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PREFACE 

This dissertation is a brief survey of some work done in the field of 'Prime 
and Maximal ideals in C{X) and Homomorphisms on C{X)\ where C{X) 
is the ring of all real-valued continuous functions on an arbitrary topological 
space X. There is a fair amount of interplay between the topological proper­
ties of X and the algebraic properties of C{X). The pioneering work in this 
field was done by A. Tychonoff in [36], where he showed that a completely 
regular space is a subspace of a compact space. However, the actual ground­
work for the theory of rings of continuous functions was laid in three papers. 
The first was by M. H. Stone [35] in which the basic theory of C*{X), the 
subring of all bounded real-valued continuous functions on X, was studied. 
It is worth noting that he had considered the metric structure of C*[X). 
The second paper was by Gelfand and Kolmogoroff [16], where he general­
ized some of the Stone's result without considering the metric structure of 
C*{X) and did a similar study in C*{X). The third paper was by E. Hewitt 
[19], where he added to the knowledge of the ring C{X) and set the direction 
for subsequent research. It was in this paper that the zero-sets were sys­
tematically exploited for the first time. It also contains information about 
zero-sets, pseudocompactness and relation between ideals, 2-ideals, fixed ide­
als, free ideals etc. 

Subsequent works by various generations of mathematicians led to further 
development of the subject. It is worth mentioning that a lot of work was 
done in Purdue University by Gillman, Jerison, C. W. Kohls and others. 
In Chapter I we shall include some basic results on rings of continuous func­
tions, without proof, which we shall need later on. 

One of the major achievements of the study in rings of continuous func­
tions has been the characterization of prime and maximal ideals in C{X) and 
C*{X). However, the case for C'{X) is not as easy as C{X). This gave rise 
to a question, 'Is it possible to address the distinct cases of C{X) and C*{X) 
in the same setting? ' This question was answered by H.L.Byun and S. Wat­
son in [7], where they considered the intermediate algebra A{X), satisfying 
C*{X) C A{X) C C{X). In this setting C*{X) and C{X) are just special 
cases of A{X). Further works by Acharya, Chattopadhyay and Ghosh [1]; 
Domznguez, Gomez Perez [11] among others led to further development of 



the subject. 
In Chapter II, we shall study the generalization of the results known for 
C{X) and C*{X) to A{X). 

It is well known that a continuous map n : X -^ Y induces a homomor-
phism gon : C{Y) —^ C{X), where X and Y are arbitrary topological spaces. 
J. M. Dominguez and M. A. Mulero have shown in [10] that the properties of 
the map X -^ Y determines the finiteness properties of the homomorphism 
C{Y) —> C{Y), i.e., whether it is finite, integral, singly generated or finitely 
generated. In Chapter III, we shall study the finiteness properties of the 
homomorphisms C(Y) —> C(X). 

The rings of continuous funtions, C{X) is an object in CR, the cate­
gory of all commutative rings. If V is a subspace of X then the restriction 
map from X to V induces a restriction homomorphism p : C{X) —» C{Y). 
Michael Barr, W. D. Burgess and R. Raphael in [4] have studied various 
conditions under which p is an epimorphism. In Chapter III, we shall briefly 
study some of the conditions under which '/?' is an epimorphism in CR. 

Let .4 be a topological ring. If 5 is a multiphcatively closed subset of A, 
we define a natural topology on the localization As of A with respect to S. 
The ring As endowed with this topology is said to be the topological local­
ization of A with respect to S. This topological localization can be studied 
in the topological ring C{X) by considering S = {f e C{X) \ 0 ^ /(f/)}, 
where f/ is a cozero-set in X as shown by B. Requezo, J.B. Sancho in [29]. 
In chapter IV, we shall briefly study this localization on C{X). 

If X is a Tychonoff space, a zero-set Z of X is 2—complemented in X if 
there exists a zero-set Z oiX such that ZViZ = X and Zr\Z is nowhere dense 
in X. The notion of ^-complemented zero-sets arises in determining C{X) 
having thr property that the total ring of quotients T{C{X)) is von-Neumann 
regular. Ronnie Levy and Jay Shapiro studied in [21] the conditions on a 
space X under which every zero-set is z-complemented. In Section 2 of 
Chapter IV, some works done by Levy and Shapiro will be carried out. 
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Chapter 1 

Preliminaries 

In this chapter we recall some of the basic definitions, notations and conven­
tions from the theory of rings of continuous functions, which will be used in 
the forth coming chapters. 

1.1 Functions on a topological space 

Definition and Notation 1.1.1 (1.1, [18]). Let X be a topological space 
and let C{X) be the set of all continuous functions from X to M. We define 
addition and multiphcation on C(X) by 

{f + 9){x)^f{x) + g{x) VxGX 

and 
{fg){x) = f{x)g{x) Vx e X. 

(i) With these definitions C(X) is a commutative ring with the constant 
function 0 as the zero element and the constant function 1 as the unity 
element of C{X). 
The additive inverse of / is - / defined by {—f){x) = —(/(x)) G M. 
The multiplicative inverse f~^ (which exists when the function / does 
not vanish anywhere on X) is given by the formula 

f-\x) = l/f{x) V X G X . 

(ii) We regard C(X) as a partially ordered set under the definition: 
for f,g€ C(X), f <g\i f{x) < g{x) Vx G X. 



(iii) The cardinality of C(X) > c, where c is the cardinahty of the hnear 
continuum, when X ^ 4>. Indeed, we have uncountably many constant 
functions in C(X) (when X ^ (j)). These are denoted by 
(for each c e M) /c : ̂  —» K where /c is defined by fc{x) = c V x G A". 

When X = {x], C(X) = {/J c e M}. 

Notation 1.1.2 (1.4,[18]). We write C*{X) for the set of all bounded ele­
ments of C(X). Clearly, C*{X) is a subring of C(X). 
If C(X) = C*{X), then we say X is pseudocompact. 

Remark 1.1.3. Every compact space is pseudocompact. 

Notation 1.1.4 (0.5, 1.3 [18]). In the partially ordered set C(X) (resp. 
C*{X)), the symbol 
/ V 5 denotes sup{/, g}, the smallest element k e C(X) satisfying / < k and 
g < k. It is given by 

k = 2-\f + g + \f-g\). 

Likewise, / A g stands for inf{/, 7}, given by 

fAg = 2-\f + g-\f-g\). 

We further have 

I/I = / V - / , where | / | satisfies \f\{x) = |/(x)|, for all x e X. 

Definition 1.1.5 (0.5, [18]). A partially ordered set R is a lattice if the inf 
and the sup of any two elements of R is in the set R. A subset S of H is said 
to be a sublattice of R provided that, for all a, 6 6 S, the elements aV b and 
aAboiR belong to S. 

Remark 1.1.6. It follows from Definition 1.1.5 and Notation 1.1.4 that the 
partially ordered set C(X) is a lattice and C*{X) is a sublattice of C(X). 

1.1.1 Zero and cozero sets 

Definition and Notation 1.1.7. Let X be a topological space. For / G 
C(X) and rem, let 

r{r} = {xeX\f{x) = r}. 

The set /^{O} = {x e X\ f{x) = 0} is called the zero-set of / . We shall 
denote this set by Z{f). By Z(X), we denote the set of all zero-sets in X. 



Definition 1.1.8 (1.11, [18]). A complement in X of a zero-set is called a 
cozero-set. 

We list some basic properties of zero-sets in X. 

Properties 1.1.9 (1-10, [18]). (i) Zero-sets are closed in X 

(ii) Z{f) = Z(\f\) = Z(/"), for each positive integer n. 

(iii) Z{f9) = Z{f) U Z{g) and Z(\f\ + I5I) = Z(/) n Z{g) = Z{p + g^). 

Remark 1.1.10 (1.13, [18]). The rings C(X) and C*{X) yields the same 
set of zero-sets. 

Remcirk 1.1.11 (1.10, [18]). Every zero-set is a G^-set. 

Renicirk 1.1.12. [1.14(a), [18]] Zero-sets are closed under countable inter­
sections. 

Definition 1.1.13 (1.15, [18]). Let Z be a zero-set in X and let A <Z X. 
Then Z is said to be a zero-set neighbourhood oi AiilniZ Z) A. 

Examples 1.1.14. Let X=M, then 

(i) for / = 0, ZU) = X, 

(ii) for / = i, where i{r) = r V r e M, we have Z{f) = {0}, 

(in) for / = c ^ 0, c G M we have Z{f) = (p. 

(iv) The zero-set X is a zero-set neighbourhood of every subset of X. 

(v) X is a zero-set as well as a cozero-set. 

1.1.2 Completely separated sets 

Definition 1.1.15 (1.15, [18]). Let X be a topological space. Two subsets 
A and B of X are said to be completely separated if there exists a function 
/ e C*(X) such that 

f[A] = {0}, f[B] = {1} and 0 < /(x) < 1 Vx G X. 

Example 1.1.16. Let X be a normal spac. Then any two disjoint closed 
subsets in X are completely separated. 



Remark 1.1.17 (1.15, [18]). To verify the assertion in Example [1.1.16] it 
is enough to find a function g G C(X) satisfying 

5[A]C]-oo, 0] and g[5]C[l , oo[, 

then /i = (0 V gi) A 1 completely separates A and B. 

Theorem 1.1.18 (1.15, [18]). Two sets are completely separated iff they 
are contained in disjoint zero-sets. 

1.1.3 C-embedding and C*-embedding 

Definition 1.1.19 (1.16, [18]). A subspace 5 of X is said to be C-embedded 
in X if every function / in C{S) can be continuously extended to C{X). 

Example 1.1.20. If X is normal and S is closed subspace of X, then by 
Tietze's extension theorem S is C-embedded in X. 

Similarly, we have 

Definition 1.1.21 (1.16, [18]). A subspace S of X is said to be C*-
embedded in X if every function / in C*{S) can be continuously extended 
to C*{X). 

Remcirk 1.1.22 (1.16, [18]). Every C-embedded subspace is C*-embedded. 

It follows from the above remark that S is C*-embedded in X iff every 
function in C{S) can be extended to a function in C(X). 

Theorem 1.1.23 (1.17, [18]). A subspace S of X is C*-embedded in X iff 
any two completely separated sets in S are completely separated in X. 

Definition 1.1.24 (IH, [18]). A space X is called extremally disconnected 
if every open set has an open closure; X is basically disconnected if every 
cozero-set has an open closure. 

Example 1.1.25. A discrete space is extremally disconnected, hence basi­
cally disconnected. 

Remcirk 1.1.26 (1H(6, [18]). X is extremally disconnected if and only if 
every open subspace is C*-embedded. 



1.2 Basic Topological results 

Definition 1.2.1 (8.2, [18]). A topological space X is said to be a-compact 
if it is expressible as a countable union of compact spaces. 

Example 1.2.2. R with usual topology is a-compact, as M = |J [—n, n]. 
n6N 

Theorem 1.2.3 (0.13, [18]). Every infinite Hausdorff space contains a copy 
o/N. 

Remark 1.2.4 (3L (3), [18]). Let X be an infinite completely regular 
space, then C*{X) contains a function with infinite range. 

The next theorem would be used in chapter 3. 

Theorem 1.2.5 (Theorem 57.3, [25]). (Borsuk-Ulam theorem for S^) 
Given a continuous map / : 5^ ^ K^, there is a point x of S"^ such that 
fix) = fi-x). 

1.3 Some ring theoretic results 

Definition 1.3.1 (0.19, [18]). Let A he a, ring and > be a partial ordering 
relation defined on the ring, then A is called a partially ordered ring if 

(i) 
a > b implies a + x > 6 + x for all x, and 

(ii) 
a > 0 and 6 > 0 implies ab > 0. 

Remark 1.3.2 (0.19, [18]). To show that a ring A is a partially ordered 
ring, it is enough to show that 

(i) 

(ii) 

a > 0 and — a > 0 if and only if a = 0 

a > 0 and 6 > 0 implies a + 6 > 0 and ab > 0. 



Definition 1.3.3 (5.1, [18]). An ideal / in a partially ordered ring is said 
to be convex if we have: 

whenever 0 < a; < y, and y E I, then x E I. 

An ideal / in a lattice-ordered ring is said to be absolutely convex if, when­
ever 

|x| < \y\ and y G I, then x € / . 

T h e o r e m 1.3.4 (5.3, [18]). The following conditions on a convex ideal I 
in a lattice-ordered ring A are equivalent. 

(i) / is absolutely convex 

(ii) X G / implies \x\ G / 

(iii) x,y E I implies xV y E I . 

(iv) / (a V 6) = /(a) V 7(6)— whence A/1 is a lattice. 

(v) /(a) > 0 if and only if a = \a\ {mod I) 

T h e o r e m 1.3.5 (0.16, [18]). Let I be an ideal in A, and S a set that is closed 
under multiplication and disjoint from I. There exists an ideal P containing 
I, disjoint from S, and maximal with respect to this property. Such an ideal 
IS necessarily prime. 

Corollciry 1.3.6 (0.16, [18]). Let I be an ideal If no power of a belongs to 
I, then there exists a prime ideal containing I but not a. 

Corol lary 1.3.7 (0.16, [18]). The intersection of all prime ideals contain­
ing a given ideal I is precisely the set of all elements of which some power 
belongs to I 

T h e o r e m 1.3.8 (0.22, [18]). The only non-zero homomorphism ofM. into 
itself is the identity 

Definition 1.3.9. Let R he a ring. If for each a £ R, there exists /> 6 M 
such that aba = a, then R is called von Neumann regular ring. 

Example 1.3.10. Let X be a discrete space, then C{X) is von Neumann 
regular. 

Definition 1.3.11. Let Rhe a, ring and let I be an ideal of R, then / is said 
to be a radical ideal if a € / whenever a" 6 / for some n > 0, a E /?. 

Example 1.3.12. Every prime ideal is a radical ideal. 



1.4 Ideals and 2:-filters 

Definition 1.4.1 (2.2, [18]). A non-empty sub-family T of Z{X) is called 
a z-filter on X if 

(i) 0 ^ ^ ; 

(ii) Zi n Z2 € .F whenever, Zi,Z2 E T\ 

(iii) If Z e .F, and Z' e Z(X) such that Z' D Z then Z' e JT. 

Examples 1.4.2. (i) Let X = {x}, then T = {X} is a 2-filter. 

(ii) Let X = m, then J^ = [F e Z(X)\0 G Z} is a 2-filter. 

(iii) If / is an ideal in C(X), then Z[I] = {Z(/) : / e / } is a z-filter on X. 

Remark 1.4.3 (2.2, [18]). Every family /? of zero-sets having the finite 
intersection property is contained in a z-filter. The smallest such is the 
family J- of all zero-sets containing the finite intersections of members of /?. 
We say that P generates the z-filtcr T. When /3 itself is closed under finite 
intersection it is called a base for /3. 

Theorem 1.4.4 (2.3, [18]). (i) / / / is an idealin C{X), then the family 

Z[I] = {Z(/ ) : / G /} 

is a z-filter on X. 

(ii) If !F is a z-filter on X, then the family 

Z'-[T] = {feC(X)\Z{f)ET}. 

is an ideal in C{X). 

Remark 1.4.5 (2.4, [18]). Let / be an ideal in C(X), then 

(i) Z[Z-[T]] = J^; 

(ii) Z-[Z[I]] D I. 



Example 1.4.6. [2.4, [18]] Let X = M, with usual topology. / = (i), the 
principal ideal generated by the identity function i, i.e. / = {/ G C(X) : 
f{x) = xg{x) for some g G C(X)}. Let MQ = Z^[Z[I]]. Clearly, it 
consists of all functions in C{R) that vanishes at 0. So, MQ 3 / . Now 
consider is,then i'S G Z^[Z[I]] but is ^ / . For, if 'is e / , then is — gi for 

— 4 

some g G C(R). So, g(x) = x~ for x 7̂  0. Clearly, g must be discontinuous 
at 0. So, Mo = Z^[Z[I]] properly contains / . Furthermore, MQ can be shown 
to be a maximal ideal. 

Unless stated otherwise, MQ will denote the above maximal ideal. 

Definition 1.4.7 (2.5, [18]). A z-filter J" on X is called a z-ultrafilter if 
it is not contained in any other z-filter. 

Remcirk 1.4.8 (2.5, [18]). Every 2-filter is contained in some z-ultrafilter. 

Theorem 1.4.9 (2.5, [18]). (i) If M is a maximal ideal in C(X), then 
Z[M] is a z-ultrafilter on X. 

(ii) If A is a z-ultrafilter on X, then Z'~[A] is a maximal ideal in C(X). 

Example 1.4.10. Let X = R, with usual topology and consider the maximal 
ideal MQ = {/ G C(X) : /(O) = 0}. Then Z[Mo] is a z-ultrafilter on X. 

Theorem 1.4.11 (2.6 , [18]). (i) Let M be a maximal ideal in C{X); if 
Z{f) meets every member of Z[M], then f G M. 

(ii) Let A be a z-ultrafilter on X;if a zero-set Z intersects every member of 
A, then Z e A. 

Definition 1.4.12 (2.7, [18]). An ideal / in C(X) is said to be a z-ideal if 
Z{f) G Z[I] implies / G /. 

Example 1.4.13. Let MQ be as in Example [ 1.4.6]. Suppose Z{f) G 
Z[Mo],then by Theorem 1.4.11 / G MQ 

Remarks 1.4.14 (2.7, [18]). (i) Every maximal ideal in C(X) is a z-
ideal. 

(ii) Intersection of two z-ideals is a z-ideal 

(iii) There is a one to one correspondence between z-ideals of C(X) and the 
z-filters of X. 



Theorem 1.4.15 (2.11, [18]). Every prime ideal in C(X) is contained m a 
unique maximal ideal. 

Theorem 1.4.16 (5.5, [18]). Every prime ideal P in C(X) [resp. CiX)] 
IS absolutely convex, and the residue class ring C/P [resp. C*/P] is totally 
ordered. Furthermore, the mapping r —> P{r) is an order-preserving isomor­
phism of the real field M into the residue class nng 

Remark 1.4.17 (14.3, [18]). Let P be a prime ideal in C{X). Then the 
prime ideals in C/P form a chain. 

Note 1.4.18. We know that every residue class field of C{X) or C*{X) 
(modulo a maximal ideal M) contains a canonical copy of the real field R. 
When the canonical copy of M is the entire field C{X)/M [resp. C*{X)/M], 
then we refer to M as real ideal. When M is not real, we call it is hyper-real 
ideal. 
We say an element a in a totally ordered field is said to be infinitely large 
a a > n for every n EN. 

1.5 Completely regular spaces 

Definition 1.5.1 (3 .1 , [18]). A space X is called completely regular if it is 
a Hausdorfi^ space such that, whenever F is a non-empty closed set in X and 
X is a point in its complement, there exists a function / e C(X) such that 
f{x) = 1 and f[F] = {0}. 

Example 1.5.2. Every normal space is completely separated. 

Definition 1.5.3 (3.2, [18]). (i) A collection B of closed sets in a topo­
logical space is a base for the closed sets if every closed set in X is an 
intersection of members of B 

(ii) Equivalently, B is a base if whenever F is a closed set and x a point in 
its complement, there is a member of B containing F but not x. 

Theorem 1.5.4 (3.2, [18]). A Hausdorff space X is completely regular iff 
the family of all zero-sets is a base for the closed sets. 

Remcirks 1.5.5 (3.2, [18]). (i) Every closed set F in a completely regu­
lar space is an intersection of zero-set neighbourhoods of F . 



(ii) Every neighbourhood of a point in a completely regular space contains 
a zero-set neighbourhood of the point. 

In the study of rings of continuous functions the topological space can be 
taken to be completely regular without any loss of generality. This can be 
done using the following theorem. 

Theorem 1.5.6 (3.9, [18]). For every topological space X, there exists 
a completely regular space Y and a continuous mapping T of X onto Y 
such that the mapping g —* g ° T is an isomorphism of C{Y) onto C(X). 

Next we shall list some properties of completely regular spaces. 

Properties 1.5.7 (3.11 (a),(b) and (c), [18]). (i) In a completely reg­
ular space, any two disjoint closed sets, one of which is compact, are 
completely separated. 

(ii) In a completely regular space, every Grf-set containing a compact set S 
contains a zero-set containing S. 

(iii) Every compact set in a completely regular space is C-embedded. 

In what follows, unless stated otherwise, the topological space X is a 
completely regular HausdorfF space (Tychonoff space). 

1.5.1 Convergence of ^-filters 

Definition 1.5.8 (3.16, [18]). Let X be a completely regular space. A point 
p G X is said to be a cluster point of a z-filter T if every neighbourhood of 
p intersects every element of J". 

Example 1.5.9. Let Z[Mo] be as in Example[ 1.4.6], then 0 is a cluster point 
of Z[Mo] as 0 e n Z{f). 

Remark 1.5.10 (3.16, [18]). Since the members of J" are closed sets, p is 
a cluster point of J'̂  iff p E P| j ' ^ . 

Definition 1.5.11 (3.16, [18]). A 2-ultrafilter A is said to converge to the 
limit p if every neighbourhood of p contains a member of A. 

Example 1.5.12. Z[Mo] converges to 0. 
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Result 1.5.13 (3.16, [18]). If p is a cluster pomt of T, then at least one 
z-ultrafilter containing T converges to p. 

Notation 1.5.14 (3.18, [18]). Ap denotes the family of all zero-sets con­
taining a given point p. It is also a z-ultrafilter. 

Results 1.5.15 (3.18 (a), (b) and (c), [18]). (i) p is a cluster pomt of 
a z-filter T iff T d A^, 

(ii) Ap IS the unique z-ultrafilter conuergmg to p. 

(iii) Distinct z-ultrafilters cannot have a common cluster point. 

1.5.2 Fixed and Free ideals 

Definition 1.5.16 (4.1, [18]). An ideal / is fixed iif]Z[I] + (t> and free if 

Example 1.5.17. The zero ideal in C{X) is fixed. In C*(N), the ideal 
J = (j) generated by the function j{n) — - is free. 

Theorem 1.5.18 (4.6, [18]). (i) The fixed maximal ideals m C(X) are 
precisely the sets 

Mp = {fe C(X): f{p) = 0} (pe X). 

The ideals Mp are distinct for distinct p For each p, C(X)/Mp is 
isomorphic with the real field M., m fact, the mapping Mp[f) -^ f[p) is 
the unique isomorphism of C(X)/Mp onto M 

(ii) The fixed maximal ideals in C*{X) are precisely the sets 

M%^{feC*{X):f{p) = o} ipex). 

The ideals M*p are distinct for distinct p For each p, C*{X)/M*p is 
isomorphic with the real field M; m fact, the mapping M*p{f) —> /(p) 
IS the unique isomorphism of C*{X)/M*p onto R 
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1.5.3 Structure spaces 
Let M be the collection of all maximal ideals in C(X). Then we can topologize 
M by defining 

M{f) = {M eM-feM} . 
as the base for closed sets. This topology on M is called hull-kernel topol­
ogy or Stone topology and the resulting topological space M is known as 
structure space of C(X). 

Theorem 1.5.19 (4.9, [18]). Two compact spaces X and Y are homeomor-
phic iff their rings C(X) and C{Y) are isomorphic 

1.6 Stone-Cech compactification 

Among the major achievements in the study of rings of continuous functions 
is the characterization of maximal ideals. For a compact space X, we charac­
terize X by associating to each maximal ideal M, the hmit of the z-ultrafiltcr 
Z[M]. If X is non-pseudocompact, i e., C(X) ^ C*{X) then for studying 
C*(X) we look for a compactification T of X such that 

C*(X) ^ C{T) 

In this case the maximal ideals of C*(X) corresponds to the maximal ideals 
ofC(r). 

For studying C{X) we associate with each z-ultrafilter of X some suitable 
space T in a natural way. This is done as follows 

Theorem 1.6.1 (6.4, [18]). Let X be a dense subspace ofT. The following 
statements are equivalent. 

(i) Every continuous mapping r from X into any compact space Y has an 
extension to a continuous mapping from T into Y. 

(ii) X 25 C*-embedded m T 

(iii) Any two disjoint zero-sets m X have disjoint closures m T 

(iv) For any two zero-sets Zx. Z^ m X, 

C\T{ZI n Z2) = clr Zi n clr Z2. 
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(v) Every point ofT is the hnut of a unique z-ultrafilter on X. 

The following fundamental theorem is essentially due to Stone and Cech. 

Theorem 1.6.2 (6.5, [18]). Every (completely regularjspace X has a com-
pactification (3X, with the following equivalent properties 

(i) Every continuous mapping r from X into any compact space Y has an 
extension f to a continuous mapping from PX into Y. 

(ii) X IS C*-embedded m PX. 

(iii) Any two disjoint zero-sets m X have disjoint closures m pX. 

(iv) For any two zero-sets Z^, Z^ m X, 

dpxiZi n Z2) = d/sx Zi n d^x ^2-

(v) Distinct z-ultrafilters on X have distinct limits m pX. 

Furthermore, pX (Stone-Cech compactification of X) is unique, m the fol­
lowing sense: if a compactification T of X satisfies one of the listed con­
ditions, then there exists a homeomorphism of pX onto T that leaves X 
pomtwise fixed 

Remark 1.6.3 (6.6(b), [18]). The mapping f -^ f^ is an isomorphism of 
C*{X) onto CipX) 

Theorem 1.6.4 (6.12, [18]). Every compactification of X is a continuous 
image of pX. Moreover, if T IS any homeomorphism from X into a compact 
space Y, then its Stone extension f carries pX \ X into Y \ T[X]. 

The following is a standard theorem in [18] 

Theorem 1.6.5 (9.5, [18]). Every non-empty zero-set m pX, if disjoint 
from X contains a copy of PN and so its cardinality is atleast 2'^ 

Corollary 1.6.6 (9.6, [18]). No point of pX \X is aGs m pX. 

1.6.1 Characterization of mELximal ideals 

Theorem 1.6.7 (7.2, [18]). The maximal ideals m C*{X) are precisely the 
sets 

M*" = {/ G C'{X) • fP{p) = 0} (p G pX) 

and they are distinct for distinct p 

Theorem 1.6.8 (7.3, [18]). For the maximal ideals M^ m C(X), we have 

M^ = {fe C(X). p G cW Zxif)} (p e px). 
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Chapter 2 

Prime and maximal ideals in 
intermediate subalgebras of 
C{X) 

2.1 Introduction 

This chapter is a survey of prime and maximal ideals in subrings of C(X) and 
intersection of maximal ideals in intermediate algebras between C * {X) and 
C{X) which was studied extensively by H. L. Byun and S. Watson in 1990 
[7]. Further works by Acharya, Chattopadhyay and Ghosh [1]; Dommguez, 
Gomez Perez [11] among others led to further development of the subject. 
Many of the results which hold in C(X) can be generahzed to subrings A{X) 
of C(X) (also known as intermediate algebra) that contain C*{X). In this 
setting C(X) and C*{X) are just special cases of A{X). We shall record some 
results which hold in such A{X). 

Definition 2.1.1. An algebra A{X) is called an intermediate aig'ebra if 
C*{X) C A{X) C C{X). 

2.2 Pr ime ideals and P -ideals 

In this section we shall quote a map from A{X) to Z(X) that gives a corre­
spondence between the algebraic properties of A{X) and topological prop­
erties of X. We shall also quote some results on prime ideals and a class of 
prime ideals called /?-ideals. 
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First we shall show that A(X) is a lattice. 

Theorem 2.2.1. If g e A{X) then \g\ G A(X). 

Proof. Let 

F = {xeX\ g{x) > 1}, 
G = {x e X \ g{x) < -1}. 

We shall show that F and G are completely separated. 

Let 
h{x) = {g{x) V —1) A 1 clearly, h is continuous. 

Now, if X e F, then h{x) = - 1 and if x e G, then h{x) = 1, so k{x) = f^^ 
completely separates F and G. 
Now, let 

h'{x) = h{x)g{x) - \g{x)\ 

Clearly, ifx e FuG, then /i'(x) = 0 and if re ̂  F U G, then 

\h'{x)\ = \h{x)g{x)-\g{x)\\ < \h{x)g{x)\+\g{x)\ = \g{x)\{\h{x)\+l) < 2\g{x)\ < 2. 

Further, h' is continuous as G{X) is a lattice. Since, —1 < |g| < 1 on 
X \ F n G, implies \h'\ < 2. So, h' e C*{X) C /l(X), implies that 
hg-\g\eAiX), hence \g\eAiX). 

D 

Corollary 2.2.2. A{X) is a lattice. 

Proof Let f,g e A{X), then 

Since 

/ ± 5 € /l(X) = ^ | / - ^ | G A{X) [Theorem2.2.1], so, f+9 + \f~g\ G A{X). 

Hence, 2 (/ + 9 + 1/ - fl*!) ̂  ^ ( ^ ) implies that f^gE A{X). Similarly, 
f Ag e A{X). Hence, A{X) is a lattice. 

D 
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Proposition 2.2.3. If A{X) is an intermediate algebra between C*(X) and 
C(X) then A{X) is absolutely convex subalgebra of C(X) and hence a sublat-
tice of C(X). 

Proof Let f,ge C(X) such that | / | < \g\ and g e A{X). 
Then 1 + g^ e AiX) as AiX) D C*{X) 3 1. 

s°' rT7 ^ ^'^^^ - (̂̂ )-
Further, | / | < \g\ ^ -\g\ < f < \g\ 

1 + 5 2 - 1 + ^ 2 - 1 + ̂ 2 - 1 + g2 - 1 + p2 - 1 + 2̂ -

^f{l+g')-'eC*iX)CA{X) 

Thus, /(I + g')-\l + g') E A{X) ^ / G A{X) 
Hence, A{X) is absolutely convex. 

D 

Unlike the case of C{X) in Theorem [1.4.4], where / is an ideal in C{X) 
imply that Z[I] is a z-filter on X, the corresponding result for A{X) need 
not be true. 

