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ABSTRACT

In every computer, we have a certain upper limit
beyond which an integer cannot be stored in the memory.
1f we work with real numbers instead of integers, the
results are not exact due to round-off errors. If we
ar . dealing with large numbers having, say more than
15 digits, and we want the exact answers, it becomes
quite a problem with the computers. Let us assume that
the maximum limit for an integer variable in a particular
computer is 99999 and certain answer happens to be
837592103563789. Then we can divide the number intoq
groups of five digits each, starting from .the xjight,
and store each group of five digits in an element of
an integer array, say M. In the above case we shall
get M(1)=63789, M(2)=21035, M(3)=87359. Then we can

write the following statements in our program: -

I=3
PRINT 80, (M (I+1-k), K=1,I)

80 FORMAT (1X, 261I5)

_ 273592103563 789
The computer will print &#35 92105673989 in the 1Ist 15

columns of the line which is correct. But if we prowseed
4

in the above manner, there is a difficulty. If the exact



16434000§i00008
answer happens to be J36434—6065—+66668 the computer

will print out

16434 51 g
Fo—3t—5+——8

in the 1st 15 columns of the printed line. The embedded
zeros will be replaced by blanks, thus rendering the
answer absurd. Assuming that the correct answer will
not have more han 80 digits, and dtviaing each number
into groups of 4 digits each, starting from the right
I have developed 5 °§f§gm§‘7&?§ﬂ'&ur fundamental opera-
tions — addition, suybtraction, multiplication and diVisiOn
for large numbers. The fifth program deals with H,C.F.
of large numbers. I have taken adequate precautions.
: . in my programs so that the answers and Ehe numbers are
printed correctly. When we talk about polynomialé in
one variable, it 1is natural to think about the zeros
of a polynomial and the coefficients of the polynomials.
I have developed some programs for recgnstructing a
polynomial from its infeger zeros. I have extended this
problem to the case when the zeros of the required poly-
nomial are rational numbers, but not necessarily integgrs.
These rational numbers may nat be given in their lowest
terms. I have arranged matters so that the H.C.F. of
all the coefficients of the polynomial will be unity

and the leading coefficient will be positive.



Next I have considered- +the inverse problem,
that is the coefficients eme given as intcgers and we
,are to calculate the zeros. My program for this problem
will .generate not all zeros, but only those zeros which
are rational. In case, none of the 2zeros 1is rational,
the program will print out an appropriate message to

I
this effect.

In the case of a monic polynomial we know that
all the rational =zeros must be necessarily integers.
However, if the polynomial is not monic, we can reduce
the polynomial to another in which theﬁ%ggfficient will
be positive and the H.C.F. of allﬁ‘%oefficients will
be wunity. If these conditions are satisfied, and if

. the coefficients of the polynomial happen to be integers,
the rational zeros, if‘ any, will be in the form p/q,
where (p,q)=1, p is a factor of the last coefficient
of the polynomial and q is a factor of the first coeffi-

, Clent. It will be cumbersome to try all the combinations
of p and q in the search for rational zeros. A better
method, still, is to multiply all zeros of the polynomial
by the smallest positive integer K so that the polyno-

mial becomes monic. The polynomial becomes then

" w-1 n-2
+ + + - _- .- . -
X a;x a,x + ap

where all the a'S are integers. It%4 easy now to find

all rational (integer)  zeros, and having  found them,



we divide by K and reduce each zero to the lowest terms.
Those ideas have led me to write a program which will

calculate the smallest possible value of K.

while working with the computer, we face some
difficulties with DO loops. 1f we have a set of variables
I, J, K, L, M say 5 in number, where I varies from 1
to 8, J varies from 1 to 7, ......, M varies from 1
to 10 and if we have to evaluate a quantity which 3depends
on all these variables and if we have a restrictiqQn
that none of the variables can be equal to one another,
how shall we write a program? I have written a program
to solve this difficulty and also another program, *or
generating N DO loops and start execution from any set
of values. As a byproduct of these two programs I have
written another two programs for generating all possible
permutations and combinations of the first N nétural

numbers taking R at a time.

Again, if a square matrix 1is given, we may be
interested in calculating all its characteristic roots.
For this purpose we must first obtain its characteristic

polynomial .

Assuming the entries of the matrix are integers,
I have developed two programs, one for generating the
characteristic polynomial of the given square matrix and

the other for calculating the characteristic roots of gﬁ&mrbm



CHAFTER 1

HANDLING OF RIG INTEGERS IN THE COMFUTER

INTRODUCTION

WE KNOW THAT COMFUTERS DEAL WITH NUMEBERS IN & MODES, NAMELY
THE INTEGER MODE AND THE REAL MODE. FOR EVERY COMFUTER THERE IS
A CERTAIN LIMIT UPTO WHICH NUMBERS CAN BE STORED IN A SINGLE MEMORY

I.LOCATION IN INTEGER MODE. FOR EXAMPLE IN THE FOLLOWING COMFUTERS

THE INTEGER LIMITS ARE AS FOLLOWS:-

39
BURROUGHS 6700-7700 SERIES:— o -1
35
DEC 10-20 SERIES:— o -1
31
IEM 360-370 SERIES:— o) -1
~r
ICL 1900 SERIES:-— o -1
15
TOC-316:~ 2 -1 OR 32767
t IBM 1620 SERIES:- 10 -1 OR 99999

IN EVERY COMFUTER THERE IS AN UPPER LIMIT ANLDt ALSO A LOWER
LIMIT FOR REAL NUMBERS AND THE UPFER LIMIT FOR REAL NUMEERS IS MUCH
HIGHER THAN THE LIMIT FOR INTEGERS} FOR EXAMFLE, SOME COMFUTERS CAN
DEAL WITH REAL NUMBERS FROM +0.1E-99 TO ﬁ0.9§9§9999E+99 AND OTHER
CDMPETERS CAh DEAL WITH REAL NUMBERS FROM :10—79 AFFROXIMATELY TO
:1074 AFPROXIMATELY. BUT IT IS5 WELL KNOWN THAT WHEN WE OFPERATE
THE COMPUTER IN REAL ARITHMETIC, ROUND-OFF ERRORS ALWAYS ARISE DUE

TO THE INTERNAL CONVERSION OF DECIMAL NUMBERS TO THE EINARY SYSTEM
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AND AGAIN CONVERSION EBACK INTO THE DECIMAL SYSTEM. S0 THE ANSWE&S
OBTAINED EBY USING REAL ARITHMETIC ARE NEVER EXACT. IF WE USE
DOUEBLE PRECISION ARITHMETIC, NO DOUEBT, THE ACCURACY INCREASES BUT
STILL WE [0 NOT ORTAIN EXACT ANSWERS. IT IS NOT THAT COMFUTER ‘
SCIENTISTS AND FROGRAMMERS ARE UNAWARE OF THESE LIMITATIONS OF REAL
ARITHMETIC. IN FACT, THEY FNOW VERY WELL THAT SUCH DIFFICULTIES
ARISE. FPROF. N.N.BISWAS IN HIS EBOOK ON COMPUTER FROGRAMMING HAS
ASKED THE FOLLOWING 2 QUESTIONS:-
1. THE EXACT VALUE 0OF 18! IS 64023730%728000. IS IT FOSSIELE
TO WRITE A FROGRAM ON IEM 360-370 SERIES TO COMFUTE THIS
EXACT VALUE™ IF S50, WRITE 1THE PROGRAM. IF NOT, GIVE

REASONS .

b

THE TOTAL NUMEER OF VARIAELES WHICH CAN EBE COINED IN
FORTRAN IS 5513291%6. IS IT PDSéIBLE TO CALCULATE THIS
NUMEER EXACTLY EY WRITING A FROGRAM WORKABLE ON IEM 360-
3707 IF 80, WRITE THE PROGRAM. IF NOT, TELL WHY THIS
FROGRAM CANNOT BE WRITTEN.

FROM THE'ABDVE QUESTIONS IT SEEMS THAT THE AUTHOR THINKS THAT
THIS FROGRAM CANNOT BE-WRITTEN; BUT WE MUST REMEMBER THAT A
COMPUTER IS A MOST VERSATILE PIECE OF ERUIPMENT. IT CAN DO ANY
CALCULATION WHICH A HUMAN EREING CAN DO. THEREFORE IN THIS CHAFPTER
I HAVE WRITTEN PROGRAMS FOR THE 4 BASIC ARITHMETICAL OPERATIONS ON

NON-NEGATIVE INTEGERS. THESE INTEGERS CAN BE AS EIG AS WE FLEASE.
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IN THESE FROGRAMS I HAVE CONSIDERED MAXIMUM 80 DIGITS FOR EVERY
INTEGER, BUT THIS LIMIT IS NOT AT ALL FIXED. IF WE INCREARSE THE
NUMBERS GIVEN IN THE VARIOUS DIMENSION STATEMENTS IN THESE
FROGRAMS, THESE FROGRAMS WILL TAHE CARE OF EIGGER INTEGERS ALSO.
WE HAVE PRDVEU THAT NOTHING IS IMFOSSIBLE ON A COMPUTER ANLD WE CAN
OBTAIN 100% ACCURATE RESULTS, CORRECT TO THE LAST UNIT, EBY USING
INTEGER AND ONLY INTEGER ARITHMETIC. THIS IS5 A FEAT WHICH IS NOT
FOSSIELE EBY USING REAL ARITHMETIC. WE MUST REMEMEER THAT WHEN WE
LEAANT THE ADDITION AND MULTIFLICATION TABLES IN OUR EARLIEST
SCHOOLING DAYS WHILE LEARNING ARITHMETIC, WE LEARNT EBY HEART ONLY
THESE TABLES UFTO 10 EBY 10. NOTWITHSTANDING THIS FACT, WITH THE
HELF OF THESE TAELES ONLY, WE CAN, AT LEAST THEORETICALLY, PERFORM
THE 4 BASIC ARITHMETICAL OFERATIONE DN ANY INTEGERS, HOWEVER LARGE,
IN THE HUMAN DOMAIN. IF THIS IS FOSSIBLE FOR A HUMAN EBEING, WHY

NOT FOR A COMFUTER, WHICH HAS SUCH A VAST MEMORY ANLD TREMENDOUS

SFEELD OF CALCULATION?

APFLICATIONS OF THESE FROGRAMS

IN NUMBER THEDRY; WE COME ACROSS CALCULATIONS OF ‘SUCH TYFE
WHERE WE CANNOT TOLERATE ANY ERROR EVEN IN THE LAST UNIT OF THE
RESULT. WHEN WE DEAL WITH STATISTICS REGARDING THE FOFULATIONS OF
COUNTRIES OR REGARDOING MONEY MATTERS, WE COME ACROSS VERY ERIG

NUMBERS, WHICH WILL NORMALLY OVERFLOW THE MEMORY OF ANY COMPUTER.
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EVEN SO, WE REQUIRE OUR RESULTS TO BE EXTREMELY ACCURATE. FOR
EXAMFLE, IF WE WISH TO FREFARE A~ CHART SHOWING THE FOFULATIONS OF
VARIQUE COUNTRIES, WE MAY LINE TO A&DLIN THOSE FIGURES BY A COMFUTER
TO CALCULATE THE TOTAL FOFULATION OF THE WORLD. SIMILARLY IN .
BANKS ; INSURANCE COMFANIES, ETC., WE CONSTANTLY DEAL WITH RUFEES
ANl FAISE. EVEN IF WE MAKE A MISTAKE OF A FEW FAISE IN CALCULATING
THE BALANCES OR THE FIGURES OF INTEREST, OUR ACCOUNTS WILL GO
WRONG. NOW THAT COMFUTERS ARE BEING USED IN THESE ORGANISATIONS ON
6 LARGE SCALE, THESE FROGRAMS CAN FIND AFFLICATIONS THERE. WHEN WE
DEAL WITH EVALUATION OF DETERMINANTS, MATRIX OFERATIONS, SOLUTION
OF LINEAR SIMULTANEOUS EQUATIONS, CALCULATION OF THE CHARACTERISTIC
ROOTS OF SGUARE MATRICES, FINDING THE ZEROS OF FOLYNOMIALS, ETC.,
IF WE CALCULATE IN REAL MODE, THE ANSWERS WILL NEVER BE EXACT LDUE
TO ROUND-OFF ERRCRS. IN THIS DISSERTATION ITSELF I SHALL TAKE SUCH
FROBLEMS IN THE SUBSERUENT CHAFTERS. TO OBTAIN CORRECT RESULTS WE
HAVE TO USE ONLY INTEGER ARITHMETIC AND WHEN WE COME TO VULGAR
FRACTIONS, WE HAVE TO STORE THEIR NUMERATORS AND DENOMINATORS IN
SEFPARATE MEMORY LOCATIONS. EVEN WITH SMALL MATRICES, THESE NUMBERS
BECOME EIGGBER AND BIGGER VERY FAST AS THE CALCULATION: FROCEEDS.
THEY SOON OVERFLOW THE INTEGER LIMIT OF ANY COMPUTER. SO IN ORIDER
TO OBTAIN SUCCESS IN SUCH CALCULATIONS WE HAVE TO USE THESE
FROGRAMS WHICH FOLLOW. SUPFPOSE THAT WE ARE INTERESTED IN CALCULAT-

ING THE RANK OF A MATRIX. IF WE ENTRUST OUR CALCULATIONS TO REAL
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ARITHMETIC, IT IS QUITE FOSSIBLE THAT SOME SUB-LDETERMINANTS OF THE

MATRIX, WHICH ARE ACTUALLY ZERO, WILL CALCULATE TO SOME VERY SMALL
BUT NON-ZERO NUMBERS DUE TO THE ROUND-0FF ERRORS INHERENT IN REAL
ARITHMETIC. THEREFORE THE RANL OF THE MATRIX WILL EE WRONGLY CAL-
CULATED ANID' ALL OUR WORK WILL BECOME USELESS. ON THE OTHER HAND,
IF WE CONFINE OUR CALCULATIONS TO INTEGER ARITHMETIC, WHILE DOIVID-
ING, WE SHALL HAVE TO STORE QUR NUMERATORS ANL DENOMINATORS IN
DIFFERENT MEMORY LOCATIONS ANLDY EVEN AFTER REDUCING ALL FRACTIONS TO
LOWEST TERMS AFTER EACH AND EVERY CALCULATION, THE NUMBERS INVOLVED
WILL GROW AT AN EXFONENTIAL RATE ANII SOON THEY WILL CROSS THE
LIMITS SET FOR AN INTEGER VARIABLE IN ANY COMFUTER. THEREFORE THE
ONLY FOSSIELE ALTERNATIVE IS TO USE THESE FROGRAMS WHICH 1 HAVE
DEVELOFED IN THIS CHAFTER. IN FACT, T HAVE NOT FHYSICALLY JOINED
THESE FROGRAMS TO THOSE FROGRAMS WHICH I HAVE DEVELOFED IN THE
OTHER CHAFTERS, BUT WHENEVER OCCASION COMES, WE CAN 00 IT IMME-~

DIATELY AND THUS GET FROGRAMS WHICH WILL WORK SATISFACTORILY IN ALL

POSSIBLE SITUATIONS.

AODITION OF LARGE NUMEERS

WHEN WE HAVE TO ADD 2 EBIG NUMBERS, WE DIVILOE EACH NUMBER INTO
FPIECES CONTAINING A FIXED NUMBER OF DIGITS STARTING FROM THE RIGHT.
THE NUMBER OF DIGITS IN EACH FIECE WILL DEFEND ON THE PARTICULAR
COMPUTER ON WHICH WE ARE WORKING. FOR EXAMPLE, IN IBM 1620 SERIES

COMFUTER, THE UPPER LIMIT IS 99999. S0 WE SHALL TAKE FIECES OF S
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DIGITS EACH. IN DUR COMPUTER (HCL WORHHORSE-II) THE UFFER LIMIT®
FOR AN INTEGER VARIABLE 1S 327673 SO WE USE FIECES OF 4 LIGITS
EACH. WE STORS THESE FIECES SEFARATELY IN 1-DIMENSIONAL ARRAYS
CALLED L AND M. WE DECLARE L AND' M TO BE ARRAYS OF SIZE 20 EQCH{,
THUS WE CAN TAHE CARE OF MAXIMUM 80 DIGITS IN EACH INTEGER. THEN WE
ADD M(1) TO L(1), M(2) TO L(2), M(3) TO L(3), ETC. WE TAKE CARE OF
FOSSIBLE CARRYING LDIGITS AT EACH STEF. WE TAKE FARTICULAR FRECAU-
TION THAT NO NUMEBER STORED IN A SINGLE MEMORY LOCATION EBECOMES
10000 OR MORE. (ALTHOUGH THE ACTUAL UPFER LIMIT IS HIGHER, NAMELY
32767, STILL WE 0O NOT ALLOW ANY NUMBER TO RECOME EVEN 10000.) IF
THE FIECES OF THE SUM ARE STORED IN N(1), N(Z), N(3), ETC., WE
FRINT THEM BACKWARDE IN A SINGLE LINE. WHILE FRINTING IF SOME
FIECE CONTAINS LESS THAN 4 DIGITS, IN NORMAL FRINTING THE MACHINE
WILL LEAVE A CERTAIN NUMEER OF EBLANKS. TO AVOILD THESE ELANIS WE
USE A SFECIAL SUBROUTINE SUBPROGRAM WHICH FILLS UP THESE BLANKS BY
ZEROS USING H-FORMAT. WE DO NOT OO THIS IN THE LEFTMOST FIECE, SO
THAT ALL NUMEBERS ARE FRINTED IN A TRADITIONAL WAY. THE PROGRAM IS
GIVEN ON THE NEXT FAGE, TOGETHER WITH ALL THE SUBROUTINES USED. 1IN
SUITABLE LINES WE HAVE INSERTED COMMENT STATEMENTS ALSD, SO THAT
THE LOGIC OF THE PROGRAM CAN BECbME CLEARER. IN THE BEGINNING OF
THE PROGRAM WE HAVE WR;TTEN THE FOLLOWING DIMENSION STATEMENT :-
DIMENSION L (20) ,M(20) N(20)

IT IS POSSIBLE THAT INDIVIDUALLY THE TOTAL NUMBER OF PIECES IN THE
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2 NUMEERS MAY BE WITHIN 20, BUT ON ADDITION THE NUMEBER OF FIECES IN
THE SUM MAY BECOME 21. 1IN SUCH A CASE THE OFERATING SYSTEM OF THE
COMFUTER WILL CERTAINLY PRINT DUT AN ERROR MESSAGE WHEN WE SHALL
ASkK SOME NUMBER TO RE STORED IN N(Z1). TO AVOID SUCH A CIRCUMS-
TANCE, IN THE FPROGRAM ITSELF WE HAVE WRITTEN SUCH STATEMENTS THAT
WHEN THE NUMBER OF PIECES IN THE SUM IS LIKELY TO EXCEED 20¢, THE
-PRDBRAM LDOES NOT FROCEED FURTHER, BUT FRINTS THE FOLLOWING MESSAGE
USING H-FORMAT :-

THE SUM OF THE 2 NUMBERS HAS MORE THAN BC DIGITES - FeEE

BY THIS TECHNIQUE WE AVOIDIN THE ERROR MESSAGE WHICH THE OFERAT-

ING SYSTEM WOULL OTHERWISE FRINT.
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62
61

89

181

{0
207
91

305
P

205
109
110

86

1004

1000
654

267
245
700

268
258

DIMENSION L (20) ,M(20) ,N(20)
WRITE (1 ,34)

FORMAT (© TYFE THE NUMEERS OF
11X, A0DDED IN FORMAT ( 2I2 )~
READ ( 1 , &1 ) 1 , 1

FORMAT ( 212 )
IF (I .E@. O .ANLO. J .EQ. O
IF (I .GT. ¢ .ANLD. J .6T. O

WRITE (1,89)
FORMAT ¢ 1X,

GO TO &2
IF ( I .LE. 20 .AND. J .LE.
IF ¢ I J.LE. 20 .ODR. J .LE. 2

WRITE ( 1, 90 )

FORMAT (1X,"EOTH NUMEBERS TOO LARGE, FLEASE TYFE AGAIN’

GO TO 62

IF ( 1 .LE. 20 ) B0 TO 305
WRITE ( 1 , 91 )

FORMAT (1X,

G0 TO &2

WRITE (1 , 92 )

FORMAT ¢ 1X ,

G0 TO 62

WRITE ( 1 , 109

FORMAT ( 1X , ~

READ (1 , 86 3 (L (1 + 1
WRITE ¢ 1 , 110 )

FORMAT ( 1X , ‘TYFE THE SECO

READ ( 1 , 86 ) (M (J+1
FORMAT ( 2014 )
IND = O

CALL ADDN ¢( L , M , N , I ,J

IF ( IND' .NE. 1 ) GO TO 1000
WRITE ( 1 ,1004 )

FORMAT ( 1X ,

60 TO &

WRITE ( 1, 654 ) L ( I)
FORMAT ¢ 1X , 14% )

IF (1 .ER. 1 ) GO TO 245
Do 267 11 = 2 , 1

CALL FRINT ( L ( I + 1
WRITE ( 1 ,700 )
FORMAT ( 40X )

WRITE ( 1 , 654 ) M ¢ J )
IF (J .ER. 1 ) GO TO 258
DO 268 JJ =2 , J

CALL FRINT ( M ( J + 1
WRITE ( 1 , 700 ) :
WRITE ( 1, 654.) N ( KK )

O §

- JJ

FIECES IN THE 2

)

) STOF

) 60 TO 181

20 )

0 ) 6O TO

-k,

NLi
- LL

s KK

) )

Y )

*SECONLD NUMEBER TOO LARGE,

s

‘DATA ILLEGAL, FLEASE TYFE AGAIN‘ )

GO TO 203

207

)
TYFE THE FIRST NUMEER IN FORMAT
( c=1 , 1)

NUMEBER IN FORMAT

‘FIRST NUMBRER T0OO LARGE, FPLEASE TYFE AGAIN

FLEASE TYFE AGAIN’

( 2014 )~

LtL-=1 , J)

IND )

‘THE SUM HAS MORE THAN 80 DIGITS”

)

8

INTEGERS TD EE’,



389
279

244

276

300

344

400

464

498

a0,

an

S58

1) GO TO 279 9
2 , KK

N ¢ KK + 1 = KKK ) )

Q0 )

IF ( KK .E@.
DO 389 KKK =
CALL PRINT ¢
WRITE ¢ 1 , 7
GO TO 6

END
SUBROUTINE ADDN (L ,M,N,LL MM, NN , INI )
INTEGER CARRY

ODIMENSION L (203 (M(20) N(20)

WHEN WE START THE ADDITION, THERE IS NOTHING TO CARRY, S0 WE SET
CARRY AS ZERO

CARRY = 0O

COMFARE THE NUMBERS OF FIECES IN THE 2 NUMRERS

IF(LL-MM) 300,276,202

THE FIRST NUMEBER HAS MORE FIECES THAN THE SECONL

LIMIT=MM

IN=MM+1

00 244 II=IN,LL

N(II)=L(II)

NN=LL

60 TO 400

LIMIT=MM

NN=LIMIT

GO TO 4Q0

LIMIT=LL

IN=LL+1

L0 344 1I=IN,MM

N(II)=M(II)

NN=MM

ALl THE NUMBERS FIECE RY FIECE, TAKING CARE THAT THE UFFER LIMIT
OF 9999 IS NOT CROSSELD

0o 522 I1=1,LIMIT

KTEST=9999-M(1) ~CARRY

IF(L(I) .NE.?9999.0R.KTEST.NE.-1)G0O TO 464

N(I)=9999

CARRY=1

GO TO 522

IF(L(I) .LE.KTEST)GO TO 498

N(I)=L(I)-KTEST-1

G0 TO 432

N(I)=9999—(KTEST-L (1))

CARRY=0

CONT INUE
IF THE LAST PIECE OF THE SUM IS GREATER THAN 9999, THEN THE CARRY

IS UNITY, OTHERWISE fHE CARRY IS ZERO
IF(CARRY .NE.0)B0 TO SS8

RETURN
IF CARRY = 1, EITHER ADD CARRY TO THE NEXT FPIECE, OR INCREASE THE

NUMBER OF FIECES BY 1
IF(NN.NE.LIMIT)GO TO 601



582 NN=NN+1
IF ( NN .BT. 20 ) 60 TO 800
N(NN) =1
RETURN

601 LIMIT=LIMIT+1
0o 644 I=LIMIT,NN
IF(N(1) .NE.P?99)G0 TO 676
N(I)=0

b44 CONT INUE
GO0 TO =8C

676 NCI)=N(I)+1
RETURN

8OO IND = 1
RETURN
ENL
SURROUTINE FRINT (M)
IFM.LT.1)GB0O TO 1
IFM.LT.100)G0O TO 2
IF(M.LT.1000)6G0 T0O 3
WRITE(1,70)M

70 FORMAT (1X,14%)
RETURN

3 WRITE(1,71)M

71 FORMAT (1X,1HGO,I3%)
RETURN

z WRITE(1,720M

72 FORMAT (1X ,2HOOQ ,I2%)
RETURN

1 WRITE(1,73)M

73 FORMAT (1X ,3HO0OC 411%)
RETURN
ENL

/7
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WE ORSERVE THAT IN STATEMENT NO. 654 OF THE MAIN FROGRAM
(FORMAT STATEMENT) WE HAVE WRITTEN A CURRENCY SYMEOL (§) AFTER I4.
IN STATEMENTS NOS. 70, 71, 72, 73 OF THE SUBROUTINE SUERFROGRAM
CALLED PRINT ALSO (ALL FORMAT STATEMENTS) WE HAVE PLACED THz ARQOVE
SYMBOL AFTER THE RELEVANT I-FIELL. THE REASON FOR wRITINB'THIS
SYMEOL IS THAT IN OQUR COMPUTER THIS IS THE FROFPER SYMEOL TO ENSURE
THAT THE FRINTER DNOES NOT GO TO A NEW LINE AFTER FRINTING THE VALUE
OF THE LAST VARIABLE. IF WE WOULD NOT HAVE WRITTEN THE SYMEROL $ IN

THE FORMAT STATEMENTS, ALL THE FIECES OF THE VARIOUS NUMBERS TO EE

FRINTED IN ONE LINE WOULD HAVE BEEN FPRINTED IN LDIFFERENT LINES;
THUS MAIING THE FINAL FRINT-0UT MEANINGLESS. HOWEVER, $ IS NOT THE
NORMAL. SYMEOL TO BE USED IN SUCH CASES. IN MOST COMFUTERS THIS
OBJECTIVE IS ACHIEVED EBY WRITING THE CARRIAGE CONTROL CHAGRACTER
(1H+) OR (’+7) IN THE BEGINNING OF A FORMAT STATEMENT. EUT OUR

COMFUTER DOES NOT ACCEFT THIS CARRIAGE CONTROL CHARACTER. SO WE

HAD TO USE THE # SYMBOL INSTEAL OF (1H+).

SURTRACTION OF LARGE NUMERERS

SIMILARLY FOR SUBTRACTION OF A LARGE NUMEER FROM ANOTHER LARGE
NUMBER WE DIVIDE %HE MINUEND AND THE SUBTRAHEND INTO PIECES JUST
LIKE IN THE CASE OF AODITION. EEFORE WE START THE SUBTRACTION, WE
MUST KNOW WHICH OF THE 2 NUMBERS, IF ANY, IS RIGGER. FOR THIS
PURFOSE FIRST OF ALL WE COMPARE THE NUMBER OF FIECES IN THE MINUEND
WITH THE NUMBER OF PIECES IN THE SUBTRAHEND. IF THE FORMER NUMBER
IS BIGGER, THEN WE DECIDE TO SUBTRACT THE SUERTRAHEND FROM THE

MINUEND. IF THE LATTER NUMBER IS BIGGER, WE DECIDE TO SUBTéACT THE
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MINUENDI FROM THE SUBTRAHENI. IF RBOTH NUMEBERS ARE EQUAL, WE COMFARE
THE FIECES OF THE MINUEND AND THE SUBTRAHEND STARTING FROM THE
LEFTMOST FIECES. THIS COMFARISON CAN BE TIONE VERY EASILY USING A
0O LOOF. IF AT ANY STABGE WE FIND THAT SOME FIECE OF THE MINUEND IS
EIGGER, WE DECIDE TO SUBTRACT THE SUBTRAHEND FROM THE MINUENL, AND
IF WE FIND OTHERWISE, WE DECIDE THE REVERSE. HOWEVER, IF WE FIND
THAT FIECE RY FIECE ALL THE FIECES OF THE MINUENL ARE EQUAL TO THE
CORRESFONDING FIECES OF THE SURTRAHENLD, WE CONCLUDE THAT EBOTH THE
NUMEERS ARE EQUAL . IN THIS CASE WE SET AN INDEX EQUAL TO ZERQO AND
DEFINE THE REMAINDER AS ZERO. FOR THIS FURFQOSE WE SAY THAT THE
REMAINDER HAS JUST ONE FIECE ANDN THAT FIECE IS ZERO. IF OUR
DECISION IS TO SUBTRACT THE SUBTRAHEND FROM THE MINUENLD, WE SET THE
INODEX AS ZERO AND START THE CALCULATIONS. IF OUR DECISION IS THE
REVERSE, WE SET THE INDEX AS UNITY AND START THE SUBRTRACTION IN THE
REVERSE ORDER. THE REASON FOR THIS APFROACH IS THAT, FINALLY, IF
INDEX HAFFENS TO BE UNITY, WE PRINT A NEGATIVE SIGN IN THE
REGINNING OF THE REMAINDER, WHICH IS THE ANSWER. THIS HAFFENS IF
THE SUBTRAHEND IS GREATER THAN THE MINUEND. IF THE SUBTRAHEND IS
LESS THAN OR EQUAL TO THE MINUEND, THE FROGRAM SETS THE 'INLIEX TO
ZERO AND IN THIS CASE WE DO NOT PRINT ANY NEGATIVE SIGN IN THE
BEGINNING OF THE REMAINDER. S0 IN ALL CASES THE ANSWER PRINTELD IS
ACCORDING TO THE TRADITIONAL FASHION. DURING THE SUBTRACTION, WE
CONSTANTLY TAKE CARE OF THE BRORROWING FIGURE, IF ANY. WE TAKE
PARTICULAR FRECAUTIONS THAT NO NUMBER STORED IN A SINGLE MEMORY

LOCATION BECOMES NEGATIVE OR GREATER THAN 9999, WE FRINT THE
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ANSWER JUST LIKE THE CASE OF ADOITION. WE ALSO TAKE CARE THAT IF
SOME OF THE LEFTMOST FIECES IN THE REMAINDER HAFFEN TC BE ZERO,

THEN THESE FIECES ARE NOT FRINTELDN AT ALL. FOR EXAMFLE, IF N(S) =

"N(&) = N(7) = 0 BUT N(4) IS NOT ZERO, WE SHALL PRINT ONLY FROM N(4)

TO N(1) IN ONE LINE. THE FROGRAM OF SUEBTRACTION, TOGETHER WITH ALL

THE SUBROUTINES USED', IS GIVEN ON THE SUCCEEDING FAGES.



