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INTRODUCTION

The fundesmental concept in classical mathematics
is that of & set. A classical set is formed by selecting certain
objects, called the members or elements of the set and the set is
completely determined by its members. Thus, in classical mathematics
there are only two acceptable situetions for an element : being a

meamber of or not being a member of a set.

The natural world in which we live, is a world of
imprecision, inexactitude and fuzziness. Here we come across
sets where the membership of an element cannot be determined by two
valued Boolean logic. This is because of the fact that much of
human cognition and interaction with the outside world involves ¢
constructs which are not sets in the classical sense, but rather
classes with unsharp boundaries in which transition from membership

to nonmembership is gradual rather than abrupt.

For clarification let us consider the following
example:

Take the collectien of all students of class x of a
particular school. Suppose, we want to form a collection of good
students of this class. As 'goodness’' is not boolean in real sense
and there is no fixed boundary for defining goodness, it will
be an impossible task to select good students in the classical sense.

In the present case it will be required to attach to each student
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s certain degree of goodness possibly varying from 0 to 1 ( 8 for
those students who are undisputedly bad and 1 for those students

who are considered to be good without any doubt). Thus we observe
that in the process of selecting good students there is some sort of
fuzziness. / vagueness. Thus the classical sets are not natural,
appropriste or useful notions in different phenomenon specially

in human behaviour.

In 1965, the theory of fuzzy sets was formally introduced
by L.A. Zadeh (32). The motivation for the introduction of such a
theory was the need of precision in spesking about vagueness and

imprecision.

The theory of fuzzy sets provides an adequate conceptual
framework as well as a mathematical tool to handle systems or
phenomena which due to intrinsic indefiniteness cannot themselves be
charaeterised precisely. Thus, by providing 2 basis for a systematic
approach to approximate reassding the theory of- fuzzy sets has found
applications in nearly every field where human judgement and

perception play an important role.

Accprding to Zadeh (32), fuzzy sets are functions
P:X:r+ 1 where X is @ clessical set and 1 is the closed unit interval
(6, 1 ]J. The value P(x) asssigns to xeX its " grade of membership”
in the fuzzy set P, In 1967, Gogquen (10) generalised the theory of
fuzzy sets introduced by Zadeh, by using a partislly ordered set |

instead of the unit interval I.

In 1968, Chang (4) defined fuzzy topological spaces and



concentrated on basic concepts such as open and closed fuzzy sets,
fuzzy continuity etc. In a series of papers published by Warren (29)
(1974,77,78) " various properties of continuity, nelghhorhp?ds;%mur?*f

bases in fuzzy structure and boundary of fuzzy set were discussed.

In 1973, Nazaroff (20) developed s generalised theory of
optimal control and contributed to the basic idess of closurs,
exterior and interior of fuzzy sets. In the same gear Coguen(10)
presented the fundamental ideas of base, subbase, and product of fuzzy
topological spaces. In 1974, VWong (31) proved the product and
quotient theorems and two years later studied e¢stegories of fuzzy
sete. In 1975, Weiss (30) introduced fixed points, separation and
induced topologies for fuzzy sets. In the same year Hutton (14)
gave e definition of normality in fuzzy topological space.
Christoph (5) studied quotient fuzzy topology and local compactness
in the year 1277.

In 1976, Lowen (19) presented an alternative definition of
fuzzy topologicasl space in order tc make the constant functions
(between fuzzy topological spaces) continuous. But in the process he
lost the concept that "fuzzy topology generalises ordinsry topology”.
In 1979, Faster (9) used the alternative definition to bring together
the structure of a fuzzy topological espace and that of a fuzzy
topological space and that of a fuzzy group (defined earlier by
Rosenfield (23) in 1971). 1In the same year, Anthony and
Sherwood (1) observed that some mathematicel structures which would
intuitively seem to be fuzzy did not satisfy the definition given
by Rosenfisld (23). They further observed that the notion of Min
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used by Rosenfield did give a semigroup structure to I. To meet
the natural requirement they redefined fuzzy group by replacing
Hin by come other suitable semigroup structure on I, and established

various interesting properties of fuzzy group.

Ceficiencies in Chang's definition of compactness started
be§ng pointed out in 1270. Accoerding to Goguen the deficiency lies
in the fact that the Tychonoff theorem is false for infinite
products. Consequently new definitions of compactness were given
by various mathematicians in different years suiting different
requirements. In 1978, Lowen (19) studied the relative mexits of
as many as seven definitions of compactness in fuzzy topolegical

apace.

In 1978, Warren, Bantner end Steinlage (28) presented
Havedorff space in fuzzy structure. In 1980, Ming & Mingg(21)
investigsted various properties of fuzzy points, To’ Il ’ quaei-!o
and quasi-'f1 spaces togother with their product spaces. They also
introduced f-neighborhood in order to give s new definition of
fuzzy Hausdorff space. fn 1981, Sarker (26) studied Hausdorff space,
Regular & Normal spaces, P-gpace in fuzzy structure. In 1982,
Rodabaugh (22) eshablished some results in connectedness withn

respect to the fuzzy unit intervel and the fuzzy real line.

Fuzzy veetor space,fuzzy uniform space and fuzzy topolegical
vector space were introduced respectively by Lowen (19) in 1974, by
Hutton (14) in 1977 and by Katsaras and Liu (17) in 1977. Nazaroff(20)
Bsllman, Kalaba and Zadeh (2), Capocelle & Luca (3), Ruspini (24),
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Warren (29), Santos (25) and others applied fuzzy theory to various
fields such as pattern recognition, artificial intelligence,
optimization, decision thsory and eerodynamics stc. *

A * ¥

The present work has been divided into 7 chapters.

In chapter 1,we define the following:
fuzzy topology, fuzzy open end fuzzy closed sets, neiborhood,
closure & interior of fuzzy sets, derived set end boundary of
fuzzy sets,bass and subbase for fuzzy topology, fuzzy continuity
fyzzy subepsce., V¥e investigate various results in this connection
most of them being anslegous to results available in ordinary
topology. At the end of the chapter we introduce the functors
and 'i' and discuss a few properties.

In chepter 2, we give the notieon of fuzzy point and prove
various results. In fuzzy theory the nction of ordinary point dces
not enable us to give, in meny situation, natural results analogous
to point set topoleogy. It has been observed that fuzzy point in
fuzzy theory plays she same rcle ss the point in the classical set
theory. ¥Bst of the results proved in this chapter in connsction
with base etc. are analogous to corresponding results in ordinsry
topology.

In chapter 3, we deal with quotient and product fuzzy
topologies. Here we give the definitions end prove certain results.
By constructing a counter example we establish that the product of
C:spaces is not necesserily CI which is s deviation form corresponding

result of ordinary point set topology.

*The suthor haos taken some informations from the survey article title
“"Ffuzzy Mathematics - In Relation to Topology" by P.Srivastava(appeare
in the proceedings, Fifth annusl day 1988, The MIR, Allshabad.
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In chapter 4 we introduce various fuzzy compactness and
prove different results based on them. One of the important results
proved in this chapter is 'Tychonoff Theorem’'.

In chapter S we define the notion of fizzy Hausdorff
space, fuzzy reqgular space, fuzzy normal space, fuz2y To, T1 spaces,
fuzzy quasi-?a, quasi-T1 spaces. Ve establish various results with
specific mention of the results which are deviated from the
counterparts in ordinary topology. In this chapter we prove
Urysohn's lLenma. Moreover we introduce the notion of connectedness
and g- connectedness and prove certain results. One of the
inportant results proved in this chapter is ths fellowing:-

“A product space (X,7) of a family of fuzzy topological
spaces ;(XX?TA):AeA} is connected iff each co-ordinate space
(&if TA ) is connected."®

In ehapter 6, we discuss the algebraic structures in
fuzzy space like fuzzy group, fuzzy vector space and mention
elementary results in this direetion. We alss define fuzzy metric
space and fuzzy uniformity and prove a few results.

In the last chapter we mention verious applications of
fuzzy theory in different fields with details of a couple of

applications.
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CHAPTER 1
TOPOLOGICAL STRUCTURES ON FUZZY SET

The fundamental concept of fuzzy~ssts was introduced by
L.A. Zadeh in (32) and provided s natural framework for generaslising
many concepts of general topology. Chang (&) develeped the theory
of fuzzy toepological spaces. According to Chang's definition of
topological space, constant functions from X to I,ths unit closed
interval {0,1] , are not necdssarily continuous. To remedy this,
Rowen (19) proposed an alternative. Dut in the process he lost the
eoncept that fuzzy topology generslises ordinary topolcgy.

This chapter is devoted to the study of various topological
structures on fuzzy set like fuzzy topolegy, fuzzy neighborhood, fuzz
closure & fuzzy interjer, fuzzy derived set, fuzzy boundary, fuzzy

continuity base and subbase for a given fuzzy topology ctc.

8 1. PRELIMINARIES

tet X = {x } be a space of points. A function A:X:+1 = [8,1] is
called a2 fuzzy set in X and the function value A(x) for x eX is
called the "grade of membership® of x in A.
DEFINITION 1.1 (Chang, 68 (4) ) Let A and B be two fuzzy sets in X.
Then A=B& A(x) = B(x) ¥ x in X

ACB iff A(x) X B(x) ¥ x in X

€ = AUB iff C(x) = Max {Atx), B(x) } ¥x in X
D = ANB iff D(x) = Min ﬁA(x), 8(x)) ¥x in X
€ = A® iff E(x) = 1-A(x) ¥x in X

Hore generally,for a family of fuzzy sets R\ = {Ak :AehA } the union

C=U A, and intersection D = N A
A )
A . - A

A are defined by
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€(x) = Sup { &A (x) } ¥x in X
IR
and Dgx) = Inf { AA (x)} ¥ x in X
A
The symbols 8 and 1 are used to denote the empty and the full fuzzy

sets defined by 0 (x) = €@ ¥ x in X and 1 (x) = x v x in X

Note: However in some chapters we shall use the symbel X, to represent

A
the function 1 in the set Xl.
An ordinary point x ¢X is called a crisp point and is

jdentified with its characteristic function g¥* . If § is an
x}

ordinary ("crisp") subset of X, then its characteristic function

Xg is & fuzzy set.

§ 2. FUZZY TGPOLOEGY

In this section we define fuzzy topological space (Chang). The
alternative definition given by Lowen (19) is also included.
DEFINITION 1.2.1 (Chang, 1968 (4) ) A fuzzy topolofgy is a family
T of fuzzy sets in X which satisfies the fellowing conditions
(i) Bandl ¢ T
(ii) If A,B T then A N B ¢T |
e T for each A ¢ A then Yy A e T

A A
Acd
T is called a fuzzy topology for X and the pair (X,V) is a fuzzy

(iz3) IFf A

topological space (or fts).

Every member of T is called Y-open or open fuzzy set.
Evéfy fuzzy set A is called T-closed(or fuzzy closed) if A is in
T+ As in genersl topology, the indiscrete fuzzy topology contains

only 0 & 1 while discrete fuzzy topology contains all fuzzy sets.
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THEQREM. 1.2.2 (Warren, 1978 (29)) If Th,AeA are fuzzy topologies
on X, then ZW TA is also a fuzzy topology on X.
PROOF: Straight forward.

THEOREM. 1.2.3 (Warren 1978 (29)). Let (X,T) be an fts.
(1) Then 0 and 1 are closed fuzzy séts.
( 2) If €, ,Xeh =re closed fuzzy sets then ;R ¢, is a
closed fuzzy set,
{(3) 1f D and &€ are closed fuzzy sets, then DUE is e closed

fuzzy set.

PROOF: (1) & (2) follow from definition.

For (3) observe the fallowing result:

If $ is a noncmpty set of real numbers, then 1t i
inf{ x:xgS} = - sup{ - xixe 5} and

inf il+x: xeS} = le inf{ x:xeSY) .

DEFINITION. 1.2.4
A fuzzy topology T is said to be cosrser than a fuzzy\topology S
(or S is finer than T) iff JcS,

In 1976, towen(19) introduced an alternative definition of
fuzzy topology end in the process the constant fuzzy sets were made
continuvous.

DEFINITIAN. 1.2.5 (Lowen 1976 (19)) A fuzzy topology.on a set X
is a family T of fuzzy sets in X which satisfies the following
econditions.
(1) For all ocl, ka e T where ka + X »1 sueh that

k, (x) = o for all xeX

{2y 1r
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(2) 1IFA,Beg T then AN B e T,

A ya M T

(X,T) is called a fuzzy topological space.

(3) 1If A.e ¥ for all A ¢ A then

To avoid confusion, we term this topologiecal space as quasitopologicsl

space or gfts.

§,3. FUZZY NEIGHB8ORHOGD

In this section we intreduce the notion of fuzzy neighborhood of
a point and the fuzzy neighborhood of a fuzzy set. e prove a few
elementary results in this direction and finally concentrate on the

fuzzy neighborhood system of a fuzzy set.

DEFINITION. 1.3.1 (Warren,1078 (29)) A fuzzy set N in a fts(X,T)
is said to be 8 neighborhood of a point x ¢ X iff there is an element
A ¢ T such that AC N and A(x) = N(x)> O

A fuzzy neighborhood of a point x ¢ X i3 frequently denoted
by Nx' A fuzzy neighborhood ﬁx of a peint x ¢ X is saild to be open
ifre N oeT

from the definition,it follows that if N ¢ T such that

N(x)> 0 then N is a fuzzy neighborhood of x ¢ X.

THEDREM. 1.3.2 (ﬂarten,1%78(29)) If M and N ere two fuzzy

neighborhood of x then Nxﬁ Nx is also a fuzzy neighborhood of x.

PROBF: Straightforward

DEFINITION. 1.3.3 (Chang, 1968(4)) A fuzzy set N in a fts (X,T)
is ssid to be 2 fuzzy neighborhood (or f-nbhd) of a fuzzy set A
iff there exists P ¢ T such that ACPCN,.
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This definition is a generalization of the definition o
a neighborhood of a set in a topological space (X,3)
THEOREM. 1.3.4 (Warren 1978 (29)) Let (X,T) be a fts and N,A
two fuzzy sets in X. Then N is a f-nbhd of A iff, given xe X
satisfying A(x)> O, then there exists Moe T sueh that
Alx)g Mx(x) and M _c N.
PROBF:>' Assume that K is a f-nbhd of A
. "3Gg T such that AcGCN.,
Now, given x ¢ ¥ for which A(x)> 8, then choose G = Moo
‘' Assume that given x ¢ X satisfying A(x)> 0 then therc exists
M, € T suech that Alx)« Mx(x) and ¥ = N
Consider 6= U{M e T : O< A(x)e %x(x) and N _c N}
.»'Ge T and AcGc N (. for every x e¢X with A(x)> 03atleast one Mx)
N is a f-nbhd.
THEGREM., 1.3.5 (Lou & Pan 1980 (18)) The intersection of sny two
f-nbhds of a fuzzy set A in a fts(XJ) is alse a f-nbhd of A.
PROOF: Straightforward.
THEOREH. 1.3.6(Lou & Pan 1980 (18)) Any fuzzy superset of a
f-nbhd N of a fuzzy set A in a fts (X,T) is again a f-nbhd of A.
PRGOF: Straightforward,
THEGREM, 1.3.7 (Chang, 1968(4)) A fuzzy set A is open in a fts
(X,T) iff for each Buzzy set B contained in A, A is a f-nbhd of B.
PROOF:(>) obvious
(&) - AcA .- A is a f-nbhd (b-y hypothesis)
"ICeT »AcCcA. A = Cand A is fuzzy open.
THEOREM, 1.3.8 (Warren 1978 (29)) A fuzzy set A is open in a fts
(X,T) iff for every x ¢ X satisfying A(x) >B§ﬁ£:k:amx(x) = A(x).
PROOF: (&) Let 6 = U {N e T: N = A and Nx(x) s A(x) >0)
Then G ¢ T and G = A. For the other part of the result take N, = A.
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THEOREM. 1.3.9 (Warren 1978 (29)) A fiuzzy set' A is open in a

fts (X,T) iff it is a f-nbhd of each point at which it assumes a
positive value.

PROOF: Follows from Theorem 1.3.8 .

THEOREM. 1.3.10 (Warren 1978 (29)) A fuzzy set A in a fts (X,T)
is closed iff, given x ¢X for which each N, satisfies Nx(x);#Ac(x)
or Nx(y)> A®(y) for some @ cX then A(x) = 1.

PROOF: Apply theorem 1.3.8 to the fuzzy set A® .

DEFINITION. 1.3.11 (Chang 1968 (4)) The fuzzy neighborhood system

of a8 fuzzy set in a fts is the family of all f-nbhds of the set.
THEOREM:1.3.12 (Chang 1968(4)) If71 be the fuzzy neighborhood
system of a fuzzy set, then finite intersections of members of
belong to N and each :fuzzy set which contains a member of ¥)
belongs to 1.

PROOF: Use theorems 1.3.5 and 1.3.6

THEOREM: 1.3.13 (Lou and Pan 1980 (18)) Letv\ be the fuzzy néighbor-
hood system of a fuzzy set A in a fts (X,T). Then each member

Ne 1 is a fuzzy superset of a member Mcfiand Mg T

PBOOF: Straightforward

4. CLOSURE AND INTERIOR OF FUZZY SET.

In this section we study the basic notiaons of closure and interior
of a fuzzy set.

DEFINITION. 1.4.1 (Warren 1978(29)) Let A be a fuzzy set in a fts

(X,7).The closure of A, denoted by A, is defined by
B = {B: B¢T and Ac B} .
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THEQREM. 1.4.2 (Warren 1978 (29)) Let A be a fuzzy set in a fits
(X,T). Then A is cleosed and is the least closed fuzzy set such that
ARoA or A s A . Also A is eclosed iff A = R ,

PROOF: If A = A then there is a sequence of closed fuzzy sets

B_ such that 0/ B8  (x) - A(x)< % ¥ x in X.

Hence A = B which is closed.The other results are essily verified.
THEOREM. 1.4.3 (Warren 1978 (29) Let A and B be two fuzzy sets in

a fts (X,T). Then (1) 8 =8 (2) A<k (3) R = &

PROCF: (1) and (3): As 0 and A are T-closed so they ere equal to
their closures.

(2) Follows from definition of closure

Theorem:1,4,4 (Warren,1978 (29)) ket A and B be fuzzy sets in a

fts (X,T). If AcCB then Ac B

PROOF: - B is the smallest closed set which conteins B so Ac:BE%
But & is the smallest closed set which contains A . So & B

JYHEOREM. 1.4.5 (Warren 1978 (29)) Let A and B be two fuzzy sets in
a fte (X,T). Then (1) AUB=AUB (2) AnB-RA~EB
PROGF: () K U B is a closed superset of A U B
By definition it follows that A U B A 0 B
On the other hand A U B =A = A U B = &
Similerly A UB =B . Honce AUE =AUB

{(2) 8y theorem 1.4.8, AnB>ANnE

DEFINITION, 1.4.6 (Chang 1968 (4)). Let A and B be fuzzy sets in

a fts (X,T) and let A>B. Then B is called an interior fuzzy set
of A iff A is a f-nbhd of B.
The union of all interior fuzzy sets A is celled the interior

of A and is denoted by A°.
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THEOREM. 1.4.7 (Chang 1968 (8)). Let A be a fuzzy set in a fts
(X,7T). Then A® is open and is the lergest open fuzzy set conbained
in A. The fuzzy set Ais open iff A = a°.
PROGF: By definition 1.4.6, clearly, A® is itself en interior
fuzzy set of A. Hence,3 B gT such that 2°= <A
But 8 is an interior fuzzy set of A. So B=R%,. A% =8
- A9 s open and is the largest open fuzzy set contained in A.
I1f A is open, then A is an interior point of A .- AcA® A= AD.
The converse is obviously true.

From theorem 1.4.7 it follows that (A%)° = A°
THEOREM, 1.4.8 (Warpen 1978 (29)). Let A and B be two fuzzy sets
in a fte (X,T). Then (1) A =(B>A%=g?
(2) a°n 8% = (A nB)% (3) A% 8% (A U B)°
PROOF: Straightforward.
THEOREM. 1.4.9 (Werren 1978 (29)). Let A be a fuzzy set in a
fts (X,T). Then (1) (A9)° = (M (2) (A%) = (A%)C
PROOF: For any xeX

(B)€ (x)

(1]

1 - A(x) =1 - inf{ D(x) : 6eT & DOA)
sup { 1 ~P(x) : D¢7¥ and DA )

sup { D%(x) : D% ¢ T and A= 0°)

f

sup { B(x) : B ¢¥ and Bc A®) = (A®)° where B = DF,

i: :ln
Proof of (2) is similar.
DEFINITION. 1.4.16 (Ming ¥ Ming 1ag8c (21).

:x-r ]x,

Let X be a set and f : 1
(1) Then f is colled a fuzzy closure coperator for X iff for all
fuzzy sets A & B in X (C1) F(0) = 0 , (€2) F(A)DA

(€3) F (F(A)) = A & (Ca) F(A U B) = f(A) U F(B)
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(2) f is called a fPuzzy interior operator for X iff for all
fuzzy sets A & B in X (I1) f(1) = 1 (I2) fF(A)<A
(13) 7(F(R)) = A & (14) £ (ADB) = f (A)" £(B).

The following theorems can be easily verified.

THEOREM. 1.4.10 (Ming S Ming i80G))tet f: 1X-«1* be a closure

operator on X. Thea T = { A elx : f(A) = A }is a fuzzy tepology

and f(A) = AS

THEOREM. 1.4.11 (Wong  (33)) tet f: IXs 1% be an interior

X

oparator on X. Then T =2 { Agl”: f(A) = A }is a fuzzy topology and

f(A) = A°.

§.5. DERIVED FUZZY SET,

In this section we deal with' fuzzy limit point of a fuzzy set and
derived fuzzy set.

DEFINITION. 1.5.1 (¥Warren 1978 (29)) Let A be a fuzzy set in 8

fts (X,7). A point x ¢X is called a fuzzy limit point of A iff
whenever A(x) z 1, then for each fuzzy nbhd Nx, there exisgs
yeX - {"x } such that (N N A ) (y):#0
or whenever A(x):# 1 then A (x) >0 and for each open fuzzy
nbhd Nx satisfying N:(x) = A(x), there exists y ¢ X - { x}
such that ( N 7 A) (y) # ©.

DEFINITION. 1.5.2 (Warren 1978 (29)) Let A be a fuzzy set in a

fts (X,7). The derived fuzzy set of A (denoted by AD) is defined
as AP(x) = & (x) if x is a limit point of A
= 8 otheruise. ]
REMARK: 1.5.3 1If all fuzzy sets sre restricted to the usual concept

of general topology then definitions 1.5.1 and 1.5.2 agree with thke



general topology concept of limit point aend derived set.
THEOREHM. 1.5.4 (Warren 1978 (29)). Let A be a fuzzy set in a
- fts (X,7) and let x¢ X. Then x is a fuzzy limit point of A iff
AD(x)> .
PROOF: This is a consequence of definitions 1.5.1 & 1.5.2.

It is clear from definition that APc A.
Next consider the following theoren.
THEOREM, 1.5.5 (Harren 1978 (29) let A be a fuzzy set in a fts

D(:

(X,T) Then (1) A is T-closed iff A = A,

Furthermore (2) (A®)P%= &, (3) A u A° = .

b

PROOF: (1) If A is closed then R = A. But AQ: R .. A%< A.

New assume that Aq: A. ¥e shall show that A = R.Take xg X
If Au(x) = R(x) then since aP. A=R, it follows that A(x) = A(x).
1¢ AP(x): # A(x), then x is not s 1imit point of A and K(x)> 0

When A{x) = 1 then A(x) = A(x). So we assume that x is not a
fuzzy limit point of A, A(x)> 0 and A(x). £ 1.
By definition 1.5.1 there is en open f-nbhd N_ such that N:(x) =A(x)
and if ye X-{ x} then (Nxﬁ A)Y (y) = o
Hence if y: #then N:(y)a A(y). Since N: is T-clnsed~:ﬁc:N§
Therefore, A(x)g N-(x) = A(x)
(2) To see that (AD)Q: R use definition 1.5.2 . One gets (AD)DC ;5
Therefore (A%)P= @ince alc %)
(3) Now we verify that A = A ¢ A
We note that if AD(x) = A(x) then A(x) = (A U AP)(x) (- Alx)gc &(x))
On the otherhand, if AP(x): # A(x) then AP(x) = 0 and by the

argument used in the proef of the converse part of (1) one gets

A(x) = Alx).



Now we show that the following statement is false:
if A<B then A= g°
tet X be a nonempty set and take an lelement xoﬁ X. Define fuzzy
getes A snd 8 as follows
Alx) = 0 = B(x) if x € x-{ x_} and a(x ) = 1/8, B(x)) = 1/2 .
Let the fuzzy topelegy on X be { 8, 1, 8} . Then AD(xo) = 1/2

& BD(xo) = 0 . It is noted that x_ is a fuzzy limit point of A

o
but is not a fuzzy limit point of B. ADtizae .
In this example note that (AY U 8°) (x,) >(A U B)° (x,) and
(%1 8% (x )¢ (an)0(x).
However the following resutt is’ valid.
THEOREM. 1.5.6 (Warren 2978 (29)). Let A and B be fuzzy sets in
a fts (X,7) & let x €X.
(1) If x is a fuzzy limit point of A U B then (AD U BD)(x)s(AUB)D(x)
{(2) If x 38 a fuzzy limit point of bath A and B then
(AP 8%y (x) 2an 8P () .
PROOF: (1): AD(x)€ A(x) €(A U B)(x) = (KT B)(x) = (A U B)O(x) and
since BD(x)»S(A u B)ﬁ(x), the result follows.
(2) sinee (A0 B)P(x) S(ANB)I(x) S(EnB)(x) = (aAPn BD)g) the reswit

follows.

6. BOUNDARY OF A FUZZY SET.

In this section we establish a boundary for 8 fuzzy set in a fts.
Bagsed on properties of fuzzy boundasry we define a fuzzy boundary
operator and observe that the boundary operator is an equivalent

way of defining a fuzzy topology. In fact, we shall show that the
space defined with the held of boundary operator is identical toc the

space defined by fuzzy closure cperator.
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l; LT :
DEFINITION., 1.6.1 (Warren 1977 (29)). Let A be a fuzzy set in a fts
B

(X,T). The fuzzy boundary of A, denoted by A, is defined as

AB z inf{ D : 8% T such thst DY(x)> A(x) for all xe¢ X eatisfying
(X 0a%)(x)> 0} .

Clearly, A% is a closed fuzzy set and 28c K. 1f §f7;g = 0 then

AB o inf{ All closed fuzzy sets in X} = §

THEQGREM, 1.6.2 (¥Warren 1977 (29)). If (ANA%)(x)> O then aB(x) = &(x).
PROOF: tasy verification based upon definition 1.6.1

THEOREM. 1.6.3 (Warren 1977 (29)). Let A be a fuzzy set in a fts
(X,7T). Then (1) R = A% ¢ B (2) AB:>§f1;?:>ﬁ - A°

PROOF: (1)If (An AS ) (x)> 0 or A(x) = 0 then AP(x) = A(x).

If (Kr\zg) (x) = 8 and A(x)> 0, then ;E(x) = .

w—

Hence A®(x) = @ and so A(x) = 1 But A® = (A©)® A%(x) = 1 = R(x)
Hence & = A® U AP,
(2) To prove the first fnclusion ,it is sufficient to consider those
x ¢ X for which (EfWEE)(x)> . ‘
It follows from theorem 21.6.2 that Aa(x) = B(x)> (R ;E) (x).
To prove the second inclusion, it is first netéd that & X - A% .
But A% = (A%)C . A® =(AP)Ss A - A° . AnEEoR -
COROLLARY 1.6.4 (Warren 1977 (29)) K = A u AP
PROOF: Apply A=A =A% 20 the Ist part of theorem 1.6.3.

To see that both inclusions in theorem 1.6.3 (2) may cccur,
one may consider the following example:
Let X be a nonempty set. Let A(x) = 3/4 for all x cX.

tet Y= {8, 1, A, &%} .
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THEOREN. 1.6.5 (Warren 1977 (29)). Let A & B be fuzzy sets in
a fts (X,T). Then

(M @8 =0 (2 &BHB=a® () (aueB=a
(&) (auB)u(aus)®z(aue) v (aBusb

BUBB

C

(6) 1f (R0 A ) (x)> 0 then AB(x); A(x)

(s) 1f A0 A® = 8 then AP = (a®)B

(7) 1f §f1;E -# 0 and given ye¢ X such thst ;E (y) = 8, then
AB(y) =n { B (y) : B(x)> A(x) when (ANAS)(x)> 0} .

gROOF: (1) (Q)Bc:(g) = 0 , the result is immediate.
8 8

a—_—

(2) AP is closed and A% - (AB)B=a® - &
. ) B

So we take xe X such that (R UB N (A U B8)® )(x) >0

e shall show that (Aq u gB Y(x) = (A U B) (x)

1f K(x) = 0 then AB(x) = R(x) (. AB=X)

If K (x) >0 then, since (A U 8)° = A°n BS<AC it follows that
A(x)s (A © B)S(x) >0 .

Thus (A 235 (x) >0 and AB(x) = A(x) (by theorem 1.6.2).
sinilarly 8°(x) = B(x) .. (A 4 8B)() = (R0 B)(x) = (AT H) (x)

But A% u 8% is closed From definition 1.6.1, (A u 8)B=a® y 8®

ues

(6) (AuB) U (AU 8)® = (AU B8) (by Corollary 1.6.8)
=KRuB=(huab)y(ue®) aus uabuysd

(5) Since R ;‘E = 0 aB . g = (a%)8

(6) If (A nF)(x))B then by theorenm 1.6.2 AB(x) = R(x) > A(x) .

(7) This is a consequence of definitien 1.6.1

THEOREM.=1.6.6 (Warren 1977 (29)). Let A & B be two fuzzy sets in

a fts (X,T). Then

Bc:A

(1) A =g 1rP AN A% =8 (2) A fs closed iff A
(3) ABnn z 0 1ff A 18 open & erisp

(4) A% = 0 iff A is open, closed & crisp

(s
Ae
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(8) (A8 v (B)B=a® (6) 1f Ace then ABcp u BP

(1) (an8)B=aB u BB (8) A = A% irr ABc a®

PROOF: (1) 1f AP = 0 then by theorem 1.6.3 & A%z g .

R et

Conversely if A n A€ = 8 then by definition 1.6.4
8

A" = n { all closed fuzzy sets in X} = 0 .
8 theng
(2) Since Ac A, if A is clesed/A c A

Stnce A = A U B® , if AB— A then & = A.

B

(3) Let AN A = 0 . We shall show that A = (A)® which is open.

-

1 Therefore (A®) = A .
0 <K(x) and so (AnA®) (x) = O

then A(x) = 0 then A(x)

But for Av(x)> O, AB(x)

— —
A% (x) =0 A9(x) =1 -~ (A®) = A ..A is open & crisp.

Next assume A is open & crisp

e

1?7 (K‘WXE)(x)> O then AS(x) 8

C:Ac

1

1> A(x) So A
when A(y) = 1, then AB(y) = 8 aBna =0
(4) Apply the parts (2) & (3) of this theorem.

(5) Set 0 = A%n (A®)C. Sinee (A%)° = A% - D& NAS

So when D(x)> 0 then A%(x)< & (x) = aB(x)

Since AP is closed By definition (A®)Bc AP

Since ﬁlﬂ(ﬁ)ccrirwzg By similar argument it can be shown that
(K)Bc a8 .
(6) If AcB then Ac B .

From theorem 1.6.3 APc X and =8 U B .
(7) Set D = AnB n(A — B)®. Since Dt:(Kf1;35 u (ﬁT\gg) it. fellows
that if D(x)” 6 then (A nzg)(x)> g or (Etwgg )(x)> o

Kence AB(X) = a(X) ar BB(X) = g(X) B («AnB)(X)< (AB U BB)(X)

gut A% u BY is closed. Thus by definition (An8)8< aP y 8% .
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B

(8) I1f A = AD, then, since ABc:Kbit follows that A =A%, On the

other hend if AB= 2% then & = A° U AB = A% u A% = A°

Now we produce an example to show that properties (2) and
{(6) of the previocus theorem can't both hold.

Let X be a2 nonempty set. Let T be the set consisting of the
constant functions 0, A%, 1 where Ak (x) = 1/2 for all x in X.
Let A be the constant function given by A(x) = 3/4 for 8ll x ¢X.
Then R = 1, ;E(x) = 1/2 and A%(x) = 1/2 for all x in X. If both
(2) and (5) hold then AB(x)s (KIWZE)(x) = 1/2 and (2) would give
A(x) = 1/2 for 211 x in X, a contradiction.

Now we define fuzzy boundary opersator.

DEFINITION. 1.6.7 (Warren 1977 (29)). Let X be a set and let 8
X

into 1%, set Pp(A) = A U B(A) and set
X

be a function from I
v(A) = p(A) n ¢(A®) where (1" is the collection of all fuzzy
gets in X and A elx . Then Bis called a fuzzy boundary operator
for X iff for all fuzzy sets A & B in X the following axioms are
satisfied.
(81) g(0) = 8 (B2) g( B (A4)) < g(A).(B3)g(A U B) < g(A) ug(B)
(B&)P(A) U ¢(B) < (A U B) (BS) If vw(A) = O then 8(A) = B(AS)
(86) If(v(A))(x) > 0 then (B(A))(x) > A(x)
(B7) If v(A)- £ 8 and given yeX such that ($(A))(y) = O then
(8(A))(y) ==inf {(P(E))(y) : (P(E))(x) > (P(R))(x)

/ whenever (v(A))(x)> 0} .
Clearly in a fts (X,T) if g(A) = AR for each fuzzy set A in X,

then g is a fuzzy boundary operator for X by theorem 1.6.5.
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THECREM. 1.6.8 (Warren 1977 (29)). Let B be a fuzzy boundary

operator for the set X and define ¢ : I¥+ Ix by e(A) = A U g(A)

for each fuzzy set A in X. Then ¢ is a fuzzy closure operator for X

and g(A) = AP,

PROOF: Clearly 0(0) = 0 U Rg(§)= 0. It is obvious that A< 6(A) and
9(AY=p(a(A)). MHoreover by B2 & 83

0(o(A)) = o(A U g(A)) = A U g(A) U g(A U g(A)

<A U g(A) U g(g(A)) = A U g(A) = @g(A)
Also (A UB) =AUB UB(AUB )= AUB 8 g(A) U g(B)

=g(A) uUe(B) by B83.

On the otherhand, by B4 6(A U B) > e(A) U e(B). Thus 6is a fuzzy
closure operator for X.
To show that g{A) = AB we note that the closure operator 8induces :
fuzzy topology on X in which 6(A) = R, Put C = Kfﬁzz .

If € = 0 then A® = B. Also by B5,8 (A) = 8(AS) and thus 8(A) = 0.

If C £ 0, then A =2 U { Eng(E): (E U B(E)) (x) >(A U B(A)(x) if
C(x)> 0}

When C(x)> 0 then by B6,(g(A))(x)> A(x).

Hence AB(x) = (A U B(A))(x) = (B (A))(x)

when C(y) >0 then (A U g(A))(y) = 0 or (AS U g(A®))(y) = ©

In the first case, (8(A))(y) = 0 and AB(y)

0. In the 2nd case,

B? is applied and we conclude that AB(y) = (B(A))(y) .

B

THEGREM. 1.6.9. (Warren 1977 (29)). Let (X,¥) be on fts and A~ the

fuzzy boundary of a fuzzy set A in X. Define @ : Ix,+lx by

8

6(A) = A U A", Then 6 is a fuzzy closure operator for X and 6(A) = &

B

PROOF: By corollary 1.6.4, A U A~ = A, Hence @is a fuzzy closure

operator.
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THEQOREM. 1.6.10 (Warren 1977 (29)). There is a natural 1 - 1
correspondence between the set of a1l fuzzy boundary operators

on X and the set of all fuzzy topologies on X.

PROOF: Define T to be the set of all fuzzy closure operators on X.
Define ¢ tobe the set of all fuzzy topologies on X & define A

to be the set of all fuzzy boundary operators on X. Based on
theorem 1.4.3 and 21.4,5 it is easy to verify that there is a
natural map t : Y+I' which iz 1 - 1 & onto.

