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Preface

The first edition of this book had two purposes First it was intended
to acquaint the student in management-oriented courses with all the funda-
mental concepts necessary to understand and use PERT/CPM scheduling
techniques. Second and cqually as important, the book was designed to be a
basic guide and reference to those techniques for both potential and actual
users in industry. The second edition follows closely the pattern of the first.’
In addition, applications of these two powerful techniques have been
expanded and clarified in exposition. Moreover, the ne.ver network sched-
uling techniques which PERT/CPM have spawned in the past five or six
years, for example, GERT, PDM, etc., have been added to make this edition
a more complcte reference and study guide.

The emphasis throughout this edition remains on the basic ideas of
network scheduling techniques and the variety of management problems to
which they are applicable. As in the first edition, more advanced methods
using mathematical and computer techniques are fully discussed in appro-
priate appendices to the chapters. New and expanded exercises, complete with
solutions, are included at the end of the book and are designed to make sure
that the reader fully understands the fundamentals explained in the body of
the book. These exercises are keyed by chapters so that a concept introduced
in a specific chapter has a problem that uses it in the exercises.

The literature on network scheduling techniques was voluminous five
years ago and has continued to expand at a geometric rate. We have expanded
the bibliography at the end of the book which, although not complete, is com-
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X Preface

prehensive in its coverage of concepts of network scheduling techniques and
their myriad of applications. An understanding of the ideas presented in this
book should be sufficient background for anyone wanting to pursue reading
further in this ever-growing area.

_ We should like to acknowledge the environment that the Graduate
School of Industrial Administration at Carnegie Institute of Technology pro-
vided us in the early 1960’s so that we were able to collaborate on a series of
research papers introducing and developing network scheduling techniques.
The first edition of this book was a product of the papers developed at
Carnegie and was written at Rice University. The University of Utah and
Georgia Institute of Technology have provided partial support for the present
edition.

We also want to thank the journals whose work we reproduce here
for granting us permission to include material originally presented in them,
Finally, we express our decpest appreciation to Ms. Alice Erdman at Prentice-
Hall for a competent and thorough editing of the final manuscript and to
Mr. Bruce Toth, currently of the Graduate School of Business at Stanford, for
his help on the bibliography.

JEROME D. WIEST
Salt Lake City, Utah

FErDINAND K. Levy
Atlanta, Georgia



PERT and CPM
Come of Age

Developed in the late 1950s to aid in the planning and scheduling of
large projects{ PERT and CPM are today widely used in industry and services
throughout the United States and in many other countries around the globe)
Their life history ‘ta date, although short, has been interesting and rather
hectic. In their early years, the tools were heavily promoted, especially by
U.S. government agencies, which insisted on their use by contractors on
major government projects. There followed a period of critical examination
of network techniques, a more rational assessment of their strengths and
weaknesses, and a shifting of their use from less appropriate to more suitable
applications. Today their use is firmly established among organizations con-
cerned in one way or another with the managing of projects, and surveys
indicate that they are among the most commonly used of all quantitative
tools of management.

Basic concepts of PERT and CPM, such as activities, events, and
predecessors, have become a regular part of the language of project managers
and have facilitated communication at every level of management and across
organizational lines—between foremen and engineers, managers and tech-
nicians. Extensions and modifications of the tools have greatly increased
their usefulness and the range of their applications. Although such develop-
ments are continuing, PERT and CPM have reached a degree of maturity
that justifies the assertion that they have, indeed, come of age.

