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ABSTRACT 

John von Neumann defined a regular ring as a ring with the property 

that for each a E R, there exists some b G R such that a = aba. In order 

to distinguish these rings from the regular Noetherian rings of commutative 

algebra, non commutative ring theorists have added von Neumann's name as 

a modifier. Motivated by the coordinatization of projective geometry which 

was being reworked at that time in terms of lattices, in 1936, von Neumann 

introduced regular rings as an algebraic tool for studying certain lattices. 

Since then, regular rings are extensively studied. It is well known that the 

following conditions are equivalent for a ring R: (i) R is von Neumann regular; 

(ii) Every left (right) /^-modules are flat; (iii) Every cyclic left (right) R-

modules are fiat. By weakening the condition (iii), a ring R is caUed a left Sp­

ring if all simple left /^-modules are flat. Ramamurthy initiated the study of 

SF-rings and asked the question whether a left SF-ring is necessarily regular. 

This question is still open. However, much work is done in the positive 

direction by many authors over the last three and a half decades. The main 

purpose of this dissertation is a survey of the von Neumann regularity of 

SF-rings. 

Now we give a brief description of the contents of each chapter of our 

dissertation. 

The first chapter is introductory in nature. In this chapter, we have 
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studied basic notions like tensor product, flat modules, singular submodulo 

of a module, socle of a module, semiprimitive ring, rings of fractions, etc. 

We begin the second chapter by including few preliminary results on 

regular rings followed by a survey of the work done by different authors over 

these classes of rings. Some of the results in this chapter are: 

Proposition 2.1.10. If a ring R is regular, then Mn{R) is regular for 

each n. 

Proposition 2.1.12. For a ring i?, following conditions are equivalent: 

(1) i? is regular. 

(2) Every principal right ideal of R is generated by an idempotent. 

(3) Every finitely generated right ideal of R is generated by an idempotent. 

Proposition 2.1.14. The following properties of a ring R are equivalent: 

(1) R IS & reduced regular ring. 

(2) Every principal right ideal of R is generated by a central idempotent. 

(3) R is regular and every right ideal of R is two sided. 

(4) R is strongly regular. 

Lemma 2.2.4. Following conditions are equivalent for a ring R: 

(1) i? is regular. 

2 



(2) Every left i?-module is p-injective. 

(3) Every cyclic left i?-module is p-injective. 

Proposition 2.4.3. Every strongly regular ring is unit regular. 

Theorem 2.4.13. Every unit regular ring is an elementary divisor ring. 

Proposition 2.4.15. A regular ring R is unit regular if and only if 

aR + bR — R for some a, b € R implies there is some t E R such that a + bt 

is a unit. 

Proposition 2.5.3. An ELT right weakly regular ring is regular. 

Proposition 2.5.7. Let /? be a reduced ring. Then R is left weakly 

regular if and only if R is right weakly regular. 

Proposition 2.5.8. The centre of any left (right) weakly regular ring is 

regular. 

Proposition 2.6.4. The following conditions are equivalent for a ring R 

with centre C: 

(1) i? is regular. 

(2) C is regular and R/MR is regular for each maximal ideal M of C. 

(3) RM is regular for each maximal ideal M of C. 

Example 2.7.4. There exists a ring R such that 

{ideals of /?} C {W - ideals of R] C {GW - ideals of R}. 



Theorem 2.8.8. The following are equivalent for a ring R: 

(1) i? is strongly regular. 

(2) i? is a left GP-V-ring whose every maximal left ideal is a GW-ideal. 

(3) R IS a, left GP-V-ring whose every maximal right ideal is a GW-ideal. 

Proposition 2.9.7. The following conditions are equivalent for a ring 

R: 

(1) R is a strongly regular ring. 

(2) i? is a generahzed regular ring whose left annihilator of any element is 

a weakly right ideal of R. 

(3) /? is a generalized regular ring whose right annihilator of any element 

is a weakly left ideal of R. 

Proposition 2.9.10. A ring R is strongly regular if and only if i? is a 

left P-V-ring and every maximal left ideal of i? is a weakly right ideal of R. 

hi chapter three, the topics discussed are: Characterizations of flat mod­

ules in terms of exact sequences; some injective properties of fiat modules 

and vice versa; SGPF rings. Some important results in this chapter are: 

Proposition 3.1.2. The following properties of a module RF are equiv­

alent: 

(1) F is flat. 



(2) Every exact sequence 0 —*• M' —> M —> F —> 0 is pure. 

(3) There is a pure exact sequence 0 —> M' —>• M —> F —> 0 where 

M is a flat module. 

Corollary 3.1.6. Let i? be a ring and / be a left ideal of R. Then R/I 

is flat left i?-niodule if and only if for all a e / , there exists some 5 € / such 

that a = ab. 

Proposit ion 3.2.4. Let yl be a maximal right ideal of R which is two 

sided sided, then following are equivalent: 

(1) R/A is left i?-flat. 

(2) R/A is right /?-injective. 

(3) R/A is p/?-complete for each p m R 

Proposition 3.2.12. Let i? be a right SPI-ring. Then 

(1) For each a e R, there is an x in RaR such that a = ax. 

(2) For each ideal A in R, (R/A) is left fi-flat, 

(3) For each maximal right ideal M oi R which is two sided, R/M is right 

injective. 

Proposition 3.3.4. Let / : R —> R! be a ring homomorphism and 5 

be a left /^'-module which is left i?-flat. Then S is left /?'-flat. 



Theorem 3.3.6. Let i? be a left SGPF ring. If every maximal left ideal 

of /? is a GW-ideal, then R/J{R) is strongly regular. 

Theorem 3.3.8. Let Rhea, left SGPF ring. If every maximal right ideal 

of i? is a GW-ideal, then R/J{R) is strongly regular. 

The fourth chapter is devoted to the study of SF-rings and their relations 

to closely related classes of rings like regular rings. The important results in 

this chapter are: 

Proposition 4.1.1. Let Rhe a, ring such that the left annihilator of any 

element of R is also a right ideal. If /? is a right SF-ring, then R is regular. 

Proposition 4.1.3. The centre of any right (left) SF-ring is von Neu­

mann regular. 

Proposition 4.1.8. Let i? be a ring with centre C Consider the follow­

ing conditions: 

(1) Risa. left SF-ring. 

(2) For each maximal ideal m of C the locahzation Rm{= S'^R, where 

5 = C — m) is a left SF-ring. 

Then (1) implies (2). If R is finitely generated as a C-algebra, then (2) 

implies (1). 

Proposition 4.1.17. A semilocal left SF-ring is semisimple. 



Theorem 4.2.10. Let i? be a left or right quasi-duo ring. Then the 

following are equivalent: 

(1) Ris& left V-ring. 

(2) Risa, left SPI-ring. 

(3) i? is a left weakly regular ring. 

(4) i? is a left SF-ring. 

(5) Ris a, right V-ring. 

(6) /? is a right SPI-ring. 

(7) R is a. right weakly regular ring. 

(8) R is a right SF-ring. 

(9) R is a regular ring. 

(10) Ris a strongly regular ring. 

Theorem 4.3.6. For a left SF-ring R, the following are equivalent: 

(1) Ris semisimple. 

(2) R is left or right Noetherian. 

(3) R/J{R) is semisimple. 

(4) R satisfies -^PACC. 



(5) R satisfies PDCC-^ . 

(6) R satisfies left PACC. 

Theorem 4.4.8. The following conditions are equivalent for a ring R: 

(1) R is strongly regular. 

(2) R is strongly left bounded left SF-ring. 

(3) R is strongly right bounded left SF-ring. 

(4) R is strongly left bounded right SF-ring. 

(5) R is strongly right bounded right SF-ring. 

Lemma 4.5.5. If i? is a left or right SF-ring. If R/Z{Rpi) is a reduced 

ring, then R is strongly regular. 

Theorem 4.5.6. For a ring R, the following conditions are equivalent: 

(1) i? is strongly regular. 

(2) i? is a left SF, PCLZ-ring. 

(3) R\s& right SF, PCLZ-ring. 

(4) i? is a PCLZ-ring whose every maximal left ideal is p-injective. 

(5) i? is a PCLZ-ring whose every maximal right ideal is p-injective. 



Theorem 4.6.6. If /? is a left SF-ring whose every complement left ideal 

is a W-ideal, then R is strongly regular. 

Theorem 4.7.7. If i? is a left SF-ring whose maximal essential right 

ideals are GW-ideals, then R is regular. 

Theorem 4.8.24. The following conditions are equivalent: 

(1) A ring R is strongly regular. 

(2) i? is a left SF-ring and r{a) is a quasi-ideal for every 

a 6 {x e i? : x^ = 0}. 

Theorem 4.9.21. The following conditions are equivalent for a ring R: 

(1) R is left self-injective regular with non-zero socle. 

(2) jR is a right SF-ring containing a non-singular injective maximal left 

ideal. 

(3) R contains an injective maximal left ideal which is von Neumann reg­

ular. 

Theorem 4.9.25. The following conditions are equivalent for a ring R: 

(1) /? is strongly regular. 

(2) i? is a Zl-ring whose simple left modules are flat. 



Proposition 4.9.26. Let Rhe & right SF-ring. Then any left non-zero 

divisor is right invertible in R; Consequently R coincides with its classical 

right (and left) quotient ring 

Proposition 4.9.27. Let Rhe a. right SF-ring which has a finite number 

of maximal right ideals whose product is contained m J{R)-, then 

Z{RR) = J{R) = 0. 

Theorem 4.9.30. The following conditions are equivalent. 

(1) i? is a division ring. 

(2) i? IS a left uniform ring whose simple right modules are flat. 

IfOl^ JO 
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PREFACE 

John von Nenmann defined a regiilar ring as a ring with the property 

that for each a G R, there exists some b E R such that a = aba. In order 

to distinguish these rings frora the regular Noetherian rings of commutative 

algebra, non commutative ring theorists have added von Neumann's name as 

a modifier. Motivated by the coordinatization of projective geometry which 

was being reworked at that time in terms of lattices, in 1936, von Neumann 

introduced regular rings as an algebraic tool for studying certain lattices. 

Since then, regular rings are extensively studied. It is well known that the 

following conditions are equivalent for a ring R: (i) R is von Neumann regular; 

(ii) Every left (right) /^-modules are flat; (iii) Every cyclic left (right) R-

modules are flat. By weakening the condition (iii). a ring fi" is called a left 

SF-ring if all simple left /?-modules are flat. Ramamurthy ([16]) initiated the 

study of SF-rings and asked the question whether a left SF-ring is necessarily 

regular. This question is still open. However, much work is done in the 

positive direction by many authors over the last three and a half decades. The 

main purpose of this dissertation is a survey of the von Neumann regularity 

of SF-rings. 

Now we give a brief description of the contents of each chapter of our 

dissertation. 

The first chapter is introductory in nature. In this chapter, we have 

studied basic notions like tensor product, flat modules, singular submodule 

of a module, socle of a module, semiprimitive ring, rings of fractions, etc. 



We begin the second chapter by including few preliminary results on 

regular rings followed by a survey of the work done by different authors over 

these classes of rings. Some of the results in this chapter are: If a ring R is 

regular, then Mn{R) is regular for each n; A ring R is regular if and only 

if every principal left ideal of R is generated by an idempotent; A ring R is 

strongly regular if and only if /? is a reduced regular ring; A ring R is regular 

if and only if every left H-module is p-injective if and only if every cyclic left 

/?-module is p-injective ([5]); A ring R is regular if and only if every principal 

left ideal of R is the left annihilator of an element of R and every left cyclic 

singular ff-module is p-injective if and only if every left cyclic semiprimitive 

/?-module is p-injective ([6]); A strongly regular ring is a unit regular ring; 

Every unit regular ring is an elementary divisor ring ([9]); A ring R is regular 

if and only if RM is regular for each maximal ideal M of C, the centre of 

R ([11]); An ELT fully right idempotent ring is regular ([12]); The centre 

of a left (right) weakly regular ring is regular ([8]); A reduced ring R is left 

weakly regular if and only if it is right weakly regular; A ring R is strongly 

regular if and only if i? is a left GP-V-ring whose every maximal left (right) 

ideal is a GW-ideal ([14]); A ring R is strongly regular if and only if /? is a 

generalized regular ring such that the left (right) annihilator of every element 

of jR is a weakly right (left) ideal ([13]); A ring R is strongly regular if and 

only if f? is a left P-V-ring whose every maximal left ideal is a weakly right 

ideal ([13]). 

In chapter three, the topics discussed are: Characterizations of flat mod­

ules in terms of exact sequences; Some injective properties of flat modules and 

vice versa; SGPF rings. Some important results in this chapter are: A module 

u 



fiF is flat if and only if every exact sequence 0 —> M' —> M —> F —> 0 

is pure; If / is a left ideal of a ring /?, then R/I is a flat left /?-module if and 

only if for every a e I, there exists some b e I such that a = ab; If /I is a 

maximal right ideal of R which is two sided, then R/A is left /?-flat if and 

only if R/A is right /?-injective ([16]); If /? is a left SGPF ring whose every 

maximal left (right) ideal is a GW-ideal, then R/J{R) is strongly regular 

([14]). 

The fourth chapter is devoted to the study of SF-rings and their relations 

to closely related classes of rings like regular rings. The important results in 

this chapter are: A homomorphic image of a left SF-ring is left SF ([17]); A 

commutative left SF-ring is regular ([16]); A left (right) quasi-duo left SF-

ring is strongly regular ([17]); A semilocal left SF-ring is semisimple ([17]); 

An MERT left SF-ring is regular ([19]); A strongly left (right) bounded left 

SF- ring is strongly regular ([18]); If /? is a left SF-ring, then R is semisimple 

if and only if R is left or right Noetherian if and only if R/J{R) is semisimple 

([19]); In a left SF-ring, Z{RR) C J{R) ([19]); A PCLZ left (right) SF-ring 

is strongly regular ([20]); If i? is a left SF-ring whose every complement left 

(right) ideals are W-ideals, then R is strongly regular ([24]); If /? is a left 

SF-ring whose every maximal essential right ideals are GW-ideals, then R 

is regular ([24]); A left SF-ring R is strongly regular if and only if r{a) is 

a quasi-ideal for every a E {x E R : x^ = 0} ([26]); /? is a right SF-ring 

containing a non-singular injective maximal left ideal if and only if R is left 

self-injective regular with non-zero socle if and only if R contains an injective 

maximal left ideal which is von Neumann regular ([21]); A ring R is ZI left 

SF-ring if and only if R is strongly regular ([28]); In a left SF-ring R, any right 

ni 



non-zero divisor is left invertible in R ([27]); If /? is a right SF-ring which has 

a finite number of maximal right ideals whose product is contained in J{R), 

then J{R) = Z{RR) = 0 ([27]); A ring /? is a left SF, right uniform ring if 

and only ii R is a division ring ([7]). 

IV 
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Chapter 1 

Preliminaries 

In this chapter, we collect all the basic definitions and basic results which 

will be of use in the later chapters. By a ring we mean a ring with identity 

and by an ideal we mean a two sided ideal. Unless mentioned, a module will 

usually mean a left /t'-module which is unitary. 

1.1 Tensor product and flat modules 

In this section, we study some basic definitions and results related to tensor 

product of modules and flat modules. 

Definition 1.1.1. Let /? be a ring and let there be given modules L/j and 

RM. Let G be an abelian group. A map (p : L x M —> G is bilinear if for 

all r E R, X, x' E L, y, y' E M we have, 

(t){x + x',y) = 0(x,y) + 0(1 ' , y), 

(j){x, y + y') = <j){x, y) + (t){x, y'), 



(/)(xr, y) = (l){x, ry). 

Definition 1.1.2. A tensor product of modules LR and ^A/ is an abelian 

group T together with a bilinear map T : L x M —> T such that for every 

abelian group G and bilinear map (p : L x M —> G there exist a unique 

homomorphism a : T —> G satisfying a T = (p. 

Proposition 1.1.3. The tensor product of La and ^M exists. 

Proof. Let F denote the free Z module on the set L x M, that is, 

F = {'^'ni{x^,yt)\ni 6 Z,a:j e L,yj G M and the summation is finite}. 

Let D be the subgroup of F generated by all the elements of the following 

type 

{x + x',y) - (x,y) - {x',y). 

{x,y + y') - {x,y) - {x,y'). 

{xr,y) — {x,ry), where x,x' E L, y, y' E M.r e R. 

Let T = F/D. Define T : L x M —> T by T{X, y) = (x, y) + D. Now for all 

r e R, x, x' E L, y, y' G M we have (x + x', y) - (x, y) - (x', y) 6 D. Then 

{x + x',y) + D^ {(x, y) + D} + {(x', y) + D}. 

Therefore T{X + x',y) = T{x,y) + T{x',y). 

Similarly r(x, y + y') =^ r(x, y) + r(x, y')-

Also (xr, y) — {x,ry) G Z). Therefore (xr, y) + D = {x,ry) + D. So 

T{xr,y) — T(x,ry). So r is bilinear. Let cp : L x M —> G he a bilinear 

map into an abelian group G. Define /? : F —> G by linear extension of 

4>. Then P{D) = 0. So D C ker(/3). Then /3 induces a homomorphism 

a : T —> G defined by a(X^n,(xi ,yJ + D) = /3(X]nj(x,,yt)). Then for all 

( x , y ) G L x M , 



(ar)(x,y) = a(r(a;,y)) = a{{x,y) + D) = (p{x,y). 

Also a is unique for if there exists a' : T —> G such that ar = a ' r , then 

a{{x, y) + D) = a(T(x, y)) = aT{x, y) = a'T{x, y) = a'{{x. y) + D). U 

Proposition 1.1.4. If{T,r) and{T',T') are tensor products of LR and RM, 

then there exists an isomorphism a : T —> V such that cyr = r'. 

Proof. Since r ' is bilinear and (T, r) is tensor product, there exists a homo-

morphism o; : T —> T" such that ar = r'. Again r is bilinear implies there 

exists a' : T' —> T such that ctV == r. Then a'ar = a'r' = r = ITT. By 

uniqueness it follows that a'a — IT. Similarly a a ' = /r-. Hence a is an 

isomorphism. D 

Remark 1.1.5. (i) Because of the unicity (upto isomorphism) we will speak 

of the tensor product of L and M and denote it by L ®/? M or simply by 

L®M. We also denote (x. y) + £> 6 L^RM by x®y . 

(ii) An element oi L®RM looks Uke Y^(a: ^ y) with x e L. y e M, where 

the sum is finite, satisfying the relations, {x + x') <Si y = x <S> y + x' 0 y, 

x^{y + y') = X (g) y + X- » y', 

xr (g) y = X (g) ry. 

Proposition 1.1.6. R®RM c:i M for any left R-module M. 

Proof Define r : R x M —> M by T{r,x) = rx. Then r is bilinear. Let 

(f) : R X AI —> G be any bilinear map into an arbitrary abelian group 

G. Define a : M —> (J by rv(.T) = (j!)(l,x). Then a is homomorphism as 

a(x + y) = (;̂ (1, x + y) = (^(1, x) + (/)(1, y) = a(x) + aiy). 



Also aT(r,x) = a(T{r, x)) = a{rx) — (f>{l,rx) — (p{r, x). 

Also ar — (j). The couple (M, r) is thus the tensor product of R and M. D 

Proposition 1.1.7. ([1], Chapter I, Proposition 8.4) If L^{i e /) are right 

R-modules and M is a left R-module, then ^H Li j ^RM — ^ R (Lj ^n M). 

The foUowing proposition is an example in section 8 in Chapter I of [1]. 

Proposition 1.1.8. Let A he a right ideal of R and M is a left R-module. 

Then {R/A)^M c:^ M/AM. 

Remark 1.1.9. (1) Let A : L —> L' and fx : M —> hf be homomorphisms 

of right /^-modules respectively left /^-modules. We assert that there is a 

induced homomorphism a : L ®/i M —> L' 0R M'. Define 

(j) : L X M —> L' i^iR M' by ^{x,y) = \{x) ® H.{y)- Then 4> is bilinear map. 

So there exists a unique homomorphism n : L^n M —> L' (^ji hf such that 

a{x ^ y) — X(x) 0 /i(y). The homomorphism a is denoted by X0 fi. 

(2) It is not in general true that if / : L —> U is a monomorphism of right 

/2-modules and M is a left /^-module, then / 0 1 : L ® M —> L' ® M 

is a monomorphism. For example, the inclusion map / : z^ —* zQ is a 

monomorphism but / X 1 : Z 0 Z/2Z —> Q X Z/2Z is not a monomorphism 
771 

as Z ® Z/2Z ~ Z/2Z but Q ® Z/2Z = 0 for if — G Q, then 
n 

m - 2rn - m - m 
— ®1 = 7 ^ ® 1 = — ®2 = — ®0 = 0. 
n in in In 

Definition 1.1.10. A left /?-module M is fiat if for every monomorphism 

/ : L —>• U of right /Z-modules, f®l : L®M —> L'^M is a monomorphism. 

Example 1.1.11. Every projective module is fiat. In particular, every free 

module is flat. 



1.2 Essential submodules 

In this section, some basic properties of essential submodules and essential 

monomorphisms are studied. 

Definition 1.2.1. :- A submodule L of a left /?-module M is essential (or 

large) if for any submodule K oi M. Lf] K = 0 implies A' = 0. 

Notation 1.2.2. :- If L is an essential submodule of M, then we write fj< M 

or L <e M. 

Example 1.2.3. :-(i) For any left 7?-module M, M < M. 

(ii) 0 is never an essential submodule of any non-zero left R-module M. 

(iii) If V is a vector space, L <V implies L = V (since every subspace of V 

is a direct summand of V). More generally, if i\/ is semisimple and L < M, 

then L = M. 

Proposition 1.2.4. All the non-zero submodules oj '£L are essential. 

Proof. Let L = mZ, where 0 ^ m € Z, be a non-zero submodule of Z. Let 

K he a, non-zero submodule of Z. Then K = nZ for some 0 ŷ  n € Z and 

Lr\K — [m, n]Z ^ 0. This impUes that L is an essential submodule of Z. D 

Proposition 1.2.5. Z is an essential submodule of ^Q. 

Proof. Let K he a non-zero submodule of Q such that Z D K = 0. Let 

0 :^ ^ e K. Then m^n^EZnK = 0. Therefore ^ = 0 which is a 

contradiction. D 

Proposition 1.2.6. Intersection of any two essential submodules is essen­

tial. 



Proof. Let L and K be two essential submodules of a left /^-module M. Let 

Af be a submodule of M such that (Ln /C) n TV = 0. This implies /<: n iV = 0, 

as L is essential. Again as K is essential, we get N = 0. Therefore L n A" is 

essential. • 

Corollary 1.2.7. Finite intersection of essential submodules of M is essen­

tial. 

Remark 1.2.8. Arbitrary intersection of essential submodules of a module 

M need not be essential. 

For example, for every n E'H, Ln — nlj is an essential submodule of gZ. But 

0 = I I L„ is not essential. 

Proposition 1.2.9. / / / : M —> N be a left H-module homomorphism. If 

L<N, then f-\L)<M. 

Proof. Let W he s. submodule of M such that f'^L) f) ly = 0. Let 

Q^weW. Then w ^ f'^{L). Therefore f{w) ^ L. Let Q ̂  w' = f{w). 

Then Rw' ^ 0 which implies Rw' pj L 7̂  0 (since L is essential). So there 

exists some r e R such that rw' ^ 0, rw' € L, that is, rf{w) € L. This 

implies that f{rw) e L. Then rw G /~H^)n^ ' l ' ' = 0. Then 

rw' = rf{w) — f{rw) = /(O) = 0, contradicting rw' ^ 0. This proves that 

f~^{L) is essential. • 

Corollary 1.2.10. If L is an essential submodule of a left R-module M and 

a G M. Then I = {r E r : ra £ L} is an essential left ideal of R. 



Proof. Define / : R —> M by / ( r ) = ra. Then / is a left /^-module 

homomorphism. Thus by Proposition 1.2.9, f~^{L) is essential, that is, / is 

essential. D 

Proposition 1.2.11. If L < M and S is a minimal submodule of M, then 

S C L. 

Proof. L C\ S is a. submodule of S. Since S is minimal, L r\ S = S or 0. If 

Lr\S = S, then S C L. If L n 5 = 0, then 5 = 0, as L is essential. But this 

is a contradiction to the minimality of S. Thus SQL. D 

Definition 1.2.12. A monomorphism / : K —> M of left (right) /^-module 

is essential if im(/) < M. 

Proposition 1.2.13. For a submodule K of M the following conditions are 

equivalent. 

(1) K < M. 

(2) The inclusion map i : K —> M is essential. 

(3) For every submodule N and for each h G Hom{M, N), ker(/i) Ci K = 0 

implies ker(/i) = 0. 

Proof. (1) impUes (2) is trivial. 

(1) implies (3) is trivial. 

(3) implies (1):- Let L be a submodule of M such that Kf]L = 0. Let 

77 : M —> M/L be the natural map. Then kerrj = L. So kevr]f]K = 0. 

This implies L = ker q = 0. D 
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Corollary 1.2.14. A monomorphzsm f : L —>• M is essential if and only 

if for all homomorphism h, hf is manic implies h is monic. 

Proof. Let hf be monic and 0 ^ x 6 ker /i. Then Rx ^ 0. As / (L) is essential 

submodule of M, Rx fj f[L) 7̂  0. Let 0 7̂  2 e /^ such that zx e / (L) . Then 

zx = / (y) for some y e L. Then 0 = zh{x) = h{zx) ~ h{f{y) = hf{y). This 

implies y = 0, as hf is monic. Then zx = 0, a contradiction. So kerh = 0. 

So h is monic. 

Converse is trivial. D 

Proposition 1.2.15. Let a : B —> C and (3 : C —> D be mononorphism 

of left R-modules. Then pa is essential if and only if a and /? are essential. 

Proof. Let <y and /? be essential. Let Knim {j3n) = 0 for some submodule K 

of D. Let /^i = I3~^{K) and a; e im (a) n Ki. Then /3(x) G im {jia) n /C = 0. 

As /? is one-one, x = 0. This implies im (a) n A'l = 0. This implies that 

/Ti = 0 as im (a) is essential. Then p is one-one implies A" = 0. Hence ^ a is 

essential. 

Conversely, let (ia be essential. Now im (/?) 2 im (/?a). So /? is essential. 

Let im {a) C\ K = 0. Then /3(im(a) n /<') = 0. Since fi is one-one, we get, 

/?(im a) n /?(A') = 0 which further imphes that \m{(5a) n d[K) = 0. Then 

0{K) — 0. Then as /? is one-one, we get K = 0. So a is essential. D 

Proposition 1.2.16. A submodule K of a left R-module M is essential if 

and only if for each 0 ^ x £ M there exists some r E R such that 0 ^^ rx E K. 

Proof. Let K be an essential submodule of M. Let 0 ^ x e M. Then 

Rx^O. So Rxf]K = 0. This implies 0=/^rxe K. 



Conversely, let L be a submodule of M such that Kf]L = 0. Let L ^ 0 

and 0 j^ X e L. By hypothesis, there exists 0 7̂  r G i? such that 0 ^ rx e K. 

But rx e KnL = 0 which is absurd. So L = 0 and hence K is essential. D 

Proposition 1.2.17. Suppoose that Ki ^ My ^ M, K2 ^ M2 ^ M be 

modules and M ^ Mi (I) ^h• Then Ki (1) K2 < Mi (I) /W2 if and only if 

Ki < Ml and /Ca ̂  M2. 

Proof. Suppose Ki ® K2 < Mi ® M2 and Ki is not essential in Mi. Then 

{Ki® K2)nLi=^0 for some submodules 0 7̂  Li of Mi. If A'l © ̂ 2 H Li ^̂  0, 

then let 0 7̂  /i € /Ci ® /^2 n Li. Let li = ki + k2 where ki e Ki and k2 e K2. 

Then ^2 = /i - fci e Mj n M2 = 0. So h e Ki n Li = 0. Then 1̂ = 0, 

contradicting li ^ 0. So Ki < Mi. Similarly K2 ^ M2. 

Conversely, suppose A'l < Mi and A'2 ̂  Af2- Let 0 7̂  Xi + X2 G Mi + M2 

where xi e Mi and X2 G M2. Since Ki< Mi, there exists ri e R such that 

0 7̂  riXi G A'l. If ria:2 £ -f̂ 2i then by independence, 

0 7̂  riJ^i + ria;2 = ri(a;i + rr2) G A'l G A'2. If riX2 ^ A'2 then since A'2 < M2 

there exists some 7-2 G R such that 0 7̂  r^/ix^ G A'2 and we have 

0 ^ r2rixi + T2riX2 G A'l ® A'2. Thus A'l © A'2 ̂  Mj ® M2. D 

Proposition 1.2.18. Let M be a left R-module and N a submodule of M. 

Then T — {K : K ^ M and K f) N = 0} has a maximal element. 

Proof. J^ ^ 4> as Q & T. Order JT by inclusion. Let C be a chain in T. Let 

A=[J K. Then /I G JP" and A is an upper bound of C. Therefore by Zorn's 

lemma, T has a maximal element. D 



Definition 1.2.19. Let TV be a submodule of a left /^-module M. Then 

J^ = {K : K ^ M andK f) N = 0} has a maximal element. A maximal 

element A'̂ ' of j ^ is an M-complement of N. 

Proposition 1.2.20. If N' be an M-complement of a left R-module M, then 

TVffi TV' M 
(1)N^N'<M (2) -^^<j^ 

Proof Suppose K is a submodule of M such that {N ® N') D K = 0. Then 

TV n X = 0. Then TV' is an Tkf - complement of TV imphes K C TV'. This 

imphes (TV ® TV') n /C - K. Therefore K = 0. This proves (1). 

Let L/N' be a non-zero submodule of M/N'. Then L D N'. Then Â ' is 

an M- complement of TV implies Lr\N ^0. Then {N e N') D L ^ TV'. So 

— n ——— 7̂  0. This completes the proof of (2). D 

1.3 Semisimple modules and rings 

Here, we study some basic properties of semisimple modules and rings. 

Definition 1.3.1. A left /?-module M is semisimple if every submodule of 

TV/ is a direct summand of TV/. A ring R is semisimple if RR is semisimple. 

Example 1.3.2. (1) Every vector space over a division ring is semisimple. 

(2) Mn{D) is a semisimple ring for every division ring D and for every n > 0. 

Proposition 1.3.3. A ring R is semisimple if and only if it has no proper 

essential left ideals. 
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Proof. Let Rhe a, semisimple ring and A he a proper left ideal of R. Then 

there exists a left ideal B oi R such that A® B = R. ks A^ R, B ^Q. So 

A cannot be essential. 

Conversely, let R has no proper essential left ideals. Let Ahe a left ideal 

of R and B be an ff-complement of A. Then A 0 B is an essential left ideal of 

R. This implies A®B — R, s& R has no proper essential left ideal. Therefore 

R is semisimple. D 

Proposition 1.3.4. Let R he a ring such that every simple left R-module is 

projective. Then R is semisimple. 

Proof. Let ^ be a left ideal of R. By Zorn's lemma, the set 

T={B < R : An B = 0} has a, maximal element BQ. U A ® Bn J^ R there 

exists a maximal left ideal L of R containing AQBQ. Then R/L is projective. 

Thus the sequence 0 —> L —> R —> R/L —> 0 splits. Then there exists 

a left ideal K oi R such that L ® K = R. Let A © 5o 7̂  L. Since L is 

maximal, K ^ 0. Therefore there exists some 0 ^ z e K. Then Lf] K = Q 

imphes Lf\Rz-Q. But this implies A (D BQ f] Rz = Q as A id BQ C L . 

het y e An {Bo © Rz). Then y = b^ + rz for some 6o € 5 , r € /?. Then 

rz = y -bo E {A e BQ) n Rz = 0. Then y = bo e A n Bo -- 0. Then 

BQ + Rz E T. But Bo C Bo + Rz. This contradicts that BQ is a maximal 

element of J^. Thus A® Bo = L. Therefore A3 Bo® K = R. Therefore R 

is semisimple. D 
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1.4 Injective envelope 

In this section, an injective envelope of a module is defined and its existence 

and uniqueness is proved. 

Definition 1.4.1. Let M be a left ff-module, E be an injective left /?-module 

and i : M —> E is an essential monomorphism. Then {E,i) is an injective 

envelope of M. 

Example 1.4.2. {zQ, i) is an injective envelope of zZ where i is the inclusion 

map. 

Proposition 1.4.3. Every module has an injective envelope. It is unique to 

within isomorphism. 

Proof. Let M be a left /^-module. Then there exists an injective left R-

module L such that M C L. Let J='={N < L : M <N]. Order JF by 

inclusion. Then T being a non empty partial ordered inductive set has a 
E (I) E' L 

maximal element E. Let E' be an L-complement of E. Then — — ^ < -z^. 

