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PREFACE

John von Neumann defined a regular ring as a ring with the property
that for each a € R, there exists some b € R such that a = aba. In order
to distinguish these rings from the regular Noetherian rings of commutative
algebra, non commutative ring theorists have added von Neumann’s name as
a modifier. Motivated by the coordinatization of projective geometry which
was being reworked at that time in terms of lattices, in 1936, von Neumann
introduced regular rings as an algebraic tool for studying certain lattices.
Since then, regular rings are extensively studied. It is well known that the
following conditions are equivalent for aring R: (i) R is von Neumann regular;
(ii) Every left (right) R-modules are flat; (iii) Every cyclic left (right) R-
modules are flat. By weakening the condition (iii), a ring R is called a left
SF-ring if all simple left R-modules are flat. Ramamurthy ([16]) initiated the
study of SF-rings and asked the question whether a left SF-ring is necessarily
regular. This question is still open. However, much work is done in the
positive direction by many authors over the last three and a half decades. The
main purpose of this dissertation is a survey of the von Neumann regularity
of SF-rings.

Now we give a brief description of the contents of each chapter of our
dissertation.

The first chapter is introductory in nature. In this chapter, we have
studied basic notions like tensor product, flat modules, singular submodule

of a module, socle of a module, semiprimitive ring, rings of fractions, etc.



We begin the second chapter by including few preliminary results on
regular rings followed by a survey of the work done by different authors over
these classes of rings. Some of the results in this chapter are: If a ring R is
regular, then M,(R) is regular for each n; A ring R is regular if and only
if every principal left ideal of R is generated by an idempotent; A ring R is
strongly regular if and only if R is a reduced regular ring; A ring R is regular
if and only if every left R-module is p-injective if and only if every cyclic left
R-module is p-injective ([5]); A ring R is regular if and only if every principal
left ideal of R is the left annihilator of an element of R and every left cyclic
singular R-module is p-injective if and only if every left cyclic semiprimitive
R-module is p-injective ([6]); A strongly regular ring is a unit regular ring;
Every unit regular ring is an elementary divisor ring ([9]); A ring R is regular
if and only if R, is regular for each maximal ideal M of C'| the centre of
R ([11]); An ELT fully right idempotent ring is regular ([12]); The centre
of a left (right) weakly regular ring is regular ([8]); A reduced ring R is left
weakly regular if and only if it is right weakly regular; A ring R is strongly
regular if and only if R is a left GP-V-ring whose every maximal left (right)
ideal is a GW-ideal ([14]); A ring R is strongly regular if and only if R is a
generalized regular ring such that the left (right) annihilator of every element
of R is a weakly right (left) ideal ([13]); A ring R is strongly regular if and
only if R is a left P-V-ring whose every maximal left ideal is a weakly right
ideal ([13]).

In chapter three, the topics discussed are: Characterizations of flat mod-
ules in terms of exact sequences; Some injective properties of flat modules and

vice versa; SGPF rings. Some important results in this chapter are: A module
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rF is flat if and only if every exact sequence 0 — M’ — M — F — 0
is pure; If [ is a left ideal of a ring R, then R/I is a flat left R-module if and
only if for every a € I, there exists some b € I such that a = ab; If A is a
maximal right ideal of R which is two sided, then R/A is left R-flat if and
only if R/A is right R-injective ([16]); If R is a left SGPF ring whose every
maximal left (right) ideal is a GW-ideal, then R/J(R) is strongly regular
(114)).

The fourth chapter is devoted to the study of SF-rings and their relations
to closely related classes of rings like regular rings. The important results in
this chapter are: A homomorphic image of a left SF-ring is left SF ([17]); A
commutative left SF-ring is regular ([16]); A left (right) quasi-duo left SF-
ring is strongly regular ([17]); A semilocal left SF-ring is semisimple ([17]);
An MERT left SF-ring is regular ([19]); A strongly left (right) bounded left
SF- ring is strongly regular ([18]); If R is a left SF-ring, then R is semisimple
if and only if R is left or right Noetherian if and only if R/J(R) is semisimple
([19]); In a left SF-ring, Z(Rg) C J(R) ([19]); A PCLZ left (right) SF-ring
is strongly regular ([20]); If R is a left SF-ring whose every complement left
(right) ideals are W-ideals, then R is strongly regular ([24]); If R is a left
SF-ring whose every maximal essential right ideals are GW-ideals, then R
is regular ([24]); A left SF-ring R is strongly regular if and only if r(a) is
a quasi-ideal for every a € {# € R : z* = 0} ([26]); R is a right SF-ring
containing a non-singular injective maximal left ideal if and only if R is left
self-injective regular with non-zero socle if and only if R contains an injective
maximal left ideal which is von Neumann regular ([21]); A ring R is ZI left

SF-ring if and only if R is strongly regular ([28]); In a left SF-ring R, any right

11



non-zero divisor is left invertible in R ([27]); If R is a right SF-ring which has
a finite number of maximal right ideals whose product is contained in J(R),
then J(R) = Z(rR) = 0 ([27]); A ring R is a left SF, right uniform ring if
and only if R is a division ring ([7]).

v
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Chapter 1

Preliminaries

In this chapter, we collect all the basic definitions and basic results which
will be of use in the later chapters. By a ring we mean a ring with identity
and by an ideal we mean a two sided ideal. Unless mentioned, a module will

usually mean a left R-module which is unitary.

1.1 Tensor product and flat modules

In this section, we study some basic definitions and results related to tensor

product of modules and flat modules.

Definition 1.1.1. Let R be a ring and let there be given modules Lz and
rM. Let G be an abelian group. A map ¢ : L x M — G is bilinear if for
allr € R, x, 2’ € L, y, ¥ € M we have,

oz + 2, y) = o, y) + o', ),

oz, y+v) = oz, y) + o(z, ¢),



¢(xr, y) = oz, ry).

Definition 1.1.2. A tensor product of modules Lr and pM is an abelian
group T together with a bilinear map 7 : L x M — T such that for every
abelian group G and bilinear map ¢ : L x M — G there exist a unique

homomorphism « : T' — G satistying a 7 = ¢.
Proposition 1.1.3. The tensor product of Lr and rM exists.

Proof. Let F denote the free Z module on the set L x M, that is,

F ={> nizi,y)|ni € Z,x; € L,y; € M and the summation is finite}.
Let D be the subgroup of F' generated by all the elements of the following
type

(z +2',y) = (z,y) — (2", y),

(@, y+9y) —(z,y) — (x.¥),

(xr,y) — (z,ry), where x,2" € L, y, vy € M,r € R.

Let T = F/D. Define 7 : L x M — T by 7(z,y) = (z,y) + D. Now for all
reR x, 2 €Ly, vy €M wehave (z+2',y) — (z,y) — (¢/,y) € D. Then
(¢ +4,9) + D = {(z,) + D} + {(,y) + D}.

Therefore 7(x + 2, y) = 7(x,y) + 7(2', y).

Similarly 7(z,y +v') = 7(z,y) + 7(x,v).

Also (zr,y) — (z,ry) € D. Therefore (xr,y) + D = (z,ry) + D. So

T(zr,y) = 7(x,ry). So 7 is bilinear. Let ¢ : L x M — G be a bilinear
map into an abelian group G. Define § : F — G by linear extension of
¢. Then (D) = 0. So D C ker(f). Then  induces a homomorphism
a: T — G defined by o (> ni(zi,y;) + D) = B> ni(x;,y;)). Then for all
(x,y) € L x M,



(ar)(z,y) = a(r(z,y)) = a((z,y) + D) = é(z,y).
Also « is unique for if there exists o/ : T' — G such that ar = o/7, then

a((z,y) + D) = a(7(x,y)) = ar(x,y) = o/'7(x,y) = o/ ((z,y) + D). O

Proposition 1.1.4. If (T, 1) and (T",7") are tensor products of Lr and M,

then there exists an isomorphism o : T — T" such that aT = 7.

Proof. Since 7’ is bilinear and (7, 7) is tensor product, there exists a homo-
morphism « : 7' — T” such that a7 = 7/. Again 7 is bilinear implies there
exists o : T" — T such that o/7" = 7. Then /ar = /7' = 7 = Ir7. By
uniqueness it follows that o’a = Ip. Similarly ao’ = I7+. Hence « is an

isomorphism. ]

Remark 1.1.5. (i) Because of the unicity (upto isomorphism) we will speak
of the tensor product of L and M and denote it by L ®r M or simply by
L ® M. We also denote (z,y) + D € LQr M by Ry .

(ii) An element of L ® g M looks like Z(w ®y) with x € L, y € M, where
the sum is finite, satisfying the relations, (z + 2 )@ y=2 y+ 2’ @ v,
r@Y+yY)=r0y+zreY,

Ir QY =T ry.

Proposition 1.1.6. R®r M ~ M for any left R-module M.

Proof. Define 7 : R x M — M by 7(r,x) = rxz. Then 7 is bilinear. Let
¢ : R x M — G be any bilinear map into an arbitrary abelian group

G. Define a : M — G by a(z) = ¢(1,z). Then « is homomorphism as

a(z+y) =o(l,z+y) =o(1,7) + ¢(l,y) = az) + a(y).



Also at(r,z) = a(r(r,z)) = a(rz) = ¢(1,rx) = ¢(r, x).
Also at = ¢. The couple (M, 7) is thus the tensor product of R and M. O

Proposition 1.1.7. ([1], Chapter I, Proposition 8.4) If L; (i € I) are right

R-modules and M 1is a left R-module, then (@ LZ) QpM ~ @ (L; @p M).
I I

The following proposition is an example in section 8 in Chapter I of [1].

Proposition 1.1.8. Let A be a right ideal of R and M 1is a left R-module.
Then (RJA) ® M ~ M/AM.

Remark 1.1.9. (1) Let A\: L — L' and p: M — M’ be homomorphisms
of right R-modules respectively left R-modules. We assert that there is a
induced homomorphism o : L @ M — L' @ M’'. Define
¢:Lx M — L'®@r M by ¢(z,y) = AM(z) ® u(y). Then ¢ is bilinear map.
So there exists a unique homomorphism « : L ®r M — L' @z M’ such that
alz ®@y) = Mx) @ u(y). The homomorphism « is denoted by A ® p.
(2) Tt is not in general true that if f : L — L’ is a monomorphism of right
R-modules and M is a left R-module, then f®1: LM — L'®@ M
is a monomorphism. For example, the inclusion map f : zZ — 7Q is a
monomorphism but f®1: Z® Z/27 — Q ® Z/27 is not a monomorphism
as Z Q@ Z)27 ~ 7./27 but Q ® Z/2Z = 0 for if % € Q, then

2m m

m = - - m
n® 2n® 2n® 2n

Definition 1.1.10. A left R-module M is flat if for every monomorphism

®0=0.

f: L — L' ofright R-modules, f®1 : L&M — L'®@M is a monomorphism.

Example 1.1.11. Every projective module is flat. In particular, every free

module is flat.



1.2 Essential submodules

In this section, some basic properties of essential submodules and essential

monomorphisms are studied.

Definition 1.2.1. :- A submodule L of a left R-module M is essential (or
large) if for any submodule K of M, L N K = 0 implies K = 0.

Notation 1.2.2. :- If L is an essential submodule of M, then we write L <M
or L <, M.

Example 1.2.3. :-(i) For any left R-module M, M < M.

(ii) 0 is never an essential submodule of any non-zero left R-module M.
(iii) If V' is a vector space, L QV implies L = V' (since every subspace of V'
is a direct summand of V'). More generally, if M is semisimple and L < M,

then L = M.
Proposition 1.2.4. All the non-zero submodules of 77 are essential.

Proof. Let L = mZ, where 0 # m € Z, be a non-zero submodule of Z. Let
K be a non-zero submodule of Z. Then K = nZ for some 0 # n € Z and
LNK = [m,n]Z # 0. This implies that L is an essential submodule of Z. [J

Proposition 1.2.5. Z is an essential submodule of 7Q.

Proof. Let K be a non-zero submodule of Q such that Z N K = 0. Let
0# 2 € K. Then m =n" € ZN K = 0. Therefore > = 0 which is a

contradiction. ]

Proposition 1.2.6. Intersection of any two essential submodules is essen-

tial.



Proof. Let L and K be two essential submodules of a left R-module M. Let
N be a submodule of M such that (LNK)NN = 0. This implies KNN =0,
as L is essential. Again as K is essential, we get N = 0. Therefore L N K is

essential. 0

Corollary 1.2.7. Finite intersection of essential submodules of M is essen-

tial.

Remark 1.2.8. Arbitrary intersection of essential submodules of a module
M need not be essential.

For example, for every n € N, L,, = nZ is an essential submodule of zZ. But
neN

0= m L,, is not essential.

Proposition 1.2.9. If f : M — N be a left R-module homomorphism. If
LN, then f~Y(L) < M.

Proof. Let W be a submodule of M such that f~'(L) (W = 0. Let
0#wé€W. Then w ¢ f~!(L). Therefore f(w) ¢ L. Let 0 # v’ = f(w).
Then Rw’ # 0 which implies Rw' (L # 0 (since L is essential). So there
exists some r € R such that rw’ # 0, rw’ € L, that is, rf(w) € L. This
implies that f(rw) € L. Then rw € f~1(L)(\W = 0. Then

rw = rf(w) = f(rw) = f(0) = 0, contradicting rw’ # 0. This proves that
f7Y(L) is essential. O

Corollary 1.2.10. If L is an essential submodule of a left R-module M and
a€ M. Then I ={r €r:raec L} is an essential left ideal of R.



Proof. Define f : R — M by f(r) = ra. Then f is a left R-module
homomorphism. Thus by Proposition 1.2.9, f~!(L) is essential, that is, I is

essential. n

Proposition 1.2.11. If L < M and S is a minimal submodule of M, then
SCL.

Proof. L NS is a submodule of S. Since S is minimal, L NS = S or 0. If
LNS=S5,then SCL. If LNS =0, then S =0, as L is essential. But this

is a contradiction to the minimality of S. Thus S C L. O]

Definition 1.2.12. A monomorphism f : K — M of left (right) R-module

is essential if im(f) < M.

Proposition 1.2.13. For a submodule K of M the following conditions are

equivalent.
(1) K <M.
(2) The inclusion map i : K — M 1is essential.

(3) For every submodule N and for each h € Hom(M, N), ker(h) N K =0

implies ker(h) = 0.

Proof. (1) implies (2) is trivial.

(1) implies (3) is trivial.

(3) implies (1):- Let L be a submodule of M such that K'(\L = 0. Let
n: M — M/L be the natural map. Then kern = L. So kern(K = 0.
This implies L = kern = 0. [l



Corollary 1.2.14. A monomorphism f : L — M 1is essential if and only

iof for all homomorphism h, hf is monic implies h is monic.

Proof. Let hf be monic and 0 # x € ker h. Then Rx # 0. As f(L) is essential
submodule of M, Rz () f(L) # 0. Let 0 # z € R such that zz € f(L). Then
zx = f(y) for some y € L. Then 0 = zh(z) = h(zx) = h(f(y) = hf(y). This
implies y = 0, as hf is monic. Then zx = 0, a contradiction. So ker h = 0.
So h is monic.

Converse is trivial. O

Proposition 1.2.15. Let a: B — C and § : C' — D be mononorphism

of left R-modules. Then Ba is essential if and only if a and ( are essential.

Proof. Let a and [ be essential. Let K Nim (fa) = 0 for some submodule K
of D. Let K; = 37Y(K) and z € im (o) N K;. Then §(z) € im (Ba) N K = 0.
As [ is one-one, x = 0. This implies im (o) N Ky = 0. This implies that
K; =0 as im («) is essential. Then [ is one-one implies K = 0. Hence fa is
essential.

Conversely, let Sa be essential. Now im (3) 2 im (Ba). So 3 is essential.
Let im (o) N K = 0. Then f(im(a) N K) = 0. Since [ is one-one, we get,
B(im «) N B(K) = 0 which further implies that im(8a) N G(K) = 0. Then
B(K) = 0. Then as 3 is one-one, we get K = 0. So « is essential. O

Proposition 1.2.16. A submodule K of a left R-module M is essential if
and only if for each 0 # x € M there exists somer € R such that(0 # rx € K.

Proof. Let K be an essential submodule of M. Let 0 # x € M. Then
Rz #0. So Re[)K = 0. This implies 0 # rz € K.

8



Conversely, let L be a submodule of M such that K ()L =0. Let L #0
and 0 # x € L. By hypothesis, there exists 0 # r € R such that 0 # rx € K.
But ro € KN L = 0 which is absurd. So L = 0 and hence K is essential. [

Proposition 1.2.17. Suppoose that Ki < My < M, Ky < My < M be
modules and M = M; & Ms. Then Ki ® Ky I My @& My if and only if
Kl ﬂ Ml and KQ ﬁ MQ.

Proof. Suppose K1 ® Ko < My ¢ My and K is not essential in M;. Then
(K1 ® K3)N Ly =0 for some submodules 0 # Ly of M;. If K1 & KonN Ly #0,
thenlet 0 £ 1, € K1 ® KoNLy. Let [y = ki + kg where k; € K and ky € K.
Then ko =11 — ky € MiNMy =0. Soly € KiNLy = 0. Then [; = 0,
contradicting [; # 0. So K7 < M;. Similarly Ky, < M.

Conversely, suppose K1 < My and Ky < M. Let 0 £ 1 + x5 € My + My
where x1 € My and xy € M. Since Ky < M, there exists r; € R such that
0 # rixy € Ky. If ryzy € Ky, then by independence,

0 # rmzy +rmzy =ri(z +x2) € K3 & Ky, If iy ¢ Ky then since Ky < M,
there exists some ry € R such that 0 # rorizy € Ky and we have

0 # rorixy + rormaxs € Ky @ Ky, Thus Ky & Ky I My & M. O

Proposition 1.2.18. Let M be a left R-module and N a submodule of M.
Then F ={K : K < Mand K "N = 0} has a mazimal element.

Proof. F # ¢ as 0 € F. Order F by inclusion. Let C be a chain in F. Let

A= U K. Then A € F and A is an upper bound of C. Therefore by Zorn’s

Kec
lemma, F has a maximal element. O



Definition 1.2.19. Let N be a submodule of a left R-module M. Then
F={K: K< Mand KN N = 0} has a maximal element. A maximal

element N’ of F is an M-complement of N.

Proposition 1.2.20. If N’ be an M-complement of a left R-module M, then

NeN M
(1) Ne N' I M (2) N ﬁﬁ
Proof. Suppose K is a submodule of M such that (N & N') N K = 0. Then
NNK = 0. Then N" is an M - complement of N implies K C N’. This
implies (N & N') N K = K. Therefore K = 0. This proves (1).

Let L/N’ be a non-zero submodule of M/N'. Then L D N’. Then N’ is

an M- complement of N implies LN N # 0. Then (N @ N')NL 2 N'. So
L NoN
N TN

# 0. This completes the proof of (2). O

1.3 Semisimple modules and rings

Here, we study some basic properties of semisimple modules and rings.

Definition 1.3.1. A left R-module M is semisimple if every submodule of

M is a direct summand of M. A ring R is semisimple if gR is semisimple.

Example 1.3.2. (1) Every vector space over a division ring is semisimple.

(2) M, (D) is a semisimple ring for every division ring D and for every n > 0.

Proposition 1.3.3. A ring R is semisimple if and only if it has no proper

essential left ideals.

10



Proof. Let R be a semisimple ring and A be a proper left ideal of R. Then
there exists a left ideal B of R such that A@ B=R. As A# R, B # 0. So
A cannot be essential.

Conversely, let R has no proper essential left ideals. Let A be a left ideal
of R and B be an R-complement of A. Then A® B is an essential left ideal of
R. This implies A® B = R, as R has no proper essential left ideal. Therefore

R is semisimple. O

Proposition 1.3.4. Let R be a ring such that every simple left R-module is

projective. Then R is semisimple.

Proof. Let A be a left ideal of R. By Zorn’s lemma, the set

F={B < R: AN B = 0} has a maximal element By. If A@® By # R there
exists a maximal left ideal L of R containing A® By. Then R/L is projective.
Thus the sequence 0 — L — R — R/L — 0 splits. Then there exists
a left ideal K of R such that L & K = R. Let A& By # L. Since L is
maximal, K # 0. Therefore there exists some 0 # z € K. Then LN K =0
implies L N Rz = 0. But this implies A® BN Rz =0a A® By C L .
Let y € AN (By® Rz). Then y = by + rz for some by € B,r € R. Then
rz=y—by € (A® By) N Rz =0. Then y = by € AN By = 0. Then
By+ Rz € F. But By C By + Rz. This contradicts that By is a maximal
element of F. Thus A ® By = L. Therefore A ® By ® K = R. Therefore R

is semisimple. OJ
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1.4 Injective envelope

In this section, an injective envelope of a module is defined and its existence

and uniqueness is proved.

Definition 1.4.1. Let M be a left R-module, E be an injective left R-module
and i : M — F is an essential monomorphism. Then (FE, i) is an injective

envelope of M.

Example 1.4.2. (;Q, %) is an injective envelope of ;7 where i is the inclusion

map.

Proposition 1.4.3. Fvery module has an injective envelope. It is unique to

within isomorphism.

Proof. Let M be a left R-module. Then there exists an injective left R-
module L such that M C L. Let F={N < L : M < N}. Order F by

inclusion. Then F being a non empty partial ordered inductive set has a
EaeFE L
a9 =,

L
— Ebyg(z) =cifx = (e+e'+E'),ec E, ¢ € E'. Then

maximal element E. Let E' be an L-complement of £. Then
EoFE

Define g :
g is an isomorphism. Then using the injectivity of L we have a commutative

diagram with exact rows and column as follows:

12



g h
EFEoFE
0 "o - L/E'
0
EaF
Since g i‘f = F < L and hj = g it follows that h is essential. So
EaF L L
MJFE =img = h( 2/ ) <h <E) This implies M < h (E) Then

L
by maximality of £ we have E = h (ﬁ . But this implies
E@FE L

E  E’
Eo
v+ B EL/E = ==

Then z —e € E'. Thenz = e+ x —e € E® E']|. Since a direct summand of

as h is monic. This implies L = E @ E' [If © € L, then

Sox+FE =e+¢e + E forsomee € E,¢ € .

an injective module is injective, E is injective. This proves the existence of
injective envelope.

Uniqueness:- Let (E,a) and (E’, 3) be two injective envelope of g M. Since
E’ is injective, there exists a homomorphism v : £ — E’ such that the

following diagram is commutative.
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E/

(07

Since [ is essential, v is essential. Since F is injective, £ = Im () & A
for some submodule A of E’. This implies A = 0, as v is essential. So

E~F. [l

1.5 Closed submodules

Here, closed submodules and independent left ideals are studied. An impor-

tant characterization of a closed submodule is given.

Definition 1.5.1. A submodule L of a module M is a closed submodule of
M if L has no proper essential extension inside M, that is, if the only solution

of the form L <, K < M is K = L.

Example 1.5.2. (1) 0 and M are always closed submodule of any left
(right) R-module M.

(2) Every direct summand of a module M is a closed submodule of M.

Proof. Let L be a direct summand of a left R-module M. Then there exist
a submodule N of M such that L ® N = M. Suppose L <, K < M, then

14



NNK<K.Now LN(NNK) C LNN = 0. Hence NN K = 0 (since
L <. K). This implies K C L. Hence K = L. O

Proposition 1.5.3. ([31], Proposition 1.4) Let M be a left R-module and

L < M, then following conditions are equivalent:

(1) L is a closed submodule of M.

(2) L is an M-complement of some N < M.

(3) If K is any M-complement of L, then L is an M-complement of K.

(4) L<T <. M implies T/L <, M/L.
Proof. (1) implies (4):- Let S/L be a submodule of M /L such that
T/LNS/L = 0. ThenTNS = L. Since T' <, M we have TNS <, MNS.
[For if A < M NS such that (TNS)NA = 0, then (SNA)NT = 0. This
gives SNA = 0 (since T <, M). Butsince AC MNS C S,s0 ANS = A.
Hence A = 0]. That is, L <. S. But since L is closed submodule of M, we
have S = L. Hence S/L = 0.

(4) implies (3) :- If K is any M-complement of L, then K N L = 0. So L

can be enlarged to an M-complement L’ of K. Now,

KelL L

(Ko L)L = Le(KNL') = L. Hence ;‘? ﬂf = 0. Also we have
Le K M L

L <L®K <, M. Hence by hypothesis, E;i <e T Hence = 0,

that is, L = L' is an M-complement of K.

The implications (3) implies (2) is trivial

(2) implies (1) :- Suppose L <, K < M. Since (KNN)NL =LNN =0
we have KN N = 0. Then L is an M - complement of N and N < K implies
K = L. Hence L is a closed submodule of M. O
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Definition 1.5.4. Two left ideals L and K of a ring R are independent if
LNK = 0.

Example 1.5.5. (1) If L =0, then for any left ideal K of R, L and K are

independent.

(2) If R = My(R),

a 0 0 a
L= caeRH, K= :a € R . Then L and

b 0 0 b
K are independent left ideals of R.

1.6 Radical of a module

In this section, basic definitions and results related to the radical of a module
or a ring are discussed. An important results in this section is that the radical

of a module M is equal to the sum of all small submodules of M.

Definition 1.6.1. The Jacobson radical of a left R-module M is the inter-

section of all maximal submodules of M and is denoted by Rad(M).

Definition 1.6.2. The Jacobson radical of a ring R denoted by J(R) or
Rad(R), is the Jacobson radical of R considered as a left R-module.

Example 1.6.3. (1) Rad(Z) = 0.
(2) Rad(F) =0 for any field F.

(3) Rad (M, (F)) =0 for any field F' and for any n.
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Definition 1.6.4. The annihilator of a left R-module M is denoted by
ann (M) and is defined as ann (M) = {r € R:rM = 0}.

Definition 1.6.5. Let M be a left (right) R-module and m € M. The set
Ilm) ={z € R:a2m = 0} (r(m) ={x € R:mz =0}) is the left (right)

annihilator of m.
Example 1.6.6. ann(zQ) = 0.
Proposition 1.6.7. For any left R-module M, ann(M) is an ideal of R.

Proof. Let x,y € ann(M), r € R. Then xM = 0 = yM. Therefore
(x —y)M = 0. Also reM = 0. Thus rx € ann (M). Again zrM C xM = 0.
Therefore zr € ann (M). Thus ann (M) is an ideal of R. O

Proposition 1.6.8. Let M be a left R-module and m € M. Then l(m) is a
left ideal of R.

Proof. Let z, y € [(m), r € R. Then 2m = 0 = ym. Therefore (z — y)m =
xm —ym = 0 and ram = 0. This proves that [(m) is a left ideal of R.  [J

We can similarly prove the following

Proposition 1.6.9. Let M be a right R-module and m € M. Then r(m) is
a right ideal of R.

Proposition 1.6.10. For y € R the following conditions are equivalent:
(1) y € Rad(R).
(2) 1 — xy is left invertible for any x € R.
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(3) yS =0 for any simple left R-module S.

Proof. (1) implies (2):- Assume y € Rad(R). If for some = € R, 1 — xy is not
left invertible, then there exists some maximal left ideal L of R such that
R(1—zy) C L. Aszy € L, we get 1 € L, a contradiction.
(2) implies (3):- Let S be a simple left R-module and assume ys # 0 for
some s € S. Then Rys = S. In particular, s = zys for some x € R. So
(1 —zy)s = 0. Then (1 — xy) is left invertible implies s = 0, a contradiction.
(3) implies (1):- For any maximal left ideal M, R/M is a simple left R-
module. Therefore y(R/M) = 0 which implies y € M. Then y € Rad(R).
[

Corollary 1.6.11. Rad(R) = () ann(S), where S ranges over all simple
left R-module. In particular, Rad(R) is an ideal of R.

Proposition 1.6.12. For any ring R, J(R) is the largest two sided ideal of

R consisting of elements a such that 1 — a is invertible.

Proof. 1f I is a two sided ideal such that 1 — a is invertible for every a € I,
then I C J(R) by Proposition 1.6.10. It remains to show that a € J(R)
implies 1 — a is invertible. By Proposition 1.6.10, there exists some c € R
such that ¢(1 —a) = 1. Then 1 — ¢ = —ca € J(R). So there exists some
¢ € R such that ¢(1 — (1 —¢)) = 1, that is, ¢c = 1. Hence c is invertible

and so is 1 — a. O

Remark 1.6.13. The characterization of J(R) obtained in Proposition 1.6.12

is left right symmetric and accordingly we may conclude:
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Corollary 1.6.14. For any ring R, J(R) is the intersection of all mazximal
right ideals of R.

Definition 1.6.15. A ring R is semiprimitive if J(R) = 0.
Example 1.6.16. Z is a semiprimitive ring.

Definition 1.6.17. A submodule N of a left R-module M is superfluous (or
small) if for every submodule L of M, N + L = M implies L = M.

Notation 1.6.18. If N is a small submodule of M, then we write N << M.
Example 1.6.19. 0 is a small submodule of any left R-module M.

Proposition 1.6.20. For any left R-module M, Rad(M) is equal to the sum
of all small submodules of M.

Proof. Let F be the collection of all small submodules of M and T = Z S.

SeF
Let N be a maximal submodule of M. Then for every S € F, S C N (If not,

then S+ N = M implies N = M, a contradiction). Then 7" C Rad(M). For
the reverse inclusion it suffices to show that for any m € Rad(M), Rm is a
small submodule of M. Let N be any submodule of M such that N + Rm =
M and m ¢ N. Then M/N is a non-zero cyclic module and hence has a
maximal submodule N’'/N, N’ is a submodule of M containing N. Then N’
is a maximal submodule of M and we must have m ¢ N’ contradicting that

m € Rad(M). Therefore m € N and M = N + Rm = N. O
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1.7 Quasi-Duo, ELT, ERT, MELT, MERT rings

In this section, left (right) quasi-duo rings, ELT rings, MELT rings, MERT
rings are defined. Also we give an example of an MELT (MERT) ring which
is not left (right) quasi-duo.

