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PREFACE

This disscrtation is a bricf survey of some work done in the ficld of ‘Prime
and Maximal ideals in C(X) and Homomorphisms on C(X)’, where C(X)
is the ring of all real-valued continuous functions on an arbitrary topological
space X. There is a fair amount of interplay between the topological proper-
ties of X and the algebraic properties of C(X). The pioneering work in this
field was done by A. Tychonoff in [36], where he showed that a completely
regular space is a subspace of a compact space. However, the actual ground-
work for the theory of rings of continuous functions was laid in three papers.
The first was by M. H. Stone [35] in which the basic theory of C*(X), the
subring of all bounded real-valued continuous functions on X, was studied.
It is worth noting that he had considered the metric structure of C*(X).
The second paper was by Gelfand and Kolmogoroff [16], where he general-
ized some of the Stone’s result without considering the metric structure of
C*(X) and did a similar study in C*(X). The third paper was by E. Hewitt
(19}, where he added to the knowledge of the ring C(X) and set the direction
for subsequent research. It was in this paper that the zero-sets were sys-
tematically exploited for the first time. It also contains information about
zero-sets, pseudocompactness and relation between ideals, z-ideals, fixed ide-
als, free ideals etc.

Subsequent works by various generations of mathematicians led to further
development of the subject. It is worth mentioning that a lot of work was
done in Purdue University by Gillman, Jerison, C. W. Kohls and others.

In Chapter I we shall include some basic results on rings of continuous func-
tions, without proof, which we shall need later on.

One of the major achievements of the study in rings of continuous func-
tions has been the characterization of prime and maximal ideals in C'(X') and
C*(X). However, the case for C*(X) is not as easy as C(X). This gave rise
to a question, ‘Is it possible to address the distinct cases of C(X) and C*(X)
in the same setting”? ’ This question was answered by H.L.Byun and S. Wat-
son in (7], where they considered the intermediate algebra A(X), satisfying
C*(X) € A(X) C C(X). In this setting C*(X) and C(X) are just special
cases of A(X). Further works by Acharya, Chattopadhyay and Ghosh [1];
Dominguez, Gémez Pérez [11] among others led to further development of



the subject.
In Chapter II, we shall study the generalization of the results known for
C(X) and C*(X) to A(X).

It is well known that a continuous map 7 : X — Y induces a homomor-
phism gon : C(Y) — C(X), where X and Y are arbitrary topological spaces.
J. M. Dominguez and M. A. Mulero have shown in [10] that the properties of
the map X — Y determines the finiteness properties of the homomorphism
C(Y) — C(Y), i.e., whether it is finite, integral, singly generated or finitely
generated. In Chapter III, we shall study the finiteness properties of the
homomorphisms C(Y) — C(X).

The rings of continuous funtions, C(X) is an object in CR, the cate-
gory of all commutative rings. If Y is a subspace of X then the restriction
map from X to Y induces a restriction homomorphism p : C(X) — C(Y).
Michael Barr, W. D. Burgess and R. Raphael in [4] have studied various
conditions under which p is an epimorphism. In Chapter III, we shall briefly
study some of the conditions under which ‘p’ is an epimorphism in CR.

Let A be a topological ring. If S is a multiplicatively closed subset of A,
we define a natural topology on the localization Ag of A with respect to S.
The ring As endowed with this topology is said to be the topological local-
ization of A with respect to S. This topological localization can be studied
in the topological ring C(X) by considering S = {f € C(X) | 0 ¢ f(U)},
where U is a cozero-set in X as shown by B. Requezo, J.B. Sancho in {29].
In chapter IV, we shall briefly study this localization on C(X).

If X is a Tychonoff space, a zero-set Z of X is z—complemented in X if
there exists a zero-set Z of X such that ZUZ = X and ZNZ is nowhere dense
in X. The notion of z-complemented zero-sets arises in determining C(X)
having thr property that the total ring of quotients T'(C(X)) is von-Neumann
regular. Ronnie Levy and Jay Shapiro studied in [21] the conditions on a
space X under which every zero-set is z-complemented. In Section 2 of
Chapter IV, some works done by Levy and Shapiro will be carried out.
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Chapter 1

Preliminaries

In this chapter we recall some of the basic definitions, notations and conven-
tions from the theory of rings of continuous functions, which will be used in
the forth coming chapters.

1.1 Functions on a topological space

Definition and Notation 1.1.1 (1.1, [18]). Let X be a topological space
and let C'(X) be the set of all continuous functions from X to R. We define
addition and multiplication on C(X) by

(f+9)z) = f(z) +g9(z) VzeX

and
(fo)(z) = f(z)g(z) Vz € X.

(i) With these definitions C(X) is a commutative ring with the constant
function 0 as the zero element and the constant function 1 as the unity
element of C'(X).

The additive inverse of [ is - f defined by (- f)(z) = —(f(z)) € R.
The multiplicative inverse f~! (which exists when the function f does
not vanish anywhere on X) is given by the formula

fYz)=1/f(z) VzeX.

(i) We regard C(X) as a partially ordered set under the definition:
for f,g € C(X), f < gif f(z) < g(z) Vz € X.



(iii) The cardinality of C(X) > c, where c is the cardinality of the linear
continuum, when X # ¢. Indeed, we have uncountably many constant
functions in C(X) (when X # ¢). These are denoted by
(for each c € R) f.: X — R where f, is defined by f.(z) =c Vz € X.

When X = {z}, C(X)={f.|ceR}.

Notation 1.1.2 (1.4,[18]). We write C*(X) for the set of all bounded ele-
ments of C(X). Clearly, C*(X) is a subring of C(X).
If C(X) = C*(X), then we say X is pseudocompact.

Remark 1.1.3. Every compact space is pseudocompact.

Notation 1.1.4 (0.5, 1.3 [18]). In the partially ordered set C(X) (resp.
C*(X)), the symbol
J'V g denotes sup{/, g}, the smallest element k € C(X) satisfying [ < k and
g < k. It is given by

k=2""(f+g+I|f—gl)
Likewise, f A ¢ stands for inf{f, g}, given by
Jng=2"" ] +g~1f-gl)
We further have
|fl = fVv —f, where |f|satisfies |f|(z) = |f(z)], for allz € X.

Definition 1.1.5 (0.5, [18]). A partially ordered set R is a lattice if the inf
and the sup of any two elements of R is in the set R. A subset S of R is said
to be a sublattice of R provided that, for all a,b € S, the elements a V b and
a A b of R belong to S.

Remark 1.1.6. It follows from Definition 1.1.5 and Notation 1.1.4 that the
partially ordered set C(X) is a lattice and C*(X) is a sublattice of C(X).

1.1.1 Zero and cozero sets

Definition and Notation 1.1.7. Let X be a topological space. For f €
C(X) and r € R, let

[7{r} ={z e X|f(z) =7}

The set f~{0} = {z € X| f(z) = 0} is called the zero-set of f. We shall
denote this set by Z(f). By Z(X), we denote the set of all zero-sets in X.
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Definition 1.1.8 (1.11, [18]). A complement in X of a zero-set is called a
cozero-set.

We list some basic properties of zero-sets in X.
Properties 1.1.9 (1.10, [18]). (i) Zero-sets are closed in X.
(i) Z(f) = Z(|f]) = Z(f™), for each positive integer n.
(iii) Z(fg) = Z(f)Y Z(g) and Z(If| + Ig]) = Z(f) N Z(g) = Z(f* + ¢°)

Remark 1.1.10 (1.13, [18]). The rings C(X) and C*(X) yields the same
set of zero-sets.

Remark 1.1.11 (1.10, [18]). Every zero-set is a Gs-set.

Remark 1.1.12. [1.14(a), [18]] Zero-sets are closed under countable inter-
sections.

Definition 1.1.13 (1.15, [18]). Let Z be a zero-set in X and let A C X.
Then Z is said to be a zero-set neighbourhood of A if Int Z D A.

Examples 1.1.14. Let X=R, then
() for £ =0, 2(f) = X,

(ii) for f =1, where i(r) =7 V7 € R, we have Z(f) = {0},

(iii) for f=c#0, c € R we have Z(f) = ¢.

(iv) The zero-set X is a zero-set neighbourhood of every subset of X.
)

(v) X is a zero-set as well as a cozero-set.

1.1.2 Completely separated sets

Definition 1.1.15 (1.15, [18]). Let X be a topological space. Two subsets
A and B of X are said to be completely separated if there exists a function
f € C*(X) such that

f[A]={0}, f[B]={1}and 0 < f(z) <1 Vze X.

Example 1.1.16. Let X be a normal spac. Then any two disjoint closed
subsets in X are completely separated.



Remark 1.1.17 (1.15, [18]). To verify the assertion in Example {1.1.16] it
is enough to find a function g € C(X) satisfying

9[A] €] - oo, 0] and g[B] C [1, oo,
then h = (0 V g) A 1 completely separates A and B.

Theorem 1.1.18 (1.15, [18]). Two sets are completely separated iff they
are contained in disjoint zero-sets.

1.1.3 C(C-embedding and C*-embedding

Definition 1.1.19 (1.16, [18]). A subspace S of X is said to be C-embedded
in X if every function f in C(S) can be continuously extended to C(X).

Example 1.1.20. If X is normal and S is closed subspace of X, then by
Tietze’s extension theorem S is C-embedded in X.

Similarly, we have

Definition 1.1.21 (1.16, [18]). A subspace S of X is said to be C*-
embedded in X if every function f in C*(S) can be continuously extended
to C*(X).

Remark 1.1.22 (1.16, [18]). Every C-embedded subspace is C*-embedded.

It follows from the above remark that S is C*-embedded in X iff every
function in C(S) can be extended to a function in C(X).

Theorem 1.1.23 (1.17, [18]). A subspace S of X is C*-embedded in X iff
any two completely separated sets in S are completely separated in X.

Definition 1.1.24 (1H, [18]). A space X is called extremally disconnected
if every open set has an open closure; X is basically disconnected if every
cozero-set has an open closure.

Example 1.1.25. A discrete space is extremally disconnected, hence basi-
cally disconnected.

Remark 1.1.26 (1H(6, [18]). X is extremally disconnected if and only if
every open subspace is C*-embedded.



1.2 Basic Topological results

Definition 1.2.1 (8.2, [18]). A topological space X is said to be o-compact
if it s expressible as a countable union of compact spaces.

Example 1.2.2. R with usual topology is o-compact, as R = |J [-n,n].
neN

Theorem 1.2.3 (0.13, [18]). Every infinite Hausdorff space contains a copy
of N.

Remark 1.2.4 (3L (3), [18]). Let X be an infinite completely regular
space, then C*(X) contains a function with infinite range.

The next theorem would be used in chapter 3.

Theorem 1.2.5 (Theorem 57.3, [25]). (Borsuk-Ulam theorem for S?)
Gien a continuous map f : S? — R?, there is a point  of S? such that

f(z) = f(-2).

1.3 Some ring theoretic results

Definition 1.3.1 (0.19, [18]). Let A be a ring and > be a partial ordering
relation defined on the ring, then A is called a partially ordered ring if

(i)

a>b impliesa+x > b+ z for all z, and

(i)

a >0 and b > 0implies ab > 0.

Remark 1.3.2 (0.19, [18]). To show that a ring A is a partially ordered
ring, it is enough to show that

(1)

a>0 and —a >0 if and only ifa =0

a>0 and b>0 impliesa+b> 0and ab > 0.



Definition 1.3.3 (5.1, [18]). An ideal I in a partially ordered ring is said
to be conver if we have:

whenever 0 <z <y, andy € I, then z € [.

An ideal [ in a lattice-ordered ring is said to be absolutely convez if, when-

ever
|z| < |y| and y € I, thenz € I.

Theorem 1.3.4 (5.3, [18]). The follounng conditions on a convez ideal I
wmn a lattice-ordered ming A are equivalent.

(1) I s absolutely convex
(i) = € I wmplies |z| € ]
(ii) z,y € I wmpheszVye€ I
(iv) I(aVvb) = I(a) Vv I(b)— whence A/I 1s a lattace.
(v) I(a) > 0 1f and only +f a = |a| (mod I)

Theorem 1.3.5 (0.16, [18]). Let I be an wdeal mn A, and S a set that 1s closed
under multiplication and disjownt from I. There exists an 1deal P containing
I, diwsjornt from S, and mazimal with respect to this property. Such an ideal
1S necessarily prime.

Corollary 1.3.6 (0.16, [18]). Let I be an ideal If no power of a belongs to
I, then there exists a prime wdeal containing I but not a.

Corollary 1.3.7 (0.16, [18]). The wntersection of all prime ideals contain-
g a qwen deal I 15 precisely the set of all elements of which some power
belongs to [

Theorem 1.3.8 (0.22, [18]). The only non-zero homomorphism of R wnto
itself 1s the identity

Definition 1.3.9. Let R be a ring. If for each a € R, there exists b € R
such that aba = a, then R is called von Neumann regular ring.

Example 1.3.10. Let X be a discrete space, then C(X) is von Neumann
regular.

Definition 1.3.11. Let R be a ring and let I be an ideal of R, then [ is said
to be a radical ideal if a € I whenever a™ € [ for somen > 0, a € R.

Example 1.3.12. Every prime ideal is a radical ideal.



1.4 Ideals and z-filters

Definition 1.4.1 (2.2, [18]). A non-empty sub-family F of Z(X) is called
a z-filter on X if

(i) ¢ ¢ F;
(i) 2y N Zy € F whenever, Z,,Z, € F;
(iii) If Z € F, and Z' € Z(X) such that Z' D Z then Z' € F.
Examples 1.4.2. (i) Let X = {z}, then F = {X} is a 2-filter.
(i) Let X =R, then F = {F € Z(X)|0 € Z} is a z-filter.
(iii) If I is an ideal in C(X), then Z[I] = {Z(f) : f € I} is a z-filter on X.

Remark 1.4.3 (2.2, [18]). Every family § of zcro-sets having the finite
intersection property is contained in a z-filter. The smallest such is the
family F of all zero-sets containing the finite intersections of members of §.
We say that [ generates the z-filter 7. When [ itself is closed under finite
intersection it is called a base for §.

Theorem 1.4.4 (2.3, [18]). (i) If 7 is an ideal in C(X), then the family
zZil={z(f): fel}
is a z-filter on X.
(ii) If F is a z-filter on X, then the family
z7[Fl={feCX) 2(f) e F}.
is an ideal in C(X).
Remark 1.4.5 (2.4, [18]). Let / be an ideal in C(X), then
(W) z[z—[Fl) = F;
(i) Zz—=[z[1) > 1.



Example 1.4.6. [2.4, [18]] Let X = R, with usual topology. I = (i), the
principal ideal generated by the identity function 7, i.e. [ = {f € C(X) :
f(z) = zg(z) for some g € C(X)}. Let My = Z-[Z[I]]. Clearly, it
consists of all functions in C(R) that vanishes at 0. So, My 2 I. Now
consider i3 ,then i3 € Z—[Z[l]) but is ¢ . For, if i5 € I, then 45 = gi for
some g € C(R). So, g(z) = 25 for z # 0. Clearly, g must be discontinuous
at 0. So, Mo = Z[Z[I]] properly contains /. Furthermore, M, can be shown
to be a maximal ideal.

Unless stated otherwise, My will denote the above maximal ideal.

Definition 1.4.7 (2.5, [18]). A z-filter F on X is called a z-ultrafilter if
it is not contained in any other z-filter.

Remark 1.4.8 (2.5, [18]). Every z-filter is contained in some z-ultrafilter.

Theorem 1.4.9 (2.5, [18]). (i) If M is a mazmmal ideal in C(X), then
Z[M] is a z-ultrafilter on X.

(i) If A is a z-ultrafilter on X, then Z[A] is a mazimal ideal in C(X).

Example 1.4.10. Let X = R, with usual topology and consider the maximal
ideal My = {f € C(X) : f(0) = 0}. Then Z[My)] is a z-ultrafilter on X.

Theorem 1.4.11 (2.6 , [18]). (i) Let M be a mazimal ideal in C(X); if
Z([) meets every member of Z[M), then [ € M.

(ii) Let A be a z-ultrafilter on X;if a zero-set Z intersects every member of
A, then Z € A.

Definition 1.4.12 (2.7, [18]). An ideal [ in C(X) is said to be a z-ideal if
Z(f) € Z|[I] implies f € I.

Example 1.4.13. Let M be as in Example [ 1.4.6]. Suppose Z(f) €
Z{[Mp),then by Theorem 1.4.11 f € M,

Remarks 1.4.14 (2.7, [18]). (i) Every maximal ideal in C(X) is a z-
ideal.

(ii) Intersection of two z-ideals is a z-ideal

(iii) There is a one to one correspondence between z-ideals of C(X) and the
z-filters of X.



Theorem 1.4.15 (2.11, [18]). Every prime ideal wn C(X) 1s contained in a
unique mazimal ideal.

Theorem 1.4.16 (5.5, [18]). Every prime deal P in C(X) [resp. C*(X)]
15 absolutely convez, and the residue class ming C/P [resp. C*/P] 1s totally
ordered. Furthermore, the mapping r — P(r) 1s an order-preserving isomor-
phism of the real field R wnto the residue class ring

Remark 1.4.17 (14.3, [18]). Let P be a prime ideal in C(X). Then the
prime ideals in C/ P form a chain.

Note 1.4.18. We know that every residue class field of C(X) or C*(X)
(modulo a maximal ideal M) contains a canonical copy of the real ficld R.
When the canonical copy of R 1s the entire field C(X)/M [resp. C*(X)/M],
then we refer to M as real 1deal. When M is not real, we call it is hyper-real
ideal.

We say an element a in a totally ordered field is said to be in finitely large
if a > n for every n € N.

1.5 Completely regular spaces

Definition 1.5.1 (3.1, [18]). A space X is called completely regular if it is
a Hausdorff space such that, whenever F 1s a non-empty closed set in X and
2 is a point in its complement, there exists a function / € C(X) such that

f(z) =1and f[F] = {0}.
Example 1.5.2. Every normal space is completely separated.

Definition 1.5.3 (3.2, [18]). (1) A collection B of closed sets in a topo-
logical space is a base for the closed sets if every closed set in X is an
intersection of members of B

(ii) Equivalently, B is a base if whenever F is a closed set and z a point 1n
its complement, there is a member of B containing  but not z.

Theorem 1.5.4 (3.2, [18]). A Hausdorff space X 1s completely regular iff
the famaly of all zero-sets 1s a base for the closed sets.

Remarks 1.5.5 (3.2, [18]). (i) Every closed set F in a completely regu-
lar space is an intersection of zero-set neighbourhoods of 7.



(i) Every neighbourhood of a point in a completely regular space contains
a zero-set neighbourhood of the point.

In the study of rings of continuous functions the topological space can be
taken to be completely regular without any loss of generality. This can be
done using the following theorem.

Theorem 1.5.6 (3.9, [18]). For every topological space X, there exisls
a completely regular space Y and a continuous mapping T of X onto Y
such that the mapping g — g o 7 is an isomorphism of C(Y) onto C(X).

Next we shall list some properties of completely regular spaces.

Properties 1.5.7 (3.11 (a),(b) and (c), [18]). (i) Ina completely reg-
ular space, any two disjoint closed sets, one of which is compact, are
completely separated.

(i1) In a completely regular space, every Gs-set containing a compact set S
contains a zero-set containing S.

(i) Every compact set in a completely regular space is C-embedded.

In what follows, unless stated otherwise, the topological space X is a
completely regular Hausdorff space (Tychonoff space).

1.5.1 Convergence of z-filters

Definition 1.5.8 (3.16, [18]). Let X be a completely regular space. A point
p € X is said to be a cluster point of a z-filter F if every neighbourhood of
p intersects every element of F.

Example 1.5.9. Let Z[Mj] be as in Example[ 1.4.6], then 0 is a cluster point

of Z[Mp| as 0 € N Z(f).
feMo

Remark 1.5.10 (3.16, [18]). Since the members of F are closed sets, p is
a cluster point of F iff p € (| F.

Definition 1.5.11 (3.16, [18]). A z-ultrafilter A is said to converge to the
limit p if every neighbourhood of p contains a member of .A.

Example 1.5.12. Z[My] converges to 0.
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Result 1.5.13 (3.16, [18]). If p s a cluster pownt of F, then at least one
z-ultrafilter containing F converges to p.

Notation 1.5.14 (3.18, [18]). A, denotes the family of all zero-sets con-
taining a given point p. It is also a z-ultrafilter.

Results 1.5.15 (3.18 (a), (b) and (c), [18]). (i) p s a cluster point of
a z-filter F off F C A,

(i) Ap 1s the unique z-ultrafilter converging to p.

(i) Dustinct z-ultrafilters cannot have a common cluster pownt.

1.5.2 Fixed and Free ideals

Definition 1.5.16 (4.1, [18]). An ideal [ is fixed if () Z[I] # ¢ and free if
Nzl = ¢.

Example 1.5.17. The zero ideal in C(X) is fixed. In C*(N), the ideal
J = (7) generated by the function j(n) = % is free.

Theorem 1.5.18 (4.6, [18]). (i) The fired marmal deals i C(X) are
precisely the sets

M,={f€CX): f(p)=0} (p€X).

The ideals M, are distinct for distinct p  For each p, C(X)/M, 1s
wsomorphic unth the real field R, wn fact, the mapping M,(f) — f(p) s
the unique 1somorphism of C(X)/M, onto R

(i) The fized maximal wdeals in C*(X) are precisely the sets
My ={feC"(X): f(p)=0} (peX)

The deals M*, are distinct for distinct p For each p, C*(X)/M*, 1s
1somorphic uith the real field R; wn fact, the mapping M*,(f) — f(p)
15 the unique somorphism of C*(X)/M*, onto R

11



1.5.3 Structure spaces

Let M be the collection of all maximal ideals in C(X). Then we can topologize
M by defining
M({f)={MeM-feM}

as the base for closed sets. This topology on M is called hull-kernel topol-
ogy or Stone topology and the resulting topological space M is known as
structure space of C(X).

Theorem 1.5.19 (4.9, [18]). Two compact spaces X and Y are homeomor-
phic off thewr rings C(X) and C(Y') are 1somorphic

1.6 Stone-Cech compactification

Among the major achievements in the study of rings of continuous functions
is the characterization of maximal ideals. For a compact space X, we charac-
terize X by associating to each maximal ideal M, the limit of the z-ultrafiltcr
Z[M]. If X is non-pseudocompact, ie., C(X) # C*(X) then for studying
C*(X) we look for a compactification T" of X such that

C*(X) = C(T)

In this case the maximal ideals of C*(X) corresponds to the maximal ideals

of C(T).

For studying C(X) we associate with each z-ultrafilter of X some suitable
space T in a natural way. This is done as follows

Theorem 1.6.1 (6.4, [18]). Let X be a dense subspace of T. The follounng
statements are equivalent.

(i) Every continuous mapping 7 from X wnto any compact space Y has an
eztension to a continuous mapping from T wnto Y.

(i) X 15 C*-embedded in T
(ill) Any two disjoint zero-sets wn X have disjownt closures in T

(iv) For any two zero-sets Zy. Zy mn X,

CIT(Zl N Zg) = ClT Z1 N ClT Zg.
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(v) Every pownt of T 1s the lumat of a unique z-ultrafilter on X.
The following fundamental theorem is essentially due to Stone and Cech.

Theorem 1.6.2 (6.5, [18]). Every (completely reqular)space X has a com-
pactification X, unth the follounng equivalent properties

(i) Every continuous mapping 7 from X wnto any compact space Y has an
extension T to a continuous mapping from BX wnto Y.
(i) X s C*-embedded in BX.

(i) Any two dispoint zero-sets i X have disjownt closures in BX.

(wv) For any two zero-sets Zy, Zy wn X,
Clﬁx(Zl N Zz) = Clgx Zl N Clgx Zz.

(v) Dustinct z-ultrafilters on X have distinct limats in §X.

Furthermore, BX (Stone-Cech compactsfication of X ) 1s unaque, wn the fol-
lounng sense: if a compactification T of X satisfies one of the histed con-
ditions, then there exists a homeomorphism of BX onto T that leaves X
powntunse fized

Remark 1.6.3 (6.6(b), [18]). The mapping f — f# is an 1somorphism of
C*(X) onto C(BX)
Theorem 1.6.4 (6.12, [18]). Every compactification of X 1s a continuous

wmage of BX. Moreover, 1f T 15 any homeomorphism from X wnto a compact
space Y, then its Stone extension T carries fX \ X wnto Y \ 7[X].

The following is a standard theorem in [18]

Theorem 1.6.5 (9.5, [18]). Every non-empty zero-set wn BX, +f disjoint
from X contains a copy of SN and so its cardinality 1s atleast 2¢

Corollary 1.6.6 (9.6, [18]). No pownt of BX \ X 15 a G5 1 BX.

1.6.1 Characterization of maximal ideals

Theorem 1.6.7 (7.2, [18]). The mazimal 1deals in C*(X) are precisely the
sets

M7T={feC(X) [f(p)=0} (p€fX)
and they are distinct for distinct p
Theorem 1.6.8 (7.3, [18]). For the mazimal 1deals MP i C(X), we have

MP={f€C(X).peclsx2x(/)}  (p€pX)
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Chapter 2

Prime and maximal ideals in
intermediate subalgebras of

C(X)

2.1 Introduction

This chapter is a survey of prime and maximal ideals in subrings of C(X) and
intersection of maximal ideals in intermediate algebras between C % (X) and
C(X) which was studied extensively by H. L. Byun and S. Watson in 1990
[7]. Further works by Acharya, Chattopadhyay and Ghosh [1]; Dominguez,
Gomez Pérez [11] among others led to further development of the subject.
Many of the results which hold in C(X) can be generalized to subrings A(X)
of C(X) (also known as intermediate algebra) that contain C*(X). In this
setting C(X) and C*(X) are just special cases of A{X). We shall record some
results which hold in such A(X).

Definition 2.1.1. An algebra A(X) is called an intermediate algebra if
C*(X) C A(X) € C(X).

2.2 Prime ideals and 3 -ideals

In this section we shall quote a map from A(X) to Z(X) that gives a corre-
spondence between the algebraic properties of A(X) and topological prop-
erties of X. We shall also quote some results on prime ideals and a class of
prime ideals called G-ideals.

14



First we shall show that A(X) is a lattice.

Theorem 2.2.1. If g € A(X) then |g| € A(X).

Proof. Let

F={zeX|g(z)>1},
G={reX]|g(z)<-1}.

We shall show that F' and G are completely separated.
Let
h(z) = (¢9(z) V —1) A1 clearly, h is continuous.

Now, if z € F, then h(z) = —1 and if = € G, then h(T) =1, 50 k(z) = A&
completely separates F' and G.
Now, let

K (2) = h()g(@) — lg(=)]
Clearly, if z € FUG, then h'(z) =0 and if z ¢ F UG, then

|8 ()] = |h(2)g(z)~|g(@)| < |h(z)g(2)l+]g(2)] = |a(2)I(|A(2)l+1) < 2|g(=)| < 2.

Further, h’ is continuous as C(X) is a lattice. Since, —1 < |g| < 1 on
X\ FNG, implies |h'| < 2. So, K € C*(X) € A(X), implies that
hg — |g| € A(X), hence |g| € A(X).

g
Corollary 2.2.2. A(X) s a lattce.
Proof. Let f,g € A(X), then

f+g9+1f -4l
2

fVvg=
Since

ftg € A(X) = |f—g| € A(X) [Theorem2.2.1], so, f+g+|f—g] € A(X).

1
Hence, 5 (f+g+|f—9g]) € A(X) implies that fV g € A(X). Similarly,

fAge A(X). Hence, A(X) is a lattice.
O
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Proposition 2.2.3. If A(X) is an intermediate algebra between C*(X) and
C(X) then A(X) is absolutely convez subalgebra of C(X) and hence a sublat-
tice of C(X).

