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INTRODUCTION

The title of this dissertation derives from our ariginal
plan : a survey of some investigations carried out by Cox
[C:731% Clark [C:8461, Wiegand [W:621, Alamelu,
Vasconcelos and others in the arez of endomorphism rings of
ideals of commutative and non—-commutative rings. However,
while following this plan it became apparent that for such =z
survey to be fruitful it is necessary to include results
concerning endomorphism vrings of arbitrary modules over
various rings. The necessity of including, for the sake of
completeness and convenience of the reader, basic properties
of the rings and modules under consideration was also felt.

The material surveyed ( after this shift of emphasis )
has been organised as follows. Results concerning directly
finite modules and directly finite rings are collected 1in
Chapter 1. Since hopfian modules and cohopfian modules (see
text for definitions) are directly finite several results of
independent interest concerning- them are also recorded
there. The main “"endomorphism ring" results of this chapter

*The bibliography is divided 1into two parts: books and

monographs, research papers. In each reference to a
research paper we have included a two-digit number,
indicating the year of publication. This will give an

approximate idea of when the research was carried out.



are lemma 1.9, Proposition 1.10, 1.12, 1.13 and Corollary
1.14.

Chapter 2 is devoted to a study of (von Neumann) regular,
strongly regular, unit—-regular and dependent rings. These
results were originally obtained by, among others, Wiegand,
Steinberg, Ehrlich and Henriksen. (Detailed mention of our
debt is made in the bibliographical notes at the end of each
chapter.) There are several "endomorphism ring" results in
this chapter.

Chapter 3 is almost entirely devoted to our original
theme. Sufficient conditions for the endomorphism ring of
an ideal to be commutative are given. We end with an
example of Clark that settles a'question of Faith.

Since we have somewhat deviated from our original plan a
change in the name of the dissertation would perhaps have
been 1in the fitness of things. However, a change of title
and synopsis would have reguired the appraoval of the
University’'s academic authorities, caused administrative
hassles and resulted in some delay. Because of these reasons
no effort was made for a change of ¢title. We seek the
reader’'s indulgence for this.

We end this introduction with some remarks on
notations, conventions etc. for undefined concepts and results
we refer to the books and monographs mentioned 1n the

bibliography. Standard notation is followed. The letter R

(11)



always denotes a ring. Ideal means twa-sided ideal. All
our left—-sided concepts and results have right-sided
counterparts. A left R—-module M is denoted by RM and &
right R—module M by Mn' When RN is a submodule ofRM we
write N < Mg the ring under consideration may not always
be mentioned. Homomorphisms of modules are always written
on the left except i1f otherwise mentioned. The letters N,
Z, @, R denote the sets of natural numbers, integers,
rational numbers and real numbers respectively. For a ring

S, T(S) denotes the set of all idempotents of S.

(111)



CONTENTS

CHAFTER 1: DIRECT FINITENESS Fage No.

& 1: Basic definitions 1

)

& 2: Basic results
§ 3: Hopfian and cohopfian modules 6
& 4: Ribliographical notes 11

CHAFTER 2: REGULARITY

& 1: Regular rings 13
§ 2: Endomorphism rings of injective modules 19
§ 3: Unit-regular rings 23
& 4: Endomorphism rings of infinite dimensional
vectar Spaées : 39
§ 5: One-sided unit-reqularity in rings 45
§ 6: Bibliographical notes S1
CHQPTER.S: COMMUTATIVITY
& 1: Basic definitions 33
§ 2: Complete ring of quotients 35
3: Commutativity,K of endomorphism rings 36
A question of Faith 60

[7¢ 230 Y LT V4 o)
£

(4]
1

Bibliographical notes 62



CHAPTER 1
DIRECT FINITENESS

In this chapter we shall study the direct finiteness of
modules. Proposition 1.10 connects direct finiteness of a
module M with the direct finiteness af the ring EndR(M).
Since hapfian and cohopfian modules (defined in § 1 below)
are directly finife, § 3 is devoted to a study of these

classes of modules.

& 1. Basic definitions

In this section we collect some definitions needed by us.

1.1. Directly finite module. A module RM 1s directly

fintte if it is not isomorphic to a proper direct summand of M.

1.2. Directly finite ring. A ring R is directly finite 1f

for elements a, b of R, ab = 1 implies ba = 1. The ring R
is directly finite if and only 1if RR is a directly finite
module {(and if and only 1if RR is a directly finite module).
This can be seen directly; it can also be derived as a

corollary of Proposition 1.10.

1.3. Hopfian module. A module RM is hopfian if every onto

endamorphism of M is an automorphism.



1.4. Cohopfian module. A module RM is cohopfian 1f every

one ane endamarphism aof M is an automarphism.

1.5. Noetherian module. A module RM 15 noetherian 1if for

every ascending chain N1 < N2 L iiaens of submodules of M

we have N = N for same r € N.
r r+1

1.6. Artinian module. A module RM is artinian 1t for every

descending chain N1 > N2 Z ..... of submodules of M we have

N =N for same r € N.
r r+4

1.7. Left duo ring. A ring R is a left duo ring 1if every

left ideal of R is 2lso a right ideal (and hence 15 an

ideal).

1.8. Abelian ring. A ring R in which all the idempotent

elements are central is an abelian ring.

& 2. Basic results.

In this section we discuss 23 condition on a
module M equivalent to the condition EndR(M) is a directly

finite ring.

1.9. Lemma. (Peterson) Let RM be & module. Then EndR(M)
is not a directly finite ring & there exist submodules
M N of Mwith M = MeN and M =X M and N = 0.

Proof. tLet &,2 € End (M) be such that ¢2 = 1 but 8 # 1.
R



Let M = 3(M) and N = ker a. Now o3 = 1 implies that 3 1is

aone-one. So M = A3M) = M.

Let, 1f possible a be one—-one. Also a 1s onto as o3 = 1.

So o 1s an isomorphism. Now o3 = 1 =2 3 = ot This implies
that fa = 1 which 1is a contradiction. Hence o cannot be
one—one. So N = O, Next we assert that

N = (1- B«) (M) meemsesaeensaans et eenmasseraa e (I).
Let m e M. Since a ( (1-pBa)m) = (. = aof3x) {(m) =

(a — a).(m) = O, it follows that (1—-Ba) (m) € ker &« = N.
Next m € ker a s a{m}) = O s m =m — Ba( m ) ={1 - Box)(m).

Thus N £ (1-Ra) (M). It follows that N (1 — pa)(M). This

proves assertion (I). If me M then m

m — Ba(m) + Balm) =
pPolm) + (1 - Ba)(m) € M + N.
Now let t € M"n N. Then t = 3(m) for some m € M and
a(t) = 0. Therefore O = a(t) =o3{m) = m. Thus
t =p3m) = 0. SoM=Mea& N with M == M and N = O.
Conversely, suppaose there exist M ,N such that M = Ma& N,
N # O and ¢ i1s an isomorphism of M’ to M. We define 2z
mapping o« from M to M : a(m) = ¢(m’" ) where m = m' +n,

,

m e M ,n € N. We define 3 € End_(M) as f3(x) = d tix).

Then o (m) = ag "(m) = ¢ (m) = m VYV me M. Thus o3 = L,

However paf(M) < M = M. Thus o = 1M. So EndR(M) is not

a directly finite ring.

1.10. Proposition. A module RM is a directly finite

module 1f and only 1if EndR(M) is a directly finite ring.

Proof: We get this result by applying the above lemma. g

R



1.11. Example We show by an example that a submodule
of a directly finite module need not be directly finite.

Let R = K(+)V, where V is an infinite dimensional vector
space over a field K. Ve define addition and multiplication

in R as follows:

(x,a) + (y,b) = (x+a,y+b), (x,a).(y,b) = (xy,xb + ya)
where x,y € K and a,b e V. Hith these definitions R
becomes a ring. Now, (x,a).{y,b) = (xy,xb + ya)

= (yx,ya + xb) = (y,b).({x,a).

Thus R is commutative. So nR is directly finite. WNow
consider V = { (0,al|a e V )} £ K(+)V

6 is an R submodule of R and G = V, as K-vector spaces. It
can be seen that the R-submodules of D correspond to the

K-subspaces of V. As V is an infinite dimensional vector

space RV is not a directly finite module.

1.12. Proposition. The right R-module R" is directly finite

if and only if Mn(R) is a directly finite ring.
Proof : R: is a directly finite module
P End(R“R) is a directly finite ring

- - - - - n ~
& Mn(R) is a directly finite ring. [ As End(R R) = Mh(R).J. &

1.13. Proposition. (Peterson) If M 1is a left R-module

such that EndR(M) is not directly finite then there exists
a proper ascending chain and a proper descending chain of

submodules of M.

Proof: Since End (M) is not directly finite by Lemma 1.9
R



there exist submodules M1 and N1 af M such that M = M1 @ N1

with M1 =M and N1 ® 0. Let ¢ be an isomorphism of Mx onto
M.

Then there exists ¥y : M —— M1 such that @y = IM and w@ = lM -
’ 1

Let Mz = w(Mi) and N2 = w(Ni). Let moe H1. Then ¢(m1) =3

M.
So ¢(m ) = m’ + n’ for some m’ e M, n’ e N. This gives
1 1 1 1 1 1 1
( ) = ’ ’ + ’ = , r -
we m w(m1 ) w(n1 ) = m w(m1 ) + w(n1 ) € M2 + N2 Let

t e M2 N Nz. Then £t = w(m) = wp(n) for some m & Mi, n € N.

Then ¢(t) = m = n < M1 N N1 = 0. This implies that t = 0.

Thus M = M & N . Again, M =M and N = N under the
1 2 2 2 1 2 1

mapping ¢. S50 we have M1 = Mz 2:] N2 with MZ =M and N2 = N.

Praoceeding in this way, we can find sequences Mk and Nk of
submodules of M such that Mk = Mk+1 <:] Nk+1 with Mk+1 = M,

ht+1 = Ni. Then the sequence { Mk }kem is a properily
descending chain of submodules of M. Let Ak = N1 + oL+ Nk

Then { Ak }kem is a properly ascending chain of submodules

af M. @

1.14. Corollary. If a module RM satisfies the ascending
chain condition or the descending chain condition an 1ts

direct summands over R, then EndR(M) is directly finite.

1.15. Corollary. If R is a left noetherian ring then R 1is

directly finite.



§ 3. Hopfian and cohopfian modules.

In this section we study hopfian and cohopfian
modules (defined in § 1 above) and connect them with ascending
chain condition, descending chain condition and direct

finiteness.

1.16. Proposition. If RM is a hopfian module, then it 1is

directly finite.

Proof: Let f, g € EndR(M) be such that fg = 1M. Then T 1is

onto . But M 1s hopfian, so f must be one-aone. So
there exists f'e EndR(M) such that ff’ = ff = 1M_
It follows that f* = g , so that gf = 1 .