Example 2.2.4. Consider the ring C*(N) where N is the set of natural 
numbers. Let / be the set of all sequences in C*(N) that converge to zero, 
then / is an ideal but Z[I] is not a z-filter on X. 

Proof. Let / be the set of al the sequences in C*{N) that converge to zero, 
i.e., 

/ = {(sn)n6N 6 C*{N) | (s„)„gN ^ 0 as n —> 00} 

Since the constant sequence (0) converges to 0 and {an)ne.N + (0) = (an)n6Ni 
for all sequences(a„)„6f«( e / so, 

0 = (0)„eN e I 

Let (5„)„gN, {tn)neN £ I 

then, 
(•Sn)nGN + {tn)n&N = (Sn + tn)n€fi > 0 a S Ti - + OO. 

Hence, (5„)„6p, + {tn)neN e / V(5„)„ef̂ , (i„)„giv G /. 

16 



Let (a„)„gN 6 C*(N) k {s 
then, there exists /c G N such that \an\ < k Vn G N, so 

hm |(a„)„6N-(Sn)nGN| < 1™ |A;||(S„)„6N| = |A;|| hm (5„)„6N| = 0. 
n—•cx) n—>oo n—»oo 

So (a„)„6N(s„)„gN G /. Thus, / is an ideal. 
Now we show that Z[I] is not a z-filter. Let / G / be given by 

/•(n) = ( - ) G / Vn G N. 
n 

Then 

hm - = 0 
n—>oo 77, 

but, Z{f) = 0, so 0 G Z[l], hence Z[/] is not a z-filter on X. D 

This shows that the usual correspondence / —> Z[I] of ideals and z-
filters may not be true. So there was a need to introduce a well defined 
correspondence between ideals in A{X) and z-filters on X. This was resolved 
by Byun and Watson in [7]. 

No ta t i on 2.2.5. For each / G A{X), we associate a collection of subsets of 
X, ZAU) = {Fe Z(X) \3ge yl(X)such that fg |FC= 1} 

Remcirk 2.2.6. ZAU) need not be a z-filter, for consider C{N) and let 
j(n) = ^, then there exists i G C(N) , where ^(n) = n such that ij \^c= 1. 
This implies that (p G Zc{j). 

Nota t ion 2.2.7. (i) For an ideal / of A{X), we set 

ZA[I] = [j{ZM) I / e /}. 

(ii) For a z-filter T on X, we set ZA^[T] = { / G A{X) \ ZAU) C T). 

We note a few basic facts about the maps ZA and ZA*~ • 

R e m a r k 2.2.8. 
ZA{f) = ZA\f\. 

Lemma 2.2.9 (1.2, [7]; 1, [28]). Let g,h G ^(X) 

(i) ZA{gh) C ZA{g) n ZA{h) 
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(ii) Z^(g2 + h^) 3 z^{g) U ZAW 

(iii) If\g\<\h\, then Z4g) C Z^h) 

Proof. (i) Let F e 2^(g/0 then 3 fc G >l(X), such that 

(g/i)/c |pc= %fc) |pc= 5(/iA;) |FC= 1. (2.1) 

So, by equation (2.1) F G 2'/i(5), It also follows from the above equa­
tion that 

{gh)k \fc= {hg)k |jrc= h{gk) {pc^ 1 ^ F e ZA{h). 

Thus F G ZA(g)nZ^(/i). 

(ii) Let F e Z^ig) U Z^(/i) 
Without loss of generality, let F G ZA{g). Then 3fcG.4(X), k^O 
such that gA; |jr':= 1 

Since, g,he A{X), g^ + h^ £ A{X). 

Now on F*̂ , 

ff' + / i ' > 3 ' > 0 ^ {g^ + h^)k^>g^k^ = {gkf = l 

^^ ^ (g2 + /i2)jfc2 ^ ^ 

Let I = max{(g2 + /i'̂ )/c'̂ , 1}, then I is continuous and ^ > 1, this imply 

that y is continuous. Let /' = - , then /' G C*{X) C A{X). It is clear 

that l = {g^ + h})k'^ on F ^ therefore, 

{g^ + h')k\l') \rc= [g^ + h')k\—^^) |^c= 1 ^ F G Z^ig^ + h''). 
f).l + "• 

Similarly, F G Z^(/i) =̂  F G Z^(5^ + /i^). Hence the result follows. 

(iii) As 0 < 1̂1 < |/i|, the result follows by imitating the proof of (ii) above. 
D 

Lemma 2.2.10. (i) If f e A{X), then limz^ij) fh = 0 for h e A{X) 

(ii) Iff IS a z-filter on X and if lim F̂ //i = 0 V /i G A{X), then ZA{f) Q 
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Proof. (i) We shall first show that \\mz^{f) / = 0 
Let W = (—e,e), e > 0, be a neighbourhood of 0 in R and consider 
V = fiW). So, 0 < e < I/I on the set V. 
Let / = max{e, | / | } , then |/||\/c = / {yc implies that 

0 < /-I < e-i =^ r' e C*{X) C A{X). 

Now 

U-' = 1 ^ I fir' ivc= 1 ̂ ve z^m = ZM ^ lim f = o. 

It is clear that ZA^fg) C Z^U) and the above argument imphes that 
hm2^(/g) fg = 0 i.e., preimage of e- neighbourhood of 0 is in Z^ifg) Q 
ZAif) V e > 0. Hence, limz^(/) fg = 0 

(ii) Let F e Z A ( / ) . We claim that F D E for some E e T. On the 
contrary suppose there does not exists any such E in ZA{f), 
then, 

Let h e / l (X) such that fh \pc= 1 and consider Q = {fh{E) \ E e T] 

then 1 e fh{E) VF e ^ implies that 1 is a cluster point of Q, contra­
dicting the fact that 0 is the unique limit of G-

D 

Theorem 2.2.11. For X a normal space and f G C{X), the members of 
^c{f) o,i"s the zero-set neighbourhoods of Z{f) 

Proof. Let F be a zero-set neighbourhood of Z{f). Then there exists an open 
set U such that Z{f) C U C E. Since Lf" is closed and j is defined on [/", 
so by Tietze's extension theorem, it has a continuous extension h e C(X). 
Clearly, fh\Ec = 1 implies that E G Zdf). On the other hand, if £" G Zc{f), 
then E D E,{f) for some e > 0 [Proposition 2.7.10], i.e., E D E,{f) D Z ( / ) . 
Hence, F is a zero-set neighbourhood of Z{f). O 

Lemma 2.2.12. Let f G A{X), I an ideal of A{X), and T a z-filter on X. 

(i) ZA{f) is a z-filter on X iff f is not invertible in A{X). 
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(ii) / / / is an ideal in A{X), then ZA[I] is a z-filter on X. 

(iii) If J^ is a z-filter on X, then Z^\T\ is an ideal in A{X). 

Proof. (i) Let us suppose that 2 ^ ( / ) is a z-filter on X, then 

(/) ^ Z^ ( / ) ^$he A{X) such that fh 1̂ 0= 1 

Hence, / is not invertible on X. 
On the other hand, if / is not invertible on A{X), then 

(a) <P ^ ZM) 
(b) Suppose F, F' € ZA{f), then there exists g,g' 6 A{X) such that 

fg \FO= 1 and fg' \p'c= 1. 

It is clear that F^ D (F U F'f and F'-^ D (F U F'f. 
further, 

(FnF ' ) '= = F'^UF''= (2.2) 

Let h = g + g - fgg . Clearly, h G A{X). 
We claim that / is locally invertible on (F n F'Y. 
By equation (2.2), either x e F'^, in which case 

{h!){^) = {9f + 9f-f99f)ix) =^l + g\x)f{x)-g\x)f{x) = 1, 

or X e F '̂ , in which case, 

{hf){x) = g{x)f{x) + l-g{x)f{x)^l. 

Hence, F n F ' e Z^if). 

(c) Let F e Z[J>C] such that F D F for some F G Z^if), then there 
exists g e ^ ( X ) such that fg |F'== 1 
Since F'" C F'^ SO, 

/ ^ 1^-.= 1 =>F' e Z^if). 

Hence, 2^(7) is a z-filter on X. 

(ii) Let 7 be an ideal in A{X), we know 

ZA[I] = [J{ZM) I / e /} 
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(a) Since I is an ideal in A{X), so each / in J is not invertible in 
A{X). Consequently, by (i) above 

</. ̂  ZA{f) for all / 6 / =» 0 ^ \J{ZA{f) \ f e I] =^ <t> i ZA[I]. 

(b) Let F,F' e ZA[I], then F e ZAU) and F' € Z4(g) for some 
/ , g € / . So, there exists f\g' G ^ ( X ) such that / / ' \FC= 1 and 

99 IF'C= 1-
Now, 

/ , ^ G / =^ / ' + ^ ' e / and f + 5 ' > / ' > 0 on F'^. 

This implies that 

( / ' + .9 ' ) / ' ' > / ' / ' > 0 => if + .9')/'^ > 1 > 0. 

Let 

/ = max{{f+9')f'\ 1}. Clearly, ^ > 1 so, {f+9')f''{\) \po= 1. 

Similarly, 

{P + 9V{1) IF'C= 1 where k = m a x { ( f + g')g\l} . 

Thus, FEZA iP + 5') & F ' G Z^ (/2 + ^2). 
Since {P+9'^) G / implies (P+g'^) is not invertible, so Z^iP + g^) 
is a z-filter. Hence, 

FnF'GZ4(/2 + g2)cZ^[/]. 

(c) Let F G Z[X] such that F D F ' with F ' 6 Z^[/], then 3 p G 
A{X) such that /.g |p'c= 1 

Since, F" c F ' ^ so, 

fg \p.= 1 ^ F G Z^( / ) C ZA[I\. 

Hence, ZA[I] is a 2-filter on X. 

(iii) Clearly, ZJ[JP] ^ 0 for, 

XeTk ZA{Q) = [X] C jT^so 0 G Z 7 [ ^ ] . 
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Let / = ZX[T] and consider f E I kg e A{X), 

then ZAUQ) C ZAU) C ^ ^ ZAUQ) ^ ^^ => /g 6 /• 

Now let f,g e I. 

then, \imfh = \imgh = 0 => \im{f + g)h ^ 0 V heA{X). 

Thus, Z^( / + g) C ^ imphes that f + g & I- Hence, I is an ideal. 
D 

So, we have seen that Z^ is a mapping from the set of ideals in A(X) 
into the set of z-filters on X. Also, Z^^ maps the set of z-filters on X into 
the set of ideals in X. 
There arises a question whether Z^ maps maximal ideals of A{X) to z-
ultrafilters in X? The answer is not true and we shall record a counter as 
shown in [7]. However, Z^ and Z^^ satisfy some intersting properties as 
shown by the following lemma; 

Lemma 2.2.13. For an ideal I of A{X) and a z-filter T on X we have: 

(i) Zr[Z4I]] D I 

(ii) Z4ZA'-[Z4I]]] = Z4I] 

(iii) ZAIZA'-IT]] C jr, 

(iv) ZA-[ZA[ZA-[n] = 2X[J'] 

Proof. (i) Let / G /, then Z^(/) C Z^[/] ^ / e ZA^[ZA[I]]. 

Hence proved. 

(ii) Let ZAU) Q ZA[I], then 3ge I such that Z^(/) = ZA^g) Q ZA[I]. 
Using (i) 

g e ZA^[ZA[I]] ^ ZA{g) C Z^[Z^*-[Z^[/]]]. 

Since Zfyif) = ZA{g), so, 

ZA[I] C ZA[ZA-[ZA[I]]]. 

On the other hand, if follows from (i) that 

ZA[ZA^[ZA[I]]] D ZAII], as Z^^[Z^[/]] D /. 

Hence, the equality follows. 
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(in) Let ZAU) C Z^lZ^^[Jf]]. Then Z^( / ) = Z^ig) for some g £ Z^l^F]] 
and so, 

2 A ( 5 ) c r : = ^ Z 4 ( / ) C ^ . 

Hence proved, 

(iv) Let / e Z^^fJ"], then 

ZAU) C Z^ [Z^ - [ ^ ] ] ^ / e z^^[Z4[z^^[J^]]] =» z '̂-fJ^] c z^^[z^[z^-[^]]]. 

On the other hand (iii) imphes that 

z^-[z^[Z4^[;^]]]cz^'-[;^]. 

Hence, the equahty follows. 
D 

We shall record examples to illustrate these cases, before that let us first 
look at the relationship between zero-sets Z{f) and Z ^ ( / ) , / G A{X) as 
shown by Byun and Watson [7]. 

Remark 2.2.14. Let / G A{X), then 

Z{f) = f]ZMy 

Proof. Let 

E,{f) = {xeX\ \f{x)\ < e} where / e A{X). 

We claim that E^{f) C Z^ ( / ) for every e > 0. It is clear that 0 < e < |/(.7:)| 
on E'^if). By Theorem [2.2.1], / e A{X) =^ | / | G A{X) 

Let g = max {|/|,e}.Then fl > e on E^^{f). 

So, 

5 Uc(/)= I/I \BiU) a n d g > e > 0 ^ 0 < - < - = » i e C*(X) C A{X). 
9 ^ 9 

Now, 

I/I5-' Uf(/) = l / l ^ IEC(/) = 1 ^ £:.(/) G z^(|/|) = z^(/). 
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So, E,{f) C ZAU) for every e > 0. 
Next we claim that 

Z{f) = f]{Ee{f) I e > 0} 

Let 

X e f]{E,{f) I e > 0} Then, |/(x)| < e V e > 0 ^ - e < f{x) < e Ve > 0. 

Suppose f(x) / 0, let a = \f{x)\ > 0. Let e' > 0 such that 0 < e < a, then 
X ̂  E^'{f) which is not true. 
Hence, 

fix) = 0 ^ xe Zif). 

On the other hand, 

X e Z{f) ^ fix) = 0^xeE,if)Ve>0^xe f]{E,if) I e > 0}. 

Hence, the equahty follows. 
Since E,if)C E \/ E e ZAif), so 

f]ZM^r{i^.if)\^>0} 

Now Eeif) e ZAU) Ve > 0. So the remark follows. D 

Remark 2.2.15. In the study of C(X), the zero set Zif) is a measure of 
where / is not invertible. The analogous role for that measure in arbitrary 
A{X) .is played by Z^if). In particular this is a measure of where / is not 
invertible in AiX) even when Zif) = (p. 

Example 2.2.16. Let J^ = K and consider the ring AiX) = C(M). Let 
Mo = {/ G C(R) I /(O) = 0} and consider the map 0 : C(M) —* 
M defined by 0(/) = /(O). Let /,.(? e ^(M), then 

Hf + 9) = if + 9)iO) = /(O) + giO) = Hf) + <f>i9), 

and <^(/5) = fgiO) = /(O) g(0) = Hf)<Pi9)-

Hence 0 is a homomorphism. 
Now, let r G R, then 0(r) = r(0) = r => 0 is onto. Further, 

Ker^ = { /e C(R) I/(O) = 0} = MQ. 
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So, by the fundamental theorem of ring homomorphisms ——- = M. This 

impUes that Ker0 = MQ is a maximal ideal of C{M.). By Theorem [1.4.9] 
Z[Mo] is a z-ultrafilter in M. We now show that ZA[MO] C Z[MO]. 

Let f E MQ and consider ZAU)- Then, 

Z(/) = P I E ^ Z(/) C E, hence, E 6 Z[Mo] VE G Z^(/) , 

so, 
Z^(/)CZ[Mo] V / e M o 

^ U 2^(/) C Z[Mo] =̂  Z^[Mo] C ZfMo] =̂  2A[MO]. 

/6Mo 

Now for i e A/fo, where i(r) = r Vr € R, 

Z(2) = {0} e^-fMo]. 

We claim that {0} ^ Z^fMo], for if {0} 6 Z^[Mo], then {0} G Z^(i) , so 3 A: G 
C(X) defined by 

fc(x) = 0 '^'' 
[a, .T^O, a G M. 

Clearly, k is not continuous at 0. Hence, ZA[MO] C Z[MO], so we conclude 
that ZA[M(,] is not a z-ultrafilter on X. 
Remark 2.2.17. The inclusion in Lemma [2.2.13 (iii)] may be proper. 

Proof. Let MQ be as in Example[2.2.16] and consider T = Z[MQ], then 
Zc^[T] =ZC'-[Z[MO]]DMO. 

i.e., 
MoCZc'"[.F] CC(R). 

Since MQ is maximal, so either MQ = Z(7^[J^] or Zc'^\T\ = C{R). 
Since j ' ^ is a 2:-filter, so, 

l^Zc'-[r]=^Zc'-[J']%C{R). 

Hence, 

Mo = Zc^l^] -^ Zc[Zc^[^]] = Zc\Mo\ C Z[Mo] = J ,̂ 

z.e., Zc[Zc^[^]]C.F. 

D 
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Remark 2.2.18. The inclusion in Lemma [2.2.13(i)] may be proper. 

Proof. If we consider / = (i), the ideal generated by the function 
z{r) = r Vr e M, then Zc{!) Q Zc{i) ^f G MQ. 
For, let E e Zc{f), then E C (-e, e) for some e > 0. 

Define k(r) = { "• ?̂  V ' 

This impUes that, 

2c[Mo] C Zc[I] k Zc[I] C Zc[Mo] as I Q MQ. 

So, 
Zc[Mo] = Zc[I]. 

Now, 
Mo = Zc-[Zc[Mo]] = Zc^[Zc[I}] D I. 

As Mo ^ /, we have Zc*"[Zc[/]] 7̂  /. • 

Definition 2.2.19. The ideals I of A(X) that satisfy 2^^[Z4[/]] = / is 
known as P -ideals. 

The following result leads us to a host of examples. 

Proposition 2.2.20. I is a P-ideal if and only if Z^^f) C ZA[I] implies 

Proof Let 7 be a /9-ideal, then 

zr[z4i]] = i. 

Let 
ZAU) C ZA[I] ^fe zr[ZA[i\\ = I. 

Converse is obvious. ZA^\ZA\I]] D /. 

D 

CoroUctry 2.2.21. Every maximal ideal is a P-ideal. 

Proof Let M be a maximal ideal in C(X). Then we have 

M C Z^'-[Z^[M]] D A{X). 

Since ZA'-[ZA[M]]y^A(X), 

So, by maximality of M, M = ZA'~[ZA[M]]. Hence, M is a /?-ideal. D 
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Result 2.2.22. In C(N) every ideal is a P-ideal 

Proof. Let J be an ideal in C(N) and let / G C(N) such that Zc{f) C 
Zc[I]- For the function h defined as below 

[o xez(/ ) 

h e a (N) and hf U(;)c= 1 =» Z ( / ) C Z c ( / ) ^ Z[I] C Zc[/] . Hence 
Zc[/] = Z[I]. So, Z ( / ) e Zc[I] = Z[I] &nd3ge I such that Z{f) = Z{g). 
Define a function k as 

fO xeZ{g), 

Clearly, 
k e C{N) kf = gkel^fel. 

D 

Remark 2.2.23. The definition of a ^-ideal apphes to C(X) only and is 
somewhat less restrictive than the notion of /? -ideals in the sense that an 
ideal in C{X) may be a ^-ideal but fail to be a P-ideal. 

Proof. Consider 

Oo = {f e C{R) I Z{f) is a nbd. of 0}. 

We claim that OQ is a z-ideal. 

Let Z{f) € Z[0o], then Z{f) = Z{g) for some g e OQ. 

Thus Z{g) is a neighbourhood of 0 and hence Z{f) is a neighbourhood of 0. 
This implies that / G OQ. Now OQ Q MQ, where MQ is as in Example [2.2.16] 
and Zc[Oo] = Zc[Mo]. 

But, Oo C Zc^[Zc[Oo]] = [Zc[Mo]] = MQ. 

Consider the function i, given by i(r) = r for all r G R. 

Clearly, ie Mo\0o, implies OQ ^ MQ thus, OQ ^ Zc^[Zc[Oo]]. 

Hence OQ is not a 0- ideal. D 

Remark 2.2.24. Let / be an ideal in C{X), then ZA[I] C Z[I]. 
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Proof. Let E e ZA[I], then E 6 ZA{f) for some f ^ I- Consequently, 
Z ( / ) G Z[I]. 
By Remark [2.2.14], f l ^^C/ ) = Z{f) => Z{f) C E. Hence, £; G Z[/]. So, 
Z^[/] C Z[/]. D 

Remark 2.2.25. In C{X) every ^-ideal is a z-ideal. 

Proof. Let I be a /?-ideal and let Z{f) e Z[J\. 
Then / e Z-[Z\I]] D Z^[ZA[I]] ^ ZA'~[ZA[I]] = / . Hence it is a z-

ideaL D 

Next we shall record some properties of (i -ideals. 

Theorem 2.2.26. Every (i-ideal in A(X) is an intersection of prime ideals. 

Proof We first show that Z^( / " ) = Z^ ( / ) for every n e N. 
Let 

E e ZAif") then 3k e A(X) such that /"/ t \EC= 1 

^ /(/"" ') Uc= I ^Ee ZAU)-

On the other hand, let 

E e ZA{f) then 3 fc G /l(X) such that fk \EC= I. 

Since ^ ( X ) is a subring of C(X), so 

/".A;" = (/A;)" ^ /"A;" 1^.= (/A;)" |£;c= (/A; l̂ ^c)" = 1. 

Hence E G Z^ ( / " ) . So the equality follows. 

Let 7 be a ^ -ideal in A{X), and let / G A[X) such that / " G I 

Then Z^( / " ) = Z^( / ) C ZA[I] implies / G / . 

By Corollary [L3.7 ] I is the intersection of aJl prime ideals which contain it. 
Hence the result folows. D 

Theorem 2.2.27. For any (3 — ideal I in A(X), the following are equivalent. 

(i) I is prime 

(ii) I contains a prime ideal 

(iii) For every g,h e A{X), if gh = 0, then g e I or h E I. 
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(iv) For every f G A[X) and for every e > 0 3 a zero-set in ZA[I] on 
which / < e or f > —e. 

Proof, (i) => {ii) Since I is prime so it holds trivially. 

(M) => (in) Trivial, as J D P for some prime ideal P and 0 E P. 

{Hi) =» {iv) Let / e ^(A'), and consider e > 0, then A{X) is a lattice, so, 
f\/0jA0eA{X). But, 

(/ V 0)(/ A0) = 0=> fyOel or / A 0 6 I . 

So 
2.i[/ V 0] C ZA[I] or ZAU A 0] C Z ^ [ / ] . 

If ZA{f V 0) C Z^[i] , then consider 

£;e(/V0) = { x 6 X | | ( / V 0 ) | < e } . 

Since, 

£^.(/) c ZA{f) so, £;,(/ V 0) G z^( / V 0) c ZA[I]. 

L,^ , f(/VO) + e , .GE.(/VOr 
\o x-G£;,(/vo). 

then k G A(A') and E,{f V 0) = Z(A,) ^ E,{f V 0) is a zero-set. 
Further, 

(/ V 0) < e on E,{f V 0) imphes / < / V 0 < e on E,{f V 0). 

Similarly, if / A 0 G 7 then define 

^ ' ^ f ( / A O ) + e xeE,{fAOY 

\ 0 X G E , ( / A O ) . 

So, K' G A{X), and 

£^e(/ A 0) G Z^[/], then £;,(/ A 0) G Z^(/ A 0) C Z^[/]. 

then 

£;,(/ A 0) = Z(A:') & / > (/ A 0) > - e on £;e(/ A 0). 

29 



(iv) ^ (i) Let g € A{X) such that gh E I and consider for k 6 A{X) the 
map l̂ f/cl — \h\. For e > 0, by (iv), there exists 

E e ZA[I], such that \gk\ - \h\ < e on E. 

Thus for any S > e, \gk\ > S => 6 < \gk\ < \h\ + e ^ S - e < \h\ on E.' 

Now let Egk = {x eX \ \gk\ < 6} k Eh = [x e X \\h\ < 5 - e). 

Then, we have Egk G ZA{gk) and E^ e ^^(/ i ) . 

i.e., there exists ^ ,/i E A{X) such that {gk)g |£;<=̂ = 1 and hh 1̂ ;̂ = 1-

Thus {gk)ghf{ Uc^nE^ = 1 and E^^ nEl = {Egk U E^T 

Therefore, {{gk)g'hh') \(E,,uEh)-= 1-

Hence, 
Egk U E;, e Z^igkh) C ZA[I]. (2.3) 

Now we claim that E D Egk D E D E^. 

Letx e EnEh^ \gk\ - \h\ < e k\h\<S-e 

=> \gk\ <\h\ + e<6-e + e = 5 =»xG Egk. Hence x e Egkd E 

But, Egk D En Egk = En Egk U(En Eh) as En Eh C E. 

Since ZA[I] is a z-filter and 

Egk D En Egk UEh=^ Egk E ZA[I\ => hm gk = 0. 

Since k is arbitrary, so the result holds true for all k e ^ ( ^ ) -

So, by Theorem [2.2.10], ZA{g) C ZA[I] and / i s a /? — irfea/ implies g E I. 

Hence I is prime. 

a 
Corollary 2.2.28. Every prime ideal in A{X) is contained in a unique max­
imal ideal. 
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Proof. Let P be a prime ideal m A{X). If possible let M, N be two distinct 
maximal ideals such that P C M and P C N. We claim that M n /V is a 
P — ideal. 

Let ZAU) C Z^[MnyV]. Without loss of generality, let Z^[MnyV] C ZA[M]. 

Since every maximal ideal is a /? - idea/, so f e M and similarly, f E N. 
This implies feMnN, so MnN is aP- ideal i.e., M nN D P. 
So M n Â  is prime by Theorem [2.2.27]. Since M ^ NJox pE M\N , qe 
N\M, 

pq e M ON, hutp^ MnN andq ^ M n N. 

This contradicts the asumption that M and A'̂  are maximal. D 

Here we shall record a generalization to an arbitrary A{X) of a result 
known for C*{X) and C{X). 

Theorem 2.2.29. If A{X) C B{X), then P is a prime ideal in B(X) if and 
only if P n A{X) is a prime ideal in A(X). 

Proof. Suppose F is a prime ideal in B{X). Let / , 5 G A{X), such that fg G 
Pf\A{X). 

Thenf,geP&cfgeA{X) ^ f E P or g E P 

^ f E Pn A{X) orgE Pn A{X). 

Hence P n A{X) is prime. 
Conversely, suppose that Pr\A{X) is a prime ideal in A{X). Let f,g E B{X) 
such that fg E P. 
Now for each / € B{X), there exists u E C*{X) such that uf = {f y - 1 ) A 1 
[IE , [18]]. Clearly, u E C*{X) C A{X) C B{X) and | u / | < 1 => u / G 
C*{X) C A{X). 
Similarly, for g E A[X), there exists v E C*{X) such that vg = (g V - 1 ) A1. 

So ufvg E C*{X) and fgEP^ ufvg = uvfg E P ^ ufvg E Pn A{X) 

=^ufEPnA{X) or vg E Pr\A{x). 

Without loss of generaUty, let u / E P n A{X) this implies that u ( | / |V l ) = 1. 
Since | / | V 1 G B{X), it is invertible in B{X) and so is u. This implies that 
/ G P. Similar argument holds for g. 
Hence P is a prime ideal in B{X). 

D 
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If A{X) is any subring of C{X), then Dominguez and Gomez Perez in 
[11] have shown an interesting result in terms of containment of a prime ideal 
of A{X) in a prime ideal of C{X). 

Proposition 2.2.30. Let A{X) be a subring ofC{X). For every prime ideal 
Q of A{X), there exists a prime ideal P of C{X) such that PnA{X) = Q. 

Proof. Let Q be a prime ideal of A{X) and let S = A{X)\Q. We know 
that S is a multiphcatively closed subset of A{X), and hence of C(X). So by 
Theorem [1.3.5], there exists a prime ideal P in C{X) such that P D Q and 
P n S = ^ and 0 ^ 5 . This implies that 

(F n A{X) n 5) = 0 => (P n A{X)) c Q. 

Hence the result follows. 
D 

2.3 Maximal ideals and residue class rings. 

In this section we study mammal ideals oi A{X) in terms of their associated 
residue class fields. The result that every prime ideal P in A{X) is absolutely 
convex and the residue class ring A{X)/P is totally ordered is recorded here. 

In analogy with C{X), we define 

Definition 2.3 .1 . An ideal I of A(X) is fixed if CIZAII] J^ (p and free if 

nZA[I] = <l> 

Example 2.3.2. Let X = N, C{X) = C(N), A{X) = C*(N). Let 
/ = 0, and I— {0}, then P | Z ^ ( / ) = X, hence fixed. On the other hand, if 
/ = j , and I = (j), where j{n) = ^ then f) ZA{f) = 0, as Z{j) = (p hence / 
is free. 

Remark 2.3.3. The definitions of fixed and free ideals with respect to Z[T\ 
and ZA[I\ are equivalent. 

Proof It is enough to show that {^ZA[I] = D^f^]- By Remark [2.2.14] 
we know that Z{f) = H^Aif) for each / e l . So f)Z[I\ = f)Z{f) = 

n{nzA{f)) = nzA[i]. 
Hence the result follows. 

D 
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Notation 2.3.4. / ( / ) = {p € A{X) \ f = g {mod I}} 

Theorem 2.3.5. The fixed ideals in A(X) are precisely the sets 

M^ = {feA{X)\f{p) = o} ipex). 

The ideals M^ are distinct for distinct p and the mapping M^{f) —> /(p) 
is the unique isomorphism of A{X)/M^ onto R. If B(X) is another suhring 
of C(X) such that A{X) C B{X) then there is a one to one correspondence 
between the fixed maximal ideals in B(X) and those in A (X) given by 

Ml ^ M^^ = Mlr^ A{X). 

Proof Fix p e X and let $p : A{X) —> M 

such that $p(/) — f{p) 

We claim that $p is an onto homomorphism. 

(i) $p is well defined. 
Let /,.<? € A{X) such that / = g i.e. /(.x) = .^(.T) V.T G A{X). In 
particular, / (p) = g{p), which implies that $p( / ) = ^p{g)-

(ii) $ is onto. 

