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Local to global problem is prevalent in various branches of
engineering, physical and biological sciences (applied mathemat-
ics). Very few calculus based tools are proving to be sufficient.
Algebraic and differential topology on the other hand has been
dealing with such local-to-global problems for more than hun-
dred years.

Algebraic topology has classically helped in studying (math-
ematical) geometric objects by associating algebraic invariants
with these. Now Algebraic topology has an important role to
play in analysing the geometric objects presented by numerical
and experimental data.

“Computational Algebraic Topology” has evolved in the re-
cent past to solve many problems of this type arising in cngineer-
_ing, physical and biological sciences. Application of homology to
these kinds of problems is new and is in a primitive state. One
variant of homology theory especially evolved for such compu-
tational purposes is “Cubical Homolgy”

Cubical homology has played important role in analyzing im-
age data and numerically generated data. More sophisticated
idcas from topology is needed for further work on understand-
ing today’s complex geometric challenges like identifying and
classifying geometric properties and abnormalities in a geomet-
ric object (medical imaging), and recognizing them even in the
presence of small perturbations.

All these require the ability to efficiently compute algebraic
topological quantities starting with experimental or numerical
data, which are purely combinatorial in nature.

The most significant application of cubical homology will be
realized by those who understand its fundamental concepts. The
book of Kaczynski, Mishaikow and Mrozek (1], is a a very good
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source for this and we have adapted it in chapters 2-5.

Even though Cubical homology has many advantages over the
simplicial homology, it is a bit rigid (it is suited for pixellated,
or voxellated images), and to broaden the horizon of its applica-
bility it has to be adapted for working with polyhedral objects
too, because geometrical surfaces are quite often represented by
a triangulation.

We will however continue to need simplicial homology coming
from “Cech complex” and “Vietoris’ Rips Complex” for many
types of applications. )

Now we will list a small number of applications in which the
homology theories mentioned above have played important role
and are going to play still more important role:

(i) Blanket coverage of a given domain by covers using sensor
networks,

(i1) Hole detection of covers of a given domain defined by
sensor networks,

(ili) Determination of shape and structure of high-dimensional
data sets (shape reconstruction),

(iv) Robot motion planning on a graph (robotics),

(v) Rigourous verification of chaos in dynamical systems,

Most of these applications are found in ({1], {2], [3], [4])
By its basic propeity of topological (and even homotopy type)
invariance homology groups are considered to be robust tools
which can determine the nature of a geometric domain or its
subdomain (often given by a data set, called point cloud) irre-
spective of small perturbation (so called noise).

To define any type of homology of a domain, all one has
to do is to associate an appropriate (simplicial, cubical, or any
other) “chain complex” to it and define homology. Thanks to
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the Eilenberg-Steenrod uniqueness theorem of homology, it does
not depend on the way the complex is defined. This gives us a
lot of freedom to choose the complex which best suits a given
situation, and more importantly which is amenable to effective
computation using computers.

In problems of type (i) Blanket coverage of a given
domain by covers using sensor networks (refer to [4]) where
we need to cover a domain (a field, forest, ocean) by neigh-
bourhoods of a finite number of sensors or nodes (these sensors
could perform various sensing jobs like video surveillance, detec-
tion of radiological or biological hazards, motion detection etc.).
Homological methods permit choosing a minimal class of these
sensors without the nced to know their orientation or location
or the need to measure distances. (This has significance in the
security and surveillance problems).

If the position of the sensors (nodes) are fixed, like in the
communication towers of mobile phone networks the coverage
problem is simple.

However if we are faced with situations where there is no
means to determine relative position of the sensors (nodes), then
apart from probalistic methods (which need very strong assump-
tions on the uniformity and density of the random distribution
of the sensors), one can use homological methods. Homological
methods can even handle situations in which the environment
has moved the sensors to arbitrary (unknown) positions.

For obtaining complete or partial solutions to the blanket
coverage problem, one needs to impose some minimal conditions
on these sensors.

We describe them below for a planar domain:



Assumption 0.0.1. [4] Let D be a compact connected planar
domain with connected polygonal boundary 8D. Let x C D be
the set of sensors (nodes). Let xy C 9D be the sensors lying
on the vertices of the polygonal boundary (fence nodes). We
assume that

1. Each node of x broadcast its unique ID number. Each
node of ¥ can detect the ID of any node within broadcast radius
Ty

2. Nodes have radially symmetric covering domains of cover
radius (disk neighbourhoods with centres at the nodes and of
radius) . >13/1/3.

3. Each fence nodes v € xs knows the ID of its neighbours
on dD, and these neighbours both lie within distance 7, from v.

Definition 0.0.2. [4] The network groph of the above system
is a combinatorial graph, I', in which vertex set is the set of
labeled sensors (nodes), and (undirected) edges correspond to
pairs of nodes that are within mutual broadcasting range (within
distance ;). By assumption the fence nodes form a cycle F C T.

The problem at hand is to determine whether the set U of
the disks B, _(x) of radius r, around the nodes z of x is a cover
of D.

The input for the problem is the pair (T, F).

Now the nerve of the cover U gives the Cech complex C(U)
of U{U|U € U}.

Result 0.0.3. Under the above assumptions (0.0.1)) of the cov-
crage area (also see chapter 6 (6.1.1)) U{U|U € U} contains the
domain D if and only if the fence 1-cycle F is null-homologous
in the Cech complex C(If).



Theoretically this is a very satisfying result however it is not
possible to compute the Cech complex of U{U|U € U} from
the network graph I' alone. Precise distances between nodes are
required to determine the higher-dimensional simplices of C(I/).
All we have is two radii 7, (broadcast radius) and 7, (coverage
radius). It is not possible to derive the Cech complex C(U) of
r~disks around nodes from the network graph I' defined using
5. It is not even possible to recover the homotopy type of C(U).

Note however that the convex hull in R? of any triple of nodes
which are pairwise within the broadcast radius 7, is contained in
U{U|U € U}. In the extreme case when these nodes are pairwise
at a distance exactly 73, form an cquilateral triangle in R? that is
contained in U{U|U € U} (recall U are disks of radius r, around
~ nodes) only if 7. > 7//3.

Definition 0.0.4. [4] Let R be defined to be the largest sim-
plicial complex whose 1-skeleton is the network graph I'. Any
k + 1 nodes of x defines a k-simplex if these nodes are pairwise
within distance r,. We call R a Rips complez (also referred to
as Vietoris-Rips complex or flag complez).

The Rips complex need not capture the topology of U{U|U €
U}, but it does contain enough topological information of
U{U|U € U}.

Theorem 0.0.5 ([5]). For a set of nodes x in a domain D C R?
satisfying assumptions of (0.0.1), the sensor cover U covers D
if there exists (o] € Hy(R,F) such that Oa # 0.

This is a sufficient condition for coverage, but not a necessary
condition. Small perturbation of nodes may permit coverage of
the domain D but the topology of (R,F) may change. The
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homological criterion is effective when the covers obtained by
small perturbations of the nodes all give the same topology of
(R, F).

In problems of type (ii) Hole detection of covers of
a given domain defined by sensor networks we consider
situations where nodes change position as a function of time.
We assume further that the fence nodes are fixed (such a
situation might arise with sensors used to detect a forest fire,
with a ring of fixed nodes outside the forest and nodes within the
forest are moved around by environmental forces (eg. animals)).
There may not be enough sensors to cover the domain but the
effort is to eventually “squecze” out any holes.

Assumption 0.0.6. [4] Assume that the network communica-
tion graph is updated at certain time intervals 0 = #; < ... <
ti < .. <ty =1, giving an ordcred sequence of communication
graphs I';,;¢ = 1,2,..., N. These give the corresponding Rips
complexes R;. We further assumec that

1. If two nodes are within broadcast radius at time steps ¢;
and ¢;41, then they remain so for all £, <t < t;41.

2. Nodes can go off-line or come on-line, represented by delet-
ing or inserting the nodes in the appropriate graph TI',.

3. Fence nodes remain fixed and on-line.

Definition 0.0.7. [4] We amalgamate the sequence of Rips com-
plexes into a single simplicial cell complex AR as follows: For
each?=1,2,...,N =1, let R, NR;.; denote the largest labeled
subcomplex common to R; and R;,,. We define the amalga-
mated Rips complez to be the quotient of the disjoint union
L), R: obtained by identifying R,NR,41 C R; with R;NR;41 C



R.41 for each i. Note that F is a subcomplex of each R; and
thus is identified with a well defined cycle 7 C AR.

Theorem 0.0.8 ([5]). Consider a set of mobile nodes x(t) in a
domain D C R? satisfying assumptions of (0.0.1), and (0.0.6)
(see also chapter 7 (7.1.1)). Any continuous curve p : [0,1] —
D must have p(t) € U{U(t) | U(t) € U(t)}, where U(t), is
the sensor cover at time t for some 0 < t < 1 if there emsts
[a) € H2(AR, F) such that O[a] # 0.

We now consider a situation where there are no fixed fence
nodes but nodes in the interior can sense if they are
near the boundary 9D and can register themselves as
fence nodes. (For example a very coarse range-finder can de-
tect the presence of a wall within a set distance, without neces-
- sarily knowing the distance to the wall).

We consider therefore a system of stationary nodes which can
detect the presence of the boundary of the domain 0D within
some fixed fence radius ry. This choice of system leads to a
collection of fence nodes x; C x which spans a fence subcomplex
F C R, the maximal simplicial complex generated by the fence
nodes and edges between them. For getting a simple homological
criterion in this case one can use what is known as Persistent
homology. In this case we use the follwing assumptions:

Assumption 0.0.9. [4] 1. Each node of x broadcast its unique
ID number. Each node of x can detect the ID of any node
within broadcast radius r via strong signal, or within a larger
broadcast radius r, via a weak signal, where 7, > TS\/E.

2. Nodes have radially symmetric covering domains of cover

radius (disk neighbourhoods with centres at the nodes and of
radius) 7. > rs//2.



3. Nodes lie in a compact domain D C R¢ and can detect the
presence of the boundary 0D within a fence detection radwus r;.
4. The restricted domain D\C is connected, where

C={zeD||z-0D|<rp+r1s/\/2}.

5. The fence detection hypersurface {x € D | | z — 0D |< 7y}
has internal injectivity radius at least r,.

Such a system gives rise to a pair of Rips complexes, Ry and
R, computed at the strong and weak radii respectively, each
with fence subcomplexes F;, C R, and F,, C R,.There is a
natural inclusion map of pairs

(1) v (Rs, Fs) = (Ruy Fu),

- Theorem 0.0.10 ([6]). For a set of nodes x in a domain D C
R? satisfying assumptions of (0.0.9), the sensor cover U covers
the restricted domawn D\C if the induced homomorphism

te : Hy(Rg, Fg) — Hy(Rey, Fu)
18 NONZETO.

This theorem works because of a squeezing theorem of Cech
complex. Let Cc(x) denote the Cech complex of the cover of x
by balls of radius €/2. Let R (x) denote the Rips complex of
the network graph having set of vertices x and edges between
vertices within distance € in R%.

Theorem 0.0.11 ([6]). Let x C R%. Given € < ¢, there is a
chain of inclusions

£> 2d
¢ " Vd+1

Re(x) C Ce(x) C Relx), of



Moreover, this ratio is the smallest for which the inclusions hold
in general.

Remark 0.0.12 ([4]). 1. Rips complex is computable, but does
not give accurate representation of the cover. The Cech com-
plexe gives the exact homotopy type of the union of the cover,
but is not computable with the coarse information available from
the network graph. The last theorem removes this difficulty.

2. The technique of comparison between Rips complexes at
two different scales is a simple instance of a more general thoery
of persistence homology ([7], [8], [9]). This concerns homological
properties of a nested family of topological spaces, and is rclated
to spectral sequences. The subject is heavily driven by appli-
cations in computational geometry and nonlinear data analysis.
Persistent homology is the algebraic topology for the twenty-first
century.

3. The homological coverage criteria surveyed here are the
beginning of a larger foray of topological ideas in the theories of
networks and sensing.

4. Homological methods may allow engineers to focus on
designing simpler sensors that are useful in security network, and
determine the minimal sensing needed to solve a global problem.
Hence it promises to have significant impact on the way systems
and sensors are developed and deployed.

Next we consider problems of type (iii) Determina-
tion of shape and structure of high-dimensional data
sets (shape reconstruction) (refer {10]) Given X C R% The
homology H.(X) of X contains a lots of information about its
shape, like number of components , or holes present in it. Finer
features like how many corners, or edges (in general singular
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points) are present in it can also be determined by associating
a new space T(X) called the tangent complez of X (defined in
[10]), and then calculating the homology of T(X) , Hi(T(X)).
As is well known that the task of calculating H,(X) or H,(T(X))
gets simplified if X and T(X) can be triangulated with finite
number of simplices. Some times these spaces are presented in
the form of solutions of a finitc system of algebraic equations
or inequalities. In such situations it is feasible to determine the
set of singular points. If on the other hand only a discrete (fi-
nite but a large) set of sample points N C X (referred in the
literature as.point cloud data) is given from which one has to
get information (Homology, etc.) about X or T(X), then what
does one do?

As mentioned above one can associate Cech complex and Rips
~ complex with the points of N as nodes (or vertices) and using
open balls of radius ¢, say, around these points. But the sample
points N may not be dense enough to cover X with e-balls.
One would also not like to have very large number of points
in N to get over this coverage problem, because it will become
computationally unviable. One can keep the data set N fixed
and vary €. If € is too small then Rips complex R, is a discrete
set and if € is too large then R, will be a single simplex. The
Grothendieck programme suggests that the topology of a given
space is framed in the mappings to or from that space. With
this perspective as guide one considers the Persistent homology
as earlier. It captures the homological features which persists
over a range of parameters [e, €'].

In [9], Zomorodian and Carlson uses the classification of mod-
ules over a polynomial ring (with field coefficient) to compute
persistent homology and correlate it with the birth and death
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of topological features of X.

Remark 0.0.13. Persistent homology was used in [11] to find
significant features hidden in a large data set of pizellated natural
images compressed onto 7-dimensional sphere; most notable is
a persistent Klein bottle.

Remark 0.0.14. Since we shall be concentrating on the litera-
ture for the first three problems we will not go into details of the
last two problems ((iv) Robot motion planning on a graph
(robotics), and (v) Rigourous verification of chaos in dy-
namical systems), but conclude with a brief account of each
with the hope that in future we may take up these problems
also.

The so called ” configuration spaces” of points give a useful
model of autonomous agents (robots) in an environment (see
[12], also [13]). Problems of robot motion planning, coordina-
tion, cooperation and assembly are directly related to the topo-
logical and geometric properties of configuration spaces, includ-
ing their braid groups. These are amenable to the homology of
“cubical complexes”.

“Morse index” of a (smooth) Morse function has been gener-
alized to the so called “Conley index” which unlike Morse index
is not an integer but a homology type of a space. For a Morse
function it is a sphere of the same dimension as is the Morse
index. It can be defined for non smooth, non-gradient vector
fields. For experimentally-generated data on the dynamics of a
magneto-elastic ribbon in an oscillatory magnetic field, a Con-
ley index approach gives a rigorous proof that the experimental
system is “chaotic” (has positive “topological entropy”).
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We shall now come to chapter wise description of the mate-
rials covered in the dissertation.

In chapter 1 we will give a quick recollection of the well known
concepts of chain complex and its homology (in section 1.1), then
we proceed to recall the definitions of geometric and combina-
torial simplicial complexes (in section 1.2, and section 1.3). We
end the chapter by recalling homology of a simplicial complexes
(in section 1.4) (see [1], [45]).

In chapter 2 we will introduce cubical sets (in section 2.1),
which is analogous to simplicial complex but more conducive
to the calculation of homology of sets which are represented as
union of pixels and voxels (useful in feature identification, refer
to (1] for details). We define cubical chain complexes in R? and
in a cubical set in section 2.2 and section 2.3 respectively. In the
last section 2.4 we give some computation of zero-dimensional
homology group Hp(X) of a cubical set.

In chapter 3, usual properties of a homology theory like ho-
motopy, exactness, excision (not explicitly) and dimension prop-
erties are given for the cubical homology. In section 3.1 elemen-
tary collapse and deformations in cubical set are introduced. In
section 3.2 we introduce reduced homology, and acyclic space.
In the last section 3.3 exact homology sequence of cubical pairs
and Mayer-Vietoris sequence is breifly introduced (see {1] for
more details). ,

Simplicial homology has been used by mathematicians over
the last several decades and the computations involving them
is also quite familiar to most topologists. Cubical homology on
the other hand is a new construct not familiar to many. We are
interested in the relationship between cubical homology and the
simplicial homology, and also in applying cubical homology to
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some concrete problem of the real world. This will be done in
chapter 4. In the first section 4.1 we will give a comparison be-
tween the two complexes, in the next section 4.2 we will discuss
about cubical homology of topological polyhedra. In the last
section 4.3 we will give a brief discussion about some applica-
tions of Cubical homology (see [1] for details).

Chapter 5 is devoted to the algorithms for computing cubical
homology of cubical sets using computers.

We compute homology groups of finite cubical sets by as-
sociating a chain complex of free abelian groups (Z—modules)
and homomorphism. Then we compute the images and kernels
of the chain homomorphism and their quotients give homology
groups.
~ All these can be done step-wise using suitable algorithms and

linear algebra. The purpose of this chapter is to give concrete
algbrithm of each of these steps leading to the computation of
homology group (refer to [1] for details).

In section 5.1 we outline the steps for developing an algo-
rithm which takes input a free chain complex and gives output
its homology. Section 5.2 is devoted to a finite sequence of algo-
rithms which take as input an integer matrix (associated with
the boundary operator) and eventually returns its Row echelon
form, and thus the kernel and image of the boundary operator.
Section 5.3 is devoted to a finite number of algorithms which
takes input an integer matrix and returns its Smith normal form.
In the last section 5.4 we use the algorithms developed in the
previous sections to evolve algorithms which takes input a cu-
bical set and sequentially through these algoritms returns the
rank of its homology group.

In Chapter 6 we consider the problem of blanket coverage of
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planar domain as discussed above.

In section 6.1 we consider the coverage problem with special
assumption for the sensors on the boundary of the domain and
prove Theorem (6.1.9). In section 6.2 we consider the situa-
tion when the coverage fails with a given coverage radius. It
is then described how by a modification of coverage radii one
can regain coverage of the domain (Hole Repair). Section 6.3
considers several different situations where assumptions A1-A3
have to be modified, like (i) Network in an unbound domain,
(i) Network in a disconnected domain, (iii) Domain D with dis-
connected boundary 0D, (iv) restriction on the condition Al
(Opaque Boundary), and derives coverage criteria in each case.

Chapter 7 is a continuation of the coverage problems consid-
_ ered in the last chapter and considers more varied situations of
coverage of planar domains and also coverage of 3-dimensional
domains. In section 7.1 we consider coverage problems in which
Broadcast and Coverage radii varies with nodes. In section
7.2 we consider Coverage of 3 dimensional cylindrical regions.
The last section 7.3 considers Coverage Problem in which nodes
change position with time - two constructions are discussed, one
is of Stacked Rips complex, and the other is of Amalgamate
Rips complex.

In the discussion of the previous chapters about variants of
the hypotheses on nodes leading to coverage of a planar domain
we have in some way or the other retained the restriction on the
fence nodes (condition A3).

However a more realistic condition will not put such a strin-
gent restriction on its fence nodes, even there may not be any
nodes on the fence (the boundary 0D), instead, nodes which are
lying nearby the fence can register themselves as fence nodes.
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This situation is considered in Chapter 8 and a new concept of
“Persistent homology” is used.

In section 8.1 we consider Coverage problem of a domain
without well defined boundary. In section 8.2 we give a brief
introduction to Persistent homology.

Chapter 9 deals with Persisitent Algorithm and its use in the
feature recognition. We shall give a brief introduction to the
work of A. Zomorodian and G. Carlsson on the persistent al-
gorithm ([9]) which computes persistent homology of a filtered
complex. We also indicate its use in the work of E. Carlsson, G.
Carlsson, and V. de Silva in feature identification of geometric
objects ([10]). Section 9.1 describes the Development of the per-
sistent algorithm. In section 9.2 we give applications of tangent
complex and persistent homology in feature identification. In
the last scction 9.3 we list some open problem on the various
works presented in this dissertation.
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PREFACE

Local to global problem is prevalent in various branches of
engineering, physical and biological sciences (applied mathemat-
ics). Very few calculus based tools are proving to be sufficient.
Algebraic and differential topology on the other hand has been
dealing with such local-to-global problems for more than hun-
dred years. '

Algebraic topology has classically helped in studying (math-
ematical) geometric objects by associating algebraic invariants
with these. Now Algebraic topology has an important role to
play in analysing the geometric objects presented by numerical
and experimental data.

“Computational Algebraic Topology” has evolved in the re-
cent past to solve many problems of this type arising in engineer-
ing, physical and biological sciences. Application of homology to
these kinds of problems is new and is in a primitive state. One
variant of homology theory especially evolved for such compu-
tational purposes is “Cubical Homolgy”

Cubical homology has played important role in analyzing im-
age data and numerically generated data. More sophisticated
ideas from topology is needed for further work on understand-
ing today’s complex geometric challenges like identifying and
classifying geometric properties and abnormalities in a geomet- -
ric object (medical imaging), and recognizing them even in the
presence of small perturbations.

All these require the ability to efficiently compute algebraic
topological quantities starting with experimental or numerical
data, which are purely combinatorial in nature.
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The most significant application of cubical homology will be
realized by those who understand its fundamental concepts. The
book of Kaczynski, Mishaikow and Mrozek [1], is a a very good
source for this and we have adapted it in chapters 2-5.

Even though Cubical homology has many advantages over the
simplicial homology, it is a bit rigid (it is suited for pixellated,
or voxellated images), and to broaden the horizon of its applica-
bility it has to be adapted for working with polyhedral objects
too, because geometrical surfaces are quite often represented by
a triangulation.

We will however continue to need simplicial homology coming
from “Cech complex” and “Vietoris’ Rips Complex” for many
types of applications.