Definition 1.7.1. A ring R is left (right) quasi-duo if every maximal left
(right) ideal of R is an ideal. A ring R is quasi-duo if it is both left and right

quasi-duo.

Example 1.7.2. (1) Every commutative ring is quasi-duo.
(2) UT5(Q), the ring of upper triangular matrices over Q is a quasi-duo ring

as left ideals of this ring are

a 0 0 a

0,[1: ZCLE@ ,12: ZCLG@ s
0 0 0 0
0 a a b
I3 = ca,beQy, Iy = ca € Q 3, R and maximal
0 b 0 0

left ideals are I3 and I both of which are ideals of R. Also right ideals of

this ring are

0 0
0,1y, I3, Iy, Rand K = ca € Q » and maximal right ideals are
0 a

I3 and I, both of which are ideals of R.

Definition 1.7.3. A ring R is an FLT (ERT) ring if every essential left
(right) ideal of R is an ideal.

Example 1.7.4. (1) Every commutative ring is an FLT (ERT) rings.
(2) M3(Q), the ring of 2 x 2 matrices over Q is an FLT (ERT) ring as it is

semisimple and hence has no proper essential left (right) ideals.
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Definition 1.7.5. A ring R is an M ELT (M ERT) ring if every maximal
essential left (right) ideal is an ideal.

Example 1.7.6. (1) Every commutative ring is an M ELT (M ERT) ring.
(2) M5(Q), the ring of 2 x 2 matrices over Q is an M ELT (M ERT) ring
which is not left (right) quasi-duo.

1.8 Socle

Here, some basic properties of the socle of a module are studied. It is proved
that: Left (right) socle of a ring R is an ideal of R; The socle of a module
M is equal to the intersection of all large submodules of M. An example of

a ring is given whose left socle is not equal to the right socle.

Definition 1.8.1. For any left R-module M, the socle of M is the sum of

all simple submodules of M.

Notation 1.8.2. The socle of a module M is denoted by soc(M).
Example 1.8.3. M is semisimple if and only if soc(M) = M.
Proposition 1.8.4. For any ring R, soc(rR) is an ideal of R.

Proof. Let I be a minimal left ideal of R and r € R.
Define f : I — R by f(a) = ar. This implies f(I) = Ir is either zero or a
minimal left ideal of R, as I is simple. So in either case, It C soc(rR). So

soc(rR) is an ideal of R. O

Proposition 1.8.5. For any left R-module M, soc(M) = ﬂ L.

LM
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Proof. Let H = ﬂ L, T <M be simpleand LIM. ThenTNL=0orT.
LM

IfTNL =0, then L IM implies T'= 0, a contradiction. So T'NL =T, that
is, T C L. Then soc(M) C H. Let N < H and N’ be an M — complement
of N. Then N& N <M. Then N< H<N®N'.

Therefore H=HN(N®N') = N& (HNN'). Then H is semisimple. Thus
H C soc(M). Therefore soc(M) = H. O

Example 1.8.6. Consider R = UT3(Q). With the same notations as in
Example 1.7.2 (2), we see that I; and 5 are the only minimal left ideals of
R. Therefore soc(rR) = I + Is = 1. Also the only minimal right ideals of
R are I, and K. Therefore soc(Rg) = Is + K = I3 # soc(grR)

1.9 Singular submodule of a module

Here, we study some basic properties of singular submodule of a module and
left (right) singular ideal of of a ring and prove that left (right) singular ideal

of aring R is an ideal of R .

Proposition 1.9.1. Let M be a left R-module. The set
Z(M)={m € M :1l(m) is an essential left ideal of R} is a submodule of M.

Proof. Let v € Z(M),y € Z(M), r € R. Then l(z) < R, l(y)) < R. Let K
be a left ideal of R such that [(x —y) N K = 0. Since l[(z) N l(y) C l(x —y),
we get [(x) Nl(y) N K = 0. Then K = 0. Let L be a left ideal of R such
that [(re) NT = 0. If T # 0, then T € I(rxz). Then there exists some
a € T such that arz # 0. Then ar # 0 and ar ¢ I(z). As l(z) is essential,
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Rarnli(z) #0. Let 0 # z € RaRNI(x). Let z = r’ar for some r’ € R. Then
(r'a)(rz) = (r'ar)z = 0. Sor'a € (re)NT = 0. Then z = 0, a contradiction.
So T'=0. Then I(rz) < R. O

Definition 1.9.2. The singular submodule of a left R-module M is the set
Z(M)={m € M :1l(m) is an essential left ideal of R}.
M is non-singular if Z(M) =0 and M is singular if Z(M) = M.

Proposition 1.9.3. Let f : M — N be a left R-homomorphism. Then
f(Z(M)) < Z(N).

Proof. Let m € Z(M) and K be a left ideal of R such that [(f(m))NK = 0.
If K # 0, then there exists some 0 # a € K. Since m € Z(M), we get
I(m)NRa # 0. Let 0 # z € {(m)N Ra. Then zm = 0. So f(zm) = 0, that is,
zf(m) = 0 implying z € I(f(m)) N K = 0, a contradiction. So K = 0. Then
f(Z(M)) € Z(N). O

Corollary 1.9.4. For any ring R, Z(rR) is an ideal of R.

Proof. Let r € R. Define f: R — R by f(a) = ar. By Proposition 1.9.3,
f(Z(rR)) € Z(grR), that is, Z(rR)r € Z(gR). This implies that Z(gR) is
an ideal of R. O

Definition 1.9.5. For any ring R, Z(rR) (Z(RRg)) is the left (right) singular
ideal of R. R is left (right) non-singular if Z(rR) =0 (Z(Rg) = 0).
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1.10 Nil ideals, nilpotent ideals and semiprime
rings

Here, we study nil ideals, nilpotent ideals and a semiprime rings. A charac-
terization of a semiprime ring is given. It is proved that: In a semiprime ring
left socle is equal to right socle; If a semiprime ring satisfies ascending chain
conditions on right annihilator ideals, then it has no non-zero left or right nil
ideals; If a ring R satisfies ascending chain condition on right annihilators,

then the right singular ideal is nilpotent.

Definition 1.10.1. A left ideal N of a ring R is nilpotent if A™ = 0 for some

n > 0.

0 a
Example 1.10.2. A = ca € Q » is a nilpotent left ideal of
UTy(Q) as A% = 0.

Definition 1.10.3. A right (left) ideal A of a ring R is nil if every element
of A is nilpotent.

Example 1.10.4. (1) Every nilpotent ideal is nil.
(2) If R = Z|zy,ma,...]/(x%, 23, 25,...). Then the ideal generated by 77,

Tg,... is nil but not nilpotent.

Definition 1.10.5. A ring R is semiprime if it has no non-zero nilpotent

left ideal.

Example 1.10.6. Any semiprimitive ring is semiprime.
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Proposition 1.10.7. The following conditions are equivalent:
(1) R is a semiprime ring.
(2) R has no non-zero nilpotent ideals.

(8) R has no non-zero principal left ideals.

Proof. (2) implies (1):- Let 0 # A be a left ideal of R such that A" = 0.
Then (AR)" = 0. As AR is an ideal of R and R is semiprime so AR = 0.
Therefore A = 0, a contradiction.

(1) implies (3) is trivial.

(3) implies (2):- Let A be an ideal of R such that A" =0 and a € A. Then
(Ra)"R = (Ra)(Ra) ...(Ra)R = (RRa)(RRa) ...(RRa)R

= (RaR)(RaR)...(RaR) = (RaR)* C A" =0. So (Ra)"” = 0. Then Ra = 0.
Therefore a = 0. Thus A =0 and R is a semiprime ring. m

Lemma 1.10.8. (Brauer’s Lemma): Let S be a minimal left ideal in a

ring R. Then we have either S*> =0 or S = Re for some idempotent e € S.

Proof. Assume S? # 0. Then, Sa # 0 for some a € S. Therefore Sa = S.
Choose e € S such that a = ea. Then the set [ = {z € S : za =0} is a
left ideal of R and I C S. As S is simple, I = 0. On the other hand we
have €2 —e € S and (e* — €)a = ea — ea = e(ea) — ea = ea — ea = 0.
Thus e — e € I = 0. Therefore e? = e. Since, e # 0 and e € S, we have

0 # Re C S. By S is a minimal left ideal, we have S = Re. O]

Corollary 1.10.9. If S is a minimal left ideal in a semiprime ring R, then

S = Re for some idempotent e € S.
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Lemma 1.10.10. Let R be a semiprime ring and a € R. If Ra is a minimal

left ideal, then aR is a munimal right ideal.

Proof. We have to prove that if A is a non-zero left ideal of R, such that
A CaR, then A =aR. Tt is sufficient to show that for any non-zero element
ar € aR, a € arR. Since R is semiprime, arsar # 0 for some s € R. Let
¢ : Ra — Ra be the left homomorphism defined by ¢(z) = zrsa. Then
¢(a) # 0. As Ra is simple, ¢ is an isomorphism. Let ¢ denote the inverse
of ¢. Then a = ¢(a) = Y(arsa) = ary(sa) € arR. Thus aR is a minimal
right ideal. [l

Corollary 1.10.11. If R is semiprime ring, then Soc(Rg) = Soc(rR).

Remark 1.10.12. If R is not semiprime, then the conclusion of the Lemma
1.10.10 may no longer hold. For example, consider R = UT,(Q), the ring of

upper triangular matrices over Q.

0 a 0
Then R = ca € Q p is a minimal left ideal of R.
0 0
1 0 a
But R = ca,b € Q ; is not minimal as it contains
0 0 0
1 a
non-zero right ideal I = ( = ta€Qp. The ring R
0 0 0

is not semiprime as I? = 0.

Proposition 1.10.13. If R is a semiprime ring, then soc(gR) (soc(Rg)) is
fully left (right) idempotent.

Proof. Sufficient to show that for all a € soc(rR), Ra = RaRa. Now a €
soc(rR) implies there exists some left ideal L of R such that RaRa & L =

26



soc(rR). If a € L, then for all z € R, axa € LN RaRa = 0 which contradicts

that R is semiprime. Thus a € RaRa. O

Lemma 1.10.14. If R is a semiprime ring, satisfies ACC on right annihi-
lator ideals, then R has no right or left nil ideals # 0.

Proof. 1t is sufficient to show that R has no non-zero principal right or left
nil ideals. Since Ra is a nil if and only if aR is nil it is sufficient to show that
R has no non-zero principal left nil ideals. Suppose 0 # Ra is nil. Set F
= {r(z) :0# x € Ra}. Then F # ¢. Let C be a chain in F. Since R satisfies

ACC on right annhilators, U r(z) = r(d) for some r(d) € C. Thus r(d) is
r(z)eC
an upper bound of C and r(d) € F. Thus by Zorn’s lemma, we see that F

has a maximal element r(b). Let ¢ € R, then ¢b € Ra. If ¢b # 0, then there
exists a least positive integer k& > 1 such that (cb)* = 0. Then (¢b)* ™" # 0.
Since r(b) C r((cb)*7!), by maximality of 7(b) we have r(b) = r((cb)*1).
Thus cb € r(cb)*~! = r(b). Then beb = 0. Since c is arbitrary, bRb = 0.
Then (RbR)* = 0. As R is semiprime, RbR = 0. This implies b = 0 which is
a contradiction. Thus Ra = 0. This completes the proof. O

Lemma 1.10.15. If R satisfies ACC on right annihilators, then the right

singular ideal is nilpotent.

Proof. Let Z = Z(Rg). We shall show that the ascending chain r(Z) C
r(Z?) C ... would be strictly increasing if Z is not nilpotent. Suppose
Z™ # 0 for some n > 1.

Set F= {r(z):x € Z, Z"'x # 0}. By Zorn’s lemma, F has a maximal
element r(a). For each b € Z, r(b) NaR # 0. Thus there exists some
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¢ € R such that ac # 0, bac = 0. This shows that r(ba) strictly contains
r(a). Thus by maximality of r(a), we have Z" 'ba = 0. Since b € Z is
arbitrary, we have Z"a = 0, so a € r(Z"). But as a ¢ r(Z"!) we have
r(Z"1) C r(Z™). Soif Z™ # 0 for each n we get an strictly accending chain
r(Z) Cr(Z% Cr(Z3) C ... which is a contradiction to the hypothesis. [

=g

Lemma 1.10.16. If N is a nilpotent ideal of R, then r(N) is an essential
left ideal of R.

Proof. If N = 0, then r(IN) = R is an essential left ideal. Suppose N # 0
and let m be the least positive integer such that N™ = 0. There exists a left
ideal K of R such that L = r(N) @ K is an essential left ideal of R. Then
N™ K C KNr(N)=0. Then N" 2K C KNr(N)=0. Finally we get
NK =0, that is, K C r(N). This implies K = 0. Therefore L = (V) is an
essential left ideal of R. O

1.11 The rings of fractions

Here, we study some basic definitions and results related to left or right ring

of fraction, total ring of fraction of a ring R as well as prove Goldie’s theorem.

Definition 1.11.1. Let R be a ring and S be a multiplicatively closed subset
of R. A right ring of fraction of R with respect to S is a ring R[S™!] together
with a ring homomorphism ¢ : R — R[S™!] satisfying

F1: ¢(s) is invertible for every s € S.

F2: Every element of R[S™!] has the form ¢(a)¢(s)™! for some a € R,

s € 8.
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F3: ¢(a) = 0if and only if as = 0 for some s € S.
Similarly we define a left ring of fraction [ST']R.

Proposition 1.11.2. ([1], Chapter II, Proposition 1.1) When R[S™] exists,
it has the folllowing universal property: for every ring homomorphism
¥ : R — R’ such that v(s) is invertible in R’ for every s € S there exists a

unique homomorphism o : R[S™'| — R’ such that o¢ = 1.

Corollary 1.11.3. ([1], Chapter II, Corollary 1.2) R[S™!] is unique upto

1somorphism.

Corollary 1.11.4. ([1], Chapter II, Corollary 1.3) If both R[S™'] and [S7'|R

exists they are naturally isomorphic.

Proposition 1.11.5. ([1], Chapter II, Proposition 1.4) Let S be a multi-
plicatively closed subset of R. R[S~ exists if and only if S satisfies :

S1: Ifs € S and a € R, then there exists someb € R andt € S such that
sb = at.

S2: If sa = 0 with s € S and a € R, then at = 0 for somet € S.

When R[S™!] exists it has the form R[S™!] = R x S/ ~ where ~ is the
equivalence relation defined as (a, s) ~ (b, t) if there exists ¢,d € R such that

ac = bd and sc = td € S.

Definition 1.11.6. : A subset S of a ring R is a right denominator set if it
is a multiplicatively closed set and satisfies both S1 and S2 in Proposition

1.11.5. Similarly a subset S of R is defined to be a left denominator set.

Example 1.11.7. If R is a commutative ring, then every multiplicatively

closed subset of R is both right and left denominator set.
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Proposition 1.11.8. Assume R satisfies ACC on right annihilators. If S
1s a multiplicatively closed subset of R and satisfies S1, then S is a right

denominator set.

Proof. Suppose sa = 0 with s € S, a € R. There exists a positive integer
n such that r(s") = r(s¥) for all k¥ > n. Since R satisfies S1, there exists
some b € R, and t € S such that s"b = at. Then s""'b = sat = 0. So
b € r(s") = r(s"). Hence at = s"b = 0. Thus S2 is satisfied and hence S

is a right denominator set. O]

Definition 1.11.9. Let S,., denote the set of all non-zero divisors of a ring
R. Then R[S,e, '] is the classical right quotient ring of R (or the total right
ring of fractions of R) and is also denoted by Q" (R). Similarly we define
the classical left quotient ring (or the total left ring of fraction) Qu'(R) of R.

Proposition 1.11.10. Q" (R) exists if and only if R satisfies the right ore
condition, that is, for every a and s in R with s a non-zero divisor there

exists b and t in R with t non-zero divisor such that sb = at.
Proof. Trivial, since S2 is trivially satisfied in this case. m

Definition 1.11.11. If R has no non-zero divisors, the right ore conditions
states that aR N sR # 0 for all non-zero element a and s of R. This is the
same as saying that AN B # 0 for all non-zero right ideals A and B of R. A
ring without zero divisor and satisfying the right ore condition is a right ore

domain.

Proposition 1.11.12. The classical right quotient ring of a right ore domain

s a skew field.
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Proof. Let 0 # ¢(a)p(s)™ € Qu"(R) where R is a right ore domain. Then
a is a non-zero divisor, so ¢(a)! exists. Now ¢(a)p(s) to(s)p(a)™t =1 =

o(s)d(a)tp(a)p(s)~L. This proves that Q4" (R) is a skew field. O

Proposition 1.11.13. Every right Noetherian ring without zero divisor is a

right ore domain.

Proof. Let a and b be any two non-zero element of a right Noetherian ring
R. Let A, = bR+ abR + a®bR + ..... + a"bR. Since R is right Noetherian,
there exists a least positive integer n such that A, = A, for all £ > n.
Then bR + abR + --- + a"bR = bR + abR + ..... + a"bR + a""'bR. Then
a" b = bey + abey + ... + a"be, for some ¢y, ¢1,..., ¢, € R. Then bcy =
a(a™b—becy—- - -—a"be,) # 0 (for if bey = 0, then ab—abey —- - -—a™be, =
0. Since a # 0. Then A, = A,_;. But this will contradict the choice of n).
Then bR N aR # 0. So R is a right ore domain. O

Definition 1.11.14. A ring R is a ring of quotients if every non-zero divisor

of R is invertible, that is, R is its own classical left and right ring of quotient.
Example 1.11.15. Every division ring is a ring of quotient.

Lemma 1.11.16. Suppose R satisfies DCC on principal right ideals. The

following properties of an element a of R are equivalent:
(1) a is invertible.
(2) a is a non-zero divisor.
(3) r(a) = 0.
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Proof. Obviously (1) implies (2) implies (3).

(3) implies (1) :- We have aR 2 a*?R D a®R D .... Since R satisfies DCC on
principal right ideals, a®R = a""'R for some n > 1. Then a" = a™b for
some b € R. This implies a"(1 — ab) = 0. Then a" (1 — ab) € r(a) = 0.
Then a" (1 — ab) = 0. Similarly a"%(1 — ab) = 0 and so on. Finally we
get 1 —ab = 0, that is, ab = 1. Then aba = a. This implies a(1 —ba) = 0.
Sol—ba = r(a) = 0. Thus ab = ba = 1. That is, a is invertible. O

Definition 1.11.17. Let R be a ring of quotient and R’ be a subring of R.
Then R’ is said to be right order in R if R is the clasical right quotient ring
of R'.

Definition 1.11.18. A ring R is said to have a finite right rank if R does
not contain any right ideal A of form A = A; @ Ay® ...with 0 # A; are

right ideals for each i.
Example 1.11.19. A right Noetherian ring has finite right rank.

Proof. Let R be a right Noetherian ring. Suppose A is a right ideal of R
such that A = A; @& Ay® ...for some non-zero right ideals Ay, As, ....
Then A1 C A1 ® Ay C A Ay & A3 C ... Since R is right Noetherian,

n n+1 n
@ A = @ A; for some n. Then A = @Ai which is a contradiction. So

i=1 i=1 i=1
a right Noetherian ring has finite right rank. O]

Lemma 1.11.20. If R has a finite right rank and r(s) = 0, then sR is an

essential right ideal of R.

Proof. Let A be a non-zero ideal of R such that sRN A =0. Then s"A # 0

for each n, since r(s) = 0. Also if x € s"A N s"L A, then x = s"a = s"™b

32



for some a € A,b € A. Then s"(a — sb) = 0. This implies a — sb = 0, since
r(s) = 0. Then a = sb € ANsR = 0. Then x = 0. Hence we get a direct
sum A @ sA @ s2AP ... within A which contradicts that R has a finite right
rank. Thus sR is essential right ideal of R. m

Lemma 1.11.21. A right ideal I is a right annihilator if and only if I =
r(i(1)).

Proof. Suppose I = r(X) for some X C R. Then X C [(I). Therefore
I=7r(X)2r((I) 21 O

Definition 1.11.22. A ring R is a prime ring if there are no non-zero two

sided ideal A and B such that AB = 0.

Example 1.11.23. (1) Any domain is a prime ring,.

(2) Any simple ring is a priume ring.

Lemma 1.11.24. Suppose R has a classical right quotient ring R'. Let S
denote the set of all non-zero divisors of R. Then for each
41,92, --.,qn € R', there exists ai,ao,...,a, € R, and x € S such that

_ -1
qi = a;r .

Proof. For each ¢; (i = 1,2, ..., n) there exists b; € R and z; € S such that

¢ = byw;'. Since S is a right ore set, there exists ¢;,co,...,¢, € R and
xr € S such that r = x4 = x9¢0 = -+ = x,¢,. Since for each i, both z
and z; are invertible in R, ¢; is invertible in R’ and 27! = ¢;'z;'. Then

= bt = ber ! = a:x~ ! wh = b.cs 0
¢ = bjx; = bicgx™ = a;x”" where a; = bc;.

Theorem 1.11.25. (Goldie):- The following properties of a ring R are

equivalent:
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(1) R is a right order in a semisimple ring.

(2) R has finite right rank, satisfies ACC on right annihilators and is a

semiprime ring.

(8) A right ideal of R is essential if and only if it contains a non-zero

divisor.

Proof. (1) implies (2):- Let R’ denote the semisimple right quotient ring of R.
If R does not have a finite right rank, it contains a right ideal of the form A;®
As @ ... where each A; are non-zero right ideals. Choose a non-zero element
a; € A; for each i. Since R’ is semisimple, R’ is right Noetherian. Thus the
right ideals a1 R/, asR', ... cannot be all independent. Therefore there exists
41, G2, ---, Gu € R’ such that ayqq + asqe + -+ + ang, = 0, but a,q, # 0.
There exists by, by, ..., b,,x € R with x a non-zero divisor such that ¢; =
biz™'. Then ayby + ashy + ..... + azb, = (a1q1 + asqa + ... + anqy)z = 0.
But A, A,, ...., A, are independent, so a,b, = 0. But a,b, = a,q,x. So
AnGn = anbpx~! = 0 which is a contradiction. So R has finite right rank.

Let 1 C I, C ... be an ascending chain of right annihilators in R. Set
Jn = 1r(l,). Then J; D Jy DO ... is a descending chain of left annihilators
in R and each I,, = rg(J,) by Lemma 1.11.21.
In R we have r_ (J1) Cr,(J2) C ... Since R’ is right Noetherian (since R’
is semisimple ) there exists a positive integer m such that r,(J,) = 7, (Jn)
for all n > m. Consequently I, = r,(J,) = RNr,_(J,) = In. Thus R
satisfies ACC on right annihilators.

It remains to show that R is a semiprime ring. Let N be any ideal of R

such that N? = 0. Set L = [, (N), then L is an essential right ideal of R.
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Next we show that LR’ is an essential right ideal of R'. Given any non-zero
right ideal B of R’, choose a non-zero element b € B and write b = az™!
for some a,x € R with a # 0 and x a non-zero divisor. Then a = bx lies in
RN B. Thus RN B is a non-zero right ideal of R. Consequently RNBNL # 0
and hence BN LR # 0. Thus LR’ is an essential right ideal of R'. As R’
is semisimple, we get LR’ = R’. Hence there exists yi,vs,...,y, € L and
41,q2,---, ¢ € R’ such that y1q1 + y2q2 + -+ + ynq, = 1. There exists
ai,as, ..., a,,* € R with 2 a non-zero divisor such that ¢; = a;z=!. Then
= (g1 + y2q2 + - + Yn@n)r = (ha1 + y2a2 + - + yna,) € L. Hence
xN = 0. Since x is a non-zero divisor, N = 0. Thus R is a semiprime ring.
(2) implies (3):- Suppose A is a right ideal of R which contains a non-zero
divisor s. Then r(s) = 0. Since R has finite right rank we have by Lemma
1.11.20, sR is an essential right ideal of R. So A is an essential right ideal.
Conversely, suppose A is an essential right ideal of R. We have to find a
non-zero divisor in A. Since R satisfies ACC on right annihilators and A is not
nil ideal by Lemma 1.10.14, there exists a; # 0 in A such that 7(a;) = r(a?).
If ANr(ay) # 0 we continue and choose as € AN7(a;) such that as # 0 and
r(ay) = r(a3). It ANr(a;)Nr(as) # 0, we go and get 0 # az € ANr(a;)Nr(az)
and so on. At each step we obtain a direct sum a;R® as R P - - - ® a,R. This

is proved by induction. Suppose a1 R @ asR & --- & a1 R is direct and let
k—1

r € a,RN @ a;R. Then x = a;b for some b € R. Then aipb = a1b; + asby +
i=1

oo + ag_1bg_1 for some by, by, ..., by_1 € R. For every i < k, ay € r(a;) so

a;ar = 0. Hence we have a1b;4+asby+....4ap_1b_1 = 0. That is, x = 0. Thus
k

we get a direct sum @ a; R. But R has a finite rank so the process must stop

=1
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at some stage say at k' stage. Then ANr(a;)Nr(ax)N---Nr(az) =0. As A
is essential , we get r(a;) Nr(az) N---Nr(ax) =0. Let ¢ = a1 +ag+ - - - + ay.

Let x € r(c). Then a1z + asx + -+ + apx = 0. This implies a;x = 0 for

i=1
i=1,2,....,k. Thus € r(a;) Nr(az) N---Nr(ag) = 0. Thus r(c) = 0.

We also show that I(c) = 0. If x € [(¢) and y € ¢cR. Then y = cu for some
u € R. So xy = xcu = 0 (Since z € I(c)). Soy € r(z). So ¢cR C r(x). Since
cR is essential right ideal of R, r(z) is essential right ideal of R. Therefore
l(c) C Z, where Z is right singular ideal of R. Therefore by Lemma 1.10.15,
l(c) = 0.

(3) implies (1) : Let s be a non-zero divisor and @ an arbitrary element of
R. By hypothesis sR is essential right ideal. Then [ = {¢ € R | ac € sR}
is essential right ideal. Thus I contains a non-zero divisor ( by hypothesis).
Thus at = sb for some b € R. Thus R has a classical right quotient ring R'.
Remains to show that R’ is semisimple. It suffices to show that R’ has no
proper essential right ideals. Consider an essential right ideal I of R’. We
claim that I N R is an essential right ideal of R. Given any non-zero element
b € R, there exists some ¢ € R such that bq is a non-zero element of I. Write
q = ax~ ! for some a, x € R with x a non-zero divisor. Then ba = bgx € INR
is a non-zero element of I N R proving our claim. By hypothesis, there exists
a non-zero divisor y € I N R. Since y is invertible in R’ we conclude that

I = R'. Thus R’ has no proper essential right ideals as desired. O
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Chapter 2

Von Neumann Regular Rings

These classes of rings were introduced by John von Neumann in 1936 for
studying modular lattices. Since then, these rings are extensively studied. It
is seen that modules over these classes of rings have some common properties.
In this chapter, basically we study some properties of regular rings and their
characterizations via central localizations, injectivity, flatness, weakly left

(right) ideals. We also study W-ideals and GW-ideals.

2.1 Basic results

Here, we explore some basic properties of regular and strongly regular rings.
Some of the important results are: If R is regular, then M, (R) is regular for
each n; A ring R is regular if and only if every left (right) R-module is flat
if and only if every cyclic left (right) R-module is flat; A ring R is strongly
regular if and only if R is regular and left (right) duo if and only if R is
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regular and reduced.

Definition 2.1.1. A ring R is reqular (von Neumann) if for every a € R

there exists some x € R such that a = axa.

Definition 2.1.2. A ring R is strongly regular if for every a € R there exists

some = € R such that a = za?.

Example 2.1.3. Every division ring is regular as well as strongly regular.

Proposition 2.1.4. Arbitrary direct product of strongly reqular rings is strongly

reqular.

Proof. Let {R; :i € I} be a family of strongly regular rings. Let

(a;)ier € H R;. For each i € I, R; is strongly regular, so there exists some
I
b; € R; such that a; = b;a?. Therefore (a;)icr = (b;)ier ((ai)i€[)2. Therefore

H R; is strongly regular. O
I

Proposition 2.1.5. If R is a reqular domain, then R is a division ring.

Proof. Let 0 # a € R. Since R is regular, there exists some = € R such that
a = aza. Hence a(l —za) = 0. Then R is a domain implies 1 — za = 0.

Then xa = 1. Hence R is a division ring 0
Proposition 2.1.6. Every strongly regqular ring is reduced.

Proof. Let R be a strongly regular ring. Let a € R such that a? = 0. Since
R is strongly regular, there exists some b € R such that a = ba®. Then
a =ba? = 0. Thus R is reduced. O
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Definition 2.1.7. An element a of a ring R is reqular if a = axa for some

r € R.
Example 2.1.8. Every element of a von Neumann regular ring is regular.

Lemma 2.1.9 ( Mccoy’s lemma). Let a and b be elements of a ring R

such that aba — a is regular, then a is regqular.

Proof. aba — a is regular implies there exists some x € R such that
aba — a = (aba — a)x(aba — a).
Then
a(—bazxab + bax + rab — x + b)a = a,

which implies a is regular. O]

Proposition 2.1.10. If a ring R is reqular, then M, (R) is reqular for each

n.

