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Noise or fluctuations i.e. the minute and random variations in temperature
to which any physical or biological system at a finite temperature ar;'—: subjected to,
are present in almost all systems. These fluctuations play a non rlegligible role in
determining the system behaviour particularly in systems in the microscopic
domain.

Though conventionally the presence of noise was always considered to be
destructive and unwanted, many systems have now been discovered, where these
random fluctuations play a counterintuitive and constructive role. Several noise-
induced or noise-assisted non-equilibrium phenomena have been discovered in
biological and physical systems. For example ratchet effect, Stochastic Resonance,
resonant activation, noise-induced stability of states, noise-induced transitions etc.
In the work presented in this thesis, we focus primarily on the phenomenon of
ratchet effect and Stochastic Resonance.

Ratchet effect is the phenomenon in which a net unidirectional motion of
particles in periodic potentials is obtained in the presence of noise (fluctuations),
however, without the presence of any obvious external bias. Though the primary
motivation for the study of ratchets was to understand the working of naturally
occurring molecular motors (biological motors like motor protein kinesin etc.), the
field of noise assisted transport have gone far beyond the biological domain leading
to possible technological applications like particle separation techniques, designing
of nano devices etc. We study various aspects of particle transport in a model
inhomogeneous inertial ratchet having a symmetric and periodic potential with a
space dependent friction coefficient which is similarly periodic, but has a phase
difference with the potential.

The term Stochastic Resonance (SR) refers to a phenomenon of enhanced
periodic response of a system to an external periodic drive in the presence of noise
or fluctuations. The system shows an optimal response as a function of noise
strength. Though primarily thought of as a phenomena exhibited by bistable
systems, SR has also been proved to be there in monostable as well as multistate
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neuronal systems, nanomechanical devices etc. The main utility of SR is that it can
be used to select and enhance a signal of a particular frequency out of a host of
signals by tuning the noise strength. Different quantifiers for SR like signal to noise
ratio, hysteresis loop area, input energy, area under the first peak in the residence
time distribution etc. have been used as regards to its validity as a bonafide
resonance. In our work, we study the phenomenon of SR in a bistable system and
also in periodic potential system using input energy and hysteresis loop area as
quantifiers.

The work presented in the thesis is organized in seven chapters.

Chapter I is the introduction where we give an introduction to the basic
aspects of our work, the motivation behind it and also a brief layout of the thesis
and its contribution.

In Chapter II, we present the results of our studies on deterministic
dynamics of a periodically driven particle in the underdamped case in a spatially
symmetric periodic potential. The system is subjected to a space dependent friction
coefficient, which is similarly periodic as the potential but with a phase difference.
We observe that frictional inhomogeneity in a symmetric periodic potential mimics
most of the qualitative features of deterministic dynamics in a homogeneous system
with an asymmetric periodic potential. We point out the need for averaging over the
initial phase of the external drive at small frictional inhomogeneity parameter
values or analogously low potential asymmetry regimes in obtaining ratchet
current. We also show that at low amplitudes of drive, where ratchet current is not
possible in the deterministic case, noise plays a significant role in realizing ratchet
current.

In Chapter III we present the results of our work on ratchet effect in a
square-wave driven inertial periodic potential system. We study the underdamped
particle motion in a symmetric periodic potential and subjected to a periodic square
wave forcing with zero mean, in the presence of random fluctuations. We show that
the particle acquires a steady state mean velocity at asymptotically large timescales.
This particle current is obtained just by exploiting the frictional inhomogeneity of

the medium. We also study the dependence of the ratchet current on the various



parameters of the system like the amplitude of driving, the frequency of driving,
phase difference of the friction coefficient with the potential etc. The current is
found to have a peaking behaviour both with the amplitude and frequency of drive.
The steady state diffusion coefficient is interestingly found to peak at exactly the
same amplitude at which the ratchet current peaks. This means that the particle
motion is highly diffusive in the amplitude regime at which the current peaks. We
characterize the ratchet performance by calculating its efficiency, Peclet number
etc. We show that the performance of the ratchet can be optimized by a proper
choice of the different parameters.

In Chapter IV we present the results of our study on an interesting aspect of
underdamped particle transport in a square wave driven periodic potential system.
Underdamped particle transport in tilted periodic potential systems was earlier
shown to exhibit dispersionless motion in intermediate time regimes. This is a
counterintuitive result as the particles show coherent motion even in the presence
of fluctuations. We show that using a square-wave drive of proper amplitude and
frequency, instead of a constant tilt, as was done in an earlier work, coherent
motion can be obtained repeatedly. Thus, the cumulative duration of coherent
motion of the particles can be prolonged. Also, we show that by taking an
appropriate combination of periods of the external field, one can postpone the
beginning of coherent motion and can even have coherent motion at a lower value
of position dispersion than in the constant tilt case. The inhomogeneous inertial
ratchet model that we have used for these investigations can have exact
correspondence to physical systems like the diffusion of Cooper pairs across a
Josephson junction. Our results are amenable to experimental verifications and can
have important implications.

Chapter V deals with the phenomenon of SR in a periodically driven
bistable potential system. We use the average work done (or equivalently the
average input energy) per period of external drive and the hysteresis loop area as
quantifiers for SR. We also show that the hysteresis loop area, which gives a
measure of the energy dissipated, exactly matches the input energy. We also study

the distribution of average work done per period across the SR peak. In the second



part of our work, we study the role of the confining strength of the bistable
potential on the nature of SR. Using average work done as a quantifier, we
reproduce an earlier result that below a particular confining strength of the
potential, the system does not show SR. We explain this behaviour by studying the
nature of the distributions of the average work done.

The occurrence of Stochastic Resonance in periodic systems is a widely
debated topic. In Chapter VI we present our investigations on the phenomenon of
SR in periodic systems. Using average input energy per period of external drive
and the hysteresis loop area as quantifiers for SR, we show that SR can indeed be
observed in both homogeneous and inhomogeneous periodic systems. Both these
(equivalent) quantifiers are found to peak as a function of temperature. We find that
when the system is driven with a frequency near about the natural frequency, the
particles can exists in two dynamical states of trajectories characterized by their
phase and energy. We show that SR is due to the noise facilitated transitions that
the particle make between the two dynamical states, synchronized with the external
driving. We also investigate the nature of the variation of the amplitude and phase
of the average particle response with temperature. The distributions of the input
energy across the resonance peak are also studied. We find that our results conform
to the earlier criteria of SR in bistable systems proving the genuineness of SR
observed by us in periodic systems.

In Chapter VII we conclude by summarizing our results.
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Chapter 1

Introduction

Noise or fluctuations, in this work, are considered as the minute random
variations in temperature to which any physical or biological system at a finite
temperature is subjected to. They have their origin in the coupling of these
systems to the external environment and so are present in almost all systems.

Conventionally, the presence of noise (fluctuations) in a system was always
thought to have a destructive, annoying role. But their presence in almost all
systems led to efforts to discover systems, if any, where these random fluctuations
may play a constructive role. As a result of these endeavours, over the past three
decades, many pioneering works have revealed the constructive role of noise in
different systems [1, 2, 3, 4, 5].

As the energy associated with these random fluctuations in the macroscopic
domain is negligible compared to the mean energy, these fluctuations have in-
significant effect. But as we go down to the microscopic regimes, the energy
scales of these fluctuations become comparable to the mean energy scales of
the system and they start playing a non-negligible, at times a dominant role
in determining the nature of the system dynamics. The discovery of 'Brown-
ian motion’ by British botanist Robert Brown (1773-1858) in 1827 [6] and its

subsequent analysis highlighted the role these random fluctuations can play in
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the microscopic regime. Different theories came up to explain the phenomenon
of 'Brownian Motion’. However, the first convincing theory was put forward by
Albert Eintein (1879-1955) in his annus mirabilis 1905, in which he gave a theo-
retical explanation for Brownian motion [7]. He suggested the role of the thermal
fluctuations in the random motion of the Brownian particles. The theoretical
explanation was further consoliditated by extensive work of Smoluchowski. The
same results were subsequently obtained by Langevin in a different manner.
As of now many systems have been discovered whose dynamics is gov-
erned by non-equilibrium fluctuations [8). Several noise-induced or noise-assisted
nonequilibrium phenomena have been discovered in physical and biological sys-
tems. For example, thermal ratchets (also called Molecular motors or Brownian
motors) [5], Stochastic resonance (SR) [9, 10], resonant activation [11], noise
induced stability of states {12], noise-induced transitions {13] and phase transi-
tions [14], reaction rate theory [15], driven diffusive systems [16], etc., are a few
of these systems and processes. The focus of this thesis is on the ratchet effect

and the phenomenon of stochastic resonance.

1.1 Ratchet effect

Ratchet effect is the phenomenon in which a net unidirectional motion of par-
ticles in periodic potentials is obtained in the presence of fluctuations (noise),
however, without any obvious external bias. Over the years there has been some
notable works in the field of ratchets and Brownian motors (both theoretical and
experimental) [17, 18, 19, 20, 21, 27, 28]. Nowadays, it is a significant part in
the field of physical and biological research. Primary motivation for the study of
ratchets was to understand the operation of biological motors or molecular ma-
chines occurring in nature [29]. For example, how to give a physical explanation
of the motion of the motor protein (kinesin) along microtubules.

The proteins (actin, kinesin and dyenin) transport organelles (cargo) for
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intracellular transport (kinesin and dyenin) and for muscle contraction (actin).
They use energy generated from the hydrolysis of ATP to ADP. The dimensions
of these molecular engines are in the nanometer range. They vary in size from
2 to 100 nm. The microtubules along which they move have a diameter of
about 25 nm and length varying from 200 nm to 25 micrometer. Also, the
operation of these systems deals with minute amounts of energy. For example,
the stepsize of kinesin motor was measured to be 8 nm [30] with a step each
in 10-15 milliseconds, during which a single ATP is hydrolysed. An energy of
about 20 kgT is released during each ATP hydrolysis and the motor does about
12 kgT of work in each step (kgT at body temperature ~ 4 x 102 Joules).
Thus the efficiency of the motor is about 60 percent. It dissipates about 650kgT
of energy to the environment per second [31]. With the molecular dimensions
being 10 nm, the characteristic forces of such motors are of the order of 10~
N (10 piconewtons). At these dimensions and energy scales, the behaviour
of these systems is influenced by fluctuations far away from equilibrium, as
the energy of these fluctuations becomes comparable to the energy scales of
the system. This leads to many observable and significant deviations from the
system’s average behaviour. The molecular motors, inspite of operating in a
very noisy environment, have high efficiencies converting almost 20-90 percent
of the energy to mechanical work and dissipating the rest into the environment.

Though the primary motivation for studying ratchet effect was to understand
the underlying mechanism for the operation of molecular motors, the realm of
noise assisted transport mechanism has gone far beyond the biological domain.
The ability of the molecular motors to utilise non-equilibrium fluctuations for
the generation of useful work and their high efficiencies has aroused the interest
of the scientific community in small systems of molecular dimensions. The very
presence of these naturally occurring molecular motors points to the possibility
of fabricating artificial nanodevices for various technological applications. Dur-

ing the past decade, significant strides have been made in designing artificial
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Brownian motors with successful experimental demonstrations and technolog-
ical applications [32]. Inspired by naturally occuring ion pumps in biological
systems which transport ions through nanopores in membranes against concen-
tration gradients, artificial nanopores have been fabricated in polymer films and
silicon materials. Nanofluidic diodes have been prepared which can rectify ion
currents similar to a semiconductor diode rectifying electron current [33, 34].
Advanced high resolution particle separation techniques are being developed.
For example, mesoscopic particles can be selectively filtered through asymmet-
ric bottlenecklike pores pierced in silicon membranes. This is possible due to the
sensitive dependence of the transport direction on the particle size [35]. Ratchet
devices that control the motion of magnetic flux quanta in superconductors were
predicted. This is possible by allowing these fluxons to move along asymmetric
channels [36). Subsequently, the findings were experimentally verified [37, 38].
These devices find applications in superconductivity [39, 40]. These are but only
a few of the many potential applications of devices based on ratchet effect.
Any system in contact with a constant temperature bath is subjected to
random thermal fluctuations. But the second law of thermodynamics forbids
the utilisation of these fluctuations by the system to generate useful work as
long as the system is in thermodynamic equilibrium. If that was possible, it
would be like having a perpetuum mobile of the second kind, which will be able
to extract thermal energy from a single temperature bath and convert it into
mechanical energy. Hence rectification of the fluctuations is impossible in equi-
librium. This is supported by the principle of detailed balance discovered by
Onsager [41]. It states that at equilibrium, the rate of occurrence of any tran-
sition in a system equals the corresponding rate of occurrence of the reverse
transition. Rectification is possible only when the system is driven away from
thermodynamic equilibrium. Efforts were made to conceptualise a model to il-
lustrate the phenomenon of ratchet effect [42]. This dates back to Curie [43]

who stated that a locally asymmetric but globally symmetric system may induce
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global transport if it is out of equilibrium. Feynman in a thought experiment
[44] elucidated upon an idea originally proposed by Smoluchowski [45]. With
his famous 'ratchet and pawl’ experiment, Feynman was able to design a model
which could utilise the random motion of Brownian particles to generate di-
rected motion, by breaking the symmetry of the system. The system also has
to be driven away from equilibrium. Smoluchowski-Feynman ratchet and pawl
was subsequently experimentally verified by Kelly, Tellitu and Sestelo [46]. Its
subsequent analysis [47, 48] contributed a lot to the theoretical formulation of
the physics of ratchets and ratchet effect.

For ratchet effect to be realised, a system has to satisfy the following general
conditions: (i) There should be an underlying spatially periodic potential in the
system, (ii) The symmetry of the system has to be broken, (iii) All the forces and
gradients present in the system has to average out to zero when averaged over
time, space or ensembles, (iv) The system has to be driven permanently out of
thermodynamic equilibrium, and (v) Random forces (of thermal, non-thermal,

or even deterministic (chaotic) origin) should play a prominent role.

1.1.1 Types of Ratchets

There are different ways in which the above mentioned general conditions can
be met. Based on these, diferent ratchet models are classified into categories
[5). Here we introduce three important models of ratchets - rocking ratchets,
flashing ratchets and inhomogeneous ratchets. In the following we discuss the

working of these three models of ratchets separately.
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Flashing Ratchets

In a flashing ratchet, the underlying periodic potential or the 'Ratchet potential’
V(z), is spatially periodic and asymmetric as shown in figure (Fig.1.1). The
potential regularly flips between two states V,, and V,;s, i.e the potential is
in the on state for a time 7., and in the off state for a time 7,5;. When the
potential is in the on state, the particles sees a finite potential barrier and they
dominantly are confined to the bottom of the wells of the potential. After a time
Ton, When the potential goes to the off state, the barriers to the particle motion
disappear and the particles start diffusing out of the wells on both directions
under the influence of the inherent thermal fluctuations in the system. When
after time 7,5s, the potential reverts back to the on state, the particles again
slide to the potential well bottoms. If the time 7,5, is adjusted properly, such
that there is appreciable spread of the particles, because of asymmetry of the
system, more particles accumulate in the adjacent well on the steeper slope side
of the potential, as is clear from the figure (Fig. 1.1). Hence if the potential

is flipped continuously for a number of times, the particles show appreciable

motion towards the direction of the gentler slope.

volf

S

Figure 1.1: Scheme of a Flashing Ratchet. The horizontal axis gives the position
while the vertical axis gives the the potential and the particle distribution. In
the off state the particle does not see any potential barrier.
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In this model, the system is driven out of equilibrium by the process
of switching the potential between the two states. But there is no net external
bias applied. Thus the Brownian particles show a directed motion without any
external biasing force, aided, however, by the inherent random fluctuations.

The flashing ratchet can also be realised if the particles are exposed to two
temperature baths periodically. When they are in contact with the high tem-
perature bath, at which the effective energy possessed by the particles is higher
than the potential barrier, then there would be no barrier to their motion and
it would be like the off state of the potential. On the other hand when the
particles are in contact with the low temperature bath, they see a finite barrier
to their motion.

The on-off ratchet model or equivalently the flashing ratchet model was in-
troduced in a theoretical context by Bug and Berne [49] in 1987. Ajdari and
Prost [17] reinvented the model as a general theoretical concept in 1992. Since

then his model has been verified experimentally in different contexts (21, 22].

Rocking Ratchets

In rocking ratchets, there is a periodic and asymmetric potential which is pe-
riodically modulated by an external force. During rocking, the slope of the
potential changes within a positive maximum to a negative maximum value as
shown in the figure (Fig. 1.2). This change of slope depends on the amplitude
of the rocking force. The amplitude of this force is equal in the positive and the
negative direction ensuring that it averages out to zero over a cycle.

In the case of the asymmetric potential shown in the figure, when a positive
force is applied, the average slope of the potential is negative and vice versa.
When a positive force is applied, the particles trapped in the potential minima
tends to move in the positive direction and in the case of the negative force, they

tend to move in the negative direction. If the amplitude of the rocking force

7
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is such that even in the extremities, finite barrier to motion remains, then the

Figure 1.2: Scheme of a Rocking Ratchet; horizontal axis gives the position
while the vertical axis represents the potential amplitude. The figure shows the
potential in the unmodulated position (centre) and the two extreme positions
of its modulation (top and bottom).

particles overcome these barriers under the influence of the thermal fluctuations.
Because of the asymmetry of the potential, in case of the positive force, the
particles sees a smaller barrier to motion as compared to the case when there is
a negative force. Hence, if the potential is rocked continuosly, the particles on
an average show a preferential motion in the positive direction.

The particle current obtained, which is a long time average, is a function
mainly of the rocking amplitude and frequency, though it also depends on various
other parameters, like the strength of the thermal noise etc., of the ratchet. Also,
in the long time limit it is independent of the initial conditions [23]. It is seen
that the current approches zero in the limits of very large and very small rocking
amplitudes. So there is an optimal amplitude for which the current in the ratchet
is maximised.

There has been many experimental realisations of the Rocking ratchet model

in Josephson-junctions [24], SQUIDs [25], superconductors [26] etc.
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Inhomogeneous Ratchets

Inhomogeneous ratchets are a class of ratchets in which the potential is periodic
but symmetric unlike in the case of rocking and flashing ratchets. In these
ratchets, the symmetry of the system is broken by subjecting the particles to a

space dependent diffusion coefficient D(z).

Potential

Friction
Coefficient

Figure 1.3: Scheme of an inhomogeneous ratchet; horizontal axis represents the
position coordinate while the vertical axis represents the periodic potential (top)
and the friction coefficient (bottom).

The space dependence of the diffusion coefficient is due to the presence of a
space dependent temperature (7'(z)) or friction (n(z)) or both. Because of the
presence of a space dependent diffusion, the particles dissipate energy differently
in different regions. The basic criteria for the realisation of this ratchet is the
presence of a phase difference ¢ (# 0, 7) between the periodic potential and the
similarly periodic friction or temperature. In the figure above the basic scheme of
an inhomogeneous ratchet is shown with a periodic and symmetric potential and
a similarly periodic and symmetric space dependent friction coefficient, which
is separated from the potential by a phase difference of ¢. Owing to the phase
difference ¢ between the potential and the friction coefficient it is clear from the

figure that the overall friction is larger on the left of the potential peak position
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than on the right. In the figure, the darkened regions are the regions having a
high friction. Since in the static situation the position probability distribution
is independent of the profile of the friction coefficient, the distribution will be
Gaussian-like and symmetric about the minima of the potential. However, the
situation changes in the dynamic case (when the system is driven by an external
periodic forcing). Because of higher friction largely on the left (than on the
right) side of the potential peak position the particle motion will be slower and
hence it spends more time there (than in the corresponding region to the right
of the peak) during its motion. Therefore, the effective position probability
distribution is skewed with higher probability on the left than on the right of
the potential peaks as though a static constant force has been applied in the left
(negative) direction. With the above argument one can clearly obtain a ratchet
current in the negative direction. The presence of a space dependent friction
is thus analogous to that of a space dependent temperature. The possibility
of a ratchet current in the reverse direction can also be envisaged, however.
As the particles tend to spend more time on the left of the peak they will
absorb more thermal energy from the bath and hence effectively they will be
at a higher temperature. Higher temperature on the left leads to a higher
probability of passage from the left of the potential peak to the right, giving
rise to a net current in the right (or positive) direction. These two net current
generating consequences of nonuniform friction in two opposing directions would
naturally lead to competition in deciding the direction of net current, depending
on the temperature of the system. The magnitude and direction of the particle
current depend upon the phase difference ¢ between the friction and the periodic
potential.

Apart from rocking, flashing and inhomogeneous ratchets, different other
models have been proposed [5]. In all of these models there is a complex inter-
play of thermal noise, nonlinearity, asymmetry and unbiased driving which can

lead to a rectification of noise resulting in a net motion of particles. In recent

10
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years, an enormous amount of work has been devoted to the detailed theoretical
exploration of all these numerous models. Moreover, an appreciable and grow-
ing number of experimental studies and biological and technological applications
have been established [50] such as microscopic particle separation [51].

The field of deterministic ratchets pioneered by Jung et.al. [53] has also
drawn substantial interest of the scientific community recently. These deter-
ministic ratchets, unaided by ’thermal’ noise, are shown to yield current in
overdamped (19, 54], underdamped [52, 53, 55, 56, 57, 58, 59, 60, 61, 62, 63],
as well as in Hamiltonian [65, 66, 67] periodic potential systems, and also in
overdamped quenched disordered [68, 69] systems. In these systems net current
results, without the presence of any external bias or asymmetric fluctuations,
due to the presence of various regular transporting or chaotic attractors de-
pending on the initial conditions for given system parameter values. In these
ratchets, the deterministically induced chaos mimics the role of thermal noise

[53].