E P^ F" 
Define9 : —— ^ Ehyg{x) = eifx = (e+e '+E' ) , e e E. e' e E'. Then 

g is an isomorphism. Then using the injectivity of L we have a commutative 

diagram with exact rows and column as follows: 
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E®E' j 

E' 
L/E' 

0 

( J? as VP'X 
— ^ 1 — \ = E < L and hj = g \i follows that h is essential. So 

M ^E = \mg = h \ %^ ) ^ h ( - ^ J. This implies M <h {-^\ Then 

by maximality of E we have E = h i -^]. But this implies 

E ® E' L 
= —, as /i is monic. This implies L = £ © £ '̂ [If .T 6 L, then E' E' 

x + E' e L/E' - ^ ^ 5 . Sox + E' = e + e' + E' for some e e E.,e' e E'. 
E 

Then x — e E E'. Then x = e + x — eG EffiE"]. Since a direct summand of 

an injective module is injective, E is injective. This proves the existence of 

injective envelope. 

Uniqueness:- Let {E.a) and {E',13) be two injective envelope of RM. Since 

E' is injective, there exists a homomorphism 7 : E —* E' such that the 

following diagram is commutative. 
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Since /3 is essential, 7 is essential. Since E is injective, E = Im (7) © A 

for some submodule A of E'. This implies A = 0, as 7 is essential. So 

1.5 Closed submodules 

Here, closed submodules and independent left ideals are studied. An impor­

tant characterization of a closed submodule is given. 

Definition 1,5.1. A submodule L of a module M is a closed submodule of 

M if L has no proper essential extension inside M, that is, if the only solution 

of the form L <e K < M is K = L. 

Example 1.5.2. (1) 0 and M are always closed submodule of any left 

(right) /^-module M. 

(2) Every direct summand of a module Af is a closed submodule of M. 

Proof. Let L be a direct summand of a left i?-module M. Then there exist 

a submodule N of M such that L © TV = M. Suppose L <e K < M, then 
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NDK < K. Now Lr\{NnK) C LnN = 0. Hence NOK = 0 (since 

L<eK). This implies K C L. Hence K = L. D 

Proposit ion 1.5.3. ([31], Proposition 1.4) Let M he a left R-module and 

L < M, then following conditions are equivalent: 

(1) L IS a closed submodule of M. 

(2) L IS an M-complement of some N < M. 

(3) If K is any M-complement of L, then L is an M-complement of K. 

(4) L<T <^M implies T/L <e M/L. 

Proof. (1) implies (4):- Let S/L be a submodule of M/L such that 

T/LnS/L = 0. T h e n T n 5 = L. Since T <« M w e h a v e T n 5 < e M n 5 . 

[For iiA<MnS such that (T n S) n A ^ 0, then (.9 nA)nT = 0. This 

gives SnA = 0 ( since T <« M). But since ACMnSC S, so AnS = A. 

Hence A = 0]. That is, L <e S. But since L is closed submodule of M, we 

have S = L. Hence S/L = 0. 

(4) implies (3) :- If K is any M-complement of L, then K D L = 0. So L 

can be enlarged to an M-complement L' oi K. Now, 

iK®L)f)L' = LeiKnL') = L. Hence ^^^ f]L = Q. Also we have 
L/ LI 

L ® K M L' 
L < L ® K <e M. Hence by hypothesis, — - — <e —. Hence — = 0, 

LI Li LI 

that is, L = L' is an Af-complement of K. 

The implications (3) implies (2) is trivial 

(2) implies (1) :- Suppose L <e K <M. Since {K r\N)r\L = Lf\N = Q 

we have K r\N = Q. Then L is an M - complement of Â  and N < K implies 

K = L. Hence L is a closed submodule of M. D 

15 

]O^Oli 



Definition 1.5.4. Two left ideals L and K of a ring R are independent if 

L n x = 0. 

Example 1.5.5. (1) If L = 0, then for any left ideal K of R, L and K are 

independent. 

(2) If R = M2 

L= < 

K are independent left ideals of R. 

1 : ô le M i , A' = < I " I : 0,1^ R i . Then L and 
6 0 / I 0 6 

1.6 Radical of a module 

In this section, basic definitions and results related to the radical of a module 

or a ring are discussed. An important results in this section is that the radical 

of a module M is equal to the sum of all small submodules of M. 

Definition 1.6,1. The Jacobson radical of a left /i!-moduIe Af is the inter­

section of all maximal submodules of M and is denoted by Rad{M). 

Definition 1.6.2. The Jacobson radical of a ring R denoted by J{R) or 

Rad(R), is the Jacobson radical of R considered as a left /^-module. 

Example 1.6.3. (1) Rad{Z) = 0. 

(2) Rad{F) = 0 for any field F. 

(3) Rad{Mn{F)) = 0 for any field F and for any n. 
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Definition 1.6.4. The anmhilator of a left /^-module M is denoted by 

ann (M) and is defined as ann (M) = {r e R : rM = 0}. 

Definition 1.6.5. Let M be a left (right) fi-module and m E M. The set 

l{m) = {r e R : rm = 0} {i{rn) = {r G R : mr = Q}) is the left (right) 

anmhilator of m. 

Example 1.6.6. ann(zQ) = 0 

Proposition 1.6.7. For any left R-module M, ann{M) is an ideal of R. 

Proof Let x,y e ann(M), r e R. Then xM = 0 = yM. Therefore 

{x - y)M = 0. Also rxM = 0. Thus rx e ann (M). Again xrM C xM = 0. 

Therefore xr e. ann (M). Thus ann (M) is an ideal of R. D 

Proposition 1.6.8. Let M he a left R-module and m e M. Then l{m) is a 

left ideal of R. 

Proof. Let x, y e l{m), r E R. Then xm — 0 = ym. Therefore {x — y)m = 

xm — ym = 0 and rrm — 0. This proves that l(m) is a left ideal of R. D 

We can similarly prove the following 

Proposition 1.6.9. Let M be a right R-module and m E hL Then r{m) is 

a right ideal of R. 

Proposition 1.6.10. For y E R the following conditions are equivalent. 

(1) y E Rad{R). 

(2) 1 — xy IS left invertthle for any x E R. 
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(3) yS ~ Q for any simple left R-module S. 

Proof. (1) implies (2):- Assume y G Rad{R). If for some x E R,l - xy is not 

left invertible, then there exists some maximal left ideal L oi R such that 

i?(l — xy) C L. As xy e L, we get 1 G L, a contradiction. 

(2) implies (3):- Let S be a simple left /?-module and assume ys ^ 0 for 

some s E S. Then Rys = S. In particular, s = xys for some x e R. So 

(1 — xy)s = 0. Then (1 - xy) is left invertible implies s = 0, a contradiction. 

(3) imphes (1):- For any maximal left ideal M, RjM is a simple left R-

module. Therefore y{R/M) = 0 which imphes y G M. Then y G Rad{R). 

D 

Corollary 1,6.11. Rad{R) = p | ann{S), where S ranges over all simple 

left R-module. In particular, Rad{R) is an ideal of R. 

Proposition 1.6.12. For any ring R, J{R) is the largest two sided ideal of 

R consisting of elements a such that 1 — a is invertible. 

Proof. If 7 is a two sided ideal such that 1 — a is invertible for every a e I, 

then / C J(/?,) by Proposition 1.6.10. It remains to show that a G J{R) 

imphes 1 — o is invertible. By Proposition 1.6.10, there exists some c e R 

such that c(l - a) = 1. Then 1 - c = —ca e J{R). So there exists some 

c' e R such that c'(l - (1 - c)) = 1, that is, c'c = 1. Hence c is invertible 

and so is 1 — «. D 

Remark 1.6.13. The characterization of ,7(/t") obtained in Proposition 1.6.12 

is left right symmetric and accordingly we may conclude: 

18 



Corollary 1.6.14. For any ring R, J{R) is the intersection of all maximal 

right ideals of R. 

Definition 1.6.15. A ring R is semiprimitive if J{R) = 0. 

Example 1.6.16. Z is a semiprimitive ring. 

Definition 1.6.17. A submodule Â  of a left W-module M is superfluous (or 

small) if for every submodule L oi M, N + L = M implies L = A/. 

Notation 1.6.18. If A'̂  is a small submodule of M, then we write N << M. 

Example 1.6.19. 0 is a small submodule of any left /?-module M, 

Proposition 1.6.20. For any left R-module M, Rad(M) is equal to the sum 

of all small submodules of M. 

Proof. Let T be the collection of all small submodules of M and T = \ J S. 

Let A'' be a maximal submodule of M. Then for every S E J-. S C N {ii not, 

then S + N = M implies N = M, a contradiction). Then T C Rad{M). For 

the reverse inclusion it suffices to show that for any m 6 Rad{M), Rm. is a 

small submodule of K4. Let N be any submodule of M such that N + Rm = 

M and m ^ N. Then M/N is a non-zero cycHc module and hence has a 

maximal submodule N'/N. N' is a submodule of M containing N. Then N' 

is a maximal submodule of M and we must have m ^ N' contradicting that 

m € Rad(M). Therefore m e N and M = N + Rrn = N. D 
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l.T Quasi-Duo, ELT, ERT, MELT, MERT rings 

In this section, left (right) quasi-duo rings, ELT rings, MELT rings, MERT 

rings are defined. Also we give an example of an MELT (MERT) ring which 

is not left (right) quasi-duo. 

Definition 1.7.1. A ring R is left (right) quasi-duo if every maximal left 

(right) ideal of R is an ideal. A ring R is quasi-duo if it is both left and right 

quasi-duo. 

Example 1.7.2. (1) Every commutative ring is quasi-duo. 

(2) f/T2(Q), the ring of upper triangular matrices over Q is a quasi-duo ring 

as left ideals of this ring are 

0, A : a e : a e 

> , R and maximal ^ 3 = < | \-o.h^<^),h={\ \:a}^ 
0 h) \ \ \ ^ 0 

left ideals are 1^ and I4 both of which are ideals of R. Also right ideals of 

this ring are 

'' % 0 
0,12, I3, h, R and K = 

0 a 
a 6 Q > and maximal right ideals are 

I3 and I4 both of which are ideals of R. 

Definition 1.7.3. A ring R is an ELT (ERT) ring if every essential left 

(right) ideal of R is an ideal. 

Example 1.7.4. (1) Every commutative ring is an ELT {ERT) rings. 

(2) MiiQ), the ring of 2 x 2 matrices over Q is an ELT (ERT) ring as it is 

semisimple and hence has no proper essential left (right) ideals. 
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Definition 1.7.5. A ring R is an MELT{MERT) ring if every maximal 

essential left (right) ideal is an ideal. 

Example 1.7.6. (1) Every commutative ring is an MELT{MERT) ring. 

(2) M2(Q), the ring of 2 x 2 matrices over Q is an MELT{MERT) ring 

which is not left (right) quasi-duo. 

1.8 Socle 

Here, some basic properties of the socle of a module are studied. It is proved 

that: Left (right) socle of a ring R is an ideal of /?; The socle of a module 

M is equal to the intersection of all large submodules of y\/. An example of 

a ring is given whose left socle is not equal to the right socle. 

Definition 1.8.1. For any left i?-module M, the socle of M is the sum of 

all simple submodules of i\/. 

Notation 1.8.2. The socle of a module M is denoted by soc{M). 

Example 1.8.3. M is semisimple if and only if soc{M) = M. 

Proposition 1.8.4. For any ring R, soc{{iR) is an ideal of R. 

Proof. Let / be a minimal left ideal of R. and r e R.. 

Define / : / —> R by f{a) = ar. This implies / ( / ) = Ir is either zero or a 

minimal left ideal oi R, as I is simple. So in either case, Ir C soc(/j/?). So 

soc{jiR) is an ideal of R. D 

Proposition 1.8.5. For any left R-module M, soc{M) = O L. 
L<M 
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Pwof. Let H = P I L,T <Mhe simple and L ^ M. Then T n L = 0 or T. 

If T n L = 0, then L<M impUes T = Q,a contradiction. SoTnL = T, that 

is, T C L. Then soc(M) C H. Lei N < H and N ' be an M- complement 

of TV. Then N @ N'< M. Then N < H < N ® N'. 

Therefore H =- H n{N ® N') = N & {H n N'). Then H is semisimple. Thus 

H C soc(M). Therefore soc{M) = H. D 

Example 1.8.6. Consider R = f/T2(Q). With the same notations as in 

Example 1.7.2 (2), we see that /i and I2 are the only minimal left ideals of 

R. Therefore soc(iiR) — li + I2 — h- Also the only minimal right ideals of 

R are h and K. Therefore soc{Rji) = I2+ K =^ J^^ ^OCIRR) 

1.9 Singular submodule of a module 

Here, we study some basic properties of singular submodule of a module and 

left (right) singular ideal of of a ring and prove that left (right) singular ideal 

of a ring R is an ideal of R . 

Proposition 1.9.1. Let M he a left R-module. The set 

Z{M) — {m G M : l[rn) is an essential left ideal of R} is a submodule of M. 

Proof Let x e Z(M), y E Z{M), r e R. Then l{x) < R, l{y)) < R. Let K 

be a left ideal of R such that l{x ~ y) C] K = Q. Since l{x) n l{y) C l{x ~ y), 

we get l{x) n l{y) n K = 0. Then K = 0. Let L be a left ideal of R such 

that l{rx) n T = 0. If T 7̂  0, then T ^ l{rx). Then there exists some 

a e T such that arx ^ 0. Then ar ^ Q and ar ^ l{x). As l{x) is essential, 
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Rarnl{x) 7̂  0. Let 0 ^ 2 G RaRnl{x). Let z = r'ar for some r' E R. Then 

{r'a){rx) = {r'ar)x = 0. So r'a e l{rx)r\T = 0. Then 2 = 0, a contradiction. 

So T = 0. Then l{rx) ^ R. D 

Definition 1.9.2. The singular submodule of a left /^-module I\! is the set 

Z{M) = {m. e M : l.{m) is an essential left ideal of R}. 

M is non-singular if Z{M) = 0 and M is singular if Z{M) = M. 

Proposition 1.9.3. Let f : M —> N be a left R-homomorphism. Then 

f{Z{M))<Z{N). 

Proof. Let m e Z(M) and /T be a left ideal of R such that l{f{m)) CiK = 0. 

li K ^ 0, then there exists some 0 ^ a E K. Since m € Z{M), we get 

/(m) n /?a 7̂  0. Let 0 7̂  z e /(m) (1 Ra. Then zm = 0. So / (zm) = 0, that is, 

^I{'^) — 0 implying z € l{f{m)) n A' = 0, a contradiction. So K = 0. Then 

/ (Z(M)) C ZiN). D 

Corollary 1.9.4. For any ring R, Z{jiR) is an ideal of R. 

Proof. Let r E R. Define / : R —> R by / (a ) = ar. By Proposition L9.3, 

fiZ{RR)) C Z{RR), that is, Z{RR)r C 2:(/j/?). This impHes that Z{iiR) is 

an ideal oi R. D 

Definition 1.9.5. For any ring R, Z{fiR) {Z{RR)) is the left (right) singular 

ideal of R. R is left (right) non-singular if Z{aR) — 0 {Z{RR) = 0). 
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1.10 Nil ideals, nilpotent ideals and semiprime 

rings 

Here, we study nil ideals, nilpotent ideals and a semiprime rings. A charac­

terization of a semiprime ring is given. It is proved that: In a semiprime ring 

left socle is equal to right socle; If a semiprime ring satisfies ascending chain 

conditions on right annihilator ideals, then it has no non-zero left or right nil 

ideals; If a ring R satisfies ascending chain condition on right annihilators, 

then the right singular ideal is nilpotent. 

Definition 1.10.1. A left ideal N of a ring R is rriJpoI.e.vl if /I" = 0 for some 

n>0. 

Example 1.10.2. A ^ < I : a G Q > is a nilpotent left ideal of 

UT2{Q) as /12 = 0. 

Definition 1.10.3. A right (left) ideal /I of a ring R is nil if every element 

of A is nilpotent. 

Example 1,10.4. (1) Every nilpotent ideal is nil. 

(2) li R — Z[a:i,X2,.. .]/(xi,a:2,.T3,...). Then the ideal generated by x7, 

x^, . . . is nil but not nilpotent. 

Definition 1.10.5. A ring R is semiprime if it has no non-zero nilpotent 

left ideal. 

Example 1.10.6. Any semiprimitive ring is semiprime. 
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Proposition 1.10.7. The following conditions are equivalent: 

(1) R IS a semiprime ring. 

(2) R has no non-zero nilpotent ideals. 

(3) R has no non-zero principal left ideals. 

Proof (2) implies (1):- Let 0 ^ /I be a left ideal of R such that A" = 0. 

Then (AR)^ = 0. As AR is an ideal of R and R is semiprime so AR = 0. 

Therefore A = 0, a contradiction. 

(1) implies (3) is trivial. 

(3) impHes (2):- Let A be an ideal of R such that ^i" = 0 and a e A. Then 

{Ra)''R = {Ra){Ra)... {Ra)R = {RRa){RRa) .. {RRa)R 

= {RaR){RaR)... {RaR) = {RaR)'' C A"" = 0. So (/?a)" = 0. Then Ra = 0. 

Therefore a = 0. Thus A = 0 and /? is a semiprime ring. D 

Lemma 1.10.8. (Brauer's Lemma).- Let S be a minimal left ideal m a 

ring R. Then we have either S^ = 0 or S = Re for some tdempotent e & S 

Proof Assume S^ ^ 0. Then, 5a ^ 0 for some a E S. Therefore Sa = S. 

Choose e E S such that a = ea. Then the set f = {r E S : ra = 0} is a 

left ideal of R and I C S. As 5 is simple, 7 = 0. On the other hand we 

have e^ — e E S and (e^ — e)a — e^a — ea = e{ea) — ea = ea — ea = 0. 

Thus ê  — e e 7 = 0. Therefore ê  = e. Since, e ^ 0 and e 6 5, we have 

0 =^ Re C S. By 5* is a minimal left ideal, we have S — Re. D 

Corollary 1.10.9. If S is a minimal left ideal in a semipnme ring R, then 

S — Re for some idempotent e E S. 
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Lemma 1.10.10. Let R be a sermpnme ring and a E R. If Ra is a minimal 

left ideal, then aR is a minimal right ideal. 

Proof. We have to prove that if ^ ife a non-zero left ideal of R, such that 

A C aR, then A = aR It is sufficient to show that for any non-zero element 

ar e aR, a E arR. Since R is semiprime, arsar ^ 0 for some s 6 R. Let 

0 : Ra —> Ra be the left homoinorphism defined by (/)(x) = xrsa. Then 

(^(a) 7̂  0. As Ra is simple, (^ is an isomorphism. Let i/i denote the inverse 

of 4>. Then a = 4><p{a) = ip{arsa) — arj/j^sa) € arR. Thus aR is a minimal 

right ideal. D 

Corollary 1.10.11. / / R is semipnme nng, then Sa({Rji) = So({iiR). 

Remark 1.10.12. If R is not semiprime, then the conclusion of the Lemma 

LIO.IO may no longer hold. For example, consider R = UT2{Q), the rmg of 

upper triangular matrices over 

Then R 

But R = { 

non-zero right ideal / = 

a e 

: a.b E 

/? = 

is a minimal left ideal of R. 

is not minimal as it contains 

: a e '. The ring R 

is not semiprime as /^ = 0, 

Proposition 1.10.13. If R is a semipnme nng, then soc{iiR) (soc{Rft)) is 

fully left (nght) idempotent. 

Proof. Sufficient to show that for all a E soc{RR),Ra = RaRa. Now a E 

soc{fiR) implies there exists some left ideal L of R such that RaRa ® L = 
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SOC{RR). If O e L , then for all x e R, axa e LnRaRa = 0 which contradicts 

that R is semiprime. Thus a E RaRa. D 

Lemma 1.10.14. If R is a sermpnme ring, satisfies ACC on right annihi-

lator idealsf then R has no right or left ml ideals ^ 0. 

Proof. It is sufficient to show that R has no non-zero principal right or left 

nil ideals. Since Ra is a nil if and only if aR is nil it is sufficient to show that 

R has no non-zero principal left nil ideals. Suppose 0 ^ Ra is nil. Set J^ 

= {r{x) : 0 ^ X E Ra}. Then T j^ (f). Let C be a chain in T. Since R satisfies 

ACC on right annhilators, M r(x) = r{d) for some r{d) € C. Thus r{d) is 

an upper bound of C and r{d) € J^. Thus by Zorn's lemma, we see that T 

has a maximal element r{b). Let c E R, then cb E Ra. If cb ̂  0, then there 

exists a least positive integer k > \ such that [cb) = 0 . Then (c6) "^ 7̂  0. 

Since r(6) C r((c6)''"^), by maximality of r(6) we have r(6) = r((c6)'^"'). 

Thus cb E r{ch)^~^ = r{b). Then bch = 0. Since r is arbitrary, hRb = 0. 

Then (RbR) = 0 . As R is semiprime, RbR = 0. This implies 6 = 0 which is 

a contradiction. Thus Ra = 0. This completes the proof. D 

Lemma 1.10.15. If R satisfies ACC on right annihilators, then the right 

singular ideal is nilpotent. 

Proof. Let Z — Z{RR). We shall show that the ascending chain r{Z) C 

TiZ"^) C . . . would be strictly increasing if Z is not nilpotent. Suppose 

Z" 7̂  0 for some n > 1. 

Set J^= {^(^) '. X 6 Z, Z"''^x 7̂  0}. By Zorn's lemma, J- has a maximal 

element r"(a). For each b E Z, r{b) n a/? ^ 0. Thus there exists some 
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c E R such that ac ^ 0, bac — 0. This shows that r{ha) strictly contains 

r{a). Thus by maximahty of r{a), we have Z"~^6a = 0. Since 6 € Z is 

arbitrary, we have Z"a = 0, so a G r{Z'^). But as a ^ r{Z"-~^) we have 

r{Z'^~^) C r{Z'^). So if Z" 7̂  0 for each n we get an strictly accending chain 

r{Z) C r(Z^) C r(Z^) C . . . which is a contradiction to the hypothesis. D 

Lemma 1.10.16. If N is a mlpotent ideal of R, then r{N) is an essential 

left ideal of R. 

Proof, li N = 0, then r{N) = /? is an essential left ideal. Suppose N j^ 0 

and let m be the least positive integer such that N'^ = 0. There exists a left 

ideal K oi R such that L — r{N) © K is an essential left ideal of R. Then 

iV^-i/C C Kn r{N) = 0. Then N'^-^K C Kn r{N) = 0. Finally we get 

NK = 0, that is, K C r{N). This implies K =^ 0. Therefore L = r{N) is an 

essential left ideal of R. D 

1.11 The rings of fractions 

Here, we study some basic definitions and results related to left or right ring 

of fraction, total ring of fraction of a ring R as well as prove Goldie's theorem. 

Definition 1.11.1. Let Rbe a, ring and 5 be a multiplicatively closed subset 

of R. A right ring of fraction of R with respect to S is a ring /?[5'~^] together 

with a ring homomorphism 4> : R —> /t'[S'~^] satisfying 

Fl : (/)(s) is invertible for every s E S. 

F2: Every element of i?[5~^] has the form (t){a)(j){s)~^ for some a E R, 

s E S. 
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F3: (j){a) = 0 if and only if as = 0 for some s e S. 

Similarly we define a left nng of fraction [S^^]R. 

Proposition 1.11.2. ([1], Chapter II, Proposition 1.1) When R[S~^] exists, 

it has the folllowmg universal property: for every nng homomorphism 

•0 : R —> R' such that i/)(s) is mvertible m R' for every s E S there exists a 

unique homomorphism a : R[S'^] —> /?' such that a4) = V-'-

Corollary 1.11.3. ([1], Chapter II, Corollary 1.2) /?[5"^] is unique upto 

isomorphism. 

Corollary 1.11.4. ([1], Chapter II, Corollary 1.3) If both R[S~^] and [S-^]R 

exists they are naturally isomorphic. 

Proposition 1.11.5. ([1], Chapter II, Proposition 1.4) Let S be a multi-

plicatwely closed subset of R. R[S~^] exists if and only if S satisfies • 

Si: If s G S and a E R, then there exists some b E R and t E S such that 

sb = at. 

S2: If sa = 0 with s E S and a E R, then at = 0 for some t E S. 

When R[S^^] exists it has the form R[S~^] — /? x 5 / ~ where ~ is the 

equivalence relation defined as (a, s) ~ {b, t) if there exists c,d E R such that 

ac = bd and sc = td E S. 

Definition 1.11.6. : A subset 5 of a ring /? is a right denominator set if it 

is a multiplicatively closed set and satisfies both 51 and 52 m Proposition 

1.11.5. Similarly a subset 5 of R is defined to be a left denominator set. 

Example 1.11.7. If i? is a commutative ring, then every multiplicatively 

closed subset of R is both right and left denominator set. 
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Proposition 1.11.8. Assume R satisfies ACC on right annihilators. If S 

IS a multiplicatively closed subset of R and satisfies Si, then S is a right 

denominator set. 

Proof. Suppose sa — 0 with s E S, a E R. There exists a positive integer 

n such that r{s") ~ r{s'') for all k > n. Since R satisfies Si, there exists 

some be R, and t e S such that .s"5 = at. Then ,s"+^6 = sat = 0. So 

b e r{s"-'^^) = r{s'^). Hence at — s"6 = 0. Thus S2 is satisfied and henro S 

is a right denominator set. D 

Definition 1.11.9. Let Sreg denote the set of all non-zero divisors of a ring 

R. Then RlSreg^^] is the classical right quotient ring of R (or the total right 

nng of fractions of R) and is also denoted by Qcf{R). Similarly we define 

the classical left quotient nng (or the total left ring of fraction) Qd{R) of R. 

Proposition 1.11.10. Qci^{R) exists if and only if R satisfies the right ore 

condition, that is, for every a and s in R with s a non-zero divisor there 

exists b and t m R with t non-zero divisor such that sh = at. 

Proof. Trivial, since 52 is trivially satisfied m this case D 

Definition 1.11.11. If i? has no non-zero divisors, the right ore conditions 

states that a/? n s/? 7̂  0 for all non-zero element a and s of R. This is the 

same as saying that Ar\B ^Q ioi all non-zero right ideals A and B oi R. A 

ring without zero divisor and satisfying the right ore condition is a right ore 

domain. 

Proposition 1.11.12. The classical right quotient ring of a right ore domain 

IS a skew field. 
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Proof. Let 0 ^ (/){a)(f){s)~^ 6 Qci'iR) where /? is a right ore domain. Then 

a is a non-zero divisor, so 4>{a)~^ exists. Now (j){a)(j){s)~^(t){s)(t>{a)~^ = 1 = 

(t){s)^{a)~^(t){a)4){sY^. This proves that Qci'iR) is a skew field. D 

Proposition 1.11.13. Every right Noethenan ring without zero divisor is a 

right ore domain. 

Proof. Let a and h be any two non-zero element of a right Noetherian ring 

R. Let An = hR + abR + a%R -I- . . + a"ft/?. Since R is right Noetherian, 

there exists a least positive integer n such that Ak — An for all A; > n. 

Then hR + ahR + • • • + oJ'bR = bR + abR + + a'^bR + a^'+^bR. Then 

a"+ii) = hco -f- ahci + . + a^hc^ for some ro, r j , . r^ E R. Then hcQ = 

a(a"6 —6ci —• • • —a"~^6c„) ^ 0 (for if 6co = 0, then d^b — abci a""^6c„ = 

0. Since a ^ 0. Then An = An-i- But this will contradict the choice of n). 

Then bR n aR ^ 0. So i? is a right ore domain. D 

Definition 1.11.14. A ring /? is a ring of quotients if every non-zero divisor 

of R is invertible, that is, R is its own classical left and right ring of quotient. 

Example 1.11,15. Every division ring is a ring of quotient. 

Lemma 1.11,16. Suppose R satisfies DCC on principal right ideals The 

following properties of an element a of R are equivalent: 

(1) a IS mverttble. 

(2) a is a non-zero divisor. 

(3) r[a) = 0. 
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Proof. Obviously (1) implies (2) implies (3). 

(3) implies (1) :- We have aR^ a?RD a^R^ .... Since R satisfies DCC on 

principal right ideals, a^R = a"^^R for some n > 1. Then a" = a"+^6 for 

some b e R. This implies a"(l - a6) = 0. Then a"- i ( l - ab) e r{a) = 0. 

Then a"~^(l - ab) = 0. Similarly a""^(l - ab) = 0 and so on. Finally we 

get 1 — a6 = 0, that is, ab = 1. Then aba = a. This implies a(l — ba) — 0. 

So I — ba — r{a) — 0. Thus ab = ba = I. That is, a is invertible. D 

Definition 1.11.17. Let R he a, ring of quotient and R' be a subring of R. 

Then /?' is said to be right order m R if R is the clasical right quotient ring 

of/?'. 

Definition 1.11,18. A ring R is said to have a finite right rank if R does 

not contain any right ideal A of form A = Ai ® A2® •. .with 0 ^ A^ are 

right ideals for each i. 

Example 1.11.19. A right Nootherian ring ha.s finite right rank. 

Proof. Let /? be a right Noetherian ring. Suppose v4 is a right ideal of R 

such that A = Ai ® A2® .. .for some non-zero right ideals ylj, A2, . . . . 

Then Ai C Ai ® A2 C Ai ® A2 e A3 C .... Since R is right Noetherian, 
n n+1 n 

^ H A^ — ^M Ai for some n. Then /l = ^ H /I, which is a contradiction. So 
1 = 1 t = l 2 = 1 

a right Noetherian ring has finite right rank. D 

Lemma 1.11.20. / / R has a fimte right rank and r{s) = 0, then sR is an 

essential right ideal of R. 

Proof. Let A he a non-zero ideal of R such that sRH A = 0. Then s^A / 0 

for each n, since r{s) = 0. Also if x G s"A Pi s"+M, then x = s^a — .s'^'^^b 
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for some a & A,b e A. Then s'^{a - sb) — 0. This impHes a — sb = 0, since 

r{s) = 0. Then a =^ sb e A r\ sR = G. Then x = 0. Hence we get a direct 

sum A(B sA® s^A© . . . within A which contradicts that R has a finite right 

rank. Thus sR is essential right ideal of R D 

Lemma 1.11.21. A right ideal f is a right annihilator if and only if f = 

r( / ( / )) . 

Proof Suppose / = r{X) for some X C R. Then X C / ( / ) . Therefore 

I = r{X)Dr{l{I))-DI. D 

Definition 1.11.22. A ring i? is a prime ring if there are no non-zero two 

sided ideal A and B such that AB = 0. 

Example 1.11.23. (1) Any domain is a prime ring. 

(2) Any simple ring is a priume ring. 

Lemma 1.11.24. Suppose R has a classical right quotient nng R'. Let S 

denote the set of all non-zero divisors of R. Then for each 

9i>92, • • • ,9n € R', there exists a i , a2 , . . . . a „ € R, and x E S such that 

q^ = a^x"^. 

Proof. For each qi{i — 1,2,..., n) there exists b^ E R and Xi E S such that 

qi = biX~^. Since 5 is a right ore set, there exists ci,C2,. . ,c„ 6 /? and 

X E S such that x = xiCi = X2C2 = • • • = x„c„. Since for each i, both x 

and invertible in R', c, is invertible in R' and x ^ = c, ^x, ^ Then 

qij — biX~ = bjCjX"̂  = aiX~^ where a^ = bjCj. D 

Theorem 1.11.25. (Goldie).'- The following properties of a ring R are 

equivalent: 
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(1) R IS a right order in a semisimple ring 

(2) R has finite right rank, satisfies ACC on right annihilators and is a 

semipnme ring 

(3) A nght ideal of R is essential if and only if it contains a non-zero 

divisor 

Proof (1) implies (2) - Let R' denote the semisimple right quotient ring of R 

If R does not have a finite nght rank, it contains a right ideal of the form Ai © 

A2 © where each Ai are non-zero right ideals Choose a non-zero element 

a^ e AT, for each ? Since R' is semisimple, R' is nght Noethenan Thus the 

right ideals aj/?', 02/?', cannot be all independent Therefore there exists 

<7i> 92, , ( ? „ € / ? ' such that aiqi + 02(72 + + <2ni7n = 0, but a„g„ j^ 0 

There exists 61,62, , bn,x £ R with x a non-zero divisor such that g, = 

b^x'^ Then ai6i + 0262 + + fln^n = (ai<?i + a2(?2 + + o.nqn)x = 0 

But Ai, A2, , An are independent, so a„6„ = 0 But a„6ri = o,nQnX So 

a„q„ = anhnX~^ = 0 which is a contradiction So R has finite right rank 

Let h Q I2 Q be an ascending chain of right annihilators in R, Set 

Jn = l-R{In) Then Ji ^ J2 ^ is a descending chain of left annihilators 

m R and each /„ = rji{Jn) by Lemma 1 11 21 

In R' we have r^, (Ji) Q '"^-(-'2) Q Since R' is nght Noethenan (since R' 

is semisimple ) there exists a positive integer m such that r^,{In) = r^,{}m) 

for all n > m Consequently /„ = r^{Jn) = / ? n 7^, (J„) = / „ Thus R 

satisfies ACC on nght annihilators 

It remains to show that /? is a semipnme ring Let A'̂  be any ideal of R 

such that N'^ = 0 Set L — /^(A), then L is an essential nght ideal of R 
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Next we show that LR! is an essential right ideal of R!. Given any non-zero 

right ideal B oi R', choose a non-zero element b £ B and write 6 = ax'^ 

for some a,x E R with a ^ 0 and x a non-zero divisor. Then a — bx lies in 

RC\B. Thus / ? n 5 is a non-zero right ideal of R. Consequently RDBDL ^0 

and hence B f] LR' ^ 0. Thus LR' is an essential right ideal of R'. As R' 

is semisimple, we get LR' = R'. Hence there exists yi,y2,-- -yn ^ L and 

<7i,'?2, Qn e R' such that yi^i -I- ?/2<?2 + • • • + ?/n(?n = 1- There exists 

tti, 02,. . •, a„, X € /? with x a non-zero divisor such that ĝ  = ajX^^ Then 

X = {yiQi + ^2^2 -I + ynQn)x = (j/iai -)- 2/2̂ 2 H H y^an) € L. Hence 

xN = 0. Since .x is a non-zero divisor, N = 0. Thus /? is a semiprime ring. 

