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In contrast to the conventional belief that the gauge-boson-propagator renormalizations to every mi-
loop order contribute to sin’@w at all scales (u) below the grand unification mass (M), for the first time
we prove that all higher-order multiloop (71 = 2) corrections are absent for gy =M; — My in a class of
grand unified theories where the Pati-Salam intermediate gauge symmetry breaks at the highest inter-
mediate scale (M,). This theorem holds also with supersymmetry and in string-inspired models.

PACS numbers: 12.10.Dm

Measurements of the W and Z boson masses at
high-energy accelerators [1] combined with the radiative
corrections [2] of the standard model, G4 =SU(3)¢
xSU(2), xU(1)y, have resulted in the determination of
the electroweak mixing angle with profound precision.
The standard model being incomplete on various counts,
several grand unified theories (GUTs) have been pro-
posed to unify strong, weak, and electromagnetic interac-
tions, and, in addition, the gravitational interaction
through the introduction of higher-dimensional unifica-
tion of the Kaluza-Klein-type, the NV =1 supergravity, or
superstrings. Very attractive predictions of GUTs includ-
ing the unification mass (M) consistent with the experi-
mental lower limit on the proton lifetime, sin’6y, inter-
mediate scales, fermion masses at low energies, strong
and weak CP violations, and inflationary big-bang
cosmology are possible in models with one or more inter-
mediate symmetries. Since the final step of spontaneous
symmetry breaking in every GUT has to proceed through
G, the current theoretical and experimental determina-
tions of sin%6y near the My scale are meaningful if the
GUT predictions are consistent with such accuracies.
The GUT predictions are obtained using the standard
procedure [3,4] of solving the renormalization-group
equations (RGEs) including the two-loop [5] and thresh-
old contributions [4]. It is well known that the threshold
and loop contributions are very much dependent upon the
particle content (gauge bosons, Higgs scalars, fermions,
and their superpartners in supersymmetric GUTs) of the
theory. Since the heavy particle masses are not known
precisely, the GUT predictions, including sin?6y, are
likely to be uncertain [6] and such uncertainties would
persist until a deeper theory is available on these masses.
Even in the standard model a similar uncertainty, al-
though much smaller in magnitude, exists because of
want of precise knowledge on the top quark and the
Higgs-scalar masses.

In search of models with more precise predictions, re-
cently we have proved that a major source of uncertainty
in the sin’0y prediction due to the GUT-threshold effects
is absent in the following class of models [7]:

My M, Mw
G—Gusp— - = Ga— G113, (1)

where G =S0(10), SO(12), SO(14), SO(16), SO(18),
SU(16), Eg, etc., Gap=SU(Q2); xSUQ)gxSUM4)xP
(P =parity, the left-right discrete symmetry) [8], G ;
=U(1)emXSU3)¢, M, is the highest intermediate scale,
and ellipses denote other possible intermediate sym-
metries.

The purpose of the present Letter is to establish a
theorem that shows for the first time that the presence of
parity and the quark-lepton unification symmetries in
G4p triggers a natural cancellation mechanism leading
to the absence of all higher-order multiloop radiative
corrections to sin’y arising out of gauge-boson-prop-
agator renormalizations for M; <u <My. This is a
completely new development, counter to the conventional
belief that contributions to sin’8y exist to all higher or-
ders for all mass scales below M.

Theorem.—In all GUTs where the ‘“‘custodial” Pati-
Salam gauge symmetry G,24p breaks at the highest inter-
mediate scale M;, the gauge boson renormalization to
every m-loop (m = 2) order has a vanishing contribution
to sin20y for u =M, to M.

Proof-—Let g;(u) be the gauge coupling of the sub-
group G; and a;(u) =g?(u)/4n. The RGEs are

1 1 a; M
L S M ks, )
ai(y) a(M) 2= n u (u, M)

with i =Y ,2L,3C for Gs. Here a; is a coefficient in one-
loop B function and K; includes all higher-order m-loop
contributions due to the gauge-boson-propagator renor-
malization,

Ki(uM)= Y K (u,M) .

m>2

For example,

M , d '
KO =28, [ " -
J

(3)
M '
K,-m(u,M)=ZC,-jkf aj(p')ak(u')di,,
ik # H
etc., where the constants B;; and Cjjx depend upon the

particle content of the theory. In a manner analogous to
(2), the coupling constants for Gyp satisfy RGEs with
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the corresponding coefficient (multiloop term) denoted as a/(K/) (i =2L,2R,4C). The superheavy particle effects near
=My on a;(u) are well known to have the form [4]

