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CHAPTER ONE

Introduction



1.1 Tne double sampling

One of the most important developments in samp-
ling theory, which has wide scope of applicabilityrin
various statistical enquiries and investigations, has
been to study the various possible ways of utilizi;g
auxiliary information for estimating a finite popula-
tion parameter. There exist number of sampling techni-
ques, wherein availability of advance information on
one or more auxiliary variables leads to greater pre-
cision, To name a few, ratio and regression estimates
require a knowledge of the population mean X, If it is
desired to stratify the population according to the va-
lues of Xi9 their frequency distribution must be known.
However, when such information is lacking it is some-
tizes relatively 4inexpensive to\take a large prelimi-
nary saople in which the auxiliary variable X aloné is
cneasured, The purpose of this sample is to furnish a
good estimate of X, the population meanAX or the fre-
quency distriopution of X. This technique is known as

double sazpling or two-phase sampling.

1.2 Double sampling for regression estimation

In some applications of double sampling the auxi-
liary variate Xy has been used to make a regression esti-
mate of Y. In the first (large) sample of size n', we

measure oanly Xy in the second a sub sample of size n,



we measure both x; and y,. The estimate of Y is
ylr =y + b (X' - X)

wrere X', X are the means of X; in the first and second

sample, Yy is the mean of yg and b isAtpe least squares

regression coefficient of Y3 on Xy, computed from the

1
second sazmple. Assuming random sampling and % and o

negligible with respect to 1,

v(ylr) = n M n? - Tg

[From Cochran (1977)]

Royafl (1970) considered the problems of estimating to-
tals in finite populations, when auxiliary information

regarding variate values is available, under some linear
regressicn, ‘'super population' models, Optimal strater-

gies involving linear estimators are derived under cer-

tain variance assumptions and compared under various

assuzptions,

Searls (1964) after utilising prior information
about the cocefficient of variation of the character
unaer study, suggested an estimator for the population
mean wnhich has smaller mean square error than the con-
" ventional unbiased estimator, in case of simple random

sampling with replacement.,



Das and Tripathi (1980) have suggested an esti-
mator sinmilar to one suggested by Searls (1964) which
is based on the prior knowledge of the coefficient of
murtosis of the character under study or 1its guess va-
lue obtained from the past experilence and have'shown
tnat tneir estimator under symmetrical population model
with SRSWOR is superior to the Searls (1964) estimator
if the value of coefficient of kurtosis lies within

certain limits,

Bedi and Hajela (1984) have attempted to improve
over Searls estimator after utilizing the information
about t~e auxiliary variate at the estimation stage by

making use of (i) SRSWOR and (ii) Two-phase sampling.

e find an early note on double sampling by Bose'
(1943). She discussed there that the sample mean value
of the character Y as an estimate of the population
mean value can be estimated with some margin of error
from the knowledge of a secon& character X provided
there 1is significant correlation between the two cha-
racters X ard Y, This problem was looked upon as a
procedure of double sampling involving (1) the estima-
tion of the regression equati;;-;;om\thé‘first or ‘'ex-
ploratory stage' of sampling and (2) the estimation of
tne mean value of the character X from the second or

'survey stage',

Tripathi (1969) presented a regression type esti-
mator for Y in pps wr sampling when information on Z is

readily available and the population total of a charac-



ter X is ¥nown. Also he (1970, 1973) developed a unified
technique of double sampling for regression method of
estimation and extended the above results to the situa-

tions:

(a) inforzation on Z is available but population total

of X is not known, and

(b) neitner the information on Z is readily available

nor the population total of X is known.

Tachane (1952) considered the problem of hypothe-
s1s testing using regression estimator in double sampling.
Test procedures are provided when the covariance matrix
vetween the primary and auxiliary variables is either
partially known or completely unknown. For the latter

case a new LéEBt&HtiZQE) version of the regression esti-

nator is proposed as a test statistic. The exact null
distrioution of this statistic is derived in a special
case. Knatri, Bhargava and Shah (1974) also derived the
exact distribution of a certain 'studentized' version
of the regression estimator, However, the exact distri-
bution derived by Khatri et al is very complicated and

depenas on/f> y the correlation coefficient between X

and Y,

1.3 Double sampling for ratio estimation

If the first sample is used to obtain X' as an

estimate of ¥ in a ratio estimate of ¥, the estimator



of Y is

7R
and
- 1 2 &2
V(Tg) = 5 (5 - 2 RS, + RES))

2, 5%
2
, (2R S -R°S) - 1}

+

eI

[ From Cochran (1977)]

Rao (1975) has suggested three unbiased ratio estima-
tors of the Hartley - Ross (%954) type for the case in
which samples at the two phases are drawn without re-
placezent and irdependent of each other. The estimators

are formed by estimating the population mean of the auxi-

liary characteristic by the mean of the ;iréf sémple.§1,
the m2an of the distinct units in the two samples §w and

by pooling the means of the two samples

*

X = a§1 + bx, a + b = 1

They are as follows :
t=r (;1- X))+ M(Yy -TX)+ ¥

where

Ty = yi/xi y, T = Zri/n an‘d' M= (N - n)/N(n-1)



E T (R, R M -FR) 4T

w

wnere M = (w - n)/w(n - 1)

t* s T (X =X)+ aM(Yy~-=TX)+Y

It is shown that the latter two methods result in
gains in efficiency for the ratio estimator, Sizes of the

population and samples are considered to be finite.

Sukhatme (1962) also constructed a Hartley-Ross (1954)

type of estimator and compared it with the classical es-

timator.,

Rao (1972) dealing with one auxiliary variable has
sdggésted‘two estimates i.e. X (the best linear combina-
tion of the two independent samﬁiggjhapd ;Q (mean based
oﬁ w distinct units in two independent samples) for X. He
has further shown that the efficiency of the regression

estimator of Y will increase when X is estimated by iw

—-—t
instead of x or x'.

Rao (197%3 proposed modified ratio estimators for the
case 1in which the first - and second - phase samples are
drawn without replacement and independent of each other,

Tney are given as follows:

r,=(y /X)X,

and = (y/ )%



wnere ;w is the mean of the w distinct units in the two
- - — !
independent sanmples and x = (ax1 + bx), a+ b =1, X4

X being the means of first and second samples respectively.

Conditions for these estimators being more efficient
tnan the classical estimators were investigated. Two me-
tnods for evaluating the.expectation of the reciprocal of

tne nuzber of distinct units we}e also presented.,

Rao (1981) presented nine two-phase ratio estimators
for the mean of a finite population, Assuming a linear
codel, exact expressions for their biases and mean squared
errors are derived., Then the nine estimators are compared
as to bias and mean squared error. The list of estimators
includes the Jack knife estimator and four modifications;
two of the proposed modifications are 'implemented by first
expressing the clasgical estimator in the form of a regres-

sion estimator,

Srivastava (1970) considered a two-phase sampling
estimator of the ratio-type for estimating the mean ¥
of a finite population, where the value of F’Cy/Cx can
be guessed or estimated in advance. Here Cy and Cx denote
respectively the coefficients of variation of the charac-
teristic under study, Y, and the auxiliary characteristic
L and P denotes the coefficient of correlation between Y
and X, when the value of F>Cy/cx is guessed or estimated
exactly, the estimator has a smaller large-sample variance
coxnpared with either an'ordinary ratio or, linear regres-

5100 estimagtor in two-phase sampling in the case where



the first-phase sample is drawn independently from the
second-phase sample., If the sample at the second phase
1s a subsazple of the first~p?ase sample, the estimator
has variance equalxto that of. the linear regression
estinator., The largest value of the difference between
tne assumed value and the actual value of F’Cy/Cx has
been obtained so as not to result in the variance of
tre estixator being larger than the variances of either

an ordinary ratio estimator or an ordinary linear re-

gression estimator,

Singh (1582) has proposed generalized estimators
for tne estization of ratio and product of population
parazeters, of which the estimators given by Singh
(1955) are special cases. Following are the proposed

generalized estimators in double sampling for estimating

f}eand‘ID

Q Mr‘*
Le R, = R

o 3q ° £ (u) and

s A
3q = P £ (u)

T>

respectively, where

., 'N)(l

u =

I

and f(u) is a function of u such that £(1) = 1, satis-

fying tne following conditions:

\

1. v/hatever be the sample chosen, u assumes values in

a bounded, closed interval I of the real line con-



taining the point unity.
2. In I, the function f(uj is continuous and bounded.

3. The first, second and third partial derivatives of

f(u) exist and are continuous and bounded in TI.

Bias and mean square error of the proposed esti-
mators were found and a comparative study has been made
witn the double sampling estimators considered by Singh

(1955).

The regression estimator and the ratio estimator
are coz:.only used in survey practice. In{the pas?’more
attention nhas been given to the ratio estimator because
of its computational ease and applicability for general
sazpling design., The ratic estimator is appropriate for
pooulations whose regression line passes close to the
origin., If the intercept of the regression line 18 sig-
nilicantly non zero, however, it is much less efficient
than the regression estimator (Deng 1984), In general,
aparf ir~o n"2 terms:‘the me;h squared error of the
forzer is bigger than the latter (Cochran 1977. p.196).
Given trne present computing capacity, the computational
advantage of the ratio estimator should be less of a
corncern and the regression estimator will gain wider
popularity., Deng and Wu (1987) provided a theoritical

and empirical comparison cf several variance estimators

for tne regression estimator in simple random sampling

without replacement. Under comparison are several design-
ot )

based d -~ -

pesec anc nodel-based estimators and a new class esti

——— . T e T e e T ———_
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mators., Their second-order expressions and biases are

derived and compared.

1.4 Double sampling for two auxiliary variables

Kiregyera (1980) proposed a chain ratio-type
estimator using two auxiliary variables in double sam-
pling. The performance of the constructed estimator was
compared with the simple mean, ratio type estimate based
on doudble sampling and with ratio type estimator given
by Cnand (1975).

Kiregyera (1984) used two--auxiliary variables
x and 2 to construct two regression-tyﬁe estimators for

tne population mean of the study variable Y,

Ratio-in-Regression Estimator

X, -
.3 n' - _ =
t21r = Ypt B [ = 2y an
Zn'

wnere b2 1s the estimate of the regression coefficient

of y on x,

The approximate expressions for bias and MSE

t

of tzlr to 0(1/n) and for N large are as follows :

oy = 1 1
Bres (t,9.) = ¥y « [H'dz T O<3]



o =2 [ 1
HSE () = Wy [ %ut & °‘5]

where

I
'

= C410 / C200

5 = Cx00 / Co00 = €210 / G110

A}
]

L5 = Coq0 7/ Caq0 = €191/ €410 = C300 / €200

\

-C

*+ Co01 7/ €00 * Coo2 ~ G101

2
% = Co20 = %340 7/ Co00

2

g =%y (€330 Coo2 / C200 = 2 €110 Cot1)

\5 1

= £\T - 1S = 4t
E (xg- X0 (v~ yy)~ (z4- 2y)
rst —r =5 =t

N YN 2N

r :;,O, s >0, t >0

Resression-in-Regression Estimator

Y227 2 Yn * P [(xn" x,) = by (z,- zN)j

where b1 is tne estimate of the-regression coefficient

of x on z.



The approximate expressions for bias and MSE of

t to 0(1/n) and for large N are :

25R

- 1

S
Q

e =2
MSE (tzaa) = Yq [

where

nt=-n
n nv

g =Cio1 / Co02

%g = Coo3 / Ca00 * C201 / C200 = o012 / Coo1 = €102 / C1o

The efficiency of the proposed estimators is inves-
tigated under a super-population model. A numerical study
is done to cemonstrate the practical use of different

estixzation forzulae and emprically demonstrate the per-

forzance of the constructed estimators,

Singh (1684) studied the various modes of sampling
in double-sazpling with two auxiliary characters and exa-
mined the efficiency of these selection procedures when
tw2> auxiliary variables are used. The three possible sam-

pling scnexzes considered are

1. A preliminary sample of size n' i{s selected by SRSWOR

for observing the auxiliary characters X4 X5 and a



spaller sub-sample of size n fér\observing y 1s

sellected from n'.

2., The preliminary sample is selected as in 1 above but

the smaller of a size n is selected independently.

3, #any times the auxiliary information may be collected
by two different agencies and hence two independent
preliminary samples of size n; and n; are selected
for observing xy and X, and the small sample of size

n is also selected independently from the population
by SRSWOR.

Mukherjee, Rao and Vijayan (1987) have considered
a practical situation where information on two auxiliary
variatles related to the study variable\is available at
different levels. Following Kiregyera (1980, 1984) they
studied several estimators and compared them under mean
sguare error criterion. They have also extended these

results to the case when multiple auxiliary information

ia availatle.

1.5 Double sampling for multiple auxiliary variables

Double sampling with regression has been extended
by Xnan and Tripathi (1967) to the case where p auxilia-
ry X variables are measured in the second sample, Y being
estimated by the multiple. linear regression of Y on these
variables. With the second sample a random subsample of

the first and with multivariate normality assumed for Y



and the X's, the extension for p j> 1 gives for the ave~

rage variance

2
s2 (1 - R®) S

R%s2
v (er) = n [1 + nt (n-p - 2)] *' —ﬁ

where R is the multiple correlation coefficient between

Y and the X's.

Tripathi (1968)‘has proposed multivariate ratio and
diZference estimators whern information on Z is readily
availlable and tie ponulation totals (X{, X2 Cees sy Xp)
are known. Further the author (1976) considered the pro-
blem of estimating the population total of Y, in case the
units are to be selected with pps wr and the information
on yet a p-dimensional vector X = (X5, «eeuu, Xp) of aux-
iliary characters is to be used to form multivariate dif-
ference-tyre and ratio-type eétimators. A general double
sampling scheme 1is developed for multivariate difference
and ratio-type estimators and then the general results
are used to derivé mean and mean square érrors of these

estimators in two particular sampling schemes.