The historical development of PERT and CPM gives us some idea
of their purpose and nature and helps to explain both their similarities and
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2

Plahning and

Scheduling Networks

In this chapter we develop the terminology necessary for a thorough
understanding of CPM and PERT planning and scheduling. As pointed out
previously, the prerequisites for using either of these techniques include
separating the project to be scheduled into independent jobs, or activities,
and determining an order of precedence for these jobs. That is, we must see
which jobs have to be completed before others can be started. The next step
is drawing a picture, or graph, which portrays each of these jobs and the
predecessor and successor relations among them. The concepts associated
with constructing and understanding this graph will be our major concern
in this chapter. T

Let us begin our discussion with a simplified example of the budget-
ing process in a large manufacturing firm that we shall call the W-L Company.
Suppose that the president of W-L wants his next year’s operating budget
prepared as soon as possible. To accomplish this project, the company’s
salesmen must provide unit sales estimates for the period to both the sales
manager and the production manager. The former must estimate market
prices on the forecast and give these to the financial officer. The production
manager must make machine schedules of the units to be produced and assign
machines for their manufacture. Next, he must give these schedules and
machine assignments to the accounting manager, who must then provide
costs of production to the financial officer. Then the financial officer, using
the information provided by the sales and accounting departments and
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3
Finding the Critical Path

Once we reduce a project to a network of activities and events and -
we estimate activity durations, we are in a position to determine the minimum
time required for completion of the whole project. To do so, we must find
the longest path, or sequence of connected activities, through the network.
This is called the critical path of the network, and its length determines
the duration of the project. In this chapter we are primarily concerned with
finding and measuring the critical path in a project network. First, however,
we must clearly define what we mean by a parh in a network and by the length
of a path. We hope to accomplish this with the aid of the following simple
example.

Suppose that the W-L Company has two salesmen who meet for
dinner one night in San Francisco. They discover that they are both going to
Los Angeles the next day and agree to continue their conversation at dinner
that night. The first salesman, whom we shall call Mr. Allen, lives in Santa
Barbara and plans to go through that city, have lunch with his wife, and then
travel on to Los Angeles. Mr. Baker, the other salesman, has an appointment
with a customer for lunch in Bakersfield and must go there on the way to
Los Angeles. As both have to work in Los Angeles the day after they arrive,
they want to meet for dinner as early as possible. Their problem then is to
decide the earliest possible time to meet for dinner if they both leave at 8: 00
A.M. the next morning,

The driving time from San Francisco is about 8 hours if one goes
through Bakersfield on U.S. 99 and about 11 hours if one goes through Santa
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4
The PERT Model

Both CPM and PERT, as we have noted, use the project network.
It is the basis of both techniques, and the notions of critical paths and
activity slack are common to each. How, then, do they differ? Why two
models ? For historical reasons mainly. The models were developed indepen-
dently and in somewhat distinct problem settings. As it has turned out in
actual applications of the two models, some of their differences have disap-
- peared or at least have become less important. But, traditionally, each has
had a special emphasis of its own—each has been concerned with somewhat
different aspects of the scheduling problem. Perhaps this is because they
were originally applied in different kinds of industries and to somewhat
different kinds of problems.

The Problem of Uncertainty

PERT was developed for and has been used most frequently in the
aerospace industries—notably in research and development types of pro-
grams. These industries are relatively new; their technology is rapidly chang-
ing, and their products are nonstandard. CPM, on the other hand, has most
frequently been applied to construction projects. For the most part, houses,
bridges, and skyscrapers use standard materials whose properties are well
known. They employ long-developed and well-seasoned components, and
they are based on a more or less stable technology. Changes occur mainly
in design—sizes, shapes, and arrangements—rather than in design concepts.
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S
The CPM Model

The critical path method was originally developed to solve schedul-
ing problems in an industrial setting. For this reason, probably, it was less
concerned with the uncertainty problems that PERT attempted to cope with
and more concerned with costs of project scheduling and how to minimize
them. Thus, unlike PERT, CPM does not make use of probabilistic job times;
it is a “deterministic™ rather than a “probabilistic” model. It does, however,
allow for variations in job times, not as a result of random factors (bad luck
or good luck) but as the planned and expected outcome of resource assign-
ments.

Most jobs, CPM argues, can be reduced in duration if extra resources
(men, machines, money, and so on) are assigned to them. The cost for getting
the job done may increase, but if other advantages outweigh this added cost,
the job should be expedited, or crashed. On the other hand, if there is no
reason to shorten a particular job—if it has a generous amount of slack— .
the job should be done at its normal or most efficient pace, with a lesser
assignment of resources. Thus there is no need to crash all jobs to get a pro-
ject done faster; only the critical jobs need be expedited. Which jobs to
expedite and by how much are the problems CPM attempts to solve.

