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PREFACE. 

The notion of category of a space, which is nearly 

sixty years old, was originally introduced by Lusternik and 

Schnirelmann during study of the theory of critical points. 

The category of a space X, cat X, is the smallest positive 

integer n such that the space X may be covered by n 

-open subsets of X which are contractible in X. 

In early 40's R.H. Fox [F.l] made an extensive 

study of this notion; in particular, towards the relation­

ships between the categories and the standard topological 

invariants like homotopy type, homotopy group etc. because 

the categories seem to have a large measure of independence 

from these invariants. Later in 1978 I.M. James UJ.II made 

a very good survey on category. 

The original notion of category was generalised 

in a number of ways. One of the most fruitful of these is 

the notion of the category of a map, due to Berstein and 

Ganea [B.l^ in early 60's, ofcourse the concept goes back 

to Fox, 1941, The category of a map f:X-^Y, cat f, is the 

smallest positive integer n such that X may be covered 

by n open sets U.CIX with f[u- c^ 0. Berstein and Ganea 

have also studied the relationship between cat f and other 

generalisations like genus of a map, n-dimensional category 

and category of a cohomolocy class. 
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Way back in around 1934, Lusternik and Schnirelmann 

[̂ L.l̂  obtained a lov.'er bound of the number of critical 

points of a real valued function f on a closed manifold M, 

in terms of the category of M. In fact they have shown that 

cat M^no of critical points of f. In fact this was the 

reason v/hy a number of differential topologists were 

attracted towards category. After quite sometime around 

1966 R.S. Palais EP.lH extended this result for Banach 

manifolds. Later on at the end of 60's, F. Takens, [T.23 , 

studied the circumstances when the above inequality tarns 

into an equality. 

Just a few years back, in around 1986, Clapp and 

Puppe [C.l] introduced and studied in detail a generali­

sation of the notion of Lusternik-Schnirelmann category, 

namely the notion of j(-category, which gives good 

informations about the topology of the set of critical 

points of a differentiable function. 

One of the significant extensions of the notion 

of category is the Equivariant Lusternik-Schnirelmann 

category. In around 1985, E.Fadell [F.2] made a detailed 

study on what he called G-category, G being a compact Lie 

group. If X is an invariant subset of a G-manifold M 

then G-cat„ X is the smallest positive integer n such 

that X can be covered by n G-categorical open sets, 

where by a G-categorical set we mean an invariant set 

UciM with an equivariant homotopy H:Ux I • ^̂-M such 



- Ill -

that H : U — > M is the inclusion and H,:U—•>M has imaqe o 1 

in a single orbit. Fadell has shown that the number of 

critical orbits of a C - functional on a G manifold is 

greater than or equal to the G-category of the manifold. 

He has also introduced a more general invariant, namely 

relative cohomological index and has shown how it can be 

used to enumerate the number of critical orbits of a 

C - functional on a G-manifold. 

Recently, in 1989, J.R. Ramsay [R.l^ extended 

Lusternik-Schnirelmann category theory to a relative 

G-category theory. This theory is related to the equivariant 

cohomological index theory of Fadell and Husseini 1LF.3] . 

About twenty years back, at the fag end of 60's, 

M.V. Mielke fM.2j studied the cobordism properties of 

manifolds with small category and showed that, 'An n-dimen-

feional manifold M with cat M :̂  3, and with n =. 3 mod 4, is 

a boundary. The classification upto cobordism of manifolds 

with category less than or equal to 3 was done by H.Singh 

[S,43 in 1988. In the same year he tS.5D attempted a 

similar classification of manifolds with category less than 

or equal to 4. However, to our knowledge, complete 

classification is not done for M , with cat M ^ 4, so far. 

In the chapter I, the notion of Lusternik-Schnirelmann 

category of topological space has been introduced, which 

includes the definitions due to James [.J.l] , Fox £F.1] and 
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Whitehead, and it has been studied in detail. 

In chapter II, we introduce the notions of 

category of a map, genus of a map, n-dimensional category 

and category of a cohomology class, as given in rB.l][ , 

and we have tried to relate all these notions with one 

another. Ofcourse v/e have studied the notion of category 

of a map in somev/hat detail. 

One of the main objectives of the chapter III is 

to prove the following celebrated theorem, U P . I I / 

THEOREM:- If f:M" > K is a function with f and M" 

satisfying certain specific conditions, then cat M^^^no. of 

critical points of f. 

Next we introduce the notion of •J4-category as 

given by Clapp and Puppe tc.l^ and prove the analogue of 

the above theorem. The notion of v/(-category is mainly 

used to study the topology of the set of critical points 

of f. 

In the chapter IV, we introduce the notion of G-cat X 

fora G-space X and prove that if M is a G-manifold with 

f: M " — ^ [R a differentiable map then no. of critical 

orbits is greater than or equal to G-cat M , []F.23 • Next 

the notion of G-cup length has been introduced and the 

inequality*G-cup length of M <G-cat M is established for 

a G-manifold with cohomologically free action. One notices 

that G-cup length satisfies all but two properties satisfied 
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by G-cat M namely subadditivity and continuity.Accordingly 

the concept of Index X is defined for a G-space X and an 

element a in H*(BG). It has been shown that Index X is 

more powerful tool than G-cat M" with Index X ^ G-cat X, 
a 

if the action of G is cohomologically free. Next we introduce a 

more general invariant; namely, relative cohomological index 

and study its properties. The idea of relative cohomological 

index is applied to study the critical orbits of a map 

f: S > (R in the set S - A, where G acts on S as a 

subgroup of o(n+l), A is an invariant subset of s" with 

relative cohomological index of (S , A) is k < oo . Further 

the notions of relative G-category G-cat„ (X, A) and 

G-cat* (X,A) have been defined for a G-pair (X,A) and a 

G-space Y and then elementary properties have been stuied, 

IJR.I^ . Next the notion of G-Index (X, A) has been defined 

to give a lower bound for G-cat* (X,A) and computation of 

G-cat* (X,A) for some special examples have been done, 

[R.l] . 

In {̂ M.23 f Mielke showed that an'n-dimensional 

closed manifold M" with cat M" ̂  3 and with n = 3 mod 4 

is boundary. 

In the last chapter, we first described the notions 

of cob-cat (M" ) and Poincare' algebra of M and then using 

these two notions and their properties, the bordism 

classification has been given in the following form: 
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THEOREM. [3.4 J If M" is an n-dimensional manifold with cols-

cat M*̂  ̂  3 then M" either bounds or one of the following 

is true, 
9 pS-1 

(i) n =2^, s :̂  1 and M is bordant to (RP ) 

(ii) n = 2̂ ^ (2^ + 1), t :^ 0, s :̂  2 and M is bordant to (M) ̂  

^ ^'-^ 
with M = U P(l, 2^ -2j) X N., where N. is 

j=0 ^ ^ 

the degree 4j term in the formal inverse ( 1+CP +CP +...)" 

and P(l,m) is the Dold manifold S x CP^/Z^ and U denotes 

disjoint union. 

The bordism classification for M" with cat M" :̂  4 

is much more harder. We have given bordism classification 

for M with cob-cat ( M " ) ^ 4 for some cases, [S.5j . 

Some of the important results are as below 

THEOREM [S.5j . If M is 2*" - dimensional closed manifold 

with cob-cat (M) -^4, t:^l,then M is either boundary or is 

bordant to (RP ) 

THEOREM rs.5] Let n = 2̂ +2'̂ ~-'"+m, m odd, m<2'̂ ~-'- and m+1 = 2*̂  

and o<(n), the number of nonzero terms in the diadic expansion 

of n, is greater than or equal to 2. Then M is a boundary. 

Lastly we have mentioned some of the conjectures 

made by H.Singh, [^S.5j, given as below: 

(A) If M is an n-dimensional closed manifold with 

cob-cat M" ̂  4 and oC{n) '^ 4, then M is a boundary. 

(B) If cob-cat M " ^ 4 and n = 2^ + 1 then cob-cat (M") ^ 3. 
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CHAPTER 

LUSTERNIK - SCMNIRELMANN CATEGORY OP A SPACE 

In this chapfcae wo giv^s vaeious v-'Straiefii s^ l;h§ 

James [J.I] , fox [f.l] , Whitehead tJ»i] etc. f4nd study the 

important properties of this notion. Our discussion here 

centres mainly around the estimation of the category of a 

space. Throughout this project, by category of a space we 

shall mean the one given in definition (I.1.1), unless other­

wise mentioned. 

§1. Definition and elementary properties 

Let X be a topological space. A subset A of X 

is called contractible in X if the inclusion map i: A ->. X 

is nulhomotopic. 

As in [J.l] , let us say that a subset A of X 

is categorical if A is contractible in X and that a covering 

of X is categorical if it consists of categorical sets. 

If U be any covering of X, let |U| denote the 

cardinality of the covering i.e. [ul is the number of sets 

present in U . 
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We say that X is locally categorical if there is 

a categorical open covering.of X. 

1.1.1. DEFINITION: The L.S. Category or simply the category 

of a topological space X is the cardinal number cat X, defined 

as the smallest value of |U| as U runs over all possible 

categorical open coverings of X. 

Clearly, cat X = 1 iff X is contractible. Also 

it is easy to see that if X is a suspension then cat X < 2; 

in particular, spheres have category 2. 

In the light of Fox [F.l] , one also defines category 

in a slightly more general fashion, which runs as follows: 

Let X C M be two spaces. As before, a subset A of M 

is said to be categorical if A is contractible in M and a 

covering of X by categorical subsets of M is said to be a 

categorical covering of X in M. 

1.1.2. DEFINITION: The category of X in M, denoted cat X , 

is the minimum of the cardinalities of all possible categorical 

open coverings of X in M. 

clearly, cat., M = cat M. M 

1.1.3. PROPOSITION 

(a) cat^ X is an increasing function of X and a decreasing 
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function of M in the following sense: 

(i) If X C Y then cat„ X < cat,, Y 

(ii) If M is open in N then cat., X > cat., X 

M ~ N 

(b) C3t X is subadditive in the sense that, if 

X,YCIM then 

catj^(XUY) < cat^j X + cat̂ ^̂  Y. 

(c) If h is a deformation of X in M and X is open in 

M then 

catj^ X < catj^ h^(X) . 

PROOF: (a) and (b) are trivial. 

For (c), let h^(X)c:B^U U B^, each 

B. being open and contractible in M. 

If A. = h, (B.) then A. is open in X, hence in M and 

X = A, U U A . Since h. I A. is a deformation of 
i n t i l 

A. in M into B. and B. is contractible in M, so A. 
1 1 1 1 

is contractible in M. Hence (c) follows. # 

We now recall that a topological space X is called 

an absolute neighbourhood retract (ANR) if it has the property 

that whenever A is a closed subset of a normal space Z, 

every map from A to X can be extended to a map from some 

neighborhood of A (in Z) to X. For every n, S is an ANR. 
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1.1.4. REMARK. For spaces v;hich are ANR as well as normal, 

we can use categorical closed coverings, rather than categorical 

open coverings in the definition (1.1.1). Similarly in the 

definition (1.1.2) if X is a closed subset of M and M is 

ANR as well as normal then we can use categorical closed 

coverings in place of categorical open coverings of X in M. 

The justification lies in the following fact: 

Any open covering (finite) of a normal space admits 

a closed refinement, of the same cardinality, which is also a 

covering of the space considered ( by Shrinking lemma, 

[ M.l; p.224 ] ) and if the original covering is categorical 

then so is the refinement. Also when the space is an ANR, any 

categorical closed set is contained in a categorical open set, 

[ J.2; p.229 ] . 

There is another version of the category of a space, 

generally known as Whitehead's definition of category, which 

will be studied in detail in | 5 of this chapter. 

We now study a few elementary properties of the 

category of a space. 

Recall that a topological space X is said to dominate 

another space Y if there exist mappings f:X ->- Y and g:Y -> X 

such that fog is homotopic to the identity map of Y. In 

particular any space dominates its retracts. 
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1.1-5. PROPOSITION. If X- dominates Y then /-> 
V 

Got X >, cat Y 

PROOF. Let f:X -*- Y and g: Y -> X be two maps such that 

fog ^ ly. Let U cr X be an open cet then V •= g''^(0)cy 

is open and if U is eontraetlblo In K theft f| U .is 

nulhomotopic, hcnc<$ ioq \ V is riulhornouopia and no V ia 

contractible in Y, since fog ci 1 . Hence any categorical 

open covering of X pulls back to a categorical open 

covering of Y and henco tho Propooition. 4^ 

The following corollary is immediate. 

1.1.6. COROLLARY. Category is an invariant of homotopy type. 

Before proceeding further, it may be worthwhile to 

mention that one also defines category of a space X by using 

the subsets of X which are contractible in themselves. The 

number thus defined is called the strong category of X, 

written Cat X. 

Contrary to the corollary (1.1.6), it has been 

observed that strong category is not a homotopy, invariant. 

In [F.l] Fox has given an example of a space X with Cat X = 3 

which is homotopy type of a wedge of spheres,whose strong 

category is 2. The minimum value of Cat X, for all spaces of 

the same homotopy type of X, has been studied and it has been 

observed that { see [T.l ]) this minimum value is equal to 

cat X or cat X + 1, for a large class of spaces X. 
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Continuing with the elementary properties of the 

category of a space we have, 

1.1.7. PROPOSITION. Category is subadditive in the sense that 

if X => A U B, Where A^B ace open ssubspaeeo of X than 

cat (AUB) < cat A + cat B. 

PROOF. If U be any open categorical subset of A (or of B ) 

then clearly LJ is an open categorical subset of X = AUB. 

Hence any open categorical covering of A and of B together 

give rise to an open categorical cov ering of X. ^ 

1.1.8. REMARK. From (1.1.7) using (1.1,6.) it follows that if 

T^ is the mapping cone of a map f: W •+ Y then cat T̂ : < cat + 1 

and hence it follows that if X is a C W space with a single 0-cell 

then cat X does not exceed the number of dimensions in which 

the complex has cells. For, in the sequence of skeletons 

X° CZX'CZ C X ^ = X 

each X is the mapping cone of a map 

U f , : U s i " ^ — X^"^ , where f̂  : s^"^—^ X^'^ is 

attaching map for an i-cell ( X)^ r ^ac ^ • 

The remark (1.1.8) is quite useful due to the fact 

that if X is a path connected C W space then X is always 

homotopic to another C W space having a single 0-cell, 

[S.l;p.79 ]. 
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Another application of (1.1.7) is that if 

M = M(f,g) is the double mapping cylinder of f:W -v Y, g: W ->- Z, 

then one has cat M < cat Y+ cat Z. 

Now using the definition (1.1.2) we have, 

1.1.9. PROPOSITION. If M is a path connected metric space 

and X,Y are mutually separated ( i.e. "x flY = ^, X O Y = jz5 ) 

subsets of M, then 

cat^ (XUY) = max {cat., X, cat,, Y} 

PROOF. Since X,Y are mutually seperated, XCU and YClV where 

U,V are open and disjoint subsets of M. Let S be a 

categorical covering of X in M by open subsets of U and 

S' be a categorical covering of Y in M by open subsets of 

V. Then clearly there exists a covering S" of XUY which is 

open and categorical and |S"| = max { |S) , lS'|} . 

For example if S = { U.}' , , S' = {V.}.' , (assume '^ ^ 1 •" 1 = 1 ^ 1 1 = 1 

m < n ) , t h e n t a k e 

S" = { U. U V.}"' J|{ U (J V. }" ^, 
î 1*^ i-'i = lU'^ m^ J ]̂) = m+l 

Hence cat,, (XUY) < max {cat., X, cat., Y} 
M — M M 

Also X d X U Y, so by (1.1.3) 

catj^ X < catj^(XUY) 

Similarly, cat^^ Y < catĵ ^ (XUY) 
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Therefore, cat,. (XUY) > max { cat„ X, cat., Y\ 

Hence (1.1.9) follows. 4^ 

I.1.10 REMARK Notice that, in the proposition (1.1.9) if we 

replace the metric space M by a completely normal topological 

space, even then we will have the same conclusion. 

§ 2. Bounds for category. 

A useful lov/er bound, for the category of a space can 

be obtained from cohomology. 

Recall, a ring R is called nilpotent if R = 0 

for some positive integer n. The least such n is called the 

index of nilpotency of R, nil R . 

1.2.1 PROPOSITION. Consider singular cohomology theory H* 

(infact any multiplicative cohomology theory) with any 

coefficient ring, and the corresponding reduced theory H . 

We have then, 

cat X > nil H (XJ . 

* ~* _.* 
PROOF. If VcrX is categorical then i : H (X) -• H (V) is 

trivial, where i : V -> X is the inclusion (i ̂ ^ 0 ). Hence 

the map j : H (X,V) -* H (X) is onto, by exactness. Thus 

if {V^,V2,...V } is a categorical open covering of X (assuming 

cat X = n ) and x,, X2f-.-fX ate given elements of H (X), 
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wo c a n p u l i e a c h x^ hock t o " ^ ,; ,i* ( x , V ^ ) and hr-nco by t h e 

f o l l o w i n g c o m m u t a t i v e f^ iagram 

H (X,V ) 0 . . ® H*(X ,V^) j y _ _ > H*{X,V, U . . . U V ) 
p I n 

H (X) (8> 0 H * ( X } U 
-* H (X) 

The p r o d u c t ^^^2 '' X c ^ n be p u l l e d b a c k 

x ^ . . . . x ^ G H (X,Vj^U . . . U V^) \ ; h i c h i s t r i v i a l g r o u p , s i n c e 

V U . . . U V = X. H e n c e x , x . . . . x = 0 . 
-1- n 1 2 n 

S o , n i l H (x) ^ c a t X. ^ 

In terms of the cuplength of X the conclusion of 

(1.2.1) can be restated as, 

Cuplength (X) < cat X 

where the cuplength of X, denoted cuplength(X), is defimed 

to be the largest positi ve integer k such that there are 

elements x, , Xp,...,x. in H* (X;R) with the cup product 

x, x-.-.-x. jt 0. Clearly 1+cuplength (X) = nil "H* (X) . 

Note that in the case of a manifold, the number of 

charts in a chart structure is an upper bound for the category 

( indeed strong category ) of the manifold. Using this fac t 

we have the following corollary to proposition (1.2.1). 

1.2.2. COROLLARY cat P , == n, where P , = ]R P" "̂  is the n-i n-i 

real (n-1)-Projective space { n > 1). 
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PROOF. There is a standard chart structure consisting of 

the subsets V. cz: P , v;here the ith coordinate is nonzero 
1 n-1 

( o < i < n-1 ) . Hence 

cat P , < n. n-1 -

Also the mod 2 cohomology ring H*(P _,; Z^) is a truncated 

polynomial ring of height ( n-1 ), (height is the highest 

possible degree of a polynomial in the ring). So it has 

nilpotency index n. Hence by (1.2.1) 

cat P , > n, n-1 -

Thus, cat P , = n. ^ n-1 

The same result for complex and quarternipnic 

projective spaces may be proved similarly. 

As an upper bound of the category of a space we have, 

1.2.3 PROPOSITION. If X is a path connected, paracompact 

space then ( assuming X to be locally categorical ), 

cat X < dim X + 1. 

PROOF. Let dim X = n. Let {U-} be an open covering of X, 

without loss of generality one can assume that not more than 

(m+1) T I- ' s meet and IT-'s are categorical. Let { g-}. be 

a partition of unity subordinate to { U.}. . Now we use 

a well-known procedure of Milnor as follows: 

For each X E X , let us denote the finite set 
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{iel : g.(x)> 0} by S(x). For each finite set S C I , Jet 

W (S) be the open subset of all x e x such that g.(x) <g.(x) for 

all i e l - S and j e S . If Sy^ S' be any two finite subsets of I 

with the same number of elements then W(S)nw(S') = fi . For 

every natural number k, define 

Wk = L I ^CSCb)) 
|S(b)| = k 

clearly W(S(b)) is open and is contained in the sets U. of 

the original covering for all i E S(b) . Now { V̂, } is also 

an open covering of X, infact a categorical covering, since 

X is pathconnected. Also note that W, = 0 for all k >m+l. 

Hence 

cat X <m+l 

Thus (1.2.3) is proved. 4* 

In view of definition (1.1.2) the above proposition 

can be restated as 

(1.2.4) PROPOSITION. If X is a closed subset of a space M 

which is paracompact, pathconnected and ANR, then 

cat.. X < dim X + 1 

PROOF. Let dim X = m and let { U^}^^ be an open cover of X 

by X-open sets where each U. is contractible in M. Also 

let not more than (m+1) U.'s meet. Using the proof of (1.2.3) 

we get X-open sets W, , k = 1,2,...., (m+1) such that 
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X = W, U W„ U . . . . n W , ̂  and each \\\ is contractible in 1 2 ^ m+i k 

M. Since X is paracompact beinq closed subject of M, there 

is a closed refinement of f v:, ) , having the Eame 

cardinality^ which is also a categorical cover of X in M. 

Hence the piroposttion follows ugjng the pcrnajrk (j;,1.4). 4^ 

From [ D.l; p.9Lil we Know Vi^t, evory C W subspaeo 

Y of a CW c'pocc X has an open neigiii?oui-hood in X of which 

it is a strong deformation retract. Hence we have the 

following result: 

1.2.5 RESULT. If a CW complex X is the union of k 

subcomplexes which are contractible in X , then cat X < k. 

§3. Categorical sequence and category of product 

and orbit spaces. 

We now give the notion of categorical sequence 

which will be used to find the category of product of spaces. 

1.3.1. DEFINITION. For any space X we call a finite sequence 

V.ay^CZ—CV = X of closed subspaces of X to be categorical 
1 2 n . ^ 

if each of the differences V. — ^--i' i<^ < " ' ^^ contained 

in an open categorical subspace of X , we take V = 0, by 

convention. Number of subspaces present in a categorical 

sequence is called the length of the sequence. 

1.3.2 REMARK. Since the sets V^ - V^_^ form a covering of 

X, it is clear that the existence of a categorical sequence 
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of length n implies that cat X < n. 

As a converse of the above remark we have the 

following proposition. 

1.3.3. PROPOSITION. For a normal space X, if cat X = n then 

there is a categorical sequence of length n. 

PROOF. If A,,A„, ..., A be a categorical open covering of 

X then by using Shrinking lemma ( X, normal ) we have a 

categorical closed covering B^ rB^t''-, B for X such that 

B.CA. for all i. Then C,crC„CI ...czc forms a categorical 1 1 1 2 n ^ 

sequence for X, where C. = B, U B„ U ...UB. for all i. ^ 1 1 2 1 

Clearly, C = X, each C. is closed in X and 
•̂  n 1 

C — C . ,C:B.C:A., open categorical. Thus C,c:C„c:. . .CC is 1 1-1 X 1 '̂  ^ 1 2 n 

a categorical sequence of length n. ::^ 

Using the categorical sequences we prove the 

following 'Product inequality' for category. 

1.3.4 PROPOSITION. Let X,Y be pathconnected metric spaces 

(or let X,Y be pathconnected topological spaces such that X x Y 

is completely normal), then 

cat(X X Y) < cat X+cat Y - 1. 

PROOF. Let cat X = m and cat Y = n. By proposition (1.3.3) 

there are categorical sequences 

A,CZA„C: — CIA = X 1 2 m 

and B , C : B „ C : — C B = Y ' 

1 2 n 
for X and Y r e s p e c t i v e l y . 
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Consider the sequence 

1 2 m+n 

t 
where C. = \ J A. x B. . , , , l < t < m+n-1 . 

t . _ , 1 t - i + i 

Clearly each C. is closed in X x Y and C , , = X x Y. 

Also note that, 

^t - ̂ t-r .U [(Ai-A..,) X (B^_i^i-B^_. )] 

Clearly (A.-A._,) x (B . ,-B .) is contained in an open 

categorical subspace of X x Y, for each i. Furthermore, if 

1< i < i < t , then s 

[(A. - A._̂  ) MB^..^^-B^,. )] n [(A. -A._^ )MB^,i-,l -B^_^,)] 

d [A^Oi Â ' - Ai_]_ )] ^ Y = f!> 

Also, 

[(A^ - Â _3_ ) X (B^.^,-L-B^^^ ) ] n [(A^,-A^_i)x(B^_^^^-B^_,)] 

C : X X [(B^^i^i - B^_i ) n B^_i'^l ] = ^ 

Thus, C^ - C^ t is the union of mutually separated sets each t t-1 -̂  

of which is contained in an open categorical subset of X x Y. 
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Hence by proposition (1.1.9), ^ —C , is contained in an open 

categorical subset of X x Y. Thus the sequence 

C,CC^CI --CZC ^ , = X X y 1 2 m+n-l 

is a categorical sequence for X x Y of length (m+n-l). Hence 

by the remark (1.3.2), the proposition follows. 4^ 

Exactly same formula as given in (1.3.4) holds for 

the strong category also; i.e. 

Cat (X X Y) < Cat X + Cat Y - 1 , 

under the assumption that X and Y have the homotopy type of 

connected c.w. complexes, see [T.l] 

The proposition (1.3.4) can be generalised as 

follows: 

1.3.5 GENERALISATION. If X^, X^,—, X, are path connected 

metric spaces ( or, pathconnected topological spaces such 

that X, X X2 X x X, is completely normal ), then 

Cat (XT X X„ X X X, ) < I 
1 2 k -

i = l 

(cat X.-l) + 1 
1 

PROOF. Follows immediately by the repeated application of 

Proposition (1.3.4). 

In particular, 

cat(S, X S2 X — xSĵ  ) £ k + 1, 

since cat S. = 2, where S. are spheres, 

Also nil H* ( S,X S2X X S. ) = k + 1. 
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Hence, by (1.2.1) 

Cat(S, X S2 X—X S|̂  ) = k+1 

Thus the equality of (1.3.5) holds in this case. But it does 

not hold in general. We have the following example due to 

Fox; 

Let p,q be mutually prime integers. Let the space 

X be formed by attaching D CZTR to S''- via the map 

f:S^ -̂  S^ such that f(e^^ ) = e^^^"^!!^. Note that f is 
P 

a map of degree p. Consider 

X X S^ X I 
» p - ^ - ^ • 

where (x,y,0) is identified with x and (x,y,l) is identified 

with y for all x e X and for all y e S°. The space M is 

formed similarly. The spaces M and M being suspensions 

have category 2 and so their wedge M V M also has category 

2 . Consider now the homologies of M x M and M V M ( with 
^ P q P q 

coefficients in Z ) . 

H (M V M ) = 
n' P q' 

H (M ) ® H (M ) , n > 0 n p ^ n ̂  q' ' 

n = 0 

and H^(M xM ) = ® H (M )®H ^ (M )e e Tor (H (M ) , H (M )) 
" P q x-o •*• P "~^ q T-o '^ y n r X q 

Again, M being suspension of X , we have 

H (M ) = r p' 
Hr_l(X ), r > 0 

r = 0 
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1 2 1 
Also, X is obtained from S by attaching a 2-cell (D ,S ), 

via a map of degree p, so we have 

H^(Xp) = H^ (S"") , if t 7̂  1, t ̂  2 

(i.e. H^(Xp) = 0 , if t / 1, t 7̂  2 ) 

and Hi(Xo) = Z/P2 

H2(Xp) = 0. 

Therefore, H (M ) 

Similarly, H^(M ) r z 
0 

Z/qZ, 

0 , 

r = 0 

r = 1 

r = 2 

r > 3, 

Hence we can easily see that 

H (M V M ) 
n' P q' Z , n = 0 

0 , n = 1 

Z /pZ © Z/qZ , n 

V 0 , n > 3. 

= 2 

and H (M x M ) n p q 
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That is the homologies of M X M and M V M are same 
p q p q 

in every dimension. 

So, H (M x M , M V M ) = 0 for all n > 0. n p q p q -

Now, both M X M and M V M are simply connected: so by 
p q p q ^ 

Hurewicz isomorphism theorem [S.3; p.397] we have 

n (M X M , M V M ) = 0 for all n > 0 'n ' p q' p q ' 

So, M X M contains M V M as a deformation retract, 
P q P q 

[ S.3; p.402] . 

Hence cat (M x M ) = 2. 
c q 

So in this case, 

cat (M X M ) < cat M + cat M - 1 
p q p q 

1.3.6. REMARK. There is a long standing conjecture to the 

effect that 

cat (X X S^ ) = cat X + 1 

for all spaces X and any positive integer r. Singhof [S.2] 

has shown recently that if M is a closed pathconnected 

n-dimensional piece wise linear manifold and if 

cat M > ^"^^^ + 2, then 

cat (M X s"̂  ) = cat M + 1. 

Using homotopy lifting property we prove the 

following proposition for the category of orbit spaces. 
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1.3.7. PROPOSITION If X is a pathconnected space on which 

a discrete group G acts freely then ^ 

cat X < cat (X/G), 

PROOF. Let UCX/G be such that the inclusion i:U -̂ X/G is 

nulhomotopic, let F' be the contracting homotopy. Now consider 

the following diagram: 

P •'•(U) X {0} 

0 

P~-'-(U)xI 
7 :pciC 

P 

-, > X/G 

pxl 
d 

F ; i -i c 

Uxl 

where, c:U —•X/G is a constant map given by c(Gx) = Gx^, 

Gx e U; p:X—> X/G be the quotient map, c': p~ (U) ->• X/G is 

also a constant map given by c'(x) = Gx , x e p (U). F is 

obtained by commuting the lower triangle and F is obtained 

by homotopy lifting property. (Gx denotes the orbit of x 

i.e. Gx = {gx : g eG }) 

Consider F|p~-'-(U)x {1} : p~"̂ (U) x { 1}-̂ p"-*-(Gx )^G. 

where p (Gx );î G is the fibre over Gx e X/G and also, 

being discrete, is contractible in X. So FJp (U)x {1} is 
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nulhomotopic. Hence p (U) is categorical in X. Also if U 

is open in X/G, p (U) will be open in X. Hence the 

proposition follows. :^ 

We have already seen^(I.2.2)^that 

cat(s" / 2^) = î +l ' 

for the antipodal action. In fact, in [K.l] , Krasnosielski 

has proved that 

cat (S" / G) = n+1 , 

for all finite and nontrivijJ group G acting freely on S . 

§ 4. L.S. Category and H-Spaces 

Recall that a group G is called nilpotent if there 

is a sequence 

G = G^ZDG^ZD — ZDG^ = {1} 

of sub groups such that [G,G.]CZG. ,, 1 <i < n. Such a 

sequence is called a central chain of length (n-1) and the 

minimum length of such central chains of G is called the 

nilpotency class of G. 

If G is a topological group then, for any pointed 

space X, the set n(X;G) of pointed homotopy classes of 

pointed maps from X to G inherits a natural group structure 

from that of G. Moreover this remains true even if G is 

a H-space, i.e. possesses a continuous product GxG—^G which 
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satisfies the group axioms upto (pointed) hoinotopy. 

1.4.1. THEOREM. Let X be a pathconnected, paracompact space 

of finite category. Let G be a H-space which is also an 

absolute neighborhood retract. Then the group n(X;G) is 

nilpotent of class < cat X. (Pathconnectedness of X may be 

replaced by that of G ) . 

PROOF. Let cat X = n, then by shrinking lemma we have a 

closed categorical covering {A,, A^, , ̂  } of X. 

Write B. = A U A U — U A . 