Proof. Suppose R is regular. We first prove that Ms(R) is regular. Let
a b

c d
¢ = crc. Hence

€ My(R). Since R is regular, there exists some r € R such that

a b 0 r a b a b arc—a ard—2>b
c d 0 0 c d c d 0 crd —d
a
So by Mccoy’s lemma, if matrices of the type is regular, then each
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a b

c d
Again by regularity of R, there exists some z,y € R such that

axa = a,dyd = d. Then

€ Ms(R) is regular.

a b xz 0 a b a b 0 axb+byd—1>
0 d 0 vy 0 d 0 d 0 0
b
Hence by Mccoy’s lemma, if matrices of the type is regular, then
a b
matrices of the type is regular. Again, there exists some z € R
0 b 0 b 00 0 b
such that b = bzb. Then =
00 00 z 0 0 0
0 b
Hence matrices of the type is regular for each b € R. Hence
00
a b
each is regular. Then M, (R) is regular.
c d

Now we consider the case n = 2%, k > 1. Since Myx(R) = My (Mor-1(R)),
by Ms(R) is regular and by induction, it follows that My (R) is regular.

Now we consider the case n # 2*.

apnn a2 Q1n
921 929 e Aop, . .

Let A = € M,(R). Choose a positive integer k
Am1 Am2 ... QApp
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such that 2% > n.

a11

21

Let A" =

An1

Let m = 2.

a12 Q1p -
22 Qop -
an2

Qnp

0

O € M, (R).

Since M,,(R) is reg-

ular, there exists some B’ € M,,(R) such that A’ = A’'B'A’. Let B € M,(R)

be the matrix whose entries are equal to the corresponding entries of B’.

Then ABA = A. Therefore R is regular.

]

Proposition 2.1.11. If M,(R) is reqular for some natural number n, then

R s reqular.

Proof. Let a € R. Consider A =

is regular, there exists some B =

that ABA = A.

Then axi;;a = a. Thus R is regular.

a 0

0 0

00
11 T12
To1 T2
Tnpl Tn2
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T1in

Ton

xnn

€ M,(R) such



Proposition 2.1.12. For a ring R, following conditions are equivalent:
(1) R is regular.
(2) Every principal right ideal of R is generated by an idempotent.
(8) Every finitely generated right ideal of R is generated by an idempotent.
(4) Every left R-module is flat.
(5) Every cyclic left R-module is flat.

Proof. (2) implies (1) :- Let a € R. Then by hypothesis, aR = eR for some
idempotent e. Therefore e = ax and a = ey for some z € R and y € R.
Therefore a = ey = eey = arey = axa. So (2) implies (1).

(1) implies (2):- Let aR be a principal right ideal of R. Since R is regular,
a = aza for some x € R. Now ax = axax. Then ax is an idempotent and
aR = axR. So (1) implies (2).

(1) implies (3):- Suffices to show that if « € R, b € R, then aR + bR is
principal right ideal. There exists an idempotent e such that aR = eR.

We claim that aR+bR = eR+(1—e)bR. We have aR = eR C eR+(1—e)bR.
Alsob=eb+ (1 —e)b € eR+ (1 —e)bR. Thus aR+ bR C eR+ (1 — e)bR.
Also eR = aR C aR + bR and (1 — e)bR C bR C aR + bR. Then eR +
(1 —e)bR C aR + bR. Therefore aR + bR = eR + (1 — e)bR. Now R is
regular implies there exists some ¢ € R such that (1—e)b = (1—e)bc(1 —e)b.
Then f = (1 — e)bc is idempotent and ef = 0. Also f € (1 — e)bR and
(1—e)b=(1—e)bc(l —e)b € fRimplies fR = (1 —e)bR. Let g = f(1 —e).
Then ¢ = f(1—e)f(l1—¢€) = f(1—¢) =g,eg=ge=0. Also g € fR, f =
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f(1—e)f € gR implies gR = fR. We claim that eR+gR = (e+g)R. Clearly
(e+g)RCeR+gR. Let x € eR+ gR. Then x = er + gs for some r, s € R.
Then 2 = (e + g)(er + gs) € (e + g)R. Thus eR+ gR = (e + g)R. Therefore
aR+bR=eR+bR=c¢R+(l—e)bR=eR+ fR=eR+gR=(e+g)R.

(3) implies (4):- Let M be a left R-module and I be a finitely generated right
ideal of R. Consider the map 6 : I ® M — M such that (e ® f) = af.
Since [ is generated by idempotent, [ is a direct summand of R. So there

exists a right ideal J of R such that I & J = R. Now consider the following

diagram
IoM 0 . M
o v
g .
(IoM)®(Jo M) R® M

where a(a@m) =a®@m, fla@m+b@m') =am +bm/, y(r ® m) = rm,
where a € I,b € Jym € M, m' € M. Then ySa = 0. Again since « is
monomorphism, [ is isomorphism and ~ is isomorphism it follows that 6 is
a monomorphism. Hence M is flat.

(4) implies (5) is trivial.

(5) implies (1):- Let a« € R and I = aR, J = Ra. By hypothesis, R/J is flat.
Therefore 6 : I R/J :— R/J such that 0(a®(r+J)) =ar+J,a€ I, r € R
is a monomorphism. Consider the composition /I.J N R/J N R/J
where ¢(a + IJ) = a® (1 + J). Then ¢ is an isomorphism. So ¢ is a
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monomorphism. Then ker ¢ = {IJ}. But
kerfp ={a+1J:0p(a+1J)=J} ={INJ}. Thus INJ = IJ. That is,
aRN Ra = (aR)(Ra) = aRa. Then a € aRa. So (5) implies (1). O

Proposition 2.1.13. FEvery idempotent in a reduced ring is central.

Proof. Let e be an idempotent element and a be any element of R. Then
{ea(1 — €)}* = ea(l — e)ea(l — e) = 0. Therefore ea = eae. Similarly

ae = eae. Hence ea = ae and e is central. O]
Proposition 2.1.14. The following properties of a ring R are equivalent:
(1) R is reduced regular ring.
(2) Ewvery principal right ideal of R is generated by a central idempotent.
(3) R is reqular and every right ideal of R is two sided.
(4) R is strongly regular.

Proof. (1) implies (2) follows from Proposition 2.1.12 and Proposition 2.1.13.
(2) implies (3):- By Proposition 2.1.12, R is regular. We need only to prove
that every right ideal of R is two sided. Let I be a right ideal of R and
a €I, re R Then aR = eR for some central idempotent e. Then a = ex
for some z € R. This implies ra = rex = erx € eR = aR C I. Thus every
right ideal of R is two sided, that is, (2) implies (1).

(3) implies (4):- Let a € R. Since R is regular, there exists some z € R such
that a = axa. Also zaR is two sided ideal implies axa = xab for some b € R.

Therefore a = axa = vab = rarab = raa = xa®. Thus R is strongly regular,
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that is, (3) implies (4).

(4) implies (1):- R is reduced by Proposition 2.1.6. Let a € R. By hypothesis
there exists some x € R such that a = za®. This implies a — za? = 0. Then
(1 —za)a = 0. As R is reduced, we get a(l — za) = 0. Then a = aza.
Therefore R is regular. Therefore (4) implies (1). O

Remark 2.1.15. From Proposition 2.1.14, it follows that a ring R is strongly

regular if and every if for all @ € R there exists some x € R such that a = a’z.

Proposition 2.1.16. The endomorphism ring of a semisimple module is

reqular.

Proof. Let M be a semisimple module and o« : M — M a linear map.
Then M =kera @ K and M = im(a) @ N for some submodules K and N
of M. Let 6 = «a|,. We claim that § : K — im(«) is an isomorphism.
Clearly 6 is onto. Let x € kerf. Then 0 = 0(x) = «a(z) which implies that
r € keranN K =0 and so x = 0. Thus # is monomorphism and hence # is an
isomorphism proving our claim.

Let §:im (o) — K be the inverse of . Then [ can be extended to

¢ : M — M by putting (V) = 0. We claim that aéa = «

If z € M, then x =y + z for some y € kera, z € K. So

aga(z) = af(a(z)) = alaly + 2)) = a(a(2) = afa(2) = alz) = a(a).

This proves the claim. Then the proposition is proved. O]

Proposition 2.1.17. Every strongly regular ring is a subring of a product

of skew fields.

Proof. Let {M; : 1 € I} be the family of maximal right ideals of a strongly
regular ring R. Then each M; is two sided ideal and R/M; is a skew field.
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Consider the ring homomorphism 6 : R — H R/M; defined by

O(r) = (r+ M,);c;. Now ker ={r € R : (T‘-I{Mi)ie[ = (M;)icr} =N M;. If

ker 6 # 0, then there exists an idempotent 0 # e € kerf. Since e belongs to

every maximal right ideal, 1 — e cannot belong to any maximal right ideal.

Therefore (1 —e)b = 1 for some b € R. Then e(1 — e)b = e implying 0 = e

which is a contradiction. Therefore R is a subring of H R/M;. ]
I

Proposition 2.1.18. If every element x of a ring R satisfies " = x for

some fixed n > 1, then R is reqular.

Proof. If n = 2. Then aR = a*R for all a € R. Then R is regular. If n > 2,

then for all a € R, a = a™ = aa™ % a which implies R is regular. O
Proposition 2.1.19. Every homomorphic image of a reqular ring is reqular.

Proof. Let R be a regular ring and f : R — R’ be an onto ring homo-
morphism. Let b € R'. Since f is onto, there exists some a € R such that
b = f(a). Now R is regular implies there exists some z € R such that
a = aza. Then f(a) = f(a)f(z)f(a), that is, b = bf(x)b. This implies R’ is

regular. O
Corollary 2.1.20. Every factor ring of a reqular ring is reqular.

Remark 2.1.21. (1) If R is a ring and R/ is regular for some ideal I of R,
then R need not be regular. For example, Z/37Z is regular but Z is not.
(2) A subring of a regular ring need not be regular. For example, Q is

regular but Z is not regular.
Proposition 2.1.22. The centre of a reqular ring is regular.
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Proof. Let R be a regular ring and C' be its centre. Let a € C. As R is
regular, there exists some 7 € R such that a = ara. We claim that a?r3 € C
and a = a(a®*r®)a. Let x € R. Then

z(a®r?) = x(a®r)r? = (a®r)ar? = (ra®)zr? = r(zva®r)r = r?a®xr = a*r3z.

Also a(a®r®)a = a(a®r)(r?a) = a(ar?)a = (a*r)(ra) = ara = a. O

2.2 Regular rings and p-injective modules

Here, we characterize regular and strongly regular rings via p-injective mod-

ules.

Definition 2.2.1. Let M be a left R-module and I be a left ideal of R.
Then M is I-complete if any left R - homomorphism from [ to M can be
extended to a left R - homomorphism from R to M. Also M is pR-complete
or p-injective if M is Ra-complete for any principal left ideal Ra of R.

Example 2.2.2. For any field F', pF is I-complete for any left ideal I of F'.

Proposition 2.2.3. ([5], Proposition 1) For a reduced ring R, following

conditions are equivalent:
(1) R is von Neumann regular.

(2) Every principal left ideal of R is a left annihilator of some element of
R.

Proof. (1) implies (2):- Let @ € R. Then there exists some b € R such that
a = aba. Let e = ba. Then e = ba = baba = e*. Clearly Re C Ra. Also
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Ra = Raba C Rba = Re. This shows that Ra = Re. We claim that
Ra =1(1—e). Let € Ra. Then x = za for some z € R. This implies that
z(l—e) = x—xe = za—zae = za—zababa = za—za = 0. Hence Ra C [(1—e).
Now if x € I(1 —e), then x —ze = 0. Hence z = ze = zbaba € Ra. Therefore
[(1 —e) C Ra. Hence the claim. So (1) implies (2).
(2) implies (1):- Let ¢ be a non-zero divisor of R. Let s € R such that
Rc = I(s). Then ¢s = 0 which further implies s = 0, as ¢ is a non-zero
divisor. So Rc = R. Hence c is left invertible. Thus every non-zero divisor
of R is left invertible.

Let 0 # a € R. If a is a non-zero divisor, then a = aba where b is the left
inverse of a. If a is not a zero divisor, let Ra = [(b),b € R. Then b # 0.
We claim that ¢ = a + b is a non-zero divisor.
Suppose cy = 0 for some y € R, then (a + b)y = 0 which implies
ay = —by € r(a) Nr(b) (since a € I(b) implies ab = 0 which also implies
that ba = 0, R being reduced). Let w € r(a) Nr(b), then w = za for some
z € R (since r(b) = I(b) = Ra). So aza = aw = 0 which implies that
(za)? = zaza = 0. Since R is reduced, za = 0. Therefore r(a) N r(b) = 0.
This implies that ay = —by. Hence y € r(a) Nr(b) = 0. Hence the claim.
Now ca = (a+b)a = aa+ba = a®. Then a = da® where d is the left inverse of
c. This implies (a —ada)? = (a—ada)(a—ada) = a*> —a*da— ada® + ada*da =
a’? — a’da — a® + a’*da = 0. As R is reduced, we get a — ada = 0. So a = ada.

Hence R is regular. O]

Lemma 2.2.4. ([5], Lemma 2) Following conditions are equivalent for a ring

R:
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(1) R is regular.
(2) Every left R-module is p — injective.
(8) Every cyclic left R-module is p — injective.

Proof. (1) implies (2):- Let M be a left R-module, Rb be a principal left
ideal of R and f : Rb — M be a left R-module homomorphism. Since R is
regular, b = beb for some ¢ € R. Let ¢b =y € M. Then for any
a € R, f(ab) = f(abcb) = abf(cb) = aby which implies that M is p-injective.
Thus (1) implies (2).
(2) implies (3) is trivial.
(3) implies (1):- For any b € R, consider the identity map ¢ : Rb — Rb.
Since Rb is p-injective, there exists ¢ € Rb such that i(ab) = abc for all a € R.
Then b = i(b) = be. Since ¢ € Rb, ¢ = db for some d € R. This shows that
b = bdb. Thus R is regular and (3) implies (1).

[

Proposition 2.2.5. ([5], Proposition 3) For a ring R, the following condi-

tions are equivalent:
(1) R is strongly regular.

(2) Every simple left R-module is p — injective and every left ideal of R is

two-sided.

Proof. (1) implies (2):- Follows from Lemma 2.2.4 and Proposition 2.1.14.
(2) implies (1):- Let a € R. We shall show that I(a) + Ra = R. If not, then
there exists a maximal left ideal M of R such that I(a) + Ra C M. Since
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R/M is simple, so by hypothesis, R/M is p-injective.

Define f : Ra — R/M by f(xa) = a+ M. Then f is well-defined. For
if za = 2’a, then x — 2’ € l(a) C M which implies that x + M = 2/ + M,
that is, f(za) = f(2'a). Also f is left R-module homomorphism. So there
exists a left R - homomorphism ¢ : R — R/M which extends f. Therefore
1+ M = f(a) = gla) = ag(l) = a(b+ M) = ab+ M for some b € R.
So1l—ab e M. Then ab € M ( since M is two sided) implies 1 € M, a
contradiction. Therefore I(a) + Ra = R. Then za + d = 1, for some x € R,
d € l(a). Then xa® 4+ da = a. This implies a = za®>. So R is strongly

regular. 0

Corollary 2.2.6. ([5], Corollary 4) If R is commutative, then R is reqular

if and only if every simple left R-module is p — injective.

Lemma 2.2.7. ([6], Lemma 1) Let R be a ring whose every simple singular
left R-module is p — injective, then for every b € R, there exists a left ideal
K of R such that R = (RbR+ (b)) ® K.

Proof. Let b € R, then there exists a left ideal K of R such that (ROR +
[(b)) ® K is an essential left ideal of R.

Claim:- R = (RbR + (b)) ® K. If not, then,

there exists a maximal left ideal L of R containing (RbR+ (b)) & K.——(*)
So R/L is a simple left R-module. Therefore Z(R/L) = L or R/L. If
Z(R/L) = L, then I(1 + L) = L is not an essential left ideal of R which
contradicts (*). So Z(R/L) = R/L implying that R/L is singular. Therefore
the simple singular left R-module R/L is p-injective. Let f : Rb — R/L
be given by f(rb) = r + L for all r € R. Then f is well-defined. For if rb =
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r'b, r, " € R, thenr—r" € l(b) C L. Sor+L = r'+L, that is, f(rb) = f(r'D).
Clearly f is a left R-homomorphism. So there exists a left R-homomorphism
g: R— R/L extending f. Hence 14+ L = f(b) = g(b) = bg(1) = bc + L for
some ¢ € R. This implies 1 — bc € L. Therefore bc € RbR C L implies 1 € L

which contradicts that L is a maximal left ideal of R. Hence the claim. [J
The following result gives a generalisation of Proposition 2.2.5.

Theorem 2.2.8. ([6], Theorem 2) Following conditions are equivalent for a

ring R:
(1) R is strongly regular.

(2) Every simple singular left R-module is p—injective and every left ideal
of R 1is two-sided.

Proof. (1) implies (2) by Proposition 2.2.5.

Assume (2). Let @ € R. Then R = (RaR + l(a)) ® K for some left ideal K
of R which implies that (Ra + {(a)) @ K = R [since every left ideal of R is
two-sided, so aR C Ra which implies that RaR C Ra and so Ra = RaR).
Therefore KRa C K N Ra = 0 which implies K = 0. So Ra + l(a) = R.
This implies that 1 = za + y for some x € R and some y € [(a) and hence

ra’+ya = a. Asya = 0, xa®> = a, which proves that R is strongly regular. [J

Proposition 2.2.9. ([6], Proposition 3) If R is a ring whose simple singular
left R-module is p — injective, then

(1) Z(rR)NJ(R) = 0.
(2) R = RcR for every non-zero divisor ¢ of R.
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(8) Every essential left ideal of R is idempotent.

Proof. Proof of (1):- Let x € Z(grR) N J(R). Then I(z) is an essential left
ideal of R. By Lemma 2.2.7, there exists a left ideal K of R such that
(I(x) + RzR) & K = R. Since l(z) is essential so K = 0. Therefore [(x) +
RzR = R. So there exists a € () and d € RzR so that a +d = 1. Since
d € RtR C J(R), so 1 —d is a unit. So there exists some v € R so that
v(1 —d) =1, that is, va = 1. Thus x = vax = 0. Hence Z(rR) N J(R) = 0.
Proof of (2):- Let ¢ be a non-zero divisor. By Lemma 2.2.7, there exists a left
ideal K of R such that (I(c) + RcR) & K = R. Since c is a non-zero divisor,
I(¢) = 0 which implies that ReR ® K = R. Therefore cK C ReRN K = 0.
Then ¢ is a non-zero divisor implies K = 0. Therefore RcR = R.

Proof of (3):- Let I be an essential left ideal of R and b € I. Then IR+1(b) is
essential left ideal of R. Suppose I R+ [(b) # R, then there exists a maximal
left ideal L of R containing IR + I(b). Then R/L is p-injective. Define
f:Rb — R/L by f(rb) =r+ L,Vr € R. Then f is well-defined. For
if b =1'b,r, " € R, then r — 1" € I(b) C L. Sor+ L =1+ L. Then
f(rb) = f(r'b). Clearly f is a left R-homomorphism. So there exists a left
R-homomorphism ¢g : R — R/L extending f. Hence 1+ L = f(b) = g(b) =
bg(1) = bc+ L for some ¢ € R. This implies 1 —bc € L. Then bc € RbR C L
implies 1 € L which contradicts that L is a maximal left ideal of R. Hence
IR+1(b) = R. So 1 =u+d for some u € IR and some d € [(b). This implies
that b=ub € I*. So I = I*. O

Proposition 2.2.10. ([6], Theorem 9) Following conditions are equivalent

for a ring R:
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(1) R is regular.

(2) Every principal left ideal of R is a left annihilator of an element of R

and every cyclic singular left R-module is p-injective.

(3) Every principal right ideal of R is a right annihilator and every cyclic

singular left R-module is p-injective.
(4) Every left cyclic semiprimitive R-module is p-injective.

Proof. (1) implies (2), (3) and (4) follows from Lemma 2.2.4.

Assume (2). For any b € R, Rb = [(t) for some t € R and there exists a left
ideal K of R so that I(t) ® K is an essential left ideal of R. Let N = I(t)® K.
Then R/N is cyclic and singular and hence is p-injective. Let

f + Rt — R/N be defined by f(rt) = r+ N for all »r € R. Then f is
well-defined. For if rt = 7't, r, " € R, then r — 1’ € [(t) C N. Sor+ N =
"+ N. Clearly f is a left R-homomorphism. So there exists g : R — R/N
extending f. Hence 1 + N = f(t) = g(t) = tg(1l) = t(c+ N) = tc+ N for
some ¢ € R. So 1 —tc € N. Therefore 1 —tc = b+ y for some x € I(t) = Rb
and some y € K. This implies that b — btc = bxb + by. Then b = bxb + by |
since b € [(t))]. Then by = b — bxb € I(t) N K = 0. Therefore b = bxb which
proves that R is regular. Hence (2) implies (1).

Assume(3). For every a € R, aR = r(S) for some subset S of R. Now
l(a) ® K is essential in R for some left ideal K of R. Then R/(l(a) ® K) is
singular and hence is p-injective by hypothesis. Define

f:Ra — R/(l(a)® K) by f(r) =r+1(a)® K. Then f is well-defined
for if ra =r'a, r, 7" € R, then r — 1" € l(a) Cl(a) ® K. Sor+1(a)® K =
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"+ 1l(a) ® K, that is, f(ra) = f(r'a). Also f is left R - homomorphism.
Thus there exists a left R - homomorphism g : R — R/(l(a) ® K) which
extends f. Then 1 +[(a) ® K = f(a) = g(a) = ag(1) = a(b+ l(a) & K) for
some be R. Then 1 —abel(a) ®K. Sol—ab=t+k............ (1)

for some t € I(a), k € K. Then for any s € S, s(1 —ab) = s(t + k).
Then aR = r(S) implies s = st + sk. Then sk = s — st € [(a) N K = 0.
So Sk = 0. Then k € r(S) = aR. If k = ac,c € R. Then from (1),
a —aba = ta+ ka = ka = aca. This implies a = aba + aca = a(b+ c)a. Thus
R is regular. Hence (3) implies (1).

Assume (4). Then every simple left R-module is p — injective. We prove
that every principal left ideal I of R is semiprimitive. Then (4) implies (1) as
in Lemma 2.2.4. For any 0 # b € I, by Zorn’s lemma, the set of all subideals
K of Rb such that b ¢ K has a maximal member M. Then Rb/M is simple
p-injective. Therefore the canonical homomorphism f : Rb — Rb/M can
be extended to g : R — Rb/M. Let h =g |,. Then I/kerh ~ Rb/M. Then
ker h is a maximal subideal of I. Since kerh N Rb = ker f, b € Rb, b ¢ ker f
so b ¢ ker h. Thus I is semiprimitive. Hence (4) implies (1). O

2.3 Self-injective regular rings

In this section, we study some properties of a self-injective ring and obtain

a condition for a self-injective ring to be regular.
Definition 2.3.1. A ring R is left (right) self-injective if RR (Rpg) is injective.
Example 2.3.2. Every semisimple ring R is left and right self-injective.
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Proposition 2.3.3. Let E be an injective left R-module and let S = End(rE).
Then J(S) = {a € S | kera < E}.

Proof. Let a € S such that kera < E. Now ker o Nker(1 —«a) = 0. Since
kera < E, ker(1—a) = 0 which implies £ = im(1 —«) and hence im(1 —«)
is injective left R-module. Then im(1 — «) is a direct summand of E. So
E = im(1 — a) & F for some left R-module F. Now kera C im(1 — a).
[ For if + € kera, then a(z) = 0 which implies + — a(z) = z implies
x=z—a(x) = (1—a)]. Therefore im(1— )< E and hence £ = im(1 —«).
So (1 — «) is bijective which implies a € J(95).

Conversely, let a € J(S). Let M be a submodule of E such that keran
M = 0. We show that M = 0. Consider the inclusion map j : M — F.
Then «j : M — E. Now «j is a monomorphism [ for aj(m) = 0 implies
a(j(m)) = 0 implies a(m) = 0 implies m € keraN M = 0]. Since E is
injective there exist # : E — F such that 6aj = j. Then faj(m) = m
for every m € M. This implies (fae — 1)(m) = 0. As a € J(S), O — 1 is
invertible. So m = 0 and therefore M = 0. Thus kera < E. O

Corollary 2.3.4. If R s left self-injective, then
J(End(rR)) = {a € End(gR) | kera < R}.

Corollary 2.3.5. If R is left self-injective, then Z(grR) = J(R).
Proof. Let a € Z(gR). Then l(a) < R. Consider the map f : R — R such
that f(r) = ra. Then f is a well-defined left R-module homomorphism and
ker f = {re R|ra = 0} = l(a) <R. Then f € J(End(grR)) and so 1 — f
is a unit, that is, (1 — f)(R) = R. Therefore

R={1-/f)(r)|reR}
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={r—ra|r € R}
={r(1—a)|r € R}
= R(1 —a).

Hence a € J(R) so Z(rR) C J(R).

Conversely, let a € J(R). Define f : R — R by f(r) = ra. Then
1 — f is monomorphism for if (1 — f)(r) = (1 — f)(r'), then r(1 —a) =
r—ra =r"—r'a=1(1—-a)impliesr = 1" as 1 —a is a unit. Also 1 — f is
epimorphism for if » € R, then (1— f)(r(1—a)™!) = r. So f € J(End(gR)).
So 1 — f is invertible. Thus kerf = {r € R | f(r) = 0} < R. This
implies {r € R | ra = 0} 9 R. Therefore l(a) I R. So a € Z(gR). Hence
J(R) C Z(gR). This completes the proof. O

Proposition 2.3.6. Let g E be an injective module and S = End(grFE), then
S/Rad(S) is reqular.

Proof. Let o € S, then kera < E. Let kera denote injective envelope of
ker a. Without loss of generality we assume that ker v < E. Since ker «v is
injective, E = kera @ E' for some E' < E. Let 8 =a |, ,: B/ — a(F').
Clearly 3 is onto. Also (3 is one-one because if u € ker 3, then u € ker aNE' =
0. So (3 is an isomorphism. Since E’ is injective, a(FE") is injective. So there
exist £” < E such that £ = «(E'") @ E".

Define v : E — FE as follows.

If x € F such that x = y + z, for some y € E”, z € a(E'), let v(x) = 87(2).
We shall prove that ker(aya —a) QE. Let m # 0, m € E, then we have to

prove that there exist » € R such that rm # 0 and rm € ker(aya — «). Let
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m=u+v,u€kera, vek.

Case 1: u=0, v #0.

Since v € E', a(v) € a(E"). So y(a(v)) = 3 Ha(v)) = 87HB([v)) = v.
Therefore (aya — a)(v) = aya(v) — a(v) = a(v) — a(v) = 0.

Thus with = 1, the condition rm # 0, and (aya—a)(rm) = 0 are satisfied.
Case 2: u # 0. Since kera < ker, there exist some r € R such that
0 # ru € kera. Hence rm = r(u+v) = ru+rv # 0. Also (aya — a)(rm) =
(aya — a)(ru) + (aya — a)(rv) = 0 [For if v € E’, then a(v) € a(E’). So
Y(a(v)) = 7 a(v)) = B71(B(v)) = v. Therefore ya(v) = v. This implies
(aya)(v) = a(v) implies (aya — a)(v) = 0]. So 0 # rm € ker(aya — ).

So we see that ker(aya —a) S E and hence aya — a € Rad(S) which implies
@ 7 @ = a. This proves that S/Rad(S) is regular. O

Corollary 2.3.7. If R is a left or right self-injective ring, then R/Rad(R)

15 reqular.

Proof. Let R be left self-injective ring. Then S = End(zrR) ~ R. Hence
S/Rad(S) ~ R/Rad(R). Since gR is injective, S/Rad(S) is regular. This
implies R/Rad(R) is regular. O

Corollary 2.3.8. A semiprimitive, left (right) self-injective ring is reqular.

Proof. Follows from Corollary 2.3.7. m

2.4 Unit regular rings

Here, some characterizations of unit regular ring and left dependent regular

ring are given. Some more results in this section are: Strongly regular rings

o7



are unit regular; Every unit regular ring is an elementary divisor ring.

Definition 2.4.1. A ring R is unit reqular ring if Ya € R, there exists a

unit x € R such that a = axa.
Example 2.4.2. Every division ring is a unit regular ring.
Proposition 2.4.3. Every strongly reqular ring is unit reqular.

Proof. Let a € R. Then there exists x € R such that a = a?z = za®. Note
that az = a®zx = raaxr = xa. Let e = za = ax. Then €* = rara = rraa =
xa = e. Also ea = ara = a and ae = ara = a. We also have eax = axr = e
and eae = ae = a. Now

e*r = (za)(za)r = z(ara)r = rar = exr = raxr = re = ree = exe.

We shall show that ex + 1 — e is the inverse of ea + 1 — e.

Now (ex +1—e)(ea+1—e) =erea+er —exe+ea+1—e—eea—e+ee
=erat+er—re+a+l—e—a—et+e=eet+er—er+1—e=1.
Similarly (ea +1—e)(ex +1—¢) = 1.

Now a(ex + 1 — e)a = aexa + aa — aea = axa + aa — aa = axa = q.

Thus R is unit regular. O]

Lemma 2.4.4. ([9], Lemma 1) Let a be an element of a ring R, then the

following statements are equivalent:
(1) There is a unit uw € R such that aua = a.
(2) There is a unit u € R such that au and ua are idempotents.

(3) There is a unit u € R such that au or ua is an idempotent.
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(4) There are units p and q in R such that paq is idempotent.