1.17. Proposition. If M i1s a cohopfian module then it is

directly finite.

Proof: Let f,g € EndR(M) be such that fg = lM which
implies that g is one one. So g must be onto since M
is cohopfian. Therefore there exists g'e EndR(M) such that

gg’ = g'g = IM. So it follows that f = g°. Therefore, gf = 1M.

1.18. Proposition. Let R be 3 ring. Then RR is hopfian

< R is directly-finite.
Proof: ( = ) We can prove this part by putting
M =R in Proposition 1.16. But we can also prove it
directly as shown below.
Let xy = 1 in R.

Consider the map ey:R —— R defined by ey(z)

il
rd
<



V - € R. Since 1 = xy , therefore 1 € Im ey - So ey is
onto. Since RR is hopfian ey must be aone one.
Now, Gy(l—yx) = (1 — yx)y = y—yxy = y—-y = 0.

Hence 1 — yx = O =2 yx = 1. So R 1is directly finite.

( « ) Let R be directly finite. Let € be an epimarphism

from RR to RR. Then 6 must be of the form Gy where
6y(x) = %y, for some y < R.

Now Gy is oento. So 1 = xy, for some xx « R.

Since R is directly finite, yx = 1.

Now, let, z € ker Qy. Then Qy(z) = 0 =» zy = O o zyx = 0O

2 =z = 0. Thus 8 = ey 1s one—one.lt follows that RR 15
hophian. 0

1.19. Proposition. Let R be a ring. Then RR 1s cohophian

= R 15 directly finite.
Proof: This can be praoved by putting M = R 1in proposition
We note that the converse of the above statement 1s not

true, e.g.ZZ is directly finite but not cohophian. =

1.20. Lemma. Let RM be a module. If &€ 1s an onto endomorphism
of ™M such that kerg = ker@z, then € is a monomorphism.

Proof: Let & (m) = O . Since & 1s an epimorphism, there

exists m’ M such that 86(m’) = m . This yields

b4

8 (m’) = 8(m) = O,

Therefore m' € kere® = ker 6 . Som = &8(m’) = O.

Hence € is a monamorphism. =

~J



1.21. Lemma . If © is a one-one endomorphism of a module

M such that Im6 = Im ©° then 6 is an epimorphism.

Proof: Let z € M. Then 8(z) = Gz(y) for some y € M. This
implies that 6(z - @(y)) = 0 =3 z - 6(y) = O =2 z = 8&{y) which
shows that & is an epimorphism. a

1.22. Proposition. 1f n" is a noetherian module then

it is hopfian.

Proof: 1let f beaoonto endomorphism of M. Since M is
noetherian, the ascending chain

ker f < ker f° £ ... < kerf'< ... of submodules of M must

terminate. Therefore ker f = ker fzn for some n € N.

Since f' is onto, f7 is a monomorphism by Lemma 1.20.

Hence f is also one-one. Thus Rn is a hopfian modutle. P
©®

1.23. Example. Consider R = [j KU KL fields. Then R
TL=1

is commutative, so directly finite. So RR is hopf ian.

But RR is not noetherian.

1.24. Proposition. If RM is an artinian module then

it is cohopfian.

Proof: Let f be a one-one endomorphism of M. Then the

descending chain Im f > lm £2 ... = Im £°2 ...
of submodules of M must terminate as M is artinian.
n 4 a)

Therefore Im f = Im f for some n € N.

By Lemma 1217 f is an epimorphism. Therefore f is an

epimorphism. Thus M is cohopflan. a



1.25. AQuasi-injective module. A module M 1is

guasi-injective if given K £ M and any homomorphism ¢ :

—-op» M, there exists g ¢ M —— M which extends ¢.

1.26. Proposition. Let M be a gquasi-injective directly

finite module. Then M i1s cohopfian.

Proof: tet f be a one—one endomorphism of M. We apply
definition 1.25 with K = M and 1M t M ——— M be the identity
map. Then there exists g :M ———— M such that gf =‘1M.

Nows EndR(M) is a directly finite ring as M is a directly

finite module. Therefare fg = lM which shows that f 1s onto.
Thus M is cohopfian. @
1.27. Proposition. If M i1is a gquasi~injective,hapfian

maodule then it is cohopfian.

Proof: As M is hopfian implies M is directly finite we get
this result hy the application of Prapasition 1.23.

But we can also prove it directly as shown below.

Let f be a one—ane endomarphism af M. Let IM : M —— M be
the 1dentity map of M. Since M 1is quasi-injective, there
exists g * M ——— M such that gf = 1M. Therefore g is onto.
As M is hopfian g is ane-one. Thus g is an automorphism.
Therefare there exists g’ <« EndR(M)_Such that gg’* = 1 = g'qg.
ARlso we know that gf = 1. Therefore g° = f » fg = 1 = f is

antao. Thus M 1s cohopfian. a8

1.28. Quasi-projective module. A module M is gquasi-projective




1f for any epimorphism f : M ———— N and for each homomorphism
wiM —— N there exists an R-homomorphism g M ———— N

such that fg = w.

1.29. Proposition. If M is a quasi-projective directly

finite module then M is hopfian.
Proof: We apply definition 1.28 with N = M. Let f be an

onto endomorphism of M and 1M t M ——— M be the identity map.

Then there exists gz M ——— M such that fg = IM -

Hence gf = 1M by Proposition 1.10. It follows that f is a
monomarphism. Hence M 1s hapfian. )
1.30. Proposition. If M is a quasi-projective cohopfian
module then it i1s hopfian.

Proof: As M 1s cohopfian M is directly finite. So we get
this result by applying Proposition 1.26. But we can also
prove 1t directly as shown below.

Let f be an epimorphism of M. Let 1M t M ——— M be the
identity map. Then there exists g z M ——— M such that

fg = IM. Therefare g 1s one—one which implies that

g 1is onto as ™ is cohopfian. Thus q is an
autaomorphism. So there exists g’ € EndR(M) such that

gg’ = 1 = g°’g 29" = f as fg = 1.

Therefore gf = 1 & f is one-one. Hence M 1s hopfian. =
1.31. p-injective module. A module RM 1S p-injective if

for each principal left ideal I of R every R-homomorphism

10



f :+ ———> M can be extended to an R-homomorphism g: R—— M.

.32. p-injective ring. A ring R is left p-injective 1if the

module RR is p—injective.[ Clearly, left self-injective
rings are left p—injective. It is easily seen that regular
rings (see Chapter 2) are left and right p—injective.]

>

- 33. Proposition. Let R be a2 directly finite 1left

p-injective ring. Then RR is cohopfian.

Proof: Let f tR——— R be a monomorphism of left
R-modules. As R 1is left p—-injective there exists

g : R——R such that gf = IR, the identity map of R. Therefore
fg = IR as R is directly finite, Thus f is onto and hence

R is cohopfian. ’ o)

We now state twa propositions without proof. Propasition 1.34

1s due to Utumi and Proposition 1.35 is due to Vasconcelos.

1.24. Proposition. If R 1s left and right self-injective

R is directly finite.

1.25. Proposition. If Mis a finitely generated module

over a commutative ring then M is hopfian.

§ 4. Bibliographical notes.

1. The defitidn of a directly finite module 15 1n{lG1, p.165).

11



2. LlLemmz 1.9, Proposition 1.13, Corollary 1.14, Corollary
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Z. For Proposition 1.22 we refer to Lambek (LL]1, p.23 and
also to ([AF1, p.138).

4. For Proposition 1.24 we refer to (LL1, p.23).

S. Proposition 1.26 and Progposition 1.30 are due to

Birkenmeier (LB : 761, Cor.2) and (LB : 741, Remark on page

102} respectively.



CHAPTER 2.
REGULARITY

The main abjects aof study in this chapter are

unit—-regular rings and one-sided unit-regular rings.

& 1. Regular rings.

In this section we define a regular ring and discuss a

few praperties of a regular ring.

Z2.1. Regular element. An element a 1in a ring R is a

regular element 1if there exists b € R such that aba = a.

2.2
e

Z2.2. Regular ring. A ring R i1s & regular ring in the sense

of von Neumann 1f each element of R is regqular.

~
7
Z

.3. Semi—-prime ring. A ring R 1is semi-prwme if it has no

non—zera nilpaotent ideal.

~

2.4. Semi-prime ideal. An 1deal A 1n a ring R 1s

semi-prime if R/A 15 3 semi—-prime ring.

2.3. Large left 1deal. A left ideal A 1n a ring R is large

1f it has nonzero intersection with every nonzero ideal of R.

-

2.6. Left hereditary ring. A ring R is left hereditary if




all left ideals of R are projective.

2.7. Left semi—-hereditary ring. A ring R is left

semi-hereditary if all finitely generated left ideals of R

are projective.

2.8. Singular and non-singular modules. For a module RM we

define Z{(M) = { m e M | Lm = O for some large left 1deal L
of R}. A module RM is singular if Z(M) = M and non-singular

1t Z(M) = O.

2.9. Left non-sinqular ring. A ring R 15 left non-singular

if Z( R} = O.
R

2.10. Proposition. Let R be a fregular ring. Then

(1> All one-sided ideals of R are i1dempotent.

(2) All two-sided ideals of R are semi—prime.

(3) The Jacobsan radical of R 1s zero.

(4) R 1s left and right semihereditary.

(3. R is right and left non-singular.

Proof: (1) Let A be a left ideal of R. Then A° < A.

Let a € A. Then there exists b € R such that a = aba = a(bg)

2 2 2

e A.A A", this shows that A £ A . Hence A = A | ]

n

(2) Let A be a left ideal of R satisfying A = 0. Then
A=A 5 A = 0. Thus R regular » R is a semiprime ring.
Now as R is regular R/A is regular for every ideal A of R.

So R/A 1is semi-prime for every ideal A of R. a

14



(3) Let a € Rad R. There exists x €« R such that axa = a.

This implies that (xa)2 = xa € Rad R as Rad R is an ideal of R.
Since Rad R contains no non-zero idempotents, we get xa = O.
It follows that a = axa = O. o
(4) Let A be a finitely generated 1left ideal of R.

Then A is generated by an idempotent. Hence A is a direct
summand of R and so A is projective over R. Thus R is left
(similarly, right) semi-hereditary. &
{(5) Let A be a large right ideal of R. Let xA = 0 for some
x € R. Now Rx = Re for some e = e’ € R. Therefore HeA = RxA
= 0. It follows that A = (1 - e)JR3 AneR =0 eR =0 as A
is large. Hence e = 0 2 Re = 0 & Rx = 0 = x = 0.Thus RR is
non singular. @

The following results are well-known ({S], p.4a1l}).

2.11. Proposition. Let RH be a semi-simple module. Then

EndR(M) is a regular ring.

2.12, Corollary. LetDV be a vector space over a

division ring D. Then EndD(V) is a regular ring.

In thé rest of this section following Kaplansky
we prove that if R is a regular ring .then for each natural
number n, Mn(R) = End(R:) is a regular ring.