1.1.2 Characterisation of Ratchets

A Brownian motor performs work by harnessing the random fluctuations. For
optimizing the performances of such motors, their performance needs to be char-
acterised. As the operations of these motors are dominated by the random
fluctuations, their performances are measured by the fluctuating quantities [71]
like position (z(t)), velocity (v) or work output (W). In the presence of fluc-
tuations, the particle positions at any given time get spread out when being
transported as an ensemble through a distance from a common initial position
and time. A measure of this spread is given by the effective diffusion or disper-
sion Desy = M;%M, where the average < .. > is over an ensemble. But

as D.gy does not distinguish between motors of different average velocities, we

need a coherency parameter which incorporates both velocity and spread. This

is given by the Peclet number [72] P, = D<13‘lf, where [ is a characteristic length

11
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of the system and < v > is the time averaged velocity.

Apart from the Peclet number another important parameter for the charac-
terisation of a Brownian motor is its efficiency. As these motors operate in a
viscous environment, they can do work against an external load F', and against
the viscous drag in the medium or both. The efficiency of energy conversion
of a motor with respect to the work done against a load F' [5, 73] is given as
ng = L%z—)l, where P, is the input power. Though this definition is thermo-
dynamically correct, it becomes unsatisfactory in the case of Brownian motors
which also works via the transport againts the viscous drag of the medium but in
the absence of load. A definition of efficiency which takes into account the work
done solely against the viscous drag is called the Stokes efficiency, ns = K—v(;—’;)j—ﬂ
[74]. Suzuki and Munakata [75] combined the above two efficiencies to give a

more general definition of efficiency called the rectification efficiency given as
_ 2v)2+F ()
Tl'rec - Pin .

Transport in almost all the models of molecular motors, is along tracks con-
taining a periodic sequence of wells and barriers. The presence of the barriers
significantly suppresses diffusion induced by presence of fluctuations. Noise also
assists the particles to cross the barriers by providing a mechanism of thermal
activation [15]. Presence of an optimal amount of noise in the system is thus

necessary for particle transport in ratchets and it facilitates energy conversion

by a ratchet [76)].

1.2 Stochastic Resonance

Another physical phenomenon where the noise assisted activated barrier cross-
ing plays a significant role is Stochastic Resonance (SR). This is a phenomenon
in which a non-linear system shows an enhanced response to a small determin-
istic periodic forcing in the presence of an optimal amount of noise [9, 8]. The

presence of noise enhances the systems response to the external signal. This,

12
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seemingly counterintuitive phenomenon is due to a cooperative interplay be-
tween nonlinearity of the system, input signal and noise. The phenomenon of
SR was first investigated as a possible explanation of one of the observed period-
icities in the recurrence of the ice ages [77]. Since then there has been extensive
theoretical and experimental investigations of this phenomenon [78, 79]. Differ-
ent quantifiers of SR like signal to noise ratio, hysteresis loop area [80], input
energy [81, 82], area under the first peak in the residence time distribution [83],
etc. has been used as regards to its validity as a bonafide resonance. The phe-
nomenon of SR has found wide applications in diverse fields like a global climate
model {77, 84], electronic circuits, e.g. Schmitt triggers [85], and a bidirectional
ring laser [86] to biological systems [87].

Though conventionally, Stochastic Resonance was thought to be a phe-
nomenon exhibited by a bistable system with a coherent input signal, SR was
found to be more widespread in nature. Recently, attempts have been made to
apply the concepts of SR to multistate systems, particularly to diffusive trans-
port in periodic potentials [134, 89, 90, 110]. In these systems, some of the
transport properties like diffusion and mobility exhibit a peak at an optimum
value of noise. Also, nonconventional SR has been reported in monostable wells
where inertial effects are important [92]

Both Brownian ratchets (BR) and SR are nonlinear effects in which noise
plays a constructive role. Hence efforts have been made to connect BR and SR
[93]. Using a specific example of Brownian ratchets, it was shown that SR and

BR share the same physical principles [94].

1.3 Fluctuation Theorems

The dynamics of non-equilibrium small systems are dominated by the random
fluctuations. As a result of this, they continuously dissipate energy and make

transitions between steady states. In such systems, as in nanoengines and bio-
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logical motors, the energies of the thermal fluctuations become comparable with
the energy scales of operation of these devices. Under such circumstances these
fluctuations can lead to deviations from the average behaviour of the system.
For instance the instantaneous energy transfer to such a system can be reversed
by a large fluctuation, which can lead to instantaneous energy flow from a cold
source to a hot one. Or in other words, the engine can work in the reverse order
converting heat from the surroundings into useful work. These phenomena are
rare in occurrence, however. Though these phenomena have finite probablity
of occurrence and appear to violate the second law of thermodynamics, infact
they do not violate the law which is a statement on average quantities. Re-
cently, there has been a significant development in the realm of non-equilibrium
thermodynamics [31]. Many general relations such as the fluctuation theorems
[95, 96, 97, 98] have been discovered which are applicable to systems driven
arbitrarily far from equilibrium. Fluctuation theorems (FTs) describe proper-
ties of the distribution of various quantities such as work, heat, entropy etc.
in non-equilibrium processes. In such processes when a system is driven to a
non-equilibrium state, certain apparently second law violating trajectories oc-
cur as stated earlier. The Fluctuation theorems quantify the probability of these
"transient second law violating' trajectories. These theorems can be extremely
useful in analyzing the role of fluctuations on the performance characteristics of

systems at nanoscale (such as molecular motors).

1.4 Contribution of this thesis

In modern day scientific pursuits, substantial interest is being devoted to the
understanding of the working of micro and nano sized systems like molecular
motors. This is inspired by the possibility of controlling and fabricating nano
devices which can have tremendous technological applications {50]. At these di-

mensions the systems are non-negligibly influenced by the fluctuations that are
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inherent. Also they are found to use these fluctuations constructively. Different
models have been made to study these systems, emphasis being on understand-
ing the constructive role played by fluctuations in these systems giving rise to
phenomenon like ratchet effect, stochastic resonance etc. (as introduced above).

Inspired by a need for a better understanding of such systems, we try to
address a few aspects of the phenomenon of ratchet effect in inhomogeneous
underdamped systems and also stochastic resonance in a bistable as well as
periodic system in the Brownian regime.

Particle transport in inhomogeneous systems driven away from equilibrium
has been an active field of research in the past few decades [19, 99, 100, 102,
103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115]. In these systems,
the particle experiences a non uniform diffusion. This may be either due to
a space dependent temperature in the system [99, 100, 102, 104] or due to a
space dependent friction [108, 109, 110, 111, 112, 113, 114, 115, 116]. Systems
having a space dependent friction are not uncommon in nature. For exam-
ple, Brownian motion in confined geometries shows a space dependent friction
[118]. Particles diffusing close to the surface have a space dependent friction
coefficient [118, 119]. Also molecular motor proteins moving close along the pe-
riodic structure of microtubules experiences a friction which is space dependent
[107]. Frictional inhomogeneities are also common in superlattice structures. In
Josephson Junction equation, terms analogous to space-dependent friction ap-
pear [103]. The model form of a periodically varying friction coefficient also is
justified by the mode-coupling theory of adatom motion on the surface of a crys-
tal of identical atoms [120]. For our work we consider a model inhomogeneous
system with a space dependent friction coefficient.

The various aspects of particle transport in overdamped inhomogeneous sys-
tems with a space dependent friction coefficient has been extensively studied
[108, 109, 110, 111, 112, 113, 114]. It was shown that it is possible to obtain

directed particle transport aided by noise even with a perfectly symmetric and
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periodic potential in the presence of a similarly periodic friction coefficient, but
with a phase difference ¢ (¢ # 0, 7) with the potential; the system being driven
away from equilibrium. The various parameters characterising the transport and
particle current, like the particle velocity, efficiency and coherence of transport,
diffusion etc. have been studied. Also it has been shown that forced inhomo-
geneous ratchets exhibit current reversals. The mobility of a particle in such a
system is found to exhibit Stochastic Resonance in the presence of a finite tilt
[112).

Though overdamped approximation is valid for many physical and biologi-
cal processes and systems (5] - for example molecular motor movement in the
Brownian regime - inertial effects can, however, play an important role in many
other situations [53, 52, 56, 57, 58, 61, 70, 74, 121, 122, 115, 116, 120, 117].
Examples being the diffusion of adatoms on a crystal surface [123], dissipation
in threshold devices [124], dislocation of defects in metals [125] and Josephson
junctions [126].

Inertial inhomogeneous system with a space dependent temperature has been
(99, 100, 101, 102, 104] shown to yield directed transport of particles in the
absence of any external bias. These results make us curious as to the nature
of inertial inhomogeneous systems with a space dependent friction coefficient.
In this work we present the results of our studies on a model inhomogeneous
inertial system with a symmetric and periodic potential. The particles moving
on this system experience a similarly periodic friction coefficient, but with a
phase difference with the potential [109, 115, 116]. Although such systems have
been extensively studied in the overdamped regime {108, 109, 110, 111, 112, 113,
114] the presence of inertia promises to throw up new and interesting results
[115, 116]. Such a model inhomogeneous system can have analogies in physical
systems like Josephson Junctions [103, 115].

In an earlier work [115], it was shown that the average mobility of an under-

damped particle in a tilted periodic and symmetric potential is enhanced upon
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periodic modulation of the average slope of the potential, in the presence of a
space dependent friction. This implies that the effective friction is reduced just
by modulating the potential periodically. This, infact, has analogies in tribiol-
ogy [127]. Further the particle mobilities were found to be different for positive
and negative average slopes of the periodic potential keeping the other para-
maters fixed. The difference was found to be dependent on the average slope
of the potential and the phase difference between the periodic potential and
the similarly periodic space dependent friction coefficient {116] . This hints at
the possibilty of obtaining directed transport in such a system by periodically
modulating the average slope of the potential without any bias on the average
which gives us a direction for our work, the results of which are presented in the
following chapters.

Though most of the studies on particle transport in the Brownian regime
is in the presence of noise, recently the study of deterministic ratchets have
contributed a lot to the understanding of the subject [52, 53, 55, 54, 56, 57, 58,
59, 61, 60, 65, 66, 67, 68, 70, 69]. In these systems directed particle transport is
obtained in the absence of noise and any external average bias. The transport
can be either regular or chaotic depending upon the initial conditions. This
sensitivity of the nature of the particle dynamics, and hence the current, to the
initial conditions has been studied [52, 55, 65]. Also, the phase locking behaviour
of the particle trajectories [57] due to the presence of velocity attractors [61] and
the nature and cause of the observed current reversals [55, 56] in these systems
have been studied. The transport properties of inertial systems were shown to
be sensitively dependent on the (constant) friction parameter [64, 62, 63]. In
most of these works (barring a few [52, 66, 67]), the underlying potential was
asymmetrical.

We study deterministic particle transport in a driven inertial inhomogeneous
ratchet, the results of which are presented in Chapter II. We show that frictional

inhomogeneity in a symmetric periodic potential mimics most of the qualitative
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features of deterministic dynamics in a homogeneous system with an asymmetric
periodic potential. The role of the initial phase of the external drive has been
hinted at for Hamiltonian systems [65, 67]. We point out the need of averaging
over the initial phase of the external drive at small frictional inhomogeneity
parameter values or analogously low potential asymmetry regimes in obtaining
ratchet current. We also show that noise plays an important role in obtaining
ratchet current at low amplitudes of drive, where there is no current in the
deterministic regime. The presence of noise does even lead to the occurrence of
current reversals for some parameter values of the system.

Going a step further from the deterministic regime, the addition of noise to
the driven system leads to a well defined particle current even at low amplitudes
of drive as was hinted in reference (116]. In ref. [116] it was shown that there
was a difference in the average mobility of the particle for positive and negative
slopes of the potential. Thus the periodic modulation of the slope of the potential
could lead to particle current. In Chapter III, we present the results of our
work in which we study a zero-mean square wave driven inertial inhomogeneous
ratchet system in the presence of noise. We obtain particle current in both the
adiabatic limit and finite time period of drive just by exploiting the frictional
inhomogeneity of the medium. The current is found to have a peaking behaviour
both as a function of the driving amplitude and frequency. The steady state
diffusion coefficient is interestingly found to peak at exactly the same amplitude
at which the current peaks. This means that the particle motion in the amplitude
regime at which the current peaks is highly diffusive. But a calculation of the
Péclet number shows that the motion is greatly coherent too. We also calculate
the Stoke’s efficiency for the particle transport. Though this system gives very
small efficiency of transport, an optimal choice of the parameters can improve
the efficiency.

Particle transport in a ratchet system under the influence of noise or fluc-

tuations is invariably associated with diffusive spread. Hence a measure of the
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diffusion coefficient becomes an important parameter in characterising the par-
ticle transport. Studies have been made to investigate the steady state diffusion
in ratchet systems [128, 129, 130, 131]. But the intermediate time scales dur-
ing transport can become interesting throwing up unexpected results [117]. In
ref. [117] the dispersionless behaviour of an underdamped particle moving in a
tilted periodic potential at intermediate time scales is reported. In Chapter IV
we present the results of our work to study the intermediate time dispersionless
regime of particle transport in our model inertial inhomogeneous ratchet system.
We consider the system to be driven by a zero-mean square wave drive. Unlike
in [117] where it was shown that dispersionless motion persists for a finite length
of time before it becomes diffusive again, we show that such coherent motion can
be obtained repeatedly by applying an external zero mean square wave drive of
a proper amplitude and frequency instead of a constant tilt. Thus the cumu-
lative duration of coherent motion of particles can be prolonged. Moreover we
show that taking an appropriate combination of periods of the external field, one
can postpone the beginning of coherent motion and can even have coherent mo-
tion at a lower value of position dispersion than in the constant tilt case. This
model can have an exact correspondence to physical systems like the diffusion of
Cooper pairs across a Josephson junction [103]. So our results are amenable to
experimental verification and have important implications.

Apart from particle transport in ratchet systems, noise assisted barrier cross-
ing plays an important role in the phenomenon of Stochastic Resonance (SR).
Substantial work has been done to study the phenomenon of Stochastic Reso-
nance in bistable systems [9] and different quantifiers have been used. In Chapter
V, we present our studies on the motion of a Brownian particle in a double-well
potential driven by an ac force. Earlier studies on the work done in a peri-
odically driven bistable system by an external agent has established that the
average work peaks around the resonance, as expected [81, 137]. We not only

calculate the average work done (or equivalrntly the average input energy) per
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period of external drive, but also the hysteresis loop area and compare both. We
show that in these systems, the hysteresis loop area, which gives a measure of
the energy dissipated, exactly matches the input energy and it can also be used as
a quantifier for Stochastic Resonance. We study the distribution of work done
on the system over a drive period across the SR peak, in the time asymptotic
regime.

In the second part of the work we study the role of the confining strength
of the bistable potential on the nature of SR. In an earlier work [136], it was
shown that the nature of SR varies with the confining strength of the potential.
The amplitude of interwell hoppings of the particle was taken as a quantifier of
SR. In our work by using the average input energy per period as a quantifier of
SR, we too find that below a particular confining strength of the potential, the
system does not show SR. We explain this behaviour by studying the nature of
the distributions of the the input energy per period into the system.

Though the phenomenon of SR was originally studied in bistable systems,
recently some investigations has been done for multistate systems {89, 90, 110,
134]. Particularly, there has been lots of controversy as to whether or not the
phenomenon of SR can be observed in periodic systems. In an earlier work, there
was a suggestion that SR can be observed in the drift velocity of an overdamped
Brownian particle in a tilted periodic potential [132]. Though this suggestion
was contradicted for overdamped systems {133], it was argued to be correct for
underdamped systems [134] where friction can act as a surrogate for the external
periodic drive. The mobility of an overdamped particle in an inhomogeneous
system with a tilted periodic and symmetric potential was shown to exhibit
Stochastic Resonance in the presence of a space dependent friction [135]. In
Chapter VI we present our studies on the phenomenon of SR in underdamped
periodic systems. Whether or not SR occurs in periodic systems has been a
question which is inconclusive [138]. We show that SR can indeed be observed

in periodic systems. For our invesligation we use the average input energy per
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period and the hysteresis loop area as quantifiers for SR. Both these quantities
shows a peaking behaviour as a function of temperature. This peaking is due to
the noise facilitated transistions that the particles make between two dynamical
states, synchronised with the external driving. The particles can exist in either
of these states, characterised by their phase and energy. We also investigate the
nature of variation the amplitude and phase difference of the response function
with the external drive, with the temperature.

In Chapter VII we will conclude by summarising our results.
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Chapter 2

Deterministic Inhomogeneous

inertia Ratchets

2.1 Introduction

In this chapter we present the results of our studies on the various facets of
particle transport in an underdamped inhomogeneous ratchet system in the
deterministic regime i.e. in the zero temperature limit [1].

Ratchet effect, the occurrence of directed particle transport in asymmetric
periodic (ratchetlike) potentials without the application of any obvious external
bias in the presence of noise, has been widely studied both in overdamped and
underdamped conditions [2, 3, 4, 5, 6]. The same effect, has also been obtained
in underdamped symmetric periodic (non-ratchetlike) potential systems, by con-
sidering either the temperature (7, 8, 9, 10] or the friction coefficient [11, 12] to
be space dependent. It can also result in a symmetric periodic potential when
the system is driven by an externally applied zero-mean temporally asymmetric
forcing aided by Gaussian white noise [13] or by the explicit application of non-
thermal noise [14, 15]. The ratchet effect is being studied intensively for about
two decades and its applications envisaged in periodic systems that are common

in many areas of natural sciences [16].
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All the above ratchet models use the presence of (Gaussian or colored) noise
(fluctuations) to obtain directed transport. In these models noise is essential.
However, the study of deterministic ratchets, pioneered by Jung et. al. [17], has
also contributed significantly to the understanding of the subject. These deter-
ministic ratchets, unaided by noise, are shown to yield current in overdamped
[18, 19], underdamped [15, 17, 20, 21, 22, 23, 24, 25, 26, 28, 29], as well as
in Hamiltonian [30, 31, 32] periodic potential systems, and also in overdamped
quenched disordered (33, 35] systems. In these systems net current results, with-
out the presence of applied nonzero average forcing or asymmetric fluctuations,
due to the presence of various regular transporting or chaotic attractors depend-
ing on the initial conditions for given system parameter values. In Ref. [15] the
symmetry criteria for the realization of ratchet current have been discussed in
detail.

Owing to the complexity of the dynamics, for example the simultaneous pres-
ence of periodic and chaotic attractors, there is a need for unbiased choice of
initial conditions and ensemble averaging over them to obtain realistic averages
[15, 20, 30]. This fact has been exemplified in an (zero mean) ac modulated peri-
odic Hamiltonian system [32]. It has been shown there that slower modulations
of the symmetric periodic potential lead to asymmetric access (in momentum) of
chaotic regimes in the phase space resulting in a giant net particle transport in
one direction. The direction and magnitude of the current depends on the initial
phase of the modulating ac drive. Ofcourse, the net current must disappear if
averaged over the initial phase.

The driven deterministic systems show frequent ensemble-averaged current
reversals as the drive parameters are changed. Mateos identified bifurcation
from a chaotic to a periodic regime as the mechanism for the average-current
reversals [21] in these systems. However, the change in direction of individual
single particle trajectories could be related to phase locking phenomena [22] due

to the presence of various velocity attractors [25]. The average current directions
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are thus sensitive to initial conditions [39] which allow to explore these attractors
selectively in the phase space. In a recent further investigation [20] it has been
conjectured that, in general, bifurcations from chaos to periodic behaviour could
be associated with abrupt changes (and not necessarily reversals) in the ensemble
averaged currents.

In Ref. [35], the effect of different control parameters were analysed in the
inertial limit. It was found that the control mechanisms were associated with
the fractal nature of the basins of attraction of the mean velocity attractors and
that small perturbations of the control variable could produce drift reversals.
However, the effect of the presence of a weak subharmonic component in the ac
drive field on the phase locked dynamics of a ratchet is to suppress chaos and
stabilize regular orbits over large range of driving amplitudes [38].

The transport properties of inertial systems depend sensitively on the (con-
stant) friction parameter [27, 28, 29]. The addition of noise to the system in the
low damping regime makes the system dynamics robust against initial condi-
tions [28]. Moreover, in a well defined damping window the efficiency of ratchet
current generation becomes appreciable even for small applied periodic field am-
plitudes. In Ref. [29] the effect of noise on individual transporting deterministic
trajectories is analysed. A small noise seem to have little effect on some trajec-
tories in one direction whereas it destroys trajectories in the opposite direction
resulting in a robust finite ratchet current.

In most of the above works (barring a few, for instance [15, 30, 32]), par-
ticle motion in periodic but asymmetric potentials is considered; for example
a system with potential V(z) = Vy(cosz + bcos2z) driven by a periodic field,
F(t) = acos(wt + ¢o) in uniform friction media. In these studies the potential
asymmetry (b # 0) is the primary cause of net particle drift. In the present work,
we consider a symmetric periodic potential, for example V(z) = —Vpsinz, but in
the presence of a space dependent friction coefficient y(z) = vo(1 — Asin(z + ¢))

(asin [11]). A massive charged particle moving in a periodic ionic lattice and in
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a medium with material density (friction) profile created by a stationary pres-
sure wave can be thought of as a mechanical illustration of such systems [11, 12].
However, such systems have been studied earlier in a resistively and capacita-
tively shunted junction circuit model of small Josephson junctions [40, 41]. The
frictional inhomogeneity term emulating there the "cos 8” term representing the
coupling between the quasiparticle tunneling and Cooper pair tunneling across
the Josephson junction. In Ref. [40] the phase space trajectories of this system
are presented in detail.

