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INTRODUCTION 

The fundamental concept in classical mathematics 

is that of a set. A classical set is formed by selecting certain 

objects, called the members or elements of the set and the set is 

completely determined by its members. Thus, in classical mathematics 

there are only two acceptable situations for an element : being a 

member of or not being a member of a set. 

The natural world in which we live, is a world of 

imprecision, inexactitude and fuzziness. Here we come across 

seta where the membership of an element cannot be determined by two 

valued Boolean logic. This is because of the fact that much of 

human cognition and interaction with the outside world involves c. ~ 

constructs which are not sets in the classical sense, but rather 

classes with unsharp boundaries in which tran9ition from membership 

to nonmembership is gradual rather than abrupt. 

For clarification let us consider the following 

example: 

Take the collection of all students of class x of a 

particular school. Suppose, we want to form a collection of goo~ 

students of this class. As 'goodness• is not boolean in real sense 

and there is no fixed boundary for defining goodness, it will 

be en impossible task to select good students in the classical sense. 

In the present case it will be required to attach to each student 
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a certain degree of goodness posaibly'varying from 0 to 1 ( 0 for 

those students who are undisputedly bad and 1 for those students 

who are considered to be good without any doubt). Thus we observe 

that in the process of selecting good students there is some sort of 

fuz%iness. I vagueness. Thus the classical sets are not natural. 

appropriate or useful notions in different phenomenon specially 

in human behaviour. 

In 1965, the theory of fuzzy sets was formally introduced 

by L.A. Zadeh (32). The motivation for the introduction of such a 

theory was the need of precision in speaking about vagueness and 

imprecision. 

The theory of fuzzy sets provides an adequate conceptual 

framework as well as a mathematical t.ool to handle systems or 

phenomena which due to intrinsic indefiniteness cannot themselves be 

charaeterised precisely. Thus, by providing a basis for a systematic 

approach to approximate reascting the theory of· fuzzy sets has found 

applications in nearly every field where human judgement and 

perception play an important role. 

Accprding to Zadeh (JZ), fuzzy sets are functions 

P:Xr+ l where X is a classical set and 1 is the closed unit interval 

(0, 1 ]. The value P(x) assigns to xeX its " grade of membership~ 

in ~he fuzzy set P, In 19~7, Goguen (10) generalised the theory of 

fuzzy seta introduced by Zadeh, by using a partially ordered set l 

instead of the unit interval 1. 

In 196B~ Chang (4) defined fuzzy topological spaces and 
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concentrated on basic concepts sue~ as open and closed fuzzy sets, 

fuzzy continuity etc. In a aeries of pape2s published by Warren {29) 

(1?74.0 !7,78)"various properties of continuity, neighborh!3?d8s"'_1'm ,-...,..~ 

bases in fuzzy structure and boundary of fuzzy set were discussed. 

In 1~73, Nazaroff (20) developed a generalised theory of 

optimal control and contributed to the basic ideas of closure, 

exterior and interior of fuzzy sets. In the same ,ear'Goguen(lO) 

presented the fundamental ideas of base, subbase, and product of fuzzy 

topological spaces. In 1974, Wong (31) proved the product and 

quotient theorems and two years later studied categories of fuzzy 

sets. In 1975, Weiss (JO) introduced fixed points, separation and 

induced topologies for fuzzy sets. In the same year Hutton (14) 

gave e definition of normality in fuzzy topological apace. 

Christoph (5) studied quotient fuzzy topology and local compactness 

in the year 1977. 

In 1976, lowen (19) presented an alternative definition of 

fuzzy topological space in order to make the constant functions 

(between fuzzy topological spaces) continuous. But in the process he 

lost the concept that "fuzzy topology generalises ordinary topo~ogy". 

In 1979, faster (9) used the alternative definition to bring together 

the structure of a fuzzy topological apace and that of a fuzzy 

topological space and that of a fuzzy group (defined earlier by 

Rosenfield (23) in 1971). In the same year, Anthony and 

Sherwood (1) observed th~t some mathematical structures which would 

intuitively seem to be fuzzy did not satisfy the definition given 

by Rosenfield (2)). They further observed that the notion of Min 



u \) <) 

used by Rosenfield did give a semigroup structure to I. To meet 

the natural requirement they redefined fuzzy group by replacing 

Min by some other suitable semigroup structure on I, and established 

various interesting properties of fuzzy group. 

Deficiencies in Chang's definition of compactness started 

bejng pointed out in 1970. According to Goguen the deficiency lies 

in the fact that the Tychonoff t~eorem is false for infinite 

products. Consequently new definitions of compactness were given 

by various mathematicians in different years suiting different 

requirements. In 1978, lowen (19) studied the relative mexits of 

as many as seven definitions of compactness in fuzzy topolotical 

space. 

In 1?78, Warren, Gantner and Steinlage (28) presented 
~ 

Hausdorff space in fuzzy structure. In 1980, Ming & Mingg(21) 

1nvest1gated'var1ous properties of fuzzy poi~ts, T , r1 , quasi-J 
0 0 

and quasi-T1 spaces together with their product spaces. They also 

introduced Q-neighborhood in order to give a new definition of 

fuzzy Hausdorff space. In 19$1, Sarka~ (26) studied Hausdorff space, 

Regular & Normal spaces, P-space in fuzzy structure. In 1982, 

Rodabaugh (22) es•ablished some results in connectedness wi!bh 

respect to the fuzzy unit interval and the fuzzy real line. 

fuzzy vector space,fuzzy uniform space and fuzzy topological 

vector space were introduced respectively by lowen (19) in 1?74, by 

Hutton (14) in 19]7 and by Katsaros and liu (17) in 1?77. Nazaroff(20) 

Bellman, Kalaba and Zadeh (2), Capocelle & luca {J}, Ruapini (24), 
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WatPen (29), Santos (25} and others applied fuzzy theory to various 

fields such as pattern recogn~tion, artificial intelligence, 

optimization, decision theory and aerodynamics etc. • 

The present work has been divided into 1 ehaptera. 

In chapter l)we define the follouing: 

fuzzy topology, fuzzy open and fuzzy closed sets, neiborhood, 

closure & interior of fuzzy sets, derived set and boundary of 

fuzzy sets,base and subbase for fuzzy topology, fuzzy continuity 

f,zzy subspace. We investigate"various results in this connection 

most of them being analogous to results available in ordinary 

topology. At the end of the chapter we introduce the functors 

and 'i' and discuss a few properties. 

In chapter 2;we give the notion of fuzzy point and prove 

various results. In fuzzy theory the notion of ordinary point does 

not enable us to give, in many situation, natural results analogous 

to point set topology. It has been observed that fuzzy point in 

fuzzy theory plays •he same role as the point in the elassical set 

theory. MOst of the results proved in this chapter in connection 

with base etc. ere analogous to corresponding results in ordinary 

topology. 

In chapter J, we deal with quotient and product fuzzy 

topologies. Here we give the definitions end prove certain results. 

By constructing a counter example we establish that the product of 

• * c1spaces is not necessarily c1 which is a deviation form correspondin~ 

result of ordinary point set topology. 

*The author has taken some informations from the survey article title1 
"Fuzzy Mathematics - In Relation to Topologyn by P.Srivastave(appeare 
in the proceedings, fifth annual day 1980, The MIR, Allahabad. 
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In chapter 4 we introduce'various fuzzy compactness and 

prove different results based on them. 9ne of the important results 

proved in this chapter is •tychonoff Theorem'. 

In chapter S we define the notion of fizzy Hausdorff 

space. fuzzy regular space, fuzzy normal space, fuzzy T
0

, t 1 spaces, 

fuzzy quasi-T
0

, quasi-T1 spaces. t~ establish-various results with 

specific mention of tha results which are deviated from the 

counterparts in ordinary topology. In this chapter ~e prove 

Urysohn'a Lemma. Mo~eover we introduce the notion of connectedness 

and a- connectedness and prove certain results. One of the 

important results proved in this chapter is the follo~ing:-

.. A product space (X,T) of a family of fuzzy topological 

spaces ~(XArTA):AeA} is connected iff each co-ordinate space 

( \l" T A ) is connected. n 

In ehapter 6. we discuss the algebraic structures in 

fuzzy space like fuzzy group, fuzzy·vector space and mention 

elementary results in this direction. We olno derine fuzzy metric 

space and fuzzy uniformity and prove a few results. 

In the last chapte~ we mention various applications of 

fuzzy theory in different fields with details of a couple of 

applications. 
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CHAPTER I 

TOPOLOGICAL STRUCTURES ON FUZZY SET 

The fundamental concept of fuz2y sets was introduced by 

L.A. Zadeh in (32) and provided a natural framework for generalloing 

many concepts of general topology. Chang {4) devel~pod the theory 

of fuzzy topological spaces. According to Chang's definition of 

topological space. constant functions from X to l,tho unit closed 

interval (0,1] , ere not necessarily continuouo. To remedy this, 

Rowen (19) proposed an alternative. Out in the process he lost the 

eoncept that fuzzy topology generalises ordinary topology. 

This chapter is devoted to the study of various topological 

structures on fuzzy set like fuzzy topology, fuzzy neighborhood, fuzz 

~losure & fuzzy interior, fuzzy derived set, fuzzy boundary, fuzzy 

continuity base and subbase for a given fuzzy topology etc. 

I 1. PRELIMINARIES 

let X= {lx } be a space of points. A function A:X:+l : [0,1] is 

called a fuzzy set in X and the function·value A(x) for x ~X is 

called the "grade of membershipft of x in A. 

OEfiNITION 1.1 (Chang, 68 (4) ) let A and 8 be two fuzzy sets in X. 

Then A = 8 i> A(x) = B(x) V x in X 

A C.B iff A(x) ~ B(x) V x in X 

C : AU8 iff C(x) : Max {A~x), B(x) } Vx in X 

0 = AnB iff D(x) : Min {A(x), B(x)} ~x in X 

E = Ac iff E(x) = 1-A(x) ¥x in X 

More generally, for a family of fuzzy sets §\ = {A
1 

: AeA } the union 

C : U Al and intersection D = n ,A1 are defined by 
1 l 

. [ 
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C(x) = Sup • A1 (x) } Vx in X 
A 

and D~x) = Inf { A, (x)} ¥ x in X 
A ' A 

The symbols ~ and ! are used to denote the empty and the full fuzzy 

sets defined by Q (x) = C ¥ x in X and ! (x) : x y x in X 

~: However in some chapters we shall use the symbol x
1 

to represent 

the function! in the set x1 • 

An ordinary point x eX is called a crisp point and is 

identified with its characteristic function ~nl • If S is an 
C x} 

Qrdinary ("crisp") subset of X, then its characteristic function 

rxs is a fuzzy set. 

§ 2. FUZZY TOPOLOGY 

In this section we define fuzzy topological space {Chang). The 

alternative definition given by Lowen (19) is also included. 

DEFINITION 1.2.1 (Cha~y, 1968 (4) ) A fuzzy topolo~gy is a family 

T of fuzzy sets in X which satisfies the following conditions 

( i) .Q. and ! e T 

(ii) If A,B eT then A n 6 eT 

(iii) If A1 e T for each 1 € A then ij A1 e T 
leA 

Tis called a fuzzy topology for X and the pair (X,T) is a fuzzy 

topological space (or fts). 

Every member of T is called T-open or open fuzzy set. 

Eve~· fuzzy set A is called T-closed(or fuzzy closed) if Ac· is in 

·y. As in general topology, the indiscrete fuzzy topology contains 

only Q & ! while discrete fuzzy topology contains all fuzzy sets. 
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THEOREM. 1.2.2 (~arren, 1?78 (29)) lf TA,AeA are fuzzy topologies 

on x~ then ~ TA is also a fuzzy topology on X. 

Paoor; Straight forward. 

THEOREM. 1.2., (Warren 1?78 (29)). let (X,T) be an fts. 

(1) Then ~ and ! are closed fuzzy s¢ts. 

( 2) If c, ,AeA are closed fuzzy sets then n C is a 
A yA l 

closed fuzzy set. 

(J) If 0 and E are closed fuzzy sets, then OUE is e closed 

fuzzy set. 

PROOF: (1) & (2) follow from definition. 

for (l) observe the following result: 

If 5 is a nonemp~ty set of real numbers, then 1t i 

inf{ x:xeS} : - sup~ - x:xe S} and 

inf {l+x: xeS} = 1+ inf{ x:xeS} • 

DEFINITION. 1.2.4 

A fuzzy topology T is said to be coarser than a fuz%y topology S 
' 

(or S is finer than T) iff TcS. 

In 1?76, lowen(l9) introduced an alternative definition of 

fuzzy topology end in-the process the constant fuzzy sets were made 

continuous. 

OEfiNl~IIN. l.Z.S (lowen 1976 (19)) A fuzzy topology,on a set X 

is a family T of fuzzy sets in X which satisfies the following 

eonditions. 

(1) for all aEI• k ET where k ~ X +1 sueh that 
a a 

k (x) : a for all XEX 
a 

{/) If 
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(2) If A,B ~ T then An 8 e T. 

(3) If A1& T for all A e A then ~~A A1 ~ T. 

(X,T) is called a fuzzy topological space. 

To avoid confusion, we term this topological space as quasitopologieal 

space or qfts. 

§.J. fUZZV NtiGH80RHOOO 

In this section we introduce the notion of fuzzy neighborhood of 

a point and the fuzzy neighborhood of a fuzzy set. We prove a few 

elementary results in this direction and finally concentrate on the 

fuzzy neighborhood system of a fuzzy set. 

DEfiNITION~ l.J.l (Warren,l978 (29)) A fuzzy set Nina fts(X,T) 

is said to be a neighborhood of a point x a X iff there is an element 

A e T such that AcN and A(x) = N(x)> 0 

A fuzzy neighborhood of a point x e X is frequently denoted 

by Nx. A fuzzy neighborhood Nx of a point x e X is said to be open 

iff Nx e T 

from the definition,it follows that if N e T such that 

N(x)> 0 then N is a fuzzy neighborhood of x e X. 