62
61

87

181

Q0

Q7

267
243
700

268
258

389

DIMENSION L ¢ 20 ) , M 20 )

WRITE ¢ 1 , 34 )
FORMAT ( 1» , ‘TYFE THE NUMEERS
11x, ‘THE SUBTRAHEND IN FORMAT (
READ ( 1 , 61 ) I , J

FORMAT ( 2I2 )

IF ( I .EQ. @ .ANL.
IF ¢ I .6T. O .ANL.
WRITE ¢( 1 , 89 )
FORMAT ( 1X , ‘DATA ILLEGAL,
B0 TO &2

IF ( 1 .LE.
IF ( I .LE.
WRITE ( 1 ,
FORMAT ( 1X
G0 TO &2

IF { I .LE.
WRITE ( 1 ,
FORMAT ( 1Y
GO TO &2
WRITE ¢ 1 ,
FORMAT ( 1X ,
60 TO &7
WRITE ( 1 , 109 )

FORMAT ( 1X , ‘TYFE THE MINUENL
READ ( 1 , 86 ) (L (1 + 1 -}
WRITE (1 , 110 )

FORMAT ( 1X , ‘TYFE THE SURTRAHE
READ ( 1 , B6 ) (M (J + | — KE
FORMAT ( 2014 )

CALL RIGSUE (L , M , N
WRITE (1 , 654 ) L ¢ I
FORMAT ( 1X , I4% )

IF ( I .ER. 1 ) GO TO 245
DO 267 I2 = 2 , I

CALL PRINT (L (I + 1 -
WRITE ( 1 , 700 )

FORMAT ( 40X )

WRITE ( 1 , 654 ) M ( J )
IF (J .E@. 1 ) GO TO 258
DD 268 JJ =2 , J

CALL PRINT (M ( J + 1
WRITE ¢ 1 , 700 )

IF ( INDEX .ER. 1 ) GO TO 234
WRITE (1 , 654 ) N ( NN )

IF ¢ NN .EG. 1 ) GO TO 279

DO 389 KKK = 2 , NN
CALL PRINT ( N ( NN

J EQ. O )
J .6T7. 0

20 )
20 )

LE.
LE.

20 JAND. J
20 .0OR. J
Q0 )

‘BOTH NUMBRERS T0O
20 ) BO TO 309

91 )

"MINUENL TOO LARGE

)

)

12 ) )

- JJ ¥ )

+ 1 - KKK )

‘SUBTRAHEND TOO LARGE, FLEASE

N 20

ODF FIECES IN THE MINUENLD

2I2 07

STOF
GO TO 181

FLEASE TYFE AGAIN‘ )

GO TO Z0%
GO TO 207

LARGE ,

y FLEASE TYFE AGARIN’ )

TYFE AGAIN’

IN FORMAT ( 20I4 )’ )

) b =1, 1)
( 2014 )’ )
J )

NI
)

IN FORMAT
KK = 1,

, NN , INDEX )

)

FLEASE TYPE AGAIN'

14

ANL

)



279 WRITE ( 1 , 700 ) 15

GO TO 6
234 IF ( N ( NN ) .LT. 10 ) 60O TO 99
IF ¢ N ¢ NN ) .LT. 100 ) 60 TO 1462
IF ( N ¢ NN ) LT. 1000 ) GO 7O 103
WRITE (1 , 800 ) N ( NN )
GO TO SO0
99 WRITE ¢ 1 , BO1 ) N ( NN )
GO TO S00
102 WRITE (1 , BOZ ) N ( NN )
GO TO S00

103 WRITE (1 , 803 ) N ( NN )
803 FORMAT ( 1X , 1H-, I3% )
BOZ  FORMAT ( 1X , 1H-, I2% )
801  FORMAT ( 1X , 1H-, I1% )
8OO  FORMAT ( 1X , 1H-, 14% )
500 IF ( NN .E@. 1 ) GO TO 765
IO 766 NNN = 2 , NN
766 CALL PRINT ( N ( NN + 1 — NNN ) )
765  WRITE (1 , 700 )
GO TO 6
END
SUBROUTINE EIGSUE (L  M,N,LL ,MM,NN,INOEX)
INTEGER CARRY
DIMENSION L (20) ,N1(20) ,M(20) ,N(20)
CARRY=0

C COMFARE THE NUMBERS OF FIECES IN THE 2 NUMBERS

IF(L-MM) 590,681,202
c FOR SUBTRAHEND > MINUEND, PUT INDEX = 1, OTHERWISE INDEX = O
202 INDEX = O

[0 244 I=1,MM
244  N1(I)=M(I)

Do 288 I=1,LL
288  N(I)=L(I)

NN=LL
320 KK=MM
C SUBTRACT EACH FIECE OF 1 NUMBER FROM THE CORRESFONDING FIECE OF
c THE OTHER NUMBER

350 D0 488 I=1,KK
IDIFF=N(I)-N1i(I)
IF(IDIFF) 451,421,386

386 N{(I)=IDIFF-CARRY
CARRY=0
60 TO 488

421 IF (CARRY.NE.O)GO TO 451
N(I)=0
GO TO 488

451 N(I)=IDIFF+1-CARRY+9999
CARRY=1

488 CONTINUE
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IF (KK .EQ.NNYGO TO 754
IF (CARRY .NE.0)GO TO S12
RETURN

12 IF(KK+1.EQ.NN)GO TO S5
I1=NN-1
TI=pkr+1
00 533 I=11,I1
IF(N(I) .EG.0)BO TO 533
N(I)Y=N(I)-1
RETURN

533 N(I)=9999

=53 NONNI=N (NN —1
60 TO 75

590  INDEX=1
00 622 I=1,MM

622 N(I)=M(I)
[0 655 I=1,LL

655 N1(Iy=L(I)

Ek=LL

NN=MM

G0 TO 350
C THE NUMBERS OF FIECES BEING EQUAL, COMFARE CORRESFONDIING FIECES
c STARTING FROM THE LEFT

681 Lo 711 I=1,MM
IF(L(MM+1-I)-M(MM+1-1))590,711 ,202
711 CONT INUE
INDEX = 0
NN=1
N{(1)=0
RETURN
754 IF (NN.EQ.1) RETURN
MN1=NN-1
C TEST WHETHER LEFTMOST FIECE(S) ARE ZERO
ng 888 I1=1,MNI1
IF (N(NN) .NE .O) RETURN
888 NN=NN-1
RETURN
ENLD
SUBROUTINE PRINT (M)
IF(M.LT.10)60 TO 1
IF(M.LT.100)GO TO 2
IF(M.LT.1000)60 TO 3
WRITE(1,700M
70 FORMAT(1X,14%)

RETURN

3 WRITE(1,71)M

71 FORMAT(1X ,1HO ,I13%)
RETURN -

2 WRITE(1,72)M



/7

FORMAT (1X ,2HOO , I2%)
RETURN

WRITE (1,73)M
FORMAT (1X ,3HOOC ,114)
RETURN

ENII

17
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MULTIFLICATION OF LARGE NUMEERS

FOR MULTIFLICATION WE DIVIDE THE MULTIFLICAND INTO FIECES JUST
LILE ADDITION AND DIGITISE THE MULTIFLIER. FOR EXAMFLE, IF THE ~
MULTIFLIER IS 1259067823, WE DEFINE A 1-DIMENSIONAL ARRAY L[ 50 THAT
D(1) =3, I(2) = 2, D(3) =8, ... , D(10) = 1. WE MULTIFLY THE
MULTIFPLICAND EY EACH DIGIT SEFARATELY. FOR THIS FURFOSE WE USE
ANOTHER SUBROUTINE SUBFROGRAM CALLED MULT. WE CREATE A TABLE OF 8
MULTIFLES OF THE MULTIPLICAND EBY 2,3,4,...,9. WE TAIE A PRECAUTION
THAT, FOR EXAMFLE, IF THE MULTIFLIER DOES NOT CONTAIN THE LIGIT 4
AT ALL, WE [0 NOT STORE THE FRODUCT OF THE MULTIFLICAND EY 4. IF A PARI%
CULAR DIBIT IN THE MULTIFLIER IS ©, WE DO NOTHING. IF A
FARTICULAR DIGIT IN THE MULTIFLIER IS 1, WE TALE THE MULTIFLICANL
AS SUCH. WE USE ANOTHER SUBROUTINE CALLED SHIFT TO SHIFT THE
FRODUCT OF THE MULTIFLICAND EY A SINGLE DIGIT OF THE MULTIFLIER TO
THE LEFT BY THE REQUIRED NUMBER OF FLACES, AS WE NORMALLY DO IN THE
HUMAN DOMAIN. THEN WE ADD THE FARTIAL FRODUCTS USING THE SAME
SUBROUTINE CALLED ADDN, WHICH WE HAVE ALREADY USED IN THE ADDITION
FROGRAM FOR 2 BIG NUMBERS. THROUGHDUT THIS PROCESS WE KEEF A
CONSTANT WATCH ON THE TOTAL NUMEER OF DIGITS OBTAINED DURING MULTI-
PLICATION BY A SINGLE DIGIT, SHIFTING OR ADDING. IF WE FIND THAT
THIS NUMBER IS5 GOING TO BECOME GREATER THAN 80, WE IMMEDIATELY SET
AN INDICATOR IND AS UNITY AND RETURN TO THE MAIN PROGRAM. THE MAIN
PROGRAM THEN PRINTS AN AFPFROFRIATE MESSAGE AND ABORTS THE JOE.
HOWEVER, THIS LIMIT 80 IS NOT FIXED AND IT CAN BE INCREASED AS

DESIRED. WE FRINT THE ANSWER WITH EMEEDDED ZERDOS, IF ANY, INSTEAD
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OF BLANKS, THROUGH THE USE OF THE SAME SUEBROUTINE CALLED FRINT,
WHICH WE HAVE BEEN USING IN THE OTHER FROGRAMS. THz MAIN FROGRAM
FOR MULTIFLICATION, TOGETHER WITH THE SUBROUTINES USEL (INTEG,

MULT, SHIFT, ADDN AND FRINT) IS GIVEN ON THE SUCCEEDING FAGES.



&2

61

8%

181

20
207
2?1

305
QR

20%
109
110

86

1004

1000
654

267
245
700

268
258

20

DIMENSION L (20 ) , M ( 20 ) 4, N ¢ 20)

WRITE ¢ 1 , 34 )
FORMAT ( 1X , ‘TYPE THE NUMEERS OF FIECES IN THE MULTIFLICANL',

11X , “AND THE MULTIPLIER IN FORMAT(2IZ)° )

READ ( 1 , 61 ) 1 , 3
FORMAT ( 2I2 )

IF ( I .E@G. 0 .ANDI. J .E@. ¢ ) STOF

IF ¢ I .6T. 0 .AND. J .GT. © ) GO TO 181

WRITE (1 , 89 )

FORMAT ( 1X , ‘DATA ILLEGAL, FLEASE TYFE AGAIN’ )
GO TO 62

IF ( I .LE. 20 .ANIl. J .LE. 20 ) GO TO 20%

IF ( I .LE. 20 .OR. J .LE. 20 ) 60 TO 207

WRITE ( 1 , 90 )
FORMAT ( 1X , ‘BOTH NUMBERS TOO LARGE, FLEARSE TYFE ABRIN’ )

G0 TO 62
IF ( I .LE. 20 ) GO TD 305

WRITE ( 1 , 91 )

FORMAT ¢ 1X , ‘MULTIFLICAND TOO LARGE, FLEASE TYFE AGAIN’ )
GO0 TO 62 '

WRITE ( 1 , 92 )

FORMAT ( 1X , ‘MULTIFLIER TOO LARGE, FLEASE TYFE AGAIN’ )
GO TO 62

WRITE ( 1 , 109 )

FORMAT ( 1X , ‘TYFE THE MULTIFLICAND IN FORMAT ( 2014 )’ )
READ ¢ 1 , 86 ) (L (I +1-1I1) , Il =1, 1)

WRITE ( 1 , 110 )

FORMAT ¢ 1X , ‘TYPE THE MULTIFLIER IN FORMAT ( 2014 )’ )
READ ¢ 1 , B6) (M (J+ 1 -33J) ,33=1,J3)

FORMAT ( 2014 )

IND = ©

CALL BIGMUL (L , I , M , J , N, K , INO)

IF ( IND .NE. 1 ) GO TO 1000

WRITE ( 1 5 1004 )

FORMAT ( 1X , ‘THE FRODUCT HAS MORE THAN 80 DIGITS’ )

60 TO 6

WRITE ¢ 1 , 654 ) L ( I )

FORMAT ¢ 1X , I4% )

IF ( I .EB. 1) GO TO 245

Do 267 12 =2 , 1

CALL PRINT (L (I + 1 ~ I2) )

WRITE ¢ 1 , 700 )

FORMAT ( 40X )

WRITE (1 , 654 ) M ( J )
IF ( J .EQ. 1 ) 6O TO 258
Do 268 33 =2 , J

CALL PRINT ( M ( J + 1 ~ JJ ) )
WRITE ( 1 , 700 )

WRITE (1 , 654 ) N ( K )

IF ( K .ER. 1 ) BO TO 279



389

279

222

488
995

DO 389 KKK = 2 , K
CALL PRINT ( N ( ¥ + 1 - KKK ) ) 21
WRITE ( 1 , 700 )

GO TO 6

ENDI

SUBROUTINE EBIGMUL (A,I,E,J,C,MINID

INTEGER A(Z0) ,IFROD(ZO) ,B(20) ,C(20) ,D(B0) ,INF(9) ,IEF(2,20) ,C1(20)
IG= - 1

C 1) =20

M=1

ng 222 K =2 , 9

INF ( K ) = 0

ODIGITISE THE MULTIFLIER

CALL INTEG(R,J,0,IDN)

0o 555 MM=1,IDN

1S DENQOTES THE NUMBER OF FLACES EBY WHICH WE HAVE TO SHIFT THE
PRODUCT

1 = 18 + 1

IF (D (MM - 1 ) 555 , 386 , 242

IF ( INF ¢ 0O (MM ) ) JNE. O ) 60O TO 320

CALL MULT(A,DN(MM) ,IFROL,I N1, IND )
IF(IND.EG.1)RETURN

MAIKE A TABLE OF 8 MULTIFLES OF THE MULTIFRLICAND
no 288 . = 1, Nt

ISP ¢ DD ¢ MMy , k) = IFROD ¢ §0)

INF ¢ O ¢ MM )Y ) = NI

GO TO 401 '

Ni = INF (I (MM ) )

00 352 K = 1 , N1

IFROD ( K ) = ISF (D ¢ MM ) , K )
60 TO 401

0o 422 K = 1 , I

IFROD ( K ) = @& ( K )

N1 = I

e

IF ( N1 .EQ. 1 .AND. IFRODN ( 1 ) .ER. O ) GO TO IS5

CALL SHIFT ( IPROD , N1 , IS 4, IND)
IF ( IND .EQ. 1 )RETURN

‘CALL ADDN(C,IPROD,C1,M,N1,M1,IND )

IF ( IND .E@. 1 ) RETURN
M = M1

DO 488 MK = 1 , M°

C (MK ) =C1 { MK)

CONT INUE

RETURN

ENII

SUERROUTINE ADDIN(L ,M,N,LL,MM, NN , IND )
INTEGER CARRY

DIMENSION L (20) M(20) ,N(Z20)

CARRY = ©

IF (LL-MM) 300,276 ,202

LIMIT=MM



300
344

400

601
644

676

800

230

IN=MM-+
D0 244 IT=IN,LL
N(IT)=L(II)

NN=LL

GO TO 400

LIMIT=MM

NN=LIMIT

60 TO 400

LIMIT=LL

IN=LL+1

[0 344 I1=IN,MM
N(II)=M(II)

NN=MM

D0 S22 I=1,LIMIT
KTEST=9999-M (1) ~CARRY
IF(L(I) .NE.9999.0R.LTEST.NE.~1) G0 TO 464
N(1)=9999

CARRY=1

60 TO =22

IF(L(I) .LE.KTEST)GO TO 498
N{I)=L(I)~1'TEST-1

60 TO 432
N(I)=9999- (1 TEST-L (1))
CARRY=0

CONT INUE

IF (CARRY .NE.0) GO TO =58

RE TURN

IF(NN.NE.LIMIT)GO TO 601
NN=NN-+1

IF ¢ NN .GT. 20 ) GO TO 800
N (NN =1

RETURN

LIMIT=LIMIT+1

DO 644 I=LIMIT NN

IF(N(I) .NE.9999)G0 TO 676
N(I)=0

CONT INUE

60 TO 582

NCI)=N(I)+1

RETURN

IND = 1

RETURN

ENE!

SUEROUTINE MULT(J,K,IFROD,N,N1,IND)
DIMENSION J(20) ,IPROD(20)
IFRON (1) =0

IF (K-1) 202,230,280

N1=1

RETURN

DO 244 I=1,N

22



280

316

350

388

S00

290

311

IPROD(I)=J (1)
Ni=N

RETURN

00 388 I=1,N

I0=J3¢I) /1000
M={(J(I)=1000%I0) % +IFROLO(I)
L=1I0%*K

IC=L/10
ITEST=M-(99299—1000%(L—10%I0))
IF ( ITEST .LE. O ) BO TO 316
IFROO(I)=ITEST-1

IO=10+1

GO0 TO 3%0

IFROLC(I)=ITEST+9999

IF(I .EQ.NOVGO TO 388
IFRODCI+1)=1IQ

CONTINUE

N1=N

IF(IQ.EQ.O0)RETURN

Ni=N1+1

IF ( N1 .GT. 20 ) 60 7O S00
IFROLOI(N1)=10

RETURN

INDN =

RETURN

END

SUBROUTINE SHIFT(IFR,IRS,MF, INID
DIMENSION IPR(20)

IF ( MF .EQ. O ) RETURN

IF=MP

INTR=0

TEST WHETHER THE NUMRBRER OF FLACES TO BE SHIFTED
IF(IFP.GE.4)G0 TO 290

KR=1

K=10%%(4-1F)

D0 255 I=KK,IAS

IHIN=IPR(I) /K
IPR(I)=(IPR(I)-IHIN*K) *#10%*IF+INTR
INTR=IHIN

CONTINUE

IF(INTR.EQ.O) RETURN
IAS=1AS+1

IF ( IAS .GT. 20 ) GO T4 S00
IFR{IAS)=INTR

RETURN

In=1F/4

IF ( IAS+ ID .GT. 20 ) 6O TO 300
oo 311 I=1,IAS
IPR(IAS+ID+1-1)=IFR(IAS+1-1)
IAS=IAS+ID

D0 35S I=1,ID

23

IS LESS THAN 4



00w

Q0

2al

=
pyail o}

b

488
566
600

70

~ b ~N W
fury

LN}

o

IPR(I)=0

24

TEST WHETHER THE NUMBER OF FLACES TO BE SHIFTED IS EXACTLY

DIVISIBLE RBRY 4

IF=1F-4%1I0
IF(IF.ED.O)RETURN

=10+

GO 7O 202

IND = &

RETURN

END

SUBROUTINE INTEG(E,J,D,ILON)
INTEGER E(20) ,0(80)

IDN=0
NDI=4

0o S66 11=1,J
IDIV=R(II)
IF(I1~J)442,256,600
NO=3J

GO TO 442

o 377 Ji=1,3
IF(IDIV.LT.10¥xJ1)G0 TO 207
CONT INUE

OO 488 b =1,N
IDN=1DN+1
LCIDND =MOD (IDIV , 10)
IF (bl LEO.NIN GO TO 488
IDIV=1DIV/10

CONT INUE

CONT INUE

RETURN

ENI

SUBROUTINE PRINT (M)
IF(M.LT.10)B0 TO 1
IF(M.LT.100) 60 TO 2
IF(M.LT.1000)60 TO 3
WRITE (1,700 M
FORMAT (1X ,14%)

RETURN

WRITE(1,71)M
FORMAT (1X ,1HO, I3%)
RETURN

WRITE(1,72)M
FORMAT (1X ,2H00 , 12%)
RETURN

WRITE(1,73)M
FORMAT (1X ,3H000, I11%)
RETURN

END
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DIVISION OF A LARGE NUMBER RY ANDTHER

FOR DIVISION ALSO, WE DIVIDE THE DIVIDEND ANDN THE DIVISOR INTO
A NUMBER OF PIECES JUST LIKE ADDITION. LET THE DIVIDEND HAVE I
FIECES AND THE LOIVISOR HAVE J FIECES. IF I < J, WE STORE THE
QUOTIENT AS O IN A SINGLE FIECE AND THE REMAINDER BECOMES THE
DIVIDEND ITSELF. IF I = J, WE COMFARE THE FIECES OF THE DIVIDEND
AND THE DIVISOR STARTING FROM THE LEFTMOST FIECES JUST LIKE SUE-
TRACTION. IF WE FIND THAT THE LIVIDEND IS LESS THAN THE LIVISOR,
WE [0 AS ABOVE. IF WE FIND THAT THE DIVIDEND IS EQUAL TO THE
DIVISOR, WE STORE THE QUOTIENT AS 1 IN A SINGLE FIECE AND WE SET
THE REMAINDER AS O ALSO IN A SINGLE FIECE. IF WE FIND THAT THE
DIVIDEND I8 GREATER THAN THE DIVISOR, WE DIVIDE THE LAST (LEFTMOST)
FIECE OF THE DIVIDEND BY THE LAST (LEFTMOST) FIECE OF THE DIVISOR.
WE MULTIFLY THE DIVISOR RY THIS GUOTIENT AND COMFARE THE FRODUCT
WITH THE DIVIDEND. IF THE DIVIDEND IS NOT LESS THAN THE FPRODUCT,
THEN WE ARE THROUGH AND WE FRINT THE QUOTIENT AND THE REMAINDER AS
USUAL. IF THE DIVIDEND HAFFENS TO BE LESS THAN THE FRODUCT, WE
REDUCE THE QUDTIENT EY UNITY AND REFEAT THE FROCESS TILL THE NEW
FRODUCT BECOMES LESS THAN OR EQUAL TO THE DIVIDEND. IN THIS WAY WE
CALCULATE THE QUDfIENT ANDI THE REMAINDER.

IF I » J, WE DIGITISE THE RIGHTMOST I-J FIECES OF THE DIVIDEND
USING THE SUEROUTINE CALLED INTEG WHICH WE HAVE ALREALNY USED IN THE
FREVIOUS SECTION. THEN WE COMPARE THE LEFTMOST J PIECES OF THE
DIVIDEND WITH THE DIVISOR AND PROCEED IN THE WAY WHICH WE HAVE DES% -

CRIBED ABOVE. AFTER CALCULATING THE PARTIAL QUOTIENT, WE MAKE THE
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NEwW DIVIDEND GREATER THAN OR EQUAL TO THE DIVISOR BY ATTACHING

EXTRE DIGIT(S) FROM THE EXTREME LEFT OF THE REMAINING DIGITS IN THE

[
1))

DINVIDEND USING THE SUBROUTINE CALLEL OR, AS WE 0O IN THE HUMAN
OOMAIN. NOW WE AGAIN DIVIDE THE NEW DIVIDEND BY THE DIVISOR AS
EXFLAINED BEFORE, WHICH GIVES US 1 MORE DIGIT IN THE QUOTIENT. WE
USE THE SUBROUTINES EBIGMUL AND BIGSUE FOR MULTIPLICATION AND SUB-
TRACTION RESFECTIVELY. IF ON ATTACHING 1 SINGLE DIGIT FROM THE
GIVEN DIVIDEND, WE FIND THAT THE NUMBER TOQ BE DIVIDED REMAINS LESS
THAN THE DIVISOR, WE ATTACH O TO THE DRIVISOR JUST AS WE DO IN THE
HUMAN DOMAIN. WE REFEAT THE FROCESS TILL ALL THE DIGITS ARE
EXHAUSTEL. AFTER CALCULATION WE FRINT THE DIVIDEND, DIVISOR,
QUOTIENT AND REMAINDER AS USUAL 1IN SEFARATE LINEFS USING THE SUB-
ROUTINE FRINT TO AVOID BLANIS IN FPLACE OF EMBREDLDED ZEROS. THE MAIN

FROGRAM FOR DIVISION TOGETHER WITH ALL RELEVANT SUBROUTINES AFFEARS

ON THE SUCCEEDRING FAGES.
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[ Iy

89

91

305
(?"’I

203
109
110

86

172

202
235

266
294

344

278
316

27

INTEGER A(20) ,A1(20) ,IGIT(80) ,IQT (2() ,E(20) ,FR(20) ,REM(20)
WRITE ( 1 , 34 )

FORMAT ( 1X , ‘TYFE THE NUMBERS OF FIECES IN THE LIVILEND,
11X_, ‘AND THE DIVISOR IN FORMAT ( 2IZ )’ )

REMi1,1)1,0

FORMAT (212)

IF(1.EQ.0.AND.J.EC.0) STOF

IF ( I .6GT. O .ANI. J .GT. 0 ) GO TO 181

WRITE ( 1 , 89 )

FORMAT ( 1X , ‘DATA ILLEGAL, FPLEASE TYPE AGAIN’ )

60 TO 154

IF ( I .LE. 20 .AND. J .LE. 20 ) GO TO 205

IF ( I J.LE. 20 .OR. J .LE. 20 ) GO TO 207

WRITE ¢( 1 , 90 )

FORMAT ( 1X , ‘EBOTH NUMBERS TOO LARGE, FLEASE TYFE AGAIN’ )
60 TO 154

IF ( 1 .LE. 20 ) GO TO 305

WRITE ¢ 1 , 91 )

FORMAT ( 1X , ‘DIVIDEND TOO LARGE’ )

60 TO 154
WRITE ¢ 1
FORMAT ¢
60 TO 154
WRITE ( 1 , 109 )

FORMAT (¢ 1X  ‘TYPE THE DIVIDEND IN FORMAT ¢ 2014 )’

READl ¢ 1 , 86 ) ¢A (I + 1 -1+ ) , b =1 , I

WRITE (1 , 110)

FORMAT ( 1X , ‘TYFE THE DIVISOR IN FORMAT ( 2014 )’ )

READ (1 , 86 ) (B (J+1-L) ,L=1,73)

FORMAT ( 20I4 )

IF(J.GT.1.0R.E(1) .BT.0)G0 TO 172

WRITE(1,11)

60 TO &

INOD = ©

M=1

10T (1)=0

IF(I-J)297,202,414

NDI=0

MT=J

TRANSFER THE LEFTMOST J FIECES FROM THE DIVIDEND TO A NEW ARRAY
DO 266 II=1,J]

Al (J+1-11)=A(I+1~11)

00 344 II=1,J

IF (A1 (J+1-11)~B(J+1-11)) 278,344,485

CONT INUE

MT=1 ’

Al (1)=0

TW=1

60 TO 301

IF(IQT(M) .EQ.0)GO TO 384

IW=0

, 92
1X , ‘DIVISOR TOO LARGE’ )
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384

414

17

S11
72
213

S12
73

513
74

514
75

11

CALL QUOT(IQT,M,IwW,IND)
IF (NDI.EQ.0) GO TO 297 28
CALL ISOR(A1,MT,IGIT,NDI, IND)

COMFARE THE NUMEERS OF PIECES OF THE NEW DIVIDEND AND THE DIVISOR
IF (MT-J) 316,294 , 600

LM=I~J

CHECI WHETHER ALL THE DIGITS HAVE EEEN STORED. IF NOT, STORE THE
VACANT FLACES WITH ZEROS

CALL INTEG(A,LM,IGIT,NOI)

1C=4%LM

IF (NI .EQ.IC) GO TO 235

ND'T=NEIT+1

00 455 I1 = NOI , IC

IGIT ( II ) = O

NOI=IC

60 TO 235

FIND THE TRIAL QUOTIENT

IW=A1 (J) /B (J)

CALL DIVISO(E,J,Al,MT,IW,INI)

60 TO 301

IF BOTH FIECES HAVE 4 DIGITS EACH AND THE LAST FIECE OF THE
DIVISOR IS GREATER THAN THE LAST FIECE OF THE DIVIDEND, FIND THE
TRIAL DIVISOR

IW= (A1 (MT) ¥10+A1 (MT—=1) /1000) / (B (J) /1000)

60 TO S01

CALL EBIGMUL (E,J,I0T,M,FR,L,IND)

CALL EIGSUE (A,FR,REM,I,L 1., INDEX)

WRITE(1,17)ACI)

FORMAT (1X ,14%)

IF(1.E0.1)60 TC 770

00 S11 12=2,

CALL PRINT(A(I+1-I2))

WRITE (1,213)

FORMAT (10%)

WRITE(1,17)E(J)

IF(J.EQ.1)60 TO 73

00 512 J2=2,J

CALL PRINT (B (J+1-J2))

WRITE (1,213)

WRITE (1,17) I8T(M) .

