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PREFACE 

A student studying both probability and algebra might well ask the ques­

tion "What is the probability that two group elements, chosen at random 

will commute?" The answer is given by what is known as commutativity 

degree of a group. The commutativity degree Pr(G) of a finite group G is 

defined as 

, _,, _ Number of ordered pairs {x,y) e G x G such that xy = yx 
Total number of ordered pairs {x,y) £ G x G 

Commutativity degree is a kind of measure for abelianness of a group. Ob­

viously, if G is abelian then this probability is 1. An important formula for 

commutativity degree is Pr(G) = k{G)/\G\, where k{G) is the number of 

conjugacy classes of G, was established by W. H. Gustafson [18] using the 

technique used by P. Erdos and P. Turan [12], in their study on some problems 

of statistical group theory. One of the oldest known results on commutativ­

ity degree ( going back at least to Miller, 1944 [39]) is that Pr(G) < 5/8 

for finite non-abelian groups which first appeared in print in 1973 when W. 

H. Gustafson [18] showed that an analogous bound holds for compact non-

abelian groups. 

In 1969, K. S. Joseph [29] made an elaborate study of this notion. Later, 

in 1979, D. J. Rusin [43] has been obtained an explicit computation of Pr(G) 

for finite groups G with G' < Z{G) and also for groups with Gf\Z{G) = {l]. 



He also gave some limiting conditions and classified all finite groups having 

commutativity degree greater than 11/32. In fact this was the first classi­

fication of groups ever done in terms of commutativity degree. After quite 

sometime around 1995, P. Lescot [32] classified up to isoclinism, all finite 

groups for which commutativity degree is greater than or equal to 1/2. It 

may be mentioned here that the concept of isoclinism between groups was 

introduced by Philip Hall [19]. Two groups G and H are said to be isoclinic 

if G/Z{G) and H/Z{H) are isomorphic, so also G' and H' (via. 0i and (j)2 

respectively), and ai{°{<f>i x </>j) = (̂ 2 o a^ where aa (similarly an) is given 

by aG{xZ{G),yZ{G)) = [x,y] Mx^yeG. 

After six years of this classification, in around 2001, P. Lescot [33] classi­

fied, up to isomorphism, all finite groups for which commutativity degree is 

greater than or equal to 1/2. 

The first decade of this millenium is a remarkable decade in the history 

of commutativity degree. After Lescot [33], in 2006, F. Barry, D. MacHale 

and A. Ni She [1] studied some supersolvability and CLT (Converse of La-

granges Theorem) conditions for finite groups using commutativity degree. 

In the same year 2006, R. M. Guralnick and G. R. Robinson [17] pointed 

out some general properties of Pr(G) which have not been observed before. 

Also they pointed out that the solution of the (coprime) A;(Gy)-problem can 

yield quite strong information about commutativity degree. The (coprime) 

A;(GK)-problem is to show that whenever p is a prime and 6* is a p'-group 

acting faithfully on the GF(p)-module V, then k{GV) < \V\. This has re-
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cently been solved in full generality in [16]. 

The original notion of commutativity degree was generalized in a number 

of ways. The first generalization has been done way back in around 1975, by 

Gary Sherman [46]. He studied the probability that an automorphism fixes 

a group element, which gives commutativity degree in a special case. In the 

next year 1976 D. Machale [37] made an study of 'commutativity degree in 

finite rings' denoted by Pv{R), which is anologous to 'commutativity degree 

in finite groups'. The concept of conjugacy in groups has no obvious ana­

logue in rings even though there are many results for Pr(/2) which are very 

similar to those for Pv{G), however, the methods of proofs are quite different. 

Then after 16 years, in 1994, J. L. Leavitt, G. J. Sherman and M. E. Walker 

[34] tried to relate this concept with rewriteability in finite groups, which is 

some kind of generalization of the notion of commutativity and they found 

a relation between 3-rewriteability and commutativity degree. However, lots 

of works are yet to be done in this direction. 

Just a few years back, in around 1995, P. Lescot [32] defined 'multiple 

commutativity degree. Recently, in 2005, M. R. R. Moghaddam, K. Chiti 

and A. R. Salemkar [40] defined 'n"" nilpotency degree'. In 2007, A. Erfa-

nian, R. Rezaei, and P. Lescot [13] defined 'relative commutativity degree' 

and 'relative n"* nilpotency degree'. These concepts are closely related to 

the concept of commutativity degree. 

Most recently, in the beginning of the year 2008, M. R. Pournaki and 
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R. Sobhani [41] studied the 'probability that the commutator of two group 

elements is equal to a given element', which we call the '^-commutativity 

degree'. In fact their work extends the results of Rusin [43]. 

In Chapter 1, we have collected some of the basic definitions, notations 

and conventions from the theory of groups, to be used in the succeeding 

chapters. We also recall the notion of characters of finite groups and list a 

few properties of group charaters including orthogonality relations. 

In Chapter 2, we study the notion of commutativity degree of a finite 

group including its computations for some non-trivial classes of finite groups. 

Some of the important results are given bellow: 

Theorem 2.1.8 

(i) Commutativity degree is a monotonically decreasing function, i.e., if 

H is a subgroup of G then Pr(G) < Pr(i7) with equality if and only if 

CG{9)H = G. 

(ii) Commutativity degree is a completely multiplicative function, i.e., if G 

and H are two finite groups then Pr{G x H) == Pr(G') • PT{H). 

(iii) For any normal subgroup N of G, Pr{G) < PI{G/N)PT{N). The 

equality holds if and only if C{g mod N) — NCG{g) for each g ^ G. 

Theorem 2.2.3 Let G be a non-abelian group and p is the least prime 
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number which divides \G\, then 

Pr(G)<i(l + ''^-^ 
p2 V |G'| 

In particular, we have Pr(G) < (p^ + p - l)/p^ with equality holding if and 

only if G/Z{G) has order p^. 

Theorem 2.3.1 Let G he a finite group such that cd(G) = {1, m}, m > I, 

then 

Proposition 2.4.8 If G is a p-group with G' < Z{G), then 

Pr(G)= ^ 
\G'\ 1+E 

{p-l)[G':K]/p 
pn{K) 

where the sum is over all subgroups K of G' such that G'/K is non-trivial 

cyclic and n{K) is a positive number associated to K. 

In Chapter 3 there are three sections. In the first section we study classi­

fication of groups having commutativity degree more than 11/32 [43]. In the 

next section we discuss the concept of isoclinism [19]. In this section we have 

studied properties of isoclinism between groups some of which are mentioned 

below 

Lemma 3.2.3 If G and H are isomorphic then they are isoclinic as well. 

Lemma 3.2.5 Let G and H be two isoclinic groups; then Pr(G) = PT{H). 

Proposition 3.2.6 Let G be any group (finite or infinite). Then there is a 

group Gi isoclinic to G such that Z{Gi) C G/ . If G is finite, so is any such 

Gx. 



one of the main objectives of this section is to give an alternative proof of 

the following result 

Corollary 2.5.4 Let G be a finite group such that G' n Z{G) = {1}; then 

there is a finite group K such that Pv{K) = Pv{G), K' = G' andZ{K) = {!}• 

Finally, in the last section of this chapter we study classification, up to iso-

clinism [32], of groups having commutativity degree at least 1/2. Here the 

main result is 

Theorem 3.3.1 Let G be a finite group such that Pr(G) > \, then G is 

isoclinic to exactly one of the following: 

(i) trivial group {1}, 

(ii) an extraspecial 2-group, 

(iii) Sz, the symmetric group of three symbols. 

Also, in this section we study classification, up to isomorphism [33], of groups 

having commutativity degree at least 1/2. Here the main result is 

Theorem 3.3.6 A finite group G has commutativity degree Pr(G) > \ if 

and only if one of the following holds: 

(i) G is abelian, 

(ii) G = P X A, where P is a 2-group such that \P'\ = 2, and A is an 

abelian group of odd order, 

VI 



(iii) G = GmX A, where m>l, A is abelian and Gm —< (^i^W^ — ''"̂ '" — 

l , r ~ V r = cr~̂  >. 

In Chapter 4, we study some conditions in terms of commutativity degree 

under which a finite group acquires certain special properties expressible in 

standard group-theoretic terms. The main objective of this section is to es­

tablish the following results: 

Theorem 4.2.8 

(i) / / the average size of a conjugacy class of G is less then 3, then G 

is both supersolvable and CLT; A4 shows that this is the best possible 

result. 

(ii) If \G\ is odd and average size of a conjugacy class ofG is less then 6 ^ , 

then G is both supersolvable and CLT. G{75) shows that this result is 

the best possible in both cases. 

In the last Chapter, we discuss various generalizations of the notion "com­

mutativity degree of finite groups", like '^-commutativity degree', 'multiple 

commutativity degree', 'n*'' nilpotency degree', 'relative commutativity de­

gree, 'relative n^^ nilpotency degree', 'probability that an automorphism fixes 

a group element', 'Rewriteability in finite groups' etc. Finally we study 'com­

mutativity degree of finite rings'- a concept that is analogous to 'commuta­

tivity degree of finite groups'. 
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Chapter 1 

Preliminaries 

In this chapter we recall some of the basic definitions, notations and con­

ventions from the theory of groups, which will be used in the forth coming 

chapters. We would like to mention here that, unless stated otherwise, all 

groups considered in this dissertation are to be assumed as finite groups. 

1.1 Group Action 

Definition 1.1.1. Let G be a group and X be a set. Then G is said to act 

on X if "i g E G and 'i x e X there exists an element g.x 6 X, determined 

uniquely by g and x, such that the following conditions hold: 

(i) 1.x = X y X E X, 1 being the identity element of G. 

(ii) {gh).x = g.{h.x) V a ; G X a n d >^g,heG. 

Definition 1.1.2. If a group G acts on a set X then for each x E X, the 

orbit of X denoted by orb(2;) is defined to be the set {gx E X\g E G}. 
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Definition 1.1.3. If a group G acts on a set X then for each a; 6 X, the 

stabilizer ofx denoted by stab(2;) is defined to be the subgroup {g e G \ gx = 

x} of G. 

Theorem 1.1.4. Let a group G acts on a set X. Then, for each x E: X, the 

number of elements in the orbit of x equals the index of stabilizer of x, i.e., 

|orb(a:)| = [G : stab(a;)]. 

1.2 Isomorphism Theorems 

Theorem 1.2.1. (First Isomorphism Theorem) ([42], page 22) 

Let (f) : G ^ H be a homomorphism with kernel K . Then K is a normal 

subgroup of G and G/K = Im 0. 

Theorem 1.2.2. (Second Isomorphism Theorem) ([42], page 25) 

Let H and N be subgroups of G, and N <G. Then 

HDN N ' 

Theorem 1.2.3. (Third Isomorphism Theorem) ([42], page 26) 

Let K C H C G, where both H and K are normal subgroups of G. Then 

H/K is a normal subgroup of G/K and 

G/K ^G 
H/K H' 

Theorem 1.2.4. (Correspondence Theorem) ([3], page 98) 

Let (j) : G\ ^ G^ be a homomorphism of a group Gi onto a group G2 • Then 

the following are true: 



(i) H,<Gi=^ HHi) < G2. 

(ii) H2<G2^r\H2)<G,. 

(iii) Hi<Gi^ 4>{Hi) < G2 

(iv) H2 <G2=>(j)-\H2) <Gi 

(v) Hi < Gi and Hi Ker0 =» Hi = (i)-\(j){Hi)) 

(vi) The mapping Hi -^ <l>{Hi) is a 1-1 correspondace between the family 

of subgroups of Gi containing Kev ̂  and the family of subgroups 0/G2; 

furthermore, normal subgroups of Gi correspond to normal subgroups 

0fG2. 

Corollary 1.2.5. Let N be a normal subgroup ofG. Given any subgroup Hi 

of G/N, there is a unique subgroup H of G such that Hi = H/N. Further, 

H <G if and only if H/N < G/N. 

1.3 Direct Products 

Definition 1.3.1. If H and K are groups then the (external) direct product 

of H and K, denoted hy H x K, is the set of all ordered pairs {h, k), where 

h & H and k ^ K, with the binary operation 

{h,k){h',k') = {hh',kk'). 

Theorem 1.3.2. ([42], page 29) 

Let G be a group with normal subgroups H and K: if H 0 K = {1} and 

HK = G, then G^HxK. 



Theorem 1.3.3. ([42], page 30) 

LetG = H X K, and let Hi < H and Ki < K. Then Hi x Ki < G and 

G ..H^K 

Hi X Ki Hi Ki 

Corollary 1.3.4. IfG = HxK, then G/{H x {1}) ^ K. 

1.4 Commutator Subgroup 

Let a, h be two elements of a group G, the commutator oi a and 6, denoted by 

[a, 6], is the element aha'^h"^. The commutator subgroup or derived subgroup 

of G, denoted by [G, G] or G', is the subgroup of G generated by all the 

commutators in G. 

Theorem 1.4.1. ([42], page 24) 

The commutator subgroup is a normal subgroup, the quotient group G/G' is 

abelian, and if H is a normal subgroup of G for which G/H is abelian then 

G' is contained in H. 

Few Commutator Identities: 

There are many commutator identities that are quite useful. Few such 

commutator identities are given bellow. 

Lemma 1.4.2. ([42], page 92) 

If X, y, z e G then 

(i) [x, y]-^ = [y, x] 

(ii) [x, yz] = [x, y][x, z]y 



(iii) [xy, z] = [y, zY[x, z] 

Lemma 1.4.3. Jacobi identity: ([42], page 93) 

Let X, y, z e G and [x, y, z] = [x, [y, z]] then 

[x, y-\ z]y[y, z'\ xY\z, x'', yf = 1. 

1.5 Conjugacy Classes 

Let X, y he two elements of a group G. We say that x is conjugate to y if 

x^ = gxg~^ = y for some g E G. The relation "x is conjugate to y m G" is 

an equivalence relation on G. The equivalence classes are called conjugacy 

classes of G. The conjugacy class of x is denoted by Cl(a;). 

Theorem 1.5.1. The number of conjugates of x in G is [G : CG{X)]. i.e., 

\C\{X)\ = \G:CG{X)\. 

Lemma 1.5.2. ([42], page 53) 

Let k{G) be the number of conjugacy classes of a finite group G, then 

M )̂ = i77|El^«(^)l-

Theorem 1.5.3. (Class Equation) ([42], page 57) 

Let G be a finite group, then 

\G\ = \Z{G)\ + Y)G--CG{X;)] 

where one x^ is chosen from each conjugacy class having more than one 

element. 



1.6 Automorphism Groups 

Definition 1.6.1. The set of all automorphisms of a group G, denoted by 

Aut(G) forms a group under the binary operation of composition. This group 

is said to be the automorphism group of G. 

Definition 1.6.2. An automorphism a of G is said to be inner if it is con­

jugation by an element of G, i.e., a{x) = (pgi^) = gxg~^ for some g £ G\ 

otherwise, a is outer. 

The set of all inner automorphisms of G, denoted by Inn(G') is a normal 

subgroup of Aut(G). 

Theorem 1.6.3. ( N / C Theorem) ([45], page 50) 

Let G he a group and H is a subgroup, then NG{H)/CC{H) IS isomorphic to 

a subgroup of Aut{H). 

As an immediate corollary, we have 

Corollary 1.6.4. Inn(G) ^ G/Z{G). 

Corollary 1.6.5. If G e Qp and \G'\ =p then G' < Z{G). 

Proof By N/C Theorem 1.6.3, we have 

| ^ | < | A u t ( G ' ) l = p - l . 

Also, \G/CG{G')\ divides \G\ and since G e Gp we have |G/(7c?((S")| = 1. 

Hence G' < Z{G). O 

Definition 1.6.6. A group G is complete if Z(G) = {1} and every automor­

phism of G is inner, i.e., Aut(G') = Inn(G). 



Theorem 1.6.7. ([45], page 450) 

If H is a complete group and H' < H, then there is no group G such that 

G' = H. 

1.7 Normal Series 

Definition 1.7.1. A sequence (GQ, Gi, ••• , GT) of subgroups of a group 

G is called a normal series of G if 

{1} = Go < Gi < G2 < • • • < Gr-i < Gr. 

The factors of a normal series are the quotient groups G^/Gj-i, I < i < r. 

Definition 1.7.2. A composition series of a group G is a normal series 

(Go, Gi, • • • , GT) without repetition whose factors d / G j - i are all simple 

groups. The factors Gi/Gj_i are called composition factors of G. 

Note 1.7.3. We often refer to a normal series (Go, Gi, • • • , Gr) by saying 

that 

{l} = GoCGi C- - -G , = G 

is a normal series of G. 

Lemma 1.7.4. ([27], page 241) 

Every finite group has a composition series. 

Theorem 1.7.5. (Jordan-Holder Theorem) ([27], page 241) 

Any two composition series of a finite group are equivalent. 



1.8 Solvable Groups 

As the derived subgroup G' of a group G we define the nth derived subgroup 

of G, written as G^'^\ as follows: 

^(1) ^ G', G(") = (C?^"-i))' (n > 1). 

Definition 1.8.1. A group G is said to be solvable if Ĝ*̂^ = {1} for some 

positive integer k. 

Theorem 1.8.2. ([3], page 119) 

A group G is solvable if and only ifG has a normal series with abelian factors. 

Further, a finite group is solvable if and only if its composition factors are 

cyclic groups of prime orders. 

Theorem 1.8.3. ([3], page 119) 

Let G be a group. If G is solvable, then every subgroup of G and every 

homomorphic image of G are solvable. 

Theorem 1.8.4. ([42], page 82) 

Let N is a normal subgroup of G such that N and G/N are solvable, then G 

is solvable. 

Corollary 1.8.5. If H and K are solvable, then H x K is solvable. 

Corollary 1.8.6. Every finite p-group is solvable. 

1.9 Nilpotent Groups 

We define inductively the n*'' center of a group G as follows. For n — 

1, Zi{G) = Z{G). Consider the center of the quotient group G/Zi{G). 
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Because Z(G/Zi(G)) is a normal subgroup of G/Zi{G), by Corollary 1.2.5 

there is a unique normal subgroup Z2{G) of G such that 

| | | = . ( G / . . ( G ) ) . 

Thus, inductively we obtain a normal subgroup Zn{G) of G such that 

| ^ = ^(G/Z„. ,(G)) 

for every positive integer n > 1. Zn{G) is called the •n}^ center of G. Setting 

Zo(G) = {1}, we have 

^ = 2(G/Z„_,(G)) 

for every positive integer n. It follows immediately from the definition that 

Zn{G) = {xeG\ xyx-'y-' € Z„_i(G) V j / G G}. 

Hence, (Z„(G)) 'cZ„_i(G). 

The ascending series 

{l} = Zo{G)cZ,{G)c---cZn{G)c---

of subgroups of a group G is called the upper central series of G. 

Definition 1.9.1. A group G is said to be nilpotent if Zm(G) = G for some 

m. The least such integer m is called the class of nilpotency of G. 

Theorem 1.9.2. ([3], page 121) A group G is nilpotent if and only if G has 

a normal series 

{1} = Go C Gi C • • • C G„ = G 

such that Gi/Gi-i C Z(G/Gi_i) for all i = 1, • • • , m. 



Define a chain of subgroups 7i(G) inductively as follows: 

7i(G) = G 

and 7i+i(G) = K(G),G]. 

It is easy to see that 7,+i(G) C 7t(C?) and 7i+i(G') is a normal subgroup of 

G for all i. Thus, if j / G 7i(G), then x and y commute modulo 7t+i(G). Also 

G = 7 1 ( ^ ) 3 7(G) D - - - . 

is a normal series called descending central series. 

Theorem 1.9.3. ([42], page 89) 

For any group G, Zm{G) = G if and only ifjrn+i{G) = {1}. Moreover, 

^,+,{G) C Zm-i{G) for all i. 

Now we are able to give an alternative definition for nilpotent group as 

follows 

Definition 1.9.4. A group G is said to be nilpotent if 7ni+i(G) = {1} for 

some m. The least such integer m is called the class of nilpotency of G. 

Theorem 1.9.5. ([3], page 121) 

Let G be a nilpotent group. Then every subgroup ofG and every homomorphic 

image of G are nilpotent. 

Theorem 1.9.6. ([42], page 90) 

/ / G is nilpotent and H < G, then G/H is nilpotent. 
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Theorem 1.9.7. ([42], page 91) 

A direct product G of a finite number of nilpotent groups is nilpotent. 

Theorem 1.9.8. ([42], page 91) 

A group of order p^, p prime, is nilpotent. 

Theorem 1.9.9. ([42], page 91) 

A finite group G is nilpotent if and only if it is the direct product of its Sylow 

subgroups. 

1.10 Supersolvable Groups 

Definition 1.10.1. A group G is said to be supersolvable if it has a series 

of subgroups Ai such that 

{l} = AoCArCA2C---CAr = G\ 

with Ai < G for each i,0 < i < r, and each factor group Ai+i/Aj is cyclic 

for 0 < i < r — 1. 

Remark 1.10.2. It is clear that if G is nilpotent, then G is supersolvable; 

but not conversely. Also if G is supersolvable then G is solvable; but not 

conversely. Thus for finite groups, we have the following hierarchy of classes 

of groups: 

Cyclic => Abelian ^ Nilpotent => Supersolvable => Solvable . 

Theorem 1.10.3. ([20], page 158) 

Subgroups and the factor groups of a supersolvable groups are supersolvable. 
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Definition 1.10.4. A group is called CLT if it satisfies the converse of La-

granges Tiieorem. 

We know that any finite abelian group is CLT. The following theorem 

says that every finite supersolvable group is CLT. 

Theorem 1.10.5. ([44], page 144) 

If G is finite supersolvable group of order n and m\n, then G has a subgroup 

of order m. 

1.11 Mobius Function of a Poset 

Definition 1.11.1. A partially ordered set or a poset is a set S together with 

a binary relation a> b satisfying the following conditions: 

(i) a> a (reflexivity). 

(ii) a > b and b > a, then a = 6 (anti-symmetry). 

(iii) a>b and b > c, then a> c (transitivity). 

Definition 1.11.2. A lattice is a partially ordered set in which any two 

elements have a least upper bound and greatest lower bound. 

Theorem 1.11.3. (Mobius Inversion Formula) ([27], page 459) 

For any partially ordered set S, there exists a unique function m (the Mobius 

Inversion Function^ from SxS toZ such that if A is any commutative group 

and f and g are functions from S to A such that 
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9{y) = Xl/(^). for all y£S 
ses 
x>y 

then 

fiy) = ^rn{y,x)g{x), for all y E S. 
xes 

Corollary 1.11.4. Let f and g are functions from S to an abelian group A 

satisfying 

9{y) = J2m, y^s. 
ses 
x<y 

Then 

f{y) = ^Ky^^)9{^)-

xes 

In particular, taking 5 to be the poset of subgroups of a p-group G we 

have the following: 

Lemma 1.11.5. Let G be a p-group and H, K he two subgroups ofG. Then 

{0, if K is not normal in H 

m{l,Ho), otherwise. 

(—l)y(*~^)/^, i/i?o 5̂ an elementary abelian p-group 

(ii) m{l,Ho) = { of order p'; 

0, otherwise. 

where HQ = H/K and m is the Mobius Inversion Function. 
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Lemma 1.11.6. ([27], page 465) 

Let V be a vector space of dimension n over G¥{p). If 

n 

denotes the number of subgroups of order p' (subspaces of dimension j) then 

and 
n 

J_ 
= p>. 

n- 1 

J 
+ 

n - 1 

J - 1_ 

1.12 Character Theory 

Definition 1.12.1. Let F be a field and A be an F-vector space which is also 

a ring with 1. Then A is said to be an f-algebra if for c G F and x,y e A 

{cx)y = c{xy) = x{cy). 