TaEOREM. 1.3.2 (Warren,l9.78(29)) lf Mx and Nx ere two fuzzy 
~~~~ I 

neighborhood of x then Mxn Nx is also a fuzzy neighborhood of x. 

PROOf: Straightforward 

DEFINITION. 1.3.3 (Chang, 1968(4)) A fuzzy set N in a fls (X,T) 

is said to be a fuzzy neighborhood (or f-nbhd) of a fuzzy set A 

1 ff there exists P e T such that Ac Pc N. 
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This definition is a generalization of the definition ~.--_.~ 

a neighborhood of a set in a topological space (X,3) '"'t:~4~~~~""" 
tCJI'if 

THEOREM. 1.).4 (Warren 1978 (29)) let (X,T) be a fta and N,A 

two fuzzy sets in X. Then N is a f-nbhd of A iff, given xe X 

satisfying A(x)> 0, then there exists Mxe T sueh that 

A(x)~ Mx(x) and Mxc N. 

PROOF:~'Assume that N is a f-nbhd of A 

. ·3 Ge T such that Ac Gc N. 

Now. given x Et i for which A(x)> O, then choose G.:: ~tx. 

I ' ¢ Assume that given x e X satisfying A(x)> 0 then there exists 

Mx e T such that A(x)~ M (x) and M c N X X 

Consider G: U{Mxe T : 0< A(x)~ Mx(x) and Mxc N} 

• ·. · Ge T and A c C c N (. for every x eX with A( x) > O)latleaet one t-1x) 

N is a f-nbhd. 

THEOREM. 1.3.5 (lou & Pan 1980 (18)) The inteTsection of any two 

f-nbhds of a fuzzy set A in a fts(X1) is also s f-nbhd of A. 

PROOF: Straightforward. 

THEOREM. l.J.6(Lou & Pan 1980 (18)) Any fuzzy superset of a 

f-nbhd N of a fuzzy set A in a fts (X,T) is again a f-nbhd of A. 

PRnor: Straightforward. 

THEOREM. 1.)~7 (Chaney, 1968(4)) A fuzzy set A is open in a fts 

(X,T) iff for each ~uzzy set B contained in A. A is a f-nbhd of B. 

PROOF: ( ~ ) obvious 

( {: ) · · A c A . · A is a f-nbhd (b ~y hypothesis) 

'3C ~T 3Ac.Cc::A. A = C and A is fuzzy open. 

THEOREM. 1.).8 (Warren 1?78 (29)) A fuzzy sat A is open in a fts 

(X,T) iff for every x eX satisfying A(x) >0,3NxcA::;d\lx(:~e) = A(x). 

PROOt: ({::} let C = U {N e T: N c A and N (x) :: A(x) >0) 
• X X X 

Then G e T and G = A. ror the other part of the result take Nx = A. 
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THEOREM. 1.}.9 (Warren 1~78 (29)) A fuzzy set· A is open in a 

fts (X,T) iff it is a f-nbhd of each point at which it assumes a 

positive' value. 

PROOf:;follows from Theorem l.J.8 • 

THEOREM. l.J.lO (Warren 1?78 (29)) A fuzzy set A in a fts (X,T) 

is closed iff, given x eX for which each Nx satisfies Nx(x);~Ac(x) 

or Nx(y)> Ac(y) for some ·~eX then A(x) = 1. 

PROOf: Apply theorem l.J.B to the fuzzy set Ac • 

DEFINITION. l.J.ll (Chang 1968 (4)) The· fuzzy neighborhood system 

of a fuzzy set in a fts is the family of all f-nbhds of the set. 

THEOREM:1.J.12 (Chang 1968(4)) Ifn be the fuzzy neighborhood 

system of a fuzzy set, then finite intersections of members of~ 

belong to en and each i.t fuz~y set which contains a member of rl 

belongs to 'fl. 

PROOf: Use theorems l.J.5 and 1.).6 

THEOREM: l.J.1J (lou and Pan 1980 (18)) let~be the fuzzy neighbor­

hood system of a fuzzy set A in a fts (X,T). Then each member 

Ne 11 ia a fuzzy superset of a member Me: fl and Me: T 

PBOOf: Straightforward 

4. ClnSUR£ AND INTERIOR OF fUZZY SET. 

In this section we study the basic notions of closure and interior 

of a fuzzy set. 

DEFINITION. 1.4.1 (Warren 1978(29)) let A be a fuzzy set in a fts 

(X,T).The closure of A, denoted by~' is defined by 

I : {B: Be e T and A c B} • 
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THEOR£M. 1.4.2 (Warren 1'78 (29)) let A be a fuzzy set in a fts 

(X,T). Then J is closed and is the least elosed fuzzy set such that 

A :::>A or lt : A • Also A is closed iff A = I • 

PROOF: If A = ~ then there is a sequence of closed fuzzy sets 

B~ such that 
1\ 

Hence A :: B 

0.{ 87\. (x) - A(x) <! ¥ x in X. 
?\ 

which is elosed.The other results are easily verified. 

THEOR£M. 1.4.3 (Warren 1?78 (29) Let A and B be two fuzzy sets in 

a fts (Xt T). Then (1) .{1: !! (2.) Ac:: I (:J} i = A 

PROOf! (1) and (3): As 0 and A are T-closed so they are equal to 
- I 

their closures. 

(2) Follows from definition of cl~sure 

Theorem:l,4,4 (Warren,l978 (29)) Let A and B be fuzzy sets in a 

fts (X, T). 1 f A c B then it c 9 

PROOF: - S is the smallest closed set which contains B so A c: Bci 
8ut I is the smallest closed set which contains A • So n 8 

THEOREM. 1.4.5 (Warren 1~78 (29)) let A and 8 be two fuzzy seta in 

a fta (X, T). Then (1) A U 8 =AU B (2) Ani ~A;::;-a 

PROOf:~} i U D is a closed superset of A U 8 

8y definition it follows that~ U 6 ~AU B 

On the other hand AU B ~A ~AU B ~ n 
Similarly A=o-s "~ Q • Hence X U B : ~A~U~B 

(2) By theorem 1.4.4, An B :;:-,An 8 

DEFINITION. 1.4.6 (Chang 1968 (4)). let A and 8 be fuzzy sets in 

a fts (X.t) and let A:::>B. Then B is called an interior fuzzy set 

of A iff A is a f-nbhd of B. 

The union of all inte~io~ fuzzy sets A is celled the interior 

of A and is denoted by A0
• 
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THEOREM. 1.4.7 (Chang 1960 (4)). let A be a fuzzy set in a fts 
' 

(X,T). Then A0 is open and is the largest open fuzzy set conbained 

in A. The fuzzy set Ais open iff A= A0
• 

PROOf; Sy definition 1.4.6, clearly, A0 is itself en interior 

fuzzy set of A. Hence, 3 8 e:T such that A0
c.. 8 c. A 

But 8 is an interior fuzzy set of A. So Be A0
• . A0 = 8 

I 

.~ A0 is open and Is the largest open fuzzy set contained in A. 

If' A is open, then A is an interior point of A.·_ A-= A0 
· A :r A0

• 

The converse is obviously true. 

from theorem 1.4!7 it follows that (A0
)

0 = A0 

THEOREM. 1.4.8 (Warren 1978 (29)). let A and B be two fuzzy sets 

in a fts (X, T). Then (1) A c{B:}A0 ~ 8° 

(2) A0 n B0 = (A n 3) 0 (3) A0 U S0 c {A U 8) 0 

PROOf; Straightforward. 

T"£0REH. 1.4.9 (Warren 1?78 (29)). Let A be a fuzzy set in a 

fts (X,T). Then (1) (Ac)o = (A)c (2) (Ae) = (A0 )c 

PROOf: for any x eX 

One (x) = 1 - l(x) : 1 - inf{ D(x) : Oe e T & O=>A} 

: sup { 1 - D ( x) : De £ T and D.::) A } 

=sup { Dc(x) : De ~T and Ac.:...oc} 

= sup { B(x) : 8 EtT and Sc Ac} = (Ac)o where 8 :r oc. 

Pro~f of (2) is similar. 

DEfiNITION. 1.4.10 (Mi-n~ 'Y M1n~ 1'16o (.2?J). 

let X be a set and f : 1~+ lx. 
(1) Then f is celled a fuzzy c1osuTe operator for X iff for ell 

fuzzy sets A & 8 in X (C1) f(O) = _q , (C2) f(A)_:::, A 

(CJ) f (f(A)) = A & (C4) f(A U B) :r f(A) U f(B) 
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(2) f is called a fuzzy interior operator for X iff for all 

fuzzy sets A & 8 in X (Il) f(!}:! (12) f(A)cA 

(IJ) f{f(A)): A a (14) f (An B): f (A)n f(B). 

The following theorems can be easily'verified. 

THEOREM. 1.4.10 (inh'l2 c,.. 1YI.I-rva rc.;eo(2dJtet f: lx, ... xX be a closure 

operator on X. Then T = { A elx : f(A) = A }is a fuzzy topology 

and f(A) = Ac 

THEOREM. 1.4.11 (Won(} (33)) Let f: I~• IX be an interior 

operator on X. Then T = {A siX: f(A) =A )is a fuzzy topology and 

f{A) = A0
• 

§.5. OERaVED FUZZY SET. 

In this section we deal with' fuzzy limit point of e fuzzy set and 

derived fuzzy set. 

DEfiNITION. 1.5.1 (Warren 1?78 (29)) let A be a fuzzy set in a 

fts (X,T). A point x eX is celled a fuzzy limit point of A iff 

whenever A(x) = 1, then for each fuzzy nbhd Nx' there exists 

y eX- { .. x} such that (Nx n A) (y)qC 0 

or whenever A(x):~ 1 then A (x) >0 and for each open fuzzy 

nbhd Nx satisfying N!(x) = A(x), there exists y s X - { x} 

such that ( N n A) (y) ~ o. 
X 

D£f1NITION. 1.5.2 (Warren 1~78 (29)) let A be a fuzzy set in a 

fts (X,T). The derived fuzzy set of A (denoted by A0 ) is defined 

as A0(x) = A (x) if x is a limit point of A 

= 0 otherwise. 

REMARK: l.S.3 lf all fuzzy sets are restricted to the usual concept 

of general topology then definitions 1.5.1 and 1.5.2 agree with tbe 
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~eneral topology concept of limit point and derived set. 

THEORE~. 1.5.4 (Warren 1~78 (29)). let A be a fuzzy set in a 

· fts (X,T) and let X& X. Then xis a fuzzy limit point of A iff 

A0 (x)>0. 

PROOrz This is a consequence of definitions 1.5.1 & 1.5.2. 

It is elaar from definition that A0c K • . 

Next consider the following theorem. 

THEOREM. 1.5.5 (Warren 1?78 (29) let A be a fuzzy set in a fts 

(X,T) Then (1) A is T-closed iff A0
c A. 

Furthermore (Z) (A0 )0
c X, (3) A U A0 = l. 

r D 0 PROOF: (1) If A is closed then H : A. But A c ~ .~ A c A. 
0 Now assume that A cA. We shall show that A= I. Take Xt X 

If A0(x) = lt(x) then since A0
c Ac ~. it follows that A(x) = 1\(x). 

If A0 (x)J~ A(x), then xis not a limit point of A end A(x)> 0 

When A(x) = 1 then l\(x) = A(x). So we assume that x is not a 

fuzzy limit point of A, ~(x)> 0 and A(x):~ 1. 

By definition 1.5.1 there is an open f-nbhd Nx such that N:(x) :A(x) 

and if ye X-~ x} then (Nxr. A) (y) = 0 

Hence if y; lxthen N~(y)~ A(y). Since N: is T-closed.·.lc; N: 

Therefore, i(x)~ N:(x) = A(x) 

(2) To see that (A0 )0
c ~ use definition 1.5.2 • One gets (A0 )0c AD 

The~efore (A0 )0
c ~ ~ince A0c ~) 

(3) Now we verify that A = A U A0 

We note that if A0(x) = l(x) then lt(x) = (A U A0)(x) ( ·: A(x)~ l(x)) 

On the otherhand, if A0(x): ~ ~(x) then A0 (x) = 0 and by the 

argument used in the proof of the converse part of (1) one gets 

A(x) = A(x). · 



Now we show that the following statement is false: 

If A c: 6 then A0
c:::. B0 

Let X be a nonempty set and take an !element x £ X. Define fuzzy 
0 

sets A and 8 aa follows 

A(x) = 0 = 8(~) if x € X-~ x
0

} and A(x
0

) = 1/4, B(x
0

) = 1/2 • 

let the fuzzy topology on X be ~ Q, l, sl . Then A0 (x
0

) : 1/2 

& a0 (x
0

) = 0 • It is noted that x
0 

is a fuzzy limit point of A 

but is not a fuzzy limit point of B. AD-4 s0 • 

In this example note that (A
0 U B0) (x

0
) >(A U 8)0 (x

0
) and 

(A O ,'J B 0 ) ( x 
0 

) < (A n B) D ( x 
0 

) • 

However the following resutt is'valid. 

THEOREM. l.S.6 (Warren ~~78 (29)). Let A and B be fuzzy sets in 

a fts (X,T) & let x ex. 

(1) If x is a fuzzy limit point of A U B then (A0 U BD)(x,)~(AUB) 0 (x) 

(2) If x is a fuzzy limit point of both A and B then 

(A0n s0 )(x) ~(An 8)0 (x) • 

PROOF: (1); A0 (x)~ ~(x)·~(~ U ~)(x) = (AU B)(x) = (AU B)0 (x) and 

since a0 (x)·~(A U B)0 (x), the result follows. 

(2) Since (An B) 0(x) ~(An B)()()- ~(X n B)(x) = (A0n e0 )6c) the result 

follows. 

6. BOUNDARY Of A FUZZY SET. 

In this section we establish a boundary for a fuzzy set in a fts. 

Based on properties of fuzzy boundary we define a fuzzy boundary 

operator and observe that the boundary operator is an equivalent 

way of defining a fuzzy topology. In fact, ~e shall show that the 

space defined wit~ the held of boundary operator is identical to the 

space defined by fuzzy closure operator. 
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DEfiNITION. 1.6.1 (Warren 1?77 (29)). let A be a fuzzy set in a fts 

(XtT). The f~zzy boundary of A, denoted by A8 , is defined as 

A8 ~ inf{ D : Dct T such that D!(x)~ ~(x) for all xe X satisfying 
-

(Jt flAc)(x)> 0} • 

Clearly, A8 is a closed fuzzy set. and A8c X. lf ~ n Ae = 0 then 

A8 = inf{ All closed fuzzy sets in X} = ~ 
THEOREM. 1.6.2 (Warren lt!'J1 (29)). If (lt n AE) (x)> 0 then A8 (x) = lUx). 

PROOf: Easy verification based upon definition 1.6.1 

THEOR£M. l.6.J (Warren 1977 (29)). let A be a fuzzy set in a fts -
(X,T). Then (1) lt :: A0 U A8 (2) A6~ ]{ n Ac=;, K .. Ao 

PROOF: (l)Jf (~n A0 
) (x)> 0 or A(K) ::: 0 then A8 (x) - Jl(x). .. 

If (A() A c) (x} = 0 and A(x)> o, then Ac(x) = 0 • 

Hence Ac(x) : 0 and so A(x} = 1 But A0 : (Ac)c A0 (x) = 1 : ~(x) 

Hence~ = A0 U A8
a 

(2) To prove the first inclusion ,it is sufficient to consider those -
x £X for which (I nAc)(x)> o. 
It follows from theorem 21.6.2 that A9(x) = X(x)~ (l Ac) (x). 

To ptove the second inclusion, it is first not~~ that l ~ - A0 • 
I 

But A0 = (Ac)e ·. Ae :(Af )c~ i( - A0 .. ~ n F :::d( - A0 

COROllARY 1.6.4 (Warren 1977 (29)) ~ : A U AS 

PROOF: Apply li~A=A0 to the 1st part of theorem 1.6.). 

To see that both inclusions in theorem 1.6.3 (2) may occur, 

one may consider the following example; 

let X be a nonempty set. let A(x) = )/4 for all x &X. 

let T = ~ O, !t A, A0
} • 



THEOREM. 1.6.5 (Warren ~~~7 (29)). Let A & B be fuzzy sets in 
a fts (X,T). Then 

(1) (~) 8 : ~ (2) (A8 )8
c A8 (3) (AU B) 8cA8 U 88 

(~) (A U 8) U (A U 8)8 : (A U B) U (AB U e8 ) 

(S) If l O ;c : 0 then A8 : (Ae)B 

(6) If' (ltnAc )-(x)> 0 then A8(x)~ A(x) 

,(7) If iin Ac ·I 0 and given Ye X such that Ac (y) = 0, then 

A8(y) = n { D (y) : fi(x)~ J{(x) when (X n A e) (x)> 0} • 

SROOf: (1) (Q_) 8 c {0) = !t , the result is immediate. 

(2) A8 is closed and A8c.Jt : (A9 ) 8c AB : AB 

(3) If (A u 8 n (A u B)g ) (x) = 0 then (A U B)
8
(x) = 0 

So we take x eX such that (A U 8 n (A U B)e )(x) >tl 

We shall show that (A~ U 88 )(x) = (A U B) (x) 

If ~(x) :~ 0 then A8 (x) = 1i(J~t) (·: A8c ~ ) 
I 

If l (x) >0 then, since (A U B)e = Ac n Be c Ac it follows that 

Ac(x)>,- (A U B)c(x) > 0 • 

Thus (A Ac) (x) > 0 and A8 (x) = J\(x) (by th-eorem 1.6 .. 2). 

Similarly B8 (x) : fi(K) •. (A8 U a8 )(x) : (l-ID B)(x) = (A U 8) (x) 

But A8 U 88 is closed From definition 1.6.1, (AU 8)8cA8 U B8 

(4) (A U B) U (A U 8)8 : (A U B) (by Corollary 1.6.4) 

: l.U B? ~AU A8 ) U (8 U e8): AU B U A8 U e8 

(5) Since ~ ~ : Q AB : ~ : (Ac)B -
(6) If (lt n Ac)(x) :> 0 then by theorem 1.6.2 A8(x) = ll(x) >;A(x) • 

~7) This is a consequence ot definition 1.6.1 

THEOREM.:l.6.6 (Warren 1977 (29)). let A & 8 be two fuzzy sets in 

a fts (X,T). Then 

(1) A8 = ~ iff A n AC = 0 (2) A is closed iff A8
c A 

(') A8 n A = _q iff A is open & crisp . 

(4) A8 = i iff A is open, closed & crisp 
( r \ 

' • I 



{D) (Ao)B U {~)Be AS 

_{7) (AnB) 8 c.A8 U e8 

{6) If Ac 8 then A8 c 9 U s8 

(8) Ji:: ;o iff A6c::~ 
PROOf': (1) If A8 : ! then by theorem 1.6.3 it Ac = !! -
Conversely if l n Ac = ! then by definition 1.6.4 

A8 = n { all closed fuzzy sets in X} :: 0 • 

(2) Since a A c l, if A 
-lh:na 

is closed/ A c: A 

Sinc-e l{ = A U s6 

' if A8
c A then A = A. -

• 

(l) Let A8n A = Q • We shall show that A = (Ae)e which is open. 
-c 

When A(x) = 0 then A{x) = 1 Therefore (Ac) : A • 

0 < l{(x) and so (in A c) (x) = 0 

A9(x) = 1 
-c 

·. (Ac) = A :. A is open & crisp. 

Next assume A is open & crisp 

If (it n Ac)(x)> 0 then Ag(x) = 1~ lt(x) So A8 c Ac 

When A(y) = 1, then A8
(y) = o A9n A = Q 

(4) Apply the parts (2) & ()) of this theorem. -
(5) Set 0 = A0 n (A0 )c. Since (A0 )c = Ac ·. De il nAc -So when O(x)> 0 then A0 (x)~ A (x) = A8(x) 

Since A8 is closed By definition (A0
)
8c A8 

Since A none c J:t n Ac By similar argument it can be show-n that 

008
c A8 • 

( 6) 1 f A c B then ll c 8 • 

- from theorem 1.6.3 A8c A and 8 = B U B • -~7) Set D = An B n(A n 8) 0
• Since D c: (X n Ae) U (G n Be) it· follows 

that if D(x)> 0 then (An Ac}(x)> 0 or (II n Be )(x)> 0 

Hence A
8

(x) = i{(x) or 9
8

(x) = Jl(x) _, (Ail'i)(x)< (AB U gB)(x) 

But A9 U a8 is closed. Thus by definition (An B)6
c:: A8 u s8 • 



(8) If A= A0 , then, since A8cA it follows that A8cA0
• On the 

8 -o - - 0 8 0 8 0 other hand if A cA then A-= A U A =A U A =A 

Now we produce an example to show that properties (2) and 

{i) of the previous theorem can•t both hold. 

let X be a nonempty set. Let T be the set consisting of the 

constant functions o, A%, ! where A% (x) = 1/2 for all x in X. 

let A be the constant function given bJ A(x) = 3/4 for all x ~X. 

Then A = 1, Ac(x) = 1/2 and A0 (x) = 1/2 for all x in X. If both 

(2) and (S) hold then A8 (x)~ (~ nAc)(x) = 1/2 and (2) would give 

~(x) = 1/2 for all x in x. a contradiction. 

Now we define fuzzy boundary operator. 

DEfiNITION. 1.6~7 (Warren 1?77 (29)). let X be a set and let 8 

be a function from IX into IX. Set ~(A) = AU S(A) and set 

v(A) = t(A) n t(Ac) where (IX is the collection of all fuzzy 
X sets in X and A el • Then Sis called a fuzzy boundary operator 

for X iff for all fuzzy sets A & B in X the following axioms are 

satisfied. 

(81) S(!l,) =!! (82) B { 8 (A)) c:. B(A).(Bl)B(A U B) c:: S(A) UB(B) 

(B4)$(A) U $(8) c w(A U 8) (85) If v(A) = 0 then S(A) = S(Ac) 

(86) lf(v(A))(x) > 0 then (B(A))(x) ~ A(x) 

(~7) If v(A)· ~ A and given yeX such that (tfJ(Ac))(y) = 0 then 

(B(A))(y) ==inf {(llJ(E))(y) • (lJJ(E))(x) ~ (,P(A))(x) . 
whenever (v(A))(x)> 0} • 

Clearly in a fts (X, T) if S(A) = A8 for each fuzzy set A in X, 

then B is a fuzzy boundary operator for X by theorem 1.6.S. 
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TflEOREM. 1.6.8 (Warren 1~77 (29)). let S be a fuzzy boundary 

operator for the set X and define e . I~+ IX by e(A) : A U S(A) . 
for each fuzzy set A in X. Then & is a fuzzy closure operator for 

and S(A) 8 :: A • 

PROOf: Clearly a(~) = 0 U 8(0):: ~· It is obvious that Ac &(A) and 

&(A)c&(&(A)). t4oreover by 82 & 83 

&(&(A)) : &{A U B(A)) :: A U S(A) U S(A U B(A) 

cA U S(A) U S(B(A)) c AU B(A): &(A) 

Also e(A U 8) =AU 8 U B(A U B )c AU 8 U S(A) U 8(8) 

:e(A)D Ue(B) by 83. 

On the otherhand, by 84 &(A U 8) :::::> &(A) U &(B). Thus Sis a fuzzy 

closure operator for X. 

To show that B(A) = A8 we note that the closure operator &induces : -fuzzy topology on X in which &(A) = A. Put C = i\ n Ac • 

If C = ~ then A8 = Q. Also by 85,8 (A) = B(Ac) and thus S(A) = 0. 

If C ~ O, then A8 = U { En B(E): (E U B(E)) (x) ~(A U S(A)(x) if 

When C(x)> 0 then by 86,(B(A))(x)> A(x). 

Hence A8(x) = (A U 8(A))(x) = (S (A))(x) 

C(x)> 0} 

when C(y) >0 then (A U B(A))(y) = 0 or (Ac U a(Ac))(y) :: 0 

In the first ease, (S(A))(y) = 0 and A8(y) = o. In the 2nd ease, 

87 is applied end we conclude that A8 (y) = (B(A))(y) • 

THEOREM. 1.6.9. (Warren 1?77 (29)). let (X,T) be an fts and A8 the 

fuzzy boundary of a fuzzy set A in X. Define & : IX~+IX by 

X 

&(A) = A U A8 ~ Then 6 is a fuzzy closure operator for X and e(A) : A 

PROOF: By corollary 1.6.4, A U A8 : ~. Hence &is a fuzzy closure 

operator. 
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THEOREM. 1-6.10 (~arren 1??7 (29)). There is a natural 1 - 1 

correspondence between the set of all fuzzy boundary operators 

on X and the set of all fuzzy topologies on X. 

PROOf: Define r to be the set of all fuzzy closure operators on X. 

Define ' tobe the set of all fuzzy topologies on X & define A 

to be the set of all fuzzy boundary operators on X. Based on 

theorem 1.4.3 and 21-4,5 it is eaay to'verify that there is a 

natural map t : W+T which is 1 - 1 & onto. 

Tn!2b.nc2m 1.6.S establishes a map f:Y+ A • Therefore from theorem 

1.6.8 we deduce that ther~ is a 1-1 map g:A;+ f Such that 

g-l o t = f. It follows from theorem 1.6.9 that f is onto. 

§,. 7. CONVERGENCE OF SEQUENCE Of fUZZY SETS. 

In this section we define few terms in connection with sequence of 

fuzzy sets and prove a theorem. 

DEfiNITION- 1 .• 7.1 (Chang 1968 (4)). A sequence of fuzzy sets 

{A
0 

: n = 1,Z ••• } is said to be eventually contained in a fuzzy set. 

A iff there is an integer m such that, if n~ m then An c A. 

The sequence is said to be frequently contained in A iff 

for each m there is an integer n such that n~m and A
0

c A. 

DEFINITION. 1!7.2 (Chang 1968 {4)). A sequence of fuzzy sets 

{An : n = 1,2, ••• } in a fts (X,T) is said to converge to a fuzzy 

set A iff it is eventually contained iri each fnbhd of A. 

DEFINITION. 1!7.3 (Chang 1968 (4)). let ~ be the set of non-negative 

integers. The sequence {81 ; i = 1,2, ••• } is said to be a subsequence 

of 1A
0 

: n = 1,2 ••• } iff there is a map f from 3 to j such that 
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81 = Af(i) and for each integer m there is an integer n such that 

f(i)~ m whenever i~ n. 

OEfiNITION. 1!7.4 (Chang 1968 (4)). A fuzzy set A in a fts (X,T) 

is called a clusterfuzzy set of a sequence of fuzzy sets ~An:n:l,2 •• } 

iff the sequence is frequently contained in every f-nbhd of A. 

THEOREM. 1.7.5.(Chang 1968 (4)). If the f-nbhd system of each fuzzy 

set in a fts (X,T) is countable then the following are true. 

(a) A fuzzy set A is open iff each sequence of fuzzy sets 

{A :n = 1,2, ••• } which converges to a fuzzy set 8 eontained in A n 

is eventually contained in A. 

(b) If A is a cluster fuzzy set of the sequence~An:n:l,2, •• l 

of fuzzy sets, then there is a subsequence of this sequence converging 

to A. 

PROOF: (s)(=>)Since Ae T and Be A • Therefore A is a f-nbhd of B. 

But {An:n:l,2,} converges to B. 

By definition {An : n:1,2, •• lts eventually contained in a. 

(~) For each 6 A let u1 , Uz,••• be the neighborhood 

system of B. let Vn : ~ Un. Therefore v1 , v2, ••• is a sequence 
n:l 

which is eventually contained in each f-nbhd of B. 

Therefore v1 ,v2 , •••• converges to B. Hence there is an m such that 

for n ~m V
0 

e A. Then V~s are f-nbds of' B. 

Therefore by theorem 1.3~7, A is open. 

(b) let R1 ,R2 , ••• be the nbhd system of A. let S = U0 Ri. 
n i=l ... 

Then s1 ,s2, .... is a sequence such that Sn+l ~= Sn for each n. 

ror every non-negative integer i,chooee f{i) such that f(i)~ 1 

and Af(i)cs1 • Then, surely{ Af(i)' i:l,2,.) is a subsequence of 

the sequence{ An: n=l,2, •••• )Clearly this subsequence converges to A. 
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8. BASE AND SU88ASC,fOR A GIVEN FWZ2V TOPOLOGY. 

Jn this section we establish·various results analogous to those 

in ordinary topology for base and subbase. The task of specifying 

a fuzzy topology is simplified by taking only enough open fuzzy sets 

to generate all the topology. We discuss some methods for introducing 

fuzzy topologies on sets. 

O£fiNITION. 1.8.1 (G~guen,l?7' (10)). Let T be a fuzzy topology on X. 

A subfamilY·E ofT is called a base forT iff each member ofT can be 

expressed as the union of some members ofE • 

Also a subfamily t of T is celled a subbase for T iff the family of 

all finite intersections of members oft form a base for T. 

THEOREM. 1.8.2 (Warren, 1'78 (29)}. let T be a fuzzy topology on X 

end e T. Then,the following properties ofE are equivalent. 

(l) a is a base for T 

(2) For each At:; T • for each xe: X with A{x}> 0 and for each 

real no & > o, 3 S E. T such that Be= A and A(x) '2- B(x) < & 

PROOF: (1):::>(2) : Since Ae: T, A(x)> 0 andE is a base for T 

Therefore A = 'i \ for some colle~tion { B 1} in E • 

Therefore A(x): i~ ~ 8
1 

(z)} \! z 1n X. Given x 4 d> 0 there 

exists B
1 

inE such that A(x) - s
1 
(x}<~ • Clearly B1c:: A. 

{2) (1) ~~ let Ae T and A(x)> O •. ·, By hypothesis 3 Bx,ne S such 

that B c A and A(x) - B (x)< 1/n. x.n x,n 
A= U { B n' A(x)> 0 & n = 1,2 ••••• } x, ·E iss base forT. 

x,n 

COROLlARY 1.8.3 (Warren 1?78 (29)}. Let S be a base for the fuzzy 

fopology T on X and let A be a fuzzy set in X. Then A is open iff 

~ x e X with A(x)> 0 and for daeh o> O, there is B~E such that 



0:30 

icA and A(x) - B(x)<4 • 

PROOf: Simple application of theorem 1.8.2 

Now we study two general methods for introducing fuzzy 

topologies on sets. 

THEOREM 1.8.4 (Warren 1978 (29)). Given any family t :{ A~ :l~A } 

of fuzzy sets in X, there is always a unique, smallest fuzzy topology 

T on X such that t c: T and t is a subbase for T. 

PROOf: Take T ao the collection consisting of ~. !• all finite 

intersections of the AA's and all arbitrary unions of these finite 

intersections. Now using theorem 1.2.2 the results are easily 

'verified. 

THEOREM. 1.8.S (Warren 1?78 (29)). Let-E = {81 lltA} be any family 

of fuzzy sets in X such that for each (.A) p)sAxA for each xs X for 

which (81 n e
11 

) (x)> 0 andfor each a > o., there is some BCl satisfying 

Sa c BAn a\1 and CB1n B~ )(x) - B
3

(x)<a • Then the collection 1 

consisting of~'! and all unions of members of -E is the unique, 

smallest fuzzy topology on X such that -Eel and Sis a base forT. 

PROOft The'verification is straightforward. 

The above theorem gives another cha2acterization or a base 

for a fuzzy topology. We have noted that every base can be associated 

to unique fuzzy topolOIY• But a fuzzy topology may have several 

distinct bases. 

THEOREM. 1.8.6 (Warren, 1978 (29)).let·S and E be bases for fuzzy 
. 1 2 

topologies T1 and T2 on X respectively. Then T1 c T2 iff for each 

B1e : 1 and eech xeX for which B1(x)>O and each 6 >0, there is 

a2 e 9 2 SlJCh that s2 cs1 and a1(x)-B2(x)< o. 



and x £ x. for which B1 ( x)> 0 • 

it follows that s1c T2• Since-E2 is a base for T2 , the existence of 

a suitable s2· follows from theorem 1.8.2. 

For the converse, it follows from corollary 1.8.3 that : 1c T2• 

Hence T 1c T 2• 

COROllARY 1.8.7 (Warren 1'78 (29)). let ·E1:E2be beaes for fuzzy 

topologies t 1 ,T2 on X respectively. Then r1 = r 2 ~ff both the 

following conditions hold: 

(a)· for each a1e.:1 , each x eX for which a1 (x)> 0 and each o > 0, 

there is a2~-s2 such that e2ce1 and B1(x)- s2Cx)< o. 

(b) For each 82£· : 2 , each x eX for which B2(x)> 0 and each 6 > O, 

there is B1eE1 such that B1ca2 and B2(x)- e1 (x) < ~. 

PROOf: Straight forward. 

finally, we define ell space. 

DEFINITION. 1.8.9 (Wong (ll)).A fts (X~T) is said to be c11 if there 

exists a countable base for T. 

§. 9.· FUZZY CONTINUITY. 

In this section we study the generalized notion of continuity 

introduced by Chang in (4). As a preliminary. we mention·various 

properties of fuzzy sets induced by mappings. 
-

DEfiNITION. 1.9.1 (Chang 1968 (4)). let f be a function from X to Y. 

let 8 be a fuzzy set in Y and A a fuzzy set in X. 

lhe inverse image of B under f ia the fuzzy set l 1(B) in X is defined 

by (f1(B))(x) = B(f(x)) for all x in X. 

The image of A under f is the fuzzy sot f(A) in V defined by 

(f(A))(y) : Sup ~A(z)~ if ¥1(y) : ~x:f(x):y} is nonempty 
zeT' (y) 

= O, otherwise, for all y e V. 



THEOREM. 1.9.2 (Chang 1968 (4)). let f be a function from X to Y 

Then, (a) ?1 (Be) = (f1 (B))e for any fuzzy set B in Y 

(b) r(Ac):)(f(A))e for any fuzzy set A in X. 

(c) s
1
c B29 f 1(a1 )c t 1(B2) where B1 and B2 are fuzzy sets in V 

(d) A
1

c: A2:::} f (A
1 

)c: f(A 2 ) where A1 and A2 are fuzzy sets in X 

(e) s~rrF1 (B)) for any fuzzy set 8 in Y 

(f) Ac: 'F1 (f(A)) for any fuzzy set A in X 

TH£0REM. 1.9.J (Chang 1968 (4)). let f be a function from X to V 

and g be a function from V to z. Then for any fuzzy set C in z, 
(gof}-1(c) = r-1 (g-1 (e)) where gof is the composition of g and f. 

THEOREM. 1.9.4 (Warre,{, 1?78 (29)). let f be a function from X to V. 

If A, A1 ,1 ~ A1 are fuzzy sets in X and if B, B~,p & Az , are fuzzy 

sets in Y, then the following relations are valid. 

(l) f(r-1 (B)) = B when f is onto Y (2) f(nAl)c n f(A
1

) 

(::5) , ... 1 ("B.,): n r-1 (B~) (4) f (U A
1
): U f (AA) 

(5) r-1 (U B ) : U r-l(B ) (6) f(f-1(8) n A) : B n f(A). 
u \l 

The results given in the above theorems are all consequences of the 

definitions of f{A) and r-1(8) and can be verified without much 

difficulty. 

Now we are in a position to define the continuous functions in 

fuzzy structure. 

DEFINITION. 1.9.5 (Chang 1968 (4)). A function f from a fts (X,T) 

to a fts (V,~) is called fuzzy continuous (or f-continuoua) iff 

the inverse of each~-open fuzzy sets is T-open. 

DEFINITION. 1.9.6 (Wong ()1)). A function. f from a fts (X,T) to a 

fts (Y,~) ie said to be fuzzy open (fuzzy closed) o~ f-open (f-c1oaed) 

iff it maps an o~en (closed) fuzzy set in (X,T) onto an open (closed) 

fuzzy set in (Y,~). 



DEFINITION. 1.9~7 (Chang 1968 (4)). A fuzzy homeomorphism or 

f-homeomorphism is defined as an f-continuous bijection of a fts 

(X,T} to a fts (Y.~) such that the inverse of the map is also 

f-continuous. 

DEfiNITION. 1.9.8 (Chang 1968 (4)). Two fts•s are said to be 

f-homeomorphic(or topologically f-equivalent) iff there exists 

a f-homeomorphism of one space onto another. 

THEOREM. 1.9.10 (Chang 1968 (A)). let (X,T) and (Y,~) be fts's. 

A mapping f: X:+ Y is r continuous 1 ff the inverse image of every 

~-closed fuzzy set is T-closed. 

PROOf: ( ~) let 8 be a 'tf-closed fuzzy set in ,y. :. Be e CU 

.·. f- 1 (Bc)¢ T (-: f is f-continuous). But, f-1 (Be) = (f-1(a))c 

(f-1(B))ce T • Hence r-1 (8) is T-c1osed. 

(¢: ) let Be CtJ :. Be is closed fuzzy set in Y. 

By hypothesis r-1 (Bc} is T-closed r~(f- 1 (8))c is T-closed 

. ·. r-1 (8}£ T. Hence f is- F'-continuous. 

THEOREM. 1.9.11 (Chang 1968(4)). If {X,T) & {Y,~) are fts•s and 

. f is a function on X to V then the conditions below are related 

as follows: (a) (b) ; (b) (c) and (c) (d) 

(a) The functio~ f is r-continuous. 

(b), for each fuzzy set A in X, the inverse of every fuzzy 

nbhd of f(A) is a fuzzy nbhd of A. 

(c) for each· fuzzy set A in X and each fuzzy nbhd V of f(A), 

there is a fuzzy nbhd W of A such that f(W)c V 

(d) ror each sequence of fuzzy sets{ A :n:1,2, ••• }in X which . n 

converges to a fuzzy set A in X, the sequence ~f(A0 ), n=l,2, ••• ) _ 

converges to- f(A). 
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( 

h - : .. 

PROOf': (a)~ (b) let A be a fuzzy set in X & V a fuzzy nbhd 

of f(A). ~. V contains an open f-nbhd W of f(A) 

Since, f(A)c W c: V Therefore f-l ( f(A)) c::: f-l (W)t: f-l (V). But 

Ac r-1 (f(A)) and r-1 on is open •. · f-1 (V) is a f-nbhd of A. 

(b) ~(e): Since r-1 (V) is a fuzzy nbhd of A , , , 

Therefore f(W) = f(i~1 (V))c:: V where W = r·1 cv>. 
(e)=>(b): let V be a f-nbhd of f(A). Then, there is a 

f ... nbhd W of- A such that f(W)c: v. So r-1 (f(\'l)}c: r-1 (V). 

But tf~ r-1 (f(W). Hence r-1 (V) is a f-nbhd of A. 

(c)~(d): If V is a f-nbhd of f(A), then there is a 

f-nbhd W of A such that f(W)c v. Since { A
0

: n:l,2 ••• lis eventually 

contained in W :. There is an m such that for n ~m, A
0

c W 

f(An)c f(W) for n~ m •. 1{f(A
0
): n = 1,2, ••• ) converges to f(A). 

THEOREM. 1.9.12 (Warren 1978 (29).let (X,T) & (V~) be fts and 

f:X· + Y a mapping. Then the following conditions are equivalent. 

(a) The function f is f'-continuous. 

(b) for every x& X and every f-nbhd N of f(x), 'f-1 (N) is 

a f-nbhd of x 

(c) for every XE X and every f-nbhd N of f(x) there is 

a f-nbhd M of x such that f(M)c N and H(x) = (f-1 (N))(x). 

PROOf: It follows from theorem 1.9.11 that (a)~(b) & (b)~(c). 

let us prove that (c)=>(a) 

Let Be~ & xe X such that (f-1 (8))(x)>~O .. B(f(x))> 0 and B is a 

f-nbhd of f(x) (by definition). 

By hypothesis, there is a f-nbhd M of x such that f(M)cB and 

J.1(x) = (f-1 (B))(x). Mcf'-1 (f(M))c r-1on 
Therefore by theorem 1.3.8 r·1(8)e T. 



THEOREM: 1.9.1) (Warten, 1~76(l,jv) let (X,T)! (Y,~) be 

fts and f: ~ + Y a function. Then the following conditilons 

are equivalent 

(a) The function f is r-cont1nuous 

(b). for every fuzzy set A in XJ f(i)ef('AT 

(c). ror every fuzzy set B in Y) r-1 (8) c= r-1 (1J) 

Proof: (a)='>(b) By definition, f(A) = U {8' f(A)cB, Bce'U} 

TheretoJ>e ,-l l f{AJ) :: I:J( f,..l (8}: f(A) c: 8, Bee <u} 

Now by theorem 1.9.10 r-1(9) is closed fuzzy set in X. Also 

f-1 (B):::>A • Therefore I c r-1un .·. lcut {f-1 (B)} 

. . lt c ,-1 ( r (A J > • ·. r < ll > c "f<AT. 
(b) :::} (c) Since r-1 (8) is a fuzzy set in X, it follows 

that f( ,-l (8)} c: r ( , ... t (B) )c.B :. r-1 (B) c: r-1 (IJ) 

(c}~ (a) By theorem 1.9.10 it suffices to prove that 

the inverse image of everyCU closed fuzzy set is T-closed 

Let 0 be a closed fuzzy set in (Y;u) Then r-1(D)cf-1 (0):f-1(D) 

.·. r-1 (D) = r-1 (1)).:. r-1 (0) is T-closed .: f is f-continuous. 

THEOREM 1.9.14 (Ming and Ming 1980 (21)). Let (X,T) and (V;u) 

be fts end f:(X,TJ+ (Y,~) be a function. Then the following are 

equivalent. 

(1) f is.f-continuous 

(2) for each member V of a subbase ~ for ~. 

r·1 (V) is T-open 

Proofs (1)~(2) ean be proved in a similar way as in general 

topology. 



O.iG 

~. 10. SUBSPACE 

Warren (29) introduced the concept of relative fuzzy topology 

as well as subspace. ln this section we examine certain elementary 

results. 

THEOREM: 1.10.1 (Warren ~'78(29)). let (X,T) be a fts and let 

A X. Then the family TA = { U/AHtte T} is a fuzzy topology on A, 

where U/A is the restriction of U to A. 

Proof; It can be easily'verified that TA satisfies all the axioms 

of definition 1.2.1. 

DEFINlTION 1.10.2 (~arren 1?78(29)) The· fuzzy topology TA is called 

the relative fuzzy topology on A or the fuzzy topology on A induced 

by the fuzzy topolo~gy Ton X. Also (A,TA) is called a subspace 

of (X,T).~ 

THEOREM 1.10.3 (Warren 1?78 (29)). let (A,TA) be a subspace of the 

fts (X,T) and let Z be a fuzzy set in A. Further let B be the 

fuzzy set in X defined by B(x) = Z(x) if x eA and= 0 if x &X-A. 

Then l = B/x and s? I A = Z0 n c-x:J I A where 2 and Z0 are with 

res pee t to T A and G t 8° and t"fi. ~ ere . with respect to T. 

Proof: Y:n {~/A:C/A-::JZ and (C/A)~€ TA} 

: (n { D: 0::>8 and Oct T} )/A : lf/A. 

The verification of other result is similar. 

The following definitions end theorems are due to roster (9). To 

avoid confusion we shall use the terms "induced quasi fuzzy topologyn, 

/
• Te.loh\tely q\..lcui fu~~~ conhnuot.~..s'' 

/q LiCIS1 
0 quasi fuzzy subspace", "relatively fuzzy open" respectively in place 
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of the ~erma "il)duced ·ruzzy topoloJfgyn' 11 fuzzy subspace". "relatively rtn 

fuzzy eontinuoasa A "relatively fuzzy open" used in (9). 

DEfiNITION 1.10.4 (foster 1~79 (9)). let A be a fuzzy set in a 

quasi, fts (X,T). The induced quasi fuzzy topology on A is the 

family of fuzzy subsets of A which are the intersections with A 

of T-open fuzzy sets in X. The induced quasi fuzzy topology ie 

denoted by T(A)' and the pair {A,T(A)) is called a quasi fuzzy 

subspace of (X*T). 

Note that the induced quasi fuzzy topology does not in general 

satisfy the lst condition of the definition of quasi fuzzy topology. 

The remaining conditions are satisfied. 

DEfiNITION l.lO.S (foster 1,79 (9). let(A,T(A)) and ;(a,~(B)) be 

two quasi fuzzy aubapseea of qfta•a (X.T) & (V,~) respectively. 

(1) A mapping f of (X, T) l t n -t9 t'f~ .'7i";;l..LI ~ ·ds called a mapping of 

(A • T (A)) into (B ,'U (B)) 1 f f(A)c:: B. 

(2) A mapping of ~f (A,T(A)) into (B,~{B)) is said to be relatively 

quasi fuzzy continuous iff for. each open fuzzy set V~in~(B)' the 

intersection f-l(V~ )n A is in T(A) 

(3) A mapping f of (A), f.T(A))n into (B,~(B)) is said to be relatively 

quasi fuzzy open iff for each open fuzzy set U~ in T(A) the image 

f (U~) is in CU(B). 

THEOREM 1.10.6 (Foster 1?79 (9) let (A,T(A)) and (B,~(B)) be quasi 

fuzzy aubspaces of quasi fts•e (X,T} A (Y,CU) ~espectively, and let 

f be a fuzzy continuous map,ing of (X,J) into (Y,~) such that 

. f(A)c 8. Then f is relatively quasi fuzzy continuous mapping of 

(A,T(A)) into (B::tJ(B)). 

Proof: let V_. be fuzzy open inCU(s)• :. 3 VECU such that V.-:: VnB 
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The inverse image ,-l ( V) is open in T. Hence r-l ( V' ) n A : 

,-l(v)nf-1 (8)11 A= r·1 (v)n A is open in r(A). 

THEOREM 1.10.7 (Foster 1~79 (9)). let (A,T(A))' (B,~(B)) and (C,~{C)) 

be quasi fuzzy subspaces of qfts•s (X,T), (Y,~) and (Z,~) respectively. 

let f be a relatively quasi fuzzy continuous (resp. relatively quasi 

. fuzzy open) mapping of (A,T(A))into (B,~(B)) and g a relatively quasi 

fuzzy continuous (reap. relatively quasi fuzzy open) mapping of 

(B,~(B)) into (C,~(C)). Then the composition is a relatively quasi 

futzy continuous (reap. relatively quasi fuzzy open) mapping of 

Proof. Let u: be open in ~(C) Then g-1 (W') n B is open in cu(B) and 
-

r-1(g-1(tJ')n B) n A is open in T(A)• But (gof)-1 (W .. )n A = and 

f-l(g-l(W')n B)n A are equal fuzzy sets! Sines f(A) aB and so gof 

is relatively quasi fuzzy continuous. The pro·of in the case of 

relatively quasi fuzzy open map.ings is trivial. 

DEFINITION 1.10.8 (foster 1~79 (9)) let (X,T) be a qfts and T(A) the 

induced quasi fuzzy topolovy on a fuzzy subset A of X. A subfamily E .. 

of T(A) is a base for T(A) iff each member of T(A) can be expressed 

as the union of membets of 

It is to be noted that if E is a base for a quasi fuzzy topology T 

on a set X, then EA ={ U" A : UeE } is a base for the induced 

quasi fuzzy topology T(A) on the fuzzy subset A. 

THEOREM 1.10.9 (roster 1?79(9)). let (A,T{A)) and (BfU(s)> be 2 quasi 

fuzzy subspaces of qfts's (X,T) and (V,~) respectively. latE~ be a 

base fDr~8 • Then a mapping f of (A,T(AY into (B;tl8 ) is relatively quasi 

fuzzy continuous iff for each a~ inE~ the set r·1 ca~)n A is in T(A)• 
Proof. Straight forward. 



§ 11. THE fUNCTORS '~' AND 'i' 

One observes that there is z natural way to associate a fuzzy 

topology with a given topology and vice'verea. This type of 

opposite relationship is established with the help;of two 

functions denoted by ·~· A '1'. We shall examine the nature of 

these functions. 

Let (X,J) be a topological space. A function f:Xl+l will 

be called upper semi-continuous iff for each real number eel , 

{X& X:f(x)<a } is ~-open (!e. {x:f(x)>,a} is cr-closed)and will 
' 

be called lower aemlcontinuous iff for each osl , {xe Xtf(x)>a} 

is J-open (ie{ x: f(x)$a } is J-elosed)and will be called 

continuous iff it is both upper and lower aemicontinuoua. 

On I consider the usual topology { ]o,l] :c e l} U{ I}U{'} 

and let the resulting topological space be denoted by 1,. 
D£fiNITION 1.11.1. (Lowen 1~76 (19)) for a fuzzy topology T on a 

sdt X, 1(T) is defined to be the topology on X induced by all 

members p: X+ Ir of T. 

DErtNITION. 1.11.2 (Weiss 1?75 (30)). for a topology cr on a set X, 

~(cr) is defined to be the fuzzy topology on X consisting of all 

lower semicontinuous functions from (X,cr) to lr. 

THEOREM l.ll.J (Weiss 1975 (JO)).Let (X,~) be a topological space. . -

w(~) is a fuzzy topology on X and so (X,~(cr) is a fts. 

Proof: Clearly the constant fuzzy sets ~ & ! are lower semicontinuous. 

furthermore, since the aupr~mum of an arbitrary family and infimum of 

a finite family oflower semicontinuous functions from X into I are 

each louer semicontinuous. Therefore the unions of arbitrarily 

many and intersections of finitely many elements of w(cr) are themselves 

in tll(cr). •·. (1)('3") is a fuzzy topoclogy for X. 
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D!f'UJITJON 1.11.4 (Weiss 1_~75()0)) let A be a fuzzy set in an 

arbit~ary set. We define the sets ar(A) and •r(A) for r s I by 

a;_.~(A) :. { xg: X ; A(x·)>· r} 

wr:(A) · =~ .xe x~: A(x·>~. r} 

The·se sets will be· .called the st.~?ong .and the w·eak r-cut of A • 
' ' ' 

THEOREM l~ll .• S ·.(We . .iss,- 1_~7S · (lO)) ~ A fuzzy ·set A in X is opttn 

(re~p.· closedr·;if·f; for 'each r> o,. ar(-A) i& open (rasp;. atr(A) is 

closed~ 

' ' ' ' 

It is clear that if S is .1-open in a topological spac.;ie 
' ' ' 

(X, J ) then th~ · ch~~act~ris.t1~ function · Xs i·s f:>(J) - open. 

THEOREM 1.11.6' (Weiss 1,75 (24) A ·tpapptng.f;e (X.,~C.:Jl)•(V, ~(<J)) 
. . . . 

is·.f-continuous iff f: .fX,J lt~ (Y,Ci) is co~tinuous with 

respect to topological spaces. 

Proof: ( =>) let V be a \..:f-open set · 

(•l(v) :{ xeX :xy(f(x)) = i} : {~ex: (f-1 (xyl)(x)>' %} = o%(f'..;1<xv>> 

But, by theorem 1~11.5 the lattel' is .:J ... ope'n·because xv is Cl)(cJl)-open 

and. f is r -continuous·. Therefore f is continuous. 

Converae1y, suppose · f is continuousandB ie an open fuzzy set in Y. 

For an~ r> o . ~rcr-1 (B)) :~ X£ X: (f-1 (~)) (~)~>r ~ 

= {x eX: B( f(x.)> r}l = · ;-1{a··\ ]r~-..11 ) 

But the. latter set 1~ open, beca~s~ 8 i~ lower.~emic~ntinu~us and 

f ia continuous. By theorem 1.11 • .5 r-1 (8) is w(J)~pen 

Therefore f is f.-continuous. · 

THEOREM. 1.1'1,..7 (Lowen 1~76 (19)) It· fr. (X,T~+ (YiU) is r·.;.continuous 

then. f; (X, i(T)~+ {V.,irtl)) is continuous 

Proof: Str·aight forward. 
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THEOREM 1.11.8 (Srivastava (21))let (X,J) be a topolotical space and 

(V,C:U) afts. Then ft (X,J")t+(V,i (<tt)) is continuous=}· f:(X, w(:J).}+(V~) 

is r-continuous. 

Proof: Straight forward. 

let TOP denote the set of ell topologies on a set of X and 

fTOP the set of all fuzzy topologies on X. Then we have the two 

mappings 

il fTOPJ+TOP given by l:+ i(T) and (A) ; TOPJ+fTOP given by 

.J +w ( :J ) • 

DEfiNITION 1.11.9 (Lowen 1976 (19)) If Te fTOP be equal to w(3) for . 
some J eTOP then T is said to be topologically generated. 

THEOREM 1.11.10 (Lowen 1~76 (19)) 

(i) i O(l) = idTOP (ii) i and mare respectively an isotone 

surjection and isotone injection. (iii) wo i(T)is the smallest 

topologically generated fuzzy topology which contains T.(We denote it 

by T ). (iv) T is topologically generated iff T = T 
Proof: Straight· forward 

DEfiNITION 1.11.11 (Lowen 1,76 (19)) A function f: (X,T):+(Y,~) is 

said to be continuous iff f~ (X, i (T))•(Y, ifU)) is continuous. 

THEOREM 1.11.12 (Lowen, 1~76(19)) let (X,Y) and (Y,~) be fts's and 

g is a function from X to Y. Then the conditions below are related 

as follows (1)~(2), (2)~(3) and (3}~(4) 

(1) g is f-continuous (2) g is continuous (J) g;(X,T):+{V,~) 

is f-continuous (4) g: (X,T)~•(V,~) is f-continuous. 

Proof; This is straight forward. 

Next, we state a few results without giving the proofs. ro~ the 

proofs we refer the reader w (19(c)) 

THEOREM 1.11.13 (Lowen 1??7 (19)) Iff: X·-t(V,<U) then 

1 (f-1 {CtJ)) = y-l(i(CU)) = i (f-1 (<{})) 
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THEOREM 1.11.14 (Lowen 1?77 (19)). Iff: X:•(Y,w(~) then 

w(f-1(~)) = ,-1( ~{~)) 

THEOREM 1.11.15 {Lowen 1~?7 (19)) If X is a set and{Jl} leA is a 

family of topologies on X then Sup w (J,_,) = ~(Sup :! ) 
leA leA A 

THEOREM 1.11.16 (lowBn 1?]7 (19)) If X is a set, {(V1 ,~1 )} lsAis a 

family of topological spaces end r
1 

: Xt+Y1 is a family of functions 

then Sup rA1 c~c~1 >> = w(Sup ( f11 <~1 >>> AeA leA 
1HEOREH l.ll.~7 (Lo•en 1~!7(19)) lf X ts a set and ((YA .~1 JJ AeA 

is a family of fts•s and f 1 
we have i(Sup fi1 (Oi)) = 

l£A 
THEOREM 1.11.18 (Lowen 1~]7 

: x:.v1 is a family of functions 

Sup fA1 (ifU1 )) 
leA 
(19)) If t:(X,T)+ V then 

i (f (T)) = f(i(T)):=:> i (f(T)) 

then 

THEOREM 1.11.19 (Lowen 1?77 (19)) If f:(X~w(3)),+Y then f( ~(~)):w(f(~}) 

THEOREM 1.11.20 (lowen 1?77 (19)). If X is a set and ~~1 }AeA is a 

family of topologies on X then n (&)(3
1

) = w( n J1) 
leA leA 

THEOREM 1.11.21 (Lowen 1?77 (19)) If Y is a set, ~(XA,~A )}leA is 

a family of topological spaces and f 1 : x1•+Y is a family of functions 

then n f, ((I)(J,)) =fl.)( n f, ( J,)). 
l&A A A AeA A A 



CHAPTER ~2 

· FUZZY POINTS IN fTS 

In fuzzy theory the notion of ordinary point does not enable us to 

give, in many situations, natural results analogous to point set 

topology. Jn this we fuzzify the concept of point. It will be observed 

that fuzzy point in fuzzy theory plays the same role es the point in 

the classical set theory. 

§.1. ~UZZV POJNT AS DEFINED BY WONG. 

In this section we deal with the fuzzy point as introduced by Nong(Jl) 

and discuss few properties. 

@gF1N~TION.2.1.1. (Wong (J3)). A fuzzy point p in a set X is a fuzzy 

set p which takes the value 0 for all y & X except one , say x. 

If p(x) = a where 0. <G< 1 , then p is said to have support x and 

value a. 

We denote a fuzzy point having support x and value o by x 
a 

Thus, x.~(y) = 0 for ally s X A y;~ x, and x (x) =a. 
...... 0' ... 

• 

OEflNITION2.1.2. (Wong (33)). let x be a fuzzy point and A a fuzzy 
a 

se~1n X. Then x is said to be in A or A contains x , denoted by o a 
x e A iff x {y). < A(y) for all y s X. a o 
Consider the follot~lng theorem. 

THEOREM. 2.1.3. (Wong (33)). ~If A = U A where A is any index seta 
.l&A l ' 

~A1 } is a family of fu~zy sets in X, then a fuzzy point xc e A iff 

x s A'X for some leA • 
G 

In ordinary set theory, this theorem is trivial. But this is 

not trivial in case of fuzzy set theory. If one replaces the inequality 

in definition %.1.2 by x 0{y)~ A(y) then theorem 2.1.} is no longer 

true. On the other hand, if we restrict all fuzzy sets to take values 



{0 • 1} then definitions 2.1.1 and2.1.2 will reduce to corresponding 

definitions in ordinary se~ tboery provided we use o <o~ 1 & xa&(y~ A(y) 

in place of o <e< 1 & x (y) < A(y). In other words, our current dtlfin-
CJ 

itions will not reduce to the ordinary ease even if we impose the 

restriction that all fuzzy sets will take values {0 , 1} only. 

However Wong used this definition and proved the following results. 

tThe proofs of these results ~re omitted but references are provided. 

THEOREN.2.1.4. (~ong (33)). Let (X,T) be an fte. A subfamily : of T 

forms a base of T iff for every member A of T & for every fuzzy p~int 

"a e A, there exists a member B of E such that x £ B c: A. 
{X,T) 0 

OErlNITION.2.1.5. (Wong (33.)). Let/be an fts and x
0 

is a fuzzy point. 

A subfamily g of T is ,called a local base of X iff x e 8 for every 
. . ' a u 

member 8 of· E and for every member A of T such that X £A, 
a 

there 

exists a member 0 of .E such that x & 8<= A. 

D£riNITION.2.1.6. (Wong (33)). An fts (X,T) is to be c1 if every 

11ocal 
fuzzy point in X has a countable base. 

THEOREM. 2.1~7. (Wong (33)). If an fts (X1 T) is t 11 then lt is c 1 • 

DEfiNITION.2.1.8. (Wong (33)). An fts (X,T) is said to be separable 

iff there exists a countable sequence of fuzzy points {(x,) }~1,2, ••• 
. A (11 

such that for every member A of T 
_1in this sequence 

point (x
1

)" such that (x).) eA. 
0 1 01 ' 

& A;¥ ! there exists a fuzzy 

THEOR£M.2.1 .• 9. (Wong (3))). If an fts (X, T) is c11 , ttwn it is separable 

THEOREM.2.1.10 (Wong (33)). Let f be an f-continuous function from 
' . 

a separable fts {X,T) onto an fts (Y,~) .Then (V,~~ is also separable. 

THEDREM.2.1.11. (Wong (33)). let f be an F-eontinuous function from 

a c1 fts (X,T) onto an fts ~Y,~). If f is elso r-open, then (Y,~) is c1 
The introduction of fuzzy points enableus to discuss conver­

gence in a meaningful ~ay. 



DEflNITION.2.1.12. (Wong ('))). let {(xn) } n = 1,2, ••• be a sequence 
an 

of fuzzy pointe. let x
0 

be a fuzzy point with x ~ •n ¥ n~n0 where n0 

is same numbe~. Then (xn) is said to converge to x
0 

, written (~s 
o., 

(xn) ~· x , iff for «n a 
every member A of T such that x ~ A, there exists 

a 

for all n ~ m. a number m such that (xn) e A 
Cln 

REMARK.2.1.1). (Wong ()))). If the sequence {(xn) ) ,n : 1 ,2,... of 
. en 

fuzzy points in an fts (X,T) converges to the fuzzy point x then, 
a 

in general an .;-.J.>; a. In fact, (xn) 
an 

converges to ell fuzzy points xa 
if a ~Ch In the theory of general topology we have a similar situation. 

DEFINillON.2.1.14. (Wong {33)). let x« be a fuzzy point in an fts (X,T) 

and A a fuzzy set in X. Then ~a is said to be an accum,lation point 

of A iff every member a of T ouch that xa e B, en Ax . I !. where Ax 
a. a 

is the fuzzy set defined by Ax (y) = 0 for y = x 
0 : A(y) otherwise. 

R£MARK.2.1.15 (Wong (J))). If x 1s an accumulation point of A then 
a points 

all fuzzy points x6 with B~a aee accumulation~f A. 

THEOREM. 2.1.16. (Wong (33)). let (X,T) be a c1 fts. let A be Q fuzzy 

set and x a fuzzy point in X. Tben x is en accumulation point of A 
a a 

iff there exists a sequence of fuzzy points {(x
0

) }, n: 1,2, •• 
. <In 

such that (xn) a e A and (xn) .. + x • 
n on 

THEOREM.2.1.~7. (Wong ('')). let (X,t) be an fts. If there exists a 

countable sequence of fuzzy points {(x ) } n = 1,2, ••• in X .such that 
. nUn 

every fuzzy point x in X is an accumulation point of the ruzzy set a 
A~ U (x ) then (X,T) is separable. 

n n Gn 
REMARK.2.1.18. (Wong (33)). The converse of the theorem 2.1.17 is not 

true in general. This is anothe~ departure from gene~ol topology. We 

have the follo~ing counter example. 

l~t X be a point set and x c X. let AS , 0$. 8~ 1, be fuzzy sets in X 
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defined by A~(y) : 6 . for y : x. and A~(y) : 0 otherwise. 

Let T-ZIJ!!.t!,AB tO~ 8~ 1} • Then (X, T) is an fts. Consider the countable 

sequence of fuzzy points {xaJ where n ranges ove~ the set of rational 

numbers between 0 and 1. Any member 8ofT such that B;~ Q will contain 

a member of {x } • Thus (X,T) is separable. 
·~ 

let )( be a fuzzy point with 0 <a< 1. Then x is not an accumulation 
a A a 

point of the unio~/ of any countable fuzzy points because, B n A = !! 
XC 

for all 8 c T containing \~ B: ~ ! . 

§.2. •BELONGINGNESS'Gf fUZZY POINT IN FUZZY SET AS INTRODUCED BY 

SRIVASTAVA & OTHERS. 

In an attempt to remove the controversial aspect of.the definition 2.1.2 

Srivastava and others (~7) defined 'belongin9ness' from a new an91e. 

In this section we study some results related to thi·e definition due 

to Srivastava & others. 

DEfiNITION.2.2.1.(Srivastava & others (~7)). let x be a fuzzy point 
Q 

and A 8 fuzzy set in x. Then X is said to be in A 0~ A contains X ' o a 
denoted by x e A 

0 
iff x~(x) < A(x) and x

0
(y) ~ A(y) if y;- x. 

So, if x is a fuzzy point and A is a fuzzy set in X, then 
C1 

X ; a A<=> X (x) ~ A(x) • a a 
TKEOREN.2.2.2. (Srivastava a others (~7)). Let A be.any index set and 

x« a fuzzy point in X. Then x
0 

sl~AA1 iff xm e A1 
where A1 •s are fuzzy sets in X. 

for soma A tt A 

Proof: (=?).Let x. e U A,. Therefore, x (x). < '( a 1 h c U A~)(x):Sup A1 (x) 

Thus x
0

(x). < AA (x)· ,for some AeAwhich implies 

(~) x
0 

& Al* x0(x)<A1 (x)~S~p A1 (x) 

which implies that x
0 

e U A1• 
l.el\ 

A A 
that x

0
cA1 for some leA 

:: '( U A
1

){x) 
1 
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THEOREM.2.2.l.(Srivaatava A others (27)). If A is a fuzzy set in X 

and if A(x); -J 0 for some x ~X, then there exists a fuzzy point x such 
(J 

that x a A. 
Cl 

Proof : Simple. 

TREOREM.2.2.4.(Srivastava & others 1981 (~7)). A fuzzy set A in X is 

the union of all its fuzzy points. 

Proof : If A = 0 , then the result is obviously true. -
let A;l Q. Suppose {(x,) } leA be the collection of all fuzzy points 

• A (J 
1 in A. So (x1) ~A~ (x~ (11).< A(x1) & (x1) {y)~ A(y} for yl x1 aA ·nl al 

This caA also be written as (x,) e A 9 ('\) (y), ~ A(y) for ell y eX 
A fll A (ll 

which implies that Sup (x,) (y).$ A(y) =? U (x,) <= A •••• (a). 
A A cl leA ~ al 

Now A~ I. .Q. there exists a point x e X such that A( x), ~ 0. 

Define a sequence ~(xn)a {x)} sf non-zero real numbers as follows. 

is a sequence of non-

Then Sup 
n 

So A(x) ~ 

{xn) (x) = A(x) 
an 

lim ~n = o. 
n:+= 

• But, Sup(xn) {x). ~ 
n a.n 

Sup (x,) (x) •••••• (b). 
A A (l). 

Therefore. the 

good at every point x e X such that A(x). I. 0. 

Sup (x,) (x) 
A A CIA 

inequality (b) holds 

At other pointe of X the ~lnequality (b) holds trivially. 
' 

Hence, A(y) <Sup (x1} (y) for all y s X , i.e. A e U (x1 ) ..... (c). 
l a.1 A GA 

Combining {a) and (c) we hove A = U (x~) • 
l 0 A 

§ .. l. FUZZY POINT AS INTRODUCED BY MING AND MING. 

In earlier definitionof fuzzy point we have ob$erved that the value 

of the fuzzy point x of a set X satisfies 0 <. e(.. <. 1. However Ming 

and Mlng included the value 1 and defined fuzzy point and 'belonging­

ness in slightly different direction. 

DEflNITION.2.).l.(Ming & Uing 1980 (21)). A fuzzy set in X is called 
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a fuzzy point iff it takes the value 0 for all y £ X except one ,say, 

x £X • If ita· value at xis a (0. <~ 1), we denote this fuzzy point 

by x where the point x e X is called the support lr a is ealled the 
a 

·value. 

DEfiNITION.2.3.2.(M & M 1980 (21)). The fuzzy point x is said to be 
Cl 

contained in a fuzzy set A or to belong to A, denoted by x
0 

e A , iff 

o ~A(x). 

NOW we introduce the notion of neighborhood of a fuzzy point. 

DEfiNITION.2.3.3.(M & M 1980 (21)). A fuzzy set A in an fts (X,T) is 

called a neighborhood of a fuzzy point x (with support x and-value a) a 
iff' there exists an element B £ T such that x e B c: A • 

a 

A neighborhood is said to be open iff it is open in the fuzzy topology. 

The family consisting of all t~e neighborhoods of a fuzzy point x is 
0 

called the system of nei9hborhoods of x • 
G 

Corresponding to the above definitions we introduce the follo\'li -, 

ing important concepts. 

DEfiNITION. 2.).4. (M & M 1980 (21)). A fuzzy point x ia said to be a 
quasi-coincident (or simply Q-coin~ident) with a fuzzy set A, denoted 

by\~~ iff a+ A(x) > 1. A fuzzy sot A is said to be quasi-coincident 

(or simply Q-coincident) with another fuzzy set B , denoted by A ~ B, 

iff there x e X such that A(x) + B(x) > 1 & in this case we also say 

that A and B are Q-coincident. 

OEFINIT10N.2.3.5.(M A M 1990 (21)). A fu~zy set A in an fts (X,T) is 

called a Q-neighborhood of a fuzzy point x iff there exists B e T 
(I 

such that a + B(x) > 1 and B c A. A Q-neighborhood is denoted by Q-nbhd. 

The family consisting of anlthe Q-neighborhoods of a fuzzy point x is a 
called the r:s,ystem of Q-neighborhoods of x 

(J • 

DEfiNITION. 2.3.6.(M & M~l980 (21)). Two fuzzy sets A and B sre said 
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to be intersecting in X iff there exists a point X£ X such that 

(An B) (x) -J 0 and \'le say that A and 6 intersect at x. 

!ill.ll,.2.3 .• 7. (N & M 1980 (21)). A Q-nbhd of a fuzzy point generally does 

not contain the point itself. The neighborhood structure of a point 

which does not contain the point itself, was studied in ordinary topo~ 

logy by frechet in 1916 (cf. M. frechet, '' les Espaces Abstraits!' 

Paris, p 172 ). He formed the foundation upon which the frechet (V) 

space theory has been built (cf. W. Sierpinsk, "General Topology", 

chapter 1. Toronto, 1952). But the fact that A and Ac should not 

intersect, which is true in the theory of (V}-opaces, is no longer 

true generally in the theory of fuzzy topological space. Hence, our 

investigation of the Q-nbhd structure differs from that of frechet 

(V)-space theory. The sobetitute for the fact that A and Ac do not 

intersect in general topology is the fact that A and Ac are not 

Q-coincident in fuzzy topology. 

THEOREN.2.J.8.(M AM 19SO (21)). let A & 8 be t~o fuzzy sets in an 

fts (X, T). Then A c::::: B <=}A a: Be are not Q-coincident. In particular, 

x € A~ x is not Q-coincident with Ac • 
C& a. 

Proof : This follows from the fact that A(x) ~ D(x) ¢:> A(x) + 8c(lt) ~ 1. 

THfOREM.2.J.9. (M & M 1980 (21)). let up be the family of nbhds(resp. 

Q-nbhds) of a fuzzy point p = x in an fts (X,T). 
a 

(l) If U€up then p e U (resp. p is Q-coincident with U) 

t2) If U , Ve vp then U n V it. up (J) If Ueu & Uc:V then p V e op 

(4) If U e up then there exists V e: up such that Vc. Upand V e "q 

for every fuzzy point q such that q e: V(resp. q is Q-coincident with V) 

Conversely, for each fuzzy point p in X if v is a family of fuzzy 
p 

sets in X ~etisfyi~ the above conditions (1),(2),(3), then the 

family T of all fuzzy sets U such that u~ ~ whwnever p E U (resp. p 

is a-coincident with U) is a fuz~y topology for X. 
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If in addition, up satisfy the condition (4), mentioned above, then 

up ia exactly the nbhd (rasp~ Q-nbhd) system of p relative to the 

fuzzy topology T. 

Proof : Straightforward. 

Now we mentien some results and leave the proofs of most of them. 

THEORtl·i.2.3.10 (n & M 1980 (2l)). letll'=,{ A,J boa family of fuzzy 

sets in X. Than 3 fuzzy point p = x is Q~euineident with U A\ iff 
a 1 ~ 

thero ~xistn some Al e n su.ch that p is Q-coincident uith A1 • 

THEOREfl. 2.).11. (H a M 1980 (21)). A subfsmily E of a fuzzy topology 

T for X is o base For T iff for each fuzzy point p : x
0 

in (X~T) nnd 

for anch open Q .. nbhd A of p, thet"e eMiats a met~bar 8 e E such that p 

is Q-coincident with B and 0 c .A. 

O£fiNil!ON.2.J.l2. (~ & M 1980 (21)). let up be a nbhd (Tesp. Q-nbhd) 

syatam of a fuzzy point p = •a in an fte (X,T). A subfamily EP of ~P 

is called a neighborhood base (rasp. 0-neiqhborhood base) of up iff 

for eacll Uti: up there exists a member 8 .tn s., $VCh that B c::: U. 

DEriNITION.2.).13. (~ & M 19SO (21)). An fts (M,T) is said to ba t 1 
(resp. G-C1) iff every fuzzy point in (X,T) has a countable nbhd(resp. 

Q-nbbd) bsae. 

The cl Cresp. Q-C1) defined above will be terme~ as c; (reap • 

• Q-C1) space tbrougbout th1 present wo~k. 

~.2.~.14. (~ & ~ 1980 (21)). It has been observed that the defini­

tion of c1 space given by Wong (3)) does not take the corresponding 

definition of c1 space in ordinary 9enoral topolo9y as a special case. . ~ 
But, both the concepts of c1-space and Q-c1 space take the c1 spoco 

in ordinary general topology, as a special case. 
THECR£~~2.,.1S.(~ & » 1980(21)). If {X,T) is a c;spaca then it is also 

tt 
~ ll-C1 spnce. 
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THEOtl£M .. 2.3.16. (M& r·11900 (21)). If an f'ts (K,,J) is c~ 1 .. ,.then 

. * it ~ 11s also o--c1 space • , 

Ho~avar , the cohva~se of theorem 2.3.15 . ia not true in 

general ~we can construct o t 11_ space which is 
~ 

tiut not c1 • 

.. 
of course ~-&1 • 

THE:OREU. 2.3.17. (M & t·, 1980 (21)) • let A0 be t.be interio-t _of a fuzzy 

set Ain an fts (X., I) • Th~t1 e; fway potnt P= xe e A0 iff p ·has e nbhd 

eont.alnsd j.n A • 

The proof is atraightJ forward • 

, TH£0R£n • 2.3 .. 18 (M & t-1 1986 (21)) • .A fuzzy point p :: x. € :fr t the .. u 
closu~e of s fuzzy set A in an· fts (X,T) iff, each Q-abhd of pis 

Q-~oinoident ~itb A • 

-f>roo:f: tie tmos-1 that x ~ A <:=} foll each elos.ed set. f' ~A? x . e f o~ 
G a 

r(x)>G • The~efore, by- taking complement, this fact can be stated ,.. 

ee. : x s i <~ fog. evatty open set 8 c:- Ac f.Hx) • .$ .1 - a • 
(B 

In oth-ero ~lords ., JOJ cvecy open~ fuzzy set a sati.afying 9(x) > 1-a. ~ 

S is not contained in Ac. 

r~ ~;from theo~em 2.3.8. ~ a is not contained in Ac iff B ia Q-co1n~ 

ctdent with (A0 )c ~ A • . 
We have t.hue proved that 2t • ~ A iff eva~y open Q ... nbhd 8 of X J.s 

a~ ~ 
i: Q-coincident wltb A~ which is.avidently~aqo1valant to what we want 

to pr-ow. 

D£f'lN1TlON.2.3.19 {t-1 & n 1980 (29)) 
• A. fu~zy point p = x is called 

• Ci 

an adha~ence point of o fuzzy eet A iff every ~-nbhd o~ p 1e Q-eoln­

cldent with A 



0~2 

T'EO~EM~· 2.3.20 (M & M 1980 (~~)) • for a fuzzy set A0 i is the union 

of all ad~erence pointe of A • 

Proof : Straight forward • 

DEflNITION.2.3.21 (H & M 1980 (21)) • A fu~zy ~1nt p = xc ia called 

a boundary point of a fuzzy set Aiff p e A n Ac • 

The union of all boundary points of a fuzzy set A is called a boundary 

of the fuzzy aet A • 

The boundary of A defined by Ming & Wing will be te~med as Q-boundary 

and will be denoted by 8A. 

It is clear that 8A = A n Ac • 

THEOREM • 2.3.32 • (M & Mil980 (21)). F~r any fuzzy set A , A~A U 8A 

where the inclusion symbol cannot be replaced by an equality • 

Proof : The first part follows from the definitiop 2.3.21. 

for the last part of the result , ue consider the following example : 

Let X be any point set • Take x a X • 

~let l = ~Q , ! , x112 ) , A = x213 and p = x314 where xa ia a fuzzy 

point with support x and'value a. 

Clearly , T is a fuzzy topology • 

The 0-nbhd of p in (X,T) are! and x112 which are all 0-coincident 

with A • Hence , by theorem i.J.l8 , p e i . 

On the other hand, p -~A and the Q-nbhd of ~~x112 } is not Q-eoincident 

with Ac i.e. p:~ 8A and hence p.~ AU 8A. 

REMARK. 2.3.23. It should be noticed that in general topology we have 

A = A U Boundary of A , which is a departure ffem fu~zy topology • 

D£riNITION. 2.).24. (Weise 1975 (30)) • let A be a fuzzy set in an 
~ 

arbitrary set X • The set {x e X : A(x) > 0 } is called the support 

of A and ie denoted by supp A o~ A
0 

• 

Dtf1NlTION.2.3.25. (Ming & Ming 1980(21)) • A fuzzy point p=x is called 
Q 
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an accumulation point of a fuzzy set A iff p is an adherence point of 
' 

A and every Q-nbhd of p and A are Q-coincident at some point different 

from supp(p) whenever p & A. 

The union of all accumulation points of a fuzzy set A is called the de 

derived set of A, denoted by 0A. 

It is evident that 0A <:::::.A • 

The accumulatiQn point and derived ae• developed by Ming a Ming will be 

termed as Q-accumulation point and Q-derived set respectively. 

THEOREM2.3.26. (M a M 1900 (21)) •. For any fuzzy set A, A = AU 0 A 
Proof : let g = ~P : p is an adherence point of A} • 

Then from theorem 2.3.20, i : U a. 
On the other hand p ,e n~either peA or fl ~A • fQit the latter case, 

by definition of Q-derived set p & 
0A • S.o, A : U Qc::A U 0A. 

The other inclusion is obvious. Hence A-.. i U 0A • 

COROllARY.2.3.~7. (M & M 1980 (21}). A fuzzy set A is closed iff A 

contains all the Q-accumulation point of A • 

Proof : We know that A is closed iff A= i. 

therefore, by theorem 2.3.26 the result follows. 

TH£0REM.2.3.28. (M & M 1980 (21)). In an fta (X,T) let A= ~xa} be a 

fuzzy set. Then (1} for y; ~ x , A(y) = 0A(y) (2) if A(x) > o then 

A(x) = 0A(x) and (3) i(x) = a iff 0A(x) = 0 • 

This theorem helps us to establish the following rusalts. 

THEOREM2.3.29. (M & M 1980 (21)). In an fts let (X,T} , let A= {xJ be 

a fezzy set, then (1} when °A(x) > O, 0A :: A is closed, (2) when °A(x)::O 
0

A is closed iff there exists a B cr T such B(x) = 1 & for y, -J x 

B(y) = (Ac)(y) = (0A}c(y} & (3) 0A(x) = 0 iff there exists a member 

8 e T such that B(x) = 1-a. 
7REOREM. 2.3.30. (M & M 1980 (21)). The Q-derived set of each fuzzy 

po1~t 
point is closed iff the derived set of each fuzzy ~ is closed. 
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' 
O£f1NITION.2.J;Jl.(M & M 1980 (tl)). A family 0 = ~~1 ) 1£!, of fuzzy 

pointe p, : (x,) ln an fts (X,T) ls said to be dense in X iff every 
• A <A «A 

nonempty T-open set contains some member of n . the family n is sald 

to be Q-dense iff every nonempty T-open s~t is Q-eoincident with 

eeme member of n • 

DEflNITION.2.3.32. ~ & M 1980 (21)). An fts (X,T) is said to be sepa­

rable' ~esp. 0-separeble} iff there exists a countable family of fuzzy 

points in X which is dense (reap. Q-dense) in X. 

PROPOSITION.2.3.)3.(M & M 1980 (21)). In an fts (X,T), a family g of 

fuzzy points in X is Q-dense iff U1r : X • 

PROOf : left. 

Although the concept of being dense and that of being Q-denae 

donot imply each other, but we havethe fallowing result. 

TH£0REM.2.3.,4.(M & M 1980 (21)). An fts (X,T) is separable iff it 

is a-separable. 

PROOf t Omitted. 

THEOR£M.2.l.li.(M & M 1980 (21)). let each coordinate spaee (X1 ,TA) 
~0 1 e A, be separable and IA-1~2 , then the product speee (X,T) ia 

also separable. 

THEOREM.2.).)g.(M & N 1980 (2l)). let A be an index set. let each 

(X1 ~T1 ),AeA, be an fta such that T1 has non-inte~secting and 

non-empty members u1 , v1 • If. the product apace· ~,T) of these fts'a 
No is separable, then each cx1 ,T1 ) Js separable and lA~.~ 2 • 
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PRODUCT AND QUOTI£NT fUZZY TOPOLOGIES. 

Af~er Zadeh introduced fuzzy sets in his ela~sical paper (32), 

Chang (4) developed the theory of fuzzy topological spaces baaed on 

Zadeh's concept. A study of the product and the quotient fuzzy 

topologies was started by Wong in ('1). 

In tbis chapter. we generate new fuzzy topologies from given 

ones and study conditions for eome properties to carry over. 

Product and quotient fuzzy topologies are developed and studied in 

the. same spirit. 

§ .!.PRODUCT fUZZY TOPOLOGY. 

In this section we deal with product fuzzy topology only. In· fe~ 

results one would notice the difference between gene~al topology and ; ·_;; ,~ 

fuzzy topology. 

let ~x1 :1eA) be a family of spaces. Let X = n x1 be the usual 
AttA 

product space and n1 , the projection from X onto x1 • further assume 

that each X, is an fts with fuzzy topology 11 • lGt t =1f.:.1 (U <) 1 U, e: T. 
A i\ A 1\ :f\ 

& A s A } 
let 3 be the family of all finite intersections of members of E. 

let T be the family of all unions of members of s. lt is clear that 

T is indeed a fuzzy topology for X uith S es a base & t a subbase. 

OEflNJJ~~~·'·l.l.(Wong, 1'74 (Jl)). Given a family of fts {(XA,TA)} 

, A e A, the fuzzy topology T de,in~d as above is called the product 

fuzzy topology for X= n XA and (I,T) is called the product fts. 
leA 

Soma immediate eonaoquences from this definition are given ~olo». 
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THtOR£M.J.1.2.(Wong, 1974(31)). let (X.T) be the product· fte of the 
I ' 

. family of fts •s ~_(fA! ! >.) : >. e A} 

(l),for aaeb leA, the projection u1 is F-contlnuous. 

(2} Tbe p~oduct fuzzy topology is the smallest fuzzy topology for 

X such th.at (_1) is t~rue. 

(3) let (Y,~) be an fts and f) a functian from Y to X. Then f is 

· f-continuous iff for every AeA , vAo f is F-continuous. 

Proof : (1) Bt (2) follotJ from the definit_ion of product fuzzy topology. 

(3) ( ) Obvious. 

( ) Let u1 e T 
1 

• Then ( v).o t >-1 <u1): (f-1 ovA)(U1> is 

CU-open. So, ~- ,-l(~A(~~)): lf.;\t T ~' Ad is a family of <u-open fuzzysets . . 

in V. Ae every member·or T te tbe union of finite intersections of 
. -1 ( ) -1 the family ~wl u1 s ~1eT1 ,1eA)and f preserves union a intersection 

th~rero~e it follows that. r-1 maps T-open~ fuzzy sets ontoCU-open 

·fuzzy sets. Hence, f is f-continuous. 

1HEOR£M.3.J.,.(roste~, 1?79(9)). let {(X1 , T1 )} , ~(Y1,CU1 )l,leAbe 
two families of fts's and (X,T), (Y,~) the respective product fts•s. 

Tor. each AsA, let f 1 be a mapping of (X1 , T1} !nto CY1 ~ ~A). Than the 

_product mapping f: n~ r1 :(x1 >~· cr1tx1)) of (X,T) onto (Y,~) is 
leA 

f-eontinuous iff fA is f-continuous for each l~A. 

Proof; Note that th~ mapping· f can also be written ae X-+(f.A(~A(x))) 

where x = (x~). Th~e f is F-continuous by theorem }.1.2. 

Let jXl}' l=l,Z,l, ••• ,n be a finite family of fuzzy seta & 

for each 1 = !,2,-.... ,n, let ~1. be a fuzzy.set in X~. ~~e define th& 

product A : n A1 of the family {A1), 1=1,2, ••• ,n as a fuzzy set in 
1=1 . 

X: AglX by A(x1 ,x2, ••• ,xn) = Hin ~A1 <~1 ),A1(x2), ••• ,An(xn)}for all' 

(x1'"2•••••••n) eX 
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clearly,for each c~~ 1.2, ••• ,n ,~ 1(A)cA1 ,because, for ell x1sx1 
~-1 (A))(x1 ) = Sup A(z!, ~~·····•zn) 
- (zl, •• ,~n)en·~(XJJ 

= Sup M1!1 ~A1 (a1 ),A2 (z2 ), •••• ,An(zn)} 
{z1 , ••• ,zn)en1 <x1 > 
:Min ~ Sup A1(z1 ), ••• ,Sup An(z )} c A1 (x1 ) 

"XZf Xl f zneXn n 
It follws from the above that if x1 has fuzzy topology T1 ,1:1,2, •• ,n, 

the product fuzzy topology T on X has a base the set of product fuzzy 
n 

sets of the,form n u1 where u1e T1 1=1,2, •• ,n. 
1=1 

THEOREM. ).1.4. (Foster 1979(9)). let ~ (X1,t1 )} l=l,2, ••• ,n be a 

finite family of fts•s • for each A=l,2, ••• ,n, let A1 be a fuzzy sat 

in X1 and A the product fuzzy set in X where (X,T) is the product fts 

of the finite family of fte•s • Then the induced topology TA on A has 
6 ~ 

a base the set of product fuzzy set of th& form 
~ 

u1 e(Tl)A 1=1,2, ••• ,n. 
A 

n u where 
1=1 1 

Proof: In accordance with the preceedlng remark T has a base 
n 

-E=~ B u1 : U1e T1 , 1:1,2, ••• ,n.).~~base" for TA is therefore given 
. 1=1 n 

by ·EA =.{( n U1)nA: u1e t 1 , A=l 11 2, ••• ,n} But ( 
1=1 

The result follows with Ui = u1n A, A:l,2, ••• ,n. 

n n 
n u1 )nA: B(U1n A). 

A=l 1=1 

TH£0R£M.J.1.5. (foster 1?79(9)) let ~cx1 ,)1 )} 1=1,2, ••• ,n be a finite 

_family of quaai-fts•s and (X,TQ the product fts • For each 1:1,2, ••• ,n, 

let A1 be a fuzzy set in x1 and nA the product fuzzy set on X • let 

(Y,~) be a quasi-fts and a~ a fuzzy set in V. let f be a mapping of 

the quasi fuzzysubspaee (8,~(B)) into the quasi fuzzy subspace (A,T(A)). 

Tben f is relatively quasi fuzzy continuous iff u1o f is relatively 

quasi-fuzzy continuous for each A:1,2, ••• ,n. 

Proof: (=}) Since v1 is F-continuoes for eaeh 1=1,2, ••• ,n, by theorem 

1.10.6., eacb v1 ia relatively quasi fuzzy continuous l=l 1 2, ••• ,n. 

The~efore, the composition ~1of)ie relatively quasi· fuzzy continuous 

fer each l=1,2, ••• ~n. 



f~) Let~: =Pi K··~xu;, uha~e ~Ae Ct1>A
1 

A=l,t, •••• ,n~ 

theraforo, by theorem 3.1.4. the.set of such U~ forms a base for TA 

Since,. f-l (JJ:) n B=f-l ( vi1 (.Ui)f"\ ••• f'\ v;1 (u;)) /'""'\ B: 

= R (Cu1 o f).1(uA)08) is open in U (B) ~ as n1of 
l=l 

of relatively quasi fuzzy continuous for each A=1,2, ••• ,n, it follows 

from th&orem 1.10.9. that f ls relatively quasi fuzzy continuous • 

THEOREM. 3.1~1. (foster 1?79 (9)). Let 5<X1,t1 )) and ~(Yl,Ul)} 

1=1.2, ••• ,n be two finite, fam.11ies of quaai-fte'a, O:qd ()SG"!Ji)~ (¥,~) 
be the -respec.ttvC2.. p-roduct ..fis's. FoT ~o..c.h ?\, .i,'2.., ,n 

/let A1 be e:f~zzy set in x1 , 81 a fuzzy set in V
1

>and f 1 a mapping 
cvuo..st 

oi' the/ fu% zy subspace (A1 , ( T 1 ) (A ) ) in to the quasi fuzzy subspace 

n 1 n D AA and B = n s1 be the product fuzzy sets 
1-1 1=1 
Then the priduet mapping f : ; f 1 given by 

1=1 
f(x1 , ••• ,x

0
): (f1 (x1), ••• ,fn(x

0
)) of the quasi fuzzy subspace (&,T~A)) 

into the quasi fuzzy subspace {9 1U(B)) is relatively quasi fuz~y 

continuous if t 1 is relatively quasi fuzzy conti~ous for each 1=1~··•"· 

Proof; Analogo~s to the proof of theorem 3.1.). 

RTHEOREM .).1,.7. (f'oeter • 1979 (9)). Let ,l(X1 ,T1)} and ~(Y1 ,.U1 )} 
1=1,2, ••• ,n be two finite families of fta•s and (X,T) and (Y~U) the res 

respective product fts•s • for each 1:1,2 •••• ,n, let r1 be a mapping 

of cx1 ,t1> into (V1 ,u1>. Then the product mapping f= 
1
S

1
r1 given 

by fCx1 , ••• ,xn) : Cr1cx1), ••• ,f
0

(xn)), of (X,T)lnto (Y,U) ia fuzzy' 

open if r1 is fuzzy open for each l=l,!, ••• ,n. 

Ptoof: Let u~be open in T. Tben ,·tbere exists open fu2zy asats 
~ n 

UAz' nseM, 1=1,2, ••• ,n, such that U~= U ( U u1m)• 
meM 1=1 

Now , for all y s Y (f(U))(y)= U f( ; U
18

)(y) 
maM 1-1 n 

=Sup Sup 
1 

( ! 1U1m(z) 
m~M zsf- (y) ).-

=Sup Sup_1 ...... Sup L Min ~u111 Cz1 ), ••• ,unm(z
0

)}. 

meM z1er1 (yi) znet;'Yn) 



,. 
Since t 1 ie fuzay open for each Ac1,2, ••• ,n f(U1 is open tn u. 

.. ... 
~t,EOREM:-,.1.8.{Foster 1'79(9)).let {(X~,T1 )) A {(Y

1
oUA)} 1=1,2, ••• n 

be two flnJte families of quoai-fts•a and (X,t) 4 (Y,U) the ~espeetive 

product fte•s. For each A:l,2, ••• ,n, let A1 be a fuzzy eet in x1 . 

and s1 a fuzzy aet in v
1

• Let r
1 

be a mapping of the quaei•fuzzy 

subspace ~1,tt1 )(A )) into ~he quasi-fuzzy subspace (B1,(u1)(B )) 
A n n A 

to~ each A:1,2, ••• ,n. Let A = D ~l SAd 6 = D BAbe the product 
1=1 - l=l 

. fuzzy seta in X & V respectively. Then the product ~pp~ng 
n 

, = n fl t c.l.•2·····•n)~· (fl(al)'~ (x2), ••• ,fn(xft}) or the qucsi-
1=1 

fuzzy subs~aee (A,t(A)~) into the quaai-fuzzy e~bspaee (e.u(B)~) is 

ret•tlvely quasi-fuzzy open if fl ta relativoly quasi-fuzzy ope~ 

for ea~b 1 ~ 1.2, ••• ,n. 
P~oof : tet u: bo open ln T(A)• 8y theorem }.1.4 there exleta open 

fuzzy sets ulme (11 ) (A ) , me M, 1= 1, 2, ••• ,n- such that u' ~~:;can be ,. 
tttitten as u~: u 'h uilf 

• m~fl A=l leD 
As ln the 'roof of theorem 2.1.7 it follovs that 

n - -
f(U-): U tt (f1(Ulm)). Stoco fA ls relatively quasi fu2zy 

GeN 1:1 
open for each 1=1.2, •••• n, t(U:) is open 1n u(B) • 

TH£0R£M.).l.9 (roster 1~19(9)). Let (X1,t1) & (X2,T2) be queei-tts's 

and (X,t) the product fts. Then for each a1s x1 , the ma~ping 

f ~ x2;•(a1 ,x2> of (X2,t2> into (l,T) i& r-cont!nuoue. 

Proof : The constant mapping r 1 s •i • a 1 of (X2, t 2) into (x1 , t 1) is 

r-cont1nuouD, for, if u1 ia open in t 1 ,tbe inverse image ti1<u1 ) 
1 V.x 4 E X]._ 

lG given by (fi (U1 ))(x2 ) = u1 ca1> c kc(x2)1whore kc is the open 

fuzay set io x2 which is a constant fuetion with c : u1(a1) and ae 

the identity mapping iz • •a• .2 or cx2~i2)onto itself is f-continuous 



oco 

the mapping f is rr-continuous by theorem ,.1.2. 

TH£0REM:~·l.l0 (foster 1~79(9)). let (X1,T1) & (X2T2) be two quasi• 

fuzzy topological spaces and (X,T) the product· fts. Lot A1 and A2 be 

fuzzy sets in x1 and x2 respectively and A the product fuzzy sat in 

X'. Then for ee.c:h a1c x1 such that Al(a1 ) ~A2 (sc2 ) for all x2 c ~ the 
/5LU8S .. 

oapping f : x2• (a1,.2) of th~ fuzzy subspace (A2,(T2)(A )) into the 
2 

quaai-fu~zy subepace (A, T>(A)) ie relatively quasi fuzzy continuous. 

Proof : Clearly f(A 2)c Ao because {f(A2))(x1,x2) = A2Cx2)1f x1= ~2 
and (f(A2))(x1,x2) = 0 otherwise, and A{x1,x2) = Min~A1 Cx1 ),A2 (x2 )) 
which is >, A2(x2) for all Cx1 ,x2) eA. 

The proof of the relatively quasi fuzzy continuity of f is analogous 

to the proof of the fuzzy continuity of f in theorem 3.1.9. 

DEYINITION.,.l.ll.(Ming & Hlng 1980(21)). let X : ,n Xlbe the product 
"flA 

space of a family of fts's JCX1 ,T1)}lcAand x = (xl)leAeX & P £A - -The subset XP of X defined by Xp = ~Y = (yA): when l~p, y1 = x1) 

is called t~e aectien through x = (x1) par~llel to X~. 

ftEMAftK£:3.1.12 (M 4 M 1980 (%1)). ln general topology, the subepaees 
- d X 4 X are ~aturally consider/to be ho~eomorphie. But thia is not 

p " 
true 1n general in fuzzy topology.On account of this we must take caRe 

P· 
in dedmding some property/for the coordinate epece (X1,TA) from the 

product space X'which enjoys the same property. 

We need the following lemma 
. ' 

LE•tMA. ,.1.1) .. (H 4 M 1980 (21)). Let u : n {u:1cu,)} be a member of 
l&f' " " 

the defining base·E for the product topology of the product apace 

of a family of fta'e ~(XA,TA)} where u1e T1 , and r is a finite 

subset of the index sel·A, then, when~~~ f wp(U) is the fuzzy set 

in X which takes the constant· value Cl on 

" a = ~:;~ Sup {UA (,It).) 1 1tA e x1 } /;; 

when pef, let r 1 = f -(~} , then up(U) = 



aet in X , taking the constant value B such that 

a = Min ~Sup{ U1(x1) t x1 sX1}) 
Aef 

Proof 1 fhts lemma can be dl~ectly'verified. -THEOREN.,.1.14 ( M 4 M 1980 (21)). let 
-

T be the relative ruzzy topology 

" of the subspace X • Then tbere is a r-continuous bijection 
- - \1 

f : (X ,T ):•(X ,T ). Moreover ~hen (X .T ) is quasi fta , f is a 
\1 \1 p ~ \1 p 

fuzzy homeomorphism. 

Proof : let y =~ y1 ) be an arbit~ary point in XP • let f(y) = Yp• 

It is easily seen that f is a bijection. from the definition of product 

topology it follows that f is f-contJnuous. 

Suppose that (X ,T ) is quasi fts. 
" ll 

We show that ,-l is also fcontlnuous. -1 -In fact £ =~ A • A=2 vi (u1 >n x
11 

, 

Therefo~e, from theorem 1.9.14, in 

u1e t 1 ,).~A} is a subbase of T\1. 

order to prove that ,-l ls 
-f-continuous, lt suffices to show that f(A)E T • 

' , II 

Obviously f(A) =vp v1- 1cu1 >. 
' When ).;~p, from leema ).1.13 f(A) is the fuzzy set taking the constant 

value on X and by definition of quasi fts f(A)E f • p p 

When A = ~, evidently f(A) = U E t • 
\.\ iJ 

!!l£.3.1.1S. In the·light of the correspondence f consteucte4 above 
-.J ,...., 

one may di~ectly consider the subspace (X~,t~) of the product apace 
jj lt (X,T) to be a fuzzy topolog,cal space (Xf,UfJ, where Uf is generated 

by the family of fuzzy sets which consists of all the members of T~ 

ond in addition, some fuzzy seta taking constant'value on Xf• 

Ofcourse Uf is finer than T~. 

D£r!NITION.,.1.16 ( M & M 1980(21)). A fts (X,T) is called a purely 

stratified space iff for each UET# there iso{€1 such that U('x) co( 

for each x~X. Jn particular, (X,T) is called simply stratified iff 

T:[!!,!J· 
N!![ : ,.1.~7. In fuzzy topology a purely stratified space plays 

tht: rolG nnnloguu~ to tf'at. played by an in.cllscrete space in ordinary 
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the role analogous to that played by an indiscrete space in ordinary 

general topology. 

THEOR£N.,.l.l8.( M & M 1980 (21)). If Ais an uncountable index set 

and tor each leA , (Xl,Tl) is purely stratified, so ls the product 

space (X,T) of this collection of fts•a. 

Proof & Since, T baa a subbase whose members are fuzzy seta taking 

constant· value on X · · · The theorem holds. 

THEOREM.3.1.19 ( M & M 1980 (21)). A purely stratified space is e11 • 

P~oof : The proof can be obtatnod from tbe following simple property 

of the unit closed interval I of the ~eal line : 
c::r. 

· For any set n = ~ o,) { there e•1sts a countable subset o1 of g such 

that for each a1en, there is a se~uence anco1 (n:1 12, ••• ) satisfying 

on·~~ and leAf converges to aA under the usual topology of the 

real line. 

Now ~e obtain the product theorems for c11 space. Here one would 

notice the departure from general topology. 

TKEOREM.J.l.20 (Wong 1?74 ('1)). let {(XA,TA)}, 1=1,2, •••• be a 

countable family of e11 fts•s. Then the product fts (X,t) is also c11 
Proof : let s1be a co~ntable base for T1 • let V={ w~1 (B) : sc S1) 

A=l,2, ••• and s be the family of all finite intersections of members 

of V • Therefore, E !sa cou"table subfamily of T. 

We shall show that S is a base fo• T. 

let r sT. By definition 

fuzzy sets of the form 

Since :
1 

is a base for 
n 

Consequently, v:1(A ) = 
~'-n n 

Note that in general, 

( U Cm)(\( U On) ~ U (Cm"'On} whe~e tm e.n<l 0
0 

are f\lazy aete. 
meA1 neA2 (m,n)€A1xa2 
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This can be easily generalised to finite intersections. 
~ -1 " -1 

So r'l '" (A ) = n U v , ( em ) is the union of finite inter-
n:! An n n=l mn¢Mn An n 

sections of members of v. It follows that S ia a baae.for T. 

, TH£0REM.3.1.20(1) (M & M 1980(2l)).let ~CX1 ,Tl)) leA be a collection 

of c11 fta'Se and (X,T) their product speee. Then (X,T) is c11 iff 

all but a countable number of coordinate spaces are purely stratified. 

Proof : Left. 

Now we prove that uncountable p~oducts of c11 spaces may not 

be c11 ; hence , the above result is , in a sense , the best one 

can get • 

THEOREM. 3.1.21. (Wong 1?74 (31)) • let ({X1 ,T1 )} lsAbe an uncountable 

family of e11 spaces such tbat (1) none is indiscrete and (2) in 

each fts (X1,T1 ) , for e~y fe T1 and f;~ g, there exists a point 

x1 e; x1 such that r(x1 ) =1 • Then the product fts (X, T) is not e11 • 

Proof. By definition of product fuzzy topology , T has a base.S
0 

with members of the form 80 =n~uA~<A10 > , A1~ T1a· 
Then by (2) v1 (B

0
) = x1 tor A:~ 1

0
, n=l,2, •••• ,a and 80r~ !· 

Indeed, let x
0 

eX1 sueh that A1 (x
0

) = 1, n=l,2, ••• ,m. 
n n 

Let x1& X1 • Consider the subset S of X given by 

S = ~xl }x .. • • x{xm}x_{xl }x. t!'An x
11 

of X • Then 8
0 

(a) = 1 Sl a e S. 

n=l,2, •• ,m 
~~~1 

