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CHAPTER O

Preliminary definitions

The purpose of this chapter is to explain bricfly, some
of the terms which are used in this dissertation. These terms

will be used in the following sense, unless othervise stated

1. Ring - A commutative ring with an identity
element.
2, llodule = :p . module meens unitagry modale.

3. Ring bhomomorphism - A map respecting additive and
multiplicative structures and carrying the multiplicative
identity to multiplicative identity.

4. Category - A category € consists of

(a) A class of objects
(b) For ecvery ordered pair of objects
X and Y, a set Hom(X,¥) of "morphisms®” with domain X
and range Y; if £ ¢ Hom({X,Y), we write £ : X — Y.
(c) For every ordered triple of objects
X,Y and Z, a function associating tc a pair of morphisnm
£ s X— ¥ and g ¢ Y~ 2Z their composite gf = gof ¢ X+—> Z
These satisfy the following two axioms:
(i) Associativity - If £ 3 X— ¥, g : Y+~> 2 and
h : Z2— W then h(gf) = (hg)f where (hg)f s X+—>V,
(ii) Identity - For every object Y there is a

morphism 1, ¢ Y+~ Y such that if £ : XrH— ¥, then

Y
1yf = £ and if h s Y+ 2, then hly = h.



$. Bancto® - Let € anéd D bo categories. 04
convariant functor (respectively contravariant functor)
T from C€C ¢to U consists of an objoccl® funciiom vhich
aszigna to every odject X of € ao object T(X) of D
and a worphism funciion which assigns %o overy norphisao
£ s E-JY of C a morphism T(£) s T{(R)—T(Y)
(rospectively 7T(g£} : T{¥)— T(Kl} of © ouoen that
(a} T(1y) = 2(%)
(b} Tl(gg) = ¥{g) 3F(£f} respectivoly T(gf) o T(£) T(g)
6. Couplex « A complex i3 a scequonco of vodules

and homomorphisme 3

4 d
1 . Q=1 .
8y S 2 ST
{indexed by all integers 'n') saeh that a3 8, = 0.
7. Bxact spequencg = A gseguonce of Re-modules and Rehooomorphisms
a d
a ne} - .
e R e Mpa2 ™ -

is oxaot if Keow “63¢ ® =~ Image ”dna for ali "a" in 2

3
8. L 1 rin - A ring with unigue aazioal ideal is

&

enlled local rving.

‘9. Unjque Factorizntion Domain {Abbroviation U.F.B) - An
integral domain R 4is called an unigue Foctorization
Domain if
(a) Bvery eclemcnt » € B = {p} can be uriiten in the form

P = Balaa see o auo

whore u 15 a untt of B = > o and the “ﬁf‘/jgiq

Y
4
E..a "‘*;‘-.
=




irreducible elements of R. By an irreduacible element we
mean an element! "a® 4in R such that "a" is a non-unit
and whenever "a% 1is expressed as a product eof tvo elements
op and "c¢c® in R, one of "b"™ or "c® is an unit.
e , - Ny, £ n‘n
(b) 1If na,a, 8, = u b, b, ~where "u and "u
are units of R and "a‘“ and "bj" are irreducible
- 1] o
elements, then mw = m and a; = “iDN‘(i) where ug is a

unit and 777 is a permntation on 152,00009 B

10, Zerodivisor of a module - Suppose M is R-module. 4n

element r &€ R 18 a zero divisor of M if there exist

me M, m¥p 0 such that rm = 0.

11, Torsion free modunle - Suppose M is an R-module., M is

a torsion froe module if " " & R 1is a nonzero divisor of

R implies ")\ " is a ponzero divicor of M,

12, Froe module ~ An R-~mpdule F is free if it is
isomorphic to a direct sum of capies of R, If Rak's R,

eand F = @ Ra, , then a, 3 k é!ig is called a basis of F.
keK k k

13, Localisation -~ Let R be a ring. A multiplicatively
‘closed subset of R is a subset "S" of R sach that 1 ¢ "S®
and YS" {is closed under multiplication. Define a relation
w..% on R xS as follows:

(a,8) ~(b,t) if and only if (at = bs)u = o for some
*a® ip S.' This is an equivalence relation on R 2 S, Let
S'IR denote the set of equivalence classes. An element of
1 a

R 1is denoted by = vuhich is the equivalence class of

S s

(a,s). Ve put ring structure on s~1lp by defining addition



and multiplication of these "Fractions"” % as follouss

= st
a 3} ab
s t © st

Let "P" be a prime ideal of B, Then S =R « P s
multiplicatively closed. We write B, for S™'R in this
case. The process of passiung from R "to By 1is called

"localisation®™ at "P",



CHAPTER 1

Projective, fiat and faithfully flat modules
§l. Projective modules

The purposc of this scction is to give definition,
various equivalent condiltions and examples of projective

modules,

Definition: A R-module P is projective if M — N .., 0
is an exaet sequence of Re-modules and {f given a R=-homomorphism
from P+> N, there exists a R-homomorphism from P+—o M

such that the following diagram

P
\
P
M +———>N +— 0 1is conmutative
Example: Bvery free R-module is projective.
Proofs Let F be a free module on the basis (ei)ie=l
)

Let M5 N~ 6 Dbde an exact sequence of Be-modules and

%&: F—> N be a R-homomorphism. Comsider the diagrams

Y SQ*

Vo9
M N »—> 0

-

Let 4?(91) = n, for all 'i' im I. Since & is surjective,
there exists a; € M such that e(mi) = n; for all 'i' in 1.

Define 4): Fi— 13 such that g)(ei) = m, oand extend it
by linearity.

Then O.y =.§> and hence F is projective.



Example of a non=-free projective module

Consider the ring R = Zé p:4 zé « A nongero
free Re-module with finitely many elements bas 6 elements
for some integer n2>2 1.

Consider a = 2, x (o), b = (o) x Zy
Then "a" and "b" are i1deals of R. Also a @b = R. So

"a" is a projective Remodule but "a" is not free over R,

Proposition (1.1.1). For any R-module P, the following
condit 1ons. are equivalent.

(i) P 4is projective,

(ii) P is a direct summond of a free R-module.,

(1i1) The functor M + Hom(P,M) is an exact functor from

the category of R-module to the category of abelian groups.

i.,e. if O »~3M1t~f>M2 - Msn—a 0 1is an exact sequence of

R-modules, then

0+— Hom(P,Ml) — HOm(P,Ma)'——) ﬂom(P,Ma)f—aO is exact.

(iv) There exist 3, ¢ P, f ¢ Hom(P,R) such that for each

X é.P,fi(X)ép'fofxalmost all 4i’. in I and xg;;E:}ifi{x)::;;.
A (€T
Proof:

(1) =5 (ii) There exist a free module and a surjective
R-homomorphism ¢: F — P,
Consider the following diagram
P
\Qy
) Q)
F — P —> 0.

By (i), 3 A R~-homomorphism ~—>F such that



Define QOaKerG s P_ = {’(P)-

o
OGP = 1? ) ¢ is on fnjection. Ther F =P, 8 ¢
and P&Q = F and (ii) follows.

f

(18) = (1) Consider the following diagram:
P
pN:
M ~— 8§ ~——>0 where M,§ are B-uodule
® ond ¢ arc B-homomofphisms. and  is surjective.
By (1i), there ozists a froo R-modmle P and a Renodale
Q s.t P® Q =-F. ‘
3 @a B~homomorphism X 3 P ©®Q+— P such that
o C(p,q}): P for all (pyg) ¢ P @ Q and s R-homomorphism
g :Pr>P @®Q. Such that g (P) = {p,0) for oll pc P
So considers
P
T
M N > 0
Since [ is free, it is projective aﬁd heneo thore oxiots
Yt Pr—rM such that G.yP= Ped .
V.3 s Pr—o 1 is such that G.(¥.2) = ¢ . Thervoforo
P i3 projoective,
(i)@) {(ii1) Tho four term soquonce
0 — ﬂcm(P,Ml%s—; ﬁom(?.mz) — ﬁsm(?,ma) is always oxzact
for ony R-module P,
Llatm: Hom(P,M,) —> ﬂom(?.ﬂa) > 0 1is exagel iff P is
projective.
F 18 dofined as £ ( 6) = P-6 s

P 10 projectiveo 1£¢ given g 3 Pr— Ma, J £ s P —? M,



such that }3,;, =g , .00 ﬁ(f) = g, which is equivalent

to ﬁv is surjective.

(21) =) {iv) By (i) 7 a free R-modaule F and a
R-module Q such that P& Q = F. Let fej, . ; De
a basis of F over R, Any f£ € F 1is of the form
£ = Zaiel where a; = 0 <for all but finitely many °4i°'.
el
befine pgs F™> R such that pi(f) = a; and
£ = pi‘ps Pty R, Urite e, =x, + 5y, where Xx,€ P
and yi & Qo
= by {5y +3y)
= Zbﬁx31 + Zbiy! .
Zbixi €P and Y b,y, € Q. Hemce Fb.y, =0 . Therefore

X = zbix where fi(x) = b That 18 x = inta(x)

de1

i [ ]
and all but fiunitely many fi(x) are zero.

(iv) =) (ii) Let F be the free R-module @Be
1€l
Define @ ¢ F+—> P s.t. & (ei) = By .
Let x ¢ P. Then by assumption
X = Z xifi(x)
ic1
= g(z °£fi(x)> is surjective.

Define b 3 P\—> F such that ¥ (x) = Z e (x)
Let K =Ker § . Also Go¥ = 1. Therefore
O — K +—Fr—> P:—_70 i3 split exact and PP K= P,
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82. Direct sum,; tensor product and scalar extension of
projective modules.

Proposition {(1.2.1) Let (Pi)ié'l be a family of Remodules
indexed by the nomempty set I, Then @ P; 1s a projective

R-module, if and only if each Pi is a projective R-module.

i
summond of a free module /(=> each P, is a direct summond

Proof?s @ p is projective os)i @ Pi is a direct .

of some free module <=) ecach Pi is projective.

Proposition 11.2.2} Tensor product of projective modules

is projective.

Proofs ~Let P and P' be two projective modules
over R.
1

and modules Q,Ql such
=l @al.
Now F@F' = (P@Q) @ (P! @)

There exists frec modules P, F

that F = P ©Q and P}

r@r) ® ap) @ rod) o (1ol

1 is a free module. So P<g>Pl is R-projective.
R

F@F

Proposition (1.2.3). Scalar extension of projective module

is projoctive.

Proof: Let £ be & ring homomorphism from R to S8

where R and S are rings. Then S can be considered a8

a R-module, Suppose P is a R-projective module,



- 10 =

Claim: P @%S is S~projective.
Since P is R-projective, there ezist free R-module
and a R-module ¢ such that P ®Q = F.
= S = P ) s
Fgs=(PoQ &, (P®s) @ (Q®s)
F xS is free S-module, thercfore P @;ZS is S-projective.

)

§3. Flat and faithfully-flat modules,

In this section we will discuss flat and faithfully-flat
modules which leads %o a simple consequence like ¢
| @%S is S-prejective (=) P is R=projective where S

is a faithfully flat R-algebra and P is an R-module.

Definition: A R-module M (not necessarily finitely
gonerated) is called "flat® 4% whenever
0 — Nl»——> N2 = N3 —> 0 138 an exact sequence of R-modunles,

o*—>Nl %M'——? N2 %M'—ﬂNag){M —37 0 4s oxact.

Exanpless (i) Froce modules are flat.

(ii) Projoective modules are flate.

Example of flat modules which are not projectives

T

(i) Q over =z 1is flat but not projective.

Proofs Q@ considered as a Zmodule is flat, being the
localigation of Z at the multiplicatively closeéd set of
nonzero intégers. But ¢ 1is aot projective as a Z-module;:
for otherwise Q@ will be a direct summd;d of a free 3-module,

say ® Z, where I is Somec nonempiy indexing set. Let
z

fi : @ Z+—>2% denote projection on the ith summond for i ¢ 1.

