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PREFACE

Congruences are statements about general divisibility properties of inte-
gers, as well as of rationals (if properly interpreted in this case). Many proofs
in number theory can be seen as extended sequences of deductions about the
divisibility properties of integers. These deductions can be greatly simplified
by the simple mechanism of expressing the divisibility relations as equations
or what is commonly known as congruences. This mechanism was devised
by the great mathematician Gauss, who showed that the advantage of using
congruence was in the fact that they could be manipulated in accordance
with the ordinary rules of algebra. The ease with which congruences can be
algebraically manipulated not only speeds up calculations tremendously, but
also throws up unexpected divisibility relations.

Some simple congruences, singling out essential aspects of divisibility in
integers form the very basis of elementary number theory as we know it now.
Among them, the congruence known as Fermat’s Little Theorem (named
after one of the founders of number theory, P. Fermat (1601-1665) immor-
talised by the famous Fermat’s Last Theorem) though simple, is one of the
most useful basic relations in elementary number theory. Equally important
are some other elementary congruences modulo primes and prime powers.
Numerous attempts have been made, and no doubt will be made in future,
to generalise these congruences. For, any fruitful generalisation will bring
out deeper divisibility relations.

This survey originally started as an attempt to understand some of the

generalisations (though partial) of Fermat’s Little Theorem. This led nat-



urally to studying various ingenious methods used to prove congruences of
different types. One of the most fascinating ways of dealing with congruences
is to use deep results from p-adic analysis. The work of Chowla, Dwork and
Evans [5] is a prime example. Some recent work, as detailed in A.Robert’s
book [15] also strengthen the case for using p-adic analysis for generalising
old congruences and discovering new ones.

Thus, this survey has two parts. The first part essentially covers general-
isations of some basic congruences using elementary methods. This part also
discusses a few little-known congruences if only to emphasise their unusual
proofs. The second part starts with a brief introduction to p-adic field and
analysis therein. The aim of the second part is to focus on the basic features
of the p-adic methods used to prove congruences of some binomial coefficients
modulo prime powers.

Now we give a chapterwise description of this survey. The first chapter
begins leisurely by looking at three of the well-known elementary congruences
namely Fermat’s , Wilson’s and Wolstenholme’s. Eisenstein’s famous gener-
alisation [10,12] of Fermat’s little theorem follows, which we prove by using
a combinatorial identity. Next, Jothilingam’s [12] extension of Eisenstein’s
result is discussed. Two related concepts, that of Wieferich primes and Fer-
mat quotients are also taken up in this chapter. In the most interesting part
of the survey, we use Ram Murty’s formula [15] for Fermat quotient to give a
nice determination of 3*~! mod p?, thus generalising Eisenstein’s congruence.
Another feature of this chapter is the unusual collection of various generali-
sations of Wolstenholme’s congruence. We round up the chapter by looking

at some congruences and their proofs which we consider to be of interest in

il



our future programme.

The second chapter treats a few of the classical congruences satisfied by
Bernoulli numbers. Our choice is dictated by the usefulness of such congru-
ences in our main programme. After introducing Bernoulli numbers and their
basic properties, we quickly establish Von-Staudt’s Theorem and Voronoi
congruences. Voronoi type sums are important for us as they are similar
to sums appearing in the formula for Fermat quotients. Finally, we could
not resist the temptation of discussing Chowla’s neat use {4] of Von Staudt’s
result to establish a generalisation of Wolstenholme’s congruence.

Chapter 3 is a brief discussion of the tools that we require from p-adic
analysis for the study of certain congruences. Starting with the basic descrip-
tion of the p-adic field @), and its extensions Q,, and C,, this chapter takes a
quick look power series and Hensel’s lemma application. We introduce p-adic
gamma function and list some of its basic properties here.

The final chapter of the survey, the fourth chapter, basically examines the
use of p-adic methods in solving congruences, specifically of congruences for
some binomial coefficients. Here we are content in singling out the concepts
from p-adic analysis that work in such situations. The first part is devoted
to examine how the p-adic analogue of the mean value theorem of classical
analysis is used to “estimate” and thus yield a congruence of certain binomial
coefficients. The generalisation of this congruence, known as Kazandzidis
congruence, however needs the additional input of p-adic gamma function.
Our treatment of this part follows that of Robert [18]. The second part of this
chapter discusses the celebrated paper 6f Chowla, Dwork and Evans [5] on

the determination of certain binomial coefficient mod p?. Their work utilises,

iii



apart from p-adic gamma function, the Gross-Koblitz formula for evaluation
of Gauss sums, and Diamond’s formula [8] for values of the logarithm of
the p-adic gamma function. It is interesting to note that Fermat quotient

appears in the proof at a crucial point.
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Chapter 1

Elementary Congruences And

Their Generalisations

1.1 Introduction

In this chapter we begin by recording some well-known elementary congru-
ences like Fermat’s , Wilson’s and Wolstenholme’s theorems. It is followed by
a discussion of Eisenstein’s famous congruence of 2°~! modulo p? which gener-
alises Fermat’s Little Theorem. P.Jothilingam’s congruence of 2°~! modulo
p? follows. We then introduce Fermat quotient and give another proof of
Eisenstein’s congruence. Same method is used to give a beautiful congru-
ence for 37~! modulo p?. A related topic of Wieferich primes is touched on.
We close the chapter by looking at some interesting generalisations of Wol-

stenholme’s congruence.



1.2 Elementary Congruences

1.2.1 Theorem. Fermat’s Little Theorem : If p is an odd prime and a is

an integer such that, (a,p) = 1, then
a?~! =1 (mod p)

1.2.2 Theorem. Wilson’s theorem : If p is a prime then
(p — 1) = —1(modp)

In text books and literature one comes across various proofs of these
results. We have chosen to present proofs of Fermat’s and Wilson’s theorems
which bring out the essential group-theoretic nature of these two results.
For example, Fermat’s theorem is a simple consequence of the fact that the
multiplicative abelian group (Z/pZ)* whose elements are nonzero residue
classes of integers modulo p has order p — 1 . Since in a group G having
order o(G), a°©® is the identity of G, it follows that for any residue class
a € (Z/pZ)*, a*~' is 1 in (Z/pZ)* where 1 is the identity of the group
(Z/pZ)*. But @ = b in (Z/pZ)* means a = b (mod p) and @ € (Z/pZ)* if
and only if (a,p) = 1. So we may conclude that for any a € Z, p not dividing
a,

a1 =1 (mod p).
We can also prove Fermat’s Little Theorem by induction on a. This

proof depends on the fact that the binomial coefficient (?) (1 <i<p—1),
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is divisible by p. Note that this divisibility property is a direct consequence
of unique factorisation in Z. Now

(a+1)=af + 1 +§:(I;) =a+1 (modp).

=1

so that induction completes our verification. _

For the second theorem, we observe that the left hand side is just the
product of all the elements of the group (Z/pZ)*. Now, in any finite abelian
group, the product of all elements is trivially the product of all the elements
of order 2. Since (Z/pZ)* is an abelian group having a unique element of

order 2 namely p — 1, it follows that,

in (Z/pZ)* which implies that

(p-1)!=-1 (mod p).