IF(M.EQ.1)B0 TO 74

DO 513 K2=2,M

CALL FRINT (I@T (M+1-K2))

WRITE (1,213)

WRITE (1,17)REM(K)

IF(K.EQ.1)B0 TO 75

[0 514 KK2=2,K

CALL PRINT (REM (K+1-KK2))

WRITE (1,213)

GO TO 6
FORMAT (1X,‘DIVISION BY ZERO IS NOT DEFINEDR’)



ENL 29

SUBROUTINE QUOT(IGT ,M,IW,IND)
DIMENSION IOT(20)
IFCIOT(M) NE.ODGO TO 401
10T (1) =1W
RETURN
401 CALL SHIFT(IGT,M,1,INID
IRT (1) =10T (1) +IW
RETURN
ENL
SURROUTINE ISOR(A1,MT,IGIT, NI, INLI)
INTEGER A1 (20) ,IGIT(8M
IF (A1 (MT) .NE.O)GO TO 201
IF(IGIT(NDI) .EQ.0YGBO TO 400
MT=1
AL (1)=IGIT(NDI)
6O TO 400
201 CALL SHIFT(A1,MT,1, IND)
AL (1)=A1 (1) +IGIT(NDI)
400 NOI=NOI-1
RETURN
END
SUBRROUTINE DIVISO(E,J,A1,MT,IW,INID
INTEGER E(20) ,A1(20) ,01(20) ,C(20) ,C1(20)
202 C(1)=1IW
CALL RIGMUL (B,J,C,1,01 ,NN,IND)
IF ( IND' .EG. 1 )»BO TO 350
IF (NN-MT) 241,208,400
208 DO 211 Ek=1,NN
IF (D1 (NN+1—KE) —A1 (NN+1-KK) ) 241,211 ,400
211 CONT INUE
Al (1)=0
MT=1
RETURN
241 CALL RIGSUE(A1l,D'1,C1,MT,NN,MM, INDEX)
DO 244 II=1,MM
244 A1 (TII)=CI(II)
MT=MM
RETURN
350 INO=0
400 IW=IW-1
GO TO 202
END
SUBRROUTINE RIGMUL (A,I,E,J,C,M,INID)
INTELeR A(20) ,IFROD(20) ,B(20) ,C(20) ,0(80) ,INP(9) ,ISP(9,20) ,C1(20)

I§= - 1
C(1)y=20
M=1

D0 222 K =2 , 9
222 INF (K ) =0



CALL INTEG(E,J,D,IDN)
[0 555 MM=1,IDN
IS = IS + 1
IF (O (MM ) - 1 ) 555 , 386 , =242
247 IF (INF (D C MM ) ) .NE. © ) 60 TO 320
CALL MULT ¢A,DN(MM) ,IFROL,I,N1, IND )
IF (IND.EQ.1) RETURN
0 288 k. = 1 , NI
2gg  ISF (O (MM J , b ) = IFROD ¢ b )
INF (D (MM ) ) = NI

60 TO 401

320 NI = INF ¢ O (MM ) )
Do 335 K = 1, N1

355 IFROD ¢ K ) = ISF (D ¢ MM )Y K )
60 TO 401

386 Do 422 kK =1 , 1

2z IFROD ( K ) = A ( K )
Nl = I

401 IF ( NI .E@. 1 .ANDO. IFROD ¢ N1 ) .E@. O ) 6O TO 255
CALL SHIFT ( IPRODN , Ni , IS , IND)
IF ( IND .EG. 1 YRETURN
CALL ADDN(C,IFROL,C1,M,N1,M1,IND )
IF ¢ INDN .EQ. 1 ) RETURN
M= M1
00 488 Mk = 1 |, M

488 C ¢ ME )Y = Ct ¢ M)

SSs CONT INUE
RETURN
ENI
SURROUTINE ADDN(L ,M,N,LL,MM, NN , IND )
INTEGER CARRY
ODIMENSION L (20) ,M(20) N(20)
CARRY = 0
IF (LL-MM) 300,276,202

202 LIMIT=MM
IN=MM+1
Do 244 II=IN,LL

244 NCIT)=L(I1)
NN=__L.
G0 TO 400

276 LIMIT=MM
NN=L_IMIT
60 TG 400

300 LIMIT=LL
IN=LL+1
0o 344 I1I1=INMM

344 N(II)=M(II)
NN=MM

400 0o 522 I=1,LIMIT
KTEST=9999-M (1) -CARRY
IF(L(I) .NE.99992.0R.ETEST.NE.~1)G0D TO 464



464

498

| =Ean Ean

-‘.A--l—

558

%82

601

644
676

_ BOO

202

230
244

280

316
330

N(I)=9999

CARRY=1

GO TO 322
IF(L(I).LE.KTEST)GOD TO 498
N(I)=L(I)~-FTEST-1

G50 70O 432
N{I)=9999~(LTEST~-L (1))
CARRY=0

CONT INUE

IF(CARRY .NE.0)GO TO 528
RETURN

IF(NN.NE.LIMIT)GO TO 601
NN=NN+1

IF ¢ NN .GT. 20 ) GO TO 80O
N(NN) =1

RETURN

LIMIT=LIMIT+1

0O 644 I=LIMIT,NN
IF(N(I).NE.9999)60 TO 676
N(I)=0

CONT INUE

GO TO =82

N(I)=N(I)+1

RETURN

INO = 1

RETURN

ENID

SUBROUTINE MULT (I, H,, IFROIN,N N1, INI)

DIMENSION J(20) ,IFROD(20)
IFROD (1) =0

IF (k~1) 202,230,280

Ni=1

RETURN

00 244 I=1,N

IFROD(I)=J(1)

N1=N

RETURN

0o 388 I=1,N

I0=J3¢(I) /1000

M=(J(1)~1000%IQ) *K+IFROD(I)
L=I0%*K

10=L/10

ITEST=M- (9999-1000% (L-10%1Q) )
IF ¢ ITEST .LE. 0 ) GO TO 316
IPROD(I)=ITEST~1

I10=1G+1

G0 TO 350

IFROD( 1) =ITEST+9999
IF(I.EQ@.N)GO TO 388
IPROD(I+1)=1Q

31



388 . CONTINUE
N1=N ,
IF(I0.ED.0)RETURN
Ni=N1+1
IF ( Ni .GT. 20 ) GO TO S00
IFROD(NL) =10
RETURN
SO0 IND = 1
RETURN
ENL!
SUBROUTINE SHIFT (IFR,IAS,MF, INID
DIMENSION IFR(20)
IF {( MF .EQ. © ) RETURN
IF=MF
INTR=0
IF(IF.GE.4)GBD TO 290
bk =
202 E=10%% (4-1F)
o 255 I=KE,IAS
IHIN=IPR(I) /K
IFR(I)=(IFR(I)—IHIN*E) ¥10%* IF+INTR
INTR=IHIN
255 CONTINUE
IF(INTR.EQ.Q) RETURN
1AS=1AG+1
IF ( IAS .GT. 20 ) 60 TO S00
IFR(IAS)=INTR
RETURN
290 ID=1F/4
IF ( IAS+ ID .6GT. 20 ) 6O TO 500
oo 311 I1=1,IAS
311 IFR(IAS+IO+1-1)=IFR(IAS+1-1)
IAS=1AS+1D
0o 355 I1=1,I0
355 IPR(I)=0
IP=1FP-4*1D
IF(IP.ER.0)RETURN
KK=I1D+1
GO TO 202
500 IND = 1
RETURN
END
SUBROUTINE INTEG(E,J,Li,I0N)
INTEGER B(20) ,0(80)
I1ON=0
NO=4
0o seé 11=1,J
IOIV=B(II)
IF(11-J)442,256,600
NDO=JJ

3]
o
3]
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350
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553

GO TO 442
Do 377 JJ=1,3
IF(IDIV.LT.10%»J3) 60 TO 202
CONTINUE

[0 488 Kk=1,ND

ION=IDN+1

DCIDN) =MOD(IDIIV,10)

IF (KF .ER.NIN GO TO 488
IDIV=IDIV/1G

CONT INUE

CONTINUE

RETURN

END

CURROUTINE EIGSUE (L ,M,N,LL MM, NN, INDEX)
INTEGER CARRY

DIMENSION L (20) ,N1(20) ,M(20) ,N(20)
CARRY=0

IF(LL-MM) 590,681,202

INDEX.= 0
00 244 I=1 ,MM
N1 (D) =M(I,

0 286 I=1,LL
N(IY=L(I)
NN=LL

Fb=MM

Do 482 1=1,KH
IDIFF=N(I)~-N1(I)
IF(IDIFF) 451,421,386
N(I)=IDIFF-CARRY
CARRY=0

60 TO 488
IF(CARRY.NE.0)GBO TO 4351
N(I)=0

GO TO 488
N(I)=ILIFF+1-CARRY+999%
CARRY=1

CONT INUE

IF(KK.EQ.NN)GD TO 754
IF{(CARRY.NE.0O)GO TO G512
RETURN

IF(KK+1 .ER.NN)GO TO SS3
Ii=NN-1

II=KK+1

0o 33 1=11,11

IF(N(I) .EQ.0)GO TO 533
N(I)=N(I)-1

RETURN

N(I)=999%

N CNN) =N (NN) -1

60 TO 754

33



590 INDEX=1
0o 622 1=1,MM
LoD N(I)=M(I)
oo 655 1=1,LL
LES N1(I)=L{I)
Fh=Lb
NN=MM
60 TO 250
4681 0o 711 i=1,MM
IF(L(MM+1-1)-M(MM+1-1))590C,711,200
711 CONTINUE
INDEX = ©
NN=1
N{1)=0
RETURN
754 IF(NN.ED.1)RETURN
MN1=NN-1
0o 888 1=1,MN1
IF {N{NN) .NE.0) RETURN
888 NN=NN-1
RETURN
ENL
SUBROUTINE FPRINT (M)
IF(M.LT.10)GO TO 1§
IF(M.LT.100)B0 TO 2
IF(M.LT.1000)60 TO 3
WRITE(1,70)M

70 FORMAT (1X,14%)
RETURN

3 WRITE(1,71)M

71 FORMAT (1X , 1HO , 13%)
RETURN

2 WRITE(1,72)M

72 FORMAT (1X ,2HOC , I2%)
RETURN

1 WRITE(1,73)M

73 FORMAT (1X ,3HO00 ,11%)
RETURN .
END

/7
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H.C.F. OF 2 LARGE NUMEERS

THIS FROGRAM IS ONLY A NATURAL EXTENSION OF THE FREVIOUS

PROGRAMS WHICH WE HAVE ALREADY DNISCUSSED. JUST AS WE DO IN THE

HUMAN DOMAIN, WE DIVIDE ONE NUMEBER RY ANOTHER USING THE SUEROUTINE
BIGDIV. IF THE REMAINDER HAFFENS TO BE ZERO, THE DIVISOR BECOMES
THE H.C.F. OTHERWISE WE MOVE THE DNIVISOR TO THE DIVIDEND AND THE

REMAINDER TO THE DIVISOR, AND REPEAT THE PROCESS TILL THE DIVISION

COMES OUT EXACT. THEN WE FRINT THE 2 GIVEN NUMBERS AND ALS0 THEIR

H.C.F. ON SEFARATE LINES IN THE USUAL FASHION. THIS FROGRAM USES
ALL THE SUBROUTINES DISCUSSED IN THIS CHAPTER, NAMELY, EBIGDIV,
QuoT, ISOR, DIVISO, BIGMUL, INTEG, MULT, SHIFT, ADDN, BIGSUB AND

PRINT. THE COMPLETE PROGRAM IS GIVEN ON THE SUCCEEDING FAGES.
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ODIMENSION M(20) (N(20) ,KHCF (20) ,KG (20) ,KREM(Z20)
83 WRITE(1,11)
11 FORMAT(’ TYPE THE NUMBERS OF FIECES IN THE 2 NUMEERS IN’,

11X, FORMAT (212) )
839 READN(L ,6) 1,3
6 FORMAT (ZI2)

IF(I.EQ.0.AND.J.EQ.O)STOF

IF(I.GT.0)G0 TO 61

9 WRITE(1,12)
12 FORMAT (/ DATA ILLEGAL, FLEASE TYFE AGAIN’)
GO TO 839
61 IF(J.GT.0YG0 TO &7
60 TO 9
67 IF(I.LE.20.AND.J.LE.20)G0 TO 100

IF(I.LE.20.0R.J.LE.20)G0 TO 89
WRITE(1,13)

13 FORMAT (/ BOTH NUMBERS TOO LARGE, FLEASE TYPE ..ZAIN’)
G0 TO 839

89 IF(I.LE.20)G0 TO 891
WRITE(1,14)

14  FORMAT(’ FIRST NUMBER TOO LARGE, FLEASE TYFE AGAIN’)
GO TO 839 :

891 WRITE(1,15)

15 FORMAT (/ SECOND NUMBER TOO LARGE, FLEASE TYFE AGAIN’)
GO TO 839

100  WRITE(1,16)

16 FORMAT (/ TYPE THE FIRST NUMEER IN FORMAT (2014)°)
READ (1 ,50) (M(I+1-K) ,K=1,1)

50 FORMAT (2014)
WRITE(1,17)

17 FORMAT (/ TYFE THE SECOND NUMEER IN FORMAT (2014)7)
READ(1,50) (N(J+1-L) ,L=1,J)
IF(M(I) .GT.0.AND.NCJ) .GT.0)B0 TO 100
IF(M(I) .GT.0.0R.NC¢I) .GT.0)GO TO 1007
IF(1.6T.1.0R.J.6T.1)6G0 TO 340
WRITE(1,531)

531  FORMAT(/ HCF IS NOT DEFINED SINCE EOTH NUMBERS ARE ZERQ’)

GO 7O B3
340 IF(1.6T7.1)6G0 7O 892
27 WRITE (1,20 .
60 TO 100
392 IF(J.GT.1)GB0 TO 20=3
25 WRITE(1,19)
GO0 70 100
7053 WRITE(1,18)
GO TO 100

1007  IFMM(I) .GT.0) GO TO S50
IF(I.GT.1)B0 TO 2=
WRITE (1,1000)M(I)
WRITE(1,2000)



WRITE (1,1000)N (.J)
IF(J.ER.1)GO TO 1282
0o 12702 1J=2,]

12702 CALL PRINT(N(J+1-J1))

1282 WRITE (1,2000)
WRITE (1,1000)N(J)
IF(J.ER.1)G0 TO 128
0o 127 JJ=2,J

127 CALL PRINT(N(J+1-3J))

128 WRITE(1,2000)
GO TO 83

550  IF(J.GT.1)G0 TO 27
WRITE (1,1000)M(I)
IF(I.EQ.1)G0 TO S06
00 505 11=2,1

505  CALL PRINT(M(I+1-I1))

506 WRITE(1,2000)
WRITE(1,1000)N(J)
WRITE (1 ,2000)
WRITE(1,1000)M(I)
IF(I.ER.1)60 TO 128
Do 1271 11=2,1I

. 1271 CALL PRINT(M(I+1-I1))

GO TO 128
18 FORMAT ( LAST PIECES OF BOTH NUMBERS ZERO, ARSURD INFUT’)

19 FORMAT ¢’ LAST PIECE OF FIRST NUMBER ZERO, ABSURD INPUT’)
20 FORMAT ¢/ LAST FIECE OF SECOND NUMBER ZERO, ARSURD INFUT’)
1005 WRITE(1,1000)M(I)
IF(1.EQ.1)60 TO 189
00 190 I1=2,I
190  CALL FRINT(M(I+1-II))
189  WRITE(1,2000)
WRITE (1 ,1000)N(.J)
IF(J.EQ.1)G0 TO 1891
00 1901 JJ=2,J
1901 CALL FRINT(N(J+1-1J))
1891 WRITE(1,2000)
1121 CALL BIGDIV(M,N,EQ,KREM,I,J,L,LL)
IF (LL.E@.1.AND.EREM (1) .EQ.Q)GO TO 907
00 S5 JJ=1,J]
== M(JJ)=N(II)
1=J
[0 S6 LLL=1,LL
S6 N(LLL) =KREM(LLL)
J=LL
G0 TO 1121
907 - [0 444 JJJ=1,J
344  KHCF(JJJ)=N{JJI)
WRITE (1,1000)EHCF (1)
IF{J.EQ.1)G0 TO 128
L0 S67 JJJJ=2,]



567  CALL PRINT(KHCF (J+1-3J33))
G0 TO 128

1000 FORMAT (1X,I14%)

2000  FORMAT (50X)

END

SUEROUTINE EIGDIV(A,B,IRT,REM,I,.J,M,kK)

INTEGER A(Z0) ,A1(20) ,IGIT(80),IQT (20) ,B(20) ,PR(20) ,REM(Z20)

172 IND = O

M=1
IGT(1)=0
IF(1-J)297,202,414
202 NLOI=0 :
235 MT=J

00 266 11=1,J
266  AL{I+1-ID)=A(I+1-11)
294 DO 344 11=1,J
IF(AL(J+1-11)-B(J+1-11)) 278,344,485
344  CONTINUE
MT=1
Al (1)=0
IW=1
B0 TO 301
278  IF(IQT(M) .EQ.0)GO TO 384
316  IW=0
301  CALL QUOT(IG@T,M,IW,IND)
384  IF(NDI.EQ@.0)GO TO 297
CALL ISOR(A1,MT,IBGIT,NDI, IND)
IF (MT-J) 316,294 ,600
414  LM=1-J
CALL INTEG(A,LM,IGIT,NOI)
IC = 4 * LM
IF ( NI .E@. IC ) GO TO 235
NDI=NOT+1
00 455 I1 = NOI , IC
3455 IGIT ¢ II ) = ©
NOI = IC
G0 TO 205
485 IW=A1(3)/B(I)
501 CALL DIVISO(E,.J,Al,MT,IW,IND)
50 TO 301
600 IW=(A1{MT)*10+A1 (MT=1) /1000) / (E(.J) /1000)
GO TO SO1
297  CALL BIGMUL (E,J,IBT,M,FR,L,IND)
CALL EIGSUE(A,FR,REM,I,L,K,INDEX)
RETURN
ENI
SUBROUTINE CUOT (IQT,M,IW,INI)
DIMENSION IRT(20)
IF (IAT (M) .NE.Q)GO TO 401
IQT(1)=IW
RETURN



401

201

400

202

241

244

350
400

CALL SHIFT(I@T,M,1,IND)
1I0T(1) =IQT (1) +IW

RETURN

END

SUEROUTINE ISOR (A1 ,MT,IGIT ,NOI,INDD
INTEGER A1 (20) ,IGIT(80)

IF (A1 (MT) .NE.0O)GO TO 201

IF(IGIT(NDI) .EQ.0YGD TO 400

MT=1

A1 (1)=IGIT(NDD)

G0 TO 400

CALL SHIFT(A1,MT,1, IND )

A1 (1)=A1(1)+IGIT(NDI)

NOI=NDI-1

RETURN

END

SUBROUTINE DIVISO(E,J,A1 ,MT,IW,IND)
INTEGER E(20) ,A1(20) i1 (20) ,C(20) ,C1 (20)
Ci1)=IW

CALL BIGMUL (E,J,C,1,01 ,NN,INDD

IF (INL.EQ.1)60 TO 2350

IF (NN-MT) 241,208,400

DO 211 Kb=1 NN

IF (D1 (NN+1—-KKE) A1 (NN+1-KK) ) 241,211,400
CONTINUE

AL(1)=0

MT=1

RETURN

CALL EBIGSUE(AI1,DI1,C1,MT,NN,MM,INDEX)
00 244 II=1,MM

AL(I1)=C1(II)

MT=MM

RETURN

IND=0

IW=IW-1

60 TO 202

END

SUBROUTINE BIGMUL (A,I,E,J,C,M,IND)
INTEBER A(20) ,IPROD(20) ,E(20) ,C(20) ,0(80) ,INF(9)
IS= - 1

C(1)=20

M= 1

D0 222K =2, 9

INF (K) = 0

CALL INTEG(R,J,O,IDON)

00 555 MM=1,IDN

IS = IS + 1

IF (D (MM ) - 1) 555 , 386 , 242

IF ( INF (D ¢ MM ) ) .NE. 0 ) 60 TO 320
CALL MULT(A,D(MM) ,IFROLI,I,N1, IND )

39

y ISP (9,20) ,C1 (20
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bttt

344

400
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IF (INOD.EQ.1)RETURN

0o 288 K =1 , N1

ISF (D ¢ MM ) § K ) = IPROD ( K )
INF DD ( MM ) ) = NI

GO TO 401
NI = INF (D0 ¢ MM ) )

0 355 K = 1 , Nt

IFROD ( K ) = ISF (It C MM ) , k)
G50 TO 401

IO 422 K = 1 , I

IFROD ( K ) = A ( K )

Ni = I

IF ( NI .E@. 1 .AND. IFROD ( Ni ) .EQ. O
CALL SHIFT ( IPRODN , Nt , IS , IND )
IF ( IND .E@. 1 )RETURN

CALL ADDN(C,IFROD,C1,M,N1,M1,IND )
IF ( IND' .E@. 1 ) RETURN

M = M1

O 488 ME = 1, M

C (M) = C1 ( ME D

CONT INUE

RETURN

ENL!

SUEROUTINE ADDINC(L ,M,N,LL,MM, NN , IND )
INTEGER CARRY

DIMENSION L (20) ,M(20) ,N(20)

CARRY = O

IF (LL-MM) 300,276,202

LIMIT=MM

IN=MM+1

DO 244 II=IN,LL

N(IT)=L(II)

NN=LL

GO TO 400

LIMIT=MM

NN=LIMIT

GO TO 400

LIMIT=LL

IN=LL+1 :

00 344. II=IN,MM

NCIT)=M(II)

NN=MM

DO 522 I=1,LIMIT
KTEST=9999~M (1) ~CARRY

IF(L(I) .NE.9999.0R.KTEST.NE.-1)G0O TO 464
N(I)=9999

CARRY=1

6O TO 522

IF(L(I) .LE.KTEST)GO TO 498
N(I)=L{I)-KTEST~1

)

GO TO Sss

bt

40
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GO TO 432
N(1)=9999—(KTEST-L (1))
CARRY=0

CONT INUE

IF (CARRY .NE.0)B0 TO 558
RETURN

IF (NN.NE.LIMIT)GO TO 601
NN=NN+1

IF ( NN .6T. 20 ) GO TO 800
N (NN) =1

RETURN

LIMIT=LIMIT+1

00 644 I=LIMIT,NN

IF(N(I) .NE.9999)60 TO 676
N(I)=0

CONT INUE

GO TO S8z

N(I)=N(I)+1

RETURN

IND = 1

RETURN

ENI!

SUEROUTINE MULT (J,k, IFROD,N, N1, INI)
DIMENSION J(20) ,IPROD(20)
IFROD(1) =0

IF (k-1)202,230,280

Ni=1

RETURN

IO 244 I=1,N

IFROD(I)=J (1)

N1=N

RETURN

L0 388 I=1,N

10=J(I) /1000

M= (J(I)=1000%I10) *K+IFROD (1)
L=1G%K

10=L/10

ITEST=M-(9999-1000% (L~10%1Q))
IF ¢ ITEST .LE. 0 ) BO TO 316
IPROD(I)=ITEST-1

10=10+1

60 TO 350

IFRODN(I) =ITEST+9999

IF(I =@.N)GO TO 388
IPROD(I+1)=1@Q

CONTINUE

Ni=N

IF..Q.EG.0) RETURN

Ni=N1+1

IF ( N1 .BT. 20 ) GO TO 500
IPROD(N1) =I@
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500

202

290

311

S00

8}
o
b

rJ
cn
o

377
442

RETURN

INDN = 1

RETURN

ENL

SUBRROUTINE SHIFT (IFR,IAS,MF,
DIMENSION IFR(Z0)

IF ¢« MF EG. O )Y RETURN
IF=MF

INTR=0

IF(IF.GE.4)GB0O TO 290
FE=1

E=10%% (4~1IF)

0o 255 1=K ,IAS
IHIN=IFPR(I) /K

IFPR(I)=(IPR(I) -IHIN*K) #10%*IF+INTF

INTR=IHIN
CONT INUE

IF (INTR.EG.O) RETURN
IAS=1AS+1

IF ( IAS .BT. 20 ) GO TO 500
IFR(1AS) =INTK

RETURN

ID=1F/4

IF ¢ IAS+ ID .GT. 20 ) 60 TO
0o 311 I=1,IAS

IFR (IAS+IO+1-1)=IFR(IAS+1-1)
IAS=IAS+ID

[0 255 I=1,I0

IPR(I)=0

IF=]1F-4%I

IF(IF.EQ.0) RETURN

Kk=10+1

G0 TO 202

IND = 1

RETURN

END

SUBROUTINE INTEG(E,J,0,I0N)
INTEGER B(20) ,D(80)

1DN=0
ND=4

D0 S66 I1=1,J
IDIV=B(II)
IF(11-J)442,256 ,600
ND=JJ

60 TO 442

D0 377 JJ=1,3
IFCIDIV.LT.10%%J3)6Q TN 202
CONT INUE

0D 488. KK=1-,NII

IDN=IDN+1 '

INIt)

500
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488
566
500

320
330

386

DCIOND =MODCIDIV,10)

IF(KK.EQ.NDDGO TO 488

IDIV=IDIV/10

CONTINUE

CONTINUE

RETURN

END :

SUBROUTINE RIGSUB(L ,M,N,LL ,MM,NN,INDEX)

INTEGER CARRY
DIMENSION L (20) (N1(20) ,M(20) ,N(20)

CARRY=0
IF (LL~MM) 590,681 ,202
INDEX = 0 .
00 244 I=1,MM
N1(I)=M(I)

Do 288 I=1,LL
N(IY=L(I)

NN=LL

KK=MM

DO 488 I=1,KK
IDIFF=N(I)-N1(I)
IF(IDIFF) 451,421,386
N(I)=IDIFF-CARRY
CARRY=0

G0 TO 488

IF (CARRY .NE.0)GO TO 451
N(I)=0

GO TO 488
N(I)=IDIFF+1-CARRY+9999
CARRY=1

CONTINUE

IF (KK.ER.NN)GO TD 754
IF (CARRY .NE.0)BO TO 517
RETURN

IF (KE+1.EQ.NN)GO TO 553
I1=NN-1

II=kk+1

00 S33 I=11,11

IF(N(I) .EQ.0)GO TO 533
N(I)=N(I)~1

RETURN

N(I)=9999

N ONIND =P ONND — 1

G0 TO 754

INDEX=1

00 622 I=1,MM

NCIY=MII)

00 &5% I=1,LL
N1(I)=L(I)

Kh=LL

NN=MM
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711

888

80 TO 350

00 711 I=1,MM

IF (L (MM+1-1)~-M(MM41-1))590,711,202
CONTINUE

INDEX = ©

NN=1

N{1)=0

RETURN

IF (NN .E@.1)RETURN
MN1=NN-1

[0 888 I=1,MN1

IF (N(NN) .NE.0) RETURN
NN=NN-1

CONTINUE

RETURN

END

SUBROUTINE FRINT (M)
TFEAMLAT . LOYGES 7O &
IF(M.LT.100)60 TO 2
IF(M.LT.1000)G0 TO 3
WRITE(1,70)M
FORMAT (1X ,14%)
RETURN

WRITE(1,71)M

FORMAT (1X,1H0 ,I3%)
RETURN

WRITE(1,72)M
FORMAT (1X ,2HOO , I2%)
RETURN

WRITE(1,73)M
FORMAT (1X ,3H0QG ,11%)
RETURN

END
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CHAFTER 2

SOME FROGRAMSE REGARDING FOLYNOMIALSE

INTROOUCTION

IN THIS CHAFTER WE SHALL DEVELOF S0ME FROGRAME REGARLDING THE
MANIFULATION OF FOLYNOMIALS IN COMFUTERS. & COMRUTER CANNOT REALD
OR FRINT A FPDLYNOMIAL AS SUCH, EBUT 1F THE PFPOLYNOMIAL IS IN ONE
VARIAEBLE ONLY, FOR EXAMFLE, -

N N-1 N-Z

A X + A Y + R ¥ + ... + A X + A

O b - N—32 N
WHERE N IS & NATURAL NUMEBER ANLD ALL COEFFICIENTS ARE REAL NUMBERS,
WE CAN STORE THE CDEFFICIENTE OF THIS FOLYNOMIAL IN & REAL
1-DIMENSIONAL ARRAY. IF THE FOLYNOMIAL IS IN MORE THAN ONE
VARIARBLE, WE REQUIRE A HIGHER-DIMENSIONAL ARRAY TO STORE ITS CO-
EFFICIENTS. HOWEVER, IN THIS CHAFTER WE SHALL DEAL WITH FOLYNO-
MIALS IN ONE VARIAEBLE ONLY. FURTHER IN SOME OF THE FROEBLEMS WE
SHALL ASSUME THAT ALL THE COEFFICIENTS ARE INTEGERS AND THE LEAD-
ING COEFFICIENT IS NON-ZERO. 1IF THE FOLYNOMIAL HAFFENS TO ERE
MONIC, WE SHALL STORE ONLY THE N COEFFICIENTS IN AN INTEGER ARRAY
ANLI NOT IN A REAL ARRAY. IF THE FPOLYNOMIAL IS NOT MONIC, WE SHALL
STORE ALL THE COEFFICIENTS (INCLUDING THE LEADING COEFFICIENT) IN
AN INTéGER ARRAY. EBUT IN THIS CASE WE SHALL CALL THE LEADING CO-
EFFICIENT AS A(1), THE NEX™ COEFFICIENT AS A(Z), ETC. IN OTHER
FROBLEMS WE SHALL ASSUME THAT ALL COEFFICIENTS ARE RATIONAL NUMEERS
AND WE SHALL STORE ALL THE NUMERATORS OF THE COEFFICIENTS IN ONE

INTEGER ARRAY AND ALL THE TENOMINATORS IN ANOTHER INTEGER ARRAY.
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NUMERATOR OF THE LEADING

m

THAT TH

m

IN SUCH CASBES WE SHALL ASSUM
COEFFICIENT IS NON—ZERO AND ALL DENOMINATORE ARE ALSL NON-ZERD.
HOWEVER, WE SHALL WNJT ASSUME THAT ALL THE ZOEF=ICIENTS ARE WRITTEN
IN THEIR LOWEST TERMS. IN QTHER WOROS, THE H.CT.F. OF anY ENTRY IN
THE NUMERATOR ARRAY AND THE CORRESFONDING ENTRY IN THE DENOMINATOR
ARRAY NEELD NOT BE UNITY. ALS0 WE DO NOT ASSUME THAT ALL THE DENG-
MINATORS ARE FOSITIVE. IN CASE THE LEADING ENTRY IN THE NUMERATOR
ARRAY HAPFENS TO BE O, OR ANY ENTRY IN THE DENOMINATOR ARRAY IS O,
OUR FROGRAM WILL FRINT OUT AN ERROR MESSAGE ANLD ASH FOR FRESH
INFUT.