I
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Por alleast one icl falQ is a nonzero homomorphism.

Call this homomovphism £. Let £(1) = t. Let p/q be

any rational number, where p,q are integers and q;£ O.

Then q f{p/q) = f{pla_+ pfa +... + p/g)

q times

- 2(q 2

£(q q)

= £(p)

=pt . Hence £(p/q) = % t . That is

tQ(z ; but this is possible only whem ¢ = O, in which case
£ is the zero map, a contradiction. Hence Q is5 not

Z =projective.
(11) 2/2Z 4is not a Zflat module.

Proofs: Consider the sequonce
0> 2 £ 529, 3/22+-> 0 uvhere £(z) =2z Y xz¢€
and g 1is the cannonical map, is exact. Tensoring with

2/2Z we get 0 » z%z/zzH z® 7/27 + 2/22{@2 /22 — 0.
/

¢

But zcgkz/zz ~ Z/2Z . The above sequence becomes

i i
00— 23/22 —— 2Z/22 ., Z/22 ®,, 2/2Z2 > 0, vhere f 1s
naltiplication by 2, i.e« £ 1s the sero map. So the

sequence i8 not exact. Hemce 2Z/2Z is not a flat Z<module.

Remark 51.3.;2 Flat modules are torsion free.

Proofs Let M4 be a flat R-module. Suppose

P A0, 0¢c B is a nonzero divisor of R, Thendﬂ ;?ﬁﬁ?ﬁk

0 — R Flg B where £(%) = A x for all = SR £§\agi°§§£%

sequence. % )*ﬁ?
2 ﬁ=“
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Since. M is flat Re-module O0.— RQ%M 3 R.@’LM . is exact
A .

i.e. 0 +— M ;-—g—) M 4is exacl where f(m) =, m for all

m in M. So M is torsion gree R-module. .

———ca—

Deginition: A module M over R is celled faithfully flat
R-module if 0»5 Nl»-—a Nzr——> Nsn——ao is a sequence of
R-modules, then.u is exact if and oniy 1if
‘o%m‘l@zn&k—)ma ®QM'—>N3®RM'_5° iaexact.l
Proposition (1.3.1) If M §s flat and if mM A M for every

maximal ideal m of R, 8hen M 18 faithfully flat.

Lemmas Let M be a flat module such that m M £ M
for every maximal ideal m of R. Let A be a R-module

such that A ®, M = 0. Then A= o,

Proof: Suppose A # O3  let z cA be a nongzero clement.
Then toensoring the exact sequence 0+ RBRX —> A 3 A/Rx > 0,
by M, we get the following exact seqguence:

o Rx@M*—‘) A@;{M - A/Rx@RMv-—aO . Ngw, A@ZM = 0
implies }hgt Rx @’LM}.-.- o. Let @ be any maximal idqal of R.
Then BRx X M. X R/m =0, i.e. Rx/m(Rxz) @V}t‘/mm = 0. v
Since RB/m 1is a field, Rz/m(Rzx) and M/m¥ are vector
spaces over R/m -; since M¥/mM £ O, by assumption, we get
therefore 'E“!x/m(Rx) =0, i.e. BX = m{Rx)., This being true
for every maximal ideal m of R, we obtain Rx =0, a

contrédiction. Bence A = O,

¥

Proof of Proposition 11.3.11 Let 07— Nll———a Nz r——)Ns ~> 0
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be a sequence of R-modules. It is enough to show that if
0 — NI@LM — N, : M r— Ng @LM 5 0 seeeesse (1) s
exact, then 0 N, > N, &5 Ny3—> 0 18 exact.

Let (1) be an exact sequence.
Let K = Kernel ¢ . Them 0+ K +—N, N, 1is exact.
By flatness of M, ©0 +— K %M — Nl @gid»—e Na @LM is exact.
But ml%m P Nz %M is injective. Therefore K @}LM = 0,
Hemnce by lemma above, K = 0., That is 0 — Nl t—ama is
exact.
>N, > L+~—>0 1is exact.

2 3
Therefore m2 %M »——51‘43 @nM ) L@_M +—=20 1s exact. Buat

Let L = Cokermal /3 » then N

NS %M:——a “DQFLM is surjective. Therefore L%m = 0 which

implies L =0, That i N_ +> N_,+—>0 1is exact.

2 3
Let 2 = Image (PB-<) . Then 0 +> o —N,  and
Nl > n+—> 0 are exact sequonces. Therefore
0 1— ;z@‘)zM — Na QQM and Nl%m.——a J?_@LM —30 are exact.
Composing them ve get Nl QM+ RN@M —> Na@m. Image
R R i~
of this composite map is J2®ﬁ_M. Since
o;—aNl@RM f—ﬁmg%\MI———‘)NSQbMF—*Q is exact, Q@;Lmao
which implies _9 = 0. Therefore 0 — Nl — N2 \—al‘»l3 -2 0
is a complex, ‘
Next we show that O+ Nl —> Nzk‘; N3v—ao is exact.
Let A =Ker g , them 0 /> N, ——>A is exact. Let
T = Cokernel of Nli—;‘r A, 8o that O »-A,Nl +2A—>T —0
is exact. Tensoring with M, we get
0 — N, @M HA%MI—‘) T@LM —>0 1is exact, Also
0 —A >N, +3 Ny~ 0 is exact., Therefore

0B A@M 1_9512 %Edr__; Na /@_M —>0 48 exact, But
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Kernel of N. ®M+—> N_ ®H is N, @ M. Therefore
A®M =K, @M. From the sequence
R 1™ ,
0+ Ny @M +— AU —> T @4 +—>0, T M =0 which
r_ R~
tmplies T = 0. That is Image 4 = Ker B . BSo
0 5N, v Nér*ﬁ'Ns —s0 is oxact. Hence M ‘is faithfully

flat.

Remark: (1.3.2) I M 4s faithfully flat, clearly U |{is
a flat module. Moreover in this case it can be shown that

M AmM for any maximal fdeal m of R.

Exampless (1) The Zemodule Q is flat but mot rannmuy
flat, since (p)Q = Q, for any prime number p, éhere (p)
denotés the ideal (maximal) génerated by p.

(ii) Any nonezero free module is faithfuliy fiat.

(iii) The polynomial ring R[ 7 is a faithfully flat R-module.
(iv) Let R be a ring with a nonzero zdempotent e. Then

Re 1is a finxtelyﬁgenerated flat modnle but not faithfully flat.
For, Ré is projective and hence flat. But Be %aﬂ(l-e) = 0

where R(l—e) £ 0, which implies Re is not faithfully flat.

(v) Suppose R is a ring and fl,fz, ....,f are elements

»

generatiag the unit ideal of R. Then ]T Rf is a faithfully
i .
1=1

flat R-module.

Proofs @ Let Or— N +— M be an exact sequence of Remodaules.

‘Then 0 v N, —> Mg is exact for every i . Hence
i 1 n
or—aT]'N ) nm is exact, i.e. O+ N@I'IR
1= 1 Ev fi R &= fi R 1 f:i

L
i{s exacl. That ias ZI Rf is B=flat,
J_—_
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Suppose m 4is a maximal ideal of R, then there exists
at least one ¢ m. Then m R
1f (23) £ R,

€ m.). Therefore

(i¢ o R = R
(fi) (fi) then £,

n -
m /TR A 7TR R,
ieg (fi) 4! (ti) for all maximal idcal m of

n
Therefore [T R(fi) is a faithfully flat R-module.
1= '

Proposition (1.3.2 I£ S is an Re-algebra which is
faithfully f£lat as R-module and if P 4is an B-module, thea

P 1is R-projective if and only if P% S 1is Seprojective.

Lemnas Suppose S 18 a faithfully flat R-gligebra. If
M 4is an R-module such that M%S is finitely generated as

Semodule then M is finitely generated as R-modulo.

Proof: Let (2, ®1, X, ®lyeccccey xn®lﬁ be a sot
of generatora for M@RS as S-module where 2y € M. Let
F be a free module on a basis {en, Cgrecncs emj .

. Define amap &% F— M such that 9(91) = %y » then
the induced map, . ‘9®Lls t F ? S —> M @&S is surjective.
By faithfull flatness, F r—H M 1is sarjective. 8o

ixl,xa,..-., 853 generates M‘ as aﬂmOGuleo

Proof of the Proposition {(1.3.2) Since scalar extension of

projective module is projective, P Reprojective implies
P @RS is S=-projective. Converse dcpends on the above lemma.

Suppose P %S is S~projective.

Claim (&) 3 Hom, (P, M) ®S =~ Hom. (P ® S, M ®S) for
R 2 S <
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any R-module’ M.

Since P - is finitely generated, there exists a
finitely 'genera.ted free module ‘:;o q,su(c"h 'tﬁa@ F,—> P —0
is exact..‘ Let K = Kerfnel 6! FoH P. Therefore
0 K = Fo — P >0 1is exact. Since S 1is flat, .

0 K @és = 20'%Sr—~9 P&}zs > 0 {8 ezrcactt. It splits

as Semodules, since P % S {5 Seprojective. Therefore

g Q;z S 4s finitely geperated a3 S-module., By Lemma K i
fginitely. generated 'g;_‘__s;}?_?-modnle. ;-’""g;f?e}ti-'_é’_-;i"’fp_réfefgivh{ere exists a
"fﬁnitely gex‘léifét;e'd.f-;eé dodile F; 'sﬁxc;h"ihat; "Fl — K > 0
is eiact. Therefore Fll-—> Fo"-—ﬁ P »eo is exact,’
Applying the functor Homa( ,M) to this sequence,

0 > Homp(P,M) ~— Homp(F ) s Homg(F,,M) is exaet.. Since
S is R-flat,

0 HomR(P,M) %S — Homn.(Fo,M) %s "'?Homg(FI'M) %S is

ex a_cto

Claim (ii For any module ‘N, there exists a camnonical
homomorphism of S-module: - Homp(N,u). %S.l-r-.‘) Homg (N @és, M &s),
Given £ : N—> M, there exists £ @gzsé NgsSH M@gs

as B-homomorphisms. Also ¢ @ils is an S~homomorphism.

Define ylz iiomR(N,M))——? Homs& &s, M@S\) by }L(t) =2 ® 1.
R ‘ S

Then' 71 "‘extends to ap S-homomorphism

1 s HomR(N,M) @ES —> Homs(N %S, M QS).' whore

"V‘l( St ® si) =y 87 (-fi) « Hence Claim (i1) is proved.

The above‘homomorpiusm is an isomorphism if N 1is finitely

generated and free., For suppose N > BR® for some positive

integer n. Then ‘ Hom&(N,M) o HomR(Bn,‘M) g Q M which implies

HomR(N,M) %S ~ | qm) % S =~ ® (u %s).



n
. ~ R S, M S
Also Homs(N 811?8, M % 8) « Homs( % ’ @,’z )
~ aoms(s", u @ S)
=z © (M ©8).
s R
Hence the assertion.