Before discussing some more congruences that can be settled by using
properties of the group (Z/pZ)*, we need to extend the idea of congruences
of integers to rational numbers. For integers a,b,c,d (b,d # 0) and m, a
positive integer with gcd(bd, m) = 1, define

c
d

-Z- (mod m) & ad=bc (modm).

This means , for example



for a prime p (p does not divide b) iff pla.
Thus the congruence

1 1 1
i E e H =0 d
(1) 1+2+3+ +(p-1) (mod p)

for any prime p > 3, is equivalent to the fact that the numerator of the
fraction of the left hand side is divisible by p. This can be treated as a
number-theoretic interpretation of the following result: The sum of the in-
verses of the nonzero elements of the field Z/pZ is zero , for, they are precisely
1,2,---,p—1in some order.

Similarly we can show that for any odd prime p > 3

1 1
(2) 1+-2—5+"‘+m50 (modp)

However, we are not aware of of any such algebraic interpretation of the

next result which is known as Wolstenholme’s theorem:

1.2.3 Theorem. If p is a prime > 3, then

(3) 1+%+%+~-~+;}_—1—50 (mod p?)
Proof. We have
1+_+..+__1_
p—1
=1+“1—1+%+;}—2+ +—_1_T+7é
=P( 1 + ! +—~_1__+...+ ~1 )
p—1 2(p-2) 3(p-3) 2Tpil

4



(4). Ep(—l—(2”1)2—(3“)2—..._((?__;_1)~1)2) (mod p%)

But, N
14+ (@Y 4+ ((3;) )
= (1) + @)+ )+ (@- D7)
(Yo e
=" [(( - 17—;)—1)2 +o+ (- (- 1))'1)2] (mod p)
=_ [1 + @+ 6B+ + ((?—;—1)—1) 2] (mod p).
Hence,

2 [1 +(@)Y+ 3B+ ((p_;) ~1)2] =0 (mod p).

Therefore, from (4), we get
1+1+ +L‘“O (mod p?)
2 p—1_ P

O

We give an alternative proof of (3), due to S.D. Chowla and A.Sreerama

Sastri [1] which depends on the following basic result.



1.2.4 Lemma. If1<n<p-—1, then
S, =14+2"4+3"+---+(p—-1)"=0 (mod p).

Proof. We have

n
(z+1)"—2" = (Y)x““1+--~+(n_1>+1

()swr oot (7 ))s1=0 (modn)

Now, induction on n proves the lemma. O

Proof. Coming to the proof of the main theorem, note that Wolstenholme’s

congruence is equivalent to

Z(%+—1——)50 (mod p?)

m<p/2 p—m
or
) Comy e ) =0 (modp)
m<p/2
or

Z (7712—) =0 (mod p)

m<p/2



which is equivalent to

o STy wre e

m<p/2 m<p/2

Since p — 3 is even ,
mP~3=(p—m)’® (mod p)

3

and hence from (5)

Z(m”"") =0 (mod p)

m<p

by lemma, since p > 3.

This completes the proof

1.3 Generalisation of Fermat’s Little Theo-

rem

We begin by stating Eisenstein’s generalisation of Fermat’s Little Theorem:

1.3.1 Theorem. For any prime p > 3, we have

1 1
p—1 — — . e _ 2
2 _1+p(1+3+ +p—2) (mod p*)



Our proof is based on the following combinatorial identity ({17], pp. 27).

n k n
(6) E(l'k””) =y (Z)(—l)ki’ik—k?i) VneN, z € R,
k=1 k=1

For a different proof, see Hardy and Wright [10].

Proof. Putting n = p, and = = 2 in the identity,we obtain

S (1-2) &), (2 -1)
> Z(k)( Y
_ S (e, @ -1 (@21
pkzl(’““l)( V" P
since
P\ _pfp—-1
() =%(2))
Therefore,
P / 1\k P
(7) §(kl) E—2p1 (mod p)
But
1 1 1 1
T e 2(1+3+ +~p—-1—§) (mod p)

Hence from (6),




or

1 1
p—-1 — _ NN e .
2 _.—-1+p(1+3+ +p——2) (mod p*)

O

The simplicity of Eisenstein’s congruence will be perhaps lost when we

try to extend it to the case of 7°, as is evident in the following result of P.
Jothilingam [12].

1.3.2 Theorem. For an odd prime p > 3,

1 1 1 : 2
271 =14 (1 S 4 )_2§ £ s—1 3

where (12;) i8 a Legendre symbol and by, b, - - - b, are quadratic residues modulo
p.
Proof. Putting z =2 and n = p > 3, an odd prime in the identity (6)

P _1\k P _1\k
S () e

k=1 k=1

Lty —1)¢ P _
=pk=1 (z—i)(;") (2 -1)~ = 4 2

since

Therefore,

—1)* -l g D __
Z(k) E_17221621_(2101) (mod 77)

P
k=1 k=1



as
1 1
l+mtgmt +(p 1)2__0 (mod p)
But
1_1_}.1_..._.__.__:2 1+.1_+ + ) (modp2)
3 p—1" 3 2 ’

by Wolstenholme’s congruence. Therefore, from (8),

2(1+§+ +p—-) ) pz

(mod p?).

or

1 P~ 9k—1
(9) 2P—1:1+p(1+3+ +_.___)_ 222_ (mod p°)

By Euler’s criterion,

2P-1/2 = (f—)) (mod p).

Hence,

2 = 2F (g) (mod p).

10



So

p-1 - a k—1) e a+k—1 3. 9k-1 4 k-1 2
2(k-1) 2 2 — Z
B S SR ) o A
P S Myl P I LAY
‘ 1 2 1 k1
= — ) 12
= (i (p) (a+k>2)

55; (5+ () goiep) ? (moan

since a + k = —(a — k + 1) (mod p). Let by, by,---,b, be the residues of
1/12,1/2%,--- ,1/a® mod p. Then these are also the quadratic residues mod-
ulo p. Using this in (9) we get

1 1 1 - 2
2?1 =14p (1 + 3 + g + —__-—) ~p? (bk + (—) ba——lc+1) 2¥=1 (mod p?)
p k=1 p

O

Our attempt to obtain a congruence for 3*~! mod p? similar to Eisenstein’s
congruence in its simplicity, in the same manner, has not been successful. The

difficulty lies in finding a closed form for the residue of

i: (—-,?)k (mod p).

However, in the next section we find a nice formula for 37~} mod p? using

what is known as “Fermat quotient”.

11



1.4 Fermat quotient

For any prime p and any integer a, p not dividing a, we let the Fermat

quotient F'(a) to be
a? -1

F(a) = p

In terms of F(a), Eisenstein’s congruence can be written as
F2)=1+435+---+ ;5 (modp).