Therefo~e , (~1 (B0 ))(x1 ) = 1. Since x1 is arbitrarily chosen. 

Thus w1(~0 ) /= X~. 
Now , if (X,T) is c11 , then T hae s countable base E={80 },·n=l,2~··· I?:; , 3 a member B0~0 of · 1 So, for each 8 :~ i ot :

0 
such that Bn3~0 say 9

8
= ~w~ (A, ) 

n n=lAn 4 0 
'-

'\ e r1 • Then , tr1 (8n)::>tr1 (80 ) = \ for 1~ >.
0 

, n::l,2, ••• ,m. 
n n 

.'. tr
1 

(8
0

) :: x1 for .l-J 1
0 

, n:l,2 •••• ,m. 
Do this for all members of E. 



It follows that there exists a countable subset n of the index set A 

such that for any A eA-n, nl (Bn) = x1 for all Bn.z ~ .!! • 

Since A is uncountable, there exists A0~A-n. Hence ~(Bn)=X10 V Bh~! 

By assumption, x1 is not indiscrete. Therefore there exists an open 
0 -1 

fuzzy set A
0 

, A0:~ ~' x1 such that v1 (A
0

) is an open fuzzy set in 
0 0 

T. Again by definition of base, there exists a member Bm ~ Q of E 
-1 -1 

such that 1r
1 

(A
0

) ::_:) 8~ • Thus tr
1 

(rr
1 

(A
0

)) ~ rr1 (Bn) :: x
1 

• 
0 0 0 0 

On the other hand, 11'A (v-l(A
0

)) : A
0 

• This is a eontrediction. 
o 10 on 

Next we state theorems/product spaces generated by c11 and 

separable spaces without providing the proofs. 

THEOREM.).1.22.(Wong (})}). Let {CX1 ,T1 )}1£A be a countable family 

of c1 fts•s. Then product fts (X,T) is also c1 • 

TMEOR£M.(Wong ()))).let ~(X1 ,T1 )} l&A be an uncountable family of 

c1 fts•s sucb that 

(l)none is indiscrete i.e, for each leA , there exists u1e T1 
such that u

1
J1 o, x1 

(2) for each lsA, there exists a fuzzy point (xA) sUA such 
-1 «A 

that f\ 1tl ( (x
1

) ) ) is a fuzzy point in X and 
~~A a). 
(J) in each fts (X

1
, T 

1
), for any A e T

1 
and A:. ic 0 , there exists 

a point xex1 such that A(x)~l. Then the product fts (X,T) is nott1 • 

REMARl{ 

Thus we observe that uncountable product of e1spaces may not be~. 

:).1.24(wonq (33)). Unlike general topology, glven fuzzy points 
-1 

,leA,!\ w1 ((x1 ) ) is not always a fuzzy point in the 
leA «1 

It is either a fuzzy point or the empty fuzzy set !• 

= 0 • _. 



THEOREM.J.l.25.(Wong {)3)). let {(XA,TA)l l€A be a countable family of 

separable spaces. Then the product fts is also separable. 

As the definition of c1 space introduced by Wong does not reduce 

to the cl space of ordinary topology, it is clear that the theorems 
-

3.1.22 and 3.1.23 give partial results eonce~ning the problem on 

• products of so called c1 space. However the definitions of both c1 
space and Q-C1 space given by Ming ! Ming take care of the t 1 space 

in ordinary topology under usual restriction. Now we present a nece-
·~ I{Q..rl t2..S s 

ssary and sufficient condition for the product/of Q-t1 spaces as well 

* asifor c1 spaces give the necessary condition only. finally, by conet-

• ucting a counter example we show that ths product apace of c1 spaces 

• need not be a c1 space. 

THEOREM.l.l.26. (M1ng & Ming 1980(21)). let (X,T) be the product space 

• • of the D-C1 (or c1> spaces ~(XA,T1)},A e •· If (X,T) is Q-c1 (or c1) 

space then ell but a countable number of coordinate spaces are purely 

stratified spaces. 