Since ¥ }— F—y P +— 0 1is exact,

Fl @;{S —> Fo %Si——) P % S——> 0 is exaect. Applying functor

Homs( 9 M x,s)’

4 A 1
0+ Homg (P ®,5,u %s)c—> Homg(F €5, %s) 7 Homg(F, %s,m ARS
is exact. From this sequence and the seqguence
0r— HomR(P,M) @%S —y HomR(Fo,M) ®RS — HomR(Fl,M) (3}68 we
have the following commutative diagrams
0 > Homy(P,M) &S —> domp (F ,M) ® S Homp (F,,M) @8

J 91 ~L 92 ‘LQ.B
0+ flomg(P ®,S,M %S)Hﬂ{)ﬂxs(l’o QS,M%‘S)L—-}HomR(Fx ® S,H @As)
Here 2 and 3 Aare isomorphisms. Therefore Ker Ker

That is, HomR(P,M) ®S =~ Boms(P ®S, M @S). Therefore
[ R R

Claim (1) &s proved. i
Let O b——)Ml‘——> sz——} M3+—> 0 be an exact sequence of

Remodules, Then O, ,Ml @I)?Sl——) Mg ®RS'—) M3 @2 S— 0

is exact. Since P ®RS is S-projective, ‘

0+— Homg(P @?;S'Ml @Rs)t——a Homs(P % S,u, @2 S)t—aﬂomS(P %s,maaks)f

is ezact. Also the sequence

Tensoring with S gives the eXacf sequence

0> HomR(P,Mx) @%s»—y ﬂomR(P,Ma) @Rs *—7HomR(P,M3) %s o

Clearly '~ the following diagram is commutative:

0~ Homs(P ®RS'M1 @ 8)— HomS‘(P ®RS'M2 @RS‘)A—,‘)ﬂonk(P % S,M3 % S)»0

J# Jh

0 HomR(P,Ml) @RS — HomR(P,Ma) @R'S — ﬂoina(P,Ma) %} s
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Each of f,g,h, are isomorphism. So

0 ‘—-ﬂiom(P,Ml) g S > Homp(P,M,) %s *—sﬂomR(P,%s) ® S —0
is exact, By faithful flatness,

Op_aﬂomél’,ml) r——aﬁom,gp,uz) f—aﬂomR(P,M3)17 0 is exact.

Therefore P is R-projective,



CHAPTER 2

Projective modules - dotailed study

Section 1 of this chaﬁter is devoted to examine the
structure of Projective modules over certaiﬁ,class of rings.
Section 2 is dealt with the.connection.bet‘agen projective
modules and the prime spectrum of a ring. In the end we
shall give an example of a finitely gencrated flat module

which is not projective.

Sl. Projective modules over certain class of ringss
Proposition (2.1.1) Finitely generated projective modules

over local rings are free.

Proofs. Let R be a local ring and let m be the
maximal ideal of R. Let P be a f.g. projective module
over R. Let {il’ 52,...., En} be a basis of P/aP gs

a vector space over R/m; let X sEppeeeeyX  be

n
respectively, Let

represeﬁtatives of iil,....,xn
iel,ez,....,en} be the canmomical basis for RT,

Define a R-homomorphisms ¢ s R"+—>P such that Pley) = xg.

Let K = Kernel f » L = Cokernel ? « Then

0+—K —3R®*— P .5 L —>0 4s exact. Tensoring the exact
sequence B, 5 P > L— 0 with R/m, we get the exact
sequence 'Rn/mRn —~ P/uP wf;L/mL ~ 05 Bat hn/mRnF—de/mP
is surjective. 80 L = mL, therefore by Nakayama's Lemma

LaO.



Tensoring the split exact sequence, 0> K+ P20
with R/m, we get that O > K/nX+>R®/nR®+—>P/mPr+—0

is exact. Since dim { R"/mR®: R/m ) = dim (P/mP:R/m) = n
ve get, R"/mR® = P/mP. That is, K = mK, wuhich implies

K =0 (K is finitely generated, since K ® P = R®). 5o

R® o~ P, that is P 1is frec DRemodanlo.

Proposition (2.1.2) Suppose R is a semi-local ring.

P is a finitely generated projective R-module such that
for all maximal ideal m of R, Pm is Rm-free of the

same rank, them P §is free.

Proofs Lot J = Jacobson radical of R. Let S = R/J.
Assume that the proposltién is true for f.g. projective
modules over the semi-local ring R/J.,

Look at P S&S. 3 Clearly P @%S is S-projective and
finitely generated as S-module. A maximal ideal of S 1{s

of the form m = m/Jd where m = maximal idocal of R.

Then (P ®ms)ii = (P @Rs) g}g sﬁ
' = P@®(S ® S=
@ ®© =)

= P %é&m €¥ﬂ§5 o Siyce Rm is a Yocal ring,

Ll n
P @;Pm._ Rm for some integer n.
Then (P @&S) 2~ R @% S S= ., Since n is indepeandent

of m, it is clear from above that mn is independent of m .

So by assumption, P(% S 1is free over S8,
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Let {2, @1, X, ® lyecee, X, @ 11} be.a basis of
P xS over 8, Let F = free module on the basis {el,ez,.,.,eé}
and let- 6 s F—> P be the homomorphism defimed by G{ei) = By
Let X = ﬁér 8 , L = Coker ©® , them O K —F =>Pr—L/—0
is exact. Tensoring with S = B/J, F/IF+OP/IP— L/JL— 0
is exact., Since F/JF— P/JP is surjective, L = JL., Also
L 1is finitely generated, So L = 0 by Nakayema's Lemma.
Since ‘0\43 K> F+— P +—> 0 is split exaet, Therefore
0+— K/JK +— F/IF — P/IP— O is exact. But F/3F, P/JP
are free of same rank and F/JF -—P/JP is surjective. So
F/JF =~ pP/IP, Therefore K = JK. Also K + P = F implies
K is finitely generated, hence K = 0., Therefore F =P,
i.ese P 1is free.

So it's left to show that the result is true for S = R/J,
Let Q be a finitely generated projective module over S

! 6) the sameé Tank
sach that Qm is Sm-free for all maximal ideal m of 8.

By Chingse Remainder Theorem, S = R/J = %f Ki’ K‘ = fields
. N 10='

and t = number of maximal ideals in R.

Now my = Z (xl, Egpesess xt) such that X, = 0_}

are all the maximal ideals of S,
Slatms S, = K.
Ve have the homomorphisms Ki #t7 S ;JQ Sm s Yhere
i
P (k) = (o, 0y+000,k,,0,...,0)
ith ' place

and \'P (31,32,'.:...,1{‘) = (81,32.....3%)

. It can be

1
easily seen that Ki '_V_,_S.mi - b
%]
Look at, Q @g Smi = Qmi = bmi where n does not
depend on mg. Also Q % Smﬁ_ = {(Q le{i) gts‘“a . Q %Kﬁ

: n
is finitely generated vector space over Ki-‘ So Q asnii = Kii
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n
i
for some +ve integer mn,. Therefore ( % Smi = Ki ®k’; Smi
n
= st .
|
Also Q @ S =82 , Thnerefore n, = n for all i=1,2,...,%.
S my my i
Therofore Q ®K, = K‘; gor 1=1,2,...t, and
€ s 4
Q%(E‘ Ki) = /:Z, (q ani)
R
i
=/ n
.t
= (17 &y
L=
n
= .

4
Therefore Q ;\_.—Sn, vhere Qg?g([r Ki) = Q&8 = Q.
1=)

That is Q is S=free.

Next we look at projective modules over Dedekind rings.

Definition: A Dedekind ring is a noctherian domain
satisfying the following properties:
1) integrally closed
ii) Any non-zero prime ideal is maximal.

It can be shown [/  [0_/ that oa integral domain is
Dedekind if and only 4if the fractional ideals are invertible,

f.e. projective [/ see also 4 e

Definitions Let R be an integral domain, K 1its field
of fractions. An R-submodules M of K 1is am invertible
ideal 1f there eoxists s submodule N of EKE such that

MN = B. . -

Remark: (2.1.1) The module N is unique

(R3M) = 23 ¢ K such that 3M g_a} .
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Remark:(2.1.2) Every invertible ideal is finitely generated,

Definition: Let R be an integral domain, K 4dts field
of fractions., An R-gubmodule M of K {48 a fractional

tdecal of ® if M C R for some x A0 in B&,

Proposition (2.1.3) For a fractional ideal #, the

folloving are equivalents

i) M 4s invertible

ii) M is fimitely gemerated and, for ecach prime ideal

P Mp is invertible.

iii) M is finitely generated amnd, for each’maximal ideél

D, Mm is invertible..

Proofs (1) = (11)
M is invertible implies R =M (R:M). Hence Rp = (M(R:M))p
M (R M~
= p(p p)t
€his holds becsuse M is fimitely generated by Remark (2,1.2).
(i1) =) (iii) 4s easy by noting that any maximal ideal is
a prime idecal.
(41d) = (i) Let Ot= #(R:M) which is an ideal of R.
For each maximal ideal mw of B, 0 = Mm(Rm: Mm). But

since M is invertible Mm(Rm: M“) = R~ and hence o1 =R .,

t.e (B/g(), = O for all maximal ideal m of R. Therefore

a1 = R by;wusual ;argument and, anqze ~.<M.zis. ‘,]‘:nver‘t::i'ble:

Proposition (2.1.4) Let R be a Dedekind ring. Then any

finitely generated torsion free R-module is projective. Also

the module is isomorphic to a finite direct sum of ideals of Ry
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Proof: "~ Let P be a torsion free R-module. Let

K = quotient field of R. Proof is by induction on the
dimension of P ® K over K. Suppose dimension of P x K
over K is 1. '?hen P xK K. Since P is torsion

free, the canconical map ¢ P+ P @’;\K taking p to p @ 1
is injective, i.e. there exists injection : P— K, Therefore
P 1is isomorphic to a fractional ideal of R and hence

projective. (because is invertible, see also 3.1.3 to follow

Let x ¢P, x £ 0. Look at Kx P in P@él(p

Claim: Kx NP 1s isomorphic to a fractional ideal of R.
Since P is finitely generated and R is mnoetherian, KxAP
is a finftely generated submodule of P. There exists
injection: KxqP — (Kx N P) @RK = (Kx @RK) (P @RK)

= KxN(P @RK)

= K=z

=~ K.
That is there exists injection: KxNnP+~ K., Since Kx(P
is a finitely generated R-submodule of K, it is isomorphic
to a fractional ideal of R, and hence projective.

Look at P/@gxn?).

Clafms P/&xn PZ is torsion free.
For if y ¢ P, and O £ A ¢R is such that ¥ ¢ KxnP,
then Ay ¢ Kx which implies y £ Kx. Also y ¢ P. So

y €« Kx NP, Hence the claim,

‘

3

® K
Also P/(¥zxNP) ® K =« R
, R (Kxn P) ® K
K

P

=B

e Kx

Therefore dimension of E/(KxNP) /’% K over K 1is less than
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the dimenéién of P @%K over K. So by_induction P/(Kx/]P)
is projective and isomorphic to finite direct sﬁm of ideals
of R, Look at the exact sequence

-»0 = KxnNP— P P/(Kx/\P)._9 0. This is split exact,
so P2 (KxnP) ®@P/(Xx/1P). So P 1is projective being
isomovrphic to a direct sum of projective ﬁoduies.

Now Kx P being isomorphic to a fraétional fdeal it is

actually isomorphic to an ideal of R, Therefore P is

isomorphic to a finite direct sum of ideals of R,

Corollary: If R is a Prircipal ideal domain, any

Zinitely generaied projective module over R is free.

Proofs Since R {is a P.I.D., it is a Dedekind ring.
Also projective modules are torsion free. Therefore by
previous proposition any finitely gemerated projective

module over R is isomorphic to a finite direct sum oflideals

of R and hence free (since ideals are principal).

Proposition (2.1.5) Let R be a U.F.D. If P is a

finitely generated projective module over R such that

P R for all prime ideals p ~in R, them P is free.

p=p

Proof: Let K = field of fractions of R; e have

P >~ R i.e. P K=K, P r tiv r
(0) = B(o) @k is projective, therefore

torsion free and hence there exists an injection: P»a.P(% K

and since P %K = K, P 1is a finitely generated R-submodule
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of K and hence is isoworphic to a fractional ideal.
Since Pp ~ Rp, Pp is an invertible ideal. By proposition
(2.1.@), P is an invertible ideal. Therofore P{R:P) = R,
Let P ?f generatfd by xl,xg,....,xn .
(RsP) = (R: E;in) = gl(R:in) = ngﬂle).
Claims In a U.FeD R, intersection of any'two non zero
principal ideals is principal.
Suppose x,{) €eR, x40, y £0. UWrite = = unit 271 p

y = unit x/{p P where a ,b are integers. Clearly

p P

Rx/ 1Ry = Rz where 3z = ;%pmax(ap’bp) e« So RaNRy is
principal. Therefore finite intersection of principal ideals
ifs principal.