Define, 11 • C IT (X;G)to be the set of pointed homotopy 

classes of pointed maps of X into G which are neutral on 

B. . Clearly n^ is a subgroup of n and 

n , ID ^ 2 ""̂  ~^ ^ n ~ ^ •*" ̂  * Als° n 1 = n , which follows 

from the following fact: 

Let A be a categorical closed subspace of a 

paracompact space X then any pointed map of X to G is pointed 

homotopic to a map which is neutral on A i.e. which maps A 

to the neutral element of G ( use pathconnectedness of X or of 

G and [ J.2; p.228 ] ). 

We claim that IT. ( 1 < j <n ) contains the commutator 

[n , n . 1 so that n , => n „ 3 — o n = { l} is a central chain ' j-1 1 2 n ^ •' 

of length (n-1). 

To see this, let a en and be H ̂_i • Then the above 

fact with A = A. shows that a can be represented by a map 
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g: X-> G which is neutral on A.. Also by definition 

of n._,, b can be represented by a map h: X —+-G which is 

neutral on B._,. Hence the commutator F:X ->• G given by 

F(x) = g(x) h(x). g(x)~^ h(x)"-'-, (x e X) , 

is neutral on A.UB._, = B.. Since F represents [a,b] , 

we have [a,b] e II- , as claimed. Hence the group n(X;G) is 

nilpotent of class less than or equal to (n-1) . =PP 

S 5 . Whitehead's definiti on of cate<joi;y. 

Next we turn our attention to pathconnected spaces 

with base points, generally denoted by * . 

If * admits a categorical open neighborhood, we 

describe the space as categorically well-based. 

In the n-fold topological product 11 X of a 

pointed space X with itself we consider a subspace T X, 

often known as the fat wedge, consisting of the n-tuples 

( x,,x„,—,x ) such that at least one of the x. equals * . 1 2 n 1 

The space obtained from II X by collapsing T" X to a point 

is the n-fold smash product 

Considering the diagonal map 

A^ = A n ' ^ '^ ^ ^ ' we prove the following 

proposition. 
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1.5.1 PROPOSITION. Suppose that X is pathconnected, normal 

and categorically well-based. Then cat X< n iff ^ can be 
n ~ x" 

deformed into T X. 

PROOF. Let h : X x I - * n " x be a deformation of A such 

^ x " 
that h, = h |x x{l} = jog for some g: X ̂  T" X, where 

j : T" X—> n" X is the inclusion. 

Write U^ = ĥ '̂ pT"'" N C X ( i = l,2,~,n ), where p^: jfx-i- X 

denotes the ith projection and N is a categorical open 

neighborhood of *. Since 1 = p. h e : p- h, (h = h | X x[ Q } )» 

and p. h, maps U. into N, it follows at once that U. is 
• ^ 1 1 ^ 1 1 

categorical. Hence ( U,, M^,--, U ) constitutes a categorical 

open covering of X, as 

UUi =Uh-^ pT^ N = h-i( U Pi^ N ) =) h-1 T'̂  X = X 

Therefore cat X <n, 

Conversely, suppose that (V-jV-,—,V ) is an open 

categorical covering of X and that h. : V.xl —>• X is a 

contraction of V.. Since X is pathconnected we may assume 

that V. is mapped to * at the end of the contraction. 

Since X is normal, there are closed subsets A. of X such 

that ( A,, A„, , A ) covers X, open neighborhoods W. of A. 

such that w. cm V. and maps r.:X —> I such that r. (A.) = 1 

and r. (X-W.) = 0. Define d. : X x I -»• X by 
1 1 1 

d^(x,t) = 
^ X , if X c X-w. 

h^(x ̂  tr^(x) ) ̂ if X e V^ 
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and then define d: X x I —• 11 X ^° that p.od = d. 

i.e. d = ( d,, dj, — , d ). Then d is clearly a homotopy 

between ^ and a map with values in T" X. 4P 

1.5.2. REMARK Under these assumptions, therefore we see that 

cat X < 2 iff X admits a cohopf structure y.X ->• X v X. 

A necessary condition for X to admit cohopf structure due 

to Fox is that n (X) is free, in the nonabelian sense. 

For ify : X - * - X v X i s a cohopf structure then joy ex ̂  , 

where j : X v X - » - X x X is the inclusion. Hence j^ o n^ = ̂ * 

as shown in the following diagram, where G = n^lX) and j^ 

denote the standard homomorphism of the free product into 

the direct product. 

Now, im y^ is free, being subgroup of a free group. Also ŷ  

is injective, since A ^ is injective. Hence G is free as 

asserted. 

By an essential space we mean a space which cannot 

be deformed into a proper subspace of itself; eg. S . 

Following is an interesting and useful result concerning 

essential space. 
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1.5.3 PROPOSITION. Let X^, ,X^ be non-singleton spaces 

such that X = X, X X„ x x X is essential. Then 
1 2 n 

c a t X > n. 

PROOF. Let P. : X -> X^ ( i = 1,2, ,n) P r o j e c t X onto i t s 

i t h f a c t o r . Then pA = Id , where p : JJ ^ ->• ^ i s the product 

(Pĵ  x p X x p ) and A'- ^ ^ Tl X i s the d iagona l map. 

Let WCX denote the f a t wedge, c o n s i s t i n g of the n - t u p l a s 

(x, , x^, — ,x ) where x. eX. for i = 1,2, — ,n ; and a t l e a s t 

on e x. is the base point of X.. Then p(T X)CIW, where 

T"̂  XCn'^ X is the fat wedge as before. Suppose, to obtain 

a contradiction, that cat X<n then A c i g where J(X)CZT"X. 

Then 1 = pî  Ci pg , where PjĈ J CH W i.e. X is deformed 

into W , which is a proper subspace of X, since X. are 

nonsingleton and so X is inessential, which is a contradiction, 

Hence the proposition follows. rHr 

1.5.4. REMARK The proposition (1.5.3) along with the product 

inequality (1.3.4) can be used to show that 

cat ( S, X S^ X— x S ) = n+1, S. are spheres. 

In the light of proposition (1.5.1) we can adopt the 

view point taken by Whitehead and other homotopy theorists 

and define cat X to be the least integer n (if any) such 

that the diagonal ^ can be deformed into T X. For spaces 

x" 

to which the proposition (1.5.1) does not apply, this definition 

may not agree with the original one. But this is not a very big 
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drawback. Most of the properties we have obtained from the 

old definition can also be obtained from Whitehead's definition. 

Though some results are more easily proved from the old 

definition, but for some it is the reverse, eg. 

1.5.5. PROPOSITION. Let X be a finite CW space. If X is 

(r-1)-connected (r > 1) then 

, ,, , , dim X 
cat X <1+ . 

- r 

PROOF. If r = 1 then the conclusion is clear, (Proposition 

(1.2.3)). So assume r > 1. 

If dim X <r-l then cat X = 1 because in that case X 

is contractible, [S.3;p 402, Thm 13] 

So we further assume dim X> r. Since X is (r-1)-

connected, there exists another CWspace Y such that X is 
r-1 homotopic to Y and the skeleton v = {*} i.e. Y has 

a single 0-cell and all other cells are of dimension > r. 

Also dim Y = dim X or dim Y = 1+ dim X according as 

dim X > r or dim X = r, [S.l;p79,cor 6.14 ] . In the product 

cell structure of Jl" Y the fat wedge T"Y is a subcomplex and 

the remaining cells of II Y are of dimension > nr. Hence 

if dim Y < nr we can deform A into T" Y, [ S.3;p402,Thm 13] 

and so cat Y Sn • Thus if n is chosen such that n is the 

smallest integer such that dim y < nr then clearly 

dim Y >, (n-1) r i.e. n < l+-^i^2_Y. So cat Y < n < 1+ '^^^^- . 

Also, r >1, X ci Y and dim y = dim X or dim y = 1+ dim X 

according as dim X > r or dim X = r. Hence it follows that 

cat X < 1 + ^^^ ^ . * -
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CHAPTER II 

EXTENSION OF THE NOTION OF LUSTERNIK-SCHNIRELMANN CATEGORY 

TO MAPS AND COHOMOLOGY CLASSES. 

In this chapter we define the notions of category 

of map, genus of a map, n-dimensional category of a space 

and category of a cohomology class, and discuss their 

elementary properties. We also study how these notions are 

related with each other. 

§1. Definition and elementary properties of the 

category of a map. 

II. 1.1. DEFINITION. Let f:X -• Y be a (continuous) map of 

arbitrary topological spaces. The category of f, denoted by 

cat f, is the least integer k ̂ •l with the property that 

X may be covered by k open subsets U such that the maps 

f |U : U -»• Y defined by f are nulhomotopic; if no such 

integer exists, we put cat f = oo. 

II.1.2. PROPOSITION. 

(i) cat f < min { cat X, cat Y }, for any map f: X -* Y 

(ii) cat Id = cat X, where Id: X -»• X is the identity map 

of X . 
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(iii) cat (gof) < min { cat f, cat g } , for any map 

g: Y H- Z and f: X ^ Y. 

(iv) cat h = cat h, , if h^ : X -> Y is a homotopy. 
o 1 t '̂•' 

(v) cat f = 1 iff f: X -»- Y is nulhomotopic . 

(vi) cat£> nil(imf*), where f *: H*(Y) •+ H*(X) denotes the 

homomorphism induced by f :X -»- Y in singular cohomology with 

any ,coefficient ring. 

(vii) cat f is subadditive in the sense that 

cat f < cat(f jX,) + cat (f jX^), where X,, X^ are 

open subspaces of X = X,U X^ and f is a map from X to any 

space Y. 

PROOF. Proofs of (i), (ii), (iii), (iv), (v) and (vii) 

are immediate from definition. 

For ( v i ) , suppose c a t f = k. Let U , l < m < k , be 
k m -

open subsets of X such that X = I I U and f I U d 0 for 
V T \ = 1 

l < m < k . Now in t h e d i ag ram 

-j * ^ i * ~ 
H * ( X , U ) —^li=—»- H* (X) -̂  H* (U ) 

m m 

f* 

H* (Y) 

* * 
we have i^ o f = 0 ; so that, by exactness, for any 

% £ H* (Y), f*( v^ ) = j* (w^) for some v,̂  e H*(X,U^), 

l<m <k. Now the product w, .w_...w, lies in 

H (X,Uu ) = H (X,X) = 0. Therefore by the naturality of 
1 ^ 
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the cup product we have 

f*(v^) .f*( v^) f*(v,̂  ) 

* 
= j (w^,W2. W|̂  ) 

= 0 , 

where j is induced by the inclusion map j: X ^ (X,Uu ). 
1 

Hence (vi) follows. ^ 

11.1.3 REMARK As in the case of category of a space, when X 

is normal and Y is an ANR we can use closed coverings for 

X rather than open ones for defining cat f, where f: X -• Y 

is a map. 

Analogous to (1.5.1), there is a result about the 

category of maps also. Let Y be a pointed space, then with 

the notations same as in (1.5.1) we have 

11.1.4 PROPOSITION Suppose that X is normal and that Y is 

pathconnected and categorically well based. Then cat f < n iff 

there is a map g: X ->• T"Y such that jog ~ ^ v ° ^ ' ^^ere 

J:T"YC:II"Y and A : Y -»- n"Y is the diagonal map. 

PROOF. Proof is exactly in the same line as the proof of 

(1.5.1) and hence omitted. q^ 

§2. Category of a map with domain as a CW-complex. 

II.2.1. PROPOSITION. If X is a CW-complex and f: X ->- Y is 
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an a r b i t r a r y map, t h e n t h e f o l l o w i n g s t a t e m e n t s a r e 

e q u i v a l e n t : 

( i ) X may be c o v e r e d by k open s u b s e t s U such t h a t 

fog^ — 0 fo r any CVl-complex L and any map g :L-*-U . m -fv-t c pj, • ^ ' ^ ^ m m m 

( i i ) There e x i s t s a CVJ-complex z. and maps jz$ : X -̂  Z, "^: Z-»Y 

such t h a t Z i s t h e un ion of k s e l f - c o n t r a c t i b l e subcoraplexes 

and f ci ij/o (̂  

( i i i ) c a t f < k. 

PROOF. Suppose (i) holds. There exists a simplicial complex L 

and a homotopy equivalence g: |L |̂  X, [S.3; Ex.E6, p420 ] , 

where jL |is the associated CW-complex. In a suitable 

subdivision of L there are subcomplexes L such that,(l<m<k), 

|L|=L)|Lj^'| and | L̂ ĵ dg""^ (Û )̂ . Let Z denote the 

CW-complex which results by attaching to | L | a cone 

C I L I over each IL̂ l ; thus ' m ' ' m' 

Z = C I L J U C IL2 lU — UC \ \ \ 

and C | L ^ i r \ c | L J = JL^ iH | L ^ 1 , m / n . 

Let w: 1 L l-v Z denotes the inclusion map and let g :IL I •* U 

' ' '^ ^m ' m' m 

be the map defined by g. We have fog ĉ  0, so that fog 

extends to every C | L | . Thus we get a map \\) : Z •> Y such 

that y^i o w = fog. Let h be a homotopy inverse of g and 

let 0 = woh. Then, f :ii fogoh = ^owoh =4' o 0 and we have 

(i) z:^ (ii) . 
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Next if (ii) holds then by the result (1.2.5) 

cat Z 5 k and so by the proposition ( II.1.2) we have 

cat f < k. So (ii) = ^ (iii) . 

Finally it is clear that (iii)r^(i). : ^ 

c 

II. 2.2. PROPOSITION. If X is a CW-complex and Y has 

continuous multiplication, then 

cat fif2 - ^^^ 1̂ "*" ̂ *̂- fp ~ 1 

for any two maps f : X - ^ Y , m = l , 2 . 

PROOF. The product map f^fp is equal to the composition 

X ^ X X X > Y X Y > Y 

where \x is the multiplication. By the proposition (11.2.1), 

there are CW-complexes 2 and maps <b : X -> Z , 
m ^m m 

•v)/ : Z -• Y such that cat Z < cat f and f c:: iJ; o 4) / ' m m m — m m ^m^'^m 

m = 1,2. Then f, x f̂  is homotopic to the composition 

<)) X <() vjj X \IJ 
X X X > Z^ X Z^ ^ Y X Y. 

Now, a CW-complex has the same homotopy type of a polyhedron, 

[S.3; p420 ] , and a polyhedron is metrizable ( given a 

simplicial complex K, |K ] always has a metric ). Hence, 

by ( 1.3.4), 

cat ( Z^ X Z^) < cat Z, + cat Z2 - 1. 
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Thus, by parts (iii), iiv) and (i) of Proposition (II.1.2), 

it follows that 

cat f,f2 <. cat f, + cat £„ - 1. ^ 

II. 2.3 PROPOSITION. If X is a CW-complex of dimension r 

and if Y is a (p-l)-connected space then any map f:X —̂- Y 

satisfies 

cat f < - +1 
- P 

PROOF. If r< p then clearly f Oi 0, [S.3; Thm 13, p402] 

and so cat f = 1. 

Suppose r >. p and let ({) : X -* X/X^~ denote the 

identification map, X^ is (p-l)-skeleton. Since Y is 

(p-l)-connected, f | X̂"""" d 0, [S.3; Thm 13, p402 ], and 

therefore there is a map \[) X/X^ —+ Y such that 

f Ci ijj o (J) . Hence by parts (iv), (iii) and (i) of (II.1.2) 

we have 

cat < cat X/xP"""" 

Now X/X^"" is also (p-l)-connected, as X/X^" has cells of 

dimension >^ p and a cell of dimension zero only. Also 

dim X/X̂ "-"- = r. 

Therefore, by (1.5.5), we have 

cat X/yP~^ <1+ ^ . 

Hence,cat f <_cat X/X^~^ < 1+ | . zj4=-
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§3. Genus of a map and the n-dimensional category. 

11.3.1. DEFINITION. The genus of a map f:X ^ Y is the 

least integer k >. 1 for which there are open subsets 

V of Y and maps g : V -»- X such that Y = l) V and m "̂  -̂m m ^ m 

fog o^ j , where j : V ->- Y are inclusion maps m m m m 

( l < m < k ); if no such integer exists, genus f = oo . 

11.3.2. PROPOSITION. 

(i) For any map f: X ->• Y, <.)onus f £ cat Y , i I Y is 

pathconnected. 

(ii) genus Id = 1, where Id : X -•- X is the identity map. 

(iii) genus h = genus h, if h : X -̂  Y is a homotopy. 

(iv) genus fop = genus f = genus hof , if p:W -*• x and 

h: Y -*• Z are homotopy equivalences. 

PROOF. (i). Let U be an open subset of Y such that 

i r U C Y is nulhomotopic. Let c: U ->- X be a constant map, 

then foe: U ^ Y is also a constant map. Moreover, since Y 

is pathconnected, so any two constant maps from U to Y are 

homotopic. Thus i C:^ foe. So (i) follows. 

(ii) and (iii) . Easy to verify 

(iv)_ First equality is simple. For the second, 

let VcrY be open, and g:V—»• X be a map such that toqctj 

where j: V ci Y is inclusion. consider U = k"-*-(v) , k is a 
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homotopy inverse of h. Define "k: U ->V by "k (x) = k(x), 

then jo"k = kju = koi, i: "U c_^ z is the inclusion. 

Now fog ~ j, so hofogo "k oi hoj o "k = hokoi ci i. Hence, 

genus hof < genus f . Similarly, genus f < genus hof. ::̂  

Recall that a sequence F —>• E -+ B of spaces and 

maps is a fibration if i defines a homeomorphism of F onto 

p (b) for some b e B, and if for any space A, any homotopy 

h : A -V B and any map k:A -> E such that pok = h , there is a 

homotopy k : A -»• E such that k = k and pok = h . For example 

p:]R -*• S , given by p{t) = e or in general every covering 

projection is a fibration. 

i I* , II. 3.3. PROPOSITION. Let F-'' E —* B be a sequence of spaces 

and maps. If poi c^ 0, then cat p <. genus i. If the given 

sequence is a fibration and B is pathconnected then 

cat p = genus i. 

PROOF. Let V be an open subset of E with inclusion map j. 

If g:V ->• F satisfies iog o^ j, then pjv = poj ci poiog C=^ 0. 

It follows that cat p <_ genus i. Next suppose that the given 

sequence is a fibration and let h : V ->- B, VCE, be a 

homotopy such that h = poj and h,(V) = b. Since B is 

pathconnected, we may assume that b = poi(F). Also there is a 

homotopy k : V ->• E such that Î Q = J ̂ "̂ ^ pol̂ ^ = 1̂ .̂' therefore, 

k, (V) cz p~ (b) and there is a map g:V—^F given by g(x) 

= i~ o k,(x> (note that i defines homeomorphism from F 

onto p (b)) . Clearly iog ci j r Hence cat p > genus i ; and 

so cat p = genus i. -ji^ip 
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II .3.4 PROPOSITION. II: Y is a CW-complex and f: X ->- Y is 

an arbitrary map, then the following statements aTe 

equivalent: 

(i) Y may be covered by k open subsets V with the 

property that for any CW-complexes L and any maps 

h : L -> V there are maps g : L -̂  X such that m m m '̂  ^m m 

fog /̂  j o h , where j : V ^ Y are the inclusions, ^m — -̂m m -̂m m 

(i i ) genus f <_ k . 

PROOF, (i) ir^lii). Choose a simplicial complex L and a 

homotopy equivalence h: j L |->- Y,[S.3; Ex.E6, p420 ] . In a 

suitable subdivision of L there are subcomplexes L such 
'^ m 

that iLl = U iL I and | L 1 CI h""*- (V ) , 1 < yn < 1̂  . 

Let h : |L I > V be the maps defined by h and let 
m ' m ' m ^ •' 

q : | L I —y X s a t i s f y fog '^ i o h . T h e r e a r e o p e n 
-̂m ' m ' -̂  ^m — -̂ m m 

s u b s e t s U' o f I L I and maps r :U —• I I 1 s u c h t h a t 
m ' ' '̂  m m m 

U I D I L i and t o r c i i , w h e r e t : | L | ^ | L I and 
m ^ ' m ' m m m m m 

i : U -̂  I L I a r e i n c l u s i o n s [ D . l ; p 9 5 ] . L e t d b e a m m ' ' I- r L 

h o m o t o p y i n v e r s e of h . 

T h e n , 

d o f o q o r C:̂  d o j o h o r = d o h o l o r 
^m m -̂ m m m m m 

= d o h o i -"^ i 
m — m 

so that, genus dof <_ k and hence by part (iv) of (II.3.2) 

we get genus f <. k. 

The c o n v e r s e i s t r i v i a l . ztiz 
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We now define the n-dimensional category of a space 

X, denoted cat X, using maps of arbitrary n-dimensional 

CW complexes. 

II.3.5 DEFINITION For any n > 0 , cat X is the least integer 

k > 1 with the property that X may be covered by k open 

n-categorical subsets, i.e. open subsets U such that, for 

any map h: L -̂  U of any CW complex L of dimension <_ n, 

i o h cr: 0 where j : U -»• X is the inclusion. If no such 
- m -̂  m m 
integer exists, set cat X = oo , ^ n 

II.3.6. REMARK. cat X < cat X, for all n > 0. 

f gr 

11. 3. 7. THEOREM Let X—>Y — > Z be maps of connected 

CW complexes. 

Let n > 1. If . 

n (X) = 0 for q < n and f : n (X) ~ n (Y) for q > n, 

n (Z) = 0 for q > n and g : n (Y) cii n (Z) for q < n, 

then genus f = cat Y = cat S • 

PROOF. Let V be an open subset of Y with the inclusion 

map j: V -̂  Y. Suppose that V is n-categor ical. Let L be 

an arbitrary CW complex with n-skeleton L and let h: L->- V 

be an arbitrary map. Use of mapping cylinder of f will enable 

us to assume that f is an inclusion map, [S.l; p40 ] . Further, 

we have n (Y,X) - 0 for q> n, from the hypothesis. The 

assumption on V implies that joh-| L d 0. Hence there is 

a map d: L-v X, such that joh c^ fod, obtained in the following 
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manner 

\<ie s h a l l p rove t h a t t h e r e i s a map 

c3 , , : L " —̂^ X such t h a t j oh | L " Ci fod ,^ and 
n + i 

•̂  X such t h a t i oh IL Ci fod , , anc 
-' ' n+1 

d n 1̂ I L is a null map. Using exactly the same technique 

one can show that if there is a map d : L -»• X, m > n, 
"̂  m -

such that joh | L d fod then there is a map 
' m 

d , T : L -̂  X such that loh L c^ fod , , ; moreover m+1 -' ' — m+1 

d ,, |L = d and the homotopy D ,, from joh i L to m+1 ' m '^^ m + 1 -' > 

fod ,, is an extension of the homotopy D from joh 1 L to m+1 "̂-̂  m -"I 

fod joined v.'ith the stationary homotopy I : fod ^ fod i.e. m -̂  ^ "̂-̂  m m m 

D ^, \L^ X [0,1] = D » I . Thus we can define d: L ^ X m+1 I L f J m m 

by d(x) = d.(x) if x e L^ and D:L x [0,1]^ Y as D(x,t) 

= D.* I. (x,t) if X e L^, where d. and D. have their respective 
1 1 1 1 

meaning as above and I.: fod. C:̂  f od . is the stationary 
^ 1 1 1 •' 

homotopy. For i £ n, assume d. and D. to be null map and 

nul] homotopy respectively. Then clearly D:joh Ci fod. 

Nov,' since {L,L ) is a cofibered pair and also 

joh |L Cii 0 there exists a map h: L ->- Y with joh d h such 

that h maps L to a single point (in X). Let F be the 

family of all triples ( M, k, K ) such that M is a subcomplex 

of L containing L , k: M ->• X is a map such that 

fok j L" = h I L" and K : M x I ^ - Y , J = [0,1], is a homotopy 

from h I M to fok relative to L . We give a partial 

ordering to F by saying (M',k',K') < (M",k",K") if and only 

if L " ^ M' ^ M" ^ L""̂ -̂ , k" I M' = k ' and K" I M' x I = K' . 



clearly F ^ 0 and every chain in r has an upper bound in 

F. Hence v;e may apply Zorn's lemma to conclude that F has 

a maximal element (M,k,K). It is now enough to show that 

M = L""̂ "*-. If M 7̂  L"̂ -*- there is an (n + l)-cell e in 

L - M.. Consider the composition 

4 n+l n K 
(D"-'\ S") (L"^\ L" ) (Y,X) 

where 0 is the characteristic map. Since IT , ^ {Y,X) = 0, e ^ n+1 

there is a map 0 : D 
n + 1 

from hoc to foG relative to S 

X and a homotopy H:D 

n 

n+1 
X I -̂  Y 

Define, k' : MUe X 

by k' (X) = • k(x) if X M 

0(y) if X = 0 (y) for some 

y £ D̂  
e 
,n+l 

and K ' : (MUe) x I -> Y 

by K' (x,t) ' K(x, t) if X e M 

H(y,t) if x - 0 (y) for some 

y e D̂  
e 
,n+l 

Clearly k' I M = k and K' is a homotopy from h | M U e to 

fok' relative to L " with K' | M x I = K so that 

(M,k,K) < (MUe, k', K ' ) . Thus we get a contradiction to the 

maximality of (M,k,K). Hence M = L and we choose d ,= k 

For the next step, we start with a map h : L -̂  Y such that 

joh ĉ  h and h L = fed . , . Since f is an inclusion, -• ' n + 1 
'̂  n+1 
h maps L inside X. Then vie change F suitably and 

proceed. 
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l ience , coming back t o t h e t h e o r e m , v;e g e t by ( I I . 3 . 4 ) , 

genus f < c a t Y - n 

Next suppose that goj Ci 0. Let L be an arbitrary 

CW-complex of dimension < n and let h:L—»¥ be an arbitrary 

map. Without altering the homotopy type of Y we may assume 

that g is a fibre map, [S.3; p99 ] , with fibre F and 

inclusion map i: F—>-Y. Since gojoh Cir" 0 and Z is connected, 

there is a map d: L —̂  F such that iod C:̂  joh (see the proof 

of (II.3.3)). Using the exact homotopy sequence of the 

fibration F -i-Y -^ Z and the fact that g : 7| (Y)^ng(Z), 

q <n, we have n ( F ) = 0 , q < n ; s o t h a t dC:;0, sincedim 

L <̂  n. Therefore joh ̂  0 and hence cat Y < cat g. 

Finally, since n (X) = 0, q <n, the n-skeleton X 

of X is contractible in X, [ S.3; p402, Thm 13 ] , and so 

gof I X cr: 0. Also since n (Z) = 0 for q > n, we have ( by 

the same induction technique used in the first part of this 

proof ) a map d: X-^-Z whose image is a single point such that 

dcfgof, s o t h a t g o f ^ O . So by (II.3.3) we get cat g < genus f. 

Thus the theorem is completely proved. ^f:^: 

II. 3.8 PROPOSITION. Let g: Y -v Z be a map of connected 

CW-complexes, and consider n > 1. If n (Z) = 0 for q> n and 

if the homomorphism g ; n (Y) -> IT (Z) is t rivial then c -j^ " n n 

cat g < cat -, Y. ^ _ n-1 

PROOF. Let V be an open (n-1)-categorical subset of Y. 
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Let L be an arbitrary CW complex with in-skeleton L , and let 

h: L -̂  Y [;e an arbitrary map such that h(L)cZ V. Since 

h I L c:iO, so goh |L ^ 0 and hence, by the same 

induction technique used in the proof of (11,3.7), we have 

gohCrlO. The only difference to be noticed is that here we 

don't have n (Z) == 0. But since q : n (Y) —> n (Z) is a n ^n " n "n 

trivial map, the composition 

, n n-1 ^ n n-1 ^°^ 
(D",S" -") V (L", L" ^) . (z,. ) 

will be homotopic to a null map from D to Z relative to 

S where 0 is a characteristic map for an n-oell and 
-1 

h': L -> Y is such thathcih' and h' |L is a null map. 

Thus the induction technique may be applied to show that 

goh I L ~ 0. To show that goh | L"̂  Ci 0 for all m > n, we can 

apply the induction technique without any difficulty, because 
n (Z) = 0 for a -> n. 

q •• 

Hence by (II.2.1) we have cat q< cat _, Y. rffr 

§ 4. The category of a cohomology class. 

Let X be an arbitrary space, G an abelian group, 

and n >1 an integer. 

II.4.1 DEFINITION. For any cohomology class U £ H " ( X ; G ) , the 

category of u, denoted cat u, is the least integer k> 1 with 

the property that X may be covered by k open subsets U such 

that j (U) = 0 where j* : H" (X;G) -> H"(U ;G) is induced by 
'" m m 
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the inclusion map i : U > X; if no such integer exists, 
mm •:> r 

set cat u = CO . 

Clearly cat u < cat X. 

Let K(G,n) denote any Eilenberg-Maclane 

CW complex L such that n (L) <^ G and ji (L) = 0 

for q 7̂  n; the homotopy type of L is uniquely determined, 

[W.l; p244, Thm 7.1] . The group H"(K(G,n); G) may be 

identified with the group Hom(G,G), and the identity map 

of G then corresponds to the fundamental class t£H (K(G,n);G), 

see [W.l; p236 ] . If X is a CW-complex, the set n(X,K{G,n)) 

of homotopy classes of maps X -> K(G,n) and the group H (X;G) 

are in a one to one correspondence which is given by 

f»-> f*{t) where f*: H" (K (G, n) ;G) -v H"(X;G) is induced by 

f:X -^ K(G,n), [W.l;p244, cor.6,20 ] . For any U £ H " ( X ; G ) we 

shall denote by f any of the homotopically equivalent maps 

f: X -̂- K(G,n) such that f*(t) = u. 

II.4.2. THEOREM. If X is a CW-complex and if u £ H " ( X ; G ) , 

then cat u = cat f . 
u 

PROOF. Let V be an open subset of X with the inclusion map 

j: V->X. If f o j ~ 0 , then j*(u) = j*of* ( t ) = 0; so 

that cat u < cat f . Conversely, if j*(u) = 0 then for any 

CW-complex L and any map h:L ->- V, one has h*oj* 'd"f* (t) = 0, 

So, by the one to one correspondence between JI(L,K(G,n)) and 

H (CllK~]3'*̂ ) 3S mentioned above, we have f o j o h Cii 0 and 
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hence, by (II. 2.1), we get cat f <_ cat u. r^ 

From theorem (II.4.2) and proposition (II.2.3) 

one gets 

II.4.3 THEOREM. If X is a CW-complex of dimension r 

and if u e H (X;G) , then cat u _< r/n + 1. # 

II.4.4 PROPOSITION. If X is a CW complex and if 

u,veH (X;G), then cat(-u)=cat u and cat (u+v) < cat u+cat v-1 

PROOF. The first statement is clear from the definition 

(II.4.1). In order to derive the second , recall that 

K(G,n) has an ll-space structure which makes the set 

n(X,K(G,n)) a group v;hich is isomorphic to H (X;G) under the 

correspondence displayed earlier. Therefore f , C^ f f '- '^ ^ u+v u V 

and the result now follows from (II.4.2) and (II.2.2). ^ 

"̂m II.4.5 PROPOSITION. If X is any space and if ue H (X;R), 

m = 1,2; then cat (u, U u„) £ min { cat u,, cat u^} , where 

U denotes the cup product, and R denotes a commutative ring. 

