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PREFACE

A student studying both probability and algebra might well ask the ques-
tion “What is the probability that two group elements, chosen at random
will commute?” The answer is given by what is known as commutativity
degree of a group. The commutativity degree Pr(G) of a finite group G is
defined as

__ Number of ordered pairs (z,y) € G x G such that zy = yz

Pr(G) Total number of ordered pairs (z,y) € G x G

Commutativity degree is a kind of measure for abelianness of a group. Ob-
viously, if G is abelian then this probability is 1. An important formula for
commutativity degree is Pr(G) = k(G)/|G|, where k(G) is the number of
conjugacy classes of G, was established by W. H. Gustafson [18] using the
technique used by P. Erd6s and P. Turdn [12], in their study on some problems
of statistical group theory. One of the oldest known results on commutativ-
ity degree ( going back at least to Miller, 1944 [39]) is that Pr(G) < 5/8
for finite non-abelian groups which first appeared in print in 1973 when W.

H. Gustafson (18] showed that an analogous bound holds for compact non-

abelian groups.

In 1969, K. S. Joseph [29] made an elaborate study of this notion. Later,
in 1979, D. J. Rusin [43] has been obtained an explicit computation of Pr(G)
for finite groups G with G’ < Z(Q@) and also for groups with GNZ(G) = {1}.
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He also gave some limiting conditions and classified all finite groups having
commutativity degree greater than 11/32. In fact this was the first classi-
fication of groups ever done in terms of commutativity degree. After quite
sometime around 1995, P. Lescot [32] classified up to isoclinism, all finite
groups for which commutativity degree is greater than or equal to 1/2. It
may be mentioned here that the concept of isoclinism between groups was
introduced by Philip Hall [19]. Two groups G and H are said to be isoclinic
if G/Z(G) and H/Z(H) are isomorphic, so also G’ and H' (via. ¢, and ¢,
respectively), and ag o (1 X ¢4) = ¢20ag where ag (similarly ay) is given
by ac(zZ(G),yZ(G)) =[z,y] Vz,y€G.

After six years of this classification, in around 2001, P. Lescot [33] classi-
fied, up to isomorphism, all finite groups for which commutativity degree is

greater than or equal to 1/2.

The first decade of this millenium is a remarkable decade in the history
of commutativity degree. After Lescot [33], in 2006, F. Barry, D. MacHale
and A. Ni Shé [1] studied some supersolvability and CLT (Converse of La-
granges Theorem) conditions for finite groups using commutativity degree.
In the same year 2006, R. M. Guralnick and G. R. Robinson {17] pointed
out some general properties of Pr(G) which have not been observed before.
Also they pointed out that the solution of the (coprime) k(GV)-problem can
yield quite strong information about commutativity degree. The (coprime)
k(GV)-problem is to show that whenever p is a prime and G is a p’-group
acting faithfully on the GF(p)-module V, then k(GV) < |V|. This has re-
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cently been solved in full generality in [16].

The original notion of commutativity degree was generalized in a number
of ways. The first generalization has been done way back in around 1975, by
Gary Sherman [46]. He studied the probability that an automorphism fixes
a group element, which gives commutativity degree in a special case. In the
next year 1976 D. Machale [37) made an study of ‘commutativity degree in
finite rings’ denoted by Pr(R), which is anologous to ‘commutativity degree
in finite groups’. The concept of conjugacy in groups has no obvious ana-
logue in rings even though there are many results for Pr(R) which are very
similar to those for Pr(G), however, the methods of proofs are quite different.
Then after 16 years, in 1994, J. L. Leavitt, G. J. Sherman and M. E. Walker
(34] tried to relate this concept with rewriteability in finite groups, which is
some kind of generalization of the notion of commutativity and they found
a relation between 3-rewriteability and commutativity degree. However, lots

of works are yet to be done in this direction.

Just a few years back, in around 1995, P. Lescot [32] defined ‘multiple
commutativity degree. Recently, in 2005, M. R. R. Moghaddam, K. Chiti
and A. R. Salemkar [40] defined ‘n'* nilpotency degree’. In 2007, A. Erfa-
nian, R. Rezaei, and P. Lescot [13] defined ‘relative commutativity degree’
and ‘relative n** nilpotency degree’. These concepts are closely related to

the concept of commutativity degree.

Most recently, in the beginning of the year 2008, M. R. Pournaki and
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R. Sobhani [41] studied the ‘probability that the commutator of two group
elements is equal to a given element’, which we call the ‘g-commutativity

degree’. In fact their work extends the results of Rusin (43].

In Chapter 1, we have collected some of the basic definitions, notations
and conventions from the theory of groups, to be used in the succeeding
chapters. We also recall the notion of characters of finite groups and list a

few properties of group charaters including orthogonality relations.

In Chapter 2, we study the notion of commutativity degree of a finite
group including its computations for some non-trivial classes of finite groups.

Some of the important results are given bellow:

Theorem 2.1.8

(i) Commutativity degree is a monotonically decreasing function. u.e., of
H is a subgroup of G then Pr(G) < Pr(H) with equality if and only if
Celg)H =G.

(ii) Commutativity degree is a completely multiplicative function. i.e., if G

and H are two finite groups then Pr(G x H) = Pr(G) - Pr(H).

(i) For any normal subgroup N of G, Pr(G) < Pr(G/N)Pr(N). The
equality holds if and only if C(g mod N) = NCqg(g) for each g€ G.

Theorem 2.2.3 Let G be a non-abelian group and p is the least prime
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number which divides |G|, then

@)% (1 )

In particular, we have Pr(G) < (p? + p ~ 1)/p® with equality holding if and
only if G/Z(G) has order p*.
Theorem 2.3.1 Let G be a finite group such that cd(G) = {1, m}, m > 1,

then
1 G/ -1
Pr(0) = g7 (1+ %)

Proposition 2.4.8 If G is a p-group with G' < Z(G), then

1 -1[G: K
o) = [1 3220 )

where the sum is over all subgroups K of G' such that G'/K is non-trivial

cyclic and n(K) is a positive number associated to K.

In Chapter 3 there are three sections. In the first section we study classi-
fication of groups having commutativity degree more than 11/32 [43]. In the
next section we discuss the concept of isoclinism [19]. In this section we have
studied properties of isoclinism between groups some of which are mentioned
below
Lemma 3.2.3 If G and H are isomorphic then they are isoclinic as well.
Lemma 3.2.5 Let G and H be two isoclinic groups; then Pr(G) = Pr(H).
Proposition 3.2.6 Let G be any group (finite or infinite). Then there is a
group G, tisoclinic to G such that Z(G,) C G,'. If G is finite, so is any such
G,.



one of the main objectives of this section is to give an alternative proof of
the following result

Corollary 2.5.4 Let G be a finite group such that G' N Z(G) = {1}, then
there is a finite group K such that Pr(K) = Pr(G), K' 2 G’ and Z(K) = {1}.

Finally, in the last section of this chapter we study classification, up to iso-
clinism [32], of groups having commutativity degree at least 1/2. Here the

main result is
Theorem 3.3.1 Let G be a finite group such that Pr(G) > 1, then G is
isoclinic to ezactly one of the following:
(i) trivial group {1},
(ii) an eztraspecial 2-group,
(iii) S3, the symmetric group of three symbols.
Also, in this section we study classification, up to isomorphism [33], of groups

having commutativity degree at least 1/2. Here the main result is

Theorem 3.3.6 A finite group G has commutativity degree Pr(G) > % if

Lo

and only if one of the following holds:
(i) G is abelian,

(ii) G = P x A, where P is a 2-group such that |P'| = 2, and A is an

abelian group of odd order,
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(iii) G = G x A, where m > 1, A is abelian and Gy =< 0,7 o3 =72" =

1,77 lor=0"1>.

In Chapter 4, we study some conditions in terms of commutativity degree
under which a finite group acquires certain special properties expressible in
standard group-theoretic terms. The main objective of this section is to es-

tablish the following results:

Theorem 4.2.8

(i) If the average size of a conjugacy class of G 1is less then 8, then G
is both supersolvable and CLT; A, shows that this is the best possible

result.

(i) If |G| is odd and average size of a conjugacy class of G is less then 619—1,
then G is both supersolvable and CLT. G(75) shows that this result is

the best possible in both cases.

In the last Chapter, we discuss various generalizations of the notion “com-
mutativity degree of finite groups”, like ‘g-commutativity degree’, ‘multiple
commutativity degree’, ‘n'* nilpotency degree’, ‘relative commutativity de-
gree, ‘relative n'* nilpotency degree’, ‘probability that an automorphism fixes
a group element’, ‘Rewriteability in finite groups’ etc. Finally we study ‘com-
mutativity degree of finite rings’- a concept that is analogous to ‘commuta-

tivity degree of finite groups’.
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Chapter 1

Preliminaries

In this chapter we recall some of the basic definitions, notations and con-
ventions from the theory of groups, which will be used in the forth coming
chapters. We would like to mention here that, unless stated otherwise, all

groups considered in this dissertation are to be assumed as finite groups.

1.1 Group Action

Definition 1.1.1. Let G be a group and X be a set. Then G is said to act
on X if Vg€ Gand Vz € X there exists an element g.x € X, determined
uniquely by g and z, such that the following conditions hold:

(i) 1. = z Yz € X, 1 being the identity element of G.
(i) (gh).z = g.(hz) Vz€ X and Vg,heG.

Definition 1.1.2. If a group G acts on a set X then for each z € X, the
orbit of z denoted by orb(z) is defined to be the set {gz € X|g € G}.
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Definition 1.1.3. If a group G acts on a set X then for each z € X, the
stabilizer of z denoted by stab(z) is defined to be the subgroup {g € G | gz =
z} of G.

Theorem 1.1.4. Let a group G acts on a set X. Then, for each x € X, the

number of elements in the orbit of x equals the indez of stabilizer of z, i.e.,

|orb(z)| = [G : stab(z)].

1.2 Isomorphism Theorems

Theorem 1.2.1. (First Isomorphism Theorem) ([42], page 22)
Let ¢ : G — H be a homomorphism with kernel K . Then K is a normal
subgroup of G and G/K = Im ¢.

Theorem 1.2.2. (Second Isomorphism Theorem) ([42], page 25)
Let H and N be subgroups of G, and N < G. Then

H _ HN
HNN N~

Theorem 1.2.3. (Third Isomorphism Theorem) ([42], page 26)
Let K C H C G, where both H and K are normal subgroups of G. Then
H/K is a normal subgroup of G/K and
GIK , G
H/K  H
Theorem 1.2.4. (Correspondence Theorem) ([3], page 98)
Let ¢ : Gy = G2 be a homomorphism of a group G, onto a group G,. Then

the following are true:



(i) H < Gy = ¢(H,) £ G,.

(ii) Hy < Gy = ¢~ Y (H2) < Gh.
(i) H; 9 Gy = ¢(H1) 9 G2
(iv) Hy QG2 = ¢7(H2) 4Gy

(v) Hi < G, and Hy Keré = Hy = ¢~ (¢(Hy))

(vi) The mapping H — ¢(H,) is a 1-1 correspondace between the family
of subgroups of G, containing Ker ¢ and the family of subgroups of Gs;
furthermore, normal subgroups of G, correspond to normal subgroups

Of G’g.

Corollary 1.2.5. Let N be a normal subgroup of G. Given any subgroup H,
of G/N, there is a unique subgroup H of G such that Hy = H/N. Further,
H <G if and only if H/N < G/N.

1.3 Direct Products

Definition 1.3.1. If H and K are groups then the (external) direct product
of H and K, denoted by H x K, is the set of all ordered pairs (h, k), where
h € H and k£ € K, with the binary operation

(h, k) (K, K') = (K, kK').

Theorem 1.3.2. ([42], page 29)
Let G be a group with normal subgroups H and K: if HN K = {1} and
HK =G, thenG = H x K.



Theorem 1.3.3. ([42], page 30)
Let G=H x K, and let HL < H and K, Q K. Then H; x K1 9 G and

G &’Exi{_
H1XK1—H1 Kll

Corollary 1.3.4, If G = H x K, then G/(H x {1}) 2 K.

1.4 Commutator Subgroup

Let a, b be two elements of a group G, the commutator of a and b, denoted by
[a, b], is the element aba~'b~1. The commutator subgroup or derived subgroup
of G, denoted by [G, G] or G', is the subgroup of G generated by all the

commutators in G,

Theorem 1.4.1. ([42], page 24)
The commutator subgroup is a normal subgroup, the quotient group G/G' is
abelian, and if H is a normal subgroup of G for which G/H is abelian then

G’ is contained in H.

Few Commutator Identities:
There are many commutator identities that are quite useful. Few such

commutator identities are given bellow.

Lemma 1.4.2. ([42], page 92)
Ifz, y, z € G then

) [z, y]7 =y, 7]

(ii) [z, yz] = [z, Y[z, 2J



(i) [zy, z] = [y, z)°[=, z]

Lemma 1.4.3. Jacobi identity: ([42], page 93)
Letx, y, 2 € G and [z, y, 2] = [z, [y, 2]] then

1 -1

[$$ y_ ’ Z]y[y; z ) :L.]Z[z’ :L‘_l’ y]it = "

1.5 Conjugacy Classes

Let z, y be two elements of a group G. We say that z is conjugate to y if

1 = y for some g € G. The relation “z is conjugate to y n G” is

79 = grg~
an equivalence relation on G. The equivalence classes are called conjugacy

classes of G. The conjugacy class of z is denoted by Cl(z).
Theorem 1.5.1. The number of conjugates of  in G is |G : Cg(z)]. i.e.,
|Cl(z)| = |G : Co(2)].

Lemma 1.5.2. ([42], page 53)
Let k(G) be the number of conjugacy classes of a finite group G, then

km=ﬁgmwr

Theorem 1.5.3. (Class Equation) ([42], page 57)
Let G be a finite group, then

G| =12(G)| + > |G : Co(z,)]

where one z, is chosen from each conjugacy class having more than one

element.



1.6 Automorphism Groups

Definition 1.6.1. The set of all automorphisms of a group G, denoted by
Aut(G) forms a group under the binary operation of composition. This group

is said to be the automorphism group of G.

Definition 1.6.2. An automorphism « of G is said to be inner if it is con-
jugation by an element of G, ie., a(z) = ¢,(z) = gzg~' for some g € G;

otherwise, « is outer.

The set of all inner automorphisms of G, denoted by Inn(G) is a normal

subgroup of Aut(G).

Theorem 1.6.3. (N/C Theorem) ([45], page 50)
Let G be a group and H 15 a subgroup, then Ng(H)/Cg(H) 1s 1somorphic to
a subgroup of Aut(H).

As an immediate corollary, we have
Corollary 1.6.4. Inn(G) = G/Z(G).
Corollary 1.6.5. If G € G, and |G'| = p then G' < Z(G).

Proof. By N/C Theorem 1.6.3, we have

G
—_— < M=1p—
g < 1AwE) =p- 1.
Also, |G/Ce(G")| divides |G| and since G € G, we have |G/Ce(G")| = 1.
Hence G' < Z(G). 0

Definition 1.6.6. A group G is complete if Z(G) = {1} and every automor-
phism of G is inner, i.e., Aut(G) = Inn(QG).
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Theorem 1.6.7. ([45], page 450)
If H is a complete group and H' < H, then there is no group G such that
G'=H.

1.7 Normal Series

Definition 1.7.1. A sequence (Ggy, Gy, -+, G,) of subgroups of a group

G is called a normal series of G if
{1} =Gy 4G19G24--- 4G, 4G,
The factors of a normal series are the quotient groups G,/G,-y, 1 <1 < 7.

Definition 1.7.2. A composition series of a group G is a normal series
(Go, G1, --+, G,) without repetition whose factors G,/G,_, are all simple

groups. The factors G,/G,_; are called composition factors of G.

Note 1.7.3. We often refer to a normal series (Gy, Gy, -+, G,) by saying
that

{1}=G()CG1C"'GT=G

is a normal series of G.

Lemma 1.7.4. ([27], page 241)

FEvery finite group has a composition series.

Theorem 1.7.5. (Jordan-Hélder Theorem) ([27], page 241)

Any two composition series of a finite group are equivalent.



1.8 Solvable Groups

As the derived subgroup G’ of a group G we define the nth derived subgroup

of G, written as G, as follows:

GW=qg, G"W=(G"N) (n>1).
Definition 1.8.1. A group G is said to be solvable if G¥) = {1} for some
positive integer k.

Theorem 1.8.2. ([3], page 119)
A group G is solvable if and only if G has a normal series with abelian factors.
Further, a finite group is solvable if and only if its composition factors are

cyclic groups of prime orders.

Theorem 1.8.3. ([3], page 119)
Let G be a group. If G is solvable, then every subgroup of G and every

homomorphic image of G are solvable.

Theorem 1.8.4. ([42], page 82)
Let N is a normal subgroup of G such that N and G/N are solvable, then G

1s solvable.
Corollary 1.8.5. If H and K are solvable, then H x K 1is solvable.

Corollary 1.8.6. Every finite p-group is solvable.

1.9 Nilpotent Groups

We define inductively the n'* center of a group G as follows. For n =

1, Zy(G) = Z(G). Consider the center of the quotient group G/Z,(G).

8



Because Z(G/Z,(G)) is a normal subgroup of G/Z,(G), by Corollary 1.2.5
there is a unique normal subgroup Z;(G) of G such that
Z5(G)

= Z(G/Z,(G)).
Thus, inductively we obtain a normal subgroup Z,(G) of G such that
Zn(G)
=2Z(G/Z,-1(G
Zn—l(G) ( / 1( ))

for every positive integer n > 1. Z,(G) is called the nt® center of G. Setting
Zo(G) = {1}, we have

Z(G)
Z1(G)

for every positive integer n. It follows immediately from the definition that

= Z(G/Zn—l(G))

Z,(Q)={z€G|zyz 'y ' € Z,_1(G) V y € G}.
Hence, (Z,(G))' C Zn-1(G).
The ascending series
{1}=2y(G)C Z1(G)C - C Zp(G) C -+~
of subgroups of a group G is called the upper central series of G.

Definition 1.9.1. A group G is said to be nilpotent if Z,,(G) = G for some

m. The least such integer m is called the class of nilpotency of G.

Theorem 1.9.2. ([3], page 121) A group G is nilpotent if and only if G has

a normal series
{1}=G0CG1C"'CGm=G
such that G;/Gi—1 C Z(G/G;i-1) foralli=1, ---, m.
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Define a chain of subgroups 7,(G) inductively as follows:

’Yl(G) =G
and  7;11(G) = [n(G), Gl.

It is easy to see that v,,.1(G) C v(G) and 7,41(G) is a normal subgroup of
G for all 5. Thus, if y € %(G), then £ and y commute modulo 7,4,(G). Also

G=m(G)d>vG) >
is a normal series called descending central series.

Theorem 1.9.3. ([42], page 89)
For any group G, Zn(G) = G if and only iof ym+1(G) = {1}. Moreover,

Vit+1(G) C Zm—i(G) for all i.

Now we are able to give an alternative definition for nilpotent group as

follows

Definition 1.9.4. A group G is said to be nilpotent if v, (G) = {1} for

some m. The least such integer m is called the class of nilpotency of G.

Theorem 1.9.5. ([3], page 121)
Let G be a nilpotent group. Then every subgroup of G and every homomorphic

image of G are nilpotent.

Theorem 1.9.6. ([42], page 90)
If G is nilpotent and H 9 G, then G/H is nilpotent.
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Theorem 1.9.7. ([42], page 91)

A direct product G of a finite number of nilpotent groups is nilpotent.

Theorem 1.9.8. ([42], page 91)

A group of order p*, p prime, is nilpotent.

Theorem 1.9.9. ([42], page 91)
A finite group G 1s nilpotent if and only if it is the direct product of its Sylow

subgroups.

1.10 Supersolvable Groups

Definition 1.10.1. A group G is said to be supersolvable if it has a series
of subgroups A; such that

{1} =4, CACAC - CA =G,

with A; < G for each 7,0 < 7 < r, and each factor group A;;1/A; is cyclic

for0<i<r-1.

Remark 1.10.2. It is clear that if G is nilpotent, then G is supersolvable;
but not conversely. Also if G is supersolvable then G is solvable; but not
conversely. Thus for finite groups, we have the following hierarchy of classes
of groups:

Cyclic = Abelian = Nilpotent = Supersolvable = Solvable .

Theorem 1.10.3. ([20], page 158)

Subgroups and the factor groups of a supersolvable groups are supersolvable.
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Definition 1.10.4. A group is called CLT if it satisfies the converse of La-

granges Theorem.

We know that any finite abelian group is CLT. The following theorem
says that every finite supersolvable group is CLT.

Theorem 1.10.5. ([44], page 144)
If G is finite supersolvable group of order n and m|n, then G has a subgroup

of order m.

1.11 Mobius Function of a Poset

Definition 1.11.1. A partially ordered set or a poset is a set S together with

a binary relation a > b satisfying the following conditions:
(i) a > a (reflexivity).
(ii) @ > b and b > qa, then a = b (anti-symmetry).
(ili) @ > b and b > ¢, then a > ¢ (transitivity).

Definition 1.11.2. A lattice is a partially ordered set in which any two

elements have a least upper bound and greatest lower bound.

Theorem 1.11.3. (Mdbius Inversion Formula) ([27], page 459)
For any partially ordered set S, there ezists a unique function m ( the Mobius
Inversion Function) from S x S to Z such that if A is any commutative group

and f and g are functions from S to A such that
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g(y) =) f(z), foralyes

SES
z2y

then
fly) =) mly,z)g(z), forall y€S.

€S

Corollary 1.11.4. Let f and g are functions from S to an abelian group A

satisfying
gy) =) f(z), yeS.
sES
Ty
Then

f) = _uly,z)g(z).

z€S
In particular, taking S to be the poset of subgroups of a p—group G we

have the following:

Lemma 1.11.5. Let G be a p-group and H, K be two subgroups of G. Then

4

. 0, if K is not normal in H
(i) m(K, H) =<

m(1, Hy), otherwise.
\

’

(=1)p*t-1/2 if Hy is an elementary abelian p-group

(if) m(1, Ho) = ¢ of order p*;

0, otherwise.
\

where Hy = H/K and m s the Mobius Inversion Function.
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Lemma 1.11.6. ([27], page 465)

Let V be a vector space of dimension n over GF(p). If

i

denotes the number of subgroups of order p° (subspaces of dimension j) then

and

1.12 Character Theory

Definition 1.12.1. Let F be a field and A be an F-vector space which is also
a ring with 1. Then A is said to be an F-algebra if for c € F and z,y € A

(cz)y = c(zy) = z(cy).

