundle.

The map q : X/ — EG KOX given by q(lxl1) = [E(x),x],

where h 15 “the map covering the classifying map
h : X/G —— BG of the projection G-bundle X —8o X/G, 1s
homotopy equivalence. .

* -1

q q

Thus h (X:6) =~ H*(X/G;Zz) and h,(X;6) & H, (X/B32) -
Therefore, h*(Mn;G) X H*(Mn/G;Zz) has a topological class o

1in dimension n with o = q*(an), Zn being the fundamental

class of the manifold M /G 1in H*(Mn/B;EZ).



Theorem 2.4.1. if [Hn,f;G] <= 9t {(¥X3368) 15 cero, then Tor

™

- .
all % = h (B(D.G)n;B), z-characteristic numbersz ot the map

n N m mo .
f : M —- X associated with every a = h (X365 are zero.

Proof. Since [Mn,f;GJ < SR(X;G) 15  Cero, there e:ists an

(n+1)—-dimensional compact manifold W™t and  an eguivariant
map F ¢ W' —— X with ow™™* = ™" and F|M" = f. Let
W,0W1 < hwd(wwu,dww“:G) be the topological class of
W™t Then 9, [W,0W] = o . We have the following
comnutative diagram:
* T;n » X
h™(B(O,B6) ;G) »  h (M6
* *
) L
*
* Twn«rl * N+ 1 n+a
h (B(O,G) 36) ——m— h W s 94 .G
N+ 1
where 3 : B(D,G)n —_ B(D,G)'_ﬂ 1s  the map classifying
(yn(G)el), yh(G) H E(D,B)r —_— B(D,G)n being the universal
G-vector bundle. Also
* * -
h (B(O,6) ;G) = H (EG6 x _B(O,B) ;<)
n a n 2

x H (BG x BO ;Z)
n 2

* *
x~x H (BG,2) H (BQ ;Z
. 2 - n’ 2
[
2
Similarly h*(B(D,G)n;G) X H*(BG,az) 2 H*(BDn;ﬁzz.
“2
We have j* = 1@0*, where o : H (BO .2 ) — H (BO D)
n+d 2 n 2
*
is i1nduced by the 1nclusion BOn e BDWM. Since o 1S
surjection, so J* 1s a surjection. . Therefore for every
% e h*(B(D,G)n;G), 3 vy e h*(B(D,G)wu;G) such that
J*(y) = XK.
Therefore \T:n(x) U F5a™, M

P . * * m N
\TMn(J (y)) U £ (a3, o7



* = | ¥ n
~ (1 rwn+1(y) us (ad, o=~

*  * #* _ ¥* m.,
‘1 Twwu(y) i1 F (a8, o -

= theetty) U FRa™, 2o -

w n

¥* * -
= st netly) UF ta™, 1,0, IW, 80l = 0.

Thus all the x—-characteristic numbers are cero.

We now consider the map w : mn(x;s) 2 h4(X;G)

defined by u([Mn,f;G]) = q*f*(or), where v 1s the

fundamental class of M /G 1n Hn(Mn/G;Zz), and f 1s the map
obtained from by passing onto quotients making the

following diagram commutative,

M" f - X

L

M/G6 ———— X/BG

and the map q, : H*(X/G;Zz) h*(X;G).

Let ' s M, (X/G)

H*(X/B;Zz) be defined as
;(ENh,gJ) = g*<5;>, where 3; 15 the fundamental class of N

1n H“(Nn;zz). Suppose Ve © mg(x;s) —_— mg(X/G) 15 given

by w*(m“,f;sl) = M"/G,f1l. Then u = q*oy:oy/*, and
therefore, 4 1s an epimorphism, since ; 1S SO. For every
a < h*(X;G), let [Mn,f;G] = m*(x;a) such that
u([Mn,f;G]) = a. We define the m;—module structure an
h, (X;6) by cQ"‘Ja = utM” x VT, f’ 361, for every [V'1 e T, ,
where the action of 6 on M x V" 1s defined as

gi{x,y) = (gx,y) and the map f* : M x V + X 1s defined
as T' (x,y) = f({x). Thus h*(X;G) @ m; 1s a m¥—modu1e. Let
{cnﬂ} be the additive base of h*(X;G). Let [M?,fL;G] <
N, (X:6) with p(l’.MT,fL;G]) = c_ . We define

h : h*(X;G) ® m* —_— m*(x;s)



™
given by h(cnL ® 1) = [ML fL,G].

’ 9,

Theorem 2.4.2. The map h : h, (X;6) @ m; - EH*(X;B)

1s an i1somarphism.

Proof. We have the following commutative diagram

h
h, (X;6) © It -~ 9t (X;6)

-1
lq *QIm; lw*

H*(X/G;Zz) ® m; mQ(X/G),

where h : H*(X/G;ZZ) ® m; m;(X/G) 1s defined as

hic @ 1) = CM:\/G,‘FL],

n,uv
c = g, (c ). The vertical maps 1n the above diagram
are i1somorphisms and h 1s also an 1isomorphism by the
theaorem 17.2 of [51. The i1somorphism of h then follgws from

the diagram.

Theorem 2.4.3. If all the characteristic numbers of the

n

magp f : M ——» X for an element [Mn,f;G] < WQ(X;G),
caorrespaonding to the theory h*, are zero, then [Mn,f;61 1s

Zero 1n mA(X;G).

n . — - —
Proof. Let pu(lM ,f361) = c. € h, (X356 and A, (cn) = c €
4 -2 s = = - c

H*(X/G,az). Then f*(an) c - Suppose el 1s  an
additive base of h (X;6) and c™ e n"x3;6) 1S the
cohomology class dual to c,.. 1n the sense that aEnJ,EhJ>
- _ -1 —n,L _ * N -

= 6u’ where an = Q. (an) and c = g (c ). Let c.
Z * c where § 1s a finite subset of I. Let c” = z +

n,L .
<5 JES

c™. By the hypothesis each x-characteristic number of the

map f : M ——+ X associated with c" e h*(X;B) 1S zero,

1.€8., (f*(c“), 0n> = O,taking x to be the wunit class of

h*(B(D,G)n;G).



€a £ (), q*(; o= 0 o= 'ch,féq*(g’;g =0
* - - - -
= g ‘(c“),f*q*(a' Yoo= 0.
=, (g ) 1(Cn).q*—*(r;‘) = 0,

si1nce the diagram

) *
h*(M';G) + A, (X;6)
-1 -1
9 9y
n ¥-h-
Frad —_— s
H, (M /G’“z) H*(X/B, 2)
15 comnutative. Therefore ((q*)-l(E“),q*(En)» = 0O, implies
that (E“,En; = 0. Thus En = 0 and hence c., ° <. Also
h(cnel) = EMn,f;GJ. Since h 15 an 1somorphism and c = O,

"

=Yn} EMn,f;G] 0. This completes the proof of the theorem.

§5. Characteristic classes of oriented singular G-manaifold

and 1ts 1nvariance.

Let X be a finite CW-complex with an action af a finite
group G and let EG xGX be again a finite CW-complex. Let
cm“,am“: be a class assigned to each compact oriented
G~manifold M" 1n h _(M",oM") such that
(a) LM UM, ,0MuUOM T = [M,0M 1 + M, ,0M 1 and
(h) '0*[M,6M] = [aMi.

Such a class [M,M] € h*(M,OM) 1s called a topological class
af the oriented G—manifold M.

Consider [M",f1 On(X,A). We define x—characteristic
number of the map f:M" —— X associated with an element
a” « h"(X;6) to be <r:n(x)uf*(am), Mty e h,(pt.) where
VLI MY — B(SD,B)n 1s tangent map and [M"1 e hh(Mn;G) 15

.

a topological class of M".

A



Theorem .C5.1. The n-dimenszional orieriez oriwzipal

G-Hordisa arove § (¥,A:%5; 13 tzocmoren:ic to She n-2rmensional
g ™
orienten boardise groop O (7 - E6 . A %WEG).
- T (o) [«
. - R ' .
Proof. Let [ ,T:61 < @ ({.A:67. Then f : M —— X 1S

&

an eqgquivari:ct map. Also i = MY —— M/G 13 2 principal
G-bundle. By classification theorem of G-bundlaen we have a
map &« : M ~— EG and (3 = M /G —— BG makina the following
diagram commutative:

Mt 2, EG

K It
Me —C ., RG

Let the map (f,a):Mn ——— X % EG be defined as (f,or(3) =

(f(z). wia)), for every a = M. Lot = oo B ——
X m“EG be tnc map obtained from (f i on passing to  the
guctients. This gives a map

y:Qn(X,A;G) —_— OH(X HGEG, A xGEG)

given by w(LM ,£;63) = M"/G.73.
We define the 1nverse map

h:Q (X x EG, A x EG) ——— O (X,A36)
n G d n

as follows:

Let IN",F1 = Q (& x EG. A x_  EGY. Then f: N',oN") —o
(X quG, fAl xGEG) ana we have the folliowing diagram ‘
X EG
v
NT f X < EG
L&)

where vi x EG —— X xOEG 1s the projection mzap. Let ™M™

= f(y,x,t) « NW x ( X x EG’ | “fly) = v (x,t)3, and we aefine

an action of G on M as gly,.x,t) = (y,gilx,t)). Clearly 1t

15 a free action and M /G 1s homeomorohic to N Since N



1S ar Qrientes mantToic w.th g I —_— N D21ng 3
covering scace. & differemtil structure anc ann oroenzTstzon
N ’ M - - -
car we giv.en Too b to marz2 M AN N—QImM2PrSionl ToMSac T
orientea principal G-mani1iolc anc the map 7 an  orirtntation
o, - - . - , Rl
preserving 10cal ciTtTeomoronIsm. We oeTine T L - A
n - N -
as " (y,x.t) = ... Also t' (o1 = A, since  fldid 5 2 A B,
- n —~ = . - -
Thus M ,f’' 1637 = 2 (,83G!. ‘N1s gi/ses a map n. detineo oy
LY
RN S T 1) -
h{IN ,7T1) = [M ,f":617. Then m-h and he arsz the 10entit
’ s / H Yy

maps on QH(X/B,A/G) and Qn(X.A;G) respactively. Hence y 1S
L4

an 1somorphism. @&

In this section, we will pe Zonsidering the equivariant

cohomoiogy and homology n*(k;G) = H (x X EG: Z@ZZJ and

h (X567 = H_X xOEG; 2922).

*
Theorem 2.5.2. 1If [M",f;61 = 0 < Q (£36), then all the

x—characteristic numbers of the map f : M -+ X

associated with every a™ = h"(X;B) are zero.

Proof Let g : M /G - M x_ EG be girven by q(lx31? =

a
[xy,a(x)] where a 1s the map covering the classifying map
3 : M"/6 —— BG of the principal G-bundle M" ———1 HM"/B.
Then g 1s homotopy equivalence with an inverse the
projection map n : EG HOMn —_— M"/G.

Since G acts fresly on Mn,

h, (M"36) & H (M"/G,Z0Z ) x H (M"/B,Z) & H_(M'/6,Z)

* H ~ * g & (Lz -z » . & » ,u_z -

Since M /G 1s an oriented manifold, h*(Mn;B) has a

topological class, say o, dimension n. Since [Mn,f;G] 1S

zero 1in Qn(X;G), there exists an (n+ll}-dimensional principal

compact oriented G-manifold Wt with  an equivariant map

41



n+t n

F: W™ —— X such that oW"™" = M" and F|M' = <.
cw“*ﬂ W™l e h*<w“’ﬂaw”“;6) be a topological class
W™ Then a*(tw"“,ow”“J) = o . We have the
commutative diagram:
TMr\
Mt = W™t 2, B(SO,B)
Twn+1
whtt Y, B(S0,6)
n+4

where 3 1s the map classifying r:(G) & 13

{’T(B) :
—— B(SD,B)h
of dimension n.

Also, h*<s<so,s>n;e> =

-

*
H (B(S0O,GY =x
n aG

f
&
§

*
x H (BG x BSDn

*
» H
Therefore, h (B(SO,G)n;G) =

M
h, (B(S0,6) ;G) %

*

- *
N &Y T
H*(BG,LQLZ) ® H*(BSD“,LQZZ).

Since J

»*
suryjective, for every x € h (B(SD,G)n;B) there exists
* *
h (B(SD,G)NH;G) such that 5 (y) = x.
Therefore, - T:n(x) U f*(am), o
n
) * *
= Srtn UyY UL FE@™, e .
M n
* * -+ + “+
= 1 Tonely) Uil Foa™, o, LWw™, oW

m n+1

> +
= Crlety) U FT@M, 1o W™, e

= 0.

Hence all w«—characteristic numbers are zero. =

Theorem 2.5.3. If all the x—-characteristic numbers of

M m

map f : M ——— X associrated with every a €

hW"(X;6)

cero then EMn,f;GJ € Qn(X;G) 1S Tero.

Let

of

following

E(S0,5)

being the universal oriented G-vector bundle

H*(BG;Z0Z ) ® HY(ESD ;22 ) and
2 n 2

s

=

the

1S



Proof. We have by theorem (2.5.1.) that
0 (X36) = O (X x EB).
[a) n a
Therefore, 1t 1s sufficient to prove that [MH/G,f] = O,

~

where f 1s the map as given in the proof of theorem

(2.5.1). We have < T:n(x) u fa™, M1 > = o, for all
X < hn'm(B(SO,G)n;G) and a" e h"(X;G). We have the
following commutative diagrams:
* T:“ *
h™ (B(SO,6) ;G) -~ h (M";6)
* *
H q
—- %
* * TMn * n
H (BG;&a2 ) ® H (BSO ;Ze& ) » H (M /G3d®a )
2 n 2 2
* +* *
and h™ (X;G) + h (M"36)

l *

o a b

H (X % EG;Z0Z_ ) ——— H (M /G;Z0Z )
a 2 2

—_ —_ +* 3
where Tu" and f are the maps aobtained from " and f an

oassing to quotients, and q* 1s the i1somorphism i1nduced from

the homotopy equivalence q : M /G —— M" 1 EG. Also, ?Mﬁ

’

= (& x P)* , where ¢ : M"/6 ——— BG 15 the classifying
map of the principal G-bundle M —— M"/G and } : M /G
_— BSD“ 1s the classifying map for tha2 n-dimensional

bundle TMMM /B ———» M"/B.

Let ;n be the fundamentzal class of Mh /5. Then

), where q_ : H*(Mn/B;ZQZZ) —_— h*(Mh;B) 15 an

1somorphism. Therefore

* * m N -
T () U (83 ), ¢ » = 0O,
M n

W - % - —_ % Y -—
» < @)t T cou@H™ F Y@M, a,@ ) s = 0

2
<
PN
<
*
<
A
C
~h)
%
m—
Z
Q
H
<



* *
for all y = H (BG; Z%&,) o H (FSO ; ZeI) and a" =

H™ xGEG, 2&22). Therefore, the Stiefel-Whitney classes of

* #
M"/G can be erpressed in terms of | (w Yr e eee . oG ),
1 [
where 15 the 1-th Stiyefel-Whitney classes of the
L

universzl bundle }n : EE0 —— FSO . It follows that 211

3 L) ™
the Stiefel-Whitney classes of M'/5 are 1n  the —mage of

E 3

(€« +) . Thus

L . v *

] — m -
{woLee.. wo U f (a’), ¢ » =0
1 r n
m n
for every a « H™ (X xcEG 3 szz) ’ 11+ 212+ ce. + T2 = n—-m,
1

us being the j—th Stiefel-Whitney class of M6, Also all
the Pontrjagin classes of M"/G can be exprezsed 1n terms of

the 1mages of the Pontrjagin classes of the universal bundle

Y: . ESO' ———y BSDw vnder P*. Hence
[ ¥

P i p UT (a), o . =0,

for all a"

m
< H (X KGEG; 2@22), r 2 n/4, n-m 103 + 212*
1

.. +r1r) and Py ses 5P being the Pontrjagin classes af

™

MG, Thus ([M"/G,f] = Q (X x  EG) with  all the

Steifel-Whitney numbers and Pontrjagin numbers of f MY /5

-

-+ X xGEB equal to zero. It 15 given that all the
E 3
torsi1an elements of H (X xOEB;Z) hzave order two. Hence the

theorem follows from theorem (17.5) of [S51.



CHAPTER II1

Bordism and Group action

In 1944 Conner and Floyd i1ntroduced bordism method to
the study of group actions. In this chapter we describe the
result af Conner and Floyd which states that a closed
Zz—man1fold bounds 1f the Zzﬂact1on 1s fixed point free. We
shall also develap the generalised version by R.E.Stong,
according to which a claosed Zi—man1f01d 15 :i—boundary 1f
the Z:—actlon 15 stationary point free. Neuxt we discuss the
wort on finite group action and equivariant bordism, compact
Lie group action and bordism by thare. Finally we study the
wart of Wneesler on oriented bordism of sz - action.

3.

1. Action of ZZ without fi:ied points.

Defi1tion J.1.1. tet ™M be a manifold. Then a

’

+ M" of order two 1s called an

differentiable map T : M
involution on M.

Let M” be a G~manifold. Let F be the set of fixed
points of a group action on Mn, 1.2., F = 0 x M | gx = X
far all g €« 6 >. For each v+, 0 = ¥ £ n, we denote by F =

M the union of the k-dimensional components of F. Then F

UZ Fk and wN* _— Fk w1ll dencote the normal bundle to the
union of the Ft—-dimensional components of the set of
stationary points and n —— F 1s the normal bundle to the
whole set of fixed points. The group G acts 2s a group of
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bundle maps on n —— F sending esach fibre onto 1tselt.
Let T be & differentiable 1nvolution on a closed
man1fold M. We assume T 15 2an isometry 1n  a Tixed

Riemannian metric an the normal bundle n —= F. Then there

are also .the bundle i1nvolutions T on S(UN*), where 7 - F

= LlL~ (”nq. - F¥) 1s the normal bundle to F and S(:P-k) 15
the sphere bundle. For k < n, the total <space here has
dimensian (n-1). Let (T, S(n)) = U: (T, S %)), then SO
1s called the normal sphere bundle to the fiitea points set.
Now we have H*(RP(a),ZZ) = Zztc] 15 the polynomial ring
on c < Hl(RP(u).ZZ). A fixed point free i1nvolution (T,X) 1s
induced by a homotopically unigque map f : X/T —n RP (x}).
We denote f*(c) < Hi(X/T,ZZ) by © once again and c2311 c the
characteristic classes of the 1nvolution. In general the

numbers <wL Wooeee cm, og{X/TY  » € L,y are called the
L
1 2 r

involution numbers of (T,X) corresponding to a opartion

-

1 + 1, e + 1 of n—m where wk's are the Stiefel-Whitney

classes, and «(X/T) 1s the fundamental class of X/T.