Now we will list a small number of applications in which the
homology theories mentioned above have played important role
and are going to play still more important role:

(i) Blanket coverage of a given domain by covers using sensor
networks,

(ii) Hole detection of covers of a given domain defined by
sensor networks,

(iii) Determination of shape and structure of high-dimensional
data sets (shape reconstruction),

(iv) Robot motion planning on a graph (robotics),

(v) Rigourous verification of chaos in dynamical systems,

Most of these applications are found in ([1], [2], [3], [4]).
By its basic property of topological (and even homotopy type)
invariance homology groups are considered to be robust tools
which can determine the nature of a geometric domain or its
subdomain (often given by a data set, called point cloud) irre-
spective of small perturbation (so called noise).
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To define any type of homology of a domain, all one has
to do is to associate an appropriate (simplicial, cubical, or any
other) “chain complex” to it and define homology. Thanks to
the Eilenberg-Steenrod uniqueness theorem of homology, it does
not depend on the way the complex is defined. This gives us a
lot of freedom to choose the complex which best suits a given
situation, and more importantly which is amenable to effective
computation using computers. '

In problems of type (i) Blanket coverage of a given
domain by covers using sensor networks (refer to [4]) where
we need to cover a domain (a field, forest, ocean) by neigh-
bourhoods of a finite number of sensors or nodes (these sensors
could perform various sensing jobs like video surveillance, detec-
tion of radiological or biological hazards, motion detection etc.).
Homological methods permit choosing a minimal class of these
sensors without the need to know their orientation or location
or the need to measure distances. (This has significance in the
security and surveillance problems).

If the position of the sensors (nodes) are fixed, like in the
communication towers of mobile phone networks the coverage
problem is simple.

However if we are faced with situations where there is no
means to determine relative position of the sensors (nodes), then
apart from probalistic methods (which need very strong assump-
tions on the uniformity and density of the random distribution
of the sensors), one can use homological methods. Homological
methods can even handle situations in which the environment
has moved the sensors to arbitrary (unknown) positions.

For obtaining complete or partial solutions to the blanket
coverage problem, one needs to impose some minimal conditions
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on these sensors.
We describe them below for a planar domain:

Assumption 0.0.1. [4] Let D be a compact connected planar
domain with connected polygonal boundary 0D. Let x C D be
the set of sensors (nodes). Let xy C 9D be the sensors lying
on the vertices of the polygonal boundary (fence nodes). We
assume that

1. Each node of x broadcast its unique ID number. Each
node of x can detect the ID of any node within broadcast radius
Ty,

2. Nodes have radially symmetric covering domains of cover
radius (disk neighbourhoods with centres at the nodes and of
radius) 7, > r//3.

3. Each fence nodes v € x5 knows the ID of its neighbours
on 0D, and these neighbours both lie within distance r;, from v.

Definition 0.0.2. [4] The network graph of the above system
is a combinatorial graph, I', in which vertex set is the set of
labeled sensors (nodes), and (undirected) edges correspond to
pairs of nodes that are within mutual broadcasting range (within
distance ;). By assumption the fence nodes form a cycle F C TI.

The problem at hand is to determine whether the set Y of

the disks B, (x) of radius r, around the nodes z of x is a cover
of D.

The input for the problem is the pair (', F).
Now the nerve of the cover U gives the Cech complex C(U)
of U{UIU € U}.

Result 0.0.3. Under the above assumptions (0.0.1)) of the cov-
erage area {also see chapter 6 (6.1.1)) U{U|U € U} contains the
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domain D if and only if the fence 1-cycle F is null-homologous
in the Cech complex C(U).

Theoretically this is a very satisfying result however it is not
possible to compute the Cech complex of U{U|U € U} from
the network graph I' alone. Precise distances between nodes are
required to determine the higher-dimensional simplices of C(U).
All we have is two radii rp (broadcast radius) and 7. (coverage
radius). It is not possible to derive the Cech complex C(i) of
r~disks around nodes from the network graph I' defined using
. It is not even possible to recover the homotopy type of C(U).

Note however that the convex hull in R? of any triple of nodes
which are pairwise within the broadcast radius 7} is contained in
U{U|U € U}. In the extreme case when these nodes are pairwise
at a distance exactly 7, form an equilateral triangle in R? that is
contained in U{U|U &€ U} (recall U are disks of radius . around
nodes) only if r. > r,//3.

Definition 0.0.4. [4] Let R be defined to be the largest sim-
plicial complex whose 1-skeleton is the network graph I'. Any
k + 1 nodes of x defines a k-simplex if thesc nodes are pairwise
within distance ;. We call R a Rips complez (also referred to
as Vietoris-Rips complez or flag complex).

The Rips complex need not capture the topology of U{U|U €

U}, but it does contain enough topological information of
U{U|U e U}.

Theorem 0.0.5 ([5]). For a set of nodes x in a domain D C R?
satisfying assumptions of (0.0.1), the sensor cover U covers D
if there exists (o] € Hy(R, F) such that da # 0.



This is a sufficient condition for coverage, but not a necessary
condition. Small perturbation of nodes may permit coverage of
the domain D but the topology of (R, F) may change. The
homological criterion is effective when the covers obtained by
small perturbations of the nodes all give the same topology of
(R, F).

In problems of type (ii) Hole detection of covers of
a given domain defined by sensor networks we consider
situations where nodes change position as a function of time.
We assume further that the fence nodes are fixed (such a
situation might arise with sensors used to detect a forest fire,
with a ring of fixed nodes outside the forest and nodes within the
forest are moved around by cnvironmental forces (eg. animals)).
There may not be enough sensors to cover the domain but the
effort is to eventually “squeeze” out any holes.

Assumption 0.0.6. [4] Assume that thc network communica-
tion graph is updated at certain time intervals 0 = t; < ... <
t, < .. <ty =1, giving an ordered sequence of communication
graphs I';;7 = 1,2, ..., N. These give the corresponding Rips
complexes R,. We further assume that

1. If two nodes are within broadcast radius at time steps t,
and t,4), then they remain so for all ¢, <t < t,,;.

2. Nodes can go off-line or come on-line, represented by delet-
ing or inserting the nodes in the appropriate graph T',.

3. Fence nodes remain fixed and on-line.

Definition 0.0.7. [4] We amalgamate the sequence of Rips com-
plexes into a single simplicial cell complex AR as follows: For
eachi=1,2,..,N -1, let R;NR,;; denote the largest labeled
subcomplex common to R, and R,,;. We define the amalga-
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mated Rips complex to be the quotient of the disjoint union
LJ; R. obtained by identifying R,N Ry C Ry with R;NR;4q C
R4 for each 7. Note that F is a subcomplex of each R, and
thus is identified with a well defined cycle 7 C AR.

Theorem 0.0.8 ([5]). Consider a set of mobile nodes x(t) in a
domain D C R? satisfying assumptions of (0.0.1), and (0.0.6)
(see also chapter 7 (7.1.1)). Any continuous curve p : [0,1] —
D must have p(t) € U{U(t) | U(t) € U(t)}, where U(t), is
the sensor cover at time t for some 0 < t < 1 if there exists
[a] € Hy(AR, F) such that d]a] # 0.

We now consider a situation where there are no fixed fence
nodes but nodes in the interior can sense if they are
near the boundary 0D and can register themselves as
fence nodes. (For example a very coarse range-finder can de-
tect the presence of a wall within a set distance, without neces-
sarily knowing the distance to the wall).

We consider therefore a system of stationary nodes which can
detect the presence of the boundary of the domain 8D within
some fixed fence radius ry. This choice of system leads to a
collection of fence nodes xy C x which spans a fence subcomplex
F C R, the maximal simplicial complex generated by the fence
nodes and edges between them. For getting a simple homological
criterion in this case one can use what is known as Persistent
homology. In this case we use the follwing assumptions:

Assumption 0.0.9. [4] 1. Each node of x broadcast its unique
ID number. Each node of x can detect the ID of any node
within broadcast radius r; via strong signal, or within a larger
broadcast radius r,, via a weak signal, where r,, > rsv/10.
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2. Nodes have radially symmetric covering domains of cover
radius (disk neighbourhoods with centres at the nodes and of
radius) 7. > 7,//2.

3. Nodes lie in a compact domain D C R and can detect the
presence of the boundary 0D within a fence detection radius .

4. The restricted domain D\C is connected, where

C={zeD||z—-dD|<rp+7s/V2}.

5. The fence detection hypersurface {x € D | | 2 — 3D |< 7y}
has internal injectivity radius at least r.

Such a system gives rise to a pair of Rips complexes, R, and
R., computed at the strong and weak radii respectively, each
with fence subcomplexes 7y, C R, and F,, C R,.There is a
natural inclusion map of pairs :

(1) L (Rs, Fs) = (Ruy Fu),

Theorem 0.0.10 ([6]). For a set of nodes x in a domain D C
RY satisfying assumptions of (0.0.9), the sensor cover U covers
the restricted domain D\C if the induced homomorphism

bt Hy(Ry, F) = Hy(Roy, Fo)
1S NONZEro.

This theorem works because of a squeezing theorem of Cech
complex. Let C(x) denote the Cech complex of the cover of x
by balls of radius €¢/2. Let R (x) denote the Rips complex of
the network graph having set of vertices x and edges between
vertices within distance € in R%.
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Theorem 0.0.11 ([6]). Let x C RY. Given € < ¢, there is a
chain of inclusions

€ 2d
(v f =>4/
Re(x) CCx) C Relx), if ¢ = \Var1

Moreover, this ratio is the smallest for which the inclusions hold
in general.

Remark 0.0.12 ([4]). 1. Rips complex is computable, but does
not give accurate representation of the cover. The Cech com-
plexe gives the cxact homotopy type of the union of the cover,
but is not computable with the coarse information available from
the network graph. The last theorem removes this difficulty.

2. The technique of comparison between Rips complexes at
two different scales is a simple instance of a more general thoery
of persistence homology ([7], {8], [9]). This concerns homological
properties of a nested family of topological spaces, and is related
to spectral sequences. The subject is heavily driven by appli-
cations in computational geometry and nonlinear data analysis.
Persistent homology is the algebraic topology for the twenty-first
century.

3. The homological coverage criteria surveyed here are the
beginning of a larger foray of topological ideas in the theories of
networks and sensing.

4. Homological methods may allow engineers to focus on
designing simpler sensors that are useful in security network, and
determine the minimal sensing needed to solve a global problem.
Hence it promises to have significant impact on the way systems
and sensors arc developed and deployed.

Next we consider problems of type (iii) Determina-
tion of shape and structure of high-dimensional data
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sets (shape reconstruction) (refer [10]) Given X C R%. The
homology H,(X) of X contains a lots of information about its
shape, like number of components , or holes present in it. Finer
features like how many corners, or edges (in general singular
points) are present in it can also be determined by associating
a new space T(X) called the tangent complex of X (defined in
[10]), and then calculating the homology of T(X) , H(T(X)).
As is well known that the task of calculating H,(X) or H.(T'(X))
gets simplified if X and T(X) can be triangulated with finite
number of simplices. Some times these spaces are presented in
the form of solutions of a finite system of algebraic equations
or inequalities. In such situations it is feasible to determine the
set of singular points. If on the other hand only a discrete (fi-
nite but a large) set of sample points N C X (referred in the
literature as point cloud data) is given from which one has to
get information (Homology, etc.) about X or T(X), then what
does one do?

As mentioned above one can associate Cech complex and Rips
complex with the points of N as nodes (or vertices) and using
open balls of radius ¢, say, around these points. But the sample
points N may not be dense enough to cover X with e-balls.
One would also not like to have very large number of points
in N to get over this coverage problem, because it will become
computationally unviable. One can keep the data set N fixed
and vary €. If € is too small then Rips complex R, is a discrete
set and if € is too large then R, will be a single simplex. The
Grothendieck programme suggests that the topology of a given
space is framed in the mappings to or from that space. With
this perspective as guide one considers the Persistent homology



as earlier. It captures the homological features which persists
over a range of parameters [e, €'].

In [9], Zomorodian and Carlson uses the classification of mod-
ules over a polynomial ring (with field coefficient) to compute
persistent homology and correlate it with the birth and death
of topological features of X.

Remark 0.0.13. Persistent homology was used in [11] to find
significant features hidden in a large data set of pizellated natural
images compressed onto 7-dimensional sphere; most notable is
a persistent Klein bottle.

Remark 0.0.14. Since we shall be concentrating on the litera-
~ture for the first three problems we will not go into details of the
last two problems ((iv) Robot motion planning on a graph
(robotics), and (v) Rigourous verification of chaos in dy-
namical systems), but conclude with a brief account of each
with the hope that in future we may take up these problems
also.

The so called ” configuration spaces” of points give a useful
modecl of autonomous agents (robots) in an cnvironment (see
[12], also [13]). Problems of robot motion planning, coordina-
tion, cooperation and assembly are directly related to the topo-
logical and geometric properties of configuration spaces, includ-
ing their braid groups. These are amenable to the homology of
“cubical complexes”.

“Morse index” of a (smooth) Morse function has been gener-
alized to the so called “Conley indez” which unlike Morse index
is not an integer but a homology type of a space. For a Morse
function it is a sphere of the same dimension as is the Morse
index. It can be defined for non smooth, non-gradient vector
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fields. For experimentally-generated data on the dynamics of a
magneto-elastic ribbon in an oscillatory magnetic field, a Con-
ley index approach gives a rigorous proof that the experimental
system is “chaotic” (has positive “topological entropy”).

We shall now come to chapter wise description of the mate-
rials covered in the disscrtation.

In chapter 1 we will give a quick recollection of the well known
concepts of chain complex and its homology (in section 1.1), then
we proceed to recall the definitions of geometric and combina-
torial simplicial complexes (in section 1.2, and section 1.3). We
end the chapter by recalling homology of a simplicial complexes
_(in section 1.4) (see [1], [45]).

In chapter 2 we will introduce cubical sets (in section 2.1),
which is analogous to simplicial complex but more conducive
to the calculation of homology of sets which are represented as
union of pixels and voxels (useful in feature identification, refer
to [1] for details). We define cubical chain complexes in R¢ and
in a cubical set in section 2.2 and section 2.3 respectively. In the
last section 2.4 we give some computation of zero-dimensional
homology group Hy(X) of a cubical set.

In chapter 3, usual properties of a homology theory like ho-
motopy, exactness, excision (not explicitly) and dimension prop-
erties are given for the cubical homology. In section 3.1 elemen-
tary collapse and deformations in cubical set are introduced. In
section 3.2 we introduce reduced homology, and acyclic space.
In the last section 3.3 exact homology sequence of cubical pairs
and Mayer-Vietoris sequence is breifly introduced (see [1] for
more details).

Simplicial homology has been used by mathematicians over
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the last several decades and the computations involving them
is also quite familiar to most topologists. Cubical homology on
the other hand is a new construct not familiar to many. We are
interested in the relationship between cubical homology and the
simplicial homology, and also in applying cubical homology to
some concrete problem of the real world. This will be done in
chapter 4. In the first section 4.1 we will give a comparison be-
tween the two complexes, in the next section 4.2 we will discuss
about cubical homology of topological polyhedra. In the last
section 4.3 we will give a brief discussion about some applica-
tions of Cubical homology (see [1] for details).

Chapter 5 is devoted to the algorithms for computing cubical
- homology of cubical sets using computers.

We compute homology groups of finite cubical sets by as-
sociating a chain complex of free abelian groups (Z—modules)
and homomorphism. Then we compute the images and kernels
of the chain homomorphism and their quotients give homology
groups.

All these can be done step-wise using suitable algorithms and
linear algebra. The purpose of this chapter is to give concrete
algorithm of each of these steps leading to the computation of
homology group (refer to [1] for details).

In section 5.1 we outline the steps for developing an algo-
rithm which takes input a free chain complex and gives output
its homology. Section 5.2 is devoted to a finite sequence of algo-
rithms which take as input an integer matrix (associated with
the boundary operator) and eventually returns its Row echelon
form, and thus the kernel and image of the boundary operator.
Section 5.3 is devoted to a finitc number of algorithms which
takes input an integer matrix and returns its Smith normal form.
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In the last section 5.4 we use the algorithms developed in the
previous sections to evolve algorithms which takes input a cu-
bical set and sequentially through these algoritms returns the
rank of its homology group.

In Chapter 6 we consider the problem of blanket coverage of
planar domain as discussed above.

In section 6.1 we consider the coverage problem with special
assumption for the sensors on the boundary of the domain and
prove Theorem (6.1.9). In section 6.2 we consider the situa-
tion when the coverage fails with a given coverage radius. It
is then described how by a modification of coverage radii one
can regain coverage of the domain (Hole Repair). Section 6.3
considers several different situations where assumptions A1-A3
have to be modified, like (i) Network in an unbound domain,
(ii) Network in a disconnected domain, (iii) Domain D with dis-
connected boundary 8D, (iv) restriction on the condition Al
(Opaque Boundary), and derives coverage criteria in each case.

Chapter 7 is a continuation of the coverage problems consid-
ered in the last chapter and considers more varied situations of
coverage of planar domains and also coverage of 3-dimensional
domains. In section 7.1 we consider coverage problems in which
Broadcast and Coverage radii varies with nodes. In section
7.2 we consider Coverage of 3 dimensional cylindrical regions.
The last section 7.3 considers Coverage Problem in which nodes
change position with time - two constructions are discussed, one
is of Stacked Rips complex, and the other is of Amalgamated
Rips complex.

In the discussion of the previous chapters about variants of
the hypotheses on nodes leading to coverage of a planar domain
we have in some way or the other retained the restriction on the
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fence nodes (condition A3).

However a more realistic condition will not put such a strin-
gent restriction on its fence nodes, even there may not be any
nodes on the fence (the boundary 8D), instead, nodes which are
lying .nearby the fence can register themselves as fence nodes.
This situation is considered in Chapter 8 and a new concept of
“Persistent homology” is used.

In section 8.1 we consider Coverage problem of a domain
without well defined boundary. In section 8.2 we give a brief
introduction to Persistent homology.

Chapter 9 deals with Persisitent Algorithm and its use in the
feature recognition. We shall give a brief introduction to the
- work of A. Zomorodian and G. Carlsson on the persistent al-
gorithm ([9]) which computes persistent homology of a filtered
complex. We also indicate its use in the work of E. Carlsson, G.
Carlsson, and V. de Silva in feature identification of geometric
objects ({10]). Section 9.1 describes the Development of the per-
sistent algorithm. In section 9.2 we give applications of tangent
complex and persistent homology in feature identification. In
the last section 9.3 we list some open problem on the various
works presented in this dissertation.



List of Symbols

Z set of integers

N set of positive integers (or set of natural numbers)
Z* N U {0} (set of nonnegative integers)
Q set of rational numbers

R set of real numbers

C . set of complex numbers

H<(G H is a subgroup of G

H<G H is a proper subgroup of G
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Chapter 1

Homology of Simplicial
Complexes

In this chapter we will give a quick recollection of the well known
concepts of chain complex and its homology then we proceed to
recall the definitions of geometric and combinatorial simplicial
complexes. We end the chapter by recalling homology of a sim-
plicial complexes (see [1}).

1.1 Abstract Chain Complex and its homol-
ogy

Definition 1.1.1. ([46]) Let R be a commutative ring with iden-
tity. A chain complex C = {(Cy, 0;)}qez, Is a sequence of pair
{(Cy,0,)}, where C, is a free R- module Vg and 9, : C,— C,—,
is a R-homomorphism Vg, such that 8,00,4, = 0 Vg

In most cases Cy = 0 if ¢ < 0. An element of C; is said to
have dimension ¢q. Z,(C), B,(C) are submodules of C, defined
by

Z4(C) = Ker 0, called g-cycles,
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B, = Im 0y called g-boundaries.

Definition 1.1.2. ([46]) The g-th homology module of C is de-
z,(C
fined by H,(C) = E‘LE-C-%.
g

By construction, H,(C) is an R-module. If z € Z,(C) we
write Z for its class in H,(C).

Define a chain map f : C — C’ to be a sequence of homo-
morphism f, : Cy — C such that 8:10 fo = fq-1 00,

¢, ¢,
Lo, 18
Cq—-l ‘{ti) C;,__l

A chain map f : C — C’ sends cycles to cycles and bound-
aries to boundaries. Hence f induccs a well-defined homomor-
phism

Hy(f) : Hy(C) » H,(C"),

Hy(§)@) = 1,(2).

Thus H defines a functor from the category of chain cmplexes
over R and chain maps to the category of R-modules and ho-
momorphisms.

Definition 1.1.3. ([46]) A chain homotopy between the chain
maps

f=A{fy:C,— C}} and g = {g, : C; — C}} is & sequence
D = {Dy : C; — C_,} of homomorphism such that &,,D, +
Dy10y = fy — gq.

We write f >~ g. (If C, =0 for g < 0, the equation reads
01Dy = fo - g0)

Proposition 1.1.4. (/{6/) Chawn homotopic maps induce equal
maps in homology.



Proof. Let z € H,(C) be a class with representative z € Z,(C).
then f,(2) — g4(2) = 9441 Dy(2) € By(C). Hence Hy(f)(z) =
H,(9)(2). n

1.2 Simplicial complex (Geometric definition)

We recall now the definition of (geometric) simplicial complex
by giving a series of definitions (see [45]):

Definition 1.2.1. ([45]) Let S = {po,p1,...,px} C R A linear
k

combination of elements of S'is x = ) _\,p;,for some A, € R. An
1=0
k
affine combination is a linear combination with > A, = 1. A
i=0
convez combination is an affine combination with A; > 0,for all

1. The set of all convex combinations is the convez hull.

Definition 1.2.2. ([45]) A set S is linearly (affinely) indepen-
dent if no point in S is a linear (affine) combination of the other
points in S.

Definition 1.2.3. ([45]) A k-simplex is the convex hull of k& + 1
affinely independent points S = {vp, v1,...,v;}. The points in
S are the vertices of the simplex.

Definition 1.2.4. ([45]) Let 0 be a k— simplex defined by S =
{vo,v1,...,u:}. A simplex 7 defined by T C S is a face of o
(denoted T < ¢) and has ¢ as a coface of 7 (denoted 7 > o). In
particular, 0 < o and ¢ > 0.

Definition 1.2.5. ([45]) (simplicial complex) A (finite) sim-
plicial complez K is a finite set of simplices such that
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lLoeK,7r<o=717€kK,
2. o,o’EKioﬂo'_{o,al oraﬂa'——-qﬁ.

The dimension of K is dim K = maz{dimo | ¢ € K}. The
vertices of K are the zero-simplices in K. A simplex is principal
if it has no proper coface in K (i.eoc <& = o = 37).

Here, proper has the same definition as for sets. So, a simpli-
cial complex is a collection of simplices that fit together nicely,
as shown in Figure 1.1, as opposed to simplices in 1.2.