Example 1.12.2. Let G be a finite group and F[G] be the set of all “formal”
sums { ) aq9 | a; € F}. Then F[G] has a F-vector space structure in an
obviousgi;f;ay. The elements of F[G] for which ag = 1 and ap, = 0if h # ¢
is identified with g. This identification embeds G into F[G| and in fact G
is a basis for F[G]. To define multiplication on F{G], we multiply the basis
vectors according to their group multiplication and extend linearly to all of

F(G]. Then this defines the structure of an F-algebra on F{G].
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Definition 1.12.3. Let A and B be two F-algebras. Then a mapping ¢ :
A — B is said to be an algebra homomorphism or an F-homomorphism if the

following satisfies
(i) o(zy) = ¢(z)o(y) for all z,y € A;
(i) ¢(1) =1;
(iii) ¢ is an F-linear transformation.

Definition 1.12.4. Let A be an F-algebra. A representation of A is an
algebra homomorphism p : A — M,(F). The integer n is called the degree of

p.

Definition 1.12.5. Two representations p and o of same degree n is said to

be similar if there exists a non singular n x n matrix P such that
p(a) = P'o(a)P VY ac€ A.

Remark 1.12.6. ‘Similarity’ is an equivalence relation among representa-

tions of same degree.

Definition 1.12.7. Let G be a group and let F be a field. Then F-representation

of G is a homomorphism p : G — GL(n, F) for some positive integer n.

Remark 1.12.8. An F-representation g of F{G] determines an F-representation
p of G by restriction. Conversely, an F-representation p of G determines an

F-representation j of F[G] by linear extension. i.e.,

p (Zagg> = a,0(g).

geqG geG
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We shall use the same symbol to denote an F-representation of G as well as

the corresponding F-representation of F[G].

Definition 1.12.9. Let A be an F-algebra and let V' be a finite dimensional
vector space. Suppose for every v € V and z € A that a unique vz € V is
defined. Then V is said to be an A-module if for all z,y € A, v,w € V, and
¢ € T the following satisfies

(i) (v+w)z = vz + wxz,
(ii) v(z +y) = vz + vy,
(i) (vz)y = v(zy),
(iv) (ev)z = c(vz) = v(cz),
(v) vl =w.

Definition 1.12.10. Let V' be an A-module. Then an A-invariant subspace
W of V is said to be a submodule of V.

Definition 1.12.11. A nonzero A-module V is said to be irreducible if its

only submodules are 0 and V, otherwise it is called reducible.

Fact 1.12.12. Let p: A = M,(F) be a representation of the F-algebra A.
Let V = M4, (F). Clearly

veV, X € My(F) = vX € V.

Then for v € V, a € A, va := vp(a) gives an A-module structure to V.
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Fact 1.12.13. Let M be an A-module. Let B is an F basis for M. For all
a€ Aletay : M = M be the map z — za V a € A. Set p(a) = matrix of

aps with respect to the basis B. Then p defines a representation of A.

Remark 1.12.14. There is a natural one to one correspondence (as men-
tioned in Fact 1.12.12 and Fact 1.12.12) between isomorphism classes of A-

modules and similarity classes of representations of A.

Definition 1.12.15. A representation p : A — M, (F) is said to be irre-
ducible if the corresponding A-module (as per Fact 1.12.12) is irreducible.

Otherwise reducible.

Definition 1.12.16. Let p be an F-representation of G. Then the F-character
x of G afforded by p is the function given by x(g) = tr p(g).

We restrict our attention to the special case that the field F = C and
the word “character” will mean C-character. Notice that x(1) = degp, we
say that x(1) is the degree of x. Characters of degree 1 are called linear

character.

Remark 1.12.17. Similar representations of a group G afford equal charac-

ter and characters are constant on conjugacy classes of a group G.

Definition 1.12.18. Characters afforded by irreducible representations are

called irreducible characters.

Lemma 1.12.19. ([25], page 16)
The number of similarity class of irreducible representations of a group G is

equal to the number of conjugacy classes of G.
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Lemma 1.12.20. ([25], page 16)
Let G be a group and Irr(G) be the set of all irreducible characters of G.
Then | Irr(G)| equals the number of conjugacy classes of G and
IGl= ) x(1)%
x€ElIrr(G)
Theorem 1.12.21. (First Orthogonality Relation) ([25], page 20)
The following holds for every finite group G
1 -
EEXi(g)Xj(g = 05
Gl 4%
Lemma 1.12.22. ([25], page 20)
Let p be a representation of a group G affording the character x and let
g € G. Let n = o(g), the order of g. Then

(i) p(g) is similar to a diagonal matriz diag(e1,- -+ ,€5), where f = x(1);

(iv) x(g7") = x(9)-

Theorem 1.12.23. (Second Orthogonality Relation) ([25], page 21)
Let G be a group and g, h € G. Then

> x(@)x(h) =0

x€lrr(G)

if g is not conjugate to h in G. Otherwise the sum is equal to |Cg(g)|.
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Definition 1.12.24. Let x be a character of G. Thenker x = {9 € G | x(g9) =
x(1)}

Theorem 1.12.25. ([25], page 25)

Let G be a group with commutator subgroup G'. Then
(i) G'=nN{kerx | x € Irr(G), x(1) =1},
(ii) |G : G'| = the number of linear characters of G.

Theorem 1.12.26. ([25], page 27)
Let x be a character of a group G and let Z = Z(x) = {9 € G : |x(g)| =
x(1)}. Let p be a representation of G which affords x. Then

(i) Z = {g € Glp(g) =€l for some € € C};
(ii) Z is a subgroup of G;
(iii) xz = f* for some linear character \ of Z;
(iv) Z/kerx is cyclic;
(v) Z/kerx C Z(G/ kerx);
Furthermore, if x € Irt(G), then
(vi) Z/kerx = Z(G/ ker x).

Theorem 1.12.27. ([25], page 28)

Let x € Irt(G). Then x(1)2 < |G : Z(x)|. The equality holds if and only if x
vanishes on G \ Z(x).
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Theorem 1.12.28. ([25], page 38)
For any x € Irr(G), x(1) divides |G|.

Theorem 1.12.29. (Frobenious) (See [47])

Let G be a group and ¢ € G. Then the number of solutions of the equation
[z,y) =9 in G is

o 3 X

XEIre(G)
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Chapter 2

Commutativity Degree and its

Computations

In probabilistic group theory one might ask the question “What is the prob-
ability that two group elements, chosen at random will commute?” The
answer is given by what is known as commutativity degree of a group. Com-
mutativity degree is a kind of measure for abelianness of a group. In this
chapter we shall study the commutativity degree of a finite group in detail

including its computations for some non trivial classes of finite groups.

2.1 Definition and elementary properties

From probability theory, the probability of occurance of an event A among

several alternatives is given by

Pr(A) = Number of outcomes favorable to the event A
- Total number of possible outcomes '
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Hence for a finite group G the probability Pr(G) that two group elements,

chosen at random will commute with each other is given by

{(z,y) € G x G :zy =yz}| _ IC|
|G x G| |G|?

Pr(G) =

where C = {(z,y) € G x G : zy = yz}. Clearly, a finite group G is abelian
if and only if Pr(G) = 1. Moreover, since the identity element 1 of a group
commutes with every element of the group, and every element commutes
with itself, we have 1 x G C C, G x 1 C C and diag(G x G) C C and any two
of the sets 1 x G, G x 1 and diag(G x G) have only one element in common,

viz. 1, we have
ICl > |1 x G| + |G x 1| + | diag(G x G)| — 2 = 3|G| — 2.

Hence

3 2
Pr(G) > — — —.
@) 2@~ er

Thus for a non-abelian group G we have (3/|G| - 2/|G|*) < Pr(G) < 1.
The ratio Pr(G) is called the Commutativity Degree of G. This concept
has been studied by several authors (eg. [29], [18], [36], [43], [32], [15] etc.)
under various notations like d(G), p(G), R(G), mc(G) etc.
Further, note that a pair (z,y) € G x G belongs to C if and only if
y € Ce(z). So, C = zLE_’G({x} x Cg(z)) whence |C| = I%:G|C'G(x)|. Therefore
by Lemma 1.5.2, we have |C| = |G| - k(G) and hence we have the following

proposition.

Proposition 2.1.1. For a finite group G, Pr(G) = k(G)/|G)|.
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Let G be the collection of all finite groups (up to isomorphism) then com-
mutativity degree can be thought as arithmetic function on G [10]. However,
before looking at some of the properties of Pr(G) as an arithmetic function,

we need to study some facts about conjugacy classes of the group G.
Lemma 2.1.2. Let G be a finite group and H be a subgroup of G, then
(i) |Cc(9) < [G : H)|Cu(g)| with equality if and only if Cq(9)H = G
(ii) X ICu(g)l= 2 |Ca(h)|
9€G heH

Proof. (i) We know that HCg(z) C G for all z in G. So, |[HCg(z)| < |G|

and we have

|H|Co(z)|

LV«

|[HNCg(z)| ~ =l
o H o

" JHNCo(@)] = [Ca()]’
Thus

|H : Cy(z)| < |G: Cq(z)|for all z € G.
from which lemma follows. The equality part is clear.
(i1) It can be seen easily.
O

Further the second part of this lemma can be generalized for any two

subsets of a group as follows

Lemma 2.1.3. Let G be a finite group and H, K be subsets of G, then

2 [Cu(9)l = X |Ck(h)]
heH

geEK
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Theorem 2.1.4. Let G be a finite group and H be a subgroup of G, then
(i) k(H) < [G: HIk(G),if H#G
(ii) k(G) < [G: H]k(H) with equality if and only if Ce(9)H =G

Proof. The proof of part (i) follows from Lemma 1.5.2 and the fact that
Cy(h) € Cg(h) and part (ii) follows from Lemma 2.1.2. O

Theorem 2.1.5. Let G be a finite group and N < G, then
k(G) < kK(G/N)k(N).
The equality holds if and only if C(g mod N) = NCq(g) for each g € G

Proof. By Second Isomorphism Theorem 1.2.2, we have

Calg) _ _ Coly) _ NCs(9)
Cn(G) NnNCelg) N

with equality if and only if C(g¢ mod N) = NCg(g). Therefore,

C Cg/n(Ng).

ICa(9)l < |Cq/n(Ng)lICn(9)] (2.1.a)
IfG = lﬁllN h, the coset decomposition of G then

k

Z|CG(9)1 = Z Z |Ca(9)

9eG 1=1g€eNh,

k
<SS (Con (NI (G)| (by Equation 2.1.a)

1=19g€Nh,

k
=Y [Cam(Ng)l Y |Cn{g)]

gENh,

k
= ZlCG/N(Ng)iZlCNh‘ (t)l

teN
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We have Cw (t) = {z € Nh; |zt = tz}= {z = nh; € Nh; | hith;™' ~ tin N}
Thus Cys,(t) is nonempty < gtg™! is conjugate to t in N, and in that case
Chnn,(t) is a coset of Cy(t). Hence,

|Cwh, ()] < |Cn(t)| with equality < gtg~! is conjugate to ¢ in N.
It follows that

k

S 1C6(9) < Y ICan(Ng) S ICn(t)]

=|Glk(G) < |G« HIK(G/N)INIE(N)
=k(G) < k(G/N)k(N)

with equality & NCg(g) = C(g mod N) holds and each G-class in N is an
N-class. However, the latter statement is implied by NCg(g) = C(g mod N)
taking g € N O

Corollary 2.1.6. Let G be a finite group and N Q G. If

k(G) = k(G/N)E(N), (2.1.b)

then

k(L) = k(L/N)k(N) (2.1.¢)

for each subgroup L D N. Conversely, if k(L) = k(L/N)k(N) for each
subgroup L = N(g,t) with [g,t] € N, then (2.1.b) holds.

Proof. The first statement follows from the fact that (2.1.b) for G implies
(2.1.b) for L.
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Let t € C(gmod N). Assuming (2.1.c) for L = N(g,t), we get t €
Cr(g mod N) = NCr(g) C NCg(g). Thus if (2.1.c) holds for all such L,
then C(g mod N) C NCg(g) for each g, from which (2.1.b) follows. 0

Theorem 2.1.7. If G and H are two finite groups then k(Gx H) = k(G)k(H).

Proof. Let Sg, Sy and Sgxy denotes the set of all conjugacy classes in the
groups G, H and G x H respectively. Define a function f from Sgxy to
S x Sy such that

f(Cl{(g, h))) = (Cl(g), CI(h))

where

Cl((g, b)) = {(g1, m)(g, A)(g1, M)™" = (9, ) € G x H}
= {(g1997", hhhi'): g1 €G, he H}
= Cl(g) x Cl(h).

This shows that f is a bijection. Hence,
|Sexu| = |Sc||SH|
or, k(G x H) = k(G)k(H) which implies Pr(G x H) = Pr(G) - Pr(H). 0O

As an arithmetic function on G, commutativity degree has the following

properties.

Theorem 2.1.8. (i) Commutativity degree 1s a monotonically decreasing
function. i.e., if H is a subgroup of G then Pr(G) < Pr(H) with equality
if and only if Cg(9)H =G.
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(i) Commutativity degree is a completely multiplicative function. i.e., if G

and H are two finite groups then Pr(G x H) = Pr(Q) - Pr(H).

(iii) For any normal subgroup N of G, Pr(G) < Pr(G/N)Pr(N). The
equality holds if and only if C(g mod N) = NCg(g) for each g € G.

Proof. Part (i) follows from Theorem 2.1.4, part (ii) follows from Theorem

2.1.7 and part (iii) follows from Theorem 2.1.5. O

Remark 2.1.9. One may note that if the equality holds in Theorem 2.1.8
part (iii) and N is abelian, then N C Z(G).

2.2 Non-trivial upper bounds for Pr(G)

Obviously 1 is an upper bound for Pr(G). However when G is non-abelian,
there is a notable gap between Pr(G) and 1, as suggested by the following

proposition.

Proposition 2.2.1. If G is finite non-abelian group then Pr(G) < 2 with
equality if and only if G/Z(G) has order 4.

Proof. Let K, Ky, -+, K; be the conjugacy classes of noncentral elements

of G. Then |[K,|>2V i=1,2, -, t.

By the Class Equation 1.5.3 of G, we have

Gl = [Z(G)| + Kl + |Ka| + -+ + K] 2 (2(G)] + 2t
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or, t < (|G| - |Z(G)])/2. Since G is non-abelian, G/Z(G) is not cyclic and
s0 |G/Z(G)| > 4, ie., |Z(G)| < |G|/4. Hence t < ¢|G| and so

kG =1z@)+1< S+ d)

This, in view of Proposition 2.1.1, proves the proposition.

For the second part, let Pr(G) = 5/8. Assume that |G/Z(G)| > 4. Then

_KG) _12(0)] , kG)-12(G)
G - 1ol [

Pr(G)

which implies

3 _ K(G) - |Z(G)]
g T/
Again by the Class Equation 1.5.3 of G, we have

1G] 2 2(k(G) = 12(G))).
Now using both the inequalities, we get

LG%@ > g gives Pr(G) < 5/8.

Which is a contradiction. Hence G/Z(G) has order 4.

Conversely, suppose that |G/Z(G)| = 4. For a; € G\ Z(G) Fa; €
G\ Z(G) such that aya; # asa;. Therefore, we can write

G/Z(G) ={2(G),mZ(G),6:2(G), asZ(G)}

where a3 = aja; and a?, a, a? € Z(G). Alsoif z € a,Z(G) and y €
a,Z(G) then zy # yz. Thus , y € G will commute if

(i) z € Z(G), y € G,
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(ii) z € 1 Z(G), y € Z(G) or y € 0, Z(G),
(iii) v € a2 Z2(G), y € Z(G) or y € a2Z(G),

(iv) z € a3Z(G), y € Z(G) or y € a3Z(G).

Now
IC] = {(z, ¥) € G x G : zy = yz}|
=H{(z, y) e G@xG:z € Z(G), y € G}
+3[{(z, ¥) e GxG:z € a1 Z(G), y € Z(G)}|
+{(z, y) EGxG:z € Z(G), y € a1 Z(G)}}]
=1Z(G)|IG] + 612(G)[*.
which gives Pr(G) = 5/8. O

It is well-known that any non-abelian group of order 8 has exactly five
conjugacy classes. So, Pr(G) = 5/8 for non-abelian groups of order 8. There
are only two non abelian groups of order eight viz. D, the dihedral group
_ and and Qs, the quaternion group. Thus Pr(D4) = Pr(Qs) = 5/8. This
shows that the upper bound in Proposition 2.2.1 is the best possible one.
This also shows that Pr(G) does not determine G up to isomorphism. Also
Note that the class of finite non-abelian groups G such that |G/Z(G)| =4 s
quite big. For example, we may consider the groups Qg X A or Dy X A where

A is abelian group.
Theorem 2.2.2. Let G be a finite non-abelian group. Then

Pr(G) < - +



Proof. By Lemma 1.12.20, we have

Gl= > x(0)* = 1G:G'+ Y x(1)’

x€E€lrr(G) x€lrr(G)
x(1)#1
>1G: G|+ (k(G) = |G: G'|)-2* = 4k(G) - 3|G : G|
G| |, 31G|
Sl BTl hll§
= k(G) < 1 +4|G'|
1 31
<4 -
=>Pr(G)_4—l-4| 7

O

Further we have a more general result due to K. S. Joseph [29] given in

the following theorem:

Theorem 2.2.3. Let G be a non-abelian group and p be the least prime
number which divides |G|, then
1 p? - 1>
Pr(G) < = (1 + .
D=z e
In particular, we have Pr(G) < (p* + p — 1)/p? with equality holding if and
" only if G/Z(G) has order p?.

Proof. By Lemma 1.12.20, we have

Gl= Y x(1)’

XEIrr(G)

—la:a)+ 3 X1y

x€lrr(G)
x(1)#1

Since x(1) divides |G| for all x € Irr(G) we have x(1) > p. Therefore
|G| > |G : G'| + p*(k(G) — |G : G'))
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which gives
k 1 2 -
pr(c) = $G) < = <1+p—1>.

Thus the first part of the result done.
For the particular case we have {1} # G’ < G and p is the least prime
number which divides |G| it follows that |G'| > p. Hence

2 _ 2 _
Pr(G)<l2<1+p 1>=p tp-1

T p P p3

The proof of the last part is analogous to that of Theorem 2.2.1. O

Corollary 2.2.4. Let G be a non-abelian group and p is the least prime
number which divides |G|. If Pr(G) > 1/p then |G'| = p. i.e., G' = C,.

Proof. By Theorem 2.2.3, and using the hypothesis we have

1 1 p2—1>
-<PrlG) < ={1+——
p <Fr(G) p2< Il

which gives |G'| < p+ 1. Hence |G'| = p. 0O

Theorem 2.2.5. Let G be a non-abelian p-group then

2 -
Pr(G) < p_:{-_z;__l
p
Proof. Let |G| = p” then |Z(G)| < p™?; because |Z(G)| # p* and if
|Z(G)| = p™~! then |G|/|Z(G)| = p, which is impossible since G/Z(G) is
not cyclic.

By the Class Equation 1.5.3 of G, we have
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Gl = 126+ }_ ICl(a)|

a¢ Z(G)

= |Z(G)| + (K(G) - |Z(G)|)p
= |Z(G)I(1 - p) + Pk(G)

= pk(G) < p"+(p-1)|Z(G)
< P+p-1)p"?

= Pr(G) < Eszl;:_l'

O

Remark 2.2.6. Consider the set V = {Pr(G) | G is a finite group}. Clearly
V C [0,1]. The above theorem says that 0 is a limit point of V ([43], [9]).
So natural question arises

PROBLEM: What is the derived set (V') of V, i.e., the set of all limit
points of V7 In view of Proposition 2.2.1, is it true that V' = [0, 5/8]?

We conclude this section by stating the following interesting theorem.

The proof can be found in [17].
Theorem 2.2.7. Let G be a finite group with Fitting subgroup F. Then

Pr(G) < (Pr(F))™Y2|G: F|'? < |G : F|7'/2.
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2.3 Commutativity degree for groups having
| cd(G)] =2

In this section we consider the groups having only two character degrees.
Such groups are solvable and have been throughly investigated by Isaacs
and Passman [23], [24]. In [41] Pournaki and Sobhani have computed the

commutativity degree for these groups.

Theorem 2.3.1. Let G be a finste group such that ¢cd(G) = {1, m}, m > 1,

Pr(G) = Ifl?—l (1 + %;)

then

Proof. We have

Gl= Y x(1?=1G: G|+ (k(G) - |G : G'|)m?

xE€Irr(G)
which implies
—m' =1+ —=m" - —
G| |G| G|
and the theorem follows. 0

By Theorem 1.12.27, we have the degree of an irreducible complex char-
acter can not exceed |G : Z(G)|/? ie., x(1) < |G : Z(G)|'/2 ¥ x € Irr(G).
Finite groups for which this bound is attained are called groups of central
type . In 1982 Howlett and Isaacs [22] proved that a finite group of central
type must be solvable, but not necessarily nilpotent. Now in view of Theorem

2.3.1 we can state the following corollary.
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Corollary 2.3.2. Let G be a finite group such that |cd(G)| = 2, then

1 G/ - 1
Pr(G) 2 &0 (1 TG Z(G)l)

The equality holds if and only if G is a group of central type.

Proposition 2.3.3. Let G be a finite group such that |G'| = p, p a prime,
and G' < Z(G), then G is a group of central type with cd(G) = {1, |G :
Z(G)|?}.

