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ABSTRACT 

In every computer, we have a certain upper limit 

beyond which an integer cannot be stored in th$ memory. 

If we work with real numbers instead of integers, the 

results are not exact due to round-off errors. If we 

ai . dealing with large numbers having, say more than 

15 digits, and we want the exact answers, it becomes 

quite a problem with the computers. Let us assume that 

the maximum limit for an integer variable in a particular 

computer is 99999 and certain answer happens to be 

837592103563789. Then we can divide the number intp 

groups of fave digits each, starting from f̂cĵ  ijight, 

and store each group of five digits in an element of 

an integer array, say M. In the abpve case we shall 

get M(1)=63789, M(2)=21035, M(3)=87359. Then we can 

write the following statements in our program;-

1 = 3 

PRINT 80, (M (I+l-k), K=1,I) 

80 FORMAT {IX, 2615) 

The computer will print »739 9210 35^739 69 in the 1st 15 

columns of the line which is correct. But if we pro««;pped 

in the above manner, there is a difficulty. If the exact 



answer happens to be ICUjl OQOD 100000 the cprnputer 

will print out 

•̂04 3̂1 5i- 8-

in the 1st 15 columns of the printed line. The embedded 

zeros will be replaced by blanks, thus rendering the 

answer absurd. Assuming that the correct answer will 

not have more han 80 digits, and dlVi4ing each numfc»er 

into groups of 4 digits each, starting frpm ^he right 

I have developed 5 program^^for ̂ fpur fundamental opera­

tions — addition, subtraction, multiplication and divisipn 

for large numbers. The fifth program deals with H,C.F. 

of large numbers. I have taken adequate precaution^. 

. in my programs so that the answers and the numbers are 

printed correctly. When we talk about polynomials in 

one variable, it is natural to think about the a;eros 

of a polynomial and the coefficients of the polynomials. 

I have developed some prggrams for recgnstructing a 

polynomial from its integer zeros. I have extended this 

problem to the case wben the zeros of the required poly­

nomial are rational numbers, but not necessarily integers. 

These rational numbers- may not be given in their iQwegt 

terms. I have arranged matters so that the H.C.F. of 

all the coefficients of the polynomial w:j.ll be unity 

and the leading coefficient will be positive. 



Next I have considered' the inverse problem, 

that is the coefficients €mm given as integers and we 

are to calculate the zeros. My program for this problem 

will .generate not all zeros, but only those zeros which 

are rational. In case, none of the zeros is rational, 

the program will print out an appropriate message to 

this effect. 

In the case of a monic polynomial we know that 

all the rational zeros must be necessarily integers. 

However, if the polynomial is not monic, we can reduce 

the polynomial to another in which theAcoefficient will 

be positive and the H.C.F. of all A coefficients will 

be unity. If these conditions are satisfied, and if 

the coefficients of the polynomial happen to be integer?, 

the rational zeros, if any, will be in the form p/q, 

where {p,q) = 1, p is a factor of the last coefficient 

of the polynomial and q is a factor of the first coeffi­

cient. It will be cumbersome to try all the combinations 

of p and q in the search for rational zeros. A better 

method, still, is to multiply all zeros of the polynomial 

by the smallest positive integer K so that the polynp-

mial becomes monic. The polynomial becomes then 

X + â x + a2X + ~ _ _ _ - _ _ + a„. 

where all the a'S are integers. It̂ i* easy now to find 

all rational (integer) ̂ TJBTOS, and having' found them, 



we divide by K and reduce each zero to the lowest terms. 

Those ideas have led me to write a program which will 

calculate the small-est possible value of K. 

While working with the computer, we face some 

difficulties with DO loops. If we have a set of variables 

I, J, K, L, M say 5 in number, where I varies from 1 

to 8, J varies from 1 to 7 , M varies from 1 

to 10 and if we have to evaluate a quantity which depends 

on all these variables and if we have a restriction 

that none of the variables can be equal to one another, 

how shall we wsJLte a program? I have written a program 

to solve this difficulty and also another program. *or 

generating N DO loops and start execution from any set 

of values. As a byproduct of these two programs I have 

written another two programs for generating all possible 

permutations and combinations of the first N natural 

numbers taking R at a time. 

Again, if a square matrix is given, we may b$ 

interested in calculating all its characteristic root?. 

For this purpose we must first obtain its charai^teristic 

polynomial . 

Assuming the entries of the matrix are integer?, 

I have developed two programs, one for generating the 

characteristic polynomial of the given square matrix and 

the other for calculating the characteristic roots of « matrix. 



CHAPTER 1 

HANDLING OF BIG INTEGERS IN THE COMPUTER 

1, INTRODUCTION 

WE KNOW THAT COMPUTERS DEAL WITH NUMBERS IN 2 MODES, NAMELY 

THE INTEGER MODE AND THE REAL MODE. FOR EVERY COMPUTER THERE IS 

A CERTAIN LIMIT UPTO WHICH NUMBERS CAN BE STORED IN A SINGLE MEMORY 

LOCATION IN INTEGER MODE. FOR EXAMPLE IN THE FOLLOWING COMPUTERS 

THE INTEGER LIMITS ARE AS FOLLOWS :-
39 

BURROUGHS 6700-7700 SERIES:- 2 
35 

DEC 10-20 SERIES:- 2 
31 

IBM 360-370 SERIES:- 2 

ICL 1900 SERIES:- 2 
15 

TDC-316:- 2 OR 32767 

OR 99999 IBM 1620 SERIES:- 10 -] 

IN EVERY COMPUTER THERE IS AN UPPER LIMIT AND ALSO A LOWER 

LIMIT FOR REAL NUMBERS AND THE UPPER LIMIT FOR REAL NUMBERS IS MUCH 

HIGHER THAN THE LIMIT FOR INTEGERS, FOR EXAMPLE, SOME COMPUTERS CAN 

DEAL WITH REAL NUMBERS FROM +0.1E-99 TO +0.99999999E+99 AND OTHER 
-79 

COMPUTERS CAN DEAL WITH REAL NUMBERS FROM +10 APPROXIMATELY TO 
75 

;̂10 APPROXIMATELY. BUT IT IS WELL KNOWN THAT WHEN WE OPERATE 

THE COMPUTER IN REAL ARITHMETIC, ROUND-OFff ERRORS ALWAYS ARISE DUE 

TO THE INTERNAL CONVERSION OF DECIMAL NUMBERS TO THE BINARY SYSTEM 



AND AGAIN CONVERSION BACK INTO THE DECIMAL SYSTEM. SO THE ANSWERS 

OBTAINED BY USING REAL ARITHMETIC ARE NEVER EXACT. IF WE USE 

DOUBLE PRECISION ARITHMETIC, NO DOUBT, THE ACCURACY INCREASES BUT 

STILL WE DO NOT OBTAIN EXACT ANSWERS. IT IS NOT THAT COMPUTER 

SCIENTISTS AND PROGRAMMERS ARE UNAWARE OF THESE LIMITATIONS OF REAL 

ARITHMETIC. IN FACT, THEY KNOW VERY WELL THAT SUCH DIFFICULTIES 

ARISE. PROF. N.N.BISWAS IN HIS BOOK ON COMPUTER PROGRAMMING HAS 

ASKED THE FOLLOWING 2 QUESTIONS:-

1. THE EXACT VALUE OF 181 IS 640237305728000. IS IT POSSIBLE 

TO WRITE A PROGRAM ON IBM 360-370 SERIES TO COMPUTE THIS 

EXACT VALUE-:̂  IF SO, WRITE THE PROGRAM. IF NOT, GIVE 

REASONS. 

2. THE TOTAL NUMBER OF VARIABLES WHICH CAN BE COINED IN 

FORTRAN IS 551329156. IS IT POSSIBLE TO CALCULATE THIS 

NUMBER EXACTLY BY WRITING A PROGRAM WORKABLE ON IBM 360-

370? IF SO, WRITE THE PROGRAM. IF NOT, TELL WHY THIS 

PROGRAM CANNOT BE WRITTEN. 

FROM THE ABOVE QUESTIONS IT SEEMS THAT THE AUTHOR THINKS THAT 

THIS PROGRAM CANNOT BE WRITTEN. BUT WE MUST REMEMBER THAT A 

COMPUTER IS A MOST VERSATILE PIECE OF EQUIPMENT. IT CAN DO ANY 

CALCULATION WHICH A HUMAN BEING CAN DO. THEREFORE IN THIS CHAPTER 

I HAVE WRITTEN PROGRAMS FOR THE 4 BASIC ARITHMETICAL OPERATIONS ON 

NON-NEGATIVE INTEGERS. THESE INTEGERS CAN BE AS BIG AS WE PLEASE. 
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IN THESE PROGRAMS I HAVE .CONSIDERED MAXIMUM SO DIGITS FOR EVERY 

INTEGER, BUT THIS LIMIT IS NOT AT ALL FIXED. IF WE INCREASE THE 

NUMBERS GIVEN IN THE VARIOUS DIMENSION STATEMENTS IN THESE 

PROGRAMS, THESE PROGRAMS WILL TAKE CARE OF BIGGER INTEGERS ALSO. 

WE HAVE PROVED THAT NOTHING IS IMPOSSIBLE ON A COMPUTER AND WE CAN 

OBTAIN 100-/: ACCURATE RESULTS, CORRECT TO THE LAST UNIT, BY USING 

INTEGER AND ONLY INTEGER ARITHMETIC. THIS IS A FEAT WHICH IS NOT 

POSSIBLE BY USING REAL ARITHMETIC. WE MUST REMEMBER THAT WHEN WE 

LEARNT THE ADDITION AND MULTIPLICATION TABLES IN OUR EARLIEST 

SCHOOLING DAYS WHILE LEARNING ARITHMETIC, WE LEARNT BY HEART ONLY 

THESE TABLES UPTD 10 BY 10. NOTWITHSTANDING THIS FACT, WITH THE 

HELP OF THESE TABLES ONLY, WE CAN, AT LEAST THEORETICALLY, PERFORM 

THE 4 BASIC ARITHMETICAL OPERATIONS ON ANY INTEGERS, HOWEVER LARGE, 

IN THE HUMAN DOMAIN. IF THIS IS POSSIBLE FOR A HUMAN BEING, WHY 

NOT FOR A COMPUTER, WHICH HAS SUCH A VAST MEMORY AND TREMENDOUS 

SPEED OF CALCULATION? 

APPLICATIONS OF THESE PROGRAMS 

IN NUMBER THEORY, WE COME ACROSS CALCULATIONS OF SUCH TYPE 

WHERE WE CANNOT TOLERATE ANY ERROR EVEN IN THE LAST UNIT OF THE 

RESULT. WHEN WE DEAL WITH STATISTICS REGARDING THE POPULATIONS OF 

COUNTRIES OR REGARDING MONEY MATTERS, WE COME ACROSS VERY BIG 

NUMBERS, WHICH WILL NORMALLY OVERFLOW THE MEMORY OF ANY COMPUTER. 



EVEN SO, WE REQUIRE OUR RESULTS TO BE EXTREMELY ACCURATE. FOR 

EXAMPLE, IF WE WISH TO PREPARE A CHART SHOWING THE POPULATIONS OF 

VARIOUS COUNTRIES, WE MAY Ln;E TO ADD THOSE FIGURES BY A COMPUTER 

TO CALCULATE THE TOTAL POPULATION OF THE WORLD. SIMILARLY IN 

BANKS, INSURANCE COMPANIES, ETC., WE CONSTANTLY DEAL WITH RUPEES 

AND RAISE. EVEN IF WE MAKE A MISTAKE OF A FEW PAISE IN CALCULATING 

THE BALANCES OR THE FIGURES OF INTEREST, OUR ACCOUNTS WILL GO 

WRONG. NOW THAT COMPUTERS ARE BEING USED IN THESE ORGANISATIONS ON 

A LARGE SCALE, THESE PROGRAMS CAN FIND APPLICATIONS THERE. WHEN WE 

DEAL WITH EVALUATION OF DETERMINANTS, MATRIX OPERATIONS, SOLUTION 

OF LINEAR SIMULTANEOUS EQUATIONS, CALCULATION OF THE CHARACTERISTIC 

ROOTS OF SQUARE MATRICES, FINDING THE ZEROS OF POLYNOMIALS, ETC., 

IF WE CALCULATE IN REAL MODE, THE ANSWERS WILL NEVER BE EXACT DUE 

TO ROUND-OFF ERFtCRS. IN THIS DISSERTATION ITSELF I SHALL TAKE SUCH 

PROBLEMS IN THE SUBSEQUENT CHAPTERS. TO OBTAIN CORRECT RESULTS WE 

HAVE TO USE ONLY INTEGER ARITHMETIC AND WHEN WE COME TO VULGAR 

FRACTIONS, WE HAVE TO STORE THEIR NUMERATORS AND DENOMINATORS IN 

SEPARATE MEMORY LOCATIONS. EVEN WITH SMALL MATRICES, THESE NUMBERS 

BECOME BIGBER AND BIGGER VERY FAST AS THE CALCULATIONS PROCEEDS. 

THEY SOON OVERFLOW THE INTEGER LIMIT OF ANY COMPUTER. SO IN ORDER 

TO OBTAIN SUCCESS IN SUCH CALCULATIONS WE HAVE TO USE THESE 

PROGRAMS WHICH FOLLOW. SUPPOSE THAT WE ARE INTERESTED IN CALCULAT­

ING THE RANK OF A MATRIX. IF WE ENTRUST OUR CALCULATIONS TO REAL 



ARITHMETIC, IT IS QUITE POSSIBLE THAT SOME SUB-DETERMINANTS OF THE 

MATRIX, WHICH ARE ACTUALLY ZERO, WILL CALCULATE TO SOME VERY SMALL 

BUT NON-ZERO NUMBERS DUE TO THE ROUND-OFF ERRORS INHERENT IN REAL 

ARITHMETIC. THEREFORE THE RANK OF THE MATRIX WILL BE WRONGLY CAL­

CULATED AND ALL OUR WORK WILL BECOME USELESS. ON THE OTHER HAND, 

IF WE CONFINE OUR CALCULATIONS TO INTEGER ARITHMETIC, WHILE DIVID­

ING, WE SHALL HAVE TO STORE OUR NUMERATORS AND DENOMINATORS IN 

DIFFERENT MEMORY LOCATIONS AND EVEN AFTER REDUCING ALL FRACTIONS TO 

LOWEST TERMS AFTER EACH AND EVERY CALCULATIOW, THE NUMBERS INVOLVED 

WILL GROW AT AN EXPONENTIAL RATE AND SOON THEY WILL CROSS THE 

LIMITS SET FOR AN INTEGER VARIABLE IN ANY COMPUTER. THEREFORE THE 

ONLY POSSIBLE ALTERNATIVE IS TO USE THESE PROGRAMS WHICH I HAVE 

DEVELOPED IN THIS CHAPTER. IN FACT, J HAVE NOT PHYSICALLY JOINED 

THESE PROGRAMS TO THOSE PROGRAMS WHICH I HAVE DEVELOPED IN THE 

OTHER CHAPTERS, BUT WHENEVER OCCASION COMES, WE CAN DO IT IMME­

DIATELY AND THUS GET PROGRAMS WHICH WILL WORK SATISFACTORILY IN ALL 

POSSIBLE SITUATIONS. 

3. ADDITION OF LARGE NUMBERS 

WHEN WE HAVE TO ADD 2 BIG NUMBERS, WE DIVIDE EACH NUMBER INTO 

PIECES CONTAINING A FIXED NUMBER OF DIGITS STARTING FROM THE RIGHT. 

THE NUMBER OF DIGITS IN EACH PIECE WILL DEPEND ON THE PARTICULAR 

COMPUTER ON WHICH WE ARE WORKING. FOR EXAMPLE, IN IBM 1620 SERIES 

COMPUTER, THE UPPER LIMIT IS 99999. SO WE SHALL TAKE PIECES OF 5 



DIGITS EACH. IN OUR COMPUTER (HCL WORh:HORSE-I I ) THE UPPER LIMIT' 

FOR AN INTEGER VARIABLE IS 32767; SO WE USE PIECES OF 4 DIGITS 

EACH. WE STORE THESE PIECES SEPARATELY IN 1-DIMENSIONAL ARRAYS 

CALLED L AND M. WE DECLARE L AND M TO BE ARRAYS OF SIZE 20 EACH;. 

THUS WE CAN TAKE CARE OF MAXIMUM 80 DIGITS IN EACH INTEGER. THEN W E 

ADD M(l) TO L(l), M(2) TO L(2), M(3) TO L(3), ETC. WE TAKE CARE OF 

POSSIBLE CARRYING DIGITS AT EACH STEP. WE TAKE PARTICULAR PRECAU­

TION THAT NO NUMBER STORED IN A SINGLE MEMORY LOCATION BECOMES 

10000 OR MORE. (ALTHOUGH THE ACTUAL UPPER LIMIT IS HIGHER, NAMELY 

32767, STILL WE DO NOT ALLOW ANY NUMBER TO BECOME EVEN 10000.) IF 

THE PIECES OF THE SUM ARE STORED IN N(l), N(2), N(3), ETC., WE 

PRINT THEM BACKWARDS IN A SINGLE LINE. WHILE PRINTING IF SOME 

PIECE CONTAINS LESS THAN 4 DIGITS, IN NORMAL PRINTING THE MACHINE 

WILL LEAVE A CERTAIN NUMBER OF BLANKS. TO AVOID THESE BLANf̂ S WE 

USE A SPECIAL SUBROUTINE SUBPROGRAM WHICH FILLS UP THESE BLANKS BY 

ZEROS USING H-FORMAT. WE DO NOT DO THIS IN THE LEFTMOST PIECE, SO 

THAT ALL NUMBERS ARE PRINTED IN A TRADITIONAL WAY. THE PROGRAM IS 

GIVEN ON THE NEXT PAGE, TOGETHER WITH ALL THE SUBROUTINES USED. IN 

SUITABLE LINES WE HAVE INSERTED COMMENT STATEMENTS ALSO, SO THAT 

THE LOGIC OF THE PROGRAM CAN BECOME CLEARER. IN THE BEGINNING OF 

THE PROGRAM WE HAVE WRITTEN THE FOLLOWING DIMENSION STATEMENT:-

DIMENSION L(20),M(20),N(20) 

IT IS POSSIBLE THAT INDIVIDUALLY THE TOTAL NUMBER OF PIECES IN THE 



2 NUMBERS MAY BE WITHIN 20, BUT ON ADDITION THE NUMBER OF PIECES IN 

THE SUM MAY BECOME 21. IN SUCH A CASE THE OPERATING SYSTEM OF THE 

COMPUTER WILL CERTAINLY PRINT OUT AN ERROR MESSAGE WHEN WE SHALL 

ASK SOME NUMBER TO BE STORED IN N(21). TO AVOID SUCH A CIRCUMS­

TANCE, IN THE PROGRAM ITSELF WE HAVE WRITTEN SUCH STATEMENTS THAT 

WHEN THE NUMBER OF PIECES IN THE SUM IS LIKELY TO EXCEED 20, THE 

PROGRAM DOES NOT PROCEED FURTHER, BUT PRINTS THE FOLLOWING MESSAGE 

USING H-FORMAT:-

THE SUM OF THE 2 NUMBERS HAS MORE THAN 80 DIGITS - - -- -̂ i; 

BY THIS TECHNIQUE WE AVOID THE ERROR MESSAGE WHICH THE OPERAT-

I ING SYSTEM WOULD OTHERWISE PRINT. 

// 



8 
DIMENSION L(20> ,M(20) ,N(20) 

6 WRITE(1,34) 
34 FORMAT(' TYPE THE NUMBERS OF PIECES IN THE 2 INTEGERS TO BE', 

IIX,'ADDED IN FORMAT ( 212 )' ) 
62 READ ( 1 , 61 ) I , J 
61 FORMAT( 212 ) 

IF ( I .EQ. 0 .AND. J .EQ. 0 ) STOP 
IF ( I .GT. 0 .AND. J -GT. 0 ) GO TO 181 
WRITE (1 ,89) 

89 FORMAT( IX, 'DATA ILLEGAL, PLEASE TYPE AGAIN' ) 
60 TO 62 

181 IF ( I .LE. 20 .AND. J .LE. 20 ) GO TO 205 
IF ( [ .LE. 20 .OR, J .LE. 20 ) GO TO 207 
WRITE ( 1, 90 ) 

90 FORMAT(IX,'BOTH NUMBERS TOO LARGE, PLEASE TYPE AGAIN' ) 
60 TO 62 

207 IF ( I .LE. 20 ) GO TO 305 
WRITE ( 1 , 91 ) 

91 FORMAT(IX, 'FIRST NUMBER TOD LARGE, PLEASE TYPE AGAIN' ) 
GO TO 62 

305 WRITE ( 1 , 92 ) 
92 FORMAT ( IX , 'SECOND NUMBER TOO LARGE, PLEASE TYPE AGAIN' ) 

GO TO 62 
205 WRITE ( 1 , 109 ) 
109 FORMAT ( IX , 'TYPE THE FIRST NUMBER IN FORMAT ( 2014 )' ) 

READ ( 1 , 86 ) ( L ( I + 1 - l:. ) , K = 1 , 1 ) 
WRITE ( 1 , 110 ) 

110 FORMAT ( IX , 'TYPE THE SECOND NUMBER IN FORMAT ( 2014 )' ) 
READ ( 1 , 86 ) ( M ( J + 1 - LL ) , LL = 1 , sJ ) 

86 FORMAT ( 2014 ) 
IND = 0 
CALL ADDN ( L , M , N , I , J , KK , IND ) 
IF ( IND -NE. 1 ) GO TO 1000 
WRITE ( 1 ,1004 ) 

1004 FORMAT ( IX , 'THE SUM HAS MORE THAN 80 DIGITS' ) 
GO TO 6 

1000 WRITE ( 1, 654 ) L ( I ) 
654 FORMAT ( IX , 14* ) 

IF ( I .EQ. 1 ) BO TO 245 
DO 267 1 1 = 2 , I 

267 CALL PRINT ( L ( I + 1 - II ) ) 
245 WRITE ( 1 ,700 ) 
700 FORMAT ( 40X ) 

WRITE ( 1 , 654 ) M ( J ) 
IF ( J .EQ. 1 ) 60 TO 258 
DO 268 JJ = 2 , J 

268 CALL PRINT ( M ( J + 1 - JJ ) ) 
258 WRITE ( 1 , 700 ) 

WRITE ( 1, 654.) N ( KK ) 



IF ( KK .EQ. 1 ) 60 TO 279 
DO 389 KKK = 2 , KK Q 

389 CALL PRINT ( N ( KK + 1 - KKK ) ) 
279 WRITE ( 1 , 700 ) 

GO TO 6 
END 
SUBROUTINE ADDN (L ,M ,N ,LL J-IM , NN , IND ) 
INTEGER CARRY 
DIMENSION L(20) ,M(20) ,N(20) 

C WHEN WE START THE ADDITION, THERE IS NOTHING TO CARRY, SO WE SET 
C CARRY AS ZERO 

CARRY = 0 
C COMPARE THE NUMBERS OF PIECES IN THE 2 NUMBERS 

IF(LL-MM)300,276,202 
C THE FIRST NUMBER HAS MORE PIECES THAN THE SECOND 
202 LIMIT=MM 

IN=MM+1 
DO 244 II=IN,LL 

244 N(I I)=L (11) 
NN=LL 
GO TO 400 

276 LIMIT=MM 
NN=LIMIT 
GO TO 400 

300 LIMIT=LL 
IN=LL+1 
DO 344 II=IN,MM 

344 N(II)=M(II) 
NN=MM 

C ADD THE NUMBERS PIECE BY PIECE, TAKING CARE THAT THE UPPER LIMIT 
C OF 9999 IS NOT CROSSED 
400 DO 522 1=1,LIMIT 

KTEST=9999-M(I)-CARRY 
IF(L<I).NE.9999.0R.KTEST.NE.-1)G0 TO 464 
N(I)=9999 

432 CARRY=1 
GO TO 522 

464 IF(L(I).LE.KTEST)G0 TO 498 
N(I)=L(I)-KTEST-1 
BO TO 432 

498 N(I)=9999-(KTEST-L(I)) 
CARRY=0 

522 CONTINUE 
C IF THE LAST PIECE OF THE SUM IS GREATER THAN 9999, THEN THE CARRY 
C IS UNITY, OTHERWISE THE CARRY IS ZERO 

IF(CARRY.NE.O)GO TO 558 
RETURN 

C IF CARRY = 1, EITMtTR ^DD CARRY TO THE NEXT PIECE, OR INCREASE THE 
C NUMBER OF PIECES BY 1 
558 IF(NN.NE.LIMIT)GO TO 601 



582 NN=NN+1 
IF ( NN .GT. 20 ) GO TO 800 ^ 0 
N(NN)=1 
RETURN 

601 LIMIT=LINIT+1 
DO 644 I=LIMIT,NN 
IF(N(1) .NE.''99'?)G0 TO 676 
Nil) =0 

644 CONTINUE 
GO TO 582 

676 N(I)=N(I)+1 
RETURN 

800 IND = 1 
RETURN 
END 
SUBROUTINE PRINT(M) 
IF(M.LT.10)G0 TO 1 
IF(M.LT.100)60 TO 2 
IF(M.LT.1000)60 TO 3 
WRITE(1,70)M 

70 FORMAT(IX,I4*) 
RETURN 

3 WRITE(1,71)M 
71 FORMAT <1X,1H0,134") 

RETURN 
2 WRITE(1,72)M 
72 F0RMAT(lX,2HO0,I24-) 

RETURN 
1 WRITE(1,73)M 
73 FORMAT(IX,3H00C,11^) 

RETURN 
END 

// 



li 
WE OBSERVE THAT IN STATEMENT NO. 654 OF THE MAIN PROGRAM 

(FORMAT STATEMENT) WE HAVE WRITTEN A CURRENCY SYMBOL t̂ ) AFTER 14, 

IN STATEMENTS NOS. 70, 71, 72, 73 OF THE SUBROUTINE SUBPROGRAM 

CALLED PRINT ALSO (ALL FORMAT STATEMENTS) WE HAVE PLACED THE ABOVE 

SYMBOL AFTER THE RELEVANT I-FIELD. THE REASON FOR WRITING THIS 

SYMBOL IS THAT IN OUR COMPUTER THIS IS THE PROPER SYMBOL TO ENSURE 

^ THAT THE PRINTER DOES NOT GO TO A NEW LINE AFTER PRINTING THE VALUE 

OF THE LAST VARIABLE. IF WE WOULD NOT HAVE WRITTEN THE SYMBOL * IN 

THE FORMAT STATEMENTS, ALL THE PIECES OF THE VARIOUS NUMBERS TO BE 

PRINTED IN ONE LINE WOULD HAVE BEEN PRINTED IN DIFFERENT LINES, 

THUS MAf.:iNG THE FINAL PRINT-OUT MEANINGLESS. HOWEVER, i IS NOT THE 

NORMAL SYMBOL TO BE USED IN SUCH CASES. IN MOST COMPUTERS THIS 

OBJECTIVE IS ACHIEVED BY WRITING THE CARRIAGE CONTROL CHARACTER 

(1H+) OR ('+') IN THE BEGINNING OF A FORMAT STATEMENT. BUT OUR 

COMPUTER DDES NOT ACCEPT THIS CARRIAGE CONTROL CHARACTER. SO WE 

HAD TO USE THE $• SYMBOL INSTEAD OF (1H+) . 

4. SUBTRACTION OF LARGE NUMBERS 

SIMILARLY FOR SUBTRACTION OF A LARGE NUMBER FROM ANOTHER LARGE 

NUMBER WE DIVIDE THE MINUEND AND THE SUBTRAHEND INTO PIECES JUST 

LIKE IN THE CASE OF ADDITION. BEFORE WE START THE SUBTRACTION, WE 

MUST KNOW WHICH OF THE 2 NUMBERS, IF ANY, IS BIGGER. FOR THIS 

PURPOSE FIRST OF ALL WE COMPARE THE NUMBER OF PIECES IN THE MINUEND 

WITH THE NUMBER DP PIECES IN THE SUBTRAHEND. IF THE FORMER NUMBER 

IS BIGGER, THEN WE DECIDE TO SUBTRACT THE SUBTRAHEND FROM THE 

MINUEND. IF THE LATTER NUMBER IS BIGGER, WE DECIDE TO SUBTRACT THE 

,M 
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// 

MINUEND FROM THE SUBTRAHEND. IF BOTH NUMBERS ARE EQUAL, WE COMPARE 

THE PIECES OF THE MINUEND AND THE SUBTRAHEND STARTING FROM THE 

LEFTMOST PIECES. THIS COMPARISON CAN BE DONE VERY EASILY USING A 

DO LOOP. IF AT ANY STAGE WE FIND THAT SOME PIECE OF THE MINUEND 'iS 

BIGGER, WE DECIDE TO SUBTRACT THE SUBTRAHEND FROM THE MINUEND, AND 

IF WE FIND OTHERWISE, WE DECIDE THE REVERSE. HOWEVER, IF WE FIND 

THAT PIECE BY PIECE ALL THE PIECES OF THE MINUEND ARE EQUAL TO THE 

CORRESPONDING PIECES OF THE SUBTRAHEND, WE CONCLUDE THAT BOTH THE 

NUMBERS ARE EOUAL. IN THIS CASE WE SET AN INDEX EQUAL TO ZERO AND 

DEFINE THE REMAINDER AS ZERO. FOR THIS PURPOSE WE SAY THAT THE 

REMAINDER HAS JUST ONE PIECE AND THAT PIECE IS ZERO. IF OUR 

DECISION IS TO SUBTRACT THE SUBTRAHEND FROM THE MINUEND, WE SET THE 

INDEX AS ZERO AND START THE CALCULATIONS. IF OUR DECISION IS THE 

REVERSE, WE SET THE INDEX AS UNITY AND START THE SUBTRACTION IN THE 

REVERSE ORDER. THE REASON FOR THIS APPROACH IS THAT, FINALLY, IF 

INDEX HAPPENS TO BE UNITY, WE PRINT A NEGATIVE SIGN IN THE 

BEGINNING OF THE REMAINDER, WHICH IS THE ANSWER. THIS HAPPENS IF 

THE SUBTRAHEND IS GREATER THAN THE MINUEND. IF THE SUBTRAHEND IS 

LESS THAN OR EQUAL TO THE MINUEND, THE PROGRAM SETS THE INDEX TO 

ZERO AND IN THIS CASE WE DO NOT PRINT ANY NEGATIVE SIGN IN THE 

BEGINNING OF THE REMAINDER. SO IN ALL CASES THE ANSWER PRINTED IS 

ACCORDING TO THE TRADITIONAL FASHION. DURING THE SUBTRACTION, WE 

CONSTANTLY TAKE CARE OF THE BORROWING FIGURE, IF ANY. WE TAKE 

PARTICULAR PRECAUTIONS THAT NO NUMBER STORED IN A SINGLE MEMORY 

LOCATION BECOMES NEGATIVE OR GREATER THAN 9999. WE PRINT THE 
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ANSWER JUST LIKE THE CASE OF ADDITION. WE ALSO TAKE CARE THAT IF 

SOME OF THE LEFTMOST PIECES IN THE REMAINDER HAPPEN TO BE ZERO, 

THEN THESE PIECES ARE NOT PRINTED AT ALL. FOR EXAMPLE, IF N(5) = 

•N(6) = N(7) = 0 BUT N(4) IS NOT ZERO, WE SHALL PRINT ONLY FROM N(4) 

TO N(l) IN ONE LINE. THE PROGRAM OF SUBTRACTION, TOGETHER WITH ALL 

THE SUBROUTINES USED, IS GIVEN ON THE SUCCEEDING PAGES. 