In this work we show that all the features of deterministic inertia ratch-
ets with asymmetric periodic potential can be observed even in the symmetric
periodic potential system in an inhomogeneous medium. The frictional nonuni-
formity of the medium with phase shift ¢(# 0, 7) essentially emulates the effect
" of the asymmetry of the potential considered in earlier cases. Moreover, we show
in our present inhomogeneous dissipative system that, for small inhomogeneity
(roughly A < 0.6), in order to get sensible ratchet current one also needs to av-
erage over the initial phase @ of the drive as in the Hamiltonian system[30, 32].
Though ratchet current is a steady state (¢ — co) phenomenon one is likely to
obtain a finite ratchet current, an obvious erroneous result, even at zero potential
asymmetry in a uniform medium without this averaging. Interestingly, the bifur-
cation diagrams with and without the frictional inhomogeneity are qualitatively
indistinguishable. However, the stroboscopic Poincaré plots differ qualitatively
in the driven system as the inhomogeneity parameter ) is varied. The presence
of noise (which is ubiquitous in natural environments) smooths out the current
fluctuations so numerously present in the deterministic case [29, 42]. In Ref.
[42] a matrix continued fraction method is presented to obtain ratchet current
in noisy periodically driven inertial systems. We further show in our inhomoge-
neous system that at low drive amplitudes noise plays a crucial role in getting
ratchet (mean) current, that is conspicuously absent in the deterministic drive

case, though at larger drive amplitudes one obtains ratchet current without the
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presence of noise.

2.2 The model

As mentioned earlier, in this chapter, we consider the motion of a particle in
a periodic potential V(z) = —Vgsin(kz) which is symmetric in space (about
kz = (2n+ )7/2, n = 0,£1,%2,...). The friction coefficient v(z) = v(1 —
Msin(kz + ¢)) is periodic with the same periodicity as the potential but has
a phase difference. The system is driven periodically by an external periodic
forcing F(t)=a cos(wt + ¢p). We study the system in the deterministic regime
i.e. in the absence of noise and also at the end in the presence of noise.

The one dimensional equation of motion of a particle of mass m is given by

the Langevin equation,

d2 oz dr 0V (z)
g~ ""E T T

+ F(t). (2.1)
The corresponding equation of motion in the presence of noise is given by

mZZ = @2 -V | p)+ H@TER 2:2)

In Eq. 2.2, T is the temperature in units of the Boltzmann constant kg. The
Gaussian distributed fluctuating forces £(t) satisfy the statistics: < £(¢t) >= 0,
and < £(t)€(t) >= 26(t —t'). For convenience, we write down Eq. 2.1 and Eq.
2.2 in dimensionless units. In terms of the reduced variables denoted again now

by the same symbols, the two equations can be written as

d?z dx
?ﬁ: ( )dt +COS.’L’+F(t) (23)
and
&2
i —'y(x) + cosz + F(t) + +/v(z)TE(2), (2.4)
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where y(z) = (1 — Asin(z + ¢)). Thus the periodicity of the potential V' (z)
and also the friction coefficient v is 2 . The potential barrier between any
two consecutive wells of V(z) persists for all field amplitudes a, (0 < a < 1)
and it just disappears at the critical field value a = a, = 1. Notice that for
¢ = nm, n = 0,£1,1+2, .... the deterministic Eq.2.3 should yield exactly the
same trajectory but in the opposite direction on letting z — z~n/2 and t — —t
and in the presence of a thermal noise Eq. 2.4 should give the same ensemble
averaged current but again in the opposite direction [15]. Thus in order that
a ratchet current appears the symmetry of the system must be broken using
¢ # nn.

The noise variable, £ in Eq. 2.4, satisfies exactly similar statistics as earlier.
We solve equation Eq. 2.3 and Eq. 2.4 numerically using the Heun’s method for
solving differential equations. The particle trajectories are obtained for given
initial conditions for fixed values of a and ~y. Also, the steady state mean
velocity of the particles are calculated.

For the deterministic case the average velocity for a single particle (with a

given initial condition) is obtained by the relation [25]

_ T(tmaz) — T(tiran)
<v> B (tmaz - ttran) ’ (25)

where t,,4, is the maximum time for which the particle is allowed to evolve and
tiran 1S the duration of initial transients that we remove.

Also the mean velocity averaged over an ensemble of N particles is defined

() = ¢ 3 (wha (26)

For the particle trajectory in the presence of noise, the steady state mean

velocity v of the particle is obtained as
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where the average (...) is evaluated over a large number of trajectories.

2.3 Numerical results

-80

0 S0 100 15;00 2000 2500 300 0 50 1000 15;00 20 250 3000
(a) (b)

Figure 2.1: Plot of particle trajectory for a = 0.5 (main figure) and the corre-

sponding phase space trajectory at large t(inset of fig. a) and particle trajectory

for a = 0.8 (fig.b) with 7 = 10, z(0) = 7/2, v(0) = 0, vy = 0.12, ¢ = 0.35,
A=0.9.

In this work, we let the particle evolve for a long time so that the system
reaches a steady state condition to investigate ratchet effect. Eq. 2.3 (for the
deterministic case) and Eq. 2.4 (when noise is included) are solved using the
second order Heun’s method with time step size At = 0.001. For the calculation
of deterministic average velocity (Eq. 2.5) we take t;0; = 10° and tyqn & 104
We study the particle trajectories, the average velocities and the bifurcation
diagrams. Similar studies were done earlier [21, 22, 25] for asymmetric periodic
potentials. But in our work we consider a perfectly symmetric periodic potential.
But instead of a uniform-friction-medium we consider a periodically varying

friction coeflicient.
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2.3.1 Particle trajectories

The nature of the dynamics of the particle in a deterministic system is critically
dependent on the amplitude a and frequency w of the zero-mean external pe-
riodic drive [35]. For a dissipative system without any external drive, it goes
to the only fixed point attractor at v = 0 and z = (2n — 1)w/2. However for
a given (non-zero) amplitude and frequency of the drive the individual particle
trajectories depend sensitively on the initial conditions. In the low amplitude
regime (below a particular critical amplitude depending on the frequency) the
particle, after initial transients, gets invariably trapped to a periodic attractor
in some potential minima x = (2n + 1)7/2 (n =0, £1, £2,...) and executes pe-
riodic motion within the potential well (Fig. 2.1a). On the average these cases
give zero net current as is evident from the phase space trajectory (Inset, Fig.
2.1). Only beyond certain amplitude a (for a given initial condition and drive
frequency w), the particle starts evolving giving rise to either periodic or chaotic

dynamics (Fig. 2.1b).
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Figure 2.2: Particle trajectories (main figures) and the corresponding phase
space plots (insets) showing different locking behaviour of the particle. For
a = 0.5926 (a), the particle gets locked in the positive sense giving < v >= v,
while for a = 0.5925 (b), the particle gets locked in the negative sense giving
< v >= —u,, with 7 =10, z(0) =7/2, v(0) =0 .
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Figure 2.3: Particle locking giving rise to < v >= +2u,, for a = 1.183 (Fig.
2.3a) and < v >= —2u,, for a = 1.16 (Fig. 2.3b), 7 = 10, z(0) = 7/2, v(0) = 0.

2.3.2 Phase locking

The deterministic dynamics of a particle in a driven system exhibits a phe-
nomenon of phase locking in which the particle gets locked to the external drive
(22, 25]). This phenomenon is sensitively dependent on the amplitude of driving
all the other parameters like the frequency etc. being kept fixed. For some
values of driving amplitude, the particle gets locked to the external drive in the
positive sense giving rise to a positive average velocity, whereas for some other
amplitudes, the particle may get trapped to the drive in the negative sense giv-
ing rise to a negative velocity (Fig. 2.2). For example, a = 0.5926 leads to
phase locking in the positive sense giving rise to positive < v > (Fig. 2.2a),
while a = 0.5925 for the same initial conditions leads to locking in the negative
sense giving a mean velocity -< v > (Fig. 2.2b). The mean velocity < v > for
these phase locked trajectories can be v, or multiples of it, where v,, = Tpot/Ta
is the fundamental velocity and (Tp is the spatial period of the potential and
Ty is the time period of the external drive) [22]. Depending upon the number of
spatial periods of the potential the particle traverses in one period of drive, the

resulting velocity can be v, or multiples of that. For a = 0.5931 and a = 0.592,
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the particle traverses one spatial period per period of drive as can be seen from
the phase space trajectories (insets of Fig. 2.2 a and b). So the corresponding
< v >= =*v,. Whereas for a = 1.183 and a = 1.16 the particle traverses two
spatial periods per period of drive (Fig. 2.3a and b) giving < v >= +2v, (Fig.
2.4). This locking behaviour is reflected in the variation of the mean velocity
< v > for a typical single particle trajectory (with the same initial condition
(z(0) = /2 and v(0) = 0 ) as a function of drive amplitude a (Fig. 2.4). As is
seen from the figure there are a large number of current reversals as the driving
amplitude a is varied. This is due to the different locking behaviour of the par-
ticle. As the border between the basins of the different attractors are very fine,
slight change of the amplitude of the drive can lead the particle to a different
basin of attraction giving rise to different < v > (either < v >= +wv,, or multi-
ples of that (Fig. 2.4). For our problem T,,=27, and for Fig. 3.4, Tq = 10. So
the fundamental velocity, v, = 0.6283.

1.5 . v T T —

1} | 4

-1.5

0.6 038 T 1.2 1.4
a

Figure 2.4: Variation of mean velocity (v) with amplitude a for a single particle;
v(0) =0, z(0) = w/2, % =0.12, $=0.35, A = 0.9 .
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Figure 2.5: Particle trajectory for slightly different values of initial position
z(0) = 1.38309 (top), z(0) = 1.383093 (middle) and z(0) = 1.38309704 (bot-
tom); v(0) =0, 7 = 10, v = 0.12, ¢ = 0.35.

2.3.3 Sensitivity to initial conditions and the need for

ensemble averaging

The nature of the dynamics of a particle in the deterministic regime is extremely
sensitive to the initial conditions. A slight variation in the initial conditions
can lead to a totally different nature of the particle dynamics. This can be
illustrated by the following observations. For a = 0.7 and 7 = 10, the initial
condition v(0) = 0, z(0) = 1.38309 gives a transporting phase locked trajectory
in the positive direction, whereas v(0) = 0, z(0) = 1.383093 gives locked peri-
odic nontransporting trajectory and v»(0) = 0, z(0) = 1.38309704 results in a
transporting phase locked trajectory in the negative direction (Fig. 2.5). This
is because of the the complex structure of the basins of attraction of the dif-
ferent attractors present. This sensitivity of the nature of the dynamics to the
initial conditions demands that for physically meaningful net particle velocity

for a given a and w, there is a need of averaging over a large number of particle
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trajectories corresponding to various initial conditions.

2.3.4 Ratchet current and bifurcation diagrams
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Figure 2.6: Variation of ensemble averaged velocity ((v)) with amplitude of drive
a, 7=10,7=0.12, A =0.9, ¢ = 0.35.

As the nature of the particle trajectory depends critically on the chosen initial
condition, for obtaining the ratchet current for the determinsitic ratchets we
calculate the velocity (Eq. 2.6), averaged over an ensemble of N (typically equal
to 500) particles. The particles are taken with identical initial velocities (vin; =
0), but with initial positions uniformly distributed between two consecutive
potential maxima [21]. We obtain ensemble averaged ratchet currents (Fig.
2.6) in the deterministic inertial inhomogeneous system with a symmetric and
periodic potential. Also, we observe that the system shows current reversals as
a function of the amplitude of the drive. On comparing with the single particle
result, Fig. 2.4 (which has the same set of parameters as in Fig. 2.6) the
numerous current reversals occurring in Fig. 2.4 disappears. This is due to the

fact that different initial conditions select different attractors for a particular
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Figure 2.7: Bifurcation diagram corresponding to Fig. 2.6 (a). Fig. 2.7b is
an amplified representation of Fig. 2.7a showing the amplitude at which the
current reversal occurs in Fig.2.6; 7 = 10, v = 0.12, A = 0.9, ¢ = 0.35.

amplitude, all the other parameters remaining the same. So, at a particular
amplitude of drive, some particles of the ensemble may move in the positive
direction and some may move in the negative direction with different multiples
of the fundamental locking velocity v,. Others may show a chaotic dynamics
giving rise to either zero velocity or some non-zero velocity on an average.

The deterministic dynamics of a particle in the underdamped regime has
a complex nature due to the presence of multiple attractors and the intricate
structure of the basins of attraction of these attractors, as has been hinted
above. As a result depending upon the parameters, the particles may show
either a chaotic or a periodic dynamics. The presence of both chaotic and
regular dynamics can be seen from the bifurcation diagram which are obtained
by recording the values of Z(t,) at times t, = n,T', for each value of the control
parameter (the amplitude of the external drive), where T is the period of the
external drive and n, is an integer. Fig. 2.7a shows that the particle exhibits
regimes of periodic and chaotic dynamics as a function of the control parameter

a.
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The ratchet current is found to undergo reversals as a function of the am-
plitude of drive a. The single particle showing multiple current reversals (Fig.
2.4) can be attributed to the different locking behaviour of the particle to the
external drive [22]. For slight change of the driving amplitude, keeping all the
other parameters fixed, the nature of locking may change (Fig. 2.2a and Fig.
2.2b) leading to a current reversal. On averaging over different initial condition,
these many reversals disappear as discussed above. However there are reversals
in the ensemble averaged ratchet current also for example at a = 0.6615 for the
parameters as in Fig. 2.6. A comparision with the corresponding bifurcation
diagram shows that the amplitude at which the current reversal occurs, there
is a bifurcation in the dynamics of the particle from a chaotic to a periodic
regime (Fig. 2.7b ). This observation agrees with Mateo’s conjecture [21] which
atributes the current reversals in a deterministic system to such a bifurcation.
Though the occurrence of a reversal in the ensemble averaged ratchet current
can be attributed to the bifurcation from chaotic to regular dynamics, the mere
presence of such a bifurcaton does not gurantee a current reversal [20]. There
could be many such bifurcations (for example at a = 0.57 in Fig. 2.7a), but

without an accompanying current reversal.

2.3.5 Frequency dependence of particle dynamics

The nature of the particle dynamics in deterministic ratchets is found to be
dependent on the frequency of external driving w = 27/7. We studied the
dynamics of the particle in the deterministic inhomogeneous ratchet system for
three values of the driving frequency, i.e for 7 = 10 (Fig. 2.6), 7 = 100 and 1000
(Fig. 2.8). The nature of the particle current and its magnitudes are found to
change with the driving frequency. This can be inferred from a comparision of
the variation of the ensemble averaged current as a function of the amplitude
of driving a for the three values of the driving frequency, 7 = 10 (Fig. 2.6),
7 = 100 and 1000 (Fig. 2.8). It is observed that for different frequencies,
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Figure 2.8: Variation of ensemble averaged velocity ({v)) with amplitude of drive
a for 7 =100 (a) and 7 = 1000 (b); ¥ =0.12, A = 0.9, ¢ = 0.35.
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Figure 2.9: Bifurcation diagram for 7 = 100 (a) and 7 = 1000 (b); z(0) = 7/2,
v(0) =0,v=0.12, A = 0.9, ¢ = 0.35.
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particle current starts developing at different amplitudes. This is because the
amplitude of the drive at which the particle starts evolving out of a single-well
trapped-state differs with frequency. At higher frequencies, the particle gets
out of the well at smaller amplitudes leading to particle current and vice versa.
From the bifurcation diagrams for different frequencies (Fig. 2.7 and Fig. 2.9)
we observe that the amplitude at which the particle develops chaotic dynamics
is different for different frequencies. At lower frequencies, chaos develops at
a higher amplitude of drive than that for higher fequencies. For example, for
T = 10, 100 and 1000, chaotic dynamics appears at amplitudes a = 0.5 (Fig.
2.7a), a = 0.8 (Fig. 2.9a) and a = 1.02, respectively (Fig. 2.9b). As these
deterministically induced chaos can play a role analogous to that of thermal
noise, the occurrence of chaos can aid the particle in moving out of the potential
wells. Hence for very low frequencies of the drive 7 = 1000 (Fig. 2.9b), particle
currents are obtained only beyond the critical tilt (a = 1.0 for our case) whereas
for 7 = 10 current starts developing essentially around a = 0.55. Also, whereas
for the slower drive 7 = 1000 there is no current reversal in the range of drive
amplitudes shown, for 7 = 10 and 100 there are several reversals of the direction
of current in the same range of a. Thus, the mean velocity is expected to show

a very complex behaviour in the (a — w) space [35].

2.3.6 Role of frictional inhomogeneity and dependence

on initial driving phase

We studied the role of the frictional inhomogeneity in shaping the nature of the
particle dynamics in the deterministic ratchet system under consideration. In
our work, we consider particle motion in a symmetric periodic potential in the
presence of a space dependent friction coefficient vy(z) = vo(1 — Asin(kz + ¢)).
Asymmetry is introduced into the system via the space dependent friction. So

in our case, the frictional inhomogeneity, characterised by the parameters A
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Figure 2.10: (v) versus a plot for a single particle with A\ = 0 (a) and the
corresponding bifurcation diagram (b); 7 = 10, z(0) = n/2, v(0) = 0, v = 0.12,
¢ =10.35. .

and ¢, is the cause of the asymmetry in the problem. We studied the particle
transport taking into consideration different degrees of asymmetry by taking
different values of the frictional inhomogeneity parameter X\, with ¢ = 0.35,
starting with A = 0. For our case A (with ¢ # nn, n = 0,11,....) plays a
role analogous to the potential asymmetry in the uniform friction case. The
variation of the steady state (¢ — o0) velocity with the driving amplitude both
for a single particle, namely (v) (Fig. 2.10a), as well as when averaged over a
large number of realizations, ((v)) (Fig. 2.11) was studied. It is observed that
even with zero asymmetry, finite particle current is obtained for a large range
of driving amplitudes for both cases. For the single particle case, the particle
velocity (v), undergo large number of reversals as a function of the driving
amplitude (Fig. 2.10(a)) but are finite. The ensemble averaged velocity ((v))
are not only finite but they vary smoothly with drive amplitude. The presence of
particle current in a symmetric system is obviously an erroneous result. Also the
bifurcation diagrams with inhomogeneity (Fig. 2.7a) and without inhomogeneity

(Fig. 2.10(b)) on comparison appear very similar and do not provide any clue to
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the error. The error could only come from lack of averaging over the initial phase
¢o of the zero-mean external periodic drive F'(t). The relevance of averaging over

initial phase has earlier been discussed for Hamiltonian systems (30, 32].
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Figure 2.11: Plot of ({v)) versus a with zero inhomogeneity (A = 0) for initial
phase of the external drive ¢y = 0 (lower dotted line) and ¢ = 7 (upper solid
line). Middle line shows ((v)) after averaging over initial phases. Zeroline is
drawn for reference; 7 = 10, A = 0.9, v = 0.12, ¢ = 0.35.

In order to examine the role of the initial phase of the drive in determining
the particle current, we calculated the ensemble averaged velocity ({v)) as a
function of the driving amplitude for two values of the initial phase ¢g = 0 and
7 of the external drive F(t) of period 7 = 10 with zero inhomogeneity (A = 0)
(Fig. 2.11). It can be clearly seen that the initial bias due to a fixed value of
¢o determines the steady state current giving non-zero current even with zero
asymmetry. For ¢ = 0 and =, the velocities are equal and opposite. Hence when
averaged over the initial phase, we get zero current for the symmetric situation
(Fig. 2.11) which is a physically viable result. So in order to get a sensible
ratchet current one needs, therefore, to average over the initial phase ¢ of the

drive too. The figure also indicates that averaging should be carried out over at
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Figure 2.12: Variation of ((v)) with the asymmetry parameter A for initial phase
of the external drive ¢o = 0 (lower dotted line) and ¢o = 7 (upper solid line);
=10, a =067, v =0.12, ¢ = 0.35.

least two values of ¢ which differ by = .

The dependence of the current on the initial phase of the drive was found
to be dependent on the degree of asymmetry. The ensemble averaged particle
currents are found to be same irrespective of the initial phase beyond a particular
value of the inhomogeneity parameter A (=A.) (Fig. 2.12). Thus the averaging
over initial phase is required only for small inhomogeneities whereas for large
asymmetries, ((v)) does not seem to depend on the initial phase ¢. For our
case the critical inhomogeneity A = A, = 0.6 (Fig. 2.12). In the case of uniform
friction the critical potential-asymmetry b =~ 0.25 which is what has been used
incidentally by Mateos [21] and others corresponding to their parameter values.

For a qualitative explanation of this dependence of the nature of the dy-
namics on the inhomogeneity parameter, we studied the nature of the particle
trajectories which were found to be different for different values of A.