Let r e R C A{X) then define 

r:X ^ R 

given by r{x) = r Vx e R. Then ^p{;r) = r{p) = r, hence $p is onto. 

(iii) $p is a homomorphism. 
Let f,g E A{X) , then 

Mf + 9) = {f + 9){p) = UP) + 9{p) = %U) + ^pig) 

and 

%{f-9) = {f9){p) = f{p)-9ip) = $p(/)$p(9) 

Then by the fundamental theorem of ring homomorphisms 

/ l (X) /Ker$p ^ R where Ker$p = {/ G A{X) \ f{p) = 0} = M^. 

Hence M^ is a maximal ideal. 
Let M be any fixed maximal ideal of A{X), then 

A{X)IM ^ R ^ ^ ( X ) / K e r T , 
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where T is the isomorphism between A{X)/M and R. So M = Ker T = M^. 
Hence every maximal ideal is of the form M^. 

We claim that the ideals M^ are distinct for distinct p. 
Let p,q ^ X such that p ^ q . Since X is a Tychonoff space, {p} and {q} 
are closed in X, there exists / G ^ ( X ) such that f\p] — {0} and f[q] = {1}. 
So, / e M^ \ M^. 

Similarly, there exists g € >1(X) such that g[q] = {0} and ^(p) = 1. So, 
geMl\ Ml- Hence M^ ^ M^. 
Now let 

Tp : /1(X)/M^ ^ M 

such that Tp(M^(/)) = f{p)- Clearly, Tp is an isomorphism. 
The uniqueness of this isomorphism follows from Theorem [1.3.8]. 

We now show that there is a one to one correspondence between the fixed 
maximal ideals in B{X) and those in A{X). 

Let MA = {^^A I P ^ ^ } ' *he sot of all fixed maximal ideals in ^ ( X ) . 

and A4B = {M^ | q € X} the set of all fixed maximal ideals in B{X). 

For each M^, 

Ml n yl(X) = {/ G yl(x) | / (p) = Q] = M^EMA 

We define 
k : MB —> MA 

as k{Ml) = MlnA{X). 

(i) k is well defined 

If M^ = M^ p,qeX then 

M ^ n ^ ( X ) = M ^ n > l ( X ) ^k{Ml) = k{M%). 

(ii) A: is on to 

for each M^, 3 Mg such that M^ = Mg n ^ ( X ) and so A;(Mg) = M^. 
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(iii) k is one-one 

Let k{M^) = fc(M|) then, 

Mg n A{X) =^Ml^r\ A{X) ^ MP = Ml-

Suppose Mg 7̂  Mg, then without loss of generahty there exists / 6 
M | \ M ^ such that/(/)) ^ 0. 
Let p = ( / V - 1 ) Al, then 

g{p) = 0^geM^^C C*{X) C A(X) and Z{f) = Z{g), 

so, 
g{p) ^Q=^giM\^Ml^Ml 

which is a contradiction. 

Corollary 2.3.6. Every fixed maximal ideal is real. 

D 

Proof. Since M =- M\ for some p e X and A{X)IM\ = R, so the result 
follows. D 

Proposition 2.3.7, A{X)II is a partially ordered nng iff I is convex. 

Proof. We first assume that / is convex. By Remark [1.3.2 ] we must verify 
that 

(i) !(/) > 0 and ! ( - / ) > 0 ^ J(/) = 0 , and 

(ii) / ( / ) > 0 and /(^) > 0 ^ / ( / ) + I{g) > 0 and I{f)Iig) > 0. 

Now J(/) > 0 & I{-f) > 0 implies 3h,ke A{X) such that 

h >0,k > 0 and / = h{modT) and —/ = k{modT). 

Hence h + k = O^modT). But, 

0<h<h + k =^ h = 0, 

by convexity of / which implies that /(/) = I{h) = 0. 
Also / ( / ) = 0 => / ( / ) > 0 and / ( - / ) > 0, hence (i) holds. 
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Let / ( / ) > 0 and I{g) > 0 ioi f,g E I. Then, there exists h,k E A{X) 
where h>0, k> O.So, h + ke A{X). Now 

!(/) = I{h), I{g) = I{k) =^ I{f) + J(g) == I{h) + m ={h + k) + I. 

Similarly, I(/)I(.9) = hk + I. 
So, !(/) + I{g) > 0 & I{f)I{g) > 0, and hence (ii) holds. 

Conversely, let 0 < h < k, h,k e A{X) with k E I. But 0 < /i < 
fc => 0 < k - h ; Also 

I(/i) > 0 & J()c-/i) > 0 so 0<I{k-h) - I(fc) - I(/i) = -:(/i) => I(/i) < 0. 

But /i > 0 => I{h) > 0. Thus, I{h) = 0=^ hel. 

D 

Proposition 2.3.8. Every (i-ideal in A(X) is absolutely convex. 

Proof. Let I he a (3 - ideal in A{X). Let | / | < |g| for f,g E A{X) and 
suppose g E I, then 2^(5) Q ZA[I] 
Now I/I < |.g| ^ Z^(/) C Z^(.9) C Z^[/] by Lemma [2.2.9]. 
This implies that / e / as / is a /?-ideal. 
Hence, / is absolutely convex. 

D 
Corollary 2.3.9. Every maximal ideal in A(X) is absolutely convex. 

Proof. The result follows from the fact that every maximal ideal is a /3-
ideal. D 

We know that if M is a maximal ideal in C(X) then M{J) > 0 iff / > 0 
on some member of Z[M\ [Remark page.68 of, [18]]. The corresponding 
conditions on A[X) were studied by Byun and Watson in [7] and we shall 
record some of their important results. 

Lemma 2.3.10. For a p - ideal I in A(X) and J E A{X), I{f) > 0 iff 
limz^[/]/|/i| > 0 for every h E A{X). 

Proof Let I be a /3-ideal, then I is absolutely convex by Proposition [2.3.8]. 
Suppose /(/) > 0 then / - | / | € / by Theorem [1.3.4] and for each 

hEA{X), \h\ E A{X) k f\h\ - \f\\h\ E I 

^ZM\h\-\f\\h\)CZ^[I]. 
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Now 

Z(g) = P l Z ^ ( g ) =C]{E,{g)\e>0} where g ^ f\h\ - \f\\h\. 

So, Ee{g) e ZA[I] for every e > 0 and thus f\h\ > -e on E,{J\h\ - | / | | / i | ) , 
hence Um2^[/]/l/i| > 0 for every h € ^(-^)-

Conversely, suppose Hm2^[/]/|/i| > 0 for every h 6 A{X), i.e., for e > 0 
and h € A{X), J\h\ > —e on some member E of Zj\l\. 

Then - 2 t < {!\h\ - \!\\h\) < 0 on i? and so ^ C E2,U\^i\ - | / | | / t | ) . 

Thus £'2e(/|^| - \!\\h\) e Z^[/] Ve > 0, since Z^[/] is a z-ideal. 

By Lemma [2.2.10 ] Z ^ ( / - | / | ) C Z^[/] => / - | / | e / since 7 is a /?-ideal 
so J(/) = 1(1/1) > 0. D 

Lemma 2.3.11. Lti I be a z-ideal of A{X) and f € A{X). If there exists 
h E A{X) such that hm2^[/] / | / t | > 0 then ! ( / ) > 0. If I is a maximal ideal 
the converse holds as well. 

Proof. Suppose that there exists h e A{X) and e > 0 such that f\h\ > e on 
E e ZA[I] then / > 0 on £: and by Lemma [2.3.10] / ( / ) > 0. Also f\h\ > e 
on E 6 ZA[I]. some member of Z^(/l/i |) does not meet E. Since Z^(/ | / i | ) C 
Z^if) so some members of ZA{f) does not meet E.Sof^I ^ ! ( / ) 7̂  0 
thus / ( / ) > 0. Now suppose that J is a maximal ideal and 1(f) > 0, then 
{I, f) = A{X) and there exists gel and h e A{X) s.t. g + fh = l. 
Fix e > | , then 

E.ifh) = {x e X\\fh{.x)\ < e} 

and 

E,(g) = {xe X\\g{x)\ < e} = {x e X\\{l-fh){x)\ < e} = {x e X\e < (fh){x) < 1 + e} 

^\fh[E,{g)]\>e soE,{fh)nE,{g) = (P. 

By Lemma [2.3.10] there exists F G ZA[I] on which f\h\ > -e 

=» |/7i| > t k f\h\ > ~c on E' n E,{g). 

Thus 

f\h\ > t onE'n E,{g) e ZA[I] and hence lim / | / i | > 0. 

a 
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Theorem 2.3.12. Let M be a maximal ideal in A(X) and f G A{X), then 
M{f) >0 iff \\mz^ii]f\h\ > 0 for every h £ A{X). Moreover M{f) > 0 iff 
there exists h G A(X) such that hfnzj^[M]f\h\ > 0 

Proof. The theorem is a direct consequence of Lemma [2.3.10] and Lemma[2.3.11]. 
D 

Theorem 2.3.13. Every prime ideal P m A(X) is absolutely convex and the 
residue class nng A{X)/P is totally ordered. Moreover the mapping r —> 
P{r) IS an order preserving isomorphism of the real field R onto A{X)/P. 

Proof Let f,ge A(X) with 0 < | / | < \g\ such that ge P 

then 0 < /2 < g2 kg^ eP 

Define u(x) = i ' / ' ' ^ V r i ' ^ 
l ^ i fxGg^ [l,oo) 

then u is continuous and u € C*{X) C A{X), and 

5^ A 1 = ug^ impUes that 0 < u < L 

Also g"^ G P imphes that ug"^ G P. 

D e f i n e / i ( x ) = i g''{x) ^ "^ ^\9) 

l o TGZCg) 
then 

h G C\X) C A{X) 

Now h{x)g'{x) = }!^t^cj\r), i.e., hg'' = uf' G P 
g\x) 

We claim that u ^ P, for if u G F , then u + ug^ G F 

Also, if (7^(T) < 1 then v{r) = 1 => 7/ + 1/9̂  > 1 

and if g'^{x) > 1 then u{x) = =» n + u^^ > 1 

and this imphes that u+ug"^ is invertible in A{X), and this is a contradiction. 
So n ^ F impUes that f^ E P and so / G F . 
Now we show that A{X)/P is totally ordered. 
Let / G A{X) and consider F ( / ) . Since 

( / - l / l ) ( / + I/I) = 0 G F so, either / - | / | e F or / + | / | G F 
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-^f = \f\{ m o d P ) o r / = - | / | ( m o d P ) 

^ F ( / ) > 0 or P{f)<0. 

Hence A{X)/P is totally ordered. 
That the mapping r —> P{r) is an isomorphism follows from Theorem[1.4.16] 

D 

Theorem 2.3.14. If I is a (5 — ideal in A(X), then I is prime if and only if 
A{X)/P is totally ordered. 

Proof. Neccesity follows from Theorem[2.3.13]. 
Conversely, if A{X)/I is totally ordered then for each / G A{X), ! ( / ) > 

0 or 7(/) < 0. 
If I{f) > 0 then by Lemma [2.3.10] for every e > 0, / > - e on some member 
of ZA[I]. Similarly if J(/) < 0 then for every e > 0, / < e on some member 
of ZA[I]- Hence from Theorem [2.2.27] J is prime. D 

Theorem 2.3.15. Let f G A{X). For a given maximal ideal M in A(X), 
the following conditions are equivalent. 

(i) | M ( / ) | is infinitely large. 

(ii) / is unbounded on every member of ZA[M\. 

(iii) For each n E N, the zero set Zn = {x & X\\f{x)\ > n] belongs to 
ZA[M]. 

Proof, (ii) => (i) Suppose | M ( / ) | is not infinitely large i.e., there exists 
n e N such that | M ( / ) | < n. 

Then - > | M ( / ) | - n < 0 =^ M ( | / | - n) < 0. 

By Theorem [2.3.12 ] 3e > 0 such that 

lim (I/I - n) < e => ( | / | - n) < e on some element E oi ZA[M] 
ZA{M] 

= ^ - ( I / I - " - ) > - e = > " - - | , / | > - f = > | / | < " - + e onE. 

This is a contradiction. Hence, | M ( / ) | is infinitely large. 
{%) =^ [iii) | M ( / ) | is infinitely large imphes | M ( / ) | > n Vn e N 

. By Lemma [2.3.13 ] there exists En € ZA\M\ for every n e N on which 
I/I - n > 0. Then, E^, Q Zn so, Z„ G ZA[M] since ZA[M] is a z-filter. 
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{in) => {ii) Let 

E e ZA[M] => EnZnj^(t> Vn € N, 

for each n e N, 3 x e E such that | / (n ) | > n hence / is unbounded on every 
member of Z^[M]. • 

Theorem 2.3.16. | M ( / ) | is infinitely large for some maximal ideal M in 
A (X) iff f is unbounded on X. 

Proof. Suppose | M ( / ) | is infinitely large then by Theorem [2.3.15] / is un­
bounded on every member of ZA[M]. But X € ZA[M] as it is a z-filter. 
Hence the result follows. 

Conversely, suppose / is unbounded on X, then by Theorem [2.3.15], there 
is a family of sets Z„ in ZA[M]. Then {Zn]nen U X has finite intersection 
property, so it is embeddable in some z-ultrafilter T. Then M = ZA~\T\ 

is a maximal ideal by Theorem [2.4.2] and Z„ G ZA\M\ Vn. So | M ( / ) | is 
infinitely large. D 

Corollary 2.3.17. Every maximal ideal in A(X) is real when and only when 
A{X) = C*{X). 

Proof Suppose every maximal ideal in A{X) is real. Let / e A{X). Then 
| M ( / ) | < n for some positive integer n and for all maximal ideals M, implies 
that 

I/I < n => / e C*{X). 

Hence, A(X) = C*{X). 
On the other hand, if A{X) = C*{X), for / G A{X), \f\ < n for some 

n G N, which implies that for each maximal ideal M in A{X), | M ( / ) | < n 
for some n G N. Hence, M is real. 

D 

2.4 Maximal ideals and z-ultrafilters of A{X) 

The correspondence between ideals of C{X) and 2-ultrafiltcrs on X is well 
known [18]. In this section we study the correspondence between the ideals 
of A{X) and z-ultrafilters on X. L Redlin and S Watson in [28] have assumed 
that for a maximal ideal M, ZA[M] is a z-ultrafiltcr but H.L.Byun and 
S.Watson in [7] showed that this may not be true. However, every ZA[M] is 
contained in a unique z-ultrafilter, is recorded here. 
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Lemma 2.4.1. Let A{X) and B{X) be suhrings of C(X) such that B{X) C 
A{X), then for any ideal I of A(X), ZA[I] = ZB[I n B{X)] 

Proof 

Let Zc'if) ^ 2c . [ ln C*{X)], then Zdf) = Zdg) for some g e In C*{X). 

BntC*{X)CB{X) =^gelnB{X) ^ Zdf) C Zsif). 

So, Zc'if) = Zc'ig) CZsig) C Zsf/n 5(X)] 

^Zc.[lnC*{X)] C ZB[ln/i(X)]. (2.4) 

Now let ZB{g) C Zefln B{X)\, then Zeig) = Zeif) for some / e I n B{X), 
then by [IE, [18] ] 3 u e C*{X) such that / u = (/ V 1) A - L Then, 
fu e C*(X) ^ fu e in C*{X). 
Since u is a unit of C*{X), 

Zsif) = Zeifu) ^ Zc^ifu) C Zc'[ln C*{X)] 

Hence, Zeiln B{X)] C Zc'[lnC*{X)] (2.5) 

Thus from eqn[2.4] and [2.5] we have 

Zc.[inc*{X)] = ZB[inB{X)]. 

Now we show that ZA[I] = Zc-ln C*{X)]. 

Let / G I and consider E e Z^if), then 3 g E A(X) such that /^l^c = L 

Let h = fq and u = —. Clearly, 

ueC*{X) and /iu = ^^^eC*(X) ^hu = fgu. 
l + ifgf 

Hence, hu\E- = 1 implies that E e Zc'{hu). Therefore, ZA[I] C Zc-ln C*{X). 
On the other hand, if 

Zc-{f)QZc-[lnC*{X)], 

then 
Zc'if) = Zc'{g) for some 3 e i n C"(X), 
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which implies that g E I 

So, Zc^ig) C ZA[I] =>Zc^In C*iX)] C ZA[I]. 

Hence ZA[I] ^ Zc-I nC*{X)] • 

Theorem 2.4.2. (i) If M is a maximal ideal in A{X), then ZA[M] is 
contained in a unique z-ultrafilter. 

(ii) If T is a z-ultrafilter on X, then Z^[J^] is a maximal ideal in A{X). 
In particular, the map Z^ induces a bijection from the set of maximal 
ideals of A{X) onto the set of z-ultrafilters on X. 

Proof (i) Let M be a maximal ideal in A{X), then ZA[M] is a z-ultrafilter 
on X. Let T be the 2-ultrafilter on X , such that ZA[M] C T. Also, 
there exists a maximal ideal M in C{X) such that N = Z'~[.F],then 

Z[N] = Z[Z-[J^]] =7^. 

Since M is maximal, so M = ZA^[ZA[M]] C ZA^[Z[N]]. 

So, M c ZA^[Z[N]] C A{X) and by maximality of M, 
either M = ZA^[Z[N]] or ZA^[Z[N]] = A{X). 
But 1 ^ Z4'~[Z[A'']] otherwise (p G Z[N] and this is not possible. 
Thus, M = ZA^[Z[N]]. NOW by Lemma [2.4.1], 

ZA-[Z[N]] D ZA-[ZC[N]] = ZA^[ZA[Nn Aix)]] DNnAixy 

Thus A'' n A{X) C M, which implies that 

ZA[N] = ZA{N n A{X)] C ZA[M]. 

Now J^=Z[N]D ZA[M] and Zc[N] C ZA[M] C Z[N]. 

We claim that Z[N] uniquely contains ZA[M]. 

Suppose there exists another maximal ideal 0 of C(X) such that ZA[M] C 
Z[0], then by repeating the above procedure we get 

Zc[0] C ZA[M] C Z[0] 

So any zero-set E E Z[0] intersects every member of ZA[M] and hence 
also intersects every member of Zc\N]. Thus E intersects with every 
member of Z[N] and Z[N] is a 2-uItrafiltcr implies that E e Z[N\ ^ 
Z[0] C Z[N]. Hence, the maximahty of O and the fact that Z[0\ is a 
2-ultrafilter implies that Z[0] = Z[N]. 
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(ii) For each 2:-ultrafilter T ,T = 'Z\^\ for some maximal ideal O in C{X). 
So by Lemma [2.4.1] 

Z^\T\ - Zjr\Z\N\\ D Zjr\Zc\N\\ = ZA'-[Z4N n A{X)]] DNn A{X) 

Let M be a maximal ideal of A{X) such that N n A(X) C M. Then 
Zc[N] = ZA[NnA{X)]CZA[M]. 
Now let O be a maximal ideal of A{X) such that ZA[M] C Z[0], 
where Z[0] = T is the unique 2-ultrafilter containing ZA[M]. Then 
proceeding similarly as in (i), we get 

Zc[0] C ZA[M] and Z[0] = Z[N]. 

Since M C ^^^[^[iV]], so by maximality of M, M = Z^*"[Z[A ]̂] = 
Z*^\T\. Hence Z^[J^] is a maximal ideal in A{X). 

D 

Note 2.4.3. It follows from Theorem [2.4.2] that the map Z^ induces a 
bijection from the set of maximal ideals of A{X) onto the set of z-ultrafilters 
on X, with the following association. 

M — > T D Z A [ M ] and T —> Z^X \T\ 

under ZA with usual meanings of the symbols used. 

Let /i(A) be the collection of all maximal ideals in i4(X), 

i.e., /x(^) = {M^l p G/5X}. 

We topologize the collection with hull-kernel topology [7M,[18]] by consider­
ing the collection Mf — {M\ € /((/1)|/ G M^j^ as a base for the closed sets 
for each / G A{X). 

Remark 2.4.4. The sot of z-ultrafiltcrs on X endowed with the Stone-
Topology (hull-kernel)is (5X. 

Remark 2.4.5. For p G /?X, limZ^[M^] = p 

Remark 2.4.6. The set \i{A) of all maximal ideals of A{X) endowed with 
Stone-topology is homeomorphic to /?X. 

Notation 2.4.7. For a filter T on X, we write S\T\ for the set of cluster 
points of T in /?X 

I.e., S\T]=^{ck,^E\E^T} 
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There is an analogue of the Gelfand-Kolmogoroff theorem [Theorem 1.6.8] 
in A{X). 

Theorem 2.4.8. Let M^ be the maximal ideal of A{X) corresponding to the 
point pofpX. Then M^ = {f E AiX)\p e S[ZA{f)]}. 

Proof. Since M^ is a ^-ideal, so / G M^ iff Z A ( / ) C ZA[M^]. Let / € M^. 
Then ZA[M^] C j ^ , where T converges to p. So, ZA[M^] converges to p, 
which impHes that p E S[ZA[M^]] and ZA{f) Q ZA[M^] ^pE 5 ' [ Z A ( / ) ] D 

ZAif). 
On the other hand, p E S[ZA{f)] ^ ZA[MI] D ZA{f) ^ f E M^. 

Hence Ml = {f E A{X)\p E 5 [ 2 A ( / ) ] } . • 

We shall record some more characterizations. 

Proposition 2.4.9. M^ = {/ G A{X)\\\mz^[M'']fh = 0 for every h E 
A{X)]. 

Proof. (=>) Let / E M\. Then, fh E M^ for every h E A{X), which gives 
ZAifh) C ZA[M^A]- Further, lim2^(/^) / / i = 0 ^ lim2^[M^] fh = 0, 

{<F=) If hm^ ĵjv^P] / / i = 0 for every h E A{X) then by Lemma [2.2.10] 

2 A ( / ) Q ZA[MI] ^ f E Ml as M^is & (i - ideal. 

D 

Let A(X) and B{X) be subrings of C(X) that contain C*(X), then 

Remark 2.4.10. / /(^) and /[x(5) are in one to one correspondence with the 
points oi fix. 

Proof Let M E //(A), then by Theorem [2.4.2] ZA[M] is contained in a 
unique z-ultrafilter J^ which corresponds to a unique point p in (3X to which 
it converges. 
Conversely, for each p there exists a unique z-ultrafilter J^ converging to p 
and M = Z^^[j'^]. Hence there is a one to one correspondence. The same 
argument holds for IJ.{B). D 

Remark 2.4.11. pi{A) and n{B) are in one to one correspondence. 

Proof. Let M\ E p^{A), p E pX, then this p is identified with the maximal 
ideal M^ oi p,{B) and vice-versa. Hence the identification M^ <—> M^. D 
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Notation 2.4.12. Zp\M\ denotes the unique 2-ultrafilter containing ZA[M]. 

Theorem 2.4.13. Let A{X) and B{X) be subrings of C(X) that contain 
C*{X) and let M be a maximal ideal in A{X). The map M —> ZB^[Zy^[M]] 
gives a homomorphism between the spaces /u(A) and IJ,{B) with the hull-
kernel topology. Moreover, under this map free ideals map to free ideals and 
fixed ideals map to fixed ideals 

Proof By Theorem [2.4.10] fj,{A) is homeomorphic to PX and PX is home-
omorphic to fj.{B), hence fJ.{A) is homeomorphic to /i(B). D 

To study further the relationship between M^ and MQ for cUfferont sub-
rings A(X) and B(X), Byun and Watson in [7] considered the extension of 
functions to 0X. Every / e A{X) may be regarded as map into the one-point 
compactification R* = Mujoo} and so has a Stone extension /* : l3X —> M*. 

Definition 2.4.14. Let a E K, where K is a totally ordered field, then a is 
infinitely small (large) if a < - (> - ) Vn G N. 

Theorem 2.4.15. Let f G A{X) 

(i) f*{p) = oo iff |M^( / ) | is infinitely large. 

(ii) f*{p) = r iff |M^( / ) — r\ is either infinitely small or zero. 

Proof (i) If /*(p) = oc, then for each n G M, p is the closure of the sets 
En = {x e X : \f{x)\ > n], for if p ^ clEn for some n G N, then there 
exists some neighbourhood Nr{p) of p such that Nr{p) H E„ = ^ and 
f*{x) < n for all x G Nr{p). In particular /*(p) < n, and this is a 
contradiction. 
Now En = Z{gn) where g„ = (|/(a;)| - n) A 0. 
Thus p is a cluster point of Z^(3„). By Theorem [2.4.8] gn G M^ and 
so ZA{gn) Q ZA[M^]. Clearly, each £•„ G Z^ign-i) for n > 2 and thus 
En G ZA[M^] Vn > 2. By Theorem [2.3.15] |M^( / ) | is infinitely large. 

On the other hand, if \M^\ is infinitely large, then for each n G N 3 a; G 
X such that f{x) > n. So, /*(p) > n Vn => /*(p) = oo. 

(ii) If f*{p) = r, then | M P ( / ) - r\ < ^ for each n G N, so that |M^( / ) - r\ 
is infinitely small or zero. 
The converse follows from the fact that the posibilities considered are 
mutually exclusive and exhaustive. 

D 
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Corollary 2.4.16. Let B{X) C A{X). Then M^ is the set of all f E B{X) 
for which |M^( / ) | is infinitely small or zero 

Proof Since BiX) C / l (X), so / G Mg ^ y e M^ ^ M^{f) = 0. 
If |M^( / ) | is infinitely small or zero then /*(p) = 0 => / G M^ by Theorem 
[2.4.15]. D 

Corollary 2.4.17. Let B{X) C A{X). Then M^ is hyper-real iff M'^ con­
tains a unit of A{X). 

Proof. If M^ is hyper-real, then there exists / 6 A{X) such that / > 1 and 
|M^( / ) | is infinitely large [2.3.15]. So,g~^ < i implies that \M^{g-^)\ < 
^ Vn. By Corollary [2.4.16] / "^ e M^ 
Conversely, let u G M^ such that u is a unit of A{X), By Corollary [2.4.16] 
|M^(u)| is infinitely small or zero, then |M^u~^| is infinitely large, hence M^ 
is hyper-real. D 

Corollary 2.4.18. Let B{X) C A{X). Then M^ n B{X) = Mg iff M^ is 
real. 

Proof This can be equivalently expressed as M^ n B{X) ^ M^ iff M^ is 
hyper-real. By Corollary [2.4.17] M^ is hyper-real iff Mg contains a unit of 
A{X), so there exists a G Mg such that u is a unit oi A{X), which implies 
u ^ M^, as M^ is a maximal ideal. 
By Corollary [2.4.16], the converse holds as well. D 

2.5 The Ideals O^ 

In this section we survey the analogue in A{X) of the ideals O^ defined in [18] 
for C{X) as shown in [7], where they have shown that Z^ does not distinguish 
between prime ideals contained in a given maximal ideal in A{X). 

Definition 2 .5 .1 . For each p G f3X, we define O^ as follows 
0 ^ = { / G / l ( X ) | p G l n t 5 [ Z ^ ( / ) ] } 

Remark 2.5.2. O^ is an ideal. 

Note 2.5.3. If / is bounded function on X, then / has a continuous extension 
/ ^ to pX. 

Proof This follows from Stone-Cech Compactification Theorem [1.6.2]. D 
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Thus from the continuity of / and the fact that Hm ZAIM^] = p, we have 

Note 2.5.4. If / € M^, then f{p) = 0 

Proof, life Ml then Z A ( / ) Q ZA[MI\. By Lemma [2.2.10] 

hm / = 0, =^ hm / = 0 =;> fHp) = 0. 

a 
Remark 2.5.5. O^ C M^ 

Proof Let / G O^. Then p e Int 5[Z4(/)] C 5[Z^(/)] =4> / 6 M^. D 

Theorem 2.5.6. ZA[0^A] = ^AWI] for all p E pX 

Proof Let Z ^ ( / ) C Z^[0^] . Then, 

2 4 ( / ) = ZA{9) for some 9 € O^ C M^. 

By Remark [2.5.5], ZA{9) Q ZA[MI] which imphes that Z ^ ( / ) = ZA{g) Q 
ZAW^]. 
Again, let Z ^ ( / ) C ^^[M^]. Then / G M^, without loss of generality, 
assume that / is bounded. By Note [2.5.3] it has a continuous extension f^, 
with f^ip) = 0. 
Now let E G 2A{f), then there exists g G A{X) such that fg\E'= = 1- Since 
{p} and i?'̂  are completely separated in PX by complete regularity of PX, 
there exists a zero-set neighbourhood K of p and ho G C{PX) such that 
ho{x) = 0 for X G K and /io(£;'̂ ) = L 
Let h = h\x. So, ^(/i) DVHX, 

then c W ^(^) 3 cW(V^ n X) = cl/̂ x V n cl^x X = dpx V D V. 

Also, E G 2^( /0 ^ E D Z{h) => dpx E D cl/jx Z{h) D K 

So, Vcf]{d0xE\EeZA{h)} =S[ZAih)]. 

Since p G Int K C 5[Z^(/i)] =» /i G O^ as /iĵ jc = 1 

it imphes that E G ZA( /0> and Z^( / ) C Z^(/i) C Z^[0^] . 

Hence Z^[0^] = Z^[Mj5]. D 
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So the preceeding theorem yields that Z^ is not sensitive enough to dif­
ferentiate between the ideals 0\ and the maximal ideals containing it. The 
characterization of spaces X, which have the property that every ideal 0\ is 
prime and also the spaces X which have the property that every ideal 0\ is 
maximal, is recorded here. 

Definition 2.5.7. A completely regular space X is called a F-space if every 
prime ideal in C{X) is maximal. 

We shall note an important result by D. Plank in [27]. 

Theorem 2.5.8. The following are equivalent for any subring A[X) of C(X) 

(i) M^^ = 0'^forpePX. 

(ii) Every prime ideal in A(X) is maximal. 