// 
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DIMENSION L ( 20 ) , M ( 20 ) , N ( 20 ) 
6 WRITE < 1 , 34 ) 
34 FORMAT ( IX , 'TYPE THE NUMBERS OF PIECES IN THE MINUEND AND' 

IIX, 'THE SUBTRAHEND IN FORMAT ( 212 )' ) 
62 READ (1 ,61 ) I , J 
61 FORMAT ( 212 ) 

IF ( I .EO. 0 .AND. J .ED. 0 ) STOP 
IF (I .GT. 0 .AND. J .GT. 0 ) 60 TO 181 
WRITE (1 , 89 ) 

89 FORMAT ( IX , 'DATA ILLEGAL, PLEASE TYPE AGAIN' ) 
GO TO 62 

181 IF ( I .LE. 20 .AND. J .LE. 20 ) GO TO 205 
IF ( I .LE. 20 .OR. J .LE. 20 ) GO TO 207 
WRITE ( 1 , 90 ) 

90 FORMAT ( IX , 'BOTH NUMBERS TOD LARGE, PLEASE TYPE AGAIN' ) 
GO TO 62 

1.-07 IF ( I .LE. 20 > eo TO 305 
WRITE ( 1 , 91 ) 

91 FORMAT < 1> , 'MINUEND TOO LARGE, PLEASE TYPE AGAIN' ) 
GO TO 62 

305 WRITE (1 , 92 ) 
92 FORMAT ( IX , 'SUBTRAHEND TOD LARGE, PLEASE TYPE AGAIN' ) 

60 TO 62 
205 WRITE ( 1 , 109 ) 
109 FORMAT ( IX , 'TYPE THE MINUEND IN FORMAT ( 2014 )' ) 

READ ( 1 , 86 ) ( L ( I + 1 - f ) , f = 1 , I ) 
WRITE ( 1 , 110 ) 

110 FORMAT ( IX , 'TYPE THE SUBTRAHEND IN FORMAT ( 2014 )' ) 
READ ( 1 , 86 ) ( M ( J + I - KK ) , KK = 1 , J ) 

86 FORMAT ( 2014 ) 
CALL BIGSUB ( L , M , N , [ , J , NN , INDEX ) 
WRITE ( 1 , 654 ) L ( I ) 

654 FORMAT ( IX , 14$ ) 
IF ( I .EQ. 1 ) 60 TO 245 
DO 267 12 = 2 , I 

267 CALL PRINT < L ( I + 1 - 12 ) ) 
245 WRITE i 1 , 700 ) 
700 FORMAT ( 40X ) 

WRITE ( 1 , 654 ) M ( J ) 
IF ( J .EQ. 1 ) 60 TO 258 
DO 268 JJ = 2 , J 

268 CALL PRINT < M ( J + 1 - JJ ) ) 
250 WRITE ( 1 , 700 ) 

IF ( INDEX ,EQ. 1 ) GO TO 234 
WRITE ( 1 , 654 ) N ( NN ) 
IF ( NN .EO. 1 ) GO TO 279 
DO 389 KKK = 2 , NN 

389 CALL PRINT < N < NN + 1 - KKK ) ) 



279 

234 

99 

102 

103 
803 
802 
801 
800 
500 

766 
765 

WRITE ( 1 , 
BO TO 6 
IF ( N ( NN 
IF ( N ( NN 
IF ( N ( NN 
WRITE ( 1 , 
GO TO 500 
WRITE ( 1 , 
GO TO 500 
WRITE ( 1 , 
GO TO 500 
WRITE ( 1 , 
FORMAT ( IX 
FORMAT < IX 
FORMAT ( IX 
FORMAT ( IX 
IF < NN .EQ. 
DO 766 NNN = 
CALL PRINT ( 
WRITE ( 1 , 

700 ) 

) .LT. 10 ) GO TO 99 
) .LT. 100 ) 
) .LT. 1000 ; 
800 ) N ( NN 

801 ) N ( NN 

802 ) N ( NN 

803 ) N ( NN 
, 1H-, 13$ ) 
, 1H-, 12* ) 
, 1H-, 11* ) 
, 1H-, 14* ) 
, 1 ) GO TO 7£ 
= 2 , NN 
N ( NN + 1 -

700 ) 

60 TO 102 
1 GO TO 103 
) 

) 

) 

) 

>5 

• NNN ) ) 

15 

GO TO 6 
END 
SUBROUTINE BI6SUB(L,M,N,LL,MM,NN,INDEX) 
INTEGER CARRY 
DIMENSION L(20) ,N1 (20) ,M(20) ,N(20) 
CARRY=0 

C COMPARE THE NUMBERS OF PIECES IN THE 2 NUMBERS 
rF(LL-MM)590,6ei,202 

C FOR SUBTRAHEND > MINUEND, PUT INDEX = 1, OTHERWISE INDEX = 0 
202 INDEX = 0 

DO 244 1=1,MM 
244 N1(I)=M<I) 

DO 288 1=1,LL 
288 N(I)=L(I) 

NN=LL 
320 KK=MM 
C SUBTRACT EACH PIECE OF 1 NUMBER FROM THE CORRESPONDING PIECE OF 
C THE OTHER NUMBER 
350 DO 488 1=1,KK 

IDIFF=N(I)-N1(I> 
IF<IDIFF)451,421,386 

386 N<I)=IDIFF-CARRY 
CARRY=0 
GO TO 488 

421 IF(CARRY.NE.0)G0 TO 451 
N(I)=0 
GO TO 488 

451 N(I)=IDrFF+l-CARRY+9999 
CARRY=1 

488 CONTINUE 

/• 
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IF(Kk'.EQ.NN)GO TO 754 
IF(CARRY.NE.O)G0 TO 512 
RETURN 

512 IF(KK+1.EQ.NN)60 TO 553 
Il=NtM-l 
II=K'<+1 
no 533 I=II,11 
IF(N(I).EQ.O)GO TO 533 
N(I)=N(I)-1 
RETURN 

533 N(I)=9999 
553 N(NN.i=N(NN)-l 

GO TO 754 
590 INnEX=l 

DO 622 1=1,MM 
622 N(I)=M(I) 

DO 655 1 = 1 ,LL-
655 N1(I)=L<I) 

KK=LL 
NN=MM 
GO TO 350 

C THE NUMBERS OF PIECES BEING EQUAL, COMPARE CORRESPONDING PIECES 
C STARTING FROM THE LEFT 
681 DO 711 1=1,MM 

IF(L(MM+1-I)-M(MM+1-I))590,711,202 
711 CONTINUE 

INDEX = 0 
NN=1 
N < 1) =0 
RETURN 

754 IF(NN.EQ.l)RETURN 
MN1=NN-1 

C TEST WHETHER LEFTMOST PIECE(S) ARE ZERO 

DO eee I = I , M N I 
IF(N<NN).NE.O) RETURN 

888 NN=NN-1 
RETURN 
END 
SUBROUTINE PRINT(M) 
IF(M.LT.10)G0 TO 1 
IF(M.LT.100)G0 TO 2 
IF(M-LT.1000)G0 TO 3 
WRITE(1,70)M 

70 FORMAT(IX,14$) 
RETURN 

3 WRITE(1,71)M 
71 FORMAT(1X,1H0,13$) 

RETURN 
2 WRITE(1,72)M 
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72 FORMAT (1X,2H00,12:J-) 

RETURN 
1 WRITE(1,73)M 
73 FORMAT (IX, 3H000 ,1 1 -T) 

RETURN 
END 

// 
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MULTIPLICATION OF LARGE NUMBERS 

FOR MULTIPLICATION WE DIVIDE THE MULTIPLICAND INFO PIECES JUST 

LIKE ADDITION AND DIGITISE THE MULTIPLIER. FOR EXAMPLE, IF THE" 

MULTIPLIER IS 1259067823, WE DEFINE A 1-DIMENSIONAL ARRAY D SO THAT 

D(l) = 3 , D(2) = 2 , D(3) = 8 , ... , D(10) = 1. WE MULTIPLY THE 

MULTIPLICAND BY EACH DIGIT SEPARATELY. FOR THIS PURPOSE WE USE 

ANOTHER SUBROUTINE SUBPROGRAM CALLED MULT. WE CREATE A TABLE OF 8 

MULTIPLES OF THE MULTIPLICAND BY 2,3,4,...,?. WE TAf E A PRECAOTiiJN 

THAT, FOR EXAMPLE, IF THE MULTIPLIER DOES NOT CONTAIN THE DIGIT 4 

AT ALL, WE DO NOT STORE THE PRODUCT OF THE MULTIPLICAND BY 4 . IF A PA<5.Tll 

CULAR DIGIT IN THE MULTIPLIER IS O, WE DO NOTHING. IF A 

PARTICULAR DIGIT IN THE MULTIPLIER IS 1, WE TAf.E THE MULTIPLICAND 

AS SUCH. WE USE ANOTHER SUBROUTINE CALLED SHIFT TO SHIFT THE 

PRODUCT OF THE MULTIPLICAND BY A SINGLE DIGIT OF THE MULTIPLIER TO 

THE LEFT BY THE REQUIRED NUMBER OF PLACES, AS WE NORMALLY DO IN THE 

HUMAN DOMAIN. THEN WE ADD THE PARTIAL PRODUCTS USING THE SAME 

SUBROUTINE CALLED ADDN, WHICH WE- HAVE ALREADY USED IN THE ADDITION 

PROGRAM FOR 2 BIG NUMBERS. THROUGHOUT THIS PROCESS WE KEEP A 

CONSTANT WATCH ON THE TOTAL NUMBER OF DIGITS OBTAINED DURING MULTI­

PLICATION BY A SINGLE DIGIT, SHIFTING OR ADDING. IF WE FIND THAT 

THIS NUMBER IS GOING TO BECOME GREATER THAN SO, WE IMMEDIATELY SET 

AN INDICATOR IND AS UNITY AND RETURN TO THE MAIN PROGRAM. THE MAIN 

PROGRAM THEN PRINTS AN APPROPRIATE MESSAGE AND ABORTS THE JOB. 

HOWEVER, THIS LIMIT 80 l6 NOT FIXED AND IT CAN BE INCREASED AS 

DESIRED. WE PRINT THE ANSWER WITH EMBEDDED ZEROS, IF ANY, INSTEAD 



/ / 19 
O F  BLANKS, THROUGH THE USE OF THE SAME SUEROUTINE CALLED PRINT, 

WHICH WE BEEN USING 1 N THE OTHEF; F'ROGHAMS . THE PIG1 /\I F'F;O~?IF;AM 

FOR MULTIFLICATION, TOGETHER WITH THE S U E R O U T I t 4 E 5  USEt  { INTEG,  

MULT, S H I F T ,  AtltlN AND PRINT)  IS G I V E N  ON THE SUCCEEUING F'AGES. 
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DIMENSION L ( 20 ) , M ( 20 ) , N ( 20 ) 

6 WRITE (1 , 34 ) 
34 FORMAT ( IX , 'TYPE THE NUMBERS OF PIECES IN THE MULTIPLICAND', 

IIX , 'AND THE MULTIPLIER IN FaRMAT(2I2)' ) 
62 READ ( 1 , 61 ) I , J 
61 FORMAT ( 212 ) 

IF ( I .EQ. 0 .AND. J .EQ. 0 ) STOP 
IF ( I -GT. 0 .AND. J .GT. 0 ) GO TO 181 
WRITE (1 , 89 ) 

89 FORMAT ( IX , 'DATA ILLEGAL, PLEASE TYPE AGAIN' ) 
GO TO 62 

181 IF ( I .LE. 20 .AND. J .LE. 20 ) GO TO 205 
IF ( I .LE. 20 .OR. J .LE. 20 > GD TO 207 
WRITE (1 , 90 ) 

90 FORMAT ( IX , 'BOTH NUMBERS TOO LARGE, PLEASE TYPE AGAIN' ) 
GO TO 62 

207 IF ( I .LE. 20 ) GO TO 305 
WRITE ( 1 , 91 ) 

91 FORMAT ( IX , 'MULTIPLICAND TDD LARGE, PLEASE TYPE AGAIN' ) 
GO TO 62 

305 WRITE ( 1 , 92 ) 
92 FORMAT ( IX , 'MULTIPLIER TOO LARGE, PLEASE TYPE AGAIN' ) 

GO TO 62 
205 WRITE ( 1 , 109 ) 
109 FORMAT < IX , 'TYPE THE MULTIPLICAND IN FORMAT ( 2014 ) ' ) 

READ ( 1 , 86 ) ( L ( I + 1 - II ) , II = 1 , I ) 
WRITE ( 1 , 110 ) 

110 FORMAT ( IX , 'TYPE THE MULTIPLIER IN FORMAT ( 2014 )' ) 
READ ( 1 , 86 ) ( M ( J + 1 - JJ ) , JJ = 1 , J ) 

86 FORMAT < 2014 ) 
IND = 0 
CALL BIGMUL ( L , I , M , J , N , K , IND ) 
IF ( IND .NE. 1 ) GO TO 1000 
WRITE ( 1 ; 1004 ) 

1004 FORMAT ( IX , 'THE PRODUCT HAS MORE THAN 80 DIGITS' ) 
GO TO 6 

1000 WRITE ( 1 , 654 ) L ( I ) 
654 FORMAT ( IX , 14* ) 

IF ( I .EQ. 1 ) GO TO 245 
DO 267 12 = 2 , I 

267 CALL PRINT ( L ( I + i - 12 ) ) 
245 WRITE ( 1 , 700 ) 
700 FORMAT ( 40X ) 

WRITE ( 1 , 654 > M ( J ) 
IF < J .EQ. 1 ) 60 TO 258 
DO 268 JJ = 2 , J ' 

268 CALL PRINT ( M ( J + 1 - JJ ) ) 
258 WRITE ( 1 , 700 ) 

WRITE ( 1 , 654 ) N ( K ) 
IF ( K .EQ. 1 ) BO TO 279 



DO 389 KKK = 2 , K -.-t 
389 CALL PRINT ( N ( K + 1 - KKK ) ) 4 1 
279 WRITE ( 1 , 700 ) 

GO TO 6 
END 
SLIBROUTINE BIGMUL (A , I , B , J , C , M , IND) 
INTEGER A(20),IPR0D(20),B(20),C(20),D(80),INP(9),ISP(9,20),C1(20) 
IS= - 1 
C ( 1 ) = 0 
M = 1 
DO 222 K = 2 , 9 

222 INP ( K ) = 0 
C DIGITISE THE MULTIPLIER 

CALL INTEG(B,J,D,IDN) 
DO 555 MM=1,IDN 

C IS DENOTES THE NUMBER OF PLACES BY WHICH WE HAVE TO SHIFT THE 
C PRODUCT 

IS = IS + 1 
IF ( D ( MM ) - 1 ) 555 , 306 , 242 

242 IF ( INP ( D ( MM ) ) -NE. 0 ) GO TO 320 
CALL MULT(A,D(MM) ,IPRDD,I ,Ni , IND > 
IF(IND.EQ.l)RETURN 

C MA|:::E A TABLE OF 8 MULTIPLES OF THE MULTIPLICAND 
DO 288 f: = 1 , Nl 

288 ISP ( D < MM ) , f; ) = I PROD ( i: ) 
INP ( D ( MM ) ) = N] 
GO TO 401 

320 Nl = INP ( D ( MM ) ) 
DO 355 K = 1 , Nl 

355 IPROD ( K ) = ISP ( D ( MM ) , K ) 
60 TO 401 

386 DO 422 K = 1 , 1 
422 IPROD ( K ) = A ( K ) 

Nl = I 
401 IF ( Nl .EQ. 1 .AND. IPROD ( 1 ) .EQ. 0 ) GO TO 555 

CALL SHIFT ( IPROD , Nl , IS , IND ) 
IF ( IND .EQ. 1 )RETURN 
CALL ADDN(C,IPR0D,C1,M,N1,M1,IND ) 
IF ( IND .EQ. 1 ) RETURN 
M = Ml 
DO 488 MK = 1 , M • 

488 C ( MK > = CI ( MK ) 
555 CONTINUE 

RETURN 
END 
SUBROUTINE ADDN(L ,M,N ,LL ,MM, NN , IND ) 
INTEGER CARRY 
DIMENSION L(20) M(20),N(20) 
CARRY = 0 
IF(LL-MM)300,276,202 

202 LIMIT=MM 



IN=MM+1 
DO 244 II=IN,LL 

244 N(II)=L(II) 
NN=LL 
GO TO 400 

276 LIMIT^MM 
NN=LIMIT 
GO TO 400 

300 LIMIT=LL 
IN=LL+1 
DO 344 II=IN,MM 

344 N(II)=M<II) 
NN=MM 

400 DO 522 1=1,LIMIT 
f::TEST=9999-M (I ) -CARRY 
IF(L(I) .NE.9999.0R.K'TEST.NE.-1)G0 TO 464 
N(n=9999 

432 CARRY=1 
GO TO 522 

464 IF(L(I) .LE.h:TEST)60 TO 49B 
N(I)=L(I)-rTEST-l 
60 TO 432 

498 N(I)=9999-(l TEST-L(I) ) 
CARRY=0 

522 CONTINUE 
IF(CARRY.NE.O)GD TO 55B 
RETURN 

558 IF(NN.NE.LIMIT)GO TO 601 
582 NN=NN+1 

IF ( NN .GT. 20 ) GO TO 800 
N(NNi=l 
RETUf̂ N 

601 LIMIT=LIMIT+1 
DO 644 I=LIMIT,NN 
I F ( N ( I ) . N E . 9 9 9 9 ) 6 0 TO 676 
N(I)=0 

644 CONTINUE 
BO TO 582 

676 N(I)=N(I)+1 
RETURN 

800 IND = 1 
RETURN 
END 
SUBROUTINE MULT<J,K,IPROD,N ,N1 ,IND) 
DIMENSION J(20),IPROD(20) 
IPROD(1)=0 
IF(K-1)202,230,280 

202 Nl=l 
RETURN 

230 DO 244 1=1,N 

22 



244 IPROD<I)=J(I) 

RETURN ^ 
280 DO 388 1 = 1 ,N 

ID=J(I)/I000 
M= (J (I ) -1000* ID) *t- +1 PROD (I) 
L=IO*K 
IO=L/K) 
ITEST=:M-(9999-1000* (L-10*10) ) 
IF ( ITEST .LE. 0 ) GO TO 316 
IPR0D(I)=ITEST-1 
IQ=IQ+1 
60 TO 350 

316 IPR0D(I)=ITEST+9999 
350 IF(I.EQ.N)GO TO 388 

IPROn(I+l)=IQ 
388 CONTINUE 

N1=N 
IF(IQ.EQ.O)RETURN 
N1=N1+1 
IF ( Nl .GT. 20 ) GO TO 500 
IPR0D(N1)=I0 
RETURN 

500 IND = 1 
RETURN 
END 
SUBROUTINE SHIFT(IPR,IAS,MP, IND) 
DIMENSION IPR(20) 

IS LESS THAN 4 

202 

IF ( MP .EQ. 0 ) 
IP=MP 
INTR=0 
TEST WHETHER THE 
IF(IP.GE.4)G0 TO 
KK=1 
K=10**(4-IP) 
DO 255 I=KK,IAS 
IHIN=IPR(I)/K 

RETURN 

NUMBER OF PLACES TO BE SHIFTED 
290 

IPR(I)=(IPR(I)-IHIN*K)*10**IP+INTR 
INTR=IHIN 

255 CONTINUE 
IF(INTR.EQ.O) RETURN 
IAS=IAS+1 
IF ( IAS .GT. 20 ) GO TO 500 
IPR(IAS)=INTR 
RETURN 

290 ID=IP/4 
IF ( IAS+ ID .GT. 20 ) BO TO 500 
DO 311 1=1,IAS 

311 IPR(IAS+ID+1-I)=IPR(IAS+1-I) 
IAS=IAS+ID 
DO 355 1 = 1 ,ID 



355 IPR(I)=0 ^ ^ 
C TEST WHETHER THE NUMBER OF PLACES TO BE SHIFTED IS EXACTLY 
C DIVISIBLE BY 4 

IP=IP-4*ID 
IF(IP.EO.O)RETURN 
I f =ID+1 
GO TO 202 

50V IND = 1 
RETURN 
END 
SUBROUTINE INTEG(B,J,D,IDN) 
INTEGER B(20) ,D(80) 
IDN=0 
ND=4 
DO 566 11 = 1 ,J 
IDIV=B(II) 
IF(I I-J)442,256,600 

202 WD=JJ 
GO TO 442 

25o DO 377 JJ=1 ,3 
IF(IDIV.LT.10->^*JJ)G0 TO 202 

377 CONTINUE 
442 DO 488 K\ =1 ,ND 

IDN=IDN+1 
D(IDN^=M0D(IDIV,10) 
IF(KI ,E0.ND)G0 TO 488 
IDIV=IDIV/10 

488 CONTINUE 
566 CONTINUE 
600 RETURN 

END 
SUBROUTINE PRINT(M) 
IF(M.LT.10)B0 TO 1 
IF(M.LT.100)G0 TO 2 
IF(M.LT.1000)G0 TO 3 
WRITE(1,70)M 

70 FORMAT(IX,I4*) 
RETURN 

3 WRITE(1,71)M 
71 FORMAT(1X,1H0,13*) 

RETURN 
2 WRITE(1,72)M 
72 F0RMAT(1X,2H00,I2*) 

RETURN 
1 WRITE(I,73)M 
73 FORMAT(1X,3H000,II*) 

RETURN 
END 
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6. DIVISION OF A LARGE NUMBER BY ANOTHER 

FOR DIVISION ALSO, WE DIVIDE THE DIVIDEND AND THE DIVISOR INTO 

A NUMBER OF PIECES JUST LIKE ADDITION. LET THE DIVIDEND HAVE I 

PIECES AND THE DIVISOR HAVE J PIECES. IF I < J, WE STORE THE 

QUOTIENT AS 0 IN A SINGLE PIECE AND THE REMAINDER BECOMES THE 

DIVIDEND ITSELF. IF I = J, WE COMPARE THE PIECES OF THE DIVIDEND 

AND THE DIVISOR STARTING FROM THE LEFTMOST PIECES JUST LIKE SUB­

TRACTION. IF WE FIND THAT THE DIVIDEND IS LESS THAN THE DIVISOR, 

WE DO AS ABOVE. IF WE FIND THAT THE DIVIDEND IS EQUAL to" THE 

DIVISOR, WE STORE THE QUOTIENT AS 1 IN A SINGLE PIECE AND WE SET 

THE REMAINDER AS 0 ALSO IN A SINGLE PIECE. IF WE FIND THAT THE 

DIVIDEND :tS GREATER THAN THE DIVISOR, WE DIVIDE THE LAST (LEFTMOST; 

PIECE OF THE DIVIDEND BY THE LAST (LEFTMOST) PIECE OF THE DIVISOR. 

WE MULTIPLY THE DIVISOR BY THIS QUOTIENT AND COMPARE THE PRODUCT 

WITH THE DIVIDEND. IF THE DIVIDEND IS NOT LESS THAN THE PRODUCT, 

THEN WE ARE THROUGH AND WE PRINT THE QUOTIENT AND THE REMAINDER AS 

USUAL. IF THE DIVIDEND HAPPENS TO BE LESS THAN THE PRODUCT, WE 

REDUCE THE QUOTIENT BY UNITY AND REPEAT THE PROCESS TILL THE NEW 

PRODUCT BECOMES LESS THAN OR EQUAL TO THE DIVIDEND. IN THIS WAY WE 

CALCULATE THE QUOTIENT AND THE REMAINDER. 

IF I > J, WE DIGITISE THE RIGHTMOST I-J PIECES OF THE DIVIDEND 

USING THE SUBROUTINE CALLED INTEG WHICH WE HAVE ALREADY USED IN THE 

PREVIOUS SECTION. THEN WE COMPARE THE LEFTMOST J PIECES OF THE 

DIVIDEND WITH THE DIVISOR AND PROCEED IN THE WAY WHICH WE HAVE DES*'-

CRIBED ABOVE. AFTER CALCULATING THE PARTIAL QUOTIENT, WE MAKE THE 
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NEW DIVIDEND GREATER THAN OR EQUAL TO THE DIVISOR BY ATTACHING 

EXTRH DIGIT(S) FROM THE EXTREME LEFT 0^ THE REMAINING DIGITS IN THE 

DIVIDEND USING THE SUBROUTINE CALLED ISOR, AS WE DO IN THE HUMAN 

DOMAIN. NOW WE AGAIN DIVIDE THE NEW DIVIDEND BY THE DIVISOR AS 

EXPLAINED BEFORE, WHICH GIVES US 1 MORE DIGIT IN THE QUOTIENT. WE 

USE THE SUBROUTINES BIGMUL AND BIGSUB FOR MULTIPLICATION AND SUB­

TRACTION RESPECTIVELY. IF ON ATTACHING 1 SINGLE DIGIT FROM THE 

GIVEN DIVIDEND, WE FIND THAT THE NUMBER TO BE DIVIDED REMAINS LESS 

THArJ THE DIVISOR, WE ATTACH 0 TO THE DIVISOR JUST AS WE DO IN THE 

HUNAN DOMAIN. WE REPEAT THE PROCESS TILL ALL THE DIGITS ARE 

EXHAUSTED. AFTER CALCULATION WE PRINT THE DIVIDEND, DIVISOR, 

OUOTIENT AND REMAINDER AS USUAL IN SEPARATE LINES USING THE SUB­

ROUTINE PRINT TO AVOID BLANfS IN PLACE OF EMBEDDED ZEROS. THE MAIN 

PROGRAM FOR DIVISION TOGETHER WITH ALL RELEVANT SUBROUTINES APPEARS 

ON THE SUCCEEDING PAGES. 

// 
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INTEGER A<20) ,A1 (20) ,IGIT(80) ,IQT(20) ,B(20) ,PR(20) ,REI1(20) 

6 WRITE (1 , 34 ) 
34 FORMAT ( IX , 'TYPE THE NUMBERS OF PIECES IN THE DIVIDEND', 

11X_̂ ^ 'AND THE DIVISOR IN FORMAT ( 212 )' ) 
154 REOTl (1 ,1)I , J 
1"* FORMAT (212) 

IF(I .EO .0.AND .J.EO.0)STOP 
IF ( I -GT. 0 .AND. J -GT. 0 ) 60 TO 181 
WRITE (1 , 89 ) 

89 FORMAT ( IX , 'DATA ILLEGAL, PLEASE TVPE AGAIN" ) 
60 TO 154 

181 IF ( I .LE. 20 .AND. J .LE. 20 ) 60 TO 205 
IF ( I .LE, 20 .OR. J .LE. 20 ) GO TO 207 
WRITE (1 , 90 ) 

90 FORMAT ( IX , 'BOTH NUMBERS TOO LARGE, PLEASE TYPE AGAIN' ) 
60 TO 154 

207 IF ( I .LE. 20 ) GO TO 305 
WRITE (1 , 91 ) 

91 FORMAT ( IX , 'DIVIDEND TOO LARGE' ) 
60 TO 154 

305 WRITE ( 1 , 92 ) 
92 FORMAT ( IX , 'DIVISOR TOO LARGE' ) 

60 TO 154 
205 WRITE (1 , 109 ) 
109 FORMAT ( IX , 'TYPE THE DIVIDEND IN FORMAT ( 2014 )' ) 

READ ( 1 , 86 ) ( A ( I + 1 - f ) , ̂  = 1 , I ̂  
WRITE ( 1 , 110 ) 

110 FORMAT ( IX , 'TYPE THE DIVISOR IN FORMAT ( 2014 )' ) 
READ (1 , 8 6 ) ( B ( J + 1 - L ) , L = 1 , J ) 

86 FORMAT ( 2014 ) 
IF(J.6T.l.OR.B(l).GT.O)GO TO 172 
WRITE(1,11) 
60 TO 6 

172 IND = 0 
M=l 
IQT(1)=0 
IF(I-J)297,202,414 

202 NDI=0 
235 MT=J 
C TRANSFER THE LEFTMOST J PIECES FROM THE DIVIDEND TO A NEW ARRAY 

DO 266 11 = 1 ,J 
266 Al(J+1-II)=A(I+1-II) 
294 DO 344 11 = 1 ,J 

IF(A1(J+1-II)-B(J+1-II))278,344,485 
344 CONTINUE 

MT=1 I 
A1(1)=0 
IW=1 
GO TO 301 

278 IF(IQT(M).EQ.0)G0 TO 384 
316 IW=0 



301 CALL DUOT(IQT,M,IW,IND) Q 
384 IF(NDI .EQ.O)GO TO 297 2 o 

CALL IS0R(A1 ,MT,I6IT,NDI , IND) 
C COMPARE THE NUMBERS OF PIECES OF THE NEW DIVIDEND AND THE DIVigOR 

IF(MT-J)316,294,600 
414 LM=I-J 
C CHECf. WHETHER ALL THE DIGITS HAVE BEEN STORED. IF NOT, STORE THE 
C VACANT PLACES WITH ZEROS 

CALL INTEe(A,LM,IGIT,NDI) 
IC=4*LM 
IF<NDI.EQ.IC) GO TO 235 
NDI=NDI+1 
DO 455 II = NDI , IC 

455 IGIT ( II ) = 0 
NDI=IC 
GO TO 235 

C FIND THE TRIAL QUOTIENT 
485 IW=A1(J)/B(J) 
501 CALL DIVIS0(B,J,A1,MT,IW,IND) 

GO TO 301 
C IF BOTH PIECES HAVE 4 DIGITS EACH AND THE LAST PIECE OF THE 
C DIVISOR IS GREATER THAN THE LAST PIECE OF THE DIVIDEND, FIND THE 
C TRIAL DIVISOR 
600 IW=(A1(MT)*10+A1(MT-1)/lOOO)/(B(J)/1000) 

GO TO 501 
297 CALL BIGMUL(B,J,IOT,M,PR,L,IND) 

CALL BIGSUB(A,PR,REM,I ,L,t. , INDEX) 
WRITECl,17)A(I) 

17 FORMAT(IX,I4t) 
IF(I .EQ.DGO TO 72 
DO 511 12=2,1 

511 CALL PRINT(A(I+1-I2)) 
72 WRITE(1,213) 
213 FORMAT(1OX) 

W R I T E ( 1 , 1 7 ) B ( J ) 
IF ( J . E Q . D G O TO 7 3 
DO 5 1 2 J 2 = 2 , J 

512 CALL PRINT(B(J+1-J2)) 
73 WRITE(1,213) 

WRITE(1,17)IQT<M) . 
IF (M.EQ.DGO TO 74 
DO 513 K2=2,M 

513 CALL PRINT(IQT(M+1-K2)) 
74 WRITE(1,213) 

WRITEd ,17)REM(K) 
IF (K.EQ.DGO TO 75 
DO 514 K'K2=2,K 

514 CALL PRINT(REM(K+1-KK2)) 
75 WRITE(1,213) 

60 TO 6 
11 FORMAT(IX,'DIVISION BY ZERO IS NOT DEFINED') 



END O Q 
SUBROUTINE QUOT(IDT,M,IW,IND) ^^ 
DIMENSION IQT(20) 
IF(IQT<M).NE.O)GO TO 401 
IQT(1)=IW 
RETURN 

401 CALL SHIFTCIQT,ri,l ,IND) 
IQT(1)=IQT(1)+IW 
RETURN 
END 
SUBROUTINE IS0R(A1,MT,IGIT,NDI,IND) 
INTEGER Al(20),IGIT(80) 
IF(A1(MT).NE.0)60 TO 201 
IF(IGIT(NDI) .EQ.0)60 TO 400 
MT=1 
Al (1)=IGIT(NDI) 
60 TO 400 