Thus a complete generalisation of Fermat’s Little Theorem similar to
Eisenstein’s result requires us to find a easily calculable residue of F'(a) mod
p. We begin with a brief disscussion on the basic properties of Fi(a). We
have

F(ab) = F(a) + F(b) (mod p),
since
(@b~ = (1 + pF(@))(1 + P ()
=1+ p(F(a) + F(b)) (mod p?).
Thus F'(a) modulo p behaves like a logarithm. We also have

F(a+pt) = f(a) - at (mod p),

where a@ =1 (mod p?).

In fact,
(a+pty~' =a® ' +p(p—1)ta*? (mod p?))
=14 pF(a)+p(p — )ta*'a (mod p?)
=1+ pF(a) + p(p — 1)ta(1 + pF(a)) (mod p?)
(10). =1+p(F(a) + (p - 1)ta) (mod p?)

12



es of F(a) mod p, W€ pow derive & general formula

5|. By the logarithmic property

Using the above properti

following Ram Murty {1

for F(a) modulo P,
of F, we bave

pz—l:F(aj) = ')E_:F(a) + ll’2—:17'(]) (mod p)

j=1 j=1 j=1

?

which yields the following rel

p—1 p—1
Flg= SOFG) - 2 Fed) (mod p)

i=1 j=1

ation easily.

Let aj=pq,-+r,-,with1_<_r,- <p—-1 Then
F(aj)=F(fj+PQj)—=-F(Tj

by (10). As j runs through 1 to p—

)— ¢ (mod P),
1 so does r;. Therefore,

p-i 4 p—-1 jo 1
(11). F(a) = 4= [——\ — (modp
=n =2l (mod 7)

the formula for F (a) as alluded to earlier. We first show that this

which is
formula can be used to give another derivation of Eisenstein’s Congruence.
2, namely,

We begin with the formula for a =
122 {23'}1
F)= - 41 -~ {mod
@)= 53|55 ®dP

j=1

—

But
ﬁﬂ _o, & 15j<@-1/2

13



since 2j/p<1 & j<p/2=(p—1)/2+1/2,1e j = (p—1)/2.

Similarly, '
[21_] =1 & (+1)/2<j<p-1
p
Therefore, 1
p——
Z22= ¥ 2 (modp)
P jmprnye?

(p-1)/2 1
= - Z = (mod p).
=1 J

This can also be written as

zp_.l_l— -];(p_zl)/2l
P 247
On the other hand,
-1 (o~1)/2
1( 1 1 1 ) =11
~s{l+s+s+ )= -2 Y
2 23 p-1/2) & 2 4~
-1
1 (1 1 1
=35 (rirayiy) oan
1 1
= 14— d p).
tg 7 +p—-2 (mod p)
so that
-1 1 1 1
= 1o ——— .
. +3+ +p—2 (mod p)

which is Eisenstein’s congruence (Theorem 1.0.5).

14
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We pow derive a formula for 3?~! mod p? which generalises Eisenstein’s

congruence. We first compute F'(3) with respect to a prime p such that

(3,p) =1.
Now
2) P22 = S il (modn

so that our task reduces to working out[3;/p). Consider the case when 3|p~1

We have
3j/lp<1 & j<p/3=(p—-1)/3+1/3,ie,j< (p—1)/3,
which implies that these j's do not contribute to the sum in (12). Similarly

we can show that for
p+2 <j< 2(p-1)
3 3

the corresponding terms in the sum will contribute 1 and for

2p+1
3

S]Sp—l’

they will contribute 2 . Hence (12) can be simplified to

2p-1/3 4 1
JF@) =0+ » -+ Y. > (modp)
=23 1 =Gy

=Y+ 3 it Y b Y oY (medp)

i=1 i=wtas 1 i=emnpsd j=@erysd =Y

15




r-1y g (p—1)/3
B SLEN SR S
S gt =

Note that the first term is congruent to 0 mod p by (1). Changing j top—J

makes it clear that the second term is congruent to

Thus, in case 3|p — 1, we see that

(r-1)/ 3

3F() = -2 Z (mod p)

In case 3|p+ 1 or equivalently 3|p — 2, an equally pleasant calculation shows
that the terms in the sum in (12) contribute 0 for j < (p — 2)/3, contribute
1 each for (p+1)/3 < j < (2p—1)/3 and contribute 2 each for 2(p+1)/3 <
j < p—1. Thus from (12) we get

(2p-1)/3 1 p—~1

SFR)=0+ 3. Y 2 (modp)
i=pr3? j=arys?
=2)/3, (@-)/3 o1 o2
=3 o+ 3 s+ S L¥ ——Z (mod p)
7=1 —<r+1)/3 =gt sy

p—2)/3 (p—-2)/3

”Z“ Z i Z (mod p)

=17
(>=2)/3 |
=-2 Z (mod p).
i=1

So we have proved

16



1.4.1 Theorem. For any prime p > 3,

p—2)/3

(
2 1 2
Pl=1-= =~ {mod p%),
3P ; j
if3lp+1 and
piz1-2p 3 L (mods?),
3 =1 J
if3lp—1.

1.5 Wieferich Primes

A prime p satisfying 22! =1 (mod p?) is called a Wieferich prime.

The primes 1093 and 3511 were proved to be Wieferich primes by Meissner
and Beeger in 1913 and 1922 (Ribenboim [16]) respectively. Recently it has
been announced after a computer search that there are no other Wieferich
primes below 10'%. However, we can still ask

(1) Are there infinitely many primes p such that
21=1 (mod p?

or

(2)Are there infinitely many primes p which do not satisfy Wieferich’s con-

gruence?

17



While it seems that very few primes satisfy Wieferich’s congruence, M.Ram
Murty’s work {15] has indicated that there are infinitely many such primes
which are not Wieferich primes. We follow his treatment below.

A positive integer is squarefree if it not divisible by a square, otherwise,
it is said to be squarefull.

Let
2% — 1 = u,v,
where u,, is squarefree and v, is squarefull, (up,v,) = 1. Suppose pluy, i.e.
p|2" — 1 but 2" # 1 (mod p?). Let d = 0(2) mod p. Then p— 1 = dz and
n = dy for some integers x and y. Let 2% = 1 + pm. Then
2" = (1+pm)’ =1+pmy (mod p?)
where (my,p) =1 and
1= (1+pm)® = 1 +pmz (mod p?)
where (mz,p) = lie. 27"1 #£1 (mod p?).
By the ABC conjecture,
Un Un < (unen %)t
so that v, < 2™ which means that u,, — oc.

The sequence uy is mutually coprime for primes ¢, since if d is the order
of 2 mod p where p is a prime factor of both u,, and u, and m,n are distinct
primes, then p|/m and pjn which is not possible.Hence there are infinitely
many primes p such that

Z-1#1 (mod p?),
settling question (2).
Question (1) as we have indicated is no closer to settlement. However we

may note that an odd prime p is a Wieferich prime

18



(1) if and only if

by Eisenstein’s Congruence, or

(2) if and only if

1

1+ =+-++-—7 = 0 (modp)

NHH

by our formula for F(2).