(2) implies (3):- Suppose A is a, right ideal of R which contains a non-zero 

divisor s. Then r{s) = 0. Since R has finite right rank we have by Lemma 

1.11.20, sR is an essential right ideal of R. So A is an essential right ideal. 

Conversely, suppose A is an essential right ideal of R. We have to find a 

non-zero divisor in A. Since R satisfies ACC on right annihilators and A is not 

nil ideal by Lemma 1.10.14, there exists ai ^ 0 in A such that r{ai) = r{a\). 

If Af\r{a\) 7̂  0 we continue and choose a2 & A Pir{a\) such that a2 ^ Q and 

r(a2) = r{al). If yinr(ai)nr(o2) ^ 0, we go and get 0 7̂  03 e ADr{ai)r\r{a2) 

and so on. At each step we obtain a direct sum aiR®a2R® • • • ®akR- This 

is proved by induction. Suppose aiR® a2R® • • • ® a^-iR is direct and let 
fc-i 

X e akR n ^ H QtR. Then x = 0^6 for some b E R. Then afc6 = ai6i -(- 0262 + 
1=1 

.... -f afe_i6fe_i for some 61,62,..., 6fc_i € /?. For every i < k, a^ € r(a,) so 

ajOfc = 0. Hence we have a]6i4-0262-1-....+afc_i6fc_i = 0. That is, x = 0. Thus 
k 

we get a direct sum ^ H a^R. But /? has a finite rank so the process must stop 
1=1 
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at some stage say at k^^ stage. Then Anr(ai)flr(a2)n- • -Hr{ak) — 0. As y4 

is essential , we get r(ai) fl ''(02) fl • • • fl r{ak) = 0. Let c = Oi + as + • • • 4- a^. 

Let X G T{C). Then a-^x + asx + • • • + a^x = 0. This implies a^x = 0 for 
k 

every i = 1,2, ,A: (Since ^^a^R is direct). Then x E r{ai) for every 
1=1 

7 = 1,2, , A:. Thus x G r(ai) fl r(o2) n • • • n r{ak) = 0. Thus r{c) = 0. 

We also show that l{c) = 0. If a; € l{c) and y E cR. Then y = cu for some 

u E R. So xy = xcu = 0 (Since x E l{c)). So y E r{x). So cR C 7'(x). Since 

cR is essential right ideal of R, r{x) is essential right ideal of R. Therefore 

/(c) C Z, where Z is right singular ideal of R. Therefore by Lemma 1.10.15, 

l{c) = 0. 

(3) implies (1) : Let s be a non-zero divisor and a an arbitrary element of 

R. By hypothesis sR is essential right ideal. Then I — {c E R \ ac E sR} 

is essential right ideal. Thus / contains a non-zero divisor ( by hypothesis). 

Thus at — sb for some b E R. Thus R has a classical right quotient ring R'. 

Remains to show that R' is semisimple. It suffices to show that R' has no 

proper essential right ideals. Consider an essential right ideal / of /?'. We 

claim that / n /? is an essential right ideal of R. Given any non-zero element 

b E R, there exists some q E R' such that bq is a non-zero element of / . Write 

7 = ax"^ for some a, x E R with x a non-zero divisor. Then ba — bqx E IC\R 

is a non-zero element oi I CiR proving our claim. By hypothesis, there exists 

a non-zero divisor y E I D R. Since y is invertible in /?' we conclude that 

I = R'. Thus R' has no proper essential right ideals as desired. D 
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Chapter 2 

Von Neumann Regular Rings 

These classes of rings were introduced by John von Neumann in 1936 for 

studying modular lattices. Since then, these rings are extensively studied. It 

is seen that modules over these classes of rings have some common properties. 

In this chapter, basically we study some properties of regular rings and their 

characterizations via central localizations, injectivity, flatness, weakly left 

(right) ideals. We also study W-ideals and GW-ideals. 

2.1 Basic results 

Here, we explore some basic properties of regular and strongly regular rings. 

Some of the important results are: If R is regular, then Mn{R) is regular for 

each n; A ring R is regular if and only if every left (right) /^-module is flat 

if and only if every cycUc left (right) /^-module is flat: A ring R is strongly 

regular if and only if R is regular and left (right) duo if and only if R is 
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regular and reduced. 

Definition 2.1.1. A ring R is regular (von Neumann) if for every a e R 

there exists some x E R such that a = axa. 

Definition 2.1.2. A ring R is strongly regular if for every a E R there exists 

some X E R such that a = ro^. 

Example 2.1.3. Every division ring is regular as well as strongly regular. 

Proposition 2.1.4. Arbitrary direct product of strongly regular rings is strongly 

regular. 

Proof. Let {i?j : z G / } be a family of strongly regular rings. Let 

(oi)i6/ S TT Ri- For each ? G /̂ , /?» is strongly regular, so there exists some 
I 

hi E Ri such that a^ = h^a^. Therefore (a,)jg/ = (^i)je/ {{o-i)iei) • Therefore 

TT /2i is strongly regular. D 

Proposition 2.1.5. If R is a regular domain, then R is a division ring 

Proof. Let 0 ^ a E R. Since R is regular, there exists some x E R such that 

a = axa. Hence a( l — xa) = 0. Then i? is a domain imphes I — xa = 0. 

Then xa = 1. Hence i? is a division ring D 

Proposition 2.1.6. Every strongly regular ring is reduced. 

Proof. Let i? be a strongly regular ring. Let a E R such that a^ = 0. Since 

R is strongly regular, there exists some b E R such that a = ba^. Then 

a — ba^ — 0. Thus R is reduced. D 
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Definition 2.1.7. An element a of a ring /? is regular if a = axa for some 

X e R. 

Example 2.1.8. Every element of a von Neumann regular ring is regular. 

Lemma 2.1.9 ( Mccoy's lemma). Let a and b be elements of a ring R 

such that aba — a is regular, then a is regular. 

Proof, aba — a is regular implies there exists some x G /? such that 

aba — a = {aba — a)x{aba — a). 

Then 

a{—baxab + bax + xab — x + b)a = a, 

which implies a. is regular. D 

Proposition 2.1.10. / / a ring R is regular, then Mn{R) is regular for each 

n. 

Proof. Suppose R is regular. We first prove that M^iR) is regular. Let 

a b \ 
I e M2{R). Since R is regular, there exists some r ^ R such that 

c d J 
c = crc. Hence 

a b \ l O r \ l a b \ I a b \ I arc — a ard — b 

c d j \ O O I \ c d j \ c d I \ 0 crd~d 

a 6 
So by Mccoy's lemma, if matrices of the type | | is regular, then each 

0 d 
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c d 
e M2{R) is regular. 

Again by regularity of R, there exists some x,y & R such that 

axa — a, dyd = d. Then 

0 axb + hyd — b 

0 0 

, 0 fc , 
Hence by Mccoy's lemma, if matrices of the type | | is regular, then 

0 0 

matrices of the type 
a b 

0 d 

such that h — bzb. Then 

Hence matrices of the type 

a b 

is regular. Again, there exists some z E R 

is regular for each b E R. Hence 

each is regular. Then M2{R) is regular. 
c d 

Now we consider the case n = 2*̂ . A; ^ 1. Since M2k{R) = M2 (Ma^-i(/?)), 

by M^iR) is regular and by induction, it follows that M2k{R.) is regular. 

Now we consider the case n ^ 2^. 

Let A = 
0l2n 

\ 

€ Mn{R). Choose a positive integer k 
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such that 2*̂  > n. Let m = 2^. 

Let A' -

a i l 

021 

Onl 

0.12 

a22 

«n2 

0.\n '• 

0'2n '• 

. 0 

\ 

€ Mm{R). Since Mm{R) is reg-

/ 0 : 0 
ular, there exists some B' 6 Mm(/?) such that A' ^ A'B'A'. Let B 6 A/„(/?) 

be the matrix whose entries are equal to the corresponding entries of B'. 

Then ABA = A. Therefore R is regular. 

D 

Proposition 2.1.11. If Afn{R) is regular for some natural number n, then 

R is regular. 

/ a 0 . . . 0 ^ 

0 0 . . . 0 
Proof. Let a e. R. Consider A = e Mn{R). As Mn{R) 

\̂  0 0 . . . 0 y 

/ 

is regular, there exists some B 

that ABA = A. 

xu xi2 . . . a;i„ 

3^21 3^22 • • • a^2n 

\ ^ n l •^n2 • • • •^nn I 

e Mn{R) such 

Then axuu — a. Thus R is regular. D 
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Proposition 2.1.12. For a ring R, following conditions are equivalent: 

(1) R IS regular. 

(2) Every principal right ideal of R is generated by an idempotent. 

(3) Every finitely generated right ideal of R is generated by an idempotent. 

(4) Every left R-module ?s flat 

(5) Every cyclic left R-module is flat. 

Proof. (2) implies (1) :- Let a E R. Then by hypothesis, aR = eR for some 

idempotent e. Therefore e = ax and a = ey for some x E R and y E R. 

Therefore a = ey = eey ~ axey = axa. So (2) imphes (1). 

(1) implies (2):- Let a/? be a principal right ideal of R. Since R is regular, 

a = axa for some x E R. Now ax = axax. Then ax is an idempotent and 

aR = axR. So (1) implies (2). 

(1) implies (3):- Suffices to show that if a G R, b E R, then aR + bR is 

principal right ideal. There exists an idempotent e such that aR = eR. 

We daimthat aR+bR = eR + {l-e)bR. Wehave aR = eR C eR+{l-e)bR. 

Also b = eb+{l-e)bEeR + {l- e)bR. Thus aR + bR C eR + {1 - e)bR. 

Also eR = aR C aR + bR and (1 - e)bR C bR C aR + bR. Then eR + 

(1 - e)bR C aR + bR. Therefore aR + bR = eR + {1 - e)bR. Now R is 

regular implies there exists some c E R such that (1 — e)b = (1 — e)bc{l — e)b. 

Then / = (1 — e)bc is idempotent and ef = 0. Also f E {I — e)bR and 

(1 - e)6 = (1 - e)6c(l - e)b E fR implies fR = (1 - e)bR. Let g = / ( I - e). 

Then g^ - / ( I - e ) / ( l - e) = / ( I - e) =^ g,eg = ge = 0. Also g e fR, f = 
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/ ( 1 - e ) / e gR implies gR = JR. We claim that eR + gR = {e + g)R. Clearly 

(e + g)R QeR-\- gR. Let x E eR + gR. Then a; = er + g's for some ?•, s e R. 

Then x = (e + 5f)(er + gs) € (e + 5)/?. Thus eR + gR= {e + g)R. Therefore 

aR + hR^eR + bR^eR+{l- e)bR ^ eR +fR = eR +gR = {e + g)R. 

(3) imphes (4):- Let M be a left /?-module and / be a finitely gtmoratod right 

ideal of R. Consider the map 9 : I ® M —> M such that B{a ® / ) = aj. 

Since / is generated by idempotent, / is a direct summand of R. So there 

exists a right ideal J oi R such that I ® J = R. Now consider the following 

diagram 

{I®M)®{J®M) R®M 

where a[a ® m) = a ^ m, P{a ;g m + t <8) rn') — am + hm!, 7(r ®m) = rm, 

where a € I, b G J, m. E M, m' e M. Then jfln = 0. Again since a is 

monomorphism, (3 is isomorphism and 7 is isomorphism it follows that 9 is 

a monomorphism. Hence M is flat. 

(4) implies (5) is trivial. 

(5) implies (1):- Let aE R and / — aR, J — Ra. By hypothesis, R/J is flat. 

Therefore 9 : I® R/J :—> / ? / J such that 9{a^{r+J)) = ar-\-J, aE I,r E R 

is a monomorphism. Consider the composition I/IJ —> / (K) R/J —> R/J 

where </>(a + I J) = a 0 {1 + J). Then (f) is an isomorphism. So BcJ) is a 
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monomorphism. Then ker^^ = {/J}. But 

ker^0 =^ {a + IJ : 6(j){a + I J) = J} = {/ n J). Thus lr)J = IJ. That is, 

aRn Ra= {aR){Ra) - aRa. Then a e a/?a. So (5) impUes (1). D 

Proposition 2.1.13. Every idempotent in a reduced nng is central. 

Proof. Let e be an idempotent element and a be any element of R. Then 

{ea(l - e)}^ = ea(l — e)ea(l — e) = 0, Therefore ea = eae. Similarly 

ae — eae. Hence ea — ae and e is central. D 

Proposition 2.1.14. T/je followmg properties of a nng R are equivalent. 

(1) R IS reduced regular nng. 

(2) Every principal nght ideal of R is generated by a central idempotent. 

(3) R is regular and every nght ideal of R is two sided. 

(4) R IS strongly regular. 

Proof. (1) implies (2) follows from Proposition 2.1.12 and Proposition 2.1.13. 

(2) implies (3):- By Proposition 2.1.12, R is regular. We need only to prove 

that every right ideal of R is two sided. Let / be a right ideal of R and 

a E I, r e R. Then aR = eR for some central idempotent e. Then a = ex 

for some x E R. This implies ra — rex — erx E eR = aR C / . Thus every 

right ideal of R is two sided, that is, (2) imphes (1), 

(3) implies (4):- Let a E R. Since R is regular, there exists some x E R such 

that a = axa. Also xaR is two sided ideal implies axa = xab for some b E R. 

Therefore a = a.Ta = Tab = ra tab = laa = ra'^. Thus R is strongly regular, 

44 



that is, (3) implies (4). 

(4) implies (1):- R is reduced by Proposition 2.1.6. Let a e R. By hypothesis 

there exists some x E R such that a = xa^. This implies a — xa^ = 0. Then 

(1 — xa)a = 0. As i? is reduced, we get a(l - xa) — 0. Then a = axa. 

Therefore R is regular. Therefore (4) implies (1). • 

Remark 2.1.15. From Proposition 2.1.14, it follows that a ring R is strongly 

regular if and every if for all a 6 R there exists some x £ R. such that a = O?.T;. 

Proposition 2.1.16. The endomorphism ring of a semisimple module is 

regular. 

Proof. Let M be a semisimple module and a : M —> jif a hnear map. 

Then M = ker a ffi /C and 7\f = im(a) © A/' for some submodules K and N 

of M. Let 0 = a\^. We claim that 0 : K —> im(a) is an isomorphism. 

Clearly 9 is onto. Let x 6 ker^. Then 0 — d{x) = a{x) which implies that 

X 6 ker a D A" = 0 and so x = 0. Thus 9 is monomorphism and hence 9 is an 

isomorphism proving our claim. 

Let /3 : im (cv) —> K be the inverse of 9. Then P can be extended to 

^ : M —> i\/ by putting ^(A^) = 0. We claim that a^a = a 

If a; G M, then x = y + z for some y G ker a , z E K. So 

aia{x) = a^{a{x)) — a^{a{y + z)) — 0:^(0(2)) = 0^0(2) = Qf(z) = Q(X). 

This proves the claim. Then the proposition is proved. D 

Proposition 2.1.17. Every strongly regular ring is a subnng of a product 

of skew fields. 

Proof. Let {Mi : i E 1} he the family of maximal right ideals of a strongly 

regular ring R. Then each Mi is two sided ideal and R/M^ is a skew field. 
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Consider the ring homomorphism 0 : R —> TT R/Mi defined by 

e{r)^{r + Mi)i^i. Nowker^ = { r e /? : (r + A/,)ie/= (M^ie/} = fi/>^^• If 

ker^ 7̂  0, then there exists an idempotent 0 ^ e 6 ker^. Since e belongs to 

every maximal right ideal, 1 — e cannot belong to any maximal right ideal. 

Therefore (1 — e)b = 1 for some b E R. Then e(l - e)b = e implying 0 = e 

which is a contradiction. Therefore /? is a subring of TT R/Mi. D 

Proposition 2.1.18. If every element x of a ring R satisfies x" = x for 

some fixed n > 1, then R is regular. 

Proof If n = 2. Then aR = a^R for all a e R. Then R is regular. If n > 2, 

then for all a € /?, a = a" = a a"~^ a which imphes R is regular. D 

Proposition 2.1.19. Every homomorphic image of a regular ring is regular. 

Proof. Let /? be a regular ring and / : R —> R' be an onto ring homo­

morphism. Let b e R'. Since / is onto, there exists some a E R such that 

b — f{a). Now R is regular implies there exists some x E R such that 

a = axa. Then / (a ) = / ( a ) / ( x ) / ( a ) , that is, 6 = bf{x)b. This implies R' is 

regular. D 

Corollary 2.1.20. Every factor ring of a regular ring is regular. 

Remcirk 2.1.21. (1) If /? is a ring and R/I is regular for some ideal / of R, 

then R need not be regular. For example, Z/3Z is regular but Z is not. 

(2) A subring of a regular ring need not be regular. For example, Q is 

regular but Z is not regular. 

Proposition 2.1.22. The centre of a regular ring is regular. 
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Proof. Let i? be a regular ring and C be its centre. Let a E C As /? is 

regular, there exists some r E R such that a — ara. We claim that a^r^ G C 

and a = a(a^r^)o. Let x E R. Then 

x{a'^r^) = x{a?r)r'^ = {a'^r)xr^ = {ra^)xr^ = r{xa^r)r = r^a^xr = a'^r^x. 

Also a{a'^r^)a = a{a'^r){r'^a) = a{ar^)a = {a^r){ra) = ara = a. O 

2.2 Regular rings and p-injective modules 

Here, we characterize regular and strongly regular rings via p-injective mod­

ules. 

Definition 2.2.1. Let M be a left /?-module and / be a left ideal of R. 

Then M is I-complete if any left R - homomorphism from f to M can be 

extended to a left R - homomorphism from R to M. Also M is pR-complete 

or p-injective if M is /?a-complete for any principal left ideal Ra of R. 

Example 2.2.2. For any field F, pF is /-complete for any left ideal / of F. 

Proposition 2.2.3. ([5], Proposition 1) For a reduced nng R, following 

conditions are equivalent: 

(1) R IS von Neumann regular. 

(2) Every principal left ideal of R is a left annihilator of some element of 

R. 

Proof. (1) imphes (2):- Let a £ R. Then there exists some b E R such that 

a = aba. Let e = ba. Then e = 6a = baba = e .̂ Clearly Re C Ra. Also 
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Ra = Raba C Rba = Re. This shows that /?a = Re. We claim that 

Ra = /(I — e). Let x G -Ra. Then x = za for some z e R. This imphes that 

x(l—e) — X—xe = za—zae = za—zababa = za—za = 0. Hence /?a C l{l—e). 

Now if x 6 /(I — e), then x — xe = 0. Hence x = xe = x6a6a 6 Ra. Therefore 

/(I — e) C /?(2. Hence the claim. So (1) imphes (2). 

(2) implies (1):- Let c be a non-zero divisor of R. Let s E R such that 

Re = l{s). Then cs = 0 which further implies s = 0, as c is a non-zero 

divisor. So Re = R. Hence c is left invertible. Thus every non-zero divisor 

of R is left invertible. 

Let 0 ^ a E R. If a is a non-zero divisor, then a = aha where h is the left 

inverse of a. If a is not a zero divisor, let Ra = l{b),b G R. Then fc ^ 0. 

We claim that c = a + 6 is a non-zero divisor. 

Suppose cy = 0 for some y E R, then (a -\- b)y = 0 which implies 

ay — —by G r{a) D r{b) (since a G l{b) implies ab — 0 which also implies 

that 6a — 0, R being reduced). Let w G r{a) n r(6), then w = za for some 

z E R. (since r{b) — l{b) = Ra). So aza = aw = 0 which imphes that 

(za)'^ = zaza = 0. Since R is reduced, za = 0. Therefore r(a) Pi r{b) = 0. 

This imphes that ay ~ —by. Hence y E r{a) n r{b) = 0. Hence the claim. 

Now ca = {a + b)a = aa + ba = a'^. Then a = da^ where d is the left inverse of 

c. This implies (a —ada)^ = {a — ada){a — ada) ~ a^ — a^da — ada^ + ada^da ~ 

0? — a}da — a^ + a^da = 0. ks R. is reduced, we get a, — ada = 0. So a = ada. 

Hence R is regular. D 

Lemma 2.2 A, ([5], Lemma 2) Following conditions are equivalent for a ring 

R: 
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(1) R is regular. 

(2) Every left R-module is p — injcctive. 

(3) Every cyclic left R-module is p — injective. 

Proof. (1) implies (2):- Let M be a left i?-module, Rb be a principal left 

ideal of R and / : Rb —> M be a left /^-module homomorphism. Since R is 

regular, b = bob for some c E R. Let cb = y E M. Then for any 

a G /?, f{ab) = f{abcb) — abf{cb) — aby which implies that M is p-injective. 

Thus (1) implies (2). 

(2) implies (3) is trivial. 

(3) implies (1):- For any b E R, consider the identity map i : Rb —» Rb. 

Since Rb is p-injective, there exists c E Rb such that i{ab) = abc for all a E R. 

Then b = i{b) = be. Since c E Rb, c = db for some d E R. This shows that 

b = bdb. Thus R. is regular and (3) implies (1). 

n 

Proposition 2.2.5. ([5], Proposition 3) For a ring R, the following condi­

tions are equivalent: 

(1) R is strongly regular. 

(2) Every simple left R-module is p — injective and every left ideal of R is 

two-sided. 

Proof. (1) implies (2):- Follows from Lemma 2.2.4 and Proposition 2.L14. 

(2) implies (1):- Let a E R. We shall show that l{a) -^ Ra — R. If not, then 

there exists a maximal left ideal M oi R such that l{a) + Ra C M. Since 
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RjM is simple, so by hypothesis, R/M is p-injective. 

Define f : Ra —^ RjM by j{xa) = a-{- M. Then / is well-defined. For 

if xa - x'a, then x - x' E l{a) Q M which implies that x + M = x' + M, 

that is, f{xa) = f{x'a). Also / is left i?-module homomorphism. So there 

exists a left R - homomorphism y ; R —> R/M which extends / . Therefore 

1 + M = / (a ) = g{a) = ag{l) = a{b + M) = ab + M for some b e R. 

So I - ah e M. Then ab e M { since M is two sided) implies 1 e M, a 

contradiction. Therefore l{a) + Ra = R. Then xa + d = 1, for some x G /?, 

d e /(a). Then xa^ + da = a. This implies a = xa^. So /? is strongly 

regular. D 

Corollary 2.2.6. ([5], Corollary 4) If R is commutative, then R is regular 

if and only if every simple left R-module is p — injeciive. 

Lemma 2.2.7. ([6], Lemma 1) Let R be a ring whose every simple singular 

left R-module is p — infective, then for every b E R, there exists a left ideal 

K of R such that R = {RbR + l{b)) © K. 

Proof Let b e R, then there exists a left ideal K of R such that {RbR + 

1(b)) © K is an essential left ideal of R. 

Claim:- R = {RbR + l{b)) © A'. If not, then, 

there exists a maximal left ideal L oi R containing {RbR + l{b)) © K. (*) 

So R/L is a simple left R-module. Therefore Z{R/L) = L or R/L. If 

Z{R/L) = L, then /(I -I- L) = L is not an essential left ideal of R which 

contradicts (*). So Z{R/L) = R/L implying that R/L is singular. Therefore 

the simple singular left /^-module R/L is p-injective. Let / : Rb —> R/L 

be given by f{rb) = r -F L for all r e R. Then / is well-defined. For if rb -
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r'6, r, r' e /?, then r - r ' e ^(6) C L. So r + L = r' + L, that is , / ( r6) = /(r '6). 

Clearly / is a left /^-homomorphism. So there exists a left i?-homomorphism 

g: R —> R/L extending / . Hence 1 + L - f{b) = g{b) = 6y(l) = bc + L for 

some ce R. This imphes 1 - 6c 6 L. Therefore be E RbRC L impUes I e L 

which contradicts that L is a maximal left ideal of R Hence the claim. D 

The following result gives a generalisation of Proposition 2.2.5. 

Theorem 2.2.8. ([6], Theorem 2) Following conditions are equivalent for a 

nng R: 

(1) R IS strongly regular. 

(2) Every simple singular left R-module is p — injective and every left ideal 

of R IS two-sided. 

Proof (1) implies (2) by Proposition 2.2.5. 

Assume (2). Let a e R. Then R = {RaR + l{a)) ® K for some left ideal K 

of R which implies that (Ra + t{o)) (i) K = R [since every left ideal of R is 

two-sided, so aR C Ra which implies that RaR C Ra and so Ra = RaR]. 

Therefore KRa C K n Ra = 0 which imphes K = 0. So Ra + l{a) = R. 

This implies that 1 = xa + y for some x E R and some y E l{a) and hence 

xc^+ya = a. As ya = 0, xa^ — a, which proves that R is strongly regular. D 

Proposition 2.2.9. ([6], Proposition 3) If R is a ring whose simple singular 

left R-module is p — injectwe, then 

(1) Z{nR) n J{R) = 0. 

(2) R = RcR for every non-zero divisor c of R. 
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(3) Every essential left ideal of R is idempotent. 

Proof Proof of (1):- Let x € Z{RR) n J{R). Then l{x) is an essential left 

ideal of R. By Lemma 2.2.7, there exists a left ideal K oi R such that 

(/(x) + RxR) ® K = R. Since l{x) is essential so K = 0. Therefore l{x) + 

RxR — R. So there exists a e /(c) and d € RxR so that a + d = 1. Since 

d € RxR C J(/?), so 1 — d is a unit. So there exists some v E R so that 

v{l — d) = 1, that is, va ~ L Thus a; = vax = 0. Hence Z{HR) n J(/?) = 0. 

Proof of (2):- Let c be a non-zero divisor. By Lemma 2.2.7, there exists a left 

ideal K oi R such that {l{c) + RcR) ® K — R. Since c is a non-zero divisor, 

/(c) = 0 which implies that RcR ® K = R. Therefore cK C RcR D K = 0. 

Then c is a non-zero divisor implies K = 0. Therefore RcR = R. 

Proof of (3)> Let I be an essential left ideal of R and b e I. Then 1R+I{b) is 

essential left ideal of R. Suppose IR + l{b) ^ R, then there exists a maximal 

left ideal L oi R containing IR + l{b). Then R/L is p-injective. Define 

f : Rb —> R/L by f{rb) = r + L ^r E R. Then / is well-defined. For 

if rb = r'b, r, r' G /?, then r - r' e 1(b) C L. So r + L = r' + L. Then 

f{rb) = f{r'b). Clearly / is a left fi-homomorphism. So there exists a left 

/2-homomorphism g : R —> R/L extending / . Hence 1 + L = f{b) = g{b) = 

6^(1) = 6c-f- L for some c e R. This implies l-bcE L. Then be e RbR C L 

imphes 1 e L which contradicts that L is a maximal left ideal of R. Hence 

IR + l{b) = /?. So 1 = v + d ioT some v e IR and some d e /(b). This imphes 

that b^ub^P. So I = P. D 

Proposition 2.2.10. ([6], Theorem 9) Following conditions are equivalent 

for a nng R: 
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(1) R IS regular. 

(2) Every principal left ideal of R is a left annihilator of an element of R 

and every cyclic singular left R-module is p-mjective. 

(3) Every principal right ideal of R is a right annihilator and every cyclic 

singular left R-module is p-injective. 

(4) Every left cyclic semipnmitwe R-module is p-mjective. 

Proof. (1) implies (2), (3) and (4) follows from Lemma 2.2.4. 

Assume (2). For any b £ R, Rb = l{t) for some t E R and there exists a left 

ideal K of i? so that l{t)<^K is an essential left ideal of R. Lei N = l{t)®K. 

Then R/N is cyclic and singular and hence is p-injective. Let 

f : Rt —> R/N be defined by f{rt) = r + N for all r e R. Then / is 

well-defined. For if rt = r't, r, r' € R, then r - r' e l{t) C N. So r-{- N = 

r' -\- N. Clearly / is a left /?-homomorphism. So there exists g : R —> R/N 

extending / . Hence 1 + N = f{t) = g{t) = tg{l) = t{c + N) = tc + N for 

some c e R. So 1-tc e N. Therefore 1 - ic = x6 + y for some x e l{t) = Rb 

and some y E K. This implies that b - btc = bxb + by. Then b = bxb -H by [ 

since b e l{t))]. Then by = b - bxb e l{t) f] K = 0. Therefore 6 = bxb which 

proves that R is regular. Hence (2) imphes (1). 

Assume(3). For every a E R, aR = r{S) for some subset S of R. Now 

l{a) © K is essential in R for some left ideal K of R. Then R/{l{a) © K) is 

singular and hence is p-injective by hypothesi.s D(>hne 

f : Ra —> R/{l{a) © K) by / ( r ) = r + l{a) © K. Then / is well-defined 

for if ra = r'a, r, r' E R, then r - r' E l{a) C l{a) ® K. So r + l{a) © A' = 
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r' + l{a) © K, that is, f{ra) = f{r'a). Also / is left R - homomorphism. 

Thus there exists a left R - homomorphism g : R —> ^/(^(a) S ^ ) which 

extends / . Then 1 + l{a) ®K^ f{a) = g{a) = ag{l) = a{b + l{a) ® K) for 

some be R. Then 1 - ah E lia) ®K. So 1 - a6 = t + k (1) 

for some /, e /(a), k E K. Then for any s e S, s(l - ab) = .s(A + k). 

Then a/? = r{S) implies s =^ st + sk. Then sk = s - st E l{a) n K = 0. 

So 5/fc = 0. Then k E r{S] = aR. If k ^ ac, c E R. Then from (1), 

a — aba = ta + ka = ka = aca. This implies a = aba + aca = a{b + c)a. Thus 

R is regular. Hence (3) implies (1). 

Assume (4). Then every simple left ft-module is p — -injective. We prove 

that every principal left ideal / of /? is semiprimitive. Then (4) implies (1) as 

in Lemma 2.2.4. For any 0 ^ 6 G / , by Zorn's lemma, the set of all subideals 

K of Rh such that b ^ K has a maximal member M. Then Rb/M is simple 

p-injective. Therefore the canonical homomorphism / : Rb —> Rb/M can 

be extended to g : R —> Rb/M. Let h=^ g\,. Then I/kevh ~ Rb/M. Then 

ker h is a maximal subideal of / . Since ker h n Rb — ker / , b E Rb, b ^ ker / 

so 6 ^ ker/i. Thus / is semiprimitive. Hence (4) impUes (1). D 

2.3 Self-injective regular rings 

In this section, we study some properties of a self-injective ring and obtain 

a condition for a self-injective ring to be regular. 

Definition 2.3.1. A ring R is left (right) self-injective ii RR (RR) is injective. 

Example 2.3.2. Every semisimple ring R is left and right self-injective. 
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Proposition 2.3.3. Let E he an injective left R-module and let S = End{jiE). 

Then J{S) = {a e S \ keva < E}. 

Proof. Let a e S such that kera < E. Now keva D ker(l - a) = 0. Since 

ker a < E, ker(l - a) = 0 which imphes E ^ im(l - a) and hence im(l - a) 

is injective left /^-module. Then im(l — a) is a direct summand of E. So 

E = im(l — a) ® F for some left /?-module F. Now ker a C im(l — a). 

[ For if X 6 ker a, then a{x) = 0 which implies x — a{x) = x imphes 

'X = X — a{x) = (1 — a)]. Therefore im(l — a)<E and hence E = im(l — a) . 

So (1 — n) is bijective which implies a 6 ./('̂ S'). 

Conversely, let Q € J{S). Let M be a submodule of E such that ker Q n 

M = 0. We show that M = 0. Consider the inclusion map j : M —» E. 

Then aj : M —> E. Now a j is a monomorphism [ for aj[m) = 0 imphes 

'^{Ji''^)) ~ 0 implies a{m) = 0 implies m € ker a fl i\/ = 0 ]. Since E is 

injective there exist 9 : E —> E such that Oaj = j . Then Bnj{rr)) = m 

for every m e M. This implies {Oa - l)(m) = 0. As Q e J{S), 9Q - 1 is 

invertible. So m = 0 and therefore M = 0. Thus ker a< E. D 

Corollary 2.3.4. / / R is left self-injective, then 

J{End{nR)) = {« € EndUR) \ kexa< R}. 