Thegrem I.1.2. Suppose for each non-negative 1nteger n

there 1s a fixed point free 1nvolution T on a closed
n-mani1flod X" such that for each n the 1involution number
2e” o (X/TY., of (T,X™) 1s non-zero. Then ILT,X"1¥ 135 a
homogeneous m*—mooule basis for m*(;zw. In particular 1f
(A,Sn) 15 tne ant:ipodal involution on the n-sphere than
‘LA,S5"1> 13 a basis for T AZ ).

For proof see page 74 of [61.

By theorem (3.1.2), for every fixed point free

s}
involution (T,M ), we have a unigue e:dression

4&



n
(T,M"1 = §ta,s"TMInv.

m=zQ

- - . n
Lemma J.1.3. I+ (T, M} 15 an 1i1nvolution on a closed

manifold with (T,S(n})) the bundle 1nvolution on the normal

sphere bundle of fixed point set, then 1n 91 (Z ),
n—4 2

n—- 31
=k

[T,S()1 = £ [T,5¢"71 = o,

Proof. Since F does not contribute. we can very well

n

assume that F = . Let (T,N) be a closed tubular

neighborhood of F. Then W™ = M7vint(N) 1s a compact regular
T-invarient n-dimensional submanifold of M for which (T.Nn)

has no fixed points and we have <T,0w“) = (T,8(nmyy = (T,9M).
n-1

Hence we have [T,S(m1 = Z

JE, IT,5(0" )1 = 0.

(8

Theaorem 3I.1.4. Let (T,Mn) denote a smooth involution on

a closed mani1fold with n ——s+ F the normal bundle to the
fined point set. Ifn ®R — F 15 the Whitney sum of the
narmal bundle with a trivial lime bundle then, FP(n & K) 1s
a closed n-—manifold and [M"1 = (RP(; @ R)1 1n 9 .

Proof. We consider the involutions (TL,Man) and
(Tz,Man) where Tx(x,t) = (iiy1-%), Tz(x,t) = (tu, (1-t) ).
Then fiited points set aof T1 1s M" x (1/72) and the normal
bundle to this fixed set 1s a trivieal line bundle. The

fixed points set of T2 1 F « (1/2). Identifying F with F

(1/2), the nmormal bundle to the fixed points set of T2 1S 7

& R — F.
We deftine an equivariant diffeomorphism ¢ : (T1,Mnx01)
- (Tz,m“xoxl by @(x,1) = (Tx,1) and @{x,0) = (L,0). We

adjoin (Tl,Man) to (Tz,Man) along thier boundaries by .

This gives an 1nvolution (Tg,M"ﬂ) on & closed manafold

a7



n+i

M . The Tixed points set orT M under T9 1s M u F.
Therefore by lemma (3.1.3) we have

[A,S"1IM™] + [T,S(n ® RY] = O « MO ().
Passing to gqoutients ue get (M1 = CRP(n’Q K)l. =

Theorem S.1.5. If 2; acts smoothly on a closed manifold

M" without fixed points then [tM"3 = 0.
Proof. We use the method of i1nduction.

For v = 1, (T,Mn) 15 a8 fixed point free 1nvolution. The

mapping cylinder of the guotient map q : M" + M/T 1s a

compact (n+l)-manifold whose boundary 1s M".

-

We assume that the result i1s true for Z:ﬂ. Let ¢§ acts

smoothly on a2 closed manifold M" without fixed points. Now
—k — k-1 . PR, N
£, =&, X &, . Let F be the fixed points s=2t of «, 1n M.

If F = ¢, then by the i1nduction hypothesis, the result 1is

true. If F = ¢, then IZ  x 2;1 acts as a group of

arthoganal bundle maps on the normal bundle ¥ - F. The

generator T, of the first 22 acts on each t:bre as the
antipodal map. Since 2:4 has no fixed point 1n F, the

fibres of n —— F are carried onto distinct fibre by zall

elements Z;ﬂ. We form the Whitnev-sum n & [K -+ F. We
extend the acFlon of 22 P4 Z:ﬁ ta n & F by Tv,t) = {(—v,~%)
and for g = Z:i, gl{v,t) = {(gv,t}). Then we have the sphere
bundle (::“, S(; @ ®)) with T acting as +the bundle
involution and correspondingly an 1nduced bundle (Z;ﬂ, RP (y
® F)) - (sz, F). Since i:’has no fired points on F,

the actians of Z:ﬂ on PPy & R) 15 also fined opocint free.
Thus by 1nduction hypothesis [RPGO; @ R)1 = 0. Therefore,

from the theorem (IJ.1.4), (M"1 = (PP(np @ R)3 = 0.



. — . _ —k .
$2. (Ff,F )~Free bordism and action oOfF <, without fixzed

points.

Definition S.2.1. A family # 1n G 13 a collection of

subgroups of 6 such that

(a) 1f H <= F and k 1s a subgroup of G waith L & H then t = F,
(b) 1f H € F then c_:;HQ—1 e +, for all g < G.

Definition I.2.2. Given a family F in a group G, an
action @ of G on a smooth manifold M 1s said to be F-free
1f for every it < 1" the 1sotropy group Gx = F. We often say
that (Mh,e) 15 an Ff—-free mani1fold.

Suppose ¥, ¥ are families in B and ¥ = F. An (F,F )

free n—-dimensional singular manifold 1n a G-pair (X,A) 15 3

S—-tuple (M',MU,M‘,e,f) where

(ay © : 6 & M —as M 1s a group action with M, being

F-free.

[a]

(b) Mu and H1 are compact submanifolds of the boundary oM

with oM" = M gHMm, M ntM =M = M which are invariant
o 1 o 1 %) 1

-

under the G-action such that (Mo.elﬁ % HO) 1z F —free.

(c) f : M — X 15 an equivarient map such that f(Ml) = A.

Definition I.2.3. A S—tuple (M“.Mo,Mi,e,f) 1s bordic to

another S—tuple (M'",M;,M;,e',f') 1 f 3 a 6—-tuple

n+1 +

v WV ,VO,VL,G,F) where

(2) (V"™ e) 15 an F-free manifold and F : V

N+

i

equivarient map with F(Vi) € A.
() oV™t = ™ U M U v where 1T A VT = et M AV =
M, MM AaM™=gand VI oA o™ o oM™ = v, Vv s

invariant under © which restricts to © on M" and &' on M7 .

() FIM" = f and F|M'" = .

a9



(d) V+ 1s the union of G-invariant submanifolds ,UU and V1
with 1ntersection a submanifold V such that dvL = rﬂuv—uM:,
Mo Vo= oM and M' N Vo= oM, 1 = 0, 1.
(e) (Vu, 9|6 x Vu) 1s an ¥ ~free manifold.

A
‘To be bardic’ 15 an equivalence relatlog in the set of

all (f,f/)—free n—-dimensional singular manlf%lds 1N (X,A).
The equivalence classes of the S—tuple (Mn.Mo,Ml,e,f) under
this relation 1s denoted by [Mn.MU,Ml,e,f] and 1s called an
($,$/)—free n—dimensional bordism element 1n (X,A). The set
of all (f,f/)—free n—dimensional bordism elements 1in (X,A)
forms an abelian group with respect to the operation i1nduced
by disjoint union and 1s denoted by S%(G;?,?/)(X,A). We
call 1t (f,?")—free n—-dimensional unoriented bordism group
of (X,A). Cons:ider
N (B;F,5 ) (X,A) = @ fnnus;&-,f/nx,m.

It 1s easy ta see that mg(G;y,ﬁj)(X,A) 1s a module over the

unariented bordism ring m; with multiplication given by

(™3 EM",MO,ML,e,f] = [meM",meMo,meMl,e' Lf0 3

where-o’ = G x (N"xM™) + (N"xM") 13 defined as g,y =
(:tygy) for all (x,y) mem“g g =06 and ' : N + X 15
£ (k,y) = fly). The module 9T, (B35 ,5 ) (X.A) 1s called

(f,f/)—free unoriented bordx%m module 1n (X,A) over m;.

IT « ¢ (X,R) -+ (Xx,Al) 1s an equivarient map between

5-pairs, one has the 1nduced homomorphism

o 9T (B3F, T (X, A)

- 9t*(6;¢‘,}")(xx,ﬁl).
+*
defined as « LM ,M M s, f1 = [Mn,MU,Ml,e,af]. The boundary
o
haomaomorphism ¢

J, 9t*<e;$,f’><x.m —— N (G5F,F ) (A



of degree -1 is given by

O*EM“,MO,M‘,G,fJ = M, oM ,@,2|6 x M ,f1 3.

It can be seen that 1f F7 2 ¥ = F are families in G.
Then the following sequence
el vl J* - );‘-
. — DT*(B;CF oF I (X LAY ——— fR*(G;j‘,fF' )X ,A) —n
-~ ,;'0; s e
m¥(8;?,$‘)(X,A)-———————ﬂ-m*(G;ﬁ',3‘ Y(X,A) —————— ...

. . ~ A } - . N
is exact, where jJ : AF,F ) “——a (F,F "), I’ 1 (F,F ) —b

(#,57) and j’'* : (F,¢)

|

PRV . .
(F*, 7)) are inclusion maps.

We now consider a specific group G = ZZ, generated by

1

elements t , .. ,t with relations tz i, and ¢t t = tt.
1 4 L L) J ot

For p = k, let Z: be the subgroup of Z: generated by tx’
= £ < Zp = ’ - Va2
,tp. Ltet f; HesG (HD 2 Ct;’ . ,th} and F s

the family of all subgroups of ;:Z Then we have

"

@

FoOSF S ... F SF

Proposition 3.2.5. For O £ p < k, the sequence far the

triple of families ¥ & &F s F becomes a3 split exact
P p+1 k+t

sequence:

k . — — .
O ——— N (235 ,F ) n @5y F ) —
. n 2 k+t P n 2 k+1 p+t e——z——
k - -
NI (2 ;& +F ) .
n-1 2 p+eL P
Proof. We construct a map \
N (FF L, F ) —— ot (@55 F )
e =2 ! n T2’ L:+1’Jp+1 -

Let tM",01 € 91 (Z;% ,# ). Let F be the fixed point
n-t 2 p+i ]

set in M under (Zz)p. F is a submanifold of M with

- n

oF = oM" m F. Since all isotropy subgroups on 91" belong to

F o, x e " - G ‘# Z°. Also x = F a6 > &, Hence F oM
P X 2 X 2

= ¢ and F is a closed submanifold embedded in the 1nterior



aof M.

Let v be the narmal bundle of F 1n M. Byv Zz—tubular

—k
neighborhood theorem, 3 a Lz—tubular neighborhood of F 1n M

—k
which 1s ;z—dlffeomorphlc to disc bundle D(v) on F, the disc
bundle D(») havina 1i1nduced action of ZZ througch vector

bundle maps covering the actions of Z; on F. Since F 15 tne

< J—
fixed point set of 22, ZP acts as linear transformations of

each fibre of D(v) i1nto 1tself with only +the zera vector

being fi:ted under tne action.

Since all 1sotropy groups of M” belong to »* R M ->
P+

G} P pAlso x € F 26 > Z°. So t acts freely on F
X 2 X 2 Pta

and hence 2also acts freely on D(v).

Let q, : F —— F* = F 7 it ~ and q : D) —_
D’ (v) = D) / <tp“> be th? quotient maps. Let v’ be the
vector bundle obtained from v on passing to quotients. Then

D(v’) = D’ (v).

-

Since tpﬂ commutes with the action of L: on F and D(v),

-

we have 1nduced actions of L: on F’ and D(v’).
Let C1 and C2 be the mapping cylinder of aQ, and q,s then

* *
we have maps q, ¢ C1 —— F'’' and qz : Cz — D’ (v). AlLso

x
we have the induced maps v’ : D' (v) —— F’ and v : C

C1 induced by v : D{v) —— F and the group action v 1induces

* *
group actions v, and y, on C1 and C2 respectively. Nouw we

have a ZZ—dgffeomorphxsm @ : (v*)"(oct) — D).

n

M x [o,11 llcC

k
We define W = .1 = G and a z, action X on W

*
which restricts to thq action © x 1 on M" x 1 and w, on Cz'

We note that oW 1s the union of four manifolds M" {03,



n " ¥~

oM x I, (M x {13 N D(y) x {13}) 3nd (082 ANEE G2 861). On

~pts
“—

- - n
M x 0}, X acts as €& and has no fi:ed point, on JM X

- , -— - Y
{0,111, X acts as & x 1 and L: has no fixed point, on o Y
-

{1 N\ D) x {12), X acts as 9 « 1 and Z; has no fixed

points, since all fixed points are in F € 1nt.D< ). On (43C2

* - * *
A (w )LdC1), X acts as v, and 2: has no fixed point, for v,
act on C2 by bundle maps with Z: acting as linear

transformation on the fibres and having the zero vector as

the fixed point set.

Hence [W,X]1 ¢ MB(Z $F. G F Y. We define p{Mﬁ,e]

{W,XN1. Consider W IW x [0,13. Then OW = J¢(oW 1 LO,11) =

"

n n .

Wl ow =W U M” x 0y UM x I u M x f13 N D(r) ox £13)

* -
v oeC, N () 1OC‘), and also X[(, W 15 equal to & on
k—z o

oW

n

M'.  Hence [OW,X| 5 ko1 = [M,0]. =
L ’

2
- —k
Proposition 3JI.2.6. If az acts on a closed differentiable

mani1fold Mn, then [Mn,eJ = 0 1in 91(2:).
T
Proof. We have the exact squence of the triple fo = 71 <
fL+1,~
RT3 F F ) e NATF L F ) e 9T (2 5 )
* 2o LA VU L * =23 o

k Evd poud
with mé(zz;wk,wu), the bordism group of stationary point
k

free actians and N _(Z ;7 yF ) o= m-<zk>. Now we have the
* T2 o * T2

k+ 4

map J as the composite 3 ° eees 23 03 -

k=1 o
J : J ]
-k 3} -k . 1 k-1
gt*(hz’$k+1’$u) - 91*(L2,5’k’1,51) ———— i e v e —_—
—bk . e
¥ -
ﬁ*(az,fl+1,f‘).

Now by the proposition (3.2.5), each 3 15 one-one for
L

0 < 1 < k. Hence 1 15 one—-one and 1 = 0. So M) =0 n



5. Finite group action and equivariant bordism.

Throughout this section we will tale G to be a finite
group . In this section we will prove that 1f 6 acts without
fr.:ed point on a manifold M then M 15 a G-boundary.

Def:nition 3I3.35.1. Let (F,5 ) be 2 pair of families in &

and « be a central element i1n 6 of order 2. We call (F L F

an 3dmissible pair of families with respect to o« = G 1 Ff

(1) a & Hy for all H = ¥ 7.

(11) He 7 o [HU a1 « &, and

(111} the 1ntersecticon § af all members of F \ & 18 in
7N F.

Example 32.32.2. Let G be a finite group. The 2-central
caomponent GZ(C) can be written as :; = [ti, .- ’t.J where
tx’ .. ,tr are the generators of Z; wi1th tf = 1 and tLt, =

tﬁa. Let $} be the family of all subgroups of G not
containing :z, 0O = ¥k £ r, where Z; denotes the subgroup of 6

generated by the first k generators tx’ ... S Then

¥

(F ,31) 1s an admissible pair with respect to t

k+1 k+1

Theorem 3.5.3. If (f,f“) 1s an admissible pair of

families 1n G with respect to a < =GZ(C), then an element
tM”, o1 N (B3F ) z I, (B3F ,F ), wh F th
’ in NT_(G3F,7 1s zero in JL(G;¥ ,¥ ), where F s e

smallest family 1n G consisting of all subgroups [H W {a)1;
i

H e F.

Proof. lLet 8§ be the i1ntersection of all members of & \

¥ . F denote the fixed point set of M" under S with OF =

oM™ ~ F. Butxef-‘»BysS;andxedMn»st&‘-»13 3

o

o.



= 4

Hence JF = ¢ and F 13 a closed submanifold embedded 1in
the 1nterior of M . Since * \ 15 1nvariant urnder
conjugation, S 1s normal 1n 5 and hence the action © on ©
1induces an actign on F which we denote again by .

Claim: o acts freely on F.

Suppose a fixes 3 point x of F, then (3K > [ wu carl.
Therefore [S U {a}]l € F. Further § = F \ 7 implies that
[SU fal € # \ & . Hence a = [S U {a}] which 1s absurd.
This shows that o acts freely on F.

Let v be the normal bundle of the embedding of F in the
interior of M" and D(v) be the disc bundle with the action
e* of 6 on D(v) i1nduced by the real vector bundle maps
cavering the action © on F. Let F’ = F/Lal and
D’ (v) = D(v)/Lal. The actions & and e* on F and D{(»r) 1nduce
actions &’ and e*' on F* and D’ (v) respectively. Let C1 and

C2 be the mapping cylinders of the egquivariant double covers

q, F

-+ F’ and q, D(v) ——— D’ (v) respectively and

v, and ¢, be the i1nduced actions on C1 and C2 respectively.

We have the following diagram: -

C -+ D’ (v)
2
lu Jv'
c ——— F’
‘ 2
where o : C2 -+ C1 15 the map i1nduced from v’ : D’ (v
+ F’ by going to the mapping cylinders. Then OC1 1s
homeomorphic to F, a“(ac‘) 1s homeomorphic to D(y} and the
. _ *
action v, on a‘(dCt) 1s 1somorphic to the action e on

D(v). We have a G-diffeomorphism ¢ : a“(ocl> ——> D) and

n

we define W = (M £o,13) U Cz) /oy, 10 ™ 2(y)). The

wn
o



action v of G on W 1s given by w[Mn v {0,111 = o xni and yﬂCz
= w . Let V be the set (oM™ % [0,13) U (M” N 1nTDG) x
€13) w (eg, \ mta“wc‘n. Clearly W is ¥ —free snd JW 1s
the union of V and M" by identifying JV with oM”.  Now V 1S
f;-free as S 15 the i1ntersection of all members of F Fo.
Therefare JdW 13 fg—free. Hence CM“,G] 15 Tero 1N
N (B3F ,F, ).