N _ -

Therefore (RsP) = /\Rx}' = Rt for ¢ £0, ¢ &B.

Q’.*\

Since P(R:P) = R
P(Rt) = R which implies Pt = R that is P = Rt~}

where t~l¢ K., Therefore P is isomorphic to R, That is

P is free.

§2. Spectrum of a ring

Definition: Let R be a ring. Underlying set of spectrum

R 4is the set of prime ideals of R. For any subset E 6?
R we define V(E) = i_p prime ideal s.t p > E}-. It
satisfies following properties:

(i) v(E) = v{a) = v{r(0)), where Of is the ideal
geaerated by B in R and r{ O) = radical of 0 in R,

(i1) 12 §E,} is any family of subsets of R, then
1€l
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v = V(E
(Us) = /) V()

(1ii) V(0) = set of all prime ideals o4
(iv) wWanbp) = v(a) Yy v(b) for idfals ¢ end b ia R.

R and V(R‘) = ¢

Above properties show that the sets V(E) satisfy the
axioms for closed sets in a QOpological space. The topology
formed by these closed setg is known as 'Zariski topology'.

A base: for open sets of this topology is ¢iven by the sat

D(f) = i_p prime ideal in 3 such that p 7 £ } where

f £ R, The set of prime ideals of R with Zariski topology

is known as the prime spectrum of R and denoted by 'Spec R',

Set of the form D(f) are known as special oper set.

Proposition 12.2.12 Suppose P 1is a finitely generated

projective module over R, There exists a cover}ng of

Spec R by special open sets say D(fl) v D(fa)(/.... UD(fn)
= Spec R

such that for cvery fixed 1 , 1 £ 1 <n, and whatever

p e D(£,) , the Rp—-module pp is free of the same rank

(rank depends on 1 ).

Proofs Let p Spec R. We will consiruct f/g p
such that for all q D(g£) , Pq is free of the same rank
over Rq. Thus we get a covering of spec B by special
open sets {D(fﬁ ) 8 o 61_} wvith the property that for a

fixed D(f, ), whatever q € D(Q,) Pq is free of same rank.

n
Claims Spec R = U D(f«;) for o)y Rgoeeedy &1L

L=y
The ideal generated by the £ *s is the unit ideal by
construction. Hence we can find indices 41, ppeecey o oy
and elements a“t, By soeceey adn such that
s

l = %ﬁ{i”*"iﬁﬁ, +eoeot adnf*hwhich implies, given any prime
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ideal at least ome £ . for 1 < iz mn, i3 not contained
" :
in it, i.e Spec B = U D(f,. ).
L=t ,
So our problem reduces to finding a £ € 8 for every

p ¢ Spec R opuch that f ¢p and for all ¢ e b{g), Pq

is free of the same rank over Bq.

Given P is finitely generated Reprojective, so
Pp = Bp %P is finitely generated Rp-projective. Since
finitely generated projective module over a local ring is

free .Pp is Rp-zree. Let {31/81’ Xy/850 0000 xn/sn}
iéP and s‘éB~P.
Let F ‘be ‘the: Iree R-mpduale of rank B® on the basis
{el’eago..’engo

Construct a R-homomorphism o s F—7 P, such that

be a basis of 'Pp over Bp where 2

o (ei) = X;. Let K = Kermel 6 , L = Cokermel & .
Then O > K — F 3P — L0 1is exact, Localising at p,
0~ Kp»——) er——? 99»———7!.9*——30 is an eszsct segquence of
Rp-modules. Fp—7 ?p is surjective and botlh have same ronk
R Y o= * ¢

over p ence Fp ~= Pp Therefore Kp = 0, Lp = 0

L is finitely gemerated. Let iyn.ya,....,yr} be a
set of generators for L. Since Lp = 0, I sg}/ p sach
that 8;¥5 = 0 ¢for all‘ f = 1,2,¢00e9Pe Take 8 = 84850048,

Then 8y4 = 0 for all 1 which implies !‘(s) = 0.

Localising 0 +> K+—>F —P —2L ~——> 0 at the

multiplicatively closed sel gemerated by 8, Ve get

0 7 B(gy F(a)—7 P(s) 7 O (*)

t
is R(s) - exact. P(S) is R(s) - projoctive shows tha

° Te
above sequence splits and V() = K(s) @P(e) Therefo
is finitely generated B(B)—module.‘

Note that K = (K;) so that (K.) = (0).
P pRg pRg

X(s)



Since K‘B) is finitocly geonerated R(s)-moduke. there

- : . 0. Uithout lose
exists ¢ f(pa(ﬁ) sach that (ﬁ(s))‘t) o 0 o

of generality wve can take t/ﬁ p. <Then <ﬁ$0 (t) = K(st) = {0).
Siosce 0 — “(st) r—ji?(a“‘-—? P(at) —> 0 i8 eszact and

Kist) = % Fat) = Pat)
Clagms ¥ ©, € b(f£), ravk &f P is the same.

Let q cb{f), then P_= (P (@) = P_ .
\ q C(g))qﬂg qﬂg q

dence the proposition is proved,

Proposition (2.2.2) Suppose P s a finitely gomerated

R~nodule such that, thero exisis a covering of Spec B by

special open set, say Spec R = k)D(fi) such that P(f )
et i
is H(f frec for evory 4, ¢&then P 48 projective.
i
Proofs Yithout loss of gemernlity, we ean assame taot

the set of elemeuts fi i8 £imite say 82,22,83.....,f .

Look at § = fT a(g } - S is g faitufully flot B-algebr:

L’I
Also P®S=P@ 7TR(g) =ﬁ<"®“(r) ﬁp(f)

Given that for each i
? ’ (gﬁ) is R(ti) - fFce. So

for cvery i, there exists a positive integer Ry such 3$hot

(f ) = R(g , Toke B = @azimam 0f Dyslppecsssbye

N " - .

How ﬂ’ a(f) '@ —J’Q ﬁ‘g;ag - 71 a‘fs) =

tharefore ]“' R(fi) = P(@)& is Seprojective vhich implies

=1t
P is Q-projective by propositaon (1.3.2).
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Defingtion: A module M over R is sald to be "finitely
presentcd™ §£ there ezists an exact sequence ?1»—9F0Fﬁ ¥8—0

sach that ?l and ?0 arc finitely generated froe modanles.

Bxamples:

(i) Any finitely goneratod woduile over a noetherian ring

is finitely prosentod.

Proof: Let 84 bo a finitely generated f-modale.
There exists Fo fivnitely generated and Zree such that
Po te% ¥ —> 0 is exzact. Let Kua Ber 06 o+ R s
noetherian, ¥ 418 a subnoduie of ao,
generated, Therefore'there [:3:3 §:1 1- Fx finitely gemorated

s0 B 48 finiteldy

frce woduale such that Fx > B —> 0 §8 exzaet, Therefore
Fli—ﬁ ?0 — 8 —0 s ezact.
(1i) Any finitely genmerated prejective module is finitely

presented,

Proofs Let P bDe a finitely gemerated projective
Remnodule. Theore exist a finitely geamcrated f£rco module ?b
and a surjective homomerphism O 3 ¥5 > Pe Lot B = Rer 68
the sequence 0Ot K r— For— P —>0 1is split exzasct since

P 18 projective. llence P, = P ® K, hence K {8 finitely

0
generated, So thore ezists a Linitely genorated freoc module

Fl and a surjeciive homonorphism? ?l+—a B8, 1.0

F!'—* Fo'—9 P— 0 is exact.

Remark (2.2.,1) I# P 18 finttely presented R-module and
there exis8s an exact sequence of RBemodules O .5 K » F—> P — (
where P i3 finitely gemerated, then K 1is finitely

generated,
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Proof: There eniods finitely generated frec modules
?O'Fl sach %that ?1 - ?o — P — 0 48 exact. Thorefore

Py Py PO

B+ P +— 2+ 0 where L, VE] exists by ihe projective

of ¥, aad ?G’ is coamulativo. By Snake® Leoma,

1
Bez R —> Ber 2 *;Kerlf,'—;(:okeso«' > Coker pr>Coker 1}9 is exact.
Since Ker dp = 0, &oker}ﬁ = 0 we got, O ~>loker<r— Cokerfr— 0
is ezact, S.e. O+ Ky (?1) — ?/<P(Vo)*—e>0 i exzact.

S0 K/ A (i?l) = F/_p (?o) and hence 8/-((?3) is finitely
generated. Also o (?1) is finitely geonerated. Thorefore

& 4s finitely gemerated.

Remoark (2.2.2] If P is o finitely presented module and

18 a prime ideal such that ?9 is Rp-free, then Suero

exists £ p such thaot P(r) is ﬁ(f)-free.

Proof: Let © = rank of P over Hp and
{xx/a‘, 8y/8n0 0000 3./8, } bo a basis of P, ovos Rp. Let
F be a free R«module of rask a andijea.ea.....,en‘j be a
basis of F over R. Then there ezists a RBehomomorphism
©@ 3 Fi— P taking oy to Bgo Let K = 8er 6 and L = CoRer
thes O+ K H ¥ — P — L > 0 {18 exact,

Now as in the proof of Proposition {(2.2.1) we gel an
3}2 p sach that 0~ K(a)»—a ¥‘s):—j 9(8)F—5 0 42 an exaset
sogqueonce of ﬁ(s)-moduloa. Here P 1o @ finitely prosentoed
R-wmodule, so ?{39 is a finitely presonted R(e)-module.
By remork {(2.2.1), K(e) is o finitely generated Rgs)-module
and resd of the proof is similar 8o the said Proposition (2.2.1)



Progosieaonagz.z.sz 1f 2 4s finitely presonted and

f31at then P 18 projecitive.

Proofs Case (8) Let B be a local ring.

Lot X,,355....,%, CP sach that §l,§2,....,§n give a

8
basis of the B/m « voctor? space P/nP uvhere m {8 the
magimal ideal of B, Le? F Do a frce codule of rank 0
with g basis {el.ez,....,en§ o Then thero euists a
homomorphism O ¥ ——P Saking e, to Bg o Lot
L = Cokernel ¢ , then ¥ +—P > L —0 is oxaet. TYensoring
gith 8&/m we get P/af —> P/nP +> L/olk >0 is exact. Bat
F/af —>P/oP is sarjective, s0 &L/nlL = 0 ovhich inplies
L =6 by Nakayana®s Lemma.

ot K =~ Hernel ¥? —~——>P, Therefore C—>E—F 2P0
is oxact, ' Tensoring vith =, K @Rmu——y - 4 %m —r P @;{n%—) 0
is ezact. Also, tenseoring 0 +—n  —R wvith K,F and P
successively, we get homomorphism
s m @RK —3K {sipee R 8K = K)
Ps m d,)l F—>F
¥Y: m %P — P,
By flatneas 0., o %PF—-) P 15 eoxact. e got the following

coomutative diagram? 3
o @;8 o @F > @P—0
N2\ e %

0+—K”" —y g +~> P£ r~— 0. 80 by Sngke*: lcnma,
ve get an exact seguences’

Ker« > Berp —> KerY r— Cokerd.— Coker j 5 Cokerd. Here
Ker Y= 0, 80 it gives the folloving exact soguence’

0 —> Coker o > Coker B ~—» Cokerd - But Cokerd = K/nof,
cORerF= F/a? end CokorY = P/mP .

- o~
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But F/o¥F = P/aP, therefore K/mk = O that is K = mk. But by the
Remark (2.2.1), K maost be finitely generated. Hence by

flakayoma's Lemma K = 0, that is F= P and honce P is projective.

-

%Qgg_g_ul R is any commmtative ring.

Let p Spec B, Since P is flag, Pp is flat Rp-noénle.
Also if F‘Fa'Foh—?P 0 §s a finite preseoantation for P,
P
then (?,)DH (Po),po—)l’p;——’;o is a presentation of P, u
Y Rp-modnle. By Case (1) Pp is froe over Rp. .80 by the Remark
{(2.2.2) there exists tvf;pL such that P(g) is R(t)etrae. Call
this £ ao :p to ehow its dependance on p. Thea the Jdeal
(fp)p¢;§pbé g 18 ©not containmed in any moxinal ideal.
(12 (fp)p e Spos § € By, m saximal fdeal, thed f cn).