Schedule-Related Project Costs

The cost of a project is not due solely to the direct costs associated
with individual activities, or jobs, in the project. Normally, there are indirect
expenses as well—overhead items such as managerial services, indirect sup-
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6
PERT/Cost: A Network

Cost Accounting System

In their original developments, both PERT and CPM were essen-
-tially time-oriented. As planning tools they enabled managers to estimate the
time required-to complete a proposed project. As scheduling techniques they
provided a means of establishing time schedules for project activities. And
as control devices they allowed managers to check scheduled times against
actual times for activity durations or event occurrences. While it is true that
CPM included a cost-time trade-off feature, costs were to be considered only
as a means of finding activity times. No provision was described in early
CPM literature for compiling activity costs which resulted from the optimiz-
ing process in order to obtain total project costs, either for predictive or
control purposes. Thus the output of the original CPM model was a list of
optimal activity times (durations), generally with associated early and late
start schedules, rather than a list of activity costs or a project cost summary.

Users (and critics) of CPM and PERT early commented on the need
for an extension of these network techniques into the area of cost control.
They argued that managers are concerned with activity costs as well as with
elapsed activity times. Cost control is usually as important as time or schedule
control—and frequently even more so. The incorporation of cost features in
PERT and CPM seemed like a logical and desirable extension of these models,
but several years elapsed after their introduction before network cost control
systems were developed and made generally available.

A few individual users devised procedures of their own during the
early years of network analysis, but the major impetus to cost-control systems
came with the publication in 1962 of a U.S. government manual, DOD and
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Network $cheduh’ng

with Limited Resources

Until now we have assumed that the only constraints in scheduling
an activity—that is, in assigning to it start and finish dates—have been tech-
nological in nature. An activity can be started, we have implied, as soon as
all of its technological predecessors have been completed. If all activities were
scheduled as soon as technologically possible, we would have an early start
schedule, either of the PERT or CPM variety. Similarly, by considering
successor activities, we could create a late start schedule, and if this differs
from the early start schedule, there are any number of other schedules that
we could create by shifting slack jobs back and forth within the limits of their
respective slacks. All these schedules may be generated from only two sets
of data: (1) activity precedence relations, as exhibited by a network diagram,
and (2) activity durations (either expected values based on PERT calcula-
tions or optimal durations resulting from CPM procedures).

Implicit in such scheduling procedures is the assumption that the
resources required to perform activities are available in unlimited supply, or
at least that sufficient resources are available for each activity to be scheduled
sometime between its earliest and latest start dates. It is true that, in some
instances, estimates for individual activity times are influenced by a considera-
tion of available resources. But such estimates are usually made independently
of other activity estimates, and the possible competing claims for the same
resources are not explicitly considered. While the assumption of unlimited
resources may be justified in some cases, most project managers are faced
with the problem of relatively fixed manpower availabilities, a certain number
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Modifications
and Extensions
of Network Models

It is probably inevitable that the development of new management
techniques such as PERT and CPM will be followed by efforts to modify or
elaborate on the techniques. No matter how general the model or broad its
applications, there will be situations in which it does not quite apply or is
not completely satisfactory in its present form. Efforts will then be made to
extend its usefulness by incorporating additional features and capabilities.
Sometimes the model stimulates researchers or practitioners to think of how
a like approach might be used to solve similar (or even dissimilar) problems;
and major modifications in the original model result from attempts to adapt
it to new applications.

Such a course of development has certainly been true in thecase of
PERT and CPM. We have already described the extension of PERT into a
cost accounting system (Chapter 6) and the incorporation of resource con-
straints in network scheduling models (Chapter 7). In both these cases, the
concept of a project network remained unchanged: it still consisted of a
collection of partially ordered jobs, all of which had to be performed in accor-
dance with certain fixed precedence constraints (and, in Chapter 7, resource
constraints) before the project was completed.