1.6 Generalisation of Wolstenholme’s thoerem

We discuss a couple of interesting congruences which generalise Wolsten-

holme’s congruence. The first is due to Chowla [2].

1.6.1 Theorem. If a prime p > 3 then

(13) > ~=0 (mod ™)

where (n,p) = 1.

Proof. Congruence (13) is same as




where (1, p) =1
1 m
=0 (modp )

i.e.
>

n< %p"‘

or
1 _¢ (mod ™
(14) T =0 (ed#?)
n<ip™

By Fermat’s little theorem,

n(”‘l)”(m_” =1 (modp™)

so that (14) reduces to
m-1p-1)-2 = 0 (mod ™)

nP(m-l) (-1 P
w_ =
(15) Z n2 = n
n<io™ n<ip™

Since pm—l(p -1)-2 is even,
2= (" - " (mod ™)

so that (15) 18 equivalent t0

(16) Z e =0 (mod p™)
n<p™

20



To prove (16), let g be a primitive root of p™ and let

s=¢(™) =p""p-1), t=5-2.

Then (16) is equivalent to

Z 9" =0 (mod p™)
n=1

or to
t( s
g'(g” -1) _
1 =0 (mod p™)
This is true because g* = 1 (mod p™) and ¢* is not congruent to 1
mod p. Hence the proof. O

The following result is known as Leudesdorf’s generalisation of Wolsten-

holme’s theorem (Chowla [2]).

1.6.2 Theorem. If (n,6) =1, then

Z(%) =0 (mod n?)

m<n

where the dash means (n,m) =1

Proof.

!

Z(%)EO (modnz)ézm(n m))"O (mod n)

m<n
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& Z(;n%) =0 (modn)

m<n

If (a,n) = 1 and a? is not congruent to 1 mod n then

Zm’2 = Z(am)"2 (mod n)

or

(a2 -1) Z m2=0 (modn)

Hence the proof O

1.7 Some Assorted Congruences

The following congruence is due to Winfried Kohnen [14]. Our interest in
this congruence is because the proof uses the same combinatorial identity

which we had utilised to derive Eisenstein’s Congruence.

1.7.1 Theorem. Let p be an odd prime. Then

p-1 (rp-1)/2 -
1 _ (_l)lc 1
2 ToF = ; p (mod p).

Proof. Putting z =1 and n = p — 1 in the identity (6) and observing that
( ) ~1)*  (mod p)
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and

we obtain

t Z‘ L (mod 1)

In the sum on the left, replace k by p — k = —k (mod p) and use Fermat’s
Little Theorem to get
p—-1 ok

2 T = ‘2”2'];5?—_22];21: (mod p).

The sum on the right of (17) can be written as
(p—1)/2 (__1)]3 (p- 1)/2( l)p._k @‘1)/2( )k

k=1

This proves the theorem. O

A slightly more complicated congruence, as stated in the next theorem
due to Zhi-Wei Sun [19], however needs vastly deeper techniques. In fact,

Sun’s proof is quite unusual as it uses properties of some Pell sequence.

1.7.2 Theorem. For an odd prime p

(r—-1)/2 1 3p/4] (__1)];;..1
g;: ok = Z p (mod p)
= =1

23



We omit the proof as it is long and complicated. Since the summands of
the righthand side of the above congruence is related to the combinatorial
identity we have repeatedly used, it may be possible to give a shorter and

elegant proof using that identity.

To complete the chapter we present yet another congruence of binomial

coeflicients due to Chowla, .

1.7.3 Theorem. For all primes p > 5,

(2p ) =2 (mod p?).

p
Proof.
(217) — 2P(P+p—~1)(p+p__2)...(p+2)(p+1)
p 1-2-3---(p—1)p
- 2HZ;1(P+$) _ 2nx;i(1 +p/z) H’:;;;ix
-1 TRE
=2][( +p/2)
(18) =2+ 2pi % + 2p2 Z :_}y_ (mod p3)

where 1<z <y<p-1.
But,

1Y = COr- TG

And as we have seen before,

p-1

Z% =0 (mod p?)

z=1
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and

the theorem.

p-1

1

z —=0 (meod p)-
T

z=1

Therefore, the 1ast tW0 terms of (18) are con

25
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Chapter 2

Congruences Involving

Bernoulli Numbers

2.1 Introduction

The choice of the subject of this chapter may seem surprising. However,
the object is to understand Voronoi’s Congruence {11}, as Voronoi type sums
occur in calculations involving Fermat quotients. Also we present Chowla’s
clever use of Von Staudt’s theorem in establishing Wolstenholme’s congruence

so as to give a proof of different flavour.
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2.2 Basic properties of Bernoulli Numbers

Bernoulli numbers B,, (n non-negative) are defined by the relation
t 2. B,t"

: __ 1
et ~1 ~ n

The following are the properties which can be quickly established:

(1) Bernoulli numbers satisfy the recurrence relation

5(0)on -0

i=1
so that

Bo':-l, Bl=-1/2, 3221/6, B4='—1/30, B6=1/42, Bs=—1/30,
(2) As

is an even function of t,

for all m > 1.
(3) If
Sm(M) =1™+2% 4 .. 4 (n— 1)

where m > 1, then

(m+1)Sp(n) = Z 5

= (m+1
=)

) nm+1_kBk
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which can further be simplified to

. s = £ (7)o 2

i=0

The details may be found in [11]

2.3 Congruences

We now begin the preparation for deriving Voronoi’s congruence. Our treat-
ment closely follows that of Ram Murty[15].

A rational number z/y # 0 is p-integral (p is a prime) if p does not divide
the denominator y. The order of the rational number z/y denoted ord,(z/y)
is defined as ord,z — ord,(y) where ord,(a) for an integer a is the highest
power of p dividing a. We begin with the simple observation

2.3.1 Lemma. For an odd prime p, pB, is p-integral.

Proof. The proof is by induction on m. Setting n = p in (1) we have

m m p"+1

= pB, —_—

Sm(p) = pBm + ;(i)pB o)

Since p* > 2* > i+ 1, it follows that ord,(p*/i +1) > 0 and by induction
hypothesis each pB,,_; in the sum is p-integral. But S,,(n) is an integer.
Therefore pBy, is p-integral. O
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It follows from this lemma that, if By = Uk/Vi with (U, Vi) = 1, then
V, is not divisible by p® and that

Sm(n) = pBy,  (mod p).
We also have

2.3.2 Lemma. Ifp — 1 does not divide &, then Sk(p) = 0 (mod p) and if
p — 1|k, then Si(p) = -1 (mod p).
Proof. Let g be a primitive root mod p. Then, if p — 1 does not divide &,
=2 k(p-1) _ 1
Sip) = D (¢ = T—= =0 (modp)

=0 -1

If p — 1{k, then by Fermat’s Little Theorem

Se(p) = p—-1 = -1 (modp).

Now we can prove

2.3.3 Theorem. (Von Stoudt-Clausen) For an even integer k,

18 an integer.