Proof. Let x be a non-linear irreducible complex character of G. Let g €
G\ Z(G). So g7 € G\ Z(G) Therefore there exists an element r € G such
that z := [¢g7!, z] # 1. Since |G'| = p is a prime, each non-trivial element of
G' is a generator of G’ and so G’ = (z). Now consider p as a C-representation
of G affording x. By Theorem 1.12.26, we have p(z) = £I for some ¢ € C. For
€ = 1 we have z € Kerp and therefore G' < Ker p which is a contradiction

by Theorem 1.12.25 and hypothesis. Therefore £ # 1 and since

x(9) = x(zgz™") = x(g2) = trp(gz) = tr(p(g)p(2)) = tr(ep(g)I) = ex(g)

which forces x(g) = 0. Now by Theorem 1.12.27, we have x(1)? = |G : Z(G)|.
Therefore G is a group of central type with just two irreducible complex

character degrees, i.e., cd(G) = {1, |G : Z(G)|'/*}. 0

2.4 Commutativity degree for groups having
nipotance class 2

In this section we compute the value of Pr(G) for groups G having G’ < Z(G).

However, we first develop certain group theoretic tools for this purpose.
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Definition 2.4.1. For any element z of G we define [G, z] = {{g,z] | g € G}.

Then (G, z] is a subset of G’ while for any subset H of G, (G, H] is a
subgroup generated by all [G, z] with z € H.

Definition 2.4.2. For any subset H C G, define
H ={z€eG : |G, z] CH}.

Obviously H* = (G'NH)* . Alsoif H is a normal subgroup then H*/H =
Z(G/H). In particular, H* is a subgroup of G.

The following lemma gives some properties for the operators ( )* and ().

Lemma 2.4.3. Let G be a group and H, Hy, H, are subsets G. Then

(i) {1} = 2(G)

(i) (G') =G

(ili) Hy C H, implies (H1)* C (Hy)*

(iv) (HiNHy)* = (Hy)* N (Hy)*

(v) (Hi)*(Hz)* < (HiHa)

(vi) (H*Y C H but H ¢ (H')*

(vil) ((H*)')* C H* but (H)* & (H*)')*

Definition 2.4.4. For any subgroup H of G define H as H = H* — LK
<
that is, H is the set of all elements for which [G, z] = H precisely, and not

for any proper subgroup. i.e., H={z € G :[G, z] = H}.
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Lemma 2.4.5. Let G be a group such that G' < Z(G). Then |H*| = Y |K]|
K<H
for any H < G'.

Proof. To prove the lemma it suffices to show that H* = KL<JHK disjointly.
Let z € KL<JHf{ then z € K for some K < H implies z € K*. Then by
Lemma 2.4.3 (iii), we have z € H*. Thus KL<JHK C H*.

Conversely, let z € H*. If z € H then obvious, so let z ¢ H then
z € K* for some K < H. Choose K such that K is minimal i.e., |K| is
smallest. Then z ¢ LL(JKL*. Otherwise, z € L* where L < K. Which
contradicts to the minimality of K. Therefore z € K* — U L* = K for

L<K
some K < H. Which implies £ € U K. Thus H* C U K. Hence
_ K<H K<H
H*= U K.
K<H

Also z € K for exactly one K < H because z € K; and z € K, for
two subsets K; and K, of H implies z € Kf , z € K} and = ¢ 5 L<JK K},
154/8]
z ¢ LY K3. Which implies z € K; N K; = (K; N K,)*. Therefore,
25A/2
r€ U Liandz € U L3 Which is a contradiction. Hence H* = U K
Li<K; L2<K; K<H
disjointly. O
Lemma 2.4.6. Let G be a p-group with H < G'. If k(G) denotes the number

of conjugacy classes in G then k(G) = Y. (|H|/|H|).
HG!

Proof. Let H < G'. For x € H we write S; = {gzg7'|g € G}. ie., S,
is the set of all conjugates of z in G. Then it can be seen that S; = Hz.
Hence |S;| = |Hz| = |H|. That is each element of H has |H| numbers of
conjugates. Also S; C H. Therefore the number of conjugacy class in H is

|H|/|H|. Again for any conjugacy class S, of G we have S, C H; for some
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H; < G'. Otherwise assume z,y € S, be such that z € H; and y € H, for
someH; < G' and H; < G' where H; # H,. which implies S, C H; and
Sy C H;. Since S; = S,S, so H; N H; # ¢ which contradicts to the fact that

H;N H; = ¢. Hence, k(G) = Y (|H|/|H|), as required. O
HG'

We are now in a position to compute Pr(G) when G is of nilpotance class

2 i.e., G’ < Z(@G). Since G nilpotent, we have, by Theorem 1.9.9,
G=Gyx Gz X,
where G, is a p-group. So by Theorem 2.1.8(ii), we have
Pr(G) = Pr(Gs) - Pr(Gs) - - - .

Therefore we need only to compute Pr(G,) for each prime p such that p | |G]|.
So, without any loss we assume that G is a p-group with G' < Z(G). In
this case, the subset [G, z] is actually a subgroup, since [g1, z][g2, Z] =
(9192, z]- Thus we need only consider the subgroups of G'. Hence when we
speak of H* here, it will be assumed that H is a group. Since H < Z(G) so
H 4 G; as noted earlier, H* is a group. Since G is a p-group, both |H| and
|H*| are powers of p.

The following proposition gives a formula for computing Pr(G) for a p-

group G with G' < Z(G).

Proposition 2.4.7. If G is a p-group with G' < Z(G), then

)
1, if K=G'
1 K* 1
Pr(G) = — ‘—‘- §1—-=, fG'/K is non trivial cyclic
\ 0, otherwise.
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Proof. Using Theorem 2.1.1 and Lemma 2.4.6, we get

||
Pr(G) = | G| Z: F

Considering the lattice of subgroups of G' and taking f = |(")| and g = |( )*|
then applying Mébius Inversion Formula (Theorem 1.11.3), we get |H| =
> m(K, H)|K*|. Therefore,

K<H

L e m(K, H)
-, 2, )

K<HLG
The lattice of subgroups of G' containing K is isomorphic to the lattice of

subgroups of G'/K. Using this fact and Lemma 1.11.5(i), we get

Pr(G) = Zu{*( ) E(l—_lmo—lm(l, Ho)).

K<G’ Ho<(G'/K)

Again by Lemma 1.11.5(ii), the only terms that contribute to the above sum
are those for which Hp is an elementary abelian p-subgroup G'/K. If we let
L be the subgroup of elements of order < p in G’/ K, then the above formula

L 0] (Z llﬂfd) |

K<G’ Ho<LL

becomes

This L is isomorphic to a vector space of dimension n over GF(p). Thus, if

C,)* denotes the direct product of i copies of the cyclic group of order p,
P
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then by Lemma 1.11.6, we get

> ."%I{_Q = "m(L(Cp)) - 1_}; [n} = S (-1)ipit-ar [n]

Ho<L i=0 ? i=0 t

For n = 0, this comes out to 1, while for n =1, it is 1 — (1/p). For n > 2, it

becomes
n—1 [
(=1)°p0@-3)/2 n + Y (—1)ip-9e n + (—1)rprn=9)/2 n
0 i=0 1 n
n—1 !
R . in—1 n—1
= 1+ (_1)npn(n—3)/2 +Z(_1)1p1(1—3)/2 pz 1+
i=0 ) 1—1
n—-1
o in—-1
= 1+ (_l)np(n(n—3))/2 + Z(_l)zpz(z-z)ﬂ . p* .
i=0 1
n—2 n— 1
_ Z(_l)ip(i+l)(i—2)/2
i=0 1
= 14 (-1)" n(n—3)/2 _ —1)° 0(0-3)/2 .0 n_],‘
= (—1)"p (-1)°p D
0
_ i n—1 _
+ (_l)nalpn(n—3)/2 n-1 + Z(_l)ipi(i—l)ﬂ (1 _ l) n—1

- (-2 - [

=0 ?

= <1—%> > m(1, H).

H<L(Cp)m!

This last sum may be evaluated. Define a function on the subgroups of
(Cp)" ! by
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1, if H={1
f(H) = o

0, otherwise.
Then define the function g(H) = Y. f(K), which is identically equal to 1.
K<H

If we apply the Mobius Inversion Formula ( Theorem 1.11.3) to this pair of
functions, we get f(H) = Y. m(K,H)g(K). Since n > 2, (Cp,)*! # {1},

K<H
so that
0= f((Cp)n_l)
= > m(K, (C)") - g(K)
K<(Cp)»t
= Y m(1, (G)/K) 1
K<(Cp)nt
= Y m(, H).
HL(Cp)n—!
Thus,
(
1, if n=
1, H
Zm(T—"—)z 1-1 ifn=1
oo |Hol D
L0, n > 2.

First the case n = 1 we have L = {1}; this is equivalent to G'/K having

no elements of order p, and hence that K = G’. Secondly, if n = 1 we have

Zm(l, HO)—].—-I

gy Hol p
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This happens just when G'/K has a unique subgroup of order p; since it is
already abelian, G'/K is cyclic and non trivial. Finally, if n > 2 (that is, all

other cases), the sum is zero. Therefore, our formula for Pr(G) becomes

(

1, if K=¢'

_ 1 s x | . .
Pr(G) = el Z K] {1-=, if G'/K is non trivial cyclic
K<¢' 2

0, otherwise.

\

This completes the proof. a

We know that K™ is a subgroup of the p-group G. So K* is also a p-group,
i.e., |K*| is a power of p. Let us now define an integer n(K) associated to K
as follows:

|G

K= —= 2.4.a
K= (2.4.2)

Next we note that the formula for Pr(G) mentioned in the above proposition

can be re-written as

1G] IK*I< 1)

Pr{(G) = — + UnbeL I R

@ =1 | Tor * 2w\
cyclic

Therefore, using Lemma 2.4.3(ii) and Equation 2.4.a, we get
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PrC) = L3 ( _P_:_1>
IG’IG,/K|KI prF) p
cyclic

Lty 5 (p - I)E;((;IL: K|/p

Gi/K

L cyclic

Thus we can restate Proposition 2.4.7 as follows

Proposition 2.4.8. If G is a p-group with G' < Z(G), then

- 1[G : K]/p
Pr(G) = @ [1+Z A

where the sum is over all subgroup K of G’ such that G'/K is non-trivial

cyclic.

Lemma 2.4.9. Let G be a p-group with G' < Z(G) and K be a subgroup
of G'. Define n(K) as in Equation 2.4.a. Then n(K) = 0 if and only if
K=

Proof. Let n(K) = 0 then |K*| = |G|/p® = |G| implies K* = G. i.e.,

{z € G:[G, z] C K} =G. Therefore, G’ =[G, G] < K. Hence K = G'.
Conversely, let K = G’ then K* = (G')* = G implies |K*| = |G| forces

n(K) = 0. O

42



Now we look for some limiting conditions on the exponents n(K). we
write n(K;) = n, when the subgroups are indexed. These are nonnegative
integers, with n(K) = 0 iff K = G’ (by Lemma 2.4.9) Furthermore, since we
know K; > K, implies (K;)* < (K3)*. Therefore, |(K1)*| < |[(K2)*| which
forces n; > ns.

Next if K; = K, N Ki and K, Ky < K, then we have (K,Ky) < Ky, s0
(K;Kp) < (K;Ki)* < K and K; N K} = K} (by Lemma 2.4.3(iv)). Hence,

|G| o KL IKRD KGR
2o K > | KK = =
o = K2 VSR = e = TR
=(|.Ci|>.(@)/<l_G_)
p™ pr p™
G|
—pn]-k-nk—n,
Thus
o), 1

pnl - pn]+nk—n,
which gives n;ng > nin,.

We also have the following proposition.

Proposition 2.4.10. If H is a p-group with H' < Z(H) and H' cyclic, then
H/Z(H) = [[,(Cpn x Cpn.) with alln, < k, and ny = k. (where, p* = |H'|.)
In particular, [H : Z(H)] is a square, and is at least |H'|2.

Proof. We prove this by induction on the rank r of the abelian group H/Z(H).
The proposition is certainly true if 7 = 0. On the other hand, since H/Z(H)
is never cyclic since H is a nonabelian, therefore r # 2. Hence, we may

assume r > 1. We write H/Z(H) = (a1 Z(H)) x (a2Z(H)) X - - - x {a, Z(H)).
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Because H is generated by Z(H) and the a;, and H' < Z(H), we have
HI= ([ai, aj] 01 S ’i, ] S 7‘).

Since H' is cyclic of order p*, this implies in particular that some [a;, a;]
has order p*. Without loss of generality, we may assume that ¢ = [a;, a)
is such an element. Since H' < Z(H) so ¢ € Z(H), [aT*, a;] = [a1, a;]™
So since [a, aj]i”lc =1 for all j but [a,, az]”k'l # 1 implies a’l’k € Z(H) but
™" ¢ Z(H). Therefore, (a1 Z(H)) = Cp. Similarly, (e Z(H)) = Cpi.
Since c generates H', for each ¢ and j we may write {a;, a;] = c%*. Then

if we set b; = a;a; “*a$* for each ¢ > 2, we compute

(a1, bi] = [a1, a;][a1, ao]™®"[a1, a1]®®

— Celtc_elt — 1

and similarly [a,, b] = 1. Since (a;) N {(a;, a2) < Z(H), the order of b;Z(H)
is the same as a;Z(H); from this it is easy to check that

H/Z(H) = (mZ(H)) x (a:Z(H)) x (bsZ(H)) x - - - x (b Z(H))

Now let K < H be the subgroup K = (Z(H), bs, by, -+, b). It is
clear that Z(H) C Z(K); but conversely, since H = (a1, ag) and [a;, b;] =
[a2, b;] =1, we have Z(K) C Z(H). Thus we may use the inductive hypoth-

esis on K:
(i) K" C H', so K' is cyclic

(i) K'C H' C Z(H) = Z(K)

44



(iii) K C H is also a p-group
(iv) K/Z(K)=K/Z(H) = (bsZ(H)) x ---x (b,Z(H)) hasrank r — 2 <.
So, we may assume K/Z(K) = [[,(Cpne X Cpn,) for some set of n,. Thus,

H/Z(H) = (a1 Z(H)) x (a2Z(H)) X (b3Z(H)) x - -+ x (b, Z(H))
= ( kXCpk XH n.XCﬂ‘

as desired.

To prove the second part recall that p™¥) was defined so that |K*| =
|G|/p™¥). Thus

o _ 161 _ 16/K|
K]~ IKTK]

p =[H : Z(H)]

where H = G/K and K*/K = Z(G/K) = Z(H). Also H = KG'/K =
G'/K which is cyclic for the subgroups K appearing in Proposition 2.4.8,
and H' < Z(G)/K < K*/K = Z(H) . Hence by Proposition 2.4.10, we have

H/Z(H) 2= [[(Cpm x Cpm)

= [H/2(H)| =[] (G x Cpn)

Therefore, p™¥) = [T p™™ = p?Z™ = (pE™)2. ie, n(K) = 23 n,. Hence
all the n(K) are even. Also p"¥) = [H : Z(H)] is a square and p™¥) =
(p=™)? > (p*)? = |H'|?, as required. 0

Corollary 2.4.11. Let G be a finite group such that |G'| = p and G' < Z(Q),
then
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(i) |G : Z(G)| = p* for some positive integer s.

.. 1 p—1
(ll) PI‘(G) = 5 (1 + m)

Proof. By Corollary 1.6.5, and Corollary 2.2.4, we have
G =G, X Gy

where G, < Z(G) and Gy is abelian.

Also we have
G Gp

o

Z(G) ~ Z(Gp)
Therefore by Proposition 2.4.10, we have |G,/Z(G,)| = p* for some positive

integer s. Hence part (i) follows.

Part (ii) follows from Proposition 2.4.8 as well as Proposition 2.3.3. [

Remark 2.4.12. Note that part (ii) of Corollary 2.4.11, also follows from
Theorem 2.3.1 and Proposition 2.3.3.

2.5 Commutativity degree for groups having
G'NZ(G) = {1}

In the previous section we have considered groups G satisfying G' < Z(G).
Here, we turn to the opposite extreme i.e., G' N Z(G) = {1}. We need the

following

Proposition 2.5.1. If N 9 G and NNG' = {1}, then Pr(G) = Pr(G/N).
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Proof. Let L be a subgroup of G such that L = (N, g, h) where [g, h] € N.
Then for all such L, L' is generated by conjugates of [N, NJ], [N, gl, [N, h]
and (g, h] while each of these liesin NN G’ = {1}. Thus L' = {1}. i.e, L’
is abelian. Therefore, N < L and L/N are also abelian, so that

Pr(L) = 1 = Pr(L/N) - Pr(N)

which implies k(L) = k(L/N)k(N). Hence by Corollary 2.1.6, we get k(G) =
k(G/N)k(N) from which proposition follows. O

By Theorem 2.1.8(i) and Proposition 2.5.1, we have the following corollary

Corollary 2.5.2. If N 9 G then Pr(G/N) > Pr(GQ). If NN G' = {1}, then
equality holds.

Remark 2.5.3. We may use Proposition 2.5.1, in our case to conclude
that Pr(G) = Pr(G/Z(G)); moreover, (G/Z(QR)) = (G'Z(G))/Z(G) =
(G' x Z(Q))/Z(G) = G and also Z(G/Z(Q)) = Z(G)"/Z(G) = (G'N
Z(G))*/Z(G) = Z(G)/Z(G). Thus, Pr(G) = Pr(K) for some group with
K' =2 G and Z(K) = {1}. Therefore, we must merely look for Pr(K) for all
such groups K.

The above remark can be stated as the following corollary.

Corollary 2.5.4. Let G be a finite group such that G' N Z(G) = {1}, then
there 1s a finate group K such that Pr(K) = Pr(G), K' = G’ and Z(K) = {1}.

Proposition 2.5.5. For any gwen G’, there are at most a finite number of

groups K with K' =2 G’ and Z(K) = {1}.
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Proof. Let L = K/Cg(K') = Nkx(K')/Ck(K') is isomorphic to a subgroup
of Aut(K’) (by N/C Theorem 1.6.3). Now L' = K'Ck(K")/Ck(K"), so that
we have an abelian group

K/Ck(K') . K
K'Ck(K")/Ck(K') ~ K'Ck(K')’
if n = rank(L/L'), then K/K'Ck(K') can be generated by n elements
z;( K'Cg(K")) with z; € K.

By Jacobi identity (1.4.3) we have [Ck(K’), Cx(K")] < Z(K). In our
case, this means that [Ck(K')]' < Z(K) = {1}, i.e.,, Cx(K') is abelian; so
if y € Cx(K') then [K'Ck(K'), y] = {1}. Since K = (z;, z2, -, Zn,
K'Ck(K'")), this means that if y € Cx(K') commutes with each z, (1 <
i <n)thenye Z(K) = {1}.

L)L =

Therefore, for y;, yo € Cx(K'), if [y1, z.] = [y2, z,] for each 1, then
n1TY7" = yaziys ', so that y; 'y, commutes with each z, and hence from the
above we have y;'y; = 1, or y; = y». This tells us that |Cx(K")| is equal to
the number of values of the n-tuple {[y, z;], 1 < ¢ < n} assumes as y ranges

over Ck(K'), which is therefore at most

[TICk(x"), =]l < TTIK, =) < K|
=1 1

Then, from |K| = |Ck(K')| - |K/Ck(K')|, we have
(K1 < KT L] < A0 Aug(K)

since |L| < |Aut(K’)| and n < |L/L'| < |L|. Hence with a given commutator
subgroup G', the orders of groups K with K’ 2 G' and Z(K) = {1} are
bounded by a function of G’ alone. This justifies the claim that there are

only a finite number of such groups. d
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Remark 2.5.6. There are further restrictions when Z(K) = {1}. For exam-
ple, no element z in K’ except £ = 1 can be fixed under each automorphism
of L < Aut(K"'). Because for z € K’ such that each automorphism of L fixes
z we have kzk™! =z V k € K implies z = 1. Furthermore, L = K/Ck(K")
is abelian iff K’ < Cg(K'), i.e., iff K’ is abelian. In that case, we must have
|K'| dividing |Ck(K')|. In particular, if n = 1, then |K'| < |Ck(K")| £ |K|,
and so K' = Cg(K').

Remark 2.5.7. There are some cases in which there are no K with K’ = G’
and Z(K) = {1}. As noted before, this happens if there is an z € G’ \ {1}
fixed under each automorphism in L < Aut(K’). One common case in which
this occurs is when G’ is isomorphic to Css, n > 1; since G’ has unique
element of order 2, that element is fixed under all automorphisms, and hence

must lie in Z(G). This also happens if G' = Cs.

We may use these remarks (2.5.6 and 2.5.7) on a specific class of groups
to get more detailed information than that supplied in Proposition 2.5.5 in

the following Proposition.

Proposition 2.5.8. If K' is cyclic of prime order p, and Z(K) = {1}, then
K ={(a,b : a? =b" =1,bab™! =a"), where n|(p — 1) and r’ = 1 mod p »f
and only if n|j.

Proof. Write K' = (a). Then Aut(K') is cyclic, so that n = 1 and K' =
Ck(K') as noted above. Further, L < Aut(K") is also cyclic, say L = (bK").
Let |L| = n and note that n divides | Aut(K")| = p— 1. Also |L| = n implies
b" € K' = (a), say b" = a®. If s # 0, then (b) = (b,a) = K, so K should
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be cyclic , and then would not have trivial center. Thus we have s = 0, and
b" = 1. Next, note that K’ < K implies bab™! = a". If 77 = 1 mod p, then
Yab™i = a” = a, so ¥ commutes with (b) and with (a), so ¥ € Z(K) = {1},
and j = 0 mod n. g

Note that the groups in the above proposition are known as metacyclic
groups. The following proposition gives us a formula for Pr(G) for this class

of groups.

Proposition 2.5.9. Let n and r be positive integers and let p be a prime
number for which n|(p—1) and r? = 1 mod p if and only if n|j. Suppose that
G ={a,b : a® =b" =1,bab™! = a"), then

_nf+p-1
=

Pr(G)

Proof. It is easy to see that |G| = p and ¢d(G) = {1, n}. Now the assertion
holds by Theorem 2.3.1. O

Now consider a finite group G such that |G'| = p, a prime, and G' N
Z(G) = {1}. We have (G/Z(G))' = G'. On the other hand, if we consider
Z(G/Z(G)) = H/Z(G) for some H, Z(G) < H < G, then [G, H] < G'N
Z(G) = {1} implies H = Z(G) and we have Z(G/Z(G)) = 1. Therefore by
Proposition 2.5.8, there is a positive integer n depending only on G for which
G/Z(G) = {a, b : a?» =" =1, bab™! = a"). The number n is called the
invariant number of G and denoted by inv(G).