Example 1.12.2. Let G be a finite group and F[G] be the set of all "formal" 

sums {J2^99 \ ^g ^ ^}- Then F[G] has a F-vector space structure in an 
gea 

obvious way. The elements of ¥[G] for which Og = 1 and a^ = 0 ii h ^ g 

is identified with g. This identification embeds G into ¥[G] and in fact G 

is a basis for F[G]. To define multiplication on ¥[G], we multiply the basis 

vectors according to their group multiplication and extend linearly to all of 

F[G1, Then this defines the structure of an F-algebra on ¥[G]. 

14 



Definition 1.12.3. Let A and B be two F-algebras. Then a mapping 0 : 

A —^ B is said to be an algebra homomorphism or an F-homomorphism if the 

following satisfies 

(i) (j){xy) = (f){x)(f){y) for all x,y e A\ 

(ii) </.(!) = 1; 

(iii) (j) is an F-linear transformation. 

Definition 1.12.4. Let A be an F-algebra. A representation of A is an 

algebra homomorphism p : A —> Mn(F). The integer n is called the degree of 

P-

Definition 1.12.5. Two representations p and o of same degree n is said to 

be similar if there exists a non singular nx n matrix P such that 

p{a) = p-^o{a)P V a e yl. 

Remark 1.12.6. 'Similarity' is an equivalence relation among representa­

tions of same degree. 

Definition 1.12.7. Let G be a group and let F be a field. Then F-representation 

of G is a homomorphism p : G -^ GL(n, F) for some positive integer n. 

Remark 1.12.8. An F-representation p of F[G] determines an F-representation 

p of G by restriction. Conversely, an F-representation p of G determines an 

F-representation p of F[G] by linear extension, i.e., 

^agg\ :=Y^agp{g). 
^geG / geG 
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We shall use the same symbol to denote an F-representation of G as well as 

the corresponding F-representation of F[G]. 

Definition 1.12.9. Let A be an F-algebra and let K be a finite dimensional 

vector space. Suppose for every v £ V and x e A that a unique ux e K is 

defined. Then V is said to be an A-module if for all x,y E A, v,w e V, and 

c G F the following satisfies 

(i) {v + w)x — vx + wx, 

(ii) v{x + y) = vx + vy, 

(iii) {vx)y = v{xy), 

(iv) {cv)x = c{vx) = v{cx), 

(v) vl = V. 

Definition 1.12.10. Let V be an A-module. Then an A-invariant subspace 

W oi V is said to be a submodule of V. 

Definition 1.12.11. A nonzero A-module V is said to be irreducible if its 

only submodules are 0 and V, otherwise it is called reducible. 

Fact 1.12.12. Let p : A -> M„(F) be a representation of the F-algebra A. 

Let F = Mix„(F). Clearly 

veV, X e Mn{¥) ^vX eV. 

Then for u G V, a G A, va := vp{a) gives an A-module structure to V. 
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Fact 1.12.13. Let M be an A-module. Let ;B is an F basis for M. For all 

a e A let QM • M ^ M he the map x ^-^ xaV a e A. Set p{a) = matrix of 

CM with respect to the basis B. Then p defines a representation of A. 

Remark 1.12.14. There is a natural one to one correspondence (as men­

tioned in Fact 1.12.12 and Fact 1.12.12) between isomorphism classes oi A-

modules and similarity classes of representations of A. 

Definition 1.12.15. A representation p : A ^ Mn{¥) is said to be irre­

ducible if the corresponding A-module (as per Fact 1.12.12) is irreducible. 

Otherwise reducible. 

Definition 1.12.16. Let p be an F-representation of C. Then the F-character 

X of G afforded by p is the function given by xig) = tr/9(^). 

We restrict our attention to the special case that the field F = C and 

the word "character" will mean C-character. Notice that x(l) = degp, we 

say that x(l) is the degree of x- Characters of degree 1 are called linear 

character. 

Remark 1.12.17. Similar representations of a group G afford equal charac­

ter and characters are constant on conjugacy classes of a group G. 

Definition 1.12.18. Characters afforded by irreducible representations are 

called irreducible characters. 

Lemma 1.12.19. ([25], page 16) 

The number of similarity class of irreducible representations of a group G is 

equal to the number of conjugacy classes of G. 
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Lemma 1.12.20. ([25], page 16) 

Let G be a group and ITT{G) be the set of all irreducible characters of G. 

Then |Irr(G)| equals the number of conjugacy classes of G and 

\G\ = E X(l)̂ . 
xeIrr{G) 

Theorem 1.12.21. (First Orthogonality Relation) ([25], page 20) 

The following holds for every finite group G 

T7r^Xi{9)X3{9~^) = ^13-

Lemma 1.12.22. ([25], page 20) 

Let p be a representation of a group G affording the character x ^"^ l^^ 

g ^ G. Let n = o{g), the order of g. Then 

(i) p{g) is similar to a diagonal matrix diag(£i, • • • ,£/), where f = x(l)/ 

(ii) e2 = 1; 

(iii) xig) = E^t a»^ \x{9)\ < x(i); 

(iv) xig )̂ = x{9)-

Theorem 1.12.23. (Second Orthogonality Relation) ([25], page 21) 

Let G be a group and g, h E G. Then 

E Xi9)x(h) = 0 
Xelrr(G) 

if g is not conjugate to h in G. Otherwise the sum is equal to |CG(P) | . 
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Definition 1.12.24. Let x be a character of G. Then ker x = {p G G | x{g) = 

x(i)}. 

Tlieorem 1.12.25. ([25], page 25) 

Let G be a group with commutator subgroup G'. Then 

(i) G' = n { k e r x | x 6 l r r ( G ) , x(l) = l } ; 

(ii) \G : G'l = the number of linear characters ofG. 

Theorem 1.12.26. ([25], page 27) 

Let X be a character of a group G and let Z = Z{x) = {g ^ G : \x{9)\ — 

x( l )} . Let p be a representation of G which affords x- Then 

(i) Z = {g e G\p{g) = el for some e e C}; 

(ii) Z is a subgroup of G; 

(iii) xz = f^ for some linear character X of Z; 

(iv) Z/kerx is cyclic; 

(v) Z /kerx C Z ( G / k e r x ) ; 

Furthermore, if x ^ Irr(G), then 

(vi) Z /kerx = ^ (G/kerx) . 

Theorem 1.12.27. ([25], page 28) 

Let X e Irr(G). Then x(l)^ < \G : Z{x)\. The equality holds if and only if x 

vanishes on G\ Z{x)-
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Theorem 1.12.28. ([25], page 38) 

For any x ^ Irr(G'); x(l) divides \G\. 

Theorem 1.12.29. (Frobenious) (See [47]) 

Let G be a group and g E G. Then the number of solutions of the equation 

[x, y] = g in G is 
1̂ 1 Y^ xig) 

xeIrr{G)^^ ^ 
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Chapter 2 

Commutativity Degree and its 

Computations 

In probabilistic group theory one might ask the question "What is the prob­

ability that two group elements, chosen at random will commute?" The 

answer is given by what is known as commutativity degree of a group. Com­

mutativity degree is a kind of measure for abelianness of a group. In this 

chapter we shall study the commutativity degree of a finite group in detail 

including its computations for some non trivial classes of finite groups. 

2.1 Definition and elementary properties 

From probability theory, the probability of occurance of an event A among 

several alternatives is given by 

Number of outcomes favorable to the event A 
Fi{A) = 

Total number of possible outcomes 
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Hence for a finite group G the probability Pr(G) that two group elements, 

chosen at random will commute with each other is given by 

p f^s ^ \{{x,y)eGxG:xy = yx}\ ^ ]€[_ 
^^^ \G X G\ |G|2 

where C = {{x,y) e G x G : xy — yx}. Clearly, a finite group G is abelian 

if and only if Pr(G) = 1. Moreover, since the identity element 1 of a group 

commutes with every element of the group, and every element commutes 

with itself, we have l x G c C , G x l c C and diag(G x G) C C and any two 

of the sets 1 x G, G x 1 and diag(G x G) have only one element in common, 

viz. 1, we have 

|C| > |1 x G| + |G X 1| + I diag(G x G)| - 2 = 3|G| - 2. 

Hence 

Pr(G)> ^ ^ 
\G\ \Gr 

Thus for a non-abelian group G we have (3/|G| - 2/|Gp) < Pr(G) < 1. 

The ratio Pr(G) is called the Commutativity Degree of G. This concept 

has been studied by several authors (eg. [29], [18], [36], [43], [32], [15] etc.) 

under various notations like d{G), p{G), R{G), mc{G) etc. 

Further, note that a pair {x,y) e G x G belongs to C if and only if 

y e CG{X). SO, C = U {{x} x CG{X)) whence |C| = Yl \CG{X)\. Therefore 

by Lemma 1.5.2, we have |C| = |G| • k{G) and hence we have the following 

proposition. 

Proposition 2.1.1. For a finite group G, Pr(G) = A;(G)/|G|. 
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Let Q be the collection of all finite groups (up to isomorphism) then com-

mutativity degree can be thought as arithmetic function on Q [10]. However, 

before looking at some of the properties of Pr(G) as an arithmetic function, 

we need to study some facts about conjugacy classes of the group G. 

Lemma 2.1.2. Let G be a finite group and H be a subgroup of G, then 

(i) \CG{9)\ < [G : H]\CH{9)\ with equality if and only if CG{g)H = G 

(ii) Z\CH{g)\= E\CG{h)\ 
geG hen 

Proof (i) We know that HCG{X) C G for all x in G. So, \HCG{X)\ < \G\ 

and we have 

\mcG{x)\ ^ 1̂1 
\Hf)CG{x) 

\H\ ^ \G\ 
or, , ^̂  ' ' ,̂ < 

\HnCGix)\ - \CG{X)\-

Thus 

\H : CHix)\ < \G : CG{X)\ for all xeG. 

from which lemma follows. The equality part is clear. 

(ii) It can be seen easily. 

D 

Further the second part of this lemma can be generalized for any two 

subsets of a group as follows 

Lemma 2.1.3. Let G be a finite group and H, K be subsets of G, then 

T.\CH{9)\= T.\CK{h)\ 
geK hen 
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Theorem 2.1.4. Let G he a finite group and H he a subgroup of G, then 

(i) k{H)<\G:H\k{G), ifH^G 

(ii) k{G) < [G : H]k{H) with equality if and only if CG{g)H — G 

Proof. The proof of part (i) follows from Lemma 1.5.2 and the fact that 

Cuih) C Cc{h) and part (ii) follows from Lemma 2.1.2. D 

Theorem 2.1.5. Let G he a finite group and N < G, then 

k{G) < k{G/N)k{N). 

The equality holds if and only if C{g mod A'') = NCoig) I^T each g E G 

Proof. By Second Isomorphism Theorem 1.2.2, we have 

Cojg) _ Ca{g) NCajg) ^ 

with equality if and only if C{g mod N) = NCgig)- Therefore, 

\CG{9)\ < \CG/N{Ng)\\CM\ (2.1.a) 
k 

If G = U Nh^ the coset decomposition of G then 
1=1 

geG 1=1 geNb., 

k 

^Y^Y^ \CG/N{N9)\\CN{G)\ (by Equation 2.1.a) 
t=l geNh, 

k 

= ^\CG/N{Ng)\^\Cr,{9)\ 
1=1 geNh, 

k 

= ^\CG/N{Ng)\Y,\CNkM 
1=1 teN 

24 



We have C^h.(0 = {x e Nhi \ xt = tx}= {x = nhi G Nhi \ Kthi ^ r^tinN] 

Thus CNh,{t) is nonempty -^ gtg'^ is conjugate to t in N, and in that case 

CNhiii) is a coset of Ci^{t). Hence, 

|C'Ar/i,(i)| < |Civ(i)| with equality ^ gtg'^ is conjugate to t in /»/. 

It follows that 

T.\CG{g)\<iZ\^GMNg)\^\C^{t)\ 
geG 1=1 «eAf 

^\G\k{G) < \G • H\k{G/N)\N\k{N) 

^k{G) < k{G/N)k{N) 

with equality <^ NCaig) = G{g mod Â ) holds and each G-class in N is an 

A'̂ -class. However, the latter statement is implied by NCaig) — ^(Q mo<̂  ^) 

taking g e N D 

Corollary 2.1.6. Let G be a finite group and N < G. If 

k{G) = k{G/N)kiN), (2.1.b) 

then 

k{L) = k{L/N)k{N) (2.1.C) 

for each subgroup L D N. Conversely, if k{L) = k{L/N)k{N) for each 

subgroup L = N{g,t) with [g,t] G N, then (2.1.b) holds. 

Proof. The first statement follows from the fact that (2.1.b) for G implies 

(2.1.b) for L. 

25 



Let t e C{g mod N). Assuming (2.1.c) for L = N{g,t), we get t e 

dig mod N) = NCiig) C NCaig). Thus if (2.1.c) holds for all such L, 

then C{g mod N) C NCdg) for each g, from which (2.1.b) follows. D 

Theorem 2.1.7. IfG and H are two finite groups then k{GxH) = k{G)k{H). 

Proof. Let SQ, SH and SGXH denotes the set of all conjugacy classes in the 

groups G, H and G x H respectively. Define a function / from SQXH to 

So X SH such that 

f{C\{{g, h))) = {Cl{g), Cl{h)) 

where 

Cl((9, h)) = {(51, h,){g, h){g,, h,)'' : {g,, h) e G x H} 

= {{9i99i\ hihhi^) •.gieG,heH} 

= Cl{g) X C\{h). 

This shows that / is a bijection. Hence, 

\SGXH\ = \SG\\SH\ 

or, k{G xH) = k{G)k{H) which implies Pr(G x H) = Pr(G') • Pv{H). D 

As an arithmetic function on Q, commutativity degree has the following 

properties. 

Theorem 2.1.8. (i) Commutativity degree is a monotonically decreasing 

function, i.e., if H is a subgroup ofG then Pr{G) < PT{H) with equality 

if and only if CG{g)H = G. 
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(ii) Commutativity degree is a completely multiplicative function, i.e., if G 

and H are two finite groups then Pr(G x F ) = Pr(G) • Pi{H). 

(iii) For any normal subgroup N of G, Pr(G) < Pv{G/N)Pv{N). The 

equality holds if and only if C{g mod N) = NCaig) f^T ^o,ch g £ G. 

Proof. Part (i) follows from Theorem 2.1.4, part (ii) follows from Theorem 

2.1.7 and part (iii) follows from Theorem 2.1.5. D 

Remark 2.1.9. One may note that if the equality holds in Theorem 2.1.8 

part (iii) and A'' is abelian, then A'̂  C Z{G). 

2.2 Non-trivial upper bounds for Pr(G') 

Obviously 1 is an upper bound for Pr(G). However when G is non-abelian, 

there is a notable gap between Pr(G) and 1, as suggested by the following 

proposition. 

Proposition 2.2.1. / / G is finite non-abelian group then Pr(G) < | with 

equality if and only if G/Z{G) has order 4. 

Proof. Let /Ci, /C2, • • • , Kthe the conjugacy classes of noncentral elements 

ofG. Then \}C^\ > 2 V i = 1, 2, • • • , f. 

By the Class Equation 1.5.3 of G, we have 

|G| = \Z{G)\ + |/Cx| + \fC2\ + ••• + \Kt\ > \Z(G)\ + 2t 
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or, t < {\G\ - \Z{G)\)/2. Since G is non-abelian, G/Z{G) is not cyclic and 

so \G/Z{G)\ > 4, i.e., \Z{G)\ < \G\/A. Hence t < | |G| and so 

k{G) = \Z{G)\ + t<^-f + l\G\. 

This, in view of Proposition 2.1.1, proves the proposition. 

For the second part, let Pr(G) = 5/8. Assume that \G/Z{G)\ > 4. Then 

Pr(n = ̂  = l ^ M 4- M^) - \ZiG)\ 
^ ^ \G\ \G\ \G\ 

which implies 
3 k{G)-\Z{G)\ 
8 IG-I 

Again by the Class Equation 1.5.3 of G, we have 

\G\ > 2{k{G) - \Z{G)\). 

Now using both the inequalities, we get 

! ^ ! ^ > 2 gives Pr(C?)<5/8. 

Which is a contradiction. Hence G/Z[G) has order 4. 

Conversely, suppose that \GlZ(G)\ = 4. For a^ e G\ Z{G) 3 aa e 

G \ Z(G) such that 0102 ^ 0201. Therefore, we can write 

G/Z{G) = {Z{G),aiZ{G),a2Z{G),a,Z{G)} 

where 03 = 0102 and of, a|, 03 € Z{G). Also if a; G aiZ{G) and y € 

ajZ{G) then xy ^ yx. Thus x, y e G will commute if 

(i) X e Z{G), y^G, 
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(ii) X G aiZ{G), y G Z{G) or y e aiZ{G), 

(iii) X € a2Z{G), y G Z{G) or y G a2Z(G), 

(iv) a; G 03^(6"), y G Z(G) or y G azZ{G). 

Now 

Id = \{{x, y)eGxG:xy = yx}\ 

= \{{x,y)eGxG:xeZ{G),yeG}\ 

+ 3[|{(a;, y)eGxG:xe aiZ{G), y G Z{G)}\ 

+ \{{x, y)eGxG:xe aiZ(G), y G aiZ(G)}|] 

= |Z(G')||G| + 6|Z(G)|^ 

which gives Pr(G) = 5/8. D 

It is well-known that any non-abelian group of order 8 has exactly five 

conjugacy classes. So, Pr(G) = 5/8 for non-abelian groups of order 8. There 

are only two non abelian groups of order eight viz. D4, the dihedral group 

and and Qs, the quaternion group. Thus Pr(Z?4) = Pr(Q8) = 5/8. This 

shows that the upper bound in Proposition 2.2.1 is the best possible one. 

This also shows that Pr(G) does not determine G up to isomorphism. Also 

Note that the class of finite non-abelian groups G such that |G/Z(G)| = 4 is 

quite big. For example, we may consider the groups QsX Aov D^x A where 

A is abelian group. 

Theorem 2.2.2. Let G be a finite non-abelian group. Then 

P r ( G ) < ^ + ^ ^ 
4 4|G'| 
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Proof. By Lemma 1.12.20, we have 

\G\ = E x(l)̂  = |G : G'l + Y. (̂1)' 
xelrr(G) xelrr(G) 

> \G : G'\ + {k{G) - \G : G'\) • 2" = Ak{G) - 3\G : G'\ 

^k{G)< ^ + ^ | ^ , | 

D 

Further we have a more general result due to K. S. Joseph [29] given in 

the following theorem: 

Theorem 2.2.3. Let G be a non-abelian group and p be the least prime 

number which divides \G\, then 

p2 \̂  \G'\ 

In particular, we have Pr(G) < {p^ + p — l)/p^ with equality holding if and 

only if G/Z{G) has order p^. 

Proof. By Lemma 1.12.20, we have 

\G\ = E X(l)' 
xelrr(G) 

= \G:G'\+ Yl x{ir 
XelrviG) 

x(i)#i 

Since x(l) divides \G\ for all x ^ Irr(G) we have x(l) > P- Therefore 

\G\>\G:G'\+p''ik{G)-\G:G'\) 
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P,(G) = i B < i A , p - i 
which gives 

Vr(n^ = - , , , , 
|G| - p^ \ \G' 

Thus the first part of the result done. 

For the particular case we have {1} ^ G' < G and p is the least prime 

number which divides \G\ it follows that \G'\ > p. Hence 

Pr(G)<l('l + ' ' ' - ' ^ - " ' + " - ' 
P^ \ P J P^ 

The proof of the last part is analogous to that of Theorem 2.2.1. D 

Corollary 2.2.4. Let G be a non-abelian group and p is the least prime 

number which divides \G\. If Pr(G) > 1/p then \G'\ = p. i.e., G' = Cp. 

Proof. By Theorem 2.2.3, and using the hypothesis we have 

p ^ ^ - P H IG'I 

which gives |G'| < p + 1. Hence \G'\ = p. D 

Theorem 2.2.5. Let G be a non-abelian p-group then 

p^ + p - 1 
Pr(G) < 

p3 

Proof. Let \G\ = p" then \Z{G)\ < p"-2. because \Z{G)\ ^ p" and if 

\Z{G)\ = p"-^ then \G\/\Z{G)\ = p, which is impossible since G/Z{G) is 

not cyclic. 

By the Class Equation 1.5.3 of G, we have 
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|G1 = |Z(G)|+ Yl ICIW 

pk{G) 

Pr(G) 

> 

= 

< 

< 

< 

\Z{G)\ + {k{G)-\Z{G)\)p 

\Z{G)\{l-p)+pk{G) 

p- + {p-l)\Z{G)\ 

P^ + ip- l)p"-2 

p^ + p - 1 
p3 

D 

Remark 2.2.6. Consider the set V = {Pr(G) | G is a finite group}. Clearly 

V C [0,1]. The above theorem says that 0 is a limit point of V ([43], [9]). 

So natural question arises 

PROBLEM: What is the derived set (V) of V, i.e., the set of all limit 

points of V? In view of Proposition 2.2.1, is it true that V = [0,5/8]? 

We conclude this section by stating the following interesting theorem. 

The proof can be found in [17]. 

Theorem 2.2.7. Let G be a finite group with Fitting subgroup F. Then 

Pr(G) < (Pr(F))-i/2|(. . ^|i/2 < j ^ . ^ | - i /2 
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2.3 Commutativity degree for groups having 

|cd(G)| = 2 

In this section we consider the groups having only two character degrees. 

Such groups are solvable and have been throughly investigated by Isaacs 

and Passman [23], [24]. In [41] Pournaki and Sobhani have computed the 

commutativity degree for these groups. 

Theorem 2.3.1. Let G be a finite group such that cd(G) = {1, m}, m > I, 

then 

-(«) = Pi( -^) 
Proof. We have 

\G\= Yl x{l? = \G:G'\ + {k{G)-\G:G'\)m' 
xei"(G) 

which implies 

KG) 2 . 1 2 1 
\G\ \G'\ \G\ 

and the theorem follows. D 

By Theorem 1.12.27,"we have the degree of an irreducible complex char­

acter can not exceed \G : Z(G)p/2 ^^^ ^(^^ < ^Q . ^ ( G ) | I / 2 y ^ e Irr(G). 

Finite groups for which this bound is attained are called groups of central 

type . In 1982 Howlett and Isaacs [22] proved that a finite group of central 

type must be solvable, but not necessarily nilpotent. Now in view of Theorem 

2.3.1 we can state the following corollary. 
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Corollary 2.3.2. Let G be a finite group such that | cd(G)| = 2, then 

The equality holds if and only if G is a group of central type. 

Proposition 2.3.3. Let G be a finite group such that \G'\ = p, p a prime, 

and G' < Z{G), then G is a group of central type with cd{G) = {1, \G : 

Z(G)|V2}. 

Proof. Let x be a uon-lmear Irreducible coruplex character of G, Let g £ 

G \ Z{G). So g~^ e G\ Z{G) Therefore there exists an element x e G such 

that z := [g~^, x] ^ 1. Since |G'| = p is a prime, each non-trivial element of 

G' is a generator of G' and so G' = {z). Now consider p as a C-representation 

of G affording x- By Theorem 1.12.26, we have p{z) = el for some e G C For 

£ = 1 we have z € Kerp and therefore G' < Kerp which is a contradiction 

by Theorem 1.12.25 and hypothesis. Therefore e j^ 1 and since 

Xig) = X{xgx~^) = xigz) = tvp{gz) = tT{p{g)p{z)) = tr(ep(y)/) = ex{g) 

which forces xig) = 0- Now by Theorem 1.12.27, we have x(l)^ = \G : Z{G)\. 

