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PREFACE.

The notion of category of a space, which is nearly

sixty years old, was originally introduced by Lusternik and

Schnirelmann during study of the theory of critical points.

The category of a space X, cat X, is the smallest positive
integer n such that the space X may be covered by n

-open subsets of X which are contractible in X.

In early 40's R.H. Fox [F.1] made an extensive
study of this notion; in particular, towards the relation-
ships between the categories and the standard topological
invariants like homotopy type, homotopy group etc. because
the categories seem to have a large measure of independence
from these invariants. Later in 1978 I.M. James [J.1] made

a very good survey on category.

The original notion of category was generalised
in a number of ways. One of the most fruitful of these 1is
the notion of the category of a map, due éo Berstein and
Ganea [B.l] in early 60's, ofcourse the concept goes back
to Fox, 1941. The category of a map f:X—>Y, cat f, is the
smallest positive integer n such that X may be covered
by n open sets UiC:X with f LH ~ 0. Berstein and Ganea
have also studied the relationship between cat f and other
generalisations like genus of a map, n-dimensional category

and category of a cohomology class.



Way back in around 1934, Lusternik and Schnirelmann
[L.1) obtained a lower bound of the number of critical
points of a real valued function f on a closed manifold M,
in terms of the category of M. In fact they have shown that
cat M{no of critical points of f. In fact this was the
reason why a number of differential topologists were
attracted towards category. After quite sometime around
1966 R.S. Palais [P.17] extended this result for Banach
manifolds. Later on at the end of 60's, F. Takens, [T.2] ,
studied the circumstances when the above inequality turns

into an equality.

Just a few years back, in around 1986, Clapp and
Puppe [C.l] introduced and studied in detail a generali-
sation of the notion of Lusternik-Schnirelmann category,
namely the notion of J(-category, which gives good
informations about the topology of the set of critical

points of a differentiable function.

One of the sianificant extensions of the notion
of category is the Equivariant Lusternik-Schnirelmann
category. In around 1985, E.Fadell [F.2] made a detailed
study on what he called G-category, G being a compact Lie
group. If X 1is an invariant subset of a G-manifold M

then G-cat,, X is the smallest positive integer n such

M
that X «c¢an be covered by n G-categorical open sets,
where by a G-categorical set we mean an invariant set

UCM with an equivariant homotopy H:Ux I ——>M such
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that HO : U—>M is the inclusion and Hl:U—4>M has image
in a single orbit. Fadell has shown that the number of
critical orbits of a Cl - functional on a G manifold is
greater than or equal to the G-category of the manifold.
He has also introduced a more general invariant, namely
relative cohomological index and has shown how it can be
used to enumerate the number of critical orbits of a

Cl— functional on a G-manifold.

Recently, in 1989, J.R. Ramsay [R.l] extended
Lusternik-Schnirelmann category theory to a relative
G-category theory. This theory is related to the equivariant

cohomological index theory of Fadell and Husseini [Fr.3]

About twenty years back, at the fag end of 60's,
M.V. Mielke [M.2] studied the cobordism properties of
manifolds with small category and showéd that, 'An n-dimen-
sional manifold M with cat M £ 3, and with n =3 mod 4, is
a boundary. The classification upto cobordism of manifolds
with category less than or equal to 3 was done by H.Singh
[S.4] in 1988. 1In the same year he [S.5] attempted a
similar classification of mahifolds with category less than
or eqgual to 4. However, to our knowledge, complete

. e . . . n
classification is not done for Mn , with cat M < 4, so far.

In the chapter I, the notion of Lusternik-Schnirelmann
category of topological space has been introduced, which

includes the definitions due to James [J.1] , Fox [F.l] and
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Whitehead, and it has been studied in detail.

In chapter II, we introduce the notions of
category of a map, genus of a map, n-dimensional category
and category of a cohomology class, as given in [B.1] ,
and we have tried to relate all these notions with one
another. Ofcourse we have studied the notion of category

of a map in somewhat detail.

One of the main objectives of the chapter I1II is
to prove the following celebrated theorem, [P.17 ,

THEOREM:- If f:M" —> R is a function with f and M"

satisfying certain specific conditions, then cat Mné;no. of

critical points of f.

Next we introduce the notion of~;4~category as
given by Clapp and Puppe [C.1] and prove the analogue of
the above theorem. The notion of{A—category is mainly
used to study the topology of the set of critical points
of f£.

In the chapter IV, we introduce the notion of G-cat X
fora G-space X and prove that if M" is a G-manifold with
f: M"—> R a differentiable map then no. of critical
orbits is greater than or equal to G-cat Vi [F.2] . Next
the notion of G-cup length has been introduced and the
inequality‘G~cup length of M"< G-cat M"’is established for
a G-manifold with cohomologically free action. One notices

that G-cup 1length satisfies all but two properties satisfied



by G-cat m" namely subadditivity and continuity.Accordingly
the concept of Indexax is defined for a G-space X and an
element a 1in H*(BG). It has been shown that Indexa X is

more powerful tool than G-cat M" with Indexa X £ G-cat X,

‘

if the action of G is‘cohomologically free. Next we introduce o

more general invariant; namely, relative cohomological index

and study its properties. The idea of relative cohomological
index is applied to study the critical orbits of a map

f: Sn-——> R 1n the set Sn— A, where G acts on Sn as a
subgroup of o(n+l), A 1s an i1nvariant subset of s" with
relative cohomological index of (Sn, A) is k < o0 . Further
the notions of relative G-category G—catY (X, A) and

G—cat§ (X,A) have been defined for a G-pair (X,A) and a

G-space Y and then elementary properties have been stuied,

[R.l] . Next the notion of G-Index (X, A) has been defined

Y

to give a lower bound for G—cat§ (X,A) and computation of

G-cat* (X,A) for some special examples have been done,
[R.17 .
In [M.2J , Mielke showed that an ‘n-dimensional

closed manifold M" with cat M" <3 and with n =3 mod 4

is boundary.

In the last chapter, we first described the notions

of cob-cat (Mn ) and Poincare' algebra of M" and then using

these two notions and their properties, the bordism

classification has been given in the following form:
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THEOREM. [S5.4] 1f M" is an n-dimensional manifold with cob-

cat M" £ 3 then M" either bounds or one of the following

is true,
s 2 2571
(1) n =27, s»1 and M 1is bordant to (RP7)

e

(1i) n = 2° (2%+1), ¢ >0, s>22 and M 1is bordant to (Fl)2
_ 2§~2 -
with M = ] P(l, 2° "-2j) x N., where N. is
j=0 ] J
the degree 43 term in the formal inverse ( '.l+C1>2+C1>4+...)_l

1

and P(l,m) is the Dold manifold S x CPm/Z2 and |l denotes

disjoint union.

The bordism classification for M" with cat Mné:4
is much more harder. We have given bordism classification

for M" with cob-cat (Mn)f;4 for some cases, [S.S] .

Some of the important results are as below

THEOREM [S.5] . If M is 2% _ Gimensional closed manifold
with cob-cat (M) <4, t>1l,then M 1is either boundary or is
2 2t:—l
bordant to (RP7) .
THEOREM [S.5] Let n = 25+28 1im, m odd, m<2'™% and m+1 = 2%

and &« (n), the number of nonzéro terms in the diadic expansion

of n, is greater than or equal to 2. Then M" is a boundary.
Lastly we have mentioned some of the conjectures

made by H.Singh, [S.5], given as below:

(A) If M" is an n-dimensional closed manifold with

cob-cat Mn5§4 and £(n) > 4, then M" is a boundary.

2° 4+ 1 then cob-cat (Mn) £ 3.

(B) If cob-cat Mné;4 and n
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CHAPTER I

LUSTERNIK -~ SCHNIRELMANN CATEGORY OF A SPACE

In this chaptor wa give variousg varaiong of ths

Lusternik=&chnirelmann Category ef a space ao deseribed by

James [J.I] , Fox (F.1] , whitehead [J.1] cte. and study the
important properties of this notion. Our discussion here
centres mainly around the estimation of the category of a
space. Throughout this project, by category of a space we
shall mean the one given in definition (I.l1.1), unless other-

wise mentiocned.

§l. Definition and elementary properties

Let X be a topological space. A subset A of X
is called contractible in X if the inclusion map i: A » X

is nulhomotopic.

As in [J.1] , let us say that a subset A of X
is categorical if A 1is contractible in X and that a covering

of X 1is categorical if it consists of categorical sets.

If U be any covering of X, let |U| denote the
cardinality of the covering i.e. [Ul is the number of sets

present in U .



We say that X 1is locally categorical if there is

a categorical open covering.of X.

I.1.1. DEFINITION: The L.S. Category or simply the category

of a topological space X is the cardinal number cat X, defined

as the smallest value of |U| as U runs over all possible

categorical open coverings of X,

Clearly, cat X = 1 iff X 1is contractible. Also
it is easy to see that 1if X 1is a suspension then cat X < 2;

in particular, spheres have category 2.

In the light of Fox [F.1] , one also defines category

in a slightly more general fashion, which runs as follows:

Let XCM be two spaces. As before, a subset A of M
is said to be categorical if A is contractible in M and a
covering of X by categorical subsets of M 1is said to be a

categorical covering of X in M.

I.1.2. DEFINITION: The category of X in M, denoted catM X ,

is the minimum of the cardinalities of all possible categorical

open coverings of X in M.

clearly, catM M = cat M.

I.1.3. PROPOSITION

(a) catM X is an increasing function of X and a decreasing



function of M in the following sense:

(1) If XCY then catMX _<_catM Y

(ii) If M is open 1in N then catM X 2 catN X

(b) catM X is subadditive 1in the sense that, if

X, YCCM then

catM(XUY) < cat, X + cat,, Y.

M M
(c} If ht is a deformation of X in M and X 1is open in
M then
catM X < catM hl(X).
PROOF: (a) and (b)) are trivial.
For (c), let h,(X)c BlU ————— U B, each

Bi being open and contractible in M,

If Ai = hll(Bi) then Ai is open in X, hence in M and

x=a,U0 .....U~&a_. Since h | A. is a deformation of
1 n t i

Ai in M into Bi and Bi is contractible in M, so Ai

is contractible in M. Hence (c) follows. 1t

We now recall that a topological space X is called

an absolute neighbourhood retract (ANR) if it has the property

that whenever A 1is a closed subset of a normal space Z,

every map from A to X can be extended to a map from some

neighborhood of A (in Z) to X. For every n, s™ is an ANR.



I.1.4. REMARK. For spaces which are ANR as well as normal,

we can use categorical closed coverings, rather than categorical
open coverings in the definition (I.l1.1). Similarly in the
definition (I.1.2) if X 1is a closed subset of M and M is
ANR as well as normal then we can use categorical closed
coverings in place of categorical open coverings of X in M.

The justification lies in the following fact:

Any open covering (finite) of a normal space admits
a closed refinement, of the same cardinality, which is also a
covering of the space considered ( by Shrinking lemma,
[ M.1l; p.224 ] ) and if the original covering is categorical
then so 1is the refinement. Also when the space is an ANR, any
categorical closed set is contained in a categorical open set,

[ J.2; p.229 ] .

There is another version of the category of a space,
generally known as Whitehead's definition of category, which

will be studied in detail in § 5 of this chapter.

We now study a few elementary properties of the

category of a space.

Recall that a topological space X is said to dominate
another space Y if there exist mappings f:X » Y and g:Y 5 X
such that feg is homotopic to the identity map of Y. 1In

particular any space dominates its retracts.



I.1.5. PROPOSITION. If X- dominates Y then o

gat X 3 cat ¥

PROOF. Let f:X - ¥ and g: Y + X be two maps such that

fog =~ 1 Let UCC X be an open get then V = g_l(U)C:Y

Yl
ig open and if U 1ig centractible in X thea f£| U i@
nulhomotopic, henee fog [V is nulhomotopic and oo v 1o
contractiblie in Y, since fog::.ly. Hence any categorical

open covering of X pulls back to a categorical open

covering of Y and henco the Proposition. 4
The following corollary is immediate.

I.1.6. COROLLARY. Category 1is an invariant of homotopy type.

Before proceeding further, it may be worthwhile to

mention that one also defines category of a space X by using

the subsets of X which are contractible in themselves. The

number thus defined is called the strong category of X,

written Cat X.

Contrary to the corollary (I.l1.6), it has been
observed that strong categor§ is not a homotopy. invariant.
In [F.l] Fox has given an example of a space X with CatX = 3
which is homotopy type of a wedge of spheres,whose strong
category is 2. The minimum value of Cat X, for all spaces of
the same homotopy type of X, has been studied and it has been
observed that ( see [T.l ]) this minimum value is equal to

cat X or cat X + 1, for a large class of spaces X.



Continuing with the elementary properties of the

category of a space we have,

I.1.7. PROPOSITION. Category is subadditive in the sense thot

if X = AU B, where A,B asre open subspacen of X thon
cat (AUB)  cat A + cat B.

PROOF. If U be any open categorical subset of A (or of B )
then clearly U 1is an open categorical subset of X = AUB.
Hence any open categorical covering of A and of B together

give rise to an open categorical cov ering of X. #+

7.1.8. REMARK. From (I.1.7) using (I.1.6.) it follows that if

Tf is the mapping cone of a map f: W - Y then cat Tf < catY + 1
and hence it follows that if X is a CW space with a single 0-cell
then cat X does not exceed the number of dimensions in which

the complex has cells. For, in the sequence of skeletons

each X' is the mapping cone of a map

e, - LJSj—l——» xtt , where f_ : si-l-—+ xi7h s
: 1
attaching map for an i-cell ( Iﬁ , S; ).

The remark (I.1.8) is quite useful due to the fact
that if X is a path connected CW space then X 1is always
homotopic to another (W space having a single O-cell,

(s.1;p.79 1.



Another application of (I.1.7) is that if
M = M(f,g) is the double mapping cylinder of f:W > Y, g: W + Z,

then one has cat M < cat Y+ cat 2Z.
Now using the definition (I1.1.2) we have,

I.1.9. PROPOSITION. If M 1is a path connected metric space

and X,Y are mutually seperated ( i.e. X NY =g, XNY = g )

subsets of M, then

cat,, (XUY) = max {catM X, cat

M Y}

M

PROOF. Since X,Y are mutually seperated, XCU and YCV where
U,V are open and disjoint subsets of M. Let S be a
categorical covering of X in M by open subsets of U and

S' be a categorical covering of Y in M by open subsets of
V. Then clearly there exists a covering S" of XUY which is
open and categorical and Is"{ = max { |S| , |s'}]}

. _ m . n
For example if S = { Ui}i=l , S' = {Vj}j=l (assume

m<n ), then take

s* = v Uvpio Ut U Y3 };=m+l

Hence caty (XVUY) < max {cat, X, caty Y}

Also XcXx Uy, so by (I.1.3)

caty, X £ catM(XUY)

Similarly, cat, Y < caty (xUy) .



Therefore, cat, (XUY) > max { cat

M X, catM Y}

M

Hence (I.1.9) follows. H

I.1.10 REMARK Notice that, in the proposition (I.1.9) if we

replace the metric space M by a completely normal topological

Space, even then we will have the same conclusion.

§2. Bounds for category.

A useful lower bcund, for the category of a space can

be obtained from cohomoclogy.

Recall, a ring R is called nilpotent if rR? = 0
for some positive integer n. The least such n is called the

index of nilpotency of R, nil R

I.2.1 PROPOSITION. Consider singular cohomology theory H¥*

(infact any multiplicative cohomology theory) with any
. ~ K
coefficient ring, and the corresponding reduced theory H .

We have then,

~%

cat X 2 nil H (X).

~%

PROOF. If VX is .cétegorical then i* : H (X) -+ﬁ*(V) is
trivial, where i : V -;X is the inclusion (i =0 ). Hence

the 'map j*: H*(X,V) -»ﬁ*(X) is onto, by exactness. Thus

if (Vy,V,,..V_ } is a categorical open covering of X (assuming

~K
cat X = n ) and Xpr Xpeeso X oare given elements of H (X),



we can pull cach %y back Lo To¢

L € 1A (.‘(,Vi) and hence by the

following commutative Aiaqgram

H*X * U *
(X,vi) ® .. ® H (x,vn)~*—_a}1(x,vl U...vv )

~%k J» ok U > \[v

H(X) @ .... o H (X} ———— 5§ (x)

The product XyXy «oe. X Can be pulled back

— — *
Xy....X_ € H (X,VlU WU V,) vhich is trivial group, since

\Y) . e = X. =
1 U U v, X. Hence Xy Xgeen X 0.
L ek
So, nil H (x) < cat X. +H

In terms of the cuplength of X the conclusion of

(I.2.1) can be restated as,
Cuplength (X) < cat X

where the cuplength of X, denoted cuplength(X), is defined

to be the largest positi ve integer k such that there are

elements Xr XoreeerXy in H* {X;R) with the cup product

2!
Xq XgeowoXy # 0. Clearly 1l+cuplength (X) = nil H*x (X) .

Note that in the case of a manifold, the number of
charts in a chart structure is an upper bound for the category
( indeed strong category ) of the manifold. Using this fac t

we have the following corollary to proposition (I.2.1).

I.2.2. COROLLARY cat P = n, where P__, = RP" L is the

n-1

real (n-1l)-Projective space ( n > 1).



PROOF. There is a standard chart structure consisting of

the subsets ViC: Pn where the ith coordinate is nonzero

-1
{ O.Sj-s n-1 ). Hence
cat Pn—l < n.
Also the mod 2 cohomology ring ﬁ*(Pn_l; 22) is a truncated

polynomial ring of height ( n-1 ), (height is the highest
possible degree of a polynomial in the ring). So it has

nilpotency index n. Hence by (I.2.1)
cat Pn—l > n.

Thus, cat Po.1 = n- +H

The same result for complex and quarternionic

projective spaces may be proved similarly.
As an upper bound of the category of a space we have,

I.2.3 PROPOSITION. If X 1is a path connected, paracompact

space then ( assuming X to be locally categorical ),
cat X £dim X + 1.

PROOF. Let dim X = n. Let {U be an open covering of X.

}icl
without loss of generality one can assume that not more than

i

(m+1) ‘Ui's meet and\j{s are categorical. Let { gi}iel be

}. . Now we use
lel
a well-known procedure of Milnor as follows:

a partition of unity subordinate to { Ui

For each x € X, let us denote the finite set



{iel : gi(x)> 0} by S(x). For each finite set SCI, let
W(S) be the open subset of all x¢€ X suc h that gi(x) <gj(x) for
all ieI-S and jg¢S. If S # S' be any two finite subsetsof I
with the same number of elements then W(S)1 W(S') = § . F or
every natural number k, define

we = L] wson
lS(b)l:k

clearly W(S(b)) is open and is contained in the sets Ui of
the original covering for all i€ S(b). Now { wk} is also

an open covering of X, infact a categorical covering, since
X 1s pathconnected. Also note that wk = ¢ for all k>m+l.

Hence
cat X <m+l
Thus (I1.2.3) 1is proved. H+

In view of definition (I.1.2) the above proposition

can be restated as

-

(I.2.4) PROPOSITION. If X is a closed subset of a space M

which 1s paracompact, pathconnected and ANR, then

catM X ¢ dim X + 1

PROOF. Let dim X = m and let { U.} be an open cover of X

i71¢1
by X-open sets where each Ui is contractible in M. Also
let not more than (m+l) Ui's meet. Using the proof of (I.2.3)

we get X-open sets Wk, k =1,2,....,{m+l) such that



X = wllJ W, Uy .... U W ., and each W, _is contractible in

M. Since X 1is paracompact being closed subject of M, there
{ 5, ) ™1
K e )

cardinality, which is also a categorical cover of X in M.

1s a closed refinement of having the same

Hence the proposition follows uging the remark (L.1.4). 3

from [ H.1: p.95 ) we knew that, every (W subspace
Y of a CW space X has an open neighbourhood in X of which
it is a strong deformation retract. Hence we have the

following result:

1.2.5 RESULT. I1f a CW complex X 1is the union of Kk

subcomplexes which are contractible in X , then cat X < K.

§3. Categorical sequence and category of product

and orbit spaces.

We now give the notion of categorical sequence

which will be used to find the category of product of spaces.

I.3.1. DEFINITION. For any space X we call a finite sequence

Vlc:VZCZ——C:Vn = X of closed subspaces of X to be categorical

if each of the differences Vi- Vi—l’ l<i<n , is contained

in an open categorical subspace’of X o we take Vo = g, by

convention. Number of subspaces present in a categorical

sequence is called the length of the sequence.

I.3.2 REMARK. Since the sets V. - V. , form a covering of

X, it is «clear that the existence of a categor}cal sequence



of length n implies that «cat X < n.

As a converse of the above remark we have the

following proposition.

I.3.3. PROPOSITION. For a normal space X, if cat X = n then

there is a categorical sequence of length n.

PROOF. 1If Al’AZ’ ooy An be a categorical open covering of
X then by using Shrinking lemma ( X, normal ) we have a
categorical closed covering Bl'Bz""’ Bn for X such that

BiCZAi for all i. Then C.,CC, ...C:Cn forms a categorical

1 2
sequence for X, where c, = BlLJBz\J ...UBi for all i.
Clearly, Cn = X, each Ci is closed in X and
C;—C;_,<B,CA,, open categorical. Thus C,CC,C..LC is
a categorical sequence of length n. Hff

Using the categorical sequences we prove the

following 'Product inequality' for category.

I.3.4 PROPOSITION. Let X,Y be pathconnected metric spaces

(or let X,Y be pathconnected topological spaces such that X x Y

is completely normal), then
cat (X x Y) £ cat X+cat Y - 1.

PROOF. Let cat X = m and cat Y = n. By proposition (I.3.3)

there are categorical sequences

I

A.CA.C--Ca X
2 m

1

i
=

and BlC: BZC - CBn

for X and Y respectively.



Consider the sequence

Cc.C--C
c,cc, Covn
t
where C_ = 191 A, x B _,.;s lstcmn-l

Clearly each C¢ is closed in X x Y and C_ . . =

Also note that,

t

t t-17 :Léjl (A=A, ) X By j,17Bey )]

Clearly (Ai—A is contained in an open

i-1) % B j417Beoi)

categorical subspace of X x Y, for each 1i. Furthermore, if

1< 1i<i<t , then \

[(Ai A )x(By 47 By 3 )] ﬂ [(Ai’ Ay 1By T B‘t.-i')]

C [~y 0 [Ty =2y 0] xx
C[Aiﬂ( Ay =B g Y] o x Y o= 8

Also,

[(Ai - A.i—-l )X (Bt-'1+l—Bt——i ) ] ﬂ [(Ai'-Aj.'—l ) x (B't-j.'rl-Bt—i)]

C X x [(Bt—i+l ~B 4 )ﬂ(Bt—i'd—Bt«i’ )]

C xx [(Byje1 — B3 ) N Byi4l 1 = &

Thus, C is the union of mutually separated sets each

£~ -1
of which is contained in an open categorical subset of X x Y.



Hence by proposition (I.1.9), Ct —Ct_l is contained in an open

categorical subset of X x Y. Thus the sequence

c,CC,&= —-CcC_ ;= XxY

is a categorical sequence for X x Y of length (m+n-1). Hence

by the remark (I.3.2), the proposition follows. 3

Exactly same formula as given in (I.3.4) holds for

the strong category also; i.e.
Cat (X x Y) < Cat X + Cat Y - 1 ,

under the assumption that X and Y have the homotopy type of

connected c.w. complexes, see [T.1l]

The proposition (I.3.4) can be generalised as

follows:

I.3.5 GENERALISATION. If X Xz,——, X are path connected

1’ k

metric spaces ( or, pathconnected topological spaces such

that Xl X X2 X—=-X Xk is completely normal ), then
k
Cat (X, x X, x----x X, ) <€ I

1 5 K (cat Xi-l) + 1

i=1
PROOF. Follows immediately by the repeated application of
Proposition (I.3.4).
In particular,

cat(Sl X 82 X —-- xSk ) £ k+1,

since cat Si = 2, where Si are spheres.

Also nil H*{ S)X S,x-—=x S, ) = k+l.

k




_._L()._

Hence, by (I.2.1)

= k+l

Cat(Sl X 82 X~--X Sk )

Thus the equality of (I.3.5) holds in this case. But it does
not hold in general. We have the following example due to

Fox:

Let p,q be mutually prime integers. Let the space

Xp be formed by attaching D2C:Eiz to s' via the map

£:51 . S1 such that £(e16 } = el(e'+ %ﬂ). Note that £ is
a map of degree p. Consider

where (x,y,0) is 1identified with x and (x,y,1l) 1is identified

with y for all xg¢ Xp and for all vyg¢ s®. The space Mq is

formed similarly. The spaces Mp and Mq being suspensions
have category 2 and so their wedge Mp \Y% Mq also has category
2 . Consider now the homologies of Mp X Mq and Mp v Mq ( with

coefficients in % ).

Hn(Mp) @D Hn(Mq) , n>20
H (M VM) =
nt P q) 7 , n =20
n n
and Hn(Mpoq) —I@OHI (Mp)@Hn_r(Mq)e ?:cTor (Hr(Mp), Hn_r_l(Mq))

Again, Mp being suspension of Xp . we have

H (M) = H (X)), >0

Z , r =20
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1

Also, Xp is obtained from S by attaching a 2-cell (D2,Sl),

via a map of degree p, so we have

= 1, .
Ho(X)) = H (87), if t#1, t#2.

(i.e. Ht(Xp) 0, 1f t#1, t # 2)

and Hl(Xp) = Z/PZ
Hz(xp) = 0.
Therefore, Hr (Mp) = Z, ©r=20
o , r = 1
Z/PZ,r = 2
0 ,r > 3
Similarly, Hr(Mq) = yA , r =20
0 , r =1
Z2/9Z, r = 2
0 , >3

Hence we can easily see that

Hn(Mp v Mq) = Z , n=20
0 , h =1
2 /P2 ® Z/9Z2 , n = 2
0 ;N> 3.
and Hn(Mp x Mq) = Z , n=20

0 , n=1
Z/PZ@Z/QZ, n =2

0 n> 3.

’
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That is the homologies of M_ X M_ and M V M are same
P q p q

in every dimension.

So, H M xM, M VM = 0 fo 0.
n ( D q b q ) r all n>

Now, both Mp X Mq and Mp v Mq are simply connected; so by

Hurewicz isomorphism theorem [S5.3; p.397] we have
Hn (Mp X Mq, Mp v Mq ) = 0 for all n>0

So, Mp X M_ contains Mp \% Mq as a deformation retract,

[ 5.3; p.402] .

Hence <cat (M_ x M = 2.
(p q)

So in this case,

cat (M M cat M_ + cat M_ - 1
at My x Mg ) < p q

I.3.6. REMARK. There is a long standing conjecture to the

effect that
cat (X x Sr ) = cat X +'1

for all spaces X and any positive integer r. Singhof [S.2]
has shown recently that if M 1is a closed pathconnected

n-dimensional piece wise linear manifold and if

> (n+r)

cat M > 5 + 2, then
cat (M x ST ) = cat M + 1.

Using homotopy lifting property we prove the

following proposition for the category of orbit spaces.
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I.3.7. PROPOSITION If X 1is a pathconnected space on which

a discrete group G acts freely then *
cat X < cat (X/G).

PROOF. Let UcX/G be such that the inclusion i:U + X/G is
nulhomotopic, let F' be the contracting homotopy. Now consider

the following diagram:

P (v x fo] &— 5 x

UxI

where, c:U —X/G is a constant map given by c(Gx) = GXg,
Gxe U; p:X—»X/G be the quotient map, c': p-l(U) + X/G 1is

is

oyl

also a constant map given by c¢'(x) = Gxo, X g p_l(U).
obtained by commuting the lower triangle and F is obtained
by homotopy 1lifting property. (Gx denotes the orbit of x

i.e. Gx = {gx : g €G })

Consider Flp t(W)x {1} : p 1(0) x {1 »p t(Gx )xG.
where p—l(GxO)asG is the fibre over Gxog X/G and also,

being discrete, is contractible in X. So Flp_l(U)x {1} 1is



nulhomotopic. Hence p-l(U) is categorical in X. Also if U
is open in X/G, p_l(U) will be open in X. Hence the

proposition follows. £
We have already seen ,(I.2.2), that
n
cat (s’ / Zz) = ntl ,

for the antipodal action. In fact, in [K.l1] , Krasnosielskl1

has proved that

cat (s" / G) = n+l ,

for all finite and nontrivial group G acting frecly on s,

$84. L.S. Category and H-Spaces

Recall that a group G 1is called nilpotent jif there

is a sequence

G = G;DG,D---D6_ = ({1}

2

of sub groups such that [G,Gi]C:.Gi+l, l<i < n. Such a

sequence is called a central chain of length (n-1) and the

minimum length of such central chains of G 1is called the

nilpotency class of G.

If G 1is a topological group then, for any pointed
space X, the set N(X;G) of pointed homotopy classes of
pointed maps from X to G inherits a natural group structure
from that of G. Moreover this remains true even if G 1is

a H-space, 1.e. possesses a continuous product GxG —»G which
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satisfies the group axioms upto (pointed) homotopy.

I.4.1. THEOREM. Let X be a pathconnected, paracompact space

.of finite category. Let G be a H-space which is also an
absolute neighborhood retract. Then the group 1 (X;G) 1is
nilpotent of class < cat X. (Pathconnectedness of X may be

replaced by that of G ).

PROOF. Let cat X = n, then by shrinking lemma we have a

closed categorical covering {Al, Az,———, An } of X.

Write Bj = AlU A2U --U Aj

Define, njc:II(X;G)to be the set of pointed homotopy
classes of pointed maps of X into G which are neutral on

Bj' Clearly Hj is a subgroup of  and

Hl D HZIZD———:D n, = {1}y . Also my =1, which follows
from the following fact:

Let A be a categorical closed subspace of a
paracompact space X then any pointed map of X to G 1is pointed
homotopic to a map which is neutral on A i.e. which maps A
to the neutral element of G ( use pathconnectedness of X or of

.G and [J.2; p.2281] ).

We claim that Hj ( 1<j<n ) contains the commutator

(o, Hj—l ] so that T, DM ,2--D0 ={1} is a central chain

of length (n-1).