Proof. Let f,g € C(X) such that |f| <|g| and g € A(X).
Then 1+g2€ A(X) as AX)DC*(X)>1.
1
e — * C A(X).
So, 142 € C*(X) C A(X)
Further, [f| <lg| = —lg| < f<lgl

ol o f bl ol
14927 14927 1+¢° 14+g¢* 7 14+g% 7 1+42
= f(1+¢%)7" € C°(X) C A(X)

Thus, f(1+¢%)7'(1+¢%) € A(X) = f € A(X)
Hence, A(X) is absolutely convex.

=

d

Unlike the case of C(X) in Theorem [1.4.4], where [ is an ideal in C(X)
imply that Z[I] is a z-filter on X, the corresponding result for A(X) need
not be true.

Example 2.2.4. Consider the ring C*(N) where N is the set of natural
numbers. Let [ be the set of all sequences in C*(N) that converge to zero,
then [ is an ideal but Z[/] is not a z-filter on X.

Proof. Let I be the set of al the sequences in C*(N) that converge to zero,
ie.,
I = {(sn)nen € C*(N) | (sn)nen — 0 asn — oo}

Since the constant sequence (0) converges to 0 and (a,)nen + (0) = (@n)nen:
for all sequences(a,)nen € 1 0,

0 = (O)nEN €I

: Let (sn)nENa (tn)nEN el
then,

(Sn)nen + (tn)nen = (Sn + tn)nen — 0 asn — oo.

Hence, (Sn)nEN + (tn)néN € I V(Sn)neN; (tn)nEN € I
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Let (an)nen € C*(N) & (Sp)nen € T
then, there exists k € N such that |a,| <k Vn €N, so

T}Lrlgo |(an)n€N-(5n)nEN| < 7111_{20 lk”(sn)nENl = |k|| T}ergo(sn)nel\l‘ =0.

S0 (@n)nen(Sn)nen € I. Thus, I is an ideal.
Now we show that Z[I] is not a z-filter. Let f € I be given by

fln) = (%) €l VneN

Then

1
lim — =0
n—oo n
but, Z(f) = ¢, so ¢ € Z[I], hence Z[I] is not a z-filter on X. O

This shows that the usual correspondence I — Z[I] of ideals and z-
filters may not be true. So there was a need to introduce a well defined
correspondence between ideals in A(X) and z-filters on X. This was resolved
by Byun and Watson in (7).

Notation 2.2.5. For each f € A(X), we associate a collection of subsets of
X, Za(f)={F € Z(X) | 3 g € A(X)such that fg |pe= 1}

Remark 2.2.6. Z,(f) need not be a z-filter, for consider C(N) and let
j(n) = %, then there exists 1 € C(N) , where i(n) = n such that ij |g= 1.
This implies that ¢ € Z¢(7).

Notation 2.2.7. (i) For an ideal I of A(X), we set
2,1 = UZan 1 e 1}

(i1) For a 2-filter F on X, we set Z,7[F] ={ f € A(X) | Z4(f) C F}.
We note a few basic facts about the maps Z4 and Z,7.

Remark 2.2.8.
Za(f) = Z4lf|.

Lemma 2.2.9 (1.2, [7]; 1, [28]). Let g,h € A(X)

(i) Za(gh) € Za(g) N Z4(h)
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(if)
(iii)

Za(g® +h?) D Za(g) U Za(h)
If lgl < |k, then Za(g) C Za(h)

Proof. (i) Let FF € Z4(gh) then 3k € A(X), such that

(iii)

(gh)k |pe= h(gk) |Fe= g(hk) |pe= 1 (2.1)

So, by equation (2.1) F' € Z4(g). It also follows from the above equa-
tion that

(gh)k‘ ch= (hg)ki chr: h(gk) Ipc= 1 =>Fe ZA(h)
Thus F' € ZA(g) N ZA(h)

Let F € ZA(g) U ZA(h)
Without loss of generality, let ' € Z4(g). Then 3k € A(X), k#0
such that gk |pe=1

Since, g,h € A(X), ¢* + h? € A(X).

Now on F*©,

FHrE>g*>0 = (P +h)k > gk = (gk)* =1

=0 < 1

1
@+ e =
Let | = max{(g% + h?)k?, 1}, then [ is continuous and ! > 1, this imply
that 7 is continuous. Let ' = —}, then I’ € C*(X) C A(X). It is clear
that { = (g% + h?)k? on F*°, therefore,
1
9f*+h?

Similarly, F € Z4(h) = F € Z4(9? + h?). Hence the result follows.

(g% + hOEA(L) o= (g% + h2)EY( ) lpe= 1= F € Za(g? + h2).

As 0 < |g| < |h|, the result follows by imitating the proof of (ii) above.
d

Lemma 2.2.10. (i) If f € A(X), then limz,s) fh =0 for h € A(X)

(i)

If F is a z-filter on X and if limr fh =0 V h € A(X), then Z4(f) C
f
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Proof. (i) We shall first show that limz,5) f =0

Let W = (—¢,¢), € > 0, be a neighbourhood of 0 in R and consider
V =f=(W). So, 0 < e<|f| on the set V°.
Let | = max{e,|f|}, then |f||y. = |y implies that

0<i'<et =17 e CY(X) C A(X).

Now

U7 =1 (/1 fye=1 = V € Za(lf) = Za(f) = Jim f=0

It is clear that Z4(fg) € Z4(f) and the above argument implies that
limz,(sg) fg = 0 i.e., preimage of e- neighbourhood of 0 is in Z4(fg) C
Z4(f) Y e>0. Hence, limz, ) fg =0

Let ' € Z4(f). We claim that FF D E for some E € F. On the
contrary suppose there does not exists any such E in Z4(f),
then,

ENF‘#£¢ VEE€F

Let h € A(X) such that fh |pe= 1 and consider G = {fh(E) | E € F}

then 1 € fh(E) VE € F implies that 1 is a cluster point of G, contra-
dicting the fact that 0 is the unique limit of G.
O

Theorem 2.2.11. For X a normal space and f € C(X), the members of
Zc(f) are the zero-set neighbourhoods of Z(f)

Proof. Let E be a zero-set neighbourhood of Z(f). Then there exists an open
set U such that Z(f) C U C E. Since U°® is closed and % is defined on U*,
so by Tietze’s extension theorem, it has a continuous extension h € C(X).
Clearly, fh|g- = 1 implies that £ € Zc(f). On the other hand, if £ € Z¢(f),
then £ O E.(f) for some € > 0 [Proposition 2.7.10], i.e., E 2 E.(f) 2 Z(f).
Hence, E is a zero-set neighbourhood of Z(f). O

Lemma 2.2.12. Let f € A(X), I an ideal of A(X), and F a z-filter on X.

(1)

Z4(f) is a z-filter on X iff f is not invertible in A(X).
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(1) If I is an ideal in A(X), then Z4[l} is a z-filter on X.
(iii) If F is a z-filter on X, then Z[F] is an ideal in A(X).
Proof. (i) Let us suppose that Z4(f) is a z-filter on X, then
¢ ¢ Za(f) = B h € A(X) such that fh |g=1

Hence, f is not invertible on X.
On the other hand, if  is not invertible on A(X), then

(a) ¢ ¢ Za(/f)
(b) Suppose F, F' € Z4([), then there exists g, ¢’ € A(X) such that

fg Fc=— ]. and fgl |F'c= ].
It is clear that F< > (FUF')¢and F*D (FUF')"
further,
(FNF)=F°UFe (2.2)

Let h=g+¢ — fgg. Clearly, h € A(X).
We claim that f is locally invertible on (F N F')e.
By equation (2.2), either z € F*, in which case

(Rf)(z) = (9f +9'f — fag [)(z) = 1+ ¢ (2)f(2) fg'(x)f(w) =1,
or € I'°, in which case,
(hf)(z) = g(z)f(z) +1-g(x)f(z) = 1.

Hence, FN F' e Za(f)

(c) Let F' € Z[X] such that F' O F for some F € Z4(/), then there
exists g € A(X) such that fg|p=1
Since F'¢ C F* so,

fg
Hence, Z4(f) is a z-filter on X.

pe=1 = F €Zu(/).

(i) Let I be an ideal in A(X), we know

zZa =\ J{2a(N | feD}
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(a)

Since I is an ideal in A(X), so each f in I is not invertible in
A(X). Consequently, by (i) above

$¢ Za(f)forall fel=¢¢(J{Za(N) 1 fET}= ¢ ¢ Z4ll)

Let F, " € Zy[l), then ' € Z4(f) and F' € Za(g) for some
f.g € I. So, there exists f,g" € A(X) such that ff |pe= 1 and

99 |pe=1.
Now,

frgel= f+g*cland f24+¢*> f*>00n F°
This implies that
P+ f2> fPf?>0= (f2+¢)f?>1>0.
Let

! = max{(f2+g¢%)f% 1}. Clearly, | > 1 so, (f2+g2)f'2(%) |pe= 1.

Similarly,
10,1 !
(f2 + 92)9 2(E) |pre=1 where k = max{(f2 +¢%)g?,1} .

Thus, F € Z4 (f2+¢%) & F € Z4 (f*+¢%.
Since (f24g¢?) € I implies (f2+¢?) is not invertible, so Z4(f? + ¢?)
is a z-filter. Hence,

FNF € Zu(f%+¢%) C Z4[l].

Let F € Z[X] suchthat F D F' with F' € Z4[I], then 3 g €
A(X) such that fg|p.=1
Since, F© C F'c, so,

fg

Hence, Z4[I] is a z-filter on X.

pe=1=F¢c ZA(f) C ZA[]]

(iii) Clearly, Z[F] # ¢ for,

X € F & Z40) = {X} C F,s00 € Z5[F).
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Let I = Z;[F] and consider f € I & g € A(X),

then ZA(f9) CZA(f) CF = Za(fg) CF = fge L
Now let f,ge [.

then, li}nfhzli}nghzO =>1i}n(f+g)h=0 V h e A(X).

Thus, Z4(f +g) C F implies that f + g € I. Hence, I is an ideal.
d

So, we have seen that Z4 is a mapping from the set of ideals in A(X)

into the set of z-filters on X. Also, Z4~ maps the set of z-filters on X into
the set of ideals in X.
There arises a question whether Z4 maps maximal ideals of A(X) to z-
ultrafilters in X7 The answer is not true and we shall record a counter as
shown in [7]. However, Z, and Z," satisly some intersting properties as
shown by the following lemma,;

Lemma 2.2.13. For an ideal ] of A(X) and a z-filter F on X we have:
(i) Za7[2all] D1
(i) ZalZa"[ZalI]]] = Za[1]
(iit) ZA[Z47[F]) C F,
(iv) Za"[Z2al24[F)l = 25 (7]

Proof. (i) Let f € I, then Z4(f) C Za[l] =f € Za™[Z4[1]]-
Hence proved.

(11) Let ZA(f) Q ZA[I], then 3 g E I such that ZA(f) = ZA(g) g ZA[[]
Using (i)

9 € Za"[Zall]] = 24(9) € Za[247 [Z2al1]]].
Since Za(f) = Za(g), so,
Zall] € Za[Z47 [Zal1N])
On the other hand, if follows from (i) that
ZaA[ZAT[ZalIN] D Z4ll], as 24" [Za[1]} D 1.

Hence, the equality follows.
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(i) Let Z4(f) C Z4[Z47[F)). Then Z4(f) = Z4(g) for some g € Z47[F)
and so,
Za(g) CF = Za(f)C F.

Hence proved.
(iv) Let f € Z47 [F], then

ZA(f) C ZAlZA7[F]) = [ € Za7[2al2Z47[F)ll = 247 [F] C 247 [Z24[247 [F]]]-

On the other hand (iii) implies that
ZAT[ZalZ47IFN] € Z47 [

Hence, the equality follows.
a

We shall record examples to illustrate these cases, before that let us first
look at the relationship between zero-sets Z(f) and Z4(f), [ € A(X) as
shown by Byun and Watson (7).

Remark 2.2.14. Let f € A(X), then
2(f) = 2a(f).
Proof. Let
E(f)={z € X | /()] < ¢} where [ € A(X).

We claim that E.(f) C Z4(f) for every € > 0. It is clear that 0 < € < | f(z)]
on ES(f). By Theorem [2.2.1], f € A(X) = |f| € A(X)

Let g = max {|f|,¢}.Then g > ¢ on ES(f).

So,
1 1 1,
glEf(f)=|fl E&(f) and g > E>O:>O<§SZZ>EGC(X)QA(X)
Now,
_ 1
|flg7" |ges) = |f|m lgecr) = 1= Ee(f) € Za(lf]) = Za(f),
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So, E.(f) C Z4(f) for every € > 0.

Next we claim that
Z(f) = (E(f) ] e> 0}

Let

xGﬂ{Ee(f)|e>0}Then, |f(z)| <eVe>0 = —e < f(z) <eVe >0

Suppose f(z) #0, let a = | f(z)} > 0. Let ¢ > 0 such that 0 < € < a, then
z ¢ E.(f) which is not true.

Hence,
flz)=0 = z € Z(f)

On the other hand,
z€Z(f)= f(x)=0=>z€E(f)Ve>0=>z e [{E(f)]e>0}

Hence, the equality follows.
Since E(f) CE VY E € Z4(f), so

(N Za(f) 2 (YES) | e >0}
Now E.(f) € Z4(f) Ve > 0. So the remark follows. O

Remark 2.2.15. In the study of C(X), the zero set Z(f) is a measure of
where f is not invertible. The analogous role for that measure in arbitrary
A(X) is played by Z4(f). In particular this is a measure of where f is not
invertible in A(X) even when Z(f) = ¢.

Example 2.2.16. Let X = R and consider the ring A(X) = C(R). Let
My = {f e C(R) | f(0) = 0} and consider the map ¢ : C(R) —
R defined by ¢(f) = f(0). Let f,9 € C(R), then

¢(f +9) = (f +9)(0) = f(0) + g(0) = ¢(f) + #(9),
and ¢(fg) = f9(0) = £(0) g(0) = ¢(f)¢(9)-

Hence ¢ is a homomorphism.
Now, let 7 € R, then ¢(r) = r(0) =r = ¢ is onto. Further,

Kerg = {f € C(R)| /(0) =0} = Mo,
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C(R :
So, by the fundamental theorem of ring homomorphisms Kir ) = R. This

implies that Ker¢ = M, is a maximal ideal of C(R). By Theorem [1.4.9]
Z[My)] is a z-ultrafilter in R. We now show that Z4[Mo] C Z[M,).
Let f € My and consider Z4(f). Then,

Z(f)y= () E = 2(f) C E, hence, E € Z[Mo] VE € Z4(f),
E€Z4(f)

50,
Za(f) € Z[Mo] Vf € Mo
= | Za(f) C Z[Mo] = Za[Mo] C Z[Mo] = Z4[Mo].
feMyp
Now for ¢ € My, where i(r) =r Vr € R,
Z(1) = {0} € Z[M,].
We claim that {0} ¢ Z4[My), for if {0} € Z4[Mo), then {0} € Z4(2) ,s0 3k €
C(X) defined by
z#0
=0, a€eR

Clearly, k is not continuous at 0. Hence, Z4[Mp] C Z[M), so we conclude
that Z4[Mp| is not a z-ultrafilter on X.

1
k(z) =42
a’

Remark 2.2.17. The inclusion in Lemma [2.2.13 (iii)] may be proper.

Proof. Let My be as in Example[2.2.16] and consider F = Z[My], then
ZcT[F) = 272 [Mo)) D My.
ie.,

My C Zc7[F] C C(R).

Since My is maximal, so either My = Zc7[F] or Zo7[F] = C(R).
Since F is a z-filter, so,

1¢ Zc™[F] = 27 [F] £ C(R).
Hence,
Mo = Zo™[F] = Zo[2c7 [ F)) = Zc[Mo] € Z[Mo] = F,
ie., ZolZom[F] S F.
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Remark 2.2.18. The inclusion in Lemma [2.2.13(i)] may be proper.

Proof. 1f we consider I = (%), the ideal generated by the function
i(r) =7 Vr € R, then Z¢(f) C Z¢(i) Vf € M.

For, let E € Z-(f), then E C (—¢,¢) for some € > 0.

: T ¢ (—¢,¢)

= T € (—¢,¢)

This implies that,

Define k(r) =

So,
Zo[Mo] = Zcl[I].

Now,
M,y = ZCQ—[Zc[M()” = ZC‘—[ZCU” ol

As My # I, we have Zc7[Z¢[1]] # 1. 0

Definition 2.2.19. The ideals I of A(X) that satisfy Z,7[Z4[I]] = 1 is
known as [ -ideals.

The following result leads us to a host of examples.

Proposition 2.2.20. [ is a (-ideal if and only if Zo(f) C Z4[I] implies
fer

Proof. Let I be a (-ideal, then
ZaT[Z41) =1

Let
ZA(f) C Zalll = f € Z47[Zall]) = 1.

Converse is obvious. Z,7[Z4[1]] D I.

O
Corollary 2.2.21. Every mazimal ideal is a [$-ideal.
Proof. Let M be a maximal ideal in C(X). Then we have
M C Z,7[Z4[M]] D A(X).
Since 247 [Z24[M]] # A(X),
So, by maximality of M, M = Z,7[Z4[M]]. Hence, M is a (-ideal. O
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Result 2.2.22. In C(N) every ideal is a $-ideal

Proof. Let I be an ideal in C(N) and let f € C(N) suchthat Z¢(f) C
Z¢[[]. For the function A defined as below

0 T € Z(f)
; wez(y,
h € C(N) and hf |z(e=1 = Z(f) € Z¢(f) = Z[I] € Zc[{]. Hence

Zco(l) = Z[I). So, Z(f) € Z¢c[I] = Z|I] and 3 g € I such that Z(f) = Z(g).
Define a function & as

h(z) =

0 z € Z(g),
k@) =4 fz) .
g(z) € 2l)

Clearly,
keC(N)& f=gkel= fel

a

Remark 2.2.23. The definition of a z-ideal applies to C(X) only and is
somewhat less restrictive than the notion of § -ideals in the sense that an
ideal in C(X) may be a z-ideal but fail to be a f-ideal.

Proof. Consider
Oo={fe€eCR)|Z(f)is a nbd. of 0}.
We claim that Oy is a z-ideal.
Let Z(f) € Z|Oy), then Z(f) = Z(g) for some g € Oy.

Thus Z(g) is a neighbourhood of 0 and hence Z(f) is a neighbourhood of 0.
This implies that f € Op. Now Oy C My, where Mp is as in Example [2.2.16]
and Zc[Oo] = ZC[M()]-

But, Oy C Z¢7[2¢[00)] = [Zc[Mo]] = Mo.
Consider the function %, given by i(r) = r for all r € R.
Clearly, i € My \ Oy, implies Oy # M, thus, Og # 2™ [2c[00)).
Hence O, is not a 8- ideal. O

Remark 2.2.24. Let I be an ideal in C(X), then Z4[I] C Z{/}.
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Proof. Let £ € Z4{1], then £ € Z4(f) for some f € /. Consequently,

Z(f) e Z[I).
By Remark [2.2.14], N Z4(f) = Z(f) = Z(f) C E. Hence, £ € Z{I]. So,
ZalIl C Z[1). O

Remark 2.2.25. In C(X) every f-ideal is a z-ideal.

Proof. Let I be a -ideal and let Z(f) € Z[]].
Then f € Z7[Z[I)] 2 Z7|Z24[l]] 2 Z47[Z4[l])) = I. Hence it is a 2-
ideal. O

Next we shall record some properties of g -ideals.
Theorem 2.2.26. Every (-ideal in A(X) is an intersection of prime ideals.

Proof. We first show that Z4(f™) = Z4(f) for every n € N.
Let

E € Z4(f") then 3 k € A(X) such that f"k |g=1

= f(f" Y |ge=1 = E € Z4(f).
On the other hand, let

E € Z4(f) then 3 k € A(X) such that fk |g.=1.
Since A(X) is a subring of C(X), so
JPE = (PR = [ o= (PR = (FF |se) = 1
Hence E € Z4(f™). So the equality follows.
Let I be a (3 -ideal in A(X), and let f € A(X) such that f* €l
Then Z4(f") = Z4(f) C Z4[I] implies f € I.

By Corollary [1.3.7 ] I is the intersection of all prime ideals which contain it.
Hence the result folows. a

Theorem 2.2.27. For any O —ideal I in A(X), the following are equivalent.
(i) I is prime
(ii) I contains a prime ideal

(ii) For every g,h € A(X), if gh=0, thengel or he L
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(iv) For every f € A(X) and for every ¢ > 0 3 a zero-set in Z4[I] on
which f <€ or f 2> —e.

Proof. (i) = (it) Since I is prime so it holds trivially.
(#1) = (4iz) Trivial, as I O P for some prime ideal P and 0 € P.

(i17) = (iv) Let f € A(X), and consider € > 0, then A(X) is a lattice, so,
fVvO,fA0€ A(X). But,

(FVO)(fA0)=0= fVOelor fAOEL

So
Z4[J VO] C Za[l] or Za[J AQ] C Z4l1].

If Zo(f Vv 0) C Z4[1] , then consider
E{fv0)={ze X||(fVO)| <e}.
Since,

E(f) € Za(f) so, E(fV0)€ Za(fV0)C Zall].

z € E(fVO0).

then £k € A(X) and E(f VO0) = Z(k) = EJ(fV0) is a zero-set.
Further,

Letk={(fv0)+€ € B(f V0)°

(fv0)<eon E(fVO0)implies f < fVv0<e on E(fVDO0).

Similarly, if f A0 € I then define

K (fAOD)+¢ z € E(f ANO)°
o z€ E(fAO).

So, K' € A(X), and
E.(f AO) € Za[l], then E.(f A0) € Z4(f A0) C Za[l].
then

E(fA0)=2Z(K) & f>(fA0)> —¢ on E(f D).
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(iv) = (¢) Let g € A(X) such that gh € I and consider for £ € A(X) the
map |gk| — |h|. For € > 0, by (iv), there exists

E € Z4[I], such that |gk| — |h| <€ on E.

Thus for any é > ¢, |gk] >0 =06 < |gk|<|h|+e=>b6—-e<|hon E.’
Now let Ejy ={z € X ||gk| <6} & Ep,={z€X||h{<d—¢}
Then, we have Ey € Z4(gk) and Ey € Za(h).

i.e., there exists g, € A(X) suchthat (gk)g pe,=1 and hh |pe= 1.

Thus (gk)g hh' |penms =1 and  Eg N Ej = (Eg U Ey)°

Therefore, ((gk)g hh') |(E,euER)e= 1.

Hence,
Egk UE, € ZA(gkh) - ZA[[] (23)

Now we claim that EN Ey D EN Ey,.
Letz€ ENE,=|gk|—|h| <e &|h|<d—c¢

= |gk| <[h|+e<d~-€e+e=0 =>zx€FEyu Hence € Ex,NE
But, EngEﬂEgk:—‘EﬂEgkU(EﬂEh) asEFNkE,CFE.
Since Z4(I] is a z-filter and

Egk > EN EgkU = Egk € ZA[[] = ler{}](}k=0
A

Since k is arbitrary, so the result holds true for all k£ € A(X).
So, by Theorem (2.2.10], Z4(g) C Z4[{] and [ is a 3 — ideal implies g € I.

Hence I is prime.
O

Corollary 2.2.28. Every prime ideal in A(X) is contained in a unique max-
imal ideal.
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Proof. Let P be a prime ideal in A(X). If possible let M, N be two distinct
maximal ideals such that P C M and P C N. We claim that M N N is a
B — ideal.

Let Z4(f) € Z4[MNN]. Without loss of generality, let Z4[MNN] C Z4[M].

Since every maximal ideal is a § — ideal, so f € M and similarly, f € N.
This implies f € MNN,so MN N isa 8 —idealie, MNN D P.

So MN N is prime by Theorem [2.2.27]. Since M # N, for pe M\ N, q €
N\ M,

pgE MNN, butpg MNNandg¢ MNN.

This contradicts the asumption that M and N are maximal. d

Here we shall record a generalization to an arbitrary A(X) of a result
known for C*(X) and C(X).

Theorem 2.2.29. If A(X) C B(X), then P is a prime ideal in B(X) if and
only if PN A(X) is a prime ideal in A(X).

Proof. Suppose P is a prime ideal in B(X). Let f,g € A(X), such that fg €
PN A(X).

Then flge P& fge A(X) = f€PorgeP

= fe PNA(X)orge PnA(X).

Hence P N A(X) is prime.

Conversely, suppose that PNA(X) is a prime ideal in A(X). Let f, g € B(X)
such that fg € P.

Now for each f € B(X), there exists u € C*(X) such that uf = (fV -1) A1l
[1E , [18])]. Clearly, u € C*(X) C A(X) C B(X) and |uf| < 1 = uf €
C*(X) C A(X).

Similarly, for g € A(X), there exists v € C*(X) such that vg = (gvV —1)AL

So ufvg€ C*(X) and fg€ P= ufvg=wvfg€ P = ufvge PNA(X)

=uf € PNA(X) or vg€ PnA(z).
Without loss of generality, let uf € P N A(X) this implies that u(| f]v1) = 1.
Since |f| V1 € B(X), it is invertible in B(X) and so is u. This implies that
J € P. Similar argument holds for g.

Hence P is a prime ideal in B(X).
(]
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If A(X) is any subring of C(X), then Dominguez and Gomez Perez in
[11] have shown an interesting result in terms of containment of a prime ideal
of A(X) in a prime ideal of C(X).

Proposition 2.2.30. Let A(X) be a subring of C(X). For every prime ideal
Q of A(X), there exists a prime ideal P of C(X) such that PNA(X)=@Q.

Proof. Let @ be a prime ideal of A(X) and let S = A(X)\Q. We know
that S is a multiplicatively closed subset of A(X), and hence of C(X). So by
Theorem [1.3.5], there exists a prime ideal P in C(X) such that P D Q and
PNS=¢and0¢S. This implies that

(PNAX)NS)=¢ = (PN A(X)) C Q.

Hence the result follows.

2.3 Maximal ideals and residue class rings.

In this section we study maximal ideals of A(X) in terms of their associated

residue class fields. The result that every prime ideal P in A(X) is absolutely

convex and the residue class ring A(X)/P is totally ordered is recorded here.
In analogy with C(X), we define

Definition 2.3.1. An ideal I of A(X) is fixed if () Z4[/] # ¢ and free if
NZall] =4

Example 2.3.2. Let X = N, C(X) = C(N), A(X) = C*(N). Let
f =0, and I = {0}, then (| Z4(f) = X, hence fixed. On the other hand, if
f =3, and I = (j), where j(n) = 1 then " Z4(f) = ¢, as Z(j) = ¢ hence I
is free.

Remark 2.3.3. The definitions of fixed and free ideals with respect to Z[]]
and Z4[/] are equivalent.

Proof. It is enough to show that () Z4[/] = () Z[I]. By Remark [2.2.14]
we know that Z(f) = (Z2a(f) foreach f € I. So N Z{ = NZ(f) =

fol(ﬂ ZA()) =N 2all) fel

Hence the result follows.
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Notation 2.3.4. I(f) ={g € A(X) | f =g (mod I)}
Theorem 2.3.5. The fized ideals in A(X) are precisely the sets
MY ={feAX)|f(p)=0} (peX)

The ideals MY are distinct for distinct p and the mapping M5(f) — [(p)
is the unique isomorphism of A(X)/M% onto R. If B(X) is another subring
of C(X) such that A(X) C B(X) then there is a one to one correspondence
between the fized mazimal ideals in B(X) and those in A(X) given by

M} — ML = MEZ N A(X).
Proof. Fix p € X and let ¢,: A(X) — R

such that ®,(f) = f(p)

We claim that @, is an onto homomorphism.

(i) ®, is well defined.
Let f,g € A(X) suchthat f =gie f(z) =g(x) Vzr € A(X). In
particular, f(p) = g(p), which implies that ®,(f) = ®,(g).