The nature of the variation of the ensemble averaged velocity ((v)) with the

inhomogeneity parameter can be understood by looking at the corresponding
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Figure 2.13: Particle trajectories for different values of inhomogeneity parameter
A(A=09(a)tor=0.5(e)); 7 =10, a = 0.67, v = 0.12, ¢ = 0.35. Trajectories
are shown for ten different sample initial conditions. Though the trajectories
appear to be straight line in the scale of the figures, they are oscillatory as can
be seen in Fig. 2.15 where a magnified single particle trajectory for the same
parameters is shown.
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Figure 2.14: Stroboscopic plots corresponding to Fig. 2.13 for different values
of inhomogeneity parameter A (A = 0.9 (top) to A = 0.5 (bottom); 7 = 10,
a =0.67, v =0.12, ¢ = 0.35.
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particle trajectories z(t) (Fig. 2.13) and the the stroboscopic phase points at
regular time intervals t = nt,n = 1,2,3,.. (Fig. 2.14) for various values of the
inhomogeneity parameter ), keeping the other parameters same as those used for
obtaining Fig. 2.12 - amplitude a = 0.67, period 7 = 10 and initial phase ¢o = 0
of the external field F'(t). The nature of the particle trajectories are found to
vary with the inhomogeneity parameter. For A = 0.9 and 0.8 the trajectories
are a mixture of quasiperiodic transporting regimes and chaotic regimes as in
Fig. 2.15a. For A = 0.9 quasiperiodic transporting regions are in both positive
and negative directions. They persist for short duration and on averaging again
give way to chaotic transport resulting in no net transport.

For A = 0.8, the quasiperiodic transporting trajectories in the positive direc-
tion are longer interrupted by shorter such trajectories in the negative direction
and chaotic trajectories giving finite ratchet current in the positive direction.
For A = 0.7 all the trajectories (after some initial time depending upon the ini-
tial conditions) become quasiperiodic transporting in the same positive direction
as in Fig. 2.15b. This gives rise to ({(v)) which is close to the maximum (=27 /7)
corresponding to the fundamental velocity. The corresponding stroboscopic plot
shows their chaotic nature. As the value of X is lowered from 0.7 to 0.6 we obtain
a mixture of transporting quasiperiodic trajectories and transporting regular pe-
riodic trajectories (as can be seen from the stroboscopic plots). However, as the
value A = 0.6 is reached their directions of average motion gradually become
equal giving zero current at A = 0.6. As mentioned earlier, ((v)) is independent
of ¢¢ for the considered parameters. For values of A < 0.5 all the trajectories are
transporting regular periodic with same average slope but differing in direction.
For ¢g = 0 there are more negative-slope trajectories and vice-versa for ¢g = 7.
The five-paneled figures Fig. 2.13 and Fig. 2.14 gives a qualitative mechanism
for the explanation of Fig. 2.12 and underlines the importance of averaging over

the initial phase @y at smaller inhomogeneities.
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Figure 2.15: Particle trajectory for a single initial condition showing the pres-
ence of transporting trajectory segments in positive and negative direction in-
terrupted by chaotic regime as for A = 0.9 and 0.8 (a). (b) shows a transporting
trajectory in the positive direction as for A = 0.7,0.6 and 0.5. Other parameters
are same as in Fig. 2.13.
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Figure 2.16: Plot of ¥ versus a in the presence of noise, for three values of 7,
7 = 1000 (line with crosses), 7 = 100 (line with circles) and 7 = 10 (line with
squares) with T = 0.4, v = 0.12, A = 0.9, ¢ = 0.35.

2.3.7 Role of noise and low amplitudes of drives

In deterministic ratchets, because of the complex structure of the basins of
attraction and the presence of multiple attractors in phase space [39], the nature
of the current is sensitively dependent on the initial conditions. The presence of
noise in the system, however, makes the particle dynamics independent of the
initial conditions allowing the particle to explore all the existing attractors. As
a result the chaotic behaviour of the system disappears. The average velocity
shows a relatively smoother variation with the amplitude of external drive than
in the deterministic case. In Fig. 2.16, the variation of ¥ with a is shown for
three different values of drive frequencies, keeping all the other parameters fixed.

With noise, appreciable ratchet current is obtained even at low amplitudes,
where there was no current in the deterministic case (Fig.2.16). This is because,
the presence of noise aids the particles to overcome the potential barrier which it

could not have done otherwise. Hence the presence of noise plays a non-negligible
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role in obtaining ratchet current in the low amplitude regime, contrary to what
has been mentioned by others [21]. The same effect of noise has been shown in

a different system using the matrix continued fraction method [42].

2.4 Conclusion

In this work the deterministic ratchet current was obtained in a periodically
driven symmetric potential in the presence of frictional inhomogeneity (most
of the earlier works were with a driven asymmetric potential). The particle
dynamics shows similar characteristic as in an asymmetric potential. Initial
conditions and the control parameters play a major role in shaping the nature
of the dynamics. For low amplitudes of drive with low values of asymmetry
in the system, the initial phase of the drive is found to play a non-negligible
role. At these regimes, we show that averaging over initial conditions and initial
phases of the external drive is essential to obtain realistic averages. With noise,
ratchet current is obtained at amplitude regimes where there is no current in

the deterministic systems.
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Chapter 3

Ratchet effect in a driven inertial

periodic potential system.

3.1 Introduction

The investigation of particle motion in periodic potentials has obvious relevance
in condensed matter studies, for example the motion of ions in a crystalline
lattice. Due to the finite non-zero temperatures, this motion, becomes stochas-
tic in nature due to the presence of inherent fluctuations. In this chapter we
present the results of our studies on underdamped particle motion in periodic
and symmetric potentials with space dependent friction coefficient in the pres-
ence of noise [1). This work is a logical extension of the work presented in the
previous chapter where particle motion in the deterministic regime was studied
and the role of noise in determining the ratchet current was hinted at.

The stochastic particle motion can be approximately described by a Langevin
equation with suitable model potentials. Depending on the problem at hand the
motion is either considered heavily damped, almost undamped, or in the inter-
mediate situation mildly damped (or underdamped). In many a situations in the
former two extreme cases analytical solution of the Langevin equation (or the

corresponding Fokker-Planck equation) becomes possible. However, in the un-
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derdamped situation, barring a few special cases, numerical methods are used to
solve the equation of motion of the particle {2]. Owing to various kinds of errors
and approximations involved in these (numerical) methods, exact quantitative
solutions are not possible. However, the method can reveal useful qualitative
trends in the behaviour of the particle motion. For instance, recently it was
shown [3] that a Brownian particle, moving in an asymmetric but periodic po-
tential and subjected to a symmetric periodic external drive (which adds to zero
when averaged over a period), acquires a net motion when the parameters of the
problem are chosen suitably. Such a net particle current without the application
of any net external bias or potential gradient in the presence of thermal noise is
called thermal ratchet current and the system giving such a current is termed
as thermal ratchet [4]. Here the equilibrium condition of detailed balance is not
applicable because the system was driven far away from equilibrium by rocking
it periodically in the presence of noise. It was further shown that this system
can even exhibit absolute negative mobility [5]. This prediction has already been
found to be true experimentally [6]. It shows that in underdamped conditions
or in the inertial regime diverse possibilities can be (qualitatively) uncovered by
(numerically) solving the appropriate equations of motion.

In the above important examples (3, 5] the potential asymmetry was one of
the necessary conditions for realization of ratchet current. The particle had to
surmount the same potential barrier on either direction; only the slopes leading
to the top of the barrier differed. A sinusoidal potential, for example, having no
such asymmetry would not have yielded the ratchet current. In the present work,
we consider similar particle motion in a sinusoidal potential V' (z) = —Vgsin(kz).
However, instead of a uniform friction coefficient of the medium we consider a
model nonuniform space-dependent friction coefficient v(z) of the medium. In
particular, we consider a sinusoidally varying y(z) = v(1—Asin(kz+¢)) exactly
similar to the potential but with a phase lag, ¢. A simple illustrative example

of the model can be imagined as a stationary pressure wave established in air
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giving a periodic v(z) for particle motion along z. An array of ions with the
periodicity of y(z) but shifted a little to give a phase lag ¢ will just fit our model
for a charged particle motion along x. Here the potential is symmetric and peri-
odic. However, the directional symmetry of the system is broken by a phase shift
in the similarly periodic v(z). The model form of a periodically varying friction
v(z) has been justified earlier from mode-coupling theory of adatom motion on
the surface of a crystal of identical atoms [7]. Also, the equation of motion has
a direct correspondence with the resistively and capacitatively shunted junction
(RCSJ) model of Josephson junctions; the term describing the nonuniformity of
friction having an one-to-one correspondence with the 'cos ¢’ term in the RCSJ
model [8]. Apart from the close analogy with RCSJ model of Josephson junc-
tions, the inhomogeneous systems with nonuniform diffusion coefficients have
been investigated earlier by Landauer [9] and Biittiker [10]. Biittiker has shown
that a particle moving in a one dimensional periodic potential with a similarly
periodic diffusion coefficient, but with a phase difference will experience an ef-
fective constant force in one direction. Blanter and Biittiker obtained ratchet
effect {11] in a system with similarly varying nonuniform temperature and hence
nonuniform diffusion coefficient. The same has been obtained later in a detailed
work by Benjamin and Kawai [12] who consider similarly and simultaneously
varying periodic temperature and friction in space in the overdamped limit.
However, as stated earlier, in this work we consider friction coefficient to be
nonuniform keeping the temperature uniform. Since the diffusion coefficient is
determined by the friction coefficient either seperately or together with the tem-
perature, the arguments of Biittiker [10] holds equally in the present case too.
There is a difference, however, between the role played by friction inhomogeneity
and temperature inhomogeneity. Through the pioneering ’blow-torch’ work of
Landauer, temperature inhomogeneity giving current is a natural consequence
(9, 11]. But in case of friction inhomogeneity, no such obvious inference can

be drawn. Temperature along with the potential function determines the static
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(equilibrium) particle density distribution irrespective of the spatial variation
of friction. In other words, frictional inhomogeneity has no effect in determin-
ing the static density distribution of particles. Temperature nonuniformity can
result in unidirectional net particle current even without the application of ex-
ternal forcings as has been clearly shown in [11), whereas the effect of frictional
nonuniformity can be envisaged only in the dynamic situation [13]). The effect
of frictional inhomogeneity can manifest in two ways. Wherever the friction is
large in each period, particle movement gets damped and hence the particles
spend more time there. This effectively changes the density distribution. For
instance, for ¢ # 0,7, the friction coefficient will be different immediately on the
left side of the potential peak than on the corresponding immediate right of the
peak. Hence, in the periodic (potential) situation it will appear (in the dynamic
situation) as though a static force has been applied in order to bring about the
change in the distribution [10]. On the other hand, since the particle spends
more time in the regions where friction is large, they become more prone to ab-
sorb the thermal energy of the immediate environment and hence will effectively
have higher probabiltiy to surmount the potential barrier for motion [11]. These
two competing aspects can give rise to interesting complex behaviour of the par-
ticle currents in periodic potential systems. In the present work, we investigate a
number of interesting phenomena exhibited by ratchet current in these inhomo-
geneous periodic systems [1] . We drive the system with a square-wave periodic
field. The reason for choosing square-wave field as opposed to a sinusoidal field
will become clear as we proceed. The resulting Langevin equation is solved nu-
merically. We obtain particle current and properties associated with it in the
parameter space of external-field-amplitude Fj, the average friction coefficient
7o, the phase lag ¢, and the temperature T. Since it is a formidable task to
explore the entire parameter space, we present results for only some regions of
a few sections of this space where appreciable ratchet current is obtained.

The ratchet current ¥ is obtained for ¢(# n, with integral n) in the steady
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state situation which is achieved in the asymptotic time limit. In our case
we observe particle motion for a long time ¢ such that the position dispersion
((Az(t))?) averaged over many similar trajectories approach ~ t. Thus, we
calculate the diffusion constant D using the relation ((Az(¢))%) = 2Dt for given
~0, T, and ¢. D shows nonmonotonic behaviour with the field amplitude Fy and
it peaks around a value of Fy where ¥ attains maximum. That is to say the
ratchet current is maximised when the system is most diffusive. To compare
the extent of this diffusive spread with the directional average displacement, a
quantity Péclet number, P, = %zt, the ratio of square of mean displacement  in
time ¢ to half the square of diffusive spread in the same time interval ¢t [15] is
calculated. Our calculation shows that in the region where the ratchet current is
appreciable and in particular where ¥ peaks P, is much larger than 2, indicating
that the transport is coherent.

The current in the explored parameter region, however, is not large enough
to obtain (practically) useful work; when a small load is applied against current
the current either reduces to a small level or starts flowing in the direction of
the applied load. Thus, in the given circumstances, no appreciable useful work
can be extracted from this inhomogeneous (frictional) ratchet. However, even in
the absence of any external load the particle keeps moving against the frictional
resistance. Leaving out the symmetric diffusive part of the motion the particle’s
unidirectional (ratchet) current ¥ is maintained against the average frictional
force. The Stokes efficiency, ns, which is the ratio of this work (that the ratchet
performs against the fricfional drag) to the total energy pumped into the system
from the source of the external forcings, is also calculated.

An expression for ns has been derived earlier 3, 15, 16] as ns = W(f)ljﬁ,
which involves (v) as well as the second moment of the velocity v calculated from
the probability distribution P(v) of the velocity v(t) recorded all through the
trajectory of the particle. We have calculated ng as a function of the amplitude

of the applied forcing. ns shows a peak, not coinciding with that of the ratchet
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current. The distribution P(v) is almost symmetric about v = 0 and the velocity
dispersion grows monotonically approaching to be linear in Fy at large Fj.

Recently, it has been reported [17} that in a tilted periodic potential an
underdamped particle motion shows a remarkable dispersionless behaviour in
the intermediate time regime for a range of constant tilt values, Fy. In this
regime the majority of particles appear to move coherently with a constant
speed roughly equal to % In the present work we show that when the sys-
tem is driven by a square-wave forcing of appropriate amplitude and frequency,
such dispersionless behaviour with added richness can be observed. The dis-
persionless behaviour corresponding to the constant tilt periodic potential, gets
punctuated and oscillatory behaviour of dispersion of different kinds, depending
on the frequency of the periodic drive, naturally emerges. Interestingly, how-
ever, contrary to expectations, the transient coherent particle motion does not
contribute positively to the largely coherent steady state ratchet current in this
system.

In section 3.2 the basic equation of motion used in this model calculation
will be presented. The section 3.3 will be devoted to the presentation of the
detailed results of our numerical calculation. In the last section (sec. 3.4) we

shall conclude with a discussion.

3.2 The model

In this work we drive the system periodically by a symmetric square-wave forc-
ing. The choice of square-wave forcing, instead of a sinusoidal forcing, is to
make a direct contact with the adiabatically driven case. In the adiabatic drive
case the particle motion was studied keeping the tilt of the periodic potential
constant and the net current for two opposing directions of the same magnitude
of tilt was calculated. The calculation of current for a constant tilt was carried

out using the matrix continued fraction method (MCFM) as well as using the
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numerical Langevin dynamics [14].
The matrix continued fraction method was developed by Risken and cowork-
ers [2]. The method involves solving the Fokker-Planck equation governing the

time evolution of the probability density function W (z,v,t) of particle position

dx

x with velocity v(= £I) at time ¢. The distribution function W(z,v,t) is ex-

panded in series in terms of Hermite functions ¢, (v) with expansion coefficients
Cn(z,t), as W(z,v,t) = Yo Y pooCn(z,t)¥n(v). The Fokker-Planck equation,
is thus transformed into an infinite system of coupled differential equations for
the expansion coefficients. The infinite system of equations is truncated and
is put in the form of a vector recurrence relation of the expansion coefficients.
This recurrence relation is solved by a continued fraction method for matrices in
the steady state approximation to obtain the Fourier components of the expan-
sion coefficients C,, from which the different physical quantities of interest are
calculated. The MCFM is extended to suit the present problem in references
(13, 14].

The constant tilt case shows dispersionless motion in the intermediate regime
as represented earlier [17]. Thus the square-wave drive provides an opportunity
to study the dispersionless motion at finite frequencies. In the present case we

consider the forcing F'(t) as,

Ft) = +F, (2nTa<t< (2n+1)Ty),
= FF, ((2n+1)Tq <t <2(n+ )Ty),

where T is the half period of forcing (and which corresponds to a time interval
after which the sign of Fj is changed) andn = 0, 1,2, .... The motion of a particle
of mass m moving in a periodic potential V(z) = —Vpsin(kz) in a medium with

friction coefficient y(z) = ~o(1 — Asin(kz + ¢)) with 0 < A < 1 and subjected
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to a square-wave forcing F(t) is described by the Langevin equation,

miZ = s@% YO b+ AETED. G

Here T is the temperature in units of the Boltzmann constant kg. The Gaussian
distributed fluctuating forces £(t) satisfy the statistics: < &(t) >= 0, and <
£(t)¢(t") >= 26(t—t'). For convenience, we write down Eq. 3.1 in dimensionless
units by setting m = 1, V5, = 1, kK = 1 so that T = 2 corresponds to an
energy equivalent equal to the potential barrier height at Fy = 0. The Langevin
equation, with reduced variables denoted again now by the same symbols, is
written as
d*z dr

proi —’y(m)a + cosz + F(t) + /1 (z)TE®), (3.2)
where y(z) = v0(1 — Asin(z + ¢)). Thus the periodicity of the potential V(z)
and also the friction coefficient +y is 27 [18]. The potential barrier between any
two consecutive wells of V' (z) persists for all Fy < 1 and it just disappears at
the critical field value F; = F, = 1. The noise variable, in the same symbol &,
satisfies exactly similar statistics as earlier.

The Eq. 3.2 is solved numerically (with given initial conditions) to obtain
the trajectory z(t) of the particle for various values of the parameters Fy, o,
and T. Also, the steady state mean velocity ¥ of the particle is obtained as

7 = (lim ?—(Q), (3.3)

t—oo ¢t

where the average (...) is evaluated over many trajectories. The mean velocity
is also calculated alternatively from the numerically obtained distribution P(v)

of velocities giving almost identical result.
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3.3 Numerical results

The Langevin equation (3.2) is solved numerically using two methods: 4*h-order
Runge-Kutta [19] and Heun’s method (for solving ordinary differential equa-
tions). We take a time step interval of 0.001 during which the fluctuating force
&(t), obtained from a Gaussian distributed random number appropriate to tem-
perature T, is considered as constant and the equation solved as an initial value
problem. In the next interval another random number is called to use as the
value of ¢ and the process repeated. A careful observation of the individual
trajectories of the particle shows that by ¢ = 10* the particle completely loses
its memory of the initial condition it had started with. When we look for steady
state solutions the trajectory is generally allowed to run for a maximum time
t = 107. Therefore, for steady state evaluation for @, etc., the results become
independent of initial conditions. The (Runge-Kutta) method had earlier been
used and obtained correct results {20] in a similar situation. Also, the Runge-
Kutta and Heun’s methods were checked against results obtained earlier for the
adiabatic case (using matrix continued fraction method) and found to compare
closely (Fig. 3.2). Heun’s method when applied in similar situations take much
less time than the Runge-Kutta method and yields qualitatively as good result
(Fig.3.2). With this confidence in our numerical procedures, we apply either one
or the other of these two numerical schemes as the situation demands. We take
A = 0.9 all through our calculation in the following.

The motion of the particle is governed by the applied square-wave forcing
F(t). As F(t) changes periodically so does the position of the particle. In view
of this effect we start our simulation at ¢ = 0 alternately with F(0) = +|Fp|(first,
third, fifth....) and —|Fg| (second, fourth, sixth.......) trajectories. This gives
a nice nonoscillating(and initial condition independent) variation of overall av-
erage position when finally averaged over a large even number of trajectories.

However, while calculating the position dispersions or velocity dispersions at a
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given time ¢, the even (beginning with F' = —|Fp|) and odd (beginning with
F = +|Fp|) numbered trajectories are treated separately to calculate the devia-

tions from their respective mean values.

3.3.1 Particle trajectories
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Figure 3.1: Particle trajectories for four different values of the amplitude Fy of
the, square-drive; F3=0.05 (a), Fo=0.1(b), Fu=0.2(c), and Fy=0.4 for T = 500,
v = 0.035, A = 0.9, ¢ = 0.35. In the scale of the figures the intrawell motion is
not visible,

The nature of the particle trajectories are dependent on the various param-

eters governing its motion. For our work, the amplitude of external drive is Fy
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is always kept less than the critical amplitude F,, so that the particle sees a
finite barrier. When inside a potential well, the particle is kicked around by the
random fluctuations. It remains in this locked state till it overcomes the bar-
rier to come out of the well, aided by the random fluctuations and goes to the
running state, only to get locked in some other well after sometime (Fig. 3.1).
The particle keeps on transiting between these two states. The relative amount
of time that the particle spends in the locked or the running state changes with
the amplitude of the drive. At higher amplitudes of drive the probability of the
particle coming out of the potential wells increases (Fig. 3.1c). Beyond a partic-
ular amplitude for a constant frequency of drive, once the particle comes out of
the well, it remains in te running state (Fig. 3.1d). The particle surmounts the
barrier in both the positive and the negative direction. But in the asymptotic
limit, the particle shows a preferential motion in a particular direction giving
rise to ratchet current; the magntude and direction of which is determined b a
complex interplay of the random fluctuations, non-linearity, and the symmetry

properties of the problem.