Proof, (i) =» (ii) Since every ideal of the form O^ is an intersection of 
prime ideals in A(X) [18], so the result follows trivially. 
(M) =» (i) This follows since a prime ideal P in ^ ( X ) is contained in M^ 
iff P contains O^. D 

L e m m a 2.5.9. f^\p) = 0 for every p G 5[Z^(/)] 

Proof We know f^{p) = hm^^jM^j /• 

Now let p e S[ZAif)]. Then / G M^ ^ Z^f) C Z^[M^]. 

So 0 = l i m / - hm / = / ' ' (p) . 

Hence, /^(p) = 0. D 

Theorem 2.5.10. If M\ = O^ for every p G X, then every zero-set of X is 
open. 

Proof Let Z(f) be a zero-set of X, where / G C(X). 
We claim that f{p) — 0 => f{V) = 0, for some neighborhood V of p. Now 
/(p) = 0 =^ pe z(f) CE ^Ee ZAU)-

So, p G f l E ^ p e Int S\Zj,{f)] ^feO^^ = M% 
Eez^if) 

Let V G Int S[ZAif)] and let qeV, then f^iq) = 0. So, p G K C Z{f). 
Hence Z{f) is open in X. D 
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Corollary 2.5.11. X is a P-space iff every zero-set of X is open. 

Proof. Neccesity follows from Theorem [2.5.10]. 
Conversely, O^ C M^ follows from Remark [2.5.5]. On the other hand, if 
/ € M^, then p G S'[Z^(/)]. Since every zero-set of X is open, so p G 
Int S[ZA{f)] impHes that / G O^. Hence, 0\ = M^ and the result follows 
from Theorem [2.5.8]. • 

Example 2.5.12. Every discrete space is a /-"-space. 

Theorem 2.5.13. Let A{X) be any subring of C(X). If every prime ideal 
in A(X) is maximal, then X is a P-space. 

Proof. By Remark [2.5.5], if every prime ideal in A{X) is maximal, then 
M^ = 0\, so by Theorem [2.5.10], every zero-set of X is open and finally by 
Corollary [2.5.11] X is a P-space. • 

Remark 2.5.14. Converse of Theorem [2.5.13] is not true. 

Proof. Clearly N is a P-space as it is discrete. 
Let A{X) = C*(N). But M^ ^ O^ for p G /3N \ N [p.48, [27]]. D 

2.6 Intersections of free maximal ideals 

In this section we shall study the generalizations of the results on intersections 
of maximal ideals known for C(X) and C*(X) to A{X). 

Notation 2.6.1. AF{X) = M^ ,i.e., the intersection of free meiximal ide-
pe0X\x 

als in A{X), where F signifies that the maximal ideals concerned are all 
free. 

Theorem 2.6.2. If B{X) C A{X), then Ap{X) C Bjp{X). 

Proof Let / G A^(X), then / G M^ forall pE(3X\X. 

This implies thatZA(/) Q ZA[M^] ^p e pX \ X. 

Since every Z^[M^] is contained in a unique maximal z-ultrafilter, so let T^ 
be the free z-ultrafilter containing Z^[M^]. 
Further, B{X) C ^ ( X ) =^ Z B ( / ) C Z ^ ( / ) . 

So, 2 B ( / ) C 2 ^ ( / ) C Z^[M^] C JTP ^f^zB'-[J^] V p G / ? X \ X . 

By Theorem [2.4.13] ZB^[TP] = M^, so / G BF{X). 

Thus AF(X) C BF{X). D 
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Definition 2.6.3. Let / G C(X), then the support of the function / G C(X) 
is the set c\x{X \ Z{f)) 

Notation 2.6.4. 

Cc{X) = {fe C{X)\ clx{X \ Z{f)) is compact} 

We shall record an analogous result for ^ ( X ) which is well known for the 
case of C(X). 

Lemma 2.6.5. Let I be an ideal in A{X). Then I is free iff for every compact 
set K C X, there exists f E I such that Z[f) f) K ^ (f). 

Proof Let us suppose that l i s free, i.e., Z{f) = 0. Suppose, K is a. compact 

set in X such that Z{f) f\ K ^ (f) ioi every / e l 

Since Z{f) = p | Z ^ ( / ) , so £ n K 7̂  </>, for every E e ZA[I\- (2.6) 

Now, Z/i\I\ is a z-filter, so the collection p = {Er[K\E € 2^/i[/]} is a collection 
of closed sets in K with finite intersection property by (2.6). Since K is 
compact and X is 7\, so every closed subset of K is compact and hence by 
the compactness of /C, H P ^ Pl-̂ /̂if-̂ ] = Pl'^l^]-
Hence, the neccesity holds. 
For sufficiency, suppose I is fixed and consider /; = n { Z ( / ) | / G J}, then 
p ^ (j). Let K Q p such that K is compact. Such a K exists as finite sets are 
compact. Clearly, K n Z{f) ^ <i) Mf el. Hence the result. D 

Lemma 2.6.6 (pg. 109, [18], 5.3, [7]). 

Cc{X) = {f e C*{X)\Z/ix{f^) is a neighbourhood of 0X \ X}. 

Theorem 2.6.7. The intersection of the free ideals in any A(X) is Cc{X) 

Proof. Let Ip denote the intersection of all free ideals in A(X). Let / G IF-
We first observe that O^ is free whenever p G PX \ X, 

for ^ Z M = {^Z{f)C f | c l Z ( / ) = p 
/eo^ /eOP /eop 

So, pe0X\X ^ p G c l Z ( / ) \ Z ( / ) = > p ^ Z ( / ) V / G O ^ . 

Hence, f] Z^if) = 4>-
feo\ 
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Now, f elp =^ f eO^^\/pepx\x => p e int 5[z^(/)] Vp e /3X \ X 
^ pX\XClnt S[ZAif)] 

Thus, f{p) = 0 V p e Int S[ZA{f)] by Lemma[2.5.9]. 

Also, Z{f^) is a compact set in PX such that Z( /^) D In t5[Z^( / ) ] D 

So, by Lemma [2.6.6] / G Cc{X) impHes that /^ C CdX). 
On the other hand, let / € Cc{X) =^ {X \ Z{f)) is compact. 

X 

Let I be a free ideal in A{X), then by Lemma [2.6.5] there exists g E I such 
that 

Z{g)nX\Z{f) = (/> => Z{g) C X \ Z{f) C Z ( / ) 

This imphes that Z(f) is a neighbourhood of Z{g). Define h as 

' ' \ 0 I € 2 ( / ) 
The continuity of /i follows from Pasting Lemma, for I n t Z ( / ) and Z{f) 

are closed in X, I n t Z ( / ) U Z{f) = X, /i|intz(/), ^U(/) -̂re continuous and 
whenever x e Int Z{f) D Z{f), then /i(a;) = 0. So A e C*{X) and 

/ = /i^ ^ f e I, so f e IF-

D 

We now consider the intersection of the free maximal ideals in A{X). 

Definition 2.6.8. A set £• C X is small if every zero set contained in E is 
compact. 

Example 2.6.9. If X is a finite space, then every subset of X is compact. 

Notation 2,6.10. Let JC = {E C Z[X]\ E^ is small} and AK{X) = {/ € 
A{X)\Zj,{J) C K]. 

In this context we shall record a theorem originally due to Redlin and 
Watson [28]. 

Theorem 2.6.11. 

AK{X) = i[]{Ml:vE(3X\X). 
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Proof. Let / G AK{X). If T is any z-ultrafilter on X such that 2 ^ ( / ) ^ ^ , 
then there exists E e ZA{f)\J^ and F e j ' ^ \ Z4 ( / ) , such that EnF = 
(j) and hence F C E*̂ . By the above characterization of Aji{X) Notation 
[2.6.10], F is compact. Since every element of J^ intersects with F so by 
compactness of F , F r\ T ^ cj) impUes T is fixed . So E does not belong 
to any fixed 2-ultrafilter and since E was chosen arbitrarily, so ZA{f) is 
contained in every free z-ultrafilter. 

i.e., Z ^ ( / ) C Z ^ [ M ^ ] V p e / ? X \ X ^feMl\/pe(5X\X 

Conversely, if / G M^ Vp G ^ X \ X then Z ^ ( / ) C ZAWI] ^ ^A[M^AI 

i.e., / belongs to every free z-ultrafilter (*) 
We claim that ZAU) Q /C. On the contrarary suppose E G ZA{f) such that E ^ 
/C. Then E"^ must contain a noncompact zero-set F. Since E U F D E G 
ZAU) this implies that EUF e ZA{f). By (*),_£;uF belongs to every 
free z-ultrafilter Z^[M^], which implies that F ^ Z^fM^] for F n F = (/>. 
This is a contradiction for every non-compact set must belong to some free 
2-ultrafilter. Thus F G /C and hence / G AK{X). D 

Definition 2.6.12. A collection T of subsets of X is called Tl-stable if every 
/ G y4(X) is bounded on some member of T. 

Theorem 2.6.13. The space X is A-cornpact if} euery A-stable z-ultrafilter 
on X converges. 

Proof. Let us suppose that X is /1-compact and if possible let j ^ be a 2-
ultrafilter on X that do not converge. Then {dflx F\F E J^} is a 2-ultrafilter 
on /?X, for X is dense in /?X, cl(Zi n Z^) = clZi nc lZ2 and cl^x F is a 
zero-set in (3X. So, there exists p G 0X \ X which is a limit of J-. We 
know that ZA[M^] also converges to p, so ZA[M^] C T. Otherwise, if there 
exists ZA[M^] D ZA[M^], such that ZA[M^] ^ T. Since ZA[M^^ converges 
to p, so two distinct 2-ultrafilters converge to p, which is a contradiction. 
Now, X is y4-compact and the ideal M^ is free, so it is hyper-real. There­
fore, there exists / G ^ ( X ) such that \M\{f)\ is infinitely large, which yields 
Z^EZAW^ VnGN. 
Let F E T, then F n Z^ ^ (j) Vn G N implies / [F] > n Vn G N. Since 
F was arbitrarily chosen, so the result holds for all F ^T. This contradicts 
that T is y4-stable. Hence T must converge. 

Conversely, suppose that X is not /1-compact, then there exists a real free 
maximal ideal M% pe PX\X. So, M^{f) is finite for all / G A{X). By 
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Theorem [2.3.15] / is bounded on some member of Z^[M^]. Since ZA[M^] C 

ZA[M^] and Z^[M^] is A-stable such that it doesn't converge in X , hence 
the result follows. • 

Lemma 2.6.14. If X is A-compact, then f e A{X) has compact support iff 
ZAU) C /C 

Proof. Suppose / G M^) has a compact support, then cl^ ( ^ \ Z{f)) is 
compact. Let E G Z^if), then there exists g E A{X) such that fgls-^ — 1-
Since E D Z{f), so E^ C X \ Z{f) C cl(X \ Z ( / ) ) . Thus cl E^ is closed and 
hence compact. Let F be a zero-set in E'^, then F C E^ C c\F^. Since every 
zero-set is closed, hence it is compact. Thus E E IC. 

Conversely, if / has non-compact support, then c\x{X \ Z{f)) is non-
compact, so it is not closed in (3X 

Now c\0x{X \ Z{f)) \ c\x{X \ Z{f)) ^ 0 ,so p G cl^x(X \ Z{f)) \ X 

So, M^ is free and by /4-compactness of X, M^ is hyper-real. So, there exists 
g G A{X) such that M'^{g) is infinitely large. Hence by Theorem [2.4.15] 
g*{p) = oo, i.e., g is unbounded on X \ Z{f). It is well known [18] that X \ 
Z{f) contains a non-compact set E such that E and Z{f) are completely sep­
arated. As completely separated sets are contained in disjoint zero set neigh­
bourhoods [Theorem 1.1.18], so E C 17 and Z{f) C V such that [/ n K = (/>. 
Since Z^if) is a z-ultrafilter (as / is not invertible), so V G Z^U) but V^ D 
E such that E is noncompact, so V ^ IC imphes that Z^if) ^ /C. D 

Acharya, Chattopadhyay and Ghosh [1] have given a useful characterisa­
tion of j4-compactness. 

Theorem 2.6.15 (3.2, [1]). A space X is A-compact iff for every p in 
j3X \ X, there exists an f in C*(X) such that f is a unit of A and f^{p) = 0 
(or equivalently X is A-compact iff for every p in f5X \X, there exists a unit 
g of A such that g~^ G C*{X) and g*{p) = ooj. 

2.7 Intersections of maximal ideals in alge­
bras between C*{X) and C(X) 

In this section we include some more results about intersection of free maxi­
mal ideals in subalgebras. We end this section by quoting a counterexample 
to a thoerem [Theorem 5.8, [7]] of Byun and Watson. Most of the results 
recorded are due to Dominguez and Perez in [11, 1]. 
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Nota t i on 2 .7 .1 . C*{X)[f] = Y.9xh • 9t ^ <^*(^). " = 0,1,2,.. . . It is also 

known as the singly generated algebra generated by ' / ' . 

The following remark also serves as an example of a proper intermediate 
algebra. 

Reiiicirk 2.7.2. It is the smallest intermediate algebra containing / . 

Proof. Let A{X) be any intermediate algebra containing / . Consider g e 

C*(X)[f] then g = E5» /„ for some neN, g,e C*{X) ior 1 < z < n. 
r=0 

Since C*{X) C A{X) and / G A{X), g € A{X). Hence, any intermediate 
algebra containing / contains C*(X)[f]. D 

No ta t i on 2.7.3. C{vfX), denotes the largest subset oi PX to which / can 
be continuously extended. 

R e m a r k 2.7.4. C*{X)[f] C C{vfX) as f e C{vfX). 

We know that A{X) is an absolutely convex subalgebra of C(X) by 
Proposition[2.2.3] and a sublattice of C(X). Some interesting results have 
been shown to be true because of this property 

R e m a r k 2.7.5. Let c be a real number, c > 1. Every singly generated 
intermediate algebra on X is C*{X)[f] for some f > c. 

Proof. Let A{X) be a singly generated intermediate algebra. It is enough to 
show that g E A{X) iff |.9| + c e A{X), 

for then C*{X)[g] = C*{X)[\g\ + c] = C*{X)[f] where f > c. 

Now g e A{X) implies -g e A{X) and \g\ = ^ V ( - g ) . Since A{X) is a 
lattice by Corollary [2.2.2], so l̂ l e A{X) implies \g\ + c e A{X) for c e 
C*{X). The other implication is clear. D 

R e m a r k 2.7.6. If / > c > 1 for some c e M, then C*{X)[f] ^ {g E C(X) : 
1̂1 < /*̂  for some A; G N} 

Proof Let g e C(X) such that \g\ < f" for some fc G N. Then, /'= G 
C*{X)[f] implies that g G C*{X)[f] by absolute convexity of C*{X)[f]. On 
the other hand, if 9 G C*{X)[f], then there exists go,gi, •••,9n € C*{X) 
such that g = J29ifi ^or some n G N. 

1=0 

For each t, g^ G C*{X)[f] imphes \gi\ < rn for some m G M, but m < /'* 
for some k EN as / > L 
Let k = n X max{^o, I2,..., /„}, clearly, |^| < /*. D 
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Remark 1.1.1. Every finitely generated intermediate algebra is singly gen­
erated. Explicitly, C*(X)[/i , /2,. . . , /n] = C*(X)[|/i | + |/2| + ... + | /„ | ] , for 
any n G N. 

Prool We have/ , € C*{X)\\h\ + I/2I + ... + |/„|] =^ | / , | € C*(X)[|/i | + IM + ... + | /„ | 
where 1 < z < n. 

i.e., l/il + I/2I + ... + l/nl e C*(X)[|/i | + I/2I + ... + |/n|] (2.7) 

Also, 

| / i | < [ | / i | + |/2| + ... + |/„|] =^/ i€C*(X)[ | / i | + |/2| + ... + |/„|] V l < i < n 
(2.8) 

Thus from Equations [2.7] and [2.8], we have 

C*(^)[/l,/2,..,/n] = C\X)\\h\ + I/2I + ... + |/„|] 

D 

Notation 2.7.8. t/(>l) denotes the set of all units in A{X) 

Remark 2.7.9. If A{X) = C*(X)[/] for some / > c > 1, then the multi-

phcatively closed subset SA is given by 5^ = {g e C*(X) : |g| > -— for some n G 
/ " 

N}. 

Prooj. Now, / > c > 1 implies Z ( / ) = Z( / " ) = 4>. For, g e C*{X)[f] if 

\g\ > - ^ for some n e N, then ^(3) = Z{^) = 0 ^ c/ G [/(^) n C*{X). 

On the other hand, if f̂ G U{A) n C*(X), then Z{g) = (j) and let m = |g| 7̂  0. 

Since / > c > 1, for some n G N / " > ^ imphes that — < m = |g|. Hence 

the equality follows. D 

Proposition 2.7.10. Let f G C{X), A{X) = C*{X)[f] and E G Z(X), 
then the following conditions are equivalent 

(i) E G Z^if) 

(ii) E D E^{f) for some e > 0. 

Proof {ii => i) It follows from Remark [2.2.14] that, E,{f) C Z^ ( / ) for 
every e > 0, so f\Ec{fy is locally invertible and 

E D E^{f), implies that E^{fY D £"̂ , implies /|£;c is locally invertible on E^{fY 
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Hence, E e ZAU). 

{i =^ a) Let E G Zj^[j) and let us supose that (ii) fails. So, for each e > 
0, /*"(—e, e)r\ E'^ ^ 4>. For each n, we choose x„ e E"̂  such that |/(a^n)l < 
i . Consequently, for the sequence (a:„)„gN in E^,/(x„) € ("^i^) ^'^ ^ 
N implies that lim /(a;„) = 0. 

n—>oo 

Now, let D = {x-i,x-2, •-.} and Dfc = {xfcjXfc+i,...}, A; e N. 
But D C E'^ implies that D D Z{f) = (p. So, f{D) is non-compact. Other­
wise f{D) is compact implies that f{D) is closed and bounded in R. So 0 is a 
limit point of J{D) imphes that 0 € J{D), a contradiction as Df^ Z{f) = (j). 
So D must be non-compact as / is continuous. Hence, D is not closed in 

px. 
Let p e clpxD \ D then p e cl/jx ^fc, as every neighbourhood of p must 

intersect D at infinitely many points. Further, / is continuous implies that 
I{F) C / ( F ) forall F cX. 
So, /[cl/3x Dk] C CIR. /(Dfc) gives /*(p) e clR./(Dfe), where R* is the one-
point compactification of R. Since this is true for each /c e N, 

so /*(p) e f|clR. /(Dfc) = C 1 R . ( - ^ , \) = 0. 

Since 75 € Z ^ ( / ) , there exists g € F(X) such that fg = I on E"^ and /*(p) = 0. 

which gives p G f / (X) , the realcompactification of X for / . 
So, by Remark [2.7.2] f,ge C{vfX) D F , which implies (/^)*(p) = r{p)g*{p) = 
0. But l-{fg) = 1 on D, so (/.g)* must be 1 on clgx F) as fg is continuous. 
Hence (fg)*{p) = L This is a contradiction to the fact that E G ZAU)- • 

Corollary 2.7.11. F G Z^if) implies that E is a zero set neighbourhood of 

Z{I). 

Proof. This follows from the fact that Z{f) C {x e X : f{x)g{x) ^ I] Q 
E. U 

Remark 2.7.12. The converse need not be true. 

'O ifn = 0 

i i fn^ l . 
Since X is discrete so Z{f) is a neighbourhood of itself. But {0} ^ Zc-{f), 

as the function / , given by f{n) = n is not in Zc-{f)- • 

Proof. Let X = N and define a function / as / (n ) = 

We now look at some more properties of intersections of free maximal 
ideals. 
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Proposition 2.7.13. 

CK{X) C C{X)P CApC C*{X)j, = C^{X) 

Proof. It is well known that C^{X) = C*(X)^[18]. Let / G CK{X) and 

pepx\x. 
By Theorem [1.6.8], p e cl^x Z{f) -^ J e MP ^ / G C{X)F. SO, 

CK{X) C C{X)F. 

Let fi(-^) be an intermediate algebra containing A{X). Since / G M^ =^ 
/*(p) = 0, for / G Ap, rip) = 0 \fp e PX\X => / G Coo(X) C 
C*(X)^. SO AF C C * ( X ) ^ . li f e BF and p G /3X \ X and also 
/ G C*{X)j, C /1(X) => / G M^ n yi(X) C M ^ . Thus B F Q ^ F - Hence 
the result follows. D 

We shall record few results taking into account SA~^{C*{X)), where 5^ = 

u{A)nc*{x). 

Lemma 2.7.14. Let A{X) be an intermediate algebra onX and SA = U(A)n 
C*{X). Then A{X) = {/ G C(X) : | / | < | i | / o r som.e g G SA} 

Proof. Suppose / G C(X) such that | / | < | - | for some g G SA- Now 

- G 5^. Since A{X) is absolutely convex, / G A{X). 

Conversely, let / G A{X), then /^ G A{X) and 1+/^ G /l(X) implies ^ ^ G 

(7*(X) n [/(/I) = 5A. NOW | / | < 1 + / 2 = | ^ | . Hence the equality 

holds. D 

We shall state here a new description of the zero-sets in ZA{f). 

Notation 2.7.15. 

E,{f) = {xeX: \f{x)\ < \g{x)\} 

and 
E^{f) = {xeX:\f{x)\>\g{x)\} 

Remark 2.7.16. Eg{f) and /?»(/) are zero-sets, for Eg{f) = Z{{g- / ) AO) 
and£;3(/) = Z ( ( / - 9 ) A 0 ) 

Proposition 2.7.17. Let A(X) be an intermediate algebra on X, E E Z(X) 
and f G A{X). The following conditions are equivalent. 

(i) E G ZA(f) 
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(ii) I/I > Ifl'l on E", for some g E SA 

(iii) E D Eg{f) for some g E SA 

Proof. (̂  => ii) Let E G ZA{f), then there exists g G A{X) such that fgls'' = 
1. Now g G A{X) impHes that 1̂1 < |^| for some h G 5^1. This imphes that 
| - | = i^ > \h\ on E'' But I/I = | i | on E" imphes that I/I > \h\, h E SA on 

{II) =» (i) Suppose I/I > |g| on E'^ for some g E SA, then E G ZA{()) 

as r̂ is a unit of A{X), so \g\ < \f\ imphes that -Z^(^) Q 2^A{f)- Thus 
E E ZAif). 

(ii) =» {m) Let F = {x E X \f{x)\ < |g(x)|}, then, F C E. Let 
^G 5 A , S O Z ( 5 ) = ( / )andle tG= { X G X : |/(a;)| < | | ^ (x ) | } , then £; D Ei{f) 
and ^g E SA- Let k = 1^, then k E SA and E D E^if)-

{ill) =^ (ii) Suppose £" D Eg{f) for some y G 5^1, then F C E. 
Let X G E'̂ , then ET\ F = cj), so that | / (x) | > |^(x)|. D 

Definition 2.7.18. Let E be a subset of X. Then E is said to be small set 
if every zero-set contained in E is compact. 

We can further characterize IC = {E c Z[X] \ E^ is small} and Ax{X) 
as shown by Dominguez and Perez m [11]. 

Remark 2.7.19. 
ZA-{IC) = {AF^\PEPX\X} 

The foUwmg result is due to Dominguez, Gomez Perez [10] is an imme­
diate consequence of the properties of rings of fractions [L3, [9]]. 

Theorem 2.7.20. Let A{X) be an intermediate algebra between C*{X) and 
C{X), and SA = U{A) n C*{X) 

(i) The map IA • s^ecA{X) —>• spec C*{X), that sends P m specA{X) 
to P n C*{X), induces an homeomorphism between spec A{X) and 
the subspace of spec C*{X) consisting of those pnme ideals m C*{X) 
which do not cut SA-

(li) Every pnme ideal P m A{X) is absolutely convex, the quotient ring 
A{X)/P IS totally ordered, and the canonical morphism A{X) —> A{X)/P 
IS order preserving 
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(iii) The prime ideals in A (X) containing a given prime ideal form a chain. 
Hence, every prime ideal in A{X) is contained in a unique maximal 
ideal. 

(iv) MaxA{X) is a compact Hausdorff space, and the map X —> spec A{X), 
that sends x E X to MA" = {/ € ^ ( ^ ) : f{x) = 0}, establishes an 
homeomorphism between X and a dense subspace ofMaxA{X). 

Proof. (i) It follows trivially from the properties of rings of fractions. 

(ii) Let P be a prime ideal in A{X) and P = P n C*{X). Then by the 
property of rings of fractions P = 5^"^ P . We claim that P is absolutely 
convex. 
Let / and g be two functions in A{X) such that | / | < \g\ with g E P. 

Then 1/(1 + g')-'\ < 1̂ (1 + g^y'l and 5(1 + g')'' e P 

Since P is absolutely convex in C*{X) by Theorem [1.4.16], so / ( I + 
9')-' e P. 
Therefore, / = (l + g^)/(l + g^)~^ € P . Hence P is absolutely convex 
in A{X). The other part of the proof follows directly from Theorem 
[1.4.16]. 

(in) This follows from (i) and Theorem [1.4.17]. 

(iv) Since every prime ideal in A{X) is contained in a unique maximal ideal, 
MaXi4(X) is a Hausdorff space. 

Consider the following composition [Theorem 2.3.5]; 

X - ^ MaxA^ specC*{X) 

by X ^ Mx^ -^ M* f*X 

where M*^ = MA^ n C*{X). From (i), Msj^A -^ specC*(X) is an 
immersion. So, X -^ MaxC*(X) is a canonical immersion. Hence, the 
result follows. 

D 

Theorem 2.7.21. Let A(X) be an intermediate algebra on X and let SA — 
U(A) n C*{X). A function f e A(X) is in f]{M^ :pepX\X} iff Es{f) 
is compact for every g & SA-
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Proof. Suppose E^{f) is non-compact for some g G SA- Since £'^(/) is not 
closed in (iX, there exists a p G c\px E^{f) \ X. 

Consider E,{f) ^ {x e X\\f{x)\ < \^9{x)\}, 

then for each x G Ea, {/)" f{x) > ^M imphes E^{f) G Z^( / ) by 
Proposition[2.7.17]. 
We claim that Z^if) ^ /û - Since Ea.{f) and £'^(/) are disjoint zero sets, so 
by Theorem [1.6.2], they have disjoint closures in (3X. 

But p G cl;3X E^if) implies that p i dpx E^^{f) so, p i 5 [Z^( / ) ] . 

Thus ZA[J) ^ /iP, so, / ^ A/^, which is a contradiction. 
Conversely, suppose E^{f) is compact for every g E SA, 'we shall show that 
ZAU) ^ ^ - Let E G 2 ^ ( / ) , then by Proposition [2.7.10] there exists 
g E SA such that | / | > l̂ j on £;^ where E'' C £;»(/). Since £;9(/) is 
compact, so any zero set F C E'^ C Es{f) is compact, implies that E^ is 
small and hence E E IC. 

Now ZAU) C /C =^ feAK = f]{MP :pepX\X}. 

a 

Remark 2.7.22. Let A(X) be an intermediate algebra on X and / G A{X). 
If h is a unit of A(X) and E^{f) is compact for every g G SA, then £' ' '(/) is 
compact too. 

Proof. Since /i is a unit, — is also a unit. Let q = —, then Igj < 1. 

So g G 5^ and [̂ l < \h\. 

Now E\f) = {xe X\\f{x)\ > \h{x)\}, since |^(x)| < |M^)|, 

so £;"(/) C { a : G X | | / ( x ) | > | g ( x ) | } = E^f). 

Since E^(f) is compact so E^{f) is compact too. D 
Corollary 2.7.23. 

(^{M*^:pe(iX\X] = C^{X) 

Corollary 2.7.24. A function f G C(X) is in [\{M^ : p E PX\X} iff every 
zero set disjoint from Z{f) is compact. 
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Proof. Let / € C(X) and suppose there exists h e C(X) for which Z{h) is 
non-compact such that Z{h) n Z{f) = (p. Let g = (|/i| + | / | ) A 1. 

If X G Z{h) thenp(x) = | / (x ) | A 1 ^ \g{x)\ < \f{x)\ ^ Z{h) C E^U). 

If -Es(/) is compact then every closed subset of E^{f) is compact. As Z{h) 
is non-compact so E^{f) is must be non-compact. By Theorem [2.7.21], 

Conversely, suppose / ^ f l l ^ ' ' • V ^ P^ \ ^] then / ^ M^ for some 
p e (5X \ X thus p ^ cl/3x ^ ( / ) - So, there is a neighbourhood V of p 
such that V n Z ( / ) = 0. Since every neighbourhood of p contains a zero 
set neighbourhood F of p [1.5.5], then F n Z{f) = <f>. Since PX is com­
pact Hausdorff, it is normal. So by Urysohn's Lemma there exists h^ 6 
C{pX) such that /j^[F] = {0} and h^[Z{f)] = 1. This imphes that p G F C 
Z ( V ) . So, Zihi^) is a neighbourhood of p in pX implies that Z(h)nZ(f) = 
(f), but p G cl/3x •^(/i) \ •2 (̂̂ ) which implies Z{h) is not closed, hence non-
compact. D 

Corollary 2.7.25. IfX is a realcompact space, then C\{Mf : p G PX\X} = 
CK{X). 

Proof. Let / G C/c(X), then / has a compact support. If F G Zc{f), 
then there exists g G C{X) such that fglE" = 1- Now E'^ C cl(X \ 
Z( / ) ) , so cl F' ' is compact. Let F be any zero set in X such that F C E'^, 
then F C clF'^ implies F is compact. Hence f]{MP : p G ^ X \ X } D 

On the other hand, suppose 3 / G CfXj such that / ^ C/c(X), then 
3 p G dpxiX \ Z{f)) \ X. Now AfP is free implies A/P is hypereal as X 
is realcompact, so 3 /i G CpCj such that /i*(p) = oo => /i is unbounded 
on X \ Z{f). By [18] X \ Z ( / ) contains a non-compact closed set S, that 
is C-embedded in X and if S and Z{f) are completely separated, they have 
disjoint closures. Let q G cl/jx S\X, then g G cl/3x Z{f). So, / ^ M ' . Hence, 
the result follows. D 

For a singly generated intermediate algebra, the characterization of the 
functions in all the free maximal ideals can be simplified further as shown in 
[11]. 