Corollary 3J3.2.4. For every v+, O = = r, the

homomqrphlsm ﬂ*(B;ﬁl*($l) —_— m*(G;ﬂ}wk) induced from

the inclusion map (3}-£?l) —_— (ﬂg$1) 1s zero, where &
denote the family of all subgroups of G.

Proof. ($l+{3¥) 1is an admissible pair of families with

respect to tk_u for O 2+ = r. We have (?})t = f& and

bordism exact sequence

*

NAGTF, W F ) —— W (G5 (F, ) L (F T ) —— I (G5, F )
h+a k+1
where 1, 3 f)l'*(G;(&"k*i)t ,(a"k)L ) -+ m¥(6;ﬂ}31) 1S
k+14 e+t
1s induced by the 1nclusion {((F ) s (F ) ) — (W, F ).
+1 Lk*l | S Lot k

!R*(G;Jrf,\?’k)

1S zerg.

Corpllary 3.3.5. Let the 2-central component Bz(C) of a

r

group G be denoted by Zz. Let P be the family of 31l

subgroups of G which do not contain Gz(C)' Then the

homomorphism JT_(G;P) N (G;#) 1nduced from the
inclusion map 3} —— & is the zero homomorphism.

Proof. By corollary (J.32.4) we have



»

v - = = ¥ . o7 =)

Jr*(B,f)*l,Jk) _— JT*(B,$',fk.
15 the zero hamomorphism, O = ! r. We have the enact
sequence for the traiple fk = Ftu =R

¢ 3
s W (BT, F ) e N (B, F ) e N (B, A ) —

T T L0 - A A x0T .-

where J, 18 the homomorphism 1nduced from the 1nclusion 3 H

Lﬂ,fl) - (ﬂ’$l+1)' Since 1,15 the zero homomorphism, 23

*

1s &8 maonomorphism. Therefore the compasite

ﬂ*(G;m,fb) —_— W*(G;ﬂgﬁl) e SR - m¥(5;ﬂ,$r)
1s a2 monamorphism and hence from the e:act sequence of the

triple ?U S P < W, we havefn*(G;P,?b) _— m;(G;ﬂ}fﬁ) 1s the

zero homomorphism.

Corollary 2.3.6. If GZ(C) acts on M" under & without
any stationary point then (Mn,e) 1s 2 G-boundary.
Proof. The corollary follows fraom the corallary (3.2.5).

§4. Compact Lie group action and eguivariant bordism

Khare has extended the theorem (3.3.3) for a torus
action. He finally considers the compact Lie group action
and proves that the 1nduced action of the central elementary
H—Subbroup of G determine G-bordisnm. This gives us the
result of torus action 1n particular case.

Definition - 3.4.1. Let H be a compact Lie group. Then H

15 said to be H-boundary 1f there exists an H-manifold N

such that N = H and the restriction of action e on IN
coincides with the given group operation of H.

Let G be a compact Lie Group. By the central elementary .
H-group 1n G, . .we mean the maximal subgroup HY = H % ... x H,

n—-times, contained 1n the centre of G.

w
~



Let G be a compact Lie group with H" the central

elementary H-group i1n G, H being H-boundary. Let h be a

fi:xeg point of H and P, H® ——— H denote the projection
onta the r—th factor, 1 € r £ n. Let HP denote the subgroup
of H” with pL(Hr) = H, 1f 1 = r and pL(HF) =h , 1f 1 = r.
Let a family iLF} of subgroups of 5 bg such that le Hr 15 3
nontrivial subgroup of Hr, 1 = r n. By an L >—-type
action of G, we mean a differential action of G on a
differential manifold M such that for every :t 1n M, pp(GJﬁ
H") 15 either trivial or contains Lr for all r, Gx being the
1sotropy group of x. A point % 1n M 1s said to be a pseudo

stationary paoint 1f pr(th H™) 1s nontrivial for all r, 1 <

r = n.

Let X = X be families 1n G such that there exists an
H-boundary subgroup H of G satisfving the following
conditions:

(22 Mo nontrivial subgroup of H 1s contzined 1n k, for all
K < y'\:y/.

(b} The i1ntersection I of all the members of F \¥~ 1s  1n
FNg”

(c) H 15 contained 1n the centre.

We call such 3 pair (3:3/) of families an admissible

pair 1n § with respect to H € G.

Example 3.4.2. Let (Lr} be a family of subgroups of G
such that Lr ' Hr be a2 nontrivial subgroup of Hr. Let .
denote the family of all subgroups K of G for which pﬁLFHn)

1s trivial atleast for one 3 = 1, ceauy r , and the

nontrivial subgrouns p (K M HY) of H contain Lf Then
J ]

53



L

. } 15 an 3dmissinle pair of Tamilies 1n 0 with
1 +1 r

. L
respect to o s O = r = n, being the empty fam:ly.

t+l O
Thearem 3.4.3. If (X, ) 15 2an admissible ps3:r of
fami1lies 1n 6 with respect To a subgroup H, which 213
H-boundary. then the homomorphism )QiG;?', 9) _

ﬂiﬁ;j}vj;ﬂlnducec by the 1nclusion map (I, F) —0
(3;,4;) 15 the zero homomorphism, where ﬂg cenntes the
smallest family 1n G containing all the subgroups [5 U (1, §
= and O a subgroup of H.

Proof. Let M',01 = n6;%, 7). Let I be the
intersection of all members of g‘\y }and F  be the f1ed
points set of M” under 1. Since 1?\.?” 1S invariantg under
conjugation, I 1s normal 1n G, sao that the action & 1nduces
an action on F, which we denote by © agzin. lLet v be the
normal bundle of the embedding of F i1n the 1i1nterior of "
and D(v) be the disc bundle with the action e* of G on D)
induced by the real vector bundle maps covering the action &
on F. Since F 15 the fixed points set of I and no
non—ttivial subgroup of H 1s contained 1n ¥. for 3ll t <« :7\
4", no point of F 1s fixed by the subgroup [I v Q1, @ being
a nontrivial subgroup of H. Thus H a3cts freely on F and
hence on D(v): Let F* = F/H and D’ (v) = D) /H. The
actions ® and é* on F and on D{(r) 1nduce actions & and & '’
on F’ and D’ (v) respectively. Since H acts freely on F and
D(v), the quotient maps 81 : F —— F* and 82 : D(v) —
D’ (v} are principal H-bundles. Since H 1s H-boundary, 3 an
H-di1fferenti1al closed manifold (N,¢) such that the boundary

dN = H and the restriction of the action ¢ to  JIN = H

39



coincides with the operation 1n H. We consider the fibre

~ ~

bundles 81 = EltN] and 82 = EZEN] associ1ated to the

principal H-bundles E; and 52 respectively. The total space

E1 of &1 1s given by E1 = (F x N)/H, where the action ot H

aon F x N 15 given by hGi,y) (xh,rfiy), h « H and (x,v) € F
¥ N. The boundary OE* 1s diffeomorphic to (F x H)/H. We

fix a point h of H and deftine a map n : (F x H)/H + F as

n(l«xyh1) = xh where h = E;. Then n 1s a diffeomorphism. We
define an action v of G on E1 as glx,tl = [xg,tl. Then the
diffeomorphism n preserves the H-action. Thus El 1s a
G—manlfola with 0E1 Qe1ng equivariently diffeomorphic to F.

Similarly the total space Ez of 82 1s (D(v) x N)I/H, where

the action of H aoan D(v) «x N 15 given by hi(x,y} = (xh,h_lt).
Let the action ¥, of G on E2 be given by glx,t]l = [xg,t3d.
Let a = E2 —_— E1 be sthe map induced from v’ : D’ (v) —s F’

y 4

by going to the associated fibre bundles. Then we have the
, ) ! '

»

commutative diagram: * -

H

> 8 (N] : E s D' (V)
2 2

1

£ IN] 'z E ‘oe—un F’
o M
Also dﬂlaE‘) 15 diffeomorphic to D(v) and the action v, on

*

- *
ai(OE ) 15 1somoarphic to the action © on D). We define

«
P a 7;«./
M r“l o 1 ( v}‘hh ;i

on'W be deflned by §|N %U{O HJg- o'x 1 agd,é]Ez = Wz-iﬁquet

T

y = ((M ex [04,10). u E )/(y,l),“ @(y). Let the action & of G

R
ey v s 4

i

T ‘« 2 vy e .

v be{the set (an qx £O 1]) U ((M x {13 v antD@)) x ,{1?))r

b Y " Je ! &

U (dE2 \ 1nt(a (dEi))).| Slnce I 1s the i1ntersection of all

.
. ! b
.

' “a F
members of I\ y”ﬂ VvV  a1s (f;,i;)—free. ARlso W is

(VH,y;)—free with OW the union of V and M ,:identifying oV

&0



. ‘ . b { s
with -oM". Thus cm“,el is zero in NG5 7 _,%.).,

Corollary 3.4.4. For every r, 0 £ p £ n, the

homomorphism néG;‘j:l’j’:) —-——4)'7*(5;.#, ?:,') induced from the

inclusion map (ﬂr*,gr - (ﬂ,?:) is zero.

1
Procf. We note that (y'l,yt) is an admissible pair of
== . s .
families with respect to the subgroup H.u, O = r < n, and
'glsoi(gf)ﬂ  -§ _vﬁwe have the compo=1te map

fn; 1rﬂ,7 )-—%ﬁ-n(a e d oy (1 ) 'ﬁ}———»n;s.ﬂ 5 L)
8 ‘ ,sf>"‘——+ <9f'“ IR b T

rwa. H roH
res r+1

(3.4.3)  we obta1n that. . the

ihomomorphism177 -$ o gL) J——»Taﬁhﬂ,jt) 15 zero.

5% ni‘be a: closed G- manlfold'HMith‘

Corollary 3?

{L } type of acﬁ;on forfspmgifamily'{Lr} of subgroups of G

usuchﬂthat L .O‘H ;iskhontéiéial. 1f M° does not . Hévé .any.

B

is'a G-boundary.

is a m°“°m°rphi5m;aﬁd hence by the bordism exact sequence of
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the triple (ﬂ,g:,gt) one ge*ts that the homomorphism

| L L
hﬁB;j.ﬂjU) — WJG;ﬂ, gr)1q the =zero homomorphism.
Hence [M",o] 1s -ero 1n niG:ﬂ) s1nce ,7t= 2.

£5. The oriented bordism of sz—actlons.

In this section we discuss the work of E.R.Wheeler on
R
the oriented bordism of Lz—actlons. We shall prove 1n  this
section that Q _(Z¥) ®© R 13 a free Q. @ R madule on even
* 2 2 * 2
dimensional generators, where RZ = {n/2 | n, r=212s a

subring of ..

(A) Classifying spaces for bundles with G—actions.

Ltet G be a finite abelizan group and C,v - ’Cr be all
possible i1rreducible complex representation ot G. e define
5 action on (a:= CT:@ c.. @ @? by considering @?’ as the
countable direct sum of the 1—th 1rreducible representation.
Let B(U,G)s be the Grzssmamnian of complex s—-planes 1in C“
and E(U,G)S = {W,x) | W e B(U,G)S and x < W3. Then Yy :
E(U,G)s —_ B(U,B)s defined as }S(W,x) = W 15 the comple::
s—-plane bundle over B(U,B)Q. Since the elements of G acts

x
on € °*via complex linear transformations, there 15 induced

G-actions on B(U,G)e and E(U,B)S. This makes r,oo¢ E(U,G)9

- B(U,G)s- the wuniversal comple:x s—-plans agquivariiat
bundle for the family of all complex n—-plane G-bundles 1in
the category of G-spaces.

Similarly, we have the un1;ersal real s—plane

equivarient bundle 1n the category of G-spaces, rg d E(D,G)5

- B(O,B)S over B(0D,5) where B(D,G)S 1s the Grassmannian
8

x x x
of real s-planes 1n R" =(Ri ® ... @(Rl. Lt e+ s are the

irreducible representations of G and E(O,B)s = (W, l W =



BE(O,5) and x = W

=]

(o

Now we czan define a metric on E(U,6} such *that & action
3

15 orthogonal with respect to this metric. Further, for any

cromplex G-hbundle E - X of dimension s over a compact
Hausdorff space X, we can define a metric on E such that the

G-action on E 1s orthogonl with respect to this metric and

the bundle map covering the classifying map induces

(D(E),S(E)) (D(E(U,B)S),S(E(U,G)s)) where D(E? and
D(E(U,G)s) denote the unit disc bundles and S(E(U.B)S) and
S(E) denote the unit sphere bundles.

We now consider the G—-space B(U,G)s and the fixed points
sets of subgroups of G. Let H be a subgroup of H and X be =a
compact Hausdorff G-space. The 1somorphism classes of
G-bundles over X of comple:xx dimension s are 1N  one—ane
correspondence with the G—-homotopy classes of equivariant
maps fram X 1nto B(U,G)a. Now 11¥ H fir<ces X, any equivariant
map takes X into the fixed points set of H acting on
B(U,G)s, say FH(B(U,G)S). Hence 1f H fixes X, then the
G-homtopy classes of equivariant maps from +tfo X to
FH(B(U,G)S) are 1n one—-ane correspondence with the
1somorphism classes of G-bundles over X of complex d1men§1on
s. Thus FH(é(U,G)s) 15 the classifying space for G-bundles
of comblex Q1menszon s over base spaces X such that H fixes
X.

Exactly the same analysis 1s true for equivariant real
s—bundles over X and FH(B(D,G)Q).

Proposition 3.5.1. If H 15 a subgroup of G, then

FH(B(U,G)S) 15 G—-homotopy equivalent to u B(U,G)L K eee X

1



B(U,G)L, where H has r—-airreducible complex representations
!

with Z t = =.
L

Proof. Since H has r—irreducible complex representations,
a complex G-—bundle E over a G-spsce which 15 fixed by H
r

decomposes 1nto E1 ® ... & E . Therefore FH\B(U,G)S) 15

G-homotopy equivalent to W B(U,G)L Yoee. X U(U,D)L, such
1 r

that t1 + (.. + t = s. {
1
Proposition J.5.2. F - (B(D.sz) ) 1S sz homotopy
w“., k=3
2
equivalent to U B(O,Z& k) X BWO,Zk) , t + £t = s.
2 t, 2 12 1 2

Proof. Since the real i1rreducible representavions of 22

are multiplication by +1 and -1 on 1-dimensianal vector

space ad w Kk un e over a8 «£ space wnic 1s 14e [
ce, a &_k bundl 2k sp hich fixed by 2,
2 2

2

decomposes 1nto EL D Et vihere 32 acts on the fibres of EL
1 2 1

and Et by multiplication by +1 and -1 respectively. Thus
2

the classifying space for s—dimensional real vector bundles

over Z k spaces fixed by & 1s W B(O,Z k) o B(D,Z& k), t
2 2 2t 2 " 1
1 2
+ t = s,
2'
Proposition 3.5.3. Fo, (F. (B(D,2_x) )) 15 Z k-1
LZJ «_2 2 s 2

homotopy equivalent to U B(U,sz% X caa X B(U,szn with

3 r
Z t "= s.
r
Proof. Let Fé (B(D,ZZL)B) denote the component of
¥ 2 .
F (E(D,sz)g) above which ZZ acts as multiplication by -1
“2

1n the fibres of the canonical bundle. Now the sz action

restricted ' to FZ (B(O,sz)s) can be considered a sz-1

action. Now F_. (F_ (B(D,sz))) 15 the classifving space
-— ) w“ S

2

a4



for 22L bundles E

+ X which have the properties (2) :sz
Z v fives £ and (b) & Z e < } acts on the tibres of

2 2 2 2
E 2s multiplication by -1. Sucn & bundle E splits 1nto
subbundles with regpect to the 1rreducible representations
of Zsz. Each 1rreducible represntations of Zsz, which

satisfies the condition (b, 1s the realificatiaon af an

irreducible complex representation. Therefore, each of the

split subbundles of E has a complet structure. Thus 1 f
there are r© 1rreducible representations of Zsz then
FTJ(F; (B(D,szt)) 15 Zzbq homotopy equivalent to U
[ L—Z o
B(U,Z k) X waa X BU,Z2 k) wirth £ t = s.

2 t 2 t 1

b 8 r

Definitiaoan 3.5.4. Let & : E + X be a bundle with

fibre F. Then the determinant bundle of ¢ 1s a line bundle

det? : detE X whose fibres are A"F where the n-th

exteri1or pouwer NE = (F ©® ... o F)»/s, where S 15 the
subspace generated by the elements of the type %, ® 2, @ ...
i
@ % with % = %, 1 & J.
n L J
Note 3.5.5. Let » : E(O0,Z k) +~ FL (B(DO,Z k) )
23 2 23 a_:.z 2 2s
represent the canonical 2s plane bundle aver
Fo (B(O,Z x)_ ). Now  B(D,Z k-1) 1s & k-1 homotopy
<, 2 "2s 2 2e 2 ‘
equivalent to Foo (B(D,Z2 x)_ ). Since < © Z k acts as
<, 2 23 2 2

multiplication by -1 on the fibres of E(D,Z"zk)zg and since

the determinant of -1 acting on an even dimensional vector
space 1s +1, 22 acts trivially on the determinant bundle of

¥y 4 1.e., dety_ : detE(0,2 k) —_——+ F_ (B(O,Z.x)_ ) 15
23 23 2 23 u’.z 2 2

a szq bundle.

&5



Proposition 3.5.64. If ¥ « (M, JM. :qu actoin’ _

(D(detE(D,2 k) _ ), StdeteE(0,Z +v) )., det( b action) 1S an
2 “2s 2 2 2

3
equlvariant map, then t may be esquivariantly homotopned ta be
transeverse regular on the zZero section of detE(D,Z;)ZB.
Further, 1f A E M 15 2 closed subspace and flﬁ 1s already
transverse regular, the homotopy can be chosen to fix A.

