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Abstract. An anisotropic cosmological model is investigated by solving Einstein’s field
equations in (i + 3)-dimensional spacetime with topology R! ® R* & T7 (R! is the real line
and T? is a two-dimensional torus). Through the process of Kaluze-Klein-type compacti-
fication on T2 and one-loop guantum corrections to a scalar field, an effective action for
(1 + 1)-dimensional gravity (with time-dependent gravitational constant Gy, as well as a
cosmelogical constant, A.) are obtained. |

PACS number: 9880

1. Introduction

Up until the past few years, the existence of gravity in (1 + 1)-dimensional spacetime
has not been accepted due to the triviality of general relativity in these dimengions.
Although Einstein’s equations do not have any dynamical content in two-dimensional
spacetime, many authors have shown very interesting features of (1 4+ 1)-dimensional
gravity during the last few years [1-3]. Furthermore, two-dimensional gravity has
important relationships with conformal ield theory [4], the Liouville model [1], random
lattice models [5] and non-linear sigma models [6-9]. Moreover, many interesting
implications have also been noted for these theories [10—~12].

Here, a different approach is adopted to get two-dimensional gravity via the usual
method of Kaluza-Klein theory employing the idea of spontaneous compactification
(13, 14]. Recently, this method was used by McGuigan [15] to get two-dimensional
gravity from (1 + 3)-dimensional theory having spatial topology S' ® T2, where S! is
a circle and T2 is the two-dimensional torus. In the present paper, an anisotropic
{1 + 3)-dimensional cosmological model is derived. This model has spatial topology
R' ® T2 The isometry group [U(1)]* acts transitively on the compact manifold 72
The number of Killing vectors corresponding to [U(1)]% is 2 as U(1) has only one
generator. The raximum number of Killing vectors in a Z-dimensional space is 3.
However, as T2 is isomorphic to [U(1)]?, it can admit only two Killing vectors. Hence
77 is homogeneous but not maximally symmetric. Kaluza—Klein-type compactification
is done on T2 As a result, (1 + 1)-dimensional gravity with a time-dependent back-
ground is obtained through one-loop quantum corrections to scalar fields. On adding
the contributions of these quantum corrections to two-dimensional gravity to the
dimensionally reduced two-dimensional gravity, one obtains an effective action for the
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same. Subsequently, a time-dependent effective gravitational constant and cosmological
constant are obtained.

The focus of this paper is first getting a (1 + 3)-dimensional anisotropic cosmological
model by sclving Einstein’s field equations exactly and second deriving a two-
dimensional effective action for gravity. The paper is organized as follows. Section 2
contains a sketch of the cosmological model and an exact solution of the Einstein field
equations for a background spacetime with topology R'® R* ® T?. Section 3 deals
with the dimensional reduction of gravity and scalar fields. One-loop quantum
corrections to a dimensionally reduced scalar field are computed in section 4. In
section 5, the time-dependence of the gravitational constant as well as cosmoiogical
constants are discussed.

Natural units #=c¢ =1 are used throughout the paper, where 4 and ¢ have their
usual meaning. A dot over a variable denotes the derivative with respect to a
dimensionless parameter T = t/tp, where ¢ is the cosmic limit and ¢, is the Planck time.

2. (1 + 3)-dimensional anisotropic cosmological model

The cosmological model having topology as R* x R! x T2 has the line-element
ds? = di? — a¥(1) dx? — b*(2)(p? dO% + pZ d83) @.n

where 0 < 8,, 8, < 2x, and p, and p, are physical radii of circles whose product is 7'%;
a(t) and b(t) are scale factors.
The energy—momentum tensor for the anisotropic fluid can be written as

T;zv = (8 + p)u,uuv - (5p + 5'17’)9;1» (22)

where u, v = 0, 1, 2, 3, 2 is the energy density, p is the pressure on one-dimensional space
RY, p' is the pressure on. 72 and ' = 1 — § with

5— 1 for p,v=0,1
o for uv=23.

Thus.
To=¢ Ti=-p T3=Ti=-7p. (2.3)
In the background geometry given by line element (2.1), Einstein’s field equations are
1 ab  (B\?
ZG6%=2_1 | = —4nGtE 24a
20T T (b) R (242)
ri=2 f) +5(5+ zé)z —4nGt3(p + & — 2p) (2.4b)
de \a a\a b
d {6\ bfa _b
RE=Ry=—|-|+=(=+2-|= —4nGti(s - 2.4
3 3 dt(b)+b(a+ b) nGtia(z — p) (2.4c)

where @ is the four-dimensional Newtonian gravitational constant and G¥ is the
Einstein tensor. Moreover, conservation of the energy momentum tensor 7%, =0
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implies that
. A . b’
imelda28) 4t mloo (2.5)
. a b a b

with the definition of T,, given by equation (2.2).
It is assumed that the physical quantities &, p and p’ obey the equations

(4 A2
TG+ 1R 4 5) P 2.62)
e=p'. (2.6b)

7 is the pressure on one-dimensional space R’ which was obtained absorbing

{1+ 721 + 2%
6% + 11f%%2 + 5

in p.