Proof : Omitted. 

THEOREM. 3.1.~7 (M 4 M 1980(21)). let ~(X1 ,t1)}leAbe Q-Cl spaces such 

that all but e countable number of them are purely stratifieda then 

their product space (X,T) is a o-c1 space. 

Proof : Left. 

By constructing e counter example we establish the following. 

* !BEG8Ba1,.1.28. (M & M 1980(21)). There exists c1 spaces (X1,t1> and 

(X2,T2 )W~QSesprod~ct space is not c;. 
<tC~+ We shall need the following lemma ~hieh can be verified directly 

from the definition of product fuzzy topology. 

LEMMA.3.1.29 (M l M 1980(21)). Let~n be a base for the fuzzy topology 
tn fol' Xn (n=1,2). let (X,T) .= (X1 ,t1}x(x2,T2) and B be an open fuzzy 



-neighborhood of a fuzzy point p = x in X. Then there is 8 s T which 
(I 

is of the form B = U (v-1 (G1)r~v-
1 (FA)) where v

0 
are projections 

1 1 2_ -
(n:l,2), G

1 
& s1 & F'AeE2 such that sc B a 8 is an open fuzzynbhd of p. 

COUNTER EXAMPLE. ).1.30. (M & M 1980 (21)). 

(1) Construction of (X1,t1). 

let x1 be the unit interval 1:[0,1] if the real line. Denote the zero 

point by x. For positive intevers m & n with n ~ m we define the fuzzy 

set Gm,n on x1 as follows : 

·G (z) = 1- 1/(l+m) for z E[O, 1/(n+l)] m,n 
= 0 for z ~ xl - [0 f 1/(n+l)] 

Denote the fuzzy point x(l-l/(n+l)) by hn • 

It is obvious that when n1 ~n2 , m = Min(m1 ,m2) we have foi f=Nin('\,,~, 

G .r~ G = G , hnl""\ h
0 

= hn A Gn m 0 h0 : ht. • 
"1• 0 1 "2'm2 °2'm 1 2 2 1' 1 2 

Hence the collection s1 consisting of allthe Gn,m , hn , Q & ! is a 

base for some fuzzy topology T1 for x1 • It is easily seen that (X1,t1> 
• is both cl and ell. for convenience, let us write =~=~ ~ ,gl,g2•··l 

where each g1.~!. 
(2) Const~uction of (X2,T2). 

ofX:z. 
L~t x2 ~ x1 and denote the ze~o point/by y. f'or each natu~al number 

n define the fuzzy set rn on x2 as follows : 

rn(z) = 1 for z e{O , 1/n] & f'n(z) = 0 fo~ ze x2 - [0 , 1/n] 

It is easily'verified that the family t 2 consisting of all the fn's 

• and 0 is a fuzzy topology foe X2 • Obviously (X2,t2) is both c1 & c11 • 

• (J) (X,T) = (X1 ,T1 )x,(X2 ,t
2
> is not c1 • 

Consider the fuzzy point pin X= x1x.x2 whose support is (x,y) and 

whose value is 1. We shall show that the neighborhood system of p has 

no countable base. 
15 

If this/not the case, there exists an open countable neighborhood 
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•• (l) 

' 

where A(n,j) and ~(n,j) are natural numbers,~~ Gl(n,j)&E1 and 

o -J r tJ (n 'J),~ T 2. 

For any Bn' since Bn(x,y) = 1, there is a term 
- l 

-1 -1 
111 (Gl(n,j

0
))n 11 2 (F' p(n,jn)) in the expression (1) for 8

0
, which 

takes its value at (x,y) greater than l~~l+n). 

Consequently Gl(n,Jn)(x)> 1 - 1/(n+l) • Now we take a strictly mono­

tonic increasing sequence of natural numbers {sn} such that s
0 

>p(n,J) 
Cl) -1 -1 

let A= U v (hm)~ n (f
9 

) • Since hm(x) = 1- 1/(n+l) , A is 
~1 1 2 m 

clearly a neighborhood of p (note that A(x,y) = 1). 

Take an arbitrary 8
0 

; there cor~esponds a point g
0

e ]l/s
0 

,1/s0_1 (~t2 
-1 -1 

Then we have Bn(x,yn) ~(n 1 (GA(n,Jn>)"'n 2<r\l(n,Jn>) )'{x,yn) 

~ Min~GA(n J ){x), ,F' 9 (y0 )} = GA(n J ~(x) > 1-1/(n+l). 
' n n-1 ' n 

On the other hand, since m ~ n, evidently r (y ) = o, we have 
sm n 

A(x,y ) = Sup { ( ( ) ( )) 
n m:1,2, •• _tUn hm x ' f s Yn } .$Sup ~ (x)} =1-1/n. 

m m:l,2, •• ,n-l m 

Consequently, 90 (x,y~) > A(x,y
0

) , that is to say, 8
0 

is not contained 

in A. This contradicts the fact that {8 :n:l,2, •• } is an open neigh­. n 

borhood base of p 

The space (X,T) in the above example is a c
11 

space according 

to theorem ).1.20(1). Hence this example provides a counter example 

showing that c11space (and hence a Q-C1 space) need not be a c1space. 
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§ .2. QUOTIENT FUZZY TOPOLOGY. 

In this section we discuss another method of constructiog new fuzzy 

topology, whleb can be regarded as the dual of the product fuzzy 

topol09Y• At the beginning we shall deal with the quotient fuzzy topolog 

logy defined by Wong on the set o~ classes of an equivalence relation 

1n on fts and finally examine the generalised form of Kong's 

definition. 

OEflNITlON.J.2.1 (Wong 1974(51)). let (X,T) be an fts. let R be an 

equivalence relation defined on X. Let X/R be the usual quotient set 

and 7[ the usual pl'ojection from- X onto X/R. The family 
-1 

<\> = {8 : v (b) e T} is a fuzzy topology for X/R and (X/R ,<\1) is called 

the quotient fta. 

W& have results similar to theorem J.l.2. 

THEOREt.t.l.2.2.Hlong 1'74 ()1)). let~~ T)be an fts and (X/R,<u), the 

quotient fts. (1) The quotient fuzzy topology~ is the largest fuzzy 

topology such that v is F-continuous. 

(2) If 9 be a function from the quotient fts (X/R,~)to an 

fte (Y,S) then g is f-continuous iff go n is Y-continuous. 

Proof : (1) Trivial. 

(2) (~) let g be F-continuous. 

Since~ is quotient topology for X/R, so v is f-continuous and hence 

9 o n is f-continuoue. 

(~) let g 0 n be r-continuous. 
-1 -1 -1 

let V e S. So 1T (g (V)) :: (g o 1r) ( V) e T. Therefore by definiJrion 
-1 

of quotient fuzzy topology, g (V)e ~. Hence 9 is f-continuoua. 

THEOREMl.2.,.(Wong 1~74(31)). let f be an r-continuous function from 

an fts (X,T) onto an fts (Y,S) auch that f is either f-open or fclosed 

Then there exists an equivalence relation R on X such that (Y,S) is 



homeomorphic to the quotient fts (X/R,~). 

Proof = Define a relation~ on X by agreeing that x is R related toy 

iff f(x) : f(y) • Then R is an equivalence relation. 

let ua denote the equivalence class of x by [x]. 

Now define a function h from (Y,S) to (X/R,~) as follows : 

let yE:Y• Then there exists xeX such that f(x) = y. Define h(y) 

h(y) = Lx]. Clearly, h is 1-1 and onto mapping. 
-1 1 

Since, f : h o w is F-continuous, by theorem 3.2.2(2) h is F-~ont-

inuous. 
-1 

lf f is F-open, let Q be an open fuzzy set in X/R. Then v (Q) is open 
-1 -1 -1 -1 

in (X,T) and f(v (Q)) = h (v(u (Q))) = h (Q) is open in (Y,S) 

Therefore ,h is f-continuous • 

If-rfis f-cloaed , lhen let Q be a closed fuzzy set in X/R • following 

the same argument one ~oncludes thar h is F-continuoue • 

Therefore , h is a homeomorphism • 

TH£0REN • 3.2.4. (Wong 1?74 (31)). let u be the projection from fts 

(X,T) onto its quotient fts (XJR,~) • If (X,T) is ell and v is r-open 

then the quotient fts (X/R,~) is also c11 • 

Proof : let~: be a countable base for T • for every BeE, u(B)e'U • 

Since , u is f-open , the family {v(B) : 8sE} forms a countable base 

• To see this • take an element Ve ~ • So w-1
(S)e T • 

But , E is a countable base for 
-1 

-1 
T • Therefore, v (V) is the union 

of members of E , say , n (V) 
-1 

Hence, V = w(v (V)) = v( U 8
1

) 
leA 

Therefore, (X/R,~) is t 11 • 
. 

Cht!stoph (5) generalised Wong's definition of quotient fuazy topology 

as follows : 

0Efl~lTION.J.2.5. (Christoph 1?77(5)) • Let (X,T) be an fts , Y a set A 
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f : X • V a sur .Jeetion • The F -quotient topology for V is the fuzzy 
-1 

topology whose open fuzzy sets ore {8 : f (B) e T). If f : X • V is 

an r-eontinuoue surjection of fts and V has the F-quotient topology~ 

then f ts called an f-quotient map • 

THEOREM .3.2.6. (Christoph 1~77(5)). let f-: X+Y be an F-continuous 

surjection of fts • Then f ia e F-quottent map iff each fts Z and 

each function g : Y • Z , tbe r -continuity of the composition g o f 

implies the Y-continuity of g • 

Proof : {~) Let g t Y • z be a function of fts such that g o f~X + Z 

is r-continuous • If U be an open fuzzy set in Z, then 
-1 -1 -1 

(g o f) (U) = f (g (U)) • 

-1 -1 -1 
Thus, f (g (U)) is open in X and hence g (U) is open in Y because , 

f is an f-quotient map. Hence • g is r-continuous • 

(~) Let f : lt + Y be F -quotient map and g : Y + Z be such 

that g o f c X+ Z is r -continuous • 

To show that g is f-eontinuous let 8 be F-open in Z • 
-1 -1 -1 Then , (g o f) (8) = f (g (8)) ia f-open in X • 

Since, f is r-quotient map , e fuzzy subset C in V is f-open iff 
-1 -1 

f (t) is r-open in X. This shows that g (8) is F-open in V which 

implies that 9 is· r-cont1nuoue • 

TttEllRE:M .3.2.7. (Christoph 1'77(5)). If f : X• Y is an f'-eont1nuous 9 

f-open (f-closed) surjeetion of fts (X,T) to fta (V,S) , then f is 

an,r-quotient map • 
-1 

Proof I lf 8 & s t then f' (B) s T (Since f !a r -continuous). 
-1 Conversely , if U is a fuzzy aet in Y such that f (U) e T. 

Then f(f-1(U)) e S • So U & S • Hence f is a f-quotient map • 

The proof for f-elosed map f is similar • 
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TREOREM.3.2.8.(Chr1stoph 1??7 (5)). let f : X&+ V be an F-conti-

nuous surjection of fts. If there exists an f-continuous function 

g : V!+ X such that f o g is the identity on V, then f is an f-quo­

tient map. 

PROOf: Let B be a fuzzy set in Y such that,-~~) is open in X. 

Since 9 is f-continuous, g-l ~-1 (8)) is open in Y. 

But g-1cr-1 (B)) = (g-1 o r-1 )(8) =~ ~ o g)-1 (e) = B es fog is 

the identity. So a is open in V. 

Hence. f is f -quotient map. 

THEOR£M.) .. 2.9.(Christoph 1?77 (5)). let f: X+V be an f-quotient 

map. A surjection g ; Y.+ Z is an F-quotient map iff go f :X~• Z 

is an f-quotient map. 

PROOf : follo~s from theorem ,.2.6. 

11111~111111./11111111111111 
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6SHAPTER 4 

VARIOUS COMPACTNESS IN fUZZY SPACE 

following the introduction of fuzzy sets by Zadeh(32), Chang(4) developed 

the theory of fuzzy topological space. In the same paper Chang introduced 

fuzzy compactness. In 1970, (oguen pointed out the deficiencies in Chang~ 

definition of compactness. Then Weiss introduced a new not~on of compact­

-ness. In 1?74, Lowen gave a new definition of compactness and he was 

able to obtain only a finite Tychonoff theorem. In a second paper lowen(l~7, 

gave another definition and changed the definition of fts and was able 

to prove Tychonoff theorem. In 1979t Warren aGanter and Steinlage proposed 

a new definition and introduced a-co~pactnesa. In 1981, Sorkar(26) defined 

proper compactness and proved certain results of proper compactness in 

Hausdorff space. 

§ 1. fUZZY COMPACTNESS AS DEfiNED BY CHANC. 

In this section we contribute to the development of fuzzy compactness as 

introduced by Chang(4). 

DEfiNITION 4.1.1. (Chang, 1968 (4)). let (X,T) be a fts. A family~ of 

fuzzy sets is a cover of a fuzzy set B iff 8 c U { A : A E: ~J. 

II is an open cover iff each member of ~is T-open. 

A subcover ofZ is a subfamily which is also a cover. 

DEFINITION 4.1.2.(Chang 1968 (4)).A fts ( X, T )is said to be compact iff 

each open cover has a finite subcover. 

DEfiNITION 4.J.J.(Wong, 1973(Jl)).A fts (X,T)is said to be countably compa~· 

iff every countable open cover has a finite aubcover. 

DEFINITlON.4.1.4.(Wong,l97J(31)). A fts (X,T) is called lindelof iff every 

open cover of X has a countable subcover. 

THEOREM 4.1.5.(Wongtl973(3l)).lf a fts is c11 ,then compactness and countable 

compactness are equivalent. 

Proof;(=}) Obvious. 
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(~) Let~={A1 JAeA} be any open cover of X. Since, X is c11 • So 
-th.e. re. .ex.tsts 

/a countable base E={B }, n:l,2,3, •••• for T. Therefore each A,€~ 
n Ao A 

can be expressed aa A=kM1B1k (say) where 1
0 

may be infinity. 

Therefore E
0

={B1 }l£A,l~k~A0 ,forma a countable open cover of X, 
k 

because E
0

Ceountoble family:. 
:Jh~-r-.e. e.xis+.s 

But X is countable compact. /a finite subeover 'E.{:E
0 

Since each member of s1 is contained in a member A1 , these A1 ,s 

form a finite subfamily of0iand is e cover of X. 

~Fi~4J.'l;;.::.u ~. 1 . 6. '--a~A 1 9, s) i. s l s •· 
• •-HEo!l~r;iv.r-;4'!1!'6!-('W nyl973 CHJJ:If a f'ts (X,T) is c11 , it io also 

Lindelof. 

Proof;let~={A1~,leAbe an open cover iof X. By assumption, T has a 

union of countable base: = {S } n=l, 2, ••• Since0=lcT :. Each A, is the n 1 A 

members of E, say, A
1

: U0 e1 where 1
0 

cay be infinity. 
k=l k 

~k~ A
0

, forms an open cover of X and :
0 

is countable .'.E
0

:{B1} 1 eA, 1 
k 

as it is a oubfamily cf E • 

THEOREM 4.1!~ (Wong 1973 (31)).lat f be an r-continuous function from 

a compact (countably compact) fts (X.T) onto a fts (V,U). Then(Y,U) is 

compact ,(countabl~ compact). 

Proof. let B be an open cover (countable open cover) of V 

Since ( U r-1 (B))(x)= Sup{~f-1 (B~(x)}= Sup(B(f(x)))= 1 ~ xsX :> 

BeE BeE BeE 
the family of all fuzzy sets of the form r-1(8), Be E is an open 

cover of X which has a finite subcover. However f is onto. r:::1 he,... 12..-{ (JY .e. 

f(f-1(B)):B for any fuzzy set ~a in V • Hence the family of images 

of members of the subcover is a finite subfamily of E ~hich covers Y. 

Consequently V is compact (countably compact). 

Using the same argument we have the following 

THEOREM 4.1.8.(Wong 1973(Jl)).let f be an r-continuous function from 

a lindel~f fts (X,T) onto a fts (V,U). Then Y is ft~del~f. 
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LJ. " OEfiNITION.4.1.8.(Chang 1960(4)).A family/of fuzzy sew'in a set X has 

the finite intersection property iff the intersection or the members 

of each finite subfamily of A is nonempty. 

THEOREM.4.1.9.(Chang 1968(4)).A fts is compact iff each family of 

closed fuzzy sets which has the finite intersection property has a 

nonempty intersection. 

Proof: If A is a family of fuzzy sets in a fts (X, T), then A is a 

cover of X iff U{A: A€ A}:¥.1< or iff {U{A: A~ Ajf=Xc =! 
or iffr'l{Ac :Ae A}= 0 (by Oe Morgan's Laws} 

Hence the fuzzy space X io compact iff each family of open fuzzy sets 

in X such that no finite subfamily covers X, fails to be a cover and 

this is true iff each family of closed fuzzy sets which possesses 'the 

finite intersection property has a nonempty inte~section. 

Next,we present a characterisation of compactness and countable 

compactness peculiar to fuzzy topological spaces. 

let A= .fA,} l~be a cover of X • • .. Sup {A, (x) }= 1 for all xttX 
A ~&A > A 

for any 0<6<1 and for any xeX there e~ists a fuzzy set A
1 

such that 

A1 (x)~l-6 • Ateach point xeX select one such A1 and group together 

all points x with the same A1• 

Letr 1 , 6 denote the set of all such x's. for fixed o {~1 ~~form a 

partition of X called a 6-partition by A 

It is to be noted that the partition depends on the initial choiee of~s 

If in addition, for any xeX there exists a A1 such th~t ~ (x) = 1, then 

group all points x with the same~ and denote it by ~~A~o'· Ais then 

said to have a 0-partition of X 
Now we have the following characterisation theorem 

THEOREM.4.1.10.(Wong 197J(ll)). A fts (X,T} is compact (countobly 

compact iff each open cover (countable open cove~) has a finite 

0-partition of X. 
Proof: (~) let A=~~} l&Abe an open cover (countable open cove~ of X. 
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By assumptioh J it ha.s a finite subc.over .60 ={AI<}K::1~2. .. . n. 

Since Max~A 1 (x),A2 (x), ••• ,A
0

(x)} = 1 for ~ xeX, one can construct a 

0-partition by A
0

, which is finite because A
0 

is a finite family. 

As A
0 

is a subfamily of A, thus a 0-partition by A
0 

is also a 

0-parlttion by A· 

{¢=) Suppose that A has a finiteOpartition{rk,O} k=l,2, ••• ,n. let 

Ak be the fuzzy set defining rk,o· Clearly ~A~} k=l,Z, •••• ,n is a 

finite subcover of A. 

As a consequence of this we have 

COROllARV.4.l.ll.(Wong 1?73 (3l)).lf there exists an open cover 

(countable open cover)A of X and a point xeX such that AA(x)<l for all 

A~gA then (X,T) is not compact (countably compact) 

let us turn our attention to lindelof space. 

THEOREM.4.1.12.(Wong 1?73 (31)). A fts (X,T) is linde1ijf iff each 

open cover has a countable ~-partition of X for all0such that 0<6<1 

Proof: (-:::3>) let Abe an open cover. Then~ has a countable subcover 

A
0

={Ak} , k=l,2, •••• for each 0<6<1 one can construct a a-partition of 

X by A
0

• Such a partition is clearly countable as A
0 

is countable. 

A a-partition of X by A
0
is also a a-partition by Asince A

0 
is a subfamily 

of A. 

(<.=:=) let Abe an open cover. for each 0 < 6<t.1.let.{rA 0} A&~) be 
' 

a countable cf-partition of X bya. LetrA 6 be adafined by the member 
1 ) ~ 

AA I 6of .6. let o=n ' n=!, 3' 4, •••••• Then the family of fuzzy sets fA A.,~ J 

A.t.f\(a);S:l/n _, n=2,J,4, •••• forma a countable subcover ofh. 

Next we consider the following ~esult on qutient space 

THEORE~.4.l.l3.{Wong 1974(31)). If a fts (X,T) is compact (countably 

compact) then the quotient fts (X/R,U) is also compact (countably 

compact)· 



l \ t-o{' 
) ( 0 

, /be 
Proof : Only point to noted is the following ; -

" The pr&jection u : X;+ X/R is onto & r -continuous 

The result now follows f~om theorem 4.1.7. 

u • • 

Next, ve extend the concept of sequential compactness and 

semicompaetness in fuzzy set theory and in this connection follow the 

definitions of convergence and clustering as introduced in 1.7.0 (4). 

DEfiNITION. 4.1.14. (Wong 1?73 (31)). Afta (X,T) is sequentially compact 
;U 

iff eYery seqence of fuzzy sets has a convergent subsequence • 

D£flNITION. 4.1.15.' (Wong 1?73 ('1 )) Afts (X,T) is semi·compact iff every 

sequence of fuzzy sets hassa cluster fuzzy set • 

THEOREM. 4.1.16. (Wong 197) ( 31 )). In a fts (X~T) every sequence 
• I 

of fuzzy sets {Anl' n=l,2, ••••••• has a limit , which may not be unique • 

Consequently , every fts is both sequentially compact & semicompaet • 

Proof : let A be the fuzzy set defined by A = ~ An • Then An converges 

to A because any open set containing A will contain all A
0 9 n=l,2, ••• 

Furthermore , any fuzzy set containing A is also a limit of ~An}• 

At the end of this section we present the finite form of 

Tychonoff theorem on the product of compact spaces • It is well known 

that the classical theorem of Tychonoff is unquestionably the most 

important single theorem of general topology • But the deficiency in 

the present definition of compactness forces us to extend the Tychonoff 

theorem in finite form only • 

THBOREN • 4.1.~7. (~ong 1?74)(31)) • let {(X
0

, T
0

)} n:l,Z, ••••• ,m be 

a finite family of compact (countably compact) fts's. Then the product 

, fts (X,T) ia also compact (countably compact). 

Proof : It syffiees to show that the theorem is true for the case m:2. 

In this case the product topology can be chanr~cterised as follows 
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J: {A1xA2 : Ane'n' n:1,2} where A1xA2 is a fuzzy set in X defined 
T~apa · 
by (A1 x~2 )(x1 ,x2 ):min ~A1 (x1 ),A2(x2)}. 

We shall prove this theorem for the case oi compactness OAly since 

the case of countable compactness is similar • 

~etA =~81 } AeA be an 0pen cover of the product. fts (X,T). 

let n
1

:A1 (l)xA~l) A~1 )eT1 & A~l) eT2 for all AeA • 

Let ybe any point in x2• Consider the subset Sy:X1x.~y} of X. 

for any one1 ~ 6>0, let V R be the subfamily of A such that 
Ytu 

A1 (A)x<A~A)& Vy,cS iff A!l)(x1 )> 1-5 for atleast one point x1ex1 
A

2
(l.)(y)> 1-6. 

This is actually an open set of T. Clearly, V ~ fo~ms an open 
Ytu 

cover of the subset sy. To see this , only note that if (x,y)eSY, 

by definition of a, there exists a countable subfamily {A1k)xA~k)} 
(k) (k) ' 

k:l,2, ••••• of A such that ~!:(A1 x A2 )(x,y) :!.Hence for 

k large A~k)x A~k)& Vy,cS • -

Without loss of generality , one can assume that ~A!k)x·A~k~ k=l,2, •• 

is a subfamily of vy,
6 

• Do this for all (x,y)c s
1

, one concludes 

that V k contains a cover of S Let W :~A(l): A(A)xA(A)gV } 
y,u y. y,6 ~ 1 1 2 y,a 

T.htnwy, 6 is an open cover ef (X1 ,T1 ). Since fer any xeX1 , there 
(k) («) exists a countable subfamily K A1 xA1 },k:1,2, ••••• ,of vy,a such 

that l~m(A~k) xA~k))(x,y):l; Consequently, l~m (A~k)(x~=l. 
k+« k•= 

By compactness of {X1 ,T1), there exists a finite subcoverof W R 

5uC~~h~t Ytu 

say zy,B .To each A~1 >ezy, 6 select one A~A) / Al 1 )xA~{)& vy,& • 

The finite family ~A1 1 )x A~l.)} tbua constructed willbe called Hy,& 

and the finite family of the corresponding A~A) •a will be called 

Gy, 6 • Members of Gy,a are r 2-open fuzzy seta • let their intersection 

be Dy, 6 • Then Dy,B is open in (X2,T2). Do this for all y~X2 and 
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for all osg,O,l]. Clearly the family {Dy,&} Yt:X 2 , 6t]O,l). forms an 

open cover of (X2 ,T2). By compactness of (X 2,T2 ), there exists a 

finite subeov&r , say {DY ,R } A=l,2, •••• ,p. 
• . ~ UA 

Finally {H ,~ } A=l,2, ••• ,p,forms a finite subcover of A. It is 
. yl 0 A 

finite , because it is a finite'vcollection of finite families • 

To see it is a cover note that for any (x,y)sX, there exists a v 
YA'~~ 

such that 0 s (y):l. therefore A(y)=l for all AeGY R 

YAtV~ l'UA 
On the other hand , there existd Sely ~ $UCh that 6(x}=l. 

A,QA 
Select a mem b er of H 

y~'~A 
With 8 as the first co-ordinate 

BxB
0

• Then (BxB
0
)(x,y):l ,since B tG k • 

0 y).,uA 

, say 

. <finally we eonstruct a counter example to show that the 

product of countable family of compact ( countobly compac~fts•s is 

not compact·(countably compact). We need the following definition. 

DEfiNITION. 4.1.18. (Wong 1974(31)). let X be a apace of points • Let 

Q be a sub set of X • A family A of fuzzy sets is a cover Q iff S 

SupA(x)=l for all xeQ. 
AeA 
COUNTEREXAMPLE. 4.1.19.(Wong 1~74(31)). let V be any space of points. 

let n be any positive intege~ • let A
0 

be the fuzzy set in V defined by 

A
0

{y) =1-1/n for all Y£Y. 

let X
11

=V and Tn = {Q, An, Y}. Then (X
0

,T
0

)is compact (countably compact) 

fts since xn !:3 the only open cover of X
0

• However , the pr.oduct fta 

of the countable family {(X
0

,T )} n=1,2, ••• , n is nmt compact (countably 

compact ) • 

To see this , note that for the fuzzy set ~~1 (A0 ) we have 
~1 a 

(u; (An)(x)=l-1/n for all xeX= n X • 
n:l n 

By definition of product fts , the family E={!, X, n;1 (An)• n=l,2, •• } 

is used to generate the product fuzzy topology T by first taking the 

finite intersections and then the unions of these intersections 
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Clearly the product fuzzy topology thus generated is exactlyE itselfe. 
(e.ounto.b1<2. crpe.n c...ove rJ 

The family {w-1 (A )} n=l,2, ••• is an open cover/or (X,T) which has . n n 

no finite subcover. 

§.2. lOCAL COMPACTNESS AS DEVELOP£0 BY WONG 

let us turn our attention to local compactness with respect to fuzzy 

point of a fts. Here we follow the definition of fuzzy point and 

belongingness as defined by wong. 

OEFIN1TION~.2.l.(Wong 1~74(31)). A fts (X,T) is said to be local 

compact iff for every fuzzy point x in X there exists a member A in 

T such that (1~ X£ A and (2) A is compact. 

The next result shows the ramification of fuzzy topology from 

general topology. 

THEOREM.4.2.2.(Wong 1974(31)). A discrete fts (X.T)is not locally 

compact. 

Proof: Note that the discrete fuzzy topology comtains all fuzzy sets. 

The proofs of the following results are omitted. for reference 

one may see (Jl). 

THEOREf-i.4.2.3.(Wong l?J74(31)). let f be a f-continucus function from 

a locally compact fts (X,T) onto a fts (V,U). If f is r-open then 

(Y.U) is locally compact. 

THEOR£M.4.2.4.(Wong 1974(Jl)).let {(X1 ,T1 )} 1=1,2, ••••• ,m be a finite 

family of locally compact fts•a. Then the product fts (X,T) is also 

locally compact. 

THROREM.4.2.5.{Wonq 1974(31)). If (X,T} is a locally compact fts and 

the projection n; X/R~+X is f -op.en, then the quotient fts ( X/R, U) is 

locally compact. 
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§.). c*?LOCAL COMPACTNESS AND QUOTIENTS. 

Aeeording to definition 4.2.1 local compactness at a fuzzy point x 

means that there exists a compact open fuzzy set containing x • This 

definition is more ~estrieted than the usual definition of local compact-

ness in ordina~y topology. SO we define local compactness in more 

natural way. We shall follow the definitions of fuzzy point and 
os 

belongingnesslgiven by ffong(Jl). 

O£flNITION.4.l.l.(Christoph 1?77(5)). A fts (X,T) is locally compact 

if for each fuzzy point x~ in X there is a compact fuzzy set A and a 

fuzzy set B in T such that x~ dl C. A • 

The local compact space due to Christoph will be termed as 
a. 

C local compact space. 

If we consider X=]O,l[ with the usual topology, then the associated fuzzy 

topology which ~as the chacacteristic functions of open sets as its 

open fuzzy sets is not locally compact according to definition 4.2.1., 

but it does·-•• satisfy 4.3.1. 

Since Wong's definition 4.2.1 agrees with 4.3.l.for discrete space 

so we conclude that no discrete fts is c* locally compact. 

4? """< 'i' .'\. t+ 1' t '\, • 
6£fiNITION.4.3 .. 2.(Christoph 19J7(5)). let f:X.+Y be a f-closed, f-cont-

inuous surjection of fta. Then f is said to be f-perfact if r-1(y ) is 
l1 

compact fow each fuzzy point y in V. 
l1 

~4.3.3. One deviation of fuzzy topology from ordinary topology is 

the fact that a f~zzy point is not necessarily compact. However. if f;X 
IS 

f:X~•Y is a f-.perfact map of fts, then each fuzzy point in vlcompact 

because f(f-1~(y )) : y • 
l1 1J 

..; ~+-I -'J+-... 
·TH£0RFM4.3.4.(Christoph 19?7(5)). Let f:X:+Y be a r-perfact map of 

* fts. If X is C locally compact then so is Y. 

Proof: let q=y~ be a fuzzy point in Y. for each fuzzy point p:xA in 
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,-1 (q) there exists a compact fuzzy set Ap and an open fuzzy sat Bp 

• such that p e ape AP (· .r X is C locally compact ) • 

Now a={B ~ p ef-1(q)} is an open cover of the fuzzy set ,-l(q). . p 

Since f is r-perfact. Therefor~ r-1(q) is compact. 

A 12 m "'"· So~ has a finite subcover B ,B , •••••• ,B .Now U: U1An ~s compact & 
p P P n= p 

r-1 (q) is a subset of u. Therefore, f(U) is compact (theorem 4.1~;) 

and q ef(U). 

let V = ~1nn. Then (f(V0 ))c = W is open in V and q eW 
n= P 

Also r-1 (\1) = r-1((f(Vc)) 0 )C (Vc)c = vcu . 
• Thus q et'JCf(U). Hence Vis C locally compact • 

. 1.!"1 
DEflTION.4.J.5.(thristoph 1~?7(5)). A fts (X,T) is called a f•k space 

iff a fuzzy set A is f-closed ~henaver A(\C is closed for each compact 

· fuzzy set C in X. 
h 

THEOREM.4.3.6.(tristoph 1~?7(5)).If f:X;+Y is an f-quotient map of 

* fts and X is C locally compact then Y is an f-k space. 

Proof: let A be a fuzzy set in V such that Af\C is closed for each 

compact fuzzy set C in Y. Assume that A is not closed. 

Then f-1 (A) is not closed in X. · ·. (f.,.1 (A))c is not f-open. 

Therefore, there exists a fuzzy point p in (f-1 (A))c such that for 

each open fuzzy set V with p sV it is true that V~f-1 (A);~ ~ 
• Since X is C locally compact and p is a fuzzy point in X. 

So there exists a co~pact fuzzy set U and an open fuzzy set 8 such 

that p eBC. U. Again f(U) is compact·"" Allf(U) ia closed. 

If W is ao open fuzzy set containing f(p) then snr-1 (tl) is an open 

fuzzy set containing p. Consequently an r-1nn n ,-l (A) -/. 0 and thus 

Uf'\ r-1unn r:-}(A) ~ o. Therefore, f(U)fiWtiA, ~ !t.f(p) is not in Anf(U) 

This contradicts the fact that Af'l f{U) is closed. 

Hence A is closed in Y and thus Y is an r-k spaee. 
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• CORllllARY.4.3.7.(Christoph 1977(5)). A C locally compact fts is an . - ' 

f-k space. 

Proof: Only observe that the identity fuction is an f-quotient map. 

NOTB.4.3.8. In ease of ordinary topology, we know that if a sequence -
{xn} converges to x then ( U{x }) U {x} is a compact set. 8ut this n. n 

is not necessarily true in fuzzy topological apace. 

Consider the following example: 

let X:{x} be a space of points.with atleast two ordinary points. 

let 0.< a <1 be given. In the family of all fuzzy sets defined on X 

consider the subfamily T
0

:{A6} where Se[O,a ]or B=l and A6 is the 

_fuzzy set defined by Ae(x) = 6 for all x eX. Clearly (X,T
0

) is an fts. 

This is called a semidiscrete fts. Choose a fuzzy point p with support 

x
0 

and value u.Take x1 # x
0 

in X. If q be the fuzzy point witb support 

x1 end·value a/2, then the constant sequence {q} converges top. 

But {q} U {p} is not compact. 

Thus we make the following definition: 

DEfiNITION.4.3.9.(Christoph 1?17(5)).Affts (X,T) iss-compact iff for 

each sequence of fuzzy points pn converging to p, th£ fuzzy set 

(H Pn) Up is compact. 

This property is critical in considering whether c1spaces are 

f-k spaces. 

THEDREM.4.3.10.(Christoph 1?77(5)). A c1 a-compact fts (X,T) is an 

f-k space. 

Proof: let A be a fuzzy set in X which is not closed but Afl C is closed 

for each compact fuzzy sat c. 
Then there is a fuzzy point p in Ac such that for each popen fuzzy set 

U with pin 0, it is true that UnA.~ Q 
. I sequence of 

Therefor~ there is a ~uzzy points p
0 

converging to p with each p
0

s A. 



Now V = ( U Pn ) U p ia compact because Ot, T) is a-compact.:. vnA is 
lJl.. 

closed. But pis not in vnA and every open fuzzy set u with pin 

U is such that U n VI') A! -J 0 • This contradicts the closednesa ,of -
V n A • Therefore X is on f -k space. 

Now we introduce the following concept. 

OEfiNlTION.4.3.!l.(Chr1stoph 1'?7 (5)). An fts (X,T) is called an 

·r-k0 
space if a fuzzy set A in X is closed whenever_ r-1(A) is closed 

for each F -eont1nuous function f : t + 1l tT~.ith t as a compact fts. 

THEOREM.4.J.l2.(Christoph 1,?7 (5)). If f 1 X~• V is an f-quotient 
0 0 

map end X is an f-k space, then V is an f-k space • 

• THEOR£M.4.3.1J.(Christopb 1?77 (S)). If X is en r-k space, then 

• X 1a an f-quotient image of a C loeelly compact f~a • 

• THEOREM.4.3.14.(Chriatoph 1~77 (S)). An f-k space is an f-k space. 

The proofs of these theorems are omitted. 

§.4. M-COMPACTNESS. 

In this section we introduce a new fuzzy compactness defined with 

the help of fuzzy nets. A fuzzy nat S = {S(n) : A e 0} is a function 

S : D!+ Tx where D is a dir&cted set with order relation ~ and 'x 

is the colleet.ton of all the_ fuzzy points in X. 

In thi.s section we -#.bililb;r the definitions of· fuzzy point and 

•belongingnesa' given in (21) by Ming and King. 

DEflNITION.4.4.1.(Wang1 Guojun 198' (34)). let (X,T) be an fts, p a 

:fuzzy point and C a closed fuzzy set in X. Then Cis eallod a 

Remoted-neighborhood~ol' b~lefly, R-nbhd of p , if p ¢ C 

O£tiNITION.4.4.2.(~ang Guojun 198) (34)). let (X,T) be an· fts end 

A a fuzzy set in X. A closed· fuzzy set C is called an R-neighborhood 

( or R-nbhd ) of A if for E each criep point x E: X satisfying A(x)=e>O 
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t is an R~nbhd o~ x~. 

It is easy to·verify that the intersection of arbitrarily many 

R-nbhds ef a fuzzy point p and the union of finite number of R-nbhds 

of p ere R-nbhds of p • 

otriNITlON.4.4.3.(Wang Goujun 1983 (34)). A fuzzy point p is called 

an adherence point of a fuzzy set A if for each R-nbhd' P of p ue 

have A <tj: P. 

· It is not difficult to verify that this definition is equi-

·valent to definition 2.3.19. 

0Ef1NITION.4.4.4.(Wang· Goujun 1983 (34)). A fuzzy point p 1a called 

a limit point of a fuzzy net S = ~S(n) : n e OJ (or S converges to Pt 

in symbols S• p) if for each R-nbhd P of P we have eventually S(n) IP 
D£riNITION.4.4.S.(Weng GouJu~ 1983 (34)). A fuzzy point ~ i~ called 

a cluster point of a fuzzy net S = ~S(n) : neD} , in symbols Sao p, 

if for each R-nbhd P of p we have frequently S(n).¢ P. 

DEFJNITION.4.4.6.(Wang Goujun 1983 (34)). let (X,T) be an fts. for a 

fuzzy point x~, we call a the value of xa' in symbols V(xa) = a. for 

a fuzzy net S = {S(n) : n eO) , let a
0 

be the value of S(n); .~hen we 

obtain a crisp net ~an : neD} J.n the half-open intel'val· ]O,l] • It 

will be celled tbe~value net o£ Sand denoted by V(S). If V(S) con-· 

verges to a real number a e]O,l] • tben we say that S is an o-net. 

Specifically, if an = a. holds for all n £ D, then we say that S is a 

constant CJ-net. 

EXAt.fPLE.(Wang' Goujun (34)). Put D = lrf· for eacb n s 0 , let 

S(n)(x) = 1/2 + sin((-l)~Xzn) , if x = 1/n, & S(n)(x) = 0 ·otherwise. 

Than S = {S(n) : n,£0} is o ~-net. c 
From now on, for an fts (X,T) we wrlte T' for the set {A :A E: T}. 

DEfiNlTION.4.4~7.(Wang &oujun 1983.(34)). Let (X,T) be a~ fts and 
I I ~ 

· S CT ,.E C T • Then· S is called a closed base for T if for each closed 



fuzzy set is the intersection of seta ofE ;E is called a closed 
' 

subbase for T'if the finite union of sets of t constitute a closed 

baseS for T • (we call it the closed base generated by t). 

The proofs of the following lemmas are simple and hence are 

left. 

LEMMA.4.4.S.(Wang:Guojun 198) (34)). Let (X,T) be an fts andECT'f 

thanE is a closed base (subbase) for T • iff E • is an open baso(sub­

base) forT. 

L£MMA.4.4.9.(Wang Guojun 1983 (34)). Let (X,T) be an fts and E a 

closed subbase for T •; then a fuzzy net 5 : {S(n) : neD) converges 

to a fuzzy point p iff for each Pen(p)f"\E we have eventually S(n,)~P. 
where n(p) is the collection of all R-nbhds of p. 