Notation 2.7.26. Let / , / G C(X) with / > 0 and Z{1) = cp. For n G N, we 

shall write F„( / ) = {x G X : | / (x ) | > ^ } 
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CorollEiry 2.7.27. Let A(X) be a singly generated intermediate algebra on 
X, A{X) = C'{X)[l\ with l>c>l. A function f € A{X) is in n { M ^ : p G 
(5X\X) iff Fn{J) is compact for alined. 

Proof Let / € (MM\ -.pePXXX}, then r > 1, so 0 < ^ < 1 and 

F„( / ) = { x - e X : | / ( x ) | > ^ } = E ^ ( / ) . 

By Theorem [2.7.21], F„( / ) = E ^ is compact for all n. 
Conversely, assume that F„(/) is compact for all n e N. Let g e 5^, by 
Remark [2.7.9] \g\ > j^ for some n € N. 

ThenE<^{f) = {xeX:\f{x)\>\g{x)\}. 

Since l̂ l > -^ for some n G N, so 

E^if) C{xeX: \f{x)\ > ^ } = F„( / ) . 

Since F„(/) is compact and E^{f) is closed so it is compact too. Hence by 
Theorem [2.7.21], / € f]{M^ -.pEpXXX}. D 

N o t e 2.7.28 (3.4, [1]). If X is locally compact and a — com,pact but non-
compact space, and if H s as in Corollary [2.7.27] such that / is a perfect 
mapping, i.e., 1~^{K) is compact for each compact A' C M, then ^ belongs 
to all the free maximal ideals of C*{X)[l], yet it does not belong to CK{X). 

Dominguez and Perez [11] gave a counter example to a theorem by Byun 
and Watson [7]. We shall give an outline of that proof. However, we shall 
need some preliminaries. 

No ta t i on 2.7.29 ([27, 6, 11]). 

Let H = {fe C(N)| lim sup >/ | / (x) | < 1}, and / (m) - ^ 1 / ( ^ ) 1 , m e N 
n—>oo 

and f^ is the continuous extension of / to PX. 

Clearly, 0 > / < 1. 
We shall first show that H is an intermediate algebra over M. 

n=>oo 
H^cf) fo r \ /0 = 0 => I imsup\ /0 = 0<1 => 0 G/ / . 
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Let f.geH, ri,r2 6 R, then r j + rag e C(N) and | r i / + r2g\ > 0. 
So, we have the following cases. 
Case (i) \rif + r2g\ = 0 which imphes lim sup \/\nf + r^\ = 0 < 1. 

n—*oc 

Case (ii) \rif + r2g\ > 0 which imphes lim sup \/\rif + r^\ = 1. 

Thus rif + r2g G H. Hence it is a subspace of C(N). 

Let f,geH, then Wil = vUlvWl <l=^l9^H. 

Further, / e C*(N) => | / | < k, for some A; > 0 
So, lim sup ^/l/l < 1 =» C*(N) C H. 

Finally, it is a proper intermediate algebra, for 

/(n) = 2" e C{n) but \/2" = 2 and U. sup</2^ = 2 =^ T" i II 
n—>oo 

Note 2.7.30. The above construction also serves as an example of proper 
intermediate algebra. 

Proposition 2.7.31 (7.1, [27]). f e H iff f e C*{X){N) and P < I on 
/3N\N. 

Proof. Let f e H then / = Lt. sup MTI < 1. So, by continuity of / , 

f < 1. This impies sup{/^(p) : p_e /3N \ N} < 1. Cearly, / e C*(N). 
Conversely, if / e C*(N) and f_<l Vp e /3N \ N, then sup{/''} < L 

Further, / is bounded, so LL. sup/(n) < 1. Hence, f & H. D 
n—»oo 

Proposition 2.7.32. A function f e H is a unit of H iff Z{f) = cp and 
P = 1 onf3N\ N. 

Proof Let f e H such that / is a unit, then there exists g E H such that fg = 
1. Clearly 

Z{f) = (P&ndf,geH => / < 1 and g < L 

So by continuity of /^ and ^^, we have 

/^ < 1 and ^^ < 1. (2.9) 

Since fg = le C*{X) C H, {fgf < I. 

But Wf=^A{W\-^^AF9^\=yAF\^M-Ff-
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But {fgy = 1 by continuity, so 

l = (79f = / V - (2-10) 

Since ,p < 1 and .g'' < 1, so /^ = 1 and f = 1 on /3N \ N. 
Conversely, suppose that Z{f) = (p and Z'̂* = 1, this imphes that 

which imphes that / is a unit in H. D 

Corollary 2.7.33 (2.3.1, [6]; 4.10, [11]). A function f E H is in CIWH • 
pepN\N}ifff^<l for every p 6 /9N \ N. 

Proof. Suppose there exists p G /3N\N such that P\p) = 1. Since P^{p) = 1, 
1 is a hmit point of {/(n)}n6N • For each A; e N, choose n^ in N such that 
|/("'fc) - 1| < ^ , nfc 7̂  n̂  for A; ^ j . 
Let D = {rifc : k = 1,2,...}. Define 

.(n) = |^(") V^^ 

Now /(n) 7̂  0 for n E D, for if not, then 

| / (nfc) - l | = | 0 - l | = l ^ ^ foralU. 

So, Zig) ^ <P and l̂ l < | / | V 1. 
Since every algebra is a lattice, 1/| V 1 e H. 

Now, Lt. sup^(n) < Lt. sup / V 1 < 1, implies that g e H. 
n—»oo n—*oo 

For each keN, let D^ = {k,k + 1,...}. Let q e C1/3N(N \ D), then ^^(g) = 1, 
as (j is continuous. 

If ? G cI;3N O, then g^{q) G CIR .9(Dfc) = CIR / ( D ^ ) C [1 - 1 , 1 + ^ ] for all k 

This imphes ^''(9) = L By Proposition [2.7.32], g is a unit. 

Now, E^(f) = {n e N : \f(x)\ > \gix)\}is non-compact for D C E^(f) 

Further, D is infinite but doesn't have a limit point in E^{f). Thus by The­
orem [2.7.21] and Remark [2.7.22] f i[\{Ml : p E m\^]-
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Conversely, suppose f £ H such that /^ < 1, p G /3N \ N. We claim 
that /^(p) = 0, for, there exists 6 < 1 and a neighbourhood V of p in ^N 
such that /(n) < 6, whenever n G V fl N, 

i.e., V\JW\<S =^|/|<^" 

Let U he a. neighbourhood of p in /3N, then there exists n € f/ fl V fl N, such 
that n is arbitrarily large, i.e.,, |,/(n)| is arbitrarily small. 
So, / < 1 and Lt. f{n) = 0. 

So, /^^(p) = 0 ^ f EMP for all P G /?N \ N 
^fef]{Mfj:pe0N\N}. D 

We shall now end this section by recording the counter example given by 
Dominguez and Perez [11]. 

Counterexample 2.7.34. Let H = {f e C{N)\ Lt. sup ^ | / ( n ) | < 1}. 

Clearly, N is //-compact, for let g G C(N) be defined by g(n) = n, then 
Lt. sup<yn = l ^ g G / / and N = VgN by [18]. 

On the other hand, let /(n) = ^ , then 

Lt. sup W{n)\ = Lt. sup (Z;^ = I Lt. sup ^/^ = ^.1 = ^ < 1 

implies that / G n{M^ : p G /i/N \ N}. But Z(/) = </), so CIN (N \ Z(/)) = 
clpjN = N, which is non-compact. Hence / ^ CK(N) . This contradicts 
Theorem [2.6.14], in [7], where they have stated that 
" X is ^-compact iff CK{X) = n{Ml : p G /?X \ X}". 

Note 2.7.35. This error was also pointed out by Acharya, Chattopdhyay 
and Ghosh [3.4, [1]]. 
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Chapter 3 

A survey of homomorphisms 

This chapter is a survey of finite homomorphisms and epimorphisms in the 
rings of continuous functions. The first section deals with results on finite 
homomorphisms due to Dominguez and Mulero [10], where they have shown 
that the study becomes simpler if it satisfies finiteness property. The remain­
ing section deals with ring epimorphisms in the category of commutative rings 
(CR), where we shall record some results due to Barr, Burgess and Raphael 
in [4]. 

3.1 Finite homomorphisms on rings of con­
tinuous functions 

It is well known that every continuous function TT : X —> Y induces a ring 
homomorphism CiY) -^ C(X) by / - ^ / o TT [18]. 

3.1.1 Finite spaces 

In this subsection we study the case in which the space Y is finite. All our 
rings are commutative with unity. 

Definition 3.1.1. Let h : A —> B he a ring homomorphism and consider 
B with the induced structure of /I-module {a • b = h{a) • b). Then B is said 
to be an A-algebra. 

Example 3.1.2. (i) Every ring is an algebra over itself. 

(ii) Let A — B = 'R and h = i, the identity map, then R is an R-algebra. 
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(iii) 0 is an algebra over any ring, 

(iv) Let 2 : Q ^ K, then R is an Q-algebra. 

(v) Every ring is a Z-algebra. 

Definition 3.1.3. An A-module B is said to be finitely generated if there 
exist bi,b2,-.-,hn E B such that every element b oi B can be written as 

n 

b = YlaA, a% G A. 

Example 3.1.4. /?-module 0 is finitely generated for any ring R. 

Definition 3.1.5. Let h : A ^f B he any ring homomorphism. Then h is 
said to be Unite if B if finitely generated as yl-module. We say 5 is a finite 
A-algehia. 

Definition 3.1.6. Let B be an yl-algebra. An element 6 e B is integrsd over 
A^ if there exists a monic polynomial P{x) = x" + a„_ix"~^ + ... + ao G A[x] 
such that P{b) = 0. 

Example 3.1.7. (i) \ /2 e Z[\/2] is integral over Z. 

(ii) 0 is integral over any A. 

(iii) Every nilpotent element of B is integral over A. 

Definition 3.1.8. A ring homomorphism h : A —> B is integral and B is an 
integral A-algebra, if every element of B is integral over A. 

Example 3.1.9. 5 = 0 is integral over any ring A. 

Definition 3.1.10. The homomorphism h is of .finite type and B is a finitely 
generated A-algebra if there exists a set of elements 61,62, ...,6„ G B such 
that every element of B can be written as a polynomial in 61,62, ...,6„ with 
co-efficients in A, i.e., B = A[bi, 62,.... 6„]. 

Remark 3.1.11. Every finite homomorphism is of finite type. 

Definition 3.1.12. A homomorphism h is singly generated and B is a singly 
generated A-algebra if there exists b E B such that B = A[b]. 

Example 3.1.13. The inclusion homomorphism i : C*{X) ^-^ C*{X)[J] is 
singly generated by / G C{X), where 

n 

C\X)[!] = {Y^g^P : g, G C*(X), n = 0,1, 2,...} 
2=0 
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Remark 3.1.14. A ring homomorphism (j) : A -^ B is finite iff it is of finite 
type and integral. 

The following result relates the topological properties of X with the al­
gebraic properties of C{X). 

Proposition 3.1.15. The following conditions are equivalent for a com­
pletely regular (Hausdorff) space X. 

(i) X is a finite space 

(ii) C(X) is a finite R-algebra. 

(iii) C(X) is an integral R-algebra 

(iv) C(X) is a singly generated M.-algebra 

(v) C(X) is a finitely generated M-algebra 

Proof (z => M) Let X = {a;i,a;2, . . . , X „ } 

We claim that 

c(x) s c(xi) e C{x2) ©... © c(x„) 
via / - ^ ( / (x i ) , / (x2) , . . . , / (x„)) . 

Clearly, $ is well defined. To show that it is a module-homomorphism, let 
f,ge C(X) and r e E, 

HI + 9) = ( ( / + ^)(^i), ( / + ^)(^2),..., ( / + g){xr;)) 

= ifi^i) + gi^i),..., / (x„) + g(x„)) 

= ( /(xi) + ... + /(x„)) + (g(xi) + ... + g{xn)) 

= $ ( / ) + $(.9). 
Also, ^rf) = ( r / (x i ) , . . . , r / (x„) ) = r ( / ( x i ) , . . . , / ( x „ ) ) = r $ ( / ) 

and $ ( / ) = 0 = ^ ( ( / ( x i ) + ... + /(x„))) = (0,...,0) ^ / ( x ^ ) = 0 Vi ^ / = 0. 

Hence $ is an isomorphism, so 

C(X) = C(xi) © C(.T2) © ... 0 C7(x„) ^ M © ... O M = M". 

But R" is finitely generated R-module with generators 

{(0,0,.., 1, ..,0)|where l i s in z"* place, for 1 < i < n and 0 elsewhere}. 
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Hence C(X) is finite R-algebra. 

(n => in) It follows from the fact that every finite ring homomorphism 
is integral. 

{Hi => i) Suppose C(X) is integral, then / G C(X) implies 

fn + an-iF'^ + ... + ao = 0 for some n e N, a, G R for 0 < i < n - 1 . (3.1) 

Since J{x) satisfies (3.1) for each x ^ X and the equation in (3.1) has atmost 
n distinct roots, so f[X] must be finite for all / . However, if X is infinite then 
by Remark [1-2.4] there exists a continuous function in C{X) with infinite 
range, which is not possible, hence X must be finite. 

{i => iv) We claim that C(X) = R[/] for a function / that separates 
points in X = {x\,X2,..., x„}. 
Let A, = / (x , ) for 1 < i < n, / e C(X). 
Define 

n (/ - \) 

^'- U ( \ - A,) 

then /(.x,) = A, imphes that 

10 if a; ^ X,. 
So, /i separates a:, with X \ { x j , for 1 < i < n, and / , G R[/] , for / , is 

a polynomial with real co-efficients. Let g G C(X). For x E X, x = Xk for 
some k, 1 < k <n and g{x) = g{xk)!k{xk) 

So, g = ^g{xk)fk-
1=1 

Hence, g G R[f^] C M[/]. So, C(X) C R[/] and C(X) = R[/] . 

(iu => v) Trivial. 

(w => i) It is well known [3] that the number of minimal prime ideals of 
a finitely generated R—algebra is finite. In C(X) each prime ideal is contained 
in a unique maximal ideal [Theorem 1.4.15]. Consider spec C(X) and order by 
inclusion. Let E be the collection of chains of prime ideals in spec C(X). Since 
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the number of minimal prime ideals is finite so there are only finitely many 
distinct chains. Hence every prime ideal in a particular chain is contained 
in the same maximal ideal. Thus, there are only finitely many maximal 
ideals. So, the number of fixed maximal ideals must be finite too. By Stone-
Cech compactification[ Theorem 1.6.2] we know that a fixed maximal ideal 
corresponds to a fixed 2-ultrafilter, which in turn corresponds to a point of 
X, so X must be finite. 

D 

Corollary 3.1.16. Let TT : X —> K 6e a continuous map between compact 
Hausdorff spaces. If the induced homomorphism C{Y) —^ C(X) is finite 
(integral, singly generated or finitely generated), then each fibre 7r"^(y) is a 
finite set. 

Proof. Let TT : X —+ F be a continuous map, then it induces a homomorphism 
$ = / o TT from C{Y) -^ C(X). Suppose $ is finite, then it would suffice 
to show that C{n~^(y)) is a finitely generated algebra, then by Proposition 
[3.1.15] 7r~^(y) would be finite. We claim that C{n~^{y)) is isomorphic to a 
quotient ring of C(X). Define 

^P : C(X) ^ C{n-\y)) 

^y I -^ f °i 

where i is the inclusion map from C(7r"^(y)) to X. Clearly, V is a ring ho­
momorphism. By Tietze's extension theorem every continuous function in 
C'(7r~^(y)) has a continuous extension to X, hence ip is onto. So by fun­
damental theorem of homomorphism C(X)/I = C(7r"^(y)), where I is the 
kernel of the homomorphism. Lot $ bo the isomorphism. Now $ is finite 
implies that C(X) is finitely generated which imphes that C(X)/I is finitely 
generated and thus by Proposition [3.1.15 ] C(7r"^(y)) is a finitely generated 
algebra. Hence 7r"^(y) is a finite sot. Similar argument holds if $ is integral, 
singly generated or finitely generated. D 

Corollary 3.1.17. Let Y be a finite space and let n : X ^ Y be a continuous 
map. The following condition are equivalent: 

(i) X is a finite space. 

(ii) C{Y) -^ C(X) is finite. 

(iii) C{Y) -^ C(X) is integral. 
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(iv) C{Y) —> C(X) IS singly generated. 

(v) C{Y) -^ C(X) IS finitely generated 

Proof. If C{Y) -> C(X) is finite, then by Corollary [3.1.16], each fibre Tr-\y) 
is finite, but X = (J 7r''^(y) which is a finite union of finite sets, so X must 

yeY 

be finite so (it =^ i), Since a similar explanation holds for other cases ,so 
(v => )̂ , {iv => i) , {m =4> ^). 
Conversely, suppose that X is a finite space, then by Prop[3 1.15 ] C(X) is a 
finitely generated R-algebra. But M C C{Y) and C(X) is finitely generated 
R-algebra implies C(X) is finitely generated as C(y)—algebra. 
So, {i => v). Similarly, (̂  => iv), {i => iii) and (̂  =^ ii). D 

3.1.2 Extensions associated to compactifications 

In this subsection wc shall record rnon^ n^sults on finitcncss when; spaces 
are taken to be compact, thereby recording some results originally proved 
by Faulkner in [14] to which Dominguez and Mulero m [10] gave simplified 
proofs. 

Proposition 3.1.18. Let TT : X —> Y be continuous map between compact 
Hausdorff spaces If F C Y is a closed subset such that TT : X \ 7r"^(F) —> 
Y\F IS mjective, then C(X) is a finite (resp integral, singly generated, finitely 
generated) C{Y)-algehra if and only if C{IT'^[F]) is a finite (resp. integral, 
singly generated, finitely generated) C{F)—algebra. 

Proof Since X and Y are compact Hausdorff spaces so they are normal. 
Proceeding in a similar manner as in Corollary [3.1.16], it follows that 

C{F) ^ C{Y)IIF, where /^ = {/ G C{Y)\f[F] = {0}} 

and 

C(7r-^[F]) ^ C(X)lh MF] where / . i,^] ^ [g e C(X)\g['K-'[F]] = {0}} 

We claim that g is constant on the fibre TT"̂  (y) for each y G V and for each g G 

4-i[Fl-
Suppose y e F, then -K-^y) C T,-\F] =^ g[n'\y)] C g[Tr-'[F]] = {0}, 
and if y € F^, then cardinahty of 7r~^(?/) is atmost one, so g[7^~^(y)] — a, for 
some a e M. Thus g is constant on the fibres so that 

/.^MF] = hQ C{Y) (3.2) 
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Now we claim that the homomorphisms C{Y) —* C(X) and 

C{F) = C{Y)/IF -> C(7r-i[F]) = C(X)/h 

have the same finiteness properties Suppose h C{Y) -^ C(X) is fimte, 
then C(X) is finitely generated C{Y) module We claim that C(X)/1.,^ i^p] is 
finitely generated C(Y)/Ip module 
Let g e C(X)/IT; i[f], then g = g + I^ i^p^ for some g G C(X) Since C(X) is 
finitely generated C(Y) module so there exists gi,g2, ,gn^ C(X) such that 

9 = fi9i + /2P2 + + /n3n for some / , e C{Y) , 1 < z < n 

so 

9 = fl9l + f292 + + fn9n + h 1[F] 

= ihgi) + h ^[F]+ + ifn9n) + 4 i[F] 

= (/l + /TT ^[F])igi + h l[F]) + + (/n + '̂ 7r-l[F])(5n + h ^[F]) 

By equation(3 2) ^ = (/i + /^)(7i + Ẑ , i[^]) + + (/„ + lF){qn + h I(F]) 

= /l^"l + + /n9n, 

where ft = fi + IF and g^ = gi + I-^ I[F] for 1 < z < n Since g was 
chosen arbitrarily so {gi,g2, , 5'n} generates CfXj/Z^-ijir] Hence, the result 
follows D 

Corol lary 3.1.19. Let TT X -^ Y be a continuous map between compact 
Hausdorff spaces If the set F = {y e y|7r~^(iy) > 1} is finite, then the 
following conditions are equivalent 

(1) 7r~^[F] ?s finite 

(n) C{Y) ^ C(X) IS fimte 

(ill) C{Y) -^ C(X) IS integral 

(iv) C{Y) —> C(X) IS singly generated 

(v) C{Y) —>• C(X) IS finitely generated 

Proof Since F is finite, so it is closed in a compact Hausdorflt space Y Let 
^ = 7r|̂  i[^], then v[/ it, continuoub map from 7r~^[F] —* F By Corollary 
[3 1 16] C{F) —> C{Tr~^[F]) is finite (resp finitely generated, integral, singly 
generated) iff 7r-i[F] is finite By Proposition [3 118 ] C{F) -^ C{n~'^[F]) 

72 



have same finiteness properties if TT : X \ 7r~^[F] —> K \ F is injective. 
We claim that IT is injective. 
Suppose 

7r(a) = 7r(6) for a,b e X \TT-^[F]. 

So, 
7r(a),7r(6) ^ F and F' = {yeY : \TT-\y)\ < 1} 

impUes that, |7r-i(7r(a))| < 1 and \n-'^{n{b))\ < 1. 
Since 7r(a) = 7r(6), so a, 6 e 7r~^(7r(a)) Pi 7r~^(7r(6)). 
But |n"^7r(a)) n 7r~^(7r(6))| < 1 impHes a — b. Hence, n is injective on 
X \ 7r-i[F] and the result follows by Corollary [3.1.17 ]. 

D 

In the following result we shall see that in order to study finiteness prop­
erties between the associated rings of continuous functions, the problem for 
compactification of a given locally compact Hausdorff space T is equivalent 
to the problem for arbitrary compact Hausdorff spaces. It is a well known 
result in [8] that 

Theorem 3.1.20 ([8]). If TTJ^ : 7T -^ aT is the projection map between 
two Hausdorff compactifications aT < jT ofT, then iij^ carries jT\T onto 
aT \ T, and so it induces an injective ring homomorphism C{aT \T) ^> 
C{iT\T). 

Corollciry 3.1.21. LetT be a locally compact, non-compact Hausdorff space 
and let aT < 7T be two Hausdorff compactifications of T. Then C{'yT) 
is a finite (respectively integral, singly generated, finitely generated) C{aT) 
algebra if and only ifC{jT\T) is a finite (respectively, integral, singly gen­
erated, finitely generated) C{aT \ T)-algebra 

Proof. Let n^^ : jT -^ aT, the projection map, then the result follows from 
Proposition [3.1.18 ] by replacing n with n^^, X with 7T, Y with aT and F 
with aT \ T, then n-^[F]=jT\T D 

We shall also quote a theorem due to Magill [7.2, [22]]. 

Theorem 3.1.22. Suppose X is locally compact and K is Hausdorff. Then 
there easts a compactification [aX, h) of X such that aX \ h{X) is homeo-
morphic to K if and only if K is a continuous image of (3X \ X. 

We shall adapt Theorem [3.1.22] and [2.1, [8]] to our needs. 
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Theorem 3.1.23. Let n : X —^ Y be a surjective continuous map between 
compact Hausdorff spaces. There exists a locally compact Hausdorff space T 
and Hausdorff compactifications aT < jT such that X = 'yT\T, Y = aT\T 
and IT is the projection map between jT \ T and aT \ T. 

Proof. From Theorem [4.17,[8] ], it follows that there exists a locally com­
pact Hausdorff space T and a homeomorphism hi : f5T \ T —> X. So the 
composition n o hi is a surjective continuous map between f3T \ T and Y. 
By [[8],7.2 jthcre exists a compactification aT of T and a homeomorphism 
/i2 : a T \ T -> y . 
Further, it follows from [[8], 7.2] that the following diagram commutes. 

PT \ T ^1 . X 

aT\T—^ As 

Hence, TT is the projection map between -yT \ T and aT \T. D 

Remcirk 3.1.24. In order to study the finiteness properties of the homo-
morphism C{Y) —> C(X) given by a continuous map TT : X —* Y between 
compact Hausdorff spaces, we can assume that TT is a surjective map. 

Proof. Let 

<i> : C{Y) - . C{n{X)) 

given by / Ĥ  /|^(x) 

Clearly, 'I' is a homomorphism. Since X is compact, TT{X) is compact in Y, 
and hence closed. So, by Tietze's extension theorem every map g G C{n{X)) 
has a continuous extension to Y. So, "f is surjective. D 

Remcirk 3.1.25. It follows from the above remark that, C{Y) —» C(X) is 
finite iff C(7r(X)) ^ C(X) is finite. 

One of the salient feature of the work done by Dominguez and Mulero 
[10] is that they have simplified proof of Faulkner's Theorems on extension 
of continuous function rings associated to compactifications [3,4 and 5, [14]] 
as we shall see. 

Corollary 3.1.26. Let aT have a finite remainder aT \ T and aT < -jT. 
Then the following conditions are equivalent: 

(i) 7T has a finite remainder. 
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(ii) C{aT) -> C{-yT) is finite. 

(iii) C(aT) -^ C{'yT) is integral. 

(iv) C{aT) —> CIJT) is singly generated. 

(v) C{aT) —f C{'yT) is finitely generated 

Proof. The result follows from Corollary [3.1.17] by taking X = 7T \ T, 
Y = aT \ T and the projecton map n : 7T \T ^^ aT \T. D 

Corol lary 3.1.27. Let n^^ : jT —> aT be the projection map between 
two Hausdorff compactifications aT < 7T ofT. If the set U{^7a~^(p) • 
\T^-ya~^{p)\ > 1} is finite then there exists f G C{-yT) such that C(jT) = 
C{aT)[f\. 

Proof. Let F = {p ^ aT : |7r"^(p)| > 1}. We claim that F is finite. 
Now 7r;;[F] = U n-^ip) = \J {TT'^^P) : \7T^^-\p)\ > 1} is finite by hypoth-

peF peF 

esis. But, 7r^a(^7a~^[^]) = •̂ i ^ ^7a is the projection map. So, F is image 
of a finite set, hence finite. 
If we let X = 7T, Y = aT and TT-̂^ : jT —> aT, which is a continuous map 
then the result follows from Corollary [3.1.19 ] D 

Corol lary 3.1.28. Let n^^ : 7T —^ aT be the projection map between two 
compact Hausdorff compactifications aT < jT ofT. IfC{jT) = C{aT)[f], 
then the fibres of TTJ^ are finite. 

Proof If we let X ^ ^T, Y = aT, n = n^^, then C{jT) = C{aT)[f] 
implies that the homomorphism C(Y) —> C(X) is finite, hence the result 
follows from Corollary [3.1.16 ]. D 

In [14] Faulkner had asked whether complete converse of Corollary [3.1.27] 
holds? The answer is in negative as shown by Dwornik-Orzechowska and 
Wach [12] 

Remark 3.1.29. The converse of Corollary [3.1.27 ] is not true. 

Proof Let T = M X /, where / = [0,1]; 
uR = R U {cx)}, the one point compactification of R 
and 7R = R U {+00, - 0 0 } , the two point compactification of R. 
Then aT = I x ujR and ^T = I x toR are the Hausdorff compactifications of 
T. Also aT < 7T for (a, -00) ^-^T\aT W e I; aT\T = Ix {00} and 
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7T \ T = I X {+00, - 0 0 } . So C(7T \T) = C{aT \ T) © C{aT \ T). 
Since aT \ T is compact Hausdorff space, so it is normal and for disjoint 
closed sets {+00} x J and {-00} x I, there exists / G C{^T \ T) such that 

/[{+00} X I] = {0} and / [ { - o o } x i] = {1}. 

Then C(7T \ T) = C ( a T \ T)[/] and C{^T) = C{aT)[!]. 
But Ui'^Ta'^P) • Kia^^P)! > 1} = J X {+00, —oc} which is not finite. D 

3.1.3 Finite homomorphism 

In this section we shall record one of the main results of Dominguez and 
Mulero in [10]. However, one way of the theorem was proved independently 
by Mulero in 1998 [5.6, [24]] and we shall just record, without proof, the 
statement of that proposition. 

P ropos i t ion 3.1.30 (5.6, [24]). Let TX : X -^ Y be a continuous map 
between realcompact spaces. If the homomorphism C{Y) —> C(X) is finite, 
then the continuous extension of TT to the Stone-Cech compactifications p-K : 
0X —> (3Y is a locally injective map. 

Theorem 3.1.31. Let n : X —^ Y be a continuous map between compact 
Hausdorff spaces. The homomorphism C{Y) —> C(X) is finite iff the map 
T: : X -^ Y is locally injective. 

Proof. Let TT : X —* Y he locally injective. Then every point x e X has a 
cozero neighbourhood U such that TT is injective on U, the closure of U. This 
imphes that C{U) S C(7r(i7)). By Tietze's extension theorem, the restriction 
homomorphism 

C{Y) -^ C{n{U)) is onto. 

i.e., C{Y)-^ C{TT{U)) ^ C{U) is surjective. 
Let / e C(X) then f\o e C{U). Since C{U) ^ C{TT{U)) and C(7r(f7)) 

has continuous extension to C{Y), 3 g e C(y)such that 

flu^gUiuy (3.3) 

Let J^ = {Ux\x e X}, where Ux is a cozero-set neighbourhood of x, then J^ 
covers X. So by compactness of X, there exists a finite subcover {f4i, Ux2, •••, f/i„} 
such that 

X C \jUx, and for each H', 3 gi E C(X) such that Ux, = Coz{gi) 1 < i < n. 
i=l 
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Since Z{g^^) = Z{gi), Coz(g,^) = Coz(^J. So without loss of generality, let 

gr>0. 