This chapter deals with extensions of the model in which the concept
of the network itself is modified. Some of the assumptions on which the net-
work model is based have been criticized as inappropriate or insufficient in
certain project planning and scheduling situations. For example, the single
precedence relationship used in the network (“a job must be finished before
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o
Problems and Prospects
in Applications
of PERT/CPM

More than two decades have passed since critical path scheduling was
first introduced—enough time so that we can look back with a measure of
objectivity and appraise what happened during its early and rather hectic
introductory period. We do so with the intent of considering the lessons that
can be learned for the benefit of today’s managers who make use of PERT
and CPM,

As is true of many new techniques (or new commercial products of
any kind), there was a lot of initial ballyhooing for PERT and CPM. Interest
was greatly accelerated when the federal government, particularly the Depart-
ment of Defense, jumped on the PERT bandwagon and began requiring
PERT capability of major defense contractors. Converts—willing or unwill-
ing—were numerous. Since the model was basically simple, it could be learned
readily; and instant experts offered themselves in great numbers as consul-
tants. Published literature abounded, with articles appearing everywhere—
from trade magazines to learned projessional journals, Many students won
master’s and doctoral degrees with theses based on project scheduling models.
PERT entered the English lunguage not only in its original form but also as a
verb (“the project was perted”), an adjective (pertable and pertorial), an
adverb (pertwise), and in various noun derivatives (pertor, pertee, pertocracy,
etc.).!

1See M. Krakowski, “PERT and Parkinson’s Law,” Interfaces, 5, No. 1 (Nov.
1974). ‘
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Bibliography

The literature on network planning and scheduling techniques has
continued to expard rapidly. Not surprisingly, the following bibliography
has also grown from that in the original edition. But we have been guided by
the same purpose: to compile a representative rather than comprehensive list
of references. As before, we have categorized the entries according to general
content or purpose, in order to make the list somewhat more useful to the
reader. : ‘ .

First listed are general sources, mostly of an expository nature,
whose major purpose is to acquaint the reader with the basic network tech-
niques. Most of these are articles which have appeared in a wide variety of
journals and magazines. We have attempted to select explanatory rather than
descriptive articles, omitting, for the most part, short news articles of from
one to four pages from newspapers and trade journals. Following the articles
is a list of books primarily devoted to project management and network
analysis. Some of these are “how-to-do-it” books (for example, those by
Miller, The Federal Electric Corporation, and Martino), while others con-
tain material of theoretical interest (those by Battersby, Kelley, and Moder
and Phillips). :

The next major heading is “Theory: Analyses and Extensions of
Network Scheduling Techniques,” followed by a number of subtopics.
Entries in this section are drawn mainly from technical journals and were
typically authored by persons more interested in theoretical rather than prac-
tical aspects of the techniques. Their purpose has been to analyze critically
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rather than to describe the models and to suggest modifications or extensions

-of conceptual interest. The subheadings reflect what we feel have been some
of the major areas of analysis and research. Not all articles fit neatly into
our categories, however, and some of our placement decisions may seem a
little arbitrary. Fulkerson’s article, “A Network Flow Computation for
Project Cost Curves,” for example, obviously straddles our categories, “Cost-
Time-Performance Relationships” and “The Network: Theory, Interpreta-
tions, Complexity, Decomposition, Divisible Activities,” though we placed itin
the former.

The final sectlon, “Managerial and Operational A.,pects,” lists
articles with a more practical slant—those describing particular apphcatxons
of PERT and CPM or evaluating such applications from a managerial view-
point. Operational rather than theoretical strengths and weaknesses of the
models are stressed. The section closes with a list of bibliographical sources
which will guide the interested reader to more artxcles—-and perhaps more -
bxbhographles' S | :

A, Genefal

Original descrlptlons

Kelley, James E., Jr., and Morgan R. Walker, “Crmcal Path Planning and
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Activities:

crash (mmlmum) time, 62, 6311,

. definition, 6

dummy, 9ff.

expected timme, 42ff.

normal time, 42

time, 42ff,
Activity-on-node diagram (AON), 13-15
Arrow diagram, 6ff.
Assummptions, PERT and CPM, 166ff.