(ii) @ is onto.
Let € R C A(X) then define

r: X >R
given by r(z) =r Vz € R. Then ®,(r) = r(p) = r, hence ®, is onto.

(iii) @, is a homomorphism.
Let f,g € A(X) , then

¢o(f+9) = (f +9)(p) = f(p) + 9(p) = ©,(f) + P,(9)

and

,(f.9) = (f9)(p) = [(p).9(p) = 2p(f)P,(9)

Then by the fundamental theorem of ring homomorphisms
A(X)/Ker®, = R where Ker®, = {f € A(X) | f(p) =0} = M%.

Hence M7 is a maximal ideal.
Let M be any fixed maximal ideal of A(X), then

A(X)/M =R = A(X)/Ker T,
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where T is the isomorphism between A(X)/M and R. So M = Ker T = M%.
Hence every maximal ideal is of the form M%.

We claim that the ideals M% are distinct for distinct p.
Let p,g € X such that p # ¢ . Since X is a Tychonoff space, {p} and {q}
are closed in X, there exists f € A(X) such that f[p] = {0} and f[q] = {1}
So, f € MY\ M].

Similarly, there exists g € A(X) such that g[g] = {0} and g(p) = 1. So,
g€ Mi\ M%i. Hence M} # M}.
Now let
T,: A(X)/M2 — R

such that Y,(M%(f)) = f(p). Clearly, T, is an isomorphism.

The uniqueness of this isomorphism follows from Theorem [1.3.8].
We now show that there is a one to one correspondence between the fixed
maximal ideals in B(X) and those in A(X).

Let M4 = {M%| p € X}, the sct of all fixed maximal ideals in A(X).
and Mg = {M} | q € X} the set of all fixed maximal ideals in B(X).
For each M},

MENAX) ={/e€AX)|[(p)=0} = Mje My

We define
k- MB — MA

as k(M) = M2 A(X).

(i) k is well defined
If M =M} p,ge X then

MENAX) = MENAX) = k(MB) = k(MY).

(ii) k is onto
for each M%, 3 M% such that M5 = ME N A(X) and so k(ME) = M%.
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(iii) k is one-one
Let k(M%) = k(M}) then,

MENAX) = MENAX) = M= M!.

Suppose M} # ME, then without loss of generality there exists f €
MEI\ME such that f(p) # 0.
Let g=(f VvV —1)A1, then

g9(p) =0=g € MJ C C*(X) € A(X) and Z(f) = 2(9),

S0,
g(p) #0=>g & M} = M} # M}

which is a contradiction.

Corollary 2.3.6. Every fixed mazimal ideal is real.

Proof. Since M = MY for some p € X and A(X)/M% = R, so the result
follows. O

Proposition 2.3.7. A(X)/I is a partially ordered ring iff I is convexz.

Proof. We first assume that I is convex. By Remark [1.3.2 | we must verify
that

() I(f)>0and I(-f) >0 << I(f)=0,and
(ii) 7(f) > 0and I(g) > 04 I(f) + I(g) > 0 and I(f)I(g) > 0.
Now I(f) > 0 & I(—f) > 0 implies 3 h, k € A(X) such that

h >0,k >0and f = h(modl) and —f = k(modlI).
Hence h + k = 0(modI). But,
0<h<h+k =h=0,

by convexity of I which implies that I(f) = I(h) = 0.
Also I(f) =0 = I(f) > 0and I(—f) > 0, hence (i) holds.
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Let I(f) > 0 and I(g) > 0 for f,g € I. Then, there exists h,k € A(X)
where h > 0, k > 0.S0, h+ k € A(X). Now

I(f) =Ih), Kg) =I(k) =Kf)+Lg) =IKh)+Ik) =(h+k)+L

Similarly, I(f)I(g) = hk + L.
So, I(f) + I{g) >0 & I(f)I(g) > 0, and hence (ii) holds.

Conversely, let 0 < h <k, h,k e A(X) withk € l. But 0 < h <
k =0<k-h;Also

Ih) >0 &I(k—h)>0s00<I(k—h) =Ik)—I(h) =—I(h) = I(h) <0.

But A > 0= I(h) > 0. Thus, I(h) =0= h € L
O

Proposition 2.3.8. Every 3-ideal in A(X) is absolutely convez.

Proof. Let I be a 8 — ideal in A(X). Let |f| < |g| for f,g € A(X) and
suppose g € I, then Z4(g) C Z4[]]

Now |f] < gl = Za(f) C Z4(g) € Z4[I] by Lemma [2.2.9].

This implies that f € [ as I is a (-ideal.

Hence, I is absolutely convex.

Corollary 2.3.9. Fvery mazimal ideal in A(X) is absolutely convez.

Proof. The result follows from the fact that every maximal ideal is a (-
ideal. 0

We know that if A/ is a maximal ideal in C(X) then M(f) > 0iff f >0
on some member of Z[M| [Remark page.68 of, [18]]. The corresponding
conditions on A(X) were studied by Byun and Watson in [7] and we shall
record some of their important results.

Lemma 2.3.10. For a 3 —ideal I in A(X) and f € A(X), I(f) > 0 iff
limz, 7 flh| > 0 for every h € A(X).

Proof. Let I be a (-ideal, then I is absolutely convex by Proposition [2.3.8].
Suppose I(f) > 0 then f —|f| € I by Theorem {1.3.4] and for each

he A(X), [hl € AX) & [Ih| - |fIh] € I
= Za(fIh] = 1fIR]) € Zall}.
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Now
Z(g) =) 2alg) =(){E(9)|c>0} whereg= flh| - |fllhl.

So, E.(g) € Z4[I] for every € > 0 and thus f|h| > —e on E.(f|h| —|f}|h]),
hence limz 7 f|h| > 0 for every h € A(X).

Conversely, suppose limz, () f|h| > 0 for every h € A(X), ie., for e > 0
and h € A(X), f|h| > —¢ on some member E of Z4[I].

Then ~2¢ < (f|h| = |/]|k]) < 0on F and so E C Ex([f|h| — |/]]R])-

Thus Fa (flh| — |f]|h|) € Za[l] Ve > 0, since Z4[I]is a z-ideal.
By Lemma [2.2.10 ] Z4(f —|f]) € Z4[I] = f—|f| € I since I is a (-ideal
so I(f) = I(|f]) 2 0. O

Lemma 2.3.11. Let I be a z-ideal of A(X) and f € A(X). If there exists
h € A(X) such that limg,;y flh] > O then I(f) > 0. If I is a mazimal ideal
the converse holds as well.

Proof. Suppose that there exists h € A(X) and € > 0 such that f|h| > € on
E € Z4[I] then f >0 on E and by Lemma [2.3.10] I(f) > 0. Also flh| > ¢
on E € Z4[I]. some member of Z4(f|h|) does not meet E. Since Z4(f|h|) C
Za(f) so some members of Z4(f) doesnot meet E.So f ¢ I = I(f)#0
thus I(f) > 0. Now suppose that I is a maximal ideal and I(f) > 0, then
(I f) = A(X) and there exists g € I and h € A(X) s.t. g+ fh=1.
Fix € > %, then

Efh) = {z € X||fh(@)| < o)

and
E(g) = {z € X|lg(z)| < e} = {z € X||(1-fh)(z)| < e} = {z € X|e < (fh)(z) < 1+¢}

= |fh[E(9)]| > ¢ so E(fh)N E(g) = ¢.
By Lemma [2.3.10] there exists F' € Z4[I] on which flh| > —e¢

= |[h] > c& [|h| > —con E'N E(g).
Thus

SIh] > ¢ on E'N E.(g) € Z4[I] and hence Zlilf}]flhl > 0.
A
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Theorem 2.3.12. Let M be a mazwmal wdeal m A(X) and f € A(X), then
M(f) >0 of limz,flh| > 0 for every h € A(X). Moreover M(f) > 0 off
there exists h € A(X) such that limz,anflh| >0

Proof. The theorem is a direct consequence of Lemma [2.3.10] and Lemma[2.3.11].
ad

Theorem 2.3.13. Every prime 1deal P in A(X) 15 absolutely conver and the
residue class ming A(X)/P 1s totally ordered. Moreover the mapping r —
P(r) 1s an order preserving 1somorphism of the real field R onto A(X)/P.

Proof. Let f,g € A(X) with 0 < |f| <|g| suchthatge P
then 0< f2<g* &g°€P

1 if z 2=
Define u(z) = ) 1 i q2‘_[0, X
7@ if z € g*[1,00)
then u is continuous and u € C*(X) C A(X), and

g*> A1 = ug? implies that 0 < u < 1.
Also g? € P implies that ug? € P.

u@D)fe)
Define h(z) = 9%(x) #2(9)
0 T € Z(g)
then

h e C*(X) C A(X)
Now h(r)g%(z) = %02(7'), ie, hg?=ufte P

We claim that u ¢ P, for if u € P, then u + ug? € P

Also, if g*(t) < 1 thenu(r) =1 =u4ug®>1

and if g?(z) > 1 then u(x) = =u+ug®>1

1
9%(z)
and this implies that u+ug? is invertible in A(X), and this is a contradiction.
So u ¢ P implies that f* € Pandso f & P.

Now we show that A(X)/P is totally ordered.
Let f € A(X) and consider P(f). Since

(=D +If)=0€ P so, either f—|f|€ Por f+]|f|€P
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= f=|f|l( mod P) or f=—|f|( mod P)
= P(f)>0 or P(f)<0.

Hence A(X)/P is totally ordered.
That the mapping » — P(r) is an isomorphism follows from Theorem(1.4.16]
O

Theorem 2.3.14. If [ is a 3 — ideal in A(X), then I is prime if and only if
A(X)/P is totally ordered.

Proof. Neccesity follows from Theorem|2.3.13].

Conversely, if A(X)/I is totally ordered then for each f € A(X), I(f) >
Oor I(f) <0.
If I{ f) > 0 then by Lemma (2.3.10] for every € > 0, f > —e on some member
of Z4[I]. Similarly if I(f) < 0 then for every € > 0, f < € on some member
of Z4[I]. Hence from Theorem [2.2.27] I is prime. d

Theorem 2.3.15. Let f € A(X). For a given mazimal ideal M in A(X),
the following conditions are equivalent.

(i) |M(f)| is infinitely large.
(ii) [ is unbounded on every member of Z4[M].

(iii) For each n € N, the zero set Z, = {r € X||f(z)] > n} belongs to
Z4[M].

Proof. (i1) = (¢) Suppose |M(f)| is not infinitely large i.e., there exists
n € N such that |M(f)| < n.

Then = |M(f)]-n<0 = M(|f|-n)<0.
By Theorem [2.3.12 ] Je > 0 such that

Zhﬁl/”(|f| —n)<e =(|fl-n)<eon some element F of Z4[M]
A

= —(|fl-n)>- =n—-|f|]>—€ =|fI<n+e¢ onkE.
This is a contradiction. Hence, |M(f)] is infinitely large.
(1) = (41) IM(f)| is infinitely large implies |[M(f)| > n Vn € N
. By Lemma (2.3.13 ] there exists £, € Z4[M] for every n € N on which
|fl =n > 0. Then, E, C Z, so, Z, € Z4[M] since Z4[M] is a z-filter.
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(i44) = (44)  Let
E€ Z,M] =FENZ,#¢ ¥VneN,

for each n € N, 3 z € F such that |f(n)| > n hence f is unbounded on every
member of Z4[M]. O

Theorem 2.3.16. |M(f)| is infinitely large for some mazimal ideal M in
A(X) iff f is unbounded on X.

Proof. Suppose |M(f)| is infinitely large then by Theorem [2.3.15] f is un-
bounded on every member of Z4[M]. But X € Z4[M] as it is a z-filter.
Hence the result follows.

Conversely, suppose f is unbounded on X, then by Theorem [2.3.15], there
is a family of sets Z, in Z4[M]. Then {Z,},en U X has finite intersection
property, so it is embeddable in some z-ultrafilter . Then M = Z,7[F]
is a maximal ideal by Theorem [2.4.2] and Z, € Z4[M] Vn. So |M(f)| is
infinitely large. O

Corollary 2.3.17. FEvery mazimal ideal in A(X) is real when and only when
A(X) = C*(X).

Proof. Suppose every maximal ideal in A(X) is real. Let f € A(X). Then
[M(f)| < n for some positive integer n and for all maximal ideals M, implies
that

l/|<n = felC*X).

Hence, A(X) = C*(X).
On the other hand, if A(X) = C*(X), for f € A(X), |f| < n for some
n € N, which implies that for each maximal ideal M in A(X), [M(f)] <n

for some n € N. Hence, M is real.
O

2.4 Maximal ideals and z-ultrafilters of A(X)

The correspondence between ideals of C(X) and z-ultrafilters on X is well
known [18}. In this section we study the correspondence between the ideals
of A(X) and z-ultrafilters on X. L Redlin and S Watson in [28] have assumed
that for a maximal ideal M, Z4[M] is a z-ultrafilter but H.L.Byun and
S.Watson in [7] showed that this may not be true. However, every Z4[M] is
contained in a unique z-ultrafilter, is recorded here.
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Lemma 2.4.1. Let A(X) and B(X) be subrings of C(X) such that B(X) C
A(X), then for any ideal I of A(X), Za[l} = Zg[I N B(X)]

Proof.
Let Zo«(f) € Ze-[IN C*(X)], then Z¢-(f) = Z¢-(g) for some g € IN C*(X).
But C*(X) C B(X) =gelnB(X) = Zo-(f)C Zs(f).
So, Z¢-(f) = 2¢-(9) < Zp(g) < Zp[IN B(X)]
= Zo-[INCH(X)]  C ZIN B(X)). (2.4)

Now let Z5(g) C Zg[IN B(X)], then Z5(g) = Zg(f) for some f € IN B(X),
then by [1E, [18] ] 3 u € C*(X) suchthat fu = (f V1) A —1. Then,
JueCHX) = JueInCHX).

Since u is a unit of C*(X),

Zp(f) = 2p(fu) = Zc-(fu) C Ze-[IN C*(X)]

Hence, Zp[IN B(X)] C Zc-[IN C* (X)) (2.5)
Thus from eqn(2.4] and [2.5] we have

Ze-[INCY(X)] = Zg[IN B(X)).
Now we show that Z4[I] = Z¢.1 N C*(X)).

Let f € Iand consider £ € Z4(f), then 3 g € A(X) such that fg|g. = 1.

Let h = fgand u = 1+1h2' Clearly,
fg
weC*(X) and hu=———— € C*(X) = hu= fgu.
1+ (fg)*
1
Also hu|g = /g ! ==>0

1+(fg2 1+1 2

Hence, hu|g. = 1 implies that E € Z¢«(hu). Therefore, Z4[I] C Z¢-1 N C*(X).
On the other hand, if

Zo-(f) C Zo-[INC* (X)),

then
Zc+(f) = 2¢-(g9) for some g € IN C*(X),
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which implies that g € I
So, Zc+(9) C Z4[I] = Z2c-INC* (X)) C Z4[l).
Hence ZA[I] =ZC.IOC*(X)] ad

Theorem 2.4.2. (i) If M is a mazimal ideal in A(X), then Z4[M] is
contained in a unique z-ultrafilter.

(i) If F is a z-ultrafilter on X, then Z[F] is a mazimal ideal in A(X).
In particular, the map Z4 induces a bijection from the set of mazimal
ideals of A(X) onto the set of z-ultrafilters on X.

Proof. (i) Let M be a maximal ideal in A(X), then Z4[M] is a z-ultrafilter
on X. Let F be the z-ultrafilter on X , such that Z4[{M] C F. Also,
there exists a maximal ideal M in C(X) such that N = Z~[F],then

ZIN) = 2[Z7[F)] =F.

Since M is maximal, so M = Z,7[Z4[M]] C Z4~[Z[N]].

So, M C Z,7[Z][N]] € A(X) and by maximality of M,

either M = Z47[Z[N]] or 2,7 [Z][N]] = A(X).

But 1 ¢ Z47[Z[N]] otherwise ¢ € Z[N] and this is not possible.
Thus, M = Z,7[Z[N]]. Now by Lemma {2.4.1],

ZA"[ZIN]] D 247 [2¢[N])] = Z47[Z4[N N A(X)]] D N N A(X).
Thus N N A(X) C M, which implies that
ZA[N] = Z4[N N A(X)] C Z4[M).

Now F = Z[N] D Z4[M] and Z¢[N] C Z4[M] C Z[N].

We claim that Z[N] uniquely contains Z4{M].

Suppose there exists another maximal ideal O of C(X) such that Z4[M] C
Z[O], then by repeating the above procedure we get

Z0[0] € Z4[M] C Z[O]

So any zero-set £ € Z[O] intersects every member of Z4[M] and hence
also intersects every member of Z;[N]. Thus E intersects with every
member of Z{N] and Z[N] is a z-ultrafilter implics that E € Z[N] =
Z|0] C Z|[N]. Hence, the maximality of O and the fact that Z[O] is a
z-ultrafilter implies that Z[O} = Z[N].

42



(ii) For each z-ultrafilter F, F = Z[N] for some maximal ideal O in C(X).
So by Lemma [2.4.1]

Z3[Fl = Z47[2IN]] D 247 [Z6[N]] = 247 [24[N N A(X)]] D NN A(X)

Let M be a maximal ideal of A(X) such that N N A(X) € M. Then
Zc|[N] = ZA[N N A(X)] C Z4[M).
Now let O be a maximal ideal of A(X) such that Z4[M] C Z[0],
where Z[O] = F is the unique z-ultrafilter containing Z4{M]. Then
proceeding similarly as in (i), we get
Zc|0]) € Z4[M] and Z[O] = Z|N].

Since M C Z47[Z[N]], so by maximality of M, M = Z,7[Z[N]| =
Z4 [F). Hence Z5[F] is a maximal ideal in A(X).

(]

Note 2.4.3. It follows from Theorem [2.4.2] that the map Z4 induces a
bijection from the set of maximal ideals of A(X) onto the set of z-ultrafilters
on X, with the following association.

M — F D Z4[M] and F — Z;[F]

under Z,4 with usual meanings of the symbols used.

Let p(A) be the collection of all maximal ideals in A(X),
ie., u(A)= (M} peBX).

We topologize the collection with hull-kernel topology [7M,[18]] by consider-
ing the collection My = {M7} € 1i(A)|f € ML} as a base for the closed sets
for each f € A(X).

Remark 2.4.4. The sct of z-ultrafilters on X endowed with the Stone-
Topology (hull-kernel)is 8.X.

Remark 2.4.5. For p € fX, lim Z4[M%] =p

Remark 2.4.6. The set p(A) of all maximal ideals of A(X) endowed with
Stone-topology is homeomorphic to 8.X.

Notation 2.4.7. For a filter F on X, we write S[F] for the set of cluster
points of F in X

ie, S[F]=[clsxE|E € F)
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There is an analogue of the Gelfand-Kolmogoroff theorem [Theorem 1.6.8]
in A(X).
Theorem 2.4.8. Let M be the mazimal ideal of A(X) corresponding to the
point p of BX. Then M% = {f € A(X)|p € S[Z4(/)]}.

Proof. Since MY is a f-ideal, so f € MY iff Z4(f) C Za[ME]. Let f € M.
Then Z4[M%] C F, where F converges to p. So, Z4[M}%] converges to p,
which implies that p € S[Z4[M%]] and Z4(f) C ZA[ME] = p € S[Z4(f)] D

Za(f)-
Ofl the other hand, p € S[Z4(f)] = Za[M}] D Za(f) = f € M},
Hence MZ = {f € A(X)|p € SIZA(T)). o

We shall record some more characterizations.

Proposition 2.4.9. M} = {f € A(X)|limz,nmz) fh = 0 for everyh €
A(X)}.

Proof. (=) Let f € M%. Then, fh € M for every h € A(X), which gives
ZA(fh) - ZA[M;;] Further, limzA(fh) fh =0 = hmZA[Mf;] f}L = 0,
(<) If limz, a2y fh = O for every h € A(X) then by Lemma [2.2.10]

Za(f) C Za[ME] = [ € M as Miis a8 —ideal.

Let A(X) and B(X) be subrings of C(X) that contain C*(X), then

Remark 2.4.10. p(A) and p(B) are in one to one correspondence with the
points of 8X.

Proof. Let M € p(A), then by Theorem [2.4.2] Z4[M] is contained in a
unique z-ultrafilter 7 which corresponds to a unique point p in X to which
it converges.

Conversely, for each p there exists a unique z-ultrafilter F converging to p
and M = Z," [F]. Hence there is a one to one correspondence. The same
argument holds for u(B). 0

Remark 2.4.11. p(A) and p(B) are in one to one correspondence.
Proof. Let M% € pu(A), p € X, then this p is identified with the maximal

ideal M}, of u(B) and vice-versa. Hence the identification M% «— M5. O
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Notation 2.4.12. Z4[M] denotes the unique z-ultrafilter containing Z4[M].

Theorem 2.4.13. Let A(X) and B(X) be subrings of C(X) that contain
C*(X) and let M be a mazimal ideal in A(X). The map M — Zp~ [Z4[M]]
gives a homomorphism between the spaces u(A) and p(B) with the hull-
kernel topology. Moreover, under this map free ideals map to free ideals and
fized ideals map to fized ideals

Proof. By Theorem [2.4.10] p(A) is homeomorphic to X and SX is home-
omorphic to u(B), hence p(A) is homeomorphic to u(B). O

To study further the relationship between M% and M%, for different sub-
rings A(X) and B(X), Byun and Watson in [7] considered the extension of
functions to 5 X. Every f € A(X) may be regarded as map into the one-point
compactification R* = RU{oo} and so has a Stone extension [* : X — R”*.

Definition 2.4.14. Let a € K, where K is a totally ordered field, then a is
infinitely small (large) if a < 1 (> 1) Vn e N.

Theorem 2.4.15. Let f € A(X)

(i) f*(p) = oo iff IME(f)| is infinitely large.
(1) f*(p) =r iff IME(S) — r| is either infinitely small or zero.

Proof. (i) If f*(p) = oc, then for each n € N, p is the closure of the sets
E,={z € X :|f(z)| > n}, for if p ¢ cl E, for some n € N, then there
exists some neighbourhood N, (p) of p such that N,(p) N FE, = ¢ and
[*(z) < nfor all z € N.(p). In particular f*(p) < n, and this is a
contradiction.

Now E, = Z(g,) where g, = (|f(z)| —n) AO.

Thus p is a cluster point of Z4(gn). By Theorem (2.4.8] g, € M} and
50 Z4(gn) € Z4[M%]. Clearly, each E, € Z4(gn_1) for n > 2 and thus
E, € Z4[M}] Vn > 2. By Theorem [2.3.15] |M%(f)] is infinitely large.

On the other hand, if [M7%| is infinitely large, then foreachn e N Iz €
X such that f(z) > n. So, f*(p) >n Vn = f*(p) = oo.

(ii) If f*(p) = r, then [ME(f) — r| < L for each n € N, so that |[M%(f) — 7|
is infinitely small or zero.
The converse follows from the fact that the posibilities considered are
mutually exclusive and exhaustive.

O
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Corollary 2.4.16. Let B(X) C A(X). Then M 1s the set of all f € B(X)
for which |ME(f)| s infinstely small or zero

Proof. Since B(X) C A(X),so fe M} = [ € MY = ME(f)=0.
If |ME(f)| is infinitely small or zero then f*(p) =0 = f € M by Theorem
[2.4.15]. O

Corollary 2.4.17. Let B(X) C A(X). Then MY 1s hyper-real 1ff M}, con-
tawns a unit of A(X).

Proof. If M% is hyper-real, then there exists f € A(X) such that f > 1and
|MA(f)| is infinitely large [2.3.15]. So,g™! < 1  implies that |M%(g7")| <
1 Vn. By Corollary [2.4.16] f~! € M},

Conversely, let u € M¥ such that u is a unit of A(X), By Corollary {2.4.16]
| M%(w)| is infinitely small or zero, then |[M5u~}] is infinitely large, hence M%
is hyper-real. g

Corollary 2.4.18. Let B(X) C A(X). Then M3 N B(X) = ME off M5 1s
real.

Proof. This can be equivalently expressed as M4 N B(X) # M5 iff MY is
hyper-real. By Corollary [2.4.17] M% is hyper-real iff M% contains a unit of
A(X), so there exists u € ME such that u is a unit of A(X), which implies
u ¢ MY, as MY is a maximal ideal.

By Corollary [2.4.16], the converse holds as well. O

2.5 The Ideals O

In this section we survey the analogue in A(X) of the ideals OP defined in [18]
for C(X) as shown in [7], where they have shown that Z,4 does not distinguish
between prime ideals contained in a given maximal ideal in A(X).

Definition 2.5.1. For each p € X, we define O as follows
O ={/ € A(X)| p € Int S[Z4()]}

Remark 2.5.2. O% is an ideal.

Note 2.5.3. If f is bounded function on X, then f has a continuous extension
8 to BX.

Proof. This follows from Stone-Cech Compactification Theorem [1.6.2]. O
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Thus from the continuity of f and the fact that lim Z4[M}] = p, we have
fP(p) = limg, e f (p € BX).

Note 2.5.4. If f € M%, then fP(p) =0
Proof. If f € M7 then Z4(f) C Z4[M%]. By Lemma [2.2.10]

lim f=0,= lim f=0 = f%(p)=0.
Jin f)f ZA[Mﬁ]f P (p)

Remark 2.5.5. Of, C M}
Proof. Let f € O%,. Then p € Int S[Z4(f)] C S[Za(f)] = feME. O
Theorem 2.5.6. Z4[0%] = Z4[M}] for allp € X
Proof. Let Z4(f) € Z4[0%]. Then,
Za([f) = Z4a(g) for some g € OF C ME.

By Remark [2.5.5], Z4(g) € Z4[M%] which implies that Z4(f) = Z4(g) C
Za[ME].

Again, let Z4(f) C Z4[M%]. Then f € MY, without loss of generality,
assume that f is bounded. By Note [2.5.3] it has a continuous extension f?,
with f8(p) = 0.

Now let E € Z4(f), then there exists g € A(X) such that fg|gc = 1. Since
{p} and E° are completely separated in SX by complete regularity of 5.X,
there exists a zero-set neighbourhood V of p and hy € C(8X) such that
ho(z) =0 forz € V and ho(E°) = 1.

Let b = h|x. So, Z(h) DV NX,

then clgx Z(h) D clpx(VNX) =clyx VNclgx X =clygx VDO V.
Also, E€Zuph) =ED>Z(h) =cgxEDclgxZ(h)DV.
So, V C( clox E|E € Z4(h)} = S[Za(h)).

Since peIntV C S[Z4(h)] = he€ O as hlge=1

it implies that £ € Z4(h), and Z4(f) C Za(h) C Z4[04].
Hence Z4[0%] = Z4[ME)]. O
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So the preceeding theorem yields that Z, is not sensitive enough to dif-
ferentiate between the ideals O and the maximal ideals containing it. The
characterization of spaces X, which have the property that every ideal O is
prime and also the spaces X which have the property that every ideal O is
maximal, is recorded here.

Definition 2.5.7. A completely regular space X is called a P-space if every
prime ideal in C(X) is maximal.

We shall note an important result by D. Plank in [27].
Theorem 2.5.8. The following are equivalent for any subring A(X) of C(X)
(i) Mj =OF forpe pX.
(i) Every prime ideal in A(X) is mazimal.

Proof. (i) = (i¢)  Since every ideal of the form O% is an intersection of
prime ideals in A(X) [18], so the result follows trivially.

(¢d) = (¢)  This follows since a prime ideal P in A(X) is contained in M}
iff P contains O%. O

Lemma 2.5.9. f%(p) = 0 for every p € S[Z4(f)]
Proof. We know f?(p) = limgz ) f-
Now let p € S{Z4(f)]. Then f € ME = Z4(f) C Za[MF].