PROOF. If V, with the inclusion map i:V -*• X, is an open subset 

of X such that i*(u ) = 0, then i*(u, U u^) = i*(u ) U i*(U2) = 0 

so that cat(u, U u„) < cat u, . Similarly, cat(u, U u„) _< cat u^ 

and hence the proposition. ;^ 

Recall that, a cohomology operation T of type 

(m,n; G,G') is a natural transformation from the functor 
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n^ { ;G ) to the functor H " ( ; G' ) , where H"^ ( ;G) and 

H ( ;G' ) are contravariant singular cohomology functors 

defined on the category of topological pairs, m and n 

are fixed positive integers and G,G' are abelian groups. 

II.4.6. PROPOSITION. If X is an arbitrary space and 

V e H (X;G') is the image of u e H ™ ( X ; G) under a cohomology 

operation T, then cat v < cat u. 

PROOF. Let U v^ith the inclusion map j:U -->• X be an open 

subset of X such that j*(u) = 0. Then the following 

commutative diagram 

H"^ (X ; G) 

H (X;G') 

D i * 

J' 

H"^(U;G) 

T I u 

H"(U;G 

* * 
gives j' (v) = j' o T (u) = T o j*(u) = 0 which proves the 

proposition. -j^ 

II.4.7 PROPOSITION. Let E,X be any two spaces and g: E -̂  X 

be a map. Let u c H (X;G), then cat g*(u) < cat u. 

PROOF. If U' with inclusion map j : U -̂  X is an open subset 

of X such that j*(u) = 0, then i* g*(u) = d* j*(u) = 0, 

where i:N=g~-^(U)—vE is the inclusion map and d: N -v U is 

defined by d(x) = g ( x ) . Hence the proposition. 4ir— 
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As a relation between n-dimensional category and the 

category of a cohomology class we have the following result, 

which follows immediately from (II.4.2) and (II.3.8) with n 

replaced by (n+1). 

11.4.8 THEOREM. Let X be a connected CW-complex and 

u e H"(X;G) then cat u < cat X. #fc 
— n '̂  

A lower bound for the category of a cohomology 

class is provided by the following theorem. 

11.4.9 THEOREM. If X is a CW-complex and if the k-fold 

cup product u U u U Uu of a cohomology class ueH (X;R) 

is nontrivial ( n > 1) , then cat u >̂  k + 1, where R denotes 

commutative ring. 

PROOF One has f* (tUtU U t) = ulJuU Uu 7̂  0. So by 

(II.4.2) and by part (vi) of (II.1.2) we have 

cat u = cat f > k+1. ^ u -

11.4.10 REMARK. Let Cp" be the complex projective 

space of real dimension (2n-2). We have cat £P = n (using 

the same argument as in (1.2.2.)). Also H "̂  ( C P .; Z ) ̂ ^ Z 

for l<q<(n-l). If u e H (CP ; Z ) is a generator, then 

cat u < cat Cp" = n and, since the (n-1)-fold cup product 

u U u U Uu generates H^"'^ ( C p"""""; Z ) , by the above 

theorem one has cat u > n. Thus for every positive integer n 

there is a cohomology class of category n. 
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CHAPTER III 

LUSTERNIK-SCHNIRELMANN THEORY ON CRITICAL POINTS. 

About fifty years back, Lusternik and Schnirelmann 

showed that the number of critical points of a real valued 

function f on a closed manifold M is greater than or 

equal to the category of M. In this chapter we study a 

generalisation of this result for Finsler manifoldsi.e. for 

paracompact Banach manifolds. Further, we introduce the 

notion of A-category leading towards the study of the 

topology of the set of critical points. 

§ 1. Finsler manifolds and Pseudo-gradient vector fields — 

definition and elementary properties. 

Let V and W be two Banach spaces and O be 

an open subset of V. Let f:0—>W be a function of 

k-1 class C , k being a positive integer. We say that f 

k-is of class C , if given any p eQ there is a neighborhood, 

U of p , U s O / ̂î d 3 real number r > 0 such that 
o 

I k ' " ^ f - d*^-! f II < r II p - q j l for a l l 
P 

P. q e U • 

III. 1.1. THEOREM. If f is of class C*̂  then f is 

of class c*̂ ". 
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PROOF. Given p g Q, we choose r > 0 such that 

k II k 

d f jl < r. Then by continuity of d f, there exists 

^o 

some convex neighborhood U of p ^ "U £ O ' such that 

d*̂  f II < r for all x£U. if p,q e U then 

II d'̂'-'-f - d'̂'-'-f II < r ||p-q II / by the mean value 

theorem. zfif^ 

III.1.2. REMARK. It is elementary to see that the maps of 

k— r-\ 

class C from U to W form a vector space and the 
k- k-

composition of two maps of class c is again of class C 

By a C Banach manifold we mean a Hausdorff, 

second countable topological space M with an open cover 

(U. } . such that each U. is homeomorphic to a 

Banach space under a homeomorphism h. satisfying the 

condition that 

h.ohT-'- : h^(u^n u.) ^ h.(u^n u. ) 

is differentiable of class C . 

Let M and N be two C Banach manifolds and 

k-
f:M ->- N be any map. We say that f is of class C , if 

given p e M there exists a chart g:0 ->• V for M at p and 

-1 
a chart h:U^ W for N at f (p) such that hofog is of 

class C 

111.1.3 LEMMA. If M is a C^ Banach manifold then for 

every sufficiently small open set O of M there is a 
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C map f:M -^ IR such that f{x) > 0 for all x e M and 

O = { X e M 1 f(X) > 0} . 

PROOF. Let O be any subset of M such that O is included 

in the domain U of a chart g:U ->• V. Let O = 9 (0)» then 

1- " it is enough to show that there is a C map f:V ->- B. with 

f > 0 and 0 = {v e V I f(v) > 0 } , as in that case we 

can define f(x) = f(g(x) for x e U and f(x) = 0 for x ^ Q. 

Define f(v) = Inf { ||v-w[] : w ;̂  Q 1 • Since Q is open,. 

0 = { V e V I f (v) > 0 } . Let v^,\7^ £ V and £ >0 then 

choose w ̂  O such that II ̂ 2"")! < ^ (̂ 2̂  "̂  ̂  * "^^^^f 

f(vi) < l!v,-w 11 < II v^-v^ll + ||v2-w|| <||V3̂ -V2|| + f(v2) + e ; 

and since e is arbitrary f(v,) - £(^2) < 11 ̂ l ~ ̂ 2!! 

Interchanging v, and Vy we have |f(v,)-f(V2) | < |l̂ i~"̂ 2ll ' 

~ 1-
showing that f is a C map. -u-

III.1.4 THEOREM.If M is a paracompact C Banach 

manifold and {U ) ^ is an open cover of M then there is 
a •• a e A 

a C partition of unity { ̂ K } 5 B ^'^^ ^ subordinate . 

to {U } ,. ^ a ' a e A 

PROOF. By lemma (III.1.3) and the fact that M is paracompact, 

we can find a locally finite open cover { Q. } b 3 ^^^ ^ 

which refines {U } ,' such that if V is an open subset 
^ a ^ a e A 

of Ou for some b E B then there is a C ' map f:M -»- M with 

f > 0 and V = { x e M : f ( x ) > 0 } . Let ^ \ ^ b £ B ^^ 

an open cover of M with V, ̂  O. ( by shrinking lemma ) 
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and let fu,:M -̂  R be a C ~ map with fĵ  > 0 and 

V|̂  = { X e M I fĵ (x) > 0 } . Let g^ = fj^/ ( Zf^). Then 

{ g, } , is clearly a C ~ partition of unity for M 

and support gi-^^V, ^ O, which is included in some U . ^ 

III.1.5 DEFINITION. Let B be a topological space, V a 

Banach space and E = B x V the product Banach space bundle 

with fibre V over B. A function [[ |j : E -»- R is a 

Finsler structure for E if 

(i) for each b E B the map V̂ -̂ ||{b,v)|| is an 

admissible norm for V (call it || j| ) , and 

(ii) given b £ B and a real number r > 1 there is 

a neighborhood U of b in B such that 

F Ml, i Ml, 5 r||vi| 

for all b e U and all v e V. 

Suppose N is an admissible norm for V then the map 

II Ij : E -•• R defined by ||(b,v)|| = N(v) is called the 

flat Finster structure for E defined by N. (Here by an 

admissible norm on V, we mean a norm which induces same 

topology on V as the one induced by the original norm on 

the Banach space V). 
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III.1.6 DEFINITION. Let p:E -> B be a C° Banach space 

bundle and let || || :E ->• IR be a function. We say |j j| 

is a Finsler structure for E if given b £ B there is a -" o 

bundle chart g: Q) x V •^ E \(^ for E with Q a neighborhood 

of b such that j| jjog is a Finsler structure for Q) x V. 

III.1.7. DEFINITION. A Finsler manifold M is a C Banach 

manifold together with a Finsler structure for T(M), where 

T(M) —v M is the tengent bundle of M. 

Every paracompact C Banach manifold admits the 

structure of a Finsler manifold, [ P.l] . 

It can be easily checked that, if M is a connected 

k k 
C banach manifold and p,q e M then there is a C path 

s: [ a,b] -̂  M with s(a) = p and s(b) = q. 

Let M be a Finsler manifold and s: [ a,b] •* M be 

a C path in M. We define l(s), the length of s, by 

b . 
l(s) = / ||s' (t)|l dt , s' (t) E 1^ set) . 

If p and q are in the same component of M, we define 

the distance d(p,q) from p to q by 

d(p,q) = Inf { l(s) J s is a C-̂  path from p to q } 

This function d is a metric for each component -of M and 

the topology given by this metric is same as the given topology 

of M, [ P.l ] . This metric d defined on each component of M 
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is called the Finsler metric for M. If each component of 

M is complete in the Finsler metric, then M is called a 

complete Finsler manifold. 

The following proposition is immediate. 

III.1.8 PROPOSITION. Every paracompact C Banach manifold 

M is metrizable. Conversely ofcourse every metrizable Banach 

manifold is paracompact. =j^ 

In fact every paracompact C Banach manifold 

admits a complete metric, CP.33 • 

Let M be a C Finsler manifold and s: (a,b) -v M 

be a C path in M. We define l(s), the length of s, by 

i(s) = lim r II s*(t;||at . 

Note that we may have l{s) = <» . 

1- 2 

Again, if X is a C vector field on a C Finsler 

manifold M then by an integral curve for X we mean a C map 

s:(a,b)—^ M with the property that s'(t) = X (s(t))for 

all t £ (a,b). Moreover if 0 8 (a,b) then s(0) is called 

the initial condition of s. 

III.1.9 PROPOSITION. Let X be a C"̂  vector field on an 

'" 2 
open submanifold M of a complete C Finsler manifold M and 
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let s: (a,b) ^ M be a maximal integral curve of x i.e. 

every integral curve of X with the same initial condition as 

that of s is a restriction of s. If b < <» and 

h 
j||X(s(t)) II dt < 0° then s(t) has a limit point 

in M — M as t —^ b i.e. there exists a sequence I t } in 
n 

(a,b) converging to b such that { s(t )} converges to a 

point in M — M. Similarly if a > - 0° and 

J II X(s(t) II dt < °° then s(t) has a limit point in 

M — M a s t —*• a. 

PROOF. If J ||-x(s(t) II dt < CO then, 

since s'(t) = x(s(t) , we have 

b 
] II s' (t) li dt < » 
0 

Given e > 0 we choose a partition 

0 = t < t, < t„ < < t < b = t ^, of 
o 1 2 n n+1 

[o,b) so that, for i = 0,1,2, , n. 

I 
"̂ i+l 

s'(t) dt < 

Then clearly s([ 0,b)) is included in the union of the 

e- balls about the points s(t.), i = 1,2, , n. 

That is s ( [o,b ) ) is a totally bounded subset of M 

and since M is complete , s( [ o,b ) ) has a compact closure, 

Hence s(t) has a limit point q in M as t-> b. Again if 
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b < 00 then by theorem (3) of [P.2; § 6 ] we have q ^ M. 

Hence q e M - M. ^ 

III.1.10 PROPOSITION. Let X be a C ~ vector field on a 

complete C Finsler manifold M. If 1| X || is bounded on 

M then x generates a global one parameter group i.e. X 

generates a one parameter family {g,} i. TD of ^ 
t t £ JK 

dif feomorphisms of M such that the map IR -v Diff(M), t »-•- g. , 

is a continuous homomorphism with g.g = g. , ,where Diff(M) 
t s t+s 

is the group of all dif feomorphisms on M. ( || X || = j| ||oX , 

where l| j| is the Finsler structure for T{M)). 

PROOF. Let s: (a,b) ->• M be a maximal integral curve of X. 

It is enough to show that a = - <» and b = °° . Suppose for 

example that b < <» . Then since jj x || is bounded, 

J II X (s(t)) II dt < °° ; so by (III.1.9) 
O 

s(t) has a limit point in M - M = 0 as t->- b, which is 

absurd. Now for t £ IR define g : M -̂ M as g. (x) = s (t), 

where s is the maximal integral curve of X with s (0) = x. 

Then {g. } ^. r-m forms the global one parameter group 

generated by X ,t H.l; p 149-15l] . ^ 

If M is a Finsler manifold then there is a natural 

Finsler structure for the dual space T(M)* defined by 

llhll = sup { h(v) I II V II ĵ  = 1} for heT(M)*. In 

particular if f:M-> IR is a C map then || df jj i's' defined 

for eacl? p e M and || df || : M -*- IR given by p _̂* |j df || is 

well defined, nonnegative, continuous real valued function on M. 
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111.1.11 DEFINITION. Let M be a C^'^'^ Finsler manifold 

( k>0 ) and let f:M -»• R be a C map. A vector XeT(M) is 

called a pseudo-gradient vector for f at peM if 

and (ii) Xf = df (X) > [[ df (1 ^ 

If X is a C vector field on a subset ScM, then x is 

called a C Pseudo-gradient vector field for f on S if 

for each p e S , X = X (p) e T(M) is a pseudo-gradient 

vector for f at p. 

It is immediate from the above definition that the 

set of pseudo-gradient vectors for f at p e M is a convex 

subset of T(M) . 
P 

111.1.12 LEMMA. Let M be a c'̂'̂"'' Finsler manifold ( k >0 ) 

and let f:M -»• IR be a C map. Given peM, which is not a 

critical point of f, there is an open neighborhood Qf of p 

in M and a C pseudo-gradient vector field for f in Q 

PROOF. Given p£ M, which is not a critical point of f, 

we can find Y eT(M) with || Y 11 = 1 such that df (Y ) 
p p I' p " P P 

is as close to Ijdf || as we wish; say 

^fp(^p) ' fll^fpll • consider X^ = | || df^ || Y^ 

so that ||Xp|| = I ||dfp||< 2.||dfp|| and 

^pf = '̂ fp(̂ p) = I ll^fpll^fp(^p) Hl^fp r • N°" ̂ ^̂ tend 
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1̂  
X to a C vector field X in a neighborhood U of p in 

M (say by making it "constant" with respect to a chart at p ) 

Then define 

0 = { q c U | Xgf > II dfg II 2 andljxjl < 2||dfJ| ] 

where X = X (q) for all q. Since X f = dfoX , lldfll and 

11 X II are all continuous on U, so Q is open. Hence the 

lemma follows. :^ 

2 
III.1.13 THEOREM. Let M be a C Finsler manifold and let 

f:M->-iR be a C map. Let M* denote the open submanifold 

of M consisting of regular (i.e. noncritical ) points of f. 

Then there is a C pseudo-gradient vector field for f in 

M*. 

PROOF. For each pe M*, we choose by lemma (III.1.12) a 

neighborhood O of p in M* and a C pseudo-gradient vector 

field X for f in O • Now, M* is metrizable, being a 
IT 

Finsler manifold, and hence paracompact. So by theorem (III.1.4) 

there is a C partition of unity { g, } , „ for M* such that 
'^ b b e B 

for each b e B there is a point p(b) 6 M* with support 

g, d. O ,UN • Then X = E g.X ^^ ^ is a C"*"" vector field ^b =• p (b) ^b 

in M* and hence is a C pseudo-gradient vector field for f 

in M*, as the set of pseudo-gradient vectors at any point 

forms a convex subset of the tangent space at that point, 

# 
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§2. Existence of critical points. 

Throughout and the later sections, M will denote 

a C - Banach manifold ( k ̂  1) , K o M the set of critical points 

of f (where f: M ->- R is a map of class at least C ) , and 

M* = M - K the set of regular points of f. We denote the 

frontier of K i.e. K H M* , by K . Note that K is a 

closed subset of M i.e. M* is open in M. 

111.2.1 THEOREM. Let M be a connected C''' Banach manifold 

and f: M -> IR be a nonconstant C map. Then f{K) = f(K). 

PROOF. Let peK. We shall find a point x e K such that 

f(x) = f (p) . Choose a point q e M such that f (q) f̂  f (p) and a 

C path s:l ^ M such that s(0) = p and s(l) = q and let g(t) 

= f(s(t)). Then, g'(t) = df^ (s"(t)). Since g is not 

constant, g' is not identically zero; so s(I) is not included 

in K. Let 

t^= Inf { tel I s(t) j2f K } = Inf s""*" (M-K) . 

Then clearly t e I, since I is closed and bounded, and also 

s(t ) e K, because otherwise 

t^e s"-*- (M-K ) = s"-'-(M-K) U s""'" ( Int K ) 

which contradicts the fact that t = Inf s~ (M-K). 

Set X = s(t ) e K and since g'(t) = 0 for O^t^t it follows o o > 

that f(x) = g(t ) = g(0) = f{p). 
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III.2.2. DEFINITION. Let M be a C"'' Finsler manifold and 

f:M •+IR a C map. We say that f satisfies condition (C) if, 

given any subset S of M on which j f | is bounded but 

on which 11 df II is not bounded away from zero (i.e. for 

each e > 0 there exists some x e S such that || df || < e ) # 

there is a critical point of f in S . 

III. 2.3. THEOREM. Let M be a C Finsler manifold and 

f :M -y [R be a C map satisfying condition (C) . Then f | K is 

proper i.e. given -oo<a^ b< m , K H f [ a,b] is compact, 

In particular if Int (K) = 0 then f | K is proper. 

PROOF. Since M is metrisable, it is enough to prove that 

K ^ f [ a,b ] is sequentially compact. Consider a sequence 

{ p } in k n f [a,b] . Since P e K we can choose q / K 

arbitrarily close to p . ., In particular since (| d-f- )| , f are 

continuous and H df || = 0 we can choose q so close to 
' p " ^n 

•̂n 
p^ that 

" ^^a " ^ n ' ^~^ "^ ^^^r? ^ ̂ ^'^ ^"^ ^^^° ^ ̂ ^n' ^n^ ^ n ' ^n 

d being the Finsler metric. Then by condition (C) a sub­

sequence of { q } will converge to a c ritical point p of f. 

Since 

d ( q , p ) < — , ^n' ^n n ' 

the corresponding subsequence of { p } will also converge 

to p. Since K is closed, p e K D f [ a,b ] . Thus 
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KDf [ a,b] is sequentially compact 

Particular case follows from the fact that if 

Int K = 0 then K = K. _j. 

III.2.4 PROPOSITION. Let M be a complete C^ Finsler 

manifold without boundary, f: M -»-IR be a C function 

satisfying condition (C) and X be a C pseudo-gradient 

vector field for f in M*. If s: (a,b) ->• M is a maximal 

integral curve for X then either lim f(s(t)) = °° 

t^ b 

or s(t) has a critical point of f as a limit point as 

t ̂  b ( b may be °° ) . Similarly either lim f (s(t) = - °° 

t -> a 

or s(t) has a critical point of f as a limit point as 

t ->• a (a may be - °° ) . 

PROOF Let g(t) = f(s(t)). Then g' (t) = df (s' (fe-)-) 
a \X.) 

= dfg^^j (X (s(t))) > (/ cafg(,.j|( > 0 ( since X (s(t)) 

is a regular point for each te (a,b)). So, g is strictly 

monotonically increasing and hence has a limit B as t -̂  b. 

Suppoe B < °° . Then 

g(t) = g(o) + ( g- (x)dx^ g(o) + K ̂ f^ || ̂  dx, 

o '-

and it follows that 

b 
2 

o 

(*) M l d f ^ ( ^ ^ II ^ dx < 
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Suppose first that b = oo . Then by (*) , (( df . . |/ is not 
S (X; 

bounded away from zero for xe [ 0, co ). since g(x) = f(s(x)) 

is monotonically increasing 

f(s(o)) ^ f(s(x)) ^ B for XG [ 0, CO ). 

Hence by condition (C)^s(t) has a c ritical point of f as 

limit point as t ̂ co . 

Next suppose b < <» . By Schwartz's inequality we 

have 

"^fs(x) I' dx < b'̂  [ [ ((df^^^^ l( 'dx ] 

and by (*), [ ll df^^^. dx < oo 

Bub since X is a pseudo-gradient vector field for f in M*, 

II X ( s ( x ) ) II ^ 2 II d f 
s{x) 

hence \ II X ( s ( x ) ) |l dx < «> 

Then by proposition (III.1.9), s(t) has a limit point in 

M - M* = K as t -V b. 

The other conclusion can be drawn similarly. 
^ 

III.2.5 THEOREM. Let M be a complete C Finsler manifold 

without boundary and f: M ->• IR be a C map satisfying condition 

(C). If f is bounded below on a component M of M then 

f I M assumes its greatest lower bound. If f is bounded ' o ^ 
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below then either f assumes its greatest lower bound or 

else there is a sequence { M, } of components of M, on each' 

of which f is constant, such that 

f (M|̂  ) -. Inf { f (x) I X £M } . 

PROOF Let B = Inf { f(x) | x eM } . For every positive 

integer n, choose x e M with f(x ) < B + — . We can ^ n '̂  o ^ n' o n 

assume x c K (otherwise by proposition (III.2.4) we can 

replace x by a limit point of s(t) as t ̂- a where 

s: (a,b) ->• M* is the maximal integral curve of a pseudo-

gradient vector field for f on M*; also note that B > - oo 
o 

and f(s(t)) is monotonically increasing). In case f is 

constant on M we are done. So we can assume that f is not 

constant on M . Then by Theorem (III.2.1), we can assume 

X e K (In fact here Theorem (III.2.1) will look like 
f (K n M ) = f(KnM ), where KHM is the frontier of o o o 

K H M in M and we have K D M = K H M ). Thus we have a o o o o 

sequence { x } such that x e K and ^ n n 

B < f (x ) < B + - ^ B + 1 o ̂  n o n ^ o 

and hence by Theorem (III.2.3)^there exists a subsequence 

of { x } converging to some point x e M ( note that n n ^ f o o 

X e M for each' n ) and clearly f(x ) = B . This proves n o ^ ^ o o ^ 

the first assertion. 

Now let B = Inf { f(x) | x £ M} . 

For every positive integer n choose p vg M such that 
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B <: f(p ) < B+ - ^ B+1. By the first part of the theorem we 

can assume p to be the minimum of f on a component M "̂n '• n 

of M. Then ' p e K and also by assuming that f is not 

constant on M for infinitely many n's, because otherwise 

f(M ) -»• B, we can use Theorem (III.2.1) to have p r K for n "̂n ̂  

infinitely many n's. Hence by Theorem (III.2.3) there exists 

a subsequence of { p } converging to some point' p of M 

and clearly f(p) = B. -u. 

111. 2. 6 THEOREM. Let M be a C"̂  Finsler manifold, f:M ^ iR 

be a C map satisfying condition (C) and c be a regular 

value of f. Then either c is in the interior of f(M*) or 

else there is a sequence M, of components of M, on each of 

which f is constant, such that f(M, ) -> c. 

PROOF Let S = {a e IR I f has the constant value a on a 

component of M } . 

Now by Theorem (III. 2.1), f(K) = SUf(K) (because 

K = U (KDM.) where M.'s are components of M and if f is 

constant on some M. then f(KOM.) d S and if f is not 

constant on some M. then f(KnM.) = f(KnM.) by Theorem 

(III .2.1) , where K/I M. is the frontier of KflM. in M. 
1 1 1 

and KHM. O K . ). Since c is given to be a regu-l-ar value 
Is 

and also since a proper map closed, so from Theorem (III.2.3) 

it follows that if c is not a limit point of S then c is 

not a limit of f(K) also ( because f(K) = S U f(K), f(K) 



- 61 -

being closed ). That is c lies in the interior of 

f(M*). i ^ 

Let X be a C vector field on an open submanifold 

~ 2 

M of a C Banach manifold M, M being without boundary. 

For each p e M, let s be the maximal integral curve for X 

with initial condition p. Define two functions 
t"*" : M ^ (0, 00 ) and t"' : M ->- ( - co , 0 ) 

such that the domain of s is ( t (p), t (p)). Let 
IT 

D = D(X) = {(p,t)G M X IR I t"(p)<t<t"^(p)} 

and for ea c h t e IR let 

D^ = D^(X ) = {p e M I ( p,t) e D } . 

Define g:D -»- M by g(p,t) = s (t) and g : D -»- M by 

94-(P) = g(Pft) = s (t) . The indexed set {91.} is called the 

maximal local one parameter group generated by X . Also 

r 1 '̂  '̂  1-

(see L p. 2 J ) D is open in M x |R and g: D ->- M is C 

For each t e IR , D is open in M and g is a C isomorphism 

of D onto D_ having g_. as its inverse. If p eD. and 
g^CP) ^ Dg then p eD^^g and g^+glp) = g3(gt(P))-

2 
III.2.7. THEOREM. Let M be a complete C Finsler manifold 

2-
without boundary, f:M ->• IR be a C function satisfying 

condition (C) and assume that the internal (a,b) contains no 

critical values of f, - » <: a < b ^ oo . If c e (a,b) then 
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-1 2 

W = f (c) is a closed C submanifold of M and there is 

a C homeomorphism F of W x (a,b) onto 0 = f (a,b) such 

that for each e e (a,b) the map w ->• F ( w,e ) is a C 

homeomorphism of W onto f (e) which for e = c is the 

identity map. 
PROOF. Since c is a regular value of f, W = f (c) is a 

2 1-

C submanifold of M. Let X be a C pseudo-gradient 

vector field for f in ^4*. Let w e W and s:( a,B ) -̂  M* 

be the maximal integral curve for X with s(0) = w. We claim 

that if e e(a,b) then there exists a unique t e { a,3 ) such 

that f(s(t )) = e. Uniqueness is clear since f o s is 

strictly monotonically increasing ( see the proof of (III.2.4)), 

For existence suppose that there is no such t ; also assume 

c < e, for definiteness. Now c = f(s(0)) ̂  f(s(t)) < e for all 

t £ [0,B ), by monotonicity and continuity of f(s(t)), so by 

Theorem (III.2.4) there is a critical point p of f and a 

sequence { t } •*• B such that the sequence {f(s(t ))} ->- f(p). 

Also since a < c < f(s(t )) < e < b, it follows that 

a < f(p) < b; which is a contradiction, since f(p) is a critical 

value. Now df, X are C , so X f = df(X ) is C ~. Also 

Xf :j. II df 11̂  > 0 on M* so 1/{ X f) is Ĉ "̂ on M*. Hence 

T = X/( Xf) is C"''" on M*. Let {g } be the maximal 

local one parameter group generated by X . So for peM*, 

t "*• gi. (P) is a maximal integral curve for X with initial 

condition p. Since X is proportional to X with a nonzero 
proportionality factor, t -• g. (p) is nothing but the maximal, 
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integral curve for X with a reparametrisation such that 

f(g (p)) = f(p)+t, because |^ f(g^(p)) = X f = 1. Now note 

that 0 = f~"'"(a,b) ^ M*. So for pe Q , the above claim 

and the expression f(g. (p)) = f(p) + t imply that if 

- f(p) < t < b-f(p) then g. (p) is defined and the interval 

(a-f(p), b-f(p)) is in bijective correspondence with (a,b) 

under the map t -> f(g. (p)). Define F:W x (a,b) -̂  M* by 

Fj;w,t) = g (w) . Then F is of class C ~. Note that 

F(w,c) = w and f(F(w,t)) = t. So we have F:W x (a,b)-> O 

and also W is mapped into f (e) under w -»- F(w,e) . Also 

note that the inverse of F is given by F:Q^ W x (a,b) 

by F(p) = ( gc-f(D)^P^' ^^P))- Hence the theorem follows. 

111.2.8 THEOREM. Let M be a complete C^ Finsler manifold 

2-
without boundary, f: M ->• IR be a C map satisfying condition (C) 

Let -oo < a <: b< oo and assume that there are no critical 

values of f in [ a,b] (in []a,a> ) if b =<») and that neither 

a nor b is a limit point of S = { c £ IR | f has the 

constant value c on a component of M } . 

Then there is a C map H:M x I ->• M such that 

if we put H (p) = H(p,s) then for some e > 0 : 

(1) H^ is a C homeomorphism of M into irself for all 

se [ 0,1 ) { all s G[ 0 , 1 ] if b < co ) 

(2) Hg(m) = m if m / f""*- (a - 2e , b+2 e ) 

(3) H = identity map of M 
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(4) H^(f -"-(-oo , b+e ] ) = f "'" ( -00 , a-e] if b< «> and 

H^(M) = f •"" (-00 ,a- 2 e ]̂ if b = 

PROOF. By (III.2.6) there is an e > 0 such that f has no 

critical values in ( a-3e , b+3e ). By (III.2.7) there is a 

C homeomorphism 

F:W X (a-3 e ,b+3e ) r^ f~^{a-3t , b+3 e ) where W = f~''-(a) 

and F(W x { c} ) = f"""" (c) for all ce (a-3 e ,b+3 e ). 

Case 1. b = oo . Define H (m) = m if f (m) < a-2 e . JJ. f (m) :5,a-2e , 

m = F(w,t) with t >^a-2£ , then 

Hg(m) = F(w,t + s(a-2e-t)) 

Case 2. b < °° . Let h: IR -̂  IR be the unique continuous function 

such that h(t) = t for t <: a-2 e , h is linear in [a-2 e ,b+e] 

and h (b+£ ) = a-e , h is linear in[ b+e, b+2e], and h(b+2G ) 

= b+2 e , h(t) = t for t >̂  b+2e Define H (m) = m if m e 

f(a-2 e ,b+2 £ ) and for m £ f (a-3 e , b+3 £ ) , say m = F(w,t) , 

define H^(m) = F(w,t+s(h(t) - t)). 

Hence the theorem follows 
# 

2 
III.2.9. THEOREM. Let M be a complete C Finsler manifold 

2-
without boundary, f:M->- IR a C function satisfying condition(C) 

and given c £ IR let M = f~ (-°° ,c] and let K = K fl f" (c) 

denote the set of critical points of f at the level c. 
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Then, 

(1) If c is a regular value of f and is not a limit 

point of (a e IR I f has the constant value a on some 

component of M } , then for some e > 0 there is an isotopy 

q. of M with q,(M ^ ) = M 
^t ^1 c+e c-e 

(2) If c > sup f(K) then there is a strong deformation 

retraction of M onto M for some e > 0. 
c-e 

PROOF. Statement (1) follows from part (4) of (III.2.8) with 

a = b = c and statement (2) follows from parts (3) and 

(4) of (III.2.8) with a = c and b = oo . -H-

Let X be a C pseudo-gradient vector field 

2-
for f on M*, f:M -̂  IR being a C function satisfying 

condition (C) . Let "x = X / ( X f ) . Since df is C and 

X is C""-"̂  it follows that Xf = df(x ) is C"'"". Also 

since X f >, l| df l| > 0 on M* and t ^ 1/t is C°° for 

t ^ 0, l/( X f) is C"*"" on M*, hence x ' = x / ( x f ) is a C'''" 

vector field on M*. Also X f = 1. Define 

V, = { X e M : II df II < 1/k } for each positive 
K X 

integer k, so V, is an open neighborhood of K and 

\ + l Qz \ - Let L|̂  : M->- [ 0,1] be a C-'""' function 

on M which is zero on V, ,, and 1 on M-V, . Define 
k + 1 k 

1- '̂  k '~ k '~ 
a C vector field X on M by x = L, x in M* 

and X = 0 in V, ̂ , . 
k + 1 
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111.2.10 LEMMA. For each positive integer k, x"*̂  is a 

bounded C ~ vector field on M with W H'^ II ^ 2(k + l); 

hence by proposition (III.1.10) 'x generates a global one 

k 1 — 
parameter group { g } of C honieomorphisins of M. 