1 1 Aiw)

ai(u)  ag 12n

i=2L,2R,4C, 4)

where ag corresponds to the GUT coupling. At first we prove the theorem for the model (1) with single intermediate
symmetry Gap. Denoting AY =%, (My), K¥ =K;(M;,My) (i=2L,2R,4C), and K/ =K;(My,M;) (i=Y 2L,3C), we
obtain, using (2) and (3) and the standard procedure,

My 1

M, a3 +taig—2aic

M
2n(a ' =4, ) —(Fay+ay — 8 gye)ln——
My

+AvtAutA v, (5)

1
ay +aig —2aic

sin%0y =

a 2 ' 5 [
as —aic"'a—(aik"' Taic— 3ai)
s

+136—a”l(aék+ taic—3au)Gay+ay — Tasc)

M
- % (a3 +asg— 2a3(‘)((1y —ajp )]lnM—’— +A;stAst+A;s, 6)
w
where the GUT-threshold contributions are
1 AR -2
U__ 9
Y6 abtair—2aic

=2

S6n [Blasr+ 3 aic— Tas) e =AY —A5R) + (ab, +asr — 2a4c) QA+ 305 — 508001/ (a5 +asr —2aic) .

@)
All the higher-loop contributions are contained in A;v and A;s for the mass range u =My — M/, and in A,v and A,s for
the range u=M; — My,

Apw=— :2” —(3Kic—Ki— TKY), (8a)
ay +azg —2aic

Apw=—; ,2” — (2K§c—K¥ —K%), (8b)
ay tazr —2aic

A|S= B 3’(1 , [(a§R+%a!;(~—%aéL)(g—K{/-i—K%L—%Kﬂc)—%(aéL+aéR—2aéc)(K{/—K5L)], (93)
8(02L+02R“‘204(‘)

Ays= EL [(asr+ $aic— Fas ) (KY +K¥r —2KYc) — (a5, + a5k —2aic) (K¥%r+ S K¥c— K51,

8(as tasr —2aic)

(9b)
The present theorem is addressed to the contribution A,s. |

The presence of left-right discrete symmetry in G4p for which proves this new theorem on the absence of mul-
1= M; demands tiloop contributions to sin?@y for = M,;. With more in-
termediate symmetries at lower scales, the expressions

a: Taw, (10) A, Ays, Ay, and A,s remain unchanged and the condi-

K% =K%, (10b) tions in (10) lead to A,s=0 and A,s=0.
The useful lesson learned from this theorem and Ref.

A3 =Alk (10c) : :
b meRe [7] is that the presence of the left-right discrete symmetry
Using (10a) and (10c) in (7) leads to (= parity) and quark-lepton unification in Gp triggers
v natural cancellation mechanisms, unique to this gauge
AY —Ade leadi liminati f inties in sin26

AxU=‘,~,_ , As=0, an group, leading to elimination of uncertainties 1n sin“Gy
6(az —aac) predictions due to two sources: GUT-threshold and mul-
establishing the theorem on vanishing GUT-threshold tiloop radiative contriblftions fof HZ M. Also we hgve
contribution to sin?@y as carried out in Ref. [7]. But us- checked that no other {ntermcdlatc symmetry replacing
ing (10a) and (10b) in (9b) leads to 622.4}! achieves these' objectiYes and .heflce the n’ar;le cus-
todial. We emphasize precise predictions of sin“6y by
Ays=0, (12) such models with few intermediate symmetries. To our
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knowledge this is the first discovery of the absence of
such multiloop radiative corrections to sin?6y in a gauge
theory. In simplifying predictions in such GUTs, the
theorem guarantees accuracy of one-loop calculations for
sin?0y for u>M; as in the original Georgi-Quinn-
Weinberg [3] approach, although the multiloop effects
contribute for u<M;. In deriving the theorem, no
specific particle content has been used, and, as such, it
holds also in supersymmetric GUTs, or those models
based upon N =1 supergravity, superstrings, or higher-
dimensional unification. We hope this theorem will serve
as an important guideline for future model building
through GUTs. Some numerical estimations in SO(10)
including two-loop contributions in the appropriate mass
ranges suggest that the multiloop corrections to sin’6y
are absent in the simplest case of single G4p intermedi-
ate symmetry for u=10">-10'"" GeV. In the case sug-
gested to be experimentally interesting in Ref. [9],

54 210
SO(10) — Goap— SU(Z)[ XSU(Z)R XSU(4)(‘

210 126
— SU(Z)[_ xUu( )R xU(l )B—L XSU(3)("’ Gy,

where 54, 210, and 126 are the Higgs representations, the
multiloop contributions are absent for u=10'2-10'¢
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