>,
// N
\\
AT — e ——.
N Y SR
5N b;
hY $
s S 7
/7 , /
.f/ \.
4 /
[ PR =
Figurc 1.1:

Remark 1.2.6. ([45]) (i) size of a szmplez: For a k-simplex o
Number of 0-simplices=k + 1 = (k-1|-1)

Number of 1-simplices= (’“2”)
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Number of l-simplices = (’;:11 )

So on (sce the table below).

Size of a k-simplex is defined to be the sum (}”1’1) +-+ (,ﬁ[})

(i1) We define empty set ¢ on a (-1)-sumplex.

(ii1) If we add 1 to the left of each row of the table then we
get Pascal’s triangle.See figure 1.3.

k/1J0[1]2]3
0 [1]0]0]0
1 |2]1]0(0
2 |3[3]1]0
3 |4|6]4]1
47777

1
Z 1
3 3 i
3 - 3 L
5 L Lo 2 1

Figuic 13 Pascal’s tnangle



1.3 Simplicial Complex (Abstract Definition)

We now recall the purely combinatorial definition of simplicial
complex, without any reference to an ambient space (see [45]).

Definition 1.3.1. ([45]) (abstract simplicial complex) An
abstract simplicial complez is a set K, together with a collection
S of subsets of K called (abstract) simplices such that:

1. Forall v € K, {v} € S. We call the sets {v} the vertices of
K.

2. f7rCoeSthen7€S

When it is clear from context what S is, we refer to K as a
complex. We say o is a k-simplex ( or a simplex of dimension
k) if the number of elements of o, |o| = k+ 1. If 7 C o, 7
is a face of o, and o is a coface of 7. Note that the definition
automatically allows for ¢ as a (-1)-simplex.The abstract def-
inition affirms the notion that topology only cares about how
the simplices are connected, and not how they are placed within
a space. We now relate this abstract set-theoretic definition to
the geometric one by extracting the combinatorial structure of
a (geometric)simplicial complex.

Definition 1.3.2. ([45]) (vertex scheme of a geometric sim-
plicial complex) Let K be a (geometric) simplicial complex
with vertices V and let S be the collection of all subsets
{vo,v1,...,u;} of V such that the vertices vy, vy,...,v) span a
simplex of K. The collection S is called the vertex scheme of
K. Clearly, the set K and the collection S together form an
abstract simplicial complex. It allows us to compare simplicial
complexes easily, using isomorphisms between sets.
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Definition 1.3.3. ([45]) Let K, K3 be abstract simplicial com-
plexes with vertices V;, Vo and subset collection S;, S respec-
tively. An isomorphism between K, K> is a bijection ¢ : V| —
Vo, such that the sets in S; and Sy are the same under the re-
naming of the vertices by ¢ and its inverse.

Theorem 1.3.4. ([{5]) For every abstract simplicial complex
(K,S), S is the vertex scheme of some simplicial complex. Two
simplicial complezes are isomorphic iff thewr vertex schemes are
isomorphic as abstract simplicial complezes.(refer to [45] for
proof) |

Definition 1.3.5. ([45]) (Goemetric Realization) If the sim-
plices S of an abstract simplicial complex K, is isomorphic with
the vertex scheme S of the simplicial comlex Kj, we call K a
geometric realization of K. It is uniquely determined up to an
isomorphism, linear on the simplices.

Remark 1.3.6. ([45]) A (finite) abstract simplicial complex is
purely a combinatorial object, which can be easily stored and
manipulated in a computer. For a (finite) geometric simplicial
complex the realization map into the ambient space can ap-
proximately be represented in a computer using floating point
representation.

1.4 Chain complex associated with a simpli-
~ cial complex

Definition 1.4.1. ([1}) Two ordering (uvg, vy, ..., v,) and
(Vpg> Upy» - - -, Up,, ) Of vertices of an n-simplex S are said to have
the same orientation if one can get one from the other by an even
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permutation This defines an equivalence relation on the set of all

orderings of vertices of S. An oriented simplez = [vg, v, .- ., V)
is an equivalence class of the ordering (vp, vy, - - ., v,) of vertices
of a simplex S = conv{vy,v1,...,v,}. If S and T are geomet-

ric simplices, the corresponding oriented simplices are denoted
respectively by o and 7.

It is easy to see that for n > 0 the above equivalence rela-
tion divides the set of all orderings into two equivalence classes.
Hence we may say that the ordering that are not in the same
equivalence class have the opposite orientation. We shall denote
the pairs of opposite oriented simplices by 0,0 or 7,7. An ori-
ented simplicial complex is a simplicial complex S with one of
the two equivalence classes chosen for each simplex of S. The
orientation of a simplex and its faces may be done arbitrarily;
they do not need to be related.

Example 1.4.2. ([1]) Let S be a triangle in R? spanned by
vertices vy, v9,v3. Then the orientation equivalence class 0 =
[v1, 2, v3] contains the orderings (vy, v, v3), (va, v3, v1), (U3, U1, ¥9)
and the opposite orientation ¢ contains (vi,vs,v2), (v2, v1, v3),
(’()3,’02,’()1).

Definition 1.4.3. ([1]) (i) Let S™ be the set of all oriented n-
simplices of S. Let Z(S™) be the free abelian group generated by
S"™; this can also be defined as the set of all functions ¢ : S* — Z,
generated by the characteristic functions 6 : S — Z, of 0 € S"
which sends o to 1 and rest of the elements of S™ to 0.

(ii) The group of n-chains denoted by C,,(S) is the subgroup
of Z(S") consisting of those functions ¢ that satisfy the identity
c(o) = —c(0') if 0 and ¢ are opposite orientations of the same
n-simplex. We put C,,(S) = 0 if S contains no n-simplices.
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Proposition 1.4.4. ([1]) The group C,(S) is a free abelian
group generated by functions o = 0 — o’ given by the formula
1 ifT=o0, ‘
G(ry=<{ =1 ifr=0,
0  otherwise,
where 0,0 ,7 € S and 0,0 are opposite orientations of the
same simplex. This set of generators 1s not a basis since ¢ =
—& for any pairs 0,0 . A basis is obtained by selecting one
o from each pair of oriented simpices with mutually opposite
orientations.

Remark 1.4.5. ([1]) The simplicial boundary operator
O : Ci(S) — Cj—1(8S) is defined on any basic element, [vp, vy, . . ., Uy
by the formula

'3

8R[UO)U1) <. )U'IL] = z(—l)i[v())vl) ey U1, Vg1, - )Uﬂ,]
1=0
Thus C(S) = {Ci(S), Ok }rez has the structure of a chain

complex. The homology of that chain complex is the sequence
of abelian groups

H(S) = {H,(S)} = {ker 8, /im 9,,,1}, as defined earlier.
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Chapter 2

Cubical Homology

In this chapter we will introduce cubical sets, which is analogous
to simplicial complex but more conducive to the calculation of
homology of sets which are represented as union of pixels and
voxels.(useful in feature identification).(refer to [1] for details)

2.1 Cubical sets and Cubical complex

Definition 2.1.1. ([1]) An elementary interval is a closed in-
terval I C R of the form I = [I,l + 1] or I = [I,1] for some
l € Z. To simplify the notation, we write [{] = [{,[] for an in-
terval that contains only one point. Elementary intervals that
consist of a single point are degenerate, while those of lenght 1
are nondegenerate.

Example 2.1.2. ([1]) The interval [2, 3], [-15, —14], and [7] are
all examples of elementary intervals. On the other hand,[%, %]
1s not an elementary interval since the boundary points are not
integers. Similarly, [1, 3] is not an elementary interval since the

length of the interval is greater than 1.
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Definition 2.1.3. ([1]) An elementary cube @ is a finite product
of elementary intervals, that is, Q = I} x Iy x -+ - x Iy C R¢ where
each I, is an elementary interval. The set of all elementary cubes
in R¢ is denoted byK¢. The set of all elementary cubes is denoted

by K, namely K = loL_jllCd

Definition 2.1.4. ([1]) Let Q = I[; x I x --- x I; C R* be an
elementary cube. The embedding number of @) is denoted by
emb Q and is defined to be d since @ C R¢. The interval I, is
referred to as the ith component of Q and is written as 1,(Q).
The dimension of @ is defined to be the number of nondegenrate
components in @ and is denoted by dim@. Observe that if
emb Q = d, then Q € K*. We also let K, = {Q € K|dim Q = k}
and K¢ = Ky N K4,

Proposition 2.1.5. ([1]) Let Q € K{ and P € /C;f:.Then Q X

d+¢l’
Pe }Ck Nz

Definition 2.1.6. ([1]) Let Q,P € K. If Q C P, then Q is a
face of P. this is denoted by @ < P. If @ < P and @ # P,
then @ is a proper face of P, which is written as Q@ < P.Q is a
primary face of P if Q) is a face of P and dimQ = dim P — 1.

Definition 2.1.7. ([1]) A set X C R% is cubical if X can be
written as a finite union of elementary cubes. If X C R% is a
cubical set, then we adopt the following notation:

K(X) ={Q € K|Q C X} and call it the cubical complez of
X.

Ku(X) = {Q € K(X)|dim Q = k}.

12



In analogy with graphs, the elements of Ky(X) are the ver-
tices of X and the elements of K;(X) are the edges of X. More
generally, the elements of K,(X) are the k-cubes of X.

Proposition 2.1.8. (/1)) If X C R is cubical, then X is closed
and bounded.

2.2 Cubical chain complex in R?

To define chain complex associative to a cubical set (or complex)
we need to introduce some more definition.

Definition 2.2.1. ([1]) Let I be an elementary interval. The
associated elementary cell is
o _ { (LI+1) i I =[,1+1],
[ if I =111
We extend this definition to a general elementary cube Q° =
I? x I§ x -+ x I9 C R by defining the associated elementary
cellas Q° = I? x I§ x --- x I}

Given a point in R we need to be able to describe the el-
ementary cell or cube that contains it. For this, the following
two functions are useful. Let z € R,

floor(z) = maz{n € Z|n < z}

ceil(z) = min{n € Z|z < n}

Proposition 2.2.2. Elementary cells have the following prop-
erties:

(6) RY = u{Q°|Q € K}

(1) A C R? bounded vmplies that card{Q° € K4Q N A #
®} < co where, gwen a set S, card(S) stands for its cardinality.
that is, the number of its elements.

13



(1) [fP,Q € K¢, then PPNQ°=® or P=Q.

(w )For every @ € K cl@Q = Q.

(v) Q € K¢ wmplies that Q@ = U{P°|P € K* such that P° C
Q}

(v2) If X 15 a cubical set and Q°NX # @ for some elementary
cube Q, then Q C X. (Proof can be found wn [1])

Now we come to the definition of chain complex associated
with a cubical set (complex).

With each elementary & — cube @ € K¢ we associate an alge-
braic object Q called an elementary k — chawn of R¢. The set of
all elementary k — chawns of RY is denoted by K¢ = {Q|Q € K¢

~ o0 ~
and the set of all elementary chawns of R¢ is given by K¢ = kgﬂle.

Given any finite collection {Ql, QQ, . ,Q,,L} C IC;f of k— di-
mensional elementary chains, we are allowed to consider sums
of the form ¢ = @ + av@y + - - - + «,,Q,,, where ¢, are arbi-
trary integers. If all the o, = 0, then we let ¢ = 0. We call ¢ a

k-chain; C{ is the set of these k-chains. The addition of k-chains
is defined by

SaQ, + 60, = S(a + B)Q..

m R
Given an arbitrary k-chain ¢ = ) «,@Q,, there is an inverse
=0

element —c = 3 (~a,)@, with the property that ¢ + (—c) = 0.
=0

C! is a free abelian group with basis K.

The elementary k-chains defined above is to associate alge-
braic analogue of elementary cubes. There is another way to
view this:

For each @ € K¢, define Q : K¢ — Z by
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, 0 otherwise
and in slight abuse of notation let 0 : K¢ — Z be the zero
function, namely 0(Q) = 0 for all Q € K¢. Q is the elementary
chain dual to the elementary cube ). We can take finite linear
combinations of these.

Q(P):{l if P=(Q,

Definition 2.2.3. ([1]) The group C{ of k— dimensional chains
of R? is the free abelian group generated by the elementary
chains of K¢. Thus the elements of C{ are the functions c :
K¢ — Z such that ¢(Q) = 0 for all but a finite number of Q €
K¢ In particular, K¢ is the basis for C& So C¢ = Z(K¢) (This
is the notation of a free abelian group generated by Iéf)

If c € C¢, then dimc = k.

Proposition 2.2.4. The map ¢ : K¢ — Ié;f given by p(Q) = Q
is a bijection. (For proof refer to [1])

Definition 2.2.5. ([1]) Let ¢ € C{. The support of the chain c
is the cubical set .

el = U{Q € Ki|e(Q) # 0}.

Proposition 2.2.6. Support satisfies the following properties:
(1) le| = @ if and only if c = 0.
(43) Let o € Z and c € C; then
_Jé fa=0,
jove] = { le| if a # 0.
(111) If Q € K, then |Q| = Q.
(’L’U) Ifc,co€ C,‘f, then |61 + Cz| € |Cl| U |02|
(For proof refer to [1])




n

Definition 2.2.7. ([1]) Consider ¢, ¢y € C,‘f where ¢; = ZazQAi
=0

(D . . )
and cz = »_B;Q:. The scalar product of the chains ¢; and ¢p is
i=0

”m

defined as < ¢1,¢2 >= > uf;.
1=0

Proposition 2.2.8. The scalar product defines a mapping
<.,.>:Cﬁ><C,‘f——>Z
(c1,¢2) —< ¢, ¢ >, which is bilinear.
(For proof refer to [1])

Definition 2.2.9. ([1])Given two elementary cubes P € K{ and
Q € K¢, set

POO =P x Q.
This definition extends to arbitrary chains ¢; € Cﬁ and ¢y €
C’I‘j,, by
e = > <, P>< CQ,Q>P><Q.
PGK:k,QEK:kI
The chain ¢;Qcy € C}‘f:/‘f, is called the cubical product of ¢
and cs.

Proposition 2.2.10. Let ¢;,co,c3 be any chains.

(1) 00 =00c; =0-

(i) c1d(ca + c3) = c1der + ¢ ey, provided ¢y, c3 € C,‘f

(Z’&’L) <61062)<>03 = 010(02003).

() If c;0ey =0, thencp =0 orcy =0

(v) ladea| = ler| x |arl.

(For proof refer to [1])
Proposition 2.2.11. Let Q be an elementary cubical chain of
R¢ with d > 1. Then there erist unique elementary cubical
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chains I and P with embedding number emb I =1 and emb P =
d — 1 such that

Q=1IoP.

(For proof refer to [1])

2.3  Cubical chain complex in a cubical set

So far we have considered chain in R¢. Now we start with a
cubical set X C R¢.

Proposition 2.3.1. Let X C R® be a cubical set. Let KR(X) =
{QIQ € Ki(X)}. Ci(X) s the subgroup of C¢ generated by the
elements of K (X) and is referred to as the set of k — chains of
X.

It can be easily checked that Cx(X) = {c € C¢| || C X}

(For proof refer to [1])

Proposition 2.3.2. For any ¢ € C,(X).
c= Yy <6Q>0.

Qe (X)
(For proof refer to [1])

Definition 2.3.3. ([1]) Given k € Z the cubical boundary op-
erator or cubical boundary map 8, : Cf — C¢_, is a homomor-
phism of free abelian groups, which is defined for an elementary
chain Q € K ¢ by induction on the embedding number d as
follows.

Consider first the case d = 1. Then @ is an elementary
interval and hence Q@ =[] € K or @ = [I,1 + 1} € K} for some
l € Z. Define

A 0 if Q@ =[],
mQ"{u%u—MﬁQ=uJ+u

17



Now assume that d > 1. Let I = [;(Q) and P = I(Q) X

% I4(Q). Then Q = IOP

Define

aQ = 8A;1f<>]3 + (—1)di“‘[f<>51,-215 wherc k, = dim/ and
ks = dim P. Finally , we extend the definition to all chains by
linearity; that is, if

c=aQ + ang + -+ a,,LQm, then

Ove = 1 8,Q1 + azé’sz 4+ 00,0

Proposition 2.3.4. Let ¢ and ¢ be cubical chains: then
8(000') = BCOC’ 4 (_1)dimcc<>ac’.
(For proof refer to [1])

Corollary 2.3.5. ([1]) If Q1,Qa, . - ., Q. are elementary cubes,
then o A
a(QlOQQQ <>Qm)

}f( DEOG0 00,1000,00;41.5 ... 0On

Proposition 2.3.6. Let Q € R? be an n-dimensional elemen-
tary cube with decomposition into elementary intervals given by
Q=ILxIyx--xI; € R and let the one-dimensional intervals
in this decomposition be I, Iy, ..., I, with I, = [k;, k, + 1].
Forj=1,2,...,nlet

Q=T x- XL 1 X[k] x L1 X xIy

Qf:h X oo I oy X [ky + 1) X L pg X oo X g

denote the primary faces of Q. Then

m

0Q = Z( 1)774QF - Q)
(For p'roof refer to [1])
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Proposition 2.3.7. 0 09 =10
(For proof refer to [1])

Proposition 2.3.8. ([1]) For any chain c € C¢, |d¢c| C |c|.
Moreover, |0c| is contained in the (k — 1)-dvmensional skeleton
of |c|, that is, the union of (k — 1)-dimensional faces of |c|

Proposition 2.3.9. ([1]) Let X C R be a cubical set. Then
0x(Ci(X)) C Cra(X)

Definition 2.3.10. ([1]) The boundary operator for the cubical
set X is defined to be

X C(X) — Cr1(X)
obtained by restricting 8, : Cff — C¢_; to Ci(X)

Definition 2.3.11. ([1]) The cubical chain complez for the cu-
bical set X C R is

C(X) = {Cu(X), 0 huc,
where Ci(X) are the groups of cubical k—chains generated by
Ki(X) and 85 is the cubical boundary operator restricted to X.

The homology groups of X is defined to be the homology
group of this chain complex and is denoted by H,(X) = {Hi.(X) }rez

2.4 Computations of 0th Cubical homology
Hy(X)

We compute the zero-dimensional homology group Hy(X) of a
cubical set. We will see that Hy(X) counts the number of con-
nected components of X (as in the usual homology)

For any topological space X and any point © € X the union
of all connected subsets of X containing x is a connected subset
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of X. It is called the connected component of z in X. We denote
it by ccx(z) (see [1})

Theorem 2.4.1. For any z,y € X, esther ccx(z) = cex(y) or
cex(z) Neex(y) = ¢. (well known)

Proposition 2.4.2. For every x € X, X a cubical set, there
exists a verter V € Ko(X) such that ccx(x) = ccx (V)
(For proof refer to [1] or do it as an ezercise)

Corollary 2.4.3. ([1]) A cubical set can have only a finite num-
ber of connected components.

Definition 2.4.4. ([1]) A sequence of vertices Vp,V4,..., Vi,
KCo(X) is an edge path in X if there exist edges Ey, Es, ..., E,
KC1(X) such that V;_,, V; are the two faces of £ fori = 1,2, ..., n.
For V,V' € Ko(X ), we write V ~x V' if there exist an edge path
Vo, Vi,..., Vi € Ko(X) in X such that V = Vyand V' = V,,. We
say that X is edge connected if V ~x V' for any V, V' € Ko(X).

€
€

Proposition 2.4.5. 1. Every elementary cube is edge-connected.
2. If X and Y are edge-connected cubical sets and X NY # ¢,
then X UY 1is edge-connected.

(For proof refer to [1])

Proposition 2.4.6. Assume that V ~x V' for some V,V €
Ko(X). Then there exist a chain ¢ € Ci(X) such that |c| is
connected and dc =V — V.

(For proof refer to [1])

Remark 2.4.7. For z € X we define edge-connected component
of £ in X as the union of all edge-connected cubical subsets of
X that contain z. We denote it by eccx(z).
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Proposition 2.4.8. For any z € X, eccx(z) is edge-connected.
(For proof refer to [1])

Proposition 2.4.9. For any z,y € X either eccx(z) = eccx(y)
or eccx(z) Necex(y) = .
(For proof refer to [1])

Proposition 2.4.10. A cubical set X is connected if and only
if it 1s edge-connected.

(For proof refer to [1])

Proposition 2.4.11. If X is cubical, then for every x € X its
connected component ccx(z) is a cubical set.
(For proof refer to [1])

Corollary 2.4.12. ([1]) If X is cubical, then for everyx € X 1ts
connected component and edge-connected component coincide.

Lemma 2.4.13. Assume X is a cubical set and X1, Xo,..., X,

are its connected components.If ¢; € Ci(X;) are k-dimensional
chains, then

n .
el = Ol
(For proof refer to [1])
Theorem 2.4.14. ([1]) Let X be a cubical set. Then Hy(X)
is a free abelian group. Furthermore, if {P)i = 1,...,n} is a

collection of vertices in X consisting of one vertez from each
connected component of X, then

{[B] € Hy(X)|i =1,...,n} forms a basis for Hy(X)
Proof. Let X, = ccx(F;) and let ¢ € Z(X). By proposition
2.4.6, [P] = [P} for any P € Ky(X,). Since Zy(X) = Co(X).
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there exist integefs ap such that
A= 3 arlfl=3 Y wlfl=3 (3 anidl
Peko(X) i=1 Peo(X;) 1=1 PrxP;

This shows that the classes [P}] generate Hy(X).
It remains to show that the generators are free, that

Yau[B] =0
i=1
implies that all o; = 0. To do so put ¢ = Zaif%-, and let
i=1
lc] = 0, we can then select a b € C1(X) such that ¢ = 9b. Let

b= Y ek
EEK:l(X)
Let bz = Z ,HEE
EEK:l(Xt)

We have c = Y ;P = ¢ = 8b = S0,
i=1 i=1

Therefore, 0 = Z(aLPZ — Ob;)
i=1

‘G{ipi — 3bL| C X;.

Therefore by lemma 2.4.12

= 10] = 0o ~ b

which shows that |oy P - 0b;| = ¢; that is by proposition
2.2.6, a; P, = 0b;.