Hence &2 = ideal (rp)p & Spec ' B which fmpliss

Spce R = L)D(%)o shere P(i ) is R - frce so by
g (fp)“‘*r-'v?

the Proposition (2.2.2) P s BR-projective.

Nest we shall g¢give exzample to show that a finitely
generated flat moduile meed@ not be projective. This we do by

constructing an exemple of a flal module which is fimitely

generagted but not finitely presented.

As a general remark lct us take R 80 be any nvon
noetherian ring. Let Ol be any non finitely generated ideal of
B. Then by remark {(2.2.1) it is clear that B8/0 is not finitely
presented (although R/l is fionitely generated), hovever we

e8n also prove this in the following manmper.

1



fiaitely gemerated.
Claims R/;r is not finitely presented.

Suppose R/ 18 finitely presented, thon we have an
exact sequence of the form Fl - Fo — B/ —> 0
where Fl and Fz are finitely generated free modules.
Also 0+ n+—> B — RBRf/xn 0 is exact. Then we have

the foliowing diagram:s

e @ ¢« %e—- [+

0= 6(F)) H By — B0

v

0

Hlere R is a R-projective module, F fs a projective

0
module. So by Schanuol's Lemma in flomological Algebdra,

o @ Fgx= G(Fl) @R which implies (1 is a finitely generated
R-module. This is a contradiction. So R/5; 1s nol finitely
presented.

Therefore R/ is an exomple of a finitely gonerated

module which 48 not finitely presented.

Remark (2.2.3) Suppose & is a finitely generated projoctive

Re-module. Ue define the rank map asscociated vwith 4 as
the mgp ry Spec B +r> Z as followss

If p—8Spec R, then MD is Rp-free and finitely
generated. Let rank, Mp =1 . Define w,.(p) = L

Take discrete topology on 2, then ™ is continuaous
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with respect to the Zariski topology inm Spec B, It is
onough to show that Py is locally constant.

Sappose p Spee B and rankﬁ Pp = np then ve proved
P

earlier that, there exists £ p guch thet for all q D(£),

rank, Pq = Fankg Pp « Here D(f} s a neighbourhood of
q P

p. So the nap rp1 is locally ceomstruct and hence ry is

continuous.

Critoxria for projectivity: Suppose P is a finitely

gonerated R-module. Sauppose for all p € Spec R, Pp is
Bp—free of rank np s and mereover the map Ppl Spee R+~—> Z
taking p Qo B, is locally constant (i.o. continuouns),
then P is projective.

Proofs Let p Spec R. Let ip‘/§)1 clen be a
basis of Pp as Rp-module where Py € P Let F be a

free module of rank ©n with the basis {ex, eg,....,en'}.
Then there exists a homomorphism u ¢ ¥+ P takiag o4 to
Py Then the nmap up 8 ?p kfaPp is surjective. Hence
there exists f/;'p such that ug 3 ?ff—¢ Pf is surjective.
Also since Spec R +> 2 is locally comstant, there exists

a neighbourhood P(g) of p such that fer all q ¢ B(g)
rankR ?q = B, JTake h = fg, here b f{p. Then nh:Ph — Ph
is still surjective.

Claims ah ie an isomorphism of Bhnmodules,
{le have only to shouw that (nh)qlz (Fh)ql — (Ph)ql is an

isomorphism for all qn, prime ideal of th
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The prime ideal ql corresponds o a prime ideal- g of R

which does not comtain he. Clearly g ? g, that 88 q & D(g).

Noto tﬁﬂt\ (Fh)ql = Fq and (Ph)ql =3 ?q .
Here ‘Fn) ; oand (Ph) y ore boih free (Rb) y = ﬂq—modnnes.
q q q
Since for all ¢ ¢ D(g), rank Pq = ranquFq 9 &So (F‘h)qx »
(p.) are free (B,) ,-module of same rank an. Also
h gl h ql
m, * Fh +> P, 13 surjective. So (uh)qlz (Fh)qlkui (Ph}ql
is surjective. flence (Fh) l'—ﬁ (Ph) 1 is isomorphisms of

Q 9
(Rh)ql-module. Therefore u, 3 R P, 18 an lsomorphisms

of Bh-modulos.

Conclusions For 2all p &Spec R, there exisis h g p, Buch
that Ph is Rh-free. Thus we get a covering of Spec R.

Then by the proposition {2.2.2) P is a B-projective module.

§3. Exagmple of a finitel enerated flat nodole which is not

projectiva

Lemmas Suppose & 45 an B-module such §hat Mp is

Rp—free for cvery prime ideal p of R, them ¥ is R-flat.

Proofs Let 0 b Nl —> Na be any cxzact seguence of
R-modules, Let L = Kernel of (El %M = @/7{2-5). Let »p

be a2 prime ideal of 28, gthen 0 (Nl)p*—9 (ﬁz)p is exact
scguence of Rp-modules.wow & mp is Rpofroe, in particular

R -flat. So O ] s N i o
J~f1a = (), @, (6,), g, (*)

is exact., Also from the exact sequence

g L Nl @km TAY N2 @km we get the exact seguence
1
o
0 > L (N g u, — 0, @M (=)
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' = X d N M N 0 -
But (Nl @?\M)p (Nl)p ®Mp an ( 2 @n )p = 2)p (%,, P
From (®*) and (*l) we get Lp = 0 for all p, prime
ideals of R which implies L = Q. ' So OH"Nl @RJM —> l‘la @;M

is exact.‘ So M is R-flat.

Definitions Let R be a ring (not necessarily commutative)
is called V.N. Regular if for every a € R, there exists

R such that aba = a,.

BRxample of a V.N. Regular ring ¢ R =/ K, (infinite product
A\
of fields) is V.N. Regular,

o ad
in both the

Let a ¢cR, them a = (a,) . - If a A0, let b_ =

if a, =0, let b =0, then a_ b, a = a

= <

cases, Take b = (b,),, , then aba = (ab a ), A = (8 )uen

= 8 .

Remark (2.3.1) If R is V.N.Regular, then S™IR s

V.N.Regular for any multiplicative closed set § of R,

Let «x ¢ s~}

R them x = 3/s for a €R, s € 8, So

there exists b such that aba = a. Therefore

' a/s(g%) a/s =(3%) a/s =|g§3 = a/s . Henece s”lp s V.N.Regular.
So Rp is V.N.Regular for any prime ideal p in R,

Remark (2.3.2) I£ R = local, commutative, V.N.Regular, then

R is a field.

If a €R, then there exists b € R such that aba = a
which implies abab = ab, that is ab is an idempotent of R.
Also if a £ 9, ab A0 (since aba = @8)3 ab  being an
idempotent . .and R 1qég1; show that ab=1. Therefore:

R9s ‘al fieldw
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Examples Let R = infinite product of fields, then R

is V.N.Regular, non noetherian., Let (L = non finitely generated
ideal of R., Let M = R/n . Then Mp = Rpﬂﬂp for p

prime ideal of R. R V.N.Regular implies Rp is V.N.Regular.
Also Rp is local and comnmutative. So Rp is a field by
Remarks (2.3.1) and (2.3.2). Here @5 is an ideal of Rp,
so either O% =0 or cnp = Rp s that is Mp = Rp or O o
Therefore Mp {s a free Rp-module for all prime ideal

p of R, Hence by Lemma, M .is R-flat. Also M 4is a

finitely generated R-module.

Claims M is not R-projective.

If M is R-projective them 0 +—> 00— R — M) 0 is split
exact and hence R~ @ M. Therefore O] is a quotient of
R and hence (5] is a finitely generated R-module which is a
contradiction. So M is not projective.

Therefore M 1is a finitely generated flat R-module which

is not projective.



ABSTRACT

PROJECTIVE MODULES OVUR CERTAXN CLASS OF RINGS AND
SERRE®S CONJECTURE,

The first chapter of this dissertation aims at studying
the defiaition and various ¢quivslent corditions for a moduie
to dbe projective, Ve alsg reolate’ flaot and fadthfuviily flat medules
to projecitive modules,

The Becond ebaplicr 18 devoted Lo eynmine the siructare cf
Projective modules vver ceptain class of rings & a2iso deals with
the connection between projective modules and the prime spectrum of
a ringe. ’

¥z tke Lthrid chapler, Picard funclor & Grothendieek group
of a ring aro studied wiich are uvsefnl to0ols in examining »rojec~
tive modnles ovor cartain class of PiRySe

The fourth chapter i3 devoted to proving a geomoral
version of the classical theorem of Rilherd omn Syzygies, In
this reyard a category of.modales eanlled siahly free modules
ecter inlo the discussion,

-—Tke f4fth chapter, that is the lasit chopter, &8
devoted to the preff of Serre's conjecture on prajective

modules, Tus pruof we give follows the presentation of
Vashevstein sad Buslia,
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The purpose of this chapler is to study some fuanclors
vhich vill be useful in examining projective modules over

certain class of rings.

gl. PRicar ncto

Picard group of a ring B3 Let X be the set of
icomorphism elasses of finitely generated projective modules
of constant rank 1 over R, Ueo make X info a group through
the following operations. 1If [/BJ, /7Q ] € R, degine
"r7°e] = [’P@gQJ. P @RQ is projective. If p spec R,
then (P qEQ)R ~ Pp %pq o~ Rp %@Rp g’Bp, (PD,Qp are £roo of rank 1
which implies P 2 Q 138 projectivo of rank 2. Also P ®2Q is
finitely generated, i.0. [/ P %Q_] € 8. Clearly this binary
operation is well defined.

1. Associativity - It follows from the associativity of tensor

product.
2. Identity - [ B_] is tho identity, since
[P7[R] = [Par] = [°] Y[P]E X
3. Inverse = Inverse of [/ P_J will be £°P:7 whore P
= HomR(P,
Cloim: PQ is finitely generated projective of rank 1.

P is finitely gemnerated projective implies there exists a
finitely gonerated free module ¥ and 3 module Pl suach that
' = F. Then Roumy(F,R) = Homy(P @ PP, B)

Homy (P,B) @ HomR(Pl,B).

P@® P

IR
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Soppose F =~ BR® for some positive integer 8, then

Homg(F,R) = @ B®. Therefore Homy(P,2) ® Homg(P!,B) = 2",

So P° 1is finitely generated projective.

o
Claim: Rapk of P is 1.

Since P 1s projective, it is finitely presented, therefore
3 ?O,Fl finitely generated free modules sach that

?01—7 Pl = P » 0 {8 ezact., Ue have for all prime ideal p,

l-“°ma(?;’RZZ o~ ﬂomgpé-(F‘)p ’ Rp~7

7.

/ Roma(Fo,B)_7p§_ Bomap( (Fg), » B,
From the above exact sequemneec we get
0 > Homyp(P,R) Homg(Fl, B) —> HomR(Fo,R) is exact.
Localising at a prime ideal p,

ow / ﬁomR(P,R)_Z A ﬂomﬁ(i?!,ﬁ)_]p ~ [ Boma(t?o,ﬂ)_7p is

exact., e have the following commutative diaggrem

Or?[}!oms(l?,ﬂ)]p > [TRomg(Py,R) 7, [“5%(%-“).79
I y v

.0 »—a,ﬂome(Pp,ap) — nomap['(?x)p,ap-],_,tiomap['(vo)p.ap].

The map 3 uomR(P,R)p ~y Homg (PP.RD) is. partugral, namely

P
- suppose £:Pk»R.is a, Rihomomorphism and, define (£/s)(r/t) a'fésl
for P P, ¢t 7@9. The diagram is commutative, seo

P P

-3
Hence Hom P L0 ~ B ieee Hom (P,R =~ B o P 8
Rp( p’ P) A= 9' R( » )D = 8y is of

-
rank 1, therefore / P ] ¢ X, since P is finitely generated

l-noma(P.B)_7p = Bom&p(Pp’Rp)‘ Since P is of rank i, P =~ R

projective P' is finitely gemnerated,
/

Claims [“P°_7 is the inverse of [ P_7.