Moreover if peM then d( g^ (p) , gl̂  (p) ) ̂  2 (k + 1) 1 b-a ] 
a D ' ' 

and in particular d(p,g^(p))$ 2(k+l) ( t( , ( d is the 

Finsler metric.), 

PROOF If 'x'̂ (x) ^ 0 then x ^ V^_^^ so f| df^(^l/k + l; 

hence, since X is a pseudo-gradient vector field for f, 

we have 

Hence || x'̂ (x) || = Lĵ  (x) (I T(x) 1/ •$ 2(k + l). 

Now g^ (p) with variable t and fixed point p is an 

""̂  k 

integral curve for X with the initial condition p and 

when a4t4b, g. (p) serves as a path from g (p) to gl̂  (p) 

b 
Therefore d(g^(p), g^ (p))^ jnd_(gk(pjj [| ^^ 

a-

) If x'Ng^ (P)) 'i dt $2(k+l) I b-a ( . - ^ 

III.2.11 LEMMA. f(g^ (p)) + (b-a) ^ f(g^ (p)) ^ f(g^ (p)) 

In particular f(g. (p)) is monotone nondecreasing in t. 
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1̂  
Moreover if g (p) jt V, for a^t^b 

then f( g^(p)) - f( g^ (p)) = b - a, 

PROOF, - ^ f( g^ (p)) = dfgk(pj • g f (g^ (P)) 

= dfgk(p^-7'' { g^ (p)) = x"" ( g|̂  (P)) f 

L̂  ^̂ t (P)) ^ f = L^ (ĝ  (p)) , 

since X f = 1. Hence 

£(g^ (P)) - f( g^ (P)) = [ L̂ ( g^ (P)) cit 

Since 0 <c L, ̂  1 and since L, is 1 outside V,, the 

lemma follows. 

III. 2.12 LEMMA. If {f( p )} is bounded as n -> «> and 

{t } is bounded then {f(g. (PK))} is bounded, n t^ k 

PROOF. Since {f(p )} and {t } are bounded, so there 

exists real numbers A and B such that |f{p )| ^ A 

and It 1 X B, for all n. 

Now |f(g'̂  (p^)) I ^ |f(g^ (p^)) - f (g^(P„))| 
K K 

where the second inequality follows from Lemma (III.2.11) 

k k 
and the 'ract that g = identity. Hence {f(g. (Pi,))} is bounded. 
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III. 2.13 LEMMA. The set 

U^ = { X e M 1 I f (X) - c I < — and gl̂  (x) 6 V^ 
k 

2 
for some t £ [ - —„, 0 ] } is an open neighborhood of 

k 
K and each neighborhood U of K includes a U, for 
C C K 

some k. ' 

PROOF. The first statement is clear. We can assume U 

to be a closed neighborhood of K , ( by paracompactness). 

If no u, ^ U, let { PI, } be a sequence with p, e U. 

and p ;̂  U. Since |f(p, )-c | < 1/k , f(P|̂ ) ^ c and 

since c is not a limit point of f( Int(K-K )) for large 

k, Pi; '̂  I'̂ t K, ( note that Pi, ^̂^ K ). Replacing p, 

by a nearby point we can assume p, is not a critical 

point of f ( note that U is closed ). Since 

f(P|̂ ) •* c, { f( p.) } is bounded. Choose t), ̂t -2/k , 0] 

so that g^ ( p̂ ^ ) e V^. By the Lemma (III.2.12), 

k ^ 
t f( g^ ^Pk^^ -̂  """̂  bounded. By definition of V, the 

norm of df at g. (p, ) is less than 1/k. Since for 
^k ^ 

large k, p, I K, it follows that for those k, 

k 
^t, ( p. ) 4 ^ [ since K is pointwise invariant under 

k k 
g ). Hence by condition (C) , a subsequence of { g. ( Pu ) } 
t k̂ " 

converges to some point qeK. Now by the Lemma (111.2.10), 
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d(p^,q) < d(p^, g^ (p^)) + d(g^ (p^), q) 
K K 

^ 2(k + l) I t^ 1 + d(g'̂  (p^) , q ) 
K 

< 4 (k + 1) ^ A I ^ , ^ \ 
2 + d ( g^ ( P,̂  ) f q ) . 

k k 

Hence the corresponding subsequence of { Pu } will also 

converge to q. Since f (q) = lim f (p, ) = c ,—q eK . 
K C On the other hand since U is a neighborhood of K and 

^ c 

p. ^ U, no subsequence of { P|̂  } can possibly converge 

to a point q of K . This contradiction proves the 

lemma. 

III.2.14 LEMMA. If 0 < e < 1/k^ then 

9*^.(^1^ - U, ) d M ^-1 c+e k c-e 

PROOF. If X £ M ^ - U, then f(x)< c+e<c + l/k . Since 
c+ e k V ' ̂  

by Lemma (III.2.11) f(g_. (x)) is monotone non-decreasing 

2 
in t, we can assume that f(x) ^ c-l/k ( otherwise 

k 1 
f (g_-, (x)) :$ f (x) ̂  c- —„<c-e and so we are done ) . Hence 

k 

|f(x) - c I < -„ and so by definition of U, , g. (x) ^ V, 
k 

for -2/k^ <: t ^ 0. Then by (III.2.11), with a = -2/k^ and 

b = 0, 

t{q\{x)) S f(g'!2/k2 (X)) = f(x) - 2^ 
k' 

< c+ —p - —~ = c - 1/ k < c - e 
k k 
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Hence the lemma follows, 

2 
III.2.15 THEOREM. Let M be a complete C Fmsler 

2-
manifold without boun-dary, f: M -> iR a C function 

satisfying the condition (C). If c e R is not a limit 

point of f(Int(K-K )), then there are arbitrarily small 

neighborhoods U of K and arbitrarily small e>0 such 

that there exists an isotopy g, of M with 

g^l M^ + e" U ) en M 
c-e 

PROOF. By Lemmas (III.2.13) and (III.2.14), we have 

arbitrarily small neighborhoods U. of K and arbitrarily 
K C 

small e > 0 such that the map g: M x I ->- M, given by 

g (x,t) = g. (x) = g_ (x), is an isotopy of M with 

g', ( M ^ - U, ) = g*̂ , (M ^ - U, ) d M . :n!J= ^1 c+G k ^-1 ^ c+e k c-e ~rr-

Let ^ be a family of subsets of a Banach 

manifold M. We shall say ^ is isotopy invariant if, given 

F € •? and an isotopy { g. } of M, g,(F)e "̂  . If f:M->. IR 

is a function, we define minimax(f,? ) the minimax of f 

relative to ? , by 

minimax(f, ^) = Inf Sup { f(x) | x e F } . 

F ^^ 

Equivalently, putting M = f (- oo, a ] , 
a 

mi nimax(f,? ) = Inf { a e R | 3 F e ^ with F c:z M } . 



71 -

The following theorem gives critical values of 

f in terms of minimax (f, ^ ). 

2 
III.2.16 MINIMAX THEOREM. Let M be a complete C 

2-

Finsler manifold without boundary and f: M -> IR a C 

function satisfying condition (C) . Let '? be an isotopy 

invariant family of subsets of M such that -^ < minimax 

(f, ^ ) < 00 . Then either minimax (f, '̂  ) is a critical 

value of f or else there is a sequence of distinct 

critical values { c, } of f such that c, ->• minimax 

(f, ^ ) and f assumes the constant value c, on a 

component of M. 

PROOF. Suppose that c - minimax ( f, "^) is neither a 

critical value of f nor a limit point of the set 

{a e IR I f assumes the constant value a on a component 

of M.} . Choose e > 0 satisfying (1) of Theorem (III.2.9) 

and F e ^ with F c. M ^ . Then there is an isotopy g of 

M with g, (F) c: M _ . Since g-, (F) e ^ and c = minimax (f, ̂  ) 

so we have c^c - e ; which is absurd. Hence the theorem 

follows. -A/-

§3. Main Theorem of Lusternik Schnirelmann Theory. 

In this section we prove the main theorem of 

Lusternik and Schnirelmann regarding lower bound of the 

number of critical points of f: M -> IR. 
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2 
111.3.1 THEOREM. Let M be a complete C Fmsler 

2-
manifold without boundary and f: M -̂  (R be a C map 

satisfying condition (C) . Assume for each a e R that a is 

not a limit point of f(Int (K - K°)). For each positive 

integer m ̂ cat M, define 

c^(f) = Inf { a £ R I catj^j(M^) >, m } 

Then, 

(1) c,(f) = Inf {f(x)l x e M }. In particular, if 

f is bounded below then c,(f) = min { f(x) I xe M} 

<2) ^J^) ^<^m+l(^)• 

(3) If -oo < c {f)< "^ then c {£) is a critical value 
m m 

of f. 

(4) If some c (f) = o° then f is unbounded on K and 
m 

hence K is infinite. In fact 

c^f) ? Sup { f(x) I X e K } 

(5) If 0< m< n^ cat M and 

- oo < c = c (f) = c (f) < '^ , m n 

then cat,,K >, n-m+1. In particular if M is connec ted 
M c -̂  ^ 

then dim K >. n-m. 
c '^ 

PROOF. Clearly cat^^ M ^ 1 if a> Inf { f(x) | x e M } 

and conversely if cat M :̂  1 then a > Inf ~{ f (x) ) x e M } 
iVl 3, "^ 
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Hence the statement (1) follows. The particular case in 

(1) follows from (111.2.5); the second conclusion of 

(III.2.5) is ruled out as c,(f) is not a limit point of 

f(Int(K-K^^(^j)). 

Statement (2) is immediate because if 

cat,„ M > m+1 then obviously cat M > m and so 

{aelR I cat^, M > m+l> cz I a € IR I cat,, M > m i 

and therefore 

Inf {a elR I c a t , , M > m ) < In f | a e R I c a t , , M >. m+l} 

To p r o v e (3) , l e t '~f = {F c; M | c a t , , F x m } . 

Note, by monotonicity of cat, that -M e "? iff there 

a m . 
exists F e'̂  with F ci M , hence m — a 

c (f) = Inf { ae R I q F ej with F o. M } m ' -" m a 

minimax ( f , ̂  ) . 

Now if F ̂  M and g, is an isotopy of M then trivially 

cat g-, (F) = cat F, so !? is isotopy in variant. Statement (3) 

now follows from (III.2.16); the second conclusion of 

(III.2.16) is ruled out as c (f)is not a limit point of 

f (Int(K-K ,..))' 

To prove (4), notethat if c> sup {f(x) | x e K } 

then by (2) of (III.2.9) and by (a) and (c) of (1.1.3) 
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we have for some e > 0 .cat., M = cat M; so that if 
^ M c-e 

m :< cat M then c (f)-̂  c- e < c. Hence 

c (f) ^ sup { f(x) I X e K } . 

In order to prove (5) we first show that, for 

some e > 0, cat,, K >. cat,, M , - cat,, M . Note 
M c M c + e M c-e 

that there is always a neighborhood U of K in M with 
cat., U = cat,, K ( from definition of category of a M M c ^ 1 

space ). Then by (III.2.15) there is an isotopy g. of M 

with g, (M , - U ) d M for some e >0. Then cat., M ^ ^ ^1 c + e c-e M c-e 

cat,, gn ( M , - U ) = cat „ ( M , - U) , by monotonicity M ^1 c+e M c+e ' ' -r -? 

and invariance under homeomorphism of category of a space. 

Again by monotonicity and subadditivity of category we 

have 

cat,, M ^ X cat,, (M ^ U U ) M c+e ^ M c+e ^ 

$ cat,, (M ^ - U ) + cat,, U < cat,, M + cat,, K . M c + e M ^ M c-e M c 

Therefore, cat K >, cat,, M , - cat,, M . Since 
c M c+e M c-e 

c = c (f) , so cat,, M , :5. n and since c = c (f) , so n M c+e m 

cat,, M < m-1. Hence, cat K >. cat,, M , - cat,, M 
M c-e c^ M c + e M c-e 

>^ n-m+1. 

The particular case follows from Theorem 

(1.2.4) since M is an ANR [ p.3;Thm 5 ] . -//-

Now we are ready to prove the final result of 

Lusternik - Schnirelmann theory. 
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1 1 1 . 3 . 2 . TFIEOREM. Let M be a c o m p l e t e C^ F i n s l e r 

2-

manifolcl withouj: boundary and f :M ->- IR a C map 

satisfying condition (C). If f is bounded below 

(or, above ) then f has at least cat M critical 

points. 

PROOF. If some c eR is a limit point of f(Int(K-K )) 

then f has infinitely many critical points so we can 

eliminate this case. For the same reason by (4) of (111.3.1) 
we can suppose c (f) < oo if rn< cat M. We can also assume c c ni ^ 

f is bounded below ( otherwise consider - f ) so that 

by (1) of (III.3.1) - 00 < Cĵ (f) and hence by (2) of 

(111.3.1) - 00 < c (f) <^ for all m = 1,2, , cat M. We 

shall prove by induction on m that there are at least m 

critical points of f in M ,£, , 1< m< cat M. For m = 1, 
•̂  c (f) ^ ^ 

L5 m 

this immediate from (1) of (III.3.1), since an absolute 

minimum of f is certainly a critical point. Now suppose 

there are at least k critical points in M ,^. if 
c^(f) 

1< k < n < m . If c (f) / c .. (f) then there is at least ^ N n ' n+1 
one critical point of f in f ( c ,,(f)) by (3) of 

(III.3.1), and it is clearly different from those in M ,cx. ^ c (f) n 

Hence there are at least (n+1) critical points in 

f~-̂ ( c ^ , ( f ) ) N M ,̂ , C : M ,^,. If c = c(f) 
n+1' o- c^(f) ^ *^n+l^^ " 

= c , (f), let p be the least positive integer such that 

Cp(f) = c^^^(f). Then by (5) of (III.3.1) cat^^ K^ ^ n+2-p, 

so that 

card (K ) x cat,, K >, n+2-p c ^ M c -̂  "̂  
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i.e. there are at least n+2-p critical points on the level 

c = c ,, (f) . If p = 1 we are done. If p> 1 then there are n+1 ^ ' i' î  

at least (p-1) critical points of f in M /f\' ^Y 
p-1 

induction hypothesis ( note that p-1 < n and also 

c _-j(f) / c ,•,(£)). Hence there are at least (p-1) 

+ (n+2-p) = n+1 critical points of f in 

^̂c , ( f ) ^ ^ ~ ' (S+l^f)^ ^ ^c ^,(fl p-1 n+1 ' ' 

Hence the theorem follows. -/if:. 

111.3.3 REMARK. Let p ^(f) be the number of critical 

points of a function f:M -̂ IR. Let F(M)= Inf |A( (f) : f 

is constant maximal and regular on the boundary "3 M j . 

Lusternik and Schnirelmann [L.l] proved the inequality 

F(M) ^ cat M for closed manifolds M. However it is also 

known that the inequality F(M)^ cat M holds even for the 

manifolds with boundary. Takens [T.2] considered the 

following problem: 

For which manifolds M are cat M and F(M ) 

equal? Smale, [S.7] and [S.8] , found an answer for each 

of the following two special cases. 

(i) Let M be a closed n-manifold. Does cat M = 2 

imply F(M ) = 2? The answer is affermative for n ^ 5. 
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(ii) Let M be an n-dimensional compact manifold 

with boundary. Does cat M = 1 imply F(M") = 1? The answer 

is afferniative if dim(M ) >, 6 and (M , 3M ) is 2-connected 

Takens found answers to the following cases: 

For which manifolds M with boundary (resp. 

without boundary ) with cat M" = 2 (resp, 3) is F(M")=2 

(resp. 3)? 

§ 4. jyj.-category and the topology of critical sets. 

We shall now discuss about a new generalisation 

namely ^f(-category, as introduced by Clapp and Puppe [ c.l] , 

in order to have some informations about the topological 

structure of the set of critical points. 

III.4.1 DEFINITION. Let ^ be a class of spaces which 

contains at least one nonempty space. We shall say that 

a subspace U of a space X is deformable in X to <^ if 

the inclusion i:U <̂-* X factors through some space in yf-

upfro homotopy, i.e. if there exist A £ ĵl and maps —a:U ->- A 

and b: A ->• X such that ba ~ i. A finite numerable covering 

{ U-ĵ , U2, , U^} of X ^ such that each U ^ 1 ̂  t <$: n, 

is deformable in X to <̂  will be called an gj-categor ical 

covering of X. We define the 9]—category ( ĵ -̂cat (X)) of X 

to be the smallest cardinality n of such a covering. If 
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no such covering exists, we say that j;̂ -cat(X) = <>= . More 

generally : the ^f^-category of a map f: X ->- Y, denoted 

.j-cat (f) , is the smallest cardinality n of a finite 

numerable covering ( U,, U^, , U } of X such that for 
^ 1 2 n 

each t = 1,2, , n the restriction f | U : U -̂ Y factors 

through some space m cj upto homotopy. Such a covering 

will be called ooi ^^-categorical covering associated to f. 

Again if no such covering exists then j^-cat(f) = oo . 

III.4.2 EXAMPLES. (1) Let (P be the class which consists 

only of the one point space. Then (p-cat{X) is nothing 

but the Lusternik - Schnirelmann category cat (X) of X , 

except that the coverings of X considered in the 

definition (I.1.1) of category of a space were open 

instead of numerable. If X is normal then 0^-cat{X) is 

exactly equal to cat X. 

(2) Let ffi*^ be the class of all CW-complexes of 

dimension <q. We denote by cat^(X) the ĉ *̂- category of X. 

We now mention a few elementary properties of 

^ -category : 

III.4.3. PROPOSITION. 

(i) ̂ '-cat(l^) =^-cat(X), 1^: X -̂  X is the 

identity map. 

(ii) If f:X ->• Y be any map then J^-cat(f) 

< min { ̂ (̂-cat X, ̂ '̂l-cat Y } and j-j-catCf) = 0 iff X = 0. 
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(iii) J-cat {X) = 1 iff X is dominated by some 

space in |̂  and X r̂  0. 

(iv) For any tv/o maps f:X->-Yandg:Y ^-Z, 

.j/-cat(gf) ^ min { ̂<i-cat ( f) , ̂ -cat (g) } 

(v) If { X-,, X_ } is a numerable covering of X 

then for any map f: X -> Y, 

ĉ̂ -cat (f) < 5/-cat(f |x^)4-^-cat(f JX^) • 

(vi) If fĉ'g : X -)- Y then 

,4-cat(f) = ,,-/-cat(g) . 

PROOF. (i), (ii), (iii), (iv) and (vi) are simple 

consequences of the definition. 

For (V), simply note that 

m n 
if (U., g. } and fV., h. ) are numerable 

i=l j=l 

coverings of X, and X„ respectively and if { k,, k„} 

is a partition of unity subordinate to 

(X,, XT } then { U.} . , {V.} . , forms a numerable L 1' 2 ^ '- i' 1 = 1 ^ 3 ̂  ]=1 

covering for X, where a partition of unity { li.} ̂.--i 

subordinate to the new co vering may be constructed as 

follows: 

If 1 <i t< m, then define 

^^M = ( '̂ i(x)ĝ . (X) , if X e U^ 

O f if X ^ support g , 
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md if m+1 <: t < m+n, then define 

1 (,,x - X ko(x) lv_(x) , if X e V^_^ 

O , if X i support h^_^ 

Hence (v) follows. :^r 

A formal consequence of (i), (ii), (iv) and 

(vi) of (III.4.3) is the following. 

III.4.4. PROPOSITION. If X is dominated by Y then 

,9|-cat(X) < j|-cat (Y) . In particular j;|--category is an 

invariant of the homotopy type. 

Finally observe that if jl d^) then 2)-cat(f) 

<̂ ji|-cat(f) for any map f. Applying this we have from 

(III.4.2), 

cat*̂ "̂ ^ (f) < cat^(f) < cat f. 

We now study the relationship between ,̂if-category 

and the set of critical points of differentiable functions. 

Let M be a paracompact C - Banach manifold 

(possibly with boundary) and let f :M -»- IR be a C - function. 

Let K be the set of critical points of f. Our aim is 

to shov;, by extending the classical Lusternik-Schnirelmann 

method (Section 1 to 3 of chapter III), how ̂ -category may 

be used to obtain new informations about the topology of 

the sets K , a eIR. For this purpose we need some assumptions 
a 
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on f and M. Consider the following deformation 

conditions: 

(D-^) For any a e Int ( fR-f(K)) there is an 

e > 0 such that M ^ is deformable into M 

a+e a-e 

(D^) For any isolated critical value a of f 

and any neighborhood V of K there is an e > 0 such 
a 

that M ^ — V is deformable into M 
a+e a-e 

(D ) If a > sup f(K) then M is deformable 
into M . 

a 

We call (D,), (D2) and (D ) together the 

generalised Palais-Smale conditions (GPS). 

Now we are ready to state the new version of 

the main result of Lusternik and Schnirelmann (Theorem 

(III.3.1)). We shall write ^-catj^^(X) for ^̂ |-cat (X M) . 

Consider first the following lemma. 

Ill.4.5. LEMMA. Let M be a paracompact C - Banach 

manifold and ^i\ be a class of spaces ha v ing the _homotopy 

type of CW-complexes. The set function defined as 

M 0 X -> n(X) = Ĵ -catĵ ,̂  (X) 

has the following properties. 

(1) MONOTONICITY: If X'd X c=:M then n(x') <n(X). 

(2) SUBADDITIVITY: If X,, X^ form a numerable 

covering X cz: M then n(X) < n(X ) + n(X2). 
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(3) DEFORMATION INVARIANCE: If X <c:iM is deformable 

in M into x' then n(X) < n(X ). 

(4) CONTINUITY: If X is closed in M then there 

is a neighborhood U of X such that n(U) = n(X). 

PROOF. Properties (1), (2) and (3) can be easily obtained 

from parts (iv), (v) and (vi) of Proposition (III.4.3) with 

suitable changes. 

(4) is proved using the fact that M is an ANR 

[ p.3; Thm 5 ] and CV^-complexes are ANE [M.6] where by 

an ANE ( absolute neighborhood extensor) we mean a 

topological space E such that every map from any closed 

subspace A of a paracompact space Z into E can be 

extended to a neighborhood of A ( in Z ) . To be precise, 

let k = ^j-cat (X) and {X,, , X, } be an j>/-categorical 

covering associated to X en. M i ,e. a numerable covering of X 

such that there are A. e o\ and maps a.: X. ^ A. , 

b. : A. ->• M v/ith b.a. homotopic to the inclusion X. -̂  M, 
3 3 3 D 3 

a = 1,2, k. Choose open subsets U" of M such that 

X. = U'.' A X . Then X, is closed in the paracompact space 

UV of M ( note that M is metrisable ). Since A. g j{, 

it has the homotopy type of a ANE. So it follows that 

upto homotopy a. may be extended to a map a.: U. .». A. , t^y J y ^ 3 3 3 
t 

where U. is an open neighborhood of X. in U'.' . Consider 
3 "̂  ^ 3 3 

b.a. : U. ->• M. Since M is an ANR, there is an open 

neighborhood U. of X. in U. such that b. a. I U. is 
3 3 3 3 3 ' 3 
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homotopic to the inclusion U- ••''—^•M. Nov;' { U, , , U, } 

is an jj-categorical covering of its union U associated 

to the inclusion U<^M. Hence ̂ (-cat U ̂  k; and since 

X c:= U, by monotonicity (1) we have k = ̂ J-cat X <^v|-cat„ U. 

Hence (4) follows. -Af-

III.4.6 THEOREM. Let M be a paracompact C - Banach 

manifold and f: M -̂  iR a C function satisfying the GPS 

condition. Consider the function 

m: IR ->• N U 1'^ ] defined by 

m(a) = -̂catĵ j (M^) 

where j-f is a class of spaces having the homotopy type 

of CW-complexes. Then 

(i) The function rn is monotonically increasing 

(ii) The function m is locally constant in the 

interior of the set of regular values of f. 

(iii) At any a e IR, which is an isolated criticaj. 

value of f, the function m jumps at most by _^-cat (K ) 

(iv) m(a) = c\-cat{H) for all a > Sup f(K). 

PROOF. (i) follows directly from (1) of (III.4.5), (ii) from 

(1) and (3) of (III.4.5) using (D,), (iv) also follows from 

(1) and (3) of (III.4.5) using (D^). To prove (iii) take a 

neighborhood U of K such that n(U) = n(K ). Let V be 
a a 

a closed neighborhood of K in the interior of U and 
9 
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choose e > 0 as in (D^). Then, 

m(a+e ) = n ( M ) 

< n (M ^ - V) + n(U) 

< n (M ) + n (K ) a-e a 

m (a-e ) + ̂ f-cat (K ) , 
M 

using (2) and (3) of (III.4.5) together with (D2) . Hence 

the theorem follows, -f-h 

III.4.7. COROLLARY. If f :M ^ ;R and jcj are as in the 

Theorem (III.4.6) and if in addition f is bounded below 

then 

/(-cat (M) < I J-cat ( K ) 
'M ' a 

a e |R 

PROOF. If f has infinitely many critical values then 

there is nothing to prove. Otherwise every ae IR is either 

a regular value or an isolated critical value of f. Choosing 

c < Inf f(M) and b > Sup f(K), we have m(c) = 0 and 

i_5|-cat(M) = m(b), by (iv) of (III.4.6) 

m (b) - m (c) 

^ E .^-cat (K ) , by 
ae)R *̂ M a 

(ii) and (iii) of (III.4.6), noting that (ii) of (III.4.6) 

implies that m is constant between any two consecutive 

critical values, (also note that, here Inf f(M) = Inf f{K).) 
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I IT.4.8 REMARK. The corollary (III.4.7) implies in particular 

that 5^-cat (M) is a lower bound for the number of critical 

points of f; but since 4~cat(M) < cat M, this is already 

known (III.3.2). But a useful consequence of (III.4.7) is 

that if J- and f are as in (III.4.7) then either f has 

at least 4—cat M critical values or there is a critical 

value a e IR of f such that ,d-cat., (K ) > 1. This means 
\n Ma 

that the set K and hence the whole set K of critical a 

points of f cannot be deformed in M to ^̂ j. In particular 

K and hence K is not dominated by any space in J, 

Following simple proposition explains what does 

the above remark mean in the examples given in (III.4.2). 

III.4.9 PROPOSITION. Let M be a paracompact C "*" Banach 

manifold and f: M -̂  IR be a C function satisfying GPS. 

Then assuming f to be bounded below we have 

(i) If f has less than cat M critical values 

then the set K of critical points of f is not 

contractible in M. 

(ii) If f has less than cat'^(M) critical values 

then the set K has covering dimension greater than q. 

PROOF. (i) follows immediately from (III.4.8) taking^ to 

be the class (p consisting only of the one point space. 

For (ii) we first note that by [ p.3; Thm 14] 
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there exists a simplicial complex S such that M is 

dominated by |S| , the associated CW-complex, i.e. there 

exist maps h: M -̂- | S | and h : | S ] ^ M with h o h c± Idj^. 

Now take j \ - = ^ , the class of all CW-complexes of 

dimension <; q. If possible, suppose that dim K ^ q. Then 

by [S.3; Ex5, pl52] there exists an open covering U of 

K, in which at the most (q+1) members meet, and a simplicial 

map g: N -^ S such that h o i ĉ  | g | o t, where N is the 

nerve of U, |g| : |N | ^ | S | is induced by g, 

i: K -̂  M is the inclusion and t: K -»- |N | is a carv onical 

map. Clearly, the CW-complex |N j is of dimension <: q and 

i ̂  h o |g| o t. That is i factors through a member of 

^^, upto homotopy, which is a contradiction by (III.4.8). 

Hence dim K > q. -/-/-
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Throughout this chapter, unless otherwise mentioned, M will 

denote a paracompact, pathconnected C - Banach manifold 

on which a compact Lie group G acts. 

IV.1.1. DEFINITION. If X is an invariant subspace of M, 

a homotopy H : X x I -*• M is called equ ivar iant if 

H(gx,t) = g H(x,t), xeXf gcG. X is called G-categorical 

if there is an equivariant homotopy H:X x I -». M such that 

H : X -»- M is inclusion and H, : X -+- M has image in a o 1 ^ 

single orbit orbx, where orbx = Gx = { gx: g e G } is the 

orbit of X. 

IV.1.2 DEFINITION. If X is an invariant subset of M 

we set G-cat X = n if X can be covered by n G-categorical 

open subsets of M and n is minimal with this propety. 

If X cannot be covered by a finite number of G-categorical 

subsets, we set G-cat., X = oo . 

For simplicity we shall write G-cat M in place 

of G-cat„ M, 
M 

IV.1.3 REMARK. If G acts trivially on M, then G-category 

and ( Lusternik - Schnirelmann ) category -coincide i.e. 

G-cat,, X = cat,, X. M M 

Moreover, for an arbitrary action of G, one can easily see 
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that 

G-cat,. X ^ cat ~ X M M 

where X = X/G and M = M/G, by passing onto the quotients. 

In particular if the action is free then by the homotopy 

lifting property one can conclude that 

G-cat„ X = cater ^' 

Thus using Krasnosielski's result [ K . I ] , that 

cat S / G = n+1 for all finite nontrivial group G acting 

freely on the n-sphere S , we immediately get 

G-cat S = n+1 if G is any finite nontriv ial group 

acting freely on S . 

The following proposition gives some elementary 

properties of G-category. 

IV.1.4. PROPOSITION. Let S denote the set of invariant 

subsets of M and h: S -* Z the set function h(X) = G-cat X, 

Z being the set of nonnegative integers. Then h has the 

following properties. 

(i) NORMALIZATION. If X e S is a G-categorical open 

( or, closed) subset of M then h(X) = 1. 

(ii) MONOTONE. If X, Y c S and Xcr_Y, then h(X)<h(Y). 

(iii) SUBADDITIVITY. If X, Y eS then 

h{X U Y) <: h (X) + h(Y) . 

(iv) INVARIANCE. If t: M -̂  M is an equivariant 
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homeomorphism and X G S, then 1){X) = h(t(X)) . 

(v) CONTINUITY. If X e S, then there is an open 

set U e S, U^X such that h(U) = h(X). 

(vi) ORBIT COUNT. If h(X) = n, X e S , then X contains 

at least n orbits. 

PROOF. Immediate from the definition ( for the parenthetical 

part of (i) note that M is a, G-ANR) . 

IV.1.5 OBSERVATION. Among the Z^- valued functions on S 

satisfying properties (i), (ii) and (iii) above, G-category 

is maximal. For suppose h be any other such Z -valued 

function satisfying (i), (ii) and (iii) above. Then if 

X e S and G-cat^^ X = n < «> , we have X CL U, U U^ U . . . U u , 

where U. are G-categorical. 