Proof. From the last two lemmas, we observe that if p— 1 does not divide k,
then

pBy =0 (mod p)
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and so By, + 1/p cannot be p-integral and if p — 1|k then

pB; = ~1 (mod p)

ie., pBy +1=0 (mod p).
In this case, V; is square-free which means that the prime factors of V
are precisely those p’s such that p — 1|k. Since pBg + 1 = 0 (mod p) means

that

1
Bi+-
*Tp

is p-integral for each such prime p,it follows that

is an integer.
We can now derive Voronoi congruences. These are
2.3.4 Theorem. For an even integer k > 2, we have
Vi Sk(n) = Uy n  (mod n?)

2.3.5 Theorem. For a positive integer n with (n,a) = 1, we have

n-1rp¢.
(@* ~ 1)Sx(n) = kna*-! Z {15-] ¥ (mod n?).
i=1
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Proof. For each j with 1 < j < n, we can write ja = g;n + r; where

o2

0 < rj <mnso that

Thus we have

(ja)¥ = 7 + kgnrt™'  (mod n*)

= r¥ + kgm(ja)*™'  (mod n?)

As j varies from 1 to n — 1, so does r; since (a¢,n) = 1. Summing the above

congruence over j from 1 to n — 1 we get the required congruence. g

We complete the chapter by disscussing an ingenious proof of the gen-
eralisation congruence of Wolstenholme’s congruence due to Chowla which

uses Von Staudt’s theorem.

2.3.6 Theorem.

]

1
Z —~=0 (modp™)
n
‘nszm
Where the dash indicates that n is prime to p

Proof. If n is prime to p then

P """ =1 (mod p*™)

(2) S 3 Lo T (e )

nSme n 9211:

S
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Now
pz'" -—p2'""1 -1>2m

since p > 3

Hence (2) becomes

(3) Z —1,;5 3 2T (mod p)

n<p?m n<p?m

where the dash is removed from the right hand side.

Now ()
p’"“"" 1 a Bl m{a—1)
a e —_—
,g;,,.s =1 T T\y)e?
0\ B2 a3 , ... @ \Ba-1/2 om
4) (3)4p oo E a—2 a-—lp2
where

and By, By, ... are Bernoulli’s numbers.

We now apply Von Staudt’s theorem on Bernoulli’s numbers in equa-
tion (4). Von Staudt’s theorem says that the denominator of B,, in its lowest
terms is a quadrat frei number, all of whose prime factors ¢ satisfy 2n = 0
(mod g — 1). Now the last term in (4) is
1

(5) + 3

aBy yp"™

32



If the denominator of

Bia-1)

is divisible by p, then, by Vonstaudt’s theorem,

a__l____p?m_p'lm—-l_z

is divisible by p — 1. This is not possible if p > 3. If p = 3, p may occur as a
factor only once. It follows that the numerator of :i:—;-aB 1 (a_,l)pz'“ is divisible
by p* when p > 3, and by 37! when p = 3.

Then by Von Staudt’s theorem the terms in (4) that occur before

1

3

aB -%(a—~1)p2 "

exept the first are divisible by p*™ if

mp®™ Y p-1) > 4m -1,

which is true if p > 3. Hence

(6) Z =0 (modp*™)
a4<32m
if p > 3, and
(7) D s*=0 (mod 3>
as32m
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Finally, from (3) and (6) we get the required result. This also proves

: l — 2m—1
Z ~= 0 (mod 3*™7).

"'S 32m
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Chapter 3

p-adic Numbers And p-adic
Analysis

3.1 Introduction

This chapter is a brief review of p-adic fields. We gather here the concepts
and results (without any proof) from “p-adic analysis” which we shall require
in the next chapter. Our basic references for the material are Koblitz {13]
and Robert [18]. Washington [20] is quite helpful for p-adic gamma function

and related matters.
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3.2 p-adic fields

Let p be a prime. Recall that for any nonzero integer a, ordy(a) is the
highest power of p dividing a. The concept was extended to rationals by
setting ordy(r) = ordy(a) — ordy(b) if r = a/b. We use this idea to define a
norm on (. More specifically, if | |, on Q is defined by

F;‘Imy ifz;éO
0 ifr=0

lzlp =

then ||, is a norm on Q. In fact, it satisfies a stronger non-Archimedean
property, namely
|z +ylp < maz{|zl, + |ylp}-
The corresponding metric on @, defined by

d(z,y) = |z — ylp

is also non-Archimedean in the sense that

d(z,y) < maz {d(z,z),d(z,y)}

for any z,y,z in Q.

Thus for every prime p, we have a non-Archimedean metric on Q, in
contrast to the usual metric on @ induced by the absolute value which is an
Archimedean one, i.e., not non-Archimedean.

The famous theorem of Ostrowski says that every non-trivial norm on Q

is essentially either | |, for some prime p or the usual absolute value. Note
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that for any prime p, the nonzero values of the p-adic norm on Q) are integral
powers of p.

By a well-known construction using cauchy sequences, any metric space
can be completed. When completed in this manner, for example, ¢ with
the usual metric yields the complete field of real numbers. In a similar
manner, for any fixed prime p, we can complete  with respect to the p-adic
metric to obtain the the field of p-adic numbers (. Thus elements of @
are equivalence classes of cauchy sequences of rational numbers. The p-adic
norm of @ can be extended to @, as follows : For any a in Q,, if {a,} is a

cauchy sequence which represents the class of a, let
|alp = limp_sc0lan|p

It can be easily verified that this is well-defined and that it is a norm. It
1s a routine matter to verify that @, is complete with respect to this norm.
Observe that, unlike the real case, the nonzero value of the extended norm
is the same as that of the norm on @, namely the integral powers of p.

There is a more practical description of elements of @, other than being
equivalence classes of cauchy sequences. This new description depends on
the following fact (Koblitz [13]): For any a in @, with |al, < 1, there is a

unique representative cauchy sequence {a;} of rational integers such that

(]‘) 0< q; <pi7 1=1,2,3,---

(2) ai = Gig1 (mod pi) 1= 1, 2, 3, v

Now let, for each 1,
a = bo+bip+--+bp
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be the ordinary expansion in base p, where 0 < b; < p—1. The condition
(2) then shows that

Giy1 = bop=bip+--+bip T+ bip'

for some b;, 0 < b; < p—1.Thus the original a can be thought of as a “number”
written in base p, which extends indefinitely to the right. In general, for any
a in Qp, choose the correct power of p such that |[p™a|, < 1, whence it follows

that a € @y, in general has a Laurent series expansion:

b b
bo Loy g Omot

a=
pm pmt

+bm + bmp1p+ -

This is the p-adic expansion of a.

Those numbers whose p-adic expansion has no negative powers of p, do
form a subring of Q,; this is the ring of p-adic integers, and is denoted by
Zy. Thus, Z, = {a € @, : |al, < 1}. Since any element of Z, can be
approximated by rational integers to any degree needed, Z is dense in Z,.

We also note that Z, is compact.

3.3 p-adic series, Hensel’s lemma

That analysis is easier in J, than in the complex field is due to the following

fact:
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3.3.1 Theorem. A series Y o, (an € Qp) converges iff lanlp — 0 05

n — oC.