(i) Tirst sazple is a PPSWR sample but second a SRSWOR
(tne situation where information on the selection

varisble z is available but X is unknown) and

(ii) first sample is a SRSWOR but second a PPSWR (the
situation where information on neither of Z and X
~S

is available) taking motivation from Raj (1964, 1965)
and Singh and Singh (1965).
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\
Expressions for optimum sizes of first phase and
second pnase samples and the resulting optimum mean square
errors are obtained and comparision of the proposed es-

tizators is made with other estimators,
o. qenenalized
Srivastava (1981) has proposedktwo-phase sampling

estirator. It nas been shown that the asymptotic minimum

variance for any estimator of the class 1s equal to that

0

f the conventional linear regression estimator for the

@]
o

se ¢f two-phase sampling when the second phase sample
1s a2 sutsanple of the first phase sample. For the case
mi.01 tne two saxzples are drawn independently, an expla-
nation is given for the lower value of the minimum va-
riance of the proposed class of estimators than that of
tne conventional linear regression estimator, as also

ovtairned by Srivastava (1970) and Gupta (1978).

ted multivariate regression estimator and generalized

two-phase estimator have smaller mean square error than
the corresponding usual multivariate regression estimator

and Srivastava's (12881) estimator. When the coefficients

of tne prososec estimators are estimated, expected mean

shuzre error under a suitable model are also derived.
Singh and Namjoshi (1988) proposed a class of mul-
tivariate regression estimators in two-phase sampling

for estimating population mean Y of the study character

Y. Tne exact expression for its mean squared error (MSE)

'022(%6971



is obtzined and optimum estimator of the class 1is also
investigated. It is shown that the minimum MSE of the
proposed class is smaller than the one reported by

Jedi (1985).

Tripathi (1988) gives a general theory of dou-
blé samnpling for estimating a'parameter eo utilising
trne inforcation on a suppleméﬁtary parameter 91, ob-
~tazined inexpensively through a preliminary large sam-

nle. A wide class of estimators is discussed, an asym-

o

ptotically optimum subclass is identified and the es-
tizators based on two phase sampling are compared, with
usual unbiased estimator of O‘y2 in case of single
phase sazpling, under a linear cost function., In parti-

cular the results are derived for bivariate normal

sogulations,

Tripathi (13989) obtained a ciass of estimators,
vased on general double éampling schemes for estimating
tiie population mean Y in case information on an auxi-
liary character X, expected to increase precision of
estization, is not available a priori. It is shown
tnzt tne asuzl ratio, regression and product estima-
tors in double sampling may always be improved in case
sorrelation between Y and X° is appreciable and/or

sarginal cdistribution of X is skewed,

.

i .5 Dounle sanpling for stratification

Let the first sample be a random sample be’ of



size n', Let

wh = “h / 1i = proportion of population faliling in

stratum h,

PR A4 / n = proportion of first sample falling in
{

stratum h.:

Then o {s an unbiased estiwate of wh

Tne second-sample is a stratified random sample
of size n in which the Yyy 8Te measured: ny, units are
drawn from stratum h, Usually the second sample in stra-
tun h is a random subsample from the nﬁ in the s’tratum°
The objective of the first sample is to estimate the
strata weights; that of the second sample is to estimate

the strata means Yh.

The population mean Y = Zw Y. . As an estimate we use
h™h

L
yst=h§1whyh

and

L 2 '

W, S n

= 2,01 1 h “h h
\](]St)-S(n,-'ﬁ)-# Z ‘_Tﬁj:“'('n_h--“)

h = 14

2 . . . )
where S is the population variance

[:From Cochran (1977)]



Singh and Singh (1965) discussed about double
sampling for stratification. Suppose a population of
size M1 is to be stratified according to the values of
an auxiliary variable X, but the frequency disﬁribution

OJ‘

{ is unknown. A large sample s(n') of size n' was
tuken by sicple random sampling without replacement and
only X was observed. The selected units were classified
into L strata according to X. Let ng denote the number
of units in s(n') falling into stratum h (h = 1, ...L;
jz_ng = n'). A subsample s (nh) of size Ah is drawn
frox s(né) by simple random sawmpling without replace-

ment independently for each h, and the character of in-

terest y is observed.

Furtner, Singh and Singh (1965) pointed out that
n, is bounded above by- the random variable ny, which

varies from O to min.(n', Nh)’ where N, is the total

h
nuzcer of units in stratum h. They proposed three pro-

codures wnich are free of inconsistency :

(i) the s(nh) are selected with replacement, and all

nits are used in the estimators;

(ii) as in (i), Yut with only distinct units used;

(iii) sub-sacwpling is without replacement, the size

veing min (ng, nh).

Rao (1673) proposed a simple method of double
sampling for stratification and-the-classical non-
response tnheory is obtained as a speciél case, The me-

tnod leads to simple‘solutions for the optimal design

18



of analytical surveys involving comparison of group

means, when the groups are not identifiable in advance.

1,7 Otrer uses of double sampling

Raj (1984) suggested the use of double sampling
for pps estization. He considered the problem of selec~
ting tne saople with probability proportional to X, but
inforration on X is not available. This information was
then collected from an initial sample (simple random)
of size n' froo which a sub-sample of size n is selec-
tea w1tn replacement with pp to x. He also considered
the situation when the first sample is used solely for
X. Trnen an independent sample of size n 1is selected
with pps using a procedure due to Lahiri (1951), in

whicn it is not necessary to know X.

Sedransk (1965) has broposed a double sampling
scheze in analytical sample surveys. It was assumed
tnat the sub groups of the population which are to be
compared form a one-way classification, and are not

identifiable in advance of drawing a simple random

S

o

a%le I:rom tre population. wWith double sampling, a

—
[$]

rge sazple is selected, and the group to which each
element belongs is identified. Then_a sub-sample is
selected within each of the groups accdrding to a sam-
oling rule specified }n advance., Those values of the
prelicinary and main sample sizes were considered which

wlll makimise some precision statement subject to a

19



ziven budget. He also gave approximate procedures to
secure quick and reliable solutions. The validity of

the approximations are also investigated.

of
The applicationkdouble sampling i1s also being

made in successive sampling on two occasions by Sen
(1972, 1973) and the theory developed so far aims at
providing the optimum estimate by combining

(1) a double sampling regression estimate from the

zatched portion of the sample and

(1i) a sacple mean based on a—random sample from the
uncatched portion of the samplé on the second
occasion. Sen (1972) has generalized the theory
by using a double sampling multivariate ratio
estizate using p auxiliary variates (p :> 1)

from the matched portion of the sample.

The author (1973a) has also generalized the theo-
ry to provide optimum estimate by combining a double
sarpling multivariate ratio or regression est%mate using
p auxiliary variables (p :; 1) from the matched portion
of the sacple with a mean per unit estimate from the
wizatched portion of the sample. Results have been
presented for the more general and practical case when

tite samples on the two occasions are of unequal size,

Sedransk and Singh (1974) have suggested the
use of dcuble sampling to estimate parameters of sub=-
ponoulations which are not "identifiable in '‘advance",

Inat is, one selects a large, preliminary ("first phase")

20
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sazple and identifies the sub-population to which each
elecent belongs. Then, for sub-population J, a subsample
1s selected from the elements identified in the first

pnase sample as being members of j._Finally, the varia-

ble of interest is measured for each element in this
"second phase" sample. Both simple random and stratified
randoxs sacpling was considered at the first phase while
(in each case) simple random sampling is assumed at the
second phase. They investigated two types of sample size

allocaticn problem

1, deteroination of the sample size (s) at the first

phase and

2. deternination of the second phase sample sizes given

the results of the first phase sample.

In this work they have also discussed about the
estization and comparison of demain means. The procedures
used here also given in somewhat greater detail by

deGraft-Jonnson and Sedransk (1973),

1.3 Prelizinary test estimator in double sampling

Han (1573) suggested the use of preliminary test
estinator in double sampling. When the mean of the auxi-
liary variable is conpletely unknown, double sampling
tecrniques can be adopted. If the experimenter has par-
tial information about the mean, he may perform a preli-

a1aary test and construct a preliminary test estimator.



Prelizinary test estimatorsare studied by Bancroft
(15LL, 1G54), Kitagawa (1963), Mosteller (1948) and
otrers. The bias, mean square error ang relative effi-
ciency were obtained for the preliminary test estima-
tor by~Han (1973). He has also given the optimum allo-

cation of the sample sizes.

Bock, Yancey and Judge (1973) have studied the
statistizal consequences of preliminary test estimators
in regressicn. The study is concerned with deriving the
oroperties of the preliminary test estimator for the
gZeneral linear normal regression model, ascertaining
the cnaracteristics of the risk functions over the
parazeter space, and determining the conditions neces-
sary for the risk of this estimator to exceed or be less
than tre conventional one under squared error loss. A
test procedure and the problem of choosing an optimum

level of significance for the test are discussed,

Suxkhatme and Tang (1975) discussed allocation
in stratified sampling subsequent to preliminary test
of significance. A\procedure for allocation of sample
sizes to aifferent strata consists of drawing a preli-
minary szaple of fixed size from each stratum, to esti-
mate trne strata variances and test their homgeneity. If
the sirata variances are,L found homogeneous, the sample
sizes to be drawn from different strata are allocated
according to proportional allocation; otherwise they

are allocated according to Neyman allocation using



estimated variances. The efficiency of the proposed
allocation, based on preliminary test 9f significance
with respect to proportional allocation and modified
Neyman allocation is investigated.

If data on an auxiliary,variable X correlated

with the variable Y under study are available, regres-
sion-type estimators are often used to estimate the popu-_.
lation mean My An estimator based on a preliminary'’

test of significance was suggested by Grimes and SukhatT
me (1980), that chooses between the\difference estimator
and the regression estimator. They have also investigated
the efficiency of the proposed regression-type estimator

with respect to other regression-type estimators.

A preliminary test estimator for the population
mean on the current occasion in case of sampling over
two occassions is built up by Sisodia (1981) which de~
pends on the outcome of the preliminary test., Both the
cases are considered when variance-covariance of the
variables on both the occas. ion is known and unknown,
In both the cases, tne preliminary test estimators are
found to be better than usual estimators for large va-

lue of (° , depending upon the proper choice of« and 4 o

An alternative to the usual regression estimgtor
for a population mean in double sampling was suggested
by Sisodia and Srivastava (1982), on the basis of a
preliminary test of a simple hypothesis about the auxi-
liary variate-mean. Two phase sampling is assumed from

a bivariate normal population. Gain in efficiency is



investigated theoritically and empirically.

Esimai and Han (1682) have proposed a lingar{regi
ression preliminary test estimator for e§timating the
population mean }Ly of Y with X, a p X 1 (p j; 1) vec-
tor, as the auxiliary variable. The bias, mean square
error and'relative efficiency were obtained. They have

also given the optimum allocation of the sample sizes.

1.9 Objective of the study

One of the main objectives of the thesis 1is to
suggest alternative estimators of population mean in
double sampling. Bias function is being obtained for
these suggested estimators. In order to compare the
efficiency of the suggested estimators with that of the

other existing estiéators, the mean square error (MSE)

was used as a useful criterion, )

It is a well known fact that there exist number
of sampling techniques wherein availability of advance
information about an auxiliary variable leads to greater
precision. Some authors have shown that estimators using
advance information about two auxiliary variables leads
to even greater precision when compared with that of

i

using only one auxiliary variable.

In the present investigation an attempt is being

made to construct preliminary test estimators in double
sémpling using two auxiliary variables., Comparisons are

made to see whether or not the inclusion of second auxi-

]
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liary variable leads to higher efficiency when compared
with preliminary test estimator using one auxiliary,
variable. Attempt is also being made .to determine the
conditions under which the preliminary test estimator
using two auxiliary variables.is better‘thaﬁ‘the other

known estimators using two auxiliary variables.

In order to determine the optimum MSE of the
suggested estimators cost function approach was followed,
This 1s done by suggesting a suitable linear cost func-

tion C and then conditions are determined to minimise

MSE for specified C.

The determination of bias, mean square error etc.
for the preliminary test estimators involves conditional
rexpectations, Theselare'derived under certaiﬁﬁassumptions
about the joint distribution of the parent populations of

the variables from where the samples are’ drawn,

Finally, the thesis aims at doing some emperical
studies to show the applications of the suggested esti- —

mators under practical situations and also to demonstrate

the performance of these vis-a-vis other existing esti-

mators.

1.170 Plan of the thesis ——

Here, we are trying to give a brief account of

\

the chapter plan of the thesis, from next chapter on-

¥
wards.



Chapter Two : Double sampling with two auxiliary varia-

« e & 0 .

bles with partial inforzation on one auxiliary variable.

In this chapter an attempt is being made to sug-
gest a prelinminary test estimator using two auxiliary
variables. Generally in double campling it is assumed
that mean of thne auxiliary varieable is completeiy un-
known, However, here it is being assumed that the expe-
rimenter has partial information about the mean of one
auxiliary variable. And the mean of the other auxiliary
variablé is assured to be totally unknown. In order to
utilise the partial information about the mean of one
of the auxiliary variables, a preliminary test is being
performed. Then an estimator based on this preliminary
test is being defined. The derivation of the bias func-
tion of the estimator involves conditional expectations,
the conditions being acceptance or rejection of the hypo-
thesis conslidered in the preliminary test. To determine
this function assumptions are being made about the Jjoint
distribution of the parent populations of the variables
from where the samplesare drawn., Behaviour of the bias

functlion is being studied under different levels of the

preliminary test,

Chapter Three : Relative efficiemcy and optimum alloca-

® @ 2 4 4 90 0 9 00 s 0

tion of prelinminary test estimators in double sampling

with two auxiliary variables with partial information

on one auxiliary variable,

26



In order to judge the relative efficiency of the
preliminary test estimator in relation with other exis-
ting estimators in double sampling MSE of.the estimator
is being obtained. This involves conditional expecte-
tions, the ccrilicions being acceptance or rejection'of'
the hypothesis considered in the preliminary test. To
derive this, Joint distribution of the parent population
of the variables is assumed to be known. To determine
the optimum allocation of the sample sizes, a linear
cost funetion is being formed. The optimum conditions
of the sugzested estimators are being compared with
that of the other existing estimators, Behaviour of
the relative efficiency function is also being studied

in this chapter,

Chapter Four : Double sampling with two auxiliary varia-

bles with partial informetion on both the auxiliary va-

riables.