Proof. (1) implies (2):- Let a € R, then there exists a unit u € R such that
aua = a. This implies that (au)? = (au)(au) = (aua)u = au. Similarly
(ua)? = ua.

(2) implies (3) and(3) implies (4) are obvious.

(4) implies (1):- We have (paq)? = paq. Then (paq)(paq) = paq. This implies

agpa = a. Since ¢ and p are units, gp is a unit. So R is unit regular. O

Proposition 2.4.5. ([9], Proposition 2) If a is an element of a ring R that
satisfies any one of the conditions of the Lemma 2.4.4 and ab =1 for some

b € R, then ba = 1, that is, one-sided inverse in a unit reqular ring is two

sided.

Proof. If u is a unit of R such that aua = a, then au = (aua)b = ab = 1.
which also implies that ua = 1 (since u is a unit). Hence b = u is the two

sided inverse of a. O

Definition 2.4.6. (Kaplansky):-A ring R is a right Hermite ring if for any
positive integer n and A € M, (R), there is a non-singular matrix Q € M, (R)
such that AQ is upper triangular.

Definition 2.4.7. A ring R an elementary divisor ring if for every positive
integer n and A € M, (R) there are units P and Q € M, (R) such that PAQ

is a diagonal matrix.

Remark 2.4.8. Kaplansky proved in [10], that R is a right Hermite ring

(respectively elementary divisor ring) if for every A € Ms(R), there is a
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non-singular matrix ) € Ms(R) such that AQ is upper triangular (respec-
tively there are non-singular matrices P and () such that PAQ is a diagonal

matrix).

Remark 2.4.9. If A € M, (R) such that all the entries of A commute with

each other and detA = 1, then A is non-singular.

Lemma 2.4.10. ([9], Lemma 4) Every unit reqular ring R is a right Hermite

TIng.

Proof. Suffices to show that for each A € My(R), there exists a non-singular

matrix Q) € Ms(R) such that AQ is upper triangular.

a
Let A = . Since R is unit regular, there exists units v and v such
c d
that f = cu and e = dv are idempotents.
au bv
Let Q1 = diag(u,v). Then @), is non-singular and AQ); = = A
e
(say).
1 f-1 . .
If Qs = , then all the entries of ()2 commute with each other
—f 1
and det Q2 = 1. So ()2 is non-singular.
au bu 1 f-1 a by
Now AlQQ = = = AQ (Sa}’)7
foe) \—-f 1 (L—e)f e

where a; = au — bvf, by = au(f — 1) + bv.
Again there is a unit w € R such that f; = (1 — e) fw is idempotent.
Then @3 = diag(w, 1) is non-singular and

a; by w 0 aw by

A2Qs = = = As (say).
(1—e)f e 0 1 fi e
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Next, note that ef; = e(1 —e)fw =0 and if g = f1(1 —e), then eg = ge =0
and (1—fie)(1+ fre) = (1+ fie)(1— fre) = 1. Thus Q4 = diag(1— fre, 1+ fre)

is non-singular and

ayw b 1— fie 0 as b
A3Qy = ' ' h — (7 7] = Ay (say), where
fi e 0 1+ fie g e
: : l—g 1
as = aqw(l — fie) and by = by (1 + f)ie. Finally if we let Q5 = ,
—g 1
then @5 is non-singular and
as b 1—¢g 1 a b
AuQs = 2 g = ’ ’ = AQ), which is upper tri-
g e —qg 1 0 e+g
angular, where a3 = as(1 — g) — beog and by = ay + by
and @ = Q1Q2Q3Q4(Q)5 is non-singular. This completes the proof. O]

Lemma 2.4.11. ([9], Lemma 5) If R is unit reqular and A € My(R), then
there are non-singular matrices P and @) such that PAQ is upper triangular

and has idempotent entries.

Proof. By Lemma 2.4.10, if A € My(R), then there exists a non-singular
matrix () such that AQ) is upper triangular and the element in the second

row and second column is idempotent. Hence to complete the proof of the

a
lemma, it suffices to consider A = , where e is idempotent. Since R

0 e
is unit regular, there are units u, v in R such that ub and (ua)v are idempo-

tents. Then P = diag(u,1) and @ = diag(v, 1) are non-singular and

u 0 a b v 0 uav  ub ) )
PAQ = = has idempotent entries.

01 0 e 01 0 e
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Lemma 2.4.12. ([9], Lemma 6) If R is unit reqular and A € My(R), then

e
there are non-singular matrices P and @) such that PAQ = , where
0 h
e, g,h are idempotents and eq = ge = 0.
o . e f
Proof. By Lemma 2.4.11, it is enough to consider A = , Where
0 k
: AN :
e, f, k are idempotents. Now () = is non-singular and AQ, =
0 1
e (1—e)f
= Ay (say).
0 k

Since R is unit regular, there exists a unit w € R such that f; = (1 —e) fw
is idempotent. Note that ef; = 0.
Therefore P, = diag(1,w™') and Qs = diag(1,w) are non-singular and

0 e (1—e)f 10 e f1

1
PLAIQr = = = A, (say).
0 w! 0 k 0 w 0 wlkw

Now (1+ fie)(1— fie) =1=(1— fie)(1 + fie).
Therefore P, = diag(1,1 + fie) and Q3 = diag(1 + fie,1 — fie) are non-

singular and

1 0 e fi 1+ fie 0 e g
PyAyQ3 = =

0 1+ fie] \0 wlkw 0 1— fie 0 h
= PAQ where g = fi(1 —¢),h = (1 — fie)w 'kw(1l + fie), P = PP, and

Q = Q1Q20)s.

Also eg =efi(1 —¢e) =0 and ge = f1(1 —e)e =0.

Hence PA(Q has the desired properties and the lemma is proved. O
Theorem 2.4.13. ([9], Theorem 3) Every unit reqular ring is an elementary

divisor ring.
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e
Proof. By Lemma 2.4.12, it is sufficient to show that if A = g , where
0 h

e, g, h are idempotents and eqg = ge = 0, then there are non-singular matrices

P, () such that PAQ is diagonal.

1—g e—-1
Now if ) = , then @ is non-singular and
g l-g
e 1—g e—-1 e+ 0
AQ = g g _ g
0 h g 1-yg hg — h(1—g)
1 0
Also the matrix P = is non-singular.
—hg 1
1 0 e+ 0 e+ 0
And PAQ — g - g
—hg 1 hg h(l—g) 0 h(l—yg)

This completes the proof.

Corollary 2.4.14. If R is unit regular (in particular, if R is strongly reqular)
so is M, (R).

Proof. By Theorem 2.4.13, we see that if A € M, (R), then there are non-
singular matrices P and ) such that PAQ is a diagonal matrix.

Let PAQ = diag(ay, as, ..., a,). Since R is unit regular, there are units u; such
that a;u; are idempotents for each i = 1,2, ...,n. Let U = diag(uy, us, ..., uy,),
then (PAQ)U is idempotent and P and QU are units. Therefore by Lemma
2.4.4, M,(R) is unit regular. O

Proposition 2.4.15. ([9], Proposition 8) A regular ring R is unit regular if
and only if aR+bR=R implies there is some t € R such that a + bt is a unit.

Proof. Suppose that R is unit regular and that aR + bR = R, then there is

63



a unit v € R and some y € R such that e = au and f = by are idempotents.
Then aR + bR = eR+ fR = eR+ (1 —e)fR = R. Since R is regular,
there exists some w € R such that (1 —e)fw(l —e)f = (1 —e)f. Let
g = (1 —¢e)fw(l —e), then ¢> = (1 —e)fw(l —e)(1 —e)fw(l —e) =
(1 —e)fw(l —e) = g. Also ge = eg = 0. Note that gf = (1 —e)f. If
x € (1 —e)fR, then x = (1 — ¢)fr for some r € R. Then x = gfr € gR.
Also clearly gR C (1 —e)fR. Thus gR = (1 — e)fR. Therefore we have
gR + eR = R. Therefore there exists «, 3 such that ef + g3 = 1. Then
ea = e and gf@ = g (since eg = ge = 0). Therefore ¢ + g = 1. This implies
e+(1—e)fw(l—e) = 1. Then au[l—efw(l—e)]+byw(l—e) = 1. Multiplying
on the right by v = (1 +efw(l —e))u™" we get a + byw(1 — e)y = 7 has two
sided inverse u[l — efw(1 — e)].

Conversely, suppose R is regular and aR + bR = R. This implies that
there exists ¢ € R such that a + bt is a unit and that there exists some
x € R such that a = aza and so aR + (1 — ar)R = R. Therefore there
exists some ¢t € R such that a + (1 — az)t is a unit which further means
that there exists some v € R such that [a + (1 — ax)tju = 1. Thus we get
axla + (1 — ax)tlua = aza, that is, araua + artua — axaxtua = axa. This

implies aua = a. So R is unit regular. [

Definition 2.4.16. A ring R is a a left dependent ring if for every a,b € R,
there exists s,t € R, not both both zero such that sa + tb = 0. Similarly a

ring R is defined to be right dependent ring.
Proposition 2.4.17. A unit regular ring is left dependent.
Proof. If both a and b have left inverses in R, then a™'a + (—=b710) = 0

64



with ¢ # 0 and b=! # 0. So assume that a has no left inverse. Since
R is unit regular, a = xe for some unit x and idempotent e. Since a is
not a unit, e cannot be 1. Let s = (1 —e)z™!, ¢t = 0, then s # 0 we have

sa+tb = (1 — e)x~'re = 0. Therefore R is left dependent. O

Proposition 2.4.18. ([9], Theorem 9) A regular ring R is left dependent if
whenever a, ', b, b' are elements of R such that aa’ = bl = 1, then a(1—1'b)

fails to have a right inverse.

Proof. Suppose R is left dependent. Let a, d’, b, b be elements of R such
that aa’ = 1 = bb'. To prove a(l — V'b) fails to have right inverse. Since R
is left dependent, sa 4+ tb = 0 for some s, t € R not both zero. This implies
sabl +t=0. That is, t = —sabl — — — — — — — — — — ().

So sa + tb = 0 implies 0 = sa — sab’b = sa(1l — bb'). Now from (*), s # 0,
because if s = 0, then s and ¢ both will be zero. So a(1 — ¥'b) fails to have
right inverse.

Conversely, suppose R is regular and a, b € R. Suppose one of a or b
say a fails to have a right inverse. Since R is regular, a = axa for some
x € R. Now (1 —az)a+0.b =0 and 1 —azx # 0. So we assume that there
are a' and b such that aa’ =1 = bl/'. Then a = 1 — ¥'b fails to have a right
inverse. By hypothesis, there exists y € R such that &« = aya. We then have
(1—ay)a—(1—ay)abl = (1 —ay)a=0. But 1 —ay # 0 as « fails to have

a right inverse. This proves the proposition. O
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2.5 Weakly regular rings

In this section, we study left (right) weakly regular ring. The main results
are : An ELT right weakly regular ring is regular; The centre of a left (right)
weakly regular ring is regular; A left (right) weakly regular ring is right (left)

non-singular and semiprimitive.

Definition 2.5.1. A ring R is left (right) weakly regqular if I = I? for each
left (right) ideal I of R.

Example 2.5.2. Every regular ring is left (right) weakly regular.
Followinng proposition is taken from Lemma 4 of [12].
Proposition 2.5.3. An ELT right weakly reqular ring is reqular.

Proof. Let R be an ELT right weakly regular ring and let a € R. Then there
exists a left ideal L of R such that I = Ra @ L is an essential left ideal of R.
As Ris an ELT, I is an ideal of R. Again R is right weakly regular implies
aR = (aR)? = (aR)* = a(RaR). But I is an ideal of R and a € I implies
a(RaR) C al. Thus a € aR C al = a(Ra @ L). That is, a = a(ba + 1) for
some b € R, | € L. But this gives a —aba =1 € Ra N L = 0. Therefore

a = aba and so R is regular. O

Proposition 2.5.4. ([8], Proposition 9) If A is a proper ideal of a right

weakly reqular ring, then each element of A is a left zero divisor.

Proof. Suppose x € A such that x is not a left zero divisor. Since R is right
k

weakly regular, tR = rRxR. Therefore if y € R, then xy = Z xr;xs; for

i=1
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some r; € R, s; € R. This gives

k k
Ty — Z rzrixs; =0=x (y — Z rixsZ) =0.
i=1 =1

k k
As x is not a left zero divisor, y—z r;xs; = 0. This implies y = Z rixs; €

i=1 i=1
A. Hence A = R which contradicts that A is a proper ideal of R. Thus each
element of A is a left zero divisor. O

Proposition 2.5.5. A right (left) weakly regular ring is semiprimitive.

Proof. Let x € J(R), the Jacobson radical of R. Now R is right weakly

k
regular implies xR = xRxR. Hence x = Z xrixs; for somer; € R, s; € R.
i=1

k k
Hence z (1 — Z rixsi) = 0. Since z € J(R), 1 — Z r;xs; 1S a unit.

i=1 i=1

Therefore © = 0. As x is arbitrary, J(R) = 0. O
Corollary 2.5.6. A regular ring is semiprimitive.

Proposition 2.5.7. Let R be a reduced ring. Then R is left weakly reqular
if and only if R s right weakly regular.

Proof. Let R be a left weakly regular ring, I be a right ideal of R and x € I.
k

Then Rx = RxRx. Hence z = Zrixsix for some r; € R, s; € R. This

i=1

implies (1 — i rixsi> x = 0. As R isreduced, we get, x (1 — i mxsi> =
z‘zlk i=1

0. Hence z = Zxrixsi € I?. So I = I? which implies R is right weakly

regular. -

Converse can be proved similarly. O
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Proposition 2.5.8. ([8], Proposition 12) The centre of any left (right) weakly

reqular ring is reqular.

Proof. Let R be a left weakly regular ring and C' be its centre. Let x € C.
Then z € Rx = (Rz)? C Ra? = (Rx)™.

Then z = z(z"y)z for some y € R and k > 1.............. *)

It is enough to show that 2%y € C. Let z € R. Then

k— k71<xk+1

2aty) =" N az)y =2 yx)zy (using (¥)).

This shows that 2% lyz(aFHlay) = 2%yz = (z%y)z. Hence z*y € C as re-

quired. O

Proposition 2.5.9. ([8], Proposition 14 (2)) A left (right) weakly regular

ring is right (left) non-singular.

Proof. Let R be a left weakly regular ring and = € Z(Rg). Then r(zx) is
an essential right ideal of R. Since R is left weakly regular, Rx = RxRx.
k k

So z = Zrixsix for some r; € R, s; € R. Let y = Zrixsi so that
i=1 1=1
x = yx and therefore yr — 2 = 0. This implies that (y — 1)z = 0. That is,

x € r(y—1). Hence zR C r(y — 1). Now r(y) is essential right ideal of R
and r(y) (r(y — 1) = 0 implies r(y — 1) = 0. Hence R = 0. Thus =z = 0.
Hence Z(Rg) = 0 and thus R is right non-singular.

If R is right weakly regular ring we can similarly prove that R is left non-

singular. O]
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2.6 Central localizations of regular rings

In this section, we study the regularity of a ring via its central localizations.

Lemma 2.6.1. ([11], Lemma 1) Let R be a ring with regular centre C' and
M be a mazximal ideal of C. Then MR =ker(R — Ry), MRNC = M,
and 0 — MR — R — R); — 0 1is exact. Here the homomorphisms are

natural homomorphisms.

r
Proof. First we prove that R — Rj; is onto. Let — € Ry;. Since C is
S
r o rst T
regular, s = sts for some t € C. So — = g rt. Hence rt — —.
s sts S

Let A = ker(R — Rypr). Then AN C = ker(C — Cyy). Since C' is
regular, C'y; is a field. Thus ANC'is a maximal ideal of C. Hence M = ANC
[Forifa € ANC, thena € Aand a € C. Then as = 0 € M for some
s € S. But since s ¢ M, soa € M. Hence ANC C M. Since ANC is
maximal ideal, ANC = M |. Thus MR C A.

Let a € A. Then 3 some s € S such that as = 0. Since C' is regular,
d some t € S such that s = sts. Then (1 — st)s = 0 € M. But since
s ¢ M,sol—st € M. Hence a = (1 —st)a € MR. Thus MR = A. This
completes the proof. O

Proposition 2.6.2. Let I be a right ideal of R such that (I/1*)y = 0 for
all mazimal ideal of M of C, the centre of R. Then I = I*.

Proof. Let x € (I/I%). Then % € (I/1?)y = 0. Thus there exists some
u,, € C,, such that u,,x = 0. If C # £Cu,,, then there exists a maximal
ideal L of C' such that XCu,, € L. But this impliesu, = 1.u, € ¥Cu,, C L,

=
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a contradiction. Hence ' = XCu,,. Hence 1 = ryu,, +r,u, +---+r.u,

for some maximal ideals M, M,, ..., M, of C. Thus

k

v =la = (ru, +ru, +--+ru, )z=0 Hence (I/I*) = 0 which
implies [ = I O

Proposition 2.6.3. ([11], Proposition 2) A ring R is fully right idempotent
iof and only if R,, is fully right idempotent for each mazimal ideal M of C,
the centre of R.

Proof. Let R be a fully right idempotent. Then by Proposition 2.5.8, C' is
regular. So for each maximal ideal M of C, R — R,, is onto. Thus R, is
fully right idempotent for each maximal ideal M of C.
Conversely, suppose R,, is fully right idempotent for each maximal ideal
M of C'. Let I be a right ideal of R. Then
0—I?—1 — I/I* — 0 is exact........ (1).
Here the homomorphisms are natural.
Since C,, is a flat C' module for each maximal ideal M of C, (1) implies that
0—I’eC, —IxC, — (I/I?)®C,, — 0 is exact. Then
00— P2 — 1, — (I/2),,

I, /1 ~ (I/I?),,. Therefore (I/I?),, =0 (since R, is fully right

— 0 is exact. Thus

idempotent, I,, = I,,?). Hence I = I* and R is fully right idempotent.  [J

Proposition 2.6.4. ([11], Theorem 3) The following conditions are equiva-

lent for a ring R with centre C':
(1) R is regular.
(2) C is reqular and R/M R is regqular for each mazimal ideal M of C'.
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(8) Ry is reqular for each mazimal ideal M of C.

Proof. (1) implies (2) follows from the fact that centre of a regular ring is
regular and factor ring of a regular ring is regular.

(2) implies (3):- Since C'is regular, 0 — MR — R — Ry — 0 is exact.
Thus R/MR ~ Ry and hence R, is regular for each maximal ideal M of
C.

(3) implies (1):- Let a € R. Then % € Ry for each maximal ideal M of C.

r a ar, a
As Ry is regular, there exists some -~ € Ry, such that 1= IﬂI Thus
M S]\/I
there exists u,, € C)y such that (as,, —ar,,a)u,, =0. Thus
AS Uy, = AT AUy (*)

If > Cs,u,, # C, then there exists a maximal ideal L of C' such that
> Cs,u,, € L. So s,u, € L which implies s,, € L or u,, € L, a contra-
diction. Thus ) C's,,u,, = C. Therefore
L = bisy uy, + basy uy + -+ bksMk Uy, for some maximal ideals
My, My, ..., My of C and some by, by, ..., b, € C. Then
k k
a= aZbisMiuM. = Z bas, u, = ZbiarMiauM' (using(x))
i=1

=1

i=1

k
=a (Z bﬁMiUM) a. Hence R is regular. ]

Proposition 2.6.5. ([29], Proposition 8) The following conditions are equiv-

alent for a ring R with centre C':
(1) R is regular.

(2) R is semiprime ring whose essential left ideals are idempotent and for

each maximal ideal M of C, R/RM is regular.
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Proof. (1) implies (2) evidently.

Assume (2). For any ¢ € C, let K be a left ideal of R such that

L = (Rc+1(c))® K is essential left ideal of R. Then K¢ =cK C ReNK =0
implies K C I(c). Therefore K C K N (Rc+1(c)) =0 and so L = Re+I(c)
is an essential left ideal of R. So by hypothesis, L = L?. Now ¢ € L = L?
implies

€= Z (Tic+ui) (Sic+vi)a Ty S; € R, U; , V; € l(C)

i=1
Therefore

n n

n
c— E TiCS;C = E (ricv; + w;sic + uv;) = E U;v;
i=1 i=1 i=1

since r;cv; = rv;e = 0 and w;s;c = wies; = 0. If w € Renl(c), then w = de
for some d € R. Therefore we get dc? = we = 0 and so cRdc = 0 which again
implies (Rdc)? = 0. As R is semiprime, this yields Rdc = 0. So w = dc = 0.

Now
c— chsic = Zuivi € Renl(c) =0
i=1 i—1

n n
== c= Z r;cs;c = czc, where 2z = Z r:8; € R.
i=1 =1
Set y = ¢?23. Then cyc = (czc)(zcze) = (czc)(z¢) = cze = c and ¢?z = 2¢? =
czc = c. For every b € R, zc?b = cb = bc = bc?z = ¢?bz and hence

232 = 22(*bz) = 2(2cb)z = 2(Pb2)z = 2(c*b)2* = 2(c*h)2* = *bz°.

This shows that yb = 223b = 23¢%b = by. Thus y € C and C is regular.
Therefore R is regular by Theorem 2.6.4. [
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2.7 W-ideals and GW-ideals

Here, we have studied weak ideals (W-ideals) and generalized weak ideals
(GW-ideals). Examples of a left ideal which is not a W-ideal and a W-ideal

which is not a GW-ideal are given.

Definition 2.7.1. A left ideal L of a ring R is a weak ideal (W-ideal) if for
all a € L, a # 0, there exists n > 0 such that a™ # 0 and "R C L. A right
ideal K of R is defined similarly to be a W — ideal.

Definition 2.7.2. A left ideal L of a ring is a generalized weak ideal (GW -
ideal) if for all a € R, there exists some n > 0 such that «"R C L. A right
ideal K of R is defined similarly to be a GW-ideal.

Example 2.7.3. (1) All ideals are W-ideals and GW-ideals.
(2) A W-ideal is a GW-ideal.
(3) A GW-ideal need not be a W-ideal.
a b c 010
For example, take R = 0 a d|:abc,deRprpanda=| 0 0 0
0 0 a 000
0z O
Then L = Ra = 0 0 0 |:zeR} is a left ideal of R and for all

0 00
y € L, y> = 0. So L is a GW-ideal of R. But L is not a W-ideal as

0 z vy
0£acL,a?=0. But aR = 000 |[:z,yeRy L.
0 0 0
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(4) A left or right ideal of a ring R need not be a GW-ideal.

For example, let R = UT»(Q), the ring of upper triangular matrices over

a 0
Take L = ca € Q 3. Then L is a left ideal of R but it is not

10
a GW-ideal for if a = , then for all n > 0,

00
x
a"R=aR = Y cz,yeQp € L.
0 0
00
Also if K = ca € Q. Then K is right ideal of R. If
0 a

0 0
0= , then for all n > 0,
0 1

0 x

RA™ = RG = cz,y€Qp € K. So K is not a GW-ideal of R.
0y

(5) If R is a left (or right) duo ring, then every left (or right) ideal of R is a

W-ideal and hence a GW-ideal.

Example 2.7.4. ([24], Example 1.2) There exists a ring R such that
{Ideals of R} C {W —ideals of R} C {GW — ideals of R}.

( 3
a a; ag ag

0 a a4 as .
Proof. Take R = ca, a; € Lo, i =1,2,3,4,5,6 ». Then
0 0 a ag

0 0 0 a

\ /
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R is a ring. Let L = 2 b, € Lo, =1,2,3 p. Then L is

75 Y
o o o o — ~
o o o o
o o o &
S| o
- N
o o &
N J/

0
0
1 00 0000
) 010 0000
a left ideal of R. But € L, €R,
0 00 0 0 01
0 00 0000
0100 0000 0000
0010 0000 0 0 01
= ¢ L.
0000 0 001 0000
0000 0000 0000
Hence L is not an ideal of R.
If x € L we distinguish two cases:
0 0 by b3
00
(i) x = . Then xR C L for if
00 0 O
00 0 0
a ap ao as 0 0 bga b2a6—|—b3a
0 a a4 as 00 O 0
y = € R. Then zy = €L.
0 0 a ag 00 O 0
0 0 0 a 00 O 0
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0 1 by b3 0010
0 0 1 0000
(i) If x = , then 22 = # 0 and 2?R C L.
00 0 0 0000
00 0 0 0000
So L is a W-ideal of R.
( 3\
0 a 00
00 0O _ ‘
Next let T = < ca € Zo p. Then T is a left ideal of R.
00 0O
00 0O
\ Vs
0100
0000 , .
If x = , then 22 = 0. So T is a GW-ideal of R. Also
0000
0000
0000 0011
0011 0000 . .
x = ¢ T. This shows that T is not a
0000 0000
0000 0000
W-ideal. O

Proposition 2.7.5. For a ring R the following conditions are equivalent:
(1) Every left ideal of R is GW.
(2) Every finitely generated left ideal of R is GW.

(8) Ewvery principal left ideal of R is GW.
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Proof. (1) implies (2) implies (3) is trivial.
(3) implies (1):- Let L be a left ideal of R and a € L. By hypothesis Ra is
GW-ideal. Therefore a € Ra implies there exists a positive integer n such

that a"R C Ra C L. This implies L is GW-ideal. O

Remark 2.7.6. If L is a left ideal of R such that Ra is GW-ideal for all
a € L, then L is GW-ideal. However, the converse is not true as is seen

by the following example. Consider R = UT3(R), the ring of 2 X 2 upper
0

0 0

triangular matrices over R. Then R is a GW-ideal of R. But R

:a € R » is not a GW-ideal of R.
0 0

Proposition 2.7.7. ([23], Proposition 1) If R be a ring and I be an ideal of
R. For any left ideal K of R such that I C K, K is a GW-ideal of R if and
only if K/I is a GW-ideal of R/I.

Proof. Let K be a left ideal of R such that K/I is a GW-ideal of R/I. Let
a € K. If r € R, then K/I is a GW-ideal of R/I implies there exists some
n > 0 such that (a + I)"(r + I) € K/I. This implies a"r + 1 € K/I. So
a’r+1 = b+ 1 for some b € I C K. That is, a"r — b € I. Therefore
a"r =a"r —b+b € K. Thus K is a GW-ideal of R.

Conversely, suppose K is a left ideal of R such that [ C K and K is a
GW-ideal of R. Let b € K/I. Then b = a+ I for some a € I. If r € R, then
K is a GW-ideal of R implies there exists some n > 0 such that a"r € K.
Then (a+ I)"(r + 1) € K/I. This shows that K/I is a GW-ideal of R/I.

O

7



Proposition 2.7.8. ([24], Proposition 1.4) Let R be a ring and I an ideal
of R. If a left ideal K of R is a W-ideal such that I C K, then K/I is a
GW-ideal of R/I.

Proof. Follows from Proposition 2.7.7. O]

Remark 2.7.9. (1) Let R be a ring and I be an ideal of R. If K is a left
ideal of R such that I C K and K/I is a GW-ideal of R/I, then K need not
be a W-ideal of R.

Take R and T as in Example 2.7.4 and [ = 0, then T/I is a GW-ideal of
R/I but T is not a W-ideal of R.

(2) Let I be an ideal of a ring R. Let K be a left ideal of R such that
I C K and K is a W-ideal of R. Then K/I ne(ed not be a W-ideal of R/1. F?r,

0 0 a b
00O
let R and L as in Example 2.7.4. Let I = ta,b € Zo,
0000
\ 0000 )
Then [ is an ideal of R and I C L. But
9 2
0100 0010 0100
0010 0000 0010
= el. So =0.
00 00O 00 00O 00 0O
0000 0000 0000
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0100 0000 0000
0010 0000 0001

But = ¢ L)1
0000 0001 0000
0000 0000 0000

Hence L/I is not a W-ideal of R/I.

Lemma 2.7.10. ([14], Lemma 2.5) Let R be a semiprimitive ring. If any
maximal left (right) ideal of R is a GW- ideal, then R is reduced.

Proof. Suppose 0 # a € R such that a®> = 0. Since R is semiprimitive,
a ¢ J(R). So there exists a maximal left ideal M of R such that a ¢ M.
Then M + Ra = R which yields Ma = Ra since a®> = 0. So there exists
some b € M such that a = ba. Since M is GW-ideal, there exists a positive
integer n such that "a € M. Then b"a =b""(ba) =b""la=...=a € M,

a contradiction. Therefore R is reduced. OJ

2.8 On regular GP-V-rings

In this section, we investigate the characterizations of strongly regular rings
with the condition that every maximal left (right) ideal is a GW-ideal via
GP-V-ring.

Definition 2.8.1. A left R-module M is YJ - injective if for every 0 #
a € R there exists a positive integer n such that a™ # 0 and any left R -

homomorphism from Ra"™ to M extends to one from R to M.
Example 2.8.2. Every p-injective module is Y J-injective.
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Definition 2.8.3. A left R-module M is GP - injective if for every a € R
there exists a positive integer n such that every left R - homomorphism from

Ra™ to M extends to one from R to M.
Example 2.8.4. Every Y J — injective module is GP — injective.

Definition 2.8.5. A ring R is a left GP-V-ring if every simple left R-module

is Y .J- injective.
Example 2.8.6. Every semisimple ring is a left GP-V-ring.

Lemma 2.8.7. ([30]) If R is a GP—V -ring, then J(R), the Jacobson radical

of R is zero.

Theorem 2.8.8. ([14], Theorem 2.2) The following are equivalent for a ring
R:

(1) R is strongly regular.
(2) R is a left GP — V-ring whose every maximal left ideal is a GW-ideal.
(3) R is aleft GP—V -ring whose every maximal right ideal is a GW-ideal.