To see this, let ac¢q and be = Then the above

j-1

fact with A = Aj shows that a can be represented by a map



g: X = G which is neutral on Aj. Also by definition

of I b can be represented by a map h: X —G which is

i-1’

neutral on Bj—l' Hence the commutator F:X - G given by

1 1

F(x) = g(x) h(x). g(x) ~ h(x) ~, (xg X),

is neutral on AjU Bj—l = Bj' Since F represents [a,b] ,

we have {a,b] ¢ . , as claimed. Hence the group N(X;G) is

J
nilpotent of class less than or equal to (n-1}. b~ o

§5. Whitehead's definition of cateqgory.

Next we turn our attention to pathconnected spaces

with base points, generally denoted by *

If * admits a categorical open neighborhood, we

describe the space as categorically well-based.

In the n-fold topological product 1" X of a
pointed space X with itself we consider a subspace Tn X,
often known as the fat wedge, consisting of the n-tuples
( xl,xz,-—,xn) such that at least one of the X4 equals * .,
The space obtained from " x by collapsing ™ X to a point

is the n-fold smash product |,

Considering the diagonal map

A, = A, :x - 1" x, we prove the following

pProposition.



I.5.1 PROPOSITION. Suppose that X 1is pathconnected, normal
and categorically well-based. Then cat X<n iff A , <an be

X
deformed into Tn X.

PROOF. Let h:X x I = 1" X be a deformation of A , such

X
that hl = h |X x{1} = Jjog for some g: X » " X, where
. n n . . .
j : T X— 11" X 1is the inclusion.
. _ =1 -1 . n
Write Ui = hl P NCX (1i=11,2,--,n), where p;: X+ X

denotes the ith projection and N 1is a categorical open

neighborhood of *. Since 1 = ph =~p;, hy (hg=h[Xx{0} )}
and P; hl maps U, into N, it follows at once that Uy is
categorical. Hence ( Ul’ Uyr==s Un) constitutes a categorical
open covering of X, as

Uu, =Unt ptn=ntUpitn) Drl 2" x = x

Y 1 71 1 1 g | 1

i 1 i
Therefore cat X <n.

Conversely, suppose that (Vl,vz,——,vn) is an open

categorical covering of X and that hi: VixI — X 1is a
contraction of Vi' Since X 1is pathconnected we may assume
that Vi is mapped to * at the end of the contraction.
Since X 1s normal, there are closed subsets Ai of X such

that ( A A,,--—, An ) covers X, open neighborhoods wi of A.

1" 72 i
such that .WiC:\G. and maps r;:X— I such that r (A;) = 1

and ri(x—wi) = 0. Define di : X x I +X by

di(x,t) =



and then define d: X x I — nn)( so that p;od = d;

dz,——, dn). Then d 1is clearly a homotopy

between A = and a map with wvalues in ™ x. #
X

I.5.2. REMARK Under these assumptions, therefore we see that

cat X < 2 iff X admits a cohopf structure u:X » X v X.

A necessary condition for X to admit cohopf structure due
to Fox is that Hl(X) is free, in the nonabelian sense.
For if y : X » X v X is a cohopf structure then jou=~ O ,

where j: X v X > X x X is the inclusion. Hence j, 0 u, =D,
as shown in the following diagram, where G = HI(X) and J,

denote the standard homomorphism of the free product into

the direct product.

////Bj//)7(S‘G
R
A\*> GxG

G

Now, im y, is free, being subgroup of a free group. Also u,
is injective, since 13* is injective. Hence G 1is free as
asserted.

By an essential space we mean a space which cannot

be de f ormed into a proper subspace of itself; egq. s
Following 1is an interesting and useful result concerning

essential space.
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I.5.3 PROPOSITION. Let xl,——-——,xn be non-singleton spaces

such that X = x1 X x2 X——-X xn is essential. Then

cat X > n.

PROOF. Let Pi : X > Xi (i=1,2,---,n) Project X onto its
ith factor. Then pd = 1d, where p: ]'[nx +» X 1is the product
(P; % P, x---- x p_) and A: x » 1" X is the diagonal map.
Let WCX denote the fat wedge, consisting of the n-tuplas
(xl, x2,——,xn) where xie:xi for i = 1,2,~--,n ; and at least
one x, is the base point of Xi' Then p(Tn X)CW, where

™ xC 1" x is the fat wedge as before. Suppose, to obtain

a contradiction, that cat X<n then A 2~ g where g(X)C:TnX.
Then 1 = pA 2< pg , where PY(X)C W i.e. X 1is deformed
into W , which is a proper subspace of X, since xi are
nonsingleton and so X is 1inessential, which is a contradiction.

Hence the proposition follows. :ﬁ#

I.5.4. REMARK The proposition (I.5.3) along with the product

inequality (I.3.4) can be used to show that

cat{ S, X 52 X-- X Sn) = n+l, Si are spheres.

1

In the light of proposition (I.5.1) we can adopt the
view point taken by Whitehead and other homotopy theoéists
and define cat X to be the least integer n (if any) such

that the diagonal /A =~ can be deformed into T" X. For spaces
X

to which the proposition (I.5.1) does not apply, this definition

may not agree with the original one. But this is not a very big
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drawback. Most of the properties we have obtained from the
old definition can also be obtained from Whitehead's definition.
Though some results are more easily proved from the old

definition, but for some it is the reverse, eqg.

I.5.5. PROPOSITION. Let X be a finite (CW space. If X is

(r-1)-connected (r > 1) then

cat X sl+ _Q%E_E_.

PROOF, If r = 1 then the conclusion is clear, (Proposition

(I.2.3)). So assume r > 1.

If dim X <r-1 then cat X = 1 because in that case X
is contractible, [S.3;p 402, Thm 13]

So we further assume dim X> r. Since X is (r-1l)-
connected, there exists another Cw space Y such that X is
homotopic to Y and the skeleton yr'l = {*} i.,e. Y has

a single O-cell and all other cells are of dimension > r.

Also dim ¥ = dim X or dim Y = 1+ dim X according as

dim X >r or dim X r, [S.1;p79,cor 6.14 ] . In the product

cell structure of N Y the fat wedge ™y is a subcomplex and
the remaining cells of 1N"Y are of dimension > nr. Hence
if dim Y < nr we can deform.AY into T" Y, [S.3;p402,Thm 13]
and so cat yYy<n . Thus if n 1is chosen such that n Nis the
smallest integer such that dim ¢ < nr then clearly

dimY

dimy > (n-1l)r i.e. n_<_l+—d—i—m——x. Socaty < n g l—7"m.

Also, r >1, X2~Y and dimy = dim X or dim Y = 1+ dim X
according as dim X > r or dim X = r. Hence it follows that

cat X £ 1 + —QE%LE-‘ H=
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CHAPTER 1II

EXTENSION OF THE NOTION OF LUSTERNIK-SCHNIRELMANN CATEGORY

TO MAPS AND COHOMOLOGY CLASSES.

In this chapter we define the notions of category
of map, genus of a map, n-dimensional category of a space
and category of a cohomology class, and discuss their
elementary properties. We also study how these notions are

related with each other.

§l. Definition and elementary properties of the

category of a map.

I1.1.1. DEFINITION. Let f:X » Y be a (continuous) map of

arbitrary topological spaces. The category of f, denoted by

cat f, is the least integer k >1 with the property that
X may be covered by k open subsets Um such that the maps
£ {0, : U, - Y defined by f are nulhomotopic; if no such

integer exists, we put cat f = o,

II.1.2. PROPOSITION.

(1) cat £ < min{cat X, cat Y }, for any map f: X » Y .

(ii) cat 1d = cat X, where 1d: X+ X is the identity map

of X,



(iii1) cat (gof) < min{ cat f, cat g}, for any map
g: Y~ 2 and f: X + Y,

(iv) cat ho = cat hl' 1f ht : X+ Y 1is a homotopy.

(v) cat £ =1 iff f: X+ Y 1is nulhomotopic .

(vi) catf> nil(imf*), where f*: ﬁ*(Y) > ﬁ*(X) denotes the
homomorphism induced by f:X - Y in singular cohomology with

any .coefficient ring.

(vii) cat f is subadditive in the sense that
cat £ < cat(f jxl) + cat (f [xz), where Xy, X, are
open subspaces of X = XlU X2 and f 1is a map from X to any

space Y.
PROOF. Proofs of (i), (ii), (iii), (iv), (v) and (vii)
are immediate from definition.

For (vi), suppose cat f = k. Let U, 1 <¢cmck, be

k
open subsets of X such that X =\{J U~ and f|U <0 for
mz=

l<m<k. Now in the diagram

J'* 1‘ ~
H*(X,Um) m_, H* (X) ? 5  H* (U_)
H* (Y)
L *
we have iqnao £ = 0;so that, by exactness, for any
~Kk * _ L * *
v, € H (YY), £ ( Vo ) = I (wm) f or some wm ¢ H (X,Um),

.w, lies 1in

l<m <Kk. Now the product wy.w K

5 -
k
* *
H (X,U[%J = H (X,X) = 0. Therefore by the naturality of
b
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the cup product we have

£ (vl) f ( VZ) _____ £ (Vk )
.
= ]l(wl) B 3y (W)
_ L%
- J (Wl.wz. —————— Wk )
= 0 '
« K
where j 1is induced by the inclusion map j: X » (X,LJUm).
1

Hence (vi) follows. £

I7.1.3 REMARK As in the case of category of a space, when X

is normal and Y 1is an ANR we can use closed coverings for
X rather than open ones for defining cat f, where f: X » Y
is a map.

Analogous to (I.5.1), there is a result about the

category of maps also. Let Y be a pointed space, then with

the notations same as in (I.5.1) we have

I7.1.4 PROPOSITION Suppose that X is normal and that Y 1is

pathconnected and categorically well based. Then cat f < n iff
there is a map g: X ~» ™Y such that jog ::ZXYO £ , where

j:TnYC HnY and AY : Y - nnY is the diagonal map.

PROOF. Proof is exactly in the same line as the proof of

(I.5.1) and hence omitted. £

§2. Category of a map with domain as a Cw-complex.

I1.2.1. PROPOSITION. If X 1is a cw-complex and f: X » Y is
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an arbitrary map, then the following statements are

equivalent:

(i) X may be covered by k open subsets Um such that

fogm._ 0 for any Cw-complex Lm and any map gm:Lﬁ+Um'

(ii) There exists a CW-complex gz and maps @ : X + 2, WY: Z-»Y

such that Z is the union of k self-contractible subcomplexes
and f xYo¢ .

(iii) cat £ £ k.

PROOF. Suppose (1) holds. There exists a simplicial complex L

and a homotopy equivalence g: |L |+ X, [5.3; Ex.E6, p420 ],

where |L |is the associated CW-complex. In a suitable

subdivision of L there are subcomplexes Lm such that, (l<m<k),
-1

L |=UlLy | and [L {C9 “(U ). Let 2z denote the

CW-complex which results by attaching to |[L | a cone

C|L, | over each |L | ; thus
z=cirlUc iz, IU ---Uc I,
and C|Lm|f\C| Ll =11, |f\|Ln | , m# n.

Let w: |L |+ 2 denotes the inclusion map and let gm:(Lm( + U

be the map defined by g. We have fogm ~ 0, so that fog
extends to every C |L | . Thus we get amap ¢ : 2> Y such
that yow = fog. Let h be a homotopy inverse of g and

let $ = woh. Then, f~fogoh = Yowoh =y ¢ ¥ and we have

(1) => (ii).
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Next if (ii) holds then by the result (I.2.5)
cat Z £ k and so by the proposition ( II.1.2) we have
cat £ < k. 8o (ii) = (iii).

Finally it is clear that (iii) = (i).

1

11.2.2. PROPOSITION. If X 1is a CwWw-complex and Y has

continuous multiplication, then

+ cat £, - 1

cat flf2 < cat £, 2

for any two maps fm : X+ Y, m=1,2.

PROQF. The product map flf2 is equal to the composition

x £ 8, W
X —— X x X —mm> ¥ X ¥ oo 3Y

where yu is the multiplication. By the proposition (II.2.1),

there are CW-complexes Zm and maps ¢m: X -+ Zm’

q%\: Zm + Y such that cat Zm < cat fm and fm ~ ‘hn°¢m'

m = 1,2. Then fl X f2 is homotopic to the composition

¢ x ¢ LR

————— > .
X x X Zl X 22 Y XY

Now, a CW-complex has the same homotopy type of a polyhedron,
{5.3; p420 ] , and a polyhedron is metrizable ( given a
simplicial complex K, |K | always has a metric ). Hence,

by ( I.3.4),

cat ( 2y x Z,) < cat Z2y + cat zZ, - 1.
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Thus, by parts (iii), [(iv) and (i) of Proposition (I11.1.2),

it follows that

< cat f, + cat f, - 1. H

cat f.f 1 5

172

IT1.2.3 PROPOSITION. If X 1is a CcwW-complex of dimension r

and if Y 1s a (p-l)-connected space then any map f:X — Y

satisfies

cat f < +1

T~

PROOF. If r<p then clearly £ =0, ([S8.3; Thm 13, pd402]

and so cat £ = 1.

Suppose r » p and let ¢:X - x/xP"1  Qenote the
identification map, xP7L s (p-1) -skeleton. Since Y is
(p-1) -connected, f |Xp—l ~ 0, [S.3; Thm 13, pd402 ], and
therefore there is a map X/X.p_l — Y such that
f >~ Voo . Hence by parts (iv), (iii) and (i) of (II.1.2)
we have

cat < cat x/xP71

Now X/Xp”1 is also (p-1)-connected, as X/xp—l has cells of

dimension > p and a cell of dimension zero only. Also
dim X/Xp_1 = r.
Therefore, by (I.5.5), we have

cat x/xP71 <1+

T

Hence,cat f <cat X/Xp_l < 1+

#



§3.

Genus of a map and the

n-dimensional category.

I1.3.1. DEFINITION.

least integer k>1

The genus of a map f:X » Y 1is the

for which there are open subsets

Vm + X such that Y =(J Vm and

Vm of Y and maps I

fogm ~ g where B Vm + Y are inclusion maps
(1<m<k ); if no such integer exists, genus f = o |
IT.3.2. PROPOSITION.

(1)
pathconnected.

(ii) genus ldx =

(iii) genus ho =

For any map f:X -

1,

genus hl if h

Y, genus < cat Y il Y 1is

r

where ldx X + X 1is the identity map.

X+ Y is a homotopy.

t* |

(iv) genus fop = genus f = genus hef ,if p:W > X and

h: Y * Z are homotopy equivalences,
PROOF. (1), Let U be an open subset of Y such that
i:UCY 1is nulhomotopic. Let c¢: U 5 X be a constant map,
then foc: U , Y 1is also a constant map. Moreover, since Y
is pathconnected, so any two constant maps from U to Y are
homotopic. Thus i 2~ foc. So (i) follows.
(1i) and (iii). Easy to verify
(iv), First equality is simple. For the second,
let VcY be open, and g:V— X be a map such that fogz~j ,
where j: VCvY is inclusioni consider U = k_l(v), kK 1is a
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homotopy inverse of h. Define k: U—V by k(x) = k(x),
then jek = k|U = koi, i:U S 2 is the inclusion.
Now fog ~ j, so hofogo K o~ hej o k = hokoi 2~ i. Hence,

genus hof < genus f . Similarly, genus f < genus hef. #=

a P
Recall that a sequence F — E — B of spaces and

maps is a fibration if i defines a homeomorphism of F onto

-1
p "(b) for some b e B, and if for any space A, any homotopy

ht: A + B and any map k:A » E such that pok = ho’ there is a

homotopy kt: A + E such that ko = k and pok, = h
e2 it

. For example,
p:R -+ Sl, given by p(t) = or in general every covering

projection 1is a fibration.,

1 b5
11.3.3. PROPOSITION. Let F—+ E — B be a sequence of spaces

and maps. If poi =~ 0, then cat p £ genus 1i. If the given

sequence is a fibration and B is pathconnected then

cat p = genus i.

PROOF. Let V be an open subset of E with inclusion map jJ.
If g:V - F satisfies 1ieg ~ j, then p]V = poj ~ poiog =~ 0.
It follows that cat p < genus 1i. Next suppose that the given

sequence is a fibration and let ht: Vv - B, VCE, be a

homotopy such that hO = poj and hl(V) = b. Since B is
pathconnected, we may assume that b = poi(F). Also there is a

homotopy k therefore,

V » E such that ko = j and pokt = ht'

e
ky (V) < p—l(b) and there is a map g:V—> F given by g(x)

= i—lo kl(x) (note that i defines homeomorphism from F
onto p—l(b)). Clearly 1iog ~ j, Hence cat p 2 genus 1 ; and

so cat p = genus i. H=
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II1.3.4 PROPOSITION. If Y 1is a Ccw-complex and f:X - Y is

an arbitrary map, then the following statements are

equivalent:

(1) Y may be covered by Kk open subsets Vm with the
property that for any CW-complexes Lm and any maps

. ] .
hm : Lm > \m there are maps I’ Lm + X such that

fog ~ j o h_ , where j : V_ ~ Y are the inclusions.
m m m m m
(ii) genus f < k.
PROOF. (i) = (ii). Choose a simplicial complex L and a

homotopy equivalence h: |L|+ Y,[S$.3; Ex.E6, p420 ] . 1In a

suitable subdivision of L there are subcomplexes Lm such

-1
o= , <m<X
that v =U |1, | and lo [ C b0 (v), l<mg
Let h_ : ‘Lm] —> V_ be the maps defined by h and let
h%4 1 3
9 le\ — X satisfy fogmci i, © hm. There are open
subsets U: of |L| and maps r_:U_ — |L_| such that
m m’ T m m
Um :3|Lm| and tm or =i, where tm: ILm|-+|L) and
i+ U~ |L| are inclusions [D.1;p95) . Let 4 be a
homotopy inverse of h.
Then,
dofog o r =~ doj o h o r_ = dohol or
m m m m m m. . m
= dohoi_ ~ i
m m

so that, genus dof < k and hence by part (iv) of (II.3.2)

we get genus f < k.

The converse is trivial. i#



We now define the n-dimensional category of a space
X, denoted cat X, using maps of arbitrary n-dimensional

CW complexes.

I1.3.5 DEFINITION For any n> 0, catn X is the least integer

k>1 with the property that X may be covered by k open
n-categorical subsets, 1i.e. open subsets Um such that, for

any map h:L - Um of any CW complex L of dimension < n,

jm o h ~ 0 where jm U - X is the inclusion. If no such

integer exists, set catn X = o

II1.3.6. REMARK. cat X < cat X, for all n > 0.

£
I1.3.7. THEOREM Let X-—Y —§$ Z be maps of connected

CW complexes. .-

Let n> 1. If ) ] _—

mn(xy =0 ¢ da £ : X) ~ Y) f n,
q( ) or g < n an q Hq( ),N,Hq( ) for g»>
n _(z) =0 fo and : Y) ~ z) for n
q() r 4> n an e Hq( )A,Hq( ) q < n,
then genus £ = cat 'Y = catg

PROOF. Let V be an open subset of Y with the inclusion

map j: V -+ Y. Suppose that V 1is n-categorical. Let L be

an arbitrary CwW complex with n-skeleton " and let h: L+ V

be an arbitrary map. Use of mapping cylinder of f will enable
us to assume that f 1is an inclusion map, [S.l; p40 ]. Further,
we have Hq(Y,X) = 0 for g> n, from the hypothesis. The
assumption on V implies that joh_‘Ln ~ 0. Hence there is

a map d: L-» X, such that joh =¥ fod, obtained in the following



manner:
We shall prove that there is a map

. . n+l . n+1
d b —— X such that joh |L =~ fod ,, and
dn+l | " is a null map. Using exactly the same technique
one can show that if there is a map dm: "o X, m > n,
such that joh | L™ fod ~ then there is a map

ool : m+1 .
dm+l' L ~ X such that joh l L ~ fodm+l ; moreover

m _ . m+1

d . I =d_ and the homotopy D__, from joh | L to
fodm+l is an extension of the homotopy Dm from joh] " to

fodm joined with the stationary homotopy Im:fodmiz fodm l.e.

D " x (0,1] =D _*I_ . Thus we can define d: L -+ X
m+1 m m
by d(x) = di(x) if X ¢ L' and D:L x (0,1}]>Y as D(x,t)
= Di* Ii(x,t) if x¢ Ll, where di and Di have their respective
meaning as above and Ii: fodi:z fodi is the stationary

homotopy. For 1 < n, assume di and Di to be null map and

null homotopy respectively. Then clearly D:joh 22 fod.

Now since (L,Ln) is a cofibered pair and also
joh an:: 0 there exists a map.ﬁz L - Y with joh:Z-B such
that h maps " to a single point (in X). Let F be the

family of all triples ( M, k, K ) such that M 1is a subcomplex

of Ln+l containing Ln, k: M » X is a map such that
fok | L" = h| 1" and K: Mx I » Y, I =[0,1], is a homotopy
from h | M to fok relative to 1". We give a partial

ordering to F by saying (M',k,K') < (M",k",K") if and only

. +
if an__:.:M‘_C;:M"gLn l, k" | M* = k' and K" | M' x I = K'



clearly F # 8 and every chain in I has an upper bound in

F. lHence we may apply Zorn's lemma to conclude that F has
a maximal element (M,k,K). It is now enough to show that
+ + . .
M=rL" l. If M # L" 1 there is an (n+l)-cell e 1in
+ ) CL
L 1. M.. Consider the composition
% h
+ e +
o™, ™ — @™ ) S vy
where ¢9 is the characteristic map. Since Hn+l(Y’X) = 0,
, +
there 1s a map 8 : Dn+l + X and a homotopy H:D" 1 x I > Y

from Eoée to fo® relative to s"

Define, k' : MUe — X

by k'(x) = k(x) 1if x M

e(y) if x = ¢e(y) for some
y e DML

and K' : (MUe) x I —_ Y

by K' (x,t) = K(x,t) if x ¢ M

H(y,t) if x = ¢e(y) for some

y € Dn+l

Clearly k'| M

-

k and K' is a homotopy from h | MUe to

fok' relative to L" with K' | M x I = K so that
(M,k,K) < (MUe, k', K'). Thus we get a contradiction to the

k.

maximality of (M,k,K). Hence M = Ln+l and we choose dn+l=
For the next step, we start with a map h : L + Y such that
joh~h and h | L fod ,;. Since f is an inclusion,

h maps Ln+l inside X. Then we change F suitably and

proceed.
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lence, coming back to the theorem, we get by (II.3.4),

genus f < catn Y

Next suppose that goj >~ 0. Let L be an arbitrary
CwW-complex of dimension < n and let h:L —Y be an arbitrary
map. Without altering the homotopy type of Y we may assume
that g 1is a fibre map, [S.3; p99 ] , with fibre F and
inclusion map i: F — Y. Since gojoh =~ 0 and 2Z 1is connected,
there is a map d: L —F such that iod ¢ joh (see the proof

of {(II.3.3)). Using the exact homotopy sequence of the

fibration F 2y 2 2 and the fact that gq: Hq(Y)C¥]Tq(Z)'
g <n, we have Mgl = 0, g<n; so that d =~ 0, since dim
L < n. Therefore joh 2 0 and hence cat Y < cat g.

Finally, since;xq(X) = 0, q <n, the n-skeleton X"

of X 1s contractible in X, [ S.3; p402, Thm 13 ] , and so

N

gof | x" ~ 0. Also since nq(z) 0 for g > n, we have ( by
the same induction technique used in the first part of this
proof ) a map d: X -—»Z whose image is a single point such that

d ~¥ gof, so that 9of =~ 0. So by (IT1.3.3) we get cat g < genus f.

Thus the theorem is completely proved.

11.3.8 PROPOSITION. Let g: ¥ > 2 be a map of connected

I

CW-complexes, and consider n > 1. I1f nq(Z) 0 for g> n and

if the homomorphism 9.: n (Y- n n(Z) is trivial then

n

cat g ¢ cat__; Y.

PROOF. Let V be an open (n-1)-categorical subset of Y.
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Let L be an arbitrary CwWcomplex with m-skeleton Lm , and let
h: L » Y be an arbitrary map such that h{(L)cZ V. Since

h | "t~ so goh |Ln—l:: 0 and hence, by the same
induction technique used in the proof of (II.3.7), we have
goh —£ 0. The only difference to be noticed is that here we
don't have Hn(Z) = 0. But since 9,° nn(Y) —+Hn(Z) is a
trivial map, the composition

) 1 9oh
(o",s" 1 -ié—» @h, "y Tz

will be homotopic to a null map from D" to 2 relative to

Sn_l where @B 1s a characteristic map for an n-cell and

h': L» Y 1is such that h~ h' and h' |Ln_l

is a null map.
Thus the induction technique may be applied to show that
goh | L~ 0. To show that goh|L"~0 for all m >n, we can

apply the induction technique without any difficulty, because

n _(z) =0 for g > n.

Hence by (II.2.1) we have cat g < Catn—l Y. ;ﬂ:

8§ 4, The category of a cohomology class.

Let X be an arbitrary space, G an abelian group,

and n 21 an integer.

I1.4.1 DEFINITION. For any cohomology class uE,Hn(X;G), the

category of wu, denoted cat u, is the least integer k> 1 with

the property that X may be covered by Kk open subsets Um such

Lk . %
that j (u) = 0 where j_ : H" (x;6) - Hn(Um;G) is induced by



the inclusion map In' Um —=> X; 1if no such integer exists,

set cat u = &,
Clearly cat u < cat X.

Let K{(G,n) denote any Eilenberg-Maclane

CW complex L such that nn(L) 2~ G and (LY = 0O

Hq

for g # n; the homotopy type of L 1is uniquely determined,
[W.l; p244, Thm 7.1] . The group Hn(K(G,n); G) may be

identified with the group Hom(G,G), and the identity map

of G then corresponds to the fundamental class tE.Hn(K(G,n);G),

see [W.1l; p236 ] . If X 1is a CW-complex, the set [(X,K(G,n))

of homotopy classes of maps X » K(G,n) and the group Hn(X;G)

are in a one to one correspondence which is given by

frr F*(t) where £*: H'(K(G,n);G) » H'(X;G) is induced by

f:X » K{(G,n), [W.1;p244, cor.6.20 ] . For any u eHn(X;G) we

shall denote by fu any of the homotopically equivalent maps

f: X » K(G,n) such that f£*(t) = u.

I1.4.2. THEOREM. If X 1is a CW-complex and if u eH"(X;G),

then cat u = cat fu.

PROOF. Let V be an open subset of X with the inclusion map
j: Ve X. IFf fU o j ~0, then J*(u) = j*ofg ( £t ) = 0; so
that cat u £ cat fu' Conversely, if 3j*(u) = 0 then for any
CW-complex L and any map h:L + V, one has h*oj* 6“fa (t) = 0.
So, by the one to one correspondence between I (L,K(G,n)) and

anﬁﬁg; );G) as mentioned above, we have £, © j o h~ 0 and



hence, by (I1.2.1), we get cat fu < cat u. H=

From theorem (II.4.2) and proposition (II.2.3)

one gets

I11.4.3 THEOREM. If X 1is a C(CW-complex of dimension r

and if wue Hn(X;G), then cat u < r/n + 1. 3

I71.4.4 PROPOSITION. If X 1is a CW complex and if

u,v an (X:G), then cat(-u)=cat u and cat (utv) < catu+catv-1

PROOTF. The first statement is clear from the definition
{(I1.4.1). In order to derive the second , recall that

K(G,n) has an ll-space structure which makes the set
M(X,K(G,n)) a group which is isomorphic to Hn(X;G) under the

. . —~
correspondence displayed earlier. Therefore fu+v"'fufv

and the result now follows from (I1.4.2) and (I1.2.2).

q
I1.4.5 PROPOSITION. If X is any space and if we H " (X;R),

m= 1,2; then cat (ul U u2) < min { cat Uy cat u2} , where

U denotes the cup product, and R denotes a commutative ring.

PROOF. If Vv, with the inclusion map i:V » X, is an open subset

of X such that i*(u.) = 0, then i*(ul U uz) = i*(ul)\J i*(uz) =0

1

so that cat(ull) u,) <catu Similarly, cat(ul\J u2) < cat u,

1

and hence the proposition. aﬁ:

Recall that, a cohomology operation T of type

(m,n; G,G") is a natural transformation from the functor



H'( ;G ) to the functor H'(  ;G'), where H"( ;G) and
H ( :G' ) are contravariant singular cohomology functors
defined on the category of topological pairs, m and n

are [ixed positive integers and G,G' are abelian groups.

IT.4.6. PROPOSITION. If X 1is an arbitrary space and

vV E Hn(X;G') is the image of ug¢ Hm(X; G) under a cohomology

operation T, then cat v < cat u.

PROOF. Let U with the inclusion map j:U —» X be an open
subset of X such that J*(u) = 0. Then the following

commutative diagram

j*
A (X:G) — —— H"(U;6)
|
lTx jox ¢ Ty
Y (x:G6') ——— i (U;G")
* *
gives j' (v) = j! o T (u) = T, © j*(u) = 0 which proves the

proposition. Hf

I1.4.7 PROPOSITION. Let E,X be any two spaces and g:E + X

be a map. Let u ¢ Hn(X;G), then cat g*(u) < cat u.

PROOF. If U' with inclusion map j:U~ X 1is an open subset
of X such that j*(u) = 0, then i* g*(u) = d* j*(u) = 0,
where i;N=g'l(U)—~+E is the inclusion map and d:N+ U is

defined by d(x) = g(x). Hence the proposition. :#;,



As a relation between n-dimensional category and the
category of a cohomology class we have the following result,
which follows immediately from (II.4.2) and (II.3.8) with n

replaced by (n+l).

I1.4.8 THEQOREM. Let X be a connected CW-complex and

u e H'(X;G) then cat u < cat  X.

A lower bound for the category of a cohomology

class is provided by the following theorem.

IT1.4.9 THEOREM. If X 1is a CW-complex and if the k-fold

cup product uUulU----Uu of a cohomology class u eHn(X;R)
is nontrivial ( n>1), then cat u > k+1, where R denotes

commutative ring.

PROOF One has f* (tUtyU---Ut) = uYul) ---Uu # 0. So by

(1I1.4.2) and by part (vi) of (II.1l.2) we have

cat u = cat fu > k+1, FH
I11.4.10 REMARK. Let CPn_l be the complex projective
space of real dimension (2n-2). We have cat G:Pn_l = n (using

the same argument as in (I.2.2.)). Also H2q(GZPn_¥; Z2) X %2

for l<g<(n-1). If u eHZ(GZPn—l; Z ) is a generator, then
cat u < cat EZPn—l = n and, since the (n-1)-fold cup product
u Uul --—-UJu .generates Hzn'z(GZPn—l; 7 ), by the above

theorem one has cat u> n. Thus for every positive integer n

.there is a cohomology class of category n.