Therefore G is a group of central type with just two irreducible complex 

character degrees, i.e., cd(G) = {1, \G : Z{G)\^/^}. D 

2.4 Commutativity degree for groups having 

nipotance class 2 

In this section we compute the value of Pr(G) for groups G having G' < Z{G). 

However, we first develop certain group theoretic tools for this purpose. 
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Definition 2.4.1. For any element a; of G we define [G, x] = {[g, x]\ g E. G}. 

Then [G, x] is a subset of G' while for any subset H of G, [G, H] is a 

subgroup generated by all [G, x] with x E H. 

Definition 2.4.2. For any subset H C G, define 

H* = {xeG : [G, x] C i / } . 

Obviously iif* = (G'fli/)* . Also if i / is a normal subgroup then H*/H = 

Z{G/H). In particular, i/* is a subgroup of G. 

The following lemma gives some properties for the operators ()* and ( ) ' . 

Lemma 2.4.3. Let G be a group and H, Hi, H2 are subsets G. Then 

(i) {!}• = Z{G) 

(ii) [G'y = G 

(iii) Hi C H2 implies {Hi)* C {H2)* 

(iv) {HinH2y = {Hiyn{H2y 

(v) (Hi)*(if2)* < {HiH^y 

(vi) {H*y CH butH<^ {H'y 

(vii) {{H*)'y C i/* feui {Hy ^ (//*)')* 

Definition 2.4.4. For any subgroup H oi G define H as H = H* - U K* 
K<H 

that is, H is the set of all elements for which [G, x\ — H precisely, and not 

for any proper subgroup, i.e., ^ = {x € G : [G, x\ = H}. 
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Lemma 2.4.5. Let G he a group such that G' < Z{G). Then \H*\ = X) \K\ 
K<H 

for any H < G'. 

Proof. To prove the lemma it suffices to show that H* = U K disjointly. 

Let a; G U K then x e K for some K < H implies x e K*. Then by 

Lemma 2.4.3 (iii), we have XEH*. Thus U K CH*. 

Conversely, let x e H*. li x e H then obvious, so let x ^ H then 

X e K* for some K < H. Choose K such that K is minimal i.e., \K\ is 

smallest. Then x 4. U L*. Otherwise, x E L* where L < K. Which 
'^ L<K 

contradicts to the minimality of K. Therefore x G K* — U L* = K ioi 

some K < H. Which implies x e UK. Thus H* C U K. Hence 
~ K<H ~ K<H 

H* = UK. 

Also X e K iov exactly one K < H because x € i?i and x e i?2 for 

two subsets Ki and K2 of H implies x e K* , x E K2 and x ^ U K^, 
Li<Ki 

x i U K^. Which implies x E Kl n K^ = {Ki n /Ca)*. Therefore, 

x e U Lt and x G U L^. Which is a contradiction. Hence H* = U K 
Li<,Ki L2<K2 K<H 

disjointly. D 

Lemma 2.4.6. Let G be ap-group with H < G'. Ifk{G) denotes the number 

of conjugacy classes in G then k{G) = Yl (l-^l/l-^D-
H<G' 

Proof. Let H < G'. For x G F we write Sx = {gxg~^\g G G}. i.e., S^ 

is the set of all conjugates of x in G. Then it can be seen that Sx = Hx. 

Hence l^il = \Hx\ = \H\. That is each element of H has \H\ numbers of 

conjugates. Also Sx C H. Therefore the number of conjugacy class in H is 

\H\I\H\. Again for any conjugacy class Sg of G we have Sx C Hi for some 
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Hi < G'. Otherwise assume x,y E Sg be such that x E Hi and y E Hj for 

someHi < G' and Hj < G' where Hi ^ Hj. which implies 5^ C Hi and 

Sy C Hi. Since Sx = SySg so Hi HHj ^ (j) which contradicts to the fact that 

Hi n Hj = (f>. Hence, k{G) = E i\H\/\H\), as required. D 
H<G' 

We are now in a position to compute Pr(G) when G is of nilpotance class 

2 i.e., G' < Z{G). Since G nilpotent, we have, by Theorem 1.9.9, 

G = Cz X G3 X • • • , 

where Gp is a p-group. So by Theorem 2.1.8(ii), we have 

Pr(G) = Pr(G2)-Pr(G'3)---. 

Therefore we need only to compute Pr(Gp) for each prime p such that p\ \G\. 

So, without any loss we assume that G is a p-group with G' < Z{G). In 

this case, the subset [G, x] is actually a subgroup, since [gi, x][g2, x] = 

[Pî 2) A- Thus we need only consider the subgroups of G'. Hence when we 

speak of H* here, it will be assumed that H is a group. Since H < Z{G) so 

H < G; as noted earlier, H* is a group. Since G is a p-group, both \H\ and 

I if* I are powers of p. 

The following proposition gives a formula for computing Pr(G) for a p-

group G with G' < Z{G). 

Proposition 2.4.7. If G is a p-group with G' < Z{G), then 

'''"'^WiLm 
\K*\ 

K<G' 

1, if K = G' 

1 , if G' IK is non trivial cyclic 
P 

0, otherwise. 
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Proof. Using Theorem 2.1.1 and Lemma 2.4.6, we get 

Considering the lattice of subgroups of G' and taking / = K")! and g = |( )*| 

then applying Mobius Inversion Formula (Theorem 1.11.3), we get \H\ = 

Y. m{K, H)\K*\. Therefore, 

' 'H<G' ' ' \K<H / 

^ ^^IR'*! /̂  ' ^ m ( ^ / f ) = 1^2.1^11 2. - ^ 
' ^H<G' \K<H<G' ' I 

The lattice of subgroups of G" containing K is isomorphic to the lattice of 

subgroups of G'/K. Using this fact and Lemma 1.11.5(i), we get 

Again by Lemma 1.11.5(ii), the only terms that contribute to the above sum 

are those for which HQ is an elementary abelian jt>-subgroup G'/K. If we let 

L be the subgroup of elements of order < p in G'/K, then the above formula 

becomes 

This L is isomorphic to a vector space of dimension n over G¥{p). Thus, if 

[CpY denotes the direct product of i copies of the cyclic group of order p, 
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then by Lemma 1.11.6, we get 

Ho<L 

= ^ ( _ l ) y ( i - 3 ) / 2 

i=0 

For n = 0, this comes out to 1, while for n = 1, it is 1 — (1/p). For n > 2, it 

becomes 

(_l)OpO(0-3)/2 
n - l 

+ ^ ( - l )V(^ -3 ) /2 
1=0 

n - l 

n + ( - l ) " p " ( " - 3 ) / 2 

= 1 + (-1) V^""^^/^ + ^ ( - l ) V ( ' - 3 ) / 2 pi 
1=0 \ 

n - l 

= 1 + (-l)'*p("("-3))/2 + J] ; ( - l )y( ' -3) /2 . pi 

i=l 

n-2 

_ 'y '(_i)yHi)(i-2)/2 

i=0 

= 1 + ( _ l ) n p n ( n - 3 ) / 2 _ (_ i )0p0 (0 -3 ) /2 . ^0 

n - l 

i 

n-l 

i 

+ 
r 1 

n-l 

i-1 

n-l 

i 

n-l 

0 

+ ( _ l ) " - l p n ( n - 3 ) / 2 n - l 

n - l 
+g(-i)y(^-^)/2(i-l) 

1=0 ^ ^ ^ 

n - l 

i 

n-l 

= 1 - J E"^(i'(^p)^) p t = 0 

n - l 

i 

^ ^ H<(Cp)"-i 

This last sum may be evaluated. Define a function on the subgroups of 

(CpT-' by 
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f{H) = 
1, if H = {1} 

0, otherwise. 

Then define the function g{H) = Yl fi^)^ which is identically equal to 1. 
K<H 

If we apply the Mobius Inversion Formula ( Theorem 1.11.3) to this .pair of 

functions, we get f{H) = X) m{K,H)g{K). Since n > 2, {CpY'^ i^ {1}, 

SO that 

0 = !{{C,T-') 

= Y^ miK, {C,r-') . g{K) 

= Y, m{l,{C,r-'lK).l 

= Y rn{\, H). 
^ < ( C p ) " - ' 

Thus, 

m(l, ^o) 
1, 

1 

if n = 0 

Ho<L 

1 - - , if n = 1 
P 

0, n > 2. 

First the case n = 1 we have L = {1}; this is equivalent to G'/K having 

no elements of order p, and hence that K = G'. Secondly, if n = 1 we have 

E 
Ho<L 

m{l, Ho) ^ 1 

l ^o l p-
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This happens just when G'/K has a unique subgroup of order p; since it is 

already abelian, G'/K is cycUc and non trivial. Finally, if n > 2 (that is, all 

other cases), the sum is zero. Therefore, our formula for Pr(G) becomes 

P'(G) = 4 E ^ 

1, if K = G' 

\G\ ^n, m 'K<G' 

1 , if G'/K is non trivial cyclic 
P 

0, otherwise. 

This completes the proof. a 

We know that K* is a subgroup of the p-group G. So K* is also ap-group, 

i.e., \K*\ is a power of p. Let us now define an integer n{K) associated to K 

as follows: 

P" 
(2,4.a) 

Next we note that the formula for Pr(G) mentioned in the above proposition 

can be re-written as 

Pr(G) = 
\G\ 

\iGfy\ , >r^ \K*\ ( 1 

cyclic 

Therefore, using Lemma 2.4.3(ii) and Equation 2.4.a, we get 
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'̂̂ ^^" \G'\Jf^\K\ • P^^^A^ P 
p-1 

cyclic 

\G'\ 1 + E 
IG'I 

Gi/K 
cyclic 

K\ -p^W 
P - 1 

P 

\G' i + E 
(p - 1)IG': K\/p 

Gi/K 
cyclic 

P .n(K) 

Thus we can restate Proposition 2.4.7 as follows 

Proposition 2.4.8. If G is a p-group with G' < Z{G), then 

Pr(G) 1+E 
{p-\)[G':K]lp 

P 
P.(K) 

where the sum is over all subgroup K of G' such that G'/K is non-trivial 

cyclic. 

Lemma 2.4.9. Let G be a p-group with G' < Z{G) and K be a subgroup 

of G'. Define n{K) as in Equation 2.4-a- Then n{K) = 0 if and only if 

K = G'. 

Proof Let n{K) = 0 then \K*\ = |G|/p° = |G| implies K* = G. i.e., 

{xeG : [G, x]CK} = G. Therefore, G' = [G, G] < K. Hence K = G'. 

Conversely, let K = G' then K* = [G')* = G implies \K*\ = \G\ forces 

n{K) = 0 . D 
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Now we look for some limiting conditions on the exponents n{K). we 

write n{Ki) = rii when the subgroups are indexed. These are nonnegative 

integers, with n{K) - 0 iS K = G' (by Lemma 2.4.9) Furthermore, since we 

know Ki > K2 implies (K^)* < {K2Y. Therefore, |(i^i)*| < |(i^2)1 which 

forces n\ > n2-

Next if Ki^ KjH Kk and Kj,Kk < Ki, then we have {KjKk) < Ki, so 

{K*Kl) < {KjKkY < K; and K* n K*^ = K* (by Lemma 2.4.3(iv)). Hence, 

IGI , , , , \K*A-\Kl\ \K*\-\Kt\ 

B]. (B) I (B 
\G\ 

«r,rjj+nfc-n, 

Thus 

which gives UjUk > riiTii. 

We also have the following proposition. 

Proposi t ion 2.4.10. If H is ap-group with H' < Z{H) and H' cyclic, then 

H/Z{H) = Hil^p"' ^ Cpn,) with all n^ < k, and Ui ~ k. (where, p^ — \ii'\-) 

In particular, [H : Z{H)] is a square, and is at least \H'\'^. 

Proof. We prove this by induction on the rank r of the abelian group H/Z{H). 

The proposition is certainly true if r = 0. On the other hand, since H/Z{H) 

is never cyclic since / / is a nonabelian, therefore r ^ 2. Hence, we may 

assume r > 1. We write H/Z{H) = {aiZ{H)) x {a2Z{H)) x • • • x {arZ{H)). 
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Because H is generated by Z{H) and the Oj, and H' < Z{H), we have 

H' = ([cj, aj] : 1 <i, j <r). 

Since H' is cyclic of order p*', this implies in particular that some [cj, aj] 

has order p*̂ . Without loss of generality, we may assume that c = [ai, 02] 

is such an element. Since H' < Z{H) so c e Z{H), [a^", a^] = [ci, Cj]"". 

So since [oi, Oj]̂  = 1 for all j but [oi, 02]'' ' 7̂  1 implies â  e ^(i^) but 

af"' ^ Z{H). Therefore, {a^Z{H)) ^ Cpk. Similarly, {a^ZiH)) ^ Cp.. 

Since c generates iif', for each i and j we may write [oj, a ]̂ = c^ '̂. Then 

if we set bi = aia2^'''a\^' for each z > 2, we compute 

[ai, hi] = [ai, ai][ai, a2]~^"[ai, ai]*^' 

= c'l-c-^i- = 1 

and similarly [02, î] = 1. Since (ct) H (cj, 02) < ^ ( / / ) , the order of hiZ{H) 

is the same as aiZ[H)\ from this it is easy to check that 

H/Z{H) = {axZ{H)) x {a2Z{H)) x (63-Z'(//)> x • • • x {brZ{H)) 

Now let /iT < i / be the subgroup K = (-^(^), 63, b^, ••• , 6^). It is 

clear that Z{H) C Z(X); but conversely, since H = (ci, 02) and [ai, 6,] = 

[02, hi] = 1, we have Z{K) C Z{H). Thus we may use the inductive hypoth­

esis on K: 

(i) K' C i/ ' , so iT' is cyclic 

(ii) K' CH' C Z{H) = Z{K) 
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(iii) K C H is also a p-group 

(iv) K/Z{K) = K/Z{H) = {hZ{H)) x • • • x {brZ{H)) has rank r - 2 < r. 

So, we may assume K/Z{K) = Yl^{Cpn, x Cp",) for some set of rij. Thus, 

H/Z{H) = {aiZ{H)) X {a2Z{H)) x {63-^(^)) x • • • x (6r^(if)) 

as desired. 

To prove the second part recall that p"(^) was defined so that \K*\ = 

|(jj/pn(iC) Thus 

r,n{K) _ \G\ _ \G/K\ 

where H = G/K and K*/K = Z{G/K) = Z[H). Also H' = KG'/K = 

G'IK which is cyclic for the subgroups K appearing in Proposition 2.4.8, 

and H' < Z{G)IK < K*/K = Z{H) . Hence by Proposition 2.4.10, we have 

H/Z{H)^Y[(<^p'" x^P-) 
I 

^\H/Z{H)\=ll\{C,r.,xC,n^)\ 
I 

Therefore, p"W = n.P^" ' = P^^"* = (p^"')^- i-e-, n{K) = 2Y,n^. Hence 

all the n{K) are even. Also p"(^) = [H : Z{H)] is a square and p"(^^ -

(pE".)2 > (pA:̂ 2 _ |^/|2^ ^g required. D 

Corollary 2.4.11. Let G be a finite group such that \G'\ = p and G' < Z{G), 

then 
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(i) \G : Z{G)\ ~ p^^ for some positive integer s. 

Proof. By Corollary 1.6.5, and Corollary 2.2.4, we have 

ere G'^ < Z{G) and Gp' 

Also we have 

G = Gp X Gpi 

is abelian. 

G ^ Gp 

Z{G) Z{Gp) • 

Therefore by Proposition 2.4.10, we have |Gp/2'(Gp)| = •^^ for some positive 

integer s. Hence part (i) follows. 

Part (ii) follows from Proposition 2.4.8 as well as Proposition 2.3.3. D 

Remark 2.4.12. Note that part (ii) of Corollary 2.4.11, also follows from 

Theorem 2.3.1 and Proposition 2.3.3. 

2.5 Commutativity degree for groups having 

G"nZ(G') = {l} 

In the previous section we have considered groups G satisfying G' < Z{G). 

Here, we turn to the opposite extreme i.e., G' 0 Z{G) = {1}. We need the 

following 

Proposition 2.5.1. If N < G and N (iG' = {I}, then Pr(G')= Pr(G'/A^). 
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Proof. Let L be a subgroup of G such that L = {N, g, h) where [̂ , h] G Â . 

Then for all such L, L' is generated by conjugates of [A'', N\, [N, g], [N, h] 

and [g, h] while each of these lies in N n G' = {1}. Thus L' = {1}. i.e., V 

is abelian. Therefore, N < L and L/N are also abelian, so that 

Pr(L) = 1 = Pr(L/A^) • Pr(A^) 

which implies k{L) = k{L/N)k{N). Hence by Corollary 2.1.6, we get k{G) = 

k{G/N)k{N) from which proposition follows. D 

By Theorem 2.1.8(i) and Proposition 2.5.1, we have the following corollary 

Corollary 2.5.2. If N < G then Pv{G/N) > Pr(G). IfNnG' = {1}, then 

equality holds. 

Remark 2.5.3. We may use Proposition 2.5.1, in our case to conclude 

that Pr(G) = Pv{G/Z{G))] moreover, (G/ZiG))' = {G'Z(G))/Z(G) = 

(G" X Z{G))/Z{G) ^ G' and also Z{G/Z{G)) = Z{Gy/Z{G) = {G' n 

Z{G))*/Z{G) = Z[G)/Z{G). Thus, Pr(G) = Pr(7^) for some group with 

K' ^ G' and Z{K) = {!}. Therefore, we must merely look for Pr(i<:) for all 

such groups K. 

The above remark can be stated as the following corollary. 

Corollary 2.5.4. Let G be a finite group such that G' n Z{G) = {1}; then 

there is a finite group K such that Pi{K) = Pr(G), K' = G' and Z{K) = {1}. 

Proposition 2.5.5. For any given G', there are at most a finite number of 

groups K with K' = G' and Z{K) = {1}. 
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Proof. Let L = K/CK{K') = NK{K')/CK{K') is isomorphic to a subgroup 

of Aut(i^') (by N/C Theorem 1.6.3). Now L' = K'CK{K')/CK{K'), so that 

we have an abeUan group 

T IT' = ^/^K{K') ^ K 

" /̂"^ K'CK{K-)ICK{K') K'CKiK'Y 

if n = rank(L/I/'), then K/K'CK{K') can be generated by n elements 

Xi{K'CK{K')) with Xi e K. 

By Jacobi identity (1.4.3) we have [CK{K'), CK{K')] < Z{K). In our 

case, this means that [CK{K')]' < Z{K) = {1}, i.e., CK{K') is abeUan; so 

if y G CK{K') then [K'CK{K'), y] = {1}. Since K = {x,, xa, • • • , x„, 

K'CK{K')), this means that if y G CK{K') commutes with each x, (1 < 

i < n) then y e Z(i^) = {1}. 

Therefore, for yj, y2 € CK[K'), if [yi, x,] = [y^, Xi] for each z, then 

yi^iVi^ = y2^iy2^, so that y^^yi commutes with each Xj and hence from the 

above we have y^^yi = 1, or yi = y2. This tells us that \CK{K')\ is equal to 

the number of values of the n-tuple {[y, Xi], 1 < i < n} assumes as y ranges 

over CK{K'), which is therefore at most 

Hiict^m. x,]\ < nwK, x,]\ < \Kr. 
1=1 t 

Then, from \K\ == \CK{K')\ • \K/CK{K% we have 

\K\ < IK'l"" • \L\ < | /^ 'p"'(^')l | Aut(ii:')|, 

since |L| < | Aut(A'')| and n < \L/L'\ < \L\. Hence with a given commutator 

subgroup G', the orders of groups K with K' = G' and Z{K) = {1} are 

bounded by a function of G' alone. This justifies the claim that there are 

only a finite number of such groups. D 
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Remark 2.5.6. There are further restrictions when Z{K) = {1}- For exam­

ple, no element x in K' except x = I can be fixed under each automorphism 

of L < Aut{K'). Because for x & K' such that each automorphism of L fixes 

X we have kxk^^ = x V k E K implies x — I. Furthermore, L — K/CK{K') 

is abelian iff' K' < CK{K'), i.e., iflf K' is abelian. In that case, we must have 

\K'\ dividing \CK{K')\. In particular, if n = 1, then \K'\ < \CK{K')\ < \K'\, 

and so K' = CK{K'). 

Remark 2.5.7. There are some cases in which there are no K with K' = G' 

and Z{K) = {!}• As noted before, this happens if there is an x G G' \ {1} 

fixed under each automorphism in L < Aut(/C'). One common case in which 

this occurs is when G' is isomorphic to C2n, n > 1; since G' has unique 

element of order 2, that element is fixed under all automorphisms, and hence 

must lie in Z{G). This also happens if G' = CQ. 

We may use these remarks (2.5.6 and 2.5.7) on a specific class of groups 

to get more detailed information than that supplied in Proposition 2.5.5 in 

the following Proposition. 

Proposition 2.5.8. If K' is cyclic of prime order p, and Z{K) = {!}, then 

K = {a,b : â  = 6" = 1,bab"^ = d^), where n\{p — 1) and r^ = \ modp if 

and only if n\j. 

Proof Write K' = (a). Then Aut{K') is cyclic, so that n = I smd K' ^ 

CK{K') as noted above. Further, L < Aut{K') is also cyclic, say L = {bK'). 

Let \L\ = n and note that n divides | AMi{K')\ — p—\. Also \L\ = n implies 

b^ e K' ^ (a), say 6" = a^ If s # 0, then (b) = (6, a) = K,so K should 
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be cyclic , and then would not have trivial center. Thus we have s = 0, and 

6" = 1. Next, note that K' < K implies bab'^ = d". If r^ = 1 mod p, then 

y>ab~^ = (f^ = a, so J>' commutes with (6) and with (a), so \P G "ZiK) = {1}, 

and j = 0 mod n. D 

Note that the groups in the above proposition are known as metacyclic 

groups. The following proposition gives us a formula for Pr(G) for this class 

of groups. 

Proposition 2.5.9. Let n and r be positive integers and let p be a prime 

number for which n\{p—\) and r^ = 1 mod p if and only ifn\j. Suppose that 

G^{a,b : aP = b" = 1,bab'^ = o*"), then 

n? +p—l 
Pr(G) 

pn"^ 

Proof. It is easy to see that |G'| — p and cd(G') = {1, n}. Now the assertion 

holds by Theorem 2.3.1. D 

Now consider a finite group G such that \G'\ = p, a prime, and 6" n 

Z{G) = {1}. We have {G/Z{G))' ^ G'. On the other hand, if we consider 

Z{G/Z{G)) = H/Z{G) for some H, Z{G) <H<G, then [G, H] < G' r\ 

Z{G) = {1} implies H = Z{G) and we have Z{G/Z{G)) = 1. Therefore by 

Proposition 2.5.8, there is a positive integer n depending only on G for which 

G/Z{G) = {a, b : aP = 6" = 1, bab'^ = a^). The number n is called the 

invariant number of G and denoted by inv(G). 