201 CALL SHIFT(Al,MT,1 , IND ) 
Al(1)=A1(1)+IGIT(NDI) 

400 NDI=NDI-1 
RETURN 
END 
SUBROUTINE DIVISO(B,J,Al,MT,IW,IND) 
INTEGER B(20) ,A1(20) ,D1(20) ,C(20) ,C1(20) 

202 C(1)=IW 
CALL BIGMUL(B,J,C,1,D1,NN,IND) 
IF ( IND .EQ. 1 )60 TO 350 
IF(NN-MT)241,208,400 

208 DO 211 KK=1,NN 
IF(D1(NN+1-KK)-A1(NN+l-KK))241,211,400 

211 CONTINUE 
Al(1)=0 
MT=1 
RETURN 

241 CALL BI6SUB(A1,D1,CI,MT,NN,MM,INDEX) 
DO 244 11=1,MM 

244 A1(II)=C1(II) 
MT=MM 
RETURN 

350 IND=0 
400 IW=IW-1 

GO TO 202 
END 
SUBROUTINE BIGMUL(A,I,B , J,C,M,IND) 
INTEbtR A(20) ,IPR0D(20) ,B(20) ,C(20) ,D(80) ,INP(9) ,ISP(9,20) ,C1(20) 
IS= - 1 
C ( 1 ) = 0 
M = 1 
DO 222 K = 2 , 9 

222 INP ( K ) = 0 



CALL INTEG(B,J,D,IDN) 30 
DO 555 MM=1,IDN 
IS = IS + 1 
IF ( D ( MM ) - 1 ) 555 , 386 , 242 

242 IF ( INP ( D ( MM ) ) .NE. 0 ) GO TO 320 
CALL MULT(A,D(MM) ,IPROD,I ,N1 , INP ) 
IF(IND.EQ.l)RETURN 
DO 288 t: = 1 , Nl 

288 ISP ( D ( MM ; , i. ) = I PROD ( K ) 
INP ( D ( MM ) ) = Nl 
GO TO 401 

320 Nl = INP ( D ( MM ) ) 
DO 355 K = 1 , Nl 

355 IPROD ( K ) = ISP ( D ( MM ) , K ) 
GO TO 401 

386 DO 422 K = 1 , 1 
422 IPROD ( K ) = A ( K ) 

Nl = I 
401 IF ( Nl .EQ. 1 .AND. IPROD ( Nl ) .EQ. 0 ) GO TO 555 

CALL SHIFT < IPROD , Nl , IS , IND ) 
IF ( IND .ED. 1 )RETURN 
CALL ADDN(C,IPRDD,C1,M,N1,M1,IND ) 
IF ( IND .ED. 1 ) RETURN 
M = Ml 
DO 488 MK = 1 , M 

488 C ( MK ) = CI ( MK' ) 
555 CONTINUE 

RETURN 
END 
SUBROUTINE ADDN(L ,M,N ,LL ,MM , NN , IND ) 
INTEGER CARRY 
DIMENSION L(20) ,M(20) ,N(20) 
CARRY = 0 
IF (LL-MM)300,276,202 

202 LIMIT=MM 
IN=MM+1 
DO 244 II=IN,LL 

244 N(II)=L(II) 
NN=LL 
GO TO 400 

276 LIMIT=MM 
NN=LIMIT 
60 TO 400 

300 LIMIT=LL 
IN=LL+1 
DO 344 II=IN,MM 

344 N(II)=M(II) 
NN=MM 

400 DO 522 1=1,LIMIT 
PsTEST=9999-M < I ) -CARRY 
IF(L(I).NE.9999.bR.KTEST.NE.-l)G0 TO 464 



N(I)=9999 O-t 
432 CARRY=1 ""^ 

SO TO 522 
464 IF(L(I) .LE.K:TEST)G0 TO 498 

N(I)=L(I)-^:•TEST-l 
GO TO 432 

498 N(I)=9'?^9-(KTEST-L(I) ) 
CARRY=0 

522 CONTINUE 
IF(CARRY.NE.O)GO TO 558 
RETURN 

558 IF(NN.NE.LIMIT)GO TO 601 
582 NN=NN+1 

IF ( NiM -GT. 20 ) 60 TO 800 
N(NN)=1 
RETURN 

601 LIMIT=LIMIT+1 
DO 644 I=LIMIT,NN 
IF(N(It-NE.9999)6D TO 676 
N(I)=0 

644 CONTINUE 
GO TO 582 

676 N(I)=N(I>+1 
RETURN 

800 IND = 1 
RETURN 
END 
SUBROUTINE MULT(J,K,IPROD , N , N1 ,1ND) 
DIMENSION J(20),IPROD(20) 
IPR0D(1)=0 
IF(K-1)202,230,280 

202 Nl=l 
RETURN 

230 DO 244 1 = 1 ,N 
244 IPROD(I)=J(I) 

N1=N 
RETURN 

280 DO 388 1 = 1 ,N 
IQ=J(I)/1000 
M=(J(I)-1000*IQ)«K+IPROD(I) 
L=IQ*K 
IQ=L/10 
ITEST=M-(9999-1000*<L-10*IQ)) 
IF ( ITEST .LE. 0 ) GO TO 316 
IPR0D(I)=ITEST-1 
IQ=IQ+1 
GO TO 350 

316 IFR0D(I)=ITEST+9999 
350 IF(I.EQ.N)GO TO 388 

IPR0D(I+1)=IQ 



'\2 
3BS . CONTINUE *̂ *̂  

N1=N 
IF (IQ.ED'.O) RETURN 
N1=N1+1 
IF ( Ni -GT. 20 ) GD TO 500 
IPR0D(N1)=I0 
RETURN 

500 IND = 1 
RETURN 
END 
SUBROUTINE SHIFT(IPR,IAS,MP, IND) 
DIMENSION IPR(20) 
IF ( MP -EQ. 0 ) RETURN 
IP=MP 
INTR=0 
IF(IP.GE.4)60 TO 290 
KK~ 1 

202 K=10**-(4-IP) 
DO 255 I=KK,IAS 
IHIN=IPR(I)/K 
IPR(I) = (IPR(I)-1HIN*K)* 10**IP+1NTR 
INTR=IHIN 

255 CONTINUE 
IF(INTR.EQ.O) RETURN 
IAS=IAS+1 
IF ( IAS .GT. 20 ) GO TO 500 
IPR(IAS)=INTR 
RETURN 

290 ID=l'p/4 
IF ( IAS+ ID .GT. 20 ) GO TO 500 
DO 311 1=1,IAS 

311 IPR(IAS+ID+1-I)=IPR(IAB+1-I) 
IAS=IAS+ID 
DO 355 1 = 1 ,ID 

355 IPR(I)=0 
IP=IP-4*ID 
IF(IP.EQ.O)RETURN 
KK=ID+1 
SO TO 202 

500 IND = 1 
RETURN 
END 
SUBROUTINE INTEG(B,J,D,ION) 
INTEGER B(20),D(80) 
IDN=0 
ND=4 
DO 566 11 = 1 ,J 
IDIV=B(II) 
IF(II-J)442,256,600 

202 ND=JJ 



so TO 442 Q Q 
256 DO 377 JJ=1,3 " 

IF(IDIV.LT.10^*JJ)G0 TO 202 
377 CONTINUE 
442 DO 488 KH=1,ND 

IDN=IDN+1 
D(IDN)=MOD(IDIV,10,' 
IF(KK.ED.ND)BO TO 488 
IDIV=IDIV/10 

488 CONTINUE 
566 CONTINUE 
600 RETURN 

END 
ELBROUTINE BIGSUB(L,h,N,LL,MM,NN,INDEX) 
INTEBER CARRY 
DIMENSION L(20),N1(20),M(20),N(20) 
CARRY=0 
IF(LL-MM)590,681,202 

202 INDEX-= 0 
DO 244 1=1,MM 

244 N1(I)=M(I; 
DO 288 1=1,LL 

288 N(I)=L (I) 
NN=LL 

320 f::k=MM 
350 DO 488 1 = 1, K\' 

IDIFF=N(I;-N1(I) 
IF(IDIFF)451 ,421,386 

386 N(I)=IDIFF-CARRY 
CARRY=0 
GO TO 488 

421 IF(CARRY.SJE.0)G0 TO 451 
N(I)=0 
BO TO 488 

451 N(I)=IDIFF+l-CARRY+9999 
CARRY=1 

488 CONTINUE 
IF(KK.E9.NN)G0 TO 754 
IF(CARRY.NE.0)G0 TO 512 
RETURN 

512 IF(KK+1.ED.NN)B0 TO 553 
I1=NN-1 
II=KK+1 
DO 533 I = II ,11 
IF(N{I) .EQ.OGO TO 533 
N(I)=N(I)--1 
RETURN 

533 N(I)=9999 
3 N(NN)=N(NN)-1 

GO TO 754 
=•=: 



590 INDEX = 1 3 4 
DO 622 1=1,MM 

622 N(I)=M(I) 
DO 655 1=1,LL 

655 N1(I)=L(I) 
Kt:.=LL 
NN=MM 
GO TO 350 

681 DO 711 1=1,MM 
IF(L(MM+l-I)-M(MM+l.-l) ) 59*0,711 ,202 

711 CONTINUE 
INDEX = 0 
NN=1 
N(1)=0 
RETURN 

754 IF(NN.ED.1)RETURN 
MN1=NN-1 
DO 888 1=1,MN1 
IF(N(NN) .NE.O) RETURN 

888 NN=NN-1 
RETURN 
END 
SUBROUTINE PRINT(M) 
IF(h.LT.10)GO TO 1 
IF(M.LT.100)G0 TO 2 
IF(M.LT.1000)GD TO 3 
WRITE(1,70)M 

70 FORMAT (IX, 14:r) 
RETURN 

3 WRITE(1,71)M 
71 F0RMAT(1X,1H0,J3*-) 

RETURN 
2 WRITE(1,72)M 
72 FORMAT(IX,2H00,12$) 

RETURN 
1 WRITE(1,73)M 
73 FORMAT <1X,3H000, II :r) 

RETURN 
END 

// 



35 

7. H.C.F. OF 2 LARGE NUMBERS 

THIS PROGRAM IS ONLY A NATURAL EXTENSION OF THE PREVIOUS 

PROGRAMS WHICH WE HAVE ALREADY DISCUSSED. JUST AS WE DO IN THE 

HUMAN DOMAIN, WE DIVIDE ONE NUMBER BY ANOTHER USING THE SUBROUTINE 

BI6DIV. IF THE REMAINDER HAPPENS TO BE ZERO, THE DIVISOR BECOMES 

THE H.C.F. OTHERWISE WE MOVE THE DIVISOR TO THE DIVIDEND AND THE 

REMAINDER TO THE DIVISOR, AND REPEAT THE PROCESS TILL THE DIVISION 

COMES OUT EXACT. THEN WE PRINT THE 2 GIVEN NUMBERS AND ALSO THEIR 

H.C.F. ON SEPARATE LINES IN THE USUAL FASHION. THIS PROGRAM USES 

ALL THE SUBROUTINES DISCUSSED IN THIS CHAPTER, NAMELY, BIGDIV, 

QUOT, ISOR, DIVISO, BIGMUL, INTEG, MULT, SHIFT, ADDN, BIGSUB AND 

PRINT. THE COMPLETE PROGRAM IS GIVEN ON THE SUCCEEDING PAGES. 

// 
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S3 
11 

839 
6 

9 
12 

61 

67 

13 

89 

891 
15 

100 
16 

50 

17 

531 

440 
27 

392 

9053 

1 007 

THE 2 NUMBERS IN' 

,20.AND. J.LE 
,20.0R..J.LE.: 

.20)80 TO 100 
>0)60 TO 89 

DIMENSION M(20) ,N(20) ,KHCF(20) ,KQ(20) ,KREM < 20; 
WRITE(1,11) 
FORMAT(' TYPE THE NUMBERS OF PIECES IN 
11X,'F0RMAT(2I2)') 
READd ,6) I ,J 
FORMAT(212) 
IF(I .EQ.O.AND.J.EQ.O)STOP 
IF(I.GT.O)SO TO 61 
WRITEd ,12) 
FORMAT(' DATA ILLEGAL, PLEASE TYPE AGAIN') 
GO TO 839 
IF(J.GT.O)GO TO 67 
GO TO 9 
IFd.LE, 
IF<I.LE, 
WRITEd ,13) 
FORMAT (' BOTH NUMBERS TOO LARGE, PLEASE TYPE .'.̂ AIN') 
GO TO 839 
IF<I .LE.20)G0 TO 891 
WRITEd ,14) 
FORMAT(' FIRST NUMBER TOO LARGE, PLEASE TYPE AGAIN') 
GO TO 839 
WRITEd ,15) 
FORMAT<' SECOND NUMBER TOO LARGE, PLEASE TYPE AGAIN') 
GO TO 839 
WRITEd ,16) 
FORMAT(' TYPE THE FIRST NUMBER 
READd ,50) (Md + l-K) ,K=1 ,1) 
FORMAT(2014) 
WRITEd ,17) 
FORMAT (' TYPE THE SECOND NUMBER IN FORMAT (20.14) ' ) 

IN FORMAT(2014)') 

0)(N(J+l-L),L=1,J) 
GT.O.AND.N(J).GT.O)GO TO 1005 

OR.N(J) .GT.0)Ga rO 1007 
J.GT.DGO TO 440 

IS NOT DEFINED SINCE BOTH .NUMBERS ARE ZERO' 

READ(1, 
IF(M(I) 
IF(M(I).GT.O 
IF(I -GT.l .OR 
WRITEd ,531) 
FORMAT(' HCF 
GO TO 83 
IFd .GT.DGO TO 892 
WRITE(1,20) 
GO TO too 
IF(J.GT.l)GO TO 9053 
WRITEd ,19) 
GO TO 100 
WRITEd ,18) 
GO TO 100 
IF(M(I) .GT.O)GO TO 5S 
IFd .GT.DGO TO 25 
WRITEd ,1000)M(I) 
WRITEd ,2000) 



37 
WRITE(1,1000)N(J) 
IF(J.EQ.1)G0 TO 1282-
DO 12702 JJ=2,J 

12702 CALL PRINT(N(J+l-JJ)) 
12S2 WRITE(1,2000) 

WRITE(1,1000)N(J) 
IF(J.EQ.1)G0 TO 128 
DO 127 JJ=2,J 

127 CALL PRINT(N<J+l-JJ)) 
128 WRITE(1,2000) 

GO TO 83 
550 IFCJ.GT.DGO TO 27 

WRITE(1,1000)M(I) 
IFd.EQ.DGO TO 506 
DO 505 11=2,1 

505 CALL PRINT(M(I+1-II)) 
506 WRITE(1,2000) 

WRITE<1,1000)N(J) 
WRITE(1,2000) 
WRITE(1,1000)M(I) 
IFd.EQ.DGO TO 128 
DO 1271 11=2,1 

1271 CALL PRINT<M<I+1-II)) 
GO TO 128 

18 FORMAT(' LAST PIECES OF BOTH NUMBERS ZERO, ABSURD INPUT') 
19 FORMAT(' LAST PIECE OF FIRST NUMBER ZERO, ABSURD INPUT') 
20 FORMAT(' LAST PIECE OF SECOND NUMBER ZERO, ABSURD INPUT') 
1005 WRITEd ,1000)M(I) 

IFd .EQ.DGO TO 189 
DO 190 11=2,1 

190 CALL PRINT(Md+l-II)) 
189 WRITE(1,2000) 

WRITE(1,1000)N(J) 
IF(J.EQ.DGO TO 1S91 
DO 1901 JJ=2,J 

1901 CALL PR INT(N(J+1-JJ) ) 
1391 WRITE(1,2000) 
1121 CALL BI6DIV(M,N,KQ,KREM,I,J,L,LL) 

IF(LL.EQ•1.AND.KREM(D .EQ.0)GO TO 907 
DO 55 JJ=1 ,J 

55 M(JJ)=N(JJ) 
I=J 
DO 56 LLL=1 ,LL 

56 N(LLL)=KREM(LLL) 
J=LL 
GO TO 1121 

907 • DO 444 JJJ=1,J 
444 KHCF(JJJ)=N < JJJ) 

WRITE(1 ,1000)KHCF(J) 
IF (J.EQ.DGO TO 128 
DO 567 JJJJ=?,J 
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567 CALL PRINT(KHCF<J+1-JJJJ)) 

GO TO 128 
1000 FORMAT(IX,I4*) 
200O FORMAT(SOX) 

END 
SUBROUTINE BIGDIV(A,B,IQT,REM,I,J,M,K) 
INTEGER A(20) ,A1(20) ,I6IT(80) ,IQT(20) ,B(20) ,PR(20) ,REM(20) 

172 IND = 0 
M=l 
IQT(1)=0 
IF(I-J)297,202,414 

202 NDI=0 
235 MT=J 

DO 266 11 = 1 ,J 
266 A1(J+1-II)=A(I+1-II) 
294 DO 344 11 = 1 ,J 

IF(Al(J+l-II)-B(J+l-II))278,344,485 
344 CONTINUE 

MT=1 
Al(1)=0 
IW=1 
GO TO 301 

278 IF(IQT(M).EQ.0)G0 TO 384 
316 IW=0 
301 CALL QUOT(IDT,M,IW,IND) 
384 IF(NDI.EQ.O)GO TO 297 

CALL IS0R(A1,MT,IGIT,NDI, IND) 
IF(MT-J)316,294,600 

414 LM=I-J 
CALL INTEG(A,LM,IGIT,NDI) 
IC = 4 * LM 
IF ( NDI .EQ. IC ) GO TO 235 
NDI=NDI+1 
DO 455 II = NDI , IC 

455 IGIT ( II ) = 0 
NDI = IC 
GO TO 235 

485 IW=A1(J)/B(J) 
501 CALL DIVIS0(B,J,A1,MT,IW,IND) 

GO TO 301 
600 IW=(A1 (MT) *10+A1(MT-1)/1000)/(B(J)/1000) 

GO TO 501 
297 CALL BIGMUL(B,J,IDT,M,PR,L,IND) 

CALL BIGSUB(A,PR,REM,I,L,K,INDEX) 
RETURN 
END 
SUBROUTINE OUOT(IQT ,M,IW,IND) 
DIMENSION IQT(20) 
IF(IDT(M).NE.0)G0 TO 401 
IQT(1)=IW 
RETURN 



401 CALL SHIFT(IQT,M,1,IND) 
1DT(1)=IQT(1)+IW 
RETURN 39 
END 
SUBROUTINE !S0R<A1,MT,IGIT,NDI,IND) 
INTEGER Al(20),IGIT(80) 
IF(A1 (MT) .NE.OGO TO 201 
IF(I6IT(NDI) .EO.OGO TO 400 
riT=l 
Al<1)=IGIT(NDI) 
GO TO 400 

201 CALL SHIFT(Al,MT,1 , IND ) 
Al(1)=A1(1)+IGIT(NDI) 

400 NDI=NDI-1 
RETURN 
END 
SUBROUTINE DIVISO(B,J,Al,MT,IW,IND) 
INTEGER B(20) ,A1(20) ,D1(20) ,C(20) ,C1 (20) 

202 2(1)=IW 
CALL BIGMUL(B,J,C,1,D1,NN,IND) 
IFdND.EQ.DGO TO 350 
IF(NN-MT)241,208,400 

208 DO 211 Ky=l ,NN 
IF(Dl(NN+l-KK)-Al(NN+l-KK))241,211,400 

211 CONTINUE 
Al(1)=0 
MT=1 
RETURN 

241 CALL BIGSUB(A1,D1,C1,MT,NN,MM,INDEX) 
DO 244 11=1,MM 

244 A1(II)=C1(II) 
MT=MM 
RETURN 

350 IND=0 
400 IW=IW-1 

BO TO 202 
END 
SUBROUTINE BIGMUL(A,I,B,J,C,M,IND) 
INTEGER A(20),IPR0D(20),B(20),C(20),D(80),INP(9),ISP(9,20),C1(20) 

222 

242 

IS= - 1 
C ( 1 ) = 0 
M = 1 
DO 222 K = 2 , 9 
INP ( K ) = 0 
CALL INTE6(B,J,D,IDN) 
DO 555 MM=1,IDN 
IS = IS + 1 
IF ( D ( MM ) - 1 ) 555 , 386 
IF ( INP { D ( MM ) ) .NE. o ) 

, 242 
60 TO 320 

CALL MULT(A,D(MM) ,IPR0D,I,N1 , IND ) 



IF(IND.EQ.l)RETURN 
DO 288 K = 1 , Nl 

208 ISP ( D ( MM ) , K ) = IPROD ( K ) . 
INP ( D ( MM ) ) = Nl 
GO TO 401 

320 Nl = INP ( D V MM ) ) 
DO 355 K = 1 , Nl 

355 IPROD ( K ) = ISP ( D ( MM ) , K ) 
GO TO 401 

386 DO 422 K = 1 , 1 
422 IPROD ( K ) = A ( K ) 

Nl = I 
401 IF ( Nl .EQ. 1 .AND. IPROD ( Nl ) .EQ. 0 ) GO TO 5! 

CALL SHIFT ( IPROD , Nl , IS , IND ) 
IF ( IND .EQ. 1 )RETURN 
CALL ADDN(C,IPR0D,C1,M,N1,M1,IND ) 
IF ( IND .EQ. 1 ) RETURN 
M = Ml 
DO 488 MK = 1 , M 

488 C < MK ) = CI ( MK ) 
555 CONTINUE 

RETURN 
END 
SUBROUTINE ADDN<L,M,N,LL,MM , NN , IND ) 
INTEGER CARRY 
DIMENSION L(20),M(20),N(20) 
CARRY = 0 
IF(LL-MM)300,276,202 

202 LIMIT=MM 
IN=MM+1 
DO 244 II=IN,LL 

244 N(II)=L(II) 
NN=LL 
GO TO 400 

276 LIMIT=MM 
NN=LIMIT 
GO TO 400 

300 LIMIT=LL 
IN=LL+1 
DO 344 Ii=IN,MM, 
N(II)=M(II) 
NN=MM 
DO 522 1=1,LIMIT 
KTEST=9999-N(I)-CARRY 
IF<L(I).NE.9999.0R.KTEST.NE.-1)G0 TO 464 
N(I)=9999 
CARRY=1 
GO TO 522 
IF(L(I).LE.KTEST)BO TO 498 
N(I)=L(I)-KTEST-1 

40 



BO TO 432 
498 N(I)=9999-(KTEST-L (I ) ) 

CARRY=0 
522 CONTINUE 

IF(CARRY.NE.O)GD TO 558 
RETURN 

553 IF(NN.NE.LIMIT)GD TO 601 
582 NN=NN+1 

IF ( NN .BT. 20 ) GO TO BOO 
N(NN)=1 
RETURN 

601 LIMIT=LIMIT+1 
DO 644 I=LIMIT,NN 
IF(N(I).NE.9999)G0 TO 676 
N(I)=0 

644 CONTINUE 
GO TO 582 

676 N(I)=N(I)+1 
RETURN 

800 IND = 1 
RETURN 
END 
SUBROUTINE MULT(J,K,IPROD,N,N1,IND) 
DIMENSION J(20),IPR0D(20) 
IPR0D(1)=0 
IF(K-1)202,230,280 

202 Nl=l 
RETURN 

230 DO 244 1 = 1 ,N 
244 IPRDD(I)=J(I) 

N1=N 
RETURN 

280 DO 388 1 = 1 ,N 
IQ=J(I)/1000 
M=(J(I)-1000*IQ)*K+IPROD(I) 
L=IQ*K 
IQ=L/10 
ITEST=M-(9999-1000* < L-10*10)) 
IF ( ITEST .LE. 0 ) GO TO 316 
IPR0D(I)=ITEST-1 
IQ=IQ+1 
GO TO 350 

316 IPR0D(I)=ITEST+9999 
350 IF (J '^Q.N)ea TO 388 

IPR0D(I+1)=IQ 
388 CONTINUE 

N1=N 
IF. x'Q.EQ.O) RETURN 
N1=N1+1 
IF ( Nl .ST. 20 ) GO TO 500 
IPR0D(N1)=IQ 

41 
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RETURN 

500 IND = 1 
RETURN 
END 
SUBROLUINE SHIFT(I PR,I AS,MP, IND) 
DIMENSION IPR(20) 
IF ( MP .EQ. 0 ) RETURN 
IP=MP 
INTR=0 
IF(IP.GE.4)GO TO 290 
KK=1 

202 K=10**(4-IP) 
DO 255 I=KK,IAS 
IHIN=IPR(I)/K 
IPR(I)=(IPR(I)-IHIN*K)*10**IP+INTR 
INTR=IHIN 

2.55 CONTINUE 
IF(INTR.EQ.O) RETURN 
IAS=IAS+1 
IF ( IAS .GT. 20 ) GO TO 500 
IPR(IAS)=INTR 
RETURN 

290 ID=IP/4 
IF ( IAS+ ID .GT. 20 ) GO TO 500 
DO 311 1=1,IAS 

311 IPR(IAS+ID+1-I)=IPR(IAS+1-n 
IAS=IAS+ID 
DO 355 1 = 1 ,ID 

355 IPR(I)=0 
JP=JP-4*ID 
IF(IP.EQ.O)RETURN 
KK=ID+1 
GO TO 202 

500 IND = 1 
RETURN 
END 
SUBROUTINE INTEG(B,J,D,IDN) 
INTEGER B(20),D(80) 
IDN=0 
ND=4 
DO 566 11 = 1 ,J 
IDIV=B(II) 
IF(II-J)442,256,600 

202 ND=JJ 
GO TO 442 

256 DO 377 JJ=1 ,3 
IF(IDIV.LT.10**JJ)GO Tn 202 

377 CONTINUE 
442 DO 488 KK=1,ND 

IDN=IDN+1 



D(IDN)=M0D(IDIV,10) 4 3 
IF<KK.EQ.ND)GO TO 488 
IDIV=IDIV/10 

408 CONTINUE 
566 CONTINUE 
600 RETURN 

END 
SUBROUTINE BIBSUB(L,M,N,LL,MM,NN,INDEX) 
INTEGER CARRY 
DIMENSION L(20) ,N1(20) ,M(20) ,N(20) 
CARRY=0 
IF(LL-MM)590,681,202 

202 INDEX = 0 
DO 244 1=1,MM 

244 N1(I)=M(I) 
DO 288 1=1,LL 

288 N(I)=L(I) 
NN=LL 

320 KK=MM 
350 DO 488 1=1,KK 

IDIFF=N(I)-N1(I) 
IF(IDIFF)451,421,386 

386 N(I)=IDIFF-CARRY 
CARRY=0 
GO TO 488 

421 IF(CARRY.NE.0)60 TO 451 
N (I) =0 
GO TO 488 

451 N(I)=IDIFF+l-CARRY+9999 
CARRY=1 

488 CONTINUE 
IF(KK.ED.NN)GO TO 754 
IF(CARRY.NE.0)60 TO 512 
RETURN 

512 IF(KK+1.EQ.NN)GO TO 553 
I1=NN-1 
II=KK+1 
DO 533 I = II ,11 
IF(N(I) .EQ.O)GO TO 533 
N(I)=N(I)-1 
RETURN 

533 N (I) =*?999 
"553 N(NN>=N(NN)-1 

60 TO 754 
590 INDEX=1 

DO 622 1=1,NM 
622 N(I)=M (I) 

DO 655 1 = 1 ,LL 
655 N1(I)=L(I) 

KK=LL 
NN=MM 



so TO 350 4^ 
681 DO 711 1=1,MM 

IF(L(MM+1-I)-M(MMHl-I))590,711,202 
711 CONTINUE 

IWBEX = O 
NN=1 
N (1) =0 
RETURN 

754 IF(NN.EQ.l)RETURN 
rlNl=NN-l 
PO 888 1=1,MN1 
IF(N(NN).NE.O) RETURN 
NN=NN-1 

888 CONTINUE 
RETURN 
END 
SUBROUTINE PR]NT(M) 

IF(M.LT.100)G0 TO 2 
IF(M.LT.1000)G0 TO 3 
WRITEd ,70)M 

70 FORMAT(IX,14*) 
RETURN 

3 WRITE(1,71)M 
71 FORMAT(1X,1H0,13*) 

RETURN 
2 WRITE(1,72)M 
72 FORMAT(IX,2H00,12*) 

RETURN 
1 WRITE(1,73)M 
73 FORMAT i1X,3H000,11*) 

RETURN 



45 
CHAPTER 2 

SOME PRQSRAME REGARDING POLYNOr-IIALE 

INTRODUCTION 

IN THIS CHAPTER WE SHALL DEVELOP SOME PROGRAMS REGARDING THE 

MANIPULATION OF POLYNOMIALS IN COMPUTERS. A COMPUTEF CANhJOT READ 

OR PRINT A POLYNOMIAL AS SUCH, BUT IF THE POLYNOMIAL IS IN ONE 

VARIABLE ONLY, FOR EXAMPLE,-

N N-1 N-2 
A X + A >' + A > + . . . + A X + A 
0 1 2 N-i N 

WHERE N IS A NATURAL NUMBER AND ALL COEFFICIENTS ARE REAL NUMBERS, 

WE CAN STORE THE COEFFICIENTS OF THIS F'OLYNOMIAL IN A REAL 

1-DIMENSIONAL ARRAY. IF THE POLYNOMIAL IS IN MORE THAN ONE 

VARIABLE, WE REQUIRE A HIGHER-DIMENSIONAL ARRAY TO STORE ITS CO­

EFFICIENTS. HOWEVER, IN THIS CHAPTER WE SHALL DEAL WITH POLYNO­

MIALS IN ONE VARIABLE ONLY. FURTHER IN SOME OF THE PROBLEMS WE 

SHALL ASSUME THAT ALL THE COEFFICIENTS ARE INTEGERS AND THE LEAD­

ING COEFFICIENT IS NON-ZERO. IF THE POLYNOMIAL HAPPENS TO BE 

MONIC, WE SHALL STORE ONLY THE N COEFFICIENTS IN AN INTEGER ARRAY 

AND NOT IN A REAL ARRAY. IF THE POLYNOMIAL IS NOT MONIC, WE SHALL 

STORE ALL THE COEFFICIENTS (INCLUDING THE LEADING COEFFICIENT) IN 

AN INTEGER ARRAY. BUT IN THIS CASE WE SHALL CALL THE LEADING CO­

EFFICIENT AS A(l), THE NEX^ COEFFICIENT AS A(2), ETC. IN OTHER 

PROBLEMS WE SHALL ASSUME THAT ALL COEFFICIENTS ARE RATIONAL NUMBERS 

AND WE SHALL STORE ALL THE NUMERATORS OF THE COEFFICIENTS IN ONE 

INTEGER ARRAY AND ALL THE DENOMINATORS IN ANOTHER INTEGER ARRAY. 
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IN SUCH CASES WE SHALL ASSUME THAT THE NUMERATOR OF THE LEADING 

COEFFICIENT IS NON-ZERO AND ALL DENOr-UlvJATORS ARE ALSO NON-ZERG. 