Trheordm l1.6.5 establishes 8 map fF:9+ A . Therefore from theorem
1.6.8 we deduce that there is a 1l-1 map g:A:+ T Such that

g'l ot = f, It follows from theorem 1.6.9 that f is onto.

§.7. CONVERGENCE OF SEQUENCE OF FUZZY SETS.

In this section we define few terms in comnection with sequence of
fuzzy sets and prove a theorem.

DEFINITION. 1.7.1 (Chang 1968 (4)). A sequence of fuzzy sets

{An i n=1,2...] is said to be eventually contained in a fuzzy set.
A iff there is an integer m such that, if ny o then Anc: A.

The sequence is said to be frequently conteined in A iff
for each m there is an integer n such that n>m and Anc A.

DEFINITION. 1.7.2 (Cheng 1968 (4)). A sequence of fuzzy sets

{A, t m=1,2,...} in a fts (X,7T) is said to converge to a fuzzy
set A iff it is eventually contained in each fnbhd of A,
DEFINITION, 1.7.3 (Chang 1968 (4)). Let $ be the set of non-negetive

integers. The sequence {Bi; i=1,2,...} is said to be a subsequence

of {An tn= 1,2...y iff there is a map f from 3 to J such that
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Bi = Af(i) and for each integer m there is an integer n such that
f(1)> » whenever i> n.

DEFINITION. 1.7.4 (Chang 1968 (4)). A fuzzy set A in a fts (X,T)

is called a clusterfuzzy set of & sequence of fuzzy sets fﬂnznal,z..}
iff the sequence is frequently contained in every f-nbhd of R&.
THEOREM, 1.7.5.(Chang 1968 (4)). If the f-nbhd system of each fuzzy
soet in a fts (X,7) is countable then the following are true.

(a) A fuzzy set A is open iff each sequence of fuzzy sets
{An:n s 1,2,...) which converges to a8 fuzzy set B contained in A
is eventually contained in A.

(b) If A is g cluster fuzzy set of the saquenceihn:nal,z,..}
of fuzzy sets, then there is a subsequence of this sequence converging
to A.

PROOF: (a)(=>)Since A® T and B A . Therefore A is a f-nbhd of 8,
But {An:nzl,z,l converges to B.
By definition {Rn :t n=1,2,.. }is eventually contained in B.

(&) Fer each B A let Uy Uy,... be the neighborhood
system of B, Let Vn 2 r%‘ Un. Therefore Vl, Vz,... is a sequence
which is eventually conggined in each f-nbhd of B.

Therefore VJ’VZ""‘ converges to B. Mence there is an m such that
for n2m V < A. The V'e are f-nbds of B.
Therefore by theorem 1.3.7, A is open.

(b) Let R,,R,,... be the nbhd system of A. Let 5 = U" R..
n i=1 3

Then 31,52,... is a sequence such that Sn+ltisn for each n.
For every non~-negetive integer i,choose f(i) such that F(i)> i
and Af(i)C:Si‘ Then, surely{ “f(i)‘ i=1,2,.} is e subsequence of

the sequence( ﬁnz n=1,2,.,.. .}Clearly this subsequence converges to A.
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8. BASE AND SUBBASE FOR A GIVEN FUZZY TOPOLOGY,

In this section we establish various results analogous to those

in ordinary topology for base and subbase. The task of specifying

a fuzzy topology is simplified by taking only enough open fuzzy sets
to generate all the topology. ile discusa seme methods for introducing
fuzzy topologies on sets.

DEFINITION, 1.8.1 (Goguen,1973 (10)). Let T be a fuzzy topology on X.

A subfamily. S of T is called & base for T iff ecach member of T can be
expressed as the union of some members of§& .
Alsc a subfamily £ of T is celled a subbase for T iff the family of

all finite intersections of members ofi form a base for V.

THEOREN, 1.8.2 (Warren, 1978 (29)). Let T be a fuzzy topology on X
and £ T. Then,the follawing propertiecs of T are equivalent.

(1) £ is o base for T \
- (2) for each Ac 1, for eaech x¢ X with A(x)> 0 and for each
real no & > 0,3 BET guch that Bc A and A(x) 2e B(x)< &
PROOF: (1)=>(2) : Since Ag T, A{x)> 0 andZ is a base for ¥
Therefore A s q % for some collection{ BA} in 2.
Therefore A(z)s i%pg B, (z)} ¥ =z in X. Given x & §> 0 there

exists 81 ing such that A(x) - BA {x)<8 . Clearly BAC: A.

(2) (1) i Let Ag T and A(x)> 0. .. By hypothesis 3 B, ,& & such
]
that Bx’ncrA and A(x) - Bx’n(x)< i/n.

A= U (B t A{x)>0 &n=1,2,.c..} . -2 is8 a base for T.

PR Y

COROLLARY 1.8.3 (Warren 1978 (29)). Let © be a base for the fuzzy
topology T on X and let A be a fuzzy set in X. Then A is open iff

¥ x ¢ X with A(x)> 8 and for dach &> 0, there is BgE such that
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B=A and A(x) - B(x)<§ .
PROOF: Simple spplication of thesorem 1.8,2

Now we study two general methods for introducing fuzzy
topologies on sets.

THEQOREM 1.8.4 (YWarren 1978 (29)). Given any family I ={ A, e }

of fuzzy sets in X, there is always s unique, smallest fuzzy topology
T on X such that £ <« T and £ is a subbase for V.
PROOF: Take T as the cellection consisting of 8, 1, all finite

intersections of the A, 's and all arbitrary unions of these finite

A
intersections. Now using theorem 1.2.2 the results are easily
"verified.

THEGREN. 1.8.5 (Warren 1978 (29)). Let.-E = {8, :aeA} be any family
of fuzzy sets in X such that for each (A u)eAxA for each x¢ X for
which (Bkn eu J(x)> 0 andfor each & > 0, there is some Bc satisfying
Ba < Bx n Bu and (an BH Y(x) - Ba(x)<6 . Then the collection T
consisting of 0, 1 and all unions of members of -E is the unique,
snallest fuzzy topology on X such that -=<T and % is a base for V.

PROOF: The verification is straightforward.

The above theorem gives another characterization of a base
for a fuzzy topology. We have noted that every base can be sssocisted
to unique fuzzy topology. But a fuzzy topology may have several
distinct basss.

YHEOREM. 1.8.6 (Warren, 1978 (29)).Let = and E be bases for fuzzy
topologies 11 and ‘2 on X respectively. %ﬁen Tliztz iff for each
Ble E; and sach x¢ X for which Bl(x)>-ﬂ and each § >0, there is

8, ¢ B, such that B, B, and Bl(x)~82(x)< 8 .
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PROGF: If T,= T, , then given B,e= and x ¢ X for which B,(x)> 0,

1

it follows that Ble Tz. Since~£2 is a base for 12, the existence of

a8 suitable Bzﬂfollows from theorem 1.8.2.

For the converse, it follews from corollary 1.8.3 that 51CZ12.

Hence Tlc.Tz.
COROLLARY 1.8.7 (YWarren 1978 (29)). Let »El,szba bases for fuzzy
4

topoleogies 1,,T, on X respectively. Then T, = 12 iff both the

following conditions hold:
{(a) For each Ble'gl’ each x ¢X for which Bl(x)> 0 and each § > 0,

there is B

26" Eg such that 82c=B1 and Bl(x) - Bz(x)< s .
(b) For each 823’52’ each x ¢X for which Bz(x)> 0 and each ¢ >0,
there is 31951 such that Blc:B2 and Bz(x) - Bl(x) <8 .
PROOF: Straight forward.

Finally, we define Cl1 space.

DEFINITION. 1.8.9 (YWong (31)).A fts (X,T) is said to be C,, if there

11
exists a countable base for T.

§. 9.- FUZZY CONTINUITY,

In this section we study the generalized notion of continuity
introduced by Chang in (4). As & preliminary, we mention various
properties of fuzzy sets induced by mappings.

DEFINITIGN. 1.9.1 (Chang 1968 (4)). Let F be a function from X to V.

Let B be a fuzzy set in Y and A 8 fuzzy set in X.

The inverse imege of B under f is the‘fuzzy set ?1(8) in X is defined
by (?I(B))(x) = B(f(x)) for all x in X.

The image of A under f is the fuzzy set F(R) in Y defined by
(F(A))(y) = ggg {a(2)} if ?1(y) = {x:f(x)=y} is nonempty

z€F (y)
= 0, otherwisce, for a8ll y € Y,



THEOREM. 1.9.2 (Chang 1968 (4)). Let f be a function from X to V¥
Then, (a) (% = (71¢8))° for any fuzzy set B in Y
(b) F(R®)=(f(A))® for any fuzzy set A in X.
(c) By BZ:}?I(BI): ?1(82) where B, and B, are fuzzy sets in ¥
(d) M ASf (A f(A;) where A; and A, are fuzzy sets in X
(e) B::f(?l(B)) for any fuzzy set B fn Y
(f) AC:?I(F(A)) for any fuzzy set A in X

JHEOREM, 1.9.3 (Chang 1968 (4)). Let f be a function from X to V
and g be a function froo Y to Z. Then for any fuzzy set € in Z,
(gof)’l(c) = f'l(g“l(@)) where gof is the composition of g and f.
THEOREM. 1.9.4 (Warren, 1978 (29)). Let f be a function from X to V.
1f A, Al,k e Al are fuzzy sets in X and {f 8, Bu,u € Az , arve fuzzy
sets in Y, then the following relations are valid.

(1) #(r71(B)) = B when f 15 onto Y (2) F(DA ) 1 F(A, )

)ty =n el ) WA )= A)

() «lue ) =ueite ) (&) FFTiB) N A) = B N FA).
The results given in the asbove theorems are all consequences of the
definitions of £(A) and f"1(B) and can be verified without much
difficulty.

Now we sre in a position to define the continuous functions in
fuzzy structure.

DEFINITION, 1.9.5 (Chang 1968 (4)). A function f frem a fts (X,7)

to a fts (Y U) is called fuzzy continuous (or F-continuous) iff
the inverse of each U-open fuzzy sets is Y-open.

DEFINITION, 1.9.6 (Wong (31)). A function f from s fts (X,T) to a

fts (Y, U) is said to be fuzzy open (fuzzy closed) or F-open (F-closed)
iff it maps an open (closed) fuzzy set in (X,T) onto an open (closed)
fuzzy set in (Y ).
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DEFINITION, 1.9.7 (Chang 1968 (48)). A fuzzy homeomorphism or

F-homeomorphism is defined as an F-continuous bijection of a fts
(X,7) to a fts (Y, U) such that the inverse of the map is adso
F-continuous.

DEFINITION., 1.9.8 (Chang 1968 (4)). Two fts's are said to be

f-homecmorphic(or topologically F-equivalent) iff there exists
e fF-homeomorphism of one space onte another.
THEOREM. 1.9.10 (Chang 1968 (4)). Let (X,T) and (YY) be fts's.
A mepping f: XY is F con}in&ous iff the inverse image of every
Y-closed fuzzy set is T-closed.
PROOF: (=) Let B be aU-closed fuzzy set in Y. - B ¢
. f'l(Bc)g T (- f is F-continuous). But, f'l(Bc) = (f"'l(B))c
(r~1(8))% T . Hence £ 1(B) is T-closed.
(&) tet BeU . B® is closed fuzzy set in Y.
By hypothesis F2(8%) is T-closed .. (£ 1(8))° is T-closed
. ¢1(B)e T. Hence f is. F-continuous.
THEOREM, 1.9.11 (Chang 1968(4)). If (X,T) & (Y, U) are fts's and
. f is a function on X to Y then the conditions below are related
as follows: (a) (b) ; (b) (c) and (c) (d)
(a) The function f is F-continuous.
(b). For each fuzzy set A in X, the inverse of every fuzzy
nbhd of f(A) is a fuzzy nbhd of A,
(c) For ecach fuzzy set A in X and each fuzzy nbhd V of f(A),
there 1is a fuzzy nbhd ¥ of A such that f(W)= V
(d) For each sequence of fuzzy sets{ An:n=1,2,... }in X which
converges to a fuzzy set A in X, the sequence gf(An), n=1,2,...}

converges to f(A).
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;’RBUF. (a) 2> (b) Let A be a fuzzy set in X & V a fuzzy nbhd
of F{(A). . V contains an open f-nbhd 4 of f(A)
Since. F(A)c eV  Tharefore FI(f(A)) = £ i(i)e fl(v). But
ac £(r(a)) and £71(u) 1s open.. F71(V) is a f-nbhd of A.
(b) >(c): Since F-1(V) is a fuzzy nbhd of A
Therefore f{#) = P(FL(V))c=V where ¥ = r’l(v).

(c)=>(b): Let V be a f-nbhd of f(A). Then, there is a
f-nbhd W of A such that F(W)cV. So Fi(fF(w))= ¢ l(v).

But We F1(F(W). Hence £ 1(V) is a f-nbhd of A.

(c)=>(d): 1f V is a f-nbhd of f(A), then there is a
f-nbhd W of A such that f(W)= V. Since { A : n=z1,2... }Hs eventually
contained in W .. There is an m such that for n 3m, Anc.w

f(An)c (W) for n> m..f{f(An): n=1,2,...} converges to f(A).
THEOREM. 1.9.12 (Yarren 1978 (29).Let (X,T) & (YU) be fts and
f:X*Y a mapping. Then the following conditiens are equivalent.

(a) The function f is F-continuous.

(b) For every xt& X and every F-nbhd N of f(x),'F'l(N) is
a8 f-nbhd of x

(c) For every xe X and every f-nbhd N of f(x) ther? is
a f-nbhd M of x such that f(M)< N and H(x) = (£ 1(N))(x).

PROOF: It follows frowm theorem 1.9.11 that (a)=>(b) & (b)=>(c).
tet us prove that (c)=(a)
Let BeU & x& X such that (£ 2(B))(x)>:0 .~ B(f(x))> 0 and B is a
f-nbhd of F(x) (by definition).

By hypothesis, there is a f-nbhd # of x such that f(M)c 8 and
Mix) = (£~1BN(x). mer ()= o)
Therefore by thesorem 1.3.8 f'l(B)e T.
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THEQOREM: 1.9.13 (Yarren, 1978(2973} Let (X,7) & (Y, U) be
fte and f: X +Y a function. Then the following conditilons
are equivalent

(a) The function f is F-continuous

(b). For every fuzzy set A in X f(R)<F(A)

(c). For every fuzzy set B in Y);:T?;)c: f'l(B)

Proef: (a)=>(b) By definition, F(A) = U {B: f(A)c B, B¢ U}
Therefore -1 TFIAY) = u{ §72(B): f(A)c 8, 8% ¥}
Now by theorem 1.9.10 f'l(B) is closed fuzzy set in X. Also
£~1(8)>A . Therefore & ¢ £~1(B) .~ Acuw (r~1(8)}
R c ¢ (F(A)) .. ¢e(R)< F(A).
(b) = (c¢) Since ¢ 1(8) is a fuzzy set in X, it follows
that £(r~2(8))c7(r1(B))cB . 1(B) = £~ 1(B)

(c)>(a) By theorem 1.9.10 it suffices to prove that

the inverse image of every U closed fuzzy set is T-closed

Let O be a closed fuzzy set in (Y;U) Then f"l(D)C:f'l(B)zf’l(D)

¢=10) = £ 1(0).. #72(D) is T-closed .. f is F-continuous.

THEDREM 1.9.14 (Bing and Ming 1980 (21)). Let (X,¥) and (Y5U)
be fte and F:(X,T)e (YY) be a Function. Then the following are
equivalent.

(1) f is. F-continuous

(2) for each member VYV of a subbase ¥ for U,
f'l(V) is T-open
Proof: (1)(2) cen be proved in a similar way as in general

topology,
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§.10. SUBSPACE

warren (29) introduced the concept of relative fuzzy topology
as well as subspace. In this section we examine certain elementary

results.

THEOREM: 1.10.1 (Warren 4978(29)). Let (X,T) be a fts and let
A X. Then the family ¥, = {U/Aééﬂe T} is a fuzzy topology on A,
where U/, is the restriction of U to A,

Proof: It can be sasily verified that T, satisfies all the axioms
Of dsflﬂitlﬁn 1'201 .

DEFINITION 1.10.2 (Warren 1978(29)) The fuzzy topology 'A is called
the relative fuzzy topolcgy on A or the fuzzy topology on A induced
by the fuzzy topologgy T on X. Also (A,YA) is called a subspace

of (X,7).%

THEOREM 1.10.3 (Warren 1978 (29)). Let (A,TA) be a subspace of the
fte (X,Y) and let Z be a fuzzy set in A. Further let B be the
fuzzy set in X defined by B(x) = Z(x) if x ¢A and = 0 if x ¢ X-A.
Then 2 = B/g and 89/A 2 z°rw(x:J/A where Z and Z° are with

respect to T, and 8, B° andfxg ere .with respect to T.

Proof: 7 = N {FIR:C/A:Z and (C/a)c‘e Wt
= (0 {Db: DB and 0°€T3})/, =B/,

The verification of other result is similar.
The following definitions and theorems are due to Foster (92). To

avoid confusion we shall use the terms "induced quasi fuzzy topology®,

*relotively gquasi fuzrzy <conhnaoyg”
/qticsi .
“quasi fuzzy subspace”, "relatively fuzzy open" respectively in place
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of the terms "§induced fuzzy topolodgy®, "fuzzy subspace®, “"relatively fiu

fuzzy continuous® & “relaetively fuzzy cpen™ used in (9).

DEFINITION 1.10.4 (Foster 1979 (9)). Let A be & fuzzy set in a
quasi fts (X,T). The induced quasi fuzzy topology on A is the

family of fuzzy subsets of A which are the intersections with A

of T-open fuzzy sets in X. The induced quasi fuzzy topology is
denoted by T(A), and the pair (A,Y(A)) is called a quasi fuzzy
subspace of (X,T).

Note that the induced quasi fuzzy topology does not in general
satisfy the Ist condition of the definition of quasi fuzzy topology.

The remaining conditions are satisfied.

DEFINITION 1.10.5 (Foster 1979 (9). Let(ﬁ,?tA)) and }(8§U(B)) be
two quasi fuzzy subspaces of qfts's (X,¥) & (YU) respectively.

(1) A mapping f of (X,7) % inid v<C-YyW)is called a mapping of
(A.T(A)) into (B}B(B)) if f(A)= B,

(2) A oapping of of (ﬂ,T(A)) into (BfU(B)) is seid to be relatively
quasi fuzzy continuous iff for. each open fuzzy set Vfin‘h(a), the
ol

intersection £~ Vf YN A is in Y(A)

(3) A mapping f of (4], KT(A))n into (Bfﬂ(B)) is said to be relatively
quasi fuzzy open iff for each open fuzzy set U* in I(A) the image

>
f (u“) is iﬂqj(g)o

THEOREM 1.10.6 (Foster 1979,(9) Let (A,T(A)) and (8}0(9)) be quasi
fuzzy subspaces of quasi fts's (X,T) & (YU) respectively, and let
f be a fuzzy continuous aapping of (X,T) into (Y Q) such that
.P(A)=B. Then f is relatively quasi fuzzy continuous mapping of
(A,Teay) fnto (B gy).

Proof: Let Vf be fuzzy open in %(B). . 3 VEQU sueh that Vf = Vng
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A2

8

The inverse image f’l(V) is open in T. Hence f'l(Vf JNA =
frevyneieina = £ V)N A is open in Taye

THEOREM 1.10.7 (Foster 1979 (9)). Let (A, T 4y), (B ) and (€Y )
be quasi fuzzy subspaces of qfts's (X,T), (Y U) and (Z,¥) respectively.
Let f be & relatively quesi fuzzy continuous (resp. relatively quasi
. fuzzy open) mapping of (A,T(A))into (BfU(B)) and g 8 relatively quasi
fuzzy continuous (resp. relatively quasi fuzzy open) mapping of
(BfU(B)) inte (c;v(c,). Then the composition is s relatively quasi
fuzzy continuous (resp. relatively quasi fuzzy open) mapping of
(A,T(A)) into (c:v(c)).
Proof. Let m: be open 1n‘¥(c) Then g’l(wf)r\B is open in‘ﬁ(B) and
F'l(g‘l(ﬁj)rlB)f\A is open in T(A)‘ But (gof)’l(wf)r\A = and
f'l(g’l(wf)rsa)rwa are equal fuzzy sets& 8ince f(A)cH and so gof
is relatively quasi fuzzy continuous. The prédof in the case of

relatively quasi fuzzy open mapgings is trivial.

DEFINITION 1.10.8 (Foster 1979 (9)) tLet (X,7) be a qfts and T(A) the
induced quasi fuzzy topology on a fuzzy subset A of X. A subfamily Ef
of T(A) is a base for T(A) iff each member of '(A) can be expressed

as the union of members of £°.

It is to be noted that if = is a base for a quasi fuzzy topology ¥
on a set X, then EA ={ UNA : UeE } is a base for the induced

quasi fuzzy topology T(A) on the fuzzy subset A.

THEOREN 1.10.9 (Foster 1979(9)). Let (A,T(A)) and (BSU(B)) be 2 quasi
fuzzy subspaces of qfts's (X,T) snd (V) respectively. Let:” be a
base for Uy. Then & mepping f of (A’T(AY into (Bfﬂe) is relatively quasi

fuzzy continuous iff for ecach B” ini” the set 7'1(8’)rlA £s in T(
Proef. Straight forward.

A)°
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§ 11. THE FUNCTORS 'i' AND 'i°'

One observes that there is z natural way to aessociate a fuzzy
topolegy with & given topology and vice versa. This type of
opposite relationship is established with the help;of two
functions denoted by 'p' & 'i'. YWe shall examine the nasture of
these functions.
Let (X,J) be a t opological space. A function f:X+1 will
be called upper semi-continuous iff for ecach real number qel ,
{xe X:f(x)<a } is J-open (ie. {x:f(x)>g} is J-closed)and will
be called lower semicontinuous iff for each acl , {xe X:f(x)>a}
is J-open (ie{ x: f(x)ca } is JT-closed)and will be called
continuous iff it is both upper and lower semicontinuous.
On I consider the usual topology { Ja,l] :a € 1} U{ I}U{g}
and let the resulting topologicsl space be denoted by It.
CEFINITION 1.11.1. (Lowen 1976 (19)) for a fuzzy topolagy T on a

sdt X, £(T) is defined to be the topology on X induced by all
mombers p: Xe Ir of T.

DEFINITION., 1.11.2 (Weiss 1975 (308)). For a topology J on a set X,

w{T) is defined to be the fuzzy topology on X consisting of all
lower semicontinuous functions from (X,J) to Ir'

THEQREM 1.11.3 (Wediss 1975 (38)).Let (X,T) be a topological space.
wl{X) is a fuzzy topology on X snd so (X,n(J) is a fis.

Proof: Clearly the constant fuzzy sets 0 & 1 are lower semicontinuous.
Furthermore, since the supremum of an arbitrary family and infimum of

a finite family oflower semicontinucus functions from X into 1 are

each lower semicontinuous. Therefore the unions of arbitrarily
many and intersections of finitely many clements of u(J) are themselves

in w(T). .. w(¥) is a fuzzy topodogy for X.
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DEFINITION 1.11.4 (Weiss 1975(30)) Let A be a fuzzy set in an

arbitrary set. We define the sets o, (R) end wp(A) for r e 1 by
oA = { xe X 2 A(x)> 7} | -
mffﬁ):tf xe X: A(x)> v}

These sets will be called the strong and the weak r-cut of R,

THEOREM 1.11. 5 (ﬂaiss, 1975 €30)). A fuzzy set A in X 4s open
(resp. closad) 'LPP. For each T> 8, o, (A) 313 opeﬂ (resp. R (A) is
closed. '

Ptoofwatréighﬁﬂ?oéwaid.'-

It 13 clear that 1? S 19 J-open in a topological spac#a

(x, ;J) then the ehaxacteristic ?unetion Xs is ©{(J) - open.
tnenazm 1. 11 s (Weiss 1975 (2&) A mapping £ Ol OV, ()
is. F~continuous i?f f (X, J ){0 (Y,CJ) is contlnuous With
respect to topological apacea. c
Proo?' (=>) Let v be a k:P--apen set

'1(V) —{ xex -xv(f(x)) 1} = {xeX' (f'l(xv))(x)> %) = o%(f;l(xv))
But, by theorem 1.11.5 the latter is J—Open because XV is w{<)-open
and f is F—continuoua. Therefore 3 is continuous.
Convereely, euppose f 18 continuous and B i en open fuzzy set in V.
For any r> 0 'u (f'l(B)) ( xe X: (?”I(B)) (x)‘>r } |

o = {x eX: B(?(x)> ey = e~ 16,47 )

But the latter set is open, becauae 8 is louar aemicontinuous and
f is continoous. By theorem 1.11. 5 f'l(B) is w(J)-open |
Therefora f is F-continuons.‘

THEOREM. 1.11.7 (Lowen 1576 (19)) If f: (X,Td+ (V) is Ficontinuous

then f: (X, 1(T))+ (V,i(U)) is continuous

Proof: Straight forward.
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THEOREM 1.11.8 (Srivagrit:fgv))tet (X,3) be a topolotical space and
(YQU) afts. Then f: (X,7):+(Y,i (¥)) ié continuous = f: (X, w(T))+(V )
is fF-continuous.

Proof: Straight forward.

Let TOP donote the set of all topologies on a set of X and
FTOP the set of all fuzzy topologies on X. Then we have the two
mappings

i; FTOP:+TOP given by T-+ i(7) and » : TOP:+FTOP given by

J+u(3). |
DEFINITION 1.11.9 (Lowen 1976 (19)) If Te FTOP be equal to w(J) for
some JeTOP then T is said to be topologically generated.
THEQREM 1.11.10 (Lowen 1976 (19))

(1) i op = 1dTOP (ii) i sandp are respectively an isotone
surjection and isotone injection. (iii) wo i(T)is the smallest
topologically gencrated fuzzy topolegy which contains T.(We denote it
by T ). (iv) T is topologically generated iff T = ¥
Proof: Strasight forward
DEFINITION 1.11.11 (Lowin 1976 (19)) A function f: (X,¥):+(Y,Y) is

said to be continuous iff f: (X, 1 (V))+(Y, §(U)) is continuous.
THEOREM 1.11.12 (Lowén, 1976(19)) Let (X,7) and (Y,¥) be fts's and
g is a function from X to Y. Then the conditions below are rolated
as follous (1)>(2), (2)&(3) and (3)=>(4)

(1) ¢ is F-continuous (2) g is continuous (3) g:(X,T):+(Y,0)
is F-continuous (4) g: (X,¥):+(Y) is F-continuous.

Proof: This is straight forwaerd.

Next, we state a few results without giving the proofs. For the
proofs we refer the reader b (19(c))
THEOREM 1.11.13 (Lowen 1977 (19)) If f: X—(V, ) then
1 (rrtaw)) = @) = 1 (et
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THEDREN 1.11.14 (Lowen 1977 (19)). If F: X:+(Y,u()) then

w(r 1)) = £ w9

THEQREM 1.11.15 (Lowen 1977 (19)) If X is a set and{3J,} leA 1o a
family of topologies on X then izﬁ © (JA) = w(igp J )

THEOREM 1.11.16 (Lowdn 1977 (19)) 1f X is a set, ‘(Yx'si )} Aehris a
family of topological speecses aend fl : X2V is a family of functions

A
then Sup 3 (w(T)) = w(Sup ( 77} &S
Ach Ael

TREGREN 2.11.27 (towen 1577(22}) 1¢f X is a set and {(YA ,QHA)I Aeh
is a family of fts's and fA s X*-vY1 is a family of functions then
sup ) = Sup el ey, N
THEOREM 1.11.18 (Lowen 1977 (19)) If €:(X,T)» Y then
i (F (1) = FL(T= 4 (F(T))
THEGREYM 1.11.19 (Louwen 1977 (19)) If F:(X,u(J)). =Y then F( @&(3))=w(f(3))
THEOREM 1.11.20 (towen 1977 (19)). If X is a set and {3, }red i &
)= (0 J))

AeA rgh A
THEOREM 1.11.21 (Lowen 1977 (19)) If Y is s set, {(x 0 Y)reh is

we have i(Sup ¢

family of topologies on X then N (3

a family of topological spaces and fA : A*»Y is a ?amily of functions

then N f (m(J N=aw( N £, C3I3.)).
Ach red A A
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CHAPTER 42
. FUZZY POINTS IN FIS

In Puzzy theory the noticn of ordinary point does not enable us to
give, in many situstions, natural results anslogous to point set
topology. In this we fuzzify the concept of polint. It will be observed
that fuzzy point in fuzzy theory plays the sesme role as the point in

the classicel set theory.

§.1. FUZZY POINT AS DEFINED BY WONG.

In this section we deal with the fuzzy point as introduced by Wong(33)
gpd discuss fow properties.

PEFINITION.2.1.1. (Wong (33)). A fuzzy point p in a set X is a fuzzy

set p which takes the value 0 for all y ¢ X except one , say x.
1f p(x) = g where 0.<a< 1 , then p is said to have support x and
value a.

He denote a fuzzy point having support % and value ¢ by X, °

Thus, xafy) =0 forallyg X &y:# x, and gy(x) z Q.

DEFINITION2.1.2. (Wong (33)). Let x, be a fuzzy point and A a fuzzy
sot in X. Then X, is said to be in A or A contains X 0 denoted by
x_ e A iff xa(y).< A(y) for all y ¢ X.
Consider the following theorea.
THEGREM, 2.1.3. (Yong (33)). 7If A = U A1 , where A is any index seté
iAA} is a family of Ffuzzy sets in X;Agﬁen a Puzzy point xa c A iff
xagng\ for some AeA .

In ordinary set theory, this theorem is trivial. But this is
not trivial in case of fuzzy set theory. If one replaces the inequality

in definition 2.1.2 by xufy)s A(y) then theorem 2.1.3 is no longer

true. On the other hand, if we restrict all fuzzy sets to take values
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58 , 1} then definitions 2.1.1 and2.1.2 will reduce to corresponding
dofinitions in eordinsry set thoery provided we use o<ag<l & xm(y)s Aly)
in place of o<ag< 1 & xa(y) <A{y). In other words, our current dafin-
itions will not reduce to the ordinary case even if we impose the
restriction that all fuzzy sets will take vslues 18 s 1} only.
However Hong used this definitiomn and proved tho following results.
tThe proofs of these results are omitted but references are provided.
Tﬁiﬂﬁtﬁ.2.1.a. (tiong (33)). Let (X,T) be an fts. A subfamily 2 of ¥
forms a base of T Aff for every member A of T & for every fuzzy point
X _c A, thore exists a member B of £ such that X, € B c A.

o (X%,T)
DEFINITIOBN.2.1.5. (Wong (33)). Let/be an fts and X is a fuzzy point.

A subfamily E of T is called a local base of . iff X & 8 for every

€3]

member B of -2 and for every member A of T such that xas:A, there

exists a member D of E such that x ¢ B< A,
DEFINITION.2.1.6. (¥Wong (33)). An fts (X,T) is to be Cl if every

lecal
/base.

fuzzy point in X has a countable
THEOREM. 2.1.7. (Yong (33)). If an fts (X,T) is C;; then it is C,.
DEFINITION.2.1.8. (Wong (33)). An fts (X,T) is said to be separable

iff there exists a countable sequence of fuzzy points j(xlz Ix*1,2,00

A
such that for every member A of T & A/#¥ 8 there exists a fuzzy
:/in this sequence
point (x,)°/ sueh thet (x,) eA.

THEOREM.2.1.9. (Wong (33)). If an fts (X,T) is Cypothen it is separable
THEOREM.2.1.10 (Wong (33)). Lot f be an F-continuous function from

a separable fts (X,T) onto an fts (Y,U) .Then (Yfﬁ5 is also separable.
THEOREM.2.1.11. (Wong (33)). Let f be an F-continuous function from

a C; fte (X,7) onte an fts (Y;U). If ¢ is slso F-open, then (Y,U) is c,

The introduction of fuzzy points enables us to discuss conver-
gence in a meaningful way.
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DEFINITION.2.1.12. (Wong (33)). Let Kxn) }n=1,2,... be a sequence
o

n
of fuzzy points. Let L be a fuzzy point with x # X, ¥ n>n, whero n,

is some number. Then (x ) is said to converge to X, 0’ weitten (as
a

(x“)a;* LI iff for evetyﬂmember A of T such that X, € A, there exists
8 number m such that (x ) e A for all n > m.

REMARK.2.1.13. (Wong (33)?. If the sequence{(x ) } n=1,2,.0.. of
fuzzy peints in an fts (X,¥) converges to the fuzzy point L then,

in general a, +#a. In fact, (x ) converges to all fuzzy points xﬁ

if 8> a. In the theory of general topology we have s similar situation.

DEFINITION.2.1.14. (YWong {33)). Let x, be & fuzzy point in an fts (X,7)
and A a fuzzy set in X. Then X, is said to be sn accumplation point

of A iff every member B of T such that Xy € By BNnA, .#8 where A,

a @
is the fuzzy set defined by A (y) =0 for y = x

e = Aly) otherwise.
REMARK.2.1.15 (Wong (33)). if x, 18 an eceumulatip? point of A then
—— points
all fuzzy points Xa with B>a aee accumulatien’of A.

THEQREM, 2.1.16. (Wong (33)). Let (X,T) be 2 €, fts. Ltet A be a fuzzy

1
set and X, @ fuzzy point in X. Then L is an accumulation point of A
iff there exists a sequence of fuzzy points {(xn) },n=1,2,..
’ Gn
such that (x) ¢ R and (x ) .+ x .
Gh Men
THEOREM.2.1.17. (Wong (33)). Let (X,T) be an fts. If there exists a
countable sequence of fuzzy points {(x“)mn) n=1,2,... in X such that
every fuzzy point X in X is an accumulstion point of the fuzzy set
A= U (x_ ) then (X,T) is separable.
n ngn
REMARK.2.1.18. (YWong (33)). The converse of the thesorem 2.1.17 is not
true in general. This is snother deperture from general topology. Ve
have the following counter example.

Lkt X be a point set and x ¢ X. Let AS , 0<B8< 1, be fuzzy sets in X



046

defined by AB(y) z8.for y = x. and Ap(y) = 0 etherwuiss.

Let 7-=({0,1,A, :0g<B8g<1l} . Then (X,T) is an fts. Consider the countable

B
sequence of fuzzy points {xaé' vhere n ranges ever the set of rational

nunbers between 0 and 1. Any pmember B of T such that B: £ 0 will contain
a member of {xun) s Thus (X,T) is separable.

Let X be a fuzzy pgint with CG<a<l. Then X is not an accunmulation
/of any countable fuzzy points becauss, BnAxc =0

point of the union
for 8ll B ¢ T eontaining a&é B:# 1.

§.2. 'BELONGINGNESS'OF FUZZY POINT IN FUZZY SET AS_INTRODUCED BY

SRIVASTAVA & OTHERS.

In an attempt to remove the controversial aspect of the definition 2.1.2
Srivestava and others (27) defined 'belongingness' from o new angle.

In this section we study some results relsted to this definition due

to Srivastave & others.

DEFINITION.2.2.1.(Srivastava & others (27)). Let X be a fuzzy point

and A a fuzzy set in X. Then X, is said te be in A or A contains L
denotsed by xue:A iff xa(x) < A(x) and xa(y) < A(y) if y: £ x .
So, if X, is 2 fuzzy point end A is a fuzzy set in X, then
X Y 4 Aci'xa(x) > A(x) .
THEOREN.2.2.2. (Srivestava & others (27)). Let A be any index set and

x, e fuzzy point in X. Then x_ g U A

iff xm e AA for some A ¢ A
delA

A
where “1.3 are fuzzy sets in X.
A Therefore, xm(x).< (v AA)(x)=Sup Al(x)

A A
Thus x (x) < A,(x) for seme AcAwhich implies that x cA, for some \ed

Proof : (=) Llet x.¢ Y A
¢ 2

(&) xu e Al:> xc(x)<A1(x)\<S:p AA(X) = ( li! AA)(X)
which faplies that X, € u Ak’
Agh
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THEQOREH.2.2.3.(Srivastava & others (27)). If A is s fuzzy set in X

and if A(x);# 0 for some x¢ X, then there exists a fuzzy point x_ such
that x_e A.

Proof : Simple.

THEOREM.2.2.4.(Seivastava & otheps 1981 (27)). A fuzzy set A in X is
the union of all its fuzzy points.

Proof : If A = 0 , then the result is obvicusly true.