Finally, we can obtain the following proposition using the definition of 

invariant number and Proposition 2.5.9. 
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Proposition 2.5.10. Let G be a finite group such that \G'\ = p, where p a 

prime, and G' n Z{G) = {1}. Suppose that inv(G) = n. Then 

n^ + j9 — 1 
Pr(G) = 

pn'^ 
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Chapter 3 

Classification of Groups using 

Commutat iv i ty Degree 

In this chapter there are three sections. In the first section we study clas­

sification of groups having commutativity degree more than 11/32 [43]. In 

the next section we describe the concept of isoclinism [19] and finally, in the 

last section we study classification of groups up to isoclinism [32] as well as 

isomorphism [33] for groups having commutativity degree at least 1/2. 

3.1 Groups having commutativity degree more 

than 11/32 

In some cases it is possible to find the possible set of values of commutativity 

degree Pr(G') in a given interval. In 1979, David J. Rusin [43] has found the 

possible set of values of Pr(G) in the interval (11/32, 1] and classified all 
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finite groups for which the commutativity degree is greater than 11/32. i.e., 

for Pr(G) > 11/32. In this section we study Rusin's Classification of Groups 

in terms of commutativity degree. By Theorem 2.2.2 of Chapter 2, we have 

P'(«)^in^ (3.1.a) 

Equation 3.1.a enables us in principle to determine all possible values of 

Pr(G) greater than any fraction po, as long as pQ > 1/4; in this situation one 

need to find all values of PT(G) for those groups for which G' is one of the 

groups of order less than 3/(4yOo - !)• If Pr(G') > 11/32 then using Equation 

3.1.a one has \G'\ < 8. Thus we need only to consider those groups for which 

G' = {1}, C2, C,, C4, C2 X C2, C5, Ce, 53, and C7. 

G' = {1} means G abelian, so Pr(G') = 1. On the other hand G' = 

S3 is impossible, by Theorem 1.6.7. Thus we need only to consider the 

seven remaining cases. It turns out that even for a given G', the different 

possibilities for G' n Z{G) require separate discussions. Since G' fl Z{G) is a 

subgroup of G', we must investigate the following combinations: 

G' 

G' n z{G) 

C2 C3 C4 C2 X C2 

{1} {1} {1} {1} 

C2 C3 C2 C2 

C4 C2 X C2 

C5 Ce Cj 

{1} {1} {1} 

C5 C2 C-j 

C3 

Table 3.1: possibihties for G' n Z{G) 
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Case 1. G' < Z{G). 

For G' = Cp with p a prime, the only proper subgroup of G' is {1}, which 

has index p, so that by Proposition 2.4.8, one has Pr(G) = 1/p • (1 + (p — 

l)/p2") for some n also G/Z{G) ^ C^" by Proposition 2.4.10. For p = 2, we 

have the infinite family of values 1/2 • (1 + 1/2^"). For p = 3, only n = 1 

gives a value (= 11/27) greater than 11/32. For p = 5 and p = 7, all values 

of Pr(G') are too small. 

For G' = Ce — C2 X C'a, we know that G is nilpotent, say G = H2 x H3 

where H'2 = C2 and H'^ = C3. By Proposition 2.4.8 and Theorem 2.1.8(ii), 

we have 

r, /̂ X 1 A M l / " . 2 \ 5 11 11 

P'^(^)-2-(^ + 2 ^ j - 3 ( ' ^ ^ J - 8 ' ^ < 3 ^ -
For G' = C4, the only subgroups in the lattice are C4, C2 and {1}, by Propo­

sition 2.4.8, we have 

P̂ (G) = M l + ̂  + j-n/' 

with 

and 

, 2 n _ 1^1 2^" = 
I{1}1 

G 

Z(G) 
> [G' : {1}]^ =. 16, 

2^"" > [G' : Cs]^ = 4, 

so that Pr(G) < 11/32. 

For G' = C2 x C2, then by Proposition 2.4.8, we have 
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mG) = 7-fl + i + i + ^ 
4 \ 2'ini 22"2 2̂ "3 

Taking ni > n2 > ^3 for definiteness, we must also have n2 + ns > ni, so 

that Pr(G) = 7/16 (nj = 712 = na = 1) and 25/64 (nj = 2,n2 = ng = 1) are 

the only values greater than 11/32. 

Case 2. G 'nZ(G) = {l}. 

By Remark 2.5.6, we have seen that the unique element of order 2 of a 

group G must lie in the center of G. Thus G' = C2, C4 or Ce gives contradic­

tion in this case. This also rules out the combination G" = C^.G' n Z{G) = 

C3. If G' = C2 X C2, then we may find that G/Z{G) ^ A4 and Pr(G) = 1/3. 

The remaining cases are of the form G" = Cp for p an odd prime; by 

Proposition 2.5.9, we have Pr(G) = {n^ + p — l)/n^p (where n\p — 1). The 

only values of Pr((j') above 11/32 for groups G in this case are 1/2 (G" = C3 

and G/Z{G) ^ S3), 2/5 (G' ^ C5 and G/Z{G) ^ Dw) and 5/14, (G' ^ G7 

and G/Z(G) ^ D14). 

Case 3. Remaining combinations. 

First, consider the case |G'| == 4 with \G' n 2'(G)| = 2. For this case 

Rusin claims to have shown that Pr(G) = 1/4 • (1 + 1/2^' + 1/2 • 1/2^'), with 

22̂  = [CG{G') : Z{CG{G'))] and 2^' = [H : Z{H)] where H = G/{G'r\Z{G))] 

s + l>t>\. The only value of this, exceeding 11/32, is 7/16. 

The last case is G' = Ge with G' n Z{G) = G2. Again,Rusin claims to 

have shown that for such G, Pr(G) = 1/4 + l / 2^ 5 > 3. The only value of 

this, exceeding 11/32, is 3/8 (for s = 3). 
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Summary: If we summerize whatever has been studied so far, then we 

have the following possibilities for Pr(G) > 11/32: 

Pr(G) 

i - (1 + 2-2^) 

1/2 = .5000 

7/16 = .4375 

11/27 ^ .4074 

2/5 = .4000 

25/64 « .3906 

3/8 = .3750 

G' 

C2 

Cz 

Ci or 6*2 X C2 

C2XC2 

c. 
a 

C2XC2 

Ce 

G' n Z{G) 

C2 

{1} 

C2 

C2 X C2 

c. 
{1} 

C2XC2 

C2 

G/Z{G) 

(02^ 

S3 

DA 

€2^ or C2' 

C.xCz 

D, 

CI or CI 

C2 X 53 or T 

Table 3.2: Possibilities for Pr(G) above 11/32 

(T being the nonabelian group of order 12 with T j^ A^, and T j^ C2 x S3 .) 

Remark 3.1.1. We have not discused the last column in the above table for 

all cases due to lack of resources. However, it definitely reveals the intuitive 

feeling that the groups having comparatively large centers are abelian. 

3.2 Isoclinism Between Groups 

In this section we study the concept of isoclinism, introduced by P. Hall [19]. 

Definition 3.2.1. Let G and H be two groups. Then, the pair {(pi, ^2) is 

said to be an isoclinism from G to i? if 
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(i) </)i is an isomorphism from GIZ{G) to H/Z{H), 

(ii) (f)2 is an isomorphism from G' to H', and 

(iii) the diagram 

G G 

Z{G) Z{G) 

4>i X 01 H H 
X Z{H) Z{H) 

0.G 

G' 
02 

an 

i / ' 

commutes, that is, an o (0i x 0^) = (p2° Q-G where a^ (similarly an) 

is given by aGixZ{G),yZ{G)) = [x, y] y x,y eG. 

If there is an isoclinism from G to H, we say that G and i7 are isodinic. 

Remark 3.2.2. Isoclinism is an equivalence relation between groups. 

Let us now study some properties of isoclinism between two groups. 

Lemma 3.2.3. If G and H are isomorphic then they are isodinic as well. 

Proof. Let 0 : G —> i / be an isomorphism. Then 0 induces isomorphisms 

01 : G/Z{G) -^ H/Z{H) given by 0i(^Z(G')) = (t>{g)Z{H) V ^ € G and 

02 : G' ^ H' given by 02 (^) = 0(^) V g E G', so that the following diagram 

commutes: 
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G G 
X 

h X <t>i 

Z{G) Z{G) 

H H 
X Z{H) Z{H) 

ac an 

G' 
(f>2 

H' 

G G 
Noting that for {a, 13) G x we may write a = giZ{G), P 

Z[G) Z[G) 
g2Z{G), where ^1,^2 € G and so 

an o {4)1 X 0 I ) (Q; ,^ ) =a/?(0i(a),</'i(/5)) 

= (^2(aG(a,/5)) 

= (<^2oaG)((a,y9)), 

which means that a// o (^i x t/iŷ ) = 02 o ^G. D 

Lemma 3.2.4. Ze^ G he a finite group and N < G such that A'' n G = {1}. 

Then G is isoclinic to G/N 

Proof. Since [GjN)' ^ G' and Z(G/iV) = {iV} so {G/N)/ZiG/N) ^ G/N. 

Hence the lemma follows. D 

Lemma 3.2.5. Let G and H be two isoclinic groups; then Pr(G') = Pr{H). 
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Proof. We have 

G 
Z{G) 

Pr(G) 
1 

1 

\Z{GW 
1 

WGW 
1 

|GpPr(G) 

\{{x,y) eG X G\xy ^yx}\ 

\{{x,y) e G X G\xyx-'y-' = 1}\ 

- \{{x,y) eGx G\aG{xZiG),yZ{G)) = 1}\ 
\Z{G)\ 

That is 

G 

Z{G) 
Vx{G) = {(«,/5)e ( ^ ) aG(a,/3) = l} 

Similarly, 

(3.2.a) 

/i^ 
Z(if) 

Pr(//) {(7,<5)e ( ^ ) aH(7,5) = l} 

Let ((/)i, </)2) be an isoclinism from G to if; then 

/ G -^ 
{(t^,/5)e ( ^ ^ ) a G K ^ ) = i} 

{(a,/3)G 
G 

Z{G) 

= {(7,<^)e r- i / 

aH{Ma),MP)) = l} 

anh^S) ^ 1}. 

Thus, from Equation 3.2.a and Equation 3.2.b, it follows that 

Pr{H). 
G 

Z{G) 
Pr(G) = 

H 
Z{H) 

(3.2.b) 

59 



But G/Z{G) and H/Z{H) are isomorphic (via 0i ), hence |G/Z(G)| = 

\H/Z{H)\- the equality Pr(G) = Pv{H) follows. D 

Proposition 3.2.6. Let G he any group (finite or infinite); then there is a 

group Gi isoclinic to G such that Z{Gi) C G/ . If G is finite, so is any such 

Gi. 

Proof. We have every group is a homomorphic image of a free group. Choose 

a free group F such that TT : F —>̂ G be a surjective homomorphism. Consider 

the map <̂  : F -> G x F/F' given by (/)(x) = {n{x),xF') Vx G F. Let 

r = 0(F). 

Then 

Z{T) = {{g, f)eT: [{g, / ) , {h, k)] = 1 \/ {h, k) £ T} 

= {{gJ) eT:[g,h] = l and lf,k] = I ^ {h,k) e T} 

= {{9j~)eT:geZ{G)] 

= {<i){x):xeiT''{Z{G))] 

=^(p{A) where A = TT''{Z{G)). 

We have 

T/T ' = * ( F ) M F ' ) = ( ^ ^ 

F/Ker(l) 

F' Ker <̂ / Ker 0 
F 

F ' Ker 0 

but Ker 0 = Ker TT n F ' C F' . 

Thus 

T/r ^ F/F' 
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is free abelian. Also Z{T)/{Z{T) O T) ^ Z{T)T'/T\ hence to a subgroup 

of T/T'\ since subgroup of a free abelian group is free abelian therefore 

Z{T)/{Z{T) n r ' ) is also free abelian. We can thus find a free abelian sub­

group B of Z{T) such that 

Z{T) = Bx (Z(T)nT ' ) . 

B, as a subgroup of Z{T), is normal in T; we intend to show that 

T 

satisfies our requirements. 

Let C/B = Z{Gi) = Z{T/B); then 

[C, T]CT'nB = T'n Z{T) n B = {!}, 

i.e., C C Z{T). Also ^ ^ C Z f ^ J = ^ gives Z(T) C C. Therefore 

'T\ Z{T) 

In particular, 

Let us first define 

by 

G Gi 
T : 

Z{G) Z{G,) 

r{a) = (<^(/)B)Z(Gi), 

61 



where 

a = 7r(/)Z(G) ifeF). 

Ua = n{h)ZiG) = n{f2)ZiG), then 7r(/rV2) = 7r(A-i)7r(/2) G Z{G), 

hence / r 7 2 G TT-H-^IG)) = /I. Therefore 

4>{h)-'4>{h) = </'(/rV2) G (^(/i) = z{T) 

from which it follows that 

{<t>{h)B)-\cl>{h)B) ^ (0(/i)-V(/2))S e ^ ^ z { ^ = Z{G,) 

and {(f){fi)B)Z{Gi) = {(p{f2)B)Z{Gi). We have proved that r is well-defined; 

(J 
it is clearly a homomorphism of groups. Also for {<f){f)B)Z{Gi) G , 

z(Gi) 
Q 

where / G F we have •n{f)Z{G) G such that 
Z(G) 

r(7r(/)Z(G)) = (0(/)fi)Z(Gi). 

i.e., r is surjective. Let a = 7r{f)Z{G) G KerTr then (t>{f)B G Z{G\) = 

Z(T)/B, i.e., <?:)(/) G -^(r) = (j){A). Therefore (/>(/) = (/)(a), where ae A = 

Tr-^{Z{G)). It follows that 

Af) C Z(G) 

and 

a = iT{f)Z{G) = Z{G) = lGfz(G), 

i.e., T is injective, therefore an isomorphism. 

Obviously, 

G[ = ( I ) ' = ™ = f ^ -T'- ^(^)' = G' X {1} ^ G' 
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all the isomorphisms being canonical. We have in fact shown that 

o-.a ^ G\ 

defined by 

Va; e G' o{x) = (a;, l)B 

is an isomorphism, where 1 is identified with \F/F', the identity element of 

F/F'. We shall establish that (r, o) is an isoclinism from G to G", thereby 

completing the proof of the proposition. It is now clearly enough to check 

condition (iii) in Definition 3.2.1. Then let (a;,/3) e ( . , J , with a = 

•K{h)Z{G) (/i G F) and /3 = 7r(/2)Z(G) ( ^ G F). One has 

[ao, o (r X r)](a,^) = aGi(r(a), r(/?)) 

= aG, (Wi)B)Z(Gi ) , (</.(/2)B)Z(Gi)) 

= ([^(/i) ,^(/2)], l)5 

Thus a^i o (r X r) = (7 o QG, as claimed. 

If G is finite, so are G/Z{G) and hence Gi/Z{Gi) ^ G/Z{Gy, but 

^(Gi) C G'l, so |G;Gi| is finite. But G[ ^ G' is finite, so Gi is also fi­

nite. D 

Let G be a finite group. Consider the set ]ISO(G) defined by 

I§0(G) = {H \H isa finite group isoclinic to G such that Z{H) < H'}. 
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Then by Proposition 3.2.6, ISO(G) is non-empty. Let us state the following 

lemma which will be useful for further considerations. 

Lemma 3.2.7. Let G be a finite group such that G' < Z{G). Then 

ISO(G) = {H : H is a finite group isoclinic to G such that Z{H) = H']. 

Moreover, if \G'\ — P, P prime, then {\H\ : H G ISO(G')} = {p"} for some 

positive integer n-

Proof. If i / G ISO(G') then G and H are isoclinic. Let (</?, •0) be an isoclinism 

from G to H. We have Z{H) < H'. By assumption G" < Z(G') therefore 

G/Z{G) is abelian and since G/Z{G) = H/Z{H) (via ^p), we obtain that 

H/Z{H) is abelian which implies that H' < Z{H). Hence we have H' = 

Z{H). This proves the first part of the lemma. 

For the proof of the second part of the lemma suppose that H and K be 

two elements of ISO(G). Then we have 

\H/H'\ = \H/Z{H)\ = \K/Z{K)\ = \K/K'\. 

But \H'\ = \K'\, so we have \H\ = lA'l which implies that {\H\ : H 6 

]ISO(G)} = {1} for some positive integer /. 

Now suppose that \G'\ = p and if G ISO(G) then \H'\ = p. If q {^ p) is a 

prime divisor of jH|, the nilpotency of H implies that the Sylow q-subgroup of 

H must lie in Z{H) = H' which is a contradiction since \H'\ — p. Therefore H 

must be a p-group and so / = p" for some positive integer n which completes 

the proof. D 
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Viewing the above lemma for the finite group G such that \G'\ = p, p 

prime and G' < Z{G), the positive integer n for which {\H\ : H £ ISO(G)} = 

{p"} is called isoclinic exponent oi G and denoted by iso.exp(G). 

Lemma 3.2.8. Let S be a nonabelian simple group then any group G isoclinic 

to S is isomorphic to S x A for some abelian group. 

Proof. G is isoclinic to 5 implies G' = S' = S, therefore 

G'nZ{G) CZ{G') = {1}. 

But 

^ "' ^ ^ S 
Z{G) Z{S) 

is perfect, hence G = G'Z{G) = G' x Z(G) ^ Sx Z{G). The result follows 

with A = Z{G). D 

Lemma 3.2.9. Let G be a group (finite or infinite) and H be a subgroup of 

G. If G = HZ{G) then G and H are isoclinic, and if H is finite then the 

converse is also true. 

Proof. If G = HZ{G) then for each g E G one has g = hz for some h £ H 

and z e Z{G). Now, for h' G Z{H) one has h'g = h'{hz) = {h'h)z = 

h{h'z) = {hz)h' = gh' for all g e G. Which implies h' e Z{G). Therefore 

Z{H) C HC\Z{G) and the other inclusion is trivial. Thus Z{H) = HnZ{G) 

and 
H ^ H ^ HZjG) ^ G 

Z{H) HnZ{G) Z{G) Z{Gy 

the isomorphism i\ : H/Z{H) —> G/Z{G) being induced by the inclusion 

i-.H-^G. 
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Furthermore, let x, y E G; then x = hiZi{hi e H, Zi E Z{G)) and 

y ^ h2Z2{h2 € H, 22 G Z{G)), then [x,y] = [hi, h^] e H' and G' = H'. 

Let 1'Q be the identity mapping from G' to H'. It is clear that (zi, 1'̂ ) is an 

isoclinism from H to G. 

Conversely, if H is isoclinic to G and is finite, then G/Z{G) ^ H/Z{H) 

is also finite. But 

G 
Z(G) 

> 
HZ{G) 
Z{G) 

= 
H 

HnZ{G) 
> 

H 
Z{H) 

= 
G 

Z(G) 

Thus one has the equality all along, and so G = HZ{G). D 

Lemma 3.2.10. Let G and H he two isoclinic finite groups, then 

|G'nz(G)| = |if'nz(i/)|. 

Proof. Since G and H are isoclinic, so ^ ^ — ^ ^ implies [-^QA = 

G V G'Z{G) ^ G' 

and similarly 

Therefore 

Z{G)J Z{G) G 'nZ(G) 

H \' H' 

Z{H)J H'nZ{Hy 

\G'\ \H'\ 
\G'nZ{G)\ \H'nZ{H)y 

Since G' ^ / / ' , it follows that \G' n Z(G)| = |/f' n Z{H)\. D 

Remark 3.2.11. We can use the Lemma 3.2.10, to give a new proof of 

Corollary 2.5.4 of Chapter 2 as follows: 
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By Proposition 3.2.6, there is a finite group K isoclinic to G such that 

Z{K) C K'. Then 

\Z{K)\ - \Z{K) n K'\ = \Z{G) n G'\ - |{1}| = 1, 

by Lemma 3.2.10 and the hypothesis on G, i.e., Z{K) = {1}. Now the 

isoclinism between K and G impUes K' = G' and PT{K) = Pr(G) by Lemma 

3.2.5. This proves Corollary 2.5.4. 

3.3 Groups having commutativity degree at 

least 1/2 

In this section we consider the groups having commutativity degree at least 

1/2 and classify them upto isoclinism [32] as well as upto isomorphism [33]. 

3.3.1 Classification upto isoclinism 

The main result here is the following 

Theorem 3.3.1. Let G be a finite group such that Pr(G) > | , then G is 

isoclinic to exactly one of the following 

(i) trivial group {I}, 

(ii) an extraspecial 2—group, 

(iii) 53, the symmetric group of three symbols . 
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Proof. By Proposition 3.2.6, there is a group H isoclinic to G such that 

Z{H) C H'] now Lemma 3.2.5 implies that Fv{H) = Pr(G) > \. We may 

therefore assume that Z{G) C G'. Theorem 2.2.2 yields the bound 

1^'' - 4 P r ( G ) - l - i T T T T = 3. 

Let us consider two cases: 

Case 1. Z{G) C G' 

In this case one has Z{G) — {1} (because \G'\ e {1,2,3}). Let 

E = {geG\\G:CG{g)\^2}, 

let n = |G| and \E\. Clearly \G : CG(1)| = 1 . Thus there are exactly 

n — m — 1 elements of G such that \G : CG{g)\ > 3, therefore 

'^<\G\'PV{G) = J2\CG{X)\ 
xeG 

= \CG{1)\ + J2\CG{X)\+ ^ \CG{X) 
xeE xeG,\G:CG{x)\>3 

< n + m • - -\- [n — m - I) — 

2n 
^ — 

3 + 
m.n 

6 + 
2 

n — 
3 ' 

i.e., m > n - 4 . If n < 10, the condition {1} = Z{G) C G' forces G ^ ^3, and 

we are done. We may therefore assume n > 10, and thus m > n—A > n/2-f 1. 

Now let 5 e JE then by definition of E we have \G : CG{g)\ — 2, therefore 

CG{9) < G and G/CG{g) is abelian (being order 2) i.e., G' C Ccig) and 

5 e Ccig)- Thus we have shown that 

E C CG((S"). 
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It follows that | C G ( G ' ) | > \E\ ^ m > n/2, implies \G : CG{G')\ < 2, i.e., 

G = CG{G') therefore G' C Z{G), which is a contradiction. Hence n > 10 is 

not possible in this case. 

Case 2. Z{G) = G' 

In this case G is nilpotent. For each prime p, let Gp be the Sylow p-subgroup 

of G. If Gp is nonabelian, then by Theorem 2.1.8 (i) and Theorem 2.2.5, we 

have 

1 < Pr(G) < Pr(G,) < ^ ^ ^ ^ 

i.e., p^ < 2p^ + 2p - 2 < 2p{p + 1) and p^ < 2p + 2, hence (p - 1)^ < 3 < 4, 

i.e., p < 3, thus p = 2. Therefore G is the direct product of its Sylow 2-group 

G2 and an abelian group, say H. i.e., G = G2y-H. Then Z{G) = ^(^2) x / / 

i.e., G' = Z(G2) X H also G' = G'2 x {1}, thus G'^ x {1} = Z{G2) x / / forces 

G'2 = ^(^2) and H = {!}. That is G is a 2-group. 

Now |G'| < 3 and \G'\ divides \G\ implies Z{G) = G' = {1} or |G'| = 2. 

In the first case G = {1} and in the second case Z{G) = G' has order 2, i.e., 

G is an extraspecial 2-group. D 

Corollary 3.3.2. / /Pr(G) > | , one of the following holds: 

(i) G is abelian and Pr(G) = 1. 

(ii) G/Z{G) is an elementary abelian group of order 2^'^ for some m > I, 

\G'\ = 2, and Pr(G) = | (1 + 1/4" )̂ < | . 

(iii) G is isoclinic to S3 and Pr(G) = | . 