Now let /),, = - ^ . We claim that {h,}i = 1 generates C(X) as C(y ) mod-

1=1 

ule. 

Let / e CfX; then by eqn (3.3), 3 kuk2, -K G C{Y) such that 

=^ f = k^ in Ux, 

n n n 

t= i t= i t= i 
n 

, _ »=i ' ' _ kigi + k2g2 + ••• + kngn 
J n n 

Y^9x J29i 
1=1 1=1 

T,9i Y.9x T,9z 
t = l t = l t = l 

= kihi + 2̂/12 + ••• + knhn 

Thus C(X) is finitely generated C(V) module. Hence the homomorphism 
C{Y) -^ C(X) is finite. 
Conversely, by Proposition [3.1.30 ], Pir: (5X -^ PY is locally injective. 
Hence, Pir\x = TT is locally injective. 

D 

Proposition 3.1.32. Let TT : X —> Y be a continuous map between real-
compact spaces. If the homomorphism C{Y) —>• C(X) is finite, then TT is a 
closed map and the space X can be covered by a finite number of cozero-sets, 
X =: Coz(.(7i) U ... U Coz(.9„), such that it is injective on each closure COZ(.7J). 

Consequently, |7r~^(y)| < n for every y EY . 

Proof. Let $ : C{Y) -̂ • C(X) bo the induced homomorphism such that $ is 
finite. By Proposition [3.1.30 ], the map pn : PX —> PY is locally injective. 
So, by the same construction as in Theorem [3.1.31 ], pX can be covered by 
finite number of cozcro-scts say {Coz(^i''). ...,Coz(^„^)}. 
Let 

U, = Coz{g/) nX = Coz{g,) for 1 < i < n 
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Clearly, 

n 

X cljCozig,") 

n 

= \J Coz(5/) n X C X 

n 

^x c[ju^ 
t = l 

Now /JTT is injective on CI/JA" t̂ t implies that Pn\x = TT is injective on dpx Ui n 
X = clx U^. 
Let y G F , if 7r"^(y) 7̂  (f), then there exists x € X such that 7r(x) = y =^ 
X G 7r-^(y). 
Now s e X ^ x e f/, for some 'i', where 1 < z < n. Since TT is locally 
injective on clx Ui, \n~^{y) n [/J is atmost one. This is true for each i, so 
7r~^(y) can have atmost n elements, so |7r~^(y)| < n. 
Now we shall show that TT is a closed map. 
Since Pn : PX —> PY is a continuous map between compact Hausdorff spaces, 
so it is a closed map. 
Next we claim that Pn transforms PX \ X into PY \ Y. 

To achieve this we shall describe pX and PY in terms of prime ideals 
in C(X). Consider spec CfXj and endow with hull-kernel topology [1.5.3 
]. Clearly, MaxC(X) is a subspace of spec CfXj. It is well known that 
M.axC(X) is same as pX. Also in C(X), every prime ideal is contained in a 
unique maximal ideal [Theorem 1.4.15]. Define 

7x : spec C(X) -^ Max C(X) 

such that 7x(P) = Mp, 

where Mp is the unique ma:ximal ideal containing the prime ideal P. Clearly, 
jx is well defined and to see the continuity of 7x it is enough to show that 
base elements of Max C(X) is taken to base element of spec C(X) under jx~^ 
Let M he a. base for closed sets in MaxC(X) and let M{f) G M for some 
/ G C(X), where 

M{f) = {M G MaxC(X)\f G M} 
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then 

Ix'^MU)] = {^ e s^ecC(X)\P C M for each M e M ( / ) } (**) 

Since 

it is a continuous retraction. The map between the prime spectra 

$ : spec C(X) -^ spec C{Y) 

that sends each prime ideal P in CfXj to the prime ideal (j)'^{F) = {/ 6 
C{Y) : f o n € P} is also a continuous map. Clearly, the restriction of this 
map to PX, composed with the continuous retraction 

7y : specC( r ) -^ M a x C ( r ) = pY, 

is l3-n:(3X-^ PV. 
Given p € PX, let Mp be the corresponding maximal ideal in CfXj[18]. 

Let q = Pn(p), then by the following identification the maximal ideal corre­
sponding to q is 7K((^~^(MP)) . 

PX -^ Max C(X) -^ spec C(X) -^ spec C{Y) -^ Max C{Y) 

p ^ Mp ^ Mp -> (t)-^Mp -^ lY(l>~^Mp = Mq 

Let Mq = ^Y{!'J>~^{MP)). Since 0 is finite, (f)~^{Mp) is maximal ideal in 
C{Y) implies that i)-\Mp) = M„ i.e., 

Let 
7?: C ( y ) / M , -> cfx;/7\/p 

given by 
f + M, ^ cPif) + Mp. 

By the same procedure as in Proposition [3.L18] // is finite and (l)'^{Mp) — Mq 
imphes that Kerr/ = {0}, hence injective. 
So, C(X)/Mp is an algebraic extension of C{Y)/Mg. Further, C(X)/Mp is 
totally ordered [Theorem 5.5, [18]] and C{Y)/Mq is real closed [Theorem 
13.4, [18]], i.e., it has no proper algebraic extension to an ordered field, so 
C{Y)/Mq ^ C(X)/Mp. 
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This is same as saying C{Y)/Mg is real iff C(X)/Mp is real 
i.e., CiY)/Mg = R iff C(X)/Mp = R 
i.e., qeY if[peX. Hence pn[(3X \X] = [pY \ Y]. 

D 

The converse of this theorem is true for normal spaces as we shall see. 

Theorem 3.1.33. Let n : X —>• Y be a continuous map between realcompact 
spaces and suppose that Y is a normal space. The homomorphism C{Y) —> 
C(X) is finite iff n is a closed m,ap and the space X can, be covered by a finite 
number of cozero-sets, X = Coz{gi) U ... U Coz(g'„), such that n is locally 
injective on each closure Coz{gi). 

Proof. Neccesity follows from Theorem [3.1.32 ]. 
Converse follows by noting in the proof of Theorem [3.1.31] that compactness 
of the spaces was used to 

(i) find a finite subcover of cozero-sets. 

(ii) C{U) S C(7r(f7)) and C{Y) -^ C(7r(f7)) is surjective. 

Since X has a finite cover of cozero sets and Y is normal so every map 
/ € C{'K{U)) has a Tietze extension as Y is normal. So, the argument holds 
here too. D 

Many questions were asked as whether the converse holds for Proposition[3.1.30 
].The following example shows that converse of Proposition [3.1.30 ] is not 
true and Theorem [3.1.31 ] does not hold for non-compact spaces. 

Example 3.1.34. Let X) = N U {p}, where p € /?N \ N. Then E •§ a 
realcompact and normal space and N is dense and C*—embedded in ^ so 
/?N = / 3 ^ . The homomorphism C ( ^ ) —> C(N) induced by the inclusion 
map N —>• ^ is not finite for if it is finite then by Proposition [3.1.32 ] 
TT : N '—> Xl must be a closed map but N is not closed in ^ . A contradiction. 

Example 3.1.35. A finite homomorphism C{Y) —> C(X) that is not singly 
generated. Let TT : 5^ ^ P^ be the natural projection map from the unit 
sphere onto the real projective plane satisfying 

7r(Xi,X2,X3) = •K{-XI,-X2,-XJ,). 

Then TT is locally injective, so the induced homomorphism C{P'^) —> C{S^) 
is finite. However, it is not singly generated. Suppose there exists an / e 
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C{S'^) such that C{S'^) = C(F^)[/] , then / must be injective on each fibre TT, 
because C{S^) separates points in S'^. By Borsuk- Ulam's theorem [Theorem 
1.2.5] for every / G 0(8^) 3p E S^ such that f{p) = f{-p). So, C{S^) is 
not singly generated over C{P'^). 

3.2 Ring epimorphisms and C(X) 

In this section we study C(X) as an object in the category of all commuta­
tive rings (CR) and study the epimorphisms induced by function rings of 
subspaces of a topological space X. During 1960's a lot of mathematicians 
including Lazard, Mazet, Ohvier and Storrer [20, 23, 26, 34] studied epi­
morphisms in various categories. The study was revived by N.Schwarz and 
Madden in [32] later in 1999. Here we shall record some of important works 
due to Barr, Burgess and Raphael [4] in the case of epimorphisms in CR. 

We shall begin by recording the most fundamental theorem in this regard 
in [23] and [34]. 

Theorem 3.2.1 ([23], pg. 73 [34]). A homomorphism f : A-^ B in CR 
is an epimorphism if and only if for each b E B, there exists matrices C,D,E 
of sizes 1 X n, n x n a,nd n x 1 respectively, where 

(i) C and E have entries in B, 

(ii) D has entries in f(A) 

(iii) the entries of CD and of DE are elements of f(A) and 

(iv) h=CDE (such an expression is called an n x n zig-zag for b over A) 

Definition 3.2.2. A topological space X is said to be perfectly normal if 
every closed set is a zero set. 

Example 3.2.3. Metric spaces and discrete spaces are perfectly normal 
spaces. 

Remark 3.2.4. A perfectly normal space X is normal. 

Proof If A and B are disjoint closed sets in X then A = Z{f) and B = 
Z{g) for some f,g E C(X). Let k = j y j ^ e C(X) such that k[A] = 
{0} , k[B] = {1} and 0 < A; < 1. Clearly, k'^^, | ) and k-^^, f) are the 
disjoint open sets containing A and B respectively. D 
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Proposition 3.2.5. Let Y be a subspace of a topological space X and p : 
C(X) —> C{Y), the restriction homomorphism. 

(i) / / y is C*-embedded in X , then p is an epimorphism in CR. 

(ii) / / each f G C*{Y) extends to a continuous function on a cozero-set of 
X, then p is an epmorphism in CR. This occurs in particular if Y is a 
cozero-set of X. 

(iii) If for each f € C*{Y), there are g,h E C(X) with Y C Coz{g) and 
fp{g) = p{h) then p is an epimorphism. 

Proof. By Theorem [3.2.1] it is enougli to construct a zig-zag over C(X) for 
each / G C{Y). 

(i) Let fi = Yif2 , f2 = j ^ - Clearly / i , fz G C*{Y) and /a 7̂  0 impHes 
/2"^ exists. Since Y is C*(X)-embedded in X so there exists gi,g2 G 
C*{X) such that p{gr) - A , p{g2) = /a. 
But 

/ = f2~^9i92f2'^ on Y 

for 

if2-'9ig2f2-'){y) = f2-\y)gi{y)92{y)f2~\y) 

= (1 + ^'(^))i//4)i = /(y) f̂'̂  "̂ ^ ^ -̂

If we let 

C - f2-\ D = g,g2, E = f2-\ then/ = CDE (1 x Izig-zag) 

which is the required 1 x 1 zig-zag. 

(ii) If / 6 C*{Y), then by Remark [1.1.22] there exists g e C*{X) such 
that / extends continuously to a cozero-set of g, Coz{g) containing Y. 
Now fg e C*{Y), so it extends to a continuous function h 6 C*{X) on 
a cozero-set of X. On Y we have 

9-'9hg-\y) = 9-\y)9{y)h{y)9-\y) = f{y) 

=^9'^ghg-^ = f. 

Now we put / i = j ^ and /2 = Ylh^' ^^^^ we have zig-zags / , = 
{9i)~^9ihi{gi)~^ for i = 1,2 on y , where hi = figi on Y, and /12 = 
72^2 7̂  0 on Y. 
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Thus 

/ = {{9i)-'9Mg^r'){{g2)-'g2h2{92r'y' 

= {gi~^gihigi'^){g2g2~^h2~^g2) 

= {g\~^h2~^){gig2hih2){gx~^h2~^) on Y 

if we take C — 9i~^/i2~\ D = '̂192^1^2, E = g\^^h2~^ 

then this is the required 1 x 1 zig-zag over C(X). 

(iii) Let / G C*{Y). Now F C Coz(g) and p{g) = ^|y implies that p{g) ^ 0 
on y. So p(c/)"^ e C7(y) and 

P{9r'p{9)p{h)p{gr' = p{gr'p{g)fp{g)pi9)-' = /• 

Hence the result follows by taking 

C = p(gr\ D = p(g)fp{g), E = p{g)-\ 

n 

Lemma 3.2.6. Suppose that X is a topological space and Y a dense subspace. 
Let f € C{Y) and x E X \Y. Assume that f = GAH is a zig-zag for f 
over C{Y \J {x}) (as in Theorem[3.2.lJ). Suppose, moreover, that for some 
neighbourhood U of x the entries of G and H are bounded in U ilY. Then f 
can be extended continuously to x. 

Proof. We have / = GAH for each / 6 C{Y U {x}). Let A = A{x) denote 
the constant matrix and / = GAH. Let (/ be a neighbourhood of x such 
that the entries of G and H are bounded m. U r\Y. Let HGH < Mi and 
\\H\\ < M2 for some Mi, M2 € M, . Let M = max{Mi, M2}. 
So in U 

\f-f\ = \\GAH - GAH\\ < [\G\\ \\A - A\\ \\H\\ < M'\\A - A\\ 

Further, lim A{y) = A => hm |/(y) - f{y)\ = 0. (3.4) 
y—>x y—>x 

Also inUnY, 

\\GA - GA\\ < \\G\\\\A - A\\ < M\\A - A]], 

this implies that 

l imG(y)( / l (y) -G(y))^=0 ^ l i m G ( y ) ^ =limG(yM(y). 
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Similarly, 
\im AH{y) = l im/l(y)/ /(y). 

Since A is constant there is a matrix B such that ABA as the ring of matrices 
over E is regular, this implies that / = GAB All is defined at x, so is / . D 

The above lemma gives us an information about when p* : C*{X) —> 
C*(Y), the restriction of p to C*(X) is an epimorphism. 

Theorem 3.2.7. Suppose that Y is a proper dense subset of X. Then p* : 
C*{X) —> C*{Y) is an epimorphism in CR if and only if it is surjective, 
that is, if and only if Y is C*-embedded in X. If, moreover, X is normal then 
the conclusion is valid even when Y is not dense. 

Proof. If p* is surjective then it is an epimorphism trivially. 
Conversely, Suppose p* is an epimorphism. Let / E C*{X), then there is 

a zig-zag / = GAH over C*{X) as in Lemma [3.2.6]. Since G and H have 
entries in C*{Y), they are neccessarily bounded, so by Lemma [3.2.6], they 
can be extended to a function g over any point oi X \Y, without loss of 
generality, take g e C*{X) [Remark LL22]. Hence p{g) = f, thus p is a 
surjection. 

If y is C*-embedded in X, then the result holds trivially. On the other 
hand, if X is normal and p* is an epimorphism then for any / e C*{X), 
we can construct a zig-zag for / over C*{X). If we allow the entries of 
zig-zag of / to be in C*(cl(y)), then the zig-zag is over C*(cl(K)). Thus 
every function / can be extended to / 6 C*{cl{Y)). By Urysohn's extension 
theorem [Theorem 1.1.23], c\{Y) is C*-embedded in X, as X is normal. Hence, 
p is surjective. D 

Corollary 3.2.8. Suppose that Y is a pseudocompact proper dense subset of 
X. Then p* : C(X) —> C{Y) is an epimorphism in CR iff if it is surjective, 
i.e., iff Y is C-embedded. If, moreover, X is normal, then the conclusion is 
valid for pseudocompact Y even when not dense. 

Proof. If y is pseudocompact then C*{Y) = C{Y), hence the result follows 
from Theorem [3.2.7]. D 

Definition 3.2.9. A space is called almost compact if \j3X \ X\ < 1. 

Fine , Gillman and Lambek in [15] in the year 1965 proved an impor­
tant result based on which a number of results on epimorphisms have been 
estabhshed. 
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Theorem 3.2.10. Suppose that Y is a dense subset of X. Then for any 
f e C{y), there is a largest subset of X to which f can be continuously 
extended. 

Remark 3.2.11. Since f3X = X, every compact space is almost compact. 

Notation 3.2.12. For any / G C{Y), we write dom(/) for the largest sub-
space of X to which / can be continuously extended. 

Proposition 3.2.13. Suppose that X is a topological space and Y is a dense 
subspace such that p : C(X) —> C{Y) is an epimorphism in CR then for 
f G C{Y), dom(/) contains an open set containing Y. 

Proof It follows from Lemma [3.2.6] that there must exist G, A, H for which 
/ = GAH. Suppose that y E X. It follows from Lemma [3.2.6 ] that C and 
H are defined and continuous on Y. Also, there is an open neighbourhood 
Uy on which both G and H are bounded, such that for any x E Uy it is also 
a neighbourhood of x and by Lemma [3.2.6] / can be extended to x. 
Let U = yjy^Y^yi '^^^'^ U is open and Y C U C dom(/) . Hence the result. 

D 

Proposition 3.2.14. In a space X, every first countable point is a zero-set. 

Proof. It follows from Remark [L5.7] that in a completely regular space every 
Grf-set U containing a compact set S contains a zero-set Z such that S C 
Z C U. In a first countable space every point is a Gs set. Since finite sets 
are compact so there exists a zero-set Z containing the compact set {x} 
contained in {x} implies that Z = {x}. So every first countable point is a 
zero-set. D 

Lemma 3.2.15. Suppose that ti > t2 > ty, > ... is a sequence of numbers 
in the open unit interval that converges to 0. Then there is a continuous 
function h : (0, oo) —> [0,1] such that h(t) = 0 for t > li, h(t„,) = 0 when n 
is odd and h{t) = 1 when n is even. 

Proof. The result follows by interpolating linearly between these values. D 

Proposition 3.2.16. The complement of a first countable non-isolated point 
is not G*-embedded. 

Proof. Let x be a first countable non-isolated point. We claim that Y = X — 
{x} is not C*-embedded in X. On the contrary, suppose Y is C*- embedded 
in X, then PY = PX. By Theorem [1.6.5], and Corollary [1.6.6] {x} is not 
a G^-set in pY, so it contradicts that x is a first countable point. D 
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Theorem 3.2.17. / / a dense subset Y of a first countable space X induces 
an epimorphism in CR then Y is open in X. 

Proof. We shall prove by contradiction. Suppose that Y C X is not open, 
then X\Y is not closed, so there exists atleast one isolated point y E Y. Since 
X is first countable there exists a sequence {x„} of points oi X\Y converging 
to Y. By Proposition [3.2.14] each such point is a zero-set. So they can be 
regarded as distinct and forms a discrete subspace of X. By Proposition 
[3.2.16], we can choose for each n e N a function /„ : X \ {x„} —> [0,1] that 
cannot be extended to a;„. Then /„ € C{Y) for each n. Let / = X]2~'"/m 
, clearly, the sequence converges uniformly so / is continuous implies that 
/ G C(Y). However, / is not defined at each of the points Xn for all n. 
For each n, there is a neighbourhod V of a:„ excluding the other points of 
the sequence. Clearly, J2'^~"^fm extends continuously on V to x„, for some 
m G N. We claim that / cannot be extended continuously, for suppose / can 
be extended continuously then / — X^^j„2~"'/m can be extended too. But, 
this implies that /„ can be extended continuously to x„, a contradiction to 
our choice of / „ . 

Now let U be any open set containing Y, then U contains Xi for some i, 
but / is not defined at x^, where i belongs to some index set J. This implies 
that / cannot have a continuous extension to any open set containing Y, 
hence Y is not C*-embedded in X, so by Theorem [3.2.7] X cannot induce 
an epimorphism. This is a contradiction to the assumption that X induces 
an epimorphism. D 

Definition 3,2.18. A subset t/ of X is said to be locally closed if it can be 
expressed as intersection of an open and a closed set of X. 

Example 3.2.19. Every open (closed) subset of X is locally closed. 

Corollary 3.2.20. Let Y be a subspace of a first countable space X. If Y 
induces an epimorphism in CR then Y is locally closed in X. 

Proof Let p : C(cl(Y)) -^ C{Y) defined by p{f) = / | y , then p is clearly an 
onto morphism, hence it is an epimorphism. So by Theorem [3.2.17] Y is 
open in X, i.e., Y = Y n X, and X is open as well as closed implies that Y is 
locally closed in X. D 

Corollary 3.2.21. A subspace Y of a perfectly normal first countable space 
X induces an epimorphism in CR iff it is locally closed. 

86 



Proof. Suppose Y is locally closed, then Y — U (^V, where U is open and V 
is closed. So Y is perfectly normal implies that U^ is a zero-set, i.e., t/ is a 
cozero-set in X, hence also in V. Now define p : C{V) —> C{Y) by p( / ) = / | y . 
Hence p is an onto homomorphism by Tietze's extension theorem and thus 
an epimorphism. D 

R e m a r k 3.2.22. Let X be a topological space, then open sets can induce 
epimorphisms without being cozero-sets. 

Proof. Let F be an extremally disconnected non-compact space and consider 
/3F. Then PF is extremally disconnected compact Hausdorff space and hence 
normal. Since F is non-compact so there exists a € f5F\F. Let X = PF and 
Y = j3F \ {a). We know by Stone-Cech compactification [Theorem [1.6.2]] 
that a is not isolated in X. So c\xY = X. By [LI.26 ] X is extremally 
disconnected iff every open subspace is C*-embedded, so Y is C* embedded 
inX. 
Let p : C(X) —» C{Y) be the restriction homomorphism. Clearly, p is onto 
hence an epimorphism. But Theorem [L6.5 ] imphes [a] is not a zero-set in 
X, so y is not a cozero-set. Hence the result follows. D 

Propos i t ion 3.2.23. (i) Let Y be a subspace of a normal space X which 
has the following form : Y = UneN ^^ ' '^here the B^ are closed sets 
ofX and there is a family of pairwise disjoint open sets Un from X with 
Bn Q Un, for each n e N. Then Y induces an epimorphism in CR. 

(ii) //, under the hypothesis of (i), each 5„ is compact then the conclusion 
of (i) holds for any X. This applies, in particular, if Y is homeomorphic 
toN. 

(iii) Let Y be a subspace of a space X which has the following form: Y = 
Unew^" if/iere there is a family of pairwise disjoint cozero-sets Un,with 
Bn Q Urn fom E N. Suppose, moreover, that each Bn is C*— embedded 
in Un- Then Y C. X induces an epimorphism in CR. 

Proof (i) Let / G C\Y) Let M = supy | / (y) | . For each n G N, X\f/„ 
is closed and 5„ n X \ f / „ = cj). By Urysohn's lemma there exists /i„ € 
C(X) for each n, such that hn[Bn] = 1 and /i„[X\f/„] = {0}. Define 
g e C*{Y) by y{y) = {\)f{y) for y e B^. Clearly, g is continuous. 
Let gn = -g-, then X is normal and B„ is closed imply that by Tietze's 
extension theorem it has a continuous extension l^ G C(X). 
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Since | / (y) | < M, we may asume that | /„(x) | < ^ \fxe X. Now let 

and6 ( . ) = | ( " ) ' " ^ ^ ) ^ ' ^ ^ ^ " 

then a is continuous , for let (c, d) be an open interval in R, 
so a~^{c, d) = UN{hnln)~ (c, d) which is a countable union of open sets, 
hence open whenever 0 ^ (c, d). 
If 0 e [c, rf], then the inverse image includes all but finitely many of 
the U'^s. So its complement is a finite union of the sets of the form 
(/i„/„)~^{(—cxo,c] y [d,(X))} which is closed. Hence a is continuous 
and similarly h is continuous. Now p(a) = a\x and p{b) = b\x, so 
p(a)p(6)"^ = {Kln){nhn'^)\x = n/„|x = "--^/ly = /• So the result 
follows by Proposition [3.2.5] 

(ii) By Stone-Cech compactification [Theorem 1.6.2], X is C-embedded in 
f3X. Since Y is a subspace of X so there exists open sets Vn for each 
n such that C/„ = X n Ki and V^s are disjoint for each n ^ m. The 
compact sets Bn are closed in PX. However, /?X is normal so by part 
(i), C(/3X) —> C{Y) is an epimorphism. Now the result is obtained by 
the following association. 

CipX) -^ C(X) -^ C{Y) 

by 

f — fix -^ f 
(iii) Let (̂ „ : X —> [0,1] and suppose that f/„ = Coz ^pn for each n. If we 

let g{y) = \.f{y)<Pn{y)-, V ^ ^n, then / | B „ extends to [/„ so fl extends 
to X. Also g\u^ extends to /„ £ C(X) and if we take 

a(x) = (^"(^^ ^ ^ ^ " 

a n d 6 ( x ) ^ | " ^ " ( " ^ " ^ ^ " 

Then proceeding similarly as in (i), we get / = p{a)g{b)~^. Hence the 
result follows. 

D 
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Chapter 4 

Localization in C{X) and rings 
of quotients of C(X) 

In this chapter we shall study localization in the ring of continuous functions 
and also study rings of quotients of rings of functions. Localization in rings 
of continuous functions has been studied by Blair and Hager in [5]. They 
gave a characterization of continuous functions in terms of localization. Later 
Requezo and Sancho in [29] carried further studies on this topic and settled 
the important question of obtaining compact open topology of C{U) from the 
compact open topology of C(X), whenever [/ is a cozero set of X. For the ring 
C{X), its total ring of quotients, denoted by T(C(X)), is the localization of 
C{X) at the multiplicative set of non-zero- divisors. Given a space X, one 
of the major problem is of determining, whether T{C{X)) is von-Neumann 
regular? It was shown by Levy and Shapiro in [21] that this question can 
be formulated topologically. In section 4.2.3, the general localization theory 
in the ring C{X) is studied by defining Gabriel filter of ideals of C(X) as 
certain filter of open sets of A". A generalization of [Theorem 2.6, [15]] has 
been recorded in which for certain Gabriel filters of ideals of C{X), the ring 
of quotients is isomorphic to a ring of partial fractions on a subspace of X. 
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4.1 Localization in the rings of continuous 
functions 

4.1.1 Preliminaries 

Definition 4.1.1. A commutative ring A endowed with a topology r is said 
to be a topological ring if the ring sum + : A x A —> A and the ring 
multiplication • : A x A —> A are continuous, and A has a continuous 
inverse, i.e., the map a t—> a~Ms continuous. If A and B are topological 
rings, a ring morphism A —^ B is said to be a topological ring morphism if it 
is continuous. Finally, a topology r on a ring A is said to be a ring topology 
if {A, r ) is a topological ring. 

Example 4.1.2. The field R with usual topology is a topological ring. 

Definition 4 .1.3. Let X and Y be topological spaces. If C is a compact 
subspace of X and U is an open subset of Y, define 

S{C,U) = {f\feC{X,Y), ./•(C)Cf7}, 

then the topology formed by taking S{C, U) as a subbasis on C(X, Y) is 
known as compact open topology. 

Now we shall list two basic properties of topological rings. 

Properties 4.1.4. (i) Let 4̂ be a ring and let {Ai : i E 1} he a. family 
of topological rings. If one has a ring morphism fi-.A—^Ai for each 
index i E I then the coarsest topology on A such that the morphisms 
{/, : i G /} are continuous is a ring topology. 

(ii) If one has a ring morphism fi-.Ai^A for each index i E I, then there 
exists on A the finest topology such that yl is a topological ring and 
the morphisms {fi : i E 1} are continuous. This topology is said to be 
the final ring topology defined on A by the morphisms {fi : i E 1} . 

Example 4.1.5 (1.3, [29]). Let A' be a compact topological space. Let 
C{K) be the ring of all continuous functions from K to K, where K = 
C or K = M. Consider the function \\ \\K : C{K) ^ R defined by | | / | U = 
max{|/(x) | : x E K}, f E C{K), where |A| = absolute value of A G K. It 
is well known that C(K) endowed with the initial topology of the function 
II IIK is a topological ring [Theorem L4.8, [30]]. 
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Now, let X be a topological space and let /C = {compact sets in X} then 
consider the family of topological rings {{C{C), \\ ||c)}ceic and the family of 
restriction morphisms {re : C(X) —> C{C)}ceic, the compact open topology 
in C{X), denoted by TX is the coarsest topology on C(X) such that the 
morphisms {rcjce/c are continuous, i.e., TX is the initial topology of the 
functions {^c = II lie o rc}c€ic-

Definition 4.1.6. Let yl be a commutative ring. A multiplicatively closed 
subset S of .4 is a subset S of A such that 1 € 5 and S is closed under 
multiplication: s,t E S ^ s.t E S. We define an equivalence relation 
~ ov A X S as follows: 

(a, s) ~ (6, t) <F> r.a.t = r.b.s for some r €: S. 

Let As denote the quotient set 4̂ x 5"/ ~ and let a/s denote the equiv­
alence class of {a,s). It is well known that ^ 5 has a ring structure [3] by 
defining the addition and multiplication of fractions as follows: 

a b at + hs 
+ -

and 

Furthermore, the map 

s t st 

ah ah 

s t st 

h:A —> Ac 

defined by h{a) = y gives a ring homomorphism. The ring As is said to be 
the localization of A with respect to S and is characterized by a universal 
property. 

P r o p e r t i e s 4.1.7. \i f \ A —> S is a ring morphism such that f{s) is 
invertible in B for all s e S, then there exists a unique ring morphism 
/ : As —> B such that f — Jo h and hence f{a/s) = f(a).f{s)' . 

Example 4.1.8. Let I be a prime ideal of a commutative ring /?, then / ? \ I 
is a multipliatively closed subset of R. 

Let X be a topological space. For each open set [/ in X we denote by 
C{X)u the localization of C(X) with respect to the multiplicatively closed 
subset Su = {/ e C(X) : 0 ^ /(C/)} of C{X). If for each / e C(X) we 
denote by fu the restriction of / to U, then clearly /(/ is invertible in C{U) 
for all f G Su- Hence we have a natural ring morphism 
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$ : C{X)u ^ C{U), 

given by $ ( ^ ) = ^ , 
9 9u 

and 

9 I gl Wu \9l)u Wu 9 I 

Similarly, 

\ r ^gr (gi)^ guiu \' ^i'-
The map is clearly one-one as 

9u gu 1 

Since, 
A; ^ 0 
gu 1' 

so there exists k E Sa, such that 

kfu-guQ^O. ^k.fu = Q-

Since A;(.x) 7̂  0 V x e J'i', so /t; = 0, hence. Ker $ = U. 
In the next lemma we shall prove that this morphism is an isomorphism 
whenever f/ is a cozero set which was first proved by Blair and Hager in [5] 
and later the argument wa.s refined by Requezo and Sancho in [29]. 