For proof see page 2%1 of [Z%F].

Theorem 2.5.7. (}n(sz)(J",.T_)(X,A) X

(n-o21 ~

& Q (Zzbﬁ)(ﬁﬁ(Fw (X)/F (A} N T(detrza)) where

3=0 n-23+4
2 2

Y : E(D,sz)z_

23

F.. (B(D,sz)z_) 1s the canonical

2

Z2s—plane bundle over F (B(D,Z;ng).
2

Proof. Let [M",M ,M ,T,F1 < Q (Z1)(F,F7 ) (¥,A) where T
—— U 1 2] 2 e

n

generates the sz action on M. Let F2 be the
(n-2s)-dimensional component of the fixed set of 22 < sz
acting an M". Then Fz 15 a submanifold of M"  with 1nduced
action of Zzb4 and OFZ = Fz 'y Ml. Let v : E(v) - FZ be

the normal bundle of F2 in M". Since the disc D(v) of the
normal bundle can be i1dentified egquivariantly with a small

tubular nei1ghborhood of Fz’ no elements of D () \

{zero-sectionl can be fixed by Zﬁ for 1 <= 3 = }. Since

each fibre of v 15 z representation space for Zz, v oo1s sz

bundle gver F2 such that :z acts as multiplication by -1 in

the fibres. Then v : E(v) + F 1S classified

2

equivariantly 1nto FZZ(B(D"QL)Zs) giving a <k bundle map



E () ~ EXD,Z_1)
2 23
%4 [2)_
- 9 w
F B(O,Z b -1)
2 2 29

Naw by tal ing the determinant bundles of v and b,y we have a3

—

azbq bundle map

dety’
det (E(v)) -» det (E(D,Z k) _ )
2 23
Jietv Jdet}'zS
9
F » B(O,Z _k-1)
4 2 2s

Then detg’ maps the pair (D(detE(v), S{detE(r}))) into the

pair (D(detE(D,& x)_ ), S{detE(D,& k)_1)). We have a map
2 28 2 '2s

(detg® x flo.detr : (D(detE(v)}, D(detE(u)/aFZ) U SudetE(r)))

—+ (F_, (X) x D(detE(D,Z k)_ ), F_ (X) x S(detB(D,& ks_) U
& 2 23 vl 2 29

“

2 2
Fo, (A)  «x D(detE(D,Z;dza)) which gives rise to map
2 tn-/21
F : Q (2 K)(F,F Y(X,A) —— @ 0 (Z_ k-1) (FI(F_, (X,A)
* 2 ] 8z0 n—2a+1 2 <

2
x (D(detE(D0,2 k) ), S(detE(D,Z k)_ )).
2 ‘2 2 ‘2e
Now we define an 1nverse map of F. Let L[N,IN,S5,h] e

(Z k-12 (F)(F_, (X,A) x (D{detE(D,Z k) _ ),
2 Lz 2 28

n-25+4

S(detE(0,2Z k)_ )). Let p_ ¢ FL (X) x D(det(0,Z k)_) —_—
2 2s 2 5_2 2 23

D(detE(D,sz)293 be the projection onto second factor. Then

we have pzoh : N — D(detE(D,ngzS) 1s an equivariant

map. So by the proposition (3.3.5), péoh may be considered
(up to eguivariant hamotopy) to be transverse regular on the
t
zero~-section B(0,& k-1) of detE(D,Z k) _ . Let N’ =
2 23 2 "ze

v

(P sh) "(B(O,Z 4-1)_ ). Since p has a S k action covering
2 2 2e 28 2

¥*
the & k~1 action on B(O,& k-1)_ , (p_oh)} (y_ ) -+ N’ 1s a
2 2 23 2

29
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bundle with an induced sz action such that 22 < < k acts as

2
multiplication by —1 in the fibres. Let &’ generates the
= ti (p_t) () AL D((p_sh) (. 2y - i
<k action on P,° F,ut- ={s) p,oh? G is
oriented and S° is orieﬁtation preserving. Thus we can

define a map

n=23+4% 3
2

K = Q (sz--x)(ii‘)(F7 (X,A) x (D(detE(D,Z;ﬁz ),

S(detE(0,Z,k), 1)) Q (Z_k) (F,F ) (X,A) given by

KIN,ON,S,h1 = [D((pzoh)*(y Y, supzoh)*(yz_)),

23

D((p oh)*(r Y/AN'Y, S, p_ oehent’l. Then one czan verify <that
2 2s 2

Feoki = 1d and K.F = id. Hence Q“(sz)ﬁ?,fg)(x,ﬁ)
(n-21

X @ O (T k=1 (FIF, (X)/F_ (A) N T(dety_ )). =
s= Nn-23+1 2 c:.z ‘L’z 23

Let (X,RA) be a CW pair with action of 22& and q : (X,A)

+ (X/G,A/G) be the gquotient map. Using corollary 2.3 of
[E.E.floyd : Periodic maps via Smith Theory; Seminar on
Transformation Groups, Annals of Mathematics studies, No.436,
Princeton university Press, Princeton, N.J., 1960, chapter
II1 ] one obtains th;t if H*(X,A;Rz) is 8 free Rz—module on
even (odd) dimensional generators, then H*(X/G,A/B;Rz) is a
free Rz—module an evea (6dd) dimensional generatoés. A pair'

(X,A) is defined to be 2-even (Z2-odd) 1f and only if

H*(X,A;Rz) is a free Rz—module on even (odd) dimensional

generators. Using‘this and the homology exact sequence of

the cofibration S(detrza): -+ D(detrzS) - T(detrzs),

Wheeler has shown that if FZ ﬁX,A) is 2—-even (Z2—odd) for
" t 2 N
0O = jJ £ k then Y = (F, (X)/F_ (A)) N T(UEtYZQ) is a Zzbu
' % %2

space with'FE ’(Y) is Z-odd (2-even) for 0 £ j £ k-1.
‘ 2



Lemma J.2.3. If (X,A) 1s sz pair whigch 1s Z-even

(Z2~oddi, then Q+(sz)(f;)(X,A) © R2 1z a fres Q% ® Rz—mcdule
on even (odd) dimensional aeneratores.

Proof. We know that Q*(G)(fg)(X,A) 1s 1somorphic to Q*(X
HOEG, A xGEG) where EG 15 the total space of the universal
principal G-bundle. Since (X ,A) 15 Z—even (Z-—-odd), one
infers that (X xOEG, A xGEB) 1 Z—even (Z2-odd). It 1s easy
to see that Q*(X,A) ) Rz = (Q* () Rz) ®R H‘(X,A;Rz), since

2
({,AY 15 a CW pair with H*(X,A;Rz) a torsion free Rz—module.

The lemma now follows i1mmediately.

Wheeler finally establishes

Theorem J.25.9. If F_, “X,A) 15 Z2-even (2-ogd?) for 0O = J
“

2

= v then Q_(Z KX (FI(X,A) ® R_. 15 a free 02 ® R -module on
* T2 2 * 2
even (odd) dimensional generators.

Proof. The case k = 0O follows from the lemma (3.2.8).
Suppaose that the theorem is true for '’ ¢ . Then by the
hypothesis and the lemma (Z.2.8» ue obtain that
Q (2 KI(FIX,A)Y ® R i5 a free }, @ R —module on even (odd)

* 2 2 * 2
dimensional generators. Also by theorem (3.3.7) one gets
Q (2 k) (F,F ¥Y(X,a) =

2} 2 <

(nr2]

e

=) 2 (2 -1} (FY(F. (X)/F. (A) N T(dety_ )).
8=0 n-2g+1 2 u._z d_z 23

Therefore, from the discussion preceeding lemma (I.3.8) and

tnduction hypothesis, we conclude that Qn(sz)L?,fg)(X,A) @

R2 15 free Q* @ Rz—module on even (odd) dimensional
generators. The result now follows from the following split

exact sequence

&9



e —— O*(sz)(fe)()(,ﬁ) & Rz - L");(ZZL.)(}“)IX,Q) © Rz
- !2*(sz)(&",&~“a)(x,ﬁ\) 2] Rz R
Note that 1f (X,A) = { pt., @), the above theorem
implies that Q (Z 1) © R 15 free O ® R —-module on even
* 2 2 * 2
dimensional generators, since (pt.,d: 1S 2—-even.
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CHAPTER 1V

Group action with tixed points set

In this chapter we shall discuss how the normal oundle
to the fined points set of an involution on 2 closed
manifold explicitly determines the bardism class of
mani1fold. We shall discuss Boardman’'s five—-halves thezorem
which states that 1f M 15 a Zz-manlfold then dim M >
(S/2)Ydim F, if M 15 a boundary. We shall discuss the wort
of khare about finite group zact:ion and fixed points sets.
Also we shall develop the wort of tosniowsli1 and Stong on
involutions and characteristic numbers. We shall also
discuss Stong’'s warks on involutions with n-dimensional

fiited points set and group actions having one fixed point.

1. Fixed points set and Boardman five-halves theorem.

In this section our aim 1s to study the G-bordism with

-

the help of dimension of the fixed points set. The simplest
result proved 1n this direction 1s by Conner and Floyd. He
proved that 1f the fixed points set 1in a Zz—manlfold MY has

codimension 1, then M® 13 a Zz-boundary. The bounding

n

manifold 1s given by the mapping cyvlinder € of ™M, 1.4,

n

M® 2 [O,13
(x,1) ~ (&) ,1) ?

where © 1s the action of G on M. The
action @ on C 1s given by © « 1. With this aciton the
boundary of (C,) 1s (Mn,e).

For each positive i1nteger n, and for esch real vector



bundle & consider a well-defined characterisfic class o (L)
= Hn(X‘, where X 1s the base space of ¥, which sarivsfien the

folowing avioms:

*
(a) o (f%(:)? = f (Un(E)), for any bundle map T;
|8}

i

(b} 0\({ @ 1) on(f) + ar(n), for vecyor undles & and n
¥ ]

over the same base space;

LAY

(c) o (8) = NI(E) , 1T & 15 2 line bundle.
n
n n
Suppase tne symmetric functionn tl + ... + t; can be
expressed as the function f(st, S,0 s s s'), where s 1S
8 L

the 1-th elementary function 1in t;’ e e e t}. Then ar(s) =

f(wl, cee g wn), £ being a vector bundle of dimensian k.

If the base space X 15 a n—-dimensional manifold with
fundamental class :x < Hn(X), we define en(f) = un(f),zxﬁ =
Zz. We alsao define an(X) = on(r) and en(X) = eh(T), where T
15 the tangent bundle of X. In terms of e s the result of
Thom described under unoriented bordism 1n section 1 of

chapter I can be reformulated in the following form.

Theorem 4.1.1. The ring m; 1s & graded polynomial

algebra over 22 with one generator i1n each degree not of the

form 2% - 1. The class (V] e ﬂ% serves as a polynomial
generatar i1n degree n 1f and only 1f en(V) = 1.

The following lemma 1s significant for calculation of

Stiefel-Whitney numbers of the Milnor manifolds.

temma 4.1.2. Let H be the surface 1i1n (FP x [RP

m [ n m t

defined by the equation t u + tu + ... + t u = 0O, uhere
S O 1 1 m om

(tu, e ,tm) are the homogeneous co-ordinates in RPm and

(uo, «.. 4u )} are homogeneous coordinates in P , m = n.
n "

* *
Then for any class ¢ <« H (RP =« PP ) we have <3 ¢, = - =
m [



@.(x + 3), = 2y where = and = are the fundamental

pxp H prp
classes of the Milnor mani1fold H“ § and WP\ Y kP
H ,l m t
respectively and 3 1s the i1nclusion map of H into [FP

m e n m

RF and « ,{3 are the generators of HY (RP X RPF) inharited

"N m 1

from FP' and RPn respectively.
Ty

Proof. The one dimensional cohomology class 1n PP“ 3 PP'

— Y )
dual ta the submanifold H a + y 1.e., J .= =

myn #* H
*

Z + (3. T < s = < - > = <
7pyp M (e (37 hen <) @, " @, T h @y
e (a3 e = gl (a+3), = pg

prp . prp

The module structure of m¥(x> over:R* 1S5 given by the

following:

Theorem 4.1.35. For a CW space X, the m*—module m*(x> 15

free,and u : m;(X) _— H*(X) defined by wpiV,f1 = f*:v,

where zv 1S the fundamental class of V induces an

isomorphism mg(X) = H*(X) ® m*. The slements =, € m;<x>

form a m; base of m;(X) 1T and only 1f u(za) form a Z;— base

of H*(X).
Proof. Let {ch L} be a homogeneous base for the vector
?
space H (X332 ) over Z . For each ¢ choose an element
s 2 2 Nyt
CVT,f 1 € 9T (X)) with ptV',f1 = ¢ . £gVT,f 1Y forms  a
L L * L L Nyt v L
homogeneous base of m¥X) over m;. a
The following lemmza describes polynomial algebra

structure of m¥(BD) overfn*.

Lemma 4.1.4. The ring m;(BD) 15 & polynomial algebra

over N with one generator 1n each positive. degree. The
class [£] of a vector bundle ¥ over a n—-dimensional manifold
serves as a polynom:al generator 1f and only 1f e () = 1.

kil

Proof. The homology H*(BO) 1s a polynomial algebra on



the generators a € HL(ED(I)) = HL(BD), for 12 . Also 1T
¥ 1s a vector bundle with classifving map f : ¥ —s EOO)
— B and u < Hh(X), the class f*(u) serves as one
of the polynomial generators of H*(BD) 1f and only 1Tt
7 on(E), u ~ = 1. Combining this with theorem (4.1.1.) we
get the lemma. @

For convenience we uwrite bt(&) = eL(V) whenever ¢ 15 a
vector bundle over a manifold V. Thus bL(Z) = eL(p*tv,f]),
where f : V —— BO 1s the map classifying the bundle ¢ and
p, 1s the homomorphism i1nduced from the constant map p : BO
— pt.

Definition 4.1.5. A bordism class af a mzani1fold 15

decomposable 1f and only 1f 1t can be expressed 3s a sum of

products of lower dimensional bordism classes.

Lemma 4.1.6. Suppose given for each positive i1nteger n,

elements x; and x;' of U%(BD), with x; absent 1t n has the

form 2% - 1. Then these elements form a system polynomial

generators of the ring m¥<so) over Zz 1f and only af for

each_n the pairs of numbers (b'(x:), e (x;)), (b (x'"),
™ ¥ ™ 1A

A

en(x;')) and (0,0) are distinct.

Praoof. Let Py ¢ m;(so) —_ m; be the homomorphism
induced by the map p : BO —— pt., and 1, ¢ m; —_— m;<so>
be the inclusion of rings i1nduced by the i1inclusion of a
point i1nta BO. For each n, we choose an element y, < ﬂh(BO)
such that en(yn) = 1, 30 that m4(so> 15 a polyvnomial algebra
over m; on the generators yn; We may assume that bn(y ) =

n

G , + e
J, by replacing Y. by Y. 1,.P,Y > 1T necessaryv, since

b\(y\) = e'(p*yn). We now choose polynomial generators z 3
¥ Y "1



~3

n not of the form 27 - 1. for m;, included 1n N;(BD) by 13
then € (= ) = O amnd b (z ) = 1. So I (BO) 15 a polynomial
n n n n #*

algebra ogver 22 with yv and = as generzators.
n n
Now any element x 1n JT (BO) can be expressed as 2
n

polvnom:izl 1n y and = . Since b and e vanish on lower
r r n n

dimensional bordism classes. We have 2 = e (xly + b iz
[t Ll

+ decomoosable elements. Hences the lemma follows.

Let M denote the set of bordism classes of all
n
n—-dimensional manifolds with am i1nvolution that 15 free on

the boundary. Let CVn,T] < Mr. Then the wset F of fixed
points 1s the disjoint union of various subman:tolds Fr of

dimension 1 and each F' admits a tubular nei1ghborhood NL

that 1s isomorphic tao the disk bundie D(vL) of the normal

bundle v, to F' 1in Vn, D(VL) having the fibrewise antipodal

involution on each fibre. Assuming M to be d:isjiont, T
L
acts freely on the complement of the union N of N. acts

freely. So V" 15 bordant to N 1n Mn. But M 15 determined

L

by the normal bundles to the fi:ed points sets [ . So M

™
may be regarded as the bordism group of smooth vectar

bundles over manifolds, where n 15 the totzl dimension.

Definition 4.1.7. Let F denote the set of bordism

2l

classes aof za2ll n—-dimensional manifolds with free i1nvolution.

Then the homomorphism 0 : M

+ F defined by JLV,T]

n "n—1

LoV, T/oV] 15 called the bordism J-homomropnism.

Definition 4.1.8. We call the slement s = [DL,T] - of M

L

the suspension element where T 1s the antipodal involutian

on the uni1it disc Di.

Let f : ¥V — W be 2 smooth map between smooth



manifolde. Let [Q,g9] = NQ(N). By trangsverse regularity
theprem, g : ] —— W can be considered to be transverse to
f (that 15 f 2 g ¢+ V 2} ——s W 2 W 15 *transverse to the
diagonal submanifold AW). Let P be the pull bact o7 f and
g, 1.€., P = {(v,g) € V x Q@ | flv) = gl(v)} < V : Q. Define
h : P —— V as hiv,q) = v.

n

Definition 4.1.%9. The m;—module homomarphism f oz WQ(W)

—_— m;(v> defined as flLQ,gl = [(P,h] 1s called the transfer

homomorphism i1nduced by f.

Definition 4.1.10., For any i1nteger n, A sufficiently

large (at least n), we define L = 1nv  laim Jt 2 ’
K } nek n+k

~

where the 1nverse limit 1s formed using the homomorphisms h

: T (RP ) — T (RP ) 1induced by the

Nkt L) Atih+ay n+k A+l

inclusion h : RP — [RP so that the grzded group L
A+ A+} +1

1S5 a m;—module. We define the stable bordism J-homomorphism

J =« MU_n _— Lu« on the class [E]1 from the sequence of

elements 8SM1E8] = J (FP Yy, where dsh1[8] 15 the

trntk A+h

class of the manifold S(Z & ek“) with 1nvolution.