- 45 -

CHAPTER III
LUSTERNIK-SCHNIRELMANN THEORY ON CRITICAL POINTS.

About fifty years back, Lusternik and Schnirelmann
showed that the number of critical points of a real valued
function f on a closed manifold M 1is greater than or
equal to the category of M. 1In this chapter wé study a
generalisation of this result for Finsler manifoldsi.e. for
paracompact Banach manifolds. Further, we introduce the
notion of A-category leading towards the study of the

topology of the set of critical points.

£§1. Finsler manifolds and Pseudo-gradient vector fields —

definition and elementary properties.

Let V and W be two Banach spaces and (O be

an open subset of V. Let f:0-—> W be a function of
k-1

class C , k being a positive integer. We say that £
is of class Ck—, if given any P, €0 there is a neighborhood.

U of po,tjggc), and a real number r > 0 such that

Hdk—l £ _ dk—

1
. fq“ < r || p-q for all

P, 9eU

I1T.1.1. THEOREM. If f 1is of <class Ck then f is

of «class ck’.
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PROOF. Given P, € Qr we choose r > 0 such that
l’ k . , k .
d fp || < r. Then by continuity of d f, there exists
o
some convex neighborhood U of Py vuceO , such that

k

W!d £ [i < r for all xgU. 1If p,q € U then

,Idk-lfp - dk_lfq (| <t |]lep-q || + by the mean value

theorem.

III1.1.2. REMARK. It is elementary to see that the maps of

class Ck- from QO to W form a vector space and the

composition of two maps of class X7 s again of class ck~.

By a Ck Banach manifold we mean a Hausdorff,

second countable topological space M with an open cover

{u. 1}

i ien such that each Ui is homeomorphic to a

Banach space under a homeomorphism hi satisfying the

condition that

_..l .
hjohi : h.(uy N uj) + hj(ui N uy )

is differentiable of class Ck.

Let M and N be two C k Banach manifolds and
f:M > N be any map. We say that f is of class Ck—, if
given p ¢ M there exists a chart g:0 > v for M at p and
a chart h:U> W for N at f(p) such that hofog_l is of

class ck=

Irr.1.3 LEMMA. If M 1is a cl Banach manifold then for

every sufficiently small open set () of M there is a
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cl- map £:M > R such that £(x) > 0 for all x ¢ M and

O= {xeMm | £(x) >0} .

PROOF. Let () be any subset of M such that  is included

in the domain U of a chart g:U » V. Let O = g(Q), then

it is enough to show that there is a cl” map £:V + R with

£ >0 and Q= {veV | g(v) >0 1} , as in that case we

can define f(x) = E(g(x) for x ¢ U and f({x) = 0 for x ;56.

Define g(v) = Inf { ”v—w l] T oW 55} . Since (Q 1is open,,
5={veV| f(v) >0} . Let vl,vngandE>O then

choose w ¢ (Q such that ”vz—w]i< f(v,) +¢ . Then,

Ev < v || < opvall + 0 Hvamv]] <flvpvall *+ £vp) +e
and since e is arbitrary f(v,) - f£(v,) ¢ ‘lvl - VZH

Interchanging v, and v, we have lf(vl)—f(vz) l < “vl—vzn ,

showing that f is a cl- map. 2

I111.1.4 THEOREM.If M 1is a paracompact C1 Banach

manifold and {Ua } is an open cover of M then there is

aeg A

a ct” partition of wunity {g } for M subordinate

}

beB

to {U

a ag A°

PROOF . By lemma (III.1.3) and the fact that M is paracompact,

we can find a locally finite open cover {Ob } beB for M

which refines {Ua } ae A‘ such that 1if V 1is an open subset

of Ob for some bEg€ B then there is a Cl' map £:M + R with
> = .

f >0 and Vv {x€M-f(x)>O}.Let{Vb}beBbe

an open cover of M with —\7b_C_I_ Ob ( by shrinking lemma )
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and let f, :M » R be a ¢t map with £, > 0 and

v, = [ xeM | fb(x) >0 } . Let 9y = fb/ ( Zfb). Then
. 1- . .
M
{9, } p.p 1s clearly aC” partition of unity for

and support gb_c_:__vb — Ob which is included in some Ua’ 3

I111.1.5 DEFINITION. Let B be a topological space, V a

Banach space and E = B x V the product Banach space bundle
with fibre V over B. A function [[ “: E - R 1is a

Finsler structure for E if

(i) for each b€ B the map V> H(b,v)“ is an

admissible norm for V (call it || ”b ), and

(ii) given bo € B and a real number r > 1 there is

a neilghborhood U of bo in B such that

-

N N
for all b € U and all v ¢ V.

Suppose N 1s an admissible norm for V then the map
|l[l: E + R defined by ”(b,v)” = N(v) is called the

flat Finster structure for E defined by ©N. (Here by an

admissible norm on V, we mean a norm which induces same

topology on V as the one induced by the original norm on

the Banach space V).
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ITI.1.6 DEFINITION. Let p:E - B be a C° Banach space

bundle and let | ||[:E + R be a function. We say Il

is a Finsler structure for E if given bO € B there is a
bundle chart g: Ox v = E|(Q for E with () a neighborhood

of b_ such that H llog is a Finsler structure for Qx V.

ITII.1.7. DEFINITION. A Finsler manifold M 1is a Cl Banach

manifold together with a Finsler structure for T(M), where

T(M) — M 1is the tengent bundle of M.

Every paracompact Cl Banach manifold admits the

structure of a Finsler manifold, [ P.11] .

It can be easily checked that, if M 1is a connected
Ck banach manifold and p,q € M then there is a Ck path
s: [a,b] » M with s(a) = p and s(b) = qg.

Let M be a Finsler manifold and s: [ a,b] -+ M be

a Cl path in M. We define 1(s), the length of s, by

b
- ' ' = a__._
1(s) = £||s ()l a6, s'(t) = F¢ S@W

1f p and g are in the same component of M, we define

the distance d(p,q) from p to g by
d(p,gq) = Inf { 1(s) s is a Cl path from p to q}
This function d 1is a metric for each component —of M and

the topology given by this metric is same as the given topology

of M, [ P.1] . This metric d defined on each component of M



is called the Finsler metric for M. If each component of

M 1s complete in the Finsler metric, then M is called a

complete Finsler manifold.

The following proposition is immediate.

I111.1.8 PROPOSITION. Every paracompact Cl Banach manifold

M is metrizable. Conversely ofcourse every metrizable Banach

manifold is paracompact. $F

In fact every paracompact Cl Banach manifold

admits a complete metric, [P.3]) .

Let M be a Cl Finsler manifold and s:{(a,b) - M

be a C* path in M. We define 1(s), the length of s, by

B
1(s) = lim 5 | s'fl ac
L->ad o
P—~b
Note that we may have 1(s) = «

Again, if Y% is a c!™ vector field on a C° Finsler

manifold M then by an integral curve for X we mean a Cl map

s:(a,b) —>» M with the property that s'(t) = X (s(t))for
all t ¢ (a,b). Moreover if O0€ (a,b) then s(Q) is called

the initial condition of s.

i

III.1.9 PROPOSITION. Let X be a CY~ vector field on an

open submanifold M of a complete C2 Finsler manifold M and
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let s: (a,b) =~ M be a maximal integral curve of x 1i.e.

every integral curve of X with the same initial condition as

that of s 1is a restriction of s. If b < o and

b
J“x(s(t)) ” dt < o then s(t) has a limit point
o
inM—M as t—sb 1i.e. there exists a sequence { tn} in

(a,b) converging to b such that { s(tn)} converges to a

point in M — M. Similarly if a > - = and
o
aj “ X (s(t) H dt < o« then s(t) has a limit point in
M — M as t —»>a.
b
PROOF. If XH‘x(s(t) || at < then,
o
since s'(t) = x(s(t) , we have
b
[l s [atc = .
o)

Given € > 0 we choose a partition

0=to< tl<t2< ————<tn< b = tn+l of
(o,b) so that, for i =0,1,2, ---, n,
ti+1
[ s || at < e
t.

1

Then clearly s([ 0,b)) is included in the union of the
€- balls about the points s(ti), i=1,2,---, n.
That is s ( [o,b) ) is a totally bounded subset of M
and since M 1is complete ,s( [ o,b ) ) has a compact closure.

Hence s(t) has a limit point g in M as t-+ b. Again if
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b < » then by theorem (3) of [P.2; %86 ] we have g ¢ M.

~

Hence g e M - M. +F

III.1.10 PROPOSITION. Let X be a cl™ vector field on a

complete c? Finsler manifold M. If Ixll is bounded on
M then Y generates a global one parameter group i.e. X

1-

generates a one parameter family £ C

9¢d ter ©
diffeomorphisms of M such that the map R + Diff (M), te Iy v

is a continuous homomorphism with 9:9¢ = Ji4s ,where Diff (M)
is the group of all diffeomorphisms on M. ( |[x{] = [ {lex ,

where H Il is the Finsler structure for T(M)).

PROOF. Let s:(a,b) » M be a maximal integral curve of X.

It is enough to show that a = - and b = «® ., Suppose for
example that b < « . Then since [Ix]l is bounded,
b
fll X (s(t)) || at <= ; so by (III.1.9)
0]

s(t) has a limit point in M - M = ¢ as t~» b, which is

absurd. Now for te R define gt: M + M as gt(x) = sx(t),

where Sy is the maximal integral curve of X with sX(O) = X.
Then {gt} t eR forms the global one parameter group
generated by X oL H.1; p 149-151) . -##

If M 1is a Finsler manifold then there is a natural
Finsler structure for the dual space T(M)* defined by
lnll = sup { h(v) ‘ “ v “b =1} for he T(M)§. In
particular if f£:M+ R is a CT' map then lat, || 15 gefined
for each pe Mand ||[df || : M > R given by p [ldfpl, is
well defined, nonnegative, continuous real valued function on M.
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ITI.1.11 DEFINITION. Let M be a ¢ ! Pinsler manifold

( k>0 ) and let f:M - R be a ct map. A vector XE:T(M)p is

called a pseudo-gradient vector for f at peM if

(i) x|

(WA

2 ac, |

L 2
and (ii)  xf = dfx) >

, k . .
If ¥ is a C vector field on a subset ScM, then x 1is

called a Ck Pseudo-gradient vector field for f on S 1if

for each pe S, Xp = X (p) € T(M)p is a pseudo-gradient

vector for f at p.

It is immediate from the above definition that the

set of pseudo-gradient vectors for f at peM is a convex

subset of T(M)p

I11.1.12 LEMMA. Let M be a Ck+l Finsler manifold ( k >0 )

and let f:M + R be a Cl map. Given peM, which is not a
critical point of f, there is an open neighborhood () of p

in M and a cX pseudo-gradient vector field for f in (.

PROOF. Given p¢g¢ M, which is not a critical point of f£,
we can find YpEZT(M)p with [[Ypl] = 1 such that dfp(Yp)
is as close to Ildfp([ as we wish; say
2 . 3
dfp(Yp) >3 depll . Consider Xp = 3 ]ldfp H Yp

1]

so that |[x || = 3 |lag [l < 2] ag || and

X £ = df (X)) = ]ldfp[[dfp(yp) >”dfp ”2 . Now extend

P

N W
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Xp to a Ck vector field X in a neighborhood U of p in

M (say by making it "constant" with respect to a chart at p )

Then define

— 2
O=taeu| xg£ > |[at | and”Xq“ < 2“dfq”}
where Xq = X (q) for all g. Since X f = dfeX , l\df“ and
| x|| are all continuous on U, so () is open. Hence the
lemma follows. F

III.1.13 THEOREM. Let M be a C2 Finsler manifold and let

f:M+>R be a Cl map. Let M* denote the open submanifold
of M consisting of regular (i.e. noncritical ) points of f£.
Then there is a C-~ pseudo-gradient vector field for f in

M*

PROOF. For each pe M*, we choose by lemma (III.1.12) a
neighborhood C]p of p in M* and a Cl pseudo-gradient vector
field Xp for f 1in (jp. Now, M* 1is metrizable, being a
Finsler manifold, and hence paracompact. So by theorem (III.1.4)
there is a C1~ partition of unity { g, } , _, for M* such that
for each b egB there is a point p(b) ¢ M* with support

9, < C)p(b)' Then X = I g, X P(B) 5 a4 ¢!™ vector field

in M* and hence is a Cl_ pseudo-gradient vector field for £

in M*, as the set of pseudo-gradient vectors at any point

forms a convex subset of the tangent space at that point.
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§2. Existence of critical points.

Throughout and the later sections, M will denote

a Ck_ Banach manifold ( k> 1), K< M the set of critical points

v
of f (where £f: M +» R 1is a map of class at least Cl), and
M*¥* = M - K the set of regular points of f. We denote the

frontier of K i.e. K N M* , by K . Note that K 1is a

closed subset of M i.e. M* is open in M.

ITI.2.1 THEOREM. Let M be a connected Cl Banach manifold

and f: M+ [R be a nonconstant Cl map. Then f(K) = f(k).

PROOF. ©Let peK. We shall find a point x¢ K such that

f(x) = £(p). Choose a point ge M such that f(q) # f£(p) and a

Cl path s:I » M such that s(0) = p and s(l) = g and let g(t)

= f(s(t)). Then, g'(t) = dfs(t)(s‘(t)). Since g 1is not
constant, g' 1s not identically zero; so s(I) is not included

in K. Let
t,= Inf { te1 | s(t) ¢ K } = In{ s™1 (M-K) .

Then clearly tO€ I, since 1 1is closed and bounded, and also

s(to) € R, because otherwise

t e st M-R ) = s (M-K) U s”1( Int K )

f

which contradicts the fact that tO Inf s-l(M—K).

1

Set x = s(to) € K and since g'(t) 0 for Oststo it follows
2

that f(x) = g(to) = g(0) = f(p).
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I111.2.2. DEFINITION. Let M be a Cl Finsler manifold and

f:M >R a Cl map. We say that f satisfies condition (C) 1if,

given any subset S of M on which |[f| 1is bounded but
on which |l dfll is not bounded away from zero (i.e. for
each €>0 there exists some x ¢ S such that || af_|l<e ),

there is a critical point of f in S

I11.2.3. THEOREM. Let M be a Cl Finsler manifold and

f:M R be a Cl map satisfying condition (C). Then f |R is

1

proper i.e. given -o<ag b< o , KNE™ [ a,b] is compact.

In particular if 1Int (K) = g then f | K is proper.

PROOF. Since M 1is metrisable, it is enough to prove that

K f\f‘l [ a,b ] 1is sequentially compact. Consider a sequence

1

{ pn} in KNE~ [a,b] . Since Pn £ K , we can choose d, ﬁ K

arbitrarily close to p_., In particular since || &£ ||, f are
continuous and || df, | = 0 we can choose q_ so close to

n
pn that

Il af

S

Il <

n

S

, a-1 <f(qn) <b+l and also d(qn, P.) <

g n

@ being the Finsler metric. Then by condition (C) a sub-
sequence of { q, } will converge to a ¢ ritical point p of £.

Since

the corresponding subsequence of { pn} will also converge

1

to p. Since K is closed, pekK N £~ [ a,b } . Thus



Rf\f_l [ a,b] 1is sequentially compact.
Particular case follows from the fact that if
Int K= ¢ then K = K. 4

111.2.4 PROPOSITION. Let M be a complete C2 Finsler

manifold without boundary, f£f: M =R be a Cl function
satisfying condition (C) and X be a Cl_ pseudo-gradient
vector field for f in M*., If s:(a,b) » M 1is a maximal

integral curve for X then either 1lim f(s(t)) = =

t+b
or s(t) has a critical point of f as a limit point as

t-> b ( b may be «© ). Similarly either 1lim f (s(t) = -
t + a

or s(t) has a critical point of f as a limit point as

t »a (a may be - » ),

PROOF Let g(t) = f£(s(t)). Then g'(t) = dfs(t)(s'(tdﬂ

2
= df (X (s(t))) 3 Il af Il >0 ( since X (s(t))

s(t)
is a regular point for each te (a,b)). So, g is strictly
monotonically increasing and hence has a limit B as t —+ b.

Suppoe B < « , Then

2 ax,

and 1t follows that
b

2
(*) glldfs(x) | ¢ ax <

(o]
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Suppose first that b = 00 . Then by (*), | af [ is not

S (x)

bounded away from zero for xe[ 0, « ). Since g(x) f(s(x))

is monotonically increasing

f(s(o)) ¢ f(s(x)) ¢ B for xe [ 0, = ).

~

Hence by condition (C),s(t) has a ¢ ritical point of f as

limit point as t -

Next suppose b < o , By Schwartz's inequality we

have
b b
L 2
H dfs(x) I dx g b? [ ( i dfs(x) [ < dx ] %
(o] o]
b
and by (%), §|| af, e | 2 4x < o |

[¢]

But since X is a pseudo-gradient vector field for f in M*,
Uxsen I« 2flaeg Ml
hence gH X (s(x))  dx < o
[0

Then by proposition (IXI¥.1.9), s(t) has a limit point in

M- M* = K as t - b.

The other conclusion can be drawn similarly. -

II1.2.5 THEOREM. Let M be a complete C2 Finsler manifold

without boundary and f: M > R be a Cl map satisfying condition
(C). If f 1is bounded below on a component Mo of M then

£ MO assumes 1its greatest lower bound. If f is bounded



below then either f assumes its greatest lower bound or
else there is a sequence { Mk} of components of M, on each’

of which f 1s constant, such that

f(Mk ) -~ Inf [ f(x) | X eMy.
PROOF Let Bo = Inf { f(x) | x gMO } - For every positive
. . « 1
integer n, choose X, € Mo wilth f(xn)< BO + 5 We can

assume X € K (otherwise by proposition (I1I.2.4) we can
replace X by a limit point of s(t) as t » a where

s: (a,b) » M* 1is the maximal integral curve of a pseudo-
gradient vector field for f on M*; also note that Bo > =
and f(s(t)) is monotonically increasing). 1In case f 1is
constant on MO ,we are done. So we can assume that £ 1is not
constant on Mo' Then by Theorem (III.2.1), we can assume

X, € K (In fact here Theorem (III.2.1) will look 1like

f (KN Mo) = f(Kf\Mo ), where KIHMO is the frontier of

KMNAM_ in M_ and we have KMM_= KNM_ ). Thus we have a
e} o o) o

sequence { xn} such that X, € K and
B < f(x.) <B_ + 1 < B +1
~ n\

and hence by Theorem (III.2.3) there exists a subsequence

of { X } converging to some point Xy € Mg ( note that
X, € MO for each’ n ) and clearly f(xo) = Bo. This proves
the first assertion.

Now let B = Inf { f(x) | x ¢ M}

For every positive integer n choose P, M such that



B ¢ f(pn) < B+ % < B+1l. By the first part of the theorem we

can assume p_ to be the minimum of f on a component Mn
of M. Then' p € K and also by assuming that f is not
constant on Mn for infinitely many n's, because otherwise
f(Mn) + B, we can use Theorem (III.2.1) to have P,€ K for
infinitely many n's. Hence by Theorem (III.2.3) there exists

a subsequence of { pn} converging to some point: p of M

and clearly f(p) = B. ¢¢

I11.2.6 THEOREM. Let M be a Cl Finsler manifold, f:M s R

be a Cl map satisfying condition (C) and ¢ be a regular
value of f. Then either ¢ 1is in the interior of f(M*) or
else there is a sequence M of components of M, on each of

which £ 1s constant, such that f(Mk) + C.

PROOF Let S = {aelR | f has the constant value a on a
component of M }

Now by Theorem (III.2.1), f(R) = SlJf(R) (because
K = ? (Kf\Mi) where Mi's are components of M and if £f 1is
constant on some M, then f(KF\Mi)c: S and if £ 1is not

constant on some Mi then f(Kf]Mi) = f(Kf\Mi) by Theorem

(IT1.2.1), where Kf\Mi is the frontier of KN Mi in Mi

and Kf\Micz_R . ). Since ¢ 1is given to be a regular value
is .
and also since a proper maphclosed, so from Theorem (III.2.3)

it follows that if ¢ 1is not a limit point of S then ¢ is

—_—

not a limit of f£(K) also ( because f(K) = S U £(K), f(K)



being closed ). That is ¢ 1lies in the interior of
f(M*) . -

Let X be a C'~ vector field on an open submanifold
M of a C2 Banach manifold M, M being without boundary.
For each pe M, let sp be the maximal integral curve for X

with initial condition p. Define two functions

t+:ﬁ+(0,w)and t*:’l\jl‘-»(—oo,o )

such that the domain of SH is ( £ (p), tT(p)). Let

D=D(X) = {(p,t)e Mx IR | t (p)<t<t (p}

and for each t € IR 1let

D, =D (X)= {peM | (pt)eD)

Define g:D * M by g(p,t) = sp(t) and Iyt Dt > 3; by

gt(p) = g(p,t) = sp(t). The 1indexed set {gt} is called the

maximal local one parameter group generated by X . Also

(see [p.2] ) D is open in M x IR and g: D > Mo is ¢,

For each t €IR , Dt is open in M and Iyt is a Cl_ isomorphism
of Dt onto D_t having 9.y as its inverse. If p th and

9, (p) € D, then peD  and g, . (P) = g (g, (pP)).

I11.2.7. THEOREM. Let M be a complete C2 Finsler manifold

without boundary, f:M + IR be a CZ_ function satisfying
condition (C) and assume that the internal (a,b) contains no

critical values of f, -og¢ a<bg . If ¢ ¢ (a,b) then
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W = f_l(c) is a closed C2 submanifold of M and there 1is
a cl” homeomorphism F of W x (a,b) onto O= f_l(a,b) such
that for each ec¢ (a,b) the map w » F( w,e ) is a cl-
homeomorphism of W onto f-1 (e) which for e = ¢ 1is the
identity map.

PROOF. Since ¢ 1is a regular value of f, W = g1 (c) is a

- ¢? submanifold of M. Let X be a cCI~ pseudo-gradient

vector field for f£ in M*. Let wegW and s:( a;g’) -+ M*

be the maximal integral curve for X with s(0) = w. We claim
that if e €(a,b) then there exists a unique toe ( a,B8 ) such
that f(s(to)) = e. Uniqueness is clear since f o s 1is
strictly monotonically increasing ( see the proof of (III.2.4)).
For existence suppose that there is no such toi also agsume

c < e, for definiteness. Now ¢ = f(s(0)) ¢ f(s(t)) < e for all
t ¢ [0, ), by monotonicity and continuity of f(s(t)), so by
Theorem (III.2.4) there is a critical point p of £ and a
sequence {tn} > B such that the sequence {f(s(t ))} » £(p).
Also since a < c £ f(s(tn)) < e <b, 1t follows that

a<f(p) <b; which is a contradiction, since f(p) is a critical

value. Now df, X are Cl_, so Xf = 4df(x) is cl™. also
Xf > llaf 1> > 0 on M* so 1/( X£f) is cl™ on M*. Hence
X = X/{(Xf) 1is Cl_ on M*., Let {gt} be the maximal

local one parameter group generated by '; . So for peM*,

—~

t - gt(p) is a maximal integral curve for X with initial

condition p. Since X is proportional to X with a nonzero

proportionality factor, t > gt(p) is nothing but the maximal

~



integral curve for X with a reparametrisation such that
f(gt(p)) = f(p)+t, because %t f(gt(p)) = X £ = 1. Now note
that O = f—l(a,b) < M*., So for pe O , the above claim
and the expression f(gt(p)) = f(p) + t imply that if

a - f(p) < t < b-f(p) then g (p) is defined and the interval
(a-f(p), b-f(p)) is in bijective correspondence with (a,b)
under the map t - f(gt(p)). Define F:W x (a,b) > M* by

Fiw,t) (w). Then F 1is of class cl™. nNote that

- gt—c
F(w,c) = w and f£(F(w,t)) = t. So we have F:W x (a,b)~ O

and also W is mapped into f_l(e) under w » F(w,e). Also
note that the inverse of F 1is given by ?ﬁ(}» W x (a,b)
by ’E(p) = gc_f(p)(p), f(p)). Hence the theorem follows.

7

III.2.8 THEOREM. Let M be a complete C2 Finsler manifold

without boundary, f: M - R be a c?” map satisfying condition(C).

Let -» < agb< = and assume that there are no critical
values of f in [ a,b] (in [a,» ) if b =«) and that neither
a nor b is a limit point of S = { celR | f has the

constant value c on a component of M } .

Then there is a CY~ map H:M x I + M such that

if we put Hs(p) = H(p,s) then for some e >0

(1) H, is a cl™ homeomorphism of M into 1irself for all

se [ 0,1) ( all s €[0,1] if b <w)
(2) H_(m) =m ifmg £ (a- 2, bt2e )

(3) HO = identity map of M



f (-, b+te] ) = f " ( -w, a-€] , if b< » and

M) = f (~»,a~ 2¢ Jjif b = =,

PROOF. By (III.2.6) there is an € > 0 such that f has no
critical values in ( a-3¢, b+3¢ ). By (III.2.7) there is a

cl” homeomorph1sm

F:W x (a-3€ ,b+t3e) f—l(a-3€ , bt3e ) where W = £ “(a)

and F(W x {c} ) = £1 (c) for all ce (a-3¢ ,b+3¢e).

Case 1. b = o, Define Hs(m) =m if f(m)sga—2€ . If £(m) 3a-2€ '

m = F(w,t) with t > a-2¢ , then

Hs(m) = F(w,t + s(a-2¢€ -t))

Case 2. b< @, Let h:IR » |[R be the unique continuous function
such that h(t) = t for tga-2¢, h is linear in [a-2¢ ,b+¢]
and h (b+e) = a~¢, h is linear inl b+e¢, b+2€l, and h(b+2¢€ )
i b+2€ , h(t) = t for t > b+2e¢ Define H_(m) = m if me

{(a—2€ ,bt2¢ ) and for nn&f_l(a—Be , b+*+3e ), say m = F{w,t),

define Hs(m) = F(w,t+s(h(t) - t)).

Hence the theorem follows ;#5

I1I.2.9. THEOREM. Let M be a complete C2 Finsler manifold

without boundary, f:M * IR a C2_ function satisfying condition(C)

-1 1

and given c€{R let MC = f “(-o ,c] and let KC = KNEf ~(c)

denote the set of critical points of f at the level c.



Then,

(1) If ¢ 1is a regular value of f and is not a limit
point of {a € R I f has the constant value a on some
component of M } , then for some ¢ >0 there is an isotopy

= M

It of M with gl(MC+€ ) c-g”

(2) If ¢ > sup f(K) then there is a strong deformation

retraction of M onto M._ for some ¢ > 0.

PROOF. Statement (1) follows from part (4) of (III.2.8) with

8}
1}
o}
I

c and statement (2) follows from parts (3) and

(4) of (11I1.2.8) with a =c¢c and b = o , ;@&

Let X be a Cl— pseudo-gradient vector field

for £ on M*, f:M > |R being a c?” function satisfying

condition (C). Let §'= X/(X£f)Y. Since df 1is Cl_ and
X is Cl—) it follows that Xf = df(yx) is cl™. also
since Xf > || d4af H2 > 0 on M* and t - 1/t is ¢ for
t # 0, 1/(xf) is Cl— on M*, hence §¢= x/(xf) is a Cl_
vector field on M*. Also idf = 1. Define
v, = {xem : |l dfX il < 1/k} for each positive
integer k, so Vk is an open neighborhood of K and
— . 1- .
Vesp & Vo Let L, : M [0,1] be a C function
on M which is zero on Vk+l and 1 on M-Vk. Define
1- . ~k ~k _ ~ .
a C vector field X on M by ¥ = ka in M*
~k .
and X = 0 in V

k+1°



- 66 -~

I11.2.10 LEMMA. For each positive integer k, Xk is a

bounded €Y~ vector field on M with X5 < 2(k+1);

hence by proposition (III.1.10) ’Yk generates a global one
parameter group { gt} of ¢t~ homeomorphisms of M.
Moreover if peM then d({ gz (p), gé(p))‘sZ(k+l)| b-a |

and in particular d(p,gt(p))s 2(k+1)y { t{, (d 1is the

Finsler metric.).

~k
PROOF If X "(x}) # 0 then x g vk+l so | dfxnzl/k+l;

hence, since X 1is a pseudo-gradient vector field for f,

we have
~ 2 || af_ ||
- X (%) X = 2
e 1= 5y | < —rae—r2 Cag, <2t
Hence !l Yk(x) = L (%) I Xx) I < 2(k+1).

Now gt (p) with variable t and fixed point p 1is an

integral curve for '%k with the initial condition p and

when a<tghb, gt(p) serves as a path from gz {p) to gg(p).

b
k
Therefore d(gf(p), g5 (p))g fu Sasen || ae
(o &
b
= { X% (o)) Il at <2(k+1) | b-a|.
A t i

I1I1.2.11 LEMMA. f(g: (p)) + (b-a) > f(gg (p)) > f(gg (p)).

In particular f(gt(p)) i1s monotone nondecreasing in t.