Corollary 2.3.5. If R is left self-injective, then Z{RR) = J{R). 

Proof. Let a G Z{RR). Then l{a) < R. Consider the map f : R —> R such 

that / ( r ) = ra. Then / is a well-defined left /I'-module homomorphism and 

keif = {reR\ra = Qi} = l{a) < R. Then / € J{End{RR)) and so 1 - / 

is a unit, that is, (1 - f){R) = R. Therefore 

R = {{l~f){r)\reR} 
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= {r ~ ra \ r E R} 

= {r(l - a) I r G /?} 

= R{l-o). 

Hence a e J{R) so Z{nR) C J{R). 

Conversely, let a G ,/(/?). Define f : R —> /? by / ( r ) = rn. Then 

1 — / is monomorphism for if (1 - / ) ( r ) = (1 — /){">''), then r ( l - a) = 

r — ra = ?'' — 7-'a = r ' ( l — a) implies r = r' as 1 — a is a unit. Also 1 — / is 

epimorphism for if r G /?, then (1 — / ) ( r ( l — a)~^) = r. So / G J{End{RR)). 

So 1 - / is invertible. Thus ker f = {r e R \ f{r) = 0} ^ fl. This 

implies {r E R \ ra ^ 0} < R. Therefore l{a) < R. So a G Z{RR). Hence 

J(/?) C Z{[iR). This completes the proof. D 

Proposition 2.3.6. Let RE he an injective module and S = End{nE), then 

S/Rad{S) is regular. 

Proof. Let a G 5, then ker a < E. Let ker a denote injective envelope of 

ker a. Without loss of generality we assume that ker a < E. Since ker a is 

injective, E = kerrv © E' for some E' < E. Let ft = a \^,: E' —> <y{E'). 

Clearly /? is onto. Also (3 is one-one because if « G ker/?, then u G ker aPiE' = 

0. So /? is an isomorphism. Since E' is injective, «(£") is injective. So there 

exist E" < E such that E = a{E') ® E". 

Define 7 : E —> E as follows. 

lix e E such that x = y + z, for some y G /^", z G »(/?'), let 7(.T) = ft'^{z). 

We shall prove that ker(a7a — a) < E. Let m ^ 0, m E E, then we have to 

prove that there exist r E R such that rm ^ 0 and rm E ker(070 — a). Let 
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m — u + V, u E ker a, v E E'. 

Case 1: u = 0, v y^ Q. 

Since V e E', a{v) e a{E'). So i[a{v)) = I5~\a{v)) = (i-\(5{y)) = v. 

Therefore {a^a — Oi){v) = Q!7a(f) — a{y) — a{v) — a{v) = 0. 

Thus with r = 1, the condition rm ^ 0, and («7cv - n)[rm) = 0 art; .satisfied. 

Case 2: n 7̂  0. Since ker a < ker a, there exist some r E R such that 

0 =^ ru e ker a. Hence rm = r(M + f) = ru + ru 7̂  0. Also {aja — a){rm) = 

{a'ya — a){ru) + {a-ya — a){rv) = 0 [For if v £ E', then a{v) G a(E ' ) . So 

7(Q:(I;)) = /?~^(a(i;)) = P~^{P{v)) = f. Therefore -ya{v) = v. This imphes 

{aja){v) = Q'(7;) imphes (0-70' — (y){i!) = 0]. So 0 7̂  TTTI 6 ker(0-70' — o-). 

So we see that ker(a7a — a)< E and hence a'ya — a € Rad{S) which imphes 

a 7 a = a. This proves that S/Rad{S) is regular. D 

Corollfiry 2.3.7. If R is a left or right self-injective ring, then R/Rad{R) 

is regular. 

Proof Let R be left self-injective ring. Then S = End{RR) ~ R. Hence 

S/Rad{S) ~ R/Rad{R). Since RR is injective, S/Rad{S) is regular. This 

imphes R/Rad{R) is regular. D 

Corollary 2.3.8. >1 semiprimitive, left (right) self-injective ring is regular. 

Proof. Follows from Corollary 2.3.7. D 

2.4 Unit regular rings 

Here,' some characterizations of unit regular ring and left dependent regular 

ring are given. Some more results in this section are: Strongly regular rings 
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are unit regular; Every unit regular ring is an elementary divisor ring. 

Definition 2.4.1. A ring R is umt regular nng if Va e R, there exists a 

unit X E R such that a = axa. 

Example 2.4.2. Every division ring is a unit regular ring. 

Proposition 2.4.3. Every strongly regular nng is umt regular. 

Proof. Let a E R. Then there exists x £ R such that a = a^x = xd}. Note 

that ax = a^xx = xaax = xa. Let e = xa — ax. Then ê  = xaxa = xxaa = 

xa = e. Also ea = axa = a and ae — axa = a. We also have eax = ax = e 

and eae = ae = a. Now 

e^x = {xa)[xa)x — x{ara)x = rar = ex = xar = re — xee = ere. 

We shall show that ex + 1 — e is the inverse of ea + 1 — e. 

Now {ex + 1 — e){ea 4- 1 — e) = exea + ex — exe + ea + 1 — e — eea — e + ee 

— exa + ex — xe + a + 1 — e — a — e + e = ee + ea: — ex + 1 — e = l. 

Similarly (ea + 1 — e)(ex + 1 — e) = L 

Now a(ex + 1 — e)a = aexa + aa — aea = axa + aa — aa = axa = a. 

Thus R is unit regular. D 

Lemma 2.4.4. ([9], Lemma 1) Let a be an element of a ring R, then the 

following statements are equivalent: 

(1) There is a unit u E R such that ana = a. 

(2) There is a unit u E R such that au and ua are idempotents. 

(3) There is a unit u E R such that an or iia is an idempotent. 
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(4) There are units p and q m R such that paq is tdempotent. 

Proof. (!) implies (2):- Let a e R, then there exists a unit u e R such that 

aua = a. This implies that (att)^ = {au){au) = {aua)u = au. Similarly 

(ua)^ = ua. 

(2) impHes (3) and(3) imphes (4) are obvious. 

(4) implies (1):- We have {paqY = paq. Then {paq){paq) = paq. This implies 

aqpa = a. Since q and p are units, qp is a unit. So R is unit regular. D 

Proposition 2.4.5. ([9], Proposition 2) If a is an element of a ring R that 

satisfies any one of the conditions of the Lemma 2.4-4 ^"^ ab = I for some 

6 G /?, then ba = 1, that is, one-sided inverse m a unit regular ring is two 

sided. 

Proof. If Ji is a unit of R such that aua — a, then au = {aua)b = a6 = 1. 

which also implies that na = 1 (since li is a unit). Hence 6 = u is the two 

sided inverse of a. D 

Definition 2.4.6. (Kaplansky):-A ring /? is a right Hermite ring if for any 

positive integer n and A e Mn{R), there is a non-singular matrix Q G i^/«(/?) 

such that AQ is upper triangular. 

Definition 2.4.7. A ring Rr&n elementary divisor ring if for every positive 

integer n and A G Mn{R) there are units P and Q G Af„(/?) such that PAQ 

is a diagonal matrix. 

Remark 2.4.8. Kaplansky proved in [10], that /? is a right Hermite ring 

(respectively elementary divisor ring) if for every A G M2{R), there is a 
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non-singular matrix Q 6 M2{R) such that AQ is upper triangular (respec­

tively there are non-singular matrices P and Q such that PAQ is a diagonal 

matrix). 

Remark 2.4.9. If A e Mn{R) such that all the entries of A commute with 

each other and dffA = 1, then A is non-singular. 

Lemma 2.4.10. ([9]. Lemma 4) Every unit regular ring R is a right Hermite 

ring. 

Proof. Suffices to show that for each A € M'xiR), there exists a non-singular 

matrix Q 6 M2{R) such that AQ is upper triangular. 

(a b\ 
Let ^ = • Since R is unit regular, there exists units u and v such 

V V 
that f = cu and e = dv are idempotents. 

( an bv 
— M 

f e 

(say). 

li Q2 = \ , then all the entries of Q2 commute with each other 
\-f 1 / 

and detQ2 — I. So (̂ 2 is non-singular. 

( au bv\ 1 / - 1 \ / ai 6] , 

\=M (say), 
f e) \~f I ) \ ( l - e ) / e 

where ai = aii — hvf.hi = mi{f — 1) + fcu. 

Again there is a unit w E. R such that / i = (1 — e)/u; is idempotent. 

Then Qs = diag{w, 1) is non-singular and 
U M ' = /I3 (say). 

( 1 - e ) / e [0 1 / \ f , e 
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Next, note that e/i = e(l - e)fw = 0 and if 9 = / i ( l - e), then eg ^ ge ^ 0 

a n d ( l - / i e ) ( l + / i e ) = (l + /ae ) ( l - / ae ) = 1. Thus g4 = diag{l-fye,l+he) 

is non-singular and 

oiu) 61 \ / 1 - fiC 0 

(i-g 1 
a2 = aiu;(l - fie) and 62 = 6i(l + / ) ie . Finally if we let Q^ = 

then Q5 is non-singular and 

(02 2̂ 1 / 1 — 5 1 1 / a s ^3 
= I = y4Q, which is upper tri-

g ej \ -q \] \{) e + q^ 
angular, where 03 = 02(1 — g) — 625̂  and 63 = 02 + 62 
and Q = Q1Q2Q3Q4Q5 is non-singular. This completes the proof. D 

Lemma 2.4.11. ([9], Lemma 5) If R is unit regular and A G M2(R), then 

there are non-singular matrices P and Q such that PAQ is upper triangular 

and has idempotent entries. 

Proof. By Lemma 2.4.10, ii A e M2{R), then there exists a non-singular 

matrix Q such that AQ is upper triangular and the element in the second 

row and second column is idempotent. Hence to complete the proof of the 

(a b\ 
lemma, it suffices to consider ^ = I, where e is idempotent. Since R 

\0 e) 
is unit regular, there are units u,v in R such that ub and {ua)v are idempo-

tents. Then P = diag{u, 1) and Q = diag{v, 1) are non-singular and 

uav ub\ 
has idempotent entries. 

0 e J 
n 
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Lemma 2.4.12. ([9], Lemma 6) If B is unit regular and A 6 A/2(/?), then 

there are non-smgular matrices P and Q such that PAQ — \ \, where 

e, q, h are idempotents and eg ~ qe — 0. 

(^ f\ 
Proof. By Lemma 2.4.11, it is enough to consider ^ = , where 

\0 k) 
I' -f\ e, / , k are idempotents. Now Qi = is non-singular and AQi = 
\0 l] 

- Ax (say). 

Since R is unit regular, there exists a unit w E R such that /i = (1 - e)fw 

is idempotent. Note that e/i = 0. 

Therefore Pj = d.uiq{l,vj''^) and Q2 = diag{l, w) are non-singular and 

P.^.Q^= ' 0 W e a - e , A A 0 J e / . \^^^^^^^ 

Now (1 + /ie)(l - /le) = 1 = (1 - /ie)(l + f,e). 

Therefore P^ = diag{l. 1 -I- fie) and Q3 = diag{l + f^e. 1 - fie) are non-

singular and 

\Q l + fiej \Q vj-^kwj \ 0 I-fie J \o h^ 

= PAQ where g = fi{l - e),h = {1 - fie)w-^kw{l + fie), P = P2P1 and 

Q = QiQ2Q3-

Also eg -= e/i(l - e) = 0 and ge = fi{l - e)e = 0. 

Hence P/4(5 has the desired properties and the lemma is proved. D 

Theorem 2,4.13. ([9], Theorem 3) Every unit regular ring is an elementary 

divisor nng. 
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/ e g\ 
Proof. By Lemma 2.4 12, it is sufficient to show that if /4 = , where 

e,g,h are idempotents and eg = ge = 0, then there are non-singular matrices 

P, Q such that PAQ is diagonal. 

, I ~ g e — 1 . 
Now if Q = , then Q is non-singular and 

is non-singular. 
hg i ; 

A n d P ^ Q - ' ' ^ ( ' ^ ' ' ^ ^'^' ' 
-hg Ij \ hg h{l-g)J \ 0 h{l-g)^ 

This completes the proof. D 

Corollary 2.4.14. If R is unit regular (m particular, if R is strongly regular) 

so IS Mn (R). 

Proof. By Theorem 2.4.13, we see that ii A e Mn{R), then there are non-

singular matrices P and Q such that PAQ is a diagonal matrix. 

Let PAQ — diag{ai,a2,..., a„). Since R is unit regular, there are units u, such 

that a^Ui are idempotents for each i = l ,2, . . . .n. Let U = diag{ui,U2,. •,Un), 

then {PAQ)U is idempotent and P and QU are units. Therefore by Lemma 

2.4.4, M„(P) is unit regular. D 

Proposition 2.4.15. ([9], Proposition 8) A regular ring R is unit regular if 

and only if aR+bR=R implies there is some t e R such that a + bt is a unit. 

Proof Suppose that R is unit regular and that aR + bR= P, then there is 
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a unit ue R and some y E R such that e = au and f = by are idempotents. 

Then aR + bR = eR + fR = eR + {I - e)fR = R. Since R is regular, 

there exists some w e R such that (1 - e)fw{l - e)f = (1 - e ) / . Let 

g = (1 _ e)/u;(l - e), then g^ = {1 - e)fw{l - e)(l - e)fw{l - e) = 

(1 - e)fw{l - e) = g. Also .ge = eg = 0. Note that gf = (1 - r;)/- If 

X e (1 — e)fR, then x = (1 - e ) / r for some r G /?. Then x — gfr 6 gR. 

Also clearly 5/? C (1 - e)//Z. Thus gR = {I - e)fR. Therefore we have 

gR + eR = R. Therefore there exists a, (3 such that ef3 + g/3 = 1. Then 

ea = e and g/S = g (since eg — ge = 0). Therefore e + g = I. This implies 

e+{l-e)fw{l~e) = 1. Then an[l-e/ t ( ; ( l -e)]+6y'! i j ( l -e) = 1. Multiplying 

on the right by 7 = (1 + efw{l — e))u~^ we get a + byw{l — e)7 = 7 has two 

sided inverse u[l — efw{l — e)]. 

Conversely, suppose R is regular and aR + bR = R. This implies that 

there exists t £ R such that a + bt is a. unit and that there exists some 

X E R such that a — axa and so aR + (1 — ax)R = R. Therefore there 

exists some t E R such that a + (1 — ax-)i is a unit which further means 

that there exists some u E R such that [a + (1 — ax)t\u = 1. Thus we get 

ax[a + (1 — ax)t]ua = axa, that is, axaua + axtua — axaxtua = axa. This 

implies aua = a. So /? is unit regular. D 

Definition 2.4.16. A ring i? is a a left dependent ring if for every a,b E R, 

there exists s,t E R, not both both zero such that sa + tb = 0. Similarly a 

ring R is defined to be right dependent ring. 

Proposition 2.4.17. A unit regular ring is left dependent. 

Proof. If both a and b have left inverses in R, then a~^a + (—6~^6) = 0 
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with a~^ ^ 0 and b~^ ^ 0. So assume that a has no left inverse. Since 

R is unit regular, a = xe for some unit x and idempotent e. Since a is 

not a unit, e cannot be 1. Let s = (1 - e )x^ \ t = 0, then s ^ 0 we have 

sa + i6 = (1 - e)x~^xe = 0. Therefore /? is left dependent. D 

Proposition 2.4.18. ([9], Theorem 9) A regular ring R is left dependent if 

whenever a, a', b, b' are elements of R such that aa' = bb' = I, then a(l — b'b) 

fails to have a right inverse. 

Proof. Suppose R is left dependent. Let a. a', 6, b' be elements of R such 

that aa' — I = bb'. To prove a(l — b'b) fails to have right inverse. Since R 

is left dependent, sa + tb = 0 for some s, t E R not both zero. This implies 

sab' + i = 0. That is, t = -sab' (*). 

So sa + tb = 0 implies 0 = sa - sab'b = sa{l - bb'). Now from (*), s ^ 0, 

because if s = 0, then s and t both will be zero. So a(l — b'b) fails to have 

right inverse. 

Conversely, suppose R is regular and a, b E R. Suppose one of a or 6 

say a fails to have a right inverse. Since R is regular, a — axa for some 

X E R. Now (1 — ax)a + O.b — 0 and 1 — ax ^ 0. So we assume that there 

are a' and b' such that aa' = 1 = bb'. Then a = I - b'b fails to have a right 

inverse. By hypothesis, there exists y E R such that a = aya. We then have 

(1 — ay)a — (1 — ay)abb' = (1 - ay)a = 0. But 1 - ay 7̂  0 as a fails to have 

a right inverse. This proves the proposition. D 
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2.5 Weakly regular rings 

In this section, we study left (right) weakly regular ring. The main results 

are : An ELT right weakly regular ring is regular; The centre of a left (right) 

weakly regular ring is regular; A left (right) weakly regular ring is right (left) 

non-singular and semiprimitive. 

Definition 2.5.1. A ring R is left (right) weakly regular if / = 7̂  for each 

left (right) ideal I of R. 

Example 2.5.2. Every regular ring is left (right) weakly regular. 

Followinng proposition is taken from Lemma 4 of [12]. 

Proposition 2.5.3. An ELT right weakly regular ring is regular. 

Proof. Let R be an ELT right weakly regular ring and let a E R. Then there 

exists a left ideal L oi R. such that I = Ra® L is an essential left ideal of R. 

As R is an ELT, I is an ideal of R. Again R is right weakly regular imphes 

aR = {aRy = (a/?)* = a{RaR). But I is an ideal of R and a E / implies 

a{RaR) C al. Thus a e aR C al = a{Ra © L). That is, a = a{ba + 0 for 

some b e R, I e L. But this gives a - aba = I E RaC] L ^ Q. Therefore 

n = aba and so R. is regular. D 

Proposition 2.5.4. ([8], Proposition 9) If A is a proper ideal of a right 

weakly regular ring, then each element of A is a left zero divisor. 

Proof. Suppose x € A such that x is not a left zero divisor. Since R is right 
fc 

weakly regular, xR — xRxR. Therefore if y € i?, then xy = N J xriXSi for 
i = l 
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e 

some Tj e R, Sj, e R. This gives 

xy - ^2 xfi^Si — 0 = x{y- 2_] f%xSt = 0. 
t=i V t=i / 

fc k 

As X is not a left zero divisor, y - / J 'i c.Sj = 0. This imphes ij = 2_^ '̂ « '•''' 
t= i 1=1 

A. Hence A = R which contradicts that .4 is a proper ideal of R. Thus each 

element of ^ is a left zero divisor. • 

Proposition 2.5.5. A nght (left) weakly regular ring is semipnmitive. 

Proof. Let x E J{R), the Jacobson radical of R. Now R is right weakly 
k 

regular imphes xR = xRxR. Hence x = \ J xrixs^ for some r, € / ? , « » € /?. 
t= i 

( fc \ fc 

1 — 2_. T%TSi I = 0. Since .r G •/(^), 1 — V J '̂ «'̂ '̂ » ^̂  ^ ^"^^• 
i=\ J 1=1 

Therefore x = 0. As x is arbitrary, J{R) = 0. D 
Corollary 2.5.6. A regular ring is semipnmitive. 

Proposition 2.5.7. Let R he a reduced ring. Then R is left weakly regular 

if and only if R is nght weakly regular. 

Proof Let /? be a left weakly regular ring, 7 be a right ideal of R and x £ I. 
k 

Then Rx ~ RxRx. Hence x — yj''i3;SjX for some r̂  E R, Si E R. This 
1=1 

implies I 1 — 2_. fiXSi \ x = 0. As i? is reduced, we get, x ( 1 — VJ 7',xsj = 

fc 
0. Hence x = V^xriX^i E P. So I = P which imphes R is right weakly 

4 = 1 

regular. 

Converse can be proved similarly. D 
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Proposition 2.5.8. ([8], Proposition 12) The centre of any left (right) weakly 

regular ring is regular 

Proof Let /? be a left weakly regular ring and C be its centre Let x £ C 

Then x e Rx = {Rxf C Rx"^ = [Rxf 

Then x = v{i:''tj)i for some ij E R and k > 1 (*) 

It IS enough to show that x''y G C Let z E R Then 

z{x''y) - x'^~^{xz)y = x^~'^{x''^'^yx)zy (using (*)) 

This shows that T^~^yz{T'^^^rii) — r'^yz = [r'^y)z Hence r^y e (7 as re­

quired D 

Proposition 2.5.9. ([8], Proposition 14 (2)) A left (right) weakly regular 

nng is right (left) non-smgular 

Proof Let Rhe a. left weakly regular ring and x e Z{Ra) Then r(x) is 

an essential right ideal of R Since R is left weakly regular, Rr = RrRr 
k k 

So X = ^ r t X S j X for some r^ e R, s^ E R Let y — 22'''''^^^ ̂ ° ^^^^ 
i = i t= i 

X = yx and therefore yx — x = 0 This imphes that (y — l)x = 0 That is, 

X € r(y — 1) Hence xR C r{y — 1) Now r(y) is essential light ideal of R 

and r(y) H'^lv — 1) = 0 implies r{y - 1) = 0 Hence rR = 0 Thus r = 0 

Hence Z{Rji) = 0 and thus /? is right non-smgular 

If R is right weakly regular ring we can similarly prove that R is left non-

smgular n 
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2.6 Central localizations of regular rings 

In this section, we study the regularity of a ring via its central locahzations. 

Lemma 2.6.1. ([11], Lemma 1) Let R he a ring with regular centre C and 

M he a maximal ideal of C. Then MR = ker(/? —> RM), MR r\C = M, 

and 0 —> MR —> R —*• RM —> 0 is exact. Here the homomorphisms are 

natural homomorphisms. 

r 
Proof. First we prove that R —> RM is onto. Let - e RM- Since C is 

s 

regular, s — sts for some i 6 C So - = — = rt. Hence rt i—> - . 
s sts s 

Let A = ker(fi: —> RM)- Then Ar\C = ker(C —> CM)- Since C is 

regular, CM is a field. Thus A n C is a maximal ideal of C. Hence M = AnC 

[For if a € ADC, then a e A and a G C. Then as = 0 E M for some 

s e 5. But since s ^ M, so a E M. Hence A n C C M. Since AnC is 

maximal ideal, AnC = M ]. Thus MR. C A. 

Let a e /I. Then 3 some 5 6 5 such that as = 0. Since C is regular, 

3 some t e S such that s — sts. Then (1 — st)s = 0 € M. But since 

s^ M, so I-steM. Hence a = (1 - si)a 6 M/?. Thus M/? = A. This 

completes the proof. D 

Proposition 2.6.2. Zei I be a right ideal of R such that {J/I'^)M — 0 for 

all maximal ideal of M of C, the centre of R. Then I — P. 

Proof Let x E (I/P). Then - € {I/P)M = 0. Thus there exists some 

Uj^ E C^ such that u^^x — Q. li C ^ T,Cu^, then there exists a maximal 

ideal L of C such that SCu^ C L. But this implies u, — l.u, E T.Cu C L, 
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a contradiction. Hence C — T,Cu^. Hence 1 = r^u^^ + r^u^ + • • • + r^^u^ 

for some maximal ideals A4^, M^.. ., M^ of C. Thus 

x = 1.x = {r^u^ + r^u^ + • • • + r^u^ )x = 0. Hence {I/P) = 0 which 

implies I — P. D 

Proposition 2.6.3. ([11], Proposition 2) A ring R is fully right idempotent 

if and only if R^^ is fully right idempotent for each maximal ideal M of C, 

the centre of R. 

Proof. Let i? be a fully right idempotent. Then by Proposition 2.5.8, C is 

regular. So for each maximal ideal M' of C, R —> R^ is onto. Thus R^ is 

fully right idempotent for each maximal ideal M of C 

Conversely, suppose R^ is fully right idempotent for each maximal ideal 

M of C. Let / be a right ideal of R Then 

0 — , p — , / — , 7/72 — , 0 is exact (1). 

Here the homomorphisms are natural. 

Since C,^^ is a flat C module for each maximal ideal M of C, (1) implies that 

0 —> /^ ® C„ — ' I^C^ —> [I/P) ®C^ —> 0 is exact. Then 

0 —^ /^ — /„ ^ ( / / / ' ) « — 0 is exact. Thus 

I,/Il ^ (I/P),. Therefore {1/1'), = 0 (since R, is fully right 

idempotent, I, = / ^ ^). Hence I = P and R is fully right idempotent. D 

Proposition 2.6.4. ([11], Theorem 3) The following conditions are equiva­

lent for a ring R with centre C: 

(1) R is regular. 

(2) C is regular and R/MR is regular for each maximal ideal M of C. 
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(3) RM is regular for each maximal ideal M of C. 

Proof. (1) implies (2) follows from the fact that centre of a regular ring is 

regular and factor ring of a regular ring is regular. 

(2) implies (3):- Since C is regular, 0 —> MR —> R —> RM —> 0 is exact. 

Thus R/MR ~ RM and hence RM is regular for each maximal ideal M of 

C. 

(3) imphes (1):- Let a E R. Then - € RM for each maximal ideal M of C. 
r Qi Q, r Q, 

As RM is regular, there exists some - ^ 6 RM such that - — — — - . Thus 
^M 1 1 S ^ 1 

there exists u^ E CM such that {aSj^ — ar^^a) u^, = 0. Thus 

as^u^, =ar^au^ (*) 

If ^ Cs^u^ 7̂  C, then there exists a maximal ideal L of C such that 

Y^CSf^Uf^ C L. So s^u^ E L which implies s^ E L or u^ E L, a. contra­

diction. Thus "^CSf^u^ = C. Therefore 

1 = hiSf^j u^ + h^s^ u^ + • • • + bkS^ u^ for some maximal ideals 

Ml, M 2 , . . . , MkOiC and some 61, 62, . • •, 6fc e C. Then 

a = a^\s^u^^ ^ H ^ ' " W =X]^ ' ^^ ' « . "V(^*^"^ (* ) ) 
1=1 i = l t = l 

= a /^ft,^M ^M J '^- Hence R is regular. D 

Proposition 2.6.5. ([29], Proposition 8) The following conditions are equiv­

alent for a ring R with centre C: 

(1) R is regular. 

(2) R is semiprime ring whose essential left ideals are idempotent and for 

each maximal ideal M of C, R/RM is regular. 
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Proof. (1) implies (2) evidently. 

Assume (2). For any c e C, let K he a left ideal of R such that 

L = (i?c + /(c))® K is essential left ideal of R. Then Kc = cK C RcHK = 0 

implies K C l{c). Therefore K C Kr){Rc + l{c)) = 0 and so L = /?c + /(c) 

is an essential left ideal of B. So by hypothesis, JJ = L .̂ Now r e fj = A>̂  

implies 

c = ^ ('̂ '̂  + •"») (̂ "̂̂  + ^«)' '̂ " •̂^ e /2, Uj, i;, € /(c). 
1=1 

Therefore 

n n n 

c - ^ r^cs^c = 2^(r,cvj + u^s^c + u^v^) = ^ «,«,, 
1=1 i = l t= l 

since r^cuj = fjVjC = 0 and UtS^c = UjCSt = 0. li w E RcD /(c), then w = dc 

for some d E R. Therefore we get dc^ = wc = Q and so c/?c/c = 0 which again 

impHes {RdcY = 0. As /? is semiprime, this yields Rdc = 0. So w = dc = 0. 

Now 

n n 

c — N ^ r,cSjC = y . ^t^t E Red /(c) = 0 
2 = 1 2 = 1 

n n 

==^ c = \ r^cs^c = czc, where z — ^^r^St E R. 
1=1 «=i 

Set y — (?z^. Then eye = {czc){zczc) = (czc)(zc) = czc = c and c^z = zc? = 

czc = c. For every b E R, zc^b = cb = bc = b(?z = (?bz and hence 

Z^C^fe = z2(^2^^-) ^ z{zc^b)z = Z(c2/ ,Z)Z = z ( c2 / ) ) z2 = z{c%)z^ = C%Z^. 

This shows that yb — c^z^h — z^c% = by. Thus y E C and C is regular. 

Therefore/? is regular by Pfc»[io5iif&" 2.6.4. D 
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2.7 W-ideals and GW-ideals 

Here, we have studied weak ideals (W-ideals) and generalized weak ideals 

(GW-ideals). Examples of a left ideal which is not a W-ideal and a W-ideal 

which is not a GW-ideal are given. 

Definition 2.7.1. A left ideal L of a ring /? is a weak ideal (W-ideal) if for 

all a E L, a j^ 0, there exists n > 0 such that a" ^ 0 and a"R C L. A right 

ideal K of R is defined similarly to be a ly — ideal. 

Definition 2.7.2. A left ideal L of a ring is a generalized weak ideal (GW-

ideal) if for all a E R, there exists some n > 0 such that a"/? C L. A right 

ideal K of R is defined similarly to be a Gl^-ideal. 

Example 2.7.3. (1) All ideals are W-ideals and GW-ideals. 

(2) A W-ideal is a GW-ideal. 

(3) A GW-ideal need not be a W-ideal. 

For example, take R = < 

Then L = Ra ^ 

( 

\ \ 

( a b a 

0 a d 

yo 0 a 

0 X 0 ^ 

a. b, c, d E 

( 

> and a 

0 1 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

X e is a left ideal of R and for all 

y E L, y^ = 0. So L is a GW-ideal of R. But L is not a W-ideal as 

/ 0 X y ^ 

0 y^ a e L, a'^ = 0. But aR = < 

[\ 

0 0 0 

0 0 0 

x,y G > ^ L . 
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(4) A left or right ideal of a ring R need not be a GW-ideal. 

For example, let R = UT2{Q), the ring of upper triangular matrices over 

Take L = 
a 0 

0 0 
: a e >. Then L is a left ideal of R but it is not 

, 1 0 , 
a GW-ideal for if a = | | , then for all n > 0, 

0 0 

a"/? = aR 

Also a K = i 

X y 

0 0 

0 0 

0 a 

•.x,yEQ}^L. 

: a € Q >. Then K is right ideal of R. If 

0 0 
/? = I I, then for all n > 0, 

0 1 

RP^ ^Rf5= { 
0 X 

0 y 
: a;, y e Q > ^ ^ - So A: is not a GW-ideal of R. 

(5) If /? is a left (or right) duo ring, then every left (or right) ideal of /? is a 

W-ideal and hence a GW-ideal. 

Example 2.7.4. ([24], Example 1.2) There exists a ring /i* such that 

{Ideals ofR] C {W ~ ideals ojR) C {GW - ideals ofR). 

(fa 

Proof. Take R = < 

IV 

a-i a2 as 

0 a a4 as 

0 0 a as 

0 0 0 a 

\ 

: a, Ui e Z z , i = 1,2,3,4,5,6 >. Then 
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^ ^ 0 bi 62 63 ^ 

R is a ring. Let L — < 

[\ 
I 

a left ideal oi R. But 

0 0 61 0 

0 0 0 0 

0 0 0 0 

: f e„€Z2J = l ,2 ,3 >. Then L is 

v 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

°1 
0 

0 

oj 

/ 

v 

0 1 0 0 

0 0 1 0 

0 0 0 0 

^ 0 0 0 0 

0 0 0 0 A 

0 0 0 0 

0 0 0 1 

eL, 

0 0 0 0 
Hence L is not an ideal of R. 

If .X € L we distinguish two cases: 

/ n n h^ h^\ 

^ 0 0 0 0 ^ 

0 0 0 0 

0 0 0 1 

0 0 0 0 

\ 
V 

G ft, 

0 0 0 0 

0 0 0 1 

0 0 0 0 

0 0 0 0 

ih. 

ii)x^ 

0 0 62 63 

0 0 0 0 

0 0 0 0 

0 0 0 

y = 

Then xR C L for if 

a ai a^ a% 

0 a 04 ag 

0 0 a ag 

0 0 0 a j 

6 R. Then xy = 

0 0 h2a h2a% + 630 

0 0 0 0 

0 0 0 0 

0 0 0 0 

eL. 
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(ii) If X -

0 1 62 3̂ 

0 0 1 0 

0 0 0 0 

0 0 0 0 
So L is a W-ideal of /?. 

\ 

then x^ = 

0 0 1 0 ^ 

0 0 0 0 

0 0 0 0 

0 0 0 0 y 

^ 0 and x^R C L, 

r / 

Next let T 

'̂  0 1 0 0 

I fx = 

0 a 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

: a e Z2 >. Then T is a left ideal of H. 

\ 

0 0 0 0 

0 0 0 0 

0 0 0 0 

, then x^ = 0. So T is a GW-ideal of R. Also 

0 0 0 0 

0 0 1 1 

0 0 0 0 

0 0 0 0 
W-ideal. 

V 

0 0 1 1 

0 0 0 0 

0 0 0 0 

0 0 0 0 

^ T. This shows that T is not a 

D 

Proposition 2.7.5. For a ring R the following conditions are equivalent: 

(1) Every left ideal of R is GW. 

(2) Every finitely generated left ideal of R is GW. 

(3) Every principal left ideal of R is GW. 

76 



Proof. (1) implies (2) implies (3) is trivial. 