¢ (2 @®a) = £{a) for f£cP', acP and extend by additivity. To
show ¢ is isomorphism it is emough to show that ¢ is an isomorphism
.
when localised at any prime tdeal. If pe spec R, then (P QRP)P
* ~ °
TP, ®, P IR @ R, TR. Hemce ¢ : (P GP) +— B 1o

P "% P PR, PP P
reduced to an isomorphism. Therefore ¢ is an isomorphism. We have

L[°7 [ Zfa [P, ¢ Jaf8]. Therotore X with this binary
operatiou is a group known as Picard group of the ring R and is
denoted by Pic 1.
Definitions Nongero fractional ideals of R form a group under
mulitiplication. The group of fractional ideals modulo primcipal ideals
is knowvn as ideal class groupe.
Theorems(3.1.1) Let B be a Dedekind ring. Ue shall show that
Pic R = ideal class groupp

We know from Proposition (2.1.4) that torsion free modules
over Dedekind rings are isomorphic to a finile direct sum of ideals
of R, Since projective modules are torsion free the result guoted nosm
fmplies that a projective module of rank 1 is isomorphic to a

fractionagl ideal of R,

1
L3 4

Suppose P and b are projective modules of rank ] over R, Say
Pal, Q =b where M o0 are fractional ideals of R. We shall show
that P %Q & N7 « Let K be the quotient field of R, Then
P® K&K and the injection s P> P @ K identifies P with a
fractional ideal of R. This is hov we obtained the isomorphism Pa N,
Q =h « Note that P 8 Q> P ® Q §& 15 atill fnjective since P $ Q
is torsion free, being profeotive. Also P @/< Q % K & (P @kx) @R
RQ O;z E can be identified
with the tenmsor preduct of the homomorphisms P — P g K Q>0 Q K,

(Q ® k) and the homomorphism P 20U —P e

P | !
i.2 with the homomorphism P @® — (P K) @ (Q®K). If we
P g % K G



identify P %K with K and @ @% B also with K, then noting that
4 QRK = &, we get op injection P @;{Qv———) Be §iace tho map B g&& > B
i3 the product homomorphism we get that image of P Gé Q can be

identified with O O

Let (]| demote the image of Ol in the ideal class group of R.

6
Define a wap ;Pic B —) Ideal class group of B gs follows:

0 ([P =01t P S g, 0| tractional ideal of R. Clearly

thic map is.well defined. By what precedes we find that
SLeT Lo = oL?P8QT) = b = (U-b , wnere

o b are fractional ideals and P 2], Q=) . Alse 9([’37)
0(L87) = Olb. ence § (LT L@ ) = 6ULPT) LD
f.e O 18 a homoumorphism of groups. This homomorphism is surjective,
for let Ol be any nonsero fractional ideal of R. Then
OL. (8 3A) = B. BNotico that (R3O0 ) & Homg{ 0ls R). There
exist a € O and b, € (R :01) such that & = > agbg.
Let b, < f, in Homp (nn, B), then for amy x ¢ O,
fi(s) = D, 8o that 3 = Za‘(b‘x) = Zaif‘(x). This

|
implies by projeetivity criterion that (7| is projective.

¥

Por any :.prime .1 ideal ? of R, @ ® domp( 01;
= 8? hence 0}’ is free of vank 1.

O is injective since Off5P .7 = 1 implies O] is
principal where P%/()[o bat then P 1is free; heuce [ P_7

will be the unity elemenl of Pic R. fHence tae Shcorem,



S tions Lot R be a ring. In 4he rest of this section

8 denoltes the multfplicative set of nom=gero divisors of R.
Let R = as .
Bemazk (3.1.1) The canonical homomorphism from & — R = By 18

tnjective.

Deofinition: Let M Dbe any R-submodule of B. Fhen M 15 said

to be mop-degenerate if R M = B .

Bxamplet If R happens to be a domain in which case R = quotient

field of B, then mon-degenerate ¢ monm-gero.

Propooition {(3.1,1) Let M be any R-submodule of R. The

folloving are equivalent.

(1) ¥ 48 pon-degenerate.

(11) MNS 4 ¢ .
(188) 12 o t——’;' B 18 the canonical injection, them slu— @

{3 ap isomorphism.

Poofs (1) > (11) given T8 =8, So la{g—&n vhere

3, ¢ B B, €M. Then AZ& i, » Yhere

8

aaf_a‘mien. So a=s e€MN8, That 8 U S £ ¢,

(11) > (144) Let s c MN S, Thenm 1 = 8/s e S~ M. So image
of 8/ 4m R 4is 1. So s™hy v LB s sarjective. Also it
is injective. Therefore s"hwse

(118) = (1) ¥ = Image of S~lM. Let s“mf—d’@ s~lg ne
tho induced homomorphism from A z, B. Then we have Image of
5°ly =« WM. Lot x < image of S"M, S0 X = (S"lt)( ©) where
©cs™™. So 62 2 for 8 cS, mcH. That s

x = (s™Mg)( § ) = ﬁ%l (by definition of s~lg) .§ e 8 M.



a
Since zaﬁm‘ c M, § = % [a‘m‘ ¢ Image of (ST 'M). Therefore

R = Imaje of sy = #. M ts pon degencrate.

L

Definitions’ Let M Do any B-submodule of K. Then M is
said" to De invertible if thore exists another R-submodule N

of . B :such that MN = R. . -

Remark (3:1.2J@)If ‘¥ is fnvertidle, then it 1s mon-degenerate.
, "Since. M 1is invertidle so there exists N, R-=submodule
of U snch that MN = R.  Por B = R(EM) = R(NM) = BB = R

Also BM < . Therefore BM = H . andiiznce M 18 non-degenerate

Pr(tggsgugnrja‘;l,zl. ‘Let. M be nom degeneorate. Let N De any

R-submnodule otr-v’ﬁ/. Define. f(m:m) BZ a € R suech that oM < N) o
Then there exists. a canonical R-Aaomorphasin from

(nam) 53 Homp(M,H).

Proogz‘ Let & € (NsM). Define © (a) as follo;:ae:

6 (a)(m) = am for m e M. /
O is injectives Let 8 ¢ S NM ,(aposstﬁle since ¥ 13 non-
#egener;te). ‘Suppose 6 (a) = 0, then o{a){s) = 0 -that is
as. = O, _i‘Six‘xce 8 15 a unit in &, a=o0.
b ﬁ surjectives Let f e—aona(ﬁ,ﬂ) be given. Let 8 ¢ S NHM,
Define 8 = ._-S-é-“—l . If x ¢H, thgn there ex4s88s ¢t ¢ S such
that tx € B, Look at f(stz) = stf(z). s,t < BS Also
g(stx) = txf(s), ¢tz ¢ R, s ¢ M, So xt(x) :-g'-i- £(s) = -3- £(s)
(sinco ¢ gs). Therefore f£(x) = x?%ﬂ = Xa. So
a ¢(Ns) since £(x) €N, Also ¢ (a) = £, Henmce o 1is
surjecdive., Therefore 8 is an isomorphisi.

Lo

Remark(3.1.8){b): I If8,N-.are .R-submodules of K such that

M.N=R, then it is easily seen that N = (R:M).
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Propogition ‘3.1,3) Suppose M 48 a nom=degenerate R—spbmodule

r
i

of @, Then the following are equivalent,
(1) M 1s invertible

(1) M is a finitely generated projective HR-module of rank 1.

Proof: (1) = (11)s 3 N, R-submodule of R such that

MN = R, that is 23 B, e N, o, € M such that z;ﬂ?‘ni = 1l
Define £, < HomR(M,R) as follows f‘(x) = n,x for x M.

f, 18 a R-homomorphism. Alse X = m;nX = m‘ti(x)
% e M, This shows that M {5 a finitely generated projective

R-module. Suppose p 18 a prime ideal of R, Let rp = rankp
P
We have to show that rp =1 J. p <cspec R. Let Sl = Image of

1 = R. Then clearly

S in B, T = Image of R=-p in §
-1, elor -1 -l =1 -1
T '(ST°R) = S (Rp) and T (8"'M) = S (Mp). Therefore

r“(s‘-lnv) = =11~ Y(s"R)) = 2~1(s"1R) and T"(s‘-lup)

equals to r“(r'l(s“lm)) = r“(s"u). Since M is non=

1

degenerate, by the proposition (3.1.1) sy =B = s"Mr, so

5 | *
T'l(sl Mp) is froe of rank 1 over T"(g'lngx Hence

rp = 1. Therefore M 18 a finitely generated projective

module of rank 1.

P

(11) =_7 (1)s 3 £, (:Roma(m,n) , m, ¢ 4 ‘such that V¥ x e M,

i
we have & =7 m f (x), where all but finitely many fi(x) = O,

t;ince M is non~dogenerate, Dy the proposition (3,2.2)

6 s (R:M) > Homg(M,R) 15 an isomorphism. So 3 8, ¢ (RiM)
such that 6 (ai) = £,, that 18 £,(2) = a,x. Hence

X = yamx. That 18 [T (am) =1 Jx = 0. Choose

£ e SNMK (possible since M is mon degemerate). In this
case, Z;aim! =1, Let N = R-submodule of 8 generated by the
[*Th;.s 1S because T—‘CS'_'HP) = T-’C_S—IM) = T—‘CS“‘R) :T—'CS’-'PP)~)

** 1n fact we can choose iﬁ”s

to be finite 21n number,
L
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a"s.. Then MN = R, thet is M ' is invertible.
Note: In the previous proposition it is clear that the part
(11) :.7(1) follows only from the fact that M is finitely.

generated projective.
'“

Proposition {(3.1.4) Suppose M is an invertible R-submodule

of /5, Let N be any other R-submodule of R. Then the

canonical map M @;N ;—-)AMN is an R-isomorphism,

Proofs Tensoring the canonical injection N — R with
M over R vwe get an injection from N @%H > Aii(%M
( Since « M} _is. -... projective, ¥ is flat). Since

ly = s™lpg, so

M 18 non~degenerate ’i{@em = 8§
N (%)M —y sl s injective. Image 15 NM, therefore

M % N+—— MN is an isomorphism.

Proposition (3.1.5 Suppose A and B are rings. Let
£3A —> B be a ring homomorphism. If P §8 a finitely
generated projective A-module of rank 3, then P %B is a

projeciive. finitely generated B<module of rank 1.

Proofs P ? B 1ia B projective and finitely generated,
Let q be any prime ideal of B. Let p be its contraction
8o A. Them »p ls\a prime ideal tn A. Look at

P®B B P®B P . PO is

( ®A ) % q° % = F@A %B ®A, a free

p q
A -module of rank 1. Hence (P®A ) ® B 1is a free
44 . AP ’qp q
Bq—module of rank 1. That 18 (P @AB) % Bq 18 a free

Bq-module of rank 1. That is P %)}B is a projective B-module
of rank 1.
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Remark (3.1.08) Let A,B be of as before. Uo have a group
homomorphism from Pic A —>Pic B taking [/ 9_7 to

t 4 @ B 7. Since . ' _ . ] ‘
LP@Q@BJ Fi’@ﬁ%egﬂja [rgojleger

Sit iontg 8,5, @ are as before. In the rest of this
section 8’ will denote the group of invortible elements
of R, The invertidlie R~sobmodules of 8 form a group
uoder mulidiplication with the identity bDeing &. Let as
denote this by K.\

Xheorem (S.1.2) group homomorphismomaking the following

¢ O o~
seqguence exact, 1 — 8 B’fv 4 fa?ic R f7—3me R.

raoft Now p iR > B® is indaced from R — B.
The mapping ¢ 1s defimed as followss Let a cq

then <f>(a) = Ba. Ba 48 invertible since Ra Ba™! & B.