So 0= I = i = f8(p).
o Z/l‘r(r})f A f=f(p)
Hence, f?(p) = 0. a

Theorem 2.5.10. If M% = OY for every p € X, then every zero-set of X is
open.

Proof. Let Z(f) be a zero-set of X, where f € C(X).
We claim that f(p) =0 = f(V) =0, for some neighborhood V of p. Now
fp)=0 = peZ(/)C E VE € Z4(/).

So,pe () E =peltS[Zs())] =J€0=M,
EeZ,(f)

Let V € Int S[Z4(f)] andlet g € V, then f%(q) =0. So, p € V C Z(f).
Hence Z(f) is open in X. O
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Corollary 2.5.11. X is a P-space iff every zero-set of X is open.

Proof. Neccesity follows from Theorem [2.5.10].

Conversely, O C M} follows from Remark {2.5.5]. On the other hand, if
f € MY, then p € S[Z4(f)]. Since every zero-set of X is open, so p €
Int S[Z4(f)] implies that f € O%. Hence, O} = M% and the result follows
from Theorem [2.5.8]. O

Example 2.5.12. Every discrete space is a ’-space.

Theorem 2.5.13. Let A(X) be any subring of C(X). If every prime ideal
in A(X) is mazimal, then X is a P-space.

Proof. By Remark [2.5.5], if every prime ideal in A(X) is maximal, then
M% = O%, so by Theorem [2.5.10], every zero-set of X is open and finally by
Corollary [2.5.11] X is a P-space. O

Remark 2.5.14. Converse of Theorem [2.5.13] is not true.

Proof. Clearly N is a P-space as it is discrete.
Let A(X) = C*(N). But M% # O% for p € SN\ N [p.48, [27]]. a

2.6 Intersections of free maximal ideals
In this section we shall study the generalizations of the results on intersections
of maximal ideals known for C(X) and C*(X) to A(X).

Notation 2.6.1. Ap(X) =M% .e., the intersection of free maximal ide-
PELX\X
als in A(X), where I significs that the maximal idcals concerned arc all

free.
Theorem 2.6.2. If B(X) C A(X), then Ap(X) C Br(X).
Proof. Let f € Ap(X), then f € M} forall p € BX \ X.

This implies thatZ4(f) C Z4[M%] Vpe€ X\ X.

Since every Z4[M%] is contained in a unique maximal z-ultrafilter, so let F?
be the free z-ultrafilter containing Z4[M%].
Further, B(X) C A(X) = Z5(f) € Za()).

So, Zp(f) C Za(f) C Z4[ME]|CFP = feZg~[FP] Vpe X\ X.
By Theorem [2.4.13] Zg~ [FP] = M, so f € Bp(X).
Thus Ap(X) C Bp(X). O
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Definition 2.6.3. Let f € C(X), then the support of the function f € C(X)
is the set clx (X \ Z(f))

Notation 2.6.4.
Co(X) ={f € C(X)|clx(X \ Z(f)) is compact}

We shall record an analogous result for A(X) which is well known for the
case of C(X).

Lemma 2.6.5. Let I be an ideal in A(X). Then I is free iff for every compact
set K C X, there exists f € I such that Z(f) N K # ¢.

Proof. Let us suppose that Iis free, i.e., Z(f) = ¢. Suppose, K is a compact
fel
set in X such that Z(f)N K # ¢ for every f € L

Since Z(f) = ﬂZA(f), so ENK # ¢, for every E € Z4[I]. (2.6)

Now, Z4[I]is a z-filter, so the collection p = { ENK|E € Z4[I]} is a collection
of closed sets in K with finite intersection property by (2.6). Since K is
compact and X is T3, so every closed subset of K is compact and hence by
the compactness of K, (p C (N Zall] = N Z[I].

Hence, the neccesity holds.

For sufficiency, suppose I is fixed and consider p = N{Z(f)|f € I}, then
p # ¢. Let K C psuch that K is compact. Such a K exists as finite sets are
compact. Clearly, KN Z(f) # ¢ Vf € I Hence the result. (]

Lemma 2.6.6 (pg. 109, [18], 5.3, [7]).
Co(X) = {f € C*(X)|Zsx (f?) is a neighbourhood of 8X \ X}.
Theorem 2.6.7. The intersection of the free ideals in any A(X) is Co(X)

Proof. Let Ir denote the intersection of all free ideals in A(X). Let f € If.
We first obscrve that OF is free whenever p € 83X \ X,

for (ZaN=(12(H< NdzZ()=p

feoy feok feon,
So, peBX\X =pecdZ(NH\Z(f) =p¢Z(f) V[feOh.

Hence, ﬂ Zi(f) = 9.

feor,
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Now, felr = feO) VpeBX\X =pelntS[Z4(f)] VpeBX\X
= X\ X ClIntS[Z4(f)]
Thus, f?(p) =0 V p € Int S[Z4(f)] by Lemma[2.5.9].

Also, Z(f®) is a compact set in SX such that Z(f?) D IntS[Z4(f)] D
BX\ X,
So, by Lemma [2.6.6] f € Cc(X) implies that /p C Ce(X).
On the other hand, let f € Cc(X) = (X \ Z(f)) is compact.
b'e

Let I be a free ideal in A(X), then by Lemma [2.6.5] there exists g € I such
that
ZgNX\Z(f)=9¢ =2(9) CX\Z(f) < Z(f)

This implies that Z(f) is a neighbourhood of Z(g). Definc h as
h@):{gg z¢ IntZ(f)
0 z € Z(f)
The continuity of h follows from Pasting Lemma, for Int Z(f) and Z(f)
are closed in X, Int Z(f) U Z(f) = X, h|mez(s), hlz(s) are continuous and
whenever z € Int Z(f) N Z(f), then h{z) = 0. So h € C*(X) and

f=hg =fel soféelp
O
We now consider the intersection of the free maximal ideals in A(X).

Definition 2.6.8. A set £ C X is small if every zero set contained in F is
compact.

Example 2.6.9. If X is a finite space, then every subset of X is compact.

Notation 2.6.10. Let K = {£ C Z[X]| E°is small} and Ax(X) ={f €
A(X)|Z4(S) € K}

In this context we shall record a theorem originally due to Redlin and
Watson [28].

Theorem 2.6.11.

Ag(X) =[{M;:pe X\ X}.
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Proof. Let f € Ag(X). If F is any z-ultrafilter on X such that Z4(f) € F,
then there exists £ € Z4(f)\F and F € F\ Z4(f), such that ENF =
¢ and hence F C E°. By the above characterization of Ag(X) Notation
[2.6.10], F is compact. Since every element of F intersects with F' so by
compactness of F'; FNJF # ¢ implies F is fixed . So E does not belong
to any fixed z-ultrafilter and since E was chosen arbitrarily, so Z4(f) is
contained in every free z-ultrafilter.

1e., ZA(f) C ZAME] VpefBX\X =feMi VpepX\X

Conversely, if f € M} Vp € X\ X then Z4(f) C Za[ME] C Z4[M7],
i.e., f belongs to every free z-ultrafilter (*)

We claim that Z4(f) C K. On the contrarary suppose F € Z4(f) such that F ¢
K. Then E° must contain a noncompact zero-set F. Since FUF D FE €
Z4(f) this implies that FUF € Z4(f). By (*), EUF belongs to every
free z-ultrafilter Z,[M?%], which implies that F' ¢ Z4[M%] for ENF = ¢.
This is a contradiction for every non-compact set must belong to some free
z-ultrafilter. Thus £ € K and hence f € Ag(X). O

Definition 2.6.12. A collection F of subsets of X is called A-stable if every
f € A(X) is bounded on some member of F.

Theorem 2.6.13. The space X 15 A-compact off every A-stable z-ultrafilter
on X converges.

Proof. Let us suppose that X is A-compact and if possible let F be a 2-
ultrafilter on X that do not converge. Then {clgx F|F € F} is a z-ultrafilter
on BX, for X is dense in B8X, cl(Zy N Z;) = clZyNclZ; and clgx F is a
zero-set in JX. So, there exists p € X \ X which is a limit of 7. We
know that Z4[MZ%] also converges to p, so Z4[M5] C F. Otherwise, if there
exists Z4[M4] D Z4[M%], such that Z4[M%] # F. Since Z4[M?%] converges
to p, so two distinct z-ultrafilters converge to p, which is a contradiction.
Now, X is A-compact and the ideal M¥ is free, so it is hyper-real. There-
fore, there exists f € A(X) such that |M%(f)| is infinitely large, which yields
Zn € Z4[ME] VneN

Let ' € F, then FNZ, # ¢ VneN implies f/[F] > n Vn € N. Since
F was arbitrarily chosen, so the result holds for all F € F. This contradicts
that F is A-stable. Hence F must converge.

Conversely, suppose that X is not A-compact, then there exists a real free
maximal ideal MY, p € X\ X. So, MA(f) is finite for all f € A(X). By
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Theorem [2.3.15] f is bounded on some member of Z4[M%]. Since Z4[M%] C
ZA[M%] and Z4[M%)] is A-stable such that it doesn’t converge in X , hence
the result follows. a

Lemma 2.6.14. If X 1s A-compact, then f € A(X) has compact support iff
Za(f) cK

Proof. Suppose f € A(X) has a compact support, then cly (X \ Z(f)) is
compact. Let E € Z4(f), then there exists g € A(X) such that fg|ge = 1.
Since E D Z(f),s0 Ec C X\ Z(f) Ccl(X \ Z(f)). Thus cl ¢ is closed and
hence compact. Let F' be a zero-set in E°, then F C E° C ¢l F°. Since every
zero-set is closed, hence it is compact. Thus £ € K.

Conversely, if [ has non-compact support, then clx(X \ Z(f)) is non-
compact, so it is not closed in X

Now clax(X \ Z()) \ elx(X\Z(f)) # ¢ 50 p € clax(X \ Z(/)\ X

So, M} is free and by A-compactness of X, M7 is hyper-real. So, there exists
g € A(X) such that M5(g) is infinitely large. Hence by Theorem [2.4.15]
g*(p) = o0, i.e., g is unbounded on X \ Z(f). It is well known [18] that X \
Z(f) contains a non-compact set E such that F and Z(f) are completely sep-
arated. As completely separated sets are contained in disjoint zero set neigh-
bourhoods [Theorem 1.1.18],s0 £ C U and Z(f) CV suchthatUNV = ¢.
Since Z4(f) is a z-ultrafilter (as f is not invertible), so V € Z4(f) but V¢ D
E such that E is noncompact, so V ¢ K implies that Z4(f) € K. O

Acharya, Chattopadhyay and Ghosh [1] have given a useful characterisa-
tion of A-compactness.

Theorem 2.6.15 (3.2, [1]). A space X s A-compact +ff for every p wn
BX\ X, there exists an fwn C*(X) such that f1s a unit of A and f5(p) =0
(or equwalently X 1s A-compact off for every p wn BX \ X, there emists a unat
g of A such that g™' € C*(X) and g*(p) = ).

2.7 Intersections of maximal ideals in alge-
bras between C*(X) and C(X)

In this section we include some more results about intersection of free maxi-
mal ideals in subalgebras. We end this section by quoting a counterexample

to a thoerem [Theorem 5.8, {7]] of Byun and Watson. Most of the results
recorded are due to Dominguez and Perez in [11, 1].
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Notation 2.7.1. C*(X)[f] = Zq,fl i g9, € C*(X), n=0,1,2,.... It is also
known as the singly generated algebra generated by 'f’.

The following remark also serves as an example of a proper intermediate
algebra.

Remark 2.7.2. It is the smallest intermediate algebra containing f.
Proof. Let A(X) be any intermediate algebra containing f. Consider g €
C*(X)[f] then g = Zg,f,, forsome n €N, g € C*(X)for1 <:< n.

Since C*(X) C A(X) and f € A(X), g € A(X). Hence, any intermediate
algebra containing f contains C*(X)[f]. g

Notation 2.7.3. C(vsX), denotes the largest subset of 3X to which f can
be continuously extended.

Remark 2.7.4. C*(X)[f] C C(vsX) as f € C(vsX).

We know that A(X) is an absolutely convex subalgebra of C(X) by
Proposition[2.2.3] and a sublattice of C(X). Some interesting results have
been shown to be true because of this property

Remark 2.7.5. Let ¢ be a real number, ¢ > 1. Every singly generated
intermediate algebra on X is C*(X)[f] for some f > c.

Proof. Let A(X) be a singly generated intermediate algebra. It is enough to
show that g € A(X) iff |g| +c € A(X),

for then C*(X)[g] = C*(X)[lg| + ¢] = C*(X)[f] where f >c.

Now g € A(X) implies —g € A(X) and |g| =gV (—g). Since A(X) is a
lattice by Corollary [2.2.2], so [g| € A(X) implies |g| + ¢ € A(X) for c€
C*(X). The other implication is clear. O

Remark 2.7.6. If f > ¢ > 1 for some ¢ € R, then C*(X)[f] = {g € C(X) :
lg| < f* for some k € N}

Proof. Let g € C(X) suchthat |g| < f* for some kK € N. Then, f* €
C*(X)[f] implies that g € C*(X)[/f] by absolute convexity of C*(X)[f]. On
the other hand, if g € C*(X)[f], then there exists go,91,....,.9n € C*(X)
such that g = > _g,f, for some n € N.

=0

For each ¢, g, € C*(X)[/f] implies |g,| < m for some m € R, but m < fh
for some [, € N as f > 1.
Let k = n x max{ly, ls, ..., [}, clearly, |g| < f*. ]
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Remark 2.7.7. Every finitely generated intermediate algebra is singly gen-
erated. Explicitly, C*(X)[f1, f2, .-, fa] = C*(X)IAl + | fo| + ... + | fal], for
any n € N,

Proof. Wehave f; € C*(X)[|fil +1fol + -+ |fal] = |fil € CXOA]+1fo] +
where 1 <17 < n.

ie, [Al+ 1ol + .+ 1l € CXOUAI+ 1Ll + + D) (27)

Also,
il S UAl+ 1l + -+ 10 = fie XA+l 4+ + [ fal] ¥ 1(2383 <n
Thus from Equations [2.7] and [2.8], we have '
C*X), f2r -0 fo] = CU XN+ 2l + -+ 1]
(]

Notation 2.7.8. U(A) denotes the set of all units in A(X)

Remark 2.7.9. If A(X) = C*(X)[f] for some f > ¢ > 1, then the multi-
plicatively closed subset S4 is given by S4 = {g € C*(X) : |g| > % for some n €
N}.

Proof. Now, f > ¢ > 1 implies Z(f) = Z(f") = ¢. For, g € C*(X)[f] if

lg| > % for some n € N, then Z(g) = Z(}—lg) =¢ =gecU(A)NC*X).

On the other hand, if g € U(A) N C*(X), then Z(g) = ¢ and let m = |g| # 0.
Since f > ¢ > 1, forsomen € N f* > # implies that j_lrl < m = |g|. Hence
the equality follows. 0

Proposition 2.7.10. Let f € C(X), A(X) = C(X)[f] and E € Z(X),
then the following conditions are equivalent

(i) E € Z4(f)
(ii) E D E.(f) for some ¢ > 0.

Proof. (ii = i) It follows from Remark [2.2.14] that, E.(f) C Z4(f) for
every € > 0, so f|g,(s) is locally invertible and

E D E(f), implies that E.(f)° D E°, implies f|g- is locally invertible on E.(f)°
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Hence, E € Z4(f).

(t = 1) Let E € Z4(f) and let us supose that (ii) fails. So, for each € >
0, f~(—e,e)N E° # ¢. For each n, we choose z, € E° such that |f(z,)] <
%. Consequently, for the sequence (Zn)nen in ES, f(z,) € (5 ,n) Vn €
N implies that nhn;lo f(zn)=0.

Now, let D = {x,2,,...} and Dy = {24, 2441,..}, k€N

But D C E° implies that DN Z(f) = ¢. So, f(D) is non-compact. Other-
wise f(D) is compact implies that f(D) is closed and bounded in R. So Ois a
limit point of f(D) implies that 0 € f(D), a contradiction as DNZ(f) =
So D must be non-compact as f is continuous. Hence, D is not closed in
BX.

Let p € clgx D\ D then p € clgx Dy, as every neighbourhood of p must
intersect D at infinitely many points. Further, f is continuous implies that
f(F) C f(F) forall FC X.

So, flelgx Di) C clg- f(Dy) gives f*(p) € clg- f(Dy), where R* is the one-
point compactification of R. Since this is true for each k € N,

-11
80 f ﬂclm Dk = CIR ( P kI) 0.
Since £ € Z4(f), there exists g € F(X) such that fg =1 on F° and f*(p) =

which gives p € vs(X), the realcompactification of X for f.

So, by Remark (2.7.2] f,g € C(vsX) D F, which implies (fg)*(p) = f*(p)g9*(p) =
0. But 1.(fg) =1 on D, so (fg)* must be 1 on clgx D as fg is continuous.
Hence (fg)*(p) = 1. This is a contradiction to the fact that E € Z4(f). O

Corollary 2.7.11. E € Z4(f) implies that E 1is a zero set neighbourhood of
Z(f).

Proof. This follows from the fact that Z(f) C {z € X : f(z)g(z) # 1} C
E. (]

Remark 2.7.12. The converse need not be true.

Proof. Let X = N and define a function f as f(n) = 0 %fn =0
2 ifn #1.

Since X is discrete so Z(f) is a neighbourhood of itself. But {0} ¢ Z¢-(f),

as the function f, given by f(n) =n is not in Z¢-(f). O

We now look at some more properties of intersections of free maximal
ideals.
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Proposition 2.7.13.
Ck(X) CC(X)r C Ap C C*(X)p = Cso(X)

Proof. It is well known that Ceo(X) = C*(X)[18]. Let f € Ck(X) and
p€BX\ X.

By Theorem [1.6.8], p € clyx Z(f) = J € MP = [ € C(X)p. So,
Ck(X) CC(X)F.

Let B(X) be an intermediate algebra containing A(X). Since f € M} =
[(p) =0, for f € Ap, [*(B)=0 Vpe BX\X = [ € Cu(X)C
C*(X)p. So Ap C C(X)p. If f € BF and p € X\ X and also
feEC(X)r CAX) = f€e MENA(X)C M} . Thus Bp C Ar. Hence
the result follows. O

We shall record few results taking into account S, ~(C*(X)), where Sy =
U(A) N C*(X).

Lemma 2.7.14. Let A(X) be an intermediate algebra on X and S4 = U(A)N
C*(X). Then A(X)={f e C(X):|f| < ]é|fm" some g € Sp}

Proof. Suppose f € C(X) suchthat |f| < )%l for some g € S4. Now
% € S4. Since A(X) is absolutely convex, f € A(X).

Conversely, let f € A(X), then f* € A(X) and 1+f? € A(X) implies 175 €
C*(X)NU(A)=S4. Now |f| < 1+ f? = | } |. Hence the equality

1+f2

holds. O

We shall state here a new description of the zero-sets in Z4(f).

Notation 2.7.15.
Eg(f) ={z € X : |f(z)| < |g(=)I}

and

E(f) ={z e X :|f(2)| = |g()|}

Remark 2.7.16. F,(f) and F9(f) are zero-sets, for Fy(f) = Z((g— f) A 0)
and E9(f) = Z((f — g) A 0)

Proposition 2.7.17. Let A(X) be an intermediate algebra on X, E € Z(X)
and f € A(X). The following conditions are equivalent.

(i) E € Z4(f)
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(i) [f] = |g| on E°, for some g € Sy

(iii) £ D Ey(f) for some g € Sa

Proof. (v =>u) Let E € Z4(f), then there exists g € A(X) such that fg|g- =
1. Now g € A(X) implies that |g| < |+| for some h € S4. This imphes that
|2l = 5 > |h| on E° But [f| = || on E° unphes that |f| > |h], h € S4 on

él T

(11) = (1) Suppose |f| > |g| on [° for some g € Sa, then E € Z4(q)
as g is a unit of A(X), so |g| < |f| implies that Z4(9) € Z4(f). Thus
E e ZA(f)

(1) = (m) Let F ={z € X |f(z)| < |g(z)|}, then, F C E. Let
9 € Sa,50Z(g) = ¢andlet G = {z € X :|f(z)| < 3|g(z)|}, then E D Eg(f)

and %g € S4. Let k= %g, then k € Sy and E D Ex(f).
(e26) = (1) Suppose £ D Ey(/) for some g € Sy, then F C E.
Let z € E¢, then E°NF =¢, so that |f(z)| > |g9(z)|. O

Definition 2.7.18. Let E be a subset of X. Then F is said to be small set
if every zero-set contained in F is compact.

We can further characterize K = {E C Z[X] | E¢ is small} and Ax(X)
as shown by Dominguez and Perez 1n [11].

Remark 2.7.19.
Zy7(K) = {M} | pe BX\ X}

The follwing result is due to Dominguez, Gomez Perez [10] is an imme-
diate consequence of the properties of rings of fractions [1.3, [9]].

Theorem 2.7.20. Let A(X) be an wintermediate algebra between C*(X) and
C(X), and Sy = U(A) N C*(X)

(i) The map 14 . spec A(X) — spec C*(X), that sends P n spec A(X)
to PN C*(X), wnduces an homeomorphism between spec A(X) and
the subspace of spec C*(X) consisting of those prime 1deals i C*(X)
which do not cut Sy.

(1) Every prime ideal P wn A(X) 1s absolutely convez, the quotient Ting _
A(X)/P s totally ordered, and the canonical morphasm A(X) — A(X)/P
1s order preserving
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(i) The prime ideals in A(X) containing a given prime ideal form a chain.
Hence, every prime ideal in A(X) is contained in a unique mazimal
tdeal.

(iv) Max A(X) is a compact Hausdorff space, and the map X — spec A(X),
that sends x € X to Ms® = {f € A(X) : f(z) = 0}, establishes an
homeomorphism between X and a dense subspace of Max A(X).

Proof. (i) It follows trivially from the properties of rings of fractions.

(ii) Let P be a prime ideal in A(X) and P = PN C*(X). Then by the
property of rings of fractions P = S, ! P. We claim that P is absolutely

convex. )
Let f and g be two functions in A(X) such that |f| < |g| with g € P.

Then [f(1+¢*) 7" <lg(1+¢*) Y andg(l +¢*) ' e P

Since P is absolutely convex in C*(X) by Theorem [1.4.16], so f(1 +
g teP.

Therefore, f = (1+ ¢2)f(1+ ¢?)"! € P. Hence P is absolutely convex
in A(X). The other part of the proof follows directly from Theorem
[1.4.16].

(ili) This follows from (i) and Theorem [1.4.17].

(iv) Since every prime ideal in A(X) is contained in a unique maximal ideal,
Max A(X) is a Hausdorff space.

Consider the following composition [Theorem 2.3.5];

X — Max A — specC*(X)
by T — Mx® — M**

where M** = M,4* N C*(X). From (i), Max A — specC*(X) is an
immersion. So, X — Max C*(X) is a canonical immersion. Hence, the

result follows.
d

Theorem 2.7.21. Let A(X) be an intermediate algebra on X and let Sy =

U(A)NC*(X). A function f € A(X) is in M} :p € BX\ X} off E4(f)
is compact for every g € Sy.

99



Proof. Suppose E9(f) is non-compact for some g € S4. Since E9(f) is not
closed in 3X, there exists a p € clgx E9(f) \ X.

Consider By(f) = {x € X|I/(2)} < 59021},

then for each r € Ej, (N f(z) > ﬂzﬂ implies Eg(f) € Za(f) by
Proposition[2.7.17].

We claim that Z4(f) € p”. Since Eg(f) and E9(f) are disjoint zero sets, so
by Theorem [1.6.2], they have disjoint closures in X

But p € clgx E4(f) implies that p ¢ clgx E¢(f) so, p ¢ S[Za(f)].

Thus Z4(f) € pP, so, [ ¢ M%, which is a contradiction.

Conversely, suppose E9(f) is compact for every g € Sa, we shall show that
Za(f) € K. Let E € Z4(f) , then by Proposition {2.7.10] there exists
g € Sa suchthat |f| > |g| on E¢ where E° C FE9(f). Since E9(f) is
compact, so any zero set F' C E° C E9(f) is compact, implies that E° is
small and hence F € K.

Now Z4(/)CK = feAx=[|{MP:peBX\ X}
O

Remark 2.7.22. Let A(X) be an intermediate algebra on X and f € A(X).
If h is a unit of A(X) and F9(f) is compact for every g € S4, then E*(f) is
compact too.

h2 2

h
is also a unit. Let g = ——, then |g| < 1.

Proof. Since h is a unit, ] 1352’

h2
So g € S4 and |g| < |h].
Now E"(f) = {z € X||f(z)| 2 |h(z)]}, since |g(z)| < |h(z)],

so B"(f) C {z € X||f(2)| 2 |g(z)|} = E*(f).
Since F9(f) is compact so E*(f) is compact too. a
Corollary 2.7.23.

(M :p€BX\ X} =Co(X)

Corollary 2.7.24. A function f € C(X) is in [ J{{MP:p € X\ X} iff every
zero set disjoint from Z(f) is compact.
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Proof. Let f € C(X) and suppose there exists h € C(X) for which Z(h) is
non-compact such that Z(h) N Z(f) = ¢. Let g = (Jh| + |f]) A L.

Itz € Z(h) then g(z) = |f(x)| A1 = |g(x)| < |f(z)] = Z(h) C E*(f).

If E9(f) is compact then every closed subset of E9(f) is compact. As Z(h)
is non-compact so EY(f) is must be non-compact. By Theorem [2.7.21],
7 ¢ N{MP € BX \ X},

Conversely, suppose [ ¢ (\{MP : p € X \ X} then f ¢ MP for some
p € BX \ X thus p ¢ clgx Z(f). So, there is a neighbourhood V' of p
such that V N Z(f) = ¢. Since every neighbourhood of p contains a zero
set neighbourhood F of p [1.5.5], then FF' N Z(f) = ¢. Since BX is com-
pact Hausdorff, it is normal. So by Urysohn’s Lemma there exists h® €
C(BX) such that h?[F] = {0} and R*[Z(f)] = 1. This implies that p € F C
Z(h®). So, Z(hP) is a neighbourhood of pin 3X implies that Z(h)NZ(f) =
¢, but p € clgx Z(h)\ Z(h) which implies Z(h) is not closed, hence non-
compact. O

Corollary 2.7.25. If X is a realcompact space, then (\{{M? :p € X\ X} =
Ck(X).

Proof. Let f € Ck(X), then f has a compact support. If E € Zo(f),
then there exists ¢ € C(X) suchthat fg|lge = 1. Now E¢ C cl(X \
Z(f)), so cl FE°is compact. Let F be any zero set in X such that FF C F¢,
then FF C cl E¢ implies F is compact. Hence (J{{MP : p € BX \ X} D
Cx(X).

On the other hand, suppose 3 f € C(X) suchthat [ ¢ Cg(X), then
3 pechx(X\Z(f)\ X. Now MP? is free implies MP is hypereal as X
is realcompact, so 3 h € C(X) such that A*(p) = co = h is unbounded
on X \ Z(f). By [18] X \ Z(f) contains a non-compact closed set S, that
is C-embedded in X and if S and Z(f) are completely separated, they have
disjoint closures. Let ¢ € clgx S\ X, then q € clgx Z(f). So, f ¢ M?. Hence,
the result follows. O

For a singly generated intermediate algebra, the characterization of the
functions in all the free maximal ideals can be simplified further as shown in
[11].

Notation 2.7.26. Let f,l € C(X) with [ > 0 and Z(I) = ¢. For n € N, we
shall write F,,(f) ={z € X : |f(x)| >

I"(x) )
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Corollary 2.7.27. Let A(X) be a singly generated intermediate algebra on
X, A(X) = C(X)[l) withl > ¢ > 1. A function f € A(X) isin (M} :p€
BX\ X} iff F.(f) is compact for alln € N.