HOWEVER, WE SHALL NOT ASSUME THAT ALL THE ZOEF-ICIEr4TS ARE WRITTEN 

IN THEIR LOWEST TERMS. IN OTHER WORDS, THE H.C.F. OF ANY ENTRY IN 

THE NUMERATOR ARRAY AND THE CORRESPONDING ENTRY IN THE DENOMINATOR 

ARRAY NEED NOT BE UNITY, ALSO WE DO NOT ASSUME THAT ALL THE DENO­

MINATORS ARE POSITIVE. IN CASE THE LEADING ENTRY IN THE NUMERATOR 

ARRAY HAPPENS TO BE 0, OR ANY ENTRY IN THE DENOMINATOR ARRAY IS 0, 

OUR PROGRAM WILL PRINT OUT AN ERROR MESSAGE AND ASl FOR FRESH 

INPUT. 

WE OBSERVE THA"̂  THE ENTRIES OF THE VARIOUS ARRAYS INCREf̂ .SE 

RAPIDLY AS THE CALCULATION PROCEEDS, EVEN IF WE DIVIDE DOTH NUMERA­

TOR AND DENOMINATOR BY THEIR H.C.F. AFTER EVERY PIECE OF CALCULA­

TION. THE ENTRIE:S SOON BECOME GREATER THAN 32767 WHICH IS THE 

MAXIMUM LIMIT FOF' AN INTEGER VARIABLE IN OUR COMPUTER. SO WE SHALL 

HAVE TO USE THE EJUBROUTINE SUBPROGRAMS DEVELOPED IN CHAPTER 1 . IN 

THE PROGRAMS DEVELOPED IN THIS CHAPTER, HOWEVER, WE HAVE NOT 

WRITTEN THIS EXPLICITLY, BUT IF SOMEONE DESIRES, HE CAN VERY EASILY 

DO SO. 

2. PROGRAM FOR RE-CONSTRUCTION OF A POLYNOMIAL FROM ITS ZEROS 

THIS PROGRAM IS ALREADY GIVEN IN A BOOK BY E.V.KRISHNAMURTHY 

AND S.K.SEN. BUT THAT PROGRAM IS VERY LENGTHY AND COMPLICATED. 

THE AUTHORS FIRST FIND ALL THE COMBINATIONS OF M NATURAL NUMBERS 

TAKEN N AT A TIME, WHERE N = 1,2,3,...,M. EVEN THAT SUBROUTINE 

WHICH CALCULATES THESE COMBINATIONS IS VERY ' ENGTHY AND DOES ITS 
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JOB It- A 'v'EP, ROUNDABOUT WA\ . IT Of̂ TEN RE-DEFINEE SOME VARIABLES 

TO THEIR PREVIOUS VALUES, WHICH IS QUITE LINNECESSAR^ . THE AUTHORS 

HAVE SAID IN THEIR BOOK.', 'THE PROGRAM IS USEFUL FOR A POLYNOMIAL OF 

SMALL DEGREE, SAY, 10. FDR A POLYNOMIAL OF LARGE DEGREE, IT 

INVOLVES TOO MANY MULTIPLICATIONS AND ADDITIONS, THUS INTRODUCING 

APPRECIABLE ERRORS. WE CAN HOWEVER USE A ROUTINE FOR MULTIPLICA­

TION OF 2 POLYNOMIALS OF DEGREES M AND N (KNUTH 196S) TO RE-

CCNSTRUCT A POLYNOMIAL FROM A GIVEN SET OF ZEROS <ALSU SEE BER2TISS 

1^71). A VERY SIMPLE AND STRAIGHTFORWARD TECHNIQUE IS TO WRITE A 

ROUTINE FOR MULTIPLICATIOM OF AN MTH DEGREE POLYNOMIAL (M •= 1 ) BY 

A LINEAR FACTOR, LISING THIS ROUTINE, WE CAN EASILY RE-CONSTRUCT A 

NORMALISED POLYNOMIAL FROM ITS GIVEN ZEROS-' IN OUR PROGRAM WE 

HAVE USED THIS TECHNIQUE ONLY, BUT WE HAVE RESTRICTED IT TO INTEGER 

ZEROS AND RATIONAL ZEROS ONLY. 

WE TAKE THE FOLLOWING 2 CASES:-

1. ALL ZEROS ARE INTEGERS. 

2. ALL ZEROS ARE RATIONAL, THE H.C.F. OF THE NUMERATORS AND 

THE CORRESPONDING DENOMINATORS NOT BEING NECESSARILY UNITY, 

BUT ALL DENOMINATORS BEING NON-ZERO. 

THE PROGRAM, IN CASE ALL ZEROS HAPPEN TO BE INTEGERS, IS GIVEN 

ON THE SUCCEEDING PAGES. IN THIS CASE THE POLYNOMIAL GENERATED IS 

MONIC. SO WE HAVE NOT PRINTED THE LEADING COEFFICIENT, WHICH IS 

NECESSARILY UNITY. WE HAVE PRINTED ONLY THE SECOND AND LATER CO­

EFFICIENTS OF THE POLYNOMIAL. 
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DIMENSION ITZ ( 25 ) , ICDF ( 25 ) 
WRITE ( 1 , 7 ) 

7 FORMAT ( IX , 'ThilS PROGRAM RE-CONSTRUCTS A MONIC POLYNOMIAL' 
1 1>,'FR0M ITS ZEROS, ASSUMING THAT ALL'/' OF THEM ARE INTEGERS' 

79 WRITE ( 1 , 107 ) 
107 FORMAT ( I X , 'TYPE THE NUMBER OF ZEROS IN FORMAT ( 12 ) ' 

1 '/ IX , 'FOR STOPPING PLEASE TYPE : C ) 
791 READ ( 1 , 127 ) NZ 
127 FORMAT ( 12 ) 

IF ( NZ ) 149 , 499 , 176 
149 WRITE ( 1 , 157 ) 
157 FORMAT ( IX , 'DATA ILLEGAL , KINDLY TYPE AGAIN' ) 

GO TO 791 
C CHECK WHETHER THE GIVEN NUMBER OF ZEROS WILL CROSS THE DIMENSION 
176 IF ( NZ .GT. 25 ) GO TO 459 

WRITE ( 1 , 207 ) 
207 FORMAT ( IX , 'TYPE ALL ZEROS IN FORMAT ( 1316 )' ) 

READ ( 1 , 247 ) ( ITZ ( K ) , f' = 1 , NZ ) 
247 FORMAT ( 1316 ) 
C FORM THE FIRST LINEAR POLYNOMIAL FROM THE FIRST ZERO 

ICOF ( 1 ) = - ITZ ( 1 ) 
M = 1 
IF ( NZ -EQ. 1 ) GO TO 401 
DO 311 I = 2 , NZ 

C MULTIPLY THE CURRENT POLYNOMIAL BY A LINEAR POLYNOMIAL 
311 CALL LIN ( ICOF , M , ITZ ( 1 ) ) 

WRITE ( 1 , 57(.) ) 
570 FORMAT ( IX , 'THE ZEROS OF THE POLYNOMIAL ARE GIVEN BELOW:-' ) 
401 WRITE ( 1 , 467 ) ( ITZ ( K ) , K = 1 , NZ ) 

WRITE ( 1 , 700 ) 
700 FORMAT ( IX , 'THE REQUIRED POLYNOMIAL IS MONIC; SO ITS FIRST', 

1 :IX , 'COEFFICIENT IS UNITY' / ' ITS OTHER COEFFICIENTS,', 
1 IX , 'STARTING FROM THE SECOND, ARE GIVEN BELOW:-' ) 
WRITE ( 1 , 467 ) ( ICOF ( K ) , K = 1 , M ) 

467 FORMAT ( I X , 1 1 ( 1 6 , I X ) ) 
GO TO 79 
WRITE ( 1 , 487 ) 
FORMAT ( IX , 'THE GIVEN NUMBER WILL CROSS THE DIMENSION,' 

1 , IX , 'CHANGE DIMENSION' ) 
STOP 
END 
SUBROUTINE LIN ( ICOF , M , MLZ ) 
.DIMENSION ICOF ( 25 ) 
11 = M + 1 
ICOF ( M ) = - MLZ * ICOF ( M - 1 ) 
IF ( M .EQ. 2 ) GO TO 400 
MN2 = M -2 
DO 122 K = 1 , MN2 
ICOF ( M - K ) = ICOF ( M - K ) - MLZ # ICOF ( M - K - 1 ) 
ICOF ( 1 ) = ICDF ( 1 ) - MLZ 
RETURN 
END 
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NOW WE GIVE THE ALGORITHM FOR RE-CONSTRUCTION OF A POLYNOMIAL 

FROM ITS RATIONAL ZEROS. FOR ALL SUCH ZEROS FOR WHICH THE 

NUMERATOR IS 0, THE PROGRAM WILL SET THE DENOMINATOR AS UNITY. IF 

THE DENOMINATOR OF ANY ZERO IS NEGATIVE, IT WILL CHANGE THE SIGNS 

OF BOTH NUMERATOR AND DENOMINATOR. THEN THE PROGRAM WILL CALCULATE 

THE H.C.F. OF BOTH NUMERATOR AND DENOMINATOR IN THE CASE OF EVERY 

ZERO OF THE POLYNOMIAL WHICH IS NDN-ZERD AND DIVIDE BOTH OF THEM BY 

THIS H.C.F. NOW WE FORM A LINEAR POLYNOMIAL WITH THE GIVEN FIRST 

RATIONAL ZERO WHICH WILL BE OF THE FORM 

A X-B 
1 1 

WHERE B /A IS THE FIRST RATIONAL ZERO OF THE REQUIRED POLYNOMIAL. 
1 1 

IF THERE IS NO OTHER ZERO, WE ARE THROUGH. OTHERWISE WE FORM 

ANOTHER FIRST DEGREE POLYNOMIAL WITH THE SECOND RATIONAL ZERO. WE 

MULTIPLY THE PREVIOUS POLYNOMIAL BY THE NEW POLYNOMIAL AND CONTINUE 

THE PPDCESS OF MULTIPLICATION TILL ALL THE ZEROS ARE EXHAUSTED. IN 

THE END WE SHALL GET A POLYNOMIAL HAVING N+1 COEFFICIENTS WHERE N 

IS THE DEGREE OF THE POLYNOMIAL, THE LEADING COEFFICIENT BEING 

POSITIVE AND ALL COEFFICIENTS BEING INTEGERS. WE NEED NOT FIND THE 

H.C.F. OF ALL COEFFICIENTS NOW, BECAUSE WE HAVE TAKEN^ALL ZEROS IN 

THEIR LOWEST TERMS. IT FOLLOWS THAT THE H.C.F. OF ALL COEFFICIENTS 

WILL CERTAINLY BE UNITY. THE PROGRAM FOR THIS PROCEDURE, TOGETHER 

WITH THE RELEVANT SUBROUTINE FOR MULTIPLICATION OF A POLYNOMIAL BY 

A LINEAR POLYNOMIAL, IS GIVEN ON THE SUCCEEDING PAGES. 
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DIMENSION NUM ( 25 ) , IDEN ( 25 ) , ICOF ( 26 ) 
INTEBER HCF 
WRITE ( 1 , 7 ) 

7 FORMAT ( IX , 'THIS PROSRAM RE-CONSTRUCTS A POLYNOMIAL WITH', 
1 IX , 'INTEGER COEFFICIENTS' / IX , 'FROM ITS RATIONAL ZEROS' ) 

79 WRITE ( 1 , 107 ) 
107 "FORMAT ( IX , 'TYPE THE NUMBER OF ZEROS IN FORMAT ( 12 ) ' / IX 

1 'FOR STOPPING PLEASE TYPE : 0' ) 
792 READ ( 1 , 127 ) NZ 
127 FORMAT ( 12 > 

IF ( NZ ) 179 , 799 , 238 
"179 WRITE ( 1 , 207 ) 
207 FORMAT ( IX , 'DATA ILLEGAL, KINDLY TYPE AGAIN' ) 

GO TO 792 
238 IF ( NZ .GT. 25 ) GO TO 749 

WRITE ( 1 , 267 ) 
26" FORMAT ( IX , 'TYPE ALL NUMERATORS OF THE ZEROS IN', 

1 IX , 'FORMAT ( 1316 )' ) 
READ ( 1 , 387 ) ( NUM ( K ) , K = 1 , NZ ) 

309 WRITE ( 1 , 347 > 
347 FORMAT < IX , 'TYPE ALL DENOMINATORS OF THE ZEROS IN', 

1 IX , 'FORMAT ( 1316 >' ) 
4000 READ < 1 , 387 ) ( IDEN ( K ) , K = 1 , NZ ) 
387 FORMAT ( 1316 ) 

DO 411 K = 1 , NZ 
IF ( IDEN ( K ) .EQ. 0 ) GO TO 579 

411 CONTINUE 
C STANDARDISE THE DATA 

DO 566 K = 1 , NZ 
ICN = NUM ( K ) 
I CD = IDEN ( K ) 
IF ( ICN .NE. 0 ) GO TO 446 
ICD = 1 
GO TO 495 

446 IF ( ICD .GT. 0 ) GO TO 474 
ICD = - ICD 
ICN = - ICN 

474 IHCF = HCF ( ICN , ICD ) 
IF ( IHCF -EQ. 1 ) GO TO 495 
ICN = ICN / IHCF 
ICD = ICD / IHCF 

495 IF < K ,NE. 1 ) GO TO 501 
C FORM A LINEAR POLYNOMIAL WITH THE FIRST ZERO 

ICOF ( 1 ) = ICD 
ICOF ( 2 ) = - ICN 
M = 2 
60 TO 566 

501 CALL LIN ', ICOF , M , ICN , ICD ) 
566 CONTINUE 

WRITE ( 1 , 567) 



567 FORMAT ( IX , 'THE NUMERATORS OF THE ZEROS OF THE REQUIRED', 
1 IX , 'POLYNOMIAL ARE GIVEN BELOW:-' ) K\ 
WRITE ( 1 , 587 ) ( NUM ( \: ) , t; =•- 1 , N2 ) 
WRITE ( 1 , 908 ) 

90e FORMAT ( 1X , 'THE DENOMINATORS OF THE ZEROS OF THE REQUIRED', 
1 IX , 'POLYNOMIAL ARE GIVEN BELOW:-' ) 
WRITE •; 1 , 587 ) ( I DEN ( K ) , K ^ 1 , M2 ; 
WRITE ( 1 , 666 ) 

666 FORMAT ( IX , 'THE COEFFICIENTS OF THE REQUIRED POLYNOMIAL' , 
1 IX , 'ARE GIVEN BELOW:-' ) 
WRITE ( 1 , 587 ) ( I COP i K ) , K = 1 , M ) 

587 FORMAT ( 1X , 11 ( 16 , 1X ) ) 
GO TO 79 

579 WRITE ( 1 , 627 ) 
BO TO 4000 

627 FORMAT ( IX , 'NO DENOMINATOR CAN BE ZERO, KINDLY TYPE' , IX , 
1 'ALL THE DENOMINATORS AGAIN' ) 

749 WRITE ( 1 , 787) 
787 FORMAT ( IX , 'THE GIVEN NUMBER WILL CROSS THE DIMENSION,' , IX, 

1 'CHANGE DIMENSION' ) 
799 STOP 

END 
SUBROUTINE LIN ( ICOF , M , MLNZ , MLDZ ) 
DIMENSION ICOF ( 26 ) 
M = n 4 1 
ICOF ( M ' = ~ MLNZ * ICOF ( M - 1 ) 
M2 = M - 2 
DO 122 K = 1 , ri2 

122 ICOF ( M - K ) = MLDZ * ICOF ( M - K ) - MLNZ *ICOF( M - K - 1 ) 
ICOF ( 1 ) = MLDZ * ICOF ( 1 ) 
RETURN 
END 
INTEGER FUNCTION HCF ( I , J ) 
INTEGER REM 
IF ( I .NE. 0 ) 60 TO 85 
HCF = TABS ( J ) 
RETURN 

85 IF ( J .NE. 0 ) 60 TO 153 
HCF = JABS < I ) 
RETURN 

153 KOPYl = lABS ( I ) 
KaPY2 = lABS ( J ) 

900 REM = MOD ( KOPYl , K0PY2 ) 
IF ( REM .NE. 0 ) 60 TO 815 
HCF = K0PY2 
RETURN 

B15 KOPYl = K0PY2 
K0PY2 = RE-̂^ 
GO TO 900 
END 
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PROGRAM FOR CALCULATING ALL INTEGER ZEROS OF MONIC POLYNOMIAL 

WE ASSUME THAT ALL COEFFICIEr.'TS OF THE POLYNOMIAL APE 

INTEGERS. THIS IS A MUCH MORE DIFFICULT PROBLEM. WE HAVE SOLVED ' 

IT BY THE USE OF THE REMAINDER THEOREM. WE CONSIDER THE LAST NON­

ZERO COEFFICIENT OF THE POLYNOMIAL, IF ANY. IF THERE IS NO SUCH 

N 

COEFFICIENT, THE POLYNOMIAL BECOMES JUST X . WE PRINT ALL ITS 

ZEROS AS 0. IF THE LAST NON-ZERO COEFFICIENT IS A(l), WE PRINT 

(N-1) ZEROS AS 0 AND THE NTH ZERO AS -A(1;. IN ALL OTHER CASES WE 

FIND ALL POSSIBLE FACTORS OF THE LAST NON-ZERO COEFFICIENT B^ USING 

A SUBROUTINE CALLED FAC, WE FIND THE VALUE OF THE POLYNOMIAL FOR 

THE FIRST FACTOR. IF THE VALUE OF THE POLYNOMIAL IS 0, THEN THE 

POLYNOMIAL WILL HAVE THAT FACTOR AS ITS ZERO. WE DIVIDE THE POLY­

NOMIAL BY X-P, WHERE P IS THAT FACTOR AND CHECf THE DEGREE OF THE 

NEW POLYNOMIAL. IF ITS DEGREE IS UNITY, THEN THE CONSTANT TERM OF 

THE NEW POLYNOMIAL WITH ITS SIGN CHANGED WILL BE THE LAST ZERO OF 

THE ORIGINAL POLYNOMIAL. IF THE FIRST FACTOR DOES NOT SATISFY THE 

ORIGINAL POLYNOMIAL, WE CHECK THE NEGATIVE OF THE FIRST FACTOR. 

THEN WE CHECK THE SECOND FACTOR AND SO ON. AS SOON AS WE SET ANY 

FACTOR WHICH SATISFIES THE POLYNOMIAL, WE IMMEDIATELY DIVIDE THE 

POLYNOMIAL AS BEFORE AND CONTINUE "^URTHER. WE TAKE PARTICULAR PRE­

CAUTIONS THAT IF A FACTOR DOES NOT SATISFY THE POLYNOMIAL, WE DO 

NOT TEST THAT FACTOR IN THE NEW POLYNOMIALS WHICH ARE OBTAINED 

AFTER DIVIDING THE .ORIGINAL POLYNOMIAL BY LINEAR POLYNOMIALS. WE 

ONLY CHECK THE SUBSEQUENT FACTORS. IN THE PROCESS WE FIND ALL 
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FACTORS OF THE LAST NON-ZERO COEFFICIENT OF THE ORIGINAL POLYNOMIAL 

ONLY ONCE. WE DO NOT CALCULATE THE FACTORS OF THE LAST NON-ZERO 

COEFFICIENTS OF OTHER POLYNOMIALS OF SMALLER DEGRESS WHICH ARE 

OBTAINED DURING THE PROCESS OF DIVISION. CONTINUING TILL THE END, 

THERE ARE 3 POSSIBILITIES. 

1. ALL ZEROS HAVE BEEN OBTAINED. WE PRINT THEM TOGETHER 

WITH AN APPROPRIATE MESSAGE. IN THIS CASE THE LAST ZERO 

WILL ALWAYS BE OBTAINED FROM A LINEAR POLYNOMIAL. 

2. SOME OF THE ZEROS HAVE BEEN OBTAINED BUT NOT ALL. IN 

THIS CASE THE LAST POLYNOMIAL WILL BE OF DEGREE AT LEAST 

2 AND NONE OF THE REMAINING FACTORS, IF ANY, OF THE LAST 

CO-EFFICIENT OF THE ORIGINAL POLYNOMIAL WILL SATISFY THE 

LAST POLYNOMIAL. SO WE PRINT THE ZEROS OBTAINED 

TOGETHER WITH ANOTHER APPROPRIATE MESSAGE. 

3. NONE OF THE ZEROS ARE INTEGERS. IN THIS CASE WE ONLY 

PRINT AN APPROPRIATE MESSAGE. 

THE SUBROUTINE CALLED FAC HAS BEEN WRITTEN BY MY TEACHER. IT 

GIVES ALL FACTORS OF A GIVEN NATURAL NUMBER. FIRST WE CALCULATE 

THE irJTEGER PART OF THE SQUARE ROOT OF THE GIVEN NUMBER BY THE 

USUAL ALGORITHM GIVEN IN ARITHMETIC BOOKS. WE DO NOT DO THIS BY 

USING THE SORT FUNCTION OR WRITING A*-*0.5. IN THIS WAY WE ENSURE 

THAT ONLY INTEGER ARITHMETIC IS USED AND NOT REAL ARITHMETIC. THUS 

THE LIBRARY FUNCTIONS ALOG AND EXP ARE ALSO NEVER INVOKED. ME SET 

A LIMIT EQUAL TO THIS NUMBER. THEN WE PUT DIV=2 (THE FIRST PRIME). 

(1) WE CHEC;-. WHETHER DIV IS GREATER THAN THE LIMIT. IF IT IS SO, 
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AND A6AIN COMPARE THE NEXT PRIME WITH THE LIMIT AND SO ON. IF DIV 

DIVIDES THE NUMBER, WE STORE DIV AS THE FIRST PRIME FACTOR AND 

AGAIN DIVIDE THE QUOTIENT BY THE SAME DIV AS MANY TIMES AS WE FIND 

THAT DIV DIVIDES THE QUOTIENT. WE GO ON INCREASING THE POWER OF 

THE FIRST PRIME FACTOR. IF DIV DOES NOT DIVIDE THE QUOTIENT 

FURTHER, WE AGAIN FIND THE INTEGRAL PART OF THE SQUARE ROOT OF THE 

QUOTIENT. WE HAKE LIMIT EQUAL TO THIS NUMBER AND PUT DIV EQUAL TO 

THE NEXT PRIME. THEN WE REPEAT THE PROCESS FROM STEP (1). IF IN 

THE PROCESS OF DIVISION THE QUOTIENT BECOMES UNITY, WE TERMINATE 

THE PROCESS. THE PROCESS CAN ALSO BE TERMINATED IN ANOTHER WAY, IF 

IN THE END WE FIND THAT THE NEXT PRIME CALLED DIV IS GREATER THAN 

THE INTEGER PART OF THE SQUARE ROOT OF THE LAST QUOTIENT, IN WHICH 

3ASE THE LAST QUOTIENT WILL BE A PRIME. ONCE ALL THE PRIME FACTORS 

TOGETHER WITH THEIR POWERS ARE OBTAINED, THE CALCULATION OF ALL 

FACTORS PRESENTS NO FURTHER DIFFICULTY. 

THE t£X£CUTION OF THE SUBRuUTIN'[£ CALLED FAC DEFENDS ON THE F'ACT 

THAT ALL PRIMES UPTO A CERTAIN LIMIT MUST BE STORED IN AN ARRAY IN 

ADVANCE. FOR THIS PURPOSE WE USE ANOTHER SUBROUTINE CALLED STORE, 

WHICH HAS BEEN WRITTEN BY MY TEACHER AND PUBLISHED IN THE PROCEED­

INGS OF A WORKSHOP ON COMPUTER APPLICATIONS HELD IN ROORKEE UNIVER­

SITY IN 1986. WE REQUIRE ALL PRIMES UPTO THE SQUARE ROOT OF THE 

GREATEST INTEGER LIMIT OF THE COMPUTER ON WHICH WE ARE WORKING, 

PLUS ONE PRIME EXTRA. IN OUR CASE, THE MAXIMUM LIMIT IS 32767 AND 

THE INTEGER PART OF THE SQUARE ROOT IS ISl. THE NEXT PRIME IS 191 

AND SO WE HAVE TO STORE 43 PRIMES IN ALL FROM .: THROUGH I'̂ l. THAT 
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IS WHY WE HAVE SPECIFIED THE SIZE OF THE ARRAY CONTAININS PRIMES AS 

43 IN OUR PROGRAMS. IF WE WOKK ON ANY OTHER COMPUTER, THE SIZE 

WILL CHANGE. ALSO FOR ANY NUMBER < 32768, THERE CAN BE MAXIMUM 6 

DISTINCT PRIME FACTORS. SO WE HAVE SPECIFIED THE SIZES OF THE 

ARRAYS CONTAINING PRIME FAC") JRS OF A NUMBER AND CONTAINING POWERS 

OF THOSE FACTORS AS 6 EACH. FURTHER, THE MAXIMUM NUMBER OF ALL 

FACTORS FOR ANY NUMBER < 32768 IS 96. (ONE SUCH NUMBER IS 32760.) 

SO WE HAVE SPECIFIED THE SIZE AS 96 IN THE ARRAY WHICH CONTAINS ALL 

THE FACTORS OF ANY NATURAL NUMBER. OF COURSE, ALL THESE SIZES ARE 

SUBJECT TO CHANGE AND IF WE HAVE TO WORK THESE PROGRAMS ON ANY 

OTHER COMPUTER, THEY WILL BE CHANGED. 

AFTER STORING ALL THE FACTORS OF THE LAST NON-ZERO COEFFICIENT 

OF THE POLYNOMIAL IN AN ARRAY, WE SORT THEM OUT IN ASCENDING ORDER 

BY USING 'SELECTION AND INTERCHANGE' METHOD IN ANOTHER SUEiROUTINE 

CALLED SORT. THE COMPLETE PROGRAM FOR CALCULATING ALL INTEGER 

ZEROS OF A MONIC POLYNOMIAL, TOGETHER WITH ALL SUBPROGRAMS, NAMELY, 

FAC, STORE, SORT, SG'RUT AND POLDIV IS GIVEN ON THE SUCCEEDING 

PAGES. THE LAST SUBROUTINE CALLED POLDIV IS IN FACT A SUBROUTINE 

WHICH DIVIDES A MONIC POLYNOMIAL OF DEGREE 1 BY A LINEAR POLYNO­

MIAL OF THE FORM X-P . 
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DIMENSION IC0F<25) , I T Z ( 2 5 ) , IFAC<96) 
INTEGER PR(43) 
C0MMDN/A1/PR/B1/IC0F,NC,IC/C1/IFAC,NF/D1/KK 
CALL STORE 
WRITE ( 1 , 7 ) 

7 FORMAT ( -X , 'THIS PROGRAM FIND ALL INTEGER ZEROS OF A MONIC 
1, IX , 'POLYNOMIAL' ) 

19 WRITE(1,27) 
27 FORMAT(IX,'TYPE THE DEGREE OF THE POLYNOMIAL IN FORMAT ( 12 ) ' 

1/ IX , 'FOR STOPPING : PLEASE TYPE 0' ) 
READd ,47) ID 

47 FORMAT(.2) 
IF(ID)89,799,140 

89 WRITE(1,117) 
117 FORMAT(1X,'DATA ILLEGAL, KINDLY TYPE AGAIN') 

60 TO 19 
C TEST WHETHER THE GIVEN DEGREE WILL CROSS THE DIMENSION 
140 IF(ID.GT.25)G0 TO 669 

WRITEd ,167) 
167 FORMAT(IX,'TYPE ALL THE COEFFICIENTS OF THE POLYNOMIAL' , IX , 

I'lN FORMAT ( 1316 )' ) 
READd ,187) (ICOF(K) ,K=1 ,ID) 

187 FORMAT( 1316 ) 
NC=ID 
NZ=0 

C TEST WHETHER 0 IS ONE OF THE ZEROS OF THE POLYNOMIAL 
DO 211 J=l,10 
IF(ICOF(NC).NE.O)GO TO 242 
NZ=NZ+1 
ITZ(NZ)=0 

211 NC=NC-1 
SO TO 450 

C IF THE DEGREE OF THE POLYNOMIAL IS 1 , THEN THE NEGATIVE OF THE 
C CONSTANT TERM WILL 3E THE LAST ZERO OF THE POLYNOMIAL 
242 IF(NC.NE.1)60 TO 275 
25o NZ=NZ+1 

ITZ(NZ)=-ICOFd) 
GO TO 450 

C FIND ALL THE FACTORS OF THE LAST NON-ZERO COEFFICIENT 
275 NEFC=0 

\ r=IABS(ICOF(NC)) 
CALL FAC 

300 NEFC=NEFC+1 
IF(NEFC.GT.NF)GO TO 525 
IC=IFAC(NEFC) 

C CHECl. WHETHER A PARTICULAR FACTOR SATISFIES THE POLYNOMIAL 
335 ISUM=1 

DO 377 \ =1,NC 
377 ISUM=ISUM*IC+ICaF(M 
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IF(ISUM.EQ.O)GO TO 406 „^^„^,.,^ 

C TEST WHETHER THIS FACTOR IB NEGATIVE 
IF(IC.LT.O)SO TO 300 
IC=-IC 
GO TO 335 

406 NZ=NZ+1 
ITZ(NZ)=IC 
CALL FOLDIV 
IF(NC.E0.1)G0 TO 256 
GO TO 335 

450 WRITEd ,437) (ITZ(J) ,J=1 ,NZ) 
487 FORMAT(IX,'ALL THE ZEROS OF THE POLYNOMIAL ARE INTEGERS AND ARE 

1/<1X,11I7)) 
GO TO 19 

525 IF(NZ.EQ.O)GO TO 589 
C THE NUMBERS OF INTEGER ZEROS AND NON-INTEGER ZEROS ARE COMPUTED 

NUMZ=ID-NZ 
WRITE<1,567)NUMZ,NZ,(ITZ(J) ,J=1 ,NZ) 

567 FORMAT(1X,'THERE ARE ',12,' NON-INTEGER ZEROS OF THE POLYNOMIAL' 
1/1X,'THE ',12,' INTEGER ZEROS OF THE POLYNOMIAL ARE'/ 
2(1X,11I7)) 
GO TO 19 

589 WRITEd,617) 
617 FORMAT(IX,'THERE ARE NO INTEGER ZEROS OF THE POLYNOMIAL') 

60 TO 19 
669 WRITE(1,697) 
697 FORMAT(IX,'THE GIVEN DEGREE WILL CROSS THE DIMENSION,', 

1' CHANGE DIMENSION') 
799 STOP 

END 
C THIS SUBROUTINE DIVIDES A MONIC POLYNOMIAL BY A LINEAR POLYNOMIAL 

SUBROUTINE FOLDIV 
DIMENSION IC0F(25) 
COMMDN/B1/ICOF,NC , ID 
NC=NC-1 
IC0F(1)=IC0F(1)+ID 
IF'NC.ED.1)RETURN 
DO 122 1=2,NC 

122 IC0F(I)=IC0F(I)+ID*IC0F(I-1) 
RETURN 
END 
SUBROUTINE FAC 
INTEGER PRIME(43) ,FACT(6) ,POWER(6) ,FACTOR(96) ,SDRUT,DIV,QU0T, 

