
STUDIES ON SOME ESTIMATORS 

IN DOUBLE SAMPLING 

GITASREE DA~S::.--_ ,--
DEPARTMENT OF ECONOMICS 

SCHOOL OF SOCIAL SCIENCES 

THESIS SUBMITTED IN FULFILMENT OF THE REQUIREMENT OF THE DEGREE OF 

DOCTOR OF PHILOSOPHY 

NORTH-EASTERN HILL UNIVERSITY 

SHILLONG, INDIA 
AUGUST, 1991 



yS 
5S0.1S--43 

2>flS. 



PHOIIF. ; 
GRAMS: NllIU 

North-Eastern I-lill University 
Mayurl>hanJ Complex, Nongthymmai. Shillong.793014 

Econooics 

It is oy pleasure to certify that ~~. GITASREE 

u~s has done original work on her thesis entitled 

II S I'UD ILS on SOJoTI:: EST H1ATORS IN DOUBLE SA~iPLIHG" for 

ti1e Degree of Doctor of Philosophy of the North­

~astern Hill University, Shillong, which has neither 

cce:1 sub::r:.i tted anyv~here for publication nor has been 
\ 

sub~it~ed for any Degree of any other Universityo I 

:"eco::::~.end her thesis for the aHard of Ph.D. degree. 

D 3. ~e : August 20, 1991. ( Prof. Ko Bez ) 

?lace : Shillongo Supervisor 



AC KNOWLEDGEMENT 

I express my deep sense of gratitude to Professor 

Ko Bez, for his guidance and encouragement given during 

the course of this work. 

I ao grateful to the librarians and other staff of 

Delhi U::1iversity Library, Indian Statistical Institute 

Library, Calcutta, Gauhati University Library and Dibru­

garh University Library, for their kind cooperation in 

collectin~ literatures from their library. 

I am thankful to Dr. Asi t Baran Chakraborty, Lectu-

reI', St. Anthony's College, Shillong, for his suggestions 

and encouragement during the tenure of this work. My thanks 

are also due to Dr. Ashesh Kumar Das, Research ASRociate, 
\ 

UGC-DRS pro~ramme, Department of Botany, NEHU, Shillong, 

for introducjng me with various quantitative work in their 

field ~I(hich gave me a new inSight into applications of 
I 

sa~~ling techniques. I am also thankful to all my collea-

gues at the Centre for Apnlied Statistics and Department 

of ~cono~ics, ~EHU, Shillong, for their help and encou-

ragement. 

Ey sincere thanks are also due to my revered teachers 

at tne Depar~Ilent of St~tistics, University of Delhi, whose 

Slncere con~rlbution in my training in the field has led 

DO to take up ~nlS work. 



I o~e oy deep sense of gratitude to my .husband 

~·[r. H.H. Barbhuiya, Lecturer, Centre for Creative Arts, 

n::':HiJ, ShU.long and my daughter Ms. Rikhia, whose con­

stant encoura~ement and sincere cooperation has helped 

me t:> cOI:i?lete this work" Hr. Barbhuiya has also helped 

in drawing th~ figures. I a~ also thankful to my parents. 

sisters ~~d brothers for their encouraaement to complete 

this ~·jork. 

?inally, I wish to place on record my sincere grati­

tude to ~~. Cliff Robert Dohling, for typing the manus­

cript ~oli th great patience and sincere effort. 

Date: August, 1991. 

Place : Shillong. 



CONTENTS 

I:1l:roduction 

DOl. .. :)le sampling with two auxiliary 

variables with partial information 

on one auxiliary variable. 

Relative efficiency and optimum 

allocation of PTE in double sampling 

~d th t\tiO auxiliary variables with 

partial information on one auxiliary 

variable. 

D::n.":Jlr: SL!.I~'!'l J l~g 'v,i th two auxiliary 

va~iables \tiith partial information 

on both the auxiliary variables. 

PAGE 

1 

30 

44 

62 



Relative efficiency and optimum 

allocation of PTE in double sampling 

· .... i th two auxiliary variables having 

partial information on both the 

auxiliary variables. 

C EA.P7:=:R S D~ 

A generalized study of the preliminary 

test estimators in double sampling. 

C EA?1?R SE'IEH 

CO:1clusion 

A 

B 

C 

D 

. . ...... . 

PAGE 

76 

95 

114 

125 

133 

136 

139 

145 

151 



CHAPTER ONE 

Introduction 



1.1 ~ne double sampling 

One of the most important developments in samp­

ling theory, which has wide scope of applicability in 
r 

various statistical enquiries and investigations, has 
I 
f 

been to study the various possible ways of utilizing 

auxiliary information for estimating a finite popula­

tion para~eter. There exist number of sampling techni­

ques, wherein availability of advance information on 

one or wore auxiliary variables leads to greater pre­

cision. To name a few, ratio and regression estimates 

requlre a knowledge of the population mean Xo If it is 

desired to stratify the population according to the va-

lues of Xi' their frequency distribution must be known. 

Ho~ever, when such information i~ lacking it is some­

ti~es relatively inexpensive to take a large prelimi­

nary saople in which the auxiliary variable X alone is 

Deasured. The purpose of this sample is to furnish a 
. _ J 

ip:JO estioat.e of X, the population mean,{ X or the fre-

qL.:en~y distribution of X. This technique is known as 

d:JL.:ble sa=pling or two-phase sampling. 

1.2 Double sampling for regression estimation 

In so~e applications of double sampling the auxi­

liary varia~e Xi has been used to make a regression esti­

oa~c of V. In the first (large) sample of size nt, we 

weasure o~ly Xi; in the second a sub sample of size n, 



we ~easure both xi and Yio The ~stimate of 7 is 

Y~r ~ y + b (x t 
- x) 

where x', x are the means, of xi in the first and second 
- . 

sa~ple, y is the mean of Yl and b is t~e least squares 

reg~ession coefficient of ~i on xi' compu~ed from the 
1 1 

seco:1d sa::::.plp.o Assumi'ng random sampling and n and Iit 

negli 6 ible with respect to 1, 

[From Cochran (1977) ] 

Royarl (1970) considered the problems of estimating to-

tals in finite populations, when auxiliary information 

regarding variate values is available, under some linear 

regression, 'super population' models. Optimal strater-

gies involving linear estimators are derived under cer-

tain variance assumptions and compared under various 

assL.:.:::ptiO:1s. 

Searls (1964) after utilising prior information 

about the coefficient of variation of the character 

un~2r study, sugsested an estimator for the population 

mean w~ich has smaller mean square error than the con­

ventional unbiased estimator, in case of simple random 

sampling ~ith replacemento 
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Das and Tripathi (1980) have suggested an esti­

~ator' siwilar to one suggested by Searls (1964) which 

is based on the prior knowledge of the coefficient of 

Rurtosis of the character under study or its guess va­

lue obtained from the past experience and have'shown 

that their estimator under symmetrical .population model 

.",1 th SRSlliOrt is superior to the Searls (1964) estimator 

if the value of coefficient of Rurtosis lies within 

certain limitso 

Bedi and Hajela (1984) have attempted to improve 

over Searls estimator after utilizing the information 

about t"-,e auxiliary variate at the estimation stage by 

making use of (i) SRSWOR and (ii) Two-phase sampling. 

il~e find an early note on double sampling by Bose 

(1943). She discussed there that the sample mean value 

of the character Y as an estimate of the population 

cean value can be estimated with some margin of error 

fro~ the knowledge of a second character X provided 

there is significant correlation between the two cha­

racters X ar.d Y. This problem was looked upon as a 

procedure of double sampling involving (1) the estima-

tion of the regression equation from l the first or 'ex­

ploratory stage' of sarnp~ing and (2) the estimation of 

the cean value of the character X from the iecond or 

'survey stage'" 

Tripathi (1969) presented a regression type esti-

oator for Y in pps wr sampling when information on 2 is 

readily available and the population total of a charac-

3 



ter :Z is Y.:no·..m. Also he (1970, 1973) developed a unified 

tec~~ique of double sampling for regressiqn method of 

estiwatio~ and extended the above results to the situa-

tions: 

(a) infor~ation on Z is available but population total 

of X is not known, and 

(b) neither the information on Z is readily available 

nor the population total of X is known. 

la~ane (1952) considered the problem of hypothe­

SlS testing using regression estimator in double sampling. 

Test procedures are provi~ed when the covariance matrix 

be t",·,een u:e primary and auxiliary variables is either 

p(lrtially kno·..m or completely unknown o For the latter 

case a ne'''' ~ntiz~~ version of the regression esti­

oator is proposed as a test statistic. The exact null 

distribu~ion of this statistic is derived in a special 

case. Khat~i, Bhargava and Shah (1974) also derived the 

exact distribution of a certain __ 'stu~enti~ed' version 

• 
of the regression estimator. However, the exact distri-

butlon derlved by Khatri et al is very complicated and 

de~e~Qs on f ' the correlation coefficient between X 

3.nd Y. 

1.3 Double sampling for ratio estimation 

If the first sample is used to obtain if as an 

estioate of I in a ratio estimate of Y, the estimator 

4 



of Y is 

YR :: 't. x' X 

and 

V (YR) 
'\ (S2 _ 2 R Syx + R2 S2 ) :: -
n y X 

1 _ R2 
S2 

(2 R S S~) - V .,.. 
n' yx 

[ From Cochran (1977) ] 

Rao (1975) has suggested three unbiased ratio estima­

tors of the Hartley - Ross (": 954)' type for the case in 

which sa.I:1ples at the two phases are drawn without re­

place;nent a.l1d ir.dep.endent of each other. The estimators 

are formed by estimating the population mean of the auxi­

liary characteristic by the mean of the tirst s~mple.x1' 

t:~c r..2~:1 of the distinct units in the two samples Xw and 

by pooling the means of the b/o samples 

..-x ~ ax
1 

+ bX, a + b c 1 

They are as follows 

... there 

. r i :::I Y i/xi ' 
-r :::I L r iln and' M::I (N - n)/N(n-1) 

5 



H = (w - n)/w(n - 1) ... 1 

-t* ::0 r (? - i) + a 1-1 (y - r x) + y 

It is shovm that the latter two methods result in 

gai~s in efficiency for tne ratio estimator. Sizes of the 

population and samples are considered to be finite. 

Sukhat3e (1962) also constructed a Hartley-Ross (1954) 

type of estimator and compared it with the classical es-

ti:nator. 

Rao (1972) dealing with one auxiliary variable has 
" -* 

suggested two estimates i.e. x (the best linear combina-

tion of the two i~dependent samples)- ~d ~ (mean based 

on W distinct units in two independent samples) for X. He 

has further sho"wn tha.t the efficiency of the regression 

estiwator of Y will increase when X is estimated by ~ 
..... 

instead of x or i'. 

Rao (197%J proposed modified ratio estimators for the 

case i~ which the first and second - phase samples are 

d:'21"",-:1 ",·{i t!10Ut: replacement and independent of each other. 

Tney a~e given as follows: 

a~d r* = (y / x) ~ 

6 



'Ilhcre x is the mean of the W distinct units in the two 
~" 

incependent saoples and X-= (ax1 + bx), a + b = 1,'x1 , 
-x being the means of first and second samp~es respectively. 

Condi~ions for these estimators being more efficient 

tha~ the classical estimators were investigated. Two me­

thojs for evaluating the-expectation"of the recipr6cal of 

tne nU!:lber of distinct units were also presented o 

Rao (1981) presented nine two-phase ratio estimators 

for the ~ean of a finite population. Assuming a linear 

cojel, exact expressions for their biases and mean squared 

errors are derived. Then the nine estimators are compared 

as to bla~ and mean squared error o The list of estimators 

includes the Jack knife estimatnr-Bnd four modifications; 

t'ilO of the proposed modifications are 'implemented by first 

expressing the classical estimator in the form of a regres-

sion estiwator. 

Srivastava (1970) considered a" two-phase sampling 

estioator of the ratio-type for estimating the mean 1 

0: a finite population, where the value of P CylC
x 

can 

be guessed or estimated in advance. Here Cy and C
x 

denote 

respectively the coefficients of variation of the charac-

teristic w:der study, Y, and the auxiliary characteristic 

:< a:-:j P denot,es the coefficient of correlation between Y 

anj X. ',',11en the value of P C!C
x 

is guessed or estimated 

e:':ac tly, tr.e estima tor has a smaller large-sample Variance 

co=~ared with either an ordinary ratio o~ linear regres-

510n csti~a~or in two-phase sampling in the case where 

7 



the first-phase sample is drawn independently from the 

second-phase sampleo If the sample at the second phase 

is a subsa?ple of the first-p~ase sample, the estimator 

has variance equal to that of, the linear regression 

estl~ator. The largest value of the difference between 

tne assu.:::lea value and the actual value of P C/Cx has 

been obtained so as not to result in the variance of 

tte estizator being larger than the variances of either 

a~ ordinary ratio estimator or an ordina~y linear re-

gression estimator. 

Singh (1982) has proposed generalized estimators 

for tne esti~ation of ratio and product of population 

para~eters, of which the estimators given by Singh 

(1955) are special cases. Following are the proposed 

generalized estimators in double sampling for estimating 

"it and@ 
f(.~~J~ 

1\. I\. 
V" 

+~ 
R3d = R f (u) 

1\. I\. 
P3d ::a P f (u) 

respectively, where 

u c 

X, 
2 

and 

and feu) is a ftmction of u such that f(1) = 1, satis-

fYlng tne following conditions: 

1. Jmatever be the sample chosen, u assumes values in 

a bounded, clos~d interval I of the real line con-

8 



\ 

taining the point unity. 

2. In I, the function feu) is continuous and bounded. 

3. The first, second and third partial derivatives of 

feu) exist and are continuous and bounded in I. 

Bia~ and mean square error of the proposed esti­

mators ', ... ere found and a comparative study has been made 

'Id tn the double sampling estimators considered by Singh 

(1965). 

'The regression estimator and the ratio estimator 

are corr.:_o::11y used in survey practice. In the past [lore 
\ J 

a~ter.tion has been given to the ratio estimator because 

of its co~putational ease and applicability for general 

sa=~li::1g designo The ratio estimator is appropriate for 

po?ulations whose regression line passes close to the 

origin. If the intercept of the regression line is sig­

:liflcantly non zero, ~owever, it is much less efficient 

than the regression estimator (Deng 1984)0 In general, 
, 2 " 

a~J.r·t fr~:n n- terms, -the mean squared error of the 

for~er is bigger than the latter (Cochran 1977. p 0 196). 

Given the present' ;:ompllting capacity, the computational 

aciV3.;ltage of the ratio estimator should be less of a 
" 

c~~cer::1 and the regression estimator will gain wider 

?O?Ularlty. Deng ruld Wu (1987) provided a theoritical 

a::1J e~?irical comparison cf several variance estimators 

f~r the regression estimator in simple random sampling 

'"I i thout replacement 0 Under comparison are several design­
of 

based and~Q~e~-b~sed estimators and a new class esti-
~ ____ . ____ ---~---------__ f..._-

9 



Qators. Their second-order expressions and biases are 

der~ved and compared. 

1.l~ Double sampling for two auxiliary variables 

Kiregyera (1980) proposed a chain ratio-type 

estir:Jator using t",oIO auxiliary variables in double sam-

pllng. 7he performance of the constructed estimator was 

cocpared with the simple mean, ratio type estimate based 

on double sanpling and with ratio type estimator given 

by Cna:1d (1975). 

Kiregyera (1984) used two-~uxiliary variables 
\ 

X and z to construct two regression-type estimators for 

tne population mean of the study variable Yo 

Ratlo-in-Regression Estimator 

= 

wnere b 2 1S the estimate of the regression coefficient 

of y on x. 