Let A;# 8 . Suppose {(xl)aa} AcA be the coclleecticon of all fuzzy points
in A . So (xx)a e A =(x) (%) < A(xk) & (x,) (y)s Aly) for y# x,

™ Ma

A
This can also be written aé (2,) ¢ A =;(§Qc (y). < A(y) for 811 yeX
A

L™
A
which implies that Sup (xl) (y).c&ly) =2 U (x,) = A ....(a).
Y A &y

A AeA
Now A, # 0 there exists & point xe¢ X such that A(x) £ C.
Define & sequence ﬁ(xn)a (x}} of non-zers real numbers as follows.
n
(xn) (x) = A(x) - €, » P=1,2,... where {gn} is a sequence of non-
a

n
negetive real numbers such that Liam £y = c.

n: +o

Then Sgp (xn)an(x) = A{x) . But, Sgp(xn)ah(x).s Sgp (xx)ua(x)

So A(x) < Sup (xh)a (x) «.....(b). Therefore, the inequality (b) holds
A A

good at every point xeg X such that A(x). # 0.

At other points of X the -inequality (b) holds trivially.

Hence, A(y) <Sup (x,)} (y) for all yeX , i.e. A < U (x,) ....{(c).
2 A oy A )Y o

Combining (a) and (c) we have A =z U (xa) .
A “x

§ .3, FUZZY POINY AS INTRGDUCED BY MING AND MING.

In earlier definitionof fuzzy point we have observed that the value
of the fuzzy point x of a set X satisfies 0<a < 1. However Ming
and Ming included the velue } and defined fuzzy point and ‘belonging-

ness in slightly different direction.
DEFINITION.2.3.1.(Ming & Ming 1980 (21)). A fuzzy set in X 1s called

P
e Py 7y
[¢3 td;_..y
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a fuzzy point iff it takes the value 0 for all ye X except one ,say,
x ¢ X . If its value at x is o (0 <ag 1), we denote this fuzzy point
by L where the point x ¢ X is called the support &g is called the
“value,

DEFINITION.2.3.2.(KH & M 198C (21)). The fuzzy point X is said to be

contained in a fuzzy set A or to belong to A, denoted by xce;A s AFY
a gA(x).

HOW we introduce the notion of neighborhood of a fuzzy point.
DEFINITION.2.3.3.(M & M 1980 (21)). A fuzzy set A in an fts (X,¥) is

called a neighborhood of a fuzzy point X (with support xland'vaiua a)
iff there exists an clement B ¢ T such that xaeB = A .
A neighborhood jis said to be open iff it is open in the fuzzy topeclogy.
The family consisting of all the neighborhoods of a fuzzy point Xq is
called the system of neighborhoods of Xy

Corresponding to the above definitions we introduce the followa~

ing important concepts.

DEFINITION, 2.3.4. (M & ¥ 1980 (21)). A fuzzy point X, is said to be
quasi-coincident {or simply Q-coincident) with a fuzzy set A, denoted
by §n¢,ﬁ iff o + A(x) > 1. A fuzzy sot ﬁ is said to be quasi-coincident
(or simply f-coincident) with another fuzzy set B , denoted by A g B,
iff there x ¢ X such that A(x) + B(x) > 1 & in this case we also say
that A and B are Q-coincident.

DEFINITION.2.3.5.(M & M 1980 (21)). A fuzzy set A in an fts (X,T) is

called a Q-neighborhood of a fuzzy point X o iff there exists B ¢ 7T

such that g + B(x) > 1 and B <= A. A Q-neighborhood is denoted by Q-nbhd.
The family consisting of alllithe Z-neighborhoods of & fuzzy point L is
called the Usystem of Q-neighborhoeds of X,

DEFINITION. 2.3.6.(M & ¥31980 (21)). Twe fuzzy sets A end B are said
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te be intersecting in X iff there exists a point x¢ X such that
(AnB)(x) # 0 and we say that A and B intersect at x.
NOTE.2.3.7. (M & ¥ 1988 (21)). A G-nbhd of a fuzzy point generally does
not contain the point itself. The neighborhood structure of a peaint
whiech does not contain the point itself, was studied in ordinary topo?
logy by Frechet in 1916 (cf. H. Frechet, '' Les Espaces Abstraits!'
Paris, p 172 ). He formed the foundation upon which the Frechet (V)
space theory has been built (cf. W. Sierpinsk, "Gensral Topolegy®,
chapter 1. Toronto, 1952). But the fact that A and A® should not
intersect, which is true in the theory of (V)-spaces, is no longer
true generally in the theory of fuzzy topological space. Hence, our
investigation of the G-nbhd structure differs from that of Frechet
(V)-space theory. The substitute for the fact that A and A® do not
intersect in general topology is the fact that A and %€ ere not
fl-coincident in fuzzy topology.
THEOREM.2.3.8.(M & M 1980 (21)). Let A & B be two fuzzy sets in an
fts (X,T). Then A<= B A & B° are not Q-coincident. In particular,
Xy, € A& x, is not G-coincident with A®
Proof : This follows from the fact that A(x) ¢ B(x)< A(x) + 8%(x) < 1.
THEOREM.2.3.9. (M & M 1980 (21)). Let Yp be the family of nbhds{resp.
Q-nbhds) of a fuzzy point p = Xq in an fts (X,T).

(1) IFf Ueup then pe U (resp. p is G-coincident with U)

£2) If U , Ve y_ then Unvaup (3) If Ueup & U=V then Vev

P
(4) if Ueup then thers exists Ve Yy such that V=U and Vev

P

q
for every fuzzy point g such that q ¢ V(resp. ¢ is Q~coincideont with V)

Conversely, for each fuzzy point p in X if 1§ ig a family of fuzzy
sets in X satiefyiny the above conditions (1),(2),(3), then the

family 7 of all fu2zy sets U such that Ue.lé vhunever pel (resp. p
is U-coincident with U) is a fuz2zy topolegy for X.



1f in addition, v, satisfy the condition (4), wentioned above, then

v, i5 exactly the nbhd {resp. Q-nbhd) system of p relative to the
fuzzy topology T.

Proof : Straightforward.

Now we aention some resulis and lesave the preofs of eost of them.
THEOREN.2.3.10 (B & ¥ 1930 (21}). let @ ={ Ag-be a family of fuzzy
gots in X. Then o fuzzy point p = % i Qwcoineidont with © Ax iff
A
. A :
THEGREM, 2.3.13. (M & ¥ 1980 (21)). A subfamily © af a fuzzy topology

thero oxists conme Ahe:g such thet p is Q-coincident with A

YT for X ic o base for T iff Por cach fuzzy point p = L in (X,7) and
for 2ach cpen Q-nbhd A of p, there exists o menber B¢ & such that p
is Q-coincident with B and B < A.

BEFINITION.2.3.12. (2 & ¥ 1980 (21)). Let y_, be & nbhd (fesp. Q-nbhd)

p
systom of a fuzzy point p = X, in an ftas (X,7). A subfamily Ep of ﬁb
is called a neighborhood base (raép. G-neighborhood base) of up ife

for gach Ug¢ vp thore exists a member B in Ep such thet Bc U.

DEFINITION.2.3.13, (M & # 1986 (21)). An fis (X,V) 1§ said to be €

1
(resp. B-Cl) iff every fuzzy point in (X,T) has @ countable nbhd(resp.

g-nbhd) bsee.
The €, (resp. G-C,) defined above will be termed as C, (resp.
QaC:) space throughout thp present work.
HOTE.2.3.10. (H & % 1980 (21)). It has boen observed that the defini-
tien of C1 spave given by Wong (33) doss not take the corresponding
definition of Cl space in ordinary gencral topolegy as a special case.
®

But, both theo concepts of Cl~apac9 and G-C; space toke the 21 space

in ordinary general tepology, as a special cese.
THESREN.2.3.15. (X & ¥ 1980(21)). If (X,7) is a C;spaea then it is also
a G~€: gpace.



THEGREN . 2.3.16. (i & & 1980 (21)) . If an fis (X,7) is Cii\,ﬁthen

it .:is alse m;cz space . ¢

Houdver , the cohvorse of theoorem 2.3.15 . §e not trus in
general i we can consteuct o glln‘space which is of ceurge ﬁnﬁz .
bBut not E; .
YHEOREY. 2.3.17. (M & # 1980 (21)) . Lot A® be tho interior of a fuzzy
set Adn on fis (X, 7) . Thén @ fibzy polnt p= xéeaa°‘iff P ‘has & nbhd
contained in A .

The proof is straight; forward .
- JHEDREN . 2.3.18 (M & 0 1980 (21)) . A fuzzy point p = x&s;ﬁ , the
closure of o fuzzy set A in an Fta (X,T) iff cach Q-nbhd of p is
f-coincident with A
Proof: We know that x g R < for esch closed sot.F —A, % g F or
F(x);;“ . therpfore , by- taking complement , this faet can bo stated
a8 i x ¢ B> for. évery open set B—A® B(x) ¢ 1 -4
In other vords ,, for évery opem: fuzzy sel B satisfying B(x) 5 -y,
8 io not conteined in A°,
Now ,: from theoren 2.3.8., , B is not contained in A® iff B is Q-coin-
cident with (A%)° = a.

We have thus proved that x,‘zﬁ'iff évery open G-nbhd B of x_ is

o 3

i~coincident with R, vhich is. evidently. eqoivalent to what we want
to prove.
DEFINITION.2.3.19 (1 & 11 2988 (29)) | 4 ¢yzzy point p =

X is called
an adherence point of o fuzzy set A iff every Q-nbhd of p s fR-coin-
cident with A



TQEQREM;’ 2.3,20 (¥ & ¥ 1980 (24)) . For a Fuzzy set A, A is the union
of all adherence points of A

Proof : Straight forward .

DEFINITION.2.3.21 (M & & 1980 (21)) . A fuzzy point P=x, is called

a boundary point of a fuzzy set AIff p ¢ A N A° .

The union of all boundary points of a fuzzy set A is called a boundary

of the fuzzy set A .

The boundary of A defined by Ming & Ming will be termed as Q-boundary

and will be denoted by BA.

It is clear that BA = ;ﬂ :\? o

THEGREM . 2.3.32 . (M & M11980 (21)). For any fuzzy set A , RoA U Ba

where the inclusion symbol cannot be replaced by an equality .

Proof : The fiest part follows from the definitiop 2.3.21.

For the last pert of the result , ve consider the following oxample :

Let X be any point set . Take x ¢ X .

clet T 2 {0 ,1, xi/2} s A = X273 and p = X3/4 where L is a fuzzy

point with support x and value a .

€learly , T is a fuzzy topology .

The G-nbhd of p in (X,7) are 1 and xy/2 which are all Q-coincident

with A . Hence , by thoorem 2.3.18 , pc A .

On the other hand , p . £ A and the G-nbhd of §¢x1/2)-ia not G-coincident

with A% £.0. p' 4 DA and hence p-£ A U ©a .

REMARK. 2.3.23. it should be noticed that in general topology we have
= A U Boundery of A , which is a departure from fuzzy topology .

DEFINITION. 2.3.24. (Weiss 1975 (30)) . Let A be a fuzzy set in an

arbitrary set X . The set {x ¢ X : A(x) > 0 ) is celled the support

of A and is denoted Dy supp A or ﬁo .
DEFINEVION.2.3.25. (Ming & Ming 1980(21)) . A fuzzy point p=x is called




an accupulation point of a fuzzy set A iff p is an adherence point of
A and every G-nbhd of p and A are Q-coincident at aomé point different
from supp{p) whenover p ¢ A.

The union of ell accunmulation points of a fuzzy set A is called the de

derived set of AR, denoted by DA.

Pa—x .

It is evident that
The accumulation point and derived set developed by Ming & ¥Ing will be
termed as Q-accuamulation point and Q-derived set respectively.
THEOREN2.3.26. (M & ¥ 1960 (21)). For eny fuzzy set A, A = A U X
Proof : Let R = gp ¢t p is an adherence peoint of A} .

Then from theorem 2.3.20, & = U Q.

On the other hand p.c¢ RDeither peA or p#£A , For the latter case,

D D

by definition of Q~derived set p ¢ A . So, A = U Q=AU

V)

A,
The other inclusion is obvious. Hence A= A& U "A .
COROLLARY.2.3.27. (M & M 1980 (21)). A fuzzy set A is closed iff A
contains 8ll the f-accumulation point of A .
Proof : We know that A is closed iff A= A.
tberefdre, by theorem 2.3.26 the result follows.
THEOREN.2.3.28. (M & M 1980 (21)). In an fits (X,T) let A = ﬁxc} be a
fuzzy set. Then (1) for y:# x , A(y) = DA(y) (2) 1f A(x) > a then
Ax) = Pa(x) and (3) Ax) = o iff Pa(x) = 0 .

This theorem helps us to establish the following ruselts.
THEQREM2.3.29, (M & # 1980 (21)). In an fts 1ct (X,T) , let A = {xJ be

D

8 faezzy set, then (1) when DA(x)>~0, A = A is clesed, (2) when DA(x):G

DA is clossed iff there exists a Beg T such B(x) = 1 & for y. £ x
8(y) = (A®)(y) = (Dﬁ)c(y) & (3) aA(x) = 0 iff there exists a member

Be T such that B(x) = l-a.
THEOREM. 2.3.30. (K & B 1980 (21)). The G-dorived set of each fuzzy

}
point is closed iff the derived set of sach fuzzy 3%2 is closed.



DEFINITION.2.3231.(M & # 1980 (21)). A fomily @ = {p,} 2Aed, of fuzzy

points Py = (:t)‘)ml in an fts (X,7) is seid to be dense in X iff every
nonenpty Y-open set contains some member of @ . The family § is said
to be G-dense iff every noneapty T-open set is Q-coincident with

somp member of q .

DEFINITION.2.3.32.(M & M 1980 (21)). An fts (X,T) is said to be sepa-

rable’ (resp. G-separeble) iff there exists a countable femily of fuzzy
pointe in X which is dense (resp. fG-dense) in X.

PROPOSITION.2.3.33.(M & ¥ 1980 (21)). In an fts (X,T), a fPamily @ of
fuzzy points in X is Q-dense iff Ug = X .

PROOF : Left.

Although the concept of being dense and that of being Q-dense
donot imply each other, but we havethe fellowing result.
THEOREM.2.3.34.(M & ¥ 1988 (21)). An fts (X,T) is seporable iff it
is G-separable.

PROOF : Opmitted.

THEDRE#.2.3.38.(1 & # 1980 (21)). Let each coordinate space (xl"h)
A ¢ A, be separable and lﬁjszﬂo » then the product space (X,T) is
also separable,

THEOREM.2.3.36.(M & M 1980 (21)). Let A bo an index set. Let each

(xl,TA),szA, be an fits such that T, has non-intersecting and

A
. If the product space' (X,T7) of these fts's

A
N
is sepsrable;, then each (XA,IA) ie separsble and |A].< 2 0 -

non-enpty members UA' v



CHAPTER, 3,
PRGDUCT AND QUOTIENT FUZZY TOPOLOGIES,.

After Zadeh intreduced fuzzy sete in his classical peper (32),
Chang {(4) developed the theory of fuzzy topological spaces based on
Zadoh®s concept. A study of the product and the quotient Puzzy
topologies was started by tong in (31).

In this chapter, we generate nem fuzzy topologies from given
ones and study conditions for some properties to casrry cver.
Product and quotient fuzzy topologies are developed and studied in

the same spirit.

§ .1.PRODUCY FUuzzYy TOPOLOGY.

in this section we deal with product fuzzy topology only. In: few
tesults one would notice the difference betwocen gensral topology and . :
fuzzy topology.

Let ;xx tAcA} be a family of spaces. Let X = I X, be the ususl

Agh
product space and By the projection from X onto X

A

1° further assuame

e |
. Latz:nh (Uj)a U?,‘e 'l'g.s

&rxe A}
Let 2 be the family of all finite intersections of members of I.

that each XA is anfts with fuzzy topolegy I1

Lot T be the fawily of all unions of members of =. It is clear that

T is indeed a fuzzy topolegy for X with = as a base & I a subbasec.

DEFINIYION.3.1.1.{%ong, 1974 (31)). Given a fapily of fts {(XA,TA)}
.A e A, the fuzzy topology T definzd as above is called the product
fuzzy topolegy for X = & X

A
Ach
Some iamediste consequences from this definition are given below.

and {X,T) is called the product fits.



THEQREM.3.1.2.{Wong, 1974(31)). Let (X,T) be the product fts of the
. family of fts's {{X,, 1,) :2 e &)

(1): For aach Aed, the projection is F-continvous.

Y
(2) The product fuzzy topology is the smallest fuzzy topology for

X sueh that (1) is true.
(3) Let (Y 4) be an fts and f, a function from Y to X. Then f is

- F=continuous iff for every Agh , v,0 f is F-continuous.

Proof : (1) & (2) follow from the definition ef product fuzzy topology.
(3) ( ) dabvious,

( ) Let UycT, . Then ( my0 * )'l(ul)s (7 o, )(U,) s

A
U-open. So, { £7¥(i3(U4)): UseT ), Aed is & femily of U-open fuzzysets
in Y. As every member of T is the union of finite intersectiona of

the family ja;l(uk) : UyeT, ,iep}and ¢l presetrves union & intersection
therefore it follows thatﬂf°l maps T-open. fuzzy sets onto U-open

- fuzzy sets. Hence, f is fF-continucus.

THEOREN.3.1.3. (Foster, 1979(9)). tet {(X,, T,)} , {(v,, % )}, 2ebe

two families of fis's and (X,7T), (Y, U¥) the rzespective product fts's.
For. each AeA, let fA be e capping of (Xk. 'l) into (VA’(UA)' Than the

product mapping f = R f :(xl):o (fh(xk}) of (X,7) onto (Y, U) ie

X
Aeh
F-continuous iff fk is F-gontinuous for esach lgi.
Proof : Note that the mapping f can also be written as x—(f (7 (x)))

where x = (“m)’ Thus f is F-continuous by thearem 3.1.2.

tet jxi}, 2=1,2,3,...,n bo a finite family of fuzzy sets &
for each A\ = 1,2,....,n, let AA be a fuzzy.set in X,. e define the

A
n
product A = nlal of the family (Al}’ A=1,2,...,n as 8 fuzzy set in
Az ! ‘
X = g X by A(xl,xz,...,xn) = #Min fﬂl(&l),az(xz)....,&n(xn)}fot all

A=1
(xlgngc.oo'xn) € X



clearly,?or each cAz 1p250ee,R ,gk(A)c:aA sbecause for all xAsxA

(ﬁA(A))(xA) 2 SUP A(ng 219-0--92 )

) (zl'é"z“)g ‘4(?51( Y,A.(2,) A (z.)}
= up 2 2 poeesve 2
(2)50000zden, () 17 22 T
=Min { Sup Al(zl),...,SUp A (a JIc A (n )

"szxl £ 2 sx

It follws from the above that if xa has fuzzy topology vx,xax,z, coghty

the product fuzzy topology T on X has a base the set of product fuzzy

sets of the: form K UA whore U e T
a=1 AT A

THEOREM. 3.1.4. (Foster 1979(2)). Let { (xa"a’} A=1,2,...,0 be @

Azl,2,..,n.

finito family of fits'e . For sach Asl,2,...,n, let A, be a fuzzy set

A

in xl and A the product fuzzy set in X where (X,7) is the product fts
of the finite fanmily of fte's . Then the induced topology TA on A hes
a bagse the set of preduct fuzzy set of the foen I ; whoze
u; R =
Proof: In accordance with the proceceding remark T has a base

n
-E={ I UA g ﬁae 73. Az1,2,...9n.).Acbase. for T, is therefore 91Ven
IA-I
by -E, ={{( n U YNAa s Uae YA’ A=l;2,...,0) But ( n u )nAs n(u O A).

A:l A'l A=l
The result follows with U; = uln A, A21,2,000, 00

THEDREM.3.1.5. (Foster 1979(9)) Let f(xz'7z)} a=1,2,...,n bo a finite
. family of quesi-fts’'s and (X,T) the preduct fts . For each A=1,2,...,0,
let A, be a fuzzy sot in X

A A
(Y,U) be a quasi-fts and Bu a fuzzy set in Y. Lot f bo a mapping of

and oA the product fuzzy set on X . Let

the quesi fuzzysubspace (Bfﬁ(s)) into the qussi fuzzy subspace (A,!(A)).

Then f is reletively quasi fuzzy continuous iff g.0 7 is reolatively

quasi fuzzy continuous for each 2A=1,2,...;N0. '
Proof: {=>) Sinece T is F-continuous for caeh A=1,;2,...,n, by theorem
l1.16.6., each L is relatively quasi fuzzy eontinuous A=21;2,...,n,
Thorefore, tho coapoaition(ghof)ia relatively quasi fuzzy continuous

fﬂr each }31,2,...90.



0R8

o _ 11° . » . -
$¢=} Let U° -‘yl x...xun, where yxe (1A)ﬁl A=1s250000pRa
Therofore, by thoorem 3.1.4. tho set of such Uf formo a basoe for ?“
since,. #~1 WA B=r WA coanTiwi A Bs
N B PPN

=y (Cag, o £)"7CUS)NB) is open in U . 89 u,0f

ZIp A A (B) A
of relatively quasi fuzzy continuous for seach A=1,2,...,n, it follows
from theooreso 1.10.%. that ¢ is relatively quasi fuzzy continuous .
THEOREM. 3.1.8. (Foster 1579 (9)). Let 5‘xa"a” and {(vx,ua)l
A=1,2,...,n be two FTinite families of quasi-fle‘s, dnd :éx:m)bma, Q(,u\)
be the wTespective product fis's. For each A=1,2, - ,n
/10t &k be e:fpzzy set in XA, SA a fuzzy set in Va»and fA a mapping
quast

of the/fuzzy subspace (AA’(TA)(A )) into the quasi fuzzy subspace
A

n B
(Ba'(”z’(sz)’ . Let A = AEIAA end B = y 8, be the product fuzzy sets

A
in Xand Y respectively. Then the prbduezzéappﬁng = 3 fa given by
f(xl,...,xﬂ)z (fl(xl),...;?ﬂ(xn)) of tho quasi fuzzy QSéspaee (B;TQA))
into the quasi fuzzy subspace (E,U(B)) is relatively quesi fuzzy
continuous 1if ?A is relatively quasi fuzzy continuous for each A=zl;..,n.
Proof: Analogeds to the proof of theorem 3.1.3.

RIHEQREH .3.1.7. (Foster , 1979 (9)). Let {(X,,T,)} and {(V,,U,)}
A=1,2,...,n be tuo finite faomilies of fts's and (X,T) and (Y,U) the res
respoctive preduct fts's . for cach Az1,2,...,n, lot ?1 be a mapping
of (X,,7,) into (V,,U,). Then the product mepping f= aglfx given

by f(xl,...,x“) 2 (71(x1),...,fn(xn)), of (X,T)into (Y,8) ic Fuzzy’
open if fa is fuzzy open for esach A31,2,...,0.

Proof : Let U:be open in T. Then ,’ihera oxists open fuzzy asets

n
U, , npeMd, A=1,2,...,n, ouch that U°z v (1 v, ).

Lm é mew lzx Am
Now , for all yeV (F(U))(y)= U F( UAa)(y)

meM Agl a

sSup Sup ( gl”km(z)

melht zsf'l(y) A

s Sup Sup 1(.....3"9 Bin !91&(21).0-D,u (2 )1

mgh zlsf‘; yy) znef;;j(yn) naon



Uny

(2]
s gzg uin{ ’1‘“3:3""1”""7nwam)(’an s mgggg(fawm))(y)n

tee (2§ = © @ (r, (0.
* ae¥ A=l

Sincoc £, is fuzzy eopen for sach A=1,2,...,n f(ﬁ? is open in 0.

A

$ﬁgoﬁéﬁ.3 1.6.(Fostor 1979(9)).Let {(X,,T,)} & {(¥,,6,)} 321,2,..,n
be two finite fomilies of quasi-fts’s and (X,T) & (Y,U) the respective
product fte's. For sach A21,2,...,0, lct AA be a fuzzy set in xx

and 8 a fuzzy eet in YA' Let fz be a mapping of the quasi-fuzzy
subspace @AA,(? )(A )) into &he quasi-fuzzy subapace (Ba,(u )(5 ))
for cach A=}, 2....,n. let A alglgl and B = agisa be the produot
.fuzzy geta in X & Y reopectively. Then the product mapping

f = %gifa ? (’1"2”"’" ) P (?1(x3 3 1 (xz),...,f (n }) of the guusi-
fuzzy subspace {A, T(A)b) into ths quasi-Ffuzzy subspses (8, U(a)ﬁ) is
refdtively quasi-fuzzy open if f’a is reletively quasi-fuzzy open

for ocach A o 3,25,c0a9N0

Proof : Lot 9' beo open in ’(A)' 8y theorsm 3.1.4 there exists cpen
fuzzy sets 9& e (1 )(‘Q ) s Be M, Az 1,2,...,00 such that B’ =can be

eritten as U= U N U“

ngH A=l ie
As in the firoof of theorem 2.1,7 it follows that
ﬂ - -
F(U®) = U (i’1 )). Since f& is relatively quesi fuzzy
; oed Azl

open for ooch As3,2,+0490, V(Uf) is open in 3(8) .

THEQRE#H.3.1.9 (Footer 19792(9)). Let (xl,tx) & ({X;,7,) be quesi-fts’s
and (X,1) the product fts. Yhen for each 2,;¢ Xx, the aspping

f 3 az;¢(a1,x2) of (Xz.tz) into (X,7) is F-continuous.

Proof : The constant mapping '1' K> 8y of (xz.t ) into (xl,fl) is
F-continuous, for, if U, is open in ?x ythe 13:§:2§>é:ego Fél(u )

io given by (f!i(ﬁ ))(32) s Ulia Yk (xz) whore k is the open
fuzay set in Xz which is & constant fuction with ¢ = ﬁl(al) and a9

the identity mapping §p ¥ xpe %, of (xz,tz)onto itself §o F-continuous
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the mapping f is fF-continuous by theorem 3.1.2.

YHEGREMf?.l.lG (Foster 1979(9)). Let (xl,rl) & (x212) be two quasi-
fuzzy topological spaces and (X,7) the product fts. Lot Al and A2 be
fuzzy sets in xl and xz respectively and A the product fuzzy seot in
X. Then for each a,e X, such thazagi(sl) 2(”2) for all x,¢ X, the
napping f 3 aye (al,xz) of thb/ fuzzy subspace (AZ,(TZ (A )) into the
quasi-fuzzy subspace (A,Y‘A)) je relatively quasi fuzzy ecntinuoue.
Proof : Clesrly f(A,)C A, because (f(Az))(xl,xz) s Ay(x,)5f X3 Ry
and (f(A ))(”1'”2) = 0 otherwise, and A(xl,xz) s ainfkl(xl),Az(xz))
which is > 2(x2) for all (xi,xz)szA.

The proof of the 2elatively quasi fuzzy eontinuity of f is analogous
to the proof of the fuzzy continuity of f in theores 3.1.9.
DEfXN!YION.B.I.II:(Qing & MIng 1980(21)). Let X = [ X,be the product

Aga
space of o family of fta's {(XA,IX))lsAend x = (“A) Aex &pe A

The subset Xu of X defined by Xp {y = (yA). when A £u, Y, ® xl}
is called the eectien through x = (xx) parallel to X..
REMARKE:3.1.12 (% & ¥ 1980 (21)). In ganarél'topology, the subspaces
;n & xu are naturally consider/to be hoaéomorphic. But this iz not
true in general in fuzzy topology.On account of this we must take care
in dediéding some property/gzé the coordinate space (XA’TA) from the
product space X-'which enjo*s the same property.

e need the followiﬁg lenma

LENMA.B;ILIB.(H & M 1980 (21)) tet U = N {a l(u )} be a member of
the defining base T for the product topoiogy of the product space
of a family of fta's ;(xl,rx)} where ule TA’ and F is a2 finite
subset of the index set-A, then, when u;¢ F uu(u) is the fuzzy set’

in X which tekes the constant value g on Xf¢where

ﬁin{ Sup {U, (x ) s xe X} &
AeF’ A A
when yefF, let fl =2 F «{u} » then np(u) = UJW A where A is the fuzzy
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get in X , taking the constant value g such that

g 3 ﬁin {supl Uy{x,) : xy eX,}}

Proof z *h&s lemme can be directly verified.

THEOREM.3.2.18 ( ¥ & ¥ 1980 (21)). Let 1 be the relative fuzzy topology
of the subspace Xu. Then there is a F~conkinuoua bijection

f s (xu,Tu):o(Xu,Tu). Horeover when (xu,tu) is quasi fts , ¢ is a

fuzzy homeomorphisnm.

Proof : tet y ={ yx) be an arbitrary point in ;u . Let f(y) = Yy

It is easily seen that f is a bijection. From the definition of product
topology it follows that f is F-continuous.

Suppose that (x ,T ) is quasi fts. We show that ¢~ -1 is also Fcontinuous.
In fact X ={ A A = ukl(u )r\x s Uxe Tl »AgA) is 8 subbase of T .
Yhorefore, from theorem 1.9.14, in order to ptove that -1 is
F-continuona, it su?ficea to show that f(A)<S t .

Obvicusly f(A) LN 1(U ).

When A; #u, from lemma 3.1.13 f(A) is the fuzzy set taking the constant
value on ip and by definition of quasi fts f(A)C Yu.

When A = u, evidently F(A) = U c t .

NOTE.3.1.15. In the 1ight of the cor:eebondence ¢ consteucted sbove
one may directly consider the subgpace (g%,?k) of the product space
(X,7) to be @ fuzzy topologgcal space (Xﬂ%U}ﬁ, where U. is generated
by the family of fuzzy sets which consists of all the meombers of ‘M
and in addition, some fuzzy sets taking constant value on Xﬁ.

Ofcourse Uﬂ ia finer than gu.

DEFINITION.3.1.16 ( M & # 1980(212}. A fts (X,T) is called a purely
stratified space iff for each UE T, there isod €l sueh that U(x) =
for each x< X. In particuler, (X,Y) is called simply stratified iff

T = fg,, g} .

NOTE : 3.1.17. In fuzzy topology a purely stratified space plays

the rele analogoeus wo that played by an inulscrete space in urdinary
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the role analogous to that plasyed by an indiscrete space in ordinary
general topology.

THEGREM.3.1.18.( ¥ & ™ 1980 (21)). If Ais an uncountable index set
and for each el , (XA,VA) is purely stratified, so is the product
apace (X,7) of this collection of fts's,

Proof : Since, 7 has a subbase whose members are fuzzy sets taking
constant value on X -'- The theorea holds.

THEOREM.3.1.19 ( # & M 1980 (21)). A purely stratified space is 511'
Proof : The proof can be obtained from t;e following simple property
of the unit closed interval I of the real line :

-For any set @ ={ al}{cigire oxists e countable subset 9 of @ such
that for each alen, there is s sequence cneﬁl {n=1,2,...) satisfying
LIS and (ak? converges to a, under the usual topology of the
real line.

Now we obtain the product theorems for °11 space. Here one would
notice the departure from general topology.

THEOREM.9.1.20 (¥ong 1974 (31)). Let ((Xa,Ta)}, 1=1,2,.... be @
counteble family of Cu fts's. Then the product fts (X,T) is elso €

11

Proof : Let skbe a countable base for Tk

A=1,2,... and 2 be the fawmily of all finite intersections of meombers

. Let y={ 3;1(8) : B SA}

of ¢ . Therefore, = is a countable subfamily of V.
Weo shall show that 2 is a base for V.
Let F ¢T. By definition of product topology, F is the union of open

n
fuzzy sets of the foram «*P-"(an) where A ¢ ’A

n:lﬂkn n
Since Eln is a base for ’X . Therefore, An = mng”n an ’ anegk
Consequently oA ) = ;?—( U 8 Y= u Y ) "
| 4
A P "xn Onstn n mneMnﬂlm. ®n

Note that in general,

( ¥ ¢ IN(u B8 )= U (C A0 ) where C_and O are fuzzy sets.
Bedy o neh, n (m,q&eAlxﬁz e n a b
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This can be easily ganeralieed to finite intersections.

no - n
ﬂgll (“)zns n’{nl

sections of members of V. It follous that 2 is a base.for T.

So ( B ) is the union of finite inter-
. THEOREM.3.1.20€1) (M & ¥ 1980(21)).Let i(xk,¥a)) AeA be 3 collection

of €,, fta'Ss and (X,T) their product spsce. Them (X,T) is €, iff

1}
all but a countable number of cocordinate speces are purely stratified.

Proof ;eft.

Now we prove that uncountable products of Cl1 spaces may not
be c11 3+ hence , the above result is , in a sense , gho best one
can get .
THEQOREM . 3.1.21. (VWeng 1974 (31)) . tet ((Xa,lk)) Aclibe an uncountabdble
family of C,, spaces such that (1) nons is indiscrote and (2) in
each fts (XA’TX) , for amy fe¢ T1 and F;# 0 , there exists a point

xke:xl such that F(xl) =l . Then the product fts (X,T) is not cxl.
Proof. By definition of product ?uzzy topology , Y has o base‘so
with ocembers of the form 8 &ni A , Y*R‘
Then by (2) "k(ao) = X, for A # Ln, n=1 2,....,3 and 8 :# 0,
Indeed, let X, exk such that AA (xn) =1, n2},2,...,m.
n n

Lot X, € X1 . Consider the subset S of X given by
5 =(X }xc.QX{x )x{x }X' n 4 -

- l fi A ufl Xu 06x . Than Bo(e)—lvaeso

nal.Z?.;,m

u#a
Therefore , (”A(Bo))(xk) = 1. Since x, is erbitrarily chosen.

A

Thus "x(?o) ‘& xl.
Now , if (X,7) is C then T has a countable base -z{B }, n=1,2,...
= ,3 & membsr Boﬂﬂ of -1

such that B 38  say 8 s Aart (A
n=1"n

Akﬂe 1; . Then N ﬂl(an)jﬂltsa) z Xl for A# An * ndﬂ, eeeyfle

i1’

So, for each 8 £ 0 of/

A A

“o n

n
”A(Bn) = X, for a# A, » n=1,2,...,0.

Do this for all cembers of =.
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It follows that there exists a8 countable subsot Q of the index set A
such that for any A ci-Q, nA(B“) = x1 for all an# 0.

Since A is uncountable, there exists )\ _eA-f . Hence gb(an)sxk VB #£8
o
A is not indiscrete. Therefore there exists an open
o -1
o0 ? Ao:g o, xlo such that “lo(ao) is an open fuzzy set in
T. Again by definition of base, there exists a member Bm Z#0 of &
-1 ~1
such that w, (A,) D 8, . Thus “’\u(”*om"))g uko(an) = x)‘o .

By sssumption, X

fuzzy set A

On the other hand, L2Y (u'l(Ao)) = Ao . This is a contradiction.
o

o
an
Next we state thcorems/product spaces generated by cu and

separable spaces without providing the proofs.
THEOREM.3.1.22.(Wong (33)). Let {(xa,tl)}xea be a countable family
of C, fta's. Then product fts (X,T) is also ¢ -

THEQREM. (Wong (33)).Lst ;(xx,rl)} AeA be an uncountable family of

Cl fts'S such that
{1)none is indiscrete i.e, for cach Aed , there exists Uxe TA
such that ngl 8, X
(2) for each Ach, thers exists a fuzzy point (’A) € Ux such
-1 ax
that M . ((x,) )) is & fuzzy point in X and

Ach

a
(3) in each }ts (xh,!A), for any AeT, and A.£ 0 , there exists

A

"a point xe:xk such that A(x) =1. Then the product fts (X,T) is nctcl.
Thus we observe that uncountable product of clspacea @ay notbeti.

REMARK :3.1.24(wong (33)). Unlike general topology, given fuzzy points

-1
(x,) M 5, ((x,) ) is not always a fuzzy point in the
A ey reh ¥ A
produet space X. It is either a fuzzy point or the empty fuzzy set a.

in xl s AgA,

For example let A - Jo,i[

-1
For each X, , let (xa)k ba a fuzzy point then ;;k T, ((xl);) =0 .
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THEGREM.3.1.25.(Wong (33)). Let {(XA’TA)} Ach be a countable family of

separable spaces. Then the product fts is also separable.