3.3.2 The ratchet current

Appreciable ratchet current o (Eq. 3.3) is obtained in a small range of Fj
with a peak in an intermediate Fy for given 7y, T, and ¢. The variation of
v as a function of the amplitude Fp of the applied square-wave forcing F(t),
with a frequency (=§,‘—;) of 5 x 107 cycles per unit time, is shown (Fig. 3.2)
for 79 = 0.035 and temperature T = 0.4. Also, for comparison the algebraic
sum, X0(Fp)=0(+|Fp|)+8(—|Fo|) with applied forces +|Fp| and —|Fp|, called the
ratchet current in the adiabatic limit, is plotted as a function of Fy. The ratchet
current in the adiabatic limit(Tq — oo) is calculated (by solving the Fokker-
Planck equation corresponding to Eq. 3.2) using the matrix continued fraction
method (continuous line in Fig. 3.2) developed by Risken and coworkers [2] and

adapted in refs. {13, 14] to suit the present case. The current is also calculated
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Figure 3.2: Shows the variation of ¥ with Fy for the adiabatic case. The results
obtained by MCFM (continuous line) and simulation (crosses with errorbars)
are put together for comparision. The MCFM could not be used for F; beyond
the plotted range. The plus signs with errorbars correspond to the square drive
case with parameter values 7, = 0.035, $=0.35 and T = 0.4 for T = 1000.
The zeroline is given for reference. The inset shows the variation of 7 with Tg:
simulation data (points with errorbars) for Fy=0.26 and for the same v,, T and
¢ values. The fitted curve to the data points is given just to guide the eye.
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numerically by solving the same Langevin equation (crosses with error bars in
Fig. 3.2). The adiabatic current calculated by using the two methods agree quite
well. The range of Fy over which ratchet current is obtained in the square-wave
drive case (using numerical methods) is much wider [0.05 < Fy < 0.7] compared
to the adiabatic drive condition [0.05 < F < 0.15] and the peak current occurs
at a larger Fy value. The range, though wider, still remains well below Fg,
the critical field at which the potential barrier to motion just disappears. The
current is, therefore, essentially aided by thermal noise.

The ratchet current v also shows nonmonotonic behaviour as a function
of the period of the drive. In the inset (Fig. 3.2) we plot the variation of
¥ as a function of the time period of the drive for Fy = 0.26, vy = 0.035,
and T = 0.4. For these parameter values the current o peaks at a value of
Tq = 500. For comparison of time scales, it may be noted that for an equivalent
RCSJ model of Josephson junctions (with typical junction capacitance C' =
0.5 x 10712 F and critical current /,.=107° coul.s™!) the characteristic Josephson
plasma frequency w; turns out to be about 10? times larger than the drive
frequency (2—71}1-) corresponding to T = 1000. In this sense we obtain appreciable
ratchet current only for very slow drives. It should, however, be noted that in the
infinitely slow adiabatic case the ratchet current is effectively zero for Fy > 0.15
for 49=0.035 at T'= 0.4 and ¢ = 0.35.

The ratchet current @, is also found to be dependent on the the phase dif-
ference ¢ between the periodic potential and the similarly periodic friction co-
efficient when he other parameters are kept fixed. In Fig. 3.3, we show the
variation of ¥ with Fy for ¢ = 0.3 and ¢ = 0.4 with v4 = 0.035, T = 1000 and
T = 0.4. The value of 7 is found to be different for different values of ¢ at the
same value of Fy. Also the value of Fy at which the ratchet current o peaks, is

found to be dependent on the value of ¢.
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Figure 3.3: Shows the variation of 7 with £y for the square drive case for two
different values of ¢; ¢ = 0.3 (line with circles) and ¢ = 0.4 (line with crosses),
Yo = 0.035, $=0.35, T' = 0.4 and Ty, = 1000.

3.3.3 The steady-state dispersions

The position dispersions ((Az(t))?), where Az(t) = z(t) — (z(¢)) are evaluated
over a large number of trajectories for various values of Fyy, and Tq = 1000. It

is found that the dispersions fit nicely to
log[((Az(t))?)] = log(t) + log(2D), (3.4)

for large ¢, typically t > 105,

From the linear fit of the graphs we calculate the diffusion constants D(Fp)
and the result is shown in Fig. 3.4. The diffusion constant has a large value
between F' &~ 0.15 and 0.35. The peak height is quite large ~ 800. As Fj is
increased D decreases sharply and becomes smaller than 50 (which is less than
10% of its peak value) for Fy > 0.7. This [0.15 < F, < 0.35] is also the region
where the ratchet current o is appreciable. The Péclet number, FP,, as defined

earlier, are also calculated as a function of Fy. They are plotted in the inset of
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Figure 3.4: The variation of the diffussion constant D as a function of the driving
amplitude Fy for o = 0.035, T = 0.4, and ¢ = 0.35 with T = 1000. The inset
shows the variation of the corresponding Péclet number P, with Fj.

Fig. 3.4. It is clear from the figure that in the same region Pe(=2(<—:—£%§27) is
also much larger than 2. This indicates that in the region [0.15 < Fy < 0.35]
the particle motion is highly diffusive but concomitantly it is greatly coherent
too. This is also indicated equivalently by the observation that even though the
position dispersions (fluctuations) are large the relative fluctuations of position
in this region are considerably low (—@ < 1). As indicated by the result in
the adiabatic case (Fig.3 [13]) this range of Fy of coherent motion is expected
to shift as the value of vy is changed.

Though our system is different from that of Machura, et. al. [3], at this point
it would be interesting to make a comparison with their result. They observe
that for their low temperature case Dy = 0.01 in the vicinity of @ = 0.6 the
velocity fluctuation underwent a rapid change (Fig.1a of [3]). To translate this
to our case [18] a & 0.6 is equivalent to Fy ~ 0.2 and given their potential barrier

being just about half of the value in our case one should expect the peaking

of velocity dispersion to occur below Fy = 0.4. Taking into consideration of
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our temperature being 40 times 0.01 the phenomena should occur much below
Fy = 0.4. In this sense the region [0.15 < Fy < 0.35] seems quite reasonable.
Also, o of Fig. 3a of Ref. [3] at Dy = 0.4 make a good comparison with Fig. 3.2
in our case. However, as mentioned earlier the two systems are quite different
in basics to have an exact comparison.

The velocity distribution P(v) also shows interesting behaviour. In Fig. 3.5b
we plot P(v) for three values of Fy. A sharp peak which is almost indistinguish-
able from a Gaussian centred at v = 0 for small Fy = 0.05 gets split up into three
peaks for Fy = 0.12, and similarly for Fy = 0.30, with the central peak, gradually
diminishing. This shows a behaviour, including the nearly linear growth of the
variance with Fy (inset, Fig. 3.5b), quite similar to what has been reported ear-
lier in a different system [3]. There is, however, one difference. The side peaks
of P(v) in our calculation have origin in the running states of the particle. It is,
perhaps, due to the low frequency square-wave drive, instead of sinusoidal drive,
that for as low amplitude as Fy; = 0.3 we get three disjoint velocity bands and
at Fp = 0.6 we get just two bands, the central band being almost unpopulated.
The three peaks, for example for Fy = 0.3, could be fitted to a combination of
three Guassians. With a cursory look, the left and right Gaussians barely show

much difference. However,

(v) = [ ~ oP()dv (3.5)

o0

gives approximately the same value as @, and (v)(Fp) showing exactly the same
nature as #(Fp) (Fig. 3.6). It is to be noted that the maximum ratchet current
occurs (Fig. 3.2), for Fy at which P(v) shows a transition from a three peak
form to a two peak one. In this transistional range the frictional asymmetry
shows the maximum contrast in responding to the field. In the case where the
intrawell motion dominates the ratchet current is low and again when there is

only running states (at large Fp) the frictional asymmetry becomes ineffective.
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Figure 3.5: Plot of velocity distribution P(v) for three values of driving am-
plitudes Fy = +0.07, +0.09, and +0.1, in the adiabatic limit (Fig. 3.5a) and
Fp = 0.05, 0.12, and 0.30 and ¢ = 0.35 for square drive (Fig. 3.5b). The figure
in inset of Fig. 3.5b shows the variance of velocities as a function of Fy fitted
with a straight line to show the linear growth of variance at large Fp.
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These observations are corroborated by the velocity distributions in the adia-
batic case (Fig. 3.5a), where again maximum difference in current occurs at
the transistional period from a two peak distribution to a single peak (running
state only) distribution. For the adiabatic case the transitional range occurs
at lower Fp values (Fig. 3.5a). In the square-wave drive case, the transitional
region is shifted to higher Fj, because, when the direction of Fy is changed, the
particles reverse their direction of motion too, and hence have enough chance to
get locked into a potential well. This shift in Fy is responsible for shifting of the

peak of current maximum for the square drive case as shown in Fig. 3.2.
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Figure 3.6: Shows the variation of the steady state mean velocity 7, Eq. (2.3)
and (v), Eq. (3.2) for the same parameter values as in Fig.3.4.

3.3.4 The efficiency of ratchet performance

From the velocity distribution P(v) we calculate the Stokes efficiency, s, defined

as (3],
(v)®

Ns = |(1)2)———T|’ (3.6)
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as a function of Fy. Fig. 3.7a shows that ng is larger in the same range of
F, where it shows larger 4. The peak of ng, however, does not occur at the
same position as the peak of #. It is, however, to be noted that the plotted
figure is calculated from averages over a small number (~ 20) of ensembles
because it is computationally quite expensive to obtain results for the steady
state (maximum ¢ = 107) and hence not feasible to obtain averaging over a
larger number of ensembles. Though the qualitative behaviour is encouraging
the efficiencies are small ~ 1075, The efficiency of this symmetrically driven
system can, however, be improved to a good extent by an optimal choice of
these parameters.

An inertial ratchet driven by a zero mean asymmetric drive can, however,
give a highly efficient performance compared to the symmetrically driven ratchet.

For example, when the system is driven by a field

F(t) = zxk, (2nTq <t < (n+ a)2Ty),
= Faiyfo, ((n+a)2Ta <t < (n+1)2T),

with o = 0.2 gives an efficiency of 3.8 x 1072 compared to 6.2 x 10~ in the
symmetric-drive (e = 0) case with Fy = 0.16 and 2T = 1000. This is made
possible because in the symmetric drive case the particles move on either di-
rection with almost equal probability whereas in the asymmetric drive case the
particle motion in one direction is practically blocked, as is evident from the
corresponding velocity distributions shown in the inset of Fig.3.7a. The contri-
bution of the system inhomogeneity for this improved performance is, however,
quite insignificant.

.The efficiency of the ratchet also is found to be dependent on the phase
difference between ¢ between the periodic potential and the friction coefficient.
In (Fig. 3.7b) the efficiencies s as a function of the driving amplitude Fj are

plotted for ¢ = 0.3 and 0.4. It is seen that for a particular value of Fj, the
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Figure 3.7: Fig. 3.7a shows Stokes efficiency, ns as a function of Fj for the
same paramater values as in Fig. 3.4. Simulation data points (circles) fitted
with a curve to guide the eye. The inset shows the difference in the velocity
distribution for symmetric (three peaks) and asymmetric drive for the same
value of Fy = 0.16 and 7 = 2000 with a = 0.2. In Fig. 3.7b, the efficiencies are
shown for two other values of ¢; ¢ = 0.3(lines with crosses) and ¢ = 0.4(lines
with circles).
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efficiency is less for ¢ = 0.3. It is to be noted that the ratchet currents also are
smaller for ¢ = 0.3 for the same range of Fy (Fig. 3.3). Thus we can conclude
that the efficiency of the ratchet performance can be enhanced by an optimal

choice of the system parameters.

3.3.5 The transient-state dispersions and the ratchet cur-

rent

When a constant force F' is applied to the system it shows dispersionless be-
haviour: ((Az(t))?) does not change with time in the intermediate time scales,
roughly [10® < ¢ < 10%], for around [0.12 < F < 0.7] at T = 0.4 for 7 = 0.035.
The result of dispersionless behaviour had originally been shown and explained

[17] beautifully for constant friction ~o case: the position distribution moves

undistorted at constant velocity v = % or equivalently, velocity distribution
remains undistorted centerd at v = £. The interval [t; < t < t,] of time during

o
which the system shows this remarkable intermediate-time behaviour depends

on the tilt force F', as should also on other parameters. ¢; is roughly of the
order of but much larger than the mean Kramers passage time corresponding to
the lower of the potential barriers on either side of a well. The transient-time
dispersionless particle-motion behaviour is sensitive to initial conditions. In the
following we specifically begin from the bottom of the well at z =~ 7 with particle
velocities given by Maxwell-Boltzmann distribution at temperature 7' = 0.4.
When the inhomogeneous system is driven periodically by a square-wave
forcing of amplitude Fp, the dispersionless coherent nature of average motion
gets interrupted depending on the value of Tq of the forcing (Fig. 3.8). When
t1 < Tq < ty, at t = Tq the dispersion gets a jerk and shoots up only to get
flattened again to an another bout of dispersionless regime. This regime too

gets a similar jolt after another T and the process continues for a large number

of periods. When the direction of the applied force is changed the ’forward
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Figure 3.8: The plot of position dispersions ((Az(t))?) versus time ¢ (in loga-
rithmic scale) for different values of (Tg) of forcing with Fy = 0.2, ¢ = 0.35.
The inset shows the clipped part of the plot at larger time. The dashed line in
the inset is drawn just to guide the eye to compare with the diffussive regime.

moving’ particles are forced individually to halt momentarily to begin moving
in the new direction of the force afresh. While in the ’state of halt’ particles
are more likely to find themselves ’thermalized’ to the bottom of some well and
thus the system gets initialised as in the beginning. The system finds itself in
similar situation again and again periodically with each change of force direction
and continues with its unfinished dispersionless journey for a large number of
periods with remarkable robustness [Inset of Fig. 3.8, To=>5000]. However,
when T < t; the system never gets a chance to experience its dispersionless
journey because only a fraction of the particles get the opportunity to acquire
the required constant average velocity [17] of % and the rest keep lagging behind
even by the end of constant force duration Tg. Instead, as soon as the direction
of the force F is reversed after Tg, the dispersion dips after a brief climb up,
as the particles get herded together briefly before getting dispersed further in

the reversed direction of Fy. This can be seen very clearly in the time evolution
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of the position probability distribution profile P(xz,t). The front of the P(z,t)
moves with velocity % while the rest lag behind it moving at a slower speed
but trying to catch up with the front throughout T. This process of dispersion
dipping (after a small continuing rise) and rising to a higher value after each T
is repeated for several tens of periods [Fig. 3.8].

In the inset of Fig. 3.8 we have drawn a straight line with slope 1 as a guide
to show that ultimately the curves should achieve that average slope at large
times for various T, values of drives. Even though the average slope of the curves
have not yet reached the diffusive slope of one, the small T curves are slowly
approaching that value. One can, therefore, safely infer that in the steady state
situation the effective diffusion constant should increase monotonically with Tq
for small Tq. The frequency of drive or equivalently T, thus, plays important
role about how the particles diffuse out of their wells. For example, The pop-
ulation of the initial well depletes with time exponentially, N(t) = N(0)e™*,
with b = 0.0023 for Tq = 250 and b = 0.002 for T, = 500, for v = 0.035 at
T = 0.4 that we have studied. By the time the well gets effectively exhausted
the first particles would have moved farther than a thousand of potential wells.
Of course, this first well itself (as all others) keeps getting repopulated all the
time.

The intermediate-time dispersionless motion is not an exclusive characteris-
tic feature of inhomogeneous systems. It is a characteristic feature of inertial
washboard potential system. However, its study in the inertial inhomogeneous
system provides a convincing explanation of the variation of ratchet current as
a function of Ty [inset of Fig. 3.2] and helps in finding a criterion to improve
the performance of the ratchet.

In Fig. 3.9 the displacement of particles, averaged over 1000 ensembles, as
a function of time when driven by equal number of +F(t) profiles is presented
for T, = 5000, o = 0.035, Fy = 0.2, and T = 0.4. This case corresponds to the

repeated dispersionless motion shown in Fig. 3.8. Fig. 3.9 clearly shows that
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Figure 3.9: The average displacement of particles as a function of time, driven
by equal number of & F'(¢) profiles (or equal number of odd and even numbered
trajectories) for Tq = 5000, 7o = 0.035, Fy = 0.2, ¢ = 0.35 and T = 0.4.
The insets highlight the contributions to the mean displacement of odd(dashed
line, beginning with +|Fp) and even(solid line) numbered trajectories separately,
leading to the main figure. The mean displacements for the even numbered
trajectories are shown with a reversed sign.
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during the dispersionless motion the average displacement of particles effectively
remains constant. In other words, during the period of dispersionless motion
the particles move equally in the left as well as in the right direction thereby
contributing nothing to the ratchet current: while in the dispersionless motion
the particles fail to see the frictional inhomogeneity of the system. All the
change in the average displacement and hence all the contribution to the ratchet
current comes during the dispersive period of motion. This is shown in the inset
of Fig. 3.9 where for clarity the mean particle positions for F(¢) beginning
with F(0) = —Fp (even numbered trajectories) are shown as a function of time
with their sign reversed. The mean particle displacements for odd and even
numbered trajectories differ only during the interval just after the reversal of Fj
and before the dispersionless regime begins and the two lines of mean positions
(insets of Fig. 3.9) run parallel during the dispersionless regime. This clearly
indicates that in order to get a larger current an optimum choice of Ty needs to
be made which, naturally, avoids the dispersionless regime but is not too small
in order to allow the particles to leave their potential wells. This conclusion is
well supported by the inset of Fig. 3.2, where the ratchet current maximises
around Ty = 500 which is well below the Ty, showing dispersionless motion.
The velocity dispersions and position dispersions together show interesting
behaviour. Fig. 3.10 shows that during the dispersionless regime when the
position dispersion is constant and maximum the velocity dispersion is also
constant but it has a minimum value. This minimum constant value is repeated
in all the nTn, n = 1,2, ... intervals whereas the value of the constant position
dispersion increases in every successive nTg interval as shown in Fig. 3.8 and the
inset of Fig. 3.10. In the dispersive regimes the velocity dispersions are squeezed
to very sharp troughs exactly where the position dispersions show sharp peaking.
In the inset of Fig. 3.10 these dispersions are shown for Tq = 250. The onward
rush of the particles do not halt immediately after the direction of Fy is changed

at nTn but it continues for a very short time giving a small increase in the
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Figure 3.10: Illustration of velocity dispersions ((Av(¢))?) (thin line) and posi-
tion dispersions {((Az(t))?) (bold line) during a time interval for Tp=5000 and
¢ = 0.35. The inset shows the corresponding plots for square drive forcing with
smaller Tp=250 with no dispersionless regime.

spread of P(z). Then a majority of particles stop, giving a sharp peak in the
P(v) at v = 0 reducing its spread drastically. At that moment the product
of position and velocity distribution spread becomes a minimum. The reverse
journey thereafter increases the spread of P(v) but there is a slow squeezing of
P(z) before it begins to spread again. The maximum P(z) squeezing, however,
does not exactly coincide with the largest of the broad P(v) but it is at a rather
close range. In this case too the minimum velocity dispersion remains constant
for all nTq. But the wings of P(z), though thin, keep spreading with time
giving an average increase of dispersion as time increases. However, most of the
particles remain confined roughly to a region [—l%:)leQ <zr< +'—%'TQ] for a long

time.
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3.4 Discussion and conclusion

The ratchet effect, in this work, is brought about just by the phase lag ¢ between
the periodic potential and the nonuniform friction of the medium, without hav-
ing to have an overall external bias. This is seemingly a weak cause to generate
unidirectional current. The Figs. 3.2 through 3.7 refer to a square-wave forcing
with T = 1000. The choice of this Tq clearly avoids the dispersionless regime.
Yet, this is not the optimum value of Tq. It should have been around 500 in or-
der to get the largest possible ratchet current. This choice would have definitely
enhanced the Stokes efficiency of operation. The same can also be said about
other parameters, such as T', and ¢ for 79 = 0.035. Moreover, an optimal choice
of all these parametrs may possibly help in obtaining larger ratchet current to
obtain useful practical work against an applied load. However, with the help of
these figures we have been able to exhibit the qualitative trends shown by the
ratchet.

The dispersive behaviour for drives with T > 5 is difficult to study because
it takes a very large computer time to arrive at a concrete result. However, the
indications are there that for these large Ty, also, the system show repeated dis-
persionless regimes, though somewhat enfeebled because the process of diffusion
will dominate at these large times.

To conclude, the present detailed study gives us an interesting method of
obtaining ratchet current in inertial noisy systems by exploiting the frictional
inhomogeneity of the medium. Moreover, it shows that as the system is driven
by a square-wave external forcing of appropriate frequency, dispersionless parti-
cle motion could be observed after each field direction change. These transient
dispersionless regimes, however disappear as the frequency is increased and in-
stead periodic variation of dispersions result. The 'moderately high frequency’
dispersive regimes (where dispersions vary periodically) help in increasing the

ratchet current considerably. Similarly, in these dispersive regimes, the velocity
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dispersion also varies periodically, with twice the frequency of the field drive,
but in exact anti-phase to the position dispersions. In the nondispersive regimes,
on the other hand, when the particles move coherently, they tend not to notice
the frictional inhomogeneity and do not contribute to the ratchet current. In
the present work, however, the ratchet current is obtained when the amplitude
of periodic rocking was small. It would be interesting to examine if one could
obtain ratchet current with the help of high amplitude drive as in the case of

asymmetric periodic potentials.
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Chapter 4

Dispersionless motion in a
periodically rocked periodic

potential

4.1 Introduction

In this chapter we study an interesting aspect of the inertial particle motion in
a periodically rocked periodic potential - the intermediate time dispersionless
motion [1]. This work is an extension of the previous chapter in which the
presence of intermediate time dispersionless motion of particles in a periodically
rocked potential was shown.