First we prove the following lemma which is due to McCoy.

2.13. McCoy’s lemma. Let a be an element in a ring R and

b an element in R such that aba-a 1g regular.

15




is a regular element of R.

Proof: Since aba—-a is regqular, there exists c € R such that

(aba-al)c{(aba-a) = aba—a= a(-bacab+bac+cab-c+bla = a
which shows that a2 1s regular. 5
2.14. Proposition. If R 1s a regular ring then Mn(R) 15

also a regular ring.
Proaf: First we consider the case when n = 2.

b
Let ( Z d ] < MZ(R). By regularity of R there exists r € R

such that crc = c. So we have

a b ¢ r a b _ fa b _ arc—a ard-h
c d o O c d c d - () crd—-d
Sa by McCoy’s lemma, if matrices of the type (a b] are

O d
a b

regular then for each a,b,c,d € R [ c d

] is regular.

Again by regularity of R there exists %,y €« R such that axa = a,
dyd = d. Then

(33 ) (e s)-(8%)-

Hence by McCoy’s lemma, matrices of the type [ g 2 ]

O axb+byd-b
O 0

will be regular i1f matrices of the type { 3 g ] are

regular. Let z € R be such that bzb = b.
Then O b O 01, O b O bzb O b
o O z O O 0 O $ G O

showing (g 2) to be a regular element of Mz(R) for each

b
d

i}

-~
‘l—‘

b. Hence [ 2 ] is regular for each a,b,c,d in R, that 1s.
MZ(R) is regular.

Now we consider the case when n = 4,

A 4x4 matrix can be written ass a Zx2 matrix where each

16



entry 1s a 2x2 matrix. So M4(R) = ﬂz(Mz(R)). Since MZ(R)
is regular M4(R) is also regular.

1f n = 2° then M (R) = M_(M __ (R)). So by induction it

2 2
can be easily seen that Mn(R) is reqular for n = 2k,
Next we consider the case when n = 2k. Choose k in such a
way that 2% 5> n.
(o8
11 12 in
An element . . of Mh(R) can be identified
Q. [a 8 a
ni n2 nn
“41 y
n
N R T § O
with the element a ... o : of M (R).
ni nn i k
e R >
0 : 0
Thus Mn(R) 1s a8 subring of M p(R).
R
- ™
1 . '
0
tet € = | SR where the number of
........ 5
0 o

one’s in the diagonal is n and the number of zeroes in the
diagonal is 2¥ — n. Then E is an idempotent in M y(R).
R

E M k(R) E 1is regular.
oF

Let 2% = ¢t and A = [a] s M (R).
v txe

Then EAE 1s regular. Therefore

17



Q a
11 in 0 ’
a . e . a
15 reqular. This 1mplies that nt nn
o
0 o
e —t
< (a8 a
11 12 in
15 regular, which i1mplies that | (.. ........ -
a a a
n1 n2 nn

15 regular. Therefore Mn(R) 15 reqular for every natural

number n. 2

As a consequence of the above theorem we have :

2.15. Corollary. If R 1s a regular ring, End(RnR) 15 a

regular ring for each natural number n.

We also mention without proof the following result due to

Ware ([W :711).

2.16. Proposition. Let PR be a finitely generated

projective module over a regular ring R then EndR(P) 1s

18




a regular ring.

& 2. Endomorphism rings of injective modules.

In the main theorem of this section, we show that i1f E 1s
an injective module and § = EndR(E) then S5/Rad(S) is a

regular ring. The results of this section are due to Faith

and Utumi.

The cancept of a large left 1ideal (2.9) has the
following natural extension to modules.

2.17. Large submodule. A submodule L of a module M is large or

essential in M if for a submodule K of M we have K N L =0 =

K. = 0.

We write L4 M for L is large in M.

2.18. Small submodule. A submodule K of M is small or

super fluous in M, written as K<<M if for a submodule L = M,

K + L =M= L = M,

2.19. Lemma. Let RM be a module and L a submodule of M. Then
the following conditions are equivalent.

(1) L is large in M.

(Z2) For each x € M, x = 0, 3 g e R such that rx € L and rx & O.
Proof: (1) = (2)

Let ¥ = M, 2 % 0. Then Rx = M, Rx # O.

19



Therefare L N Rx = 0 as L4 M

Hence there exists r € R such that ri

h

Ly o= O
{(2) = (1) Let N be & nonzero submodule of ©™. Then there

exists @ nonzero =2lement ¢ in N. By hypothesis there exists

an element r € R such that rx # O, r = L. As e = N,
clearly L o N = 0. Hence L 1s large 1in M. @
2.20. Lemma. tet R be any ring. Let a = R.

Then Ra << R » a € Rad (R).

Proof. Let u be a maximal left 1deal 1in R.

Then Ra + 4 # R since Ra <4 R. It follows that Ra + u = w
as p 1s maximal left ideal.

Therefore a € p for each maximal left idezl u of R.

Hence a € Rad R.

Z.21. Proposition. Let RE be an 1njective module

and § = EndR(E). Ltet a « S. Then a = Rad(5) & ker a < £.

Proof: (=2) Let a « Rad(S). Let M be a submodule of E

such that ker a M = O. It is required to prove that M = 0.
Consider the mappings i t M—— E and a : E— » E.  Now aJ
is a monomorphism : for aj(m) = 0 = a(m) = O =2 m € ker aj; soO

me< kKer anM=0sm= 0.

Since E is injective there exists 8 : E —— E such that
8.aj =] 2 6.383 (M) = mV me™M

2> 8alm) = m = (a — 1)m = OV m & M.

As a € Rad(S), @a — 1 1s left invertible. Hence (8a - 1)m = O

2 m = 0. Thus M = 0. Hence Ker ad €.



(<) Let Ker aq E. To prove that a € Rad(5) it 1s enough
to prove Sa <<SS by Lemma 2.28.

tet I = SS and I + 5a = §. We assert thzat I = 5.

Let 1E = sa + b for s € 5, b € 1. We assert that b is

one—one.

Let =z € Ker B N Ker a. Then bz = 0, az = 0 3 z = (sa + b)=z
= saz + bz = O. This shows that Ker b n Ker a = O.
As kKer a E, 1t follows that Ker b = O. Hence b 1s a

monomorphism.

The exact sequence

O 3y E b » E E

JBE — 4 0

-

splits as E 15 injective. So there exists ¢ : E ——— E
such that cb = IE. But cb € I as I is a left ideal.

Thus 1 € I =2 1 = Q.

2t}
2.22. Injective envelope. Let M be a left R-module. Then
an 1njective left R—module E is an injective envelope or
injective hull of ™M if there exists a monomorphism

it M —— E such that i) 15 large in E.

2.23. Theorem. If E is an injective module and & =

End (E) then S/Rad(S) is regular.

Proaof : Ltet a € °S. Then Ker(a) = E. Let Ker(a) denote the
injective hull of Ker(a). As E is-injective, Fker(a) = E.
As Ker(a) is injective it is a direct summand of E. So

there exists E’ such that E = Ker(z) @ E’.

Now, a = al , * EY ——— aE’ is clearly onto. Further, we
o E



¢

have: ao(e') =0 3 e’ € Ker(a) » e’ € Ker(a) nE" =0 =3 e’ =
Thus a, is an i1saomorphism.

Since E' 1is injective aver R, therefore aE’ 1s injective

over R. Thus there exists E” such that E = aE’ & E.

Let * : E = E” # s — Ker(a) & FE’ = E be detined
-1

by 1 (y,z=) = (O,a0 ).

We now prove that Ker(axa - a) is a large submodule of E.

Let m * O, m  E. Then we have to prove that there

-

exists r € R such that rm =# O and rm « Ker(axa —-2).

Let m = u + v, u € Ker{a), v € E’'.

!

Case 1. u 0, v = O,

Now v € E' 2 al{v) € akE’. Therefore xav = 3 3v = v. It

- o
follows that (axa - al)v = axav — av = av — av = 0. Thus
with r = 1, the condition rm # O -and {axa — &ar{(rm) = O

are satisfied.

Case 2. u & 0. We have u € ker(aj) . So there exists r € R

such that 0 # ru € ker(a). Hence rm = r{u + v) = Tu + rv &
“Also, (axa — a){rm) = (axa - a)(ru + rv) = (axa — a)X{rv) = 0O,

[For v € E' % av € aE’ 9 xav = a;iav = v

Next xav = v = axav = av = (axa — 8)v = O]

Thus ker(axa — a) is a large submodule of E. It Ffollows

that axa - a e Rad(8) by Propositon 2.16. Therefore

(axa — a) = 0O in S5/Rad(S) yielding a % a = a. This shows

that S/Rad(5) is reqgular. @

2.24. Proposition. If R is 1left or right self-injective

o



then R/Rad(R) is regular.
Proof: Let R be left self-injective. Then § = EndR(R) = R.
Hence S/Rad(5) = R/Rad(R). As RR is injective, S/Rad(5) is
reqular. Thus R/Rad(R) is regular.

4 ]

§& 3. Unit-regular rings.

In this section we shall define wnit—-regular rings,
strangly regular rings, dependent rings and discuss their
properties. The material included here is mainly due to

Henriksen and Ehrlich.

N

-23. Unit-regular ring. A ring R is called wunit-regular

if for every a3 in R there is a unit  in R such that axa =

2.26. Examples. Division rings and product of division

rings are unit-reqular.

2.27. Example. An example of a regular ring which is not
unit-regular is EndD(V); V an infinite dimensional vector
space over a: division ring D. For proof see

Proposition Z.595.

2.28. Remark. A ring R is unit-regular 1f and only if
every element of R is a left (right) wnit wmultiple of an
idempotent.

Proof: Let R be a unit-regular ring and a be any element of

R. Then there exists a unit u € R such that a = aua. Let

"
{d
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u’ be the inverse of u in R. Then a3 = (au)du’ with auw  an

’

idempotent, u’ 2 unit. Conversely, let a = tf, t a unit.
f = f2 e R. Let t’ be the inverse of t in R. Then at’a =

tft'tf = tf° = tf = 3. Thus a 1s unit—-regular. =

2.29. Proposition. Matrix rings aver division rings

are unit-regular.

Proof: Let A be a n X n matrix in M\(D), D being a division
¥

ring. By elementary matrix theory we ltnow that there exists

invertible matrices P and Q@ .in M (D) such that
n

- -

1

0

PAQ = . where the number of one’'s in the

o) 0/
L J
diagonal is equal to the rank of the matrix A.

Now, PAQ PAQ PAQ. This gives

P 'PAq PAQR™!