CGenerally in double sampling with more than one
auxiliary variables, it is assumed that the mean of
the auxiliary variébles are completely unknown. However,
nere it is being assuzed that the experimenter has par-
tial information about the mean of both the auxiliary
variables. In order to utilise these partial informa-
tions, preliminary tests are being performed, and an
estimator based on these tests is being defined. The

bias function was computed under the assumption about

27



the Jjoint distribution of the variables concerned, A
study of the bias function was done under certain
assumptions about the level of the preliminary test,
Q@é@?gg‘ﬁ%yg : Relative efficiency and optimum alloca-
tion of preliminary test estimators in double sampling
with two auxiliary variables with partial information

on both the auxiliary variables.

The mean square error of the preliminary test
estimator witn partial information on two auxiliary
variables, which involved conditional expectations of
order two, is being computed under certain assumptions
about the Jjoint distribution of the variables. A liﬁéar
cost function is being formed to determine the optimum‘
allocaticn of the sample sizes, Th; optimum conditions
so obtained are being compared with that of other com-
monly used estimators, Behaviour of the relative effi-
cilency function is also being studied.

Chapter Six : A generalised study of the preliminary

‘S 426 s e 0000

test estimators in double sampling.

: In this chapter, as the statement of the problem
suggests, a more generalised study of the preliminary

test estimators in doudle sampling is being done., Es-

:timators along with their bias, MSE etc, are obtained

under the situations when the assumptions about the

sample sizes atc. are being violated. Behaviour of the



bias function and relative efficiency function are

being studied under tne present situation.

Chapter Seven : Conclusion

® 0 6 @ e o0 s 00 0 00

In this chapter a general discussion is being
given about the estizators suggested in the previous
chapters, reflecting the main benefits of the whole
study. Emprical studies were made to show the appli-
cations and performance of the suggested estimators

as compared with the other existing estimators.

29



CHAPTZR TWO

Double sampling wita two auxiliary variables with par-

tlal information on one auxiliery variable.
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2. Introduction

It is 2 well wnown fact that for estimating the

J

S/

population mean M of tne random variable Y, precision
7
of the estimator can ce increased when information on an
auxiliary varizole £, nighly correlated with Y is readily
available on all t.ae uanrts of the population, incorpora-
Ling the knowled,c of w
J K

When the relaticnship betwecen Y and X is found to be

, the population mean of X.

approximately linear put the line dces not go through

the origin, linear rcgression estimate may be used. To
use the linezr regression esticator it is usually assum-
ed that tne pouulation cean P« is ¥nown. However, in
certailn practical situzations Fox is not known a priori,

in which case tae tecanique of double sampling is applied.
tHlere one may take a prelizinary sample to estimate it. In
the first sample oI size n', we reasure only X534 in the

second, a random sub sample of size n (<< n'), we measure

both Xy and Ve Tne estizaze of‘}ky is defined as

Y - X, )\........(2.1)

here %, is the mean of the x; in the first sample, ?n’

X, are the means ol the Yy and Xy in the second sample

[ el

1]
[
[ ¥4]

and by% is the 1 T sg4ares regression coefficient of

Yy on X, comput.d frcmoTne seconc sample.
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2.2 Preliminary test estimator

In certain situations, the experimenter may
have partial information about K. Han (1973) has sug-~
gested the use of double sampling with partial informa-
tion on the auxiliary variable. In order to utilise the
partial information one can perform a preliminary—test
about the hypothesis that /Lx = M, where Mo is the
value obtained from the partial inforgation; After the
preliminary sample is obtained, he can test H : /dx =‘f%
against H1 : )Ax #+ }*o‘ If Ho is accepted,'};o will be
used in the regression estimator; if HO is rejected, the
Sample mean based on the preliminary sample is used., This

estimator is usually called the preliminary test estimator,

Let (X, Y) have a bivariate normal distribu-
tion with mean ( f\K,4fLy) and covariance matrix ZE in
which the variances are denoted by U’xz and o‘y2 and the
correlation coefficient by pyx' X can be readily observed,
while it is more expensive to observe the pair (X, Y). The
problem is to estimate }Ly. Let (xi, yi)’ 1 =1, 2, ceueyny
be n indepenaent observations on the pair (X, Y) which is
supplemented by observing:éore independent observations on

K. In practice, the saxple consisting of n observations

may be a sub sample from the sample consisting of n'= n + m

observations. Define

— 4 R
Xn| =H' Z‘ Xi .00000(202)



- 1+ DB
xn =K Z xi ooo..o-(203)

- 4 D0
ynz;{ Z yi 050000000(2.4)

The regression estimator depends on whether the co-
varlance matrix is known or not, If Z: is known, we may
let U’xz = <T‘y2 = 1 without loss of generality. The
Joint distribution of (;n, ?n) is normal with mean

(‘}LX, r\y) and covariance matrix

1 P

yX

.o
Z‘H Pyx 1

When )Lx is unknown and the experimenter has par-
tial information about it, he can employ a preliminary
<« - L = =
test for H : B =0 (letting Mo = O without loss of
generality). The preliminary test estimator is defined

Vo - P ¥y £ 1% < 2, A

=3

Yo * P G = %) 12 %] > 2w

ceesa(2.5)

L

Where Z , is tne 100 {1 - &/2)¥% point of N (0, 1)

and ¢ 15 the level of the preliminary test.
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2.3 Regression estimator using two auxiliary variables

in double sampling

In estimating the population mean )*y of the random
variable Y, suppose tnat in addition to information on
an auxiliary variable X, information on yet another aux-
iliary variable Z is available. When ka is not known,
we can take a prelininary sample to estimate it, as done
earlier to define t1 in (2.1). Again if M, is also not
known, assume tnat 2 i{s known over another large sample,

also of size n'., In such a situation an estimator using

X and 2 is being suggested by Mukherjee et al (1987) as

follows 1

ty =y, ¢+ byx(xn.~ xn) + byz(?n" zn)
no'0(206)

—

Where En" Xy ?n are given in (2.2), (2.3) and (2.4)

respectively

- 1 n
't TR % e (2.7)

- .
zn H Z zi tr-ooc(2¢8)

and byx’ byz are regression estimators of Yy on x4 and

-

2y based on the szaller samples,
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2.4 Sugrested preliminary test estimator using two

auxiliary variables

Suppose, while considering regression estimators
with two auxiliary variables in double sampling, partial
information about only one of the variables say /*z is
available. In order to utilise the nartial information,
one can perform a preliminary test about the hypothesis
that Ho: sz =‘}Lo where Mo is the value obtained from
the partial information. After the preliminary sample is
obtained, H_ : M_ = )t can be tested agalnst Hy: M z:#
)Ao. If HO is accepted, Mo will be used in the regres-

sion estimator; if Ho is rejected, the sample mean based

on the preliminary sample is used.

Now, we proceed to construct a preliminar?ﬁzggt‘
estimator in double sampling with two auxi}iary variables
having partial information on one auxiliary variable., Let
(X, Y, 2) have a trivariate normal distribution with mean
( Py Mys }*,) and covariance matrix 2 in which the va-
y2 and g—zz and the corre-

lation coefficients by Pyx' P}z and F;z° X and Z can be

riances are denoted by U’xz. g

readily observed, wnile it is more expensive to observe
the triplet (X, Y, Z). The problem is to estimatelﬁky.
Let (Xi’ s zi), i=1,2, «..., n, be n independent ob-
servations on the triplet (X, Y, Z) which is supplemented
by m more‘independent observations on X and another m

independent observations on Z, where n + m = n',
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2
If 2 is known, we may let O‘xz = CY&Z = (Ti = 1

without loss of generality. The Jjoint distribution of
(En » Yoo En) is norpal with mean ( }LX’~f*y’ }xz) and

covariance matrix

S
«
b

When }lz 1s unknown and the experimenter has par-
tial information about it, a preliminary test Ho: }Lz = O
(letting )t = O, without loss of generality) can be em-
ployed. If Ho is accepted Mo will be used in the regres-
sion estimator; i{f H_ is rejected, the sample mean En'
based on the preliminary sample consisfing of n' indepen-
dent observations on Z is used, Since }Lx is totally un-
known, 1t is estizated from another preliminary sample
also of size n'. The preliminary test estimator in double

sampling with two auxiliary variables having partial in-

formation on one auxiliary variable is defined as

Yot By (Xpv - %)) - Bz z 12 |2 | L 2, /A
t, = d = =
4
] yn+ Byx (Xnt - xn) + Byz(an - Zn) if I-Z-nll >Z°é/\/n'
g ——t

ve0(2.9)
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Where g '
P

B yx pyz pxz
= 2
yX 1.- P,
and B = Pyz ‘ IOYX sz
yz 1. P 2
Xz

are the population regression coefficients of Y on X
and Z respectively, assumed to be knowh:since > is
novn, And Z_, is the 100 (1 - %/2)% point of N (0, 1),

® 1s the level of the preliminary test.

2.9 Blas of the oreliminary test'eStimator-'

To evaluate the bias of t,, we requiré the Joint

distribution of (En" En’ Z1, 2., ;ﬁ)o.It can be easily
verified that the Jjoint distribution of these is nothing
_bgt a multivariate normal with mean (‘}Lx, o Pz

/J-z, }Ay) and variance covariance matrix, .

fz;l_; %% Fe 1 —P’r?- ...... (2'10)
T Y
o S TR P
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The deriviation of the bias function of the esti-
mator involves conditional expectations, the conditions
being acceptance or rejection of the hypothesis consi-
dered in the preliminary test. To obtain the expected

value of tb’ we proceed as follows :

B (t,) = B (5|17 1< 2,200 P (U] < 2Hn )

e v (g [1700> 2, /') P (0] > 2,0

=B (7, + By, Gu-%) -3, % |15 0 2,00 )
P (|Z,0) L 2,/4n" )

+ E ( -}.’-n + Byx (;n'- )—Cn) + Byz('i'n..- -z-n)

1Z,01> 2,/Hdn")

X P (Iz 1}> 2 Nn')

#

E (yn + Byx (1= %) - Byz Eﬁ)

£ B, B F |12 > A0 P (T, > 2,0 )

4

|

00
- L = = =
}Ly Byz f'z + Byz [ tg zv f (zn:) dz
2, /[n

z.. £ (’z'n.) d‘z'h.]

- A t

ereea(2,11)



Mow, since marginal distribution of a multivariate

nornal is also normal, therefore,

-~ 1
~J LA —
an N ( } )

Hence, (2,11 reduces to

B (t,) = Py =B, M, (F(A) - 8(B) )+

(derivation given in Appendix A)

Where @(.) is the. cumulative distribution function of

N (0, 1), ®(.) is its density function angd

1
A = ZJ —-\r;l- /U.z,
= -~ - '
B ZJ_ \fn /LLZ .

Therefore, from (2.12)

B
B, = Bias (t;) =~{—_Z—f ( (a) - d(B))
n

- B

S——

yz

2.6 Behaviour of the bias function

veo(2.12)

5 ( & (A) -
2 (B cveeo{(2.13)

As partial checks it can be seen the Ba = -

when « = 0, i.e., when we always accept Ho’ Also Bh = 0

38
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when «= 1,

Further, the value of B, for M, < 0 is the- .
negative of the value for }Az > 0. Hence we need
to consider only the behaviour of B, when }*z';>00
To give' an idea of the behaviour of the bias with
respect to

/
absolute value ) for a set of values of n', o and

o we compu?ad”the values of B, ( in

Byz and are presented in the following tables, (table
201 had Zol‘)o

We notice that B, = 0 when M _ = O, Also when
L z

,»Lz increases from 0, B[+ increases to a maximum, then

decreases to zero., The bias is very close to zero at

JLLZ = 1, The bias found here is quite small almost

in all cases. The general behaviour of B, with respect

to )$7 i1s given in fig. 2.1.
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CHAPTER THREE

Relative efficiency aand optimum allocation of PTE in
double sampling with t.o auxiliary variables with par-

tial information on one a2uxiliary variabdble,



3.1 Introduction

The precision, or a measure of the closeness
of the sample estimates to the census count taken under
identical conditions is Judged in sampling theory by the
variance of the estimators concerned. Here reliance is
placed on the fact that with a small variance the proba-
bility of large deviations from the census count will be
small., The general principle is to use estimators thch
give the highest concentration of the sample estimates
(in the sense of probability) around the value aimed for.
With unbiased estimators the method used for Jjudging the

degree of concentration is the variance of the estimators

It may happen sometime that the degree of con-
centration of the sample estimates around the value aimed
at 1s higher for the distribution of a biased estimator
than for an unbiased one. In such a situation the bilased

estimator is preferable to the unbiased one. However in

order to compare a biased estimator with an unbiased
estimator, or two estimators with different amounts

of bias, variance is not a satisfaétory criterion,
since it measures deviation from the expected value

of the estimator, which is not the same as the popula-
tion value, A useful criterion is the mean square error
(MSE) of the estirate, measured from the population

value that is being estimated, Formally,

iy



MSE (t) = Variance of t + (bias of t)2 ceeeea(3:1)

obviously, if t is unbiased, the variance and the mean

square error would coincide,

Next, the problem of optimum allocation of the
sample sizes is 'considered. This is done by defining a
linear cost function C. Then, the value of the sample
sizes are obtained by minimising the MSE for a specified