Lemma 4.1.9. If U is a cozero-set in X, then the natural ring homomor-
phism C{X)u —^ C{U) is an isomorphism. 

Proof. We have already shown that <I> : C{X)u —> C{U) is an injective ring 
homomorphism. We claim that $ is onto. 
Let g e C{U) and let d e C(X) such that d{x) / 0 Vx G X. We define 

62{g) = d. min{l, 1/1^1} on U , S^ig) = 0 onX-U, 

h[g)=g-h{9) = {^^ig^^ g) d . imn{l,\g\] onU, 6i{g) = 0 on X ~ U , 
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where sign ^(a:) = 1 if g{x) > 0 and sign g{x) = — 1 if g{x) < 0. 

We shall first show that 62(0) is continuous. Let us take A = X — U and 
B = U, the closure of U in X. 
Clearly, Au B — {X \lJ)uO = X and the restriction of ^2(5) is continuous 
on both A and B . Now let h € A n B then d{h) = 0, so d2{h) ~ 0, hence 
they agree on the intersection. So, by Pasting lemma 62{y) is continuous on 
whole of X. By a similar argument di{g) is continuous on X. As ^2(9) 7̂  0 on 
U, so 62ig) e Su. Now '^ = g, this implies that g = $ ( | g j ) . Thus $ is 
onto, and hence an isomorphism. D 

The above lemma raises the question, whether this result is true for all 
open sets? This was answered in [29]. 

Counterexample 4.1.10. Let X be the one-point compactification of an 
uncountable discrete space U. Let Su = {f E C(X) : f{x) ^ 0 V x G t / } , 
i.e., it is the collection of all invertible functions of C(X). We claim that [/ is 
not a cozero-set in X. We know that any cozero-set of a compact Hausdorff 
space is a—compact and in a discrete space the only compact subspaces 
are finite ones. So (/ is a- compact is equivalent to the statement that U 
is a countable union of finite spaces and hence countable, a contradiction 
to our assumption that U is uncountable. Clearly, the canonical morphism 
C(X) —y C{X)ij given by / 1—» -[ is an isomorphism. 

On the other hand, C{X) is pseudocompact as X is compact. However, 
U being uncountable discrete space, there exists unbounded functions in 
C{U). Since any unbounded function cannot be the restriction of a bounded 
function , the restriction morphism C(X) —> < '̂('̂ ) is not surjective. Hence 
it is not an isomorphism. 

4.1.2 Topological Localization 

Definition 4.1.11. Let S be a multiplicatively closed subset of a topological 
ring A. The topological locahzation of A with respect to S is the ring As 
endowed with the final ring topology TS of the morphism h : A —* As-, given 
by h{a) = f. 

As before the topological localization As \s characterized by the following 
universal property. 
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Properties 4.1.12. U f : A —> B is a topological ring morphism such that 
f{s) is invertible in B for all s e S, then there exists a unique topological 
ring morphism / : As —> B such that foh = f. 

The following lemma is an immediate consequence of this universal prop­
erty. 

Lemma 4.1.13 (8 pg- 44, [3]; 2.2, [29]). Let S and Z be two multi-
plicatively closed subsets of a topological ring A. If S C Z, then the natural 
morphism As —> Az is a ring isomorphism, then it is also a homeomorphism. 

Notation 4.1.14. Let r^ denote the quotient topology on As-

Lemma 4.1.15. If{As,Tc) is a topological ring, then TC = TS. 

Proof Let S be a multiplicatively closed subset of a topological ring A. 
Clearly, the canonical map TT : A x S —> -4s given by 7r(a, s) = - is con­
tinuous. Since the quotient topology on .45 is the largest topology on As 
such that TT is continuous, so TS < TC. On the other hand, the morphism 
/( : A —> AS is also continuous whenever As is endowed with the quotient 
topology. Since {As, TC) is a topological ring , so by definition TS is the finest 
topology on As such that h is continuous. Hence, TC < TS. Combining, we 
have Tc = Ts- O 

Definition 4.1.16. A multiplicatively closed subset S of a ring A is said to 
be saturated if a. 6 G S ' < ^ a G 5 and b E S. 

Example 4.1.17. Let ^ = R, then let 5 = R \ {0}, then S is saturated. 

Result 4.1.18. If S is a multiplicatively closed subset of A, then there exists 
a multiplicatively closed subset Z of A, such that Z D S and As —> Az is an 
isomorphism. 

Proof. Let us define 

Z = {a E A\- \s invertible in As}. 

Let se S, then f .^ = \,so S C Z. 
li ab e Z, then y = y.^ is invertible in As, imphes 

.a h. ,r. 1 a ,b c. 1 
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where (f f) € Z thus ae Z. Similarly, b E Z. Hence, Z is multiphcatively 
closed subset of A. 
Clearly, the natural morphism As —> Az is an isomorphism and hence the 
result. 

D 

Remark 4.1.19. By Lemma [4.1.13], we may assume without loss of gen­
erality that every multiphcatively closed subset considered in our discussion 
is saturated ; if S is any multiphcatively closed subset of A, then by above 
result there exists a saturated multiphcatively closed subset Z of A, such 
that As —>• A z is an isomorphism , hence a homeomorphism. 

Theorem 4.1.20. Let S be a saturated multiplicatively closed subset of a 
topological ring A. If the canonical map ir : A x S —* As has a continuous 
section with respect to the quotient topology TC on As, then TC coincides with 
the localization topology TS 

Proof. It would be sufhcient to show that {As, TC) is a topological ring, then 
the result follows from Lemma [4.L15]. Let us define 

a : {As,Tc) -^ Ax S 

given by a ( - ) = (a, s) in a natural way. We claim that cr is a section of IT. 
Now 

(7roa)(-) =7r[cr(a,s)] =7r(a,5) a 
s 

Similarly, 

(ao7r)(a.s) =a[n{a.s)] =a{-) = {a,s). 

Hence, it is a section. Our argument can be simplified by the following 
commutative diagrams 

Q 
{AxS)x{Ax S) AxS 

a X a TT X TT TT 

As X As 
+ 

- As 
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{A X S) x{Ax S] 
P 

— yl X 5 

cr X (7 TT X TT TT 

Asx As ^ 

where Q and P are continuous maps defined, respectively by 

Q{{a, s), {b. /,)) = (a./. + 6.6, s.i) and F((u. A), (6, i)) = {a.b, s.i) 

Let - , - e .4s. 
s t 

Now ( a x r T ) ( - , 5 ) = ((a,.s),(6,0) 
s t 

then (5((a,5), (6, i)) = (ai + 6s, sf), 

1 / I s at + bs 
and 7r(ai + 05,si) = . 

st 
n, o 6 , „ , ,, 
So, - + - = 7ro((5o(cTXa)), 

5 S 

which is a composition of continuous functions and hence addition is contin­
uous. 

Similarly for ^,^ € As, 

^ r, / w^Q' b. ^ , , V , , -X , , X ti6 a 6 

7ro(Po(rTXr7))(-,-) = 7roP( a, .s . 6,0) = TT a.6, .s.i = — = - - . 
5 1 st S t 

Hence, multiplication being composition of continuous functions is continu­
ous. Finally, for ^ g As*, where As* is the set of all invertible functions in 
As, we have the following commutative diagram 
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5 x 5 
T 

- 5 x 5 

TT 

un-

where T{s, r) = {r, s) and 

(AsT 

d s 
TTo(Toa{-)) = 7roT(a,s) = n{s,a) = - . 

5 Ct 

So, the inverse operation is also continuous. Hence, {As, TC) is a topological 
ring, so by Lemma [4.1.15], TC — TS-

D 

Corollary 4.1.21. Let S be a saturated multiplicatively closed subset of a 
topological ring A and let rbe a topology on As- If TT : AxS —> {AS,T) is 
continuous and has a continuous section, then T = T^ = Tg-

Proof. In the preceeding theorem, we have already shown that {AS,TC) is a 
topological ring. So TC = TS by Lemma [4.1.15]. We shall now show that 
T = Tc- Since TT is continuous with respect to r and TC is the finest topology 
such that TT is continuous, so r < TC. On the other hand, if TT admits a 
continuous section with respect to r, then for each U € {As, TC) U € {As, r ) , 
hence TC < r , thus T = TC = TS- • 

4.1.3 Localization of continuous functions 

In this section we shall use the notations introduced in Example [4.1.5] and 
shall record the main result in [29]. 

Lemma 4.1.22. For any x,y G K, where K is a real or complex field, we 
have: 

(i) |min(|x + y\, 1) - min(|.T|, 1)| < \y\; 

(ii) | m i n ( l , ^ ) - m i n ( l , ^ ) | < | y | . 
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Proof. Let us denote a = |min(|j +1/|, 1) - min(|j-|, 1)| < |y|; 

(i) We shall prove it case wise. 
Case (a): 

\x -\-y\ > 1 , \x\ < 1, 

then a = |1 — |.x||. 

Since 1 < |x-+ y| < |x| + |y| => 1 - |a;| < |y| => a < \y\. 
Case (b): 

\x + y\>l , Ix] > 1. 

Here, a = 1 - 1 = 0 < |y|. 

Case (c): 

Case (d): 

|a' + y| < 1 , |a-| < 1, 

then 0 = ||.T + y| — |x|| < |y| 

b' + yl < 1 , |ai > 1, 

then a = ||x + y| - 1|. 

then|x + y| < 1 + |y| 

=^ |x + y| - 1 < |y| and 1 - |x + y| < \y\ 

=>||x + y | - l < | y | | 

(ii) The proof of (ii) follows by similar casewise argument. 

D 

Theorem 4.1.23. // U is a cozero-set m a topological space X, then the 
topological ring {C{U),TU) IS the topological localization of {C(X),TX) with 
respect to the multiphcatively closed subset Sy = {f ^ C(X) : 0 ^ f{U)}. 

Proof Since f/ is a cozero-set in X, then there exists d G C(X) such that 
U = {x e X\d{x) ^ 0}, without loss of generahty let 0 < d{x) < 1. 

Define 6 : C{U) -^ C(X) X Su 

given by 6{g) = {Si{g),62{g)) 

where 6 is the map defined from d as in Lemma [4.1.9]. then the natural 
morphism C{X)u -^ C{U) is an isomorphism by Lemma [4.L9]. 
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We claim that ^ is a section of $ : C(X) x Su ^ C{X)u = C{U). Let 
g e C{U), then 

{•no5){g) = 'K[{5,{glH9))] =TT^-9-
02[9)u 

Hence, it is a section. Since Su is saturated and n is continuous with respect 
to the topology TU, so by Corollary [4.1.21], it is suficient to show that 6 
is continous with respect to TU- Let go G C{U), we shall show that 5 is 
continuous at go. If K is a compact subset of X and 0 < e < 1, then 

W = {{t,s) e C(X) X Su : qKiJ - Si{go){gO)) < t^q^is - 52{go)) < e} 

is clearly a basic neighbourhod of 6{go) in the product space C(X) x Sy-
Given 0 < e < | , C = K n{x e X : d{x) > e} is a compact subset of U and 
V = {g e C{U) : qc{g — go) < e} is a basic neighbourhood of ^o in C{U). 
Let ^ e K so we must prove that 6{g) G W. 

Clearly, 62ig) = d. min{l, y- <d], 

therefore, 0 < 62{g){x) < f < ^ for all x G K - C. 

Hence 

Mg){x) - 62{go){x)\ < Mg){x)\ + Mgo){x)\ <\ + \ = ̂ - (4-1) 

For each a; G C, we have by Lemma [4.L22] 

\h{g){x)-62{gQ){x)\ < I min{l, j - 7 ^ l } - min{l, rT^yi ^ \9i^) " yo{x)\ < c < c, 

then 

qci^iio) - ^2(5-0)) = ll^2(^) - ^2(50)11 = may.\52{g){x) - 5i{gQ){x)\ < e. 
(4.2) 

Prom equations (4.1) and (4.2) we have 

qK{52{g) - Siigo)) < c. 

Now \6i{g)\ = d. mm{\gl 1} < d. 

Therefore, \Si{g){x)\ < e < | for all xE K - C. 

99 



Hence \Si{g){x) - Siigo){x)\ < t if x e K - C. (4.3) 

Further, if x G C and sign{g{x)) = sign(^o(3:)), then by Lemma [4.1.22] 

\d,{g){x) - 5i(go)(x)| < |min{|(7(T)|, 1}( - min{|go(x)|, 1} < \gix) - go{x)\ 

<l < t 

If a; G Cand sign(g(x)) 7̂  sign(go(3;)), then \g{x) - gQ{x)\ < e imphes that 
\g{x)\ < e and \go{x)\ < e, therefore 

\6,{g){x) - 5,{go){x)\ < \ min{|g(x)|, 1} + min{|go(x-)|, 1}| < |g(x)| + |9o(x-)| 

< 2? < e, 

which imphes that 

qc{Si{g) - 6r{go)) = \\Si{g) - 6,{go)\\ = max{\6,{g) - 6r{go)\} < e. (4.4) 

Thus from the equations (4.3) and (4.4) we conclude that 9/c(<^i(fl')-di(^o)) < 
e, which imphes that 6{g) € W. This completes the proof. D 

The above theorem has been used in [29] to give a characterization (of 
categorial type) of the compact-open topology TX in C(X). 

Notation 4.1.24. Let T denote the category of locally compact, cr-compact 
Hausdorff spaces and continuous maps. 

Theorem 4.1.25. Let us assume that for each X ET we have a nng topology 
T{X) in C(X) such that: 

(i) The morphism {C{Y),T{Y)) —>• {C(X),T{X))J -^ foh, is continu­
ous for each continuous map h : X ^^ Y 

(ii) T(K) — Tfc for each compact Hausdorjj space K. 
Then T{X) = TX for all X eV. 

Proof Let X E T, then for each compact subset C of X, the restriction 
morphism {C(X),T{X)) —> {C{C),TC) is continuous. But the compact open 
topology is the coarsest topology on C(X) such that all restriction mor-
phisms on compact subsets C of X are continuous. Hence TX < T ( X ) . On 
the other hand, if S = {g e C{/3X) : 0 ^ giX)}, then S is multiplica-
tively closed and saturated. Now the restriction morphism C\(5X) —> C(X) 
induces a continuous morphism. Thus from Theorem [4.L23] it follows 
that ( C ' ( / 9 X , T ( / 3 X ) S ) ) = {C(X),TK) because X is a cozero-set in PX, thus 
''"(X) < Tx- Hence the result follows. D 
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I *^\ Diiti 

4.2 Rings of quotients of rings of fun^^^ 
We have seen that the study of rings of continuous functions is heavily de­
pendent on zero-sets. R.Levy and J Shapiro in [[21],2005] have added to this 
knowledge by characterizing topological spaces in terms of the properties of 
the zero-sets of X. 

4.2.1 Preliminaries 

Definition 4.2.1. Let X be a topological space. A subset E of X is nowhere 
dense if Int(cl E) = (J). 

Example 4.2.2. Let X = R with usual topology, then every finite point set 
is nowhere dense in X. 

Definition 4.2.3. Suppose that X is a topological space and Z is & zero-
set of X, then Z is z-complemented in X if there exists a zero-set Z of X 
such that Z U Z = X and Z D Z is nowhere dense in X. The zero set Z is 
called z-complement of Z. The space X is z-good if every zero-set of X is 
^-complemented in X ; otherwise X is 2-bad. 

Example 4.2.4. (i) Let X = R, with usual topology. Z = {0} and Z = 
E, then ZnZ = {0} implies that Int(cl(Z D Z)) = (f) and Z U Z = R. So 
Z is 2-complemented in X. 
(ii) Every discrete space is z-good. 

The above definitions can be refrained in terms of cozero-sets of X. 

Remark 4.2.5. X is 2-good (usually called cozero complemented) if given 
a cozero set C of X, there exists a cozero set C such that C U C is dense in 
X and C n C = (/>. 

Proof. Let Z be a zero set in X. Consider C = X \ Z, then by hypothesis 
there is a co-zero set (7 in X such that 

(i) d{CuC) = X. 

(ii) Cnd = (j>. 

Let Z = X\C, then 

(i) 

z u z = ((z u zyy = {z" n zy = (c n cy = (/."̂  = x. 
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(ii) We shall prove this by contradiction. 
Suppose Intx {Z n Z) ^ 0, then there exists x G Int(Z n Z) and a 
neighbourhood U of x, such that x e U Q Z Ci Z. This implies that 
U n C = (p and U n C = (j), thus U n {C U C) = (f). Since {C U C) 
is dense in X, so every neighbourhood of x must meet (C U C). This 
contradicts that (C U C) is dense in X. Hence Int(Z r\ Z) — 4>. 

D 

Definition 4.2.6. Let X be a topological space and (7 be a subset of X, 
then U is ^-embedded in Y if each zero set of U is the intersection with U 
of a zero set of X, i.e., Z e Z{U) G Z(X) =^ Z = Z' nU, where Z' G Z[X]. 

Example 4.2.7. X is z-embedded in 0X for Z = Z{f) G Z(X) =^ Z C 
Z{f) and Z ( / ^ ) n X = Z(/) . 

Notation 4.2.8. T{C{X)) is the localization of C(X) with respect to the 
multiplicative set of non-zero divisors. 

Notation 4.2.9. Zx denotes the zero-set in X and Zx denotes the z-
complement of Z in X. 

The following proposition establishes the relation between the topological 
properties of X in terms of z-goodness and the algebraic properties of C(X) 
via its total ring of quotients T{C(X)). 

Proposition 4.2.10 (1.3, [21]; 2.3, [2]). Suppose X is a space. Then 
T{C(X)) is von Neumann regular if and only if X is z-good. 

Proposition 4.2.11. Suppose X is dense subset of Y and that X is z-
embedded in Y. Then X is z-good iff Y is z-good. In particular X is z-good 
iff (3X is z-good. 

Proof. Let us assume that X is 2-good. Suppose Zx G ZfX), then Zx = 
Zy^X for some Zy G Z{Y). Now X is ^-good implies that Zx U Zx = X 
and Intx(^x n Z^) - <̂ , for some Z -̂ G Z{Y), where Z^ - zP n X. 
Now, Zy is closed in Y and Zx C Zy => clZx ^ clZy and Zx U Zx = X. 

So, clv-(Zx U Z -̂) = cly A' gives cly Zx U cly Z^ = Y. 

But Cly Zx U Cly Z^ C Zy U ZP C y ^ ZyUZ^ = Y. 
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We know Int[(Zx n Zx)] = 4>. 

But int[{ZxnZx)] -int[(Zy nxnz^nx)] = int[[(Zy nzP)n;«:]] 

= int[(Zy n zp) n cix] = int[(z n z^) n y] = int[(Zy n zp)] = 0. 
Hence Y is 2;-good. On the other hand, suppose Y is 2:-good. Let Z be a 
zero-set in X, then X is ^-embedded in Y impUes that Z = Zy fl X for some 
ZyeZiY). _ _ _ 
So, there exists Zy e Z{Y) such that Zy UZy = K and Inty[(Zy nZy)] = 0. 

Let Z = Z n X , then Z U Z = (Zy n X ) U(Zy n X ) = X and Int^ (Z n Z) C 

Inty (Zy n Zy) = 0- Heuce X is 2-good. D 

Definition 4.2.12. Suppose X is a space and :r € X. Then .x is a /-"-point 
of X if every zero-set of X containing x is a neighbourhood of X. The point 
X is an almost P-point if ever^ zero-set of X containing x has a non-empty 
interior in X. The space X is an (almost) P-space if every element of X is 
an (almost) F-point. 

Example 4.2.13. (i) A discrete space is a P-space. 
(ii) Every P-space is almost P-space. 

Proposition 4.2.14. Supose that X is a space with the property that for each 
cozero-set C of X, the closure clx C is a zero-set of X, then X is z-good. 

Proof. Let Z be a zero-set of X and consider C = X \ Z. So, clxC = 
clx(X \ Z) is a zero-set in X. Now Z U clxC = X and Int(Z n clxC) = 0, 
otherwise, there exists p e Z n X \ X which is a contradiction and hence X 
is 2-good. D 

Example 4.2.15. Every metric space is 2-good. More generally, every 
perfectly normal space is 2-good. 

Proof It follows from the Proposition [4.2.14] and the fact that every closed 
set in a discrete space is a zero-set. D 

Example 4.2.16. Every P-space is z-good. 

Example 4.2.17. If X is an almost P-space which is not a P-space or more 
generally, if X has an almost P-point which is not a P-point, then X is z-had. 
In particular if D is an infinite discrete space, then PO \ D is z-had and if 
D is uncountable, the one-point compactification of D is z-bad. 
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Proof. Let Y be an almost F-point which is not a P-point, then there exists 
Z e Z(X) such that x ^ Intx Z. We claim that X is z-had. On the contrary, 
suppose X is 2-good, then there exists Z € Z(X) such that Z U Z = X and 
Intx(^nZ) = (p with xeZnZ. Clearly, ZnZ e Z(X), but lntx{ZnZ) = </>, 
i.e., there exists a zero-set with empty interior, this contradicts that X is an 
almost P-space. 

For the other part, suppose D* = D U {00}, where cx) is the hmit point 
of D in D*. We shall show that 00 is an almost F-point but not a F-point. 
We assert that every zero-set containing 00 must intersect D. We shall prove 
this by the method of contradiction. Suppose there is / G C{D*), such that 
Zif) = {00}. 
Now, for each n € N, /*~(-l /n, 1/n) is open in D*, hence 

f*~{—\/n,\/n) = D* \Cn, where C„ is finite subset of D 

Also, 

So, 

But, r (n (-i/n, i/n)) = n *̂ \ c'n = n c„̂  = (u c^r 
neN n6N neN nSN 

Since (J C„ is countable, so ( | J CnY is uncountable. But, ( (J CnY = {c«}. 
neN neN neN 

This contradicts that Z{J) = {oo}- Thus, cx3 is an almost /''-point. 
On the other hand, 00 is not a P-point as any open set of D* containing oc 
must intersect D. D 

The following questions were not answered till recently, 

(i) Is it true that all z-good spaces have the property of Proposition 
[4.2.14]? 

(ii) Do 2;-bad spaces necessarily contain almost P-points which are not P-
points? If not, what nice properties can 2-bad spaces have? 

The next few sections are devoted to record the answers for these questions. 
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4.2.2 Some z-had spaces without almost P-points 
In this section, we shall record one of the answers given by Levy and Shapiro 
in [21]. 

Theorem 4.2.18. Suppose that X is an almost P-space and M is a compact 
metric space. Then X x M is z-good iff X is a P-space. 

Proof. Let us first assume that X is not a P-space. Then there is a point 
p e X such that p G Z = Z{g) for some g e C{X) but p ^ IntxZ. 

Define f : X x M —>R, by 

So, the function is well defined and continuous by continuity of g. Let Z = 
Z{f) — Z X M. We claim that Z is not ^-complemented in X x M. On 
the contrary, suppose Z is ^-complemented in X, then there is a zero-set A' 
in (X X M) where K = F x M, F e Z(X) such that ZuK ^ X x M 
and IntxxM(-^ ^ ^') = (/>.Since M is a compact metric space so it contains a 
countable dense subset C. For each c E C, let K n {X x {c}) — Ac x {c}, 
where Ac is a zero-set in X [Remark 1.L12]. 
Clearly, A x {c} C K for each ceC, implies that Ax C C K. 
Also, c\{AxC) = AxM. So K is closed implies that c\{AxC) CclK = K. 
Since K is closed in X x M and .4 x C is dense in ^ x M, 

Ax M C K and Int^xM Z n K = cj), (4.5) 

This implies that, IntxxM(-^ n (/I x M)) C Int(Z n A') = 0. (4.6) 

So IntxxM Z X MnAx M = IntxxM(^ n A x M) = Int(Z n A) = cj). 
Since p E Z\ Int^xM Z, so p E Ac for each c E C, p E H Ac — A 

implies p E AnZ E Z(X). 
But X is an almost F-space, so every zero-set in X has non-empty interior, 
but IntxxA^(-^ n {A X M)) = 0, a contradiction. Thus X x M is .:-god if X 
is a F-space. 
Conversely, suppose that X is a P-space. Let /C be the set of zero-sets of M. 
For K ElC, let K* = C1M(M \ K), then by Example [4.2.15 ] K* E IC. 
Clearly, K U K* = M and IntM(A' U A'*) = 0. 
For K E K, let F^ E C{M) be a function such that Z{FK) = K. Suppose 
Z = Z(/) is a zero-set of X x M. For each x E X, define 

f,:M^R by /x(m) =/(a; ,m). 
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Then /^ e C{M) by continuity of / , and let Kx = Z{fx). 
Let Z = PI {X} X Kx*. So, our proof will be complete if we show that 

(i) Z is a zero-set of X x M, and 

(ii) Z is a 2-complement of Z in X x y\7. 

First, we shall assert the following: 
(A): For each x € X, there exists a neighbourhood Ux of x such that: 

for each {y,m) 6 U^ x A/, f{y,rn) = f{x,m). 

Suppose X E X. Since every compact metric space is separable, there exists 
countable dense subset C oi M. By our hypothesis x is a F-point, so for each 
c E C, there exists a neighbourhood Uxic) such that f{y,c) = f{x,c) for all 
y 6 Ux{c). Let Ux = f] Uxic). As C is countable and x is a P-point, Ux is 

a neighbourhood of x. If y G f/x, then f{y,c) = f{x,c) for all c G C, and 
since C is dense in M and / is continuous, /(y, m) = fix,, rn) for all m, G M. 
Hence our assertion holds. 

We define h : X x M ^Rhy hix, m) - Fz^/^y. If Ux is as in (A) and if 
y G Ux, then Z(/y) = Z(/x), hence Z(/y)* = Z(/x)*. So, if Ux is as in (A), 
then /t(y, /n) = hix, iii.) for all y £ Ux and Fz^j^y is continuous on A/ implies 
that /? is continuous on X x A/. Clearly, Z(/!.) = Z, hence (i) holds. Finally, 
(ii) follows from (A) and the fact that for any zero-set K of A/, the zero-set 
K* is the 2-complement of A' in A/. 

D 

Example 4.2.19 (2.2, [21]). If follows from Theorem [4.2.18] that (/̂ cu) \ 
ijj X [0,1], which has no almost F-points, is z-bad. 

4.2.3 Good 2;-bad and bad 2;-good spaces 

In this section we shall record few results and examples of z-bad spaces which 
have many nice topological properties. In addition, we shall also record an 
answer to the question of whether all z-good spaces have the property of 
Proposition [4.2.14]. The answer is in the negative as shown in [21]. 

Lemma 4.2.20. Suppose X is a compact HausdorjJ space and D is a dense 
uncountable set of isolated points of X, such that X \ D is metrizable. Then 
there exists a countably infinite subset C of D such that clx C D X \ D. 
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Proof. Let M = X \ D, then A/ is closed. Since closed subsets of compact 
spaces are compact, y\/ is a compact metric space. Every compact metric 
space has a countable base. Let p be a base of M. 

For each B £ (3, choose pB ^ B. We know that for each open set W in 
M, there exists an open set Uw in -^ such that Uw Pi M = W. So we have 
f/s n M = S for each B E 13. Since X is compact it is locally compact and 
so there exists a compact neighbourhood VB of PB in X such that VBQUB-

Let CB be a countably infinite subset of VB H D. Since every infinite subset 
of X has a limit point x in X, in particular CB has a Umit point in VB Q UB-
Since £> is a set of isolated points of X, it must lie in VB \ D, i.e., in B. 
Let C = U CB, then C is countable and let x e M then a; is a Hmit point 

Be/3 
of CB, SO M C clxC D 

Definition 4.2.21. Suppose that M is a meric space. Then M is called 
weak 0 — extension of M. If n is a positive integer, then a compact space X 
is called a weak, n-extension of M if X has a dense set D of isolated points 
such that X \ £> is a weak n — 1 extension of M. If ri is a positive integer, 
an n-extension of M is a weak ri-extension whose set of isolated points is 
uncountable. 

Remark 4.2.22. It follows from the definition that if X is an /i-extension of 
the metric space M where n > 0, n e N, we can write X = M U i^i U ... U Ẑ ni 
where Di is the set of isolated points of X and for each k > 1, Dk is the set 

fe-i 
of isolated points of X \ U £>,. 

Notation 4.2.23. For each p € X \ M, let kp be such that p G Dk^. 

Lemma 4.2.24. Suppose that m is a positive integer and Y is an m-extension 
of the metric space W such that for some countable subset C of Dm, W C 
clxC. Suppose further that for each p £ Y \\V, there is a clopen neighbour­
hood Vp of p such that Vp n Dk^, = {p} and Vp contains only countably many 
isolated points of Y. Then Y is z-bad. 

Proof. Since C is countable, let us index the elements as 

C = {Ck:k&W}, 

where W is a countable set. Let Vc*, be the corresponding clopen neighbour­
hood of Ck-

Define f -.Y —^ E, by 
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1 aX € VcQ, where CQ is the first element of C 

f{x)={m ifoeVc,\'uyc„fc>o. 

0 iixex\ u Vc,. 
kew " 

We claim that / is continuous. 
Since Vc^, is clopen for each k EW ,soVc^ is closed, and 

Vc, \ 'oVc, = Vc. n C^\Y = Vb,̂  n ('nVc/) 
j = i j = i j = i 

hence closed. Also U Vc^ is open => X \ U Vĉ . is closed. 
k-\ 

Further, Vc^. \ U Vc^, are pairwise disjoint for k ^ W and / is continuous on 
each of these closed sets, so f is continuous and Zif) = X\ U Vn^. 