(3) implies (1):- Let L be a left ideal of R and a e L. By hypothesis Ra is 

GW-ideal. Therefore a E Ra implies there exists a positive integer n such 

that a^R C Ra C L. This imphes L is GW-ideal. D 

Remark 2.7.6. If L is a left ideal of R such that Ra is GW-ideal for all 

a E L, then L is GW-ideal. However, the converse is not true as is seen 

by the following example. Consider R — UT2{R), the ring of 2 x 2 upper 

. 1 0 
triangular matrices over R. Then /? is a GW-ideal of R. But R 

0 0 

: a € > is not a GW-ideal of R. 

Proposition 2.7.7. ([23], Proposition 1) If R be a ring and I be an ideal of 

R. For any left ideal K of R such that I C K, K is a GW-ideal of R if and 

only if K/I is a GW-ideal of R/f. 

Proof Let A" be a left ideal of R such that K/I is & GW-ideal of R/I. Let 

a E K. li r e R, then K/I is a GW-ideal of R/I implies there exists some 

n > 0 such that (a -(- / )"( r -h / ) e K/I. This implies a'^r -\- I E K/I. So 

a"r -f / = 6 -f / for some b E I C K. That is, d^r - b E I. Therefore 

a"r = a"r - fc -h 6 e K. Thus K is a. GW-ideal of R. 

Conversely, suppose K is a, left ideal of R such that I C K and K is a, 

GW-ideal of R. Let be K/I. Then b = a-\-1 ior some aE I. li r E R, then 

K is a GW-ideal of R implies there exists some n > 0 such that a"r 6 K. 

Then (a + / )" ( r + I) E K/I. This shows that K/I is a GW-ideal of R/I. 

D 
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Proposition 2.7.8. ([24], Proposition 1.4) Let R be a ring and I an ideal 

of R. If a left ideal K of R is a W-ideal such that I Q K, then Kjl is a 

GW-ideal of R/1. 

Proof. Follows from Proposition 2.7.7. D 

Remark 2.7.9. (1) Let /? be a ring and / be an ideal of /?. If K' is a left 

ideal of R such that I C K and K/I is a. GW-ideal of /? / / , then K need not 

be a W-ideal of R. 

Take i? and T as in Example 2.7.4 and / = 0, then T/I is a GW-ideal of 

R/I but T is not a W-ideal of R. 

(2) Let f be an ideal of a ring R. Let K he & left ideal of R such that 

I CKandKisa W-ideal of R. Then K/I need not be a W-ideal of R/L For, 

/̂  0 0 a 6 ^ 

let R and L as in Example 2.7.4. Let / = < 

Then / is an ideal of R and I C L. But 
I \ 

0 0 0 0 

0 0 0 0 

0 0 0 0 

: a.b E Z2, 

0 1 0 0 ^ 

0 0 1 0 

0 0 0 0 

0 0 0 0 y 

0 0 1 

0 0 0 

0 0 0 

0 0 0 

"] 
0 

0 

oj 

/ 

el. So 

\ 

0 1 0 0 

0 0 1 0 

0 0 0 0 

0 0 0 0 

= 0. 
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But 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

o ^ 
0 

0 

oj 

/ 

\ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

°] 
0 

1 

oj 

/ 

\ 

0 0 0 0 \ 

0 0 0 1 

0 0 0 0 

0 0 0 0 y 

^L/I. 

\ 

Hence L/I is not a W-ideal of R/I. 

Lemma 2.7.IQ. ([14j, Lemma 2.5) Let R be a semiprimitive ring. If any 

maximal left (fight) ideal of R is a GW- ideal, then R is reduced. 

Proof. Suppose 0 ^ a E R such that â  = 0. Since R is semiprimitive, 

a ^ J{R). So there exists a maximal left ideal M oi R such that a ^ M. 

Then M + Ra = R which yields Ma — Ra since a^ = 0. So there exists 

some b e M such that a = ba. Since M is GW-ideal, there exists a positive 

integer n such that 6"a € M. Then 6"a = b^'-^ba) = b'^'^a = .... = a E M, 

a contradiction. Therefore R is reduced. D 

2.8 On regular GP-V-rings 

In this section, we investigate the characterizations of strongly regular rings 

with the condition that every maximal left (right) ideal is a GW-ideal via 

GP-V-ring. 

Definition 2.8.1. A left i?-module M is YJ - mjective if for every 0 ^ 

a E R there exists a positive integer n such that a" 7̂  0 and any left R -

homomorphism from fia" to M extends to one from Rio M. 

Example 2.8.2. Every p-injective module is YJ-injective. 
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Definition 2.8.3. A left /?-module M is GP - injective if for every a e R 

there exists a positive integer n such that every left R - homomorphism from 

/?a" to M extends to one from R to M. 

Example 2.8.4. Every YJ — injective module is GP — injeciive. 

Definition 2.8.5. A ring /? is a left GP-V-ring if every simple left /^-module 

is YJ- injective. 

Example 2.8.6. Every semisimple ring is a left GP-V-ring. 

Lemma 2.8.7. ([30]) If R is a GP — V-ring, then J{R), the Jacobson radical 

of R is zero. 

Theorem 2.8.8. ([14], Theorem 2.2) The following are equivalent for a ring 

R: 

(1) R is strongly regular. 

(2) R. is a left GP — V-ring whose every maximal left ideal is a GW-ideal. 

(3) R is a left GP — V-ring whose every maximal right ideal is a GW-ideal. 

Proof (1) implies (2) and (1) implies (3) follows from Lemma 2.2.4 and 

Proposition 2.1.14. 

(2) implies (1):- First we prove that R is reduced. If R is not reduced, then 

there exists Oj^ a E R such that a^ = 0. So there exists a maximal left ideal 

MoiR such that l{a) C M. Define f : Ra —> R/M by f{ra) = r+M. Then 

/ is well-defined for if ra — r'a for some r E R, r' E R, then (r — r')a = 0 

which imphes that r - r' E l{a) CM. So r + M = r' -\- M, that is, 
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f(ra) = fi^'a). Also / is a left /^-module homomorphism. Since R is 

a left GP — V-ring and a^ = 0, / can be extended to a left fi-module 

homomorphism g : R —> R/M. This implies that 1 + M = / (a ) = g{a) — 

ag{\) = a{b + M) for some b e R. That is, I - ab e M. Since M is a 

GW-ideal and ba e M (since ba^ — 0 impUes ba e l{a) CM) there exists 

n > 0 such that {ha^b € M. Again M is a left ideal and b — bab e M implies 

(6a)"~^6 = (6a)"~^(6 - bab) + (6a)"6 e M. Continuing in this manner, we 

have, bab E M. Then 6 = (6 - bab) + bab e M. Thus ab e M. Hence 

1 = 1 — ai + a 6 € M, contradicting that M is a maximal left ideal of R. Thus 

R is reduced. 

Now we prove that R is strongly regular. Let a E R and l{a) + Ra ^ R, 

then there exists a maximal left ideal M oi R such that l{a) + Ra C M. As 

Risa. left GP — V-ring, the simple left /^-module R/M is YJ- injective. So 

there exists n > 0 such that a" 7̂  0 and every left /^-module homomorphism 

from i?a" to R/M can be extended to a left /^-module homomorphism from 

Rio M. Define / : /?,a" —> R/M by j\ra'') ^r + M. Since R is reduced, 

/(a") = /(a). It yields / is well-defined. Also / is a left R - homomorphism. 

So / can be extended to a left R - homomorphism g : R —> R/M. Thus 

1 + M = / (a") = g(a") = a"9(l) = a"(6 + M) for some 6 e /?, that is, 

1 - a"6 e M and hence ?) - ba^'b E M. Also 60" e Ra implies fca" e M. 

Since yi/ is a GW - ideal there exists some A; > 0 such that {ba^)'^b E M. 

Then (6a")'=-^6 = (6a")'=-i(^ - ba'^b) + (6a")*6 e i\/. Continuing in this 

manner, we have, {ba")b E M. Thus b ^ b - bd^b + ba'^b E M. Then 

a"6 € M. Hence 1 = 1 - a"6 + a"& € M which contradicts that M is a 

maximal left ideal of R. Thus l{a) + Ra = R for all a E R which yields that 
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y + xa ~ 1 for some y 6 l{a) and x € R which again impHes xa^ = a. Hence 

R is strongly regular. 

(3) impUes (1):- We first prove that R is reduced. If R is not reduced, then 

there exists some 0 ^ a e R such that a? — 0. Since R is semiprimitive, 

a ^ /<' for some maximal right ideal K of R. So K + oR = R. which yields 

aK = aR since a^ — 0. This gives a = ak for some k E K. By hypothesis, 

K is a GW-ideal so there exists a positive integer n such that aA;" 6 K. So 

a — ak — ak"^ — .... — aA;" € K, a contradiction. Therefore R is reduced. 

Hence /(6) = r(6) is an ideal of R for every b E R. Suppose l{a) + aR ^ R 

for some a e R, then /(n) + aR C M for some maximal right ideal /If of /?. 

Since M is GW-ideal, /?a" C M for some n > 0. Hence l{a) + /?a"/? C M. 

Then /(a) + RaP^R C L for some maximal left ideal L of R. Since /? is a left 

GP — K-ring, the simple left i?-module R/L is F J - injective. Therefore 

there exists a positive integer m such that (a")"^ 7̂  0 and any left R -

homomorphism from R{a'^)"^ to R/L extends to one from R to R/L. Define 

/ : /?(a")"^ —> R/L by /(r(a")™) = r + L. Since /? is reduced, ^(a")" = /(a). 

This yields / is well-defined. Also / is left /^-module homomorphism. So 

/ can be extended to a left R - homomorphism g : R —> R/L. Thus we 

get 1 + L = /((a") '") - ^((a")™) = (a")'"5(l) = (a")"'(6 + L) for some 

b e R. Therefore 1 - (a")™ e L. But (a")"6 € Ra"R C L. So 1 = 

1 - (a")'"6 -h (a")"^6 e L, a contradiction. So /(a) + aR= R for all a e /?. 

Hence d+ax = 1 for some d 6 /(a), x E R. This implies da + axa = a. So /? 

is regular. This together with R is reduced implies /? is strongly regular. D 
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Corollary 2.8.9. ([14], Corollary 2.3) The following conditions are equiva­

lent for a ring R: 

(1) R is strongly regular. 

(2) Ris a left quasi-duo ring whose simple right modules are YJ—injective. 

(3) R is a left quasi-duo ring whose simple left modules are YJ — mjective. 

2.9 On generalized regular rings and weakly 

left (right) ideals 

In this section, we study some properties of generalized regular ring as well 

as characterize strongly regular ring via weakly one sided ideals. 

Definition 2.9,1. A ring R is generalized regular if every left ideal is gen­

erated by idempotents. 

Example 2.9.2. (1) A semisimple ring is a generalized regular ring. 

Proposition 2.9.3. / / R is a generalized regular ring, then R is left non-

singular and the Jacobson radical J{R) ~ 0. 

Proof. Let J{R) = Y J Rei where each e, are idempotents. Then for each 

i E I, Ci e 22 ^^^ ~ J{R)- So 1 - e, is a unit. But Cj = ef. So ej(l - e,) = 0. 

Therefore e, ^ 0 for all i. Thus J(i?) = 0. 

Let Z{RR) = Y, 
Rti for some idempotents e^. Then for each 

i £ I, e^ E Z{jiR). Thus / (e j = R{1 — e j is an essential left ideal of R. But 
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R{1 — Bi) e Rei = R. So R{1 - Ci) is essential implies Rci = 0 and hence 

Ei = 0. Therefore ZUR) = 0. • 

Definition 2.9.4. An additive subgroup L of a ring i? is a weakly left ideal 

of R. if for every x E L and for every r E R there exists a natural number n 

such that (rx)" G L. The notion of a weakly right ideal of a ring is defined 

similarly. 

Example 2.9.5. (1) Every left (right) ideal of /? is a weakly left (right) ideal 

of/?. 

(2)Let R 

( / 

[\ 

a b c 

0 a d 

0 0 a 

\ 

: a,b,c,d E 

{ ( 

> and K = < 

IV 

0 a: 0 ^ 

0 0 0 

0 0 0 J 

> 

: x e M > 

> 
Then for all y € A' and r E R, {yr^ = 0 E K. So /C' is a weakly right ideal 

oi R. But K is not a right ideal of R. 

^ a 0 o\ 

(3) Let R = 

^ ^ 0 0 0 ^ 

b a 0 

c d a 

: a, b, c, d E > and 

/ 

L= < X 0 0 X G >. Then L is not a left ideal of R but L 

[\o 0 o ; 
is a weakly left ideal of R as for all y G L and r E R, {ryY = 0 E L. 

Lemma 2.9.6. ([13], Lemma 2 ) Let R. be a semiprimitive ring. If every left 

annihilator of an element of R is a weakly right ideal of R, then R is reduced. 

Proof Suppose 0 ^ a E R such that a^ = 0. Suppose Ra is not nil and 

0 ^ ba E Ra such that ba is not nilpotent. Since a E l{a) and l{a) is weakly 
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right ideal of R, (ab)"' G l{a) for some n > 0. So {ab)'^a — 0. But this yields 

(ba)""*"̂  = b[(a6)"a] = 0 which contradicts that ba is not nilpotent. Thus Ra 

is nil. Hence if R is semiprimitive, then Ra — Q and so a = 0. Therefore R 

is reduced. • 

Proposition 2.9.7. ([13], Theorem 1) The following conditions are equiva­

lent for a nng R: 

(1) R IS a strongly regular nng. 

(2) R IS a generalized regular nng whose left annihilator of any element is 

a weakly nght ideal of R. 

(3) R IS a generalized regular nng whose nght annihilator of any element 

IS a weakly left ideal of R. 

Proof. (1) implies (2) and (1) implies (3) are trivial. 

(2) implies (1):- By Proposition 2.9.3 and Lemma 2.9.6, R is reduced. There­

fore i? is a normal ring (that is, all the idempotents are central). Let a 6 R. 

Then R is generaUzed regular implies Ra — Y^ /?e, for some idempotents e,. 

Let a = r\e\ + r2e2 + ... + r„eTi. It follows that 

Ra — R{riei + r2e2 + ... + r-„e„) C Rci + ... + i?e„ C Ra. Therefore 

Ra — Rei + Re2 + ... + i?e„. Let / i = ej + 62 — 6162. Since R is nor­

mal ring, we see that /^ = fi,cif\ = '°i,f2A — f2, 

Rfi = R{ei + 62 - 6162) C Rei + Re2 = Reif, + Rcifi Q Rf,. 

Therefore Rei -f Re2 = Rf\. Also let f2 = fi + es — fie^, , 

/ n - 2 = / n - 3 + e„_ i — / „ _ 3 e „ - l , 6 = fn-2 + e„ — / „ _ 2 e„ . 

By repeating the above process we have 
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Ra ^ Rfi + Re3 + Re^ + + /?e„ = fi/2 + Rei+ + /?e„ = ^ Re 

So a = re and e — ba for some r, b E R This gives ae = re^ = re = a 

Therefore a = ea = ba^ Thus fi is strongly regular D 

Definition 2.9.8. A ring Risa left (right) P- V-nng or a left (right) SPI-nng 

if every simple left (right) /?-module is p-injective 

Example 2.9.9. Every semisimple ring is left (right) P-V-rmg 

Proposition 2.9.10. ([13], Theorem 2) A nng R is strongly regular if and 

only if R IS a left P- V-nng and every maximal left ideal of R is a weakly 

right ideal of R 

Proof Suppose l{a) -\- Ra ^ R for some o E R Then there exists a maximal 

left ideal L oi R such that l{a) + Ra C L Now R/L being a simple left 

/?-module is p - injective (as /? is a left P-V- ring) Define / Ra —> R/L 

by f{ra) — r + L Then / is a left R - homomorphism Hence there 

exists a left R - homomorphism g R —> R/L which extends / and so 

1 + L = / (a ) = g{a) = ag{l) = a{b+ L) for some be R That is, 1 - a6 G L 

Since L IS a weakly right ideal of R and a E L, there exists a positive integer 

n such that (a6)" E L Since 1 - ab E L we have 

ab{l - ab) = ab - {abf E L, 

{abf{l - ab) = {abf - {abf E L, 

(a6)"-i(l - ab) = [ab)""-^ - [ab)"" E L 
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Therefore (a6)" € L implies that ab E L which further gives I = 1 — ab + ab e 

L, a contradiction. Hence /(a) + Ra = R for all a £ R. This implies that R 

is strongly regular. 

Converse follows from Proposition 2.2.8. • 

Definition 2.9.11. A ring R is an LW - ring (RW- nng) if every left (right) 

ideal of i? is a weakly right (left) ideal of R. 

Example 2.9.12. Every commutative ring is an LW — ring {RW — ring). 

Lemma 2.9.13. ([13], Lemma 3) Suppose R is an LW - nng (RW - nng) 

and I be an ideal of R. Then R/I is also an LW - nng (RW — ring) 

Proof. Let ^ be a left ideal of R/L Then A = L/I for some left ideal L of 

R such that L D L Let x + I E L/I and r + / e / ? / / . Since L is weakly 

right ideal of /?, there exists a positive integer n such that (xr)" e L. So 

(x + / ) ( r + / ) " e L / / . This implies R/I is an LW - ring. D 

Theorem 2.9.14. ([13], Theorem 6) The following conditions are equivalent 

for a nng R: 

(1) R IS a strongly regular ring. 

(2) R IS an LW, left GP - V-nng. 

(3) R IS an RW, nght GP ~ V-nng. 

Proof. (1) implies (2) and (1) implies (3) follows from Proposition 2.1.14 and 

Lemma 2.2.4. 

(2) implies (1):- We first prove that R is reduced. Suppose Q ^ a E R such 
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that a^ = 0. By Zorn's lemma, there exists a left ideal L oi R such that L C 

Ra and Ra/L is a simple left /^-module. Since Ris a. left GP — V-ring, Ra/L 

is YJ- injective. Again since a^ = 0, the canonical left R - homomorphism 

r]: Ra —> Ra/L can be extended to a left R - homomorphism 

f : R. —> Ra/L. Thus a+ L = r/(a) = / (a) = a / ( l ) = aba + L for some 

b E R. That is, a —aba 6 L. Since /? is an LW- ring and a e /?a, there exists 

a positive integer n such that (a6)" € /?a. As a^ = 0, {ab)'^a = 0. Therefore 

(a6)"-i(a - a6a) = {ab)''-^a ~ {abfa = {abf-^a e L, 

(a6)"-2(a - a6a) = {ab^-'^a - [abY'^a € L, ( a t f - ^ a G L, 

a6(a — aba) = a6a — {ab^a E L, aba E L, 

a — aba + (a — aba) € L. 

But this gives Ra = L contradicting Ra ^ L. Thus i? is a reduced ring. 

Suppose Ra + l{a) ^ R for some a E R. Then l{a) + Ra C M for some 

maximal left ideal ^f of /?. /I'/M being a simple left /?-module is YJ -

injective. So there exists a positive integer n such that every left R - ho­

momorphism from /?a" to R/M extends to one from R to R/M. Define 

f : R —> R/M by f{ra'') = r + M. Since R is reduced, /(a") = l{a). 

This yields / is well-defined. Also / is a left R - homomorphism. So / 

can be extended to a left R - homomorphism g : R —> R/M. Thus 

1 + i\/ = / (a" ) = 9(a") = a"5(l) = a"(6 + M) for some b E R implying 

therefore that 1 — a"6 E M. Since R is an LW- ring, M is a weakly right 
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ideal of R. So there exists a positive integer t such that {a"by G M. Then 

a"6(l - a"6) = a"5 - (a"6)2 e L, 

{a"bf{l - a"b) = (a"6)' - {a"bf e L, 

{a"bY-\l - d'b) = (a"6)*-i - (a"6)* e L. 

Thus it follows from (a"6)* G L that a"6 e M. But 1 = 1 - a"6 + a"6 G M, 

contradicting that M is a maximal left ideal of R. Thus l{a) + Ra = /? for 

all a G -R. This shows that R is strongly regular. D 

2.10 Some questions 

With the help of Proposition 2.5.3, we can think of the following two ques­

tions: 

(1) Is R regular if R is an ELT left weakly regular ring? 

(2) Is R regular if i? is a right weakly regular ring whose every essential left 

ideals are GW-ideals? 

We know that a ring R is strongly regular if and only if R is left duo, regular 

ring ( by Proposition 2.1.14). If we weaken the condition we may get the 

following question: 

(3) Is R strongly regular if /? is a regular ring whose every left ideal is a 

GW-ideal? 
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Chapter 3 

Some Properties of Flat 

Modules 

In these chapter, we have studied some chararterizations of flat modules via 

exact sequences; Injectivity of flat modules and vice versa ; SGPF rings. 

3.1 Some exact sequences and flat modules 

In this section, some characterizations of flat modules via some exact se­

quences are discussed. 

Definition 3.1.1. A short exact sequence 0 —y M' —> M —> M" —> 0 

of left /^-module is pure if L (SIR M' —> L ®R M is a monomorphism for 

every right /^-module L. Similarly a short exact sequence of right /^-modules 

is defined to be pure. 
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Proposition 3.1.2. ([1], Chapter I, Proposition 11.1) The following proper­

ties of a module RF are equivalent: 

(1) F is fiat. 

(2) Every exact sequence 0 —> M' —> M —> F —> 0 is pure. 

(3) There is a pure exact sequence 0 —> M' 

is a flat module. 

M F 0 where M 

Proof. (1) implies (2) :- If L is a right /^-module, choose an exact sequence 

0 —> K —> H —> L —> 0 with H free. We get a commutative diagram 
0 

M7 

H®M' 

^8 

, M3 

0 

1^-9 

M4 

A^IO 

0 

K®M' ^1 . K ® M J':^^.^ K ® F 

fJ-n 

- / / O M ^ ' H ®F 

1^12 

L®M' ^^ ' L®M ^^ ' L®F-

0 

- .0 

with exact rows and column. We prove that /xs is a monomorphism. Let 

X e ker/i5. Since jig, is onto, there exists some y & H ® M' such that 

/X8(y) = X. Now fi5{fj,s{y)) = /iio(/^3(y))- Then HwilJ-siy)) = 0. This implies 
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^3{y) £ ker/Uio = im/xg. Therefore there exists some z E K S^ M such 

that H9{z) = Ai3(y). Now MII(M2(Z)) = ^i{iig{z)) = [lAilJ-siy]) = 0. Then 

^2(2) € ker/xii. Then ^ n is one-one imphes ^2(2) = 0. Therefore z 6 

ker/i2 = im /xi. Then there exists some v E K ® M' such that /xi('y) = 2. 

Then fi3{fi7){v) = fj.g{ni){v) = /y,9(2) = //3(-(/). Then //7(?;) = ?y since //a is 

one-one. Then 0 = ^x^^-j{v) — Hsiv) = ^- Therefore ker^s = 0 and hence /xg 

is one-one. 

(2) imphes (3) is obvious (write F as a quotient of a free module) 

(3) imphes (1) :- Let 0 —> M' —* M —> F —> 0 be a pure exact sequence 

of left /?.-modules with M flat. We have to prove that F is flat. Consider 

any exact sequence 0 —> K —> H —> L —> 0 of right modules. Then we 

get a commutative diagram Q 

-^K®M' ^1 . K®MJ^2_^K®F -^0 

Ai7 

-* H ® M 
, M3 

M9 

- H®M-
1^4 

Mil 

H® F 

^8 

-* L<S) M 
, f^5 

/"lO 

•* L®M 
/ i 6 

M12 

- L®F-

with exact rows and column. We have to prove that //n is a monomorphism. 
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Let X e kevfj-n. Then fj^nix) = 0. Since fX2 is onto, there exists some 

y E K ® M such that H2{y) = x. Now /xn(^2(y)) = A*4(/̂ 9(y))- Then 

0 = fii{iJ,Q{y]). So /i9(y) e ker/:i4 = im/is. Therefore there exists some 

z E H 0 M' such that /j.3{z) = /igC^)- Now /J-wifJ^siz)) = usifigiz))- Then 

0 == / 'IO(M9(|/)) = /'•5(/'8(2;))- Then //5 is one one imphes fis{z) = 0. Therefore 

z E ker//8 = im//7. Then there exists some v E K ^ M' such that /.ijiv) = z. 

Now /i3(/X7(̂ )̂) = Ai9(/̂ l(̂ )̂)• Then n^iz) = /X9(jUi(i;)). Then y = /xi(t;). 

Therefore a; = /i2(?/) = t^iil^-iiv)) — 0. Thus /xn is a monomorphism. D 

Lemma 3.1.3. ([2], Lemma 3.14) Consider the following commutative dia­

gram of left R-modules with exact rows: 

A _ Z . B 3__ c 

a 
f 

A' 

P 

B' 

1 

C 

Then 

(1) If a, 7, / ' are momc, then so is j3. 

(2) If a, 7, g are epic, then so is (3. 

(3) If P IS momc and a and g are epic, then 7 is momc. 

(4) If P IS epic and f and 7 are momc, then a is epic. 

Proposition 3.1.4. Let 0 / M- N- 0 be 

an exact sequence of left R-module with N flat. Then L is flat if and only if 

M is flat. 
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Proof. Let / be a finitely generated right ideal of R. We get a commutative 

diagram with exact rows as follows: 

I ® L ^®f , / ® M ^ ^ g , /®7V 

fJ-i 

L 
f 

/^2 f^3 

M N 

where /ii(x (8) y) = xy, yL2{x ® m) = xm, ji2{x ®n) — xn, xEl,yEL,mE 

M, ne N. 

Let L be flat. Then ;xi is monic. Also Â  is flat implies yUa is monic. 

Therefore by Lemma 3.1.3, we get /X2 is monic. Therefore M is flat. 

Conversely, suppose M is flat. Then 1^2 is monic. Also A'̂  is flat implies 

0 / 9 N- 0 

is pure. Therefore / ® L ^ , I ® M is a monomorphism. 

Therefore / / / i = /i2(l ® / ) is monic. This imphes /ii is monic. Therefore L 

is flat. n 

Lemma 3.1.5. ([2], Lemma 19.18) Let V he a flat lefl. R-module and K he 

a suhmodule ofV. Let V be a left R-module and 

0 , K _i . V f . V . 0 

be exact. Then V is flat if and only if for all finitely generated right ideal I 

ofR, IK ^ KnlV. 

Proof. Let / be a finitely generated right ideal of R. Consider the diagram 
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I0h ^^^ . I®V JL^LL^ I®V'. -. 0 

Knfv 

Ail 

f\,v 

^\ 

v 

0 

where n{r ^k) = rk, ni{r 0v) = rv, H\{T ® v') = rv', j , f are the inclusion 

map and i is identity map. The diagram is commutative and has exact rows. 

Since V is fiat, /xj is an isomorphism, 

Let V be flat. Then fj,\ is a monomorphism. Therefore by Lemma 3.L3, 

we have /j, is an epimorphism. So fi{I ® K) = K f) IV. Hence IK = Kf) IV. 

Conversely, suppose IK = K f) IV. Then /i is an epimorphism. But this 

implies n\ is monic as //j is monic and ? <g) / is epic. Therefore V is fiat. D 

Corollary 3.1.6. Let R be a ring and I be a left ideal of R. Then R/I is 

flat left R-module if and only if for all a G I, there exists some b e I such 

""that a = ab. 

Proof. Consider the exact sequence 0 —» / —> R —> R/I —> 0. Let 

R/I be flat left /2-module and a e I. As R/I is flat, by Lemma 3.1.5, 

{aR)I = In {aR)R = I HaR. Then al = I HaR. Then a e iDaR implies 

95 



a 6 al. Therefore there exists some 6 € / such that a = ab. 

Conversely, suppose for each a E I there exists some b E I such that 

a — ab. Let K he a finitely generated right ideal of R. We have to prove 

that KI =^ InKR = InK. Clearly KI C inK. Let x e fr\K. Then 

X E I and x 6 K. By hypothesis there exists some y E I such that .T — xy. 

Therefore x E KI. Thus lilK C KI. Hence inK = KI. D 

We can similarly prove the following: 

Corollary 3.1.7. Let R be a ring and I be a right ideal of R. Then R/I is 

a flat right R-moJuU if and only if for each a E I there exists some b E I 

such that a = ba. 

Lemma 3.1.8. ([3], Lemma 3.38) Let 0 —> K —> F —* B —> Q be an 

exact sequence of left R-module where F is free with basis T — {x^ '• J E J}. 

Let V = riXj^ +T2XJ2 + • • • + 7't3̂ j, be an element of F and ly be the right ideal 

generated by ri, r2, •. •, rt. Then B is flat if and only if for each 

V E K,v E lyK. 

Proof Suppose B is flat. Then lyK = KDI^F. Since v E KnIyF,vE lyK. 

Conversely, let / be a left ideal of R. We have to prove that IK — KnIF. 

Let x E IK. Then K C F imphes x E K DIF. So IK C K D IF. If 

V E K r\ IF, then by hypothesis, v E lyK. Also v E IF implies v = 

riXj^ + r2Xj2 + • • • + TfXj,, where r i , r2, rt E I, Xj^. x^ ,̂ .. •, Xj, E T. 

Thus we have 4 — nR + r2R + • • • + nR C / which yields v E lyK C IK. 

Therefore KniF C IK. Hence we have IK ^ KnIF. D 
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Theorem 3.1.9. (Villamayor) ([3], Theorem 3.39) Let 

0 —> K —> F —> B —> 0 he an exact sequence of left R-module where F 

is free. The following are equivalent: 

(1) B is fiat. 

(2) For every v £ K, there exists a left R - homomorphism 9 : F —> K 

with d{v) — V. 

(3) For every vi,V2, • • •, Vn & K, there exists a left R - homomorphism 

9 : F —> K with 9{vi) = Vi for each i — 1,2,... ,n. 

Proof. (1) implies (2):- Let T — {xj : j e J } be a basis of F and v e K. Then 

V = riXj^ 4- r2Xj^ H h rtXj^, where ri, r2,..., Vt £ R, Xj^. Xj.^,..., Xj^ G T. 

Let ly = riR + r2R -\ h rtR. Now B is flat impHes v € hK. So 
k 

V = 2_ '̂"A^A, rx E Iv, kx E K. Now r^ € h impUes r^ = yj'"i'SA, for some 

SA, € R for each A. Then v — /JT-;^^A = / J I Tj^i^A, 1 ^A = / ] rjfcj' 

A A \ t / i 

where fc/ = ^ SÂfc;̂  e K. 
A 

Define 9 : F —> /C by ^(xj j = k[ for each i = 1, 2 , . . . , i and ^ sends all 

other basis elements of F into 0. Then 6{v) = v. 

(2) imphes (1) ;- Let v E K D lyF and u = liyi + /2y2 + • • • + Imym where 

î £ t̂i, Vi £ F for each ?' = 1,2,. . . , m. 
Let 9 : F —> K he a. left /? - homomorphism such that 9{v) = v. Then 

V = e{v) = /i(9(yi) + Z26'(y2) + • • • + /m6'(ym) e /,;/(:. This proves that B is 

fiat. 
(3) implies (2) is trivial. 
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(2) implies (3):- We prove by induction on n. By hypothesis, the result is 

true for n = 1. Assume n > 1 and consider the elements 1)1,^2, •••, Vn G K. 

By hypothesis, there is a map (9„ : F —> K such that 9n{vn) = Vn Define 

v[e K hy v[ — v^ — 9n{vi) for each ^ = 1, 2, . . . , n - 1. By induction, there 

is a map 9' : F —> K with ^ ' ( '0 — "i fo^ each / = 1, 2, . . . , » - 1. Finally, 

let 9 = IF-{IF- 9')(IF - 9n)- Then 9 : F —> A'. Also 

^ K ) = {IF - {IF - 9'){IF - ^n))(vn) = w„ - ( I F - e'){vn - ^ „ K ) ) 

=^Vn- ( I F - 61')(^n - Vn) = Vn-

For each z = 1,2, . . . , n — 1, 

0(7;,) = {IF - ( I F - ^ ' ) ( 1 F - ^n))( '0 - '̂ « - ( I F - 9'){v, - ^„(iO) 

= v,- {\F - e'){v':) = v,- v[ + 9'{v[) = v,- v[ + v[ = i;,. D 

Definition 3.1.10. A module RM is finitely related if there is an exact 

sequence 0 —> K —> F —> M —> 0 where F is free and both F and K 

are finitely generated. 

Example 3.1.11. A finite dimensional vector space is finitely related 

Corollary 3.1,12. ([3], Corollary 3.40) A finitely related flat m.oduIe RM IS 

projective. 

Proof. RM is finitely related implies there is an exact sequence 

0 —> K —> F —> M —> 0 where F is free and both F and K are finitely 

generated. Let ui, V2,...-, Vn be the generators of K. By Theorem 3.1.9, 

there is a left R - homomorphism 9 : F —> K such that (9(-(;J = (\. Then 

^j{'^i) — ^{vi) — v^ = IK{'VI). This imphes 9j ~ l^. So the sequence spfits 

and RM is projective. D 
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Remark 3.1.13. By using Theorem 3.1.9, Corollary 3.1.6 can be proved as 

follows: 

Consider the exact sequence 

0 —> I —y R —y R/I —^ 0. Let R ( / ? / / ) is flat. Then by Theorem 3.1.9, 

for each o € / there exists a homomorphism 6 : R —> / such that Q{a) = a. 