The approximate expressions for bias and MSE 

of t;lr to 0(1/n) and for N large are as follows : 

[ l~o<. + 
n 2 

10 



a:-.d 

l·:S::: (t;lr) = Y~ [;1 ~ 4 + *' eX. 5J 
· ... ·here 

r ~ 0, 5 ~ 0, t ) 0 

Ftc ;:;re ssion-in-~egre ssion Estimator 

·,.,.here b 1 is 1:ne estlmate of the-re-gression coefficient 

of x on z. 



t2?R 

Bias 

'",here 

K :::I 

The approximate ,expressions 

to u(1/n) 

( t2R? ) 

n'- n 
n n' 

a 

and for large 

YN 0(1'[ K 0(2 

, , 
N are 

1 
+ li' 

for bias and MSE of 

. . 

oL
8 cX 9J 

The efficiency of the proposed estimators is inves­

tigated ~~der a super-population model. A numerical study 

is done to demonstrate the practical use of different 

csti:i:ation forrr.ulae and emprically demonstrate the per-

for=ance of the constructed estimators p 

Singh (1984) studied the various modes of sa~pling 

1:1 G.,Jutle-sa::r.p1ine with two auxiliary charCZlcters and exa­

f:".i:-.2C. --che efflciency of these selection procedures when 

t.·:.) 8l:.:<ilia:--y variables are used. The three possible sam-

p 1 ing s cz"!e:::e s cons idere dare : 

1. A. pre lir::i!1ary sample of siz.e n I is selected by SRS\'IOR 

fo:, observing the auxiliary characters x1 , x2 and a 

12 



----
soaller sub-samule of size n for observing y 1S 

~ \ 

sellected from n'. 

2. The preliminary'sample is selected as in 1 above but 

the smaller of a size n is selected independently. 

3. Ha~y tines the auxiliary information may be collected 

by two different agencies and hence two independent 
, I 

preli~inary samples of size ~ and n 2 are selected 

for' observing x1 and x 2 and the small sample of size 

n is also selected independently from the population 

by SrtS"l'iOR. 

]'~ukherjee, Rao and Vijayan (1987) have considered 

a practical situation where information on two auxiliary 

variacles related to the study variable is available at , 

different levels. Following Kiregyera (1980, 1984) they 

studied several estimators and compared them under mean 

s~uare error criterion. They have also extended these 

results to the case when multiple auxiliary information 

ia available. 

1.5 Double sampling for multiple auxiliary variables 

Double sampling with regression has been extended 

by Man and Tripathi (1967) to the case where p auxilia­

ry X variables are measured in the second sample, Y being 

e 5 tina ted by the multiple. linear regression of Y on these 

variables. '~"i th the second sample a random subsample of 

ti1e first and \Iii th rnul tivariate normali ty assumed for Y 



ani ti1e XI s, the extension for p > 1 gives for the ave-

rage variance 

n'- n 
n' 

""here?. is the multiple correlation ooefficient between 

Y a!1d the Xtso 

1ripathi (1968) has proposed multivariate ratio and 

di::ere!1ce estimators wher. information on Z is readily 

available and "'CiH.! ll\.)!Jl,l:ltion totals (X 1 ' X2 ••..••• , Xp ) 

are kno· .... n. Further the author. (1976) considered the pro-

blem of estioating the population total of Y, in case the 

~.its are to be selected with pps wr and the information 

0:1 yet a p-dimensional vector X = (X 1 ' ••••• , ~) of aux­

iliary characters is to be used to form multivariate dif-

ference-type and ratio-type estimators. A general double 

sawpli~g scheffie is developed for multivariate difference 

and ratio-type estimators and then the general results 

a.r~ used to derive mean and mean square errors of these 

esticators in two particular sampling schemes. 

( i) ? irs t 5 arr.p.le is a PPS\JlR sample but se cond a SRS\~OR. 

(t~E situation where information on the selection 

v2.riable z is available but ~ is unknown) and 
rv 

(i~) first saople is a SRSWOR but second a PPSvffi (the 

si"'Cua~ion where information on neither of Z and ~ 

is available) taking motivation from Raj (1964, 1965) 

and Singh ~1d Singh (1965). 



\ 

E;.:pressions for optimum sizes of first phase and 

second. phase sanples, and the resulting optimum mean square 

en'ors are obtained and comparision of the proposed es-

ti~3tors is cade with other estimators. 
0.. % Q. rHz. 1\ 0..\ q. e..d 

Srivastava (1981) has proposed,two-phase sampling 

e3cl~ator. It has been shown that the asymptotic minimum 

variance for any estimator of the class 1s equal to that 

of t::H~ conventional linear regression estimator for the 

case of t~o-phase sampling when the second phase sample 

is a subsa~ple of the first phase sample. For the case 

,,:.0:1 t::ie t,,;o s~ples are drawn independently, an expla-

natl~n is given for the lower value of the minimum va-

rlance of the proposed class of estimators than that of 

tne cO:lve:H 1 ona 1 1 inear regre s::;ion e s tima tor, as also 

ootal~cd by Srivastava (1970) and Gupta (1978). 

3edi (1985) has sho\tm that, in two-phase sampli 

1.·.hC.1 tl:e t"",'O sar:lples are drawn independently, the sugg 

te~ ~ultivariate regression estimator and generalized 

t~?-?hdSe esti~ator have smaller mean square error than 

ti1e corresp0:1ding usual multivariate regression estimator 

a:1d SrivastiJ.va's (1981) estimator. When the coefficients ., 
. of t:;::; pro~o5ec estioators are estimated, expected mean . 

S:'\.12.r'2 e:Tor u:iccr a sui tC1ble model are also derived. 

Si:16h and Harnjoshi (1988) proposed a class of mul-

tivarlate re[ression estimators in two-phase sampling 

for esti!:Jating popUlation mean Y of the study character 

Y. T~e exact expression for its mean squared error (~5E) 

15 



is obtainec. and optimum estimator of the class is also 

i:l'Iestlgated. It is shown that the minimum MSE of the 

proposed class is smaller than the one reported by 

3ec.i (1955). 

Tripatl1i (1988) gives a general theory of dou-

ble sa~pIlng for estimating a parameter 9
0 

utilising 

i~for~a~ion on a supplementary parameter 81 , ob-

t2ined inexpensively thTough a preliminary large sam-

~le. A · ... ide class of estimators is ,discussed, an asym­

ptotically optimum subclass is identified and the es-

ti~ator5 based on two phase 

usual ur.biased estimator of 

sampling are compared, with 

2 o-y in case of single 

phase sa:;:.pling, under a linear cost functiono In parti-

cular th~ results are derived for bivariate normal 

po;:ulatlons. 
\ 

Tripathi (1989) obtained a class of estimators, 

basel on general d~uble sampling schemes for estimating 

t:~e :)oj)ulation mean Y in case information on an auxi­

liary character X, expected to increase preciSion of 

estl:::atl.:m, is not available a priorio It is shown 

t:1at .. r:e l.i.sL.:.al ratiO, regression and product estima-

tJrs in ~ouble sampling may always be improved in case 

:::Cr-l'e12""Clo:1 bet-.·,ecn Y and X2 is appreciable and/or 

::.<.11'::;':'::<:11 c.lstribution of X is skewed. 

D~uble sa~nlin2 for stratification 
• hi 

Let the first sample be a random sample be~of 



size n'. Let 

:./. ::: n'n I lZ ::: proportion of population falling in 
n, 

stratum ho 

w, = ~h' / n ::: proportion of first sample falling in 
n 

stratum h. ' 

The second-'sample is a. stratified random sample 

of size n in which the Yhl are measured: nh units are 

dr.:l',',;1 [roo stratum h. Usually the second sample in stra­

t~~ h is a random subsample from the nh in the stratum 0 

The objective of the first sample is to estimate the 

stratd weights; that of the second sample is to estimate 

the str4ta means Yh , 

The population oean Y ::: ~ whYho As an estimate we use 

L 

Yst = ~ WhYh 
h = 1 

and 

L 2 n' 
'ICy ) S2( 1 1 ) L 

Wh Sh h 
- 1 ) ::: 

n' - N + -flJ --, ( st n h h :;:: 1 

2 where S is ~he population variance 

[ From Cochran (1977) ] 



Singh and Singh (1965) discussed about double 

saD~ling for stratification. Suppose a population of 

size :1 is to be stratified according to the values of 

an a~iliary variable X, but the frequency distribution 

0: ,( is U-'1k.ll0·"m o A large sample s(n') of size n' was 

t'-lv.en by 5 ir::.ple random sampling 'vIi thout replacement and 

only ;( '~/as observed 0 The selected uni ts were classified 

in t·.) L s t!'a ta according to X 0 Let n~ denote the number 

of wli1:S in s(n') falling into stratum h (h = 1, ••• L; 

~ n~ :: n'). A s\~"bsample s (nh ) of size nh is drawn 

fI'o:-,:, s(n.') by siwple random sampling without replace­
n . 

oe~t i~dependently for each h, and the character of in-

tel' C ;) t Y . i sob 5 e rv e d • 

:urti:er, ~Singh and Singh (1965) pointed out that 

n
h 

is bou."1c.ed above by - the random variable nh, which 

varies froo 0 to mino(n', Nh ), where Nh is the total 

nu~cer of u-'1its in .stratum ho They proposed three pro­

ccjures which are free of inconsistency : 

(i) the s(nh ) are sele~ted with replacement, and all 

~,its are used in the estimators; 

(ii) as in (i), bOut with only aistinct units used; 

( ii i) sub-sar::.pling is wi thuut replacement, the size 

being win (n~, nh ). 

rta~ (1973) proposed a simple method of double 

sar::;;llng for stratification and -the-classical non-
\ 

response theory is obtained as a special case. The me-

th8d leads to siwple solutions for the optimal design 

\8 



of analytical surveys involving comparison of group 

oe a:1s, when the groups are not identifiable in advance. 

1 07 Otr.er uses of double sampling 

Raj (1964) suegested the use of double sampling 

for ~ps esti~ation. He considered the problem of selec­

ti:1[ tne sa::::lple with probability proportional to X, but 

inf~r~ation on X is not available. This information was 

thC:1 collected from an ini tial sample (simple random) 

of size n' froe which a sub-sample of size n is selec-

te~ ,~ltn replacement with pp to x. He also considered 

the situation when the first sample is used solely for 

;(. T'r.€n a..'1 independent sample of size n is selected 

',i i th pps using a procedure due to Lahiri (1951), in 

" ... hlCh it is not nece ssary to know X. 

Sedra..'1sk (1965) has Iproposed a double sampling 

sche::e in analytical sample surveys. It was assumed 

tnat the sub groups of the population which are to be 

co::;;ared for::u a one-· .... ay classification, and are not 

identifiable in advance of drawing a simple random 

sa~~lc ::o~ t~e population. with double sampling, a 

large sa::ple is selected, and the group to which each 

cler..c:1t belongs is identified. The.n __ a sUb-sample is 
- I \ ::.e.Lcc-c.cd · .. ;ithin each of the groups according to a sam-

plln; rule specified in adVanceo Those values of the 

prellcl~ary and main sample sizes were considered which 

1-111 fl::lAl::lse soce pr~cisioll statement subject to a 
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given bu~get. He also gave approximate procedures to 

secure quick and reliable solutions. The validity of 

the approximations are also investigatedo 
~ 

The application double sampling is also being 
J.. 

aade in successive sampling on two occasions by Sen 

(1972, 1973) and the theory developed so far aims at 

providing the optimum estimate by combining 

(i) a double sampling regression estimate from the 

~atched portion of the sample and 

(ii) a sa~ple mean based on a-r~ndom sample from the 
\ 

uncatched portion of the sample on the second 

occasion. Sen (1972) has generalized the theory 
\ 

by using a double sampling multivariate ratio 

estiaate using p auxiliary variates (p ~ 1) 

from the matched portion of the sample. 

The author (1973a) has also generalized the theo­

ry to provide optimum estimate by combining a double 

saxpling multivariate ratio or regression estimate using 

p auxiliary variables (p ~ 1) from the matched portion 

of the sa~ple with a mean per unit estimate from the 

~1~atched portion of the sample. Results have been 

presented for the more general and practical case when 

ti:e sat::l;>les on the two occasions are of Wlequal size 0 

Sedransk and Singh (1974) have suggested the 

use of double sampling to estimate parameters of sub­

po:;u.lat:lons ,·{hich are not "identifiable in 'advance". 

lllclt is, one selects a large, preliminary ("first phase") 
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sa=ple ~ld identifies the sub-population to which each 

elecent belongs. Then, for sub-population j, a subsample 

1S selected from the elements identified in the first 

pi1ase saople as being members of j. Finally, the varia­

ble of interest is measured for each element in this 

"second phase ll sampleo Both simple random and stratified 

ranjo~ sac~ling was considered at the first phase while 

(in each case) simple rand9m sampling is assumed at the 

seco~j phase. They investigated two types of sample size 

allo~ation problem : 

1. je~crDin~tion of the sample size (5) at the first 

phase and 

2. detercination of the second phase sample sizes given 

the results of the first phase sample. 

In this work they have also discussed about the 

estl:]a~ion and comparison of demain means. The procedures 

used here also given in somewhat greater detail by 

dt:Graf t-J 0:1.:1S on and Sedransk (1973) 0 

1.5 ?rcli~lnary test estimator in double sampling 

Han (1973) sugeested the use of preliminary test 

e~t.l.;:.a~or in double saD/pIing. 'h'hen the mean of the auxi­

lIar), val'iable is cOrJpletely unknown, double sampling 

te cc:nique!: can be adopted. If the experimenten- has par­

tial infor~a~ion about the mean, he may perform a preli­

ill1:1J.ry test a:1d construct, a preliminary test estimator. 

21 



?reli~inary test estimators are studied by Bancroft 

(19~4, 1954), Kitagawa (1963), Mosteller (1948) and 

ot::ers. The bias, mean square error and relative effi­

cie~cy were obtained for the preliminary test estima­

tor by Han (1973). He has also given the optimum allo-

cation of the sample sizes. 

Dock, Yancey and Judge (1973) have studied the 

statisti~al consequences of preliminary test estimators 

i:1 regression. The study is concerned with deriving the 

?r~perties of the preli~inary test estimator for the 

general linear normal regression modelp ascertaining 

the characteristics of the risk functions over the 

para~et.er space, and ~etermining the conditions neces­

sary for the risk of this estimator to exceed or be less 

tha~ t~e conventional one under squared error loss. A 

test proced~e and the problem of choosing an optimum 

level of significance for the test are discussed o 

Su~hatwe and Tang (1975) disaussed allocation 

in stratified sampling subsequent to preliminary test 

of significance. A procedure for allocation of sample 

sizes to aifferent strata. consists of drawing a preli­

Gi~ary sa~?le of fixed size from each stratum, to esti­

r.::a~e t::e st:--ata variances and test their homgeneity. If 

t:12 s.:rata variances are ,found homogeneous, the sample 

sizes to be drawn from different strata are allocated 

ac~orcing to proportional allocation; otherwise they 

are allocated according to Neyman allocation using 



estimated variances. The efficiency of the proposed 

allocation, based on preliminary test of significance 
, 

with respect to proportional allocation and modified 

Neyman allocation is investigated. 

If data on an auxiliary, variable X correlated 

with the variable Y tmder study are available, regres­

sion-type estimators are often used to estima~~he popu~ __ 

lation mean j\J... y. A.'1 estioator based on a preliminary \ 

test of significance was suggested by Grtmes and Sukhat-
\ ' 

ane (1980), that chooses between the difference estimator 

and the regression estimator. They have also investigated 

the efficiency of the proposed regression-type estimator 

with respect to other regression-type estimators. 

A prelimlnary test estimator for the population 

mean on the current occasion in case of sampling over 

two occassions is built up by Sisodia (1981) which de­

pends on the outco~e of the preliminary test. Both the 

cases are considered 'it/hen variance-covariance of the 
, 
variables on both the occas. ion is known and unknown. 

In both the cases, the preliminary test estimators are 

found to be better than usual estimators for large va­

lue of P , depending upon the proper choice of~ and ~ • 

An alter~ative to the usual regression estimator 

for a population wean in double sampling was suggested 

by Slspdia and Srivastava (1982), on the basis of a 
I 

preliminary test of a simple hypothesis about the auxi­

liary variate-mean. Two phase sampling is assumed from 

a bivariate normal population. Gain in efficiency is 
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investigated theoritically and empirically. 
, 
\ , 

Esimai and Han (1982) have proposed a linear reg-

ression preliminary test estimator for estimating the 
I 

population mean fky of Y with X, a p X 1 (p ~ 1) vec­

tor, as the auxiliary variable. The bias, mean square 

error and'relative efficlency were obtained. They have 

also given the optimum allocation of the sample sizes. 