Moreover if gt (p) £ Vk for agtgb
k k
then f( gb(p)) - ¢ 95 (p}) = b - a.
d k - C.d ok
PROOF. —gp £l 9¢ (P)) = Afgk ) ge (95 ()
~k k ~Kk k
= . = f
af () x© (gg (p)) x o gy fp))
_ k > _ k
= L (g, (p)) X £ L, (g (P))
since Xf = 1. Hence
b
Ear (p) - £0 g () = | L (g (p) at
b a k t
- a.
Since 0 SL%‘ 1 and since Lk is 1 outside Vk, the
lemma follows.
I11.2.12 LEMMA. If  {f( P, )} is bounded as n + « and

{tn } is bounded then {f(gt (pk))} is bounded.

k

PROOF. Since {f(pn)} and {tn} are bounded, so there
exists real numbers A and B such that |f(pn)| < :
and |t | < B, for all n.
Now  |£(g" (p.)) | < [f£(aX () - £ (@¥(p))]

tk k = tk k o "k

k
+ [ £ 9o (Py)) | < | ty | + | f (pk) l< B+ A,

where the second 1inequality follows from Lemma (III.2.11)

and the ‘'ract that gz = identity.Hence {f(gi (pk))} is bounded.
k

#
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ITI1.2.13 LEMMA. The set

1 k
U, = {xeM | |£(x)-c] < ;5 and 9y (x)é‘Vk
for some te [ - 22, 0] }is an open neighborhood of
k

for

KC and each neighborhood U of KC includes a U

k

i

some k.

f

PROOF. The first statement is clear. We can assume U

to be a closed neighborhood of KC, ( by paracompactness).
If no U, < U, let { pk} be a sequence with P, € Ug
and p£ U. Since lf(pk)—c | < l/k2, f(p,) + c and

since ¢ 1is not a limit point of £{ Int(K—KC)) for large

ki Py £ Int K, ( note that Py £. K. ). Replacing p,

by a nearby point we can assume Py is not a critical
point of f ( note that U is closed ). Since
f(p) =~ c, {£(p)} is bounded. Choose t, el ~2/k%, 0]

so that gt ( Py )y e V By the Lemma (III.2.12),

K-
k
{ £¢ gt (pk))} is bounded. By definition of V_ the
k
norm of df at gt (pk) is less than 1/k. Since for
k

large Kk, Py ﬁ K, it follows that for those k,

k
gtk( Py ) ¢ K ( since K 1is pointwise 1invariant under
gt ). Hence by condition (C), a subsequence of { gt ( Py ) }
k

converges to some point ge K. Now by the Lemma (III.2.10),



¢ 2+ g, |+ dlgy (B, a)
k
< 4 (k+1) k
2 +d I, (P ) a).

Hence the corresponding subsequence of { pk} will also

converge to q. Since f(gq) = 1lim £ (pk) = c ,—q EKc .

K » o
On the other hand since U 1is a neighborhood of KC and
Py £ U, no subsequence of { pk} can possibly converge
to a point g of KC. This contradiction proves the

lemma.

111.2.14 LEMMA. If 0 <¢< l/k2 then

PROOF. If X ¢ MC+€ - Uk then f(x) < c+g<c+l/k2. Since
k

by Lemma (III.2.ll),f(g_t(x)) is monotone non-decreasing

in t, we can assume that f(x) > c—l/k2 ( otherwise

f(gEl(xH < £(x)g c- l2<-c—e and so we are done ). Hence
k

12 and so by definition of Uk' gt(x) £ Vk
k
0. Then by (III.2.11), with a = —2/k2 and

f(gEl(x)) SEER 2 (x)) = fix) - 2

2/k kz
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Hence the lemma follows.

II1.2.15 THEOREM. Let M be a complete C2 Finsler

manifold without boun-dary, f: M - R a CZ_ function

satisfying the condition (C). If ¢ ¢ R 1is not a limit
point of f(Int(K—Kc )), then there are arbitrarily small
neighborhoods U of Kc and arbitrarily small ¢>0 such
that there exists an isotopy a; of M with

- U)o M
c

PROOF. By Lemmas (III.2.13) and (II1.2.14), we have
arbitrarily small neighborhoods Uy of KC and arbitrarily

small € > 0 such that the map 5} Mx I+ M, given by
~S s k

g (x,t) = gt(x) = g_t(x), is an isotopy of M with

r~ _ ok
91 Moye= U ) =9 (M, - U) S M___ .

Cc+e

Let ¥ be a family of subsets of a Banach
manifold M. We shall say F is isotopy invariant if, given
F e¥f and an isotopy {gt} of M, gl(F)g 31 . If f:Ms R

is a function, we define minimax(f, ¥ ) the minimax of f

relative to Ej , by

minimax (£, F) = Inf Sup { f£(x) | xe¢ F}.
Fe¥

Equivalently, putting Ma = f—l (m e, al,

minimax (£,F) = Inf{a e R| 3 Fe F with FaM_}



The following theorem gives critical values of

f in terms of minimax (f, ¥).

1171.2.16 MINIMAX THEOREM. Let M be a complete C2
2-

Finsler manifold without boundary and f: M >R a C
function satisfying condition (C). Let ¥ be an isotopy
invariant family of subsets of M such that - < minimax
(£, ¥) < » . Then either minimax (£, ¥ ) is a critical
value of f or else there is a sequence of distinct
critical values { Cy } of f such that Cp ~ minimax

(£, ¥ ) and £ assumes the constant value c, ona

component of M.

PROOF. Suppose that ¢ = minimax ( £, ¥) is neither a
critical value of f nor a limit point of the set

{a ¢ IR| f assumes the constant value a on a component

of M.} . Choose ¢ > 0 satisfying (1) of Theorem (III.2.9)
and F ¢ ¥ with F MC+€ . Then there is an isotopy g, of

M with g, (Fl < Mo - Since g, (F)e ¥ and ¢ = minimax (f, ¥ ),

so we have cgc - ¢ ; which is absurd. Hence the theorem

{ollows. ?@é

§3. Main Theorem of Lusternik Schnirelmann Theory.

In this section we prove the main theorem of
Lusternik and Schnirelmann regarding lower bound of the

number of critical points of £f: M = IR.
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II1.3.1 THEOREM. Let M be a complete C2 Finsler

manifold without boundary and f: M - R be a CZ— map

satisfying condition (C). Assume for each ae R that a is
not a limit point of f(Int (K - K;)). For each positive

integer m g cat M, define

cm(f) = Inf { a ¢ R catM(Ma) > m }

Then,

(1) cl(f) = Inf {f(x)| xeM }. 1In particular, if

f is bounded below then c,(f) = min { £(x) | xe M} .

l(
{(2) cm(f) < cm+l(f).
(3) If —w<<cm(f)< o then cm(f) is a critical value
of ¢£.

(4) If some cm(f) = o then f 1s unbounded on K and

hence K is infinite. 1In fact
colf) € Sup { f(x) | x e K }
(5) If 0< m< ng cat M and

- ®<C = cm(f) = Cn(f) < @

then catMKc > n-m+l, 1In particular if M 1s connec ted
then dim Kc > n-m.
PROOF. Clearly caty Moo 1 if a> Inf { f£(x) | x ¢ M}

and conversely if catM Ma.; 1 then a>Inf-{ £(x)) xeM }.



Hence the statement (1) follows. The particular case in
(1) follows from (I11.2.5); the second conclusion of
(IIT1.2.5) is ruled out as cl(f) is not a limit point of

f(Int(K—KC )) .

L)

Statement (2) 1is immediate because if

+ .
caty M_ > m 1 then obviously cat Moy m and so

{aeR | catM Maz m+l} < { ae€lR | catM Ma > My

and therefore

Inf {aeR | caty M_ > m} ¢ Inf { a e R | caty M3 m+l}
To prove (3), let'3‘rn = {(F<M | catM F>m}

Note, by monotonicity of cat, that ~Ma e\?“iiff there

exists F Eﬂh with F< M_, hence

cm(f)

Inf { ae R | J Fe}fm with Fg_Ma}

minimax (f,‘j'm ).

Now if F M and I is an isotopy of M then trivially

catM gl(F) = cat,, F, so :fm is isotopy 1n variant.Statement (3)

M

now follows from (III.2.16); the second conclusion of
(III1.2.16) is ruled out as cm(f)is not a limit point of

f(Int(K-—KC (£)
m

)) .

To prove (4), notethat if c¢»> sup {f(x) | x ¢ K}

then by (2) of (111.2.9) and by (a) and (c) of (I.1l.3)



- 74 -

we have for some € >0 )catM MC_€ = cat M; so that if

m < cat M then Cm(f)S c- € < c. Hence

c (£) < sup { f(x) | x € K}

In order to prove (5) we first show that, for

> -
some € > 0, cat, K > cat, Mote cat, M,_. . Note
that there is always a neighborhood U of KC in M with
catM U = catM KC ( from definition of category of a

space ). Then by (III.2.15) there is an isotopy It of M

with 9y My U M. for some € >0. Then cat M >

+€ € M c-¢€

cat M - U ) = cat (M

m 91  Moye M U), by monotonicity

ct+e
and invariance under homeomorphism of category of a space.
Again by monotonicity and subadditivity of category we

have

catM Mc+€ < catM (MC+€ U u))

g caty (M - U ) + cat, U g cat, M _ + caty K,

c+eg

S N .
Therefore, cat KC >, catM MC+€ catM Mc_E . Since

c = Cn(f)’ SO catM MC+€z n and since c = cm(f), SO

cat,, M < m-1. Hence, cat Kcz catM M - catM M

ct+e c—-¢€

> n-m+1l.

The particular case follows from Theorem

(I.2.4) since M 1is an ANR [ p.3;Thm 5 ] . ##:

Now we are ready to prove the final result of

Lusternik - Schnirelmann theory.



ITT.3.2. THEOREM. Let M be a complete C2 Finsler

manifold witho%; boundary and f:M » IR a CZ_ map

satisfying condition (C). If £ 1is bounded below
{(or, above ) then f has at least cat M critical

points.

PROOF. If some ¢ ¢gR is a limit point of f(Int(K—Kc))

then £ has infinitely many critical points so we can
eliminate this case. For the same reason by (4) of (III.3.1l)
we can suppose cm(f) < » if mg cat M. We can also assume

f 1s bounded below ( otherwise <consider - f ) so that

by (1) of (III.3.1) - » < cl(f) and hence by (2) of
(111.3.1) - o < cm(f) <eo for allm=1,2,---, cat M. We
shall prove by induction on m that there are at least m

critical points of f in MC (£) l¢gmgcat M. For m =1,
LS m

this immediate from (1) of (III.3.1), since an absolute
minimum of f is certainly a critical point. Now suppose

there are at least k «critical points in M if
¢ (£)
1< k§ n<m . If cn(f) # cn+l(f) then there 1is at least

one critical point of f in g1 ( (£)) by (3) of

Cn+l
(I11.3.1), and it is <clearly different from those in Mc (f)
n

Hence there are at least (n+l) critical points in

._l _
£EoCe (B U Mcn(f) < Mcn+1(f). If ¢ = c_(f)

= Cn+l(f)' let p be the least positive integer such that

cp(f) = cn+l

so that

(f).‘Then by (5) of (III.3.1) catM Kc ),n+2—p,

e

+_
card (Kc) > catM KC > n+2-p



i.e. there are at least n+t2-p critical points on the level

c = Cn+l(f)' If p = 1 we are done. If p> 1 then there are

at least (p-1l) critical points of f in M -+ by
c (£)
p-1
induction hypothesis ( note that p-1 <n and also

Cp—l(f) # Cn+l(E))' Hence there are at least (p-1)
+ (n+2-p) = n+tl «critical points of £ 1in
M.y UE e () & omg )
p-1 n+1l

Hence the theorem follows. Z£

I11.3.3 REMARK. Let M(f) be the number of <critical

points of a function f£:M » IR, Let F(M)= Inf {/HM(f) : £

is constant maximal and regular on the boundary Bbd?.

Lusternik and Schnirelmann [L.1] proved the 1inequality
F(M) > cat M for closed manifolds M. However it is also
known that the inequality F(M)3» cat M holds even for the
manifolds with houndary. Takens ([T.2] considered the
following problem:

For which manifolds M" are cat M" and F(Mn)

equal? Smale, [5.7] and [S.8] , found an answer for each

of the following two special cases.

(1) Let M" be a closed n-manifold. Does cat M"

imply F(M") = 2? The answer is affermative for n 3 5.

7

2
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(ii) Let M" be an n-dimensional compact manifold
with boundary. Does cat Mt =1 imply F(M") = 1?2 The answer

is affermative if dim(Mn) > 6 and (Mn, am" ) is 2-connected.

Takens found answers to the following cases:

For which manifolds M" with boundary (resp.
without boundary ) with cat M? o= 2 (resp. 3) 1is F(Mn)=2

(resp. 3)7?

§ 4. 54—category and the topology of critical sets.

We shall now discuss about a new generalisation
namely ¢{-category, as introduced by Clapp and Puppe [ c.1l] ,

in order to have some informations about the topological

structure of the set of critical points.

1I7.4.1 DEFINITION. Let \A be a class of spaces which

contains at least one nonempty space. We shall say that

a subspace U of a space X is deformable in X to 4 if

the inclusion 1i:U <X factors through some space in _%
upto homotopy, i.e. 1f there exist AEAA and maps —a:U » A
and b: A - X such that ba ~ i. A finite numerable covering

{ U u '} of X such that each U lgtg n,

1’ Uzr_"—l n t ;
is deformable in X to 04 will be called an g -categorical

covering of X. We define the .Q%category_(.ﬂ—cat(xlz of X

to be the smallest cardinality n of such a covering. If



no such covering exists, we say that‘ﬂ—cat(X) = o . More

generally : the \#—Category of a map f: X +» Y, denoted

6{—cat(f), is the smallest cardinality n of a finite

numerable covering { U -, U} of X such that for

1’ UZ’-— " “n

1,2,---, n the restriction f | U.: U.» Y factors

through some space 1in \A upto homotopy. Such a covering

]

each t

will be called an \A—categorical covering associated to f.

Again if no such covering exists then \4—cat(f) = o

II1.4.2 EXAMPLES. (1) Let (P be the class which consists

only of the one point space. Then G’—cat(X).is nothing
but the Lusternik - Schnirelmann category cat (X) of X ,
except that the coverings of X considered in the
definition (I.l.1) of category of a space were open
instead of numerable. If X 1is normal then (P -cat(X) is

exactly equal to cat X.

(2) Let @q be the class of all CW-complexes of

dimension £ . We denote by catq(x) the 9q_ category of X.

We now mention a few elementary properties of
y{ -category

I11.4.3. PROPOSITION.

(i) gl-cat (1) =g-cat(X), 1 : X » X is the
identity map.

(1i) If f£f:X > Y be any map then ﬂ—cat(f)

~

< min {‘4—cat X, ﬂ—cat Y } and H—cat(f) = 0 1ff X = &.



(iii)\ﬁ—cat(X) =1 iff X 1s dominated by some

space 1in \A and X # @&.
(iv) For any two maps f: X » Y and g:Y > 2,
o -cat(gf) ¢ min { d-cat(£), d-cat(9)}

(v)y If { Xl’ X2 } is a numerable covering of X
then for any map f: X » Y,

d-cat (£) < gl-cat (£]x))+d-cat (£]x,).

(vi) If fx~g : X+ Y then

d-cat(£) = d-cat(g).

PROOT'. (i), (1i), (iii), (iv) and (vi) are simple

consequences of the definition.

For (V), simply note that

m n
if {Ui' 9; } and {Vj, hj } are numerable
1=1 j=1
coverings of Xl and X2 respectively and if {kl, k2}

is a partition of unity subordinate to

m n

{Xl, X5 } then { Ui} i=1 {Vj} j=1 forms a numerable
P . +
covering for X, where a partition of wunity {lt} ?=T

subordinate to the new co vering may be constructed as
follows:
If 1< tgm, then define

xX) = kl(X)gt(X), if x ¢ Ut

O, if x ¢ support 9, -



and if m+l ¢ t < m+n, then define

~

x) h (x) , 1f x ¢ Vt—m

O , if x £ support ht—m
Hence (v) follows. qﬁ:

A formal consegquence of (i), (ii), (iv) and

(vi) of (III.4.3) is the following.

II1.4.4. PROPOSITION. If X 1is dominated by Y then

;A—cat(x) < ‘%—cat (Y). In particular iA—category is an

invariant of the homotopy type.

Finally observe that if‘ﬂ P then B-cat(f)
gbﬁ—cat(f) for any map f. Applying this we have from

(I11.4.2),

catdt! (£) < catd(f) < cat  f.

We now study the relationship between L){—category

and the set of critical points of differentiable functions.

Let M be a paracompact Cl— Banach manifold
(possibly with boundary) and let f:M » IR be a Cl— function.
Let K be the set of critical points of f. Our aim is
to show, by extending the classical Lusternik-Schnirelmann
method (Section 1 to 3 of chapter III), how A—category may
be used to obtain new informations about the topology of

the sets Ka' a elR. For this purpose we need some assumptions



on f and M. Consider the following deformation

conditions:

(Dl) For any a ¢ Int([R-f(K)) there 1s an

e>0 such that ™M is deformable into M
ate a-g

(D,) For any isolated critical value a of £
and any neigbborhood V of Ka there is an e > 0 such

that M — V is deformable into M
ate a-¢

(D3) If a > sup £(K) then M 1is deformable

into M
a

We call (Dl), (D2) and (D together the

3)
generalised Palais-Smale conditions (GPS).

Now we are ready to state the new version of
the main result of Lusternik and Schnirelmann (Theorem
(II1.3.1)). We shall write g-cat,(X) for gl-cat (X M).

Consider first the following lemma.

I11.4.5. LEMMA. Let M be a paracompact Cl - Banach

manifold and 4 be a class of spaces ha v ing the homotopy

type of CW-complexes. The set function defined as
MD X > n(X) =dA-cat, (X)

has the following properties.
(1) MONOTONICITY: If X < X <M then n(X') <n(x).

(2) SUBADDITIVITY: If Xl’ x2 form a numerable

covering X <M then n(X) < n(Xl) + n(Xz).



{3) DEFORMATION INVARIANCE: If X< M is deformable

in M into X' then n(X) < n(X ).

(4) CONTINUITY: If X 1is closed in M then there

is a neighborhood U of X such that n(U) = n(X).

PROOF. Properties (1), (2} and (3) can be easily obtained
from parts (iv), (v) and (vi) of Proposition (I11.4.3) with

suitable changes.

(4) is proved using the fact that M 1is an ANR
[ p.3; Thm 5 ] and CW-complexes are ANE [M.6] where by
an ANE ( absolute neighborhood extensor) we mean a
topological space E such that every map féom any closed
subspace A of a paracompact space Z into E can be
extended to a neighborhood of A ( in 2 ). To be precise,
let k =‘ﬁ—catM (X) and {Xl, -—=, Xk } be an‘J—categorical
covering associated to X<« M i.e.a numerable covering of X

such that there are Aj gaﬂ and maps aj: Xj > Aj 5

bj: Aj - M with bjaj homotopic to the inclusion Xj'* M,

@ = 1,2,---k. Choose open subsets US of M such that
Xj = US N\ X . Then Xj is closed in the paracompact space

Ug of M ( note that M 1is metrisable ). Since Aj e\#r

it has the homotopy type of a ANE. So it follows that
upto homotopy aj may be extended to a ﬁap -55: U; > Aj ’
where U; is an open neighborhood of Xj in U; . Consider
bjgj : U; + M, Since M 1is an ANR, there is an open

/

neighborhood U. of X. in U. such that b. a. | U, is
J J J J 3] J



homotopic to the inclusion Uj <»>M. Now { Uyr===y Uk}

is an g-categorical covering of its union U associated

to the inclusion U<, M. Hence g¢f-cat, U < k; and since

X < U, by monotonicity (1) we have k =\g—catM X S.A"Catm U.

Hence (4) follows. F

IIT.4.6 THEOREM. Let M be a paracompact Cl— Banach

manifold and £: M » R a Cl function satisfying the GPS

condition. Consider the function

m: IR = N U {=} defined by

m(a) = gd-caty )

where _% is a class of spaces having the homotopy type

of CW~complexes. Then
(i) The function m 1is monotonically increasing

(ii) The function m 1is locally constant in the
interior of the set of regular wvalues of f£f.

(iii) At any a ¢ IR, which is an isolated critical
value of f, the function m Jjumps at most by A—catM (K_) -

(iv) m(a) = ¢g-cat(M) for all a > Sup f(K).

PROOF. (i) follows directly from (1) of (III.4.5), (ii) from
{1) and (3) of (I11.4.5) using (Dl), {iv) also follows from
(1) and (3) of (III.4.5) using (D3). To prove (iii) take a
neighborhood U of Ka such that n(U) = n(Ka). Let V be

a closed neighborhood of Ka in the interior of U and



choose € > 0 as 1n (D2). Then,
m(ate } = n (.Ma+€ )
<n oMy, ~ V) + n(U)
£noM _ )+ n (K)

= m (a-e ) + f-cat, (K_),

M a

using (2) and (3) of (I11.4.5) together with (D Hence

2).
the theorem follows. ;@5

III.4.7. COROLLARY. If f:M -+ IR and J! are as in the

Theorem (I1I.4.6) and if in addition f 1s bounded below

then

d-cat ) ¢ 5 frcaty (K
a eiR
PROOF. If f has infinitely many critical values then
there is nothing to prove. Otherwise every a€/R 1is either
a regular value or an isolated critical wvalue of f;’Choosing
o < Inf f(M) and b > Sup f(K), we have m(c) = 0 and

A—cat(M)

m(b), by (iv) of (III.4.6)

m(b) ~ m(c)

£ d-cat
aelR

N

m (K)o by

(ii) and (iii) of (III.4.6), noting that (ii) of (III.4.6)
implies that m is constant between any two consecutive

critical values, (also note that, here Inf £(M) = Inf £(K).).

#



1171.4.8 REMARK. The corollary (II1.4.7) implies in particular

that %~cat (M) is a lower bound for the number of critical
points of f£; but since gﬁcat(M) < cat M, this 1s already
known (III.3.2). But a useful consequence of (III1.4.7) is
that 1if Jf and f are as in (III.4.7) then either f has
at leastjf—cat M critical values or there is a critical

value actR of £ such that \d~cat (Ka) > 1. This means

M
that the set Ka and hence the whole set K of critical
points of £ cannot be deformed in M to A. In particular

Ka and hence K 1is not dominated by any space in A.

Following simple proposition explains what does

the above remark mean in the examples given in (III1.4.2).

II11.4.9 PROPOSITION. Let M be a paracompact C 1 Banach

manifold and f: M +IiR be a Cl function satisfying GPS.

Then assuming f to be bounded below we have

(i) If £ has less than cat M critical values
then the set K of critical points of f is not

contractible in M.

(ii) If f has less than catq(M) critical values

then the set K has covering dimension greater than (.

PROOF. (i) follows immediately from (III.4.8) taking ¢ to

be the class (¥ consisting only of the one point space.

For (ii) we first note that by [ p.3; Thm 14]



there exists a simplicial complex S such that M is

dominated by |S| , the associated CW-complex, i.e. there

P

exist maps h: M > | Sfand h : | S| > M with/Eo h gzldM.
Now take ‘A'= 99, the class of all CW-complexes of

dimension ¢ g. If possible, suppose that dim K g g. Then

by [S8.3; Ex5, pl52] there exists an open covering U of
K, in which at the most (g+l) members meet, and a simplicial

map g: Ny + S such that hoe i x lg] o t, where N, 1is the

nerve of U, g : |NU| > | 8| is 1induced by g,

i: K + M 1is the inclusion and t: K = |N is a cawmonical

yl
map. Clearly, the CW-complex !NU] is of dimension ¢ q and

i~h o f{gle t. That is i factors through a member of

ﬁq, upto homotopy, which is a contradiction by (III1.4.8).

Hence dim K > (. ;@é



Throughout this chapter, unless otherwise mentioned, M will
denote a paracompact, pathconnected Cl~ Banach manifold

on which a compact Lie group G acts.

IV.1l.1l. DEFINITION., If X 1is an invariant subspace of M,

a homotopy H:X x I + M 1is called equivariant if

H(gx,t) = g H(x,t), xe X, ge¢G. X is called G-categorical
if there is an equivariant homotopy H:X Q I + M such that
HO: X > M is inclusion and Hl: X + M has image in a

single orbit orbx, where orbx = Gx = { gx: ge G } is the

orbit of x.

IV.1.2 DEFINITION. If X 1is an invariant subset of M

we set G-catM X =n itf X can be covered by n G-categorical
open subsets of M and n is minimal with this propety.
If X cannot be covered by a finite number of G-categorical

subsets, we set G—catM X = »

For simplicity we shall write G-cat M 1in place

of G—catM M.

IV.1.3 REMARK. If G acts trivially on M, then G-category

and ( Lusternik - Schnirelmann ) category -coincide 1i.e.

G-catM X = catM X.

Moreover, for an arbitrary action of G, one can easily see



that

_ > ~ X
G catM X > cat M X '

where X = X/G and M = M/G, by passing onto the quotients.
In particular if the action is free then by the homotopy

lifting property one can conclude that

G~catM X = catﬁ' X.

Thus using Krasnosielski's result ([K.1] , that

cat Sn/ G = n+l for all finite nontrivial group G acting
freely on the n-sphere sh , we immediately get

G-cat s" = n+l if G is any finite nontriv ial group

acting freely on sh.

The following proposition gives some elementary

properties of G~-category.

IV.1.4. PROPOSITION. Let S denote the set of invariant

subsets of M and h: § -+ Z+ the set function h(X) = G—catM X,
Z+ being the set of nonnegative integers. Then h has the

following properties.

(i) NORMALIZATION. If X € S 1s a G-categorical open

( or, closed) subset of M then h{X) = 1.
(1i) MONOTONE. If X, Y¢S and XY, then h(X) €<h(Y).

(iii) SUBADDITIVITY. 1If X, Y ¢S then

h(X U Y) & h(X) + h(Y).

(iv) INVARIANCE. If t: M - M is an eguivariant




homeomorphism and X e S, then h(X) = h(t(X)).

(v) CONTINUITY. If X € S, then there is an open

set Ue S, U>X such that h(U) = h(X).

(vi) ORBIT COUNT. If h(X) = n, Xe S, then X contains

at least n orbits.

PROOF. Immediate from the definition ( for the parenthetical

part of (i) note that M is a G-ANR).

+
IV.1.5 OBSERVATION. Among the 2Z - valued functions on S

satisfying properties (i), (ii) and (iii) above, G-category
is maximal. For suppose h be any other such Z+—valued
function satisfying (i), (ii) and (iii) above. Then if

’

X € S and G—catM X = n< o , we have X < Ul ) U2LJ...LJUn

where Ui are G-categorical,

Then h(X) <« h(UlkJ e L)Un )

n
< I h(U.) = n = G—catM X.

§2. Role of G-category in the theory of critical points.

We shall discuss about the so called equivariant
Lusternik - Schnirelmann method for invariant functionals,

as illustrated by Fadell.

Let f: M -+ |JR denote a Cl- functional which

is invariant in the sense that f(gx) = f(x), xeM, geG.



An orbit orbhbx is called critical if the derivative of

f 1is zero on orbx. As before, let K be the set of

critical points of f and K_ = K N f -1y,

-1
M, = £ ( - o, ¢ ] . Our aim is to study how the

number of critical orbits in M is determined with the
help of G-~category., Because of the generality of the
situakion, namaly M 18 a patheohnected paracompact

-l r 2 ) " 5 C
¢~ - Banach G-manifold, Fadell made certain technical

o,

assumptions on f, which he refers as the generalised

Palais-Smale condition (GPS).

IV.2.1 DEFINITION. A Cl - functional f£:M -+ R 1is said

to be generalised Palais-Smale (GPS) if f | K is proper

and for every ce€lR, € >0 and neighborhood U of K.
there exists an ¢ > 0, ¢ < € and an eguivariant

homeomorphism t: M - M such that
(i) t(x) = x if | f(x)-cl> €

(ii) t(M - U) <« M , with the convention
Cc+e Cc-€

that K_ = ¢ implies U = ¢
It may be worthwhile to mention that the GPS
condition given in chapter III is slightly different from

this GPS condition.

Let F denote the set of closed invariant

subsets of M and F. the subset of F containing those

~

X ¢ F for which G-cat, X 3 3. The Lusternik-Schnirelmann



method begins by defining

cj = inf sup f(x)

XeF. xgX
e Ey €

where n = G-cat M. When G-cat M = » it is understood

that 1< j<e | Note that cj < In order that

< Cj+l'
the numbers cj are well-defined H Fadell made the
following two more assumptions, one on the G-manifold M

and the other on the functional f£f.

(M) for each positive integer N ¢ n = G-cat M
( or N <o when n = « ) there is a compact invariant

set Xy with G—catM Xy > N

(£) f 1s bounded below.

In the next step we will see that each value

cj is a critical value, that is the set Kc # g

J
Finally we will see that 1if

cj+l = cj+2 = - = cj+k = C then
G-catM KC > k. Then from this, the fact that f has
at least n = G-cat M critical orbits, follows

immediately. These two steps are usually combined into one
by observing that only the last step is required since
G—catM Kcz 1 implies that Kc # ¢. FEverything is

illustrated in the following result.

IV.2.2 THEOREM. Let f: M =+ IR denote an invariant

functional, M being a Banach G-manifold. Assume f is(GPS)



and the (M) and (£) as gyiven ahove are satisficd. then i

possesses at least n = G-cat - M <critical orbits.

PROOF. As we have already observed that the numbers

cj = inf sup £ (x) ¢+ lgjgn

XeF. xe¥X )
~§

are well defined and it suffices to estimate the G-category

of Kc’ where

Suppose G—catM KC < k. Choose an open invariant set U

containing Kc so that

G—catM KC = G-catM u ,

by part (V) of (IV.1.4). Let € = 1. Then by GPS condition
there exists 0 < ¢ < 1 and an equivariant homeomorphism

t:M + M such that t(MC - U) < MC_ . Let X e F. be

+c € ~J+k

such that f(x)< ct+e , x € X. Then

J+k < G—catM X

2

G—catM(X—U) + G—catM U

A

G—catM (Xx -~ Uy + G—catMKC
by using parts (ii) and (iii) of (IV.1.4). This implies

that G—catM (X-U) > j+1, as we have assumed that G—catM KC<

But this again implies that

k.



G-cat, t(X-U) > j+1, by (iv) of (IV.1l.4).

M
Since f(x)< c+e¢ , for all xe X, t(X-U) < t(MC+€— UaM o
so that G-caty (Mc—e) 2 J+1.
Therefore,

C. = inf sup f(y) <€ c-€ = c. -€

j+1
Yeij+l Yevy

which 1is absurd. Thus

- >
G catM Kc’ kK.

Hence the theorem follows using part (vi) of (IV.l.4).%t

IV.2.3. REMARK. It may be worthwhile to mention that

Fadell's notion of G-category is an example of thevd—category
(Chapter III) of Clapp and Puppe [ c.1] ; taking 4 to be
the class of G- @ of all homogeneous spac es G/H, H

being an isotropy subgroup of G. 1In fact the whole theory
ofj%—category works in an equivariant setting; in particular
the Theorem (III.4.6) can be easily extended to the
G-equivariant case with suitable obvious modifications.