Let € : Co(X) — Z be the group homomorphism defined by
e(P) =1 for every vertex P € X. Let E be an elementary edge.
Then 0F = V; — Vb, where Vy and V; are vertices of £. Observe
that

e(OF) = e(V, = V)
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file:///aiPi

— «(Vh) — (Vo)
=1-1
=0.
This implies that €(0b,) = 0 and hence

~ A

0 = €(0b,) = (o, P,) = a,e(P,) = a,.
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Chapter 3

Some Properties of Cubical
Homology

3.1 Elementary collapse (deformation) and Cu-
bical Homology

Since our main aim is to compute homology using computer
algorithm, size of the cubical set is a big issue. To this end we
will see how the size can be reduced.

Definition 3.1.1. ([1}) Let X be a cubical set and let Q €
K(X). If @ is not a proper face of some P € K(X), then it is a
mazimal face in X. K0, (X) is a set of maximal faces in X. A
face that is a proper face of exactly one elementary cube in X
is a free face in X.

Lemma 3.1.2. ([1]) Let X be a cubical set. Let Q € K(X) be a
free face in X and assume Q < P € K(X). Then P € K,,4:(X)
and dim Q) = dim P — 1.

Definition 3.1.3. ([1]) Let @ be a free face in X and let P be
the unique cube in (X) such that Q is a proper face of P. Let
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K'(X)=K(X)\{Q, P} Define
X'= u R
ReK'(X)
Then X' is a cubical space obtained from X via an elementary

collapse of P by Q

Proposition 3.1.4. If X s a cubical space obtained from X
via an elementary collapse of P by Q, then

K(X) =K(X)

(For proof refer to [1])
Lemma 3.1.5. ([1]) Assume X is a cubical set and X' is ob-
tained from X wia an elementary collapse of Py € Ki(X) by
Qo € Ki—1(X). Then :

(1) {c € Cu(X)|0c € Cpr (X))} C CL(X);

(i) for every c € Ci_1(X) there exists ¢ € Cp_1(X') such
that c — ¢ € Bj_1(X).
Theorem 3.1.6. Assume X is a cubical set and X' is obtained
from X wia an elementary collapse of Py € Ki(X) by Qo €
]Ck_l(X). then

H,(X) = H(X)

(For proof refer to [1])
Corollary 3.1.7. Let Y C X be a cubical sets. Furthermore,
assume that' Y can be obtained from X via a series of elementary

collapses. Then
H(Y) = H.(X)

3.2 Reduced homology; acyclic space

Definition 3.2.1. ([1]) Let X be a cubical set. The augmented
cubical chain complex of X is given by {Cy(X), Ok }rez where
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. 7 ifk=-—1,
Cul(X) = { Ci(X) otherwise
and

5 _ € if k= ,
71 8k(X) otherwise

Definition 3.2.2. ([1]) The homology groups H;,(C(X)) are the
reduced homology groups of X and are denoted by ﬁk(X ).

A chain z € Ci(X) that is a cycle in 2 is a reduced cycle in
C(X). The homology class of a reduced cycle z with respect to
the reduced homology is denoted by [z]..

Theorem 3.2.3. Let X be a cubical set. Hy(X) is a free abelian
group and

H(X)PZ fork=0,
H(X)=< =
K(X) { H(X) otherwise
Furthermore, if {PJi = 0,...,n} is a collection of vertices

in X consisting of one vertex from each connected component of
X, then

([P, — Py € Hy(X)li=1,...,n} forms a basis for Hy(X).
(For proof refer to [1])

Definition 3.2.4. ([1]) A cubical set X is acyclic if

~ | Z iftk=0,
Hi{(X) = { 0 otherwise

As a consequence of this definition and the results preceding
it we get the following

Corollary 3.2.5. Let X be a nonempty cubical set. Then X s
acyclic if and only if Hy(X) =0
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Lemma 3.2.6. Assume @ € K¢ andi € {1,2,...,d}. Ifzisa
k— cycle in Q such that < z, P >= 0 for every P € Ky([I+1],4),
then < z, P >= 0 for every P € Ki([I,1 + 1],%) where Ki([l +
1},7) = {P € Kp(Q)L(P) = [l + 1]} and Ky (1,1 + 1],3) = {P €
Ki(@U(P) = [I,1+ 1]}

(For proof refer to [1])

Theorem 3.2.7. All elementary cubes are acyclic.
(For proof refer to [1])

Proposition 3.2.8. If K, L C R" are cubical sets, then
Ck(K U L) = Ck(]() + Ck(L)
(For proof refer to [1])

Theorem 3.2.9. Assume X,Y C R" are cubical sets. If X,Y,
and X NY are acyclic, then X UY 1is acyclic.

(For proof refer to [1])

Definition 3.2.10. ([1}) A rectangle is a set of the form X =
[k1, lh] x [ka, Lo} % - - x [ky, L) € R™, where k,, [, are integers and
k, <l,.

Proposition 3.2.11. A cubical set 1s convex if and only if it is
a rectangle.

(For proof refer to [1])

Proposition 3.2.12. Any rectangle s acyclic.
(For proof refer to [1])

Definition 3.2.13. ([1]) A cubical set X C R¢is star — shaped
with respect to a point z € Z® if X is the union of a finite
number of rectangles each of which contains the point z.
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Proposition 3.2.14. Let X,, fori=1,...,n be a collection of
star-shaped sets with respect to the same point z. Then

UX: and ﬁX,L- are star-shaped.
i=1 i=1
(For proof refer to [1])

Proposition 3.2.15. Every star-shaped is acyclic.
(For proof refer to [1])

Proposition 3.2.16. Assume that Q is a family of rectangles
in R¢ such that the intersection of any two of them is nonempty.
Then () Q is nonempty.

(For proof refer to [1])

Remark 3.2.17. Before proceeding further we would like to
mention that we have not touched upon the topic of how a
general continuous map f : X — Y of cubical complexes in-
duce a homomorphism f, : H,(X) — H.(Y) of their homology
groups. This is not required for the applications we have chosen
to present in this dissertation. All we require is the homomor-
phism in homology induced by the inclusion maps of cubical
complexes. For, in this case the inclusion map takes elementary
cubes to elementary cubes and so it readily induces a map of
chain complexes which in turn gives rise to a homomorphism of
homology groups. The construction for the general case is not
as straight forward as in the ordinary homology theory, or as
in the case of inclusion maps, and it can not be described in
a few pages. The interested reader is referred to ([1}) for this
construction.
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3.3 Exact homology sequence of cubical pairs;
Mayer-Vietoris sequence

In this section we give a very brief account of the homology
of “cubical pairs”, a long exact sequence of homology groups
associated with a cubical pair (X, A), and the Mayer Vietoris
sequence of homology groups which help in calculating homology
group of a cubical set in terms of homology of its two “well
behaved” subsets. Refer to ([1]) for more details.

Definition 3.3.1. Let X be a cubical sct and A C X be a
cubical subset. We call (X, A) a cubical pair.

Definition 3.3.2. For a cubical pair (X, A), we define relatwe
chains of X modulo A to be the elements of the quotient group:

Ci(X, A) = CL(X)/CL(A)
If ¢ € C,(X), we denote its coset ¢ + Ci(A) in Ci(X, A) by
[c]a-
Definition 3.3.3. Define 6% : Ci (X, A) — Ci_1(X, A) by
G,EX’A)([C] 4) «f [Onc) 4. 8,EX’A) is well defined and 8£)51A) o 8,SX’A) =
0. So {Ci(X, A), 6£X7A)}L=0’1’27 form a chain complex.
Definition 3.3.4. We call Z; (X, A) “ Yer G,EX’A) the relative

k-cycles and

Bi(X, A) “Yim 6,5’1\:’{1) the relative k-boundaries Finally we
call the quotient Hy(X,A) = Z,(X,A)/Bi(X, A) the relative
homology group of the pair (X, A) as in the usual case.

Proposition 3.3.5. ([1]) Let X be a connected cubical set and
let A+# 0 be a cubical subset of X. Then Hy(X, A) = 0.
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(for proof refer to [1})

Proposition 3.3.6. ([1]) If (X, A) is a cubical pair in which
X has v connected components which do not intersect A, then
Hy(X,A)=Z2Z&®..®Z, r copies.

(for proof refer to [1])
We will see an application of this result involving height func-
tion for an example in a later chapter.

Theorem 3.3.7. ([1]) Let X be a cubical set and P € Ko(X) a
chosen vertex of X. Then

~ s
mx P Ao { ) 1

and ¢ - Zo(X) — Zo(X, P) defined on the basic elements {Q —

P | Q € KoONPY} of Zo(X) by ¢(Q — P) < (Qlp induces

the isomorphism Ho(X) = Hp)(X, P).
(for proof refer to [1])
Example 3.3.8.

Z iftk=1
0 otherwise

H,((0,1],{0,1)) = {

For, Co([0,1]) = Co({0,1}) = Z{0}®Z{1}, s0 Co([0,1],{0,1}) =
0. Ci@, 1]) = Z{[0,1]}, C:1({0,1}) = 0, so Cy([0,1},{0,1}) =
Z{[[0,1]]4}. Now Z;([0,1],{0,1}) = Cy(]0,1],{0,1}), because
Co([0,1],{0,1}) = 0, and B4([0,1],{0,1}) = 0 because there are
no 2-chains or higher chains. This gives the result.
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Now we indicate how one gets the long homology exact se-
quence of the cubical pair (X, A) by giving the frame work in
which it fits. This framework is drawn from homological algebra:

Definition 3.3.9. ([1]) A sequence(finite or infinite) of groups
and homomorphisms
RN NN oM Ny o NN
is exact at Go if im 3 = keris
It is an ezact sequence if it is exact at every group. If the
sequence has a first or last element, then it is automatically
exact at that group.

Lemma 3.3.10. ([1]) G, o, Gy %50 is an ezact sequence if
and only if 1y 15 an epimorphism.

Lemma 3.3.11. ([1]) 0 SRR Gy s an ezact sequence if
and only if ¥y is an monomorphism.

Lemma 3.3.12. ([1]) Assume that
Gy ¢3>G2 ‘1/12,G1 1/)1>G0
15 an exact sequence. Then the following are equivalent:
1. 13 is an epimorphism.
2. 19 18 the zero homomorphism.
3. 11 is a monomorphism.

Definition 3.3.13. ([1]) A short ezact sequence is an exact se-
quence of the form

0->G3£G2£G1—>0
Definition 3.3.14. ([1]) A short exact sequence
0—>G3’—¢’3—>G2111>G1—>0

splits if there exists a subgroup H C Gy such that Gy =
imys & H.
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Theorem 3.3.15. ([1]) Let0 — A 2 B 2, ¢ — 0 be a short
exact sequence of chain complexes. Then for each k there exists
a homomorphism
Oy : Hi1(C) — Hi(A)
such that
c o Hia(A) 25 Hi(B) 25 Hit(C) 25 Hy(A) — ...
is a long exact sequence.

The map 0, is called connecting homomorphism.

Now we try to fit our cubical pair (X, A) in the above frame-
work. For each integer k£ > 0 we have a short exact sequence of
chain groups

0 — Cp(A) % Cu(X) D Cu(X, A) — 0,

where %) is the inclusion map and 7 is the quotient map. The
reader can verify easily that i, and 7 are the kt"_stems of the
chain maps ¢ : C(A) — C(X) and 7 : C(X) — C(X, A).

Once we have a short exact sequence of chain complexes

0 C(4) 5 X)) S C(X, A) — 0,
we can appeal to the Theorem(3.3.15) and get the following

Corollary 3.3.16. ([1]) Let (X, A) be a cubical pair. Then there
15 a long ezxact sequence
s Ta 0,
= Hy1(A) == Hia(X) = Hega(X, A) — Hi(A) —
.., where i : C(A) — C(X) is the inclusion map and 7 :
C(X) — C(X, A) is the quotient map.

We conclude this section with a very important theorem from
the point of view of computation of homology of a cubical set
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in tcrms of homology of some “well placed” cubical subsets.
However we won’t go into any details about the development of
the theorem. One can see (1] or {46].

Theorem 3.3.17. (Mayer-Vietoris sequence) Let X be a cubical
space. Let Ay and Ay be cubical subsets of X such that X =
AgUA; and let B = AgNA;. Then there 1s along ezact sequence

- — HL(B) — Hk(AO) @D Hk(Al) — HL(X) — Hh_l(B) —
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Chapter 4

Simplicial versus Cubical
Homology and applications

We have discussed about Homology of Simplicial Complexes
briefly in Chapter one and discussed about Cubical Homology a
bit more elaborately in Chapter two. Simplicial homology has
been used by mathematicians over the last several decades and
the computations involving them is also quite familiar to most
topologists. Cubical homology on the other hand is a new con-
struct not familiar to many. We are interested in the relation
between them and in finding out which one is suitable for which
situation in tackling problem of the real world. In the first sec-
tion we will give a comparison between the two complexes and
in the next section we will discuss about cubical homology of
topological polyhedra. In the last section we will give a brief
discussion about some applications of Cubical homology.
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4.1 Comparison of uses of cubes and simplices

In this section we would like to compare the two complexes. i.e
the cubical complexes and the simplicial complexes (see [1]).

A. Cubical complexes have nicer properties compared to sim-
plicial complexes in some situations:

1. Images and numerical computations naturally lead to cu-
bical sets. Subdividing these cubes to obtain a triangulation is
at this point artificial and increases the size of data significantly.
For example,it requires n! simplices to triangulate a single n—
dimensional cube.

2. Cubical complexes are very rigid. So they can be stored
with minimal information. To represent an elementary cube
only one vertex is sufficient, whereas to represent a simplex all
the vertices need to be stored. Moreover the vertex in a cubical
set X in R? is shared by atmost four edges which is not so in
case of Simplicial Complexes.

3. A product of elementary cubes is an elementary cube,
but a product of simplices is not a simplex. For example, the
product of two edges is a square, not a simplex. There is no
natural projection from a higher-dimensional simplicial complex
to a lower-dimensional complex.

4. To define chain complexes based on simplices requires the
nontrivial concept of orientation. whereas when we define chain
complexes based on cubical sets the concept of orientation is
natural. More precisely, we began by writing an elementary
interval as {{,/ + 1] and not [l + 1,I]. In other words, a linear
order of real numbers imposes a choice of an orientation on each
coordinate axis in RY. Furthermore, we have always written a
product of intervals as ) X Iy X - - - x I;. This implicitly chooses
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an ordering of the canonical basis for R%.

B. Looking at the above comparison it seems that cubical com-
plexes are ideal for computational problem. But most of the
Computer Graphics and visualization are based on the render-
ing of triangulated surfaces. Thus the basic building blocks are
simplices.

1. Every cubical set can be triangulated, but every polyhe-
dron can not be expressed as a cubical set.

2. Rigidity of cubical sets also pose some limitation.

C. Despite remark B. we can still compute cubical homology of
a polyhedron, which we shall demostrate now.

Definition 4.1.1. ([1]) Given any d > 0, the standard d-simplez

A% is given by A¢ = conv{0, ey, €3, .. .,e4}, where 0 is the origin
of coordinates in R® and {e;, es,...,eq} is the canonical basis
for R¢.

Theorem 4.1.2. ([1]) Every polyhedron P is homeomorphic to
a cubical set. Moreover, given any triangulation & of P, there
exists a homeomorphism h: P — X where X is a cubical subset
of [0,1]¢ and d + 1 is the number of vertices of S, such that the
restriction of h to any simplex of S is a homeomorphism of that
simplex onto a cubical subset of X.

Proof. (Sketch of proof:) We construct h as the following com-
posite:

p Tt A4 9=Ropo g 914 g sufficiently large

Step 1: We construct a homeomorphic embedding of P into
a standard simplex in a sufficiently high-dimensional space.
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Let S be a triangulation of P and let V = {uvp,v1,v2,...,v4}
be the set of all vertices of S. Let A be the standard d-
simplex in R® Consider the bijection fo of V onto the set
{0 =eg,e1,€9,...,e4} given by fo(v,) =e¢, for:=0,1,2,...,d.

Given any n-simplex S = conv{v,,, v, - - ., ¥, } of S, the map
fs: 8 — RY defined by fs(X2Av,) = X Ado(v) = X Aep,
where )\, are barycentric coordinates of a point in S, is a homeo-
morphism of the simplex S onto a simplex fs(S). If S and T are
any two simplices of §, SN T is either empty or their common
face. Hence, if x € SN T, then

fs(z) = fsnr(z) = fr(z).

Thus the maps fs and fr match on intersections of simplices.
Since simplices are closed and there are finitely many of them,
the maps fg can be extended to a map f : P — P = f(P) C
A4, Using the geometric independence of {0, e;,e3,...,eq}, one
shows that P is a polyhedron triangulated by {f(S)} and f
is a homeomorphism. Moreover, by its construction, f maps
simplices to simplices.

Step 2: We construct a homeomorphism g of A% onto [0, 1]¢
such that g restricted to any face of A¢ is a homeomorphism
onto a cubical subset of [0,1]¢. Once we do that, it will be
sufficient to take X = g(P) and define the homeomorphism A
as the composition of f and g.

The idea is to keep the vertex ey = 0 constant and extend line
segments in A emanating from it so that A¢ is extended to the
whole cube {0, 1]¢. This leads to the formula for g : A® — [0, 1}¢,

0 if x =0,
9(z) = { AMz)z if z #0,

for z € A%, where A\(z) is a scalar function given by
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T1+xTo+ -+ Ty
maz{zy, T2, .., ZTd}
This map is a homeomorphism of A onto [0, 1]* with the inverse
given by

Mz) =

0 if y =0,
-1
9 () = LI
37 NY if Yy 74 0)
Ay)
By induction on d we can show that g maps faces of S onto the
unions of cubical faces of [0, 1]%. a

Example 4.1.3. Let P = conv{e;,es} C [0,1)%2. Then P is a
one dimensional face of A%2. The map ¢ described above fixes
the vertices and the edges are sent as follows:

g([60,61]) = [0) 1] X [0]) g([60’82]) = [0] X [0) 1]

9(ler, e2]) = g(P) = [0,1] x [1J L [1] x [0, 1]
(see fig.(4.1)

4.2 Cubical Homology of polyhedra

Having established a homeomorphism from a polyhedron onto a
cubical set in the last section we now proceed to define cubical
homology of a polyhedron. The topological invariance (infact
homotopy type invariance) of cubical homology of cubical sets
suggests that given a homeomorphism h : P — X from a poly-
hedron P onto a cubical set X we can define cubical homology
of P as H,(X). However one needs to show that this is well
defined, in the sense that given a continuous map f : P, — P,
between polyhedra one gets a well defined homomorphism
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(0 ) t1.1)

(1.04)

Figure 4.1: trianglc-and-squarc
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H.(f) : Hi(P1) — Ho(Py).
Towards this we fix some categorical notations:

Definition 4.2.1. ([1]) The category of cubical sets Cub consist
of objects which are cubical sets. if X, Y are cubical sets then
the morphism from X to Y,

Cub(X,Y) = {f: X — Y|f is continuous}

Remark 4.2.2. ([1]) The category Ab has all abelian groups as
objects and all group homomorphisms as morphisms.

Remark 4.2.3. ([1]) The category Ab, called the category of
graded abelian groups, has all sequence A, = {A, }nez of abelian
groups as objects and all sequences { f;, },.ez of group homomor-
phism f, : A,, — B,, as morphisms.

Definition 4.2.4. ([1}) Given a cubical set X (an object of
Cub), H,(X) is a graded abelian group (an object of Ab,). Fur-
thermore, given a continuous function f : X — Y (a morphism
in Cub(X,Y)), f« : Ho(X) — H.(Y) is a graded group homo-
morphism (a morphism in Ab,(X,Y)).

Definition 4.2.5. (i) A compact metric space K is said to be a
topological polyhedron (or a representable space) if there exist
a cubical set X and a homeomorphism s : K — X.

(i) Pol: Category of all topological polyhedra and continuous
maps between them.

(iii) Every geometric polyhedron is an object of Pol by the
result of the last section.

Definition 4.2.6. ([1]) The category Repr. of representation of
topological polyhedra, denoted by Repr, is defined as follows. Its
objects are all triples (K, s, X), where K is a compact space, X
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a cubical set, and s : K — X a homeomorphism. If (K, s, X)
and (L,t,Y) are two objects in Repr, then the morphisms from
(K,s,X) to (L,t,Y) are all continuous maps from X to Y.

Definition 4.2.7. ([1]) Fix a category Cat. A connected sim-
ple system (CSS) in Cat is a small category £ with objects and
morphisms from Cat satisfying the property that for any two ob-
jects E1, F» € € there exists exactly one morphism in £(E), F»),
which is denoted by &g, g, .

Since &g, £,0Ek, B, = €k, £, and the identity must be a mor-
phism, it follows that all morphisms in £ are isomorphisms.

Example 4.2.8. For every topological polyhedron K we de-
fine a CSS, Rep(K) in Repr., whose objects are representations
(K,s,X)of K. If (K,s,X), (K,tY) are two representation of
K, then the unique morphism in Rep(K) ((K,s, X),(K,t,Y))
is the map ts7*.

Define CSS(Cat) to be a category whose objects are the con-
nected simple system in Cat and whose morphism from one
CSS, & to anotherCSS, & in Cat is given by ¢ = {pgg, €
Cat(Ey, Ep)|Ey € & and E; € &} that satisfy
CEE = gEzE;mp&ElogElE; for every E’I,El1 € & Ez,Eé € &
elements of ¢ are called representation of ¢

Theorem 4.2.9. ([1]) CSS(Cat) is a category.

Proposition 4.2.10. ([1]) Assume F : Cat — Cat 1s a functor
that maps distinct objects in Cat into distinct objects in Cat
and & is a connected simple system in Cat. Then F(E) is a
connected simple system in Cat . Moreover, if ¢ : £ — & is a
morphism in CSS(Cat), then F(p) : F(&1) — F(&) given by
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F(p) = {F(eg, )1 € &, B € &}
is a morphism in CSS(Cat ).

So with the help of the above proposition we can extiend
the functor F : Cat — Cat to a functor F : CSS(Cat) —
CSS(Cat'). So we can extend the homology from cubical sets to
topological polyhedra by extending the functor H, : Cub — Ab,
to H, : Pol — CSS(Ab,).

We begin by extending it to H, : Repr — Ab, by defining

H.(K,s,X)=H,(X)x{(K,s,X)}. Soby the above proposi-
tion H, : Repr — Ab, extends to the functor H, : CSS(Repr) —
CSS(Ab,).

If K, L are two topological polyhedra and f : K — L is a
continuous map, then we define Rep(f) : Rep(K) — Rep(L) as
the collection of maps.