Then h(X) 4 h(U,U .... U U ) 

n _ 
^ 2 h(U. ) = n = G-cat^, X, 
i = l ^ ^^ 

§ 2. Role of G-category in the theory of critical points. 

We shall discuss about the so called equivariant 

Lusternik - Schnirelmann method for invariant functionals, 

as illustrated by Fadell. 

Let f: M -*- |R denote a C - functional which 
I 

is invariant in the sense that f(gx) = f(x) , x eMf 9 eC. 
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An orbit orhx in calJrd crJt:icnl if Iho rlorivntivp (->r 

f is zero on orbx. As before, let K be the set of 

- 1 • 

critical points of f and K = K r\ f (c) , 

M = £ ( -- 00, G 3 . Our aim ie to study how the 

number of critical orbits in M is determined with the 

help of G-cateqocy, gocauso of the q(?noraXity ©f the 

sifcunbion, n̂ mf̂ iy M io a patheefineet§c:) ̂ aracemp^ei; 

C - Danach G-manifold, f'adoll made certain technical 

assumptions on f, which he refers as the generalised 
Palais-Smale condition (GPS). 

IV.2.1 DEFINITION. AC"'"- functional f:M -»- \R is said 

to be generalised Palais-Smale (GPS) if f | K is proper 

and for every c eiR, "e > 0 and neighborhood U of K , 

there exists an e > 0f E < ? and an equivariant 

homeomorphism t: M -> M such that 

(i) t(x) = X if I f(x)-cl^ F 

(ii) t{M - U) c:̂  M , with the convention 
^ c + e c-c 

that K =7^ implies U = 0 . 

It may be worthwhile to mention that the GPS 

condition given in chapter III is slightly different from 

this GPS condition. 

Let F denote the set of closed invariant 

subsets of M and F. the subset of F containing those 

X G F for which G-cat ^ y^ •} • The Lustern ik-Schnir elmann 
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method begins by defining 

c. = inf sup f(x) 
^ r 1 .< j <: n , 

X e F . X e X 

where n = G-cat M. When G-cat M = » it is understood 

that 1 î  j < «> . Note that c. < c.,,. In order that 
3 - 3 + 1 

the numbers c . are v/ell-def ined ^ Fadell made the 

following two more assumptions, one on the G-manifold M 

and the other on the functional f. 

(M) for each positive integer N ^ n = G-cat M 

( or N < °° when n = «> ) there is a compact invariant 

set X., with G-cat„ X^, >, N. 

(f) f is bounded belov;. 

In the next step we v;ill see that each value 

c. is a critical value, that is the set K /̂  j? . 

Finally we will see that if 

c. , = c.^T = = c... = c then 
j+1 j+2 j+k 

G-cat.. K :>. k. Then from this, the fact that f has M c 

at least n = G-cat M critical orbits, follows 

immediately. These tv;o steps are usually combined into one 

by observing that only the last step is required since 

G-cat,. K > 1 implies that K / f6. Everything is M c ^ c 

illustrated in the follov/ing result. 

IV. 2.2 THEOREM. Let f: M -* iR denote an invariant 

functional, M being a Banach G-manifold. Assume f is(GPS) 
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and the (M) aiul (L') as yivon iihovo a i e Ma L i.c C iod. 'I'licii f 

possesses at least n = G-cat M critical orbits. 

PROOF. As we have already observed that the numbers 

c. = inf sup f(x) , l ^ j ^ n 

X£F. xcX 

are well defined and it suffices to estimate the G-category 

of K ) where 

Suppose G-cat K < k. Choose an open invariant set U 

containing K so that ^ c 

G-cat,, K = G-cat„ U , M C M 

by part (V) of (IV.1.4). Let 7 = 1 . Then by GPS condition 

there exists 0 < e < 1 and an equivariant homeomorphism 

t:M •* M such that t (iM ,^- U) CZ M ^ . Let X e F.^, be 
c+e c-c ^j + k 

such that f(x)< c+e , xcX. Then 

j+k $ G-cat„ X 

< G-cat., (X-U) + G-cat^, U 
^ G-cat„ ( X - U ) + G-cat,,K M M c 

by using parts (ii) and (iii) of (IV.1.4). This implies 

that G-cat„ (X-U) ^ j+lf as we have assumed that G-cat K < k 

But this again implies that 
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G - c a t ^ t ( X - U ) ^ j + 1 , by ( i v ) o f { I V . 1 . 4 ) . 

S i n c e f ( x ) < c + e , f o r a l l x e X , t { X - U ) c z t ( M - U ) o M 
c+e c-e 

so that G-catj^ ^^c-e^ ^ ̂ •̂ •̂ 

Therefore, 

Cj^j^ = inf sup f(y) <? c-e = c.̂ ^̂  -e 

which is absurd. Thus 

G-cat„ K̂ >, k 

Hence the theorem follov;s using part (vi) of {lV.l.A).d±: 

IV. 2.3. REMARK. It may be worthv;hile to mention that 

Fadell's notion of G-category is an example of the 4-category 

(Chapter III) of Clapp and Puppe [ c.l] ; taking J\ to be 

the class of G- (? of all homogeneous spac es G/H, H 

being an isotropy subgroup of G. In fact the whole theory 

of ̂ t̂-ca tegory works in an equivariant setting; in particular 

the Theorem (III.4.6) can be easily extended to the 

G-equivariant case with suitable obvious modifications. 

For entire details see [ c.l ] 

IV. 2.4 REMARK. Recently h'. Marzantowicz [ M.3] has 

extended the theory of G-category to a topological space 

and has shown that this extension has all properties 
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necessary for the minimax procedure. He has also proved 

results analogous to (1.2.4), for this extended notion of 

G-category. 

§3. The use of G-cohomology in the Lusternik -

Schnirelmann method. 

G-cohomology ( or equivariant cohomology ) 

helps us in finding an alternative estimate for G-category 

and also it can be used to define a cohomological category 

theory which can serve as a substitute for the G-category 

in the equivariant Lusternik-Schnirelmann method. We shall 

first define what is this G-cohomology, G is our fixed 

compact Lie group. For our purpose we shall define the 

G-cohomology theory, denoted by H* , in such a way that 

H* becomes a continuous, multiplicative, equivariant 
G • — 

cohomology theory. 

Let p:EG -> BG denote a Universal G-bundle 

i.e. EG is a paracompact, con tractible, free G-space and 

BG is the corresponding orbit space. Then, if X is any 

paracompact G-space, EG x X becomes a free G-space 

with G acting coord inatewise. Let EG x̂ ^ X be the 

corresponding orbit space. Then the G-cohomology theory 

H* is defined by H*(X, JK ) = H* (EG x^ X; JK̂  ) , where £ 

denotes a commutative ring and H* denotes a cohomology 
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theory ( say, Alexander-Spanier cohomology theory) with 

which H* becomes a multiplicative, equivariant cohomology 

theory satisfying the following continuity property: 

(P) Let X be a paracompact G-space and A be a 

closed G-subspace of X, then 

H* (A; K ) = lirn H* (U; K ) 

where the direct limit is taken over all G-neighborhoods 

U of A in X. 

Similarly for a paracompact G-pair (X,A) the 

relative G-cohomology theory is defined by 

H* (X,A; K ) = H*(EG x_{X,A); K ), 

where EG x„ {X,A) = (EG x„ X, EG x_ A). 

IV .3.1 REMARK. It may be noted that in general H* does 

not satisfy the dimension axiom for a cohomology 

theory. If X = pt is a single point then H*(X; K) 

= H* (pt; K ) = H*(BG; K), as EG x^ pt P;̂  BG. 

Analogous to the notion of cuplength in the 

nonequivariant sense ( §2 of I), we have the notion of 

G-cuplength as given below. 

IV.3.2. DEFINITION. The G-cuplength of a paracompact 
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G-space Y over K is the largest positive integer k 

such that there exists k positive dimensional elements 

a,, 32/ f si, in H* (Y; K ) with the product 

^1 -^2 • ̂ k ^ °-

Convensionally we set G-cuplength (Y) over 

K = oo , if there is no maximal k with the above 

property, and 

G-cuplength (Y) ov er K = 0 , 

if Y ji 0 but H" (Y; K) = 0 for n ̂ 1. 

In the nonequivariant case we have, (1.2.1), 

Cuplength(Y) over K < cat Y. 

But the G-analogue of this result requires some comment. 

In the non-equivariant case we have seen that if U<^Y is 

contractible to a point in Y then the inclusion map from 

U to Y induces zero homomorphism in the positive dimensional 

cohomology level. This due to the fact that H (pt) = 0 for 

n ^ 1. But in the equivariant case we do not have the 

similar situation in general; because H„ (orbx) may not 

be zero for n >,1, where orbx is a single orbit. In fact, 

as mentioned in (IV.3.1), if x = orbx i.e. G operates 

trivially on x then 

H* ( orbx; K ) = H*(BG; K ) , 
G ^ --^ 

the cohomology of the classifyirig space. 
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In order to avoid this difficulty we have 

the following definition.' 

IV.3.3 DEFINITION. Vie say that the action of G on M 

is cohomologically free over |R if H" (orb x; K ) = 0 

for all X G M and n > 1. 

Free actions are cohomologically free over any 

ring K, because in this case orb x ~ G and EG x_ G ~ EG 

so that H" (orb x; K ) = H"(EG; K ) = 0 for all n^l 

and for all x e M. 

Also if the action has only finite isotropy 

groups then the action is cohomologically free over the 

field of rationals [F.4] 

The definition (IV.3.3) makes the following 

proposition obvious (using the method of proposition 

(1.2.1). 

IV.3.4 PROPOSITION. If the action of G on M is 

cohomologically free over K, then 

G-cuplength (M) over K < G-cat M. :^ 

In view of the above proposition we can say that 

under the hypothesis of theorem (IV.2.2) and the additional 

assumption that the G-action is cohomologically free over 

K , the number of critical orbits of f is greater than 

the G-cuplength of M over K. 
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We now try to replace the set function G-cat M 

defined on S (see (IV.1,4)), S being the set of invariant 

subsets of M, by one defined purely in terms of G-cuplength, 

IV.3.5 DEFINITION. For X e S, the G-cuplength of X 

in M over K, denoted by L„(X), is defined to be the 

largest positive integer k such that there are k positive 

dimensional elements a-,, a_, a, in H* (M; K) with 

i* (a, .a„. a, ) 7̂  0 where i : X '^-^ M is the 
A 1 Z K X 

inclusion. 

Clearly, when the action of G on M is cohomo-

logically free then for X e S, 

L^(X) < G-catĵ j X , 

using (a) the G-cohomology exact sequence of the pair 
n 

(M, XJ U. ) where {U. } ._, is a G-categorical open cover 

of X in M and n = G-cat., X, and (b) the same method 

involved in (1.2.1). 

Also in view of (iw,l,4) it is easy to see that, 

when the action of G on M is cohomologically free, 

L^(X) has the following properties: 

(i) L„(X) = 0 if X e S is a G-categorical open 
G 

subset of M 

(ii) L^(X) ̂  L„(Y) if X and Y £ S are such that 
G vj 

X c=LY. 
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(iii) Lc(X) = L̂^ (t(X)) if t: M -v M 

is an equivariant homeomorphism and X c S. 

(iv) IS L̂ (JC) = n fchen x es >̂as atleast (n'a) 

However in genecaX, hhe tollowlng two properties 

arc not valici.-

(V) LQ(X U Y) 4 L^(x) + L^(Y), X, Y c S and 

(vi) given X e S, L^(X) = L_{U) for some open 

set U c S, u => X, 

Thus there are aorflc difficulties in using the 

set function L^ directly to the critical point theorems, 

in place of G-cat . 

To have a smooth sailing as far as the six 

properties mentioned in (IV.1.4) are concerned, one 

modifies the notion of G-cuplength and talks about what 

is known as the cohomological index theory. Here 

instead of fixing an ambient space M one works in the 

category of paracompact G-spaces. Fix an element 

a e H* (BG; K ), a ^ 0, where G is the fixed compact 

Lie group and BG is the classifying space. 

IV.3.6 DEFINITION. If X is a paracompact G-space and 

P:EG —*• BG is the universal G-bundle, then we have a 



a diagram 

EG X X EG 

EC x^ X 'K BG 

where the map q , induced by the projection n , is 
A 

unique upto homotopy and is called the classifying map 

for the G-bundle EG x X — > EG x_ X. Define, 
G 

Index X = a min { k ^(a = 0 } 

where q*: H* (BG; K) -»• H* (EG x„ X; K ) is induced by 

q , If q*(a ) j^ 0 for all k, then set Index X = 
A /s. a 

Before proceeding further let us consider, for 

any G-space Y, the map 

n ̂  : EG x^ Y Y/G 

with fibres n„ ( orb y ) = EG x„ orb y = EG/G = BG, , 
vj (j y y 

the classifying space for Ĝ ;̂ G is the isotropy 

subgroup of G at When the action of G on Y i^ 

-1 
cohomologically free, H* ( n ̂^ (Orb y ) ) = H*(Orb y ) = 0 

in positive dimensions for all y cY. We know that ( by 

Vietoris mapping theorem [ Q.l ] ) if a map f:A -^^.^StuAp' 

closed and its fibres f (b), bcB, are compact, i 
relatively Hausdorff . in A, and acyclic then //.' 

/^?^3°^g 
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H* (A) ^ U* (B) . Applying this to 

J] ^ : EG x^ Y * y/G 

WO Del H*(V) ^|-|*(Y/G). That iy when bho aeeion ©£ 6 ja 

cohomolocjiGQiiy fJi'Q©, tho C-cehomology ot t\ G-spsce 

coincides with the cohoinoiogy of tho orbit .opace. 

We now recufn to our previous setting of an 

ambient paracompact pathconnected C^ Banach G-manifold 

M and let C bo the set of alX invariant outeyeto o£ M, 

Then analogous to (IV. 1.4) we havcl 

IV.3.7 PROPOSITION. With the notations same as above we 

have 

(i) NORMALIZATION. If X e C is G-categorical in M 

and the action of G is cohomologically free over K 

then 

Index X = 1 a 

(ii) MONOTONE AND INVARIANCE. If X,YE C and 

t: X •*• y is an equivariant map, then 

Index X ^ Index Y a ^ a 

In particular, if t: X -»• Y is an equivariant homeomorphism 

then 

Index X = Index Y. a a 
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(iii) SUDADDITIVITY. If X, Y £ C then 

Index (X LJ Y) < Index X + Index Y, 

^ a a 

(iv) CONTINUITY. If X e C is closed in M, then 

X has a neighborhood U e C such that 
Index U = Index X. a a 

(v) ORBIT COUNT. If X e C and Index X > 0, then 
a 

X 7̂  0. If the action of G on M is cohomologically free 

over K and Index X > 1, then X contains infinitely 

many orbits. 

PROOF. (i) It is easy to see that q* : ]1*{BG; K) -vH*{X; K) 

can factored as q* = i* o a* , where 

i* : H* (M; K) -<- H*{X; K ) is induced by 

inclusion i: X -»• M. Also i* = 0 as X is G-categor ical 

in M and the action of G is cohomologically free. So 

(i) follows. 

For (ii) simply note that q* = t* o q*„> 

where t* : H* (Y, K ) > H* (X; K ) is induced by 
G G ^^ G ,̂ ^ 

t: X -*• Y . 

(iii) Let Index X = m and Index Y = n. Note that 

^;;= ^G ° ^X U Y ^"^ ^Y = :̂G ° ^XUY' 

where i: X C-̂  X \J Y and j: Y <^—> X LJ Y . 

Now q* (a'̂  ) = 0, so qj^^y^^"^ ^ ^ ^^^ ^*G "̂̂ ^ 
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m. therefore qw , ,w (a'") can be lifted back to an element 

b, e H* (XUY, X; K ), by exactness of the G-cohomology 

sequence of the pair (XUY, X). Similarly q* ,„ (a" ) 

can be lifted back to an element b„e H* {XUY, Y; K ) 

and so the product qj^yta"^ '-^XvJY^^"^ 'X UY 
, m+n, (a ) 

can be lifted back to an element b, b„e H*(XUY, XUY; K) , 

which is a trivial group. Hence Index (XUY) ̂  m+n. 
a "̂  

(iv) Since is closed in M and M is 

paracompact, so using the continuity property (P) of H* 

we have 

H*(X; K ) lim H* (V; K ), 

where the direct limit is taken over all possible 

G-neighborhoods V of X in M. Let k = Index X then 
a 

)^ 
q* (a ) = 0, Hence it follows that there exists some 

G-neighborhood v of X in M such that q* (a ) = 0, 
o 

since qj = ii o q* (i:Xc_^V) for all G-neighborhoods 
A G V 

V of X in M. Thus Index V < k = Index X. Choosing 
a o •" a ^ 

U = V and using the monotonicity of Index » (iv) follows, 
o a 

(v) First part is trivial. Second part follows 

from the following commutative diagram 

%' 
H* 

H* 

(X/ 

I 
'G) 

(M/G) 

y^ H* (X) 

H*(M) ^^ % 

-^ H* (BG) 

M 
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where the homomorphism i* , induced by i:X<^M, is 

trivial as X/G is a finite subset of the pathconnected 

set M/G ( hence i î  0 ) . Note that H*(X) ^ H* (X/G) by 

Victoris mapping Theorem applied to the map 

EG x^ X -*• X/G. :pz. 

From the above proposition we see that when the 

action of G on M is cohomologically free, one can use 

Index^ in place of G-cat̂ ĵ in the Lusternik - Schnirelmann 

method of §2 to obtain an analogue of (IV.2.2). That is 

under the hypothesis of (IV.2.2), with property (M) 

modified suitably in terms of Index , f possesses at 
a 

least n = Index M critical orbits. 
3 

The above method for an estimation of the number 

of critical orbits using Index , ofcourse when the action 

of G is cohomologically f ree, is quite useful because 

Index is more easily computable than G-cat ; eventhough 

the conclusion, that Index^ M < no of critical orbits, is 
a 

an immediate corollary to Theorem (IV.2.2), since for 

X E C . Index^ X ^ G-cat., X ( by (i) and (iii) of (IV.3.7)), 

IV.3.8 REMARK. The biggest drawback of the set function 

Index is that when the action of G is not cohomologically 

free then a single orbit may have infinite index. For 

example, if X e C is such that gx = x for all g e G and 

X e X, then we have a diagram 
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BG X X 

EG X X 

i 
EG x_ X 'X 

-> EG 

_̂  BG 

where q^ is projection; and so q*: H* (BG) ->- H*{X) 
, A A. G 

is a monomorphism. Hence if a E H*(BG) is of infinite 

order in H* (BG) , then Index X = <» . 
a 

§4. Relative cohomological Index theories and the 

Lusternik - Schnirelmann method. 

In viev/ of Remark (IV.3.8), when the action of 

G on M is not cohomologically free, one likes to have 

a new index theory, that is to fix a subspace A of M 

and for X e C define an index theory of X modulo A, 

that would be useful especially v;hen the action is 

cohomologically free outside A. A detailed study on the 

relative cohomological index theories is contained in [F.3] , 

we shall expose here only the highlights appropriate for 

the Lusternik - Schnirelmann method. 

The general theory can be described as follows: 

Consider a category v/hose objects are paracompact G-pairs 

(X,A) and morphisms are equivariant maps f:(X,A) ->• (Y,B). 

Let p: EG -»- BG be the universal G-bundle. Then for a 

paracompact G-pair (X,A) we have a classifying map for the 
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the G-bundle EG x X -^ EG x X and a diagram 

EG X X 

EG x„ X 
G 

EG 

X -̂  BG 

inducing a homomorphism 

q^ : H* (BG) •* H*(EG x^ X) = H*(X) 

where the coefficients are now taken in a fixed field K 

Suppose now that A cH H* (BG) is a subring (always with 

unity ), then the cup product 

H*(X,A) (g) H*(X) ^ H* (X,A) 

together with the homomorphism 

q*: H*(BG) 
A. 

H* (X) 

endows H*(X,A) with a right A-module structure, 

Precisely, 

X X = x U qt ( A ) ' X e A, X e H* (X,A) 
A G 

IV. 4.1 REMARK. An equivariant f:(X,A) -̂ (Y,B) between 

paracompact G-pairs induces a map 

1 x^f = i^: EG Xg(X,A) -. EG x̂ ^ (Y,B) 

and hence a homomorphism of A-modules 
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f* : H*(Y,B) ^ H* (X,A). 

Thus, H* is a cohomology functor from the category of 

paracompactG-pairs and equivariant maps to the category 

of A-modules, A cl. H* (BG) . 

IV.4.2. DEFINITION. Let A C:H*(BG; K) denote a 

subring and (X,A) a paracompac t G-pair. Let Uah 

denote the annihilator of H* (X,A; K) 

i.e. U = { X G A I x X = 0 for all xeH*(X,A)}. Then 

regarding A/u as a module over K(vector space over K ) 

one defines 

Index^ (X,A) = rankj^ A/U = dim̂ ^ A / U . 

If A = ^ and ae H*(BG) is a chosen element, 

let A denote the subring generated by 1 and a. Then, 

since we have a unity 1 c U (X), the annihilator of U* (X) 

i.e. U is just the kernel of 

q* : A -> H* (X) . 

Thus U is generated by { a } . . 

hence 

for some k and 

Index. X = k = Index^ X. 
A a 

When the subring A. d H*(BG) is generated by 1 

and a single element aeH*(BG) it will be called 

monogenic. 
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IV.4.3. REMARK. Let AcZH*(BG; K) be monogenic 
— . ^̂_̂  

i.e. A = K [a] for some aeH*(BG; K). Let U be the 

annihilator of H*(X,A). Then any element zeU looks like 

z = k. a^ + k.^,a^ + where k . 5̂  0, i ^ 0 and 
1 1 + 1 1 -^ 

k. e K. 
1 r-J 

Now x.z = X U q*{z ) = 0 for all x e H* (X,A) 
X (j 

X U (k. q* (a^) + k.^^ q* (a'''^)+— ) = 0 

^ X U k̂  q* (a^) = 0 

^ -. . . _^ ,_i X U q* (a ) = 0 for all x c H* (X,A) 
/ X G 

which in turn implies that a e U. 

Thus it follows that U is generated by { a }• • where 

i = min {i: a c U } . Correspondingly, rank A/ U = i . 

IV.4.4 PROPOSITION. ( Monotone property for Index. ) 

Let f:(X,A) ->• (Y,B) denote a morphism in the category 

of paracompact G-pairs. 

(a) If f* : H* {Y,B) -̂  H*(X,A) is surjective, then 

Index (X,A) <; Index^ (Y,B). 

(b) If A and B are empty, then 

Index. X $ Index, Y 
A A 
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PROOF. {a\ f* : H*(Y,B) -y H* (X,A) is a 

A -homomorphism. Let U{X,A) and U{Y,B) denote the 

annihilators of H*(X,A) and H*(Y,B) respectively. 

If >̂  c H* (X,A) there exists some y (jH* (Y,B) such that 

f* (y) = X. 

Now let X e U(Y,B) then 

x.X = fi (yX ) = 0 and hence 

U(Y,B) ̂  U(X,A) . 

Therefore, Index, (X,A) < Index (Y,B). 
A A 

(b). Note that, q* = f* o q* . 
A \j Y 

Thus ker (q* \ ^ ) cz ker (q* j A ) 

Since ker (q* j A ) = U(X) and ker (q* | A ) = U(Y)^ 

the result follows, -f-^ 

IV.4.5 PROPOSITION. (Additive property for Index ). 

Let X = X, U X_ and A = A,u A- with A, cri. X, and 

A^<cX„, where (X,, A,) and (X-, A^) are paracompact G-pairs 

Let A be monogenic. Then 

(a) Index (X,A) < Index (X,,A,) 

+ Index (X^, A„) 

+ Index [X^n ^2' '^i'^^2' 

(b) If A2 = 0, 

Index (X, A,) < Index, {X,, A ) 
A 1 ^ A •!• -1-

+ Index . X^ 
A 2 
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(C) If X^ = X2 , 

Index. (X,A. OA^ < Index {X,A,) 
A J. z /\ X 

+ Index (A,U A_, A,) A 1 2 1 

PROOF (a) Let U, U,, U^, V^^ denote the annihilators 

of H* (X,A), H* (X-ĵ ,Â )_̂ H* (X^, A2), H^{Xj^n'^2' ^±^^2^ 

respectively. 

Consider the following Mayer-Vietoris sequence: 

^*^ H* i'^i'^i) ® H* (X2,A2) ^* 

where i*, j*, 6 have their usual meaning. Let >*-, e U, , 

A e U ^ly^ ^10 "̂"̂  ^ ^^ 3"y element of 

H* (X,UX2, A,UA2) = H* (X,A). Consider the element 

X. X X e H* (X,A). Clearly j*(x. A A ) = 0, so there 

is some y e H* (X, O X2f A, O A2) such that 

6(y) = X. A ^T • 

Therefore 6(y. A ) = x. A A A . But y A = 0, 

hence x. X X X = 0; showing thereby U,U2U-, 2 *-- '"' 

So, in view Remark (IV.4.3), 

rank A / U << rank A / U^ U2 Uĵ 2 

= rank A/ U, + rank A/ U2 +rank A/U^2 

Hence (a) follov/s. 
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(b) Let U^ = Ann H* (X̂ ,A-|̂ ) 

U^ = Ann H* {X2) 

U = Ann H*(X,A,) 

Let A^e u, and X e U-- Consider the diagram, 

i*. 

•2^ < / \ 

V^ 

H* C^) 

A^ 
• * 

H*(X,X2) 

where i~, j_ are inclusions and q's are classifying maps 

Since U^ = ker (q* ! A ) there exists some 

6 e H* {X,X2) such that j* (6) = q* (A^), by exactness, 

Again let xeH* (X,A,) and consider the exact sequence, 

-^H*(X,X^) -̂  H*(X,A^) H* (X^,A^) 

Then there exists some a c H* (X,X,) such that 

k*{a) = X. X^, by exactness. 

Thus x. X, X- = xuq^( X X2) (by definition ) 

= (xuq*( X^)) U q*( A^) . 

= k* ( a ) . j*( S ) . 
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But a-B c H*{X,X) = 0. Hence x^ X2 e "' i-e. 

U-L ^2'^— "' ^° i:ank A / U ^ rank A / U, + rank /\ /U2 

and hence (b) follows. 

(c) Consider the exact sequence, 

-V H*(A^UA2,A-|^) ^ H*( X,A^UA2) -. H* { X, A^) ^ 

Let U = Ann H* (X,A,U A2 ) 

U^ = Ann H* (X, A^) 

Uĵ 2= ^"" "G^^I*^ ^2' ^1 ̂  

Using the same argument as in the proof of (a) and (b) above, 

we have 

"1 "12 ^ " 

and therefore (c) follov/s. ::jt̂  

Similarly, there do exist analogues of other 

basic properties (see [ F.3 ] ) . But what is to be noticed 

is that a stringent additional condition is required for 

the monotone property of Index ; namely the surjectivity 

of f*: H*(Y,B)-v H* {X,A), see (IV.4.4). Thus, the 

statement Xc=:Y and A = B, need not imply Index (X,A) 
A 

2 1 ^ Index (Y,A); for example consider Y = D , X = S and 

A = B = pt. This makes Lusternik - Schnirelmann method 

difficult to apply. 

However a slight modification of the definition 

(IV.4.2) does give the appropriate monotone property. 
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Sticking to the same notion as above, we have for a 

paracompact G-pair (X,A),' A / 0 , the coboundary operator 

H^ (A) — ^ H^ (X,A) for q >i 1 and the augmentation 

K - ^ H°{X,A) 

and we let M^(X,A) = Image 6 for q >^1 and M°(X,A) 

= Image c. Also for completeness, we set M*(X,A) = H*(X) 

when A = 0 . Then M°(X) contains the unity 1e H° (X). 

In both the cases if Ac:::iH*(BG) is a subring, M*(X,A) is 

a A-submodule of H* (X,A). 

IV.4.6. DEFINITION. Let u" denote the annihilator of 

the graded A-module M*(X,A). Define 

Index^ (X,A) = rank̂ ^ A / U' . 

We shall refer to the index theory given by the 

above definition as 6-index theory. Since LT r?U 

Ann H*(X,A), we have 

Index6 (X,A) 4 Index {X,A) 

and when A = 0 , 

Index. X = Index, X. 
A A 

In contrast to Index. ; the monotone property for 

S-index is adequate for the Lusternik - Schnirelmann 

method. 

IV.4.7 PROPOSITION (Monotone property for S-index ) Let 

f:(X,A) •* (Y,B) denote a morphism between paracompact 
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G-pairs (X,A), (Y,B). If (f|A)*: H* (B) ^ H* (A) 

is surjective , then 

Index? (X,A) < Index (Y,B) 
A ^ A 

In particular, when X ciY and A = B, we have 

Index? (X,A) < Index^ (Y,A). 
A ^ A 

PROOF One simply considers the following commutative 

diagram 

H* (A) 

/v 

c^i'^): 

H*(B) 

H* (X,A) 

/N 

1 
•* 

-̂  H*(Y,B) 

and uses the same technique involved in the proof of 

(IV-4.4) . r:^ 

IV.4.8. PROPOSITION (Additive property for S -index). 

Let X = X, UX2, A = A U A^ with A^cnx^, h^c^iX^, where 

(X,, A,) and (X^, A_) are paracompact G-pairs. Let A be 

monogenic. Then 

(a) Index* (X,A) < Index (X,,A, ) 
A -̂  A ^ -•-

+ Index6 (X_,A„) 
A '̂  ^ 

+ Index (X^nx^, A^n 1^2^ • 
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(b) If A = 0 , 

Index (X,A,) ^ Index (X,,A,) + Index X„ 
A ^ A -̂  ^ A ^ 

(c) If X^ = X2 

Index (X,A,UA^) < Index (X,A,) 
A -̂  ^ A -̂  

+ Indexy^ (A^U tK^, A^) 

PROOF. Adopt the same technique involved in the proof 

of (IV.4.5) and use the naturality property for 6 . 

Like Indexy^ , the 6~index also satisfy the 

analogues of other basic properties, i.e. Invariance, 

Continuity etc., see [F.3] 

Conditions ( Finiteness conditions )under which 

Index. (X,A) < 00 ( hence Index (X,A) < <» ) are of 

interest. There are several criterions for Index. (X,A) 

to be finite. For example: 

(1) Suppose (X,A) is a compact G-pair and A is a 

G-neighborhood retract in X. Suppose A is Noetherian 

and Index (orbx) < °° for all xeX-A. Then Index (X, A) < « 

(2) Suppose (X,A) is a G-pair with finitely generated 

cohomology. A is Noetherian and X-A has finitely many 

orbit types. Suppose further that Index, (orbx) < °° 

for all xeX-A. Then Index (X,A)< " 
A 

But the simplest condition for finiteness is the 

following. 
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IV.4.9 PROPOSITION. Suppose H* (Orbx) is acyclic 

over K for every x e X-A. Suppose further that X is 

a finite dimensional and seperable metric space. Then, 

Index (X,A) < «>. 

PROOF. Consider the map 

n^: EG x^ (X,A) ^ (X/G, A/G) with fibres 

n^~ (orbx) = EG x„ orbx = EG/G = BG , the G G X X 

classifying space for G , Thus H* ( II" (orbx)) 
X \j 

= H* (orbx), which is given to be acyclic over K for 

every x e X-A. Hence v/e may apply vietoris mapping 

theorem [ Q.l] , to conclude that 

H* (X,A) ^ [1*(X/G, A/G) . 