The inertial Brownian particle motion in periodic potentials (2, 3] is an im-
portant model to theoretically understand many phenomena in physical systems.
For example, this model can be used to understand the current-voltage charac-
teristics of (RCSJ model of) Josephson junctions [4], the electrical conductivity
of superionic solids [5], motion of adatoms on the surface of a crystal [6], etc. [2].
Though substantial work has been done using this model, the behaviour of the
model particle motion in all the parameter regimes have not been explored. A

recent example being the discovery of dispersionless particle motion in a tilted
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periodic potential in the intermediate time regime [7]. In this work, Lindenberg
and coworkers showed (numerically) that particles moving on a cosinusoidal po-
tential with a constant tilt, Fp, in a medium with constant friction coefficient
Yo[7) in a limited (Fy,~o) region, essentially move nondispersively over long in-
tervals of time i.e during this coherent motion, the ensemble averaged position
dispersion, Az(t) =< (z(t)— < z(¢) >)? >, remains constant.

The particles, intially in a potential well, cross the barrier because of the
thermal fluctuations after a time t = 7y (7; > 7k, the Kramers mean passage
time). 71 is determined by the tempeature and the external forcing. After cross-
ing the barrier they move coherently with velocity v = %:—3 During this coherent
motion the thermal fluctuations have negligible influence. This coherent motion
continues until normal dispersive motion sets in (at around ¢ = 73) and the
system resumes its normal behavour. 7; and 7, are dependent on the system
parameters and they are specified only as a rough guide [7].

In this work, instead of a constant tilt, we use a zero-mean square-wave ex-
ternal drive F(t) of half period 7 and amplitude Fp. We study the effect of the
zero-mean square-wave external drive on the intermediate time nondispersive
motion of the particle. We find that for m < 7 < 73, the coherent motion,
naturally, gets interrupted upon reversal of direction of F' at ¢t = 7. But inter-
estingly, the coherent motion once disturbed, by reversing the field at t = 7,
gets reestablished around ¢t = 7 + 7, in almost the same form as it was during
71 < t < Ty in the constant tilt case. This loss and subsequent recovery of co-
herent motion continues for a large number of reversals of F(t). The dispersion
Ax(t), however, increases rapidly during 7 < ¢t < 7+ 7. (During 0 < t < 7,
Az(t) ~ t%, a = 2).
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4.2 The model

For this work, we use the same model as in the previous chapter. We consider
the motion of a Brownian particle of mass m moving in a potential V(z) =
—Vosin(kz) in a medium with friction coefficient [8] v(z) = Yo(1 — Asin(kz+ ¢))
at temperature T (in units of k) and subjected to an external force field F(t).
The corresponding Langevin equation is written [9] as in the previous chapter
in terms of dimensionless variables for convenience. The applied square-wave
force F(t) is taken as F(t) = £Fp for (2nT <t < (2n+ 1)7) and F(t) = FF
for (2n+1)7r <t < (2n+2)7) withn =0,1,2,....

4.3 Numerical results

For constant applied force F(t) = Fy (for all t) the Langevin’s equation can
be solved using the matrix continued fraction method and also numerically,
supporting each other quantitatively [2, 10, 11, 12, 13]. However, for finite T,
the corresponding Langevin equation is solved numerically. using the 4** order
Runge-Kutta method [15], by taking time steps of At = .001. Throughout our
calculations, we take 79 = 0.035, A = 0.9 and ¢ = 0.35. o = 0.035 is the value
of friction where the system exhibits hysteresis [14]. A # 0, however, is relevant
only while discussing ratchet current at the end. In fact, except for this minor
point, all the results discussed in the following qualitatively remain same for the
simpler case of A = 0. Averaging is done over an ensemble of particles having
initial position distribution as as §(z— Z) and the initial velocity from a Maxwell
distribution corresponding to a temperature T = 0.4.

For the constant tilt case, for Fy = 0.2, the particles exhibit coherent motion
in the potential V(z) = —sin(z) — zFy, in the intermediate times roughly in the
range [r1(~ 2 x 103) < t < (= 3 x 10%)], for Fy = 0.2 (Fig. 4.1). Therefore,
for our calculations we take the amplitude of the zero-mean square-wave driving

field F(t) as Fp = 0.2. Also in most cases, if not stated otherwise, we take
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Figure 4.1: The position dispersion Az(¢) for the adiabatic limit (constant tilt),
T = 5000, 400, and 200 versus time (logarithmic scale) are plotted (Figd.1a). In
Fig4.1b the plot for 7 = 5000 is extended to 16 half periods together with the
plot for the constant tilt case. The dotted horizontal line is drawn to guide the
eye. Note that 5 < 60000.

95



Chapter 4. Dispersionless motion in a periodically rocked periodic potential

the half period of the drive to be 7 = 5000 which is well within the range
[11, 72]. Naturally, in the first half period (0 < ¢ < 7) the motion is same as in
the constant tilt case. In the zero-mean square-wave driven case, the periodic
potential gets tilted in the reverse direction after every half period 7 as a result

of field reversal.

4.3.1 Particle motion in intermediate time regimes

It is observed that for 7 = 5000 of the external forcing F'(t), the particle exhibits
a repetitive sequence of coherent motion in each half period of the drive during
which the position dispersion Az(t) remains constant (Fig. 4.1). The coherent
motion in each half period is preceded by a length of dispersive particle motion.
As a result Az(t) grows, in discrete steps, with time, as the number n of half pe-
riods increases. The generation of coherent motion continues for many (n >> 8)
half periods (7 = 5000) of F(t), Fig. 4.1b. Thus, as an important consequence,
of the zero-mean square-wave drive F(t), the cumulative duration (= n(7 — 1))
of coherent motion is made much larger than the duration, (== 60000) — 71,
achievable in the constant tilt case as shown in the inset of Fig. 4.1b.

We also study the variation of Az with time ¢ corresponding to the half
periods 7 =400, and 200 (Fig4.1a). The important feature to be noticed in the
figure is that, for 7 = 400,200 < 7,71, Az dips immediately after the field is
reversed before it rises. This behaviour of dispersion dipping and subsequent
rise becomes most pronounced at a small but intermediate 7. It continues for
many periods of F(t).

Fig.4.2, summarizes the main results of this work. It shows many interesting
effects of taking few initial half periods of F(t) of smaller duration, 7 = 400
(curve (b)), and 7 = 200 (curves (c-d)) and then making its later half periods
T = 5000 or larger (e.g., 10000, curve (d)). The curves (b-c) show that, in this
case too, during the later half periods 7 = 5000 of F(t), a similar sequence of

trains of coherent motion, as in Fig. 4.1b, (or curve (a)), can be obtained. It also
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Figure 4.2: Axz(t) for three 7 = 5000 (a) ten 7 = 400 and two 7 = 5000 (b), five
7 = 200 and two 7 = 5000 (c), five 7 = 200 and one 7 = 10000 (d), and one
7 = 5000 and five 7 = 400 (e) half periods are plotted.

allows to postpone (curve (b)) the appearance of coherent motion beyond ¢t = 7.
Moreover, it is possible to obtain coherent motion with lower constant dispersion
(curves (c,d)) than in the constant tilt case (i.e., lower than the constant Az in
the first half period in the curve (a)) too. Curve (e) shows that the curves (b-d)

can be repeated, using the same customized procedure, many times over again.

4.3.2 Velocity distribution of particles

The results of Fig. 4.1 and 4.2 can be understood by analyzing the time evolution
of velocity distribution, P(v). Fig. 4.3a shows the velocity distributions for
various values of ¢ for 7 = 5000. It is seen that the velocity distributions
invariably assume almost a Gaussian form of same width and centred at a fixed
VR :i:%l at t = n7 for 7 = 5000. The plot of the mean velocity ©(t) and velocity
dispersion Awv(t) (Fig. 4.3b), supports this observation. However, the velocity
distributions P(v), for 7 = 1000, at t = n x 1000, has two peaks one centred at
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Figure 4.3: Fig. a shows velocity distributions for 7 = 5000 at ¢ = 10000
(left peak, dashed) , 10015.5 (central peak, bold), 15000 (right peak, dot-dash),
15015.5 (central peak, bold shifted by 0.2) and 20000 (left peak shifted by 0.2).
In Fig. b, ©(t) and Av(t) are plotted for 7 = 5000. 7 = i% lines are drawn for
reference.
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Figure 4.4: Velocity distributions at different ¢ for 7 = 1000; ¢t = 2000(bimodal
with higher left peak), t = 2016 (bold line), and ¢t = 3000 (bimodal, shifted by
0.1).

VR i% and the other at v = 0 (Fig. 4.4). The P(v) peak at v = 0 shows that
at ¢ = n7, for 7 < 71, implies that some particles are left behind in the locked
state in one or some other wells. The peak in P(v) at nt centred at v = 0 is
more prominent for lesser values of 7. These locked particles try to gravitate to
their respective well bottoms and, being slower, even succeed in shrinking the
position distribution P(z) more effectively than the much faster particles in the
running state on the front. Thus, for smaller T < 71, the bimodal nature of P(v)
helps appreciable Az dipping immediately after field reversal, Fig. 4.1a.

Att=nr+4+1t, 15<ty < 16, ¥ becomes zero for all 7, and n. (It turns out,
2ty & 516’ the frictional relaxation time.) The corresponding P(v) are also shown
in Fig. 4.3a. For 7 = 5000, P(v) at t = nT +1, is like a sum of two ” Gaussians”
centred on either side of v = 0. But for 7 = 1000 (Fig. 4.4), the surviving P(v)
peak at v = 0 at ¢ = nr, contributes an additional one centred at v = 0, making
¥ = 0 at the same delay time 7.

Due to the tilt direction reversal the particles, in the running state, are
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forced to reverse their direction of motion and hence each of them necessarily
go through zero velocity at least once momentarily. Thus, the entire system
passes approximately through a ”thermal” state at ¢ = n7 + 7. Hence, after
every field reversal at t = n7 the particles begin their subsequent journey in the
reversed direction with almost the same delayed initial condition (at t = nT+7)
of thermalized P(v). Therefore, Az are expected to behave similarly after every
nr.

As discussed above, it is just the reversal of field which leads P(v) to the
required form at ¢ = nr + to, irrespective of the form of P(v) at t = n7 for
any value of 7 >> 73 = 16. It shows that in order to obtain coherent motion
neither an exact initial Gaussian velocity distribution is necessary nor all the
particles are required to be intially confined sharply to a single well bottom of
the periodic potential. Also, a mere switching the field alternately on (Fy # 0)
for duration 7 and off (Fp = 0) for the same duration 7, fails to yield results like
Figs. 4.1 and 4.2. This indicates that a reversal of the field direction is essential
because this alone ensures a ”thermalized” P(v).

Also in the constant tilt case the average particle displacement is large, ~ 12;’;‘"0
by the end of its coherent motion whereas in the zero-mean square-wave case
it is zero, for A = 0, and small and finite for A # 0 and ¢ # 0,7 after any
large time ¢ = 2n7. This is an added practical advantage over the constant
tilt case for, in the zero-mean square-wave case, most of the particles on the
average remain confined to a finite region of space despite periodically showing
coherence of motion for a long time.

The dimensionless values of parameters used (e.g., 7o = 0.035,T = 0.4, 7 =
5000, and Fp = 0.2) and other derived quantities when restored to their usual
units are presented in Table 4.1 for three illustrative cases: (i) The motion
of an Ag ion in Agl crystal [16], (ii) the motion of a macromolecule (kinesin)
along a polymer fibre (microtubule) [17], and (iii) diffusion of Cooper pairs

across a Josephson junction [4]. Notice that w(= 22) << wp, in the particle
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System m Vo T |k wo Yo
C I %e wp |G

Ag on Agl |1.792 [0.15 {348 |0.57 4.07 [2.55 [1.42 [5.03 |1.23 |[1.48
X102 x10'%  Ix1012|x107M{x10"! [x107'°|x107°}x10?

Kg eV |K |m™! s} |Kgsls! N s ms~!
Macro- 3.321 10.129 (300 2.5 6.202 (7.209 |2.17 3.253 [8.062 |4.512

molecule on|x10~22 x 108 x10° | x10~1|x10®8 |x10713|x10~7

Polymers |Kg eV |K [m™! s71 |Kgs!|s! N 5 ms~!
Josephson 0.5 1.0 9.53(3.0385 2.465 |4.314 |8.63 2.0 2.028 (4.636
Junction x107° x 10 x10° [x107% |x107 |x1078 |x107¢|x10~*
pF Amp |mK |Volt7's7!|s~! |Ohm™!{s~! Amp |s Volt

Table 4.1: The systems considered are: (1) Ag: Ag on Agl lattice, (2) Mm: a
macromolecule along a polymer, and (3) JJ: Josephson junction. The symbols
have their usual meaning. The RCSJ-model JJ equation equivalent to Eq.(3.1
of chapter 3) is[4]:

WL+ EG(1+Acos(B+¢))L + I sin(8) = I(t)++/2TG(1 + Acos(0 + 9))&(t).
(Add ~% to @ for exact correspondence.)
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motion case, and w << wp, the Josephson plasma frequency (= 2,%1), showing
that the systems considered are, indeed, underdamped. The last column of the
table gives the magnitude of mean velocity (mean voltage) attained during the
coherent state when the initial value of the drive field F'(t) (I(t)) is fixed either at
+|Fo| (4|Io]) or with their sign reversed and not an equal mixture of both. Also,
during the half period 7 the particles move to an average distance (the product
of quanties in the last two columns) of the order of a micron (x) which will get
retraced in the next half period. This gives a rough idea of the sample size one
would need to take in a zero-mean square-wave case. Also, %’—' << wo(wp) (by
about two orders of magnitude).

The calculated average velocities ¥ and velocity dispersions Av are plotted,
in Fig. 4.3b. An equal mixture of F(t = 0) = +|Fy| makes v close to zero during
coherent motion. It is exactly zero for A = 0 at all ¢ and hence even in the limit
t — oo 7 remains zero. However, for A # 0 and ¢ # 0, 7 a nonzero finite mean
(steady state) velocity is obtained [11, 13, 12] earlier. The contribution of coher-
ent particle motion being insignificant, the dispersive motion alone contributes
to this ratchet current of particles.

The diffusion constant, D, defined as lim;,,, Az(t) = 2Dt, is hard to cal-
culate for a constant tilt Fy [7]. The asymptotic limit barely reaches even by
t = 107. However, for zero-mean square-wave this limit is readily reached by
t = 107 (Fig. 4.5). It may be noted that for each curve in Figs. 4.1 and 4.2
we have averaged over 2000 realizations but in Fig. 4.5 we could average over
number of realizations ranging only between 18 and 60. The nature of Az(t)
so clear in Fig. 4.1 appears less convincing in Fig. 4.5. Therefore, it is hard
to conclude that the same nature of Az, as in Fig. 4.1, will continue till the
asymptotic time regime. However, from the ”thermalized” P(v) argument given
earlier, there is a fair likelyhood that the nature of Az(t) shown in Fig.4.1 will
extend to a large number of half periods of F(t) provided a large number of

particles are considered for averaging.
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Figure 4.5: Az(t) for 7 = 1000 (a), 5000 (b), and for the case of CT Fy = 0.2
(c) averaged over, respectively, 20, 60, and 18 ensembles are plotted. Lines of
slope 1 are fitted to the curves. The short line at the lower left corner indicates
Ax ~ t* a = 2. The inset shows variation of D with 7.

The nature of Az(t) shown by the curves in Figs.4.1 and 4.2 is in no finite
region close to Az(t) ~ t. It remains, therefore, open to explain why a large
number of repeatedly same diverse combinations of dispersions such as ones
ranging from Az(t) ~ t? to Az(t) ~ t° when averaged over a large number of
realizations, yields the same nature of dispersion, lim,_,Az(t) ~ ¢, for all 7,
Fig.4.5.

D(r), plotted in the Inset of Fig. 4.5, are rough estimates as the averagings
are done only over a small number of realizations. However, the overall qual-
itative trend of D(7) remains valid. D(7) shows a peak around 7 = 7,. For
T > 71, the closer 7 is to 7; smaller is the constant Az region and hence larger
is the fraction of sharply rising Az region. Naturally total Az will be larger as
T — 73. However, the nature of D(r) as 7 — 73 is not clear from the available
data. In the range 7 < 7y, Az rises only after an appreciable dipping, Fig. 4.1a.

Therefore, the initial rise of Az is slower as 7 is decreased from 7; resulting in
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a smaller total Az(t) as t — oo and hence smaller D.

From the rms spread (\/_A—a:-) point of view the advantage of zero-mean square-
wave F'(t) over constant tilt, except in cases like curve (d) in Fig. 4.2, quickly
evaporates as t increases. Whereas for the constant tilt case at t = 107 =
5 x 104, the mean displacement Z is 2.8 x 10° and VvAz is 0.22 x 10°, and at
t = 20007 = 107, £ = 5.7 x 10" and vAz = 0.012 x 107, for the zero-mean
square-wave case, at t = 107, Z =~ 0, and VAz = 0.06 x 107, and at ¢t = 107
Z ~ 0, and vV Az = 0.095 x 107. Perhaps in the zero-mean square-wave case, the
particles left behind during a 7 get pushed father away during the next 7, make
the v/Az(t) increase faster as t increases.

Coherent motion is observed only in the negative slope region of D(7). How-
ever, for this same system it is shown in Ref. [13] that ratchet current is max-
imum for a value of 7 ~ 500, i.e., in the rising D(7) region and becomes sig-
nificantly small for larger 7 > 7, and almost zero at 7 = 5000. The peak of
the D(7), thus, roughly divides 7 into two regions: (i) small 7 giving ratchet

current, and (ii) larger 7 showing coherent motion.

4.4 Conclusion

To summarise, the dispersionless (coherent) motion discovered earlier, to occur
for a brief but finite duration in the intermediate time regime, on a constant
tilt sinusoidal potential, was extended to the case of periodically reversing con-
stant tilts. We have shown the possibility of obtaining coherent particle motion
interspersed by dispersive motion over many periods of an external zero-mean
square-wave field. The cumulative duration of coherent motion can, thus, be
extended to a substantial fraction of the total journey time, of course, at a cost

of making the system several times more diffusive.
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Chapter 5

Stochastic resonance in a driven

double well system

5.1 Introduction

In this chapter, the results of our work on the phenomenon of stochastic reso-
nance in a driven double well system is presented [1].

Stochastic resonance (SR) refers to the enhanced response of a system to
a small deterministic periodic forcing in the presence of an optimal amount of
noise [2]. It often occurs in bistable and excitable systems with subthreshold
inputs. Noise plays a constructive role in this phenomenon. This is due to
a cooperative interplay between nonlinearity of the system, input signal and
noise. Thus the power from the whole spectrum is pumped into a single mode
that is coherent with the external driving force. Because of its generic nature,
this phenomenon, has varied applications in almost all areas of natural sciences.
Different quantifiers of SR have been discussed [3, 4, 5, 6, 7] as regards to its
validity as a bonafide resonance, i.e., the resonance phenomena as a function of
noise strength as well as the driving frequency. Hysteresis loop area [3], input
energy or the work done on the system per cycle [4, 5] and area under the

first peak in the residence time distribution [11] have turned out to be good
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quantifiers characterizing SR as a bonafide resonance. Recently it has been
shown that the different quantifiers of SR are mathematically related to each
other [6].

The work presented in this chapter is organised in the two parts.

5.2 Part one

In the first part of the work, we study the phenomenon of SR in a driven bistable
potential by using the average input energy per period of the external drive and
the hysteresis loop area as quantifiers. Earlier studies on the work done in a
periodically driven bistable system by an external agent has established that the
average work peaks around the resonance, as expected [4, 5]. In our present work
(1], apart from the average input energy per period of drive, we also calculate
the hysteresis loop area and compare it with the input energy. We show that the
area of the hysteresis loops too can be used as a quantifier for SR. We also study
the fluctuations and nature of the probability distributions of work done over a
period in a driven double-well system in the time asymptotic regime (where all
averaged quantities become periodic in time with a period of the external drive).
Our study of input energy fluctuations also reveal that the relative variance is

larger than one across SR indicating that fluctuations dominate the mean value.

5.2.1 The model

We consider overdamped particle motion in a double well potential V(z) =
4 2
% - %— (Fig. 5.1). The system is driven by an external forcing F'(t) = Asinwt.

The corresponding Langevin equation is given by [9]

dr  0V(x)

dt ~ Oz

+ F(t) + £(2), (5.1)
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Figure 5.1: Plot of the bistable potential %-% and its driven state.

where the random force field £(t) is a zero mean Gaussian white noise, i.e,

(E(R)ER)) = Dod(t — t). (5.2)

where Doy = 2kgT is the strength of the noise. The static double-well potential

2t x?

V(z) = L has a barrier height AV = 0.25 between the two symmetrical
wells (minima) located at distances z,, = +1. We consider the case of weak
forcing A|z,,| < AV. All the physical quantities are taken in dimensionless

units [4, 5].

The work done by the external drive on the system or the input energy

(Tw - ng) is defined as [4, 5]

tot+7w QU (, t)
[ W = / ! dt,
4 t at

to+Tw
= —Aw/ z(t) coswt dt (5.3)
7

0

where U(z,t) = V(z) — ¢F(t) This follows from the stochastic energetics
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formalism developed by Sekimoto [12].