"

P 'PARR ™" = AGPA = A

Since, @ and P are both units, QP 1is 2lso a unit. So A 1is

unit-regular. Thus M (D) is a unit—-regular ring. 3
n

2.30. Proposition. If R is a semi-simple ring then

unit—-regular.
Proof: If R is semi-simple then by Wedderburn’s structure

theorem
R = 0 M. (D ), where D are division rings.
n L

But we have already proved that Nn G%) is a wunit regular

L

is



ring for each 1. So R being a direct product of unit
regular rings 1s unit reqular. 3
2.31. tbLemma. Let R be 2 ring and a be an element in R.
Then the following statements are egquivalent:

(1) There is a gnit u in R such that aua = a.

(2) There is a unit u in R such that au and wua are
idempotents.

(Z) There is @ unit u in R such that au or uwa 1is an
idempotent. |

(4) There are units p and q in R such that pag 1is an
idempotent.

Proof. (1) = (2} and (2) 2 (3) are trivial.

(Z) = (4) If au is an idempotent then we choose p = 1,
g = u so that pag is an idempotent.

-1 -1 -1 -1
(4) = (1) We have paq paq = pag = p paqg paqgqg = p pagq
= agpa = a where gp is a unit. o
2.32. Theorem. If R is unit regular and 2 is a wunit 1in

R then every element of R 1is equal to a sum of two units.

Proof: Let a € R. Then by Remark 2.28 a = et where e 1is an
- . -1

idempotent and t is a unit  in R. Now e = 27%2e - 1) + 2
Therefore, a = 2 "(Ze - 1)t + 2 '¢t.

-1 4.~ P T P ~ - -~ -
Now, 2 (2e — 1)t.t "(Ze — 1)2 = 2 "(ZeZe —, Ze — Ze + 1)2 = 1.
Therefore 2 (2e - 1)t is a unit.
Also,? *t.t™'2 = 1 =+ 27't is a unit.
This implies that a is a sum of two units. -



- r

2.33. Proposition. IfR is a wunit regular ring, then

R is directly finite.

Proof: Let a,b € R and ab = 1. Then, by the unit—-regularity

1]

of R, there exists a unit u in R such that aua a. Let v be

the inverse of u. Then, 1 = ab = auab au.l = au.

n

Therefore, v = auv = 2.1 = a. Also, vb ab =1 =3 wuvb =

i

u. Again, uvb = (uv)b = 1.b = b. This gives u = b

Hence uv = 1 = ba = 1. So R is directly finite.

2.34. Strongly regular ring. A ring R is strongly regular if

. . } 2
for each a in R there exists an element x in R such that a = a x.

2.35. Remark. Every commutative regular ring is strongly reqgular.

< T

2.36. Example. Any division ring which is not a field 1is a

non—commutative strongly regular ring.

2.37. Proposition. The following conditions are

gquivalent for a ring R.
(1) R i1s strongly regular.
(Z2) R is reduced and regqular.
(ZY R 1is abelian and regular.
Thus strong regularity is a left— right symmetric
property.
2.28. Remark. Let R be a strongly regular ring with

centre C. Let 2a € R. Then there exists an element x in R

D)
o



such that axa = a. Hence ax, xa are idempotents and
therefore central. So we have
ax = axax = axxa and xa = xaxa = axxa, as xa,ax € C.

Therefore ax = xa.

2.3%2. Theorem. Every strongly regular ring is

unit-regular.

Proaof: Let a  R. Then there exists % « R such that a

2 2
ax. Let e = xa = ax € Centre R. Then e = e and sa = axa
= a, ae = axa = a.
2
We have eax = ax = e, eae = ae = 3, e = g X = ex = xe
We assert that ex + 1 - e 1is the inverse of ea + 1 — e.
A direct computation shows that (ext + 1 — @)(ea + 1 — @)
2 2
= pexea + e — exe + ea + 1 -~ ¢ —e 32 - e + @
= exa + ex — e + 3 + 1 — e - 3 - e + e
2
= @ + gy — ex + 1 — e = 1.
Similarly, (ea + 1 — el)(ex + 1 — e)
2 2
= g3gex + ga — ege + ex + 1 - e — e — e + @
= ax + a —a +ex +1 - e —ex -e + e =e +1 —e =1,
2 2 2
Now, afex + 1 — e )a = aexa + a3 — aea = auxa + a — a
= axa = a. Thus a is a unit regular element of: R. So
R i1is unit regular. 2
2.40. Left dependent ring. A ring R 15 called left

deperdent 1f for each a, b € R, there exist s, t € R, not

both zero such that sa + tb = 0.



2.41. Remark. Note that Henriksen [H:73] has not
distinguished between left dependent and right dependent

rings. A natural guestion to ask is whether left dependent

rings are right dependent and vice versa. .

2.42. Theorem. Every unit reqular ring is left (and
right) dependent.
Proof: Let a,b € R.
Case 1. Let a, b both have lpft inverses in R. Then
at'a+ (-bMb = 0 with a* =% 0, b = o. So R is left
dependent.
Case 2. MWithout loss of generality, suppose that a has
no left inverse.
Let 3 = e with x 2 unit and e an idempotent.( See Remark
2.28). 6Since a is not a unit, e cannot be 1.
We take 5 = (1 - e)x_i, t = O. Then s = 0. We have
sa + tbh = (1-e)x '.xe = O = O.
Therefore R is left dependent. [Similarly R can be shouwn to

be right dependent;) £

2.43. Theorem. A regular ring R is left dependent if and
only i1if whenever a, a’, b, b’ are elements of R such that

aa’ = bb* =1 then a(l-b'b) can not have a right inverse.
Proof: () Let R be left dependent. Let a, b e R be such
that aa’ = bb’ = 1. Since R is left dependent, there exist

s, t € R not both zero, such that

sa + tbh = 0O C eerreerenaneeane ceneeeaanns (1)



i

Therefore sab’ + t O o t = —sab’ e (2)

If s = 0O them ¢t = O. So s cannot be zero. From (2) we have
th = —-sab’'b = -sa = —sab’hb (using (1)) = sa(il-b’'b) = 0
Thus a(l-b’b) cannot have a right inverse. (Note that
regularity of R is not required in the proof of this
implication).

(&) Assume that aza’ = bb’ = 1 « a(l-b’b) fails to have a
right inverse (where a, 3',b, b’ € R .

Case 1. We assume that a does not have a right 1nverse.
(The case when b does not have a right inverse can be
treated similarly.) Then by the regularity of R, there exists
% € R such that a = awxa.

Therefare (1-ax)a + O.b = 0O with 1-ax =® O, which shows
that R 1s left dependent.

Case 2. Suppose there exists a’', b’ € R such that

aa’ = bbb’ = 1. Let u = a{(1l-b'b). As R i1s regular, there
exists y € R such that u = uyu. Then we have:

(l-uylta — (l-uylab’'b = 83 — uya — ab’b + uyab’'b

= a - ab’b - zuya — uyab’b) = a(l-b’b) - uya(l—-b’b)

= W - uyu = u-u = 0.

Moreover 1-uy # O by the hypothesy s that u has no right

inverse. . m

2.44, Corallary. A directly finite and regular ring is left

and right dependent.

2.45. Proposition. Let R be a regular ring. Consider the

following conditions:



(1) R is unit regular.
(2 R is directly finite and regular.
(3; R is left and right dependent.
Then (1) = (2) and (2} =2 (I) but (IZ) does not imply (1).
Proof : We get (1) =« (2) and (Z2) =» (3) by Proposition 2.33
and Corollary 2.44. To show that (3) does not imply (1} we
look at the following example which is due to Henriksen
CH:=:7321.

Take any regular ring R which 1s not directly finite,
€.0., EndK(V) with | Vv : K| = . Then K = Centre R.
Let L be the ring of all sequences (an) of elements of R
such that there exists 2 natural number N such that for a1l
n = N we have.an € K. The ring L 1s =easily seen to be
regular. Also L i1s not directly finite as R 15 not.

Consider the elements (ah), (b ), (a; )y (b ) of L
o]

n

such that (a a’" » = (1) = (b b’ ). Now, there exists a
non n n
positive integer N such that b’, b; € K for pach n =2 N. So
n
1 - b b’ = 0V n 2 N. 5o (a ){(1) - (b’ )(b)} cannot
non n 8} n
have a right inverse. Hence by Thearem 2Z2.435 L 1s
dependent. =

In the following theorem the unit—-regu-larity of the

endoumorphism ring of a left R-module 13 discussed.

2.446. Theorem. Let A be a left R-module such that the ring

T = End (A) is regular. Then the following conditions are
R

>0



equivalent.
(a) T is unit—regular.

(b)) IfA=-Ae&B=A®B with A = A_then B =B
1 1 2 2 1 2 1

f

(c) ker % = caker ¥ V x € T.

¢

(dy If e, f € T are idempotents such that eT = fT then
(1 — e}T = (1 - f)7T.
Proof: (a) = (b). We define x in T in such 2 way that

x81= 0O and xIA is an isomorphism of Aionto Az. Since T 1is
1

unit-regular, there exists a unit u in T such that xux = x
5 (ux)® = ux. Since ux 1s an idempotent we have ,

A = uxhA & ker ux = uxA @& Ler x = qu & B{—-———» (15
as ker % = ker ux and uxA = uAZ.

Since u 1s an automorphism aof A, we have

A= u(A) = ul(A_ ® B) = uA_ & uB > (2).
2 2 2 2
From (1) and (2) we have B X ubB =B 2 B =X B .
1 2 2 1 2
(b?  (c) Let ¥ €« T. Since T is reqular, there exists vy € T

such that xyx = x = (xy)2 = xy and (yx)z = yd.
Hence A = xyA & ker xy = xA @ (1 —~ uxylA
Since xyA £ xA and xA = xyxA = xyA we have xA = xyA

Also, A = yxA & ker yx = yxA & ker x

Since ®*A = 0 =2 yxA = 0 and yxA = O =2 xyxA = 0 2 XA = 0O, we
have ker 1 = ker yx
Now, Klng : y¥ARA—— XA 1s an 1somorphism.

Hence ker x = (1 - xy MA.
Now, we define a map 6 : A——— (1 - xy)A

by 8¢(a) = (1 — xyla. 8 1s clearly onto. Let a € ker S.

2
-



Then &(a) = 0 » (1 - xy)l3 = O 33 = xya = a € xyA = xA.

Let xa € xA. Then B(xa) = (1 — uyl)xa = xa — xyxa = O
implies that xa € ker &. Therefore ker @ = xA.

So we have, Q/xﬁ = (1 - xy)yaA, that is, coker x = (1 - xyl)A.
Thus ker x = coker .

(c) = (a) Let w € T. 9Since T is regular, there exists

y € T such that x = xyx. As we have already seen,
A = yxA @ ker x = XA & (1 - xy)A.
By hypothesis, ker x = coker x. Also coker x = (1 - xy)A.
Klywﬁ YA ————— A is an isomorphism. So there exists
% xA — yxA such that =%’ =1 |, x’'x% = 1 .
®A YXA
Let v be an isomarphism of (1 — xy)A to ker x. Then we

define u € T as u(a) % (a) for a € :A

= v(a) for-a € (1 — uv)A.
Then u i1s a unit in T and xuxA = U (=A) = ;0 GA) = 1(xA) = xA
Thus xux =  and hence T is unit regular.