Now H^(X/G, A/G) vanishes for large q, X being finite 

dimensional. So H^ (X,A) also vanishes for large q. 

Thus, Index (X,A)< «> , since A = {A*̂  } is of finite 

rank over K in each dimension q. 

V7e nov/ illustrate the equivariant Lusternik-

Schnirelmann method using the relative 6-index theory. 

We consider the following simple case ( we shall use 

notations of § 2 ) . 

Let s'̂  denote the unit sphere in iR and 

suppose that the compact Lie group G acts as a subgroup 
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of the orthogonal group 0 ( n + l ) . We do not assume that 

G acts freely on S , Hov;ever, v;e do assume that an 

invariant closed subset A c: s" exists such that 

Index. (S ,A) = k < co , v/here A is assumeed to be 

monogenic. Let f: s" ->• iR denote a C functional which 

is GPS. We shall study the existence of the critical 

points of f in S - A . 

Let E denote the family of invariant p a i r s { X , A ) , 

where A <=:: X ci: S and E. d E denote the subfamily 

consisting of pairs (X,A) such that Index ^ (X,A) > j . 

Then following Lusternik - Schnirelmann method, set 

c- = inf sup f (x) 

X e E . X c X 

c . = sup inf f (x) 

X e E. X e X 

' o ̂  j < k, 

where max f j A = c ^ c, < ^ c. 
O x K 

min f I A = ĉ  >. ĉ, >. >. c, . 

' o 1 ^ K 

We confine our study to a situation v/here c 7̂  c^ or 

c^ / c.' i.e. there exist p and q (minimal) such 
O K 

that 
(1) c^ = c^ = — - = Cp<Cp^^^ — <^k 

or (2) cj = ĉ ; = — - = Cg' >c^^^ >, — >, c^ 
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V.4.10 PROPOSITION. Suppose we are in the case (1) 

(or case (2)) above. Then f has at least k-p ( or k-q) 

critical orbits in S - A. 

PROOF. We shall confine ourselves to case (1). Case (2) 

is similar. Suppose 

c j+1 = ^j+2 = = ^j+s ^ ^' ^ ^ P ' l^^<^-3 

It is enough to prove that 

Index, (K ) ^ s i.e. index (K ) > s , 
A c a c 

K being the set of critical orbits on the level c. c ^ 

Since c > c = max f I A, A and K are disjoint o ' c -' 

invariant sets and so v;e may find an invariant open 

neighborhood U of K such that Uc:S - A and 
c 

Indexy^ (U) = lndex° (K ) ( see (IV.3.7)). Let e = '̂  [ c-cj 

Then since f is GPS, there exists e < "e and t:S -*• S 

satisfying the conditions in GPS. There exists X c E. 
J T S 

such that f(x) < c+e for all xeX. By part (b) of 

(IV.4.8), we have 

Index^ (X,A) < IndexJ (X-U,A) 

+ Index^^ (U n X) 

= Index* (X-U,A) 

+ Index (U n X) 

and by (IV.3.7) 

Index (UOX) < Index^ (U) = Index (K ) 
a "• 3 a t -
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Therefore, Index^ {X-U,A) > Indexŷ  (X,A) 

- Index (K ) a c 

If Index^ (K^) < (s-1), then 
a C 

Index (X-U,A) > j+s-s+1 = j+1 
A 

But by the GPS condition, 

t(X-U,A)d t(M^^^ -U,A) CZ (M^_^, A) 

(note that t I A = 1^ as max f I A < c-e ) 

Hence M^ ^ ̂  E .^,, by (IV.4.7) c— e 1+1 

So, c = c. , = inf sup f(x) < c-e < c, 

which is absurd. Thus, 

Index*^ (K ) = Index (K ) > s. ri,̂  
/\ c a c - '^1 

% 5. Relative G-category and its computations. 

Let Y be a pathconnected, normal G-space, G being 

a compact Lie group, such that every orbit Gy of Y is a 

retract of some open invariant subset of Y containing 

Gy (e.g. Y is a G-manifold) . Let A 7̂  0 be a fixed 

closed invariant subset of Y. Let V be any invariant 

subset of Y containing A. If there exists a G-map 

r:(V,A) -»- (A,A) such that jo r is G-homotopic to i, 
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where j:(A,A) -^ (Y,A) and i:(V,A)-* (Y,A) are inclusion 

maps, then V is said to be G-categorical relative to A. 

IV.5.1 DEFINITION. Let X be an invariant subset of Y 

which contains A. VJe say G-cat (X,A) = n if X can be 

covered by n open sets { U,, V^, , U } such that 

each U. is G-categorical relative to A, and n is 

minimal with this property. 

IV.5.2. DEFINITION. Under the same hypothesis of {IV.5.1) 

we say G-cat* (X,A) = n if n is the smallest positive 

integer with the property that X can be covered by n open 

sets { W, u,, U_, --., U , } such that W is G-categorical 1 2 n-1 

relative to A and each U. is G-cateqorical in the sense 
1 '^ 

of § 1. 

IV.5.3. REMARK. (i) If the action of G on Y is 

considered to be trivial then one denotes G-cat^ (X,A) 

simply by cat (X,A) and G-cat* (X,A) simply by cat*(X,A). 

(ii) If G acts freely on Y then G-catY(X,A) 

= caty.^ (X/G, A/G), G-cat* (X,A) = cat*^^ (X/G, A/G). 

(iii) If A = ^ then we take G-categorical relative 

to A to be just G-categorical in the sense of §1, and 

G-caty (X, 0 ) = G-cat* (X, 0 ) = G-cat^ X. 

IV.5.4 PROPOSITION. If ACY contains minimal orbits; 



- 122 -

i.e. for each y eY, there-is a point a eA and path p 

from y to a such that G CZG . . for all tG[0,l] , 

where G = [g £ G; gy = y ) is the isotropy subgroup of 

G at y, then 

G-caty (X,A) < G-cat* (X,A) 

PROOF. Let G-cat* {X,A) = n and { W, U, , U^,--, U , } be 
I 1 Z n-1 

an open cover of X such that VJ is G-categorical relative 

to A and eac h U. is G-categorical. Now by normality 

of Y there exists an open G-set \<!'ci Y such that 

A cr W W w, Let u: = U. 0 (Y-W ), l<i<n-l. 

Then clearly U' H W' = 0 and U'. is G-categorical 

(see proposition {IV,1.4)). So we have for each i, l$is<^~i 

a G-homotopy commutative diagram 

u: c 
1 

Gy 

for some y c Y. Define a G-homotopy H:G x I -»• X by 

H(g,t) = gp(t), where p is a path from y to some point 

a £• A such that G c: G^ . for all t c [ 0,1] . Let 

ŷ  : G -•• Gy be the map g •-*• gy« v.'hich is an open surjective 

map. Now define H: Gy x I -̂  X as H(gy, t) = H(g,t)= gp(t). 

H is well-defined since Ĝ , c: G ,̂ . for all t, and also 

it is continuous as Ho(y x Id) = H, where y x Id: Gxl ->Gyxi 
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is an open surjective map. Now H (gy,l) = H{g,l) 

= gp(l) = gacGaciA, so H is a G-homotopy taking Gy to 

Ga. Thus we have the follov.'ing G-homotopy commutative 

diagram 

U. 
1 

Ga 

Hence U| U W is G-categorical relative to A. Thus 

[w, UJU w', U2 U W , U^_^ U w' J is an open cover of 

X, all of whose members are G-categorical relative to A. 

Hence the proposition follows. H^ 

In most of the cases G-cat and G-cat* are equal 

but there can be differences as illustrated in the following 

example due to Ramsay fR.l^ 

Let X = Y = T { the 2-torus ) and let A = S d T 

be the inner meridian of X. Also let G be the trivial 

group ( or the G-action on Y be trivial ). Ramsay computed 

2 1 2 1 
the values of cat ( T , S ) and cat*(T , S ) and found 

2 1 that cat (T , S ) = 2 ( which is of course simple) and 

cat* (T^, S"*- ) = 3. 

G-cat and G-cat* satisfy the following elementary 

properties. 
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IV.5.5. PROPOSITION 

(i) If X is open G-categorical relative to A, 

then 

G-catY(X,A) = G-cat* (X,A) = 1. 

(ii) If Ac:X,c; x^c^ Y, then 

G-catY(X^,A) ;̂  G-catY{X2,A) , 

G-cat* (X^,A)^ G-cat* (X2,A). 

(iii) If t: Y—>Y is an equivariant homeomorphism 

with t I A = Id , then 

G-catY(X,A) = G-cat^ {t(x),A), 

G-cat* (X,A) = G-cat* (t(X), A). 

(iv) For any closed invariant subset XcY containing 

A there are open invariant sets U,V containing X such 

that 

G-caty (U,A) = G-caty (X,A), 

G-cat* (V,A) = G-cat* (X,A) 

(v) I f A c r x , a n d A C X 2 t h e n 

G - c a t y (Xj, U X 2 , A ) ^ G - c a t ^ (X j^ ,A) 

+ G - c a t (X2, A ) . 

(vi) If AcrX, and X2 is any invariant subset of 

Y then 

G-cat* (Xĵ U X2,A) ̂  G-cat* (X^,A)+ G-cat^ X2. 
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PROOF. (i), (ii), (iii), (v) and (vi) are immediate from 

the definition. 

For (iv), let G-catY(X,A) = n and [u^,U2, U^ ] 

be an open cover of X in Y such that each U. is G-categorical 

relative to A. Now X being closed in y,|u, ,U~, U , Y-X | 

is an open cover for Y. But Y is normal, so there is 

a refinement fV,, V_, V } of this cover such that 
1 2 n+i i _ _ v\-»i 

V c V . c U . , l < i ^ n , and V C Z V <=Y-X. A l s o U V- = y . 
I l l n-f2 n * i jTi ^ 

v\ 
H e n c e X CZ U V. . A g a i n ACZU. f o r 1 ;̂  i-ii n , s o t h e r e 

e x i s t s o p e n s e t s W. s u c h t h a t ACi W . cz w . c : U . ( a g a i n by 

n o r m a l i t y o f Y) . L e t C = V . U w . , 1 :̂  i :̂ n . C l e a r l y 
n J; •'• ^ 

X CZ U O. a n d A C O. d O . = V. U W. = V. U W . d U . , 
^ ^ 1 1 1 1 1 1 1 1 ' 

l < i < n . We c h o o s e U = 0^\J O^X) U O ^ . H e n c e 

t h e f i r s t s t a t e m e n t o f ( i v ) f o l l o w s . S e c o n d s t a t e m e n t 

f o l l o w s s i m i l a r l y . z/-/:: 

The f o l l o v j i n g p r o p o s i t i o n i s u s e f u l f o r t h e 

c o m p u t a t i o n s o f r e l a t i v e G - c a t c g o r y . 

I V . 5 . 6 . PROPOSITION. L e t A a n d B b e G - s p a c e s . I f X = A O B 

i s t h e j o i n o f A and B, (A <= B = [ ( t a , ( l - t ) b ) : a £ A , b e B , 

0 < t ^ l ] ) . C o n s i d e r t h e G - a c t i o n on A O B g i v e n by 

g ( t a , ( l - t ) b ) = ( t g a , ( 1 - t ) g b ) . 

Then 

(a) G - c a t * (X,A) < 1 + G - c a t B . 

(b) G - c a t * ^ _ g j (X-B,A) = G - c a t ^ ^ _ g ^ (X-B,A) 

= 1 . 
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PROOF. For(a) note that if U is a G-categorical subset 

of B then clearly 0 = (A ° U) - A = [(ta, (1-t) b) : 0:£t:̂ l, 

bf U, af A ] is a G-categorical subset of X. Thus if 

r 1 ̂  G-catg B = k and / ̂ i ( i^ 3" open categorical 

covering of B then [(X-A), Oj , , O. ( , (where (X-A) 

is clearly open and G-categorical relative to B, and 0-' s 

are defined as above)^gives a covering of X satisfying the 

conditions in definition (IV.5.2). 

Proof of (b) is simple. :::f:p: 

A technique similar to that used in ^4 provides 

us with a lower bound for relative G-category. Let (X,A) 

be a paracompact G-pair, v-.'here XCZY- Consider H* (X,A) 

and regard it as a module over H* (Y) as follows. For 

\ j 

/N f H* (Y) , X € H* (X,A) define x ."X = x U j * ( A ) , where 

j* is the homomorphism induced by the inclusion j:X —> Y 

and the cup product is H* (X,A) ® H*(X) —*- H* (X,A). 

(Throughout the section, the coefficients of G-cohomology 

are taken in a field K.) 
IV.5.7 DEFINITION. We define 

G-IndeXy (X,A) = k 

if k is the largest positive integer with the property 

that there exists (k-1) positive dimensional elements 

^1' ^2' ' ̂ k-1 ^" "G '̂̂^ such that the product 

y .y„. .y, ^ Ann H^ (X,A), the Annihilator of 
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H* (X,A). If H*(X,A) = 0, v;e set G-I nclex̂ , (X, A) = 0. 

If H* (X,A) i- 0 but for any >\ £ H^ (Y) , p > l , >> lies 

in Ann H* (X,A) then set G-Inclex^ (X, A) = 1. 

IV.5.8. PROPOSITION. If the action of G on Y is 

cohomologically free over K and if the inclusion 

j^: (X,A) —> (Y,A) induces a surjection j*: H* (Y,A)->H*(X,A) , 

then 

G-IndexY(X,A) < G-cat* (X,A] 

PROOF. If G-cat* (X,A) = 1 the proposition is clear, for 

then H* (X,A)= 0. Assuming G-cat* (X,A) = n, n^2 and 

finite, let [w,U, , , U _, } be the corresponding cover 

of X. Also assume without any loss that H* (X,A) / 0 and 

choose X ̂ H* (X,A). Let y,, y„, ,y , £ H* (Y) be any 

set of (n-1) positive dimensional elements. Now since each 

U. is G-categorical and G-action is cohomologically free 

so H (U.) = 0, m >: 1. Therefore each y. can be 

lifted back to some V- £ H* (Y,U- ). In the same way, using 

the assumption that j* is surjective, x can be lifted 

back to some x' £ H* (Y,A) and then to some x" ̂  H*(Y,W) , 

since W is G-categorical relative to A. Finally consider 

the following commutative diagram: 
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H/(Y,v ;̂® iir(Y,uj(g)--^Hr(Y,u^_0 

e 

i 
H!(Y,A)®H!(Y)^-(^M*CY) 

vj' 

H^(X,A)lS) >1̂ *(X)g) -- ® H*(X) 

V 

H^(X,X)=0 

-i * 

"V 

• > 

^I'CX, A) 

where p, and p_ are cup products and other maps are induced 

by inclusions. We see that 
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_ .; * 

Hence the proposition follov^s. :Mz 

We now illustrate the computation of G-cat* v;ith 

a number of examples. For simplicity we shall write 

G-cat* (X,A) for G-cat* (X,A), also G-Index (X,A) for 

G-Index (X,A). 
A. 

Example 1. Let X = S 

,2k + l 

2n+l n + 1 -, „ „1 ^ ^ 
(;— (£ ^"^ G = S . Let 

A = S , k < n and let G act freely on X by 

Nov/ since the action is free, so 

n k 
From the exact cohomology sequence of the pair (CP , CP ' ) 

we find that H^ ( CP", cp"^ ) = 0 for Jp ̂  2k + l, and 

H P ( CP", CP*^ ) ̂  H P ( CP" ) for p > 2k + 2. 

Hence, G-Index (Ŝ ""*"-*-, Ŝ*̂ "̂-*-) 

, „2k+l „2(n-k-l)+l 
viewed as S o S 

= n-k. Also S can be 

so (TV.5.6) gives 
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G-cat* (S^-^^l, s^^^l j < 1+G-cat (s2(n-k-l)+l 

= 1+cat ( CP̂ ""'̂ '-'-̂  ) = l+(n-k-l) +1 = n-k + 1. 

Hence by (IV.5.8), 

G-cat* (s2"^l, ŝ l̂ l̂ ) = n-k-fl. ii= 

EXAMPLE. 2 . L e t G = S^ a c t on X = S^""^-*" r-— c""^-"- by 

v\ ^ ( 3 ^ 0 . Z x . - -Zv^) = ( ^ " " ' ^ L ^ , — - . ^ . " ^ " ^ ^ j ^ VTi.^O for Uo^ir 

Also let A = 0. Clearly all the 

isotropy groups v/ill be finite subgroups of S . 

(a) Let m^ = m^ =...= m^ = 1. Clearly G-cat* (Ŝ "'*"-'-, 0 ) 

= G-cat (S ) = cat ( CP ) = n+1, because in that case 

the G-action is free. 

(b) Let m = m = m, = = m ?̂  1. Then G = Z for 
o 1 n X m 

all X f̂  Ŝ "̂ "̂""-. Also Ŝ ""̂ ^ / G ~ CP" , so that G-Index 

(S ) = n ( since all isotropy groups are finite, so 

the G-action is cohomologically free over the field of 
*? r» 4- T 

rationals ) and thus G-cat { S ) $u n+1, by (IV,5.8). 

Now since Ŝ ""̂ -*" / G SiCP"^, cat (Ŝ '̂ '*'-'"/G) = n + 1 and also 

since we have the single isotropy type only so by Palais 

covering homotopy theorem, \_P-^'> p51 3 > the homotopies 
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on the categorical sets in the orbit space can be lifted 

,2n + l to yield a G-categorical cover for S' 

G-cat (Ŝ ""̂ "̂ ) = n+1. 

Hence 

(c) For the general case we may assume 

m > m, •̂  -~ :^m / 0 and we may view S " as the 

Dom S -̂  o O S * * , '*^=CZ^'^i)-^ ' where 

2n -1 ^'^ 

the action on each g i has only one isotropy type. 

In fact k is the number m's v;hich have distinct values, 

say c-,, c_, c. , and n. is the number of m's which 

have the constant value c.. For example if all m's are 

different then k = n+1 and n. = 1 for all i = 1,2, ,k=n+l, 

and if all m's are equal then k = 1 and n, = n+ 1. 

Nov/ clearly, 

G-cat (Ŝ "'̂ "'-) :̂  G-cat (S^"l'^ } +. . .+G-cat (ŝ k̂"-"" ; 

= T-i n+1 

Also by [F.4J, one has G-Index (S ) = n, so 

G-cat ( Ŝ""*"''") = n+1 4P 

Before giving the next example let us discuss 

something about spectral sequence. 

Let us consider modules over a fixed P.I.D. R 

(for our purpose v/e take R = <Q, the field of rationals ) 

A bigraded module E (over R) is an indexed collection 

of R-modules E s,t for every pair of integers s and t 



132 -

A differential d:E —^E of bidegree (r,l-r) is a collection 

of homomorphisms d: F ' —?• E ' for all s and t, 

2 
such that d = d od = 0. The cohomology module H(E) is the 

higraded module defined by 

An E. spectral sequence E ( k stands for the 
K 

starting level ) is a sequence [ E , d | for r^k such 

that 

(1) E is a bigraded module and d is a differential 
r • r 

of bidegree (r, 1-r) on E . 

(2) For r > k there is given an isomorphism 

H(E ) S E T̂ . r — r + 1 

To define the limit term E^ of a spectral 

sequence, for r ̂  k, v.-e identify E^^^ with H(E^). Let Z^ 

be the bigraded module Ẑ ''̂  = ^^r [; cjĵ^ : E^'"^—>E^"'*' " ' 3) 

and let B, be the bigraded module 13̂ ' = d [B'^' ' " "* )_ 

Then B^CZ Z^ and E^^^^ = —^ . Let Z{E|̂ -̂|̂ ) be the 

bigraded module 2(2^ + 1)^'^= ^"'C ̂ w.J ' î«Ti "^ ̂ J^T^ ' ^ 

s t 
and B(E,^,) be the bigraded module B{E|^^^) ' 

= f̂  / s-K-i,t+-K . ^ l̂̂ ĵ̂  there exists 

bigraded submodules Ẑ ^̂ ^ and Bĵ _̂ ^ of Z^ containing B^ such 

t.at 2(.^^^)^.%2» /B''^ ana K^^J-'^^^^^J-^^^ 



- 133 

for all s and t. Thus we have B.CZ B..^ d Z, ,, CTZ.. 

Continuing by induction we get for r > k 

such that Ê _|̂ ĵ  = Z^/B^. We define bigraded modules 

Z ^ = ^ Z^ and B^ = U B and E_ = Z / B 

E ^ is called the limit of the spectral sequence E. 

The spectral sequence E is said to converge 

if f or every s and t there exists an integer 

r(s,t) > k such that for r >, r(s,t), d : E^' 1^ E ̂*'̂''*''̂ '̂  
•̂  -̂  r r r 

is trivial. Then r̂'+i ^^ isomorphic to a quotient of 

St St 
E^' and E^' is isomorphic to the direct limit of the 

sequence 

E^̂ :̂  ^ E"'^ 
(̂s.tj) T(s,t; + i 

The spectral sequence E is said to converge in the strong 

sense if for given s and t there exists r(s,t) such 

that Ê '"'̂  Ci5 Ê '"*̂  for r >r(s,t). 

The spectral sequence E is said to be a first-

quadrant spectral sequence if there exists some r ^ k 

S t 
such that E * = 0 whenever s < 0 or t < 0. A first-t 

quadrant spectral sequence is alv.'ays convergent in the 

strong sense and for any q there are only a finite number 

of nontrivial modules E ' v,'ith s+t = q. 
CO -̂  
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We now state the following main result, which 

will be used for calculation of G-cat*. 

Theorem [S.3; Thm 6, p495] : Let p:E-^B be an orientable 

fibration over a path connected base and let F = p (̂  )• 

Then there is a convergent E^ cohomology spectral sequence, 

with E?'^ •:::i:i H^ (B;H'^ {F;Q))and E ^ is the bigraded module 

associated to some filtration of H*(E;Q) i.e. for each s 

s+t and t there exists a sequence of submodules of H (E;Q) 

given by 

^ •' f 

such that Ê '"̂  = F̂ "̂̂  / F^^^'^ ^. Moreover this 
oO 

s pectral sequence is a first-quadrant spectral sequence. ^ 

We are now in a position to give the third example 

to illustrate the computation of G-cat*. 

EXAMPLE 3. Let G = S"*" act on X = Ŝ""*"-*" CT c"'̂-'", by 

g (Zo.:?i,- -.^w) = (g""'^, ,3"^:^^, .r^Zvv) with 

m > m,> >''^vN?^ 0 so that for all xeX, G is 
o ^ 1 ̂  — "̂  X 

2k + l finite. Also let A = S represent the first (k+1) 

coordinates of S .If we take the coefficients in the 

rational field <D, the action becomes cohomologically free 

and so we have H* (Ŝ ""̂ "'-) ̂  H* (Ŝ "'̂ ''"/G ) , by victoris 

mapping theorem applied to the map EG x^X •—>X/G. Thus 
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H^ (S ) vanishes for p large, in fact for p>2n+i, 

Now consider the fibration 

„2n + l p,„ ̂  „2n + l ^ ^ ^r S c ^ EG x„ b __ >>• B G 

where BG C:; BS"'- -i; CP°̂  _, L^-^; P54, EX. 11. 4 ̂j • 

By the above theorem there is a convergent E^ cohomology 

spectral sequence, with 

H^(CP'^ ;©) , if t = 0 or 2n+l. 

0, otherwise 

Thus it follov/s that v/henever t ^ 0 and t / 2n+l or s is 

negative or s is odd then 

S,t c,.t S,-t 

0 = E2 = E3 = = E ^ 

S,0 S-̂ 2. - i 
NOW, E^'° = ^Hlj:^-^- --^ ^a. ' 1 

^.(^1'-'^ } 

E^'° , s 5,0. 

In this way we have, for all s ^ 0, 

s,o _ pS,o pS,o 
^2 " 3 ~ 2n+2 
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Aga in , £^^^3 

S,o 
l^er[ ^ . . . o . - E ^ ; . ^ — ^ 

S + 2^-^2. - 2 ^ A - l 

<^Xr..X ( ^ 

J 

= E s , o ^^2 ' i f 0 ^ s < 2 n + l , 

Thus i t f o l l o w s t h a t , for 0 < : s < 2 n + l , 

, s , o 
'2n + 2 

,s , o 
'2n + 3 

,s , o 

Therefore, for 0 < s ^ 2 n + l , v.'e h ave 

,s ,o 
00 

,s,0 

Similarly, E^'^"^-"" 

r C, i f s is even 

L 0, if s is odd 

,s,2n+l^ s,2n+l 
'3 •- ''2n + 2 

Q if s is even 

.0 if s is odd. 

Again by the above theorem, E^ term is given by a 

filtration of H* (EG x„ S^ 
G 

there is a sequence given by 

filtration of H* (EG x^ s^""^^ ) i.e. for each s and t 

H^^t(EG x^ S^^^l) pO'S + t _^ pl,S + t-l_^ F̂ '*̂  

pS + l,t-l_^ _^ pS + t,0 
(o} , 

such that E^'*^ = F^'^ / F̂"*"-'-''̂  •*•, 
CO 
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T h e r e f o r e , fo r 0 < s + t < 2 n + l , 

, s + l , 0 ,s + t ,0 <Q, ( s+ t ) i s even 

0, ( s + t ) i s odd . 

We first assume that (s+t) is even and 

0 ^s+t < 2n+l . Then F s+t,o Q. 

Also ,s + t-l, 1 

,s + t ,o 
,s + t-l, 1 

so that F s+t-1,1 Q. 

Proceeding in the similar rrianner x-^e get 

p,s + t-l,l ^ pS + t-2, 2 F°'^^t ^ ̂^ 

Therefore, Ĥ "̂ *̂  ( Ŝ""*"-"-) = F^'^"^*^ = Q, v;hen (s + t) is even 

and o ^ s + t < 2n+l. 

Similarly one can see that H^"^^ (Ŝ ""*"-"" )'= 0, for 0^s + t < 2 n + l 

s+t 2n+l 
and (s+t) odd. Also v;e have already seen that H (S ) = 0, 

whenever s + t>2n+l. Thus it remains to compute H^ /c,'̂ ^̂ '*' ) 

only. For that v.'e need the following Gysin sequence 

for a sphere bundle 

,2n + l 
-*. B 
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ii 

3 :2.v> + 2. 

^ 

1 i>i+2. 

(n-
[\ w 

•i' 

.O/ - V ^ ..2^'^-^-2-

H 7 B ) - - H (e.3 

where E is the associated disc bundle and q is the 

projection map of E, § is the Thom isomorphism, i and j 

are inclusions and S is the connecting homomorphism. 

In our situation the sphere bundle is 

„2n+l ^ „„1 ^ „2n+l ^ ^„1 _ „̂ °o 
S c ». ES X , S • > BS = CP 

S 

So, H°(B) = H°(BS''") :i; H° (€ P'̂  ) = Q. 

and Ĥ ""'̂  (B) = H^"^^ ^^gl^ ^ ĵ 2n+2 ^ ̂  p=o ^ ^ ^ 

Moreover we can identify H (B) with E-' _, and 
•̂  zn+ 2 

H 
2n+2 (B) with E„"ti' ' and under this identification ^ ' 2n+2 

.-^.-1 
the map l/'̂ :H°(B) — > H (B) , given by ^ '(^*J <> j * "'$ > 

can be identified with d. 
2n+2 

., u2n+2 ,„, _ „2n+2 ,„„1 Now, H (E) = H (ES X 
32n.l ̂  

^2n+2 ( g2n+l / gl ) = Q 
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Also we have Ĥ""*"-"- (E) i:ij Ĥ "'̂ ''" (B) 

^H^^+l ( CP"* ) = 0. 

Thus we get the following exact sequence 

2n+l ''-iTi+2. 
0 ^H (E) -0 * C > 0 

Therefore ^2n+2 ^^ ^ surjection and hence a module 

isomorphism from 0 to Q. Hence it follows that 

S 

. ^ „2n+l ,„2n+l _ 
I.e. H_, (S ) = 0. 

Therefore we ultimately have 

H* (Ŝ ""̂ -"- );:::; H*( CP" ), for all n > l . 

Hence by Five lemma, 

H* (S^""^^, Ŝ *""̂ ^ ) --i H* ( CP", CP*̂  ). 

Thus, using the same argument as in Example (1), we have 

_ ^ , , „2n+l „2k+l , . G-Index ( S , S ) = n-k. 

e2n+l _2k+l _2(n-k-l)+l Now we view S = S oS 

so that, by (IV.5.6) and by Example (2), 
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G - c a t * ( S , S ) 

^ 1+G-ca t ( s 2 ( " - k - l ) + l ) 

^ 1+ { n - k - l ) + l = n - k + 1 , 

Hence , G - c a t * (S^""^"^, s^'^'^-'- ) = n - k + 1 , 

by ( I V . 5 . 8 ) 4^ 
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CHAPTER V 

COBORDISM CLASSIFICATION OF MANIFOLDS WITH SMALL CATEGORY. 

Throughout this chapter, unless mentioned otherwise, 

by a manifold we shall always mean a closed, smooth and 

compact manifold. Further we shall consider only mod 2 

cohomologies i.e. the coefficients will always be in 

22 • 

In ['M.23 t Mielke has shown that an n-dimensional 

manifold M" with cat M" ̂  3 and with n ̂  3 mod 4 is 

a boundary. In this chapter we study the complete classi­

fication of manifolds M with cobcat (M") ^ 3 , as done 

by H. Singh US.43. The notion of cobcat is given in §2. 

We have also studied the cobordism classification for M 

with cobcat (M ) ̂  4 for some cases, which is again due 

to H.Singh, I]S.53 . Finally we close this section giving 

a couple of conjectures made by H.Singh, lIs.Sj , towards 

the cobordism classification of manifolds M with 

cobcat(M" )< 4. 

§ 1. Preliminaries. 

In this section we give a very brief description 

of some basic materials that will be used at various places 

throughout this chapter. In most part of the description 
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we have considered only the particular cases of various 

notions which are appropriate for the forthcoming sections 

(a) Stiefel-Whitney classes. 

Let ^ be an n-dimensional vector bundle with 

base space B( ^ ). Then there exists a unique sequence of 

cohomology classes 

W i ( ^ ) €H^(B(^)) , 1 = 0 . i . i , — . 

satisfying the following four axioms. 

AXIOM 1. WQ( -̂  ) = 1 € H°(^B("^)). 

and W. { ^ ) = 0 if i > n . 

AXIOM 2. If f: B( ^ ) —> B ( ̂  ) is covered by a bundle 

map from ^ to >̂  , then 

W^( ^ ) = f* W^ ( >] ) 

AXIOM 3. If ^ and >2 ^"^^ vector bundles over the same base 

space then 

W 
i-o 

where & denotes the Whitney sum and the product on the 

right hand side is the cup product. 
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AXIOM 4. For the canonical line bundle /, over the 1 

projective space IR P , the class W^ ( V ) / 0. 

V.1.1 DEFINITION. The cohomology classes 

^ i ^ ^ ) , ^ = c>^1^2.,- , satisfying the four 

axioms mentioned above, are known as Stiefel-Whitney 

classes of '̂  . Also W ( "? ) = 1+W, ( >? ) + + W ( ̂  ) 

is called the total Stiefel-Whitney class of the vector 

bundle ^ . 