{tfs7(X,s) € Rep(K), (Y,t) € Rep(L)}.

The above collection is a morphism in CSS(Repr).

We now define the homology functor H, : Pol — CSS(Ab,)
by

H.(K) = H.(Rep(K))

and H.,(f) = H.(Rep(f)).

4.3 Some applicatiohs of Cubical homology

Having developed the notion of cubical homology of cubical sets
and cubical pairs we would like to briefly indicate some situa-
tions which justifies introduction of such a concept and also to
briefly indicate their use.

Example 4.3.1. Consider the Cahn-Hillard differential equa-
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tion 5
8_1:(36) = —A(Au+u—u®)(z), € Q
Au(z) = n.Au(z) =0, z € 01,

where 7 is the outward normal to 0. (This differential equation
is used in metallurgy of alloys). Take Q = [0,1]3, € > 0 but
small and solve numerically for u(z,y, z,7) on a grid consisting
of 128 x 128 x 128 cubical elements until £ < 7, by approximating
it by a set of numbers {u(s, 5, k,7) | 1 < 4,74,k < 128}. Consider
S={(z,y,2) € Q| u(z,y,2,7) =0}, e =0.1, which is actually
a triangulated surface whose simplicial homology groups are

Ho(S) = Z, Hy(S) = Z™, Hy(S) = 0.

Taking X to be the smallest cubical set containing S and calcu-
lating its cubical homology (using CHomP) one gets

Hy(X) =2, Hi(X) =Z"%, HyX) = 1Z.

It differs slightly from the simplicial homology calculated above
by about 0.2%. Thus the cubical homology calculation captures
information of the geometry of the solution (its level surface) of
the differential equation. (refer to [1] for more details).

Example 4.3.2. There are nice software packages that allow
one to view and rotate three dimensional objects like human
brain (as is done in MRI imaging). With sufficiently powerful
computers one can easily study the surface of a complex object.
If one is interested in studying the interior of the object too,
then the problem of visualization becomes much more difficult.
However we can invoke cubical approximation and calculate the
cubical homology of the resulting cubical set. This helps in
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studying the nature of interior of the object; for example to
determine the cavities of a brain image it is sufficient to give a
binary voxel representation of the brain (see [1] for more details
and some photographs). No visualization is necessary. The Betti
numbers of the resulting three dimensional cubical set is given

by :6p =1, 81 =3, B2 = 1. (see [1]).

Example 4.3.3. This example demonstrates the use of cubical
homology of a cubical set and also the cubical homology of a
cubical pair to distinguish two objects which are topologically
same, by calculating an invariant, called “size function” to be
introduced below.

Consider the following two closed curves Ey, E; (refer to
figure 4.2). Choose points ag, @ in the interior of the domains
bounded by the curves Ey, F,; respectively. Define continuous
functions f; : R?* — [0,00), ¢ = 0,1, defined by f;(Z) = || -
a;)|, 1 =0, 1. Define level sets

E*={ze€E |0< f(Z)<a}, a€0,00), i=0,1.

For every # > «, define an equivalence relation in £

1)

t=20,1
as follows: =z £ y if © and y belong to the same connected
component of E,L.ﬂ, 1=20,1.

Definition 4.3.4. ([1]) The function n : {(o,8) € R*|G > o >
0} — Z given by n(®,3) = number of equivalence classes of

Ef, 1 = 0,1 under g is called the size function associated to
the set F;, 1 = 0,1 and the function f;, 1 =0, 1.

Let E; = ch(E;), i = 0,1 be the smallest cubical sets con-
taining F;, 1 = 0,1, see figures (4.3, 4.4). In the figures we have
placed the curves Ey and E; along with the points ag = (0,0)
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and @; = (0,0) into cubical grids and used gray to indicate the
sets Eg and E;

Since we restrict the functions f,, + = 0,1 to cubical sets,
we will restrict o, 8 to the set of nonnegative integers and @
and @, to Z2. Thereforc E’f‘, 1 = 0,1 are cubical sets for any
integer . Finally let 7 : {(o, 8) € Z*8 > a > 0} — Z be the
restriction of the size function n associated with Ef‘, 1=0,1
and f,, ¢ =0, 1 to integer values of a and 5.
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Figuic 4 3 Cubical approximation of the fitst contour
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Figurc 4.4: Cubical approximation of the sccond contour
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To get a feel of the size function, set « = 4 and § = 7. In the
figures (4.5, 4.6 ) the sets Ef’ are indicated by blue shading and
the sets ELﬂ \E“ are indicated by black shading. Observe that
Ef’ consists of those points in the original curve that lie in the
blue- or black- shaded squares. Notice that there are no blue-
shaded squares in the figure (4.5) and thus Eg = ¢. Therefore
fig(4,7) = 0.

On the other hand, figure (4.6) indicates F consists of four
components, but two of the four components are connected to
the same black shaded components in the bottom, thus 7i;(4,7) =
3.

Thus the size function (considered here) provide a way of
distinguishing the given curves of different shapes, though in
general one size fuction is not enough, one may have to consider
a collection of size functions (see [1] for a more detailed dis-
cussion). We conclude this example by giving a formula which
expresses the values of a size fuction in terms of the ranks of the
0-th cubical homology of Ef and the rank of the 0-th cubical
relative homology of the pair (E8, E®).

Proposition 4.3.5. (see [1])
#i(a, B) = rankHo(EP) — rankHy(EP, E%).

More application of homological techniques (independent of
specific version of homology) to real world problems will be given
in chapters 6 — 9.
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Chapter 5

Algorithm for Computing
Homology Groups

We compute homology groups of finite cubical sets by associ-
ating a chain complex of free abelian groups (Z—modules) and
homomorphism. Then we compute the images and kernels of the
chain homomorphism and their quotients give homology groups.

All these can be done step-wise using suitable algorithms and
linear algebra. The purpose of this chapter is to give concrete
algorithm of each of these steps leading to the computation of
homology group (refer to [1] for details).

5.1 Computing Homology Groups of free chain

complex
Let C : -+ — Ciy1 Our Ch, N Ci-1 — ... be a chain com-
plex. The purpose is to compute homology groups Hy(C) =
ker (9L/zm 8“_1

For this one needs:
(i) an algorithm which takes input ker d;, and im Ok41 and
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gives output the quotient ker 8y, /im Oj41. ("homology group of
Chain complex” algorithm);

(ii) this is the particular case of an algorithm which takes
input two finitely generated free abelian groups H C G and
gives output the quotient G/H. (”quotient group” algorithm);

(a) in this algorithm the groups H and G are inputed as
., matrices V and W of columns consisting of basis elements of
the groups;

(b) then using an algorithm of solving linear equation W A[i] =
V[i] Vi one finds a matrix A (”Solve (matrix W, vector V[i]” al-
gorithm);

(c) then one reduces A to smith form (B, Q,Q, R, R, s,t) by
using an algorithm called ”SmithForm (A)”;

(d) then U := W x Q, B and s gives the generators of the
free and torsion parts G/H.

We shall indicate each of the algorithms used in the above
procedure and also their logical dependence on other algorithms.
As is clear, everything boils down to integer matrices and lin-
ear equations, reduction to smith form etc., so we indicate the
evolution of the above algorithms from the most rudimentary of
the algorithms.

5.2 Algorithms leading to Row reduced Ech-
elon form

We are now going to present the six elementary algorithms which
shall be the main ingredients for all the algorithms that we are
going to illustrate (see [1]):-

(arl) rowExchange(matrix B, int i, j)
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(ar2) rowMultiply(matrix B, int i)

(ar3) rowAdd(matrix B, int i, j, q)

(acl) columnExchange(matrix B, int i, j)

(ac2) columnMultiply(matrix B, int j)

(ac3) columnAdd(matrix B, inti, j, q)

which return the matrix B to which, respectively, the (r1),(r2),(r3)
elementary row operations or (cl1),(c2),(c3) elementary column
operations have been applied. For instance, the implementation
of rowAdd may appear as follows:

Algorithm 5.2.1. ([1]) Add a multiple of a row
function rowAdd(matrix B, int ¢, j, ¢)
n = numberOfColumns(B);
Bfi,l:n] = B[i,l:n] + q * B[j,l:n];
return B;

and the implementation of columnAdd may appear as follows:

Algorithm 5.2.2. ([1]) Add a multiple of a column
function columnAdd(matrix B,int i, j, q)
m=numberOfRows(B);

Bfl:m,j] = Bfl:m,j] + q * B[l:m,i];
return B;

Algorithm 5.2.3. ([1]) Row exchange operation keeping track
of bases

function rowEzchangeOperation(matrix B, @, Q, int i, j)
B = rowEzchange(B, i, j);

Q = rowEzchange(Q, i, 7);

Q = columnEzchange(Q, 1, j);

return (B, Q, Q);
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Similarly, when multiplying a row by -1 we obtain the follow-
ing algorithm:

Algorithm 5.2.4. ([1]) Multiply a row by -1 keeping track of
bases

function rowMultiplyOperation(matrix B, @, Q, int 1)

B = rowMultiply(B, 1),

Q = rowMultiply(Q, i);

Q = columnMultiply(Q, 1);

return (B, Q, Q);

Finally, when adding to a row a multiple of another row , we
obtain the following algorithm:

Algorithm 5.2.5. ([1]) Add a multiple of a row keeping track
of bases

function rowAddOperation(matrix B, Q, Q, int i, j, q)

B = rowAdd(B, 1, j, q);

Q = rowadd(Q, i, j, q);

@ = columnAdd(Q, 1, j, -q);

return (B, Q, Q);

Definition 5.2.6. ([1)) The pivot position of a nonzero vector is
the position of the first nonzero element of this vector. A matrix
A is in row echelon form if for any two consecutive rows r; and
Ti+1, if 7341 7# 0 row, then r; # 0 row and the pivot position of
T;4+1 1S greater than the pivot position of ;.

Remark 5.2.7. ([1]) If a matrix is in row echelon form, then all
its nonzero rows come first, followed by zero rows, if there are
any.
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Example 5.2.8. ([1]) The following matrix is in row echelon

form:
[0 2 0 7 3]
001011
0000 7
0000 O
0 000 O

The first three rows are the nonzero rows. The pivot positions
of these three rows are, respectively, 2, 3 and 5.

Our aim is to develop an algorithm that transform an integer
matrix A € M,,,,,(Z) to row echelon form by means of elemen-
tary operations. We can do this by working on the matrix row
by row. So, we will require the following concept. We say that a
m X n-matrix A satisfies the (k,[) criterion of row echelon form
if the submatrix A[1 : m, 1 : [] consisting of the first { columns of
A is in row echelon form and the nonzero rows of this submatrix
are exactly the first k rows.

Example 5.2.9. ([1]) The following matrix

O O O o
o O OO
OO O ==
OO O B~ O
O W o O =
N O = = O

00

is not in the row echelon form, but it s;tisﬁes the (2, _3)
criterion of row echelon form. It also satisfies the (2, 4) criterion
of row echelon form, but it satisfies neither the (2, 2) nor the (2,
5) criterion of row echelon form.

Algorithm 5.2.10. ([1]) Partial row reduction
function partRowReduce(matrix, B, Q, , int k, )
for i = k+1 numberOfRows(B) do -
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q = floor (B[i,l//B[k,l]); .
(B, Q, @) = rowAddOperation(B, @, Q, i, k, -q);
endfor;

return (B, Q, Q);

We introduce the following notation concerning the subcol-
umn B[k : m,[] of a matrix B € M,,,,(Z):

_ f min{[¢,{] || i€ [k,m],B[i,l] # 0} if Blk:m,l] #0,
au(B) = { 0 otherwise

Throughout this chapter this quantity will be useful for measur-
ing the progress in decreasing the magnitudes of the entries in
the subcolumns of B.

Let A, B € M,,.,(Z) be such that B satisfies the (k—1,1—1)
criterion of row echelon form for some k£ € {1,2,...,m}, [ €
{1,2,...,n} and B = Q" 'AR, for some Z-invertible matrices
Q € Mpn(Z) and R € M,,(Z). If Blk,l] = an(B) # 0,
then Algorithm (5.2.10) applied to (B,Q,Q@7!,k,1) returns a
matrix B’ € M, »Z and mutually inverse Z— invertible matrices
Q,Q € M,,.n(Z) such that

1. The first k& rows and [ — 1 columns of B and B’ coincide,

2. an(B) < ap(B)or Bk+1:m,l] =0,

3. B =(Q) 'AR = Q AR.

—

23 1 -1
Example 5.2.11. ([1]) Let A= (3 2 1 4
44 -2 -2
and let (B, Q, Q) = partRowReduce(A, I3x3, I3x3,1,1). Then
2 3 1 -1 100 1 00
B=11-10 5[,@Q={110/Q=]-110
0 -2 -4 0 201 -2 01
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Algorithm 5.2.12. ([1]) Smallest nonzero entry
function smallestNonzero(vector v, int k)
alpha = min {abs (vfi]) | i in [k : length(v)] andw[s] # 0};
1 = min{i in [k : length(v)]and abs(v{i]) = alpha};
return (alpha, %);

Algorithm 5.2.13. ([1]) Row preparation
function rowPrepare(matrix B, Q, Q, int k, 1)
m = numberOfRows(B),
(e, i) = smallestNonzero(B[1:m,l], k);
(B, Q, Q) = rowEzchangeOperation(B, @, Q, k, 1);
return (B, Q, Q);

Let A, B € M,,,,,(Z) be such that B satisfies the (k—1,1—1)
criterion of row echelon form for some k € {1,2,...,m}, | €
{1,2,...,n} and B = Q'AR for some Z-invertible matrices
Q € My, (Z) and R € M, ,(Z). If Bk : m,l] # 0, Then
Algorithm (5.2.13) applied to (B,Q,Q7}, k, 1) returns a matrix
B € M, ,(Z) and mutually inverse Z-invertible matrices Q,
Q' € M, 7Z such that

1. the first k—1 rows and [ — 1 columns of B and B’ coincide,

2. B'lk,l] = ay(B) = ap(B) # 0,

3. B = (Q)'AR = Q' AR, (see [1]).

3 2 1 4
Example 5.2.14. ([1]) Let A= {2 3 11
4 4 -2 =2
Let (B, Q, Q) = rowPrepare(A, I3xs, I3x3, 1,1). Then
23 1 -1 010 010
B=132 1 4/,Q=1100/,Q=Q'=1100
4 4 -2 -2 001 001
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Algorithm 5.2.15. ([1]) Row reduction
function rowReduce(matrix B, Q, Q,int k, 1)
m = numberOfRows(B); whileB[k+1:m, I/ # 0 do
(B, Q, Q) = rowPrepare(B, Q, Q, k, 1);
(B, Q, @) = partRowReduce(B, Q, Q, k, 1);
endwhile;

return(B, Q, Q);

Let A, B € M,,,,(Z) be such that B satisfies the (k—1,1—1)
criterion of row echelon form for some k € {1,2,...,m}, [ €
{1,2,...,n} and B = Q7 'AR for some Z-invertible matrices
Q € M,,,.(Z) and R € M,,(Z). If Bk : m,l] # 0, then
Algorithm (5.2.15) applied to (B, @, Q71, k, 1) returns a matrix
B € M,,,,(Z) and mutually inverse Z-invertible matrices Q,
Q' € M,,,.(Z) such that

1. B = (Q) 'AR = Q' AR,

2. B’ satisfies the (k,l) criterion of row echelon form, (see

1)

32 1 4
Example 5.2.16. ([1]) Let A= [2 3 1 -1
4 4 -2 -2

After the first iteration of the while statement in Algorithm
5.2.15 called with arguments (A, I3x3, I3x3,1,1),

2 3 1 -1 110 (0 1 0]
B=1[1-1 0 5[,Q=1[100/Q=Q'=1{1 =10

0 -2 —4 0 | 201 0 —2 1}
Thus , after another application of rowPrepare,

[1 -1 0 5] 110 [1 —1 0]
=12 3 1 —-1[,@=1(010[,Q=Q'=1|0 1 0

0 -2 —4 0] 021 0 —2 1
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After the application of partRowReduce,

1 -1 0 5 310] 1 =10
B=1[0 5 1 —11|,Q=1210},Q,Q'=1]-2 3 0
0 -2 -4 0 4 21 0 —21

observe that 1n the example just considered we have now re-
duced the problem of finding a row echelon of A, to the problem
of finding a row echelon reduction of
5 1 -11
B[2:3,2:4] = {_2 4 0
The following algorithm is an outcome of this.

Algorithm 5.2.17. (/1]) Row Echelon
function rowEchelon(matrixB)
m = numberOfRows(B);
n = numberOfColumns(B);
Q = Q = wdentityMatriz(m);
k=0;1=1,
repeat
while [ <n and Bfk+1:m, || = 0do | = l+1;
if [ = n+1 then break endsf;
k =k+1;
(B, Q, Q) = rowreduce(B, Q, Q, k, 1);
until £ = m;

return(B, Q, Q, k),

Algorithm 5.2.18. ([1]) Kernel-vmage algorithm
function kernellmage(matrix B)
m = numberOfRows(B),
n = numberOfColumns(B);
BT = transpose(B);
(B,P,P,k)=rowEchelon(BT);
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BT = transpose(B);

PT = transpose(P);

return (PT[1:m, k+1:n],BT[1:m, 1:k]);

Given an mxn matrix A on input. Algorithm (5.2.18) returns
an m X (n — k) matrix W and an m x k matrix V such that the

columns of W constitute a basis of ker A and the columns of V
constitute a basis of im A (see [1}).

Example 5.2.19. ([1]) Let A € M,3(Z) be given by

02 2
10 —1
A'341
5 3 -2

We will find bases for ker A and im A. Applying Algorithm
(5.2.18) to A. we get the following values of the variables P, B
and k:

0 1 0 2043
P=1|1 0 0|,B=10135
1 -11 0000

and k = 2. Therefore, the first two columns of BT —[2,0, 4, 3|7
and [0,1,3,5)T form a basis for imB = imA, whereas the third
column of PT — [1,—1,1]7 is a basis of kerA.

5.3 Algorithm leading to reduction to Smith
normal form

Now we will present an algorithm that produces a diagonal ma-
trix with the property that the ith diagonal entry divides the
(¢ + 1)st diagonal entry. And the matrix which is in this form
is called the Smith normal form. We give first an example.
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Example 5.3.1. ([1]) Consider the matrix
323
A= 10 2 0f,
2 2 2
which we want to reduce to a Smith Normal Form. We need
to keep track of both row and column operations. Consider the
following augmented matrix:

[I A} ,
0 I

When row operation are performed on A, only the upper
blocks change. When column operations are performed on A,
only the right-hand-side blocks change. The zero matrix in the
lower left corner never changes: it is there only to complete the
expression to a square matrix. At the final stage we obtain a
matrix

P B

o

where B is in the Smith Normal Form, R is a matrix of col-
umn operations, and P is a matrix of row operations. So, in
particular, we have B =P A R.

The first step is to identify a nonzero entry of A with the
minimal absolute value (we will use a bold character for it) and
bring it, by row and column operations, to the upper left-hand
corner of the matrix B obtained from A. By exchanging column
¢4 and c5, we get
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w

0
0
1
0
0

O OO O+
OO O - O
O = N W
O N NN
O O N O

00000 1]
Note that the first pivot entry containing 2 divides the entries

in its column below it, but it does not divide the entries in its
row on the right of it. By subtracting 7, from ry and 73, we get
zero entries below the pivot 2, and then by subtracting ¢4 from
cs and cg, we reduce the value of the entries on the right of 2.

1 002 3 3 1 002 1 1
~-1100 -3 -3 -1100 -3 -3
o |-1010-1-1 |-1010 -1 -1
0 000 1 0 0 000 1 0
0 001 0 O 0 001 -1 —1
0 000 0 1 0 000 0 1|

Now the minimal absolute value of nonzero entries of the
matrix B is 1, so we repeat the procedure. By exchanging ¢4
and cs5, we bring 1 to the upper left corner and then use a series
of row and column subtractions to zero out the entries below
and on the right of the pivot 1.

1 00 1 2 17 100 1 0 0]
-110 -30 -3 210 0 6 0
H—101—10—1’_) HOOlOZO
0 00 1 0 O ' 000 1 -2 -1
0 00 -11 -1 000 -1 3 0
0 00 0 0 1 000 0 0 1

Now the row and column of the pivot e;ltry 1 are in the desired
form. It remains to continue reductions in the 2 x 2 matrix
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6 0
20

The minimal nonzero entry of this matrix is 2. By exchanging
row 72 with 3 in the augmented matrix, we bring 2 to the upper
right corner of B[2:3,2:3] and by subtracting 3ry from 73 we zero
out the entry 6. Thus we obtain

B[2:3,2:3]=[

100 1 0 0]
001 0 2 0
PBl [21-30 0 0
lOR]—0001—2—1
000 -1 3 0
000 0 0 1

Therefore the final matrix
100

B=1020
000
is diagonal with b; = 1 dividing b, = 2. We want to know the
change of basis corresponding to the row and column operations.
We obtained

1 -2 -1 10 O
R=1]-1 3 0O0|landP=1{00 1
0 0 1 21 -3

With the above example in mind, we now proceed with the
formal description of the algorithm. Given an m X m matrix
A € M,,,,(Z), our ultimate aim is to produce bases given by
columns of some matrices @ € M,,,(Z) and R € M,,,(Z) such
that the matrix of the homomorphism f4 in the new bases, that
is, B = Q7 'AR, satisfies B1.j] = 0 if 4 # j and Bli, | divides
Bli + 1,7 + 1]. We shall do this in a rccursive manner. We say
that B € M,,,(Z) is in smith form up to the kth entry if the

63



following conditions are satisfied:

‘B[1,1] ... 0 0 0 07
0 0 0
| o Blk,k] 0 0 0
b= 0 0 0
0 0 0 Blk+1:m,k+1:nj
0 0 0 4

Bli, 1] divides Bli + 1,6+ 1) for ¢ =1,2,...,k = 1;

and Blk, k] divides B[i, j] for all 7,7 > k.

For the moment let us ignore the conditions on divisibility.
Then the problem is essential the same as that solve by rowRe-
duce, except that it needs to be solved not only for the kth
column, but simultaneously for the kth column and the kth row.

First we extend the algorithm smallestNonzero to find an

entry that has the smallest nonzero magnitude for the entire
submatrix B[k : m, k : n] (see [1]).