(2a) = (d) Let A = TT. Then End(TT) = T. Let e, f e T, e =
e?, f = f°. Then T = eT & (1 — )T and T = T & (1 - f)T.
Given eT = fT. Using the implication ((a) = (b)), we get

(1 — e)T = (1 — f)T.

(d) = (a) We get this using the implication ((b) = (2)). gm

2.47. Example. Let-V be a vector space over a2 division ring
D. Then EndD(V) is unit regular & V is finite dimensional.
Proof: Let DV be not finite dimensional. Then EndD(V) is
not a unit regular ring as will be shown in Proposition
2.95.

Conversely, let DV be finite dimensiaonal. Let 1 € EndD(V).

ot
.l



Consider the exact seqguence

O ——— ker { —— 5 'V 3 XV —

dim V = dim ker % + dim =V =2 dim ker < = dim V — dim =V

Now dim coker dim (V/xV) = dim V - dim x=V.

Hence dim ker

174

dim coker x = ker
Hence End (V) is unit regular, by Theorem 2.38. @

Before proving the next theorem we shall define the
inverse limit of a system of R-modules. —

Let {M” 1 € I} be a set of modules over a ring R.

Suppose there exist some pzairs of 1indices (k, iy e K

x K and correspondingly there exist homomorphisms ¢P' : A— A

such that ¢ii : Ai———+ Ai is .the identity map for 2ll 1 € 1

and ¢'¢L = ¢k whenever these maps are defined.
k) L

coker 2 V 2 = EndD(V).

The inverse limit is 3 module M and 3 set of homomorphisms

a M — Ak such that for ‘any module X and any

homomorphisms f X — Ak making the part of the

k

following diagram shown by bold type arrows commute there

eiists a unique 3 : X — M with all triangles cohmuting.

3
K = = = = m = = mme =% 1im A
\ o k
f /
X Ak k

2.48. Thearem. Let R be a strongly regular ring and J an
of R. Then EndR(J) is a strongly regular

ring and End(RJ) = End(JR).

-
()

ideal



Proof: We consider the set X = {Rx | N e J }. Then X is a

family of (left) i1deals of R and J 1s the unioq of 1its
elements. Let Rx, Ry € X and Rx £ Ry. Since R is strongly
regular, Rx = Re, Ry = Rf, for some central idempotents

e, f € R. Let aa e EndR(Ry).

a(Rx) = a(Re) = a(eR) = a(e’R) = ea(eR) < eR = Re = Rx.

Therefore a{(Rx) < Ru = al € EndR(Rx). Thus there exists

R
o

a map 8 : EndR(Ry) _—_— EndR(Rx)

o= > aIRx
Now we determine the 1inverse 1limit of this system of

endomorphism rings and restriction maps.

Consider Rx = Re, Ry = Rf in X. Let o < End(RJ).
We write a4 = « : Re ————— Re
e IRE
a . : Re >y Rf
a,f
re } y f
We write R = 1im End (Rx) = Lim End (Re) = 1im (Re)
o «— R — R —

{(aa) [ (a'a)me'f = (ar)}

Note that R strongly regqular 2 Re strongly regular V e
= lim (Re) strongly regular
= lim End (Re). strongly regular.
— R

We consider the map

¢ : End_ (I} s 1lim End_ (Re)
R — R
1 N
*r i’ e)eeamnn)
Notice that ai]Rf = afumenever Rf < Re. We shall show that
(=]

¢ 1is an isomorphism of rings.

We first show that ¢ 1is one-one.



Let ¢(a) = ¢(3). Then %|Re * ﬁIRp VeelpnIR.

Let J € J. Then RJ = Re for some e 7T N T(R).

ale = ﬁle 2> al(j) = ((j) far all i€l =2 a = 3.
Now we will show that ¢ 1is aonto.

Let (o) = 1lim End (Re).
=) — R

8 E&JMI(R)

We define o« 2 J——— J as o (Jj) = jae(e) where Ri = Re for

same unique e € J N I(R). We will show that o is a R-linear

endomoarphism of J.

Let I 3, € J. Let RJ1 = Rei, Ry = Rez,
J + 3 = < j + j = + = .
R(J1 Jz) Re3 < RJ1 RJZ Re1 Re2 Re4 (say)
We write o = a . Then,
GL L
aly + J Yy = (3 + jda(e) = (j + i)a (e)
1 2 1 23 "3 1 2 4 3
= a (] + jJe ) = «x (3 + 3}
4 1 2 3 4 1 2
Also,al(j )} + a(j ) = Joadle) + Jofle ) = jaoa (e) + j o (e
1 2 1 4 1 2 2 "2 1 4 1 2 4 2
= } + j = ) + j = i+ 3 )
a4(31e1) a4(3292) a4(31) Q4(J2) a4 (J1 JZI
Thus a() + 31 ) = a() + a3 )
1 2 1 2

Let j €« 3, r € R. Let Rr, = Re, Rj = Re , e,e, € J n T(R).
J

Then Re £ Re .

a(rj) = rjo. (e ) = a (rje ) = a (r3)
e 1 o 1 e
1 1 1
Thus al{rj) = ral{j}. Therefore a EndR(J).
Now, af(e) = ea (e) = a (e®) = a (e)
(=4 . (=] (=]
Thus O(|E\R = 2 - Hence ¢lad = (a|eR) c€IMLR) (aa)eeJﬁRR)

This shows that ¢ is onto.
Now we will show that ¢ is a ring homomorphism, that is
Pla + 3) = pgla + 3 and ¢l = @)Y, ¥V a, 3 € EndR(J)

We have: 2 + 3) = (&g + 1) } = (o + 2 )
IRe IRe lRe



= (a'Re) + (ﬂlne) = plo) + @)
Ploy3) = ((aﬁlne) = (“|aeﬁ|ne) = (Q‘Re)(ﬂ'Re) = pla)p(/3)

Sao we have praved that End_ ( J) = lim End (Re) = lim (Re)
R R «— R

‘_—_
= lim X
<——-—-
which shows that EndR(RJ) 1s strongly regular.
Now, 1f we start with X = {xR | x € J3 then similarly we can

see that each xR 1s strongly regular and xR = EndR(xR) and
End_(J ) = lim X .
R R —
But, X = {xR | x € J> = {eR | e € J n T(R)2
={Re | e € T n T(R)} = X

Therefore, End ( J) = End (J )
R R R R

2.49. Proposition. (Zelmanowitz) There exists a regular

ring R and a left i1deal J of R such that EndR(J) 15 not regular.
Proof: Let R be the ring of column finite countable
matrices over a field. Let e ,e _,e , ... be the usual

1147 227 "33

matrix units aof R. Then,

R = { [aj] l For each J, there exists NJ < N such that
L

1]
U

O for each 1 =2 N . }
L) J

Let J = {Re, e L @ Re,

) odd J even J

={ A = [a ] l [a 31 € R and for each 2 3 N such that
L) L) A
for all even values of 3 2 N, a = 0V 1 }

Then J 15 a ieft 1deal of R.

Let aa & EndR(J) be defined as a[ n ReLJ ] = 0
) odd

(A
o



oaf{e ) = e when 3 1s even.
1) 1(j-1> )

Then aJ = { [a ] | a. . O for j even and
1) L)

i

a for j odd. }

- a. .
1) tj=1)

= ¥ @ Re

L
j odd 3

Now, if passible, let EndR(J) be regular. Then «J must be

a direct summand of J and hence of n Reif
) odd

As R = i Re . @i Re , aJ would be a direct summand
. 1) . 1)
j odd j even

of R and so 1t must be a principal left i1ideal of R. But
a(J) is an infinite direct sum, it can not be generated
by a single element. 50 we get a contradiction. Hence

EndR(J) is not regular. [}

2.50. Lemma. (Zelmanowitz) Let M be a2 left R—module

and let a € centre of EndR(M). Then there exists an element
3 € centre of EndR(M) with offaa = a if and only if

M = a(M) & ker o.

Proof: Let oo € centre of EndR(M). Suppose there exists

3 € centre of EndR(M) such that o3aa = a. Then (om/?)2 = o3

]

and ({?cx)2 = faa. This implies that o3 e as a, 3 € centre
of End_(M).
R

Let o3 = Paa = e. Then a(M) = afBa(M) £ a3(M) < a(M).

Hence oy3 (M) = a{M) = e (M) a(Mr.

1}

Let m € ker a. Then o(m) O = pal{m) = O 4 m € ker 3a.

If m € ker 3a, then fBal(m)

O =2 afalm) = 0 = alm) = 0.

]

=2 m € ker a. Hence ker « ker pa = ker e.



Now, M = e(M) & (1 — e)(M) = a(M) & ker e = a{M) & ker o.
Conversely, let a € centre of End(M) and M = a(M) @ ler a.
Given m € M we writeem = a(n) + k where n € M and k € ker a.
Again, n can be written as a(ni) + k1 with n € M,
kx € ker a. Then alm) = a (aln) + k) = a(a(a(n1) + ki))
= o’ (aln ))
1
Let a(ni) = x_ € a(M). Then X 1S the wunique element of
a(M) such that a(m) = az(xm).For, let y € a(M) with
a(m) = az(y). Then, az(y) = az(xm) -> az(y - xm) = O
=+ oy - x ) € ker a n oMy =0
m

>

Therefore y - % € ker a nalM) = 0 2y = x .

m
Now o (% ) = alrm) = roa(m) = raz(x ) = ol (ry ).
rm m m
Hence x = K .
rm m
Also we have az(x } = alm + n) = alm) + a(n)
min
= az(x ) + az(x ) = az(x + X}
m n m n
This gives x = x + X -
m+n m n
Let y e EndR(M). Then
az(me) = a(y(m)) = ar(m) = ypal(m) as o < centre of EndR(M)
= 7a2(x ) = az(yx )
m . m
Hence me = rxm
Now we define a map 3 € EndR(M) by the rule R(m) = X
By what precedés prm} = R = TR r3(m) and
= ¥ = ¥ + ¥ =
pBlm + n} X man X ® £3(m) + 3(n)
Therefore (3 1s R—-linear.
Also By m) = xymn = yB{m). Hence (3 € centre of EndR(M).
= = 4 = z‘l =
For any m € M, (oo} (m) = a(Baim)) oK o a(m)

Therefore o3¢ = a with 3 € centre of EndR(M).
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Before proving the next theorem we define a regular

module.

2.51. Regular maodule. A left R-module ™M is regular 1f

given any element m € M there exists f e HomR(M, R} such
that (mf)m = m.

In this definition and in the next theorem we write module
homomorphisms on the right. By replacing M by R 1in the
definition above we can see easily that RR is a reqular

module if and only if R i1s a regular ring.