Note that the AXIOM 3 above can also be stated 

as 

w ( "̂  ® ^ ) = W ( ̂  ) . W ( Y| ) 

(b) Universal vector bundle 

Consider BOy. = G(Ji^ ) = the set of all 
Y\ 

n-dimensional linear subspaces of ^ 
C-3 

and 

n = f(>^.0 : Y.^G^{K^) , ^ ̂  X ] . EO = 

Define P EO 

»Y> 
Then EO 'v\ 

-> BO,, by Y^^ {y.,^)'' X 

> BO is a Universal vector bundle of n 

dimension n in the sense that if ^ is a vector bundle 

of dimension n over a paracompact base B ( '̂  ) then there 

exists a map f, unique upto homotopy, from B ( 'i ) to BO^ 

such that ^ ^ f*('y ) BO is called the classifying 
n 
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space for the n-dimensional vector bundles and f is 

called the classifying map for \ . 

Define BO = dir lim BO 
n 

n —* -• 

EO = dir lim EG 
n 

n —^ ĉ  

and y = dir lim /" » 

then i :EO —> BO is a Universal vector bundle which 

classifies vector bundles of all dimensions over paracompact 

base i.e. if ^ is any vector bundle over a paracompact 

base then there exists a map f:B( ^ ) —> BO unique upto 

homotopy such that i^ ^ ^'^ ( i') 

Also the cohomology ring 

H*(BO) = inv lim H* (BO ) 

It is well known, fM.4 3' that H*(BO ) is a polynomial 

algebra over Z-j freely generated by the Stiefel-Whitney 

classes W, ( V" ) , ,W ( Y'^) and H* (BO) is a polynomial 

algebra over Z^ freely generated by the Stiefel-Whitney 

classes W. (V) i=l,2, . 
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(c) Steenrod Squaring Operations, Wu'$ formula 

and Adem's relations. 

For each pair X ZD Y of spaces and each pair 

n,i of nonnegative integers, there exists a unique 

additive homomorphism 

Sq^ : H"(X,Y) >H"'^^ (X,Y) 

such that 

(1) If f: (X,Y) > (x', Y' ) is a map of pairs then 

the following diagram commutes: 

H"(X,Y) hl^-^ H"-'̂  (X,Y) 

/^ 

f* 

H"(X', Y') --5il̂ H"̂ i (X', Y') 

(2) IfaeH"(X,Y), then Sq°(a) = 0 Sq"(a) = a (J a 

and Sq""" (a) = 0 for i > n. 

(3) (The Cartan formula ). The identity 

Sq̂  (a U b) = ̂ _ '^-l^(a)U'^^ (̂ ) 

is valid whenever a U b is defined. 
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V.1.2. DEFINITION. The homomorphisms Sq"̂ , i = 0,1,2, , 

are known as Steenrod squaring operations. 

From property (2) above we see that the most 

interesting squaring operations are those for which 

0 < i < n . For many purposes it is convenient to introduce 

the total squaring operations; namely 

Sq(a) = a + Sq-'-(a)+Sq̂  (a) + + Sq" (a) 

for a £ H {X,Y) . Also, note that the cartan formula above 

can now be expressed as 

sq(a U b) = Sq(a) U Sq(b) . 

WU'S FORMULA. Let ^ be a vector bundle and let 

W. = W. ( '̂  ) be its Stiefel-Whitney classes. Then 

Sq^ (W ) = y- / W N - U . t - i X 

v;here 0 :̂  k < m and denote the Binomial 

coefficients, reduced modulo 2. Note that this formula 

seems to differ from that given in j^^^-^- P^^3 • ^^^ they 

are actually same, the difference is infact in the meanings 

associated to the symbol ( ). 

ADEM'S' RELATIONS. The Steenrod squares generate an 
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algebra, over 7,^ > of cohdmology operations called the 

modulo 2 Steenrod Algebra fS.S; p276D . In this algebra 

the following Acfem' s relations hold: 

Sq' Sq^ = > 1 • I c,^^-0-U W 

where 0^i<:2j, ['i/2j denotes as usual the largest 

integer -^1/2 and / ^ - K - 1 \ denote the Binomial 

coefficients, reduced modulo 2. 

(d) Wu class and Wu' s theorem [JM.^J 

Let M be an n-dimensional manifold. For any 

integer k ^ 0 , consider the homomorphism' 

<^i''C^) X^^l ) 
from H" '^(M) to 2,2- Using the Duality theorem [M.4;pl28^ , 

there exists one and only one cohomology class v, f H (M) 

which satisfies the identity 

n-k 
for every x € H (M). In fact, if one considers M as 

the disjoint union of its connected components, then v. 
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satisfies the sharper C9ndition 

v,̂  U ^ = Sq''(x) e H" (M) 

n-k 
for every x € H (M) . Ofcourse Vĵ  = 0 when k>n-k. 

The class v̂ ^ is called the kth Wu class. We define 

the total Wu class v to be the formal sum 

V = l+v,+ +v . 
i n 

V is characterised by the identity 

which holds for every cohomology class x e H*(M). Here Sq 

denotes the total suqaring operation 

Sq° + Sq-̂ + . 

WU'S THEOREM rM.4; pl32, Thm 11.14 "D . 

The total Stiefel-Whitney class W(M) of the 

tangent bundle of M, is equal to Sq{V). In other-words 

(e) Unoriented Cobordism algebra )(• and Dold manifolds 

For any integer n :̂  0 let N be the set of all 

closed unoriented n-dimensional manifolds. Define a 

relation /NJ in N as M, '^ W^ if and only if M, is 
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bordic to M^ i.e. iff there exists an (n+1)-dimensional 

compact smooth manifold w""*" with boundary ŵ"''""'' = M?U t̂  

It is easy to see that ^^ is an equivalence relation in 

N. The quotient set N^A-- , denoted by y^ , is an abelian 

group with respect to the operation "disjoint union", i.e. 

J( is called the n-dimensional unoriented bordism group with 

the class of bounding manifolds as the identity element. 

More precisely jC^ is a vector space over Z2' The topological 

product of manifolds induces a bilinear map 

by means of which the direct sum 

becomes a graded commutative algebra over JZ2' Thom has 

shown that Yf is a free commutative algebra generated by 

indeterminates x of degree q for all q not of the 

form 2 - 1; for q even he showed that x can be 
~i 

chosen as the class of the projective space FP^. For q 

odd, q f̂  2 - 1, the class x was given by Dold Q D . 2 3 

as follows: write q+1 = 2'^(2s+l). Then x can be taken 
SI 

as the class of P(2'^-l, 2*^3), where in general P(m,n) is 

the manifold obtained from S^ x Cp" by identifying 

(x, \lz2 ) with ( -X, [^53 ) ' where x 6 S^, [^z'} ^ "̂ ^ • 
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P(m,n) is called the Dold manifold. Clearly dimension 

of P(m,n) is (m+2n). Dold also gave the ring structure 

of H* (P(m,n); ^2)1 which can be described as 

H*(P(m,n) ; 2 ^ ) ^ 

L w\ -4- 1 ® 

Here c is the nozero element of H (P(m,n); Zy) «:i Z^ 

with c = 0 and d is a suitable nonzero element of 

H^(P(m,n); Z2) with d"'̂''- = 0. Note that H^(P(m,n); Z2) ^ 

Z2 © Z2 = ( 0,c^, d, c ^+ d). The total Stiefel-Whitney 

class of P(m,n) is given by 

W(P(m,n)) = (1+c+d)"'̂ -'- (l+c)'" . 

(f) Dual submanifolds 

Consider a special case of[S. 3 ;p428, Theorem loj 

i.e. by taking n= 1, ']]'= Z^' The the map 

ij^: [;M",IRP°^;] -^ H^ (M", Z2 ) 

defined as *^( f )= £* (W^ ( V )) is a bijection, where W^ ( V"') 

is the first Stiefel-whitney class of the canonical 

1-dimensional universal vector bundle E{ V ) =»• FP 

Therefore for a given c ^ H (M"; Z2 ) there exists a map 

f: M"—?r TRP"^ unique upto homotopy such that '̂ {̂f) = 

f * (W, ( V )) = c. Now f induces a line bundle "i? : E ( ^ )—^M , 
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namely "̂  = f * ( Y ) • Therefore c = f * (W^ ( V^ ) ) = W ( ^ ) . 

Moreover, since M" is a compact finite dimensional 

manifold, f(M ) will be embedded inside some IRP for 

sufficidntly large k. Now IRP ~ is embedded inside HRP^ 

as a submanifold of codimension 1. By transversality 

homotopy theorem C G . 1 ; p70j there exists a map f' with 

f C:; f such that f is transversal to IRP . Thus without 

k — 1 any loss we can take f itself to be transversal to IRP 

Then f~ ( IRP ~ ) is a submanifold of M" of codimension 1 

i.e. of dimension (n-1), and is known as the submanifold of 

M" dual to c g H-*- (M" ) . 

(g) Complex cobordism groups in a topological space and 

Smith homomorphisms. 

Consider a family of n-dimensibnal complex 

closed manifolds M together with continuous maps f:M —>X, 

X being a fixed topological space, n^O. Define a relation rs> 

by saying (M", f,) r^ (M" / in^ ^^ ^"^ only if there exists 

a complex compact manifold W with a map F:W >• X 

such that Ŵ̂ '*"-'- = MJ U M^ and F | M? = f^, i = 1,2. 

This is an equivalence relation in the above family and 

the set _Q (X) of bordism classes fM , f ") forms a group 

with respect to "disjoint union". Jl-^iX) is called the 

n-dimensional complex bordism group in X. As usual the 

direct sum 
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is an algebra over Z2/ called the complex bordism algebra 

over ^2 in X. For our purpose we take X = <C P°° . Then 

any element [̂ M",f ]] ^ _n.^ (dl P"^) can also be written as 

[[M , ̂  ̂  where /\ is a 1-dimensional complex vector 

bundle over M . The idnetification is done in the following 

manner: 

Given any f:M"—5><irp^ > we may take /\ = f* ( y') 

where Y is the canonical 1-dimensional universal complex 

vector bundle over <£2 • Conversely gi v en any 

1-dimensional complex vector bundle /S over M , we may 

take f:M — ^ (C P *-° ̂ ^ ^ classifying map ( which is 

unique upto homotopy) of A . 

Further, D (CP j is a _n_^-module where 

-jQ may be viewed as _fl (X) with X being a one-

point space. The module structure is given by 

defined as H M*̂ ^ i 1 ^ C N"'] i-^ C M"",; N ̂ , ? 3 , 

where ?:M" X N'̂  5> £ P is given by f(x,y) = f(x), 

X € M", y e N^. 

Also there is defined an augmentation homomorphism 

£ : _XX̂ , (Cf'̂  ) —> ^ ^ 

sending [M",f] to [ M" ] 

Analogous to dual submanifolds in the real case. 
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there does also exist a complex submanifold N"~''", of 

dimension (n-l), of the complex manifold M" dual to a 

given cohomology class d C H (M", Z^ ). Using this, one 

defines a homomorphism 

V 

given by A ( C ^̂ •̂  f 1 ) ^l__H''"^ 

oo 
..-1 i<rP^) 

v^-i £ H J 

This homomorphism is knov/n as the Ŝ ît̂ i homomorphism of 

of degree - 2. If v;e take M" = (C P" and if V^ is the 

canonical complex line bundle over C p" ^^^^ ^^ ^^" ^'^ 

easily seen that 

i 
-i3 . 

^ 2. Poincare algebra and cobcat (M) 

Let M be an n-dimensional manifold. Consider 

the tangent bundle X^^'^ ) • Then there exists a map 

f :M" ^ BO, unique upto homotopy ( f is the classifying 

map for T ( M " ) ) , such that V7̂  (M") = f*(W^ (-/)), where 

V:EO > BO is the universal vector bundle. Associated 

to M'^, there is a homomorphism 

t: H (BO; Z2) 

given by 
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\ -i.j_ "'2. • *p •-' 

I' 

' <C W- (M].W.(M)—--w. (Hj r M"̂  2 \ 

where ii''"i2̂  "̂"̂ D ~ ri is a partition of n and 

/ w ^ ( M ) . — W^ (M) , C M " 3 ^ is the corre spending 

Stiefel-Whitney number for M", which we shall denote by 

f. w. , L M " 3 \ also. 

It may be worthwhile to mention that Wu 

classes V.£ H^(BO), i ^ 0 , are defined inductively 

by the relation 

w.C^) = Z ^''^' l^i-t ) 
t = o 

Thus for X £ H" ^ (BO), one has t(Sq^(x) + v^-x) = 0 

i.e. (Sq (x) + v ..x ) €. Ker t. 

Let, J = r X £ H* (BO) : either dim x > n or for 

all ŷ H"-̂ '̂" ̂ BO), <f*C^).f*(V3 , E M^J > ̂ ^ | 

It is easy to see that J is an ideal of the graded algebra 

H* (BO) . For, if x, , x^ £ J, such that dim x, = dim v.^ 

= m -1 n, then we have for all y £ H n-m (BO) 
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= 0 ^ i-'-̂ -, -x-i-+^i_^3'-

Also if X € J and x'en* (BO) such that dim(x.x ) <.n 

then for all y ^H""^^"^^^*^ N B O ) we have 

< f * (X ̂ '; . f*C-^) , L M ^ 3 > 

= <fMx), f*Cx.'^}, L'̂ D̂> 

= o ,since x'y ^ H^'^^"^ ^ (BO). 

So, X X € J. 

H* fBO ) 
Let P* = J ' , the quotient algebra. 

Let q:H*(BO)—> P* be the quotient map. Clearly P* = 0 

if and only if all Stiefel-Whitney numbers of M are zero 

i.e. P* = 0 if and only if M is a boundary. If x<H*(BO), 

then by x = 0 in P*̂  , v.-e v.'ill mean x 6 J. 

V.2.1 PROPOSITION. If M^ is not a boundary then 

(a) P* is an n-dimensional graded algebra with 

poincare duality [}-t. 4 ; p. 128 3 • 

(b) The Steenrod algebra acts on P* with the action 

given by 

Sq^ (q(x)) = q (Sq^ (x) ) . 
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(c) q:H (BO) —? p" /r̂" ̂ 2 is the homomorphism t 

i.e. if X e F-l" (BO), then q(x) = 0 if and only if 

PROOF. From the construction of P*, it is clear that 

dim P* < n . Now p" = " ^̂ "̂ ^ , where 

j" = 5 X € H " ( B 0 ) : for all y €H°(BO) ^ 3 , 

<f*(x) .f*(y) , llM̂ J > = 0 ] 

= ̂ X ^ H " (BO) : < f'C^;^ LM"J > - ̂ ] 

Thus if X € H " ( B 0 ) then x € j" if and only if t(x) 

= <f*(x) , C M" D > = 0 

Hence J = Ker t. Again 

t: H (BO) > 3^ is an epimorphism, since M is not 

a boundary. Therefore 

dimension of P* is n. Note here that v;e have eventually 

completed the proof of (c ) , since for xe H (BO) , q(x) = 0 

iff x^J^. 

Now clearly P^ © p" •"• maps into p" ;̂  2^ by 
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multiplication. If x € P is the image of x €H (BO) under 

q and x.y" = 0 for all "y P then q(x.y) = q(x).q(y) 

= IT.y' = 0. Therefore x.y e J for all y e H""""" (BO). Hence 

from the definition of J it follows that x 6 J, since 

dim (xy) = n. Thus "x = 0 in P*. So the multiplication 

provides a dual pairing, noting that for any base 

I '^) j ' ^ - i - y ;> "̂ v-ij of P* dimli. / dimx". if 

i ^ j. This completes the proof of (a). 

For (b) it is enough to see that if x e J then 

Sq'''x e- J. Now Sq (x) = x € J. Inductively suppose that 

Sq^ x € J for 0 j< j < i. Let y 6 H " " ^ ^ " ^ ^~^ (BO) , (if i+dim x > n^ 

we are done). Then 

t(Sq"(x).y) 



- 158 

c^j^ M^ W l X cO^SSeO^ 

CKrxjn^ <:;O^L ''A/N <:2_ 2_ 

^ < f * C > c j . i * ( u ^ y ) , t n " 3 > 

\l/v«./Vx:-'Fo^«- ~s^/ Sc,, ' c^) e T . # 

\ 

P* is called the Poincare algebra associated 

to M. In viev/ of the above proposition v;e can say that 

the usual relations between the Stiefel-Whitney classes, 
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the Wu classes, and the Steenrod squares still hold 

in P* . 

V.2.2 DEFINITION. Let A* be any graded algebra. An 

element x 6 A* v/ill be called k-decomposable if it is 

zero or it is the sum of products y, y_ y where 

dim y- > 0 for all i, and p'^ k. 

V.2.3 DEFINITION. Let M be an n-dimensional manifold. 

The cobordism caregory of M, denoted by cobcat (M), is 

the smallest positive integer k such that < ^̂ i,-• •• ̂ î-t, ,^^^^2} 

= 0 for all partitions L|-vij_-(- HL, = n with k:<:p<n. 

If no such k exists then define cobcat(M) = n+1. 

Clearly cobcat (M) is a cobordism invariant, 

since two manifold are cobordant if and only if each 

Stiefel-Whitney number of one equals the corresponding 

Stiefel-Whitney number of ^he other. Also cobcat CM) 

4 nil if* (M) ^ cat M. 

Further, if M, and M_ be tv,-o n-dimensional 

manifolds then cobcat {M^ 1_J iM ̂^ ) 

< max (cobcat (M ), cobcat (fi ̂  ) ) because any Stiefel-

Whitney number of Mj_ U M^ equals the sum of the 

corresponding St ief el-5vhi tney numbers of M, and M_. 

V.2.4 PROPOSITION. If b\ is an n-dimensional manifold 

with cobcat(M) -̂  k, and P* is the associated Poincare 
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algebra, then 

(1) If X €P* is k-decomposable, then x is zero 

(2) If X cP* is (k-1)-decomposable and dim x < n then 

X is zero. 

PROOF. (1) Consider the quotient map 

q: H* (BO) > P* 

Clearly, every k-decomposable element x in P* can be 

obtained from a k-decomposable element y in H*{B0,2„) 

i.e. X = q(y). Since H*(BO) is generated by the Stiefel-

Whitney classes V7 ( T ) , i = 1,2, , so y can be v/ritten 

as sum of products W. ( T ) W. ( Y ) , P>k. 

Let z 6 H"""-^"^ y (BO) then v.'e have 

= 0, since cobcat(iM) ^̂  k. 

Thus W. { X) ----- [y-J: (^X) and hence y lies 
^1 '' 

in J. So q(y) = x is zero in P*. 

(2) Note that if x eP* is (k-1) decomposable 

and dim x <:̂  n then there exists some y e-H (BO) v;hich 

is also (k-1) - decomposable, such that q(y) = x and 

for all z €H"~ ^ ( B O ) , y.z is k-decomposable. Hence 
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by (1) y.z € J, for all z e H""^^"^ ^ (BO) , and therefore 

by definition of J, yeJ, since dim(y.z) = n. So, q(y) = x 

is zero in P*. 

V.2.5. PROPOSITION. Let M be an n-dimensional manifold 

and let c g H (M ). Let N be the submanifold of M dual 

to c, (see § 1 ) . If <c^x, [M 3 > = 0 for all x in the 

subalgebra of H* (M) generated by c, v.' (M) , , W (M) v/ith 

dim X = n-2 then 

/ W. (N) ''•̂ L, (^) , C ̂ J]. > 

for any partition C|+-----t-L, - V T - 1 . 

PROOF. Let V (N) be the normal bundle of N in M , then 

W(xi) = l + j*(c) v;here j : N —> M is the inclusion. Nov; 

SO, W C - ) - ^ ^ C ^ ) - '^^ C w C M ) ) -

Therefore W(N)= j * ( W (M^J / I + ̂  * Cc) 

Also one has < ;}* C-; ^ L M D > - < ^ - . t ^^^ > 

for all X <5 n"~-''(M) , see [5-6 ^ I^.T^TJ. 

Now, 
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W (N) 

J ̂  ( W C M ) } 

(̂  ^* ( 1 + w, CM}-f -• + ^v^ CM; ;J ) C/+ j ""cc)) 

• + IV^CM^jCt^^ ) J 

.+ W^C M})Ci-t-̂ -̂ ^̂ ---)J 

So, w (̂N) = ^"^ i \ ^ - c ^ ) •+ c w^_, c M ; + c^3 

Thus for any partition (.,-+- L^-I- -+- ̂ L - v\-l 

we h a v e 

< w • w - w,|^ , L N3 > 

n 

< c U/,^ W , ^ , I i - i j > 

since <̂  c.̂  x^^ L >^J )> = 0, for all x in the subalgebra 

of H* (M) generated by c ̂  l-v- ( M ; ^ C ^ J ^ 7 _ ^ - . J V > . ^ 

6 3. Lemmas for the cobordism classification of 

manifolds v;ith cobordism category <; 3. 
_*: _̂ 

T h r o u g h o u t t h i s s e c t i o n M '•••ill d e n o t e an 
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n-dimensional manifold with cobcat (M"^) $ 3 and with 

associated Poincare algebra P*. 

V.3.1 LEMMA. (a) If X h'. ( T ) = 0 in P*, where x e H"~^ (BO) 

and 0 < i < n then x = 0 in P*. 

(b) For j > 0 

VI 

î  P 
> 

* 

PROOF, (a) Let y^H^CBO). If y = V;. ( y ) then by hypothesis 

x.y = 0 in P*. If y / \-i.(T) then y is decomposable and 

so xy is 3-decomposable. Hence x.y = 0 in P*, since 

cobcat(M ) ̂  3, see {V.2.4). Thus x eJ, as dim (x.y) = n. 

So (a) follov/s. 

(b) By Wu' s formula, v.'e have 

- w '̂ crj iv^^ cr}-f W^j^i ir) 

Now assume 2j + l < n, then W^ ( r ) . "2]-^ ̂'̂  ) = 0 in P* by 

(V.2.4). Therefore, 

sq^ K;^- cr) ) rr U/2.j^iCr) in P*, 

if 2j + 1 < n. On the other hand if 2j+l = n then 
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where v^ e H (BO) is the first Wu class. Also by 

W u ' s theorem , C ̂  ll 

\<l^{r ) = Sq°{^>-^) + Sq^(L>^) = ^-j^ 

So, Sq^( W2j(r))- W ^ C r ) . lA/̂ j (r) v;̂. P"*". TU^a-^j^-r^ 

get W2^^-L( T ) == 0 in P*. : ^ we 

V.3.2. LEMMA. If n is e v en and n )> 2, then W. { T ) = 0 

in P* for all odd i, i.e. all Stiefel-Whitney nurnbers 

of M divisible by W.(M) for odd i are zero. 

PROOF. Firstly v/e take i = 1. By the last lemma, since n 

is even and n p> 2 

Sq^ (W^_2(r)) = ^̂ v̂̂ -l C r ; t^ P =̂  

Then W^( Y) .Ŵ _ĵ ( r ) = »j_ • ^^,_i_Cr) 

= s^.^C IA/V,_I C r ; } 

= s^^ ŝ A C w^_^ Cr)) 

Now by Adem's relations, [§ l] we get Sq Sq = 0 . Thus 

W^{r ) W^_^{r) = 0 in P*. 

Next suppose that i = 2j+l, j > 0, and n-i 

= 2k+l, k > 0. Then by lemma (V.3.1) we have, in P*, 
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= % V ^ ^ i ( ^ ) Sc^^ ( U / 2 . j ^ ( r ; ) ) , since 

Sq Sq = 0. Therefore, 

Wi ( r) ŵ _. (r ) = ^1 ^̂ x̂̂  Qr) s^ ^ iv^^ ( r j 

is 3-deconiposable, 

Thus by lemma (V.3.1), we see that W.(T) = 0 

in P* for all odd i. :^ 

V.3.3. PROPOSITION. If M is a nonbounding n-dimensiona1 

manifold with cobcat (M) ̂  3, where n is even and n > 2, 

then M is cobordant to M x N, v.'here N is also nonbounding 

and cobcat (N) $ 3. 

PROOF. By lemma ( V.3.2), all Stiefel-V>Jhitney numbers of 

M divisible by W.(M) for odd i are zero and so, by [̂ M.5̂  , 

there exists a manifold N of dimension n/2 sue h that M is 

cobordant to N x N. From Lf-!-5j , v;e also know that 

< w . W , L r N J : ] > 

for any partition *-,-i-'̂ z.-t- "^H ~ ^^^ ' "̂ "̂̂  

N is nonbounding, because if 3̂ v/ere a boundary then 
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< W. . uy. r N:) > = 0 , for all 

partition L,+ ^ i, =^ v^/z 

So, < IA;̂ .̂ ^ ^ZL, , Lf^3 > = 0 for all 

partitions of n of the form 2i,+--+2i = n and we 
1 P 

already know that all St ief el-VJhi tney numbers of M 

divisible by W^{ M )^ for odd i ̂  are zero. Thus all 

Stiefel-Whitney numbers of M becomes zero, showing that 

M becomes a boundary; v;hic h is a contradiction. Also 

clearly cobcat (N) = Cobcat (M) ^ 3. :^ 

V.3.4. COROLLARY. Let M be an n-dimensional manifold 

with cobcat (M) ;< 3. Let n = 2 .m v,'here either m is odd 

and m ;^3, or m = 2. Then either M is a boundary or else M 

2^ 
IS cobordant to (N) , v/here N is a nonbounding m-dimensional 

manifold with cobcat (N) ^ 3. 

PROOF. For t = 0, there is nothing to prove. So assume 

t > 0, Then by the above proposition, if M is nonbounding^ 

2 
M is cobordant to N, x N. =(N,) where the dimension of 

N, is 2 m and N, is nonbounding with cobcat (N, ) <. 3. 

Thus the corollary follows by the process of induction. 

V.3.5 COROLLARY. Let M be an n-dimensional manifold with 

cobcat(M) ^ 3. 



- 167 -

3 

(1) If n = 2 , s > 0 then either M is a boundary or 
2 2^~^ else M is cobordant to ( F̂ P ) 

5 

(2) If n = s .3, s ^ 0 then M is a boundary, 

PROOF. By the corollary (V.3.4), it is enough to look at 

the group )) and ;/_ of cobordism classes of manifolds 

of dimension 2 and 3 respectively. \<!e know that /) ^ "2 
-2- -^ 

with generator fS^P^'l ^"^ M ~ 0; also 

2 2 
cobcat ( ]RP ) ^ cat ( RP ) = 3. Hence the corollary 

follows. -fj— 

V.3.6 LEMMA. Let n = 2^ + m, v.'here l:?ni^2'^. 

Then 

(1) W2S^^{ y ) = C^^(w^^e'^3) ivx P ^ if 

O < U < 2.̂  av̂ d 2.^^ k ^ v\ . 

(2) W.{ y ) = 0 in P* if 0<:j^m. 

PROOF. (1) By Wu's formula we have 

Sa'Cw ŝCVjJ = w^,^jV).J:' ( " ' " ^ ' ' ' ' j w _̂̂ tV) vĴ ,̂ (̂V; 

Since by {V.2.4) decomposable elements of dimension less 

than n are zero in P*, so (1) follows. 

(2) Let 0<:j^m. Then n-j = 2^ + k, where k = m-j with 

0 ̂ k <: m < 2̂ ^ and 2'̂  + k<i 2'̂ +m = n. Thus by (1) , W^_. ( V ) 

= Sq (W^rCy)). It is well-known that the Wu class v. 



- 168 -

is decomposable, if j is not a power of 2, and hence 

zero in P*. By Wu's theotem 

T 

i -. 1 ^ ' 

r-1 

since Sq (x) = 0 if i > dim x. Now "^ t • is not a 
-2- —a 

ce 

power of 2 if l<i<2'' and so zero in P*. If i = 2^ 

then 2^-i = 2^'^, and Sq^ ('v •^_A - V̂ ,̂,̂ - V r-i (sin 

k 2 r 
Sq (a) = a if dim a = k ) with total dimension = 2 ^ n 

and so zero in P*. Thus it follows that 

Also since ^ ^ > ŷ /̂ . ( n = 2^-^ v- ^ "̂"̂  ̂"̂  ^ ^"^" ̂  ) ^ 

so W2r (-/J - V y = 0 in P* _ 

Thus W .(V) = 0 in P* 

So by lemma (V.3.1), VJ. { V ) = 0 in P*. z^ 

V.3.7 PROPOSITION. Let n = 2^+m, l^m-:^2'^. If v^=v =0 

in P* and if n > 3 is odd, then M is a boundary. 

PROOF. We shall show that all positive Wu classes are 

zero in P*. In that case by VJu' s theorem all positive 

Stiefel-Whitney classes will be zero in P* and hence all 

Stiefel-Whitney numbers of M will be zero. Now we know 



that v = 0 in P* if j is not a power of 2, as in that 
j 

case v j is decomposable. Rlso by hypothesis 1 = v2 = 0 

in P*. Further v2r = 0 in p* as 2* > n / 2 .  So it is 
t T-1 

enough to show that v2t = 0 in P* if 2 L 2 _C 2 

and by Adem's relation, 5 1, 

By Adem's relation, we also have 

t t 
2 -0-1 t ' t 

sql sq2 = ( ) sqZ+l 2 -1-1 
1 - 0  = Sq 

t t 
so, sq2 Sq 2 - 1 ,  sq1sq2 + S q  Sq 1 

2t i t 
2 

or, ss Sq = 5% Sq 2 - 1  1 
-t- 5% 5% 

(a') = "2 '"$4 

= 0 in P*, by hypothesis. 

Thus, v2t = 0 in P*.  
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Hence the proposition follows. =f:^ 

Let oC(n) denote the number of terms in the diadic 

expansion of n. 

V.3.8. COROLLARY. If M is an n-dimensional manifold with 

<=«̂ (n) ^ 3 and with cobcat (M) ^ 3, then M is a 

boundary. 

PROOF. Suppose n is even then, since ô (n) ̂ 3 , n = 2 .m 

where m is odd and m > 3. Then by corollary ( V.3.4) 

either M is a boundary or M is cobordant to (N) , 

where N is a nonbounding m dimensional manifold v;ith 

cobcat (N) ̂  3. Moreover oC (m) ^ 3, since oC {n) :^ 3. Thus 

it is enough to assume that n is odd and v/e write n = 2 +k 

where 3:<k<2'^ and k is odd. By lemma (V.3.6), W^ ( T ) 

= W2 ( / ) = 0 in P*. So, v̂  = vĵ  ( y ) = 0 in P* and 

therefore W2 ( V ) = Sq^Cv^)+ Sq̂ ^ (v^) + Sq° (V2) 

= 0 + 0 + v^ = V2 

Hence, v^ is also zero in P*. So by proposition (V.3.7), 

M is a boundary. ^;^ 

V.3.9 COROLLARY. Let M be an n-dimensional manifold 

with cobcat (M) :̂  3. I f n = 2^ + 1, s ^ 2, and 

<^ W W _„, r M 3 )> = 0, then M is a boundary. 

PROOF. By lemma (V.3.6) W^( Y) = 0 in P*. 

I.e. if 
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then W2_C'^) • W^_2.^'^) = ° i"̂  P*- 2° "̂y (V.3.1) 

W^(1 ) = 0 in P*. Therefore v = v^ = 0 in P* (see 

the proof of (V.3.8)), v.'here v. € H^ (BO) , i = 1,2, are 

Wu classes. Hence by (V.3.7), M is a boundary. zpfz 

V.3.10 PR0P05ITI0^?. Let n = 2^+1, where s^2. If there 

exist two nonbounding n-dimensional manifolds M and M 

with cobcat (M̂ )̂ ̂ 3 and cobcat(M2) ^ 3 , then they are 

cobordant. 