For the purpose of compactification to the effective two-dimensional gravity, a
suitable form of the scale factor &(t) is required. Firstly, it should be a decreasing function
of time and secondly it should be free from the ‘crack of doom’ singularity (the reason
for these conditions will be made clear in section 5). Keeping these requirements in
mind, one can take an ansatz for b(t) as

V()= f*+a 2.7)

where f is a non-zero real constant.
Putting b{(z) given above by equation (2.7) in equations (2.4b} and (2.4c), adding
these two equations and using conditions (2.6) one obtains

d /a a\?
HERERL =

which yields as a first integral

& = ¢ (constant). (2.9
Equation (2.9) is again integrated to

a=ct (2.10)

with the condition a(t = 0) = 0. The integration constant ¢ can be absorbed i a through
rescaling a — ca. Thus, one gets

a=rt. (21D
As a result, from equation (2.7)
b= f2 412 (2.12)

which is free from a ‘crack of doom” singularity because

lim b= f.

=0
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Using equations (2.6), (2.11) and (2.12) in (2.5), one gets, on integrating,

(1 +2/%%)

£=80W - (2.13)

where z,, is an arbitrary integration constant. Now inserting a(z) and b(z) from equations
(2.11) and (2.12) and ¢ from (2.13), one finds that the constraint (2.4a) is satisfied for
all time if ¢, is chosen as

1

- 214
AnGtg (214)

£y

G, being the Newtonian gravitational constant, is equal to My ? in natural units (M is
the Planck mass which is also equal to #; ! in natural units). Hence g, = Mg /4n. Now
one gets from equation (2.13)

ML+ 2%
= i (2.15)

Thus, it is found that equations (2.11) and (2.12) provide the exact solutions of Einstein’s
field equations (2.4).

3. Dimensional reduction
3.1. Gravity

The four-dimensional action for gravity is given as

S = —% G J d*x./—gPR® (3.1)

where G is the gravitational constant, g is the determinant of g,, and R is the Ricci
scalar with respect to g, for the four-dimensional theory.

For the sake of convenience, the metric tensor given by the line element (2.1) is
written as

:

_ {9 0
g"”_(o —bZ(r)g,,,,) G2

where g;; = diag(l, —a®) and g,,, (m, n = 2,3) is the metric tensor on T2 g,, may be
conformally transformed to §,, as

G = B0 = b%)(éf” 0 ) (33)
0 —Gmn

where §;; = diag(b™?, —a’h~?). So, on ignoring terms of total divergence and integrating
over 8, and 8,, one gets

1 - <o 20 (B2
Si(i)i(m} + S;z] - dzx z_gtz)b4|:R(2) — _ﬁ (_) j| (34)
P

162G b




Effective (1 + l)-dimensional cosmological model 2311

where

G

G2 =
4np, p,

(G@ is the two-dimensional gravitational constant and is a dimensionless number) and
§® is the determinant of ;.

To undo the earlier conformal transformation on §;;, another conformal trans-
formation may be employed:

gij= Ez("-’)g:'j- (3.3)
Under (3.5), the action (3.4) is rewritten as
1 2 (B)\? '
(2 4 (2} — _ v gbtl RO —Z {2
st 1= - ot (w2 (5] ”
where
1 b?
(2)(m) — 2
Siaa” =3 J $X 8 o

which is a contribution to matter fields, induced due to the compactification of
toroidal component of space.

3.2. Scalar fields

In the background geometry, the existence of some scalar fields ¢ with bare mass my
is assumed. The action for ¢ is given as

1
S = 2 Idlx df, 6, p, poab[g*°6,$*0,¢ — (ERY + mg)$*¢]  (3.7)

where £ is non-minimal coupling constant, which is equal to £ in four-dimensional space
for conformal scalar fields (for which my = 0). R®® in equation (3.7) is given as

d(b\ bfa _b
ROE=RD L2l — ( 2V {24220, 38
i {dz(b)+b(a+ b)} ¢

On the spacetime, with topology R* ® R' ® T2, ¢ can be decomposed as

w0 2
¢ =[2nYp,p:6* 172 Y Gt %) exp[i )3 oyt ) y;] (39)
niM2= =0 j=1 J

where « = 0(3) for untwisted (twisted) fields [[16]. The reason for the untwisted (twisted)
fields in the non-simply connected pature of internal manifold 72 which is the product
of two circles. Untwisted fields are periodic in y, whereas twisted fields are anti-periodic
in y. Here y, = p,8, and y, = p,0,. Later on, only untwisted fields will be considered.

Now, substituting the decomposed form of ¢ given by equation (3.9) in the
four-dimensional action (3.7) and integrating over T?, one gets the two-dimensional
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action for the scalar field as

.
s@ = —L T | dtxags, 10D 4 ERD 4+ m2, Tun (3.10)
nHa= =0
where
2?! 2 s nz nz
My = 1 + (—) ) (4 + —2) (3.112)
i b n1.H2= — 0 p% p%
with

d{p\ bfa b
mE = mi + 2&;2{(?: (E) + %(;-1 + 2%)}. (3.11b)

4. One-loop quantum corrections to ¢, ..
For one-loop quantum corrections to the field ¢,,,, the operator regularization method
[17] (which is, in some sense, an extension of zeta-function regularization) is empioyed.
This method is 2 convenient tool for regularization in curved spaces as it leads to finite
results withkout renormalization.