1.9 Objective of the study 

One of the main objectives of the thesis is to 

suggest alternative esticators of population mean in 

double sampling. Bias function is being obtained for 

these suggested estimators. In order to compare the 

efficiency of the suggested estimators with that of the 
. 

other existing estimators; the mean square error '(MSE) 

was used as a useful criterion. 

It is a well kno'Nn fact that ther~ exist number 

of sampling techniques vherein availability of advance 

information about an auxiliary variable leads to greater 

precision. Some authors have shown that estimators using 

advance information" about hlo auxiliary variables leads 

to even greater precision when compared with that of 

using only one a~xiliary variable. 

In the present investigation an attempt is being 

made to construct preliminary test estimators in double 
r 

s~mpling using two auxiliary variables. Comparisons are 
I \ 

made to see whether or not the inclusion of second auxi-
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liary variable leads to higher efficiency when compared 

vii th preliminary test estimator uSing one auxiliary, 

variable. Attempt is also being made .to'determine the 

condi tion's under which the preliminary test estimator 

using two auxiliary variables_is better than 'the otner; 

known estimators using tWo auxiliary variables. 

In order to determine the optimum MSE of the . 

sugeested estirr.ators cost function approach was followed. 

This Is done by suggesting a suitable linear cost func­

tion C and then conditions are determined to minimise 

MSE for specified C. 

The determination of bias, mean square error etc. 

for the preliminary test estimators involves ,conditional 
, 

25 

'expe'cta tions. These, are derived under certain assumptions , . 

about the joint distribution of the parent population~of 

the variables from where the samples are-drawn. 

--
Finally, the thesis aims at doing some emperical 

studies to show the applications of the suggested esti­

mators under practical situations and also to demonstrate 

the performance of these vis-a-vis other existing esti-

mators. 

1.10 Plan of the thesis 

Here, we are trying to give a brief account of 

the chapter pl~~ of the thesis, from next chapter on-
I 

wards. 



Chapter T',-IO : Double sampling with two auxiliary varia-
G • oil • 011..... . ---
bles with partial infor:I:ation on one auxiliary variabl~. 

In this chapter an attempt is being" made to sug­

gest a prelininary test estinator using two auxiliary 

variables. Generally in double sampling it is assumed 

tha t mean of t!1e aLLxiliary variable is completely un­

known. HO\<lever, here it is being assumed that the expe-

riml?nter has partial information about the mean of one 

aUKiliary var~able. A..'1d the mean of the other auxiliary 

variable is assu~cd to be totally unknown o In order to 

utilise the part~al inforoation about the mean of one 

of the auxiliary variables, a preliminary test is being 

performed. TI1en an estimator based on this preliminary 

test is being defined. The derivation of the bias func-

tion of the esti~ator involves conditional expectations, 

the conditions being acceptance or rejection of the hypo­

thesis considered in the preliminary test. To determine 

this fWlction assu~ptions are being made about the joint 

distribution of the parent populations of the variables 

from where the sar.lples are drawno Behaviour of the bias 

functlon is being stud.ied under different levels of the 

preliminary test. 

Chapter Three : Relative efficiemcy and optimum alloca-................ 
tion of prelirr,inary test estinators in double sampling 

with two auxlliary variables with partial information 

on one auxiliary varlable. 
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In order to judge the relative efficiency of the 

preliminary test estimator in relation with other exis­

ting estimators in double sampling MSE of the estimator 

is baing obtained. This involves conditional expectp-

tions, the GCt::[l. i.:l-X'lS be ing acceptance or re jection of' 

the hypothesis considered in the preliminary testo To 

derive this, joint distribution of the parent population 

of the variables is assumed to be Y.nowno To determine 

the optimum allocation of the sample sizes, a linear 

cost function is being formed. The optimum conditions 

of the suggested estimators are being compared with 

that of the other existing estimatorso Behaviour of 

the relative efficiency function is also being studied 

in this chapter. 

Chapter Four : Double sampling with t\o{Q auxiliary varia-............. 
bles with partial information on both the auxiliary va-

riables. 

Generally in double sampling with more than one 

auxiliary vuriables, it is assumed that the mean of 

the at.L'<:iliary variables are completely unknown. However, 

here it is beins ass~ed that the exper~men~er has par­

tial information about the nean of both the auxiliary 

variables. In order to utilise these partial informa­

tions, prelioi~ary tests are being performed, and an 

estimator based o~ these tests is being defined. The 

bias function 'das cosputed under the assumption about 
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the joint distribution of the variables concerned o A 

study of the bias function was done under certain 

assumptions about the level of the preliminary test o 

Chapter Five : Relative efficiency and optimum alloca-
o • • • • • • • • • • • 

tion of preliminary test estimators in double sampling 

with two auxiliary variables with partial information 

on both the a~<iliary variableso 

TILe mean square error of the preliminary test 

estlrnp.tor \'1'1 th partial information on two auxiliary 

variables, which involved conditional expectations of 

order two, is being co~pu~d under certain assumptions 

about the joint distribution of the variables. A lin~ar 

cost function is being formed to determine the optimum 

alLoLdtlcn of the sanple sizes. The optimum conditions 

so obtained are being cOwpared with that ~f other com­

monlY,used estioators. Behaviour of the relative effi-

ciency function is also being studied. 

Chapter Six : A generalised study of the preliminary 
't •••••••••• 

test estimators in double sampling. 

In this chapter, as the statement of the problem 

suggests, a Qore ge~eralised study of the preliminary 

'test estimators i~ double sampling is being done. Es­

,timators along with their bias, }5E etc. are obtained 

'under the s1 tua t10ns · .... hen the assumptions about the 

sample sizes atc. are being violated. Behaviour of the 
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bias function a:ld rela ti ve efficiency function are 

being studied under t1'1e present situation. 

Chapter Seven : Conclusion 
• 0 ••••••••••• 

In t~llS ci1<1;>ter a general discussion is being 

given about the esti~atDrs suggested in the previous 

chapters, reflecting the main benefits of the whole 

study. Emprical studies were made to show the appli­

cations and perforoance of the suggested estimators 

as compared ""i th the other ex.isting estimators. 
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C HA.PTI:R T¥lO 

Double sampling I",'i t:1 t',·,'o auxiliary variables with par­

tIal infor-cl;]' tiO:1 on O~H~ aw:iliary variable. 



2 .1 Intl'oduc t:18:1 

It i~ a ",ell. ~':::10.,.:'1 fact that for estimating the 

population ~0an }~ 'f of tne random variable Y, precision 
_ J 

of the e~tim:J.tor catt oe i:1creased 'when information on an 

r..ll..l.Xill<J.ry varl~ulE": .(, nighly correlated with Y is readily 

flVEd L.lb10 on. all t.H~ u:u t:s of the populRtion, incorpora-

Un;!, the the population mean of X. 

~/he:-l the n::! L-! ticn sill? be t: ... c en Y a.nd X is found to be 

o.prro:<lfT'l:l.tely Ilnea!' but t:i:e line does not go through 

t lJ e 0 r 1 ~~ 1 n , 1.1 :: car I' C b !' e 5 5 ion est i ma te ill a y be use d. To 

use 1:he linec:..r n~S:'2s510::"1 es"tir:ator it is usually assum-

ed th ... lt the po;)ulJ. tlO:: ce2.:1 }-l x is kno·vrn. However, in 

certain pr<J.c~lcJ.l 51\:u301:io:1s r- x is not YJlown a priori, 

in \·,h.lch case tne tc~,ullque of double samplin.rz: is applied. 

Here one may t.lke a prell-:inary sample to estimate ito In 

the fir~t sam~le o! size n I, ·",·e ~easure only x.; in the 
~ 

second, n rt:mdoD sub s2.::ilple of size n (, n'), we measure 

both xi and y10 The esti::a:::e of )Lly is defined as 

here x n ' is the De a:1 of t:-:e xi in the f lrs t sample, Yn , 

x axE' the me2.tlS 0: ~it.!:: v ~~"'..: xi in the second srHnple n J i _ .. "-

and byx i& the lC3st sq~a~es regression coefficipnt of 

Yj Oll ;(.1. corap ... l'C<.(l f~:": 1::-.e secane: sarnpleo 

30 



202 Preliminary test estloator 

In certain situations, the experimenter may 

have partial information about flxo Han (1973) has sug­

gested the use of double samp11ng with partial informa­

tion on the auxiliary variable. In order to utilise the 

partial inforoation one can perform a preliminary-te5t 

about the hypothesis that j1-x ::I )Ao where fJ-o is the 

value obtained from the partial information. After the 
\ 

preliminary sam~le is obtained, he can test Ho: ;Ux = ~o 

against H1 : JU x 4= ,lI.. o· If Ho is accepted, yo will be 

used in the regression estioator; if Ho is rejected, the 

sample mean based on the preliminary sample is used. This 

estimator is u~ually called the preliminary test estimator. 

Let (X, Y) have a bivariate normal distribu-

tion with mea:1 ( ILl- , I_I.. ) and covariance matrix ~ in x ) y 

which the variances are denoted by () 2 and 0- 2 and the , x y 
correlation coefficient by Pyx. X can be readily observed, 

while it is more expensive to observe the pair (X, Y)o The 

problem is to etltioate ll..y. Let (Xi' Yi)' i = 1,2, •••• ,n. 

be n indepenaent observations on the pair (X, Y) which is 
"''1. 

supplemented by observing, core independent observations on 
h 

x. In practice, the sa~ple consisting of n observations 

may be a sub sample from the sample consisting of n'= n + m 

observations. Deflne 

x 1 
n' :: il' 

n' 
<) 
!--

•••••• (2.2) 
i Cl 1 
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1 x ::z-n n 

n 

L ••••••. (2.3) 
i =t 1 

1 
:::I -

n 

n 

L ••••••••• (2.4 ) 
1 ::I 1 

The regression estioator depends on whether the co­

variance matrix is knO\offi or not. If L is known, we may 

let U 2 ::: U 2 := 1 'Without loss of generality 0 The x y 

jOint distribution of (Xn , Yn ) is normal 

( }l x' ;1.. y) and covariance matrix 

1 [ 1 p 
yx 

1 ] -n 

Vlhen p. x is unknown and the experimenter has par­

tial information about it, he can employ a preliminary 

test for H :}-L := 0 (letting Ll 0 :: 0 without loss of o I x I 

generality)o The prelioinary test estimator is defined 

as 

Yn + P. (x, - x) if Ixntl > ZdlR yx n n 

••••• (2.5) 

Where Zr:1 is t:1e 100 (1 -Clt./2)% point of N (0, 1) 

and cL i::; the level of the preliminary test. 
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2.3 Regression estl~ator using two auxiliary variables 

in double sampling 

In estimating the population mean Y"-y of the random 

variable Y, suppose that in additiofi to information on 

an auxiliary variable A, inforoation on yet another aux­

iliary variable Z is available 0 ~lhen r- x is not known, 

we can take a prelioi~ary sample to estimate it, as done 

earlier to define t1 in (2.1). Again if ~z is also not 

known, assume that Z is lr-nOioffi over another large sample, 

also of size n'. In such a si~lation an estimator using 

X and Z 1.'3 being suggested by Hukherjee et al (1987) as 

follo'tls : 

t3 = Yn + b (x ,- x ) + b (z ,- zn) yx n n yz \ n 
•••• (2 0 6) 

~(here - - (2.2), (203) (2.4) xn' , x n' Yn are given in and 

respectively 
,r 1 

1 n 
zn' ::0 - I I- Li •••••. (2.7) n 

i :::' 1 

n 

L 
i ~ 1 

••.• ".(2.8) 

and b yx ' b yz are regresSion estioators of Yi on xi and 

z1 ba~ed on the s~aller samples o 
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2.4 Sugeested preliminary test estimator using two 

auxiliary variables 

Suppose, while considering regression estimators . 

with two auxiliary variables in double sampling, partial 

information about only one of the variables say f-z is 

available. In order to utilise the ,artial information, 

one can perform a prelicinary test about the hypothesis 

that H 0: f- z ::I )\..L 0 where Ju... 0 is the value obtained from 

the partial information. After the preliminary sample is 

obtained, Ho: ;l). 2 ::I l-lo can be tested against H1 : fA z -=f. 

).J.o. If Ho 1s accepted, f'o will be used in the regres­

sion estimator; if H is rejected, the sample mean based 
o 

on the preliminary sample is used. 

----NOW, we proceed to construct a preliminary test 

estimator in double sa~pling with two auxiliary variables 

having partial information on one auxiliary variable. Let 

(X, Y, Z) have a trivariate normal distribution with mean 

( fAx' fAy, flo z) and covariance matrix I 1~ which the va­

riances are denoted by U- x
2 , o-y2 and O-z2 and the corre­

lation coefficients by Pyx' PyZ and Pxz • X and Z can be 

readily observed, while it is more expensive to observe 

the triplet (X, Y, Z). Tne problem is to estimate}J.. • 
y 

Let (xi' Y1' 2 i ), i = 1, 2, •••• , n, be n independent ob-

servations on the triplet (X, Y, Z) which is supplemented 

by m more independent observations on X and another m 

independent observations on Z, where n + m = n' • 

34 



If r is kno"..m, \tie way let O-x
2 

CI o-y2:::; O-z2 CI 1 

without loss of generality. The joint distribution of 

(xn ' Yn ' zn) is n~Dal \tIith mean ( f-x ' .{J-y, rz) and 

covariance matrix 

1 P 
yx PXZ 

1 Pyx 1 fyz 
-n 

PXZ Pyz 1 

\fuen )-lz 1.5 unkno"wn and the experimenter has par­

tial information about it, a pr~11minary test Ho: ~Z = 0 

(letting )_lo c 0, without loss of generality) can be em­

ployed o If Ho 1s accepted JU
O 

will be used in the regres­

sion estimator; if Ho is rejected, the sample mean xn ' 

based on the preli~inary sample consisting of n' indepen-
, 

dent observations on Z is used. Since ~x is totally un­

known, l.t is esti~ated from another preliminary sample 

also of Slze n'. The preliminary test estimator in double 

sampling wi th t'lo."O auxiliary variables having partial in-

fortlla tion on one auxiliary variable is defined as 

Y + Byx (x I X ) - B z if ! zn' I ~ Zot. l {;' n n n yz n 
t - - r=--~ 

II -

Y + Byx (x , - x ) + Byz Czn , - Z ) if !Zn" > ~/R n n n n 
~ ---- •• 0(2.9) 

35 



'.4here 
PYX Pyz P -

B 
.x.z 

c 2 yx 1. - P xz 

PYZ - Py-.< Pxz 
and Byz 

:::I p2 1 - xz 

are the populatio~ regression coeffici~nts of Y on X 

and Z respectively, assumed fo be known since 2: is 

knovmo And ZcL is the 100 (1 ~ -:'<'/2)~ point .of N (0, 1), 
. ,--- . 

~ is the level of the preliminary test. 

2Q5 Bias of the preliminary test estimator 

To evaluate the bias of t 4 , we require the joint 

distri button .of (Xn I, ~, Zn I, Zn t Y n) Q It can be easily· 

verified that the joint distribution of these is nothing 

but a roul ti varia te normal ''''i th cean ( )J- x, Y x, f..1. z, 

fA z' J-'''y) and variance covariance m.atrix. 