For entire details see [ ¢.1)

IV.2.4 REMARK. Recently W. Marzantowicz [ M.3] has

extended the theory of G-category to a topological space
l

and has shown that this extension has all properties



necessary for the minimax procedure. He has also proved
results analogous to (I.2.4), +4or this extended notion of

G-category.

§3. The use of G-cohomology in the Lusternik -

Schnirelmann method.

G-cohomology ( or equivariant cohomology )
helps us in finding an alternative estimate for G-category

and also it can be used to define a cohomological category

theory which can serve as a substitute for the G-category
in the equivariant Lusternik-Schnirelmann method. We shall
first define what is this G-cohomology, G 1is our fixed
compact Lie group. For our purpose we shall define the
G-cohomology theory, denoted by Hé , in such a way that

Hé becomes a continuous, multiplicative, equivariant

cohomology theory.

Let p:EG -+ BG denote a Universal G-bundle
i.e. EG 1is a paracompact, contractible, free G-space and
BG 1is the corresponding orbit space. Then, if X is any
paracompact G-space, EG x X becomes a free G-space

with G acting coordinatewise. Let EG XG X be the

corresponding orbit space. Then the G-cohomology theory
Hé is defined by Hé(x, 5,) = H* (EG X X 5,), where ,5

denotes a commutative ring and H* denotes a cohomology



theory ( say, Alexander~Spanier cohomology theory) with
which Hé becomes a multiplicative, equivariant cohomology

theory satisfying the following continuity property:

(P) Let X be a paracompact G-space and A be a

closed G-subspace of X, then

Hé (A; K ) = 1lim H* (U:; K )

where the direct limit is taken over all G-neighborhoods
U of A in X.

Similarly for a paracompact G-pair (X,A) the

relative G-cohomology theory is defined by

H: (X,A; K)

& H* (EG xG(X,A): j&)'

where EG x (X,A) (EG x . X, EG XG A).

G G

IV .3.1 REMARK. It may be noted that in general Ha does

not satisfy the dimension axiom for a cohomology

theory. If X = pt 1is a single point then Ha(x;,5)

= * .
HE (pt: K )

~r

H* (BG; K), as EG Xs Pt ~, BG.

Analogous to the notion of cuplength in the
nonequivariant sense ( §2 of 1), we have the notion of

G-cuplength as given below.

1V.3.2. DEFINITION. The G-cuplength of a paracompact




G-space Y over K 1is the largest positive integer Kk
~~

such that there exists k positive dimensional elements
ajs ay,"", @ in Hé (Y; ’5 ) with the product
a; -a, ----- Y # 0.
Convensionally we set G-cuplength (Y) over
K = o , if there is no maximal k with the above

property, and

G-cuplength (Y) ov er K = 0

)

if Y # @ but Hg (Y; K) =0 for n31.

In the nonequivariant case we have, (I.2.1),
Cuplength(Y) over K < cat Y.

But the G-analogue of this result reqguires some comment.
In the non-equivariant case we have seen that if U<Y 1is
contractible to a point in Y then the inclusion map from
U to Y induces zero homomorphism in the positive dimensional
cohomology level. This due to the fact that Hn(pt) = 0 for
n > 1. But in the equivariant case we do not have the
similar situation in general; because Hg (orbx) may not
be zero for n 31, where orbx 1is a single orbit. 1In fact,
as mentioned in (IV.3.1), if x = orbx i.e. G operates
trivially on x then

*

HG ( orbx; K ) = H*(BG; K ),

the cohomology of the classifying space.



In order to avoid this difficulty we have

the following definition.’

IV.3.3 DEFINITION. We say that the action cof G on M

is cohomologically free over IR if Hg (orb x; K ) = 0

for all xeMand nx1.
Free actions are cohomologically free over any
ring K, because in this case orb x ~ G and EG X G ~EG

so that Hg (orb x; K ) = Hn(EG; K) = 0 for all n2>1

and for all x M.
Also if the action has only finite isotropy
groups then the action is cohomologically free over the

field of rationals ({F.4] .

The definition (IV.3.3) makes the following
proposition obvious (using the method of proposition

(1.2.1).

IV.3.4 PROPOSITION., 1If the action of G on M 1is

cohomologically free over K, then

T s

G-cuplength (M) over K < G-cat M. 1t

~

In view of the above proposition we can say that
under the hypothesis of theorem (IV.2.2) and the additional

assumption that the G-action is cohomologically free over

K , the number of critical orbits of f is greater than
a4

the G-cuplength of M over K.

n



We now try to replace the set function G-cat M
defined on S (see (IV.1.4)), S being the set of invariant

subsets of M, by one defined purely in terms of G-cuplength.

IV.3.5 DEFINITION. For X € S, the G-cuplength of X

in M over K, denoted by LG(X), is defined to be the

v~

largest positive integer k such that there are k positive

i 1 —_——— 1 * . )
dimensional elements ayr a2, ay in HG (M; K} with
i * ———— i, ;
ity (al TPE ap ) # 0 where 1.t X <«<» M 1is the

inclusion.

Clearly, when the action of G on M is cochomo-

logically free then for X e S,

LG(X) < G—catM X

using (a) the G-cohomology exact sequence of the pair
n
n . .
(M, é{l Ui) where {Ui} j= is a G-categorical open cover
of X in M and n = G—catM X, and (b) the same method

involved in (I.2.1).

Also in view of (IV.1.4) it is easy to see that,
when the action of G on M is cohomologically free,

LG(X) has the following properties:

(i) L.(X) = 0 if X € S 1is a G-categorical open

subset of M

N

(ii) LG(X) < LG(Y) if X and Y ¢ S are such that

X < Y.
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(1ii) LG(X) = LG (t(X)) 1f t: M - M

is an equivariant homeomorphism and X ¢ S.

X} = n then X €8S has atleast (n+l)
orhito. "
However in general, the following two properties
arc not valid. '
(v) Lo(X U ¥Y) £ Lo(X) + Lo(Y), X, YeS and
(vi) given X ¢ S, LG(X) = LG(U) for some open

set U e S5, U >X.

Thus there are gome difficulties in using the
set function LG directly to the critical point theorems,

in place of G-catM.

To have a smooth sailing as far as the six
properties mentioned in (IV.1.4) are concerned, one
modifies the notion of G-cuplength and talks about what
is known as the cohomological index theory. Here
instead of fixing an ambient space M one works in the
category of paracompact G~spaces. Fix an element
a € H* (BG; K ), a # 0, where G 1is the fixed compact

]

Lie group and BG is the classifying space.

IV.3.6 DEFINITION. If X 1is a paracompact G-space and

P:EG — BG is the universal G-bundle, then we have a
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a diagram

e % .
EG X b QLA N BG

where the map qx, induced by the projection | , is
unique upto homotopy and is called the classifying map

for the G-bundle EG x X — EG xG X. Define,

= 1 . * =
Indexa X min { k : qx(ak ) 0 }

where *: H*(BG; K H*
qx ( A) - (EG xg

qx. If q;(ak ) # 0 for all k, then set Indexa X = o

X; K ) is induced by

Before proceeding further let us consider, for

any G-space Y, the map
HG : EG X Y + Y/G
. . -1 _ _ _
with fibres HG { orb yv ) = EG xG orb y = EG/Gy BGy,
the classifying space for G ; Gy is the isotropy

subgroup of G at y. When the action of G on Y is

cohomologically free, H*( Hél(Orb y ) ) = H&(Orb y ) =0
in positive dimensions for all yeY. We know that ( by
Vietoris mapping theorem [ Q.1 ] ) if a map f:A
closed and its fibres f_l(b), b ¢ B, are compact,

relatively Hausdorff . in A, and acyclic then ¢




H* (A) ~y H*(B). Applying this to

Ayen
w

]
e 28

i : EG

G XG Y » Y/G

wo gal  HE(Y) ag BF(Y/G). That iy when tho sceion of & is

cohomologicanlly frae, the G-cohomselogy of & G-apace

coincides with the cohomology of the orbit opace.

We now return Lo our previous setting of an
1
ambient paracompact pathconnected C* Banach G-manifold
M and let C bo the set of all invariant subsets of M.

Then analogous to (IV.1.4) we havd

IV.3.7 PROPOSITION. With the notations same as above we

have

(1) NORMALIZATION. 1If X ¢ C is G-categorical in M

and the action of G 1is cohomologically free over K
then

Index X = 1
a

(ii) MONOTONE AND INVARIANCE. If X,Ye C and

t: X * Y 1is an equivariant map, then
Index_ X <& Index Y
a a
In particular, if t: X =+ Y is an equivariant homeomorphism

then

Indexa X = Indexa Y.
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(iii) SUBADDITIVITY. If X, Y ¢ C then

Index (X U Y) < Indexa X + Indexa Y.

(iv) CONTINUITY. If X e C 1is closed in M, then

X has a neighborhood U ¢ C such that

Index_ U = Index X.
a a

(v) ORBIT COUNT. If X ¢ C and Indexa X > 0, then
X # @d. If the action of G on M is cohomologically free
over K and Indexa X > 1, then X contains infinitely
7~

many orbits.

PROOF. (i) It is weasy to see that q; : 1i* (BG; K).>Ha(x;
ba ~
* = i * *
canAfactored as qx it o gl where
1k . * . * o y 1
ik HG (M; 5) -+ HG(X',i ) is induced by
inclusion i: X + M., Also ié = 0 as X 1is G-categorical

in M and the action of G 1is cohomologically free. So
(i) follows.

For (ii) simply note that qg* = t* o q*y)

X G
where t* : H* (Y, K ) _—5 H* (X; K is 1induced by
G G L G N
t: X * Y.

(iii) Let Indexa X Note that

]
3
o))
3
Q,
—
3
Q,
[0
x

Y]
=<

I
3

= % * * = *
q; itoaqy ,y 2and g 1§ © 93 uy?
where i: X<s»X U Y and j: Y <> X U Y.

Now Q§ (am y = 0, so q;‘L)Y(am ) € ker i*G and

K)

-
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therefore (am) can be lifted back to an element

*
9% Uy

bls;HE (XJY, X; K ), by exactness of the G-cohomology
~

sequence of the pair (XUY, X). Similarly q§kJY (an

)

can be lifted back to an element b2€ H* (XUY, Y; EJ)

G
* m * 1 m+n
and so the product qu)Y(a )’QX\JY(a ) quJY(a )
can be lifted back to an element bl bzg HE(XLJY, XuY; K),
~s

which is a trivial group. Hence Indexa(XkJY)51n+n.

(iv) Since X 1is closed in M and M is
paracompact, so using the continuity property (P) of Hé

we have

* . - i * .
H* (X; K ) 11@ HG (Vs K ),

where the direct limit is taken over all possible
G-neighborhoods Vv of X in M. Let k = Indexa X then
q§ (ak ) = 0. Hence it follows that there exists some

G-neighborhood VO of X in M such that q§ (ak y = 0,
o)

since q§ = ié o q§ (i:X <sV) for all G-neighborhoods

Vv of X in M. Thus Indexa VO < k = Indexa X. Choosing

N

U = Vo and using the monotonicity of Indexa, (iv) follows.

(v) First part is trivial. Second part follows

from the following commutative diagram

Ed
Vx
H* (X/G) = HE(X) ———> H*(BG)

[ be
g

H* (M/G) = HX (M)
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where the homomorphism —Ié '

trivial as X/G is a finite subset of the pathconnected

induced by i:X<»M, is

set M/G ( hence 1 20 ). Note that HE (X) 2 H* (X/G) by
Vietoris mapping Theorem applied to the map

EG xo X =~ X/G. £

From the above proposition we see that when the

action of G on M is cohomologically free, one can use

M
method of 82 to obtain an analogue of (IV.2.2). That is

Indexa in place of G-cat, in the Lusternik - Schnirelmann

under the hypothesis of (IV.2.2), with property (M)
modified suitably in terms of Indexa, f possesses at

least n = Indexa M critical orbits.

The above method for an estimation of the number
of critical orbits using Indexa, ofcourse when the action
of G 1is cohomologically f ree, is guite useful because
Indexa is more easily computable than G-catM; eventhough
the conclusion, that Indexa M ¢ no of critical orbits, is
an immediate corollary to Theorem (IV.2.2), since for
XeC. Indexa X g G-cat,, X ( by (i) and (iii) of (1IVv.3.7)).

M

IV.3.8 REMARK. The biggest drawback of the set function

Indexa is that when the action of G is not cohomologically

free then a single orbit may have infinite 1index. For

example, 1f X ¢ C 1is such that gx = x for all ge G and

x € X, then we have a diagram
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BG x X = EG x_, X —» BG

wh?re qx. is projection; and so q;f H* (BG) - Hé(X)

is a monomorphism. Hence if a ¢ H*(BG) is of infinite

order in H*(BG), then Indexa X = o

§4. Relative cohomological Index theories and the

Lusternik - Schnirelmann method.

In view of Remark (IV.3.8), when the action of
G on M 1is not cohomologically free, one 1likes to have
a new index theory, that is to fix a subspace A of M
and for X € C define an index theory of X modulo A,
that would be useful especially when the action 1is
cohomologically free outside A. A detailed study on the
relative cohomological index theories is contained in [F.3] ,
we shall expose here only the highlights appropriate for

the Lusternik - Schnirelmann method.

The general theory can be described as follows:
Consider a category whose objects are paracompact G-pairs
(X,A) and morphisms are equivariant maps f:(X,A) -+ (Y,B).
Let p: EG + BG be the universal G-bundle. Then for a

paracompact G-pair (X,A) we have a classifying map for the
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the G-bundle EG x X - EG X X and a diagram

EG x X - > EG

inducing a homomorphism

g* : H* (BG) + H*(EG x

x G X) = Ha(X)

where the coefficients are now taken in a fixed field
Suppose now that /\ c H*(BG) is a subring (always with

unity ), then the cup product

HE (X, A) ® HE(X) =~ HE (X,A)

together with the homomorphism

* . * N *
q%: H*(BG) HX (X)
endows Hé(X,A) with a right fi-module structure.
Precisely,
X A = X qu;~(k Yoo Xoe he o x g HE (X,D).

IVv.4.1 REMARK. An equivariant f£:(X,A) -+ (Y,B) between

paracompact G-pairs induces a map

1 fo = fG: EG xG(X,A) - EG Xq (Y,B)

and hence a homomorphism of A -modules

S
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* . * > *
fG : HG(Y,B) .HG (X,A).

Thus, Hé is a cohomology functor from the category of
paracompactG-pairs and equivariant maps to the category

of A-modules, A . H* (BG).

IVv.4.2. DEFINITION. Let A < H*(BG; K) denote a

subring and (X,A) a paracompac t G-pair. Let UcA
denote the annihilator of Hé (X,A; K)
i.e. U ={ xen | xr= 0 for all x € HX(X,A) }. Then

regarding \/U as a module over K(vector space over K )

one defines

IndexA (X,A) = ranﬁs AJ/U = dlm’5 N/ U
If A= @6 and ae H*(BG) 1s a chosen element,

let A denote the subring generated by 1 and a. Then,
since we have a unity 1 ¢ HO(X), the annihilator of Hé (X)

i.e. U 1is just the kernel of

g* :+ A~ HX (X).

X G
Thus U 1is generated by { ai } isk for some k and
hence

IndexA X = k = Indexa X.

When the subring A <« H*(BG) is generated by 1
and a single element ae&H*(BG))it will be called

monogenic.
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IVv.4.3. REMARK. Let A < H*(BG; ﬁ) be monogenic

i.e. A= K f[a] for some aeH*(BG; K). Let U be the

a4

annihilator of Hé(X,A). Then any element zeU looks like
i i+l

z = ki a’ + ki+la +-~-- where ki #Z 0, 1 >0 and
ki € 5.
Now x.z = x U q;(z ) = 0 for all xc¢ Hé (X,A)
i i+1
=>  x Uk, gf (a7) + k., QX (a7 )H=-- ) = 0

= x Uk, g* (a') =0
:%; X U q; (a*) = 0 for all x ¢ HX (X,A)

which in turn implies that al e u.

Thus it follows that U 1is generated by { at }... where
y 1>1
rd of

iO = min {i: a* ¢ U } . Correspondingly, rankK A/ U = io.

-~

IV.4.4 PROPOSITION. ( Monotone property for Index , )

Let f:(X,A) -+ (Y,B) denote a morphism in the category

of paracompact G-pairs.

(a) If fé : Ha (vy,B) ~» Hé(X,A) is surjective, then

Index (X,A) ¢ Index

A (Y,B).

A

(by If A and B are empty, then

< de: Y
IndexA X < In exﬂ
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* - * * B
PROOF. (a) ££ : HX(Y,B) > HA (X,A) is a

A -homomorphism. Let U(X,A) and U(Y,B) denote the

annihilators of HX*(X,A) and Hé(Y,B) respectively.

G
If x¢ Hé (X,A%there exists some y eHé (Y,B) such that
* < =
£5 (¥) X.
Now let A ¢ U(Y,B) then
x.A = £f* (yx) = 0 and hence

G
U(Y,B) < U(X,A).

Therefore, IndexA (X,A) ¢ IndexA (Y,B).
* = *
(b). Note that, ay fG o) q§
*
Thus ker (q; | A ) < ker (qxl A )

Since ker (q;(l A) = U(X) and ker (q¥ | A ) = ULY)

the result follows. +*

Iv.4.5 PROPOSITION. (Additive property for Indeﬁ\ ).

Let X = Xl(J X2 and A = AlL;AZ with Alc: Xl and

A2C x2t

Let A be monogenic. Then

where (Xl, Al) and (X2, A2) are paracompact G-pairs.

(a) Indexf\(X,A) < Indexf\(xl,Al)
+ Index/\(xz, A2)
+ Index/\(xln X2, Alf)Az).

(b) If A, = B,
Index/\(x, Al) < IndexA (Xl, Al)

+ IndexA XZ;



- 111 -

(c) If Xl = X

2 r
<
IndexA (X,Alf\Az & Inde%A(X,Al)
+ Index/\(AlL)Az, Al)
PROOF (a) Let U, Ul' U2, U12 denote the annihilators

* *
of HG (XIA)I H(*s (Xl’Al))HG (le Az)r Hé(xiﬂ le Alﬂ A2)

respectively.

Consider the following Mayer-Vietoris sequence:

8
* >
ad HG(X1(|X2, Alﬂ A2) HE(Xlsz' Ali }A2 )

3amg x A ®HE (X8, Y
where i*, j*, & have their usual meaning. Let %16 Ul'
AZ € U2 Alze U12 and x be any element of
Hé (Xlu X2, AlL)AZ) = Hé (X,A). Consider the element
X. kl xz € HE (X,A). Clearly 3J*(x. Al Xz) = 0, so there
is some Yy € Ha (Xl(ﬁ X2, Al F\Az) such that
S(y) = x. Al k2

Therefore §(y. A X. Al A2 A3 . But vy A3 = 0,

3)

0; showing thereby U.U,U U

hence x. A A A 1YoU12

1 "2 3

So, 1n view Remark (IV.4.3),

rank A / U & rank A / Ul U2 UlZ

= rank A/ Ul + rank A/ U2 +rank /\/Ul2

Hence (a) follows.
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= *
{(b) Let Ul Ann HG (Xl’Al)
U2 = Ann Hé (X2)
U —-—

= *
Ann HG(X,Al)

Consider the diagram,

s
d2
Hé(X,Xz)

where 12, j2 are inclusions and g's are classifying maps.

Since u, = ker (g | A ) there exists some
X2 ’
* 7 K R = *
B € HE (X,X2) such that i35 (£) az (Az), by exactness.

Again let xe:Hé (X,Al) and consider the exact sequence,

R}
> *
——>HE(X,X1) + Hé(X,Al) HE (X;/A))—

Then there exists some a ¢ Hé (X,Xl) such that

by exactness.

~
oy
c
0
X
>
>
Il

1 5 thq§( Al Az) (by definition )

1

(xLag( X)) U g} 2.

ki (&) -jE(B).
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But ¢.8 ¢ Hé(X,X) = Q. Hence A A e U, i.e.

Ul Uzc: U. So rank A / U ¢ rank p / Ul + rank A /U2

and hence (b) follows.

(c) Consider the exact sequence,

*
> HS(AfJAZ'Al) > HE( X,Al\)Az) - HE( X, Al) -+
= *
Let U Ann HG (X,AIUA2 )

*
Ul Ann HG (X, Al)

U12= Ann Hé(AlLlAz, Al )

Using the same argument as in the proof of (a) and (b) above,

we have

Ul U12 < U

and therefore (c) follows. q#:

Similarly, there do exist analogues of other
basic properties (see [ F.3 }). But what is to be noticed
is that a stringent additional condition is required for
the monotone property of Indeﬁx ; namely the surjectivity
of fé: Hé( Y ,B) » Hé {X,A), see (IV.4.4). Thus, the
statement X<Y and A = B, need not imply Indeﬁ\ (X,A)
< Index/\(Y,A); for example consider Y = D2, X = Sl and

A = B = pt. This makes Lusternik - Schnirelmann method

difficult to apply.

However a slight modification of the definition

(IV.4.2) does give the appropriate monotone property.
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Sticking to the same notion as above, we have for a

paracompact G-pair (X,a), A # g , the coboundary operator

g 1 ay S5 Hg (X,A) for g3 1 and the augmentation

K —» Hg(x,A)

and we let MI(x,a) = Image ¢§ for g »1 and M° (X, A)

= Image €. Also for completeness, we set M*(X,A) = HE(X)

o
G

In both the cases if A< H*(BG) is a subring, M*(X,A) is

when A = { . Then MO(X) contains the unity lge¢ H (X) .

a A-submodule of Hé {(X,n).

IV.4.6. DEFINITION. Let U” denote the annihilator of

the graded A-module M*(X,A). Define

Indexi (X,A) = rankK AN/ U

We shall refer to the index theory given by the
above definition as §-index theory. Since U DU

= Ann Hé(X,A), we have

IndexR (X,A) <« IndexA (X,A)

and when A = ¢ ,

Indexi X = IndexA X.

In contrast to IndexA : the monoéone property for
§ -index is adequate for the Lusternik -~ Schnirelmann
method.

IV.4.7 PROPOSITION (Monotone property for §-index ) Let

£:(X,A) » (¥Y,B) denote a morphism between paracompact
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- 3 * . * *
G-pairs (X,A), (Y,B). If (f]|BA)E: HE (B) > HX (A)
is surjective , then
§ s
IndexA (X,A) ¢ IndexA (Y,B)
In particular, when X <Y and A = B, we have
§ 8
IndexA (X,A) < IndexA (Y, A).

PROOF

diagram

One simply considers the following commutative

5
HE (A) 5 HE (X,A)
¥ X
({(A >c, 1
5
HX (B) > HE(Y,B)

and uses the same technique involved in the proof of

(IV.4.4). -
IV.4.8, PROPOSITION (Additive property for & -index).
Let X = Xl{JXZ, A = AlUA2 with AlC:Xl, A2CZX2, where
(Xl’ Al) and (X2, A2) are paracompact G-pairs. Let N be
monogenic. Then
8
(a) IndexA (X,A) < Index (Xl,Al)
+ Indexi (X, A,)
+ Index (le\xz, Al()AZ).

A



- 116 -

(b) I£f A = &,
8 8
Index (X,A;) £ Index (X,,4,) + Index X
1 A 171 A 2
(c) If Xl = X2
8§ )
Index (X,A,U A,) £ Index (X,A,)
A 1 2 A 1
+ Index, (Alu A2’ Al)
PROOF. Adopt the same technique involved in the proof

of (IV.4.5) and use

Like IndexA

analogues of other basic properties,

Continuity etc.,

Conditions
IndexA (X,A)
interest.

to be finite,

(1)

G-neighborhood retract in X.

see

the naturality property for ¢

, the ©6-~index also satisfy the

i.e. Invariance,

(F.3]

( Finiteness conditions )under which

< » ( hence Indexg (X,A) < ) are of
There are several criterions for IndexA (X,A)
For example:
Suppose (X,A) is a compact G-pair and A 1is a

Suppose A 1s Noetherian

and IndexA (orbx)< = for all x e X-A. Then IndexA(X,A)<OO .
(2) Suppose (X,A) is a G-pair with finitely generated

cohomology, A is Noetherian and X-A has finitely many

orbit types. Suppose further that IndexA (orbx) < =

for all xeX-A. Then (X,A)< =

But the simplest condition for

following.

Index
A

finiteness is the
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G

IV.4.9 PROPOSITION. Suppose HX (Orbx) is acyclic
over K for every xe¢ X-A. Suppose further that X is
r~

a finite dimensional and seperable metric space. Then,

IndexA (X,A) < oo,

PROOF. Consider the map

HG: EG Xa {(Xx,A)y -+ ({X/G, A/G) with fibres

1 “l(orbx) = EG x orbx = EG/G_ = BG_, the

G G X

classifying space for G _. Thus H*{ Hél (orbx))

= Hé (orbx), which is given to be acyclic over K for
every x e X-A. Hence we may apply vietoris mapping
theorem [ Q.1] , to conclude that

Hé (X,A) ~ H*(X/G, A/G).

Now HY(X/G, A/G) wvanishes for large q, X being finite

dimensional. So Hg (X,A) also vanishes for large .
Thus, IndexA {(X,AN}< © , since A = {Aq } is of finite
rank over K in each dimension (g.

We now illustrate the eguivariant Lusternik-
Schnirelmann method using the relative §&-index theory.
We consider the following simple case ( we shall use

notations of §2 ).

. +
Let s denote the unit sphere in R" 1 and

suppose that the compact Lie ygroup G acts as a subgroup
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of the orthogonal group QO{n+l). We do not assume that
G acts freely on s". However, we do assume that an

invariant closed subset A c:Sn exists such that

Indexi (Sn,A) = Kk ¢« « , where A 1is assumeed to be
monogenic. Let f: s™ 5 R denote a Cl functional which

is GPS. We shall study the existence of the critical

points of f in s™ - a.

Let E denote the family of invariant pairs(X,A),

where A< X = s" and ch:.E denote the subfamily

consisting of pairs (X,A) such that Index i (X,A) > j.

Then following Lusternik - Schnirelmann method, set
c. = inf sup f (x)
X eE. Xe X
J

c. = sup inf £{(x)

where max £| A= c_<cy< ------- < <
min £f| A = _ 3 c& N > k-

We confine our study to a situation where s # c, or

c’ # ¢ i.e. there exist p and g (minimal) such

that
(1) ¢, = ¢y = —=== = Cp < Cpi1 € --- < Sy
or (2) cg = cf = ——=~- = cé >cé+l; -3¢/
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V.4.10 PROPOSITION. Suppose we are in the case (1)

(or case (2)) above. Then f has at least k-p ( or k-q)

critical orbits in s" - A.

PROOF. We shall confine ourselves to case (l1). Case (2)

is similar. Suppose

Cy41 = €449 = 7777 = Sy = ©4 3> P, les< k-],

It is enough to prove that
Index(S (K_ ) > s i.e Index_ (K.) 2> s
A C 7 . . a c ' ’

KC being the set of critical orbits on the level c.
Since ¢ > c_ = max f | A, A& and K. are disjoint
invariant sets and so we may find an invariant open
neighborhood U of Kc such that Ues” - A and
Indexi (U) = Indexi (K.) ( see (IV.3.7)). Let € = %[ c—cé

. . . b n n
Then since f 1s GPS, there exists € < € and t:S —+ S

satisfying the conditions in GPS. There exists Xe¢ Ej+s
such that f(x) < c+e¢ for all xeX. By part (b) of

(IV.4.8), we have

Incflex(S

S
A (X,n) < Indexﬁ (X-U,A)

-

+ Indexﬂ (v N X)
&
= IndexA {X-U,A)
+ Index (U Nx)

and by (IV.3.7)

Indexa(UYWX) < Index_ (U) = Index_ (K_ )
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Therefore, Indexi (X-U,a) = Indexi (X, A)
- Index_ (K.)
a c

If Indexa (KC) < (s-1), then

Index ¢ (X-U,A) 2 j+s-s+l1 = j+1
A

But by the GPS condition,

E(X-U,A) & t(M_, . —U,A) &= (M__os A),
(note that t] a = 1, as max f | A<c-E )
Hence MC_EE Ej+l’ by (IV.4.7).

So, ¢ = cj+l = Xzzﬁ sup f(x) < c-e < c,
3ep TEX
which is absurd. Thus,
§ - ¢ .
Index (Kc) = Indexa (hc) > s. F4

% 5. Relative G-category and its computations.

Let Y be a pathconnected, normal G-space, G being
a compact Lie group, such that every orbit Gy of Y 1is a
retract of some open invariant subset of Y containing
Gy (e.g. ¥ 1is a G-manifold). Let A # @ be a fixed
closed invariant subset of Y. Let V be any invariant

subset of Y containing A. If there exists a G-map

r:(v,A) - (A,A) such that Jo r is G-homotopic to i,
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where Jj:(A,A) — (Y,A) and 1i:(V,A)— (Y,A) are inclusion

maps, then V is said to be G-categorical relative to A.

IV.5.1 DEFINITION. Let X be an invariant subset of Y

which contains A. We say G—catY(X,A) = n 1f X <can be

covered by n open sets { U Un} such that

l! U2I—__l
each Ui is G-categorical relative to A, and n 1is

minimal with this property.

IV.5.2. DEFINITION. Under the same hypothesis of (IV.5.1)

we say G—cat§ (X,A) = n if n is the smallest positive

integer with the property that X can be covered by n open

sets { W, U U

17 U 7o Uy )
relative to A and each Ui is G-categorical in the sense

of § 1.

IVv.5.3. REMARK. (i) If the action of G on Y is

considered to be trivial then one denotes G-cat (X,R)

Y

simply by catY (X,A) and G—cat§ (X,A) simply by cat?(X,A).

(ii) If G acts freely on Y then G-catY(X,A)

= - * { = * .
caty /g (X/G, A/G), G-cat} (X,A) caty o (X/G, BA/G)
(iii) If A = g then we take G-categorical relative

to A to be just G-categorical in the sense of §1, and

G—catY (X, @) = G-cat* (X, # ) = G—catY X.