C or miniwmising C for a specified MSE,

3,2 Mean square error of %,

As discussed in the earlier chapter, the prelimina~
ry test estimator in double sampling with two auxilia-
ry variables having partial information on one auxiliary
variable, is a biased estimator. The bias, though, found
to be quite small almost in all cases., In order to com-
pare the relative efficiency of the preliminary test
estimator in relation with other existing estimators in

double sampling, MSE of the estimator is to be_obtained.,

\

From {(2.9) the estimator t, is defined as

(" \
- - - = - t
v+ Byx(xna— x.) - B ,%n 1f lz << ;i/fn

yn + Byx(}(nt—' J(n) + Byz(zn.- Zn) if I-Z_n"> Z&(/Aln’

L
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The components viz, Byx’ Byz' X,t» 2Zp etc., have the
same definition as in chapter 2. The assumptions about

the distribution of (X, Y, Z) is also same as before,

The deriviation of MSE of the estimator involves
conditional expectations of products, the conditions
being acceptance or rejectioﬁ of the hypothesis., To

obtain MSE of th’ we notice that

= MSE (t,) = E (t2) - (E (t,) )% + B2

v

r

M
L‘ 0...0-(302)

Now,

E () = E (17l < zda) P Uzl < 2,/407)

« E (| 1500 > 2,0y P (7] >z, 400")

I =z = 2
B | Gy Byu(Fyt- %) = By, 7,02 ]

pune

+ L B

¢
[y

Znt * 2Bz (Vg B (K- X)) - Byz'in) Iz o] > Zd/JE-'J

2
z

XP (IZ ] >2,n")

i

il

2 1 2
( *a)l e B L (a2l ’
/uY n yx fx+n')+By>2c(/‘*,2(+%) :

+

2 2 1 .
Byz(.)lz+5) —ZByi(}li+%')* ZBYx(/*x}*y+f>‘r\1L)‘S )
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o}
fyx 2z
"”Byx()lx}}y‘*l-)-zBYZ (}JY}AZ+ 5 )
5 Pz
=2 By Bye ()'*x,'“z _4)+ZBYXBYZ(PXFZ+ n )

z
z “n

CE1E > Zq/fr?]

x P (12,1 > 2, Hn')

Agoin,

B (2 212,00 > 2,48 P (UZ]> 2, A"
a2l - Fme g6

+ =2 (P(a) - $(3))

1

+ = (AP(A) -8 ¢(3)) oeasal(3oh)

\

Where f@(.) is tne cumulative distribution function of

N (0, 1), ¢(.) is its density function and A = Ed_-'f;'/*z,
b=-2, -Jn' w
e )z

Also,

E (Z0 2, |1Z00 > 2,/ P (2,1 > Z,/4n')



it

+

2!

]

E

=

+

2 1 5
(S + 50 (1= 8(a) + 2(B))

2
Lz (a) - @) )
A n?

%, (AGBA) =B P(B) ) teveruennnnns (3.5)

(Z1 Tol1Z0r 1 > 2240 P (UZ,00> 2400

(pypz»«fny—%)m-@(:«)-@(la))

1 \ A) -

o Gy P ) (PG - 9))

P

P (AP =B RB)) (3.6)
(Z o T |12 01> 2, /40") P (1201 > 24 /")

() x;}gf-f)(w-@uw@(m)

Ot By ) (P - P

o SE B

P"
= (A p(R) -3 P (3))
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E (Zy0 %o |1Z0l > 2,400) B (170 ] > 2 A7)

-.-:(/LLX/LLZ'!-E;%Z; ) (1 - P(a)+ B(®))

+ J;] (e r P ) (2 - ¢B))
n .

+

E:% (A ¢(s)-B8¢(B))

(Derivations of (3.4) - (3.8) are given in Appendix
B, C, D and E)

in(33)
Now, substituting (3.4) - (3.8) and simplifying we

obtain,

2 2 1
( b + nc)

. 2 2 1
E (ta) a { }Ly + n) - Byx M

2 2 1 2 2 1
* Box (R Byz (Jrz+5)
- 2B po(L_L y_a28_ (¢ H + L2
yx yx n n' yz y ) Zz n

1 1
+ 2 Byx Byz F;Z ( o " Ht)

- affi(,ai ¢ 2) (1 = B(A)+ B(B) ):]

2 )
,\[_r;t

2(a) - #(8) )+ L (ap (1) -8 B (B)) |

F)
2Byz[:(pyyz+ L) (1 -&m)+ (B))

4
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FE (gt By ) (e - e

+ %V( A ¢(A)'-‘B (B) )],

2,1 1

= ( )Lti +-:;) - Bx I.2)+ Byi ’( % '_'1,;:)
28  fRx g -@m)-23 P,, (= ==1)

e
+ 2B, B, PXZ. (g7-57)

'“ o | . : . | ' P ‘
(@ W =) [32 (2L m2n (e F) ]

=

+
N

=

(b (A) -P(B) ) [-2 Byi,QZ + 2 Byi(}ky +'pyz}xz)]

rharw e ) [-82r2n, A, ]

: 2 2 . |
"Jiu -} E (tL‘) .... /‘_Ly - 2 ,Lk Bh ooooo et 00..(3.10)v

s

1T 2 2 o
‘M =-«L1 + B B - -
- B + B - 2B ’ny_, 2B, Pyz + 2B B, ’Oxzj

Tr2.a2_ . -
- =1 B + B - - :
N n';_[ yx yz 2 By‘X"OYX Z.BYZ Pyz 2B yx yz ]



o1

- P
P - Te [32 g - 2n,

cA o - p@ [c2n2p, vz, P ]

+ X (ap ) -8 P (3)) ['Byi+ ZBJZ.PYZJ

\

= ® 8 8 &6 o0 e s 011
g, * 1y (3.11)

1 2 1 2
Wher‘e gu = _r-{ (1 - Pylxz) M -ﬁ' Py.x.z .oobo0~(3.12)

P
and b, = (¢ (1) - €(3) ) [By‘z ( )x§+%,) - 2B, Jg]

ARSI [2828, - 23y, A, ]

Sl (At (a) -8 ¢ (3) ) [Byf_-zaszyz]

S|

eese(3.13)

3.3 Relative efficiency of t,

The quantity g, in (3.12) is the variance of the
estimator ty (Mukherjee et al 1987), the linear regres-
sion estimator using two auxiliary variables in double

sampling, under the assumption that Ei is known and

2 . .2 2 "
0y = O y = oo = 1., The relative efficiency of tb

to t3 is defined as

MSE (t3) _
®, * MSE () © TR

4 * L (3.14)



The values of e, can be easily computed for diffe-
rent values of }*z' We notice that ey, is symmetric
about },Lz = 0, hence we need to consider onlx}u\z>/ Oy.

To give an idea about the behaviohr of the relative
efficiency function with respect to M_, e, was coﬁ-
puted for a set of values of n, n', '™ and Byz and are
presented in the following tables (Table 3.1 - 3.4),

In general ey has a maxioum at‘}Lz = 0, when M2
increases e, decreases to a minimum and then increases
to unity. It is found that e, is very close to 1 at

}A , = 1. The general benaviour of e, is given in fig

3010

3.4 Optimum allocation of sample sizes

We next consider the following sample design probler
For a given cost function, what is the optimum alloca-

tion of the sample sizes n' and n ? Let the cost func-

tion be of the fornm
= ' '
C nc1 +n c2 + n c3

vwhere Cqs Cy and ¢y are the costs of observing Y, X and

Z respectively. Or, equivalently,
1 +nC1 0000009(3015)

s !
wnere ¢ =
1 C2 + C
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Fig 3.7 Behaviour of relative efficiency e, w.r.t, M,

= 0.6, P._=0.7, P_ = 0.8

Lol H — —
ror n' = 30, n = 10: p;(Z ¥yX Yz

5 e 0 0y CL: O\)O'D; =T '31: 0010,—'—_—" d'= 0.25
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The values of n and n' are obtained by minimising
MSE (th) subject to the cost constraint (3.15). In gene-

ral, the values of }Lz are unknown, the experimenter has

partial information about,sz and believes that }Lz is

close to zero. When Moo= 0, the relative efficiency of .

tq is the largest. Thus, it would reasonable to let

M, = 0 in MSE (th) and obtain the values of n' and n

under the optimum situation.

tlow, when M, = 0, then

A=Z, -*[;’ H, =&, and

1
B=-2, -4n' w_=-12z,

y

Which further implies,

~

Pa)= E(z)=1-3%

and () = F(-2.) =-§-

-~

Substituting (3.16) in (3.13) we get,

_1 2 1 2
My =7 (- tjy.xz) o Py.xz

n Byz - vz Vyz

ceeves(3.16)
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22y P (Zd) 3223 P.)
n

1 D 2 1 2
n-r-l-('\:-F )*cp

Y . XZ n Y .X2
1—-01.—22%(:'(2-,&) (Q?- 2 2)
+ ) "y exz Prz = Pyz
n' ( 1 - 'OJ(Z )
] _p2 1 2 2
n (1 f y,xz) * n'(1 =€ 2) ( P Y eX2 pyz )
Xz
L+ 2724 P (2.) p 2 p2 Pra )
2 ( z ! xz xz
nt (1-Fx2 ) b4 Ye
]
= ‘E"’%' ..¢c-00oo.‘ooo.l.tocoo.oo..'00(3.17)
where
2
k = 1 - f)yoxz and
' 1 2 _0 2 - 2 pe 2
K 1 . P 2 [py.xz "yz + (s 2 2,114(21) ) (Pyz' Py.xz szﬂ
X2

In order to minizise (3.17) subject to (3.15) we

have to minimise MQC where

ch (§+§' ) (nC1 +n‘c.;) .‘005’00(3018)

M



which by Cauchy - Schwarz inequality is minimised when

. c vk
J?; («J"}Zci + K C1) o....(3o19)

or n

- cx'
‘\JC1 ("kc.‘ + Nk C1) ooo-:oo(3020)

]
and n

Substituting (3.19) and (3.20) in (3.17) we get,

((l-?(% + 'Jk'c,; )2

Myropt = o censo(3.21)

3.5 Comparison of the suggested estimator with other

existing estimators

3.5.1 Comparison ofﬂ&,opt and VOpt (t3l

L o f
We shall first conmpare “&’opt with the minimum
variance of the regression estimator with two auxiliary

variables under aouole sampling. The variance of t3 from

(3,12) is

1 2 1 pe2
v (t3) " n (- y.xz) *a ny.xz



under the assumption that G’xz a G‘yz = 0—22 = 1 and .

let as before C = nc, + n'ci. Again by Cauchy - Schwarz

\

inequality, VC is ominimised when

2 2
1 - py.xz - Py.xz
nZC—1 nczc'
c \{'1 - ’szf.xz -
or n = 2 -oooo-(3-22)
JE} ( !C1 F;.xz +,Jc1 (1 -'PY-XZ)
C
and n, - Py.xz

/\[—C_;— ("‘fg;— Py.XZ +,\‘.[C1 (1 "Pi.xz) ) 00000(3¢23)

Substituting (3.22) and (3.23) in V (t3), we
obtain

« X2
Vopt (t3) a =

(do Py g+ o1 = P2 ) )2

...(3.21“)

In order to cozpare (3.21) and (3.24), we observe
that, X + 2 Z_ ¢(Z,) is a decreasing function of Z, with

a maximum equal to unity at Zi’= O. Therefore, we conclude

that

Mh’opt < Vopt (t3) provicded
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with eguulity nolding for Z 4 = 0, which is the case

when the two estinators coincide,

3,6 Discussion

In the earlier section we have proved that un-
der certain connitions, -<an sguare error of a prelimi-
nary test estimator in double samplinz with two auxi-
liary variables 1s szalier than the mean square error
of the usual regression esticator in double sampling
with two auxiliary variatles. Therefore under the stated
assumptions, preliminary test estimator in double sampling
with two auxiliary variables having partiai ipformation
on one auxiliary variable is more efficient than the re-
gression estimator in double sampling with two éuxilia-

ry variables,



CHAPTZR FOUR

Double sampling with t.o auxiliary variables with

partial information on both the auxiliary variables.