Yy 48 defined as follows: Jappose M 18 ar isvertible
R-submodule of B. Then ¥ s finitely generated projective
module of rank 1. So Y (¥) « /M J. w(uN) & /88 _7. Bat

ve have an isomorphism MR fo o %&. Therofore

y(w)a[uxu7a[a7['& e y (8) Ww(N). and

7 8 Pie B — Pte R, is the canonical homomorphism. Clearly

| R -— B 18 ezaet, )

Baactness at 8 3 @a — B — &)

($-0) (a) = ¢ (O(a)) = ¢(a)aaae&. Also let a <R
sach that gb (a) =.0, that 18 Ra = R. This implies I b ¢ R
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such that ba =1 and a = 18 ¢ R. Therefore a is a unit

in R, That is a ¢ R'.

Ezsctness at Ks (R —) K+ Pic R)

Let be ¥, (¥)(b) = Y (P(b))) =y(rd) =/Lmn7.

Since be R » R~ Rb (r—5rb) is an R-isomorphism. So

(v.9)(b) = /B7. Let M be invertible R-submodule of R

which is isomorphic to R. Let the isomorphism be Rr——? M

(1 —yd). Then M = Rb and Rb 1is invertible module. Henmce

NS

Rb is non degenerate, That is R . Rb = R which {mplies

[ag ~ . Var<4 .

Rb = R, that is there exists ¢ ¢ such that c¢cb = 1.
e ‘

Therefore b € R . ,

. Y I ,
gxgctngss at _Pic R: (K — Pic R ‘-—1-7 Pic R,)

Pay
Take M idinvertible Resabmodule of R,

A

("]"V)(M) =1/:M_7 =M ?I’f = Ml’!v = R because of the non
f
hegeneracy of Mo
Let [P ] c Pic R and POR TR T Reinjection from B+ R,

A~
Since P 1B projective, it is flat., Therefore P = R G)RPH R@;ZP

is injection., That is P 'xi’@l< P is en injection. That is J

injection P >R, So P can be identified with R-submodule of R.

t
Claims This submodule is non-degenrerate.
~ o ~
Consider the canonical injection from P+—3Rs Then S“IP =P @RR — R

- Vad o ~ ™~ ~
is injective and image is RP. But P %RG’R and so P.R = k
and P is non-degenerate. Since P is finitely generated projective
of rank 1 and non-degenerate, by the proposition (3.,1.3), it

is invertible.
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Consegquences of the previous Theorems
P
Definitions The co-kernel of the homomorphism R-—> K,

is called the group of classes of invertible R-submodules of
R®. In case R 1is a domain, it is called 'ideal class group’.
It Pic R = 0, then Pic R = group of classes of invertible
R-submodule of R.

Remark jsal,Qix If R is a domain, then Pic R = 0. . Clearly
in this case ‘R = quotient field of R and so Pic R = 0.

Remark (3.1.59¢ If R 48 a noetheriam ring, them Pic'R = 0.
i
i

Proofs In this case R will be semi-loeal.

Let (0) = /q qy be a reduced primary decomposition of
(0). Let P, bet?he associated prime tdeals of
9 Vi =1,2,e00yn. Then the set of gero divisors of R s
precisely \3 p1 by the theory of primary decomposition,
Hence S o (ﬁq- L) p‘) is the sei of non-gero divisors of
R. - ’

Now J a onme to one correspondence between the prime

with the prime ideals of R,

fdeals of R /which do not mect S and maximal ideals of R
correspond to prime ideals of R which are maximal with
respect to the property of not meeting S and the latter are
found among the prime ideals PpoPgscccesPy e Hence R 18
semi local. Since finitely gemerated projective modules of

constant rank over semilocal rings are free, we get Pic B = 0.

Remark (3.1.6)3 From the Proposition (2.1.3) we know that

Pic R = 0 for R any J.P.D, Ue can observe that this
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means the ideal e¢lass group of an U.F.D is trivial,

Example; Let B be the ring of algebraic integers in the
numher field Q(~/2). Then one can show that B is a
U.F.D. ionce the class nunber of X {.e. the order of

the tdezl class group of B is 1. !

ST

s2, Grothendieck group of a ring R: ‘

Definition s Let c‘a‘chtegory of all finitely generated projective
R-modules. Let X = free abelian group on thec generators (P) where
(P) denotes the isomorphism class of the fiuitely gemerated
projective Remodule P, Let f = subgroup of X with generators

(P®Q) - (P) - (@) where PEC, Qec.' Then the»group% is Enouwn

as grothendieck group of R and is denoted by K»O(R). We let S P_7
X
to denote the coset of (P) 1in 4 Where P €,

Remark (3.2,1): Any eloment of KO(R) ean be written as

[P - [oF oras f27 « [R" ] where P,0 €C and n
positive integer. ¢
Procfs Any element of X has the form }:_ni(P‘} where

8,€ 2. In KQ(R), the image of this elewent will look like
So P 7. Note that if P,Q €C, then [P @®Q _J = [P
L Q7. 12 n is a pusiiive tntegsr, then nf P.7 = /P @ P

D eceee @ 27 =[Some projeciive modulej. if no - m,

positive inieger, then nf p_J = =mf/ P .7 = = / Projective medule_/.
Define ¢ /P /= 0. Using tneae Zn1L_P‘_7 ¢an be written as
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(’Ql_ + [szo-....a- [Q‘J -_‘5 [L1J+ ['82_7 oot ['L'_7
where Qq, L; € C. Since Z [01_7 = ['g’ Qg7 ond
>y - [__55 L, 7, we et Yu [Py 7= (AT~ (2]

wfnere)‘ » JL €C wuwhich proves the first part of the remark.

2nd parts Choose a finitely generated projective module

(L'such that _Q_GSL/ is free, say _1® SLI = Rn. n sone
positive integer. Then [ "5 7= [T 7= (TAT+ (X ]= [T]= (]
= L &) [0 2]

= [T ]~ ['Bn.] where T € C.

§3. A dizxs

Definitions A ring R 1is called grgded ring if it is a direct

sum of additive subgroups Rq of B s8atisfying the relation

1
anq' < Rq-oqn * G, q ranging'- over the set Z. An element of
R 4is said to be homogenous of degree q if it belongs to Bq
and is different from 0.50 im a graded ring R wec have

e direct decomposition B = 3 R .

c -0

It 8 1is a subring of R we say that S 1is graded
subring of R 4if S 1is the direct sum of its subgroups

Sq=S NR, that 18 17 8 =y S_.

If R and Rl are tvo graded rings R = ;:Rq, B‘aZRz 0
“v
8 homomorphism 47; of R into Bl is said to be homogenous

J 1
of degree s 1if ¢ (Rq) éﬂqw 5, For all q.

Definition: Let R be a graded ring, say B = ) R

<. q
-t
the sum is direct, A graded module M over R §s a module M,

where

%
togother with a direct sum decomposition M = T Mq of the

“V—:’Q
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additive group of M, such that, for every pair of ‘integers
Nonzero

(a,r), we have R,Mq < M . elemenzs of . uq are said

g+r’ /"
to be homogenous of degree q. Given any element & ¢ M,

we can write in a unique Way x = é; x, where 1z ¢ M end
where all bat finitely many x"s are O.

A submodule- N of M s said to dbe homogenous if the
relation 3 ¢ N -implies $hat all the homogenous componenis )
of 2 belong to N, ) .

Given two graded R-modules M o= z:M l = 2:'“;
and an integer d, a homomowphism © of M 4into Ml is
said to be homogemous of degree d 1if GL(Mq) < ndgq _ for

every qe.

Examples Let R be a ring. The polynomial ring
R[‘xl,xz,....,xn_7 in n 1ipn determinates is @ graded ring.
Every element F in a[‘xl,xz,.....xn_7 can be uwritten as
FaP, ¢F, %ceet+ F, 4.0 where F is either O or a

0 1 i 3 3
form of degree J.

Lemmas (Nakayama's lemma for Graded modules). Let M
(]
be any graded module over R = ) R‘. Let I = gj,ai. then
! =4 20
M = IM '->M = 0.
grgogt He have M = IM 1mpl_193 M=M= lau S eesvey
thet 15 K = () 194  (defining 1% = R). Note that
J2° - P .
19 c M, M, _ ¢.... where M = ®M, 1s the gradation of
, b J+1 op 1
M. Hence M = Niduc N (M, M, ,¢....). Then it will turn
j),a ),0 ,J J’nN

cut that () (M, + M
20 J J+l

I 240, 3 belonging 3o the inlersection.

teeeos) B (9). 1f it 18 not (0); then

X o X, + & which fnplies x ¢4 M + M #ec0e
11 ‘z*oooo‘} b+ % ‘m+l (m+3

in
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and which is a centradiction. ‘Hence M = O.

i

Remark (3.3.1): B as in lemma. Let M and N be any
graded B-module and N graded R-submodale of M, then if

el = we got N = M,

.

M M N M
Proofs Noy ¥ = il =3 which implties

N =0

i

by Lemma. That 18 M = N.

Definitions R 1s a graded ring (gradation by non-negative
tntegers)., A graded module over R 185 said to be graded free

if it has a basis of homogenous elements.,

~

Definitions A graded module P {5 aaid to be graded projective
if 31 another graded module § such that P @® Q (with obvious

gradat!on} isqgraded free.

Proposition §3,3,;[ A graded module P over R 18 graded

projective 1ff it is projective in the usual sense.

Proofs By the definition of graded projective module &f
it is clear that graded projective — projective. Conversely,
suppose P 1s projective in the usnal sense. Choose a set
{Q‘}&q_of homogenous generators for P, Let F be a free

module on a basis (e‘)‘ c 1 that 18 F = Z;;Rei. Ye grade

P as follows F, = J R e, (Rm = mth homogenous components
m-t— K“:ﬂ&

of R)., Then ¥ = ®F_ . Define fsF——> P Dby f(e,) = x,.
n)/on | ‘

This is a graded homomorphism of degree O, Since P {8
" *

projective, 3 ¢g 8 P~> F such that foh = lp o/ We define

h on graded component of P and extend it by additivity, ..::
i ! }
*{Je define a graded homomorphism h:P—F to satisfy the

condition F,R :iP )
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Let p €P , then define h(p) = nth component of g{(p).

Relinearity of hs For m €R , p <P, h(r p ) = (men)th
component of g(rm p). Therefore h(rmp) = (m+n)th component
of rmg(p) = rm(nth compounent of g(p)) = rmh(p). It can be
easily cheecked that foh = Ip. Enough $o0 check 4t on 8the
generators. Suppose deg X, = B;. Then (toh)(x‘) = f(h(x‘))
= t(nith component of 9(31)) = m th component of t(g(xi)
(since £ 18 of degree O0) = n;th component of X, (since

fog = Ip). = 5, (asinee %, 1is homogenous of degreo “1)’ This
shows that foh = IP .

Proposition (3.3,2) Let R be a graded ring (gradattion by

non~negative integers). Assume that B, = K, a field. (For

example R = K/ X ...., 35-7' a polynomial ring over a field K).
Let P be any finitely gemerated graded projective module over

R, Then P {is actually graded freoe.