As the definition of Cl space introduced by Wong does not roduce
to the 81 space of ordinary topology, it is clear that the theorems
3.1.22 and 3.1.23 give pértial results concerning the problem on
products of so called cl space. However the definitions of both c;
space and Q-tl spece given by Ming & Ming take care of the Cl space
in ordinary topology under ususl restriction. pr we present a nece-
ssary and sufficient conditien for the product/gﬁnszl spaces as well
axd for c: apaces give the necessary condition only. Finally, by const-
ucting 8 counter example we show that the preduct space of C; spaces
need not be a 6; space.

THEOREM.3.1.26. (Ming & Ming 1988(21)). Let (X,T) be the product space
of the 0-C, (or c;) spaces {(X,,7,)},A ¢ §. If (X,T) 48 9-C; (or c;)

~ space then all but a countable number of coordinate spsces are purely
stratified spaces.

Proof : Omitted.

THEDREM. 3.1.27 (M & # 1980(21)). Lst j(XX,Tl)}keAbe &-c1 spaces such
that all but & countable number of them are purely stratified; then
their product space (X,T) is a a-C, space.

Proof : Left.

By congtructing e counter example we establish the following.
THEORZBTI.1.28. (M & M 1980(21)). There exists c; spaces (Xl,tl) and
(xz,Tz)@bqseaproducé space is not c;.
<405+ We ehall need the following lemma which can be verified directly
from the definition of product fuzzy topology.

LEMMA.3.1.29 (M & M 1980(21)). Let = be a base for the fuzzy topology
Tn for X_ (n=1,2). tet (X,T) = (x1,11)><(x2,12) and B be an open fuzzy
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neighborhood of & fuzzy point p = a in X. Then there is Beg T which

X
g - -1
is of the form 8 = U («¢ 1(G )JNg "(F.)) where gy_ are projections
A 1 A 2. A -~ n
(n=1,2), 6, €8, & ersz such that BC B & B is an open fuzzynbhd of p.

COUNTER EXAMPLE. 3.1.30. (¥ & M 1980 (21)).

(1) Construction of (xl,rl).
Let X1 be the unit interval 1=[0,1] if the real line. Denote the zero
point by x. For positive integers o & n with n>o we define the fuzzy
set Gm,n on Xl as follows :

1 - 1/(1em) for 2z ¢[00 , 1/(n+l))]
= 0 for z ¢ X; - [0, 1/{nel)]

)

" Gm,n(Z)

Denote the fuzzy point X¢1e1/(nel1)) by hn .
It is obvious that when n, 2n, , @ = Win(m,,n,) we have fot f:Win(ul,’%Q

G ~ G = 6 h_ N h s h & G N h 2 hy »
ny,m, Ngy@y Roem * TRy oy n, nyamy Ny, L

Hence the collection 51 consisting of allthe Gn,m R hn » 0&11is s
base for some fuzzy topology T1 for x1 . It is easily seen that (XI,TI)
is both C: and Cli. for convenience, let us write 31=; [i] ,gl,gz;..)
where each g,.# 0 .

(2) Construction of (xz,rz).

of Xy

/by y. For each natural number

Let XZ:: x1 and denote the zero point’
n definé the fuzzy set Fn on x2 as follous :

Fn(z) =1 for z g[0 , 1/n] & Fn(z) = 0 for ze X, - {¢ , 1/n]

It is easily verified that the family 12 consisting of all the F“‘s

@

and 0 is a fuzzy topology foe X, . Gbviously (xz,rz) is both C 11°

®
(3) (x,1) = (Xl,fl)xa(xz,Tz) is not Cl.

Consider the fuzzy point p in X = xlx,xz whose support is (x,y) and
whose value is 1. e shall show that the neighborhood system of p has
no countable base.

[}
If this/not the case, there exists an open countable neighborhaod
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base {B : n=1,2,...} of p.

3.1. 29 ®
From lemna’/we may assume B, :j? (“1 (G“n j))““z (/gfn.j))) .+ (1)
where A(n,j) and p(n,j) are natursl numbers, 0. # Gx(n,j)esl and

84 Fu(mﬁ‘g 72.

oy
For any B , since Bn(x,y) = 1, there is a term

T, (Gx(n,Jn))r‘“Z (Fu(ﬂ’in)) in the expression (1) for 8., which

takes its value at (x,y) greater than 1-¥(1len).

Consequently G )(x)>'1 - 1/(nel) . Now we take a strictly mono-

aln,J
n
tonic increasing sequence of natural numbers {sn} such that %n >uln, j)
© -1 -1
Llet A= U g (h)~Ag (F_) . Since h (x) =1 - 1/(nel) , A i
clearly a neighborhood of p (note that A(x,y) = 1).
Take an arbitrery B ; there corresponds a point g e ]1/8n ,l/sn_l[éag

, -1 -1 :
Then we have 8, (x,y ) 2 (3 (6, 5 ()Pw (F () o) Fx,y.)

> Mi"iax(n,jn)(x)"Fs (y,)} = Gk(n,JnQ(x)>'1’1/<n*i)'

n-1
On the other hand, since m3yn, evidently Fg (yn) = 0, we have
o
A(x,y_) = Sup
n - {min(h (), F_ (y,)))} <Sup -
m-l,z'.o. m N mzl’z”.’n-lgb\m(x)} ‘1"1/“0

Consequently, Bn(x,yn)a»ﬁ(x,yn) » that is to say, B_ is not contained
in A. This contradicié the fact that jan:nzl.z,..} is an open neigh-
borhood base of p

The space (X,T) in the above example is a cll space according
to theorem 3.1.20(1). Hence this example provides a counter example

showing that Cllspace (and hence a rol space) need not be a Clspace.
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§ .2. QUOTIENTY FUZZY TOPOLOGY.

In this section we discuss another method of constructiog new fuzzy
topclegy, which can be regarded as the dual of the product fuzzy
topology. At the beginning we shall deal with the quotient fuzzy topolog
logy defined by VWong on the set of classes of an equivalence relation

in an fts and finally examine the generalissd form of Hong's

definition.

DEFINITION.3.2.1 (Wong 1974(31)). Ltet (X,T) be an fts. Let R be an

equivalence relation defined on X. Let X/R be the usual quotient set
and 7T the usual projection frem X onto X/R. The family

Qv = (B : u~1(b)e T} is a fuzzy topology for X/R and (X/R,A) ie called
the quotient fts.

We have results similar to theorem 3.1.2.
THEOREM.3.2.2.(Wong 1974 (31)). Let {X,T)be an fts and (X/R,u), the
quotient fts. (1) The quotient fuzzy topology U is the largest fuzzy
topology such that ¢ is F-continuous.

(2) If g be a function from the quotient fts (X/R,\)te an
fte (Y,5) then g is F-continuous iff g o 1 is F-continuous.
Proof : (1) Trivisel.
(2) () Let g be F-continuous.
Since  is quotient topolagy for X/R, se g is F-continuous and hence
g o 1 is F-continuous.
(&) Let g o ¢ be F-continuous.
let Ve S. So n”l(g"l(V)) = (g o ) 1(V) e 1. Therefore by definipion
of quotient fuzzy topolegy, g-l(V)e Y. Hence g is F-continuous.
THEOREM3.2.3.(Wong 1974(31)). Let f be an F-continuous function from

an fts (X,T) onte an fts (¥,S) such that f is either F-open or Fclased

Then there exists an equivalence relation R on X such that (Y,S) is
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homeomorphic to the quetient fts (X/R,u).
Proof ¢ Dafine a relation o on X by sgreeing that x is R related toy
iff F{x) = f(y) . Then R is an equivalence relation.
Let us denote the equivalence class of x by [x].
Now define a function h from (V,S) to (X/R,l) as follous :

tet yg Y. Then there exists xe X such that f(x) = y. Defino h(y)
h(y) = [x]. Clearly, h is 1-1 and onto mapping.
Since, f = b-lo g is F-continuous, by theorem 3.2.2(2) ﬁd' is F-cont-
inuous.
If f is F-open, let @ be an open fuzzy set in X/R. Then uﬁl(ﬁ) is open
in (X,1) and ¢(x () = N (el (@))) = h2(Q) 1o open in (V,5)
Therefore ,h is F-continuous .
If ¥fis F-closed , Thon let Q be a elosed fuzzy set in X/R . Following
the same argument one concludes thar h is F-continuous .
Therofore , h is a homeoemorphism .
THEOREM . 3.2.4. (Yong 1974 (31)). Let 7 be the projection from fts
(X,T) onto its quotient fts (X/R,V) . If (X,T) is C&% snd g is F-open
then the quotient fts (X/R,%) is also Cu . )
Proof : Let.Z be o countable base for T . For esvery Be 2, g(B)ev .
Since , u is F-open , the family {g(B) : BsE) forms a countable base
for VU . To cee this , take an eclement Ve B . So a'l(ﬂ)e T .
But , £ is a countable base for 1 . Therofore, nul(V) is the unien
of members of & , say , n’l(v) = U B,.

A

-1 Agh
Hence, ¥V = g({y (V)) = a( U Bl) = U ﬁ(BA)-
Aeh Ach

11°
Chitistoph (5) generalissd Wong‘é definition of quotient fuzzy topology

Thorefore, (X/R,u) is C

ag follows :

DEFINITION.3.2.5. (Cheistoph 1977(5)) . Let (X,T) be an fts , Y o sot &
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f 2 X+ Y asurjection . The F~quotient topology for VY is the fuzzy
topology whose open fuzzy sets are {B : ?-1(8)37}. If ¢ : %Y is
an F-continuous surjoction of fts and Y has the F-quotient topology,
then f is called an F-quotient map .
THEOREM .3.2.6. (Christoph 1977(5)). Let f-: X+ ¥ be an F-continuous
sur jection of fts . Thon ¥ is e F-quotient map iff each fts Z and
each function g : Yo 2 , the F-continuity of the composition g o f
implies the F-continuity of g .
Proof ¢ (=) Let g ¢t Y+ Z be o function of fts such that g o fiXo 2
is F-continuous . If U be an open fuzzy set in Z, then
o 7w = ) .
Thus, f-l(g-lfﬂ)) is open in X and hence g-l(ﬂ) is open in V because ,
f is an F-quotient map. Hence , g is F-continuous .

(<) Lot 7 : %oV be F-quotient pap and g : Yo Z be such
theat g o f ¢t Xe Z is F-continuous .
Yo show that g is F-continuous let B be F-open in Z .
Then , (g o f)'l(B) = Y-l(gul(a)) is F-open in X .
Since, ¥ is F-quotient map , @ fuzzy subset € in Y is F-open iff
f'l(t) is F-open in X. This shows that g-l(s) is F-open in Y which
implies that g is F-continuous .
THEOREM .3.2.7. (Christoph 1977(5)). If f : X+ Y i9 an F-continuous,
f-open (F-closed) surjesetion of fts (X,T) to fts (Y,S) , then P is
an- F-quotient map .
Proof 3 If B S , then f-l(ﬂ)a T (Since f is F-continuous).
Conversely , if U &8 a fuzzy set in ¥ such that f‘l(U) e T,
Then ?(f'l(u)) ¢S5 .S Ug$8 . Honce f is a F-quotient mep .
The preof for f-closed map ¢ is similar .
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TREOREH.3.2.8.(Christoph 1977 (5)). Let f : X;» ¥ be an F-conti-
nuous surjection of fts. If there exists an F-continuous function
g : Y:+ X such that f o g is the identity on Y, then f is an F-quo-~-
tient map.

PROOF : Lot B be a fuzzy set in Y such that -1 @) is open in X.
Since g is F-continuous, g";L ¢-1(8)) is open in Y.

But g'l(f”l(B)) = (g"1 o f'l)(B) = (f o g)‘l(B) =8 as f o g is
the identity. Sc¢ B is open in Y.

Hence, f is F-quotient map.

THEOREM.3.2.9.(Christoph 1977 (5)). Let f : X+ Y be an F-quotient
map., A surjection g : Y.+ Z is an F-quotient map iff g o f :X.» Z
is an F-quotient map.

PROOF : Follows from theorem 3.2.6.

LISAALS AN A
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VARIOUS COMPACTNESS IN FUZZY SPACE

following the introduction of fuzzy sets by Zadeh(32), Chang(4) developed
the theory of fuzzy topological space. In the same paper Chang intreoduced
fuzzy compactness. In 1970, foguen pointed out the deficiencies in Chang,.$
definition of compactness. Then VWelss introduced a new notdon of compact-
~-ness. In 1974, lowen gave a new definition of compactness and he was

able to obtain only a finite Tychonoff theorem. In a second paper Lowen(197
gave another definition and changed the definition of fts and was able

to prove Tychonoff theorem. In 1979, Warren aGanter and Steinlage proposed
a new definition and introduced g-coppactness. In 1881, Sarkar(26) defined
proper compactness and proved certain results of proper compactness in

Hausdorff space.

§ 1. _FUZZY COMPACTNESS AS DEFINED BY CHANG,

In this section we contribute to the development of fuzzy compactness as
introduced by Chang(4).
DEFINITION 4.1.1. (Chang, 1968 (4)). Let (X,T7) be a fts. A family = of

fuzzy sets is a cover of a fuzzy set B iff BC.U{‘A : Aé&Eﬂ;
IT is an open cover iff each member of = is T-open.
A subcover of = is a subfamily which is also a cover.

DEFINITION 4.1.2.(Chang 1968 (4)).A fts ( X, T )is said to be compact iff

each cpen cover has a finite subcover.

DEFINITION 4.3.3.(Weng, 1973(21)).A fts (X,V)is said to be countably comps<

iff every countable open cover has a finite subcover.

DEFINITION.4.1.4.(Hong,1973(31)). A fts (X,T) is called Lindelof iff every

open cover of X has @ countable subcover.
THEQREM 4.1.5.(Wong,1973(31)).1If a fts is C,,»then compactness and countabie

compactness are equivalent.

Proof; (=) Obvious.
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(<) Let@?-{ﬁhsleﬂ} be any open cover of X. Since, X is cll‘ So
there exists

“a countable base -~{8 }, 021,2,3,....for V. Therefore each “a“g{

can be expressed as &:kﬂlal (say) where Ao may be infinity.
k

Therofore EO:{Bl }Aea,lskgko forms a countable open cover of X,
k

because SOC:countable family =.
TJhere exists

But X is countable compact. - a finite subeover ~f:3

Since each member of El is contained in a member Ah' these AA,s
form a finite subfamily ofgq_and is & cover of X.
- tfie8Remiati e 1A8HB1975 131 3%1P o frs (X,7) 10 €

Lindelof.

11° it‘ig also

?roof:tet@iz{Aiﬁ,heAbe an open cover iof X. By sssumption, T has a
countable bases ={B_} n=1,2,... Since9cT ~. Esch A, is the union of

A
Ay
menbers of £, say, A= u® B, where A_ may be infinity.
Agel Mg o
., _{B } A oedd, 1 gkg Ao, ferme an open cover of X and Eo is countable

A
as it is a subfamily of =

184

THEGREM 4.1.7 (Weng 1973 (31)).Lét f be an F-continuous function from
s compact (countably compact) fts (X,T) onte s fts (V,U). Then(Y,U) is
coampact (countably compact).
Proof. Let E be an open cover (countable open cover) of ¥
Since ( U Y“I(B))(u)n Sup{[ ’1(Bﬂ(x)} Sup(B(F(x)))= 1 ¥ xeX,
the fam?is of sll fuzz? sets of the ?orﬁeh (8), Be £ is an open
cover of X which has a finite subcover. However f is onto. Thevefore
f(F“l(S))ze for any fuzzy set 28 in Y . Hence the family of images

of members of the subcover is a finite subfomily of £ which covers Y.

Conseguently YV is compact (countably coapact).

Using the same argument we have the following

THEOREM 4.1.8.(Wong 1973(31)).Let f be an F-continuous function from
e Lindelef fis (X,T) onto a fts (Y,U). Then Y is Bédelof.
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A A
DEFINITION.4.1.8.(Chang 1968(4)).A family/of fuzzy sels in a set X has

the finite intersection property iff the intersection of the members
of each finite subfamily of A is nonempty.
THEOREM.4.1.9.(Chang 1968(48)).A fts is compact iff each family of
closed fuzzy sets which has the finite intersection property has a
nonempty intersection.
Proof: If A is a family of fuzzy sets in a fts (X,T7), then 3 ia a
cover of X iff U{A: Ag A} <X or iff (U{A: Ag M}’:x" =90

or iffr\;Ac tAe A)= O (by De Morgan's Laws)
Hence the fuzzy space X is compact iff each family of open fuzzy sets
in X such that no finite subfamily covers X, fails to be a cover and
this is true iff sach family of closed fuzzy sets which possesses the

finite intersection property has a nonempty intersection.

Next,we present a characterisation of compactness and countable
compactness peculiar to fuzzy topological spaces.
o SupﬁAl(x)}z 1 for all xeX

Agh
For any 0<8<l and for any xeX there exists a fuzzy set A

Let A:{Ak} AciAbe 8 cover of X

A such that

Aa(x);l-é . Ateach point xeX seleet one such AA and group together

all points x with the same AA'

Lot denote the set of all such x's. For fixed § {tl 6iform a

A8
partition of X called a §-partition by 5 -

It is to be noted that the partition depends on the initial choiee o?A{s
If in addition, for any xeX there exists a Alsuch that Ak(x) = 1, then
group ell points x with the same A and denote it by-{fh;ol Ais then

said to have a QO-partition of X
Now we have the following charecterisation theoren
THEOREM.4.1.10.(Wong 1973(31)). A fts (X,T) is compact (countably

compact iff each open cover (countable open cover) has a finite

g-partition of X.
Proof: (=) Let A:fﬁl} AsAbe an open cover (countable open cover) of X,
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By assumption , it has a finile subcover p ={Agtk=1,2 .. .n.

Since %ax{ﬁl(x),ﬂz(x),...,An(x)} = 1 for ¥ xeX, one can construct a
O-partition by By which is finite because Ao is a finite family.
As Ao is a subfamily of A, thus a O-partition by Ao is also s
G-parfttion by A.

(<) Suppose that A has a fin;tenpartition{rk’o} k=1,2,...,0. Lot
Ak be the fuzzy set defining rk,B' Clearly fﬂé} k=1,2,....35n i8 a

finite subcover of A.

As a consequence of this we have
COROLLARY.4.1.11.(Wong 1973 (31)).1f there exists an open cover
(countable open cover)a of X and a point xeX such that AA(X)<1 for all

Ast then (X,T) is not compact (countably compact)

tet us turn our attention to Lindelof space.

THEGREM.S8.1.12,(Wong 1973 (31)). A fts (X,T) is Lindeldf iff each
open cover has a countable §-partition of X for allssuch that o<68«<1
Proof: (=) Let Abe an open cover. ThenA has a countable subcover
Aoz{Ak} s k=1,2,....For esach 8<§<1l one can construct a §-partition of
- X by Ao‘ Such a partition is clearly countable as ﬁo is countable.
A g-partition of X by Aois also a §-partition by Asince Ao is a subfanily
of A.

(<) Let Abe an open cover. For each 0'<s¢iletﬁfk‘6} AchB) be

e countable d-partition of X byas. Letrl be adefined by the member

X8

AA sofzk. Let 6:% , N=2,3,4,......Then the fanmily of fuzzy sets {Ahué}

NeNE);E=1/n 4 n=2,3,8,....Forms a countable subcover of A,
Next we consider the following result on qutient space

THEORENM.4.1.13.(Hong 1974(31)). 1f a fts (X,T) is compact (countably
compact) then the quetient fts (X/R,8) is slso compact (countably

compact)-
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Proof : Only point tb/noted is the following : -

" The préjection ¢ : X:» X/R is onto & F - continuous .".

The result now follows from theorenm 4.1.7.

Next, we extend the concept of sequential compactness and
semicompactness in fuzzy set thoory and in this connection follow the
definitions of convergence and clustering as introduced in 1.7.0 (4).

DEFINITION. 4.1.14. (Yong 1973 (31)). Afts (X,T) is sequentially cowmpact

U
Aff every seqénce of fuzzy sets has a convergent subsequence .

DEFINITION. 4.1.15. (Wong 1973 (31 )) Afts (X,T) is semi-compact iff every
sequence of fuzzy sets hassa cluster fuzzy set .

THEOREM, 4.1.16. (Wong 1973 ( 31 )). In a fts (X,T) every sequence

of fuzzy sets {An}, Nzl,2,..s0..-has 2 limit , which may not be unique .
Consequently , every fits is both sequentially compact & semicompact .
Proof : Let A be the fuzzy set defined by A = g A, « Then A converges

to A because any open set containing A will contain all An s A=1,2,...

Furthermaore , any fuzzy set containing A is also a limit of {k"}.

At the end of this section we present the finite form of
Yychonoff theorem on the product of compact spaces . It is well known
that the claessical theorem of Tychonoff is ungquestionably the most
important single theorem of general topology . But the deficiency in
the present definition of compactness forces us to extend the Tychonoff
theorem in finite foro only .

THBOREM . 4.1.17. (Hong 1974)(31)) . Let ((xn, Tn)} n=1,2,.....,m be

a finite femily of compact (countably compaect) fts's. Then the product
- fts (X,T) is also compact (countably compact).

Proof : It suffices to show that the theorem is true for the case m=2,

In this case the product topology can be chanracterised as follows



V= {Alxﬁz
T=apa
by (Alxﬂz)(xl,x Y=min {A1 (xl) A (xz)}

: A eTn, nz=1,2} where AI“AZ is a fuzzy selt in X defined

We shall prove this theorem for the case of conmpactness only since
the caese of countable compactness is similar .
teta ={B,} AeA be an open cover of the product. fts (X,T).

Lot aA-Al‘*) (1) A§*)et1 & Agl) eT, for all Aeh .

Let ybe any point in Xz. Consider the subset Sycxlx.gy} of X.

fFor any onel > §>8, let V be the subfamily of A such that

Y8
Al(x)xaﬂék)s v 1FF Af*)(x1)> 1-6 for atleast one point x eX;

y,8
Az(‘)(y)> 1-§.

This is actually an open set of T. Clearly, V forms an open

Y8

cover of the subset S . To see this , only note that if (x,y)esy

by definition of A, there exists a countable subfamily {A(k) xa k)
k=1,2,.00.. Of A such that lim(A(k)x A(k))(x,y) zl.Hence fet
koo
(k)e v
2 ¥s8 °
Without lesa of generality , one can assume that {Aik)xfaékbrkzl,z,..

k large Aik)x A

is a subfamily of Vy P Do this for all (x,y)e Sy, ene concludes
¥

. sald), A(d) _,(A)
that Vy,é contains a cover of Sy.Let WY,G-QAI : Ry% xR, avy’s)

Thénwy s is an open cover of ‘XI’TI)‘ Since fer any xexl, there
1

exists a countable subfamily {_A(k) A(K)} k=l;2,00c0ey0f V such

Ys6
that Iim(A(k) A(k))(x,y)-la Consequently, lim (A(k)(x) =1.

ko ko
By coapactness of (Xl,Tl), there exists a finite subcoverof Y

suc, Y8
say & .To each A{A) Zy A(A)// (‘)xﬁ(‘)s v

Y6 § Yy, °
The finite family {A(A)x A(X)} thus constructed willbe called H

select one

s
!
and the finite family of the corresponding Aél) 's will be called

G . Mombers of G are T,-open fuzzy sets . let their intersection
YQG y,ﬁ 2

be Dy.s . Then Dy”6 is open in (XZ’TZ)‘ Do this for all yeX, and
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for all 8cgC,1]. Clearly the family gpy,s) yeX, , 8§¢10,1] forms an
open cover of (XZ,TZ). By compactness of (Xz,Tz), there exists a

finite subcover , say {Dy '5 } A=21,25c0005P0
. B e |
Finally {Hy '8 } A=1,2,...,p,forms a finite subcover of A . It is
AT
finite , because it is a finite vecollection of finite families .

To see it is a cover note that for any (x,y)e¢X, there exists a Oy 8
s

P §

such that D (y)=1. therefore A(y)=1 for all Ael
YA’ék

Gn the other hand , there existd BeZ

yl!&a
Vx’sx such that 8(x)=z}.

Select a memb er of H With B as the first ce-ordinate , say

yl’él
BxB_. Then (BxBD)(x,y)zl ssince B el

yltsa

.<Finally we econstruct & counter example to show that the
preduct of countable family of compact ( countably compac&)?ts's is
not compact (countably compact). We neod the following definition.

DEFINIVION. 4.1.18. (Wong 1974(31)). Let X be & space of points . Let

G be a sub set of X . A family A of fuzzy sets 1s o cover Q@ iff S

SupA(x)=1 for all xeQ.
Agp
COUNTEREXAMPLE, 4.1.19.(Wong 1974(31)). Let Y be any space of points.

Let n be any positive integer . lLet An be the fuzzy set in Y defined by
Rn(y) =1-1/n for all yeY.

Let X, =V and Tn = {8, An‘ Y}. Then (Xn,Tn)is compact (countably compact)
fta since Xn iz the only open caover of xn. However ;, the product fts

of the countable family ;(xn,rn)} n=1,2,... is ndt compact (countably
compsct ) .

To see this , note that for the fuzzy set ngl(An) we have
(uil(An)(x)zl—l/n for all xeX= g X, -

By definition of produet fts ,nzie family 5={0 , X%, n;I(An), nz1,2,..}
is used to generate the product fuzzy topology T by first taking the

finite intersections and then the unions of these intorsections
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Clearly the product fuzzy topolegy thus generated is exactlyZ itselfe.
(countoble cpen cover)
The family ﬁzgl(An)} n=1,2,... is an open cover/of (X,T) which has

no finite subcover.

§.2. LOCAL COMPACTNESS AS DEVELOPED BY WONG

Let us turn our attention to local compactness with respect to fuzzy
point of a fts. Here we follow the definition of fuzzy point and
belongingness as defined by wong.

DEFINITIONG.Z2.1.(tHong 1974(31)). A fts (X,T) is said to be local

compact iff for every fuzzy peint x 4in X there exists a member A in
T such that (1) xe A and (2) A is cowmpact.

The next result shows the ramification of fuzzy topology from
general topology.
THEDREN.8.2.2.(Yong 1974(31)). A discrete fits (X,7)is not locally
compact.

Proof: Note that the discrete fuzzy topology comtains all fuzzy sets.

The proofs ef the following results are omitted. For reference
one may see (31).
THEOREN.4.2.3.(Wong 1974(31)). Let f be & F-continuous function from
a locally compact fts (X,T) onto a fts (Y,U). If f is F-open then
(Y,U) is loeally coapsct.
THEOREM.4.2.4.(Wong 1974(31)).Let {(xk’TA)} A=1,2,.....,m be a finite
family of locally compact fts's. Then the product fts (X,T) is also
locally compact.
THROREM.4.2.5.(YWong 1974(31)). 1If (X,T) is a loeally compact fts and
the projection 7:X/R.$X is F-open, then the quotient fts (X/R,U)is

locally compact.
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§.3. £ 7LOCAL COMPACTNESS AND QUOYIENTS.,

According to definition 4.2.1 local compactness at a fuzzy point x

means thet there exists a compact open fuzzy set containing x . This
definition is more restricted thsn the usual definition of lecal compact-
ness in ordinary topology. SO we define locel compactness in wmore

naturasl way. Ye shall follow the definitions of fuzzy point and
belongingness/2§ven by Hong(31).

DEFINITION.4.3.1.(Christoph 1977(5)). A fts (X,T) is locally compact

if for each fuzzy point Xy in X there is a compact fuzzy set A and a

fuzzy set B in T such that erBC:A .

The local compact space due to Christoph will be termed as
c“local compact space.
If we consider X=]0,1{ with the usual topolegy, then the associated fuzzy
topology which has the chapacteristic functions of open sets as its
open fuzzy sets is not locally compact according to definition 4.2.1.,
but it does. #f# satisfy 4.3.1.
Since Wong's definition 4.2.1 agrees with 4.3.1.for discrete space

so we coneclude that no discrete fts is c* loecally compact.

e 2 E Y,
BEFINITION.4.3.2.(Christoph 1977(5)). Let f:X.+Y be a F-closed, F-cont-

invous surjection of fta. Then f is said to be F-perfact if F'l(yu) is
compact for each fuzzy point yu in Y.

NOTE4.3.3. One deviation of fuzzy topology from ordinary topology is
the fact that a fyzzy point is not necessarily compact. Howevgr, if ©:X
f:X.«Y is a F-~perfact map of fts, then each fuzzy peint in Y/ézmpact
becauae f(f“lﬁ(yu)) =y,

-~
- (Qu;:;'(-

THEDREMG.3.4.(Christoph 1977(5)). Let P:X:+Y be a F-perfact map of

&
fts. If X is C locally compact then so is Y.

Proof: Lot q:yu bs a fuzzy point in Y. for each fuzzy point p=x, in
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7'1(q) there exists a compact fuzzy set Ap and an open fuzzy sst Bp

such that p eSpC.Ap ("X is C’Iocally compaet ).
1
(

Now A:{Bp s p ef'l(q)} is an open cover of the fuzzy set f (gq).

Since f is F-perfact. Therefore f"l(q) is compact.
1.2 Q _ 1
p'Bp,.Q..."BpQNON U-nglA
F'l(q) is a subset of U. Therefore, f(U) is compact

S0 A has a finite subcover B is conpact &

~ 0>

theorem 4.1.3)
and g ¢ F(l).

i
tet V =n§183' Then (F(V®))C = W ie open in Y and q ¥
atso £ i(u) = £rr(R(VENSHIC (VE)® = v .
Thus q e C f{(U) . Hence Yis C“locally compact.
DEFte}%N.Q.B.S.(Christoph 1977(5)). A fts (X,T) is called a Fek space
iff o fuzzy set A is F-closed whenever A/NC is closed for each compact
- fuzzy set € in X.
THEBREM.A.B.&.(ngsteph 1977(5)).If f:X+Y is an F-quotient map of
fts and X is C“locally conpact then ¥ is an F-k space;
Proof: lot A be a fuzzy set in Y such that ANC is closed for each
compact fuzzy set € in Y. Assume that A is not closed.
Then £71(A) is not closed in X. -. (£"1(A))C is not F-open.
Therefore, there exists a fuzzy point p in (f"l(A))c such that for
each open fuzzy set V with p ¢V it is true that Vf\f°1(a);£ 14}
Since X is CQ lceally cceopact and p is a fuzzy point in X.
Se there exists a coppact fuzzy set U and an open fuzzy set 8 such
that p ¢BC U. Again f(U) is compact .- ANF(U) is closed.
If 4 io an open fuzzy set containing F(p) then Bfﬁf'l(w) is an open
fuzzyset containing p. Consesquently Bf\F’l(W)f\f°1(A) # 0 and thus
Uf\f’l(W)F\fri(A) # G. Therefore, F(U)NRAA £ 8 &fp) is not in ANF(U)
This contradicts the fact that AN f(U) is eclosed.

Hence A is closed in Y and thus Y is an fF-k space.



COROLLARY.4.3.7.(Christoph 1977(5)). A ”locally compact fts is an

F-k space.

Proof: Only observe that the identity fuction is an F-quotient wmap.
NOTEB.4.3.8. In case of ordinary topology, we know that if a sequence
{x,,} converges to x then ( gﬁxn}) 4 {x} is a compact set. But this

is not necessarily true in fuzzy topologieal space.

Consider the following example:

Let Xzix} be a space of points.with atleast two ordinary peints.

Let 0.< @ <1 be given. In the family of 2ll fuzzy sets defined on X
consider the subfamily Ta={A8} where Be¢l[0,a Jor B=1 and AB is the

. fuzzy set defined by As(x) = 8 for all xe X. Clearly (X’Ta) is an fts.
This is called a semidiscrete fts. Cheoose a fuzzy peint p with support
L and value g.Take X3 # X, in X. If q be the fuzzy point with support
Xy end value @/2, then the constant seguence {g} converges to p.

But {q} Y {p} is unot compact.

Thus we mske the following definition:

DEFINITION.4.3.9.(Christoph 1977(5)).Affts (X,T) is s-compact iff for

each sequence of fuzzy points Pn converging to p, the fuzzy set
{:R p, ) U p is compact.

This property is critical in considering whether Clsaaces are
F-k spaces.
THEQREM.4.3.10. (Christoph 1977(5)). A C; s-compact fts (X,7) is an
F-k space.
Proof: Let A be a fuzzy set in X which is not closed but ANC is closed
for each compact fuzzy sst C.
Then there is a fuzzy point p in A% such that for each popen fuzzy set
U with p in U, it is true that UNA. £ 0

sequence of

Therefore, there is é/?uzzy points p_ converging to p with each PnE A.

n
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Now V. = (U p ) Up is compact because (X,7) is s-compact..VNA is
-9

closed. But p is net in VN A and cvory open fuzzy set U with p in

U is such thet UNVNA:# 0 . This contradicts the closedness of

VNA . Thoeefore X is an F-k space.

Now we intreduce the following concept.

DEFINITION.4.3.11.(Christeph 1977 (5)). An fits (X,7) is called an

Fate” space if a fuzzy get A in X is closed whenéver.f’l(ﬁ) is closed
for each F-econtinuous function F: L+ X with L as 8 conpact fFis.
THEOREN.8.3.12.(Christeoph 1977 (5)). If £ : X'« V is an F-quotient
map and X is an F»k6 space, then Y is an F-k“ space.
THEOREYM.4.3.13.(Christoph 1977 (S5)). If X is en Fok” space, then

X is an F-quotient image of a c° loeslly compact fka.
THEORENM.4.3.14. (Christoph 1977 (S)). An F-k® apace is an F-k space.

The proofs of these thecorems are oaitted.

In this section we introduce a new fuzzy compactness defined with
the help of fuzzy nets. A fuzzy nst S = ;S(n) : ne D) is a function
S : Die Tx where D is o directed set with order relation » and Tx
is tho collection of asll the fuzzy points in X.

In thie section we £04ibL the definitions of fuzzy point and
*belongingness’ given in (21) by Hing and Ming.
DEFINITION.4.4.3.{%ang Cuojun 1983 (34)). Let (X,T) be an fts, p 8

: fuzzy point and C 8 closed fuzzy set in X. Then € is called a
ﬁemated-usighborhood;or briefly, R-nbhd of p , if p;,/ c
DEFINITION.6.4.2.(Wang Guojun 1983 (34)). Let (X,T) be an fte and

A a fuzzy set in X. A closed fuzzy set € is callod an R-neighborhood
( or R-nbhd ) of A iFf for £ cach crisp point xE X satisfying A{x)=a>0
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€ is an R-nbhd of x,.

It is casy to verify that the intersection of arbitrarily many
R-nbhds of a fuzzy point p and the union of finite number of R-nbhds
of p ere R-nbhds of p .

DEFINITION.8.8.3.(Wang Goujun 1983 (34)). A fuzzy point p is called

an adherence point of a fuzzy set A if for each R-nbhd P of p we
have A gé P.

It is not difficult to verify that thie definition is equi-
"valent to definition 2.3.19 .
DEFINITION.A.4.4.(Wang Goujun 1983 (348)). A fuzzy point p is called

a linit point of a fuzzy net S = fS(n) : neD} (or S converges to p,
in symbols S+ p) if for cach R-nbhd P of P we have eventually S(n);/P
DEFINITION.8.4.5.(Wang Goujun 1983 (34)). A fuzzy point p is called

e cluster point of a fuzzy net S = {S(n) : nec D} , in symbols Swxp,
if for cach R-nbhd P of p we have frequently S(n). ¢ P.
DEFINITION.8.4.6.(Wang Goujun 1983 (34)). Let (X,T) be an fis. For @

fuzzy point X, WO ¢all a the value of Xy in symbols V(x,) = @. For
a fuzzy net 5 = {S(n) : neD) , lot G, be the value of S(n); then we
obtein a crisp net v{“n : neD} 4in the half-open interval }0,1] . It
will be celled the value net of S and denoted by V(5). If V(S) con~
"verges to a real number a ¢]0,1] , then we say that S is an g-net.
Specifically, if a, = a- holda for all ne D, then we say that S is s
constant a-net.

EXAMPLE. (Yong Goujun (34)). Put D = [N, For each neD , let

S(n){x) = 1/2 + sin((-l)?%ﬁn) » if x = 1/n, & S{n){x) = 0 -othorwise.
Then S = {S(n) : neD} is & X-net.

From now on, for an f&s (X,T) we write T' for the set (A€ : AeT}.