WE OBRSERVE THAT THE ENTRIES OF THE VARIOUS ARRAYS INCRELASE
RAFIOLY A5 THE CALCULATION FROCEEDS, EVEIN IF WD DIVIDE BOTH NUMERA-
TOR AN DENOMINATOR BY THEIR H.C.F. AFTER EVERY FIECE OF CALCULA-
TION. THE ENTRIES SO0OON BECOME GREATER THAN 321767 WHICH IS THE
MAXIMUM LIMIT FOF AN INTEGER VARIARLE IN OUR COMFUTER. 80 WE SHALL
HAVE TO USE THE SUBROUTINE SUBFROGRAMS DEVELOFED IN CHAFTER 1. IN
THE FROGRAMS DEVELOFEDN IN THIS CHAFTER, HOWEVER, WE HAVE NOT
WRITTEN THIS EXPLICITLY, BUT IF SOMEONE DESIRES, HE CAN VERY EASILY
oo so. |

FROGRAM FOR RE-CONSTRUCTION OF A FOLYNOMIAL FROM ITS ZEROS

- e e e ol (o . e P S M e et S S S 4" Mot s Skt . YO S A MY i e S S S S o S e iy A S P S b o S

THIS FROGRAM IS ALREADY GIVEN IN A EOOK EY E.V.ERISHNAMURTHY
AND S.K.SEN. BEUT THAT FROGRAM IS VERY LENGTHY AND COMFLICATELD.
THE AUTHORS FIRST FIND ALL THE COMEINATIONS OF M NATURAL NUMBERS
TAKEN N AT A TIME, WHERE N = 1,2,3,...,M. EVEN THAT SUBROUTINE

WHICH CALCULATES THESE COMEBINATIONS IS VERY ! ENGTHY AND [DES ITS
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Jop It. & VER. ROUNDAEROUT WaY. I7 OFTER RE-DEFINZE SOME VARIARLES

~

TO THEIR FREVIOUS VALUES, WHICH IS QUITE UNNECESSARY . THE AUTHORS
HAVE SAID IN THEIR EBOOt., ‘THE FROGRAM IS USEFUL FOR A FOLYNOMIAL OF
SMALL DEGREE, S5AY, 10. FOR A FOLYNOMIAL OF LARGE DEGREE, IT

INVOLVES TOO MANY MULTIFLICATIONS AND ADDITIONS, THUSZ INTRODUCING
AFFRECIABLE ERRORS. WE CAN HOWEVER USE A ROUTINE FOR MULTIFLICA-
TION OF T FOLYNOMIALS OF DEGREES M ANDN K (KNUTH 1968) TO RE-
CONSTRUCT A FOLYNOMIAL FROM & GIVEN SET OF ZEROSYS (ALSU SEE RERZTISS
1°71). A VERY SIMFLE AND STRAIGHTFORWARL TECHNIOQUE IS TO WRITE A
ROUTINE FOR MULTIFLICATION DOF AN MTH DEGREE FOLYNOMIAL (M .= 1 ) RY
~ LINEASR FACTOR. USING THIS ROUTINE, WE CAN EQSILY RE-CONSTRUCT &
NORMALISED FOLYNDMIAL FROM ITS GIVEN ZEROE.’ 1IN OUR FROGRAM WE
HAVE USED THIS TECHNIQUE ONLY, EBUT WE HAVE RESTRICTED IT TO INTEGER
ZEROS AN RATIONAL ZERDS ONLY.

WE TAKE THE FOLLOWING 2 CASES:-

1. ALL ZEROS ARE INTEGERS.
Z. ALL ZEROS ARE RATIONAL, THE H.C.F. OF THE NUMERATORS ANL

THE CORRESFONDING DENOMINATORS NOT BEING NECESSARILY UNITY,
BUT ALL DENOMINATORS EEING NON-ZERO.
THE FROGRAM, IN CASE ALL ZEROS HAFFEN TO BE INTEGERS, IS GIVEN
ON THE SUCCEEDING FAGES. 1IN THIS CASE THE POLYNOMIAL GENERATED IS
MONIC. SC “E HAVE NOT FRINTED THE LEADING COEFFICIENT, WHICH IS
NECESSARILY UNITY. WE HAVE FRINTED ONLY THE SECONLD' AND LATER CO-

EFFICIENTS OF THE FOLYNOMIAL.
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2= ) , ICOF ( 25 )

DIMENSION ITZ (
WRITE (1 , 7 )
7 FORMAT ( 1X , ‘THIS FROGRAM RE-CONSTRUCTS A MONIC FOLYNOMIAL -
1 1y ,’FROM ITS ZEROS, ASSUMING THAT ALL’/’ OF THEM ARE INTEGERS’
79 WRITE ¢ 1 , 107 )
107 FORMAT ( 1X , ‘TYFE THE NUMEER OF ZEROS IN FORMAT ¢ IZ )
1 '/ 1X , ‘FOR STOPFING FLEASE TYFE : O )
791 READ ¢ 1 , 127 ) NI
127 FORMAT ( I2 )
IF ( NZ ) 149 , 459 , 176
149 WRITE ¢ 1 , 157 )
157 FORMAT ( 1X , ‘DATA ILLEGAL , KINDLY TYFE AGAIN’ )
GO TO 791
C CHECK WHETHER THE GIVEN NUMEER OF ZEROS WILL CROSS THE LIIMENSION
176 IF ( NZ .BT. 25 ) GG TO 459
WRITE ( 1 , 207 )
207 FORMAT ¢ 1X , ‘TYFE ALL ZERDS IN FORMAT ( 1316 )‘ )
READl ¢ 1 , 247 5 ( ITZI (¥ ) , 8 =1 , NZ)
247 FORMAT ( 1316 )
C FORM THE FIRST LINEAR FOLYNUMIAL FROM THE FIRST ZERO
ICOF (1) = — ITZ ¢ 1)
M o= 1
IF ( NZ .EQ. 1 ) GO TO 401
oo 211 1 = 2, NZ
C MULTIFLY THE CURRENT FOLYNOMIAL EBY A& LINEAR FOLYNOMLAL
211 CALL LIN ¢ ICOF , M , ITZ (1))
WRITE ( 1 , 570 )
S570 FORMAT ( 1X , ‘THE ZEROS OF THE FOLYNOMIAL ARE GIVEN EELOW:-' )
401 WRITE (1 , 467 ) ( ITZ (K ) , K =1, NZ)
WRITE ¢ 1 , 700 )
700 FORMAT ( 1X , ‘THE REQUIRED FOLYNOMIAL IS MONIC; SO ITS FIRST-,

11X 4 ‘COEFFICIENT IS UNITY’ 7 * ITS OTHER COEFFICIENTS,’,
1 tX , ‘STARTING FROM THE SECOND, ARE GIVEN BELOW:-’ )
WRITE (1 4, 467 ) ( ICOF (K ) 4, K=1 , M)
467 FORMAT ( 1X , 11 ( 16 , 1X ) )
GO 170 79

459 WRITE (1 , 487 )
487 FORMAT ( 1X , ‘THE GIVEN NUMEER WILL CROSS THE DIMENSION,’

1, 1X , ‘CHANGE DIMENSION‘ )
499 STOP
' END
SUBROUTINE LIN ¢ ICOF o M , MLZ )
DIMENSION ICOF ( 25

M=M=+ 1

ICOF (M) = - MLZ * ICOF (M - 1)
IF (M ER. 2 ) GO TO 400

MNZ2 M -2

Do 122 K =1 , MN2
122 ICOF (M k) = ICOF (M - K ) — MLZ ¥ ICOF (M - K - 1)
400 ICOF ( 1 ICOF ¢ 19 — MLZ

~ |
]
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NOW WE GIVE THE ALGORITHM FOR RE-CONSTRUCTION OF A FOLYNOMIAL

FROM ITS RATIONAL ZEROS. FOR ALL SUCH ZEROS FOR WHICH THE

NUMERATOR IS O, THE FROGRAM WILL SET THE DENOMINATOR AS UNITY. IF

THE DENOMINATOR OF ANY ZERO IS NEGATIVE, IT WILL CHANGE THE SIGNS
OF BOTH NUMERATOR AND DENOMINATOR. THEN THE PROGRAM WILL CALCULATE
THE H.C.F. OF BOTH NUMERATOR AND DENOMINATOR IN THE CASE OF EVERY

ZERD DF THE FDLYNDMIAL WHICH 1S5 NON-ZERD AND DIVIDE BOTH OF THEM BY
THIS H.C.F. NOW WE FORM A LINEAR FOLYNOMIAL WITH THE GIVEN FIRST

RATIONAL ZERO WHICH WILL BE OF THE FORM

A X-B
1 1

WHERE E /A IS THE FIRST RATIONAL ZERO OF THE REQUIRED POLYNOMIAL.
1 1

IF THERE IS NO OTHER ZERO, WE ARE THROUGH. OTHERWISE WE FORM

ANOTHER FIRST DEGREE FOLYNOMIAL WITH THE SECOND RATICNAL ZERO. WE

MULTIFLY THE FREVIOUS FOLYNOMIAL RY THE NEW FOLYNOMIAL ANLD CONTINUE

THE FFROCESS OF MULTIFLICATION TILL ALL THE IZEROS ARE EXHAUSTED. IN

THE END' WE SHALL GET A FOLYNOMIAL HAVING N+1 COEFFICIENTS WHERE N

IS THE DEGREE OF THE FOLYNOMIAL, THE LEADING COEFFICIENT BEING

FOSITIVE AND ALL COEFFICIENTS REING INTEGERS. WE NEED NOT FIND THE

H.C.F. OF ALL CDEFFICIENTS NOW, BECAUSE WE HAVE TARKEN ALL ZEROS IN

THEIR LODWEST TERMS. IT FOLLOWS THAT THE H.C.F. OF ALL COEFFICIENTS

WILL CERTAINLY BE UNITY. THE PROGRAM FOR THIS PROCEDURE, TOGETHER

WITH THE RELEVANT SUEBRQUTINE FOR MULTIFLICATION OF A FOLYNOMIAL EY

A LINEAR FOLYNOMIAL, IS GIVEN ON THE SUCCEELDING FAGES.
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DIMENSION NUM ( 25 ) , IDEN ( 25 ) , ICOF ( 26 )
INTEGER HCF
WRITE ¢ 1 , 7 )

7 FORMAT ¢ 1X , ‘THIS FROGRAM RE-CONSTRUCTS A FOLYNOMIAL WITH’,
1 1X , ‘INTEGER COEFFICIENTS’ / 1X , ‘FROM ITS RATIONAL ZEROS’ )
79 WRITE ¢ 1 , 107 )

107 TORMAT ( 1X , ‘TYPE THE NUMEBER OF ZEROS IN FORMAT ( I2 )’ / 1X ,
1 ‘FOR STOPFPING FLEASE TYFE : 0’ )
792 READ ( 1 , 127 ) NZ
127 FORMAT ( I2 )
_ IF ( NZ ) 179 , 799 , 238
179 WRITE ( 1 , 207 )
207 FORMAT ( 1X , ‘DATA ILLEGAL, KINDLY TYPE AGAIN’ )
GO TO 792
238 IF ( NZ .GT. 25 ) GO TO 749
WRITE ( 1 , 267 )
267 FORMAT ¢ 1X , ‘TYPE ALL NUMERATORS OF THE ZEROS IN‘,
1 1X , ‘FORMAT ( 1316 )’ )
READ (1 , 387 ) ( NUM ( K ) , K=1 , NZ)
309 WRITE ( 1 , 347 )
347 FORMAT ( 1X , ‘TYPE ALL DENOMINATORS OF THE ZEROS IN’,
1 1X , ‘FORMAT ( 1316 )’ ) .
4000 READ (1 , 387 ) ( IDEN (K ) , K=1 , NZ)
387 FORMAT ( 1316 )
00 411 K = 1, NZ
IF ( IDEN ( K ) .E@. O ) GO TO 579
411 CONT INUE
C STANDARDISE THE LDATA
00 S66 K =1 , NZ
ICN = NUM ( K )
ICh = IDEN ¢ K )

IF ( ICN .NE. O ) GO TO 446
Ico = 1
G50 TO 49%
346 IF ( ICO .GT. O ) GO TO 474
ICD = - ICD
ICN = - ICN
474 IHCF = HCF ( ICN , ICD )
IF ( IHCF .EQ. 1 ) GO TQ 495
ICN = ICN / IHCF
ICD = ICD / IHCF
495 IF ( K NE. 1 ) GO 7O s01
c FORM A LINEAR FOLYNOMIAL WITH THE FIRST ZERO
ICOF ( 1 ) = ICD
ICOF ( 2 ) = - ICN
M = D
50 TO Sé6
S01 CALL LIN ¢ ICOF , M , ICN , ICD )
S66 CONT INUE

WRITE ¢ 1 , S67)



567

F0E

656

627

749
787

799

122

Q00

B15

FORMAT ( 1X , ‘THE NUMERATORS OF THE ZEROS OF THE REGUIREL,
1X , ‘POLYNOMIAL ARE GIVEN BELOW:-' ) 51
WRITE (1 , S87 > ( NUM (b ) , k=1 , NZ)

WRITE (1 , 208 )

FORMAT ¢ 13X , YTHE DENOMINATORS OF THE ZEROS OF THE REQUIRED,
i1 , ‘FOLYNOMIAL ARE GIVEN EBELOW:-" )

WRITE ¢ 1 , 587 ) ( IDEN ( E ) , K =1 , MZ
WRITE (1 , 666 )

FORMAT ( 1X , ‘THE COEFFICIENTS OF THE REQUIRELD FOLYNOMIAL® |
1X , ‘ARE GIVEN EELOW:—‘ )

WRITE (& , S87 ) ( ICOF ( K ) , K =1, M)

FORMAT ¢ 1X , 11 ( I& , 1X ) )

650 TO 79

WRITE ¢ 1 , &27 )

G0 TO 4000

FORMAT  1X , ‘NO DENOMINATOR CAN BRE ZERO, KINDLY TYFE’ , 1X
‘ALl THE DENOMINATORS AGAINY )
WRITE ( 1 787)

3
FORMAT ¢ 1X , ‘THE GIVEN NUMEER WILL CROSS THE DIMENSION, . 1X,
‘CHANGE DIMENSION'
STOF
ENI

SUBROUTINE LIN ¢ ICOF , M , MLNZ , MLLDOZ )
DIMENSION ICOF ( 26 )

=M+ 1
1COF (Moo
MZ = M - =&
Do 122 K o=
ICOF (M
ICOF (1
RETURN
END
INTEGER FUNCTION HCF (I , J))
INTEGER REM

IF (I .NE. 0 ) GO TO 8%

HCF = IABS ( J )

RETURN

IF ¢ J .NE. O ) GO TO 1%Z3

HCF = IARS ( I )

RETURN

KOFY1 = IABS ( 1)

kOFYZ2 = IABS ( J )

REM = MOD ( KOPY1 , KOPY2 )

IF ( REM .NE. O ) GO TO 815
HCF = KOFYZ2

RETURN

KOPY1 KOFY2

EOFPYZ RE™

GO TO 200

END

= - MLNZ * ICOF ¢ M - 1)

, Mz
) = MLOZ % ICOF ( M - K ) — MLNZ *ICOF( M - K - 1 )
MLOZ % ICOF ¢ 1 )

1
If 7 e
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FROGRAM FOR CALCULATING ALL INTEGER [JEROS OF MONIC FOLYNOMIAL

WE ASSUME THAT ALL COEFFICIENTS OF THE FOLYNOMIAL AFE
INTEGERS. THIS IS A MUCH MORE DIFFICULT FROBLEM. WE HAVE SOLVEL ©
IT BY THE USE OF THE REMAINDER THEOREM. WE CONSIDER THE LAST NON-

ZERO COEFFICIENT OF THE FOLYNOMIAL, IF ANY. IF THERE IS NO SUCH

N

COEFFICIENT, THE FOLYNOMIAL EBECOMES JUST X . WE FRINT ALL ITS
ZERZE AS 0. IF THE LAST NON-ZERO COEFFICIENT IS A(1), WE FRINT
(N=1) ZEROS AS O AND THE NTH ZERU A& —A(1). IN ALL OTHER CASES WE

FINDD ALL FOSSIEBLE FACTORS OF THE LAST NON-ZERC COEFFICIENT EY USING
~ SUBROUTINE CALLEDN FAC. WE FIND THE VALUE OF THE FOLYNOMIAL FOR
THE FIRST FACTOR. IF THE WVALUE OF THE FDLYNOMIAL I& &, THEN THE
FOLYNOMIAL WILL HAVE THAT FACTOR AS ITS ZERO. WE DIVIDE THE FPOLY-
NOMIAL RY X-F, WHERE F IS5 THAT FACTOR ANL CHECH THE DEGREE OF THE
NEW FOLYNOMIAL. IF ITS DEGREE IS UNITY, THEN THE CONSTANT TERM OF
THIZ NEW FOLYNOMIAL WITH ITS SIGN CHANGED WILL BE THE LAST ZERO OF
THE ORIGINAL POLYNOMIAL. IF THE FIRST FACTOR DOOES NOT SATISFY THE
DRIGINAL FOLYNOMIAL, WE CHECK THE NEGATIVE OF THE FIRST FACTOR.
THEN WE CHECK THE SECOND FACTOR AND SO ON. A5 500N AS WE GET ANY
FACTOR WHICH SATISFIES THE FOLYNOMIAL, WE IMMEDIATELY DIVIDE THE
FOI_YNOMIAL AS BEFORE AND CONTINUC ~URTHER. WE TAKE FARTICULAR PRE-
CAUTIONS THAT IF A FACTOR DOES NOT SATISFY THE FOLYNOMIAL, WE DO
NOT TEST THAT FACTOR IN THE NEW rOLYNOMIALS WHICH ARE OBTALINED
AFTER DIVIDING THE ORIGINAL FOLYNOMIAL BY LINEAR FOLYNOMIALS. WE

ONLY CHECK THE SUBSEGQUENT FACTORS. IN THE FPROCESS WE FIND ALL
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FACTORS OF THE LAST NON-ZERO COEFFICIENT OF THE ORIGINAL FOLYNOMIAL

ONLY DNCE. WE L0 NDT CALCULATE THE FACTORS OF THE LAST NON-ZERO
COEFFICIENTS OF OTHER FOLYNOMIALS OF SMALLER DEGRESS WHICH ARE
OBTAINED DURING THE FROCESS OF DIVISION. CONTINUING TILL THE END,
THERE ARE 3 PDSéIBILITIES.
1. ALL ZEROS HAVE BEEN OBRTAINED. WE FRINT THEM TOGETHER
WITQ AN APFROFRIATE MESSAGE. IN THIS CASE THE LAST ZERO
WILL ALWAYS BE ODORTAINED FROM A LINEAR FOLYNOMIAL.
2. SOME OF THE ZEROS HAVE BEEN OBTAINED BUT NOT ALL. 1IN
THIS CASE THE LAST FOLYNOMIAL WILL BE DF DEGREE AT LEAST
2 AND NONE OF THE REMAINING FACTORS, IF ANY, OF THE LAST
CO-EFFICIENT OF THE ORIGINAL FOLYNOMIAL WILL SATISFY THE
LAST FOLYNOMIAL. 50 WE PRINT THE ZEROS OBTAINED
TOGETHER WITH ANOTHER AFFROFRIATE MESSAGE.
3. NONE OF THE ZEROS ARE INTEGERS. IN THIS CASE WE ONLY
“RINT AN AFFROFRIATE MESSAGE.
THE SUBROUTINE CALLED FAC HAS BEEN WRITTEN BY MY TEACHER. IT

GIVES ALL FACTORS OF A GIVEN NATURAL NUMBER. FIRST WE CALCULATE

THE INTEGER FART bF THE SQUARE ROOT OF THE GIVEN NUMBER EBY THE

USUAL ALGORITHM GIVEN IN ARITHMETIC BOOKS. WE DO NOT DO THIS EY

USING THE SORT FUNCTION OR WRITING A*+*0.5. IN THIS WAY WE ENSURE

THAT ONLY INTEGER ARITHMETIC IS USED AND NOT REAL ARITHMETIC. THUS

THE LIBRARY FUNCTIONS ALOG ANDN EXP ARE ALSO NEVER INVOKELD. WE SET
A LIMIT EQUAL TO THIS NUMEER. THEN WE FUT DIV=2 (THE FIRST FRIME) .

(1) WE CHECH WHETHER DIV IS GREATER THAN THE LIMIT. IF IT IS &0,
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AND AGAIN COMFARE THE NEXT FRIME WITH THE LIMIT AND SO ON. IF DIV
DIVIDES THE NUMBER, WE STORE DIV AS THE FIRST FPRIME FACTOR AND
AGAIN DIVIDE THE QUOTIENT BY THE SAME LIV AS MANY TIMES AS WE FIND
THAT DIV DIVIDES THE DUOTIENT. WE GO ON INCREASING THE POWER.OF
THE FIRST FRIME FACTOR. IF DIV DOES NOT DIVIDE THE QUOTIENT
FURTHER, WE AGAIN FIND THE INTEGRAL FART OF THE S@UARE ROOT OF THE
QUOTIENT. WE MAKE LIMIT EQUAL TO THIS NUMRER AND FUT DIV EQUAL TO
THE NEXT PRIME. THEN WE REFEAT THE PROCESS FROM STEFP (1). IF IN
THE FROCESS OF DIVISION THE GUOTIENT BECOMES UNITY, WE TERMINATE
THE PROCESS. THE PhDCESS CAN ALSO BE TERMINATED IN ANDTHéR WAY, IF
IN THE END WE FIND THAT THE NEXT PRIME CALLED DIV 1S GREATER THAN
THE INTEGER FART OF THE SGUARE ROOT OF THE LAST QUOTIENT, IN WHICH
ZASE THE LAST QUOTIENT WILL BE A FRIME. ONCE ALL THE FRIME FACTORS
TOGETHER WITH THEIR POWERS ARE OBTAINED, THE CALCULATION OF ALL
FACTORS FRESENTS NO FURTHER DIFFICULTY.

THE EXECUTION OF THE SUBRCUTINE CALLED FAC DEFENDS ON THE FACT
THAT ALL FRIMES UFTO A CERTAIN LIMIT MUST BE STORED IN AN ARRAY IN
ADVANCE . FOR THIS FURFOSE WE USE ANOTHER SUBROUTINE CALLED STORE,
WHICH HAS BEEN WRITTEN RBY MY TEACHER AND FURLISHELD IN THE FROCEED-
INGS OF A WORKSHOF ON COMFUTER AFFLICATIONS HELD IN ROORKEE UNIVER-
SITY IN 1986. WE REQUIRE ALL FRIMES UFTO THE SGEUARE ROOT OF THE
BREATEST INTEGER LIMIT OF THE COMFUTER ON WHICH WE ARE WOREING,
FLUS ONE FRIME EXTRA. IN QUR CASE, THE MAXIMUM LIMIT IS 32767 AND
THE INTEGER FART OF THE SOQUARE ROOT IS 181. THE NEXT FRIME IS 191

ANDY S0 WE HAVE TO STCRE 43 FRIMES IN ALL FROM J THRGOUGH 1°1.  THAT
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1S WHY WE HAVE SFECIFIED THE SIZE OF THE ARRAY CONTAINING FRIMES AS
43 IN OUR PROGRAMS. IF WE WOn~ ON ANY OTHER COMPUTER, THE SIZE

WILL CHANGE. ALSD FOR ANY NUMEER < 32768, THERE CAN BE MAXIMUM &

DISTINCT PRIME FACTORS. S0 WE HAVE SPECIFIED THE SIZES OF THE
ARRAYS CONTAINING FRIME FAC1JRS OF A NUMBER AND CONTAINING FOWERS
OF THOSE FACTORS AS & EACH. FURTHER, THE MAXIMUM NUMBER (F ALL
FACTORS FOR ANY NUMEBER < 32768 IS 96. (ONE SUCH NUMBER IS 32760.)
S0 WE HAVE SPECIFIED THE SIZE AS 96 IN THE ARRAY WHICH CONTAINS ALL
THE FACTORS OF ANY NATURAL NUMBER. OF COURSE, ALL THESE SIZES ARE
SUBJECT TO CHANGE AND IF WE HAVE TO WORK THESE PROGRAMS ON ANY

OTHER COMPUTER, THEY WILL RE CHANGED.

AFTER STORING ALL THE FACTORS OF THE LAST NON-ZERO COEFFICIENT
OF THE FOLYNOMIAL IN AN ARRAY, WE SORT THEM OUT IN ASCENLING ORDER
BY USING ‘SELECTION AND INTERCHANGE’ METHODN IN ANOTHER SUBROUTINE
CALLED S0RT. THE COMFLETE FROGRAM FOR CALCULATING ALL INTEGER
ZEROS dF .4 MONIC FOLYNOMIAL., TOGETHER WITH ALL SUBFROGRAMS, MAMELY,
FAC, STORE, SORT, SERUT AND FOLDIV IS GIVEN ON THE SUCCEEDING
FAGES. THE LAST SUBROUTINE CALLED FOLDIV IS IN FACT A SUBROUTINE
WH;CH DIVIDES A MONIC FOLYNOMIAL OF DEGREE 1 BY A LINEAR FOLYNO-

MIAL OF THE FORM X-t .