Finally, we can obtain the following proposition using the definition of

invariant number and Proposition 2.5.9.
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Proposition 2.5.10. Let G be a finite group such that |G'| = p, where p a
prime, and G' N\ Z(G) = {1}. Suppose that inv(G) = n. Then

_nf+p-1
=

Pr(G)

51



Chapter 3

Classification of Groups using

Commutativity Degree

In this chapter there are three sections. In the first section we study clas-
sification of groups having commutativity degree more than 11/32 [43]. In
the next section we describe the concept of isoclinism [19] and finally, in the
last section we study classification of groups up to isoclinism [32] as well as

isomorphism [33] for groups having commutativity degree at least 1/2.

3.1 Groups having commutativity degree more

than 11/32

In some cases it is possible to find the possible set of values of commutativity
degree Pr(G) in a given interval. In 1979, David J. Rusin {43] has found the
possible set of values of Pr(G) in the interval (11/32, 1] and classified all
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finite groups for which the commutativity degree is greater than 11/32. i.e.,
for Pr(G) > 11/32. In this section we study Rusin’s Classification of Groups

in terms of commutativity degree. By Theorem 2.2.2 of Chapter 2, we have

1 31
Z+Zm (3.1.&)

Pr(G) <
Equation 3.1.a enables us in principle to determine all possible values of
Pr(G) greater than any fraction py, as long as pp > 1/4; in this situation one
need to find all values of Pr(G) for those groups for which G’ is one of the
groups of order less than 3/(4py — 1). If Pr(G) > 11/32 then using Equation
3.1.a one has |G’| < 8. Thus we need only to consider those groups for which
G' = {1}, Cy, Cs, Cy, C3 x Cy, Cs, Cs, S3, and Cr.
G' = {1} means G abelian, so Pr(G) = 1. On the other hand G’ =
S3 is impossible, by Theorem 1.6.7. Thus we need only to consider the
seven remaining cases. It turns out that even for a given G’, the different
possibilities for G’ N Z(G) require separate discussions. Since G'N Z(G) is a

subgroup of G’, we must investigate the following combinations:

G’ 02 C3 C4 Cg X Cz Cs Cs 07
gnze) |1 1 WU O O O {1
Cg Cg CQ C2 CS CZ C?

Cs CQXCQ Cs

Table 3.1: possibilities for G' N Z(G)
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Case 1. G' < Z(G).

For G' & C, with p a prime, the only proper subgroup of G' is {1}, which
has index p, so that by Proposition 2.4.8, one has Pr(G) = 1/p- (1 + (p —
1)/p*") for some n also G/Z(G) = C2" by Proposition 2.4.10. For p = 2, we
have the infinite family of values 1/2- (1 +1/2%"). Forp = 3, only n =1
gives a value (= 11/27) greater than 11/32. For p = § and p = 7, all values
of Pr(G) are too small.

For G' = C¢ = C3 x C3, we know that G is nilpotent, say G = Hy x Hj
where H) = C, and Hj = C5. By Proposition 2.4.8 and Theorem 2.1.8(ii),

we have

1 1\ 1 2\ 5 11 11
= _. — .= V<. 2 2=
Pr(G) 2<L+WJ 3@+3m>“8 27 < 32

For G' = Cy, the only subgroups in the lattice are Cy, Cy and {1}, by Propo-

sition 2.4.8, we have

1 1 2
PI‘(G)ZZ <1+'2—2;+‘23;>,
with
e G
2%=| :I > [G': {1})? = 16,
oz 2
and

922m > [G': Cy? = 4,

so that Pr(G) < 11/32.
For G' = Cy x (5, then by Proposition 2.4.8, we have
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P =5 (14 o+ gt )
Taking n; > ny > ng for definiteness, we must also have n; + n3z > ny, so
that Pr(G) = 7/16 (n; =ne, =n3 = 1) and 25/64 (n; = 2,n, =ng = 1) are
the only values greater than 11/32.

Case 2. G'NZ(G)={1}.

By Remark 2.5.6, we have seen that the unique element of order 2 of a
group G must lie in the center of G. Thus G' = Cy, Cy or Cy gives contradic-
tion in this case. This also rules out the combination G' = Cs, G' N Z(G) =
Cs. If G' = Cy x Cy, then we may find that G/Z(G) = A4 and Pr(G) = 1/3.

The remaining cases are of the form G' = C, for p an odd prime; by
Proposition 2.5.9, we have Pr(G) = (n? + p — 1)/n%p (where n|p — 1). The
only values of Pr(G) above 11/32 for groups G in this case are 1/2 (G’ = C4
and G/Z(G) = S3), 2/5 (G' = Cs and G/Z(G) = Dyy) and 5/14, (G' = C;
and G/Z(GQ) = Dyy).

Case 3. Remaining combinations.

First, consider the case |G'| = 4 with |G' N Z(G)| = 2. For this case
Rusin claims to have shown that Pr(G) =1/4-(1+1/2% +1/2-1/2%), with
2% = [Ce(G") : Z(Ce(@"))} and 2% = [H : Z(H)] where H = G/(G'NZ(G));
s+ 12>t >1. The only value of this, exceeding 11/32, is 7/16.

The last case is G’ & Cs with G’ N Z(G) = C,. Again,Rusin claims to
have shown that for such G, Pr(G) = 1/4+ 1/2%, s > 3. The only value of
this, exceeding 11/32, is 3/8 (for s = 3).
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Summary: If we summerize whatever has been studied so far, then we

have the following possibilities for Pr(G) > 11/32:

Pr(G) G' G'N Z(G) G/Z(G)
3-(1+27%) C Ca (Cy)*
1/2 = .5000 Cs {1} S

7/16 = .4375 | Cy or Cy X Cy Cs Dy
Cy x Cy Cy x Cy C,3 or Cy!
11/27 ~ 4074 Cs Cs Cy x Cy
2/5 = .4000 Cs (1} Ds
25/64 ~ .3906 Cor x Cy Cy x Cy C3 or C§
3/8 = .3750 Cs Cy Cox SyorT

Table 3.2: Possibilities for Pr(G) above 11/32

(T being the nonabelian group of order 12 with 7' % Ay, and T ¥ Cy x S3 .)

Remark 3.1.1. We have not discused the last column in the above table for
all cases due to lack of resources. However, it definitely reveals the intuitive

feeling that the groups having comparatively large centers are abelian.

3.2 Isoclinism Between Groups

In this section we study the concept of isoclinism, introduced by P. Hall {19].

Definition 3.2.1. Let G and H be two groups. Then, the pair (¢;, ¢9) is

said to be an isoclinism from G to H if
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(i) ¢ is an isomorphism from G/Z(G) to H/Z(H),
(i) ¢, is an isomorphism from G’ to H', and
(iii) the diagram

G G $1 X &1 H H
ZG) ~ Z(G) "z ( ZHE)

ag af

b2
G’ H'

commutes, that is, ay o (¢1 X ¢) = ¢ 0a¢ where ag (similarly ap)

is given by ag(2Z(G),yvZ(G)) = [z,y] Vz,y€q.
If there is an isoclinism from G to H, we say that G and H are isoclinic.
Remark 3.2.2. Isoclinism is an equivalence relation between groups.
Let us now study some properties of isoclinism between two groups.
Lemma 3.2.3. If G and H are isomorphic then they are isoclinic as well.

Proof. Let ¢ : G — H be an isomorphism. Then ¢ induces isomorphisms
¢ : G/Z(G) — H/Z(H) given by ¢:(9Z(G)) = ¢(9)Z(H) ¥ g € G and
o2 : G' = H' given by ¢2(g9) = ¢(g) V ¢ € G, so that the following diagram

commutes:
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G G ¢1 % ¢ H H

ag ag

b2
el . H’

G y G
Z(G)  Z(G)
92Z(G), where g1, 92 € G and so

Noting that for (a,f8) € we may write @ = ¢;Z(G), f =

ap © (¢1 X ¢y)(a, B) = an(¢1(), ¢4(8))
=an(¢(g1)Z2(H), ¢(g2)Z(H))
= [¢(91), ¢(g2)]
= ¢2([91, 92))
= ¢o(ac(a, B))
= (¢2 0 ag)((e, B)),

which means that ag o (¢1 X ¢y) = ¢2 0 ag. O

Lemma 3.2.4. Let G be a finite group and N < G such that NN G = {1}.
Then G is isoclinic to G/N

Proof. Since (G/N) = G’ and Z(G/N) = {N} so (G/N)/Z(G/N) = G/N.

Hence the lemma follows. d

Lemma 3.2.5. Let G and H be two 1soclinic groups, then Pr(G) = Pr(H).
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Proof. We have

(3.2.a)

G |? _ 1 2py
7@ 79 = el e
1
= ZO7 1{(z,v) € G x Gl|zy = yz}|
B Wé)lg {(z,9) € G x Gloye 'y~ = 1}
1
= 1zieyE @) € G x Clag(22(G),y2(G)) = 1}
G 2
= {(a,B) € <‘Z_(C,—)> ag(a, B) = 1}}.
That is
G |’ G\
‘Z—(GT) Pr(G) = |[{(a, B) € (m) ag(a, B) = 1}|.
Similarly,
H | H \*
‘7(77) Pr(H) = |{(y,9) € <m> an(y,6) =1}

Let (¢1, ¢2) be an isoclinism from G to H; then

{(a,8) € (%)Qac(a,ﬁ) =1}

= {(a,f) € <%> p2(ac(a, B)) = 1}

= {(a,p8) € <§?é—)> ag(¢1(a), 91(8)) = 1}

= {(v,9) € (7{%‘))2‘“’(7’ §) =1}

Thus, from Equation 3.2.a and Equation 3.2.b, it follows that

2 H 2
'TG) Pr(G) = | 7o | PrlH).
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But G/Z(G) and H/Z(H) are isomorphic (via ¢; ), hence |G/Z(G)| =
|H/Z(H)|; the equality Pr(G) = Pr(H) follows.
Proposition 3.2.6. Let G be any group (finite or infinite); then there s a

group G isoclinic to G such that Z(G,) C Gy'. If G is finite, so is any such
G,.

Proof. We have every group is a homomorphic image of a free group. Choose
a free group F such that 7 : F' — G be a surjective homomorphism. Consider
the map ¢ : F — G x F/F' given by ¢(z) = (v(z),zF') Vx € F. Let
T = ¢(F).

Then

Z(T)={(g, /) €T:((9,f), (b, k)] =1 ¥ (h,k) € T}
={(g,f)eT:[gh=1and[f,k)=1 VY (h k)€ T}
={(g.f) eT: g€ 2(G)}

(z) 1z € 771 (Z(G))}

={¢
¢(A) where A =7"1(Z(G)).

i

We have
y , F/K
T/T = ) /O(F) = ot
_ F/Ker¢
"~ F'Ker¢/Ker¢
B F
" F'Ker¢
but Ker¢ = Kermr N F' C F'.
Thus
T/T'= F/F'
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is free abelian. Also Z(T)/(Z(T)NT') = Z(T)T'/T', hence to a subgroup
of T/T'; since subgroup of a free abelian group is free abelian therefore
Z(T)/(Z(T)NT’) is also free abelian. We can thus find a free abelian sub-
group B of Z(T) such that

Z(T) = B x (Z(T)NT').

B, as a subgroup of Z(T'), is normal in T'; we intend to show that

G1=§

satisfies our requirements.

Let C/B = Z(G1) = Z(T/B); then

C.TICT'NnB=T'"NZ(T)NnB = {1},

ie,C C Z(T). Also Z(1) cZz <T—) = ¢ gives Z(T') C C. Therefore

B B B
(5)-5

In particular,

Z(T) _Bx(Z(T)nT' _ BT' _ (T)'zG,

B B ~ B B

Let us first define

by



where

a=n(f)Z(G) (feF)

If @ = n(f1)Z(G) = 7(f2)Z(G), then n(f,"' fo) = n(fi " )7(fa) € Z(Q),
hence f,~'f, € 771(Z(G)) = A. Therefore

o(f1) To(f2) = o(fr7 o) € $(A) = Z(T)

from which it follows that

T

@B (6(1B) = ) s(B e 2 =2 (1) = 260

and (¢(f1)B)Z(G1) = (¢(f2)B)Z(G,). We have proved that 7 is well-defined;
G

it is clearly a homomorphism of groups. Also for (¢(f)B)Z(G,) € m
1

G
— th
where f € F we have 7(f)Z(G) € 720 such that

i.e., 7 is surjective. Let o = 7n(f)Z(G) € Kerm then ¢(f)B € Z(G,) =
Z(T)/B, i.e., ¢(f) € Z(T) = ¢(A). Therefore ¢(f) = ¢(a), where a € A =
7~ HZ(@)). Tt follows that

7(f) € 2(G)

and

a=nr(f)Z(G) = Z(G) = lg/z(6),

i.e., 7 is injective, therefore an isomorphism.

Obviously,

,_(T\'_TB_ T _.._ ' v ~
Gl_(§> =5 g ¥T =) =G x {1} =G
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all the isomorphisms being‘canonical. We have in fact shown that
0:G -G
defined by
Ve G o(z)=(z,1)B
is an isomorphism. where 1 is identified with 17/, the identity element of
F/F'. We shall establish that (7,0) is an isoclinism from G to G’, thereby
completing the proof of the proposition. It is now clearly en0112gh to check
condition (iii) in Definition 3.2.1. Then let (o, ) € (—Z—%S> , with a =
7(f1)Z(G) (f1 € F) and 8 = 7n(f2)Z(G) (f2 € F). One has
lag, o (1 x T)|(@, B) = a,(7(a), 7(B))
= ag, ((¢(/1)B)Z(G1), (¢(f2) B)Z(G1))
= [¢(f1)B, ¢(f2)B]
= ([r(f1),7(f2)],1)B
= o([r(f1), 7(f2)])
= o(ag(a, B))
=[ooagl(e, B).
Thus ag, o (7 X 7) = 0 0 ag, as claimed.
If G is finite, so are G/Z(G) and hence G1/Z(G,) = G/Z(G); but
Z(G1) € G4, so |G; G| is finite. But Gf & G' is finite, so G, is also fi-

nite. 0
Let G be a finite group. Consider the set ISO(G) defined by
ISO(G) = {H | H is a finite group isoclinic to G such that Z(H) < H'}.
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Then by Proposition 3.2.6, ISO(G) is non-empty. Let us state the following

lemma which will be useful for further considerations.

Lemma 3.2.7. Let G be a finite group such that G' < Z(G). Then
ISO(G) = {H : H is a finite group isoclinic to G such that Z(H) = H'}.

Moreover, if |G'| = p, p prime, then {|H|: H € ISO(G)} = {p"} for some

positive integer n.

Proof. If H € ISO(G) then G and H are isoclinic. Let (¢, %) be an isoclinism
from G to H. We have Z(H) < H'. By assumption G’ < Z(G) therefore
G/Z(@G) is abelian and since G/Z(G) = H/Z(H) (via ¢), we obtain that
H/Z(H) is abelian which implies that H' < Z(H). Hence we have H' =
Z(H). This proves the first part of the lemma.

For the proof of the second part of the lemma suppose that H and K be
two elements of ISO(G). Then we have

|H/H'| = |H/Z(H)| = |K/Z(K)| = |K/K|.

But |H'| = |K'|, so we have |H| = |K| which implies that {|H| : H €
ISO(G)} = {l} for some positive integer .

Now suppose that |G'| = pand H € ISO(G) then |H'| =p. If g (#p) isa
prime divisor of | H|, the nilpotency of H implies that the Sylow q-subgroup of
H must liein Z(H) = H' which is a contradiction since |H'| = p. Therefore H
must be a p-group and so [ = p™ for some positive integer n which completes

the proof. a
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Viewing the above lemma for the finite group G such that |G'| = p, p
prime and G’ < Z(G), the positive integer n for which {|H|: H € ISO(G)} =
{p"} is called isoclinic ezponent of G and denoted by iso.exp(G).

Lemma 3.2.8. Let S be a nonabelian simple group then any group G isoclinic

to S is isomorphic to S x A for some abelian group.

Proof. G is isoclinic to S implies G' = §' = S, therefore
G'NZ(G)C Z(G')y={1}.
But

S
Z(G)  Z(S)
is perfect, hence G = G'Z(G) = G' x Z(G) = S x Z(G). The result follows
with A = Z(G). O

Lemma 3.2.9. Let G be a group (finite or infinite) and H be a subgroup of
G. If G = HZ(G) then G and H are isoclinic, and if H 1is finite then the

converse is also true.

Proof. If G = HZ(G) then for each g € G one has g = hz for some h € H
and z € Z(G). Now, for A’ € Z(H) one has h'g = h'(hz) = (K'h)z =
h(h'z) = (hz)h' = gh' for all ¢ € G. Which implies ' € Z(G). Therefore
Z(H) € HNZ(G) and the other inclusion is trivial. Thus Z(H) = HNZ(G)
and

H H _HZG) G

ZH) T HNZG) ~ 2G) ~ Z(G)
the isomorphism ¢, : H/Z(H) — G/Z(G) being induced by the inclusion
1t H—-G.
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Furthermore, let z, y € G; then z = hyz;(hy € H, 2y € Z(G)) and
y = hazo(hy € H, 22 € Z(G)), then [z,y] = [hy, ho] € H' and G’ = H'.
Let 1%; be the identity mapping from G’ to H'. It is clear that (i, 1) is an
isoclinism from H to G.

Conversely, if H is isoclinic to G and is finite, then G/Z(G) = H/Z(H)

is also finite. But

IZ?G) 2I@Z(g)l:'fmé((i)\z\Zé)‘:';@“
Thus one has the equality all along, and so G = HZ(G). O

Lemma 3.2.10. Let G and H be two tsoclinic finite groups, then

IG'N Z(G)| = |H' N Z(H)|.

Proof. Since G and H are isoclinic, so E(GT) o 7(151}_{_) implies (Z—GG—)), N
H
(TH)) . But
( G )’_GIZ(G)S G'
Z(G)) — Z(@) T G'nZ(G)
and similarly
H H
<Z(H)) T HNZH)
Therefore
¢ 17
IG'NZ(G)| ~ |H'nZ(H)|
Since G’ = H', it follows that |G' N Z(G)| = |H' N Z(H)|. -

Remark 3.2.11. We can use the Lemma 3.2.10, to give a new proof of

Corollary 2.5.4 of Chapter 2 as follows:
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By Proposition 3.2.6, there is a finite group K isoclinic to G such that
Z(K) C K'. Then

1Z(K)| = Z(K)nK'| = |Z2(G)nG'| = [{1}] =1,

by Lemma 3.2.10 and the hypothesis on G, ie., Z(K) = {1}. Now the
isoclinism between K and G implies K’ = G’ and Pr(K) = Pr(G) by Lemma
3.2.5. This proves Corollary 2.5.4.

3.3 Groups having commutativity degree at

least 1/2

In this section we consider the groups having commutativity degree at least

1/2 and classify them upto isoclinism [32] as well as upto isomorphism [33].

3.3.1 Classification upto isoclinism

The main result here is the following

Theorem 3.3.1. Let G be a finite group such that Pr(G) > %, then G is

1soclinic to exactly one of the following
(1) trivial group {1},
(ii) an extraspecial 2— group,

(iii) Ss, the symmetric group of three symbols .
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Proof. By Proposition 3.2.6, there is a group H isoclinic to G such that
Z(H) C H'; now Lemma 3.2.5 implies that Pr(H) = Pr(G) > 1. We may
therefore assume that Z(G) C G'. Theorem 2.2.2 yields the bound

| < ’ <3
T 4Pr(G)-174-1-1 "

Let us consider two cases:
Casel. Z(G)cC G
In this case one has Z(G) = {1} (because |G'| € {1,2,3}). Let

le 3.

E={geG||G:Cqlg)| =2},

let n = |G| and |E|. Clearly |G : Cg(1)|] = 1 . Thus there are exactly
n —m — 1 elements of G such that |G : Cg(g)] > 3, therefore

5 < IGPPr(G) = 3 |Ca(a)|

zeG
—lce+ Y@+ S [Ca(@)
zeFk z€G,|G:Ca(z)|>3
n n
< L= —m—=1)=
<n+4+m 5 +(n—-m-1) 3

2n mn n?

“3 v Ty
i.e.,, m > n—4. If n < 10, the condition {1} = Z(G) C G’ forces G = S3, and
we are done. We may therefore assume n > 10, and thusm > n—4 > n/2+1.
Now let g € E then by definition of E we have |G : Cg(g)| = 2, therefore
Cc(g) € G and G/Cg(g) is abelian (being order 2) ie., G' C Cg(g) and

g € Cg(g). Thus we have shown that
E C Ce(@").
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It follows that |Cq(G')| > |E| = m > n/2, implies |G : Ce(G')| < 2, ie,
G = Cg(G") therefore G’ C Z(G), which is a contradiction. Hence n > 10 is
not possible in this case.

Case 2. Z(G)=G'
In this case G is nilpotent. For each prime p, let G, be the Sylow p-subgroup
of G. If G, is nonabelian, then by Theorem 2.1.8 (i) and Theorem 2.2.5, we

have
pP+p-1
0
ie,p® <2p?+2p—2<2p(p+1)and p* <2p+2, hence (p — 1)* < 3 < 4,

< Pr(G) < Pr(Gp) <

DN

i.e., p < 3, thus p = 2. Therefore G is the direct product of its Sylow 2-group
G and an abelian group, say H. i.e., G = Gy x H. Then Z(G) = Z(G,) x H
ie., G' = Z(G,) x H also G’ = G}, x {1}, thus G, x {1} = Z(G3) x H forces
G, = Z(G,) and H = {1}. That is G is a 2-group.

Now |G'| < 3 and |G| divides |G| implies Z(G) = G' = {1} or |G'| = 2.
In the first case G = {1} and in the second case Z(G) = G' has order 2, i.e.,

G is an extraspecial 2-group. U
Corollary 3.3.2. If Pr(G) > 3, one of the following holds:

(i) G is abelian and Pr(G) = 1.

(i) G/Z(G) is an elementary abelian group of order 2*™ for some m > 1,

|G| =2, and Pr(G) = 3(1+1/4™) < 3.
(iii) G is isoclinic to S3 and Pr(G) = 1.