Proof. (1) implies (2) and (1) implies (3) follows from Lemma 2.2.4 and
Proposition 2.1.14.

(2) implies (1):- First we prove that R is reduced. If R is not reduced, then
there exists 0# a € R such that a®> = 0. So there exists a maximal left ideal
M of R such that l(a) C M. Define f : Ra — R/M by f(ra) = r+M. Then
f is well-defined for if ra = r’a for some r € R, r' € R, then (r —1')a =0

which implies that » — " € l(a) € M. So r+ M = 1" + M, that is,
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f(ra) = f(r'a). Also f is a left R-module homomorphism. Since R is
a left GP — V-ring and a®> = 0, f can be extended to a left R-module
homomorphism ¢g : R — R/M. This implies that 1 + M = f(a) = g(a) =
ag(l) = a(b+ M) for some b € R. That is, 1 —ab € M. Since M is a
GW-ideal and ba € M (since ba®> = 0 implies ba € I(a) C M) there exists
n > 0 such that (ba)"b € M. Again M is a left ideal and b—bab € M implies
(ba)""'b = (ba)" (b — bab) + (ba)"b € M. Continuing in this manner, we
have, bab € M. Then b = (b — bab) + bab € M. Thus ab € M. Hence
1 =1—ab+ab € M, contradicting that M is a maximal left ideal of R. Thus
R is reduced.

Now we prove that R is strongly regular. Let a € R and l(a) + Ra # R,
then there exists a maximal left ideal M of R such that I(a) + Ra C M. As
R is a left GP — V-ring, the simple left R-module R/M is Y J- injective. So
there exists n > 0 such that a™ # 0 and every left R-module homomorphism
from Ra"™ to R/M can be extended to a left R-module homomorphism from
R to M. Define f : Ra™ — R/M by f(ra™) =r + M. Since R is reduced,
l(a™) =l(a). It yields f is well-defined. Also f is a left R - homomorphism.
So f can be extended to a left R - homomorphism ¢g : R — R/M. Thus
14+ M = f(a") = g(a™) = a™g(1) = a™(b+ M) for some b € R, that is,
1 —a"b € M and hence b — ba"b € M. Also ba™ € Ra implies ba" € M.
Since M is a GW - ideal there exists some k > 0 such that (ba™)*b € M.
Then (ba™)*~'b = (ba")*~1(b — ba™b) + (ba™)*b € M. Continuing in this
manner, we have, (ba™)b € M. Thus b = b — ba™b + ba"b € M. Then
a"b € M. Hence 1 =1 —a"b+ a"b € M which contradicts that M is a
maximal left ideal of R. Thus I(a) + Ra = R for all a € R which yields that
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y+za=1for somey € l(a) and z € R which again implies xa? = a. Hence
R is strongly regular.
(3) implies (1):- We first prove that R is reduced. If R is not reduced, then
there exists some 0 # a € R such that a® = 0. Since R is semiprimitive,
a ¢ K for some maximal right ideal K of R. So K + aR = R which yields
aK = aR since a®> = 0. This gives a = ak for some k € K. By hypothesis,
K is a GW-ideal so there exists a positive integer n such that ak™ € K. So
a=ak=ak?®=...=ak"™ € K, a contradiction. Therefore R is reduced.
Hence [(b) = r(b) is an ideal of R for every b € R. Suppose l(a)+aR # R
for some a € R, then [(a) +aR C M for some maximal right ideal M of R.
Since M is GW-ideal, Ra" C M for some n > 0. Hence I(a) + Ra"R C M.
Then l(a) + Ra™R C L for some maximal left ideal L of R. Since R is a left
GP — V-ring, the simple left R-module R/L is Y .J- injective. Therefore
there exists a positive integer m such that (a")™ # 0 and any left R -
homomorphism from R(a")™ to R/L extends to one from R to R/L. Define
f:R(a™)™ — R/Lby f(r(a™)™) = r+L. Since R is reduced, [(a")™ = l(a).
This yields f is well-defined. Also f is left R-module homomorphism. So
f can be extended to a left R - homomorphism g : R — R/L. Thus we
get 1+ L = f((a")") = g((a")") = (a")"g(1) = (a")™(b+ L) for some
b € R. Therefore 1 — (a™)™ € L. But (a")"b € Ra"R C L. So 1 =
1—(a™)™b+ (a™)™b € L, a contradiction. So l(a) + aR = R for all a € R.
Hence d+ax = 1 for some d € [(a), z € R. This implies da+azra = a. So R
is regular. This together with R is reduced implies R is strongly regular. [
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Corollary 2.8.9. ([14], Corollary 2.3) The following conditions are equiva-
lent for a ring R:

(1) R is strongly regular.
(2) R is aleft quasi-duo ring whose simple right modules are Y J—injective.

(8) R is aleft quasi-duo ring whose simple left modules are Y J —injective.

2.9 On generalized regular rings and weakly

left (right) ideals

In this section, we study some properties of generalized regular ring as well

as characterize strongly regular ring via weakly one sided ideals.

Definition 2.9.1. A ring R is generalized regular if every left ideal is gen-

erated by idempotents.
Example 2.9.2. (1) A semisimple ring is a generalized regular ring.

Proposition 2.9.3. If R is a generalized regular ring, then R is left non-
singular and the Jacobson radical J(R) = 0.

Proof. Let J(R) = ZRei where each e; are idempotents. Then for each
iel
1€1,e; € ZRei = J(R). So 1—e¢; is a unit. But e; = e?. So e;(1—¢;) = 0.
iel

Therefore e; = 0 for all 3. Thus J(R) = 0.

Let Z(gR) = Z Re; for some idempotents e;. Then for each
iel

i€l,e; € Z(rR). Thus l(e;) = R(1 — e;) is an essential left ideal of R. But
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R(1 —e€;) ® Re; = R. So R(1 — ¢;) is essential implies Re; = 0 and hence
e; = 0. Therefore Z(rR) = 0. O

Definition 2.9.4. An additive subgroup L of a ring R is a weakly left ideal
of R if for every x € L and for every r € R there exists a natural number n
such that (rz)™ € L. The notion of a weakly right ideal of a ring is defined

similarly.

Example 2.9.5. (1) Every left (right) ideal of R is a weakly left (right) ideal

a b c 0 =z O
(2) Let R = 0 a d |:a,bc,deERand K = 000 |:zeR
0 0 a 0 0O

Then for ally € K and r € R, (yr)> =0 € K. So K is a weakly right ideal
of R. But K is not a right ideal of R.

a 0 0
(3) Let R = b a 0 | :a,b,c,d e R} and
c d a
0 00
L= xr 0 0 | :a,b,e,deR . Then L is not a left ideal of R but L
0 00

is a weakly left ideal of R as for ally € L and r € R, (ry)? =0 € L.

Lemma 2.9.6. ([13], Lemma 2 ) Let R be a semiprimitive ring. If every left

annihilator of an element of R is a weakly right ideal of R, then R is reduced.

Proof. Suppose 0 # a € R such that a> = 0. Suppose Ra is not nil and
0 # ba € Ra such that ba is not nilpotent. Since a € I(a) and [(a) is weakly
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right ideal of R, (ab)" € I(a) for some n > 0. So (ab)”a = 0. But this yields
(ba)™*! = b[(ab)™a] = 0 which contradicts that ba is not nilpotent. Thus Ra
is nil. Hence if R is semiprimitive, then Ra = 0 and so a = 0. Therefore R

is reduced. N

Proposition 2.9.7. ([13], Theorem 1) The following conditions are equiva-
lent for a ring R:

(1) R is a strongly regqular ring.

(2) R is a generalized reqular ring whose left annihilator of any element is

a weakly right ideal of R.

(3) R is a generalized regular ring whose right annihilator of any element

1s a weakly left ideal of R.

Proof. (1) implies (2) and (1) implies (3) are trivial.

(2) implies (1):- By Proposition 2.9.3 and Lemma 2.9.6, R is reduced. There-
fore R is a normal ring (that is, all the idempotents are central). Let a € R.
Then R is generalized regular implies Ra = ) Re; for some idempotents e;.
Let a = rie; + raeq + ... + rpe,. It follows that

Ra = R(rie; + rees + ... + mpe,) € Rey + ... + Re, € Ra. Therefore
Ra = Rey; + Rey + ... + Re,. Let fi = e; + e3 — ejeg. Since R is nor-
mal ring, we see that f2 = fi,e1f1 = e1, eaf) = e,

Rfi = R(e; + e3 — e1ez) C Rey + Rey = Rey f1 + Reafy € Rf.

Therefore Rey + Res = Rf;. Also let fy = f1 4+ e3 — fies, ...,

Jrn—2 = fon-3+en1— fnsen-1,6= fra+en— fnaen.

By repeating the above process we have
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Ra = Rf, + Res + Reqs+ ... + Re, = Rfs + Rey + ... + Re,, = .... = Re.
So a = re and e = ba for some r, b € R. This gives ae = re* = re = a.

Therefore a = ea = ba®. Thus R is strongly regular. O

Definition 2.9.8. A ring R is a left (right) P-V-ring or a left (right) SPI-ring
if every simple left (right) R-module is p-injective.

Example 2.9.9. Every semisimple ring is left (right) P-V-ring.

Proposition 2.9.10. ([13], Theorem 2) A ring R is strongly reqular if and
only if R is a left P-V-ring and every maximal left ideal of R is a weakly
right ideal of R.

Proof. Suppose l(a) + Ra # R for some a € R. Then there exists a maximal
left ideal L of R such that l(a) + Ra € L. Now R/L being a simple left
R-module is p - injective (as R is a left P-V- ring). Define f : Ra — R/L
by f(ra) = r + L. Then f is a left R - homomorphism. Hence there
exists a left R - homomorphism ¢g : R — R/L which extends f and so
1+ L= f(a) =g(a) =ag(l) = a(b+ L) for some b € R. That is, 1 —ab € L.
Since L is a weakly right ideal of R and a € L, there exists a positive integer

n such that (ab)™ € L. Since 1 — ab € L we have

ab(1l — ab) = ab — (ab)* € L,

(ab)?(1 — ab) = (ab)* — (ab)® € L,

(ab)" (1 — ab) = (ab)" ' — (ab)™ € L.
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Therefore (ab)" € L implies that ab € L which further gives 1 = 1 —ab+ab €
L, a contradiction. Hence [(a) + Ra = R for all a € R. This implies that R
is strongly regular.

Converse follows from Proposition 2.2.8. m

Definition 2.9.11. A ring R is an LW - ring (RW- ring) if every left (right)
ideal of R is a weakly right (left) ideal of R.

Example 2.9.12. Every commutative ring is an LW — ring (RW — ring).

Lemma 2.9.13. ([13], Lemma 3) Suppose R is an LW - ring (RW - ring)
and I be an ideal of R. Then R/I is also an LW - ring (RW — ring).

Proof. Let A be a left ideal of R/I. Then A = L/I for some left ideal L of
Rsuch that L D I. Let x+1 € L/I and r+ 1 € R/I. Since L is weakly
right ideal of R, there exists a positive integer n such that (zr)" € L. So
(x+1I)(r+1)" € L/I. This implies R/I is an LW - ring. O

Theorem 2.9.14. ([13], Theorem 6) The following conditions are equivalent
for a ring R:

(1) R is a strongly reqular ring.
(2) R is an LW, left GP — V -ring.
(8) R is an RW, right GP — V -ring.

Proof. (1) implies (2) and (1) implies (3) follows from Proposition 2.1.14 and
Lemma 2.2.4.
(2) implies (1):- We first prove that R is reduced. Suppose 0 # a € R such

87



that a®> = 0. By Zorn’s lemma, there exists a left ideal L of R such that L C
Ra and Ra/L is a simple left R-module. Since R is a left GP —V-ring, Ra/L
is Y J- injective. Again since a® = 0, the canonical left R - homomorphism
n: Ra — Ra/L can be extended to a left R - homomorphism

f: R — Ra/L. Thus a+ L = n(a) = f(a) = af(1) = aba + L for some
b€ R. That is, a—aba € L. Since R is an LW - ring and a € Ra, there exists
a positive integer n such that (ab)” € Ra. As a*> = 0, (ab)"a = 0. Therefore

(ab)"(a — aba) = (ab)" 'a — (ab)"a = (ab)"'a € L,

(ab)"%(a — aba) = (ab)" %a — (ab)" 'a € L, (ab)" ?a € L,

ab(a — aba) = aba — (ab)*a € L,aba € L,

a = aba + (a — aba) € L.

But this gives Ra = L contradicting Ra # L. Thus R is a reduced ring.
Suppose Ra + l(a) # R for some a € R. Then [(a) + Ra C M for some
maximal left ideal M of R. R/M being a simple left R-module is YJ -
injective. So there exists a positive integer n such that every left R - ho-
momorphism from Ra" to R/M extends to one from R to R/M. Define
f: R — R/M by f(ra™) = r+ M. Since R is reduced, I(a™) = [(a).
This yields f is well-defined. Also f is a left R - homomorphism. So f
can be extended to a left R - homomorphism g : R — R/M. Thus
1+ M = f(a") = g(a™) = a"g(1) = a™(b+ M) for some b € R implying
therefore that 1 — a™b € M. Since R is an LW- ring, M is a weakly right
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ideal of R. So there exists a positive integer ¢ such that (a"b)" € M. Then

a™b(1 — a™b) = a"b — (a™b)* € L,

(a™)*(1 — a"b) = (a"b)* — (a"b)* € L,

(a"b) (1 — a™b) = (a™b)""' — (a"b)" € L.

Thus it follows from (a™b)! € L that a"b € M. But 1 =1 —a"b+a"b € M,
contradicting that M is a maximal left ideal of R. Thus [(a) + Ra = R for

all @ € R. This shows that R is strongly regular. O]

2.10 Some questions

With the help of Proposition 2.5.3, we can think of the following two ques-
tions:

(1) Is R regular if R is an ELT left weakly regular ring?

(2) Is R regular if R is a right weakly regular ring whose every essential left
ideals are GW-ideals?

We know that a ring R is strongly regular if and only if R is left duo, regular
ring ( by Proposition 2.1.14). If we weaken the condition we may get the
following question:

(3) Is R strongly regular if R is a regular ring whose every left ideal is a

GW-ideal?
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Chapter 3

Some Properties of Flat

Modules

In these chapter, we have studied some characterizations of flat modules via

exact sequences; Injectivity of flat modules and vice versa ; SGPF rings.

3.1 Some exact sequences and flat modules

In this section, some characterizations of flat modules via some exact se-

quences are discussed.

Definition 3.1.1. A short exact sequence 0 — M’ — M — M" — 0
of left R-module is pure if L g M/ — L ®r M is a monomorphism for
every right R-module L. Similarly a short exact sequence of right R-modules

is defined to be pure.
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Proposition 3.1.2. ([1], Chapter I, Proposition 11.1) The following proper-

ties of a module rF' are equivalent:
(1) F is flat.
(2) Every exact sequence 0 — M' — M — F — 0 is pure.

(3) There is a pure exact sequence 0 — M’ — M — F — 0 where M

is a flat module.

Proof. (1) implies (2) :- If L is a right R-module, choose an exact sequence

0 — K — H— L — 0 with H free. We get a commutative diagram

0
KoM _ M KeM ™ KoF 0
H7 Ho9 H11
0 HoM - gemt .HeoF 0
s K10 H12
LoM - . romt . LeFr 0
0 0 0

with exact rows and column. We prove that us; is a monomorphism. Let
x € kerpus. Since ug is onto, there exists some y € H ® M’ such that

ps(y) = x. Now ps(us(y)) = pao(us(y)). Then po(ps(y)) = 0. This implies
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us(y) € kerpujp = impug. Therefore there exists some 2 € K ® M such
that jig(z) = ps(y). Now pui(p2(2)) = pa(pe(z)) = paps(y)) = 0. Then
pa(z) € kerpyy. Then pyp is one-one implies po(z) = 0. Therefore z €
ker g = im p;. Then there exists some v € K ® M’ such that u(v) = 2.
Then p3(p7)(v) = po(p1)(v) = po(z) = pa(y). Then pr(v) = y since pg is
one-one. Then 0 = ugur(v) = ps(y) = z. Therefore ker us = 0 and hence pg
is one-one.

(2) implies (3) is obvious (write F' as a quotient of a free module)

(3) implies (1) :- Let 0 — M’ — M — F — 0 be a pure exact sequence
of left R-modules with M flat. We have to prove that F' is flat. Consider

any exact sequence 0 — K — H — L — 0 of right modules. Then we

get a commutative diagram 0
0 KoM _ M  KeM ™ KeoF 0
7 Ho 11
0 HoM — . nemt™ HeoF 0
M8 H10 Hi12
0 LoM -t reom . LeF 0
0 0 0

with exact rows and column. We have to prove that pq; is a monomorphism.
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Let © € kerpuj;. Then pqi(x) = 0. Since ug is onto, there exists some
y € K ® M such that ps(y) = 2. Now pui(p2(y)) = pa(pe(y)). Then
0 = pa(po(y)). So pe(y) € kerpuy = impg. Therefore there exists some
z € H® M’ such that ps(2) = po(y). Now pio(us(z)) = ps(us(z)). Then
0 = u10(po(y)) = ps(ps(z)). Then ps is one one implies pg(z) = 0. Therefore
z € ker g = im 7. Then there exists some v € K ® M’ such that ur(v) = 2.

Now pi5(pr(v)) = po(pa(v)). Then ps(2) = po(pa(v)). Then y = pu(v).
Therefore & = pa(y) = po(p1(v)) = 0. Thus pyy is a monomorphism. O

Lemma 3.1.3. (2], Lemma 3.14) Consider the following commutative dia-

gram of left R-modules with exact rows:

At _p_ 9 _ ¢
o B gl
I q
A/ B/ C/
Then

(1) If a, v, ' are monic, then so is 3.
(2) If o, 7y, g are epic, then so is 3.
(8) If B is monic and o and g are epic, then v is monic.

(4) If B is epic and f' and v are monic, then « is epic.

f g

- M - N - 0 be
an exact sequence of left R-module with N flat. Then L is flat if and only if

M s flat.

Proposition 3.1.4. Let 0 ~ L
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Proof. Let I be a finitely generated right ideal of R. We get a commutative

diagram with exact rows as follows:

IoL 1O  rem 199 1gnN

251 M2 M3

L M N

where pu1(x @ y) = xy, pa(x@m) =am, ua(x@n) =zn,z €1,y € L, m €
M, ne N.
Let L be flat. Then p is monic. Also N is flat implies p3 is monic.
Therefore by Lemma 3.1.3, we get ps is monic. Therefore M is flat.
Conversely, suppose M is flat. Then ps is monic. Also N is flat implies

f g

0 - L - M - N 0

is pure. Therefore [ ® L 1®f I ® M is a monomorphism.

Therefore fu; = pe(1 ® f) is monic. This implies p; is monic. Therefore L
is flat. [l

Lemma 3.1.5. ([2], Lemma 19.18) Let V be a flat left R-module and K be
a submodule of V. Let V' be a left R-module and
K_J _,v_f v 0

0
be exact. Then V' is flat if and only if for all finitely generated right ideal I
of R, IK =KnNIV.

Proof. Let I be a finitely generated right ideal of R. Consider the diagram
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oK _'®1  1ev 1O gy 0
M M1 1
KNIV 7’ N ]VV fliv .V
0

where pu(r @ k) =rk, pi1(r @ v) = ro, pi(r@v') =rv', j, j/ are the inclusion
map and ¢ is identity map. The diagram is commutative and has exact rows.
Since V is flat, py is an isomorphism.
Let V' be flat. Then g is a monomorphism. Therefore by Lemma 3.1.3,
we have p is an epimorphism. So u(I ® K) = KNIV. Hence IK = KNIV.
Conversely, suppose [K = K N IV. Then pu is an epimorphism. But this

implies p} is monic as p; is monic and ¢ ® f is epic. Therefore V’ is flat. [

Corollary 3.1.6. Let R be a ring and I be a left ideal of R. Then R/I is
flat left R-module if and only if for all a € I, there exists some b € I such
that a = ab.

Proof. Consider the exact sequence 0 — I — R — R/I — 0. Let
R/I be flat left R-module and a € I. As R/I is flat, by Lemma 3.1.5,
(aR)I =IN(aR)R=1NaR. Then al = I NaR. Then a € I NaR implies
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a € al. Therefore there exists some b € I such that a = ab.

Conversely, suppose for each a € I there exists some b € I such that
a = ab. Let K be a finitely generated right ideal of R. We have to prove
that KI =INKR=INK. Clearly KI CINK. Let x € I " K. Then
x € I and x € K. By hypothesis there exists some y € [ such that x = xy.
Therefore x € KI. Thus INK C KI. Hence IN K = K. O

We can similarly prove the following:

Corollary 3.1.7. Let R be a ring and I be a right ideal of R. Then R/I is
a flat right ideal of R if and only if for each a € I there exists some b € I
such that a = ba.

Lemma 3.1.8. ([3], Lemma 3.38) Let 0 — K — F — B — 0 be an
exact sequence of left R-module where F' is free with basis T = {x; : j € J}.
Let v = rixj +roxj, +- - - +1xj, be an element of F' and I,, be the right ideal

generated by r1, r9,..., ry. Then B s flat if and only if for each
ve K,ve LK.

Proof. Suppose B is flat. Then [,K = KNI,F. Sincev e KNI,F, v el K.

Conversely, let I be a left ideal of R. We have to prove that IK = KNIF.
Let x € IK. Then K C F impliesx € KNIF. So IK C KNIF. If
v € KN IF, then by hypothesis, v € I,K. Also v € IF implies v =

rixj, + rexj, + - + 1@, where vy, ro,. ., 1 € I, x4, Ty, ..., x5, € T
Thus we have I, =R+ 1R+ ---+ 1R C I which yields v € LK C IK.
Therefore K N IF C I K. Hence we have IK = KNIF. ]
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Theorem 3.1.9. (Villamayor) ([3], Theorem 3.39) Let
0 — K — F — B — 0 be an exact sequence of left R-module where F

1s free. The following are equivalent:
(1) B is flat.

(2) For every v € K, there exists a left R - homomorphism 6 : F — K
with O(v) = v.

(8) For every vy, vy,. .., v, € K, there exists a left R - homomorphism

0: F — K with 0(v;) = v; for eachi=1,2,...,n.

Proof. (1) implies (2):- Let T'= {z; : j € J} be abasis of F'and v € K. Then
v =1r1xj +roTj, + -+ 125, where ry, ro, ..., 1 € R, x4, Xy, ..., w5, €T
Let I, =riR+roR+---+r,R. Now B is flat implies v € I, K. So

k

v = ka‘/\, rx € I,, ky € K. Now ry € I, implies r, = st,\i for some
A i=1

sy; € R for each A. Then v = Zr,\k,\ = Z (Z ris,\Z) ky = Zriki'

A A ) %

where k;" = ZS,\”CA € K.

Define 0 : F /\—> K by 0(z;,) = k] for each i = 1,2,...,¢ and 6 sends all
other basis elements of F' into 0. Then 6(v) = v.

(2) implies (1) :- Let v € KN L,F and v = Liy; + loys + - - - + LnYm Where
l; €l,,y, € Fforeacht=1,2,..., m.

Let 6 : FF — K be a left R - homomorphism such that #(v) = v. Then
v="~0(w)=0L60(y1)+ 10(y2) + -+ 1,0(ym) € I, K. This proves that B is
flat.

(3) implies (2) is trivial.

97



(2) implies (3):- We prove by induction on n. By hypothesis, the result is
true for n = 1. Assume n > 1 and consider the elements vy, vs, ..., v, € K.
By hypothesis, there is a map 6, : FF — K such that 6,(v,) = v,. Define
v, € K by v] = v; — 0,(v;) for each i =1, 2, ..., n — 1. By induction, there
is a map 0" : F — K with 6'(v)) = v} for each i =1, 2, ..., n — 1. Finally,
let 0 =1p — (1p —0')(1p — 60,). Then 0 : FF — K. Also

0(vn) = (1r = (1p = 0')(1p — 0p))(vn) = vn — (1 = ") (vn — O (vn))

=v, — (1p — 0") (v — vn) = Uy

Foreachi=1,2, ..., n—1,

0(vi) = (1p — (1p = 0)(1p — 0p))(vi) = vi — (Lp — 0")(v; — On(v3))

=v,— (1p —0")(v)) = v; — v, + 0'(v)) = v; — v} + V] = v;. O

Definition 3.1.10. A module M is finitely related if there is an exact
sequence 0 — K — F — M —— 0 where F' is free and both F and K

are finitely generated.
Example 3.1.11. A finite dimensional vector space is finitely related.

Corollary 3.1.12. ([3], Corollary 3.40) A finitely related flat module g M is

projective.

Proof. gM is finitely related implies there is an exact sequence

0 — K — F — M — 0 where F'is free and both F' and K are finitely
generated. Let vy, vg,...., v, be the generators of K. By Theorem 3.1.9,
there is a left R - homomorphism 6 : ¥ — K such that (v;) = v;. Then
0j(v;) = 0(v;) = v; = 1k (v;). This implies 65 = 1x. So the sequence splits
and rM is projective. O]
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Remark 3.1.13. By using Theorem 3.1.9, Corollary 3.1.6 can be proved as
follows:
Consider the exact sequence
0 — [ — R— R/I — 0. Let g(R/I) is flat. Then by Theorem 3.1.9,
for each a € I there exists a homomorphism ¢ : R — I such that 6(a) = a.
Then af(1) = a. So a = ab where b=0(1) € I.

Conversely, suppose a € I and there exists some b € I such that a = ab.
Define  : R — I by 6(r) = rb. Then 6(a) = ab = b. Thus by Theorem
3.1.9, r(R/I) is flat.

Theorem 3.1.14. If R is left Noetherian, then every finitely generated flat

left R-module M 1is projective.

Proof. Since pM is finitely generated, M is isomorphic to a quotient of R"
for some n > 0. Let M ~ R"/K. Then the sequence

0 — K — R" — M — 0 is exact. For a left Noetherian ring R, we
know that every submodule of a finitely generated left R-module is finitely
generated. Then K is finitely generated. Then M is finitely related. Since a
finitely related flat R-module is projective, M is projective. O

3.2 Flat modules and injectivity

Here, the question of when certain cyclic flat modules of a ring are injective
(and vice versa) is studied. The consequences of the conditions ‘flat’ and

‘injective’ on the simple modules of a ring are discussed.
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Proposition 3.2.1. If I is p-injective left ideal of a ring R, then r(R/I) is
flat.

Proof. Let a € I. Consider the inclusion map j : Ra — [. Since [ is p-
injective, j can be extended to f : R — I. Soa = j(a) = f(a) = af(1l) = ab
where b = f(1) € I. Therefore by Corollary 3.1.6, z(R/I) is flat. O

Lemma 3.2.2. ([16], Lemma 1.2) Let A be an ideal of a ring R. If R/A is
left R-flat and B is any right ideal of R such that B C A or B+ A = R,
then R/A is B-complete.

Proof. Let f: B — R/A be any right R-homomorphism. Let B C A and
x € B. Since g(R/A) is flat, there exists some y € A such that = xy. Then
f(z) = f(zy) = f(x)y = 0 as y is in A. Hence f = 0 and hence f can be
trivially extended to a right R-homomorphism R — R/A. If B+ A = R,
then there exists some b € B and a € A such that b+ a = 1. Therefore for
all x € B, bx 4+ ax = x. So f(x) = f(bx) + f(ax). Since ax € A and r(R/A)
is flat, there exists some t € A such that az = (ax)t. Since ax is in B we get
flazx) = f(axt) = f(ax)t = 0. Therefore f(z) = f(bx) = f(b)x.

Hence f can be extended to a right R-homomorphism R — R/A. O]

Lemma 3.2.3. ([16], Lemma 1.3) Let A be a maximal right ideal of R which
is two-sided. If R/A is pR-complete for each p in R, then R/A is left R-flat.

Proof. 1t is sufficient to prove that a € aA for all a € A. Consider the
epimorphism f : R/A — aR/aA defined by f(r + A) = ar + aA for all
re R If f =0, then aR = aA. Then a € aA. Suppose f # 0. Then
ker f = {0} (Since R/A is simple right R-module) and so f is an isomorphism.
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Therefore g(R/A) is aR-complete implies aR/aA is aR-complete. Thus the
right R-homomorphism ¢ : aR — aR/aA defined by g(ar) = ar + aA for
all » € R can be extended to a right R-homomorphism h : R — aR/aA.
So a + aA = g(a) = h(a) = h(1)a = (ar + aA)a for some r € R. That is,

a —ara € aA. But ara € aA so that a € aA. This completes the proof. [

Proposition 3.2.4. ([16], Proposition 1.4) Let A be a mazimal right ideal

of R which is two sided sided, then following are equivalent:
(1) R/A is left R-flat.
(2) R/A is right R-injective.
(3) R/A is pR-complete for each p in R.

Proof. (1) implies (2) :- Let R/A be left R-flat. Let 0 # B be a right ideal of
R. Then A+ B = R. Then R/A is B-complete by Lemma 3.2.2. Therefore
R/A is injective right R-module.

(2) implies (1):- If (R/A)g is injective, then R/A is pR-complete for each p
in R. Then by Lemma 3.2.3, R/A is left R-flat.

(2) implies (3):- Trivial.

(3) implies (1):- Follows from Lemma 3.2.3. O

Definition 3.2.5. Let A be a right ideal of a ring R. Then the set
A={xr € R|xzAC A} is the idealizer of A in R.