DEFINITION.3.4,.7.(Wang Goujun 1983.(34)). Let (X,T) be an. fts and

-3(:1',2(:7’. Then £ is called a closed base for T if for each closed
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fuzzy set is the intersection of sets ofZ ;I is called a closed
subbase for T°if the finite union of sets of Z constitute a ciosad

base S for T'(we cell it the closed base generated by &).

The proofs of the following lemmas are simple and hence are
left.
LENMA.4.4.8.(Wang’ Guojun 1983 (34)). Let (X,T) be an fts and ECT'y
thent is a closed base (subbase) for T' iff S * is an open basc(sub-
bagse) for 7.
LENMMA.4.8.9.(Weng Guojun 1983 (34)). Let (X,T) be an fto and £ a
closed subbage for T'; then a fuzzy net S = {S(n) t ng D} converges

to a fuzzy peint p iff for each Pen(p)N: we have eventuslly S(n)£P.
where n(p) is the collection of 2ll R-nbhds of p.

Now we introduce tho notion of N-compactness.

DEFINITION.8.4.10.(Wang Guojun 1983 (34)). Let (X,Y) be an fts and

A a fuzzy set in X. The set A is called N-compact if eaeh g-net ,
(a £10,1) )contained in A has atleast in A a cluster point with value
a . Specifically, when A = 1 is N-compact, we call: (X,T) an N-compact
fts.

The property of N-compactness is hereditary with respect to
closed fuzzy subsets.
THECREM.8.4.11.(Wang CGuojun 1983 (34)). Let (X,T) be an fts. If A is
N-compact, then each closead fuzéy subset contained in A is N-compact.
PROOF : Agsume that B ¢ T® and BC A3S = jS(n) t ngD} is an g-net
in B (a €10,1] ).
Since S is also in the N-compsct set A, there exists in A a cluster
point x5 of S.Ye shall show that x5¢ B.
1f x{¢ B, then it follows from B ¢ T' that B is an R-nbhd of x3.
But 5(n) ¢ B holds for all n e D; this contradicts the fact that x3
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is a cluster point of S and B is an R-nbhd of x5 .

Now we state a few thsorems and sope corollaries and omit the
proofs.
THEORENS4.4.12.(Wang Guojun 1983 (34)). A fuzzy set A in an fts (X,T)
is N-compact iff for each g-net (e €]0,1]) contained in A has a fuzzy
subnet converaing to some fuzzy point with value g in A.
THEGREM.S6.4.13.(H.6 1983(32)). A fuzzy set A in an fts (X,T) is N-com-
pact iff cach fuzzy net S contained in A has & cluster poiat xaen vith
value g whenéQar its value net V(S) has the crisp cluster poeintaclp,1].
THEOREM.S.0.14.(W.C 1983(34)). Let (X,T) be an fts and A an N-compact
seé ﬁn X. Then there exists a crisp peint xe X so that A(x)d= Sup}Mt):ng}.
EOROLLARY.4.4.15.(W.6 1983(34)). Esch closed fuzzy set,in an N-compact
fts (X,7),a8 a function has a maximum and each open fuzzy et as a
function has a minimum. ,
COROLLARY.4.4.16.(H.0 1983(345). tet (X,Y) bs a compact erisp topolo-
gical space. Then the lowor senicontinucous{upper semieontinqons) func-

tion féoa (X,¥) into I has » minisum{naxisum).
THEOREN.4.4.17. (V.6 1983(34)). Let (Xl,?k) sAch be a collection of

fts and (X,7) their product fits. Then (X,¥) is N-compact iff (XA,TA)

is N-compact for sach Ae¢A.

§.5. o-COMPACTNESS AND o ~COMPACINESS.
In this section we introduce the concept of e-compactness and aqfcom-

pactness and study various properties.
DEFINITIGN.A.S.l.(Ganfg},steinlage,watrea 1978(28)).Let (X,T)be an fts,
celB,1]. A celleetioanCT iz called an .g-ahading(meepmanshading) of

X if for eoch xg X, there exints Ue P with U(x)>a (resp.U(x)sa).
DEFINIVION.4.5.2.(6 , S & i 1978(28)). A subecollection:2of an g-shad-

ing (resp.maiahading) I' of X which is alaoban a~shading (resp.u“-shad-
su
ing)is called en g-~subshading (resp. egﬁshadlng).
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DEFINITION.4.5.3.(C, S, & ¥ 1978(28)).A fts (X,T) is called a-compact

»
(resp. a’-compect) if each a-shading (resp. @ -shading) of X has s

finite g-subshading (resp. c*-eubshading).

It is clear from these definitions thak any finite fts is
a-compact and a‘-eampact for any ae{[0,1]
Also evory fts is l-compact and Ot-compact.
Example : Let X be any infinite sbtb. Let ae]0,1[. For esach aecX define
ug . vg :X+ I=[0,1]by ug(x) = g if x=a and ug(x) = 0 if xfe
and V:(x) =1 if x=a end V:(x) = 0 4if xfa
Let Tg denote the fuzzy topology on X generated by {Ug : agX})
Then (X,Tg)is g-compact<>ag B.< 1 & B?-ccmpact@éﬁ:ﬁ or a < Bgl
Let Tg denote the fuzzy topology on X éenerated by gvg : ag X}
Then (X,Tg) is B-compacte8=1 or O gB<a & 8,~compact@;0 £ B <a
In particular, (x,f:) is g-compact but not u“-compact & (X,Ti? is
a‘-compact but not a-compact.
Moreover if 0.< a < B. <1 and if /g[0,1] satisfies q < y <8 then the
following hold:
(X,fz) is g-compact & B“-éompact but is neither g-cempact nor
aS-compact. (X,T}) is ag-compact & a'-compébt, but is neither fg-compact
nor 8*-compact .
Simi{aﬁiytif 0< a <1 then (X,Tg) is 1’~compact but not a’ -conpact
and éfco;pact when 0 £ B8<a and (X,T?) is O-compact but is neither
a-compact nor 8’-compact when g < 8. «<1.

£2240% 840,

DEFINITION.4.5.4. (G,S£& W 1978 (28)) . Let L €I, A collection = of

fuzzy setson X is called K -centered if for 2ll Cl,cz,....,BmGEEi
there exists xE€ X with Cn(x)al-o( for 811 n=1,2,.....,M.

Alse £ is <" -centered if for all €1sCpseecnses,C €& there exists
x€EX with Cn(x)>l-<>< for all n= 1,2,.0c0c0000sMe

Lau_we slate same results.

T LOOCK.4,
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Now we state some results .

THEOREM. 4.5.5. (G,5&W 1978(28)).Let (X,T) be a fts

(1) (X,T) is g-coopact< for every a-contered system P of T-closed
fuzzy setsin X, there exists xeX such that F(x)> l-a for all Fe T
(2) (X,T) is a*-compact,é$>for every a -centered systen I of

such ifad

T-closed fuzzy sets in X, there exists xeX” F(x)> 1-a ¥ Fel
CORCLLARY.8.5.6. G,S5&%W 1978 (28)) Let (X,T) be a fts .

(1) (X,T)isa-compact < for every g-centered system I' of fuzzy sets
in X, there exists xeX such that C(x)> l-g for all Cel

(2) (X,T) is aa—compact<%> for every m*—centered system I of fuzzy
sets in X there exists xeX such that €(x)>l- g for all C ¢ r
THEOREY.4.5.7.(G,5&%1978 (28)).Let F be a2 closed crisp subset of

the fts (X,7) . (1) If X is g~compact then F is g-compact as a
subspace of X. (2) If X is a*-cumpact then F is a”—campact as o
subspace of X.

THEOREN.8.5.8.(G,S5&W 1978 (28)). Let (X,T) & (VY,U) be two fts's .
Let f: X+ Y be an F-continuous mep . (R) If X is g-compact then f(X)
is g@-compact as a subspace of Y. (2) If X is m*~compact then fF(X)
is a“-compact as 8 subspace of Y .
COGROLLARY. 4.5.9. (G6,5&% 1978(28)). overy quotient space of an -
~compact (reop. aa-compact ) fts is egain g-compact {(resp.
a’~compact Y.

THEQRE®.4.5.10. (G,Sa&4 1978(28)). (Alexander subbase theorca )

Let Z be a subbase for the fuzzy topology T on a set X and let
ac 1. If every g -shading of X consisting of members of I has a finite

HLeasubshading , then (X,[§ is g@g-compact .
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THEOREM.4.5.11.(6 ,5 & ¥ 1978(28)).The product fts (X,T) of the
family {(XA,TA)}AeA of nonempty fts is g-compact iff for each el
(XA’TA) is a-compact where a@el.

By means of examples,‘mﬁow we shall show, how the concept
of a’-compactness behaves relative to Alexander's subbase thsorem
and product spaces.

EXANPLE.1.(G,S5&%). Let X be an infinite set. For each a ¢X & each
ne N ewe define Sna : X=»1 by

Sna(x) zg-a/n if x=a & Sna(x) = 0 if x#a where 0 <agl is fixed.
Then I::{S“a t negN & aeg X} is a\subbase for a unique fuzzy topology
T which is generated by I, on X.

=] [

For each ag X let Ue =nglsna' Then {ua :t aegX) is an u“—shading of
X that has no finite u’-subshading. Therefore there is no Alexander
suBbase thedérem for the concept of a‘-compactness.

EXAMPLE{%%,S&W). Let X be any nonempty set. Let Y be a nongenerated
bounded closed interval of real numbers. Let ae]0,1]. For each

0. <B<1 define V_ : ¥+ I by Ve(x) = a(1-8) for all xe X.

3]
Let T be the usual topology on Y and for each UeT define E” : X. oI
by W (x) = @ if xel & wu(x)' =0 if xe X 4 U.

Let IX be the fuzzy topology on X with subbase {VB t 0.<8<1} and

let TY be the fuzzy topology on Y with subbase {wu te T).

Clearly (X,Tx) is a’-compact.

Since, (Y,T) is compact in ordinary sense. Hence by Heine - Borel
thoorem (Y,TVQ is a*-compact.

However, the product fuzzy space (XxX,TXxTY) is not a’-compact
because, for each ygY let B(y,8) ={ z¢ ¥ :[z«yﬂ]<3'}be the open ball
in Y of radious g & define By'z U{stwa(y,s): 0 <B<l} where
vexwu=ﬁffl(va),<n§1(wu) . Then By is an open fuzzy set in Xx Y and

a precisely on Xx-ly}. Since Y ie infinite.

By has value >
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Therefore, (B, ¢ ye Y} is an aq-shadang of Xx VY thathas no finite

§¢aub y
¢ =-shading

Now we introduce star produthQtol; gqrzzgp sgzegs.
Let (X,7) and (Y,U) be two fts.”Define aA o B 3 XAxVe Ibyby
(RAoB)(x,y) = A(x) B(y) for all (x,y)ecXx¥
Thus (AaB) is a fuzzy set on Xx V.
Consider o fuzzy topology ' on X x VY whieh has a subbase consisting
of all fuzzy sets of the form A o B where A el & 8 cl.
then Xx ¥V is equipped with this fuzzy topology, we denote it by XeV
& coll it tho star fuzzy product of the fuzzy spaces X and Y.
THEOREM.4.5.12.(6,5&Y 1978(28)).1f (X,T) & (V,U) sre O-compact fts's
then the star/§:;§3;t X @« Y is slsoc O-coampact.

Finally we deal with ONE POINY COMPACTIFICAYION.

Let (X,T) be an fto and ge([0,1[ .let M be the collection of all
crisp clocsed subsots of X that are a-compact as subspaces of (X,7).
Choose any object wf X and define *=xu {w}. For each ks“« define
k,t Xis1Dby k (x) =11f x= 0 8 k, (x) = 1-k(x) if xeX.

and for each Ueg T we dofine U? : x"f»: by U%(x) =0 if x =

and U (x) =U(x) if x¢ X

Let T: donote the fuzzy topology on XQ having tho collection

zaa_(u0 s UeT)U {gm s ke “a} as a subbase.

Clearly (X,7) is a crisp subspace of (XQ,T; )

THEOREM.4.5.13. (G,5&% 1978(28)). Lot acl. Using the above notations
(X;,Y:Q) is g~compact. Moreover X is denee in (XQ,YZ)iff (%,7) is

not g-compact.
DEFINITION.4.5.13.(G,5aY 1978(28)). If (X,T) is a fts, ael and (%,T)

is nog g-compact, then the space (x’,lg)censtructed sbove is called

@ one point g-compactification of (X;¥).
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.6,FUZZV UNIT INTERVAL AND FUZZV REAL LINE.

In this part we develope fuzzy version of the unit intervsl and the
real line. The closed sot [0,1) and the real line are denoted by I
and R respectively.

{uzz.y
DEFINIVION.4.6.1.(G,S&Y¥ 1978(28)). The/unit inteivel I(I) is the set

of all monotonic decreasing maps A ¢ R+ 1 satisfying

(1) a(t) =1 for t<O, ¢t eR (2) A(t) B for t >1, t eR after
_the mentificetion of A,u : Ro! 1? f'or every teﬂ, A(t-) = u(t-)
‘end A(to) u(T#), where a(tf = lnf 1(9) & A(to? Sup x(s) | .

| ﬂe define a8 fuxzy topology :; I(l) by ta&ibg zgta susbeee
'{' ,R } teR, ‘where. Lt' Rt are’ fuzzy sets on. l(l) defined by
Aef2) = (At~ ))c and R (1) = A(tﬁ) for all Ael(D). . ’

. This topology ls-called=the gapa1_topo;9gy for I(1) and. {L, : teR)
end (R, : teR) and celiqqigﬁe left hand and right hand topology:
Notsvthatfgfgyaﬁrepiacet§.py ﬁgo,l}th?n‘thegfu;zy_qpitiiatqééglﬁ_ﬁ
and its topology reduce to tge unit intekvel!&,ltg usual tqpélogy,
Note that the..notation has not distinguiched between fhe.map;xeﬁgyl
andftha,gqpiva;encgncigaa 1(1)*¢ontgig;n9,if This. causes no difficulty
-..eince-we are .only interested, inthe 1imit of the claeg.at;t@fﬂzwhgch
.48, exactly the same fot each member of the class.

S.ign‘:g,.‘, ‘:L'a’r'\.'l,‘b:'?.”tr“ & R.NR = BQV .o it follows that

anb S
(Rgs Lys BNLy +.2,b e R) 4o o base, for the usual topology 99--*-‘:!)
One also observes that {R ML, : .a,be R} is another base. for the ..
. usual topolegy on I(I).

DEFINITION.4.6.2.(6,S&GN 1978(28)). The fuzzy real line R(I) is the

‘Aset -of 911 monotonic deereaeing maps . A3, Ra»l satisfyiug
(4) Sup{ Mt) teR} =1 & (2) Inf . {A(t) 2. te R} = .0 after the
identification as in the pgévlouqqdergn;t;en..“
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The fuzzy topology on R(I) with {L,,R, : teR) as subspace is ealled

the usual fuzzy tepelogy for R(I).

He may embed the veal line in the fuzzy real 1line by identifying

TelR with the map krs R+ I defined by Ar(t) =0 if t>r and

Nelt) =1 1f tcr.

Note that R(I) and its usual topology reduce to R and its usual

topology for §0,1 taken in place of I. Alsc note that I(I) is a
subspace of R(I). Furthermore, §“§;L") & !ng;g") are I'-shadingsof R(1).
We neod the following definition.

DEFINITION. 6.6.3.(6,5&1 1978(28)).A subfamily P of T is said to be

a cover of the fts (X,¥) 4ff U C =z 1 An fts (X,T) is said to be
compact iff every open cover ggg e finite subcover.

-For the gsske of eonveniedca wo tern these as W-cover & Y-compact.
THEOREM.8.6.8.(6,538% 1978(28)). The fuzzy unit intervel 1(1) ia

(1) ¥-compact, (2) g-conmpact for allg cl & (3) 1'-eompact.
THEOREN.8.6.5.(G,5&% 1978(28)). The fuzzy real line is not W-compact.

The proofs of these theorems are left.

09I TAFATQAACHBHGHE
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CHAPTER - 5

SEPARATION AXIOMS AKND CONNECTEDNESS IN FUZZIV STRUCTURE,

In this chapter we discuss’ various ceperation axions and connected-
ness in fuzzy sot structure. In (28), Steinlage, Gantér and Warren
heveintroduced the Hausodoeff separation axioms for omly crisp (ordi-
nary) peints. in (27), Srivastava, Lal and Srivastava have considered
the fuzzy points in the definition of Hausdorff space. In separate
papers, Ming and Ming (21) end Sarkar (26) havo presented the Haus-
dorff separation axioms in terms of fuzzy points.

The sections 1,2,3,4 are devotad to the study of different
separation oxioms and the remaining seetions deal with connoctedness
in fts's.

soparation
tie begin with the Rauadnrff/axiomsaas givea by Steinlage and others.

N
.1.HAUSDORFF_SPACE AS DEFINED BY STEINLAGE,CANYER & WARREN.

Consider o clessical set X and a fuzzy topology T en the set X.

DEEINITION.S.1.1.(Steinlage, Genter and Warren 1978 (28)). The fts

(X,T) is called Hausdorff if %,y € X and xi # y imply that there are
B,V € T with U(x) = 1 = Y(y) and UV =0 .
THEGREM.5.2.2.(5 , G & W 1978 (28)). Let S be & crisp subapace of s
Hausdorff space (X,T) .
(1) iIf 0Ra< 1 and if S is g-coopact then S is T-closed in X .
(2) If 0 <6< 1 and if S is aa-compaet then S is T-closed in X.
Proof ¢ (1) We shall show that SC is T-cpen.
Let x €S°. It is required to show that there exists Ue€ T with U(x) = 1
and UC S .
for each ye¢ S we can find Uy and V_ in ¥ such that ﬂy(x) =3 B Vy(y)

}'
alldU»‘\V 30.
y ,
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< Fhaies { Vi /S s yES } is en G-shading of S (Here Vg,ls means the
restriction of Vy to §.), But S is g~coapact.
Therefore this collection has a finite G-subshading

’{Vyils 9 V :/S 9 -oocaoooccv :-;/S) -

Yo
mu m......,‘.o.o.omu »
let U = Byl y2 ym
Then U(X) =and Uﬂ(v ~ Y 2/-\ -nooooo'oomvy ) .
Yy
For each zg S, there exists 8 K with V {z) >a> ﬂ. So B{z) = 0 .
k

Thus U< S° which ioplies thsat s® is open & hence 5 is closed in X .
The proaf of the other part is similar.

DEFINITION.5.1.3.(5 , G & W 1978 (28)). Let (X,T) be en fts and agl

I A is a fuzzy set in X then SuppA is the crisp subset of X defined
by SuppA = {xeX : A(x) >0} .

We call (X,7) locally g-compect if for each peint xe X there exists
an open fuzzy set U such that U(x) = 1 and Supp@i ie a-~compact as s
crisp subspace of X.
THEORENM.S5.1.4.(S , G & ¥ 1978 (28)). tet (X,7) be & locally a-com-
pact Hausderff space and (KQ,T:) a one peint g-compsctification of
(X,7). Then (X",T.) is Hausdorf? where asl.
Proof : Let x,yc X and x: ¢4 y. Then there ave opon fuzzy sets U & V
in (X,T) such thet U(x) = 1 = Y(y) and UNV = @8 .
Hence U¥(x) = 1 , V' (y) = 1 end UV = g in (x".1%)
Now suppose that x ¢ X. Then there exiots U ¢ T sueh that U(x) =
end K = Suppl is a-compsct.
Then € is closed subspace of (X,7) (by theoorem 5.1.2).
Therefore K eY . S0 U°(x) = 1, K (m) 1 and Uz/\K =8,

PE

Hence (x »T7_) is Hausdorff.

R
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§ .2. HAUSDORFF SPACE AS DEFINED BY SRIVASTAVA, LAL & SRIVASTAVA.

Acecording to Srivastava, Lal and Srivastava (27) a fuzzy point X

(0. <ac 1) belongs to a fuzzy set A if G < A(x) and xa(vl < A(y) ify#x .
and they have followed the definition of fuzzy point given by WHong.

In this fuzzy structure two fuzzy points X and yB are said to be
distinct iff their supports x and y are distinct.
DEFINITION.S5.2.1.(Srivastava , Lal & Srivastava 1981 (27)). An fts

(X,T) is said to be fuzzy Haugsdozff iff for any two distinct fuzzy
points x“ and ys in X , thore exists disjiont U and V in T with

X, U and ya‘@ v,

REMARK.5.2.2.(S , L & S ) Using YWong's definition of 'belonging' it
is impossible to find two disjiont fuzzy sets U & V in an fts (X,T)
“geparating " two distinct fuzzy points p and q in X.

For, if UNV = 0 we got (UMV)(x) = 8 for all x ¢ X, which ioplies
that Inf( U {x),V€x)} =0 i.e. U(x) = 0 or V(x) =0 .

But this is a contradiction io either pPax, € U or p=x_e¢ V.
THEOREM.5.2.3.(S , L & S 19%/(27)). Let (X,T) be an fta. Then the
following are equivalent.

(1) (X,7) is a fuzzy Hausdorff apace.

(2) a8y = {(x,x) : x e ¥} dis fuzzy closed in X x X .

(5) For any two F-continucus functions f,g : (Y,u).+» (X,T)

the €etcAsfmeY 4(¥~ G(Wiis Foclosed in (V,11).

(8) If £ : (¥,U):» (X,T) is an F-continuous function then the
graph of f f.2. the fuzzy set {(y,?(y)) : yeVY} is fuzzy closed in
(Y x X,U x 7).

Proof : (1)=(2) : It is sufficient toc show that X x X —éﬁx is fuzzy
open in X x X .
Ltet p be any fuzzy point in X x X -é>x with support (xl,xz) .

Consider two fuzzy points r and s of X given by
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r(xl) = p(xl,xz) = s(xz) = t ,{say) . Therefore 0.< t. <1 .
As ©; # 8, there apre disjoint U,¥ec T suchthat r ¢ U and s g V.
Consider the set U x V .
[UxVI(xy,%,) = Inf {U(x,D,¥(x,)}.
Now rstlgar(xl).< Uﬁxl) and s ¢ V:;eﬂxz)ﬂ< V(xz) .
So t = Inf {U(xl) ’ V(xz)} = [UneV}(xl,xz) which implies that pelix V.
Further, for any (xi,x’z)eXxX, wx!!](xi,xé) = Inf juﬁxi),V(xé)} .
So {u:gV](xi,xé) = 6 if xii# xé because gu;:V}(x{,xé):[U/WV](xi)zu
( since UNV = 8)
This ensures that {l}xV](x{,x;),s (XxX - Ax) (xi,xé) ¥ (xl’,xz’)e XxX.
i.e., UxV S XxX - Byg»
tle have thus shown that given any fuzzy point p in Xx X - By thewi@ats
is an open fuzzy sot UxV in Xx X - Ay such that pelixV XxX - By
Honece HxX - 8y is fuzzy apen .
(2) = (3) : Consider the function (F,g) : (V,0)o (X xX,Tx1T¥)
given by (f,g)(y) = (fly),a(y)) for all yeV.
To show that this is F-continuous, it is sufficient to show that the
inverse image of cach basic open fuzzy set in Xx X is fuzzy open in V.
Yake any basic open- fuzzy set, say, UxV in Xx X .
Then [(£,0) 2 (UxV)1(y) = [UxVI(F(y),aly)) = InfLUCF (y)),¥(aly))}
| = Inf {21y, o7 M I Ite TN g™ )
vhere yegV .
Thus [(?,g)"il(UacV) = f'l(v)f\g°1(V) whieh is an F-open set in V.
Therefore (f,g) is F-continious .
Now A = [(f,g)'I](AX) is: fuzzy closed in (Y,U) as Axis:F-elesed.
(3).’:,5‘(0) : Since Uy ¥ (Vx X, UxT)o+(X,T) and
ay (VxX,UxT)ﬂf (Y,U) and the function f are F-continucus, it is

clear that F = f o vy is also F-continucus.
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Now consider the set
{{y,x) e Vx X zmy(y,x) = T(y,x)} = {(y,x) s ax(ysx) = (f o ay) {y,x)}
= {(y,%) ¢ x = F(y)} = {l,f(y)) s yeV¥}.

By hypothesis, {(y,x)s¢ (Yxx)}:ax(y,x)z'?"(y,x)} is F-closed in V xX.
Therefore {(y,f(y) ¢ ye Y} is F-closed in YxX.

(8) =>(1) : Consider tho identity function on: (X,T) .
Using the condition (4) we can say that the set by = {{t,x) 2 xec X}
is F-closed in (XxX,Tx¥) d.0. XxX - a; is fuzzy open.

‘Let p=x_ and q = g be tuwo distinet fuzzy points in E.Then x:# y.

(V]
So (x,y) & XxX - Ay

Consider e fuzzy point r in X x X such that z(x,y) = #ex {p(x),q(y)} .
Clearly reXx X - Ax. Hence there oxists & basic open fuzzy set UxV
such that relxV(C XxX - Aye \

: Further it is clear that pec and qe V.Also, since UxV C Xx¥X - Ax,
(UxV)(x,x) = 08 for all xe¢ X which implies that UV =0 .

Thus U and V are two disjaint open fuzzy sets in- (X,T) containing Ehe

- fuzzy points p and q resprectively. Hence (X,¥) is Haousdorff.
;TFHE@I%E#?.S.LS. (5 , L &5 1981 (27)). Let: (X,¥) be a topslogical space.
Then (X,7) is Hausdorff iff (X,w(7T)) is fuzzy Housdorff.

Proof : (=) Suppose that: (X,T) is Hausdorf?f.

Let p = % and g = Yo be two distinct fuzzy points in X. Then u # y.
Using Hausdorffness of X, we can find two disjoint T -open sets in X

such that x ¢ Uand y ¢ V.

Now consider the characteristic functions Xy and Xy of U & ¥V respectively
foom (X,T) to I . Clearly x, and y, are continuous and belong teo (7).
Also, since xg U, xn(x) = 1 . Honee pe U. Similarly , qe V.

Thus we have obtained two disjoint open fuzzy sets U and V in* (X, (1))
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containing p and q respectively,

(<) Suppose that (X,w(T)) is fuzzy Hausdorff.
tet x and v be two distinet points in X. Consider two distinct fuzzy
points p = X and g = Yge
Since (X,w(T)) is fuzzy Hausdorff, we can Find tuo disjoint open fuzzy
sets U and V in X such that pec U and gg V.let p(x) = r end qf{y) = s.
Then p(x) < B(x) and q(y) < V(y) ixply thet x&:ﬁ‘l(Er,ll) & ysV'l(la,ll).
Now Jr,1] and 8,11 are open in the topology given in 1. Therefore
8'1{33,1]) and V“I(]s,13) are open in (X,7T).
Moresver, U 3(Ir,11) N v"Y(ds,11) = 0 , For, if not, then let
z e N IEADNVE(e,1])
Now, 2g 0'1(}1‘,1})'——) 8(z)>r and ch"‘(]s,l]):; V(z) > 8.
So Inf {U(z),V(z)} - # g,which is o contradiction to " UMV = g *".
Hence, ﬁ'l(}r,l}) and v'l(]a,lj) sre two disjoint T-opon sets con-
taining x and y respectively. This proves that (X,T) is Hausdozff.
THEDREMN.5.2.6.(5 , L & S 1981 (27)). If an fts (X,T) is fuzzy Heus-
dorff then (X,i(Y¥)) is fHausdozff.
PRBOF : Taeke any two distinct #8829 pointa x and y.in X. Consider two

distinet fuzzy points p = xa and g = y_, in X. Since (X,T) is fuzzy

Hlausdorff, we can gest tweo disjéint fuz:y open sets U and V¥V in X such
that pc Y and gec V. Suppose that p(x) = r and qly) = s.

Then r < U(x) and s < V(y) and so xeu'l(]r,ll) and ysv’l‘(]s,ll).

Hence, u“l(]r,l}) and V'l(]s,l}) are tweo disjoint copen sots in (X,3(T1))
containing Q and y respectively. Hence (X,i(T)) is Rausdorff.
THEOREM.5.2.7.(S , L & S 1981 (27)). A fuzzy subspsace (A,YA) of a

fuzzy Heausderff topological space is fuzzy Hausdorff.

JTHEORERN.5.2.8.(5,L,S 1981(27)). 1If ;(XA,IA)},LcA, iz a family of

fuzzy Hausdorff topolegical spsces, them their product (X%,7) is o2lso
fuzzy Hausdorff.
PRGOF : Left.
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§.3. SEPARATION AXIONS

In this section we discuss various gseparation axioms defined
in terms of Q-nbhdo.Here , we follow definitions 2 .2.I and 2.3.2
for ‘*fuzzy point' and ‘belongingness’.

DEFINITION.S.3.1.(Ming and Ming 1988 (28)). An fts (X,T) is called

a fuzzy quasi-To space iff for every x ¢ X and o' # 8, a,8 el, either
xm:é Xg OF x8,£ X, o

It follous that (X,T) is & quasi-?o if for everyxec X and 0 < a<fi<}l,

-

B £ X

DEFINITION.S5.3.2.(M & M 1980 (21)). An fto (X,V) is called a fuzzy

X

To space iff foe any two fuzzy points p and q with p # q , oither
pédqoradyp .
DEFINITION.5.3.3.(M & ™ 1980 (21)). An fts (X,7) is called a fuzzy

Tl space iff every fuzzy poinrt is a closed set.
THEDREN.5.3.4.(M & ¥ 1980(21)). Let (X,T) be an fts. Then
(X,1) is Tl:i;lt is Toc; It is quaai-?o .

PROOF : Obvious.

Every ordinary topological space vscoously satisfies condition
of being quasi«?o and hence the quasi-?o separation is a particularity

in fuzzy topology.
THEDREN.S.3.5.(M & ™4 1980 (21)). Let (X,T) be a quasi-T_ space, xg X

and V¢ :]pl,pz[ (0 < Py <Py < 1). Thon there oxists 8 ¢ T such that
B{x)eV .

PROOF : Let q= 1-px and @= 1-92 . Therefore a > 8 >0.

Since, (X,T) is quasi-T_, we have x“,é Qé .

Thus there exists some open G-nbhd B8 ( B (x) > 1-g ) which is not

quasi-coincident with x, i.e. B(x) < 1-8 . Hence B(x)eV .

8
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THEOREM.5.3.6.(M & M 1980 (21)). An fis (X,T) is quasi-To iff for all
xe X and pecl, there exists a Be T such that B(x) = g.

PROOF : (=) Uhen o = 0, it suffices to take B8 = 8 .

When 0. < p. <1, take a strictly monotonic increasing sequence of posi-
tive real numbers converging to p. Let v, =]pn,pn*l} o N=21,2,3,....
By theoren 5.3.5, there exists Bn ¢ T such that Bn!x)tzvn for each n.
Therefore, B = ; B_ is fuzzy open and B(x) =p .

n=1 "
(<) For two fuzzy points X andx, with a> 8, there exists

8

from hypothesis an open set B such that B () = 3-8 > 1-g¢ . It is clear
that B is an apen Q-nbhd of L but iz not guasi-coincident withﬁxe}.
Hence it follows froo theorem 2.3,18that x '] §é.
THEGREN.5.3.7.(8 & ¥ 1980 (21)). An fts (X,T) is a To space iff (X,7)
is quasi~to and for any two distinct points %,y in X and for any )
pwel, thore oxists B ¢ ¥ such that B(x) =p& B(y)>o or 8(x)>p & 8({y)=c .
PROOF : ( =) Let (X,T) be To space. Then it is also quasi-T .
fFor x;# y and p,0e I, putting e= l-p and gz l-g we obtain two dis-
tinet fuzzy points X and YB o
1f Xq i d ;é » there exists an spen QG~nbhd Bl (Bl(x)>'1-u =p) which is
not Q-coincident with gye} i.e., Bi(y)is 1-§ =o .
In view of theorem 5.3.6, thore is 8, ¢ T such that Bz(y) 30 .
Then the fuzzy open set B = Bl u Bz is the required one.
if yaaé 36 y the argument can be carried out in s sipilar way.

(<) Assunme that (X,7) is quasi-lo and for any x,ye X with
x:# y and for any p,o0el, there exists B¢ ¥ such that B(x) = p and
B¢) >cs, or B(x) > p and B{y) = o.
It is sufficient to consider the soparation of two fuzzy points L
and Vg with s # vy « Put g = 1-p and g= l-0 .

Frop hypothesis, we may assume that there exists B ¢ T such that
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'y
y

B(x) =zp and B(y)>& . Then B is a Q-nbhd of Yg which is not Q-coingis % .

dent with {x }i,e,, yajé 3;.
THEORENMS.3.8.(M & M 1980 (21)). An fts (X,T) is a 71 space iff, for
each X ¢ X and each @sg I, there oxists B € T such that B(x) ="1&«
and B(y) =} for y. £ x .
PROOF : (=) YWhen g = 0, it suffices to take 8 = }1 .
Hhen a>0, x béing 8 fuzzy point is clesed by hypothesis, then
B = (xa)c is the required opon sot.

(& ) Let X, be an arbitrary fuzzy point. Then, by hypothesis,
there oxists a 8 ¢ T such that B(x) = 1-g and B(y) = 1 for vy # x .
It follows that x = 8% is closed.
DEFINITION.5.3.9.(M & ¥ 1980 (21)). An fts (X,7T) is called a fuzzy

12 (Housdorff) space iff, for any two fuzzy points p and q satisfying
supp(p). # supp(q), there exists Q-nbhds 8 and € of p and g, rosprc-
tively, such that 8N C =0 .

This Hausdorff space will be referred to as GoYZ (or G-Bausdorff).
PROPOSITION.5.3.10.(M & % 1980 (21)). Let (X,T) be®s G-Yz space, then

sny Q-accuvulstion of a fuzzy pointyyain (%,T) is of the foro yg(a>8)o
PROBF : When @< B, Yo € yB .

But since any Q-nbhd of Yo €80 be G-coincident with atmost at vy,

g
yu is not anQaccunulation point of ya .
Uhen x. ¥ vy, from the property of being Q»?z , there exiots Q-nbhds
8 and él of X, and ye,respeetively, such that Bf\B1 =0 .
But since 81(7) > 1-8350, B(y) = 8, i.e., B is not Q-coincident with
y8 at y and hence L is not an Q-accumulation point of y3 .
e have thus proved that the only possible form of an @G-accumulation
point of ys igs of the type Y with a>8 .

Since, Q-tz is concerndd only with those fuzzy points with diff-
erent supports, it is possible,ss the following excople shows, that a
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Q»Tz space need not be quasi-To » to say nothing of being Tl .
EXAMPLE.( M & 8 ), Let X = { y,2 } when y # z. Let T dbe the fuzzy
topology on X which has

g = gyl : Ael2/3,1])} O fzA : A¢)0,131) U {g) es a base

Obviously, (X,7) is a fuzzy Q—Iz space. But, since there is no T-open
set which takes the value 1/2 at y, in view of theorem 5.3.6., (X,7)
is not quaai-TO.

THEOREM.5.3.11.(8 & B 1980 (21)). If (X,7) is both Q-TZ and quasi-?o
then it is also tl’
PROOF : Let ys be an arbitrary fuzzy point . Therefore, fpom theorenm
5.3.10., an/gécumulation point, if any, of yB is of the form y&(a>5).
Since (X,T7) is quasi»T » by theorem 5.3.6., there oxists a B g T
auych that B(y) = 1-8>1l-a . Thus, B is & Q-nbhd of Yo and is not
G-coincident with g

Hence ’ya (a>8) cannot be an/hccumulatzon point of yB .

Therefore, has no/éccumulation point. So by theorem 2.3.30., y8

Vg
is closed. Hence, (X,T) is 71.
THEQOREM.5.3.12.(8 & M 1980 (21)). The Q-derivrd set of every fuzzy
set in a Tl space is clossd.

PROOF : Note that the Q-derived set of every fuzzy point in a Tl
space is cbvieously O .

So the result feollows from theorem 2.3.30.

The proofs of the following results arp omitted.
THEOREM.5.3.13.(M & ¥ 1980 (21)). Let _{(xl,r}‘)}.x g A, be a collsction
of fts's, among which there is atleast one quasi~1° space. Then the
product space (X,7) is quasi-T .