Now we introduce tba noti~n of N-compactness. 

O£flNITION.4.4.10.(Wang Guojun 1983 (34)). let (X~T) be an fts and 

A a fuzzy set in X. The set A is called N-compact if each o-net , 

(a e]O.l) )contained in A has etleast in A a cluster point with'value 

a. Specifically, ~hen A=! is N-eompact, we call" (X,T) an N-eompact 

fts. 

The property of N-compactness is hereditary with respect to 

closed fuzzy subsets. 

THEOREf.1.4.4.ll.(l1ang Guojun 1983 (34)). let (X,T) be an fts. If A is 

N-compact, ~en each closed fuzzy subset contained in A is N-compact. 

PROOf : Assume that B e T • and 8 C AJS : {S(n) : n e 0) is an a-net 

in 8 (a e}O,l] ). 

Since S is also in the N-compact set A, there exists in A a cluster 

point x~ of S. We shall show that x~ e B. 

If x~f B, then it follows from 8 e t• that B is an R-nbhd of ~· 

But S(n) € 8 holds for all n e D; this contradicts the fact that x~ 



UHti 

is a cluster point of S and 8 is an R-nbhd of -~ • 

Now we state a few theorems and some corollaries and omit the 

proofs. 

THEOREM54.4.12.(W&ng Guojun 198).(14)). A fuzzy set A in an fts (X,T) 

is N-compaet iff for eacb a-net (o e]O,lJ) contQined in A has a. fuzzy 

subnet converging to some fuzzy paint with value u in A. 

T~£0R£M.4.4.1J.(W~G l98J(l4}). A fuzzy set A in an fts (X,T) is N-com­

paet iff each fuzzy nat S contained in A has a cluster point x eA ~ith 
a 

value o whenever ita·valuG net V(S) has the crisp elusterpointae]D,l]. 

TH£0REM.4.4.14.(W~G 1983(34)). let (X,T) be an fts and A an N-eompact 

set in t. Then there e1eists a crisp point "g X so that A(x9)= Sup{R(t) :~X}. 

~OROLLARY.4.4.15.(W~G 1983(34)). Each closed fuxzy set,in en N-compact 

fts (X,T),oa a. function has a maximum and each open fuzzy aet aa n 

function has a minimum. 

COROllARV.4.4ol6.(W.G 19S,(34)). let (X,T) be a compact crisp topolo-

gieal space. Than~e lo~or semicontinuous(upper semieontinuoua) func­

tion from (X,T) into 1 has a minimum(maximum). 
ffi£0REM.4.4.J7.(W•G 1983(34)). Let (XA,Tl) ,l~A be a collection of 

fts and (X,T) their product fts. Then (X,T) is N-compaet iff (XA,ll) 

is N-compact for each AeA. 

§.S. ~COMPACTNESS ANO g6-CO~PACTN£SS~ 
* ln this section we introduce the concept of u-coapactness and a -com-

pactness and study various properties. 
DEF"INl TlON.4.S.l. (Gant"e~ ,Steinlsge, Warren 1~78(28)) .le't (X, T)be an fts" 

a€{0, 1] .. A collection ~c. Tis called ·an .a-ahading(resp~a 9 -shading) of 

X if for each x ~X, there exists U e r with U(x)>a (resp.U(x)~). 

DEflNITION.4.S.2.(G , S & t1 1?78(29)). A subeollectiont . .G.of an o-shad-

ing (reap.a~-shading) r of X which is also an a-shading (rcsp.a*-snad-
* sub ing)ie called en o-subshading (~esp. a~shadlng). 
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DEF1NITION.4.5.J.(C, S, & W 1978(28)).A fts (X,T) is called a-compact 

• * (rasp. a -compact} if each a-shading (rasp. a -shading) of X has a 

• finite a-subshading (resp. a -subshading). 

It is clear from these definitions that any finite fts is 

• a-compact and a -compact for any ae(O,l] 

Also every fts is 1-compact and o1-compact. 

Example : Let X be any infinite sltts. Let ae]O,l[. for each ae:X define 

ua va 
a ' a 

:X+ I:(O,l]by U0 (x) = a if a x=a and u:(x) = 0 if x~a 

and va{x) = '1 
a if x:a and v:(x) = 0 if x~a 

let r: denote the fuzzy topology on X generated by {U: : 8£X} 

Then (X,T:)is B-compact~a~ B.~ 1 & 8~-compact~6=0 or a < B~l 

let T~ denote the fuzzy topology on X generated by ~v: a e: X} 

Then (X,T~) is a-compact~B=l or 0 ~B<a & e1-compact~D ~ 8-~ a 

In particular, (X,T~) is a-compact but not a*-compact & (X,Tt) is 

* a -compact but not a-compact. 

Moreover if 0. < a < s. <1 and if 1~(9,1] satisfies a < y <S then the 

following hold: 

(X,T~) is a-compact & a*-compact but is neither a-compact nor 

• * a -compact. (X,Tl) is a-compact & a -compact, but is neither a-compact 

* nor B -compact • 

a • * Similarly if 0< a <1 then (X.T
0

) is 1 -compact but not a -compact 
~s not 

and /8-compact when 0 .:5 S < CJ and (X, T~) is 0-compact but is neither 

* a-compact nor ~ -compact when a-< e,~l. 

e-i<.tif'"'· •t"". 
OEFINITION.4.5.4. (G,S£& t1 1978 (28)) • let d.. E I. A collection E_ of 

fuzzy sets on X is called a<-centered if for all c1 ,c2 , •••• ,cmE ~ 

there exists xEX with C0 (x)~l-o<for all n=l,2, ••••• ,m • 

.Also ~.is o<. • -centered if for all c1 , c2, ••••••• , em E ~there exists 

x EX t~ith C he} >1- o<. for all n= 1,2, ••••••••• m. n 
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Now we state some results • 

THEOREM. 4.S.S. (G,S&W 1978(2S)).let (X,T) be a fts 

(1) (X.T) is a-compact~ for every a-centered system r of T-closed 

fuzzy setsin X, there exists xeX such that r(x)~ 1-a· for all Fe r 

* * (2) (X,T) is a -compact~ for every a -centered system r of 
.s:u c..h l&:;oJ 

T-closed fuzzy sets in X, there exists xex/r(x)> 1-a V fer 

COROllARY.4.5.6. G,S&W 1~78 (28)) let (X,T) be a fts • 

(1) (X,T)isa-compact ~for every a-centered system r of fuzzy sets 

in X, there exists xeX such that C(x)~ 1-a for all Cer 

* * (2) (X, T) is a -compact# for every a -centered system r of fuzzy 

sets in X there exists xeX such that C(x)>l- o for all C e r 

THEOREM.4.S:7.(G,S&Wl~7B (28)).let f be a closed crisp subset of 

the fts (X,T) • (1) If X is ~-compact then F is a-compact as a 

* • subspace of X. (2) If X is a -compact then f is a -compact as a 

subspace of X. 

THEOREM.4.5.8.(G.S&W 1~78 (28)). let (X,T) & (V,U) be two fts•s • 

let f: X+Y be an F-continuous map. (t) If X is a-compact then f(X) 

is a-compact as a subspace of V. (2) If X ia * a -compact then f(X) 

* is c -compact as a subspace of Y • 

COROLLARY. 4.5.9. (G,S&W 1?78(28)). ~very quotient space of an a­

* -compact (resp. a -compact ) fts is again m-compact (reap. 

* a -compact ). 

THEOREM.4.5.10. (G,S&W 1~78(28)). (Alexander subbase theorem ) 

let t be a subbase for the fuzzy topology T on a set X and let 

ce I. If ~very a -shading of X consisting of members of 4 has a finite 

~~subshading , then (X,T) is a-compact • 



THEOREM.4.S.ll.(G ,S & W 1978(28)).The product fts (X,T) of the 

family {(X
1
,t

1
)}leA of nonempty fts is a-compact iff for each leA 

(X1,TA) is a-compact where oel. 

By means of examples, !l!now we shall show, how the concept 

• of o -compactness behaves relative to Alexander's subbase theorem 

and product spaces. 

EXAMPlE.l.(G,S&W). let X be an infinite set. For each a eX & each 

n.e N ewe define 5
08 

: X'+ 1 by 

Sn
8

(x) =G-a/n if x:a & Sn
8

(x) : 0 if x~a where 0 <a~l is fixed. 

Then t::{S : n eN & as X} is a subbase for a unic.ue fuzzy topology na 
T which is generated by E, on X. 

* . For each a e X let U
8 

=nMl Sna. Then {U
8 

: a e X} is an a -shad1.ng of 

* X that has no finite a -subshading. Therefore there is no Alexander 
' . 

subbase the0rem for the concept of a -compactness. 
9, 

EXAMPlE~(G,S&W). let X be any nonempty set. let Y be a nongenerated 

bounded closed interval of real numbers. let ae]O,l]. For each 

0. <8<1 define v8 : X+ I by v6(x) = a(l-B) for all x eX. 

let~ be the usual topology on Y and for each UeT define w0 : X.+I 

by Wu(x) = a if x e u & w0(x) = o if x eX -e- u. 

let lx be the fuzzy topology on X with subbase ~VB : o. <B<l} and 

let Ty be the fuzzy topology on v with subbase {trlu : Ue T}. 

* Clearly (X,Tx) is a -compact. 

Since, (Y,f) is compact in ordinary sense. Hence by Heine - Borel 

* theorem (Y,Ty~ is a -compact. 

* However, the product fuz2y space (Xx~,lxxly) is not a -compact 

because, for each y £ Y let B(y,a) :s:.{ z e V 1 IZ-Y-I<a}be the open ball 

in Y of radioue 6 & define BY = U{V8xwB(y,S): 0 <B<l} where 

~1 ) -1 ) V 6xW0 =trri ( V S x 1J 2 ( \10 • Then BY is an open fuzzy eet in X x V and 

By has value~ a precisely on Xx-fy}. Since V ia infinite. 
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.. 
therefore, ~By 1 y s Y) is an u -shadin~ of X x Y thathas no finite 
it~OUb 

o' -shading 

Now we introduce star product of fuzzy spaces. 
LQ.t A E. T <q CO E U 

let (X, T) and (Y ,U) be two fts./Defina aA e 8 : X•Y + lbyby 

(AoB)(x,y) = A(x) B(y) for all (x,y) eX x Y 

Thus (AaB) is a fuzzy set on X x V. 

Consider a fuzzy topology r on X x ,y which has a subbase consisting 

of ell fuzzy sets of the form A • B where A e T & 8 e U. 

When X x Y is equipped with this fuzzy topology, tte denote it by X•V 

& cell it tbe star fuzzy pPoduct of the fuzzy spaces X and Y. 

THEORtM.4.S.12.(G,S&W 1978(28)).lf (X,t) & (Y,U) ere 0-compact fts•a 
.:fu ~ "Z-'::J , 

then the star/product X • Y is also 0-compect. 

finally we deal with ~ POINT COMPACTIFlCATION. 

let (X,T) be an fts and ac(O,l[ .Let H
0 

be the collection of all 

criep closed subsets of X that are a-compact as eubapacas of (X,T). 

Choose any objGct m4 X and define x• = X U {w}. ro~ each keK 
G 

1-k(lc) if x e X. 
0 

k :X;+Ibyk(x):lifx=w&k (xD= 
~ ~ (D 

• U (x) :0 if x =(A) *' and for each U & T we define uo : X+ I by 

• and U (x) =U(x) if x e X 

Let r• 
c denote the fuzzy topology on X

0 
having the collection 

• t :{U 
CB· 

: U e T} U {k : k e H } as a subbase. 
L.'fLl G 

0 • 
Clearly (X,T) is a crisp subspace of (X ,T ) 

G 

define 

THEOR£M.4.S.1J. (G,S&W 1~78(28)). let a~l. Using the above notations 

• • • • • (X 0 T n) is a-compact. Moreover X is denee in (X ,T )iff (X,t) is 
G G ~ 

not a-compact. 
OEFINITION.4.5.13.(G,S&W 1~78(28)). If (X,T) is a fts, eel and (X,T) 

is not a-compact, then the apace (1°,T
0

)ecnatructed above is called 
G 

a one point a-compactification of (X;T). 
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.6.fUZZV UNit lNT£RVAl AND fUZZY REALLINE. 

In this part ue developer fuzzy·' version of the unit intel-vsl and the 

J!eal line. The closed set [0-.1] and the real line are denoted by I 

and R Jrespectively. 
fuz.z.~ 

DEF'lNITION.4.6 •. l.(G,S&W 1?78(28)). The/unit in.terval J(I) is the set 

of all monoton.ic dec-reasing maps A : R • 1 satisfying 

(1) A(t) = 1 ~ for ( 2) 1 ( t) = 0 for 
.. 

t.he identification of, 1 ,p : R• I if for every t a_ R, l.(t-) : p(t-). 
' I • ' • ' ' •' ' ' ' 

. . . . . . ' . 

and ~(t+) = 11( T+), where. A (t-)= lnf, 'A(.s) & A(t+) = Sup A (a) 
. . . . . ' . $<t . , .. ' ·. ' ... S>t' ... 

We define a fuzzy topology on l(l) by taking as .. a subbase_,.,, . .. . ' . · ... 

~~t•~t} :~e.R,i'where lt' ftt are' fuzzy sets on.I(J.) -~ef .• ned bY:··,,'.-. 

,Jt:~ A),= -<~<t-i~c:. end llt_( A) = . ~(t+) . for all. Ael(l) •. 

. Th.is topology is called·'tbe t,aeu~l.topol~gy f9.-_.1(1) .a~d, ~lt.·-·~.·-~ £::~) 

and ~Rt : t s R} and c:ellc;ld t~e let~ ~an~ and right ~an~ ~OJ)olo~)'-~ 

Note that. if .we .~replace. 1 by .. {O;l}then -the. fuzzy unit int~rval ... 
. : . . ~ ~ ' ' . . ' \ . . . ,~: . . ., . . ' ' . . . . ' . . ' . 

and its topology Reduce to the unit interval :& .. lts u~ua! ~~P,ology~ 

Note th(l~ the .n~~atlon has no~. diet.,ng_ui(3bed between thf:' ~ap .. A~R•_I 

and the.eq:~·valen~~·,elast:J I.(I) eont[li~~ng. A~ ;rhie.·_cau~tee 11_Q ~!.flieulty 

. ,.eince :we a·re .only .in.t.E)rea.ted .... inthe .limit or the .el$es ~t.·t.s R: whl.eh 
\ • :•,- , .... ',, • ,'' o ' • I ' ' ' • , ' ' ol ,, •: \ .. 

, ia,,exact,ly the s~me .for. each member of' .. the c~ass •. 
• . ' , • . • • : ' ' . . • . ' • . ' ' ! • ~ . • . . . . . 

Sl~CE:), . ,ll~lb· =, l:al\b & R'an Rb :;: Ravb: , .• it . t:ollOW$ . that - . : 

·· ... ,, 
.,.·! 

~ft8 , Lbt R
0

n lb : ,·a,b_:e.R~ .is. a .base, fo~ .the usuaJ.,topology ()~.I( J) 

One also observes thot,,~R9n, \b .:: ·':l~b s. R} ~s .a~~~h~~ -bas-~:: for the .. 

usual.,topolQgy on l(I). ! . , .. , . _, .. .. . , . .. , . 
' . . ·' . . .. , ; •, . 

DEf'INlTlON~4 . .,6.2. (Gt54GW 1978(28)). The·. fuzzy re$l'.l1ne R(l) J.a. the 
- ' ' • ' '• \ • ' ' • t ~ • ' ' ' '' I '' ' ' . ' ' ' ' ' ' ' '• l •' 

. $at -of all mpn~tonic d~~reasi.ng lllaps . ).; R .•. I . : ,, . . . ·, •' . '. '· '. . . . .. ' . . ' . 
sat~sfylng 

'(f) Sup~ l(t), :. t. e. R} : l. 4 (2) Inf {l(t) ~ t e R} = -0 after .the 

1dentif1c~t.ton sa in the p~evlous,( def.nition. 
. \ ' . . 



Oq•J 
~~ 

The fuzzy topology on R(l) with ~Lt,ftt : t e R} as subspace is called 

the usual fuzzy topology for R(I). 

We may e•bed the ~al line in the fuzzy real line by identifying 

r s R with the map 

~r(t)::l ift<r. 

1 : ft + I defined by r 11' ( t) = 0 1 f t > r and 

Note that R(I) and ite usual topology reduce to R and its usual 

topology for fo,l! taken in place of I. Also note that 1(1) is a 
CD GD • 

subspace of R(l). furthermore, ~n~lln} & ~n~l~n} are 1 -shadingsof R(I). 

We need the following definition. 

D£fiNITION. 4.6.3.(C,S&W 1,78(28)).A subfamily r of T le said to be 

a cover of the fts (X,T) iff U C = 1 An fta (X,T) is said to be 
cer 

compact iff every open cover has a finite aubcover. 

,ror the sake of convenience we term these as W-cover & W-compact. 

tH£0R£M.4.6.4.(G,S&W 1~78(29)). The fuzzy unit interval 1(1) ia 

• (1) W-compact, (2) a-compact for alla sl A (l) 1 -eompact. 

TH£0REM.4.6.5.(G,S&W 1~78(28)). The fuzzy real line is not W-compact. 

the proofs of these theorems are left • 

................... 



CHAPTER - 5 

S(PARATION AXJOMS A~D CONNECTEO~ESS IN FUZ.Z'! ST{t,YtTU.~!.!-

In this chapter we diecuss·varioue separation axioms and connected-
P 

ness in fu2zy sat structure. In (28)g Steinlage, Gant~r and Narren 

heveintrodueed the Hausdorff separation axioms for only crisp (ordi­

nar~points. In (~7), Srivastava, lal and Srivastava have considered 

the fuzzy points in the definition of Hausdorff space. In separate 

papers, Ming and M1ng (21) and Sarkar (26) have presented the Haus-

dorff separation axioms in terms of .fuzzy points. 

The sections 1,2,)0 4 ere devoted to the study of different 

separation axioms and the remaining sections deal with connectedness 

in fts•s. 
1separation 

~e begin with the Hausdorff axiomsaas gives by Steinlage and others. 

H 
.1. HAUSDORFf SPACE AS D£f' !NED BY S T£ INLA&E, GAWlfR & WARRE,N,. 

Conside~ a classical set X and a fuzzy topology T on the set X. 
n 

~~tlliNITION.S.l.l.(Steinlage, Gan~er and Warren 1'78 (28)). The fta 

(X, T) is called Hausdorff if x 9 y s X and x; -J y imply that tbere are 

U,V £ T with U(x) : 1 = V(y) and UIIV : Q . 

THEQREM.5.1.2.(S 1 G & W 1?78 (28)). Let S be a crisp subspace of a 

Hausdorff space (X,T) • 

(1) lf o~a< 1 and if S is e-cocpact then S is T-closed in X • 
it 

(2) If~<~~ 1 and if Sis a -compact then Sis T-closed in X. 

Proof : (l) We shall show that Sc is T·open. 

let x sse. It is required to shot1 that there exists Us 1 ttith U(x) = 1 

and UCS0 
• 

For each y e S we can find UY and V Y in T such that UY (x) :1:;; V )' (y) 

and U r\ V = !t • y y 



• 

~~i!.tr.s' ~ V~/5 , y e S ) is en G-ahading of S (Here V~/S meena the 

~astriction of V to S.). But S is c-compact. y 

Therefore this collection has e finite C-subshading 

~vy~/s , vy~/S , •••••••••• vy~/S} • 

Let u = u r--.. u /"""1 ••• o ••• o ....... nuy • 
Y1 Y2 m 

Then U ( x) = 1 =and U n ( V n V n ••• o •••• • • f:'t V"' ) ~ !! • 
Y1 Y2 ¥m 

f"or each z s s, there exists a K with VY {z) >o~ 0. So U(z) = 0 • 
c k 

Thus U G sc which implies that S is open & hence S ia closed in X • 

The p~oof of the other pe~t is similar. 

OEriNlTlON.5.l.J.(S , G & W 1~78 (28)). let (X,T) be an fta and a•l 

If A is a fuzzy set in X then SuppA is the crisp subset of X defined 

by SuppA = {x e X : A(x) > 0} • 

Wo call (X, l) locally a-compact if for each point x & X there e"ists 

an open fuzzy set U aueh that U(x) = 1 and Suppais B-compact aa a 

crisp subspace of X. 

TM£0REM.5.1.4.(S ,.n & ti 1'78 (28)). let (X,t) be a locally a-com­

* * pact Hausdorff space and (X ,T
0

) e one point c-compactification of 
it • 

(X,T). Then (X ,TQ) is Hausdorff where uel. 

Proof: let x,y~ X and x;~ y. lhen there are open fuzzy seta U & V 

in (X,T) such that U(x) = 1 = V(y) and ur)v = Q. 

Hence u•(x) = 1 ,·v•(y) = 1 and u~~· = ! in <x**Ta) 

Now suppose that x e le'. Then there exists U e T such that U(x) = 1 

and K = SuppU is e-compsct. 

Then K is closed subspace of (X.T) (by theorem s.1.2). 

* * • Ther~fore K eT. SoU (x) = 1, K (~) = 1 and Ur)K = 1, ro a. t» m • • tienee (X pl ) is Hsusdorffo 
a 



§ .2. HAUSDORFF SPACE AS DEfiNED BY SRIVASTAVA, lAl a SRIVASTAVA. 

According to Srivastava, lal and Srivastava (~7) a fuzzy point x 
Q 

(0-<CI< 1) belongs to a fuzzy set A if a<A(x) and x (y),< A(y) ify'/.x. 
. CJ 

and they have followed the definition of fuzzy point given by Wong. 

In this fuzzy structure two fuzzy points x
0 

and y
6 

are said to be 

distinct iff their supports x and y are distinct. 

OEFINITION.5.2.l.(Srivastava , lal a Srivastava 1981 (~7)). An fts 

(X,T) is said to bo fuzzy Hausdorff iff for any two distinct fuzzy 

points x
0 

and Ys ln X , thePa exists diejiont U and V in T with 

x
0

e U and y8~ v. 
REMARK.S.2.2.(S , L 4 S ) Using Wong's definition of 'belonging• it 

is impossible to find two diajiont fuzzy sets U a V in an fte (X,T) 

"separating a two distinct fuzzy points p and q in X. 

For, if U/\V = 0 we gat (UrlV)(x) : 0 for- all x e X, which implies 

that lnf( U(x),V(x)} = 0 i.e. U(x) = 0 or V(x) = 0 • 

But this is a contradiction to either p:x c U or p=x c V. 
G a 

THEDR£M.5.2.3.(S , l & S 198!(27)). let (X,T) be an fts. Then the 

following are equivalent. 

{1) (X,T) is a fuzzy Hausdorff apace. 

(2) ilx = ~(x,x) : x e ),l} is fuzzy closed in X ,( X .• 

(3) for any two f-continuous functions f,g : (Y,U):+ (X,T) 

the ,fQlf:cA';t;,'!J E Y: ~ (~)"" ?} (~JJl.s F'~closed in (Y, u) · 

(4) Iff : (V.U)!+ (X,T) ia an r-continuous function then the 

graph of f i.e. the fuzzy set {(y,f(.y)) : y e V} is fuzzy closed in 

(Y x X,U x T). 

Proof : (1)~(2) : It is sufficient to show that X -x .X -~x io fuzzy 

open in X x X • 

let p be any fuzzy point in X x X -6x with support Cx1 ,x2) • 

Consider two fuzzy points r and s of X given by 



r(g1) = p(x1 ,x2) = s(x2) = t ,(say) • Therefore 0-< t~< 1. 

As r; ~ s, there a.,e disjoint U tV a T such that r g U and a s V. 

Consider the set U x V • 

[UxV]fx1 ,x2 ) = lnf ~U(x1f),V(x2 )}. 
~Jow r s U~r(x1 ). < Utx1 ) and s e V =5> o(x2). < V(x2) • 

So t = lnf {.U(x1 ) , V(x2)} = [UK V](x1 ,x2) which implies that psU llC V. 

further, for any (x},x2)eXxX, [UxV](xi,x2) = lnf ~U(xi),V(xa)}. 

So [Ux V](xi,x2> = 0 if x}:;i x2 because [Ux V](x{,x!)=[UnV]hc~)=O 

( since Uf) V = 0) . -
This ensul'en that {UxV](xi,x~).~ (XxX- Ax><x.i,x2? V (x.{,x!)eXxX. 

i~e. UxVCXxX-.L\x• 

tJe have thus shown t·hat given any fuzzy point p in X x X - Ax t~.e~rrt~e~e 

is an open fuzzy set U x V in X)( X - Ax such that p e U x V c X x X - Ax. 

Hence lt x X - Ax is fuzzy open • 

(2) =;> (l) : eonsider the function (f ,g) : (Y ,U) • (X x X, T x l') 

given by {f,g)(y) = (f(y},g(y)) for all y e Y. 

To show that this is·f-continuous, it is sufficient to show that the 

inverse image of each basic open fuzzy set in Xx X is fuzzy open in V. 

Ta~e any basic open· fuzzy set, say, U x V in X x X • 

Then ({f,g)-l(Ux V)](y): [UxV](f(y),g(y)): lnf(U{f(y)),V(g(y))} 
I, 

= Inf ~[f-1 (U)](y),[g-1 (V)](y)}:{f-1 (U).Ag-l (\t)](y) 

tthere y e V • 

Thus [(f,g)-1 ](UxV) = f-1(U)/\g-1 (V) which is an r-opan set in V. 

Therefore (f,g) is f-continious • 

Now A = [(f,9)-l](~X) is: fuzzy closed in (Y,U) as Axis· F-closed. 

(3) -~. (4) : Since "x t (Y llC x,u x ,J) • (X, T) and 

wy : (V x X,U x T)• + (V ,U) and the function f are· f-continuoua, it is 

clear that f : f 0 Vy is also f-continuous. 



Now consider the set 

~(y,x) s v x x :wx(y,x) = f(y,x)} = ~(y,x) : trx(y,x) = ·(f o •v,> (y,x)} 

:: {(y,x) : x = f(y)) = ·t (y,f(y)) : y e Y} • 

By hypothesis, ~(y,x) s (V x X)}:ffx(y,x):f(y,x)} is- f-closed in V ~X. 

Therefore ~ (y, f(y) t y e Y} is· F •closed in Y 2:e X • 

(4) ~(1) : Consider the identity function on' (JC, T) • 

Using the condition (4) we can say that the set Ax = ~ {x,x) : x s X} 

is f-closed ·in (X x x, TxT) i.e. X x X - Ax is fuzzy open. 

·let p = x
0 

and q = ~B be two distinct· fuzzy pointo in .X.Tben x~~ y. 

So (x, y) s X x X - Ax • 

Consider a fuzzy point r in X lit X such that r (x ,y) = Max ~P (x), q (y)} • 

Clearly r e X • X .. Ax. Hence there exists s basic open fuazy set U x Y 

such that r s Ux VC lx X- Ax· 
'furtber it is clear that p g u and q e V.Also, since u X v c X X X - a,(? 

(U x V) (x,x) = 0 for all x eX which implies that U II V = !! • 

Thus U and V are two disjoint open_ fuzzy sets in~ (X 9 T) containing lhe 

·fuzzy points p and q zesprctively. Menee (X,T) is Hausdo~ff. 

;1J.;fE@g&:f.'J.S._2.S. (S 'L & S 1981 (f7)). l.et1: (X,o:r) be a topological, space. - . 
lben (X,T) is Hausdorff iff (X,~(T)) is fuzzy Hausdorff. 

ProQf : (~) Suppose that~ (X,T) is Hausdorff. 

Let p = x
6 

and q = Ye be two distinct fuzzy points in X. Then x;l y. 

Using Hausdorffness of x. ~e can find two disjoint T-open sets in X 

such that x e U and y & v. 
Now consider the characteristic functions Xu and Xy of U & V respectively 

ruom (X,T) to lr. Clearly Xu and xv are continuous end belong to m(l). 
Also, since X au, xu<x> = 1 • lienee p e u. Similarly , q e v. 
Thus we have obtained two disjoint open fuzzy seta U and V in~ ~,0(1)) 
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containing p and q respectively. 

(¢::::) Suppose that (X,(JJ(T)) ia fuzzy t-lausdorff. 

Let x and y be two distinct points in K. Consider two distinct fuzzy 

points p = xu and q = Y~· 
Sinee (X,~(T)) is fuzzy Hausdorff• we can find tuo disjoint open fuzzy 

sets U and V in X such that p e U and q s V.let p(x) = r and q(y) = s. 

Then p(x) <U(x) and q(y) < V(y) imply that xe u-1()r,ll) & y~v-1 (]s,l]). 

N~1 )r,l] and ]s,l] are open in the topology given in 1. The~efore 

u-1-(]r,l]) and v-1.(Js,l)) ore open in (X,•). 

Moreover, u-l(Jr,l]) n y-l(~s,l]) : Q , for, if not, then let 

z e: u-1 (]r,ll) 1\ v-1 (]s,l]) • 

NotJ, z & u-1()r,l]) =# U(z) > r and z" v-1{]s,l])-.::;? V(z) >e. 

So Inf ~U(z).V(z)} :~ g,which is n contradiction to ~ U~V = 0 u. -
Hence, u-1 (jr,l)) and v-1 (]o,lJ) are two disjoint T-open sets con­

taining x and y respectively~ This proves that (X,I) iD Wausdotff. 

T»EOR£N.S.2.6.(S o l & S 1981 (~7)). If an fto (X,T) is fuzzy Haus­

dorff theo (X,i(T)) is Hausdorff. 

PROOF : Take any two distinct f@@@f pcints x and y.in X. Consider two 

distinct fuzzy points p = x~ and q = y
8 

in X. Since (X,T) ie fuzzy 

Kau.sdorff• we cf.ln gat two disj6int fuzzy open sets U and V in X such 

thtlt p & U and q e V. Suppose that p(u) = J' end q(y) = a. 

Tben ~r < U(x) and s < V (y) and so xe u-1 (]r,ll) and y & v-1,(]s 11 1]). 

Neneet u·1(]r,l)) and v-1(]s,lJ} are two disjoint open sots in (X 1 i(T)) 

containing x and y respectively. Hence (X,i(l)) is Hausdorff. 

TNEOREM.S.2!7.(S t L & S 1981 (~7)). A fuzzy subspace (A,TA) of a 

fuzay flausdorff'topological space is fuzzy Hausdorff. 

TH£0R£i1.S.2.8.(S,l~S 1981(~7)). lf ~(XA,TA)},).eA, is a family of 

fuzzy Hausdorff topological apeees. then their product (J,i) is also 
fuzzy Hausdorffo 
PftOtlr : left. 



§.3. SEPARATION AXIOMS 

In this section we discuss'various separation axioms defined 

in terms of Q-nbhds.Here , we follow definitions 2 .3.1 and 2.3.2 

for 'fuzzy point' and 'belongingness•. 

OEflNITION.S.J.l.(Ming and Ming 1988 (II)). An fts (X,T) is called 

a fuzzy quasi-T
0 

space iff fo~ every x eX and a;~ s, u,B sl, either 

x0,~ i 6 or x 6~~ i
0

• 

It follo\!2s that (lC, T) is a quasi-t
0 

if for everyx c X and 0 < c<S<l, 

xa ~ io. 
DEflNITlON.S.,.2.(M & N 1980 (21)). An fts (X,T) is called a fuzzy 

T
0 

space iff foe any two fuzzy points p and q with p ~ q , either 

p:l, q or q. ~ p. 
DEfiNITJON.5.3.).(M & M 1980 (21)). An fts (X,T) is called a fuzzy 

T1 space iff every fuzzy point is a closed set. 

THEOftEM.S.3.4.(M & M 1980(21)). let (X,T) be an fts. Then 

(X,T) is T1 ===7-lt is T
0

9 It ia quasi-1'
0 

• 

PROOF t Obvious. 

£very ordinary topological space·vacoausly satisfies condition 

of being quasi-T
0 

and hence the quasi-t
0 

separation is a particularity 

in fuzzy topology. 
THEOREM.S.,.S.(M & M 1980 (21)). let (X, T) be a quasi-T

0 
space, x a X 

and V = Jp1 ,p2[ (0 $ p1 < p 2 < 1). Then there exists B e T such that 

8 (x) e V • 

PROOF : let u= 1-p1 and S= l-p2 • Therefore G > 8 >0. 

Since, (X,t) is quasi-T
0

, we have x~,~ i 8 • 

Thus there exists some open 0-nbhd 8 ( 8 (,c) > 1-o ) which is not 

quasi-coincident with •a i.e. B(x)~ 1-6 • Hence B(x)eV • 



j_f)(l 

THEOREM.S.3.6.(M & M 1980 (21)). An fts (X,T) is quasi-T
0 

iff for ell 

x eX and p&l, there exists a BeT auch that 8 (x) ::: Q• 

PROOf : (~) When D = O, it suffices to take 8 = R • 
When o, < o~~l. take a strictly monotonic increasing sequence of posi­

tive real numbers converging to p. let V
0 

:]p
0

,pn+ll , n:1,2,l, •••• 

By theorem s.,.s, there exists 9
0 

e T aueh that 8
0

(x)eV
0 

for each n. 
CD 

Therefore, B = U 8
0 

is fuzzy open and 8 (x) = o • 
n=l 

(~} For two fuzzy points "a andx6 with o > s, there exists 

from hypothesis an open set B such that B ~) = 1-S > 1-a • It ia clea• 

that B is an open Q-nbbd of xa but is not quasi-coincident withJx
6
}. 

Hence it follows from theorem 2.l.l9that x~ i i 8 • 

THEOR£M.S.)~7.(M & M 1966 (21)). An fts (X,T) is a T
0 

space iff (X,T) 

is quasi-T
0 

and for any two distinct points XuY in X and for any 

f) p s 1, there exists 6 & T such that 9 (x) =p4 8 (y )>a or 8 (x }>p & G(y )::a • 

PROOfs (~)let (X,T) be T
0 

apace. Then it is also quasi-T
0

• 

for x; ~ y and DtO e 1, putting o: 1·1) and 6= 1-a tie obtain two dis­

tinct fuzzy points x
0 

and Yg • 

If xu ; I. "Y6 , that"e exists an open Q-nbhd a1 (B1 ht) > 1-o :p) which ia 

not Q-coincident with JYsl i.e., &1 (y).~ 1-$ =a. 
In' view of theorem '· ) .. 6, there is s 2 e T such that a2(y) :::a • 

Then the fuzzy open set B ~ s1 U a2 is the r~qui~ed one. 

If y~~ i« , the argument can be carried out in a similar way. 

( ~) Assume that (X, T} is quae1-T
0 

and for any x,y £ lt t'lltb 

x.; -J y and for any p,asl, there exists BeT such that S(x) = p and 

B ") > a, or 8 ()c) > p and B(y) = o. 

It is sufficient to consider the separation of two fuzzy points •u 
andy~ uith xil y. Put a= 1-~ and 6= 1-o. 

from hypothesis, we may assume that there exists 8 s T such that 
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B(x) =~ and B(y)>~ • Then 8 is a Q-nbhd of y
8 

which is not 

dent with {x }i,eo, Y~Ji x • . en p a 
THEOR£MS.3.8.(M 4 N 1960 (21)). An fts (X,T) ia a T1 space iff, for 

each x e X and each as l 11 there exists 6 e T such that B(x) = '1~ 
and O(y) = 1 for yJI x. 

PROOF : (~) When a = O, it suffices to take 8 = ! . 

When ex> 0, x being a fuzzy point is closed by hypothesis, then 

B = <• )c is the required open set. c. 
(~ ) Let x be an arbitrary fuzzy point. Thent by hypothesis, 

a 
tbere exists a e e T such that B(x) = 1-e and B(y) = 1 for y·~ x. 

lt follows that x = Be is closed. a. 
DEflNITION.5.J.9.(M & M 1980 (21)). An fts (X,T) is called a fuzzy 

T2 (flausdorff) space iff, for any two, fuzzy points p and q satisfying 

supp(p)~~ supp(q), there exists Q-nbhds 0 and C of p and q, resprc­

tively, such that 9 n C = !!. • 
Tiis Hausdorff space will be referred to as Q-Ta (or 0-Hausdorff). 

PROPOSlTION.S.).lO.(M & M 1980 (21)). let (X,T) be a Q-t2 space, then 

any Q-occumulation of a fuzzy pointyy~in (X,T) is or the form y
0

(m>8). 

PROOf t When G~ 8, y
0 

e YB • 

But since any Q-nbhd of y
0 

can be Q-eoincidant with y8 atmost at y, 

y
0 

is not anQaccumulation point of y
8 

• 

When x;~ y, from the property of being Q-T2 , there exists Q-nbhds 

Band e1 of x
0 

and ye,respectively, such that ana1 = 0. 

But since B1 (y) > 1-B ~ 0, B (y) = 0, i.e., B ia not Q-eoincident with 

y
6 

at y and hence x
0 

is not an Q-accumulation point of y
6 

• 

ffe have thus proved that the only possible form of an 0-oecumulation 

point of Ys is of the type y
0 
~ith «>B • 

Since, Q-T1 is concerndd only with those fuzzy points with diff­
erent supports. it is poasible~as the following example $howe, that a 
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Q-t2 space need not ba quasi-T
0 

, to say nothing of being T1 • 

EXAMPL£.( M & M ). let X= { y,z ) when y·# z. letT be the fuzzy 

topology on X which has 

E = ~y1 : Ae]2/3,1]} U ~z1 ~ 1&]0,1]} U {~} as a base 

Obviously, (X,T) is a fuzzy Q-t2 space. But, since there is no T-open 

set which takes the value 1/2 at y, in view of theorem 5.3.6., (X,T) 

is not quaai-1
0

• 

THEOREM.5.3.ll.Ul & M 1980 (21)). lf (X,T) is both Q ... t 2 and quasi-T
0 

then it is also T1 • 

PROOf : let yB be an arbitrary fuzzy point • Therefore, fnom theorem 

5.3.10., an~~cumulotion point, if any, of y
6 

is of the form yc(o>B). 

Since (X,T) is quasi-T
0

, by theorem 5.3.6., there exists a B ~ T 

such that 8( y) = 1-S. > 1-a • Thus • B is a Q-nbhd of y and is not 
(l 

Q-coineident with Ys • 

Hence ,y
0 

Therefore, 

Q-
(a > e> cannot. be an/accumulation point of Ye • 

Q-Ya has no/accumulation point. So by theorem 2.3.1G., Ya 
is closed. Hence, (X,T) is T1 • 

TH£0REM.S.l.l2.(M & M 1980 (21)). The Q-derivrd set of every fuzzy 

set in a T1 space is closed. 

PROOf : Note that the Q-derived aet of every fuzzy point in a T1 
space is obviously Q • 

So the result follows from theorem 2.,.30. 

The proofs of the following re~ults are omitted. 

THEOREM.S.l.lJ.(M & M 1980 (21)). let ~(X1 ,T1 }},1 eA, be a collection 

of fts's, among which there ia atleast one quasi-1
0 

space. Then the 

product space (X,T) is quosi-T
0 

• 

TH£0RE~1S.:J.l4.(M & t4 1980 (21)). let ~(X).,T).)} ,A eA, baa coll­

ection of fts•s. lf each (X1.T1) is 7
0 

(resp. T1), then t.he product 
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space (X,T) is a T
0 

(resp. t 1 ) apace. 