IV.5.4 PROPOSITION. If AcY contains minimal orbits;

such that W 1is G-categorical
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i.e. for each y €Y, there.is a point a €A and path p

Y

from y to a such that Gyc:Gp (t)for all tefo0,1] ,
y
where Gy = {g9€G; gy =y} is the isotropy subgroup of
G at vy, then
- - *
G catY (X,A) <G catY (X,A)
— * = —-— —

PROOF. Let G-cat¥ (X,A) nand { W, Uy, U,,--, U,_,} be

Y
an open cover of X such that W 1is G-categorical relative
to A and eac h Ui is G-categorical. Now by normality
of Y there exists an open G~set W' Y such that
ACW o W =W, Let Ul = U, N (v-W' ), 1<ign-1.

Then clearly U} Nw = ¢ and U{ is G-categorical
(see proposition (IV.1.4)). So we have for each i, 1<1ign-g

’

a G~homotopy commutative diagram
Ui Y
Gy
for some y ¢ Y. Define a G-homotopy H:G x I » X by

H(g,t) = gp(t), where p 1is a path from y to some point

a € A such that Gy‘::cp(t) for all t e [ 0,11 . Let

Y : G + Gy be the map g = gy, which is an open surjective
map. Now define ﬁ: Gy x I - X as H(gy, t) = H(g,t)= gp(t).
ﬁ is well-defined since G 6 C Gp(t) for all t, and also

Y -

it is continuous as Ho(v x 1d) = H, where vy x 1d: GxI —Gyx]
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is an open surjective map. Now H (gy,1l) = H(g,1l)

= gp(l) = ga¢ GacA, so H is a G-homotopy taking Gy to

Ga. Thus we have the following G-homotopy commutative

diagram
U, > Y
Ga
Hence UJ U W’ 1is G-categorical relative to A. Thus
! ! 4 ’ [ [ .
fw, UlLJW U, U W, - Un_l(J W } is an open cover of

X, all of whose members are G-categorical relative to A.

Hence the proposition follows. Ees

In most of the cases G-cat and G-cat* are equal
but there can be differences as illustrated in the following

example due to Ramsay [R.1l]

Let X =Y = T2 { the 2-torus ) and let A = Slc:T2

be the inner meridian of ¥X. Also let G be the trivial

group ( or the G-action on Y be trivial ). Ramsay computed

the values of cat ( T2, Sl } and cat*(TZ, Sl ) and found
that cat (T2, Sl) = 2 ( which is of course simple) and
cat* (T2, Sl } = 3.
G—catY and G—cat*Y satisfy the following elementary

properties.
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IV.5.5. PROPOSITION.

(i) If X 1is open G-categorical relative to A,

then

— - - * =
G catY(X,A) G catY (X,A) 1.

(1) If Acxlc: X2

- Z. -
G catY(Xl,A) £ G catY(Xz,A),

Y, then

G-cat* (Xl,A)é-G—cat*

Y v (XprB).

(iii) If t: Y-—=Y 1is an equivariant homeomorphism

with t | A = ld, , then

G—catY(X,A) = G-~catY (t{x),n),

G—cat§ (X,A) = G—cat; (t(X), A).

(iv) For any closed invariant subset XCY containing

A there are open invariant sets U,V containing X such
that
G—catY (U,A) = G—catY (X,N),

G-cat} (V,a) G-caty (X,A)

]

(v) If Ac:Xland AC:X2 then

- < G-
G catY(lesz,A)__ G-caty (X, ,A)
+G"‘CatY(X27 ]\) -
(vi) If AcX, and X2 is any invariant subset of

1
Y then

- ; { G- * + - .
G-cat} (xqU X,/ M) < G-caty (X;,A)+ G-caty X,
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PROOQOF. (i), (ii), (iii), (v) and {(vi) are immediate from

the definition.

For (iv), let G-cat,(X,A) = n and {Ul,uz,-—-unvI
be an open cover of X in Y such that each Ui is G-categorical

relative to A. Now X being closed in Y,{Ul,Uz,——— Un' Y-X}

is an open cover for Y. But Y 1is normal, so there is

a réefinement {Vl, VZ'—__V%+1} of this cover such that

— — ne1
, . . < i -X. .=y,
v.cV,cU; 1l <i<n, and anl:vnffy X. Also }:)1\11 y
“
Hence X< UV, Again AU, for 14i<n, so there
i=1
exists open sets Wi such that Ac:wic:Wic:Ui ( again by
normality of Y). Let 0; = ViLJwi, l1<ig<n. Clearly
n _— -
- ) \ = —
chioi and ACO, < O, v, VoW, v,Uw, cu,,
l<i<n. We choose U= OUO,U------yoO, . Hence

the first statement of (iv) follows. Second statement

follows similarly. FE

The following proposition is wuseful for the

computations of relative G-category.

IV.5.6. PROPOSITION. Let A and B be G-spaces. If X = AoB

is the join of A and B, (AoB = {(ta, (1-t)b): a¢£ A, be¢ B,

0t <l } ). Consider the G-action on AoB given by

g (ta,(l-t)b) = (tga, (1l-t) gb).
Then
(a) G*cati (X,A) € 14G-cat B.
(b) G_Cat?X—B) (X-B,A) = G—Cat(X_B)(X-B,A)
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PROOF. For (a) note that if U 1is a G-categorical subset
of B then clearly O= (AoU) - A = {(ta, (1-t)b):0¢tsl,
bfFU, ac¢ A} is a G-categorical subset of X. Thus if
G—catB B = k and { Ui}lﬁi is an open categorical
covering of B then {(X—A); C%’, -, ()k g, (where (X-34)
is clearly open and G-categorical relative to B, and (Di' S

are defined as abovelgives a covering of X satisfying the

conditions in definition (IV.5.2).
Proof of (b) is simple. =

A technique similar to that used in §4 provides
us with a lower bound for relative G-category. Let (X,A)
be a paracompact G-pair, where X CC Y. Consider Hé (X,4)

and regard it as a module over Ha (Y) as follows. For

%e?H& (Y), x EH& (X,8) define x.A = xU3j* (A), where
j* is the homomorphism induced by the inclusion j:X-—>Y
and the cup product 1is Hé (X,A) © Ha(X)—- Hé (X,n).
(Throughout the section, the coefficients of G-cohomology

are taken in a field K.)

IV.5.7 DEFINITION. Ve define

G-Index_, (X,A) = Kk

Y
if k 1is the largest positive integer with the property

that there exists (k-1) positive dimensional elements

Y1r Ypi===, Yy, in HX (Y) such that the product

'SR & Riaiininl b 2 £ Ann HY (X,A), the Annihilator of
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]k * = . c — =

”G (X,A). If HG(X,A) 0,~ we set G IndexY(X,A) 0.
If HY (X,A) # 0 but for any M€ Hg (Y), p>1, X lies
in Ann Hé (X, A) then set G—IndexY(X,A) = 1.

IV.5.8. PROPOSITION. If the action of G on Y 1is

cohomologically free over K and if the inclusion

~

(X,A) —> (¥,A) induces a surjection J: H¥ (Y,A)~>Ha(X,A),

¢
then

G—IndexY(X,A) < G-cat*

¥ (X,A).

PROQF. If G—cat§ (X,A) = 1 the proposition is clear, for

then HX (X,A}= 0. Assuming G-cat* (X,A) = n, n>2 and

G Y
finite, let {w,U;,-~-, U _; ] be the corresponding cover
of X. Also assume without any loss that Hé (X,A) # 0 and
€ * p; . A 7 ——— *
choose x HG (X,A). Let Yy Yoo ’yn—l£ HG (Y) be any

set of (n-1l) positive dimensional elements. Now since each

Ui is G-~categorical and G-action is cohomologically free
sQ H? (Ui) = 0, m>21l. Therefore each y; can he
lifted back to some V. £ Hé (¥, 0, ). In the same way, using

the assumption that j; is surjective, x can be lifted
back to some x'Eg HZ (Y,A) and then to some x" e HE (Y, W),
since W 1s G-categorical relative to A. Finally consider

the following commutative diacgram:



HZ(Y W) ® H(Y »U)® @ HE (Y, Vo)

i/

Ip*@oci*@——-@oct\_i

H & xow® B (x,xNU, )@ --- ®H(X,X00,, 4 )

|

HA(Y,A) @ HI(Y )o@ RE(Y) CHE(X,X) =0
v A
$ o
HI (3, 0@ W (X)® - ® W(x) =, WX, A)

where Py and p, are cup products and other maps are induced

by inclusions. We see that

x U j*(\j’i’ \j‘

=b(x® j*;iob ---@j"‘%\_i)

= g_\p(x’zx;gl@----@ )

- pVo (x'®ov,e-—--8v, )
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::j: a (B*(jyvcgctz(ﬁa)@) ...... cgogti(de_)]
= J: (ﬁ*(z")-d:(%) ..... OC:\‘i (Vv\-—l))

- j::(o) = O

Hence the proposition follows. =+

We now illustrate the computation of G-cat* with
a number of examples. For simplicity we shall write
G-cat* (X,A) for G—ca%k (X,A), also G-Index (X,A)} for

G-Index (X,A).
X

Example 1. Let X = S2n+l - d:n+l and G = Sl. Let
+
A = 82k l, k<n and let G act freely on X by
3‘(20)2'1."“’2?\) = (gz'o )8'21)"';32'“>
Now since the action is free, so
%, 2wl 2ka1 %/ _awnai 2Ryl
He (™77, 2777 ) = W™ 4, s Ja)
_ % "\ 3
= W (cp” CP" )
. k
From the exact cohomology sequence of the pair (CPn, CP )
we find that HP ( €P", €p¥ ) = 0 for p ¢ 2k+l, and
P ( ep”, epF ) = uP (er" ) for p > 2k+2.
+ 2n+l
Hence, G-Index (SZn+l’ S2k l) = n-k. Also S n can be

viewed as §2KFTl, g2(n-k-1)+1 (TV.5.6) gives



- 130 -

82n+l’ S2k+l 2(n-k-1)+1

G-cat* ( ) £ 1+G-cat (S )

{n-k-1)

= l+cat ( CP ) = 1+(n-k-1) +1 = n-k+1.

Hence by (IV.5.8),

S2n+l S2k+l

I}

G-cat* ( ) n-k+1. F£=

!

EXAMPLE.2. Let G = S act on X = s2"*1 — ™1 4y

LagI™
3‘(2'9)21.)-- -zv\) = Caf\moz‘o )——~—’3‘ ZV\) J mt#:o {01 izo)il_"v"

Also let A = g. Clearly all the

isotropy groups will be finite subgroups of Sl.

S2n+l’

(a) Let m, = 1. Clearly G-cat* ( g )

3
1]
if

3
1]

= G-cat (s2™1 ) - cat ( cP" )

il

n+l, because in that case

the G-action 1is free.

(b) Let m = myo=my =--- = m, # 1. Then GX = 2, for
all x 552n+l. Also 52n+l / G =~cp" , so that G-Index
2n+l _ . . .
(S ) = n ( since all 1isotropy groups are finite, so

the G-action is cohomologically free over the field of

rationals ) and thus G-cat { 52n+l) > n+l, by (IV.5.8).

52n+l / G = CcpP", cat (Szn+l/G) = n+l and also

Now since
since we have the single isotropy type only so by Palais

covering homotopy theorem, [Pp.4; p51 ] , the homotopies
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on the categorical sets in the orbit space can be lifted

to yield a G-categorical cover for g2+l Hence
G-cat (52n+l) = n+l.
(c) For the general case we may assume
mozmlz - ozmy F 0 and we may view 52n+l as the
join Slni—-io_ ee— o Smk*l , N = ?:—_1 y\i> -1 , where

-1

the action on each SZni has only one isotropy type.

In fact k 1is the number m's which have distinct values,

Say €y, C,ys=—-C and ng is the number of m's which

kl
have the constant value cy- For example if all m's are

different then k = n+l1 and n, = 1 for all 1 = 1,2,--~-,k=n+1,

and if all m's are equal then k = 1 and n, = n+ 1.

Now clearly,

) £ G-cat (§°M1t ) +...4G-cat(g2"x 7Y )

= E:ni = n+l

Also by [F.4], one has G-Index (

G-cat ( 82n+l) = n+l. $k

G~cat (52n+l

S2n+l) = n, Sso

Before giving the next example let us discuss

something about spectral sequence.

Let us consider modules over a fixed P.I.D. R
(for our purpose we take R = @, the field of rationals ).

A bigraded module E (over R) is an indexed collection

of R-modules Es't for every pair of integers s and t.
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A differential d:B —E of bidegree (r,l-r) is a collection

s, t s+r,t+l-r

of homomorphisms d: FE —> E for all s and t,

such that d2 = ded = 0. The cohomology module H(E) is the

bigraded module defined by

HS’t(E> - kev—[&fEs't——-» pStr.ta1-x ]
A( ST t-1+T )

An Ek spectral seaquence E { k stands for the

starting level ) is a sequence fEr, dr¥ for r >k such
that
(1) Er is a bigraded module and dr is a differential

of bidegree (r, 1l-r) on Er'
(2) For r > k there is given an isomorphism
H(E ) &2 E -

To define the limit term E_ of a spectral

sequence, for r > k, we identify Er+l with H(Er)' Let Zk

. s, t _ - ¢ s+k ,1+1-RK
be the bigraded module 2z/ = ker[_&h. E) —>E B
. ~S,t _ s-R,t-1+%
and let Bk be the bigraded module Bk = Jk (Ew )‘
Then B, (— 2, and E - Zx Let 2Z(E_,,) be the
k K k+1 B, - k+1 .
. S,t _ K 4 S+le~y -
bigraded module Z(E, ) '" = Rer [ 4, tE SE ]
. s,t
and B(Ek+1) be the bigraded module B(Ek+l)
s-k-1,t+K .
= ’ Then there exists
&vai Ek-fi )
bigraded submodules Zk+l and Bk+l of Zk containing Bk such

5t ; T st St a5t
that Z<EK+1) ’”V’Zi: /51 and B(EW-»1) ngmi /e)k

i s
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Z 27

for all s and t. Thus we have B, (- B k+1 K

k k+1 &

Continuing by induction we get for r >k

=Z,

B C By & & B -z C---C2Z

such that Er+l = zr/Br' We define bigraded modules

z_ = erand B, = \}J B.and Eg = 2z_ /B,
E is called the limit of the spectral sequence E.

The spectral sequence E 1is said to converge
if for every s and t there exists an integer

r(s,t) > k such that for r > r(s,t), dr: Ef,t__?Ermr,hi-r

» . » S)t - . . *
1s trivial. Then E 1s 1somorphic to a guotient of

ra+4
St and Esm

Er "

is isomorphic to the direct limit of the

sequence

s,t g St
T(s,t) s, t)+1

The spectral sequence E 1is said to converge in the strong

sense if for given s and t there exists r({s,t) such

$,t S, t

that E‘r ~ E S for r >r(s,t).

The spectral sequence E 1is said to be a first-

quadrant spectral sequence if there exists some r > k

such that Ei’t = 0 whenever s <« 0 or t < 0. A first-

quadrant spectral sequence 1s always convergent in the

strong sense and for any q there are only a finite number

5t

of nontrivial modules E with s+t = qg.
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We now state the following main result, which

will be used for calculatién of G-cat*.

Theorem [S.3; Thm 6, p495) : Let p:E-»B be an orientable

fibration over a path connected base and let F = p_l(bo).

Then there 1is a convergent E2 cohomology spectral sequence,

s, t S t

with E2 -~ H™ (B;H™ (F:;®))and Eoo is the bigraded module

associated to some filtration of H*(E;Q) i.e. for each s

and t there exists a sequence of submodules of Hs+t(E;Q)
given by
S+t 0,5+t 1. S+t-1
= ’ s,t <+1 t-1
H(g0)=F oF7 o--- DF T oOF T T T 5L
s+t o
~em= D FT D{o}
P/
+t —_
such that Eiﬁ- = Fs’ / FS+l’t l. Moreover this

spectral sequence is a first-guadrant spectral sequence. %#

We are now in a position to give the third example

to illustrate the computation of G-cat*.

EXAMPLE 3. Let G = S act on x = sl — ™1, by

g (2,,z,,-----5Zn) = (872, §7%z ,....,9 "z,) with
My > My 2> - -m-m-- >w,# 0 so that for all x €X, Gx is
finite. Also let A = 52k+l represent the first (k+1)

52n+l. If we take the coefficients in the

coordinates of

rational field @, the action becomes cohomologically free

S2n+l (S2n+l

)y = ou* /G ), by victoris

and so we have Hé {

mapping theorem applied to the map EG xG)( —> X/G. Thus
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+ .
Hg (S2n l) vanishes for p large, in fact for p>2n+l.

Now consider the fibration
2n+1 2n+1 q
S -

EG XG S —>> BG

1 )
where BG =~ BS™ == P~ | [ H.2; p54, EX.11.4 ] .

By the above theorem there is a convergent E2 cohomology

spectral sequence, with

s, t S co t S2n+l

E = H~ (CP ; H™ | })

[HS(CPW° :0) , if t = 0 or 2n+l.
0, otherwise

Thus it follows that whenever t # 0 and t # 2n+l or s 1is

negative or s 1is odd then

0= gt . g St _ . gt
- 2 - 3 - - o0
S.0 S+2 -1
Now, E§'O - ke[ 43t E, — E, ]

& S-2.,14
o_ b
2 (B )

= E;'O ’ S_>/O

In this way we have, for all s > 0,

_ .S5,0
E)'7 = E3fT = - = Lo
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S,0 S+2n+2 —2W-1
: —_—
ES'O _ ke*r[ £;’,\\+;7- E,lv\—w;)_ EZY\+2. -]
2n+3 & < 5_2\/\.—2)9_\’\+1 )
2ny EQV\-\-Z

Again,

S,0

= Eonsa v

1f 0L s&2n+1.

Thus it follows that, for 0<s<«2n+1,

sS,0

Eon+2 7 Ejlyy = =

Therefore, for 0«Ls < 2n+l, we have

gS/O _ Es,O - {Q, if s is even
2
0, if s 1is odd
Similarly, E§'2n+l = E§’2n+l=-——-= Eiéig+l

Again by the above theorem, E_ term is given by a

filtration of H* (EG x 82n+l ) i.e. for each s and t

‘G

there is a sequence given by

+ + + +t -~ -
yS t(EG X SZn l) - pOsStt :)Fl,s t l:> _____ pSet -
E.S""l,t*lzD ______ - I:,S'*"t,O - {O}
t s, t s+l,t-1

such that E°'% = F
oQ
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Therefore, for 0« s+tg2n+l.

+ .
pS+1,0 Ei:t’o _ Q, (s+t) is even

0, (s+t) is odd.

We first assume that (s+t) is even and

0£s+t < 2n+l . Then F° 59 = q.

Also pStt-1,1 - pSte-l,1
FS-H:,O co

so that pStt-1l/1 = Q.

Proceeding in the similar manner we get

pStt-1,1 _ ps+t-2,2 _ ____ _ pO,s*tt _ 0.
Therefore, Hé+t( S2n+l) = FO’S+t = @, when (s+t) is even
and o0 <s+t < 2n+l.
Similarly one can see that H(S;t(szn+l ) = 0, for 0L s+t <2n+l
and (s+t) odd. Also we have already seen that Hé+t(82n+l) = 0,

: +
whenever s+t >2n+l. Thus it remains to compute Hén 1(51“*1>

only. For that we need the following Gysin sequence

for a sphere bundle

S2n+l ¢ VE — B
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_plntl _ 1t nal S " omez ) ¥ .
H (E) """Hz {E)’—’Hi ZCE_,E) -——3—-7H2Y\+1(E> l! H2n+l
- (E)—»
o ¥
9 &1 (7
antld N
(B) HO(B) “‘—Y—J’ HZ\’\ 2-(8)

where E is the associated disc bundle and g 1is the
projection map of E, § is the Thom isomorphism, 1 and j

are inclusions and § is the connecting homomorphism.

In our situation the sphere bundle is

d
s2ntl | psl o« 1 g2ntl % gt - P .
S

so, B%(B) = u°%s!) ~u® (€ ¥ ) = oQ.
and H2M2 () = g2n*2 (gsl) = y2"*2 (ep® ) = .

. . o . 0,2n+1
Moreover we can identify H7™(B) with E2n+2 and

2n+2,0

H2n+2

(B) with E and under this identification

2n+2 !
.1 . -1
the map W :H9(B) — > n0*2 gy, given by W/ :(q") o ]%ed

can be identified with d2n+2'

Now, H2n+2 (E) = H2n+2 (Eslx S2n+l )
si
~ H2n+2 ( S2n+l / Sl ) = 0
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also we have H2ML (E) o 2L (g)
~u®™l (ep®) = o.

Thus we get the following exact sequence

&lﬂ-tl
(E) —Q — 0 ——> 0

H2n+l

Therefore d2n+2 is a surjection and hence a module

isomorphism from @ to @. Hence it follows that

H2n+l(E) _ H2n+1 (Esl % 1 52n+l) - 0
S
i.e. Hé“+l (820l g,

Therefore we ultimately have

HE (s°™1 ) oo me( € ), for all n31.

Hence by Five lemma,

sZn+l, S2k+1 k

HX ( ) ~ H* ( cp", CcP" ).

G
Thus, using the same argument as in Example (1), we have

2n+1' S2k+l

G-Index ( S } = n-k.

S2n+1 S2k+1o 2(n-k-1)+1

Now we view S

so that, by (Iv.5.6) and by Example (2),
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2n+1’ S2k+l

G-cat* (S )

2(n-k-1)+1 )

£ 1+G-cat ( s
£ 1+ (n-k-1)+1 = n-k+1l.

2n+l, S2k+l

Hence, G-cat* (S ) = n-k+1,

by ( IV.5.8). 4~
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CHAPTER V
COBORDISM CLASSIFICATION OF MANIFOLDS WITH SMALL CATEGORY.

Throughout this chapter, unless mentioned otherwise,
by a manifold we shall always mean a closed, smooth and
compact manifold. Further we shall consider only mod 2
cohomologies 1i.e. the coefficients will always be in
Z, -

In [M.27] , Mielke has shown that an n-dimensional
manifold M" with cat M" £ 3 and with n =13 mod 4 is
a boundary. In this chapter we study the complete classi-
fication of manifolds Mn‘with cobcat (Mn) £ 3, as done
by H. Singh [S.47]_ The notion of cobcat is given in §2.

We have also studied the cobordism classification for M"
with cobcat (Mn)‘g 4 for some cases, which is again due
to H.Singh, [S.5] . Finally we close this section giving
a couple of conjectures made by H.Singh, [S.S] , towards

n

the cobordism classification of manifolds M with

cobcat (M" ) < 4.

§1. Preliminarijes.

In this section we give a very brief description
of some basic materials that will be used at various places

throughout this chapter. In most part of the description
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we have considered only the particular cases of various

notions which are appropriate for the forthcoming sections.

{(a) Stiefel-Whitney classes.

Let ¥ be an n-dimensional vector bundle with
base space B( € ). Then there exists a unique sequence of

cohomology classes

W (E) eH(B(R)) | i:0.1,2,---

satisfying the following four axioms.

BXIOM 1. W (%) = 1 € Ho(B(%)).

and Wi (%)= 0 if i > n.

~

AXIOM 2. If f: B( ¥ )=—>B( Y] ) is covered by a bundle

map from % to Y , then

W, (&% ) = £f*W, ()

!

AXIOM 3. 1If t and Y] are vector bundles over the same base

space then

L
W (§@ Y )= 3 wi(r;)wk_i(vl)

j:O

where @ denotes the Whitney sum and the product on the

right hand side is the cup product.
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b
AXIOM 4. For the canonical line bundle f over the

1
. . 1 1
projective space R P~ , the class Wl( Ji ) # 0.
V.1l.1 DEFINITION. The cohomology classes
\Vi(‘g> , ¥=0,1, 2, satisfying the four

axioms mentioned above, are known as Stiefel-Whitney

classes of €. Also W( ¥ ) = L4W, (% ) +=-==+ W _ (%)

is called the total Stiefel-Whitney class of the vector

bundle ¥

Note that the AXIOM 3 above can also be stated
as

W(Bs @M )=W(E ). W(V).

(b) Universal vector bundle.

1]

Consider BO,, = G\’\CRN) the set of all

oo
n-dimensional linear subspaces of R and

B0, = {[(X,=) 1 XeG (R”) | IGX;

Define P_ : EO —> BO,, by P“ (le) = X

N
Then 'f : Eon —~£> BOn is a Universal vector bundle of

dimension n in the sense that if ¥ 1is a vector bundle
of dimension n over a paracompact base B ( § ) then there

exists a map f, unique upto homotopy, from B(%) to BOn

such that T = {’“(7”4) . BO_  is called the classifying
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space for the n-dimensional vector bundles and f 1is

called the classifying map for %

Define BO = dir 1lim BOn
n—>
EO = dir lim EOn
n — v
ana Y = air 1im y",
N —» v

then f :EO ~> BO 1is a Universal vector bundle which
classifies vector bundles of all dimensions over paracompact
base i.e. if & is any vector bundle over a paracompact

base then there exists a map f{:B( ¢ ) —BO unique upto

homotopy such that Tz fT (4) .

Also the cohomology ring
H* (BO) = inv lim H* (BOn )

n—co

It is well known, [ M.4 7], that H*(Bon ) is a polynomial

algebra over 2 freely generated by the Stiefel-Whitney

2
classes W, ( Y“),—---,wn( Y™) and H* (BO) is a polynomial

algebra over 2., freely generated by the Stiefel-Whitney

2
classes Mﬁ(i)’i =1,2,---~.
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(c) Steenrod Squaring Operations, Wu's formula

and Adem's relations.

For each pair X DY of spaces and each pair
n,i of nonnegative integers, there exists a unique

additive homomorphism

i

Sqg 1

HY (X, Y) —> 8™ (x,v)
such that

(1) IE £: (X,Y) ««-)(x‘, Y' ) is a map of pairs then
the following diagram commutes:

1 .
+
Hn(X,Y) _— Hn ! {(X,Y)

f* £f*

»

n ’ Sql +1

aMx', vy =24 47 !

(x', ¥

(2) If a eH"(X,Y), then sg°(a) = 0 sq"(a) = al a

and Sq'(a) = 0 for i > n.

(3) (The Cartan formula ). The identity

sq (alUb) = > eqi(a)Usaij (b)

i*j:k

is valid whenever alUb 1is defined.
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V.1.2. DEFINITION. The homomorphisms Sql, i=20,1,2,---,

are krown as Steenrod squaring operations.

From property (2) above we see that the most
interesting squaring operations are those for which
0<i<n. For many purposes it is convenient to introduce

the total squaring operations; namely
_ 1 2 n
Sq(a) = a+Sg~ (a)+Sg~ (a) +----+Sg (a)

for ag_Hn(X,Y). Also, note that the cartan formula above

can now be expressed as

sgq(a U b) = sg(a) U Sq(b).

WU'S FORMULA. Let ¥ be a vector bundle and let

Wi = wi( € ) be its Stiefel-Whitney classes. Then
k k W -\W et -4
Sq° (W ) =
m L W w ,
E-o 4 ) k-1 YW

WA —‘A.J-“{,-.j_

t
coefficients, reduced modulo 2. Note that this formula

where 0 £k <«<m and ( ) denote the Binomial

seems to differ from that given in [ M.4; p94 ] . But they
are actually same, the difference is infact in the meanings

associated to the symbol ( ).

ADEM'S RELATIONS. The Steenrod sguares generate an
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algebra, over 22  of cohomology operations called the
modulo 2 Steenrod Algebra [ S.3; p276_] . In this algebra

the following Adem's relations hold:

- ' Z Il -1 -
Sql qu - . %q1+3—\< qu
ogkefin\ 12k g

where 0<1i<«?2j, [i/2j denotes as usual the largest
integer £i/2 and (_ 3T k-4 denote the Binomial

1- 2k
coefficients, reduced modulo 2.

(d) Wu class and Wu's theorem [M.4]

Let M be an n-dimensional manifold. For any

integer k > 0, consider the homomorphism’

X > <‘qu(:r_) T M]>

n—k

from H (M) to % Using the Duality theorem [M.4;pl287] ,

5
k
there exists one and only one cohomology class Vi £ H (M)

which satisfies the identity

<ka X, [MJ> = <-sqk(x) )[M]>

for every x € Hn_k(M). In fact, if one considers M as

the disjoint union of its connected components, then Vi
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satisfies the sharper condition

v, U x = sq®(x) € n" (M)

for every x € H" X (M). Ofcourse v, = 0 when k >n-k.

The class Vi is called the kth Wu class. We define

the total Wu class v to be the formal sum

= + +———
v 1 vy +vn.
v 1s characterised by the identity

{vux LMl = L =a(=),[mI )

which holds for every cohomology class x € H*(M). Here Sq

denotes the total sugaring operation
Sqo + Sql+~——.

WU'S THEOREM [M.4; pl32, Thm 11.14 J .

The total Stiefel-Whitney class W(M) of the

tangent bundle of M, is equal to Sg(V). In other~words

Wy = > $q1(vj) k=0

1+J3:=k

(e) Unoriented Cobordism algebra 7?* and Dold manifolds.

For any integer n >0 let Nn be the set of all

closed unoriented n-dimensional manifolds. Define a

. . n .
relation ~ in N as MErV'M; if and only if M, 1is
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bordic to Mg i.e. iff there exists an (n+l)-dimensional

1 n

compact smooth manifold wn+ 2

n
with boundary dwntl =fﬂlU(W
It is easy to see that ~ is an equivalence relation in

N. The quotient set IQ“AV , denoted by j?“ , 1s an abelian

group with respect to the operation "disjoint union", i.e.

L™y +C ™7 :[M:UM;_:].

T?ﬂis called the n-dimensional unoriented bordism group with
the class of bounding manifolds as the identity element.
More precisely y?v\is a vector space over ZZ' The topological

product of manifolds induces a bilinear map
Y> X j> —> N
P79 p+q
by means of which the direct sum
0
N .= & N
* q=0 q

becomes a graded commutative algebra over(zz. Thom has
shown that 7?*15 a free commutative algebra generated by
indeterminates xq of degree g for all g not of the
form 2k l; for g even he showed that Xq can be
chosen as the class of the projective space RPq. For q
odd, q # 2k - 1, the class xq was given by Dold [D.27)
as follows: write g+l = 2r(25+l). Then xq can be taken
as the class of P(2r—l, er)’ where in general P(m,n) 1is

the manifold obtained from s x cp" by identifying

(x, [z] ) with ( =x, [ 37 ), where xéS", [z] e cp",
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P(m,n) is called the Dold manifold. Clearly dimension

of P(m,n) is (m+2n). Dold also gave the ring structure

of H* (P(m,n); ZZ)’ which can be described as

Z,Le1 ) o[ Zabdl

wad n
C +:O d +1:O

H*(P(m,n):zl) ~

Here ¢ 1is the nozero element of Hl(P(m,n): Zz) ~ 22

. + R .
with cm 1 = 0 and d 1s a suitable nonzero element of

H2 (P (m,n); Z,) with a™l - 0. wNote that H2(P(m,n); Z,) 2=

22 & 22 = O,c2, d, c 2+ d). The total Stiefel-Whitney

class of P(m,n) is given by

WP (m,n)) = (l+c+d)™™ L (14c)™ .