THEQREMS.3.14.(¢ & 8 1980 (21)). Let i(xk,TA)} +A €A, Da a coll-
ection of fts's. If each (xl’YA) is To {resp. Tl), then the product
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space (X,7) is 8 To (zesp. Tl) 8pace.
THEGREM.S.3.15.( & 4 1980° (21)). Let »{(*x"a)}’ AehA, be a collec-
tion of fts's. The product space (X,T) is Q-7, space iff each coor-

dinate space ‘x1’7x) is a G-T, space.

tthen the product space enjoys any one of the properties of

being qaasi-T To and Tl’ each coordinate space dees not necessa-

o 2
rily enjoy the corresponding separation property.

For example, let X; = X, = {x} ., Tl = {0} U {x)‘ :t O0<Ag 1/2&2 =1}
and T, = {8} ¥ «le 1 Y/2gag¢ 1} .

fFrom theorem 5.3.6., (xl,Tl) and (xz,rz) are not gquesi-T  and hence
are not To and T1 spaces; but their product space is evidently a

'l‘1 space.

However , in the light of theorem 3.1.14,we can say thsat
if a coordinate space is quasi fts, it enjoys the same separation

property as the product space does.

§.4.SEPARATION PROPERTIES AND PRDPER COMPACTNESS AS DEFINED BY
SARKAR.

In this section, we define the Hausdorff separation axiom asd sone
of the cther separation axioms with the help of fuzzy elements.
We comrsider a fuzzy point or a fuzzy singleton p :xc in a gset X , to
be & fuzzy set in X such that
p(x) = ¢ and p(y) = O for 81l y/# x in X , where ac}0,1{ . x is called
the support and ¢ its value.
Also, a fuzzy point p = X is considered tobe in a fuzzy set A (deno-
ted by pe A) if and only iff p(x). < A(x) . Seo, D¢A9é> p(x) > A(x).
Areal point z¢ X is called 8 crisp point and is identified mith its



characteristie function and we say that z belongs to the fuzzy set

By points (subsets) of X,we mean both crisp and fuzzy points (subsets)
and we slways denote the support of a fuzzy point p by X, .
DEFINITION.5.8.1.(Sarkar 1981 (26)). In an fts* (X,7), a set A is said

to be open if? for each point pc A, thore exists a fuzzy set GC T,
such that p &€ GC A .
DL, Clearly, the critorion of open sets given in theorem !.3.7 {s

equivalent to this.

DEFINITION.S5.4.2.(Sarkar 1981 (26)). An. fts (X,T) is called F-Tl iff
" the singletons are closed.

DEFINITION.S.4.3.(Sarkar 1981 (26)). An fts (X,T7) is said to be Haus-

dorff ar‘F-Tz iff the following conditions hold :

if p éndcagme tgo= points in X, then () if Xg # Xq thoro exists
open sets Vp and Vq » such that p € Vp, q& Vp & q& Vq s P& Vq 3
(2) if o = Xg and p(xp)~<'q(xp), then there oxists an open set Vp
such that p € Vv,buk g Vp .

It is clear that, 1if (X,7) is Hausdorff sccording to defi-
nition 5.1.1., then (1) of definition 5.4.3 follews immediastely.
THEOREM.5.4.48. (Sarkar 1981 (26)). An F-T, space is an F-T1 space.
PROOF : Let p be an fuzzy point in an F-Tz space(X,T). Then any point
qe;{pf belongs to en open set Vq such that {pf(xp)lz Vg(xp) and so
chipf .

On the other hand, if p is crisp, let xq<£ X - xp be arbitrory.

If {Qn 3 n:l,z....j be a sequence of fuzzy points, whore qxn= xq,
for all n=1,2,... and the sequence {q;(xq) : n=1,2,...} is decreasing
and converges to zero, then there oxists a seguence of open sets

: n=1.z,...} » such that p &'V , for all

v - . ——
z pqn and qn;é Vp

n=1,2,... ' 38 (x,') 18 F‘-T

pa,, a,

2 -

so, ifFP=MN V » then P is a closed set, where P(x_) = O, and
n=iN P9y ' q
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P(x ) =1 . Hence, P® is an open set contained in {p}c and contain-

ing the crisp point qland hence any fuzzy point with support x ).
. .2)

The definitioh/of compactness given eorlier does not secem very
natural in an fts, especlelly when it ie.f~12, a8 is shown by the

following proposition.

PROPOSITION.5.4.5.(Sarkar 1981 (26)). No subset of an F-T, fts can be
compact(countably compact).

PROOF :Let A be s subset of the fts (X,T) such that A(xA)~> g8, for
some X, e X. Choose a sequenée gpn st n=l,2,...} of fuzzy points,

each having support x,, such that pn(xn)i{ A(x,), for all n=1,2,..
andﬁpn(x“) :n=l,2,4000 } is an increasing sequence which coaonver-
ges to A(x,).

Then from the Hausdorff property, there exists a sequencr of opsen

.

sets { V t nsl,25¢00e } , where p_g V and p . ¥
A ’ n Xa n+l

X
n An

This seguence together with the complement of the crisp point st X5
forms an open cover of A, which has no finite subcover.
COROLLARY.S5.4.6.(Sarker 1980 (26)). Singletens in an F- 12 space are

not compact (countably compact).

Now let us redefine open cover and compactness.

DEF!NITION.S.Q57.(Sarkar 1980 (26)); A family VL= (Vle T : deA} is
said tobe a proper open cover of the set A in the fts (X,T} $ff for

each x ¢ X, thers exists V., ¢ Q, such that Vx (x) > A(x). This family

x %
9 is celled a countable (finits) proper open cover of A if A is

A

countable (finite). A subfamily‘b1 of Y is called a proper open sub-

cover of y if it is a proper open cover cf A in its oun right.
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It followe from the definition that, a proper cover of A is always

a cever of A, but not conversely.

DEFINITIONS.4.8.(Serkar 1981 (26)). A set A is properly (countably)

compact inthe fts (X,V) iff avery (countable) proper open cover of A

has a proper open finite subeover.

From the above definitiens, we obtain

PROPOSITION.S.4.9.(Sarkar 1981 (26)). Every singleton (hence a subset

with finitoe support) in an fts is properly compact.
PROPOSITION.S5.8.10. (Sarkar 1981 (26)). Let ¢ : (X,T):= (V,U) be an

f-continuous surjection of fgs's and A a properly compact set in X.
Then f(A) is & properly compact set in VY.
THEQGREM.5.4.11.(Sarkar 1981 (26)). A properly compact set in an F-1,

space is closed.

PROGF : Let A be a properly compact set in an F-Tz fts (X,Y) and p &
point in X such that p(xp) > A(xp) eeesscssses(d).

Then , by the Hausderff property, there exists Vp e T sueh that

A(xp) < Vp(xp) reeens..(2) and p(xp) 3,Vp(xp) cesesess(3).
Therefore, to each point p satisfying (1), there corresponds a family

of open sets { v :

d . X
P xq ¢ X}, such that A(xg) < qu(xq) ¥ Xq €

¢ A = t z e o e a
(if, howeves, (xq) 1, then we must have A(xq) s qu(xq) ) (6)

v x. > ® o0 80 8 ¢
and p(xp) ;.qu(xg) for all q such that x_ ¢ (5)
Hence A(x ) & YV Vv _ (x_) AC U v
s AC U v as A is properly compact
= xqex Pay
k
k:l,Z’OOQ,m

(4]

= AC U V =7F say (sc thet F_ is closed)
k:l,oob ,mqu p p

s r L ] e PO OOe B NS SO
= A(xq} < p(xq) for a1l x e X (6)
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This is ofcourse accompanied by p(xp) ?—Fp(xp) . covesasnaslT)
Now consider all points p which satisfy (1), we get the. family

pr : F: € 1} , such that (6) and (7) held. Then clearly A(xq)sf\?p(xq)

P
for all *q € X by (6) and (7). Hence A =z Fp i.e., A is closed.
p

DEFINITION.S5.4.12.(Sarkar 1961- (26)). An fts (X,V) is called a fuzzy

P-gspace if the countable union of closed sets is closed.
3BSGQGM~5.6.13.(Sarkar 1981 (26)). Fuzzy Lindelof sets in a Hausdorff
fuzzy P-space ars cleosed.

PROOF : Left..

THEOREM.5.4.14. (Sarkar 198i(26)). Properly compact sets in an F-T,,
P-space have finite supports.

PROOF : Left.

COROLLARY.5.4.15.(Sarkar 1981 (26)). Properly compact sets in a Haus-
dorff fuzzy p-space have finite supports.

PROOF : Left,

In ordinaery topology, a closed subset of a compact ' (countably
compact, Lindelof) set is compsct® (countably compact, Lindelof). But
this ppoperty dees not hold in an fts.

EXAMPLE. (Sarkar (26)). Let X be an uncountable set of points and T the
fuzzy topology generated by the base formed by

0,1=1x, {Ax :xgla(A{QISQ} and {B_ ¢ x ¢ X}, where ﬂ}x) =A for 8ll

x e X and B (x)=1/4 & ai(y) = 0 for all y:4 x in X

Then X is (preperly) compact, (properly) countsble compact, end Lindelof,
But the (proper) open cover (Bx t x ¢ X} of the closed seot Al/& has

no countable- (proper) open subcover. So Al/é is neither (precperly) com-
pact nor Lindelof.

Agein, let X be partitioned into a countable number of subsets
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{X : n=1,2,... } .then {B_:8_= U B8 and nsl.Z,..J’ia 8 coune
T n n x€x X

table (proper) open cover of Al/é which Res no (proper) finite sub-
cover. So Al/b is not* (properly) countably compact.

fFinally, we consider some of the other separation properties of an

fts and find the interrelations among then.

DEFINITION.S.4.16.(Sarkar 1981 (26)). An fts* O,¥) is ealled regular

(nesmald) iff for each point pec X and ¥ ¢ T, where p ¢.V there exists
¢ Tsuchthat pec GCECY .

DEFINITION.5.4.17.(Sarkar 1981 (26)). AN fts+ (X,¥) is said to be
normal iff for every closed sst K and open set V such that K V,
there oxists a set G ¢ T such that KCG C G C V.

DEFINITION.5.4.18.(Sarkar 1981¢ ©26)). An fts (X,T¥) is called F-T,

(F-Ta) iff . it is F~Tl and regular (normal).

THEOREK.5.4.19: Garkar 1981 (26)). An F-T, space is an F-T, space.

3
PROOF ; Let p ans q be two fuzzy points, where xp‘f xq and let w be
a third fuzzy point, where X, = Xp and w(zp) > 1 - p(xp).

Theniwf is open and {wf(x) = 1~w(xp) -<¢(xp) for x = Xo

= 1 otherwise.
So g e{wf , but p. £ w® .
Now since (X,T) is regular, there exists Vq e T such that
Qe Vq C ?g leﬂf . Obviously then, p. £ V_ .

q
Sipilarly , an open set Vp can be determined such that p ¢ Vp and
1
qép _
The other cases can be similaerly handled.

THEBREM?5.4.20. (Sarkar 1981 (26)). An F-T, space is an F-T, space.
The converse results (as usual) are not true in general.

Next we prove '‘the Urysohn's Lemma.
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THEGREM.5.4.21. (Hutton 1975 (14)). (Urysohn's Leams) An. fis* (X,T)
is noreal iff for overy closed set K and open set V with K< V, there
exists a continuous function f : X.» I(1) such that for every x ¢ X
Kix) ¢ ) (1-). ¢ Fix) Be) g VIX) .
PROOF : (&r) Since K(x) < ¢ (x) (1-) ¢ f &) (0+) ¢ V(x) , we have for
any t ¢ JO,1f K(x). g FOe) (te). < 7 C) R-). ¢ V(x) .
ow flUS () = P @) end FERL6) = &) (k).
Since f is continuous, f"l (Lz) ie closed and F"‘} (Rt) is open.
Hence K C e (Rt)g e-1 (Lg) C Vv «Thug, (X,T) is normal.

( =) Construct {(#, : v ¢ 10,1[ )} so that KC ¥ < V and
Re8 wssg wg .
Define f(x)t= Wt(x) .

Clearly, K(x). < f(x)(1-) < F(x)(0e) ¢ V&) .

~

Now, f"ltat) = U

) s Ut W:) is open and
>t

r r>t

r"l(L‘;) =N (M) = N (§) is elosed .
rct Pt
Henee § is continuous .

He note that perfect normality aiso has a natural generali-
sation to fts.

DEFINITION.5.4.22. (Hutton 1975 (14)). An fts is perfectly normal

if for every closed set K and open set V wigh KC V, there existe
continuous function f : X:+ I (1) such that for every x ¢ X%,

Kx) = Flx) G-) < F&x) @)= ¥Vx) .

THEOREYM.5.48.23.(Hutton 1975 (18)). An fts: (X,T) is perfectly normal
iff it is normal and overy closed set is a countaoble intersection

of open sets.
The proof is trivial consequence of theorem 5.4.21 and a genocra-

lisation of the usual topolegical proof .
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§ .5, O-CONMECTEDNESS.

In this section ,us discuss connectedness in fuzzy structure with
the help of B-separability.
DEFINITI®B.5.5.1.(Ming and Ming 1580 (21)). A fuzzy set D in an

fts (X,T) is said to be disconnected L{ff, there exists two non-cpm-

/A

pty sots’ in the subspace 9 Supp D such thet A and 8 are Q-sepa-

vated and D = A U B . A fuzzy set is caelled connected iff it is not
disconnected. _tednress oond erd\'scothchthsLSS, ’Frzspzc“qu')‘-
The ‘*connectedness’ & ‘disconnactedness® will be termed as ‘'Q-connec-
DEFINIVION.S5.5.2.(M & ¥ 1980 (21)). Lot D be & fuzzy set in an fts

- {X,¥). The maximal connected fuzzy set contsined in D is called a
component of D,

LENMMA.5.5.35 (M & 4 1980¢ RQ1)). A fuzzy set D ia/diaconnected iff
there are relative closed sets in the subspace D such that AND#Q
BN D. £ ﬁ/a/;goA % 8D D,

PROOF : Left.

THEGREN.5.5.4.(H & 1 1980° @1)). Lot D bo of cannocted sot in an fts
(X,7); then ( B )x and ( D )D are also/connected where, (D)x
represents the closure of D in X.

/

PROOF : Suppose (ﬁ)x = disconnocted, Then from lemma 5.5.3.,
there are relative closed sets A & B in the subspace Eo such that
AUBDE, ANE:# 08 , BNE £ 08 and ANB =2 @ .

Gbviously, A U4 B D D. from the @-connsctednoss eof £, we may assume
AND = 8 (for the cese whaere BND = 0, a similar argument holds).

That is, D C 8 . It followe that € = £ENE_ = (B),NE =) C (8).z8
o X 'Fo E, B,

Since A8 = 8 , ANE = 0, which is a contradiction.

The connactodness of fﬁ)D can be proved analogously by indirect
o

method. (At this time take € = 5)0 and note that E = (ﬁ)9 Y =D )
o o s © O
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Now we state a few results without giving the proofs
THEQOREM.5.5,5.(H & ¥ 1980 (21)). Let @ bo & family of G-connected

. fuzzy sets in an fts (X,7). If no two memders of Q are Q-separated
Q-
in the subspace ( U n)o, then UQ 1s/connected.

THEOREM.S.5,.6.{# & M 1980 (21)). Let § be a fuzzy set in an fts (X,T).
Q-
/connacted fuzzy set contained in D is contesined in sone

/8-

copponents of D are Q-sepa-

Then sach
Q-conponent of B and any two distinct
rated in the subspace Do‘

THEOREM.5.5.7.(M & M 1980 (21)). If D is a closed fuzzy set in an

: fte (X,T), then every Q-component of D is a closed set in X.

It is to be noted that a G-component of a fuzzy set D need
not be relative clesed in Bo, which is another departure from gene-
ral topology.

EXANPLE.(M & M). Let X = { x}. Suppose T = { 1=X, 0, X373 b
Let D:E\xIIB . Then D is of course a G-coaponent of D but is not
a closed set in D_ = X .
o Q-
Now we turn our attention to product of/connected spaces.

PROPOSITION.5.5.8.(M & M 1980 (21)). Let 71 and 72 be two fuzzy

topologies on X such that '2 is finer than ?1 and Tz is generated

by the family~2 of fuzzy sets in X which consists of all the mea-

bers of T1 and a number of fuzzy sets each of which takes cons-

tant value on X. Then (xl’Tl) is G-connected iff (X,Tz) is Q-connected.
THEOREM.5.5.9.(M & ¥ 1980 (21)). A product space (X,T) of a family

of fts's {(81’?3) sAd € A} is Q-connected iff each coordinate space
(xx,rk) is GQ-connected.

PROOF : (=) It is not difficult to verify that the image of a fuzzy
Q~connected set under an f-continuous mapping of fts's is again
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@-connected. So when (X,Y) is Q-connected, it follows that*(Xl,TA)

is also G-connected (.7 (X) X and 7. is F-continuous.)

A
(<) Assume that each’ (Xx,fj\) is G-connected.

From proposition 5.5.8 and theorem 3.1.14 ,it is egsily seen that

the section ;u through a point x ¢ X and parallel to Xu sy congi-

dered as 8 fuzzy subspace &f K,T), is G-cennected.

Now take a point x = (xh)e X. Consider the G-component D which

containg x, where x is censidered as a crisp singleton in X. from

the f-connectedness of the section just wmentioned above, it is

obvious that if a point vy = (yh)e X is different from x = (xh)in

only one courdinate , y is alse contained in D. Horeover,if y is

difforent from x in only a finite number of coordinates, it can be

inductively proved that y is eslso contained in D.

finally,we shall show that D= X.

tet z = (zl) be any point of X. Take an arbitrary 8-nbhd V of 2z,

z being considered as a crisp singleton in X.

From the difinition of produet tepology, there is a member U ,

U= r\F “;1 (U ), of the defining base for T, where U e Tx AefF,

F bggag 8 finite subset of the index set A, such that U C V and

U ie alseo & Q-nbhd of z.

Then ¥(z) = g:? [UA(ZA

fFor x-£ F, let Yy = %y 3 for AcF, let Yy = 2y then we get a point

3] »0.

y = ’(yl) in X such that y is different from x in only a finite
nuaber of ceordinatos. Aecording to what we have just proved yeD
i.e., D(y) = 1 (there y is considered 8s crisp singleton in X).
Since U(y) = WMin (U (yl)} = ii? (ﬁa(zl)}a-o, D(y) » U(y) > 1

AcF
So U and b ore RJ-coincident at y, Thus V and D are 8-coincident.at
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Since V is an arbitrary Q-nbhd of z, zC D. Consequently D =X
Therefore by theorem 5.5.4., Uis Q-connected and hence X is Q-conn-

ected,

§.6. a-CONNECTEDNESS.

In this section we study another type of connectedness known
as g-connectedness.
tet (X,T) be an fts and A C X/a'lha a-closure- (o -closure) of A,
denoted by CIG(A) (Cla*(A)), ie defined tp be
{(xeX3:UeTand U(x)>a (> a ) imply U/A'é.g . The set A is said
to be/closed (a -closed) if 81 (AY T A (Cl (A) € A)
DEFINITICN.S.6.1. (Rodabaugh 1982 (22)). tet g g 1 = [0,1] . We say

(X,T) is g-connected (a -connected) if there do not exist U and V
in 7 - {0 1)} such that in X (U U V)(x) > 1-a ( > 1~a) & UNV = 0,
(X,7) is said to be g-disconnected (a -disconnected) if there are
Uand V in T - {0,1)} such that in X (U U V)(x) >a (> a ) and
tNvs=29.

(X,7) is said to be connected if it is l-connected and discornec-
ted if it is 1 Jéi;;ected.

REMARK.8.6.2.(Rodabaugh). If a < B, then g-connected implies y-con-
nected, and B-disconnected implies -disconnected.

if ag B’ then Ba-connected implies g-connected and if o > g, then

g~connected implies B*-connected.

DEFINITION.5.6.3. (Rodabaugh 1982 (22)). If* X,T) iz an fts end ACXKX,

then A is -connected if A is ,-connected in the fuzzy subspacse
topology.
DEFINITION.S5.6.4.(Rodabaugh 1982 (22)). An  -component of an fts

(X,7) is a maximal (with respect to inclusion) j-connected subset

of X.
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DEFINITION.S.6.5. (Rodabaugh 1982 (22)). An G®-component of an
 fFts (X,Y) is a maximal (with respect to inclusion) ag®-connected

subset of X.

&E@B@SE#&@&.5.6,7.(Rodabaugh 1982 (22}).L9t (X,7) be an fts.&ae I.

(1) Unions eof pairwise intersccting g-connected sets are g-conné
acted.

(2) (X,Tz is w-connepted implies there is not a non-enply subset
A of X sueh that A and A® are o'-elosed where a' = 1 -q.

(3) B is a-connected if A cch::Clm,(A) and A is g-connected.
(4) Each a-component is a'-closed

Similar statements hold in the g%- cese if g< 1.

PROOF : Left.

PROPOSITICN.S.6,8. (Rodabaugh 19682 (22)). Fuzzy continuity preser-

ves g-connectivity. & fuzzy homeomerphism naps g-components onto
c~conpopents and does 8o fuzzy horecmorphically. Similar statce
ments hold in the g%-case.

JTHEOREM.8.6.9. (Rodabaugh 1982 (22)). Let § &k,TL{ Aglh}be a coll-
ection of fts and let (X,T) be the product fuzzy space. Then (X,T)
is g-connoeted inpplies each¢(xh,7k) is g-connected.

Sigilar statement holds in the a%-ecase.

PROOF : teft.

PP VIOV YRUYS



CHAPTER 6 -

ALGEBRAIC STRUCTURES IN FUZZY SEY THEORY

!
In an analogous application with groups , Rosenfield (23) formulated th~

the elements of the theory of fuzzy groups. Anthony & Sherwood (1)
modified the definitioﬁs,of fuzzy subgroupoid..and fuzzy subgroup.

D . Foster (9) brought together the structure of & quasi fuzzy topo-
logical space and that of a fuzzy group as defined in (23),to form a
combined structure , that of a fuzzy topological group. In the first
three sections of this chapter we study the fuzzy groups, the redefined
fuzzy groups and the fuzzy topolo@ical groups. In the remaining sections
we discuss other algebraic stgqctures like metric space in fuzzy set

theory and uniformities on fuzzy topoldgical spaces.

.1. FuzZY GROUPS.
In this seétion we apply the concept the fuzzy sets to gensralise the
alementary thedqry of groupoids and groups.
Let X be a groupoid i.0. a set closed undér a binary composition (which
will be denoted multipiicativaly).
acrxwxf:on!s.x.l. (Rosenfield, 1971 (23)). A fuzzy set A in X is called

a fuzzy /ékﬁhpoid of X if for all x , y ¢ X A(x,y) >iMin { A(x),A(y)}
DEFINITION.6.1.2. (Rosenfield, 1971 (23)). A fuzzy set A in X is called

a fuzzy left ideal if A(x,y) > A(y) , o fuzzy right ideel if A(x,y)3A(x)
and & fuzzy ideal if it is a fuzzy left and right ideal (or equivalently
if Alx,y) 3{Max {A(x),A(y)}}.

Clearly, a fuzzy (left, right) ideal is a fuzzy ’g$§;poid. Also for

" is

sub
any. fuzzy /g:oupoid in X we have A{x") > A(x) for all xg X where x
any composite of x's. '

PROPOSITION.6.1.3.(Rosenfield 1971 (23)). For any acl, { x:x ¢ X,A(x)2a)
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is @ sebgroupoid or (left, right) ideal if A is s fuzzy subgroupoid

or fuzzy (left, right) idesl.
PROPOSITION.6.1.4.(Rosenfield, 1?71(23)). Lot F:¥-{0,1}be intd so that

f is the characteristic function of a subset Y=X. Then f is a fuzzy
subgroupoid or (left, right) 1ideal iff Y is a subgroupoid or {(left, right)

ideal respectively.

Proof : If f : ¥+ (0,1} is into then, © f(x,y);minif(x),f(y)} " ig

equivalent to ° F(x) = F(y) = 1 > Fixey) =1 " i.6. to ® x,ye Y=

xyeVY ®,

Similarly © f(xy)>Ff(y) " is equivalent to " yeV = xyeV %.

PROPOSITION.6.1.5.(Rosenfield 1971 (23)). The intersection of any

sets of fuzzy subgroupoids is a fuzzy wbgroupeid.
Proof : Let ij} .AeA , be a collection of fuzzy sbgroupoids of X.
Then'(nAl)(xy) =z Inf {Ak(xy)}; Inf {#in {(QA(X) ’ Al(y)}}

= Min {Inf AA(X) , Inf aa(y)} z Min([n Ax)(x),[nAx Xy)
DEFINITION.6.1.6.(Rosenfield 1971 (23)). The fuzzy subgroupoid (A)

generated by the fuzzy set A is defined as ths least fuzzysubgroupoid
which contains A.

The characteristic function of a subset ¥ of X will be denoted
by Xy*
PROPOSITION.6.1.7.({Rosenfield 1971 (23)). For svery subset Y of X

(%Y) =z x(Y) where (Y) is the subgroupoid genecrated by Y.

Proof : If A> ﬁY then wo have A({x) = 1 for all xcY .

But A is s fuzzy subgroupoid. So A{x) = 1} where x is any composite of
X

elements of ¥ . Thus A > ) ° \

Therefore Gl(v)c: the intersection of all such A's while conversely,

x}v) itael?lgach an A by proposition 6.1.4.
PROPDS1ITION.6.1.8.(Rosenficld 1971 (23)). The intersection or union
of any sets of fuzzy (left, right) ideals is a fuzzy (left, right)
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ideal.
Proof : {Q ﬁl)(SY) 2 1@?(“}(3?)) = 1“?(31(?)) = (nAz)(y) & 31Qilarly

for union and on e right idesl.

we recall that if A is g fuzzy set and f is o Ffunction defined on
X, then the fuzzy sot & ia f(X) dofinad by 6(y) =gi:g-1(y)ﬁ(x) for ol!
y ¢ £(X) is called the imege of A under f . Similorly , if B 12 o fuzy
set in £{X) thon the fuzzy set A = f 0 B in X for all xe X is coalled
the proimage of B under §. Readily if A = rxy vhere Y= i, then the
inage of A under ¢ is just'xf(g) 3 and §¢ 8 = Xz whote Z — f(X), thea

the preicage of B under f is juat'x¥-1(z) .

PROPOSITION.6.1.9.(R0senfiald 1971 (23)). A homomorphic proisags of
a fuzzysubgroupoid or (loft, zight) idoal is o fuzzy swbgroupoid or
(left, right) ideanl respsctivoly.

Proof ¢ Straightforword.

CEFINITION.G6.1.10.(Rogsenfield 1971 (23)). A fuzzy sat A in X is said

to have the Sup-preperty if for any subset Y of X, there oxists yqe¥

such that A(yo) =z Sup Aly).
Yevy '
If A takes on only finitely many values (in perticular, if zi is a

d
characteristic function) then’has the Sup-property.
PROPOSEITION.6.1.11.(Rassnfleld 1971 (23)). A thomemorphic image of a

fuzzy ssbgroupoid which hae the Sup-proporty is a fuzzy swbgroupoid. and
similarly for (left, vight) ideals.
Proof : Given f(x) , P(y) in r(X), 1let %o e £ol(e(x)) & Vg © f'l(f(y))

be such that A(x ) = {Az)} & Ay ) =

A(z) cet-
ze?*g(f(x n jh(zh woap

Sx
zef 2(f(x))
ively. Thon

Blelx)f(y)) = Sup {A(z)}g%in{ﬁ(x ),A(yo)} 3 Min{&(f(x)) E(f(y))}
zaf*l(f(x}F(Y) .

end sinilarzly for idesls.

Next, we define fuzzy subgroup.
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DEFINITION.6.1.12.(Rosenfield 1971 (23)). If X is a group then a

fuzzy subgroupoid A of X is called a fuzzy subgreup of X if
alx~Y) > A(x) for all xe X.

g It is readily verified that

PROPDSITION.6.1.13.(rosenfield 1971 (23)). gy 15 a fuzzy subgroup

iff Y is a subgroup of X .
PROPOSITION.6.1.148. (Rosenfield 1971 (%3)). The interssction of any rol.

collection of fuzzy subgroups is a fuzzy subgroup.

PROPOSITION.6.1.15.(Rasenfield 1971 (23)). The fuzzy subgroup generated

by the charscteristic function of a set is the characteristic function
of the subgroup generated by the :set.
PROPOSITION.6.1.16.(Rosenfield 1971 (23)). Lot A be a fuzzy subgroup

of X ; then A(x'l) = A{x) and A(x) ¢ A(e) for all xe¢ X where e is the
identity element of X.
Proof : A(x) = A'(':(x'l)'l)?,h(x"l);a(x).
Honce A(e) = Alxyx™1) > Min {A(x),a(x"1)} = A(x).
COROLLARY.6.1.17,. (Rosenfield 1971 (23)). {x : A{x)=A(e)} is a subgroup
of X where A is 8  fuzzy set in X.
Proof : Use proposition 6.1.3.

We shall denote this subgroup by Ae.
PROPOSITION.6.1.18. (Rosenfield 1971 (23)). Alxy™2) = A () = A(x) = A(y).
Proof : Alx) = ALy })y) > Min{A(e),Aly)} = Aly) = AC yx~1)x)

>Hin{ Ale),A(x)} = Ax).

COROLLARY.6.31.19.(Rosenfield 1971 (23)). A is constant on each coset

u

of Ae .

COROLLARY.6.1.20.(Rosenficld 1971 (23)). If A, shas a finite index
then R has the Sup-property.

PROPOSITION.6.1.23.(Rosenfield 1971 (23)). A is a fuzzy subgroup of X

ife A(xf‘) > Win {A(z),A(y)} for ol} x,y e X.
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Proof : If A-is a:fuzzy subgroup we have -
Atxy ™ Y2 > Min-{A(x) A(vﬁ)} = Min{ A(x),A(y)} .
ConVersely, AF A(xy Lys >, Min{: A(x),(A(y)} ,"let y = x to obtain Afe)2A(x)
/. for all REX. - : R
FHenes Aly~1). e.Aze§§%>:>fnih{ Ale),Aly) } = Aly)" and it follows
that Alxy) e Alx(y"hHTly s Min{A(x), A(y“l)y > Min{A(x),A(y)}

.aHROPQSIIIUNusam;22.(Roeénfae1d:1971u(23)3.~A‘gébaﬁfcéﬁh&£~bé*thé”uhiah-
of tio propeti fuzzy subgroupsit S o -

Proof i Let A’ &' B be two: properfoZzy 'subgropps 6f X such that A(x)" 5 1
Cop B(x) “1-fer all xie Xi' Lot u.ve:X be such that A{u)- s ‘i, A(V)Qil,
»B(u) < 17and-B{v)-#'1 and take uvi-
VIE ACav). 2. 1. theny . since Afu~l )‘é‘l we would have - -

AtV) et au vy s >, Min{Au” );A(UV)}-”# 1, a'coiitradiction
‘A-gimilar éontradiction is obtained if B{uv) = 1

YPROPOSITION.G.lZQB:(Rnéenfielé;1971 €(23)). A homomorphic image or

' preimage of?a'f02i§:subgioué'isiaifuiiyisUbgrbdp (in the. former case
"provided: the-Sup-property holds). o

*Proof 31! For breiméQeSTA(x-l)zaff(x-l))?B(x)-;)ﬁ;B(f(x)) = Aflx).

iFor images,. given: f(x) e F(X) let X, € f-;(f(x)ﬁ be such that

A(x ) Y i Alz); then' B(f(x)-1)~- : 1 1A(z) A(x )
(f X, ) N Cee Zef ((f(x)) )

EEREE s % Ax, )-B(f(x)) .
PRDPOSITIDN 6 1. 24 (Rosenfield 1971 (23)). The fuzzy (left, r;ght)

ideals in a group are just constant functxons.
Proof : Clearly 1? A is a constant funct1on From X to I then; 1t 1;

:a fozzy ideal ( 91nce, A(xy) = A(x) = A(y) for all x,y in X).
Converseiy, let "X ‘be’ fa group and Y n;fuzzy 1eft ideal,'so thaf §
A(xy) A(y) for all x,y. Puttlng y = e we get A(x)> A(e): for all x& X
whlle puttlng X ;VY'I we get A(e)<> A(y) for all y€X . - |

Thus A = A(e) which is a congailE ﬁAnC1noﬂ
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PROPOSITION.6.1.25.(Rosenfield 1_971(23)).'Let-Gr be the cyclic group

of prime order r and A any fuzzy subgroup offGr; then A(x) = A(1)<A(O)
. for all xif<:in?Gr and cohversely any such A is a: fuzzy subgroup.
Proof :: For any such A, A(xy) > Mian(x),A(y)} is immediate since
©.0=0 and A(x-l)x > A(x) is immediate since -0=o,

Conversely,for any xi # o and y;#c:in?Gr, x is a sum of y's and y is

a sum of x's so that A(x) > KQ(y) > A(x) .

PROPOSITION.6.1.26.(Foster 1979(9)). Let:G be a:. fuzzy subgroup in

a group X .. Then: for all ae'G, = { x : G(x) ='G(e)} p_(G) = A_(G)=G
where Pg | R+ xa and [hg ¢ x+ax

Proof : Left ,

- §.2.. FUZZY SUBGROUPS REDEFINED.

it is observed that some mathematical structures which would in-
tuitively seem to be 'fuzzy® do not satisfy the definitions 6.1.1.
and 6.1.2. Therefore , it ould seem appropriate to attempt to modify
these definitions in order to include certain mathematical objects
which would otherwise be excluded . One of the@épproaches is to replace
Min with some other semigroup on I . In this section we give examples
presented by Anthony & Sherwood (1) to motivate such a study and
to redefineékbzzy algebraic structures to meet the requirements of
the examples . At the. end of the section we investigate various pro-
perties of the new definitions .
"EXAMPLE 6.2.1.(Anthony & Sherwood 1979 (1)). Let X be the collection
of all rendom’ variables on the probability space (Q,1,P) and)A@be

any Borel subset of the reals which is a subgroup of the reals under
addition. Ofcourse , X with pointwise addition is a subgroupoid .

Define a’ function op ¢ X+1I. %3&*0A(x)=waeﬂzx(w)eA} = P(x'l(A)).



121

Now , oﬁ(x) is the probability that x is ‘in' the subgroup A . the
function oy is a natural candidate for a fuzzy subgroupoid . But oa
does not satisfy the definition 6.1.1. To ses this let @' = ) QU
be the Borel subsets of I and P lLebesgue measure . Let A be the
integers . Define x &y by
xl{w) = 1 for we [0,1/2) y{w) = 1/2 for we [ 0,1/3 ]

= 1/2 for well/2,1.] = 1 for we J 1/3,1' ]
Now , x & ¥y ore randon veriables and xey i defined by
(xey)lw) = 3/2 for we [0,1/3), =2 for we }1/3,1/2}& =3/2 for ws]1/2,1]
Clearly , Pix~ 1)) = 1/2, 9(y'1(F0) 2/3\&‘P{§ﬁ+y)'l(ﬁ0) = 1/6
Since ,r aA(xoy) = 1/6 < ¥in galz s 2/3)} = Hin{ OA(X) ’ aA(?)}
80, the function o,1is not a fuzzy csubgroupoid of X according to
definition 6.1.1. .
EXAMPLE .6.2.2.(Anthony & Sherwood 1979 (1)). tet G be a group and LQ
the family of sub groups of 6 . For sach x %G, Let A, ={se8 ; o5},
tet Cbe 8 ®-algebra of subsets ef 2 such thet Ax961 for each x in G
and P a probability measure on (2C1). Define e function mg : E* 1
via. og(x) = P(AR) for each x€ G . The number mg(x) cen be inter-
preted as the probability that @ sub group chosen at randon from the
collection g will contain x as an element . In this example , it is
the 'subgroup' of G,which ie 'fuzzy' in that one,is uncertain, nf
which o subgroup of & is under consideration . The function m“ is
surely a reasaonable candidate for a fuzzy subgroup of § and indeed,
#t is according to dofinition 6.1.12 if Q is linsarly ordered by
get inclusion . However , if o is not linearly ordered then LN need
not satisfy definition 6.1.12 . For example , let (Z,¢) be the additive
gronﬁ of integers and for each positive intoger n let Sn be the sub-

geoup of integral multiples of n . If Q= gsz,sz,ssx »C11s the power
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aet of Q end P is defined en (2,0) via. P(SZ) = P(S3) = P(ss) = 1/3
then mﬂ(ﬁ) = 2/3, mgﬁls) = 2/3 and mg(ZI) s 1/3.
But mﬂ(zl),< ﬂinjmg(s),mﬂ(ls)} so that LN is not even a fuzzy sub-
grauppidcf Z according te definition 6.1.1.