.
19
27
47

89
117

C
140
167

187

247

e
-0

Cc

275

300
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DIMENSION ICOF(2S) ,ITZ(25) ,IFAC{94)

INTEGER FR(43)

COMMON/AL/FR/7B1/1ICDF ,NC,IC/C1/1IFAC NF /D1 /KK

CALL STORE

WRITE ¢ 1 , 7 )

FORMAT ( X , ‘THIS FROGRAM FIND ALL INTEGER ZEROS OF A MONIC’
1, 1X 4 ‘FOLYNOMIAL' )

WRITE(1,27)

FORMAT(1X, TYPE THE DEGREE OF THE POLYNOMIAL IN FORMAT ( I2 )’
1/ 1X , ‘FOR STOPFING : FPLEASE TYPE O )

READN(1 ,47) 1L

FORMAT (. 2)

IF(INB9,799,140

WRITE(1,117)

FORMAT(1X,/DATA ILLEGAL, KINDLY TYFE ABAIN‘)

GO TO 19

TEST WHETHER THE GIVEN [EGREE WILL CROSS THE DIMENSION
IF(ID.GT.2S)G0O TO 669

WRITE(1,167)

FORMAT(1X,’TYPE ALL THE COEFFICIENTS OF THE POLYNOMIAL’ , 1X ,
1IN FORMAT (¢ 1316 )7 ) ‘
READ(1,187) (ICOF (K) ,k=1,IL

FORMAT( 131646 )

NC=1D

NZ=0Q

TEST WHETHER O IS ONE OF THE ZEROS OF THE FOLYNOMIAL

0o 211 J=1,1ID

IF(ICOF (NC) .NE.O)GDO TO 242

NZ=NZ+1

ITZ(NZY=0

NC=NC-1

GO TO 450

IF THE LEGREE OF THE FOLYNOMIAL I5 1, THEN THE NEGATIVE OF THE
CONSTANT TERM WILL BE THE LAST ZERO OF THE FOLYNOMIAL
IF(NC.NE.1)GO 70O Z7%

NZ=NZ+1

ITZ(NZ)Y=—-ICOF (1)

G0 1O 430

FINOD ALL THE FACTORS OF THE LAST NON-ZERO COEFFICIENT
NEFC=0

FE=TABS (ICOF (NC))

ZALL FAC

NEFC=NEFC+1

IF (NEFC.GT.NF)GO TO S2

1C=1FAC (NEFC)

CHECH WHETHER & FARTICULAR FACTOR SATISFIES THE FOLYNOMIAL
I1SUM=1

00 377 +=1,NC

ISUM=ISUM*IC+ICOF (} )
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IF(ISUM.EQ.0)GD TO 406
(> TEST WHETHER THIS FACTOR IS NEGATIVE

IF(IC.LT.0)B0O TO 300
IC=-IC
G0 TO 33%

406 NZ=NZ+1
ITZ(NZ)=IC
CALL POLDIV
IF(NC.EQ.1)B0 TO 2S6
GO TO 33%

450 WRITE(1,487) (1TZ(J) ,J=1,NZ) ' ’
457 FDRMAT({X,’ALL THE iEROé OF THE POLYNOMIAL ARE INTEGERS AND ARE

1/01X,1117))

GO TO 19

D25 IF(NZ.EQ.0)GO TO 589 )

cC THE NUMBERS OF INTEGER ZEROS AND NON-INTEGER ZEROS ARE COMFUTELD
NUMZ=1D-NZ

WRITE(1,567)NUMZ ,NZ,(ITZ(J) ,J=1,NZ) )
567 FORMAT (1X,‘THERE ARE ’,I12,’ NON-INTEGER ZEROS OF THE FOLYNOMIAL

1/1X,/THE /,12,’ INTEGER ZEROS OF THE FOLYNOMIAL ARE‘/

201X,1117))
GO TO 19
89 WRITE(1,617) ,
617 FORMAT(1X,’ THERE ARE NO INTEGER ZEROS OF THE PODLYNOMIAL®)
G0 TO 19
669 WRITE (1,697)
697 FORMAT (1X ,‘THE GIVEN DEGREE WILL CROSS THE DIMENSION,’,

17 CHANGE LDIMENSION’)

799  STOF
END
C THIS SURROUTINE DIVIDES A MONIC FOLYNOMIAL EY A LINEAR FOLYNOMIAL

SUBROUTINE FOLDIV
DIMENSION ICOF (25)

COMMON/E1/ICOF ,NC,ID

NC=NC-1

ICOF (1) =ICOF (1) +1ID

IF 'NC.EQ.1)RETURN

00 122 I=2,NC

122 ICOF(I)=ICOF(I)+ID*ICOF (I-1)

RETURN

ENDI

SUBROUTINE FAC

INTEGER FRIME(43) ,FACT (%) ,FOWER (6) ,FACTOR(96) ,S0RUT,DIV,QUOT,
LFROD,FACTM , FOWERM

COMMON/A1/FRIME/C1/FACTOR ,N/LI1/NUMBER

IF (MUMEER.GT.1)G0 TO 202

N=1

FACTOR (1) =1

RETURN

202 N1=NUMEER
J=1



245

284

295

306

700

NOF=0 58

niv=2
INO=1

I=1

FIND ALL PRIME FACTORS OF NUMRER WITH THEIR FOWERS
LIMIT=SQRUT (N1)
IF(OIV.GT.LIMIT)GO TO 47=
QUOT=N1/DIV
IF(N1.GT.QUOT*DIV)GD TO 450
(50 TD(306,418),1

NOF=NOF+1

FOWER (NOF) =1

GO TO(352,553) ,IND

FACT (NOF) =01V

1=2

N1i=QUOT

IF(N1.EG.1)G0O TO 85

GO TO 295

POWER (NOF ) =FOWER (NOF) +1

GO TO 375

J=J+1

DIV=PRIME (J)

GO TO(284,245),1

IND=2 -

GO TO 306

FACT (NOF) =N1

M=1

N=1

FACTOR (1) =1

PROD=1

FIND ALL THE FACTORS OF NUMEBER
FACTM=FACT (M)

FOWERM=FOWER (M)
LIMIT=PROLO*FOWERM

00 677 J1=1,LIMIT

N=N+1

FACTOR (N) =FACTOR (N-FROD) «FACTM
IF(M.EQ.NOF)GO TO 700
FROD=FROO+LIMIT

M=M+1

GO TO 620

IF(NOF.GT.1)CALL SORT

RETURN

END

THIS SUBROUTINE GENERATRS ALL THE FPRIME NUMBERS UFTO A CERTAIN
LIMIT

SUBROUTINE STORE

INTEGER F(43) ,FRMS0 ,FEMRRD, DIV ,FMF1
COMMON/AL/F

F(1)=2



202
240

270
310

344

480

S00

F(2)=3

P(3)=5

F{4)=7 :59
F{o)=11

F(s)=12

b=6

M=2

FRMSO=CG

FRMFRIO=3%

IND=1

N=17

G0 TO(240,270) , INL
IF(N.LT.FRMS®)GO TO 310

IND=2

60 TO 500

IF (N.ER.FRMFRIN GO TO 480

00 344 J=2,M

OIV=F(J)

IF (N.EQ.N/DIVXLIV)GO TO SO0

CONTINUE

F=ko+d

F (k) =N

IF (N.GT.181)RETURN

MAXIMUM LIMIT FUR THIS FARTICULAR COMFUTER IS 181
GO TO SO0

IND=1

M=M-+ 1

FMF1=F (M+1)

PRMSO=FMF'1 *FMF 1

FRMPRO=PMF 1 ¥F (M+2)

N=N+2

GO TO 202

END

THIS PROGRAM CALCULATES THE INTEGER FART OF THE SOUARE ROOT OF A
NUMBER BY ARITHMETICAL METHOD

INTEGER FUNCTION SORUT (N)

INTEGER PAIR(3),QUOT,FAIRI,SORUT2,REM,DVND, TROIV, TROT
NN=N

I=1

MAKE PAIRS STARTING FROM THE RIGHT

QUOT=NN/100

FAIR(I)=NN-100%QUQOT

IF (QUOT.EQ.0)GO TO 226

I=I+1

NN=QUOT

60 TO 202

CALCULATE THE INTEGER FART OF THE SQUARE ROOT
PAIRI=PAIR(I)

DO 233 NLS=1,8

SERUT=10-NLS
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SORUT2=SORUT*SORUT
IF (FAIRI .GE.SORUTZ2)GO TO 25
CONT INUE

SORUT=1
REM=FAIRI-SORUT»SORUT
IF{1.E&.}RETURN

1=1-1

DWND=REM* 1 Ou+FATR (1)
TROIV="0+SORUT

TROT=0OVND/ TROIV

IF (TROT .BT.9) TROT=%
REM=DWND- ( TROIV+TROT) *TROT
IF (REM.GE.0)BD TO 400
TROT=TROT-1

G0 TO 3&i
SORUT=S0ORUT*10+TROT

GO TO 353

ENDI

THIS SURROUTINE ARRANGES £ GIVEN SET OF NUMEERS
ORLEFR

SUBROUTINE SORT

INTEGER FAC(96) ,5MALL ,COFY
COMMON/C1/FAC,L

LMi=L~1

L0 244 I=1,LMI1

IF1=1+2

NEMHLL=TF1 ~_
SMALL =FAC (NSMALL)
IF(I.EC.LM1)BO TO 183
IFD=T+2

00 122 +=1F2,L

IF (SMALL .LE.FAC(+.))GO TO 120
NSMALL =t

SMALL=FAC (NSMALL)

CONT INUE

IF (SMALL.GE.FAC(I))G0 TO 244
COFY=FAC(I)

FAC(I)=SMALL

FAC (NSMALL ) =COFY

CONTINUE

RETURN

END

IN ASCENLDING

60
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ALGORITHM FOR CALCULATING ALL RAT IONAL ZEROS OF A POLYNOMIAL
(NOT NECESSARILY MONIC) WITH INTEGER COEFFICIENTS

Assume that the zeros of the polynomial are
Xir Xor X3seee, Xo. If we multiply them by a natural number
k and form another polynomial whoée Zeros are kxl, kx2,
kx3,..., kxn, then by a suitable choice of k, the other
polynomial can be monic, still having all integer
co~efficients. In fact, if the original polynomial is

n n-1 n-2
X+ + +...+ a Xx+a
a alx a2x n-1 n’

where ng N and a,r ajs Borever @p g1 8 € Z, then it is

easy to see that if we multiply all its zeros by laoi '
then the other polynomial having its zeros as }ao} Xy

. a X will certainly be monic and

]aol Xor | ag| Xyreo ol

have all its coefficients in Z. Notwithstanding this fact,
in most cases we can find a natural number k, much smaller
than CH which will do the job equally well. For example,
we consider the polynomial

-24x3 + 84x2 - 126x - 27.

In this case | aol = |-24| = 24. But instead
of multiplying all its zeros by 24, if we multiply them
by 2, we get the polynomial

~24x> + 168x° - 504x - 216

or, equivalently,

x3 - 7x2 + 21x + 9,
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which is monic and has all its coefficients in 2Z. So

first of all we develop an algorithm for calculating the

natural number .
least/ which will do the trick. In fact, if all zetos of a

particular polynomial happen to be rationaly) if we express

them in lowest terms, this number k will be just the
L.C.M. of the denominators of all the zeros. But in the
general case we cannot make this statement. Still the

existence of k is beyond doubt. At worst, k can be |a

ol
Let the given polynomial be

n n-1 n-2
a X + alx +a2x +...+an_lx + a.s (1)

where we assume thaf n ¢N, a,> Oy ao, al, a2,...,ang Z, and

1

(ao, al, Borecey an) 1. If aO =1, k will be'l and we

are through.

Otherwise let a_ = N p,%i , where 1 ¢ N, Py

is a prime for all i ¢({1,2,3,..., r } and e, €N for all

ie {1,2,3,..., £} .

Naturally k will also be of the form
£

r i .
k = R p; t , wWhere 1 ‘<‘fi \<ei¥1s{ 1,2,3,
i=1
., r} . To fix the ideas, we assume that r =1, so that
a, = Pe, k = pf, lgfge,-p being a prime. Then, after

putting kx =y, the given polyrocmial becomes

v oy 0 ¥ yn-1 |
a,( t I+ ay () e + a
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which has the same zeros as the polynomial

2 n-1 n
n a1 K n-1 a,k n-2 an-lk . Lan K
y + a y + a y +.no' a _{ T a
o o o
* @ & & 0 L (2)
™ M2 M
Now assume that p Il a;r P L PR i B - T
where m, >0 ie{1,2,3,...,n}
By pt | | N we mean that pt | N but pt+l [ N.
For example, we say that 2° || 96 because 2° | 96 but

26 A 96. If all coefficients of the polynomial (2) are

in 2, then we must have

ml+f>/e, rr§+2f>e, m3+3f>e,..,mn+nf>/e
=)> e-f LMy, e—:{f{mz, e—3f§ Myyeens e-nf < m

= f >,e-ml, 2f ye-m,, 3f> e-my, , nf> e-m,

= f 3 e-my, £3 e;mz , £3 e;mB, £ e;mn ,

\
h
\V
]
3
—
|
D
M
<
[N
{I‘)
-~
=
N
W
3
(-]

Y
.
I
}__l
=)
(S
" X
o
|
ﬁ‘
3
H.
=
)
™
—d

If any mg> e, we can omit it while taking the maximum,

because f> 0 is evident. Similarly, if any m. is such that

e >my > e-i, we can omit it also, because in that case

m . —
we shall get - [ —iT———]= 1l and £ 31 1is also otherwise
evident. So we should consider only those m. ., if any,

which are less than e-i. If there 1is no such m,, we must
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(We have assumed that the H.C.F. of Agraqragreces a, is unity.

So at least 1 ms should be zero.)

We can repeat this process for every prime P; and
obtain fie N for every value of i from 1 to r, both

inclusive, Then we can write

=~
]
-
=T
ol

These computations can be easily carried out by
a nest of 2 DO loops, 1 for r and 1 for n. While we
are in the DO loop, we shall %ruore all coefficients, if

any, which happen to be =zero.

The program for finding k is given on the

succeeding pages.
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DIMENSION ICOF ¢ 26 ) , INCO ¢ 26 ) 4, IFAC ( &) NF ( &6 )

INTEGER FR ( 43 ) »
COMMON / A1 / FR ¢+ C1 / IFAC , NF , NT / Il / EK

CALL STORE
WRITE (1 , 7))
7 FORMAT ( 1X , ‘THIS FROGRAM FINDS THE LEAST NATURAL NUMEER’
‘OF A POLYNOMIAL SHOULD BE’

1 , 1X , ‘BY WHICH ALL ZEROS’ / 1X,
1, 1X , ‘MULTIFLIED SO THAT THE FOLYNOMIAL RECONSTRUCTEL FROM’

1/ 1X , ‘THE NEW ZEROS MIGHT BE MONIC’ )
79 WRITE (1 , 107 )
107  FORMAT ( 1X , ‘TYPE THE DEGREE OF THE FOLYNOMIAL IN FORMAT (I2)7)
791 READ (1 , 127 ) ID
127 FORMAT ( I2 )
IF ( ID) 149 , S99 , 205
279 WRITE (1, 167 )
167 FORMAT ( 1X , ‘DATA ILLEGAL , KINDLY TYFE ABGAIN’ )
GO TO 791
205 IF ( IO .BT. 25 ) GO TO 549
NC = IO + 1
WRITE ( 1 , 287 ) i
287 FORMAT ( 1X , 'TYFE ALL COEFFICIENTS OF THE FOLYNDMIAL IN‘
1, 1X , ‘FORMAT ( 1316 )’ )
7000 READN (1 , 327 ) ( ICOF (J) ,J =1, NC)
327 FORMAT ( 1316 )
IF ( ICOF ( 1 ) .ER. 0 ) GO TO 1491
WRITE ( 1 , 768 )
768  FORMAT ( 1X , ’THE COEFFICIENTS OF THE FOLYNOMIAL ARE GIVEN’ ,
11X , ‘BELOW:—‘ )
WRITE (1 , 337 ) ( ICOF ( J) ,J3=1, NC)
337 FORMAT ( 1X , 1117)
LN = 1

C IF THE LEADING COEFFICIENT IS 1 OR -1, THEN LN = 1
IF + IABS ( ICOF ¢ 1 ) ) .EO. 1 ) GO TO 489
MHCF = NHCF! ( ICOF , NC )
IF ¢ NHCF LEQ. IARS ( ICOF ¢ 1 ) ) ) GO TO 489
L0 355 J = & , NC
355 INCO ¢ J ) = ICOF ( J ) / NHCF
FK = I[ABS ¢ INCO ¢ 1 ) >
~aLL FAC
o - -FOR A PARTICULAR FRIME FACTOR, CALCULATE THE LEAST FOWER
00 488 k= 1, NT
ME = 1
IF = IFAC ( K O
IE = NF ( K )

ng 4TS 2, NG

ICAR = I - 1

IF + ICAR .EQ. IE ) GO TO 488

IF { INCO ( I ) .EQ. © ) GO TO 455

M= 0

H
IS
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€
418

455
488
489
S17

549
567

599

1491

800

122

200
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ITEST INCD ¢ 1)

ICHEE ITEST / IF

IF ¢ ITEST .NE. IF * ICHEEK ) GO TO 418

ITEST = ICHEK

M=M4+1

CHECK WHETHER THE COEFFICIENT FLUS THE NUMBER OF TIMES IT IS
ALREADY DIVISIELE IS EQUAL TO THE FOWER OF THE FACTOR

IF ( M + ICAR .ER. IE ) GO TOD 455

GO TO 370 .
CALCULATE THE HIGHEST FOWER OF THE CURRENT FRIME FACTOR

‘L=d(IE-M)/ (I -1)

IF (L% (I -1) ,NE.IE-M)L=0"L4+1

IF ( L .BT. KF ) KF = L

CONT INUE

LN = LN * IP %% KF

WRITE ( 1 , S17 ) LN

FORMAT ( 1X , /THE ILEAST NUMEER REQUIRED =’ , 1X , 15 )
GO TO 79

WRITE ( 1 , S&7 )

FORMAT ( 1X , ’THE GIVEN NUMEER WILL CROSS DIMENSION,’ , 1X
1/CHANGE DIMENSION’ )

STOP

WRITE ( 1 , 800 )

FORMAT ( 1X , ‘THE FIRST COEFFICIENT OF A POLYNOMIAL CANNOT EE’

1, 1X , ‘ZERD‘ / 1X , ‘KINDLY TYPE ALL COEFFICIENTS AGAIN’ )
60 TO 7000

END

FUNCTION NHCF1 ( ICOF , NC )
INTECER HCF

DIMENSION ICOF ( 26 )

NHCF1 = IABS ( ICOF (1) )

00 122 J = 2 |, NC

NHCF1 = HCF ( NHCFL , ICOF ( J ) )
RETURN

ENLD

INTEGER FUNCTION HCF ¢ I 45 71
INTEGER REM

IF ¢ 1 .NE. O BO TO 102
HCF = TARS ( J )

RETURN

IF (J .NE. © ) BO TO 153
HCF = IABS ( I )

RETURN

FOPYL = IARS (I )

FOPYZ2 = IABS ( J )

REM = MOD ( pQFY1 , RHOFYZ )
IF ( REM .NE. O ) 60 TO 200
HCF = FOFYZ

RETURN

HOPY RORPYZD

o

FOFPYZ REM

k]
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GO 7O 180

ENOD T
SUBROUTINE FAC FINDS THE FRIME FACTORS OF .A NATURAL NUMBER

c TOGETHER WITH THEIR FRIMES

SUEBROUTINE FAC
INTEGER FRIME (43) ,FACT (&) ,FOWER (&) ,SBRUT, LIy, QUDT

COMMON/. ALl / FPRIME / C1 / FACT, FDNER NDF / D01 / NUMEER

N1=NUMEER
J=1
NOF =0
BIiv=2
IND=1
245 I=1
LIMIT=SERUT (N1)
284 IF(OIV.GT.LIMITIGO TO 475
295 QUOT=N1/D1V
IF(N1.GT.QUOT*DIV)GD TOD 450
GO0 TO(306,418),1
306 NOF=NOF+1
FOWER (NOF) =1
GO TO(352,553) ,IND
352 FACT (NOF) =01V
I1=2
375 N1=QuUOT
IF (N1 .EQ.1) RETURN
G0 TO 295
418 FOWER (NOF ) =FOWER (NOF ) +1
GO TO 373
4350 J=J+1 .
ODIV=FRIME (])
GO TO(2B4,24%) ,1
475 IND=2
GO TO 306
553 FACT (NOF) =N1
RETURM
ENID
SUBROUTINE S3TORE
INTEGER F(43) ,FRMSQ ,PRMFRDO,OIV ,FMF1

COMMON/AL/F
F{l)y=2
F{2)=3
F(3) =5
TR4)=7
F(=)=11
Fib63=13
=6
M=2
FRMSO=25
FRMPRO=35
INDI=1

N=17



02 GO TO((240,270) (IND
240 IF{N.LT.PRMSQ) GO TO 310
INO=2
‘GO0 TO D00
270 IF(N.EQ.PRMFRIN GO TO 480
310 Do 344 J=2,M
DIV=F<{J)
IF(N.EQ.N/DI DIVIGO TO =00
344 CONTINUE
K=k+1
F (k) =N
IF(N.GT.181)RETURN
GO TO S00
480 INDO=1
M=M+1
PMP1=FP (M+1)
FRMSO=FPMF1*FMF1
FRMPRO=PM\ { ¥F (M+2)
SO0 N=N+2
GO TO 202
ENL
INTEGER FUNCTION SORUT (N)
INTEGER PAIR(3) ,QUOT ,PAIRI ,SERUTZ ,REM,OVND,TROIV , TRGT
NN=N
I=1
202 QUOT=NN/100
PAIR(I)=NN-100*QUOAT
IF(QUOT .EQ.0)GO TO 224
I=1+1
NN=QUOT
GO T4 202
226 FAIRI=FAIR(I)
[0 233 NLS=1,8
SORUT=10~NLS
SORUTZ2=S0RUT*SORUT
IF«FAIRI.GE .SORUTZ)GE0 TO 253
233 CONTINUE
SORUT=1
2923 REM=FAIRI-SORUT*SORUT
353 IF{I.EQ.1)RETURN
I=1-1
DVNDO=REM*100+FAIR(I)
TROIV=20#SORUT
TROT=DOVNLO/TROIV
IF(TRAT .GT.?) TRAT=2
361 REM=DOVNO-(TROIV+TROT) #TROT
IFREM.GE.O)YGD 7O 400
TROAT=TROT-1
GO 70 361
400 SRRUT=SORUT*10+TRQOT
GO TO 333
END
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Once we have calculated k, we calculate the coefficients
of the new polynomial whose zeros are k times the zeros
of the given polynomial. We divide all coefficients by

the leading coefficients. All the new coefficients will be

integers even after division. Now we can use the previous

program for calculating all its integer zeros, because the
new polynomial iS monic. Then we divide all zeros by k and
get the rational zeros of the original polynomial. For
example if the integer zeros are - 8, 9, 15, and k = 6, the

zeros of the original polynomial will be -'% ' % ang g'.‘
The program for calculating the rational zeros
is given on the succeeding pages. Here we have made use of

the program for calculating k ( which we have changed into

a FUNCTION Subprogram ), and also of the earlier program

for calculating all ihteger zeros of a monic polynomial
(which we have changed into a SUBROUTINE Subprogram ). In

the end we divide all the zeros by k through a DO 1loop
and befure printing them, we reduce them back to lowest

terms, using the FUNCTION Subprogram called HCF.



INTEGER HCF

LDIMENSION INCOF Je ), NUM O ZE oYy bDEN (2% ), IF 0 43 )
OIMENSION NEWCOF + 2% )

comMMon 72 A1 /7 IF

WRITE « 1 , 100 )

14 FORMAT ¢ 1X , 'THIS FROGRAM CALCULATES ALL RATIUN-. IZERCE UF A
11X , “FOLYNOMIAL” 7 1X , ‘WITH INTEGER COEFFICIENTS
CALL S8TORE
& WRITE ¢ 1 , 200 )
200 FORMAT ( 1X , 'TYFE THE DEGREE OF THE FOLYNOMIAL IN FORMAT (I2)
&9 READl ¢ 1 , 3 ) ID
o FORMAT ¢ IZ

IF ¢ ID ) &1 , &2 , &3
WRITE ¢ 1, S00 )

nooe
NN

OO0 FORMAT  1X , ‘DATA ILLEGAL, FLEASE TYPE ABAIN’
GO TO 69
&z IF (IO .BT. 29 3 6O TO 75

NC = In + 1
WRITE . 1 Q00 )

k]
AR FORMAT ¢ 1xX , ‘TYFE ALL COEFFICIENTS OF THE FOLYNOMIAL IN‘ |
1ix , ‘FORMAT { 13I1&6 Y7 )
o0 READ 1, 91 ) (INCOF (I , 1 =1 , NC)H
@1 FORMAT « 1316 !}
IF ¢ INCOF < ) WNE. O ) GD TO 20%

1
WRITE ¢ 1 , 275 )
075 FORMAT ( 1% , ‘THE LEADING COEFFICIENT CANNOT EE ZERC, FLEASE’
11X , ‘TYFE ALL COEFFICIENTS AGAIN’ )

60 TO 2900
C CHANGE THE LEAST VALUE FROGRAM INTO A FUNCTION SUBRFROGRAM ANL
c CALL IT KF

20s WRITE (1, 888 )
888 FORMAT ( 1X , 'THE COEFFICIENTS OF THE FOLYNOMIAL ARE GIVEN’
11X , ‘BELOW:—' )
WRITE (1 , 889 ) ( INCOF ( I ) , I =1 , NC )
889  FORMAT (¢ 1X , 11I7)
N = KF ( INCOF , NC )
00 5081 I = 2 , NC
5081 INCOF ( I ) = INCOF ¢ I ) * N #% (I ~ 1)
EDIV = INCOF ( 1)
0o so82 1 =1, ID
S082 NEWCOF ( I ) = INCOF ( I + 1) / KDIV
C CHANGE THE FROGRAM FOR CALCULATING ALL ZEROS OF A MONIC
C FOLYNOMIAL INTO A SUBROUTINE SUEBPROGRAM AND NAME IT SUBR
CALL SUBR ( NEWCOF , ID , NUM , M)
IF ( M .ER. 0 ) GO TO 15
IF (M .LT. ID) GO TO 25
WRITE (1 , 71 )
71 FORMAT ( 1X , ‘ALL ZEROS OF THE FOLYNOMIAL ARE RATIONAL

’
25 00 513 KK i, ID



NHCFE = HOF ( NuM ¢ kb 2§ N
UM Pty o= NUM ¢ HE Y/ NHCF
= 4 | DEY Py o)y = N (5
WRITE « 1, 012
oLz EOTMAaT W 1Y . THE RUMEFATORS OF THE TEROE ARE GIVEN RBELCOW: b
) WeTTEZ vl opc AV L S O o
WRITE .2l
315 FORMAT + 1y ,  THE JERNIMINATOFE 05 7T-i ZERDS ARE BIVEN BELOW:—’{
WRITE « 1 , &35 7 + i0OEN 1 4+ o I =1 , 1I0)
O T0 6
AL WRITE (1 ., 7aCcl » M
TOGZ O FORMAT o 1>, “QONLY D 2 S ‘ZEROS OF THE FOLYNOMIAL,
11X ARE RATTONAL '
D= oM
GO TO 2%
1= WRITE ¢ 1, 70500
7050 FORMAT « 1: , "THZ FOUYNOMIAL HAS NO RATIONAL ZEROSC )
GO TO &
7% Wit 1, 7956 )
75 FORMAT THIE LEGREE WILL CROSS THE DIMENSION,'
11y . "CHANGL DIMENSION
&2 STOF
ENL
FUNCTION +F o« INIGQF |, 10 o
DIMENSTON INCOF 0 Ze 0, 1FAR e 0 5 NF e
COMMON £l IFAC 3 NFE I 2 I v 2 F1 0 INDE:
FFE = 1
IF « IARS ( INCUF -« Y v E0. 1 Y RETURN
NHCF = NHCF1  "NCOF |, NC )
IF ( NHCF JEC. TARE ( INCOF ¢ 1 ) 3 ) RETURN
oo 355 7 =1 , NC
355 INCOF ( 3 ) = INCOF ( J ) / NHCF
b = 1ABS ( INCOF (1 )
INDEX = 1
CALL FAC
DO 488 L = 1 , NT
bFE o= 1
IF = IFAC ( )
IE = NF ¢ )
0 435 I =2 , NC
ICAR = I - 1
IF ( ICAR .EQ. IE ) GO TO 488
IF ( INCOF (I ) JEQ. O ) GD TO 45%
M= 0
ITEST = INCOF ¢ I )
370 ICHER = ITEST / 1IF
IF ¢ YTEST .NE. IF =% ICHEF ) GO TO 418
ITEST = ICHEEK
M=M+1

IF (M + ICAR .ED.

IE ) GO TO 455



G0 TO 370

418 L=¢(¢IE-M)Y /7 (1 -1 72
IF (L » (I — 1 NE. IE-M> L =L + .
IF (L GT., tF 4 +F = L
455 CONTINUE
482 FFE = P + IF %% | F
RETURN
ENI

FUNCTION NHCF1 ¢ ICOF , NC
INTEGER HCF
ODIMENSION ICOF ( 26 )
NHCF1 = IAEBS ( ICOF ¢ 1 3 )
po 122 3 = 2, NC

122 NHCF1 = HCr ( NMCF1 , ICOF - I 3 )
RETURN
END
INTEGER FUNCTIf® HCF (I 4 J
INTEGER REM

IF ¢ I .NE. O ) 60 70O 10C
HCF = IABS ( J )
RETURN

102 IF (3 .NE. O BO TO 153
HCF = IARS ( I )
RETURN

193 FOFYZ = IABE (1
FOFYL = IABRS ( 3 .

180 REM = MOD' « tOFYZ , tOF.1 D
IF ( REM .NE. O ) BO TO 200
HCF = hLOFY1
RETURN

200 LORYZ = HOFYL
KOPY1 = REM
GO TO 180
END

SUBROUTINE SUBR ( ICOF , ID , ITZ , NZ )
DIMENSION ICOF ¢ 25 ) , ITZ ( 25 ) , IFAC ¢ 96 )
COMMON / C1 7/ IFAC , NF / DIl / Kk 7/ BL / NC , IC / F1 / INDEX
NC = ID
NZ = O
DD 211 J =1, ID
IF ( ICOF ( NC ) .NE. 0 ) GO TO 242
NZ = NZ + 1
ITZ ( NZ ) =0
211 NC = NC - 1
RETURN
242  IF ( NC .NE. 1 ) BD TO 275
256 NZ = NZ + 1
ITZ ¢ NZ ) = - ICOF ¢ 1)
RETURN
275 NEFC = ©
KK = IABS ( ICOF ( NC ) )
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202

284

295

306

INDEX = 0

CALL FAC

NEFC = NEFC + 1

IF ¢ NEFC .GT. NF ¥ RETURN

IC = IFAC ( iEFC o

IsumM = 1

no 2774 = 1, NC

16uM = 1S5uM + IC + ICOF (t 3
1F ¢ IsumM JEC. O o BO TD 406
S IF ¢ IC WLT. O ) G0 TOD 300
1IC = - 1IC

GC TG 233%

NZ = NZ + 1

ITZ ¢« N2y = 1IC

CALL FPOLDIV ¢ ICGF

IF ( NC EG. 1 ) O TO 286
GO TO 33%

ENT

SUBRQUT INE FOLLDIIV ( ICOF
OIMENSION ICOF ¢ 25 )

comMonN /7 EI /7 NC , IL

NC = NC - 1

ICOF ¢ 1 ) = ICOF ¢ 1) + 1L
IF ¢ NC .EC. 1 ) RETURN

no 1221 = 20 NC

ICO- (L )y = ICOF ¢ 1 3y + 1L % IC
RETURN

CNL

SUBROUTINE FAC

INTEGER FRIME ( 43 ) , FACT ( ¢ )
1serRUT , DIV , QUDT , FROD , FACTM

COMMON /7 AY / PRIME / C1 / FACTOR

1
k4
]

1IFACT , FPOWER , NOF / F1 / INDEX
IF ¢ NUMEBER .6T. 1 ) GO TQ 202
N =1

FACTOR (1 ) =1

RETURN

N1 = NUMEER

J =1

NOF = O

niv = 2

IND = 1

I =1

LIMIT = SGRUT ( N1 )

IF ¢ OIv .6T7. LIMIT ) GO TO 475
QuoT = N1 /7 DIV

IF ¢ N1 .GT. QUOT * DIV ) GO TO 450
6O TO ( 306 4 418 ) , 1

NOF = NOF + 1

FOWER ( NOF ) = 1

FOWER ¢ &6 ) , FACTOR (
FOWERM

N / D01 / NUMBER /7 E1 /

73

96

)

s



GO TO ¢ 352 , 553 ) , IND
352 FACT ( NOF ) = QpIv
1 =2
375 N1 = QuadT
IF ( Nt .EC. : GO TO =2%
GO T 299
41E6 FOWER + NOF .+ = FOWEFR + NOF ) + 1
GO TO 37
450 J=J+1
DIV = FRIME ( J
G0 TO ¢( 284 , 245 , 1
475 IND = 2
GO TO 308
593 FACT ¢ NOF : = Nt
5ngs IF ¢ INDEX .EC. 1 ) RETURN
M= 1
Moo= o1
FACTOR (1 ) = 1
FROO = 1
&20 FACTM = FACT ( M
FOWERM = FPOWER ¢ M 3
LIMIT = FROD » FOWERM
Lo 677 J1 o= 1, LIMIT
N =N+ 1
&7 FACTOFR ( N Y = FACTOR ( N — FROL * FACTM
T ¢ M JEG. NOF + GO TO 700
FROD = FROL + LIMIT
M=MH4+1
GO TO 620G
TO0 IF ( NOF .GT. 1 » CALL SORT
RETURN
END
SUBROUTINE STORE
INTEGER F ( 43 ) , FPRMS5Q , PRMFRD , DIV , FMFP1
COMMON / A1l / F
F (1) =2
F 29y =23
F (3) =%
F (4 ) =7
P (35 ) =11
F (6) =13
K =&
M=2
FRMSE = 25
FRMFRLON = 35
IND = 1
N = 17
202 GO TO ( 240 , 270 ), IND
240 IF ( N .LT. FPRMSG ) 60O TO 310
INOD = 2