Proof. Let f € (W{M%:p€ X\ X}, then " >1,s00< & <1and

1

F(f)={ze X :|/(z)] 2 }=ET(/).

I (x)

By Theorem [2.7.21}, F,,(f) = E™ is compact for all n.
Conversely, assume that F,(f) is compact for all n € N. Let g € S4, by
Remark [2.7.9] |g| > 7 for some n € N.

Then E(f) = {z € X : | /()| 2 |9()I}-

Since |g| > & for some n € N, so

ES(f) C{z € X : |f(z)] > ﬁ

Since F,(f) is compact and E9(f) is closed so it is compact too. Hence by
Theorem [2.7.21}, [ € ({85 : p € BX \ X}. O

}:Fn(f)'

Note 2.7.28 (3.4, [1]). If X is locally compact and o — compact but non-
compact space, and if [ is as in Corollary [2.7.27] such that [ is a perfect
mapping, i.e., ["}(K) is compact for each compact K C R, then (;1[ belongs
to all the free maximal ideals of C*(X)[l], yet it does not belong to Cx(X).

Dominguez and Perez [11] gave a counter example to a theorem by Byun
and Watson [7]. We shall give an outline of that proof. However, we shall
need some preliminaries.

Notation 2.7.29 ([27, 6, 11]).
Let H = {f € C(N)| lim sup {/[/ ()| < 1}, and [(m) = {/|f(m)[,m € N

and f? is the continuous extension of fto BX.

Clearly, 0 > f < 1.
We shall first show that H is an intermediate algebra over R.

H#¢ for Y0=0 = limsup?0=0<1 =0¢€ H.

n=oo
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Let f,g € H, 71,79 €R, then r{f + 99 € C(N) and |ry f + 29| > 0.
So, we have the following cases.

Case (i) |rif + 729/ =0 whichimplies lim sup {/|rf +7m29] =0< 1.
n—oo

Case (ii) |rif +reg] >0 which implies lim sup {/|r1f + r2g| = L.
Thus r, f + rog € H. Hence it is a subspace of C(N).

Let f,g € H, then {/|fg| = {‘/m{‘/I—g_lglingH.

Further, f € C*(N) = |f| <k, for some k > 0
So, limsup {/|f|<1 = C*(N)CH.

Finally, it is a proper intermediate algebra, for

f(n)=2"€ C(N)but V2" =2 and Ll sup¥V2n=2 =2"¢ 1l

n—o0

Note 2.7.30. The above construction also serves as an example of proper
intermediate algebra.

Proposition 2.7.31 (7.1, [27]). f€ H iff f € C*(X)(N) and f® <1 on
BN\ N.

Proof. Let f € H then f= Lt sup ¢/|f| < 1. So, by continuity of f,

f8 < 1. This impies sup{fﬁ(p) P 6 BN\ N} < 1. Cearly, f € C*(N).
Conversely, if f € C*(N) and fﬁ <1 Vpe AN\N, then sup{f?} < 1.
Further, [ is bounded, so Lt. sup f(n) < 1. Hence, [ € H. O

Proposition 2.7.32. A function f € H is a unit of H iff Z(f) = ¢ and
fP=1 on BN\ N.

Proof. Let f € H such that f is a unit, then there exists g € H such that fg =
1. Clearly
Z(f)=¢and f,ge H = f<land g<1.

So by continuity of f? and g%, we have
ff<1and g?<1. (2.9)
Since fg=1€CYX)CH, (fg)°<1.
But (J9) = /191 = V1777 = IFP1/1P] = P°3.
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But (fg)? =1 by continuity, so
1=(f9)" = /9. (2.10)

Since f®<1and 3 <1,s0 ff=1and 3* =1on AN\N.
Conversely, suppose that Z(f) = ¢ and f? = 1, this implies that

1 17 1 1
—=1===(==1==-¢H,
IR A L

which implies that f is a unit in H. O

Corollary 2.7.33 (2.3.1, [6]; 4.10, [11]). A function f € H is in ({ M} :
p € BN\ N} iff f# <1 for every p € SN\ N.

Proof. Suppose there exists p € SN\N such that f#(p) = 1. Since fA(p) =1,
1 is a limit point of {f(n)},en - For each £ € N, choose ny in N such that

|f(n) =11 < 3, ni # n, for k # 5.
Let D={n,:k=1,2,...}. Define

_Jfn) nep
gln) = 1 n¢ D.
Now f(n) # 0 for n € D, for if not, then

7 1
|f(”k)_1|=|0—1‘=1§§§; for all k.

So, Z(g) # ¢ and |g] < |f| V1.
Since every algebra is a lattice, |f|V1e€ H.

Now, Lt. supg(n) < Lt. supfV1<1, impliesthatg € H.
n-—oC n—0o0

For each k € N, let Dy = {k,k+1,...}. Let q € clgn(N\ D), then g°(q) =1,
as g is continuous.

_ _ - 1
If g € clgn D, then gﬂ(q) €clrg(Dy) =clr f(Dy) C 1 1+ ﬁl for all k

- 5
This implies §°(¢) = 1. By Proposition [2.7.32], g is a unit.
Now, E9(f) = {n € N: |f(z)| > |g(z)|}is non-compact for D C E?(f)

Further, D is infinite but doesn’t have a limit point in E9(f). Thus by The-
orem [2.7.21} and Remark (2.7.22] f ¢ {M}, : p € SN\ N}.
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Conversely, suppose f € H suchthat f7 <1, p € BN\ N. We claim
that f#(p) = 0, for, there exists § < 1 and a neighbourhood V" of p in SN
such that f(n) < 4, whenever n € VNN,

e, VM| <d =/ <o

Let U be a neighbourhood of p in BN, then there exists n € UNV NN, such
that n is arbitrarily large, i.e.,, |[(n)| is arbitrarily small.

So, f <1 and Lt. f(n)=0.

So, fP(p) =0 = f € MP for allpe BN\N

= feN{ME :pe N\N}L a

We shall now end this section by recording the counter example given by
Dominguez and Perez [11].

Counterexample 2.7.34. Let H = {f € C(N)| Lt. sup /|f(n)] < 1}.

Clearly, N is H-compact, for let g € C(N) be defined by g(n) = n, then
Lt. supiyn=1 = g€ H and N=y,N by [18].

n—oo

On the other hand, let f(n) = -, then

1
Lt. sup 3/]f(n)] = Lt. sup «"/2% = 5 LL sup /i =

1 1

~1=—

5 5 <1
implies that [ € N{M¥% : p € BN\ N}. But Z(f) = ¢, so cly(N\ Z(/)) =
ciynN = N, which is non-compact. Hence f ¢ Cg(N). This contradicts
Theorem [2.6.14], in [7], where they have stated that

" X is A-compact iff Cx(X)=n{M% :pe pX\ X}".

Note 2.7.35. This error was also pointed out by Acharya, Chattopdhyay
and Ghosh (3.4, [1]].
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Chapter 3

A survey of homomorphisms

This chapter is a survey of finite homomorphisms and epimorphisms in the
rings of continuous functions. The first section deals with results on finite
homomorphisms due to Dominguez and Mulero [10], where they have shown
that the study becomes simpler if it satisfies finiteness property. The remain-
ing section deals with ring epimorphisms in the category of commutative rings
(CR), where we shall record some results due to Barr, Burgess and Raphael
in [4].

3.1 Finite homomorphisms on rings of con-
tinuous functions

It is well known that every continuous function 7 : X — Y induces a ring
homomorphism C(Y) — C(X) by f — fox [18].

3.1.1 Finite spaces

In this subsection we study the case in which the space Y is finite. All our
rings are commutative with unity.

Definition 3.1.1. Let h : A — B be a ring homomorphism and consider
B with the induced structure of A-module (a-b = h(a) - b). Then B is said
to be an A-algebra.

Example 3.1.2. (i) Every ring is an algebra over itself.

(ii) Let A= B =R and h =i, the identity map, then R is an R-algebra.
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(iii) O is an algebra over any ring.
(iv) Let i : Q — R, then R is an Q-algebra.
(v) Every ring is a Z-algebra.

Definition 3.1.3. An A-module B is said to be finitely generated if there
exist by, by,...,b, € B such that every element b of B can be written as

b= > ab, a, € A
1=1

Example 3.1.4. R-module 0 is finitely generated for any ring R.

Definition 3.1.5. Let h : A — B be any ring homomorphism. Then A is
said to be finite if B if finitely generated as A-module. We say B is a finite
A-algebra.

Definition 3.1.6. Let B be an A-algebra. An element b € B is integral over
A, if there exists a monic polynomial P(x) = 2"+ a,_12"" ! + ... + ap € Alz]
such that P(b) = 0.

Example 3.1.7. (i) V2 € Z[V/?] is integral over Z.
(i) O is integral over any A.
(i) Every nilpotent element of B is integral over A.

Definition 3.1.8. A ring homomorphism h : A — B is integral and B is an
integral A-algebra, if every element of B is integral over A.

Example 3.1.9. B = 0 is integral over any ring A.

Definition 3.1.10. The homomorphism h is of finite type and B is a finitely
generated A-algebra if there exists a set of elements by, by, ...,b, € B such
that every element of B can be written as a polynomial in by, bo, ..., b, with
co-efficients in A, i.e., B = A[by, by, ... b,].

Remark 3.1.11. Every finite homomorphism is of finite type.

Definition 3.1.12. A homomorphism h is singly generated and B is a singly
generated A-algebra if there exists b € B such that B = A[b].

Example 3.1.13. The inclusion homomorphism ¢ : C*(X) — C*(X)[/] is
singly generated by f € C(X), where

CX)N={D el 9. €C(X), n=0,1,2,..}
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Remark 3.1.14. A ring homomorphism ¢ : A — B is finite iff it is of finite
type and integral.

The following result relates the topological properties of X with the al-
gebraic properties of C(X).

Proposition 3.1.15. The following conditions are equivalent for a com-
pletely reqular (Hausdorff) space X.

(i) X is a finite space
(i) C(X) is a finite R-algebra.
(i) C(X) is an integral R-algebra
(iv) C(X) is a singly generated R-algebra
(v) C(X) is a finitely generated R-algebra

Proof. (i = i1) Let X = {z,%s,...,Z,}
We claim that

via f 2 (f(z1), f(z2), ..., f(zn)).

Clearly, @ is well defined. To show that it is a module-homomorphism, let
f,9 € C(X) and r € R,

O(f+9) = ((f+9) (@), (f + 9)(22), ... (f + 9)(xn))
= (J(21) + 9(@1), -+, [ (2n) + g(24))
= (f(z1) + - + fzn)) + (9(z1) + ... + g(z0))
= ®(f) + 2(9).
Also, ®(rf) = (rf(z1),....,rf(25)) = r(f(z1), ..., f(xn)) = T®(f)
and ®(f) =0 = ((f(z1) + ...+ f(22))) = (0,..,0) = f(z:)=0 Vi = [ =0.

Hence ® is an isomorphism, so
CX)Z2C(x1))0C(x2) ® ... ©C(7,) ERD ... OR = R™
But R” is finitely generated R-module with generators

{(0,0,..,1,..,0)|where 1is in i*" place, for1 <i<mn and 0 elsewhere}.
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Hence C(X) is finite R-algebra.

(it = 4i1) It follows from the fact that every finite ring homomorphism
is integral.

(it = i) Suppose C(X) is integral, then f € C(X) implies
fotan1f" 1+ .. +ag=0forsomen €N, g, e Rfor0<i<n-1. (3.1)

Since f(z) satisfies (3.1) for each & € X and the equation in (3.1) has atmost
n distinct roots, so f[X] must be finite for all f. However, if X is infinite then
by Remark [1.2.4] there exists a continuous function in C(X) with infinite
range, which is not possible, hence X must be finite.

(t = ) We claim that C(X) = R[f] for a function f that separates
points in X = {z,23,..., T, }.
Let A, = f(z,) for1<i<n, feC(X).
Define

I(f=X)
f — 1)
S | {0 VD)
= %)
then f(z,) = A, implies that
1 ifz =,
fz(x) = R
0 if z # z,.

So, [, separates z, with X \ {z,}, for 1 <i < n, and f, € R[/], for [, is
a polynomial with real co-efficients. Let g € C(X). For z € X, z = x} for
some k, 1 < k < n and g(z) = g(z«) fi(zx)

So, g = g(x)fx-
=1

Hence, g € R[f,] C R[f]. So, C(X) C R[f] and C(X) = R[f].

(iv = v) Trivial.

(v=1) It is well known [3] that the number of minimal prime ideals of
a finitely generated R—algebra is finite. In C(X) each prime ideal is contained

in a unique maximal ideal [Theorem 1.4.15]. Consider spec C(X) and order by
inclusion. Let X be the collection of chains of prime ideals in spee C(X). Since
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the number of minimal prime ideals is finite so there are only finitely many
distinct chains. Hence every prime ideal in a particular chain is contained
in the same maximal ideal. Thus, there are only finitely many maximal
ideals. So, the number of fixed maximal ideals must be finite too. By Stone-
Cech compactification| Theorem 1.6.2] we know that a fixed maximal ideal
corresponds to a fixed z-ultrafilter, which in turn corresponds to a point of

X, so X must be finite.
O

Corollary 3.1.16. Let m : X — Y be a continuous map between compact
Hausdorff spaces. If the induced homomorphism C(Y) — C(X) is finite
(integral, singly generated or finitely generated), then each fibre 7=1(y) is a
finite set.

Proof. Let m : X — Y be a continuous map, then it induces a homomorphism
® = form from C(Y) — C(X). Supposc ® is finite, then it would suffice
to show that C(n7!(y)) is a finitely generated algebra, then by Proposition
[3.1.15] 77 (y) would be finite. We claim that C(7~!(y)) is isomorphic to a
quotient ring of C(X). Definc

Y : C(X) = C(r7l(y))
by J — foi

where i is the inclusion map from C(77!(y)) to X. Clearly, ¥ is a ring ho-
momorphism. By Tietze’s extension theorem every continuous function in
C(nr'(y)) has a continuous extension to X, hence 9 is onto. So by fun-
damental theorem of homomorphism C(X)/I = C(n~(y)), where I is the
kernel of the homomorphism. Let @ be the isomorphism. Now @ is finite
implies that C(X) is finitely generated which implics that C(X)/I is finitcly
generated and thus by Proposition [3.1.15 | C(n~!(y)) is a finitely generated
algebra. Hence 771(y) is a finite sct. Similar argument holds if ® is integral,
singly generated or finitely generated. a

Corollary 3.1.17. Let Y be a finite space and let m : X — Y be a continuous
map. The following condition are equivalent:

(i) X is a finite space.
(ii) C(Y) — C(X) is finite.
(iii) C(Y) — C(X) is integral.
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(iv) C(Y) — C(X) 1s singly generated.
(v) C(Y) — C(X) s finutely generated

Proof. If C(Y) — C(X) is finite, then by Corollary [3.1.16], cach fibre 771 (y)

is finite, but X = |J 7~ !(y) which is a finite union of finite sets, so X must
yeY
be finite so (22 = 1), Since a similar explanation holds for other cases ,so

(v=1), (lv=1), (12 =)

Conversely, suppose that X is a finite space, then by Prop[3 1.15 ] C(X) is a
finitely generated R-algebra. But R C C(Y) and C(X) 1s finitely generated
R—algebra implies C(X) is finitely generated as C(Y')—algebra.

So, (+ = v). Similarly, (¢ = w), (¢ = w) and (2 = u). O

3.1.2 Extensions associated to compactifications

In this subsection we shall record more results on fimteness where spaces
are taken to be compact, thereby recording some results originally proved
by Faulkner in [14] to which Dominguez and Mulero 1n [10] gave simplified
proofs.

Proposition 3.1.18. Let m: X — Y be continuous map between compact
Hausdorff spaces If F C Y 1s a closed subset such that m : X \ #~Y(F) —
Y\ F s ingectwve, then C(X) 1s a finate (resp wntegral, singly generated, finitely
generated) C(Y )-algebra of and only 1f C(n~Y[F]) 1s a finite (resp. wntegral,
singly generated, finitely generated) C(F)—algebra.

Proof Since X and Y are compact Hausdorff spaces so they are normal.
Proceeding in a similar manner as in Corollary [3.1.16], it follows that

C(F) =2 C(Y)/Ir, where Ir = {f € C(Y)|f[F] ={0}}
and
C(nHF]) = C(X)/Iz g where I vy = {g € C(X)lg[r™'[F]] = {0}}

We claim that g is constant on the fibre 77 1(y) for each y € Y and for each g €
Le-1(p).

Suppose y € F, then n7(y) C n[F] = g[r " (y)] C g[r}[F]] = {0},

and if y € F°, then cardinality of 7~!(y) is atmost one, so g[7~}(y)] = a, for
some a € R. Thus g is constant on the fibres so that

L & Ip C C(Y) (3.2)
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Now we claim that the homomorphisms C(Y') — C(X) and
C(F)=C(Y)/Ip - C(x'[F]) = C(X)/Ir

have the same fimiteness properties Suppose h  C(Y) — C(X) 1s finite,
then C(X) 1s finitely generated C(Y') module We claim that C(X)/Ir 1) 18
fimtely generated C(Y)/Ir module

Let g € C(X)/Ix 1(p), then § = g+ I 1(p for some g € C(X) Since C(X)1s
finitely generated C(Y') module so there exists g1, 92, ,9n € C(X) such that

g=fig1+ faga+ + fagn for some f,e C(Y) ,1<:<n

SO

§= N+ 202+  + fagn + Iz 1R
= (fig) + I 1F+ + (fagn) + I 1[F]

=(fi+ Lo )+ Lo ym) + + (fo+ L) (gn + In

By equation(32) g = (fi + Ir)(1 + In yr) +  + (fo +17)(9n + Ix 1(5))
= flg_l + +fnjm
where f, = f, + Ir and G = g+ Iy yp for 1 <12 < n Since § was

chosen arbitrarily so {g1,92, ,9n} generates C(X)/I,-1;; Hence, the result
follows O

Corollary 3.1.19. Let 71 X — Y be a continuous map between compact
Hausdorff spaces If the set I' = {y € Y|r~Y(y) > 1} 1s fimte, then the
followrng conditions are equivalent

() 7 1[F] 15 finete

() C(Y) — C(X) s fimte

(m) C(Y) — C(X) s wntegral

(v) C(Y) = C(X) 15 singly generated

(v) C(Y) — C(X) 1s finitely generated

Proof Since F'1s finite, so 1t 1s closed 1n a compact Hausdorff space Y Let
¥ = 7|y 1ypy, then ¥ 1s contmuous map from 7~[F] — I By Corollary
[3116] C(F) — C(x~1[F]) 1s finite (resp finitely generated, integral, singly
generated) 1ff 7~!{F] 1s finite By Proposition [31 18 | C(F) — C(x[F])
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have same finiteness properties if 7 : X \ 77![F] — Y \ F'is injective.
We claim that 7 is injective.

Suppose
n(a) = w(b) for a,b€ X\ 7 '[F).

So,
m(a),7(b) ¢ F and F°={yeY :|n ' (y)] <1}

implies that, |7 ~}(n(a))| < 1 and |7~} (n(b))| < 1.
Since 7(a) = w(b), so a,b € n~}(n(a)) N7 (7 (b)).
But [[I7'7(a)) N 7~ Y(x(b))] < 1 implies a = b. Hence, 7 is injective on
X \ 771[F] and the result follows by Corollary [3.1.17 ].
O

In the following result we shall see that in order to study fimiteness prop-
erties between the associated rings of continuous functions, the problem for
compactification of a given locally compact Hausdorff space T is equivalent
to the problem for arbitrary compact Hausdorff spaces. It is a well known
result in (8] that

Theorem 3.1.20 ([8]). If m,, : YI' — aT 1s the projection map between
two Hausdorff compactificatrions oT < T of T, then ©o, carries YT \T onto
aT \ T, and so it wnduces an wngectwe ming homomorphism C(aT \ T) —
C(vT\T).

Corollary 3.1.21. Let T be a locally compact, non-compact Hausdorff space
and let oT < AT be two Hausdorff compactifications of T. Then C(+T)
15 a finite (respectwely integral, singly generated, finitely generated) C(aT)
algebra +f and only of C(YT'\ T) 15 a finite (respectively, integral, singly gen-
erated, finitely generated) C(aT \ T)-algebra

Proof. Let n,, : T — oT, the projection map, then the result follows from
Proposition [3.1.18 ] by replacing 7 with 7., X with 4T, Y with oT and F
with o7\ T, then 77} [F] =T\ T D

We shall also quote a theorem due to Magill [7.2, [22]].

Theorem 3.1.22. Suppose X 1s locally compact and K 1s Hausdorff. Then
there erists a compactificatron (X, h) of X such that aX \ h(X) s homeo-
morphic to K 1f and only of K 15 a conlinuous 1mage of SX \ X.

We shall adapt Theorem [3.1.22] and (2.1, [8]] to our needs.
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Theorem 3.1.23. Let m : X — Y be a surjective continuous map between
compact Hausdorff spaces. There exists a locally compact Hausdorff space T
and Hausdorff compactifications oT < T such that X = ~yT\T,Y =oT\T
and 7 is the projection map between YT'\T and oT\T.

Proof. From Theorem [4.17,[8] |, it follows that there exists a locally com-
pact Hausdorff space T and a homeomorphism h; : ST\ T — X. So the
composition 7 o h; is a surjective continuous map between 8T \ T and Y.
By [[8],7.2 Jthere exists a compactification oT of T and a homeomorphism
hy:aT\T —Y.
Further, it follows from [[8], 7.2] that the following diagram commutes.

BT\ T, X

Tha K

aT \ T—ha, Ag

Hence, 7 is the projection map between v7'\ T" and o7\ T. a

Remark 3.1.24. In order to study the finiteness properties of the homo-
morphism C(Y) — C(X) given by a continuous map 7 : X — Y between
compact Hausdorff spaces, we can assume that 7 is a surjective map.

Proof. Let
U CY)— C(r(X))
given by f— flxox)
Clearly, ¥ is a homomorphism. Since X is compact, 7(X) is compact in Y,

and hence closed. So, by Tietze’s extension theorem every map g € C(w(X))
has a continuous extension to Y. So, ¥ is surjective. EI

Remark 3.1.25. It follows from the above remark that, C(Y) — C(X) is
finite iff C(n(X)) — C(X) is finite.

One of the salient feature of the work done by Dominguez and Mulero
[10] is that they have simplified proof of Faulkner’s Theorems on extension
of continuous function rings associated to compactifications [3,4 and 5, [14]]
as we shall see.

Corollary 3.1.26. Let aT have a finite remainder T \ T and oT < AT.
Then the following conditions are equivalent:

(i) 7T has a finite remainder.
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(ii)) C(aT C(vT) is finite.
(i) C(aT) — C(T) is integral.

) —
)

(iv) C(aT) — C(vT) is singly generated.
T)

(v) C(aT) — C(7T) is finitely generated
Proof. The result follows from Corollary [3.1.17] by taking X = T\ T,
Y = aoT \ T and the projecton map 7: yT'\T — aT \ T. d

Corollary 3.1.27. Let m,, : vT — aT be the projection map between
two Hausdorff compactifications oT < ~T of T. If the set J{m, (p) :
|1 “H(p)| > 1} is finite then there exists [ € C(yT) such that C(nT) =

C(aT)f].

Proof. Let F = {p € oT :|r'(p)| > 1}. We claim that I is finite.
Now 7 l[F] = Lé)F?r;al (p) = L€JF{7r;al(p) 2 |7y, “Y(p)| > 1} is finite by hypoth-
P P

esis. But, m,, (7, "}[F]) = F, as m,, is the projection map. So, F is image
of a finite set, hence finite.

If welet X =~T, Y =aT and 7, : ¥T — aT, which is a continuous map
then the result follows from Corollary {3.1.19 ] O

Corollary 3.1.28. Let m,, : vT — aT be the projection map between two
compact Hausdorff compactifications oT < ~T of T. If C(+T) = C(aT)|[f],
then the fibres of m, are finite.

Proof. If welet X =+T, Y =aT, n=m,, then C(vT) = C(aT){f]
implies that the homomorphism C(Y) — C(X) is finite, hence the result
follows from Corollary [3.1.16 |. O

In [14] Faulkner had asked whether complete converse of Corollary [3.1.27)
holds? The answer is in negative as shown by Dwornik-Orzechowska and
Wach [12]

Remark 3.1.29. The converse of Corollary [3.1.27 | is not true.

Proof. Let T =R x I, where I = [0, 1];

wR =R U {00}, the one point compactification of R

and YR = RU {400, —00}, the two point compactification of R.

Then oT = I x wR and 7T = I X wR are the Hausdorff compactifications of
T. Also o < AT for (a,—o0) €T\ aT Vael;aT \T =1x {co} and
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YT\ T =Ix {+00,—00}. So C(YT'\T) =C(aeT\T) @ C(aT\T).
Since T \ T is compact Hausdorff space, so it is normal and for disjoint
closed sets {+o00} x I and {—oo} x I, there exists f € C(yT \ T) such that

JH{+oo} x I ={0} and f[{—oo} x I = {1}.

Then C(YT'\T) = C(aT \ T)|f] and C(vT) = C(aT)[f).
But {7y, *(p) : |7y, "} (p)] > 1} = I x {+00, —oc} which is not finite. [

3.1.3 Finite homomorphism

In this section we shall record one of the main results of Dominguez and
Mulero in {10]. However, one way of the theorem was proved independently
by Mulero in 1998 [5.6, [24]] and we shall just record, without proof, the
statement of that proposition.

Proposition 3.1.30 (5.6, [24]). Let 7 : X — Y be a continuous map
between realcompact spaces. If the homomorphism C(Y) — C(X) is finite,
then the continuous extension of @ to the Stone-Cech compactifications Br :
BX — BY is a locally injective map.

Theorem 3.1.31. Let 7 : X — Y be a continuous map between compact
Hausdorff spaces. The homomorphism C(Y) — C(X) is finite iff the map
m: X =Y is locally injective.

Proof. Let m : X — Y be locally injective. Then every point x € X has a
cozero neighbourhood U such that 7 is injective on U, the closure of U. This
implies that C(U) % C(n(0)). By Tietze’s extension theorem, the restriction
homomorphism
C(Y) — C(=(U)) is onto.

iLe, C(Y) — C(n(0)) = C(U) is surjective.

Let f € C(X) then flg € C(U). Since C(U) = C(w(U)) and C(w(U))
has continuous extension to C(Y'), 3 g € C(Y )such that

flo = 9lx@)- (3.3)

Let F = {U;|r € X}, where U, is a cozero-set neighbourhood of z, then F
covers X. So by compactness of X, there exists a finite subcover {Uy,, Uy, ..., Uy, }
such tLlat

X € UU,, and for each 4, 3 g; € C(X) such that U,, = Coz(g;) 1 <17 < n.

i=1
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Since Z(g,%2) = Z(g:), Coz(g,?) = Coz(g,). So without loss of generality, let
9. 2 0.
Now let h, = 9 We claim that {h,}i =1 generates C(X) as C(Y) mod-

n

>0
1=1

ule.
Let f € C(X) then by eqn (3.3), 3 k1, k2, ...k, € C(Y') such that

v, = kalww,)
=f=k inU,

= ng = gz'kz
= Zkzgz - ngz = f Zgz
=1 1=1 =1
kg,
= kigi + kags + ... + kngn
o =l _ k191 + Rags + Kng

2% 2%
1=1 =1
ngl +k2—f2 4+t k, ;f]"

;gz ;gz ;gz
= klhl + k2h2 + + knhn

=k

Thus C(X) is finitely generated C(Y) module. Hence the homomorphism
C(Y) — C(X) is finite.
Conversely, by Proposition [3.1.30 |, 87 : 8X — BY is locally injective.