1 1 Pxz Pxz -, n' nr- ~ ·n 

1 1 P Pxz xz 
il' - z;-r-n n 

Pxz Pxz 1 1 

36 
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rtT -:fiT -, n' n !k n ...... (~·lO) 

Pxz · Pxz 
r\T" --n 

PY;C ~x 
n n 

, 
n' 

P 
~ n 

1 -n 

P~z 1 
PI' 



The der~vlation of the bias function of the esti-

ruator involves condltional expectations, the conditions 

being acceptance or rejection of the hypothesis consi­

dered in the prelimlnary test. To obtain the expected 

value of t 4 , we proceed as follows : 

x p (I z rI'"> z IR) n ol 

= E (Yn + Byx (Xn ,- ~) - BY2 zn) 

1- Byz E (Zn111zn' I > Z;Llr;;.) P (Izn' I > ~/R ) 

::a 0.- _ B ~l + B 
) Y yz / z yz 

- ZlJ./,!n l 

_,,,,j zn' f (Zn') d Zil' ] 

••••• (2.11) 
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NOw, since marginal distribution of a multivariate 

normal is also normal, therefore, 

- rvN('....L 1 zn l I z' C I ~I n I 
) 

(derivation given in Appendix A) 

••• (2.12) 

Where ffi (.) is the, cumulative distribution function of 

N (0, 1), ¢(~) is its density function and 

A :;;:s Z _)_ - "In I 'v... '-'- ! z' 

Therefore, from (2.12) 

-B LL (;l:·(A)_ 
yz J Z 'i:' 

q; (B) ) 
••.•• (2.13) 

206 Behaviour of the bias function 

As partial checks it can be seen the B4 = - Byz-fL z 

when oL => 0, i.e. J when \·/e always accept Ho" Also B4 ... d 
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when d. -= 1. 

Further, the value of B4 for jl z < 0 1s the· , 

ncgat.hve of the value for f- z > O. Hence we need 

to consider only the behaviour of B4 when p z ~ OQ 

To give' an idea of the behaviour of the bias with 

respect to jtl z' '<'Ie comput;-cY'the values of B4 ( in 

absolute value) for a set of values of n ' , DC and 

Byz and are presented in ~~e following tables, (table 

201 - 2.4)0 

~{e notice that B4 ::1 0 when fA z :: O. Aleo when 

)~LZ increases froo 0, B4 increases to a maximum, then 

decreases to zero. The bias is very close to zero at 

~lZ ~ 10 Tne bias found here is quite small almost 

in all cases. The general behaviour of B4 with respect 

to f\.. is given in fig. 2010 
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C H.A.PTER THREE 

Relative efflC1E:tlcy a.1d optiwUlD allocation of PTE in 

double sampling ",i th t.iO auxiliary variables \0{1 th par­

tial information on onE 8ill:lliary variable. 



3.1 Introduction 

, 

TI1e precision, or a measure of the closeness 

of the sample e5timates to the census count taken under 

identical conditions is judged in sampling theory by the 

variance of the esti~ators concerned. Here reliance is 

placed on the fact that with a small variance the proba­

bility of large deviations from the census count will be 

small. The general principle is to use estimators which 

give the highest concentration of the sample estimates 

(in the sense of probability) around the value aimed for. 

With unbiased estimators the method used for judging the 

44 

degree of concentration is the variance of the estimators. 

It may happen sometime that the degree of con­

centration of the sample estimates around the value aimed 

at is higher for the distribution of a biased estimator 

than for an unbiased one. In such a situation the biased 

estimator is oreferable to the unbiased one. However in 
• I 

order to compare a biased estimator with an unbiase~ 

estimator, or hlO estimators with differ.ent amounts 
\ 

of bias, variance is not a satisfactory criterion, 

since it measures deviation from the expected value 

of the estimator, which is not the same as the popula­

tion value. A useful criterion is the mean square error 

(~~E) of the estl~ate, oeasured from the population 

value that is being estimated. Formally, 



~BE (t) = Variance of t + (bias of t)2 •••••• (3 0 1) 

obviously, if t is unbiased, the variance and the mean 

square error would coincideo 

Next, the problem of optimum allocation of the 
9 sample sizes is considered. This 15 done by defining a 

linear cost function C. Then, the value of the sample 

sizes arc obtained by minimising the MSE for a specified 

C or minimising C for a specified MSEo 

3.2 Mean sguare error of t4 

As discussed in the earlier chapter, the prelimina­

ry ~est estimator in double sampling with two auxilia-

ry variables having partial information on one auxiliary 

variable, is a biased estimator. The bias, though, found 

to be quite small almost in all cases o In order to com-

pare the relative efficiency of the preliminary test 

estimator in relation ~ith other existing estimators in 

double sampling, HSE of the estimator is to be...-CLh:tained. 

From {2,,9) the estioator t4 is defined as 

Y +B (xt-x)-B z if ,- I~ /,--, n y x n n y z n Z n' '..::::: Z 0( -J n 
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The componen ts viz 0 Byx ' 'B yZ t "n" Zn etc 0 have the 

same definition as in chapter 2. The assumptions about 

the distribution of (X, Y, Z) is also same as beforeo 
I 

The deriviation of r~E of the estimator involves 
, , 

conditional expectations of products, the conditions 

being acceptance or rejection of the hypothesis o To 

obtain r-tSE of t 4 , we notice that 

H 4 ::s r'LS E (t 4) ::: E (t ~) - ( E (t 4) ) 2 + B ~ 
~ 

No .... ' , 

== E [(y + B (x I - x) B z )2J n yx n n - yz n 

•••••• (3.2) 
~ 

+ By;' p.. 2 
+ 1) - 2 B 2 ( iJ. 2 + -n1 ,) + 2 B (u 'LA + PYf . z n yx ,;- x yx J X J Y n 
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z , 
n 

Pxz )' +­n 

- 2 B B z. xn - 2 B2 z , Zn( !zn' I> Zci../rn' ] yz yx n yz n 

•••••• • (3.3) 

Again, 

+ (¢(A) - ¢(B») 

+ 1., ( A ~ (A) - B ¢ (3) ) n 

Where ifl ( .) is the cur:lUlative distribution function of 

47 

N (0, 1), ¢ (.) is its density function and A a 20L - rn'rZ' 
b = - z) - In' I.)... 

~ ) z 

Also, 



2 1 i1\ = (j-l Z + n') (1 - 'J: (A) + ~ (B) ) 

+ 2 Y z (~( A) _ <f (B) ) 
~ n' 

+ ~I ( A cP (A) - B cP (B» •••••••••••• • (3.5) 

p, 
+ ~t ( A 1> (A) - B cP (B) ) •••••••• (3.6) 

= ( }")( r z + P~7 ) (1 - Ii! (A) + il? (B) ) 

•••••••.•• (3.7) 
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:2 (j--L X p. Z + f~7 ) (1 - ~ (A) + 9? (B) ) 

" 

+ 1 (u. + PXZJ,tl
z

) (¢(A) - ep(B» 
~, ! X. 

+ ( A (? C~) - 3 ¢ (3) ) 

•......... (3 0 8) 

(Dcrivotions of (3.4) - (3.8) are given in Appendix 

B, C, D and E) 

i<\ (3'..}) 

Now, substituting (3.4) - (308)~and simplifying we 

obtain, 

+B2 (1.-\.2+.1)+B2 ()-l....z2+ 1 ) 
yx ) x n yz n 

p. 
- 2 By x P yx ( ~ - ~ ) - 2 B yz ( f- y fA z + ~z) 

+ 2 B B P. (1 _ 1, ) 
yx yz xz n n 

+ 
2 }l 

Z 
(<f-(;") - <;-(B» + *t (Arp (A) -B ¢(B»] 
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+ 1 (Jlly + P Ll) (th(A) - n..(B .. ),·) .rn t . yz j Z 't" 'r 

+ ~r ( A 10 (A) - B l' (8) ) ] 

%1 ( Lt 2 + 1) + B 2 ( 1 .. 1 t ) + B 2 ( .1 _ 1,) 
J - Y n yx n, n yz n n 

1 l' 1 1 ' 
- 2 B A (-n - -n.') - 2 B y'z P.y'z (-n - n t ) yx. yx 

+ ~f (A rp (A) ~ B (p (a» [- By~ + 2Byz pyz ] 

•••.•• (3.9) 

NOw, from (2.12), (2.13) and (3.2), it follow; that· 

Subs~1tuting (3.9) and (2.13) in (3. 10), we get 

+ B 2 + B 2 - 2 B P - 2 B P + 2 B yx Byz P ] yx yz yx yx yz yz xz 



+ ( <I! (A) [ 
2 2 1 Avnzz ] 4J_ (B» B (U + -,) 2 B ~ yz ) Z n -, yz 

+ 1 (CP (A) - ¢ (8) ) [~ 2 Byz2 fz + 2 Byz Pyz Y-z] 
~, 

+ ~, (A cP (A) - B ¢; (B) ) [ - B y~ + 2 B;z P yz ] 

............ (3.11) 

v/here g4 ;: ~ (1 - p~.xz) + *' p~.xz ••••••. (3.12) 

[ 
2 2 1 pvz] 

and h4 ::: ( if (A) - ~ (B» Byz ( f- z + lit) - 2 Byz nr 

'~f ( cP (A) - ¢ (B) ) [ 2 B"'; jU z - 2 Byz Pyz}-lz ] 

1 
- n' (~ 1-- (A) - B <p (3) ) [By; - 2 Byz P yz ] 

•••• (3.13) 

3.3 Relative efflciency of t4 

The quantIty g4 in (3.12) is the variance of the 

estim3tor t3 (t·tukherjee et al 1987), the linear regres­

sion estimator using t·",o auxiliary variables in double 

sampling, under the assunption that ~ is known and 

2 2 cr :::: 0- %3 U 2 ::: 1. The relative efficiency of t4 x y z 

to t3 is defined as 

•••• (3.14) 
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The values of e 4 can be easily computed for diffe­

rent values of y"z. :,.fe notice that e4 is symmetric 

about J_I... z :3 0, hence we need to consider onl~ jJ- z ~ O. 

To give an idea about the behaviour of the relative 

efficiency function with respect to ~z' ~4 was com­

puted for a set of values of n, n l
, \~ and ByZ and are 

presented in the following tables (Table 3.1 - 3.4)0 

In general e4 has a maxioUID at j-l z :: 0, when y- z 

increases e 4 decreases to a minimum and then increases 

to ~~ity. It is fo~~d that e4 is very close to 1 at 

t~ z = 1. The ge~eral behaviour of e 4 is given in fig 

3.1 0 

3.4 Optimum allocation of sample sizes 

We next consider the following sample design probler 

For a given cost function, what is the optimum alloca­

tion of the sample sizes n r and n ? Let the cost func­

tion be of the foro 

!;ihera c 11 c 2 and c 3 are the costs of observing Y, X and 

Z respectively. Or, equivalently, 

where c I c 1 ::I 2 + c 3 • 
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Fig 301 Behaviour of rela-t:lve efficiency e 4 w.r.t. r'-z 

For n 1 == 30, n = 10, P ~ 0 6 P. - 0 7 xz ., yx - ., 

..... , cl= 0.10.---- eX.,= 0.25 
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The values of n a~d n' are obtained by minimising 
\ 

~~E (t4 ) subject to the cost constraint (3.15). In'gene-

ral, the values of p... are unknown, the experimenter has / z . 

partial information about ~z and believes that ~z is 

close to zero. \fuen ~-l ::I 0, the relative efficiency of 
¥ z 

t4 is the largest. Tnus, it would reasonable to let 

]A z = 0 in r·l.SE (t4 ) a..,1d obtain the values of n' and n 

under the opti!';lUID situation. 

A c Z cJ. - -In' y- z '" 2 I:{ a."1d 

B ::J - Z cL - rn' )...l. z '" - Z:L 

Which further implies, 

c<. 
- 2 

and 

Substituting (3.16) in (3.13) we get, 

M
4

",.!(1- p2 )+1 
n y.xz n' 

+ 
1 _ 01.. 

n' 

p~.xz 

••••• (3.16) 
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( G 2 
I y.xz 

2 2 
P xz - p yz ) 

1 (1 e ~. xz) + 
1 

( P ~ .xz - p y~ ) Q - - C ~) n n • (1 - I xz 

~ ... ~ Z "'- P (2 .. ;) ( P ~z 02 P 2 ) ... 2 - I xz 
nO ( 1 - f xz ) y.xz 

k k' 
"" n + n' .............................. (3.17) 

where 

k :::I 1 P 2 and - Yoxz 
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, 1 
k. :::> --p---"'2'--

1 -
[ P 2 0 2 + (c{ + /.. Z _JrI.( z .,.) ) ( P 2 _ P 2 P 2 \1) 

y.xz - I yz c...r..... yz y.xz xz~ 
xz 

In order to mini~ise (3.17) subject to (3.15) we 

have to minimise H4C where 



which by Cauchy - Sch",arz lnequali ty is minimised when 

k kt 
2 C1 12 1 

n C
1 

n c1 

Or n "" 
C ,,[k 

,~ (.{kc1 + ~) 0 •••• (3.19) 
1 

••••• '. 0 ( 3 .20 ) 

Substituting (3.19) and (3.20) in (3.17) we get, 

(fkc"1 ¥ ~ k 1 c~ )2 

C ••••• (3.21) 

3.5 Comparison of the suggested estimator with other 

existing estioators 

I-Ie shall first coopare B4 'opt with the minimum 

variance of the regl'esslon estiDator with t\r!O auxiliary 

variables unde: r couole sa:nplingo The variance of t3 from 

(3 0 12) is 

V (t
3 

) 1 ( 1 f~.xz) + 
1 p2 ::: - -, n n y.xz 



under the assumption that U- x
2 = Gly

2 
C cr-z

2 
c 1 and 

let as before C a ~C1 + n'c1o Again by Cauchy - Schwarz 

inequdlity, VC is oinioised ",'hen 

1 _ P 2 
y.xz 

2 
P ~.xz . , 

n c
1 

p2 
(1 - y.xz) 

••••.• (3.22) 

••••• (3.23) 

Substituting (3.22) and (3.23) in V (~), we 

obtain 

p y.xz + 
c 

••• (3.24) 

In order to co~pare (3.21) and (3.24), we observe 

that, x.. + 2 Z:X.. ¢) (Z~ is a decreasing function of Zet. wi th 

a maximum equal to U:.lty at Z~ = O. Therefore, we conclude 

that 

r·14 t opt :S Vopt (t3) prov iced 

P 2 p2 
yz ? y.xz 

,0 2 
xz ' 
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vi i th equ:"lll. ty hold ing for Z 0(. = 0, which is the case 

when the t'dO esti:Jators coi::cide. 

3.6 Di.scussion 

In the earlier section '~;e have proved that un­

der cc r tain conG i "t 10:1.5, ::. '.: 2-n square error of a prelimi­

nary test esti!:1..l"tor i:1 double sampling with two auxi­

liary variables is s~aller than the mean square error 

of the usual re~r,,::s51:);. es'tir.:ator in double sampling 

Hi til t"/O auxil iar l vil:-iables. Therefore under the stated 

assurnrtions, pr£:1U:ll:1dry test estimator in double samplinp; 

... ,i th t'dO 3Ll.Y.illary variables h~ving partia: information 

on one auxiliary variable is more efficient than the re­

gression estinator in double 5ampling with two auxilia-

ry v<lriables. 
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CHAP'r::R FOUR 

---,------- --

Double s.J.mplinr; 'Id t~". t.iO e.UAiliary variables with 

pnrtiRl infonna tiO:1 on both the auxiliary variables. 



401 Introductio~ 

In Chapter 2 \rf'e have discussed the' a1 tuation 

when in double sa~pling ~ith two auxiliary variables, 

partial information on one of the auxiliary variables 

is available. In order to utilise this information, 

need for pr'cli!Dlnary te 5 t estimator was felt and acc­

ordingly we suggested a preliminary test estimator 

in double sanpllng ;,(i th tlofo auxiliary variables having 

partial infornation on one auxiliary variable. In this 

chapter, attempt is being made to consider the situa­

tion when partial information on two auxiliary varia­

bles related to tne study variable is available. 

Suppose 'o<ie are interested in estimating the 

population mean Ll of a study variable Y. When infor­/ y 
, 

mation on two auxiliary variables X and Z are availa-

ble, and fAx' j.J.. z both being unknown, Mukherjee et al 

(1987) have suggested an estimator using X and Z given 

in (2 0 6)0 Suppose, further ~ have partial information 

about both }~X and J~z. In order to utilise this infpr­

rnation we can perforn preliminary tests for the hypo-

theses 

and u.. ::z U. 
) Z J oz 
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where l' , u. are the values obtained from the 
)-" 0:< } oz 

partial informations. If H01 is accepted, J-lox will 

be used in the regression estimator; if H01 is rejec­

ted, the so.mple itean ba.sed on the preliminary sample 

for X is U!3ea. Si:::lilar arguoents can be given f<>r 

H02 as well. 