GO TO =00



270 IF ( N .EC. FRMPRD ) GO TO 480_ 75

310 0O 344 1 =2 , M
oIV = F « J )

IF ( W .EC. ' 7 DIV » DIV * GO TO SO0
344 CONTINUE
=1 + 1
Foob oy =
- IF ¢ 1+ .B7. 181 ) RETURK
GO TO =l
480 INDD = 1
M=M+1

FMFL = F (M + 1)
FRMSO = FMF1 » FMF:
FRMFRD = FMF1I > F (M + 2

=00 N = N+ Z
GO TO 20T
ENL

INTEGER FUNCTION SORUT ( N )
INTEGEF FPATR ( 2 ) , DUDY , FAIRI , SORUTZ , REM , DVND , TRDIV ,

1TROG

NN = RN

=1

20z ouUdT = NN /7 100

SHIR 0D ) = NN - 100« DUGT
TF o« oUOT WEO. O » BO TO 2Z¢
I =1 +1

NN = QUOT

6O TO 2T
226 FAIRI = FAIR ( I )

D0 233 NLS = 1 , ©

SERUT = 10 - NLS

SORUTZ = 50RUT =~ SI3RUT

IF ( PAIRI .GE. SORUTZ2 ) GO TDO 2%3
233 CONT INUE

SORUT = 1
253 REM = PAIRI - SERUT * SORUT
353 IF ( 1 .EG®. 1 ) RETURN

I =1 -1

ODVNDI = REM % 100 + PAIR ( I )

TROIV = 20 % SERUT -

TRGT = DOVND / TROIV

IF ( TRGT .GT. 2 ) TREAT = 9
361 REM = IOVND - ¢ TRDOIV + TRET ) * TROT

IF ( REM .GE. © ) GO TO 400

TRET = TRET - 1

G0 TO 361
400 SERUT = SORUT * 10 + TROT

G0 TO 3=3

END

SUBROUTINE SORT



122

163

/7

INTEGER FAC ( 96 ) , SMALL , COFY
COMMON / Cl / FAC , L

LML =L - 1
00 244 1 = 1 , LML
IFL =1 + 1

NSMALL = IF1
SMALL = FAC ( NSMALL )

IF ( I .EQ@. LM1 ) GO TO 183

IF2 = I + 2

D0 122 K = IF2 , L

IF ¢ SMALL .LE. FAC ( K ) ) 5O TO

NSMALL = K
SMALL = FAC 1 NSMALL )
CONTINUE

IF ( SMALL .GE. FAC ( I ) ) GO TO
CarYy = FAC ¢ 1)

FAC ( I ) = SMALL

FAC ( NSMALL ) = COFY

CONTINUE

RETURN

END

122

244

76
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CHAFTER 3

FRUGRAMS GENERALISING THE DO LOOF STRUCTURE

INTRODUCTION

e

IN THIS CHAFTER WE SHALL DEVELOF A FEW FROGRAMS WHICH ATTEMPT
TO GENERALISE THE STRUCTURE OF NESTED DO LOOPS TO SOME EXTENT. AS
WE ARE AWARE, ™ = [0 STATEMENT IS THE MOST FOWERFUL CONTROL STATE-
MENT OF THE FORTRAN LANGUAGE. BUT WHILE FORMING DO LOOPS IN OUR
FROGRAMS, WE HAVE TO FOLLOW MANY CONSTRAINTS. IN SOME CASES SUCH
CDNSTRAINTS BECOME SO SEVERE THAT OUR ORJECTIVES ARE ONLY PARTIALLY
FULFILLED. FOR EXAMFLE, WE CAN, AT LEAST THEORETICALLY, FUT A NEST
OF AS MANY [0 LDOOFPS IN QUR PROGRAMS AS WE LILE. SUCH OCCASIONS
ARISE WHEN WE HAVE TO COMFUTE A FUNCTION OR MANY FUNCTICNS OF A
LARGE NuUMEBER OF VARIABLES, WHEN EACH VARIABLE TAFES UF MANY VALUES

AT ECUALLY SFACED INTERVALS, AND aALL YARIABLES CAM VARY INDEFE: -

n

UEMTLY OF EACH OTHER. FI3F ZLAMFLE, WE MAY LITE 70 EVALUATE S0ME

= 4T

FUNCTION(S) OF X,7,2, WHERE {=1.2(0.1)2.5, (=5(3) o7, I=—4.5 i

el .

IN THIS CASE WE SHALL COMSTRFUCT & YEST OF 2 D0 LOOFS. I FORTRAN
IV THERE IS A RESTRICTICN THAT ALL THE INDICES OF THE 00 LOOFS MUST
BE STRICTLY FOSITIVE ~ND “0OREOVEF THIC! MUST BE INTEGERS. L350 -LL
T-Z INDEXING FARAMETERS MUST EBE STRICTLY FOSITIVE. FURTHER, THE
CALCULATION MUST FPROCCED IN INCREASING ORDER OF EACH INDEX. FOF
ZXAMFLE, WE ARE FOREBIDLDE! TO WRITE A STATEMENT OF THIS ¢ IND:—

0o 1Ss + = 15 , 3 , =0

WE MUST AYVCID LOCFS 11l WRICH A FARTICULAR INDEX “OVES EACHWARDS.
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[Hish e

OME 0OF THESE RESTRICTIONE HAVE, HOWEVEF, REEN REMOVZLD IR THE

I

LATEST VERSION OF FORTRAN, NAMELY FORTRAN 77. IN ThIS VERIION WD

ALLOW OUR INDICES TO TAFE REAL AND DOUBLE FRECISION VALUES ALBC.
ZERG OR

m

MOREDOVER, ANY OR ALL OF THE INDEXING FARAMETERS CAN B
NEGATIVE IN FORTRAN 77. THEREFORE OUF CALCULATIONE “AN ALST
FROCEED BACHWARDOS IN TERMS OF ANY OR ALL INDICES.

IN FORTRAN IV THERE IS ALSO A RULE THAT IF THE TEST VALUE It

rty
r

ALREADY LESS THAN THE INITIAL VALUE, STILL THE [0 LOOF IS EXEFCUT
ONCE, FOR EXAMFLE, AS IN THE FOLLOWING CASE:-

g 24 3 =2, 23, 9
IN FORTRAN 77 THE CORRESFONDING RULE IE€ THAT IN THIE CASE THE L0
LOOF IS EXECUTED ZERO TIMES, THAT 1S5, COMPLETELY S IFPEL. I WE
SET UF A NEST OF SEVERAL DO LOOFS IN FORTRAN 77, ANLI IF EVEN IN ONE
OF THE LOOFS THE TEST VALUE IS LESS 7"HAN THE INITIAL VALUE, THE
WHOLE NEST WILL BE SKIFFELDI. SIMILARLY IN A SITUATION LILE THE
FOLLOWING:-

0o 154 m = 15 , 17 , -9
(WHICH IS ALSO ALLOWED IN FORTRAN 77 BUT NOT IN FbRTRAN IV), THE
CALCULATIONS WILL EE SKIFPED.

HOWEVER, I FOUND 2 OR 3 GREAT LACUNAE IN THE RULES OF THE 0O
STATEMENT. FIRSTLY, WE CAN EASILY CONCEIVE A SITUATION WHERE WE
HAVE TO COMPUTE SOME FUNCTION(S) OF MANY VARIABLES, EACH VARIABLE
TAKING UF MANY EQUALLY SFPACED VALUES INDEFENDENTLY DOF THE OTHERS,
BUT THE EXACT NUMBER OF SUCH VARIABLES IN NOT KNOWN IN ADVANCE AT

THE TIME WHEN WE ARE WRITING THE FROGRAM. IN OTHER WORDS, WE WANT
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Tr GENERATE ¢ NEST OF N DD LOORE | WHERE THE VALUE 07 N, BEING -

NAETURA. NUMEEFR, I8 NOT | NOWKN AT FPROGRAMMINEG TIME. IN FACT, THE

VALUE 0OF N WILL BE | NOWN ONLY SUBRSEQUENTLY AT EXECUTION TIME, I.E.,
WE SHaLL HAVE TO FNOW ITS VALUE THROUGH A READ OR INFUT STATEMENT.
NEITHER SORTRAN IV NOR FORTRAN 77 ALLDOWS FOR SUCH A FACILITY, EBUT
IT I8 VERY MUCH AFFARENT THAT IN REAL LIFE SITUATIONS SUCH A
FROBLEM CAN ARISE WHEN WE HAVE TO CALCULATE

FOX 0% 0% yennyd )

A N
WHERE THE VALUE OF N WILL EE READI BRY INFUT AND EACH VARIAEBLE WILL
TAILE U= MANY EOUALLY SFACED VALUES INDEFENDENTLY OF THE OTHERS. WE

CAN SET UF THREE 1-DIMENSIONAL ARRAYS ALE,C IN SUCH A& SITUATION,

WHERE X WILL VARY FROM A TO C IN STEFS OF B , X WILL VARY FROM
i 1 1 1 2

A TO C IN STEFS OF BE , ETC. SOME OR ALL THE LOOFS MAY FROCEELD

. -— o

FORWARDS OR EBACHWARDS ACCORDING TO OUR CHOICE. ALS0O IN SOME CASES
THE TEST VALUE MAY BE LESS THAN THE INITIAL VALUE, THE INCREMENT
BEING FOSITIVE, OR THE TEST VALUE MAY BE GREATER THAN THE INITIAL
VALUE, THE INCREMENT BEING NEGATIVE. HOWEVER IN NO CASE THE INCRE-
MENT CAN BE ZERO. THE INITIAL OR TERMINAL VALUES CAN, HOWEVER, EE
FOSITIVE, NEGATIVE OR ZERO. THESE VALUES MAY BE INTEGER, REAL OR
O.F. ACCORDING TO OUR CHOICE. NOW THIS TYFE OF STRUCTURE IS5 NOT
FOSSIBLE TO WRITE IN THE ORDINARY METHOD OF CREATING DO LOOFS,
BECAUSE FOR EVERY SEFARATE INDEX WE HAVE TO WRITE A& FRESH LO STATE;

MENT AND WE CAN NEVER WRITE N DO STATEMENTS IN A FROGRAM WITHOUT
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KNOWING THE VALUE OF N IN ADVANCE.
ANDOTHER LACUNA IN The RULES IS THAT OFTEN IN REAL LIFE SITUA~

TION WE WANT THE INDICES OF ALL THE DO LOOFS TO EE DISTINCT. SOME-

TIMES WE DEMAND THAT THE INDEX OF AN INNER [0 LOOF MUST ALWAYS BE
GREATER THAN (LESS THAN, THE INDEX OF AN OUTER DO.LOOF. FOR
EXAMPLE, IF WE WISH TO FRINT OUT ALL THE FPERMUTATIONS OR COMEBINA-
TIONS OF THE FIRST N NATURAL NUMEBERS, TAKING R AT A TIME, WE CAN
DO SO BRY A NEST OF R DD LDOPS, BUT WE HAVE TO ORSERVE THESE CONS-—
TRAINTS. IF THE VALUE OF N IS KNOWN IN ADVANCE, SAY N=3, WE CAN

WRITE OUR PROGRAM AS FOLLOWS:—

Do 1 I =1, 5
02J=1,5
IF ¢ J .ER. 1 ) GO TO 2
00 3 kK =1, 5
IF ( K .E@. I ) GO TO 3
IF ( &k .ER. J ) GO TO 3

3 CONTINUE
2 COMNT INUE
1 CONT INUE
BUT IF THE VALUE OF N I3 LARGE, SAY SO, SUCH A STRUCTURE WILL RE

NEXT TO IMFOSSIALE TO WRITE. IF THE YALUE OF N IS NOT FNOWN AT ALL
IN ADVANCE, ME CANNOT EVEM THINK OF THE INDICES I,J,K, BUT WE MUST
CREATE AN ARRAY OF INDICES [¢1),I(2),I(3),...,1(N). THEN WE CAN
MAFE THE COMFARISONS AMONG THESE INDICES BY SETTING UF ANOTHER 0O
LOOF. IM THAT DO LOOF WE CAM TEST THAT IF J IS NOT EQUAL TO K BUT

ITi3y=14{), THEN WE SHALL 30 TO THE RELEVANT CONTINUE STATEMENT.

11

NOW THE FROBLEM ARISEZ.; ahEFE TO LESF THIS EXTRA DO LODOF™  THE

f
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RANGE OF THE ORIGINAL NEST OF [0 LOOFS WILL NOT BE THE FROFPER FLACE
TO KEEF 1HIS LOOF AND THE CORRECT PLACE IS ONLY OUTSIDE OF IT.

THEN THE TROUEBLE ARISES THAT UNDER THE RULES IT IS NDOT FERMISSIBLE
TO ENTER A NEST OF [0 LOOFS FROM A POINT OUTSIDE THAT NEST, OR EVEN
OUTSIDE SOME OF THE LOOFS. WE CANNOT EVEN THINK OF EXTENDED RANGE
OF A 'O LOOF, BECAUSE EVEN ACCORDING TO THE RULES OF FORTRAN 77,
ONL.Y THE INNERMOST [0 LOOF CAN HAVE AN EXTENDED RAMGE. SUFFOSE

THAT WE ARE WITHIN 2 OF THE LOOFS BUT OUTSIDE ALL OTHER LOOPS AND

WE WISH TO GO TO THE CONTINUE STATEMENT OF THE 2ND DO LOOF. THEN

WE CANNOT DO SO FROM THE EXTENDED RANGE. THIS SITUATION WILL ARISE'
IF WE HAVE ALREALDY DEFINED I (1) AND ALSO I(2) AND THEN WE DOISCOVER
THAT I(2)=I1(1); SO WE HAVE TO INCREASE (OR DECREASE) I(2). NOT
ONLY FORTRAN, EBUT OTHER LANGUAGES ALSO DO NOT FROVIDE FOR SUCH
SITUATIONS. THEREFORE IN ONE OF MY PROGRAMS I HAVE TRIED 7O
RAONICALLY EXTEND AND REFINE THE VERY CONCEFT ‘“NEST OF 0O LOOFS’.

I HAVE WRITTEN THE FROGRAM ACCORDING TO THE RULES OF FORTRAN IV AND
NOT ACCORDING TO THE RULES‘DF FORTRAN 77. THUS I HAVE CONFINELDN MY-
SELF TO ONLY INTEGER INDICES. HOWEVER, I HAVE ALLOWED THE INDICES
AND ALL THE 3 INDEXING FARAMETERS TO RECOME FOSITIVE, ZERO OR
NEGATIVE. FURTHER, IT IS POSSIBLE THAT IN THE NEST SOME LODFS MAY
FROCEELD FORWARDIS AND SOME MAY FROCEEL BACEWARDS. REGARDING THE
DUESTION OF THE TERMINAL YVALUE ALREADY BEING [LESS5 THAN THE INITIAL
VALUE IN CASE THE INCREMENT IS FOSITIVE, I HAVE FOLLOWED THE RULES
OF FORTRAN IV, I.E., IN SUCH CASBES THAT FARTICULAR LDOP WILL EBE

EXECUTED CGNLY ONCE ANLDN HMOT ZERO TIMES. SIMILARLY IF THE TERMINAL
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7/ .
VALUE IS GREATER THAN THE INITIAL VALUE AND THE INCREMENT IS

NEGATIVE, THAT FARTICULAR LOOF WILL EBE EXECUTED JUST ONCE. WITHIN

THE INNERMOST 0O LOOF I HAVE PRINTED ALL THE INDICES TO CHECK THAT

THE NEST OF LOOFS IS5 WORKING PROFERLY. IN ORDER TO SHOW THE IMFACT

OF THIS FROGRAM ON REAL LIFE SITUATIONS, IT WAS NECESSARY TO THINK
ABDUT SOME FUNCTIDN DF N VARIABLES, WHERE THE VALUE OF N IS NOT
KNOWN IN ADVANCE BUT KNOWN AT EXECUTION TIME THROUGH INFUT. I
COULD THINK OF NO OTHER FUNCTION EXCEPT THE SuM OF ALL THE INDICES,
ANLDI SO I HAVE FRINTED THIS SUM ALSO TOGETHER WITH THE INDICES IN
THE SAME LINE. I HAVE MADE THE FPROGRAMS SUFFICIENTLY GENERAL, SO
THAT, IF NEEDl BE, THE VALUE OF N CAN EECOME EVEN AS SMALL AS 1 IN
THE CASE OF N DO LOOFS., I HAVE USED THREE 1-DIMENSIONAL. ARRAYS
LINV, LTEV AND LCRE IN WHICH I HAVE STORED THE INITIAL VALUES, THE
TEST VALUES AND THE INCREMENTS OF THE VARIOQOUS DO LONOFS. O&RVIOUSLY,
NONE OF THE ENTRIES QF LCRE CAN BE ZERO AND I HAVE CHECEED THIS
FACT THROUGH AN ZXTRS DO L30F . IF 50 HAFFENS, I HAVE CAUSED THE
COMFUTER TO PRINT "LDATA ILLEGAL  AND ASE FOR FRESH INFUT. 1 HAVE

ALOWEDE L ZNTRIES JOF LINV SMD LTEY TO BECOME FOSITIVE, ZERO OR

DFTEM IN REAL LIFE SITUATIONS IT 50 HAFFENS THAT WE HAVE A EIG

NEST OF MANY DO LOOFS, SAY, 4 LOOFS WHERE I=1(1)10 IN THE FIRST

LOOF, 3=14131% IM THE SECOND ONE, kK=1(1)20 IN THE THIRD ONE AN
L=1(1)2% iM THE FOURTH ONE. THEN THE COMFUTER HAS TO MAKE A TOTAL
SF10* 97005275000 ZETS OF CALCULATIONS. IT IS VERY MUCH

33

QESIRLE "MAT THE USER OF THE COMRUTER MAY NOT HAVE 30 MUCH

1.
¥
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COMFUTER TIME AT HIS DISFOSAL AT ONE STRETCH AND HE MIGHT WANT TO
USE THE COMFUTER IN DIFFERENT SITTINGS. IN SUCH A CASE, IF HE
STARTS THE NEST OF IO LOOFS AGAIN FROM THE SAME FOINT ON EVERY
DCCASION, HMIS FURFOSE WILL NOT BE SERVED BECAUSE EVERY TIME THE
COMFUTER WILL FRINT OUT THE SAME SET OF ANSWERS. THIS FROBLEM HAS
ACTUALLY ARISEN DURING THE CALCULATIONS OF MY TEACHER WHILE HE WAS
CARRYING OUT HIS RESEARCH, BECAUSE HE HAD TO CALCULATE SOME
PHYSICAL GQUANTITIES WHICH DEFENDED ON MANY FARAMETERS AND IN ONE
SITTING HE WAS ALLOWED ONLY 30 MINUTES OF COMFUTER TIME. THE CAL-
CULATIONS OF EACH SET WERE S0 LENGTHY AND COMFLICATEDR THAT THE
COMFUTER COULD NOT GIVE OUT MORE THAN 3 OR 4 RESULTS DURING 30
MINUTES. A LACUNA IN THE DO LOOF STRUCTURE IS THAT IT DOES NOT
TALE CARE OF SUCH SITUATIONS. FOR EXAMFLE, CONSIDER THE FOLLOWING

NEST OF [0 LOOrs:~

0Dg 10 I=1,10
ng i1 3=1,1%
oey 1z =1,00

(RCTUAL CTALCULATIONS)

12 CONTINUE

11 CONTI{UE

10 CONTIMNUE
SUFFOSE THAT LDURING THE SIRST 31TTING WE HAVE CALCULATED THE
RESULTS CORRESFONDING TGO (1.1,1),(1,1,0) ,00a(l,1.20),(1,2,1) ...,
(1,2,%), I.E., 29 REZLLTS IN Al., AND DURING THE NEXT SITTINDG WE
WISH TO START OUR CALCULATIONS FROM (1,0,5). THEM THIS IS NOT

OF MY TIDACHER

3

FOSSIELE USING THIS STRUCTURE. OME OF THE COLLEAGUE

SUGGESTELD THF FOLLCOWING “ZC -NIDLE:—
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REALDl # , II , JJ , KK

Do 101 =11 , 10
oo 11 J =33 , 15
00 12 K = KK , 20

12 CONTINUE
11 CONTINUE
10 CONTINUE

HE FURTHER TOL. THAT ON EACH SITTING, WE MUST FUNCH AN EXTRA DATA

CARD WITH THE VALUES OF 11,JJ,KK RELEVANT TO THAT SITTING, AND THEN

THE FROGRAM WILL NDRHLAS DESIREDN., FOR EXAMFLE, ON THE FIRST

WE CAN FUNCH THE VALUES AS 1,1,1. AFTER OBTAINING Z5 RESULTS, WHEN

WE WANT TO START FROM (1,2,6), WE CAN FUNCH THE EXTRA CARD WITH

1,2,6 AND SO ON. BUT IF WE DO THAT, THEN AFTER CALCULATING FOR THE

SETS (1,2,6) ,(1,2,7),...(1,2,20), THE COMPUTER WILL START FROM

THE SET (1,3,6) AND NOT FROM THE SET (1,3,1) AS WE WOULD NORMALLY

WANT IT TO 0. S50 A NUMEBER OF SETS WILL NOT RBE CALCULATED. THUS

TECHNIQUE SUGGESTED 7O MY TEACHER DURING HIS

IV 15 CLEAR T T THIS
RESEARCH BY ONE OF HIS COLLEABGUES WAS NOT CORRECT. IT CAN WORH

ONLY I1F THERE IS5 A SINGLE 00O LOOF, NOT WHEN THERE I5 & NEST 0OF MANY

DO LODFS. THEREFORE IN ONE OF MY FROGRAMS I HAVE TRIED TO

INTFODUCE THIS CONDITION AL50, THAT WE MAY START EXECUTING THE NEST

FROM ANY FOINT DESIRED, AND THE COMFUTER WILL EXECUTE FOR ALL THE

FOSSIELE COMEINATIONS FOF EACH SET IN THE CORRECT ORDER: NEITHER
MISSING ANY SET, NOR CALCULATING MORE THAN ONCE FOR ANY SET. FOR
THIS FURFOSE I HAVE INTRODUCED AN EXTRA 1-DIMENSIONAL ARRAY CALLED

LNET . FOR EXAMFLE, IF IN A& FARTICULAR CASE, N=3 AND THE 4 ARRAYS
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LINV, LTEV, LCRE AND LNET ARE AS FOLLOWS:-
LINV=(3,1,9), LTEV=(6,5,13), LCRE=(1,2,1), LNET=(4,4,11),
THEN THE COMFUTER WILL START CALCULATING FROM THE SET (4,3,11) AND
THEN IT WILL CALCULATE FOR (4,3,12),(4,3,13),(4,5,9),(4,5,10),
(4,5,11),(4,5,12) ,(4,5,13) ,(5,1,9) ,... UNTIL THE TIME ALLOTTED TO
THE USER IS DVER. ON THE NEXT SITTING, THE USER CAN FUNCH A FRESH
DATA CARD FOR INFUTTING FRESH VALUES OF LNET AND RE-START THE
COMPUTER. FOR EXAMFLE, IF ON THE FREVIOUS SITTING HE HAS COMPUTED

UFTO (5,7,10), THEN HE CAN FUNCH LNET AS (%,7,11) AND FROCEED. 1IN
THE FIRST PROGRAM, GIVEN ON THE SUCCEEDING FAGES, WE HAVE INTRO-

DUCED THE FEATURE THAT WE CAN RUN A NEST OF N DO LODOFS, N NOT BEING
ENOWN IN ADVANCE, WITH ALL POSSIRILITIES, NAMELY, SOME LOOFS MAY GO
FORWARLS ANLI SOME BACHWARLDS, AND THE STARTING VALUES FROM WHERE WE
WANT TO PROCEEDl HAVE TO RE READ IN SEFARATELY. IN QUR SECOND
FROGRAM WE HAVE CONSIDERED THE CONDITION OF A.L IMOICES BEING
UTOTINCT, LBUT WE HAVE NOT SLLOWED FOR STARTING FROM ANY il e T
OF VALUES. OF COURSE, IF WE LItE, WE CAN JOIN THE 2 FROGRAMS TO
ALLOW FOR BOTH SITUATIONS. 1IN THI SECCOND FPROGRAM, T 13 ALSG

FOSSIBLE THAT THE CONDITIOM FOR DISTINCT INLDICES MAY BECOME

IMFOSSIBLE. FOR EXAMFLE, IN THE FOLLOWING CABE:-

00 24 I1=1,3
0o 24 J=1,3
00 24 t=1,3
ng 24 L=1,3

24 CONTINUE

-1
]
{3
=z
=
m
[
—
L)
4
bt
%
-4

IF WE MAE THE RESTRIC INDNICEZ, MO SET IS5 FOSSIEBLE.
SO IN 3UCH A CASE, THE FROSRAM FRINTS OUT AN AFRFRCFRIATE MESSARE

SIVEN CN

0
[}
n
bl
=
[9p}
I
T
m

AND J0ES NOT FERFORM ANY TALCULATION. Z3TH #R

THE SUCCEEDING FAGES.
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eshion
DOFS ANE STARTS THE

2. PROGRAM FOR CREATING A NEST OF N DO L

s

EXECUTION FROM ANY SET OF STARTING VALUES.

DIMENSION LINV ( 25 ) ,LTEV ( 25 ) ,LCRE ¢ 25 ) ,LNET ( 23 ) ,

1 LDEX ( 25 )

WRITE (1 , 7)) ‘ ,
7 FORMAT ( 1X , ‘THIS PROGRAM CREATES A NEST OF N DO LODOFS AND',
’ *ANY SET OF STARTING',

1 1X , ‘STARTS THE EXECU”ION FROM‘ / 1X ,
2 1X , ‘VALUES’ )
19 WRITE ¢ 1 , 27 )
27 FORMAT ( 1X , ‘TYPE THE NUMEBER OF DO LOOPS IN FORMAT ( I2 )
1 / 1X , ‘FOR STOPPING : PLEASE TYPE 0’ )
191 READ ( 1 , 47 ) ND
47 FORMAT( I2 )
IF-( ND) 79 , 799 , 152
79 WRITE ¢ 1 , 127 )
127 FORMAT ( 1X , ‘DATA ILLEGAL, KINDLY TYPE AGAIN’ )
GO TO 191
152 IF ¢( NI .GT. 25 ) GO TO 749
IT = 1

189 WRITE (1 , 197 )
197 FORMAT ¢ 1X , ‘TYFE INITIAL VALUES, TEST VALUES ANDIN INCREMENTS’,

1X , ‘0OF EACH DO LOOFP IN‘ / 1X , ‘FORMAT ( 3IZ ) IN SEFARATE’,

1
2 1X , ‘LINES, THERE BEING 1 LINE FOR EACH LOOF’ )
1891 DO 222 J = IT , ND
READ ( 1, 207 ) LINV ¢ J) , LTEVY ¢ 3 ) , LCRE ¢ J )
207 FORMAT ¢ 3I2 )
C INCREMENT ZERO IS NOT FOSSIELE
IF ( LCRE ( J ) .EQ. 0 ) GO TO &7S
oo0 CONT INUE
WRITE ( 1 , 227 )
207 FORMAT ( 1X , ‘TYFE ALL STARTING VALUES OF THE INDICES IN’,
11X , ‘FORMAT ( 25I2 )‘ )
1000 READ (1 , 237 ) ( LNET ( 3 ) , J =1 , NO) -
237 FORMAT ( 25I2 ) -
C VALIDATE THE DATA
00 355 J = 1 , ND
IF ¢ LINV ( J) - LNET ¢ J ) ) 253 , 355 , 286
253 IF ( LCRE ( J ) .LT. © .OR. LNET ¢ J ) .GBT. LTEV ( J )60 TO 791
GO TO 218
286 IF ( LCRE ( J ) .6T. 0 .OR. LNET ¢ J ) .LT. LTEV ( J ))GO TO 791
318 IF ( MOD ( LNET ¢ J ) - LINV ( J) , LCRE ( J)) .NE.O)GO TO 791

355 CONTINUE



388
415
4350
500

489

&75

707

749
787

799
791
2406

FUT INDICES OF ALL 0O LDOFS ERQUAL TD THE STARTING VALUES
o 388 kK =1 , ND

LOEX ( K ) = LNET ( K )
EP = ND
NSUM = O

Do S00 I =1 , ND
NSUM = NSUM + LDEX ¢ I )

WRITE (1 , 489 ) ¢ LDEX ( K ) , K =1 , NO') , NSUM

FORMAT ¢ 1X , 2014 )

CHANGE THE INDEX OF A DO LOOP

00 644 J =1 , NOV'

LDEX ( KF ) = LDEX ( KP ) + LCRE ( KP )

TEST WHETHER THE FARTICULAR INCREMENT IS FOSITIVE OR NEGATIVE
IF ( LCRE ( KP ) ) 520 , 799 , 582

IF ( LDEX ( KF ) .GE. LTEV ( KP ) ) GO TO 552

GO TC 614

IF ¢ KF - NIV )} 415 , 430 , 799

IF ( LDEX ( KP ) .LE. LTEV ( KP ) ) GO TO 552

IF CHANGE IN INDEX OF A PARTICULAR DO LOOF IS NOT POSSIBLE, SET
THE INDEX OF THAT DJ LODOFP EQUAL TO THE INITIAL VALUE

LOEX ( KP ) = LINV ( KF )

KP = KP -1
GO TO 19
IT = J

WRITE ( 1 , 707 )

FORMAT ( 1X ,’THIS DATA SET IS ILLEGAL, KINOLY TYFE IT AGAIN’ )
G0 TO 1891

WRITE. ¢ 1 , 787 )

FORMAT ( 1X , ‘THIS NUMEBER WILL CROSS THE DIMENSION, CHANGE’,

1X , ‘DIMENSION’ )

STOF

WRITE ( 1 , 2404 )

FORMAT ( 1X , ’SOME OR ALL STARTING VALUES ARE WRONG,
1X , 'FLEASE TYFE THEM AGAIN’ )

GO TO 1000

END
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3. FROGRAM FOR CREATING A NEST OF N [0 LOOFS WITH THE CONDITION

P s et e e s et e .