Remark 3.2.6. (1) Let z € A, y € A. Then 24 C A, yA C A. So
(x —y)A C (zA—yA) C A So (z —y) € A. Also (xy)A C vA C A. Hence
ry € A. Therefore A is a subring of R.
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(2) Clearly A C A. Since A is a subring of R and A is a right ideal of R, A
is a right ideal of A. Let x € A, r € A. Then rA C A. So rx € A. This
implies A is a left ideal of A. Therefore A is an ideal of A.

Proposition 3.2.7. ([16], Proposition 1.5) Let A be a mazximal right ideal
of R. Then R/A is right R-flat < A/A is left A-injective < AJA is Ap-

complete for each p in A.

Proof. Tt is easy to see that R/A is right R flat < A/A is right A-flat. Also
we note that A is a maximal left ideal of A which is two sided. Hence applying

the left analogue of Proposition 3.2.4, the proof can be completed. ]

Corollary 3.2.8. ([16], Corollary 1.6) If M is a simple left R-module over a
commutative ring R, then M 1is flat < M s injective < M is pR-complete

for each p in R.

Proposition 3.2.9. ([16], Proposition 2.1) Let each principal right ideal of
a ring R be projective and A is an ideal of R such that R/A be pR-complete
for each p in R. Then R/A is left R-flat. R/A will also be right R-flat if,

further, R contains no non-zero nilpotent elements.

Proof. Let a € A and g : aR — aR/aA be natural map. Let

f : R/IA — aR/aA be homomorphism defined by f(r + A) = ar + aA.
Clearly f is an epimorphism. Since aR is projective, there exists a homo-
morphism h : aR — R/A such that fh = g. Since R/A is aR-complete,
h extends to a homomorphism h : R — R/A. Let § = fh. Now for
all z € aR, g(x) = f(h(z)) = f(h(x)) = g(x). So g extends g. There-

fore a + aA = g(a) = gla) = g(1)a = (ar + aA)a for some r € R. So
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(a — ara) € aA. Therefore ara € aA implies a € aA. Hence R/A is left
R-flat.
Let R contains no nonzero nilpotent elements. Let a € A. Since R/A
is left R-flat there exists some # € A such that a = ax. So, (a — za)* =
2

a’? — axva — xa® + raxa = 0. Therefore by assumption, @ — xa = 0 which

implies @ = xa. This implies R/A is right R-flat. O]

Corollary 3.2.10. ([16], Corollary 2.2) If R is a commutative ring in which
each principal ideal is projective, then any cyclic module which is pR-complete

for each p in R is flat.

Remark 3.2.11. SPI-rings have analogous, but weaker properties than reg-

ular rings as follows:

Proposition 3.2.12. ([16], Proposition 3.1) Let R be a right SPI-ring.
Then

(1) For each a € R, there is an x in RaR such that a = ax.

(2) For each ideal A in R, (R/A) is left R-flat.

(3) For each mazximal right ideal M of R which is two sided, R/M 1is right
mjective.

Proof. (1) Let a € R. Suppose a # az for every x € RaR. Then a # aRaR.
Let F= {K : K is a right ideal of R, a ¢ K, aRaR C K}. Order F by
inclusion. Then F # ¢ as aRaR € F. Let C be a chain in F. Let B = U D.

DeC
Then B € F and B is an upper bound of C. Therefore by Zorn’s Lemma, F

has a maximal element Ky. Let X = (aR + Ky)/Ky. Now Kj is a maximal

103



submodule of aR + K [for if K; is a submodule of aR + Kj such that
Koy C K1 € aR + Ky, then a ¢ K;. Also aRaR C Ky C K;. So K; € F,
then K is a maximal element of F implies K} = K. Therefore X is a simple
right R-module and hence aR complete by hypothesis. Therefore the natural
map f:aR — (aR+ Ky)/Kj can be extended to g : R — (aR + K))/ K.
Then a+ Ky = f(a) = g(a) = g(1)a = (ar+ Ko)a for some r € R which gives
(a —ara) € Ky. But ara € K, implies a € K, a contradiction. Therefore
a = az for some x € RaR.

(2) Let a € A, from (1), there exist x € RaR C A such that a = ax. This
implies R/A is flat left R-module.

(3) From (2), R/M is flat left R-module. This implies R/M is injective right
R-module by Proposition 3.2.4. O]

3.3 SGPF rings
In this section, we study some characterizations of strongly regular ring via
SGPF ring.

Definition 3.3.1. A ring R is a left SPF ring if every simple left R-module

is either p-injective or flat.

Definition 3.3.2. A ring R is a left SGPF ring if every simple left R-module

is G P-injective or flat.
Example 3.3.3. A semisimple ring R is a left SPF (SGPF) ring.

Proposition 3.3.4. Let f : R — R’ be a ring homomorphism and S be a
left R module which is left R - flat. Then S is left R’ - flat.
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Proof. Let g : M' — M be a monomorphism of right R’ module. Define
g : My — Mg by ¢'(2') = g(«’). Then for all 2’ € M’y € M',r € R,
9@ +y) = g(@'+y) = g(a')+9(y'). Also g'(z'r) = g'(a'f(r)) = g(a'f(r)) =
g(@)f(r) =g (@) f(r) = ¢ («')r. Also kerg’ = kerg = 0. Thus ¢ is a right
R monomorphism. Then S is left R - flat implies

g RId: M'"®r S — M ®g S is a monomorphism.

Claim:- g ® Id : M' ®g S — M ®Qp/ S is a monomorphism.

Let » 2’ @y € ker(g ® Id). Then (g9 ® Id) <Zx’®y = 0. Then
=1

i=1

i=1 i=1

Zg(x’) ® y = 0. This implies Zg’(x Ry)=0= (¢ ®Id) (Z(m’ ® y)).

So Z(a:’ ®y) = 0. Thus S is left R’ - flat. O

i=1
Lemma 3.3.5. ([14], Lemma 2.7) If R is a left SGPF ring and I be an ideal
of R, then R/I is also a left SGPF' ring.

Proof. Let R = R/I and L be a simple left R module. Then L is a simple
left R-module. Since R is a left SGPF ring, L is a flat left R-module or
left G P-injective. If L is flat left left R-module, then L is flat left R module
by Proposition 3.3.4. If L is left GP - injective, then for any @ € L there
exists a positive integer n such that any left R - homomorphism from Ra"
to L extends to one from R to L. Let f : Ra® — L be any left R ho-
momorphism and 7 : Ra® — Ra be the canonical homomorphism. Now
f can be viewed as an R - homomorphism and f' = fn : Ra" — L is
a left R - homomorphism. So f can be extended to a left R - homomor-

phism from R to L. Hence f(a”) = a"b for some b € L. This implies
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f(an) = f(nla™) = f'(a™) = a"b = @b which implies that L is a GP
injective left R module. Therefore R = R/I is a left SGPF ring. [

Theorem 3.3.6. ([14], Theorem 2.8) Let R be a left SGPF ring. If every
mazximal left ideal of R is a GW-ideal, then R/ J(R) is strongly reqular.

Proof. Let B = R/J(R), then J(B) = 0. Let M be a maximal left ideal of
B, then M = L/J(R) for some maximal left ideal L of R. By hypothesis
L is a GW-ideal of R and hence M is a GW-ideal of B. Therefore B is a
reduced left SGPF ring. If for any @ € B, Ba+l(a) # B, then there exists
a maximal left ideal L of B such that Ba+1(a) C L. So B/L is a simple left
B-module and hence is GP - injective or flat. Suppose B/L is GP - injective
and n > 0 be an integer such that every left B-homomorphism from Ba™ to
B/L can be extended to a left B - homomorphism from B to B/L. Consider
the left B-homomorphism f : Ba™ — B/L given by f(ba") = b+ L. Since
B is reduced, [(a") = l(a) € L. This yields f is well-defined. Also f is left
B - homomorphism. Hence f can be extended to a left B - homomorphism
g: B — B/L. Sol+ L = f(a") = g(a") = a™¢(1) = a"c + L for some
¢ € B and therefore 1—a"c € L. Since L is a GW-ideal there exists a positive

integer k such that (ca™)*c € L. Thus we get
(ca™)* e = (ca™) (e — ca™c) + (ca™)c € L.

Proceeding in this manner we get ca"c € L. Hence ¢ = ¢ — cac + ca”c € L.
Then a"c € L. This implies 1 = 1 — a”c + a"c € L, a contradiction. If B/L
is flat, then there exists b € L such that a = ab. This implies 1 — b € r(a) =
l(a) C L. Therefore 1 =1—b+b € L, a contradiction. Hence Ba+1(a) = B

for all b € B. This implies B is strongly regular. O
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Corollary 3.3.7. ([14], Corollary 2.9) If R is a left quasi-duo left SPF ring,
then R/J(R) is strongly regular.

Theorem 3.3.8. ([14], Theorem 2.10) Let R be a left SGPF ring. If every
maximal right ideal of R is a GW-ideal, then R/J(R) is strongly regular.

Proof. Let B = R/J(R). Then B is reduced as in Theorem 3.3.6. If

c¢B +1(c) # B for some ¢ € B, then ¢B + [(c¢) C L for some maximal right
ideal L of R. Since L is a GW-ideal and ¢ € L there exists a positive integer n
such that Bc® C L. Hence Bc"B C L. Therefore there exists a maximal left
ideal M of B such that Bc"B+1(c) C M. So B/M is a simple left B-module
and hence is GP - injective or flat. Suppose B/M is GP - injective, let k be
a positive integer such that every left B-module homomorphism from B(c")*
to B/M extends to one from B to B/M. Define f : B(c")* — B/M by
f(b(c™)*) = b+ K. Since B is reduced, [((c*)*) = I(c"). This yields f is
well-defined. Let g : B — B/M be a left B-homomorphism which extends
f- Then 1 + K = f(c")* = g(c")* = (¢")*g(1) = (¢")*(d + M) for some
de B. Sol—(c")*d € M. But (c")*d € Bc"B C M. Hence

1 =1-(c")*d+ (c")*d € M which contradicts that M is a maximal left
ideal of B. If B/M is flat, then there exists ¢ € M such that ¢" = ¢"q, then
1—qger(cd)=I1(c")=1(c) C M. This implies 1 =1— ¢+ ¢ € M which is a
contradiction. Hence ¢B +{(c) = B for all ¢ € B. This implies B is strongly

regular. O
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Chapter 4
SF-Rings

It is well known that a ring R is regular if and only if every cyclic left (right)
R-modules are flat. In 1975, Ramamurthy weakened the condition and asked
the question whether a ring over which all simple left (right) modules are flat
(that is, a left (right) SF-ring) is necessarily regular. This question is still
open despite the work done in the positive direction by different authors
over the last three and a half decades. In this chapter, basically we study

regularity and some other properties of SF-rings.

Definition 4.0.9. A ring R is a left SF-ring if every simple left R-module
is flat. Similarly a ring R is defined to be a right SF-ring.

Example 4.0.10. A von Neumann regular ring is left (right) SF-ring (by
Proposition 2.1.12).
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4.1 Central localizations of SF-rings

In this section, we study some properties of centre of SF-rings; ‘Simple implies
flat” property with respect to central localizations; Quasi perfect SF-rings;

Semilocal SF-rings.

Proposition 4.1.1. ([16], Proposition 3.2) Let R be a ring such that the left
annihilator of any element of R is also a right ideal. If R is a right SF-ring,

then R s regular.

Proof. Let a € A, by hypothesis, [(a) is a right ideal. If I(a) + aR # R, then
there exist a maximal right ideal M of R such that l(a) + aR C M. Since
R is right SF, the simple right R-module R/M is flat. Then a € M implies
there exists some b € M such that @ = ba. Then 1 —b € I(a) C M. But
this implies 1 € M, a contradiction. Therefore I(a) + aR = R. Therefore
1 = z+ar for some = € [(a) and r € R and so, a = ax + ara. Hence a = ara

(Since ax = 0). Thus R is regular. O
Corollary 4.1.2. A reduced right SF-ring R is strongly reqular.

Proof. Since R is reduced, l(a) = r(a) for every a € R. Therefore by Propo-
sition 4.1.1, R is regular. This implies R is strongly regular, as R is re-

duced. O

Proposition 4.1.3. ([16], Proposition 3.3) The centre of any right (left) SF

-ring 1s von Neumann reqular.

Proof. Let R be a right SF-ring and C' be its centre. Let a € C, then [(a)

is an ideal of R. By the proof of Proposition 4.1.1, a = ara for some r € R.
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Now just as in the proof of the fact that centre of a von Neumann ring is

regular, we can prove that a?r® € C and a = a(a*r?)a. O

Corollary 4.1.4. A commutative right (left) SF-ring is von Neumann reg-

ular.

Proposition 4.1.5. ([17], Proposition 3.1) Let R be a left SF-ring and M
be a maximal left ideal of R. Then M is a flat left R-module.

Proof. Consider the exact sequence 0 — M — R — R/M — 0. Since
R is left SF, r(R/M) is flat. Also R is flat left R-module. Therefore by
Proposition 3.1.4, M is flat. O]

Proposition 4.1.6. ([17], Proposition 3.2) Let f : R — R’ be an onto
homomorphism of rings. If R is a left SF-ring, then R’ is also a left SF-

Ting.

Proof. Let S be a simple left R module. Then S is also a simple left R-
module. But R is left SF implies rS is flat. Then g/ S is flat by Proposition
3.3.4. Therefore R’ is a left SF-ring. O

Corollary 4.1.7. If R is a left SF-ring and I be an ideal of R, then R/I is
also a left SF-ring.

Proposition 4.1.8. ([17], Proposition 3.4) Let R be a ring with centre C'.

Consider the following conditions:
(1) R is a left SF-ring.

(2) For each mazimal ideal m of C the localization R, (= S™'R, where
S =C—m)is aleft SF-ring.
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Then (1) implies (2). If R is finitely generated as a C-algebra, then (2)
implies (1).

Proof. (1) implies (2):- We have C' is regular (since centre of a left SF-ring
is regular). Thus for each maximal ideal m of C' the natural homomorphism
R — R,, is onto. Then R,, is a left SF-ring by Proposition 4.1.6.
Conversely, suppose R is a finitely generated C-algebra. Then

R = C[xy,xg, ....x,] for some x1,29,..., z, € R.
Claim:- For any multiplicatively closed subset S of C,
Centre (S™'R) = S™!C.

Clearly S™'C' C centre (S™'R). Let T ¢ centre (S7'R). Then for all

s

L= SR, TY _ T _ T _ YT o0 T ¢ centre S~ R. Thus for
1t st t s t1 1

all y € R, %% = %% In particular for all z;, 7 = 1,2,..., n, %% = %%

So for each i, there exists some u; € S such that w;(zx; — x;x) = 0. This

implies if u = wuy...uy, u(xx; — x;x) = 0. Thus wrxr; = z;ux. Thus

R = Clzy, 9, ...z, implies ux € C. This again gives % = % e ST1C.

Thus centre (S™1R) = S7'C. This proves the claim.

From the above claim, for each maximal ideal m of C, centre (R,,) = Cp,.
So whenever R, is left SF' we have (), is regular. Therefore by Theorem
2.6.4, C'is regular. Let S be a simple left R-module. Consider the left R-
homomorphism f : S — S,,. As C is regular, f is onto. Again S is simple
implies ker f = 0, or S. But f is onto implies ker f # S. So ker f = 0.
Thus S ~ §,, as left R-module. Therefore S,, is simple left R-module which
implies .5, is simple as left R,, module and hence is flat as left R,, module.

This implies S is left R- flat. O
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Definition 4.1.9. A ring R is left quasi-perfect if each finitely generated flat

left R-module is projective.

Example 4.1.10. A left Noetherian ring R is left quasi-perfect (by Theorem
3.1.14).

Proposition 4.1.11. ([17], Proposition 3.6) Let R be a left quasi-perfect left

SF-ring. Then R is a semisimple ring.

Proof. Let R be a simple left R-module. As R is left quasi-perfect, S is

projective. Hence R is semisimple ring. O
Corollary 4.1.12. A left quasi-perfect, left SF-ring ring R is reqular.

Theorem 4.1.13. ([17], Theorem 3.8) Let R be a ring which is finitely gen-

erated as a module over its centre. If R is left SF', then R is reqular.

Proof. Let m be a maximal ideal of C' which is a regular ring. Then C,, is
a field. Then R,, being a finite dimensional C,,, algebra, is a left Noetherian
ring. By 4.1.8, R,, is left SF" and hence by 4.1.11, R,, is regular. Thus R is
regular by Theorem 2.6.4. ]

Definition 4.1.14. A ring R is semilocal if R/Rad(R) is semisimple.
Proposition 4.1.15. For a ring R, consider the following two conditions:

(1) R is semilocal.

(2) R has finitely many maximal left ideals.

We have in general (2) implies (1). The converse holds if R/Rad(R) is

commutative.
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Proof. Let mq, ma, ....,mp be maximal left ideals of R. Then

k k

m m; = Rad(R). Consider the map defined by 6 : R — @ R/m; by
i=1 i=1

0(r) = (r +my,r +ma,....r +my). Since m; and m; are coprime

(that is, m; +m; = R) for each i # j, 6 is surjective. Also ker§ = Rad(R).
k

Thus R/Rad(R) ~ @R/ml which is semisimple. Thus R/Rad(R) is a
semisimple ring. -

Conversely, suppose R is semilocal. Then R/Rad(R) is semisimple. Since
R/Rad(R) is also commutative, by Wedderburn’s structure theorem,
R/Rad(R) ~ K X Ky X -+ x K, for some fields Ki, Ks, ...., K,,. Therefore
there exists finitely many maximal left ideals of R/Rad(R) say
w1/ Rad(R), po/Rad(R), ..., i/ Rad(R) where pq, pa, ...., py are some ideals
of R containing Rad(R).

Claim:-p, pto, ..., py are the only maximal left ideals of R.

Suppose there exists a maximal left ideal p of R such that p # p; for all
i=1,2,....,0. Then p O Rad(R). So u/Rad(R) is a maximal left ideal of
R/Rad(R). Then pu/Rad(R) = p;/Rad(R) for some i = 1,2, ....; [. So pu = p;
for some ¢, a contradiction. This proves the claim. Therefore R has finitely

many maximal left ideal. [
Example 4.1.16. (1) Any local ring is semilocal.
(2) Any finite ring is semilocal.

Proposition 4.1.17. ([17], Proposition 3.15) A semilocal left SF-ring is

semisimple.
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Proof. Suppose R is semilocal left SF-ring. Then R/Rad(R) is semisimple
and therefore flat left R-module (since R is left SF-ring). Let a € Rad(R).
Then R/Rad(R) is flat implies there exists some b € Rad(R) such that
a = ab. Hence a(l —ab) = 0. As b € Rad(R), 1 — b is a unit. Therefore
a =0. Thus Rad(R) = 0 and R is a semisimple ring. O

Corollary 4.1.18. A semilocal left SF-ring is reqular.

4.2 On quasi-duo SF-rings

In this section, some properties of left (right) quasi duo-rings are studied as
well as some characterizations of left (right) quasi-duo SF-rings are given.

Also the strong regularity of LW (RW) SF-rings is investigated.

Proposition 4.2.1. ([17], Proposition 4.4) Let R be a left quasi-duo ring.
Then R/Rad(R) is a reduced ring.

Proof. Let {m; : i € I} be the family of maximal left ideals of R.

Let f : R — IIR/m; be canonical map. Then ker f = Rad(R). There-
fore the map ¢g : R/Rad(R) — IIR/m; given by g(r + Rad(R)) = f(r) is
well-defined left R monomorphism. Now R is left quasi-duo implies m; is a
maximal ideal for each ¢. Thus R/m; is a division ring and hence strongly

regular. Therefore IIR/m; is strongly regular and hence reduced. Therefore

R/Rad(R) is reduced. O
Corollary 4.2.2. A semiprimitive left quasi-duo ring is reduced.

Proposition 4.2.3. Let R be a left or right quasi-duo ring. Then R is left
weakly reqular if and only if R is right weakly regular.
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Proof. Assume R is left (or right) weakly regular. Then R is semiprimitive
and hence is reduced by Proposition 4.2.1. So R is right (or left) weakly

regular. 0

Definition 4.2.4. A ring R is a left (right) V-ring if every simple left (right)

R-module is injective.
Example 4.2.5. Every semisimple ring R is left (right) V-ring.
Proposition 4.2.6. A commutative reqular ring is left (right) V-ring.

Proof. Let R be a commutative regular ring and .S be a simple left R-module.
Then S ~ R/M for some maximal ideal M of R. Since R is regular, (R/M)g
is flat. Then r(R/M) is injective by Proposition 3.2.4. O

Proposition 4.2.7. ([17], Proposition 4.7) The following conditions are

equivalent for a left quasi-duo ring R:
(1) R is left weakly regular.
(2) R is a left V-ring.
(3) R is a left SPI-ring.
(4) R is strongly regular.

Proof. (1) implies (2):- Let S be a simple left R-module. Then S ~ R/M for
some maximal left ideal M of R. As R is a left quasi-duo, M is an ideal of R.
Let x € M. As R is left weakly regular, Rxr = RxRz. So there exists some
y € RxR such that z = yx. So R/M is a flat right R-module. Therefore
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R/M is an injective left R-module, that is, S is left R-injective and hence R
is a left V-ring.

(2) implies (3) is trivial.

(3) implies (4):-We shall first show that R is semiprimitive. Suppose Ra #
(Ra)?* for some a € J(R), then 0 # Ra/(Ra?) is a finitely generated left
R-module and hence has a maximal element ;1/(Ra?). Now Ra/u is a simple
left R-module so, by hypothesis, Ra/u is p-injective. So there exists a left R-
homomorphism f : R — Ra/p which extends the canonical homomorphism
n: R — Ra/p. Then a+ p =n(a) = f(a) = af(l) = a(ya + p) for some
y € R yielding a + 4 = aya + p. Hence (ay — 1)a € u. But a € J(R)
implies ay — 1 is a unit. Therefore a € . This contradicts Ra # p. Thus
Ra = (Ra)? for all @ € J(R). Then a= Zmiayia for some z; € R, y; € R.

i=1
This implies | 1 — i z;ay; | a = 0. Since a € J(R), 1 — i r;ay; is a unit.
Soa=0. Thus R Zglsemiprimitive. Thus by Corollary 4.i2:.12, R is reduced.
Also by Proposition 3.2.12, and Corollary 3.1.6, it follows that R is left SF.
Thus R is strongly regular by Corollary 4.1.2.

(4) implies (1) is trivial. O

Proposition 4.2.8. ([17], Proposition 4.8) Let R be a left quasi-duo, right

SF-ring. Then R is a left V-ring.

Proof. Let S be a simple left R-module. Then S ~ R/M for some maximal
left ideal M of R. Since R is left quasi-duo M is an ideal of R. As R is right
SF, (R/M)g is flat. So g(R/M) is injective by Proposition 3.2.4. Hence S
is injective. So R is a left V-ring. [
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Proposition 4.2.9. ([17], Proposition 4.9) Let R be a left quasi-duo left
SF-ring. Then R is a right V -ring.

Proof. Let A = R/Rad()R. Since R is left SF, A is a left SF-ring. Also
R is left quasi-duo implies A is left quasi-duo. Again A is semiprimitive, so
A is reduced. Therefore A is strongly regular and hence is right quasi-duo
implying that R is right quasi-duo. Therefore by dual of Proposition 4.2.8,
R is a left V-ring. O]

Theorem 4.2.10. ([17], Theorem 4.10) Let R be a left or right quasi-duo

ring. Then the following are equivalent:
(1) R is a left V-ring.
(2) R is a left SPI-ring.
(3) R is a left weakly regular ring.
(4) R is a left SF-ring.
(5) R is a right V-ring.
(6) R is a right SPI-ring.
(7) R is a right weakly reqular ring.
(8) R is a right SF-ring.
(9) R is a regular ring.

(10) R is a strongly regular ring.
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Proof. Let R be a left quasi-duo ring. The equivalence of (1), (2), (7), (9)
and (10) follows from Proposition 4.2.3 and Proposition 4.2.7 and the trivial
implications (10) implies (9) implies (3). By Proposition 4.2.8, (8) implies
(1) and since (10) implies (8) trivially, we get the equivalence of (1) and (8).
Now (9) implies (4) and (5) implies (6) are trivial. Also (6) implies (7) by
the proof of Proposition 4.2.7. Since (4) implies (5) by Proposition 4.2.9, we
have the equivalence of (4), (5), (6) and (7). This completes the proof.

The theorom can be proved similarly if R is right quasi-duo. [

Theorem 4.2.11. ( [13], Theorem 3 ) The following conditions are equivalent
for a ring R:

(1) R is a strongly reqular ring.
(2) R is an LW left SF-ring.
(8) R is an LW right SF-ring.

Proof. (1) implies (2) and (1) implies (3) are trivial.

(2) implies (1) :- R/J(R) being a semiprimitive LW -ring is reduced by
Lemma 2.9.6. Also R is a left SF-ring implies R/J(R) is left SF-ring.
Therefore by Corollary 4.1.2, R/J(R) is strongly regular. Let M be a maxi-
mal left ideal of R. Then M/J(R) is a left ideal of R/J(R) and thus M/J(R)
is an ideal of R/J(R) (since an strongly regular ring is left and right duo).
Thus M is an ideal of R. Therefore R is left quasi-duo. Thus R is strongly
regular. Hence (2) implies (1).

(3) implies (1) can be proved similarly. O
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4.3 SF-rings with certain chain conditions

Here, it is proved that with some weak chain conditions, left SF-rings are

semisimple or regular.

Definition 4.3.1. A ring R satisfies PDCC* ( descending chain conditions
on principal right annihilators) if there does not exists a properly descending
infinite chain: r(xy) > r(z2) > -+ > r(x,) > ... for any sequence {z,}>°; C
R. Similarly a ring R is said to satisfy *PDCC ( the descending chain
conditions on principal left annihilators), PACC* ( the ascending chain
conditions on principal right annihilators), *PACC ( the ascending chain

conditions on principal left annihilators).

Example 4.3.2. (1) Every right (left) Artinian ring satisfies
PDCC* (FPDCO).

(2) Every right (left) Noetherian ring satisfies PACC* (1t PACC).

Definition 4.3.3. A ring R satisfies left PACC ( ascending chain conditions
on principal left ideals) if there does not exists a properly ascending infinite
chain: Rzy < Rzy < ... for any sequence {x,}>°, C R. Similarly a ring R
is said to satisfy right PACC ( the ascending chain conditions on principal
right ideals), left PDCC' ( the descending chain conditions on principal left
ideals), right PDCC ( the descending chain conditions on principal right
ideals).

Example 4.3.4. (1) Every left (right) Noetherian ring satisfies left PACC
(right PACC).
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(2) Every left (right) Artinian ring satisfies left PDCC' (right PDCC).

Lemma 4.3.5. ([19], Lemma 1.2(1)) Let R be a left SF-ring. For every
x € R, Rr(x) + Rz = R.

Proof. If Rr(x) + Rx # R for some x € R, then there exists a maximal
left ideal M of R such that Rr(z) + Rx C M. Now R is left SF implies
R/M is flat. As x € M, there exists some y € M such that + = zy. Then
l—yer(x) CM. Then 1 =(1-y)+y € M contadicting that M is a
maximal left ideal of R. Thus Rr(z) + Rx = R for all x € R. O

Theorem 4.3.6. ([19], Theorem 1.3) For a left SF-ring R, the following are

equivalent:
(1) R is semisimple.
(2) R is left or right Noetherian.
(8) R/J(R) is semisimple.
(4) R satisfies TPACC.
(5) R satisfies PDCC*.
(6) R satisfies left PACC.

Proof. (1) implies (2) is well known.

(2) implies (3) :- Let R be left Noetherian. As R is left SF, every simple
left R-modules are projective (by Theorem 3.1.14). Then R is semisimple.
Suppose R is right Noetherian. Then R/J(R) is right Noetherian. Let @
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denote the semisimple classical right quotient ring of R/J(R). Let ab™! € Q
where a € R/J(R) and b € R/J(R) and b is a non-zero divisor. Then from
Lemma 4.3.5, (R/J(R))b = R/J(R). So b=' € R/J(R). Then R/J(R)
coincides with its semisimple classical right quotient ring. Therefore R/J(R)
is semisimple.

(3) implies (1) :- If R/J(R) is semisimple, then r(R/J(R) is semisimple.
Then R is left SF' implies r(R/J(R) is flat. Take x € J(R). Then there
exists some y € J(R) such that = zy. That is, (1 — y) = 0. Since 1 —y
is invertible as y € J(R), we have x = 0. Therefore J(R) = 0 and hence R
is semisimple.

(4) implies (1) :- Let M be a maximal left ideal of R. Since R satisfies
LPACC by Zorn’s lemma, the set {I(1—z) : € M} has a maximal element
say [(1 —e).

Claim:- M =[(1 — e), that is, M = Re and ¢* = e.

Let z € (1 —e). Then 2(1 —e) = 0. Thus = ze € M. Then [(1 —
e) € M. Suppose there exists some y € M such that y(1 —e) # 0. Since
y(l—e) = (y—ye) € M and R is left SF, there exists some ¢’ € M such that
y(l—e) =y(l—e)e. Soy =yle+¢e —ee). Denote f =e+¢e —ee € M.
Since 1l — f=(1—-¢e)(1—¢), (1 —e) CIl(1—f). Again y(1 — f) =0, but
y(l —e) #0. So y(1 —e) C I(1 — f). This contradicts the maximality of
[(1 —e). Hence the claim is proved. Then R/M ~ R(1 — e) is projective.
Hence R is semisimple.

(5) implies (1) :- Let M be a maximal left ideal of R.