IPROD,FACTM ,POWERM 
C0MM0N/A1/PRIME/C1/FACT0R,N/D1/NUMBER 
IF(NUMBER.6T.1)GO TO 202 
N=l 
FACTOR(1)=1 
RETURN 

202 N1=NUMBER 
J=l 
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DIV=2 
IND=1 

245 1=1 
C FIND ALL PRIME FACTORS OF NUMBER WITH THEIR POWERS 

LIMIT=SQRUT(N1) 
284 IF(DIV.GT.LIMIT)GO TO 475 
295 aUOT=Nl/DIV 

IF(N1.GT.QUOT*DIV)GO TO 450 
GO T0(306,418),1 

306 N0F=N0F+1 
POWER(N0F)=1 
GO TO(352,553),IND 

352 FACT(NOP)=DIV 
1=2 

375 N1=QU0T 
IF(N1 .EQ.DGO TO 585 
DD JD 29^' 

418 POWER(NOP)=P0WER(N0F)+1 
GO TO 375 

450 J=J+1 
DIV=PRIME(J) 
GO TO(284,245),1 

475 IND=2 
60 TO 306 

553 FACT(N0F)=N1 
585 M=l 

N=l 
FACTOR(1)=1 
PR0D=1 

C FIND ALL THE FACTORS OF NUMBER 
620 FACTM=FACT(M) 

POWERM=POWER(M) 
LIMIT=PROD*POWERM 
DO 677 Jl=l,LIMIT 
N=N+1 

677 FACTOR (N) =FACTOR (N-PROD) -̂ FACTM 
IF(M.EQ.NOF)GO TO 700 
PROD=PROD+LIMIT 
M=M+1 
GO TO 620 

700 IF(N0F.GT.1)CALL SORT 
RETURN 
END 

C THIS SUBROUTINE GENERATES ALL THE PRIME NUMBERS UPTO A CERTAIN 
C LIMIT 

SUBROUTINE STORE 
INTEGER P(43) ,PRMSD ,FRMP'RD ,DIV ,PMP1 
COMMON/Al/P 
P <1)=2 



P(2)=3 
P(3)=5 C Q 
P(4)=7 *5^ 
P(5)=ll 
P(6)=13 
f.=6 
M=2 
PRMS0=25 
PRMPRD=35 
IND=1 
N=17 

202 GO 10(240,270),IND 
240 IF(N.LT.PRMSQ)GO TO 310 

I ND=2 
SO TO L=iOO 

270 IF(N.EO.PRMPRD)GO TO 480 
310 DO 344 J=2,M 

niV=P(J) 
IF(N.EQ.N/DIV*DIV)GO TO 500 

344 CONTINUE 
f.=K+l 
P(K)=N 
IF(N.GT.181)RETURN 

C MAXIMUM LIMIT FUR THIS PARTICULAR COMPUTER IS 181 
GO TO 500 

480 IND=1 
M=M+1 
PMP1=P(M+1) 
PRMSQ=PMP1*PMP1 
PRMPRD=PMP1*p(M+2) 

500 N=N+2 
GO TO 202 
END 

C THIS PROGRAM CALCULATES THE INTEGER PART OF THE SQUARE ROOT OF A 
C NUMBER BY ARITHMETICAL METHOD 

INTEGER FUNCTION SQRUT(N) 
INTEGER PAIR(3),OUOT,PAIRI,SQRUT2,REM,DVND,TRDIV,TRQT 
NN=N 
1 = 1 

C MAKE PAIRS STARTING FROM THE RIGHT 
202 QUOT=NN/100 

PAIR(I)=NN-100*QUOT 
IF((3U0T.EQ.0)G0 TO 226 
1 = 1 + 1 
NN=QUOT 
GO TO 202 

C CALCULATE THE INTEGER PART OF THE SQUARE ROOT 
226 PAIRI=PAIR(I) 

DO 233 NLS=1 ,8 
SQRUT=10-NLS 



SQRUT2=SGRUT*S0RUT 
I F ( P A I R I .GE.S0RUT2)6D TO 2 5 3 nr\ 

233 CONTINUE ^ ^ 
S0RUT=1 

253 REM=FAIRI-SDRUT>SDRLIT 
353 I F ( I . E G L . D R E T U R N 

1 = 1-1 
D'v'ND=REM^ 1 Otj+F'A IR (1 ) 
TRDIV=20-^S0RUT 
TRCT=DVND/TRDIV 
IF(TROT.GT.^)TR0T=9 

361 REM=D'v'ND- (TRDIV+TRDT) *TROT 
IF(REM.GE.O)BO TO 400 
TRDT=TR0T-1 
GO TO 36: 

400 SDRUT=SDRUT*1U+TR0T 
GO TO 353 
END 

C THIS SUBROUTINE ARRANGES A GIVEN SET OF NUMBERS IN ASCENDING 
C ORDER 

SUBROUTINE SORT 
INTEGER FAC(96),SMALL,COPY 
CQMM0N/C1/FAC,L 
LM1=L-1 
DO 244 1=1,LM1 
IF1=1+: 
NSMHLL=IP1 --^^ 
SMALL =F-"AC(NSMALL) 
IF (I .EO.LMDGO TO 183 
IP2=I+2 
DO 122 t =IP2,L 
IF(SMALL.LE.FAC(K))GD TO 122 
NSMALL=K 
SMALL=FAC(NSMALL) 

122 CONTINUE 
183 IF<SMALL.6E.FAC(I))G0 TO 244 

COPY=FAC(I) 
FAC(I)=SMALL 
FAC(NSMALL)=COPY 

^44 CONTINUE 
RETURN 
END 

// 
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ALGORITHM FOR CALCULATING ALL RATIONAL ZEROS OF A POLYNOMIAL 
(NOT NECESSARILY MONIC) WITH INTEGER COEFFICIENTS 

Assume that the zeros of the polynomial are 

X,, x-/ x^,..., X . If we multiply them by a natural number 

k and form another polynomial whose zeros are kx,, kx2/ 

kx-v,..., kx , then by a suitable choice of k, the other 

polynomial can be monic, still having all integer 

co-efficients. In fact, if the original polynomial is 

a x + a,x + a_x +...+ a ,x+a , o 1 2 n-i n 

where ng N and a , a,, a-,..., ^o-l' ̂ n ^ ̂ ' ^^^^ ^^ ^^ 

easy to see that if we multiply all its zeros by ja | , 

then the other polynomial having its zeros as ja | x,, 

la I x„, la I x^,...| a | x will certainly be monic and 
' o ' 2 i o ' 3 ' o ' n ^ 

have all its coefficients in Z. Notwithstanding this fact, 

in most cases we can find a natural number k, much smaller 

than a , which will do the job equally well. For exarrple, 

we consider the polynomial 

-24x^ + 84x^ - 126x - 27. 

In this case | a [ = (-24 | = 24. But instead 

of multiplying all its zeros by 24, if we multiply them 

by 2, we get the polynomial 

-24x^ + 168x^ - 504x - 216 

or, equivalently, 

x^ - 7x^ + 21x + 9, 
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which is monic and has all its coefficients in Z. So 

first of all we develop an algorithm for calculating the 

natural number 
least/ which will do the trick. In fact, if all zeros of a 

cwwl 
particular polynomial happen to be rational/^ if we express 

them in lowest terms, this number k will be just the 

L.C.M. of the denominators of all the zeros. But in the 

general case we cannot make this statf^ment. Still the 

existence of k is beyond doubt. At worst, k can be | a | . 

Let the given polynomial be 

n , n-1 , n-2 , , , ,,. a x + a,x +a^x +...+a ,x + a , (1) o 1 2 n-1 n' 

where we assume that n eN, â > o, a , a,, a-i.-.ra e Z, and 

(a , a,, a-,..., a ) = 1. If a =1, k v/ill be 1 and we 

are through. 

Otherwise let a = n p. i , where r e N, p. 
o , X 1 

1=1 

is a prime for all i E {1,2,3,,.., r } and e. eN for all 

ie {1,2,3,..., r} 
Naturally k will also be of the form 

r î 
k = u p. , where 1 ^f. ^ e • ^ i t{ 1,2,3, 

i=l ^ ^ ^ 

..., r } . To fix the ideas, we assume that r =1, so that 

e f a = p , k = p , l^f^e,p being a prime. Then, after 

putting kx = y, the given polynomial becomes 

â ( Z r ' ^ a, ( ̂  )"-i ..... a^_,( ^) - a^ , 
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which has the same zeros as the polynomial 

3.-, K , Q^K _ ^ a -. K a K 
n , 1 n-1 , 2 n-2 , n-1 . n 

y + — y + — y + • •. + ŷ +-^ 

(2) 

m, ^2 m 
Now assume that p || a,, p ] \ a^f.-.p | 

a , n 

where m. > a i e { 1,2,3,...,n} 

By p^ I I N we mean that p^ | N but p̂ "̂""- If N. 

For example, we say that 2 I I 96 because 2 | 96 but 

6 / 2 4 96. If all coefficients of the polynomial (2) are 

in Z, then we must have 

m, + f >, e, m, + 2f >, e, m.. + 3f ̂ e,..., m + nf >, e 

~ > e-f^m,, e-^f^m^, e-3f<m2,..., e-nf <̂  m . 

•=> f>e-m, 2f^e-m^, 3f:>, e-m^ , . . . , nf > e-m 

~^ t >^ e-m^, f ̂  2 
e-m- e-m-, e-m^ 

2 . f; 3 J n_ 

=> f = max j - — ^ . — 
l^i ̂  nl L ^ 

i e{l,2,3,..., n} 

If any m • >, e, we can omit it while taking the maximum, 

because f> 0 is evident. Similarly, if any m. is such that 

e >m. > e-i, we can omit it also, because in that case 

we shall get -V-^\ 1 and f :jl is also otherwise 

evident. So we should consider only those m., if any, 

which are less than e-i. If there is no such m., we must 
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take f = 1, k = p. Otherwise we should write 

= max - j — I , 
i;< i ̂  n L ^ J 

f = max -I—7 I , k = p 

m.;$e-i 
1 

(We have assumed that the H.C.F. of a ,a,,a^,..., a is unity, 

So at least 1 m. should be zero.) 

We can repeat this process for every prime p. and 

obtain f.e N for every value of i from 1 to r, both 

inclusive. Then we can write 

r f. 
k = n p- ^ • 

i=l 

These computations can be easily carried out by 

a nest of 2 DO loops, 1 for r and 1 for n. While we 

are in the DO loop, we shall i«i|jore all coefficients, if 

any, which happen to be zero. 

The program for finding k is given on the 

succeeding pages. 
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DIMENSION ICOF ( 26 ) , INCO ( 26 ) , IFAC ( 6 ) , NF ( 6 ) 
INTEGER PR ( 43 ) 
COMMON / Al / PR / CI / IFAC , NF , NT / Dl / KK 
CALL STORE 
WRITE ( 1 , 7 ) 

7 FORMAT ( IX , 'THIS PROGRAM FINDS THE LEAST NATURAL NUMBER' 
1 , IX , 'BY WHICH ALL ZEROS' / IX, 'OF A POLYNOMIAL SHOULD BE' 
1, IX , 'MULTIPLIED SO THAT THE POLYNOMIAL RECONSTRUCTED FROM' 
1/ IX , 'THE NEW ZEROS MIGHT BE MONIC ) 

79 WRITE (1 , 107 ) 
10-7 FORMAT < IX , 'TYPE THE DEGREE OF THE POLYNOMIAL IN FORMAT (12)') 
791 READ ( 1 , 127 ) ID 
127 FORMAT ( 12 ) 

IF ( ID ) 149 , 599 , 205 
: :9 WRITE (1 , 167 ) 
167 FORMAT ( IX , 'DATA ILLEGAL , KINDLY TYPE AGAIN' ) 

GO TO 791 
205 IF ( ID .GT. 25 ) GO TO 549 

NC = ID + 1 
WRITE ( 1 , 287 ) 

287 FORMAT ( IX , 'TYPE ALL COEFFICIENTS OF THE POLYNOMIAL IN' 
1, IX , 'FORMAT ( 1316 ) ' ) 

7000 READ ( 1 , 327 ) ( ICOF ( J ) , J = 1 , nC ) 
327 FORMAT ( 1316 ) 

IF ( ICOF ( 1 ) .EQ. 0 ) GO TO 1491 
WRITE ( 1 , 768 ) 

768 FORMAT ( IX , 'THE COEFFICIENTS OF THE POLYNOMIAL ARE GIVEN' , 
IIX , 'BELOW:-' ) 
WRITE ( 1 , 337 ) ( ICOF ( J ) , J = 1 , NC ) 

337 FORMAT ( IX , 1117 ) 
LN = 1 

C IF THE LEADING COEFFICIENT IS 1 OR -1, THEN LN = 1 
IF ' TABS ( ICOF ( 1 ) ) ,ED. 1 ) GO TO 489 
MHCF = NHCFJ ( ICOF , NC ) 
IF ( NHCF .EQ. lABS ( ICOF ( 1 ) ) ) 60 TO 489 
DO 355 J = 1 , NC ' 

355 INCO ( J ) = ICOF ( J ) / NHCF 
KK = lABS ( INCO ( 1 ) ) 
CALL FAC 

C FON A PARTICULAR PRIME FACTOR, CALCULATE THE LEAST POWER 
DO 488 K = 1 , NT 
NF = 1 
IP = IFAC ( K ) 
IE = NF ( K: ) 

DO -i-55 I = :: , NC 
I CAR == I - 1 
IF • ICAR .EQ. IE ) SO TO 488 
IF ( INCO ( I ) .EQ. Q ) GO TO 455 
M = 0 



66 
ITEST = INCO ( I ) 

370 ICHEK = ITEST / IP 
IF ( ITEST .NE. IP * ICHEK ) GO TO 418 
ITEST = ICHEK 
M = M + 1 

C CHECK WHETHER THE COEFFICIENT PLUS THE NUMBER OF TIMES IT IS 
C ALREADY DIVISIBLE IS EQUAL TO THE POWER OF THE FACTOR 

IF ( M + ICAR .ED. IE ) GO TO 455 
GO TO 370 

C CALCULATE THE HIGHEST POWER OF THE CURRENT PRIME FACTOR 
418 ' L = ( I E - M ) / ( I - 1 ) 

IF ( L * ( I - 1 ) .NE. IE - M ) L = L + 1 
IF ( L .6T. KF ) KF = L 

455 CONTINUE 
488 LN = LN * IP ** KF 
489 WRITE ( 1 ^ 517 ) LN 
517 FORMAT ( IX , 'THE LEAST NUMBER REQUIRED =' , IX , 15 ) 

GO TO 79 
549 WRITE ( 1 , 567 ) 
567 FORMAT ( IX , 'THE GIVEN NUMBER WILL CROSS DIMENSION,' , IX , 

1'CHANGE DIMENSION' ) 
599 STOP 
1491 WRITE ( 1 , 800 ) 
800 FORMAT ( IX , 'THE FIRST COEFFICIENT OF A POLYNOMIAL CANNOT BE 

1, IX , 'ZERO' / IX , 'KINDLY TYPE ALL COEFFICIENTS AGAIN' ) 
GO TO 7000 
END 
FUNCTION NHCFl ( ICOF , NC ) 
INTEGER HCF 
DIMENSION ICOF ( 26 ) 
NHCFl = lABS ( ICOF ( 1 ) ) 
DO 122 J = 2 , NC 

122 NHCFl = HCF ( NHCFl , ICOF ( J ) ) 
RETURN 
END 
INTEGER FUNCTION HCF ( I , J ) 
INTEGER REM 
IF ( I .NE. 0 ) GO TO 102 
HCF = lABS ( J ) 
RETURN 

102 IF ( J ,NE. 0 ) GO TO 153 
HCF = TABS { I ) 
RETURN 

153 KOPYl = lABS ( I ) 
K0PY2 = lABS ( J ) 

180 REM = MOD ( K.OPYl , K0PY2 ) 
IF ( REM .NE. 0 ) GO TO 200 
HCF = K0PY2 
RETURN 

200 KOPYl = K0PY2 
K-0PY2 = REM 
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GO TO ISO 

C SUBROUTINE*FAC FINDS THE PRIME FACTORS OF-A NATURAL NUMBER 
C TOGETHER WITH THEIR PRIMES 

SUBROUTINE FAC 
INTEGER PRIME(43) ,FACT(6) ,P0WER(6) ,SQRUT,DIV,QUOT 
COMMON/.Ar / PRIME / CI / FACT, POWER, NOF / Dl / NUMBER 
N1=NUMBER 
J=l 
NOF=0 
DIV=2 
I ND= 1 

245 1=1 
LIMTT=SQRUT(N1) 

284 IF(DIV.GT.LIMIT)GO TO 475 
295 QU0T=N1/DIV 

IFCNl-GT.DUOT*DIV)GD TO 450 
GO TO(306,418) ,1 

306 N0F=N0F+1 
POWER(NOF)=1 
GO TO(352,553),IND 

352 FACT(NOF)=DIV 
1=2 

375 N1=QU0T 
IF(Nl.EQ.l) RETURN 
GO TO 295 

418 POWER(NOF)=POWER(NOF)+1 
GO TO 375 

450 .J=J+1 . 
DIV=PRIME(J) 
GO TO(284,245) ,1 

475 IND=2 
GO TO 306 

553 FACT(NOF)=N1 
RETURN 
END 
SUBROUTINE STORE 
INTEGER P(43) ,PRMSQ,PRMPRD,DIV,PMP1 
COMMON/Al/P 
P(1)=2 
P(2)^3 
P(3)=.5 

" P(4;=7^ 
P(5)=ll 
P(6>=i3 
K=6 
M=2 
PRMSQ=25 
PRMPRD=35 
IND=1 
N=17 



202 GO 10(240,270),INB ^ 
240 IF(N.LT.PRMSQ)GO TO 310 

IND=2 
GO TO 500 

270 IF(N.EQ.PRMPRD)GO TO 480 
310 DO 344 J=2,M 

DIV=P<J) 
IF(N.EQ.N/DI DIV)GO TO 500 

3 4 4 CONTINUE 
K=K:+I 
P(K)=N 
IF(N.6T.181)RETURN 
GO TO 500 

480 IND=1 
M=M+1 
PMP1=P(M+1) 
PRMSQ=PMP1*PMP1 
PRMPRD=PMt- i * P < M+2) 

5 0 0 N=N+2 
GO TO 202 
END 
INTEGER FUNCTION SQRUT<N) 
INTEGER PAIR(3),QUOT,PAIRI,SDRUT2,REM,DVND,TRDIV,TRQT 
NN=N 
1 = 1 

202 QU0T=NN/100 
PAIR(I)=NN-100*QUaT 
I F < Q U 0 T . E Q . 0 ) G 0 TO 226 
1 = 1 + 1 
NN=QUOT 
GO TO 202 

2 2 6 P A I R I = P A I R ( I ) 
DO 233 IMLS=1 , 3 
S0RUT=10-NLS 
S0RUT2=SQRUT*SDRUT 
I F ' , P A I R I .GE.3QRUT2)G0 TO 253 

2 3 3 CONTINUE 
SQRUT=1 

2 5 3 REr i=PAIRI-SORUT*SQRUT 
3 5 3 I F ( I . E O . D R E T U R N 

1 = 1-1 
DVND=REM*100+PAIR(I) 
TRDrv '=20*30RUT 
TROT=DVND/TRDIV 
IF(TRQT.GT.9)TRQT=9 

361 REM=DVND-(TRDIV+TRQT)*TROT 
IF'REM.GE.OGO TO 400 
TRQT=TRQT-1 
GO TO 361 

400 SQRUT=SQRUT*10+TRDT 
GO TO 353 
END 
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Once we have calculated k, we calculate the coeffiqients 

of the new polynomial whose zeros are k times the z^ros 

of the given polynomial. We divide all cpeffiqients t>y 

the leading coefficients. All the new coefficients will be 

integers even after division. Now we can use the previous 

program for calculating all its integer zeros, because the 

new polynomial is monic. Then we divide all zeros by k and 

get the rational zeros of the original polynomial. For 

example if the integer zeros are - 8, 9, 15, and k = 6, the 

4 3 5 
zeros of the original polynomial will be - ̂  , -K- and j, • 

The program for calculating the rational Z'̂ r̂os 

is given on the succeeding pages. Here we have made use of 

the program for calculating k ( which we have changed intp 

a FUNCTION Subprogram ), and also of the earlier prggram 

for calculating all ihteger zeros gf a monic polynomial 

(which we have chang.ed into a SUBROUTINE Subprogram ).,In 

the end we divide all the zeros by k through a DO loop 

and before printing them, we reduce them back to lowest 

terms, using the FUNCTION Subprogram called HCF. 
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INTEGER HCF 
DIMENSION INCDF 2c ) , NUM ( 25 > ,1 DEtJ ( 25 ) , IP ^ 43 ) 
DIMENSION NEWrO'=" • 25 ) 
COMMON / Al / IF' 
WRITE ^ 1 , 3 00 ) 

10(. FORMAT ( IX , 'THIS PROGRAM CALCULATES A^L RATION^^ ZERCl OF A 
IIX , 'POLYNOMIAL' / IX , 'WITH INTEGER COEFFICIENTS • 
CALL STORE 

<D WRITE ( 1 , 200 ) 
200 FORMAT ( IX , 'TYPE THE DEGREE OF THE POLYNOMIAL IN FORMAT^12) 
6^ READ (1 , 3 ) ID 
3 FORMAT ( 12 ) 

IF ( ID ) 61 , 62 , 63 
61 WRITE ( 1 , 500 ; 
500 FORMAT ( IX , 'DATA ILLEGAL, PLEASE TYPE AGAIN' ) 

GO TO 69 
63 IF ( ID .GT. 25 ) GO TO 75 

NC = ID + 1 
WRITE • 1 , 900 ) 

9C\> FORMAT ( 1>; , 'TYPE ALL COEFFICIENTS OF THE POLYNOMIAL IN' , 
IIX , 'FORMAT ( 1316 )' ) 

2900' READ (1 , 91 ) ( INCDF ( I ) ,1 = 1 , NC ; 
91 FORMAT ^ 1316 ) 

IF ( INCOF ( 1 ) .NE, 0 ) GO TO 205 
WRITE ( 1 , 275 ) 

275 FORMAT ( IX , 'THE LEADING COEFFICIENT CANNOT BE ZERO, PLEASE' 
UX ,• 'TYPE ALL COEFFICIENTS AGAIN' ) 
60 TO 2900 

C CHANGE THE LEAST VALUE PROGRAM INTO A FUNCTION SUBPROGRAM ANE 
C CALL IT K'P 
205 WRITE ( 1 , 888 ) 
8SS FORMAT ( IX , 'THE COEFFICIENTS OF THE POLYNOMIAL ARE GIVEN' , 

IIX , 'BELOW:-' ) 
WRITE ( 1 , 889 ) ( INCOF ( I ) , I = 1 , NC ) 

889 FORMAT ( IX , 1117 ) 
N = KP ( INCOF , NC ) 
DO 5081 I = 2 , NC 

5081 INCDF ( I ) = INCOF ( I ) * N ** ( I - 1 ) 
KDIV = INCOF ( 1 ) 
DO 5082 I = 1 , ID 

5082 NEWCOF ( I > = INCOF ( I + 1 ) /KDIV 
C CHANGE THE PROGRAM FOR CALCULATING ALL ZEROS OF A MONIC 
C POLYNOMIAL INTO A SUBROUTINE SUBPROGRAM AND NAME IT SUBR 

CALL SUBR ( NEWCOF , ID , NUM , M ) 
IF ( M .EO. 0 ) GO TO 15 
IF ( M .LT. ID ) GO TO 25 
WRITE ( 1 , 71 ) 

71 FORMAT ( IX , 'ALL ZEROS OF THE POLYNOMIAL ARE RATIONAL' 
251 DO 513 KK = 1 , ID 
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NHCF = i-iCF < WUM ( Kf. / , N > 
NlIM ft ^ = NUn ^ t f ^ / NHCF 

51C I EiEr n ) = N fvJMC" 
WRITE ^ 1 , 2:Z 

:•:! -D'̂ r.A-' ^ 1> . T H E N J M E F A T O R S OF T H E Z E F O E A F E blVEN BELDUJ: ^ 
W^ITE ' 1 . SP' ) NJt̂ ^ ' I ~ , 1 ^ . , ID ) 
WFITE 1 . OIZ 

31E FOR'̂ IAT ' 1> , THE DEK'OMINATOFE D- T-:; ZEROS ARE BIVEN BELOW:-'-; 
WRITE I I , £3- / ' t DEN { 2 / , I = 1 , ID ) 
Z'Q TO 6 

Zf' WRITE ( 1 , 7i!CC J M 
7>")o2 FORhAT >, 1> , 'ONL\ , 1> , IE , 1 •• . 'ZEROS OF THE POLYNOMIAL', 

IIX , ARE RATIONAL 
ID == M 
GD TO 2̂ .1 

1-̂. WRITE ( 1 , 705'.' ) 
7050 FORMAT » 1> , 'THZ FOu\NOMIAL HAS NO RATIONAL ZEROS" ) 

GO TO t 
75 WRITE ( 1 , 756 ) 
75t. FORMAT i THIS DEGREE WILL CROSS THE DIMENSION,' , 

IIV , 'CHArJFL DIMENSION ) 
62 ETOF 

END 
FUNCTION f F \ INCO^ , NC > 
DlMEI-JSIOlv' lNi.Q- ' 24.. ) , IFAC r ) , NF ^ to ̂  
LOMHOIM' LI IFAC , NF , U't ' Dl M / Fl / INDE> 
f F = 1 
IF ^ lABS ( INCUF ' . ) ) .EO. ] ^ RETURN 
NHCF =• NHCFl ^ ' NCOF , NC ) 
IF ( NHCF .EO. TABS ( INCOF < 1 ) ) ) RETURN 
DO 355 J = 1 , NC 

355 INCOF ( J ) = INCOF ( J ) / NHCF 
f f = lABS ( INCOF ( 1 ) ̂  
INDEX ^ 1 
CALL FAC 
DO 488 K = 1 , NT 
f.'F = 1 
IP = IFAC ( K ) 
IE = NF ( K ) 
DO 455 I = 2 , NC 
ICAR = 1 - 1 
IF ( ICAR .EQ. IE ) BO TO 488 
IF ( INCOF ( I ; .EO. 0 ) GO TO 455 
M = 0 
ITEST = INCOF ( I ) 

370 ICHEK = ITEST / IP 
IF ( TTEST .NE. IP * ICHEF ) 60 TO 418 
ITEST = ICHEK 
M = M + 1 
IF ( M + ICAR .EO. IE ) GO TO 455 



GO TO 370 
418 L = ( I E - M ) / ( I - 1 ) ^2 

IF ( L > ( I - 1 ) ,NE. IE - M ' L - L + . 
IF ( L .GT. f F ^ J F - L 

455 CONTINUE 
4SZ ^ P = \ F ^ IP *• f F 

RETURN 
END 
FUNCTION NHCFl ( I COP , NC ) 
INTEGER HCF 
DIMENSION ICOF ( 26 ) 
NHCFl = lABS ( ICOF ( 1 ^ ) 
DO 122 J = 2 , NC 

122 NHCFl = HCF ( NHCFl , ICOF • J ) '> 
RETURN 
END 
INTEGER FUNCTIPr HCF ( I , J ' 
INTEGER REM 
IF ( I .NE. 0 ) 60 TO 102 
HCF = lABS ( 3 ) 
RETURN 

102 IP ( J .NE. 0 > SO TO 153 
HCF = lABS ( I ) 
RETURN 

153 i 0PY2 = IABE ( I 
\ OPYl = IABB ( J -

180 REM = MOD >> [ OPYl , t OP. 1 ̂  
IF ( REN .NE. 0 ) GO TD 200 
HCF = kOPYl 
RETURN 

200 K0PY2 = KOPYl 
t;0PYl = REM 
GO TO 180 
END 
SUBROUTINE SUBR ( ICOF , ID , ITZ , NZ ) 
DIMENSION ICOF ( 25 ) , ITZ ( 25 ) , IFAC ( 96 ) 
COMMON / CI / IFAC , NF / Dl / KK / Bl / NC , IC / Fl / INDEX 
NC = ID 
NZ = 0 
DO 211 J = 1 , ID 

211 

242 
256 

275 

IF < ICOF ( NC ) .NE. 0 ) 60 TO 242 
NZ = NZ + 1 
ITZ ( NZ > = 0 
NC = NC - 1 
RETURN 
IF ( NC .NE. 1 ) GO TO 275 
NZ = NZ + 1 
ITZ ( NZ J = - ICOF ( 1 ) 
RETURN 
NEFC = 0 
KK = lABS ( ICOF ( NC ) ) 
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40t. 

202 

245 

284 
295 

306 

INDEX = 0 
CALL FAC 
NEFC = NEFC + 1 
IP ( NEFC .GT. NF 
IC = IFAC ( NEFC 
I BUM = 1 
DD C77 1 = 1 , NC 
I SUM =- I SUM -̂  IC • 

13 

IF 
IF 
IC 
GO 
N: 
IT: 

( I SUM -ED. 
( IC .LT. 0 
= - IC 
TO 335 
- NZ + 1 

< N : ) 

0 
) GO 

RETURN 

ICDF ( \ ; 
BO TO 40t 
TO 30 :> 

IC 
( ICDF 
1 ) GO 

CALL FOLDIV 
IF ( NC .EQ 
GO TO 335 
END 
SUBROUTINE FOLD I <̂' 
DIMENSION ICDF ( 2 

TO 

/ NC COMMON / 
NC = NC 
ICOF ( i 
IF ( NC 
DO 122 I 
ICO- ( i 
RETURN 
END 
SUBROUTINE FAC 
INTEGER PRIME ( 43 

ISQRUT , DIV , QUOT 

Bl 

- 1 

.EC. 