Algorithm 5.3.2. ([1]) Minimal nonzero entry
function minNonzero(matrix B, int k)
vector v, q;
for ¢ = 1 to numberOfRows(B);
if 2 < k then
vfif = qfi] =0

else

(v[t], 4fi]) = smallestNonzero(B/i, . numberOfColumns(B)],
k); :

endif;

endfor;

(alpha, iy) = smallestNonzero(v, k);
return (alpha, i, q(%));
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Algorithm 5.3.3. ([1]) Move minimal nonzero entry
function moveMinNonzero(matrix B, Q, Q, R, R, int k)
(alpha, i, j) = minNonzero(B, k);

(B, Q, Q) = rowExzchangeOperation(B, Q, Q, k, 1);
(B, R, R) = columnEzchangeOperation(B, R, R, k, j);
return (B, Q, Q, R, R);

This algorithm after having found the entry with the minimal
nonzero magnitude its move it to the (k, k) position.

Algorithm 5.3.4. ([1]) Check for divisibility
function checkForDivisibility(matrix B, int k)
for i = k+1 to numberOfRows(B)
for j = k+1 to numberOfColumns(B)
¢ = floor (B[i,j]/Blk,k]);
if ¢xB[k, k] # Bli, jjthen
return (false, i, j, q);
endif;
endfor;
endfor;
return (true, 0, 0, 0);

This algorithm checks if the (k, k) entry of a matrix B divides
all entries in the submatrix Bk +1:m,k+1: n.

Algorithm 5.3.5. ([1]) Partial Smith form algorithm
function partSmithForm(matrix B, Q, Q, R, R, int k)
m = numberOfRows(B);

n = numberOfColumns(B);

repeat

(B, @, Q, R, R) = moveMinNonzero(B, @, Q, R, R, k);
(B, Q, Q) = partRowReduce(B, Q, Q, k, k);
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if Blk+1:m, k] # thennext; endif:

(B, R, R) = partColumnReduce(B, R, R, k, k);

if B[k, k+1:n] # thennext; endif:

(divisible 1, j, q) = checkForDwnsibility(B, k):

if not divisible then

(B, Q, Q) = rowAddOperation(B, Q, Q, i, k, 1);
(B, R, R) = columnAddOperation(B, R, R, k, j, -q);
endif;

until divisible;

return (B, Q, Q, R, R):’

Let A,B € M,,,(Z) be integer matrices such that B is in
Smith form up to the (k—1)st entry for some k € {1,2,...,min{m,n)},
Blk :m,k :n] # 0 and B = Q"' AR for some Z-invertible ma-
trices @ € My, ,,(Z) and R € (Z). Algorithm (5.3.5) applied to
(B,Q,Q ', R, R~ k) always halts. It returns a matrix B' that
is in Smith form up to the kth entry. It also returns two pairs
(Q',Q) and (R, R) of mutually inverse Z-invertible matrices
such that

B =Q AR = Q' AR (see [1))

Algorithm 5.3.6. ([1]) Smith algorithm
function smithForm(matrix B)
m = numberOfRows(B); _
n = numberOfColumns(B);
Q = Q = identityMatriz(m);
R = R = identityMatriz(n);

s=t=20,
while Bft+1:m, t+1:n] # 0 do
t = t+1;

(B, Q, Q, R R = partSmithForm(B, @, Q, R, R, t);
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if B[t, t/< 0 then

(B, @, Q) = rowMultiplyOPeration(B, Q, Q, t);
endif;

if BJt, t/ = I then

s=8+ 1

endif;

endwhile;

return(B, Q, Q, R, R, s, t);

Given a matrix A € M,,,(Z), on input Algorithm (5.3.6)
returns a matrix B € M,,,,(Z), Z-invertible, mutually inverse
matrices Q,Q € M,,..(Z), R,R € M,,(Z), and nonnegative
integers s and t such that

B=Q 'AR = QAR.

Furthermore, B has the form
by 0 0 0 O
0 b 0 0 O

0
0
0 e
0 where b, are positive in-
0
0

tegers, b, = 1 for 1 = 1,2,...,s and b; divides b,y for i =
1,2,...,t =1 (see [1]).
5.4 Computing homology of cubical sets

We are now ready to give the algorithm for computing the ho-
mology of any cubical set. This algorithm uses several functions
each of which will be denined using corresponding algorithms.
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Algorithm 5.4.1. ([1]) Cubical homology algorithm
function homology(cubicalSet K)
E = cubicalChainGroups(K);
D = boundaryOperatorMatriz(E);
H = homologyGroupOfChainComplex(D);
H = generatorOfHomology(H, E);
return H;

Algorithm 5.4.2. ([1]) The groups of cubical chains of a cubical
set

function cubicalChainGroups(cubicalSet K)

cube Q; -

array[-1Jof list of cube E;

while K # phi do

(Q, K) = cutFirst(K),

= dim (Q);

L = primaryFaces(Q);

K = union(K, L),

E[k-1] = union(Efk-1], L);

Efk] = join(E[k], Q);

endwhile;

returnkb;

Algorithm 5.4.3. ([1]) Primary faces of an elementary cube
function primaryFaces(cube Q)
set of cube L = ¢;
for i = 1 to lastIndex(Q) do

if Qfi[{left}+Q[i}{right} then

R =@,
R[if{left} = R[i){right} = Qf/{left},
L =join(L, R);

68



R[2f{left} = R[i/{right} = Q[/{right};
L = join(L, R);

endif;

endfor;

return L;

Algorithm 5.4.4. ([1]) The matriz of the boundary operator
function boundaryOperatorMatriz(cubical ChainComplex E)
array[0:] of matrix D;
for k = 0 to lastIndex(E) do
m = lastIndex(E[k-1]);
for j = 1 to lastIndex(E[k/)do
c=boundaryOperator(E[k])[j])

D[k][1:m, j] = canonicalCoordinates(c, E[k-1]);
endfor,

endfor;

return D;

Algorithm 5.4.5. ([1]) The boundary operator of an elemen-
tary cube
function boundaryOperator(cube Q)
sgn = 1;
chain ¢ = ();
for i = 1 to lastIndex (@) do
if Qfif{left} # Q[i/{right} then
R =Q;
if Rfyf{left} = Rfi[{right} = Q[i/{left};
c{R} = - sgn;
Rfif{left} = Rfif{right} = Qfif{right};
c{R} = sgn;

sgn = - sgn,
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endif;
endfor;
return c,

Algorithm 5.4.6. ([1]) Finding the coordinate vector of a chain
function canonicalCoordinates(chain c, array/1:Jof cube K)
vector v,
for ¢ = 1 to lastIndex(K) do
if defined (c¢{K[i/}) then .
ofi] = c{Kfi};
else
vfi] = 0;
endif;
endfor;
return v,

Algorithm 5.4.7. ([1]) Homology group of chain complex

function homologyGroup OfChainComplez(array [0:] of ma-
trix D)

array [-1:/ of matrix V, W;

for £ = 0 to lastIndex (D) do

(W[k], V[k-1]) = kernellmage(D/[k]);

endfor;

VlastIndex(D)] = 0;

array [0:] of list H;

for k = 0 lastIndex(D)do

H[k] = quotientGroup(W[k], V[k]);

endfor;

return H;

Algorithm 5.4.8. ([1]) Kernel-image algorithm
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function kernellmage(matrix B)

m = numberOfRows(B);

n = numberOfColumns(B);

BT = transpose (B);

(B, P, P, k) = rowEchelon(BT);

BT = transpose (B);

PT = transpose (P);

return (PT[1:m, k+1:n], BT[1:m, 1:k]);

Algorithm 5.4.9. ([1]) Linear equation solver
function Solve(matriz A, vector b)
m = numberOfRows(A);

(B, Q, Q, R, R, s, t) = smithForm(A);
¢ =Qxb;

vector u;

for i =1to tdo

if Bfi, i/ divides c[i/ then
ufi] = c[i]/B[i,i];

else

return ”Failure”;

endif;

endfor,

for + = t+1 to m do

if c[¢] # 0 then

return ”Failure”

else

uli] = 0;

endif;

endfor,

return R x u;
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Algorithm 5.4.10. ([1])Quotient group finder
function quotientGroup(matrix W, V)
n = numberOfColumns(V);
matrix A;
for i = 1 to numberOfColumns (V)
Ali] = Solve(W, V[i]);
endfor;
(B, @, @, R, R, s, t) = smithForm(A);
U= Wx Q;
return (U, B, s);

Algorithm 5.4.11. ([1])Generators of homology

function generatorsOfHomology(array [0:Jof list H, cubicalChain-
Complex E) ‘

for £ = 1 to lastIndex(H) do

m = lastIndex(E[k]);

(U, B, s, t) = H[kJ;

array[0:/hash {generators, orders} HG;

for j = s + 1 to lastIndex(E[k]) do

if j < t then order = "infinity”;

else order = B[}, j/ endif;

¢ = chainFromCanonicalCoordinates(U[1:m,j], E[k]);

HG[k] {generators} [j-s] = ¢;

HG[k] {orders[j-s] = order;

endfor;

endfor;

return HG;

Algorithm 5.4.12. ([1]) Reconstructing a chain from its canon-
ical coordinates
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function chainFromCanonicalCoordinates(vector v,array[1:]
of cube K)

chain ¢ = ();

for i'= 1 to lastIndex(K) do

if vfi/ # 0 then

A KL} = fif;

endif;

endfor;

return c;

Let X be a cubical set. Call Algorithm (5.4.1) with K con-
taining a list of elementary cubes in Kmax(X). Then the algo-
rithm returns an array of hashes H for which H[k]{generators}
is alist (c1, cg, ..., ¢,,) and H[k]{orders} is a list (b1, by, ..., by,) such
that ¢; € Z,(X) is a cycle of order b; and

Hk(X) = EB:L:I < [CL'] > .
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Chapter 6

Coverage of a Planar Domain
by Sensor Networks, Rips and
Cech complexes

Given a planar domain (e.g. a field, a forest, or an ocean), one
wants to get information about the domain or scan the domain
for events, objects or substance, like locating outbreak of for-
est fire, detecting radiological or biological hazards, detecting
hidden mines, or detecting unsual or unexpected objects like
individuals or vehicles, ships etc.

The method to be employed for this is to distribute a collec-
tion of sensors (or nodes) in the domain. These sensors will be
capable of providing information of the domain in their neigh-
bourhoods. Question then arises as to whether the information
provided by the collection of these sensors can take care of the
whole domain?

Certainly to minimize the cost for the job one would like to
use a minimal collection of sensors to do the job.

Moreover, there is no means to determine the distance or
relative position of the sensors, and environment may even move
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the position of sensors.

Probalistic methods to deal with such situation needs strong
assumption on the density and uniformity of the distribution of
Sensors.

Homological methods however can deal with these situation
with much weaker assumptions.

6.1 Coverage problem with special assump-
tion for the sensors on the boundary of
the domain

We first state the problem mathematically:

Given a planar domain D with polygonal boundary. Each
sensor (node) can perform assigned jobs within a (radially sym-
metric) coverage disk neighbourhood. The problem of blanket
coverage is as follows: ”Can the collection of these coverage disks
cover D7

In this section we impose a few conditions on the sensors so
that there is a solution or a reasonable partial solution.

Assumption 6.1.1. As earlier let D be a compact connected
subset (with nonempty interior) of R?, with connected polygonal
boundary dD. Let X C D be a set of sensors (nodes,points,vertices).
Let Xy C 0D be the sensors lying on the vertices of the polyg-
onal boundary.

We assume the following:

A1: There is a positive real number r, > 0, called the broad-
cast radius such that within a r,-disk nbd of a node it can detect
the presence of any other node.
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A2: There is a positive real number 7, > 7,//3, called the
coverage radius, such that within a r.disk nbd of nodes the
nodes can perform assigned jobs.

A3: For each fence node the two neighbouring nodes lie
within its r,-disk nbd.

This last assumption A3 is a special assumption on the fence
nodes.

Definition 6.1.2. ([4]) The network graph of the above system
is a combinatorial graph, I', in which vertex set is the set of
labeled sensors (nodes), and (undirected) edges correspond to
pairs of nodes that are within mutual broadcasting range (within
distance 7). By assumption the fence nodes form a cycle 7 C .

The problem at hand is to determine whether the family U
of disks B, (z) of radius 7, around the nodes x € X is a cover
of D?

The input of the problem is the pair (I, F).

Definition 6.1.3. ([6]) Given a collection of sets U = {U,}, the
Cech complex of U = {U,}, C(U), is the abstract simplicial
complex whose k-simplices correspond to nonempty intersection
of k + 1 distinct elements of /. If the cover is good-that is, if
the cover sets and all nonempty finite intersections of cover sets
are contractible-then the Ceech complex C captures the topology
of the cover:

Result 6.1.4. Under the assumptions of (6.1.1) the coverage
area U{U|U € U} contains the domain D if and only if the
fence 1-cycle F is null-homologous in the Cech complex C(Uf).

Theoretically this is a very satisfying result however it is not
possible to compute the Cech complex of U{U|U € U} from
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the network graph I' alone. Precise distances between nodes are
required to determine the higher-dimensional simplices of C(U).
All we have is two radii r, (broadcast radius) and r. (coverage
radius). It is not possible to derive the Cech complex C(U) of
r.~disks around nodes from the network graph I' defined using
7. It is not even possible to recover the homotopy type of C(U).

Note however that the convex hull in R? of any triple of nodes
which are pairwise within the broadcast radius r;, is contained in
U{U|U € U}. In the extreme case when these nodes are pairwise
at a distance exactly r;, form an equilateral triangle in R? that is
contained in U{U|U € U} (recall U are disks of radius r. around
nodes) only if 7. > 7,/+/3.

Definition 6.1.5. ([5]) Given a set of point x = {z,} in a metric
space and a fixed € > 0, the e-Rips complex of x, R.(x), is
the abstract simplicial complex whose k-simplices correspond to
unordered (k+1)-tuples of points in x which are pair-wise within
distance € of each other.

Remark 6.1.6. [4] 7,-Rips complez, R, of x (also referred to as
Vietoris-Rips complex or flag complex) is the largest simplicial
complex whose 1-skeleton is the network graph I

The Rips complex need not capture the topology of U{U|U €
U} but it does contain enough topological information of U{U|U €
U}. We use the homology of R relative to F to obtain coverage
criterion.

Lemma 6.1.7. ([5]) Any nonzero 1-cycle ¢ € Z;(F) defines a
nonzero element of Hy(9D).

Proof. By the definition of homology, H,(F) = Z,(F)/Bi(F).
However, B(F) = 0(Cy(F)) = 0, since Co(F) = 0, F being
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a. 1-dimensional simplicial complex; hence Z;(F) = Hi(F) =
H,(8D). 0

Lemma 6.1.8. (/5/) A cycle ( € Z(F) is nonzero if and only
if it has a nonzero coefficient at every fence edge.

Proof. If  is a cycle, then the coefficient of  at any pair of ad-
jacent edges is the same up to a sign, because 0¢ has coefficient
zero at their common vertex. Since the boundary is connected, ¢
has the same coefficient at every edge of F up to a sign. The
lemma, follows immediately~ - ]

Theorem 6.1.9. (/5]) For a set of nodes x in a domain D C R?
satisfying assumptions A1l — A3, the sensor cover U, contains
D if there exists [a] € H2(R,F) such that a # 0.

Proof. We consider the simplicial realization map o : R — R?
which sends vertices of the abstract complex R to the corre-
sponding node points of x C D and which sends a k-simplex
of R to the (potentially n singular) k-simplex given by the con-
vex hull of the images of the vertices. By A3, o takes the pair
(R, F) to (R%,8D); we therefore construct the following diagram
from the long homology exact sequences of the pairs (R, F) and
(R%,0D)
Hy(R, F) 25 Hy(F)
(1) o L ow
Hy(R?,8D) - H,(8F)
Here 0, acts on a class [o] € Hy(R, F) by taking the bound-
ary: 6,[a] = [0a)] € Hi(F). Tt follows from the naturality of
the long exact sequence that the diagram (1) is commutative:

.04 = 0,0,. The homology class ¢,6,[c] is the winding number
of da about 9D.
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By assumption, O # 0; hence, by Lemma (6.1.7), we observe
that 0.0,]0] = 0.[0a] # 0. By commutativity of diagram (1),
0.8:[c] # 0, and thus o.{ca] # 0.

Assume that U does not cover D and choose p € D\ U {U |
U € U}. Since the convex hull of any collection of nodes in
D which form a simplex of R lies within U{U | U € U} ev-
ery point in o(R) lies within U{U | U € U}, so we have that
o : (R,F) — (R% 0D) factors through the pair (R*\{p},dD).
However, Hy(R?\{p},dD) =0, for, Let A = R*\{p} and B be a
small ball about p, so that ANB is an open annulus homotopic to
S'. Let A" = 0D and B’ = ¢. Using the relative Mayer-Vietoris
sequence, we have

2) -+ — Hy(SY) & Hy(R2\{p},0D) ® 0 & Hy(R2,6D) &
H(S) % ...

Since (R?, D) deformation retracts to the pair (D, 8D) fixing
0D, we have that

(3) Hy(R?,8D) = Hy(D,0D) = Hy(D/OD) = Hy(S?) =
R. :

Since p € D, the homomorphism 0, takes the generator of
Hy(R?,8D) to that of Hi(S:). (2) therefore simplifies to

(4) - — 0 — Hy(R:\{p},0D) RS R — ...

By exactness, Ho(R?\{p},dD) = 0 and thus o.[c] = 0: con-
tradiction. O

Can one get rid of the redundant members of the cover U and
still cover D. The following corollary answers this.

Corollary 6.1.10. ([5/) If a homology class in Hy(R,F) satis-
fies the criterion of Theorem (6.1.9), then the restriction of U to
those nodes which make up the representative o suffice to cover
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D, for any choice of o in the homology class.

Proof. Let U% denote the restriction of U to the nodes which
make up the representative . Assume that U/ does not cover
D and choose p € D\ U {U | U € U*} The fact that the convex
hull of any collection of nodes in D which form a simplex of R lies
in U implies that o(R) C U{U | U € U*}. Thus, 0 : (R, F) —
(R2,0D) again factors through the pair (R®\{p}, dD), which has
vanishing homology in dimension two. O

Remark 6.1.11. Since one can choose any representative o of
the homology class [a] in this corollary, it allows us to choose
with minimum number of 0-simplices, thereby covering D with
a minimal subcover.

6.2 Modification of coverage radii to regain
coverage of the domain (Hole Repair)

Suppose the set of nodes satisfying A1-A3 gives a Rips complex
for which the condition of the Theorem (6.1.9) is not satisfied
that is 9o = 0. In such a situation how can one modify the cover
U, to restore coverage? The following theorem ensures coverage

by increasing the coverage radii slightly, and modifying the Rips
complex suitably.

Theorem 6.2.1. ([5]) Consider a set of nodes x satisfying as-
sumption A1l — A3. Let T = {,}¥ be a basis of K generators
in Hi(R) and let N, = ||| for each i, where ||.|| denotes length
of the generator in terms of the number of nodes. Let U denote
the set obtained from the collection U by enlarging all the balls
based at nodes in vy, to balls of radius
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(5) (1) = %cse%. Then D Cc U{U |U € U'}.

Proof. The quantity r,(4) represents the minimal radius needed
to cover a regular N;-gon. We claim that this is the limiting
case.

Consider the image £ = o(+;) of the loop v, in D. This
is a (not necessarily embedded) loop in D. A point z € D is
enclosed by L, if [£,] is nonzero in H;(R*\{z}) = Z (this class
is the winding number of the loop about z). We demonstrate
that covering each node of +; with a ball of radius r,(1) covers
any such z. For such an z it follows that one or more of the N;
edges of £ subtends an angle at z of atleast 2w /N;; for otherwise
there would exist rays originating at  which miss o(-;) entirely,
making £, contractible in R*\{z} and the winding number zero.
Let ab be such an edge. Taking cosines this inequality becomes

2T |zal? + lxblz - labl2 r,f

6 Ty > Ty
©)  eos(i) 2 =z =17 Qlzalzd]

where we use the AM-GM inequality and the fact that |ab| < 7,
for the latter inequality. Since cos(2n/N,) = 1 — 2sin*(n/N,)
we can rearrange to obtain |zal|zb] < (v.(1))2. Thus z must lie
within distance 7,(7) of the nearer of two nodes a, b as required.

We now create a modified complex R obtained from R in
the following manner. For each ¢, sew in an abstract 2-d disc
along the loop ;. (If one wishes to remain in the simplicial
category, one can triangulate the disc.) Next, extend the map
o to a continuous map ¢ : R — R2.

The long exact sequence yields a commutative diagram
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Hy(R,F) 2 H(F) 2 H(R)
(7) Lo, lo. Lo,
Hy(R?,0D) -2 H (8D) - Hy(R?).

Since we have filled in all the generators of H;(R), we have that
Hi(R) = 0 and 6, : H(R,F) — H(F) is onto. Exactness
implies that there cxists a generator [a] of Hy(R') with da = F.

Assume by way of contradiction that there cxists a point
pe D\U{U |U eU'}. If |L,| # 0 € Hi(R®\{p}) for any ¢, then
p € U{U | U € U'} by the argument above. Therefore, assume
that these homology classes vanish for all :. Since the set {v,}
forms a basis for Hj(R), there exist a 2-chain { in Cy(R) such
that 8¢ = F — >_,¢,y, for some constants c,. Applying o to
these 1-chains yields the equation do(¢) = 0D — > .c,L,. This
descends to an equation in Hj(R?\{p}), since p is assumed to
be outside U{U | U € U'} and o(¢) c W{U | U € U} c U{U |
U € U'} by the fact that the convex hull of any collection of
nodes in D which form a simplex of R lies in U{U | U € U}

We know that [0D] # 0 in H,(R?\{p}) since p € D. By
Assumption that all the winding numbers of £, about p vanish,
we have that [00(¢)] # 0 € H;(R*\{p}). However, ( € Cy(R)
and is an algebraic sum of 2-simplices in R. Atleast one such
2-simplex ¢ of ¢ must therefore satisfy o(d¢) # 0 € Hy(R%\{p}),
implying, that p € o({) CU{U | U e U} c U{U | U e U'}.
Contradiction. O

6.3 Variants of the condition A1-A3

1. Network in an unbound domain: In this situation the
last condition about the fence nodes is dropped, because the
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domain is unbounded. What kind of coverage question can then
be asked? A simple answer can be given as follows.