This theorem is a direct consequence of the non-archimedean nature of
the p-adic metric.
for example, the series "
P
n=0
converges in @, to 1/(p — 1).
We may consider power series over (), also. As in complex analysis, the

power series

Zan " (a, € Qp)

n=0

has radius of convergence r given by

_ 1

* lim sup|an|"

where the usual conventions apply for r = 0 and r = oo.

The exponential series

o0 :I:"
Ezp(z) =) o)
n=0
has radius of convergence
r = p"—ll(p~1)’
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whereas the “p-logarithm” series

(o o xﬂ
log(1 +2) = Z("l)"“;;
n=1

has radius of convergence + = 1. Thus the p-adic logarithm log,(z) is defined
by the power series for |z — 1], < 1. It is easily checked that

log,(zy) = log,(z) + log,(y)

as an identity of formal power series.
To illustrate the power of these concepts in settling questions of congru-
ences, we present the following example due to Ram Murty : Consider the

series

which converges in the 2-adic field @ to — log(—1) by the definition of power
series for logarithm. But observe that —2log(—1) = —logl = ~logl = 0. In
other words, the given series converges to zero in (). This can be interpreted
as : For each positive integer m, there is a natural number n s.t.

22 23 P

—_— —_— e _— = m
245+ 5+ + = =0 (mod2).

An important tool for analysing functions over @), is the following:

3.3.2 Theorem. Hensel’s lemma: Let f(z) € Zy[z] be a polynomial with
coefficients in Zy,. If f(x) = 0 (mod p) has a solution ay € Z, such that
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f'(ag) # 0 (mod p), then there is a unique a € Z, s.t. f(a) = 0 where
a = ap (mod p).

We apply Hensel’s lemma to f(z) = zP~! — 1 for p > 2. Since f(z) =0
(mod p) has p ~ 1 solutions in Z and conditions for Hensel,s lemma are
satisfied, each of them can be lifted to a solution of f(x) = 0 in Q,. In other
words, for each 3, 1 < i < p— 1, we have a number w(i) € Z,, called the
Teichmuller representative of the corresponding residue class mod p, such
that

w(i) =1 (mod p)

with
w(P ' =1.
This allows us to define the so called Teichmuller character which is the
multiplicative map from (Z/pZ)* — Z, given by t — w(z). We also note

that every
t€Z,={z€Z,: |z|,=1}

can be written uniquely as * = w(z) < z > with < z >€ 1+ pZ,. For
p = 2, slight change has to be made.

It should be mentioned that Hensel’s lemma implies that @, is not alge-
braically closed. In fact, a deeper analysis shows that, if we replace Q, by its
algebraic closure _Qp ( by the usual method of extending norms from base field
to finite extensions), @p fails to be complete with respect to that extended

norm. Therefore, sometimes it is necessary to consider C)p, the completion of
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Q,. The norm on Qp can be extended to C, by a routine exercise. C,, turns
out to be complete, algebraically closed and Qp is dense in C,,

Fortunately, the concepts of convergence of series and power series in Q,
which we discussed earlier can be extended to Cjp ( or for that matter to Q,

or other extensions of @,). For example, the p-adic logarithm defined by

o0

log,(1+2) = 3 (-1 Z

n
n=1

is well-defined for |z|, < 1 in C,. However, the brilliant work of Iwasawa had
shown how to extend p-adic log to all of C; = C, — {0}. This construction
of Iwasawa, rests on the crucial fact that any element z in C; can be written
in the form

P w(z) <1 >

where |z;[, = 1 and |z; — 1|, < 1. Then we define for z € C;, as

o (—1)nH! ~1)"
logz = Z( ) (<nx1 > 1)

n=1
after first setting logarithms of roots of unity to be 0.
Observing that we do have the notion of derivative of a continuous func-
tion f with respect to p-adic metric ;

_ g {@+PY) -~ f(@)

n—+00 P

f (@)

provided the limit exists. It is easy to see, for example, that the derivative of
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z" is nz"~!, More importantly for us, it turns out that the p-adic logarithm is
locally analyticin C; i.e., it can be expanded into a power series in sufficiently
small neighbourhood of each point of C7. Differentiating this series term by

term we see that

8| =

(log, (a:))’ =

h *
in Cp.

3.4 p-adic Gamma Function I',

We now discuss the p-adic gamma function. The ides is to have a p-adic
function which mimics the essential properties of the classical gamma func-
tion. One way is to extend the function n — n! from Z to Z, p-adically.
However such an extension is not possible because |n|, — 0 as powers of
p increase as n increases. Hence our approach needs a little modification.
Consider a product

I s

1<j<n, ptj

Then it can be shown that

H J=-1 (modp’) aveZ, v>1
a<j<a+p?,pt
This means that the function

fo)y:=(1 I 7 (r22)

1<j<n,pts
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from N — {0,1} to Z is uniformly continuous with respect to the p-adic
topology and hence it can be extended to a unique continuous function from
Zy to Zy. Such an extension is possible as Z is dense in Z,.
The resultant function on Z, is called the (Morita) p-adic gamma func-
tion, I',. Thus
I,:2Z, 2 2,

is a continuous function that extends

fn) =1 [ 7 (r>2

1<j<n,ptj

By definition, this gamma function takes its values in the clopen subset
Z, of Z, and it depends on the prime p.
We now collect the important properties of this p-adic function.

By definition f(n) = I'p(n) if n is a rational integer. So

T,2) =1, T,(3)=-2,

n!  ifnisodd,n <p-1
(1) Tp(n+1) = R RS
~n! ifniseven,n <p-1

From definition it also follows that I'y(r) € Z is given by

(=)™ipt  (=1)vFinl

(2) Fp(’ﬂ-f-].) = HlskpSn kp - [n/p]!p[n/p]

where n > 2. Again,
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—nlp(n) ifpin
—T,y(n) ifpln

(3) nm+n={
and by continuity,

—zl,(z) fz e Z;

“ frlo+1) ={ —T,(z) ifze pZ,

It is convenient to introduce a function hy:

h,,(as):{ —z ?fxe z: (jz) = 1)
-1 ifze pZ, (Jz} <1)

so that we can write
(5) Fp(‘” +1) = hy - Fp(x) (z € Zp)

This functional equation can be used backwards to compute the values I'p(1)
and T'p(0) from I'y(2) = 1. Thus we get I',(0) = 1.This also follows by

continuity of this function. By the preceeding proposition we have

(6) L") = - [] 7i=+1 (modp"

1<j<pn ptj
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hence I'p(p") — 1 as n — oo.

Moreover
(7) [p(0) =1, L(1) = -1, Tp(2) =1,
(8) Tp(n+1) = (-1)""'na! (1<n<p)
(9) Ip(a+mp") =Tp(a) (mod p°)
(10) IT,(z)| = 1
(11) ITp(z) — ()| < |z —yl, [Tp(z) — 1] < .