Thaorem 4.1.11. Let I denote the graded group of the

bardism classes of manifolds with 1nvolution. Let & = M,
Then x € I 1f and only 1f Jx 15 an element of the subalgebra

K of power series i1n o, © = e1 < L , s the element

represented by the i1nclusion RP s [P .
-1+k A+h

Proof. We have the split short e:iact sequence
P J

0O —— I » M s F — .
n n n-1

Then we have In = Z 9 L(BD(1)) and zlso In = m o = bter 9.

(8

Consider the map P : L —— J1 (PP Y. Let 9o L be

n+} A+) " "N

M
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the element represented by the 1nclusion [RP = [RP

-r+k A+?

defined for n = -A. Then we have © © = © . We have for
" n men

any 1nteger n, & = . By theorem (4.1.3.), for -A = n =

n

n

n
l, ® 1s mapped to a m;—base of m¥<mPA+k> and for n -~ (=]
1s mapped to 0. As we let } vary, we find that L 1s the
graded algebra of Laurent series 1n & with cozsfficient 1n m;
and as 9 has degree -1, there are only finitely many terms

wirth negative powers of 9. Then 1t 15 easy to see that P 1s

a surjective map with lernel ekﬂKnd+1.
Now tabing k¥ = -1, we find that kernel 1s Kn and the
homomarphism J 1s the composite M g - L P NI (RP ).
N n n-1 x
Now, x €l & x € ker 8 & &1 = 0O & PeJit = 0 & Ju € K.
Hence the theorem follows. @
Theaorem 4.1.12. Let V be a closed maniftold with

involution 7. Then JIV,T3]

[V + +terms with positive

powers af ©.

Proof. Let [V,T) €« I. To determine the constant term 1n

the pouwer series JLV,T], consider k = 0. So that we have
surgective map Ln ——————9:RH(PPA) with kernel eKh+ and only
the constant term survives . Far the 1mage 1n Mn(RPA), we
have I9sLV, Tl = [V Dx), T« T3 = [V x SO, T Tl = [V 24
So, 1w Tl = éV].l, because the manifolds with 1nvolution (V
® SO, T % To and |G So, 1 « T) are 1somorphic. Hence
JIV,T1 = [V] + terms with pos:tive powers ot €.

We adyoint to M a formal 1nverse s © of 5, to get

MLs 1. Then MI[s '] = DT*(BO) © 22[5, s'1  and  the stable
J-homomorphism extends uniquely to an algebra homomarphism

J M[s-‘] —_— L.
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Cefinition £.1.13. Let 31 & M. Then the tiltration of

an element x, denoted by a fi1l(:?}, 15 the highest dimens:ion
of thes various components of a base manifold of a
representative vector bundle.

The following lemma gives cenerators L of MIs™'1 and .

of m; on which the effect of J 13 lnoun. The lamma 3lso
gives filtration of .
™

Lemma 4.1.14. For each n not of the form 24 - 1., we can

] and = = N with the

2] n "

in

find elements « <« I (2 )
n * 2

properties
(a) the % form 23 system of polvynomial generators of MCs 3
over the subalgebra 22[5,5 1

(b} the = form a system of polynamial generators of m;;

]

(c) th = =, + terms i1involving &;

(d) fll(xr) = n/2 1f n 15 even, or (n-13)/2 1f n 15 odd;

(e) the filtration of a polynomial 1n the x 13 the maximum
N

of the filtrations of 1ts terms.

Proof. We defime an 1nvolution T on the projective space
_—_— L

[RF’ZL by
11[t0, e tL, t;, “o t:] = [to’ .. s tL, ~t:, “e ~tl]
in terms of homogeneous co-—-ordinates (to, “a gy tL, t;, . ’

t:) on RP#. Its fixed points sets are the linear subspaces

RPL defined by t; = ¢ = ... = £ = 0O, and (32?3’\_1 defined by

L

2
tu = t1 = ... = tL = 0. For the normal bundle » of PPL uie

have uLh)) = 1aL, where « generates the cohomology F#(RPL).
For the normal bundle » of ?qu we have Ol(U) = (1+1)at

The product i1nvolution TL x T on ?PzL 3 PPZ} maps the
3

Milnor manifold H2 2 into 1tself, 1 = 3. We consider the
Lyc)



fixed points sets of 7T %

T |H y wWhich are Just the
L ) 24,2}

1intersections with H2 2 of the four fixed poinls sets of

L,

T 32T on RPZ b RPZ , namely WPL X RPJ, FP « [RP , [RP
] L

L L L J— 1 L-1
2 RP  and RP « RP . Now PP % [RP intersects H in
J v-t J-1 L J 2u.2)
& copy af H . The normal bundle v of H in H 1S
L.J 1 L. 2.,2)
the restriction to H ; of the normal bundle of PPL b WPJ in
L
®P x [RP and we have o ) = 1.7 4 3.3
2. 2) L+j—-1 1

where o« and (3 generates the cohomologies of RPm_ and PPZ.
)

The sets PPL x RP and vad x PP are entirely contained

)

1n . The normal bundle v of RP i PP in H
2.,2) 2 L -1 2. 4,2
‘becomes the normal bundle of RPL i (R'PJ_.1 10 RPZL v PPZJ 1f
we add the normal line bundle of H in (PP x [RP_
2.,2) 24 2)

therefore

+)-1 -1

W) = 1.0 + g+ aen T,

<
L+)-1

Similarly, for the normal bundle » aof RP x [RP in H
9 L—1 ] 21.,2)

we find that

1 L+)—1

(w) = (1+1) .7+ g + (e,

L+ -1

Finally, [P x [RP intersects H 1N a copy of
L~4 1-1 21,2

mt1ag? which has dimension 1+3-3 and we can i1gnore them.
-1,) -

We shall list the generators X according to the form of
n.
Case I. n = 4k=-2.

We tate Mg = [RP4bQ, szul. The fixed opoints sets

F 1s the disjoint union RP2b1U RPZL[ But the normzl bundle

of Psz 15 the Whitney sum 24L& —— szk’ wherse ¢ 15 the

cananical line bundle on [RPZk and hence em(f) = 0, The

normal bundle to Rszq 1is the Whitney sum (Z2t-1)¢ —_—
- 2k-1

RP . Thus, v (v) = (Zt-1) .« . Hence, e ¢ )

2k -1 2K -1 24 -1 ak-2
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= 1 and b2 (« ] = e (RP ) = Q.

-1 Tek-2 2k-1 2k~1
Case II. n = 4k-1, n not of the form 2% - 1.
We choose positive integers i and j such that 14+ ] = b
. . L. k.
and the binomial coefficient ( L ) = 1. We take Riper
s, T x iH T, The fixed point dimension is
4i,4) 2v 2) 4L.4)
2k—-1. Ta find e (x ’y we evaluate ¢ (v) on the
2k-1 T 4k-1 2k-1
fundamental classes of the variaous components and add. Far
H we have < (v ) = .":‘i.azy'"1 + EJ.ﬂzrl 0. To find
2.,2) 2k-1 1
o of the normal bundle on RP_x [RP , we note that the
2k-1 2, 2)-1
.. : 21 .2§5-1 . 2k-1 . 2¥—-1
coefficient of o (3 in (a+3) is o . Also, for
sy ¥ szﬂ the coefficient of o *'B% in (a0 + {’i)Zk“1 is
- 2k~
[ ”h.l ] = ( :E 1 ]. Therefore,
23 21-1
- 2k-1 2k-1 _ 2k _
® ket Fapey) T ( 2i ] * [21—1 J - [21 ] = 1.
_ _ 21423 _
Also, bzk_i(x‘k_t) = eZk—l(HZLZJ) = [ 55 ] = 1.

Case III. n = 4k.

We take x = [RP , T . 3. For the normal bundle of
4k <k 2k
fixed points set Rsz we have oé}(u) = 2k.02k = 0, so that
ezk(x‘k) = 0. Also, bzk(x4k) = ezk(szk),z 1.

Case IV n = 4k+1.

We take x = [H T T
ak+1 2.4k 1 ° 2k l H1.4k

13 .2k 2k
ve have o, (v ) = o+ 2k = To

1. For the fixed

points set Hsz

evaluate this on H we use lemma (4.1.2), which yields

1,2k
zero. For the set RP : RP s we find o (v ) = <2 4
1 2k-1 2k 2
(2k+1) .57 + (ar?*, in which the coefficient of o' s
[“k ] = 0. For the set RP_ x RP_ we find o (v ) = 2.o°
1 © 2k 2k s
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2}
+ .".L./izlr + (u+ﬁ)2y which does not contain the term 37 .o

)=1andb2(< Y = e (H ) = O.

Hence ez ¢ 9 q}+1 2F 1.2k

} ~4l+1

These 1 's form polynomial generators of MIs 1 over
n

Zls,s 1. The elements = <= J1 are given by the 2quation
n H

Jix = = + terms i1nvolving 9. Assertion (D) follows Trom
m n

theorem (4.1.1) and assertion {c) follows from <theorem

(4.1.12). Aissertion (d) 1s obvious from the choice of W
n

and above discussion. Since M[s '] = N_(BO) Zzts,édl, by

lemma (4.1.6), for each n, we choose an element Y, € MLs™ '3

satisfying (a), (d) and (e) of the lemma. We can adjyust Vo
[a]

by replacing Y by Y. + 1*p*yn 1f necessary, where 1, and Py
are the maps defined 1n lemma (4.1.6), so that we have i =

Y. + decomposable terms; from which assertion (e) for it 15
! )

clezar. =

A

Corollary 4.1.15. J : M L and J : MIs ‘1] —— L

are monomorphisme.
Proof of this follows from lemma (4.1.15).

Corollary 4.1.16. BGiven e M, Jx 1s a finite Laurent

serieg 1f and only 1f x 15 a polynomail 1N 5 with

coefficient i1n m;.

Proof. Since J 1s a homomorphism of m;—algebra and Js =
éq, corollary (4.1.15) gives that Jx i1s a finite Laurent
series i1n 9 & x 1s a TfTinite Laurent series 1n s with
coefficients 1n m;. Since x = M, negative powers of do not
occur. Hence x 1s 2 polynom:ial 1n s with coefficients in
DT*.

Finally we give the Bpoardman five halves theorem.

Theorem 4.1.17. Let T be smooth i1nvolution aon a smooth

E1



closed n~dimensional manifold V, and 1let kL be the fixed
point dimension (that is maximum of the dimensions of
different components of the fixed points set). I+ Vv 15 =&

boundary, then n < Sk/Z2. If further the class (V1 1is
indecomposable in the cgbordism ring ﬁ*, then n = Zk+1.

Proof. Let V be an n—-dimensional manifold with
involution, with fixed point dimension k, so that [V,T1 has
filtration at most k. We write [V,T] by lemma (4.1.14) 235 3
polynomial 1in X s S and s—i; by the lemma (4.1.14) and the
theorem (4.1.11) we find that this polynomial must take the
form

2

IV,TI = A+ A,s b + a8+ ...
o 1 2

where each KL is a polynomial over Zz in X . By theorem
. r

(4.1.12) and lemma (4.1.14), [Vl 1is 2a polynomial 1in z
corresponding to KO.
Case (a), Ko # 0. Now for all generators s filGe ) =2 2Zr/5

and so k 2 fil(C(V,T1) = filxn = 2n/5.

Case (b)y, A~ = 0. Here the term x actually appears in A

\

and so, k = filko = filxn 2 (n-1)/2. =m

2

2. The stationary points set F0 e and the normal bundle.
2 .

Definition 4.2.1. Let (Mn,e) be a closed G-manifold and
n

F = Lyo FL, where FL is the l-dimensiponal component of F,

be the fixed points set af M" under the subqgraoup Gz(C) of 6

consisting of all elements of order 2 in the centre C of 0G.

Let D(UL) be the normal disk bunpdle of FL in M" with the

induced action eL,of G on D(vl). Then F 1s said to have an

equivariant trivial normal bundle 1n Mn, 1f G/Gz(C) acts




trivially on F and there e:x:

(]

ts some positive dimensional
G-representations (NL,¢L), O = 1V =X n, such that in
%*(B;ﬂ.P), whezre & 15 the family of 311 subgroups of 5 zand P
15 the family of subgroups of G not containing GZ(C),
[D(uL),eL] = [FL][D(WL),wll, D(WL) beging the wunit disk of
NL.

Theorem 4.2.2. If F has an ecguivariant trivial normal

bundle 1n Mﬁ, then F 15 a boundary and (Mh,é) 15 a

G-boundary.

Proot. Since F has an equivariant trivial normal bundle

1n Mn, we have [D(vl)’etj = [FLJED(NL),¢L] for some positive
dimensional G-representations (NLﬂa), 0O <1 < n. We have
the enact sequence of the triple ¢ € P = &,
I % Iy
.- ————»:R*(B;ﬂﬁ ————»fﬂ*(G;ﬂ,P) ————»fn*_1(G;P) —_— ...
n n n L

Now, 3 M 91 = z ED(UL)’GL] = = LF ]ED(wL),¢L].

lL=o tz=ou

r n L
Therefore, &, 3, (M ,61 = = [F LS ,@ 1 = ¢ an I _(B;2).
lL=0

Hence, there exists a P-free manifold (W,n) of dimension n

-

n
such that den,nl = z [FL][S(NL),¢LJ in m;(G;P), 1.84,
" " L e
(I, ™~ ( U F x (S(NL),¢L)) e (13

Lzou

let (Vl,wl), .. ,(Vm,wm) be the set of all irreducible

representations of G. Now 2any 0G-representation can be
m bk '
written as & (Vk,wb) ' for some map T 1, .. , M3 -+
k=1 :
Z+, where Z+ 1s the set of non—negative integers.
m
f ¢k - -
Therefore, NL = & (v;’V;)L ’ for some TL : HD e .- LMl
k=1 ) )

-+ Z+. Since NL 1s posaitive dimensional, there e:nist at



P ~

least one member F (L) = {1, ... ,m} such that fL(S«(l)) = 0.

Nouw we fix some (3 (O, ... ,nl. Then there e 1st |} (3) <=
{1, ... ,m3 such that fﬁ(k(ﬁ)) E I I Ws consider the
irreducible representation (qu”,z;uﬂ)) of 6. Let p =
ke L] _ R _ th
v;.qi»’wkq‘i)) be an irreducaible factor ot e
GZ(C)—representatlon induced by (VHH»’WHH))' As  p 15
i—-dimensional, hterp 1s i1somorphic to the subgroup HL s of
k k-1
e = <= / : ' -+
Z, isomorphic to . Now g < HL([’» - \‘3 F F 1s
. )
identity, 1.e., H“ﬁ) fixes \“ﬂ' Let C\Hﬁ) be the largest
t H .- £ b = L.
subset of {1, ym} such that HH/?) fiies VJ, J = AH/”
Clearly V(3) € A _ = . Let aliv,3) = z f ().
k¢ <A L
} = k\ffj)
Now A{(f3,3) = O. From (1) we get,
n
F, (W™, v U (FU o FL (SN L300
IRVED) l=u V8
N ~ " L .
1.0., c‘)FH (W ,m u o (F o FH (S(WL),;:L).-.
kD L=u kaf32
£ e = L t G .
Let 2.3 be the subgroup complement to HL(;:) 1n uz(C)
As W~ 15 P-free, :2/’} acts freely on F W' = F° so that
: y\/‘fl
n
- -
we have (J9F ,r,{?_‘zﬁ) ~ U (FL X (SA(L’H) 1,5)) vhere 3 1S
N : t=o
the antipodal invalution. Also [6F*,u|22/_g] 18 ©Tero in

JT*(a.:z'ﬁ;J“l), 7‘1 being the family consisting of only trivial

subgroup of éz,,;' .

t1 3

- * AL,
Therefore, O = [OF |2 .3 crl o (sB T gy,
2.(3
L=v
But :)TJL(Z_“ZI_j:CFL) 15 free ﬂTf—deule with generators [Sh,a], n

e £, . Since A3, = O, [F{?] =0, for =11 5y € O, ... s

Hence [F1 =0 in 31, . Therefore,
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M3

I, [Mh,e] z [FL].[D(NL)ﬁ%] = Oin JT_(G3,P). But we -
L=0

have ) : 9’(*(8;.;:!)

- - m;(G;ﬂ}P) 15 an injection.

Thereftore [Mn,el 1S ~“ero 1in m¥(G;ﬂ). =

§5. Characteristic number of a manifold with involution.

In this section we <¢hall discuss the calculation of
characteristic classes of a manifold with 1involution which
was worled out by Kosniowsti1 and Stong.

Thearem 4.3.1. Let M be 2 closed n-dimensional manifold

with a smooth involution. Let F-'r\“)k be the Lini1on of

(n-})Y-dimensional components of the fi:ted porints set of T

} n-k N - _
and v be the normal bundle of F in M. It TG, .
1
»¥ 1} 15 a symmetric polynomial over 22 1in n-—-variables of
N
degree at most n, then
f1+y . 1t A .. = :
T — i? ? yk’ ! ’ b=k =k
fGo, ... yx MY = C [r 1
1 1 k
(1 + v
M i
L=1
where the expressions are evaluated by replzacing the

elementary symmetric functions oL(x), at(y) and oL(:) by the
Stiefe]-Whitney classes ua(Nn), uk(vk) and uk(Fn—k)
respectively and taking the value of the resulting
cohomology class on the fundamental homology class of M"  or

Fn—-k

Proof. Let N be a closed manifold of dimension n-} and 2
be a k—plane bundle over N. Let M be the projective space
bundle RP{f @ 1) of the lines i1n the Tibres of & =& 1. Let T
be the 1nvolution i1nduced by multiplication by -1 in  the
fibres of & and by +1 1n the fibres of the +trivial line

bundle 1. The fixed points set of T 15 then the union of N

85



= PP(1) with mormal bundle & z3nd PP(F) with normal bundle
the standard line bundle. We consider the eguaticn

foOTMI = T ;T(—l(—f‘—;—j—) [F1.

Then both sides of the 2bove equation 2re 1nvariancts of the

~h

equivariant bordism class of the i1nvolution (M, Ti. Also 1%
15 additive on the disjoint union of the 1nvolutions. Hence
1t 1s enough to chectk the formula for the rnvolutions which
generate the equivariant bordism additively.