) = 

( ICDF 
5 ) 
ID 

ICOF ( : ) 
1 ) RETURN 
, NC 
]COF { 1 ) 

ID 

Hi * ICOF 

FACT 
PROD 

( c ) 
FACTM 

COMMON / Al / 
IFACT , POWER 
IF ( NUMBER . 
N = 1 
FACTOR ( 1 ) 
RETURN 
Nl = NUMBER 
J = 1 
NOP = 0 
DIV = 2 
IND = 1 
I = 1 
LIMIT = SQRUT 
IF ( DIV -GT. 
QUOT = Nl / 
IF ( Nl .GT 
SO TO ( 306 
NOP = NOP + 
POWER ( NOP 

PRIME / CI / FACTOR 

POWER ( 
POWERM 
N / Dl / 

6 ) FACTOR ( 96 ) 

NUMBER / El / 
NOP 

GT 

= 1 

Fl 
GO 

/ INDEX 
TO 202 

( Nl ) 
LIMIT ) 

DIV 
QUOT * 
, 418 ) 
1 
) = 1 

GO TO A75 

DIV 
, I 

) GO TO 450 



BO TO ( 352 , 553 ) , IND 
352 FACT ( NOF ) = DIV 7 4 

I = 2 
375 Nl = DUOT 

IF { Nl .EC. 1 ) GO TO 535 
GD TO 2^5 

41B POWER K NOF - = POWER ' NOF ) + 1 
GO TO 375 

450 J = J + 1 
DIV = PRIME ( .J ) 
GO TO ( 284 , 245 -) , I 

475 IND = 2 
GO TO 306 

553 FACT ( NOP ) = Nl 
58S IF ( INDEX .EC. 1 ) RETURK' 

M = 1 
\< = 1 

FACTOR ( 1 ) = 1 
PROD = i 

620 FACTM - FACT ( M ) 
POWERN = POWER ( M ) 
LIMIT = PROD + POWERM 
DO 677 Ti = 1 , LIMIT 
N = N + 1 

677 FACTOR ( N ) - FACTOR ( N - PROD ) * FACTM 
JI ( M .EO. NOF I GO TO 700 
F'ROD = PROL ^ LIMIT 
M = M + 1 
GO TO 620 

700 IF ( NOF .GT. 1 ) CALL SORT 
RETURN 
END 
SUBROUTINE STORE 
INTEGER P ( 43 ) , PRNSQ , PRMPRD , DIV , PMPl 
COMMON / Al / P 
P ( 1 ) = 2 
P ( 2 ) = 3 
P ( 3 ) = 5 
P ( 4 ) = 7 
P ( 5 ) = 11 
P ( 6 ) = 13 
K = 6 
M = 2 
PRMSD = 25 
PRMPRD = 35 
IND = 1 
N = 17 

202 GO TO ( 240 , 270 ), IND 
240 IF ( N .LT. PRMSQ ) GO TO 3l0 

IND = 2 
GO TO 500 



7̂0 IF ( N .EC. PRMPRD ) GO TO 480 '^5 
310 DO 344 J = 2 , n 

DIV = F' ̂  J ) 
IF ( U .EC. '- / DIV > DIV ^ GL TO 50*.) 

344 CONTINUE 
t = I 4 1 

P ( f ) = K 
IF .' li .GT. lE'l ) RETURtJ 
GO TO ?c.)C 

480 IND = 1 
M = M + 1 
PhPl = P <. M -t ' 1 ) 
PRMSO = PMPl * PMP: 
PRMPRD = PhPl > P ( M + 2 ) 

500 N == N + 2 
60 TO 202 
END 
INTEGER FUNCTION SORUT ( N ) 
INTEGEF PAIR ( 3 ) , OUO: , PAIRl , S0RUT2 , F̂ EM , DVND , TRDIV , 
ITRDl 
NN = N 
I = 1 

202 OUQT = NN / lOo 
C'AIR ( 1 ) = fJN - 100 * DUOT 
IF ' DUOT .ED. 0 ,' GO TO 22£ 
1 = 1 + 1 
NN = DUOT 
GO TO 202 

226 PAIRI = PAIR ( I ) 
DO 233 NLS =-1 ,0 
SQRUT = JO - NLS 
S0RUT2 = SORUT ^ Ŝ ?RU7 
IF ( PAIRI -GE. S0RUT2 ) 60 TO 253 

233 CONTINUE 
SQRUT = 1 

253 REM = PAIRI - SQRUT * SQRUT 
353 IF ( I .EO. 1 ) RETURN 

1 = 1 - 1 
DVND = REM * 100 + PAIR ( I ) 
TRDIV = 20 * SQRUT • 
TRQT = DVND / TRDIV 
IF ( TRQT .GT. 9 ) TRQT = 9 

361 REM = DVND - ( TRDIV + TRQT ) * TRQT 
IF < REM .GE. 0 ) GO TO 400 
TRQT = TRQT - 1 
GO' TO 361 

400 SQRUT = SQRUT # 10 + TRQT 
GO TO 353 
END 
SUBROUTINE SORT 
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INTEGER FAC ( 96 ) , SMALL , COPY 
COMMON / CI / FAC , L 
LMl = L - 1 
no 244 1 = 1 , LMl 
IPl = 1 + 1 
NSMALL = IPl 
SMALL = FAC < NSMALL ) 
IF ( I .EQ. LMl ) GO TO 183 
IP2 = 1 + 2 
DO 122 K = IP2 , L 
IF ( SMALL .LE. FAC ( K ) ) GO TO 122 
NSMALL = K 
SMALL = FAC i NSMALL ) 

122 CONTINUE 
1S3 IF ( SMALL .6E. FAC ( I ) ) GO TO 244 

COPY = FAC ( I ) 
FAC ( I ) = SMALL 
FAC ( NSMALL ) = COPY 

244 CONTINUE 
RETURN 
END 

// 
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CHAPTER 3 

PFA'UGRAMS GENERALISINB THE DO LOOP STRUCTURE 

1 . INTRODUCTION 

IN THIS CHAPTER WE SHALL DEVELOP A FEW PROGRAMS WHICH ATTEMPT 

TO GENERALISE THE STRUCTURE OF NESTED DO LOOPS TO SOME EXTENT. AS 

WE ARE AWARE, ""' Z DO STATEMENT IS THE MOST POWERFUL CONTROL STATE­

MENT OF THE FORTRAN LANGUAGE. BUT WHILE FORMING DO LOOPS IN OUR 

PROGRAMS, WE HAVE TO FOLLOW. MANY CONSTRAINTS. IN SOME CASES SUCH 

CONSTRAINTS BECOME SO SEVERE THAT OUR OBJECTIVES ARE ONLY PARTIALLY 

FULFILLED. FOR EXAMPLE, WE CAN, AT LEAST THEORETICALLY, PUT A NEST 

OF AS MANY DO LOOPS IN OUR PROGRAMS AS WE LIKE , SUCH OCCASIONS 

ARISE WHEN WE HAVE TO COMPUTE A FUNCTION OR MAfJY FUNCTIONS OF A 

LARGE NUMBER OF VARIABLES, WHEN EACH VARIABLE TM ES UP MANY VALUES 

AT EQUALLY SPACED INTERVALS, AND ALL VARIABLES CAN VARY INDEPEiJ-

DENTL^ OF EAHM OTHER. rjF EXAMPLE, WE MAY LI,"-E TO EVALUATE SOME 

FUNCTION(G) OF X,r,Z, WHÊ Ê <= 1 .2 d) , i ; Z .5 , f = 5(3)o7, l = -4 .5 ' 1 J Z .5 . 

IN THIS CAGE WE SHALL CONSTRUCT A MEST OF 3 DO LOOPS. IiJ FORTRAN 

IV THERE IS A RESTRICTION THAT ALL THE INDICES OF THE DO LOOPS MUST 

BE STRICTLY POSITIVE MND "IOREOVEF THE C MUST BE INTEGERS. -iLSO -.LL 

T^Z INDEXING PARAMETERS MUST BE STRICTLY POSITIVE. FURTHER, THE 

CALCULATION MUST PROCEED IN INCREASINIG ORDER OF EACH INDEX. F'GP 

EXAMPLE, WE ARE PORBIDDErJ TO WRITE A STATEMENT OF THIS hlND:-

DO 150 I- ̂  15 , 3 , -2 

I'Jt MUST AVOID LOOPS IN WHICH A PARTICULAR INDEX l̂OVES &ACf WA"vDS . 
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EOME 0- THESE RESTRICTIONS HAVE, HOWEVEF , BEEN REMO'.'EL IN THE 

LATEST VERSION OF FORTRAN, NAMELY FORTRAN 77. IN ThJS VERIJOr, WZ 

ALLOW OUR INDICES TO TAKE REAL AND DOUBLE PRECISION VALUES ALSO. 

MOREOVER, ANY OR ALL OF THE INDEXING PARAMETERS CAN BE ZERO OR 

NEGATIVE IN FORTRAN 77. THEREFORE OUP CALCULATIONS ZAN ALSO 

PROCEED BAC^WARDS IN TERMS OF ANY OR ALL INDICES. 

IN FORTRAN IV THERE IS ALSO A RULE THAT IF THE TEST VALUE IE 

ALREADY LESS THAN THE INITIAL VALUE, STILL THE DO LOOP IS EXFrUTEL. 

ONCE, FOR EXAMPLE, AS IN THE FOLLOWING CASE:-

DO 24 J =25 , 23 , 9 

IN FORTRAN 77 THE CORRESPONDING RULE IS THAT IfJ THIS CASE THE DO 

LOOP IS EXECUTED ZERO TIMES, THAT IS, COMPLETELY SI IPPED. IP WE 

SET UP A NEST OF SEVERAL DO LOOPS IN FORTRAN 77, AND IF EVEN IN ONE 

OF THE LOOPS THE TEST VALUE IS LESS "̂ HAN THE INITIAL VALUE, THE 

WHOLE NEST WILL BE SKIPPED. SIMILARLY IN A SITUATION LIKE THE 

FOLLOWING:-

DO 154 M = 15 , 17 , -9 

(WHICH IS ALSO ALLOWED IN FORTRAN 77 BUT NOT IN FORTRAN IV), THE 

CALCULATIONS WILL BE SKIPPED. 

HOWEVER, I FOUND 2 OR 3 BREAT LACUNAE IN THE RULES OF THE DO 

STATEMENT. FIRSTLY, WE CAN EASILY CONCEIVE A SITUATION WHERE WE 

HAVE TO COMPUTE SOME FUNCTION(S) OF MANY VARIABLES, EACH VARIABLE 

TAKING UP MANY EQUALLY SPACED VALUES INDEPENDENTLY OF THE OTHERS, 

BUT THE EXACT NUMBER OF SUCH VARIABLES IN NOT KNOWN IN ADVANCE AT 

THE TIME WHEN WE ARE WRITING THE PROGRAM. IN OTHER WORDS, WE WANT 
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TC GErs'ERAlT f- NEST OF N nO [.DD^'l , WHERE THE VALUE D^ N, BEING ^ 

NATLIRA.̂  NUMBER, IS NOT I NOWN AT PROGRAMniNE TIME. IN FACT, THE 

VALUE 0- N WILL BE ^NDWN ONLY SUBSEOUENTLY AT EXECUTION TIME, I.E., 

WE SHALL HAVE TO fNOW ITS VALUE THROUGH A READ OR INPUT STATEMENT. 

NEITHER -ORTRAN IV NOR FORTRAN 77 ALLOWS FOR SUCH A FACILITY, BUT 

IT IS VERY MUCH APPARENT THAT IN REAL LIFE SITUATIONS SUCH A 

PROBLEM CAN ARISE WHEN WE HAVE TO CALCULATE 

F(X ,X ,X ,...,> > 
1 1 3 N 

WHERE THE VALUE, OF N WILL BE READ BY INPUT AND EACH VARIABLE WILL 

TAI E U'̂  MAN\ EQUALLY SPACED VALUES INDEPENDENTLY OF THE OTHERS. WE 

CAN SET UP THREE 3-DIMENSIONAL ARRAYS A,B,C IN SUCH A SITUATION, 

WHERE X WILL VARY FROM A TO C IN STEPS OF B , X WILL VARY FROM 
1 1 1 1 2 

A TO C IN STEPS OF B , ETC. SOME OR ALL THE LOOPS MAY PROCEED 

FORWARDS OR BACKWARDS ACCORDING TO OUR CHOICE. ALSO IN SOME CASES 

THE TEST VALUE MAY BE LESS THAN THE INITIAL VALUE, THE INCREMENT 

BEING POSITIVE, OR THE TEST VALUE MAY BE GREATER THAN THE INITIAL 

VALUE, THE INCREMENT BEING NEGATIVE. HOWEVER IN NO CASE THE INCRE­

MENT CAN BE ZERO. THE INITIAL OR TERMINAL VALUES CAN, HOWEVER, BE 

POSITIVE, NEGATIVE OR ZERO. THESE VALUES MAY BE INTEGER, REAL OR 

D.P. ACCORDING TO OUR CHOICE. NOW THIS TYPE OF STRUCTURE IS NOT 

POSSIBLE TO WRITE IN THE ORDINARY METHOD OF CREATING DO LOOPS, 

BECAUSE FOR EVERY SEPARATE INDEX WE HAVE TO WRITE A FRESH DO STATE­

MENT AND WE CAN NEVER WRITE N DO STATEMENTS IN A PROGRAM WITHOUT 
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KNOWING THE VALUE OF N IN ADVANCE. 

ANOTHER LACUNA IN Th^ RULES IS THAT OFTEN IN REAL LIFE SITUA­

TION WE WANT THE INDICES OF ALL THE DO LOOPS TO BE DISTINCT. SOME­

TIMES WE DEMAND THAT THE INDEX OF AN INNER DO LOOP MUST ALWAYS BE 

GREATER THAN (LESS THAN. THE INDEX OF AN OUTER DO.LOOP. FOR 

EXAMPLE, IF WE WISH TO PRINT OUT ALL THE PERMUTATIONS OR COMBINA­

TIONS OF THE FIRST N NATURAL NUMBERS, TAKING R AT A TIME, WE CAN 

DO SO BY A NEST OF R DO LOOPS, BUT WE HAVE TO OBSERVE THESE CONS­

TRAINTS. IF THE VALUE OF N IS KNOWN IN ADVANCE, SAY N=3, WE CAN 

WRITE OUR PROGRAM AS FOLLOWS:-

DO 1 I = 1 ,5 
DO 2 J = 1 , 5 
IF (J .ED. I ) GO TO 2 
DO 3 K = 1 ,5 
IF ( K .EQ. I ) GO TO 3 
IF ( h: ,EQ. J ) GO TO 3 

(ACTUAL CALCULATIONS REQUIRED) 

3 CONTINUE 
2 CONTINUE 
I CONTINUE 

BUT IF THE VALUE OF N IS LARGE, SAY 50, SUCH A STRUCTURE WILL BE 

NEXT TO IMPOSSIBLE TO WRITE. IF THE '/ALUE OF N IS NOT r:NOWN AT ALL 

IN ADVANCE, UiE CANNOT E'^'EN THINK OF THE INDICES I,J,K, BUT WE MUST 

CREATE AN ARRAY OF INDICES I a ) , I(2) , I(3) , . . . , I(N) . THEN WE CAN 

MAfE THE COMPARISONS AMONG THESE INDICES BY SETTING UP ANOTHER DO 

LOOP. IN THAT DO LOOP !'JE CAN TEST ^HAT IF J IS NOT EQUAL TO K BUT 

I(.j) = I(K), THEN WE SHALL 30 TO THE RELEVANT CONTINUE STATEMENT. 

NOW THE PROBLEM ARISES j ..vhEFE TO i-.EEP THIS EXTRA DO LOOP"" THE 
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RANGE OF THE ORIGINAL NEST OF DO LOOPS WILL NOT BE THE PROPER PLACE 

TO KEEP I HIS LOOP AND THE CORRECT PLACE IS ONLY OUTSIDE OF IT. 

THEN THE TROUBLE ARISES THAT UNDER THE RULES IT IS NOT PERMISSIBLE 

TO ENTER A NEST OF DO LOOPS FROM A POINT OUTSIDE THAT NEST, OR EVEN 

OUTSIDE SOME OF THE LOOPS. WE CANNOT EVEN THINK OF EXTENDED RANGE 

OF A DO LOOP, BECAUSE EVEN ACCORDING TO THE RULES OF FORTRAN 77, 

ONLY THE INNERMOST DO LOOP CAN HAVE AN EXTENDED RANGE. SUPPOSE 

THAT WE ARE WITHIN 2 OF THE LOOPS BUT OUTSIDE ALL OTHER LOOPS AND 

.WE WISH TO GO TO THE CONTINUE STATEMENT OF THE 2ND DO LOOP. THEN 

WE CANNOT DO SO FROM THE EXTENDED RANGE. THIS SITUATION WILL ARISE 

IF WE HAVE ALREADY DEFINED Id) AND ALSO 1(2) AND THEN WE DISCOVER 

THAT I(2)=I(1); SO WE HAVE TO INCREASE (OR DECREASE) 1(2). NOT 

ONLY FORTRAN, BUT OTHER LANGUAGES ALSO DO NOT PROVIDE FOR SUCH 

SITUATIONS. THEREFORE IN ONE OF MY PROGRAMS I HAVE TRIED TO 

RADICALLY EXTEND AND REFINE THE VERY CONCEPT 'NEST OF DO LOOPS'. 

I HAVE WRITTEN THE PROGRAM ACCORDING TO THE RULES OF FORTRAN IV AND 

NOT ACCORDING TO THE RULES OF FORTRAN 77, THUS I HAVE CONFINED MY­

SELF TO ONLY INTEGER INDICES. HOWEVER, I HAVE ALLOWED THE INDICES 

AND ALL THE 3 INDEXING PARAMETERS TO BECOME POSITIVE, ZERO OR 

NEGATIVE. FURTHER, IT IS POSSIBLE THAT IN THE NEST SOME LOOPS MAY 

PROCEED FORWARDS AND SOME MAY PROCEED BACKWARDS. REGARDING THE 

QUESTION OF THE TERMINAL VALUE ALREADY BEING LESS THAN THE INITIAL 

VALUE IN CASE THE INCREMENT IS POSITIVE, I HAVE FOLLOWED THE RULES 

OF FORTRAN IV, I.E., IN SUCH CASES THAT PARTICULAR LOOP WILL BE 

EXECUTED ONLY ONCE AND NOT ZERO TIMES. SIMILARLY IF THE TERMINAL 
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VALUE IS GREATER THAN THE INITIAL VALUE AND THE INCREMENT IS 

NEGATIVE, THAT PARTICULAR LOOP WILL BE EXECUTED JUST ONCE. WITHIN 

THE INNERMOST DO LOOP I HAVE PRINTED ALL THE INDICES TO CHECK THAT 

THE NEST OF LOOPS IS WORKING PROPERLY. IN ORDER TO SHOW THE IMPACT 

OF THIS PROGRAM ON REAL LIFE SITUATIONS, IT WAS NECESSARY TO THINK 

f^BDUT SOME FUNCTION OF N VARIABLES, WHERE THE VALUE OF IJ IS NOT 

KNOWN IN ADVANCE BUT KNOWN AT EXECUTION TIME THROUGH INPUT. I 

COULD THINK OF NO OTHER FUNCTION EXCEPT THE SUM OF ALL THE INDICES, 

AND SO I HAVE PRINTED THIS SUM ALSO TOGETHER WITH THE INDICES IN 

THE SAME LINE, I HAVE MADE THE PROGRAMS SUFFICIENTLY GENERAL, SO 

THAT, IF NEED BE, THE VALUE OF N CAN BECOME EVEN AS SMALL AS 1 IN 

THE CASE OF N DO LOOPS. I HAVE USED THREE 1-DIMENSIONAL ARRAYS 

LINV, LTEV AND LCRE IN WHICH I HAVE STORED THE INITIAL VALUES, THE 

TEST VALUES AND THE INCREMENTS OF THE VARIOUS DO LOOPS. OPVIOUSLY, 

NONE OF THE ENTRIES OF LCRE CAN BE ZERO AND I HAVE CHECKED THIS 

Fi^Cr THKQUGH Af^] EXTRA DO L JUP , :F 30 HAPPENS, I HAVE CAUSED THE 

COMPUTER TO PRINT 'DATA ILLEGAL' AND ASK FOR FRESH INPUT. I HAVE 

ALLOWED -,LL ENTRIES OF LINV AND LTEV TO BECOME POSITIVE, ZERO OR 

OFTEN IN REAL LIFE SITUATIONS IT 30 HAPPENS THAT WE HAVE A BIG 

NEST OF MANY DO LOOPS, SAY, 4 LOOPS WHERE 1=1(1)10 IN THE FIRST 

LOOP, J=^1{1)15 IN THE SECOND ONE, K=l(l)20 IN THE THIRD ONE AND 

L=l(l)2'; iN THE FOURTH ONE, THEN THE COMPUTER HAS TO MAKE A TOTAL 

:F 1O-*15»-20'-25=75000 BETS OF CALCULATIONS. IT IS VERY MUCH 

FOSSIBLE ""HAT THE USER OF THE COMPUTER MAY NOT HAVE 30 MUCH 
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COMPUTER TIME AT HIS DISPOSAL AT ONE STRETCH AND HE MIGHT WANT TO 

USE THE COMPUTER IN DIFFERENT SITTINGS. IN SUCH A CASE, IF HE 

STARTS THE NEST OF DO LOOPS AGAIN FROM THE SAME POINT ON EVERY 

OCCASION, HIS PURPOSE WILL NOT BE SERVED BECAUSE EVERY TIME THE 

COMPUTER WILL PRINT OUT THE SAME SET OF ANSWERS. THIS PROBLEM HAS 

ACTUALLY ARISEN DURING THE CALCULATIONS OF MY TEACHER WHILE HE WAS 

CARRYING OUT HIS RESEARCH, BECAUSE HE HAD TO CALCULATE SOME 

PHYSICAL QUANTITIES WHICH DEPENDED ON MANY PARAMETERS AND IN ONE 

SITTING HE WAS ALLOWED ONLY 30 MINUTES OP COMPUTER TIME. THE CAL­

CULATIONS OF EACH SET WERE SO LENGTHY AND COMPLICATED THAT THE 

COMPUTER COULD NOT GIVE OUT MORE THAN 3 OR 4 RESULTS DURING 30 

MINUTES. A LACUNA IN THE DO LOOP STRUCTURE IS THAT IT DOES NOT 

TAKE CARE OF SUCH SITUATIONS. FOR EXAMPLE, CONSIDER THE FOLLOWING 

NEST OF DO LOOrS:-

D O 1 '•• I =̂  1 , i (') 
no 11 J-1,15 
Dn !!• ' =1 ,20 

(ACTUAL CALCULATIONS) 

12 CONTINUE 
11 CONTIiJUE 
10 CCNT I rJUE 

SUPPOSE THAT DURING THE rlRST SITTING WE HAVE CALCULATED THE 

RESULTS CORRESPONDING TO (1 , 1 ,1> , (1 ,1 ,2) ,.. . (1 ,1 ,20) ,(1,2,1),..., 

a,2,5), I.E., 21 RE3LLT'3 IN AL^ , AND DURirjG THE TJEXT SITTING WE 

WISH TO START OUR CALCULATIONS FROM (1,2,£)). THEN THIS IS NOT 

POSSIBLE USING ^HIS STRUCTURE. LINE OF THE COLLEAGUES SF MY TEi'iCHER 

SUGGESTED THF FOLLCWING "EC!-NIDLE :-
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READ * , II , JJ , KK 
DO 10 I = II , 10 
DO 11 J = JJ , 15 
DO 12 K = KK , 20 

12 CONTINUE 
11 CONTINUE 
10 CONTINUE 

HE FURTHER TOLD THAT ON EACH SITTING, WE MUST PUNCH AN EXTRA DATA 

CARD WITH THE VALUES OF II,JJ,KK RELEVANT TO THAT SITTING, AND THEN 

THE PROGRAM WILL WORK 'AS DESIRED. FOR EXAMPLE, ON THE FIRST 

WE CAN PUNCH THE VALUES AS 1,1,1. AFTER OBTAINING 25 RESULTS, WHEN 

WE WANT TO START FROM (1,2,6), WE CAN PUNCH THE EXTRA CARD WITH 

1,2,6 AND SO ON. BUT IF WE DO THAT, THEN AFTER CALCULATING FOR THE 

SETS (1,2,6),(1,2,7),...(1,2,20), THE COMPUTER WILL START FROM 

THE SET (1,3,6) AND NOT FROM THE SET (1,3,1) AS WE WOULD NORMALLY 

WANT IT TO DO. SO A NUMBER OF SETS WILL NOT BE CALCULATED. THUS 

LT IS iXEAR T 'HT THIS TFfCMNIQUE SUGGESTED TO MY TEACHER DURING HIS 

RESEARCH BY ONE OF HIS COLLEAGUES WAS NOT CORRECT. IT CAN WORf 

ONLf Ji" THERE IS A SINGLE DO LOOP, NOT WHEN THERE IS A NEST OF I'̂ANY 

DO LOOPS. THEREFORE IN ONE OF MY PROGRAMS I HAVE TRIED TO 

INTRODUCE TKIS CONDITION ALSO, THAT WE MAY START EXECUTING THE NEST 

FROM ANY POINT DESIRED, AND THE COMPUTER WILL EXECUTE FOR ALL THE 

POSSIBLE COMBINATIONS FOP EACH SET IN THE CORRECT ORDER; NEITHER 

MISSING ANY SET, NOR CALCULATING MORE THAN ONCE FOR ANY SET. FOR 

THIS PURPOSE I HAVE INTRODUCED AN EXTRA 1-DIMENSIONAL ARRAY CALLED 

LNET. FCR EXAMPLE, IF IN A PARTICULAR CASE, N=3 AND THE 4 ARRAYS 
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LINV, LTEV, LCRE AND LNET ARE AS FOLLOWS:-

LINV=(3,1,9) , LTEV=(6,5,13) , LCRE=<1,2 ,1) , LNET=(4,J,11) , 

THEN THE COMPUTER WILL START CALCULATING FROM THE SET (4,3,11) AND 

THEN IT WILL CALCULATE FOR (4 ,3,12) ,(4,3,13) , (4,5,9) , (4 ,5,10) , 

(4,5,11) , (4,5,12) ,(4,5,13) , (5,1 ,9) ,.. . UNTIL THE TIMt ALLOTTED TO 

THE USER IS OVER. ON THE NEXT SITTING, THE USER CAN PUNCH A FRESH 

DATA CARD FOR INPUTTING FRESH VALUES OF LNET AND RE-START THE 

COMPUTER. FOR EXAMPLE, IF ON THE PREVIOUS SITTING HE HAS COMPUTED 

UPTO (5,7,.10), THEN HE CAN PUNCH LNET AS (5,7,11) AND PROCEED. IN 

THE FIRST PROGRAM, GIVEN ON THE SUCCEEDING PAGES, WE HAVE INTRO­

DUCED THE FEATURE THAT WE CAN RUN A NEST OF N DO LOOPS, N NOT BEING 

KNOWN IN ADVANCE, WITH ALL POSSIBILITIES, NAMELY, SOME LOOPS MAY GO 

FORWARDS AND SOME BACKWARDS, AND THE STARTING VALUES FROM WHERE WE 

WANT TO PROCEED HAVE TO BE READ IN SEPARATELY. IN OUR SECOND 

PROGRAM WE HAVE CONSIDERED THE CONDITION OF A .L INDICES BEING 

Ur'JTINCT, UUr WE HAVE NOT ALLOWED FOR STARTING l-TQM ANY L. i Mil I SrT 

OF VALUES. OF COURSE, IF WE LL\E, WE CAN JOIN THE 2 PROGRAMS TO 

ALLOW FOR BOTH SITUATIONS. IN Tl-iC SECOND PROGRAM, T 13 ALJO 

POSSIBLE THAT THE CONDITION FOR DISTINCT INDICES MAY BECOME 

IMPOSSIBLE. FOR EXAMPLE, IN THE FOLLOWING CASE:-

DO 24 1=1,3 
DO 24 J=l ,3 
DO 24 f =1 ,3 
DO 24 L=l ,J 

24 CONTINUE 

IF WE MAFE THE RESTRICTION OF DISTHJCT INDICES, NO ?ET IS POSSIBLE 

SO IN SUCH A CASE, THE PRGGFAM hPirJTS GUT A^\ APPFCPHIATE ĥ ESSAGE 

AND JOES NOT PERFORM ANY CALCULATION. ^OTH PROGRAMS AFE 3IVEN ON 

THE SUCCEEDING PAGES. 
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2. PROGRAM FOR CREATING A NEST OF N DO LOOPS ANB STARTS THE 

EXECUTION FROM ANY SET OF STARTING VALUES. 

DIMENSION LINV ( 25 ) ,LTEV ( 25 ) ,LCRE ( 25 ) ,LNET ( 25 ) , 
1 LDEX ( 25 ) 
WRITE ( 1 , 7 ) 

7 FORMAT ( IX , 'THIS PROGRAM CREATES A NEST OF N DO LOOPS AND', 
1 IX , 'STARTS THE EXECU"ION FROM' / IX , 'ANY SET OF STARTING', 
2 IX , 'VALUES' ) 

19 WRITE (1 , 27 ) 
27 FORMAT ( IX , 'TYPE THE NUMBER OF DO LOOPS IN FORMAT ( 12 )' 

1 / IX , 'FOR STOPPING : PLEASE TYPE 0' ) 
191 READ (1 , 47 ) ND 
47 FORMAT( 12 ) 

IF ( ND ) 79 , 799 , 152 
79 WRITE ( 1 , 127 ) 
127 FORMAT ( IX , 'DATA ILLEGAL, KINDLY TYPE AGAIN' ) 

GO TO 191 
152 IF ( ND .6T. 25 ) GO TO 749 

IT = 1 
189 WRITE ( 1 , 197 ) 
197 FORMAT ( IX , 'TYPE INITIAL VALUES, TEST VALUES AND INCREMENTS', 

1 IX , 'OF EACH DO LOOP IN' / IX , 'FORMAT < 312 ) IN SEPARATE', 
2 IX , 'LINES, THERE BEING 1 LINE FOR EACH LOOP' ) 

1891 DO 222 J = IT , ND 
READ ( 1 , 207 ) LINV ( J ) , LTEV ( J ) , LCRE ( J ) 

207 FORMAT ( 312 ) 
C INCREMENT ZERO IS NOT POSSIBLE 

IF ( LCRE ( J ) .ED. 0 ) GO TO 675 
222 CONTINUE 

WRITE ( 1 , 227 ) 
227 FORMAT ( IX , 'TYPE ALL STARTING VALUES OF THE INDICES IN', 

1 IX , 'FORMAT ( 2512 )' ) 
1000 READ ( 1 , 237 ) ( LNET ( J ) , J = 1 , ND ) 
237 FORMAT ( 2512 ) 
.C VALIDATE THE DATA 

DO 355 J = 1 , ND 
IF ( LINV ( J ) - LNET ( J ) ) 253 , 355 , 286 

253 IF ( LCRE ( J ) .LT. 0 .OR. LNET ( J ) ,GT. LTEV ( J ))GO TO 791 
GO TO 313 

286 IF ( LCRE ( J ) .GT. 0 .OR. LNET ( J ) .LT. LTEV ( J ))60 TO 791 
318 IF ( MOD ( LNET ( J ) - LINV ( J ) , LCRE ( J )) .NE.0)G0 TO 791 
355 CONTINUE 
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388 
415 
450 

500 

489 
C 

C 

520 

552 
582 
C 
C 
614 
644 

675 

707 

749 
787 

799 
791 
2406 

PUT INDICES OF ALL DO LOOPS EQUAL TO THE STARTING VALUES 
DO 388 K = 1 , ND • 
LDEX ( K ) = LNET ( K ) 
KP = ND 
NSUM = 0 
DO 500 1 = 1 , ND 
NSUM = NSUM + LDEX ( I ) 
WRITE ( 1 , 489 ) ( LDEX ( K ) , K = 1 , ND ) , NSUM 
FORMAT ( IX , 2014 ) 
CHANBE THE INDEX OF A DO LOOP 
DO 644 J = 1 , ND ' 
LDEX ( KP ) = LDEX ( KP ) + LCRE ( KP ) 
TEST WHETHER THE PARTICULAR INCREMENT IS POSITIVE OR NEGATIVE 
IF ( LCRE ( KP ) ) 520 , 799 , 582 

) .BE. LTEV ( KP ) ) IF ( LDEX 
BO TD 614 
IF ( KP -
IF ( LDEX 
IF CHANGE 

< KP 

ND ) 
( KP 

GO TO 552 

415 , 
) .LE, 

450 799 
LTEV ( KP ) ) SO TO 552 

IN INDEX OF A PARTICULAR DO LOOP IS NOT POSSIBLE, SET 

707 ) 
,'THIS DATA SET IS ILLEBAL, KINDLY TYPE 

THE INDEX OF THAT DG LOOP EQUAL TO THE INITIAL VALUE 
LDEX ( KP ) = LINV ( KP ) 
KP = KP -1 
GO TO 19 
IT = J 
WRITE < 1 , 
FORMAT < IX 
GO TO 1B91 
WRITE: ( 1 , 
FORMAT ( IX 
IX , 'DIMENSION 
STOP 
WRITE ( 1 , 2406 ) 
FORMAT ( IX , 'SOME OR ALL STARTING VALUES ARE WRONG,' 

IT AGAIN' ) 

787 ) 
, 'THIS NUMBER WILL CROSS THE DIMENSION, CHANGE', 

) 

IX , 'PLEASE TYPE THEM AGAIN' 
GO TO 1000 
END 

) 
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3. PRQSRflM FOR CREATING ft NEST OF N DO LOOPS WITH THE CONDITION 
- » — .*.T*-» — — — . — — _ — . — —. — — — — - — — — . — — — ^. — — — — — — — — — — 

THAT THE INDICES OF ALL THE DO LOOPS ARE DISTINCT. 