0 LOOFS ARE LOISTINCT.

THAT THE INDICES OF ALL THE TI

DIMENSION LINV ( 20 ) , LTEV ( 20 ) , LCRE ¢ 20 ) , LDEX ( 20 )

WRITE (1 , 7)) )
7 FORMAT ( 1X , ‘THIS FROGRAM CREATES A NEST OF N DO LOOPS WITH',

1 1X , 'THE CONDITION THAT’ / 1X , ‘THE INDICES OF ALL THE DO’,
2 1X , ‘LOOPS ARE DISTINCT’ )

29 WRITE (1 , 17 )
*TYFE THE NUMBER OF I7 LODOPS IN FORMAT ¢ 12 )’ )

17 FORMAT ( 1X ,
2 READ ( 1 , 47 ) ND
47 FORMAT ( I2 )
IF ( ND ) 89 , 999 , 165
8% WRITE ( 1, 127 )
127 FORMAT (¢ 1X , ‘DATA ILLEGAL, KINDLY TYPE IT AGAIN’ )
GO TO 2
165 IF ( N .GT. 20 ) GO TO 909
IT = 1

WRITE ¢ 1 , 177 )
177 FORMAT ( 1X 4, ‘TYFE INITIAL VALUES, TEST VALUES, INCREMENTS’

1 7 1Xx , ‘0OF DO LOOFS IN FORMAT (3I2), ONE SET FER DATA CARD’ )

180 Do 211 J = IT , NO
READN ¢ 1 , 197 ) LINV ( J ) , LTEV ( J ) , LCRE ¢ J)
197 FORMAT ¢ 3IZ )
IF ( LCRE ( J ) .ER. O ) GO TO 676
211 CONTINUE
IF ( NI' .EQ. 1 ) GO TO 738
LF = O
INDEX = O
» SET THE INDEX OF EACH DO LOOF 7O ITS INITIAL VALUE
D0 255 J = 1 , ND
255 LOEX ¢ J ) = LINV ( 1)
LF = 2
286 IF ( LF .EQ. 1 ) LF = 2
00 344 K = LF , NIt --
IFV = LDEX ( ¥ )
MN1 = K - 1
C COMFARE THE INDICES OF THE L[O LOOFS
0D 311 J =1 , MNI
IF ( LDEX ( J ) .E@. IFY ) GO TO 480
311 CONTINUE
C IF DISTINCT INDICES EXIST, THEN INDEX=1, OTHERWISE INDEX=0
344 CONT INUE

IF ( INDEX .EQ. 1 ) GO TO 375



37%

236

407

443

480
516

=51

614
632
644
676

707

738

769

801

83C

887

909
947

299

89

INDEX = 1
NSUM = O

0o 236 1 =1 , ND

NSUM = NSUM + LDEX ( I )

WRITE ( 1 , 407 ) ( LDEX ( K ) , K =1 4 ND ) , NSUM
FORMAT ( 1X , 1615 )

IF { LP - ND ) 448 , 351 , 999

LF = NI
G0 TO S16
LF = K
M= LP

CHECE WHETHER A FARTICULAR INDEX CAN BE INCREASED OR LECREASEL
D0 644 J =1 , M

LDEX ( LF ) = LDEX ( LP ) + LCRE ( LP )

IF ( LCRE ( LP ) ) =82 , 999 , 614

IF ( LDEX ¢ LP ) .BE. LTEV ( LP ) ) GO TO 286

GO TD 432

IF ( LOEX ¢ LP ) .LE. LTEV ( LF ) ) GO TO 286

LOEX ( LP ) = LINV ( LFP )

LP = LF -1
GO TO 853
IT = J

WRITE ¢ 1 , 707 )
FORMAT ( iX , ’‘NO INCREMENT CAN BE ZERO, KINDLY TYPE THIS SET’,
1X , ‘AGAIN’ )

GO TO 18O

IF THERE IS ONLY 1 DO LOOF, THEN ALL THE POSSIEBLE VALUES OF THE

INDEX MUST BE CONSIDERED

Kl = LINV (1)

K2 = LTEV ( 1 )

K3 = LCRE ¢ 1 )

WRITE ( 1 , 407 ) K1 , K1
1 = k1 + k3

IF ¢ 1”3 ) 801 , 999 , 832
IF ( H1 (GE. V'2 ) B0 7O 7469
GO 1O 2%

IF ¢ K1 JLE. K2 ) B0 70 769
GO TO 29

IF (INDEX .E®. 1 ) GO TO 29
WRITE ( 1 , 3887 )

FORMAT ( 1X , ‘NO SET OF DISTINCT VALUES EXISTS’)

GO 7O 29

WRITE (1 , 947 )

FORMAT ( 1X , ‘THIS NUMEER WILL CROSS THE DIMENSION, ',
1X , ‘CHANGE DIMENSION’ )

STOP

ENDI
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AS A BY-PRODUCT OF THESE FROGRAMS, WE ALSO PRESENT A FROGRAM

WHICH FRINTS OUT ALL THE FERMUTATIONS OF N NATURAL NUMBERS TAY™ 4 R

WE ALSO FRESENT A FROGRAM WHICH FRINTS OUT ALL THE
THE LATTER

AT A TIME.
COMBINATIONS OF N NATURAL NUMERS TAKEN R AT A TIME.

FROGRAM IS ALSO USEFUL IN THIS RESFECT THAT IN THE NEXT CHAFTER
WHEN WE SHALL COMPUTE THE CHARACTERISTIC FOLYNOMIAL OF A SQUARE

MATRIX, WE SHALL NEED ALL COMERINATIONS OF THE FIRST N NATU . .L

NUMBERS TAKEN R AT A TIME. AT THAT TIME WE SHALL USE THIS FROGRAM

IN THE CHARACTERISTIC FOLYNOMIAL FROGRAM. THESE 2 PROGRAMS ARE

GIVEN ON THE SUCCEEDING FAGES.
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191
47

- 89

117

145

149

177

208

244
266
309
337

368

402

(S
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4. PROGRAM FOR GENERATING ALL FOSSIELE FERMUTATIONS OF THE

e castn rstn -—

B T e

e et s 14 s s e ok Soist At e D S e o St et S

e

DIMENSION LOEX ( 20 )

WRITE ¢ 1 4, 7))
FORMAT ( 1X , ‘THIS FROGRAM FRINTS ALL .'ERMUTATIONS OF THE’,

iX , 'FIRST N NATURAL NUMBERS TAKING IR’ / 1X , ‘AT A TIME’,
1X , ‘AND THE TOTAL NUMBER OF FERMUTATIONS’ )

WRITE ( 1 , 17 )

FORMAT ( 1X , ‘TYFE N AND IR IN FORMa: ( 2I2 )’ / 1X ,
‘FOR STOPPING : PLEASE TYFE 0’ )

READ ( 1 , 47 ) N , IR

FORMAT ( 212 )

IF ( N) 89 , S99 , 145

WRITE ( 1, 117 ) , -
FORMAT ( 1X , ‘DATA ILLEGAL, KINDLY TYPE AGAIN’ )

G0 TO 191

IF ( N .BT. 20 ) GO TO 509

IF ( IR .LE. 0 .OR. IR .GT. N ) GO TO 89

WRITE ¢ 1 , 149 ) N , IR

NP = O

FORMAT ( 1X , ‘FERMUTATIONS OF’ , 1X , I2Z , 1X , ‘TAKING’ ,

IZ , 1X , ‘AT A TIME’ , 1X , 'ARE GIVEN BELOW:-’ )
IF ( IR .ER. 1 ) GO TO 442

LF = 0O

Do 177 3 =1 , IR

LOEX ¢ J ) = ]

G0 TO 309

IF ( LF .EQ. 1 ) LF = 2

L0 266 K = LF , IR

IFV = LOEX ( kK )

MN1 = kK - 1

OO0 244 J = 1 , MNI1

IF ( LDEX ¢ J ) .ER. IPV ) GO TD 402

CONT INUE

CONT INUE

WRITE ( 1 , 337 ) ¢ LDEX ( ¥ ) , ¥ =1 , IR )
FORMAT ( 1X , 1615 )

NF = NP + 1

IF ( LF - IR ) 368 , 475 , 599

LF = IR
GO TO 424
LF = K

1X

k]



434
475

411
419
427

442
479

<Q9
47

S99

/7

M= LP
0O 411 J = 1
LDEX ( LP )

IF ( LDEX <

LDEX ¢ LP )

LP = LF - 1

WRITE ¢ 1 ,

FORMAT ( 1X

60 TO 9

Ki = 1

s M

LDEX ( LP ) + 1

LF ) J.LE. N ) GO TO 208

1

427 ) NP

‘TOTAL NUMBER OF FERMUTATIONS =~

WRITE ¢ 1 , 337 ) K1

NP = NP + 1
Ki = KI + 1

IF ( KI .LE. N ) BO TO 479

GO TO 419

WRITE ( 1 , 547)

FORMAT ( 1X, ’'THE GIVEN NUMBER WILL CROSS THE DIMENSION, , 1X

‘CHANGE DIMENSION’ )

STOP
END

3

1X

I4 )
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5. PROGRAM FOR GENERATING ALL FOSSIELE COMBINATIONS OF THE

! .

FIRST N NATURAL NUMBERS TAKING R AT A TIME.

DIMENSION LDEX ( 25 )

INTEGER R
WRITE (1 , 47 )
47 FORMAT ( 1X , ‘THIS FROCGRAM FRINTS ALL COMEINATIONS OF THE’,
1 , 1X , ‘FIRST N NATURAL NUMEERS TAKING R’ / 1X , ‘AT A TIME’,

1 , 1X , /AND THE TOTAL NUMBER OF COMEBINATIONS’ )
79 WRITE (1 , 107 )

107 FORMAT ( 1X , ‘TYPE N AND' R IN FORMAT ( 212 )’
1 /7 1X , ‘FOR STOPPING :FPLEASE TYPE O’ )
791 READ ( 1 , 127) N , R
127 FORMAT ( 212 )
. IF ( N ) 149 , 499 , 192
149 WRITE (1 , 167 )
167 FORMAT ( 1X, ‘DATA ILLEGAL, FLEASE TYPE AGAIN’ )
GO TO 791
192 IF ( N .BT. 25 ) GO T0O 419
IND = 1
201 CALL COMR ( N , R , INDI , LDEX , K , IEV , KF )
GO TO ( 149 , 249 , 319 ) , IND
249 IF ¢( K .6T. 1 ) GO TO 279
WRITE ¢ 1 , 267 ) N , R
267 FORMAT ( 1X , ‘COMBINATIONS OF THE FIRST' , 1X , IZ , 1X,
1 'NATURAL NUMBERS TAKING’ , 1X , I2 , 1X , ‘AT A TIME’ / 1X ,
2 'ARE GIVEN EBELOW:-’ )
272 WRITE (1 , 287 ) ( LODEX « kK ) , KK =1 , R )
287 FORMAT ( 1X , 25 ( I2 , 1X ) )
GO TO 201
319 WRITE ( 1 , 357 ) K
357 FORMAT ( 1X , ‘TOTAL NUMBER OF COMBINATIONS =’ 4, 1X , I4 )
GO 7O 79
419 WRITE ( 1 , 467 )
467 FORMAT ( 1X, ‘THE GBIVEN NUMBER WILL CRDOSS THE DIMENSION,’
1 ,1X , ‘CHANGE DIMENSION’ )
499 STOF
END

SUEROUTINE COME ( N , R , INK , LODEX , K , IEV , KF )
DIMENSION LDEX ( 25

INTEGER R

IF ( IND .NE. 1 ) GO TO =15

IF ( R .6T. 0 .,AND. N .GE. R ) GO TO 242



202

242

300
3460

392
411
450
485

15
S40

/7

RETURN
IND =
1IEV =
K =0
Do 288
LOEX <«

2

0

I
I

=1
) =

GO TO. 450
IF ( KP - R ) 360 , T40 , 202

IF ( IEV .E@. LDEX ( KP ) ) GO TO 392

IEV =

s R
I

LDEX ( KP )
= KP 4 R

Do 411 1

IEV =

KP = R

IEV + 1
LDEX (I ) =

K=K+ 1

RETURN

IEV

IF ¢ N+ KP - R - ( LOEX ( KF ) + 1)

LDEX ( KP )
GO TO 48S

IF ( K

P

EQ.

KF = KP - 1
B0 TO S15

IND =
RETURN
END

3

= LDEX ( KF ) + 1

1) 60O TO 700

94

) 7%, S4Q , 300



/7

95

CHAFPTER 4

SOME PROGRAMS REGARDING SQUARE MATRICES

INTRODUCT ION

— > o o g o S $a100 Saa S

IN THIS CHARPTER WE SHALL DEVELOF A Féw FROBRAMS REGARDING
MANIPULATION OF SBOUARE MATRICES. AS IN THE EARLIER CHAPTERS, WE
SHALL KEEP OUR INVESTIGATIONS LIMITED TO THE CASE WHEN ALL THE
ENTRIES OF THE MATRICES ARE INTEGERS. OF COURSE, WE CAN EASILY
EXTEND OUR FPROGRAMS TO THE CASE WHEN THE ENTRIES OF THE MATRICES
ARE NOT NECESSARILY INTEGERS, BUT CAN BE RATIONAL NUMBERS, NOT
NECESSARILY IN THEIR LbWEST TERMS, BUT WITH THE CONDITION THAT THE
DENOMINATORS OF THOSE ENTRIES WILL NEVER BE ZERO. FOR THIS PURPOSE
WE CAN USE THE TECHNIRUES DEVELOFED IN CHAPTER 2. OUR FIRST
PROGRAM GENERATES THE CHARACTERISTIC POLYNOMIAL OF A SQUARE MATRIX
OF ORDER N, WHERE THE VALUE OF N IS NOT KNOWM IN ADVANCE, BUT IS
GIVEN TO THE PROGRAM BY MEANS OF A READ STATEMENT. SINCE ALL
ENTRIES DF THE MATRIX ARE INTEGERS, IT FOLLOWS THAT THE CHARACTER-
ISTIC FOLYNOMIAL WILL BE MONIC AND ALL ITS COEFFICIENTS WILL EBE
INTEGERS. AS IN CHAFTER 2, WE FRINT ALL COEFFICIENTS EXCEFT THE
LEADING COEFFICIENT. IF THE ENTRIES WOULD HAVE BEEN RATIONAL
NUMEBERS, THEN IN STANDARD FORM THE CHARACTERISTIC FOLYNOMIAL WOULLD
NOT HAVE BEEN NECESSARILY MONIC, BUT ALL ITS COEFFICIENTS WOULLD
STILL HAVE REEN INTEGERS ANI THEIR H.C.F. WOULD HAVE REEN UNITY.
FURTHER, THE LEADING COEFFICIENT CAN BE MADE FOSITIVE IN THIS CASE.
THIS FPROGRAM CAN EAéI[Y EE WRITTEN IN A VERY SIMILAR FASHION. HOW-

EVER, WE HAVE NOT WRITTEM IT HERE.
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DUR SECOND FROGRAM COMPUTES ALL THE INTEBER CHARACTERISTIC

ROOTS OF A SAUARE MATRIX WITH INTEGER ENTRIES. IN CASE ONLY SOME

OF THE CHARACTERISTIC ROOTS ARE INTEGERS, 1T PRINTS THEM TOGETHER

WITH AN APPROFPRIATE MESSAGE. IN CASE NONE OF THE CHARACTERISTIC

ROOTS ARE INTEGERS, IT FRINTS OUT ONLY A MESSAGE TO THIS EFFECT.

THE MAIN DIFFICULTY WITH OUR SECOND FROGRAM IS THAT IF THE

DRDER OF A SQUARE MATRIX HAFFENS TO BE GREATER THAN 2, IT IS VERY

DIFFICULT (ALMOST IMPOSSIBLE) TO WRITE DOWN ANY NON-TRIVIAL MATRIX

WHOSE CHARACTERISTIC RODTS ARE INTEGERS. IF ONE WRITES ANY MATRIX,

EVEN OF VERY SMALL ORDER, SAY 3 OR-4, WITH ARBITRARY INTEGER

ENTRIES, AND COMPUTES ITS CHARACTERISTIC FOLYNOMIAL, ONE ALMOST

INVARIABLY FINDS THAT NONE OF ITS ZEROS ARE INTEGERS. SINCE THE

POLYNOMIAL IS MONIC, WE CAN EVEN SAY THAT NONE OF ITS ZEROS ARE

RATIONAL. THEREFORE, IT BECOMES VERY DIFFICULT EVEN TO TEST THIS

FROGRAM. IN ORDER TO GET SAMFLE DATA FOR THIS FROGRAM WE HAVE USELD

A SFECIAL TECHNIQUE. WE KNOW THAT THE CHARACTERISTIC ROQOTS OF A

ODIAGONAL MATRIX L ARE JUST ITS DIAGONAL ENTRIES. WE ALSO KNOW THAT

IS ANY LDIAGONAL
-1

MATRIX OF THE SAME ORDER, THEN IF WE DEFINE A=FDP ,

SIMILAR. ALSO WE KNOW THAT SIMILAR

IF F IS ANY NON-SINGULAR MATRIX OF ORDER N AND D
THEN THE

MATRICES LI ANI!' A ARE CALLELD

MATRICES HAVE THE SAME CHARACTERISTIC RDOTS. THEREFORE, IF WE

START WITH ANY DOIAGONAL MATRIX WITH INTEGER ENTRIES, AND PRE-~-

MULTIFLY THIS MATRIX WITH ANY NON~SINGULAR MATRIX F, AND FOST-

-1
MULTIFLY IT BY @# , THEN WE ARE SURE TO GET A NON-TRIVIAL MATRIX A

WHOSE CHARACTERISTIC ROOTS WILL BE THE SAME AS THOSE OF 0, I1.E.,
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INTEGERS. SO WE CAN TEST OUR CHARACTERISTIC ROOTS PROGRAM EBY USING
THIS MATRIX A.

HOWEVER, THERE REMAINS ONE MORE DIFFICULTY. IF WE WRITE ANY
SQPARE MATRIX P WITH ARBITRARY INTESER ENTRIES, IT IS NOT EASY TO
ENSURE THAT 1TS DETERMINANT WILL BE UNITY. IF ITS DETERMINANT IS
NOT +1 OR -1, EVEN IF IT IS NON-SINGULAR, THE DETERMINANT OF ITS
INVERSE MATRIX WILL NOT EBE AN INTEGER ANDN SO THE ENTRIES OF THE
INVERSE MATRIX WILL NOT ALL BE INTEGERS. S0 OQUR PURPOSE IS
DEFEATED. THEREFORE WE HAVE LEVELOFED ONE MORE PROGRAM IN THIS
CHAPTER, WHICH GENERQTES A SQUARE MATRIX OF ORDER N, ALL ITS
ENTRIES REING INTEGERS, AND WITH THE CONDITION THAT 1TS DETERMINANT
IS ALWAYS UNITY, SO THAT ITS INVERSE MATRIX WILL ALSO HAVE ALL
INTEGER ENTRIES. USING THIS FROGRAM WE CAN EASILY GET THE
NECESSARY DATA FOR TESTING THE CHARACTERISTIC ROOTS PROGRAM.
ALGORITHM FOR CALCULATING THE CHARACTERISTIC POLYNOMIAL .

____ LET A BE A SQUARE MATRIX DF ORDER N, ALL OF WHOSE ENTRIES ARE
INTEGERS. WE CONSIDER THE FORMAL MATRIX FOLYNOMIAL A-XI, WHERE X
1S AN INDETERMINATE AND I 15 THE UNIT MATRIX OF ORDER N. THIS

MATRIX FPOLYNOMIAL WILL ITSELF BE A SQUARE MATRIX OF ORDER N, WHOSE

ENTRIES WILL BE FORMAL FOLYNOMIALS IN THE INDETERMINATE X. FOR

EXAMFLE, IF N=3 AND IF A =|-2 0 31,
1 -5 6
Q 9 4
THEN A-XI WILL BECOME
-2=X 0 3
1 -S—X 6
0 ? 4-X

THE DETERMINANT OF A-XI, I.E., DET(A-XI) OR lA—XI' I5 CALLELD THE

CHARACTERISTIC FOLYNOMIAL OF A ANLD' ITS ZEROS ARE CALLED THE



7/

98

CHARACTERISTIC ROOTS OF A. IN THE AROVE NUMERICAL EXAMPLE, THE

CHARACTERISTIC POLYNOMIAL OF A WILL BE
-2=X 0 3
1 -5-X b
0 9 4-X

TO MAKE THE ABOVE POLYNOMIAL MONIC, WE CONSIDER ’XI—A‘ INSTEAD OF

]A—XIJ, WHERE jxx—a} = |x+2 o -3
—1 X+5 -6
Q -9 X-4

N

ed

IN GENERAL, [XI-A| CAN BE BRDKEN UP INTO THE SUM OF 2 DETERMI-

NANTS. IN THE PRESENT CASE WE HAVE 1| XI-A{

= X 0 0 2 0 0 X 0 0 X o -3
0 X O |+ |~-1 X O |+ 10 S O+ [0 X -6
0 0 X 0 0 X 0O -9 X o 0 -4
2 6] 0 2 o -3 X 0 -3 2 o -3
+ -1 S 0O [ +(~-1 X -6 |+ |0 5 -6 +|-1 5 -6
0O -9 X 0 O -4 0O -9 -4 0 -9 -4
N N
OUT OF THESE 2 DETERMINANTS WE SHALL HAVE ¢ ), I1.E., 1 DETERMINANT
N O
WHICH WILL CONTAIN NO ENTRIES OF A, ( ) DETERMINANTS WHICH WILL
1 N
CONTAIN 1 COLUMN OF A WITH ALL SIGNS CHANGED, ( ) DETERMINANTS

~

WHICH WILL CONTAIN 2 COLUMNS CF A WITH ALL SIGNS CHANGED, AND 50

N
ON. THERE WILL BE ( ), 1.E., 1 DETERMINANT WHICH WILL EBE JUST THE

N
DETERMINANT QF -A. S0 IF WE EXFRESS THE CHARACTERISTIC FOLYNOMIAL

OF A IN THE FORM
N N—-1 N-2
X +C X +C X + ... +C X+C ,
1 2 N-1 N

THEN IN ORDER TO CALCULATE C ,C ,C , ..., C , WE HAVE TO REFLACE X

1 2 3 N
BY 1 IN EVERY DETERMINANT. THEREFORE IN THE COMPUTER FROGRAM WHICH

CALCULATES C ,C ,C , ..., C , WE GENERATE ALL FOSSIELE DETERMINANTS
1 - 3 N
TAKING ! COLUMN FROM A (SIGNS CHANGEIN , ALL FOSSIBLE LDETERMINANTS
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TAKING 2 COLUMNS FROM A (SIGNS CHANGED) , AND SO ON. WE FILL UF THE
REMAINING COLUMNS OF EACH DETERMINANT BY STRINGS OF 0°'S WITH EXACT-
LY ONE 1 AT THE FROPER PLACE. THEN WE EVALUATE EACH DETERMINANT
USING A SEPARATE FUNCTION SUBFROGRAM AND ADD THE DETERMINANTS OF
EACH KINDN TO GET C ,C ,C , ..., C . WE SHALL ALSD NEED A SUR-

ROUT INE SUBPRDGRAMITDEGESERATE ALE FOSSIEBLE COMBINATIONS OF THE
FIRST N NATURAL NUMBERS TAKING 1 AT A TIME, TAKING 2 AT A TIME,
ETC. WE TAKE THIS PROGRAM FROM THE PREVIOUS CHAFTER AND CONVERT IT
INTO A SUBROUTINE SUBPROGRAM. THE PROGRAM FOR EVALUATING A DETER-
MINANT , CALLED LDET, HAS BEEN WRITTEN RY MY TEACHER. HE HAS
EVALUATED THE DETERMINANT BY TRIANGULATING IT BY THE METHOD OF
ELEMENTARY ROW TRANSFORMATIONS. DURING THESE TRANSFORMATIONS WE
COME ACROSS VULGAR FRACTIONS, BECAUSE, SAY, IF THE ZNIN ROW STARTS
FROM THE ENTRY C’_1 ANDN THE 1ST ROW STARTS FROM THE ENTRY C , THEN
WE HAVE TO SUBTR;éT Cﬁ /C TIMES THE 1ST ROW FROM THE QNDIéDW.

Cﬂ /C MAY NOT BE NEEéSsaéILY AN INTEGER. THEFEFCRE THE FUNCTION
SGéPRééRAM CALLED LDET TAFES THE HELF 0OF SFECIAL SUEBROUTINES WHICH
SUBTRACT ONE VULGAR FRACTION FROM ANOTHER, MULTIPLY ONE YULGAR
FRACTION BY ANOTHER, AND COMFUTE THE RECIFROCAL OF A VULGAR FRAC-
TION. MY TEACHER HAS WRITTEN THESE SUBROUTINES ALSQ AND I HAVE
USELl THEM IN MY FROGRAM. IT MUST BE MENTIONED THAT IN COMFUTER
FROGRAMMING THERE IS NO WAY TO STORE A VULGAR FRACTION AS SUCH IN
THE MEMORY; WE MUST STORE THE NUMERATOR AND DOENOMINATOR IN SEFARATE
MEMORY LOCATIONS. ALSD, 70 AVOID STORING UNNECESEARILY RIG

NUMBERS, WE DIVIDE THE NUMERATOR AND THE DENOMINATOR 0OF EACH FRACTHoM
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BY THEIR H.C.F. AFTER EVERY SINGLE COMFUTATION. THEREFORE WE ALSO
NEED AN ADDITIONAL FUNCTION SUBPROGRAM CALLELD HCF (M,N).