Proof. By Theorem 3.3.1, G is isoclinic to {1}, an extraspecial 2-group, or
Ss; the first case leads to (i), and the third one to (iii). Let G is isoclinic to
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an extraspecial 2-group we may assume that G is an extraspecial 2-group.
i.e., @' = Z(G) has order 2. By Proposition 2.4.8 of Chapter 2, we have

1 1
Pr(G):§'(1+§2—m'>’m21

1 1

|G| |G| . G .

where 22™ = = . Also by Proposition 2.4.10, we have ——— =
l{cl;}*l 1Z(G)) Z(G)

C?m. Thus Z0) is an elementary abelian group of order 22™ for some

m > 1. O

Some immediate consequences of Corollary 3.3.2 are
(i) If G is not abelian, then Pr(G) < 2.
(i) If Pr(G) > %, then G is nilpotent.
(iii) If Pr(G) = § and G is not nilpotent, then G/Z(G) = S; and G' = C;.
(iv) If § <Pr(G) <1, then Pr(G) € {1 (1 +1/4") | n e Nyn > 1}.

PROBLEM: Is it possible to classify (upto isoclinism) all finite groups
for Pr(G) > %, where p is any odd prime ?

3.3.2 Classification upto Isomorphism

In order to study the classification upto isomorphism, we need to develop

some group theoretic tools.

Proposition 3.3.3. Let p be a prime number, G an abelian r-group and u

an element of G, then either
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(i) (u) is a direct factor of G, or
(ii) For some v € G, o(uv?) < o(u).

Proof. We have G = G} x G2 X --- G where G,’s are finite cyclic p-groups.
We may assume that u # 1 € G as in that case (i) holds trivially. Let
u = (uy,us, - -ux). Consider the set S = {i|l <7<k and o(u,) = o(u)}.
Also note that o(u) = max {o(u,)}

Casel. Forallve S (u,) <G,

1

In this case u, and hence u; " are not generators of G, V i € S. Therefore

for all ¢ € S there exists y, € G such that u; ' = ¢/,

1

Let v = (x1, 29, - - - Tx) where

yh lf 2 E S
T, =
1, ifi¢s.
Then uv? = (u1,ug, - ug) (a2, 25, -+ - 2}) = (wy, ws, - -+, wi) where
1, if ieS
w, =
u, ifi¢S.

Therefore

o(ue?) = max {o(w,)} = max {1,0(u)} < o(u)

¢S

and so (ii) holds.

Case 2. There exists an ¢ € S such that (u;) = G,

Without any loss we may assume (u;) = G1. Let H = {1} xGaxG3yx- - -xGy.
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Since every g, € G; we have (g1, 92, k) = (91,1, -, 1)(1, 92,7+, gx) and
g1 = u7* for some m, also (ur, 1, - ,1) = (ur, ug, - cu)(Liugto L upt) €

(u)H therefore G C (u)H. Hence G = (u)H.

Now
KwllH| _ o(u)|H]
G| =|(u)H]| = =
G =11 = feyom = Ty
_ ow)lH| _ |Gi||Go|---1Gel _ 1G]
[{u) N H| [{u) N H] [{u) N H]
Which forces (u) N H = {1}. Hence {u) is a direct factor of G. i.e., (i)
holds. d

Let p and ¢q denote prime numbers such that ¢g|p — 1. Then there exists,

up to isomorphism, one and only one non abelian group of order pq, which is

1

D,y =<o,r|lo? =1"=1,7"t0or = 0* >

where A # 1(modp) but A? = 1(modp). Let § € {1,2,---,q— 1} and m >
1, we define a new group T}, 4m ¢ by generators and relations in the following

way

A

m _ 8
Togme =<m,1ln? =1 =1, 777t =7% > .

Then [Tp4.m6| = pg™ and 79 € Z(Tp 4m4), therefore
C=<71?>4q Tp’q,m)g.

But
T
p'qc’wm"’ =<7, 7|(#®P = (7)1 =1,(7) 77 = (&) >

is isomorphic to D,,, hence has center trivial, therefore Z (Tp,qme) C C and

Z(Tyemp) = C.
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Thus it follows that
Z (Tp q,m,d
— ] .
Z(Tp,q,mﬂ) i

Conversely, one has

Theorem 3.3.4. If the group G is such that G/Z(G) = Dy, then there
erists 8 € {1,2,---,q— 1}, m > 1 and a finite abelian group A, such that
G= Tp’q,m’g X A.

Proof. Let r be a prime and R be a Sylow r-subgroup of G. Then RZ(G)/Z(G)

is a Sylow subgroup of (G/Z(G)) = D,,. Since ‘RZ(G)’ = p or g therefore

Z(G)
RZ(G) ~

o = RnZ(G hence is cyclic. But RN Z(G) C Z(R)

cyclic. Also Yy ( )

therefore R/Z(R) is cyclic hence R is abelian. Thus we have seen that all
Sylow subgroups of G are abelian. Hence by Taunt’s result [48], we have
G'NZ(G) = {1}. Then

¢ LGzZ(G) ( G
- \Zz

2 enze ¢ e _@) = D) =<0

iR

that has order p; let 7 be an element of G’ sent to o by the above sequence
of isomorphisms. Then G' = < 7 > has order p.

As (G/Z(G)) = Dy, is not abelianso G' € Z(G), i.e., m ¢ Z(Q); therefore
one can find ¢ € G such that nt # tr, i.e., t7 7t # .

But <7 >=G <G, sot !nt €< 7 >. ie., t™'nt is a power of 7, say
7™ with n = 1(modp).

But t~'nt = 7™ implies (t7'7t) Z(G) = 7" Z(G). we may write { 1ot = o"
putting tZ(G) =t and 7Z2(G) = 0.

But the conjugates of o in D, are of the form o*". Therefore 0" = ¢**

for some u € {0,1,2,---,¢—1} and n = A*(mod p). Therefore t~'nt = 7" =
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7, with u # 0 (as t"'nt # ) and hence ¢ { u. Let o(t) = ¢™y where ¢ { v
then (¢7)~!7t” = 7*"" and uy # 0(modg). Let 6 denotes the remainder in

the division of uy by ¢. Setting 7 = t7 we see that

i = oY (3.3.a)

and o(7) = ¢™. If one had m = 0 then would follow 7 = 1,7 = ™ e,

A = 1(modp), i.e., q | 0, a contradiction; therefore m > 1.

Among all 7 € G of g-power order ¢™ such that 3.3.a hold, let us choose
one corresponding to the minimal possible value of m; it is clear that H =

< 7,7 > is isomorphic to Tp4.m . We may write

pqlepqlz‘Z l IHZ I )HHZG)}—I (H)HHHZ(G)I
B }Z{;:qmmga) Hi(g()(}')l =P 'ﬁ‘iﬁz‘l()—(;)} > py,

as Hn Z(G’) C Z(H); therefore we have equality all along. In partic-
ular, G = HZ(G) and Z(H) = HN Z(G). But 79 € Z(H) therefore
77 € Z(G), and o(r

tor = ¢q, G = Z(G), (the g-component of Z(G)), and u = 79, we obtain
that either:

79 = —0( ) = ¢™'. Applying now Proposition 3.3.3

(a) < 79> is a direct factor of Z(G), or
(b) For some v € Z(G),, o(T%9) < o(79).

If (b) would hold, we would have

o(1v) < g o(t%9) < o(79) = ™!

)
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1

Ir(rv) = v (77 trr)v =

hence o(rv) = ¢" for some r < m — 1 and (7v)~

7=lxr = 7*°  which contradicts to the minimality of m. Therefore (a) holds,
Z(G)y=<T1">xB
for some (abelian) group B, and

G=HZ(G) =< H,Z(G) >=<m71,Z(G), Z(G)g >
= <n,7,7,B,Z(G)y >=<mn71,B,Z(G), >
= <m,7>xBxZ(GQ)y ZT,qme x Bx Z(G),.

Thus we have proved that G = T, g mg X A, where A = B X Z(G)y. O

Corollary 3.3.5. If G/Z(G) = Ss, then G & G,, X A for some m > 1,

where A is an abelian group and G, =< 0, 7|0 =7*" = 1,77 lor = 07! >.

Proof. Let us apply Theorem 3.3.4 with p = 3, ¢ = 2; then Dg = S3 and
it follows that G = T3, 9 x A for some m > 1, § € {1} and some abelian
group A, that is

G=T30m1 % A

But it is clear that

2m 1

Tagmyi =<m7lrd=7" = 1,77 a7 =771 >

where A # 1(mod3) but A?> = 1(mod3) therefore A = —1(mod3). Thus
T3,2,m,1 = Gm- Hence G = Gm X A. J

Theorem 3.3.6. A finite group G has commutativity degree Pr(G) > 3 if
and only if one of the following holds:
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(i) G is abelian.

(ii) G & P x A, where P is a 2-group such that |P'| = 2, and A is an

abelian group of odd order,

(iii) G = Gm X A, where m > 1, A is abelian and G, =< 0,7|0 = 72" =

1,77 lor =071 >.

Proof. By Corollary 3.3.2, one of the following hold

(1) G is abelian

(2) G/Z(G) is an elementary abelian group of order 2*™ for some m > 1,
and |G'| = 2

(3) G is isoclinic to S3, and in particular

G S3

o~

Z(G) ~ Z(Ss)

= ;.

But (1) is the same as (i), and (3) yields (iii) via Corollary 3.3.5. In case (2),
G' C Z(G), so G is nilpotent and hence it is the direct product of its Sylow
subgroups. By necessity the odd order ones are abelian, so is their product

A, and the Sylow 2-subgroup P verifies |P'| = 2, with G x A.

Conversely, it is obvious that Pr(G) =1 > 1 in case (i), and that

‘Pr(G) = Pr(G,, x A) = Pr(G,,) Pr(A) = —;- 1= %

in case (iii). In case (ii), |G'| = 2, therefore each conjugacy class of G has
order at most two; but Pr(G) = k(G)/|G|, where k(G) denotes the number of

conjugacy classes in G . Let C; = {1}, Cy, - - , Ck(c) be the various conjugacy
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classes in G. Then

k(G) k(G)
1G] =Y |Gl =1+ |G| < 1+2(k(G) — 1) = 2k(G) — 1 < 2k(G),
i=1 1=2
therefore
Pr(G) = kl(—G') > —;—

a

Remark 3.3.7. Blackburn has enumerated, in [4], all the p-groups whose

commutator subgroups have order p.

PROBLEM: Is it possible to classify (upto isomorphiism) all finite
groups G for Pr(G) > %, where p is any odd prime ?
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Chapter 4

Supersolvability Conditions

Using Commutativity Degree

In this chapter we study some conditions in terms of commutativity degree
under which a finite group acquires certain special properties expressible in

standard group-theoretic terms.

4.1 Prerequisites

In this section we study some group-theoretic results involving supersolvabil-

ity and some other standard terms.
Lemma 4.1.1. If G' is cyclic, then G is supersolvable.
Proof. Let G’ be cyclic therefore it is supersolvable. Let

{1} =4 C A CA---CA4=GC
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be a normal series in which each factor group is cyclic. Again since G/G’ is

abelian so is supersolvable. Let

{1} 1 B, G
C C C == —
G = G’ =G = G G

. ! y
Bg:;gf o Bgzl is cyclic forall 1 < ¢ < [. Where

B;’s are normal subgroups of G containing G’ (by Correspondence Theorem

1.2.4) also B,;; C B,. Hence,

be a normal series such that

{1}=A)CACA - CA=GCB CB-CB =G

is a normal series in which every factor is cyclic. Therefore, G is supersolv-

able. O
Lemma 4.1.2. G is supersolvable if and only if —Z—(%—)- supersolvable.

Proof. By Theorem 1.10.3, it is clear that Z(G) supersolvable. Now suppose
that G) supersolvable. Let

Z(C
Ap q A, 4 A,
Z(G) ~ Z2(G) T Z(G)
be a normal series where 4y = Z(G), A, =G, 5% 4 ;& for0<i<r

and M/%&—) iscyclicfor0<i<r—1.

By the Third Isomorphism Theorem 1.2.3, ’“ is also cyclic.

Now Z(@G) being finite abelian group , is supersolvable, so let
{1}=By 4B, <4---4B,=Z(G)

be a normal series for Z(G) with B; < Z(G), 0 < i < n and 1“ is cyclic
for0<:<n-1.
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It is now clear that
{1}=By<B,9---9B,=2(G)9 A4, < <G

is a normal series for G in which each subgroup is normal in G, because central
subgroups are normal and —Z%&,—) < 2% if and only if A, < G. Moreover, the

required factor groups are cyclic, so G is supersolvable. 0

Further this lemma can be strengthened to the following

Lemma 4.1.3. Let N < G and suppose that N and G/N are both supersolv-

able. If every normal subgroup of N is normal in G, then G is supersolvable.

Note that both A, and G(75), the unique nonabelian group of order
75 shows that N and G/N, which are both supersolvable, but G is not

supersolvable.
Lemma 4.1.4. If Aut(G) is supersolvable, then G is supersolvable.

Proof. Since Inn(G) < Aut(G) therefore Inn(G) is supersolvable (by The-
orem 1.10.3). Also Inn(G) = 2% Therefore TGG’) is supersolvable so by

Lemma 4.1.2, G is supersolvable. O

The quaternion group Qg of order 8 shows that the converse of this result
is false since Qg is supersolvable but Aut(Qs) = S, is not supersolvable.
We note that ‘supersolvable’ in Lemma 4.1.4 can not be replaced by ‘CLT’
because Sy = Aut(A4) is CLT but A4 is NCLT.
However, it can be shown that E(%‘) CLT implies G CLT, but again the

converse is false, since A4 x Cy is CLT but 7(%4{%2—) =~ A, is NCLT.
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Lemma 4.1.5. If 6%(0) is cyclic, then G 1is supersolvable.

Proof. We have

G\ _ G'Z(G) ~ G'
ZG)) =z @nzd)
1
Since W%(F) is cyclic, so is (2—(%—)) . Thus by Lemma 4.1.1, 7—(%-5 is super-

solvable, so by Lemma 4.1.2, G is supersolvable. d

A group G is called incompetent if there does not exists any group K such

that G = K'.

Lemma 4.1.6. If G has a cyclic, characteristic, non-central subgroup, then

G s incompetent.
Proof. See [38]. O

Lemma 4.1.7. If G € G, and G' = C}, x Cp, where p is an odd prime, then
G is nilpotent.

Proof. First of all we show that if for any prime ¢ which divides |G| Sylow
g-subgroup G, C Cs(G’), then G, 9 G.
Now G, C Cg(G") implies that G’ C Cg(G,).
Then
G' € CalG,) € Ne(Gy)

implies that Ng(G,) 2 G. Now G, is a Sylow g-subgroup of G, so G, is a
Sylow g-subgroup of Ng(Gy).

The Frattini argument now implies that

G = Ng(G,)Ng(G,) = Ne(G,),
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so Gg 4 G.
Next, gcégl) can be embedded in Aut(G’), which has order p(p—1)*(p+1).
Since p is odd, (p — 1)? and (p + 1) are both even and relatively prime to p;

also
((p=-1*p+1),IG]) =
since G € Gy, so ‘%! =1lorp.
If =1, Ce(G") = G, so G’ C Z(G) and G is nilpotent of class 2.
If = p, then G, C C(G") for all primes g # p, so G4 4 G.

Ce (G’

CG(G’)
Thus every Sylow subgroup of G is normal in G, so G is nilpotent, as

claimed. a

Remark 4.1.8. (i) G is in fact isomorphic to G, x A, where A is an

abelian p’-group.

(ii) Lemma 4.1.7 does not necessarily hold for p = 2, with A, being an

obvious counterexample.

Lemma 4.1.9. Let |G| be odd and suppose that IG’ > 5=(=0.0400). Then

G s supersolvable.

Proof. We have |G| odd and |G'| is an odd number less than 25. If |G'| =1
or a prime number, then G is supersolvable by Lemma 4.1.1. If |G'| = 15,
again G' is cyclic and we are done. If |G'| = 9, then either G’ is cyclic
or G' = C5 x C3. Since |G} is odd, G € G3 and, by Lemma 4.1.7, G is
supersolvable. Finally, if |G’| = 21, then either G’ is cyclic or G is the unique
nonabelian group of this order. But this group has a cyclic, characteristic,

non central subgroup, contradicting Lemma 4.1.6. O
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This result is the best one possible because |G(75)'| = 25 and G(795) is

not supersolvable.

Lemma 4.1.10. If |Z(G)| = 1, then |G] < |G'||Aut(G")|. Moreover, if
IG' " Z(G)| = 1, then '2(%—)‘ IG'|| Aut(G")).

IA

Proof. We have
G
Gl = |=——==||Cs(G")|.
e L
Since ‘E‘_Gc(iéﬁl < |Aut(G@")| (by N/C Theorem 1.6.3) it is sufficient to show

that Cg(G') < G".
Again by Jacobi identity (1.4.3), we have

[Ca(G), Ca(G)] < 2(G) = {1}
Hence Cg(G’) is abelian. Therefore,
CG(Gl):PI XPQX“-XPk

where P;’s are Sylow p-subgroups of Cg(G").

Let P be any Sylow p-subgroup of Cg(G'). Then P < Cg(G'). Which
implies P < G.

Now consider the following cases:

Casel. p{l|G:@|

Assume P £ G'. Then there exists some z € P such that z ¢ G'. i.e,,
zG' is non identity in G/G'.

But o(zG") | o(z) so o(zG’) is a nonzero power p. Which is a contradic-
tion. Hence P < (.
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Case2. p||G:(G|
Let H/G' be a p-Sylow subgroup of G/G' and Q/G' be its complement
then G = HQ and HNQ = G'. We have H/G’ acts on Cp(Q) by the action
¢(hG',z) = hzh~!. ie., ¢ : H/G' x Cp(Q) — Cp(Q). Then by Fitting
lemma (or by [31], 8.4.2), we have
P =[P,Q] x C»(Q) (4.1.)
Let 6 be an orbit of this action. Let 8 = orb(z) for £ € Cp(Q). Then
0 ={hzh™' | h € H}
Now
6] | |1H/G|
=16} is a power ofp

=p| 6] iflf| > 1.
If Cp(Q) # {1} then p | |Cp(Q)]. Also

ICp@1=)_10l=1+ > ||

f#orb(1)
Since p | |[Cp(Q)] and pt1sop{ > |6] there exists at least one orbit, say
9

f+#orb(1)
orb(y) such that y # 1 and |orb(y)| =1

i.e., orb(y) = {y},

ie., {hyh ' |he H} = {y},
ie,hyh™' =y V heH,
t.e, hy=yh VY he H.
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Thus y € Cp(H) and
1 #y € Cp(H) N Cp(Q) C Cp(HQ) = Cp(G) C Z(G) = {1}.

Which is a contradiction. Hence Cp(Q) = {1} and so by Equation 4.1.a, we
have P = [P,Q] < G' and we are done.

For the second part, given G'NZ(G) = {1} which implies (G/Z(G))' = G’
and Z(G/Z(G)) = {1}. Hence by the first part, we have

il () o

which gives the required result. ]

4.2 Main Results

In this section we study the main results which provide us with sufficient
conditions for a group to be supersolvable or CLT. Here we begin with few

lemmas.
Lemma 4.2.1. If G' = Cy; x C,, then either
(i) G is nilpotent or
(i) Pr(G) = §, with 5{5 = Ay and G'N Z(G) = {1}.

Proof. Let G' = Cy x C; then since G' N Z(G) < G’ therefore G' N Z(G) =
Cz X Cz, CQ or {1}
IfG'NZ(G) = Cy x Cy then G’ < Z(G), so G is nilpotent (of class 2).
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If G' N Z(G) = Cs, then

G\’ G
| &€ ——== = (.
Z(Q) G'NZ(G)
By Corollary 1.6.5, % is nilpotent of class 2 so G is nilpotent (of class 3).

Finally, suppose that G' N Z(G) = {1}. By Lemma 4.1.10, we have
_G | <16 Aut(@)] = 4.6 = 24
Z(G)| — ' '

Now, since G' N Z(G) = {1}, % is non-nilpotent so, by [6], the only
T G ~
possibility is 70 = Ag.

Then 3 = Pr(A4) = Pr(—Z—(%) = Pr(G), by Corollary 2.5.2 . O

Lemma 4.2.2. If G' = Qs, the quaternion group of order 8, then Pr(G) < %

Proof. By a result of Burnside [7], G can not be a 2-group. Now G can not
be nilpotent either, because then G = G, x A, where A is abelian of odd
order, and then Qs = G' = G, which is a contradiction.

Now we consider G' N Z(G), which is a characteristic abelian subgroup of
Qs. Thus G' N Z(G) =2 Cy, with G'N Z(G) = {1} being ruled out because

Qs has a unique involution which is central in G.

Thus
G\ G’
= =2(Cy,xC
(Z(G)> anz@
By Lemma 4.2.1, either % is nilpotent, which is not possible, or Pr(%) =
3
Then 3 = Pr(Z—(GG—)) > Pr(QG), as desired, by Corollary 2.5.2. O
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Remark 4.2.3. Using a deeper result of Joseph [29], Barry, MacHale and
Shé (1] has shown, if G' = Qs, then

1 1
PI‘(G) = 6 + 22s+18 > 1,
so the maximum value that Pr(G) can have is & < 3, is realized when

G = SL(2,3)
Now we are in a position to study the main results of this chapter.
Theorem 4.2.4. If Pr(G) > 3(=0.3333...), then G is supersolvable.

Proof. If G is abelian then G is supersolvable. We may assume that G is
non-abelian. Now "2—4;;1& < % for p > 5, so we may assume by second part
of Theorem 2.2.3 that G € G, for p =2 or 3.

If p = 3, by Corollary 2.2.4 , |G'| = 3, so G is supersolvable by Lemma
4.1.1. Thus we may assume that p = 2.

By first part of Theorem 2.2.3, we have ; < Pr(G) > 1(1 + I%T) which
means that |G'| < 9.

If G = Cy Cs C4 Cs, Cs, C; or Cg then by Lemma 4.1.1, G is

supersolvable. Thus we are left with the following possibilities for G':
CQ X CQ, 53, D4, 04 X Cz, Qg, and Cg X C2 X Cg.