L~.2 Sug~ested Dreli:r.inary test estimator 

Now, we proceed to construct a preliminary test 

c!3timo.tor in do~ble sa::l"pling wi"th two auxiliary varia-

bles having partial inforoation on both the auxiliary 

variables. Let, as before, (X, Y, Z) have a trivariate . 
normal distribution ... t'ith rr.ean (}J-x, ry' 1'z) and 

covariance matrix ~ , in which the variances are 

denoted by cr x 
2

, cry 2 
and U z 

2 
and the correlation 

cae f f ic ients by P'1..<' ~rz and Pxz • X and Z can be 

readily observed, · ... ·hile 1. t is more expensive to ob­

secve the triplet (X, Y, Z). The problem is tQ~t.i­

na te J l y' Le t (x i' Y i' z i ), i a 1, 2 •••••••• , n, be \ 

n independent observations on the triplet (X, Y, z) 

which is sllpplewe:1ted by m more independent observa-

tions on X and another m independent observations on 

Z, where n + 0 ~ n' 

.".e oay let U- 2 :: a-: 2 :: U 2 :: 1 
x y Z 

wi thout loss of ge:1e!~ali ty. The joint distribution of 

(xn ' Yn' Zn) is nor::lal '"rith mean ( Yx' p-y' Y-z) and 

covarionce matriX 
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1 Pyx Pxz 

L~ 1 Py-,< 1 Pyz 
n 

PXZ PY'Z 1 

~"hen u. , )...l. are unknO)o{Tl and the experimenter 
J x J Z 

has partial inforoation about them, he can employ 

preliminary tests for 

u .. } x 
c 0 

(letting}-l ::z u.. = 0 without 
ox J OZ 

loss of generality) 0 

~I 

If H 
01 

is accep ted t JU OX 
\tIi11 be used in the regres-

\ 

sien estimator. Sinilarly if H02 is accepted )J-~z 
,-Ii 11 be used o EO'IIt·ever t if H01 is rejected the sample 

mean X t based on the preli~inary sample consisting 
n 

of n' independent observation on X is used. And if 

Ho2 is rejected the sa~ple mean zn' based on another 

preliminary saople consisting of n' independent ob- \ 

servations on Z is used. The preliminary. test esti-
\ 

mat~r in double sa:r:pling · .... i th two auxiliary varia-

bles having partial infarnation on both the auxi-

liary variables is defined as 

64 



y-B x-B z n yx n yz n 

65 

Y + E ex, - x ) - B z if IXn' I > Z,.J.[n' , IZn' 1'{...ZoL/,[ni n yx n n yz n ~ 

t :: 
5 

Y - B x + B (z, - Z ) if I Xn' I.s:: z J~' , I Zn' I » z.} /~ n yx n yz n n ' ~ ~ 

y + B (x ,- x ) + B (z ,- z ) if Ixn,I>Z",/,.fr1i, 
n yx n ~ yz n n 

••.•• (4.1) 

Ttle components 3yx' Byz , x n " zn" Zo/., etc. have 

the same defini tion as in Chapter 2 

ll03 Bias of the Drelicinary test estimator 

To evalua-c.e the bias of t 5, we requir~Ahe joint 

distribution of (xn " xn' zn" zn' Yn ). It cao be 

easily verified that the joint distribution of these 

is a multivariate norl!.21 distribution with mean ()A-x' 

/\,t Yz' }\J.. Z' yo., y) a..'1d covariance matrix as given in 

(2..10). 

The cieriva'tion of the bias function of the estima-, 
tor involves conc.itional expectations, the conditions 

being acceptance a:'l.d rejection of the hypotheses Ho1 

and Ho2 0 To obtaln the expected value of t5 we proceed 

as follows : 
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) 
11

- I I In I Zn' I ~ Zoflrn' ) E (t
5 

::> (t~ x , ~ z:-l. " n' , 
J n " 

t:I E (y - B X - B z) n yx n yz n 

:::J u y - B ) yx - B \.A yz ) z 



67 

-2 / In' d.. ., 

+ B [ yx f ex ,) dX , + n n J 

00 
-z /-r; t 

(J, 

[ j ( 

+ B f CZn I) 
-

J f (zn t ) Z n' dz , + zn t yz n 

'2c{/~ , _c() 

••••.• (4.2) 

Now, since marginal distribution of a multivariate 

normal is also nort::lal, therefol'e, 

Hence from (4.2) 'life obtai.n 

B 
- B fJ'z<_<I? (A} - ~'(3) ) + ..I!:. ( 4> (A) - q) (n) ) 

yz -f;;' 

(refer Appendix A for derivation). 

where ~ (.) is the cu:nulative distribution fW1ction of 
\ 

NCO, 1); ep(.) is its density fW1ction and 
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a ::: Z,J _"lnt U ..... )' x' 

and B=-Z -~In'u" 
r.I.. -' z' 

From (4.3) 

4.4 Behaviour of the bias functio~ 

As partial checks it CaJ1 be seerl that 

L!.. 
I Z 

'",'he!l c{::: 0, 

i.e. whe~ we always accept Ho; and BS ::: 0 when ~ - 1. 

Further, to give an idea of ttH? b'ins with respe,c"t 

rx and r"z' we computed the values of BS (in absolute 

values) for a set of values of n' cI... B and B , yx yz 



which are presentea in the following tables, Table 

4.1 - 4.6. 

We notice that B5 :: 0 when Y'-x CI Y z :II 0. Also, 

when U. L\. increases from 0, 
J x' J Z 

.. B5 increases' 

to a maximum, then decreases tc zero. The bias is very 

close to zero at )J.. X a ,U Z Q 1. The bias found here is 

quite small almost in all cases. The general behaviour 

B5 with ,respect to rx and p z is shown in Fig 401. 
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C H.A.PTER F IVE 

Relative efficiency anc optimum allocation of PTE in 

double sampling !~/i t~ h,'o auxiliary variables having 

partial information on both the auxiliary variables. 



5.1 Introduction 

As discussed earlier, 1n Chapter 3, we know that 

in order to compare a biased estimator with an unbiased 

estimator, or two estlcators with different amounts of 

bias, a useful criterion is the mean square error (MSE) 

of the estimate, ceasured from the population value 

that is being esti~ated. In this chapter an attempt 

will be made to derive the ¥SE of the preliminary test 
<;",. ....-...-_a.,... 

estimator in double sampling with two auxiliary varia-
\ 

bles having partial information on both the aUXiliary 

variables and then to coopare it with the other esti­

mators. The problem of opti~um allocation of sample 

sizes for the suggested estimator will also be consi-

dered here. For this, a linear cost function C will be .. 
considered, and the value of sample sizes will be ob­

tained by minimising ~~E for a specified C or by mini­

mising C for a s~ecified }~E. 

5.2 Mean square error of t5 
, 

As discussed in Chapter 4, the preliminary test 

estimator in double sa::.pllng with two auxiliary varia­

bles having partial infor~ation on both the auxiliary 

variables, is a biased estioator, the bias being very 

small in most of tne cases. Thus, in order to compare 

this suggested estioator with other existing estima­

tor, ~~E of the said esticator is to be obtained. 
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To obtain ~~E of t 5 , we notice that 

222 
(t5) - (E (t5) ) + B5 

•••• (5.1) 

The derivation of lJ~E of the estimator involves 

conditional expectation of products, the conditions 

- eing acceptance or rejection of the hypotheses o 

No,",. fro:l (4.1) 

x p (Ix ,I>z,/-!n' , rZ- .I~ z /-filt ) n ~ n ~ 

( t
2 f I x I <::. Z / -fil' 5 n' -....; CJf ' 

+ E ( t; II xn ' I > Z~ /-Jr:t , ,zn' I > Zot /..;n; ) 

X P (Ix, I ::> Z lIn' , Ii" ,I> z /-fni ) 
n "" n ~ 

E (y2 + 2 -2 B 2 -2 
- 2 B ::I Byx xn + zn YnXn - 2 B Yn zn n yz yx yz 
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+ 2 B B x z ) yx yz n n 

(-2 2 -2 
E Yn + Byx Xn + 

+ 2B B x z ) yx yz n n 

:::a ( J--l2+ 1) + B 2 ( \.).2 
y n yx ) x 

- 2 B < L\ ~y+ ~ yx ) X n 

+ 2 B B ( r~ Jl.1 yx yz . x ' z 

78 

. \ 

•••••• ( 5.2) 

+ 1) + B 2 ( r-~+ 1) 
n yz n 

) -2 ByZ < jAy}kz + 
fyz ) n 

Pxz ) + -.' n 
•••••• (5.3) 



Also, 

== ( j_'_ 2 ... l,) (1 _ (L ( a) ... 4 (b) ) 
X \ n 

+ (<p(a) - <PCb) ) 

... *' (a 1) (a) - b if:; (b) ) 
0 ••••• (5.4) 

Where CL ( .) is U:e cunulative distribution func­

tion of N (0, 1), cf; (.) is its densi t..y function and 

a ... Z c.J... - o In' ,I.).. x' b .. - Z:1.. - ·me r- x. 

::: ( )..1.. 2 + 1,) (1 _ q; (a) ... ~(b) ) 
x n 

2 Ll 
+ 

} x 

---In ' 
( (P (a) - cP (b) ) 

+ 1, (a cP (a) - b ¢ (b) ) 
n 

•••••••• (505) 

E (x , y t I x ,I > z / i-;i ) p (I xn ' I > Z_J / R ) n n n ~ ~ 

f \ 
== ( ~ x u. + ~ ) (1 - ~ (a) + ~ (b) ) 

J I Y n 
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+ 1 (}l-y + 
-rn' 

,u.. , x ) ( cP (a) - CP(b) ) 

PY7 + n (a rp (a) - b ¢ (b) ) 
••••••••• (5 0 6) 

Pxz 
CI (M \..1.. + -::::Tn ) (1 - [) (a) + g? (b) ). 

I X J Z 

1 
+ r-::: ( 

'V n • 

p 

\..l. + 
I Z 

u. . x ) ( !pea) - !P(b» 

+ xz nr (a ¢ (a) - b 1J (b) ) ••••• (5.7) 

::3 ( AI.. 
Fx II Z 

p 
+ xz 

7 ) (1 - §(A)+ ~(B» 

+ 1 ( Il + 
In' ,x 

ex z Ju' z) ( cP (A) - ~ (B) ) 

P
XZ + 7 ( A cp (A) - a -p (B) ) ) 

p 
+ xz 

~J. z nr-

1 
+'/n' (f..1. z + 

) (1 - 4 (a) + ~ (b) ) 

u 
/ x ) ( (jJ (a) - PCb) ) 
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Pxz + --::T (a 4> (a) - b q> (b) ) 
n •••• 0.(5.8) 

(refer to Appendix B, C, 0 and E for the ~erivation 

of (5.4) - (508) ) 

Now substituting (5.3) - (5.8) and (304) - (3.7) 

in (5.2) we have 

E (tZ) => ( F 2 + 1.) + B 2 (u 2 + .!) + B 2 (f-2 + 1) 
y n yx IX n\ yz z n 

- 2 B (u L~ ... ~ ) _ 2 B (u IJ.. ... ~z ) 
yx j XI Y n yz j yJ z n 

... 2 B B ( 
yx yz 

+ 
2 u ) x 
-j n f 

P 
-E. ) 

n 

( q:. (a) - 'P(b) ) 

1 
+ -n' (a y (a) .:. b <P(b) >] 

+ 2 B [ ( yx 

" + r 
I n f 

e 
+ ~ n (a 1-- ( a) - b cP (b) ) ] 
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p 

- B B yx yz 
( l.l .~\.. 

[ 
. j·x:z 

. J X" 'z + 7 ) (1. - ~ (a) + ~ (b) } 

B 2 [ (JU; + 1 ) (1 - ~ (A) + .g? (B) 
yz n' 

2U 
+ -L.:!:. ( ¢ (A) - it> (B) ) 
~, .... n 

[ 
. P

yZ 
+ 2 Byz ' (Jv.. y ,M z + -nr ) (1 - [)(A) + <P(B) ) 

1 
+ ~, ( JU y + ~'z P z ) ( tp (A) ¢> (B) )' 

p 
+ *i (A rp (A) - B ¢' (B) ) ] 

B [(~Z - yx By z }u. X llJ. Z + 7 ) (1 - Q? (A) + ~ (B) ) 

1 + . ( 
.~, 

~z ] + fiT ( A <p (A) - B¢ (B) ) 

••••••• (509) 

" 
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Now, from (5.1), (4.3) and (4.4) it follows that 

2 2 M CI E (t5 ) _)u - 2 u B5 5 Y J Y 
••••••••••• (5 0 10) 

Therefore, substituting (5.9) and (4.4) in (5 0 10)' we 

get 

where 

and 

2 
py.X.Z 

•••••••• (5011) 

••••••• (50 1 2) 

=> ( If: (a) _ ~(b) ) [2 2 1) PyX h 5 Byx (~x + n!, - 2 Byx 7 

Pxz J + B yx B yz (p.. x ~ z + :-nr ), 

+,.J, ( 1) (a) - CP(b) ) [ - 2 f-x B~ + 2 fJ-x Byx Pyx 

83 

1 
+ -n' (a cP (a) - b P (b) ) [- B YX

2 + 2 Byx P B B P 1 yx - yx yz x~ 

+ ( (fJ (A) - q. (B) ) [B 2 ( u. 2 + 1 ) - 2 B PYi yz J z n' yz n 

+ 1 (<p (A) - cP (B) ) [_ 2!-1. B 2 + 2 B P u --rn I J z yz yz yz I Z 



B B (fAx + 
yx yz 

1 
+ -n' 

u. 
j z 

S.3 Relative efficiency of t5 

••• (5 0 13) 

The qua~tity g5 in (5.12) is the variance of 

the estimator t3 (Hukhe.rjee ~ & 1?87), 'the linear re­

gression estimator using ~wo auxiliary variables in 

double sampling, w1der the assumption tha t 2: is known 

and rTx2 "" (J 2 "" :J 2 D 1. The relative efficiency of y z 

ts to t3 is aeflned as 

••••• (5.14) 

TI1e values of e
S 

can be easily computed for 

different values of ;\J. X a~d }J. z. In general, e
5 

has 

a maximum at Ll ::: U "" o. To give an idea about the 
j x . z 

behaviour of the relative efficiency function with 

,respect to f x and ,u .. z' e
S 

was computed for a set of 

values of n, n', ~ ,B and B • These are presented yx yz 

in the following tables, Table S01 - 5.2. 
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504 OQtimum allocation of sample sizes 

We next consider the fo~lowing sample design 
1 

problem. For a given cost function, what is the opti-

mum allocation of the sae:ple sizes n' and n ? Let the 

cost function be of the fore 

\ 

where c
1

, c 2 , c
3 

are tr.e costs of observing y, x and 

z respectively. Or equivalentlyo 

•••••.• (5.15) 

The values of n and n' are obtained by minimi­

sing r-ISE (t
S

) subject to the cost constraint (5·15)0 In 

general, the values of ,Ll and IJ. are unlmown, the x I z 
experimenter has partial information about these and 

bel ieve s that both u· and LI. are close to zero 0 When 
I x J Z 

)_lX :::3 }_l Z ;::J 0, the r~ la ti ve e ff iciency of t5 is the 

largest. It ,,",ould thus be reasonable to let ?'x = f-z 

cOin nSE (t
5

) and obtain the values of n' and n under 

the optimum sltua~lO~. 

rr 0"'1, '..,he rr ::% O,·then 
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and 

vie 

a :: A ::0 Z... and 

which further implies that 

ell 
= 1 - ~ 

d 
== -2- .•••• (5.16) 

Substituting (5.16) in (5.13) and simplifying 

get, 

2 1 1 p2 
HS = - ( 1 - Py .xz) + -n n' y.x.z 

1 _ ':J 
(3 2 ') B Pyx + Byx. Byz Pxz) + n' .... yx yx 

_ 2 Z l. ~ (z;( 2 (B 2 _ 2 B P + Byx Byz n ) 
n ~A yx yx 'xz 

+ 
1 - oL 

n' 

2 Z.J. 1, (z -.. 2 (B 2 _ 2 B 
n ' yz yz 

., 
= 1 (1 G~ ) 

n - I Y cxz 

1 - J.. 
n' 

,0 2 + 2 z:.( tP (Zc{) 
y.xz n t 

p2 
y.xz 

k k' 
= n + fi' ••••••••••.• (5.17) 
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Where k = 1 _ P 2 
y.xz 

I ' 

In order to minimise (5.17) subject to (5015) 

we have to minimise HS C where 

•••••• (5 0 18) 

which by Cauchy - Schwarz inequality is minimi­

sed when 

k k' 
Cl 

or n ::z 

and 
•••••••• (5 0 20) 

Substituting (5.19) and (5.20) in (5 0 17) we 

have 

(·r k7 + -1 k t c' )2 
1 1 

c ••••• (5.21) 
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5.5 Comparison?f the suggested estimator with 

other existing esticators 

We shall now first compare M5'opt with the 

minimum variance of the regression estimator with two 

auxiliary variables under double sampling. The varia­

nce of t3 from (5.12) is 

1 02 
- I y.xz 

n 

p2 
+ y.xz 

n' 

under the assuwption cr x 2 = o-y 
2 

\g o-z 2 = 1 and let 

as before C = nC1 + n'c~. Again by Cauc~y - Schwarz 

inequality VC is oinioised when 

1 _ p2 
y.xz 

or n 

p2 
~ .x~ 

n' c 1 

90 

•.... (5.22) 

and n' = 

we have 

c ~.xz 
,) c~ (Ic~ 

•••• (5.23) 

Substituting (5.22) and (5.23) in vet ) 
3 
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••••• (50 24 ) 

In order to cowpare (5.21) and (5024), we find 

that, since 0( + 2 Z~ <p (Zc(.) is a d~creasing function of 

Z eX. \"i th a maxiou:n equal to unity at Z c(.. CI 0, the Vopt 

(t
3

) is atleast a3 large as that of M5'optO Thus, we 

conclude that N
5

, t < V t(t3 ) with equality holding 
o~ --.;; op 

for ZoL '" 0, '.-li1lCn is the case \.,hen the twc estimators 

coincide. 