Then aO{l) = a. So a = ab where b = ^(1) 6 /. 

Conversely, suppose a € I and there exists some b € I such that a = ab. 

Define e : R —> / by e{r) = rb. Then e{a) = ab = b. Thus by Theorem 

3.1.9, R{R/I) is flat. 

Theorem 3.1.14. If R is left Noetherian, then every finitely generated flat 

left R-module M is projective. 

Proof. Since nM is finitely generated, M is isomorphic to a quotient of /?" 

for some n > 0. Let M ~ R^/K. Then the sequence 

0 —> K —> /?" —> M —> 0 is exact. For a left Noetherian ring R, we 

know that every submodulo of a finitely generated left /?-module is finitely 

generated. Then K is finitely generated. Then M is finitely related. Since a 

finitely related flat H-module is projective, RM is projective. D 

3.2 Flat modules and injectivity 

Here, the question of when certain cyclic flat modules of a ring are injective 

(and vice versa) is studied. The consequences of the conditions 'flat' and 

'injective' on the simple modules of a ring are discussed. 
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Proposition 3.2.1. / / / is p-injechve left ideal of a ring R, then R{R/I) is 

flat. 

Proof. Let a E I. Consider the inclusion map j : Ra —> I. Since / is p-

injective, j can be extended to f : R —> /. So a — j{a) = / ( a ) = a / ( l ) = ab 

where b = / ( I ) € / . Therefore by Corollary 3.1.6, /?(i?//) is flat D 

Lemma 3.2.2. ([16], Lemma 1.2) Let A be an ideal of a nng R. If R/A is 

left R-flat and B is any right ideal of R such that B Q A or B -\- A = R, 

then R/A is B-complete. 

Proof. Let / : B —> R/A be any right /?-homomorphism. Let B C A and 

X E B. Since ii{R/A) is flat, there exists some y E A such that x = xy. Then 

f{x) = f{xy) = f{x)y = 0 as y is in A. Hence / = 0 and hence f can be 

trivially extended to a right fl-homomorphism R —> R/A. li B + A = R, 

then there exists some b E B and a E A such that b + a = 1. Therefore for 

all x E B, bx + ax = X. So f{x) = f{bx) + f{ax). Since ax E A and H{R/A) 

is flat, there exists some t E A such that ax = {ax)t. Since ax is in B we get 

f{ax) = f{axt) = f{ax)t = 0. Therefore f{x) = f{bx) = f{b)x. 

Hence / can be extended to a right /?-homomorphism R —> R/A. D 

Lemma 3.2.3. ([16], Lemma 1.3) Let A be a maximal right ideal of R which 

IS two-sided. If R/A is pR-complete for each p in R, then R/A is left R-flat. 

Proof. It is sufficient to prove that a E aA for all a G ^ . Consider the 

epimorphism / : R/A —* aR/aA defined by f{r + A) = ar -^ aA for all 

r E R. U f = 0, then aR - aA. Then a E aA. Suppose / 7̂  0. Then 

ker / = {0} (Since R/A is simple right i?-module) and so / is an isomorphism. 
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Therefore R{R/A) is a/?-complete implies aR/aA is a/?-complete. Thus the 

right /?-homomorphism g : aR —> aR/aA defined by g{ar) = ar + aA for 

all r e R can be extended to a right fi-homomorphism h : R —> aR/aA. 

So a + aA = g{a) = h{a) = h{l)a = {ar + aA)a for some r E R. That is, 

a — ara E a A. But ara 6 a A so that a E aA. This completes the proof. D 

Proposition 3.2.4. ([16], Proposition 1.4) Let A he a maximal right ideal 

of R which is two sided sided, then following are equivalent: 

(1) R/A is left R-fiat. 

(2) R/A is right R-injective. 

(3) R/A is pR-complete for each p in R. 

Proof (1) implies (2) :- Let R/A be left R-Hat. Let 0 7̂  B be a right ideal of 

R. Then A + B =^ R. Then R/A is B-complete by Lemma 3.2.2. Therefore 

R/A is injective right /^-module. 

(2) imphes (1):- If {R/A)FI is injective, then R/A is pi?.-complete for each p 

in R. Then by Lemma 3.2.3, R/A is left /2-flat. 

(2) imphes (3):- Trivial. 

(3) implies (1):- Follows from Lemma 3.2.3. D 

Definition 3.2.5. Let A he a. right ideal of a ring R. Then the set 

A = {x & R\ xA C A} is the idealizer of A in R. 

Remark 3.2.6. (1) Let x 6 ^ , y e ^ . Then xA C A, yA C A. So 

(x - y)A C {xA - yA) C A. So {x - y) e ^ . Also (xy)A C xA C A. Hence 

xy E A. Therefore y4 is a subring of R. 
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(2) Clearly A Q A. Since A is a subring of R and A is a right ideal of R, A 

is a right ideal of 'A. Let x e A, r e 'A. Then rA C A. So rx E A. This 

implies yl is a left ideal of A. Therefore A is an ideal of A. 

Proposition 3.2.7. ([16], Proposition 1.5) Let A be a maximal right ideal 

of R. Then R/A is right R-flat <=» 'A/A is left A-mjective <^ A/A is Ap-

complete for each p in A. 

Proof. It is easy to see that R/A is right R flat -^ A/A is right /4-flat Also 

we note that y4 is a maximal left ideal of A which is two sided. Hence applying 

the left analogue of Proposition 3.2.4, the proof can be completed. D 

Corollary 3.2.8. ([16], Corollary 1.6) If M is a simple left R-module over a 

commutative ring R, then M is fiat <(=> M is mjective <^ M is pR-complete 

for each p m R. 

Proposition 3.2.9. ([16], Proposition 2.1) Let each principal right ideal of 

a nng R he projective and A is an ideal of R such that R/A be pR-complete 

for each p m R. Then R/A is left R-flat R/A will also be right R-flat ij, 

further, R contains no non-zero nilpotent elements. 

Proof. Let a E A and g : aR —> aR/aA be natural map. Let 

/ : R/A —> aR/aA be homomorphism defined by / ( r -\- A) — ar -\- aA. 

Clearly / is an epimorphism. Since aR is projective, there exists a homo­

morphism h : aR —> R/A such that fh = g. Since R/A is ai?-complete, 

h extends to a homomorphism h : R —> R/A. Let g = fh. Now for 

all X E aR, g{x) = f{h{x)) — f{h{x)) — g{x). So 'g extends g. There­

fore a -\- aA = g{a) = g(a) = 'g{l)a — {ar + aA)a for some r E R. So 
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(a - ara) E aA. Therefore ara € aA implies a € aA. Hence R/A is left 

R-&at. 

Let R contains no nonzero nilpotent elements. Let a E A. Since R/A 

is left i?-flat there exists some x E A such that a = ax. So, (a — xa)^ = 

a^ — area — xa^ + rara = 0. Therefore by assumption, a — ra = 0 which 

impUes a = xa. This impUes R/A is right i?-flat D 

Corollary 3.2.10. ([16], Corollary 2.2) If R is a commutative nng m which 

each principal ideal is projective, then any cyclic module which is pR-complete 

for each p m R is flat. 

Remark 3.2.11. SPI-rings have analogous, but weaker properties than reg­

ular rings as follows: 

Proposition 3.2.12. ([16], Proposition 3 1) Let R be a right SPI-nng. 

Then 

(1) For each a E R, there is an x m RaR such that a — ax. 

(2) For each ideal A m R, {R/A) is left R-flat 

(3) For each maximal right ideal M of R which is two sided, R/M is nght 

mjective. 

Proof. (1) Let a E R. Suppose a^ ax for every x E RaR. Then a ^ aRaR. 

Let J^^ {K : K is 8L right ideal oi R, a ^ K, aRaR C K}. Order T by 

inclusion. Then T ^ (p as aRaR E T. Let C be a chain in T. Let B =\\V. 

Then B E T and B is an upper bound of C. Therefore by Zorn's Lemma, T 

has a maximal element KQ. Let X — {aR + KQ)/KQ. NOW KQ is a maximal 
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submodule of aR + KQ [for if Kx is a submodule of aR + KQ such that 

KQQ KiC aR+ Ko, then a ^ K^. Also aRaR Q Ko C K^. So Ki E T, 

then /Co is a maximal element of T implies Ki = Ko]. Therefore X is a simple 

right _R-module and hence aR complete by hypothesis. Therefore the natural 

map / : aR —> {aR + Ko)/Ko can be extended to g : R —> {aR + KQ)/KQ. 

Then a + Ko = f{a) = g{a) = g{l)a = (ar +A'o)a for some r E R which gives 

(a — ara) E KQ. But ara E KQ imphes a E KQ, a contradiction. Therefore 

a — ax for some x E RaR. 

(2) Let a E A, from (1), there exist x E RaR C A such that a = ax. This 

implies R/A is fiat left /?-module. 

(3) From (2), R/M is flat left /?-module. This implies R/M is injective right 

i?-module by Proposition 3.2.4. D 

3.3 SGPF rings 

In this section, we study some characterizations of strongly regular ring via 

SGPF ring. 

Definition 3.3.1. A ring i? is a left SPF ring if every simple left /^-module 

is either p-injective or flat. 

Definition 3.3.2. A ring Risa left SGPF ring if every simple left /?-module 

is GP-injective or flat. 

Example 3.3.3. A semisimple ring Risa left SPF (SGPF) ring. 

Proposition 3.3.4. Let f : R —> R' be a ring homomorphism and S be a 

left R! module which is left R - flat. Then S is left R' - flat. 
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Proof. Let g : M' —> M be a monomorphism of right R' module. Define 

g' : M'li —> MR by g'ix') = g{x'). Then for all x' e M', y' E M',r e R, 

g'{x' + y') = g{x' + y') = g{x')+g{y'). Also g'{x'r) = g'{x'f{r)) = g{x'f{r)) = 

g{x')f{r) = g'{x')f{r) = g'{x')r. Also kerg' = kerg = 0. Thus g' is a right 

R monomorphism. Then S is left R - flat implies 

g' <S) Id : M' ^R S —> M ®R 5 is a monomorphism. 

Claim:- g® Id : M' ®/?/ S —> M (^n^ S is a monomorphism. 
n / " \ 

Let ^ x ' (g) y e ker(5f (g) Id). Then [g ^ Id) i'^x' ^y\ = 0 . Then 
i=l \i=l 

^ g{x') (g) y = 0. This implies J ^ g'{x ®y) = 0 = {g' 0 Id) i ^ ( x ' <Sjy)\. 

n 

So ^ ( x ' (8) t/) = 0. Thus 5 is left R' - flat. D 

Lemma 3.3.5. ([14], Lemma 2.7) If R is a left SGPF ring and I be an ideal 

of R, then R/I is also a left SGPF ring. 

Proof. Let R = R/I and L be a simple left R. module. Then L is a simple 

left /^-module. Since /? is a left SGPF ring, L is a flat left /^-module or 

left GP-injective. If L is fiat left left i?-module, then L is flat left R module 

by Proposition 3.3.4. If L is left GP - injective, then for any a e L there 

exists a positive integer n such that any left R - homomorphism from Ra" 

to L extends to one from R. to L. Let / : /?,a" —> L be any left R ho­

momorphism and T] : Ra^ —> Ra he the canonical homomorphism. Now 

/ can be viewed as an i? - homomorphism and f — fr] : Ra^ —> L is 

a left R - homomorphism. So / can be extended to a left R - homomor­

phism from R to L. Hence / (a") = a"6 for some b E L. This implies 
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/ (a") = /(77(a")) = / ' (a") = aJ'b = a^h which impUes that L is a. GP 

injective left 'R module. Therefore ^ = R/I is a left SGPF ring. D 

Theorem 3.3.6. ([14], Theorem 2.8) Let R be a left SGPF ring. If every 

maximal left ideal of R is a GW-ideal, then R/J{R) is strongly regular. 

Proof Let B = R/J{R), then J{B) = 0. Let M be a maximal left ideal of 

B, then M = L/J{R) for some maximal left ideal L of R. By hypothesis 

L is a GW-ideal of R and hence M is a GW-ideal of B. Therefore S is a 

reduced left SGPF ring. If for any a E B, Ba + l{a) ^ B, then there exists 

a maximal left ideal L of B such that Ba + l{a) C L. So B/L is a simple left 

5-module and hence is GP - injective or flat. Suppose B/L is GP - injective 

and n > 0 be an integer such that every left 5-homomorphism from Sa" to 

B/L can be extended to a left B - homomorphism from B to B/L. Consider 

the left B-homomorphism / : Ba" —> B/L given by f{bd^) — b+ L. Since 

B is reduced, /!(a") = l{a) C L. This yields / is well-defined. Also / is left 

B - homomorphism. Hence / can be extended to a left B - homomorphism 

g: B —> B/L. So 1 + L = / (a") = g(a") = a"g(l) = a^'c^L for some 

c 6 5 and therefore \ — a^c € L. Since L is a GW-ideal there exists a positive 

integer k such that [ca^Yc e L. Thus we get 

Proceeding in this manner we get caPr. G L. Hence c = c — ca^c + r.a"-c e L. 

Then d^c E L. This implies 1 = 1 - a'^c -f- a"-c 6 L, a contradiction. If B/L 

is flat, then there exists 6 € L such that a = ab. This implies I — b E r{a) — 

l{a) C L. Therefore 1 = 1 —6- | -6eL, a contradiction. Hence Ba + l{a) = B 

for all b E B. This imphes 5 is strongly regular. D 
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Corollary 3.3.7. ([14], Corollary 2.9) If R is a left quasi-duo left SPF ring, 

then R/J{R) is strongly regular. 

Theorem 3.3.8. ([14], Theorem 2.10) Let R be a left SGPF ring. If every 

maximal right ideal of R is a GW-ideal, then R/J{R) is strongly regular. 

Proof. Let B = R/J{R). Then B is reduced as in Theorem 3.3.6. If 

cB + l{c) ^ B for some c € B, then cB + l{c) C L for some maximal right 

ideal L of R. Since L is a GW-ideal and c ^ L there exists a positive integer n 

such that 5 c " C L. Hence Bc^B C L. Therefore there exists a maximal left 

ideal M of B such that Bc"B + l(c) C M. So BjM is a simple left B-module 

and hence is GP - injective or flat. Suppose B/M is GP - injective, let k be 

a positive integer such that every left B-module homomorphism from B{c^)'^ 

to B/M extends to one from B to B/M. Define / : B{c")'' —> B/M by 

/(6(c")'=) ^ b+ K. Since B is reduced, /((c")'=) = /(c"). This yields / is 

well-defined. Let g : B —> B/M be a left S-homomorphism which extends 

/ . Then 1 + K = /(c")'= = ^(c")'= = (c")'=p(l) = (c")'=(d + M) for some 

rf e 5 . So 1 - {c")^d e M. But (c")'=d E Bd'B C M. Hence 

1 = 1 - {d^fd + (c")'=d e M which contradicts that M is a maximal left 

ideal of B. If B / M is fiat, then there exists q E M such that c" = c"?, then 

1 - 9 e r(c") = /(c") = /(c) C M. This imphes l = l-q + q e M which is a 

contradiction. Hence cB + l{c) = B for aU ce B. This implies B is strongly 

regular. D 
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Chapter 4 

SF-Rings 

It is well known that a ring R is regular if and only if every cyclic left (right) 

/?-modules are flat. In 1975, Ramaraurthy weakened the condition and asked 

the question whether a ring over which all simple left (right) modules are flat 

(that is, a left (right) SF-ring) is necessarily regular. This question is stil], 

open despite the work done in the positive direction by different authors 

over the last three and a half decades. In this chapter, basically we study 

regularity and some other properties of SF-rings. 

Definition 4.0.9. A ring R is a left SF-ring if every simple left R-modu\e 

is flat. Similarly a ring R is defined to be a right SF-ring. 

Example 4.0.10. A von Neumann regular ring is left (right) SF-ring (by 

Proposition 2.1.12). 
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4.1 Central localizations of SF-rings 

In this section, we study some properties of centre of SF-rings; 'Simple implies 

flat' property with respect to central localizations; Quasi perfect SF-rings; 

Semilocal SF-rings. 

Proposition 4.1.1. ([16], Proposition 3.2) Let R be a ring such that the left 

annihilator of any element of R is also a right ideal. If R is a right SF-ring, 

then R is regular. 

Proof. Let a € >1, by hypothesis, l{a) is a right ideal. If /(a) + aR ^ R, then 

there exist a maximal right ideal M of R such that l{a) + aR C M. Since 

R is right SF, the simple right fi-module R/M is flat. Then a £ M implies 

there exists some b € M such that a = ba. Then I - b E l{a) C. M. But 

this implies 1 € M, a contradiction. Therefore l{a) + aR = R. Therefore 

1 = X -I- ar for some x G l{a) and r S /?, and so, a = ax + ara. Hence a = ara 

(Since ax = 0). Thus R is regular. D 

Corollary 4.1.2. A reduced right SF-ring R is strongly regular. 

Proof Since R is reduced, l{a) = r{a) for every a e R. Therefore by Propo­

sition 4.1.1, R. is regular. This implies R is strongly regular, as R. is re-. 

duced. D 

Proposition 4.1.3. ([16], Proposition 3.3) The centre of any right (left) SF 

-ring is von Neumann regular. 

Proof. Let R. be a right .SF-ring and C be its centre. Let a 6 C, then l{a) 

is an ideal of R. By the proof of Proposition 4.LI, a = ara for some r e R. 
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Now just as in the proof of the fact that centre of a von Neumann ring is 

regular, we can prove that a^r^ G C and a = a{a'^r^)a. D 

Corollary 4.1.4. A commutative right (left) SF-nng is von Neumann reg­

ular. 

Proposit ion 4.1.5. ([17], Proposition 3.1) Let R be a left SF-nng and M 

be a maximal left ideal of R. Then M is a fiat left R-module. 

Proof. Consider the exact sequence 0 —> M —> R —> R/M —> 0. Since 

R is left SF, niR/M) is flat. Also R is flat left /?-module. Therefore by 

Proposition 3.1.4, M is flat. D 

Proposition 4.1.6. ([17], Proposition 3.2) Let f : R —> R' be an onto 

homomorphism of rings. If R is a left SF-nng, then R' is also a left SF-

nng. 

Proof. Let 5 be a simple left R' module. Then S is also a simple left R-

module. But R is left SF implies ^ 5 is fiat. Then R-S is flat by Proposition 

3.3.4. Therefore R' is a left 5F-ring. D 

Corollary 4.1.7. If R is a left SF-nng and I be an ideal of R, then R/I is 

also a left SF-nng. 

Proposition 4.1.8. ([17], Proposition 3.4) Let R be a nng with centre C. 

Consider the following conditions: 

(1) R is a left SF-nng. 

(2) For each maximal ideal rn of C the localization Rm[— S''^R, where 

S = C — m) IS a left SF-nng. 
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Then (1) implies (2). If R is finitely generated as a C-algehra, then (2) 

implies (1). 

Proof. (1) implies (2):- We have C is regular (since centre of a left SF-nng 

is regular). Thus for each maximal ideal m of C the natural homomorphism 

R —> Rm is onto. Then Rm is a left S'F-ring by Proposition 4.1.6. 

Conversely, suppose /? is a finitely generated C-algebra. Then 

R = C[xi, X2, ••••Xn] for s o m e X i , X 2 , . . . , Xn E R-

Claim:- For any multiplicatively closed subset S of C, 

Centre{S-^R.)^S-^C. 

Clearly S'^C C centre {S~^R). Let - € centre{S-^R). Then for all 
s 

V „ T ^ X y X sv sv X V X „ X ^ i ^ „ , 
- 6 S-^R, - - = — - = — - = - - . So - e centreS-^R. Thus for 
t It St t s tl 1 
all y E R, —- = — . In particular for all Xi, i — 1,2, . . . . n, — - = — - . 

y ' n i l ^ ' ' 1 1 1 1 

So for each i, there exists some Ui E S such that Ui{xxi — Xix) — 0. This 

implies if tx = UiU2 • • -Un, u{xxi — Xix) — 0. Thus uxxi = Xiux. Thus 
X liX 

R. — C[xi,X2,----Xn] implies ux 6 C. This again gives - = — € S~^C. 
s us 

Thus centre {S~^R) = S~^C. This proves the claim. 

From the above claim, for each maximal ideal m of C, centre (Rm) = Cm-

So whenever Rm is left SF we have Cm is regular. Therefore by P̂ rofDosiiion 

2.6.4, C is regular. Let 5 be a simple left i?-module. Consider the left R-

homomorphism / : S —> Sm- As C is regular, / is onto. Again S is simple 

implies k e r / = 0. or S. But / is onto implies k e r / ^ S. So ke r / = 0. 

Thus 5 ~ S'm as left /^-module. Therefore 5 ^ is simple left /^-module which 

implies Sm is simple as left Rm module and hence is flat as left Rm module. 

This impUes S is left R- fiat. D 
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Definition 4.1.9. A ring R is left quasi-perfect if each finitely generated flat 

left /^-module is projective. 

Example 4.1.10. A left Noetherian ring R is left quasi-perfect (by Theorem 

3.1.14). 

Proposition 4.1.11. ([17], Proposition 3.6) Let R be a left quasi-perfect left 

SF-nng. Then R is a semisimple ring. 

Proof. Let /? be a simple left /?-module. As R is left quasi-perfect, S is 

projective. Hence R is semisimple ring. O 

Corollary 4.1.12. A left quasi-perfect, left SF-nng ring R is regular. 

Theorem 4.1.13. ([17], Theorem 3.8) Let R be a ring which is finitely gen­

erated as a module over its centre. If E is left SF, then R is regular. 

Proof. Let m be a maximal ideal of C which is a regular ring. Then Cm is 

a field. Then Rm being a finite dimensional C^ algebra, is a left Noetherian 

ring. By^4.1.8, Rm is left SF and hence by^4.1.11, Rrn is regular. Thus R is 

regular byftojaosiiion 2.6.4. D 

Definition 4.1.14. A ring R is semilocal if R/Rad{R) is semisimple. 

Proposition 4.1.15. For a nng R, consider the following two conditions: 

(1) R IS semilocal. 

(2) R has finitely many maximal left ideals. 

We have m general (2) implies (1). The converse holds if R/Rad{R) is 

commutative. 

112 



Proof. Let mi,m2, ruk be maximal left ideals of R. Then 
k k 

O m j = Rad{H). Consider the map defined by 0 : E —> 0 R/rn, by 

0{r) = (r + mi, r 4- 777.2,.. T" + ink)- Since m, and m^ are coprime 

(that is, nil + mj — R) for each i ^ j , 9 is surjective. Also ker6' = Rad{R). 
k 

Thus R/Rad{R) ~ ^ ^ i?/mj which is semisimple. Thus R/Rad{R) is a 
t= i 

semisimple ring. 

Conversely, suppose R is semilocal. Then R/Rad{R) is semisimple. Since 

R/Rad{R) is also commutative, by Wedderburn's structure theorem, 

R/Rad{R) ~ Ki X A'2 X • • • X A'n for some fields Ki, K2, ...., A'„. Therefore 

there exists finitely many maximal left ideals of R/Rad{R) say 

fj,i/Rad{R), 112/Ro-d{R), ...., ^ii/Rad{R) where ^ 1 , ^2, ••••, Hi are some ideals 

of R containing Rad{R). 

Claim:-//i, /X2, ••.., /i/ are the only maximal left ideals of R. 

Suppose there exists a maximal left ideal /i of /? such that H ^ /i^ for all 

i = 1, 2,..., /. Then fi D Rad{R). So fi/Rad{R) is a maximal left ideal of 

R/Rad{R). Then fi/Rad{R) — fii/Rad{R) for some i = 1,2,...., /. So fi — fii 

for some ?, a contradiction. This proves the claim. Therefore R has finitely 

many maximal left ideal. D 

Example 4.1.16. (1) Any local ring is semilocal. 

(2) Any finite ring is semilocal. 

Proposition 4.1.17. ([17], Proposition 3.15) A semilocal left SF-nng is 

semisimple. 
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Proof. Suppose R is semilocal left 5F-ring. Then R/Rad{R) is semisimple 

and therefore fiat left /^-module (since R is left S'F-ring). Let a E Rad{R). 

Then R/Rad{R) is flat implies there exists some b E Rad{R) such that 

a — ab. Hence a( l — ab) = 0. As 6 € Rad{R). 1 - 6 is a unit. Therefore 

a — 0. Thus Rad{R) — 0 and /? is a semisimple ring. D 

Corollary 4.1.18. A semilocal left SF-nng is regular. 

4.2 On quasi-duo SF-rings 

In this section, some properties of left (right) quasi duo-rings are studied as 

well as some characterizations of left (right) quasi-duo SF-rings are given. 

Also the strong regularity of LW (RW) SF-rings is investigated. 

Proposition 4.2.1. ([17], Proposition 4.4) Let R be a left quasi-duo nng. 

Then R/Rad{R) is a reduced nng. 

Proof. Let {m^ : i E 1} he the family of maximal left ideals of R. 

Let / : R —> nR/m^ be canonical map. Then k e r / = Rad{R). There­

fore the map g : R/Rad{R) —> YlR/m^ given by g{i + Rad{R)) = J{i) is 

well-defined left R monomorphism. Now R is left quasi-duo implies m, is a 

maximal ideal for each i. Thus R/rrii is a division ring and hence strongly 

regular. Therefore IlR/m^ is strongly regular and hence reduced. Therefore 

R/Rad{R) is reduced. D 

Corollary 4.2.2. A semiprimitive left quasi-duo nng is reduced. 

Proposition 4.2.3. Let R be a left or right quasi-duo nng. Then R is left 

weakly regular if and only if R is nght weakly regular. 
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Proof. Assume R is left (or right) weakly regular. Then R is semiprimitive 

and hence is reduced by Proposition 4.2.1. So R is right (or left) weakly 

regular. • 

Definition 4.2.4. A ring Ris a, left (right) V-ring if every simple left (right) 

/^-module is injective. 

Example 4.2.5. Every semisimple ring R is left (right) V-ring. 

Proposition 4.2.6. A commutative regular ring is left (right) V-ring. 

Proof. Let Rhe a commutative regular ring and 5 be a simple left /?-module. 

Then S ~ R/M for some maximal ideal M of R. Since R is regular, {R/M)R 

is flat. Then n{R/M) is injective by Proposition 3.2.4. D 

Proposition 4.2.7. ([17], Proposition 4.7) The following conditions are 

equivalent for a left quasi-duo ring R: 

(1) R is left weakly regular. 

(2) R is a left V-ring. 

(3) Ris a left SPI-ring. 

(4) R is strongly regular. 

Proof (1) implies (2):- Let 5 be a simple left i?-module. Then S ~ R/M for 

some maximal left ideal M of R. As /? is a left quasi-duo, M is an ideal of R. 

Let X E M. As R is left weakly regular, Rx = RxRx. So there exists some 

y e RxR such that x = yx. So R/M is a flat right R-module. Therefore 
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R/M is an injective left /^-module, that is, S is left /?-injective and hence R 

is a left V-ring. 

(2) imphes (3) is trivial. 

(3) implies (4):-We shall first show that R is semiprimitive. Suppose Ra ^ 

{Raf for some a G J{R)-, then 0 ^ Ra/{Ro?) is a finitely generated left 

/^-module and hence has a maximal element ^/{Ra?). Now Ra/^ is a simple 

left R-module so, by hypothesis, Rajjx is p-injective. So there exists a left R-

homomorphism / : R —> Ra/^ which extends the canonical homomorphism 

77 : R —> Ra/fi. Then a + ^ = 77(a) = / (a ) = « / ( ! ) = a{ya + ^) for some 

y E R yielding a + /v = ayn + j^i. Hence [ay — \)a 6 ^l. But 0 € •/(/?) 

imphes aj/ — 1 is a unit. Therefore a G /x. This contradicts Ra ^ /.i. Thus 
n 

Ra - {Raf for all a E J{R). Then a= ^ Xtayia for some Xj E R, yr E R. 
t = i 

This implies I 1 — y.^iO-yi a = 0. Since a E J{R), 1 — y.^i'^yi î  ^ unit. 

So o = 0. Thus R is semiprimitive. Thus by Corollary 4.2.2, R is reduced. 

Also by Proposition 3.2.12, and Corollary 3.1.6, it follows that R is left SF. 

Thus R is strongly regular by Corollary 4.1.2. 

(4) implies (1) is trivial. D 

Proposition 4.2.8. ([17], Proposition 4.8) Let R be a left quasi-duo, right 

SF-ring. Then R is a left V-nng. 

Proof. Let 5 be a simple left H-module. Then S ~ R/M for some maximal 

left ideal M of R. Since R is left quasi-duo 71/ is an ideal of R. As R is right 

SF, {R/M)ji is flat. So R{R/M) is injective by Proposition 3.2.4. Hence S 

is injective. So i? is a left V-ring. D 
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Proposition 4.2.9. ([17], Proposition 4.9) Let R be a left quasi-duo left 

SF-nng. Then R is a right V-nng. 

Proof Let A ^ R/Rad{)R. Since R is left SF, A is a left SF-ring. Also 

R is left quasi-duo implies A is left quasi-duo. Again A is semiprimitive, so 

A is reduced. Therefore A is strongly regular and hence is right quasi-duo 

implying that R is right quasi-duo. Therefore by dual of Proposition 4.2 8, 

/? is a left K-ring. D 

Theorem 4.2.10. ([17], Theorem 4.10) Let R be a left or right quasi-duo 

ring. Then the following are equivalent: 

(1) R IS a left V-nng. 

(2) Ris a left SPI-nng. 

(3) R is a left weakly regular ring. 

(4) R IS a left SF-nng. 

(5) R IS a right V-nng. 

(6) R IS a right SPI-nng. 

(7) R IS a nght weakly regular nng. 

(8) R IS a nght SF-nng. 

(9) R IS a regular nng. 

(10) R IS a strongly regular ring. 
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Proof. Let i? be a left quasi-duo ring. The equivalence of (1), (2), (7), (9) 

and (10) follows from Proposition 4.2.3 and Proposition 4.2.7 and the trivial 

implications (10) implies (9) impUes (3). By Proposition 4.2.8, (8) implies 

(1) and since (10) implies (8) trivially, we get the equivalence of (1) and (8). 

Now (9) implies (4) and (5) imphes (6) are trivial. Also (6) implies (7) by 

the proof of Proposition 4.2.7. Since (4) imphes (5) by Proposition 4.2.9, we 

have the equivalence of (4), (5), (6) and (7). This completes the proof. 

The theorom can be proved similarly if R is right quasi-duo. D 

Theorem 4.2.11. ( [13], Theorem 3 ) The following conditions are equivalent 

for a ring R: 

(1) R is a strongly regular ring. 

(2) R is an LW left SF-ring. 

(3) R is an LW right SF-ring. 

Proof (1) implies (2) and (1) implies (3) are trivial. 

(2) implies (1) :- R/J{R) being a semiprimitive LV^-ring is reduced by 

Lemma 2.9.6. Also R is a left SF-ving implies R/J{R) is left SF-ring. 

Therefore by Corollary 4.1.2, R/J{R) is strongly regular. Let M be a maxi­

mal left ideal of R. Then M/J{R) is a left ideal of R/J{R) and thus M/J{R) 

is an ideal of R/J{R) (since an strongly regular ring is left and right duo). 

Thus M is an ideal of R. Therefore R is left quasi-duo. Thus R is strongly 

regular. Hence (2) implies (1). 

(3) implies (1) can be proved similarly. D 
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4.3 SF-rings with certain chain conditions 

Here, it is proved that with some weak chain conditions, left SF-rings are 

semisimple or regular. 

Definition 4.3.1. A ring R satisfies PDCC^ ( descending chain conditions 

on principal right annihilators) if there does not exists a properly descending 

infinite chain: r{xi) > r{x2) > • •• > r(x„) > . . . for any sequence {x„}^i C 

R. Similarly a ring R is said to satisfy ^PDCC ( the descending chain 

conditions on principal left annihilators), PACC-^ ( the ascending chain 

conditions on principal right annihilators), •'-PACC ( the ascending chain 

conditions on principal left annihilators). 

Example 4.3.2. (1) Every right (left) Artinian ring satisfies 

PIXX:^ {^PDCC). 

(2) Every right (left) Noetherian ring satisfies PACC^ {^PACC). 

Definition 4.3.3. A ring R satisfies left PACC ( ascending chain conditions 

on principal left ideals) if there does not exists a properly ascending infinite 

chain: Rxi < Rx2 < . . . for any sequence {x„}^i C R. Similarly a ring R 

is said to satisfy right PACC ( the ascending chain conditions on principal 

right ideals), left PDCC ( the descending chain conditions on principal left 

ideals), right PDCC ( the descending chain conditions on principal right 

ideals). 

Example 4.3.4. (1) Every left (right) Noetherian ring satisfies left PACC 

(right PACC). 
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(2) Every left (right) Artinian ring satisfies left PDCC (right PDCC). 

Lemma 4.3.5. ([19], Lemma 1.2(1)) Let R he a left SF-ring. For every 

X e R, Rr{x) + Rx = R. 