Proof. By Theorem 3.3.1, G is isoclinic to {1}, an extraspecial 2-group, or 

S3; the first case leads to (i), and the third one to (iii). Let G is isoclinic to 
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an extraspecial 2-group we may assume that G is an extraspecial 2-group. 

i.e., G' = Z{G) has order 2. By Proposition 2.4.8 of Chapter 2, we have 

\G\ \G\ G 
where 2'^"' = rhri = TTTTTWT- Also by Proposition 2.4.10, we have ^777^ ^ 

Q 
C^^. Thus • is an elementary abelian group of order 2̂ "̂  for some 

Z{G) 

m > 1. D 

Some immediate consequences of Corollary 3.3.2 are 

(i) If G is not abehan, then Pr(6') < | . 

(ii) If Pr(G) > 5, then G is nilpotent. 

(iii) If Pr(G) = ^ and G is not nilpotent, then GIZ{G) ^ S^ and G' = C3. 

(iv) If i < Pr(G) < 1, then Pr(G) G {^(1 + 1/4") | n G N,n > 1}. 

P R O B L E M : Is it possible to classify (upto isoclinism) all finite groups 

for Pr(G) > ^, where p is any odd prime ? 

3.3.2 Classification upto Isomorphism 

In order to study the classification upto isomorphism, we need to develop 

some group theoretic tools. 

Proposi t ion 3.3.3. Let p be a prime number, G an abelian r-group and u 

an element ofG; then either 
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(i) (u) is a direct factor of G, or 

(ii) For some v E G, O{UVP) < o{u). 

Proof. We have G — Gi x G2 >i • • -Gk where Gj's are finite cyclic p-groups. 

We may assume that u ̂  1 E G as in that case (i) holds trivially. Let 

u = {ui,U2,- • •'^k)- Consider the set 5 = {i|l < i < k and o(uj) = o(u)}. 

Also note that o{u) = max {o{u^)} 
l<i<k 

Case 1. For all i e S, (u,) < G^ 

In this case u^ and hence u~^ are not generators of Gj V i E S. Therefore 

for alH e 5 there exists Vi E G such that u~^ = yf. 
Let V = {xi,X2r •' ^k) where 

( Vi, if i e 5 

1, if z ̂  S. 

Then uv^ = {ui,U2, • • • y'k){x^i, x^, • • • xl) = {wi,W2,--- ,Wk) where 

[1 , if ieS 

I Ui, if i ̂  S. 

Therefore 

o{uv^) = max {o(wM = max {l.oiui)] < o(u) 
\<i<k ^ " \<x<.k i- ' ^ '^J ^ ' 

and so (ii) holds. 

Case 2. There exists an i e 5 such that {ui) = G^ 

Without any loss we may assume (ui) = Gj. Let E — {\)xG2^G-iy.- • -y^Gk-
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Since every c/t e Gj we have {91,92,-•• ,9k) = (^i,!,-- • A){'^,92,--- ,9k) and 

^1 = uT" for some m, also (ui, 1, • • • ,1) = {ui,U2,- • • ,Uk){l,U2 • • • ,u]^ ) G 

(u)i/ therefore G C{u)H. Hence G={u)H. 

Now 

_ oK)|iJ-| ^ |Gi | |G2 | - - - |Gfe |^ |G| 
\{u)nH\ \{u)r\H\ \{u)nH\' 

Which forces (u) n H = (2). Eence (u) is a direct factor of G. i.e., (i) 

holds. D 

Let p and q denote prime numbers such that q\p — 1. Then there exists, 

up to isomorphism, one and only one non abelian group of order pq, which is 

Dpg = < a, r |a' ' = r ' = 1, r^'^ar = a^ > 

where A ̂  l(modp) but A« = l(modp). Let 6* G {1,2, • • • ,g - 1} and m > 

1, we define a new group Tp^q^rnfi by generators and relations in the following 

way 

Tp,q,mfi =< 7r,r|7rP = T"" = l,r~^7rr = TT̂ " > . 

Then \Tp^q,m,e\ ^ pq"" and r ' G Z(Tp,,,„_e), therefore 

C = < r ' ' > < Tp,q,m,e. 

But 

^ ^ = < ^ , f |(^)P = (fY = 1, (^)-l^^ = (̂ )A^ > 

is isomorphic to Dpg, hence has center trivial, therefore Z{Tp^q^rn,e) Q C and 

Z{Tp^g^rn,e) = C". 
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Thus it follows that 

Z{Tp^q,mfi) 

Conversely, one has 

Theorem 3.3.4. / / the group G is such that G/Z{G) = D^q, then there 

exists ^ e {1,2, • • • ,5 — 1}, m > 1 and a finite abelian group A, such that 

G = Tp^q^rn,9 ^ A. 

Proof. Let r be a prime and i? be a Sylow r-subgroup of G. Then RZ{G)/Z{G) 

is a Sylow subgroup of {G/Z{G)) = D^q. Since -z^ = p or q therefore 

cyclic. Also ^ ^ ^ -^^^^ hence ; ^ p ^ is cyclic. But R n Z{G) C Z{R) 

therefore R/Z{R) is cyclic hence R is abelian. Thus we have seen that all 

Sylow subgroups of G are abelian. Hence by Taunt's result [48], we have 

G 'nZ(G) = {1}. Then 

G'nZ{G)~ Z{G) \Z{G)J "^ "'' - < ^ > . 

that has order p; let IT be an element of G' sent to a by the above sequence 

of isomorphisms. Then G' = < n > has order p. 

As {G/Z{G)) ^ Dpq is not abelian so G' ^ Z{G), i.e., n ^ Z{G); therefore 

one can find t E G such that irt y^ tir, i.e., f'^-ivt 7̂  TT. 

But < TT > = G' < G, so t'^TTt e < TT >. i.e., t'^irt is a power of TT, say 

TT" with n = l(modp). 

But t-^irt = 7r" implies {t-^TTt)Z{G) = 7r"Z{G). we may write i'^ai = a" 

putting iZ(G) = i and TTZ{G) = a. 

But the conjugates of o in Dpq are of the form a'̂ ". Therefore a" = a-̂ " 

for some u € {0,1, 2, • • • , g - 1} and n = A"( modp). Therefore r^Tri = TT" = 
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TT̂ ", with u 7̂  0 (as f'^nt 7̂  TT) and hence q ] u. Let o{t) - ^'"7 where (̂  \ 7 

then (f ĵ̂ ^TT^ = 'K^^'' and U7 ^ O(modq). Let Q denotes the remainder in 

the division of U7 by q. Setting r = i"̂  we see that 

- 1 A« 
r TTT = TT (3.3.a) 

and O{T') — (f^. If one had m = 0 then would follow r = l,7r 

Â  = l(modp), i.e., g | ^, a contradiction; therefore m > 1. 

— -n-^ TT'' , I . e . , 

Among all r G G of g-power order (f^ such that 3.3.a hold, let us choose 

one corresponding to the minimal possible value of m; it is clear that H — 

< 7r,r > is isomorphic to Tp^g^rn,e- We may write 

pq \Dp,\ = 
G 

> 
Z{G) 

-'•p,q,m,e 

HZ{G) 

Z{Tp^q^rn,e) 

Z{G) 

Z{H) 

H 

HnZ{G) 
H 

Z{H) 

Z{H) 

Hnz{G) 

pq 
Z{H) 

H n Z{G) 
>PQ, 

HnZ{G) 

as //• n Z{G) C Z{H); therefore we have equality all along. In partic­

ular, G = HZ{G) and Z{H) = H f] Z{G). But r ' e Z{H) therefore 

T" e Z{G), and O{T1) = ^O{T) = q^-^. Applying now Proposition 3.3.3 

to r = g, G = Z(G)q (the q'-component of Z{G)), and u = r ' , we obtain 

that either: 

(a) < T̂  > is a direct factor of Z{G)q or 

(b) For some v e Z{G)q, ©(r^u") < O{T'^). 

If (b) would hold, we would have 

O{TV) < q oirH") < oir") = q"'-^ 
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hence O{TV) = g'" for some r < m- I and {TV) V(rt)) - v ^{T ^TTT)V = 

r-̂ TTT = TT'*'*, which contradicts to the minimaUty of m. Therefore (a) holds, 

Z(G), = < T 9 > xB 

for some (abelian) group B, and 

G = HZ{G) =<H, Z{G) > = < TT, r, Z{G)g, Z{G)^> > 

= < TT, r, r ^ B, ZIG),- > = < TT, r, 5 , ZlG)', > 

= < 7r,r > xB X Z{G),> ^ T^,,,^,, x B x Z(G);. 

Thus we have proved that G = Tp^g^rn,e x >1, where /I = 5 x Z{G)q'. D 

Corollary 3.3.5. / / G/Z{G) ^ Sg, f/ien G ^ G„ x .4 /or some m > I, 

where A is an abelian group and Gm —< o;T\a^ — r̂ "" = l , r ~ V r = a"^ >. 

Proof. Let us apply Theorem 3.3.4 with p = 3, g = 2; then D^ = S^ and 

it follows that G = T3̂ 2,m,e x A for some 7 n > l , ^ G { l } and some abelian 

group A, that is 

G ^ T3,2,m,l X A. 

But it is clear that 

3̂,2,771,1 = < 7r,r|7r^ = r^" = l , r ~ V r = 7r~̂  > 

where A ^ l(mod3) but Â  = l(mod3) therefore A = -l(mod3). Thus 

T3,2,m,i = Gm. Hence G ^ Gm x A. D 

Theorem 3.3.6. A finite group G has commutativity degree Pr(G) > \ if 

and only if one of the following holds: 
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(i) G is abelian. 

(ii) G ^ P X A, where P is a 2-group such that \P'\ = 2, and A is an 

abelian group of odd order, 

(iii) G = Gm X A, where m>l, A is abelian and Gm = < cr,''"k^ = f̂ "" = 

Proof. By Corollary 3.3.2, one of the following hold 

(1) G is abelian 

(2) G/Z{G) is an elementary abelian group of order 2̂ "̂  for some m > 1, 

and |G'l = 2 

(3) G is isoclinic to S^, and in particular 

Z{G) Z{S,) ^'-

But (1) is the same as (i), and (3) yields (iii) via Corollary 3.3.5. In case (2), 

G' C Z{G), so G is nilpotent and hence it is the direct product of its Sylow 

subgroups. By necessity the odd order ones are abelian, so is their product 

A, and the Sylow 2-subgroup P verifies \P'\ = 2, with G x A. 

Conversely, it is obvious that Pr(G) = 1 > | in case (i), and that 

Pr(G) = Pr(G^ xA) = PviGj Pr{A) = ^ • 1 = ^ 

in case (iii). In case (ii), \G'\ = 2, therefore each conjugacy class of G has 

order at most two; but Pr(G) = k{G)/\G\, where k{G) denotes the number of 

conjugacy classes in G . Let Ci = {1}, C2, • • • , Ck{G) be the various conjugacy 
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classes in G. Then 

fc(G) k{G) 

\G\ = ^ I C I = 1 + J^ ia i < 1 + 2{k{G) - 1) = 2k{G) - 1 < 2A;(G), 

therefore 

PrfG) - ^^^^ > ^ 

D 

Remark 3.3.7. Blackburn has enumerated, in [4], all the p-groups whose 

commutator subgroups have order p. 

PROBLEM: Is it possible to classify (upto isomorphism) all finite 

groups G for Pr(G') > -, where p is any odd prime ? 
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Chapter 4 

Supersolvability Conditions 

Using Commutativity Degree 

In this chapter we study some conditions in terms of commutativity degree 

under which a finite group acquires certain special properties expressible in 

standard group-theoretic terms. 

4.1 Prerequisites 

In this section we study some group-theoretic results involving supersolvabil­

ity and some other standard terms. 

Lemma 4.1.1. If G' is cyclic, then G is supersolvable. 

Proof. Let G' be cyclic therefore it is supersolvable. Let 

{l} = AoCA,CA2---CAk^G' 
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be a normal series in which each factor group is cyclic. Again since GjG' is 

abelian so is supersolvable. Let 

G' - G' - G' - - G' G' 

be a normal series such that '^^', ^ - ^ is cyclic forall \<%<l. Where 

Bj's are normal subgroups of G containing G' (by Correspondence Theorem 

1.2.4) also Bj+i C B^. Hence, 

{1} = ^0 C yli C yl2 • • • C Afc = G" C 5 i C J52 • • • C B, = G 

is a normal series in which every factor is cyclic. Therefore, G is supersolv­

able. D 

Lemma 4.1.2. G is supersolvable if and only if -^r supersolvable. 

Proof. By Theorem 1.10.3, it is clear that ^^ supersolvable. Now suppose 

that 2 ^ supersolvable. Let 

Ao Ai Ar 

Z{G) - Z{G) - Z{G) 

be a normal series where AQ = Z{G), Ar = G, -^^ < -SQ: for 0 < Z < r 

and -zm)/wG) ^̂  cyclic for 0 < z < r - 1. 

By the Third Isomorphism Theorem 1.2.3, -~ is also cyclic. 

Now Z{G) being finite abelian group , is supersolvable, so let 

{1} = J5o < Bi < • • • < 5„ = Z{G) 

be a normal series for Z{G) with Bi < Z{G), 0 < i < n and ^^ is cyclic 

for 0 < i < n — 1. 
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It is now clear that 

{1} ^ Bo < Bi < • • • < Bn = Z{G) < Ai^--- <G 

is a normal series for G in which each subgroup is normal in G, because central 

subgroups are normal and ^ ^ ^ WQ] if and only if Aj < G. Moreover, the 

required factor groups are cyclic, so G is supersolvable. D 

Further this lemma can be strengthened to the following 

Lemma 4.1.3. Let N <G and suppose that N and G/N are both supersolv­

able. If every normal subgroup of N is normal in G, then G is supersolvable. 

Note that both A4 and G(75), the unique nonabelian group of order 

75 shows that N and G/N, which are both supersolvable, but G is not 

supersolvable. 

Lemma 4.1.4. / /Aut(G) is supersolvable, then G is supersolvable. 

Proof. Since Inn(G) < Aut(G) therefore Inn(G) is supersolvable (by The­

orem 1.10.3). Also Inn(G) = -g^ . Therefore ^ ^ is supersolvable so by 

Lemma 4.1.2, G is supersolvable. D 

The quaternion group Qs of order 8 shows that the converse of this result 

is false since Qg is supersolvable but Aut(Q8) = 54 is not supersolvable. 

We note that 'supersolvable' in Lemma 4.1.4 can not be replaced by 'CLT' 

because S4 = Aut(A4) is CLT but A4 is NCLT. 

However, it can be shown that -^^ CLT implies G CLT, but again the 

converse is false, since A^ x C2 is CLT but zfA^^^Ci) - "̂ 4 ^̂  NCLT. 
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Lemma 4.1.5. / / Q>^Z(G) '̂* ̂ 2/̂ *̂̂ ' ^^^" ̂  •̂̂  supersolvable. 

Proof. We have 
/ G V^G'ZjG)^ G' 
\Z{G)) Z{G) G'nZ{Gy 

Since GYS(G) ^̂  cyclic, so is i-^j • Thus by Lemma 4.1.1, - ^ is super-

solvable, so by Lemma 4.1.2, G is supersolvable. D 

A group G is called incompetent if there does not exists any group K such 

that G^K'. 

Lemma 4.1.6. If G has a cyclic, characteristic, non-central subgroup, then 

G is incompetent. 

Proof See [38]. D 

Lemma 4.1.7. If G E Gp and G' '^ Cp x Cp, where p is an odd prime, then 

G is nilpotent. 

Proof. First of all we show that if for any prime q which divides \G\ Sylow 

q-subgroup G, C CG{G'), then Gq<G. 

Now Gg C CG{G') implies that G' C G G ( G , ) . 

Then 

G' C CG{G,) C NG{G,) 

implies that N G ( G , ) < G. Now Gg is a Sylow g-subgroup of G, so Gg is a 

Sylow 9-subgroup of NG{Gq). 

The Frattini argument now implies that 

G = NG{Gg)NG{Gg) = NG{Gg), 
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so Gq < G. 

Next, ^frfry can be embedded in Aut(G'), which has orderp(p-l)^(p+l) . 

Since p is odd, (p - 1)^ and (p -Y 1) are both even and relatively prime to p; 

also 

( ( p - l ) 2 ( p + l ) , | G | ) = l, 

since G G ̂ p, so 

If 

If 

G 
CG{G') 

G 

G = 1 or p. 
CG{G') 

= 1, CG{G') = G, so G' C Z{G) and G is nilpotent of class 2. 

= p, then Gg C CG[G') for all primes q ^p, so Gq <G. CG{G') 

Thus every Sylow subgroup of G is normal in G, so G is nilpotent, as 

claimed. D 

Remark 4.1.8. (i) G is in fact isomorphic to Gp x A, where A is an 

abelian p'-group. 

(ii) Lemma 4.1.7 does not necessarily hold for p = 2, with A4 being an 

obvious counterexample. 

Lemma 4.1.9. Let \G\ be odd and suppose that i ^ > ^ ( = 0-0400). Then 

G is supersolvable. 

Proof. We have \G\ odd and |G'| is an odd number less than 25. If |G'| = 1 

or a prime number, then G is supersolvable by Lemma 4.1.1. If |G'| = 15, 

again G' is cyclic and we are done. If |G'| = 9, then either G' is cyclic 

or G' ^ G3 X G3. Since \G\ is odd, G G ^3 and, by Lemma 4.1.7, G is 

supersolvable. Finally, if |G'| = 21, then either G' is cyclic or G' is the unique 

nonabelian group of this order. But this group has a cyclic, characteristic, 

non central subgroup, contradicting Lemma 4.1.6. D 
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This result is the best one possible because |G(75)'| = 25 and G(75) is 

not supersolvable. 

Lemma 4.1.10. If \Z{G)\ = 1, then \G\ < |G"|| Aut(G')|. Moreover, if 

\G'r\Z{G)\ = 1, then 

Proof. We have 

G 
Z{G) < |G'||Aut(G')| 

\G\ = 
G 

\CG{G') 

Since 

CG{G') 

< I Aut(G')| (by N/C Theorem 1.6.3) it is sufficient to show 
CG{G') 

that CG{G') < a. 

Again by Jacobi identity (1.4.3), we have 

[CG{G'),CG{G')]<Z{G)^{1} 

Hence CG{G') is abelian. Therefore, 

C7G(G') = P I X F 2 X - - - X P , 

where P^'s are Sylow p-subgroups of CG{G'). 

Let P be any Sylow p-subgroup of CG{G'). Then P < CG{G'). Which 

implies P <G. 

Now consider the following cases: 

Case 1. p]\G:G'\ 

Assume P ^ G'. Then there exists some x € P such that x ^ G'. i.e., 

xG' is non identity in G/G'. 

But o{xG') I o{x) so o{xG') is a nonzero power p. Which is a contradic­

tion. Hence P < G'. 
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Case 2. p\\G: G'\ 

Let H/G' be a p-Sylow subgroup of G/G' and Q/G' be its complement 

then G = HQ and HilQ = G'. We have H/G' acts on Cp{Q) by the action 

(t){hG',x) = /ix/i-i. i.e., (j) : H/G' x Cp(Q) -^ Cp{Q). Then by Fitting 

lemma (or by [31], 8.4.2), we have 

P = [P,Q]xCp{Q) (4.1.a) 

Let 9 be an orbit of this action. Let 9 = orb(a;) for x G Cp{Q). Then 

9 = {hxh-^ \heH} 

Now 

1̂ 1 I \H/G'\ 

=^\9\ is a power ofp 

^P I 1̂ 1 ifl^l > 1. 

If Cp{Q) ^ {1} then p I \Cp{Q)\. Also 

0#orb(l) 

Since p I |Cp((5)| and p \ I so p \ ^ |^| there exists at least one orbit, say 
e 

0^orb(l) 

orb(y) such that y 7̂  1 and | orb(j/)| = 1 

i.e., orb(y) = {t/}, 

I.e., {hyh'' \heH} = {y}, 

i.e., hyh~^ — y y h e H, 

i.e., hy - yh ^ h e H. 
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Thus y e Cp{H) and 

1 ^ y G Cp{H) n Cp{Q) C Cp{HQ) = Cp[G) C Z(G) = {1}. 

Which is a contradiction. Hence Cp{Q) = {1} and so by Equation 4.1.a, we 

have P = [P, Q] < G' and we are done. 

For the second part, given G'nZ{G) = {1} which implies {G/Z{G)y ^ G' 

and Z{G/Z{G)) = {1}. Hence by the first part, we have 

G 
< 

Z{G) 

which gives the required result. 

U(G)j Aut(G')| 

D 

4.2 Main Results 

In this section we study the main results which provide us with sufficient 

conditions for a group to be supersolvable or CLT. Here we begin with few 

lemmas. 

Lemma 4.2.1. If G' = C2 x C2, then either 

(i) G is nilpotent or 

(ii) Pr(G) = I, with ^)=A4 and G' n Z{G) = {1}. 

Proof. Let G' ^ C2 x C2 then since G' n Z{G) < G' therefore G' n Z{G) ^ 

C2 X C2, C2 or {1}. 

If G' n Z{G) ^ C2 X C2 then G' < Z{G), so G is nilpotent (of class 2). 

85 



If G' n Z(G) ^ C2, then 

( G \ ^ G' ^ 
\Z{G)) G'r\Z{G) '• 

By Corollary 1.6.5, ^ ^ is nilpotent of class 2 so G is nilpotent (of class 3). 

Finally, suppose that G' n Z{G) = {1}. By Lemma 4.1.10, we have 

G 
< |G'||Aut(G')| =4.6 = 24. 

ZiG) 

Now, since G' n Z{G) = {1}, ; ^ ^ is non-nilpotent so, by [6], the only 

possibility is -^^ = Ai. 

Then I = Pr(yl4) = Pr(zfe) = Pr(G), by Corollary 2.5.2 . D 

Lemma 4.2.2. IfG' = Qs, the quaternion group of order 8, then Pr(G') < j 

Proof. By a result of Burnside [7], G can not be a 2-group. Now G can not 

be nilpotent either, because then G = G2 x A, where A is abelian of odd 

order, and then Q^ = G' = G2', which is a contradiction. 

Now we consider G'nZ(G), which is a characteristic abelian subgroup of 

Qs. Thus G' n Z{G) ^ G2, with G' n Z{G) ^ {1} being ruled out because 

Qs has a unique involution which is central in G. 

Thus 

['ZiG)) ~ G' n Z{G) - ^2 X G2 

By Lemma 4.2.1, either ^ ^ is nilpotent, which is not possible, or P^{-^)) ~ 

i 

Then \ = P r ( ^ ) > Pr(G), as desired, by Corollary 2.5.2. D 
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Remark 4.2.3. Using a deeper result of Joseph [29], Barry, MacHale and 

She [1] has shown, if G' = Qg, then 

so the maximum value that Pr(G') can have is ^ < ^, is realized when 

G^ SL{2,3) 

Now we are in a position to study the main results of this chapter. 

Theorem 4.2.4. / /Pr(G) > | ( = 0.3333...); then G is supersolvable. 

Proof. If G is abelian then G is supersolvable. We may assume that G is 

non-abelian. Now ^ "'"?'•' < | for p > 5, so we may assume by second part 

of Theorem 2.2.3 that G € C'p for p = 2 or 3. 

If p == 3, by Corollary 2.2.4 , \G'\ = 3, so G is supersolvable by Lemma 

4.1.1. Thus we may assume that p = 2. 

By first part of Theorem 2.2.3, we have | < Pr(G) > \{l + TJTJ) which 

means that |G'| < 9. 