As bhoth si1des of the equation are additive functions of

f, we shall check the farmula for {he smallest symmetric

L |8
- 13 1
polyrnomial sw(x) T AR eeeX containing the given monomial,
"
where w = (H’ «ne syt )} 15 23 partition of n.
.

Now far any k—-plane bundle v over N the cohomology

k-1

* *
H (RP(n);ZZ) 15 the free H (N;Zz) module on 1, c, ... s C

where c 1s the Stiefel-Whitney class of the standard 1line

bundle.

Now Stiefel—-Whitney class of RP(n) 1s given by

w(RP (1)) = w(N).L(1+c)” + (1+c)“”‘u1(,-,) o w5y
¥*
and 1f a« « H (N;Zz), then
. O 1f 1 & k-1
catkPin)d = {QL_kH(maCNJ 1f o1 = k-1

where w denotes the dual Stiefal-Whitney «class defined by

wlrnduwln) = 1.
. . n-k
Now using splitting principle we have wi(N) = [ (1+aﬁ,
, 1
w(g) = [ (1+BL). Then
1
n-k k
w(RP(F & 1)) = 11 (1+aL).(1+c).ﬂ (1+:+HL)
1 1

86



and w{PP(Er) = M I+ }. [T {14+ ).
L L
L 1
For f:0, (o0 40 ) = 5 (0, .. it 2 we nave fon , . e
1 ™ w 1 t 1
L MIPP(E & 1)) = 5 (K, «o. 4 JIRP(E @ 131 = s (¢t (FP( @
» w 1 "N o)
1MIIRPLE & 111, where s (T(RPF( @ 1Yiicenotes the
w

characteristic class. The characteristic class

[Hl]

stable,

[

s0 the right hand side becomes

S, (Cy CHB 4 wen 4 CHB, &y ces y a DVIRP(Z ® 1)3.

n-—

f(l+y, Ty eeeiaE )

n- 1

Also 15y [RP (¢ 1}1
s (l+y, T 4 .. ,T )
_ L 1 ne- g .
= (T7y) [FEP (2]
sw(zt, .. ’:n—x) _ (1+y) s Cu, R SO
= ( + a )
(1+y) (1+y)
L0

[RP(£)1, where S v = 0 1T 1 € w and 1s the obvious
partition 1 f 1 € w, and the right hand side becomes
Sw(T(RP(f))) . -

z c &
¢ SETS) + £ (1+c) swﬁu(r(PP(E))))ERP(‘)]

L>0
i (Sw(C+ﬂl’ .- 9C+ﬁkya1y - ,dn‘k) N R s

(1+c) < P S (O

L0
.. ,C+B},a1, . ,awi))[@P(E)J. Finally applving the
splitting principle to 7(N) and ¢,
f(1+y11 .- 11+Ykixtv LR R (N
M(i+y )
L
= Sw(1+ﬁtr _ ’1+ﬁk‘al’ - ,an_k)[N] On expanding the
SESET : P 3
n-k
expression Sw(1+61’ - ’1+Bk’a1’ . X = z v, <
LV=U
H*(N,Zz) with p € HL(N,EZ), we get
L
n-k ‘OJI—L
sw(c+ﬁ1, . ,C+Bk,a1, .. ,un_k) = Zo c r o where |o| =
v =



s (143,00
w)

henp —2 _— _ IN] = -, b (&) . " (2)3)[
Then SETE )[h] [ = r ](1 + ul(g + +.‘%-k\\>) N3
1, L= Q
'I—L\ -
= :_.‘ }L.l"l‘\~k—L[r\£]
L=C0
s (CH3,) n- b
and - [RP(F)] = - rl“"‘y (1+c+c’+ YLIFP (2 )3
(1+c) =" v et N
L=0
w1th c‘“|'“,L(1 +c + 24 L OIPP(E)Y]

0 1f|w ~1,.n-1-1
= { et - by selecting wn—-1)
c rL[RP(z)]lf]w]—lin~l~1

degrees terms,

s (c+3,c)

L o
Thus ——5—5—[RP ()]
n-k hey -
_ LEO c wn_k_L(E)}L[[P\P(f;’)], 1f lwl < np-1
() . lf IO"! :\ n
‘w(1+ﬂ.a)

(NI, 1f | = n-1

T{1+3)
v s 1f Jo| » n-t

1
e
i

s (1473, e0
S (t:-r[?,a) WEN], 1f |0Jl = n
Similarly ———[RP(§f & 1)1 =
i+ o 1¥ |w] - n
9

i

Now we have fOOIRP(F & 1)1 = sw(c,c+ﬂ,a)[PP(& & 131

= s (CH+H3,0IRP(Z ® 1)1 + Z c's (c+3,cd[RP (¢ @ 1)1
w Lr~<{\L)

-— Lond

= s, (C+3,00IRP(Z & 1)1 + Z c(i+c) s (e+3,cO URP (@1))

N G=—=(L
Lo>C0
where using ‘wl = n the terms added Trom c(1+cy ¢t
evaluate to zero. Thus,
fGOIRPE © 103
= Sw(c+ﬁ,a)ERP(8 % 11 + |, Z (1+c)' 7 's » (c+3, ) LRP (&) 1
Lo (33 i g W]
as c.y PP (el )l = 1*.rCFP($)J where 1 1s the i1nclusion from

FP(Z) to FP a1y, Then the above egquation reduces to
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fGOIRPE & 1)]

s (c+3,0)

_ - . f(l+y,z)
Finally, 1 f lw| =n -1, Sw(c+ﬂ,a)[RP(E & 1)1 = 0O and
s (c+3,a) s (1+3,a)
@ oo T = fUty, )
EE LRP (&)1 SETED IN] = T(1+y) [N, while for

sw(c+ﬁ,a)

[ = n, B (RP(Z)T = O, and sw(c+ﬁ,a)CRP(8w1)] =
2 sw(c+ﬁ,a)
- -3
sw(c+ﬂ,u)(1 + c + Cc + ..LMRPEEBL1IYT = TS [RP (1]
_ Sw(1+ﬁ’“)[N] o fly, =0
T{1+3) M{1+y) )
(28
Thus, 1f |w] £ n, we have
i 1
o
1 . . LN
> o f(l+y,2) " fll+y,2)
f(x)IRP (o117 | (T7y) CRP(Z)1 + HCiry) CN].
. ";\ ‘
Hence the theorem follows. =
As a consequencer of the above theorem Stong and

Kosniowsk:i have proved the stronger version of Boardman

5

i

thearem proved 1n §1. L,
. ,r Yo """«,1 n

: :.; & . ni o
Tneorem 4.3.2.%° If (M,+,T) 15 an 1nvolution with fixed®

e

e
[N ¥ 3 LT !

point set F and 'dim M. > (S/2)dim F, then (M",T) 1s a

PR

boundary.
+
Proof. Suppose F" denotes the n—-dimensional part of the

fixed points set, with r > (3/2).n and for 1 > n,
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L n+r-g

(F ,v ) 15 zero 1n It (BO(n+r-1)). Consider a pair of
. .
partitions w = (11, «sey 1 ) and w’ = (31, . ee Jl) for
=
which Jw] + |w’'} = n, w being 3 nondyadic partition. Let
fw w,(x) be the symmetric function defined as
b ]
v o +1 L1 L o+1 1
N — 1 S =1
f L, = 02 (1+x ) e aeaea (I+x ) K.
Wyw 1 1 3 2
J 1y L)
- 1 1 t t
L 2 (1+:x ) e X eaaa (140) - T
1 1 L L

This symmetric function satisfies the following properties
(a) in fw w,(1+y,z)/ﬂ(1+y), the term of least degree 1s of
1

- - 4 + =
degree atleast n and fw ,(1+y‘,...,1+yr,-1,...,hn)/ﬂ(l Yy}

Y

hud e = «evgyl t .
sw(h).sw,(yl, s Yoo T ’ n) + terms of higher degree
(b) If 1 € wy, + ~ 1, so 21 + 1 7 (S/72)r . Thus the

[Z) (&3 ¢ X (&)
highest degree term 1n T %) 15 Oof degree 2lu] + s + 2w |
b}

< (5/2)(|w| + tw']) = (3/2)n.

Therefore, we have

n+r

(1) f , Gy 1 = 0, since T , {2) has degqree . n+r.
Waw W, w =

(11) I+ v - n, (Fk,vnﬂuk) bounds and so all characteristic

numbers vanish. For k A n, all the terms of

fw OJ,(1+y,:)/ﬂ(1+y) have degree .~ V. Thus,

I

(f  , (l+y,=)/MI(1+y))LF"] = O, ¥ = n.

SRR

1]

(1z1)  (f w,(1+y,z)/ﬂ(1+y))[Fn3

s (t).s ,(T@V)[Fn], from
b ] w w

the calculation of the degree n term.

From theorem (4.3.1), we have sw(r).sw,(r@v)EFn] = 0 for all
partitions w, w with |w] +]w’'| = n and w nondyadic. One
tnows that £ ¢+ N —— X bounds 1f all characteristic
*
numbers s (r ).f (¢ )IN] = O, where |w| + 1 = n, & are base
W N L L
elements af HL(K;72) and w 1s a nondyadic partition. Thus
the map v & v = FY'— BDr classifying the bundle ™ @ v
e



Nn+4

bounds. Let f : V _— BOmr be a2 map with boundary
T e v : F — BDn+l. Let g VAN BDm zlassaify the
normal bundle of V 1n some R "', Then @-{(f g} : Vi
—— BO___ has boundary map » @ (nem) F'ooo— BO .

classifying the stabilization of v. Since the stabilization

BDP — BO 1s monic at bordism level, [Fn,vr] 1S —ero

nem+r

1n ﬂ%(EDr). Thus, 1nductively, all the fTixed ogatz of (1, T)

are zero 1n bardism. Hence M,7T? bounds. @&

kosniowst 1 and Stong have also provided a formula for the
evaluation of the characteristic numbers of manifolds with
K

iz action.

lLet M be a closed n—-dimensional manitold with a =smooth

k - .
action of the group 22. Let f(xr = f(0 , oo : . .
1 LR
1 3 =} —
R L AR +% ) be a polynomial over =, which 1s
[a] "
1 s

L L k

{xl, see a3 dy 1 = 1, il y5. We wrate 22 = {Tl, see 5T, |
L
T2 = 1 : TT7T =TT > Assuming « , .« O to be formal
L v, ) L IS k
variable, let up = Z {« [ p(T Y} = -1} for o an irreducible
. L L
representation of Z:. Let Fo be a component of I and K be
the quotient field of 22[01, .- ,ak]. The restriction of

the tangent bundle of M to Fo decompnses 1nto subbundles

k ~
under the action of Z° z3s 1 [F_ =7 & (& v ) where v_1s
2 M o F P ~ fo
(8]

-k .
the subbundle on one space which “, acts via @; and the

—_

subbundle on which di acts trivially 1s 1dentified with the

tangent bundle aof F_. Let p = dim F_, g = dim v _ . Then n
o o P ©

n

= p + Z qp. Also each subbundle ¢ t decomposes such “that
SNLIF = @ fnL Py acting via p. If g. = dim 3HL then n =
o T el T2 ©o © L

2?1



Z o . tosri1owsth and Stong hzzve proved tn=g  following
- ~ -
~
theorem generalising theorem (4.5.1):
- flzy; o+yy oty
Tneorem 4.27.95. The element 2 2 22 “IF 1 =+ =
Moty o

a polynamial :n e 5Oy and hzas constant term 2gual to

f ()M, where the expression 15 evaluated by reolzcing ths

J—th elmentary symmetric function 1n sz' eee 4 F by wAF )

I~ yooo

q v

1 L.l t -

= w (T )y v, v v T3 by w () and  Lw' ", “ e Jul e
J FU ~ ~ 1R e ~

S

by wﬁ&pL); (for prooTt cf. {32133,

%4. Involutions with fixed points set of constant

dimensi1on.

In this section, we shall study the works done by
tosniowst 1 and Stong whao i1nvestigatsd i1nvolutions 1;,T)
having fiied points set of constant dimension. This study
was made 1n 1978 by Kosniowsbk1 and Stong [221. Later Stong
[20] almost completed this study 1n 1981. One ne=ds some
facts about symmetric functians to male this 1nvestigation.
We mention below some of them without proof.

Lemma 4.4.1. If al(x) denates the 1—~th elementary

symnetric function Z SRR then
L

k=3

) + .- + = .-

(a 01(1 Y- s 1 yk) 2 [ 1= J aL(y ’ ,y})
J=O
(D) o (l+y . I+y 2 ese 4= ) = z b-o o Yy
L 1! ? LTy Tt . 1-p—q p “17
p+3=t

.- ,yk).aq(hl, .- ,hn).

Lemma 4.4.2. For 1 = 1 = infi{},nm) , 3 symmetric
polynomials TL(xl, . ﬁﬂw’) and gthﬂ, o ,xﬁ”) of

degree = 21 such that

o



f (i+y , o GJi+y =, L. 4z ) = UL(Z) + higher degree terns,

! L K?7s "
gL(1+y1, .- ,1+y‘,:1, .. ,:“) = UL(Z} + higher degree fterms.
Lemma 4.4.2. There eii1sts symmetric polynomials o “ﬂ’
1
SRR }y 1 £ 1 2 Z2n, of degree = 1 for which the degree 1
1R}
term 1n h G, ... ,x_ 3} 15 o (1, ... 4x_ ).and such that
L 3 2n L 1 2n
n (1+y1, - ,1+y‘,:1, .- .2 ¥ has no non—-zzro terms of
L S T
degree tr/2).

In {20] Kosniouwshi and proved the following results
regarding fixed points set of constant dimension.

Proposition 4.4.4. Let (M“*k,T) be an 1nvolution with

fixed points set F" of constant dimension n. If either ¥

n or b = n with Mn+k being boundary, then the involution

n+}k

(M 7, T) bounds.

Proof. if L + ... +1 0+ J, + ... +t3 = n, then
— r S

w (Froo..w (F).w Gy lsaw G TFE™

i r Ji ’3
(le....fL\-g 1""919)(1+y’:) ‘
= h(1+y) LF™3
= (ftt....f%.g,L....gla)(x)[Mn*k] = O, since wak bounds.

Thus, all Stiefel-hitney numbers of the mao\p v : F

+
—_ BDk classifying the normal bundle of F® 1n ™M" + are

zern. Hence (Wﬁk,T) bounds.

Propositiaon 4.4.5. If (Mzn,T) 1s an 1nvolution with

fixed points set F" of constant dimension n, then (M, T 1S
bordant to (F x F, twist).

Proof. For 1, + ..+ 1 F 2n, the Stiefel-Whitnay number
W o....w M) 15 given by
Ll. Ll‘
“n e + .« e + s e e e gl
h . hL ¥ (1 Y, .1 Y s . )

L 1 3]
1 r

ﬂ(1+yt)



and h (l1+y,z' has no non-zero term of degree - (1/2) by
L

lemma (4.4.35). Therefore, hm(1+y,:) = @ + higher terms
J
and h2”1(1+y,z) = aJﬂ + higher term. Also
(hL...hL)(1+y,z) has all non-zerc terms of degree ~ n, 1§
L r

any 1 15 odd. Thus, all Steifel-Whitney numbers of M

divisible by an odd w are zero {1.e. allmonomials ot degree

2n 1n Stietel-Wnitney classes i1nvolving odd w evaluated at
1

tM2"1 1s zero). Therefore by Milnor M2 15 bordant to N xN”

for some n—dimensional manifold. Consaider the involution
2n n n

(M UN x N, T U twist) bounds as an involution. Thus

(Mzn,T) 15 bordant to (N x Nn,twlst). Hence [Fn,vJ =

[Nn,T] 1N 5&(80“), so that N” 1s bordant to F. This implies
that (Mzn,T) 15 bardant to (F « F, twist).

Proposition 4.4.9. It (Mw*, T 1s an 1i1nveolution with

Tined points set F® of constant dimension n > by then every

Stiefel-Whitney number of Fp*k divisible by a monomial

« i
el with s » n-k 1s zero
2L +31

2y +1
L
~ b =~ (T = +
Pro?f. ar h.(Lla) + s + h.(_Jﬁ) n+l , the
Stiefel-Whitney number w R W c..w M +L] 15
2. +1 2\ +1 2) 2)
: 1 k=1 1 L
given by
(h «es.h " .h --=.h Y (L+y 2
2¢ +4 2. +14¢ 2 2
1 =) 1 t [FJ\J
(T{1+y)
The degree ' aof the least non—zero term in
e +y,=Z P + Z = .
2t th)(l Y.2Z) 1S }a + s Jﬁ g or higher One
has 2q = n+k + s, so 1f's > n+k then g » n and therefore the

»

Stiefel-Whitney number ofiFn girven above 15 zero.

The following proposotion enables us to determine an



involution (M, T) 1n terms of F and M up to bordism.

Proposition 4.4.6. Suppose EtM2™t3 =0 and MY = V",

Consider the involution (F(vax),s), where

1 2n-1
2n-1 T x M

CMD) = ey~ =T

and sfz,ml= [;,mJ. The fixed data of this involution 1s

Mty U RN, b

"% 1). Consider a manifold W obtained

by taking disjiont union of i1nvolutions (C(M) % [O,11,8 % 1)
and (V x [-1,11, 1 x —-1) and then identify M x [-1,1] with
an equivarient tubular neighborhood of M «x {13 in (M)

-

{1>. This gives an equivarient bordism of (r),s) to an

N 2n-1

involution (Nzﬁsl)‘ with Ffixed data (F v ®1). By

proposition (4.4.5), (Nzﬁsx) 15 equivariently bordant to
the involution (F" x Fn, twist which has fixed data (Fn,r,
where 7 1s the tangent bundle on F. Now [Fn,T] <= Uﬁ(BDn) 15

then

completely determined by [F 3. So 1f [F"1 =0 1n m;,
tFY,2""'1 € 91 (BO ) 1s mapped to zero in 9t (ED ). Hence
n n—31 n 1A
(F™,2"t1 = 0 in JMHBD ). This shows that (M™%, 1)

bounds. This completes the proof of the propos:ition.