Claim 1:- For every x € M, there exists an idempotent e, € M such that

T = ze,.
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r(R/M) is flat implies there exists a sequence {x,}>>, C M such that z =
xTT, Ty = T1Toy...,Tp = TpThat,.... This yields r(z) = r(xy) = r(xg) >
.... Then R satisfies PDCC* implies there exists a positive integer n such
that r(z,) = r(x,41). Let e, = x,01. Now z, = x,x,41 implies z,(1 —
Tpi1) = 0. Therefore 1 — z,11 € 7(x,) = 7(2py1). Therefore z,1 = 22,
that is, e, is idempotent. Also r = xx1 = Tx129 = .... = TX1To ... T, = TE,.
This proves claim 1.

Since R satisfies PDCC™ by Zorn’s lemma, the set {r(x) : * € M} has
a minimal element say r(e). From claim 1, we may assume that e is an
idempotent.

claim 2:- M = Re.

If not, then there exists some f € M such that f(1 —e) # 0. Again from
claiml, we may assume without loss of generality that f is an idempotent
and 7(f) is minimal like r(e). Now f(1 —e) = (f — fe) € M. Therefore
there exists some ¢’ € M such that f(1 —e) = f(1 —e)e’. Therefore f =
fle+ € —ee). Since e + € —ee’ € M, from the above assumption we have
re+e —ee) =r(f). Nowe =e(e+ ¢ —ee). Thus r(e+ ¢ —ee’) C r(e)
so that r(f) C r(e). So r(f) = r(e) by minimality of r(e). This implies
r(f) = R(1—e). But this gives f(1—e) = 0, a contradiction. Thus M = Re.
From this claim, R/M ~ R(1 — e) is projective for every maximal left ideal
M of R. Thus R is semisimple.

(6) implies (1) :- Let M be a maximal left ideal of R.

Claim 1:- For every x € M, there exists an idempotent e, € M such that
T = ze,.

R is left SF implies g(R/M) is flat. Therefore € M implies there exists a
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sequence {x,}>2, C M such that © = zxy, 1 = X129, ..., Tfy = TpThi1,-- - -
Since R satisfies left PACC, the sequence Rx C Rx; C Rxy C .... stops
for some n. Therefore there exists some y € R such that x,.; = yx,. So
Tp = TpTpi1 = TpyYTy,. Denote e, = yx,. Then

e2 = (yxn)(yz,) = y(xpyz,) = yr, = €,. Thus e, is idempotent and

T =TT = TT1Tg = +++ = TT1To ... Ty = TL1Ty ... TRYTy = TYT, = Te,

So the claim 1 is proved.

Take e € M such that Re is maximal among all Rz where x € M. From the
above discussion we can take e to be an idempotent.

Claim 2 :- M = Re.

If not, then there exists some f € M such that f # fe. Without loss of
generality, assume f is an idempotent and Rf is maximal like Re. Thus by
exactly dualising the proof of claim 2 in (5) implies (1), we have Re = Rf.
But f # fe implies f(1—¢€) #0. Sol—e ¢ r(f) = R(1—f). So1—e € Re.
Therefore Re # Rf which is a contradiction. Thus M = Re. This proves
claim 2.

So every simple left R-module is projective. Hence R is semisimple.

The implications (1) implies (4), (1) implies (5), and (1) implies (6) are

trivial. O
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4.4 On MERT SF-rings and strongly left (right)
bounded SF-rings

Here, we investigate the regularity of MERT left SF-rings and strongly left
(right) bounded SF-ring.

Lemma 4.4.1. ([22], Lemma 7) Let I be a left ideal of R and Z = Z(grR),
then either INZ =0 or I N Z contains a non-zero nilpotent element. Con-
sequently, if I is reduced, then I is left non-singular R-module and in that

case any essential extension of rl in rR 1s also reduced.

Proof. Suppose that K = I N Z # 0 and K is reduced. If 0 # k € K
there exists some r € R such that 0 # rk € I(k). Then rk* = 0 implies
(krk)? = (krk)(krk) = krk*rk = 0. Since K is reduced, krk = 0. Then
(rk)? = rkrk = 0. So rk = 0 which contradicts that rk # 0. So K is
reduced, that is, K contains no non-zero nilpotent elements.

Now if I is reduced, then gl is non-singular. In this case if gF is an
essential extension of zpI in xR and 0 # b € E such that > = 0. Then
0 # rb € I for some r € R. Now (brb)?> = brb*rb = 0. Since brb € I and I is
reduced, so brb = 0. Then (rb)> = 0 which implies 7b = 0, a contradiction.

Thus F is reduced. O

Corollary 4.4.2. Suppose Z = Z(rR) # 0, then there exists some 0 # z € Z
such that z* = 0.

Proof. Since Z # 0 there exists some 0 # a € Z. Then RaNZ = Ra # 0. So
by Lemma 4.4.1, Ra contains a non-zero nilpotent element. So there exists

some 0 # 2z € Ra such that 22 = 0. O
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Lemma 4.4.3. ([19], Lemma 1.2(2)) If R is a left SF ring, then
Z(Rr) C J(R).

Proof. Let x € Z(Rg). For any y € Z(Rpg), set u = 1 —yz. Then r(u) = 0
[For if z € r(u) N r(yx), then uz = 0, yzz = 0. But since u = 1 — yx
we have (1 —yz)z = 0. This implies z = 0. Since r(yx) is essential right
ideal of R, we have r(u) = 0]. We prove that Ru = R. If not, then there
exists a maximal left ideal M of R such that Ru C M. Since R is left SF,
we have gr(R/M) is flat. Since u € M, there exist some t € M such that
uw = wut. This implies 1 —¢ € r(u) = 0. This implies ¢ = 1 which is a
contradiction. Thus Ru = R, that is, R(1 —yx) = R. Hence z € J(R).
Thus Z(Rg) C J(R). O

Lemma 4.4.4. ([19], Lemma 2.1) Let R be a left SF-ring and J(R)? = 0,
then J(R) = Z(Rpg)

Proof. By Lemma 4.4.3, Z(Rg) C J(R). Suppose there exists some = €
J(R) such that x ¢ Z(Rg). Then there exists some 0 # y € R such that
r(x)NyR = 0. If y € J(R), then zy € J(R)* = 0. This implies y € r(x)
which contradicts r(z) NyR = 0. Thus y ¢ J(R). Therefore there exists a
maximal left ideal M of R such that y ¢ M. But 2y € J(R) C M implies
that there exists some m € M such that xy = zym. So zy(1 —m) = 0. Thus
y(1 —m) € r(x) NyR = 0, that is, y = ym € M, a contradiction. Therefore
J(R) C Z(Rg). Hence J(R) = Z(Rp) O

Proposition 4.4.5. ([19], Proposition 2.2) An M ERT left SF-ring is reg-

ular.
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Proof. Let S = Soc(Rg). Then R/S is left SF. Also R is M ERT implies
R/S is right quasi-duo. Therefore R/S is strongly regular by Theorem 4.2.10.
Then R/S is fully left idempotent and R is an ERT. Assume Z(Rpg) # 0.
Then there exists 0 # x € Z(Rg) such that 22 = 0. Take a maximal right
ideal M of R such that r(z) C M. Then R is left SF and z € r(z) C M
implies there exists some m € M such that z = xm. Then x(1—m) = 0. This
implies 1 —m € r(x) C M. So 1 € M, a contradiction. Thus Z(Rg) = 0.
Then by Lemma 4.4.3, J(R) = 0. This implies R is semiprime. Therefore
S = soc(Rgr) = soc(rR) and S is fully left idempotent. So R/S and S
are fully left idempotent. Hence R is fully left idempotent. Therefore by
Proposition 2.5.3, R is regular. O

Definition 4.4.6. A ring R is strongly left bounded if every non-zero left
ideal of R contains a non-zero ideal of R. A ring R is defined similarly to be

a strongly right bounded ring.
Example 4.4.7. Every commutative ring is left and right bounded ring.

Theorem 4.4.8. ([18], Theorem 3) The following conditions are equivalent
for a ring R:

(1) R is strongly regular.

(2) R is strongly left bounded left SF-ring.
(3) R is strongly right bounded left SF'-ring.
(4) R is strongly left bounded right SF'-ring.
(5) R is strongly right bounded right SF-ring.
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Proof. Obviously (1) implies (2), (3), (4) and (5).

(2) implies (1) :- If Z(grR) # 0, then there exists 0 # a € Z(grR). So
Ra # R. Since R is strongly left bounded, there exists a non-zero ideal
I of R such that I C Ra. This gives r(a) C r(I). We now show that
r(I)+Ra = R. If not, then there exists a maximal left ideal M of R such that
r(I)+Ra C M. Since R is left SF, r(R/M) is flat. Therefore a € M, implies
there exists some b € M such that a = ab. Now 1 —b € r(a) C r(I) C M.
Sol =1—-b+b € M, contradicting that M is a maximal left ideal of R.
Hence r(I) + Ra = R. Therefore there exists some d € r(I) and z € R
such that d + xa = 1. Since I # 0, there exists 0 # u € I. Then ud = 0
and v = wuza. Since za € Z(gR) and Ru # 0, l(xa) N Ru # 0. Let
0 # su € l(xa) N Ru. Then su = suza = 0. This contradicts su # 0.
Hence Z(rR) = 0.

Suppose 0 # a € R, such that a> = 0. Then there exists a non-zero left
ideal L of R such that [(a) @ L is essential left ideal of R [since Z(gR) = 0].
By hypothesis there exist a non-zero ideal K of R such that K C L. Then
KRa C KNRaC KNl(a) = 0. Hence K € KR C l(a) N L = 0. This
contradicts that K # 0. Therefore R is reduced. As R is also left SF', R is
strongly regular.

Similarly (5) implies (1).

Assume (3). Suppose there exist some a € R such that a ¢ Z(Rg), a® €
Z(Rpg). Then there exist a non-zero right ideal K of R such that r(a) @ K C
r(a?). Since R is strongly left bounded, there exists a non-zero ideal I of R
such that I C K. Then a*I C a*K = 0. Thus al C r(a)NI Cr(a)NK = 0.
Hence I C r(a) N K = 0. This contradicts I # 0. This proves R/Z(Rg) is

127



reduced. As R/Z(Rg) is left SF, R/Z(Rg) is strongly regular.

Let L be a maximal left ideal of R, then Z(Rr) C J(R) € L. So
L/Z(Rpg) is a left ideal of R/Z(Rpg). But since R/Z(Rg) is strongly regular,
L/Z(Rpg) is an ideal of R/Z(Rpg). This implies L is an ideal of R. Hence R
is left quasi-duo ring. As R is also left SF', R is strongly regular.

Similarly (4) implies (1). O

4.5 On PCLZ (PCRZ) SF-rings

In this section, we discuss the regularity of PCLZ (PCRZ) left SF-ring.

Definition 4.5.1. A ring R is a PCLZ — ring if every product of two
independent closed left ideal of R is zero. Similarly a ring R is defined to be
PCRZ- ring.

Example 4.5.2. Every field is a PCLZ ring.

Proposition 4.5.3. ([20], Proposition 2) For a ring R, the following condi-

tions are equivalent
(1) R is a PCLZ- ring.
(2) Every product of two independent left ideals of R is zero.

Proof. Obviously (2) implies (1).

Assume (1). Let X and Y be two independent left ideals of R. By Zorn’s
Lemma, the set {/ : [ is a left ideal of R with X C I, INY = 0} has a
maximal element L. By Proposition 1.5.3, L is a closed left ideal of R. In
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the same way, we can find a closed left ideal K of R such that Y C K and
LN K = 0. Then by hypothesis, LK = 0. So XY C LK = 0. This shows
that (1) implies (2). O

Lemma 4.5.4. ([20], Lemma 8) If R is a PCLZ-ring, a € R and a®* = 0,
then a € Z(grR).

Proof. There exist a left ideal L of R such that [(a) & L is essential left
ideal of R. Since a* = 0, we have a € [(a). Hence Ra C I(a). Thus
LRa C Ll(a) = 0. That is, LR C I(a). Therefore L C LR C LNli(a) = 0.
Hence [(a) is essential left ideal of R. Therefore a € Z(gR). O

Lemma 4.5.5. ([20], Lemma 9) If R is a left or right SF-ring. If R/Z(rR)

1s a reduced ring, then R is strongly regular.

Proof. Suppose R is a right SF ring, then proof of (3) implies (1) of Theorem
4.4.8 shows that R is strongly regular.

Now suppose R is a left SF-ring. Then R/Z(gR) is also a left SF-ring.
Since R/Z(grR) is also reduced by hypothesis, we have R/Z(rR) is strongly
regular. Suppose Z(gR) # 0. Then there exists 0 # a € Z(rR) such that
a* = 0.

Claim: r(a) + Z(grR) # R. If not, then1 = b+cforsomeb € r(a), ¢ €
Z(gR). Then a = a(b+c) = ac. Since ¢ € Z(rR), l(c) is essential left ideal
of R. Hence l(c) N Ra # 0. Therefore there exist 0 # ra € Ra such that
rac = 0. So ra = rac = 0, a contradiction. Therefore r(a) + Z(rR) # R.
Then there exist a maximal right ideal K of R such that r(a)+ Z(grR) C K.
Since R/Z(rR) is strongly regular, K/Z(rR) is an ideal of R/Z(rR). Hence

129



K is an ideal of R. Thus there exist a maximal left ideal L of R such that
Z(rR) 4+ r(a) C K C L. Since R is left SF and a € L, so there exist some
d € Lsuchthata = ad. Then1—d € r(a) € L. Thenl = (1-d)+d € L,
a contradiction. Hence Z(gR) = 0. Therefore R is strongly regular.

]

Theorem 4.5.6. ([20], Theorem 10) For a ring R, the following conditions

are equivalent:
(1) R is strongly regular.
(2) R is aleft SF, PCLZ-ring.
(8) R is a right SF, PCLZ-ring.
(4) R is a PCLZ-ring whose every mazximal left ideal is p-injective.

(5) R is a PCLZ-ring whose every mazximal right ideal is p-injective.

Proof. (3) implies (1): Let Z = Z(gR). Since R is right SF', Z C J(R).

we claim that R/Z is reduced. If not, then there exist a ¢ Z such that
a® € Z. Thus there exist a left ideal L of R such that L # 0, l(a) & L C
I(a®) and I(a) & L is essential left ideal of R. Since R is a PC'LZ-ring and
La C I(a), we have L?a = L(La) C Li(a) = 0. Thus L* C LNl(a) = 0.
It follows from [(a)L = 0 that ({(a) @ L)R C (L) # R. Hence there
exists a maximal right ideal K of R such that ({(a) & L)R C K. Since
a*> € Z(rR) C J(R) C K, Risright SF, it follows that there exists b € K
such that a®> = ba®. This means that a — ba € I(a) C K. But since K is a

right ideal, and b € K so ba € K. It then follows that a € K. Therefore
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there exists some d € K such that a = da. That is, 1 —d € l(a) C K.
Then 1 = 1—d+d € K, a contradiction. Thus R/Z(gR) is reduced. Hence
by Lemma 4.5.5, R is strongly regular.

(2) implies (1):- Let Z = Z(rR) we shall show that R/Z is reduced. Let
a ¢ Z such that a* € Z.

We claim that Z + Rr(a) # R.

If not, then 1 = b+ > r; t; for some r; € R, t; € r(a). Then

a=0a~+> 7t i (*)

For each i, (t;a)? = t;(at;)a = 0. So by Lemma 4.5.4, t,a € Z. Again
since ba € Z, it follows from (*) that a € Z, which contradicts that a ¢ Z.
Thus Z + Rr(a) # R. Therefore there exists a maximal left ideal L of R
such that Z + Rr(a) C L. Since R is a left SF, p(R/L) is flat. As a® € L,
there exists some b € L such that a = a*b. So a —ab € r(a) C L. Then as
ab € L, we get a € L. Therefore there exists some ¢ € L such that a = ac.
Sol—cer(a) C L. Hencel = (1—c¢)+c € L, a contradiction. Thus R/Z
is reduced and hence by Lemma 4.5.5, R is strongly regular.

(1) implies (4) and (1) implies (5) follows from Proposition 2.1.14 and Lemma
2.2.4.

(5) implies (3) and (4) implies (2) follows from Proposition 3.2.1. O

Corollary 4.5.7. ([20]) For a ring R, following conditions are equivalent:
(1) R is strongly regular.
(2) R is a left SF-ring such that LN K = LK for all left ideal L, K of R.

(3) R is a right SF-ring such that LN K = LK for all left ideals L, K of
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R.

(4) Every maximal left ideal of R is p-injective and LN K = LK for all
left ideals L, K of R.

(5) Every mazimal right ideal of R is p-injective and LN K = LK for all
left ideals L, K of R.

4.6 SF-rings and W-ideals

In this section, we discuss the regularity of left SF-rings via W-ideals.

Proposition 4.6.1. ([24], Proposition 2.4) If R is a ring whose every com-
plement left ideal is a W-ideal, then R/Z(gR) is a reduced ring.

Proof. Suppose a ¢ Z(rR) such that a* € Z(grR). Then I(a) is not an
essential left ideal of R. Thus there exists a non-zero left ideal L of R such
that [(a) N L = 0. Let L' = LNI(a®). Then L' is a submodule of I(a?).
Since a*> € Z(gR), l(a?) is an essential left ideal of R. So it follows that
L' #0. Now L' nl(a) = LN(a?) Ni(a) = 0. This shows that I(a) is not left
essential in [(a?). Therefore there exists a non-zero left ideal I of R such that
I(a) & I is essential in [(a?). Let K be a complement of [(a) in R such that
I C K. Since I # 0, we can take 0 # b € I. By hypothesis K is a W-ideal
of R. Hence there exists some n > 0 such that " # 0 and b"R C K. Since
b"a € KNl(a) =0,b" € l(a) NI =0 contradicting b™ # 0. Thus R/Z(rR)

is a reduced ring. O
Similarly we can prove the following:
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Proposition 4.6.2. ([24], Proposition 2.5) If R is a ring whose every com-
plement right ideal is a W-ideal, then R/Z(RRg) is a reduced ring.

Proposition 4.6.3. ([24], Proposition 2.6) If R is left SF-ring whose every

complement left ideal is a W-ideal, then R/Z(gR) is strongly regular.

Proof. Follows from Corollary 4.1.2, Corollary 4.1.7 and Proposition 4.6.1.
O

We also have the following proposition:

Proposition 4.6.4. If R is a left SF-ring whose every complement right
ideal is a W-ideal, then R/Z(Rpg) is strongly regular.

Proposition 4.6.5. ([24], Proposition 2.7) If R is a left SF-ring whose every

complement left ideal is a W-ideal, then R is left non-singular.

Proof. Suppose 0 # a € Z(grR). Let T = Z(gR)+1r(a). If T # R, then there
exists a maximal right ideal M of R such that T'C M. By Proposition 4.6.3
R/Z(rR) is strongly regular and hence every one sided ideal of R/Z(grR) is
an ideal. Thus M is an ideal of R. This means that there exists a maximal
left ideal L of R such that M C L. Since R is a left SF-ring, simple left
R-module R/L is flat. Since a € T' C L there exists some b € L such that
a = ab. Therefore 1 —b € r(a) C L. But thisyields 1 = (1 —-b)+be L, a
contradiction. Therefore T'= R. So there exists some u € Z(grR), d € r(a)
such that 1 = u + d. Then @ = au which implies a € (1 — u). Since
lu)ni(l —u) =0 [if z € l(u) N (1 —u), then zu = 0 and & — zu = 0. This
implies © = 0] and u € Z(gR) it follows that (1 —u) = 0. Then a = 0 which
is a contradiction. Therefore Z(gR) = 0. O
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Theorem 4.6.6. ([24], Theorem 2.8) If R is a left SF-ring whose every

complement left ideal is a W-ideal, then R is strongly regular.
Proof. Follows from Proposition 4.6.3 and Proposition 4.6.5. O]

Remark 4.6.7. The theorem also follows from Lemma 4.5.5 and Proposition

4.6.1.

Proposition 4.6.8. ([24], Proposition 2.10) If R is a left SF-ring whose

every complement right ideal 1s a W-ideal, then R s right non-singular.

Proof. Suppose 0 # a € Z(Rg) and T' = Z(Rg)+7(a). If T # R there exists
a maximal right ideal K of R such that ' C K. Since R/Z(Rpg) is left SF
and reduced, R/Z(Rp) is strongly regular. So K is an ideal of R. Therefore
there exists a maximal left ideal L of R such that X C L. Then R is left
SF implies R/L is flat. Since a € Z(Rg) C L there exists some b € L such
that @ = ab. So 1 —b € r(a) C L and hence 1 € L. This contradicts that
L # R. Therefore T'= R. Then 1 = u+ d for some u € Z(Rpg), d € r(a).
Then a = au. Then a(1 —u) = 0. Then u € Z(Rg) C J(R) implies a = 0.
Thus Z(Rg) = 0. O

Theorem 4.6.9. ([24], Theorem 2.11) If R is a left SF-ring whose every

complement right ideal is a W-ideal, then R is strongly regular.
Proof. Follows from Proposition 4.6.4 and Proposition 4.6.8. O

Remark 4.6.10. The theorem also follows from Lemma 4.5.5 and Proposi-

tion 4.6.2.
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4.7 SF-rings and GW-ideals

Here, the regularity of SF-rings via GW-ideals are discussed.

Lemma 4.7.1. ([23]) If R is a left SF-ring whose mazimal right ideals are

G W-ideals, then R is strongly reqular.

Lemma 4.7.2. ([24], Lemma 3.2) If R is a left SF-ring whose maximal
essential right ideals are GW-ideals, then J(R)* = 0.

Proof. Let a € J(R). Then there exists a right ideal K of R such that
J(R)+r(a)® K is an essential right ideal of R. If J(R)+7r(a)® K # R, then
there exists a maximal right ideal M of R such that J(R) 4+ r(a) ® K C M.
So M is an essential right ideal of R. We claim that R/soc(Rpg) is strongly
regular. Let A be a maximal right ideal of R/soc(Rg). Then A = T'/soc(Rg)
for some maximal right ideal 7' of R containing soc(Rg). Then T is an
essential right ideal of R and hence by hypothesis T is a GW-ideal of R.
Thus A is a GW-ideal of R/soc(Rg). Hence by Lemma 4.7.1, we conclude
that R/soc(Rpg) is strongly regular. As soc(Rgr) C M, M is an ideal of R.
Thus there exists a left ideal L of R such that J(R) 4+ r(a) ® K C M C L.
Since R is left SF, the simple left R-module R/L is flat. Since a € J(R) C L,
there exists some b € L such that a = ab. So 1 —b € r(a) C L. Thenl e L
which contradicts that L # R. Thus J(R)+r(a)® K = R. This implies there
exists an idempotent e € R such that J(R) + r(a) = eR. Then u+d = e for
some u € J(R), d € r(a). Therefore au = ae. Since u € J(R) C eR, there
exists some x € R such that v = ex. Therefore eu = eex = ex = u and so

aeu = ae. Therefore ae(l —u) = 0. As u € J(R), ae = 0. Then e € r(a).
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Therefore J(R) C r(a), that is, aJ(R) = 0. Therefore J(R)? = 0. O

Lemma 4.7.3. ([24], Lemma 3.3) If R is a left SF-ring whose mazximal
essential right ideals are GW-ideals, then J(R) C Z(Rpg).

Proof. By Lemma 4.7.2, J(R)?> = 0. Suppose a € J(R) such that a ¢ Z(Rpg).
Then there exists some 0 # b € R such that r(a) NbR = 0. Now b ¢ J(R)
[For if b € J(R), then ab € J(R)?* = 0 which implies b € r(a). Therefore
bR C r(a). Then bRNr(a) = bR # 0, a contradiction]. Therefore b ¢ M
for some maximal left ideal M of R. But a € J(R) implies ab € J(R) C M.
Since R is left SF', R/M is flat. As ab € M, there exists some ¢ € M such
that ab = abc. Thus ab(1 — ¢) = 0. This implies b(1 — ¢) € r(a) NDR = 0.
Thus b = bc € M, a contradiction. Hence J(R) C Z(Rpg). O

Corollary 4.7.4. If R is a left SF-ring whose maximal essential right ideals
are GW-ideals, then J(R) = Z(RRg).

Proof. Follows from Lemma 4.4.3 and Lemma 4.7.3. O

Remark 4.7.5. The corollary also follows from Lemma 4.4.4 and Lemma

4.7.2.

Proposition 4.7.6. ([24], Proposition 3.4) If R is a left SF-ring whose
mazimal essential right ideals are GW-ideals, then J(R) = 0.

Proof. We have R/soc(Rpg) is strongly regular by the proof of Lemma 4.7.2.
Thus J (R/soc(Rg)) = 0 and so J(R) C soc(Rg). Let 0 # a € J(R). By
Lemma 4.7.3, a € Z(Rg). Hence a € J(R) C soc(Rg) C r(a) # R. From
the strong regularity of R/soc(Rg) we have that r(a) is an ideal of R. Hence
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there exists some maximal left ideal L of R such that a € J(R) C soc(Rg) C
r(a) C L. Since R is left SF, R/L is flat. As a € L, there exists some b € L
such that a = ab. This shows that 1 —b € r(a) € M and hence 1 € M, a
contradiction. Thus J(R) = 0. O

Theorem 4.7.7. ([24], Theorem 3.7) If R is a left SF-ring whose mazximal

essential right ideals are GW-ideals, then R is regular.

Proof. By Proposition 4.7.6, R is semiprime. By Corolarry 1.10.11, soc(gR) =
soc(Rgr) = S (say). By Proposition 1.10.13, S is fully left idempotent. Also
R/S is strongly regular implies R/S is fully left idempotent and R is an
ERT. Since R/S and S are fully left idempotent, R is fully left idempotent.
Therefore by Proposition 2.5.3, R is regular. O]

4.8 SF-rings and quasi-ideals

In this section, we discuss some properties of quasi-ideals of a ring. Also we

investigate the regularity of SF-rings via quasi-ideals.

Definition 4.8.1. An additive subgroup A of a ring R is a quasi-ideal if

ara,rar € A for all a € A and r € R.
Example 4.8.2. (1) Every ideal of a ring R is a quasi-ideal.

Proposition 4.8.3. ([20], Proposition 12) A one sided ideal of a ring R is

an ideal if and only if it is a quasi-ideal.

Proof. Let L be a left ideal of R and assume that L is a quasi-ideal. Let
a € Landr e R. Then (1+r)a(l+1r) € L, rar € L. Also, since L is a
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left ideal, ra € L. Therefore ar = (1+7)a(l+r) —a—ra—rar € L. This
proves that L is an ideal of R.

Converse is trivial. O

Corollary 4.8.4. (][20], Corollary 13) For a ring R, the following conditions

are equivalent:
(1) R is strongly regular.

(2) R is a left SF-ring such that the right annihilator of any element of R

18 a quasi-ideal.

(3) R is a right SF-ring such that the left annihilator of any element of R

1S quasi-ideal.
(4) R is a left SF-ring whose every mazimal left ideal is a quasi-ideal.

(5) R is a right SF-ring whose every mazimal right ideal is a quasi-ideal.

Proof. (1) implies (2), (3), (4) and (5) is trivial.

(2) impies (1) and (3) implies (1) by Proposition 4.8.3 and Proposition 4.1.1.

(4) implies (1) and (5) implies (1) by Proposition 4.8.3 and Theorem 4.2.10.
O

Lemma 4.8.5. ([26], Lemma 2.1) If L is a left (right) ideal of a ring R which
contains an ideal I. If L is a quasi-ideal of R, then L/I is a quasi-ideal of
R/I.

Proof. Let a € L and r € R. Then ara € L and rar € L by L is a quasi-ideal
of R. Thus ara+1 € L/I and rar+1 € L/I. Thus (a+I)(r+1)(a+1) € L/I
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and (r+I)(a+ I)(r+1) € L/I for all r € R and a € L. This shows that
L/I is a quasi-ideal of R/I. O

Lemma 4.8.6. ([26], Lemma 2.2) If R is a ring whose every mazimal left
(right) ideal is a quasi-ideal, then R/J is reduced, where J is the Jacobson
radical of R.

Proof. Suppose x ¢ J such that z*> € J. Then x ¢ L for some maximal left
ideal L of R. So L + Rx = R, which implies Lz + Rz?> = Rx. Therefore
L+ Lz + Rx? = R. This implies L + Lz = R by 22> € J C L. Therefore
1 —rx € L for some r € L. Since L is a quasi-ideal and L is a left ideal,
therefore

r—arz=x(1—rx)€ L, and zrx € L

which implies x € L which contradicts x ¢ L. This proves R/J is reduced.
[

Remark 4.8.7. The Lemma trivially follows from Proposition 4.2.1 and
Proposition 4.8.3.

Corollary 4.8.8. ([26], Corollary 2.3) A ring R is strongly reqular if and only

if R is a regular ring whose every mazimal left (right) ideal is a quasi-ideal.

Proof. This follows from the fact that a regular ring is semiprimitive and

Proposition 2.1.14 and Lemma 4.8.6. 0

Corollary 4.8.9. ([26], Corollary 2.4) A ring R is strongly regular if and
only if R is a left (right) quasi-duo regular ring.

Proof. Follows from Proposition 4.8.3 and Corollary 4.8.8. m
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Theorem 4.8.10. ([26], Theorem 3.1) The following conditions are equiva-

lent:
(1) A ring R is strongly reqular.
(2) R is a left SF-ring whose every mazimal left ideal is a quasi-ideal.
(3) R is a left SF-ring whose every mazimal right ideal is a quasi-ideal.

Proof. (1) implies (2) and (1) implies (3) are obvious.

(2) implies (1):- Let R = R/J. Then R is semiprimitive and hence reduced
by Lemma 4.8.6. So R is strongly regular. Thus every maximal left ideal of
R is an ideal and so every maximal left ideal of R is an ideal. Therefore R is
strongly regular. Thus (2) implies (1).