DEFINITION.76.2.3.(Anthony & Sherwcod 1979 (1)). A t-norm is a fun-

ction T :—3xlie I Q?tisfying ; for each e,),E,0 in I
(1) T(0,0) = 0 ,T{A1) =a= T¢,A0 ;, (2) Tle,A)< T(E,p) §F esEd AgC
(3) T(e,a) = T(a,e¥  -and (&) T(s,T(h,g)) = T(Flesd)sg) -

Obviocusly tha function Min defined od Ixl is a t-norm. Dther
t-norm which are frequently used in the study of probabllistie wmetric
spacpes are Im end Prod. defined by
Im(a.n) = Max({A+p-1,8) & Prod(i,u) = Ay for eech A,y in I.

Now we redefine fuzzy algebraic structures in the following way.

DE?I&ItIBN.é.Z.A.(ﬁnthony & Sherwood 1979 (1)). A fuzzy set A of X is =

said to be a fuzzy subgroupoid of X with respect to a t-norm T iff
for evory x,ye X Alxy) > T(A{x),A{y)) .

DEFINIVION.6.2.5. (Anthany & Sherwood 1979 (1)). If X is a group, a
fuzzy subgroupoid A of X with respect to a t-norm T, is a fuzzy sub-
group of X 1ff for eaéh x in X , A(x) = A(x“l) o

The following propositions show that the new definitions
elininaete the problen uncovered by the examples 6.2.1 & 6.2.2.
PROPOSITION.6.2.6.(A & S 1979 (1)). The. functions A

example 6.2.1 are all fuzzy subgroups with respect to the t-norm Tm.

Proof : Let we x (A) 1 y~1(a) . Then x(w)eh & ylo)eA.

dofined in

Since A is closed under addition, seo ' (xey){w) = Xx (e + y(uw) € A
Thus, o e(x+y) 1(A) -1e. x"2A)ny d @) = (xey) 2 1) .
P((xoy)'l(a)) 3,P(x'1(A) n Y'I(A))
Pix"Ya))ertyt a0)-p(xt ) u y A
;,gﬁ(s) - ch(y) -1.

Consequently, OA(x¢y)

"
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Since, oA(x+y) > 0 it- follows that o, (xey) > Mex{o} (x)+o} ¢)-1, 0}
= T, (o ()50 v)).
Therefore o is afuzzy subgroupoid of X with respect to the t-noro Tm
Moredver, since A is a group, if x¢ X, then x } A)={wep ¢ x W)EA}
={ue & :-XxW)eR = (=)L)
Theraefore, aA(x) = P(x"1(a)) = P((-x)'; ()) = oy (-x) and hence o,
is a fuzzy subgroup of X with respect to t-norm Tm .

PROPOSITION.6.2.7.(A & S 1979- (1)). The functions B defined in example

6.2.2 are all fuzzy subgroups with respect to the t-norm Tm .

Proof : Let SeAx Ay . Then S is a subgroup of 6 , xgS and yeS .

Therefore xy € S and hence SeAxy « Thus Axn Ayc: Axy .

Now mﬂ(xy) >0 and mg(xy) = P(Axy) ;P(Axﬂ Ay) = P (Ax)-l-P (Ay)-? (Ax U Ay)
> mg (x)+my (y)-1

Therefore, o (xy)i;Tm(ma(x),mQ(y)) and consequently, g is a fuzzy

subgroupoid gf‘G with respect to t-nornm Tm .

Note that if ScA  then xeS and hence xes i.e. Scllx_l .

Thus A o Ax-l and similarly Ax_lczax . Consequently A = Ax~1 .

= = = -1 i
Hence mg(x) P(Ax) P(ax_l) mg(x ) and it follows that m, is a

fuzzy subgroup of G with respect to t-norm Tm .

PROPOSITION.6.2.8.(A & S 1979 (1)). The functions m,, defined in example

6.2.2 sre all fuzzy subgroups with respect to the t-norm #in if Q is
linearly ordered by set inclusion.
Proof : Let %x,¥ ¢ G. As 2 is linearly aordered so either Axr: Ay or Aycax

Without loss of generality, suppose Axc:Ay .

If S ¢ Ax then S € AY and hence ye S .

Since, S is a group 80 xy € S which implies that S < Axy .

\ .
Thus Axc Axy and P(Axy) p 2 P(Ax) > Min( P(Ax) . P(Ay)) .

Therefore, qhﬁxy)2> Minjmé(x) ’ gé(y)} so that m _is a fuzzy subgroup-

X
oid of' 6§ with respect to Min.
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. -1 _
Horeover, as A, = A,-l ’ ma(s) = m&(x ) and hence B is a fuzzy subd

group of G with respect to Min.oE Tos
DEFINITION.6.2.9: (A & S 1979 (1)). A t-norn T is said to be conti-

nuous if 3+ is a continuous function (with respect to the usuasl topo-

logy) frem IxI to I .

i1t is to be cbserved thast Min, Prod, Tm are all continuous t-norms.

PROPOSITION.6.2.10. (A & S 1979 (1)). If A is a fuzzy subgroupoid of

X with respect to a continuocus t-norm T and 7if f is a homomorphism
on X , then the image of A under anyf is a fuzzy subgroupoid on f ()
with respect to 7.
Proaf : Let A¥ bo the image of A under a function f defined bg X.
Therefore, ﬁf(y) =z Su AbG) for all y e £ ) .
Let y; 5 ¥y ¢ f(x):sX’ =yz”1(y ) , A, = ¢1 W.) 5 Ay, = I G.V,)

1 1 2 27 * "12 1’2
and Aiﬁz = {xgX: x-= 2,8, for some a; 8 Al and a, € Az) .
If x & A7, thea x = x;x, for some x, ¢ A; & x, ¢ A, so that

Since A is a subgroupoid of X with respect to T and AIAZ ~ AIZ
80 Af(ylyz) = Sup A(x) > Sup A(x)Y Sup A{x1x2)> Sup T(A(xl),ﬁ(xz))
xehy2 xeAyly  WehygxgeR,  xyehy,xaeh,

Now ¥ is continucus.
Therefore, for gliven positive number r, there exists g number 3>0

such that if x; > Sup Alx)) -6 & x; > Sup A(xy) -8 then
. xleAI xzeﬂz
L: ]
T(xyo%,) > V( Sup A(x,) , Sup Ale,)) -~ ¢«
172 x. e b A 2
i | Xg€2
Choose e; ¢ A; and 8, € A, such that ﬁtal) > Sup A(xl) -8

“ x.eh
X3e01

A(a,) > Sup A(x,) -§. Then T(A(a,),A(a,))> T( Sup A(x,), Sup A(x,))-¢
2 2 1 2 1 2

fonsequently,

4 . f
AT(y,y,) > Sup T(A(xy),A(x,)) > T( sup Alx,A(x,)) =Taf ¢.),a7(y, 0
172 ;lcﬁx,xzeAzl 2 xleﬂl 1):2@&22 17 2
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and hence af is a fuzzy subgroupoid in f (X) with respect to T.
PROPOSITION.6.2.118 @ & S 1979 (23)). If A ia a fuzzy subgroup of a

group X with respect to a t-norm T then H s{ xeX 2 Al(x) = 1} is
either empty or is a subgroup of X.

Proof : 1f x,ye H then A(xy‘l) z?(A(x),A(y"l)) =T(A &),ACy))=T(1,1)=1
Therefore A(xy'l) =1 and xy'lagu. Hence H is a subgroup of X.
PROPOSITION.6.2.12% A & S 1979+ (23)). 1f A is a fuzzy subgroup of &

group X with respect to a t-norm T and if there is a sequence jxn}
in X such that Lim Y(A(;n),A(xn)) =1 then Afe) = 1 where e is
the identity in“;.m

Proof : Let xeX. Then Ae) = Alxx"2) > T(A(),A(x1)) = 7 A (x),A(x))
Therefore for each n, Afe) >T(A (xﬂ),ﬂ(xn)).

As 1>A(e) > Lim ’I(A(xn),ﬁ(xn)) s 1, it follows that A(e) = 1.

Nee

PROPOSITION.6.2.13.(A & S 1979 (23)). Let A be a fuzzy subaroup of

a group X with respeet to a t-noem V. If A(xy“l) = 1 then A(x) =A(y).
Proof ¢ Afx) = Al(xy 1)y) > T(A(xy~1),a(y)) = TQ,A(Y)) = A Q) = Ay

YR A DER L7 YO WY S DBS (7Y s WHPTY S ETY B
PROPOSITION.6.2.14.(A & S 1979 (23)). Let A be a fuzzy set in a group

X and T a given t-norm. If A(e) = 1 and A(xy’l) > T{A(x),A{y)) for all
x,¥, € X then A is a fuxzy subgroup of X with respect to V.

Proof : Aly™1) = afey™}) > T(A(e),Aly)) = TQ,A(y)) = Aly) end simi-
larly A(y):,-a(y'l) . Thus A(y) = A(y’l) .

Moreover, A{xy) = A(x(y-l)ml);;T(A(x),ﬁ(ygl)) = T(A(x),Aly)).

Hence A is a fuzzy subgroup of X with respect te 1.

« 3. FUZZY TOPOLOGICAL SUBGROUPS .

In this section we study the combined algebraic structure known as
sub
fuzzy topologieallgroup. For the definition of fuzzy subgroup we

follow Rosenfield (23).
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* Suppose, & is a fuzzy subgroup in a group X. tet «,8 denote the

1

mappings (x,y)+ (xy) and s+ x ° respectively whers x,ye X.

The imege a{GxB) of the product fuzzy gset G:xG is given by

6xB)X¥(x) =8 (Cx8)(2,,2,) = Sup_, Min(a(z,),6(z ))
(allx )y (Zlfgz)ecfl(x; 12 (21,22)80 Lx) 1 2

.& Sup
(zl,zzha l(x)
Henco af{Bx6) ' G.

8(2122) =" 6(x) for all x ¢ %.

Therefore by proposition 6.1.16 , G(x) = sty for a1l x € X.

Hence, B(E) = G,

Next note that if X is given a quasi fuzzy topelogy T, then G acquires
an induced quasi fuzzy topology T(ﬁ)' By definition‘(ﬂ,ltn)) is a
gquasi fuzzy subapaece of the quasi product fts (X,T7) x (X,V).

DEFINIVION.6.3.1.(Foster 1977 (9)). Lot X be a qroup and ¥ a quasi

fuzzy topology on X. Let & de a fuzzy subgroup in X and let G be endowed
with the induced quasi fuzzy topslogy 7(6)“ Then 6 is 2 fuzzy topo-
logical subgroup in X ifF it ooticfics the following two conditions.

(1) The mapping a ¢ (x,y)+ xy of (G,T(G))x (G,T(G)) into (B,T(G))
is relatively quasi fuzzy continuous.

{2) The mapping 8 : xe-x'l of (8"(8)) into (G’](G)) is pelatively

quagsi fuzzy continuous,

R fuzzy cubgroup structure and an induced quasi fuzzy topology are
said te be compatible if they satisfy the cenditions (I) and (2).
PROPOSITION.6.3.2.(Faster 1979 (9)). Let X be a group heving quasi

fuzzy topolegy T. A fuzzy subgroup G in ¥ is fuzzy topolegical sub-
group iff the mapping o (x,¥). + xy'l of (G,T(G));:kc,f(ﬁ)) into
(G,?(S)) is relatively guasi fuzzy continuous.

Pyoof (=>)Ths maﬁping (x,y)— (x,y’l) of (G,T(G))"(G,T(G)) into itself
is relatively quasi fuzzy centinuous (by theores 3.1.6 ). Hence, the

1

composition (x,y)~ (x,y‘l)*'xy" is relatively quasi fuzzy continuous.
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(<) 8y proposition 6.1.6 t(e) 26(x) for ell x€ X and therofore by
theorem 3.1.16 the canonical injection y* (e,y) of (G,T(G)) into

(g, 7 )) “(G,T(B)) is relatively quasi fuzzy continuous.

(&
The mapping o: (x,y)o xy of (G,T(G)) x(G,Y(G)) into (G,t(g)) is
zelatively quasi fuzzy continuous because, it is the composition of

(x,y)x*(x,y-lio-x(y*I)'l of reletively guasi fuzzy centinuous maps.

If ¢ is o fuZzy topological subgroup in a group R cerrying 2
quasi ?ﬁzzy topology T then, in general, the translations Pyt > X8
and aa : x+a8% , a ¢ X, are not relatively quasi fuzzy centinuous
nappings of (G,T(B)) into itself. However we have the follewing
special case.

PROPOSITION.6.3.3.(Foster 1979 (9)). Let X be a group having a quasi

fuzzy topology V. Let & be a fuzzy topolagical subgroup in X. For
each aagGB = {x 3 €(x) = 6(e)} . the translations P and A, ate
relatively quasi fuzzy homecomorphisms of (G,T(ﬁ’) into itself.
Proof : From proposition 6.1.26 we note that pa(G) = 6 and Aa(G)sﬁ
for all aegce.lhe mapping Ag is the composition of the injection
¥+ (a,y) and the mapping (x,y)- xy .

Since, G(a) > 6(y) fer o0ll yg G, it follows from proposition 3.1.10
that the mepping y+ (a,y) is a relatively quasi fuzzy continuous
mapping of (G,T(G)) into (G,T(G))ac(G,T(s)). The mepping (x,y) < xy
is relatively quaai fuzzy continuous, by hypothesis.

Hence Aa is ielatively quasi fuzzy centinuous, and therefara,xglﬁ=hda

1

alse. The relatively quasi fuzzy continuity of Py and p; can bde

shown similarly.
The following proposition show that the induced quaesi fuzzy

v o= r o 5
- P T SR S

topelogy on ?'1(6) snd gsubgroup structure are compatible.
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PROPOSITION.6.3.4,(Foster 1979 (9)). Given groups X,Y ,a homomor-

phism f of X inte Y and a quasi fuzzy topolegy Y on ¥ , let X have

the qguasi fuzzy topology T , where T is the inverse image under f
of U and let G be a fuzzy topological subgroup in Y . Then the inverse
image #=3(¢) of © is a fuzzy topological subgroup in X .

Proof : Left .

PROPOSITION.6.3.5.(Foster 1979 (9)). Given group X,Y , a homemerphism

f of X into Y and a quasi fuzzy topology T on X , let Y have fuzzy
topology U where ¥ is the image under f of T and let G be a fuzzy
topological subgroup in X . If the function G is f-invariant , then
the image f{C) of € is a fuzzy topological subgroup in Y .

Proof : Left .

Given a group X carrying a gquasi fuzzy topology T , and G a fuzzy
topological subgroup in X , let N be & normal subgroup of X and let ¢
be the cannonieal homomorphism of X onto the quotient group X/N .

If the function G is constant on N , then G is ¢ -invariant and the
image ¢(G) is accordingly a fuzzy subgroup in X/N . HWe ecall ¢(G) a
quotient fuzzy subgroup and denote it by G/N .
PROPOSITION.6.3.6.(Foster 1979 (9)). Let X be a group having quesi

fuzzy topology T ,'G a fuzzy topological subgroup in X & N a normal
subgroup of X . Let the quotient group X/N be given the quasi fuzzy
topology which is the image of T under the cannonical homomorphism ¢
Then if the funetion G is constant on N , the quotient fuzzy subgroup
G/N is a quasi fuzzy topological group in X/N .

Proof : Apply proposition 6.3.5.

e refer to the above quasi fuzzy topology on the quotient group X/N

as the quotient quasi fuzzy topology and to G/N as a quotient quasi
fuzzy topological subgroup .
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PROPOSITION.6.3,7.(Foster 1979 (9)) Let X,V be groups & f a homomorphisn

of X onto Y . Let 7 be a quasi fuzzy topology on X , ¥ a quasi fuzzy
topology on Y , and f both quasi fuzzy continuous and quasi fuzzy
open . Let' G be a fuzzy topologicsl subgroup in X such that the
function G is constant on the Kernel f~l(e) of f . Lot the qootient
group X/f}é\have the quotient quasi fuzzy topology . Then

(1) The fuzzy subgroups G/f’l(e) and f(g) are fuzzy
topolagical subgroups in X/f'l(e) and Y respectively .

(2) The cannonical isomorphism f of x/f'l(e) onto Y is a
relative quasi fuzzy homeomorphism of G/f'l(e) onto f£(G) .
Proof : Left .

Now we discuss the products of fuzzy topological subgroups .
Let {Xn} n=1,2,00c000.,m be a finite family of groups and X the
product group . For each n = 1,2,.00..0.,0, let Xn have quasi fuzzy
topelogy Tn and Gn be a fuzzy topological subgroup in Xn . The product
m
fuzzy set G = i Gn in X is given by
n=l , l
G(x) = miniﬁl(xl),......,Gm(xm)} ,where x = (xl X g ,....,xmi.
It follows that G is a fuzzy subgroup in X , since for all x,yec X
-1, _ -1 -1, ~1 -1
G(xy ") = G(xly1 peesseeeesyX Y )-min(Gl(xlyl ):...,Gm(xmym ))
> min { min { Gl(xl)’sl(yl) Y30 0symin ;Gm(xm),cm(ym»}

=min {min { Gy(x;),.00,6,(x ) } ,min { 6)(y,)s..0,6 (y .
=nin { G(x),6(y) }

He call € the product of the fuzzy subgroups { Gn } n=1,2,004,m

The prodnuct group X has yassociated with it the product
~quasi Fuzzy “topology . The-next proposition shows that the induced
quasi fuzzy topology on G and the product fuzzy subgroup structure

are compatible .



PROPOSITION.6.3.8.(Foster 1979 (9)). tet {X.} , n = 1,2,...,8

be a finite family of groups end for sach n=1,2,...,B, let Tn

be a quasi fuzzy topology on xn and Gn a fuzzy topological sub
m
group in xn . tet the product group X = [ Xn have the praduct

ozl 0
quasi: fuzzy topology ¥ . Then the product fuzzy group Gs Klﬁn
n=

is a fuzzy topological subgroup in X .
Proef 3 Left .
0
Vie refer to & = 1 Gn as a product fuzzy topological
subgroup . The results gilproposieions 6.,3.6 and 6.3.8 msy be
combined to yield the following

PROPBSITION,6.3.9.(Foster 1979 (9)). Let {X } n=1,....,m be

a finite family of groups and for each nzl,...,a let Yn be a

quasi fuzzy topology on xn and &n

Gn a fuzzy topolegical subgroups in X“ such that Gn is constant

a normsl subgroup in xn and

. .om
in Nﬂ . Let the guolient group X/N , where N = ngxm” and Xn/Nn

n=1,...,m have the respoctive quotient quasi fuzzy topologies

o -
and the product groups X = % X_ and T (X /N_) the respective
n=1 " n=] 0
product quasi fuzzy topolegies . Lot U =
o
tet G = ﬁ Gn be the product fuzzy topological subgroup in X. Then

n=1 o
the canonical isomorphism f of X/N onto i, (X, /N ) is s reletively
ns
quasi fuzzy homeomorphism of the quotient fuzzy topological subgroup
m
G/N onto the product fuzzy topological subgroup g (Gn/Nn)'
=1

n=
Proof : Left.

§.4 . METRIC SPACES 1B FUZZY THEORY.

This section is devoted to jhe study of metric spaces in fuzzy
set theory. In general topolegy it is observed that a pegeudo-quasi
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/equivalently

motriec (p.g.metric) on a set may also be’treated as g distance func-

tion between subsets of X. This equivalent definition is generalised
to fuzzy sst theory where points need not have Boolean properties
and hence in which a naive generalisation of a p.q.metric is unsat-
isfactory.

Let X be & classical set and 1 the unit closed interval [0,1] .
The collection of all fuzzy sets A : X+ I is denoted by I.

DEFINITION.6.4.1.(Erceg 1979 (8)). A fuzzy p.q.metric on X is a map
) S |

p : 1" x1" = ([0,=) satisfying the following conditions:

(M1) p(0 , A) == ¥ A1 , A =0

PCA , A) =0 and p(A , 0) = » Ffor all A ¢ IX .
(#2) p(A ,B).< p(A , C) + p(C , B) for all A,B,C e IV .
(M3) (1) A=B=>p(A , C) »p(B , €) for all C e 1%,
(2) ptc , g A) = ‘V p(C , A\D for all C,A, ¢ X,
(M4) Suppose C, AA € Ix for all \ecA and r ¢ 10,o[ .
P(Al, B) cr=>Be=C ‘for 8 ¢ Ix, AeA  then ‘
PO U AL, D)< 2 DSC For D ¢ ¥,

DEFINITION.6.4.2.(Ercog 1979 (8)). For all r £]0,e[ let Drzlx - 1%

be defined by Dr(hr};ti {8 : p(A,B) < r} . Then {Dt 3 T>0} is called
the sssociated mepghbarhood maps of p.

THEGRENM.6.4.3. (Exceg 1979 (8)). The following statements are valid
for all r ¢ }0,of .

(A1) 0, (@) =8 . (A2) Ac D.(R) . (A3) b, (U ﬁk) = U Br(Ah).

A
Proof : (Al) & (A2) follow frop (ﬁl) and definition 6.4.2,

Now p(&u,B) <r3p( Y AA’8)< p(QF,B) { since, A = U A ).
_<r L

A A
So B <D (u A ) and hence 6~(Au) = UfB : p(A WB)< q}c:D (U A )

i,e. U D (A ) < By (U A ). i

By (M43 p( U A ,C)‘<r§?c SUD (A). Thus B_(U A )= U D_(A,).
A A oy 2 4 T



DEFINITION.6.4.4. (Erceg 1979 (8)). If £ : I™ s IX satisfies (A1)-(A3)

ve dofine its ihverse to be f3 t 1¥:+ IX uhere FXA)= (B:7 (D= A°).

1t is clear that (Al) is necessary in order that -1 be well-
defined. g
THEOREM.6.4.5. (Hotton1977 (80). 1f ¢ :1% 1* satisfics (A1) - (A3)
then so does £~ 1. Furthor if f and g satisfy (A1) - (AB) then

(1) fa)eBe 1@ () (¢t s

(3) fF= gl g7} @ fFoag)teglorl,
Proof : S*raightfnrnard.

Unless otherwise mentioned, if f satisfies (Al) - (A3), then £~}
will be used to denote the inverse as defined above, rather than
the usual function inverse.

The next result indicates the importance of the neighborhood maps.
THEOREM.6.4.6.({Erceg 1979 (8)). If p s a fuzzy p.qg.metric on X with
associated neighborhood maps {Dr : >0} then, for all A,Be:lx
p(A,B) =A{r: B c:Dr(A)} .

Proof : Let f(A,B) =A{r 3 Bc Dr(A)} . Then, for all r>p(A,B),

B« Br(A) so that f(A,B). ¢ r. Hence f(A,B)<p(A,B) .

Now for 211 r with,ec:Dr(A)

p{A,8) < p(A,D (R)) = p(A, U{C : p(R,C)<r})= V{p(A,C):p(A,C) <)
< r by (439 @)

Hence p(A,B) < {r : BCZ-Dr(A)} = f(A,B).

THEOREM.6.4,.7.(Erceg 1979 (8)). If p is a fuzzy p.q.motric with

associataed neighborhood maps Dr’ then ﬂr o DS c 9r+s for 211 r,5>0.

Proof : Follows divectly from (M2).

Now we give a partisl converse to theorem 6.8.6.
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THEQREM.6.4.8. (Excgg 1979 (8)). If 4 = (D ;¢ ¢]0,o{} is a family
of maps D, : 1%, ¥ satisfying (Al) - (A3) and such that for all
r,8 e J0,=f Dr o DSC Bu»a then p @ Ixxl{go [{0,=] defined by
p(A,B) = n\{r : BCDr(A)} is a fuzzy p.q.nstric on X.

Further, its associated neighborhocd naps Er’ say, are given by

UO_ t.e. E(A) = UD_(A) for Ac 1%,
E s« r sS<P

Proof ; (M1) follows frem the definition of p and preoperties: (Al) &

E

u

(A2) of D_

(42) Let A,C,B¢ 1%,
Now for all r > p(A,C), for all s>p(C,B8) we have ccar (A) & Bc:i)s(c).
Hence B=D_ o D'(A) = Bsw(&). So by definitien of p, p(A,B). ¢ r+s
i.e. p(A,B) cp(A,C) + p(C,8).

(3) (1) Let A= B . Then for all r>p(A,C) , C= D Q).
So C— D_(B) by (A3). Hence p(8,C)gr which gives p(B,C)¢ p @,C).

(M43) 2) Let ©>p(B, UA_). Then U A = D_(B)
A A 2 A r
Therefore A‘ic 63(3) "‘A-;p(B,AA)s r 3;:}: p(B,Al)sr

Hence V p(B,AA)sp(B, U A,
A A A
tet r>V p(B,Ax). Then r>p(8,ﬁh) ¥ A
A

Therefore AAC Dr(B) > U AL <= D B)=p(B, U A ) <ilp
Y A e 2 A
Hence p(B, U AA)\< v p(B,AA)
A A

tet us He)prove that E, s UDB..
a<r

for all B c Br(A) s P(A;B). s <8 ¥s>r and so B c Eé(}\) ¥Va>r
Hence bt(a)c 58(;\) for all s>r or DG(A)C Ei (A) for all s<r,

so that U BB(A) = Er(A).
B<r

Now ¥ B such that p(A,B)<r we have p(A,B)<t for some ¢€<r.

Hence B — Dt(A)cz u DS(A) i.e. Er(A)z u{8: p(A,B)<rlc U D ().
s<r scr B

Finally we show that (M4) is satisfied.
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X
Suppase B8,A, e 1¥ ¥ red satisfy p(A,,C)<r3 C=8 for Cel” ,heh .

4

If D 1" satisfies p( U AA,D) <r then
A

DcE(UA)=UD(UA)=U VD (A)) = U E (A 0= B by hypothesis.
P, A Tger® 4 A osera 02 A ¢
Yhe following result is a symmetric version of the theorem 6.4.8.
THEOREM.6.4.8(a).(Erceg 1979 (8)). If &4 = {D_ s © e ]0,o[)} is a family
of maps D : 1X,+ 1% satisfying (A1) -(A4) such that for all r,seP,=[
X _ X .
Dr o Dsc Dros , then d 3 172 17> {o,x]defined by
d(A,B) = {»r ; Bc Dr‘A)} iz & fuzzy p . metric on X with neighborhood

maps E_ = Y D_ .
£ scr °

Proocf : Left.

tNext, we consider the topology of the fuzzy p.q.netric space.
THEOREM.6.4.9.(Erceg 1979 (8)). If p is a fuzzy p.q.metric on X with
associated neighborhood maps Dr’ then {br(a) : Ae Ix, r e¢]0,=[}is a
base for ‘a topology on the fuzzy space X.
(This topology uwill be eslled the topology of the fuzzy p.q.metric p)
Proof : It must be shown that the arbitrary supromums of this set

together with 0 and 1 form a fuzzy topology. For this it is enough to

prove that for all A,Be-lx and t,s ¢)0,«[} there exists'KA in Ix and
tl in )0, , ¥eA , such that Dr(A)n D (B) = U Dy (K,).
° Aed A A

Let K = 0 (A)ND_(B) . If K = 0 then K = D_(o).
If K. # 8 then K =2[U{C, 3 p(ﬁ,€1)<r}]ﬂtﬂ{cz : p(8,82)<s}}

2133 Tne, p(ﬂ,ﬂl) <r and p(B,Cz) <8}

v ch : Aed} ,say, where cx = calﬂ CAZ and

2]

i’

p(A,CM)<r and p(B,cl2)<s
Now for all NgA , let ta z (r - p(ﬁ,cal))/\(s - p(B,clz)) & KA = CA'
if p(al,ﬁ)<ta then p(KA,D) <? - p(A,C“).
As ch = KA%P(CA:D)C Q(KA,D) hence, Z.]?f(cz\l,f))-rp(l\,cu) <r
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%uu

s 1 -
B - T_ -

i‘*-._____

Therefore by (#2) p{A,D)< ¢ and honce D =D, (p).

(s‘,

Similarly D < Dy (8). Thus Dtk(KA)C:K for all AcA which implies

REMARK : Since Ac: Br(A) for r e]O,m[ ’ Dr(A) is indeed a neighbor-
hood of A ¢ X,

THEOREM.6.4.10.(Erceg 1979 (8)). In the topology of the fuzzy p.q.met-
ric p with neighborhood maps D, A% u{c: Br(C) A for some r > 0}
Proof : Let F = U ;c : Ot(C) e A for soms r > 0}.

Now A® = u{c : C<A, € is fuzzy open} = u;Dr(K):KeIx,r>0 & Dr(K) C}.
1¢ Ce 1¥ satiafies D_(C)= A for some r>0 then C =D (€)= A% .

Hence F <= A°.

Again if Dr(l()c A for some K¢ Ix, T>0 and if B satisfies p(¥,B)<r
then there exists s ¢)0,r{ such that p(¥,B)<s and so B c:Ds(K).

Thes at_s(a)c: I DS(R)C: Dt(K) » by theorem 6.4.7, & as a result

r-s

we have Br_B(B)C: A.

Hence B F=r D (K) = F = AR°c F.

THEOREM.6.4.1).(Erceg 1979 (8)). In the fuzzy p.q.metric space (x,p,br)

(where all the symbols have vysual meaning) A = N D'I(A)

(Recall that D -1 55 the inverse in theorem 6.4. Sr;g

Proof : By theorem 6.4.10, A®° - u {K : Dr(K)c:A for some r > 0}

Thus A® = © {K : D;I(AC)CZ k¢ for some r > 0} (by theorem 6.4.5)
= U {K:K c:(B‘l(Ac))c for some £>0} = U (B'l(hc))c

-1, ¢ c r>0
Therefore by theorem 1.4.9 A = (U (b2 (A ¢ = n a-l(n).
r>0 >0

DEFINITION.6.4.12.(Erceg 1979 (8)). A fuzzy pseudo metric(p.metric) on

X is afuzzy p.q.metric d with neighborhooad maps Dr satisfying

D, = 9;1 for all r ¢ )0, teseseesescss(AB).



THEQOREM.6.4.13, (Erceg 1979 (8)). In a p.metric space (X , D, » d)
A= N D.(R) =U {B :d(A,B) = 0} .
r>0
Proof : By theorem 6.4.11 & = 0 D (A).
r>0
tet F = U{B : d(A,B) = 0} . Clearly F< n D (A) .
r>0
Now suppose B — N 9»(&). Then for 8}l »r>0, B D (A), so that
>0
d(A,B) < d(A,D (A)) for all >0

= r for all ¢r>0.
Thus d(A,8) = 0 and consequently N & (a) =
COROLLARY.6.4.14,(Erceg 1979 (8)). i:oa fuzzy p.metric space (x,d,Dr)
§;Tﬁ7<: D (A) for all s > r.
Proof : Straightforward.
REMARK. (Ereeg) The reverse inequality need not hold, even in the
usual set theory. Consider for exsmple, a p.metric on two slement
set giving the discrete topology.
THEOREM.6.4.15.(Ercog 1979 (8)). Every fuzzy p.metric space (X,d,Dt)
is normal.
Proof : Let A,Be IX where A = A and B = B® in the pseudo-metric
topology.

Therefore A = N B, (A) and AcB give B=A UB= n (o (A) U B)
r>0 r>0

8% = u {« or(x)cz B for some r>o0} = U {Kl :deh } say,; where for
gll A ¢ A, there exists T,e 10,«[ so that DL (KR)C: B .

A
Hence A = ANB = U (ANK,.).
aca A o
let € = U ﬁ /2‘“ n K . Them € = € and AcCce=¢€ .
Ael A
Now €=z n D(CY=n O () = n ({8 ,.(A0K.)))
g>0 ¢ s>0 a/2 8>0 Ael 8/2 rA/Z A
= n U b (An K. ) < n un (AnK)
850 Aed 3+ A 838 Aeh ° V&
= N u [D(AnK)ﬂD (AnKA)]C n U [D, Q) U B)
8>0 el A >0 AchA
= {98 (A) usl}] =18.

8>0
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Noxt, we define canjugate fuzzy p.q.metric.
THEOREM.6.4.16.(Ercag 1979 (B8)). Let (x,s,nr) be a fuzzy p.q.mtric
space. Define q ;Ix:<1§+ [0,o] by q(A,B8) =A {r : B D;l(A)} . Then

q is a fuzzy p.q.metric on X with sssoclated neighborhood maps

L 1]

r ¢)]0,=[}.
Proof : Left,

-1
1o

fuzzy
DEFINITION.6.4.17.(Erceg 1979 (8)). The/p.q.metticqqdefined above, is

said to be the cenjugate of p.
PROPOSITION.6.4.18.(Erceg 1979 (8)). In the fuzzy p.q.metric space

(X,p,D,) As U {B: q(A,B) =0 ).

Proof : fFrom theorem 6.4.11 & = N D;I(A). But B;lfﬂ)=UfB:q(A,8)<r}
>0

Thus A = n U (B s q(A,B)c v} = U (B : q(A,B) = B} .
r>o '

Congersely, if €< B;I(A) for all r gl0,o then ¢(A,C)<r ¥ rgl0,o]
so that q(A,C) = 0. Thus C < U (B : q(A,8) = 0} .

Hence A < U (8 : q(A,B) = 0} .

REMARY,.(Erceg). Theorem 6.2.13 is tho special case of propositioné.4.18

when p = g

If p and g are conjugate p.q.metrics in the usual sense then
the map d defined by d{x,y) = p(x,y) V ql{x,y) is a pseudometric
in the vsual sense. The following result gensralises this methad.

PROPOSITION.6.4.19.(Erceg 1979 (8)). If (X,p,Dr) and (X,q,ﬁgl) are

conjugate fuzzy p.q.metrics then (x,d,Ey) is a fuzzy p.umetric where

= -1 - -1
€, uegr(csn B_") and d(A,B) =afr : 8= (B N DB 7))} .
Proof ¢ Since {Drn D;l : ¢ ¢l]0,»[} satisfy (A1) -~ GA4) it is enocugh

-1 -2 1
to show that (Dtr\Dr Yo (Dsﬂ D, ) Dp*g Ds+r c?gg then to apply

theorem €6.4.8(Ce).

-1 -1 '
Mow (orruur Yo (aerwus Y= Dr o ns = B,q »
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-1 -1 -1
Similarly, (D n B ") o (0 ,nB ") =D .

Ir+8
-1
Siqce.Dr*sn DLys 15 the largest map satiefying (A1) - (A3) which is
-1
smaller than both Dr»s and Dt+3 s it is cvident that
ul -1 N -1
‘orr)Dr ) o (Dsn De )= Dr+s Dr+5 ¢

e conclude the section with the definition eof fuzzy metric.

DEFINITIGN. 6.4.20.(Erceg 1999 (8)). A fuzzy pseudo metric p in (x,p,Dr)

is said to be a fuzzy metric if it satisfies

¥ A 34 Ix ( N Dr)(A) = A ...-..-..;.....-.oo..(ﬁ5)
>0
where ( N Bt s 15 s Ix is the largest map satisfying (Al1){A3) &
r>0
( n Dt)(A)<: DS(A) for all 8 ¢l0,[ .

>0

§.5. UNIFORMITIES OGN FUZZY TOPOLOGICAL SPACES.

In this section we extend the notions of quesi unifermities on
topological spaces to fts. We establish results cerresponding to
many of the usual theoreus of ordinary gensral topobgy. WE also
construct a natural uniformity on the unit interval in fuzzy struc-

ture.

Consider a qQuasi uniformity on X in the usual topological sense.