DIMENSION LINV ( 20 ) , LTEV ( 20 ) , LCRE ( 20 ) , LDEX < 2U ) 
WRITE ( 1 , 7 ) 

7 FORMAT ( IX , 'THIS PROGRAM CREATES A NEST OF N DO LOOPS WITH', 
1 IX , 'THE CONDITION THAT' / IX , 'THE INDICES OF ALL THE DO', 
2 IX , 'LOOPS ARE DISTINCT' ) 

29 WRITE ( 1 , 17 ) 
17 FORMAT ( IX , 'TYPE THE NUMBER OF I" LOOPS IN FORMAT ( 12 )' ) 
2 READ ( 1 , 47 ) ND 
47 FORMAT ( 12 ) 

IF ( ND ) 89 , 999 , 165 
89 WRITE < 1, 127 > 
127 FORMAT ( IX , 'DATA ILLEBAL, KINDLY TYPE IT AGAIN' ) 

eo TO 2 
165 IF ( N .GT. 20 ) GO TO 909 

IT = 1 
WRITE ( 1 , 177 ) 

177 FORMAT ( IX , 'TYPE INITIAL VALUES, TEST VALUES, INCREMENTS' 
1 / IX , 'OF DO LOOPS IN FORMAT (312), ONE SET PER DATA CARD' ) 

180 DO 211 J = IT , ND 
READ ( 1 , 197 ) LINV ( J ) , LTEV ( J ) ' , LCRE ( J ) 

197 FORMAT ( 312 ) 
IF ( LCRE ( J ) .EQ. 0 ) GO TO 676 

211 CONTINUE 
IF ( ND .EQ. 1 ) GO TO 738 
LP = 0 
INDEX = 0 

C SET THE INDEX OF EACH DO LOOP TO ITS INITIAL VALUE 
DO 255 J = 1 , ND 

255 LDEX ( J ) = LINV ( J ) 
LP = 2 

286 IF ( LP .EQ. 1 ) LP = 2 
DO 344 K = LP , ND -" 
IPV ••= LDEX ( K ) 
MNl = K - 1 

C COMPARE THE INDICES OF THE DO LOOPS 
DO 311 J = 1 , MNl 
IF ( LDEX ( J ) .EQ. IPV ) GO TO 480 

311 CONTINUE 
C IF DISTINCT INDICES EXIST, THEN INDEX=1, OTHERWISE INDEX=0 
344 CONTINUE 

IF ( INDEX .EQ. 1 ) GO TO 375 
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INDEX = 1 

375 NSUM = 0 
DO 236 1 = 1 , ND 

236 NSUM = NSUM + LDEX ( I ) 
WRITE ( 1 , 407 ) ( LDEX ( K ) , K = 1 , ND ) , NSUM 

407 FORMAT < IX , 1615 ) 
IF (LP - ND ) 448 , 351 , 999 

448 LP = ND 
GO TO 516 

480 LP = K 
516 M = LP 
C CHECK WHETHER A PARTICULAR INDEX CAN BE INCREASED OR DECREASED 
551 DO 644 J = 1 , M 

LDEX ( LP ) = LDEX ( LP ) + LCRE ( LP ) 
IF ( LCRE ( LP ) ) 582 , 999 , 614 

582 IF ( LDEX ( LP ) -BE. LTEV ( LP ) ) GO TO 286 
GO TO 632 

614 IF ( LDEX ( LP ) .LE. LTEV ( LP ) ) GO TO 286 
632 LDEX ( LP ) = LINV ( LP ) 
644 LP = LP -1 

60 TO 853 
676 IT = J 

WRITE < 1 , 707 ) 
707 FORMAT ( IX , 'NO INCREMENT CAN BE ZERO, KINDLY TYPE THIS SET', 

1 IX , 'AGAIN' ) 
GO TO 180 

C IF THERE IS ONLY 1 DO LOOP, THEN ALL THE POSSIBLE VALUES OF THE 
C INDEX MUST BE CONSIDERED 
738 Kl = LINV < 1 ) 

K2 = LTEV ( 1 ) 
K3 = LCRE ( 1 ) 

769 WRITE ( 1 , 407 ) Kl , Kl 
Kl = H.l + K3 
IF ( I-.3 ) 801 , 999 , 832 

801 IF ( K.l .GE. V2 ) GO TO 769 
GO TO 29 

832 IF ( Kl .LE. K:2 ) GO TO 769 
GO TO 29 

853 IF (INDEX .EQ. 1 ) 60 TO 29 
WRITE ( 1 , 887 ) 

887 FORMAT ( IX , 'NO SET OF DISTINCT VALUES EXISTS') 
GO TO 29 

909 WRITE ( 1 , 947 ) 
947 FORMAT ( IX , 'THIS NUMBER WILL CROSS THE DIMENSION,', 

1 IX , 'CHANGE DIMENSION' ) 
999 STOP 

END 
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/ / 
AS A BY-PRODUCT OF THESE PROGRAMS, WE ALSO PRESENT A PROGRAM 

WHICH PRINTS OUT ALL THE PERMUTATIONS OF N NATURAL NUMBERS ^AP" 4 R 

AT A TIME. WE ALSO PRESENT A PROGRAM WHICH PRINTS OUT ALL THE 

COMBINATIONS OF N NATURAL NUMERS TAKEN R AT A TIME. THE LATTER 

PROGRAM IS ALSO USEFUL IN THIS RESPECT THAT IN THE NEXT CHAP^t^R 

WHEN WE SHALL COMPUTE THE CHARACTERISTIC POLYNOMIAL OF A SQUARE 

MATRIX, WE SHALL NEED ALL COMBINATIONS OF THE FIRST N NATU;...L 

NUMBERS TAKEN R AT A TIME. AT THAT TIME WE SHALL USE THIS PROGRAM 

IN THE CHARACTERISTIC POLYNOMIAL PROGRAM. THESE 2 PROGRAMS ARE 

GIVEN ON THE SUCCEEDING PAGES. 

// 
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4. PROGRAM FOR SENERATING ALL POSSIBLE PERMUTATIONS OF THE 

FIRST N NATURAL NUMBERS TAKING R AT A TIME. 

DIMENSION LDEX ( 20 ) 
WRITE ( 1 , 7 ) 

7 FORMAT < IX , 'THIS PROGRAM PRINTS ALL . ERMUTATIDNS OF THE', 
1 IX , 'FIRST N NATURAL NUMBERS TAKING IR' / IX , 'AT A TIME', 
2 IX , 'AND THE TOTAL NUMBER OF PERMUTATIONS' > 

9 WRITE ( 1 , 17 ) 
17 FORMAT ( IX , 'TYPE N AND IR IN FORMAi ( 212 )' / IX , 

1 'FOR STOPPING : PLEASE TYPE 0' ) 
191 READ ( 1 , 47 ) N , IR 
47 FORMAT ( 212 ) 

IF ( N ) 89 , 599 , 145 
89 WRITE (• 1 , 117 ) 
117 FORMAT ( IX , 'DATA ILLEGAL, KINDLY TYPE AGAIN' ) 

60 TO 191 
145 IF ( N .GT. 20 ) GO TO 509 

IF ( IR .LE. 0 .OR, IR .GT. N ) GO TO 89 
WRITE (1 , 149 ) N , IR 
NP = 0 

149 FORMAT ( IX , 'PERMUTATIONS OF' , IX , 12 , IX , 'TAKING' , IX , 
1 12 , IX , 'AT A TIME' , IX , 'ARE GIVEN BELOW:-' ) 
IF ( IR .ED. 1 ) GO TO 442 
LP = 0 
DO 177 J = 1 , IR 

177 LDEX ( J > = J 
GO TO 309 

208 IF ( LP .EQ. 1 ) LP = 2 
DO 266 K = LP , IR 
IPV = LDEX ( K ) 
MNl = K - 1 
DO 244 J = 1 , MNl 
IF ( LDEX ( J ) .ED. IPV ) 60 TO 402 

244 CONTINUE 
266 CONTINUE 
309 WRITE ( 1 , 337 ) ( LDEX ( K ) , K = 1 , IR ) 
337 FORMAT ( IX , 1615 ) 

NP = NP + 1 
IF ( LP - IR ) 368 , 473 , 599 

368 LP = IR 
GO TO 434 

402 LP = K 
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434 
475 

411 
419 
427 

442 
479 

509 
547 

599 

M = LP 
DO 411 J = 1 , M 
LDEX ( LP ) = LDEX ( LP ) + 1 
IF ( LDEX ( LP ) .LE. N ) GO TO 208 
LDEX ( LP ) = 1 
LP = LP - 1 
WRITE (1 , 427 ) NP 
FORMAT ( IX , 'TOTAL NUMBER OF PERMUTATIONS =' , IX , 14 ) 
GO TO 9 
Kl = 1 
WRITE (1 , 337 ) Kl 
NP = NP + 1 
Kl = Kl + 1 
IF ( Kl .LE. N ) GO TO 479 
60 TO 419 
WRITE ( 1 , 547 ) 
FORMAT ( IX, 'THE GIVEN NUMBER WILL CROSS THE DIMENSION ', IX , 

1 'CHANGE DIMENSION' ) 
STOP 
END 

/ / 
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5. PROGRAM FOR GENERATING ALL POSSIBLE COMBINATIONS OF THE 

FIRST N NATURAL NUMBERS TAKING R AT A TIME. 

DIMENSION LDEX ( 25 ) 
INTEGER R 
WRITE (1 , 47 ) 

47 FORMAT ( IX , 'THIS PROGRAM PRINTS ALL COMBINATIONS OF THE', 
1 , IX , 'FIRST N NATURAL NUMBERS TAKING R' / IX , 'AT A TIME', 
1 , IX , 'AND THE TOTAL NUMBER OF COMBINATIONS' ) 

79 WRITE ( 1 , 107 ) 
107 FORMAT ( IX , 'TYPE N AND R IN FORMAT ( 212 )' 

1 / IX , 'FOR STOPPING rPLEASE TYPE 0' ) 
791 READ ( 1 , 127) N , R 
127 FORMAT ( 212 ) 

IF ( N ) 149 , 499 , 192 
149 WRITE ( 1 , 167 ) 
167 FORMAT ( IX, 'DATA ILLEGAL, PLEASE TYPE AGAIN' ) 

60 TO 791 
192 IF ( N .GT. 25 ) GO TO 419 

IND = 1 
201 CALL COMB ( N , R , IND , LDEX , K , lEV , KP ) 

60 TO ( 149 , 249 , 319 ) , IND 
249 IF ( K .GT. 1 ) GO TO 279 

WRITE ( 1 , 267 ) N , R 
67 FORMAT ( IX , 'COMBINATIONS OF THE FIRST' , IX , 12 , IX, 

1 'NATURAL NUMBERS TAKING' , IX , 12 , IX , 'AT A TIME' / IX , 
2 'ARE GIVEN BELOW:-' ) 

279 WRITE ( 1 , 287 ) ( LDEX K KK ) , KK' = 1 , R ) 
287 FORMAT ( 1X , 25 ( 12 , 1X ) ) 

GO TO 201 
319 WRITE ( 1 , -357 ) K 
357 FORMAT ( IX , 'TOTAL NUMBER OF COMBINATIONS =' , IX , 14 ) 

GO TO 79 
419 WRITE ( 1 , 467 ) 
467 FORMAT ( IX, 'THE GIVEN NUMBER WILL CROSS THE DIMENSION,' 

1 ,1X , 'CHANGE DIMENSION' ) 
499 STOP 

END 
SUBROUTINE COMB ( N , R , IND , LDEX , K , lEV , KP ) 
DIMENSION LDEX ( 25 ) 
INTEGER R 
IF ( IND .NE. 1 ) GO TO 515 
IF ( R .GT. 0 .AND. N .GE. R ) GO TO 242 
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202 RETURN 
242 IND = 2 

lEV = 0 
K = 0 
DO 288 I = 1 , R 

288 LDEX ( I ) = I 
BO TO.450 

300 IF ( KP - R ) 360 , 540 , 202 
360 IF ( lEV .EQ. LDEX ( KP ) ) 60 TO 392 

lEV = LDEX ( KP ) 
392 DO 411 I = KP , R 

lEV = lEV + 1 
411 LDEX ( I ) = lEV 
450 KP = R 
485 K = K + 1 

RETURN 
515 IF < N + KP - R - ^ LDEX < KP ) + 1 i ) 575 , 540 > 300 
540 LDEX ( KP ) = LDEX ( KP ) + 1 

GO TO 485 
575 IF ( KP .EQ. 1 ) GO TO 700 

KP = KP - 1 
GO TO 515 

700 IND = 3 
RETURN 
END 

// 
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// 
CHAPTER 4 

SOME PROGRAMS REGARDING SQUARE MATRICES 

INTRODUCTION 

IN THIS CHAPTER WE SHALL DEVELOP A FEW PROGRAMS REGARDING 

MANIPULATION OF SQUARE MATRICES. AS IN THE EARLIER CHAPTERS, WE 

SHALL KEEP OUR INVESTIGATIONS LIMITED TO THE CASE WHEN ALL THE 

ENTRIES OF THE MATRICES ARE INTEGERS. OF COURSE, WE CAN EASILY 

EXTEND OUR PROGRAMS TO THE CASE WHEN THE ENTRIES OF THE MATRICES 

ARE NOT NECESSARILY INTEGERS, BUT CAN BE RATIONAL NUMBERS, NOT 

NECESSARILY IN THEIR LOWEST TERMS, BUT WITH THE CONDITION THAT THE 

DENOMINATORS OF THOSE ENTRIES WILL NEVER BE ZERO. FOR THIS PURPOSE 

WE CAN USE THE TECHNIQUES DEVELOPED IN CHAPTER 2. OUR FIRST 

PROGRAM GENERATES THE CHARACTERISTIC POLYNOMIAL OF A SQUARE MATRIX 

OF ORDER N, WHERE THE VALUE OF N IS NOT KNOWN IN ADVANCE, BUT IS 

GIVEN TO THE PROGRAM BY MEANS OF A READ STATEMENT. SINCE ALL 

ENTRIES OF THE MATRIX ARE INTEGERS, IT FOLLOWS THAT THE CHARACTER­

ISTIC POLYNOMIAL WILL BE MONIC AND ALL ITS COEFFICIENTS WILL BE 

INTEGERS. AS IN CHAPTER 2, WE FRINT ALL COEFFICIENTS EXCEPT THE 

LEADING COEFFICIENT. IF THE ENTRIES WOULD HAVE BEEN RATIONAL 

NUMBERS, THEN IN STANDARD FORM THE CHARACTERISTIC POLYNOMIAL WOULD 

NOT HAVE BEEN NECESSARILY MONIC, BUT ALL ITS COEFFICIENTS WOULD 

STILL HAVE BEEN INTEGERS AND THEIR H.C.F. WOULD HAVE BEEN UNITY. 

FURTHER, THE LEADING COEFFICIENT CAN BE MADE POSITIVE IN THIS CASE. 

THIS PROGRAM CAN EASILY BE WRITTEN IN A VERY SIMILAR FASHION. HOW­

EVER, WE HAVE NOT WRITTEN IT HERE. 
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// 
OUR SECOND PROGRAM COMPUTES ALL THE INTEGER CHARACTERISTIC 

ROOTS OF A SQUARE MATRIX WITH INTEGER ENTRIES. IN CASE ONLY SOME 

OF THE CHARACTERISTIC ROOTS ARE INTEGERS, IT PRINTS THEM TOGETHER 

WITH AN APPROPRIATE MESSAGE. IN CASE NONE OF THE CHARACTERISTIC 

ROOTS ARE INTEGERS, IT PRINTS OUT ONLY A MESSAGE TO THIS EFFECT. 

THE MAIN DIFFICULTY WITH OUR SECOND PROGRAM IS THAT IF THE 

ORDER OF A SQUARE MATRIX HAPPENS TO BE GREATER THAN 2, IT IS VERY 

DIFFICULT (ALMOST IMPOSSIBLE) TO WRITE DOWN ANY NON-TRIVIAL MATRIX 

WHOSE CHARACTERISTIC ROOTS ARE INTEGERS. IF ONE WRITES ANY MATRIX, 

EVEN OF VERY SMALL ORDER, SAY 3 OR 4, WITH ARBITRARY INTEGER 

ENTRIES, AND COMPUTES ITS CHARACTERISTIC POLYNOMIAL, ONE ALMOST 

INVARIABLY FINDS THAT NONE OF ITS ZEROS ARE INTEGERS. SINCE THE 

POLYNOMIAL IS MONIC, WE CAN EVEN SAY THAT NONE OF ITS ZEROS ARE 

RATIONAL. THEREFORE, IT BECOMES VERY DIFFICULT EVEN TO TEST THIS 

PROGRAM. IN ORDER TO GET SAMPLE DATA FOR THIS PROGRAM WE HAVE USED 

A SPECIAL TECHNIQUE. WE KNOW THAT THE CHARACTERISTIC ROOTS OF A 

DIAGONAL MATRIX D ARE JUST ITS DIAGONAL ENTRIES. WE ALSO KNOW THAT 

IF P IS ANY NON-SINGULAR MATRIX OF ORDER N AND D IS ANY DIAGONAL 
-1 

MATRIX OF THE SAME ORDER, THEN IF WE DEFINE A=PDP , THEN THE 

MATRICES D AND A ARE CALLED SIMILAR. ALSO WE KNOW THAT SIMILAR 

MATRICES HAVE THE SAME CHARACTERISTIC ROOTS. THEREFORE, IF WE 

START WITH ANY DIAGONAL MATRIX WITH INTEGER ENTRIES, AND PRE-

MULTIPLY THIS MATRIX WITH ANY NON-SINGULAR MATRIX P, AND POST-
-1 

MULTIPLY IT BY P , THEN WE ARE SURE TO GET A NON-TRIVIAL MATRIX A 

WHOSE CHARACTERISTIC ROOTS WILL BE THE SAME AS THOSE OF D, I.E., 
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/ / 
INTEGERS. SO WE CAN TEST OUR CHARACTERISTIC ROOTS PROGRAM BY USING 

TH I S MATRIX A . 

HOWEVER, THERE REMAINS ONE MORE D I F F I C U L T Y . I F WE WRITE ANY 

SQUARE MATRIX P WITH ARBITRARY INTEGER ENTRIES, I T I S NOT EASY TO 

ENSURE THAT I T S DETERMINANT WILL BE U N I T Y . I F I T S DETERMINANT I S 

NOT +1 OR - 1 , EVEN I F I T I S NON-SINGULAR, THE DETERMINANT OF I T S 

INVERSE MATRIX WILL NOT BE AN INTEGER AND SO THE ENTRIES OF THE 

INVERSE MATRIX WILL NOT ALL BE INTEGERS. SO OUR PURPOSE I S 

DEFEATED. THEREFORE WE HAVE DEVELOPED ONE MORE PROGRAM I N THIS 

CHAPTER, WHICH GENERATES A SQUARE MATRIX OF ORDER N , ALL ITS 

ENTRIES BEING INTEGERS, AND WITH THE CONDITION THAT ITS DETERMINANT 

I S ALWAYS U N I T Y , SO THAT ITS INVERSE MATRIX WILL ALSO HAVE ALL 

INTEGER E N T R I E S . USING TH IS PROGRAM WE CAN EASILY GET THE 

NECESSARY DATA FOR TESTING THE CHARACTERISTIC ROOTS PROGRAM. 

ALGORITHM FOR CALCULATING THE CHARACTERISTIC POLYNOMIAL . 

LET A BE A SQUARE MATRIX OF ORDER N , ALL OF WHOSE ENTRIES ARE 

INTEGERS. WE CONSIDER THE FORMAL MATRIX POLYNOMIAL A - X I , WHERE X 

I S AN INDETERMINATE AND I I S THE UNIT MATRIX OF ORDER N . TH IS 

MATRIX POLYNOMIAL WILL ITSELF BE A SQUARE MATRIX OF ORDER N , WHOSE 

ENTRIES WILL BE FORMAL POLYNOMIALS I N THE INDETERMINATE X . FOR 

EXAMPLE, I F N=;3 AND I F A = f-y 

1 
0 

0 
- 5 

9 

3 
6 
4 

THEN A - X I WILL BECOME ^ 
'~-2-X 0 3 

1 - 5 - X 6 
0 9 4 -X 

THE DETERMINANT OF A - X l T l - E . , D E T ( A - X I ) OR j A ^ X I | I S CALLED THE 
.] 

CHARACTERISTIC POLYNOMIAL OF A AND ITS ZEROS ARE CALLED THE 
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// 
CHARACTERISTIC ROOTS OF A. IN THE ABOVE NUMERICAL EXAMPLE, THE 

CHARACTERISTIC POLYNOMIAL OF A WILL BE 

2-X 
1 
0 

0 
-5 -X 

9 

3 
6 

4-X 

TO MAKE THE ABOVE POLYNOMIAL MONIC, WE CONSIDER JXI-A 

jA-XIJ, WHERE I XI-A j = X+2 
- 1 

0 

0 
X+5 
- 9 

- 3 
- 6 
X-4 

INSTEAD OF 

N 

IN GENERAL, /XI-A| CAN BE BROKEN UP INTO THE SUM OF 2 DETERMI­

NANTS. IN THE PRESENT CASE WE HAVE I XI-Af 

0 
X 
0 
0 

0 
X 
0 

0 
0 
X 

2 0 0 
- 1 5 0 
0 -9 X 

N 

2 
-1 
0 

-1 
0 

0 
X 
0 

0 
0 
X 

0 -3 
X ~6 
0 -4 

X 
0 
0 

X 
0 
0 

0 
0 
X 

0 -3 
5 -6 

-9 -4 
N 

X 
0 
0 

2 
-1 

0 -3 
X -6 
0 -4 

0 -3 
5 -6 

0 -9 -4 

OUT OF THESE 2 DETERMINANTS WE SHALL HAVE ( ), I.E., 1 DETERMINANT 
N 0 

WHICH WILL CONTAIN NO ENTRIES OF A, ( ) DETERMINANTS WHICH WILL 
1 N 

CONTAIN 1 COLUMN OF A WITH ALL SIGNS CHANGED, ( ) DETERMINANTS 

WHICH WILL CONTAIN 2 COLUMNS CF A WITH ALL SIGNS CHANGED, AND SO 
N 

ON. THERE WILL BE ( ), I.E., 1 DETERMINANT WHICH WILL BE JUST ^HE 
N 

DETERMINANT OF -A. SO IF WE EXPRESS THE CHARACTERISTIC POLYNOMIAL 

OF A IN THE FORM 
N N-1 N-2 
X +C X +C X + 

1 2 
+C X+C , 
N-1 N 

THEN IN ORDER TO CALCULATE C ,C ,C , ..., C , WE HAVE TO REPLACE X 
1 2 3 N 

BY 1 IN EVERY DETERMINANT. THEREFORE IN THE COMPUTER PROGRAM WHICH 

CALCULATES C ,C ,C , ..., C , WE GENERATE ALL POSSIBLE DETERMINANTS 
1 2 3 N 

TAKING 1 COLUMN FROM A (SIGNS CHANGED) , ALL POSSIBLE DETERMINANTS 
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TAKING 2 COLUMNS FROM A (SIGNS CHANGED), AND SO ON. WE FILL UP THE 

REMAINING COLUMNS OF EACH DETERMINANT BY STRINGS OF O'S WITH EXACT­

LY ONE 1 AT THE PROPER PLACE. THEN WE EVALUATE EACH DETERMINANT 

USING A SEPARATE FUNCTION SUBPROGRAM AND ADD THE DETERMINANTS OF 

EACH KIND TO GET C ,C ,C , .. . , C . WE SHALL ALSO NEED A SUB-
1 2 3 N 

ROUTINE SUBPROGRAM TO GENERATE ALL POSSIBLE COMBINATIONS OF THE 

FIRST N NATURAL NUMBERS TAKING 1 AT A TIME, TAKING 2 AT A TIME, 

ETC. WE TAKE THIS PROGRAM FROM THE PREVIOUS CHAPTER AND CONVERT IT 

INTO A SUBROUTINE SUBPROGRAM. THE PROGRAM FOR EVALUATING A DETER­

MINANT, CALLED LDET, HAS BEEN WRITTEN BY MY TEACHER. HE HAS 

EVALUATED THE DETERMINANT BY TRIANGULATING IT BY THE METHOD OF 

ELEMENTARY ROW TRANSFORMATIONS. DURING THESE TRANSFORMATIONS WE 

COME ACROSS VULGAR FRACTIONS, BECAUSE, SAY, IF THE 2ND ROW STARTS 

FROM THE ENTRY C AND THE 1ST ROW STARTS FROM THE ENTRY C , THEN 
21 11 

WE HAVE TO SUBTRACT C /C TIMES THE 1ST ROW FROM THE 2ND ROW. 
21 11 

C /C MAY NOT BE NECESSARILr AN INTEGER, THEFEFCRE THE FUNCTION 
21 11 

SUBPROGRAM CALLED LDET TAfES THE HELP OF SPECIAL SUBROUTINES WHICH 

SUBTRACT ONE VULGAR FRACTION FROM ANOTHER, MULTIPLY ONE VULGAR 

FRACTION BY ANOTHER, AND COMPUTE THE RECIPROCAL OF A VULGAR FRAC­

TION. MY TEACHER HAS WRITTEN THESE SUBROUTINES ALSO AND I HAVE 

USED THEM IN MY PROGRAM. IT MUST BE MENTIONED THAT IN COMPUTER 

PROGRAMMING THERE IS NO WAY TO STORE A VULGAR FRACTION AS SUCH IN 

THE MEMORY; WE MUST STORE THE NUMERATOR AND DENOMINATOR IN SEPARATE 

MEMORY LOCATIONS. ALSO, TQ AVOID STORING UNNECESSARILY BIG 

NUMBERS, WE DIVIDE THE NUMERATOR AND THE DENOMINATOR OF EACH FRACTtfbii 
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BY THEIR H.C.F. AFTER EVERY SINGLE COMPUTATION. THEREFORE WE ALSO 

NEED AN ADDITIONAL FUNCTION SUBPROGRAM CALLED HCF(M,N). 

THE COMPLETE PROGRAM FOR CALCULATING THE COEFFICIENTS OF THE 

CHARACTERISTIC POLYNOMIAL, TOGETHER WITH ALL THE SUBPROGRAMS USED, 

IS GIVEN ON THE SUCCEEDING PAGES. 
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DIMENSION MAT < 10 , 10 ) , N ( 10 ) , NMAT ( 10 , 10 ) , 
ILDEX ( 10 ) 
COMMON / LI / M 
WRITE ( 1 , 7 ) 

7 FORMAT < IX , 'THIS PROGRAM GENERATES THE CHARACTERISTIC , IX, 
1'POLYNOMIAL'/IX,'OF A GIVEN SQUARE MATRIX WITH INTEGER ENTRIES') 

79 WRITE ( 1 , 107 ) 
107 FORMAT ( IX , 'TYPE THE ORDER OF THE MATRIX IN FORMAT ( 12 ) ' 

1/lX , 'FOR STOPPING PLEASE TYPE : 0' ) 
791 READ ( 1 , 127 ) M 
127 FORMAT ( 12 ) 

IF ( M ) 149 , 799 , 198 
149 WRITE ( 1 , 167 ) 
167 FORMAT (IX , 'DATA ILLEGAL, KINDLY TYPE AGAIN ' ) 

GO TO 791 
198 IF ( M .GT. 10 ) GO TO 749 

WRITE ( 1 , 227 ) 
227 FORMAT ( IX ,'TYPE THE ENTRIES OF THE MATRIX IN FORMAT ( 1316 )') 

READ ( 1 , 257 ) ( ( MAT < I , JJ ) , JJ = 1 , M ) , I = 1 , M ) 
257 FORMAT ( 1316 ) 

DO 488 I = 1 , M 
N ( I ) = 0 
IF ( I .EQ. M ) GO TO 420 
IND = 0 

291 CALL COMB ( I , IND , LDEX , lEV , KP ) 
GO TO ( 234 , 488 ) , IND 

234 DO 411 KK = 1 , M 
DO 411 LL = 1, , M 
IF ( LL .EQ. KK ) GO TO 410 
NMAT ( LL , KK ) = 0 
GO TO 411 

410 NMAT ( LL , KK ) = 1 
411 CONTINUE 

DO 713 K - 1 ,1 
LDEXK = LDEX ^ K ) 
DO 713 LL = 1 , M 

713 NMAT ( LL , LDEXK ) - - MAT ( LL , LDEAK ) 
N ( I ) = N ( I ) + LDET ( NMAT ) 
GO TO 291 

420 DO 422 J = 1 , M 
DO 422 LL = 1 , M 

422 NMAT ( LL , J ) = - MAT >. LL , J ) 
N ( I ) = N ( I ) + LDET I NMAT ) 

438 CONTINUE 
WRITE ( 1 , 497 ) 

497 FORMAT ( IX , 'THE GIVEN MATRIX IS AS FOLLOWS' ) 
DO 511 MM = 1 , M 

511 WRITE ( 1 , 587 ) ( MAT ( MM , KK ) , KK = 1 , M ) 
WRITE ( 1 , 527 ) 

527 FORMAT ( IX , 'THE REQUIRED POLYNOMIAL IS MONIC; SO ITS FIRST', 

l'Jl^3( 

•"•^»^3 
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222 

300 
360 

IF ( IND .NE. 
l̂Stv = 1 
lEV = 0 
DO 222 I = 1 
LDEX(I)=I 
BO TO 450 
IF ( KP - N ) 
IF ( lEV .EQ. 