Hence, fn|x = = is locally injective.
a

Proposition 3.1.32. Let 7 : X — Y be a continuous map between real-
compact spaces. If the homomorphism C(Y) — C(X) is finite, then 7 is a
closed map and the space X can be covered by a finite number of cozero-sets,
X = Coz(g1)U...UCoz(gy), such that 7 is ingective on each closure Coz(g,).
Consequently, |7 (y)| < n for everyy € Y.

Proof. Let ® : C(Y) — C(X) be the induced homomorphism such that & is
finite. By Proposition [3.1.30 ], the map 7 : BX — BY is locally injective.
So, by the same construction as in Theorem [3.1.31 ], 3X can be covered by
finite number of cozero-scts say {Coz(g:). ..., Coz(g.?)}.
Let

U, = Coz(g,ﬁ) NX =Coz(g,) forl1<i<n
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Clearly,

X C U Coz(g,”)

1=1

= UCoz(g,ﬂ) NXCX

1=1

:XCOU,

1=1

Now f is injective on clgx U, implies that An|x = = is injective on clgx U, N
X = Clx Ul.

Let y € Y, if 771(y) # ¢, then there exists € X such that n(z) =y =
z € m(y).

Now s € X = z € U, for some i/, where 1 < i < n. Since 7 is locally
injective on clx U,, |7 1(y) N U,| is atmost one. This is true for each i, so
7~ !(y) can have atmost n elements, so |7~ !(y)| < n.

Now we shall show that 7 is a closed map.

Since 7 : X — BY is a continuous map between compact Hausdorff spaces,
so it is a closed map.

Next we claim that 37 transforms 6X \ X into Y \ Y.

To achieve this we shall describe X and BY in terms of prime ideals
in C(X). Consider spec C(X) and endow with hull-kernel topology [1.5.3
]. Clearly, Max C(X) is a subspace of spec C(X). It is well known that
Max C(X) is same as #X. Also in C(X), every prime ideal is contained in a
unique maximal ideal [Theorem 1.4.15]. Define

vx : spec C(X) — Max C(X)
such that vx(P) = Mp,

where Mp is the unique maximal ideal containing the prime ideal P. Clearly,
vx is well defined and to see the continuity of yx it is enough to show that
base elements of Max C(X) is taken to base element of spec C(X) under yx ™!
Let M be a base for closed sets in Max C(X) and let M(f) € M for some
f € C(X), where

M(f) = {M e Max C(X)|f € M}

78



then

vx HM(f)] = {P € spec C(X)|P C M for each M € M(f)} (¥*)

Since

it is a continuous retraction. The map between the prime spectra
® : spec C(X) — spec C(Y')

that sends each prime ideal P in C(X) to the prime ideal ¢7!(P) = {f €
C(Y): fom € P} is also a continuous map. Clearly, the restriction of this
map to X, composed with the continuous retraction

vy :specC(Y) — MaxC(Y') = BY,

is B . BX — BY.
Given p € BX, let M, be the corresponding maximal ideal in C(X)[18].
Let ¢ = On(p), then by the following identification the maximal idcal corre-

sponding to g is vy (¢~ (M,)).

BX — Max C(X) — spec C(X) — spec C(Y) — Max C(Y))
p oM, oM, —¢ M, —wéM,=M,

Let M, = vy (¢7}(M,)). Since ¢ is finite, $*(A,) is maximal ideal in
C(Y') implies that ¢=1(M,) = M, i.e.,

My =1y (671 (My)) = ¢7' (ML)

Let
n: C(Y)/M, — C(X)/M,

given by
[+ M, — o(f) + M.

By the same procedure as in Proposition [3.1.18] 7 is finitc and ¢~} (M) = M,
implies that Kern = {0}, hence injective.

So, C(X)/M, is an algebraic extension of C(Y)/M,. Further, C(X)/M, is
totally ordered {Theorem 5.5, [18]] and C(Y)/M, is real closed [Theorem
13.4, (18]}, i.e., it has no proper algebraic extension to an ordered field, so
C(Y)/M, = C(X)/M,.
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This is same as saying C(Y)/M, is real iff C(X)/M,, is real
ie, C(Y)/M, =R iff C(X)/M, =R
ie,qeY iff pe X. Hence An[BX \ X] = [BY \Y].
O

The converse of this theorem is true for normal spaces as we shall see.

Theorem 3.1.33. Let 7 : X — Y be a conlinuous map between realcompact
spaces and suppose that Y is a normal space. The homomorphism C(Y) —
C(X) is finite iff m is a closed map and the space X can be covered by a finite
number of cozero-sets, X = Coz(g;) U ... U Coz(gy), such that 7 is locally
injective on each closure Coz(g;).

Proof. Neccesity follows from Theorem [3.1.32 ].
Converse follows by noting in the proof of Theorem [3.1.31] that compactness
of the spaces was used to

(1) find a finite subcover of cozero-sets.
(ii) C(U) = C(x(U)) and C(Y) — C(w(U)) is surjective.

Since X has a finite cover of cozero sets and Y is normal so every map
f € C(n(U)) has a Tietze extension as Y is normal. So, the argument holds
here too. 0

Many questions were asked as whether the converse holds for Proposition[3.1.30
].The following example shows that converse of Proposition [3.1.30 ] is not
true and Theorem [3.1.31 | does not hold for non-compact spaces.

Example 3.1.34. Let > = NU {p}, where p € SN\ N. Then ) is a
realcompact and normal space and N is dense and C*—embedded in Y so

AN = §3". The homomorphism C(}") — C(N) induced by the inclusion
map N 5 3 is not finite for if it is finite then by Proposition [3.1.32 ]
7 : N <= " must be a closed map but N is not closed in ). A contradiction.

Example 3.1.35. A finite homomorphism C(Y) — C(X) that is not singly
generated. Let m : S2 — P? be the natural projection map from the unit
sphere onto the real projective plane satisfying

7T($1, Iz, $3) = W(—wl, —Xq, —xs)-

Then 7 is locally injective, so the induced homomorphism C(P?) — C(S?)
is finite. However, it is not singly generated. Suppose there exists an f €
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C(S5?) such that C(S?) = C(P?)[f], then f must be injective on each fibre =,
because C(S?) separates points in S2. By Borsuk- Ulam’s theorem [Theorem
1.2.5] for every f € C(S?) 3p € S* such that f(p) = f(—p). So, C(5?) is
not singly generated over C(P?).

3.2 Ring epimorphisms and C(X)

In this section we study C(X) as an object in the category of all commuta-
tive rings (CR) and study the epimorphisms induced by function rings of
subspaces of a topological space X. During 1960’s a lot of mathematicians
including Lazard, Mazet, Olivier and Storrer [20, 23, 26, 34] studied epi-
morphisms in various categories. The study was revived by N.Schwarz and
Madden in [32] later in 1999. Here we shall record some of important works
due to Barr, Burgess and Raphael [4] in the case of epimorphisms in CR.

We shall begin by recording the most fundamental theorem in this regard
in [23] and [34].

Theorem 3.2.1 ([23], pg. 73 [34]). A homomorphism f: A — B in CR
s an epimorphism if and only if for each b € B, there exists matrices C,D,E
of sizes 1 X n, n x n and n x 1 respectively, where

(i) C and E have entries in B,
(ii) D has entries in f(A)
(i) the entries of CD and of DE are elements of f(A) and

(iv) b=CDE (such an expression is called an n X n zig-zag for b over A)

Definition 3.2.2. A topological space X is said to be per fectly normal if
every closed set is a zero set.

Example 3.2.3. Metric spaces and discrete spaces are perfectly normal
spaces.

Remark 3.2.4. A perfectly normal space X is normal.

Proof. If A and B are disjoint closed sets in X then A = Z(f) and B =

Z(g) for some f,g € C(X). Let k = 7l € C(X) suchthat k[A] =
{0} , Kk[B]={1} and 0 <k < 1. Clearly, k'(3, 1) and k7'(3, ) are the
disjoint open sets containing A and B respectively. O
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Proposition 3.2.5. Let Y be a subspace of a topological space X and p :
C(X) — C(Y), the restriction homomorphism.

(i) If Y is C*-embedded in X , then p is an epimorphism in CR.

(i) If each f € C*(Y') extends to a continuous function on a cozero-set of

(iii)

X, then p is an epmorphism in CR. This occurs in particular if Y is a

cozero-set of X.

If for each f € C*(Y), there are g,h € C(X) with Y C Coz(g) and
Jp(g) = p(h) then p is an epimorphism.

Proof. By Theorem [3.2.1] it is enough to construct a zig-zag over C(X) for
each f € C(Y).

(1)

Let i =iz, f2 = i Clearly f1, /2 € C*(Y) and f; #0 implies
fo! exists. Since Y is C*(X)-embedded in X so there exists g1, 92 €
C*(X) suchthat p(g1) = f1, p(g2) = fo-

But
f=Fr"'qgf onY
for
(o '9192 ™) (Y) = o7 @)1 ()92(9) f2~ ()
=(1+ f2(y))l_f,(;/2)(—y)l = f(y) forall yeY.
If we let

C=f"', D=gig,, E=f,"!, thenf =CDE (1 x 1zig-zag)
which is the required 1 x 1 zig-zag.

If f € C*(Y), then by Remark [1.1.22] there exists g € C*(X) such
that f extends continuously to a cozero-set of g, Coz(g) containing Y.
Now fg € C*(Y), so it extends to a continuous function h € C*(X) on
a cozero-set of X. On Y we have

97 ghg™ (W) = 97 W)9(W)h(v)g (v) = f(v)

=g 'ghg”t = f.
Now we put f; = ﬂ% and fy, = 1—+1—f—2, then we have zig-zags f; =
(g:) gihi(g:)™* for i = 1,2 on Y, where h; = f;g; on Y, and hy =
f2g2#0o0n Y.
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Thus .
F=((g1) " g1h1(g1) ) ((g2) ' g2halg2) ")

= (g1 g1h1g1 1)(9292 " ha " g2)
= (g1 ha ) (g192m1h2) (g1 Th2™h) on Y
if we take C = g, 'ho™!, D = g1gahihg, E = g1 'hy™!
then this is the required 1 x 1 zig-zag over C(X).

(iii) Let f € C*(Y). Now Y C Coz(g) and p(g) = g|y implies that p(g) # 0
on Y. So p(g)”" € C(Y) and

p(9) " p(@)p(h)p(g) " = plg) " p(9)fp(9)p(a) " = /.
Hence the result follows by taking
C=p(9)"", D=plg)frlg), E=p(g)"
0

Lemma 3.2.6. Suppose that X is a topological space and Y a dense subspace.
Let f €e C(Y) and z € X\Y. Assume that f = GAH is a zig-zag for f
over C(Y U {z}) (as in Theorem[3.2.1]). Suppose, moreover, that for some
neighbourhood U of  the entries of G and H are bounded in U NY. Then f
can be extended continuously to z.

Proof. We have f = GAH for each f € C(Y U {z}). Let A = A(z) denote
the constant matrix and f= GAH. Let U be a neighbourhood of x such
that the entries of G and H are bounded in U NY. Let |G} < M; and
|H|| < M, for some My, My € R, . Let M = max{M;, Ms}.

So in U

I/ = fl =GAH - GAH| < |G| A - Al [H| < M*[|A - A
Further, lim A(y) = A = lim |(y) - J(3)| = 0. (3-4)
AlsoinUNY,
IGA - GA|| < |IGlI|A - Al < M||A - A,
this implies that
lim G(y)(A(y) - G)A=0 =lmG(y)A =limG(y)A(y).

y— y—T y—x
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Similarly, R

lim AH(y) = lim A(y)H(y).

Y-z y—T
Since A is constant there is a matrix B such that ABA as the ring of matrices
over R is regular, this implies that f = GABAII is defined at 2, sois /. O

The above lemma gives us an information about when p* : C*(X) —
C*(Y), the restriction of p to C*(X) is an epimorphism.

Theorem 3.2.7. Suppose that Y is a proper dense subset of X. Then p* :
C*(X) — C*(Y) ts an epimorphism in CR if and only if it is surjective,
that is, if and only if Y is C*-embedded in X. If, moreover, X is normal then
the conclusion is valid even when Y is not dense.

Proof. If p* is surjective then it is an epimorphism trivially.

Conversely, Suppose p* is an epimorphism. Let f € C*(X), then there is
a zig-zag f = GAH over C*(X) as in Lemma [3.2.6]. Since G and H have
entries in C*(Y'), they are neccessarily bounded, so by Lemma [3.2.6], they
can be extended to a function g over any point of X \ Y, without loss of
generality, take g € C*(X) [Remark 1.1.22]. Hence p(g) = f, thus p is a
surjection.

If Y is C*-embedded in X, then the result holds trivially. On the other
hand, if X is normal and p* is an epimorphism then for any f € C*(X),
we can construct a zig-zag for f over C*(X). If we allow the entries of
zig-zag of [ to be in C*(cl(Y)), then the zig-zag is over C*(cl(Y)). Thus
every function f can be extended to fe C*(cl(Y')). By Urysohn’s extension
theorem [Theorem 1.1.23], cl(Y) is C*-embedded in X, as X is normal. Hence,
p is surjective. O

Corollary 3.2.8. Suppose that Y is a pseudocompact proper dense subset of
X. Then p* : C(X) — C(Y) is an epimorphism in CR iff if it is surjective,
t.e., iff Y is C-embedded. If, moreover, X is normal, then the conclusion is
valid for pseudocompact Y even when not dense.

Proof. If Y is pseudocompact then C*(Y') = C(Y'), hence the result follows
from Theorem [3.2.7]. O

Definition 3.2.9. A space is called almost compact if |[6X \ X| < 1.

Fine , Gillman and Lambek in [15] in the year 1965 proved an impor-
tant result based on which a number of results on epimorphisms have been
established.
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Theorem 3.2.10. Suppose that Y is a dense subset of X. Then for any
f € C(Y), there is a largest subset of X to which f can be continuously
extended.

Remark 3.2.11. Since §X = X, every compact space is almost compact.

Notation 3.2.12. For any f € C(Y), we write dom(f) for the largest sub-
space of X to which f can be continuously extended.

Proposition 3.2.13. Suppose that X is a topological space and Y is a dense
subspace such that p : C(X) — C(Y') is an epimorphism in CR then for
f € C(Y), dom(f) contains an open set containing Y.

Proof. 1t follows from Lemma [3.2.6] that there must exist G, A, H for which

f=GAH. Suppose that y € X. It follows from Lemma [3.2.6 | that G and

H are defined and continuous on Y. Also, there is an open neighbourhood

U, on which both G and H are bounded, such that for any x € U, it is also

a neighbourhood of = and by Lemma [3.2.6] f can be extended to .

Let U = | ey Uy, then U is open and Y C U C dom(f). Hence the result.
(]

Proposition 3.2.14. In a space X, every first countable point is a zero-set.

Proof. 1t follows from Remark [1.5.7] that in a completely regular space every
Gs-set U containing a compact set S contains a zero-set Z such that S C
Z C U. In a first countable space every point is a G set. Since finite sets
are compact so there exists a zero-set VA containing the compact set {z}
contained in {z} implies that Z' = {z}. So every first countable point is a
zero-set. a

Lemma 3.2.15. Suppose that t; > ty > t3 > ... is a sequence of numbers
in the open unit interval that converges to 0. Then there is a continuous
Junction h : (0,00) — [0, 1] such that h(t) =0 for L > t;, h{l,) =0 when n
is odd and h(t) =1 when n is even.

Proof. The result follows by interpolating linearly between these values. [J

Proposition 3.2.16. The complement of a first countable non-isolated point
1s not C*-embedded.

Proof. Let x be a first countable non-isolated point. We claim that Y = X —
{z} is not C*-embedded in X. On the contrary, suppose Y is C*- embedded
in X, then 8Y = GX. By Theorem [1.6.5], and Corollary [1.6.6] {z} is not
a Gs-set in BY, so it contradicts that x is a first countable point. ad
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Theorem 3.2.17. If a dense subset Y of a first countable space X induces
an epimorphism in CR then Y is open in X.

Proof. We shall prove by contradiction. Suppose that ¥ C X is not open,
then X'\Y is not closed, so there exists atleast one isolated point y € Y. Since
X is first countable there exists a sequence {z, } of points of X\ Y converging
to Y. By Proposition [3.2.14] each such point is a zero-set. So they can be
regarded as distinct and forms a discrete subspace of X. By Proposition
[3.2.16], we can choose for each n € N a function f, : X \ {z,} — [0, 1] that
cannot be extended to z,. Then f, € C(Y) for each n. Let f = > 27"/,
, clearly, the sequence converges uniformly so f is continuous implies that
f € C(Y). However, f is not defined at each of the points z, for all n.
For each n, there is a neighbourhod V of z,, excluding the other points of
the sequence. Clearly, > 2™ f,, extends continuously on V to z,, for some
m € N. We claim that f cannot be extended continuously, for suppose f can
be extended continuously then f — 3" 4n2 ™ fm can be extended too. But,
this implies that f, can be extended continuously to x,, a contradiction to
our choice of f,.

Now let U be any open set containing Y, then U contains z; for some ¢,
but f is not defined at z,, where i belongs to some index set J. This implies
that f cannot have a continuous extension to any open set containing Y,
hence Y is not C*-embedded in X, so by Theorem [3.2.7] X cannot induce
an epimorphism. This is a contradiction to the assumption that X induces
an epimorphism. O

Definition 3.2.18. A subset U of X is said to be locally closed if it can be
expressed as intersection of an open and a closed set of X.

Example 3.2.19. Every open (closed) subset of X is locally closed.

Corollary 3.2.20. Let Y be a subspace of a first countable space X. If Y
induces an epimorphism in CR then Y is locally closed in X.

Proof. Let p: C(cl(Y)) — C(Y) defined by p(f) = f|y, then p is clearly an
onto morphism, hence it is an epimorphism. So by Theorem [3.2.17] Y is
openin X, ie, Y =Y NX, and X is open as well as closed implies that Y is
locally closed in X. a

Corollary 3.2.21. A subspace Y of a perfectly normal first countable space
X induces an epimorphism in CR iff it is locally closed.
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Proof. Suppose Y is locally closed, then Y = U NV, where U is open and V
is closed. So Y is perfectly normal implies that U¢ is a zero-set, i.e., U is a
cozero-set in X, hence alsoin V. Now define p : C(V) — C(Y) by p(f) = flv.
Hence p is an onto homomorphism by Tietze’s extension theorem and thus
an epimorphism. 1

Remark 3.2.22. Let X be a topological space, then open sets can induce
epimorphisms without being cozero-sets.

Proof. Let I be an extremally disconnected non-compact space and consider
GF. Then GF is extremally disconnected compact Hausdorff space and hence
normal. Since F' is non-compact so there exists a € SF\ F. Let X = §F and
Y = BF \ {a}. We know by Stone-Ccch compactification [Theorem [1.6.2])
that a is not isolated in X. So clx Y = X. By [1.1.26 | X is extremally
disconnected iff every open subspace is C*-embedded, so Y is C* embedded
in X.

Let p : C(X) — C(Y') be the restriction homomorphism. Clearly, p is onto
hence an epimorphism. But Theorem [1.6.5 ] implies {a} is not a zero-set in
X, so Y is not a cozero-set. Hence the result follows. O

Proposition 3.2.23. (i) Let Y be a subspace of a normal space X which
has the following form : Y = J,cy Bn , where the B, are closed sets
of X and there is a family of pairwise disjoint open sets U,, from X with
B, C U,, for each n € N. Then Y induces an epimorphism in CR.

(ii) If, under the hypothesis of (i), each By, is compact then the conclusion
of (i) holds for any X. This applies, in particular, if Y is homeomorphic
to N.

(i) Let Y be a subspace of a space X which has the following form: Y =
Unen Bn where there is a family of pairwise disjoint cozero-sets Uy, with
B, C U,, forn € N. Suppose, moreover, that each B,, is C*— embedded
in U,. Then' Y C X induces an epimorphism in CR.

Proof. (i) Let f € C*(Y) Let M = supy |f(y)|. For each n € N, X\U,
is closed and B, [ X\U, = ¢. By Urysohn’s lemma there exists h, €
C(X) for each n, such that h,[B,] = 1 and h,[X\U,] = {0}. Define
g € C(Y) by g(y) = (2)/(y) for y € B,. Clearly, g is continuous.
Let g, = 739;, then X is normal and B, is closed imply that by Tietze’s
extension theorem it has a continuous extension I, € C(X).
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(i)

Since | f(y)| < M, we may asume that |f,(z)| < ¥ Vz € X. Now let
ofz) = hp(2)l () ?fa: eU,

0 ifzx e N (X\Uy).

(H)h,(z) ifzeU,

n

and b(z) {o itz € ), (X \ Un).

then a is continuous , for let (c,d) be an open interval in R,
soalc,d) = UN(hnln)‘l(c, d) which is a countable union of open sets,
hence open whenever 0 ¢ (¢, d).

If 0 € [c,d], then the inverse image includes all but finitely many of
the U]s. So its complement is a finite union of the sets of the form
(hnln) H{(—00,c] U [d,o0)} which is closed. Hence a is continuous
and similarly b is continuous. Now p(a) = alx and p(b) = b|x, so
p(a)p(b) ™! = (Rply)(nhy Dlx = nlalx = n.ifly, = f. So the result
follows by Proposition [3.2.5]

By Stone-Cech compactification [Theorem 1.6.2], X is C-embedded in
BX. Since Y is a subspace of X so there exists open sets V,, for each
n such that U, = X NV, and Vs are disjoint for each n # m. The
compact sets B, are closed in 8X. However, X is normal so by part
(i), C(BX) — C(Y) is an epimorphism. Now the result is obtained by
the following association.

C(BX) — C(X) — C(Y)

by
ffF—FPx—f

Let ¢, : X — [0, 1] and suppose that U, = Cozy,, for each n. If we
let 9(y) = 2 f(¥)¢n(y), y € By, then f|p, extends to U, so g extends

to X. Also g|y, extends to [, € C(X) and if we take

olz) = [(z) zeU,
o z €N, (X \Un)

L) Een(x) zelU,
and blz) = {0 z € (X \ Uy).

Then proceeding similarly as in (i), we get f = p(a)g(b)~!. Hence the
result follows.
O
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Chapter 4

Localization in C'(X) and rings
of quotients of C(X)

In this chapter we shall study localization in the ring of continuous functions
and also study rings of quotients of rings of functions. Localization in rings
of continuous functions has been studied by Blair and Hager in [5]. They
gave a characterization of continuous functions in terms of localization. Later
Requezo and Sancho in [29] carried further studies on this topic and settled
the important question of obtaining compact open topology of C(U) from the
compact open topology of C(X), whenever U is a cozero set of X. For the ring
C(X), its total ring of quotients, denoted by T(C(X)), is the localization of
C(X) at the multiplicative set of non-zero- divisors. Given a space X, one
of the major problem is of determining, whether T(C(X)) is von-Neumann
regular? It was shown by Levy and Shapiro in [21] that this question can
be formulated topologically. In section 4.2.3, the general localization theory
in the ring C(X) is studied by defining Gabriel filter of ideals of C'(X) as
certain filter of open sets of X. A generalization of [Theorem 2.6, {15]] has
been recorded in which for certain Gabriel filters of ideals of C(X), the ring
of quotients is isomorphic to a ring of partial fractions on a subspace of X.
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4.1 Localization in the rings of continuous
functions

4.1.1 Preliminaries

Definition 4.1.1. A commutative ring A endowed with a topology 7 is said
to be a topological ring if the ring sum + : A x A — A and the ring
multiplication - : A X A —— A are continuous, and A has a continuous
inverse, i.e., the map a +— a~! is continuous. If A and B are topological
rings, a ring morphism A — B is said to be a topological ring morphism if it
is continuous. Finally, a topology 7 on a ring A is said to be a ring topology
if (A, 7) is a topological ring.

Example 4.1.2. The field R with usual topology is a topological ring.

Definition 4.1.3. Let X and Y be topological spaces. If C is a compact
subspace of X and U is an open subset of Y, define

S(C,U) = {/If € C(X,Y), f(C)CU},

then the topology formed by taking S(C,U) as a subbasis on C(X,Y) is
known as compact open topology.

Now we shall list two basic properties of topological rings.

Properties 4.1.4. (i) Let A be a ring and let {A4; : ¢ € I} be a family
of topological rings. If one has a ring morphism f; : A — A; for each
index 7 € I then the coarsest topology on A such that the morphisms
{/; : i € I} are continuous is a ring topology.

(i) If one has a ring morphism f; : A; — A for each index ¢ € I, then there
exists on A the finest topology such that A is a topological ring and
the morphisms {f; : © € I} are continuous. This topology is said to be
the final ring topology defined on A by the morphisms {f; :: € I} .

Example 4.1.5 (1.3, [29]). Let K be a compact topological space. Let
C(K) be the ring of all continuous functions from K to K, where K =
C or K = R. Consider the function || ||, : C(K) — R defined by ||f||x =
max{|f(z)| : z € K}, f € C(K), where |\| = absolute value of A € K. It
is well known that C(K) endowed with the initial topology of the function
| l|x is a topological ring [Theorem 1.4.8, [30]].
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Now, let X be a topological space and let K = {compact sets in X} then
consider the family of topological rings {(C(C), || ||c)}cex and the family of
restriction morphisms {r¢ : C(X) — C(C)}cex, the compact open topology
in C(X), denoted by 7x is the coarsest topology on C(X) such that the
morphisms {r¢}cex are continuous, i.e., 7x is the initial topology of the
functions {gc = || |lc o rc}cex.

Definition 4.1.6. Let A be a commutative ring. A multiplicatively closed
subset S of A is a subset S of A such that 1 € S and S is closed under
multiplication: s,t € S = s.t € S. We define an equivalence relation
~ on A xS as follows:

(a,s) ~(b,t) < rat=rbs forsome reS.

Let As denote the quotient set A x S/ ~ and let a/s denote the equiv-
alence class of (a,s). It is well known that Ags has a ring structure [3] by
defining the addition and multiplication of fractions as follows:

a b al+bs

571 T s
and

ab  ab

st st
Furthermore, the map

h:A— Ag

defined by h(a) = { gives a ring homomorphism. The ring Ag is said to be
the localization of A with respect to S and is characterized by a universal

property.

Properties 4.1.7. If f : A — B is a ring morphism such that f(s) is
invertible in B for all s € §' , then there exists a unique ring morphism
f: As — B such that f = foh and hence f(a/s) = f(a).f(s)™".

Example 4.1.8. Let I be a prime ideal of a commutative ring R, then R\ I
is a multipliatively closed subset of R.

Let X be a topological space. For each open set U in X we denote by
C(X)y the localization of C(X) with respect to the multiplicatively closed
subset Sy = {f € C(X) : 0 ¢ f(U)} of C(X). If for each f € C(X) we
denote by fy the restriction of f to U, then clearly fy is invertible in C(U)
for all f € Sy. Hence we have a natural ring morphism
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o C(X)y — CU),

: fy_fv
given by <I>(g) =
and
foky o fltgk :(fl+9k)uz(fl)u (Qk)uz f k
D=2 =T, T, T, Y T
Similarly,
F R _odky _ Uk _ fuke g Sy ok
(I)(.q /) q)(.q/) (9D)y guly @<g)q)(1)'

The map is clearly one-one as

o0

. fu
Ker® = —e(C(X = —},
{gu (K)o 9u 1}
Since,
fo _0
g 1

so there exists k € Sy, such that
ka—gU.O':O. = k.fu=0.

Since k(z) #0 Yz € X, so fy =0, henee. Ker @ = 0.

In the next lemma we shall prove that this morphism is an isomorphism
whenever U is a cozero set which was first proved by Blair and Hager in [5)
and later the argument was refined by Requezo and Sancho in [29].

Lemma 4.1.9. If U is a cozero-set in X, then the natural ring homomor-
phism C(X)y — C(U) is an isomorphism.