2.92. Theorem. (Zelmanowitz) I1f RM is a regular module
then the centre of EndR(M) 1s & regular ring.
Proof: Let a e EndR(M) and m € M. Then ma € M. By the

regularity of RM there exists f « HDmR(M, R)Y such that

((ma) fima = ma = ((mfIimda’.

Now m = ({(mf)mla + Lm - ((mfimdal with ({(mfimla  Mx
and m - ((mf)mlax € ker . So M = Mx + ker o.

Let ma € Ma N ker a. Then ma = ((mfrm)a’ = (mf) (ma) = 0.

Hence Ma N ker o« = 0. Thus M = Ma @ ker a. Now applying
Lemma 2.90 we see that there exists an element 3 1in
EndR(M) such that a3 = a. Hence the-centre of EndR(M) is

a regular ring.

o)
3

& 4. Endomorphism rings of infinite dimensional vector spaces.

In this section same properties of the

endomorphism ring of an infinite dimensional vector space



are discussed. While these results are “folbtlore” material
for ring theorists, we do not know a convenient reference
where they have been recorded.

First we define a V-ring and 3 guasi-simple ring.

2.53. Left V-ring. A ring R such that every simple left

R-module is injective 1s called a left V-ring.

2.54. Quasi-simple ring. A ring is called a guasi-simple

ring if it has only two ideals.

2.35. Proposition. Let V be an infinite dimensional vector

space over a field K. Let R = EndK(V). Then

(1) R 1is regular.

(2) R is not directly finite.

(3 R is not unit-regular.

(4) R is not a left V-ring.

(5) R is not left/right noetherian.

(4) R 1s not left/right artinian.

(7) R is not quasi-simple.

Proof: For convenience, we shall prove some of these results
for the case dimK(V) is countable; the extension 1in the
general case 1s easy.

(1) Since V is a vector space over a field K, 1t 15 a

semi-simple module and it is well known that the endomorphism

ring of a semi—-simple module is regular. (See 2.11)
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(2) Let {e ,e ;e , ... Ybe a basis of V. We define f, g
1’ 273 K

in EndK(V) as follows.

fle) = e i =1 s
v i4 k} 9 ?
(e ) = e (e) = ¢ 1 = 2 -
g 1 1, g L L_i’ ’ ?

Then, fg(ei) = f(ei) = e, and gf(et) = g(eL+1) = e

Therefore gf = 1v but fg = lv which shows that R 1i1s not
directly finite.

(3) We know that if a ring 1is unit-regular then it is
directly finite. But as R is not directly finite it is not
unit—regular.

(4) [Here we follow Sarath and Varadarajan [SV:74].]

We consider the case when V have a countably infinite

[

base {v over K. Then V 1is an R—-module under the

n n>4

defition 8.x = 8(x), 6 € R, x € V. It is well known that
V is a simple R—module. We will prove that V is not
injective over A.

Let, if possible, V be injective over A. Let wn = V for
each interger n 2 1 and g : Nn—~—~——a W be the identity

map. The maps 9, give rise to a unique map

g : & W » V
n=1 "
(423 3 ave )p——— a_+a_+ ...
17 2 1 2
If Vv 1s 1injective, there will be some extension

h =@ wn——_—-» W of g. Let g : R—— | Nn be defined by
n=1 nz1

g(g) = (e(vn)). Then q is a homomorphism of R-modules.
Let w = (1) where f : R————— V is the map hg. Let & € R.

Then f(8) = f(8.1) = G.F(1) = Gowt = G (W) oo oo (1)
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For any integer n 2 1, let

t

e vector subspace of V spanned by Vi for k > n + 1

I =

n

()

8 e AI e(vk) =0 for £k 2 n + 1 2

Let 8 € In. Then Q(Vk) = 0O for k. 2 n + 1.

Hence 8(v. ) e W + W + + W
k 1 2 n

= <
Sa q (&) (9(v1), e(vz), .- ,a(v“)) € N1 + NZ + ... + W = g1w
n_

Since hlg Nn = g, therefore, f(8) = hg(B) = g(gq(8))
nZ1

Q(8(v ), ... ,68(v )1y 0,0, ... ) = 8@(v) + ... + 8(v )
1 n 1 n

(v + v + ... + v ) for each 6 € I .
1 2 n n

Here v, + ..t v denotes the sum in W.

Let L We——>s W be the K-linear map determined by
wv) = v for 1 £ 1 €£n and v (v ) = 0 for kK 2 n + 1.
n L L n k

Then v € I . Therefore, f(y ) = ¢ (v + v + + v )
n " n (A b & 2

But f(wn) = wn(w) from (1).

n

Hence wn(w) = wn(v1 + ... + vh) = wn(w -5 vL) = 0
v =1
n
Since ker vo= Fn+1, we get w - T v € Fn+1‘- --------------------------- (2)
L=
Now (2) should be valid for every n = 1. Since {vn}n>1 1s
base far W and Fn+1 1s generated by v, for k 2 n + 1, 1t is

clear that there is no element w € V satisfying (Z2) for all
n =2 1. This contradition proves that V 1is not an 1injective-
left R-module. This proves that R is not a left V-ring.
Before proving (4), (3) and (&) we fix some notation

and recall some facts.

Let V be any vector space over a field K. Let W = V.

Let A {fl Im f =W 3}, B, = {f| W =< ker f 3

s
v



Then Aw and Bw.are clearly additive subgroups of EndK(V).
Let f Aw, g € EndK(V). Then fg(V) = f(g(V)) £ f(V) £ W.
_ Therefore fg € A . Thus A is a right ideal of End (V).
w w K
Let f & Bw’ g € EndK(V). Then fW) = O =2 gf(W) = O

2> W £ ker gf. Therefare gf Bw' Thus Bw is a left ideal

in End (V).
K

Let Wi < HZ. Recall that A = {fl Im f = W32, 1 =1, 2
A\

L

Now feA =»Inf<W W 3 fe Aw' which shows ' that

1 2
A <A .
W w
1 2
Also f € B 2 f(W) = 0= f(W) = 0 3 f €8 which shows
w 2 1 w

2

2
that B < B .
v Y
2 1

Again, let N1 ; wz. Then there exists « Nz such that
o wi. Let 3 be a basis of V. * We define a map f in
EndK(V) such that f(e) = % far all e in B3. Then f(V) £ wz

but f(V) £ W. Therefore A £ A -
1 w1 = wz

Now we shall show that W < W = B < B
1 = 2 w

Let =z e wz, FAE - N1 such that B u {=z> 1is a linearly

~

independent set where 3 is a basis of wl.
We consider the map g : V——— V uhere
g(3) = 0 and g(z) = z. Then w1 < ker g but NZ < ker g

Therefore g e Bwt, g € szthat is sz 3 Bwi.

From the above results it is clear that whenever we have

infinite chain w1 ; Nz é c.. of subspaces of V then we

have infinite chains A 4 A $ ... of right ideals of
w R w2

1 Z



End (V) and B > B
K v, =~ v,

.. of left ideals of EndK(V).

L\

Let KV be a countably infinite dimensional vector space

and 3 be a basis ofKV . Let R = EndK(U).

tet A = {f] Im f is finite dimensional } and let f, g € A.
Then, (~f)(V) = {(-F)(x)| x e V3 = {~FfG)] x eV 3
= {f(—x)| x € VUV ¥ = (V) which shows that (-f) A

Again, (f + g)(V) < (V) + g(V) shows that f + g e A.
Let h € EndK(U). Clearly dim hf(V) < dim f(V) < o .
Therefore hf € A.

Also fh(V) < f(V) implies that dim fh(V) < dim f(V) < o .
Therefore fh < A. Thus A is a two—sided ideal of Endx(v)

which proves that EndK(U) is not a quasi—simple ring. P

Now we will show that A can not be written as Bw or A
for some W < V.
Let, if possible, A = Bw for some W < V. Then W < ker f
vV feA. For f = 0, f € A and ker f = 0.
So we have W £ O =2 W = O = Bw = {fl 0O < ker f2 = Bw = EndK(U).
Therefore A = End (V). But 1 & A as 1(V) =V and V is not
finite dimensional. This contradiction shows that A cannot
be written as B, for any W < V.
Again, let A = A for some W < V. Then Im f <= W for each
f € A. Therefore V = W. Then A = EndK(U) = A. But 1 & A.
From this contradiction it 1is clear that A cannot be

written as Aw for any W < V.

Now, let (3 = {ei, e,y - > be a basis of V. Then we
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can have infinite chain of subspaces

W .- (1) where A . 18 the subspace aof V

Woa W, »
generated by 591, € o - HES

This gives rise to an infinite chain of right ideals

Aw = Aw 2

which shows that EndéV) 15 not right
1 2

> B -
=~ w =
1 2

artinian and Bw - which shows that EndK(U) 1s

not left artinian.
Again we can have an 1nfinite chain of right 1ideals

w1 ; Nz ; ... This gives raise to an infinite chain of

endomorphism r s A 2 >
[} m ring w = Aw )

.. which shows that EndK(V)
1 2

1s not right artinian and B B Y -« which shows that
v, = v, =

EndK(U) 1s not left noetherian.

So we have proved (5) and (6).

§ + 5 DOne-sided unit-regularity 1in rings.

In this section we shall discuss one—sided
unitt—-regularity 1n rings. Everything that 1s discussed here

1s due to Ehrlich.

2.96. Right/left unit-regular element. An element a 1n =2

ring R 15 rightsleft unit-regular 1f there 1s a right/left

invertible element v e R such that axza = a.

2.57. Right/left unit-regular ring. A ring R 1s right/ left

unit—regular 1f each of 1ts elements 1s
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right/left unit-reqular.

2.58. Some notations.

(1) In a ring R, (Ra)" will denote the right annihilator of
the principal left ideal generated by the element 3 of R and
(aR)Luull denote the left annihilator of the principal
right ideal generated by the element a of R.

(2) Let RM be a module and X,Y are submodules of M. Then

X ; Y will indicate that X 15 isomorphic to a submodule

of Y.

2.59. Remarks. Let RM be a module such that § =
EndR(M) is regular. Let % € S.~ Then
(1) % is right invertible in § if and only if it 1is an
onto endomorphism of M.
(i1} x is left invertible if and only if it 1is a one-one
endomarphism of M.
Proof: (i) Let x be right invertible and y be a right
inverse of x. Then xy = 1 = xy(m) = m Vme M which shouws
that =« 1s an epimorphism. Conversely, let :x« be an
epimorphism. GSince § 1is.regular, there exists v &€ § such
that xyx = x. Now, let m<e M. Then m = u(m") for some
m e M. As xyx = x, we have, xyx(m’' ) = w(m ) = zvim) = m
which shows that =<y = lu' Thus % 1is right invertible.

(2) If % is left invertible in S then. there exists y 1in 5

such that yx = 1. Now, x{(r) = 0 3 yx{r) = 0> r = 0. So
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15 a monomorphism. Conversely, let = be a monomorphism.

i

Since S 1s regular there exists y in R such that KUY H.
Therefore, xlyx — 1) = 0O =3 yx — 1 = 0O = yx = 1. So x 1s

left invertible.