(f) Dual submanifolds

Consider a special caseof[S.3;p428, Theorem 10]

i.e. by taking n= 1, = Z,. The the map

Ve[, RET ] ——— w2, )

defined as HV(f)=£*(W1( yl)) is a bijection, where W, ( ij)
is the first Stiefel-whitney class of the canonical
l-dimensional universal vector bundle E( #1) — RP% .,
Therefore for a given ¢ éHl (Mn; 22 ) there exists a map

£: M7 — RP® unique upto homotopy such that q/(f) =

f*(wl( Yi)) = c. Now f 1induces a line bundle ¥:E(% )—%-Mn
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namely % = f*( 3’1). Therefore ¢ = f* (W, ( 7{1)) =W, (% ).

n . . . ,
1s a compact finite dimensional

k

Moreover, since M

manifold, f(Mn) will be embedded inside some IRP for

sufficiently large k. wNow RPX ! is embedded inside RPF

as a submanifold of codimension 1. By transversality

r~

homotopy theorem [ G.1; p70 ] there exists a map f with

f~f such that f is transversal to .mPk—l. Thus without

any loss we can take f itself to be transversal to RPk—l

Then f“l ( RPk-l) is a submanifold of M" of codimension 1

i.e. of dimension (n-1), and is known as the submanifold of

m" dual to c &€ Hl (Mn

) .

(g) Complex cobordism groups in a topological space and

Smith homomorphisms.

Consider a family of n-dimensional complex
. . n
closed manifolds M" together with continuous maps f:M — X,
X being a fixed topological space, n > 0. Define a relation ~

by saying (MT, fl) A/(M; ’ fz) if and only if there exists

+ . +
a complex compact manifold W 1 wilith a map F:w" 1-—%» X
such that 3wl - M} L M) and F|M] = £, i=1,2.

This is an equivalence relation in the above family and
the set _JQK(X) of bordism classes ['Mn,f:] forms a group
with respect to "disjoint union". _Ila(X) is called the

n-dimensional complex bordism group in X. As usual the

direct sum

V) =@ Y (x)
x*

N=0
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is an algebra over 22, called the complex bordism algebra

over 2 in X. For our purpose we take X = €P" . Then

2
any element [Mn,f] € _[lﬁi Gﬁffw) can also be written as
[Mn, 2] ' where ) is a l-dimensional complex vector
bundle ov er M". The idnetification is done in the following
manner:

Given any f:Mn_—e>¢jffw , we may take A= f£*( Ki)
where ’Xiis the canonical l1-dimensional universal complex
vector bundle over ([‘POO . Conversely given any
l-dimensional complex vector bundle A over Mn, we may

take f:Mn.—;>q:ffn to be a classifying map ( which is

unique upto homotopy) of A .

V)
Further, (2(;(6900) is a __O_*-module where

_Ilz may be viewed as _ffi(X) with X being a one-

point space. The module structure is given by
U 0 U 2
0, (cp )x_ﬂi—_—»_f).*@tp )

defined as [ M" { 7] x [ N — [ MV\)(NT)—f— g

— fo'e) —
where £:M" x N' —>CP is given by f(x,y) = f£(x),

’

x € M, vy € nN°.

Also there is defined an augmentation homomorphism

v o0 U
£: .0, (€PT ) —> 2,

sending [Mn,f] to [Mn]

Analogous to dual submanifolds in the real case,
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there does also exist a c omplex submanifold Nn-l, of

dimension (n-1), of the complex manifold M" dual to a

2 ,,.n

given cohomology class & € H (M, 2 Using this, one

2 )

defines a homomorphism
A0 (€97) —> b, (€F)
given by A (E M~.’\)£]> :ENV\—i | leV\—l :)

This homomorphism is known as the Smith homomorphism of

1
of degree - 2. If we take M7 = dan and if YM is the

canonical complex line bundle over cp” then it can be

easily seen that

1 4

-

A (Eﬁpv\) 7"/"/{‘ ] ) = [d; Pv.‘“ b L \/\"l —']

2. Poincare algebra and cobcat (M).

Let M" be an n-dimensional manifold. Consider
the tangent bundle ’t(Mn). Then there exists a map
£:M" —> BO, unique upto homotopy ( f is the classifying
map for ’T(Mn)), such that wi(Mn) = f*(wi({ )), where
'{:EO —>» B0 1is the universal vector bundle. Associated

to Mn, there is a homomorphism

ts Hn(BO; ZZ) R Z2

given by
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= Wb ) 0 )

where il+i2+~-——+ip=n is a partition of n and

<Wi (M) .~—= Wip(M) , [Mnj> is the corresponding

Stiefel-Whitney number for M", which we shall denote by

<Wi1""““wip , \’_M“]> also.

It may be worthwhile to mention that Wu

classes \{ie Hl(BO), i >0, are defined inductively

by the relation '

w () = > <at (v, )

t=0

n-i

0
o

(BO), one has t(Sql(x) + v..X)

Thus for x ¢ H i

i.e. (Sql(x) + v oex ) € Ker t.

Let, J = {er*(BO): either dim x >n or for
all yen" dim X goy, g% () £7(Y) ,Im™]) > =0 }
It is easy to see that J 1is an ideal of the graded algebra
H* (BO). For, if X1r X, € J, such that dim Xy = dim X,

m

=m £ n, then we have for all vy € i ™ (BO)

3
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<f* (‘K'-f?c.,_) ‘F*(\Z’)) [ Mv‘-] >

* > “
Cerin) £7(y), Lm ] P+ <ET0w)f (9),Lm"3 )

= 0 5 L'.e..) K,—rlléj

Also if x € J and x’ € H* (BO) such that dim(x.x’) < n

—

n—dim(x.x' )

then for all vy € H ({BO) we have

Cer(mew') . $7Cy) , Lm"3 D

W

Ex(x). £7Cx'y), L]

= 0 ,since x’y < Hn-dlm X (BO) .
/
50, x x € J.
*
Let P* = H 580 ) , the gquotient algebra.

Let gq:H* (BO}—» P* be the quotient map. Clearly P* =0

if and only if all Stiefel-~Whitney numbers of M" are zéro

i.e. P = 0 1if and onlv if M 1is a boundary. If x < H*(BO),
[4 b

then by Xx =0 in P* , we will mean x € J.

V.2.1 PROPOSITION. If ' 1is not a boundary then

(a) P* is an n-dimensional agraded algebra with
Poincare duality [M.4;p.128 ]

(b) The Steenrod algebra acts on P* with the action
given by

sqb (q(x)) = q (Sa’(x)).



(c) q:Hn (BO) —» p" ~ 2, is the homomorphism ¢t

i.e. if x € ot (BO), then g(x) =0 if and only if

1o = < F7(x) , Imd > =0

PROOF. From the construction of P*, it is clear that
H" (BO)

dim P* £ n . Now p" = — where
'
Jn = §x cH"(BO) : for all y e H°(BO) o 7y,
KEX(x).£%(y) , [(M"] D> = 0 }

=ger“ (BO) : £ £ (x), Lm7]p =03
Thus if xe H"(BO) then xeJ” if and only if t(x)

=Lfx(x), L M T > =0
Hence J" = Ker t. Again

t: Hn(BO)——a 2 is an epimorphism, since M 1is not

2

a boundary. Therefore

H“ (BO) B M (BO) B P\\

z, ~ Rt = ___373' - Thus the
dimension of P* 1is n. Note here that we have eventually
completed the proof of (c ), since for xe€ B" (BO), g(x) =0
iff xeJ".

i n-i n

Now clearly P & P maps into P x 22 by
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multiplication. If x € P’ is the image of x GHl(BO) under

g and x.y = 0

for all y P71 then g(x.y) = g(x).q(y)

n-i

= X.y = 0. Therefore x.y € J for all yeH (BO). Hence

from the definition of J it follows that x € J, since

dim (xy) = n.

Thus X = 0 in P*. So the multiplication

provides a dual pairing, noting that for any base

§.§3;;L >t Sttt :zﬂlg of P*,dim ;i # dim ;j if

i # Jj. This
For
Sqlx € J. Now

Sql x € J for

we are done).

£(Sq* (%) .v)

completes the proof of (a).

(b) it is enough to see that if x € J then
Sqo(x) = x € J. Inductively suppose that
0<j<i. Let yen™ M X"1 go)  (if i+dim x > n,

Then

¥ Csqt ) 70, LMY

<¥*<Scyicx).:,)) LM“]>

il

; ) R “
< § ¥ (sw (m-y).f_.ZSfV‘ (=) Sy (7)) )) LM"] >
JtR=1t
R+ 0

{

< ¢ (5%.'.'()(.7))) Lm"d >

‘ K R w]
+Z <§*(SCV‘)C1))'§' CS"V (‘3)>)[-M >
Jtk=t
R +o
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L (S o), LM S, A Spix €T

—

iy

to

’{OY‘ Q£J<i

)

< £ (o) LM S, whew v € H (rO)

<’§*(x. Cory ), L3 o Binca M cocfficiails

AR §7 ey, LT 2

o Bianca. % € F

\/\e./u.&u«re, Sov ‘ (%) € J . :#:?:

\
P* is called the Poincare algebra associated

In view of the above proposition we can say that

the usual relations between the Stiefel-Whitney classes,



the Wu classes, and the Steenrod squares still hold

in P*,

V.2.2 DEFINITION. Let A* Dbe any graded algebra. An

element x €A* will be called k-decomposable if it 1is

zero or it is the sum of products Yy yz-—--—yp where

dim y; > 0 for all i, and p>» k.

V.2.3 DEFINITION. Let ™M be an n-dimensional manifold.

The cobordism caregory of M, denoted by cobcat (M), is

the smallest positive integer k such that <l~‘{”'h“k ,LM7ID
= 0 for all partitions Lu*'iL*"“*'ip = n with kgpgn.
If no such k exists then define cobcat{(M) = n+l.

Clearly cobcat (M) is a cobordism invariant,
since two manifold are cobordant if and only if each
Stiefel~Whitney number of one equals the corresponding

Stiefel-Whitney number of the other. Also cobcat M)

< nil H* (M) < cat M.

~ ~

Further, 1if M? and Mg be two n-dimensional
. Y “~4
manifolds then cobcat (M, U M, )

£ max (cobcat (Mn }, cobcat (Mg_)) because any Stiefel-

= 1
A
Whitney number of M, U MZ equals the sum of the

corresponding Stiefel-Whitney numbers of M? and Mg.

V.2.4 PROPOSITION. If M 1is an n-dimensional manifold

with cobcat(M) < k, and P* is the associated Poincare
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algebra, then
(1) If x €P* is k-decomposable, then x 1is zero
(2) If x ¢P* is (k-1)-decomposable and dim x <n,then
X 1s zero.
PROOF. (1) Consider the quotient map
q: H*(BO) —> Pp*

Clearly, every k-decomposable element x in P* can be
obtained from a k-decomposable element vy in H*(BO,ZZ)

i.e. x = q(y). Since H*(BO) is generated by the Stiefel-

Whitney classes wl('Y), i=11,2,---, so y <can be written
as sum of products Wy (Y )————=— wi (YY), p>»k.
1 P
Let 2z eHn_dlm Y (BO) then we have

W) e 70w ) £7 (30, L T

. . *
= Wi e Wi o) £7(3), LM D
= 0, since cobcat(M) £ K.
Thus wil( Y) -~ - e e o . bvi,)<1”) and hence vy lies
in J. So g(y) = x 1is zero in P*,

(2) Note that if xe&P* is (k-1) decomposable

. di .
and dim x ¢ n then there exists some y & H M X (BO) which

is also (k-1) - decomposable, such that gq(y) = x and

Hn—dlm X

for all =z e€ (BO), v.z 1is k-decomposable. Hence
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by (1) vy.z € J, for all z ¢ Hn_dlm X(BO), and therefore

by definition of J, ye J, since dim(y.z) = n. So, qly) = x

is zero in P*.

V.2.5. PROPOSITION. Let M be an n-dimensional manifold

and let c¢ € Hl (M ). Let N be the submanifold of M dual

to c, (see § 1). If <(c2x, It J > = 0 for all x in the
subalgebra of H* (M) generated by c, wl(M), -—, wn(M) with
dim x = n-2 then

KW, Ny L\uP(N), E~nd D>

{

= oW () Wy M) L™l >
for any partition L,+.._.4_LP = -1,
PROOF. Let v (M) be the normal bundle of NI in M , then
W(¥) = 1l+j*(c) where j:N — 1 1s the inclusion. Now

Yy @ TiN) = §F (T, [™M. 45 b-30]

so, W) W(mN) = §7Tw (™))
. / .
Therefore W(N) = J * (\A/CF“))/ I+<;’}CC7
Also one has < }* (<), LN > = Cax, T ™I >
for all x & Hn—l(M), see [ S-6, p.7a].

Now,



J*CW(M))
W(N}) =
+ jTCe)
_ <J*(|+W,CM)+--+WM<M)))C1+)”CC))
_ij
c
- J* [(H W)(M)+~---+WV\(M))<‘+ )
i I
- G [ Gy w )T Wm(M))(‘*C‘*C*'“")J
C
So, W, (N) = J* LW;(M)'*cWC—)(M) 4+ ]
Thus for any partition (,+ (, + ----+ i’, = wn- 1
we have
<w.- WLL-~--. w% , LNd >
Ll
= W CW M c
= L j* T_I( ;m)—f S )+ - ), LNID
p R
- L TT (W (l\\)-+CL\/ M)+t 2 ), [™] D
k=1 Y
= <c WL'-~---P\/'LP,LM]>
since < C"?L) L M]> = 0, for all x 1in the subalgebra
of H* (M) generated by <, bv;(M)) C=1), 2, --,W. #
§3. Lemmas for the cobordism clacsification of

manifolds with cobhordism category < 3.

. n .
Throughout this section MTowill denote an
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n-dimensional manifold with cobcat (M") < 3 and with
associated Poincare algebra P*.
V.3.1 LEMMA. (a) If x W, (7Y ) = 0 in P*, where xeH ' (BO)

and 0 <i«<n then x = 0 1n P*,
(b) For j » O

Sa,/l(Wl)‘ (Y)), 4 z2j+1 <m

de$+i<r) = o

A
i~ P*.
PROOF. (a) Let y ceH' (BO). If vo= VH( Y) then by hypothesis

X.y = 0 in P*, If vy # wi(7”) then vy is decomposable and
so xy is 3-decomposable. Hence x.y = 0 in P*, since

cobcat(Mn) £ 3, see (V.2.4). Thus x &€ J, as dim (x.y) = n.

So (a) follows.

(b) By Wu's formula, we have

sat (Waj (1)) = W, O Wy () + (37w, ()

= \/\Jl(Y) l/\/z) (v) + l/\/z_)',fj_ (r).

Now assume 2j+1 < n, then wl()‘). WZ}( Y ) = 0 in P* by
(Vv.2.4). Therefore,
1 .
Sq7( Waj (¥)) = Wi, q (¥) in PY,

if 29 + 1 < n. On the other hand if 2j+1 = n then
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1 : *
Sq7( Wy (v)) = Uy LVzJ (v) w P
where v, € Hl (BO) 1is the first Wu class. Also by
Wu's theorem, [$ l])
e} 1

Wl(Y ) = Sqg (Ui) + Sqg (UB) = Uy

So, Sq( Wy (Y= Wi (T) Wy (7) tn P* Thene fore

we get W2ﬁ+1( Y ) = 0 in P*. ;#

V.3.2. LEMMA. If n is e ven and n » 2, then Wi( Y )y =0
in P* for all odd i, i.e. all Stiefel-Whitney numbers

of M divisible by wi(M) for odd 1 are zero.

PROOF. Firstly we take 1 = 1. By the last lemma, since n

is even and n > 2

sab L (¥)) = Wh_y (T) tn P*

Then Wy (Y).W__,(Y) = Uy W,y (Y)

Sﬂficww_i (T))

Sqb sat (Wi p (7))

Now by Adem's relations, [§ l})we get Sql Sql = 0. Thus

l(7’) = 0 in P*,

Next suppose that 1 = 2j+1, j » 0, and n-1

= 2k+1, k > 0. Then by lemma (V.3.1l) we have, in P*,
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WYY W (r) = Sq/l(WzJ(Y))S‘ifijllf{(Y))

- Syt ( Waj (7) Sﬂ/i (Wakr(r))) , since

S5q” Sq° = 0. Therefore,

it

W (7)) W__ . (7))

1 n—-1

Uy Waj (r) Sq t Wag (7)
= O ia P* 5 aAS ii’

is 3-decomposable.

I
(@)

Thus by lemma (V.3.1l), we see that Wi('f)

in P* for all odd 1i. ##

V.3.3. PROPOSITION. If M 1is a nonbounding n-dimensional

manifold with cobcat (M) £ 3, where n is even and n > 2,
then M 1is cobordant to N x N, where N is also nonbounding

and cobcat (N) < 3.

PROOF. By lemma ( V.3.2), all Stiefel-Whitney numbers of
M divisible by wi(M) for odd 1 are zero and so, by [M.5],
*there exists a manifold N of dimension n/2 suc h that M is

cobordant to N x N. From [M.5] , we also know that

< W, e--eee W, UNT D
1 2
1
= Wy, e W, , LMl >
1 b
for any partition i|+-LL + _-—-'4‘LF =~ W[z . Thus

N is nonbounding, because 1if N were a boundary then
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<wil ...... Wi, ,UNT > = 0, for all
partition L‘+ - - LP = '\’1/2
S0, LWy -n - Wy, LM p =0 for all
partitions of n of the form 2il+——+2ip = n and we

already know that all Stiefel-Whitney numbers of M
divisible by wi( M ))for odd i) are zero. Thus all
Stiefel-Whitney numbers of M becomes zero, showing that

M becomes a boundary; whic h is a contradiction. Also

clearly cobcat (N) = Cobcat (M) < 3. ##

V.3.4. COROLLARY. Let M be an n-dimensional manifold

with cobcat (M) £ 3. Let n = 2t.m where either m 1is odd

and m > 3, or m = 2. Then either M is a boundary or else M
t
is cobordant to (N)2 . where N is a nonbounding m-dimensional

manifold with cobcat (N) <« 3.

PROOF. For ¢t = 0, there is nothing to prove. So assume
t 2 0. Then by the above proposition, if M 1is nonbounding,

M 1s cobordant to Ny ox Ny =(N1)2 where the dimension of

N, is 2571 0 ang N, is nonbounding with cobcat(N;) £ 3.

Thus the corollary follows by the process of induction.

V.3.5 COROLLARY. Let M be an n-dimensional manifold with

cobcat (M) £ 3.
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(1) If n = 25, s >0 then either M is a boundary or
5 2s—l
else M is cobordant to ( RP™ )

(2) If n = s°.3, s > 0 then M is a boundary.

PROOF. By the corollary (V.3.4), it is enough to look at
the group 7?2_ and 773 of cobordism classes of manifolds

of dimension 2 and 3 respectively. We know that ]?195 2?2

with generator [lﬁan_] and T} = 0; also
3
cobcat ( RP2 ) é; cat ( RP2) = 3. Hence the corollary

follows. ji:

V.3.6 LEMMA. Let n = 2° + m, where 1l<m<2F.

Then
%4 . .
(D) Wys, () = S (W s (F)) i P g
0ck<2® and 2% L 2 W

(2) wj({) = 0 in P* if 0« j < m.

PROOF. (1) By Wu's formula we have

k-1

_’7_5-——L<+1-1
qu (ng(‘/)) - W‘zs*k({) +; ( t ) Wu—t (7) Wzg*—t(?/)'

Since by (V.2.4) decomposable elements of dimension less
than n are zero in P*, so (1) follows.
(2) Let 0« j<«m. Then n-3 = 2T+k, where k = m-3j with

0s2k<m<2® and 25+k< 2%+m = n. Thus by (1), s Y

= qu (W2r(3/)). It is well-known that the Wu class vj
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is decomposable, if j is not a power of 2, and hence

zero in P*. By Wu's theotem
Y

= 3
WQ_T(B/) _ VQ.I‘*‘;C:C\ (Vr—-l>

r-1
2 .
= Yy *Zji sql(yzr_i)
1=
i

since Sg (x) = 0 if i > dim x. Now er . 1s not a
—_1
power of 2 if 1<i <21 and so zero in p*. 1f i = 2871

then 2'-i = 27}, ana ¢ P i

’ q (Vzr-j) = Vzr_1' Y21‘—1 (since
k - . . . . . r

Sq (a) = a” 1f dim a = k ) with total dimension = 2" ¢ n

and so zero in P*., Thus it follows that

WQY(A/) = V,r n p*

n
©

: by
Also since P > n/2 ( " = 2r+w\ » Q_r)( 21‘
so W, C/) = \2? = 0 in P*

Thus wn_j(y) = 0 in P*

So by lemma (V.3.1), ?H('{)

0 in P*. £

V.3.7 PROPOSITION. Let n = 2'+m, lem< 2. 1If v =v, =0

in P* and if n > 3 is odd, then M 1is a boundary.

PROOF. We shall show that all positive Wu classes are
zero in P*. In that case by Wu's theorem all positive
Stiefel-Whitney classes will be zero in P* and hence all

Stiefel-Whitney numbers of M will be zero. Now we know
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that vj = 0 in P* if j 1is not a power of 2, as in that
case vj is decomposable. Also by hypothesis vy =V, T 0
= 0 in P* as 2 > /2 . So it is

ST
. . r-1
enough to show that vot = 0 1n p*x if 29 « 2 L 2 .

in P*., Further v

Now by lemma (V.3.1l) we have

t
Vew, (7)) = =a% =g (w, . (7))

and by Adem's relation, § 1,

2. 251 21-0-1 T t
59" Sq, = ( )%%2+1+(2—1—1—1 2y
= 2-2 2 5q

t
w1 t

- 2
- SCL 4 €5qf2 §g1i

By Adem's relation, we also have

1 t --O 1 N v
9 542=( )%‘1 = Sq9'+1
£ St
so, sq® sq® " ' = Sq Sq + %q Sqi
t t t
2 1 -
or, 59 Gq = Gm{z §%12' ! —+ ?5Q1<;qf2
Thus,
’ 2_ 21 )
VAW ()= 2q?eq® T (w e () 4
t
%qi%qo' (W _ ot (N/U.
t
_ 2-4 7
R CNIINC0) PN VRSSO

= 0 in P*, by hypothesis.

Thus, v2t = 0 1in P*.
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Hence the proposition follows. £

Let o {n) denote the number of terms in the diadic

expansion of n.

V.3.8. COROLLARY. If M 1s an n-dimensional manifold with

o (n) > 3 and with cobcat (M) £ 3, then M 1is a
boundary.

PROOF. Suppose n 1is even then, since o&(n) > 3, n = 2t.m

where m 1is odd and m > 3. Then by corollary (V.3.4)
either M 1s a boundary or M is cobordant to (N)2t,

where N 1s a nonbounding m dimensional manifold with
cobcat (N) £ 3. Moreover o« (m) > 3, since o« (n) > 3. Thus
it is enough to assume that n is odd and we write n = 25 4k

where 3$.k<:2r and k 1is odd. By lemma (V.3.6), wl(-/)

= W2 ({ ) = 0 in P*. So, Vl = wl(-{) = 0 in P* and

therefore Wz(w’) qu(vo)+ sqt (v ) + sq° (v,)

0 + 0 + v2 = v

2
Hence, v, is also zero in P*, So by proposition (V.3.7),

M 1is a boundary. ;#:

V.3.9 COROLLARY. Let M be an n-dimensional manifold

with cobcat (M) £ 3. If n = 2%+1, s > 2, and

<w2 W o [M]> = 0, then M is a boundary.

PROOF. By lemma (V.3.6) wl(~/) = (0 in P*.

tE <Wz' Wv\—l’fMj> -0

e if <{*(wl(m/))-{*(wﬂ,l(“/))[rﬂ> =0



then Vvl(:/).VVVV-Qﬁq/)= 0 in P*. So by (V.3.1)
Wz(‘/) = 0 in P*. Therefore Vi TV, = 0 in P* (see
the proof of (V.3.8)), where v, € H'(Boy, i = 1,2, are

Wu classes. Hence by (V.3.7), M 1is a boundary. £

V.3.10 PROPOSITION. Let n = 2°+1, where s32. If there

exist two nonbounding n-dimensional manifolds Ml and M2

with cobcat (M,) £ 3 and cobcat(M,) £ 3, then they are

1) 2)

cobordant.

PROOF By (V.3.9),

<W_?_'Wn—2 )EML_J> :<Wl. Wi, L Ml:]>

<w Wy L um] )= <w W, [MJ> <w ,[ ™ :l>

1+12+_-_.-. 1? - W where || 1is

the disjoint wunion. Thus clearly

<W2'W»’\—2 >[M1UM23> -~ 14+41 = O

for any partition 1

and also cobcat (t1y (B} M, ) £ 3.

Hence by (V.3.9), M, B M, is a boundary. Thus the

proposition follows. ;ﬁ:

%»4 Complete classification of manifolds with cobordism

category < 3.

A manifold M" is called decomposable 1if
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i . .
n 1 1 i
M = ( 2 e x )
L N.1 X bdz_ X x N ,
where 3 41, +-—-+1, =N , 0 1,,3,,7731, <N

b8

k. .
and each N 1s a 1

K KT dimensional manifold ( 1<k<r ).

Now for a manifold Mn, consider the total

Stiefel-Whitney class

W(M) = l+wl (M) +-—w-- + wn(M)
= (Lrt)(rt Y- (14t,) (Say)
where t, € ™), 1<i<n.
Then Wi(M) - Zti
3
W, (M) = = tity
. i)
{
\
1
W, (M) =ttt

The expressions in t's, associated to each wi above, are
called elementary symmetric polynomials. We know that

any symmetric polynomial can be generated by elementary
symmetric polynomials. Therefore it follows that

£+ tD 4-—--+tD is a polymial in W, (M), W,(M),---W_(M).
1 2 n 4 1 T2 ! n

Let us denote this polynomial by Sn

Thom [ T.37] has proved that, M”  is

indecomposable iff <isn, C Mn:]‘> # 0.

Further it is well-known that for a given odd

Mteger d>0,not of the form 2k—l, there exists a unique
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{upto bordism) indecomposable Dold manifold P(m,n) of

dimension d. In fact one can takem = 2'- 1 and n = 2t . s

r

where (d+1) = 2°( 2s+1l). In particular we can see that the

Dold manifold P(1,2571) is indecomposable. Therefore

<§23*1 ARZCH Qs-i)]>

above.

l, by Thom's result mentioned &5

S

V.4.1 THEOREM. Let n 27+1, s > 2, and

S-1 .

Mmfj Pl1,277-23 ) x N
; ’ 3 ?

s~1

where P(1l,2 - 2 } 1s a bold manifold, N; is the 43

J

degree term in the formal inverse

4 6 -1

( L+¢P2-+CP + CP° +—-mmm ) T

Then M is nonbounding, and cobcat (M) £ 3.

1

PROOF. Let P, denote P(L,2°7 %~ 25 ).

5-2
Now <<.':v\,EMV\J> = i <€_2S4,1 ’[%Xij>
J=0
i <S2.5+1 > L P<1>2$~1)j > -1

. . n .
using Thom's result mentioned above. Hence M is not a

boundary. Now it remains to prove that cobcat (M™) £ 3.

. . S . -
Let 31, ,+1,+ —----+1 =2+1 be a partition.

p

5-2
2
WA M] - /W_-———W. R PXN]>
<Wi1 Wlp’[ > Z\ iy 119[3 ’
J=0

1
Then,
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1

Since P(1,0) ~~ S™ is a boundary, we may assume that

s-2

j«£2 It is known ( & 1) that the total Stiefel-

Whitney class

S - .
2 —
VJ(E% ):3 (1-*C>(j_+<:+<i> 23 +1
where CEEH%Pj) and 4 € HZ(Pj) such that c2 = 0 and
s-1 . ,
a2  =23+1  _ . thus
S-1 .
27 T-2
Wy ) = (1rc)(1rced ) (e d) !
212772 ;
= (1+)(1+<c+d) (1+d ) J
\Qﬁ-i )
= (L+d+cd)(1+d ) —-2J
Also clearly W Odd(Nj) = 0 and so by using the formula

for the Stiefel-Whitney classes of the cartessian product
we have for i >1, W2i+1(Pj X Nj ) = cdy , where vy

is the ( 2i-2) degree term in
PR
(1+d) ®W(N;), E=coland d=de1

(1 is the unity of H° (Nj ) .) .

Clearly &° = O.