Next, we snaIl compare HSE (t
5

) with HSE (t
2

),- t~e 

mean square error of t:"..e preliminary test e~timator in 

double sampling .. ..-1 tn one auxiliary variable. 

NO'd, from Ea."1 (1973) 
• 

M 2 :::I NSE (t ) ::: .1 (1 _ P 2) + 1 p 2 
2 n )-J( n t yx. 

+ PY1 
n (a 4 (a) - b <p (b) ) 

P 2 1 2 
- yx (n ,-- ~ x) ( <l? (a) - ~ (b ) ) ••• ( 5 0 2 5 ) 

ltiherc 

a :;z Zot U and b; - Z x 0'--

In oreier to CO:7.pare (5.17) 'with MSE (t2 ) we must 

put )l\. '" 0 in (5.25) since relative efficiency x 



of t2 w.r.t. t1 (with 0- 2 CI v 2 a 1) is maximum at., ' 
\ X Y 

that po1nto 

Therefore we have 

p2 
M CI 1 (1 _ .. J 2) 'yX 

2 n I yx + ~ ( ~ + 2 ZoJ. cP (Zd) ) 

•••• (5026) 

Now, frOD (5.17) and (5.26) we get 

aa ( P y; -p ; 0 XZ) [~ - * I ( cI. + 2 Z oc ~ (Z~) > ] 

••• (5.27) 

Since d_ + 2 Z J.. cp (Z;.() is a decreasing function of 

Z 01... \.,1 th rnX(lrnun equal to un! ty at Z DI.. a o. Therefore, 

1 1 n - n' ( c{ + 2 Z:J. ¢ (Zo(> ) > 0 

and P 2 ~ p2 
yx y.xz 

Thus from (5.27) 

••• .".(5.28) 

\ Next we shall compare HSE (t5> with the mean 
, , 

(square error of t 4 , the preliminary test estimator in 
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double sampling with ~o auxiliary variables having 
, 

partial information on one auxiliary variable~· 

From (5.17) and (3.17), we have 

[1 - ( ~ +- 2 Z oL 1> ( Zet ) ) ] 

••••• (5.29) 

tIow, since %+ 2 Z:( ~(Z.x:) is a decreasing 

function of Z~ with a maximum equal to unity at 

Zr:J. a 0 and p 2 ~ p2 <z' therefore from (5.29) yz " y. 
we get 

- •••• (5030) 

5 0 6 Discussion 

From (5.28) w·e find that the efficiency of 

the preliminary test estimator in double sampling 

with partial information on two auxiliary variables, 

increases by utilising z - values in addition~~x -

values. This 1s also true for linear regression 

estimator in double saopllng without using prelimi-

nary test. In the earlier sub - section i.e o in 

505.1, we have also proved that under the optimum 

conditions mean square error of a preliminary test 
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estimator in double sampling with two auxiliary 
, . , 

variable's is lesser than the mean' square' error' of 
usual regression esticat~r in double sampling with 

two auxiliary variables. Again from (5.30) we find 

that the preliminary test estimator in double sam­

pling with t'oIO auxiliary variables, having partial 

information on both the auxiliary variables is even 

better than the preli~inary test estimator in double 

sampling wi th t~.o auxiliary variables having partial 

information on only one auxiliary variableo Therefore, 

under the stated assumptions, preliminary test esti­

mator in double sa~plinb' with two auxiliary variables, 

having partial inf'orwation on both the auxiliary va-

riables is more efficient. 



------- ------------
CHAPTSR SIX 

A generalized study of tne preliminary test estimators 

in double sampli~g. 



6.1 Introduction 

In earli~r chapters we have discussed 

about preliminary test estimators in double sampling 

with two auxiliary variables and their bias, relative 

efficiency, optiwu~ allocation etc. under different 

assumptions. However, in all the cases, preliminary 

samples for estiGlating f"x and r z were, even though 

independent, but wer~ assumed to be of ~he same size 

n' (::> n). In the pr~ sen t chapter an attempt will be 

made to consider the situation when the sizes of the 

preliminary samples tor estimating r x and ~ z are 

different. 

Suppose '",e are interested in estimating 

the population mean p.. y of a study variable Yo When 

information on an a~iliary variable X highly corre­

lated with Y is readtly available on all the units 

of the populatio~, it is well known that .ratio or 

regression-type esti~atQrs could be'used for in­

creased efficiency, incorporating the knowledge of 

f'x· However, in ce~tain practical situation f-x 

is not known a priort i~ which case the technique 

of double sa~pling Cun be fruitfully applied. The 

values of X are assu~ed to be known over a large 

sample of size n I ( :> n). How suppose that informa­

tion on yet another Yarlable Z is available. Again 

if tz 1~ not kno'Jn, assune that Z is known over anot-
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hel~ large sample of size nrl( > n'). In such a situa-,: 

tion an estimator using X. and Z 1s being suggested', by. 

Mukherjee et al (1987) as follows % 

with 

where 

t '" Y + b (x, - x' + b (i' n - zn) •• 0. (6.1 ) 6 n 'IX n ~ yz n 

1 
zn" :::I nil 

= _cry 
n 

1 
+ -

nil 

2 

•••••• (6.2) 

•••••• (6.3) 

and b yx ' Byx' fy~xz etc. have the same definition as 

in earlier chapters. 

6 0 2 Suggested oreli~inary test estimator 

How suppose ..... e have partial information about 
\ 

}.l. X and ,U z' then 'Jo'e ~ay perform preliminary tests to 

construct preliminary test estimator. Let (X, Y, Z) 

have a trlvariate norcal distribution with mean ( ~x' 

f-y' r-z) and covaria:1ce :n.atrix I.. in which the varia-

222 nces are denoted by J"x ' 0- and CT and the corre-
y z 

lotion coefficie:1ts by P.yx ' Pu and F?, • X and Z can yz xz 
be readily observed, while it is more expensive to 



observe the triplet (X, Y, Z). The problem is to esti-

rna te r' y. Le t (x i' Y i' Z i) t 1 :I 1, 
, , . 

2, ••••• , n be n 

independent observations on the triplet (X, Y, Z) which 

is supplemented by c ~ore independent observations on I 

X and another rot ( > ro) independent observations on Z 

where n + m ~ nl and n + m' = nn. 

~ 222 If L is imo',.";1 '",e rr.ay let u x ... CT Y Q o-z m 1 

without loss of generality. The joint distribution of 

(xn ' Yn , Zn) 15 noreal '.;ith mean ( ~x' }J .. y ' ~z) and 

covariance matrix. 

1 \,x ~z 

~ == 1 fly x 1 ~z 
n 

~z ~z 1 

1Nhen u\ and \.,\. are unknown and the experimen-x f Z 

ter has partial infor=ation about them, 'he can employ 

preliminary tests for 

~ x = 0 and H02 : Lt... = 0 
I Z 

, (taking \J.. := 
I 0"<: l~OZ = 0 without loss of generality) 

The prelLnlnary test estimator utilising par­

, tial information about t\l{O auxiliary variables X and 

Z is defined as 
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,,-B x -B z In yx n yz n 

. " 

Y -'B X + B (2 I~- z ) if IXn,l~ Zo(/~,lzn"l> ~/~ n yx n yz n n ~ 

••••••• (6.4) 

where the comoonen~s 3 , B , Z etc. have the same . yx yz x 

defini tion as in chapter 2. 

6.3 Bias of the sugges~ed estimator 

To evaluate the bias of t7~ we require the joint 

distribution of (x I' i t Z Z -y) It can be easily n n nlllt n' n· 

verified that the joint distribution of these is a multi-

variate normal distributio~ with mean ( ~x, J'-L x' r'- z t 
r z' \).. ) 

I Y 
and covariance rr.a tr ix 

1 1 ~z ~z ty~ nl nl ---nv fiT n 

" " ~z fx.z ~ nl n nv n n 

p -
t;.z 1 1 ~fr xz 

--nrr ---nrr nil nil n 

~z 0 r;z 'xz 1 1 ' 
fiT - nil -11 n n 

p p 
~ti fyz 1 ~ ~ n ~ n n n 
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The derivation of the bias function of. the esti-

mator involves conditional expectations, the conditions 

being acceptance and rejection of the hypotheses Ho1 ana" 

Ho2 - Therefore, 

x p (I x . I > z / "1m. , I Z II I < z /.fnii ) 
n -'. n -- "'-

................... (6 0 5) 

where 

B 

99 

+-E(~(A)-CP(B) )-B ~ (~(A)-g?(B» 
~lnf yz / z 

•••• (6.6) 



where Z:J.. - {n' u. b "" - Z 
,,~, }>-x 

_. 
a :: , 

J x 01.. 
, 
\ 

and A ::I Z _ -1n11 I}. B c Z .... mil fz .J.. , Z c( 

(for derivation refer Appendix A) 

6.4 ~~an square error of t7 

INe kno'''' that, 

•••••• (607)' 

The o.erl.va"t.ion of }.rS'S of the estimator invo~ves 

conditional expectations of products, the conditions 

being acceptance or rejection of the hypotheses Ho1 

and Ho2" 

No'"" fro:n (6.4) 

( Rrx Pyz 
-2B u u' +--'-=..:)-2B (l-\ \.J.. + n ) yx x y n yz I Yl Z 

\)­
.. X 

\..\. 
I Z 

- B:r~ [( L\. ~ + ~,) (1 - ~ ( a) + <Ii (b ) ) 

2 ,u.. x 
+ ( q: (a) - <P(b) ) 

+ *' (a 41 (a) - b ct> (b) ) ] 
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+ 2 B 'fA [ ( ~J.. Y 

r \ 
P X + 7 ) (1 - tl? (a) + (;I? (b) ) 

+ 2 B yz 

+.1 ( u. y + P.yx t x) ( ¢ (a) - ¢ (b) ) 
{fl"' 

o 
+ I ~7 (a ¢ (a) - b cP (b) ) ] 

1 +-= (u + P Lt ) ( ¢ (a) - cP (b) ) ,z XZ J X 
\ n' 

o 
IxZ ] + -nr (a ¢ (a) - b cP (b) ) 

( ¢ (A) - ¢ (B) ) 

+ ~n (A cP (A) - B cP (B) ) ] 

u' z + P*r. ) (1 - (Q (A) + ~ (B) ) 

o 
+ lyZ ] nrr (A 'P(A) -B <PCB» •••• (6.8) 

Now, from (6.5) a~d (607) 

NSE(t
7

) :I r:(~) - \1.
2 - 2 u. B --I ,Y J Y 7 •• ••••• (6.9) 

\0\ 



\1'\ (6·Q) 

Substituting (6.6) and (6.8)k,and simplifyix:g 

we get 

••••••.. (6.10) 

where 

and 

•••••• (6.11) 

p 
+ xz 

fiT )] 
+ 1. (<P (a) - <p (b) ) [- 2 B 2 u + 2 B 0 u 
~ln' yx I X yx '-yx IX 

+ ~, (a cP (a) - b <P (b) ) [ - B~ + 2 Byx PyX 

- 2 B B pxz ] yx yz 

+ (clJ (A) - cf1 (B) ) [B 2 (~2 + 1,,) - 2 B ~~ ] 
yz J z n yz n 

+ ~ (~p (A) - <P (B) ) [- 2 B 2 J..l + 2 B P Ll J 
"l nil yz I Z yz yz r z 
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6.5 Relative efficie~c¥ of t7 

The quality g7 in (6.11) Is the variance of t6 

given in (6.2), the li~ear regression estimator in 

double sampling, 1,.{i th n' ::f= n t• under the assumption 

that L is k~o'"m a:1d J x 
2 

relative efficie~cy of t7 

~·!.SS (t6 ) 
e 7 ::I }.!.s::: {t

7 
J 

2 2 = cr y = 0-z "" 1. The 

to t6 is defined as 

•••••• • (6.13) 

TIle values of e 7 can be easily computed for 

different values of ~-I...x and 1'" ZO In general, e 7 has a 

maximum at \...\ :ll}~ _ = O. To give an idea about the ) x , L. 

behaviour of the relative efficiency function with 

respect to ~.}x and \..\·z, e
7 

was computed for a set of 

values of n, n f. nil. :;.( , Byx and Byz • These are pre­

sented in the follo~ing tables, 6.~ and 6.S. 

6.6 Optimum allocntion of sample sizes 

We next consider the following sample design 

problem. For a given cost function, what is the opti-

mum allocation of the sar.::ple sizes n, n' and nil ? Let 

the cost function be of the form 

C = nc + n I c I + n" e" (6 14) • • • • • • • • • • 0 
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\<!bere e, e' and ell are the cos ts of observing Y, X 

and Z respectively. 

The values of n, n' and nfl are obtained by 

minimising ~SE(t7) s~bject to the cost constraint 

(6.14). In genet'~llJ t::le values of fAx and f1'z are 

unknovm, the experloe~tcr tas partial information 

about these and believes tnat both ~x and y- z are 

close to ze ro _ 'dhen" ::> \..J... ;: 0, the re lati ve I - x I z 

efficiency of t7 is the largest. It would be reaso-

nable to le t u.. 
J A 

::: l.' 
I Z 

;: 0 in HSE(t7 ) and obtain the 

va.lue[j of n, n' and nil u"'1der the optimum situation. 