Proof. We have already shown that @ : C'(X)y — C(U) is an injective ring
homomorphism. We claim that ® is onto.
Let g € C(U) and let d € C(X) such that d(z) # 0 V& € X. We define

d2(9) = d.-min{1,1/|g|} onU, d2(9) =0 on X —U,

01(g9) = ¢.02(9) = (sign g) . d. min{l,|g|]} onU, 6,(9)=0 onX-U,
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where sign g(z) =1 if g(z) > 0 and sign ¢g(z) = -1 if g(z) <O0.

We shall first show that d2(g) is continuous. Let us take A = X — U and
B = U, the closure of I/ in X.
Clearly, AUB = (X \ U)U U = X and the restriction of J,(g) is continuous
on both A and B . Now let h € AN B then d(h) = 0, so dz(h) = 0, hence
they agree on the intersection. So, by Pasting lemma §5(g) is continuous on
whole of X. By a similar argument d;(g) is continuous on X. As d5(g) # 0 on
U, so d2(g) € Sy. Now Soy - g, this implies that g = ®(242). Thus & is

W 5oy 52(9)
onto, and hence an isomorphism. 0

The above lemma raises the question, whether this result is true for all
open sets? This was answered in [29].

Counterexample 4.1.10. Let X be the one-point compactification of an
uncountable discrete space U. Let Sy = {f € C(X) : f(z) #0 V z € U},
i.e., it is the collection of all invertible functions of C(X). We claim that U is
not a cozero-set in X. We know that any cozero-set of a compact Hausdorft
space is c—compact and in a discrete space the only compact subspaces
are finite ones. So U is o- compact is equivalent to the statement that [/
is a countable union of finite spaces and hence countable. a contradiction
to our assumption that {/ is uncountable. Clearly, the canonical morphism
C(X) — C(X)y given by f — { is an isomorphism.

On the other hand, C'(X) is pseudocompact as X is compact. However,
U being uncountable discrete space, there exists unbounded functions in
C(U). Since any unbounded function cannot be the restriction of a bounded
function , the restriction morphism C(X) — C(U/) is not surjective. Hence
it is not an isomorphism.

4.1.2 Topological Localization

Definition 4.1.11. Let S be a multiplicatively closed subset of a topological
ring A. The topological localization of A with respect to S is the ring Ag
endowed with the final ring topology 7g of the morphism h : A — Ag, given
by h(a) = .

As before the topological localization Ag is characterized by the following
universal property.
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Properties 4.1.12. If f : A — B is a topological ring morphism such that
f(s) is invertible in B for all s € S, then there exists a unique topological
ring morphism f : As — B such that foh = f.

The following lemma is an immediate consequence of this universal prop-
erty.

Lemma 4.1.13 (8 pg- 44, [3]; 2.2, [29]). Let S and Z be two multi-
plicatively closed subsets of a topological ring A. If S C Z, then the natural
morphism Ag — Az is a ring isomorphism, then it is also a homeomorphism.

Notation 4.1.14. Let 7. denote the quotient topology on Ag.
Lemma 4.1.15. If (Ag,7.) is a topological ring, then 7. = Ts.

Proof. Let S be a multiplicatively closed subset of a topological ring A.
Clearly, the canonical map 7 : A x § — Ag given by n(a,s) = ¢ is con-
tinuous. Since the quotient topology on Ag is the largest topology on Ag
such that 7 is continuous, so 7¢ < 7.. On the other hand, the morphism
h: A — Ag is also continuous whenever Ag is endowed with the quotient
topology. Since (Ag, 7) is a topological ring , so by definition 7g is the finest
topology on Ag such that h is continuous. Hence, 7. < 75. Combining, we
have 7. = 75. O

Definition 4.1.16. A multiplicatively closed subset S of a ring A is said to
be saturated if a.b€e S < a€ Sandbe S.

Example 4.1.17. Let A =R. then let S =R\ {0}, then S is saturated.

Result 4.1.18. If S is a multiplicatively closed subset of A, then there exists
a multiplicatively closed subset Z of A, such that Z O S and Ag — Az is an
tsomorphism.

Proof. Let us define
Z={ac Al% is invertible in Ag}.

Let s€ S, then 22 = ls0S5cCZ.
If ab € Z, then %‘3 = %% is invertible in Ag, implies

) =

Ll Bl
|

Ul "

D=1 &



where (%5) € Z thus a € Z. Similarly, b € Z. Hence, Z is multiplicatively
closed subset of A.
Clearly, the natural morphism Ag — Az is an isomorphism and hence the
result.

d

Remark 4.1.19. By Lemma [4.1.13], we may assume without loss of gen-
erality that every multiplicatively closed subset considered in our discussion
is saturated ; if S is any multiplicatively closed subset of A, then by above
result there exists a saturated multiplicatively closed subset Z of A, such
that As — Az is an isomorphism , hence a homeomorphism.

Theorem 4.1.20. Let S be a saturated multiplicatively closed subset of a
topological ring A. If the canonical map 7 : A x S — As has a continuous
section with respect to the quotient topology 7. on As, then 7, coincides with
the localization topology Ts

Proof. 1t would be sufficient to show that (Ag, 7) is a topological ring, then
the result follows from Lemma [4.1.15]. Let us define

o:(As,7e) > A% S

given by (%) = (a, s) in a natural way. We claim that ¢ is a section of 7.
Now
a a
(ﬂoo)(:) =nlo(a.s)] =m(a,8) = -
Similarly,

(cgom)(a.s) =o[n(a.s)] = 0’(%) = (a, s).

Hence, it is a section. Our argument can be simplified by the following
commutative diagrams

Q
(AxS)x(AxS) AxS
g X0 TXT 7r
+
A5XA5 AS
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(A x8)x(AxDS) Ax S
g X0 TXT ™
As x As As

where () and P are continuous maps defined, respectively by

Q((a,s). (b.1)) = (al +b.s.s.l) and P((a.s), (b,1)) = (a.b.s.t)

b
Let 2.2 ¢ Ag.
s t

Now (7 x0)(2,2) = ((a.s), (b,1)

then Q((a,s),(b,t)) = (at + bs, st),

and 7(al + bs,st) = at+bs.
st
a b
So, —+ i mo(Qo(o x0)),
5

which is a composition of continuous functions and hence addition is contin-
uous.

. . b
Similarly for £, 2 € As,

a b ab ab
mo(Po(a x 0))(—,=) = moP((a,s).(b,t) = wlabst) = — = ~—-.
(Po(r x )(.3) = moPl(a5). (1) = nlabst) = & = 27
Hence, multiplication being composition of continuous functions is continu-
ous. Finally, for 2 € Ags", where As™ is the set of all invertible functions in
Ag, we have the following commutative diagram

96



SxS +S xS
ag s il
muv
(Ag)* (4s)”

where T'(s,7) = (r, s) and

wO(Toa(E)) = 7woT(a,s) = 7(s,a) = 2.
s
So, the inverse operation is also continuous. Hence, (Ags, 7.) is a topological
ring, so by Lemma [4.1.15], 7. = 7s.
O

Corollary 4.1.21. Let S be a saturated multiplicatively closed subset of a
topological Ting A and let Tbe a topology on As. If 7 : AxS — (As,T) is
continuous and has a continuous section, then 7 = 7, = Tg.

Proof. In the preceeding theorem, we have already shown that (Ag,7.) is a
topological ring. So 7, = 75 by Lemma [4.1.15]. We shall now show that
T = T,. Since 7 is continuous with respect to 7 and 7, is the finest topology
such that 7 is continuous, so 7 < 7.. On the other hand, if 7 admits a
continuous section with respect to 7, then foreach U € (Ag,7.) U € (As,7T),
hence 7. < 7, thus 7 = 7. = 73. 0

4.1.3 Localization of continuous functions

In this section we shall use the notations introduced in Example [4.1.5] and
shall record the main result in [29].

Lemma 4.1.22. For any z,y € K, where K is a real or complez field, we
have:

(i) min(|z +y|, 1) — min(|a], 1)] < [yl;

(i) Jmin(1, ;1) — min(1, )] < [yl.
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Proof. Let us denote a = |min(|s +y|,1) — min(|z|, 1)] < |yl;

(i) We shall prove it case wise.
Case (a):
lz+yl>1 , |z[ <1,

then a=|1—|z||.
Since 1<|z+yl<|zl+lyl =1-|z[<lyl =a<]yl

Case (b):
lz+y1>1 , Jz] > 1
Here, a=1-1=0<Jy|.
Case (c):
lr+yl <1, f2[ <1
then a = |l +y| - |z|| < |y
Case (d):

lr+yl <1l . Jaf > 1,

then a = ||z +y| -1l

then|z +y[ < 1+ [y
=lz+yl-1<]yl and 1—|z+y| < |y|

= |le+yl - 1<yl

(ii) The proof of (ii) follows by similar casewise argument.

O

Theorem 4.1.23. If U s a cozero-set n a topological space X, then the
topological ming (C(U), Tu) 1s the topological localization of (C(X),Tx) with

respect to the multiplicatwely closed subset Sy = {f € C(X):0¢ f(U)}.

Proof. Since U is a cozero-set in X, then there exists d € C(X) such that

U = {z € X|d(x) # 0}, without loss of generality let 0 < d(z) < 1.
Define 6 :C(U) — C(X) x Sy

given by é(g) = (d1(g), 02(g))

where ¢ is the map defined from d as in Lemma [4.1.9]. then the natural

morphism C(X)y — C(U) is an isomorphism by Lemma [4.1.9].
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We claim that § is a section of ® : C(X) x Sy = C(X)y = C(U). Let
g € C(U), then

(mod)(g) =n[(61(g),02(9)] = =g

Hence, it is a section. Since Sy is saturated and 7 is continuous with respect
to the topology 7y, so by Corollary [4.1.21], it is suficient to show that ¢
is continous with respect to 7. Let go € C'(U), we shall show that ¢ is
continuous at gg. If A is a compact subset of X and 0 < € < 1, then

W = {(t,s) € C(X) x Sy : qr () — 01(g0)(90)) < €, gk (s — 02(g0)) < ¢}

is clearly a basic neighbourhod of #(gp) in the product space C(X) x Sy.
Given0<é< §, C=Kn{z € X :d(z) > &} is a compact subset of U and
V ={g€CWU):qc(9— g9) < €} is a basic neighbourhood of gy in C(U).
Let g € V so we must prove that §(g) € W.

Clearly, d2(g) = d. min{1, 1 <d},

|9l
therefore, 0 < d,(g)(z) < € < ; forallz € K - C.

Hence

102(9)(2) = 82(g0) ()] < 162(9)(@)] + Ialgn)(a) | < 5+ 5 =€ (41)
For each & € C, we have by Lemma [4.1.22]
22(6)(@) ~8a(gn) )] < I minL, s}~ min(1, o) < lofe) = ()] << o
then
ac(02(9) — 62(90)) = ll62(g) — d2(go)ll = max |d2(g)(z) — d1(go) ()| a 62-)

From equations (4.1) and (4.2) we have

4k (92(9) — 01(g0)) < c.

Now |6,(g9)] = d. min{|g|,1} < d.
Therefore, |61(g)(x)] < €< forallz € A - C.
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Hence [01(g)(z) — 1(go)(z)| <€ ifz € K — C. (4.3)
Further, if € C and sign(g(z)) = sign(go(z)), then by Lemma [4.1.22]

01(9)(x) = d1(go) ()] < [min{lg(z)[,1}| — min{|ga(z)[,1} < lg(x) — go(z)|
<E<e

If z € Cand sign(g(z)) # sign(go(z)), then |g(z) — go(x)| < € implies that
lg(z)] <& and |go(x)| < €, therefore

161(9)(z) — 61(go)(2)| < | min{|g(z)], 1} + min{|go(x)], 1}| < lg(z)| + |go()|
< 2€ < ¢,

which implies that

qgc(01(9) — 61(90)) = 161(g) — d1(go) | = max{[d1(g) — d1(go)|} < €. (4.4)

Thus from the equations (4.3) and (4.4) we conclude that gx (6,(g)—9d1(g0)) <
¢, which implies that §(g) € W. This completes the proof. a

The above theorem has been used in [29] to give a characterization (of
categorial type) of the compact-open topology 7x in C(X).

Notation 4.1.24. Let T’ denote the category of locally compact. o-compact
Hausdorff spaces and continuous maps.

Theorem 4.1.25. Let us assume that for each X € T we have a ring topology
7(X) in C(X) such that:

(i) The morphism (C(Y),7(Y)) — (C(X),7(X)), f — f o h, 1s continu-
ous for each continuous map h: X =Y

(ii) 7(K) = 1 for each compact Hausdorff spuce K.
Then 7(X) =7x forall X €T.

Proof. Let X € T, then for each compact subset C' of X, the restriction
morphism (C(X), 7(X)) — (C(C), ) is continuous. But the compact open
topology is the coarsest topology on C(X) such that all restriction mor-
phisms on compact subsets C' of X are continuous. Hence 7x < 7(X). On
the other hand, if S = {g € C(8X) : 0 ¢ g(X)}, then S is multiplica-
tively closed and saturated. Now the restriction morphism C'(5X) — C(X)
induces a continuous morphism. Thus from Theorem [4.1.23] it follows
that (C(8X,7(8X)s)) = (C(X), k) because X is a cozero-set in X, thus
7(X) < 7x. Hence the result follows. O
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We have seen that the study of rings of continuous functions is heavily de-
pendent on zero-sets. R.Levy and J Shapiro in [[21],2005] have added to this
knowledge by characterizing topological spaces in terms of the properties of
the zero-sets of X.

4.2.1 Preliminaries

Definition 4.2.1. Let X be a topological space. A subset E of X is nowhere
dense if Int(cl E) = ¢.

Example 4.2.2. Let X = R with usual topology. then every finite point set
is nowhere dense in X.

Definition 4.2.3. Suppose that X is a topological space and Z is a zero-
set of X, then Z is z-complemented in X if there exists a zero-set Z of X
such that ZU Z = X and Z N Z is nowhere dense in X. The zero set Z is
called z-complement of Z. The space X is z-good if every zero-set of X is
z-complemented in X ; otherwise X is z-bad.

Example 4.2.4. (i) Let X = R, with usual topology. Z = {0} and Z =
R, then ZNZ = {0} implies that Int(cl(Z N 2)) =¢and ZUZ =R. So
Z is z-complemented in X.

(i) Every discrete space is z-good.

The above definitions can be reframed in terms of cozero-sets of X.

Remark 4.2.5. X is z-good (usually called cozero complemented) if given

a cozero set C of X, there exists a cozero set C such that C U C is dense in
Xand CNC = ¢.

Proof. Let Z be a zero set in X. Consider C = X \ Z, then by hypothesis
there is a co-zero set C in X such that

(i) d(CuUC)=X.
Gi) CNC = ¢.

Let Z =X\ C, then
(i)

-~

ZUZ=(ZUZ)) =(2°NnZ) =(CnC)

II
A
Il
<
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(ii) We shall prove this by contradiction. R
Suppose Intx (Z N 2) # ¢, then there exists z € Int(Z N Z) and a
neighbourhood U of x, such that v € U € Z N Z. This implies that
UNC=¢and UNC = ¢, thus UN(CUC) = ¢. Smce(CUC’)

is dense in X, so every neighbourhood of x must meet (C U C) This
contradicts that (C'U C) is dense in X. Hence Int(Z N Z) = ¢.

d

Definition 4.2.6. Let X be a topological space and U be a subset of X,
then U is z-embedded in Y if each zero set of U is the intersection with U
of a zero set of X, ie., Z€ Z(U) € Z(X) = Z =Z NU, where Z' € Z[X].

Example 4.2.7. X is z-embedded in X for Z = Z(f) € Z(X) = Z C
Z(f%) and Z(f*)N X = Z(f).

Notation 4.2.8. T(C(X)) is the localization of C(X) with respect to the
multiplicative set of non-zero divisors.

Notation 4.2.9. Zx denotes the zero-set in X and 2} denotes the 2z-
complement of Z in X.

The following proposition establishes the relation between the topological
properties of X in terms of z-goodness and the algebraic properties of C(X)
via its total ring of quotients T(C(X)).

Proposition 4.2.10 (1.3, [21}]; 2.3, [2]). Suppose X is a space. Then
T(C(X)) is von Neumann regular if and only if X is z-good.

Proposition 4.2.11. Suppose X is dense subset of Y and that X is z-
embedded in Y. Then X is z-good iff Y is z-good. In particular X is z-good
iff BX is z-good.

Proof. Let us assume that X is z-good. Suppose Zx € Z(X), then Zx =
Zy N X for some Zy € Z(Y). Now X is z-good 1mphes that ZX U ZX =X
and Intx(Zx N Zx) = ¢, for some Zy € Z(Y), where Zx =2y nx.
Now, Zy isclosed in Y and Zy C Zy = clZx CclZy and Zx UZX = X.
So, Cly(ZX U Z;) =cly X givescly Zy Ucly Z} =Y.
But cly ZxUcly Zx CZy UZy CY = ZyUZy =Y.
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We know Int[(Zx N Zx)] = ¢.

But Int[(Zx N Zx)] = Int[(Zy N X N Zy N X)] = Int[[(Zy N Zy) O X]]
= Int[(Zy N Zy) Nl X] = Int[(Z N Zy) N Y] = Int[(Zy N Zy)] = ¢.

Hence Y is z-good. On the other hand, suppose Y is z-good. Let Z be a
zero-set in X, then X is z-embedded in Y implies that Z = Zy N X for some
Zy € Z(}’) . .

So, there exists Zy € Z(Y) such that Zy UZy = Y and Inty[(Zy N Zy)] =¢.
Let Z=2ZNX,then ZUZ = (Zy N X)U(ZyNX)= X and Intx (ZN Z) C
Inty (Zy N Z/) = ¢. Hence X is z-good. O

Definition 4.2.12. Suppose X is a space and = € X. Then z is a /’-point
of X if every zero-set of X containing z is a neighbourhood of X. The point
T is an almost P-point if every zero-set of X containing z has a non-empty
interior in X. The space X is an (almost) P-space if every element of X is
an (almost) P-point.

Example 4.2.13. (i) A discrete space is a P-space.
(ii)) Every P-space is almost P-space.

Proposition 4.2.14. Supose that X is a space with the property that for each
cozero-set C of X, the closure clx C is a zero-set of X, then X is z-good.

Proof. Let Z be a zero-set of X and consider C = X \ Z. So, clxC =
clx(X \ Z) is a zero-set in X. Now Z U clxC' = X and Int(Z NclxC) = ¢,
otherwise, there exists p € ZN X \ X which is a contradiction and hence X
is z-good. (]

Example 4.2.15. Every metric space is 2-good. More generally, every
perfectly normal space is z-good.

Proof. 1t follows from the Proposition [4.2.14] and the fact that every closed
set in a discrete space is a zero-set. O

Example 4.2.16. Every P-space is z-good.

Example 4.2.17. If X is an almost P-space which is not a P-space or more
generally, if X has an almost P-point which is not a P-point, then X is z-bad.
In particular if D is an infinite discrete space, then #D \ D is z-bad and if
D is uncountable. the one-point compactification of D is z-bad.
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Proof. Let Y be an almost P-point which is not a P-point, then there exists
Z € Z(X) such that = ¢ Intx Z. We claim that X is z-bad. On the contrary,
suppose X is z-good, then there exists 7€ Z(X) such that ZU Z = X and
Intx(ZNZ) = ¢ withz € ZNZ. Clearly, ZnZ € Z(X), but Intx(ZNZ) = ¢,
i.e., there exists a zero-set with empty interior, this contradicts that X is an
almost P-space.

For the other part, suppose D* = D U {oo}, where oo is the limit point
of D in D*. We shall show that oo is an almost P-point but not a P-point.
We assert that every zero-set containing oo must intersect . We shall prove
this by the method of contradiction. Suppose there is f € C(D*), such that
Z(f) = {oo}.

Now, for each n € N, f~(—1/n,1/n) is open in D*, hence

f7(=1/n,1/n) = D*\ C,, where C, is finite subset of D

Also,
D* \(jn;Q D* \(lHJ 2 C%+2;2~~

So,
C& g C%+l g C%+2€;-~

But, f=(((=1/n,1/n))= N\ D*\Cn = NCx = (U Cp)

neN neN neN neN
Since J C,, is countable, so ( | J C},)¢ is uncountable. But, ( (J C,,)¢ = {oc}.
neN neN neN

This contradicts that Z(f) = {oc}. Thus, oo is an almost /’-point.
On the other hand, oo is not a P-point as any open set of D* containing oc
must intersect D. |

The following questions were not answered till recently,

(1) Is it true that all z-good spaces have the property of Proposition
[4.2.14)?

(it) Do z-bad spaces necessarily contain almost P-points which are not P-
points? If not, what nice properties can z-bad spaces have?

The next few sections are devoted to record the answers for these questions.
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4.2.2 Some z-bad spaces without almost P-points

In this section, we shall record one of the answers given by Levy and Shapiro
in [21].

Theorem 4.2.18. Suppose that X is an almost P-space and M is a compact
metric space. Then X X M s z-good iff X is a P-space.

Proof. Let us first assume that X is not a P-space. Then there is a point
p € X such that p € Z = Z(g) for some g € C(X) but p ¢ IntxZ.

Define f: X xM — R, by
flz.y) = g(x).

So, the function is well defined and continuous by continuity of g. Let Z =
Z(f) = Z x M. We claim that Z is not z-complemented in X x M. On
the contrary, suppose Z is z-complemented in X, then there is a zero-set A’
in (X x M) where K = Fx M, F € Z(X) suchthat ZUK=Xx M
and Intxp(Z N K) = ¢.Since M is a compact metric space so it contains a
countable dense subset C. For each ¢ € C, let A N (X x {c}) = A, x {c},
where A, is a zero-set in X [Remark 1.1.12].

Clearly, A x {c} C K for each ¢ € C, implies that A x C C A'.

Also, cl{AxC) = Ax M. So K is closed implies that cl(AxC) CclK = K.
Since K is closed in X x M and A x C is dense in A x M,

AxXMCK and Intx,yy ZNK = ¢, (45)

This implies that, Intx,y(Z N (A x M)) CInt(Z N K) = ¢. (4.6)

SoIntxxy Z X MNAXx M =1Intx,n(ZNAx M)=Int(ZN A) = ¢.
Since p € Z \ Intxxp Z,s0p € A. foreachce C, p € QCAC =A

impliesp € AN Ze Z(X).

But X is an almost P-space, so every zero-set in X has non-empty interior,
but Intxyp(Z N (A x Al'}) = ¢. a contradiction. Thus X x M is z-god if X
is a P-space.

Conversely, suppose that X is a P-space. Let K be the set of zero-sets of M.
For K € K, let K* = clyy(M \ K), then by Example [4.2.15 ] K* € K.
Clearlyy, KUK* =M and Inty(KUK*)=¢.

For K € K, let Fx € C(M) be a function such that Z(Fx) = K. Suppose
Z = Z(f) is a zero-set of X x M. For each z € X, define

fz: M — R by f.(m)= f(z,m).
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Then f, € C(M) by continuity of f, and let K, = Z(f:).

Let Z = () {z} x K;". So, our proof will be complete if we show that
zeX

(i) Z is a zero-set of X x M, and
(i) Z is a z-complement of Z in X x M.

First, we shall assert the following:
(A): For each = € X, there exists a neighbourhood U, of x such that:

for each (y,m) € U, x M, f(y,m) = f(z,m).

Suppose £ € X. Since every compact metric space is separable, there exists
countable dense subset C of M. By our hypothesis z is a P-point, so for each
¢ € C, there exists a neighbourhood U, (c) such that f(y,c) = f(z,c) for all

y € Ug(c). Let U, = (U(c). As C is countable and z is a P-point, U, is
ceC
a neighbourhood of z. If y € U, then f(y.c) = f(z,c) for all ¢ € C, and

since C is dense in M and f is continuous, f(y,m) = f(z,m) for allm € M.
Hence our assertion holds.

We define h: X x M — R by h(z,m) = Fg,)-. If U, is as in (A) and if

y € Ug, then Z(f,) = Z(f;), hence Z(f,)* = Z(f:)*. So, if U, is as in (A),

then h(y,m) = h(x,m) for all y € U, and Fg(s,). is continuous on Af implies

that h is continuous on X x M. Clearly, Z(h) = Z, hence (i) holds. Finally,

(i) follows from (A) and the fact that for any zero-set K of A, the zero-set
K™ is the z-complement of A" in Al.

a

Example 4.2.19 (2.2, [21]). If follows from Theorem [4.2.18] that (Sw) \
w x [0, 1], which has no almost P-points, is z-bad.

4.2.3 Good z2-bad and bad z-good spaces

In this section we shall record few results and examples of z-bad spaces which
have many nice topological properties. In addition, we shall also record an
answer to the question of whether all z-good spaces have the property of
Proposition [4.2.14]. The answer is in the negative as shown in [21].

Lemma 4.2.20. Suppose X is a compact Hausdorff space and D is a dense
uncountable set of isolated points of X, such that X \ D is metrizable. Then
there exists a countably infinite subset C of D such that clx C D X \ D.
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Proof. Let M = X \ D, then M is closed. Since closed subsets of compact
spaces are compact, A/ is a compact metric space. Every compact metric
space has a countable base. Let 3 be a base of M.

For each B € (3, choose pg € B. We know that for each open set W in
M, there exists an open set Uy, in X such that Uy N M = W. So we have
UpN M = B for each B € . Since X is compact it is locally compact and
so there exists a compact neighbourhood Vg of pg in X such that Vg C Up.
Let Cp be a countably infinite subset of Vg N D. Since every infinite subset
of X has a limit point z in X, in particular Cp has a limit point in Vg C Ug.
Since D is a set of isolated points of X, it must lie in Vg \ D, i.e., in B.

Let C = BLeJﬁCB’ then C' is countable and let £ € M then z is a limit point

of Cg, so M C clxC O

Definition 4.2.21. Suppose that M is a meric space. Then M is called
weak 0 — extension of M. If n is a positive integer, then a compact space X
is called a weak n-extension of M if X has a dense set D of isolated points
such that X \ D is a weak n — 1 extension of M. If n is a positive integer,
an n-extension of A is a weak n-extension whose set of isolated points is
uncountable.

Remark 4.2.22. It follows from the definition that if X is an n-extension of
the metric space M wheren > 0, n € N, wecanwrite X = M U D, U...U D,,
where D, is the set of isolated points of X and for each k£ > 1, Dy is the set

k—
of isolated points of X \ AUIDJ-.
J:

Notation 4.2.23. For each p € X \ M, let k, be such that p € Dy,

Lemma 4.2.24. Suppose that m is a positive integer and Y is an m-extension
of the metric space W such that for some countable subset C of D,,, W C
clxC. Suppose further that for each p € Y \ W, there is a clopen neighbour-
hood V,, of p such that V, N Dy, = {p} and V, contains only countably many
isolated points of Y. Then Y is z-bad.

Proof. Since C is countable, let us index the elements as
C = {Ck ke W},

where W is a countable set. Let V¢, be the corresponding clopen neighbour-
hood of Cy.

Define f:Y — R, by
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1 ifz €V, wherecgis the first element of C
. k-1
fl@) =< & ifr € Vg, \JL:JlVCJ, k> 0.
0 ifze X\ kéJWVCk.
We claim that f is continuous.
Since V¢, is clopen for each k € W, so V,, is closed, and

k-1 k-1 c c k—1 c
Ve, \JLZJIVC, =V, N (ngvcg) =V, "N (N Ve

hence closed. Also kEUWVC,r is open = X \ké_JWVC,v is closed.

k-1 . .

Further, V¢, \ U1 Ve, are pairwise disjoint for £ € W and [ is continuous on
=

each of these closed sets, so f is continuous and Z(f) = X \ keUWVC’“'

Since Vg, contains only countably many isolated points of Y, Coz(f) =
kUwVC‘“ contains countably many isolated points of Y.
€

Claim : We claim that Z = Z(f) is not z-complemented in Y.