\

4,1 Introduction

In Chapter 2 we have discu;séd the' 1tuation
when in double sampling with two auxiliary variables,‘
partial information on one of the auxiliary variables
is available. In order to utilise this information,
need for preliminary test estimator was felt and acc-
ordingly we suggested a preliminary test estimator
in double sampling with two auxiliary variables having
partial information on one auxiliary variable. In this
chapter, attempt is being made to consider the situa-
tion when partial information on two auxiliary varia-

bles related to tne study variable is available,

Suppose we are interested in estimating the
population mean My of a study variable Y. When infor-
mation on two auxiliary variebles X and 2 arelavaila-
ble, and Mo f*z both being unknown, Mukherjee et al
(1987) have suggested an estimator using X and Z given

in (2.6). Suppose, further we have partial information

about both }*x and ‘*z' In order to utilise this infpr-~

}
mation we can perforrz preliminary tests for the hypo-

theses !
H01 * )*x = Mox
d b4 =
an H02 }*z }*oz
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Ly W are the values obtained from the
/7 0K - oz

partial informations. If Ho1 is accepted, M ox will

where

be used in tne regression estimator; 1if Hoq is rejec-
ted, the sample mean based on the preliminary sample
for X is usea. Similar arguments can be given for

H02 as well,

4,2 Sugsested prelizinary test estimator

Mow, we proceed to construct a preliminary test
estimator in double sazpling with two auxiliary varia-
bles having partial information on both the auxiliary
variables, Let, as tvefore, (X, Y, Z) have a trivariate
normal distribution with zean (‘}Lx, )Ly, )*z) and

covariance matrix Z: , in which the variances are

denoted by G’KZ, <r§2 and 0‘22 and the correlation
coefficients by F@x' f?z and F;Z. X and Z can be

readily observed, while it is more expensive to ob-
gerve the triplet (X, Y, 2). The problem is to_esti-
nate }Ly, Let (xi, Yi» Zi)' 1i=1,2 ¢ieeeveey n, be'
n independent observations on the triplet (X, Y, Z)
which i{s supplemented by m more inéependent observa-
tions on X and another m independent observations on

-

2, where n + o0 = n'

If Z_ is known, we nay let (%£2 = CT&Z = g~22 = 1

without loss of generality. The Jjoint distribution of

(En, Yo En) is normal with mean ( }}x’ }LY, )xz) and

covariance matrix

63
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1 PYX Ry
> =1 Fox ! pYZ
n
F;z F@z 1

When RN )A are unknown and the experimenter
J Z
has partial information about them, he can employ
preliminary tests for

Ho1 : }Ax = 0 and H02: )Az =z 0

= 0 without loss of generality),

®

(letting Fox = Moz

1t HO1 is accepted, M ox will be used in the regres-
3ion estimator, Similarly if H02 is accepted )Abz

will be used, However, if H°1 is rejected the sample
mean En' based on tihe preliminary sample consisting

of n' independent observation on X is used, And 1if

H , is rejected the sacple mean En' based on another

preliminary sample consisting of n' independent ob- |
servations on Z is used., The preliminary test esti-
mator in double sazpling with two éuxiliary varia-
bles nhaving partial information on both the auxi-

liary variables i{s defined as
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v x-8,.7  if [X,l< 2 /A0’ 17 1 I< 22/An’

P EA Y WAEUN E P WAL

Vot B (X - X)) = Bz,

n yx'n

VY. -B_ X + ayz(zn.- z ) if lin.lgzi/ﬁ',|;_‘n,|>z4/ﬁ[n:

Tor BylZim By) ¢ By (Fpe- B 12 1%, > 207,

L
1z, 1> 2,0

coeea(l1)

The coamponents 3 » X vy Zouy Z_, etc. have

’ B
yX ye n
the same definition as in Chapter 2

4,3 Blas of the vreliminary test estimator

To evaluate the bias of tS' we requirig/éhe Joint

distribution of (En., X, 2z

n'* Zne ¥o)e It can be

easily verified that the joint distribution of these

n’

is a multivariate norzzl distribution with mean (,fo'

Mos }*z’ My }ky) and covariance matrix as given in

(2.10).

Trhe derivation of the bias function of the esgima-
tor involves conditional expectations, the conditions
belng acceptance and rejection of the hypotheses Ho1

and H02° To obtain the expected value of t5 we proceed

as follows :



E (tg) = (t5)1x ] 2,/ 1z | < 2400 )

4

x P (1% I < z/nt 12, 1< 2, 4n0)]
NG IS I V2 ELPIS ESY RS 2 LR
X P (1%, > z/Mn 12 1< 2,400 )

+ B (e |1%,, 1< zo/m U7 1> 2, Hnt )

< z,/MHnt, 'chl>zd/ﬂ—' )
B (tgllx |l > 2 R0t 2zl > 2 A )

X P (‘;\:n|l> Z.\'/ﬁ' 1 lznel > Zd/ﬁ' )

* E By, k|1l > 2/ nt) P> 2 a0 )

+E By, 2|z 0 > 2, A0 ) P (12,415 2/4n")
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o9 ~Z,/n'
Zd/ﬁ' -0

+ Byz [ B -z_n' f (En‘) dzn, + L\ En, f (-En,) dzn']
'Zd‘IE' -0 :

ceseea(B.2)

Now, since marginal distribution of a multivariate

normal 1s also normal, therefore,

In,fw N ( P 1/{n' ) and

Z ,~ N 1/ n )

n' z!?

Hence from (4.,2) we obtain

- - B_ .
E (t5) = Py " Byy P (P (a) - P(b) )*J%%( ¢ (a) - $(v) )

B
=By, P LB - EB) ) —%:% (¢ (a) - ¢(B))

ooo-(uoB)

(refer Appendix A for derivation).

where © (.) is the cumulative distribution function of

. N(o, 1), ®(.) is its density function and
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and B=-2,-"4n"u_,

From (4.3)

B
By = Bias (t;) = -rz’i (P (a) - @) ) -8, p(F(a) - B(v) )

~“n

B
*fg (P(2) - ¢(B)) =B 1,

e (Lob)

(P(A) ~B(B) )

4,4 Behaviour of the bias function

As partial checks it can be seen that

By = - B

SN - 5 wh ol =
yx / x Byz itz e 0,

i.e. when we always accept Ho; and BS = 0 when € = 1,

Further, to give an fdea of the bias with respect
and Fpr we computed tne values of B, (in absolute
Jx z i 5

values) for a set of values of n', & , BYX and Byz



3

which are presentea in the following tables, Table
"".1 - u060

bl

We notice tnat 85 = O when }LX = fﬂz = 0, Also,

when ey }xz increases from O, . B5 Increases:

to a maximum, then decreases to zero. The bias is very
close to zero at b x 2R, 1. The bias found here is
quite small almost in all cases. The general behaviour

B5 with respect to }* and p_ 1s shown in Fig 4.1,
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CHAPTER FIVE

Relative efficiency and optimum allocation of PTE in
double sampling with two auxiliary variables having

partial information on both the auxiliary variables.,



5.1 Introduction

As discussed earlier, in Chapter 3, we know that
in order to compare a biased estimator with an unbiased
estimator, or two estimators with different amounts of
bias, a useful criterion is the mean square error (MSE)
of the estimate, ceasured from the population value
that is being estimated., In this chapter an attempt
gil;ﬁEE“EESS to derive the MSE of the preliminary test

T e

estimator in double sampling with two auxiliary vafiar
bles having partial information on both tpe auxiliary
variables and then to coopare it with the EEEEE esti-
mators. The problem of optizum allocation of sample
s8izes for the suggested estimator will also be consi-
dered here. For this, a linear cost function C will be
—
considered, and the value of sample sizes will be ob-
tained by minimising MSE for a specified C or by mini-

mising C for a specified MSE,

5.2 Mean square error of ts

As discussed in Chapter 4, the preliminary test
estimator in double sazpling with two auxiliary varia-
bles having partial inforzation on both the auxiliary
variables, is a biased estimator, the bias being very
small in most of tne cases. Thus, in order to compare
this suggested estimator with other existing estima-

tor, MSE of the said esticator is to be obtained.,
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To obtain MSE of tS’ we notice that

- .2 2 2
M. = MSE (tS) = E (t5) - (E (ts) ¥ + 35

5
eeee(5.1)

The derivation of MSE of the estimator involves
conditional expectation of products, the conditions

" eing acceptance or rejection of the hypotheses,

Mow, froa (L.1)
E(t2) = E(tgilfn,lgg z /A0t (2, 0< 2 /0t )
X P (X< 2400, 12, 1< 2, /40t )
+ E (t%'lin.lj> ZAnt , z 1< 2 Hne 3
x P (Ix 0>z, |2 ,1< 2 /400 )
+ E (té[liﬂ,lg; z /dn , lEn,l:> 2, /4{n )
X P (X <z /0, |2 1> 2 HAn' )
‘E (t§|l§n.l>2_‘/-f§' 1z, 1>z, A0t )
XP x>z Hn, |2 ,I> 2z, Hn )
—2 - = S

z  -28B yx -2B

= B + B
| (yn Xn * 5yz n yX ‘n'n yz yn zn

2
yx

77



+

|
N
~

2 Byx Byz 'n n

2 =

- |
E (Byx Xt = 2 Byx X X,

1%, > 2/ ) (;;n.1;.>‘zd/{;'

2 =2 2 -
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"Z_Byx‘xh!yn,°;?ayx ByzXn1#n

A

E (Byz z v -2 Byz Z 02, + 2 Byzzn'yn -2 Byx Byzzn.;cn
NEpd > 2w ® Uz, 0> )
£ (2 an e Xz, Ixn,|>zi/4—r1—" 1Z,, ,|> /4"'
x P (X, >z /A0, 1z 1 > 2 /Hn
..00.0‘(5.2)
Now,

w2 2 =2 2 =2 - S
Yn * Byx nt Byz Zp = 2 Byx YnXn = 2 Byz Yn %n |
2 X zZ_)

Byx Byz n 2n

= ( }Li + _) . BYX pi .
+ 2 Byx YZ:('}LK Flz'f

) 2 1
H)V+ Byz ( }kz,* n

p
" 2Byl Py Mot )

. o.f;oou(503)
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Also,

E (Z2[1%0 1 >z ) 2 (% 1> 2400 )

|

(24300 - &@)+ (o))

2

+ Fx '
= ( P(a) = $(v) )

1 (a P (a) -b ¢ (b))

Ea

’.

Where ¢(.) is trhe cunulative distribution func-
tion of N (0, 1), ¢ (.) is its densily function and
a=2, -{n" o ,v=-2, -Jn' p_.
>z /Hnt )P (Ix ] > 2z,/{n" )

E (xnc xnl'xn'l

= (2 )0 - F@) s &)

2

C =P ) - )

+ L1 (@ da)-v pb))

E (R Yol 15,0 > 2,/ ) P (IR, 1> 2,45

a()*xl,uw—(g)m-'@‘(aw 2(v) )
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CCpy e By p.) (P () - 9(b))

3l

:k‘

+ L% (a p(a) - b P (v) )

E (X, Z 1%, > 2/f) P (x> 2,Hn")

= ( /)VL)( ;LLZ

P _
+ =3 ) (1 - D(a)+ D(v))-
+l(/u¢P wu_ ) ( ¢(a) - (b))

N z Xz o+ X

P
+ XL (ad(a) -v ¢(p)) (5.7)

.....

B (2 X, 2. |IX, 0 > 2,40, 17,02 2, Aat )
P (Ixl>2,/m0 , lz2,| > Z,/4n" )
= (f u, v =7 ) (- 2+ &(B))
r%- (v B m) (P ) -0(8))
+ 2 (A P(A) -3 $(B)))
P

e, v ) (1 - S (a) + E (b))

(py* By m, ) (®(a) - ¢(0))
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P
+__§%. (a ¢(a)-b¢(b))

(refer to Appendix B, C, D and E for the derivation
Of (501*) - (5\:8) )

Now substituting (5.3) - (5.8) and (3.4) - (3.7)
in (5.2) we have —_

E () = ()

2 [(P2el) - s B0))

2 Py
v — ( ¢(a) - (b))

-in

SECR IO ERRIOR

A}

P
+28yx|:( f‘x,”y*%)“’@(a)* ¢ (v) )

1 o’
cE (uy B H) () - B (b))

n
)

e ARGV Y Ol

p—



o

(E (pg v Pl (#(2) —p ) )
R, PR I
@ pla)-vp )]

Byi [(/ui f-%.-) “ - ‘@(A)f ® ()

2 u

=2 (¢ (a) - $(3) )

+

gl
Nn

- -:;. (A p(a) -B @ (B'). )J

28, [(pyn, s BHr0-2m+36))

T Ryt B Y (P - ) )

]
Nt z/ 2z

o -
o ¥ (AP a) -8 b (B) )]

, Byx Byz [(}ux FZ +-—§—$- ) (1 - B(A) + @(B) )
. 3
a\]—;l

C R () -3 $(3))]

X

Cuge Py p) (b)) - 6(3))
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Now, from (5,1), (4.3) and (4.4) it follows that

=E(t§)-u 2 u_ B

2
} y— )y 5 0.00....00.(5010)

Mg

Therefore, substituting (5.9) and (4.4) in (5.,10) we

get
b’lsugs* hs 00000000(5011)
where
2 2 —
1
&5 = 7 (1 F;.xz AT Py.xz ....... (5.,12)
and )

e (P - pm)) [-2p B 2e2p B A,

-Byx Byz (}*z + sz Mx )]

+-—, (a <D(a)-bd(b))[ + 2By, ) - By By,

+(@(A)—@(B))[Byi(/\,L2+1')-2B —%—"f

z n yz

P
1rByxByz()"‘x)lz‘*";%)_-J

1 L4 2
+«J—n' ( ¢ (a) ¢(8) ) [" 2}*2 Byz + 2Byz PYZFZ
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B4

_BYxByz(}Ax+ szjuz)] \

o i B

+

v (A P(a) -B P(B) ) [-Byi+ 2By, fyz = Byx Byz PXZ]

eee(5413)

5.3 Relative efficiency of t5

The quantity g in (5.12) is the variance of
the estimator t4 (Mukherjee et al 1987),'the linear re-
gression estimator using two auxiliary variables 1nl
double sampling, under the assumption that > is known

2 2 2

and o, ° = oy = g, = 1. The relative efficiency of

t5 to t3 15 aefined as

MSE (t;) g
€g = MSE‘T;§7 = ‘gg‘tiﬁg‘ ceesa(5.14L)

The values of eg can be easily computed for
different values of o and Lo In general, eg has
a maximum at }*x = W = O. To give an idea about the
behaviour of the relative efficiency function with \
respect to My and M eg was computed for a set of
values of n, n', =L , B and Byz‘ These are presented

yX
in the following tables, Table 5.1 = 5.2.
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5,4 Optimum allocation of sample sizes

We next consider the following samp1e1design
problem, For a given cost function, what is the opti-
mum allocation of tne sazple sizes n' and n ? Let the
cost function be of the form

o U ]
C nc, + n'c, + n c3

where c,, Cos Cs are tre costs of observing y, x and

z respectively. Or equivalently.
C a I')C1 + n'C; oooo.-0(5.15)

where ¢! = ¢, + ¢

-—

The values of n and n' are obtained by minimi-
sing MSE (ts) ggbject to the cost constraint (515), In
general; the values of Hy and }*z are unknown, the
experimenter has partial information about these and
believes that both - and o, are close to zero, When

Fx = P @ O, the relative efficiency of t5 is the
largest, It would thus be reasonable to let Px = Mg
= 0 in MSE (tS) and obtain the values of n' and n under

the optimum situation,

Mow, when w_ = w_ = 0,'then
X Pz
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a = A =2, and

b=B= -2,

which further implies that

il

$d(a) = T (A)