Let v be a 1-cycle in the Rips complex R. We define span of
v, <7 > to be the largest subcomplex of R generated by the
nodes of .

Lemma 6.3.1. Let v be a 1-cycle in R, such that < v >= .

Then the projection o(y) of v to the plane 1s a simple closed
curve.

Theorem 6.3.2. For a planar network on an unbounded domain
satisfying A1 and A2 choose a 1-cycle v such that < v >= 7.
If Hy(R,7y) has a generator (o] with O # 0. Then the entire
domain bounded by o(vy) in R? is covered by U*.

2. Network in a disconnected domain D If D is discon-
nected then each connected component of D can be treated
seperately as earlier.

3. Domain D with disconnected boundary 0D.

If D is connected but it has more than one boundary compo-
nents. For example in the figure(6.1) we have 1 D-outer bound-
ary and 0~ D-inner boundary. The fence nodes Xy = X;r UXy
can be partitioned accordingly, and the corresponding fence
complexes can be denoted by F*,F~. In such a situation we
have:

Theorem 6.3.3. (/5]) Let D C R? whose boundary 0D =
0T DUO™ D has two connected components 0D (= outer bound-
ary component) 0~ D (= inner boundary component). Let the
assumptions A1-A3 are satisfied. Then the sensor cover U,
covers D if there ezists [a] € Hy(R,F) such that Oc is nonzero
on the outermost boundary component.
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Figure 6.1: Domain with disconnected boundary
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Proof. (Sketch of proof):

The condition on [a] is that d.]c] # 0 where 6, : H1(R, F) —
H\(F,F~) = H(F1) is the boundary map of the long exact se-
quence of the triple (R, F, ™). One takes simplicial realization
map o : (R, F,F~) — (R%0D,0” D) and adapts the proof of
the Theorem(6.1.9) suitably (for details refer to [5)). O

4. Restricting the condition A1 (Opaque Boundary)
Suppose we replace the condition A1 to the following:
A7: There is a positive real number 7, > 0, called the broadcast
radius, such that within its r,-disk neighbourhood a node can
detect the presence of any other node which can be joined to it
by a straight line segment lying in D.

Such situation occur if the communication is through light
signal and 0D is opaque (wall) which blocks light.

In this case we have to form a Restricted Rips compler ER
to include only those edges which lie within D. The relevant
theorem then is:

Theorem 6.3.4. Consider a set of nodes X C D C R? satis-
fying assumptions Ay, Ag, As. Let ER 1s the Restricted Rips
complez tnuvolving those edges which are in D. The sensor cover
U, covers D if 3 [a] € Hy(ER,F) such that da # 0.
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Proof. Since ER C R.

H,(ER, F) 2 Hi(F)

(7) l Ox l O«

Hy(R?,0D) - H,(8D)
is commutative. Rest of the proof is similar to the Theorem(6.1.9).
U
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Chapter 7

More of coverage of planar
domains and 3-dimensional
domains

In the last chapter we consider a sensor network for coverage of
a planar domain, where certain condition on the nodes, A1-A3
have been imposed. We also considered some of its variants in
the last section.
In all these we had only two fixed real numbers 7, > 0 the
broadcast radius and r. > 0 the coverage radius for all nodes.
Now we consider a slightly more general situation

7.1 Broadcast and Coverage radii varying with
nodes - to achieve optimal coverage

The relevant condition in this situation are as follows:
One has a system of nodes xy = {z,} which satisfies a modified
set of assumptions:
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Assumption 7.1.1. V1: For every node x; € X there is asso-
ciated a real number 7 > 0 called broadcast radius at x, such
that z, can detect the presence of any node z; which lies in the
open ball B,.(z,) of radius r} and centre z;. This is true for all
i

V2: For every node x, € X there is associated a real number
>/ V3 > 0, called the coverage radius at z,

V3: Nodes x lie in a compact connected domain D C R?
whose boundary 0D is connected and piecewise-linear with ver-
tices on it marked fence nodes x;.

V4: For each fence node vy € ) the neighbouring nodes in
X on either side of vy, lies in B (v).

We modify the construction of the Rips complex as follows.
For any pair of nodes z, and z,, there is an edge in R if and
only if the distance between z; and z, in D is less than or equal
to the minimum of r§ and 7J. The full complex R is then the
maximal simplicial complex for the edge set as defined. The
fence cycle F is defined in the same way as before, with vertex
set xs and an edge between each pair of adjacent nodes along
the fence. We define the variable-radius cover U, in this context
to be union of closed discs of radii 7% centered at node z*.

Theorem 7.1.2. ([5]) For a set of nodes x in a domain D C R?
satisfying the variable-radius assumptions V1-V4, the variable-

radius cover U, covers D if there exists [a] € Hy(R, F) such that
Oa #£ 0.

Proof. (Sketch of Proof): The main ingredient of proof is to
verify that even in this modified definition of communication
graph and the Rips complex the following result hold:
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The convex hull of any collection of nodes in D which form a
simplex of R lies within the union of the variable radius cover U,
(see [5]; rest of the proof is similar to the Theorem (6.1.9)) O

7.2 Coverage of 3-d cylindrical regions

Let the domain be of the form D x R, where D C R? as earlier
(compact and connected with connected polygonal boundary).
We suppose that x € D x R is the set of nodes and that the
fence nodes lie in D x {0} and satisfy the assumption A3

Let B.(z,) be a ball in R? x R of radius ¢ and centre z,, and
U; = {B.(z.)|z. € x}-

The problem of barrer coverage asks whether one can find
a path connecting D x {—oo} and D x {oo} which avoids all
elements of .7 We want a criterion for a negative result.

Network graph I' and Rips complex R are constructed as
earlier. The fence cycle F is precisely 9D x {0}.

Theorem 7.2.1. (/5]) There do not exist any path connecting
D x {—o0} and D x {+o0} which avords elements of U, if there
ezists [a) € Ho(R, F) with da 3 0.

Proof. (sketch of Proof): One starts with simplicial realization
map o : R — D xR which takes any 2-cycle to U, = U{B.(z,)|z, €
a}. As earlier we must have o,(a) # 0.

Now we assume that 3 a continuous path p : R — D x R\U,
with lim1omop(t) = Foo, where 7 : R2 x R — R is the
projection map. Since every point of o(c) lies in U, we have a
factorization
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o : (o, 0a) — (R? x R, 8D x {0})

NS
(R? x R\p(R),dD x {0})

This leads as earlier to the fact that o.(a) = 0 giving a contra-
diction (for details of the proof refer to [5]). O

7.3 Coverage Problem in which nodes change
position with time

Consider a situation in which the node positions are a continuous
function of time: x = x; C D for ¢t € [0, 1].

Assume that the network communication graph is updated
at time intervals 0 = ¢; < ... ¢, < --- < ty = 1, giving an
ordered sequence of communication graphs I';,7 = 1,2,..., N.
These give the corresponding Rips complexes R,, i = 1,... N.
We now need additional condition to handle coverage problem:

Assumption 7.3.1. T1 If two nodes are connected at time
steps t, and ¢,41, then they remain within the broadcast radius
ry for all £, <t <ty

T2 Nodes may go off-line or come on-line, represented by
deleting the nodes in the appropriate graph T,.

T3 Fence nodes always remain fixed and on-line.

Coverage problem in this case is similar to the one con-
sidered in the last section about covering a cylindrical region.
ftu = U U,(t), where U,(t) is the sensor cover at time ¢,

{Be(z.(t)) | z.(t) is the position of the node z, at time ¢}, the
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relevant question is : can one find a continuous path in D which
is contained in the complement D\ U{U | U € U.} 7 We are
interested in a negative answer.

In physical terms the problem is as follows: Let each U.(t)
be inadequate to cover D and leaves out a hole. Is it possible to
move continuously through these holes to remain outside U,(t)
at all times and thereby outside U,?

To deal with this problem we use two constructions:

(1) Stacked Rips complex

Definition 7.3.2. ([5]) Given a sequence {I';} of vertex-labeled
communication graphs as above, define the stacked Rips com-
plex, SR to be the cell complex obtained from the disjoint
[1; R, of the Rips complexes R; of I'; by the following opera-
tion:

For each k-simplex [v4,,...,Va,,,] Of R; which is
also a k-simplex on the same vertices in R;,1, connect these k-
simplices by a prism AF x [0, 1] with A* x {0} glued to R; and
AF x {1} glued to Ry

We treat the time variable ¢ € [0, 1] as an extra dimension
and consider the problem of evasive coverage in D x [0,1] .
The complex SR has a natural ’prism’ structure: SR is a 1-
parameter family of simplicial Rips complexes indexed by t €
[0, 1], these 'slices’ being equal to R, at t;. We likewise consider
the moving covers as a l-parameter family in a 3-dimensional
setting. If /(t) denotes the radius r. cover of nodes x; at times
t, embed the time-varying covers into D x [0,1] via the cover
U(t) of D x {t}. The problem of wandering loss of coverage now
becomes the question of whether the complement of the union
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of members of U, = U U(t) in D x [0,1] has a ’tunnel’ running
from bottom (¢ = 0) to top (t = 1).

Theorem 7.3.3. ([5]) Consider a time-varying set of nodes x;
in a domain D C R? satisfying assumptions A1-A3 and T1-
T3. Then, for any continuous curve p : [0,1] — D, p(t) must
lie in the union of members of U(t) for some 0 <t <1 if there
erists [a] € Ho(SR,F x [0,1]) such that m,(0c) # 0, where
7 F x [0,1] — F is the projection map.

In practice, computing with the stacked Rips complex is in-
covenient. The Software we use is meant for simplicial com-
plexes, not the more general prism complex SR. We therefore
provide a second construction
(2) Amalgamated Rips complex

Definition 7.3.4. ([5]) Given a collection of network graphs
{T,} define the amalgated Rips complex, AR, to be the space
obtained from the disjoint union [], R; of the Rips complexes
R, of I'; by the following operation:

For each k-simplex [v,,...,Vn,,,] of R; which is also a k-
simplex on the same vertices in R;, 1, identify these simplices.

A few observations are in order. First, the amalgated Rips
complex AR is a cell complex built from simplices. It is not,
properly speaking, a [combinatorial] simplicial complex, since
there may be, e.g., more than one 1-simplex connecting two ver-
tices; hence, cells in this complex are not uniquely defined by
their faces. Second, since the fence nodes are assumed station-
ary, the fence cycle F is fixed in each R; and thus is identified
to yield a well-defined cycle 7 C AR.
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Proposition 7.3.5. The pair (SR, F x[0, 1]) s homotopy equiv-
alent to (AR, F). (see [5] for details)

Corollary 7.3.6. The homological condition of theorem (7.3.3)

is satisfied if and only if Ho(AR,F) has a generator o with
Oa # 0.
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Chapter 8

Coverage without restriction on
fence nodes - Use of Persistence
homology

In the discussion of the previous chapters about variants of the
hypotheses on nodes leading to coverage of a planar domain we
have in some way or the other retained the restriction on the
fence nodes (condition A3).

However a more realistic condition will not put such a strin-
gent restriction on its fence nodes, or even there may not be any
nodes in the fence (the boundary 8D), instead, nodes which are
lying nearby the fence can register themselves as fence nodes.
More precisely the situation is as follows:

One considers a set of stationary nodes which can detect the
presence of the boundary of the domain 9D within some fixed
fence radius ry > 0. This set is denoted by X; C X and is
called the set of fence nodes. Xy spans a fence subcomplex F C
R, the minimal simplicial complex generated by points X and
the edges between the fence nodes. One would expect that a
criterion like Theorem (6.1.9) should suffice coverage, namely,
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3a] € Hy(R,F) such that da # 0. Unfortunately, this does
not suffice coverage, for example in the following diagram:

- 5
el N
-~ Sy ,I‘ ¢
A
- { e ‘P‘
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¢
; /
fl R
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Figure 8.1:

Hy(R,F) # 0 but o, : Hi(F) — H(0D) is a zero map. So
the commutative diagram considered earlier:

Hy(R,F) 2% Hy(F)
(7) 1o, | 0.
Hy(R% D) -2 H,(dD)
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does not help.

To deal with such situation a new homological technique,
known as persistent homology has been used. We formulate
and demonstrate the corresponding coverage result using a very
special instance of persistence homology in the first section. In
the second section we shall give a brief introduction to persistent
homology.

8.1 Coverage problem of a domain without
well defined boundary

To circumvent the difficulty of obtaining homological coverage
criterion as mentioned in the introduction we need to consider
following condition, x, D etc as earlier.

Assumption 8.1.1. P1: There are two real numbers r; > 0,
the strong broadcast radius and r, > 0, the weak broadcast
radius and 7, > r,v/10, such that for each node z, € ¥, it can
detect a node z; by strong signal if z, € B, (z,) and can detect
a node zj by weak signal if z;, € B, (z,). (notations as earlier).

P2: Nodes have radially symmetric covering domains of cover
radius 7, > r,/v2. U, = {B.(z)|z € x} the sensor cover.

P3: D is compact and if we take a collar of 0D of radius
r¢ > 0 (fence radius), then the nodes within this collar can
detect 0D.

P4: The restricted domain D\C, where C = {z € Dl||z —
dD| < rp+r1s/V2} = N:(OD), # =5 +7,/\/2. is connected.

P5: The fence detection hypersurface £; = {z € Dl|jz —
OD|| < rs} has internal injectivity radius at least r,/v/2 and
external injectivity radius at least 7.
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Such a system gives rise to a pair of Rips complexes, R, and
R., computed at the strong and weak radii respectively, each
with fence subcomplexes Fy C R and F, C Ry. There is a
natural inclusion map of pairs

(1) v (R, Fs) = (Ru, Fu),

Theorem 8.1.2 ([6]). (Squeezing Theorem) Let X C RY. Given
€ < €, there is a chain of mclusions

Re(X) C CX) C Re(X), if 65 > ,/a%:l—l.

Where C.(X) represents the Cech complez of the cover of X by
balls of radius €/2 Moreover, this ratio 1s the smallest for which
the inclusions hold in general.

In the present case e = w, and ,¢ = s.

Proof. (Sketch of the proof): If the balls of radius €/2 centered
at the vertices have a common intersection then each pair of
vertices is seperated by distance < ¢

S0 CE(X) C Re(X).

2d
T RA(X)CCAX 'f—6>1/——-—
o prove R (X) (X)1i > T

We will show that whenever a collection of (k + 1) points

{zg,..., 21} of R? is given which have pairwise distance < ¢
apart, then they have a common intersection.
' d+1
If k=1, then d(zg,21) <€ <e¢ ;;i <€

So Be(xp) N Be(xy) # ¢.
2 2
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One proceed by induction on k, k < d to prove that Be (zo)N

2
N Be(m) #

For % +1 > d + 1 one appeals to Helly’s Theorem which
asserts that a collection of k + 1 > d + 2 convex sets in R? has
a nonempty common intersection if the same is true for each
subset of size d + 1. (For detail refer to [5]).

O

Theorem 8.1.3 ([6]). For a set of nodes x in a domain D C R¢
satisfying assumptions (8.1.1), the sensor cover U covers the
restricted domain D\C if the induced homomorphism

Ly - Hd(,R’S}j:S) - Hd(Rw’fw)

is nonzero. In other words (o] € Hy(Rs, Fs) which persists to
Hd(Rw; fw)

Proof. (Sketch of the proof): The crucial ingredients of the proof
are the following lemmas:

Lemma 8.1.4. Under the assumption of the main theorem (in
particular r, > r,/\/2), any collection of nodes in D which form
a stmplex of Ry has 1ts convex hull contained in union of mem-
bers of the sensor cover U,.

Lemma 8.1.5. Let p belong to the convezr hull of points

T, Z1, - - -, Tx € R and suppose € > e,/2d/(d + 1).

If |z, — @,|| <€ Vi,j then ||p — z,|| < €/2 for some 1.

Lemma 8.1.6. For any collection of nodes in D which form a
simplez of F, its convez hull lies in R\ (D\N;(0D)) or else
D\N;(0D) is contained in the simplez.
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Lemma 8.1.7. Let ¢! be a hyper surface of R and let x C
Lx(—A,+A) denote a collection of points which form a (d—1)-
cycle v such that [y] € Hy_1(Re(x)), for some € > 0, and 7y 1is
contained entirely in ¥ x (—=A,+A) If [y] = 0 in Hy1(Z %
(—=A,+A), then [v] =0 in a € -Rips complez R (x), where

, d—1
= /A% 4 2¢2
‘ \[ A

One begins the proof as usual with a simplicial realization
map ¢ : Ry — D, which gives (excluding the trivial case) a
map of pairs (R, Fs) — (RYRN(D\N;(8D))) and thereby
the commutative diagram

Hy(Ra, Fs) 20 Hy_y(F)

lO'* lO'*

(8)
Hy(R,RY\(D\N:(8D))) == Hy_1(R*\(D\(N:+(8D)))

Now letting o] € Hy(Rs, Fs) for which 7,[a] # 0, one considers
two cases.

Case I: 0.6,]a] # 0.

In this case using lemma (8.1.4) and Alexander-duality one
can conclude that U, with 7. > r,/v/2 covers D\N;sp), as as-
serted in the theorem.

Case II: 0.,6.[a] = 0, which is shown to be impossible.

For this one consider 7, 7, < 1), < 1, by defining

\/m— 5 4+ 2,/2d(d = 1)
Tow = T¢
L 5 2d

and one gets a factoring of

1
(Rsafs) _'L_) (Rw)ﬁw)
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N\ /
(Rma ]:m)

and thus a commutative diagram of homology of pairs

Hd(Rs) _]L’ d(R.swj:s) _6‘_> Hd—-l(fs)

| 4. 14 | i,
Hd(R'nL) _]*”) ]{d(Rm)]:m) —JL') (l——l(ﬁn)
1t K 1 74

Ju ds
}Id(Rw) ‘J_’ d(Rw;]—-w) - cl~1(-7::w)
The hypotheses P5 about injectivity radius of the fence hy-

2
with hypotheses 0,6.[a] = 0 tells us that the cycle da is null ho-

mologous within ¥; x (=A,+A). Now applying lemma (8.1.7)
with € = r, A as above and

6,:\/A2+262d—1:Ts\/7d—5+22\d/2d(d—1)

d

We get that ¢,0.[a] =0 € Hy_1(F,).

Now some arguments involving chasing the above commu-
tative diagram gives a contradiction to the assumption that
z'*[a] 75 0 in Hd—lfw-

Note also that the assumption r, > 7,v/10 in P1 stems from
the above inequality

N i )(\/Ei—5+22\d/2d(d—l))

- d+1

persurface £y gives a A = ry(1 + ) and combining this
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d+1

. \/7d—5+2\/2d(d—— 1)

O

8.2 Brief introduction to Persistent homol-
ogy

Let K be a filtered simplicial complex with a filtration
p=K'CK'C. .K"=K

For each 4,1 < ¢ < m we have chain groups C} %/ Cy(K*),

boundary operators &, e Oi(K*), cycles Z} def Z,(K*), bound-

aries B} f Bi(K™), homology groups H; «f Hi (K%, for all k;

the superscripts are the filtration indices.

Definition 8.2.1. We define the p-persistent k th homology
group (Z-module) of K* as
ip def i i+p i
H? = Zi/(B" N Z})

Definition 8.2.2. The p-persistent k th Betti number of K*,
denoted by f;” is defined as the rank of the free part of H;”.

We can alternatively define p-persistent k th homology group
of K* as follows:

Definition 8.2.3. Let ;" : H; — H," be the map of homology
induced by the inclusion K* C K*?. Then define




We can define persistent homology module over any ring, in
particular over PID’s, to make ourselves available the structure
theory of such modules.

We generalize the description of the last para into the follow-
ing:

Definition 8.2.4. A persistent module M is a family of R-
modules M?, together with homomorphisms ¢* : M* — M**! R
any ring.

The homology of a filtered complex is a persistent module,
where ¢* = 0% as described above. One can similarly define:

Definition 8.2.5. A persistent chain complex as C = {Ct, 1},
where each C* is a chain complex and f*: C* — C**! is a chain
map, for all .

The chain complexes of a filtered complex gives a persistent
chain complex.

Definition 8.2.6. (i) A persistent module M = {M", ¢'} is of
finite type if each M* is finitely generated R-module and if ¢*
are isomorphisms for ¢ > m for some integer m.

(ii) A persistent chain complex C = {C?, f'} is of finite type if
each component of each C? is finitely generated R-module and
if f* are isomorphisms for 4 > m for some integer m.

If a filtered simplicial complex K is a finite complex then its
chain complex and homology R-modules give rise to finite type
persistent chain complex and persistent module.

Let M = {M*, '} be a persistent module over a ring R. The
polynomial ring R[X] is a graded ring with standard grading
R[X] = @ix0RX".
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Definition 8.2.7. We associate with M a graded R[X]-module

a(M) as follows: a(M) -4 ®,>0M*, and the action of R[X] is
given as follows:

for all r € R, and
X(m®,m',..) = (0,6°(m°),¢"(m"), ...).

The following theorem shows that the the persistent homol-
ogy of a finite filtered simplicial complex is the standard homol-
ogy of a particular graded module over a polynomial ring.

Theorem 8.2.8 ([9]). If R is a field, the correspondence a de-
fines an equivalence of categories between the category of persis-
tent R-modules of finite type and the category of finitely gener-
ated non-negatively graded modules over R[X].

The proof is the Artin-Rees theory of commutative algebras
(see Eisenbud - Commutative algebra with a view toward alge-
braic geometry, Springer 1995.)

Remark 8.2.9 ([9]). (i) For R a field, the above theorem al-
lows one to use the structure theory of finitely generated graded
R[X]-modules (see Chapter 9 also) to give simple description of
persistent homology.

(ii) If R is not a field, like Z, there is no such simple descrip-
tion of persistent homology. However it suggests the possibility
of interesting invariants of inductive systems.

(iii) Persistence corresponds to the differentials of spectral
sequences associated with the filtered complex.

(iv) One can also explore multivariate persistence.
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Chapter 9

Persisitent Algorithm and its
use in the feature recognition -
a brief introduction

In this chapter we shall give a brief introduction to the work of
A. Zomorodian and G. Carlsson on the persistent algorithm ([9])
which computes persistent homology of a filtered complex. We
also indicate its use in the work of E. Carlsson, G. Carlsson, and
V. de Silva in feature identification of geometric objects ([10}).