We shall first show that if K is a compact subset of Y which does not in-
terset W, then K contains only countably many isolated points of Y. Since
KNnW=¢, KCY\W. Let {V,:q€ K} be an open cover of K, then by
compactness it has a finite subcover, say {V,,,V,,, ..., V4. }. By hypothesis,
Ve 0 <@ < n contains only countably many isolated points, so does K. Also,
every cozero-set is an Fy-set, i.e., countable union of closed sets. Now each
closed subset is compact and since it does not intersects W, by hypothesis
it has only countably many isolated points of Y. So a Fj set contains only
countably many isolated points of Y. Now suppose that H is a zeroset of Y,
such that ZU I/ =Y and ZN /! is nowhere dense in Y, i.e., Int(ZN 1) = ¢,
then Z N H has no isolated points of Y.

Furhter, C C Coz(f) as CNZ(f) =¢ and Coz(f) CHas ZUH =Y.

So, CCCoz(f)CH =clxCCh. (4.7)

But H is closed and W C clxC by Lemma [4.2.24], so W C clxC C H.
SoY \ H C Y\ W implies that it contains only countably many isolated
points of Y as Y \ HNW = ¢. So, H N Z contains an isolated point of Y.
This is a contradicton to the fact that Z N H is nowhere dense in Y. Hence,
Z(f) is not z-complemented in Y. Thus Y is z-bad.

O

Proposition 4.2.25. Suppose n is a positive integer and X is an n-extension
of the metric space M. Then X is z-bad.
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Proof. Since X is an n-extension of M, so X \ M # ¢. Foreach p € X \ M,
let U, be a clopen neighbourhood of p such that U/, N D, = {p}. Such a
clopen neighbourhood exists because the space obtained by collapsing M to
a single point is compact and scattered, and , therefore, zero-dimensional.
The following cases arise:

Case (i): Suppose that for every p € X \ M, the set U, contains only
countably many isolated points of M. Applying Lemma [4.2.20] to M U D,
there exists a countable subset C of D, such that M C clx C. Now applying
Lemma [4.2.24] to X withm =2, Y = X W = M and V,, = U, gives X is
z- bad.

Case (ii): Suppose there exists a p € X \ M such that U, contains un-
countably many points of X. Then there exists a p such that k, is as small
as possible. Further, p is not an isolated point of X. For if p is an isolated
point of X, then p € D; and k, = 1. By our assumption [/,N Dy, = {p}, soit
implies that U, contains only one isolated point of X. This is a contradiction
to our assumption. Then, &k, > 2. The clopen subspace Y = U, of X is an
m-extension of the metric space W = {p} for m =k, — 1. For ¢ € U,, if we
take V, = U,NU,. Then by minimality of k,, each of the sets V; contain only
countably many isolated points of X, i.e., only countably many points of U,,.
As p is the only limit point of D, N Up, p is a limit point of every countably
infinite subset of Dp, N U,. So, applying Lemma [4.2.24] with ¥ = {/, and
W = {p}, we get U, is z-bad. Since U, is clopen in X, X is also z-bad.

O

Remark 4.2.26. z-bad spaces need not have subspaces which have almost
P-points which are not P-points.

Let D be an uncountable discrete space. Let 3D be its Stone-Cech com-
pactification and D* be its one-point compactification. By Examples [4.2.15
and 4.2.17] D and D* are z-good and z-bad respectively. Clearly, 3D maps
onto D*, which in turn maps onto the one point space {p} (say) which is
z-good. By compactness of 3D, D* and {p} each of the maps are perfect. So
we have the following remark:

Remark 4.2.27. Neither z-goodness nor z-badness is preserved by either
perfect maps or inverse images of perfect maps.

Proposition 4.2.28. Let S = DU {00} be the one point compactification of
an uncountable discrete space. Let (M, p) be a metric space. Supposep € M.
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Let X = (D x M) U {(c0,p)} € S x M. Then every zero-set mn X has a
z-complement 1f and only 1f p 1s not an solated point of Al.

Proof. Suppose P is an isolated point of M, then {p} is clopen in the metric
space M. So, S x {p} is clopen subset of S x M. Clearly, S x {p} is home-
omorphic to S. By Example [4.2.17] oo is an almost P-point of S which is
not a P-point. By similar argument (oo, p) is an almost P-point of S x {oo}
and hence of X. So, by Example [4.2.17] X has a zero-set which is not z-
complemented.

Conversely, suppose that p is not isolated in M. Let Z be a zero-set of
X. Foreach d € D, Zy = ZN ({d} x M) 1s a zero-set in the space {d} x M.
Being z-good it has a z-complement, Z, in {d} x M. Let Z4 = Z(f4), where
fa € C({d} x AI). )

Let g4 = (0V fy) Al. Then 0 < g4(d,y) <1 Vy € M with Z(gq4) = Za-
Define

9: X — R by g(d,y) = ga(y,y)p(p,y) and g((c0,p)) =0
Clearly, g € C(X) and Z is a z-complement of Z in X. a

Example 4.2.29. If in Proposition 4.2.51 we let M = [0,1] and p be any
element of M, then the space X has a cozero-set whose closure is not a
Zero-set.

Proof. Let C be a countable subset of D, then C is a cozero-set in D such
that C = D\ Z(f) for some f € C(D). Let U = C x M.

Then U is a cozero-set in X, but its closure is U U {(o0, p)} which is not a
zero-set of X because every zero-set of X which contains (co.p) intersects
{d} x M for a co-countable set of d's. a

4.2.4 Gabriel filters

In this subsection the conception of a Gabriel filter of ideals and its various
properties are discussed [21]. Among those, the localization of the ring at F
is of special interest and we shall record some of the important results. We
shall first state the following definitions.

Definition and Notation 4.2.30. A collection of ideals of a commutative
ring R is called a filter, if it is closed under the operation of taking finite
intersections and such that any ideal containing an element of the collection
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is in the collection. A filter of ideals F of a commutative ring R is called a
Gabriel filter if it satisfies the additional property that if I is an arbitrary
ideal and J is an element of F such that foralla € J, a I € F, then I € F,
where

o 'I={be R:bacI}.

More generally, a filter is called multiplicative if it satisfies the weaker con-
dition that the ideal IJ € F whenever I, J € F.

Associated to a multiplicative filter F is a left exact functor g on the
category of R-modules (i.e., for M an R-module), defined by

g7 (M) = | JHom(1, M). (4.8)
IeF

Let f,g € qr(M) then there exists I, J € F such that
f:IhﬂnM and g:JhinM.

We identify f = g, if f[L] = g[L], where L CINJ and L € F.

We define addition as f +g = (f + g)[IN J}.

If M =R, then we can define multipication as f.g = fog[lJ] = flg[lJ]].
Since the functions 0 and 1 are in g#(R), it has a ring structure.

It has been shown by N.Schwartz in [31] that the map from R to gz(R)
given by r goes to multiplication by r, is a ring homomorphism. Further,
it follows from the same that the localization of the ring at F is given by
gr(gr(R)). We denote this functor by Q. For a multiplicative filter F one
defines the torsion submodule 77(M) of an arbitrary module via

Tr(M)={me M :ml =0 forsome I € F},

for let m,n € 7x(M), then mI/ =0 and nJ = 0 for some I,J € F,

then (m +n)(IJ) =m(IJ)+n(IJ)=0 =>m+ne€ (M)

Further, let r € R, m € 7,(M), then rm () =r.(mI) =r0=0 =rme
7£(M). Hence it is a submodule and it follows from B.Stenstrom [33] that

Qr(M) = | JHom(I, M/75(M)) = g5 (M /75(M)), (4.9)
IeF

whenever F is a Gabriel filter.
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Example 4.2.31. Let R be a commutative ring, and let F be the set of
dense ideals, i.e., € Fifzl =0 = 1r =0 for any =z € R. Then F is a
Gabriel filter in R.

Notation 4.2.32. The ring of quotients of R with respect to the filter sF’ in
[4.2.31] is called the complete ring of quotients of R and is denoted by Q(R).

Let X be a topological space and F be a filter of open sets in X, i.e.,
a collection of non-empty open subsets of X which is closed under finite
intersections and such that an open superset of an element of the collection
is again an element of the colection.

Notation 4.2.33. We denote the ring of partial fractions Cr(X) by

Cr(X)= | JCW).

UeF

Here we identify two elements f1, fo, if fi[F] = fo[F] for some F € F,
such that F' € dom(f;) Ndom(/2). It has a natural ring structure and a ring
homomorphism from C(X) to Cr(X), i.e., inclusion as X € F.

Notation 4.2.34. For an ideal I of C(X), let Coz(I) = |JCoz(g).
g€l

Remark 4.2.35. I is dense iff Coz(]) is a dense subset of X.

In [21], the result of Fine, Lambek and Gilman [15], where they had
shown that Q(R) and Cr(X) are isomorphic if F is the filter of open dense
sets, have been generalized. We shall first record the generalization to the
case of abitrary filter of open sets in X and their associated multiplicative
filter of ideals of C(X). The second is for certain filter of open sets and the
associated Gabriel filter of ideals of C(X).

Remark 4.2.36. Let F be a filter of open sets of X. Let F be a collection of
ideals of C(X) by declaring I € F if Coz(I) € . Then F is a multiplicative
filter of idcals.

Proof. F # ¢, for consider zero ideal,then Coz(0) =X € F =0¢€ F.
Let I, J € F so Coz(I),Coz(J) € F = Coz(I) N Coz(J) € F.
Consider IN J then Coz(IN J) = Coz(I) N (J) € F,
for, let

z € Coz(INJ) = Jg € INJ such that g(z) # 0.

Now,g€ Iandg € J
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with g(x) = 0 implies that z € Coz(I) N Coz(J).

On the other hand, let € Coz(I) N Coz(J), then there exists g € I , h €
J such that

g() # 0and h(x) # 0.
But, gh € InJ and gh(z) = g(z)h(x) # 0, implies

x € Coz(I) N Coz(J).

Hence, the equality follows.
Finally, let I, J € F and consider 1J,

then Coz(IN J) = Coz(I) N Coz(J).
Let z € Coz(IJ), then there exists g € IJ such that g(z) # 0.
Since IJCINJ so g€l andge J = x € Coz(I) N Coz(J).

Now, let 2 € Coz(I)NCoz(J), then there exists g € I and h € J such that h(z) #
0 and g(z) # 0.

But gh € IJ and gh(z) = g(z)h(z) # 0, implies that z € Coz(1J) = [J €

F.

Hence F is a multiplicative filter. O

Theorem 4.2.37. Let F be a filter of open subspaces of X and F be uts
associated filter of wdeals of C(X). Then the rings Cp(X) and qr(C(X)) are
1somorphac.

Proof. We first define a map @ : ¢x(C(X)) — C(X).
Let f € Hom(l,C(X)), where I € F. Then ®(f) must be a real val-

ued continuous function on Coz(I). If £ € Coz(I) then there exists g €
I such that g(z) # 0. So define,

@(f): Coz(l) — R

by @(f)(a) = L4

Showing that ®(f) is well-defined is equivalent to showing that the definition
is independent of our choice of g. Suppose that there exists another function
h €I suchthat h(z) # 0, then we claim that

Jg)(a) _ J{(h)(=)

hz) — h(z)
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So, the condition reduces to

Since f is a C(X)- module homomorphism, we have

f(g)(@)h(z) = [f(g)h)(z)
= [f(gh)](z) since C(X) is commutative.
= [f(h)g)(z)
= f(h)(z)g(z).

Thus for each € Coz(I), ®(f) is defined and continuous on a neighourhood
of z. Further, ®(f) is continuous on its domain Coz(I) as they agree on any
overlap between neighbourhoods. & is a ring homomorphism. for let

f1, fo € qr(C(X)) then 3 I.J € F and since f; + fo is defined on IN J, so

O(fy + fo) = (f1 +gf(2l)‘)(9)(a)
_ N19)(=) + fa(9)(x)
g9(z)
_ Hhle)=) | L9)=)
g9(z) g9(z)
= ®(f1) + ©(f2).

Also, f1fs is defined on IJ € F, so

(
_ N(9))  9(2)
9(=) q()

since, g(z) # 0.

Next. we construct an inverse for ®. Let U € F and
Iy* = {g € C(X): cl(Coz(g)) C U}.
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We first show that Iyy* is an ideal in C(X).
Let f,g € Iy* and consider Coz(f — g), then

Coz(f — g) C Coz(f) N Coz(g) CU
= f—g€elU and for anyh € C(X)
Coz(fh) = Coz(f) N Coz(h) C U C Coz(f) C U.
= fhely.

Hence Iy” is an ideal. It is well known that in a Tychonof space every open
set is the union of the closure of Coz g;, for some collection {g;} C C(X) 1 <
1 < n. Next we claim that Coz Iy* =U .
Let € Coz(Iy"). Then 3 g € Iy* such that x € clCoz(g) C U
= Coz(Iy*) C U.
On the other hand ,let z € U, where U = J cl(Coz(g;)), A C X
gi€A
Then z € cl(Coz(g;)) for some i.
Since, cl(Coz(g;)) C U, so g; € Iy".
Thus, z € Coz(ly*) and Iy* € F.
We now define

U Cp(X) — qr(C(X)).
Let g € C(U) for some U € F.

Define ¥(g): Iy* — C(X)

given by ¥(g)(h) = gh where for any hely”
;ﬁ(;r) = g(a)h(x) ifw € (f
0 otherwise.

Clearly, Ei\l is continuous on the closed sets X \ Coz(g) and cl Coz(g).
Further, (X\Coz(g))Ucl(Coz(g)) = X, so by Pasting lemma gh is continuous.
Finally,

U[O(f)] = f, for eachf € gr(C(X))
and®[¥(g)] = g for eachg € Cr(X).

Thus, the rings are isomorphic. O

We call a filter F' of open subsets of X a Gabriel filter if the associated
filter of ideals of C(X) is Gabriel. The Gabriel sub-filters of the the filter of
dense sets satisfy the following corollary.
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Corollary 4.2.38. Let F' be a Gabriel sub-filter of the filter of open dense
sets i X and let F be s assocwated filter of wdeals of C(X). Then the rings
Cr(X) and Qr(C(X)) are 1somorphic.

Proof. We know

7(C(X))={f € C(X): fI =0 forsome ] € F}

= {0}
Clearly,, C(X)/7#(C(X)) = C(X).
Thus by equation (4.9), Q(C(X)) = qr(C(X)).

So,the result follows by Theorem[4.2.37]. O

Now we shall record some criterion for a filter of open subsets to be
Gabriel.

Notation 4.2.39. Iy = {g . Coz(g) C U}
Remark 4.2.40. Coz(ly) =U

Proof. Let x € Coz(Iy), then 3 g € Iy such that z € Coz(g).

But, Coz(g) C U implies that Coz(ly) C U

On the other hand, for a Tychonoff space it is well known [13] that
U= |J clCoz(g,), where A C C(X).

G€A
So, c1Coz(g,) CU = g, € Iy. Hence the result follows. [

Lemma 4.2.41. Let U be an open set in X and let ¢ € C(X). Then
Coz(g~tIy) = Int(U U Z(g)).

Proof. Let y € Int(U U Z(g)), then there exists an open neighbourhood V of
z, such that y € V C Int(U U Z(g))

Now X \ V is a closed set in X not containing Y, so by complete regularity
of X, there exists a function h € X such that h[X \ V] = {0} and h(y) =1,

ve, Z(h) = X\ V > X\ Int(U U Z(g))
= X \ Z(h) C Int(U U Z(g))
= Coz(h) C Int(U U Z(g)).
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We claim that g € g7 'Iy. It suffices to show that Coz(hg) C U, for then
hg € Iy =>h€g"lly.
If 2 € Coz(hg), then hg(z) = h(z)g(x) # 0.
But Coz(h) C Int(U U Z(g)) CU U Z(g), so, g(z) #0 =z € U.
Thus y € Coz(h) C Coz(g~'Iy) and Int(U U Z(g)) C Coz(g~11y).
On the other hand, let y € Coz(g~'Iy;). Theny € Coz(f) for some f € g~ I,
implies that
fgely = Coz(fg) CU.

But Coz(fg) = Coz(f) N Coz(g) C U.
Thus if y € Coz(g), then y € Coz(f) N Coz(g) C U. If not, then y € Z(g).
In any case y € U U Z(g). Since Coz(g~'Iy) is an open set such that y €
Coz(g~'Iy) CUN Z(g),soy € Int(U U Z(g)). Hence the equality holds. O

Theorem 4.2.42. Let F be a filter of open sets on the space X. Then [ is
Gabriel iff it satisfies the following : Let {gk }rex be a collection of elements
of C(X) such that | JCoz(gx) € F. Let V be any open set such that for each
k€ K, VUZ(gr) contains an element of F, then V € F.

Proof. Let us suppose that F is Gabriel. Let {gk }xex be a family of functions
in C(X) such that | Coz(gx) € F. Let V be an open set such that V U Z(gx)
contains an element of F for each k € K.
We claim that V' € F It is enough to show that /iy € F, since Coz(ly) = V.
Let J be the ideal generated by the set {gk}xek.

Now,

Coz(J) = Coz(gx) € F

gkEF

=JeF.
By Lemma[4.2.41) Coz(gx ' Iy) = Int(V U Z(gx))
Since V U Z(yx) O L for some L € F
so, Int(VUZ(gx)) D L

= Int(VUZ(gx)) € F
= gk_lfv € FVke K

for Coz(h™*Iy) = Int(v U Coz(h)), where Coz(h) C .

Hence h™'Iy € F, Vh € Iy. Since F is a Gabriel filter, so Iy, € F.
Conversely, Suppose that F satisfies the given conditions. Let I and J be
ideals of C(X) such that J € F satisfying h™'I € F Vh € J. If we let
U = Coz(J) and V = Coz(I), then Coz(h~* € F) Vh € J.
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By Lemma {4.2.41] Coz(h™!I) = Int(V U Z(h)) € F. Thus for all h € J, we
have VU Z(h) D Int(V U Z(h)). So, by the given condition V € F = I € F.
Hence F is a Gabriel filter and consequently its associated filter F is Gabriel
filter too. g

Remark 4.2.43. If F is a Gabriel filter of the ring C(X) which comes from
a filter of open sets of X, then F satisfies the property that whenever I is
an arbitrary ideal and J € F such that Coz(J) C Coz(I), then I € F. A
filter with this property is called a 2-Gabriel filter. If F is a 2-Gabriel filter
of C(X), then the family {Coz(J) : J € F} is a Gabriel filter of X as its
associated filter of ideals is F. Thus there is a bijection between Gabriel
filters of open sets of X and 2-Gabriel filter of C(X).

Now we shall give more examples of Gabriel filters of a space X.

Example 4.2.44. Let X be any non-empty space and let Y be a non-empty
subspace. Let F' be the set of open subsets U of X such that U NY is dense
in Y. Then F is a Gabricl filter.

Proof. We shall first show that F is a filter,

let Uy,lU/2 € F such that cl({/;NY) =Y and cl(/zNY) =Y, then cl[(l/; N
U)NY)| =Y

Alsoif U DV, where V € F, thencl(VNY) =Y soc(UNY) Dcl(VNY) =
Y. Hence it is a filter.

To show that it is a Gabriel-filter, let U = | JCoz(gx) € F for some collection
{9x} C F. We will show that for some g, V U Z(gx) contains no element of
F.

Now, V ¢ F = V NY is not dense in Y, we can choose an open set W
of the space Y with W C Y \ V. This is possible for 3y € Y such that for
some neighbourhood of Y in Y, say, Nbd.(Y) Nbd. (y) "\U = ¢.

Since U € F there exists gx = g such that Coz(g) "W # ¢. Thus,

(VU Z(g)) N (Coz(g) N W) = (V N Coz(g) N W) U (Z(g) N (Coz(g) N W))
=9

So, V U Z(g) cannot contain an element of F, otherwise it contradicts that
F is a filter. So by Theorem [4.2.42] F is a Gabriel filter.
a

Example 4.2.45. Let X be any space and let Y be a subset of X. Let I be
the filter of all open sets that contain Y. Then F is a Gabriel filter.
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Proof. Clearly F is a filter for any two elements of F containing Y, their
intersection is open and contains Y. Similarly, if / O V, where V € F and
U is an open set of F, then U also contains Y, hence it is in F. Similarly,
as done above let U = (JCoz(gx) € F and let V be an open set such that
V is not in F. Then there exists y € Y \ V. Since, U € F, there is a
g = gr suchthat y € Coz(g). Thusy ¢ VU Z(g9) and so VU Z(g) ¢ F as
Y ¢ V U Z(g). Therefore, by Theorem [4.2.42], F is a Gabriel filter. O

Remark 4.2.46. Intersections of two Gabriel filters is again a Gabriel filter.

The above two examples were of similar category, now we shall give an
example that is not in this category.

Example 4.2.47. Let X be the closed unit interval and let F be the collection
of open sets of X which are co-countable. Then F is a Gabriel filter.

Proof. To show that is a filter, let U,V € F such that X \ U and X \ V are
countable,
then X\U NV = U°U V¢, which is countable. Nowlet U D V suchthat V €
F where U is an open set in X, then X \U C X \ V which is countable, hence
X \ U is countable too, so U € F.
Now let V' be an open subset of X and let {g;} be a collection of functions in
C(X) such that U =|JCoz(yg;) € F. Also, suppose that V' U Z(g;) contains
an element of F for each function g; and on the contrary V' ¢ F. This implies
that X \ V is uncountable set which means that it must contain a copy of
the Cantor set, C. Since V U Z(g;) contains an element of F, each Z(g;) must
contain all but finitely many clements of C. However, since Z(g;) is closed,
it must therefore contain all of C. Hence U cannot contain C, which is a
contradiction as [/ is in F. Hence I is a Gabricl filter.

O

We shall now give an example of a filter of open sets which is not a Gabriel
filter, even though it is similar to the previous example.

Example 4.2.48. Let X be the closed inteval and let F be the filter of all
co-finite open subsets of X. Then F is not a Gabriel filter.

Proof. The proof that it is a filter is similar to that of previous example. Now
let {a,}nen be a convergent sequence in X with limit point a. Let V = X'\ A,
where A = {a,}U{a}. Since X\V = A, V is not in F. Let g, be ah element
of C(X) with zero-set A\ {a,}.

Then U = |JCoz(g,) = X € F. On the other hand, V U Z(g,) is clearly in
F for each n. Thus by Theorem [4.2.42], F is not a Gabriel filter. ]
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Remark 4.2.49. Let F be a Gabriel filter of open sets in X and let F be its
associated filter of ideals of C(X), then

77(C(X) = {f € C(X)|fI =0 for some I € F}.

Let Yr denote the intersection of the closures of the elements of F.

Clearly, f € 7£(C(X)),= Y§ C Z(f), in particular the kernel of the canonical
map ¥ : C(X) — C(YF) contains 77(C(X). Moreover, if Int(Yr) € F, then
the two ideals are equal.

Note 4.2.50. Suppose that X is a normal space then the restriction map

¢: C(X) — C(Y)

is onto whenever Y is a closed subset of X by Tietze’s extension theorem.
In particular if IF is a Gabriel filter of X, then the natural map

p: C(X) — C(Y)

where Y = Yr is onto as Yr is closed. Using the filter F we define a filter Fy
of open sets of Y by declaring U € Fy if U = W NY, where W € F. We
shall verify that Fy is indeed a filter.

Let U;,U; € I Then there exists W;, W, € F such that U; = W, nY,
U2=W20Yand UlﬂU2=(WlﬂW2) aszﬂWQEIF.

Also, if U is an open set of Y such that U D V', where V € Fy andV = WNY,
then U = W' NY, where W’ is open in X.So,

UDV =W>o>W =W €cF.

Hence U € F. In addition, if we suppose that Int(Y) € F, then we claim
that Fy is also Gabriel. We observe that every element U of Fy contains an
element of F, viz. W NInt(Y'), where W € F and U = W NY. Now suppose
that V is an open set in Y and there is a family of functions {g; }:en, defined
on Y such that | JCoz(g;) € Fy and V U Z(g;) contains an element of Fy
for each g;. Since (JCoz(g;) € Fy it contains an element of F as |J Coz(g;)
contains an element of F. Furthermore, if W is any open set of X, such that
WnNY =V, it follows that WU Z(g;) > VUZ(g;) which cantains an element
of F. Since F is a Gabriel filter, W € F and so V € Fy. Hence, Fy is Gabriel.
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So, the stage is set for describing the localization of C(X) at the associated
filter of 1deals m tenns of pairtial tunctions on a certain topological spaces

Proposition 4.2.51. Let F be a Gabreel filter on X, where X s normal and
suppose that Int(Fy) 1s wn F. If F 1s the associated filter of wdeals of C(X),
th67l(2f((jCX3) = (ZFY(Y%).

Proof. Let Y = Yf and let Fy denote the filter of ideals of C(Y) associ-
ated to Fy. Then Fy is a Gabriel filter of the filter of dense ideals. Thus
g5, (C(Y)) = Cp(Y) by Theorem [4.2.37]. Suppose the ideal I of C(Y) is in
Fy, then its inverse image J = ®~(I) in C(X) is in F, for

Coz(I) = | JCoz(g) C | JCoz(h) = Coz(J).

gel held

We know from above note that if Coz(I) € Fy, then it contains an element
of F. This implies that Coz(J) € F and hence J € F
Conversely, if J € F, then (|J Coz(h)) NY is contained in |J Coz(g) i.e.,

heJ ged(J)
Coz(J)NY C Coz(P(J))
= Coz(®(J)) € Fy
=>‘®(J) € Fy

Furthermore, if J is any ideal of C(X), then
Homex) (J, C(Y)) = Homey)(®(J), C(Y)) as C(Y') modules.

Since C(Y) = C(X)/7(C(X)),
Therefore, Qx(C(X)) = g7, (C(Y)) = Cr(Y). Hence proved. O

Proposition 4.2.52. Let F bc a Gubridl filter of open sets in X. Suppose that
NF C Int(Yg) and Bd(Yf) contamns only finitely many accumulation pownts,
then Int(Yy) € F.

Proof. Let us denote Yg by Y and let V = X \ Bd(Y) We shall first show
that V € F. Since NF C Int(Yg), for each b € Bd(Y') there exists I € F. Let
A be any fimite subset of Bd(Y),then X\ A1sinF, for let A = {a1,a2, ,a.},
then there exists I, I,.. ,I, suchthata, ¢ I, 1 <2< n.
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Now X\A>Ln..NnI,=I (say)
=X\ADI
and ] eF = X\AeF.

For each b € Bd(Y'), b not an accumulation point of Bd(Y'), the set Bd(Y') \
{b} is a closed set. Hence, there exists a family {g;°} of functions such that
the intersection of the zero-sets of these functions is Bd(Y') \ {b}. The union
of the cozero-sets of these families of functions over all b € Bd(Y), b not
an accumlation point is the set X \ {acumulation points of Bd(Y)}. Since,
there are only finitely many acumulation points and NF C Int(Yf), this set
isin IF.

On the other hand, for each function g2, V U Z(g?) D X \ {b} € F . Hence
by Theorem [4.2.42] V € F. Now for each U € F, let Cy be the closure of
U\ Int(Y) and let {h;} be a family of functions such that NZ(k;Y) = Cy.
Then for each I/ € F and for each h;¥, we have Int(Y) U Z(h;V) contains U.
Furthermore, since the intersection of the closures of the elements of F is Y,
we have U Coz(h;V) contains X \ Bd(Y) € F. Hence, using Theorem[4.2.42]
Int(Y) € F. a

We shall conclude this section by giving an example of a Gabricel filter F
such that Int(YF) is not empty and not in F

Example 4.2.53 (4.11, [21]). Let X be the unit square and let Y be a
closed disk contained in X. Let F be the collection of all open sets U in X,
such that [/ N Bd(X) is a co-countable subset of Bd(Y) and Int(Y) C /.
Then clearly the intersection of the closures of the elements of F is the set Y
and Int(Y') is not in F.
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