For the proof of the fallowing lemmz we refer to [E:761.
2.60.Lemma. Let MR be a module such that S = EndR(M)
is a reqular ring. Let XP(S) be the lattice of all
principal right ideals of § and let fC(M) be the
set of all complimented submodules of M. Then
(1) ZC(M) 15 a sublattice af the lattice of all submodules
of M.
(2 v : 35 —> 2aM where a € S 15 an isomorﬁhism of the

latice ZP(S) onto the lattice fC(M).

(3) If a € S then ker a = y (Sa) .

2.61. Theorem. Let M be a right R-module and § = EndR(M) be
a regular ring. Let a « S. Then the following conditions
are equivalent:
(1) a i1s right unit reqgqular.
(2) There is a monomorphism u : M — M  such that

Im 2 M u(ker a) = Q.

~y

(3) ker a < caker a.

Proof: (1) = (2)., There exists a right invertible element

X € § such that axa = a. Let u be the right inverse of x.
Then xu = 1 implies that u : M — M 1is monomorphism. Let
me Im a " u(ker a ). Then m = a(m’) = u(k) for some

/47



m =« M, k € ker a. Therefore, m = a(m’) = axa(m ) = axulk)
= a(k) = 0. Therefore, Im a N ulker a) = 0.
(2) =2 (3). Let u be a monomorphism from M to M such that
Im a n ulker a) = 0. Since EndR(M) is regular Im a and
ker a are direct summands of M. Let P be a submodule of M
such that Ker a @« P = M. Therefaore, ulker 2a) & u{(P) = u(M)
u is a monomorphism. Again, u{M) is a direct summand of M
as EndR(M) is regular. Thus ul(ker a) is a direct summand of
M, and so Im a & u(ker 2a) 1s a direct summand of M.
Let @ £ M be such that M = (Im a ® utker a)) @ Q.

M

Then coker a = T 3 = u(ker 3) ® @. Therefore,

ker 2 m= n ulker aj < ufker 3) & @ = coker a.
(Z) = (1). Let ker a <« coker =za. Let o & ker 3 ——— coker a

be a monomorphism. We define v : M —s M by

as

ylf = alT s where T 1s 3 complement of ker a2 in M.
y]ker a = <
Now, le 1s a monomarphism, for y(t) = O =2 a(t) = O
= t € ker 2a. Also, t € T. But T N ker a = 0. So, t = 0.
Thus, y'T and ylkera are both monomorphisms, hence left
invertible in R. So y 1s left i1nvertible in R. Let 2 € R
be a left inverse of y. . Then for t.e T, anat = anyt = at.
For k € ker a, axak = O = ak. Therefore axa = a with =«

right invertible.

2.62. Theorem. Let M be a right R module such that & =

EndR(M) is 38 regular ring. Let 2 € §. Then the following
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conditions are equivalent.

(1) a is left unit—regular.

(2) There is an epimorphism u :M——— M such that
Im a + ul(ker a) = M.

(3) There is an epimorphism u : M—— M such that
Im a © u(ker a) = M.

(4) coker a 2 ker a.

Proof: (1) > (2). Since a 1is left wunit-regular, there

exists a left. invertible element x € § such that axa = a.
Let u € S be a2 left inverse of «x. Then w 1s an onto
endomorphism of M. As axa = a, xa € I1(S). So, we have,-
M= xxa(M) & keﬁ ®a = kaM ® ker a. This gives

uM = uxaM + ulker a3) 2 M = aM + ulker a).

(2) = (3). Let M = Im’a + u(ker a) where u : M——— M is an
epimorphism.’” Since u(ker a) = w(u(Ra)r, Im a M ulker a) is

a ccﬁplemented submodule of M, hence aof u{ker a). Let @ be
a submodule of M such that (Im a N u(ker a)) & Q = ulker a).
Then G is a homaomorphic image aof u(ker 3). We have,

M= Im a + u(ker 2a). This implies that

™ Im a + (Im . a N u(ker a)) &« Q = Im 2a & {Q.

Hence there is an epimorphism u : M——» M such that

u = a where T is a-complement of ker a in M and u
'T |T lker a
is an epimorphism from ker a to Q. Thus M = Im 3.® ulker a)

with u : M——— M an epimorphism.
(3) » (4). Let u : M——— M be an epimorphism such that

Im a & u ker a = M. Let L be a submodule of M such that

(ker a M ker 4) ® L = ker a. Then
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_ ™M ~ (ker a) = ker a
coker a = —yo—o = ulke = "ker a N Fer u

~ L ¢ ker a.
Im a

ta"]

Therefore coker a < ker a.
(4) =» (1). Let coker a <ker a. Let T be a complement of
ter a in M and let S be a8 complement of Im 3 in M.

Let 3 :Im a——— T be the isomorphism which is inverse to

aIT and let a :S——— ker a be a monomorphism. Then there

is & monomorphism ¥ : M ———— M such that AIIm o = 3 and
x‘s = . If t € T then axal{t) = aBa(t) = a(t). If k& e
ker a then axa(k) = 0O = a(k). Therefore, axa = &

with « left i1nvertible.

2.63. Corollary. Let V be a vector space over a division
ring D. Let R = EndD(V).

(1) If a € R, then a is right unit regular if and only if
dim {(ker 3) = dim (coker 2); a is left unit regular 1f and
only 1f dim (coker a ) = dim (ker a).

(2) R is one sided unit-regular. -

Proof: These are easy consequences of theorem 2.61 and

1Y)

.62,

Z2.64. Theorem. Let M be a3 right.R—-module such that S = End (MR
is a regular ring. Then 5 1is one sided wunit-regular 1if

and only 1f whenever M = P1 e Q@ = P2 2] Qz with Piz P2 then
< @ .

it implies that Q1 < Qz or Qz .

Proof: Let M = P1 =3 Q1

i

PZ @ Qz and a be an isomorphism of

P onto P such that a = 0. Then Im a = P and ker a =
1 2 IQ1 2



Q . Coker a = M/Im a = Qz' Therefore by Theorem 2.61
1

and 2.62 respectively, we have, S 1s right unit-regular 1f
and only if Q1 < Qz and S is left wunit-regular 1if and

only 1if Qz < Qz'

2.65. Theorem. Let R be a regular ring and let a € R. Then

(1) a is right unit-regular 1f and only if there 15 2
left invertible element u € R such that aR n u(Ra)” = 0.

(2) a is left unit-regqular if and only 1if there 1is a
right invertible element u € R such that aR + u(Ra)" = R.
Proof: If a € R, then let a. is an element of EndR(R) where
a. is the left multiplication by a. First we note that if
a € R, (i) a is right invertible if and only if a is an
epimorphism; (1i) a is left invertible if and only if a is
a monomorphism. '

Obviously, Im a_ = aR. Let k € ker a . This 1implies
that ak = 0 » rak = OV r € R. Thus k € (Ra)".

Again if k € (Ra)" then Rak = O which implies that ak = O

< k € ker a . Therefare ker a = (Ra)'. Then we get thas

result directly by applying theorem 2.61 and 2.62.

& 74, Bibliographical notes.

1. For Proposition 2.10 see (LGl : p.2).

2. For Proposition 2.11 and Proposition 2.37 see ([S51]1,

pp.40-41)

3. For Proposition 2.14 see (LK1, p.114).
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4. Proposition 2.16 is due to Ware [W :711.

5. For Section 2 we have followed Lambek (LL]l: pp.102-104).
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6. Remark 2.28, Proposition 2.30, Theorem 2.32, 2.32 and
2.42 are due to Ehrlich [E : 6813].

7. Lemma 2.31, Propaosition 2.33 and Theorem 2.43 are due to
Henriksen [H : 731].

8. For Theorem 2.46 see [G].

?. Theorem 2.48 was first proved for commutative regulaé
rings by Wiegand [W : 621, 2and then in general
by Steinberg [S :731. Here we have amplified
Goodearl’s treatment ([G1l, Chapter 3).

10. Proposition 2.4%92, 2.50 and Theorem 2.52 are all1 due

to Zelmanowitz ([Z : 721, pp. 349-350).
11. Section 6 is completely due to Ehrlich [E : 761].
12. The defiﬁition of inverse limit i1s taken from Rotman

(CR1, pp 28-29).

wn
]



CHAPTER 3

COMMUTATIVITY
In this chapter we shall mainly discuss the
commutativity of endomorphism rings of 1deals. Also we

define the total guotient ring and the complete ring of
quotients of a commutative ring. It follows from the proof
of Theorem 2.48 that if R is a commutative regular ring then
EndR(I) 1s also a commutative regular ring for every ideal 1
of R. In this chapter we prove the commutativity part of
this theorem in a different manner. The main results of

this chapter are as follows

(1) If R 1s caommutative and reduced then EndR(A) is
commutative and reduced for every ideal A of R.
(2) If R is a quasi—regular ring then EndR(A) is commutative

for every ideal A of R.

§ 1. Basic definitions.

In this section we recall the defition of S 'R where R
is a commutative ring and S is a multiplicatively closed

subset of R. We also note down some basic results.

Z.1. Let R be a commutative ring and S a multiplicatively
closed subset of R. Then S 'R consists of elements of

type r/s where r € R, s € §;, s # 0 and for two elements

r/s and r /s of S_ﬂQ r/s = r /s if and only if
1 1 2 z 1 1 2 "2



there exists some u € S such that (r152 - rzsi)u = 0. With
addition and multiplication defined by

r /s + r/s = {(r s + rs)/ss_,

1" "1 2" T2 172 271 172

(r/s).(r /s ) = (rr )/{s s ) S 'R becomes a ring.
1" "1 2" "2 12 12
Z.2. Remark. S 'R is the zero ring if and only if O € S.

3.23. Remark. The set So of non—-zero—-divisors in a

commutative ring R is a multiplicatively closed set.

3.4. Total quotient ring. Let R be a ring and So be the
set of non-zero-divisars af R. Then S;dR is its total

quotient ring, (T.G.R.). It is also known as the classical

ring of guotienls.

Z.5. Remark. Let R be a commutative ring and A be an ideal
in R.Let S be a multiplicatively closed subset of R. Then

s*a = {"‘/s | a €A, s e65 } is an ideal of S 'R, for

(r/s).(a /s ) = ra/ss where a2 e A, 5, s € 5, r € R.
1 1 1 1 1 1

3.6. Remark. Let R be a commutative ring and A is an ideal
in R. If f is an R-linear endomorphism of A then f gives
rise to an S ‘R-linear endomorphism st¢ of s 'a

defined by S 'fla’/s) = flal)/s.

-

3.7. Q@Quasi-regular ring. A commutative ring R is guasi—reg
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if the T.@.R. of R is regular.

The following proposition can be verified easily.