If G' = Cy x C, then by Lemma 4.2.1, G is nilpotent hence supersolvable.
S5 and D, are eliminated by Lemma 4.1.6; and Qg is eliminated by Corol-
lary 2.2.4.
We are left with the cases G' & Cy x C; and Cy x Cy x Cy, which we

consider in turn.
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(i) If G =2 C4 x Cy, then

G’ ﬂZ(G) >~ CyxCy Cyf, CaxCy, Cyor {1}
If G'NZ(G) =& Cyx Cy, then G is nilpotent of class 2 and hence supersolvable.
If |G'n Z(G)| = 4, then |G'nz G)‘ = 2. Therefore,

Gl
2~
GnzG ~*
so by Lemma 4.1.5, G is supersolvable.

If G'N Z(G) = Cy, then

G\’ ~ G
Z(G))  G'NnZ(G)
is either cyclic of order 4 or Cy x Cy. If ( Z<G)) is cyclic, then G is super-

solvable by Lemma 4.1.5.
If

(%)I >~ Oy x Cy,

then by Lemma 4.2.1, Z(G) is nilpotent, and we are done, or Pr(5%) = 1.

Then by Corollary 2.5.2, we have

which is a contradiction.
The case G' = Cy x Cp and G' N Z(G) = {1} does not arise, since Cy x Cy
has a unique element of order 2 and hence central in G.
(ll) Let G’ = 02 X Cg X 02. Then
G'n Z(G) = Cz X Cz X Cg, CQ X CQ, C2 or {1}
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If|G'NZ(G)| =8, 40r2asin (i), the result follows.

We are left with the case where G' N Z(G) = {1}.

Let G be a minimum counterexample to the theorem with Pr(G) > 1 and G
non-supersolvable.

If Z(G) is non-trivial then, Pr(3Z;) > § and .7(%( < |G|, so 35 is super-
solvable. But by Lemma 4.1.2, G is supersolvable, which is a contradiction.

We may thus assume that Z(G) is trivial, so by Lemma 4.1.10, we have
|G| < |G'|| Aut(G")| = 8.168 = 1344.

But using GAP (49}, Barry, MacHale and Shé (1] has found that there are
no groups G with the properties:

(i) G'"=Cy x Cy x Cy
(i) 2(G) = {1}
(iii) Pr(G) > }
(iv) |G| < 1344.
This completes the proof. O
Since Pr(A4) = 3, the above result is the best one possible.

Theorem 4.2.5. If Pr(G) > 3, then G is CLT.

Proof. Simply note that Theorem 1.10.3, G is supersolvable and so by The-
orem 1.10.5, G is CLT. O

Again, A4 shows that this result is the best possible.
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Theorem 4.2.6. If |G| is odd and Pr(G) > 3:(= 0.1466...), then G is su-

persolvable.

Proof. Suppose G € G, for p > 11. Then, by Theorem 2.2.3, we have

2 _ 11
SHIAHI -1 181 hogs0.. < 0.141666... = =,
ST s 1331 75

Pr(G)

which is a contradiction.
Thus G € G, forp=3,50r 7.
Ifp=7,
11 1 48
— <Pr(G) L = |1+ —
75 <P s g [ ;G'J
gives |G'| < 7.7586..., so |G'| =7 and G is supersolvable by Lemma 4.1.1.
If p=25,
11 1 24
= <Pr@) < = |14+ =
75 <Prl@) s 5 [ * |G'|}
gives |G'| < 9, s0 |G'| =5 or 7 and G is supersolvable by Lemma 4.1.1.

Thus, p = 3,

8

11 1
—= < - — .
= <Pr(G) < g [1+ |G,|}

This gives |G'| < 25, and the result now follows from Lemma 4.1.9. a

Again, this result is the best possible because G(75) has exactly 11 con-

jugacy classes and is not supersolvable.

Theorem 4.2.7. If |G| is odd and Pr(G) > £, then G is CLT.

Proof. Simply note that Theorem 4.2.6, G is supersolvable and so by Theo-
rem 1.10.5, G is CLT. O
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The NCLT group G(75) again shows this result is the best one possible.

Theorems 4.2.4-4.2.7 can be expressed in the following striking form.

Theorem 4.2.8. (i) If the average size of a conjugacy class of G is less
then 3, then G is both supersolvable and CLT; A4 shows that this is the

best possible result.

2
11’

then G 1s both supersolvable and CLT. G(75) shows that this result is

(ii) If |G| is odd and average size of a conjugacy class of G is less then 6

the best possible in both cases.
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Chapter 5

Generalized Commutativity

Degree

In this chapter we shall study various generalizations of the notion “com-
mutativity degree of finite groups”, like ‘g-commutativity degree’, ‘multiple
commutativity degree’, ‘n** nilpotency degree’, ‘relative commutativity de-
gree, ‘relative n'” nilpotency degree’, ‘probability that an automorphism fixes
a group element’, ‘Rewriteability in finite groups’ etc. Finally we shall study

‘commutativity degree of finite rings’- a concept that is analogous to ‘com-

mutativity degree of finite groups’.

5.1 g-commutativity degree

Let G be a finite group and g be an element of G. The g- commutativity

degree, Pr,(G) is the probability that the commutator of two randomly chosen
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elements of G is equal to g. More precisely,

ID,|

G

where D, = {(z,y) € G x G | [z,y] = g}. It is clear that Pr,(G) (for

Prg(G) =

g = 1) is equal to Pr(G) the probability that two randomly chosen elements
of G commute, and therefore Pry(G) is a generalization of Pr(G). This
generalization is due to M. R. Pournaki and R. Sobhani [41]. In this section
we study some formula to compute the g-commutativity degree. Obviously
for g € G\ G', we have Pry(G) = 0. Therefore we assume that g € G'. Note
that there are several examples of groups G in [30] where Pry,(G) = 0 even
when ¢ belongs to G'.

We now start with the following theorem which gives us a character the-

oratic formula for Pry(G).

Theorem 5.1.1. Let G be a finite group and let g € G', then
Pr,(G z X 9)
xEIrr(G)
Proof. For a given g € G' consider the set Dy = {(z,y) € Gx G | [z,y] = g}.
Therefore we have Pry(G) = |Dy[/|G[%2. On the other hand by Theorem
1.12.29, the number of solutions of the equation [z,y] =¢in G, i.e.,

D =161 35 % X

xEIrr(G

Therefore we obtain

Pr,(G) = 2 = ? IZ XT—

This completes the proof. d

A
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Let us note that if we consider g = 1 in the above theorem, then we get

1) 1 Irr(G k(G
@=L Y WLy MO _HO)
xex (G X€EIrr(G)

Since the quantity Pr,(G) is the usual commutativity degree Pr(G), therefore
Theorem 5.1.1 is a generalization of the well known result Pr(G) = k(G)/|G|.
Let us now compute Pry(G) for finite groups with just two irreducible com-

plex character degrees.

Theorem 5.1.2. Let G be a finite group such that cd(G) = {1,m}, m > 1,
then

7 - —17 ) 17
Pry(G) = lG . ml) yo?

B (1+9R) i g=1
Proof. The case g = 1 has given in Chapter 2 Theorem 2.3.1. We assume

that g # 1. By Second Orthogonality Relation 1.12.23 for g, we have

0= 3 xox= Y xox+ 3 x(ex().

x€lrr(G) x€E€lrr(G) x€lrr(G)
x(1)=1 x(1)>1

In the case that x is linear, we have G’ < ker x and therefore g € ker x. Hence
x(g) = x(1). Also the number of all linear irreducible complex characters of
G is equal to |G : G'|. So

>ooxox(m)= Y x()’= Y 1=1G: 4.

x€Irr(G) x€Irr(G) x€lrr(G)
x(1)=1 x(1)=1 x(1)=1

Also by assumption, x(1) = m holds for each non-linear irreducible complex
character x of G. Therefore we get

Y x@x@W)=m Y x()

x€Irr(G) x€lrr(G)
x(1)>1 x(1)>1
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Hence

G:G'l+m Y x(g)=0

x€lrr(G)
x(1)>1
which implies
G:G
> xio) =5
x€lrr(G)
x(1)>1
By Theorem 5.1.1, we have
_ x(g
@ =g A
_ 1 x(g x(g
| XAt 20
X€lrr(G) xGIrr(G)
x(1)=1 x(1)>1
1
@ I
X€Elrr(G) Xx€lrr G)
\ x(1)=1 x(1)>1
1 1 G: G|
=|—<|G:G’|+— | )

This completes the proof.

a

Since x(1) < |G : Z(G)|** ¥V x € Irt(G) we can state the following

corollary in view of the above theorem.

Corollary 5.1.3. Let G be a finite group such that |cd(G)| = 2. Ifg € G’
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is non-identity then

1 1
Pro(G) < 1 (1 BE Z(G)|> |

The equality holds if and only if G is a group of central type.

Finite groups with just two irreducible complex character degrees are
non-abelian, so for such groups G the index of center is greater than or equal

to 4. Therefore we can obtain the following corollary.

Corollary 5.1.4. Let G be a finite group of central type such that | cd(G)| =
2. If g € G' is non-identity then

3 1
> .

We now study some explicit formulae to compute Pry(G) for groups with

|G’| is prime and G' < Z(G).

Theorem 5.1.5. Let G be a finite group such that |G'| = p, p prime and let
G'<Z(G). If g€ G, then

LN I [ ;
ey [ ) ¥ ann
-1 .

Moreover, if g € G' is non-identity, then Pry(G) > %. Also Pr(G) = %+%.
Proof. The case g = 1 is same as Proposition 2.3.3 and the result in the other
case follows from Theorem 5.1.2 and Corollary 5.1.4. O

Lemma 5.1.6. Let G and H be two isoclinic finite groups and let (p, ) be
an isoclinism from G to H. If g € G' then

PI‘g(G) = Prw(g)(H).

96



Proof. Since (¢, 1) be an isoclinism from G to H, ¢ is an isomorphism from
G/Z(G) to H/Z(H) and ¢ is an isomorphism from G’ to H'. Also the

following diagram commutes.

G G QX @ H H
Z(@) " Z(G) Z(H) " Z(H)
Y
GI HI
We have
G |? _ 1 2
\7@ Pry(G) = g7l OPr(@)
1 2, —
= m{{(m,y) € G*: [z,y] = g}|
1
= mmx,y) € G*: ag(2Z(G),yZ(G)) = g}

2
= {(, B) € (%) tag(a, B) = g}l

Since 1 is an isomorphism, the last quantity is equal to

2
{(e 8) € (Z—f’;—)) Plas(e B) = ¥(@)},

and the commutativity diagram implies that the above quantity is equal to

{(, 8) € (’z‘%) : an(p(@), 0(8)) = B(@)}.
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But ¢ is an isomorphism, so we get

G |? G \* B
2| Pr@ =) € (5a5) +entel@)wl8)) = (@)

~ ()€ (g ) +antnd) = (@M
= ——IZ(}{)IQH(x,y) € H® :ay(zsZ(H),yZ(H)) = ¥(g)}|
= ey € B [oy] = v(o)
= o Prve ()
= | 5| Prewn

But G/Z(G) and H/Z(H) are isomorphic (via ¢), hence ‘7(@@—)' = ‘%{—)' and

the equality Pry(G) = Pryg) (H) follows. O

Proposition 5.1.7. Let G be a finite group such that |G'| = p, p prime and
let G' < Z(G). Suppose that iso.exp(G) =n. If g € G, then

b (G) = Li-7)  9#1,
%(1+5‘_—ﬁ) if g=1.
Proof. Let H € ISO(G). Therefore G and H are isoclinic. Let (p,1) be an
isoclinism from G to H. By_assumption p" = |H|.
Since G' < Z(G) and H € ISO(G) Lemma 3.2.7 implies that H' = Z(H).

Now using Lemma 5.1.6 and Theorem 5.1.5, we have
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This completes the proof. O

Let us turn to the opposite extreme where |G| is prime and G'N Z(G) =
{1}. The following proposition gives a generalization of Proposition 2.5.9 of

Chapter 2.

Proposition 5.1.8. Let n and r be positive integers and let p be a prime
number for which n|(p—1) and r? =1 mod p if and only if n|j. Suppose that
G=(ab:a=0"=1bab'=0a"). If g€ G, then

TS i g#1,

pitpol g g =1,

pn?

Pry(G) =

Proof. 1t is easy to see that |G'| = p and ¢d(G) = {1, n}. Now the assertion
holds by Theorem 5.1.2. O

Proposition 2.5.10 of Chapter 2 also can be generalized as the following

proposition using the definition of invariant number and Proposition 5.1.8.
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Proposition 5.1.9. Let G be a finite group such that |G'| = p, where p a
prime, and G' N Z(G) = {1}. Suppose that inv(G) =n. If g € G', then

S i g#1,

2+_1 . _ '
f‘—pn;L if g=1.

Pry(G) =

Next we study few upper bounds for Pry(G). The following proposition
gives us an upper bound for this quantity depending only on the number of

conjugacy classes of G.

Proposition 5.1.10. Let G be a finite group and let g € G'. Then Pry(G) <
Pr(G). Moreover, the equality holds if and only g = 1.

Proof. By Lemma 1.12.22 (iii), we have |x(g)| < x(1) for each x € Irr(G).
Therefore Theorem 5.1.1 gives

| |x€lrr(G)X( | |xEIrr(G) X( )
1 1Ir(G)| k(G)
G 2" e e )

It is obvious that the equality holds if and only if |x(g)| = x(1) for each
X € Irr(G) or equivalently g = 1. O

Proposition 5.1.11. Let G be a finite group and let g be a non-identity
element of G'. Then Pry(G) < 1/2.

Proof. Assume that g # 1. If Pry,(G) > 1/2 then by Proposition 5.1.10, we

have

£G) > Pry(G) >

1
P = 7 —
n(G) G| =3
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or Pr;(G) > 1. Therefore by Corollary 3.3.2, we have |G| = 2%, |G'| = 2
_G o~

and z&y = ZZ for some positive integer s. In this case G' < Z(G). Therefore

by Theorem 5.1.5, we have

1 1 1
Prg(G) = 5 (1—ﬁ) < '2'

which is a contradiction. Therefore Pry(G) < 1/2. O

Proposition 5.1.12. For any € € R with € > 0, there exists a finite group
G and g € G such that 1/2 — e < Pry(G) < 1/2.

Proof. Let s be a positive integer such that s > —%log2 2¢. Consider a
finite group of order 22°*! such that |G’| = 2 and Z(—% ™~ 725, Let g be an

non-identity element of G'. Then 1/2 — € < Pry(G) < 1/2, as required. O

Further we can generalize Pry(G) also. Let H C G’ and Dy = {(z,y) €
G x G | [z,y] € H}. Then the probability that the commutator of any two
group element belonging to H, denoted by Pry(G) is equal to |Dy|/|G)?

ie.,
_ |Dx|
G2

PI‘H(G)

Remark 5.1.13. If H = {g} then Prg(G) = Pry(G) and if H = G’ then
Prg/(G) = 1. Obviously if H € G' then Prgy(G) = 0.

PROBLEM: To study Pry(G) for any subset H of G’ in detail.
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5.2 Multiple Commutativity Degree

Let n € N := Z* U {0}. The n** commutatwity degree of a finite group G is

defined as
|IC(@G)|

Pr*(G) = G

where
C(G) = (21,22, -+, Tat1) € G | 2,3y = 397, 1 <1, S+ 1}

G™*! being the direct product of (n + 1) copies of G.
Clearly, Pr’(G) = 1 and Pr'(G) = Pr(G).

Lemma 5.2.1. Let {g1,92, ", gk(c)} be a complete set of representatives of

the conjugacy classes of a group G, then

Pt ( |G|Z | Cl "(Ce(g,)) YneN
Proof. We have

|Gln+2prn+1(G)
= '{ T1,  Tpy2) €GP i ax, = 3,3, 1 <1, 5 < n+2}|

‘“’ZH Zy, - $n+1 ECG( )n+1:xz$_1:$sz) 1S'l,jfn+1}|
€@

=Y |Cq(=) "' Pr*(Co(z))
z€G
k(G)

=2 _IG: Calg)lIG(a)"Pr(Ca(a)

=1
k(G)

_ Gl \"" pn
ZIC <ICI( )l) Pr"*(Ce(g.))
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k(G) 1
= |G"*Y ————P1"*(Cq(g:)).
G 2 gy (Cole)
Hence, the lemma follows.

Lemma 5.2.2. Let G and H are two isoclinic groups, then

Pr"(G) =Pr"(H) VneN.

Proof. The argument is exactly parallel to the argument given in the proof

of Lemma 3.2.5.

Theorem 5.2.3. Let G be a non-abelian group, then

. 3.2 —1

Moreover, equality holds if and only if G is isoclinic to Q.

Proof. We use induction on n. For n = 0 the inequality is obvious since

Pr’(G) = 1. Let us assume Pr*(G) < (3-2" — 1)/22**! and then using

Lemma 5.2.1, choosing the g; in such a way that Z(G) = {91, , g1z(¢)1}-

We get

. 1 92
n+ —_ n

_12(6)] 1

|GI 1=|Z(G)|+1
< 1 3:2" -1 4 11
=G Z(@)] 2+ G| 2n

1
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But £(G) = |G| Pr(G) < §|G| and |G : Z(G)| > 4 because G/Z(G) is not

cyclic. Therefore

1 3:2" -1 1 /5 1
P n+1 Q) < -t =
PO S ey e T (8 G- Z(G)|)
) 1 1
— 3_2n+2_4_2n+3
5 TG Z(G) )
5 M2 — ¢4
. = on+3 + 22013|G : Z(G)|
5 2n+2 —4
< on+3 + 4.92n+3
5-2" 42" -1
= 92n+3
B 3. 2n+1 -1
T 92(nt1)+1

and the inequality is proved at rank n + 1. This computation also makes
clear that, for a given n > 1, equality at rank n + 1 implies equality at rank
n. Therefore, if, for a given n > 1,

3-2" -1

Pr(G) = Toant1

then Pr(G) = Pr'(G) = . Therefore, by Corollary 3.3.2, G is isoclinic to
an extraspecial group of order 2*"*!, where 3(1+1/4™) = 2, that ism = 1.
G is therefore isoclinic to either the dihedral group of order 8 Dy, or to the
quaternion group (Jg. But these two group are isoclinic, hence G is isoclinic
to (Jg in any case.

Conversely, if G is isoclinic to Qg, one may assume that G = Qg since
Pr(G) = Pr(Qs). Then |G;Z(G)| = 4, Pr%(G) = 1, and Cg(z) is abelian

and of index 2 for all z € G\ Z(G); therefore, in the previous computation,
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equality holds all along, which permits us to prove by induction on n that
3-2" -1
PI‘n(Qg) = —22‘m— VYn €N

O

As in Section 5.1, let us consider a group G and an element g € G. Define

_ 1oy
PrZ(G) - |G|n+1
where Dén) = {(zla e )xn+1) € Gn+l I [mi,xj] =g, 1 S Z)] .<_ n+ 1}

PROBLEM: To study Pry(G) in detail.
Similarly for any subset H of G' we can define Pr(G) as

_ 1)
Pry(G) = lelza
where D7) = {(z1, -+, &ny1) € G | [z, 7)) € H)1 < 4,5 <n+1}.

PROBLEM: To study Pr’;(G) in detail.

5.3 n'* Nilpotency Degree

For n > 1, let us define

n+1 —
Pr(”)(G) - |{($1,$2, ,$n+1) € %lnjfml,xz, ,$n+1] 1}|

It is a natural generalization of Pr(G) and called the n'* nilpotency degree.
Clearly, Pri)(G) = Pr(G’). It is also easy to see that

Pr(” lG|n+1 Z Z |Ce([z1, 22, , Tnt1])|

,.€G Tn€Q

[CG( 371, Ty ,zn+1])l
> @

1€G Tn€G

IGI"
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Some results on n'* nilpotency degree are available in [40]. We state the

following theorem without proof. The proof can be found in [40].

Theorem 5.3.1. If G is a finite NC-group, then

1 G
Pr" (@) = — Pr(”)< )
@ =12 "\ G

Note 5.3.2. By a NC-group we mean a finite group in which the centralizer

of each element is a normal subgroup. It follows from the main result of Levi

[35] that such a group is nilpotent of class at most 3.

Remark 5.3.3. It is obvious that
Pr™ (@) < Pr®*™)(G) for all n > 1.
Now as a consequence of Theorem 5.3.1, we have the following theorem.

Theorem 5.3.4. Let G be a finite NC-group and N be a normal subgroup
of G, then
PrW(G) < Pri® (%) Pr™ ()

and the equality holds if N Nv,41(G) = {1}.

As mentioned earlier, if G is a NC-group, then G is nilpotent of class at
most 3. So, Theorem 5.3.1 and 5.3.4 trivially hold for such groups. So, they
have a limited scope. Let us study some upper bounds for Pr'™(G) available

in [13], without any strong condition like NC-group.

Theorem 5.3.5. Let G be a group. Then for everyn > 1,

(47 (7))
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Proof. We have

|Gln+2Pr(ﬂ+1)(G) _ l{($1) To, - ,xn+1, 1"71+'2) c Gn+2'[$1, g, ,xn-(—Z] = 1}|

— Z Z lCG([I1,$2,"' )$n+1])l

n€G $n+1€G

= Z Z Z ICe((z1, 2, -+, Tnt1])l

1€EG Tn41€G [71,22,,Zn4+1]€Z(G)

+ Z Z Z \Cs([z1, 22, Tns1])|

£1€G  Tn+1€G [z1,32,,2n+1]€Z(G)

< |GIPHPL™ (5%) tel

(e (45)

n+2
LG (e ().

from which the result follows. 4

Theorem 5.3.6. Let G be a finite group. Then for every n > 1,

Pr"t(@) < 51,; <2" ~1+4Pr (E%G—))) .