%4
1 - =

u

and  ®(v) = &(3) —5— T e ees(5.16)

Substituting (5.16) in (5.13) and simplifying

vie get,
2 2
- 1l p
“5 “n 1 - F;.xz) n' YoX2Z

+ = yz 2 Byz f§2 BYX Byz Iiz)
2 2. gi£2+) (Byi - 238, F;z Byx Byz Xz)
= % (1 féi;z) * %' f;i‘z
ke LEresa g
-k, K
=+ 3, cererenneean(5.17)
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B 2
YWhere k = 1 = f)y.xz

2

and k' = (L + 22, $(2,) ) fpyoxz

v

In order to minimise (5.17) subject to (5.15)

we have to minimise M_ C where

5

®
P'(SC = ( "ﬁ‘ + 'E') (nc1 + n'C;) .'o000(5018)

\

which by Cauchy - Schwarz inequality is minimi-

sed when \
k k!
P = 2
n- ocy n' Cq
Ty
or n= [__ Cl__hk :
- ﬂ t \
C1 ( kc1 + o\k C1 ) .o.oo.(5019)
and n' = 9;{;1
"E‘; (ch1 + ’"‘Ik'c‘;) o-ooooo.(SoZO)

Substituting (5.,19) and (5.20) in (5.17) we

have
(Tke, + Tire] )2 ~
Msropt = c veen (5.21)
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5.5 Comparison of tne suggested estimator with

other existing estimators

5.5.1 Conparison of 1} fero bt and V pt(§3l

We shall now first compare M with the

5’opt
minimum variance of the regression estimator with two
auxiliary variavles under double sampling. The varia-

nce of t, from (5.12) is

3
1. f;2 P2 —_—
. - Y X2 «XZ
v <t3) n -XHT_
2 2, 2
under the assumption Ty = (T} = 0, =1 and let

as before C = nc, + n'c{. Again by Cauchy - Schwarz

inequality VC {s mininised when

02 2
1 ‘ YV X2 f?x.xz
2 = 2 '
n-c, n' C4q
c J1 - P2
or n = Y X2

JE; ([E; P J°1(1 y xz

: S coe..(5.22)

c PR

and nt = Yo Xz

Tey (fer 2+ e (a P2 —

'J
YeXz Y. xz

e a(5.23)

Substituting (5.22) and (5.23) in v(t3)

we have
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(e! P+ (1 - P2 _) )2
v (t3)= N O Y X2 “scé PY”‘z ceveal(5.24)

In order to combare (5.21) and (5.24), we find
that, since <+ 2 2, ¢ (Z,) is a decreasing function of

Z, with a maximum equal to unity at Zd, = 0, the Vopt

(t3) is atleast as large as that of MS’opt° Thus, we

conclude that MS’opt < vopt(tB) with equality holding

for Za, = 0, wnicn 1s the case when the twc estimators
coincide.

5.5.2 Comparison of MSTZ (t_.) and MSE (tgl
~

Mext, we snall compare MSE (tS) with MSE (tzj,' the
\
mean square error of tne preliminary test egtimator in

double sampling witn one auxiliary variable.

Mow, from Han (1973)
A4S l 2 1
My = MSE (t5) = 5 (0 - P5) + 7 P

2
2 yX

e2
+ L% (a ¢(a) -1 $ (b))

- P2 G- 22 (B (a) - (D)) ...(5.25)

where

a =2, - J?; L*:( and b = = ZOL -fJn' fk x

¢

In order to compare (5.17) with MSE (tz) we must

putjx = 0 in (5.25) since relative efficiency



of t. w.r.t. t, (with g 2 a o 2 . 1) is maximum at
2 . 1 x y .
that point,
Therefore we have
p?.
1_ o 2 oL
My = n (- yx) M n= (t+ 22, ¢ (zy) )

eeee(5026)

Now, from (95.17) and (5.26) we get

MSE (ts) - MSE (t2)

n(Pyi-PZ )[%-%,(cuzzdcp(zd) )j

yoX2

ee.(5427)

Since 4+ 22, ¢(2Z,) is a decreasing function of

Z , with maximun equal to unity at Z, = 0. Therefore,

Sl

Cav 2z, $(2)) > o0

S|

2 2
and pyx < Py.xz

Thus from (5.27)_

MSE (t5) < MSE (t,) _eeeee(5.28)

5.5.3 Comparison of MSE (t.) and MSE (t,)

Next we shall compare MSE (t5) with the mean
téﬁuare error of tu, the preliminary test estimator in
i
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double sampling with two auxiliary variables having

partial information on one auxiliary variable,

\ 5

From (5.17) and (3.17), we have

MSE (tb) - {SE (ts)

2
. (Py.xz

n' (1 - F

XZ

s

) [1-(-«“2204 P(Z,) )]

ceees(5.29)

Now, since #+ 2 Z, ¢(Z,) is a decreasing
function of Z, with a maximum equal to unity at
2 2

Z, = 0 and Pyz <P

y.<z? therefore from (5.29)
we get

MSE (ts) < MSE (t) veeee(5.30)

5.6 Discussion

From (5.28) we find that the efficiency of
the preliminary test estimator in double sampling
with partial information on two auxiliary variables,
increases by ugilislng z - values in addition_to x -
values, This is also true for linear regression !
estimator in double sacpling without using prelimi-
nary test. In the earlier sud - s;ction i.e, in
5.5.1, we have also proved that under the optimum

conditions mean square error of a preliminary test
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estimator in double sampling with two auxiliary
variables is lesser than the mean’ square error ‘of
usual regression estimator in double sampling with
two auxiliary variables, Again from (5.30) we find
that the preliminary test estimator in double sam-
pling with two auxiliary variables, having partial
information on both the auxiliary variables is even
better than the prelizminary test estimator in double
sampling with two auxiliary variables having partial
information on only one auxiliary variable. Therefore,
under the stated assumptions, preliminary test esti-
mator in double sazpling, with two auxiliary variabdbles,

having partial information on both the auxiliary va-

riables 1is more efficient.



CHAPTZR SIX

A generalized study of tne preliminary test estimators

in double sampling.



6.1 Introduction

In earlier chapters we have discussed
about preliminary test estimators in double sampling
with two auxiliary variables and their bias, relative
efficiency, optimuz allocation etc. under different
assumptions. However, in all the cases, preliminary
samples for estimating My and )Lz were, even though
independent, but were assumed to be of @he same size
n' (> n). In the present chapter an atéempt will be
made to consider the situation when the sizes of the
preliminary samples for estimating rkx and rkz are

different.

Suppose we are interested in estimating
the population mean }ky of a study variable Y, When

information on an auxiliary variable X highly corre-

lated with Y is readily available on all the units

of the population, it is well known that ratio or ‘

regression-type estimators could be used for in-

creased efficiency, 1incorporating the knowledge of
M+ However, in certain practical situation M x

is not known a priori{ in which case the technique

of double sampling can be fruitfully applied. The

values of X are assumed to be known over a large

sample of size n' ( > n). liow suppose that informa-

tion on yet anotner variable Z is available. Again

if p, 18 not known, assume that Z is known over anot-
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her large sample of size n"( > n'). In such a situa=-
tion an estimator using X and Z is being suggéste&:by
Mukherjee et al (1987) as follows

t6 = Yn + b‘fx (xT\' - Xl + byz (Zn" - zn) .ooc(6o1)

with

= S X X
MSE (tg) = V(tg) = —~— (1 ~PY.x2) XX

ceesee(6.2)

1
WYIere Zn“ = H" Z Zi 0-0000(603)

and b ., Boy, [y ., etc. have the same definition as

in earlier chapters,

6.2 Suggested prelizinary test estimator

NHow suppose we have partial\inforﬁation about
Py and Moo then we may perform preliminary tests to
construct preliminary test estimator. Let (X, Y, Z)
have a trivariate norszal distribution with mean ( P

)*y' sz) and covariance matrix 2: in which the varia-

nces are denoted bty J—xz, (7&2

lation coefficients by f;x, 132 and /iz. X and Z can

be readily observed, while it is more expensive to

and 0—22 and the corre-
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observe the triplet (X, Y, Z). The problem is to esti-
mate rky. Let (xi, Yys 21), i=1,2, ¢o.oopnben
independent observations on the triplet (X, Y, Z) which
18 supplemented by o more independent observations on

X and another m' ( > m) independent observations on 2

where n + m = n' and n + m' = n",

If 2 1is known we cay let o‘x2 = O 2 o 0‘22 a 1

y
without loss of generality. The Jjoint distribution of

(xn, Yo z) is normal with mean ( Moy Py rxz) and

covariance matrix,

! yX /iz
zer 1 fax ! F;z
n
P L 1
Xz yz
_ i

When }Lx and W, are unknown and the experimen-
ter has partial inforcation about them, ‘he can employ

\

preliminary tests for

H°1 : }kx = 0 and Ho2 : %kz = 0

. (taking Mok = %oz ® 0 without loss of generality)
The preliminary test estimator utilising par-

tial information about two auxiliary variables X and
Z is defined as

\
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Vo Byin - ByoZy XIS Z AR IZ IS 20
Vot Bw(in,- x,) - Byz'z'n if i%,|>2d/.\r;‘,}§ﬂ"‘szd/ﬁu
t, =9
RF- % 3.3 5 IroRE: ;
Yo~ ByFn® Byz(zn“‘" z ) if Ixn,lg Z,/+n ,Izn,,l> Zd/aJn
— - - - - - -
Yot Byx(xn.— X, ) + Byz(znﬂ- z ) it lxn,l>>5 /nt,
'Enn ‘ > za'( /4 n*
000...0(6.&)
where the components Byx’ Byz’ Zx etc. have the same

definition as in cnapter 2.

6.3 Bias of the suggested estimator

To evaluate the bias of t7, we require the Jjoint

nt Zpmr 2o yn). It can be easily

verified that the joint distribution of these is a multi-

distribution of (:-:'n,, X

variate normal distribution with mean ( Mo Py g

P \xy) and covariance matrix
!

1 1 E(z &z Pxx ]
n' n' nv n' n
1 i E(z f?cz PEA_
n' n no n n
F))(Z~ '?(2 1 1 sz N
""n'ﬂ’ -—vn Hu n" n
5 .
szcz %z 1 1. Pzz
n' n n" n n
p 3 P P
yx yXx yz yz a
_ n n n n n
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The derivation of the bias function of the esti-
mator involves conditional expectations, the conditions
being acceptance and rejection of thé hypotheses H°1 and

H Therefore,

02°
E(t) = E (6|15, <2/, |50 2 A )
X P (Ix <z, /A, 2.l 2, /40 )
CE (IR > 2, 1T 2 M)
X P (X I >2/t, 2.1 2,/Hn" )
v B (|15 < 2 R, (Tl > 2, A )
K P (x <z /im0, 1Zu]> 2, /40" )
cE (IRl > 2 Mm 5> 2 A )
XP (x> 2, 40, |z 0l > 2, /40" )

= )-Ly+BiaS (t.?) D N I N I R .0'&000'(605)

where

: B
Blas (t7) =8, = L2 (¢ (a) - ¢(®) ) =B, 1, ((a) - $(b) )

an|

* _G_J% (P(A) - p(B) ) =B R, (2(8) -2(3) )

A ]

veee(6.6)



where a = Zi - {n' P~ y D = = Zd -,f;' y\x -
wa Amz LA, , Baoz -dmp,
(for derivation refer Appendix A)

6.4 Mean squave error of t7

We know that,

2
7

Tne derivation of ¥SE of the estimator involves
conditional expectations of products, the conditions
being acceptance or rejection of the hypotheses Ho1
and HoZ'

Now, from (6.4)

2 = 2 1 2
E(t,,) (Hy*'n)*'BYX !

e
~-2B . (u w +=XX)Yy_o> Byz(}*ysz + L2 )

yx© o Xy n n
P
. Xz
+ 2Byx8yz( Py B, v =

- B; [< w2 2) (1 - B(a) s B )

2 (2

+ =22 ( ¢(a) - P(b))
A‘n'
fh @9 @ - p)) |

. .2 2 '
M, = MSE (t7) a T (t7) - (E (t7) )" + B5 ceveed(6.7)

100
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P \
. yx[( Wt =) (1 -T(a) s B())
1 W -
rE oy By py) (BGa) - &)
O

P e =D o)) ]

P
-2B_ B, [(_uxuz+—§—$ ) (1 - B(a) + B(v))

<+

(v, + B,u) (d(a) - &())

1
«n'
O

+ =% (a ®(a) - b P (b))

- 82, [c)uiﬂgm) (1 - B(a)+ B(B))

P =2 (B ) - 0(B))

choaem - em) |

Y yz[(‘* 2 ) (1 - B(a)+ B(®))
+%_ (g + B 1) CO1) - 0(B))

R
e rw s e®) ] (e

Now, from (6.5) and (6.7)

2 2
Msg(t7) a E(t7) - )Ly -2 fky B7 ....... (6.9)



n (69)
Substituting (6.6) and (6.B)Land simplifying
we get
MSEI(t,/.) =My = By + hy el (6.10)
where
1 2 B2 :
g7 =7 (1 -'Oy.xz) 5T ot (2 Byz Pyz Byg)
...... (6.11)
and
= - 3 3 2 2 .1 Px
hy = ( B(a) - So) [32 (p24 1) -2,

P
X2z
* 2 Byy Byz (PxPz * 50 )]

+

1
o (P@ - pm ) [-282p v28 F

yXx yx)*x

102

- ZByx Byz (}'Lz M XZ}JX)]

+
3|

.(a<P(a)-b<p(b))[-Byi+2Byxpyx

- 2By, B, sz]

¢ 3 2 2 . P
+ (P(a) = d(B) ) [Byz (P2 + ) -2 By2 %%:l

-1— (YD - < 2
Crm P ey [-2n i w2, B ]

]
+ow (AP (A) - BQ(B) ) [—Byi + 2B, Py;’ veee(6.12)



6.5 Relative efficiency of t7

The quality g, in (6.11) is the variance of g
given in (6.2), the linear regression estimator in

double sampling, with n' & n" under the assumption

- 2
that 2 is known and arxz = gryz = O‘z

relative efficiency of t7 to t6 is defined as

= 1, The

MSE (t6)

g
e7=1"3 t!,{; = g:]—*JF; 0--0...(6013)

The values of e, can be easily computed for

different values of YLx and}$

2° In general, eq has a

maximum at By =8, = O. To give an idea about the

behaviour of the relative efficiency function with

respect to Mo and Rl e7 was computed for a set of

values of n, n', n", 2z , Byx and Byz. These are pre-

sented in the following tables, 6.4 and 6.5.