THE COMFLETE PROGRAM FOR CALCULATING THE COEFFICIENTS OF THE
CHARACTERISTIC FOLYNOMIAL, TOGETHER WITH ALL THE SUBPROGRAMS USED,

IS GIVEN ON THE SUCCEEDING PAGES.
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DIMENSION MAT ¢ 10 , 10 ) , N ( 10 ) , MMAT ¢ 10 , 10 ) ,
1ILDEX ¢ 10 )
COMMON 7/ L1 / M
WRITE ( 1 ,.7 )
7 FORMAT ( 1X , ‘THIS FROGRAM GENERATES THE CHARACTERISTIC’ , 1X,
1/FOLYNOMIAL’/1X,’0F A GIVEN SRUARE MATRIX WITH INTEGER ENTRIES’)
79 WRITE ( 1 , 107 )
107  FORMAT ( iX , ‘TYPE THE ORDER OF THE MATRIX IN FORMAT ( I2 )’
1/1X , ‘FOR STOPFING PLEASE TYPE : 0O’ )
791 READ (1 , 127 ) M
127 FORMAT ( I2 )
IF (M) 149 , 799 , 198
149  WRITE ( 1 , 167 )
167 FORMAT (1X , ‘DATA ILLEGAL, KINODLY TYPE AGAIN ’ )
50 TO 791
198 IF ( M .GT. 10 ) GO 10 749
WRITE ( 1 , 227 )
227  FORMAT ( 1X ,’TYPE THE ENTRIES OF THE MATRIX IN FORMAT (
READ (1 , 257 ) ( {MAT ¢ I ,J33) ,J3 =1 ,M) , 1=
257  FORMAT ( 1316 ) .
0o 488 I = 1 , .M
N(I)=o0
IF ( I .E@. M) GO TO 420
IND = O
291 CALL COME ( I , INI , LDEX , IEV , KF )
50 TO ( 234 , 488 ) , IND

1316 ) )
1, M)

234 [0 411 KE = 1 ,
DO 411 LL = 1, ,
IF ( L. .ER. KK ) GO TO 410
NMAT ¢ LL , KK ) = O
GO TO 411
310  NMAT ( LL , Kk ) = 1
411  CONTINUE
00 713 k = |, I
LOEXE = LOEX « ¥ )
0o 713 LL = 1 , M
713 NMAT ( LL , LDEXK ) = - MAT ( LL , LDEK )
N (I ) =N (1) +LDET ( NMAT )
GO TO 291
420 DO 422 J =1 , M
00 422 LL
422 NMAT ( LL
N (1) =
488  CONTINUE
WRITE ( 1
497  FORMAT ¢ 1
OO S11 MM
1
1

~3XX

M

- MAT « LL , J)

1,
J ) o=
¢ I ) + LIDET « NMAT )

Z -

497 )
, 'THE GIVEN MATRIX IS AS FOLLOWS’ )
1, M
, 987 ) ( MAT (MM , KE ) , KK =1 , M)
WRITE < , S27 )
'S27  FORMAT ( 1X , ‘THE REQUIRED FOLYNOMIAL IS MONIC; SQ ITS FIRST’,

11 WRITE (

le 443/
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11X, ’'COEFFICIENT IS UNITY’ / 1X, ’ITS OTHER COFFICIENTS,’ , 1X,
1/STARTING FROM THE SECOND, ARE GIVEN EELOW:-‘ )
WRITE (1 , 587 ) (N (I) ,I=1,M)
587 FORMAT ( 1X , 11 ¢ I6 , 1X ) )
GQ TQ 79
749  WRITE ( 1 , 787 )
787 FORMAT ¢ 1X , ‘THE GIVEN NUMEER WILL CROSS THE DIMENSION,‘ , 1X
1,’CHANGE DIMENSION’ )
799  STOF
END ' :
SUBROUTINE COME ( N , IND , LDEX , IEV , KF )
DIMENSION LDEX (10)
COMMON / L1 /7 M
IF ( IND .NE. 0 ) GO TO 515
IND = 1§
IEV = O
002221 =1, N
222 LDEX(I) =1

G0 TO 450
300 IF ( KP — N ) 360 , 540 , 700
360 - IF ( IEV .E@. LDEX ( KP )') GO TO 392

IEV = LDEX ( KP )
392 0o 411 I = KP 4 N
IEV = IEV + 1
411 LDEX (1 ) = 1EV

430 KP = N
RETURN
S15% IF (M + KP = N- { LOEX ( KP ) + 1 ) ) 7% , S40 , 300
540 LDEX (KP)=LDEX (KF) +1
RETURN
S73 IF ( KP .EB. 1 ) GO TO 620
FF=KF-1
GO TO 515
620 IND = 2
700 RETURN
ENL

FUNCTION LLDET(A)
IMFLICIT INTEGER(A-ZI)
DIMENSION A(10,10) ,ADEN(10,10)
COMMON / L1 / N
oo 122 MM = 1 , N
00 122 NN = 1,

N
122 ADEN ( MM , NN ) = 1
IF(N.ER.1)GO TO 300
NM1=N-1
0o 288 I=1,NMt
IF1=I+1

IF(A(I,I).NE.0)GO TO ZO1
DO 135 J=IF1,N
IF(A(J,I) .NE.O)BOD TO 173
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255
288
300

344
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CONTINUE
LOET=0

RETURN

[0 188 K=I,N

EXTRA=A (I ,K)

AT LK) =A (T ,K)

AT, K) =—EXTRA

EXTRA=ADEN (1 ,K)

ADEN(I ,K)=ADEN (J,k)

ADEN (J ,K) =EXTRA

CALL RECIP(A(I,I) ,ADEN(I,I) ,RECNUM,RECDEN)

[0 288 J=IF1,N

IF(A(J, 1) .EQR.0)GO TO 288

CALL MULTN(A(J,I) ,ADEN(J,I) ,RECNUM ,RECDEN ,FACNUM ,FACLEN)
[0 255 K=IP1,N

IF(A(I,K) .ER.0)B0 TO 255

CALL MULTN(FACNUM,FACDEN,A(I,K) ,ADEN(I ,K) ,TEMP1,TEMF2)
CALL SUBTN(A(J,K) ,ADEN{J,K) ,TEMP1 ,TEMP2,TEMF3,TEMF4)
A(J,K)=TEMF3

ADEN(J ,K) =TEMP4

CONTINUE

CONT INUE

NUM=1

DEN=1

DO 344 I=1,N

CALL MULTN(NUM,DEN,A(I,I> ,ADEN(I,I) ,NUM1 ,DEN1)
NUM = NUM1

DEN = DEN1

LDET=NUM

RETURN

END

SUBROUTINE SUBTN(I,J,k,L,M,N)

IMPLICIT INTEGER (A-Z)

LEN=J/HCF (.J,L) *L

NUM=DEN/ J*I ~DEN/L*K

FAC=HCF (NUM ,[EN)

M=NUM/FAC

N=DEN/FAC

RETURN

ENI

SUBROUTINE MULTN(I ,J,K,L,M,N)

IMFLICIT INTEGER(A-Z)

HCF 1=HCF (I ,L)

HCF2=HCF (.J k)

M=1/HCF 1% (K/HCF2)

N=J/HCF2% (L/HCF1)

RETURN

END

SUBROUTINE RECIF(I,J,kK,L)

IMFLICIT INTEGER(A-Z)



202

253

325

400

L=IARS(I)
F=IoIGN(J,I)
RETURN
END
INTEGER FUNCTION HCF (I,J)
INTEGER REM
IF(I.NE.Q)GO TO 202
HCF=1AES(J)
RETURN
IF(J.NE.O)BGO TD 253
HCF=IABS(I)
RETURN
KOPY1=IARBS(I)
KOPY2=IABS5(J)
REM=MOL (KOFY1 ;KOPY2)
IF(REM.NE.0)GO TG 400
HCF=KOFYZ2
RETURN
KOPY1=KDFY2
KOFPY2=REM
GO TO 325

" RETURN

END

104
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ALGORITHM FOR COMFUTING THE CHARACTERISTIC ROOTS OF A MATRIX

T a So S et S, P St et TS SPPLS S e S i S S S S S bt . ) S WSS ST SR S S et b b Soee? P s e

THIS ALGORITHM I5 A VERY SIMFLE ONE. ONCE WE HAVE CALCULATED
THE COEFFICIENTS OF THE CHARACTERISTIC POLYNOMIAL, AND NOW THAT UWE
KNOW THAT IT MUST BE MONIC, WE TAKE THE HELP OF THE PROGRAM FOR
CALCULATING ALL INTEGER ZEROS OF A MONIC POLYNOMIAL, WHICH WE HAVE
ALREADY DEVELOFEDR IN CHAPTER 2. WE CHANGE THAT FROGRAM INTD A
SUBROUTINE AND FINALLY WE GET THE COMPLETE PROGRAM WHICH IS GIVEN
ON THE SUCCEEDING FAGES. WE MUST REMARK THAT THIS FROGRAM COMFUTES
NOT ONLY ALL THE INTEGER CHARACTERISTIC ROOTS, BUT ALSO ALL.THE
RATIONAL CHARACTERISTIC ROOTS, BECAUSE BY THE THEORY OF EQUATIONS

WE KNOW THAT IN THE CASE OF A MONIC FOLYNOMIAL EVERY RATIONAL ZERO

MUST BE AN INTEGER.
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vy
DIMENSION MAT ¢ 10 , 10 ) , N ( 10 ) , NMAT ¢ 10 , 10 ) ,
ILDEX ¢ 10 ) , ITZ ( 10)
INTEGER FR(43)
COMMON/AL/PR/BL/N/L1/M
CALL STORE

. WRITE (1 , 7) :

7 FORMAT ¢ 1X , ‘THIS PROGRAM FINDS ALL INTEGER ZEROS OF THE’
1,1X,/CHARACTERISTIC POLYNOMIm ' /1X ,’0OF A GIVEN SQUARE MATRIX’ )

79 WRITE ( 1 , 107 ) .

107  FORMAT ( 1X , ‘TYPE THE ORDER OF THE MATRIX IN FORMAT (
1/1X , ‘FOR STOPFING PLEASE TYPE : O’ )

791 READ ( 1 , 127 ) M

127  FORMAT ¢ 12 )
IF ( M) 149 , 799 , 198

149  WRITE (1 , 167 )

167 FORMAT (iX , ‘DATA ILLEGAL, KINDLY TYPE AGAIN’ )

. G0 TO 791

198 IF ( M .GT. 10 ) GO TO 749

WRITE ( 1 , 227 )
227  FORMAT ¢ 1X ,’TYPE THE ENTRIES OF THE MATRIX IN FORMAT ( 1316 )’)

. READ (1 , 257 ) ( (MAT (1 , JJ) , 3 =1 ,M) ,1I=1,M)
257 FORMAT ( 1316 )
po 488 1 =1 , M
N (1) =20
IF ¢ I .ER. M) GO TQ 420
INOD = O
291 CaLL ComME ¢ I , IND , LDEX , IEV , EFP )
GO TO ( 234 , 488 ) , IND
2324 no 41t v =1 , M
DO 411 LL =1, M
IF ( LL .EG. KE ) 6D TO 410
NMAT ¢ LL , KE =
GO 7O 411
410 NMAT ¢ LL , KK ) =1
411 CONT INUE
00 713 v = 1 , 1
LOEXK = LLEX ( K )
oo 713 L =1 , M
713 NMAT ¢ LL , LIDEXE ) = — MAT ( LL , LOEXK )
N I )y=N I+ LOET ( NMAT )
GO TO 221
420 g 422 3 =1 , ™
O0 422 tL = 1, M

S
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645

687

711

729
737

749

787

799

lalalial

[rprapry

300
360

392
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NMAT ¢ LL , J ) =-MAT ( LL , 3
N (TI) =N I ) + LDET { NMAT )

CONTINUE

WRITE ( 1 , 3454 )

FORMAT ( 1X , ‘THE GIVEN MATRIX IS5 AS FOLLOWS’ )
oo st MM =1 o0 M ’

WRITE (1 , 587 ) ( MAT (MM , K ) , KK =1 , M)
FORMAT ( 17 , 10 ( I6 , 1X ) )
CALL ZEROS(ITZ,NZ)
IF(NZ.GT.0)G0 TO 645
WRITE(1,&607)
FORMAT (1A ,’THIS MATRIX HAS NO INTEGRAL CHARACTERISTIC ROOTS’)
60 TO 79
IF ( N2 .EQ. M ) GO TO 729
NUMZ = M ~ NZ
WRITE (1 ,687)NUMZ
FORMAT (1X,’THIS MATRIX HAS ’,I2,’ CHARACTERISTIC ROOTS WHICH ARE’
1,/ NQT INTEGERS’)
WRITE(1 ,711)NZ ,(ITZ (KK) ,KKk=1,NZ)
FORMAT(1X,’'THE ‘,12,° INTEGRAL CHARACTERISTIC ROOTS OF THIS ’/,
1"MATRIX ARE’/(1X,1117))
GO TO 79
WRITE(1,737) (ITZ(KK) (KIi=1 (M)
FORMAT (1X,‘ALL THE CHARACTERISTIC ROOTS OF THIS MATRIX ARE’,
17 INTEGERS AND ARE/'/(1X,1117))
G0 70O 79
WRITE ¢ 1 , 787 )
FORMAT ( 1X , ‘THE GIVEN NUMBER WILL CROSS THE DIMENSION,” , 1X
1,/CHANGE LDOIMEMSION’ )
STOF
EnD
SUBRQUTINE COMEB « N , IND , LDEX , IEV , tF
DIMENSION LDEX(10)
COMMON / L1 / M

IF ( IND .NE. 0 ) GO TO =15
IND = 1

IEV = O

0 2221 =1, N

LOEX (1) =1

GO TO 450

IF ( FP = N ) 360 , S40 , 700

IF ( IEV .EO. LDEX ¢ 'F ) ) BO TO 392

IEV = LOEX ¢ tP )

00 411 I = +F , N

IEV = IEYV + 1

LOEX ( I » = IEV

PR o= N .

RETURN

IF « M+ -F = N - « LEX (kP ) + 1 ) ) S75 , S40 , 300

LOEX Py =LDOEYX G F)+1
AETURN
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IF ( KP .EG. 1 ) GO TO 620 108

KP=KP-1
60 TO S15

IND = 2

RETURN

END

FUNCTION LDET (A)
IMPLICIT INTEGER(A-2)
DIMENSION A(10,10) ,ADEN(10,10)
COMMON / L1 / N

DO 122 MM = 1 , N

DO 122 NN = 1 , N

ADEN ( MM , NN ) = 1
IF(N.E@.1)G0 TO 300
NM1=N-1

Do 288 I=1,NM1

IP1=1+1

IF(A(I,I) .NE.O)GO TO 201
DO 155 J=IP1i,N

IF(A(J,1) .NE.O)GO TO 175
CONTINUE

LDET=0

it

" RETURN

D0 188 K=I,N
EXTRA=A(I ,K)

AT LK) =A(T,K)

AT ,K)=—EXTRA

EXTRA=ADEN (I ,K)

ADEN (1 ,K) =ADEN (.J ,K)

ADEN (J,K) =EXTRA

CALL RECIF(A(I,I),ADEN(I,I) ,RECNUM,RECDEN)

Do 288 J=IF1,N

IF(A(I,I) .ER.0)GO TO 288

CALL MULTN(A(J,I) ,AREN(J,I1) ,RECNUM,RECIEN ,FACNUM ,FACLEN)
0o 255 E=IF1,N

IF(A(I.L) LEQ.0)B0 TO oS5

CALL MULTN (FACNUM,FACLDEN ,A (I k) ,ADEN(I k) ,TEMFL ,TEMFZ)
CALL BUBTN(A(J,E) ,ADEN (T, F) ,TEMF1 ,TEMFZ ,TEMF3,TEMF4)
AT, ) =TEMF3

ADIEN (J ,E) =TEMF4

CONTINUE

CONTINUE

NUM=1

DEN=1

DO 344 I=1,N

CALL MULTN(NUM,DEN,A(I,I) ,ADEN(I,I) ,NUML,DEN1)

NUM = NUMI1

DEN = DENI

LDET=NUM

RETURN

END

T}
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SUBROUTINE SURTN(I ,.J,K,L .M ;N)
IMPLICIT INTEGER(A-Z)
DEN=J/HCF (.J,L) *L

NUM=DEN/ J*I-0EN/L*E
FAC=HCF (NUM ,DEN)
M=NUM/FAC

N=LEN/FAC

RETURN

END

SUBROUTINE MULTN(I ,J,k,L,M,NJ
IMPLICIT - INTEGER (A-Z) .
HCF 1=HCF (I ,L)

HCF2=HCF (J,K)

M=1/HCF1#* (K/HCF2)
N=J/HCF2#% (L./HCF1)

RETURN

END :
SUBRODUTINE RECIP(I,J,K,L)
IMPLICIT INTEGER(A-Z)
L=IARS(I)

K=ISIGN(J,I)

RETURN

END

INTEGER FUNCTION HCF (I,J)
INTEGER REM
IF(I.NE.0)GO TO 202
HCF=IABRS(J)
RETURN

IF(J.NE.0)GO TO 2S3
HCF=I1AERS (1)
RETURN
KOFY1=IAES(I)
KOPY2=1ABS (J)
REM=MOL (K0FY1 ,EOFYZ2)
IF(REM.NE.O)GO TO 400

HCF=KOFYZ2
RETURN
KOFY1=KOFYZ
FIOFYZ=REM
GO TO 325
RETURN

ENLDI

SUBROUTINE ZEROS(ITZ ,NZ)

DIMENSION ICOF (1Q) ,ITZ(10) ,IFAC(?6)
COMMON/E1/ICOF/L1/10/E1/NC,IC/C1/IFAC (NF/D1/EK

NC=ID

NZ=0

0o 211 J=1,ID

IF (ICOF (NC) .NE.O)GO TO 242
NZ=NZ+1

ITZ(NZ)=0-

109
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2i1 NC=NC—-1
RETURN
242 IF(NC.NE.1)GO TO 275
256  NZ=NZ+1
ITZ(NZ)=-ICOF (1)
RETURN
275  NEFC=(
KK=IAKS { ICOF (NC))
CALL FAC
300  NEFC=NEFC+1
IF (NEFC.GT .NF)RETURN
IC=IFAC (NEFC)
335 ISUM=.
"0 377 K=1,NC
377 ISUM=ISUM*IC+ICOF (K)
IF(TISUM.EQ.0)GD TO 406
IF(IC.LT.0)GO TO 300
1C=-1C
60 TO 335
406  NZ=NZ+1
ITZ(NZ)=IC
CALL POLDOIV
IF(NC.ER.1)G0 TO 256
GO0 TO 335
END
SUBROUTINE FOLDOIV
DIMENSION ICOF(10)
COMMON/B1/ICOF/E1/NC, 1D
NC=NC-1
ICOF(1)=ICOF (1)+1ID
IF (NC.EQ.1)RETURN
0o 122 I1=2,NC
122 ICOF(I)=ICQF(I)+ID*ICOF (I-1)
RETURN
END
SUBRROUTINE FAC
INTEGER FRIME (43) ,FACTOR (96) ,FACT (6) ,FOWER (6) 4SERUT ,LIIV,0U0T,
1FROD,FACTM, POWERM
CDMMDN/AI/FRIME/CI/FACTOR N/DI/NUMBER
IF(NUMBRER.GT.1)6B0 TO 7000
SN=1
T FACTOR (1) =1
RETURN
7000  N1=NUMBER
J=1
NOF =0
niv=z
IND=
45 I1=1
LIMIT=SORUT (N1)
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1235

8

751

12350

12345

12333
611

820

100

IF(DIV.GT.LIMITIGBOD TO 12345
QUOT=N1/0IV
IF(NL.GT.QUOT*DIVIGO TQ {23=0
GO TO(&,7) ,1

NOF=NOF+1

FOWER (NOF) =1

GO TO(12322,12353) ,IND

FACT (NOF) =01V

I1=2

N1=QUOT

IF(N1.EQ.1)B0 TO 611

G0 TO 9

FOWER (NOF) =POWER (NOF ) +1

G0 TO 751

J=J+1

DIV=PRIME (.J)

G50 T044 . 45) .1

IND=2

GO TO &

FACT (NOF)=N1

M=1

N=1

FACTOR (1) =1

PROD=1

FACTM=FACT (M)
POWERM=POWER (M)
LIMIT=FROO*POWERM

Do 922 Ji=1,LIMIT

N=N+1

FACTOR (N) =FACTOR (N-FROD) »FACTM
IF(M.ER.NOFYGO T 100
FROO=PROD+LIMIT

M=M+1

GO TO 820

IF(NOF.GT.1)CALL SORT
RETURN

ENL

SUEBROUTINE STORE

INTEGER P(43),PRMSD,PRMNRU,DIV,Pmpi

COMMON/AL/P
F(1)y=2
F(2)=3
F(3)=5
F{4)=7
F(ay=11
F(6)=13

k=6

M=2
FRMSO=25

FPRMPRO=35

111
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20
100

18

200

22

721

IND=1
N=17

GO TO(40,20) ,IND
IF(N.LT.PRMS®)GO TO 100
IND=2

G0 TO 22

IF(N.E@.PRMFRIN GO TO 200
Do 18 J=2,M

DIV=F (J)
IF(N.EQ.N/DIV*DIV)GD TO 22
CONTINUE

K=K+1

F(K)=N

IF(N.GT.181)RETURN

50 1O 22

IND=1

M=M+1

PMP1=P (M+1)
FRMSQ=FMP1%PMP 1
PRMPRD=PMP 1 %P (M+2)

N=N+2

GO TO 539

END

INTEGER FUNCTION SGRUT (N)
INTEGER PAIR(3) ,QUOT,FAIRI ,SQRUTZ2,REM,DVND,TRDIV,TRAT
NN=N

I=1

QUOT=NN/100
PAIR(I)=NN-100%¥QUOT
IF(QUOT .E@.0YGO TO 26
I=1+1

NN=QUOT

GO TO =7

FAIRI=FAIR(I)

0o 63 NLS=1,8
SORUT=10-NLS
SORUT2=50RUT*SCORUT
IF(FAIRI.GE.SORUT2)GO TO 153
CONT INUE

SDRUT=1
REM=FAIRI-SERUT*SERUT
IF(I.EQ.1)RETURN

I=1-1

DYNDO=REM*1Q0+FAIR (1)
TROIV=C0%SORUT
TROT=DVND/TRINIY
IF(TROT.GT.9) TRET=9
REM=DWVND- (TROIV+TROT) *TRQT
IF(REM.GE.O)GO TO 97
TRET=TROT-1

117
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16
83

//

GO0 TO 9721
SERUT=SQRUT*10+TRAT

GO TGO 153

END

SUBROUTINE SORT

INTEGER FAC(96) ,SMALL ,COFY
COMMON/C1/FAC L

LMi=L-1

DO 20 I=1,LM1

IP1=I+1

NSMALL=IF1

SMALL=FAC (NSMALL)
IF(I.EQ.LM1)GO TO 83
1P2=1+2

0o 16 K=IP2.L
IF(SMALL.LE.FAC(K))BO TO 16
NSMALL =K

SMALL=FAC (NSMALL)

CONT INUE _

IF (SMALL .GE .FRC (I1))GD TO 20
COPY=FAC(I)

FAC(I)=SMALL

FAC (NSMAL.L) =COPY

CONT INUE

RETURN

ENL

113
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FROGRAM FOR GENERATING A SQUARE MATRIX WITH UNIT DETERMINANT

IF WE ARBITRARILY WRITE A NON-TRIVIAL SQUARE MATRIX WITH

INTEGER ENTRIES, EVEN OF A VERY SMALL ORDER LIKE 3, ALMOST ALWAYS

ITS DETERMINANT WILL NEVER TURN OUT TO BE +1 DR -1. S0 EVEN IF THE

MATRIX IS NON-SINGULAR, ITS INVERSE MATRIX WILL NEVER HAVE ALL

INTEBGER ENTRIES. BEBUT IN ORDER TO FROVIDE TESTING DATA FOR THE
-1

PREVIDUS PROGRAM, WE REQUIRE MATRICES OF THE TYPE PDP WHERE DO IS

-1
A DIAGONAL MATRIX AND BOTH P AND P HAVE INTEGER ENTRIES. THERE-

FORE WE HAVE DEVELOFED THIS FROGRAM. WE GENERATE SUCH A MATRIX BY

THE METHOD OF BORDERING. IT IS VERY EASY TO WRITE A SQUARE MATRIX

OF ORDER 2 WITH UNIT DETERMINANT. WE FIRST WRITE SUCH A MATRIX AND

THEN FILL UP THE FIRST 2 ENTRIES OF THE 3RD ROW AND THE FIRST 2

ENTRIES OF THE 3RD COLUMN ARRITRARILY. THEN BY THE HELF OF THE

DETERMINANT SUBFROGRAM, WE CALCULATE F(3,3) IN SUCH A WAY THAT THE

SUEB-DETERMINANT FORMED =Y THE FIRST Z ROWS AND THE FIRST 3 COLUMNS

WILL BE UNITY. IT IS ZAS5Y TO 3EE THAT P(3,3) WILL COMFUTE TO EBE AN

INTEGER. THEN WE AGAIN WRITE THE FIRST 3 ENTRIES OF THE 4TH ROW

AND THE FIRST 3 ENTRIES IF THE 4TH COLUMN ARBITRARILY, AND COMFUTE

F(4,3) USING THE DETERMIMANT SUBPROGRAM, AND 20 ON,  CONTINUING IN

THIS WAY, WE CTAN ALWAYS GENERATE A SCOUARE MATRIX OF ARBITRARILY BIG

ORLDER SUCH THAT ITS DETERMINANT 1S UNITY AND SO ITS INVERSE MATRIX

WILL ALSO HAVE ALL INTEGER ENTRIEZS. THE FRESRAN FER Hbvtmdtd SR <o

(i) R A FHEEN R, R AR PR Gk e QN SR s
HERE FER REREY NERERENGR . F e SRR HEST BATA PR M el

Fmairidid Wi T HERT o RS SREoRA
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DIMENSION MAT(10,10) NMAT(10,10)

WRITE (1 ,4000)

FORMAT (4 WE SHALL GENERATE MATRICES OF ORDERS < 11 IN SUCH A/,
11X,’WAY THAT IN CASE’/’ THE ORDER HAPFENS TO EBE GREATER THAN',
20X ,/UNITY / THE DETERMINANT OF THE MATRIX WILL BE UNITY’)

WRITE(1,5000,

FORMAT (4 RECAUSE ALL ENTRIES OF THIS MATRIX WILL BE INTEGERS’,
11X, ALL ENTRIES OF ITS INVERSE‘/‘ MATRIX WILL ALSO BE’,
21X,/ INTEGERS )

WRITE (1 ,2000)

READ(1 ,3) K

IF(DY1S,16,. )

FORMAT(I)

WRITE(1,24)

FORMAT (4 DATA ILLEGAL, PLEASE TYPE AGAIN‘.

GD TO 61

IF(K.GT.1)60 TO S0

WRITE(1,10000)

REALD(L ,13) 1

MAT(1,1)=1

FORMAT(131&)

60 TO 100

IF(IK.LE.1O0)GO TO Si1

WRITE(1,66)

60 TO 61

WRITE(1,650)

FORMAT (* TYFE 4 INTEGERS I,J,L,M IN SUCH A WAY’,
11X, THAT I#M—-J*L=1"')

READC(LI 1301 ,3,L,M

IF(I#M-J#L .ED.1)GD TO B8

WRITE (L ,56848)

FORMAT (/ SORRY, YOUR INTEGERS ARE WRONG: TYFE THEM IN SUCH’,
11X,'A WAY THAT I#M-J+L=1")

GO T0 660

MAT(1,1)=1I

MAT (1 ,2)=]

MAT (2, 1) =L

MAT(2,2)=M

IFG E0.2)6B0 7O 100

FORMAT (/ TYFE THE ORDIER 0OF THE MATRIX WHICH YOU WANT',
11X,'70 GENERATE )

10000 FORMAT (/7 TYFE ANY 1 INTEGER")

=Y-)

FORMAT (/ DESIRED MATRIX TOO LARGE, TYFE',

11X,’A SMALLER NUMBER AS THE ORLOER QF THE MATRIX’)
ISIGN=-1

00 200 INDEX=3,i

INDEX1=INDOEX -1

IS1GN=~151IGN

WRITE(1,77) INDEX1
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S50
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S00
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16
40

FOO
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FORMAT (/ TYPE ANY‘,I3,1X, INTEGERS")
READ(1,13) (MAT (INDEX ,LL~-1) ,LL=2,INDEX)
WRITE(1,78) INDEX1

FORMAT ( AGAIN TYPE ANY’,I3,1X,’INTEGERS’)
READ(1,13) (MAT (LL—1,INDEX) ,LL=2,INDEX)
NEW=1

00 672 JJ=1,INDEX1

IF(JJ.6T.1)6G0 TO 4

L0 270 Kk=1,INDEX?

00 270 KKK=1,INDEX1

NMAT (KK ,KKK) =MAT (KK ,KKK+1)

NEW=NEW+ (—1) #%JJ*MAT (INDEX ,JJ) *LDET (NMAT , INDEX1) * ISIGN
1F (JJ.ER.INDEX1)GO TO 672

[0 SS0 LLLL=1,INDEX1

MMAT (LLLL ,JJ) =MAT (LLLL ,JJ)

CONT INUE

MAT ( INDEX , INDEX ) =NEW

D0 S01 Il=1,K

WRITE (1,40) (MAT(I1,J1) ,J1=1,K)
NDET=LDET (MAT ,K)

WRITE (1,40)NDET

G0 TO &

- STOP

FORMAT (1X,1017)
END
FUNCTION LDET(A,N)

IMPLICIT INTEGER(A-~Z)
DIMENSION A(10,10) ,ADEN(10,10) ,COPYA(10,10) ,COPYD(10,10)

00 900 MM = 1 , N
0g Q00 NN = 1 4, N
ADEN ( MM , NN ) = 1
g s6mMm =1 , N
OO 56 NN =1 , N

A (MM, NN

COFYA ( MM , NN )
ADEN ¢ MM , NN )

COFYD ¢ MM , NN )
IF{IN.ER.1)BO TO 100

NMI=N-1

oo 200 I=1,NM1

IFi=1+1

IF(COFYA(I,I) .NE.O)GO TO 23
0o 20 . 3=1F1,N
IF(COFTA(J, 1) .NE.O)BO TO
CONTINUE

LOET=0

RETURN

00 50 k=I,N

EXTRA = COFYA (I , E )
COFYA(I KD =COFPYA(JI,N)
COFPYA(J,K)=—EXTRA
EXTRA=COPYDI(I k)

[T

ifl

~l



700
200
100

=00

777
778

Wil o

15

16

CORYD(I ,K)=COFPYD(J k) 117
COFYD (J,K)=EXTRA
CALL RECIF(COFYA(I,I) ,COFYD(I,I),RECNUM,RECDEN)
Do 200 J=IP1,N
IF(COFPYA(J,D) .ER.0)GO TO 200
CALL MULTN(COPYA(J,I) ,QOPYD(J,I) ,RECNUM,RECDEN,FACNUM,F”CDEN)
00 700 K=IP1,N
IF(COPYA(I,K) .ER.0)GO TO 700
CALL MULTN(FACNUM,FACLEN,COFYA(I k) ,COFYD(I,K) ,TEMF1 ,TEMFZ)
CALL SUBTN(COFYA(J,K) ,CQPYD(J,E) ,TEMP1 ,TEMP2,TEMP3,TEMP4)
COFYA(J,K)=TEMF3 '
COFYD(J,K)=TEMF4
CONTINUE
CONTINUE
NUM=1
DEN=1
D 500 I=1,N
CALL MULTN(NUM,DEN,COFYA(I,I) ,COPYDO(I,I) ,NUM1 ,DEN1)
NUM = NUM1
DEN = DEN1
IF(DEN.NE.1)GOD TO 777
LDET=NUM
RETURN
WRITE(1,778)
FORMAT (* THERE IS SOME MISTAKE IN THE CALCULATIONS’)
STOP
ENDI
SUBROUTINE SUETN(I ,J,K,L ,M,N)
IMPLICIT INTEGER(A-2Z)
DEN=J/HCF (J,L) *L
NUM=DEN/ J*I-DEN/L*K
FAC=HCF (NUM ,[IEN)
M=NUM/FAC
N=[EN/FAC
RETURN
END
SUEROUTINE MULTN(I J . ,L ,M,N)
IMPLICIT INTEGER(A-Z)
HCF 1=HCF (I ,L)
HCF2=HCF (.J,k)
M=1/HCF 1% (K/HCF2)
N=J/HCF 2% (L/HCF1)
RETURN
END
SUBROUTINE RECIF(I,J,k,L)
IMPLICIT INTEGER(A-Z)
L=IAES(I)
k=ISIBN(J,I)
RETURN
END
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INTEGER FUNCTION HCF(1,3)
INTEGER REM
IF(I.NE.Q)BDO TO 85
HCF=IABS(J)

RETURN

IF(J.NE.O)GD TO 153
HCF=TIAES (1)

RETURN

KOPY1=IABS(I)
KOPY2=IABS (1)

REM=MOD (KOFY1 ,KOFYZ)
IF(REM.NE.O)GO TO 8135
HCF=KOFYZ2

RETURN

KOPY1=KOPY2
KOPY2=REM

GO TO 900

RETURN

ENL
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