Thus WO‘M( ijNj).Wodd(ijNj) = Q0
Therefore the only nonzero Stiefel-Whitney numbers of M

are of the form

s My s, T )
2}’2
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Now since c2 = 0, by proposition (V.2.5)

< Wy =W L 51> =ew; —--w; ,[81)

lad

. . . - . S .
for any partition 11+12+-.__+1q = 9 , where Pj is the
submanifold of Pj dual to c¢. We claim that ’13’]. is
2S_l—2j -
cobordant to CP . We will show that for all
- . . . _ A5
partition iy + i, o+ lp = 2

~ S~ .
<Wil——“ WiP L ij> = <Wi1_,, wip )[4322 .'1'_9.3—_] >

, s—-1 .
.e. W, —e=W. — -
e <C ! 1PJ[Pj]>’<Wi ———WiP,BDPZ 23_]>
1

s-1 . S-1 .
But W(sz -2), = (1+d)2 2J+41
s-1 .
and W(Pj) = ( 1l+c¢) (1+C+d)2 -273+1
Since one ¢ 1is already present in <c Wii—-~— WiP )EPj]>
s-1
and c2 = 0, the only term from (1l+c) (l+c+d)2 -2J+1

which may give nonzero Stiefel-Whitney numbers

<C Wii""wi‘, :[PJ‘]> will actually come from

S-4 _ . S-4
Ci-*d)l =231\ (Q:Pz "23) . Therefore, ,1\),] is
s-1 .
bordic to CPZ - 23. Hence, the repeated use of product

formula for Stiefel-Whitney classes yields,
< c &ng_iz“”'wgip , [ ijij >
2 p J

s-1

- = 27727
Ty W, ~— W, L [cP T

ti
N
Na
z
»
[ N
i
\
]
z
N
P
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Here vy 1s the ( 2i-2) degree term in

1+d 2°723 | vﬂcp 1“Qj)
(1+4) oW (N;) =

s-1

= (1«\-&_‘_&—2-‘””-—}\,\,(@?2 -—zija)

®W(NQ

Thuse ¥ T Z akW . (Q:PQ- ——lijj>

and sO -
<C& g Wys " Wai o L "5“\‘3‘3>

- —— 2 —-
o 3
Hence ,
< W 2i+1 Wzi —-—-WQ_iP ,EM]>
S-2 .7, -1 .
2 i-4 —- \<+i 2_5 -2
= Z W . ——-W . [€f x N.J
i-o < Wai-ax-2 23, 23p° J
3 -1
= -——"W Y >
Z < 21 Q_\‘__QW21 _'11 E 53
D)
where Y . U (C_E XNU) and
2
25_2 5—1 .
~ - 2 2 =23
d:QdeH(zs>:63 no(cp xN:-))
J=o
For generality we write
k .
2w—273
Y = L (¥ x N )
j=o
k— 13 ’
The pair ECPZ , \/2\( 2.3] can be regarded

as a class in the bordism group Q 5 @:P ) (see ¥1),
2w~ J

i
where Y . 1s the canonical complex line bundle
2w-2]) ’
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2k-27 1
over CP . Also we can regard .
0 d U[ Y41< > Tow 23 ]
as a class in _Q_*(CPOO) ,- as _()_*((1’;P‘><> ) has the structure
U —
of a _O_*— module ( ~/i . is the l-dimensional
2%-2.9

. 1
Y induced by . ).
4K qu-za

Conner and Floyed [C.ZJ proved that there is a unique

complex vector bundle over

v

(upto bordism) basis {XZi I i=0,1,---—- } of ) (CP* )
*

)
as an _Q*—module such that

(i) X, =1
(11) AX,; =X,. , for i>0
(iii) EX,;, = 0 for i >o0.

where £ and A are augmentation and Smith homomorphisms
respectively, §1.
For k > 0, put Y2i = 4\
A i 1 = -
Y4l< if 1= 2k-41
One can see that the class ?21 defined above satisfy the
properties (i), (ii), (iil) mentioned above and hence forms

U
a basis for _Q*((EPM ).

There is a direct construction of the basis elements
U . i .
of __().* (CP* ), due 'to Stong. Let 5/1 be the canonical

complex line bundle over (L‘Pl

. Let ¥ be the complex k-plane
bundle over CPl defined as ¥ = 7/11 @(k—i)(ﬁ i.e.
Whitney sum of ‘],;- and (k-1) dimensional trivial complex
bundle over CPL. Then CP( € ) is the space of complex
lines in the fibres of T . Let A be the complex line

bundle over C P{( E ) whose total space consists of the

pairs (o, x ) where o € CP(E ) and x 1is a point on ol .
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Choose
. -Cce(g), ] :EQ:P('/J_i@(k—i)C ), }‘j

Then { Z‘Zk }:o forms a basis of ,ﬂ..u* (( P )

' v
By the uniqueness of the basis of _(l*(ctp°° ) upto

Ny

bordism, we have that Y4k is bordic to Z4k for all k.
That is Y,g is bordic to CP( 11163 2% 1) ). Thus
we have
W o Wy LMD D
21 1 l 21? >

1-1
k+d 1 o1
Z <d Woi-21-2 Wz:i]:"wzziP )[‘CP(YLQ(Z —1)CJ>

Where d 1is now the mod 2 reduction of the first Chern

class ¢, ( A) of A . Also, the total Stiefel-Whitney

class of ([‘_P( ‘(j‘ (43} (25—{.1><ﬁ ) is given by ’[C.B'; ng]

2

s-1 1

/

W = (1l+d+a) ( l+d)2

[

where a 1is the mod 2 reduction of the first Chern class
s-1 s~-1

of(IfPl ( so a2 = 0). Thus, W = (l+d)2 + a(l+d)2 -1
and so, for O<f2j<’2S
(cp({liea(ﬂ.s-fi)ct D) -4
Hence it follows that if p >-3, then
<W21+1 Mai, 77777 ‘*21 e [M] >
as a2 = 0. Thus cobcat (M) £ 3. _;/’t

Thus summing up we have
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V.4.2 THEOREM. If M 1is an n-dimensional manifold with

cobcat (M) £ 3, then M 1is either a boundary or else one of

the following is true:

s 2 2571
(1) n=2", s Zl and M 1s cobordant to ( RP7)
_ AL, .S .
(2) n = 2 (27+1), >0, s > 2 and M 1s cobordant
o r
to (M )2 with
S-2
M = i} P (1,25 - 25 ) x wm
- ’ j
J=0

Nj being the 43 degree term in the formal inverse
( 1+cp? +gpte-—— )7L,

PROQF. Suppose M 1is not a boundary. Then by (V.3.8)
S

]

we may assume L (n) £ 2. If &£ (n) l i.e. n = 27 then

2 i.e. n = 2Y(2%+1)

by (V.3.5) we get (1l). Let & (n)

where r } 0, s >/l. By (V.3.5) we may assume s > 2.
~ r ~
Then by (V.3.4), M 1is bordic to ( M )2 , where M 1is
\
S

nonbounding 27 4+ 1 dimensional manifold with cobcat(ﬁ) < 3.

Now by (V.3.10) and (V.4.1), M is bordic to

2°2

|l p2,2%t- 25 ) x NS - : §§

J=0
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& 5 Cobordism classification of manifolds with

£ 4,

T~

Cobordism category

In this section we shall try to describe the
cobordism class of an n-dimensional manifold M with
cobcat (M) £ 4. Let PY denote the ideal of the Poincare'

Algebra P*, consisting of the decomposable elements of P*.

To begin with we consider only the even dimensional
manifolds and we shall see how the classification problem
can be reduced to one of looking at odd-dimensional
manifolds. Analogous to what we have done for the case
cobcat (M) £ 3, all we need to do here is to examine the
product Wi(‘{) wj('{) ¥%(({ ) where 1,3, k >0 and i+3+k = n;
because here cobcat (M)‘é 4 and so 4-decomposable elements

[

are all zero in P*)(V.2.4).

From Wu's formula we have
— k *
(1) wzsm(“/) = oq (wls ("b/)) mod 92 ,
where 2° + k £ n  and 05)<<.2S, and from Wu's

theorem we have

(2) W _( Y/) = V S mod P* , { see the proof of (V.3.6))
2S - 2 2

V.5.1. LEMMA. wi (Y) = 0 in P* if n > 3

PROOF. We have
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Sql(wiz(#)) = Sqi(wl(w/)) w, (¥) -+ wi(v/)&ﬁéwiu/))

and similarly, Sq2 (wi (7/)) = wihé= 0 in P*.

Thus clearly sqj(wi ({ )) = 0 in P* if 7 > 0.

Let n-2 = 2°+k, where 0<k £ 2°.

2 R
TE k >0, Wit ) W (¥)

2 k /
wl({) sq (wzs(*o ))

SQR(VG%(¥)V2$(1))

IAVRCORTINCD

7}

k
= 0 in P*
_ 2 2
2 E . %
= W, ({)vzs = =q* (W, (7)) =0 i P
Hence it follows that wi(r/) = 0 in P*. +HE

V.5.2 LEMMA. If n 2 3 then wl({) = 0 in P* unless

n=2"(2% 4+ 1) +1, where r > 0 and s > 2.

PROOF. Let N be the (n-l)-dimensional submanifold of

M dual to Wl(M). Then, by (v.2.5) and (v.5.1) we have

<W11"”Wip ,[N]> :<wiw1.1——~w.lP , [M]>
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for any partition iy + i, t——— + lp = n-1.

Thus cobcat (N)_S 3 and wl(M) = 0 in P* 1ff N 1is a

boundary. By (V.4.2), N 1is a boundary unless (n-1) = 2t

or 27(2°+1) where t > 1, r >0 and s » 2. Further if n-1= 2°

and N 1s not a boundary then by (V.3.5), N 1is cobordant
2 2t—l

to ( RP™) and

{wliy tng)y = dw? ,mé21> +0

(see the proof of (V.3.3)). However,

<W;_1 ,[N]> :<W1W§’1 ‘[Mj>
and in B W () Wl (7)

2 2.
2 Wlt—:]_ (¥) = %Cli (Wzt'l ) )

2Woes () 29" (W () = O

Thus N is a boundary even when n-1 = 2t. Hence the lemma

follows. +£

V.5.3. LEMMA. 1If wl({) = 0 in P* then,

(1) () = =a*(w, () in 27

W&j+1
. * ’
(2) <qt(x).sql(y) =0 in £, if

dim x + dimy + 2 = n.

PROOF. For (1) note that

Sq,i(wlj (7)) = Wl(w/) le (7) + Wz_j+i b/)
For (2) we‘have

5qi(1).gqi(y) - Sqi(I ~".\l—qi(9)} :Wi(’/)'x‘gti(y). '
+
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V.5.4. LEMMA. If n 1is even, n > 2 and wl(;/) = 0 in

P* then
(1) wW.(Y)w._ .(¥Y) = 0 in P* for all odd i
bl n-1
(2) VﬂlC{)éiﬁi(g;) = 0 in P* if daim x = n-3
PROOF. (1). Since wl(-{) = 0 we may assume that 1< 1g¢n-1.
Then
- 1 J 1
Wl(’{) WV\-l(\/) "gq (Wi_l( ))g% <Wﬂ—i—1({))

= 0 in P*, by ( V.5.3).

(2). Firstly we note that if x 1is 3-decomposable
then there is nothing to prove. Now, n-3 is odd; so by

Wu's formula
i -
591 (W, (1)) = W, (1) W,y ()
in P*. Thus, wz(z/).Sql(wn_3('¥)) = 0 in P*. Now let
n-3 = j+k and assume that j is odd. Then in P*
1
Wy () sat W () W (Y

. 1
W, () =gt (v (1)) w )+ W) Wit Sa ™ (w (1))

"

W, ()W) w () = v Wit v,y ()

4 (0 )

29% (w0 w0+ W () 2™ (v, ()

+=al (w,10)) =2l (w,, (1)
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= s (w0 w, () + Wi sa®w  ())

by (V.5.3). Also by Wu's formula

qu (Wi(“/)) pnd Wz(f) \/\/i(~/) * ( 1’21 ) Wia—zt/)
in P* for all i 2 2.

Thus, W, (1) SaT (W (/) w, (7))

- (J;_i) ij_(\/) Wk’u(” « (%) v\/k+3({) W, (Y)

0 in P*, by (1)

Therefore, (2) follows. ##

V.5.5 LEMMA. Let i+3+k ¢ n. Then

<>qi(W(f)WU) (2 W, ) {
ﬂ O )( ) Rﬁl—p( )

in P*.
PROOI'. We have by the Cartan formula, § 1,

<q” (w ()W, (1)) "g:%q (w, (7)) =9 P»(qu/))
@)

The result now follows using Wu's formula and the fact
that 4-decompasable elements and the 3-decomposable

elements not in the top dimension are zero in P*. ;@E

V.5.6 PROPOSITION. If n is even, n>2 and W (Y )= 0

in P* then wj<¢)= 0 in P* for all odd j.

PROOF. sincd Wl('/) = 0 we may assume that 3 >1. By (V .5.4),

(Y) w _ () = 0 and clearly wj({).x =0 in P* if x
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is 3-decomposable. Thus all we need to show 1is that

Wj()/).x = 0 in P* if x 1is decomposable and dim(x) = n-j.

(1) Let K = n-j-2. Thus k 1s odd and so by

(V.5.3) and using Adem's relation, we have

Wi W, ()W, ) = Wy () 2q” (w (V) w ()
= 0 in P*, by (V.5.4).

{(2) Let k = n—j—2a where a > 2 and kK > 0. Thus Kk

is odd and so

1 .
W (1) Woa (7)) W, (1) = Wpa (YD 247 (W, (1) W, (7))

1
\79_& =9 ( Wy (¥) WKU/) )

=97 247 (W, () wl1))

By using Adem's relation we have
_ 2 _ 2-1
Wi W) w (V) = <47 =q (Wj_l@/)www))

(w,_ (1) w, ()
1

a
S47 T (W (1) w, (f))
Q

4 =9t =q? (wj_l@/) W\eb/))'

W, (1) =4

a
W, (1) =qteg? -2 (w,_, (¥) W, ))
TowW ) 247 (w, () W, ()

0 in P* by (V.5.4).

Thus from (1) and (2) it follows that wj(—{) W a(‘a/) Wk('/)= 0
2

. ~a
in P* for any odd j and any a > 0, where k = n-3-2".
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Assume inductively that,

W (1) W

and any t < b, where kK’ = n—j—2a—t, a 21, 0<1b<:2a.

't({) VJR/(7/) = 0O for any odd j

+

Let k = n—j—Za—b and k > 0. Then in P*,

Wi W 0w () = 20” (w () Wy ) W, (V)

b-1
T2 =T (W, (V)54 (w9 W )

<L =0

( by Cartan formula, since SQb(\Nafff) MG(J)VVR({)>

=V, wWa W) wlf) =0 in P* )

() w (%)

( J,B-i){ <1 ) Woa U/) Wj+}3 krb—ot-P

box- 27+ L

by (v.5.5). If [3 is odd (3;1> = 0, and if 3 is

even then J+ ﬁ is odd, and so by the induction hypothesis

W ) w. (4 —
P D Vg ) =0
in P*. Thus,

. EeS
wj({) w2a+b({) WK(”():O (n P7

Hence the proposition follows. +H=

V.5.7 PROPOSITION. Let M be a non-bounding n-dimensional

manifold with cobcat(M) £ 4. If n 1is even, n>2 and

wl( Y y = 0 in P*, then M 1s cobordant to N x N where

N is also non-bounding and cobcat (N) £ 4.
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PROOF. By (V.5.6) wj(:/) = 0 in P* for all odd j. Thus M

is cobordant to a square N x N ( see [ M.5 ] ) with

<Wilwi "‘Wip L N]> = <w2.llw2i;--w . ,[m]>

2 21
for any partition il + i2+————+ip = n/2.
Hence the proposition follows. ;@E

V.5.8 COROLLARY. Let M be a non-bounding n-dimensional

manifold with cobcat (M) é:4, and let n = 2tm where t 2;1

and m > 1.

_ 55
(1) 1f ? = 27+ 1 for any s >

1, then M 1is
cobordant to (N)2 where N 1is a non-bounding, m-dimensional
manifold with cobcat (N) < 4.

\

S

(2) If 27 + 1 for some s 2;1, then M 1is

m:
2t-l
cobordant to (N) where N is a non-bounding, 2m-dimensional

manifold with cobcat(N):é 4.

PROQF. By (V.5.2) Wl(M) = 0 in P* if dim(M) = 2r, where
r # 2° + 1 for any s 2,1. The result now follows from

(V.5.7) by induction. +

V.5.9 COROLLARY. Let M be a 2t— dimensional manifold

with cobcat(M) £ 4 and t > 1. Then M is either a boundary,
5 2t—l
or M is cobordant to ( RP)

Y

PROOF. If M 1is not a boundary, then by (V.5.8), M 1s
t-1
cobordant to (N) where N 1is a non-bounding 2-dimensional

. : 2
manifold with cobcat(N) £ 4. Clearly N is cobordant to IRP".

=
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S

V.5.10. PROPOSITION. If n = 2° 4+ 2 where s 22, and if

= 0, then M 1is either
<W1 W, Wos o, LM B >
a boundary or else M is cobordant to N x N where N 1is

s—l+

a nonbounding ( 2 1)- dimensional manifold with

cobcat (N) £ 4.

PROOT. Suppose M 1s not a boundary, and let M’ be the

( 2%+ l)-dimensional submanifold of M dual to W, (M). Then

l(
as 1n (V.5.2), cobcat(M') £3 and

<<‘ﬂ2~VV2$ N ,C P1:]j> <:YV W .VVQ, 1, [:“Wi]:>

Thus by (V.3.9) M' 1is a boundary, and so
<W.1_WJ WV\-—i‘-:] ) [Mj>

[ ' ———
<\/\/j\/\/v\__1/‘],["_Mj> — O
for all Og:jé;n—l. Therefore wl(j/) = 0 in P* and hence

the result follows by (V.5.7). !

V.5.11 COROLLARY. Let Ml and M2 be two non-bounding

( 25+ 2)-dimensional manifolds, where s>2, cobcat(Ml) £ 4

and cobcat(M2)5;4. If neither M, nor M, is a square, then

1 2

Ml is cobordant to M2 LJ(N Xx N ) for some manifold N wuith

cobcat (N) 514.

PROOF. By (V.5.10),

<W1W2Wf—1 LMyl > - <walw2$—i ’EMQ‘]> =4
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and so ™M, LM = 0
Also clecarly cobcat (MlLJMz) < 4. 1
The result now follows from (V.5.10). q#:

k

There exists classes Ské H" (BO) defined inductively

byNewton‘s formula:

Sk'*“ﬁﬁ/)sw—l+—~--+\AQ—JJ)Si‘PEL<]2\Nk(J) =©
for k > 0, where [l<:)2 is the mod 2 reduction of k, and

SO = 1. Further 1t can be shown that
sqd (5,) = ( X ) s .. for all k> 30
k 3 k+3 = J >

Also if M 1is an n-dimensional manifold then Sné Hn(BO)
corresponds to the symmetric polynomial S, € H?(M) under
the homomorphism f£*:H* (BO)-—> H* (M) where f:M —>BO 1is the
classifying map of T (M), and as we have mentioned in S 4,

M 1is decomposable iff <f*(Sn), Cbﬁj:>

s, [M]> = 0.
r

V.5.12 COROLLARY. Let n = 2" + 2, where r 2,2, and let

M be a non-bounding n-dimensional manifold which 1s not

cobordant to a square. Then M 1is indecomposable.

3
PROQOF. - S —_ .
PROOE . 52r+2 q ( <_,.2,’_1 ) — \73 = 2F_ 4

Moreover V3 is decomposable and by Newton's formula

r 2

S =W k‘{) mod P#*
2 -1 2 -1
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It follows that,

0
1
<o
3

-
S

Wy () + %qi(wz@())) Wor (+)

)

3wy ) w, ()« W () Wox ()

by Wu's formula.

w () W, () w ) in px

2% 4
By hypothesis and (V.5.10), we have

w

1(*” sz(f/)VVzr_jﬁy># 0 in p* aéd SO

<S - [Mj>75 0 i.e. M is indecomposable. -
2°+2°

The results we have obtained so far in this section
have reduced the problem to one of looking at the odd

dimensional manifolds M with cobcat(wﬂ 4

V.5.13 LEMMA. If n is odd, then

(1) x“ = 0 in P* for any x, where dim(x) > 0

(2) W_gg (1) W, () =0 in er.

PROOF(I)Let 0O0< 21 < n, n-21 1s odd, and so
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WY = %qi(w

(¥))
()

N-21-1 J

N—91-1

+ oW (V) w

by Wu's formula.

2 2.
Hence, Wi(7/) WY\—-Qi(i) = W - (7/) Sqi(wy\_2_’1~1(’a/)>

sat (W () w

'))

N-21-1

V) = o w p¥

I
=

2
() W) W oig

and so, w§(7/) = 0 1in P* for all 1 > 1. It follows that

x“ =0 in P* for all x with dim (x) > 0.

(2) Let i,] be odd and let 0< i, j«n. Then by Wu's

formula,
Wi wil) v )
= w, () W () 3‘11<Wv\~i—j~1 (¥))
1
R ARV CORWACI RSN COD

Vv, Wy () W ) Wi i1 ()
= 0

in
and so wi('/) wj(’/) = 0 1n P*. +F

P*

V.5.14 PROPOSITION. Let n = 2" + m, where m is odd and
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0O<mg2', and let o« (n) >4, o (n) being the number

nonzero terms in the diadic expansion of n. Then

r

W (T/) = 0 in P* for any 0<«&k<m.
2+ k

PROOF
LA A L w */___
2%k ) =

= %Qk (’fzr ) wmod Ei;

= —=3q"° (W,r (7)) vmod B

of

Moreover, V = 0 as 2F > n/2, and so, W (7/) is

2t 2T+ x

decomposable for each 0Lk ¢m. Hence, W (Y)- x = 0

2&&
in P* if x 1s decomposable.

It is easy to see, by Wu's theorem, that
\/\/v\(f/):O and V\/L(*/) W4 (¥) = o

in P*. Moreover , since wn—2( ﬁ/) is decomposable

2 o3 - Z
= S . —_
q (,VVV\ 2_(7/)) = Sq >q T2 <\}vq—1 )
—“2 )
by Wu's formula
-1
= Sq, = ;D%ﬂ'('Viq_i ) , by Adem's relation
=
= CExii'( V-
-1 N-1 )
2 2 :
Since & (n) ;34, n;l is not a power of' 2, and so V

(n-1)/2
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is decomposable. Thus VJ2(79 MAA_Qjﬁ()= 0 in P*,
Assume inductively that vvi}:%) vvw‘jﬁvf)= 0 in P* for

all 0<£i<j, where 2< 3« m. Then by Wu's formula,

Wild) W) = g7 (w, L ()

J . .
4 n-3-3+%-1.
P A S

)

and so by the induction hypothesis,

, . J
W) W, 5 (§) = o (Wor_3 (7))
_— ‘ : *
_ )
Now vvvﬂ~j (%/) "Vd2y+wn-3£ ) s decomposable and
so 1is Vj if j 1is not a power of 2. Therefore ,in this
case Wj('{) wn_j('{) = 0 in P* if 3 = 25, for some s > 2,
then

VVdC/)V%A,j({)

»EF MJW__2§ (7/) , since wn_zs(j/) is decomposable

S
sa? (w (1))
2

n-—

1)

i

since Wl(“():o (A 9*

by (v.5 1),

S
847 89" (w,,_ s, (7)),

1]

1. 2°
Sq~ Sg (\/\/ﬂ~:zs_i(‘b/))+§q2%q/2$—i (Wﬂ < (’b/)}
-27-1 J

by Adem's relations.
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S

S
W, (¥) =q* (W s () v, =q” T (w

(+))

N-224

s
O+QZ—1< n-2"1-2% 14t 1 y
“— ()

. ) wzb/) W9_5~1—LU/) W

V\—Q_'i 1+t

1

25-1 5=
g—:o ( N 2t+t—l) Wz(v/) wzg_i_t(q/) W

N-2% 1+t

)

S

Since  (n) >4 and 27 = jg&m, so 2°

+ 1 é‘m. Hence for

r

all 05t$2s—lvze have n—25—1+t=2 + k for some

0Lk £m. That is W s ("() is decomposable for all

s .n—2 -1+t .
0¢ t <25 1. Thus it follows that wj({) wn_j(w/) = 0 in p*
1f j = 2°,for some s > 2. So we have proved that
Wj(’{) Wn—j (¥) = 0 in P* for all o< j«m. Hence the result
follows. +H=
V.5.15 THEOREM. Let n be odd and let th/) Wh_3 (7/)= 0
for all 0<£Lj<«n. Then M 1is a boundary.
PROOF. Let i = min (i,j,k), where i,j,k >0 and 1+j+k = n.
By hypothesis, W, (”/) W () V\/K (7/) =0 in E*
if i = 0. Let 0<«i<¢n and assume inductively that

WP(4>WCI(7/)WrC{)= 0 in P* 1f min(p,qg,r) 1, where
pP.qd,t 20 and p+g+r = n. By lemma ( V.5.13) we may assume
a

that 1 <j«gk. If i = 27, then

Wza( 7/).\/\/3. ({).ka/) = vla wj(w/) V\/\Q\{)

a
a

2 3
S5 (W)W () =3 =00 (0)54* (s ()
L=0
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o
2 £ :
S5 (e )

X=0 =0

By the induction hypothesis,

2w *
W, (V) Wj)rt(b/) =9 (WK({U:O o ,‘9 >
if 0<«-t <2,
So,
L (1) w () Wy (¥)
{) W, () w O (3 Yw H)saf"’( /
- VV ( ;?: J+k (VVR[ ))
O
- W b/)wmw ()
k-2"- &+P-1
+Z D, )Z( W pOW, D,
by Wu s formula.
= W) Wi ()W () +w (V) Woo () wi, (Y)
2% .
J-1 R-1 :
+> (7 )( : WMC({) sz"‘,dc(ﬂ
K =0
by i1nduction hypothesis.
= 0 in P*, since wh( { ) wn—h (’{ ) = 0 in P*
for all 04&hgn by hypothesis.
If i =22 + b, 0<bg2% then,

W (Dw; (W, (1) =

s%b(wia(vf))wj(f/) w, (¥)
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b-t
<> =9 (wfw))sclb'“(ww) W (¥)7)
L=0 J

, b | : X
since =g (wza(vf) W) W (1)) =0 n P
b-1 b-ol '
= -1 R-1 ~
= w. (/ 4
Z Z ( p)(b-*—ﬂ W.?“+°<( ’ J’fP( )me—o(—ﬁ( )
ol =0 P;O
by (V.5.5)
= 0 in P*, by the induction
hypothesis.
Hence the theorem follows. ;H:
V.5.16  COROLLARY. If n = 2711, r53, then M i:
a boundary.
PROOF . Since n = 2r+l_ l = 2r + (2r—l ); for any 0<Lkd«n,

r

either k32" or n-k>2". Thus by (V.5.14) wkm/) wn_k(w/) =0

in P* for all 0<k«¢n, and so by (V.5.15), M is a boundary.

V.5.17 LEMMA. If n 1is odd)wl(

decomposable, then the Wu class Vj

is not a power of 2.

’/) =0 in P*, and M 1is

0 in P* whenever Jj

PROOF. Suppose that j 1is not a power of 2. Therefore

J

If j 1is odd, then

J
Vow, s (¥) =S4 w,; )

V. is decomposable and so \fj~x = 0 in P* for any

X € PS’

£

= %qi%q,j"i ( Wao3 (7)) by Adew = feﬁ@'\‘ms.‘

\/\/ib/) %aﬁ’l(w ,(}/);Q in P*,

-1
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If j 1is even, then n-j is odd and so by Newton's formula,

Wy (1) = =

W\o& Pi*

Hence, ijn—j( 7/) = VJ Sv\——j

- <5€J'tgw_j ) :_('Wjj/>sgw _ O in p?

J
since M 1is decomposable.
Hence the lemma follows. =

v.5.18 LEMMA. If W W__ (% ) = 0 in P* for all
0<kgn, then W (¥) W__ (¥) = 0 in P* for all 0<kgn. |

= — 1 *
PROOF . wl('/) wn_l(¥U v, vaM_ifo)__ O in p*.
Let 1<k ¢n, and assume inductively that Wi(]/) Wn—i(7/) =0

for all 0L 1i¢k.
e
Then Wk('/) Wv\_\q({) —= =9 (Wv\f\q({)> » by the

induction hypothesis, and so W (Y ~

= Vk WV\—\/z (T/) = 0 in P*, _

V.5.19 PROPOSITION. Let n = 2%(p) + (2°-1), wheré p

e

is odd, 1l«tcga, and &K(p) > 3. Then M 1is decomposable.

r

. a
PROOQOF. We can write n = 2° + 2

(m) + (2t~l) where
2%(m) < 2° , m 1is odd, and « (m) > 2. Thus,

> ( 2r+2a(m_1)*1
2% Qa(m_i)__j_ B a ¢ ) S

2 +2

=

20k+ Qt
S5q (

1
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Moreover, since m 1is odd and m = 3,
Y a
2742 (M=1)=1 = 3F 4 23 (m-3) + (2371- 1)

25428 (m-3) + (142+----+29y,

and so the binomial coefficient above is nonzero, since

t £ a.
Thus S =V S
’ o t a
" 27+2 2%, 2 (w-1)-1
Now YV 4 + 1s decomposable,
2+2
X
and § =W . 4 (’7/) wiod 92
Seima)-t | 2Fa 2t (met)-1
and W r o (?/) = 0 in P*, by (V.5.14).
27427 (m-1) -1
Hence Sn = 0 in P* and so the proposition follows. H
V.5.20 THEOREM. Let n = 2% + 2'71 4+ o where m is odd,
m<2r—l, m+l 1s not a power of 2 and oL (m) > 2. Then
M 1s a boundary.
PROOF. V= 0 an P*. If 22 ¢ 2% then n - 22 > 2%,
2
and so by (V.5.14) Vv a W a (1/) = (0 1in P*. Moreover,
2 n-2 )

by (V.5.19) M 1is decomposable. It follows then from

(1) =0

in P* for all 0<&k<«<n, and so by (V.5.15) M 1s a boundary.
=

(V.5.12), (V.5.17) and (V.5.18), that W (¥ ) W__,
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s
We conclude this chapter and also the dissertation
by giving the following conjectures for an n-dimensional

manifold M with cobcat (M) £ 4, as suggested by H.Singh

[Ss.5] and some problems:

Conjecture 1. If o (n) >4 then M 1is a boundary.

Conjecture 2. If n = 2° + 1 then cobcat(M)43, and so M

is cobordant to the manifold given in (V.4.1),

In reference to the conjecture 1, following
result due to F.P. Paterson [P.5] 1is available:

Result. Let Mn be an n-dimensional manifold. Assume

that all products of Stiefel-Whitney classes of the
normal bundle of M of length greater than d wvanish.

Then o (n) £ 4 or M” is a boundary. ++

we remark that the condition on Stiefel-Whitney

classes is satisfied if M" has L.S. Category ac most d.

Problem 1. Bordism classification of G-manifold with

small G-category.

Problem 2. For a fixed topological space X to study the

bordism classification of singular manifolds f: M" > x with

small cat £

Problem 3. Bordism classification of G-manifolds using
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different index theories as

Problem 4. In view of the

above, to study the bordism

M? with oL (n) £ cat (M

given in Chapter IV.

Paterson's result mentioned

classification of manifolds

) .
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