PROOF By (V.3.9), 

Now 

for any partition £ + i .̂ _ i = V\ , where \_\ is 

the disjoint union. Thus clearly 

and also cobcat (M, LI M^ ) ^ 3 . 

Hence by (V.3.9), M, U 'M2 ^^ ^ boundary. Thus the 

proposition follows. -j4-

•̂  4 Complete classification of manifolds v;ith cobordism 

category ^ 3. 

A manifold M" is called decomposable if 
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where i^+i^+ -̂  i^ = vA ^ O^i^.i-,, .i^. ̂  V^ 

and each N̂ ^ is a i - dimensional manifold ( 1 r̂  k ̂  r ) 

Now for a manifold M , consider the total 

Stiefel-Whitney class 

W(M) = 1+W, (M) + + hi (M) 
1 n 

= (i-vt,)(l^t^).---(i^t^) (Sav) 

where t. ̂  H""" (M") , l ^ i ^ n . 

Then W , (H ) - 21 -ti 

I 
\ 
I 

W^ (̂ ^̂  - t , t ^ - - - - . t ^ . 

The expressions in t's, associated to each W. above, are 

called elementary symmetric polynomials. We know that 

any symmetric polynomial can be generated by elementary 

symmetric polynomials. Therefore it follows that 

^1 "*" ̂ 2 ^ "̂ n̂ ^^ ^ polymial in W^(M), W2(M), W^(M) 

Let us denote this polynomial bv S . 

Thorn CT.33 has proved that, M is 

indecomposable iff <^S , t ^^ 3 / ^ 0-

Further it is well-known that for a given odd 

k mte^er d>0,not of the form 2 -1, there exists a unique 
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(upto bordism) indecomposable Dold manifold P(m,n) of 

dimension d. In fact one can take m = 2^- 1 and n = 2 .s 

where (d + 1) = 2 ( 2s + l) . In particular we can see that the 

s-1 
Dold manifold P{1,2 ) is indecomposable. Therefore 

/ ^ 5 rp(lj2 ~ )1/ ^' ^y Thorn's result mentioned a^ 

above. 

V.4.1 THEOREM. Let n = 2^ + 1, s ^ 2 , and 

S.-2-

s~l where P(l,2 - 2j ) is a Dold manifold, H- is the 4j 

degree term in the formal inverse 

( 1+ £P^ + CP^ + (EP^ + )"•'-. 

Then M is nonbounding, and cobcat (M) ̂  3. 

PROOF. Let P. denote P(l,2^~-^- 2j ). 

S-2. 2. <^.x--j> = 2:<=s,s.,xp,xNp> 
-s-l 

2. +1 . C P ( i > ^ ) ] > - i . 
using Thorn's result m.entioned above. Hence M is not a 

boundary. Now it remains to prove that cobcat (M ) ̂  3. 

Let i^-^io-^" t-i ~ 2. +1 be a partition. 

1 ^ p 
Then, 0^'^ 
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Since P{1,0) Ci;^ S is a boundary, we may assume that 

s-2 
j < 2 . It is known ( §1) that the total Stiefel-

Whitney class . j 

where cCH-'-(P. ) and d e H^(P.) such that c^ = 0 and 

d --^ J^ -̂  = 0 . Thus 

W(Pj ) = (K^J(l-+c^dfJ(l+C-va} '^^ 

Also clearly W QJ-J^N.) = 0 and so by using the formula 

for the Stiefel-V^hitney classes of the cartessian product 

we have for i >1, W^. . (P. x N. ) = c d y , where y 

is the ( 2i-2) degree term in 

( 1 is the unity of H° (N. ).). 

Clearly c^ = 0. 

^̂ ^̂  ô<uC P, X N^.) • % a a ( P. " "̂ 0 ^ =̂  ^ 
Therefore the only nonzero Stiefel-Whitney numbers of M 

are of the form 
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2 Now since c = 0, by proposition (V.2.5) 

for any partition i. + i + ^ ^a ~ Q^ > where p. is t^e 
/•^ ' 

submanifold of P. dual to c. We claim that P. is 
:) 3 
s-1 

2 -01 cobordant to (C P .̂ V̂le will show that for all 

partition î  + i^ + + i = 2 ^ 
1 2 p 

But W((Cp2 - 2 j j ^ (l-^-dLJ - i J + 1 

and W(P.) = ( 1+c) (1+c+d) "̂  ̂  

Since one c is already present in /c2 W ^ "^o.^, Ĵ f̂ -i-̂  / 
•̂  s - 1 • ' ''̂  

and c = 0, the only term from (1+c) (1+c+d) ̂  --2-0+1 

which may give nonzero Stiefel-V-Jhitney numbers 

\*^ ̂ i ^ '̂ ib ̂ LPJJ / will actually come from 

Cl+a^^"-2i + l _ \/\S fc?^ ''^^) • Therefore, 'p'. is 

2^~ - 2i bordic to C P • Hence, the repeated use of product 

formula for Stiefel-Whitney classes yields. 

< Jy v̂ ;̂ - " W ^ i . i : c P ^ " - ^ ^ H . 3 > 
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Here y is the ( 2i-2) degree term in 
:z^-iad; 

r - -2. 
D 

U = o 

and so 

«5-l • 2. -2.3 
NJ 

Hence . / ... V\| • ---VS'oi^ ^ t̂  ̂  ̂  / 

s-2 . 

^ai-au-i'^^iii '•'''•'̂  

W • fcP' 

= £:<r'Vi.̂ u..̂ .ir^^^^ i..t V ^ > 

whe 

For generality we write 

2 ^ ' ^ i / „2.' " - 2 3 . , ^ 

and 

s - i 

4k = U C<cP 
2.V<-2.^ .̂J. 

3 ' 0 2.W-:2-^ )i . n^ can be regarded 
The p a i r fC? ^ ^^W-aO ^ ^ 

'^ u />rP \ (see ^ D » 
rdism group - T L ^ . ^2.0^ ^ as a class in the bo.v..̂ ... .- - -'^2\< 

_ ,nical complex line bundle 
whe 

J is the canor 
•" ^ V - 2 3 
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over C P ^. Also we can regard f V , y . | 

as a class in _n_^(CP'^) ,- as J2^{CP°^ ) has the structure 

of a -^ - module ( -/^ is the l-dimensional 

complex vector bundle over Y.. induced by V ). 

Conner and Floyed C^-^J proved that there is a unique 

(upto bordism) basis { X2^ I i = 0,1, ] of Jl.^ iC^"^ ) 

as an _il -module such that 
* 

(i) X^ = 1 

(ii) A X 2 ^ = X2^_2 for i > 0 

(iii) Ex^. = 0 for i > 0. 

where £ and ZS are augmentation and Smith homomorphisms 

respectively, ^ 1 . 

For k > 0, put Y^. = \ 4W 

One can see that the class Y_. defined above satisfy the 

properties (i), (ii) , (iii) mentioned above and hence forms 

a basis for _r2 (£P°^ ). 

There is a direct construction of the basis elements 

)e the canonical of _/l^ {CP^ ) , due to Stong. Let V^ be 

complex line bundle over (C P . Let "̂  be the complex k-plane 

bundle over C P defined as "̂  _ y^ ^(U-lJcC i-e. 

Whitney sum of 7. and (k-1) dimensional trivial complex 

bundle over (C P . Then C P ( "̂  ) is the space of complex 

lines in the fibres of ^ . Let /\ be the complex line 

bundle over CP( ^ ) whose total space consists of the 

pairs { oC, X ) whereoC€'d:P('^ ) and x is a point on oC . 
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Choose 

Then f 21 1 forms a basis of _XL (C P*^ ) 

By the uniqueness of the bas\s of _0._^(<r.P°° ) upto 

bordism, we have that Y., is bordic to Z., for all k. 
4k 4k 

That is Y2S is bordic to CT?{i B (2^~-^- 1)<C ). Thus 

we have 

< w • w • — w . r Ml ̂  

Where d is now the mod 2 reduction of the first Chern 

class c, ( 7\ ) of /S . Also, the total Stiefel-Whitney 

class of C?('^^ ® {2^'^^±)<C ) is given by ^[[C.?. ̂ 36] 

2^"i- 1 W = (1+d+a) ( 1+d) 
/ 

where a is the mod 2 reduction of the first Chern class 
s-1 s-1 

ofCP''' ( so a^ = 0) . Thus, W = (1+d)^ + a(l+d)^ "^ 

s 
and so, for 0<::23<:r2 , 

w. . (<cp( /̂  © ( a ~-i")<c ) ) ^ a 
2j 

Hence it follows that if p ̂  3, then 

< ^ 2 i + i W2i, ^̂ 2i : r ^ j ) = ° , 
^ 2 p ' 

as a = 0. Thus cobcat (M) ^ 3. Jl/v^ 

Thus summing up v/e have 
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V.4.2 THEOREM. If M is an n-dimensional manifold with 

cobcat(M) ̂  3, then M is either a boundary or else one of 

the following is true: 

s-1 
(1) n = 2^, s ^ 1 and M is cobordant to ( TRP^)^ 

(2)n=2'^(2^ + l ) , r : ^ 0 , s ^ 2 a n d M is cobordant 

- 2^ 
to (M ) with 

M = U P (1,2^"^- 2j ) X N. , 
, J 

N. being the 4j degree term in the formal inverse 

2 4 -1 
( l+CP + CP +—- ) . 

PROOF. Suppose M is not a boundary. Then by (V.3.8) 

we may assume oC{n) Z. 2. If oC (n) = 1 i.e. n = 2 then 

by (V.3.5) we get (1). Let oC {n) = 2 i.e. n = 2^(2^+1) 

where r ^ 0, s > 1. By (V.3.5) we may assume s ;̂  2. 

Then by (V.3.4), M is bordic to ( M ) , where M is 

s "^ 
nonbounding 2 + 1 dimensional manifold with cobcat(M) ^ 3 

Now by (V.3.10) and (V,4.1), M is bordic to 

LJ P(l,2^ ^- 2j ) X N 

1^0 • # 
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§ 5 Cobordism classification of manifolds with 

Cobordism category :̂  4. 

In this section v̂e shall try to describe the 

cobordism class of an n-dimensional manifold M with 

cobcat (M) ̂  4, Let P^ denote the ideal of the Poincare' 

Algebra P*, consisting of the decomposable elements of P*. 

To begin v/ith v/e consider only the even dimensional 

manifolds and v/e shall see hov; the classification problem 

can be reduced to one of looking at odd-dimensional 

manifolds. Analogous to v/hat v;e have done for the case 

cobcat (M) ̂  3, all we need to do here is to examine the 

product W^ (l/ ) VI. (i ) W)̂  C/ ) where i,j, k ^ 0 and i + j+k = n; 

because here cobcat (M) < 4 and so 4-decomposable elements 

are all zero in P* (V,2.4). 

From Wu' s formula v,'e have 

>s , , ^ J r̂  ̂  , . ̂ s where 2^ + k <i n and 0:^k<2^, and from Wu' s 

theorem we have 

(2) W ( Y ) = V c mod P* , ( see the proof of (V.3.6)) 
2^ •" 2.̂  ^ 

V.5.1. LEMMA. W 

PROOF. We have 

^ ( •/ ) = 0 in P* if n ;^ 3 



1 8 1 

1 / . . . 2 
sq (w^ (y;j ::, Sc|̂ (w^(V;) w^cVj ^ w^tVj-sc^ijvv^^/}; 

- X W^^(V) = o m P* 

and similarly, Sq^ (W^ ( V ) ) = wJ(-/;= 0 in P* . 

Th us clearly sq^(W^ (V )) = 0 in P* if j > 0 

Let n-2 = 2^ + k, where 0 < k ^ 2 ^ . 

If k > 0, W^(T/ ) W^_2(Y ) 

= w^(/ ) sq*̂  (w A-i )) 

= 0 in P* 

Hence it follows that W (/ ) = 0 in P* . :;/î  

V. 5. 2 LEMMA. I f n 1̂  3 then W^(-/ ) = 0 in P* unless 

n = 2^( 2^ + 1) +1, where r > 0 and s > 2 . 

PROOF. Let N be the (n-1)-dimensional submanifold of 

M dual to W,(M). Then, by (v.2.5) and (v.5.1) we have 
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for any partition i, + i„ + + i = n-1. 
1 2 p 

Thus cobcat (N) ̂  3 and W (M) = 0 in P* iff N is a 

boundary. By (V.4,2), N is a boundary unless (n-1) = 2 

or 2'̂ (2̂  + l) where t ^ 1 , r ^ 0 and s ^ 2 . Further if n-l= 2^ 
and N is not a boundary then by (V.3.5), N is cobordant 

2 2^-^ 
to ( (RP ) and 

(see the proof of (V.3.3)). However, 

and in P* 
2. 

Thus N is a boundary even when n-1 = 2 . Hence the lemma 

follows. ^ 

V.5.3. LEMMA. If W,(V) = 0 in P* then, 

(2) ^q ,^(x ) .<>cj^(Vj : = 0 (\A P * , i £ 

d i m x + d i m y + 2 = n . 

PROOF. For (1) note that 

For (2) we have 
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V.5.4. LE^4MA. I£ n is even, n > 2 and W,{r ) = 0 in 

P* then 

(1) W-(/}W • C"^) = 0 in P* for all odd i 

(2) W (yjS>c|_ (^x) = 0 in P* if dim x = n-3 

PROOF. (1). Since W, ( 1 ) = 0 we may assume that 1< i< n-1 

Then 

= 0 in P*, by ( V.5.3). 

(2). Firstly v/e note that if x is 3-decomposable 

then there is nothing to prove. Now , ri-3 is odd; so by 

Wu's formula 

in P*. Thus, W2 (-/) .Sq"̂  (Vv'ĵ_2 ( V ) ) = 0 in P* . Now let 

n-3 = j+k and assume that j is odd. Then in P* 

W^ ( y ) Sq-̂  (Wj ( V ) W|̂  ( V ) ) 
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by ( V . 5 . 3 ) . A l s o by W u ' s f o r m u l a 

in P* for all i ^ 2. 

Thus, w (Y) s q ^ ( w . ( / ; w ( / ; ; 

= 0 in P*, by (1) 

Therefore, (2) follows. -ffr 

V.5.5 LEMMA. Let i+j+k < n. Then 

in P*. 

PROOF. We have by the Cartan formula, § 1, 

The result nov/ follov^s using VJu' s formula and the fact 

that 4-decompasable elements and the 3-decomposable 

elements not in the top dimension are zero in P*. =^ 

V.5.6 PROPOSITION. If n is even, n > 2 and Ŵ^̂  ( V )= 0 

in P* then W.(^)= 0 in P* for all odd j. 

PROOF, sincd W, ( V ) = 0 we may assume that ] >1. By (V .5.4), 

W.(-/) W .{-/)= 0 and clearly W. (V).x = 0 in P* if x 
j n-j 1 
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is 3-decomposable. Thus all wc need to show is that 

W.(/).x = 0 in P* if X is decomposable and dim(x) = n-j 

(1) Let K = n-j-2. Thus k is odd and so by 

(V.5.3) and using Adem's relation, we have 

= 0 in P*, by (V.5.4). 

(2) Let k = n-j-2^ v;here a ^ 2 and k > 0 . Thus k 

is odd and so 

2. ^ 

By using Adem's relation v;e have 

Q 

^^%^'^ Cv^3,,C'n W^i/)). 

a 

= 0 in P* by (V,5.4). 

Thus from (1) and (2) it follows that W ( Y ) W ( "j ) W ( Y ) = 0 
J 2 

in P* for any odd j and any a > 0, where k = n-j-2 . 
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Assume inductively that, 

W-(/j W ^ (/) W (^3 - Q for any odd j 
'^ 2 -t-t ^ 

and any t < b, where k'= n-j-2^-t, a ':^ 1, 0 < b < 2 ^ . 

Let k = n-j-2^-b and k > 0. Then in P*, 

b-i 

( by Cartan formula, since Sq { w ^(V ) W • (•/) V<J i/) ) 

9. J IV 

b 
( V̂  

2" 

b-i b 

-El 

by (V.5.5). If p> is odd [^ n^J "^ °' "̂'̂  ^^ '̂  ^^ 

even then j+ p is odd, and so by the induction hypothesis 

in P*. Thus, 

Hence the proposition follows. ^ ^ 

V.5.7 PROPOSITION. Let M be a non-bounding n-dimensional 

manifold with cobcat(M) ^ 4. If n is even, n > 2 and 

W ( / ) = 0 in P*, thenM is cobordant to N x N where 

N is also non-bounding and cobcat (N) ̂  4. 
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PROOF. By (V.5.6) W (/) = 0 in P* for all odd j. Thus M 

is cobordant to a square N x N ( see [̂  M.5 3 ) with 

for any partition i, + i_+ +i = n/2. 
i z p . 

Hence the proposition follows. - // -

V.5•8 COROLLARY. Let M be a non-bounding n-dimensional 

manifold with cobcat(M) ^ 4, and let n = 2 m where t >̂  1 

and m > 1. 

(1) If m = 2 + 1 for any s N 1, then M is 

2^ cobordant to (N) where N is a non-bounding, m-dimensional 

manifold with cobcat (N) ^ 4. 

(2) If m = 2 + 1 for some s > 1, then M is 
2t-l 

cobordant to (N) where N is a non-bounding, 2m-dimensional 

manifold with cobcat(N) ^ 4. 

PROOF. By (V.5.2) W, (M) = 0 in P* if, dim(M) = 2r, where 

r / 2^ + 1 for any s V 1. The result now follows from 

(V.5.7) by induction. :J,̂  

V.5.9 COROLLARY. Let M be a 2 - dimensional manifold 

with cobcat(M) L̂ 4 and t > 1. Then M is either a boundary, 

2 2^-^ 
or M is cobordant to { IRP ) 

PROOF. If M is not a boundary, then by (V.5.8), M is 
ot-1 

cobordant to (N) where N is a non-bounding 2-dimensional 
2 

manifold with cobcat(N) <, 4. Clearly N is cobordant to IRP . 
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V.5.10. PROPOSITION. If n = 2^ + 2 where s ^ 2 , and if 

< W, W W c , , r t ^ l ^ = 0 , then M is either 

a boundary or else M is cobordant to N x N where N is 

s-1 a nonbounding ( 2 + 1 ) - dimensional manifold with 

cobcat (N) <• 4. 

PROOF. Suppose M is not a boundary, and let M' be the 

( 2 + 1)-dimensional submanifold of M dual to W.. (M) . Then 

as in (V.5.2), cobcat(M') :̂  3 and 

- 0. 

Thus by (V.3.9) M' is a boundary, and so 

for all 0<j<n-l. Therefore W (-/) = 0 in P* and hence 

the result follows by (V.5.7). _/j 

V. 5.11 COROLLARY. Let M, and M_ be two non-bounding 

( 2 + 2)-dimensional manifolds, where s^2, cobcat (M,) ^ 4 

and cobcat(M2) < 4 . If neither M, nor n is a square, then 

M, is cobordant to M_ [J (N x N ) for some manifold N with 

cobcat (N) < 4. 

PROOF. By (V.5.10), 
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and so 

Also clearly cobcat (M U M ) j^ 4 . 

The result now follov/s from {V.5.10). 44^ 

There exists classes S, ̂  H (BO) defined inductively 

\)\i TSlewton's formula: 

for k > 0 , where f k ^ - is the mod 2 reduction of k, and 

S = 1. Further it can be shown that 

Sq^ (S^) = ( j ) Sĵ ĵ for all k ̂  3 > 0 

Also if M is an n-d imensiona 1 manifold then S 6 II (BO) 
n 

corresponds to the symmetric polynomial S ^ Ĥ  (M) under 

the homomorphism f * : H* (BO) ~> H* (M) where f:M-^BO is the 

classifying map of X(^^' ' ^^'^ ^^ '̂'̂  have mentioned in "% 4, 

M is decomposable iff /f * (S^) , CMl\ 

- (S^, CM-j) = 0. 

V.5.12 COROLLARY. Let n = 2̂^ + 2, where r >̂  2, and let 

M be a non-bounding n-dimensional manifold which is not 

cobordant to a square. Then M is indecomposable. 

Moreover V is decomposable and by Nev;ton' s formula 

S = W ( Y ) mod P* . 
2 - 1 2 - 1 ' 
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I t f o l l o w s t h a t , 

s ̂  = ̂?_ W ^ (V) 
2^ + 2 ^ a ^ - i 

(W3( Y) ^ ĉ|̂ ^ (W2_(-^)); W r C"^) 
:2"-l 

(W3(Y) + w^(V*3 yy^^Vj ^ ' w (- / ; ; w^o^^^c^i ^ 

by V̂ u ' s formula . 

= Ŵ ( -/) Ŵ  ( -/) W ^ (Yj) in P' 

By hypothesis and (V.5.10), we have 

W (•/) W (-/) W y (̂7̂7̂  0 in P* and so 

< 5 i« C ^ ^ ) / 0 i.e. M is indecomposable. -\-\-

The results v/e have obtained so far in this section 

have reduced the problem to one of looking at the odd 

dimensional manifolds M v;ith cobcat/MJ 4-

V.5.13 LEMMA. If n is odd, then 

2 
(1) X = 0 i n P* f o r a n y x , w h e r e d i m ( x ) > 0 

(2) ^ o d d ( ^ ^ ^^odd C ^ ) = 0 i " P * -

PROOFdJLet 0 < 2 i < n , n - 2 i i s o d d , a n d s o 
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by Wu's formula. 

Hence, wj ( ̂  ) w ^ _ ^ ̂  C^ ) - w f O O Sĉ ^ ( W ^ _ ^ i_^ Q-/; ) 

-̂

and so, W^( / ) = 0 in P* for all i > 1 . It follows that 

x^ = 0 in P* for all x v/ith dim (x) > 0. 

(2) Let i,j be odd and let 0 < i , j<n. Then by Wu ' s 

formula, 

= 0 in P* 

and so W-Cy) W.(7) = 0 in P*. ::/::̂  

v.5.14 PROPOSITION. Let n = 2"̂  + m, where m is odd and 
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0 < m ^ 2 , and let o<(n) ;^ 4, o<(n) being the number of 

nonzero terms in the diadic expansion of n. Then 

W ( •/ ) == 0 in P* for any 0 ̂^ k ̂  m. 
2 + k 

PROOF W^^^^ (V) = -=̂ ^̂  ( W^^ (V) ) YT^o^ ^l 

Moreover, V = 0 as 2̂ ' J> n/2, and so, W (7 ) is 
2̂ ^ 2^ + k 

decomposable for each 0 < k < m . Hence, W [i]- x = 0 
^ ^ 2 -tie 

in P* if X is decomposable. 

It is easy to see, by Wu's theorem, that 

in P* . Moreover , since W ^ ( '7 ) is decomposable 
n- 2 '̂  

w„(/) w {/) — V w ^ rV') 

S"' (W^^^tYj) = Sq,2-s.^^^ (^^ ĵ ^ 
yi-5 

2-

by Wu's formula 

C,Q 2- ^ Q - ' - /" -y^ ") , by Adem's r e l a t i o n 

S i n c e oC (n) ^ 4 , ^ ^ i s n o t a power o f 2 , and so ^ ( n _ i ) / 2 
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is decomposable. Thus W ^ ("/J Vv'^_^('/9= 0 in P*. 

Assume inductively that W . iV) W • ("/j = 0 in P* for 

all 0 ^ i •^ j , where 2 < j ^ m . Then by Wu ' s formula, 

+ Z I ; )w. K;W . V) 

and so by the induction hypothesis, 

Now W ^ C/j c.W,r -1^) is de composable and 

so is V. if j is not a power of 2. Therefore ,in this 

case W.(-/) W _.('Q) = 0 in P* If j = 2^, for some s ̂  2, 

then . 

V c W _ c, Ki J , since W nS(V) is decomposable 

= Sq2 ( W { Y) ) 
n-2 

= H"^ S^H w^_^s_^ C-̂ )} , >̂̂ <̂ ^ w,c-/):=o ; - p * 
bc) ( v.S 1 ) . 

1 . 2 ^ 

by Adem's relations. 
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o 
±^o 

2.-1 . . Ŝ JL 

Since oC (n) >^ 4 and 2 = j<m, so 2 + 1 ̂ 'm. Hence for 

all 0<t:<2^ - 1 v;e have n-2^ - l + t = 2'̂  + k for some 

O ^ k Z m . That is W (Y ) is decomposable for all 

0 <: t < 2 - 1. Thus it follows that W . ( 7 ) W . ( 1 ) = 0 in P* 

s 
if D = 2 , for some s > 2. So v;e have proved that 

W. (Y') W _. (Y) = 0 in P* for all o < j ^ m . Hence the result 

follows. -j-f-

V.5.15 THEOREM. Let n be odd and let VV • (-/j W Ĵ  C^J = 0 

for all 0 < j < n . Then M is a boundary. 

PROOF. Let i = min (i,j,k), where i,j,k ^ 0 and i+j+k = n. 

By hypothesis, W. {^) W- (Yj VV. (.'^'^) - O iv̂  f* 

ifi = O.Let 0^i<:nand assume inductively that 

0 in P* if min(p,q,r)<i, where 

p,q,r > 0 and p+q+r = n. By lemma ( V.5.13) we may assume 

that i ̂  j <̂  k . If i = 2^, then 

ex. 

s^" (w^ [-/) w^(V)) =x^'^•'(w (/;M^-"(^^(y;; 
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a 
2 c< 

By the induction hypothesis 

w^_^(/;vy.^^U)s^^ (w^(V;)-o v̂̂  p ̂  

.f 0 < c < - t < 2 . 

S o , 

W 
J 

a 

,a 

by W u ' s f o r m u l a . 

W o,(^; w / / j w^(/ j -^w c/;^A/̂ at•/J w^^CO 
â  

by induction hypothesis 

. 0 in P*, since Ŵ ^ ( Y ) W^_^ ( Y ) = 0 in P̂  

for all 0 4 h < n by hypothesis. 

f i = 2^ + b, 0<: b ̂  2 then 

b 

2 -f- b ^ 
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since ^ Lv/ A-r^vJA-^) v^^^-<))-0 (wP^ 

= 0 in P*, by the induction 

hypothesis. 

Hence the theorem follov^s. -tt 

V.5.16 COROLLARY. If n = 2̂ "̂ -'-- 1, r^3, then M i :̂  

a boundary. 

PROOF. Since n = 2'̂"̂"'"- 1 = 2^+ (2^-1 ); for any O ^ k ^ n , 

either k > 2^ or n-k>2'^. Thus by {V.5.14) W, (V) W , ( V ) = 0 

in P* for all 0 •< k ̂  n, and so by (V.5.15), M is a boundary. 

V.5.17 LEMMA. If n is odd. W (7) = 0 in P*, and M is 

decomposable, then the Wu class V". = 0 in P* whenever j 

is not a power of 2. 

PROOF. Suppose that j is not a power of 2. Therefore 

V- is decomposable and so V' . • x = 0 in P* for any x £ P* • 
D D ^ 

If j is odd, then 

3 v^-w^^-C/) ^ -^^ w^_,- ( / j 

^c^^-.^^'-^ ( VJ^^^l-^)) , by Ajewv'^ reV-r.a--

S ^ ^ ^ ^ ^ ' ( W ^ _ A ( . ^ ) " ^ - *̂-VN-3 
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If j is even, then n-j is odd and so by Newton's formula, 

W^_j(-/) = -E.^^ ̂  Wxo^ p^^ 
^ - 3 OL 

Hence, V̂ .W ( V ) = V. S. 

since M is decomposable. 

Hence the lemma follows. -H~ 

V.5.18 LEMMA. If V^ ̂''n-k ̂  / ) = 0 i" ?* for all 

0 <- k ̂  n, then ^^{V ) Ŵ _|̂  ( "/ ) = 0 in P* for all 0 :$ k <; n . 

PROOF. W^(/) W^_^('/) = V_̂  ^^^^^i^J - O in P*. 

Let l < k < n , and assume inductively that W.(Y) W _-(7) = 0 

for all 0 ;< i <- k . 

Then W^(-/) W ^ ^ ^ l V ; — '=b>l C w ^ ^ ^ C ^ j ) , by the 

induction hypothesis, and so ^ (-/i w/ f"/) 

= V, W (o) = O i n P * . 

V.5.19 PROPOSITION. Let n = 2^(p) + (2^-1), where p 

is odd, 1<C^-C^' 9"^ c/i{p) ^ 3, Then M is decomposable. 

r a t PROOF. We can write n = 2 + 2 (m) + (2 ^1) where 

2^(m) < 2̂ ^ , m is odd, and o<C (m) ^ 2. Thus, 

2'^OL^ f \ I Z^+D.^'iv^-iyi 

2\:i\r..^y^)' ^ ^̂ ^̂ t •va 
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Moreover, since m is odd and m >• 3, 

= 2^ + 2^(ni-3) + (1 + 2 + + 2^), 

and so the binomial coefficient above is nonzero, since 

t < a. 

Thus, S = V ^ -t-S«. r. 

Now "̂  a + •'•̂  decomposable, 
2. -t-a 

and S ^ = W (V) ŵ o<l P * 

and W ^ x ,,a, ^s , (7) = 0 in P* , by (V.5.14). 

Hence S =: 0 in P* and so the proposition follows. _ff_ 

V.5.20 THEOREM. Let n = 2 ̂  + 2̂^ -̂  + m, where m is odd, 

r-1 m < 2 , m+1 is not a power of 2 and oC {m) ^ 2. Then 

M is a boundary. 

PROOF. V = 0 in P*. If 2^ < 2"̂  then n - 2^ > 2*̂ , 
2^ 

Y) and so by (V.5.14) V W (7) = 0 in P*. Moreover, 
2a ^ a , 

n- 2 
by (V.5.19) M is decomposable. It follows then from 

(V.5.12), (V.5.17) and (V.5.18), that W, ( / ) W ^ ( "/ ) = 0 
K n ~ K 

in P* for all O ^ k ^ n , and so by (V.5.15) M is a boundary. 



We conclude this chapter and also the dissertation 

by giving the follov;ing conjectures for an n-dimensional 

manifold M with cobcat (M) ^ 4 , as suggested by H.Singh 

[̂  S . 5 J and some problems: 

Conjecture 3̂. If o{(n) ;^ 4 then M is a boundary. 

Conjecture 2. If n = 2^ + 1 then cobcat(H):<3, and so M 

is cobordant to the manifold given in (V.4.1), 

In reference to the conjecture 1, following 

result due to F.P. paterson [̂  P • 5 ] is available: 

Result. Let M be an n-dimensional manifold. Assume 

that all products of Stiefel-Whitney classes of the 

normal bundle of M of length greater than d vanish. 

Then c<l(n) ̂  d or M is a boundary. :^ 

We remark that the condition on Stiefel-Whitney 

classes is satisfied if M has L.S. Category ac most d. 

Problem 1. Bordism classification of G-manifold with 

small G-category. 

Problem 2. For a fixed topological space X to study the 

bordism classification of singular manifolds f: M —^ X with 

small cat f 

Problem 3. Bordism classification of G-manifolds using 
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different index theories as given in Chapter IV. 

Problem 4 In view of the Paterson's result mentioned 

above, to study the bordism classification of manifolds 

M" with oC (n) ^ cat {M^) 
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