~Taxe
an element D @8 a subset of Xx X. Ye may define D : ' e by

B(V) = {y : x ¢ V and (x,y) g D}

It is obvious that V< D(V) and O( U Vx) = U D(VA) for V & V, in .
A A
Conversely , given D : :+ satisfying V= D(V) & D( U vk)=u B(VA)

A A
we may define D X x X, such that D contains the diagonal, by

D= {(x,¥) : y e B{{x}} .
Thus in defining o quasi uniformity for a fuzzy topology, we
take our basic eclements of the quasi uniformity to be the elements

of the set Q of maps D : Ix:+ Ix uhich satiafy

(A1) B(8) = 8 (A2) V= D(V) for all V ¢ I¥ and (A3) DU V,)sUD(V,)
A A
for V, € Ix.
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DEFINITION.6.5.1.(Rutton 1977 (10)). A fuzzy quasi uniformity on a

set X is o subset A of @ (the set of all maps satisfying (A1)-(A2))
such that
Q1) a2 # ¢
(Q2) DegdA and D Ee A= E¢h.
(33) Ded and EcDA =2DN Ees .
(Qa) DEe8 there exista £ € & guch that £ 0 E= D.
Note that thies definition agrees with the usual definition when
we replace I = [0,1] by the set {0,1} .
It is also to be noted that (83) may be replaced by
(Q3’) Dle A and 02 € A there exists De¢A such that BC:DI & Df=02
Before we dofine the fyzzy topology generated by a quasi unifor-
mity we state the following triviel result.
THEOREM.6.5.2. (Hutton 1977 (18)). If a map £ ; 15+ I* satisfics the
interior axionms
(I1) F(X) = X (12) F{V)=V for Ve IX (I3) F(P(V)) = £(V)
for Ve IX (I8) F(VNW) = (V)0 equ) for V,¥ ¢ 1%, then the
collection T ={Ve IX : #(V) = V) io a fuzzy tepology & £(V) = v°.

DEFINITION.6.5.3.{Hutton 1977 (14)). Let (X,A) be 2 quasi uniformity
X X

Cefine Int : I)gol by Int(V) = L{vel” : p(u)>V for some D¢ A).

PROPOSITION.6.5.4.(Hutton 1977 (18)). Int satisfies the interior

axioms (I1) - (I4).
Proof : (11) end (I2) are trivially satisfied & (14) fellows from(@3)
So we are to prove (13).

1f U end V € 1%

and D€ o is such that D(U) < V, then we can find E
such that £ o £ — D, So in psrticular, E(E(U)) V.

Thus E(U) = Int(V) which implies that U < Int{Int(V)).

Hence Int(V) = Int{Int(V)) and since the other inclusion follows by

(12) , we have Int(V) = Int(IntlV)).
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DEFINITION.6.5.5.(Hutton 1977 (14)). The fuzzy topology generated

by A is called ihe fuzzy topology generated by Int.

Hence, in particular, we note that D(U) is a neighborhood of
U in the topology generated by R .
LEMHA.6.5.6.(Hutton 1977 (#4)). Let (X,T) be an fts. Suppose D € R,
and Dn(u) is @ neighborhood of U for any fuzzy set U (n=1,2). Then
(Dyn Dz)(U) is a neighborhood of U, B
Proof : Left,
THEGREM.6.5.7.(Hutton 1977 (16)). Every fyzzy topology is fuzzy
quasi uniformisable.
Proof : Left.
THEOREM.6.5.8. (Hutton 1977 (18)). If (X,p,Dr) is a p.g.metric space
thes zxs{ar : ¢ gl0.o[}is a base for & quasi uniformity on the set
X. Further, the fuzzy topology of the quasi uniformity is that of
the fuzzy p.q metric space.
Proof : Clearly ¢ # AcA.

For (@3) it is enough to prove that ¥ r,s ¢]0,»[ , thore exists

t €]0,o[ such that D = D, ND_ . Let t = rhs.& A, U A, = AeIX.
Then D, (A) =[B  ,(A;) U D (R,)]c(D (A;) u D (A,)]
= N
However (Drn Ds)(A) -AIUAzzA[Dr(Al) u DS(AZ)]which gives the required

result.
A satisfies (94) gince Dr/Z o Dr/2 Dr‘

The remainder of the results follows from theorem 6.4.10.

Now we define quasi uniform continuity between guasi uyniform

spaces.

DEFINITION.6.5.9.(Hutton 1977 (14)). Let (X,A) and (Y,£) be quasi
uniform spaces. A map f : X+ Y is said to be fuzzy quasi uniformly
cantinuous if for every Ecf ; there exists a8 Dz A such that OC:f'l(E)

i.e. for Ve I%, DY) = ¢ol(ECF(V))).
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THEOREM.6.5.10. (Hutton 1977 (18)). Every fuzzy quasi uniformly con-
tinuous function is fuzzy continuous in the induced fuzzy topolagy.
Proof : Let § : X:e Y ué/:ﬁzgz uniformly continuecus.
Consider an open set V in the fuzzy topology generated by E.
So V = U(U : E(U)cV for some EeE} .
If E(U)=V then there exists @ De 4 such that

per~luy) = e leceelyn = e e = e,
So £1(u) = 1nt £~1(¥) & hence U{F 1(u):E(U)=V for some Esg)intf i(V)
put #-¢ W u,) = y ¢"1(s,) and thus £71(v) = 1ne(emr o)),
Hence f (V) is open which implies that f is fuzzy continuous.

flext we prove a theorem corresponding to the characterisation
of pseudo quasi metrizability in terms of quasi uniformity.
LEMMA.6.5.11.(Erceqg 1979 (8)). Lot I= {u, 3 n=0,1,2,3,...} satisfying
Ug(A) =1 ifA#£0, U (A) =0 3FA=0 ond
Uu§1 o Un’1 0 Un*1c2 U“ for all n = 0,}1,2,3,..... Then there exists
a set A< Q, A= ;Dr : ¢ ¢)0,o[ } satisfying Dr [\] Dac: °r+a for all

r,s ¢ 10,9 and unczsgl/2“DBC: U .1

Proof : For all r ¢ )8, dofine a map Pp € 2 by

¢p ° Un if r el}/2nel , 1/2n(

for all n31i.

r = Y

Then Pp © 9p 0. 9p < Q9 for all re ]0,of.

if >1.

Now for all reg ]JO0,={ define a map Dr c by

D :U {9 o.¢ Geosveess 00 s %
d Ik S 't 18y

Clearly 9p = Dr trivially for all re Jo,of .

risr}.

Further D, = .9y, because V¥ k31, rptlogrzﬂ.....ocprk: 99 for all

Py s Tsp gescceey P, Such that ¢ = K
b 2 &k igl Tgo
Indeed if &k = 1, the ststement is trivial.
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b
If k>1 let § be the largest integer satisfying ixl '1~$'/2 and
& 2
Then I ’xrixsrlz and r”psrlz.

-
-

By induction Qtl o wrz Cevseed @rjc:mr and er¢1cz ?p and

. 0 0.........&@ (:Q .
Uiz Pries T F

Oevsecensosnssld (prkc cproq)r Otprq:qyzr -

Hence er o ¢r2

Since . = Drc: Ppp ¥ re 18,=f , B =D =U_ ., ¥ refl/2ne) , Yon[ .

Thus U < y - b, = U
z<l/sn

It is clear that Dr o Dsc: Dros for all r,s ¢ ]80,of .

nel

PROPOSITION.6.5.12.(Erceg 1979 (8)). If £ is the sequence of naps in

Leome 6.5.11 then there exists a fuzzy p.qumetric p on X with associated

neighborhcod naps Er satisfying un+3<: € e un_l ¥n>1l.

-

2
Proof : By Lomma 6.5.11 and Theorem 6.4.8.

THEGREM.6.5.13.(Erceg 1979 (8)). (P.Q Metrization Theorem).
A quasi uniform space (X,A) is fuzzy p.q metrizable iff A has a
countable base.
Proof : (=) Trivial.
(&) 1f A has a countable base, say £ = (v, : n=0,1,2,...)
we may rechoose E 80 as to gatisfy the hypothesis of lemme 6.5.11.
The result fellows by proposition 6.5.12.
DEFINITION.6.53.14.(Ercog 1979 (8)). Let (X,p,D ) be a fuzzy p.q motric

space and (X,4) be a fuzzy quasi uniform space. Then p is said to\
be quesi uniformly lowsr semicontinuous (qulsc) on (X,a) iff
‘{Drare]!),m[}CA.

THEOREN.6.5.15.(Erceg 1979 (8)). Let (X,A) be a quasi uniform space.
Lot © be the set of all fuzzy p.q metrics which are qulsc on (X,4).

Then © generates A .
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Proof : Let @ be the quasi uniformity generated by 6. Then clearly
g <A . To prove the converse, suppose U ¢ 5 :

Lot UO(A) =1 if Aig 0, UO(A) = 04f A =0 and Ux = U .

Pefine Uhtﬁ inductdvely so that U ol ol  ,<U ¥ n=0,1,2,..
Then by lemma 6.5.11 thero exists a fuzzy p.q metric p on X uwith

neighborhood maps Dr satisfying Un =D

. 0 < un_1 for 21l » > 1.

Hence pec @ and U = 01/4 « Thus Ue-R

fNow we define fuzzy uniform spsaces.

DEFINITION.6.5.16. (Hutton 1977(14)). A fuzzy quasi uniformity on

a set X is said to be a fuzzy uniformity if it also satisfies
(as) 0 e & 3 o72e a,

In section 4.6 we have already introduced fuzzy unit interval I(I)
together with left hand topolegy I.t and right hand topology Rt‘
Here we construct a fuzzy uniform structure on I(1) as follows :

DEFINITION.6.5.17.(Hutton 1977 (14)). We define B : %0 1% oy

B,(U) = B, where t is the greatest s ¢ R such that Uc L;
- ¢
= n;Rs_r t U Ls) .

PROPOSITION.6.5.18.(Hutton 1977 (14)). (1) Br satisfies (Al1)-(A3).
-1 _ R c

(2) 8]t =n gt ,, s RS L(3) 8,

[ el
°Br B

- 8P 2 21082.

1
Proof : Lefits
COROtLARY.é.S.la.(Kuttqn 1977 (14)). The set { B, : r>0} is & base
for a fuzzy quasi uniformigy which generates the right hand topology.
Proof : Left . N
CORDLLARY.6.5.19.(Rutton‘1??7 {14)). The co7lection {Bt,B;l : >0}
is a eubbgsa for a fuzzy uniformity on 1(I). The topodogy generated
by the uniforaity is the usual fuzzy topology.

(This- fuzzy uniformity is called the usual fuzzy unifoemity for the

usual fuzzy topolony on Xi)). The proof is omitted.



141

Now we are in a pooition to characterise fuzzy uniformizability.

JHEORENM.6.5.20. (Hutton 1977 (14)). Let (X,0) be a fuzzy uniform

space and Dca. Suppose D(U) = V , Then there exists a fuzzy unifor-
mly continuouz function f : X — I(I) such that

B(x) ¢ f(x)(1-) < F(x)(0+) € ¥(x) for xcX.

Proof : Left.
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CHAPTER - 7 .

APPLICATIONS OF FUZZV SETS .

Since its inception, the theory of fuzzy sets has evolved in
many directions and there has been an evergrowing number of pub-
lications in which new methods of handling systems, which seem too
complex or too ill-defined for conventional analysis, are presented.
This rapidly developing new field has found spplications in nearly
every area, where human judgment and perception play & role, par-
ticulerly in the realms of psychology, economics, lew, medicine,
decision theory, information retriesvael and artifiecisl intelligence.

In this chapter , we discuss some applications of fuzzy sets

in medical diagnosis and in psychology.

L1.APPLICATION OF FUZZY SEY THEORY IN MEDICAL DIAGNOSIS.

In medical science, it is seldem possible to work with exaet
definitions, descriptions or assertions. In medical diagnosis there
is very rarely a sharp boundary between disesses and the appearance
of more than one disease in the patient at the same time destroys
the expected sympton patterns of diseasse hypothesis, which makes
the diesgnosidc and therapeutic decision more difficult. The assign-
ment of laboratary test results to the ranges normel or pathologi-
cal is arbitrary in border line cases. The intensity of pasin can
only be described verbally and depends on the subjective estimation
of the patient and precise redationships between syaptoms, signs,
test-results, findings, i.e., any observation on the patient and

diagnosis can very seldom be found in deseriptions of diseases.
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For example, in litorature the following symptoms are normally given
about the disesse PANCREAVIVIS.

(1) Acute pencreatitis is almost always connected with sickness

and voniting.

(2) Typicelly, acute pancreatitis begins with sudden aches in

the abdomen.
Here, it is difficult to corelate the two symptoms of acute pancre-~
atitis. Morsover, the word 'sickness® is not well defined.

A possible remady to these problems is to generalise the con-
cept of memberships as s binary function with the help of fuzzy set
theory which was developed by L.A.Zadeh. This theory cen perfectly
analyse the types of diseases which might otherwise be impossible.
Diagnosés are defined to be fuzzy subgets with symptoms as elements.
The symptoms ere combined with s degrce of amembership which charac-
terizes the intensity of belonging to the fuzzy subset that repre-
sonts the disease under consideration.

A few applications of fuzzy set theory in wmedical diagnosis

are given below.

1.FUZZY RELATION BETUEEN SYMPTOMS AND DISEASES, FUZZY RELATION
EQUATIONS AND 1T7S APPLICATION IN GROUP NURSING DIAGNOSTIC
DECISION PROBLENM.

E . SANCHEZ [ cf. (12), pages 437 - 444 ] illustrates problems
of medical disgnosis bosed on max-min composite fuzzy relation and
they correspond to three stages : determination of symptoms, of a
‘medical knowledge®, of diagnosis, all in the sense of degree of
membership of. fuzzy sets on fuzzy selations.

Binary fuzzy rolstions are charactorized by compatibility, eor
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membership funections defined over the cortesian product of two,
possibly different, non-fuzzy sets. So a fuzzy relation R from
X to Y is e fuzzy subset of X x Y, characterised by its nember-
ship function # ¢ X » Y.+ {0,1].
In o given pathology, let S be a set of symptoms, D a set
of disgnosis and P a set of patients. 'Medical knowledge' is o
. fuzzy relation, denoted by R, from S to D expressing association
between symptoms and diseaziélx barey raloion from S (5 D - 1Fen
tet A be s fuzzy subset of S related to a patient, aftdnR \
the conputation of the mex-min composition 8 = A o R is assumod
to describo the state of the patient in teras of diegnosis as a

fuzzy subset B of B, characterised by its membership Ffunction

B(d) s [ax [ A(S)/\ R(s,d) ] . d €D 000000(1)
8¢5

1f the state of s given patient p is described in terms of a
fuzzy swheset A of SyrplErs in S, IRen p 1 assumed (5 be assc%ﬁ&c’ d‘fkﬁb/HOS’s

/}uzzy subset B of D, through o fuzzy relation R of 'medical knowe &

ledge' from S to D which is assumed to be given by a physician uho

can translate his own percepsion of the ;;zziness involved in the

degrees of associations botween syaptomsaand diagnosis.
Now,consider ssveral patients belonging to P, and a fuzzy

rolation R from 8 to D. Define a fuzzy relation Q@ from P to S &

another relstion T from P to D/sueh that T=Ro0 Q@ .....(2)

i.e., T(p,d) = gig [A(p,g) N\ Bis,d)]), (p,d) e P x DO ....(3)

If P is roduced to a single element, cquation (2) reduces to (1).

Knowing R and @ in (2), it is easy to find T.

Now the most general bxoblem of composite fuzzy relations
equations consists in finding tho solutions of T = @ o R [cf.(12)
pages 421 - 433[ where T and Q@ (Problem 1) or T and R (Problenm 2)
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are given fuzzy relations. Problem ¥ and Problen 2 are dual problems
and it is observed that (G o Rl srl, Q’l whore R~1 and 81 are
respectively the inverse fuzzy relations of R end @ and also
a Y (s,p) = 0(p,8) For all (s,p) ¢ S P, So Qo R =T is equi-
valent to R~} o 87! = 17} and a simple transformation allows one
to pass from solutions in probleml to solutions in preblem2, eor
"vice-versa.

Because of the nature of the max. and min. operators, it is
seen that when 8 solution exists, it is not unique for both problesms.

For the existence and the dotermination of solutions in our
dual problems, the following operstors are introduced.

-For any elements a , b in [0,1] , define

agbz=1 for aghbh

U]

b for a > b.

for given fuzzy relations @ from P to S and R from S to D
define YT = @@R as a fuzzy relation from P to D by

(2@ r)(p,d) - A [a(p,s) o R(B,d)] s, for all (p,d)ePxD

where g is the oparatioi defined above,

Let K and QQv be the femily of solutions (wheh they exist)
of problem® and problem2 respectively, i.e.,

Re@® 1P T =0 o R (T and Q are given)

Qe @ ifFf T =00 R (T and R are given).
It is seen that 70 is not véid iff the fuzzy relation M= g~1 o T
is an element of X ; moreover, R is the greatest element in%.

Sinmilazy @Z is not void iff the fuzzy relation 8 = (R g T™¥)7! 4g
an element of@Qu; morsover, % is the groatest eleament in@Q,
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Next, we diecuss an application of the fuzzy relation method
to a group nursing diagnosis problem and it is shown that the prob-
lem of finding the nursed' fuzzy diagneostic consensus decision rule
constrainod by the physician or the nursing supervisor wddlbe solved
by applying the method of fuzzy relation [ecf. (13), 33 -45] .

It is assumed that a fuzzy dfRcision rule is a fuzzy mapping
from a certain finite set to another finite or an ordinsry mapping
from 8 certain family of fuzzy sets to another family of fuzzy sets.

Consider the group nursing cere by K nurses for a set of pati-
ents. The nurses' vearadoe dfcisiorn rules in the actual care depend
on the nurses' own subjective uncertainty and thet is fuzziness.

Assume the following finite sets :

P : o cet of specific patients (patient spsce)
S : a set of symptoms (symptom spacea)

/nutsing nursing
D ¥/ diagnoses (élagnosis space)

*"”

a set o
G : a set of goals in nursing care (care goal space).
Consider, N nurses® individual fuzzy dicision rules betwecn

the above sets as follows,
a(i)

L)

P:+ S 9 i 1,2,0...,&

[
11}

”»

S+ D , iz=1,2,.000,N

k@) peg a2 1,2,000,0
where, R(i)‘e éS(P x 5) is the 1th nugse's fuzzy observation deci-
sion rule from P to S, L(i) e 65(5 x D) is the 1*M nurse's fuzzy
diagnostic décision rule from 5 te D, and k(i) eéﬁﬂb x G) is the
ith nurse's fuzzy partial asseossment decision rule from D to G .

[ Vd
@(P x S) is the family of fuzzy subsets of P x S.



Next, assume the following fuzzy decision rule C by which the
above decision rules are constrained, _
€ : PP+ & where C 555(? x §) is the physician's or the nursing
suporvisor's fuzzy total assessment decision rule from the patient
space P to the esre goal space G.

Consider the o-composition of the fuzzy decision rules; then
the N nurses® individual fuzzy total cssessment decision rules from
P to G can be represented by

R o L) o k@ e PP xg), i=1,2....,N

If there exists a fuzzy decision rule t.“d such that

r{1) o L(4) o (1) ¢ then L) 15 the P

nurse's individual
fuzzy diagnostic decision rule from S to D subject to the consér-
aint of the physician's C.

Now, the problem (Fig‘- ;) of finding the fuzzy disgnostic
consensus decision rule L € (S'x D), in a.group nursing diagnosis
of N nurses, is represented gq‘follows H

R g Lo k™ o s 4 T 142,3,00000000,N cosees (1)
R, § @)

where it is assumed that are given by the N nurses, C is
given by the physician or the nursing supervisor, and L is the un-
kﬂown fuzzy diegnostic consensus decision rule.

In general, it is very difficult to obtaein L satisfying
einultaneously the above N equations bscause, there exists no sol-
ution in most cases by reason of strict constreint of the equation
(1). So consider L = /ﬁ L(i) subject to R(i)ol(i)tak(i)z € ...(2)
for i s 1,2,...,8 . 1=

If there exist the N soluticns L @) satisfying (2), a fuzzy
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diagnostic consensus decision ruls L can be obtained as follows

N
L N (V@ gt @ )yl )?
=31

Space of nursing supervisor's fuzzy decision rules

)
N

Space df fuzzy consensua decision ruiﬁg\

AN

/. N
Patient Sympton Nursing €are goal
space space |, diagnosis

RN “Fa\“ /“T‘

S ace of nurs 's
1ndi idual fuz y

1 degision rule
Space of nurse's

N individual fuzzy
docision rules

Space of N nurses individual fuzzy decision rulos

() : Given fuzzy/ggféséggven fuzzy relation)
() : Unknown fuzzy decisien ruls (unknown fuzzy relation)

Fig I : A schematic diagram of a moddlling for the group decision
problem to find a fuzzy diagnostic consensus decision rule
in o group nursing diagnosis constrained by thse physician
or the nursing supervisor. The solid curves with arrous
denote the mapping directions of fuzzy decision rule, g{1ete.
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11. SYMPTOMS, SIGNS, AND TEST RESULTS AND FUZZY SUBSEYS.

A
ALBIN, PEREZ-GJEDA, MOON, ESOGBUE and ELDER propose the app-

licaotion of fuzzy subsets to determine normal or pathological ranges

as well as the boundary for low, normal, high or nozmal, sliahtly

decreased, decreased, ete. for elinical or diagnostic tests.

The membezsohip functiona of these fuzzy subgets dofine the affili-
ation strength of a numerical test-result in the fuzzy subsets under
congideration c¢f.(13), 203 - 217 .

for example, a suitable linear function feor fuzzy subset ﬂt

of abnormal cholesterol levels, expressed in milligrams per 100 ni-

1liliters of serum, is given by

uﬁt( 2, ) = © for r, < 260
= rt/BQB - 26/34 for 260 ¢ r, ¢ 6060
= 1 for Ty 2 680

where By ews% is the amount of cholesterol present in 100 milli-
liteys.of serum in g particular test t and at expresses the set
including all possible test results.

The graph of the linear function &, is given below.

14
6 ¥ 1
r,-260 ° T600-240
r,~260
or y = t
; 3483
L -
o 260 340 600 t r, _ 26

or b4 =
figure 11 340 34
Thus,the dogree of abnormelity of the cholesterol test-zesult

. is reflected by the mombership function p8; (rt ) e {0,1].
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Perforning the cholesterol test on a patient and getting s result

of r, < 260 mg/100 ml. means that the patient shows s normal cho-
lesterol level.When a test result r, > 600 wg/100 »l, is obtained

the patient under consideration reveals an abnormal cholesterol

level .Further, a test-result between 260 and 430 mg/100 ml. seewms

to be more normal than a test result betweon 430 and 600 mg/l00 ml.

111. SYMPTOM COMBINATION AND FUZZY SUBSETS :

ALBIN presented appropriate membership functions for normal

and long IVY bleeding time, for decreased, slightly decreased, and

normal platelet count, for normal, slightly long, and long throm-

bin time, etc. It is said that physicians narmally try to fit
patients to cortain prototypes of disease. As a first appovoxima-~
tion to such an spproach, disease prototypes can be defined as

shown in tablé-1 [ ef.(13), 203 - 217 ]

Tobie-41 Disecose f;‘rofof\_”:e dejinition for 1he femorvrlogic disoiders
&
51 52 ‘ 53 Sa SS
vy Quick timg Partial
Disorder Bleeding Platelat or Thrombo- |Thrombin
time count Prothrom- plastin time
bin time time "
Dl.Thromboo
Long Decreased Normal Normal Normal
cytopenia
Dz.Von-Will Normal
ebrand's tong Normal Normal or Normal
Disease | Long
{

When bleood escapes from blood vessels, then the disease Thrombocy-

topenia snd VYon-Willebrandd occur. The definition of fuzzy member-
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ship funections for long 51’ decreasad 52, normal 53, etc., allows the
calculation of degrees of membership in the fuzzy subset long Sl'
deereased 52, nornal 53, etc. given sympton values measured on the
patient. Fuzzy disease membership values of patisnts can now be
computod by using the Max difinition for fuzzy set union and Hin
difinition for fuzzy set intersection.

/time
to be long is taken to be

The standard time for IVY bleeding
12 min. The standard number for platelet count to be called decrea-
sed is taken to be GBOOU/mmB. the standard time for prothrombin
time to be normal is taken to be 12 sec. The standard time for per-
tial thromboplastin time to be normel is tsken to be 37 sec. and

the standard time for thrombin time to be normal is taken to be 18 sec.

Now we define

s 3 .
uol(D) = ”;ggg 51(12 min)Akuéggreassd 52(69090/mm )/\“pogmal 53(12880)
N ¥normal 36(37 see) A Myornal 35(18 sec) .

For oxample, in a8 particular experiment if IVY bleeding %time is
found to be 12°5 min., nunber of platelet/ cu.am to be 58000/cu.mm,
profbhrombin time to be 12°5 scc., partial throabdplastin time to be

33°5 sec. and thrombin time to be 19 scc., then

- 3
“&)l(p) - i"lcm«;.; 31(12 ain) A Vdocreased 52(68088/mm ) A “normals3(12 sec)

APnormal 5&(}7 sec) A p 5(18 asee)

normal $

"

(12/12°3) N (58/60) A (12/12°5) A (37/38°5) A (18/19)
"96 N\ "98 N 96 N 96 N 95

(1)

= ‘9% .,

in this example , patient p fits the pPototype definition of Bl
almost exactly and if additionally computed fuzzy disesse menber-



ship values r4p (p), where 4;# 1, are much smaller than ﬁ%i(p),
i

diagnosis D1 = Yhrombocytepenia is presumebly the correct disg-

nosis for patient p.

APPLICAVIONS OF FUZZY SETS IN PSYCHOLOGY.

Fuzzy set theory can help psychology with new concepts to use as
building blocks for improved theories and in return, psychology
can offer not only continuing challenges and test preblems, but
nethods of experimentation as well. Fuzzy sets are relevant, useful
and posocibly necessery to explain certsin pgychologicael findings.
Thus it is more fruitful to introduce the notions of fuzzy set
theory when the need for them arises in the development of psy-
cholaegical conceptualizations then to seek out psychological prob-
lems for potientiel applications of fuzzy sat theory.

Manfred Kochen f1lustrates an epplicsetion of fuzzy sets
in psycholegy and the work reported here originated during the
course of developing a new modol of cognitive learning (cf.(33),
393 - &067).

According to Hochen, cognative learning is viewed as an
elgorithe which foras, rovises and uses a system of representation
. for recognising and coping with an inereasing variety of oppor.
tunities and traps.Vhis view led to such an hypothesis as @

" If a problem~solver practicss with tasks requiring shifts of
representation, he is likely to perform boatter in selving an §}l-
-defined problem than one whe has no prior practice or ene wvho
has prior practice with welldefined problems not requiring repre-

sentational shifting ° (Barde,1973).
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To test such an hypothesis, a new experimental technique
hablggsgloped in which human subjects (college students) are asked
questions that would help them to recognise, formudate and perform
a task that the experirmenter has in nmind and has created for them.
Certain actione and words are prespecified but not known to the
subject. The subjects use of these is interprited as indicative
of representational shifting.

When some people are asked how strongly they believe that
¥ x is a large number ", they behave as if they had fixed a thre-
shold or decision criterion d that enables thee to say, consis-
tently, that if x > d they agree, and if x < d they disagree. 1f
they are asked to mark on a scale, such as the strength of their
belief in the above statement then the mark they place on the scale
(2greement-disagreement scale) might be distributed uniformly over
the right half of the scale uhenever x > d and it might be distri-
buted uniformly over the left half if x < d. Let us call such people
"thresholders"”.

Another type of person might try to place his mark close
to the agreement side of the scale ascccrding to how large he thinks
x is. This depends critically on the sample that is presented, for
if he has "used up" the scale by placing a mark clese to "sgree®,
his response to the largest number just presented, and no%/gcen an
larger one is presented, he will be "squeezed".The strength of
belief of such people in " x >> 5 " resembles their estimate of
x. Let us call such people " estimatops *.

There is another kind of people who might place there marks



near “agree strongly"” or"disagree strongly” when they feel strongly

and place no mark when they are uncertain. The set of numbers is

then divided into three classes : those that such a type of persons

consider not large ;those thaf consider large j; those they do not

consider either large or not large. Let us term these people

* peliagbles " or conservatives, es in the psychological literature.
Undoubtedly there are other possible kinds sf people.

fFuzzy set theory applied to psychology night be_ intespreted to

suqgest the general bypothesis that most people are "estimators®

rathee then "thresholders™ or “"reliables®. If enough people in s

sample behave as if their strength of belief varies nearly conti-
nuously with the stimulus variable in the statement to be believed
then this hypothesis would be supported, and psychological rsali~
ty of fuzzy sets would be made more evident.

If, on the other hand, too many people in a sample behave
as if they use s threshold-decision criterion - as would be fimplied
by most models of decision-making used in decision theory and
mathomatical statistics - then the psychological reality of fuzzy
sets would be in doubt and other concepts more plausible.

Suppose we want to measure how a person would behave in
responge to an instruction "move far to the right". The nmost
obvious and natural thing to do is to ask him to move and obserwe
vhere he goes. This should be done repeatedly with the sames per-
son, withdetractors between repeated instructions to avoid the
effect of the person's recalling or tryinh to be consistent. If
he distributes the distances that he moves uniforamly between some

minimum distance end some upper limit of of passible distances
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that he could move, we infor that he used a threshold : the mini~
mum distance. The cumulative froguency is a straight line fron

the threshold to the maximum. The resulting curve is viewsd as

his chapacteristic or grade-of-msmbership curve.

b

R ‘ , distance
threshold maxisunm moved
<t \iie
FIGURE » }

If the person is an estimator then he distributes the distances
ﬁ: g;:;§ according to & skew or Dell-shapsed curve. in this case
the cumulative frequency has m typical S-shape as shown by the
dashed line in Figure * 1.

it is common in psychological experiments to regard the
subjects in a random sanple of people as interchangeable. If the
dependent variable that is observed has a bimodal distribution,
that might indicate that the sawmple was draun frop two populations,
such as thresholders snd estimetors. figure®*2 shouws the pattern
of a bimodal distribution. If the population of estimators dowi-

natea, the general hypothesés asbout the pasychological reality of

fuzzy saots appesrs to be supported.
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a4
estinmators
~J~ thresholders
distance
> moved
threshold maxinumn

FIGURE & 2

New we describe an experiment to find out how different
people interpret words like 'far', ‘'‘close' etc. in specific con-
text.

In this experiment 24 c@llege freshmen were talien as
subjoets. The experiment was of two sections.

In the first section, they were given the following ins-
tructiona : " You are to put en X above the point on the line

which is to right of the 0.

For example : Put an X above the point on the line which is little
to the right of the 0.

g X

FIGURE®3
The subjects were then given 42 instructions as in the above exam-
ple/fdr the, first part of the experioent. The blank was filled in
by "far", “"very far®, "not so. far", “not so close", "very close”,
or nothing. Two different line lengths were used to explore the

effect of context in this sense. Tuo positions of the 0 wero used
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with’s&aﬂler line to see if that made any difference. Each instrue-

tion was presented twice and the order of presenting the 42 ins-

tructions was randominmed.

In the seeond part of the expsriment, each subject was

given 42 pictures in rondem order such as Figure®2 above, and asked

to assign to sach diagram one of the following 7 statements:

1.

7.

X
X

o 3 >

is
is
is
is
is
is
is

The lines in the

very far to the right of 0.

far to the right of 0.

not o far to the right of 6.
to the right of O.

not so close to the right of 0.
close to the right of Q0.

very close to the right of 0.

diagrams were again of two different lengths and

two different positions of the O in the shorter line were used. The

diagrems had fixed X's at 7 distances from 0.S50 there were 7x 3

i.e., 21 diagrams. Each was presented twice.

RESULTS.

Consider first the distribution of the responses from the

24 subjects when told to place an X far to the right of 0 on the

long line. The distances were mpasured by the nupber of guarter 3m

inches. The results were :

Distance(in 1/4"units): 7 8 9 10 11 12 13 Total

Number of subjects who

moved that distance

1 3136 16 8B 7 48

This is shown in Figure®4. The dip at 10 is too sharp to be due
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to chance. A bimodal distribution seems to be present. The maxioum
distance was 13, and the right-hand psrt of the distribution
resembles a uniform distribution with a threshold at 11. It might

be the case that we drew our sample from 2 population in which
10341346 or 23 out of 48 or about half, were estimators, and

10+8+7 or 25 out of 46 or the other half, were thresholders. It does
not support the belief that most people behave &n the wsy concep-
tualised by fuzzy set theory. Just about as many people seenm to
behave in the way conceptunlized by decision theory.

- frequency
4

15 4
10 4
5 4

> distance

78 9 18 11 1213
. Figure ® §

. REcall that each person respondad to the same diagram twice

ii different times, with distractions in between. It is interes-~

ting to note that many people responded the same wey or differ=-

ently both times. This is given below.

Difference in distance
moved on both teials : O ) § 2 3 4 5 Yotal

Number of subjects who
obtained that differ- ¢+ 4 7 5 2 4 2 24
ence

Again we have a bimodal distribution. It seems as if some peaple
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in the same category come from a population which estimetes con-
sistently, while others are very inconsistent. It is noted that
the distances chbosen by the 4 perfectly consistent subjects were
9,9,9 and 11; that is, three of thes came from the “"estimator®
population, and the fourth may have.

from the remaining date in parf-l, the following conclu-
4ions can be drawn. Recall that the responses were the distance
from 0 at which X was placed.
1. The responses or distances decreased according to the follow-
ing order of the stimuli in the verbal instruction : very far,
far, not so clese, ¥, not sb far, cloge, very clﬁee. The respon-
ses ware consistent (transitive). Here:# refers to the absence
of any adjective, as in the instruction " put an X above the point
on the line which is ____ to the right of the 0 “i (The blank
was left blank). The reversal of "not so close® and"not so far"
is perhaps a little surprising, but understandsble, because "not
so cloge"” is semantieally similar to "far”. (It is actually embi-
guous.)
2. The response to "very far” is the maximum length of the line,
independently of line length or the 0's location. Similarly, the
response to "vory close” is an X right next to O, i&hepenﬂently
of the line length or the 0°'s location. There is very little
varience over the subjects.

3. The variencee of the responses to diagreams in which the 0 is

at the coenter of the line is less than the variance when the 0 is
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to the left of the center. Tho latter diagram gives a longer maxi-
oum distance over which to distribute the X's. To test whether this
is due to the eccentric location of 0 or the length, we can compare
the responses on the long line with the responses on the shortes
line with the O-entered. The difference is not very significant.
Hence, it geems to be in the eecentricity of the 0 that accounts
for the increased variance.

4. The varisnce is greatest when the blank is not filled in i.c.,
for the # stimulus. Indesed the varisnce increases as we move from
gither extreme (very far, very close) towards, #.

5. The length of the line does not effoct the responses for ex-~
treme stimuli, such as very far and very close, but the mean res-
ponse to other stimuli is scaled doun. The ratio of the line lengths
was 9/13. The mean responses were

Stinmulus far not so close ;@ not so far close

Long line

(0 as center) 10°0 6°5 4°5 4°3 2°4

s

Short line
(0 as center)

(1]

64 4°9 3°3 3°a 2°1

Ratio 0°66 0°75 0°73 0°81 0°89

*%

Atleaatx?or;far’ the responses shrank by "66 from the long s the
short line, which were in o ratioc about °69 . It seems as if the
subjects scaled down in direct proportion to the line-lengths.

from the data in part-2, the following conclusions can be
drawn, Here the reaponse is the selection of thostatement such as
® X is far to the right of D " from 7 such statements about marked
lines presented 83 stimuli.

6.
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6. More subjocts selsct 'far' end ‘'close’, while fewer subjects
select ‘very far' and ‘very close’.

7. Very few subjects select 'not sc far' and 'not so close', and
the blank,@, is used least often of all.

The data shows remaerkable uniformity for s psychclogical
experiment, oven though 2 subjects place X's to the left of € in
some cases.

CONCLUSIONS

One out of two people seem to beohave, when asked to place
an X far toc the right of o mark on a line, as if they interprete
“far distances® as a fuzzy set with a grade-of membership assigne
able toPd ¢ F® that incresses continucusly uwith d. Measuring that
grade-of-mombership by observing how frequently they place the
X at distance d from the mark appears to be useful for connecting
fuzzy set thsory with psychology. Context, in the fora of 8 line
of limited length, affects the response in nearly direet propor-
tien to the line-lengths. If the line length increases indefinite-
ly then this conclusion may fail te hold. The linearity of the
relation betweon the respense and the context (line-lemngth) is p
probably local.

Most of these conclusions are hypotheses supported by evi-
dence. More experimentation is required to establish them more
firmly snd to delimit the range of variables over which they hold.
On the whole, fuzzy set theory seems appropriate for conceptua-
lizing certain aspects of the behaviour of perhaps half the popu-

lation.
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