TflEOREM.S.J.lS. (f4 & M 1980' (21)). let ~ 0C1 , T ~) }, A & A , be a collec­

tion of fts•s. The product space (X,T) is Q-T 2 space iff each coor­

dinate space (X1,!1 > is a Q-T2 spac~. 

When the product space enjoys any one of the properties of 

being qaasi-T
0 

, T
0 

9nd T1 , each coordinate space daes not necessa­

rily enJoy the corresponding separation property. 

for example, let x1 = x2 = {x} • , T 1 = {.!1) U {xA : 0 <A~ 1/2 & A::: 1} 

and T 2 = {.Q.} U '"). a 1/2 ~ A~ 1} • 

from theorem 5.3.6., (X1 ,T1 ) and (X2,t2) are not quasi-T
0 

and hence 

are not T
0 

and T1 spaces; but their product space is evidently a 

T1 space. 

However , in the light of theorem 3.1.14,we can say that 

if a coordinate space is quasi fts, it enjoys the same separation 

property as the p~oduct space does. 

§.4.SEPARATION PROPERTIES AND PROPER COMPACTNESS AS O£flNEO 8Y 

SARKAR. 

In this section, we define the Hausdorff separation axiom aad some 

or the other separation axioms with the help of fuzzy elements. 

We consider a fuzzy point or a fuzzy singleton p =x in a set X , to a 
be a fuzzy set in X such that 

p{x) = c and p(y): 0 for all y;~ x 1n X , where ae]O,l[ • xis called 

the support and a its value. 

Also, a fuzzy point p = x is considered tobe in a fuzzy set A (deno­a 
ted by p sA) if and only iff p (x), < A(x) • So, p ¢A~ p(x), ~ A(x). 

Areal point z s .X is called a erJep point and is identified with its 
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U'f 

eharacteristie function and we say that z belongs to the fuzzy set 

A if A(z) : 1 • 

By points (subsets) of X,we mean both crisp and fuzzy points(subsets) 
and we always denote the support of a fuzzy point p by xp • 
OEF1NITlON.S.4.l.(Sarkar 1981 {26)). In an fts~ ~,T), a set A is said 

to be open iff for each point pEA, there exists a fuzzy set G C T, 

such that p E G C A • 

DE. Clearly, the criterion of open sets given in theorem I .3.] is 

equivalent to this. 

DEflNITION.S.4.2.(Sarkar 1991 (26)). An, fts {X,J) is called f-T 1 iff 

the singletons are closed. 

DEFINITION.S.4.3.(Sarkar 1981 (26)). An fts (X,T) is said to be Haus­

dorff or,r-T2 iff the following conditions hold : 

If p and q aB~ t~:: points in X,. than (!) if xp I xq' there exists 

open sets VP and Vq , such that p E VP, q:~ V
9 

& q E Vq , p-f/: Vq J 

(2) if xp : xq and p(xp) < q(xp), then there exists an open set VP 

such that p E vp,but q;~Vp. 

It is clear that, if (X,T) is Hausdorff according to defi­

nition 5.1.1 •• then (1) of definition 5.4.J follows immediately. 

THEOREM. S. 4. 4. (Sarkar 1991· (26)). An f-T 2 space is an f- T 1 space. 

PROOF : let p be an. fuzzy point in an f-t2 space(X,T). Then any point 

qt fPf belongs to en open set Vq such that fPf (xp) ~ Vq<xp) and so 

VqC1pf • 
On the other hand, if pis crisp, let xq~ X- xp be arbitrary. 

lf fq
0

: n:l,2, ••• i be a sequence of fuzzy points, where q : X t 
xn q 

for all n:lt2, ••• and the sequence {q~(xq): n::l,2, ••• J is decreasing 

and converges to aero, then there exists a sequence of open seta 

[vpq : n=l,2, ••• j , such that p E'V and q0i~ Vnq , for ~11 
n pqn ~ n 

n:1,2, ••• , as (X,T) is f-T 2 • 

SO, if P = () V , then P is a closed set, where P(xn) = 0~ and 
n:lN pqn "' 



P( "p) = 1 • Hence, Pe is an open set c-ontained in i p} C and contain­

ing the crisp point q(and hence any fuzzy point with support •q>• 

. ,<4 ·' .2) 
The definition or compactness given earlier does not seem very 

natural in an fts, especially when it is.F-T2, as is shown by the 

following proposition. 

PROPOSITION.S.4.S.(Sarkar 1981 (26)). No subset of an F-T2 fts can be 

compact(eountably compact). 

PROOF :lot A be a subset of the fts (X, T) such that A(xA)· > O, for 

some xA s X. Choose a sequence JPn : n:l,2, ••• ) of fuzzy points, 

each having support xA' such that p0(xA).~ A(x4), for all n=1,2, •• 

and~p0 (xA) : n=l,2, ••• } 

ges to A(xA). 

is an increasing sequence which conver-

Then from the Hausdorff property, thare exists a sequencr of open 

sets { Vx : n:1,2, •••• } • where Pn ¢ Vx end Pn+l > ~ v 
An An XA 

n 
This sequence together with the complement of the crisp point at XA 

forms an open cover of A, which has no finite subcover. 

COROLlARY.5.4.6.(Sarker 1980 (26)). Singletons in an f-t2 space are 

not compact (countably compact). 

Now let us redefine open cover and compactness. 
' OEFINITION.S.4:7.(Sarkar 1980 (26)). A family~= {VAt T : 1£A} is 

said tobe a proper open cover of the set A in the fta (X,T) iff for 

each x e X, there exists VA e ~. such that VA (x) ~ A(x). This family 
X X 

~ is called a countable (finite) proper open cover of A if A is 

countable (finite). A subfamily ~l of~ is called a proper open sub-

cover of~ if it ie a proper open cove~ of A in its o~n right. 



It follows from the definition thatt a proper cover of A is always 

a cover of A, but not conversely. 

D£f'INJTIONS.4.8. {Serka:r 1981 (2.6)). A set A is properly (countably) 

compact in~e fts {X,T) iff every (countable) proper open e~ve~ of A 

has a proper open finite subeover. 

From the above definitiens, we obtain 

PROPOSITION.5.4.9.{Sarkar 1981 (26)).-Every singleton (hence a subset 

with finite support) in an fts is properly compact. 

PROPOSITION.5.4.10.{Sarka~ 1981 (26)). let f t (X,l);+ (Y,U) be an 

f-continuous surjection of fts's end A a properly compact set in X. , 
Then f(A) is a properly compact set in V. 

THEOREM.S.4.1l.{Sarkar 1981 (26)). A properly eompact set in an F-T 2 

space is closed. 

PROOF : let A be a properly compact set in an V-T2 fts (X,T) end p a 

••••••••••• (!). 

Then , by the Hausdorff property, there existn \IP e T ·such that 

A(xp) < VP(xp) •••••••• (2) and. p(xp) ~Vp(xp) •••••••• ()). 

Therefore, to each point p satisfying (1), there corresponds a family 

(if' 

and 

Hence 

howavee, A(xq) = 1 1 then we must have A(xq) = 
p(xp) ~ Vpq(xR) for all q such that xq s x. 

A(xq) ~ ~ Vpq(xq) ~ AC u v 
"q£X XqeX pq 

~ A C U V as A is properly compact 
. XqkE X pqk 

k:l,2, ••• ,-m 

.V X e X q 

• • • • • • • • • ( 5 ) 

~ AC U V : tp say (so that Fp is closed) 
k::l, ••• t'll1pqk 

~ A(xq) -~ r P (xq) for all xq e X. • •••••••••• (6) 
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......... ,(7) 

Nou consider all points p which satisfy (1), we get the. family 

fFP : r: ~ yl , such that (6) and .(7) 1\old. Then clearly A(xq>=n F' P(xq) 
p 

for all x € X 
q 

by (6) and ~7). flence A :0 Fp i.e., A is closed. 
p 

DEflNITlON.5.4.12.(Sark.sr 1981~ (26)). An fts (X,T) is called a fuzzy 

P-space if the countable union of closed sets ie cloGed. 

1~~~M~5.4.13.(Sarkar 1981 {26)). fuzzy lindelof sets in a Hausdorff 

fuzzy P-space are closod. 

PROOf' : left •. 

TtttOREM.5.4.14. (Sarlcar 1981 (26)). Properly compact ,sets in an f'-T 1 , 

P-space have finite supports. 

PROOF : left. 

COROLLARY.5.4.l~.(Sarker 1981 (26)). Properly compact sets in a Haus­

dorff fuzzy p-space have finite supports. 

PROOf' : left. 

ln ordinary topology, & closed subset of a compact' (countably 

compact, lindelof) set ie compact~ ~ountably eomp~ct, lindelof). But 

this p~operty does not hold in an fts. 

EXAMPLE. (Serkar (26)). Let X be an uncountable set of points and T the 

fuzzy topology generated by the base ·formed by 

0 , ! : X ' ~AA :Ae{!/4,4/5]} and 
' 

{Bx : X t" X}, where \(x) =1 for all 

X € X and B (x) = 1/4 
X 

& 8" {y) = 
X 

0 for all y;-J X in X 

Then X is (properly) compact, (properly) countable compact, and Lindelof. 

But the (proper) open cover ~ex : x a X} of the closed set A114 has 

no countable· ~roper) open subcover. So A114 is neither (properly) com­

pact nor lindelof. 

Again, let X be partitioned into a countable number of subsets 
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{X : n=l,2, ••• } • Then ~ a
0 

: On = U 8 and n=l.2, •• ) is a coun-
. n x«X " 
table (proper) open cover of A114 wbi~h Ras no (proper) finite sub-

cover. So A114 is not·, (properly) countably cor.Jpact. 

finally, we consider some of the other separation properties of an 

fts and find the interrelations among them. 

D£FINITION.5.4.16.(Sarkar 1981 (26)). An fts~ ~,T) is ealled regular 

( Aormel) 1 ff for each point p e X and 5f e T, where p e. V there exists 

G e 1.sueh that peG~ CCV • 

DEflNITION.§.4.~7.(Sarkar 1981 (26)). AN fts~ ~,T} is said to be 

normal iff for every closed set K and open set V such that K c. V, 

there exists a set·~ e T such that K c G c G c V. 

DEfiNITI6N.5.4.1S.(Sarkar 1981~ ~6)). An fta (X,T) is called F-T 3 
(f-T4 ) iff.it is f-T 1 and regular (normal). 

THEOREM.5.4.19; (Sarkor 1981· (26)). An tr-T 3 space- is an F'-Ta. space. 

PROOr; let pens Q be two fuzzy points, where xp'~ xq and let w he 

a third fuzzy point, where xw = xp end w(xp} > 1 - p{xp}. 

Then~wf is open and fwf(x) .= 1-w{xp) < p(xp) for x = xp 

= 1 otherwise. 

So q Etwf, but p,~ we. 

Now since (X,T) is regular, there exists Vq e T such that 

q e Vq C iq C [tf . Obviously then, p./. Yq • 

Similarly , an open set VP can be determined such that p e VP and 

Q- i vp 
The other cases can be similarly handled. 

THEUREM?5.4.20.{Sarkar,l98l (26)). An f-T 4 space is an f-T3 space. 

The converse results {as usual) ore not true in gene~al. 

Next we prove ·the Urysohn's lemma. 
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TH£0RE~1.S.4.21. (Hutton 1}'75 (14)).· (Urysobn'a lemma) An, ftst- OC, T) 

is normal iff for every closed set K and open set V ~ith KC V, there 

exists a continuous function f : X.+ l(!) such that for eve~y x & X 

« (x) ~. f (x) (1-), ~ f (x ~ (0 +), ~ V (x) • 

PROOF : (~) Since K (x) ~ ·f c,c·~ (i-> ~ f 6c) (0+). ~ V(x) , we have for 

any t E: ]O~ll K(x).~ f (x~ (t+).~ f (x~ t-),~ V(x) • 

Now r-1 cL:> (x) = f (1C'~ <t-> and r-1 (Rt ~ (x) :: Y 6c) (t+). 

Since f is continuous, f~1 (L~) is closed and ,-J ~t) is open. 

Hence K s; r-1 (Rt) s ,-1- (L~) c V • Thus, (X, T) is normal. 

(.::?) Construct {Wr : r s ]0,1[ } so that K C tfr c V and 

Q 
r., < S ~ tJ8 C WI' • 

Define l(x)t: Ut(x) • 

Clearly, K (x).~ f (x) (1-) ~ f (x} (0+) ~ \' (x) • 

Not~, r-1 (R ) = U · f~ ) = U " ¢'1°) is open and 
t r>t r r>t r 

r-1 (L c) = 1\ (Wr) = n (i .. ) is closed • 
t r<t r<t • 

Hence f is continuous • 

We note that perfect normality aisa haa e natural gene~ali­

setlon to fts. 

D£FINITI8N.5.4.22;. (Hutton 1?75~ (14)). An fts is perfectly normal 

1r for every closed set K and open set V wi•h K C Vt there exists 

continuous function f: X;+ 1(1) such that for every x s x. 
K (x) = f (x) (1-) ~ f (x} (0+) == V (x) • 

THEOR£M.5.4.23.(Hutton 1'7s~ (14)). An fts· ~,T) is perfectly normal 

iff it is normal and every closed set is a countable intersection 

of open sets. 
The proof is trivial consequence of theorem 5.4.21 and a genera-

lisation of the usual topological proof • 
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§ .s. Q-CONN£CT£0NESS. 

In this section ,ue discuss connectedness in fuzzy structure with 

the help or Q-separabillty. 

DEflNITlf~.S~S.l.(Ming and Ming 1980 (21)). A fuzzy set 0 in an 

fts (X,T) is said to be disconnected iff, there exists two non-em-
-;: & a 

pty set~ in the subspace 0
0 

; Supp D ouch that A and a are Q-sepa-

rated and 0 = A U 8 • A fuzzy set is called connected iff it is not 

disconnected. -tc:Ld·r>~tss' o...nd 'q-c:l,'s.c.a'"'nQ.c.t<~..dnll..ss
1 

-r-a.spe.cJrv<2.1')'. 

The 'connectedness' & 1 disconnectedneas• ulll be termed as •Q-connec~ 
DEriNITION.s.s.2.(M & M 1990 (Zl)). let D be e fuzzy set in an fts 

· {ItT). The maximal connected fuzzy oet contained in D is called a 

component of D. ,o.-
lEMMA.5.S.)~ e2 I M 1960~ Ql)). A fuzzy set 0 is disconnected iff 

there are relative closed sets in the subspace D
0 

such that Af"\ 0 ~ Q 
Arle?l::Q 

an oj -J. o/and A u s :::> D. -
PROOf : left. 

,o-
TKEOREM.s.s.4.(M & M 1980~ ~1)). let D be a connected set in an fte 

t''~-
are also connected where, (D)x (X,T); then ( i >x and ( D >0 

0 
represents tbe closure of D in X. ,Q-
PROOF ; SuppQae (D)x = £ is disconnected. Then from· lemma S.,.)., 

there a~e relative closed sets A & e in the subspace £
0 

such that 

A u B ~ E, An E; -1 !! , en E: -1 ! and An 8 = ! . 

Obviously, AU 8~ D. from the Q.conneetedness of 0, we may assume 

Af'I.D =.! (for the ease where anD= J!, a similar argument holds). 

That is, 0 C. a • lt followe that E = £'IE
0 

= (D)1f'IE
0

:(i))fbc.. <8>3;8 

Since A0 9 = !! , An E = !h which is a contradiction. 

The eonnactodness of {0)0 con be proved analog~usly by indirect 
0 

method. (At this time take t =· fi)) 0 ond note that E
0
= ( 0>0 )

0 
= 0

0 
) 

0 0 
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Now we state a few results without giving the proofs 

TREOREM.S.5.S.(M & M 1980 (21)). let n be a family of Q-connected 

"fuzzy sets in an fts (X.T}. If no two members of g are Q-separated 
,Q-

in the subspace ( U n)
0

, then U n is connected. 

THEOREM.S.S.6.(1.t & M 1980 (21)). let 0 be a fuzzy set in an fts (X,T). ,a ... 
Then each connected fuzzy set contained in 0 ie contained in some 

,a-
G-eomponent of 0 and any two distinct components of D are Q-sepa-

rated in the subspace D
0

• 

THEOREM.S.5~7.(M & H 1980 (21)). If D is a closed fuzzy set in an 

1 fta (X~T), then every Q-component of 0 is a closed set in X. 

It is to bo noted that a Q-component of a fuzzy set D need 

not be relative closed in 0
0

, which is another departure from gene­

ral topology. 

!XAMPl£. (M 6 M). let X : .< x } • Suppose T : ~ !=X, !!, xl/:J } • 

Let D ~,x113 • Then 0 is of course a Q-component of 0 but is not 

a closed set in D
0 

= X • 
,o-

Now we turn our attention to product of connected spaces. 

PROPOSITION.5.5.8.(M & M 1980' (21)). Let T1 and t
2 

be two fuzzy 

topologies on X such that T2 is finer than T1 and T2 is generated 

by tbe family~ of fuzzy seta in X which consists of all the mem­

bers of T1 and a number of fuzzy sets each of which takes cons-

tant value on X. Then (X1 ,T1) is Q-eonnected iff (X,T 2) is Q-connected. 

THEOREM.5.5.9.(M & M 1980 (21)). A product space (X,T) of a family 

of fte's {<~1 ,! 1 > ,l e AJ is Q-eonnected iff each coordinate space 

(X1,T1) is Q-connected. 

PROOf : (~) It ia not difficult to verify that the image of a fuzzy 
Q-connected set under an f-continuous mapping of fts's is again 
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Q-connected. So when a,T) is Q-eonnected, it follows that~ ~l,TA) 

is aleo a-connected (·,·~~(X) = XA and VA is f-continuous.) 

( 4=) Aasuce that each· (X~, TA) is Q-connected. 

from proposition 5.5.8 and theorem J.l.14 ,it is easily seen that -the section XU through a point x e X and parallel to X , conei­
\1 

dared as a fuzzy subspace 6f ~,T), is Q-connected. 

Now take a point X ::: (xA) e x. Consider the a-component 0 which 

contains x, whe~e x is considered as a crisp singleton in X. from 

the Q-connectedness of the section just mentioned above, it is 

obvious that if a point y = (y1)e X is different from x = (x1)in 

only one coordinate , y 1s also contained in 0. Moreover,if y is 

different from x in only a finite number of eoordinates, it ean be 

inductivel~ proved that y io also contained in D. 

rinally,we shall show that 0 = x. 
Let z = (z~) ba any point of X. Take an arbitrary Q-nbhd V of z, 

z being considered as a crisp singleton in X. 

from the difinition of product topology, there is a member U , 

U = n n11 (01 ), of the defining base for T, where UA e. T 1 A e f", 
>.Ef' 

r bein-g a finite subset of the index set A , such that U C V and 

U is aleo a Q-nbhd of z. 

Then U(z) =Min [Ul(z,.)] >0. 
lef' 

For >.~ i r' let y>. = X" ; for A e f'' let yl = ZA, then we get a point 

y = ' (yl} in X such that y is different from x in only a finite 

number of c-oot>dinatos. According to what we have just proved y s D 

i.e., D(y) = 1 (there y is considered as crisp singleton in X). 

Since U(y): Min {U
1
(y).)} : Min {0

1
(z

1
)}>0, O(y) + U(y) > 1 

Aef lef 
So U and 0 ore Q-coineident at y. Thus V and D are Q-coincident.~t 
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Since Vis an arbitrary Q-nbhd of z, z~ 0. Consequently 0 =X. 

Therefore by theorem S.S.4., Uia Q-connected and hence X is Q-conn­

ected. 

§.6. a-CONNECTEDNESS. 

In this section we study another type of connectedness known 

as a-connectedness. 

1aei • 
let (X.,T) be an fts and AC X. The a-closure· (a -closure) of A, 

denoted by Cl (A) (Cl *(A)), is defined~~ be a a -
~x e X ; U e T and U(x) >a (~ ca ) imply U/A' 1- Q. • T,lle set A is said 

to be/:losed Ca *-closed) if Cl (A) C. A (Cl • (A) C A) 
a a 

DEFINITION.5.6.l.(Rodabaugh 1982 (22)). let as 1: [0,1] • We say 

* (X,T) is a-connected (a -connected) if there do not exist U and V 

in T - .<Q,!l such that in X (U U V) (x) > 1-o ( ~ 1-a) & un V = o. 
ft 

(X,T) is said to be a-disconnected (a -disconnected) if there are 

U and V in T- {Q,!} such that in X (U U V)(x) >a (~a) and 

unv:o. 

(X,T) is said to be connected if it is !-connected and disconnec-
• /dtS. 

ted if it is 1 -connected. 

R£~ARK.S.§.2.(Rodabaugh). If a < a, then a-connected implies a-con­

nected, and a-disconnected implies a-d~sconnected • 

• If a~ B' then a -connected implies a-connected and if a > Bl then .. 
a-connected implies 8 -connected. 

DEriNITION.5.6.).(Rodabough 1982 (22}). If'· ()(,T} is an fta and AClC, 

then A is a-connected if A is a-connected in the fuzzy subspace 

topology. 

OEFINITION.S.6.4.(Rodabaugh 1982 (22)). An a-component of an fts 

(X,T) is a maximal (with respect to inclusion) a-connected subset 

of X. 
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DEFINlTION.5.6.S.(Rodabaugh 1982 (22)). An 0 •-eomponent of an 

, fts (X,T) is a .maximal (with respect to inclusion) a•-conneetad 

subset of X. 

2!l~E~SP!~.S.6_.7.(Rodabaugt) 1982 (22)).Let (X.T) be an fts.&ae 1. 

(1) Unions of pairwise intersecting a-connected sets are a-conn6 

ecte;d. 

(2) (X,T) is e-conneoted implies there .is not a non-eetpfv subset 
' 

A of ~ sue~ that A and Ac are a'-elosed where u• = 1 -u. 

('} 8 is a-connected if A c:: 8 c=. Cl , (A) and A is a-connected. 
Cl. 

(4} Each B•component.is a'-elosed 
' 

Similtlr statements hold in the c• .. case if a< 1. 

PROOF' : left. 

PROPOSITION.S.6.S.(Rodabaugh 1962 (22)). Fuzzy continuity preser-

vas 3•Connectlvity. A fuzzy homeomorphism maps ~-components onto 

a-components and does so fuzzy hor.leomorphically. Similar stata .. 

menta hold in the ~*-case. 

~~.s.~.0. (Rodabaugh 1992 (22)). let { ~1,r1~ lsA}be a coll­

ection of fts and let (X,T) be the product fuzzy space. Then (X,T) 

is a-conneeted implies each~ ~1 ,T1 ) is a-connected. 

Similar statement holds in the a4-casa. 

PROOF ; left. 
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CHAPTER 6 ~ 

ALGEBRAIC STRUCTURES IN fUZZY SET THEORY 

l 
In an analogous applicatio~ with groups , Rosenfield (23) formulated thr 

the elements of the theory ofc fuzzy groups. Anthony & Sherwood (1) 

modified the definitions. of fuzzy subgroupoid,;and :ruzzy subgroup. 

D • foster (9) brought together the structure of a quasi fuzzy topo­

logical space and that of a fuzzy group as defined in (23),to form a 

combined structure , that of a iuzzy topological ~'oop. In the first 

three sections of this chaptet we study the fuzzy groups, the redefined 

fuzzy groups and the fuzzy topological groups. In the remaining sections 

we discuss other algebraic st~uctures like metric space in fuzzy set 

theory and unifol"mities on fuzzy topo!o'gical spaces. 
sue 

.1. ruzzvrGRouPs. 
ln this section we apply the concept the fuzzy sets to generalise the 

elementary th~~ry of groupoids and groups. 

let X be a groupoid i.e. a set closed under a binary composition (which 

will be denoted multiplicatively). 

D£riNITION.6.1.1. (Rosenfield, 1971 (2,)). A fuzzy set A in X is called 
S"l~b 

a. fuzzy ..... groupoid of X if for all x , y e X A(x,yl -~HUn i A(x),A(y)} 

DEFINITION.6-.l.Z. (Rosenfield, 1~71 (2.5)). A fuzzy set A in X is called 

a fuzzy left ideal if A(x,y) ~-A(y) , a fuzzy right ideal if A(x,y)~A(x) 

and a fuzzy ideal if it is a fuzzy left and right ideal (or equivalently 

ifA(x,y) ~[1;4ax ~A(x),A(y)}). 

Clearly, 

any. fuzzy 

Sc..1b 
a fuzzy (left, right) ideal is a fuzzy ·/groupoid. Also for 

_.....sub n n 
groupoid in X we have A(~ ) ~A(x) for all x eX where x ia 

eny compos.ite ~f x•s. 

PROPOS1TION.6.l.,.(Rosenf1eld 1,71 (2l)). For any a£1,~ x:x~ X,A(x))o} 
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is a ~bgroupoid or (left, ~ight) ideal if A is a fu%zy subgroupoid 

or fuzzy (left, right) ideal. 

PROPOSITION.6.1.4.(Rosenfield, 1~71(2))). let f:14{0~}be int6 ao that 

f is the charocteristlc function of a subset. Y :::=X. _then f is a· fuzzy 

~bgroupoid or (loft, right) ideal iff Y is a subgroupoid or (left, right) 

ideal respectively. 

P~oof : If f : X• {0,1} is into then, u f(x,y) ~Min~f(x),f(y)} " is 

equivalent to u f(x) :: f(y) =: 1 ~ f(x.y) = 1 it i.e. to "' x,y s V ~ 

xyeY u. 

Similarly a f(xy) ~ f(y) ., is equivalent to ~ y e Y 9 xy e Y ''. 

PROPOSITION.6.l.S.(Roaenfield 1~71 (2l)). The·interaeetion of any 

sets of fuzzy sub groupo ids is a fuzzy sub g:roupoid. 

Proof : lot ~AA} ,AsA , be a collection of fuzzy ~bgroupoids of X. 

Then· (OAA)(xy): lnf {A>.(xy)}~ lnf ~Min {(A1 (x) , A1(y)}} 

=Min ~Inf AA(x) , Inf A1 (y)} = Min([n A1 ](x),{nA1 Jy) 

DEFIN1tlON.6.1.6.(Rosenfield 1'71 (2))). Jhe fuzzy ~groupoid (A) 

generated by the fuzzy set A is defined as the least fuzzy~ubgroupoid 

which contains A. 

The characteristic function of a subset Y of X will be denoted 

by Xy• 

PROPOS1TION.6.1.7.(Rosenfield 1971 (2))). for eve~y. subset Y of X 

(~y) = X(Y) where (Y) is the ~bqroupoid generated by Y. 

Proof ' If A::::::> -:x.y then we have A(x) = 1 fort all x €. Y • 

But A is a_ fuzzy s~bgroupoid. So A(x) c 1 where x is any composite of 

elements of Y • Thus A => ~ ( y) • 

Therefore ~ (Y) c:::: the intersection of all such A's t~hile conversely, 
~ . /is (Y) itself such an A by p~oposition 6.1.4. 
PROPOSITION.6.1.8.(Rosenfield 1911 (2))). The intersection or union 
of any sets of fuzzy (left, right) ideals is a fuzzy (left, right) 
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ideal. 
Proof t (!1 AA)(sy): lftf(Al(xy)): 1nf(A1 (y)): (1\AA)(y) & sic1larly 

ro~ union end on the rigbt !deal. 

we recall that if A is a fu~zy set and t is • function defined on 

X, tben the fuzzy set 8 ln f(X) defined by 9(y) = Sup A(x) for all 
" & f-l(y) 

y til f'(l} is celled the image of A undel' f • Slrdlarly , lf' 9 is a fuay 

set in f(X) t.bon the ruz.zy set A : f o B in X for all x eX ia called 

the p&"eima.ge of S undel" f. fteed1ly if A = t1ty "here Y ~ X • then the 

image of A under f is just ~(Y) ; and lf 9 = ~Z where 2 ~ f(X). thea 

the pre1~eg9 of 8 under f is just 'lf·l(Z) • 

~!OPOSJYJQ!.6.1.9.(Roeenfield 1971 (23)). A bomoaorphic ~roimege of 

a fuz:ysubg~oupoid o~ (left, wight) i~eal is s fuzzy ~bgtoupoid or 

(left, riqht) ideal reepeetivoly. 

P~oof t Stroiqhtforward. 

OEflNIT1CN.6.1.1U.(RosenYleld 1971 (23)). A fuzzy set A in X is said 

to h~ve the Sup-property if to~ any ~ubeet Y of Xt th~e exists r
0

eY 

aueh that A(y ) : Sup A(y). 
0 

YeV 
lf A ta~ea on only finitely many values (in particular, it i{ lo a 

a 
charocter1et1e function) then~has the Sup-property. 

PROPOSltlON.6.l.ll.(Rosenf1eld l?ll (2,)). A homomorphic image ~t a 

fu~zy s~g~oupoid which baa the Sup~propQrty ia a fuzzy rubgroupoJd. and 

similarly for (l~ft, ~ight) 1dea13. 

Proof ; Given f(x) , f(y) in f(X), let x
0 

t r·1 (f(x)) a y
0 

e r-1(f(y)) 

,be such that Ahc
0

) : Sue {A(z)} & A(y
0

) : Svp {A(z)} respeet-
%af•~(f(x)) zcf-l(f(x)) 

i ve 1 y • "t'hon 

B(f(x)f(r)) = Sup {A(z)}~Hin{A{~0),A(y )} # H1n{8(f{w)),aff(y))} 
zef·l(f(•)f(y)) , o 

Qnd almilerly for ideals. 

Next, we define fuzzy subg~oup. 
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DEF1NITION.6.1.12.(ftosenf1eld 1971 (2))). If X ia a group then a 

fuzzy subgroupoid A of X ls called a fuzzy subgroup of X if 

A(x-1 ) ~ A(x) for oll x E: X. 

lt is read11y·verified that 

PROPOSIT10N.6.l.l3.(rosanf1eld 1911 (23)). ~y is a fuzzy subgroup 

iff Y is a subgroup of X • 

PROPOS1TION.6.1.14.(Rosenf1eld 1971 (23)). The intersection of any r~!-
• I 

collection of fuzzy subgroups !s a fuzzy subqroup. 

PROPOSITION.6.l.l,.(Roeenfield 1?11 ~))}. The fuzzy subgroup generated 

by the characteristic function of a set is the characteristic function 

of the subgroup gener-ated by the •·set. 

PROPOSITION.6.1.16.(Rosenfield 1?71 (2l)). let A be a fuzzy subgroup 

of X ; then A(x-1 ) = A(x} and A(x} .$ A(e) for all x eX where e is the 

identity element of X. 

Proof: A(x) = A(J(x-1 )-1 )~A(x-1 )~A(x). 

Hence A(e) = A(x,-1) >, Hin {A(x},A~x-1 )} : A(~). 

COROlLARY.6.1.17.(Rosenfield 1?71 (2J)). {x : A(x):A(e)} is a subgroup 

of X whore A is a-fuzzy set in X. 

Proof : Use proposition 6.1.3. 

We shall denote this subgroup by A
9

• 

PROPOSITION.6.1.18. (Rosenfield 1971 (2:J)). A(xy-l) = A (e):::} A(x) : A(y}. 

Proof : A(x) = A( (xy-1)y) ~ Min{A{e),A(y)} = A (y) = A( (yx-1)x) 

~Min{ A (e) ,A(x)} = A (x). 

tOROllARV.6.1.19.(Rosenf1eld 1'71 (23)). A is constant on each coset 

of A
0 

• 

COROllARY.6.1.20.(Rosen,1eld 1971 (2))). If Aa a~as a finite index 

then A has the Sup-property. 

PROPOS1TION.6.1.21.(Rosenfield 1971 (2J)). A is a fuzzy subg~oup of X 

iff A(xy-1) ~Min {A(x),A(y)} for oll x,y e X. 
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P~ogf ~~it A•is.a;·~~~z~· subg~oup we h~~~ 

A ( xy-:-.1:)> :~: M.in' ·-~A (-x:) ,A (ry1~)} ~: M'in~ A ( x), A·( y):} • 

Co·h.ver~~l:y,.-i:r:- A()(!y.71:)J-' ·~'Min:_{· A(x)·, (A(y)l ,-let y = x to obtain A:(e)~A(x) 

/-for all .)fE~x •. .. : -~:· _·. ::.,·:-· 
f \' 

i'}t'en.c'i3 .. A(y"'j)·-~·A:(e~e~)l :>.'tun_{ A(e~,A(y) } ::; A(yY, and: 1Ffoll6'ws 

'·tha't : A(,xy:) 1 ::: A('x.(y1":'~f71 ~ > Min~A(x) ,A(y-1 )}~ ~ Min~A(x) ;A(y)} i 

.: .PRCl'P·o.s.Iti'oN·, tr• 1 ~ ·2i: ·Onis'erif'leld·: 1?11 :~ ( 2J) ~. · ·A · gtfoup · cahn6l:· · b~ :· th~· · u'rdon 

;:·or: -two-' p~op~r.i''ft.t:zzy:·subg'tollps~'· ·: ;· ... .-,.;· · ., _,,.,.,, 

_:· .. P.r.oo·f'.,-.i.'·LI3t ·.A~ &-' 8, be' two,. propeti ·fit~zy ,' si:JbgroJips-' cif X · ~uoh: · -tha·t .. A ( )(;).· ~ 1 

:,·or' tl(x): ~···L'fbr·: aJ.i-:;ci£ i)<·;' Let U~V'E: ·X be-' such ttlat'A;(u)-:fi:· 1~ 'A(vl~l~·' . v 
'-'B(u)<.-i':and··B.'(v)···=··'i· and take: UV·&· ', . 

. ~ .lr.: _A{i:J.\U .·f.t: 1' then t 'since' A(u ""1 )' ~I 1 w~; would'. have· 

,-,.A(v)?·=··:A(u"-1(o.v)); ~ Mih{A:(u""1J,A(uv)} .··e 1 .• a·i cohtradlotion• 
- . 

.'.A· ... similar· con·tJ:.adiction is obtained if B-( uv) = 1. 

; ·PROPOS I-T ION. 6.1 ~·2~-~ (Ro~enfield_'_l?'71 -( 23)). A homomorphic image or 

: prsimage of~a f~~~~:subg~bu~ i~:a: f~~z~~stibgtci~p (in the. former caae 

_:_pr.o.vide.d·the·Sup-propeiH:y:·,;oHt8). :- ·.: .. · ::,:~ ·' ..... : :· .. ::· ,.,,,. 

:''Proor:': r for pre images: A'( x -l.;:a.:c f (x-I) ):B( x) -_i )-~B.( f ( x)) = A (x). 

; For ·images, gl.velii. f(x) e:f(X), let x~ £ f-i_(f(x·H be such that 

A(x f = . S~p . :.A(z.){ then:·a,C.f'(x)-l~)=· . : 
1

sup 
1
A(z) ~A(x- 1 ) 

.. 
0 

... ·.z.ef- _,(f(~)) ..... _ . · z~f-. (.(f.(~))- ) . . .0 
.. 

· · · : · : .· · · ' · · · · · · •. .. :, · · · · · ·: . . ~ A ( x ) :a ( f ( x')) :~ · 
' ... . . . '' . ' .. o."' 

· PRof>o~I'tibN.6.i~1~~(Rosenfiel.Ci i~71!·(2J)) •. The: fuz~y .. (l~~t, · ~lght) 

ideals in a group are just constant: fun~tioris·. 
' ' ! •. .... '·. -~ .. 

~ M 0 ' ., 0 ' 

:·:p·J:·~·ri~· .. :·.-'c.ie~riy'lf'. A. i~:a coh~~~nt· rurii:tio~ r~~m ~-to I' then, it"is 

'~- t~ziy ideal ( since, A(xy) = A(x) = A(y) for all x,y in X). 
' ' I .. •, :, 

· Conve-rs·eiy;; .iet. X 'be, [:~e group. and·. A. ai fu~zy letf ideai ~ so . that " 
' . 

A(xy) ~ A{y) ·for ail· x~y~ 'Putting y = e we get A(x)~ A(e)' for all xE X 

. wh~le. put~lng x ~ 'y-l we get A.((d ~ t((y) .. for all. y € X • 
. , . 

Thus A = A.(e) which is a c.o:rt-9.1 Q,1':1'ti~Jb:~C:1 i o.n: ' 
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PROPOSIIION.6.1.25.(Rosenfield l'71(2J)).'let· Gr be the cyclic group 

of prime order rand A any f~zzy subgroup of~Gr; then A(x) = A(ll~A(O) 
, for all x; ~ o in: Gr and conversely any such A is a: fuzzy subgroup • 

Proof ::for any such A, A(xy), ~ Min~A(x),A(y)} is immediate since 

o.o:o and A(x-1 ). ":. A(x) is immediate since -o:o. 

Conversely., for any x; ~ o and y; ~ o in; Gr, x is a sum of y 's and Y is 
' 

a sum of x's so that A(x) ~ Ae(y) ~ A(x) • 

PROPOSITION.6.1.26.(foster 1?79(9)). leV G be a. fuzzy subgroup in 

a group X •. Then; for all ae:1 Ge ~ ~ x : G(x) =; G.(e)} 

where Pa : x + xa and : Aa : x +ax 

Proof : left • 

· §.2.:fUZZY SUBGROUPS REDEfiNED. 

p (G) = A (G):G a a 

It is observed that some mathematical structures which would in-

tuitively seem to be .'fuzzy' do not satisfy the definitions 6.1.1. 

and 6.1.2. Therefore , it Qould seem appropriate to attempt to modify 

these definitions in order to include certain mathematical objects 

which would otherwise be excluded • One of the~approaches is to replace 

Min with some other semigroup on I • In this section we give examples 

presented by Anthony & Sherwood (1) to motivate such a study and 

to redefine~fuzzy algebraic structures to meet the requirements of 

the examples • At the- end of the section we investigate~ various pro-

parties of the new definitions • 

'EXAMPLE 6.2.l.(Anthony & Sherwood 1?79 (1)). let X be the collection 

of all random' variables on the probability space (0~1,P) and ·A~~e 

any Borel subset of the reels which is a subgroup of the reals under 

addition. Ofcourse , X with pointwise addition is a subgroupoid • 

Define a! function aA X+ I • ~S~·aA(x)=P~we:S&:x( 0r)eA} = P(x-1(A)). 
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Now , ~A(~) ls the probability that x is •in' the subgroup A • the 

function oA is a natural candidate for a fuzzy subgroupoid • But aA 

does not satisfy the definition 6.1.1. To see this let n = 1 , 

he the Borel subsets of I and P lebesgue measure. let Abe the 

integers • Define x &y by 

x(~) ~ 1 for 0e [0,1/2] y(m) = 1/2 foz ~& l 0,!/3 ] 

= 1/2- fo~ ~ell/2,1: ] : 1 for Cil&- l 1/3,1" 1 

Now, x 4 yare random'variobles and X+Y is defined by 

(x+y)(~) : 3/2 for ~c [0,1/3), :2 for ~· ]1/3,1/2]& :}/2 for ~ll/2;U 

ClearlY ~ P{x-1 (~) = 1/2, P(y-1 (1~) 2/3, & l'('{x+y)-1(f).)) : 1/6 

Since •'~'" oA(x+Y) = l/6 <Min ~1/2 , 2/3} = Min~ o~{x) , aA(!)} 

so, the function ~~ls net a fuzzy subgroupoid of X according to 

definition 6.1.1. 