If G' ^ C2, G3, d, G5, Ce, C-! or Cg then by Lemma 4.1.1, G is 

supersolvable. Thus we are left with the following possibilities for G': 

G2 X G2, 53, A , C4 X G2, Qs, and G2 x G2 x G2. 

If G' = G2 X G2 then by Lemma 4.2.1, G is nilpotent hence supersolvable. 

53 and Di are eliminated by Lemma 4.1.6; and Qg is eliminated by Corol­

lary 2.2.4. 

We are left with the cases G' = G4 x G2 and G2 x G2 x G2, which we 

consider in turn. 
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(i) If G' ^ C4 X C2, then 

G' n Z{G) ^ C4 X C2, C4, C2 X C2, C2 or {1}. 

If G'nZ(G) = C4 XC2, then G is nilpotent of class 2 and hence supersolvable. 

If |G 'nZ(G) | = 4, then G' 
G'nz{G) 

= 2. Therefore, 

G' 
G' n Z(G) 

so by Lemma 4.1.5, G is supersolvable. 

I f G ' n Z ( G ) ^ G 2 , then 

^Co 

( G \^ G' 
\Z{G)J G'nZ(G) 

is either cyclic of order 4 or G2 x G2. If ( •^ ) ] is cyclic, then G is super-

solvable by Lemma 4.1.5. 

If 

[z{G)) - ^' "" ^" 
then by Lemma 4.2.1, ^ ^ is nilpotent, and we are done, or P^{^)) = |-

Then by Corollary 2.5.2, we have 

which is a contradiction. 

The case G' = G4 x G2 and G' D Z{G) = {1} does not arise, since G4 x G2 

has a unique element of order 2 and hence central in G. 

(ii) Let G' ^ G2 X G2 X G2. Then 

G' n Z{G) ^ G2 X G2 X G2, G2 X G2, G2 or {1}. 
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If \G' n Z{G)\ = 8, 4 or 2 as in (i), the result follows. 

We are left with the case where G' H Z(G) ^ {1}. 

Let G be a minimum counterexample to the theorem with Pr(G) > \ and G 

non-supersolvable. 

If Z{G) is non-trivial then, P r ( 2 ^ ) > \ and -^^ < |G|, so ^^ is super-

solvable. But by Lemma 4.1.2, G is supersolvable, which is a contradiction. 

We may thus assume that Z[G) is trivial, so by Lemma 4.1.10, we have 

\G\ < IG'II Aut(G')| = 8.168 = 1344. 

But using GAP [49], Barry, MacHale and She [1] has found that there are 

no groups G with the properties: 

(i) G' ^ G2 X G2 X G2 

(ii) Z(G) = {1} 

(iii) Pr(G) > I 

(iv) \G\ < 1344. 

This completes the proof. D 

Since PriAi) = | , the above result is the best one possible. 

Theorem 4.2.5. / /Pr(G) > | , then G is CLT. 

Proof. Simply note that Theorem 1.10.3, G is supersolvable and so by The­

orem 1.10.5, G is CLT. n 

Again, Ai shows that this result is the best possible. 
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Theorem 4.2.6. / / 1̂ 1 is odd and Pr(G') > %{= 0.1466...), then G is su-

persolvable. 

Proof. Suppose G e Gp ior p > 11. Then, by Theorem 2.2.3, we have 

112 + 1 1 - 1 
Pr{G) < 

113 
- ^ = 0.09842... < 0.141666... = ^ , 
1331 75 

which is a contradiction. 

Thus G eGpfoi p = S,5 or 7. 

Ifp = 7, 

i<^^(^)^^ 1 + 
48 

\G'\ 

gives \G'\ < 7.7586..., so jG'| = 7 and G is supersolvable by Lemma 4.1.1. 

Ifp = 5, 

i<^^(^)^^ 1 + 
24 

gives [G'l < 9, so |G'| = 5 or 7 and G is supersolvable by Lemma 4.1.1. 

Thus, p = 3, 

i < P'(«) £ 5 1 + 
8 

\G'\\ • 

This gives |G'| < 25, and the result now follows from Lemma 4.1.9. D 

Again, this result is the best possible because G(75) has exactly 11 con-

jugacy classes and is not supersolvable. 

Theorem 4.2.7. / / \G\ is odd and Pr(G) > § , then G is CLT. 

Proof. Simply note that Theorem 4.2.6, G is supersolvable and so by Theo­

rem 1.10.5, G is CLT. D 
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The NCLT group G(75) again shows this result is the best one possible. 

Theorems 4.2.4-4,2.7 can be expressed in the following striking form. 

Theorem 4.2.8. (i) / / the average size of a conjugacy class of G is less 

then 3, then G is both supersolvable and CLT; A4 shows that this is the 

best possible result. 

(ii) / / \G\ is odd and average size of a conjugacy class of G is less then 6 ^ , 

then G is both supersolvable and CLT. G(75) shows that this result is 

the best possible in both cases. 
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Chapter 5 

Generalized Commutativity 

Degree 

In this chapter we shall study various generalizations of the notion "com­

mutativity degree of finite groups", like '^-commutativity degree', 'multiple 

commutativity degree', 'n"' nilpotency degree', 'relative commutativity de­

gree, 'relative n"* nilpotency degree', 'probability that an automorphism fixes 

a group element', 'Rewriteability in finite groups' etc. Finally we shall study 

'commutativity degree of finite rings'- a concept that is analogous to 'com­

mutativity degree of finite groups'. 

5.1 ^-commutativity degree 

Let G be a finite group and g be an element of G. The g- commutativity 

degree, Fvg{G) is the probability that the commutator of two randomly chosen 
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elements of G is equal to g. More precisely, 

P^yiG) - 1G|2 

where Dg = {{x,y) e G x G \ [x,y] = g}. It is clear that Pri(G) (for 

5̂  = 1) is equal to Pr(G) the probability that two randomly chosen elements 

of G commute, and therefore Frg{G) is a generalization of Pr(G). This 

generalization is due to M. R. Pournaki and R. Sobhani [41]. In this section 

we study some formula to compute the ^-commutativity degree. Obviously 

for 5 e G \ G', we have Prj(G) = 0. Therefore we assume that g ^ G'. Note 

that there are several examples of groups G in [30] where Prg(G) = 0 even 

when g belongs to G'. 

We now start with the following theorem which gives us a character the-

oratic formula for Prg(G). 

Theorem 5.1.1. Let G be a finite group and let g £ G', then 

Proof. For a given g E G' consider the set Dg ~ {{x,y) e GxG \ [x, y] = g}. 

Therefore we have Prg(G) = \Dg\/\G\'^. On the other hand by Theorem 

1.12.29, the number of solutions of the equation [x,y\ = g in G, i.e.. 

xig) 
xeIrr(G; 

Therefore we obtain 

D,) = |G| E f^. 

^ y l _ 1 Y- xig) P r , ( G ) - — ^ - — J2 
\G\^ \G\ ^ x ( l ) ' 

This completes the proof. D 
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Let us note that if we consider g = I in the above theorem, then we get 

Pr (GW -i- V ^ - ^ V 1 - '̂ "̂ ^̂ 1 - M^ 

Since the quantity Pri(G) is the usual commutativity degree Pr(G), therefore 

Theorem 5.1.1 is a generaUzation of the well known result Pr(G) = k{G)/\G\. 

Let us now compute Prg(G') for finite groups with just two irreducible com­

plex character degrees. 

Theorem 5.1.2. Let G be a finite group such that cd{G) — {1, TO}, m> \, 

then 

Proof. The case g = I has given in Chapter 2 Theorem 2.3.1. We assume 

that g y^ I. By Second Orthogonality Relation 1.12.23 for g, we have 

0= E X{9)X{1)= E X(5)X(1)+ E X{9)X{1)-
xelrr(G) xelrr(G) xelrr(G) 

x(i)=i x( i )>i 

In the case that x is linear, we have G' < ker x and therefore g G ker x- Hence 

xig) = x(l)- Also the number of all Hnear irreducible complex characters of 

Gis equal to |G : G'|. So 

E x(̂ )x(i) = E x(i)' = E 1 = 1̂ ^ '̂1-
Xelrr(G) X6lrr{G) X^MG) 
x( i )=i x ( i ) - i x( i )=i 

Also by assumption, x(l) = "^ holds for each non-linear irreducible complex 

character x of G. Therefore we get 

E x(p)x(i) = "̂  E x̂ )̂-
xelrr(G) XGlrr(G) 
X(1)>1 X(1)>1 
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Hence 

\G:G'\+m Y. x(5) = 0 
xelrr(G) 

X(1)>1 

which implies 

E (̂̂ ) = - \G:G'\ 

xelrr(G) 
X(1)>1 

m 

By Theorem 5.1.1, we have 

Pr, 
' 'xelrr(G) 

/ 

_ J_ 
"iGl 

x(i) 

\ 

Z^ ;.(!) ^ Z^ 

\ X(l)=l 

/ 

1 

W\ 

x(i) 
x(i )>i / 

\ 

xelrr(G) xelrr(G) 

Vx(i)=i x(i)>i / 

1 , IG : G' = i ^ f IG : G'l + i ( -
|G| V m m 

') 

' ' ^ - - . 
m^ 

\G' 

This completes the proof. D 

Since x(l) < \G : Z{G)\^^^ V x € Irr(G) we can state the following 

corollary in view of the above theorem. 

Corollary 5.1.3. Let G be a finite group such that |cd(G)| = 2. If g e G' 

95 



is non-identity then 

Pr.(G) < ^ ( l - \G:Z{G)\) • 

The equality holds if and only if G is a group of central type. 

Finite groups with just two irreducible complex character degrees are 

non-abelian, so for such groups G the index of center is greater than or equal 

to 4. Therefore we can obtain the following corollary. 

Corollary 5.1.4. Let G be a finite group of central type such that | cd(G)| = 

2. If g ^ G' is non-identity then 

We now study some explicit formulae to compute PTg{G) for groups with 

|G'| is prime and G' <Z{G). 

Theorem 5.1.5. Let G he a finite group such that \G'\ = p, p prime and let 

G' <Z{G). IfgeG', then 

Moreover, if g G G' is non-identity, then Prg{G) > j - . Also Pri(G) = i + ^ . 

Proof. The case ^ = 1 is same as Proposition 2.3.3 and the result in the other 

case follows from Theorem 5.1.2 and Corollary 5.1.4. D 

Lemma 5.1.6. Let G and H be two isoclinic finite groups and let {(pjijj) be 

an isoclinism from G to H. If g E G' then 

Pr,(G) = Pr^(,)(i/). 
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Proof. Since ((/?, '0) be an isoclinism from G to H, (p is an isomorphism from 

G/Z{G) to H/Z{H) and ip is an isomorphism from G' to if'. Also the 

following diagram commutes. 

G G 
X 

(p X (p 

Z{G) Z{G) 
H H 

X Z{H) Z{H) 

ao 

G' 
^ 

a-H 

H' 

We have 

G 

ZiG) PhiG) = 
1 

\Z{GW 
1 

WGW 
1 

|GpPr,(G) 

|{ (x ,y)eG2:[x ,y] = g}| 

\{{x,y)^G':aG{xZ{G),yZ{G)) = g}\ 

Since -0 is an isomorphism, the last quantity is equal to 

and the commutativity diagram implies that the above quantity is equal to 

|{K/?)e 
G 

Z{G) an{^{a)Mm-^{9)]\-

97 



But if is an isomorphism, so we get 

G 
Z{G) 

Pr,(G) = |{(a,^)G — V 
Z{G)) 

•.aH[^{a),^m) = ^{9)]\ 

= 1̂ '̂̂ '̂ ^̂  ( z ^ ) ^« (̂'y''̂ )= (̂̂ )>l 
1 

1 

WHW 
1 

z(if) 

|{(x,y) e i/2 : au{xZ{H\yZ{H)) = 7/;(5)}| 

But G/Z{G) and H/Z{H) are isomorphic (via </'), hence 

the equality Pvg{G) = Pr^(g)(if) follows. 

G 
2(G) = Z(H) and 

D 

Proposition 5.1.7. Let G be a finite group such that \G'\ — p, p prime and 

let G' < Z{G). Suppose that iso.exp{G) = n. If g E G', then 

Pr, (C)jK^- . - ) ̂ f^^'' 

Proof. Let H G I§0(G). Therefore G and H are isoclinic. Let {cp^ijj) be an 

isoclinism from G to H. By assumption p" = |jy |̂. 

Since G' < Z{G) and / / e ISO(G) Lemma 3.2.7 implies that H' = Z{H). 

Now using Lemma 5.1.6 and Theorem 5.1.5, we have 
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Pr,(G) = Pr^(,)(i/) 

,Ki + ̂ ^ ) if ^ = 1-

^ 1 - ^ ) if P ^ 1, 

i ( l + ^ ) if 9 = 1. 

This completes the proof. • 

Let us turn to the opposite extreme where |G'| is prime and G'nZ{G) = 

{1}. The following proposition gives a generalization of Proposition 2.5.9 of 

Chapter 2. 

Proposition 5.1.8. Let n and r be positive integers and let p be a prime 

number for which n\{p — 1) and r^ = I mod p if and only ifn\j. Suppose that 

G = {a,b : oP = b'' = 1,bab'^ = a'). If g e G', then 

1.2 

Proof. It is easy to see that |G'| = p and cd(G) = {1, n). Now the assertion 

holds by Theorem 5.1.2. D 

Proposition 2.5.10 of Chapter 2 also can be generalized as the following 

proposition using the definition of invariant number and Proposition 5.1.8. 
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Proposition 5.1.9. Let G be a finite group such that \G'\ = p, where p a 

prime, and G' n Z{G) = {1}. Suppose that inv(G) = n. If g E G', then 

n^-l 

Pr,(G) - ^ "" 
if 5 7^1, 

^^^±^ if g = l. 

Next we study few upper bounds for Fvg{G). The following proposition 

gives us an upper bound for this quantity depending only on the number of 

conjugacy classes of G. 

Proposition 5.1.10. Let G be a finite group and let g G G'. Then Frg{G) < 

Pr(G). Moreover, the equality holds if and only g = I-

Proof. By Lemma 1.12.22 (iii), we have \x{g)\ < x(l) for each x ^ Irr(G). 

Therefore Theorem 5.1.1 gives 

It is obvious that the equality holds if and only if \x{9)\ = x(l) for each 

X e Irr(G) or equivalently 5 = 1. D 

Proposition 5.1.11. Let G be a finite group and let g be a non-identity 

element of G'. Then Pvg{G) < 1/2. 

Proof Assume that p 7̂  1. If Prg(G) > 1/2 then by Proposition 5.1.10, we 

have 

Pri(G) = ^ > Pr,(G) > \ 
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or Pri(G) > | . Therefore by Corollary 3.3.2, we have |G| = 2'^'+\ \G'\ = 2 

and -^Q^ = Zj^ for some positive integer s. In this case G' < Z{G). Therefore 

by Theorem 5.1.5, we have 

which is a contradiction. Therefore Vig{G) < 1/2. D 

Proposition 5.1.12. For any e G R with e > 0, there exists a finite group 

G andg EG such that 1/2 - e < Pvg{G) < 1/2. 

Proof. Let s be a positive integer such that s > — |log2 2e. Consider a 

finite group of order 2̂ +̂̂  such that \G'\ = 2 and -^^ = Z2*. Let g be an 

non-identity element of G'. Then 1/2 — e < Pvg{G) < 1/2, as required. D 

Further we can generalize Prj(G) also. Let H C G' and DH = {{x,y) G 

G X G \ [x,y] E H}. Then the probability that the commutator of any two 

group element belonging to H, denoted by FVH{G) is equal to |D// | / |Gp. 

i.e., 

Remark 5.1.13. U H = {g} then PVH{G) = Pvg{G) and if H = G' then 

PvG'{G) = 1. Obviously if if ^ G' then PIH{G) = 0. 

PROBLEM: To study PIH{G) for any subset H of G' in detail. 

V 
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5.2 Multiple Commutativity Degree 

Let n 6 N := Z"*" U {0}. The n^^ commutativity degree of a finite group G is 

defined as 

where 

G""*"̂  being the direct product of (n + 1) copies of G. 

Clearly, Pr°(G) = 1 and FT\G) = Pr(G). 

Lemma 5.2.1. Let {gi,g2, • • • ,gk(G)} ^^ o. complete set of representatives of 

the conjugacy classes of a group G, then 

Proof. We have 

|G|"+2pr"+i(G) 

= | { ( x i , - ••Xn+2) ^ G""*"̂  : XiXj = XjXi, I <i, j <n + 2}\ 

~ X ] | { ( ^ l ' ' ••^n+\) e C G ( X ) " " ^ ^ : X^XJ = XjXj, I < I, j < Tl + l}\ 
xeG 

xeG 

k{G) 

= Y1\G:CG 

k(G) 

= T.\CKg^)\ 
1=1 

'^+iPr"(CG(x)) 

{9^)\\G{g,)r'Pv^ ' (GG(5^)) 

( ic 'Soi ) '̂ "(̂ ^̂ ^̂ )) 
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k[G) 

= i«r'E|ciwpP'"(c^-w)-
Hence, the lemma follows. D 

Lemma 5.2.2. Let G and H are two isoclinic groups, then 

Pr"(G) = Pr"(i/) Vn e N. 

Proof. The argument is exactly parallel to the argument given in the proof 

of Lemma 3.2.5. D 

Theorem 5.2.3. Let G be a non-abelian group, then 

Moreover, equality holds if and only if G is isoclinic to Qg • 

Proof We use induction on n. For n = 0 the inequality is obvious since 

Pr°(G) = 1. Let us assume Pr"(G) < (3 • 2" - l)/22"+i and then using 

Lemma 5.2.1, choosing the gi in such a way that Z{G) — {gi, • • • ,g\z{G)\}-

We get 

fc(G) 

P'""(«) = ^EiOT'"'"*^"'*-" 
l^(G')lp^„,^. , 1 '̂ r> 1 

'(G)+ ^ E rn?^P'"(G'^(s.)' 
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But k{G) = \G\ Pr(G') < | |G | and \G : Z{G)\ > 4 because G/Z{G) is not 

cyclic. Therefore 

G: Z{G)\ 22"+i ' 2" V8 \G : Z{G)\ 

^ + 1 ^ . 1 . ^ ^ . 1 . ( 3 - 2 " ^ ^ - 4 - 2 " + ^ ) 
8-2" |G:Z(G)|22"+3 

5 2"+2 - 4 
- 2 ^ ^ + 22"+3|G:Z(G)| 

5 2"+2 _ 4 
— 2"+3 4 . 22n+3 
_ 5 • 2" + 2" - 1 
~ 22n+3 

3 • 2"+i - 1 
22(n+l)+l 

and the inequality is proved at rank n + 1. This computation also makes 

clear that, for a given n > 1, equality at rank n + 1 implies equality at rank 

n. Therefore, if, for a given n > 1, 

•^. 9 " — 1 

then Pr(G) = Vx\G) = | . Therefore, by Corollary 3.3.2, G is isoclinic to 

an extraspecial group of order 2^"+\ where | (1 + 1/4"*) = | , that is m = 1. 

G is therefore isoclinic to either the dihedral group of order 8 D4, or to the 

quaternion group Qg- But these two group are isoclinic, hence G is isoclinic 

to Qs in any case. 

Conversely, if G is isoclinic to Qgi one may assume that G = Qs since 

Pr(G) = Pr(Q8). Then \G;Z{G)\ = 4, Pr°(G) = 1, and CG{X) is abelian 

and of index 2 for all x G G \ Z{G); therefore, in the previous computation, 
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equality holds all along, which permits us to prove by induction on n that 

D 

As in Section 5.1, let us consider a group G and an element g E G. Define 

where DJ"^ = {{xi, • • • ,Xn+i) G G^+i | [xi,x,] = 9,1 < i,j < n + I}. 

P R O B L E M : To study Pr^(G) in detail. 

Similarly for any subset H of G' we can define Pr^(G) as 

where D^^^ = {{xu • • • ,a;„+i) G 6""+^ j [x,,Xj] eH,l<i,j <n-h 1}. 

P R O B L E M : To study Pr^(G) in detail. 

5.3 n^^ Nilpotency Degree 

For n > 1, let us define 

pM(r\ = |{(3^i,^2,--- ,^n+i) e G"+^|[a:i,a:2,--- ,a:n+i] = 1}| 

It is a natural generalization of Pr(G) and called the n^^ nilpotency degree. 

Clearly, Pr^^^(G) = Pr(G). It is also easy to see that 

Pr("HG) = T ^ X^ • • • ^ \CG{[x^,X2,---,Xn-,l])\ 

' ' xiGG i „ e G I I 
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Some results on n*'' nilpotency degree are available in [40]. We state the 

following theorem without proof. The proof can be found in [40]. 

Theorem 5.3.1. If G is a finite NC-group, then 

G 
Pr̂ ""̂ nC?) = i ^ E P̂ "̂̂  ( 

Note 5.3.2. By a A^C-group we mean a finite group in which the centralizer 

of each element is a normal subgroup. It follows from the main result of Levi 

[35] that such a group is nilpotent of class at most 3. 

Remark 5.3.3. It is obvious that 

Pr(")(G) < Pr("+^)(G) for all n > 1. 

Now as a consequence of Theorem 5.3.1, we have the following theorem. 

Theorem 5.3.4. Let G be a finite NC-group and N be a normal subgroup 

ofG , then 

Pr(")(G') < Pr^") (^^ Pr(")(iV) 

and the equality holds if Nn'jn+iiG) = {!}. 

As mentioned earlier, if G is a A'^C-group, then G is nilpotent of class at 

most 3. So, Theorem 5.3.1 and 5.3.4 trivially hold for such groups. So, they 

have a limited scope. Let us study some upper bounds for Pr^"'̂ (G) available 

in [13], without any strong condition like iVC-group. 

Theorem 5.3.5. Let G be a group. Then for every n > 1, 

Pr<-)(G)<i(l + Pr<») (^ ) ) . 
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Proof. We have 

| ^ | n + 2 p ^ ( n + l ) ( ^ ) = \{{x,,X^r-- ,Xn^uX^^2) € G^^%Xu X2. • • • ,Xn+2] = 1 } | 

= Y1"' Yl \CG{[XI,X2,--- ,Xn+l])\ 
I 1 6 G I n + i e G 

= 5 I " " S XI lCG([a;i,X2,---,a;n+i])l 
H e G In+ lGG [xi , I2 , - - - , In+l le2(G) 

+ X ) ' " ' X) XI |CG([xi,a;2,--- ,a:„+i])l 
H e G Xn+ieG [11,12,•••,Xn+l]^2(G) 

< |Gl"+'Pr<»' ( ^ ) |G| 

from which the result follows. D 

Theorem 5.3.6. Let G be a finite group. Then for every n> 1, 

P r < - ' ( G ) < ^ ( 2 " - l + P r ( ^ ) ) . 

Proof. We may proceed by induction on n. If n = 1, then the proof is clear 

by Theorem 5.3.5. Now, suppose that the theorem is true for n. To prove it 

for n + 1, we remark that 

So, by the induction hypothesis we see that 

1 V ^ - l + Pr^ ^ 
2 " - ^ V \Zn{G) 
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Therefore, by Theorem 5.3.5, we have 

G 
Pr("+^)(G) < i ( l + ^ ( 2 - 1 " ^ + ^ ' ( ^ (G) 

= — ( 2" - 1 + Pr ' ^ 
2" V \Zn{G)_ 

D 

Theorem 5.3.7. Let G be a finite group which is not nilpotent of class at 

most n. Then 
9n+2 _ o 

Pr(")(G) < - ^ . 