Proof. We may proceed by induction on n. If n = 1, then the proof is clear
by Theorem 5.3.5. Now, suppose that the theorem is true for n. To prove it

for n + 1, we remark that

fn <Z?G>) = ?((g))'

So, by the induction hypothesis we see that

o (_ G 1 (one
Pr(7(Z(G))§2n_l<2 '—1+Pr




Therefore, by Theorem 5.3.5, we have

Prt)(G) < —;— (1 + 2n1.1 (2"“1 -l b (ch(;G)»)

L (roren(55)).

a

Theorem 5.3.7. Let G be a finite group which is not nilpotent of class at

most n. Then

2n+2 -3
(n)
Pr (G) < on+2

Proof. Since G is not nilpotent of class n, G/(Z,_1(G)) cannot be abelian.
Thus Pr(G/(Z,-1(G))) < 5/8 by Proposition 2.2.1 and using Theorem 5.3.6,

we have
1 5 2nt? — 3
(n) -1_ Sy=__°
Pri®(G) < gn—1 <2n 1+ 8) T gnt2

as required. O

Example 5.3.8. Let G be the dihedral group of order 2"2, i.e

G = Dyniz = (a,b | & = b = 1,bab = aY).

Then we have Z(Dags+2) = (a®") = {1,0*"} and v,(G) = (a**7') = {1,a?" ",

a®,a%@" ")}, Thus, we can see that if (21,2, - ,z,] ¢ Z(G), then

) and so |Cq([z1,22,- -, za])| = |G|/2 in

this case. Hence we have, by induction over n:

1 _ G 272 - 3
Pr(G) = - - _Z _} ) =42 _"°
r'(G) 2<1+Pr ( ( )>> T

_ 2n—1 3 2n—l
(1, %2, ,Zn] = a or a3(
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This example confirms that the bound given in Theorem 5.3.7 is the
best possible. Also the following theorem gives a better upper bound than

Theorem 5.3.7, if Z(G) = {1}.

Theorem 5.3.9. Let G be a finite group with G # 1 and Z(G) = {1}. Then

for everyn > 1

2" -1
Pr(G) < TR

Proof. Since Z(G) = {1}, so Z,(G) = {1} for all n > 1. Thus G is not
nilpotent and therefore Pr(G) < 1/2, by second consequence of Corollary

3.3.2. Hence the proof follows from Theorem 5.3.6 by induction on n. 0

Note that Pr™ (@) can be further generalized to

(n) _ H@, 2, Zan1) € GVY[z1, 22,0+, Tna] = g}
Pretl@) = |G|+ .

for n > 1 where g € G.

and

(n) _ l{($1,x27 to )',L"n+1) € Gn+l“$1,$2’ e 7xn+1] € H}l
Pry’(G) = G+ :

for n > 1 where H < G.
PROBLEM: To study Pr@")(G) and Pr(;;)(G) in detail.

5.4 Relative Commutativity Degree

In this section, we study some properties of the relative commutativity degree

of a subgroup H in a given group G [13].
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Definition 5.4.1. The relative commutativity degree of the subgroup H in
the group G, which is denoted by Pr(H, G), is by definition the ratio

H{(z,y) € Hx G : zy = yx}|
|H||G|

Pr(H,G) =

It is clear that if H = G, then Pr(H,G) = Pr(G) and if G is abelian,
then Pr(H,G) = 1 as well. Let us restate Lemma 2.1.2 (i) which plays an
important role in the comparison of Pr(H, G) with Pr(G) and Pr(H).

Lemma 5.4.2. Let H be a subgroup of G. Then
|H : Cy(z)| < |G : Cg(z)| for allz € G.
Theorem 5.4.3. Let H be a subgroup of G. Then
Pr(G) < Pr(H,G) < Pr(H).

Proof. We have

Pr(H,G) = lH“G|Z|{y€H y € Co(z)}]
zeG
Cu(z)| > AT Cqo(z)| = Pr(G

by Lemma 5.4.2. Similarly,

IHHGlZlC’G |--| I2ZICH |—PI‘( )

yEH yeH

as required. O

110



It also follows from the above computation that Pr(H,G) = Pr(H) if and
only if
G=HCg(z) Vxe H (5.4.a)
From (5.4.a), one can see that Pr(H,G) = Pr(H) implies H < G, and
when H is abelian, that H C Z(G). It also follows from the above reasoning
that Pr(H, G) = Pr(G) if and only if

G=HCs(z) Vz€G (5.4.b)

But (5.4.b) implies (5.4.a), i.e.,Pr(H,G) = Pr(G) implies Pr(H,G) =
Pr(H) (hence Pr(G) = Pr(H)). However, the converse is not true, e.g., if G
is non-abelian and H C Z(G), then 1 = Pr(H) = Pr(H,G) > Pr(G). For
example, if G = Dy = {a,b | a* = b*> = 1,bab=a"') and H = Z(D,) = (a?),
then we have Pr(G) = 5/8 and Pr(H,G) = Pr(H) = 1. Also, one may
see that if H C Z(G), then Pr(H,G) = Pr(H) = 1 and if HZ(G) = G,
then Pr(G) = Pr(H,G) = Pr(H). The following lemma gives a sufficient

condition for the above inequality to be strict.

Lemma 5.4.4. Let H be a subgroup of G which is not normal. Then
Pr(G) < Pr(H,G) < Pr(H).

Proof. The result is implicit in the above discussions concerning conditions

(5.4.a) and (5.4.b). O

The converse of Lemma 5.4.4 is not true. For instant, if G = S, and

H = A,, then we have

Pr(G) = % < Pr(H,G) = % < Pr(H) = %
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Now we are able to give better upper and lower bounds for Pr(G) and

Pr(H,G).

Theorem 5.4.5. Let H be a subgroup of G and p be the smallest prime
number dividing |G|. Then

o 126G PG = 12(G)) _ p, 1Z(G)| + |G| .
(i) G| + el SP(G)S——————2|G| ;
. 1Z(G)NH| | p(H|-|2(G)NH]) [ |Z(G)N H| + |H|
T T el ]
Proof. (i) We have
GI2Pr(G) = Y [Col2)|
zelG
= Y [Cela)l+ > |Cq(a)]
z€Z(Q) zeG-Z(G)
=1Z@)GI+ Y |Cs(@)l.
T€G-Z(G)

It is easy to see that if z is not in the center of G, then p < |Cg(z)|
< ng So,

piG-12@)) < Y 1) < (161 - |z@)'SL.
€G- Z(G)
Hence
12(@)IG1+ 8(G1 - 12(G)) < IGP PH(G) < |Z(G)[G] + (161 -~ 12(G)) 'S,
and so
12(@)| . p(IG] - 12(Q))) 12(@)| + |6
el T qer - SPOsT5gq



(i) Set K = Z(G) N H. Then we have

IGIIH|Pr(H,G) =Y [Ca(z)| = [Ca(@)|+ Y [Ca(a)]

z€H €K T€EH-K

= |K||G|+ Y ICo(@)l.

reH-K

The rest of the proof is similar to the proof of part (i). a

We can see that equality may be attained in Theorem 5.4.5. For example,

suppose that H = Z(G), then we have

|H| + |H|
1="Pr(H,G) 2|
The following theorem is a consequence of Theorem 5.4.5, and gives some

upper bounds for Pr(H, G).
Theorem 5.4.6. Let G be a non-abelian group and H be a subgroup. Then
(i) Pr(H,G)=114 H C Z(G),

(i) Pr(H,G) < 3 if H ¢ Z(G); in fact Pr(H,G) < 2 if H is non-abelian.

8
Proof. (i) Follows immediately from the definition of Pr(H, G).

(ii) Since H € Z(G), Z(G)NH ¢ H and so |Z(G) N H| < 1|H|. The first

inequality now follows from Theorem 5.4.5(ii). The second inequality

)
follows from Theorem 5.4.3, noting that Pr(H) < 5/8 if H is non-

abelian.

O
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The above bounds are in general the best. For, if G = Dy = (a,b | a* =
b2 = 1,(ab)? = 1) and H = (a) then Pr(H,G) = 3/4. Moreover, if G =
Dy X Zy and H = Dy x {1}, then Pr(H,G) = 5/8. Note that, by (5.4.a),
Pr(G x {1},G x A) = Pr(G) for any two groups G and A.

Theorem 5.4.7. Let H < Hy, < G. Then
Pr(H,, Hy) > Pr(H,,G) > Pr(H,, G).
Proof. Since H; < Hy < G, by Lemma 5.4.2 we have
|Hy : Cuy(2)| < |Hy 2 Chy ()] £ 1G 2 Cela)],

for all z € G. Thus

|CH2
Pr(H,, Ha) C =
(5, By |H1||H|Z' (@ 2; e
|Cq(z
Cs(z)| = Pr(Hy, G
|H1|$§ = |G|m§' o@)| = Prith, G).
Similarly, we can prove that Pr(H,,G) > Pr(H,, G). O

The following lemma plays a crucial role in the proof of Theorem 5.4.9.

Lemma 5.4.8. Let H and N be two subgroups of G such that N < H and

N Q. Then
CH(.’L')N
N

Moreover, the equality holds if N N [H,G] = {1}.

< Cyyn(Nz), for allz € G.

Proof. Assume that y € Cg(z). Then we have
NzNy = N(zy) = N(yz) = NyNz or Ny € Cyn(Nz)
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and this implies that

CH](\?)N < Cyn(Nzx).

Now if NN[H, G] = {1}, then for every Ny € Cy/n(Nz) we have zyz~'y~! €
NN [H,G] = 1. Therefore, y € Cyx(z) and so Ny € (Cy(z))N/N. d

Theorem 5.4.9. Let H and N be two subgroups of G such that N 1 G and

N < H. Then

Pr(H,G) < Pr (fé ]C\’;) Pr(N).

If NN [H,G] = {1}, then the equality holds.
Proof. We have

|H||G|Pr(H,G) = |{(z,y) € H X G | zy = yz}|

_ Can
—ZICH )| Z Z INOHC’H(y Cn(y)|

yeG SeG/N yeS
Cu(y)N
- > 3 B loy)
SeG/N yeS§
< > Y [Crw(NY)lICh(y)| (by Lemma 5.4.8)
SeG/N yeS
= > [Cun(9) Y [Cn(y)l
SeG/N y€S
= > 1CunS)I D I{z € N |y = yz}
SeG/N yeS
= Z 'CH/N 'Z |CG ﬂSI
SeG/N zeN

If Co(z) NS # ¢, then S = Nzy where 2o € Cg(z) N S. Therefore,
SN Cg(z) = NzgNCq(z) = Nzg N Cs(z)zo = (N N Ce(z))zo = Cn()TH,
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and so |SNCqg(z)| = |Cn(z)z0| = |Cn(z)|- On the other hand if Cg(z)NS =
@, then |Cg(z) NS| < |Cn(z)|. So, in either case,

|Co(z) N S| < [Cn ()]
Therefore,

IHIGIPr(H,G) < Y [Cayw(S)] D ICn ()]

SeG/N z€N
H{G|. (H G\ .0
_ N’ N—‘Pr (N—,N) NV Pr(N).

Hence

Now, if N N [H,G] = {1}, then by Lemma 5.4.8

Cu(y)N

N < CH/N(N’y) for all y e G.

Also Cg(z) NS # ¢ for all x € N and for all S € G/N. Thus, all the

inequalities may be changed into equalities. Hence

H G
Pr(H,G) =Pr (N’ N) :

This completes the proof. O
Theorem 5.4.10. Let H be a subgroup of G. Then
() H/(Z(G)NH) = 2, if Px(H,G) = 4,

(ii) H/(Z(G)NH) =2 Zy x Z; if Pr(H,G) = § and H is non-abelian.

116



Proof. (i) Suppose that Pr(H,G) = 2, then by Theorem 5.4.5(ii), Pr(H, G) <
(1Z(G) N H| + |H|)/2|H|. Thus we have
3_lz@nH|v|H o H
4~ 2|H| |Z(G) N H|
If |H|/(|1Z(G)N H|) = 1, then we have H C Z(G), whence Pr(H,G) =1, a
contradiction. Therefore,|H|/(|Z(G) N H|) = 2. Hence
H
Z(G)NH
(ii) Suppose that Pr(H,G) = g, then
Z(G)NH|+ |H H
g = - )2|H[| 2 andso |Z(c|:) rle[
Since H is not abelian, H/(Z(G) N H) is not cyclic. Therefore, we have
H
Z(G)nH
and the proof of the theorem is completed. O

<2

> 7,

<4.

?:JZQ X ZQ.

Note that the second part of Proposition 2.2.1 also follows by taking
H = G in part (ii) above.

Proposition 5.4.11. Let G = Dy, = (a,b | a" = b* = (ab)? = 1) and

= (a). Then
2 even,
Pr(H,G) = 1
BE nodd.
Proof. We know that
Pr Co(
(1,6) = fgr 2 Cete
1
= THG Yo iCe@l + ) |Ce@) ]
s€HNZ(G) r€H-HNZ(G)
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If z € HN Z(G) then |Cg(z)| = |G|, and if z € (H — HN Z(G)) then
|Ce(z)| = |G|/2. Now, assume that n is even. Then |Z(G) N H| = 2, and we
have

1

|HI|G]
_|H|+|Z(G)NnH| n+2
B 2|H| T 2n

If nis odd then |Z(G)NH| = 1,and so Pr(H,G) = (n+1)/2n, as above. 0

Pr(H, 0) (161266 n 1+ Gl s - 1zi6)n )

Similarly we have
Proposition 5.4.12. Let G = Qg = (a,b | a® =1, a7 =1?, b lab =
a™') and H = {a). Then Pr(H,G) = (2™ * + 2)/2" for all positive integers

n.

It may be mentioned here that Pr(H,G) can be further generalized to

_ H(z,y) € HxG :[z,y] = g}
Pr,(H,G) = Wl :

where g € G and

H(z.y) € HxG: [z,y] € K}
|H||G| '

PI‘K(H,G) =

where K is a subgroup of G'.
PROBLEM: To study Pr,(H,G) and Prg(H,G) in detail.

5.5 Relative n'" Nilpotency Degree

In this section we study a generalization of Pr(H, Q) called the relative n'*

nilpotency degree. We start with the following definition.

118



Definition 5.5.1. Let H be a subgroup of G. The relative n'* nilpotency
degree of H in G, which is denoted by Pr™ (H, G), is defined to be the ratio

€ H" X G |[z1, 22, ,Zn, Y] = 1}
Pr(n) H,G — I{(ml"’z?) )xnay) ‘
(#,6) HFIG)
It is Clear that Pr(H, @) = Pr(H,G) and if # = G then Pr™(H,G) =

Pr™(@).
Lemma 5.5.2. Let H be a subgroup of G then
Pr™(H,G) < Pr(G) for all n > 1.

Proof. We have

6= A ] 2 2 (Collen @y )

T1EH zn€H

|ICa([z1, 22, -+, za])]
DRSS el

T1€H zn€H

CH L1, T2, ", Ip
Z 3 ICh( |H| Zu))|

| $1€H T €H

|H|n+1 Z Z |CH [‘Tlvl'?) ) n])’

T €EH Tn€H

IHI"

= Pr(")(H).

O

It may be noted here that the sequence {Pr™(H, G)},>, is monotonically

increasing for any finite group G and each subgroup H of G, because
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(n+1)
Pri*tY(H, G) IHI"HIGl Z Z |ICe([z1, 22, -+, Zny1])]

T1EH Tp1€EH

lH|"+1|G|Z > Y (ol )

T1E€EH Tn41€H [1131 Tq, :L‘n.H] 1

lHl”+1|G| > > Z ICs([z1, T2, - -

T1€EH Tn+1€EH [.’1:1,1:2 In+1]-'/—'1

1
> -
2 TEFG

=Pr™W(H) > Pr'™(H, G).

(IH)P (H)IG

Theorem 5.5.3. Let H be a subgroup of G. Then, for everyn > 1,

Pri"t)(H,G) < ;(1+Pr(") (’ﬁnHZ—(G)))

Proof. We have

VAN

[H "GPy (H, G)
|{(.’E1,1‘2,' t >zn+l)y) € Hn+1 x G |[$1,x2,' v ,xn+1,y] = 1}|

Z Z |Ca([z1, 22, , Tnt1))]

r1€H Tn41€H

Z Z Z ]CG([xl,fEQ,"' » Trt1))]

T1€EH Tn+1€H (11,22, Zn4+1]€Z(G)NH

+ Z Z Z |CG([$1,$2,"' ,$n+1])|

1€G Ta+1€H (21,22, ,2n+1|¢Z(G)NH

H
H’IH-IP (n)
[ Pr (Z(G)ﬂH)'GI
G|

(e )

 Tnr1])]



Hence the result follows. O

Note that Theorem 5.5.3 is a generalization of Theorem 5.3.5. The next

theorem is a slight improvement of Theorem 5.3.4.

Theorem 5.5.4. Let G be a finite group, H and N be subgroups of G such
that N 9 G and N C H. Then

Pr™(H,G) < Pr™ (%, %) .

Moreover, if NN [,H,G)] = {1} then the equality holds.

Proof.
|H["|G|Pr™ (H, G)

= !{(-Tl,.’l)g,'-- ,Z'n,y) € H" x G , [zlax%' tr ,znay] = 1}‘
= > 2 |Callm,zz )
z1€H Tn€H

s Collen e s NCx (a2 3]
2. N

z1€EH Tn€H

Z Z ICG/N([N‘rl)NCE?v"' )an])HCN([xla‘TQ"" ’xﬂ])|

z1€EH Tn€H

= > > >0 Y Cen (81, e+ SalICN (21, 2,y T

S\€H/N ,€51 S,€H/N z,€5,

= > D 1Can([S1,Se S Y D ICN ([, 32, 3

S1€H/N Sp€H/N T1€S1 ZTn€Sn

N[ Z |Can([S1,Sa, -+, Sul)l

S1€EH/N  Spn€H/N

IA

IN

H{"|G H G
= — —_ (n) [ 2= X n+1
]N N (N’N) IVl
H G
|H|"|G|Pr (N, N).
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Therefore,

NN
Again, [N,,H]| C N, and so if NN[,H,G| = {1} then [N, ,H|N[,H,G] =
{1} forcing [N,,H] = {1}. This implies that N C Cg([z1,Z2, "+ ,Zn]) C
)

Pr(")(H, G) < Pri™ (H G> )

n
Ce(lzy, 22, -+, Tn)), where zy, T2, -+ , 2, € H. Furthermore

Co([z1, 2, -+, Zn])
N

= C(;/N([N.’El,NIIIQ, e ,NIEn])

Hence by the same argument as in the first part we get the second part of

the Theorem. O
Applying Theorem 5.5.4 with H = G, we get the following corollary.
Corollary 5.5.5. If N 9 G then Pr'(G) < Pr™(G/N).
The following theorem is a generalization of Theorem 5.4.6
Theorem 5.5.6. Let H be a proper subgroup of G. Then, for every n > 1,
(i) Pr™(H,G) =1 if H C Z,(G),

(i) Pr™(H,G) =1 if H ¢ Z,(G) and H/(Z(G) " H) is nilpotent of class

at most n — 1,

(iii) Pr™(H,G) < (2% - 3)/(2"*?) if H ¢ Z,(G) and H/(Z(G) N H) is

not nilpotent of class at mostn — 1. .

Proof. (i) Follows immediately from definition.
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(ii) It is clear that if H/(Z(G)N H) is nilpotent of class at most n~ 1, then

for elements @, 3, - -+, £, in H/(Z(G)NH), we have [T}, 2, , 23] =
1. So, Cg([x), - ,zs]) = G, and by the same argument as in Theorem
5.5.3, we have

|H|"|GPt™(H, G)

= |{($1,$2,-.. ,a:n,y) c H"x G | [:131,:1;2,... ,xmy] — 1}|

= Z Z |Ca([z1, 22, , Ta])|

T1€H Tn€H

= |H|"|G].
Hence, Pr'(H,G) = 1.
(iii) Since H/(Z(G) N H) is not nilpotent of class at most n — 1, so
Pr"D(H/(Z(G) N H)) < (2™ — 3)/(2"*1). (by Theorem 5.3.7)

Now, by Theorem 5.5.3 we have

1 H
(n) < = SR
Pr (H,G)_.Z(HPr (HﬂZ(G)>>
< 5 <1 + on+1 ) P

d

It may be mentioned here that Pri™(H, G) can be further generalized to

) y o n HnXGl[xl T2, ", Tp y]:g}l
Pr(n) H, G) — i{(ml T2 y L y) € ) » Lny .
o HIC)

where g € G and

i T, T, H" x G |[z1, 72, ,Zn,y) € K}
b1 ) < (@03 ) € T .
x (H,G) |H[*G]
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where K is a subgroup of G.
PROBLEM: To study Pr{™(H,G) and Prl¢) (H,G) in detail.

5.6 Probability that an Automorphism Fixes
a Group Element
Let GG be a finite group acting on a finite set 2. Define
Fix(G,Q) = {(g,w) € G x Qgw = w}.

Then the probability that an element of G leaves an element of Q2 fixed is
defined to be the ratio

_ | Fix(G, Q)|
PI‘G(Q) = W

We have

|Fix(G, Q)| = Y {9 € G| gw=w} = 3 |stab(w)

weN weN
k
= ZIG :orb(w)| = Z|G : orb(w;) |} orb(w;)|
we i=1
where {wy,ws, - ,wi} is a set of representatives of the distinct orbits of Q

under the action of GG, and we have | Fix(G, Q)| = k.|G]|.
Thus Prg(2) = k/|Q| the ratio of the number of orbits in Q under the
action of G to the order of (2.

If G acts on itself by conjugation then one has k = k(G). In which case
Pro(G) = k(G) /|G| gives the usual commutativity degree Pr(G).
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Let @ = G and A = Aut(G) then Prys(G) is the probability that an
automorphism fixes a group element. In 1975, Gary Sherman [46] studied
Pra(G) for a finite abelian group G and found few fruitful results. Let us

study those results where G is a finite abelian group and A = Aut(G).
Theorem 5.6.1. Pra(G) =1 if and only if G = Z,.

Proof. It is trivial that Prs(Z;) = 1. Conversely, if Prs(G) = 1, then G is
an elementary abelian 2-group since the automorphism z — —z must be the
identity mapping. Viewing G as a Z,-space it follows that any two nontrivial
elements of G are in the same orbit. Thus, 2/2/ = 1 where |G| = 2. This

implies j = 1; i.e., G = Zs. O
Theorem 5.6.2. Pry(G) < 3/4 if G # Zo.

Proof. Let F' is the subgroup of trivial orbits and O;,0,,---,0, be the

nontrivial orbits of G. Then we have
|G| = |F| + 101 + -+ O]

Hence, (|G| — |F|)/2 > r since |O;] > 2 for i =1,2,--- ,r. From k =7 + | F|
where k is the number of orbits of G, we get k < (|G| + |F|)/2.