Proof. If Rr{x) + Rx ^ R for some x € /?, then there exists a maximal 

left ideal M of R. such that Rr{x) + Rx C M. Now R is left SF impHes 

R/M is fiat. As x € M, there exists some y E AI such that x = xy. Then 

1 - y e r(x) C M. Then l = {l-y) + yeM contadicting that M is a 

maximal left ideal of R. Thus Rr{x) + Rx = R for all x E R. D 

Theorem 4.3.6. ([19], Theorem 1.3) For a left SF-ring R, the following are 

equivalent: 

(1) R is semisimple. 

(2) R is left or right Noetherian. 

(3) R/J(R) is semisimple. 

(4) R satisfies ^PACC. 

(5) R satisfies PDCC^. 

(6) R satisfies left PACC. 

Proof. (1) implies (2) is well known. 

(2) implies (3) :- Let R be left Noetherian. As R is left SF, every simple 

left /^-modules are projective (by Theorem 3.1.14). Then R is semisimple. 

Suppose R is right Noetherian. Then R/J{R) is right Noetherian. Let Q 
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denote the semisimple classical right quotient ring of R/ J{R). Let ab ^ E Q 

where a G R/J{R) and b 6 R/J{R) and 6 is a non-zero divisor. Then from 

Lemma 4.3.5, {R/J{R))b = R/J{R). So b-^ E R/J{R). Then R/J{R) 

coincides with its semisimple classical right quotient ring. Therefore R/J(R) 

is semisimple. 

(3) implies (1) :- If R/J(R) is semisimple, then a{R/J{R) is semisimple. 

Then R is left SF implies R{R/J{R) is flat. Take x e J{R). Then there 

exists some y € J{R) such that x — xy. That is, x(l — y) — 0. Since 1 — y 

is invertible as y € J{R), we have x = 0. Therefore J{R) = 0 and hence R 

is semisimple. 

(4) implies (1) :- Let M be a maximal left ideal of R. Since R satisfies 

-^PACC by Zorn's lemma, the set {l{l — i ) : x G M} has a maximal element 

say 1{1 — e). 

Claim:- M = 1(1 - e), that is, M = Re and ê  = e. 

Let X e /(I - e). Then x(l - e) = 0. Thus x = xe E M. Then 1{1 -

e) C M. Suppose there exists some y E M such that (/(I — e) 7̂  0. Since 

y(l — e) = {y~ye)eM and R is left 5 F , there exists some e' E M such that 

t/(l - e) = y(l - e)e'. So y = y(e -f e' - ee'). Denote f = e + e' - ee' E M. 

Since ! - / = ( ! - e)(l - e'), i(l - e) C i(l - / ) . Again y(l - / ) = 0, but 

y(l — e) ^ 0. So y(l — e) C 1{1 — / ) . This contradicts the maximality of 

/(I — e). Hence the claim is proved. Then R/M ~ R{1 -- c.) is projective. 

Hence R is semisimple. 

(5) imphes (1) :- Let M be a maximal left ideal of R. 

Claim 1:- For every x 6 M, there exists an idempotent e,,. E M such that 
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fi{R/M) is flat implies there exists a sequence {xn}'^=i Q M such that x — 

xxi, xi = xiX2,... ,Xk = XkXk+u This yields r{x) ^ r{xi) ^ r{x2) ^ 

Then R satisfies PDCC-^ imphes there exists a positive integer n such 

that r{xn) = r{x„+i). Let e^ = x„+i. Now x„ = XnXn+i implies x„{l -

.'c„+i) = 0. Therefore 1 - Xn+i e r{xn) = r{xn+i). Therefore ,T„+I = .r^+i, 

that is, e^ is idempotent. Also x = xxi = ,TXIX2 = .... = .TX1X2 . . . x„ = xe^.. 

This proves claim 1. 

Since R satisfies PDCC-^ by Zorn's lemma, the set {r{x) : x € M} has 

a minimal element say r{e). From claim 1, we may assume that e is an 

idempotent. 

claim 2:- M = Re. 

If not, then there exists some f £ M such that / ( I — e) ^ 0. Again from 

claim 1, we may assume without loss of generality that / is an idempotent 

and r{f) is minimal like r(e). Now / ( I — e) = ( / — /e) G M. Therefore 

there exists some e' 6 M such that / ( I — e) = / ( I — e)e'. Therefore / = 

f{e + e' — ee'). Since e + e' — ee' € M, from the above assumption we have 

r(e + e' - ee') = r{f). Now e = e(e + e' - ee'). Thus r(e + e' - ee') C r(e) 

so that r ( / ) C 7-(e). So ?•(/) = r(e) by minimality of r{e). This implies 

r ( / ) = /?(! — e). But this gives / ( I — e) = 0, a contradiction. Thus M = /?e. 

From this claim, R/M ~ /?(1 — e) is projective for every maximal left ideal 

M of R. Thus R is semisimple. 

(6) implies (1) :- Let M be a maximal left ideal of R. 

Claim 1:- For every x E M, there exists an idempotent e^ E M such that 

R is left SF implies R{R/M) is flat. Therefore x G M imphes there exists a 
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sequence {xn}'^=i Q M such that x = xx\, x\ = x\X2,.... Xk ~ x^Xk+i 

Since R satisfies left PACC, the sequence Rx C Rx^ C Rx2 C . , . . stops 

for some n. Therefore there exists some y £ R such that Xn+\ = yxv,. So 

Xn = XnXn+1 = XnlJXn- Deuotc 6̂ , = yx„. Then 

f4 = {yXn){y'-'Cn) = y{-f'nyxn) = y-'i'n = f-x- Thus (i^ is idempotcnt and 

X ̂ ^ xx\ •—- irX]̂ X2 ^^ ''' ^^ XX\X2 •. • Xji '^^ xx\X2 •. • Xfiyx^ ^̂  xyXf^ ^̂  xCx 

So the claim 1 is proved. 

Take e E M such that Re is maximal among all Rx where x G M. From the 

above discussion we can take e to be an idempotent. 

Claim 2:- M = Re. 

If not, then there exists some f E M such that f ^ fe. Without loss of 

generality, assume / is an idempotent and Rf is maximal like Re. Thus by 

exactly dualising the proof of claim 2 in (5) imphes (1), we have Re = Rf. 

But fj^fe implies / ( I - e) ^ 0. So 1 - e ^ r ( / ) = R{1 - / ) . So 1 - e € Re. 

Therefore Re ^ Rf which is a contradiction. Thus M = Re. This proves 

claim 2. 

So every simple left R module is projective. Hence R is semisimple. 

The implications (1) implies (4), (1) implies (5), and (1) implies (6) are 

trivial. D 
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4.4 On MERT SF-rings and strongly left (right) 

bounded SF-rings 

Here, we investigate the regularity of MERT left SF-rings and strongly left 

(right) bounded SF-ring. 

Lemma 4.4.1. ([22], Lemma 7) Let I be a left ideal of R and Z — Z{ptR), 

then either I D Z — 0 or I D Z contains a non-zero nilpotent element. Con­

sequently, if I is reduced, then I is left non-smgular R module and in that 

case any essential extension of RI in RR is also reduced. 

Proof Suppose that K ^ I n Z ^ 0 and K is reduced. If 0 yi^ k e K 

there exists some r £ R such that 0 ^^ rk E l{k). Then rk'^ = 0 imphes 

{krk)"^ — {krk){krk) — krk^rk = 0. Since K is reduced, krk — 0. Then 

(rk)"^ = rkrk = 0. So rk = 0 which contradicts that rk 7̂  0. So A" is 

reduced, that is, K contains no non-zero nilpotent elements. 

Now if / is reduced, then ^1 is non-singular. In this case if jiE is an 

essential extension of RI in aR and Q ^ b e E such that 6̂  = 0. Then 

0 ^ r6 e / for some r E R. Now (6r6)^ = brb^rb = 0. Since brb € / and / is 

reduced, so brb = 0. Then (r6)^ = 0 which implies r6 = 0, a contradiction. 

Thus E is reduced. D 

Corollary 4.4.2. Suppose Z = Z{iiR) ^ 0, then there exists some 0 ^ z e Z 

such that z^ = 0. 

Proof. Since Z ^ 0 there exists some 0 / a e Z. Then RaCiZ = Ra ^ 0. So 

by Lemma 4.4.1, Ra contains a non-zero nilpotent element. So there exists 

some 0 ^ z E Ra such that 2^ = 0. D 
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Lemma 4.4.3. ([19], Lemma 1.2(2)) If R is a left SF ring, then 

Z{RR)CJ{R). 

Proof. Let x S Z{Rn)- For any y G Z{Rn), set u = 1 — yx. Then r{u) = 0 

[For if z e r{u) fl r{yx), then uz — 0, yxz = 0. But since u = 1 — yx 

we have (1 — yx)z = 0. This imphes z ~ 0. Since r{yx) is essential right 

ideal of R, we have r{u) = 0]. We prove that Ru = /?. If not, then there 

exists a maximal left ideal M oi R such that Ru C M. Since R is left SF, 

we have ii{R/M) is fiat. Since u e M, there exist some < G M such that 

u = ut. This implies 1 — i € r{u) — 0. This implies t = 1 which is a 

contradiction. Thus Ru = R, that is, R(l — yx) = R. Hence x e •/(/?). 

Thus Z{RR) C J(/?). D 

Lemma AAA. ([19], Lemma 2.1) Zei R he a left SF-ring and J{RY = 0, 

then J{R) = Z{RR) 

Proof. By Lemma 4.4.3, Z{Rri) Q J{R)- Suppose there exists some x E 

J[R) such that x ^ Z{Rfi). Then there exists some 0 ^ y e R such that 

r{x) n yR. = 0. If y G J{R), then xy G J{Ry = 0. This implies y G r(x) 

which contradicts r{x) n yi? = 0. Thus y ^ J(/?). Therefore there exists a 

maximal left ideal M oi R such that y ^ M. But xy e J{R) C M implies 

that there exists some m E M such that xy = xym. So .Ty(l — m) = 0. Thus 

y(l — m) E r{x) D yR — 0, that is, y — ym E M, a contradiction. Therefore 

J{R.) C Z{RR). Hence ./(W) = Z(/i';j) D 

Proposition 4.4.5. ([19], Proposition 2.2) An MERT left SF-ring is reg­

ular. 
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Proof. Let S = SOC{RR). Then R/S is left SF Also R is MERT implies 

R/S is right quasi-duo. Therefore R/S is strongly regular by Theorem 4.2.10. 

Then R/S is fully left idempotent and R is an ERT. Assume Z{RR) -^ 0. 

Then there exists 0 7̂  a; G Z{R}i) such that x^ = 0. Take a maximal right 

ideal M oi R such that r{r) C M. Then R is left SF a.nd t e i{[) C M 

implies there exists some m E M such that x = xm. Then x{l~m) = 0. This 

implies 1 — m e ?'(a;) C M . So 1 e M, a contradiction. Thus Z{RR) = 0. 

Then by Lemma 4.4.'1', J(i?) = 0. This imphes R is semiprime. Therefore 

S — soc{Rft) — soc(jiR) and S is fully left idempotent. So /? /5 and .? 

are fully left idempotent. Hence R is fully left idempotent. Therefore by 

Proposition 2.5.3, /? is regular. D 

Definition 4.4.6. A ring R is strongly left bounded if every non-zero left 

ideal of R contains a non-zero ideal of R. A ring R is defined similarly to be 

a strongly right bounded ring. 

Example 4.4.7. Every commutative ring is left and right bounded ring. 

Theorem 4.4.8. ([18], Theorem 3) The following conditions are equivalent 

for a ring R: 

(1) R IS strongly regular. 

(2) R IS strongly left bounded left SF-ring 

(3) R IS strongly right bounded left SF-ring. 

(4) R IS strongly left bounded right SF-ring. 

(5) R IS strongly right bounded right SF-ring. 
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Proof. Obviously (1) implies (2), (3), (4) and (5). 

(2) implies (1) :- If ZinR) y^ 0, then there exists 0 y^ a e Z{]iR). So 

Ra 7̂  R. Since R is strongly left bounded, there exists a non-zero ideal 

I of R such that / C Ra. This gives r{a) C r{I). We now show that 

r([) + Ra — Fi. If not, then there exists a maximal left ideal M of R such that 

r{I) + Ra C M. Since R is left SF, R{R/M) is flat. Therefore a e M, implies 

there exists some b E M such that a = ab. Now 1 — 6 G r{a) C r{I) C M. 

S o l = 1 — 6 + 6 € M, contradicting that A/ is a maximal left ideal of R. 

Hence r(7) + Ra = R. Therefore there exists some d 6 r{I) and x G /? 

such that d + xa = 1. Since 1^0, there exists 0 7̂  7y 6 T Then vd = 0 

and u = M2;a. Since xa € Z{fiR.) and i?« 7̂  0, /(.ra) Pi Ru ^ 0. Let 

0 7̂  su G /(xa) n i?u. Then su = suxa = 0. This contradicts su ^ 0. 

Hence Z{RR) = 0. 

Suppose 0 ^ a E R, such that â  = 0. Then there exists a non-zero left 

ideal L of R such that l{a) © L is essential left ideal of R [since Z{f{R) = 0]. 

By hypothesis there exist a non-zero ideal K of R such that A" C L. Then 

KRa C K n Ra Q K n l{a) = 0. Hence K C A'/? C l{a) n L = 0. This 

contradicts that K ^ 0. Therefore R is reduced. As R is also left SF, R is 

strongly regular. 

Similarly (5) implies (1). 

Assume (3). Suppose there exist some a e R such that a ^ Z{R/i), n"^ e 

Z{Rji). Then there exist a non-zero right ideal K of R such that r{a) 0 A' C 

r(a^). Since R is strongly left bounded, there exists a non-zero ideal I of R 

such t h a t / C K. Then a^/ C a'^K = 0. Thus a/ C r ( a ) n / C r(a)nA' = 0. 

Hence / C r{a) (1 K = 0. This contradicts / 7̂  0. This proves R/Z{RR) is 
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reduced. As R/Z{Rii) is left SF, R/Z(RR) is strongly regular. 

Let L be a maximal left ideal of R, then Z{Rri) Q J{f^) Q L. So 

L/Z{Rfi) is a left ideal of R/Z{Rii). But since R/Z{Rii) is strongly regular, 

L/Z(Rji) is an ideal of R/Z^Rn). This implies L is an ideal of R. Hence R 

is left quasi-duo ring. As R is also left SF, R is strongly regular. 

Similarly (4) implies (1). D 

4.5 On PCLZ (PCRZ) SF-rings 

In this section, we discuss the regularity of PCLZ (PCRZ) left SF-ring. 

Definition 4.5.1. A ring /? is a PCLZ — ring if every product of two 

independent closed left ideal of R is zero. Similarly a ring R is defined to be 

PCRZ- ring. 

Example 4.5.2. Every field is a PCLZ ring. 

Proposition 4.5.3. ([20], Proposition 2) For a ring R, the folloxving condi­

tions are equivalent 

(1) R IS a PCLZ- ring. 

(2) Every product of two independent left ideals of R is zero. 

Proof. Obviously (2) impUes (1). 

Assume (1). Let X and Y be two independent left ideals of R. By Zorn's 

Lemma, the set {/ : / is a left ideal of R with X C I, ] CiY = 0} has a 

maximal element L. By Proposition L5.3, L is a closed left ideal of R. In 
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the same way, we can find a closed left ideal K oi R such that Y <Z K and 

L n i^ = 0. Then by hypothesis, LK = 0. So XY C LK = 0. This shows 

that (1) implies (2). • 

Lemma 4.5.4. ([20], Lemma 8) If R is a PCLZ-ring, a e R and a^ = 0, 

then a € Z{RR). 

Proof. There exist a left ideal L of R such that l{a) (B L is essential left 

ideal of R. Since a^ = 0, we have a G I (a). Hence Ra C l[a). Thus 

LRa C Ll{a) = 0. That is, LR C l{a). Therefore L C LR C Lnl{a) = 0. 

Hence l{a) is essential left ideal of R. Therefore a £ Z{RR). D 

Lemma 4.5.5. ([20], Lemma 9) / / R is a left or right SF-ring. If R/Z{RR) 

is a reduced ring, then R is strongly regular. 

Proof. Suppose i? is a right SF ring, then proof of (3) implies (1) of Theorem 

4.4.8 shows that R is strongly regular. 

Now suppose /? is a left S'F-ring. Then R/Z{jiR) is also a left ^F-ring. 

Since R/Z^RR) is also reduced by hypothesis, we have R/Z[RR) is strongly 

regular. Suppose Z{RR) ^ 0. Then there exists 0 7̂  a € Z{RR) such that 

â  = 0. 

Claim: r{a) + Z{RR) ^ R. If not, then 1 = 6 + cfor someb G r{a), c G 

Z{RR). Then a = a{b+c) = ac. Since c G Z{RR), /(c) is essential left ideal 

of R. Hence l{c) O Ra ^ 0. Therefore there exist 0 j^ ra e Ra such that 

rac = 0. So ra — rac = 0, a contradiction. Therefore r{a) + Z{RR) ^ R. 

Then there exist a maximal right ideal K of R such that r{a) + Z{RR) C K. 

Since R/Z{RR) is strongly regular, K/Z{RR) is an ideal of R/Z{RR). Hence 
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K is an ideal of R. Thus there exist a maximal left ideal L of R such that 

Z{RR) + r{a) Q K C L. Since R is left SF and a G L, so there exist some 

d € L such that a = ad. Then l - d G r{a) C L. Then 1 = {l-d)+d e L, 

a contradiction. Hence Z{nR) = 0. Therefore R is strongly regular. 

D 

Theorem 4.5.6. ([20], Theorem 10) For a nng R, the following conditions 

are equivalent: 

(1) R IS strongly regular. 

(2) R is a left SF, PCLZ-ring. 

(3) R IS a right SF, PCLZ-nng. 

(4) R is a PCLZ-nng whose every maximal left ideal is p-injectwe. 

(5) R IS a PC LZ-ring whose every maximal right ideal is p-injectwe. 

Proof. (3) implies (1): Let Z = Z{RR). Since R is right SF, Z C J{R). 

we claim that R/Z is reduced. If not, then there exist a ^ Z such that 

a^ e Z. Thus there exist a left ideal L oi R such that L ^ 0, l[a) ® L C 

l{o?) and /(a) © L is essential left ideal of R. Since i? is a PCLZ-vmg and 

La C l{a), we have L^a = L{La) C Ll{a) = 0. Thus L'^ C Lnl{a) = 0. 

It follows from l{a)L = 0 that (/(o) (I) J.)R C 1{J,) ^ R. Hence there 

exists a maximal right ideal K of R such that {1(a) Q L)R C K. Since 

a^ G Z{fiR) C J{R) C A', /? is right SF, it follows that there exists b e K 

such that a^ = fca^. This means that a — ba E 1(a) C K. But since A" is a 

right ideal, and 6 G K so ba & K. It then follows that o G A'. Therefore 
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there exists some d E K such that a — da. That is, 1 — cf G /(a) C K. 

Then 1 = 1 — d+d E /^, a contradiction. Thus/?/Z(fi/?) is reduced. Hence 

by Lemma 4.5.5, R is strongly regular. 

(2) implies (1):- Let Z = Z{rtR.) we shall show that R/Z is reduced. Let 

a ^ Z such that «^ E Z. 

We claim that Z + Rr{a) ^ R. 

If not, then 1 = 6 + ^ r̂  ĵ for some r^ E R, U E r{a). Then 

a = ha + Y^r^Ua (*) 

For each i, {Uaf = U{ati)a = 0. So by Lemma 4.5.4, t^a E Z. Again 

since ha E Z, it follows from (*) that n E Z, which contradicts that a ^ Z. 

Thus Z + Rr{a) ^ R. Therefore there exists a maximal left ideal L of /? 

such that Z + Rr{a) C L. Since i? is a left SF, H ( / ? / L ) is flat. As a^ E L, 

there exists some b E L such that a — a?h. So a — ab E r{a) C L. Then as 

ah E L, we get a E L. Therefore there exists some c E L such that a = ac. 

So 1 — c 6 r{a) C L. Hence 1 = ( 1 - C ) + C G L , a contradiction. Thus R/Z 

is reduced and hence by Lemma 4.5.5, R is strongly regular. 

(1) implies (4) and (1) implies (5) follows from Proposition 2.L15 and Lemma 

2.2.4. 

(5) imphes (3) and (4) imphes (2) follows from Proposition 3.2.1. D 

Corollary 4.5.7. ([20]) For a ring R, following conditions are equivalent: 

(1) R IS strongly regular. 

(2) R is a left SF-ring such that LOK — LK for all left ideal L, A" of R. 

(3) R is a right SF-ring such that Lf] K — LK for all left ideals L, K of 
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R. 

(4) Every maximal left ideal of R is p-mjective and LCi K = LK for all 

left ideals L, K of R. 

(5) Every maximal right ideal of R is p-injective and Lf\K = LK for all 

left ideals L, K of R. 

4.6 SF-rings and W-ideals 

In this section, we discuss the regularity of left SF-rings via W-ideals. 

Proposition 4.6.1. ([24], Proposition 2.4) If R is a ring whose every com­

plement left ideal is a W-ideal, then R/Z{iiR) is a reduced ring. 

Proof Suppose a ^ Z{piR) such that a^ e Z{RR). Then l{a) is not an 

essential left ideal of R. Thus there exists a non-zero left ideal L o[ R such 

that l{a) n L = 0. Let L' = L (1 l{a^). Then L' is a submodule of /(o^) 

Since a^ € Z{RR), l{a^) is an essential left ideal of R. So it follows that 

L' ^ 0. Now L' n l{a) = Lf] l{a^) n l{a) = 0. This shows that l{a) is not left 

essential in /(a^). Therefore there exists a non-zero left ideal / of R such that 

l{a) © / is essential in l{a^). Let /C be a complement of l{a) in R such that 

/ C K. Since / 7̂  0, we can take 0 7̂  6 e / . By hypothesis K is a W-ideal 

of R. Hence there exists some n > 0 such that 6" 7̂  0 and 6"/? C A'. Since 

6"a € A: n l{a) = 0, 6" e l{a) n / = 0 contradicting 6" ^ 0. Thus R/ZUR) 

is a reduced ring. D 

Similarly we can prove the followmg-
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Proposition 4.6.2. ([24], Proposition 2.5) If R is a ring whose every com­

plement right ideal is a W-ideal, then R/Z{Rrt) is a reduced ring. 

Proposition 4.6.3. ([24], Proposition 2.6) If R is left SF-nng whose every 

complement left ideal is a W-ideal, then R/Z{nR) is strongly regular. 

Proof. Follows from Corollary 4.1.2, Corollary 4.1.7 and Proposition 4.6.1. 

D 

We also have the following proposition: 

Proposition 4.6.4. / / R is a left SF-nng whose every complement right 

ideal is a W-ideal, then R/Z{R[{) is strongly regular. 

Proposition 4.6.5. ([24], Proposition 2.7) If R is a left SF-rmg whose every 

complement left ideal is a W-ideal, then R is left non-singular. 

Proof Suppose 0 ^ a G Z{RR). Let T = Z{nR) + r{a). If T ^ H, then there 

exists a maximal right ideal M oi R such that T C M. By Proposition 4.6.3 

R/Z{RR) is strongly regular and hence every one sided ideal of R/Z{RR) is 

an ideal. Thus M is an ideal of R. This means that there exists a maximal 

left ideal L oi R such that M C L. Since /? is a left 5F-ring, simple left 

R module R/L is flat. Smce a e T C L there exists some b e L such that 

a = ab. Therefore I - b e r{a) C L. But this yields 1 = [1 - b) + b e L, a 

contradiction. Therefore T = /?. So there exists some v € Z{RR), d e r{n) 

such that 1 = n + d. Then a = au which impHes a 6 l{l — u). Since 

l{u) nl{l-u) = 0 [if X e l{u) n 1{1 - u), then xu = 0 and x -- xu = 0. This 

implies x = 0] and u e Z{RR] it follows that ^(1 - n) = 0. Then a = 0 which 

is a contradiction. Therefore Z{nR) = 0. D 
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Theorem 4.6.6. ([24], Theorem 2.8) If R is a left SF-nng whose every 

complement left ideal is a W-ideal, then R is strongly regular. 

Proof. Follows from Proposition 4.6.3 and Proposition 4.6.5. D 

Remark 4.6.7. The theorem also follows from Lemma 4.5.5 and Proposition 

4.6.1. 

Proposition 4.6.8. ([24], Proposition 2.10) If R is a left SF-nng whose 

every complement right ideal is a W-ideal, then R is right non-smgular. 

Proof. Suppose 0 7̂  a G Z{RR) and T = Z{R[i) + r{a). liT^ R there exists 

a maximal right ideal K oi R such that T C K. Since R/Z{Rji) is left SF 

and reduced, R/Z{Rfi) is strongly regular. So K is an ideal of R. Therefore 

there exists a maximal left ideal L of R such that K C L. Then R is left 

SF implies R/L is flat. Since a € Z{Ra) C L there exists some 6 € L such 

that a — ab. So 1 — 6 £ r{a) C L and hence 1 G L. This contradicts that 

L^ R. Therefore T = R. Then 1 = u + d for some u 6 Z{RR), d 6 r{a). 

Then a = au. Then a(l - u) = 0. Then u e Z{RF() C J{R) implies a = 0. 

Thus Z{RR) = 0. D 

Theorem 4.6.9. ([24], Theorem 2.11) If R is a left SF-nng whose every 

complement right ideal is a W-ideal, then R is strongly regular. 

Proof. Follows from Proposition 4.6.4 and Proposition 4.6.8. D 

Remark 4.6.10. The theorem also follows from Lemma 4.5.5 and Proposi­

tion 4.6.2. 
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4.7 SF-rings and GW-ideals 

Here, the regularity of SF-rings via GW-ideals are discussed. 

Lemma 4.7.1. ([23]) If R is a left SF-nng whose maximal right ideals are 

GW-ideals, then B is strongly regular. 

Lemma 4.7.2. ([24], Lemma 3.2) If R is a left SF-ring whose maximal 

essential right ideals are GW-ideals, then J{RY — 0. 

Proof. Let a € J{R). Then there exists a right ideal K of R such that 

J{R)-\-r{a) © K is an essential right ideal of R. If J{R) + r[a) ®K ^ R, then 

there exists a maximal right ideal M of R such that J{R) + r{a) ® K C M. 

So M is an essential right ideal of R. We claim that R/soc{Rn) is strongly 

regular. Let Ahe& maximal right ideal of R/soc{Rfi). Then A — T/soc{Rrt) 

for some maximal right ideal T of R containing soc{Rrt). Then T is an 

essential right ideal of R and hence by hypothesis T is a GW-ideal of R. 

Thus A is a, GW-ideal of R/SOC{RR). Hence by Lemma 4.7.1, we conclude 

that R/soc{Rji) is strongly regular. As .sor(/?/j) C M, Af is an ideal of /?. 

Thus there exists a left ideal L of R such that J{R) + r{a) Q) K C M C L. 

Since R is left SF, the simple left R module R/L is flat. Since a e J{R) C L, 

there exists some b E L such that a = ab. So 1 — 6 6 r{a) C L. Then 1 G L 

which contradicts that L ^ R. Thus J{R) + r{a)®K — R. This implies there 

exists an idempotent e e R such that •/(/?) + r{n) = eR. Then v + d = e for 

some u e J{R), d € r(a). Therefore au = ae. Since u € J{R) C eR, there 

exists some x E R such that u — ex. Therefore eu = eex = ex — u and so 

aeu — ae. Therefore ae(l - u) = 0. As u G J{R), ae = 0. Then e 6 r{a). 
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Therefore J{R) C r{a), that is, aJ{R) = 0. Therefore J{R)^ = 0. D 

Lemma 4.7,3. ([24], Lemma 3.3) If R is a left SF-ring whose maximal 

essential right ideals are GW-ideals, then J{R) Q Z{Rii). 

Proof. By Lemma 4.7.2, J{Rf = 0. Suppose a G J{R) such that a ^ Z{Rn). 

Then there exists some 0 ^ 6 G /? such that r{a) (IbR = 0. Now b ^ J{R) 

[For if 6 € ./(/?), then ah e J(Rf = 0 which imphes b € r{a]. Therefore 

bR C r{a). Then bR n r(a) = bR ^ Q, a contradiction]. Therefore b ^ M 

for some maximal left ideal M of R. But a 6 J(/?) implies o6 € "'(^) ^ M. 

Since R is left S F , /?/M is flat. As ab e M, there exists some c e M such 

that a6 = aba. Thus a6(l - c) = 0. This implies 6(1 - c) 6 r(a) DbR = 0. 

Thus b = be E M, a contradiction. Hence J(/?) C Z{RR). O 

Corollary 4.7.4. If R is a left SF-nng whose maximal essential right ideals 

are GW-ideals, then J{R) = Z{RR). 

Proof. Follows from Lemma 4.4.3 and Lemma 4.7.3. D 

Remark 4.7.5. The corollary also follows from Lemma 4.4.4 and Lemma 

4.7.2. 

Proposition 4.7.6. ([24], Proposition 3.4) If R is a left SF-ring whose 

maximal essential right ideals are GW-ideals, then J{R) = 0. 

Proof. We have R/SOC{RR) is strongly regular by the proof of Lemma 4.7.2. 

Thus J{R/SOC(RR)) = 0 and so J{R) C SOC{RR). hei 0 ^ a e J(R). By 

Lemma 4.7.3, a e Z{RR). Hence a e J{R) C SOC{RR) C r{a) i- R. From 

the strong regularity of R/SOC{RR) we have that r{a) is an ideal of R. Hence 
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there exists some maximal left ideal L of R such that a & J{R) Q SOC{RR) C 

r{a) C L Since R is left SF, R/L is fiat As a G L there exists some 6 e L 

such that a = ab This shows that 1 — 6 € r{a) C M and hence 1 6 M, a 

contradiction Thus J{R) = 0 • 

Theorem 4.7.7. ([24], Theorem 3 7) If R is a left SF-nng whose maximal 

essential right ideals are GW-ideals, then R is regular 

Proof By Proposition 4 7 6, i? is semipnme By Corolarry 1 10 11, soc{rtR) = 

soc[Rii) = S (say) By Proposition 1 10 13, .9 is fully left idempotent Also 

R/S IS strongly regular implies R/S is fully left idempotent and R is an 

ERT Since R/S and S are fully left idempotent, R is fully left idempotent 

Therefore by Proposition 2 5 3, /? is regular D 

4.8 SF-rings and quasi-ideals 

In this section, we discuss some properties of quasi-ideals of a ring Also we 

investigate the regularity of SF-nngs via quasi-ideals 

Definition 4.8.1. An additive subgroup /I of a ring R is a quasi-ideal if 

ara,rar € A for all a € ^ and r e / ? 

Example 4.8.2. (1) Every ideal of a ring /? is a quasi-ideal 

Proposition 4.8.3. ([20], Proposition 12) A one sided ideal of a ring R is 

an ideal if and only if it is a quasi-ideal 

Proof Let L be a left ideal of R and assume that L is a quasi-ideal Let 

a E L and r e R Then (1 -I- r)a( l + r) e L, rat e L Also since L is a 
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left ideal, ra € L. Therefore ar = (1 + r)a{l + r) — a — ra — rar e L. This 

proves that L is an ideal of R. 

Converse is trivial. • 

Corollary 4.8.4. ([20], Corollary 13) For a nng R, the following conditions 

are equivalent: 

(1) R IS strongly regular. 

(2) R IS a left SF-ring such that the left annihilator of any element of R 

IS a quasi-ideal. 

(3) R IS a right SF-ring such that the right annihilator of any element of 

R IS quasi-ideal. 

(4) R is a left SF-ring whose every maximal left ideal is a quasi-ideal. 

(5) R is a right SF-nng whose every maximal right ideal is a quasi-ideal. 

Proof (1) implies (2), (3), (4) and (5) is trivial. 

(2) impies (1) and (3) implies (1) by Proposition 4.8.3 and Proposition 4.1.1. 

(4) implies (1) and (5) implies (1) by Proposition 4.8.3 and Theorem 4.2.10. 

D 

Lemma 4.8.5. ([26], Lemma 2.1) If L is a left (right) ideal of a ring R which 

contains an ideal I. If L is a quasi-ideal of R, then L/1 is a quasi-ideal of 

R/I. 

Proof. Let a £ L and r E R. Then ara 6 L and rar € L by L is a quasi-ideal 

oiR. Thus a r a + / 6 L/7 and rar + / € L/I. Thus (a + / ) ( r + /)(a + /) € L/I 
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and (r + / ) (a + I){r + I) e L/I for ell r e R and a € I . This shows that 

L/I is a quasi-ideal of R/I. • 

Lemma 4.8.6. ([26], Lemma 2.2) If R is a ring whose every maximal left 

(right) ideal is a quasi-ideal, then R/J is reduced, where J is the Jacobson 

radical of R. 