UX, 'COEFFICIENT IS UNITY' / IX, 'ITS OTHER COFFICIENTS,' , IX, 
I'STARTINB FROM THE SECOND, ARE GIVEN BELOW:-' ) 
WRITE ( 1 , 587 ) ( N ( I ) , 1 = 1 , M ) 

587 FORMAT ( IX , 11 ( 16 , IX ) ) 
60 TO 79 

749 WRITE ( 1 , 787 ) 
787 FORMAT ( IX , 'THE BIVEN NUMBER WILL CROSS THE DIMENSION,' , IX 

1,'CHANGE DIMENSION' ) 
799 STOP 

END 
SUBROUTINE COMB < N , IND , LDEX , lEV , KP ) 
DIMENSION LDEX(10) 
COMMON / LI / M 

0 ) GO TO 515 

N 

360 , 540 , 700 
lEV .EQ. LDEX ( KP ) ) BO TO 392 

lEV = LDEX ( KP ) 
392 DO 411 I = KP , N 

lEV = lEV + 1 
411 LDEX ( I ) = lEV 
450 KP = N 

RETURN 
515 IF ( M + KP - N - ( LDEX ( KP ) + 1 ) ) 575 , 540 , 300 
540 LDEX(KP)=LDEX(KP)+1 

RETURN 
575 IF ( KP .EG. 1 ) BO TO 620 

KP=KP-1 
GO TO 515 

620 IND = 2 
700 RETURN 

END 
FUNCTION LDET(A) 
IMPLICIT INTEGER(A-Z) 
DIMENSION A(10,10) ,ADEN(10,10) 
COMMON / LI / N 
DO 122 MM = 1 , N 
DO 122 NN = 1 , N 

122 ADEN ( MM , NN ) = 1 
IF(N.EQ.1)G0 TO 300 
NMl-N-1 
DO 288 1 = 1 ,NM1 
IPl=̂ I + l 
IF(A(I,1).NE.0)B0 TO 201 
DO 155 .J=IP1 ,N 
IF(A(J,I).NE.O)GO TO 175 
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155 CONTINUE 

LDET=0 
RETURN 

175 DO 188 K=I,N 
EXTRA=A(I,K) 
A<I ,K)=A(J,K) 
A(J,K)=-EXTRA 
EXTRA=ADEN<I,K) 
ADEN(I,K)=ADEN(J,K) 

188 ADEN(J,K)=EXTRA 
201 CALL RECIP(A(I,1) ,ADEN(I ,1) ,RECNUM,RECDEN) 

DO 288 J=IP1,N 
IF(A(J,I).EQ.O)GO TO 288 
CALL MULTN(A(J,I),ADEN(J,I),RECNUM,RECDEN,FACNUM,FACDEN) 
EO 255 K=IP1,N 
IF(A(I ,K) .EQ.0)I30 TO 255 
CALL MULTN(FACNUM,FACDEN,A(I,K),ADEN(I,K),TEMPI,TEMP2) 
CALL SUBTN(A(J,K) ,ADEN(J,K) ,TEMPI,TEMP2,TEMP3 ,TEMP4) 
A<J,K)=TEMP3 
ADEN(J,K)=TEMP4 

255 CONTINUE 
238 CONTINUE 
300 NUM=1 

DEN=1 
DO 344 1 = 1 ,N 
CALL MULTN(NUM,DEN,A(J,I),ADEN(I,I),NUM1,DEN1) 
NUM = NUMl 

344 DEN = DENl 
LDET=NUM 
RETURN 
END 
SUBROUTINE SUBTN(I,J,K,L,M,N) 
IMPLICIT INTEGER(A-Z) 
DEN=J/HCF(.J,L)*L 
NUM=DEN/.J*I~DEN/L*K 
FAC=HCF(NUM,DEN) 
M=NUM/FAC 
N=DEN/FAC 
RETURN 
END 
SUBROUTINE MULTN<I,J,K ,L ,M,N) 
IMPLICIT INTEGER(A-Z) 
HCF1=HCF(I,L) 
HCF2=HCF(.J,K) 
M=I/HCF1*(K/HCF2) 
N=J/HCF2*(L/HCFl) 
RETURN 
END 
SUBROUTINE RECIPd,J,K,L) • 
IMPLICIT INTEGER(A-Z) 
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L=IABS(I) 
K=Ib'IGN(J,I) 
RETURN 
END 
INTEGER FUNCTION HCF(I,J) 
INTEGER REM 
IF(I.NE.O)GO TO 202 
HCF=IABS(J) 
RETURN 

202 IF(J.NE.O)GO TO 253 
HCF=IABS(I) 
RETURN 

253 K0PY1=IABS(I) 
K0PY2=IABS<J> 

325 REM=MOD(KDPY1,KDPY2) 
IF(REM.NE.O)GO TO 400 
HCF=K0PY2 
RETURN 

400 KDPY1=K0PY2 
KaPY2=REM 
BO TO 325 
RETURN 
END 
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/ / 
3. ALGORITHM FOR COMPUTING THE CHARACTERISTIC ROOTS OF A MATRIX 

THIS ALSORITHM 13 A VERY SIMPLE ONE. ONCE WE HAVE CALCULATED 

THE COEFFICIENTS OF THE CHARACTERISTIC POLYNOMIAL, AND NOW THAT WE 

KNOW THAT IT MUST BE MONIC, WE TAKE THE HELP OF THE PROGRAM FOR 

CALCULATING ALL INTEGER ZEROS OF A MONIC POLYNOMIAL, WHICH WE HAVE 

ALREADY DEVELOPED IN CHAPTER 2. WE CHANGE THAT PROGRAM INTO ft 

SUBROUTINE AND FINALLY WE GET THE COMPLETE PROGRAM WHICH IS GIVEN 

ON THE SUCCEEDING PAGES. WE MUST REMARK THAT THIS PROGRAM COMPUTES 

NOT ONLY ALL THE INTEGER CHARACTERISTIC ROOTS, BUT ALSO ALL-THE 

RATIONAL CHARACTERISTIC ROOTS, BECAUSE BY THE THEORY OF EQUATIONS 

WE KNOW THAT IN THE CASE OF A MONIC POLYNOMIAL EVERY RATIONAL ZERO 

MUST BE AN INTEGER. 
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/ / 
DIMENSION MAT < 10 , 10 ) , N ( 10 ) , NMAT ( 10 , 10 ) , 
ILDEX < 10 ) , ITZ ( 10 ) 
INTEGER PR(43) 
COMMON/Al/PR/Bl/N/Ll /M 
CALL STORE 
WRITE ( 1 , 7 ) 

7 FORMAT ( IX , 'THIS PR06RAM FINDS ALL INTEGER ZEROS OF THE' 
1,IX,'CHARACTERISTIC POLYNDMIh^' /IX ,'OF A GIVEN SQUARE MATRIX' ) 

79 WRITE ( 1 , 107 ) 
107 FORMAT ( IX , 'TYPE THE ORDER OF THE MATRIX IN FORMAT ( 12 )' 

1/lX , 'FOR STOPPING PLEASE TYPE : 0' ) 
791 READ ( 1 , 127 ) M 
127 FORMAT ( 12 ) 

IF ( M ) 149 , 799 , 198 
149 WRITE ( 1 , 167 ) 
167 FORMAT (IX , 'DATA ILLEGAL, KINDLY TYPE AGAIN' ) 

GO TO 791 
198 IF ( M .GT. 10 ) GO TO 749 

WRITE ( 1 , 227 ) 
227 FORMAT ( IX ,'TYPE THE ENTRIES OF THE MATRIX IN FORMAT ( 1316 )') 

READ ( 1 , 257 ) ( ( MAT (I , JJ ) , JJ = 1 , M ) , 1 = 1 , M ) 
257 FORMAT ( 1316 ) 

DO 488 I = 1 , M 
N ( I ) = 0 
IF ( I .EQ. M ) GO TO 420 
IND = 0 

291 CALL COMB ( I , IND , LDEX , lEV , KP ) 
GO TO ( 234 , 488 ) , IND 

234 DO 411 f-:K = 1 , M 
DO 411 LL -= 1 , M 
IF ( LL .EQ. KK ) SO TO 410 
NMAT ( LL , KK ) = 0 
60 TO 411 

410 NMAT ( LL , KK ) = 1 
411 CONTINUE 

DO 713 K = 1 , 1 
LDEXK = LDEX ( K ) 
DO 713 LL = 1 , M 

713 NMAT ( LL , LDEXK ) = - MAT ( LL , LDEXK ) 
N ( I ) = N ( I ) + LDET ( NMAT ) 
GO TO 291 

420 DO 422 J = 1 , M 
DO 422 LL = 1 , M 
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422 NMAT ( LL , J ) = - MAT ( LL , J ) 
N ( I ) = '̂ I ) + LDET < NMAT ) 

488 CONTINUE 
WRITE ( 1 , 3454 ) 

3454 FORMAT ( IX , 'THE GIVEN MATRIX IS AS FOLLOWS' ) 
DO 511 MM = 1 , M 

511 WRITE ( 1 , 587 ) ( MAT ( MM , RK ) , KK = 1 , M ) 
587 FORMAT ( 1" , 10 ( 16 , 1X ) ) 

CALL ZEROS<ITZ,NZ) 
IF(NZ.GT.O>eO TO 645 
WRITE(1,607) 

607 FORMAT<1A,'THIS MATRIX HAS NO INTEGRAL CHARACTERISTIC ROOTS') 
60 TO 79 

645 IF ( NZ .EQ. M ) 60 TO 729 
NUMZ = M - NZ 
WRITE(1,687)NUMZ 

687 FORMAT(IX,'THIS MATRIX HAS ',12,' CHARACTERISTIC ROOTS WHICH ARE' 
1,' NOT INTEGERS') 
WRITE<1,711)NZ, <ITZ(KK) ,KK=1 ,NZ) 

711 FORMAT(IX,'THE ',12,' INTEGRAL CHARACTERISTIC ROOTS OF THIS ', 
I'MATRIX ARE'/(1X,11I7)) 
GO TO 79 

729 WRITE (1 ,737) (ITZ(KK) ,KK'=1 ,M) 
737 FORMAT(IX,'ALL THE CHARACTERISTIC ROOTS OF THIS MATRIX ARE', 

1' INTEGERS AND ARE'/(1X,1117)) 
GO TO 79 

749 WRITE ( 1 , 787 ) 
787 FORMAT ( IX , 'THE GIVEN NUMBER WILL CROSS THE DIMENSION,' , IX 

1,'CHANGE DIMENSION' ) 
799 STOP 

END 
SUBROUTINE COMB \ N , IND , LDEX , lEV , rP > 
DIMENSION LDEX(10) 
COMMON / LI / M 
IF ( IND .NE. 0 ) 60 TO 515 
IND = 1 
lEV = 0 
DO 222 1 = 1 , N. 

222 LDEX(I)=I 
GO TO 450 

300 IF ( i- P - N ) 360 , 540 , 700 
360 IF ( lEV .EQ. LDEX f ̂ P ) ) GO TO 392 

lEV = LDEX ( ̂  P ) 
392 DO 411 I = i- P , N 

lEV = lEV + 1 
411 LDEX ( I ^ = lEV 
450 f P = N 

RETURN 
515 IF ' n -̂  - P - N - ' LDEX ( fP ) + 1 ) ) 575 , 54n , 300 
540 LDEX'f P J =LDE X ̂  P)+1 

RETURN 
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620 
700 

122 

155 

175 

188 
201 

IF ( KP .EQ. 1 ) GO TO 620 
KP=KP-1 
SO TO 515 
IND = 2 
RETURN 
END 
FUNCTION LDET(A) 
IMPLICIT INTEGER(A-Z) 
DIMENSION A(10,10),ADEN(10,10) 
COMMON / LI / N 
DO 122 MM = 1 , N 
DO 122 NN = 1 , N 
ADEN ( MM , NN ) = 1 
IF(N.EQ.1)G0 TO 300 
NM1=N-1 
DO 288 1=1,NM1 
IP1=I+1 
IF(A(I,I).NE.0>G0 TO 201 
DO 155 J=IP1,N 
IF(A<J,I).NE.0)BO TO 175 
CONTINUE 
LDET=0 
RETURN 
DO 188 K=I ,N 
EXTRA=A(I,K) 
A<I,K)=A(J,K) 
A(J,K)=-EXTRA 
EXTRA=ADEN(I,K) 
ADEN(I,K)=ADEN(J,K) 
ADEN(J,K)=EXTRA 
CALL RECIP(A(I,I),ADEN(I,I),RECNUM,RECDEN) 
DO 288 J=IP1 ,N 
IF(A(J,I).EQ.0)GQ TO 208 
CALL MULTN(A<J,I),ADEN<J,I),RECNUM,RECDEN,FACNUM ,FACDEN) 
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DO 255 K=IP1,N 
IF(A(I JJ .£Q.O)GO TO 255 
CALL MULTN(FACNUM,FACDEN,A(I,K) ,ADEN<I ,K) ,TEMPI,TEMP2" 
CALL SUBTN(A(J,K) ,ADEN(J,K) , TEMPI ,TEMP2 ,TEMP3,TEMP4) 
A(.J,K)=TEMP3 
ADEN(J,K)=TEMP4 

255 CONTINUE 
288 CONTINUE 
300 NUM=1 

DEN= 1 
DO 344 1=1,N 
CALL MULTN <NUM,DEN,A <I ,I) ,ADEN(1,1) ,NUM1,DEN1) 
NUM = NUMl 

344 DEN = DENl 
LDET=NUM 
RETURN 
END 
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SUBROUTINE SUBTNd ,J,K,L. ,M;N) 
IMPLICIT INTEGER(A-Z) 
DEN=J/HCF(.J,L)*L 
NUM=DEN/J*I-DEN/L*K 
FAC=HCF(NUM,DEN) 
M=NUM/FAC 
N=DEN/FAC 
RETURN 
END 
SUBROUTINE MULTNd ,J,K,L,M,N) 
IMPLICIT-INTEGER(A-Z) 
HCF1=HCF(I,L) 
HCF2=HCF(J,K) 
M=I/HCF1*(K/HCF2) 
N=J/HCF2*<L/HCF1) 
RETURN 
END 
SUBROUTINE RECIP(I,J,K,L> 
IMPLICIT INTEGER(A-Z) 
L=IABS(I) 
K=ISIGN<J,I) 
RETURN 
END 
INTEGER FUNCTION HCF(I,J) 
INTEGER REM 
IF(I.NE.O)GO TO 202 
HCF=IABS(J) 
RETURN 

202 IF(J.NE.O)GO TO 253 
HCF=IABS(I) 
RETURN 

253 K0PY1=IABS(I) 
K:aPY2=IABS(J) 

325 REM=MOD(KOPY1 ,KDPY2) 
IFCREM.NE.OGO TO 400 
HCF=K0PY2 
RETURN 

400 K0PY1=I<0PY2 
K0PY2=REM 
60 TO 325 
RETURN 
END 
SUBROUTINE ZEROS(ITZ,NZ) 
DIMENSION ICOF(IO) ,ITZ(10) ,IFAC(96) 
COMMON/Bl/ICOF/Ll/ID/El/NC,IC/C1/IFAC,NF/Dl/KK 
NC=ID 
NZ=0 
DO 211 .J=l ,ID 
IF(ICDF(NC).NE.0)60 TO 242 
NZ=NZ+1 
ITZ(NZ)=0' -
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211 NC=NC-1 

RETURN • 
242 IF(NC.NE.1)60 TO 275 
256 NZ=NZ+1 

ITZ(NZ)=-IC0F(1) 
RETURN 

275 NEFC=C 
H::K=IABS<IC0F(NC)) 
CALL FAC 

300 NEFC=NEFC+1 
IF <MEFC.ST.NF)RETURN 
IC=IFAC(NEFC) 

335 ISUM^x 
'DO 377 K=1,NC 

377 ISUM=ISUM*IC+ICOF(K) 
IF(TSUM.EQ.O>GO TO 4 0 6 
I F d C . L T . O G O TO 300 
I C = - I C 
GO TO 3 3 5 

4 0 6 NZ=NZ+1 
ITZ(NZ)=IC 
CALL FOLDIV 
IF(NC.EQ.1)G0 TO 256 
GO TO 335 
END 
SUBROUTINE FOLDIV 
DIMENSION ICOF(IO) 
C0MM0N/B1/IC0F/E1/NC,ID 
NC=NC-1 
IC0F<1)=IC0F(1)+ID 
IF(NC.EQ.l)RETURN 
DO 122 1=2,NC 

122 IC0F(I)=ICPF(I)+ID*IC0F(I-1) 
RETURN 
END 
SUBROUTINE FAC 
INTEGER PRIME(43) ,FACTOR(96) ,FACT(6) ,POWER(6) ,SQRUT,DIV,OUOT, 

1 PROD,FACTM,POWERM 
COMMON/Al/PRIME/Cl/FACTOR,N/D1/NUMBER 
IF(NUMBER.GT.l)GO TO 7000 

-N=i 
"" FACTOR (1)=1 
RETURN 

7000 N1=NUMBER 
J=l 
NOF=0 
DIV=2 
IND=1 

45 1 = 1 
LIMIT=S0RUT(N1) 



44 IF(DIV.GT.LIMIT)GD TO 12345 
9 QU0T=N1/DIV 

IF(N1 .GT.QUOT«DIV)GO TQ 12350 
BO 70(6,7),1 

6 NDF=N0F+1 
POWER(NDF)=1 
BO TO(12352,12353),IND 

12352 FACT(NOF)=DIV 
1=2 

751 N1=QU0T 
IF(N1 .EQ.DGO TO 611 
GO TO 9 

7 POWER(NOF)=POWER(NOP)+1 
GO TO 751 

12350 J=J+1 
DIV=PRIME(J) 
GD TD(44,45),J 

12345 IND=2 
GO TO 6 

12353 FACT(NOF)=N1 
611 M=l 

I\|=l 
FACTOR(1)=1 
PR0D=1 

820 FACTM=FACT(M) 
POWERM=POWER(M) 
LIMIT=PROD*POWERM 
DO 92 Jl=l,LIMIT 
N=N+1 

92 FACTOR(N)=FACTOR(N-PROD)*FACTM 
IF(M.EQ.NOF)GO TQ 100 
PRaD=PROD+LIMIT 
M=M+1 
GD TO 820 

100 IF(N0F.GT.1)CALL SORT 
RETURN 
END 
SUBROUTINE STORE 
INTEGER P(43) ,PRMSO ,PRMFi-RD ,DI V ,PMP1 
COMMON/Al/P 
P ( 1 ) = 2 
P ( 2 ) = 3 
P ( 3 ) = 5 
P ( 4 ) = 7 
P ( 5 ) = l l 
P ( 6 ) = 1 3 
K=6 
M=2 
PRriSQ=25 
PRMPRD=35 

111 
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IND=1 
N=17 

539 GO TO<40,20),IND 
40 IF(N.LT.PRMSQ)GO TO 100 

IND=2 
BO TO 22 

20 IF(N.EQ.PRMPRD)60 TO 200 
100 DO 18 J=2,M 

DIV=P(J) 
IF{N.EQ.N/DIV*D1V)G0 TO 22 

18 CONTINUE 
K=K+1 
P<K)=N 
IF(N.GT.181)RETL!RN 
GO TO 22 

200 IND=1 
M=M+1 
PMP1=P(M+1) 
PRMSQ=PMP1*PMP1 
PRMPRD=PMP1*P(M+2) 

22 N=N+2 
GO TO 539 
END 
INTEGER FUNCTION SQRUT(N) 
INTEGER PAIR(3),QUOT,PAIRI,SQRUT2,REM,DVND,TRDIV,TRQT 
NN=N 
1 = 1 

57 QU0T=NN/100 
PAIR(I)=NN-100*aU0T 
IF(QU0T.EQ.0)G0 TO 26 
1 = 1 + 1 
NN=QUOT 
GO TO 57 

26 PAIRI=PAIR(I) 
DO 63 NLS=1,8 
S0RUT=10-NLS 
SDRUT2=SDRUT*S0RUT 
IF(PAIRI.GE.S0RUT2)G0 TO 153 

63 CONTINUE 
5DRUT=1 

153 REn=PAIRI-SQRUT*SORUT 
1535 IF(I.ED.1)RETURN 

1 = 1-1 
DVND=REM*100+PAIR(I) 
TRDrv'=20*SQRUT 
TROT=DVND/TRDIV 
IF(TR0T.GT.9)TRQT=9 

9721 REM=DVND-(TRDIV+TRQT)*TRDT 
IF(REM.6E.0)G0 TO 97 
TRQT=TRQT-1 
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GO TO 9 7 2 1 

97 SQRUT=SQRUT*10+TRQT 
GO TO 153 
END 
SUBROUTINE SORT 
INTEGER F A C ( 9 6 ) , S M A L L , C O P Y 
C0MM0N/C1 /FAC,L 
L M 1 = L - 1 
DO 2 0 1 = 1 , L M l 
I P 1 = I + 1 
NSMALL=IP1 
SMALL=FAC(NSMALL) 
I F d . E Q . L M D G O TO 83 
I P 2 = I + 2 
DO 16 K = I P 2 „ L 
I F < S M A L L . L E . F A C < K ) ) G O TO 16 
NSMALL=K 
SMALL=FAC (NSJMALL) 

16 CONTINUE 
8 3 I F ( S M A L L . G E . F A C ( I ) ) G O TO 2 0 

COPY=FAC <I) 
FAC(I)=SMALL 
FAC(NSMALL)=COPY 

20 CONTINUE 
RETURN 
END 

// 
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4. PR06RAM FOR GENERATING A SQUARE MATRIX WITH UNIT DETERMINANT 

IF WE ARBITRARILY WRITE A NON-TRIVIAL SQUARE MATRIX WITH 

INTEGER ENTRIES, EVEN OF A VERY SMALL ORDER LIKE 3, ALMOST ALWAYS 

ITS DETERMINANT WILL NEVER TURN OUT TO BE +1 OR -1. SO EVEN IF THE 

MATRIX IS NON-SINGULAR, ITS INVERSE MATRIX WILL NEVER HAVE ALL 

INTEGER ENTRIES. BUT IN ORDER TO PROVIDE TESTING DATA FDR THE 
-1 

PREVIOUS PROGRAM, WE REQUIRE MATRICES OF THE TYPE PDP WHERE D IS 

-1 

A DIAGONAL MATRIX AND BOTH P AND P HAVE INTEGER ENTRIES. THERE­

FORE WE HAVE DEVELOPED THIS PROGRAM. WE GENERATE SUCH A MATRIX BY 

THE METHOD OF BORDERING. IT IS VERY EASY TO WRITE A SQUARE MATRIX 

OF ORDER 2 WITH UNIT DETERMINANT. WE FIRST WRITE SUCH A MATRIX AND 

THEN FILL UP THE FIRST 2 ENTRIES OF THE 3RD ROW AND THE FIRST 2 

ENTRIES OF THE 3RD COLUMN ARBITRARILY. THEN BY THE HELP OF THE 

DETERMINANT SUBPROGRAM, WE CALCULATE P(3,3) IN SUCH A WAY THAT THE 

SUB-DETERMINANT FORMED 5Y THE FIRST 3 ROWS AND THE FIRST 3 COLUMNS 

WILL BE UNITY. IT IS EASY TO SEE THAT P(3,3; WILL COMPUTE TO BE AN 

INTEGER. THEN WE AGAIN WRITE THE FIRST 3 ENTRIES OF THE 4TH ROW 

AND THE FIRST 3 ENTRIES OF THE 4TH COLUMN ARBITRARILY, AND COMPUTE 

P(4,4)~U3INB'THE DETERMINANT SUBPROGRAM, AND^SO ON. CONTINUING IN 

THIS WAY, WE CAN ALWAYS GENERATE A SQUARE MATRIX OF ARBITRARILY BIG 

ORDER SUCH THAT ITS DETERMINANT IS UNITY AND SO ITS INVERSE MATRIX 

WILL ALSO HAVE ALL INTEGER ENTRIES. T̂ HE PnOOnAn iSSft IfJVCnGIOH «F 4;*-

I liniTPl I); Ha«' -M-eS d&SNl wniTTCN »¥ -14̂  TCACl ICH M4& 4-AM ncnrfODWCItHC <» 
weR€ i=eR READY ncrcnCiWGE. -^ j-wve :;?SMruTrri TCGT DATA f=eR <M^ 
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DIMENSION MAT(10,10),NMAT(10,10) 
WRITE(1,4000) 

4000 FORMAT(' WE SHALL SENERATE MATRICES OF ORDERS < 11 IN SUCH A', 
1IX,'WAY THAT IN CASE'/' THE ORDER HAPPENS TO BE GREATER THAN', 
21X,'UNITY'/' THE DETERMINANT OF THE MATRIX WILL BE UNITY') 
WRITE(1,5000. 

5000 FORMAT(' BECAUSE ALL ENTRIES OF THIS MATRIX WILL BE INTEGERS', 
IIX,' ALL ENTRIES OF ITS INVERSE'/' MATRIX WILL ALSO BE', 
21X,'INTEGERS') 

6 WRITE(1,2000) 
61 READ(1,3)K 

IF(K) 15,16,. ,' 
3 FORMAT(12) 
15 WRITE(1,24) 
24 FORMAT (' DATA ILLEGAL, PLEASE TYPE AGAIN", 

GO TO 61 
17 IF(K.GT.1)G0 TO 50 

WRITE(1,10000) 
READd ,13) I 
MAT(1,1)=I 

13 FORMAT(1316) 
GO TO 100 

50 IF(K.LE.10)G0 TO 511 
WRITEd ,66) 
GO TO 61 

511 WRITE(1,650) 
650 FORMATC TYPE 4 INTEGERS I,J,L,M IN SUCH ^ WAY', 

1IX,'THAT I*M-J*L=1') 
660 READd ,13) I ,J,L,M 

IFa*M-J*L.ED.l)GO TO 88 
WRITEd ,666) 

666 FORMATC SORRY, YOUR INTEGERS ARE WRONG: TYPE THEM IN SUCH', 
11X,'A WAY THAT I*^M-J+L=1') 
GO TO Gt>0 

83 MATd,l)=I 
MATd ,2)=J 
MAT(2,1)=L 
MAT(2,2)=M 
IF(f .ED.2) GO TO 100 

2000 FORMATC TYPE THE ORDFR OF THE MATRIX WHICH YOU WANT', 
11X,'T0 GENERATE') 

10000 FORMATC TYPE ANY 1 INTEGER') 
66 FORMATC DESIRED MATRIX TOO LARGE, TYPE', 

11X,'A SMALLER NUMBER AS THE ORDER OF THE MATRIX') 
ISIGN=-1 
DO 500 INDEX = 3,1 
INDEX1=INDEX-1 
I S 1 6 N = - I S I G N 
WRITEd , 7 7 ) INDEXl 
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77 FORMATC TYPE ANY', 13, IX ,'INTEGERS') 

READ(1,13)(MAT(INDEX,LL-1),LL=2,INDEX) 
WRITE(1,78)INDEX 1 

78 FORMAT(' ASAIN TYPE ANY',13,IX,'INTEGERS') 
READ(1,13)(MAT(LL-1,INDEX),LL=2,INDEX) 
NEW=1 
DO 672 JJ=1,INDEX1 
IF(JJ.GT.1)G0 TO 4 
DO 270 KK=1,INDEX1 
DO 270 KKK=1,INDEX1 

270 NMAT(KK,KKK)=MAT(KK,KKK+1) 
4 NEW=NEW+(-1)**JJ*MAT(INDEX,JJ)•LDET(NMAT, INDEXl)*ISI6N 

IF(JJ.EQ.INDEX1)G0 TO 672 
DO 550 LLLL=1,INDEXl 

550 MMAT (LLLL,JJ)=MAT(LLLL,JJ) 
672 CONTINUE 
500 MAT(INDEX,INDEX)=NEW 
100 DO 501 I1=1,K 
501 WRITEd ,40) (MATdl ,J1) ,J1 = 1 ,K) 

NDET=LDET(MAT,K) 
WRITEd ,40)NDET 
GO TO 6 

16 STOP 
40 FORMAT(IX,1017) 

END 
FUNCTION LDET(A,N) 
IMPLICIT INTEGER(A-Z) 
DIMENSION A(10,10) ,ADEN(10,10) ,COPYAdO,10) ,C0PYD(10,10) 
DO 900 MM = 1 , N 
DO 900 NN = 1 , N 

900 ADEN ( MM , NN ) = 1 
DO 56 MM = 1 , N 
DO 56 NN = 1 , N 
COPYA ( MM , NN ) = A ( MM , NN ) 

56 COPYD ( MM , NN ) = ADEN ( MM , NN ) 
IFCN.EQ.DGO TO 100 
NM1=N-1 
DO 200 1=1,NM1 
IP1 = I +1 
IF<CDPYA(I,1).NE.0)G0 TO 23 
DO 20,-J=IPl ,N 
IF(CDPYA(J,I).NE.0)G0 TO 75 

20 CONTINUE 
LDET=0 
RETURN 

75 DO 50 K=I , N 
EXTRA = COPYA ( I , K ) 
COPYA(I,K)=COPYA(J,K) 
COPYA(J,K)=-EXTRA 
EXTRA=COPYD<I,K) 



COPYDd ,K>=COPYD<J,K) •*••*• 
50 COPYD(J,K)=EXTRA 
23 CALL RECIP(COPYA(1,1),COPYD(1,1),RECNUM,RECDEN) 

DO 200 J=IP1,N 
IF(COPYA(J,I).EQ.O)GO TO 200 
CALL MULTN(COPYA(J,I),COPYD(J,I),RECNUM,RECDEN,FACNUM,F"CDEN) 
DO 700 K=IP1,N 
IF(COPYA(I,K).EQ.0)GO TO 700 
CALL MULTN(FACNUM,FACDeN,COPyA(I ,K;) ,C0PYD(I ,K) ,TEMPI ,TEMP2) 
CALL SUBTN(COPYA(J,K) ,COPYD(J,K) ,TEMPI,TEMP2 ,TEMP3,TEMP4) 
C0PYA<J,K)=TEMP3 
C0PYD(J,K)=TEMP4 

700 CONTINUE 
200 CONTINUE 
100 NUM=1 

DEN=1 
DO 500 J=J ,N 
CALL MULTN(NUM,DEN,COPYA(1,1),COPYD(1,1),NUM1,DEN1) 
NUM = NUMl 

500 DEN = DENl 
IF(DEN.NE.1)G0 TO 777 
LDET=NUM 
RETURN 

777 WRITE(1,778) 
778 FORMAT(' THERE IS SOME MISTAKE IN THE CALCULATIONS') 

STOP 
END 
SUBROUTINE SUBTN(I,J,K,L,M ,N) 
IMPLICIT INTEGER(A-Z) 

5 DEN=.J/HCF(J,L)*L 
8 NUM=DEN/J*I-DEN/L*K 
1 FAC=HCF(NUM,DEN) 
2 M=NUM/FAC 
3 N=DEN/FAC 

RETURN 
END 
SUBROUTINE MULTN(I,J,K,L,M,N) 
IMPLICIT INTEGER(A-Z) 
HCF1=HCF(I,L) 
HCF2=HCF(.J,K) 

15 M=I/HCF1*(K/HCF2) 
16 N=J/HCF2*(L/HCF1) 

RETURN 
END 
SUBROUTINE RECIP(I ,J,K , L) 
IMPLICIT INTEGER(A-Z) 
L=IABS(I) 
K=ISIBN(J,I) 
RETURN 
END 
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INTEGER FUNCTION HCF(I,J) 
INTEGER REM 
IF(I.NE.0)6D TO 35 
HCF=IABS(J) 
RETURN 

85 IF(J.NE.O)GO TO 153 
HCF=IABS(I) 
RETURN 

153 K0PY1=IABS(I) 
K0Py2=IABS(J) 

900 REM=MOD <KOPY1,K0PY2) 
IF(REM.NE.O)GO TO 815 
HCF=K0PY2 
RETURN 

815 K0PY1=K0PY2 
KDPY2=REM 
GO TO 900 
RETURN 
END 

// 
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