If G # Z,, then F' # G and therefore |G : F| > 2. ie., |F| < |G|/2. Thus
k < (3/4) - |G|, so Pra(G) < 3/4 as required. O

Note that the above bound is the best possible as Pr(Z4) = 3/4.

A routine verification gives the following theorem:
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Theorem 5.6.3. If G = DG, then

1=1

Pra(G) < [[Pra.(G),
=1

where A, = Aut(G,), 1 < < s. Equality holds if each G, 15 a Sylow
subgroup of G.

In view of the above theorem, to obtain a bound for Pr(G) it suffices
to obtain a bound for the Sylow subgroups. Note that for |G| = p™ and
G elementary abelian, we have Pry(G) = 2/p" since G is a Z,-space. Also
for |G| = p" and G cyclic, there is at least one element of order p™ for
m=0,1,2,--- ,n. As elements in the same orbit must have equal orders, G
has at least n + 1 orbits. Since elements of the same order can be written as
powers of elements with orders prime to p, the elements of a particular order
form an orbit. Thus Prs(G) = (n + 1)/p™ when G is cyclic. Gary Sherman
[46] also established a general bound for Pra(G) when G is a p-group. The

following is useful in establishing the bound.

Lemma 5.6.4. Let n be a positive integer greater than 1. The mazimum

k k
value of [[n,, for Sn,=mn, is 300B3.24Y2  yhere
=1 1=1

i=4 if n=1(mod3)
1=2 f n=2(mod3)
1=0 f n=0(mod3).

Proof. The maximum occurs when no n, = 1. Further, (m —2)-2 > m if

and only if m > 4. Thus each n, > 4 can be replaced by (n, — 2) + 2 in
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the partition and the associated product will be increased. If some n, = 4,
replacing it by 2 + 2 leaves the product unchanged. If 2 + 2 + 2 occurs in the
partition, replacing it by 3 + 3 increases the product. Hence the maximum
occurs when each n, is a two or a three. The conclusion of the lemma follows

immediately. O

Thus we observe that the maximum product associated with the par-
titions of n is smaller than the corresponding product obtained from m if

n < m.
Proposition 5.6.5. If |G| = p", then Pra(G) < 2- (3/p*)"/2.

Proof. Suppose the invariants of G are my, mg, -+, my, 1,---, 1, where
k
Y.m, = m and ¢ < j implies m, > m;. Let H denote the summands of
=1
G of order p and K denote the summands of G of order at least p?. Thus

G = H & K. Then by Theorem 5.6.3, we get

K
Pra(G) < Pra(H) - Pra(K) < ( . ) ' <Hmz+ 1)

pn—m

Thus
k
Pra(G) < (2/p") - [[(m. +1). (5.6.a)
1=1
k
Since Y (m, + 1) = m + k, maximizing k maximizes the sum. The largest
1=1
value for k occurs when the m,’s are smallest (all twos, except for one three

if m is odd). Taking k' to be the integer of {m/2, (m — 1)/2} and applying
Lemma 5.6.4, to Equation 5.6.a, we have

n/2
Pra(G) < 2 . gmfs < 2 gmagmys o 2 gmiz < g (i) |
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as required. O

Proposition 5.6.6. If 0 < p < 1, there is only a finite number of finite
abelian groups G with Pra(G) > p.

Proof. We may choose a positive integer N and a prime g both so large that
2-(3/4)V/? < pand 2-(3/¢%)'/? < p. If Pry(G) > p and p’ divides |G|, where
p is a prime, then 5 < N and p < ¢. This condition imposes an upper bound
on the order of G. Hence the result follows. |

Proposition 5.6.7. If {G,} is a sequence of finite abelian groups for which

|G| = 00 as n — oo, then Pra(G,) = 0 as n — oo.

Proof. Since {Pr4(G,)} is bounded above by 1, the limit superior of {Prs(G,)}
is finite. Indeed, limsup Prs(G,) = 0, otherwise we contradict Proposition

5.6.6. Thus
0 < liminf Prs(G,) < limsup Prys(G,) = 0.

a

We would like to conclude this section by stating one problem posed by
Gary Sherman [46].

PROBLEM: Suppose G is finite group (not necessary abelian) and S
is the set of its subgroups. Let G acts on S by conjugation and consider
Prg(S). It is clear that Prg(S) = 1 if and only if each subgroup of G is
normal. This is equivalent to G being abelian or Hamiltonian. The problem
then is to determine if there exists some real number p, where o < p < 1,

for which Prg(S) < p when G is neither abelian nor Hamiltonian. Sherman
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conjectured that p = 2/3. If this conjecture is true, the bound is sharp since

Prsa(S) = 2/3

5.7 Rewriteability in Finite Groups

The notion of rewriteability has its origin in automata theory and currently
is of considerable interest in group theory [5].

Let S C S, — {1}; i.e,, S is a non-empty set of nontrivial permutations
of {1,2,---,n}. An n-tuple (z1,%2, - ,Z,) of elements of G is called S-
rewriteable or n-rewriteable if £1%3 - - Ty = To(1)To(2) * * * To(n) fOr some o € S.

Leavitt, Sherman and Walker [34] generalized the usual Pr(G) by setting

Pr,(G;S) = -————————‘ RwInC(?i; Sl

where
Rw,(G; S) = {(zy, 22, -+ ,z,) € G" | (11,22, -+ ,T,) 1s S-rewriteable}.

We call Pr,,(G; S) as S-rewriteability or n-rewriteability degree of G. The case
n =2 gives Pry(G : S) = Pr(G), however we shall write Pry(G : S) := Pry(G)
and Rw,(G : S) := Rw,(G).

By the above definition, a group G is said to be 3-rewriteable if zyz €
{zzy, yzz, yz2, 22y, 2y7} for all z,y,2z € G. Let us first study few available
results for 3-rewriteable groups. Using a result of Curzio, Longobard and
Maj (8] Theorem 3) Leavitt, Sherman and Walker [34] have established the

following result. However first we shall discuss the proof given by Lescot [32].
Theorem 5.7.1. The following conditions on a finite group G are equivalent
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(i) The order of the commutator subgroup of G is one or two, i.e., |G'| < 2.

(i1) The order of each conjugacy class of G is one or two, i.e., |Cl(z)| <

2 Vx € G.

(iii) The order of the centralizer of each element of G is |G| or |G|/2, i.e.,
|Ca(z)] € {|G|,|G|/2} Vz € G.

(iv) G s 3-rewriteable, 1.e., zyz € {zzy, yzz, yzz, 22y, 2yc} ¥V z,y,2 € G.
(v) Pr(G) > 1/2.
Proof. (i) = (ii) Each ¢ € Cl{z) can be written as ¢ = yry~! therefore
¢ = (yry~'z7 )z € G’z and Cl(z) C G'z. Thus
|Cl(z)| < |G'z| = [G'| < 2.
(ii) = (iii) Clear because
| Cl(z)| = |G : Cg(z)| Vz € G.

(iii) = (iv) Let (z,y,2) € G® then Cg(y) has at most two right cosets
in G. If z € Cg(y) then zyz = yzz; if z € Cg(y) then zyz = zzy. We
may therefore assume that zCg(y) = G \ Cg(y) = 2Cs(y), therefore 27 'z €
Ce(y). If zyz # yzx then yzCq(z) = G\ Cg(z), therefore y € y2Cq(z), i.e.,
z € Cg(z). It follows that

1 1

2 lzy =yl = yz2”

or, TYz = ZYZI.
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(iv) = (v) Let us apply the hypothesis to a triple (z,y, 2); we get
ryz? € {zrly, yza®, yriz, 2’ zy, 22yz} V(z,y) € G x G,

therefore zy = yz or yz? = 2y, thus in any case z°* € Z(G). Therefore
G/Z(G) is a group in which every element has square 1, i.e., an elementary
abelian 2-group. By Proposition 3.2.6, there is a group H isoclinic to G and
such that Z(H) C H'. Also

H _ G

Z(H) ~ Z(G)

is then elementary abelian, therefore H' C Z(H) and
H' = Z(H).
For each h € H, the map ¢, : H/Z(H) — H' defined by
én(uZ(H)) = [h,u] Yue H

(ie., ¢ = ay(hZ(H)),.) is a morphism of groups from H/Z(H) to H',
therefore, for u € H, [h,u] = ¢,(uZ(H)) has order 2. H', being abelian and
generated by elements of order 2, is therefore an elementary abelian 2-group.

We now note that condition (iv) can be rewritten as
9] =1, [y,z2] =1, [z,y2] =1, [zy,2] =1, or zyz = 2yz,
ie.,
[zyl =1 [y, 2] =1, [z 9]z, 2 = 1, [y, 2]"[z, 2] = 1, or [z,y][z, 2"y, 2] = 1
for all (z,vy,2) € G°.
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It follows that condition (iv) holds also for H since G' < Z(G); conse-
quently H' C Z(H). Now the reasoning ([8], pp141-142), gives

|H'| <2

Therefore Z(H) = H' has order 1 or 2, i.e., H = {1} or H is an extraspecial

2-group. By Corollary 3.3.2, we have

Pr(G) = {1}u{% (1+4in> neNn>1)

and thus Pr(G) = Pr(H) > 3.
(v) = (i) By Theorem 2.2.2, we have

< 3 .3
S 4Pr(G)-1 i-1

|G’ =3,

thus |G'| < 2. 0O

Now we discuss the proof by Leavitt Sherman and Walker [34]. The

following lemmas are useful to organize the proof.

Lemma 5.7.2. If z and y are elements of G for which |G : Cg(z)| = 2 and
Cely) N (G\ Cg(z)) # ¢, then G : Cg(zy) > [G : Ca(y)].

Proof. The conjugacy class of y, Cl(y) may be written as {y9,y%, -,y }
where {g1,82, - ,9n} is a complete set of right representatives for Cg(y)
in G. Moreover, we may choose each coset representative Cg(x). Other-
wise Cg(y)g. C G \ Cg(z), which means that G \ Cg(z) = Cg(z)g, since
|G : Cg(z)| = 2. Therefore Cs(y)g, C Cg(z)g, and so Cg(y) C Co(z),
a contradiction. The conclusion follows because the mapping y* — zy%

embeds Cl(y) in Cl(zy). O
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Let us consider the following subsets of G

X ={ze€G||G: Cs(z)| 2 3},
Y ={z € G| |G : Cs(z)| = 2},
Z ={z € G| |G : Cg(z)| =1}, the center of G.

Lemma 5.7.3. If at least 3 - |Z| elements of G have centralizers of indez at

least 3, then Pr(G) < 1/2.

Proof. Observe that

|Rws(G)) = k(G) - |G| < (I1X1/3+|Y]/2+12]) - |G]
= (12| + (X = 3-12))/3 + [Y1/2+12]) - |G|
<(Z1+ (X[ =3-12D)/2+Yl/2+12]) - |G|
= (IXI+ Y] +12])-1Gl/2
=|GJ*/2.

Thus Pr(G) < 1/2 as claimed. a
Lemma 5.7.4. If G is not 3-rewriteable, then |G : Z| > 6.

Proof. If |G : Z] is 1, 2, 3 or 5 then G is abelian since G/Z is cyclic. If
|G : Z| = 4 and z is a noncentral element, then Z C Cg(z) C G implies
|G : Ce(z)| = 2; i.e., G is 3-rewriteable. O

It is not necessary to invoke the characterization of 3-rewriteability to
complete the Lemma 5.7.4. If |G : Z| = 4, then G/Z = Zy x Z,. Thus G =
ZUzZUyZUzyZ. The only triple products from G whose 3-rewriteability
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we might question have from (zz;)(yz22)(zyz3) or (z21)(2yz2)(yz3). But, no-
tice that (z21)(yz2)(zy2;s) = (zyz3)(z21)(y22) and that (zz1)(zyze)(yz3) =
(yz3)(zz1)(zy2e) because z? € Z. This proof makes Lemma 5.7.4, which is
an analogue of the fact that |G : Z| > 4 for nonabelian G.

Now we are able to give an elementary proof of Theorem 5.7.1. Theorem

5.7.1 can be restate as the following
Theorem 5.7.5. A finite group G is 3-rewriteable if and only if Pr(G) > 1/2.

Proof. Assume that G is not 3-rewriteable. Then note that X # ¢. Choose
g€ X andsetn =|G:Cg(g)|. Then ZUZg C Cg(g) and (ZUZg)NY = ¢.
Thus
ICalg) Y| < |Gl/n - 2|Z]
and so
G\ Ce(g)) NY| 2 Y|~ |G|/n+2-|Z]

Ifz € (G\Cg(g))NY, then |G : Cg(z)| = 2 and Cg(g) N (G \ Cq(z)) # ¢
implies, by Lemma 5.7.2, that |G : Cg(zg)| > |G : Cg(g)] > 3. Therefore
(G\Calg)) NY C X; in fact (G\ Calg))NY C X\ Zg as Zg C X N Calg).
Thus

(X1 =12l =1X\ Zg] 2 (G\ Celg)) NY| 2 [Y| = |Gl/n +2-|Z];

i.e.,
IX| > Y| - |G|/n+3-|Z]. (5.7.a)

In view of Lemma 5.7.3 and (5.7.a) we are done if |Y| > |G|/3, so assume
that |Y| < |G]/3. In this case Lemma 5.7.4 implies that |X| > |G]/2 and,
therefore, | X| > 3-|Z|. The theorem is proved. 0
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Corollary 5.7.6. If G 1s not 3-rewriteable, then at least |G- (n—1)/2n+|Z|
elements of G have centralizers of index at least 3 where n 1s the greatest
centralizer index among the elements of G. In particular, more than 1/3 of

the elements of G have centralizers of indez at least 3.

Proof This follows directly from (5 7 a) by substituting |G| — | X| for Y| +
|Z|. O

Note that Theorem 5.7.5 can formulate in terms of conjugacy classes and

conditional probability as follows

Theorem 5.7.7. Fach conjugacy class of a finite group G has order one or

two 1f and only 1f the average conjugacy class order s less than 2.

Theorem 5.7.8. For a gwen y the probability of commuting x and y ,for
each z, 1s at least 1/2 1f and only +f Pr(G) > 1/2.

The bound 1/2 for 3-rewriteability is sharp in two senses.
(i) Pr(G) =1/2 1of and only +f G/Z =2 S;.

(1) There exists a sequence, {G,,}, of 3-rewriteable groups such that Pr(G,) |
1/2

A result of Ito [26] says that groups in which each conjugacy class is of
order one or p, for a fixed prime p, must be the direct product of a p-group
with this property and an abelian group. Thus, if G is 3-rewriteable we may

write G = T x A, where T is a 3-rewriteable 2-group and A is abelian And
Pr(G) = Pr(T x A) = Pr(T) - Pr(A) = Pr(T).
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Therefore we may restrict our attention to 2-groups.

Consider the quaternion group of order eight.

Qs = (x)ya z|372 = y2 =22 = myw"ly"l =gz lz7l = l,yzy_lz_1 = ;1;)
The relevant fact are;
|Qs| = 8 = 2%,
Z =@y ={1,z},

k(Qs) =5=12]+(IG] - |2])/2 = (IG] +|2])/2,
Pr(Qs) = 5/8 =1/2+12]/(2-|G]).
Leavitt, Sherman and Walker [34] generalize by taking G,, to be an (extraspe-
cial 2-group) generated by z;, s, -, Zon41 subject to the relations

2 =1for1<i<2n+1,

z; forievenand j=1i4+1,
T2z, T =
1 otherwise.
Then |G| = 2?"*! and Z = G}, = {1, z;} so that Pr(G,) = 1/2 + 1/22*L,
Now we study bounds for Pr,(G;S). The following lemma generalizes

Theorem 2.2.3

Lemma 5.7.9. If n > 2 and 0 € S, — {id}, then |Rw,(G;{o})| < k(G) -
lGln—l.

Proof. The proof is by induction on n. The case for n = 2 gives

|Rw(Gi {o})] = {(z,y) € G*lay = yz}| = k(G) - |G.
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Assume that the results holds for n — 1.

Ifo(n) =n, then 2125 -+ - Tp, = 2,1)20(2) * * * To(ny fand only f 2129 - - 21 =
Ls(1)To(2) " * " To(n~1). Therefore |Rw,(G;{o})| = |Rwn_1(G;{6})|- |G| where
G is o restricted to {1,2,---,n—1}. Thus in this case the induction hypoth-
esis yields the result.

If o(n) < n, say a(n) = m, then 2,22+ Tn = To(1)To(2) - * * To(n) if and
only if xn—lx;(lj_l) i -x;(ll)xlzg CTp = Te(i+1)Te(j+2) *  Tm Where o(j) =
n. Let g = x;(lj_l)x;(lj_2) . -:c;(ll)arlmz o Tpoy and h = To(j41)To(j+2) T
Notice that [{z,|z, 'gz, = h}|is [Cs(g)| or O for fixed z1,z9, - ,2p-1 and

that g varies over G as z,, varies over G. Thus

Run(G (oD <35 S [Calo)l

SIS (;mn)
SIS (;m(g»)
=Y L@ (6
= (k(G)|G]".
This completes the proof. 0

It follows from Theorem 2.2.3 and Lemma 5.7.9 that
Pr,(G;S) = |Rw,(G; S)|/IG|" < |S|- Pr(G) < |S|(* +p—1)/p* (5.7.b)

Since (p? +p — 1)/p® | 0 as p — oo we may use equation (5.7.b) to con-
clude that, for |S| fixed and sufficiently large p, “5/8-like” bound exists for
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Pr,(G;S). Leavitt, Sherman and Walker [34] showed that random sampling
of the “S-rewriteability hypercube” of various groups suggests such bounds
exists independent of p.

Lastly we conclude this section by a conjecture of Leavitt, Sherman and

Walker [34].

Conjecture 5.7.10. If G is not S-rewriteable then there ezists p,(S) < 1,
independent of G, such that Pr,(G;S) < pa(S) < 1.

Specifically, if p > 7, then Prs(G; S5 — {id}) < 275/343. However, CAY-
LEY [21] suggests Pr3(G; Ss — {id}) < 17/18. Thus for 3-rewriteability their
conjecture is:

If G is not 3-rewriteable, then Prs(G; S3 — {id}) < p3(Ss—{id}) = 17/18.

If this conjecture proves to be true, then the 17/18 bound is sharp because
Pr3(S3; 53 — {id}) = 17/18.

We conclude by mentioning that if G is non-abelian finite simple group
then Pr3(G;Ss — {id}) < 5/12. This follows from equation (5.7.b) because
Pr(G) < Pr(A4s) [11) and Pr(As) = 1/12. It seems likely that the bound is
actually 27/100 because CAYLEY(21] shows Pr(A4s, S3 — {id}) to be 27/100.

5.8 Commutativity in Finite Rings

In 1976 Machale [37] considered the problem of finding the probability Pr(R)
that a pair of elements in a finite ring R commute with each other. He defined
Pr(R) to be I—RszxglcR(x)" where Cg(z) is the subring {r € R : zr = rz} of
R. By Theorem 2.1.1 for finite group G we have Pr(G) = TC'}ITI%%:,CG(I)‘ =
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k(G)/|G|, where k(G) is the number of conjugacy classes in the group G.
The concept of conjugacy in groups has no obvious analogue in rings even
though there are many results for Pr(R) very similar to Pr(G), however, the
methods of proof will be somewhat different. Let us study few such results

first studied by Machale [37].

Lemma 5.8.1. If R is a non-commutative ring, then R/Z(R) is not cyclic

(additive) group.

Proof. Let R be a non-commutative ring and R/Z(R) is cyclic group gener-

ated by Z(R) + r. Then
R=Z(R)U(Z(R)+r)U2(Z(R)+T1)U---Un(Z(R)+r)U---

R=Z(R)U(ZR)+r)U(Z(R)+2r)U---U(Z(R)+nr)U---

Typical elements of R may now be expressed as z; + nr and zo + mr where
21, 22 € Z(R) and m and n are integers. But these elements clearly commute,

which contradicts the hypothesis. Hence the result follows. O

Corollary 5.8.2. If R is a non-commutative ring, then |R : Z(R)| can not

be a prime number.

Theorem 5.8.3. If R is a non-commutative ring, then Pr(R) < 5/8, with
equality if and only if |R: Z(R)| = 4.

Proof. Since R is a non-commutative ring by Corollary 5.8.2, we have |R :

Z(R)| > 4.i.e., |Z(R)| < (1/4)|R|. Also for z € Z(R) we have |R : Cg(z)| =
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1. Therefore at least three quarters of the elements of R satisfy |R : Cg(z)| >
2. Thus,

1 3 1 5
= (R OR@ S 3+ 5= 5

If Pr(R) = 5/8 then clearly |R : Z(R)| = 4. Assume therefore that |R :
Z(R)| = 4, in which case R/Z(R) is the direct sum of two cyclic groups
(Z(R) + a) and (Z(R) +b). Now each non-central = has centralizer of index
2 in R and so Pr(R) = 5/8 as required. O

The following rings of matrices over GF(2) show that the bound Pr(R) <

5/8 for non-commutative rings is the best possible.

(ii) {(: 0) |V a,bce GIF(Q)}

The above mentioned result is a special case of the following theorem whose

o
o
(e
—
—
o
—
—

proof is exactly analogous:

Theorem 5.8.4. Let R be a non-commutative ring and p is the least prime

number which divides |R|, then

2
p°+p—1

The equality holds if and only if |R : Z(R)| = p*.

Machale also observed that any subring of a finite ring is at least as

commutative as the ring itself. This can be express by the following theorem.
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Theorem 5.8.5. If H is a subring of R then Pr(R) < Pr(H).
Proof. Since for any r in R, Cy(r) is a subring of Cg(r) it follows that
|Cr(r)| < |R: H||CH(r)].

Thus

Y ICa(r) < |R: HIY |Cu(r)| = |R: HY |Cr(R)] < [R: HIY |Cu(h)|.

reER reR heH heH

It follows that Pr(R) < Pr(H). | Ol

We conclude this chapter and also the dissertation by the following re-

mark.

Remark 5.8.6. Though the notion of commutativity degree of a finite group
has been generalized in many different ways yet classification of groups using

these generalized notions is far from completion.
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