Z.8. Proposition. Let R be a commutative ring and S be a

multiplicatively closed subset of R. Let ™M, N be s'R

modules. Then Hom M, N) = Hom_ (M, N).
s'R R

3.9. Corollary. Let R be a commutative domain and K be its

field of fractions. Let M, N be K-vector spaces. Then

Hom, (M, N) = HomR(h, N).

In particular, if R Z then K = @ and for M = N = @, we

have End_ (Z) = End_ (Q)

@ @ Q.

§ 2. Complete ring of quotients.

In this section we give a brief 1ntroduction to the
complete ring of quotients. °

The process af faorming the field of fractions of an
integral domain is well known. In the same way we can
caonstruct theclassical ring of qQotients of any commutative
ring. (See 3.4. above).But the complete ring of quotients

is formed in a different way which is discussed below.

3.10. Dense ideal. An ideal D in a commutative ring R is

dense if for 3ll r € R, rD = O » r = 0. Thus for all these

ideals Ann(D} = O.
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Z.11. Fraction.

If D is a dense

ideal in a commutative

ring R, then any element f of HomR(D, R) 1s a fraction.

The fractions form an additive abelian semi-—group with

zero and a multiplicative abelian semi—-group with 1. We

define a relation € on the set F of 2ll fractions as f1 e fz

whenever f1 and fz are eqgual on the

domains.

F into equivalence classes.

Then € 1s a congruence relation.

intersection of their

Now & decomposes

This set of equivalence classes

1s also a commutative ring which is denoted by Q(R) and 1is

called the complete ring of quotients of R.

& 3. Commutativity of endomorphism rings.

In this section we shall discuss

different conditions

on a ring R under which the endomorphism rings of ideals of

that ring are reduced or are daomains or are commutative.

3.1

I8

« Proposition.

If R is a commutative domain then

EndR(A) is commutative for every ideal A in R.

Proof: Let a € A and ft, g EndR(A).
Case 1. Let a = O. Then fg(a) = 0 = gf(a).
Case 2. Let a # O. and let = fgla) ~ gf(ar. Then

za = [fg(a) -~ gf(a)] a = fg(ala

- gf(ala = fg(az) - gf(az)

= f(a)g(a) - gta)f(a) = .as R- is commutative.
Since R 1is a domain, =za 0 = = = 0.
Therefare fg(a) = gf(a).
From case 1 and case 2, we see that fg(a) = gf(a) for zll
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a € A which implies that fg = gf. Therefore EndR(A) is

commutative. =

3.13. Proposition. If R 15 a commutative regular ring,

then EndR(A) 15 a8 commutative ring for every ideal A of R.
Proof: Let a € A. Since R is regular, there exists b e A
such that a = aba. Let f, 9 € EndR(A). Then

fg(a) -~ gf(a) = fgl(aba) — gf(aba) = f[ag(ba)] -~ g[f(a)ba]

= f(al)glh)a — g(brf(ala

0. 8o fg(a) = gfl(ay V 3 e A.
This implies that fg = qgf. ( Note that, by Theorem

2.48 EndR(A) is necessarily regular).

3.14. Proposition. If R is a commutative domain and A an

1deal of R then EndR(A) is a domain.

Proof: Let f and g be two non-zero endomorphisms of A.
Then there exist a, b € A such that f(a) # O and g(b) = O.
Now, fgl(ab) = f[ag(b)] = f(a)glb). As R is a domain,
f(alg(b) # O s fg(ah) # O =% fg = O. Therefore EndR(A)

1s a domain. a

3.15. Proposition. (Caox) If R is a commutative ring and A

an ideal aof R, then EndR(A) is commutative if A N Ann(A) = O.
Proof: Let f, g be two non-zero endomorphisms of A. Then
fgy, gf and fqg — gf are all R-linear maps. Let a, b e A.
Then a(fg —gf)b = (fg — gfl)(ab) = fgl(ab) - gf(ab)

= f(a)glb) ~ gtb)fla) = O. Therefore, A(fg — gf)A = O

»> (fg — gf)A <€ A N Aann(A)Y = 0. So, (fg — gf)A = 0 >
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fg — gf = O 2 fg = gf. Thus EndR(A) is a commutative ring. gH

3.16. Corollary. If R is commutative and reduced

then EndR(A) is commutative and reduced for each ideal A in

R.

Proof: First we assert that A N Ann(A) consists of
nilpotents. For, if a € A n Ann(A) then aARA = O » a.a = O
- a’ = 0 » a is nilpotent. As R is reduced, A n Ann(A) = 0.

So by Proposition 3.16 EndR(A) is commutative. { Note that

L3

this conclusion is an extension of 3.13).

If f e End (A) be such that f° = 0O then
[f(a)]n = £f7(a") = 0V a e A. As R 1s reduced, this implies
that f(a) = O V¥V a € A. Thus f '= O and hence EndR(A) 1s
reduced. a

Proposition 3.16 has the following non—communicative

extension.

3.17. Proposition. If R is a left duec reduced ring and A

is a left ideal of R, then End_(A) is reduced.

Proof: Let f € EndR(A) be such that f2 = O. Let I = Im f
and K = ker f. Now f- =0 & fH(A) = O o T f(A) = 0O
2 f(A) £ ker(f), that is I £ K. This gives 12 < KI = Kf(A)
= f(KA) = f(K)A = 0. As R is reduced, I° = O implies I = O.

Thus f = O and hence EndR(A) is reduced. @

The following result extends 3.13.

3.18. Proposition. If R is a2 commutative p—injective ring
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then EndR(A) is commutative for every i1deal 4 1n R.
Proof: Let f, g € EndR(A) and let a = A. Then Ra = R.
Consider the map f = f‘Ra t Ra —— R. Since R 1is

p—injective, there exists a map v : R —————» R which extends

f. So f(a) = f(a) = p(a) = w(l.a) = ap(l) = at, for some
t1 € R. Similarly, g(a) = at2 for some tz < R.

Now fg(a) — gf(a) = f(atz) - g(ati) = tzf(a) - t1g(a)
=tzat1 - tiat2 = 0. This gives fg = gf. Thus EndR(A) is
commutative. @

3.19. Proposition. If R 1s a quasi—-regular ring then

EndR(A) 1s commutative for every i1deal A in R.

Proof: Let So be the set of all' non - tero—-divisors of R.

Let f, g € End (A). Then S *f, s '¢ < End (s oy .
R o (e} - s -1R (o]
O

As So R 1s regular, End - (So A) 1s commutative by
s R
o

Proposition 3.13. So we have, for a € A,
[s"f.s g](a/l) = [5“g.s “f]<a/1)
o o o Q

-> S;if(g(a)/l) = S;1g(f(a)/1) - fg(a)/1 = gf(al)/1

-1

2 (fg(3) — agf(al))/1 = O. Therefare there exists t « So such

that t[fg(a) - gf(a)] = 0 =5 fg(a) — gf(3a) O as t 1s =z

non--ero—divisor. This gives fg = gf. Thus EndR(A) is
commutative. a

3.20. Remark. By analogy with the term "guasi—regular" we
may call a commutative ring R ‘'“quasi-p—-injective" if the
T.@.R. of R is p-injective. We have p-i1nJyective =

¢
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quasi-p-injective and quasi-regular = qguasi-p—-injective.
(See Chapter 2). An application of the Proposition 3.18
yields, by an argumenf’similar to that 1in 3.19, the
following extension of 3.19 If R 1s a commutative
quasi-p-i1njective ring and A an idezl of R, then EndR(A) is
commutative. A study of quasi—-p—injective rings seems to

be a topic of independent interest.

& 4. A question of Faith.

A consequence of 3 result from Stenstrom [S] (see 3.21)
is that if Q(R) 15 3 self-injective ring then EndR(I) 1s
commutative for every ideal 1 of R. (Proposition 3.22
below.) The proof’of this result is similar to that of
Proposition 3.15 above due ta Cox. Carl Faith [F1 had
asked whether the converse of Proposition 3.22 holds. This
section 15 devoted to the proof of Proposition 3I.22. We
also record without proéf a caunter—example due to Clark
which shows that the question of Faith has a negative ans@er.

We record the following result from [S5], p.279]1 without

praaf and then prove Propasition 3.22 with its help.

3.21. Theorem. - Let " Q(R) denote the complete ring of
quotients of a commutative ring R. (See § 2.) Then @R} 1s
a self—-injective ring if and only 1f for every ideal 1 of
R and every R-homomorphism ¢ : I———— R there exists a
dense ideal J 2 1 and an R—-homomorphism ¥ = J ——— R such

that yw extends ¢.
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Z.22. Proposition. If Q(R) is a self-injective ring then

EndR(I) is commutative for every i1deal I in R.

Proof: Let f, g € EndR(I). Since Q (R} is self-injective,
by Theorem .21 there exists an ideal J1 =2 1 such that
Ann(Ji) = 0 and an R-homomorphism h1 : J —> R which

1

extends f. Gimilarly there exists an 1ideal Jz 2 I such that
Ann(Jz) = O and an R—-homomorphism h2 : JZ————a R extending g.
Let 1 € I, J € J1 N Jz. First we note that ij € I, f(ij) e
I, g(13) e 1, 1 < J1 N Jz. Next we have, fg(i1j}) = f(g(i3j})) =
hi(g(lJ)) = hihz(lJ) = hi(hz(l)J) = hz(l)hi(J).
figain, gf(1j) = g(f(ij)) = hzf(ij) = hz(h1(ij))
= h_(ih (33) = h_(i)h (J).

2 1 2 1
Therefare fg(ij3j) = gf(i1ij) =» [fg(i) - gf(i)] J = 0OV e Jin Jz.
But Ann(J1 N Jz) = 0. Hence fg(i) — gf(i) = O V 1 € I.

This gives fg = gf. Thus EndR(I) 1s commutative. o

We conclude with an example ( which 1s due toc John
Clark [C:861 ) of a commutative ring R which is not
self-injective but such that for every i1deal I of R EndR(I)
is commutative. The proof is not given here. Interested

readers may refer to (L[C:861) for the proof.

23. Example. Let A be 2 countable discrete valuation
ring with field aof fractions K. Let M be the A-module
h/ﬁ. Let R = A (+) M. Then R becomes a ring on defining

addition and multiplication as

(a2, m) + (g, m) = (a + a,m + m)
1 by z Z 3 Z 1 2
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(a, m).(a ,m) = (aa, am_ +am)Va, a A, m, m M.
1 1 2 2 12 12 2 1 1 2 1 2
Then EndR(I) 1s commutative for every i1deal I of R but

Q(R)Y = R 15 not self-ingjective.

& 5. Bibliographical notes.

1. For section 1 we have followed Atiyah and McDonald [AMI.

IS

. Far sec tion 2 we have followed Lambek (LL1, pp. 36-38).
. Proposition 3.15 1s due to Cox [C : 7231.
4. Theorem 3.21 15 1n Stenstrom ([81,p.27%).

9. Example 3.23 1s due to Clard [C : B&1].
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