Since Vc^ contains only countably many isolated points of Y, Coz(/) = 
U Vcfc contains countably many isolated points of Y. 

Claim : We claim that Z = Z{f) is not ^-complemented in Y. 
We shall first show that if /C is a compact subset of Y which does not in-
terset W, then K contains only countably many isolated points of Y. Since 
KnW = (j), K CY\W. Let {V, : (7 G /C} be an open cover of K, then by 
compactness it has a finite subcover, say {Vqo,y,,,..., Kq„}. By hypothesis, 
Vq, 0 < i < n contains only countably many isolated points, so does K. Also, 
every cozero-set is an F^-set, i.e., countable union of closed sets. Now each 
closed subset is compact and since it does not intersects W, by hypothesis 
it has only countably many isolated points of Y. So a Fj set contains only 
countably many isolated points of Y. Now suppose that H is a zeroset of V, 
such that Zu 11 = Y and Znll is nowhere dense in Y, i.e., Int(Znil) = 0, 
then Z n H has no isolated points of Y 
Furhter, C C Coz(/) as C n Z{f) = cj) and Coz(/) CHasZuH = Y. 

So, C C Coz(/) CH => clxC C h. (4.7) 

But H is closed and W C clxC by Lemma [4.2.24], so Vy C dxC C H. 
So Y \ H C Y \W implies that it contains only countably many isolated 
points of Y as Y \ / / n VK = (/>. So, H n Z contains an isolated point of Y. 
This is a contradicton to the fact that Z n // is nowhere dense in Y. Hence, 
Z{f) is not 2-complemented in Y. Thus Y is z-had. 

n 
Proposition 4.2.25. Suppose n is a positive integer and X is an n-extension 
of the metric space M. Then X is z-had. 
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Proof. Since X is an n-extension of M, so X \ M ^ (j). For each p e X\M, 
let Up be a clopen neighbourhood of p such that T/p n Dk,, = {p}. Such a 
clopen neighbourhood exists because the space obtained by collapsing M to 
a single point is compact and scattered, and , therefore, zero-dimensional. 
The following cases arise: 

Case (i): Suppose that for every p e X \ M, the set Up contains only 
countably many isolated points of M. Applying Lemma [4.2.20] to M U Z)„, 
there exists a countable subset C of D„ such that M C cl^ C. Now applying 
Lemma [4.2.24] to X with m = n, Y = X W = M and Vp — Up gives X is 
z- bad. 

Case (ii): Suppose there exists a p e X \ M such that Up contains un-
countably many points of X. Then there exists a p such that kp is as small 
as possible. Further, p is not an isolated point of X. For if p is an isolated 
point of X, then p E Di and kp = \. By our assumption Upf) D^̂  = {p}, so it 
implies that Up contains only one isolated point of X. This is a contradiction 
to our assumption. Then, kp > 2. The clopen subspace Y = Up of X is an 
m-extension of the metric space W — {p} for m = fep — L For g G [/p, if we 
take Vp = UpdUg. Then by minimality of kp, each of the sets Vg contain only 
countably many isolated points of X, i.e., only countably many points of Up. 
As p is the only limit point of Dm n (/p, p is a limit point of every countably 
infinite subset of 79^ n Up. So, applying Lemma [4.2.24] with Y = Up and 
W = {p}, we get Up is z-h&d. Since Up is clopen in X, X is also 2-bad. 

D 

Remark 4.2.26. 2-bad spaces need not have subspaces which have almost 
P-points which are not P-points. 

Let D be an uncountable discrete space. Let PD be its Stone-Cech com-
pactification and D* be its one-point compactification. By Examples [4.2.15 
and 4.2.17] PD and D* are 2-good and 2-bad respectively. Clearly, pD maps 
onto D*, which in turn maps onto the one point space {p} (say) which is 
2-good. By compactness of PD, D* and {p} each of the maps are perfect. So 
we have the following remark: 

Remark 4.2.27. Neither 2-goodness nor 2-badness is preserved by either 
perfect maps or inverse images of perfect maps. 

Proposition 4.2.28. Let S = DU {oo} be the one point compactification of 
an uncountable discrete space. Let {M,p) be a metric space. Suppose p G M. 
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Let X = (D X M) U ((oo,p)} C S x M. Then every zero-set m X has a 
z-complement if and only if p is not an isolated point of M. 

Proof. Suppose P is an isolated point of M, then {p) is clopen in the metric 
space M. So, 5 x {p} is clopen subset of 5 x M. Clearly, S x {p} is home-
omorphic to S. By Example [4.2.17] cx) is an almost P-point of S which is 
not a P-point. By similar argument (oo,p) is an almost P-point of S x {oo} 
and hence of X. So, by Example [4.2.17] X has a zero-set which is not z-
complemented. 

Conversely, suppose that p is not isolated in M. Let Z be a zero-set of 
X. For each d E D, Zd = Z D {[d] x A/) is a zero-set in the space [d] x M. 
Being 2:-good it has a ^-complement, Zd in {d} x M. Let Zd — Z{fd), where 
/ , e C{{d} X Af). 
Let 5d = (0 V /d) A 1. Then 0 < gd{d,y) < 1 Vy e M with Z{gd) = Zd. 
Define 

g: X ^R by g{d, y) = gdiy, y)p{p, y) and g{{oo, p)) = 0 

Clearly, g G C{X) and Z is a z-complement of Z in X. O 

Example 4.2.29. If in Proposition 4.2.51 we let M = [0,1] and p be any 
element of M, then the space X has a cozero-set whose closure is not a 
zero-set. 

Proof. Let C be a countable subset of D, then C is a cozero-set in D such 
that C = D\ Z{f) for some / G C[D). Let U = C x M. 
Then f/ is a cozero-set in X, but its closure is t/ U {(oo,p)} which is not a 
zero-set of X because every zero-set of X which contains (oo.p) intersects 
[d] X M for a co-countable set of d's. D 

4.2.4 Gabriel filters 

In this subsection the conception of a Gabriel filter of ideals and its various 
properties are discussed [21]. Among those, the localization of the ring at /" 
is of special interest and we shall record some of the important results. We 
shall first state the following definitions. 

Definition and Notation 4.2.30. A collection of ideals of a commutative 
ring R is called a filter, if it is closed under the operation of taking finite 
intersections and such that any ideal containing an element of the collection 
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is in the collection. A filter of ideals jT of a commutative ring R is called a 
Gabriel filter if it satisfies the additional property that if I is an arbitrary 
ideal and J is an element of T such that for all o € J, a~^ J G T, then I E J-, 
where 

a,-H= {be R-.bael}. 

More generally, a filter is called multiplicative if it satisfies the weaker con­
dition that the ideal IJ E T whenever I, J E T. 

Associated to a multiplicative filter ^ is a left exact functor qjr on the 
category of il-modules (i.e., for M an /^-module), defined by 

qjr{M) = \Jnom{I,M). (4.8) 

Let / , 3 € qj:{M) then there exists I,j£j^ such that 

f-.I^'^M and g-.J^^M. 

We identify f = g,ii f[L] = g[L], where L C In J and L e J^. 
We define addition as f + g = {}' + g)\In J]. 
If M — R, then we can define multipication as j.g = / o g\lJ\ — /[g'[/-/]]-
Since the functions 0 and 1 are in g/-(E), it has a ring structure. 

It has been shown by N.Schwartz in [31] that the map from R to qriK) 
given by r goes to multiplication by r, is a ring homomorphism. Further, 
it follows from the same that the localization of the ring at T is given by 
qjr{qj^{R)). We denote this functor by Qjr. For a multiplicative filter J^ one 
defines the torsion submodule Tjr{M) of an arbitrary module via 

Tjr{M) = {m e M : ml = 0 for some / G T), 

for let m, n G Tjr(M), then ml = 0 and nJ — 0 for some I,JeT, 
then (m + n){IJ) = m{IJ) + n{IJ) = 0 ^m + nE Tyr{M). 
Further, let r G i?, m G TJ^{M), then rm (I) = r.{rnl) = r.O = 0 =4> rm G 
Tj^{M). Hence it is a submodule and it follows from B.Stenstrom [33] that 

QAM) = {JHom{l M/Tf{M)) = q^M/MM)), (4.9) 

whenever ^ is a Gabriel filter. 
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Example 4.2.31. Let R he a. commutative ring, and let T be the set of 
dense ideals, i.e., I e J^ ii xl = 0 =» .r = 0 for any x G R. Then JT is a 
Gabriel filter in R. 

Notation 4.2.32. The ring of quotients of R with respect to the filter sF in 
[4.2.31] is called the complete ring of quotients of R and is denoted by Q{R). 

Let X be a topological space and F be a filter of open sets in X, i.e., 
a collection of non-empty open subsets of X which is closed under finite 
intersections and such that an open superset of an element of the collection 
is again an element of the colection. 

Notation 4.2.33. We denote the ring of partial fractions Cf (X) by 

Here we identify two elements / i , / 2 , if fi[F] = f2{F] for some F G .F, 
such that F e dom(/i) ndom(/2) . It has a natural ring structure and a ring 
homomorphism from C(X) to ( 7 F ( X ) , i.e., inclusion as X € F . 

Notation 4.2.34. For an ideal J of C(X), let Coz(r) = lJCoz(<7). 

Remark 4.2.35. I is dense iff' Coz(J) is a dense subset of X. 

In [21], the result of Fine, Lambek and Oilman [15], where they had 
shown that Q(R) and C F ( X ) are isomorphic if F is the filter of open dense 
sets, have been generalized. We shall first record the generalization to the 
case of abitrary filter of open sets in X and their associated multiplicative 
filter of ideals of C(X). The second is for certain filter of open sets and the 
associated Gabriel filter of ideals of C(X). 

Remark 4.2.36. Let F be a filter of open sets of X. Let J^ be a collection of 
ideals of C(X) by declaring I e T ii Coz{I) e !F. Then J" is a multiplicative 
filter of ideals. 

Proof. T i^ (j), for consider zero ideal,then Coz(O) = X G . F = ^ O G . F . 

Let /, J G : F so Coz(f), Coz( J ) eT => Coz(f) n Coz( J ) G T. 
Consider In J then Coz( /n J ) = Coz(i) D (J) G .F, 
for, let 

X G Coz(Jn J ) =^3geInJ such that g{x) ^ 0. 

Now, g E I and g e J 
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with g{x) = 0 implies that x E Coz(J) fl Coz(J). 

On the other hand, let x e Coz(7) n Coz(J), then there exists g E I , he 
J such that 

g{x) ^Oandh{x) ^0. 

But, gh E In J and gh{x) = g{x)h{x) ^ 0, implies 

X E Coz(r)nCoz(J) . 

Hence, the equality follows. 

Finally, let I.JEJ- and consider / J , 

then Coz(Zn J) = Coz(f) n Coz(J). 

Let X E Coz( /J) , then there exists g E IJ such that g{x) ^ 0. 

Since IJ C 7n J so g E I and g E J =^ x E Coz(/) n Coz(J). 

Now, let x E Coz(I)nCoz(J), then there exists g E I and h E J such that h{x) / 

0 and g{x) j^ 0. 
But gh E IJ and g/i(x) = g{x)h{x) ^ 0, implies that x E Coz(/J) =^ IJ E 
T. 
Hence ^ is a multiplicative filter. D 
T h e o r e m 4.2.37. Let F be a filter of open subspaces of X and T be its 
associated filter of ideals of C(X). Then the rings Cp{X) and qjr{C(X)) are 
isomorphic. 

Proof We first define a map ^ : qjr{C(X)) —> C{X). 
Let / E Hom(7, CfXj), where I E J^. Then <!>(/) must be a real val­
ued continuous function on Coz(/). If x G Coz(i) then there exists g E 
1 such that g{x) ^ 0. So define, 

$ ( / ) : Coz(i) —> R 

Showing that $ ( / ) is well-defined is equivalent to showing that the definition 
is independent of our choice of g. Suppose that there exists another function 
h E I such that h{x) ^ 0, then we claim that 

/ (y)( .0 ^ f{h){x) 
h{x) h{x) 
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So, the condition reduces to 

f{g){x)h{a:) = f{h)ix)gix). 

Since / is a C(X)- module homomorphism, we have 

f{g){x)h{x) - [f{g)h]{x) 
= [J{gh)\{x) since C(X) is commutative. 

= [fih)g\{^) 

Thus for each x G Coz(/), $ ( / ) is defined and continuous on a neighourhood 
of X. Further, $ ( / ) is continuous on its domain Coz(/) as they agree on any 
overlap between neighbourhoods. <I> is a ring homomorphism. for I(!t 
/ i ! /2 € QriC(X)) then 3 I. J & T and since /i + /2 is defined on 7n J, so 

M9){x) + f2{9){x) 

^MgM + MsM 
9{x) 9{x) 

= $ ( / i ) + * ( / 2 ) . 

Also, /1/2 is defined on IJ ^ T, so 

fif2ig){x) g{x) . / N / n 

. /i(g)(-r)/2(g)Gr) 

p(a')(/(.̂ -) 
_ /i(9)(^) .. f2{g){x) 

{g){x) g{x) 

- * ( / i ) * ( / 2 ) . 

Next, we construct an inverse for $. Let U ^ T and 

lu* = {ge C(X) : d{Coz{g)) C [/}. 
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We first show that lu* is an ideal in C(X). 
Let / , 3 € Ju* and consider Coz(/ — g), then 

Coz(/ -g)Q Coz(/) n Coz(g) C U 

=̂  / - /; e ?/ and for any/;. G C(X) 
Coz{fh) = Coz(/) n Coz(/!) cue Coz(/) C f/. 

Hence lu* is an ideal. It is well known that in a Tychonof space every open 
set is the union of the closure of Coz c/j, for some collection [gi] C C(X) 1 < 
i <n. Next we claim that Coz ly* = U . 
Let X e Coz(/[/*). Then 3 g e h* such that x € clCoz(.9) C f/ 
=> Coz{lu*) QU. ' 
On the other hand ,let x € U, where t/ = IJ cl(Coz(5'i)), v4 C X 

Then x G cl(Coz(g'i)) for some i. 
Since, cl(Coz(gi)) C U, so g^ G /{/*. 
Thus, a; G Coz(/t/*) and lu* G ^ . 
We now define 

Let p G C{U) for some [/ G JT. 

Define '^{g) : y^* ^ CfX) 

given by 'i!{g){h) — gh where for any h^Iy*-

gh{x) = < 
10 otherwise. 

Clearly, gh is continuous on the closed sets X \ Coz(g) and clCoz(^). 
Further, (X\Coz(g'))Ucl(Coz(p)) = X, so by Pasting lemma gh is continuous. 
Finally, 

*[$(/)] = / , for each/ G qAC(X)) 

and$[*(g)] = g for eacht? G C F ( X ) . 

Thus, the rings are isomorphic. D 

We call a filter F of open subsets of X a Gabriel filter if the cissociated 
filter of ideals of C(X) is Gabriel. The Gabriel sub-filters of the the filter of 
dense sets satisfy the following corollary. 
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Corollary 4.2.38. Let F be a Gabnel sub-filter of the filter of open dense 
sets in X and let T be its associated filtti of ideals of C(X). Then the rings 
CF{X) and Qjr{C(X)) are isomorphic. 

Proof. We know 

Tjr{C(X)) = {f e C(X) : / / = 0 for some I e J^} 

= {0} 
Clearly,, C(X)/Tr{C(X)) = C(X). 

Thus by equation (4.9), QAC(X)) = qAC(X)). 

So,the result follows by Theorem[4.2.37]. D 

Now we shall record some criterion for a filter of open subsets to be 
Gabriel. 

Notation 4.2.39. h = {g • Coz{g) C U] 

Remark 4.2.40. Coz{lu) = U 

Proof. Let x G Coz(/t/), then B g e lu such that x e Coz(^). 

But, Coz(g) C U implies that Coz{Iu) C U 

On the other hand, for a Tychonoff space it is well known [13] that 
[/ = U dCoz{g^), where A C C(X). 

g.eA 
So, CICOZ(PJ) C [/ ^ p, G /(/. Hence the result follows. D 

Lemma 4.2.41. Let U be an open set m X and let g G C(X). Then 
Coz{g-'lu) = Int{UUZ{g)). 

Proof. Let y G Int(L'' U Z{g)), then there exists an open neighbourhood V of 
X, such that yeVC lnt{U U Z{g)) 
Now X \ K is a closed set in X not containing Y, so by complete regularity 
of X, there exists a function h e X such that /![X \ V] = {0} and h{y) = 1, 

I e , Z{h) = X\V DX\ lnt{U U Z{g)) 

=> X \ Z{h) C Int(f/ U Z{g)) 

-^Coz{h)Clnt{UUZ{g)). 
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We claim that g E g ^lu- It suffices to show that Coz{hg) C U, for then 

hgelu ^heg-^Iu-
If X e Coz{hg), then hg{x) = h{x)g{x) ^ 0. 
But Coz(/i) C Int([/ U Z{g)) C [/ u Z(^), so, g{x) 7̂  0 =J> x G [/. 
Thus y G Coz(/i) C Coz(^-i/[;) and Int([/ U Z(5)) C Coz{g-Hu)-
On the other hand, let y G Coz(g~^/[/). Then y G Coz(/) for some / G g~^Iu, 
implies that 

fgelu ^ Cozifg) C {/. 

But Coz(/^) = Coz(/) n Coz{g) C U. 
Thus if y G Coz((?), then ?; G Coz(/) n Coz(.(7) C U. If not, then ?y G Z{g). 
In any case y e U U Z{g). Since Coz(5"^/(7) is an open set such that y G 
Coz{g'^Iu) CUn Z{g), so y e Int(f/UZ(^)). Hence the equality holds. D 

Theorem 4.2.42. Let ¥ be a filter of open sets on the space X. Then ¥ is 
Gabriel iff it satisfies the following : Let {gk}k€K be a collection of elements 
of C(X) such that \JCoz{gk) G F. Let V be any open set such that for each 
k E K, V [J Z{gk) contains an element of¥, then V E¥. 

Proof. Let us suppose that ¥ is Gabriel. Let {gk}keK be a family of functions 
in C(X) such that \J Coz{gk) G F. Let V be an open set such that VU Z{gk) 
contains an element of F for each k E K. 
We claim that K G .F It is enough to show that ly G T, since Coz(/v) = V. 
Let J be the ideal generated by the set {gk}keK-

Now, 

Coz(J) = Coz(^fc) G F 

^ J e:F. 

By Lemma[4.2.41] Cozigk~^Iv) = lnt(V' U Z{gk)) 

Since V U Z{gk) D L for some L G F 

so, Int(y U Z{gk)) D L 

^\nt(yiJZ{gk))eJ' 

=> gk'^Iv e J^k G K 
for Coz(/i~^/y) = Int(vUCoz(/i)), where Coz(/i) C . 

Hence h~^Iv G .F, V/i G /y . Since .F is a Gabriel filter, so ly G !F. 
Conversely, Suppose that F satisfies the given conditions. Let / and J be 
ideals of C{X) such that J e T satisfying h'^I e J^ V/i G J. If we let 
U = Coz(J) and V = Coz{I), then Coz{h-^ e T) V/i G J. 
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By Lemma [4.2.41] Coz(/i-^i) = Int(V U Z{h)) G F. Thus for alike J, we 
have V U Z{h) D Int(V U Z{h)). So, by the given condition V e¥ ^ l £ T . 
Hence ^ is a Gabriel filter and consequently its associated filter F is Gabriel 
filter too. D 

Remark 4.2.43. If J" is a Gabriel filter of the ring C{X) which comes from 
a filter of open sets of X, then J^ satisfies the property that whenever I is 
an arbitrary ideal and J ^ J^ such that Coz(J) C Coz(i), then 7 G J^. A 
filter with this property is called a 2-Gabriel filter. If JT is a 2-Gabriel filter 
of C(X), then the family {Coz(J) : J G .F} is a Gabriel filter of X as its 
associated filter of ideals is T. Thus there is a bijection between Gabriel 
filters of open sets of X and 2:-Gabriel filter of C(X). 

Now we shall give more examples of Gabriel filters of a space X. 

Example 4.2.44. Let X be any non-empty space and let Y be a non-empty 
subspace. Let F be the set of open subsets U oi X such that U nY is dense 
in Y. Then F is a Gabriel filter. 

Proof. We shall first show that F is a filter, 
let f/i, f/2 G F such that d{Ih nY) = Y and cl(f/2 nY) = Y, then cl[([/i n 
U2) nY]=Y 
Also iW DV, where V G F, then c\{VnY) = Y, so c l ( f /ny) D c\{VnY) -
Y. Hence it is a filter. 
To show that it is a Gabriel-filter, let U = [J Coz{gk) G F for some collection 
{gk} ^ F. We will show that for some gk, V U Z{gk) contains no element of 
F. 
Now, V ^ ¥ =^ V r\Y is not dense in Y, we can choose an open set W 
of the spa€e Y with W C.Y \V. This is possible for 3 y G Y such that for 
some neighbourhood of Y in Y, say, Nbd.(Y) Nbd. (y) nf/ = </>. 
Since f/ G F there exists Qk = g such that Coz(g') nW ^ <f). Thus, 

{V u z{g)) n (Coz(̂ ) nw) = {vr\ Coz(g) n 14̂ ) u {z{g) n {Coz{g) n w)) 
= </> 

So, V U Z{g) cannot contain an element of F, otherwise it contradicts that 
F is a filter. So by Theorem [4.2.42] F is a Gabriel filter. 

D 

Example 4.2.45. Let X be any space and let Y be a subset of X. Let F be 
the filter of all open sets that contain Y. Then F is a Gabriel filter. 
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Proof. Clearly F is a filter for any two elements of F containing Y, their 
intersection is open and contains Y. Similarly, if f/ D V, where V E ¥ and 
U is an open set of F, then U also contains Y, hence it is in F. Similarly, 
as done above let U = [j Coz{gk) G F and let V be an open set such that 
V is not in F. Then there exists y e Y \V. Since, [/ G F, there is a 
g = gk such that y € Coz(g). Thus y ^VU Z{g) and so K U Z{g) ^ F as 
Y <^VU Z{g). Therefore, by Theorem [4.2.42], F is a Gabriel filter. D 

Remark 4.2.46. Intersections of two Gabriel filters is again a Gabriel filter. 

The above two examples were of similar category, now we shall give an 
example that is not in this category. 

Example 4.2.47. Let X be the closed unit interval and let F be the collection 
of open sets of X which are co-countable. Then F is a Gabriel filter. 

Proof. To show that is a filter, let U,V e¥ such that X\U and X \V are 
countable, 
then X\U n K = f/"̂  U V^ which is countable. Now letU DV such that V E 
¥ where U is an open set in X, then X\U C X\V which is countable, hence 
X \U is countable too, so U E¥. 
Now let V be an open subset of X and let {gi} be a collection of functions in 
C(X) such that U = IJCoz(pj) E F. Also, suppose that VUZ{gi) contains 
an element of F for each function gt and on the contrary V ^¥. This implies 
that X \ y is uncountable set which means that it must contain a copy of 
the Cantor set, C. Since VuZ{gi) contains an element of F, each Z{gi) must 
contain all but finitely many elements of C. However, since Z{gi) is closed, 
it must therefore contain all of C. Hence U cannot contain C, which is a 
contradiction as U is in F. Hence F is a Gabriel filter. 

D 

We shall now give an example of a filter of open sets which is not a Gabriel 
filter, even though it is similar to the previous example. 

Example 4.2.48. Let X be the closed inteval and let F be the filter of all 
co-finite open subsets of X. Then F is not a Gabriel filter. 

Proof. The proof that it is a filter is similar to that of previous example. Now 
let {a„}„gN be a convergent sequence in X with hmit point a. Let V = X\A, 
where A — {a„} U {a}. Since X \V = A, V is not in F. Let ^„ be ah element 
of C(X) with zero-set ^ \ {a„}. 
Then U = |JCoz(^„) = X e F. On the other hand, V U Z{gn) is clearly in 
F for each n. Thus by Theorem [4.2.42], F is not a Gabriel filter. D 
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Remark 4.2.49. Let F be a Gabriel filter of open sets in X and let f be its 
aasociated filter of ideals of C(X), then 

Tjr{C(X) = {f e C(X)\fI = 0 for some / G J^}. 

Let Yf denote the intersection of the closures of the elements of F. 
Clearly, / G Tjr{C(X)), ^ VF ^ Z{f), in particular the kernel of the canonical 
map * : C(X) —> C{YF) contains rjr{C(X). Moreover, if Int(yF) G F, then 
the two ideals are equal. 

Note 4.2.50. Suppose that X is a normal space then the restriction map 

0 : C(X) - . C{Y) 

is onto whenever Y is a closed subset of X by Tietze's extension theorem. 
In particular if F is a Gabriel filter of X, then the natural map 

^ : C(X) —> C{Y) 

where Y = YF is onto as Yp is closed. Using the filter F we define a filter Fy 
of open sets of Y by declaring U e FY ii U = W OY, where W E F. We 
shall verify that Fy is indeed a filter. 

Let (/i, f/2 G Fy Then there exists Wi,W2e¥ such that (/i = Wi n Y, 

[/2 = VK2 n yand t/i n f/2 = {Wi n W2) as H/i n VK2 e F. 

Also, if U is an open set of Y such that U D V, where K G Fy and V - WnY, 
then U ^W n K, where W is open in X.So, 

[/ D K =^W' ZiW =̂  VF' G F. 

Hence f/ G F. In addition, if we suppose that Int(y) G F, then we claim 
that Fy is also Gabriel. We observe that every element \] of Fy contains an 
element of F, viz. W n Int(y), where VK G F and V = W r\Y. Now suppose 
that V is an open set in Y and there is a family of functions {gijigN, defined 
on Y such that UCoz((/i) G Fy and V U Z{g^ contains an element of Fy 
for each Qi. Since (JCoz(pi) G Fy it contains an element of F as (JCoz(5'i) 
contains an element of F. Furthermore, if W is any open set of X, such that 
Vyny = K, it follows that WUZ{g[) D VUZ{gi) which cantains an element 
of F. Since F is a Gabriel filter, Ĥ  G F and so 1/ G Fy. Hence, Fy is Gabriel. 
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So, the stage is set for describing the locahzation of C(X) at the associated 
filter of ideals in teiirih ot paitidl tunctions on a ceitam topological spaces 

Proposition 4.2.51. Let ¥ be a Gabriel filter on X, where X is normal and 
suppose that Int(Fy) is m F. If !F is the associated filter of ideals of C(X), 
thenQ:F{C(X)) = CFy{YF). 

Proof. Let Y =^ Y^ and let J-'y denote the filter of ideals of C{Y) associ­
ated to Fy. Then .Fy is a Gabriel filter of the filter of dense ideals. Thus 
qMC{y)) = CY{Y) by Theorem [4.2.37]. Suppose the ideal I of C{Y) is in 
Fy, then its inverse image J = $~^(J) in C(X) is in J^, for 

Coz(/) = IJCoz(^) C [jCoz{h) = Coz(J). 
gel he.J 

We know from above note that if Coz(7) G Fy, then it contains an element 
of F. This implies that Coz( J) e F and hence J e f 
Conversely, ii J £ T, then ( |J Coz{h)) n K is contained in (J Coz(c/) i.e., 

h e ; ge<PiJ) 

Coz(J) n r C Coz($(J)) 

=> Coz($(J)) e Fy 

^ $(J) e .Fy 

Furthermore, if J is any ideal of C(X), then 

Homc(x; {J, C{Y)) ^ Homc(y)(*(J), C{Y)) as C{Y) modules. 

Since C{Y) = C(X)/T:P{C(X)), 

Therefore, QAC(X)) = q^y{C{Y)) = CY{Y). Hence proved. D 

Proposition 4.2.52. Let ¥ be a Gabi id filter oj open sets m X. Suppose that 
f]¥ C. Int(yF) and Bd{Yf) contains only finitely many accumulation points, 
then lnt{Yf) G F. 

Proof. Let us denote Y^ by Y and let V̂  = X \ Bd(r) We shall first show 
that V e¥. Since nF C Int(rF), for each b e Bd{Y) there exists I G F. Let 
A be any finite subset of Bd(y),then X\A is in F, for let A — {ai,a2, ,an}, 
then there exists / i , /2, •• , /„ such that a^ ^ I^, 1 < i < n. 
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Now X\AD Iin...nln = l' {say) 

=^X\ADt 

and / 6 F =4> X \ /l G F. 

For each b € Bd(y), b not an accumulation point of Bd(y), the set Bd(y) \ 
{6} is a closed set. Hence, there exists a family {(/,''} of functions such that 
the intersection of the zero-sets of these functions is Bd(y) \ {b}. The union 
of the cozero-sets of these families of functions over all b E Bd(y), b not 
an accumlation point is the set X \ {acumulation points of Bd(F)}. Since, 
there are only finitely many acumulation points and PlF C Int(yF), this set 
is in F. 
On the other hand, for each function g^, V U Z{g^) D X\{b} e¥ . Hence 
by Theorem [4.2.42] V e¥. Now for each U e ¥, let Cu be the closure of 
U \ Int(y) and let {/i,^} be a family of functions such that r\Z{hi^) — Cy-
Then for each f/ e F and for each h/^, we have lnt{Y)L} Z{hi^) contains U. 
Furthermore, since the intersection of the closures of the elements of F is Y, 
we have U Coz(/tj^) contains X \ Bd{Y) e F. Hence, using Theorem[4.2.42] 
Int(y) 6 F. D 

We shall conclude this section by giving an example of a Gabriel filter F 
such that Int(yr) is not empty and not in F 

Example 4.2.53 (4.11, [21]). Let X be the unit square and let Y be a 
closed disk contained in X. Let F be the collection of all open sets U in X, 
such that U n Bd(X) is a co-countable subset of Bd(Y) and Int(Y) C (/. 
Then clearly the intersection of the closures of the elements of F is the set Y 
and Int(Y) is not in F. 
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