Dylz+1) = hy(@)Tp(a). < (12)

Tp(z) - Tp(1 - 2) = (-1)), < (13)

where R(z) € {1,2,---,p}, R(z) = z (mod p). (11) follows from (9) by
continuity. For (13), let f(z) = [p(z) - [p(1 — z). We have

f(z+1) = hy(2)Tp(2) - Tp(—2),
and since I'p(—z) = [p(1 — z)/hy(z),

fl@+1) =€) - f(2), e(z) = hy(z)/hp(—2).

Now,



~1 ifjz]=1
+1 ifjz] <1

Take for x an integer n and iterate,
fln+1) = e(n) - f(r) = -~ = (-1)*f(1),
with an exponent k equal to the number of integers j < n prime to p. Since
the number of integers j < n divisible by p is [n/p], this exponent k is
n — [n/p]. Hence
fln+1) =Tp(n+1)-Tp(-n) = (—1)nin/el. Ip(1)T5(0) = (“1)n+1_["/p]-

-1
To find a formula given in (13), let £ = m =n+1 (integer), whence 1 —m =

~nand Tp(m) -Tp(1 —m)=Tp(n+1) -Tp(—n) = (—1)*+-/Fl
With the expansion of the integer n in base p,
n=mng+mp+---=rng+p7]
we infer that
n— (2] = no+ (p— 1)[2].
Since p — 1 is even, this proves that n — [n/p] has the same parity as ng:
(_1)"+1~[n/p] — (_1)n0+1_
Sincem=n+1 = ng+1 (mod p) and ng + 1 is in {1,2,--- ,p}, we have
R(m) = ng + 1, and the formula is proved for integral values z = m of the
variable. By density and continuity, it remains true for all z € Z,,.
The classical Gamma function satisfies the Legendre relation

[(TQ—2) = —

sinmz’
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which implies for z = 1/2

Hence we can say that in @), an analogue of the number 7 could be taken
as T,(2)? = (~1)P*D/2. In particular, if p= 1 (mod 4), [p(}) = v—1is
a canonical square root of —1 in @,. This canonical imaginary unit can be
identified easily. In the case p= 1 (mod 4), the Wilson congruence
p-1)= ()2 = -1 (mod p)

shows that(25%)! mod p is a square root of ~1. Since (p+1)/2 =1 (mod p),
property (11) gives

Tp(3) = Tp((p+1)/2) = (~1)®*/2((p~1)/2)! = ~((p—1)/2)! (mod p).
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Chapter 4

Congruences For Binomial

Coeflicients Revisited

4.1 Introduction

This last chapter is devoted to certain congruences whose proofs demand
concepts and techniques from p-adic analysis. They range from mean value
theorems to properties of p-adic gamma function and Gross-Koblitz formula
for Gauss sums. Most of the basic material needed from p-adic analysis have
been covered in the last chapter. We begin by looking at a congruence of
binomial coefficients which turns out to be a consequence of the p-adic ana-
logue of the mean value theorem of real analysis. Its generalisation, namely
Kazandzidis congruence, however needs p-adic gamma function and its log-

arithm. We have followed Robert [18] for this material. The last part of
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the chapter reviews the fascinating paper of Chowla, Dwork and Evans [5].
This paper deals with the mod p? determination of the binomial coefficient

(g:};ﬁ) As in the proof of Kazandzidis congruence, p-adic gamma function

is required. However deep results like Gross-Koblitz formula for Gauss sum
are also needed. It is interesting to note that Fermat quotient does appear

in the proof at a crucial stage.

4.2 Congruences for the binomial coefficient

()

To establish the first of these congruences, we need to look at the p-adic

analogue of the mean value theorem. Consider a formal power series

o0
E a,z"
n=0

over (), with the restriction that |a,|, — 0; such series will be referred to as
restricted power series. A “norm” can be associated with such a restricted

power series f(z) =Y a,z™ by declaring

” I ” = Supngolanlp-

Note that the “norm”
| /' = supnolnanl, < suplanl, = || f |}
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Given a restricted power series

fla)=)_ anz",

n=0

we can associate a function f on the unit ball

{ze @ : lafp <1}

given by

10 =Y o

=0
The mean value theorem then states that

FE+h) = fBl < |hl | fl

for |t|, < 1, [t + h|, < 1 with |h|, < p~ /-1,
However, for our purpose we need a slightly more general estimate. Let
K be a Banach space (e.g., a finite dimensional vector space) over @, such

that the extended “norm” || || is again non-archimedean on K. Now assume

that

flx)= }: anz"

is a restricted power series with coefficients in K. Then we consider

F:{re@, |zl <1} - K
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f@t)= Z ant™.
A variant of the mean value theorem gives an estimate of the “norm” of

such function; the norm of f is calculated by “norms” of element of K,

| £ 1l = supnzo |l an |l -

The relevant result is

| fE+h) =@ N < Al

for all

t,h e{ze@p : |z, <1}

and

_1

|h| <p77=7
We apply this estimate to some appropriate function f. For us, f will
be a “vector-valued” function with values in the finite dimensional vector
space of polynomials of degree less than or equal to some fixed integer with
coefficients in Q,. For extension of the p-adic norm from @, to a finite
dimensional vector space over Q,, see Koblitz [13]. Let f, g be polynomials,

to begin with, with integral coefficients given by

(14+z)f = 1+p-g(z)+ 2
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and
f(t) =1+t g(z) +2°)"

so that ¢ + f(t) is a function from the unit disc in @), to K where K is the
Banach space of all polynomials over @, of degree atmost np. The estimate

(2) gives us a bound of the “norm” of f(p) — f(0). However
F©0) = +4)"

f) = (1 +pg(z) +2)" = (Q+2))" =Q+2)™

so that

fO) - fO) =1+ - (1+2?)" =S (m),,.j -3y (Z) ot

; J

But || f' ||< |n|, and it follows that || f(p) — f(0) ||< |npl|,. The last “norm”
Il || is the sup norm of the Banach space K and hence all the coefficients of
the polynomial f(p) — f(0) must be bounded by |np|,. In particular, looking

at the coefficient of z”* we see that

) - ()

< lnplp
?

Thus

() () <
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yielding the following congruence

4.2.1 Theorem. Let p be a prime, and n, k positive integers with k < n.
Then

@ (%)= (}) Gmoamz)

Note that Kazandzidis congruence generalises theorem 1.7.3

The attempt to generalise the congruence
pn\ _(n
()=(0) im
rests on the observation that the quotient
n n
k k
can be expressed in terms of p-adic gamma function, namely

0 Ge) /() = eir e

where k +1 = n.

Since the left hand side is a p-adic unit, (as the quotient belongs to
1 + pZ,), it follows that to generalise the congruence (1) one has to show
that the quotient actually belongs to 1 + p"Z, for r > 1. This requires the
p-adic logarithm.