EXAMPlE.6.2.2.(Anthony & SherwGod 1?79 (1)). let C be a group and La 
tfie family of sub groups of G • f'Gr each x ~ G, let Ax :~sen : xas}. 

let C\ be a "-algebra of subsets of O such that Ax 6 0 for each x in G 

and P a probability measure on (0~). Define a function mo : G • I 

via. mQ(x) = P(Ax) for each x s G • The numbe~ Mft(X) can be inter­

preted as the probability that e sub group chosen at random from the 

collection g will contain x as an element • ln this. example • it is 

the 'subgroup• of G,whicb is 'fuzzy• in that one,is uncertain, ~f 
, -

which a subgroup of G is under consideration • The function m is c 
surely a reasonable cendidate for a, fuzzy subgroup of G and indeed, 

#t ia according to detinition 6.1.12 if g !a linearly ordered by 

set inclusion • However , if o is not linearly ordered then m0 need 

not satisfy definition 6.1.12 • For example , let (Z,+) be the additive 
\ group of integers_and for each positive integer n let Sn be the sub-

group of integral multiples of n • lf n= ~s2 ,s3 ,s5} ,<Jis the power 
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set of n and P is defined on (g,o)· via. P(S2) = P(S') = P <s5> = ·1/3 

then m
0

(6) = 2/3, m0(15) = 2/3 and m0 (21) = 1/l. 

But m
0

(21). < Min~m0 (6),m0 (1S)} so that mQ is not even a fuzzy sub­

grouppidd Z according to definition 6.1.1. 

nEriNITION.'T6.2.3.(Anthony 6 Sherwood 1?79 (1)). A t-norm. is a fun­

ction l ·:--il.-.11 ~ I sati~fyin_g ~ fo.r _each· e,A,t,~ · in I , 
(1) T(o,o) = o ,T\.~ 1'l) :.1,: T{:l.,Al) ~; (2) T(s,l)~ T(t,~} if e$t& A~~ 

) . ' 

(:J) T(e,A) = l(A,e)f ·and (4) l(s, T(A,t)) : T (T(s,A),,) • 

Obviously the function Min defined od lxl is a t-nor~. Other 

t-norm which are frequently used in the study of probabil1at1e metric 

spaces are Tm end Prod. dsfined by 

Tm(A,p) : Max(A+p-1,0) & Prod(l,~) = A~ for each A,p in I. 

Now we redefine fuzzy algebraic structures i~ the followingwa~ 

D£FlNITJON.6.2.4.(Anthony 4 Sherwood lp79 (1)). A fuzzy set A of X is 5 

said to be a fuzzy subgroupoid of X with respect to a t-norm T iff 

for every a,y eX A(Ky) ~ T(A(x),A(y)) • 

DEFINITION.6.2.S.(Anthony & Sherwood 1979 (1)). If X is a group, a 

fuzzy sub~roupoid A of X with ~aspect to a t-norm T, is a fuzzy sub­

group of I iff for each x in X , A(x) = A(x-1 ) • " 

The following propositions show that the new definitions 

eliminate the problem uncovered by the examples 6.2.1 & 6.2.2. 

PROPOSITJON.6.2.6.(A & S 1'7' (1)). The- functions ~A defined in 

example 6.2.1 ere ell fuzzy subgroups with respect to the t-norm 'm· 

Proof: Let Cite x-1(A) n y-1(A) • Then x~)e·A & y(M) eA. 

Since A is closed under ad$iition, so ' {x+y)(c&>) = Xt (f.\1} + y(w) £ A 

Thus, o.t e(x+y)-1(A) -.te. x-1 (A)fl y-J ~) c:::: (sc+y)-) (A) • 

Consequently; oA(x+y) = P((x+y)-1 (A)) >,.. P(x-1 (A) n y-1 (A)) 

: P(x-1 (A))+P(y-) (A))-P(x-~ 6') U y·~(A)) 

~ a fo. (x ) + a A (y ) - 1 • 



Since, 0 A (x+y) >.,. 0 it· follot~s that CJA (x+y) ~Max{oA (x)+oA ~)-1, 0} 

= r in CuA (x > ' 0 A (y > > • 

Therefore 0 A is afuzzy aubgroupoid of X with respect to the t-norm Tm 

Moreover, since A is a group, if xeX, then x-J(A):{weD: x(w>SA} 

={roe Q :-k ~)eA l= (-x)-l (A) 

Therefore, oA(x) = P(x-1(A)) = P((-x)-~ ~)) = aA (-x) and hence oA 

is a fuzzy subgroup of X with respect to t-norm Tm • 

PROPOSITION.6.2~7. (A & 5 1'79· U)). The functions m0 defined in example 

6.2.2 are all fuzzy subgroups with respect to the t-norm Tm • 

Proof : let 5 e Ax AY • Then 5 is a subgroup of G , x s 5 and y e 5 • 

There fore xy e S and hence S e A • Thus A n A c: A xy x y xy 

Now m0 (xy)~O and m0 (xy) = P(AxY)~P(Axn AY) = P(Ax)+P(AY)-P(Ax U AY) 

~ mo (x)+mg (y )-1 

Therefore, m (xy) ~Tm(mn(x),m0 (y)) and consequently, mn is a fuzzy 
g 

subgroupoid of·G with respect tot-norm Tm. 

Note that if S e: Ax then x e: 5 and hence x-1 e: S i.e. S e: A -l • 
X 

Thus A r::.. A 1 and similarly x x- A 1~A • Consequently A =A 1 • x- x x x-
Hence mn(x) = P(A ) = P(A 1 > = 

~ x x- m0(x-1) and it follows that mn is a 

fuzzy subgroup of G with respect to t-norm T 
m • 

PROPOSITION.6.2.8.(A & S 1?79 (1)). The functions m~ defined in example 

6.2.2 are all fuzzy subgroups with respect to the t-norm Min if 9is 

linearly ordered by set inclusion. 

Proof: let x,y G G. As9,. is linearly ordered so either AxcAY or Ayc:Ax 

Without loss of generality, suppose A c::: A • 
X y 

If 5 6 Ax then 5 E AY end hence y E S • 

Since, S is a group so xy E S which implies that S G A • xy 

Thus Axc.Axy and P(Axy)~ P(Ax)9 Min( P(Ax), P(Ay)). 

Therefore, m_Q (xy) >,; Minf mQ (x) t m~ (y)} so that m Q. is a fuzzy subgroup­

aid of'G with respect to Min. 



Moreover, as Ax: Ax-l , m0 (x) = m0(x-l) and hence m0 is a fuzzy sub-

group of G with respect to M1n.1:E - l'J, 

OEFINITION.6.2.9~ ~ & S 1979 (1)). A t-norm T is said to be conti­

nuous if \t is a continuous function (with respect to the usual topo­

logy) from Ixl to I • 

lt is to be observed that Min, Prod, Tm ere all continuous t-norms. 

PROPOS1TlON.6.2.10. ~ a S 1979 (1)). If A is a fuzzy subgroupoid of 

X with respect to a continuous t-norm T and fif f is a homomorphism 

on X , then tha image of A under anyf is a fuzzy eubgroupoid on f ~) 

with respect to T. 

ProGf ~ Let Af be the image of A under a function f defined bp X. 

Therefore, A f {y) = Su~ A (x) for all y e f «) • 
X&f• (y)_l .J. J 

Let Yt , Yz & f{X), A1 : f (yl) , A2 = f-. ~2 ) , A12 = f- ~1y2 ) 

and A1A2 : { x s X : x : a1a2 for some a1 e A1 and a 2 e A2} • 

If x e A1A2 then x = x1x2 for some x1 e A1 & x2 e A2 ao that 

f{x)::; f(x1 ) f6c 2) :: y
1

y 2 • Thus A
1

A
2 

c:: A
12 

Since A is a su&groupoid of X with respect to T and A1A2 c A12 
so Af(y1y2 } = Sup A(x) ~ Sup A(x)i Sup A(xlxz)>,... Sup T(A(x1),A(x2 )) 

xsA12 x~A 1~ ~1eA1 :x2eA 2 x1eA1 ,x2eA2 

Now T is continuous. 

The~efore, for given positive number (, there exists a number 6>0 

sueh that if x; ~Sup A(x1) -6 & x; ~Sup A(x2) -6 then 
x1eA1 x2eA2 

• • T (x1 , x2 ) ~ T ( Sup A (x
1

) , Sup A 6c
2

}) .. t. 
x1eA1 x2&A 2 

Choose a 1 e A1 and a2 e A2 such that A~1 ) 

-consequently, 
Af(y1y2 ) ~ Sup T(Ahr

1
),A(x

2
)) ~ T( sup A(x~,A(x2 )) :T(Af ~1 ),Af(y2 )) 

xleAl,x2~A2 x1£Al •z~A2 



and hence Af is a fuz2y subgroupoid in f~) with respect to T. 

PROPOSITION.6.2.1l\ ~ A S 1979 (23)}. If A is a fuzzy subgroup of a 

group X with respect to a t-norm T then H :{ x s X : A (x) = 1} is 

either empty or is a subgroup of X. 

Proof : lf x,y e H then A(xy-l) ~ T(A(x),A(y-l)) :T(A 6c),A(y)):T(1,1):1 

Therefore A(xy-1 ) = i and xy-1 e H. Hence H is a subgroup of X. 

PROPOSITION.6.2.12t ~ 6 S 1~79~ (23)). lf A 1~ a fuzzy eubgroup of a 

group X with respect to a t-norm T and if there is a sequence ~xn) 
\ 

in X such that lim T(A(xn),A(xn)) = 1 then A(e) = 1 where e ls 
n• CD 

the identity in X. 

Proof : Let xe X. Then A~) = A(xx-1 ) >,. T(A(x),A(x-1 )) = l' (A(x),A(x)) 

Therefore for each n, A(e)~T(A(xn),A{xn)). 

As 1 ~A (e)~ Lim T(A(xn),A(xn)) = 1, it follows that A(e) = 1. 
n•~ , 

PROPOSITION.6.2.13.(A & S 1?79 (2J)). Let A be &'fuzzy subgroup of 

a group X with respeet to at-norm T. If A(xy-1 ) = 1 then A(x) =A(y). 

Proof: A(x):: A((xy-1 )y)~T(A(xy-l),A(y)) = t(l,A(y)): A~)= A(y-l) 

= A(x·J. (xy-l)) ~ T(A(x-l),A(xy ... l))::T(A (x ... ,,i;):rAbc-1 ):A (x). 

PROPOS1TlON.6.2.14. (A 4 S 1~79· (2))). let A be a fuzzy set in a group 

X and T a given t-norm. If A(e) = 1 and A(xy-1 ) ~ J(A{x),A{y)) for all 

x,y,r~·X then A is~ fu~zy subgroup of X with respect toT. 

Proof : A(y-1 ) = A(ey-14 > T(A(e),A(y)) = T (l,A(y)) = A(y) and simi­

larly A(y) ~A(y-1 ) • Thus A (y) : A(y-1 ) • 

Moreover, A(xy) = A(x(y-1 )-1 ) ~ T(A(x),A(y-1 )) = T(A(x),A(y)). 

Hence A is a fuzzy subgroup of X with respect to T • 

• • ).,fUZZY TUPOLOGICAL SUBGROUPS. 

In this section we study the combined algebraic struetute known as 

1sub 
fuzzy topological group. for the definition of fuzzy subgroup we 

follow Rosenfield (2,). 



' 'H.~ 1 r:.u 

• Suppose, G is a fuzzy subgroup in a g~oup X. Let a 1 8 denote the 

m.appings (x,y) + hey) and JC+ x-1 resp-ectively where x,y eX. 

The imsge a(GxG) of the product fuzzy set GxC is given by 

(a(G):G))(x) =Sup 1 (GxG)(z1 ,z~) = Sup 1 t4in(G(z1 ),G(z2>> 
(z1 ,z2)s~ (x) (z1,z2)ea- (u) 

.~ Sup . _
1 

G(z1a 2) :'G(x) for all x ex. 
Cz

1
,z24a (x) 

Hence a(G x G) c::' G. 

Therefore by proposition 6.1.16 ,:G{x) = G(x-1 ) fo~ all x eX. 

Heneo, fl (G) -=· G. 

Uext note that if X is given a quasi fuzzy topology T, t~en G acquires 

an induced quasi fuzzy topology T(t)• By definition, (G,1 m>) is a 

quasi fuzzy subspace of the quasi product fts (X,T)x·(X,T). 

OEriNITION.6.3.l.(foster 1977 (9)). let X be a group and V a quasi 

fuzzy topology on x. let G be a fuzzy subgroup in X and let G be endowe~ 

\dth the indu.eed quasi fuzzy topology T (G) .. Than & ia ~ fuzzy t-opo­

logiesl subgroup ia X iff it aetiefisa tho following tHo conditions. 

{1) The mappinn a ~ ('C,y) + xy of (G, T {G)) x (G, T {G)) into (G, '<cY 

is relatively quasi fuzzy continuous. 

(2) The mapping 6 ' lt+x-l of (G,T (G)) into (G,J.(G)) io relatively 

qua~i fuzzy continuous. 

A fuzzy subgroup structure and an induced quasi fuzzy topology are 

said to b& compatible if they satisfy tho conditions (l) and (2). 

PROPOSITION.6.J.2.(foster 1~79 (9)). let X be a group having quasi 

fuzzy topology T. A fuzzy subgroup'G ~u X is fuzzy topological sub­

group iff the map~ing q.: (M,V).+ xy-l of (G,T(tn> x,(c,r(&)) into 

(G,T(G)) is relatively quasi fuzzy continuous. 

Piroof(-:;})The mappimJ (x,y)•-+ (le.y-1 ) of (G,T(G)) x (G,T(G)) into itself 

fa relatively quasi fuzzy eontinuous (by theorem ~wl.6 ). Hence, the 

composition (x,y)~ (x,y·l)• xy-l is relatively quasi fuzzy continuous. 



(~) BY proposition 6.1.6 G(e) ~(x) for all x eX and therefore by 

theorem 3.1.10 the canonical injection y• (e,y) of (G,l(G)) into 

(G,T(G)) x(G,T(G)) is ~elatively quasi fuzzy continuous. 

The mapping a: (x,y)+xy of (G,T{G)) x(&,T(G)) into (G,T(G)) is 

relatively quasi fuzzy continuous because, it ia the composition of 

. ) -1) ( ~1 )-1 f 1 1 1 f ti (x,y , +(x,y + x y o relet ve y quas uzzy con nuous Mpa. 

If c is a fuizy topological subgroup in a group -~ carrying a 

quasi fuzzy topology T then, in general, the translations p
9
:x•xa 

and ).
0 

: x • ax , a s X, al'e not relatively quasi fuzzy continuous 

aappings of (G,T(G)) into itself. He~ever we have the following 

special case. 

PR6POS1TION.6.).).(foster 1~79 (9)). Let X be a group having a quasi 

fuzzy topology T. let G be a fuzzy topological subgroup in X. for 

each a e Ge = {x : G(x) = G(e)} • the translations p
6 

and 1
8 

are 

relatively quasi fuzzy homeomorphisms of (GtT(G)) into itself. 

Proof • From proposition 6.1.26 we note that p
9

(G) = G and A
9

(G)=G 

for all a aGe .. The mapping 1,
8 

is the composition of the injection 

Y• (a,y) and the mapping (x,y) • xy • 

Since,' G(a) ~G(y) for all y t G, it follows from proposition 3.1.10 

that the mapping y • (a, y) is a relatively quasi fuzzy continuous 

mapping of (C,T(G)) into (G,T(G)) x (G,l(G)). The mapping (x,y}+ xy 

is telatively quoai fuzzy continuous, by hypothesis. 

Hence 1.
8 

is relatively quasi fuzzy continuous, and therafore,A;1 =A~l 

also. The relatively quasi fuzzy continuity of p
8 

and p:1 can be 

shown similarly. 
The following proposition show that the induced quasi fuzzy 
~.,. - 1 r ,, .-- ... · "' 

topology-~~ ;:i(~) end subgroup structure are compatible. 
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PROPOSITION.6.3.4,(roster 1~79 (9)). Given groups X,V ,a homomor­

phism f of X into Yanda quasi fuzzy topology~ on Y, let X have 

the quasi fuzzy topology T , where T is the inverse image under f 

of~ and let G be a fuzzy topological subgroup in V • Then the inverse 

image r·1(G) of G is a fuzzy topological subgroup in X • 

Proof : left • 

PROPOSITION.6.J.S.(roster 1~79 (9}). Given group X,V , a homomorphism 

f of X into Y and a quasi fuzzy topology T on X , let V have fuzzy 

topology~ where~ is the image under f ofT and let C be a fuzzy 

topological subgroup in X • If the function·G is f-invariant , then 

the image f(G) of G ia a fuzzy topological subgroup in Y • 

Proof left • 

Given a group X earrying a quasi fuzzy topology T , and G a fuzzy 

topological subgroup in X , let N be a normal subgroup of X and let ~ 

be the cannonieal homomorphism of X onto the quotient group X/N • 

lf the function G is constant on N , then G is 9 -invariant and the 

image Q(C) is accordingly a fuzzy subgroup in X/N • We call ~(G) a 

quotient fuzzy subgroup and denote it by G/N • 

PROPOSITION.6.J.6.(foster 1979 (9)). let X be a group having quasi 

fuzzy topology T ,'G a fuzzy topological subgroup in X & N a normal 

subgroup of X • let the quotient group X/N be given the quasi fuzzy 

topology which is the image of T under the cannonical homomorphism ~ 

Then if the function C is constant on N , the quotient fuzzy subgroup 

G/N is a quasi fuzzy topological group in X/N • 

Proof : Apply proposition 6.).5. 

We refer to the above quasi fuzzy topology on the quotient group X/N 

as the quotient quasi f~zy topology and to G/N as a quotient quasi 

fuzzy topological subgroup • 
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PROPOSITION.6.J.7.(foster 1979 (9)) let X,Y be groups & fa homomorphisu .. . 
of X onto Y • let T be a quasi fuzzy topology on X , ~ a quasi fuzzy 

topology on Y , and f both quasi fuzzy continuous and quasi fuzzy 

open • let'G be a fuzzy topological subgroup in X such that the 

function G is constant on the Kernel r-1 (e) of f • let the quotient 

group X/f~~ have the quotient quasi fuzzy topology • Then 

(1) The fuzzy subgroups G/f-1 (e) and f(g) are fuzzy 

topological subgroups in X/f-1(e) and Y respectively • 

(2) The eannonical isomorphism 1 of X/f-1(e) onto Y is a 

relative quasi fuzzy homeomorphism of G/f-1(e) onto f(G) • 

Proof : left • 

Now we discuss the products of fuzzy topological subgroups • 

let {Xn} n = 1,2, ••••••• ,m be a finite family of groups and X the 

product group • for each n = 1,2, ••••••• ,m, let Xn have quasi fuzzy 

topology Tn and Gn be a fuzzy topological subgroup in xn • The product 
m 

fuzzy set'G - n Gn in X is given by -
n=l 

G(x) = min{C1 (x1 ), •• ~ ••• ,G {x )} - m m ,where X : (xl ,x2 , •••• ,xm~· 

It follows that G is a fuzzy subgroup in X , since for all x,y eX 

G( -1) G( -1 -1) ( ( -1) ( -1 xy = xlyl ,. •••••••• ,xmym =min Gl "lyl , ••• ,Gm ."mYm )) 

>min~ min { c1 <x1 )~G1 (y1 ) },,_.,,min ~Gm(xm)'Gm(ym)}} 

:min{min ~ G1 Cx 1), ••• ,Gm(xm)} ,min { c 1 (y1), ••• ,Gm(ym; 

:min .£' G ( )(), G ( y) } 

We call G the product of the fuzzy subgroups ~ G
0

} n = 1,2, ••• ,m 

~he pyochcl <3 1roq\_) ~X h:'a.s: fas:s.ociated with it the product 

<~qua-si 1fa'~zy "t-op-ology- • "The-~ next proposition shows that the induced 

quasi fuzzy topology on- G and the product fuzzy subgroup structure 

are compatible • 



PROPOSI110N.6.).8.(Foster 1?79 {9)}. Let {Xn} , n : 1,2, •••• m 

be a finite family of groups and for each n:1,2, ••• ,m, let Tn 

be a quasi fuzzy topology on Xn and G0 a fuzzy topological sub 
m 

group in X
0 

• Let the product group X : R X have the product 
n:l n m 

quasi' fuzzy topology T • Then the product fuzzy group G: R Gn 
n=l 

is a fuzzy topological subgroup in X • 

Proof ~ Left • 

m 
We refer to & = U G as a product fuzzy topological 

n=l n 
subgroup • The results of propositions 6.).6 and 6.J.8 may be 

combined to yield the following 

PROPOS1TI0Ny!•l.9.(foster 1?79 (9)). Let {X
0

} n:l, •••• ,m be 

a finite family of groups and for each n:l, ••• ,m let T
0 

be a 

quasi fuzzy topology on X
0 

and 8
0

a normal subgroup in X
0 

and 

G
0 

a fuzzy topological subgroup~ in X
0 

such that G
0 

is constant 

in Mn • let the quotient group X/N , where N = mn N and X /N 
1 n n n n: 

n = 1, ••• ,~ have the respective quotient quasi fuzzy topologies 
m m ~ 

and the product groups X : n X
0 

and n (Xri/N ) the respective 
n=l n=l 0 

produet quasi fuzzy topologies . Let :· -
m 

let G = n G be the product fuzzy topological subgroup in X. Then 
ndl n m 

the canonieal isomorphism f o~ X/N onto n (X /N ) is a relatively 
n:l n n 

quasi fuzzy homeomorphism of the quotient fuzzy topological subgroup 

GIN onto the product fuzzy topological subgroup 

Proof : left. 

§.4.METRIC SPACES IS FUZZY TH£0RY. 

This section is devoted to ~he study of metric spacea in fuzzy 
set theory. In general topology it is observed that a pseudo-quasi 



1equivalently 
metric (p.q.metric) on a set may also be treated as a distance func~ 

tion between subsets of X. This equivalent definition is generalised 

to fuzzy set theory where points need not have Boolean properties 

and hence in which a naive generalisation of a p.q.metric is unset-

isfactory. 

let X be a classical aet and I the unit closed interval [n,l] • 

The collection of all fuzzy sets A : X • 1 is denoted by IX. 

DEf1NlTION.6.4.1.{£rceg 1979 (8)). A fuzzy p.q.metric on X is a map-

p : (0,~1 satisfying the following conditions: 
X (~U) p( 0 , A) :eo !J A & I , A = Q 

p(A ~ A) = 0 and p(A , Q) = eo for all A e IX • 

(M2) p(A ,8).~ p(A , C) + p(C , S) for all A,B,C e zX • 

(MJ).(l) A e::. B~ p(A, C)~ p(B, C) for all c e lx. 
(2) p(C , U A,): V p(C , A,~ for all 

;\ 1\ -A " 
(M4) Suppose C,A1 e rXn for all lEA end r 

p(Al., B)< r:;:)f.le:: C 'for S e; IX, ).cA 

p( ~ Al' D)< r4 DeC forD c IX. 

X C,Al e I • 

e; ]O,ex>[ • If 

then 

O£f'INITI0f.J.6.ll.2.(£rceg 1~79 (8)). For all r e;JO~(J)[ let Dr:IX -+IX 

be defined by Or(A:f.:;U { B : p(A,S) < r} • Then {Or ; r > 0} ia called 

the associated ma~hborhood mapa of p. 

lHEOREM.6.4.3.{Erceg 1~79 (B)). The following statements are valid 

for all r e: ]O,ex>[ • 

(Al) Or(O) =!!. (A2) Ac Dr(A). (AJ) Dr(~ Al.}: ~ Dr(A).). 

Proof : (Al) & (A2) follow from (Ml) and definition 6.4.2. 

since, A c::: U A, ) • 
p A A 

: p(A ,B)< r} c: 0 ( U A,) 
1.1 r ). A 



OEf1NltlON.6.4.4.(Erceg 1?79 (8)). If f : lX?+ IX satisfies (Al)-(A3) 

we define its inverse to be f-l : IX!+ IX where f'iA): {8: f (Lf')c Ac}. 

It is clear that (Al) is necessary in order that ,-l be well-

defined. 

THEOREM.6.4.5.(Bottonl979 QE~). Iff tl~+ IX satisfies (Al)- (A3) 

then so does f-1 • Furthor if f and g satisfy (Al) - (AJ) then 

(l) f(A)c:: 8¢- f-l(Bc)c: Ae (2) (f-l)-l = f 
{3) f <== g ~ r-1 c g-l 

Proof : straightforward. 

(4) {f 0 g)-l = g-l 0 ,-l • 

Unless otherwise mentioned, if f satisfies (Al) - (Al), then r-1 

will be used to denote the inverse as defined above, rather then 

the usual function inverse. 

The next result indicates the importance of the neighborhood maps. 

THEOREM.6.4.6.(Erceg 1'79 (8)). If p is a fuzzy p.q.metric on X with 

associated neighborhood maps {Or : r > 0} then, for all A,B e IX 

p(A,B) = ,.._ {r : 8 c: 0 (A)} • , r 

Proof : let f(A,B) =A {r ; B c= Or (A)} • Then, for all r > p (A,B), 

6 <::: Dr(A} so that f(A,B).~ r. Hence f(A,B)~p(A,B) • 

Now for all r with ,Be: Dr (A) 

p(A,B) .$ p(A,Or (A)) = p(A, U~C : p (A,C) < r) ): V{p (A, C) :p (A,C) < r} 

.. ~. r by· (M)~ CO 

Hence p(A,B).~ {r : 8 c=. Dr (A)} = f(A,B). 

THEOREM.6.4~7.(Erceg 1'79 (8)). If pis a fuzzy p.q.metric with 

associated neighborhood maps Or' then Or o 0
8 

c Dr+s for all r,9>0. 

Proof : follows directly from (M2). 

Now we qive a partial converae to theorem 6.4.6. 



THEOREM.6.4.8.(Ercgg 1?79 (8)). If A: ~Dr ; r e]O,m[} is a family 

of maps f) : 1~ • IX satisfying· (Al) - (A3) and euch that for all 
r 

r,e e ]O,m( 
1 

Dr o 0
8 

c Dr+e then p : IX x I~ • [O,ca] defined by 

p(A,B) = t\~r : 8c:Dr(A)} is a fuzzy p.q.metric on X. 

further, its associated neighborhood Qaps Er' say, are given by 

E = U 0 i.e. Er(A) = U Ds(A) for A e IX. 
r s<r r s<r 

Proof : (Ml) follows from the definition of p and properties) ~1} & 
. 

(A2) of Dr 
X (M2) Let A,C,Bg l • 

Now for all r>p(A,C), for all s>p(C,B) we have Cc:Dr(A) & Bc-D
9

(C). 

Hence 8c0
8 

o Or(A) c D
8

,..r(A). So by definition of p, p(A,S).~ r+s 

i.e. p(A,B) ~ p(A,C) + p(C,B). 

(M,~U) let Ac: 8. Then for all r>p(A,C}, Cc Dr(A). 

So C c Or(B) by (AJ). Henc-e p(B,C)~ r wbieh gives p(S,C)~ p 0\,C). 

(Ml~ (2) let r > p(B, UA, ). Then U A, c:: 0 (B) 
). A ). A r 

Therefore A~c: Dr On \{ ~t~p (B,A1 )~ r JJ A 9- V p (B,A1 ) ~ r 
1 

Hence V p(B,A
1
),$p(B, U AA). 

l A 
let r > V p(B,Al.). Thelll r > p(B,AA) V l 

" Therefore A1 c: D~(B) VA=?~ A1 c:: D~ (B)"=> p(B, 

Hence p(B, U A
1

) ~ V p(B,A
1

) 
>. A 

let us Qi~)prove thnt Er : u 0 • 
S<r 8 

ro~ all B c Or(A) , p(A,B).~ r < s 

for ell 

so that U D
8

(A) c: £r(A). 
s<r 

a>r 

V s > r and so 8 c: Es (A) Vs>r 

or 0
8 

(A) c: Er (A) for all s < r, 

NotJ " 8 such that p(A,B) < r we have p(A,S) < t for some t < r. 

Hence 8 c: Dt(A) e:: U 0 (A) i.e. E (A)= U{B: p(A,B) < r} c U 0' (A). 
S<l' S l' S<l' S 

finally tte show that (144) is satisfied. 



X Suppose 8,A1 e 1 ¥ 
X 

A&J\ satisfy p (A1 • C) < r ·.::} C c:: B for C & I ,.leA • 

If 0 E IX satisfies p ( U A
1

, D) < r then 
A 

D ~E ( U A): U 0 ( U A): U U 0 (A1) = U E (A 1~c 8 by hypothesis. 
r 1 1 s<r s .l A s<r A s A r 

The following result is o symmetric'version of the theorem 6.4.8. 

THEOR£M.6.4.8(a).(Erceg 1?79 (8)). If A = ~Dr t r e· ]O,co[} is a family 

of mapa o : Ix~. IX satisfying (Al) -(A4) such that for all r,~,~[ 
r 

Dr o 0
8 

c: Or+s , then d ; 1~ ~ 1~+ [o ,~]defined by 

d (A,B) = {r ; 8 c Dr (A)} is a ruzzy p • matrie on X with neighborhood 

maps E = U 0
8 

• 
r s<r 

Proof : laft. 

Next, we consider the topolo~y of tho fuazy p.q.motric space. 

THEORE~.6.4.9.(Erceg 1'79 (8)). If p is a fuzzy p.q.metric on X with 

associated neighborhood maps Dr' then {Or(A) : As IX, r &)O,~»[}i,s a 

base for ·a topology on the fu2zy space X. 

(This topology will be called the topol~~Y of the fuzzy p.q.matric p) 

Proof : it must be shown that the arbitrary supremums of this set 

together with ! and ! form a fuzay topology. for this it is enough to 

prove that for all A,Be IX and t,s e]O,<»{} there exista'K1 in IX and 

tl in ]o,~[ , ~£A , such that Dr(A)n D
9

(B) = u Ot (K1). 
l&A 1 

let K = Or(A)n D
8

(B) • If « = 0 than k = D (o). - r-

If t<, I Q then K :[U.tt1 : p(A,t1 ) < r} ]f\[U{t2 : p(B,C2) < s}] 

= u tJ ~t:1n c2 : p(A,C1 ) < r and p(B,t2 ) < s} 
C!C:z 

= U ~CA : AeA} ,eay, where c1 = c11n CA
2 

and 

p(A,e
11

)<r snd p(B,c
12

)<s 

Now for all 'J)aA t let t
1 

: (r - p{A, c
11

)) 1\ (a .. p(s,c
12

)) & K
1 

= c
1

• 

If p(K1 ,0) < t 1 then p(K1 ,D)< r - p(A,e
11

). 

As c
11

:::> K1 -=}p(t1 ~D)C:p(K1 ,D) hence, q~(c~1 ,D)+p(A,t11 )<r 



-<f- - - - . --- __: _o -·': ~·-::J 
• iberef=4re--tiy -ci¥2> p(A,D.)< r and hence D c. Dr (A). 

Similarly De D
8

(B). Thus OtA(KA)~K for all AeA which implies 

that u ot (I<A) c K. 
Ae:A >. 

Now t>. = K>. c:: DtA~:<A):::} K = ~ C). c. U Dt (l<).). 
). ). 

REMARK & Since A c:::: 'Dr (A) for r e ]0 ,ell)[ , D (A) is indeed a neighbor• 
r 

hood of A ~ 1". 

THEOREM.6.4.10.(Erceg 1~79 (8)). In the topology of the fuzzy p.q.met­

ric p with neighborhood maps Dr' A0
: U~C: Dr(C) A for some 1' > 0} 

Proof : let r = U {C : Dr(C) c A for some r > 0). 

Now A0 : U{C: CcA, Cis fuzzy open}= U~Dr(K):KeiX,r>O a Dr(K) C}. 

If C e IX satisfies Dr (C)<:::: A for some r > 0 then C c= Dr (C) c= A0 
• 

Hence f' c::. A0 • 

Again if Dr(K) c:: A for some K e: IX, r > 0 and if 8 satisfies p(K,B)<r 

then t.here exists s e]O,r[ such that p(«,B) < s and eo 8 e:: 0
8

(K). 

Thss Dr-s (8) c:: Dr-so Os (K)c:::- Dr (K) , by theorem 6.4.~ 1, & as a result 

we have or (B) c A. -s 
Hence B c::. f :9" Or (K) c:::: r =?- A0 c. r. 

THEOREM~6.4.ll.(Erceg 1?79 (8)). In the fuzzy p.q.metric space (X,p,Dr) 

(where all the symbols have usual meaning) A : n o-1(A). 
r>O r 

(Recall that o;1 is tbe inverse in theorem 6.4.5.) 

Proof: By theorem 6.4.10, A0 = U {K : G (K)<=A for some r > 0} . r 

Thus A0 = U ~K : o;1 <Ae) c:: Kc for some r > 0} 

-1 c c \ = U {K : K c:: (Dr (A ) ) for some r > 0} = 
Therefore by~eorem 1.4.9 A= ( U (o-1 (A0

)
0 )e = 

r>O r 

(by theorem 6.4.5) 

U (0-l(Ac))e 
r>O r 
n o;l (A). 
r>O 

OEflNITION.6.4.12.(Erceg 1?79 (8)). A fuzzy pseudo metric(p.metric) on 

X is afuzzy p.q.metrie d with neighborhood mapa Or satisfying 

or = o;1 for ell r e ]o,~r ••.•.•••••••• (A4). 
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THEOREM.6.4.13.(£rceg 1'79 (8)). In a p.metr1c space (X , Dr , d) 

i : n 0 (A) = U {B :d(A,B) = 0} • 
r>O r 

Proof : By theorem 6.4.11 i : n Dr(A). 
r>O 

Let F : U{B 1 d(A,B) : 0} • Clearly f' c:.. n 

Now suppose B c. n D (A). Then for 
r>O r 

d{A,B) ~ d(A,Or(A)) for all r > 0 

= r for all r > 0. 

r>D 
all r > 0, 

Dr (A) • 

B c Or(A), so that 

Thus d(A,B) = 0 and consequently II »r(A) = r . 
r>O 

COROlLARY.6.4.14.(Erceg 1'79 (S)). In a fuzzy p.metric spacG (X,d,Or) 

Or(A) c. D
8

(A) for all s > r. 

Proof : Straightforward. 

REMARK. (Erceg) The reverse inequality need not hold, even in the 

usual set theory. Consider for example, a p.metric on t~o element 

set giving the discrete topology. 

THEOR£M.6.4.l,.(Erceg 1'79 (8)). Every fuzzy p.metric space (X,d,Dr) 

is normal. 

Proof : let A, 8 e I 1 \there 

topology. 

-A = A and B : 8° in the pseudo-metric 

Therefore A = n D (A) 
r>O l' 

and Ac. 8 give B : A U 8 :: n (Dr (A) 
1'>0 

u 8) 

8° :: U {« : 0 (K) c. B for some r > o} :: U {K, :AsA } say, where for . r /.1. 

all A e A, there exists rAe ]O,a:[ so that Dr (KA) c: 8 • 
>. 

Hence A : A rvB = U (AliKl.). 
l.eA 

Let c = u or 12 CA n &<1 ). Then c: c0 and Ac:.cc:.c. 
AeA l. 

Now c :: n 0
8

(C) = n oa/2 (C) = n U (Ds/2.( ar:/2(AnKA))) 
S>O s>O s>O leA >. 

c !'\ u Do r (An KA) c: (\ U D v (AnKA) 
S>6 l.sA yt-2 3>0 >.eA 8 ,·~ 

= n U [ 0 (An K l.) U 0 (An K l.) ] c:. n U [D~ (A) U B] 
S>O l.eA s rA s>O l.E:A 

:: [De (A) U B) = B • 
8>0 



Next, we define conjugate fuzzy p.q.metric. 

THEOREM.6.4.16.(£rcag 1?79 (8)). Let (X,P,Dr) be a fuzzy p.q.metric 

space. Define q ;lxx 1~• [O,U)) by q(A,B) =/\ ~r :Be:: o;l(A)} .Then 

q is a fuzzy p.q.metric on X with associated neighborhood maps 

{0-1 : r €]0,~[}. . r 

Proof ; Left. 
1ruzzy 

D£fiN1TIOM.6.4.~7.(Erceg 1'79 (8}). The p.q.metric~,defined above, is 

said to be the conjugate of p. 

PROPOSITION.6.4.18.(Erceg 1~79 (8)). ln the fuzzy p.q.metric space 

(X,p,Or) A = U ~B : q(A,B) = 0 }. 

Proof : from theorem 6.4.11 A= 0 o-1 {A). 6ut o~1 (A):U{B:q(A,8)<r} 
0 

r r . r> 
Thus A = n U {B : q(A,B)< r} -:::J U {8 : q(A!)B) = 0} • 

r>o 

Consersely, if C c:= o-1 (1\) for all r e]O,ao{ then q(A,C) < r \t re]O,CD[ r 

ao that q(A,C) = 0. Thus C c:: U {B : q(A,-8) = O} • 

Hence A <= U {8 : q(A,S) = 0} • 

REMARK.(Erceg), The~rem 6.4.13 is the special ~ass of proposition6.4.18 

when p = q • 

If p and Q are conjugate p.q.metrics in the usual sense than 

the map d defined by d(x,y) = p(x,y) V q(x,y) is a pseudometric 

in the usual sense. Tbe follo~!nq result generalises thie'metbod. 

fRQ~D§tTION.6.4.19.(Erceg 1?79 (S)). If (X,p,Dr) and (X,q,o;1> are 

conjugate futzy p.q.metrics then (X,d,E~) is a fuzzy p.metric where 

E = u (o
9
no-1 ) and d(A,B) :A{r: ac=(D nn-l)(A)}. 

r s~r s . r r 

Proof : Since {D n o-l : r e]o,~r> satisfy (Al) - QA4) it is enough . r r 

to show that (Drn o;1> o (D
6

n o;1 > Dl.'+ft o~!r ~~~then to apply 

theorem 6.4.S(e). 

Now (Drn o;1 > o (0
6

t")D;
1 >c::. Dr o. 0

6 
c= Or+s • 
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( -1) (0 n n-1, c o-1 Similarly, D~n Or o a v 8 r+s • 

Since. Dr+sn o;!s is the largest map satisfying (Al) - (A}) which is 

sm~llar than both or+s and o;!s ' it is evident that 

(Drn o;1> o (D8 n o;1 >c: Dr+Sn o;!s . 
We conclude the section with the definition of fuzzy metric. 

OEfiWITION. 6.4.20.(Erceg 1?99 (8)). A fuzzy pseudo metric p in (X,p,Dr) 

is said to be a fuzzy metric if Jt satisfies 

••••••••• ~ ••••••••••• (A5) 

is the largest map satisfying (Al)~l) & 

all a e]O,c=[ • 

§.54 .\lNlfOlU4QIES O[.fUZZV TOPOlOGICAl SPACES. 

In this section we extend t~e notions of quasi uniformities on 

topological spaces to fts. We establish results corresponding to 

many of the usual theorems of ordinary general topQbgy. WE also 

construct a natural uniformity on the unit interval in fuzzy struc-

ture. 