6.6 Optimum allocation of sample sizes

We next consider the following sample design
problem, Yor a given cost function, what is the opti-
mum allocation of the sample sizes n, n' and n" ? Let

the cost function be of the form

C=nc+n‘c’ "‘n"C" ..........(604'14)

103
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where ¢, c' and c" are the costs of observing ¥, X

@

and Z respectively,

The values of n, n' and n" are obtained by
minimising MSE(t7) subject to the cost constraint
(6.14). In general, tnae values of M, and B, are
unknown, the experimenter has partial information
about tnese and believes tnat both }*x and y~z are
close to zero, “hen ?Lx = u, = 0, the relative
efficiency Bf t7 is the largest. It would be reaso-
nable to let T 0 in MSE(t7) and obtain the

’

values of n, n' and n" under the optimum situation.

Now when = u _ = 0, then
¢ K rZ
Pla) = T(&) = 1 - B

0000.(6015)
and T(b) = T(3) = .JE_

Substituting (6.15) in (6.12) and simplifying

we get

2 B

- X (1 - yx o 1 2
M7 = (1 Py.xz) + + = (2 Byz Pyz - Byz)

1 - 2 1 2
- = BW<+ o 22Aj3(2%)3yx
o =X B2-23_R. )-1 22 q>(z)(132-23 ~,.)
n yz yz 'y n" L x yz yz 'yz
k k' k"
= ]':"l + "5. + H" et v s s e e t oo 0o et (6016)
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where k = 1 =~ Py,xz
k' = (< +22,¢(2,) )B 2
o 2 yX

and ku,,(o{+2zi®(zd))(28yz pYZ-Byi)

In order to minizise (6.16) subject to (6.14),

we have to mininoise M7C where

"

ML = ( % + %: + %n ) (nc + n'c' + n"c") .,....(6.17)

which by Cauchy - Schwarz inequality is minimised

when
\
k kl k"
k= § =1
n)c n'zc' n"zc"
v
orn = ¢ k

AX-E (”W(; + ";k'C' + q‘k"C" 0.0000(6.18)

o c Ak
{et (ke + {krc! + {knen) ceeveea(6.19)

and n" = ¢ f{—};' )
«JC” ('*“{C + «JK'C’ +fJ knch) """(6'20)

Substituting (6.18) -~ (6.20) in (6.16) we have



M

- QIEE +ﬁ(k'c' +”ik"C")2
C

7’Opt \0‘0.000!0(6.21)

6.7 Comparison of the suggested estimator with other

existing estitator

p Yo L T 31
de shall now cozpare h7,th with minimum variance
of the regression estizator tg given in (6.1). The va-

riance of t. from (6.2) is

N

B

1 2
) *_E¥§ *oan (2 Byz Pyz - Byz)

V(tg) = Ly -Pie

n K2

ooo.tc(6c22)

under the assumption that 0‘%2 = g . 0“22 = 1 and

Y
let as before C = nc + n'c' + n"c", Again by Cauchy -

Schwarz inequality VC is pinimised when

2
2 2
L.'.,Ex_oﬂ 3522;_,?_32 Nz = Bys
n-c¢ n'"¢t mjén

Therefore,

n = r_ p ovo:ooo(6923)
CB ”
L
n :T:Tz; cesse(Bo24)

and n" o= — yz Yz Yz

{en W eeee(6.,25)
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where
T T o] N
W o= J(1 "(Dy,xz) c +\/Byx c! +«!(2 Byz P&z Byz) ch
Substituting (6.23) - (6¢25) in (6.22) we get
Py 2 ) z 2
v (L) = («((1 —‘oy‘xz)c +4 By ©' *m(kZ B, F}z - Byz)c")
opt' "6 o]

a-oo-(6026)

In order to coxpare (6.21) with (6.26) we find
that, since %+ 22, ¢(Z,) i{s a decreasing function of

opt(té)
ils atleast as large as that of M?’opt° Thus, we conclude

Zy with a maximum equal to unity at Z_ = 0, the V

that M < Vopt(té) with equality holding for z2,=0,

7’opt =
which 1s the case when thne two estimators coincide,

6.8 Discussion -

As partial checks it can be seen from (6.6) that

i.e. when we always accepnt HO; and B7 = 0 when « = 1,

Further to give an idea about the bias with res-
ko
pect b and y» _, we cozputed the values of B, (in ab-

solute values) for a set of values of nt, &, Byx’ Byz’

which are presented in the following tables, Table 6.1
- 6.3,
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We notice that B, = O, when M = P, = O, Aisp

7
when My >y increases from O, B7 increases

to a maximum, then decreases to zerd. The bias is very
close to zero at P @ W, = 1. The bias found here is
quite small almost in all cases. The general behaviour

of B, with respect to »  and B is shown in Fig. 6.1

!

In section 5.7 we have proved that under the
optimum conditions mean square error of a preliminary
test estimator in double sampling with two auxiliary
variables is lesser than the mean square error of usual
regression estimator in double sampling with two auxi-
liary variables. Tnerefore, under the stated assump-
tions, preliminary test estimator is more efficient
even when the preliminary sample sizes for the two

auxiliary variables are different,
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Fig 6,1 Behaviour of Bias (t7) weret, B

x and B
e(z = 0.6,
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Fig 6.2 Behaviour of relative efficiency e
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7.1 Introduction

In earlier Chavters we suggested a number of preli-
minary test estixzztors in doutle sampling under varied

iciency of these suggested estimators

-t

M1,
[

situations. The e
as compared to otrner corzzoaly used estimators is also
being studied. In the present chapter a comparative study
will be done on tnese suzzested estimators, theoritically
as well as empirically, Trne empirical studies are done
mainly to show the practical applications of the suggested

estimators and to dszonstrate the performance of these

estimators as cowpared with other existing estimators.

7.2 The estimator t,

As one may recall we have cdefined the estimator th
in chapter 2, as a preliminary test estimator with two
awciliary variables having partial information on only one
auwxilliary variable, Tne estizator was found to be a biased
one., From the Tables 2.1 - 2.4 and Fig. 2.1, it follows
that in all the cases Bias (%, ) = O when }xz = 0. As B,

increases Bias (tb) increascs to a maximum, then decreases

-

to zero. Bias (tL) = O when }Lz is very close to 1. Ve may
also notice from Fig. 2.1 that with larger values of

Blas (th) has comnaratively lower peak.
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llext the mean square error Mh of t(+ was obtained

and relative efficirency e, of tb with respect to t3, the

{.
linear regression estimator in double sampling with two
auxiliary variables, was cozputed. We notice from Tables
3.1 = 3.4 and also from Fig., 3.1 that e, i{s maximum at

)LZ = 0, As u\z increases, e, decreases to a minimum

I
and tnen increases to unity, Also it is found that ey is
very close to 1 at o= 1. Further, at )*Z = 0, where
e, is maxinum, M, < ‘/(t3) provided F}g > F;oxg F;i.
That is the preliminary test estimator in double sampling

-with two auxiliary varigbles naving partial information
on one auxiliary variagle is more efficient than the re-

gression estimator in cdoudle sazxpling with two auxiliary

variables, but witn no partial information.

7.3 The estimator t5

H

This estiuator as suggested in chapter 4, is a

&

preliminary test estirmazor with two auxiliary variables
having vartial inforration on poth the auxiliary variables.
We have noticed thnat like tb’ t5 is 2l1lso a biased estima-
tor, Blas (t5) is a Zunction of H o« and B From Tables

L - 4,6 and Fig. L it o1lcw = =

o ro® and Fig. L£.1 it foilcws that when Px = Pg = o,

Blas (t5) = 0. As W, W

N

increase , Bias (t5) increases

N

to a maximum, tne decruases to zero. Again Bias (t5) = 0

’.J

when }JK and \\._ are wvery close to 1, Thus we observe
. i L&
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that the behaviour of 3ias (t5) is ver, much similar to
that of Bias (tb,)° The Yias is very negligible in both
the cases, It is also observed thzt, as in the case of

Bias (tu), Bias (tS) also cdecrozces with an increases ino

Next the mean square errcr H5 of t5 was obtained
from which €5 the relative efficiency of t5 was computed,

Further we notice from Tables 5.1 - 5,2 and also Fig., 5,1

-

that eg is maximum at My = W, = 0. As Tkx’ sz increa-
se e5 decreases to a =minizun and then increases to unity,
Also eg %s very close to 1 at W = By, o= 1. Thus, the ge-
neral behaviour of e, and eg are very much similar, Ve
_have also shown that for }*x =, = 0, the following

inequalities hold good.

My < V(tg)

Ms < MZ

Thus, the preliminary test estiwmator in double sampling
with two auxiliary variables having partiel information
on both is more efficient than the regression estimator
in double sampling with two auxiliary variables without
any partial information. It is zlso nore efficient than
preliminary test estimator in ¢ouble sampling with one
auxiliary variable. Tnis is also irue incase of usual
regression estimators that incliusion of an additional

variable leads to more efficien* estimator. Finally t5



17

1s also better than t, where we have partial informa-

tion on one of the two auxiliary variables,

7.4 The estimator t

7

This is also a preliminary test estimator witﬁ
two auxiliary variables with partial information on both
the auxiliary variables, However, unlike before, here
the sizes of the preliuinary samples for éhe two auxi-
liary variables dirffer froa each other. In this case we
notice that behaviour of the Bias (t7) is very much si=-
milar to that of Bias (ts). As is seen in Teble 6,1 -
6,3 and Fig. 6.1 Bias (t7) = O when }Lx = P, = 0. As
P o increase, 3ias (t7) increases to a maximum
and again decreases to> zero., Bias (t7) = O,when‘}»\x

and }xz are very close to 1.

Relative erficiency e, of t, was obtained with
A\

regpect to t6' the linear regression estimator in dou-
ble sampline, with two auxiliary variables, -with preli-
- minary samples of unequal sizes, Behaviour of eq is being

shown in Tables 6.4 - 6.5 and Fig. 6.2, Here also e, 18

7

maximum at A= =0, u -
; P @2, As Yo, Y, increase, eq de

éréases to a minimum and then inareases to unity. Also
““éis ver 5 1 W =z =

97J Yy close to at \ x )Lz 1. Further, we
have shown that at M= W =0, M, < V(t6). That is

i 2
t?Qis more.efficient thuan té.
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7.5 Empirical studies

Many authors have done empirical studies to show
the application of tne estimators in double sampling. They
have also demonstrated the performance of these estimators
as compared to other existing estimators. We also have
made some such stuiie§ to cenmonstrate the performance of

the preliminary test estizators suggested by us.

7.5.17 Empirical studies for double sampling

Som (1973) has shown the application of double
sampling for estimating the average number of cattle per
farm by using a regression estimator, taking area per
farm as an auxiliary. varizble. He has obtained the average
area per farm from the first phase sample. He has further
shown that the estimated standard error for the regression
estimator in double sampling is 0.,1891 whereas if no acc-
ount is taken of the information in the first phase sample
then the estimated standard error for the average number

of cattle per farm is 00,2548,

7.5.2 Empirical studies for double sampling with two

auxiliary variavles

Shukla (15596) has snown application of double ‘
saﬁplina for two auxiliary variables, In order to esti-

mate the mean yleld of tne jute fibre per plant, he con-
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sidered two auxiliary variables namely height and base
diameter, both of which are correlated with the yield

of the fibre. The data was obtained from Jute Agricul-
tural Research Institute Farm, Barrackpore, from plants
sown in the year 1952 - 63, Using a regression estimator
with two auxiliary variatles in double sampling, he has
shown that tne suzeested method is superior to Olkin's

(1958) ratio method.

Mukheriee et al (1587) have shown a number of

applications of double samzpline with two auxiliary va-
\

riables. They have used the followin~ Data sets for com-

paring some regression-type estimators,

Data sets 1 - 3 : These are based on data sets 1 - 3 in
Kiregyera (1984) relating to the 1959 and 1964 censuses

of agriculture for the state of Iowa, U.S.A.

Data set 1 :
y : acres of corn harvested for grain, 1964,
X i acres under corn, 1964,

z : acres under corn, 1959,

Data set 2 :
y ¢ bushels of corn harvested, 1964,
X : acres under ccrn, 1964,

z : acres of corn harvested for grain, 1959,



120

Data set 3

y : bushels of soy beans harvested for beans,
1964,

« : acres of soybeans harvested for beans, 1964,

z : acres for soybeans harvested for beans, 1959.

Data set &4 : This 1s based on data from 1961 and 1971

censuses on 63 cities and urban agglomerations with

population 200,030 and above. Here
y ¢ nunber of workers, 1971,
x : population, 1571, z : population, 1961.

Data set 5 : This is based on data on 80 Indian facto-

ries as recorded by turtny (1567). Here
y : output, x : nuzber of workers,

z ¢ fixed capital.