9.1 Developing the persistent algorithm

We begin with the satements of structure theorems of (i) finitely
generated modules over a PID and (ii) finitely generated graded
modules over a graded PID. These have bearing on the algo-
rithms.

Theorem 9.1.1. (i) If R is a PID, then every finitely generated

R-modules M 1s isomorphic to a direct sum of cyclic R-modules
m

M = RFP(PR/d;R) for d; € R, B € Z, such that d,|d,41.
i=1
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(ii) if R 15 a graded PID, then every finitely generated graded
module M over R decomposes uniquely as

M= (6"91 5™ R) GB(ETBI S " R/d,R) where d, € R are homoge-
= 7=

neous elements so that d,|d;41, o, v, € Z, and )" denotes an
a-shaft upward in grading.

Now from the equivalence of the categories of persistent mod-
ule of finite type over a field F' and the category of finitely gen-
erated non-negatively graded modules over F[t] and the above
structure theorem, we get that the structure of a finitely gener-

ated graded Flt]-module, M is @1 T Flf]) @(é{é S Rt/ (%))

where (") = t™.F[t], other notations are as above (note that
F[t] is a PID).

For the purpose of developing algorithm we associate pairs
of integers to the summands of the structure (of the graded
modules) and formalize it in the following definition.

Definition 9.1.2. A B-interval is an ordered pair of integers
(1,7),0<1 < j < o0.

Let S = collection of finite sets of PB-intervals.

GM(F[t]) = collection of finitely generated graded modules
over the graded PID F[t].

Define @ : § — GM(Ft])

Qo= { SEE), M0zt <y <
7 S Ft], if0<i<j=-+oo
IfS €S, and S = {(in,51),..., (0, ju)}, we define Q(S) =

é@(iz, Ji)-
=1
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Theorem 9.1.3. Q 15 a one-to-one correspondence; consequently
the wsomorphism classes of Persistent modules of finite type over
F 15 1 one-to-one correspondence with .

We are interested in the persistent homology groups as our
example of persistent module described in the last theorem.

Our input is a filtered complex

¢p=K'CK'C.- - CK"=K (K"=K"" = ) Vk>
0, H,(K"*) is a vector space over F of dim ;. Vk > 0 { H,(K*) }.>0
form a persistent module as secn earlier with homomorphism
m o Hy(K*) — Hi(K'*') induced by inclusion. We associate a
graded module over F[t] associated with this persistent module

o0

by taking the direct sum D H; (K*). This is finitely generated,
1=0

as K is a finite complex. So by structure thcorem stated above
we get

(o] A a, [T
DHEY = (@D F)PE D Fi/Ev) «
=1 1=1 1=1

 {(o1,400), ..., (ax, +00)}

U{(’Yh,Yl + nl)) (72)72 + n?)) crey (,YLL)’Y}L + nﬂ-)}

by the theorem.

(au, +00) represents a k-cycle e which is created at o, th stage
by a simplex o™ and which remains a cycle forever (for example,
see figure 9.1)

(),7, +n,) represents a k-cycle e which is created at the Yy
th stage by a simplex ¢™ and which becomes a boundary at the
(v, +n,) th stage, the simplex 77" caused this. (for example,
see figure (9.2))
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Figurc 9.1: Infinite P intervals

107




{ o
. o,
. ,
A AT S
PR ' X
b ) . FEY
1} .| [ A
! ' R \
\ ~ i f
Y
« s o0 "

* N "k * . . . ;
\ . " ¢ / / 5,
R ~ . ~ 7 .
R it e s e
/s 7
/’ //
/s S
1/ /»
/ ’
I'd s . -3
Sy —1L - P+
AR 4 Il ,, i

Figure 9.2: Finite P intervals
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So (,,7,+n,) is represented by a pair of simplices (o™, 777"3).
m .
Thus (7y,,, +n,) describes a basis element for 5 H(K*), which

is given by a cycle e created at -y, th stage andL lgilled at y; + n,
th stage.

If e is a k-cycle of K! giving a homology class 0 # [e] =
e+ B, € H/(K). When does [¢] become a basis element of
H(K) = ZL/(B"P 0 2})?

Ase¢B,iforl<’y]+n],P_>_0,6¢Bi+7’,l+p<’yj+n]
and ! > ;. We get a triangular region in the [, p plane bounded
by p>0,l2v,l4+p<y+n,

. y, + li’
A . )
\ »
Y SRy b
2 /,-‘ ’. N .
P=DI

S . 4 + .]t. 4
L ! O ‘,f‘ \\ },J P
0:.0]0;} }’} 4 > i __~_~__~\:__’ |

Figurc 9.3: l-p-planc

109



Lemma 9.1.4. Let T be the set of triangular regions enclosed
by P-intervals for the k" -persistent homology module. Then
the persistent Betti number ﬁi’p (dim of H ,ip) is the number of
triangular regions of T containing the point (1,p).

Proof. (see ([9] for a proof) O

This helps us to compute the persistent homology of a filtered
complex over a field by finding the corresponding P-intervals.
The persistent algorithm that one is looking for must compute
B-intervals for a filtered complex, over the field F, directly
(without the need to compute F[t] modules)

The persistent algorithm is developed using the following
steps:

(1) To a filtered complex K there is associated a persistent
chain complex over F. By the theorem on correspondence (9.1.3)
we get a graded chain complex {Cy,0;} over F[t], where Cy =
o0 oo
DC; , b = P ete. t(P,c,...) = (0, £, fi(cY),...) etc.
i=0

1=0
"(2) We choose a pair of homogeneous bases {e;} for C;, and

{é} for Cy_;. With respect to these bases we write the matrix
dimCy_y
of 8k : Ck — Ck~1 , Mk(l,]) Since 8k(€J) = Z Mk(i,j)éi, if
: i=1

e, € C}, e if deg ¢; = A, then the degree of each (M(i,4)é)
should be A. So deg M(i,j) + deg é = A. Thus M(i,j)
(as elements of F[t]) must have degree satisfying: deg e; =
deg M (%, 7) + deg é,.

(3) Since standard bases of C\’s are homogeneous bases we
can start with a standard basis {e,} of Cj, and a homogeneous
basis {e,} of Z;_; and represent the matrix of d; as Mj,.
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(4) Then we reduce the matrix using the following elementary
row operations

1. Exchange row i and row j.

2. Multiply row i by -1.

3. Replace row i by (row i)+ q(row j), j # ¢, where q is an
integer.

One can use similar elementary column operation also. These
elementary operation correspond to change of bases as follows:

(a) A column operation of type 3 replace e, with e, + ge, in
C.-

(b) A row operation of type 3 replaces &, with é, — ¢é, in
Chr-1.

Repeated application of these operations replace the matrix
M, of 8 w.r.t {e,}, {&,} with Mj, which is in the Smith normal
form:

b, 0 0 0 0 00 0]
0 b 0 0 0 000

000
... 000
0 0 0 0 & 000
0O 0 0 0 0 000
0 0 0 0 0 00 0

Iy = rankM,, = rankMy, b, > 1, blba1, 1 < < .

One can side by side get new bases {e;}, {&.} of C\ and Z;_;
giving matrix M), of dy.

Once we have obtained the Smith normal form we get in-
formation about the homology of {Cy, 0y} (which is infact the
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persistent homology) as explained below: If
[0

50 = @D Y. DD@S. R/d,R)

then d, will be the diagonal entries b; > 1.
However we need not reduce the matrix to Smith normal
form. Reducing it to a column echelon form, for example,

by 0 0 0 0 O O]
* bp 0 0 0 00
* % b3 0 0 00
x x *x b 0 00
x x % % by 0 O]

is sufficient, because the pivots in column echelon form are
the same as the diagonal elements in the Smith normal form.
So we get:

Theorem 9.1.5. Let M, be the column-echelon form of the ma-
triz of O relative to bases {e;} of Cy. and {&,} of Zy—1. Ifi" row
has pivot My(i,7) = t*, it contributes 3 %% F[t]/t" to Hy_:.
Otherwise, it contributes S %% F[t]. Thus (deg &, deg &, + n)
and (deg &,,00) are the P-intervals for Hy_;.

Remark 9.1.6. The basis {é,} of Z;_; are constructed by induc-
tion on k, at every stage [ < k one considers the column echelon
form of the matrix J, w.r.t. transformed bases {e;} of C; and
{é&;} of Z,_;. The basis elements corresponding to columns con-
taining pivot elements are the ones representing B;_;. The basis
elements corresponding to non pivot columns represent the basis

Of, Zl.

This induction procedure also shows that
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Lemma 9.1.7. To represent 0, relative to the standard basis of
Cy and the basis computed inductively for Zy., delete rows of My
that correspond to pivot columns of My_y. (for proof refer [9])

The above discussion leads to the following algorithm

Algorithm 9.1.8. (/9/) Remove pivot rows
chain REMOVEPIVOTROWS (o)
{
k= dima; d= akd,‘
Remove unmarked terms in d,
while (d # ¢)
{
1 = maxindex d;
if T[4] is empty, break;
Let q be the coefficient of o* in T|i];

d=d-q T[]
}
return d;

}

This algorithm REMOVEPIVOTROWS takes a simplex
o’ as input. Then it checks whether the boundary chain d of ¢7
corresponds to a zero or pivot column. If the chain is empty, it
corresponds to a zero column and we mark o7: its column is a
basis element for Z; and the corresponding row should not be
eliminated in the next dimension. Otherwise, the chain corre-
sponds to a pivot column and the term with the maximum index
¢ = maxindex d is the pivot. It uses Lemma (9.1.7) to eliminate
- all terms involving unmarked simplices to get a representation
in terms of the basis for Z;,_;. The rest of the algorithm is Gauss
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elimination in the order of decreasing degree. The term with the
maximum index ¢ = mazd is a potential pivot. If T'[z] is non-
empty, a pivot already exists in that row, and we use the inverse
of its coefficient to eliminate the row from our chain. Otherwise,
we have found a pivot and our chain is our pivot column.

Algorithm 9.1.9. (/9]) Compute Intervals
COMPUTEINTERVALS(K)
{
for k=0 to dim(K) Ly = ¢;
for j=0tom —1
{
d = REMOVEPIVOTROWS (¢7);
if (d = ¢) Mark o?;

else
1 = maxindez d; k = dimo*;

Store j and d wn T[i];

Ly, = L, U {(deg o*,deg 67)}
}

}

for j=0 to m-1

}

if 07 1s marked and T'[j] is empty

}

k =dimo’; Ly = L}, U {(deg o7, 0)}

S D
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This algorithm COMPUTEINTERVALS stores the list of
B-intervals for Hy, in Ly. It takes simplex 07 as input. Then with
the help of algorithm REMOVEPIVOTROWS its checks
whether the boundary chains of ¢’ corresponds to a zero or
pivot column. If the chain is empty, its corresponds to a zero
column and we mark ¢7: Its column is a basis element for Z;
and the corresponding row should not be eliminated in the next
dimension. Otherwise, the chain corresponds to a pivot col-
umn and the term with the maximum index ¢ = maxindex d
is the pivot; index j and chain d are stored, representing the
column T1é]. According to Theorem (9.1.5) it gives P-interval
(deg o*,deg 07). It continues until all the simplexes of the fil-
tration are exhausted. We then perform another pass through
the filtration in search of infinite B-intervals: marked simplices
whose slot is empty.



. Example 9.1.10. ([9]) We now consider a simple concrete ex-
ample of a filtered complex as given in figure (9.4) to see the
above calculation.

S, b ——,
Y b 1"0 ?’:l

od 2%

g (|2 131‘:,";:1 2 lledad| |3 (| ac| |4 ||abc| |5 ||ad

Figurc 9.4: A filtered complex

The table in figure (9.5) gives the degrees of the simplices in
the filtered complex.

ab bc cd ad ac ] [ led bc ab 23 zp ]

alo 0 ¢t t 0 N t 00 0 O

M1= cl| O 1 t 0 t2 ,Allz ci t 1 0 0 O
bt ¢ 0 0 O b|0 ¢t t 0 O

Lalt 0 0 t* t3 [ al0 0 ¢t 0 O |
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Figurc 9.5: Degree of simplices
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i abec acd ]
)
accl é 23 . [abc acd
My = Zd 0 t3 ’ My= | 29| t t2
beltd 0 al 0
L ab| t3 0 |

The table in figure (9.6) gives the data structure after running
the algorithms on the filtration.

a b d o ab bhe odooad aCabe acd

0 1 2 3 4 5 6 7 8 9 10
1 1 l ﬁf{fﬁj{fﬂ/ﬂ lu l -
- ¢ d adac
-a -l -¢

Figurc 9.6: Data Structure

The marked 0-simplices {a,b,c,d} and 1-simplices {ad, ac}
generate ‘PB-intervals

LO = {(0,00), (07 1)1 (1’ 1)’ (1’2)}’ and Ll = {(2,5), (3)4)},
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respectively.
9.2 Application of persistent homology in fea-
ture identification

Consider geometric objects of the following types (see figures
9.7, 9.8)

i
?//z ///;"
S S
(1) 2 3) (4)
Set

Figure 9.7: figures of sct 1

There are interior points (smooth points) there are edges
(boundary point), there are vertices (corners), there are points
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of intersection. Let us call points which are not smooth as sin-
gular points.

By a continuous deformation first three figures can be con-
verted to smooth objects.

but the fourth one can not be converted in this fashion.

Singular points in first three examples are called topologically
standard.

Singular point in the fourth example is topologically non stan-
dard. Since topological invariants like homology Betti numbers
etc. remain unchanged under continuous deformations, we can
not distinguish the corresponding figures in Set 1 and Set 2.
Using topological invariants.

Let X be any of the geometric objects of Set 1, more generally
let X C R". One associates a now object T'(X) € X x R™ with
X, called the "tangent complex” of X. It has the property that
it is sensitive to the local smooth structure of X. So if we take
homeomorphic spaces of figure (9.9), their tangent complexes
are topological distinct.

This construction allows us to identify local features of a ge-
omctric object.

We will give a very brief introduction to tangent complex now
(refer to [10]).

Definition 9.2.1. Let X C R", the open tangent complex,
TO(X) C X x S™! of X is defined as:

d tu, X

T(X) = {(z,v) € X X ‘S’”“lllzmt_,oﬂLﬁ—F—tU’——2

where d(&, X) = inf d(§, z).
z€X

=0},

The closed tangent complex T(X) of X is defined as T'(X) =
closure of T°(X) in X x S™L.
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Figurc 9.8: figurcs of sct 2
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Figuic 9.9 These homcomorphic spaces have distinet tangent complexes
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Definition 9.2.2. We define the projection map
p:T(X)—> X
by p(z,v) ==
T.(X) = p~}(z), fibre at z. There is also a projection
g: T(X) — 5™
q(z,v) =v.

Proposition 9.2.3. If X CR", x € X is a smooth point i.e X
is locally euclidean at x or 3 an open nbd U of x in R" and a
smooth homeomorphism @ : UN X — R™ such that Q(z) = 0,
and RQ(E) is of rank mVE € UNX. Then T,(X) = S™1

We consider some simple examples.

Example 9.2.4. Let X; = R x {0} C R? (the x-axis in zy-
plane), then

T(X1) =Rx {0} x{&}URx {0} x {—é;}, where é; = (1,0),
—&, = (-1,0).

For determining T9(X;) C X; x S! we consider pairs (z,v).

Then

lamy o4

dlz+tv,X1) |0 if v=4¢;
t T ] sinf ifv =g
See the figure (9.10)

So by definition T°(X;) = {(z,&)|z € X1} U {(z, —&)|z €
Xl}

=R x {0} x {&;} UR x {0} x {—¢&;}

T(X;) = T%(X1)

has two components as indicated.

Example 9.2.5. Let X, =R, x {0} U {0} x R, Then one can
calculate as above the tangent complex of X5 and it is given by
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Figurc 9.10: Tangent complex calculation of Real line
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T(Xy) = Ry x {0} x {&}URy x {0} x {—&}u {0} x Ry x
{e2}U{0} xRy x {—&} where &; = (0,1). So it is disjoint union
of four connected components.

See figure (9.11)

{0y xR,

R, x {0}

v -

Figurc 9.11: To calculate tangent complex of union of positive x and y axcs

Remark 9.2.6. Now topologically X; and X, are equivalent
but their tangent complexes are distinct, distinguished by the
number of connected components.

Example 9.2.7. X3 = {0} x R? C R3 (yz-plane in R?) Then
one can calculate that T'(X3) is connected and is homotopy type
of a circle
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Figure 9.12: y z - plane in R3
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Example 9.2.8. Xy = R, x {0} x RU{0} x Ry x R, (union of
half zz-plane and half Ty plane, meeting at the edge 2-axis)

T(X4) = homotopy type or bouquet of three circles though
X3 and X4 are topologically equivalent and their tangent com-
plexes T'(X3), T'(X4) are both connected but their first homology
groups differ.

Coming to real world problems, X is not given (or perceived
by computer) as a nice geometrical figure. Instead it is given as
a finite (but sufficiently large) set N of (sample) points, referrred
in the literature as "point cloud data” (see [10] ). From N we
have to get information of X, T'(X), Homology etc.

Following questions arise:

1. How to calculate H(X). where X is only represented by
a discrete subset N C X7

2. How to construct T'(X), given only a discrete subset N C
X and where the definition of T'(X) involves taking limit ¢ —
0+7?

Using Cech complex and Rips complex construction one can
tackle question 1.

For question 2, E.Carlson,G.Carlson and Vinde Silva in (see
[10} ) " using local components analysis at small number of base
points in the complex obtain an approximation to the tangent
space Ty at these points: then they sample the unit spheres
in these tangent spaces uniformly to obtain a point cloud in
R™ x S""1” Homology of the tangent complex can be found
using Rips complex of this point cloud data.

One further questions remains:

3. Cech complex can recover homotopy type of the union
(as mentioned in earlier chapter) provided the sampling is ad-
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Figure 9.13: Union of half x z - plane and half y z - plane
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equate. Rips complex though weak can use this property of
Cech complex using the squeezing theorem referred to in earlier
chapters.

One can associate Cech complex and Rips complex with the
points of N as nodes (or vertices) using open balls of radius e,
say, around these points. But the sample points N may not be
dense enough to cover X with e-balls. One would also not like to
have very large number of points in N to get over this coverage
problem, because it will become computationally unviable. One
can keep the data set N fixed and vary €. If € is too small then
Rips complex R, is a discrete set and if € is too large then R,
will be a single simplex. The Grothendieck programme suggests
that the topology of a given space is framed in the mappings to
or from that space. With this perspective as guide one consid-
ers the Persistent homology to capture the homological features
which persists over a range of parameters [e, €] [10].

Now the last important question is how to use homological
methods to locate singular points without prior knowledge of
their location? —

Proposition 9.2.9. Let X C S* ! C R*. Let CX C R" de-
note a cone on X with vertez p. Then T,(CX) — T(CX) is a
homotopy equivalence.

Thus if there is a cone like neighbourhood of a cone like point,
we can calculate homology of its tangent complex. The algorith-
mic method proceeds as follows:

(1) Enclose X\ (a singular curve say) in a bounded rectangu-
lar region where one is looking for a singular point and compute
H,(T(X)). If H(T(X)) & H,(S!) then the rectangular region
does not contain any singular point. Stop the algorithm (see
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figure (9.14)).

[
Figurc 9.14: First stcp in identifying the singular point

(2) If H(T(X)) 2 H.(S') subdivide the rectangular region
into four subrectangular regions as in figure (9.15). Find T(X)
in each of these subrectangular regions. Discard those subrect-
angular regions in which H.(T'(X)) & H.(S!) (see figure (9.15)).

(3) Subdivide the subrectangular region in which H,(T(X)) 2
H,(S') as above and continue the process.

In the limiting case we locate the singular point or numer-
ically come sufficiently close to the singular point (see figure

(9.16)).
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Figurc 9.15: Sccond step in identifying the singular point
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Figurc 9.16: Third step in identifying the singular point
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9.3 Some open Problems

To quote Edelsbruner and Harer, ([7]), “In spite of its short his-
tory, persistent homolgy has already lead to a number of inter-
esting results and connected problems from seemingly distant
fields. To substantiate this view we briefly mention develop-
ments that are related to persistence and we draw a speculative
bigger picture by expressing where we believe persistent homol-
ogy might lead us”:

1. Morse-Smale complezes and symlpification : Simplifica-
tion of the Morse-Smale decomposition of a 2 or 3 dimensional
manifold using persistent homology. Simplification of the de-
composition by adjusting the function is a more difficult prob-
lem. A controlled adjustment of a piecewise linear function on
a 2-manifold has been described in {50]. The problem for mani-
folds of dimension three and higher is still open.

2. Coverage by sensor networks: Here the central problem
is deciding whether a collection of relatively primitive sensors
with limited domains of observation cover a given region. De
Silva and Ghrist ([5]) use Vietoris-Rips complexes and their ho-
mology to decide this question under rather weak assumptions
on what we know about the location of the sensors. Using per-
sistence characterizations in terms of homology can be made
robust to fluctations in the distribution of sensors and gaps in
the coverage. Following are some concrete questions on coverage
problems (see [5]):

2(1). Construct an effective homological coverage criterion
which is distributed, allowing nodes with limited computational
capabilities to compute local homology, and agree on global cov-
erage (see [54]).
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2(i1). By changing the bound in (6.1.1) to v, > r;, the homo-
logical criterion verifies 3-coverage in planar network (a simple
exercise). Is it possible to verify k-coverage for any k via homol-
ogy ? One wants to impose as few restrictions on r. as possible.

2(iil). In practice, coverage and communication domains are
not radially symmetric: elliptic or conical shapes are closer to
reality in many cases. Is it possible to construct a homologi-
cal coverage criterion for sensors whose communication and /
or coverage domains are not radially symmetric 7 What addi-
tional capabilities do the sensors require in order to handle such
asymmetry 7

3. Machine learning. A related question is about the connec-
tion between persistent homology and machine learning. Mani-
fold learning is very much part of that discipline and obviously
connects to topological ideas and questions of robustness ad-
dressed by persistence (see ([7])).

4. Dynamical systems. It would be interesting to extend
persistence from gradient fields to general smooth vector fields
defined on manifolds. We refer to [1] for an account of discrete
methods and combinatorial algorithms in the field. The connec-

tion to the idea of persistence is still unclear.

5. Multidimensional Persistence. To which extent the theory
of persistence presented here can be generalized to multivariate
situation (see [23])
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