Proof. Suppose x ^ J such that x'^ G J. Then x ^ L for some maximal left 

ideal L oi R. So L + Rx = R, which imphes Lx + Rx^ = Rx. Therefore 

L + Lx + Rx^ = R. This imphes I + La- = /? by x^ G J C L. Therefore 

1 — rx € L for some r E L. Since L is a quasi-ideal and L is a left ideal, 

therefore 

X — xrx = x(l — rx) £ L, and xrx € L 

which implies x E L which contradicts x ^ L. This proves R/J is reduced. 

D 

Remark 4.8.7. The Lemma trivially follows from Proposition 4 2.1 and 

Proposition 4.8.3. 

Corollary 4.8.8. ([26], Corollary 2.3) A ring R is strongly regular if and only 

if R is a regular ring whose every maximal left (right) ideal is a quasi-ideal. 

Proof. This follows from the fact that a regular ring is semiprimitive and 

Proposition 2.L15 and Lemma 4.8.6. D 

Corollary 4.8.9. ([26], Corollary 2.4) A nng R is strongly regular if and 

only if R IS a left (right) quasi-duo regular ring. 

Proof. Follows from Proposition 4.8 3 and Corollary 4.8 8. D 
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Theorem 4.8.10. ([26], Theorem 3 1) The following conditions are equiva­

lent: 

(1) A ring R is strongly regular. 

(2) R IS a left SF-nng whose every maximal left ideal is a quasi-ideal. 

(3) R IS a right SF-nng whose every maximal right ideal is a quasi-ideal. 

Proof. (1) implies (2) and (1) implies (3) are obvious. 

(2) implies (1):- Let R = R/J. Then R is semiprimitive and hence reduced 

by Lemma 4.8.6. So R is strongly regular. Thus every maximal left ideal of 

R is an ideal and so every maximal left ideal of R is an ideal. Therefore R is 

strongly regular Thus (2) implies (1). 

(3) implies (1) can be proved similarly. D 

Remark 4.8.11. By Corollary 4.8.4, the theorem follows trivially. 

Proposition 4.8.12. ([26], Proposition 3.2) If R is a left SF-nng whose 

every maximal essential left ideal is a quasi-ideal, then R is semiprime. 

Proof Let S = SOC{RR). Let M be a maximal left ideal of R/S. Then 

M = M/I for some maximal left ideal 71/ of R such that S C M. Then 

M is an essential left ideal of R and hence a quasi-ideal of R. Therefore by 

Lemma 4.8.5, M is a quasi-ideal of R/f. Hence by Theorem 4.8.10, R/S is 

strongly regular. Therefore 

*:Every one sided ideal of R contaming S is an ideal 

Let 0 y^ X E R with xRx = 0. There exists a left ideal L oi R such that 

RxR © L is essential left ideal of R. Thus S C RxR © L. By xRx - 0 
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and RxRL C RxR n L = 0, we have RxR C r{x) and L C r{x). Therefore 

S C RxR © L C r(x). Hence by (*), r{x) is a left ideal of R. Since x ^ 

0, r(x) 7̂  R. Therefore there exists a maximal left ideal M of R such that 

/?a;i? © L C r{x) C M. Thus the simple left R- module R/M is flat Since 

X G RXRQ) L C Af, there exists ij e Af such that .r = ry. Then 1 - y G r(r) . 

Therefore 1 = (1 — y) + y € M, a contradiction. Hence x = 0 and R is 

semiprime. D 

Proposition 4.8.13. ([26], Proposition 3.3) If R is a left SF-ring whose 

every maximal essential right ideal is a quasi-ideal, then every one sided 

ideal of R containing Soc{Rfi) is an ideal. 

Proof. Follows from the proof of Proposition 4.8.12. D 

Theorem 4.8.14. ([26], Theorem 3.4) If R is a left SF-nng whose every 

maximal essential left ideal is a quasi-ideal, then R is regular. 

Proof. By Proposition 4.8.12, R is semiprime. Thus soc{Ra) — soc{iiR) — 

S{say). We have R/S is strongly regular (by the proof of Proposition 4.8.12). 

We claim that R is regular. Let x 6 /?, then there exists a left ideal L of R 

such that Rx © L is essential left ideal of R. Then S C Rx © L. As R/S 

is strongly regular, we have Rx © L is an ideal of R. Since R/S is strongly 

regular, there exists some y € R such that x — xyx 6 S. Since R is semiprime, 

S is fully right idempotent. Therefore we have 

X - xyx e (x - xy.r)R{.i - xyr)R = x{\ - yr)R{l - ry) vR C xRrR 

C x{Rx®L). 

Therefore x — xyx = x{sx + t) for some s E R. t € L. 
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Then x-xyx -xsx = xt Hence x-x{y + s)x = xt e LCiRx = 0. Therefore 

X = x{y + s)x and hence R is regular. • 

Definition 4.8.15. A ring R is normal or abehan if every idempotent of R 

is central. 

Example 4.8,16. Every commutative ring is normal. 

Definition 4.8.17. An idempotent element e of i? is left (right) semtcentral 

in Rif Re = eRe {eR — eRe). 

Example 4.8.18. Every central idempotent is left (right) semicentral 

Theorem 4.8.19. ([26], Theorem 3 5 ) ^ ring R ts strongly regular if and 

only if R IS a regular ring whose every idempotent is left (right) semicentral. 

Proof. Let /? be a regular ring whose every idempotents are left semicentral. 

Let a E R such that a^ = 0. Then there exists some b E R such that a = aba. 

So e = 6a is idempotent. Since e is left semicentral, we have 

a = ae =^ eae — baaba = ba ba = 0 

So n = 0. Therefore R is reduced and hence R is strongly regular. 

Converse is trivially true D 

Theorem 4.8.20. ([26], Theorem 3.6) The following conditions are equiva­

lent: 

(1) A nng R is strongly regular. 

(2) R is a left SF-ring whose every maximal essential left ideal is a quasi-

ideal and every idempotent element is left semicentral 
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(3) R IS a left SF-rmg whose every maximal essential right ideal is a quasi-

ideal and every idempotent element is left semicentral. 

Proof. (1) implies (2) and (1) implies (3) are obvious. 

(2) implies (1):- By Theorem 4.8.14, R is regular and then by Theorem 4.8.19, 

R is strongly regular. 

(3) implies (1):- We have R/Soc{Rn) is strongly regular and hence every one 

sided ideal of R containing Soc{Rji) is an ideal. Therefore every essential 

right ideal of R is an ideal. We claim that R is reduced. If not, then there 

exists 0 ^ a e R such that o^ = 0. Then r{a) ^ H. Let M be a right 

ideal of R such that r{a) © A/ is essential right ideal. Then r{a) ® M is an 

ideal of R. If r{a) ® M y^ R, then there exists a maximal left ideal Mo of 

R such that r{a) ® M C MQ. So the simple left /?-module R/Mo is fiat 

Since a^ = 0, a G r(a) © M C Mo, so there exists some b E MQ such that 

a = ah showing that 1 - 6 G r{a) C ^[Q. But this gives 1 e MQ which is a 

contradiction. Hence r{a) ® M = R. Then r{a) — r{e) for some idempotent 

e 7̂  0. Since idempotent elements are left semicentral, ae = eae = 0 as 

a G r{a) = r(e), ea = 0. So e G r{a) — r(e) which implies e = ê  = 0. 

This contradicts e 7̂  0. Thus R is reduced. Since a reduced left SF-ring is 

strongly regular we conclude that R is strongly regular. D 

Corollary 4.8.21. ([26], Corollary 3.7) The following are equivalent for a 

ring R: 

(1) R IS strongly regular. 

(2) R is a normal left SF-rmg whose every maximal essential left (right) 

ideal is a an ideal. 
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(3) R IS a left SF-ring whose every maximal essential left (right) ideal is 

an ideal and every idempotent element ts left semicentral. 

Theorem 4.8.22. ([26], Theorem 3.8) The following conditions are equiva­

lent for a nng R: 

(1) A nng R is strongly regular. 

(2) R IS a left SF-nng whose every maximal essential left ideal is a quasi-

ideal and every complement right ideal is an ideal. 

(3) R IS a left SF-nng whose every maximal essential nght ideal is a quasi-

ideal and every complement nght ideal is an ideal. 

Proof (1) implies (2) and (1) implies (3) are obvious. 

(2) implies (1):- By Proposition 4.8.12, R is semiprime. Therefore Soc{R[i) = 

SOC{RH) = S (say). By the proof of Proposition 4.8.12, R/S is strongly 

regular. Then every essential right ideal of R is an ideal. We claim that R 

is reduced. If not, then there exists 0 ^ a such that â  = 0. So there exists 

a non-zero right ideal K oi R such that r{a) © K is essential right ideal of 

R. Therefore r(a) e K is an ideal of R. Thus aK C K n r{a) = 0, K C 

r{a) n A' = 0. Thus r{a) is an essential right ideal of R which implies r{a) 

is an ideal of R. Since a ^ 0, r{a) ^ R. Thus there exists a maximal left 

ideal M of R such that r{a) CM. Then the simple left R module R/M is 

fiat. Since a G r{a) C M, there exists some b e M such that a = ab. Then 

1 — 6 e r{a) which implies 1 6 M, a contradiction. Thus R is reduced. Since 

a reduced left 5F-ring is strongly regular, we conclude that R is strongly 

regular. 
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(3) implies (1):- Since R is left SF. R/SOC{RR) is left SF ring. Also, every 

maximal right ideal of R/SOC{RR) is a quasi-ideal. Hence R/SOC{RR) is 

strongly regular. The remaining proof can be completed as in (2) implies 

(1). D 

Corollary 4.8.23. ([26], Corollary 3.9) R is strongly regular if and only if 

R is a left SF-nng whose every maximal essential left ideal is an ideal and 

every complement right ideal is an ideal. 

Theorem 4.8.24. ([26], Theorem 3.10) The following conditions are equiv­

alent: 

(1) A nng R is strongly regular. 

(2) R IS a left SF-ring and r{a) is a quasi-ideal for every 

ae {xe R: x'^ = 0} 

Proof. (1) implies (2) is obvious. 

(2) implies (1):- Let 0 ^ a 6 /? with a^ = 0. If Rr{a) 7̂  R, then there 

exists a maximal left ideal M oi R such that Rr{o) C M. Note that R is 

a left 5F-ring and a G r{a) C Rr{a) C M. So /?/M is flat and a = a6 for 

some b € M. This shows 1 - 6 6 r{a) C M. As 6 6 M, we get 1 e M, 

contradicting that M is a maximal left ideal of R. Thus Rr{a) = R. Hence 

1 — cd with c e R and d e r{a). Note that r{a) is a quasi-ideal. We have 

c = cdc e r(a). Thus I = cd e r{a). Then a = 0, contradicting a ^ 0. Thus 

R is reduced. Since a reduced left .S'F-ring is strongly regular, we conclude 

that R is strongly regular. D 
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4.9 More on SF-rings 

Here, some properties of a ring whose simple singular left (right) modules 

are flat are given. Regular rings with non-zero socle are studied. Some more 

properties related to SF-rings are discussed. 

Proposition 4.9.1. ([25], Proposition 2.4) If R is a right quasi-duo ring 

whose every simple singular left R module is flat, then R is reduced. 

Proof. Suppose 0 7̂  x G /? such that x^ = 0. Then r{x) 7̂  R. Therefore 

there exists a maximal right ideal K of R such that r{x) C K. By hypothesis, 

K is an ideal of R. Thus there exists a maximal left ideal L oi R such that 

K C L. If L is not an essential left ideal of i?, then there exists a non-zero 

left ideal A oi R such that L fi 4̂ = 0. So A = Re for some idempotent 

e 7̂  0. Then L = i?(l - e) = l{e). Note that x E r{x) Q K C L ^ /(e). 

Thus xe = 0. So e € r{x) C L = l{e.). So P = P^ = 0. This contradicts 

that e 7̂  0. So L is an essential left ideal of R. Therefore R/ L is a singular 

left R module [For ii x + L & R/L, then l{x + L) = {r E R : r{x + L) = L} 

= {r G R : rx E L} which is an essential left ideal of R. Thus Z{R{R/L)) = 

RjL]. Again R{R/L) is simple. Hence by hypothesis. R{RIL) flat. Thus 

there exists y E L such that x = xy. That is, 1 — y G r{x) C L. Hence 

1 = (1 — y) + T/GL which contradicts that M is a maximal left ideal. Thus 

R is reduced. D 

Proposition 4.9.2. ([25], Proposition 2.5) Let I he an ideal of R. If R is 

a ring whose every simple singular left R module is flat, then Rjl is a ring 

whose every simple singular left R/I modide is flat. 
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Proof. Let M be a maximal left ideal of R. Then there exists a maximal 

left ideal M of fi containing / such that JI = M/I. We claim that M is 

essential. If M is not essential, then there exists some 0 ^ x £ /? such that 

RxDM =^ 0. Since / C j \ / and x ^ M, it follows that I C Rxe I- Thus 

RxO I ^ 0. Hence M D {Rr (I) /) = Af fl (RT CD /) = / CD (M n R.r) = 0. 

It is a contradiction with M is an essential left ideal of R. Thus M is an 

essential left ideal of R. By supposition, the simple singular left R module 

R/M is flat. Note that HfM ~ R/M as left R module. Therefore 1 / M 

is flat as left R module. Therefore by Proposition 3.3.4, R/M is flat as R 

module. D 

Definition 4 .9.3. A ring R is said to satisfy the condition (SI) or R is said 

to be a ZI (zero insertive)-nng if for any x, y e R, xy = 0 imphes xRy = 0. 

Example 4.9.4. (1) Every commutative ring R satisfies (SI) 

(2) Every domain R satisfies (SI) 

Proposition 4.9.5. Every reduced ring is a ring satisfying (SI). 

Proof. Let R he a. reduced ring and x, y e R such that xy = 0. Then 

yx = 0. Let r E R. Then {xryY = {xry){xry) = xr{yx)ry = 0. 

So xry = 0, that is, xRy = 0. D 

Corollary 4.9.6. Every strongly regular ring satisfies (SI). 

Proposition 4.9.7. If R is a ring satisfying (SI), then the left (right) anm-

hilator of any element of R is an ideal of R. 

Proof. Let a E R and x E l{a). Then xa = 0. Since R satisfies (SI) 

xRa = 0, which implies xR C /(a). Thus l{a) is an ideal of R. D 
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Corollary 4.9.8. / / R is a left (right) SF-ring satisfying (SI), then R is 

von Neumann regular. 

Proposition 4.9.9. A ring R is strongly regular if and only if R is a normal 

regular ring. 

Proof. Let R is strongly regular, then R is reduced, regular ring. We know 

that in a reduced ring all the idempotents are central. So it follows that R 

is a normal regular ring. 

Conversely, if i? is a normal regular ring, then every principal left ideal 

of R is generated by a central idempotent. Thus it follows that R is strongly 

regular ring. D 

Proposition 4.9.10. If R is a ring satisfying (SI), then R is a normal ring. 

Proof. Let e be an idempotent in R and a E R. We have to prove that 

ea = ae. 

Now, ê  = e implies (e — l)e = 0. So (e — l)ae = 0 [ since /? is a ring 

satisfying (SI)] 

This implies, eae = ae. Again ê  = e implies e(e - 1) = 0. So it follows 

that ea{e — 1) = 0. That is, eae = ea. Therefore ea = ae. D 

Lemma 4.9.11. ([25], Lemma 3.1) The following conditions are equivalent: 

(1) A ring R is strongly regular. 

(2) R is a ring satisfying (SI) and every simple singular left R module is 

fiat. 
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(3) R is a ring satisfying (SI) and every simple singular right R module is 

flat. 

Proof. (1) implies (2) and (1) implies (3) are obvious. 

(2) implies (1) :- Suppose Rx + r{x) ^ R for some x E R. Now r(x) is 

an ideal of R.. Therefore there exists a maximal left ideal L of R such that 

Rx + r{x) C L. 

We claim that L is an essential left ideal of R. If not, then there exists an 

idempotent e ^ 0 such that L = l{e). Since x G Rx C L ~ /(e), xe = 0. 

Hence e e r(x) C L = /(e). Thus e = ê  = 0 which contradicts that 

e ^ 0. Thus /̂  is an essential left ideal of R and hence R./ L is a simple, 

singular left R module, and hence flat by hypothesis. Therefore there exists 

some y E L such that x = xy. This gives I ~ y E r{x) C L. This implies 

1 = (1 — y) + y e L, a contradiction. Hence Rx + r{x) = R for all x e R. 

This impUes R is strongly regular. 

(3) implies (1) can be proved similarly. D 

Corollary 4.9.12. ([25], Corollary 3.2) A ring R is strongly regular if and 

only if R is reduced ring whose every simple singular left (right) R module is 

flat. 

Proof Follows from Lemma 4.9.11 and Proposition 4.9.5. D 

Corollary 4.9.13. A ring R is strongly regular if and only if R is a right 

quasi-duo ring whose every simple, singular left R. module -is fl.ai. 

Proof. Follows from Proposition 4.9.1 and Corollary 4.9.12. D 
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Theorem 4.9.14. ([25], Theorem 3 4) The following conditions are equiva­

lent: 

(1) A nng R is strongly regular. 

(2) R is a nng whose every simple singular left R-module is flat and every 

maximal right ideal is a GW-ideal. 

Proof (1) implies (2) is obvious. 

(2) implies (1): Let R = R/J{R). Then R is semiprimitive. By Proposition 

4.9.2, R is a. ring whose every simple singular left R module is flat. Let M 

be a maximal right ideal of R. Then M = M/J{R) for some maximal right 

ideal M oi R By hypothesis, M is a GW ideal of R, and hence M is a GW 

ideal of R. 

Hence by Lemma 2.7.10, it follows that R is reduced. Therefore by Corollary 

4.9.12, it follows that R is strongly regular. Thus every maximal right ideal 

of R is an ideal. Hence by Corollary 4.9.12, R is strongly regular. D 

Corollary 4.9.15. ([25], Corollary 3.5) If R is a left SF-nng whose every 

maximal right ideal is a GW-ideal, then R is a strongly regular nng. 

Definition 4.9.16. A left /?-module M is MP-mjective if for any principal 

left ideal P of R, any left i?-monomorphism from P to M extends to a left 

/?-homomorphism from R to M. A ring R is left MP — injective if RR is 

MP — mjective. 

Example 4.9.17. Every p-injective module is MP-injective. 

Proposit ion 4.9.18. ([7], Proposition 3) Let R be an MP-mjective ring. 

Then 
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(1) Any left non-zero divisor element of R is right invertible. Consequently, 

every R module is divisible. 

(2) Z{ft,R) = J, the Jacobson radical of R. 

Proof. (1). Let c G H be a left non-zero divisor. Define / : Re —> R by 

f(rc) = r. Then / is W(41-defin(Hl foi if rr = r'(\ then r ~ i' G /(r) = 0, 

then r = r', that is, / ( r ) = f{r'). Also / is left /?-homomorphi&m. Also 

ke r / = {re | r = 0} = {0}. Thus / is a monomorphism. Since R is MP-

injective, / can be extended to a left /i-homomorphism g : R —> R. then 

1 = /(c) = g{c) — cg'(l) = cy for some y E R. Then c = eye. Consequently, 

if c is a left non-zero divisor, then r = rye imphes \ — cy = 0. So r is right 

invertible in R. Therefore M = cM for every left R module M and similarly 

every right R module is divisible. 

(2). Let Z = Z{R) and z & Z. For any a G -R, if u G ^(1 — za), then u = uza. 

So /?ti n l{za) = 0 [For if a: = yu 6 i?it D /(za). then 0 = yuza = yu = x]. 

This implies that Ru = 0. Therefore u = 0. Hence /(I — za) = 0. By (1) 

there exists some y £ R such that (1 - za)y — I. So z e J and therefore 

Z C J, Now suppose there exists some w E J such that iv ^ Z Then there 

exists a non-zero complement left ideal K such that L = /(u') © A" is an 

essential left ideal of R. For any 0 7̂  /c G A', fc ^ ^(f^), that is, Kw ^ 0 and 

if / : Rkw —> R be defined by f{rkw) = rA;, then / is v^^ell-defined for if 

rkw = r'kw, then (r/r - r'k)ui = 0. So (rk - r'/;') G /((/;) n K = 0. Therefore 

rk = r'k. Also / is a monomorphism. Since R is MP-injective, there exists 

a left i?-homomorphism g : R —> R which extends / . Hence k = /(A;u') = 

g{kw) = kwg{l) = kwd for some d e R. Since wd G J, (1 — M;(i)t' = 1 for 
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some V e R. This implies that k = k.l = k{l - wd)v = (k - kwd)v = 0, a 

contradiction. Therefore Z = J. • 

Definition 4.9.19. A left ideal / of a ring R is von Neximann regular if for 

every a E I, a E aRa 

Example 4.9.20. If /? is a von Neumann regular ring, then every left (right) 

ideal of R is von Neumann regular. 

Theorem 4.9.21. ([21], Theorem 1) The following conditions are equivalent 

for a nng R: 

(1) R IS left self-injective regular with non-zero socle. 

(2) R IS a right SF-nng containing a non-singular mjective maximal left 

ideal. 

(3) R contains an mjective maximal left ideal which is von Neumann reg­

ular. 

Proof. (1) implies (2):- Let 5 be a simple left ideal of R. Since R is regular, 

there exists some idempotent e such that S = Re. So there exists some 

maximal left ideal M of R such that M ® S ^ R. Since RR is injective, M is 

injective. Since R is regular, R is non-singular. So 71/ is non-singular. So R 

is right SF-ring containing a non-singular injective maximal left ideal. Thus 

(1) implies (2). 

(1) implies (3) follows from proof of (1) implies (2). 

(2) imphes (1):- Let M be a non-singular injective maximal left ideal of R. 

Then R = M Q U ior some minimal left ideal U of R. We prove that all 
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is injective. Let / ^̂^ 0 be a non-zero left ideal of R and / : / —> f/ be a 

non-zero left /?-homomorphism. Then 7 / k e r / ~ U. Since nU is projective, 

7 =̂  ker / © y for some left ideal V oi R such that RV ~ RU. Let 0 7̂  V G V. 

Let V = Rv. Suppose MV = 0. If M is not an ideal of R, then MR = R. 

So Mv = 0 implies Rv = 0 which implies v = 0, a contradiction. Thus 

M is an ideal of R. Since R is right SF, {R/M)R is flat. Therefore by 

Proposition 3.2.4, R{R/M) is injective. So RU is injective. Suppose MV ^ 0. 

Then there exists some 0 ^ w € V such that Mw ^ 0. Then V = /?«;. 

Combining the projection R —> Rxv with / , we get k : R —> U. If /i is 

the restriction of k to A/, then h{M) = k{M) and k{M) = /{hfu') ^ 0 

[otherwise Mw C k e r / n V = 0 which is a contradiction]. Thus h{M) = 

k{M) = f/ and h : M —> U yields M/kerh ~ U. Since /jL'̂  is projective, 

M ~ ker /i ® M/ ker /i. This yields RU is injective. In any case / extends to 

F : R —^ U. Therefore R = M Q U is left self-injective. Since R is right 

SF, Z{RR) C J{R) C M. Then i\/ is non-singular implies R is non-singular. 

Hence by Corollary 2.3.5, /? is semiprimitive and then by Corollary 2.3.8, R 

is regular. 

(3) implies (1):-Let M be an injective maximal left ideal of R which is von 

Neumann regular. Consider the case when M is an ideal of R. For any 

u E M there exists some c e R such that u = ucu. Now u E Mu [because 

uc e M] implies {R/M)R is flat. Then R{R/M) is injective. The proof of (2) 

imphes (1) shows that R must be left self-injective. Also if 0 7̂  t' € J{R), 

then D e M imphes v = vwv for some w e R. Then J(/?) contains a non-zero 

idempotent vw which is impossible. Therefore J{R) = 0. Hence (3) implies 

(!)• • 
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Proposition 4.9,22. ([21], Proposition 2) The following conditions are equiv­

alent for an ELT ring R: 

(1) R IS regular with non-zero socle. 

(2) R IS a right SF-ring containing ap — injective finitely generated max­

imal left ideal. 

Proof. (1) implies (2) is trivial. 

Assume (2). Suppose ZIRR) ^ 0. Then there exists some 0 ^ z E Z{iiR) 

such that z^ = 0. Let L be a maximal left ideal of R such that l{z) C L. 

Then R is an ELT ring implies L is an ideal of R. Since R is right SF, 

{R/L)ii is flat Therefore there exists some u E L such that z = uz. Then 

1 — uE l{z) C L. This implies 1 € L, a contradiction. Therefore Z{iiR) = 0. 

If M is a finitely generated p-injective maximal left ideal, then R — M®U 

for some minimal left ideal U oi R The proof of Theorem 4.9.21 shows 

that RU is p-injective and hence R is p-injective. By Proposition 4 9 18, 

J{R) = Z{RR) — 0. Thus R is semiprime. Hence SOC{RR) = SOC{RR) — S 

(say) and S is fully right idempotent. Again R is an ELT impUes R/S is 

left quasi-duo. Then, as R/S is left SF, R/S is strongly regular. Hence R/S 

is fully right idempotent. Thus R is fully right idempotent. Therefore R is 

regular by Proposition 2.5.3. D 

Proposition 4.9.23. ([28], Proposition 5) Let R be a ring such that every 

maximal left ideal is either an ideal of R or an mjective left R module. As­

sume for each maximal left ideal of R which is an ideal, {R/M)R IS flat 

Then R is either strongly regular or left self-injective regular with non-zero 

socle. 
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Proof. Suppose every maximal left ideal of R is an ideal and /(a) + Ra ^ R 

for some a E i?. Then there exists a maximal left ideal M of R such that 

/(a) + Ra C M. By hypothesis, [R/M)R is flat. Since a £ M, there exists 

some b E M such that a = ha. Then l - b e l{a) CM. Then 1 e M, a 

contradiction. Thus l{a) 4- Ra = ft for all a € /?. Then R. is strongly regular. 

Suppose, not all maximal left ideal of R is an ideal. Then by hypothesis, 

there exists an injective maximal left ideal A'̂  of R. Therefore there exists a 

minimal left ideal U such that R = N (BU. By the proof of Theorem 4.9.21, 

it follows that R is left self-injective. It remains to show that Z{nR) = 0. 

Suppose Z{fiR) 7̂  0. Then there exists some 0 ^ z E Z{ftR) such z^ ~ 0. 

Since l{z) ^ R, there exists a maximal left ideal K of R such that l{z) C K. 

Now K is not injective [For if K is injective, then /? = A' © L for some 

non-zero left ideal L. But this is impossible as K is essential since l{z) C /\ '] . 

Therefore by hypothesis, K is an ideal of R and {R/K)ii is flat. Since 

z E l{z) C K, there exists some y E K such that z = yz. This implies I E K 

which is a contradiction. Thus Z{fiR) = 0. Therefore R is left self-injective 

regular with non-zero socle. D 

Lemma 4.9.24. ([28], Lemma 7) The following conditions are equivalent for 

a ring R: 

(1) R is fully left idempotent. 

(2) R. is semiprime ring such that for every essential left ideal I, of R which 

is an ideal, (R/L)fi ?,s flat. 

Proof. Assume (1). Then J{R) = 0 which impHes R is semiprime. Let L be 

an essential left ideal of R which is an ideal. For any Q^tEL,tERt — 
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RtRt. Therefore t = dt for some d e RtR C L. Therefore t e Lt for every 

i e L which impUes that {R/L)ii is flat. Thus (1) impUes (2). 

Assume (2). For any a E R, set I = RaR + l{RaR). Then there exists a 

left ideal K oi R such that L = / 9 /<' is an essential left ideal of JR. Now 

RaRK C KnRaR. C K0 f ^ 0. Then K" C r{RaR). Since ff is semiprime, 

/(/?ai?) = r(ilai?) [If x G Z(/?a/?), then .T/?.a/? = 0. So [RaRxf = 0. As R is 

semiprime, RaRx — 0 and so x € r{RaR). So l{RaR) C r{RaR). Similarly 

r(/?a/?) C /(/i;ai?) ]. Therefore A' C l{RaR) C / . Then A' C A- n / = 0. 

Therefore / = L is an essential left ideal of R which is an ideal. By hypothesis, 

{R/J)R is flat. So as a G I, there exists some ?/, 6 J such that n = i/,a. If 

u = li; + c, ti) 6 /?ai?, c 6 l{RaR), then a == wa + ca = wa 6 {Ray. This 

proves that /? is fully left idempotent. D 

T h e o r e m 4.9.25. ([28], Theorem 10) The following conditions are equiva­

lent for a ring R: 

(1) R is strongly regular. 

(2) R is a ZI-ring whose sim.plr. left rn,odulcs are flat. 

Proof. (1) imphes (2) evidently. 

Assume (2). For any b e R, r{b) is an ideal of R. Suppose Rb-\-r{b) 4- ^ for 

some b e R. Then there exists a maximal left M of R such that Rb + r(5) C 

M. So R{R/M) is fiat. Asb e M, there exists some c e Af such that b = be. 

That is, 1 - c e r{b) C M. This implies 1 e M, a contradiction. Thus 

Rb-\-r{b) = R for all b e R. This implies R is von Neumann regular. Since R 

is a Z/-ring every idempotent is central. Therefore R strongly regular. D 
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Proposition 4.9.26. ([27], Proposition 4(1)) Let R be a right SF-ring. 

Then any left non-zero divisor is right invertible in R; Consequently R coin­

cides with its classical right (and left) quotient ring 

Proof. Let c E R such that l{c) = 0 and suppose cR y^ R. Let M be a 

maximal right ideal of R such that cR. C M. Then [RIM)R is flat. Since; 

c e cR C M, there exists some d £ M such that c = dc. So 1 — d 6 1(c) = 0. 

Therefore d = 1. This contradicts that M is a maximal right ideal of R. 

Therefore cR = R. So cu = I for some u E R. For any non-zero divisor 

c, c = cue and 1 — uc € r{c) = 0. Therefore uc = cu = 1. This proves 

that every non-zero divisor is invertible in R. Therefore R coincides with its 

classical right (left) quotient ring. D 

Proposition 4.9.27, ([27], Proposition 6) Let R be a right SF-ring which 

has a finite number of maximal right ideals whose product is contained in J, 

then Z = J — Q where Z = Z{fiR). 

Proof Let Mi, M 2 , . . . , M„ be maximal right ideals such that M1M2 . . . M„ C 

J. Let u 6 J. Then u e M„. Since R. is right 5 F , [R/Mn)R is flat. Thorn-

fore there exists some u„ G M„ such that u = UnU. Again u E M„^i and 

{R/Mn-i)R is flat. So there exists some Un-i G M„_i such that u = Un~\u. 

Therefore u = Un~iUnU. Proceeding in this manner we get u — U1U2 • • • UnU 

where MJ G Mi for each i = 1,2,. . . , ??. So U1U2 . . . M„ G M1M2 ... Mn C J. 

Therefore there exists some v G R. such that v{l ~ U1U2 ...'/,„) = I. Then 

u = lu = v{l — U1U2 • • • Un)u = 0. Therefore J = 0. Since R is right SF, 

Z C J. Thus Z = 0. D 
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Definition 4.9.28. A ring R is left (right) uniform ring if every non-zero 

left (right) ideal is essential. 

Example 4.9.29. Z is left (right) uniform ring. 

Theorem 4.9.30. ([7], Theorem 6) The following conditions are equivalent: 

(1) R is a division ring. 

(2) R IS a left uniform ring whose simple right modules are flat. 

Proof. (1) implies (2) is trivial. 

(2) imphes (1):- Let a ^ Z = Z{jiR). Then /(a) = 0 and if we suppose 

aR ^ R, let M be a maximal right ideal of R containing aR. So {R/M)ii 

is flat. Therefore there exists some b & M such that a = ha. This yields 

1 — 6 € l{a) = 0, that is, 6 = 1, which contradicts that M ^ R. This 

proves that every proper right ideal, in particular every maximal right ideal 

is contained in Z. Therefore Z is the unique maximal right ideal of R. R 

is therefore a local ring and Z = J is also the only maximal left ideal of R. 

Now suppose Z 7̂  0, then there exists 0 7̂  x e Z such that 2^ = 0 and since 

l[z) C Z (since Z is the unique maximal left ideal), {R/Z)n is flat, then 

z = uz for some u E Z. Then 1 - u e l{z) C Z. This implies 1 E Z, a 

contradiction. Therefore J = Z = 0. This proves (2) =» (1). D 

Proposition 4.9.31. If R is a right weakly regular ring, then R/ K is a flat 

left R- module for every two sided ideal K. 

Proof. Let x E K. Then xR = xRxR which implies that x = ^XTtXAt 

= x^TjXSj for some TJ. Ŝ  E R . Therefore x = xz where z = Yl,'^%'^^i ^ ^• 

Hence R{R/K) is flat. D 
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4.10 Some questions 

If SF-rings are necessarily regular, then SF-rings will satisfy the properties 

of regular rings. Hence we think of some of the questions as follows: 

(1) Is M„(/?) a left SF-ring if /? is a left SF-ring? 

(2) Is a left SF-ring semiprimitive? 

(3) Is a left SF-ring left or right non-singular? 

(4) Is a left SF-ring left or right weakly regular? 
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