7.5.3 Empirical studies for preliminary test estimators

\

In this subsecticn we have considered the follo-
wing data sets to show the practical apnlications of the,
suggested estimatsors and also to compare their perfor-

mance as compared to other estimators,

s

Data set 1

This constitutes the data collected by us from

a local forest, rezresenting social forestry plantation,
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for estimating the leaf area of a broad leaved fodder

tree species Exbucklandia populnea (Griff.) R.W.Br., Two

hundred leaves were collected and for measuring the leaf
area a very popular zethod was followed. Firstly, the lea-
ves were drawn on graph sheets and the number of squares
covered were counted to the nearest 0.5 mmz. The leng h
and the width orf the leaves were also measured from these
figures, and were considered as two auxiliary variables.
Both these variables have high correlation with leaf area
and are easy to measure as compared to leaf area. In fact,
one can mecasure these two characters even withouﬁ:p}ucking --
with \

the leaves from the trees., leaf area estimation . auxi -

liary characters such as length, width etc. is thus very

common in practice. Here we take

y ¢ leaf area, x ¢ leaf length,

z ¢ leaf widtn.

Data set 2 : This is basea on data on 80 Indian factories

as recorded by Murthy (1967). Here

y ¢ output, x : nucber of workers,

z ¢ fixeu capitzal,

In order to sasw the application of the various
preliminary test estimators suggested in the earlier cHap-
ters and to judge their performance, Mh’ M5, M7. M2 at
)} x P"Z = 0 aand V(t3), U(ts) etc., were computed from

the above two data sets and are recorded in Table Te1a
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for . .
As we may see froa Table 7.1 thatkboth the data

sets
2 2 2
F&z > Py.xz sz
Therefore, for both the data sets

M, < V(tg) oo (7.1)

Again, we find fron table 7.1 that in both the cases

following are true

i <V(t3) ceeeeeaa(7.2)

Mo << 1, e ed(743)

Finally we notice that for both the situations,

My < V(tg) vevneenni(7.5)

Summarising (7.1) - (7.5) we can say that except
(7.1), rest of tro inequalities are true under all con-
|

ditions at p =\, = O, Again from (7.4) we have Mg <

M“, suggesting that azongst the preliminary test estima-

tors with two auw<iliary waraiavles, the one with partial ™

information on botn tns awxiliery variables is more effi-

clent, Finally wren .e nave partial information on bth
the auxiliar,; variazolzs arz greliminary samples are of

different stzos trno 1 onz czn uce t7‘wh1ch 1s more effi-

123
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cient than t, as 1s clear from (7.5). Thus we can con-
clude that preliminary test estimators are more prefer-
red than the usual regression estimators in double samp-

line whenever we have partial Information on one or more

auxiliary variables.
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Appendix A

Derivation of

Bz |70 >z ) e (JZ 1> 2 Hnt)

n'
Let T = E (-z-nt ’;n|l > Z_;(/'\n') P (‘znll > Zd/ﬁ')

= E (;nl -z—n' P Z_z/"\[—n"> P (En' > Za(/ﬁ')

¢+ E(Z |z, < -2 /0 ) P (2, < -Zo(/(n")

n! =
el "ZD{/’\";-'
_ S Zn. £ (En,) d‘-Zn, + & Zn, £ ('z’n,) dz
z,/{n" =

Now, we know that

Z o~ N ( P 1/n*)

n!

Therefore, '
00

I ?EL% [Z /&Am"z‘n, exp (- 1/2) [ 1/{_):2:] dz_,
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A - L
Putting w = n'  tz y which implies

1/

dw = n' dZn' , we have

VB
<

e
T = - [ g ( Mo+ w/«f_r—{') e
A

where A = zx’_;nq f‘z
and B=-2, -in W
Therefore,
B
7 1.2 1.2
}‘Lz "'é"" -§w
{21
A -0

+
o)
==
=

S |

e

z
g0}
]
N -
‘(’\)
(oW
%,
+
(G}
£
(1]
]
N =
£
[0}
£
L1

2 .
Again putting g =t 3 wdw = d t, we have
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= (1 - 3(x)+ &(3))

2
o) B /2 .
1 -t -t
+ [ e dt + e dt]
,r2ﬂ nt 2
A /2 &0
2 2
1 ~A /2 =BT /2

= K, (1 = ®(a) + E(B) ) +

(e -e

{27 n

= M (1 - 3(a)+ ©(B) ) + ( ®(A) - ®(B) )
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B

Derivation of

- 2
E (zn,

Let
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g
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i

Z
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Z.n|

Therefore,
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Rpuy _ 2 'z
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Putting w = n__LZ
1/t

y which implies

dw = 4nt d?n,, we have
O - 1 w2
T = L [ (o + w/dne )2 e dw
{2n z
A
B

¢0 1
N 2 R, [ ‘f; 2
«[27Tn'
A
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+ 1 [ v‘12 e
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2

Again putting g a t
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A

nj—

\\~2 e & dw]
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B
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Appendix C

Derivation of

iz 0 >2/d0t) P (12,1 > 2,/{n")

E (zn'zn

We know that
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g B~ N G (SRS WA
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ne "ZCL/'(T{‘
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where

£ ( ) = exp (= %) ( =2—)
o\Zq0 29 A 2 nl- n

t,2z t,2z
2 2 in n'«n 1“1 22
X [51 + Z5 = 2y 2, ( —5T o =

and A and B are saze as in Appendix A.
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AT Y
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n z

1 2
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Thus,

1
I=exp[(t1+ t2))u2+-2-(.ﬁ_+;1_‘. 4..______n_'__)

£ (1 -~ (a') + EB') ) cevevea.(2)

Now, substituting (2) in (1) we have,
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Here, we shall use the formula for differentiation

under the integral sign. That is if
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Appnendix D

Derivation of

E (2,7, 170 > 2,450 P (12,1 > 2, A7)

Now, we know that
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t.y + t.Z
P 1 n 2 n' - -~ punyd
+ E (e 20 -2,/4dn') P (Z g -2 /dn')
49 x3 -
t,y +t.2
17n" "2°n? = = = 4T
S (T T 65, i
?n:—cO Z 0t z}/{}W



0 ..ZJ/{—H!

Y 100 Z_ 43 =00
yn nt

where fi('}';n, z_,) is a bivariate normal p.d.f. with mean

. \ and covariance natrix
()"y' )k‘z)

_ o -
]
a -
A
= a
: ]
Therefore,
£,(¥, Z,0) = b— exp (- 3) ( —em—))
21.(n-1-1-r_~.}'_2_2)1/2 n-(oyzn
n'

~

X [ 0@ p% 0t G- p,0% 2 B, nGp- 1) Grim ) |

¥y - zZ_,-
Now, putting z4= —5—1;—1 and z, = —2——48;5 y we have
1/ 1/dn?
{n? _ R
I = > exp (t1}xy + tzf*z) .
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oo oD

£ [ S § £,(z4s 2,) dzy dz,

21:—d3 22:A

B

[¢.0]
+ S g £, (21, 22) dz1 d22:]

Z :-‘9\—) . :‘-)‘)
é.‘ ZZ

. 1 n'
where f2(21, 22) = exp (- 5) ( o > n)
yz
2 2 m nt- B2 n tiz, %7,
)([21*;.2—2,0 _-:2122-2( J{ ) ( + ﬂ
YZ pt n {n <n!

and A and B are sane as in Appencdix Ao

Now, put
iy n'- F{i n t1 nt- i n 1/2
2m B (2, 5 (P ) L ()R
t t -
1 2
z— ——— am ——— =3
2 Pyz «]’H‘l {T{! v

Then, 1f we define

2
J = a( U,Vz =(n|— t?yzn)- 1/2
3(21. Z; nt

, we obtain

2
n'- - n _
du dv = ( ————ﬁ-‘(z——) 1/2 ¢z, dz,
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Therefore, using tne above substitution in I, we have'

o0
S fj(u, v) du dv
v

2T

oo
exp (t1}1y L) [ S
u

:=99 ViIA!

where

' 2
f3(u, v) = exp (-~ %) ( n' —— ( 2_~_£15_2) (u2+ V2)

'-
n F;z n)
' 2 2 2
n'- 2t 2 P t,t
vz ik 2 yz 172
- ('_—'HTL——— (v a7 ¢ n’ :]
and A' = A t‘;' ( F;Z t1+ t2)
Bt =B - 2 (€ to+t)
[ vz 172
This is because
2, 2 e nt- Rp otz 272
25+ z5 -2 P = ziz, - 2 ( Yz . )
voE SRCTEL n Tn Tn
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Y2 ot
n'- P 2 n t t 2
+ ( 2 ) z,- R L . 2 :}
n' L2 Y&in' Nn*®
2 2 2
o PYZH) B, B, e D%
"‘( n' n FT yz ——T'l-r
Thus,
2 2
t t 2 P_ t,t
- 1,1 2 vz 172
I‘e*p[tﬁ*y*tz}*‘z*z(n *art N )]

X (1 - @(ar) + TB') ) tvvvinen.a(2)

Now, substituting (2) in (1) we have

E (z. v, |1z > 2,/{a") P (|2, | =2 /{n")

2 2

t t 2 P_ t.t
_ R 1 1 2 vz 1
= 3t [5?2‘ e<p [tw“y*tzs‘z*z(ﬁ—*w* AT

~

which again by the formula for differentiation under the
sign
integrallas in Appendix C, leaas to
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E (2.7,

1Z ol >2,/{n") P (I2_,1 > 2, MHn")

p
= (P PRt £F) 0 -2+ T23))

1
An!

R
+ L2 (A P(a) -B ¢(3))

Cpy+ Pyz R, CP(R) - 4(3))

In the same manner we can obtain

E (zn,xn

1z, >z, /) P (17 1> 2, /%)
( E ) (1 - D(a) « ©(B))
SV P x Pzt T - A o

1 N
S (Pt B, ) (M) - e(3))

g

+ =3 (A ®(a) -8B P(3))



Appendix E

Derivation of

E (x

1z 1> z,/4a) P (12 ] > 2,/n")

Now, we know that

E (X 12,4
LD
ot

Now,

I =E (e

i

+

i

E (e

E (e

1z >z, /a0 p (UZ 1> 2, /{a")
t.X ¢tz _, 1
[ 5 s 2 iz0> 2w

£P (z > Z,‘/ﬂfﬁ')] at t; = t, =0 ....(1)

t.X .+ t.Z_, _
Tt T g s 2 4 P (1E,, | > 2/

L et 8700 L _
Z.'l' > Z_i/'f;;') P (zn|> Zd/ﬁ')
t1;(-“,+ t2-z.n' - -
|7, < 2/ P G 2 M)
[a @
t. X _,+ t,z
1 ! 2 —_ -
g e ' O n £,(x 00 zn,) dx,. dz_,
P im0 Z 2,/
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' - - - -
2'n £,(x 0y Z0) AX, 42z,

where f, (f 1 Zn,) is a bivariate normal p.d.f. with mean

( W oo ) and covariance matrix
A ’%z
n' n'
0
Xz 1
Ny n'

Therefore,

£ (X ) T,) = n’ exp (- 3) ( - )
1Y n'' “n 2\1/2 2 2
2T(1 - sz)
[(x Y (- -2 G, (k- py) (2 )]
X - M Z .- u
On putting z, = -ﬂl——4:§ and 2z, = n' /2
1 /+4n! 1/n"
we have
( X o0
exp (t + tp)
1 M x 22 [
I-= f (z dz, d
27 (1 - F§§31f2 S J, 2(zqs 25) Zj_mfz
z Doz, A
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o0 B
+ J f2(z1, 22) dz, dz?_:]
21:-—0‘3 z50=

where £, (24, z,) = exp (- %) ( —*l—'f-gg)
1 - Ty

2

2(1 - KBz)
2 2 o) X2z

X [21 v 25 =207, 29 25 - = (t1z1+ tzz?_)j

where A and B are same as in Appendix A,

Now, put
t
o 2 1 2,\1/2
Z4- sz %2 - (- F3) ,:f,’ = (1 - P)cz) u
t

1 2
2= . — - =5 = v
S CUNE Y

Then, if we define

Jo= BO(Z:I: ‘22) = (1 - P}j)' Ve » we obtain

du dv = (1 --FJYE)-~ 1/2 dz., dz

1 2

Therefore, using tne abaove substitution in I, we have

oo oo
exp(t, M _+ t, ) :
I = L gﬂf 2/ 2 [ £3(u, v) du, av

L t
Aie VA '
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4
w

where

1 1 2 2 2
£,(u, v) = exp <-—2-)<;——_——5~23>[(1 - £2) (B VP

Xz

2 2
t
ey, B, 20 My
Xz n' * nv n'
and A' = A - 1 ( P_ . + t,)
AP xz 1 2
B' =B - = (Pt +t,)
{a xz 1 2
This is because
2
2(1 - £.2)
2 X2z
2]+ 25 -2 R, zq 2, - ‘ (tiz, + t222)
~n
2, % 2
= [21-%:222-(1'9)(2) r:"]
Tn
t t
2 o _l 2 2
c 0B [ e 3 - F
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Thus,

1 2 2
I = exp [tﬂux + ’cz}\.\z * 3 (t1 + 't2 + 2 sz t,t )]

X (1 - @)+ 2B')Y ) eeeeee..(2)

Now, substituting (2) in (1) we have

E (5,2, 17,,1 > 2000 P (27,1 > 20/40)

2 2 .. 1,2 L2
ot [;EZ exp [}1?*x* R ATy (£ + tr 2 Prz t1t2):]

X (1 - ¢(a') + &(B') )] at t,

t2 = 0

\

which again by the forpmula for differentiation under the

integral sign, as in Appendix C leads to
E (X, 70 |12, 0> 2,/ P (17,1 > 2,/47")

Q
S P P, ) (- T e 3(B))

+ 'O

r:'? (Pyr Py ) 6(a) - &) )

NE'L TRRAR?

ke
e,
P

) -
Xz : &£;§L~m~»~&ij~i ‘
+ AT (A ¢ (A) - B ¢ (B) ) Pﬁt
VN SURUUEE L -

~

S" ! PR i M
.

b .
.%r\"’”‘

ProseriL | .
SerlL

-