Proof. Since G is not nilpotent of class n, G/{Zn-i{G)) cannot be abelian. 

Thus Pv{G/{Zn-i{G))) < 5/8 by Proposition 2.2.1 and using Theorem 5.3.6, 

we have 
2n+2 _ 3 Pr(n)(G) < - i - (2--' - 1 + "̂l = ^ 

-i+2 

as required. D 

Example 5.3.8. Let G be the dihedral group of order 2"+^, i.e., 

G = D2n+2 = (a,6 I a^" '̂ = 6̂  = 1̂ â̂  = Q - I ) . 

Then we have Z{D2n^2) = (a^") = {l.a^"} and 7n(G) = (a^""') = {l,a2"-', 

Q2"^Q3(2"- )-|. ximg^ ^e can see that if [a;i,a;2, • • • ,a;„] ^ -^(C), then 

[xi,X2,--- ,Xn] = a^""' or a^^^"~'^ and so |CG([a;i,X2, • • • ,a;„])| = \G\/2 in 

this case. Hence we have, by induction over n: 

2^+2 _ 3 
Pr<">(G) = 1 (: . P.<.-.. ( ^ ) 

2"+2 

108 



This example confirms that the bound given in Theorem 5.3.7 is the 

best possible. Also the following theorem gives a better upper bound than 

Theorem 5.3.7, if Z{G) = {1}. 

Theorem 5.3.9. Let G be a finite group with G ^ 1 and Z{G) = {!}• Then 

for every n > 1 
9" — 1 

Pr(")(G) < - ^ • y I - 2 " 

Proof. Since Z{G) = {1}, so Zn{G) = {1} for all n > 1. Thus G is not 

nilpotent and therefore Pr(G) < 1/2, by second consequence of Corollary 

3.3.2. Hence the proof follows from Theorem 5.3.6 by induction on n. D 

Note that Pr^") (G) can be further generalized to 

T^Jn)in\ l{(^i.^2, • • • ,x„+i) e G"+^|[3:i,3;2,--- ,^n+i] = g}\ 
P^9 '^^) = Tn^i • IG^H 

for n > 1 where g e G. 

and 

P4"HG) |{(xi,X2,--- ,2;n+i) 6 G"+^|[a;i,X2, ••• ,Xn+i] e H}\ 
|G|" +1 

for n > 1 where H < G. 

PROBLEM: To study Pr'f^G) and PTP{G) in detail. 

5.4 Relative Commutativity Degree 

In this section, we study some properties of the relative commutativity degree 

of a subgroup if in a given group G [13]. 
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Definition 5.4.1. The relative commutativity degree of the subgroup H in 

the group G, which is denoted by Pr(i/, G), is by definition the ratio 

xy.iu n\ l{(^>y) eHy.G:xy = yx]\ ?r{H,G) ^ ^ p ^ . 

It is clear that if if = G, then Pr(//, G) — Pi{G) and if G is abelian, 

then PT{H,G) = 1 as well. Let us restate Lemma 2.1.2 (i) which plays an 

important role in the comparison of Pr(i/, G) with Pr(G) and Pr(if). 

Lemma 5.4.2. Let H be a subgroup of G. Then 

\H : CH{X)\ < \G : CG{X)\ for allx e G. 

Theorem 5.4.3. Let H be a subgroup of G. Then 

Pr(G) <Pr ( i / ,G) < Pr(/ /) . 

Proof. We have 

Pr(/f,G) = j ^ E \{y^H:ye CG{X)]\ 

- j M ^ E |C'H(^)I > T ^ p E \^o{x)\ = Pr(G) 

by Lemma 5.4.2. Similarly, 

P^{H,G) = ^ I ^ E K^ e G : X G CG{y)}\ 

= I ^ E l̂ c.(y)| < ^ E \CM\ = Pr{H) 
' " 'i/eH I ' yen 

as required. D 
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It also follows from the above computation that Pr(if, G) = PT{H) if and 

only if 

G = HCG{X) V x e F (5.4.a) 

From (5.4.a), one can see that Pr{H,G) = PT(H) implies H < G, and 

when H is abelian, that H C Z{G). It also follows from the above reasoning 

that Pv{H, G) = Pr(G) if and only if 

G = HCG{X) ^xeG (5.4.b) 

But (5.4.b) implies (5.4.a), i.e.,Pv{H,G) = Pr(G) implies Pr{H,G) = 

Pr{H) (hence Pv{G) = PT{H)). However, the converse is not true, e.g., if G 

is non-abelian and H C Z{G), then 1 = Pr(if) = PT{H,G) > PT{G). For 

example, if C = A = (o, 6 | â  = 6̂  = 1,6a6 = a'^) and H = Z{Di) = (a^), 

then we have Pr(G) = 5/8 and Px{H,G) = Pr(ff) = 1. Also, one may 

see that ii H C Z{G), then PT{H,G) = PT{H) = 1 and if HZ{G) = G, 

then Pr(G) = Pr(if, G) = Pr(/f). The following lemma gives a sufficient 

condition for the above inequality to be strict. 

Lemma 5.4.4. Let H be a subgroup of G which is not normal. Then 

Pi{G)<Pr{H,G)<Pv{H). 

Proof. The result is implicit in the above discussions concerning conditions 

(5.4.a) and (5.4.b). D 

The converse of Lemma 5.4.4 is not true. For instant, if G = S4 and 

H = A4, then we have 

Pr(G) = ^ < P r ( / f , G ) = ^ < P r ( / / ) = l . 
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Now we are able to give better upper and lower bounds for Pr(G) and 

Fr{H,G). 

Theorem 5.4.5. Let H be a subgroup of G and p be the smallest prime 

number dividing \G\. Then 

\Z{G)\ p{\G\-\Z{G)\) l^(G)l + | g | . 
W -JGT '^ |Gp ^'^^^ - ~W\ ' 

(ii) \Z(G)^H\ + p{\H\-\z{G)nH\) ^ p^^^^ ^^ ^ \Z{G) nH\ + \H} 
\H\ \H\\G\ - ' ' ' - 2\H\ 

Proof, (i) We have 

\G\'Pr{G) = J2\CG{x)\ 
xeG 

= Yl \CG{X)\+ Y1 I^G(^)I 
lez(G) xeG-z(G) 

= \Z{G)\\G\+ J2 \^o{x)\. 
xeG-Z{G) 

It is easy to see that if x is not in the center of G, then p < \Ca{x)\ 

< f. So, 

p{\G\ - \Z{G)\) < Yl \Co{x)\ < {\G\ - |Z(G) | )H. 
leG-Z(G) 

Hence 

|Z(G)||G1 +p(|G| - \Z{G)\) < \G\'Pv{G) < \Z{G)\\G\ + {\G\ - \Z{G)\) 

and so 
\Z{G)\ p{\G\-\Z{G)\) 1̂ (̂ )1+ |g| 
~W \G\^ - ^^ - — m — • 
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(ii) Set K = Z{G) n H. Then we have 

|G||//|Pr(i/,G) = X;i^G(x)|-X^lCG(a:)|+ ^ \CG{X)\ 
xeH xeK xeH-K 

= \K\\G\+ J2 \^o{x)\. 
xeH-K 

The rest of the proof is similar to the proof of part (i). D 

We can see that equality may be attained in Theorem 5.4.5. For example, 

suppose that H — Z{G), then we have 

1 = Pv{H, G) = 
2\H\ 

The following theorem is a consequence of Theorem 5.4.5, and gives some 

upper bounds for FT{H,G). 

Theorem 5.4.6. Let G be a non-abelian group and H be a subgroup. Then 

(i) Pr(i/,G) = 1 ifHCZ{G), 

(ii) Pr{H,G) < I if H ^ Z{G); in fact Pv{H,G) < I if H is non-abelian. 

Proof (i) Follows immediately from the definition of PT{H, G). 

(ii) Since H ^ Z{G), Z{G) n / / C if and so \Z{G) n / / | < \\H\. The first 

inequality now follows from Theorem 5.4.5(ii). The second inequality 

follows from Theorem 5.4.3, noting that Pi{H) < 5/8 if H is non-

abelian. 

D 
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The above bounds are in general the best. For, ii G — D4 — {a,b \ a'^ = 

52 = l,(a6)2 = 1) and H = (a) then Pr{H,G) = 3/4. Moreover, if G = 

D4 X Z2 and H =^ D4X {1}, then Pv{H,G) = 5/8. Note that, by (5.4.a), 

Pr(G X { l } , ^ X A) ^ Pr(G) for any two groups G and A. 

Theorem 5.4.7. Let Hi < H2 < G. Then 

PT{HUH2) > Pr(//i ,G) > Pr{H2,G). 

Proof. Since H\ < H2 < G, by Lemma 5.4.2 we have 

\Hi : CHA^)\ < \H2 : CHA^)\ < \G : CG{X)\, 

for all xeG. Thus 

' ^ ' i e i ? i ' ' i i l l i x e H i 

Similarly, we can prove that Pv{Hi,G) > Pv{H2,G). D 

The following lemma plays a crucial role in the proof of Theorem 5.4.9. 

Lemma 5.4.8. Let H and N be two subgroups of G such that N < H and 

N<G. Then 

^ ^ ^ ^ < CH/N{NX), for allx G G. 

Moreover, the equality holds if N H [H,G] = {I}-

Proof. Assume that y G CH{X). Then we have 

NxNy = N{xy) = N{yx) = NyNx or Ny e CH/N{NX) 
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and this implies that 

^ < c.MM.). 

Now iiNr\[H, G] = {1}, then for every Ny G CH/N{NX) we have xyx~^y~^ € 

Nn[H,G] = l. Therefore, y € CH{X) and so Ny G {CH{X))N/N. D 

Theorem 5.4.9. Let H and N be two subgroups of G such that N < G and 

N <H. Then 

Pr(/f,G')<Pr(^^,^)pr(iV). 

If N n [H,G] = {l}, then the equality holds. 

Proof. We have 

\H\\G\ Pv{H, G) = \{{x, y)eHxG\xy^ yx}\ 

y&G SeG/N yes ' '^ti\y)\ 

seG/N ves I ' 

< Yl El<^^/^(^2/)l |C^(2/)| (by Lemma 5.4.8) 
seG/N yes 

SeG/N yes 

= J2 \CH/N{S)\Y\{xeN\xy = yx}\ 
SeG/N yes 

= E \CH/N{S)\J2\CG{x)nS\. 
SeG/N xeN 

If Caix) nS y^(f), then S = NXQ where XQ e CG(X) n 5. Therefore, 

S n CG(X) = NXQ n CG(a:) = iVxo n CG{X)XO = {Nn CG{X))XO = CN{X)XO, 
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and so \SnCG{x)\ = \CM{X)XQ\ = \CN{X)\. On the other hand \iCG{x)nS 

(j), then {Caix) D S\ < \CN{X)\. SO, in either case, 

\CG{x)nS\<\CM{x)\ 

Therefore, 

\H\\G\Pr{H,G)< Yl \CH/N{S)\Y.\^Ni'^)\ 
seG/N xeN 

H_ G_ 
N PKf'§)l^l'P^^^)-

Hence 

P r ( / f , G ) < P r ( ^ , ^ ) p r ( i V ) . 

Now, if Â  n [H, G\ = {1}, then by Lemma 5.4.8 

^^^^^<CH/N{Ny) f o r a l l y e G . 

Also CG(X) n 5 ^ (f) for all x G iV and for all S e G/N. Thus, all the 

inequalities may be changed into equalities. Hence 

Pr(i/,G) = P r g , ^ ) . 

This completes the proof. D 

Theorem 5.4.10. Let H be a subgroup of G. Then 

(i) H/{Z{G) nH)^Z2 if Pv{H, G) = I 

(ii) H/{Z{G) n / / ) ^ Z2 X Z2 ifPT{H, G) = § and H is non-abelian. 
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Proof, (i) Suppose that Px{H, G) = f, then by Theorem 5.4.5(ii), Fr{H, G) < 

{\Z{G) nH\ + \H\)/2\H\. Thus we have 

3 ^ |Z(G')nif | + | / / | , \H\ 
4 ^ ^ ^ 1 ^ " ' ^ ° \Z[G)nH\^^-

If \H\/{\Z{G) n if I) = 1, then we have H C Z(G), whence Pv(H,G) = 1, a 

contradiction. Therefore,|if |/(|Z(G) n i/ |) = 2. Hence 

H 

ZiG)nH 
(ii) Suppose that Pr(if, G) = | , then 

S Z , 

5 ^\Z{G)nH\ + \H\ . \H\ 

8 ^ — m — """"'''{zmKH]^'-
Since H is not abelian, H/{Z{G) n H) is not cyclic. Therefore, we have 

TT 

— = Z2 X Z2. 

and the proof of the theorem is completed. D 

Note that the second part of Proposition 2.2.1 also follows by taking 

H = G in part (ii) above. 

Proposition 5.4.11. Let G = Din = (o, 6 | a" = 5̂  = (a&)̂  = 1) and 

H = (a). Then 

Pv{H,G) = 

Proof. We know that 

W\\G\ 

^ ^ n even, 

^ n odd. 
2n 

P'W'^) = iHTi77iElC=W 

1 

' '' ' \xeHnz{G) xeH~Hnz{G) J 
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lix e Hn Z[G) then 1CG(X)1 = 1G|, and if x € (H - /f n Z{G)) then 

\CG{X)\ = |G|/2. Now, assume that n is even. Then 1Z(G) n H j = 2, and we 

have 

Pr(i^,G) ^ ~ p ( |G| |^(G) n / / | + J | i ( | i / | - |Z(G) n H\)^ 

_ \H\ + \Z{G)nH\ _ n + 2 
2|/J| ~ 2n 

I fn i sodd then |Z (G)n i / | = l ,andso Pr(if, G) = (n+l) /2n, as above. D 

Similarly we have 

Proposition 5.4.12. Let G = (52" = (a, H ^^"" = 1) ^^"" = ^ '̂ ^"^^6 = 

a-^) and H = {a). Then Pr(H, G) = (2^̂ -̂  + 2)/2^ for all positive integers 

n. 

It may be mentioned here that Pr(/f, G) can be further generalized to 

P rrs ^^_• \{{x,y) E H X G : [x,y] = g}\ 

where g & G and 

PrK{H,G) = ^^^^ . 

where K is a subgroup of G'. 

PROBLEM: To study Fxy{H,G) and Pr^li^.G) in detail. 

5.5 Relative n^^ Nilpotency Degree 

In this section we study a generalization of Pr{H, G) called the relative n 

nilpotency degree. We start with the following definition. 
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Definition 5.5.1. Let if be a subgroup of G. The relative n*'' nilpotency 

degree of H in G, which is denoted by Pr^"'(i/, G), is defined to be the ratio 

r,(n)frrn\ \{{xuX2,--- ,Xn,y) E H"" X G {[xuXj,--- ,Xn,y] = 1}| Pr̂  '{H,G) = ^.p^^l . 

rt is Clear that PV^^\H, G) = Px{H, G] and HH^G then FX^"'\H, G) = 

Pr(")(G). 

Lemma 5.5.2. Let H be a subgroup of G then 

Pr^"\H,G) < Pr"(G) for all n>l. 

Proof. We have 

\H\^\G\ 

| C ' G ( [ a ; i , x 2 , - - - ,3;n]) | 

< 1 y ^ y > \CH{[XUX2,--- ,Xn]) 

xieH xneH ' ' 

|_^|n+l Yl ••• Z ] \CH{[XI,X2,'-- ,Xr. 

Pr^"^//). 

D 

It may be noted here that the sequence {Pr^"^(i/, G)}„>i is monotonically 

increasing for any finite group G and each subgroup H of G, because 
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' ' ' 'lie// xn+ieH 

= l H \ n \ l \ G \ ^ ' " S ^ \CGi[xuX2,---,Xn+,])\ 

' 'xieH i „ + i G / / [ i i , i 2 , - - , i „ + i ] = l 

+ | i j | n + i | G | E - - - E E |CG([:ri,a;2,---,^n+i]; 
' 'xieH Xn + ieH [ l l , l 2 , - - - , I n + l ] / l 

Theorem 5.5.3. Let H be a subgroup of G. Then, for every n > 1, 

H 
Pr("+i)(i7,G)< ]- f l + Pr^") f-

Proof. We have 

|/f|n+l|G'|Pl.("+l)(if,G) 

= |{(2;i,X2,--- ,2;„+i,2/) e i;̂ "+^ X G |[a;i,X2,--- ,2;„+i,y] = 1}| 

= E ' " E \^G{[x\,X2r-- ,Xn+\])\ 
XieH xn+ieH 

= E ' " E E \CG{[XI,X2,--- ,Xn+l])\ 
xi€H Xn+ieH [xuX2,- ,x„+i]eZ(G)nH 

+ E ' " E E \CG{[XUX2,--- ,Xn+l])\ 
XieG Xn+ieH [xi,X2,--- ,Xn + l]tZ{G)nH 

^ l'^l""P''"'(l(G^) l«l 

+ (lif r+i - i i / r+ ipr (" ) ' " ^ ^ ' ^ ' 
Z{G)nHjJ 2 

1 + Pr'"' 
Z{G)nH 
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Hence the result follows. D 

Note that Theorem 5.5.3 is a generalization of Theorem 5.3.5. The next 

theorem is a slight improvement of Theorem 5.3.4. 

Theorem 5.5.4. Let G be a finite group, H and N be subgroups of G such 

that N <G and N C H. Then 

Pr(")( if ,G)<Pr(")(^,^) . 

Moreover, if N il [nH,G] = {1} then the equality holds. 

Proof. 

= \{{XuX2,--- ,Xn,y) ^ H"" XG \ [XuX2,--- ,Xn,y] = l } | 

= ^ ••• " ^ \CG{[XI,X2,--- ,Xn])\ 

xieH xneH 
\CG{[^I^X2,--- ,x„])A''||Civ([a;i,a;2,--- ,a;„])| 

\N\ 

< Y1'"Y1 \CG/N{[NXUNX2,--- ,NXn])\\CN{[xi,X2,--- ,Xn])\ 
Xl^H Xn^H 

XI E ••• E '^\CG/N{[SI,S2,--- ,Sn])\\CN{[Xi,X2,--- ,Xn])\ 
Sien/N xi€Si SneH/N xneSn 

, X2, • • • , Xn\)\ 

< l ^ r ' E ••• E \CG/Ni[SuS2,---.Sr.])\ 
SieH/N SneH/N 

N N 

l^nG|PrH(^,^). 
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Therefore, 

P r H ( H , G ) < P r W ( | , | . . 

Again, [N,nH] C N, and so if Nn[„if ,G] = {1} then [iV, „//] n [„if, G] = 

{1} forcing [N,nH] = {1}. This implies that N C CH{[XI,X2,-• • ,Xn]) Q 

Co{[xi,X2, • • • ,x„]), where Xi,X2, • • • ,a;„ G // , Furthermore 

Ca{[xux2,---,xr,]) ^ CoMlNxuNx,, ••, iVx„]). 

Hence by the same argument as in the first part we get the second part of 

the Theorem. D 

Applying Theorem 5.5.4 with H = G, we get the following corollary. 

Corollary 5.5.5. If N < G then Pr^")(G) < PV^''\G/N). 

The following theorem is a generalization of Theorem 5.4.6 

Theorem 5.5.6. Let H be a proper subgroup of G. Then, for every n> I, 

(i) Pv^"\H,G) = lifHCZ,,{G), 

(ii) Pr("H^, G) = lifH ^ Zn{G) and H/{Z{G) n H) is mlpotent of class 

at most n — I, 

(iii) Prf"^(i/,G) < (2"+2 _ 3)/(2"+2) ifH<^ Z„(G) and H/{Z{G) n H) is 

not nilpotent of class at most n — 1. . 

Proof. (i) Follows immediately from definition. 
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(ii) It is clear that ii H/{Z{G)r\H) is nilpotent of class at most n-1, then 

for elements ari,X2, • • • , af„ m H/{Z{G)r\H), we have [x\,X2, • • • ,Xn] = 

1. So, CG{[XI, • • • ,Xn]) = G, and by the same argument as in Theorem 

5.5.3, we have 

|//|n|G|Pr(")(H,C?) 

= \{{Xi,X2,--- ,Xn,y) e H"" XG \ [xi,X2,--- ,Xn,y] = l}\ 

= Yl '" Yl \^G{[XI,X2,--- ,Xn])\ 

= \HnG\. 

Hence, Pr '̂̂ ^i .̂C?) = 1. 

(iii) Since H/{Z{G) n H) is not nilpotent of class at most n - 1, so 

Pr^^-^\H/{Z{G) n H)) < (2"+i - 3)/(2"+^). (by Theorem 5.3.7) 

Now, by Theorem 5.5.3 we have 

Pr("H^,G) < ^ f l + Pr̂ "-') (-
H 

^HnZ{G) 
1 / 2"+i - 3 \ 2"+2_3 
2 \ 2""̂ ^ / 2""''2 

D 

It may be mentioned here that Pr^"^(if, G) can be further generalized to 

D Mfu n\ l{(^i'^2,- • • ,Xn,y) e H"" xG \[xi,x2,-- • ,Xn,y] = g}\ 
Pr. 'iH,G) = ^j^^^ . 

where g E G and 

PrP{H,G) 
|{(3;i ,a:2,--- ,Xn,y) E H"" x G \[xi,X2,--- ,Xn,y] € K}\ 
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where fC is a subgroup of G. 

P R O B L E M : To study Pr^")(^>G) and FvP{H,G) in detail. 

5.6 Probability that an Automorphism Fixes 

a Group Element 

Let G be a finite group acting on a finite set fl. Define 

Fix(G,fi) = {ig,u) eO X n\gio^uj}. 

Tlien the probability that an element of G leaves an element of Q. fixed is 

defined to be the ratio 

_ |Fix(G,Q)| 
'̂̂ ^"^ - IGII^I • 

We have 

Fix(G, n)\ = J2\{9 eG\guj = uj} = Y^\ stab(a;)| 
wen wen 

fc 
= ^ | G : orb(a;)| = ^ | G : orb(a;,)|| orb(a;i)| 

wen i=i 

where {ui,t02, • • • , w^} is a set of representatives of the distinct orbits of Q, 

under the action of G, and we have | Fix(G, Q)\ — k.\G\. 

Thus PrG(^) = A;/|r2| the ratio of the number of orbits in Q under the 

action of G to the order of f]. 

If G acts on itself by conjugation then one has k = k{G). In which case 

PrG(G) = k{G)/\G\ gives the usual commutativity degree Pr(G). 
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Let Q, = G and A = Aut(G) then PVA{G) is the probability that an 

automorphism fixes a group element. In 1975, Gary Sherman [46] studied 

PvAiG) for a finite abelian group G and found few fruitful results. Let us 

study those results where G is a finite abelian group and A = Aut(G). 

Theorem 5.6.1. PrA{G) = 1 if and only if G = Z2. 

Proof. It is trivial that Pr^(Z2) = 1. Conversely, if Pr^(G) = 1, then G is 

an elementary abelian 2-group since the automorphism x —> —x must be the 

identity mapping. Viewing G as a Z2-space it follows that any two nontrivial 

elements of G are in the same orbit. Thus, 2/2-' = 1 where \G\ = 2-'. This 

implies j = I; i.e., G = Z2. • 

Theorem 5.6.2. Pr^(G) < 3/4 if G ^ Z2. 

Proof. Let F is the subgroup of trivial orbits and Oi ,02 , - ' - ,0^ be the 

nontrivial orbits of G. Then we have 

\G\ - |F | + |Oi| + --- + |0 , | . 