This study started by Kosniowski and Stong i1n {23533 waas
almost completed by Stong 1n 1981 by proving that a class o
= m;wq 15 r?presented by a manaifold M®™™' with 1nvolution T
having fi:xed points set of constant dimension n & every
Stietel-Whitney number of « 1nvolv1ng.a product of two odd
dimensional Stiefel-Whitney classes 1s zero. To establish

tthis first Stong proved the following lemma:

Lemma 4.4.7. let A, € NN be defined as A = { «w < It for
* < m m

whaich all Stiefel—-Whitney numbers divisible by &a product

v
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u ) are cerajl. For ewvery non—cyadic odd integer
2u+1 Z23+4

Z2p+1, there 15 an 1ndecomposable A = A . For any
2p+2 2p+1
such choice orv i1ndecomposables {KZ- l}, every o = Az . -an
o+ thh—
Nn-1-p 2 - Nn-1-
be eupressed z A N Py , Tor some (3 P e .
2p+1 n=-1-p
pPEn-1
Proof. For each non-dyvadic oad 1, lat wus choose
— L
polynomial generatars %= AL for mg = thxll = 2°-17. Let
s
t
I be the manifold reorssenting the classes 1 = N For
8 |9
FARED —
Glven o« € A2 K let M be 1ts representative. then upto
2 3l
bordism ; we have
2 L.l t
Laled § 1
M ~UNT % oLl v N caa (1Y
2n-1
IT ™ 15 1ndecomposable, this wunion contazins the
24
single term N with all other terms having length = 1.
Therefore, by adding Kz\l to «, we may assume that all
-
terms have leagth r 1. We 1verate +this bprocess. So

assune that all products 1n the expression have lengtn = s.

suppose that the product

J Iy J . I J
N™ x o0 x N7 N7 x o0 *x N7 % (o000 ® N X % N

where N % .. x N has P, factors with P, + p_ + .. + p =

2 k
2n-1
s, occurs as a term 1n M . .
For w = (1 ... 1), let s = 5 be the the
i r W L e s el
. 1 r
L& Lr
svmmetric function T 1 L..0¥ of the classes xL for which
the Stiefel—-Whitney class 1s w = [I(1+: ). Then,
L
Zn- .
[ A I s

R P R R R

since 1t has the value one for,the term

'Y 4
¢

' 3, ¥ N
3 EN "% .. xN° 1 = I1 (s [N 1)
R N AL R J

Pl
v

L

1 L

26



and 1t 15 zera on all“other products 1n the e:pression (1).

>

Note that s}hﬂ] = 1, since N 1s decomposable.

.

Now consider the product

@ = s s e s
Ji--.Ji jz.-.J Jk..-j

By rules for products

¢ = s + Z 3
J*...JL,JZ...JZ,..,J}‘...Jk w
where each w i1n the sum has i1ndices v s s0 that sw[MJ = 0,
and hence @I[M] = O. Let us consider the «classes = ;
Jo o =
with p odd. If J = 2“(2v+1), u s~ 0, then s =
Jamaed
(V3
(s 32 1e  an  even power of an odd dimemnsional
2Zvtlae o « 2VHL
class and hence any Stiefel-Whitney number of pZn
divisible by s , 1s zero. I¥ 2 1s odd, then s 1S
Jaas Je =)
an odd dimensianal class.
Since ¢IM"'1 = 0 and a = ME"T'] e A, _,» at themost
e
one of thes numbers p_can be odd, and {for that odd P the
correspondilng N must be odd. Since In-1 = I p 1 1S odd,
at least one odd p and ) must occur. Let P, and I, 1S odd.
Then
J J J } A] )
NY % v o NY s N2 % v N2 % L. N ce. X Nk,
]P
1s equal to N x V x V and hence represents a class
A (Bwq_p)z. Therefore by subtracting from classes of
‘o
- n~1-p .2 _
the form K2+lwi Yo, one can Tremove all preducts of
P
length s. Now 1nduction completes the proof of the

proposition.

Theorem 4.4.8B.: A class o € mé\1 1s represenited by a
1 n—

IS

manifold M®™' with involution T having fixed points set of
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canstant dimension n & every Stiefel~Whitney number of o
involving a product of two odd dimensional Stiefel-Whitney
classes 1s zero.

Proof. Direct 1mplicaxzion follows from proposition
(4.4.5). Eonverse follows from propaosition (4.4.7) and
induction on n.

5. Group actions having one fixed point.

In this section our effdrt 1 to study the compact
Lie—groups G that can act smoothly and effectively on closed
and oriented manifold M of positaive dimension such that the
fiied points set of M" consist of precisely one point. PDne
notes that we may consider manifold to be connected as the
camponent of M containing the fixed point 1s 1nvarient under
the zction. From the warlks of Conner and Floyd {(mentioned
in chapter III), one easily notes that 6 can nat be ZL.
Also 24 acts on ®P% via the action t[xu,xl,le = e R R Lo
with exactly one fixed paint namely [L,0,11. Further Conner
and Floyd conjectured i1n 1964 that for p an odd prime, Zpk
can nat act on an oriented closed manifold with enactly one
fixed point. This conjecture was established by Atiya and

Bott T1]l. We begin with an algebraic result.

Theorem 4.5.1. If G 15 a compact ncn  abelian Lie group,

there 1s a fairthful complex representation of 6 having no
one dimensional i1rreducaible subrepresentations.
Proof. We lnow that G has a faithful Ffinite dimensional
cample: representation W. Let W = w1 & W, where wl 1S the
:

sum of all one dimensional irreducible subrepresentations,

W’ being the sum of =211 irreducible tepresentations of
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dimension greater than one. Let N & G be the ternel of the
representation W, so that N 15 a closed normal subgroup of
G. lev [6,5] denote the closure ot the subgroup genera%ted by
the commutators.

Now the commutators act trivially on any one dim=nsional
representations, so [G,5]acts trivially on wl. Thus any
element 1n N n £G,G1 acts trivially on both Wl and W and so
on W. BSince W 15 faithful, this gives N mn [G,53 = {1I.

IfneNand g € G, them ngn 'g' = nign'g!) belongs
te N by normality of N. But ngn“"g”1 1s a commutator, so
ngn ‘gt = 1, 1.e., ng = gn. Thus N 1s central in G.

Now N x [6G,5] 1s a closed subgroup of G, and 1f £ 1s a
ane dimensional i1rreducible representation of N and po a
nontraivial i1rreducible representation of (6,61, then £ © &
1s an irreducible representationoft N i1 [G,G1, and 1s a3
constirtuent i1n some i1rreducible representation Uz of G.
Then UJ must have dimension greater than one, since 1ts
restriction to (6,61 15 non—-trivial.

We.,have s;me finitte sum of representations ¢ 1s faithful
far N, so there 1? a3 representation V which 1s the sum of W’
and a finite sum af representations UJ which will be a
faithful répresentation of G with no ane dimensional
irreducible subrepresentalons. @&

tet V be =z represen%atlon of G aver F (= R or €) having
no one dimensional i1rreducible representatians. Let FP(V &
F? be the praojective space of F~lines 1n the representation

space V & F, where F 15 the trivial one dimensional

representation of G. The action of G an V & F 1nduces an
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action on the lines and hence on FP(V & F). Now. 1f G fixes
X = FP(V & F), then x 1s 3 on2 dimensional invariant
subspace of V&F, but the only such subspace 1s given by Tne
trivial summand F. Thus the action of G on FP(V @ F) has
exxactly one Tiued point. Therefore theorem (3.2.1) gives
the following result

Corpllary 4.5.2. I+ 6B 15 a compact non—abelian Lie group

the G has an effective action on an oriented manifold with
exactly one fixed point.

Praooosition 4.5.3. IT G 1s a2 campact abelian Lie group =

k .
22, 3 an eftfective G—actirion on a3 closed manifgld of bositive
dimension with exactly one fixed point.

Proof. If dim G 0O, then the component of the i1dentity 1s

1.7 - . r
Bo = (%) for some r » O. The representation of bo on C
iven b (= AL R 1 D A (z w . e T w ) has
g b4 0 LI 1! thal¥ R s = W
i.r
no ane dimensional i1nvarient subspace. Therefore (§) acts

on N = CP(C" @ ©) with exactly one fixed point. Let M be the
space af (S‘f.equxvar1ent map from G to N and let G act on
M by (gf)>(g’) = flg'g), f € M. Since G/H 1s finite , number
of coset representatives are finite. Also f : G —— N 1s
determined by the wvalues f(gt), uhere =N are coset
representatives. Therefore M 1s a closed connected manifold
diffeomorphic to IG/HI copi1es of N. Also gf = f, for all g
implies that flg =‘(gf)(1)ﬂ= f(1}, 1. €., f 15 a constant
map. Further hf(1) = f(n.1) = f(h) = f(1), for h <= ()7,
sag that f(1) 1s the fixed pointrof N = CP(CT o O under

(3')". Hence the action of G on M has exactly one faixed

point.
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Proposition 4.5.4. If G 1s finite abelian group &~ <&,

then 3 an effective G- action on & closed manifold ot
positive dimension with one fived point.

Proof. By the hypothesis, G has at least omne element of

arder 4 or p for some add prime p. Consider H = 24 or ZU.
The action of 24 on ®Rp? given by t[xu,<1,/23 = C<1,—'U,f2]
has exactly one fixed point. For H = ZQ, the representation
on € given by (eznu?,z) —_— eznu?.z has nmo 1nvarient one
dimensional space. Therefore Zp acts on CPC o C) with
exactly one fixed point. Now, since G/H 1s finite, using

the same construction as 1n proposition (4.5.3), we get =

closed manifold of positive dimension aon which 6 acts with

ecactly one fixed point.
/

Proposition 4.5.5. If 6 15 a finite abelian p group with

p an odd prime, then G cannot act on a claosed oriented

manifold of positive dimension with precisely one fixed one
fixed point.

Proof. We prove the result by induction on |G- If |G| =
ps 6 15 cyclic. Then G cannot act on a closed oriented
manifold with a single fixed point (see the proposition
(4.5.4))for proof cf. [2]). Now let G be finite abelian p
group acting on same oriented manifold M of positive
dimension with one fixed point x € M. Let J be a subgroup
with (el S J S G and let F be the component of the fived
points set of J which contains x. G/J acts on F, whlcp 15
orientable, fiwing precisely the point x. Therefore by
induction F must be tero dimensional. 6 then acts on an

1invariant neighborhoad of x so that no proper subgroup of G
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fires any point other than x 1n the neighborhood, so G acts

freely on neighborhood N0, Thus J w & cannct be
P :

subgroup of 6y and G must be cyclic. This 1S a

contradiction, as cyclic p groups cannot act on 2 «closed

oriented manifold with precisely one fined point.

Proposition 4.5.7. If G = (s")' %« H s T » & and H

abeli1an of odd order, then 5 cannot act e2fizctively on =z
closed connected ariented manifold of paositive dimension
with exactly one fixed point.

Proaf. Suppase G acts effectively an a clased cannected
oriented manifold M of positive dimension with precaisely one
fixed point x. This action can have 3 finite number of

distinct 1sotropy groups G, H1’ H2, aee 4 H . Now each H

n 19
can contain only a finite number af the groups 6 = (2 )" x
s P

P, for 1f HL contain an infinite number of these subgroups,
then HL being closed 1t must be equal to G6G. being closed.
Hence there 15 a GS, for some s, which 15 not contained in

any of H, and that 89 1s 8 finite abelian p group acting on

it

M with precisely one fixed point x. This contradicts

propositian (4.5.5). Hence the proposition follows.

?
1.r

Propositian 4.5.7. If G = (%) sy T 2 0O and H abelian

of odd order, then G cannot act effectively on a closed

connected oriented manifold of positive dimension with

exactly one fixed point. -

>
.-

Proof. Suppose G acts éffectlvely on M" which 18 closed
connected oriented with positive dimension having exactly
i

one fixed point x. Now the tangent space TyM of M a2t x

splits 1rreducible repersentation of G, which are tuwo
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dimensional, and at least one of which 1s nontrivial on

shH". Let V =~ R? be one such 1rreducible representation of

e

G. The action af G on V factors through a quotient group
G/H = 3, Let ¥ be tne component of the fixed points set of
H containing %. F 1s a closed oriented manifolg wmith an st
action having exactly one fixed point . Since V occurs as a
subrepresentation of TYM, F 1s positive dimensional which 15
a contradictionto the fact that S'can not have any such
action. cannot act effectively on a closed oriented manifold
of positive dimension with precisely one ficed point.

$6. Bordism of Zp—manlfold and $'-manifolds and some recent

results.

In this section we shall briefly mention Zp and
5'-bordism and fixed points set. In 1268, Atiyah and Bott
L1l proved that 1f for 2 prime p, Zp acts on a homoloogy
sphere with tuo 1solated fixed points then the
representations of Zp on the tangent space 2%t each fi:red
point are same. This 1mplies thzt the given such
Zp—manlfold to one with no fixed point which 1n turn 1s

Z —-bordant to p copies of some manifold with Zp action being
3]

the permutation.

Definition 4.6.1. If a free Zp—manlfold Mas Zp—bordant
to p copies of some manifold with Zp action being the
permutation, then we say that the Zp—man1fold 1s
Zp—boundary mod p.

In view of this definition Atiya and Bott result can be
reformulated as below:

If 2 acts on a homology sphere with two i1solated fixed
P
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points then M 15 a Zp—boundary mad p.

In 1983, Ewing and KOsniowski has proved the similar
result for any Zp*man1fold. They showed that :f M 13 an
Zn-dimensional Zp-manlfold with two 1solated points and 1f n
» p—3% then M 15 a Zp~boundary mod p. In the same paper they
further generalised this result for more number of 1solated
fixed points given as Tollows.

Thearem 4.6.2. fet M be a Zn-dimensional & -manifold
w

with 1 number of 1solated fixed points satisfying 1 < 1 +

2n/23)

(p—l)(logpn}—E

[

then M 1s Zp—bordant to a free Zp—manlfold.

Here {xY denotes the least integer greater than or egual
to x«.

One notes here that 1f M has a pair of fixed points
where the representation of Zp on the tangent space at each
fixed points 1s 1saomarphic by an arientaticn reversing
1somorphism then M 1s Zp—bordant to a Zp—manlfold with two
less fixed points. The bordism can be achieved by removing
a disk about each of the concerned fixed points and
attaching a handle equivariently. Therefore we may 1gnore
such pairs of fixed points.

Coming to Si—actlon, we have a sim:ilar result for
s'-manifold proved by Kosniowsbti1 [223 1n 1983.

- - 1 .
Theorem 4.46.0. tet M be an & —manitold with tuo f1ced

points, then there 1s an i1nteger r éuch that 2 copies of M
bound as an S'-manifold.

Further he showed 1in (211 that 1 f M 15 & wunitary gt
mani1fold of dimension # 2 or 6 and 1f the fixed points set

15 a homology sphere then M 1s an Sl—boundary. In the same
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paper HKaosniowsti also proved that 1f M 1 a unitary
Sl—man1fold of dimension # &6 ana 1f the fixed points set has
the i1ntegral homology of 2 product of two odd dimensional
spehres then M 1s an Sl—boundary.

In 1989, Demichelis Stefano [B]1 showed that a finite
group G acting effectively, locally linearly and preserving
orientation on a Z2-homology 4 sphere has a fiied point set a
t—sphere , ¥ £ 2. Wu (321 1n 1990 extended the gstudy of
fixed points set made by Stong 1n £30]1. He considered J; as
the group of unoriented bordism classes of m—dimensional
smooth manifolds whecih are represented by manifolds with
smooth 1nvolutions having m—-k dimensional fixed points set
and obtained a necessary and sufficient condition for a
bordism class to lie 1in Jik and Ji“l for } = 2 and t = 9.
The groups J:;i1 and J:;fz were studied by Stong 1n [291.
Waner [24]1 1n 1990 proved that a unitary Zps—manlfold‘cannot

have a single fixed point.
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CHAPTER V

Vanishing of equivariant bordism groups

In this chapter, we shall discuss, that 1n equivariant
bordism theory, using families of slice types, 1t 1S
possible for the theory to vanmish. This worlt was developed
by Kosniowski by considering finite abelian groups. Here 1in
this section, we shall discuss the development made by Khare
and Dev,considering any finite group, not necessarily an
abelian group. We also mention the results obtained by Deb
and Khare 1n the case of k—torus action and actions of a
compact abelian Lie group.

1. G-slice type and bordism of families of G—slice types.

Let M be a G-manifold and x € M then Gx 15 the subgroup

aof 6 that fixes x. For each x € M there 15 a Gx module GK

which 15 eqguivariently diffeomorphic to =z GK tubular
n91gﬁborhaod of x. This module Ux decomposes as Gy =
VY @ V;, where Gx acts trivially on V; and no non—zero

vector of Vx 15 Tixed by all of Gx.

Definition S.1.1. The pa1r [Gx;vx] 1s callad the

G-slice type of the point x € M.

Definrtion S5.1.2. If H 1s a subgroup of 6 then a pair

[H;Ul, where U 13 an H-module with no tr1v1§} H-submodule,

1s called a G-slice type.

Definition S.1.3. A family F of bG-slice type 1s a




Fpud

coitlection such that 1f [H:UJ € F tnen for svery o & b nHU,

h

.

the G-gslize type [5G 5V 3 € 7.
b4 “
Corresponding to a family F of G-slice types we say that

a G-meni1fold 1s of type & 1f for every :w e M, [G :V 1 = 7.

Similarly we call 2 G-manifold M with ooundary M  to be of

type (F,7) 1f for 2all x « M the G-slice type [5G 3V 1 .

b}

ih

Definittion S.1.4. Let M1 and Mz be two n—dimensional

3-mani1folds of type F. Then Hi 15 sai1d to be F-bordant to
Mz 1f there 15 an (n+ll)-dimensional G-manifold N of type
(F,F) such that the disjyoint union M; il M2 1s equivariantly
diffeomorphic to JON.

This equivalence relation on the set of G-manifolds of
type F gives rise to z bordism theory mi[fj. The relative
bordism group min,yq 1s defined 1n a way similar to the

!} ..

