Kronig-Penney model in reciprocal lattice space
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While teaching the band theory of solids from Kittel’s
introductory text,! we noticed that most of the discussion is
in reciprocal lattice space except the solution of the
Kronig-Penney model.” This is given in ordinary lattice
space. However, our students felt happier when the model
was solved by using the central equation rather than going
back to the usual techniques. In this note, we present one
way of doing so.

The Schrédinger equation for a one-dimensional solid is

- 9%\ vt - vt )
where the potential U (x) is periodic with the lattice con-
stant g, i.e.,

Ulx +a)=Ux). 2)
By expanding the wave function and the potential in a
Fourier series,

i lx) = Y C(k Jexplikx), 3)
k

Ulx)= Y U(G,)exp(iG,x), 4
G’I

and substituting in (1), one can easily get the central equa-
tion'

(A —E)C(k)+ Y U(G,)C(k —-G,)=0, (5)
G’l
where
Ay =#k?/2m,
and
G,= +2mn/a n=0,12,...,x (6)

are the reciprocal lattice vectors for the one-dimensional
solid. The Kronig-Penney model is described by the poten-
tial

Up)= 3 (#P/masix —la)

= —

where P characterizes the strength of each delta function.
The Fourier components are easily shown to be equal to
#P /ma®. So the central equation becomes

(Aw —E)C(k)+——ZC(k G,)=0. (7

Denoting the sum by the symbol flk) and rearranging we
get

C(k)= —2Pf(k)a=2/(k* — 2mE /#). (8)

In this equation, we change k to kX — G, and sum over G, .
The crucial point is to note that

fik — G)—ZC(k G, —G?)
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=YCk—G;)=flk). (9)

G”
n

Using this equality and letting E = #°K 2/2m we get the
central equation of this note:

—&/2P=3[(k—G,F—K*]"". (10)
, £

The infinite sum in {10) is similar to the frequency sums
occurring in the theory of finite temperature Green’s func-
tions.? To do this sum, we split each term into partial frac-
tions and use the standard expansion*

ﬂcotx—( )+277'x2(x n*m?) !

n=1

-3 ("H) : (11)

n= — w T

We get

2[(k—G,,)2—K2]_‘

-Ge). 2 =)

__(k+K 21rn) ]

(o - o)
= (?‘;—)sin Ka/(cos Ka — cos ka), (12)

where in obtaining the last line we have used standard tri-
gonometric identities. Substitution in (10} gives the usual
transcendental equation' of the model:

cos ka = cos Ka + (P /Ka)sin Ka. (13)

In summary, in this note we have shown one way of
preserving continuity in the treatment of band theory by
doing everything in the reciprocal lattice space.’
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