Now when l.1.. 
I x ;: u... = 0 

11 Z ' 
then 

c1>(a) = ct(A)::: 1 - T 
••• •• (6.15) 

and (Ii (b) :;; c1 (3) ~ ~ 

Substituting (6.15) in (6.12) and simplifying 

we get 

1 _ p2 ) + 
B 2 

1 B 2) M7 a - (1 ...g + -n (2 B PyZ n y.xz n n yz yz 

(1 - ~ ~ B 2 + 1 
2 2 (2,,) B 2 - n' n' cr, 

yx -', yx 

{1 -c< } (B 2 - 2 Pyz ) 1 <p (Zd) 2 + n" Dyz - n" 2 ZeI.. (Byz -2Byz yz 

k k' kit 
= n + n' + nit .................... (6.16) 
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2 
W he re k ... 1 - P y 0 XZ 

and 

k' := ( oX + 2 Z::J. <} (Zcl) ) B~ 

kit c ( cJ... + 2 Z 
.;{ 

In order to ~ini~ise (6.16) subject to (6 0 14), 

we have to minioise H-f '",'here 

k k' kt1 
't'lf' '" ( n + n' ... nit) (ne + n'c' + nile") ••••• (6.17) 

which by Cauchy - Sch'..rarz inequality is minimised 

when 

k k' 
2 n' c' 

C ·fkt 
n' a r=~~==--~==~--~~==-­
~ (~ ke + .Jki7' + "I knell) 

•••••• (6.18) 

••••••• (6.19) 

•••••• (6.20) 

Substituti~g (6.18) - (6.20) in (6.16) we have 
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I; .•...•• (6.21) 

6.7 f2mparison of the suggested estimator with other 

~~isting esti~dtO( 

He shall no',,' co::.pare H1 'Ql)t with minimum variance 

of the re gre::, s 10:1 esti::.:ator t~ given in (6 0 1). The va-
o 

riancc of t6 froo (6.2) is 

l' -P~.,;.:z) 
B 2 

V(t6 ) :::- (1 ~7 n 
1 

+ -II n 

•••••• (6.22) 

under the assumption t~at cr-x
2 = o-y2 = o-z2 = 1 and 

let as before C ::I nc + n'c' + nrlc". Again by Cauchy _ 

Schwarz inequal1ty 'Ie 1.s oinirnised when 

B 2 
=~:1 
~~ 

Therefore, 

n :1 ••••••• (6023) 

C Byx 
n':::. -

~rc, .'" •••••. (6.24) 

and 
C.~~-P- _ B 2 

nil ::0 yz yz yz 
..\c7t ••••• (6.25) 
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where 

w == ~-(1 =-P2-----·)--~ +'\/3 2 c f + ..,1 (2 B P
yz 

- B
yz

2 ) e" 
y oXZ Y'A yz 

Subst~tutlng (6.23) - (6v25) in (6.22) we get 

••••• (6 0 26) 

In order to co~pare (6.21) with (6.26) we find 

that, since ~~ 2 Z...; (~(Z...;) is a decreasing function of 

Z~ with a maximum equal to unity at Z~ g 0, the Vopt(t6 ) 

is atlcast as large as that of H7 'opt O Thus, we conclude 

th<lt H7 , t <. V t( t ... ) with eQuali ty holding for Z_~ :::a 0, op --...; op o· ~ 

which is the case whe~ the t~o estimators coincide. 

6 0 8 Discussion 

As partial c:1ecks it ca:1 be Seen from (6.6) that 

B ::s - B \.I. - a \..).. when.x.:: D 7 yxl X yz J Z 

i.e. when we ahrays accept Ho; a:1d B7 ::: 0 when 01.. = 1. 

\:0 
Further to glve a~ idea about the bias with res-

peet" P'x and r\. z' 'rle co;:.puted the values of B7 (in ab-

solute values) for a set of values of nl, ~, B
yx

' B
yz

, 

which are presented in the following tables, Table 6.1 

- 6,3. 



~{e notice that B7 '" 0, when P'x a ~z '" 00 Alsp 

when )'-lX' p-z increases from 0, , Bq increases 

to a maximum, then decreases to zero. The bias is very 

close to zero at JU' ::2 I,J,. = 1. The bias found here is x ,Z 
qu~te small almost in all cases. The general behaviour 

of B7 vdth respect to y x and P'z is shown in Fig o 6.1 

In section 6.7 "'Ie have proved that under the 

optimum condltions mean square error of a preliminary 

test estimator in double sacpling with two auxiliary 

variables is lesser than the mean square error of usual 

regression estimator in double sampling with two auxi­

liary variables. Tnerefore, under the stated assump­

tions, preliminary test estimator is more efficient 

even when the prelininary saople sizes for the two 

auxiliary var~ables are different. 
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Fig 6 0 1: Behaviour of i31as (t7 ) · .... r.t. fx and- f-z 

For n' = 30, nil = 50, !X = o. 05 , Pxz = 0.6, 

p. = 0.8. yz 
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Fig 6.2: Behaviour of rel.a.t.lve efficiency e7 wor.t. 

U .J.nd u ) x J z 

For n .::: 10, n' = 30, nil :::I 50, cJ...; 0 0 05, 

p '" 0.7, y,( p = 0 0 8. 
yz 
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701 Introduction 

In earlier Ch<::.'Ot.ers ',·,'e suggested a number of preli-

minary test esti:c:::t:::lr5 in double sampling under varied 

situations. The cffi.:::ie:icy of these suggested estimators 

as c{)mpLlr'ed to ot::er- cO:::'':::J:1l)' used estimators is also 

be! ng s tudleci. In the pre sent chapter a compara ti ve study 

will be dohe on these su~gested estimators, theoritically 

as \"ell as eE:pirically~ l:-.e e:rlpirical studies are done 

rna tnly to show t~lt? prac t:ic~l applica tions of the suggested, 
\ 

estima tors and to d:::::.onstrate the performance of these 

estimators as CO(.lpa.!'cd ',·jl t:'1 ot:-.er existing estimators. 

7.2 The estimator t~ 

As one may recall ~e have defined the estimator t4 

in chapter 2, as a ?reli2inary test estimator with two 

aw<11ia!'y variables :lavi~g ?rlrtial information on only one 

auxiliary variable. T!le esti:r.ator was found to be a biased 

one. From the Tables 2.1 - 2.4 and Fig. 201, it follows 

that in all the cases 31as (t4 ) = 0 \>Ihen p z = o. As ~ z 

increases Bias (tL.) i:1creasc:s to a maximum, then decreases 
t 

to zero. D ias (tL.) = a ,,·;he:1 \J.. is very close to 1 0 'de may ; z 
also notice i'!'o:n -: i.;;:. 2.1 that ',d th larger values of 0<.. 



trext the me::n squ~re error 1'~4 of t4 was obtained 

and relative cfficle~cy e 4 of t4 with respect to t 3 , the 

linear re gress ion e 5 "ti:::-,2. tOl~ in double sampling with two 

<::luxi liary vari .].ole s, ·.· .. as co:!)puted. \·le notice from Tablps 

301 - 3.4 and also ft'o:n Fig. 3.1 that e4 is maximum at 

)-''''z == 0. As )\.>.. z inc!'eCJ.se5:, e 4 decreases to a minimum 

and ·then increases to· u:.i ty • ..u~o it is found that e4 is 

very close to 1 at \~ = 1. Further, at 
! z 

el~ is mn.xloum " H4 ~ 1/ (t3 ) prov ided Py~ 
)-L:z =- 0, where 

> Pyox~ P~. 
That is the prelixinary test estimator in double samplin~ 

. \'Ii th t'.'/O 311:cil iaz'y v ar i~ble 5 hav in!! partial information 

on one auxilidry vdriaale is more efficient than the re-

gress.ion esti!:;atot' i!1 c:)t.;.ble sa.:r;pling with two auxiliary 
-. . 

variables, but ~ith no p~~"tial information. 

The e s ti[!lct tor t_ 
? 

This estiu::l'(or as suggested in 'Chapter 4, is a 

prelirni.nary test .:::,ti::-.a:or ·,.;i1:11 t·,·o'O auxiliary variables 

115 

havine; partial infor:-.:.::. \:i on 0:-; both the auxiliury variables. 

He have noticed t!~a"t J_i~:e t 4 , ts is also a biased estima­

tor o BliJ.S (tS ) is a ':u;:~;:;tion of r~x und p. z' From Tables 

LI-01 - L~o6 and. FiC. L.1 it ':ollc·..,rs that when Px - [Az = 0, 

Bias (tS ) =- 0. As ~.\;.:' ~'z i:1crease , Bias (t
S

) increases 

to a maximum, trl-2 dec:':.:.::lsc:s to zero. Again Bias (t
S

) = 0 

\'then Ll and u __ are ve!"y close "to 1. Thus we observe ) x ! £. 



that the behaviour of 3ias (t_) is vcr;, much similar to 
:J 

that of Bias (t4 )o The bias is vcry necli8ible in both 

the cases o It is also observE::' t:"J:::t, as in the case of 

Next the me2...."1. s'1ua.:--e e:,:':::r 1'5 of t5 was obtained 

frnm which e S' the rel~tive ef~lciency of t5 wns computed. 

Furti-ler we notice fron Tables 5D1 - 5.2 and also Figo 501 

that e
S 

is ma.:<irnum a.t /\..). = U ::2 O. As lA. 1....'- increa-
~ x 'z ) x, I z 

se e
S 

decreases to a ~i~i~U2 

A180 e 5 :s very close to 1 at 

2..nO 

u. 
) y-

o> 

then increases to unity. 

= }J- z = 1. Thus, the ge-

neral behaviour of e4 and e
5 

are very much simil~ro 'de 

have also sho",m that for u. = LL
J 

Z = 0, the following 
I x 

in,equali ties hold good. 

Thus, the ~reliminary test esti~ator in doubl~ sampling 

wi th two auxiliary variable 5 ha\" 1:18 pi)l'tial ini ormation 

on both is more efficient than t.he regression estimator 

in double sampling with bro auxiliary variables Hi thou t 

any partial in.formation. It is elso nore effic~ent them 

preliminary test estima.tor in couble sClmpling 'with 011(> 

auxiliary variable. This is also true incase of usual 

regression estimators that inclusio~ of an additional 

variable leads to nore e ~f ic i C!"~ -: e 5 tlT'1"" tor. Finnlly t5 
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is also better tha~ t4 where we have partial informa­

tion on one of the b,'o auxiliary variables. 

7.4 The estimator t"7 

This 1s also a pre~iminary test estimator with 

two auxiliary variables ~.;1 th partial information on both 

the auxiliary variables. tio',.;ever, unlike before, here 

the sizes of the prelL-linary samples for the two auxi­

liary variables differ f~o~ each othero In this case we 

notice that behaviour of the Bias ( t
7

) iR very much si-

milar to that of Bias (t5 ) • As is sep.n in T£.ble 6.1 -
603 and Fig. 6.1 Bias (t

7 
) ::: 0 when ~x ;:z Y'z;:Z 0 0 As 

Yx' rl..z increase, 3ias (t7 ) Increa.ses 

and again decreases ~~ zero. Bias (t7 ) = 

and P'z are very cl:)se to 1. 

to a maximum 

0, when ~ . x 

Relative efficiency e 7 o~ t7 was obtained with 

respect to t 6, the linear re~ression estimator in dou­

ble samplinp", ~"i th t',>iO auxiliary variables, ·w:f th preli­

minary samples of u::equal sizes 0 Behaviour of e
7 

is being 

shown in Tables 6.L. - 6.5 and Fig. 6 0 2. Here also e
7 

is 

~aXimum at J-I.x:::}-\ Z = O. As ~x' )Az increase, e 7 de-
I 

creases to a rnini::1:.J.D and then in ... :reases to un! tv. Also . , 

e I' < 1s very close to 1 at \.l. ::I \.l. ::z 1. Further, we ,7.: I X ) Z 

have shown that at \..1 
II Z 

t:1:.l~ t ~ • 
o 
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7.5 Empirical studies 

r-Iany authors have done empirical studies to show 

the application of tne estimators in double sampling. They 

have also dem::mstrated the performance of these estimators 

as compared to other existing estimators. vie also have 

made some such stuiies to ce~onstrate the performance of 

the preliminary test esti=ators suggested by us. 

7.5.1 Empirical studies for double sampling 

Som (1973) has sho'vm the application of double 

sampling for estirca"tl;,.g the average number of cattle per 

farm by using a regressio;,. estloator, taking area per 

farm as an auxiliary,variable. He has obtained the average 

area per farm frow t~1e first phase sample. He has further 

shown that the estl~ated standard error for the regression 

estlm~tor in double sam?ling is 0.1891 whereas if no acc­

ount is taken of the inforaation in the first phase sample 
I 

then the estimated standard error for the average number 

of cattle per faro is 0.2548. 

7.5.2 
" .. 

Empirical s~udles for doublp. sampling with two 

auxiliary variables 

Shukles. (1956) has sno'"m appLication of double 

samplIng for tHO aLLuli:l!~Y variables. In order to esti-

mate the l1lf>£ln yield of t!l€ jute fibre per plant, he con-
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5 idered t .... v'o auxillal)' variables namely height and base 

diameter, both of which are correlated with the yield 

of the ftbre. The data was obtained from"Jute Agricul­

tural Research Institute Farm, Barrackpore, from plants 

sown in the year 1962 - 63. Usin~ a regression estimator 

wi th t'<'IO auxiliary variables 1n double sampling, he has 

sho'<'m that ti1e sUI1"'est:ed Dethod is superior to Olkin's 

(1958) ratio methQd. 

Nukher"1ee et al (1987) have shown .q number of 

applications of double sa~pling with two auxiliary va-
I 

riables. They have used the followin'" Data sets for "com-

paring some regre5s10~-type estimators. 

Data sets 1 - 3 : These are based on data sets 1 - 3 in 

Kiregyera (1984) relating to the 1959 and 1964 censuses 

of agriculture for the state of Iowa, U.S.A. 

Data set 1 : 

y : acres of ~orn harvested for grain, 1964, 

z acr.::s li:',,::'er corn, 1959. 

Data set 2 

y bushel!:.> of CDrn harvested, 1964, 

x acre5 ~'"der corn, 1964, 

z acres of corn harvested for grain, 1959. 
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Data set 3 

y bushels of soy beans harvested for beans, 

1964, 

x acres of soybeans harvested for beans, 1964, 

z acres for soybeans harvested for beans, 1959. 

Data set 4 This is based on data from 1961 and 1971 

censuses on 63 cities anc. urban agglomerations with 

population 200,OJ8 a~d above. Here 

y nuober of workers, 1971, 
\ 

x population, 1971, z : population, 1961. 

Data set 5 : This is based on data on 80 Indian facto­

r ies as recorded b~/ Eurthy (1967). Here 

y output, x : n~ber of workers, 

z fixed capital. 

7.503 Empiric?l studies for preliminary test estimators 

In ~hlS subsec~ion ~e have considered the follo-

wine data sets ~~ st~ow t~e practical apQlications of the, 

suggested esti~at~rs and also to compare their perfor-

mance as compar'~d to O~he!' e s tim3. tors 0 

Data set 1 : 

This constitutes tr.e data collected by us from 

a local forest, re~re~e~~lng social forestry plantation, 
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for estimatinSl: the leaf area of a broad leaved fodder 

tree sppcics Exbuckland1a populnea (nriff.) R.W.Br. Two 

hundred leaves Here collected and for measuring the leaf 

area a very popular u:ethod ,,,as followed. Firstly, the lea­

ves were drawn on a:raph sheets and the number of squares 

covered. were counted to the nearest 0.5 mm2 • The leng 'h 

and the width of the leave S .·jere also measured from these 

figures, and were co~sidered as two auxiliary variables. 

Both these variables have high correlation with leaf area 

and are easy to measure as coopared to leaf areao In fact, 

one can measure these t'dO characters even wi thou-t---p-l-ucking 
wit'", \ 

the leaves fro:n the trees. Leaf area estimRtion auxi-

liary characters such as length, width etc: is thus very 
\ 

common in practice. Here we take 

y leaf area, x leaf length, 

z leaf width. 