“

definition (3.2.
We also have a result similar ta (J.2.4):

Theorem 5.1.5. There 1s a long exact seguence

v ) ] ) a
cee —— 0%, 51 2, 9%, 2 9%,y X
n n m
9ﬁi1t3/,f//] —— ... for any triple 77 = ¥ =z ¥ of

families of G-slice types, where 1 : (f/,f//

) ee—e— (F,F )
and 3 = (?,?(/) e (?,5/) are the 1nclusions and J' 1s

the boundary map.

£2. Conjugate class of G-slice types, bundle bordism and the

map v—.
. Qo
Let [Gx;vx] be the G-slice type of a point x of a

G-—mzanifold M. The orbit G(x) of % 15 a closed and compact
)

submanifold of M. The normal bundle v(1) to G(:) 1n M 15 a
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smooth G-vector bundle and 1ts dist bundle 1= =2 closed
G—-1i1nvariant tubulzr neighborhocd of G(x). Also L 3cts as a
group of bundle maps on v{(i1)and the fibre over ¢ 15
Bw—lnvarxant and contains no trivial Gw—subspace.

Let = be the map on the total space E(r(1:} induced by
the action of g on the base szpace G(ix:s. The s—al:ce type
af g = Gx) 1S'Engg*;g*V%]. The underlyinog vector spacs

of Vx and g*vx are same and the action of ghg«‘, h = GK on v

= Q*Vy 15 same as the action of h on v = Vx.

[+ ko]

Definmition S5.2.1. If p = [(H;V] be a G-slice type then

the collection {EgHgﬂjg*VJ | g < 6 1s called =z conjugate
class of G-slice types and 1s denoted by Z or [H;VJQ.

Let us consider a family F of G-slice types and p =
[H;V] « F. Then for every point i 6 xHV. the G-slice type
[GX;VXJ € 7. Also the G-slice type of any other point vy €
G xHV, 1s of the form L[V;U) where t = H and U 1s a subspace
of V with K- action as the restriction of H—-acton on V. The
conjugate class CK;U]g gives the G-slice type of all points

1in G{y). So we see that o =« & 1mplies that 5 = F.

Definition 5.2.2. Let p be a conjugate class of G-slice

types. A G-vector bundle ¢ : E(Z) L, B(¢) 15 said to be of

tvpe o 1f the set of points 1n E(¥) having the slice type 1n

5 1s precisely the zero—-section.

~

Definition .2.Z7. Let & : E(f) —— B() be =a G-vector

bundle of type 5. Then ¢ 1s said to be a boundary 1f there

1

exist a G-vector bundle ’' : E(Z’) ——m— BE&') of type g

such that IB(£’) = B(&).

Bordism of bundles of type © leads to the bundle bordism
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group mﬁtgl, where n denotes the total dimension of the
vector bundles 1n question,

Let & = 7 be the families ot G-slice tyoes with F =
U (@} and let M be a G-manifold of type (F,5 ). The set N
of all points € M having G-slice type 1n 5 1= a closed
G-submanifold of ™M and a small equivariant tubnalar
nei1ghborhood of NB 15 egquivalent to a2 disk bundle of the
normal bundle }o N 1n M. This normal bundle 15 s G-vector
bundle type 5 and the total dimension of 1t 1s n, 1f Mo1s
n—dimensional. The assignment of a bordism class of a
G-manifold M of type (f,ﬁ/) to the bordism class of the
normal bundle of NE in M defines a natural mg—module

homomorphism

Vo fn:t:f,f/n —— Nrpl.

f

Theorem 5.2.4. Let ¥ = F be familias of G-slice types

with ¥ = & U £} then, v mf\’cy,:ﬂ] —_— mﬁ‘czj 1s  an
m*—1somorph15m.

Proof. We define an 1nverse map of the map v—-, pu : Mitﬁl
— Sg‘ftf,f”J. Let [&1 < SR:EZJ. Then the disc bundle D(2)
1s a G—mani1fold of type ($,$/). We define p(l¥#¥3) = (D).

Let [MI < m:w,ffj. If B be the set of 31l points of M
having G—sl1ce‘type of 5, then v;[M] 1s the bordism class of
the normal bundle v(1) : E(v) ~—m— B of B 1n M. Then D)
15 a submanifold of dimension n and 1t 1s (ﬁ,ﬁ/) baordic to
M. So uwe get uov5 = 1d. Similarly v;ou = 1d. ®

Now we have the following result:

Theorem 35.2.5. 1f ¥ = ¥ are families of G-slice types

-~

with F = F U £5}, then there exists a long exact sequence
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. Yo o - 9 o
cee — NLFT] —— snfcm — NPl —— N LFTT — ...
»n -

where ¢ 1s the homamorphism defined by JdL&Y = §S(@&); S
being the sphere bundle of the bundle . &

85. Extension map and families of G-slice types, 1somorphic

bundle baordism groups.

Let Gz be the subgroup of 6 generated by the elements of

~ K

arder Z 1n the centre of G. Then 62 1s 1somarphic to 1}

\

for some i1nteger L Z O. We choose once and for all a3 basis

G,v Gu9 reecey G of G2 and ovrder the elements of G2 by 9, <

k

- ra

9, ¥ ... g 1 gx + gz L eeees < 91 + 9, . “ s .

Suppase that K 1s a"subgroup of H such that H = x> & K,
where 0 = x € Gz s then we write K % H. Let i = Gz be thne
minimal element in Gz which satisfies H = <x>» & K. We
define a homomorph1;m p = pHA it H ———> t, given by plax
+ ) = k and call 1t the distinguished projection from H to

Ve now 1f U 15 a K-module and K % H then we obtain an
H-module p*(U), where p*(U) 15 the H-module with the
underfylng space 1s the same as U together with the action
of H given by h(u) = p(h).u, u < U.

Corresponding to a G-slice type [V;Ul with F H we have

Ny

an extension function e = e , given by

; *
exﬂtK;U] = [H; VUD ? p (U1l
where V() denoctes the set of real numbers with n € H acting

an 1t by multiplication by +t1 1f h € ¥ and by -t 11t h = .

When H = %, & K we have (;;Hg—1 = x> & g%g—1 and hence

) - -~ *
elgtg t H g*U] = (gHg * ; V(gKg Y @ 5] (g*U)]
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-1

»
= laHg H g*(V(L) & o Ul

Q

Thus e induces 2 map e? = e on the collection of
K.H

9

K.H
- Q

caonjugate classes of G-slize types [} ;U]Y and

*
e? [h;U1° = [H; Vb)Y @& p (W7
K.H

»
Let G be a subgroup of G contzaining 5 . We da27ine three

tamilies of G-clice tvpes:

A

FAEY = {[gHgﬂ;g*V] } [H3VY 13 2 G-slice type with H = G, g

€ Gy, F(B) = L{IK;Ul & F(B) | ¥ G, = B,> and 7(G) = FAB)
U fe CF3Ul | Th3Ul € 7 (B) and b £ H with H B = 6 3.
Kq«H 2 2 2

*

Suppose that 5 [H;V]g e a conjugate class of bL-slice

types and & : E(¥) —P B(Z) be a G—-vector bundle of type

5. Since the zero section of & 1s precisely the set aof all
points af E(&) having G-slice type 1in 5, the fibres at ¢ are
1somorphic to V as vectaor spaces. It 5 15 now 3 conjugate
class af G-slice types of an orbit of the G-manifold E(&)
then we can take the set of all points having G-slice types
10 B and form the normal bundle to 1t 1n S, wibhi1ch 15 a
G-vector bundle af type 5', E'bexng a G-slice type. This
corr;spondence gives rise to an W}—homomonphlsm ¥y ooz meBJ
— mﬁEE‘J given by wl&] = [v;,(S(E))]. For 5 = egCE'J, ¥

becomes an 1samorphism. Precisely we have

Lemma S5.3.1. Let k $ H and o = [H;v1®, o = (r;ul? be

two classes of conjugte G-slice types such that e9(5'> = p.
Then » : mfcé: —_— mfcé'n 15 an m;—lsomrphlsm.

For proof see [&].

Theorem 35.3.2. Let FU = 51 = 3} S sues 4 be =z sequence
of subfamilies of F(G) with (1) F_ = p = tte, %13, (11) F.

o
b
-



= F_, U ‘o) for all 1 = 1, (111) U F = , and  (1v)
- 9

L0
g,z _ = > Gy - ¢
e (ph>_ o for all 1+ =2 0. Then m;c¢3 0.
Proof. We have the exact sequence
v 9% F 1 — %71 — 9%h 1 - N 1 — ..,
n -1 " L n L n-g (Sl §

far 1 = 0, 5 1is the empty family. Then SI:'[J‘OJ = 912[.503.

G
n-g

By lemma (5.3.1),:R:C51] =N EBU]. From the long exact

sequence and the following diagram

e o R%F 1 — A%F ) — %51 - R ) — ..,
n [¢] 2t 1 [ 1 n-1 <
R Lo 1
-
1t follows that d 1s an i1somorphism so that mctfl] = 0.
n
G, . R WO r 2
Proceeding this way, we get m*[fmq = m¥[pa] and ﬂ*[fé“‘J
= 0. Thus 9°C¥1 = 11m N°CF 1 = 0. =
3* * L

—_
L

$4. Ordering the conjugate classes of G-slice types.

Three distinct relations £ are defined on the collectiaon

H

g of all subgroups conj)ugate to subgroups of é, on the
collection of all H-modules, H <« S and finally on the
caollectian of all canjugate classes aof G-slice types of the
family, ETé) and extend each Of these relations into a total
ordering on the respective collection.

Every subgroup H2 of G2 has a distinguished base h, h

2

{ eaa ¢ hm such that h1 15 the least element in H and for 1

> 1, h 1s the least element among those elements of H which
2 - oh 2 the subgroup generated by b,

h, ... ,h = Using the distinguished base, the subgroups

of Gz are first totally ordered as follows:

L

{er X <g > { 49 >y sea.e O g .0 ..o > X ¢ >
9, 3, 9,°9,--9, 9,9, ’

1.2., first by tne order qf the subgroup and then
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leiicographically on the distinguished base.
A relation = 15 defined in the set of subgroups of G by

the following rules:s

Rule A. Let H and ¥ belona to A. We déf1ne % as below
(iy if |H] = |K]| then H = K
(i) if |H| = || and |b | = |H | then H = K, where L =K

G and H = Hn G_,
2 2 2

(ii1) 1f [H| = |K{|, [H,| = |K | but H = K_then H = K and

2|
(iv) if |H| = |K{, H, = K, then we order them arbitrarily sa
a3 ta make the relation = a tatal ordering an A.

Next, 2 relation = is introduced in the set of 2all

non-trivial irreducible H-modules, H € A& as fallaws:

U

1A

Vif U=V or else there exists a subgroup K such that -

* _*
b H and U = p &t (V) where 1 : K —— H is the natural

4‘2:-
inclusion and p H —— K is the distinguished projection.

Lemma S5.4.1. The relation £ 15 a partial ordering on the

collection of 211 nontrivial irreducible H—-modules (for

praaf cf. [461).

A total ordering on the set of all irreducible H-madules
having same dimension is chosen compat}ble with the partizal
ordering introduced. The totai ordering 1s extended to all
ron—trivial 1rreducible H-modules by writing U = V if and

fe

only if d1@ U = dim V. Since any H-module can be expressed
uniquely as éhe'sum ofaall irreducigle H—modules, the total
ordering on all H-modules 1s extended lexicographically.
Rule B. Let U ;nd V be two g—modules.

(i) If dim U = dim V, then U = V.

(ri) If dim U = dim V and V followus U lexicographiczally,
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then U =< V.

Lastly, the order £ 1s defined by Rule € on the
collection of all classes of conjugate G~slice tvpes of the
famxly.;(é as follows:

Rule C. Let o = [H3;UY? and o' = [h;V1° be two conjugaze

o A
classes of G-slice types af F(G).

(1) If dim U £ dim V, then 5 = ;’.

(11) If dim U = dim V and H = k, then p = p’.

(111) If dim U = dim V, H = K and U = V then g = po’.

§5. Decomposition of a family.

If the dimension of & canjugate class of 0G-slice types
15 defined as the dimension of the module present there 1in,
then there are only a finite number of conjugate classes of
G—-slice types of a given dimension. The classes of the

family F(G) are totally ordered by the Rule €C and can be

o~

1ndexed by non—negative 1integers as pu < p1 i p

2

whera Eu = {[<E);ROJ}. Let f} = U EL. Then fl 1S a
Xy

family aof G-slice types. Corresponding to the family f} a

callection f} = {po, Py =ee p:} 15 formed.

Let A, BJ and c be three mutually disjoint
J

subcollections of fj such that f} = AjleJ(J Cf For 3 =
y. = {_ . = C_: = = .
0, J} pu We set Ao po}, BU ¢ and CU @ Let
Ajf B . and CJl be defined for some 3 = 1. Then we have
- - N - ~ i .
F = A U B u C and ¥ = F U {5}. There are
-1 -t -1 -1 3 -1 L

eg(;) for some g €« A

two possibilities: (1) either 51 -1

ar else (11) EJ:# eg(E)‘for any E < Ari.

In case (1), A,’ B and EJ are defined as A = A U
J
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i;), B = B LIJ (5 > and C = CJl'J = ano 1in c©ase (117
J - J ) =

they are defined as A = A . ey, B = B and C =
C
=1
We note some lemmas which will be used later (for proof

aof these, cf. [&61).

Lemma 95.5.1. There 1s at most one conjugate class of

G-slic types 5 = Arx such thazat e9(5> = Bf

Lemma S5.5.2. If N 15 sufficiently larqge compared to n

then AN consists of conjugate classes of G-slice types of
dimensi1on greater than n.

>

Lemma 5.5.3. If [H;U]g 1s a conjugate class of G-slice

types and Z € Ajbe a conjugate class of G-slice éypes of an
arbit of a point of G x U then either o = [H;U1% or else
[H;Uul® = F .

Theorem 5.5.4. There 135 an 1somorphism

@ v : NOLFI1 ——s o %o 1.
L * ] —_ * L
o € A
L 3
Proof. Induction on 3 15 used to prove the result. The
result 1s clearly true for 3 = O.

-

We now suppose 1t 1s true for (j)-1), 1.e.,

2 v : NOLF 1 —— B 9% o 1
L * -1 — * L
< A
L j=-1
1s an 1somorphism.
We consider the long exact sequence
a ) a_.— 9

cee  ————— I'Rn[o"‘J_iJ —_— f)’[n[a’r"JJ —_— i)t' [pj] —

G — G G -
N t# 1 —— ... and v N1 ¢ ¥ 1 — 93 (g 1.We

Nn-1 -1 L Nn-1 -t n-4 L
have the compasite v -3 : ﬂGEEJ —_— m° CB]. If v .3

L J n } n-1 L L )

x O, then EL 1s a conjugate class of G-slice types of G xHV,

~

where EH;V]g = 5)'5 F . Then by lemma (5.5.27 o= Af



ot

Now for the class g there eilists at most on2 conjugate
s

class of G-slice types & such that eg(;L) = 5). If there
L
does not e:i1st any such 5L<e Arx’ then for any EL = Ari
both 5 and ;)belong to AJand Solﬂo8J= 0O for every EL =
L
a . Thus ( e v 1ed = 0O and consequently ¢ = 0. We
-1 Iy L J J
e.= Arz

have a short axact sequence

v v
0O — 91:[3-‘]_1] _ sn‘:cyjn ——)—-oﬂ'l:l:p)] _— 0.

If for EL, we have EL-e A such that 5, = e9(5L> then
neither ;Jnor ELbelong to Ajand by lemma (5.3.1)
ved : NIlpl —— N° (o1
L } n 3 n-1 L
15 an 1somorphism and once again we have a short enact
sequence O —— ﬁ:[EL] —— ﬂt:w- 3 — miwfjj —_— 0
-
and the monomarphism of 6r
Both the short exact sequences split 3s the modules

invalved are vectaor spaces over Zz. Thus one concludes the

theorem for the first case.

For the second case we note that AJ = Arl \ (59 and
G, G_.—
this gives JU L& 1 = @ I e 2.
- " ] - ) L
o < A
L §
Theorem 5.5.5. ntgu“(sn = 0.
Proof. Corresponding to the positive integer n we take

all conjugate classes of G-slice types of dimension = n+i.

If ?N 15 the union of all these classgs then

m‘:cwm] = R F

™ ™

1= e n°rp 1.
5 <@ n L
8 N

If now N 15 made sufficiently large compared tc n then
by lemma (5.5.2), AN consists of all conjugate classes of

G-slice types of dimension » n and the 1somorphism & v 15



Zerag.

Corollary 5.5.6. Suppose that G 1 a finite group. I1 M

15 a G—manifold i1n which 62 acts without fiied pcocints tnen M

15 a boundary.

n

I

(81

m (

D

4

Proof. The corollary now folleows from theor
because 1f Gz acts without fixed points, then 2n 1sotropy
subgroup H of 3 point in M satisfies the condition tnat H M

Gz = Gz' Thus M 1s then a maniold of type # (G) amd

"

cosequently of type F(G). =
Finally we mention the result obtained by Deb and khare
1n the case when the group 15 2 compact abel:i:an Lie group.

By the structure theorem compact abelian Lie group G =

k |8
T % [, where T 15 the t—-torus and I' a 1s z2finite abelian

group . If the elements af G are denoted by (yl. Yoo .. ’
Y, g) where y € ' for 1 £ 1 S k and g = [, then =Zhere are

homaomorphisms Pt G —— 6 given by pL(yl, Yot s 2 Y g

= (0, Oy vve 3 ¥, 0Oy . 4 8, 1 £ 1 = ¥,

—~k
Caonsider the elementary abelian Z—-group <, contained 1in

k <
T = 6., If KL 1s the generator of pL(ZZ) then these elements

-

also faoarm a base of gz. consider the following collection
of G-slice types for O < 3 < }:
f} = [ [H;V1 l pL(H) = finite or ' for 1 = 1 = | and x =

pL(H) for atleast (k—-3) values of 12. An extenszio map 15

defined on each of the families }} by elh;Ul = EH;V(F)ep*U]
for [F3;Ul = ﬁ}, 0= 3 4 k. Let }3 = iulJ E(J}) = 0, Using

similar techniques to those used for the proof aof theorem

(5.5.5) Dev and Khare proved that JT?[}“)J = 0.
¥
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