@, 13 2 dimensionally reduced two-dimensional scalar field; hence the significant
contribution of one-loop corrections can be found only up to second order in the
adiabatic limit. Now, the effective action is

0 d “2 5 m2 1
I =S§+ —[( ) fdzx a{ﬂ +|(=—¢&R® (4.1)
nl‘,,zguw ds{ \mZ,, s—1 \6 N
To evaluate the summation, the generalized {p-function is defined as [18]
) n?. nl nz -p
(p(p) = (—’+—"+---+—") : (4.2)
i m.,.z...;,ﬁ ~o \P} P} Ph
The properties of the {-function lead to the result
fp(—#) =10 (4.3)

for any even or odd integer r. This result can be easily checked for D = 1,2 and can
be proved for arbitrary D by induction. Now, using equations (4.2) and (4.3)

o o0

Lo ) Tt=  F @
15 (1— sy (21:)2" N mser
Lo ni\p) SN
= (m3)' . (4.92)
Also, similarly
Y (mi,) =) (4.4b)

2= — 0 :
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as

o0

Y =[O =1

Nynz=—om

Actually £(0) (Riemann-zeta function for zero argument) is divergent; however by
employing the method of analytic continuation a fipite value of {{0) (which is equal to
—1) can be obtained.

Thus, using equations (4.4) in equation (4.1) on¢ obtains

SRR
r=sl\m d”(—l) )5

2
=S& + szx ali(—ﬁ- - f) In— R‘z’ wa — M3 In ‘lf—z} : (4.5)
L

Thus, one finds from equation (4.5) the one-loop correction to ¢, ,, contributes to
gravity yielding induced terms given as J19]

1 1 w? |
—— In — .
162G} (6 é) N (4.62)
and
Aind e =2 ~ 2 #2

5. Fundamental constants

Adding to the contribution of one-loop quantum corrections to gravity from the effective
action (4.5), an effective action for gravity is obtained as :

b? 1
Stzle = - | g2 _ +( )l }thr

+ {mo + i In ,u_z}j| (5.1)

mo

S0, {from action (5.1} one obtains [20]

1 B2 | Ts
16nG2 T 162G i (i - —6_) o2 (5:22)

where G2 is the effective two-dimensional gravitational constant which is time-
dependent. The effective time-dependent cosmological constant is given as

1 2
A“fz - { M2 + i3 In “—} (5.2b)
16rGE 2 g

Using equation (2.13} for b(r) in equation (5.22), one gets

1 12 AT
162G~ 1620D (“f - 6) In (5.20)
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where,

y 4 ?
m?, = mcz, + mp}—zgz—) (52d)

So, at late times, one finds that

2 2
1 = S — [ & — 1) 1n -‘u—.
162G2  16nG? 6/ m§
Now if f =0, G§! — 0 in the case 4 — mj. To avoid this problem, f is assumed
non-zero. It is better to determine the actual value of f; this can be done by going back

to the four-dlmensmnai gravitational comstant on mulitiplying (5.2a) or (5.2c) by
(4n®p,p,)” " according to equation (3.4). Thus one obtains

2
L ¥ L e=-h (5:3)
167G, 162G 4n?p,p, M3

At late times, one gets from (5.3a)

1 1
— 5.4
167 Geff 16 G ( }

on taking u? =ml. At late times G, is supposed to be equal to the Newtonian
gravitational constant G. So, according 10 equation (5.4)

ff=1. (5.5)
If ¢ is conformal ie. ¢ = &, from equations (5.2¢), (5.2d) and (5.5)
TZG(ZJ
GGl = - - (5.6)
and
BnG(ZJ

eff =

2 2
m[rm,x’(l + 172 + §M§ + {m%rz(l + 1% + EMS}

) ] 57)
2MZ + 3miti(1 + 19) '
showing that lim,, , A = 0, in case y? = md.
If ¢ is a non-conformal field, ¢ # &, and from equations (5.2)

4§M2 3 4EME }‘1
[mo + 2)] Inep {no + ——-—-——-12(1 P 3

1412 Y IREE
2l =+~ 2 | Iop{md + -t
[1631(3‘2’ (ﬁ 6) # {m" 1:2(1+1:2)} }

m A 87G%my  _ 2Mp?m]
T=+co e 1 + 16'5(.;-(2)(5 - é) PP + 4M1;— 2(5 - _é)

Acﬁ' =

showing that
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in the case p® = mZ. Thus, it is found that A, asymptotically approaches extremely
small values at late times (in the case y®> = m32) when & # &.

Thus, here (1 + 1)-dimensional gravity is obtained through Kaluza-Klein type
compactification.
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