Backward pass calculation, 34-35
Branching, 151ff.

Computer programs:
critical path calculations, S9ff.
existing CPM programs, 73
MSz2, 110
SPAR-] 120
Control, 4, 94
Cost, 62T,
crashing, 67ff.
indirect, 101
‘material, 101-102

Cost (cont.)
overhead, 66ff., 101
time trade-off, 63ff., 8iff.
CPM (Ciritical Path Method):
assumptions, 166fT.
decision CPM (DCPM), 1476,
definition, 2
linear programming formulatich, 74f.
model, 62fT.
Crew size:
augmented, 121ff,
normal, 121
Cntxcallty index, $SAf.
Critical path:
algorithm for finding, 32ff.
definition, 26, 33
expected length, 46ff.
independent, 30
multiple, 30
reduction of length, 62ff,
Cycle, 13, 24-25

Decmon Critical Path Method (DCPM),
14711,

DOD and NASA Guide, 87

Dummy, 20ff. .
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Early finish, 32
Early start, 32
- Event, 14 -

occurrence times, 55fF.
Expected activity time, 42ff. .
Expected project length, 46ff.

Forward pass calculation, 34
GERT, 151ff.
Heuristic programs, 106,

Integer programming formulation,
scheduling with limited resources,
13011,

Job:
definition, 6
dummy, 9ff., 20,
slack, 31
time, 6

Late finish, 34-35

Late start, 34-35

Lead-lag factor, 13411,

Limited resource scheduling, 103fF.
heuristic programs, 106ff.

integer programming formulation, 130fT,

late start schedule, 127ff,
MS2 program, 110

resource allocation, 113\ ‘ Q* Q :
resource leveling, 107 ! '
slack, 125 TR

SPAR-I program, [120f.

Linear programming formulations:
“cost optimization models, 71ff,
dual problem, 77
network problems, 74fT,

Milestone, 14, 56
Most probable time estimate, 42

thwork 5fF.
activity-on-node diagram, 13
calculations, 31-38
cost accounting, 86ff.
decision, 146fT.
definition, 6
event orientation, 551,
non-cyclical, 25ff., 167
precedence, 134
probabilistic, 150ff.
project graph, 6

Node (see also Event):
initial, 6
terminal, 6

Normal distribution, 49

Optimistic time estimate, 42
Optimum schedule, 62
Ordering, technological, 34

Path:
computer program, 59ff.
critical, 26, 28fT.
definition, 28
expected length, 46
length, 26
PERT:
assumptions, 57f., 166f1,
computer program, 59
cost, 86
defined, 2
model, 40
PERT/Cost:
accounting problems, 101
- basic concepts, 86T,
DOD and NASA Guide, 87
graphic displays, 95
work packages, 89
Pessimistic time estimate, 42
Planning, 4, 128
Precedence Diagramming Method (PDM),
15, 1456,

" Precedence Networking (PN), 15, 134

Péedecessor:

immediate, 6

redundant, 13, 23-25
Probabilistic branching, 151ff,



Probability:
definition, 43
distribution, 43

of on-time project complctlon, 61T,

Program:
computer, 59, 73 110, 120
heuristic, 106ff, : :
Project: o o
costs, 90ff. -~
cost-time curve, 66
definition, 5
graph, 6
fength, 46

Resources:
allocation, 120
leveling, 10711,
limited, 103

Schedule graph, 67
Scheduling, 4
limited resource, 103

Simulation of a network, 54f.

Slack:
definition, 31
free, 36
limited resource, 1251,
total, 35 :

Indg)(

SPAR-} program, 120

Standard deviation:
of activity duration, 46ff.
‘definition, 46
.of project length, 47
Stretching an activity, 71

Successor, immediate, 6

Time;
activity, 7
early finish, 32
early occurrence, 56
late occurrence, 56
late start, 34

Uncertainty, 40

Variance:
definition, 45
of project length, 48ff.
of a sum, 47

Work packages, 89
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