Data set 2 : This is baseo on data on 80 Indian factories 

as recorded by Hurthy (1967). Here 

Y output, x : nu..r..ber of vlOrkers, 

z flxeu ca~ltal. 
\ 

In order to sn8~ the application of the various 

preliminat~y test cstl:":lJ.tors suggested in the earlier cHap­

ters and to Judge their pe:~formance, 11
4

, M
5

, ~, M2 at 

r x :::2 p- Z "" 0 and II ( t3 ), V (t6 ) etc 0 were computed from 

the above two datn sets a~d nre recorded in Table 7010 
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for 
As we m3Y see fro~-Table 7.1 that~both the data 

sets 

Therefore, for both the data sets 

Again, we flnd fro~ table 7.1 that in both the cases 

following an~ tf'u.~ 

r [ _ < V(t
3

) ••••••.• (7.2) 
::> 

r ~_ < ::> 
1(2 ........... (7.3) 

and H < 5 
~ r 
'4 ........... (7.4) 

Finally we notice that for both the situations, 

Surr.mariSln£ (7.1) - (705) we can say that except 

(7.1), rest of tr.::! i~eq\...alitles are true under all con­

ditions at,Ll.... x =,\...I.. z ::% O~ Again from (7.4) we have f-15< 

M4 , suggesting that a~on~st the preliminary test estima­

tors with tHO aLlullary varlaDles, the one \t/ith partiS'll-

information on bote. t:::.:; auXlllary variables is more effi-

cient. F Hla lly I •• ;'2:1 Ole n2.'/e partial information on both 
\ 

the auxillar/ v:":·l'3.::JL:s C"..!.:' ~rc:limlnary samples are of 

different SlZ0;:, t:('::.: ::;::: CC"..'-. use t7 \villlch 1S more effi-
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cicnt than t,.. as lS clear from (7.5). Thu~ we can con­
o 

elude that prell~i~ary test estimators are more prefer-

red than the usu<il regression estimAtors in double samp­

lin" whenever 'de have partial information on one or more 
\ 

auxiliary variables. 
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Aooendix A 

Derivation of 

Z l,rr;-,) p (z ,> z 1m') 
d. n 01.. 

T E (z ,jz 1 ~ -n n z /rn') 
.{ 

P (z 1< n -- - Z IGt) 
pi.. 

t.;Q -Z~ IW 

:::. j z n' f (z 1) dz , + 1 Z n' f (Zn') dzn , n n 

z.)15' _OJ 

Now, we know that 

Therefore, 
0,) 

rn, [ ~ (_ 1/2) [Zn' - ]-A- Z ] 2 I ::l - Z , exp dz , 
~ n 1/& n 

Z I~ln' oJ... 

-ZcL / fr1' 
J2 dzn , ] ~ exp (- 1/2) [ 

Z ,- fA 
+ z , n z 

n 
1 IJri' 

-or) 



Putting 

1 
I = --

~\ 2 TI 

w = 
Zn' - }~z 

1 /~rnt 
, ,"'hich implie s 

dw = ~r;; dz. , we have 
n 

cO 

~ 
1 2 

[ 
- - w 

( ,1.1, + i.r/-!n') e 
2 

z 
A 

dw 

B 1 
w2 

~ 
- 2 

.dW] + ( t-1.. Z + \Ii/-rn t) e 

_ ~IJ 

where 

and B c - Z - r;. d--- ,. \.I, 
k z 

Therefore, 

CXJ 
B 

}l z' 

[ ) 1 2 

~ 
1 ",2 - "2 \1/ - 2 

dWJ I :c - e dw + 
.[2rr 

e 

A _rO 

(..'-.) 
B 

[j 
1 2 

~ 
1 2 

1 - "2 .~{ - "2 W 
dWJ + 'ttl e do"" + 

{21T 
w e 

nl 

A _ro 

w2 
Again pu t ting"2 =- t ::} w do,." ::: d t, we have 

134 



I "" )-~ z (1 - <P (A) + it (;3) ) 

1 
+ -;:=======­

.. f2 n n' 

2 
B /2 

) 
00 

-t ] e dt 

2. 2 
1 -A /2 -B /2 

c t-l z (1 - if? (,'..) + \!: (B) ) + (e - e ) 
~12 it n' 

t:l )l...l Z (1 - ~ (A) + <P (B) ) + 1 (¢ (A) - ~ (B) ) 
~rn· 
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A::>pendix B 

Derivation of 

Let I '" F. (z ~ I' z ,I > z /[llt) P (I z ,I > z /m') n n "- n cJ... 

g E 

z /In') p (z , ~ - z /,[ni) 
cA n -...;; oC. 

00 -z /R cL 

~ - 2 ! (z ,) dz J 
2 

f Czn ,) dZnt = z n' n' + zn' n 

Z,..:/ fn' -CJO 

Now, since 

Therefore, 

::>~ 

I "In' [ j - 2 (- 1/2) [ 'Zn'- P.ZJ2 -
;::!- z exp dz , 

,f2n n' 1/-fi1' n , 

Z /R 
.:><-

-z /J;1' d.. 

+ j - 2 exp (- 1/2) [ Zn.-}'zJ2 
dzn • ] 

z n' 1/,[i1· 
_c<l 



Putting 
z , - )u .. n z , which implies VI = 

1/fI1i 

dw = rr;t dz n" '.(e have 

co 

I 1 
=: -{ 211 

A 

B 

-0) 

e 

1 2 
- '2 w 

dw 

1 ... ,2 
; "2" dWJ 

, 
(where A and B are same as in Appendix ~) 

c }J..~ (1 - <li(A) + CP (3 ) ) 

co B 
1 w2. 1 2 

2 P. z 

[ \ - 2" 

~ 
- 2' w 

+ \I e dw + w e 
",[ 2 11 n' 

A _t'O 

..::.0 B 

~ 
1 2 

~ 
1 

1 [ 2 - "2 '".' 2 2· + 'I.' e d.'~{ + 'vi e 
n' r-/ 21f \ 

A _0;) 

Again putting 
l.i 

::0 t =t ..., d'~1 :::> dt, have 2 we 

I == fJ-: (1 - iJ> (A) + 4-(3) ) 
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2 
w 

dWJ 



138 

dt + -t J edt' 

B<' /2 

1 
+--

n ·.r211 
[ 

( (2t)1/2 e- t J dt + j (2t)1/2e-t dtJ 

(7{) A "2. /2 

=a (f..l2 + 1.) (1 - ip(~) + ~(B) ) 
I Z n 

( (P(A) - ~(B) ) 

+ ~. (A <P (A) - B :P (B) ) 
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Annendix C 

Derivation of 

'rfe know tha t 

••••••• (1 ) 

t z + t 2z.
1

, 

I t:' ( 1 n , 
:::I ~ e 

OJ c-::l 

j j t1 Z + t2Znt 
f1 (Zn' Zn' ) dZn dzn , :::I e n 

Zn :-~ - .7 / it Zn' '~:J... "( n 



0"0 -Zcj·rn' 

J J ' 
t 1Zn+ t 2z n , 

f 1 (zn' Zn l ) dZn dZn ' + e 

z :_00 z ,:-..:0 
n n 

where f 1 (zn' Zn') 1s a bivariate normal p.dof. with 

mean ( r\..z' }J. z) and covariance matrix 

Therefore, 

Now, putting 

\'le have 

I :;: 
21T(n'- n)1/2 

cf:j 

1 1 

z - Ll n ) z 

1/fn 
and 

( 1) ( , n' exp - 2 n' _ 

Z - ~ n' ,-- z 

1/--fn' 

cp B 

, 

n ) 

140 

j f 2 (z1' z2) dZ 1 dZ 2 + i J f 2 (z1· z 2) dZ1 dZ2 ] 



\0[ here 

n' ) 
nt- n 

n'- n 
n

' 

and A and Bare sa.::e as in Appendix A. 

Now, put 

.,r; 
( n'- n ) 

t1 
( n'- n)1/2 

z1 - z2 - :1' lEI 

n' rr-;· -~ n 

and 
t1 t2 

v z2 - ... 
-0 m' 

Then, if ~e define 

=> ( n'- n)- 1/2 n' we obtain 

du dv ( [1'- n)- 1/2 
= r1 ' 

u 

Therefore, using tne above substitution in .I, we have 

U : _.oJ v: A I 
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L').J B I 

+ J J f 3 (U. v) du dVJ 

u:_OJ v:_c<J 

where 

and 

Thls 15 because 

2-fn 

+ ( n'- n ) ( ---nr- z2 

nl ~ ( - n ) ( - n' n 

nl ) 
n

' 
- n 

[ ( n I n j' n ) (U2 
=t- v 2 ) 

- ( n'- n 
n ' 

-

n'- n ) 
n

' 

t1 

(n' 

t 2 
2 

+ fiT 

) ( -n 

nl- n 
n l 

t2 )2 
-J n' 

) ( 

2 t1t2 
+ n' 

) 

142 



Thus, 

t 2 t 2 

I =z e xp [ (t 1 + t 2 ) ~ z + ~ ( n 
1 

+ ~ + 

;( (1- 1.5(..;.')+ ~(Bt» •••••••• (2) 

Now, substituting (2) in (1) we have, 

:( (1 - ~ (A') + ~ (B ,) ) ] at t1 CI t2 CI 0 

Here, we shall use the formula for differentiation 

under the integral sign. That is if 

I 

hey) 

£,,(y) = j 
g(y) 

hey) 

~ (y) =- ~ 
'g(y) 

f (x, y) dx, then 

f (x, y) dx + h' (y) f (h (y), y) 
y 

_ g'(y) f (g (y), y) 
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Hence, 

::: ( ) . .1.. 2 + 1.) ( 1 _ q> (A)+ cl(B) ) 
z n . . 

+ 
-f n' 

1 
+ n' (A cp (A) -.B ¢ (B) ) 



An'Jendix D 

Derivation of 

Now, we kno~ that 

E Cz ,y liz, I> Z /-( n') ? (/Zn f I '> Z_//..[n') n n n·-.!. <>(. 

Now, let 

t Y + t2zn I J 
[ :) E (e 1 n I Zn I I > Z, __ ,J / -fil. ) 

.? t2 "" 

x p (I Z n I I > z;.:. /.rn' ) ] at t1 Q t2 a 0 

•••.• (1 ) 

t 1 y + t2znl 
IIZnl I > Z~l·rn') p (Iznf I> Za</{ni) I = E (e n 

::> E (e 
t

1
y n+ t 2z nl 

JZn l > z..:/~rn') P (zn' > Zo( I~') 

+ E (e 
t 1yn + t 2zn , 

jZn I ~ - Zoo:rfi1') P CZ" ,< -z 1.Jnt) n -.;: 0( 

OJ j) 

j J 
t 1y +t2z , 

f1 (Yn ' Z ,) dy dz ::. e n n 
n n n' 

Yn : - 0,") zn I : Z /'(:1' 
;. 
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(XJ -z.) / ;nl 

j ~ 
t

1
y + 

e n t 2zn • f
1

(yn , Z I) dYn 
dZnl + n 

Yn : -00 zn' : 
_ oJ 

where fi(Yn , Zn') 1s a bivariate normal pod.f. with mean 

( j'- y' r- z) and covariance matrix 

Therefore, 

Now, putting 

I :::: 

1 
n 

~'f 
n 

Y _ II 
n } V 

1 

1/ f-n 

PyT 
n 

1 
li' 

Z ,_ u 
d 

n r~ z 
an Z2 = , we have 

11m· 
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CC..; oJ 

X [ J j f 2 (Z1' z2) dZ 1 dZ 2 

z1 :-c() z2:"\ 

(X) B 

+ j j f2 (Z1' 2 2 ) dZ 1 dZ 2 ] 

21 :-".J 2 : _Yl 
~ 

where £2(Z1' z ) ::l 
1 ( 

nl 
) exp (- 2") 2 2 n'- Pyz n 

2 t 1z 1 t 2 z2 
[ z~ + 

2 ·m nt_ PtZ n 

~ X 22 - 2 0 - 21 Z2 - 2 ( ) (-+-( yz .. ril' n -rn .fi11 

and A and B are sa~e as in Appendix Ao 

Now, put 

2 
t1 n'- P n 1/2 ) :: (_ yz ) u 

-rn n' 

:::l V 

Then, if we define 

Py~ n )_ 1/2 
::l (--..... n .... ' -.4.=-_ 

nl-
we obtain 

du dv ::: ( 
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Therefore, us~ng the above substitution in I, we have 

U:_O::> v:A' 

:0 B 

+ ~ J f 3(u, v) du dv J 
u:-)) v:-;·j 

where 

1 n' ~ n'- R2 n = e:<p (- "2) (---p ........ 2......- (- ¥z) 
n'- n} n 

yz 

- ( 
2 Pyz n 

--n ..... '~-) ( 
n'-

and A' ::: A 1 -
.. In' 

B' ::a B -
1 

-In' 

This is because 

Z
2, 2 p' -In_n n' - p. 2 n t1 z1 t27.2 ) 

+ z 2 - 2 z 1 z 2 - 2 ( n I YZ ) (- + 
1 Y z .f~, -rn .-.rnr 



[ 

n'_p2n 
:::z z1 - p ~rn z - ( n rz 

yz ~rn' 2 

n'-
+ ( 

n'-
- ( 

'l'hus p 

2 
Pyz n 

n I ) r z -
'- 2 

+ + 2 

[ 
1 t~ t~ 2 P. t1 t2 ] 

I :::: exp t 1 r- y + t 2 }J Z + 2' ( n + nr + y~ , ) 

X (1-<1'>(A')+ <t(B'» .•••••••• 0(2) 

Now, substltutlng (2) in (1) we have 

= 

x (1 - 1 (;"') + cf (B ,) ) ] at t1 ::: t2 ::: 0 

which again by the for~ula for differentiation under the 
51'81'\. 

integral,us in Appendlx C, lea~s to 
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p. 
c (~ ~ + ~) (1 - cJ2 (;..) + E1 (B) ) 

J Y J z, n 

In the same manner ·.·.·e can obtain 

Pxz 
CI ( V X Y Z + tiT ) (1 - (j? ( A) + G:" (B) ) 

1 
+ -

--.In ' 
~ , Z 

) (~(A) - cp(~» 

Pxz + liT (A ¢(A) - B ep(S) ) 
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Appendix E 

Derivation of 

Now, we kno~ that 

E (x ,2 .llz ,I>z./~n') p (Izn ,/> ZJlm') n n n -' ..... 

• ••• (1 ) 

Now, let 

()O 0.) 

~ ~ 
t1x ,+ t2zn I _ 

Z ,) ~, dz == e n 
f 1 (xn ' , n n' 

x ,:-oJ n zn t : Z -,/orn. 



+ 

X ,: -co 
n Z 

._::(j 
I • n 

where f
1

(X " Z ,) is a bivariate normal p.dof. with mean n n 

( \ .. .\. til.l. ) and covar-ia:1ce natrix } x z 

1 Pxz 
n' liT 

{) 
Ixz 1 
---:1T n' 

Therefore, 

= !"}' (1)( n' ') 
2 n (1 _ ~~) 172 exp - ~ 1 - Px~' 

x [(Xn ,- J_l. x )2+ (Zn'- tlz )2_ 2 ~z (Xn ,- fix) CZn ,- fz) ] 
" 

On putting z1 ::l 

x - )I...l. n' x and 

we have 

\52 



eX) B 

+ j J f 2(z1' z2) dZ1 dZ2 ] 

21 : _LXj 2
2

: _'::fJ 

where A and B are sane as in Appendix A. 

Now, put 

o (1 _ 02) 
Z 1 - I X2 22 - I :(Z ,-

'I n I 

t 
F) -.!. Z2- XZ,rn' 

= v 

Then, if we define 

J .::: a (u, v) 
a{z1' z2) 

= (1 - Px~)- 1/2 , we obtain 

Therefore, using tne above substitution in I, we haYe 

f 3(u, v) du, dv 

1--1 : _ ?J 
I v:A 

\53 
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.)0 3' 

,+ ~ ~ f 3(U, v) du dV] 

u:_->J v:-..,4C 

where 

This is because 

2(1 _ P. 2) 
xz 

~ ] 2 
"\ n I 

r 
t-~z 

t 2 t2 2 P. t t 2 [1 2 + xz 1 2J - (1 - ~Z) fiT + [iT n f 
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Thus, 

X (1 - ell(A') + ~(B') ) •••••••• (2) 

Now, substituting (2) in (1) we have 

x (1 - ~ (A' ) + <l) (B t) ) ] at t1 = t2 == 0 

which again by t:he foroula for differentiation under the 

integral sign, as in Append1x C leads to 

() 

J xz :: ( ).1 X r" z + nr ) (1 - ~ (J...) + <:P (B) ) 

o 
I xz \~ ) ( <;: (A) - ~ (B) ) z 