Numerical simulation of this model was carried out by using Huen’s method
[13]. To calculate the work done we first evolve the system and neglect initial
transients and then work done over a period (W,) is calculated (Eq.5.3). The
values of W), are different for different cycles. To get better statistics we have

calculated W, for 100000 different (sometimes even more) cycles.
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Figure 5.2: Figure shows the variation of average work W, done per period with

temperature D for different values of w for A=0.1.

5.2.2 Numerical results

In Fig. 5.2 we plot the average work done (W}) over a single period (in the time
asymptotic regime) as a function of noise strength D(= kT = %, in dimensionless
units) for low amplitude driving of strength A = 0.1 and for three values of
frequency w = 0.1, 0.2 and 0.3. We clearly see that input energy exhibits a peak
as a function of D. This peaking of input energy is because of the synchronized
escape of the particle from the potential well with the external periodic drive.
We reproduce exactly the same figure as in reference [5], which has been obtained

using a different numerical method.
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Figure 5.3: Figure shows the relative variance of the average work W, done per
period with temperature D w = 0.1 and A=0.1.

When the temperature is small, the particle remains in one of the potential
wells for a longer time(intrawell motion dominates) with an occassional random
jump to another well (Kramers’ escape over the barrier) as a function of time
(Fig. 5.4a). When the noise is very strong a large number of interwell ran-
dom switches occur for each period of the sinusoid and the systems response is
again random (interwell motion dominates) (Fig. 5.4d). In between these two
conditions, surprisingly, there exists an optimal value of the noise that coop-
eratively concurs with the periodic forcing to make almost exactly one switch
per period. Hence interwell motion will be in synchrony with the input signal.
Quantitatively this condition is determined by the matching of the two time

scales [2, 5], namely, the period of the input signal and the Kramers’ escape

1 1 .
rate 1, - = % — Y- Tk, With 7, = \/——2;8_(2?)>. At the optimal value of
T T

noise the input energy is maximum. From the position time plot alongwith the
driving force (Fig. 5.4), with A = 0.1 and w = 0.1, it can be seen that best
synchronisation of the particle with the driving force occurs at D = 0.12. This

is the value of D where there is a peak in the input energy for these parameters
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Figure 5.4: Plot of z(t) and F(t), for D = 0.04 (a), 0.08 (b), 0.12 (c¢) and 0.5
(d); w=0.1, A=0.1.

112



Chapter 5. Stochastic resonance in a driven double well system

(Fig. 5.2).

The shifting of the peak at higher frequencies of drive (Fig. 5.2) can be
understood from the fact that the particles when driven at higher frequencies
needs stronger fluctuations to get over the barrier. This is because the particles
get very less time to absorb energy from the fluctuations and cross over the
barrier when the barrier height is minimum which is the most favorable condition

for barrier crossing,.
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Figure 5.5: Figure shows the variation of average work W, done per period with
w for different values of D for A=0.1.

The input energy also shows a peaking with the frequency w of drive (Fig.

5.5) which shows that the SR observed with input energy as a quantifier is a
(Wp?) — (Wp)?
(Wy,)?

of work done W), over a period as a function of noise strength is plotted. We see

bonafide resonance [5]. In Fig. 5.3 the relative variance V;, =

that V, > 1 in the parameter range we have chosen. This shows that fluctuations
dominate the mean value. V, exhibits a minimum near the value of D at which
SR occurs for w = 0.1 and A = 0.1, V, shows a similar behaviour with D
for w = 0.2 and w = 0.3. As because V, > 1 in the range of D under our

consideration, a study of the distributions of W, becomes necessary.
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In the time periodic state the average work done or the input energy into
the system is dissipated as heat. Thus one can identify (W) as a hysteresis
loss in the medium. We plot the hysteresis loops (Fig. 5.6a) and calculate the
hysteresis loop area(Fig. 5.6b). The hysteresis loop areas for different values of
D, exactly match the values of input energy. However, it may be noted that

fluctuations of work done cannot be identified with heat fluctuations (8, 9].
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Figure 5.6: Plot of the hysteresis loops for different values of D (a) and the
corresponding loop areas, plotted together with average work done per period
W, versus D (b); w =0.1, A =0.1.

Now we will turn to the understanding of the nature of probability distribu-
tion P(W,) of W, for various values of noise strength D across SR peak. For this
we have plotted P(W),) as a function of W, in Figs. 5.7a and 5.7b for various
values of D for A = 0.1 and w = 0.1. For low values of D (~ 0.02) particle
dynamics is mostly confined to a small amplitude intrawell oscillatory motion.
Hence the distribution is closer to the Gaussian. For slightly higHer values of
D (=~ 0.04 and 0.06) the particle makes occassional random excursions into the
other well as a function of time Fig. 5.4a). This is clearly reflected as a small
asymmetry and a hump (interwell motion) in the plot of P(W,). It is interesting

to note that there is substantial weight towards negative values of W,. As we
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Figure 5.7: Plot of the probability distributions P(W,), for various values of D;
w=01 A=0.1

increase D further the interwell dynamics starts playing a prominent role. It is
interesting to note that position of the first and the second peak does not shift
much, however, its width increases. The weight of the probability distribution
towards higher negative values of W}, increases. The distributions P(W,) are
most asymmetric for D = 0.12. That is the value of D at which there is SR.
On further increasing D (Fig.5.7b) finally a single peak structure appears. The
shape of the single peak structure is closer to a Gaussian at high D(~ 0.5). For
such high values of D particle makes several random excursions between the two
wells during a single time period of an external drive (Fig.5.4d). Hence total
work can be treated as an addition of independent increments of work. Then the
central limit theorem leads us to expect that the distribution of work will be ap-
proximately Gaussian. This is indeed the case. The parameter range for which
we have explored the distributions are broad and the variance of fluctuations

dominate over the average values (Fig. 5.3).
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5.3 Part two

In the second part of our work we study the role of the confining strength of a
bistable potential on the phenomenon of stochastic resonance exhibited by such

a system.

Figure 5.8: The rescaled potential (Eq. 5.8) with £ = 0.2 and different values of
the parameter q. It is to be noted that the confining strength of the potential
increases with increase of q.

For most of the studies on SR in a bistable potential, the potential V' (z) used
was one which diverged as V() ~ 2% for z ~ co (as the one we used in the first
part of this work) [2, 11]. For this kind of a potential, the confining action of the
potential on the particle motion was quite strong. However recently it was shown
that the nature of the particle dynamics in a one dimensional bistable potential
V(z) is strongly dependent on the divergence of V(z) as |z| — oo [10]. Using
the amplitude of the interwell motion as a quantifier for SR it was shown that
the confining strength of the potential had a role to play on the phenomenon of
SR. It was shown that bistability is a necessary but not a sufficient condition
for SR to occur. Potentials with lesser confining strength did not exhibit SR

[10]. We report similar results by using the average input energy per period of
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external drive as a quantifier for SR, that has been effectively used in the first
part of our work. Also we study the distributions of input energy for various
confining strengths of the potential. The nature of these distributions explain

the role played by the confining strength of a bistable potential on SR.

5.3.1 The model

We consider overdamped motion of a Brownian particle in a potential of the

form [10]

V(z) = Voezp(—2*/Lo®) + klzl*/q (5-4)

which is a superposition of a Gaussian repulsive barrier of height V4 and width
Lo to a power-law well. The system is driven by an external periodic forcing

F(t) = acoswt) (w = 2mv. The corresponding Langevin equation is given by

de _ 0V(z)
th - Oox

+ F(t) +£&(), (5.5)
The random force field £(t) is a zero mean Gaussian white noise, i.e,
(ERERX) = Dod(t — 1), (56)

where Dy = 2vkgT is the strength of the noise, v is the friction coefficient. The
dimensionless form of the Langevin equation is written by settingy =1,V =1

and Ly =1 as

dz _ 9V (a)
dt oz

+ F(t) + VTE(2), (5.7)
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where (£(t)) = 0 and (£()€(t)) = 26(t —t'). The rescaled potential (Fig.5.8)

then becomes,

V(z) = exp(—2?) + k|z|?/q, (5.8)

which has minina at £ = £1.3. The parameter ¢ determines the confining
strength of the potential. The minima of the potential and the barrier height
changes very little with the parameter ¢ (Fig. 5.8). As in the preceding part,
following the stochastic energetics formalism developed by Sekimoto [12], the
work done by the external drive on the system per period or the input energy

per period (Tw = ng) is defined as [4, 5]

to+7w
W, = / 3Ué:’t) dt,
to

to+Tw
= Aw / z(t) sin wt dt, (5.9)
¢

0

where U(z,t) = V(z) — zF(1).

We solve the dimensionless Langevin equation (Eq. 5.7) by numerical simulation
by using Huen’s method [13]. The work done per period of external drive (W,)
is calculated (Eq. 5.9) by allowing the system to evolve and by removing initial
transients. The values of W, are different for different cycles. W, is averaged

over 100000 different (sometimes even more) cycles.

5.3.2 Numerical results

In Fig. 5.9, we plot the average work done per period (W,) or the average input
energy per period as a function of noise strength D (in dimensionless units) for
different values of the confinement parameter ¢ is plotted. W, shows a peaking

with D as expected from the results of part one of our work, but only for values
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q=1.5 —8—

Figure 5.9: Plot of W, as a function of D for different values of ¢; £ = 0.2,
v(=2) = 0.02.
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Figure 5.10: Plot of W, as a function of w for different values of ¢; k = 0.2,
D =0.4.
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of ¢ > 2. With W, as a quantifier for SR, we are able to reproduce the results
of [10].

In Fig. 5.10, W}, is plotted as a function of w for various values of q keeping D
fixed. W, also shows a resonance as a function of w. But the resonant frequency

changes with the value of q.

W

0 T @m0 @/ B0 B0 500 H0 450 @0 40 4900 D50 500
{ t

(a) (b)

Figure 5.11: Plot of z(t) and F'(t) for ¢ = 1.5 (a) and ¢ = 8.0 (b) with D = 0.4,
k=02, v=0.02

Stochastic resonance occurs when the particles make a synchronised hopping
between the two wells of a bistable potential, with the external drive, as has
been discussed in part one of this chapter. From the particle trajectories (Fig.
5.11) we see that, when the confining strength of the potential is less (Fig.5.
11a) (lesser q), the particle after crossing over from one well to another well,
travels appreciable distance away from the bottom of the well. This is because
the particle is driven up the walls of the potential in response by the external
forcing F'(t){10]. So when external field direction reverses, it fails to cross back in
synchrony with the drive. With the increase of the confining strength (larger q),
however, the chances of the particle making synchronised hoppings between the
wells increases (Fig.5.11b). So SR can be observed only for values of g greater

than a particlular minimum.
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Figure 5.12: Plot of P(W,) for D = 0.05 (a), D = 0.2 (b), D = 0.4 (c) and
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Figure 5.14: Plot of P(W),) for various values of D for ¢ = 4.0, v = 0.02, k = 0.2
and A = 0.1.

122



Chapter 5. Stochastic resonance in a driven double well system

The very fact that the particle can be driven up the potential walls by the
external drive, leads to higher amplitudes of intrawell motion at lower values of
D or interwell motion at higher values of D. Thus the the work done per period
of drive W, increases with the decrease of q irrespective of the value of D as
can be seen from Fig. 5.9. The distributions of W), also reflects this (Fig. 5.12).
For different values of D, the distributions for ¢ = 1.5 are much broader than
those for ¢ = 4.0. There is substantial weight towards negative values of W,
which reflects the presence of transient second law violating trajectories. But
for lesser ¢ values, the weight of the probability distributions towards higher
negative values of W, are more.

In Fig. 5.13 and 5.14, the distributions in W), are plotted for different values
of D for ¢ = 1.5 (Fig. 5.13) and ¢ = 4.0 (Fig. 5.14). At lesser values of
D where intrawell oscillatory motion is dominant, the distributions are closer
to gaussian. At very high values of D, the particle does not see the barrier
between the two wells and in this limit also the distributions approach a gaussian
nature. But at intermediate temperatures (D = 0.4 shown in the figure), for
g = 4.0 the asymmetry in the distribution is maximum. This corresponds to
the temperature at which the SR peak occurs. This is in agreement with the
results of part one of this work. However, for ¢ = 1.5, there is no marked
asymmetry even at intermediate temperatures. This is reflected in the absence

of the peaking of W, with D.

5.4 Conclusion:

We have studied the phenomenon of SR occuring in a driven bistable potential,
using the input energy per period of drive or the work done as a quantifier for
SR. The system exhibits hyteretic behaviour. We have shown that the hysteresis
loop area can also be a quantifier of SR and compared it with the input energy.

We have also studied the work fluctuations. We have shown that across SR
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fluctuations of work calculated over a single period in the asymptotic time region
dominates the mean value. The distributions exhibit significant weight towards
negative values of work indicating transient second law violating trajectories.
We have also studied the role played by the confining strength of a bistable
potential on the nature of SR using the the input energy per period of drive as
a quantifier for SR. We have found that, for the phenomenon of SR to occur in
a bistable potential, it should have a a certain minimum confining strength. For
different confining strengths of the potential we have studied the nature of the

input energy or the work fluctuations.
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Chapter 6

Stochastic resonance in periodic

systems

6.1 Introduction

This chapter is based on the results of our investigations on the phenomenon of
Stochastic Resonance in a periodic system [1].

Stochastic resonance (SR) was discovered theoretically about three decades
ago[2]. Since then SR has been investigated with fervour and many notable
reviews have appeared, for instance [3, 4]. Physical systems are always subject
to internal or external (thermal or otherwise) fluctuations (noise). The optimal
periodic response of a system to an external periodic drive as a function of
noise strength is termed as stochastic resonance. It has been experimentally
found to occur, to just mention a few, in electronic circuits [5, 6, 7], two-mode
ring lasers [8], nanomechanical systems [9], neuronal systems [10, 11, 12, 13],
etc. Its main attraction lies in its practical utility of selecting and enhancing
a signal of a particular frequency out of a host of signals by tuning the noise
strength. Presumably, biological systems use SR to their advantage [14]. It has
the potential to be utilized to control kinetically the pathways of a biochemical

reaction [15].
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SR has been predicted and shown to occur mostly in bistable systems [3, 16].
However, there has been some notable investigations of SR in monostable and
periodic potential systems as well [17, 18]. In the monostable systems, SR is
shown to occur in the high frequency regime close to the natural frequency of
oscillation at the bottom of the potential. However, the occurrence of SR in
periodic potentials have not been conclusive [19, 20, 21].

Dykman and coworkers [18] use an interesting model in which a single-well
Duffing oscillator with additive noise is driven at a frequency close to the natu-
ral frequency of the oscillator. The model is used under linear response theory
formalism to study fluctuation phenomena associated with two coexisting pe-
riodic attractors. A weak Gaussian noise causes transition between these two
attractors. The population of these two attractors become equal at a particular
noise strength where the response becomes maximum. This is considered as a
genuine signature of a (nonconventional) stochastic resonance. The theoretical
result was supported by an analog electronic circuit experiment. A similar result
was obtained in an underdamped superconducting quantum interference device
[23].

The same resonance behaviour as Dykman et. al. [18] in the frequency
dependent mobility was obtained in a periodic potential using linear response
theory by Kim and Sung [19] in the high frequency range of the external periodic
drive. However, these authors ascribe this resonant behaviour as simply a noise
assisted standard dynamical resonance as the transitions involve only intrawell
motion. Also, in the interwell-hopping (low) frequency regime the frequency
dependent mobility shows monotonic behaviour as a function of noise strength
thereby discounting the possibility of occurrence of SR in periodic structures.
However, the authors show that SR can occur if the driven system has a tilted
periodic potential so that the passages are allowed only in one direction.

Moreover, recently, it was observed that in a bistable potential, V(z) =

Voe %" + b|z|?/q, the confinement parameter ¢ plays an important role in de-
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ciding whether the system will show SR or not [24]. For ¢ > 2 the system shows
SR whereas for ¢ < 2 it does not (please see Chapter 5). In addition, we find
the input energy expended per period of the external field on the system by the
field acts as a good quantifier of SR. This input energy is ultimately dissipated
into the thermal bath. This is naturally a measure of the hysteresis loop area in
position(z)-force( F') space. Although the input energy and hysteresis loop area
are exactly the same in magnitude, the latter is an average quantity, whereas
input energy has a well defined distribution. The input energy distribution pro-
vides useful information about stochastic resonance behaviour. In particular,
the distribution shows a maximum asymmetry at stochastic resonance, which
is a characteristic of SR [25, 26, 27]. On the other hand, hysteresis loops carry
important information about phase relationship between x and F which have
also been of interest to SR [28, 29].

In the present work we explore the possibility of occurrence of SR in a peri-
odic sinusoidal potential using input energy and hysteresis loop area as quanti-
fiers which have been found to be good quantifiers for SR in double well systems.
We find that the periodic sinusoidal potential does not show SR when driven
by a low frequency field corresponding to Kramers rates across the maxima of
the potential or at a lower frequency. We also find that in the high frequency
range the input energy behaves exactly similarly as the response function in the
works of Dykman and coworkers [18] and as the frequency dependent mobility
does in the work of Kim and Sung [19]. However, our work shows that the input
energy or the work done also peaks as a function of noise strength. This is an
indication of SR, as in the case of bistable systems, arising due to a competition
between two dynamical states of particle trajectories. Though the trajectories
are intrawell in nature close to SR the transition between these two states are
also aided by interwell passages of particles across the potential maxima. These
two dynamical states are distinctly identified by the phase difference ¢ between

the periodic forcing F = Fycos(wt) and the trajectory z(t) = xocos(wt + ¢);

129



Chapter 6. Stochastic resonance in periodic systems

one having a fixed phase lag ¢; and the other ¢2. These phase lags effectively
do not vary with the noise strength. Moreover, the distribution of input energy
shows very similar behaviour across the input energy peak as in case of SR in
a bistable system thus affirming the genuineness of SR in the present periodic
potential system.

We consider two model systems for our study. In one case the medium is
considered to have a uniform friction whereas in the other case the friction is
considered to be nonuniform. Since the potential is symmetric and periodic the
former system do not show any average mobility. The nonuniform system, how-
ever, shows average current when driven by a sinusoidal forcing. Interestingly,
for the uniform system and the nonuniform case, ¢; and ¢, are different. In
either case the the trajectories have distributions of these two phases depending
on the noise strength. This is reflected in the form of the (z — F) hysteresis

loops.

6.2 The model

In this chapter, we consider the underdamped motion of a particle in a periodic
potential V(z) = —Vjsin(kz) which is symmetric in space (about kxz = (2n +
/2, n = 0,%1,+2,...). The system is driven periodically by an external
forcing F'(t)=Fp cos(wt). We study the system under two approximations - when
the friction coefficient (z) is uniform (=) (system is homogeneous) and when
the friction coefficient is space dependent y(x) = (1 — Asin(kz + 8)) (system
is inhomogeneous). In the latter case, the friction is periodic with the same
periodicity as the potential but has a phase difference § with it (6 # 0,7). A
(0 <€ XA < 1) determines the degree of inhomogeneity of the system (A = 0
corresponds to the homogeneous system).

A particle of mass m moving in a periodic potential V(z) = ~Vpsin(kz) in

a medium with friction coefficient v(z) and subjected to an external periodic
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forcing F'(t) is described by the Langevin equation,

m22 = 0% O | P+ H@TED.  (61)
mEZ _ 3V L ey 4 T ). (6.2)

a2~ &t oz
Eq. 6.1 is for the inhomogeneous system and Eq. 6.2 for the homogeneous
system. The temperature T is in units of the Boltzmann constant kz. The
inherent random fluctuations in the system are represented by £(t) which satisfy
the statistics: < £(t) >= 0, and < £(t)§(t') >= 26(t — t'). The equations are
written in dimensionless units by setting m = 1, V5 = 1, k = 1. The Langevin
equation, with reduced variables denoted again now by the same symbols cor-

responding to Eq. 6.1 and 6.2 is written as

d?z dz

Et_?— = —-"y(l‘)—d—t- + cosz + F(t) + vV ’)’(.’L‘)Tf(t), (63)
dz dx
e - Ty + cosz + F(t) + v/ TE(t), (6.4)

The potential barrier between any two consecutive wells of V(z) disappears
at the critical field value Fy = F, = 1. The noise variable, in the same symbol

&, satisfies exactly similar statistics as earlier.

6.3 Numerical results

We solve Eq. 6.3 numerically using Heun’s method [30] for solving stochastic
differential equations, to obtain the trajectory z(t) of the particle for a given
initial condition and different values of the parameters Fy, v, T and 7, (= %")

The work done by the external drive on the system or the input energy is
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Figure 6.1: Plot of average work done per period of drive,

W, and the corre-
sponding average (x — F') hysteresis loop area A as a function of temperature T'
for the homogeneous system (a). Fig.6.1b shows the ensemble averaged (z — F)

hysteresis loops for a few D values; 7,=8, Fy = 0.2, v, = 0.12.
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defined as[31, 32},
ot U (z,t)
W, = / vt 4
P s ot
to+Tw
= Fyw / z(t) sinwt dt (6.5)

to

This follows from the stochastic energetics formalism developed by Sekimoto
[33].