(3) implies (1) can be proved similarly. O

Remark 4.8.11. By Corollary 4.8.4, the theorem follows trivially.

Proposition 4.8.12. ([26], Proposition 3.2) If R is a left SF—ring whose

every maximal essential left ideal is a quasi-ideal, then R is semiprime.

Proof. Let S = Soc(gR). Let M be a maximal left ideal of R/S. Then
M = M/I for some maximal left ideal M of R such that S C M. Then
M is an essential left ideal of R and hence a quasi-ideal of R. Therefore by
Lemma 4.8.5, M is a quasi-ideal of R/I. Hence by Theorem 4.8.10, R/S is
strongly regular. Therefore
*:Every one sided ideal of R containing S is an ideal.

Let 0 # x € R with xRx = 0. There exists a left ideal L of R such that
RxR @ L is essential left ideal of R. Thus S C RxR&® L. By xRx = 0
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and ReRL C ReRN L =0, we have RzR C r(z) and L C r(x). Therefore
S C ReR® L C r(x). Hence by (*), r(z) is a left ideal of R. Since = #
0, r(x) # R. Therefore there exists a maximal left ideal M of R such that
RzR® L C r(x) € M. Thus the simple left R-module R/M is flat. Since
x € ReR® L C M, there exists y € M such that = zy. Then 1 —y € r(z).
Therefore 1 = (1 —y) +y € M, a contradiction. Hence z = 0 and R is

semiprime. O

Proposition 4.8.13. ([26], Proposition 3.3) If R is a left SF-ring whose
every mazximal essential right ideal is a quasi-ideal, then every one sided

ideal of R containing Soc(Rg) is an ideal.
Proof. Follows from the proof of Proposition 4.8.12. m

Theorem 4.8.14. ([26], Theorem 3.4) If R is a left SF-ring whose every

mazximal essential left ideal is a quasi-ideal, then R is regular.

Proof. By Proposition 4.8.12, R is semiprime. Thus soc(Rg) = soc(rR) =
S(say). We have R/S is strongly regular (by the proof of Proposition 4.8.12).
We claim that R is regular. Let = € R, then there exists a left ideal L of R
such that Rz @ L is essential left ideal of R. Then S C Rx & L. As R/S
is strongly regular, we have Rx @ L is an ideal of R. Since R/S is strongly
regular, there exists some y € R such that z—xyz € S. Since R is semiprime,
S is fully right idempotent. Therefore we have

x—zyr € (r —axyx)R(x — zyzr)R = (1 —yx)R(1 — zy)aR C xRxzR
Cx(Rx @ L).

Therefore x — xyx = x(sz +t) for some s € R, t € L.
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Then x —xyx —xsx = xt. Hence v —x(y+s)xr = at € LN Rz = 0. Therefore
x = x(y + s)z and hence R is regular. [

Definition 4.8.15. A ring R is normal or abelian if every idempotent of R

is central.
Example 4.8.16. Every commutative ring is normal.

Definition 4.8.17. An idempotent element e of R is left (right) semicentral
in R if Re = eRe (eR = eRe).

Example 4.8.18. Every central idempotent is left (right) semicentral.

Theorem 4.8.19. ([26], Theorem 3.5) A ring R is strongly reqular if and

only if R is a regular ring whose every idempotent is left (right) semicentral.

Proof. Let R be a regular ring whose every idempotents are left semicentral.
Let a € R such that a®> = 0. Then there exists some b € R such that a = aba.

So e = ba is idempotent. Since e is left semicentral, we have
a = ae = eae = baaba = ba*ba = 0

So a = 0. Therefore R is reduced and hence R is strongly regular.

Converse is trivially true. O

Theorem 4.8.20. ([26], Theorem 3.6) The following conditions are equiva-

lent:
(1) A ring R is strongly reqular.

(2) R is a left SF-ring whose every mazimal essential left ideal is a quasi-

ideal and every idempotent element is left semicentral.
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(3) R is aleft SF-ring whose every mazimal essential right ideal is a quasi-

1deal and every idempotent element is left semicentral.

Proof. (1) implies (2) and (1) implies (3) are obvious.

(2) implies (1):- By Theorem 4.8.14, R is regular and then by Theorem 4.8.19,
R is strongly regular.

(3) implies (1):- We have R/Soc(Rp) is strongly regular and hence every one
sided ideal of R containing Soc(Rg) is an ideal. Therefore every essential
right ideal of R is an ideal. We claim that R is reduced. If not, then there
exists 0 # a € R such that a> = 0. Then r(a) # R. Let M be a right
ideal of R such that r(a) & M is essential right ideal. Then r(a) & M is an
ideal of R. If r(a) ® M # R, then there exists a maximal left ideal M, of
R such that r(a) ® M C My. So the simple left R-module R/M, is flat.
Since a*> = 0, a € r(a) ® M C M,, so there exists some b € My such that
a = ab showing that 1 — b € r(a) C My. But this gives 1 € My which is a
contradiction. Hence r(a) ® M = R. Then r(a) = r(e) for some idempotent
e # 0. Since idempotent elements are left semicentral, ae = eae = 0 as
a € r(a) = r(e),ea = 0. So e € r(a) = r(e) which implies e = € = 0.
This contradicts e # 0. Thus R is reduced. Since a reduced left SF-ring is

strongly regular we conclude that R is strongly regular. O]

Corollary 4.8.21. ([26], Corollary 3.7) The following are equivalent for a

ring R:

(1) R is strongly regular.

(2) R is a normal left SF-ring whose every mazimal essential left (right)

ideal is a an ideal.
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(3) R is a left SF-ring whose every mazimal essential left (right) ideal is

an ideal and every idempotent element is left semicentral.

Theorem 4.8.22. ([26], Theorem 3.8) The following conditions are equiva-
lent for a ring R:

(1) R is strongly regular.

(2) R is a left SF-ring whose every maximal essential left ideal is a quasi-

1deal and every complement right ideal is an ideal.

(8) R is a left SF-ring whose every mazimal essential right ideal is a quasi-

tdeal and every complement right ideal is an ideal.

Proof. (1) implies (2) and (1) implies (3) are obvious.

(2) implies (1):- By Proposition 4.8.12, R is semiprime. Therefore Soc(Rg) =
Soc(Rr) = S (say). By the proof of Proposition 4.8.12, R/S is strongly
regular. Then every essential right ideal of R is an ideal. We claim that R
is reduced. If not, then there exists 0 # a such that a*> = 0. So there exists
a non-zero right ideal K of R such that r(a) @ K is essential right ideal of
R. Therefore r(a) @ K is an ideal of R. Thus aK C K Nr(a) =0, K C
r(a) N K = 0. Thus r(a) is an essential right ideal of R which implies r(a)
is an ideal of R. Since a # 0, r(a) # R. Thus there exists a maximal left
ideal M of R such that r(a) C M. Then the simple left R-module R/M is
flat. Since a € r(a) C M, there exists some b € M such that a = ab. Then
1—b € r(a) which implies 1 € M, a contradiction. Thus R is reduced. Since
a reduced left SF-ring is strongly regular, we conclude that R is strongly

regular.
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(3) implies (1):- Since R is left SF, R/Soc(Rpg) is left SF ring. Also, every
maximal right ideal of R/Soc(Rpg) is a quasi-ideal. Hence R/Soc(Rpg) is
strongly regular. The remaining proof can be completed as in (2) implies

(1). O

Corollary 4.8.23. ([26], Corollary 3.9) R is strongly regular if and only if
R is a left SF-ring whose every mazimal essential left ideal is an ideal and

every complement right ideal is an ideal.

Theorem 4.8.24. ([26], Theorem 3.10) The following conditions are equiv-

alent:
(1) A ring R is strongly reqular.

(2) R is a left SF-ring and r(a) is a quasi-ideal for every
a€{reR:z*=0}

Proof. (1) implies (2) is obvious.

(2) implies (1):- Let 0 # a € R with a* = 0. If Rr(a) # R, then there
exists a maximal left ideal M of R such that Rr(a) C M. Note that R is
a left SF-ring and a € r(a) C Rr(a) € M. So R/M is flat and a = ab for
some b € M. This shows 1 —b € r(a) C M. Asb e M, we get 1 € M,
contradicting that M is a maximal left ideal of R. Thus Rr(a) = R. Hence
1 = cd with ¢ € R and d € r(a). Note that r(a) is a quasi-ideal. We have
¢ =cdc €r(a). Thus 1 = cd € r(a). Then a = 0, contradicting a # 0. Thus
R is reduced. Since a reduced left SF-ring is strongly regular, we conclude

that R is strongly regular. ]
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4.9 More on SF-rings

Here, some properties of a ring whose simple singular left (right) modules
are flat are given. Regular rings with non-zero socle are studied. Some more

properties related to SF-rings are discussed.

Proposition 4.9.1. ([25], Proposition 2.4) If R is a right quasi-duo ring

whose every simple singular left R-module is flat, then R is reduced.

Proof. Suppose 0 # x € R such that > = 0. Then r(z) # R. Therefore
there exists a maximal right ideal K of R such that r(x) C K. By hypothesis,
K is an ideal of R. Thus there exists a maximal left ideal L of R such that
K C L. If L is not an essential left ideal of R, then there exists a non-zero
left ideal A of R such that LN A = 0. So A = Re for some idempotent
e # 0. Then L = R(1 —e) = l(e). Note that x € r(z) C K C L = I(e).
Thus ze = 0. Soe € r(z) € L = I(e). Soe = ¢ = 0. This contradicts
that e # 0. So L is an essential left ideal of R. Therefore R/L is a singular
left R-module [For if v + L € R/L, then l(x + L) ={re R:r(x+ L) =L}
= {r € R:rx € L} which is an essential left ideal of R. Thus Z(gr(R/L)) =
R/L). Again gp(R/L) is simple. Hence by hypothesis, z(R/L) flat. Thus
there exists y € L such that z = xy. That is, 1 —y € r(z) C L. Hence
1 =(1—y)+y € L which contradicts that M is a maximal left ideal. Thus
R is reduced. O

Proposition 4.9.2. ([25], Proposition 2.5) Let I be an ideal of R. If R is
a ring whose every simple singular left R-module is flat, then R/I is a ring

whose every simple singular left R/I-module is flat.
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Proof. Let M be a maximal left ideal of R. Then there exists a maximal
left ideal M of R containing I such that M = M/I. We claim that M is
essential. If M is not essential, then there exists some 0 # = € R such that
Rz M = 0. Since I C M and x ¢ M, it follows that I C Rz & I. Thus
Rt @I #0. Hence MN(Rer@l) = MN(Rex @) = 1@ (MNRz) = 0.

It is a contradiction with M is an essential left ideal of R. Thus M is an
essential left ideal of R. By supposition, the simple singular left R-module
R/M is flat. Note that R/M ~ R/M as left R-module. Therefore R/M
is flat as left R-module. Therefore by Proposition 3.3.4, R/M is flat as R

module. O

Definition 4.9.3. A ring R is said to satisfy the condition (SI) or R is said

to be a ZI (zero insertive)-ring if for any x, y € R, xy = 0 implies xRy = 0.

Example 4.9.4. (1) Every commutative ring R satisfies (SI).
(2) Every domain R satisfies (SI).

Proposition 4.9.5. Fvery reduced ring is a ring satisfying (SI).

Proof. Let R be a reduced ring and x, y € R such that xy = 0. Then
yr = 0. Let r € R. Then (zry)?* = (zry)(zry) = zr(yx)ry = 0.
So zry = 0, that is, xRy = 0. O

Corollary 4.9.6. Every strongly reqular ring satisfies (SI).

Proposition 4.9.7. If R is a ring satisfying (SI), then the left (right) anni-
hilator of any element of R is an ideal of R.

Proof. Let a € R and x € l(a). Then za = 0. Since R satisfies (SI)
xRa = 0, which implies R C [(a). Thus I(a) is an ideal of R. O
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Corollary 4.9.8. If R is a left (right) SF-ring satisfying (SI), then R is

von Neumann reqular.

Proposition 4.9.9. A ring R is strongly reqular if and only if R is a normal

reqular ring.

Proof. Let R is strongly regular, then R is reduced, regular ring. We know
that in a reduced ring all the idempotents are central. So it follows that R
is a normal regular ring.

Conversely, if R is a normal regular ring, then every principal left ideal
of R is generated by a central idempotent. Thus it follows that R is strongly

regular ring. 0
Proposition 4.9.10. If R is a ring satisfying (SI), then R is a normal ring.

Proof. Let e be an idempotent in R and a € R. We have to prove that
ea = ae.
Now, € = e implies (e — 1)e = 0. So (¢ — 1)ae = 0 [ since R is a ring
satisfying (SI)]

2

This implies, eae = ae. Again e¢* = e implies e(e — 1) = 0. So it follows

that ea(e — 1) = 0. That is, eae = ea. Therefore ea = ae. O
Lemma 4.9.11. (25, Lemma 3.1) The following conditions are equivalent:
(1) A ring R is strongly reqular.

(2) R is a ring satisfying (SI) and every simple singular left R-module is
flat.
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(3) R is a ring satisfying (SI) and every simple singular right R-module is
flat.

Proof. (1) implies (2) and (1) implies (3) are obvious.

(2) implies (1) :- Suppose Rz + r(x) # R for some x € R. Now r(z) is
an ideal of R. Therefore there exists a maximal left ideal L of R such that
Rx +r(z) C L.

We claim that L is an essential left ideal of R. If not, then there exists an
idempotent e # 0 such that L = [(e). Since x € Rx C L = l(e), xze = 0.
Hence e € r(z) € L = l(e). Thus e = ¢* = 0 which contradicts that
e # 0. Thus L is an essential left ideal of R and hence R/L is a simple,
singular left R-module, and hence flat by hypothesis. Therefore there exists
some y € L such that x = xy. This gives 1 —y € r(z) € L. This implies
1 = (1-y)+y € L, a contradiction. Hence Rz + r(z) = R for all z € R.
This implies R is strongly regular.

(3) implies (1) can be proved similarly. O

Corollary 4.9.12. ([25], Corollary 3.2) A ring R is strongly reqular if and

only if R is reduced ring whose every simple singular left (right) R-module is

flat.

Proof. Follows from Lemma 4.9.11 and Proposition 4.9.5. O]

Corollary 4.9.13. A ring R is strongly regular if and only if R is a right

quasi-duo ring whose every simple, singular left R-module is flat.

Proof. Follows from Proposition 4.9.1 and Corollary 4.9.12. ]
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Theorem 4.9.14. ([25], Theorem 3.4) The following conditions are equiva-

lent:
(1) A ring R is strongly reqular.

(2) R is a ring whose every simple singular left R-module is flat and every

mazximal right ideal is a GW-ideal.

Proof. (1) implies (2) is obvious.

(2) implies (1): Let R = R/J(R). Then R is semiprimitive. By Proposition
4.9.2, R is a ring whose every simple singular left R module is flat. Let M
be a maximal right ideal of R. Then M = M/J(R) for some maximal right
ideal M of R. By hypothesis, M is a GW ideal of R, and hence M is a GW
ideal of R.

Hence by Lemma 2.7.10, it follows that R is reduced. Therefore by Corollary
4.9.12, it follows that R is strongly regular. Thus every maximal right ideal
of R is an ideal. Hence by Corollary 4.9.12, R is strongly regular. m

Corollary 4.9.15. ([25], Corollary 3.5) If R is a left SF-ring whose every

maximal right ideal 1s a GW-ideal, then R is a strongly reqular ring.

Definition 4.9.16. A left R-module M is M P—injective if for any principal
left ideal P of R, any left R-monomorphism from P to M extends to a left
R-homomorphism from R to M. A ring R is left M P — injective if gR is

MP — injective.
Example 4.9.17. Every p-injective module is M P-injective.

Proposition 4.9.18. ([7], Proposition 3) Let R be an M P-injective ring.
Then

150



(1) Any left non-zero divisor of R is right invertible. Consequently, every

R-module is divisible.
(2) Z(rR) = J(R), the Jacobson radical of R.

Proof. (1). Let ¢ € R be a left non-zero divisor. Define f : Re — R by
f(re) = r. Then f is well-defined for if r¢ = r’¢c, then r — ' € l(c) = 0,
then r = r/, that is, f(r) = f(r’). Also f is left R-homomorphism. Also
ker f = {rc| r = 0} = {0}. Thus f is a monomorphism. Since R is M P-
injective, f can be extended to a left R-homomorphism g : R — R, then
1= f(c) = g(c) = cg(1l) = cy for some y € R. Then ¢ = cyc. Consequently,
if ¢ is a left non-zero divisor, then ¢ = cyc implies 1 — cy = 0. So c is right
invertible in R. Therefore M = c¢M for every left R-module M and similarly
every right R-module is divisible.

(2). Let Z =Z(g) and z € Z. For any a € R, if u € (1 — za), then u = uza.
So Runl(za) = 0 [For if x = yu € Runl(za), then 0 = yuza = yu = z|.
This implies that Ru = 0. Therefore u = 0. Hence [(1 — za) = 0. By (1)
there exists some y € R such that (1 — za)y = 1. So z € J and therefore
Z C J. Now suppose there exists some w € J such that w ¢ Z. Then there
exists a non-zero complement left ideal K such that L = [(w) & K is an
essential left ideal of R. For any 0 # k € K, k ¢ l(w), that is, Kw # 0 and
if f: Rkw — R be defined by f(rkw) = rk, then f is well-defined for if
rkw = r'kw, then (rk —r'k)w = 0. So (rk —r'k) € l(w) N K = 0. Therefore
rk =r'k. Also f is a monomorphism. Since R is M P-injective, there exists
a left R-homomorphism g : R — R which extends f. Hence k = f(kw) =
g(kw) = kwg(1) = kwd for some d € R. Since wd € J, (1 —wd)v = 1 for
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some v € R. This implies that k = k.1 = k(1 — wd)v = (k — kwd)v = 0, a
contradiction. Therefore Z = J. [l

Definition 4.9.19. A left ideal I of a ring R is von Neumann reqular if for

every a € I, a € aRa.

Example 4.9.20. If R is a von Neumann regular ring, then every left (right)

ideal of R is von Neumann regular.

Theorem 4.9.21. (|21}, Theorem 1) The following conditions are equivalent
for a ring R:

(1) R is left self-injective reqular with non-zero socle.

(2) R is a right SF-ring containing a non-singular injective mazimal left

1deal.

(3) R contains an injective maximal left ideal which is von Neumann reg-

ular.

Proof. (1) implies (2):- Let S be a simple left ideal of R. Since R is regular,
there exists some idempotent e such that S = Re. So there exists some
maximal left ideal M of R such that M & S = R. Since rR is injective, M is
injective. Since R is regular, R is non-singular. So M is non-singular. So R
is right S F-ring containing a non-singular injective maximal left ideal. Thus
(1) implies (2).

(1) implies (3) follows from proof of (1) implies (2).

(2) implies (1):- Let M be a non-singular injective maximal left ideal of R.

Then R = M & U for some minimal left ideal U of R. We prove that rU
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is injective. Let I # 0 be a non-zero left ideal of R and f : I — U be a
non-zero left R-homomorphism. Then I/ker f ~ U. Since gU is projective,
I =ker f®V for some left ideal V' of R such that gV ~ rU. Let 0 £ v € V.
Let V = Rv. Suppose MV = 0. If M is not an ideal of R, then MR = R.
So Mv = 0 implies Rv = 0 which implies v = 0, a contradiction. Thus
M is an ideal of R. Since R is right SF, (R/M)g is flat. Therefore by
Proposition 3.2.4, g(R/M) is injective. So gU is injective. Suppose MV # 0.
Then there exists some 0 # w € V such that Mw # 0. Then V = Ruw.
Combining the projection R — Rw with f, we get Kk : R — U. If h is
the restriction of k to M, then h(M) = k(M) and k(M) = f(Mw) # 0
lotherwise Mw C ker f NV = 0 which is a contradiction]. Thus h(M) =
k(M) =U and h : M — U yields M/kerh ~ U. Since gU is projective,
M ~ ker h @ M/ ker h. This yields gU is injective. In any case f extends to
F: R — U. Therefore R = M ® U is left self-injective. Since R is right
SF, Z(rR) C J(R) € M. Then M is non-singular implies R is non-singular.
Hence by Corollary 2.3.5, R is semiprimitive and then by Corollary 2.3.8, R
is regular.

(3) implies (1):-Let M be an injective maximal left ideal of R which is von
Neumann regular. Consider the case when M is an ideal of R. For any
u € M there exists some ¢ € R such that v = ucu. Now u € Mu [because
uc € M| implies (R/M)g is flat. Then g(R/M) is injective. The proof of (2)
implies (1) shows that R must be left self-injective. Also if 0 # v € J(R),
then v € M implies v = vwv for some w € R. Then J(R) contains a non-zero
idempotent vw which is impossible. Therefore J(R) = 0. Hence (3) implies
(1). O
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Proposition 4.9.22. ([21], Proposition 2) The following conditions are equiv-
alent for an ELT ring R:

(1) R is regular with non-zero socle.

(2) R is a right SF-ring containing a p — injective finitely generated maz-
imal left ideal.

Proof. (1) implies (2) is trivial.

Assume (2). Suppose Z(rR) # 0. Then there exists some 0 # z € Z(grR)
such that 22 = 0. Let L be a maximal left ideal of R such that I(z) C L.
Then R is an FLT ring implies L is an ideal of R. Since R is right SF,
(R/L)pg is flat. Therefore there exists some u € L such that z = uz. Then
1—wu € l(z) C L. This implies 1 € L, a contradiction. Therefore Z(zR) = 0.
If M is a finitely generated p-injective maximal left ideal, then R = M & U
for some minimal left ideal U of R. The proof of Theorem 4.9.21 shows
that rU is p-injective and hence R is p-injective. By Proposition 4.9.18,
J(R) = Z(grR) = 0. Thus R is semiprime. Hence Soc(rR) = soc(Rgr) = S
(say) and S is fully right idempotent. Again R is an FLT implies R/S is
left quasi-duo. Then, as R/S is left SF', R/S is strongly regular. Hence R/S
is fully right idempotent. Thus R is fully right idempotent. Therefore R is
regular by Proposition 2.5.3. O

Proposition 4.9.23. ([28], Proposition 5) Let R be a ring such that every
mazximal left ideal is either an ideal of R or an injective left R-module. As-
sume for each maximal left ideal of R which is an ideal, (R/M)g is flat.
Then R is either strongly reqular or left self-injective reqular with non-zero

socle.
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Proof. Suppose every maximal left ideal of R is an ideal and I(a) + Ra # R
for some a € R. Then there exists a maximal left ideal M of R such that
l(a) + Ra € M. By hypothesis, (R/M)g is flat. Since a € M, there exists
some b € M such that @ = ba. Then 1 —b € l(a) C M. Then 1 € M, a
contradiction. Thus [(a) + Ra = R for all @ € R. Then R is strongly regular.

Suppose, not all maximal left ideal of R is an ideal. Then by hypothesis,
there exists an injective maximal left ideal N of R. Therefore there exists a
minimal left ideal U such that R = N @& U. By the proof of Theorem 4.9.21,
it follows that R is left self-injective. It remains to show that Z(zR) = 0.
Suppose Z(rR) # 0. Then there exists some 0 # 2 € Z(zR) such 2% = 0.
Since I(z) # R, there exists a maximal left ideal K of R such that I(z) C K.
Now K is not injective [For if K is injective, then R = K @ L for some
non-zero left ideal L. But this is impossible as K is essential since [(z) C K.
Therefore by hypothesis, K is an ideal of R and (R/K)g is flat. Since
z € 1(z) C K, there exists some y € K such that z = yz. This implies 1 € K
which is a contradiction. Thus Z(gR) = 0. Therefore R is left self-injective

regular with non-zero socle. ]

Lemma 4.9.24. ([28], Lemma 7) The following conditions are equivalent for
a ring R:
(1) R is fully left idempotent.
(2) R is semiprime ring such that for every essential left ideal L of R which
is an ideal, (R/L)g is flat.
Proof. Assume (1). Then J(R) = 0 which implies R is semiprime. Let L be

an essential left ideal of R which is an ideal. For any 0 4t € L, t € Rt =
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RtRt. Therefore t = dt for some d € RtR C L. Therefore t € Lt for every
t € L which implies that (R/L)g is flat. Thus (1) implies (2).

Assume (2). For any a € R, set I = RaR + [(RaR). Then there exists a
left ideal K of R such that L = I @ K is an essential left ideal of R. Now
RaRK C KNRaR C KNI =0. Then K C r(RaR). Since R is semiprime,
[(RaR) = r(RaR) [If z € I[(RaR), then xtRaR = 0. So (RaRz)?> =0. As R is
semiprime, RaRz = 0 and so « € r(RaR). So [(RaR) C r(RaR). Similarly
r(RaR) C I(RaR) |. Therefore K C I(RaR) C I. Then K C KNI = 0.
Therefore I = L is an essential left ideal of R which is an ideal. By hypothesis,
(R/I)g is flat. So as a € I, there exists some u € [ such that a = ua. If
u=w+c, w € RaR, ¢ € I[(RaR), then a = wa + ca = wa € (Ra)?. This

proves that R is fully left idempotent. O

Theorem 4.9.25. (28], Theorem 10) The following conditions are equiva-
lent for a ring R:

(1) R is strongly regular.
(2) R is a ZI-ring whose simple left modules are flat.

Proof. (1) implies (2) evidently.

Assume (2). For any b € R, r(b) is an ideal of R. Suppose Rb-+r(b) # R for
some b € R. Then there exists a maximal left M of R such that Rb+r(b) C
M. So r(R/M) is flat. As b € M, there exists some ¢ € M such that b = be.
That is, 1 — ¢ € r(b) € M. This implies 1 € M, a contradiction. Thus
Rb+7(b) = R for all b € R. This implies R is von Neumann regular. Since R

is a ZI-ring every idempotent is central. Therefore R is strongly regular. [
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Proposition 4.9.26. ([27], Proposition 4(1)) Let R be a right SF-ring.
Then any left non-zero divisor is right invertible in R; Consequently R coin-

cides with its classical Tight (and left) quotient ring.

Proof. Let ¢ € R such that I(¢) = 0 and suppose cR # R. Let M be a
maximal right ideal of R such that cR C M. Then (R/M)g is flat. Since
¢ € cR C M, there exists some d € M such that ¢ =dc. So1—d € l(c) = 0.
Therefore d = 1. This contradicts that M is a maximal right ideal of R.
Therefore ¢cR = R. So cu = 1 for some u € R. For any non-zero divisor
¢, c = cuc and 1 —uc € r(c) = 0. Therefore uc = cu = 1. This proves
that every non-zero divisor is invertible in R. Therefore R coincides with its

classical right (left) quotient ring. O

Proposition 4.9.27. ([27], Proposition 6) Let R be a right SF-ring which
has a finite number of maximal right ideals whose product is contained in

J(R), then Z = J(R) = 0 where Z = Z(rR).

Proof. Let My, M, ..., M, be maximal right ideals such that M; M, ... M, C
J. Let u € J. Then u € M,,. Since R is right SF, (R/M,)g is flat. There-
fore there exists some u, € M, such that u = u,u. Again u € M, _; and
(R/M,,_1)g is flat. So there exists some wu,_; € M,_; such that u = u,_ju.
Therefore © = u,_ju,u. Proceeding in this manner we get u = ujus . .. u,u
where u; € M; for each i = 1,2,...,n. So uiuy...u, € MiMs...M, C J.
Therefore there exists some v € R such that v(1 — ujus...u,) = 1. Then
u=1lu =v(l —uwuy...u,)u = 0. Therefore J = 0. Since R is right SF,
Z C J. Thus Z = 0. O
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Definition 4.9.28. A ring R is left (right) uniform ring if every non-zero
left (right) ideal is essential.

Example 4.9.29. Z is left (right) uniform ring.

Theorem 4.9.30. ([7], Theorem 6) The following conditions are equivalent:
(1) R is a division ring.
(2) R is a left uniform ring whose simple right modules are flat.

Proof. (1) implies (2) is trivial.

(2) implies (1):- Let a ¢ Z = Z(gR). Then l(a) = 0 and if we suppose
aR # R, let M be a maximal right ideal of R containing aR. So (R/M)gr
is flat. Therefore there exists some b € M such that a = ba. This yields
1 —0b € l(a) = 0, that is, b = 1, which contradicts that M # R. This
proves that every proper right ideal, in particular every maximal right ideal
is contained in Z. Therefore Z is the unique maximal right ideal of R. R
is therefore a local ring and Z = J is also the only maximal left ideal of R.
Now suppose Z # 0, then there exists 0 # z € Z such that 2? = 0 and since
[(z) € Z (since Z is the unique maximal left ideal), (R/Z)g is flat, then
z = uz for some v € Z. Then 1 —u € l(z) C Z. This implies 1 € Z, a
contradiction. Therefore J = Z = 0. This proves (2) = (1). O

Proposition 4.9.31. If R is a right weakly regular ring, then R/K is a flat
left R-module for every two sided ideal K.

Proof. Let © € K. Then R = xRxR which implies that x = ) arxs;
= x Y rxs; for some r;, s; € R. Therefore z = zz where z = > rxs; € K.

Hence p(R/K) is flat. O
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4.10 Some questions

If SF-rings are necessarily regular, then SF-rings will satisfy the properties
of regular rings. Hence we think of some of the questions as follows:

(1) Is M,(R) a left SF-ring if R is a left SF-ring?

(2) Is a left SF-ring semiprimitive?

(3) Is a left SF-ring left or right non-singular?

(4) Is a left SF-ring left or right weakly regular?
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