Consider a quasi uniformity on X in the usual topological sense. 
__....-:r'C\xe 

<An element D ell§ a subset of X x X. Wa may define D : : + by 

O(V) = {y : x e V and (x,y) s D) 

It is obvious that Vc D(V) ar.d 0( U V~) = U D(VA) for V & V~ in • 
i\ l 

Conversely , given 0: :+ satisfying v~ D(V) & 0( U V~)=U O(VA) 
l ~ 

tie may define 0 c:: X " X, such that D contains the diagonal, by 

D = {(x,y} : y e D({x})} • 

Thus in defining Q quasi uniformity for a fuzzy topology, we 

take our basic elements of the quasi uniformity to be the elements 

of the set~ of maps 0 ~ IX:+ lX which satisfy 

(Al) D(Q.) : Q (A2) Vc: D(V) for all V e IX and (A)) O(U v
1

):UO(VA) 
l i\ 



O£fiNITlON.6.S.l.(Hutton 1977 (14)). A fuzzy quasi uniformity on a 

set X is a subset ~ of n (the set of all maps satisfying (Al)-(A2)) 

such that 

(Ql) l! ~ ~ 

(Q2) 0 € ll and 0 c. E e..&.=? E e a. 
(Q3) De A and E EtA -=? 0 I) E e 6 • 

(Q4) os A there exists £. & ~ such that E o £ c::: D. 

Note that this definition agrees with the usual definition when 

we replace I = [o,t1 by the set {o,l} • 

It is also to be noted that (Q)) may be replaced by 

• ( Ql ) o
1 

t: a and 02 e A there exists De A auch that Oe:= o1 & D -co2 
Before we define the fyzz, topology generated by a quasi unifor­

mity we state the following trivial result. 

THEOREM.6.5.2.(Hutton 1977 (14)). If a map f ; 1~+ IX satisfies the 

interior a1JCioms 

(11) f(X) : ){ (12) f(V)e:.V for V e IX (I:J) f(f(V)) : f(V) 

for V e IX (14) f( V n W) = f(V) Cl f(W) for V, M e IX, then the 

collection T :{Vtt IX : f(V) c V} io a fuzzy topology & f(V) = V0
• 

O£FINITION.6.S.3.(Huttcn 1~77 (14)). let (X,a) be a quasi uniformity 

Oetine lnt : I~ • IX by lnt(V) = U { U e IX : O(UPV for some De A}. 

PROPOSITION.6.S.4.(Hutton 1977 (14)). Int satieties the interior 

axioms (11) - (14). 

Proof : (11) and (12) are trivially satisfied A (14) follows from(QJ) 

So we are to prove (IJ). 

If U end V E IX and 0 E. 6 is such that D(U) c. V, then we can find £ 

such that Eo E c: 0. So in particular, E{E(U))c.V. 

Thus E(U)c= Int(V) which implies that U ~ lnt(lnt(V)). 

Hence Int(V) c= Int(Int(V)) and since the other inclusion follows by 

(12) , ~e have lnt(V) = Int(Int(V)). 
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OEFINITION.6.S.S.(Hutton 1?77 (14)). The fuzzy topology generated 

by l is called the fuzzy topology generated by Int. 

Hence, in particular, we note that O(U) is a neighborhood of 

U in the topology generated by ! . 
lEM~.6.5.6.(Hutton 19J7 (f~)). let (X,T) be an fts. Suppose 00S~ 
and 0

0
(U) is a neighbo~hood of U for any fuzzy set U (n:1,2). Then 

CD1n D2)(U) is a neighborhood of U. 

Proof : left. 

THEOREM.6.5.7.(Hutton 1977 (14)). Every f¥zzy topology is fuzzy 

quasi uniformisable. 

Proof : left. 

THEOREM.6.5.9.(Hutton 1?77 (14)). If (X,p,Dr) is a p.q.metric space 

thea ~~{or : r e]O.~(ris a base for a quasi uniformity on the set 

X. further, the fuzzy topology of the quasi uniformity is that of 

the fuzzy p.q metric space. 

Proof : Clearly 4· -J ll c:: g. 

for (QJ) it ia enough to prove that V r,s ~]0,=( , thore exists 

X t e]O,C!D[ such that Ot c: Drn 0
8 

• let t = r"- s.& A1 U A2 = Ae I • 

Then Ot(A) :(OrAa(A1 ) U Or~ 8 (A 2 )]c[Dr(A 1 ) u 08 (A 2 )~ 
However (D n 0 )(A) = n [Or(A1) U D

8
(A 2))which gives the required 

r s AlUA2:A 
result. 

A satisfies (Q4) since Or/2 o Or/2 Dr. 

The remainder of the results follows from theorem 6.4.10. 

Now we define qua'i uniform continuity between quasi uniform 

spaces. 

0EflNITION.6.5.9.(Hutton 1?77 (14)). let (X,~) and (Y,t) be quasi 

uniform spaces. A map f ; X+ Y is said to be fuzzy quasi uniformly 

continuous if for every Ee~ , there exists a 0 e A such that oc: f-1 (E) 

i.e. for V e Ix, D(V) c r-1 (£{f(V))). 



THEORER.6.S.lO.(Hutton 1977 (14)). Every fuzzy quasi uniformly con­

tinuous function is fuzzy continuous in the induced fu2zy topology • 
. 1fuzzy 

Proof : Let f : X:• Y be quasi uniformly continuous. 

Consider an open set V in the fuzzy topology generated by t• 

So V = U { U : E(U) c V for some Eet) • 

If E(U) e:: V then there exists a 0 e A such that 

O(f-l(U)) c: f-1 (E(t'f-1(U))) t= r-1 (E(U)) t= f-l(V). 

So f-1(u) c:: tnt r-1(V) & hence U~r-1 (U):E(U)c V for some Eet}c.lntr-1(V) 

But f-l( U UA) : ~ r-1(u1) and thus r-1 (V) c lnt(f-1(V)). 

Hence ,~l(V) is open which implies that f is fuzzy continuous. 

Next we prove a theorem corresponding to the characterisation 

of pseudo quasi metrizability in terms of quasi uniformity. 

lENMA.6.S.ll.(Erceg 1'79 (8)). l~t t= {U
0 

: n:O,l,2,3, ••• } satisfying 

U0(A) =! if AJ~ Q, U0(A):! if A: Q and 

Un+l o Un+l o Un+l c Un for all n = 0,1,2,3, ••••• Then there exists 

a setAe o. A= ~Dr: r s]O,m() satisfying Dr o D
8

c= Dr+s for all 

r,s & ]O,m[ and u c::U o c.u 
n s<J/2n e n+l 

for ell n ~ 1 .. 

Proof . for all r e ]O,CD[ define a map 'Pr e; g by • 

9r = un if r e{l/2n+l , l/2n£ 

r = uo if l' ~ 1. 

Then rqr 0 ~r 0 "fPr c ~2r for all r s ]O,«D[. 

Now for all r e ]O,co[ define a map or en by 

0 = U {cpr o.cp o ••••••• otpr : ~ r 1 = r} • r . 1 r2 k i-1 
Clearly 9r c:: Dr trivially for all r e ]o,e»[ • 

Further Dr c:. ~Par because ¥ k ~ 1, 'r ocpr o ••••• oq,r c:: cp2r for all 
l 2 k 

r 1 , r 2 , •••••• , rk such that r = k 
i~l I' i. 

Indeed if k = 1, the statement is trivial. 



j 
If k > 1 let j be the largest integer satisfying t r 1. ~r/2 and 

k i:l 
Then t r 1 , ~ r/2 and rj+l . ~ r/2. 

i:j+l 

By induction ~r o <l>r o ••••• o fPr c:: (pr and <l>r c Wr 
1 2 j J+l and 

Hence •r o tpr o ••••••••••• o ~r c '" o ~~ o ~r ~ ~2r 
1 2 k 

• 

\ 

Since . <pr c= Dr c::. ~2r V r e ]O,CD( , U c. 0 c:U 1 U re[l/2n+l , l/2n[ • n r n+ 

Thus u c::U --o c:u • 
n r<l/an r n+l 

It is clear that Dr o 0
8

c= or+s for all r,s e ]0,~[ • 

PROPOS1TION.6.S.l2.(Erceg 1?79 (8)). If t is the sequence of maps in 

Lemma 6.5.11 then there exists a fuzzy p.qmetric p on X with associated 

neighborhood maps Er satisfying U 1 c:: E c:: U 1 V n > 1 • n+ 2-n n-
Proof : By lemma 6.S.ll and Theorem 6.4.8. 

THEOREM.6.S.13.(Erceg 1979 (8)). (P.Q Metrization Theorem). 

A quasi uniform space (X,6) is fuzzy p.q metrizable iff A has a 

countable base. 

Proof : (~) Trivial. 

(~) If A has a countable base, say E = ~Un : n:0,1,2, ••• ) 

we may rechoose E so as to satisfy the hypothesis of lemma 6.5.11. 

The result follows by proposition 6.5.12. 

DEFINITION.6.S.l4.(Erceg 1?79 (0)). Let (X,p,Or) be a fuzzy p.q metric 

space and (X,A) be a fuzzy quasi uniform space. Then p is said to 

be quasi uniformly lower semicontinuous (qul&c) on (X,A) iff 

.lDr : r e ]O,c[ } c: A • 

THEOR£M.6.S.15.(Erceg 1'79 (8)). let (X,A.) be a quasi uniform apace. 

Let e be the set of all fuzzy p.q metrics which are qulsc on (X,A). 

Then e generates ~ • 
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Proof : Let 0 be the quasi uniformity generated by e. Then clearly 

n c A • To prove the converse, suppose U 8 A : 

let = u • 

Define u~cA inductively so that Un+toUn+loUn+lcUn V n=0,1,2, •• 

Then by lemma 6.5.11 there exists e fuzzy p.q metric p on X with 

neighborhood maps Or satisfying U c D c U0 _ 1 for all n > 1. 
n z-n 

Hence p & e and U :::J o114 • Thus Ue:£ 

Now we define fuzzy uniform spaces. 

DEFINITION.6.S.l6.(Hutton 1977(14)). A fuzzy quasi uniformity on 
'. 

a set X is said to be a fuzzy uniformity if it also satisfies 

(Q5) o e A ~ o-1e A. 

In section 4.6 we have already introduced fuzzy unit interval l(I) 

together with left hand topology lt and right hand topology nt. 

Here we construct a fuzzy uniform structure on I(I) es follows : 

DEFINITION.6.5.17.(Hutton 1?77 (14)). We define Br : IX!+ IX by 

Br(U) = Rt-r where t is the greatest s e ~ such that U c l: 

= n {R • : U c:. t. 0 } • . s-.. s 
PROPOSITION.6.S.l8.(Hutton 1~11 (14)). (1) Br satisfies (Al)-(A3). 

(2) a:1 :n ~ls+r: U c R0
} .(3) B oB c. 8 • s r 1 r 2 r 1+r2• 

Proof s left; 

COROtlARY.6.S.lO.(Hutton 1?_?7 (14)). The set J Br : r > 0} is a base 

for a fuzzy quasi uniformity which generates the right hand topology. 

Proof : left • 

COROllARY.6.S.l9.(Hutton 1?17 (14)). The c~71ection {Br,e;1 : r > 0} 

is a subbase for a fuzzy unitormity on I(I). The topology generated 

by the uniformity ia the usual fuzzy topology. 

(This- fuzzy uniformity is called the usual fuzzy unifoemity for the 

usual fuzzy topology onUI)). The proof ls omitted. 



Now we are in e position to eharaetarise fuzzy uniformlzability. 

TH£0R£M.6.5.20.(Hutton 1977 (14)). let (X,c) be a fuzzy uniform 

space and DELl. Suppooa O(U) c:: V • Then there euists a fuzzy unifor­

mly continuous function f : X ---4 l (I) such that 

tJ (X) ' f (X) ( 1-) ~ f (X) ( 0+) ~ V (X ) f 0 l' X f. X. 

Proof : Left. 
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CHAPTER - 7 • 

APPLICATIONS or fUZZY SETS • 

Since its inception, the theory of fuzzy sets has evolved in 

many directions and there hae been an overgrowing number of pub· 

lications in which new methods of handling systems, which seem too 

complex or too ill-defined for conventional analysis, are presented. 

This rapidly developing new field has found applications in naarly 

every area, where human judgment and perception play a role, par­

ticularly in the realms of psychology, economics, law, medicine, 

decision theory, information retrieval and artificial intelligence. 

In this chspter , we discuss some applications of fuzzy sets 

in medical diagnosis and in psychology • 

• l.APPtlCATION e~ FUZZV SET THEORY IN MEDICAl DIAGNOSIS. 

In medical science, it is seldom possible to work with exact 

definitions, descriptions o~ assertions. In medical diagnosis there 

is very rarely a sharp boundary between diseases and the appea~ance 

of more than one disease in the patient at the same time destroys 

the axpected symptom patterns of disease hypothesis, which makes 

the diagnosijc and therapeutic decision more difficult. The assign­

ment of laboratary test results to the ranges normal or pathologi­

cal is arbitrary in border line cases. The intensity of pain can 

only be described verbally and depends on the subjective estimation 

of the patient and precise re~ationships between symptoms, signs, 

test-results, findings, i.e., any observation on the patient and 

diagnosis can very seldom be found in descriptions of diseases. 
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for example 9 in literature the following symptoms are no~mally given 

about the disease PANCREATITIS. 

(1) Acute pancreatitis is almost al~ays connected with sickness 

and· vomiting. 

(2) Typically, aeute pancreatitis begins with sudden aches in 

the abdomen. 

Here, it is-difficult to corelete the two symptoms of acute pancre­

atitis. Moreover, the "ord 'sickness' is not wall defined. 

A possible remedy to these problems is to generalise the con­

cept pf memberships as a binary function with the help of fuzzy aet 

theory which was developed by l.A.Zadeh. This theory can pe~fectly 

analyse the types of diseases which might otherwise be impossible. 

Diagnos6s are defined to be fuzzy subnets with symptoms as elements. 

The symptoms are combined with a degree of membership which charac­

terizes the intensity of belonging to the fuzzy subset that repre­

sents the disease under consideration. 

A few applications of. fuzzy set theory in medical diagnosis 

ere given below. 

!.fUZZY RElATION BET~EEN SYMPTOMS AND DISEASES, FUZZY RELATION 

EQUATIONS AND ITS APPLICATION IN GROUP NURSING DIAGNOSTIC 

DECISION PROBLEM. 

E • SANCHEZ [ cf. (12), pages 4}7 - 444 ] illustrates problems 

of medical diagnosis based on max-min composite fuzzy relation and 

they correspond to three stages : determination of symptoms, of a 

'medical knowledge•, of diagnosis, all in the sense of degree of 

membership o~ fuzzy sets on fuzzy relations. 

Binary ruzzy relations are characterized by compatibility, or 
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membership functions defined over the cartesian product of two, 

possibly different, non-fuzzy sets. So a fuzzy relation R from 

X to Y is a" fuzzy subset of X x V, characterised by ita member­

ship function R : X x Y;• [0,1]. 

In a given pathology, let S be a set of symptoms, 0 a set 

of diagnosis and P a set of patients. 'Medical knowledge' is a 

: fuzzy ~elation, denoted by R, fTom 5 to D expressing association 

between symptoms and diseases. 
-he. CA. ·b-....t "Z-Z-'::{ -re2..lo-.tlo.n fro~ ;:;: lo -:D , u::-~n 

let A be a fuzzy subset of S related to a patient,~o/.MdnR\ 

t~e computation of the max-min composition 8 = A o R is assumed 

to describe the state of the patient in terms of diagnosis eo a 

fuzzy subset 8 of 0, characterised by its membership function 

B(d) = max [ A(s) A R(s,d)], d e D •••••• (1) 
as.S 

If the state of a given patient p is dese~ibed in terms of a 
/,:f._,_z.'2.::~ .su.bse.t 'A a::f s_;p .... 'f'lo..,.,_,s inS, lhe.n j::> -i.s. o...ssun-.cz_d lo b~ o-.ss:tt::t"M~ .~~~o.stl. 
, fuzzy subset 8 of D, through a fuzzy relation R of •medical know- ~ 

ledge• f~om S to D which is assumed to be given by a physician who 
0 

can translate his own pereepsioo of the fuzziness involved in the 

degrees of associations between syeptomsaand diagnosis. 

Now,consider several patients belonging to P, and a fuzzy 

relation R from S to 0. Define a· fuzzy relation Q from P to S & 
. 1be 

another relation T from P to D such that T = R o Q ••••• (2) 

1. e • • · T ( p , d) = max ( Q ( p, £1) 1\ R (s , d.) 1 , { p , d ) e P x D •••• ( 1) 
s&S 

If P is reduced to a single element, equation (2) reduces to (1). 

knowing R and Q in (2), it is easy to find T. 

Now the most general problem of composite fuzzy relations 

equations consists in finding tho solutions of T = Q oR [cf.(12) 

pages 421 - 431[ where T and Q (Problem 1) or T and R (Problem 2) 



are given tuzzy relations. Problem ! and P~oblem 2 a~e dual problems 

end it ia observed that (Q o R)-l = R-1 o q•l where a-l and q•l are 

respectively the inverse fuzzy relations of R end Q and also 

Q-l(a~p) = Q(p,s) for all (s,p) ¢ S x P. So Q o R = T is equi­

valent to a-1 0 o-1 = r·1 and a simple transformation allows one 

to pass from solutions in prcbleml to solutions in problam2, or 

'vice;..veraa. 

Because of the nature of th& max. and min. operGtors, it is 

seen that when a solution exists, it is not unique for both problema. 

for the existence and the determination of solutions in our 

dual problems, the following operators are introduced. 

-for any elements a, b in [0,1] ~define 

a c b = 1 for a ~ b 

= b for a ,. b. 

ror given fuzzy relations Q from P to S and R from S to D 

define T = Q @ R as a fuzzy relation from P to 0 by 

(Q@ R)(p,d) = J\ [a(p,a) e R(a,d) J ~ for all (p,d) e P x D 
s~S ~ 

where a is the operattor defined above. 

Let 0t and ~ be the family of solutions (wheh they exist) 

of problem! and problem! respectively, i.e., 

ft a ~ iff T = Q o a (T and Q are given) 

Q e ~iff T = Q o R (T and R are given). 

It is seen that gp is not'vmid_iff the fuzzy relation l: g•l aT 

" is an element of :i( J mol'eover, R is the g-reatest element in~. 

Simila~ ~ is not' void iff the fuzzy ~elation ~ = (R a y-l)-1 is 

an element of(Q_ f moreover, ~ is the greatest element in~ 



148 

Next, we discuss an application of the fuzzy relation method 

to a group nursing diagnosis problem and it is shown that the prob­

lem of finding the nurse4' fuzzy diagnostic consensus decision rule 

constrained by the physician or the nursing supervisor e'ilbe solved 

by applying the method of fuzzy relation [cf. (13), )) -4S) • 

It is assumed that a fuzzy dfcision rule is a fuzzy mapping 

from a certain finite set to another finite or an ordinary mapping 

from a certain family of fuzzy sets to another family of fuzzy seta. 

Consider the group nursing care by N nurses for a set of pati· 

ents. The nurses' veraaoe dfciaion rules in the actual care depend 

on the nurses' own subjective uncertainty and that is fuzziness. 

Assume the following finite sets : 

P : o ·set of specific patients (patient space) 

5 : a set of symptoms 

1nuraing 
0 : 8 set or diagnoses 

(symptom space) 
1nursing 

{Hlagnosis space) 

G ~ a set of goals in nursing care (care goal space). 

Consider, N nurses~ individual fuzzy dicislon rules between 

the above sets as follows, 

R(i) : P!+ S , 1 = 1,2, •••• ,N 

L(i) t S.+ 0 , 1: 1,2, •••• ,N 

K(i} : 0;+ G , i = 1,2, •••• ,N 

where, R(i).e g5(p x S) is the 1th nurse's fuzzy observation deci­

sion rule from P to s, t(i) ~ ~~ x D) is the ith nurse's fuzzy 

diagnostic dmcision rule from 5 to D, and K(i) e~(D x G) is the 

ith nurse'a fuzzy partial ~ssesament decision rule from D to G • 
~ 

\P(p x S) is the family of fuzzy subsets of P x s. 
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Next, assume the following fuzzy decision rule C by which the 

above decision rules are constrained, 
"-/ 

C : p.;; + G where e· f1 fP (P x C) is the physician's or the nursing 

supervisor's, fuzzy total assessment decision rule from the patient 

epaee P to the cere goal space· G. 

Consider the a-composition of the fuzzy decision rules; then 

the N nurses• individual fuzzy total assessment decision rules from 

P to·G con be represented by 
,...,., 

R ( i ) o L ( i ) o K U ) £ ~ {P x G) , i = 1 , 2, •••• , N. 

If tl'lere exists a fuzzy decision rule i (i} such that 

a<i) o L(i) o K(i) = C, then L(i) is the ith nurse's individual 

fuzzy diagnostic decision rule from S to D subject to the constr­

aint of the physician's C. 

Now, the problem (fig - I) of finding the fuzzy diagnostic 

consensus decision rule l e {S x D), in a group nursing diagnosis 

of N nurses, is represented as follows : 

ttC.t> 0 L 0 K(i) = c' i = 1,2,,, •••••••• ,N ••••• ~ Q) 

where it is assumed that R(i), KU) are given by theN nurses, tis 

given by the physician or the nursing supervisor, and L is the un­

known fuzzy diagnostic consensus decision rule. 

In general, it is very difficult to obtain l satisfying 

simultaneously the above N equations because, there exiets no sol­

ution in most eases by reason of striet constraint of the equation 

(1). So consider l = ~ l(i) subject to R(i)ol(i) oK(i) = C ••• (2) 
i=l 

for 1 = 1,2, ••• ,& • 

If there exist the N solutions L 6) satisfying (2), a fuzzy 
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diagnostic consensus decision rule l can be obtained as follows 

l = ~ ( K(i)@ ( @l(i))•l 0 t)-1 )-1 
1=1 

Space of nursing supervisor's fuzzy decision rules 

Patient 
space 

N 

c 

consensus decision 

Symptom 

space N ~Nursing iagnoais 
a ace-

Space of nurse's 
individual fuzzy 
decision rules 

/ 

Cere goal 

Space of N nurses individual fuzzy decision rulos 

<:} : Given fuzzy7~8iA5t6qven fuzzy relation) 
() : Unknown fuzzy decision rule (unknotm fuzzy relation) 

fig I : A schematic diagram of a modelling for the group decision 
problem to find a fuzzy diagnostic consensus decision rule 
in a group nursing diagnosis constrained by the physician 
or the nursing supervisor. The solid curves with arrows 
denote the oapping directions of fuzzy decision rule,R(l)ete. 
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11. SYMPTOMS, SiGNS, AND TEST RESULTS AND ruzzy S~BSEl!• 
A 
ALBIN, PEREZ-GJEOA, MOON, ESOGB~E and ELDER propose the app-

lication of fuzzy subsets to determine normal or eathological ranges 

as well as the boundary fDr ~. normal, high or normal, slis.htly 

decreased, decreased, etc. for clinical or diagnostic tests. 

The membe~ship functions of these fuzzy subsets dofine the afflli· 

ation strength of a numerical test-result in the fuzzy subsets under 

consideration cf.(l3). 203 - 2~7 • 

For example, a suitable linear function for fuzzy subset gt 

of abnormal cholesterol levels, expressed in milligrams per 100 mi­

lliliters of serum, is given by 

l-Int( ~"t ) : 0 for rt < 2.60 

= rt/340 - 26/34 for 260 -~ rt ~ 600 

= 1 for rt > 600 

w-here r t e :c St, is the amount of cholesterol preaent in 100 milli­

liters of serum in a particular test t and nt expresses the set 

including ell possible test results. 

The graph of the linear function Qt is given below. 

1 
66 y 1 -rt-260 - 600-260 C•t,-::~} 

or y - rt-260 -
140 

~ rt 26 0 260 ,40 600 rt --or y = 340 figure II 34 

Thus,the degree of abnormality of the cholesterol test-result 

ie zeflected by the membership function Pg~ ( rt ) e {01 1]. 
t 



Performing the cholesterol test on a patient and getting a result 

of rt < Z60 mg/100 ml. means that the patient shows a normal cho­

lesterol level.When a test result rt > 600 mg/100 ml. is obtained 

the patient under consideration reveals an abnormal cholesterol 

level.rurther, a test-result between 260 and 4l0 mg/100 ml. seems 

to be more normal than a test result between 430 and 600 mg/100 ml. 

III. SYMPTOM COMBINATION AND fUZZY SUBSETS : 

ALBIN presented appropriate membership functions for normal 

and l~ng IVY bleeding_t~me. for decreased, slightlr decreased, and 

normal platelet count, for normal, slightly lon~, and lyng throm­

bin time, etc. It is said that physicians normally try to fit 

patients to certain prototypes of disease. As a first app~o~ima­

tion to sueh an approach, disease prototypes can be defined as 

shown in tabla-1 [ cf.(lJ), 203 - 217 ] 
l"o...bl e- 1 D t.s. e..o~s IL '(:> ,-oto t~p e. d ~ ·v-. thor, fo-1- -t h 12.. ,he_,..,, 0·n-.l-..o~~ 1 c. dis 01 d 1L.1-s 

k . ,. 
»1 I sa ~ SJ I 54 55 

lVV Platalat Quick timE Partial 
Disorder Bleeding or lhrom.bo- Thrombin 

time count Prothrom- plastin time bin time time 
1---

o1 .1hrombo 
long Decreased Normal Normal Normal 

cytopenia 

o2.von-Will N.ormal 
ebrand's Long Normal Normal or Normal 

Disease I Long 
L. ' . 

When blood escapes fromblood vessels, then the disease Thrombocy­

topenia and Von-Willebrandb occur. The definition of fuzzy member-
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ship functions for long s1 , decreased s2, normal s3 , etc., allows the 

calculation of degrees of membership in the fuzzy subset long s1 , 

deereased s2, normal 531 etc. given symptom values measured on the 

patient. Fuzzy disease membership values of patients can now be 

computed by using the Max difinition for fuzzy set union and Nin 

difinition for fuzzy set intersection. 
time 

The standard time for IVY bleeding1to be long is taken to be 

12 min. The standard number for platelet count to be called decrea­

sed is taken to be 60000/mm3• tho standard time for prothrombin 

time to be normal io taken to be 12 sec. The otandard time for par-

tial throwboplastin ti~e to be normal is taken to be 37 sec. and 

the standard tima for thrombin time to be normal is taken to be 18 sec. 

Now we define 
J 

Pol (p) = 1ltong sl (12 min) t\ "w .... r_..e .... a .... o'"""e-.d 52 (60000/mm ) 1\ ll_tto!"mal 

1\ Unormal s
4 
(J7 sec) 1\ Unormal s

5 
UD sec) • 

s· (l2sec) 
3 

For example, in a particular experiment if lVV bleeding time is 

found to be 12"5 min., number of platelet/ cu.cm to be 58000/cu.mm, 

promh~ombin tima to ba 12"5 soc., partial throobmplaatin time to be 

Js·s sec. and thrombin time to be 19 soc., then 

UD (p) = "long 5 (l 2 oin) ./\ lldecreased S (60000/mn?) A llnormelS U 2 sec) 
1 - l 2 3 

1\ llnormel S 
4 

( } 7 oec) /\ JJnormal S 
5 

(lB see) 

= ( 12/12.,) /\ (58/60) 1\ (12/12. 5) /\ (;J7/38. s) 1\ (18/19) 

= . 96 A.. .. 96 /\. • 96 1\ • 96 1\ • 9S 

= .,, • 
In this example t patient p fits the pfototype definition of o1 
almost exactly and if additionally computed fuzzy disease meDber-



ship valuesJJ0 .(p), tthere 1.;-J 1, are much smaller than ~D (p), 
1 1 

diagnosis o1 = Thrcmbocxtoeenia is presumably the correct diag-

nosis for patient p. 

APPLICATIONS Of FUZZY SETS IN PSYCHOlOGY. 

fuzzy set theory can help psychology with new concepts to use as 

building blocks for improved theories and in return, psychology 

can offer not only continuing challenges and test problems, but 

methods of experimentation as well. ruz~y sets ere relevant, useful 

and possibly necessary to explain certain psychological findings. 

Thuo it is mo~e fruitful to introduce the notions of fuzzy set 

theory when the need for them arises in the development of psy­

chological conceptualizations then to eeek oot psychological prob­

lems for potiential applications of fuzzy set theory. 

Manfred Kochan illustrates an application of fuzzy sets 

in psychology and the work reported here originated during the 

course of developing a new model of cognitive learning (cf.(33), 

39S - 4~7). 

According to Koehen, cognative learning is-viewed as an 

algorithm which forms, revls~s and uses a system of representation 

. for reeognisiny and coping with an increasing variety of oppor­

tunities and traps.This-view led to such an hypothesis as 1 

" If a problem-solver practices with tasks requiring shifts of 

representation, he is likely to perform better in solving an ill­

-defined problem than one who has no prior practice or one ~ho 

has p~ior practice with welldefined probleos not requiring repre­

sentntional shifting 0 (Bagde,l,7J). 



To test such an hypothesis, a new experimental technique 
/been 

has developed in which human subjects (college students) are asked 

questions that would help them to recognise, formuate and perform 

a task that the experimenter has in mind and has created for them. 

Certain actions and words ere prespecified but not known to the 

subject. The subjec~ use of these is interprited as indicative 

of representational shifting. 

When some people are asked how strong!~ they believe that 

" x is a large number ", they behove as if they had fixed e thre­

shold er decision criterion d that enables them to soy, consis­

tently, that if x ? d they agree, and if x < d they disagree. If 

they are asked to mark on a scale. such as the strength of their 

belief in the above statement then the mark they place on the scale 

(agreement-disagreement scale) might be distributed uniformly over 

the right half of the scale whenever x ~d and it might be dist~i­

buted uniformly over the left half if x < d. let us call such people 

"thresholders ''. 

Another type of person might try to place his mark close 

to the agreement aide of the scale according to how large he thinks 

x is. This depends critically on the sample that ia presented, for 

if he has "used up" the scale by placing a mark close to "agree", 
. 1an 

his response to the largest number Just presented, and now even aa 

larger one is presented• he will be nsqueezed".The strength of 

belief of such people in " x >> 5 " resembles their estimate of 

x. let us call such people " estimatops n. 

There is another kind of people who might place there marks 
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near uagree strongly" or"disagree strongly" when they feel strongly 

and place no mark when they are uncertain. The set of numbers is 

then divided into three classes : those that such a type of persons 

consider not large ;those tha) consider large J those they do not 

consider either large or not large. Let us term these people 

tt reliables " or conservatives. as in the psychological literature. 

Undoubtedly there are other possible kinds of people. 

ruzzy set th~ory applied to psycholoqy,might be lnterer.eted to 

suggest the general hypothesis that most people are "estimators" 

rather than "thresholderen or "reliables 0
• If enough people in a 

sample behave as if their strength of belief·varies nearly conti­

nuously with the stimulus va~iable in the statement to be believed 

then this hypothesis would be supported, end psychological reali­

ty of fuzzy sets would be made more evident. 

If, on the other hand, too many people in a sample behave 

as if they use a threshold-decision eriterion - as would be implied 

by most models of decision-making used in decision theory and 

mathematical statistics - then the psychological reality of fuzzy 

sets would be in doubt and other concepts more plausible. 

Suppose we want to measure how a person would behave in 

response to an instruction nmove far to the right". The most 

obvious and natural thing to do is to ask him to move and observe 

where he goes. This should be done repeatedly with the same per­

son, withdetractors between repeated instructions to avoid the 

effect of the person's recalling or tryin~ to be consistent. If 

he distributes the distances that he moves uniformly between some 

minimum distance and some upper limit of of possible distances 



tnat ha could move, w~ infer that he used a threshold : the mini­

mum distance. The cumulative frequency is a straight line from 

the threshold to the maximum. The resulting curve is'viewed as 

his chawactaristic or grade-of-membership eurve. 

·~-------------------------~-~-~-~ 

---F- --- --- .... _, 
/ 

/ 
/ 

threshold 

< l ;, ~ c (. 
FIGURE • 1 

maximum 
distance 

moved 

If the pe%'son is an estimator then he distributes the distances 
ha f10VCO 

he moves according to a skew or Cell-shaped curve. In this esse 

the cumulative frequenc~ has a typical S-shape as sho~n by the 

dashed line in Figure ~ 1. 

It is common in psychological experiments to regard the 

subjects in a ~andom sample of people as interchangeable. If the 

dependent variable that is observed has a bimodal distribution, 

that might indicate that the sample wes drawn from two populations, 

such as thresholders and estimators. figure*2 shows the pattern 

of a bimodal distribution. If the population of estimators domi­

nates, the general hypothesis about the psychological reality of 

fu2zy sots appeers to be supported. 
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estimators 

J 
thr·eshold 
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distance 
moved 

Now we describe an expe~iment to find o·ut how different 

people interpret words like 'far•. 'close' etc. ln specific con­

text. 

ln this experiment 24 college freshmen "ere taken aa 

subjects. The experiment was of two sections. 

In~e. first section. they were given the, following ins­

tructions : " You are to put en X above the point on the line 

which is ------ to right of the o. 
for example : Put an X above the point on the line which is little 

to the right of the o. 

0 X 

f.tGURE*l 

The subjects ~ere then given 42 instructions as in the above exam­

ple, for theo first part of the experiment. The blank was filled in 

by ."fartt, "very far", "not so. fern, ~not so close" • "very close", 

cr nothing. Two different line lengths were used to explore the 

effect of context in this sense. Two positions of the 0 were used 
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with ataller line to see if that made any difference. Each instruc-

tion was presented twice and the order of presenting the 42 ins­

tructions was randomiaed. 

In the second part of the experiment. each subject was 

given 42 pictures in random order such as figure•2 above, and asked 

to assign to each diagram one of the following~ 7 statements: 

1. X is very far to the right of o. 
2. ,x is far to the right of 0. 

). X is not so far to the right of o. 
4. X is to the right of o. 
s. X is not so close to the right of o. 
6. X is close to the right of o. 
7. X is very close to the right of o. 

The linea in the diagrams were again of two different lengths and 

two different positions of the 0 in the shorter line were used. The 

diagrams had fixed X's at. 7 distances from 0.50 there ttere. 7 X l 

i.e., 21 dia~rams. Each was presented twice. 

RESULTS. 

Consider first the distribution of the responses from the 

24 subjects when told to place an X far to the right of 0 on the 

long line. The distances were measured by the number of qua~ter ~ 

inches. The results were : 

Distance (in 1/4 n units): 7 8 9 10 11 12 lJ 

Number of subjects who 
moved that distance : 1 ) 1' 6 10 8 7 

Total 

48 

This is shown in Figu~e•4. The dip at 10 ie too sharp to be due 
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to chance. A bimodal distribution seems to be present. The maximum 

distance was 1), and the right-hand part of the distribution 

resembles a uniform distribution wJth a threshold at 11. It might 

be the case that we d~ew our sample from a population in which 

1+l+lJ+6 or 2' out of 4B or about half, were estimators, and 

10+8t7 or 25 out of 40 or the other half, were thresholders. It does 

not support tho belief that ~ people behave in the way concep­

tualised by fuzzy set theory. Just about as many people seem to 

behave in the way conceptualized by decision theory. 

. frequenc-y 

15 

10 

' 
distance . . . ' 

9 10 11 12 1' 

. Figure • 4 

REcall that each person responded to the same diagram twice 
Zl~ 
at different times, with distractions in between. It is interes-

ting to note the• many people responded the same way or differ• 

ently both times. This is given below. 

Difference in distance 
mOved on both trials • 0 1 2 ' 4 5 Total • 

Number of subjects who 
obtained that differ- : 4 7 s 2 4 2 24 

ence 

Again we have a bimodal dist~ibution. It seems as if some people 



in the same category come from a population which estimates con-

sistently, while others are very inconsistent. It is noted that 

the distances cbosen by the 4 perfectly consistent subjects were 

9,9,9 and 11; that is, three of them came from the nestimator" 

population, and the fourth may have. 

from the remaining date in part-1, the following conclu-

6iona can be drawn. Recall that the responses were the distance 

from 0 at which X was placed. 

1. The responses or distances decreased according to the follow­

ing order of the stimuli in the'verbal instruction : very far, 

far, not so close,;~, not ao far, close, very close. The respon-

ses were consistent· (transitive). Here; i1 refers to the absence 

of any adjective, as in the instruction " put an X above the point 

on the line which is ___ to the right of the 0 °~ (The blank 

was left hlank). Th~ r~versal of "not eo clos~" and"not so far" 

is perhaps a little surprising. but understandable, because "not 

so close» is semantically similar to~ar". (lt is actually ambi­

guous.) 

2. The response to "very far" is the maximum length of the line, 

independently of line length or the O'a location. Similarly, the 

response to "very close" is an X right next to o, ipdependently 

of the line length or the O's location. There is.very'little 

variance over the subjects. 

3. The'variancee of the responses t~ diagrams in which the 0 is 

at the center of the line is less than tHe variance when the 0 ia 
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to the left of the center. The latter diagram gives a longer maxi­

mum distanee over which to distribute the Xts. To test whether this 

is due to the eccentric location of 0 or the length, we can compare 

the responses on the long line with the responses on the shorts~ 

line with the 0-entered. The difference is not very significant. 

Hence, it seems to be in the eccentricity of the 0 that accounts 

for the increased variance. 

4. The variance is greatest when the blank is not filled in i.e., 

for the.~ stimulus. Indeed the-variance increases as we move from 

either extreme (vety far,· very close) towards. 0. 

s. The length of the line does not effect the responses for ax-

treme stimuli, such as·very far and'very close, but the mean res-

ponse to other stimuli is sealed down. The ratio of the line lengths 

~as 9/13. The mean responses wero 

Stimulus far not so close ; ~ not so far close 

Long line 
(0 as center) = 

1o·o 6.5 4•s 4*} 2*4 

Short line : 6.6 4.9 ,., ,.4 2.1 
(0 as center) 

Ratio . 0*66 o:1s o·13 o·s1 o·e9 • 

Atleaat. for'far• the responses shrank by •66 from the long~ the 

short line, which were in a ratio about •69 • It seems as if the 

subjects scaled down in direct proportion to the line-lengths. 

Fr~m the data in part-2, the follo~ing conclusions can be 

drnwn. Here the response is the selection of ~estatement such as 

" X is far to the right of 0 a from 7 such statements about marked . 
lines presented ea stimuli. 

6. 
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6. More subjects select 'far• end •close•, while fewer subjects 

select 'very far' and lvery close•. 

1. Very few subjects select •not so far' and 'not so close•, and 

the blank~S, is used least often of all. 

The data shows remarkable uniformity for a psychological 

experiment, even though 2 subjects place x•s to the left of 0 in 

some cases. 

CONCLUSIONS . • 

One out of two people seem to behave, when asked to place 

an X far to the right of a mark on a line, as if they interprets 

"far distances" as a fuzzy set with a grade-of membership assign­

able tond ~ rn that increases continuously ~1th d. Measuring that 

grade-of-membership by observing how frequently they place the 

X at distance d from the mark appears to be useful_ for connecting 

fuzzy set theory ~ith psychology. Context, in the form of a line 

of limited length~ affects the response in nea~ly direct propor­

tion to the line-lengths. If the line length increases indefinite­

ly then this conclusion may fail to hold. The linearity of the 

relation between the response and the context (line-length) is p 

probably loeol. 

Most of these conclusions are hypotheses suppoPted by evi­

dence. More experimentation is required to establish them more 

firmly and to delimit the range of variables over which they hold. 

On the whole, fu2zy set theory seems approp~iate for conceptua­

lizing certain aapacts of the behaviour of perhaps half the popu­

lation. 
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