To obtain physically relevant quantities, independent of the initial conditions,
the system is allowed to evolve for time of the order of t = 10° to ¢t = 107 in
steps of At = 0.001. The averaging is done over an ensemble of 100 particles,
each starting from an initial position taken from a uniform grid between the two
maxima at £ = —5 and §21 of the potential. The initial velocity of the particles
is kept fixed at v(0) = 0.

To calculate the average work done per period of the external drive, W, is
calculated (eqn.(6.3)), after removing the initial transients, for 100000 periods
for each of the 100 initial conditions. The values of W, are different for different
periods. Averaging is done over all the 100 x 100000 periods of drive. We study
the distributions of W, which are initial condition independent. The ensemble
averaged z(t) — F'(t) hysteresis loops are plotted and the area of these loops are
calculated for comparison with W,

Throughout our work, we keep 7,, = 8.0 (unless stated otherwise), which is
close to the natural frequency of the intrawell particle oscillations [18, 19] in our

periodic system.

6.3.1 Homogeneous system

In Fig. 6.1a, the variation of the average work done (input energy) per period by
the external drive, W), and also the area of the corresponding (z — F') hysteresis

loops (Fig. 6.1b) are shown as a function of the temperature T, for the homo-
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geneous system. W, and the area of the hysteresis loops match exactly. This
proves that all the input energy to the system is dissipated. As T'is increased
from the deterministic limit (very small T'), W, decreases attaining a minimum
at an intermediate value of T. With further increase of T', W, shows a peaking
as a function of T which bears the signature of Stochastic Resonance in the pe-
riodic system under our consideration. Earlier, input energy (and equivalently
hyteresis loop area) has been proved to be a good quantifier for SR in bistable
systems [31, 32, 25] (please see, chapter 5). Similar resonance behaviour has
been observed earlier in the frequency dependent mobility of the particles in a
driven periodic potential system [19).

A look at the particle trajectories (Fig. 6.2 a and b), clearly shows that
the particles can have two kinds of trajectories corresponding to two different
phases, ¢; (out of phase) and ¢o(in phase) with respect to the external driving
force. The corresponding hyteresis loops (Fig. 6.2 ¢ and d) reflect the presence
of the two phases. The out of phase loop (Fig. 6.2c) is a superposition of the
the periodic forcing F' = 0.2 cos(wt) and the response z(t) = 1.94 cos(wt + 0.6)
while the in-phase loop (Fig.6.2d) is a superposition of F = 0.2 cos(wt) and
z(t) = 0.56 cos(wt + 0.17). Thus ¢; = 0.6r and ¢ = 0.17. The out of phase
trajectories have higher amplitudes compared to the in phase trajectories. Also,
the area of the hysteresis loops and hence correspondingly W, for the out of
phase trajectories are more than those of the in-phase ones. The presence of
phase lag between the external periodic forcing and the response z(t) and its
role in SR has been investigated earlier for a different system [28, 29].

The presence of the two different trajectories correspond to two distinct
dynamical energy states.

This is reflected in (Fig. 6.4a) where W, for trajectories starting with 100
initial conditions are plotted. For trajectories with some initial conditions, the
particle is out of phase giving higher W, = 1.17 (equal to the out of phase loop
area (Fig. 6.2c)), while others are in phase having W, = 0.09 (equal to the in-
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Figure 6.2: Plot of z(t) and F'(t) for £(0) = —0.68 (a) and z(0) = 2.0 (b) and the
corresponding (z — F) hysteresis loops (c and d); T = 0.003, 7,, = 8, Fp = 0.2,
Yo = 0.12.
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Figure 6.3: Plot of z(t) and F(t) for T = 0.015 (Fig. a) . Fig. b shows the
particle trajectory for a higher temperature 7 = 0.1 with 2(0) = ~0.68. It
reflects the interwell motion as also the presence of the two phases of motion;
To =8, Fy = 0.2, 7o = 0.12.

phase loop area (Fig. 6.2d). Clearly, the in-phase state has lesser energy than
the out of phase state. The nature of the trajectories at very low temperatures
(deterministic limit) are very sensitive to initial conditions. So depending on the
initial condition, the particle may go to either of these dynamical states, and
remains in that state throughtout its evolution (Fig. 6.4a). When averaged over
an ensemble, the relative abundance of the two states determines the final value
of W,. The ensemble averaged hysteresis loop Fig. 6.1b (and correspondingly
the average response (z)) naturally has a phase different from that of individual
particles of the ensemble.

As the temperature increases, transistions start occuring at intermediate
times from out of phase state to in phase state (Fig.6.4b). At the temperature
corresponding to the minimum (7" = 0.015), all the trajectories go to the in
phase state, whatever initial phase they start with (Fig. 6.3a and Fig. 6.4c).
Till this temperature, intrawell dynamics determines the system behaviour. As
the temperature increases further, the particles start making random jumps out

of the wells (Fig. 6.3b) interspaced by periods of intrawell motion. Alongwith
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Figure 6.4: Plot of average work done per period (along y-axis) with the different
initial conditions z(0) along x-axis (corresponding to different trajectories) for
T = 0.003 (a), T = 0.008 (b), T = 0.015 (c) and T = 0.16(d), 7, = 8, Fy = 0.2,
Y0 = 0.12. At low temperature (a), particle trajectories are either in phase or
out of phase depending on the initial conditions.
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this, transitions start occurring between the two dynamical states of the particle.
This is reflected in Fig. 6.3b where the presence of higher amplitude (out of
phase) and lower amplitude (in phase) trajectories can be seen with transistions
from one to the other. In Fig.6.3a, a transition from out of phase to in phase
state of the particle is shown. It can be seen that at the point of transition, the
amplitude of particle motion becomes very less.

With the increase of temperature above that of the minima, therefore, com-
petition occurs between the two dynamical states of the particle. At an optimum
value of temperature (T = 0.2), this competition leads to a peaking of the input
energy W,. It is to be noted that, around the temperature where W, peaks,
interwell motion also aids the switching between the two states. At higher tem-
peratures, the switching between these two states becomes too frequent, in every
single realisation, leading to a decrease of overall amplitude of the particle mo-
tion and hence a lesser value of W, for each realisation (Fig. 6.4d) and also the
ensemble averaged W), (Fig. 6.1). The peaking of W, as a result of competition
between two dynamical states of the particle at an optimum temperature also
aided by random interwell hoppings makes it a bonafide Stochastic Resonance.
A similar phenomenon of SR due to noise assisted synchronised switching be-
tween two coexisting periodic attractors in a driven monostable system had been
reported earlier [18].

Fig. 6.5 shows the distributions P(W,) for different values of T. For lesser
values of T', two distinct peaks are seen in the plot for P(W,), which reflects the
existence of the two dynamical energy states. At an intermediate temperature
where there is a minimum in W,, P(W,) shows a single peak. Around the
temperature where there is a peak in W, (T = 0.2), the distribution becomes
broad and also the asymmetry in P(W)) is maximum, exhibiting a characteristic
(bimodal) hump as in the case of the double well system ([25] and chapter 5).
The distributions show tails towards the negative energies reflecting the presence

of transient second law violating trajectory segments.
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Figure 6.5: Plot of P(W,) for different values of T for the homogeneous system;
Ty =8, Fop = 0.2, v = 0.12.
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6.3.2 Inhomogeneous system

We made similar investigations as in the previous section for an inhomogeneous
system using a space dependent friction coefficient y(z) = 7o(1 — Asin(kz +6)),
as discussed earlier, with A = 0.9.

The variation of W), and the (z — F) hysteresis loop area shows a similar
variation as in the homogeneous case, exhibiting SR (Fig.6.6).

However for the inhomogeneous system, the peaking is much sharper and
the peak in W), occurs at a much lower temperature than in the homogeneous
system. Also the initial dip in W), at lower temperatures is less prominent. For
inhomogeneous case also, there exists two dynamical energy states corresponding
to particles which are out of phase (Fig. 6.7a and Fig. 6.7c) and in phase
(Fig. 6.7b and Fig. 6.7d) with the external drive F(t). The out of phase
loop (Fig. 6.7c) in this case is a superposition of the the periodic forcing F =
0.2 cos(wt) and the response z(t) = 2.1 cos(wt + 0.837) while the in-phase loop
(Fig. 6.7d) is a superposition of F' = 0.2 cos(wt) and z(t) = 0.59 cos(wt +0.027).
Thus for the inhomogeneous system, ¢; = 0.837 and ¢ = 0.02r which are
interestingly, different from those of the homogeneous system. The explanation
for the nature of variation of W, with T in the homogeneous system holds for
the inhomogeneous system too.

However, because of the presence of inhomogeneity in the system, the particle
has more probability to go for random excursions out of the potential wells
(interwell motion) at a lower temperatures in the inhomogeneous system than
for the homogeneous one (Fig6.8). This interwell hopping, assists the particle
in making transistions from one dynamical state to the other. So the peaking
of W), is observed at a lower T value for the inhomogeneous system.

In Fig. 6.9, the distributions of W, are plotted for various T in the ihomo-
geneous system. Comparing with the distributions in the homogeneous system,
one can see that at lower temperatures, the weight towards the out of phase

states in the inhomogeneous system is more than in the homogeneous system.
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Figure 6.6: Plot of average work done per period of drive, W, and the corre-
sponding average (z — F') hysteresis loop area A as a function of temperature

T for the inhomogeneous system (a) and the corresponding ensemble averaged
(z — F) hysteresis loops (b);7, = 8, Fp = 0.2, 7o = 0.12.
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Figure 6.7: Plot of z(t) and F(t) for (0) = —0.68 (a) and z(0) = 2.0(b) and the
corresponding (z — F') hysteresis loops (¢ and d); T' = 0.003, A = 0.9, 7, = 8,
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Figure 6.8: Plot of z(t) for the homogeneous system (A = 0) and the inhomoge-
neous system (A = 0.9) for temperature T = 0.08; z(0) = 2.0,7,, = 8, Fp = 0.2,
Yo = 0.12.

In this case too there is sufficient weight towards negative energies which shows

the existence of transient second law violating trajectory segments.

Variation of particle velocity

The presence of a space dependent friction coefficient y(z) = (1 — Asin(kz +
6)) in a periodic and symmetric potential system can generate ratchet current
(please see chapter 2 and 3). We calculated the ensemble averaged velocity
{v) for the inhomogeneous system in the range of T' values where W, shows a
peaking. As expected, for such low temperatures, particle velocity is very low
(Fig. 6.10). Also, it does not show any peaking behaviour in that range of T
values.

However, we checked the particle velocity behaviour with temperature in
a low frequency regime, with 7, = 140. It is seen that, (v) exhibited a nice
peak with temperature (Fig. 6.11). The ensemble averaged velocity (v) also is

found to show a peaking with the time period (analogously the frequency) of

143



Chapter 6. Stochastic resonance in periodic systems

L T
T=0.001 —+—
T=0 006 &

T=0.014 <

P(W,)

(a‘)N"

(b)w"

Figure 6.9: Plot of P(W,) for different values of temperature T for the inhomo-
geneous system; 7, = 8, Fp = 0.2, 79 = 0.12.
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Figure 6.11: Plot of ensemble averaged velocity (v) versus T, for the inhomoge-
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geneous system (A = 0.9); T = 0.4 ,F; = 0.7, 79 = 0.12.

the external periodic drive (Fig. 6.12).

In an earlier work SR was observed in the mobility of an overdamped Brow-
nian particle in a tilted periodic potential (without the presence of an oscillating
field) but in the presence of space dependent periodic friction coefficient. Though
in our case of the inhomogeneous system in the underdamped regime, we are
seeing a peaking of (v) with T, we don’t see any synchronisation of the system’s
response to the external periodic drive giving rise to this peak, unlike in the case
of the peaking of W, and (x — F’) hysteresis loop area with temperature. Hence

this peaking of (v) with T is not SR in our underdamped periodic system.

6.3.3 Variation of response amplitude and phase across

SR

The existence of the two dynamical states of the particle z(t) = xo cos(wt + ¢, )
and z(t) = xpcos(wt + @) characterised by their phase difference with the ex-

ternal drive F(t) = Fycos(wt) in both the homogeneous and the inhomogeneous

146



Chapter 6. Stochastic resonance in periodic systems

075

0.7

0.65

06

0.55

05¢

0451

04

N

i

0

002

004 oo 080l
(b)

Figure 6.13: Plot of the response amplitude zp versus T for homogeneous (a)
and inhomogeneous system (b); 7, = 8, Fy = 0.2, 7 = 0.12.
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Figure 6.14: Plot of the phase diference ¢ of the response function (z(t)) as a
function of the temperature T" for the homogeneous (a) and the inhomogeneous
(b) system; 7, = 8, Fy = 0.2, 7o = 0.12.
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system has been discussed in the previous sections. From the ensemble averaged
hysteresis loops (Fig. 6.1b and 6.6b), we calculate the average response func-
tion (x(t)) of the system and study the nature of the variation of its phase and
amplitude across the SR peak.

Fig. 6.13 shows the variation of the response amplitude zo as a function
of the temperature for both the homogeneous and the inhomogeneous system.
Fig. 6.14 shows the variation of the corresponding phases with temperature. The
response amplitude, in both the homogeneous and inhomogeneous system shows
a peak with temperature. This is analogous to the peaking of work done W, and
the hysteresis loop area and hence is again an indication of SR in the periodic
system. A similar measure of SR in a different system has been experimentally
demonstrated by Gammatoni et. al. [28].

From Fig. 6.14a, it is obvious that the temperature T = 0.2 at which the SR
peak occurs (Fig. 6.1a) for the homogeneous system under our consideration,
is an inflection point in the ¢ vs T curve. A similar behaviour was earlier
reported in a bistable EPR system [28]. For the inhomogeneous system also
(Fig. 6.14b), the ¢ vs T curve shows a peaking at the T value where the SR peak
occurs (Fig. 6.6a) [29]. The difference in behaviour of the homogeneous and the
inhomogeneous system is rooted in the fact that the presence of inhomogeneity
in the system under our consideration, introduces an asymmetry in the system
which changes the nature of the particle dynamics.

The SR phenomenon observed by us in periodic systems is thus consistent
with the existing analysis of SR in bistable systems with respect to the response

amplitude and phase.

6.4 Discussion and Conclusion

Stochastic Resonance in periodic systems has been a widely debated topic over

the past few years [19, 20, 21, 22]. Also different quantifiers of SR has been used
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to study this phenomena.

Using work done per period of external drive W), (or equivalently the input
energy) and the loop area A of the corresponding (z — F') hysteresis loops as
quantifiers, we have shown that conventional SR, (due to hopping between two
stable states, synchronised with the external drive) does occur in a periodic
system. This is manifested as a peak in W, and A as a function of noise strength.

We have found that the particle in a driven periodic system (both homo-
geneous and inhomogeneous) has two distinct possible dynamical states which
are characterised by their phase and energy. This phase difference between the
external driving force F(t) particle response z(t) has been shown to play an
important role in SR [28, 29].

The SR in a driven periodic system that we observe as a peaking in W,
and A with the temperature T, occurs in the high frequency regime where the
frequency of external driving is near about the natural frequency of the system.
Also, it occurs in a range of temperature where intrawell particle oscillations
are dominant with occasional interwell hoppings. This resonant behaviour is
similar to that of the response function of Dykman et.al. [18] and the frequency
dependent mobility of Kim et.al. {19]. Kim et.al. opined that the peaking of
mobility observed by them in a periodic system as a function of noise strength,
in the high frequency regime is not SR but just a dynamical resonance. Their
conclusion was based on the reasoning that this resonance is not due to hopping
between two states synchronised with the external drive, which is a pre-requisite
for conventional SR. Also they observed that the particle motion is dominated
by intrawell oscillations which is as good as the particle being in a monostable
system.

However from our numerical analysis, we have shown that, though in these
parameter regimes particle motion is dominantly intrawell, two distinct dynami-
cal states are available for the particle in the driven periodic system (as discussed

earlier). The particle can make noise facilitated transitions between these two
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states. We have found that the peaking of Wp and A with T is due to a com-
petition between the particle occupancy in these two states. This counters the
argument of Kim et.al. proving that the resonance we observe is indeed conven-
tional SR. Also we observe that at temperatures around the SR peak, random
interwell particle hopping sets in, which assists the particle transistions between
the two states. Thus the SR we have observed is not solely because of intrawell
particle motion as argued by Kim et.al. That interwell motion plays a role,
is strengthened by our observation that, with inhomogeneity in the system, a
sharper SR peak is observed at a lower temperature. This is because, with in-
homogeneity, interwell hopping of the particles become more probable even at
lower temperatures.

We studied the distributions of W, across the SR peak. They are found
to exhibit similar behaviour as the distribtions in the case of bistable systems
[25, 26, 27], where the phenomenon of SR has been established beyond doubt.

We further analyse the response amplitude and phase difference of the re-
sponse with the driving force. We find that they too show signatures of SR as
had been reported earlier for bistable systems [28, 29].

The study of the work distributions and also that of the response amplitude

and phase, further supports the occurrence of SR in periodic potentials.
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Chapter 7

Summary and Conclusion

The counterintuitive and constructive role played by noise in many physi-
cal and biological systems in the microscopic regime, is an active field of research.
Many noise assisted non-equilibrium phenomena like ratchet effect, stochastic
resonance, noise enhanced stability of states etc. have been discovered in sys-
tems, where the presence of an optimal amount of noise concurs constructively
with the system parameters to give rise to these phenomena. In most of these
phenomena, noise activated barrier crossing play a central role.

Ratchet effect is one such phenomenon in which Brownian particles moving
in a periodic potential system, driven far away from equilibrium, show a net
directed transport in the presence of a optimal amount of noise, even in the
absence of any obvious external bias. Such particle motion in periodic poten-
tials has relevance in various physical and biological systems. For example in
Josephson junctions, motion of an ad-atom on a crystal surface, superionic con-
ductors, motion of motor proteins like kinesin and dyenin along microtubules for
intracellular transport etc. Various models of ratchet has been used to study the
phenomenon of ratchet effect. Inhomogeneous ratchet is one such model where
the particle experiences a space dependent diffusion coefficient either due to a
space dependent temperature or a friction coefficient.

One of the primary emphasis of this thesis, was to study the underdamped
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particle motion in a driven symmetric and periodic potential system with a
space dependent friction coefficient in the deterministic regime as well as in the
presence of noise. The friction coefficient is similarly periodic as the potential,
but has a phase difference with it.

From our studies in the deterministic regime, we show that even with a per-
fectly symmetric potential, we get all the qualitative behaviour of deterministic
ratchets like particle current, chaotic dynamics etc. that had been obtained with
asymmetric potentials in most of the earlier works, just by having a space depen-
dent friction. The role of by the various parameters of the system like external
drive frequency and degree of asymmetry in shaping the nature of the particle
dynamics was investigated. We found that at lower values of asymmetry, there
is a need of averaging over initial phase of the external drive to obtain pysically
relevant particle currents. At low amplitude and low frequency driving, noise
plays a crucial role in generating particle current.

With the addition of noise into the system, using a square-wave drive, we
obtained appreciable and steady ensemble averaged particle current in our in-
homogeneous ratchet system, even with a symmetric potential. We studied the
effect of the various parameters of the system like the frequency of drive and the
phase difference between the potential and the friction coeficient on the nature
and magnitude of the particle current. We characterised the ratchet perfor-
mance by calculating the efficiency, diffusion coefficient and the Péclet number.
We found that for efficient performance of these ratchets, an optimal choice of
the various parameters is of utmost necessity. We studied another important
penomenon of underdamped particle transport in tilted periodic systems, in
which the particles undergo dispersionless motion in intermediate time regimes
even in the presence of fluctuations. Using square-wave drive, we showed that
the cumulative duration of the coherent motion of the particles can be increased
manifold over that of a constant tilt case, which was investigated earlier. Also we

show the possibility of tuning the system to make the particles move coherently
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when required.

Another focus area of this thesis was on the phenomenon of Stochastic res-
onance (SR)- a phenomenon in which a system shows an enhanced periodic
response to an external periodic forcing in the presence of noise. We show that
a particle in a driven double well system exhibits SR by using input energy per
period of external drive as a quantifier which shows a peaking with the strength
of noise in the system. The system is found to exibit hysteretic behaviour. We
calculated the hysteresis loop areas and they are found to show exact match-
ing with the input energy or the work done. This implies that all the energy
supplied to the system is dissipated as heat (whose measure is given by the
hysteresis loop area). Using the same quantifier of SR, we also study the role
played by the confining strength of the bistable potential on the phenomenon
of SR. Using input energy as a quantifier too, we show that for SR to occur,
the confining strength of the bistable potential should be greater than a thresh-
old value. This was ea}"lier shown using the amplitude of particle motion as a
quantifier. We also study the distributions of the work done per period on the
system for various values of temperature across the SR peak and their change
in their nature with the confining strength of the potential. Interestingly, the
input energy distributions show substantial weight towards the negative energy
values, which hints to the fact that in non equilibrium systems, certain transient
second law violating trajectories occur.

Lastly we examine the occurrence of SR in periodic systems. We show that
using the work done (or equivalently the input energy) per period of drive and
the hysteresis loop area in a driven periodic system, SR can indeed be observed
in periodic systems. This SR is manifested as a peaking of the work done per
period as a function of noise strength, which is due to the competition between
the particles to occupy the two dynamical states that they can be in. These
states are characterised by the phases and energy. We also studied the SR

. phenomenon with respect to the response amplitude and phase and found our
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results to be consistent with earlier works on bistable systems.

The thesis is thus an effort to contribute to the understanding of a few aspects

of noise assisted phenomenon that are prevalent in various systems.
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