94



The typical term on the right hand side of (3) is [';(pz). Since |[';(pz) -

1|, < |z|p, and for
ly—1lp < p /oD, Hlogyl, = [y — 1lp,

it follows that

Ty(pz + py) _ Fp(p:c + py)
@ e e R B ,‘ B, (02T (o)

for z,y € Z,. (To compare with (3) put z+y =n, z = k and y = {).
Finally, therefore one considers the function f(z) = logI'p(pz), so that the
right hand side of (4) is just {f(z+y) — f(z) — f(y)|. The generalisation that

was sought, then follows once it is shown that

(5) If(z+y) — (@) — )] < IPPzy(z + y)).

To show this, one needs to first observe that f(z) can be shown to be a
restricted power series, and that f(z) is an odd function. Then careful de-
termination of the coefficient of f(z) yields (5). Once (5) is established, we

easily obtain Kazandzidis congruence, namely

4.2.2 Theorem. For all primes p > 5, and positive integers n, k, (k < n)

(ZZ) = (:) (mod p*nk(n ~ k) (:) 7).
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4.3 The residue of (g)’jgﬁ) mod p?

For a prime p, if p = 4n + 1, then it is known that p = a® + b% wherea =1

(mod 4). A famous congruence of Gauss states that

20 = (2:) (mod p).

Since p = 4n + 1, it can also be stated as
A=2a (mod p)

where A is the binomial coefﬁcient(((z:};ﬁ). Chowla, Dwork and Evans [5]

used Gross-Koblitz formula for Gauss sums and Diamond’s formula [8] to

derive the following generalisation proposed by F. Beukers:

(1) A= (1 + 2p_12— 1) (2a — 22(;) (mod p?)

We shall be working in Cy, the completion of @), with | | as the extended
valuation on Cp. Recall that Iwasawa’s log is defined on C, with series

expansion

o0 zn
—log(l—z) = Z——
n=1 n

for |z| < 1in C;.
Also recall that the p-adic gamma function I, is locally analytic on R,

where R is the disjoint union of the following disks

R= U D(—t,p™).

t=0
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where

1/p=pstsT <p

and

D(~t,p) = {& € Gyl |o +1| < p}.

For z € D(—t,p™), we let

(2 Rep(-z) =t (0<t<p-1)

Note that R contains Z, as a proper subset. We have the following

properties of I'p:

(3) r,(0)=1

(4) Tp(1 +2)/Ty(2) = { —o iA]=1
-1 ifjz| <1

(5) ITp(z)] = 1

Lp(z)lp(1 - x) = —(=1)*
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if:z:ED(—t,l/p),t:O,l,--- ,p—-l(ﬁ)

(7) §Y(z) € Qy

forallz € Z,,n € N.

Diamond’s formula [8] for the values of the logarithmic derivative I, /T,
at the elements of Z, N @ will also be needed. It says that fora € @N 2, ,
t = Rep(—a), if we let @’ be defined by

pd —a=t

then G =T, /T, can be evaluated at = = a by

® C@-6U)= Y ((+*—1)-p"(* —1)logl - 2),

z2%=1, z#1

where the sum is over all the d** roots of unity except z = 1 and where d is
the denominator of a.

We also need to consider a variant of Gauss sum. Recall that for ¢ € F),
we have a lifting t = Teich to Z, such that all such lifting are (p—1)* roots
of unity. Let £, be the p™ root of unity (in the Galois extension Q(¢,) of Q)
such that

»=1+7 (mod n?)

with m € C, s.t. 77~1 = —p. (such a choice is possible by a result of Dwork).

We may then define a nontrivial additive character 6, on F, by
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O(D = 6;7
where t is the Teichmuller representative of { in Z,. For j € Z/(p — 1)Z we

let the Gauss sum

) o) = - Y et

where the sum is over all the (p — 1)st roots of unity t. Observe that g(j) is
an element of Q(&,,&,-1). As usual, conjugate of g is defined by
conj g(j) = — Y& = g(j)(-1)".
so that
conj g(5)9(5) = p-
By the Gross Koblitz formula for such Gauss sums, we get, for 0 <j <p-1
then

(10 o) =71, (L)

p

We introduce
By = —Tp(1/4)2T,(1/2).
which by the formulas listed in the last chapter is related to the binomial
coefficient. By (10) we can identify By with
B=p"9(%") 9(%5").
By a result of Hasse, it is known that
B=a+1b, a,be Z.

where
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p=a*+b,
a=1 (mod 4).

Thus, our identification allows us to obtain

p
11 By+ = =2
(11) °+Bo a

as B-conj B = p.
After these preliminaries, we come to the proof of the actual result. First
write A in terms of I',. If 0 < n < p — 1, then from (3) and (4)
n! = (=1)**1 (1 + n).
Now, Rep-(1 +n) =p — 1 — n and hence

(12), nl = 1/Ty(—n)

for0<n<p-1

Therefore,

o 4= () /()22 /o ()

If zo € R and |z| < p, then by Taylor’s theorem,

(e o]
Lp(zg +2) = Z an 2"
=0

so that Cauchy’s inequality and (5) give
lan|p™ <1, Vne N,
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laol = [Tp(zo)| = 1.

In particular if |z| < |p| then

lan2™| < (Ipl/p)" = |p|"=(/P~(/-D),

If zo € Zp, then by (7) a, € Qp, i.e.,

ordy(a,) € Z.

and so there is an n such that

a,z" =0 (mod p*),

with ¢, , the smallest integer > n(1 - 1/p—1/(p — 1)).

For n > 2 we have

tn2¢22(1-1/p-1/(p—-1))).

If p > 5,then ¢; > 2.
This proves for p > 5,

4.3.1 Proposition. For x4 € Z,, |z| < |p| we have
T,(zo + 2) = Tp(z0) + 2T, (2o) (mod p?).
Using this in (13) and taking Ag = I'p(1/4)%/T,(1/2), we get

4 o L0/ -2r,0/4)°
= L,(/2)-8T,(72)
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“Tan g
=4 (1+ PG/ - G(1/4)))  (mod p?).
On the other hand, from (8)
G(1/2) - G(1/4) =((-1-1) —p7'(-1 - 1)) log(1 - (-1)) = [(-1 - 1)
—p~'(=1-1)) log(1—(-1))+((i-1)—p~'(i— 1)) log(1—2)+((—i~1)

—p ' (=i — 1)) log(—i — 1)]
_ 1 _ 1 -1
=1-;log2 = ;log2"~,

2 1 — Pre(l/9)
_,(1/4) ( D) (mod )

since log(1 — %) /(1 +1) = 0 (Iwasawa’s construction). From the power series
expansion of log 27!, we get
log2r~! =27-1 —1 (mod p?).
Also, it follows easily from (6) that
Ty(1/2) = (=12 = 1
and so Ay = By.

Thus we have

9p-1_1
A= By (1 t— ) (mod p?)

Thus our main congruence will be proved if we can show that
By = 2a — p/(2a) (mod p?)
It follows from (11) that By + conj By = 2a. Hence By is the fixed point of
the function
z — 2a-p/z.
If
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By = Zkzo axp*
is the p-adic expansion of By, then

Zakpk = 2a—p/By

k>0

implies

Taking this relation mod p and p? we get
By = 2a ~ £ (mod p?).
This completes the proof.
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