Hence, (|G| - |F|)/2 > r since |0i | > 2 for z = 1,2, • • • , r. From k = r + \F\ 

where k is the number of orbits of G, we get k < (|G| + \F\)/2. 

If G ^ Z2, then F 7̂  G and therefore |G : F | > 2. i.e., |F | < |G|/2. Thus 

k < (3/4) • |G|, so PIA{G) < 3/4 as required. D 

Note that the above bound is the best possible as PiAi'^i) = 3/4. 

A routine verification gives the following theorem: 
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s 

Theorem 5.6.3. If G ^ ®G, , then 
1=1 

s 

PI:A{G)<IIPVAXG,), 

where Ai = Aut(Gi), I < i < s. Equality holds if each G^ is a Sylow 

subgroup of G. 

In view of the above theorem, to obtain a bound for PVA{G) it suffices 

to obtain a bound for the Sylow subgroups. Note that for \G\ = p" and 

G elementary abelian, we have Pr^(G) = 2/p" since G is a Zp-space. Also 

for \G\ — p" and G cyclic, there is at least one element of order p'" for 

m = 0,1, 2, • • • , n. As elements in the same orbit must have equal orders, G 

has at least n + 1 orbits. Since elements of the same order can be written as 

powers of elements with orders prime to p, the elements of a particular order 

form an orbit. Thus PI:A{G) = (n + l ) /p" when G is cyclic. Gary Sherman 

[46] also established a general bound for Pr^(G) when G is a p-group. The 

following is useful in establishing the bound. 

Lemma 5.6.4. Let n be a positive integer greater than 1. The maximum 
k k 

value of Y\n^, for ^ n j = n, is 3^^-'^)/^ • 2*/̂ , where 
1=1 1=1 

i - i if n = l(mod3) 

z = 2 if n = 2(mod3) 

z = 0 if n = 0(mod3). 

Proof. The maximum occurs when no rij = 1. Further, (m — 2) • 2 > m if 

and only if m > 4. Thus each rij > 4 can be replaced by (nj — 2) + 2 in 
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the partition and the associated product will be increased. If some n, = 4, 

replacing it by 2 + 2 leaves the product unchanged. If 2 + 2 + 2 occurs in the 

partition, replacing it by 3 + 3 increases the product. Hence the maximum 

occurs when each n^ is a two or a three. The conclusion of the lemma follows 

immediately. • 

Thus we observe that the maximum product associated with the par­

titions of n is smaller than the corresponding product obtained from m if 

n < m. 

Proposition 5.6.5. // \G\ = p", then Pr^(G) < 2 • (3/p2)"/2. 

Proof. Suppose the invariants of G are mi, m2, • • • , m^, 1, • • • , 1, where 
k 

Y^rrii = m and i < j implies rrii > nij. Let H denote the summands of 
2 = 1 

G of order p and K denote the summands of G of order at least p^. Thus 

G^H®K. Then by Theorem 5.6.3, we get 

2 
P r ^ ( G ) < P r ^ ( i / ) . P r ^ ( K ) < ^ ^ _ 

Thus 
k 

Pr^(G)<(2/p")-J](m, + l). (5.6.a) 

k 

Since Yli'^i + 1) = m + A;, maximizing k maximizes the sum. The largest 
t = i 

value for k occurs when the m/s are smallest (all twos, except for one three 

if m is odd). Taking k' to be the integer of {m/2, (m - l ) /2} and applying 

Lemma 5.6.4, to Equation 5.6.a, we have 

P r ^ ( G ) < — . 3('"+'=')/3 < A . 3 (m+im) /3 < A . ^m/2 < 3 . I L \ . 
p" — pn - pTi — \p^ / 
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as required. D 

Proposition 5.6.6. If 0 < p < 1, there is only a finite number of finite 

abelian groups G with Pr^(G') > p. 

Proof. We may choose a positive integer N and a prime q both so large that 

2-(3/4)^/2 < ^ and 2-(3/92)1/2 < ^. liPvA{G) > p and fP divides \G\, where 

p is a prime, then j < N and p < q. This condition imposes an upper bound 

on the order of G. Hence the result follows. • 

Proposition 5.6.7. If {Gn} is a sequence of finite abelian groups for which 

\Gn\ —> oo as n —^ oo, then Pryi(G'„) -^ 0 as n -^ oo. 

Proof. Since {Pr^(G'n)} is bounded above by 1, the limit superior of {Pr/i(G'„)} 

is finite. Indeed, limsupPrA(Gn) = 0, otherwise we contradict Proposition 

5.6.6. Thus 

0 < liminf Pr^(G„) < limsupPrA(G„) = 0. 

D 

We would like to conclude this section by stating one problem posed by 

Gary Sherman [46]. 

PROBLEM: Suppose G is finite group (not necessary abelian) and S 

is the set of its subgroups. Let G acts on S by conjugation and consider 

Pre(5). It is clear that PrG(5) = 1 if and only if each subgroup of G is 

normal. This is equivalent to G being abelian or Hamiltonian. The problem 

then is to determine if there exists some real number p, where a < p < 1, 

for which Prc{S) < p when G is neither abelian nor Hamiltonian. Sherman 
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conjectured that p = 2/3. If this conjecture is true, the bound is sharp since 

PrsAS) = 2/3. 

5.7 Rewriteability in Finite Groups 

The notion of rewriteability has its origin in automata theory and currently 

is of considerable interest in group theory [5]. 

Let 5 C Sn — {1}; i.e., 5 is a non-empty set of nontrivial permutations 

of {1,2, • • • , n} . An n-tuple {xi,X'2, • • • ,x„) of elements of G is called 5-

rewriteable or n-rewriteable if a;iX2 • • • a;̂  = Xa(i)Xa-(2)""' ^^{n) for some a G S. 

Leavitt, Sherman and Walker [34] generalized the usual Pr(G) by setting 

where 

,X2, • • • ,a;„) G G" I (a;i,X2, • • • jXn) is 5-rewriteable}. 

We call Pvn{G; S) as S-rewriteability or n-rewriteability degree of G. The case 

n = 2 gives Pr2(G : S) = Pr(G), however we shall write Pr2(G : S) := Pr2(G) 

and Rw2iG : 5) := Rw2{G). 

By the above definition, a group G is said to be 3-rewriteable if xyz G 

{xzy, yzx, yxz, zxy, zyx} for all x,y,z G G. Let us first study few available 

results for 3-rewriteable groups. Using a result of Curzio, Longobard and 

Maj ([8] Theorem 3) Leavitt, Sherman and Walker [34] have established the 

following result. However first we shall discuss the proof given by Lescot [32]. 

Theorem 5.7.1. The following conditions on a finite group G are equivalent 
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(i) The order of the commutator subgroup ofG is one or two, i.e., \G'\ < 2. 

(ii) The order of each conjugacy class of G is one or two, i.e., |Cl(x)| < 

2 Vx G G. 

(iii) The order of the centralizer of each element of G is \G\ or \G\/2, i.e., 

\CG{x)\e{\G\,\G\/2} VxeG. 

(iv) G is 3-rewriteable, i.e., xyz G {xzy., yzx, yxz, zxy, zyx} ^ x,y, z E G. 

(v) Pr(G) > 1/2. 

Proof, (i) =^ (ii) Each c € Cl(x) can be written as c = yxy"^ therefore 

c = {yxy-^x-^)x e G'x and Cl(x) C G'x. Thus 

|Cl(x)| < \G'x\ = \G'\<2. 

(ii) => (iii) Clear because 

|C1(X) | = | G : C G ( X ) | yxeG. 

(iii) =^ (iv) Let {x,y,z) G G^ then Caiy) has at most two right cosets 

in G. If X G Cciv) then xyz = yxz; if 2 G Caiy) then xyz = xzy. We 

may therefore assume that xCoiy) = G\Co{y) = zCoiy), therefore z^^x G 

Coiv)- If xyz 7̂  yzx then yzCoix) — G\CG{X), therefore y G yzCcix), i.e., 

z G CG{X). It follows that 

z~^xy = yz^^x = yxz"^ 

or, xyz = zyx. 
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(iv) => (v) Let us apply the hypothesis to a triple {x,y,x'^); we get 

xyx'^ € {xx^y,yxx'^,yx'^x,x^xy,x'^yx} V(x,y) G G x G, 

therefore xy = yx or yx^ = x^y, thus in any case x"^ 6 Z{G). Therefore 

GIZ{G) is a group in which every element has square 1, i.e., an elementary 

abelian 2-group. By Proposition 3.2.6, there is a group H isoclinic to G and 

such that Z{H) C H'. Also 

H ^ G 
Z{H) ~ Z{G) 

is then elementary abelian, therefore H' C Z{H) and 

H' = Z{H). 

For each h e H, the map (j)h • H/Z{H) -> H' defined by 

MuZ{H)) = [h,u] VueH 

(i.e., (ph = aH{hZ{H)),.) is a morphism of groups from H/Z{H) to i/ ' , 

therefore, for u e H, [h,u] = (j)h{uZ{H)) has order 2. i/ ' , being abelian and 

generated by elements of order 2, is therefore an elementary abelian 2-group. 

We now note that condition (iv) can be rewritten as 

[x, y] = 1, [y, z] = 1, [x, yz] = 1, [xy, z] = l, or xyz = zyx, 

i.e., 

[x,y] = 1, [y,z] = 1, [x,y][x,z]y = 1, [y,z]^[x,z] = 1, or [x,y][x,z]y[y, z] = 1 

for all {x, y, z) e G^. 
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It follows that condition (iv) holds also for H since G' < Z{G); conse­

quently H' C Z{H). Now the reasoning ([8], ppl41-142), gives 

\H'\ < 2 

Therefore Z{H) = H' has order 1 or 2, i.e., H = {1} or H is an extraspecial 

2-group. By Corollary 3.3.2, we have 

Pr(G) = { l } u { ^ l + ^ ) | n e N , n > l } 

and thus Pr(G) = Y>x[H) > \. 

(v) =» (i) By Theorem 2.2.2, we have 

'^'' - 4Pr(G)-l "̂  f ^ ^ '̂ 

thus |G'| < 2. D 

Now we discuss the proof by Leavitt Sherman and Walker [34]. The 

following lemmas are useful to organize the proof. 

Lemma 5.7.2. If x and y are elements of G for which \G : CG{X)\ = 2 and 

Caiy) n (G \ CG{X)) # ^, then G : Caixy) > [G : Coiy)]. 

Proof. The conjugacy class of y, Cl(y) may be written as {y^^y^^ • • • ,2/""} 

where {gi,g2r'- ,9n} is a complete set of right representatives for Caiv) 

in G. Moreover, we may choose each coset representative CG{X). Other­

wise CG{y)gi Q G \ CG{X), which means that G \ CG{X) = CG{x)gi since 

\G : CG{X)\ = 2. Therefore CG{y)g^ Q CG{x)g^ and so CG{y) C CG{X), 

a contradiction. The conclusion follows because the mapping y^' —>• xy^' 

embeds C\{y) in C\{xy). D 
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Let us consider the following subsets of G 

X^{xeG\\G:CG{x)\>2,), 

Y = {xeG\\G:CG{x)\=2], 

Z = {xeG\\G: CG[X)\ - 1}, the center of G. 

Lemma 5.7.3. / / at least 3 • \Z\ elements of G have centralizers of index at 

least 3, then Pr(G) < 1/2. 

Proof. Observe that 

\Rw2iG)\ = k{G) • \G\ < (|X|/3 + \Y\/2 + \Z\) • \G\ 

=::{\Z\ + i\X\-3-\Z\)/3 + \Y\/2+\Z\)-\G\ 

<{\Z\ + {\X\-3-\Z\)/2+\Y\/2 + \Z\)-\G\ 

= {\X\ + \Y\ + \Z\)-\G\/2 

= \G\V2. 

Thus Pr(G) < 1/2 as claimed. D 

Lemma 5.7.4. If G is not 3-rewnteable, then \G : Z\> 6. 

Proof. If |G : Z| is 1, 2, 3 or 5 then G is abelian since G/Z is cyclic. If 

\G : Z\ = A and x is a noncentral element, then Z C CG{X) C G implies 

\G : CG{X)\ = 2; i.e., G is 3-rewriteable. D 

It is not necessary to invoke the characterization of 3-rewriteability to 

complete the Lemma 5.7.4. If |G : Z| = 4, then G/Z ^ Z2 x Z2. Thus G = 

Z U xZ UyZ U xyZ. The only triple products from G whose 3-rewriteability 
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we might question have from {xzi){yz2){xyz3) or {xzi)(xyz2){yz3). But, no­

tice that {xzi){yz2){xyz3) = {xyz3){xzi){yz2) and that {xzi){xyz2){yz3) -

{yz3){xzi){xyz2) because x'^ e Z. This proof makes Lemma 5.7.4, which is 

an analogue of the fact that jG : Z| > 4 for nonabelian G. 

Now we are able to give an elementary proof of Theorem 5.7.1. Theorem 

5.7.1 can be restate as the following 

Theorem 5.7.5. A finite group G is 3-rewriteable if and only ifPi{G) > 1/2. 

Proof. Assume that G is not 3-rewriteable. Then note that X ^ (f). Choose 

p e X and set n = |G : CG(5) | . Then ZuZg C Cdg) and {ZUZg)nY = (j). 

Thus 

\CGig)nY\<\G\/n~2\Z\ 

and so 

\{G\CG{g))nY\>\Y\-\G\/n + 2-\Z\. 

If X G (G \ Coig)) n y , then \G : CG{X)\ = 2 and Coig) n (G \ Cc{x)) ^ 0 

implies, by Lemma 5.7.2, that \G : CG{xg)\ > \G : Coig)] > 3. Therefore 

(G \Coig ) )nY CX;m fact (G\Coig))DY c X\Zg as Zg c XnCcig). 

Thus 

\X\ - \Z\ = \X\Zg\>\{G\ Coig)) nY\> \Y\ - \G\/n + 2 • \Z\; 

i.e., 

\X\>\Y\~\G\/n + 2>-\Z\. (5.7.a) 

In view of Lemma 5.7.3 and (5.7.a) we are done if | y | > |G|/3, so assume 

that \Y\ < |G|/3. In this case Lemma 5.7.4 implies that \X\ > |G|/2 and, 

therefore, \X\ > 3 • \Z\. The theorem is proved. D 
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Corollary 5.7.6. If G is not 3-rewnteable, then at least \G\-(n-l)/2n+\Z\ 

elements of G have centrahzers of mdex at least 3 where n is the greatest 

centrahzer mdex among the elements of G. In particular, more than 1/3 of 

the elements of G have centrahzers of index at least 3. 

Proof This follows directly from (5 7 a) by substituting \G\ - \X\ for \Y\ + 

\Z\. U 

Note that Theorem 5.7.5 can formulate in terms of conjugacy classes and 

conditional probability as follows 

Theorem 5.7.7. Each conjugacy class of a finite group G has order one or 

two if and only if the average conjugacy class order is less than 2. 

Theorem 5.7.8. For a given y the probability of commuting x and y ,for 

each X, is at least 1/2 if and only ifFi{G) > 1/2. 

The bound 1/2 for 3-rewriteability is sharp in two senses. 

(i) Pr(G) = 1/2 if and only if G/Z ^ S3. 

(u) There exists a sequence, {Gn}, of 3-rewnteable groups such that Pr(G'„) 4-

1/2 

A result of Ito [26] says that groups in which each conjugacy class is of 

order one or p, for a fixed prime p, must be the direct product of a p-group 

with this property and an abelian group. Thus, if G is 3-rewriteable we may 

write G = T X A, where T is a 3-rewriteable 2-group and A is abelian And 

Pr(G) = P r ( r xA) = Pv{T) • Pv{A) - P r ( r ) . 
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Therefore we may restrict our attention to 2-groups. 

Consider the quaternion group of order eight. 

Qs = {x,y,z\x'^ -y'^ = z"^ = xyx~'^y~'^ = xzx~^z~^ = l,yzy~^2;~^ = x). 

The relevant fact are; 

Z = Q'^^{l,x], 

MQs) = 5 = |Z| + (|G| - |Z|)/2 = (|G| + |Z|)/2, 

Pr(Q8) = 5/8 = l/2 + |Z|/(2-lG|). 

Leavitt, Sherman and Walker [34] generalize by taking G„ to be an (extraspe-

cial 2-group) generated by Xi,a;2, • • • ,a;2n+i subject to the relations 

xf = 1 for 1 < i < 2n + l, 

{ xi for i even and j = i + 1, 

1 otherwise. 

Then |G| = 22"+i and Z = G'^ = {l,Xi} so that Pr(G„) = 1/2 + l/22"+i. 

Now we study bounds for Pr„(G;5). The following lemma generalizes 

Theorem 2.2.3 

Lemma 5.7.9. If n > 2 and a € Sn - {id}, then \Rwn{G;{a})\ < k{G) • 

\G\"-K 

Proof. The proof is by induction on n. The case for n = 2 gives 

\RW2{G; {a}}\ = {{(x, y) e G'\xy = yx}\ = k[G) • \G\. 
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Assume that the results holds for n — 1. 

If cr(n) = n, then Xia;2 • • -Xn = Xa(i)Xa(2) • • • Xa(n) if and only ifa;ia;2 • • • Xn-i = 

Xaii)Xci2) • ••Xain~\)- Therefore \Rwn{G; {a})\ = \Rwn-i{G; {a})\ • \G\ where 

a is a restricted to {1, 2, • • • , n — 1}. Thus in this case the induction hypoth­

esis yields the result. 

If a{n) < n, say a{n) = m, then xia;2 • • -Xn = Xu{i)X(r{2) • • -^ain) if and 

only if a;n~^2;;(j_i) • • • x'^l^^^XiXi • • • x„ = x^(^j+i)Xa{j+2) •••^m where a{j) = 

n. Let g = a;;:(̂ _̂i)X~(̂ _̂2) • • • x'^^-^-^x^x^ • • • x„_i and /i = a:a(j+i)a;<,(j+2) • • • x^. 

Notice that |{x„|a;„~^gx„ = /i}| is | C G ( ^ ) | or 0 for fixed Xi,X2, • • • ,a;„_i and 

that g varies over G as x̂ n varies over G. Thus 

Xl I n - l 

I I Xn-\ 

\n-\ 
= (MG)iGr 

This completes the proof. D 

It follows from Theorem 2.2.3 and Lemma 5.7.9 that 

Pr„(G;5) = \Rwn{G-S)\l\G\- < | 5 | • Pr(G) < \S\{p'+p - l)/p' (5.7.b) 

Since {p'^ + p — l)/p^ 4- 0 as jD -^ oo we may use equation (5.7.b) to con­

clude that, for 151 fixed and sufficiently large p, "5/8-like" bound exists for 
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Pr„(G;S'). Leavitt, Sherman and Walker [34] showed that random sampling 

of the "^-rewriteability hypercube" of various groups suggests such bounds 

exists independent of p. 

Lastly we conclude this section by a conjecture of Leavitt, Sherman and 

Walker [34]. 

Conjecture 5.7.10. If G is not S-rewriteable then there exists Pn{S) < I, 

independent of G, such that ¥xn{G\S) < Pn{S) < 1. 

Specifically, if p > 7, then Pr3(G;53 - [id]) < 275/343. However, CAY-

LEY [21] suggests PrslG; ^3 - {id}) < 17/18. Thus for 3-rewriteability their 

conjecture is: 

IfG is not 3-rewriteable, then Pr^iG] S3 - {id}) < p^iS^ - {id}) = 17/18. 

If this conjecture proves to be true, then the 17/18 bound is sharp because 

P r3 (5 ' 3 ;5 ' 3 -M) = 17/18. 

We conclude by mentioning that if G is non-abelian finite simple group 

then Pr3(G; 53 - {id}) < 5/12. This follows from equation (5.7.b) because 

Pr(G) < Pr(^5) [11] and P r ( ^ ) = 1/12. It seems likely that the bound is 

actually 27/100 because CAYLEY[21] shows Pr(A5, S3 - {id}) to be 27/100. 

5.8 Commutativity in Finite Rings 

In 1976 Machale [37] considered the problem of finding the probability PT{R) 

that a pair of elements in a finite ring R commute with each other. He defined 

Pr{R) to be 7 ^ ^ \CR{X)\, where CR{X) is the subring {r e R : xr = rx} of 
xeR 

R. By Theorem 2.1.1 for finite group G we have Pr(G) = T^J2 ICci^)] = 
xeG 
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k{G)/\G\, where k{G) is the number of conjugacy classes in the group G. 

The concept of conjugacy in groups has no obvious analogue in rings even 

though there are many results for Pv{R) very similar to Pr(G), however, the 

methods of proof will be somewhat different. Let us study few such results 

first studied by Machale [37]. 

Lemma 5.8.1. If R is a non-commutative ring, then R/Z{R) is not cyclic 

(additive) group. 

Proof. Let Rhe a, non-commutative ring and R/Z{R) is cyclic group gener­

ated by Z{R) + r. Then 

R = Z{R) U iZ{R) + r) U 2{Z{R) + r) U • • • U n{Z{R) + r) U • • • 

R = Z{R) U {Z{R) + r) U {Z{R) + 2r) U • • • U {Z{R) + nr) U • • • 

Typical elements of R may now be expressed as Zi + nr and Z2 + mr where 

zi,Z2 G Z{R) and m and n are integers. But these elements clearly commute, 

which contradicts the hypothesis. Hence the result follows. D 

Corollary 5.8.2. If R is a non-commutative ring, then \R : Z{R)\ can not 

be a prime number. 

Theorem 5.8.3. If R is a non-commutative ring, then PT(R) < 5/8, with 

equality if and only if \R : Z{R)\ = 4. 

Proof. Since R is a non-commutative ring by Corollary 5.8.2, we have \R : 

Z{R)\ > 4.i.e., \Z{R)\ < {l/4)\R\. Also for x G Z{R) we have \R : Cn{x)\ = 
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1. Therefore at least three quarters of the elements of R satisfy \R • CR{X)\ > 

2. Thus, 

If Pv{R) = 5/8 then clearly \R : Z{R)\ = 4. Assume therefore that \R : 

Z{R)\ = 4, in which case RjZ{R) is the direct sum of two cyclic groups 

{Z{R) + a) and {Z[R) + b). Now each non-central a: has centralizer of index 

2 in i? and so Pr(i?) = 5/8 as required. D 

The following rings of matrices over GF(2) show that the bound Pr(i?) < 

5/8 for non-commutative rings is the best possible. 

(ii) <; l"" ° j I V a,6,cGGF(2) 

The above mentioned result is a special case of the following theorem whose 

proof is exactly analogous: 

Theorem 5.8.4. Let R he a non-commutative ring and p is the least prime 

number which divides \R\, then 

p^ + p - 1 
Pr(E) < 

p3 

— -r,2 The equality holds if and only if \R : Z{R)\ = p 

Machale also observed that any subring of a finite ring is at least as 

commutative as the ring itself. This can be express by the following theorem. 
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Theorem 5.8.5. If H is a subring of R then PT{R) < Pr{H). 

Proof. Since for any r in R, CH{T) is a subring of C[i{r) it follows that 

\Cji{r)\<\R:H\\CH{r)\. 

Thus 

J2\Cair)\ < \R : H\Y^\Cff{r)\ = \R : HIY.ICRWI < \R : H\'^\CH{h)\. 
reR reR h^H heH 

It follows that Pr(i?) < Px{H). D 

We conclude this chapter and also the dissertation by the following re­

mark. 

Remark 5.8.6. Though the notion of commutativity degree of a finite group 

has been generalized in many different ways yet classification of groups using 

these generalized notions is far from completion. 
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