Proofs Since P s finitely generated graded projective,
3 another finitely generated graded projective module Q such
that P Q =P, F 18 graded frec. Let I = BI + 83 . Rs 4+ eoee

of R, Then I {8 an ideal of R, Tensoring P + ¢ with

R ; B e _ E E 8 E_
I ¥° get P @ Q= IF ° Bat P * IQ * I are gradod

modules over the ring % = Ro = K., Theat i8 %3 R ~%3 ’ %F

are graded vector spaces over k. (Here K has trivial
gradation K, =K, K; = 0 for 1§ # 0). Choose eolements

B, € P, y} e Q1 <141 <m, 1 <§ <m homogenous such that

P

the elecments é;i:}‘ <1 <p form a homogenous K-basis of I,
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and such that elements ‘{5;}1 £§<m form a homogenous

K-basis of Q/IQ . Then clearly {E;qufj} is a homogenous

K=basis of '%‘ » Let Pl

generated by xl,xz.....,x

be the Regraded submocdule of P

n and Ql be the submodule of Q

generated by FgoTgeececedy o Clearly Pl+IP = P, Ql+IQ = Qe

1

So by the Remark (3.3.1) P! =P, Q! & q. 7nat is
e‘-

inl.iz,...,xn§ is a homogenous system of generators for P.
Similarly {31'32"""’n_} is a homogenous system of generators

for Q. Ve shall show that X 03g00..0,8, 3re lidearly

n
tndependent over R. Actually one can see that

{xl,xz,....,xn R 212 ZYXEXXTS is a basis for the free
R-module ¥F. Note tkhat rankal’ n dlmé%ﬁ,) = o+ . Let
{el.ez,....,en*m be a homogenous Rebasis of F. Clearly

LITE PYSTRRTE 0% SUELEETY A generates F as an R-module.
Define a Map 8 F ~—— P taking e to X, for 1 <3 <n and

e %0 yj for 1 £ § <m. This is an R-homomorphism. Also

n+d
it is surjective. Hence this must be am isomorphism., That
is 5:1.....,xn.y| secve¥y | 19 also an R-basis of F. So in
particular ,{xl,....,xn} and {?1"3”""’m}- are linearly
independent. Therefore P 18 R-graded free.

3



g&. In this Chapter which is comprised of one section only we

shall finvestigate a category of modules called stably free modules

and apply it to prove a genmeral version of the classiecal theorenm

of litlbert on sysygiles.

3

Beggngtggn{ A R-module P is said to be stably free if 3 positive

integers r,s such that P @ R o= &° .
Exomples All free modules are stably free,

Remgrk (g 1,1) Ali projecttve modules are not stably free.
Proof: Snppose P s a projective’ modgle whzch is stably free,
that 18 J r,8 B such that P @ RB° & RB® which implies rank
P = (s~-r). That is, P has constant rank, This shouws that any

projectiveo modules of nonconstant rank will serve as an example.

Consider R = K, s Ky (Ki = fields). Then

1

P = K, = {0) 15 projocetive, but not stably free because P

doecs not have coastant rank.

Pronogition !4,1.;) Let P be a finitely generated projective

R-module. Then P is stably free iftf [/ P 7 ¢ / R7 &, where
[ 23 7 means the sabgroup of K R generated by /R 7.

Eroof:s ¥e use the notations of §z of chapter 3.
Suppose P is stably free. Then there exXists r and
positive integers such that P @ g® = &S, Hence

[P ® 8" 7 = [ 7. Also [P & a"_7=[1>_7$@[a"_7. So



é P 7 L RT 7 é R 7 which 1mp11es [ P_7+ r[ ‘R 7= s[ 'R 7,
'that 18 [P7=(e-r) LR_] [a7z. o

'4 Next enppose - [ P 764 y 7z . Write [ P 7= n[ n_], |
thatv is (P) « n(R) e v. Write |

(P) '—'n_(R) = ey Ry Qi) = AP, )A- (01)3 - thhont e
loss of: generality ve. can take ’ -"‘i =, % l.. Then by renammg,t
(P). = n(R), = {(v +Q, ) - (Py) - (Q )}-z{w +o )- (p) (q 9t
Therefore, . (1;5' # ,,Lf(P +. Q,) + Z (Px) rﬁz";l (Qf |

, J"’*‘ f, T oL L
_:.-n(R)-v- £(P +Q)+):(P)4-):(Q' .Since AX'ie
: i Y= ¥ P j .
- e V) kb AN W 2ds 44
free abelian group ‘on generators (P), we get if Z_.(P ) = Z(Q ),
then @P @Q1 ' So ve’ get
P_@LPJ@ZQ.’@Z'P @ﬁlQi
n @Z:P @£Q1@£PJ$ZQ ,‘w~r~1te.
.. . ' .d° ry. . =rH sl o . .
L Pial.,:-ZQi_M weget Psx.@m ,-aﬂ"@a @ M.
- U '
L @M is projective ") _-] finitely generated projective
module "_r‘ such, that’ L@M@r .-._,j':‘, k> 0. So P@R b & gE

_which 1mpues p @ n = B That is P ie stably free.

.....

P‘lrogos__iti.on -‘4,1,2:[ Suppo'se P v€- C, admxts a resolution by
»—-f.init'e'l".y genera_‘t.ed_,‘fr.ee mod‘u_ler, then :-PA 1s stably free.(
Prooft Snppose the reloluuon be .
Or—al"" "_)Fn-l'—’ ....»—-; F‘l'——a FO'—-» P'——> 0. W‘e get short
.exact sequences:v 0 ‘——; L — Fo o o
o:-, L2;—>Fl4-a th—a o,.....;.. 0*—) 0 :~—)F P A~>o.

— P o 0,

Now P projectiVe ‘) i. projective —7!.& projectivee-l'c



So Fo ng @p’ Fl g—La@ngoO.ooo

ney S lp ®Ly_y» Fp T L, o Therefore [Fo /=[P J® [\, ],
P T =0 ToLv, T ceeeeey [P =L, 7+ Toking
alternating sum we get [ Fo 7 -~ [TF, 7 + [F, 7 -...+(-l)n'l[5‘n_7

=/ P_]. This shows that [/ P_/=n/"R_] for some ne 3,

F

that is P 1s stably free.

-

Definitions Suppose R 4s a ring. Then R is regular if
(i) R 18 noethertan.
{ii) Every finitely generated modules M over R admits

a resolution of the type O — Pn'——+ Pn-l — see > P . —M ~—0,

0
where Pi are finitely generated projective.

Examples BvEBry field is regular.

Theorem (4,1,1): If R 4s regular, then a[xl,xz....,xnj

18 regular for every n & IR,

mm 1) Suppose R is a noetherianm ring. X 4s an
indeterminate over R, Let No be a finitely generated
B-module and M be a R/ X_7- submodule of
B[TX] @8, = N. Then 3 finitely generated R/™X J- modules
A and B of the type A = RCX-7 @2 A, end

B=R/X] @'@"Bo where A B, are finitely generated

([ R
Re-modules and homomorphisms B+> A and A > M such that

O+ B—> A+~—> M +— 0 18 exact.

Proofs Consfdering No as a R-submodule of M, define

+
Nt = gaxtﬂo. Any olement a é&t is of the form
a =a. + Xa, + xza. Poooot xt‘aA where a, ¢ N_..
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Also’ N et N .Ngc. essee Also it can be seen that

‘N._:L/Nt‘."l’ake xéN,tben x:l@a +X®a+...+xt®a

1
't?/o )
where a, € -N() ¥ 4. Then 3 eNt‘ by 1dentifieauon of

t

X-“-@ai- with xia Also N < N )o‘ t. Therefore‘

1° t—

N.f’gomt « Define M, armmt

M=HNN =Mn(UNt) aU(Mf)Nt) smL)Mg and
t» ! XY

Mo < . Mlc Mzc csesse Since N 1is a finitely generated
8/"X_]- module and R/"X_] 1s noetherian, M 1s a finitoly
generated R/™X_]- submodmle. Let Mypllyyeseoyly «”generéte'
M as ‘8[3_7- nmédule, Take & large enough so that
iml,mz,..f..,mk} Mg Define A = R/ X/ (,% M

B =R[X_7 @kﬂn S

n+l ?

Define O ¢ Ar— M taking Xt @ mn ‘to Xtm ‘and extend by

. . k .
linearity. Suppose aeM then a8 = f_tm where t;a

L.

are polynomials in X. Alsq )_}_L g,m y =6 ( 3__: :‘®m‘) \
vhich 1mplies 9 18 surjecuve. Define ¢ 3 B+~> A as
<p(x X m) = xt+b @n - xt @’ﬁm and extend by linearity.
" So ¢> is

moEMy C M and meu implies x:nen

n+ 1 n+l®
well=defined Sband P are 8[8_7- homomorphisms. We need
to show that 0 +> B —>A > M'—> 0 1is exact. Now

(64 )(x* x m) = &(x“‘@ n - ®In)s M - xtam e 0.
Therefore 910 Cn | . o L |

99 18,~1n:jqcttv,e: Snppose cP (X_t' @bét | + Xt-lv ® a_t#-i_, ~tf..¥l @ ao)
= 0 where ai'em ‘and a, £ 0. This shows that

‘( “’1@3 - xt @xat)-o-(xt@a -xt‘@hxa i)

+.oooc.+ (X@a -% Qxa ) = 0.

t- 1
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That 1s Xt"l ® at +» X" @ (a‘-l - Xag) * esseest = 0,
Which implies a, =0, a,_;, -~ Xa, = 0 e.t.c. Therefore

ag = 0 is a contradiction. So cp is injective.

xaetness at A: Since O § = 0. So imaged < Ker O .
Let 2 < & sunch that 0 (3) = 0.

t t=1
2 =X ®at+x Qat-l +.....+X®al+l®a° where

a a‘ éMn implies

Xnﬂ

i é'“n-o-l'

83 = Ag,n+l
N Then ) o

A 1,041 e.t.Cc belong to 0° ,@(z °>\t,n+1

+1
n
+ ?*i,nx *eesved A4 o VWhere

xn+l*t .

lower dogree terms = 0 . So = 0. Therefore

n n-l1

Call Y o2 = ;{:(x“‘

7‘t,n¢l
*ovcscet At.o éMn .
p at). G(Y) = ©(2) - 0 = O.
3 o 2% | t
Therefore Y =x ®a, + X ®a,_, teeoeet 1 @3y w X ® a,
21 @ra o xl @a 41 @) + X @ Xy
Ve prove Ker O ¢ Imoge ¢ by induction on t. If t = O,

then Z =1 ® a,. ©(Z) = 0 implies = 0 and hence 2=0.

a
0
So Z= ¢(0). Let us assume the result for all o ( t. Then
by induction Y = #(T) , TcB, 2=Y+¢ (31 5 a)

= d(z) + ¢ @1 ®a) = (T » xt1 ® a,). That is

Z cImage ¢ « So 0+ B+ A+— U+—>0 is exact,

~

Lemma (ii Let R be a regular ring. Let M De e;ny
finitely generated n['x]- module. Then J an oxact sequence
of the following types

. ’
Ol-—yPnt—-—a Pn_l»—-).....r——?er——) Por—%mrﬁo where P‘B
are finitely generated projective R/ X _J= modules of the
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form P, = RE 7 ® Q, where Qjs are finitely generated
(4

projective B-modules,

Proofs M is a finitely gemerated Ré’X_7-modnle
fmplies 3 n belonging to N such that g('x_7“ > M >0
is exact., Let W Dbe the kernel of E{'X_?n ~> M, Then

0 #a'ﬁ’*—\ﬂé'x_7nk_4 M —0 is oxaet. W is a finitely
goenerated 'R/ X_J-submodule of B[‘X_?(% 8", So applying
previous lemma we get 3 A = B/ X7 ® Ay s B = R/TX_7 € B,
where Ao 0 Bo finitely generated Remodules such that
0+>B  — A+— M 50 18 exact. 8ince R 4{s regular,

gfab finitely generated B-modules, we get exact sequences of
the form 0 +>X 3% . 1> eeeeerr Xy 40

01— ¥ > Yy 3m> sees +—>¥q—> B, —>0 vhere X, end Yj
are finitely generated projective R-modules. B/ X_7 18 a
flat R-module s8¢ we get exact sequences of the form

01 X, @ B[~R 7R, ®B[E T r5eecis i 54+>50

and 0 Y, ®B[R ], X, @B X] i yeeee. 5B 50"
write (C, = K, @Ka[’xj o Dy = ¥, @;la[xj, that is the above

sequenees look like

0,-—7 ce HGS-R F=% ses oo P"?Cl “—700’-9 A "70
OI-? kaﬁnk-l ;__7.,... \-—7 Dx b—,Do ;-@ B lﬂOo

Here q> is the map B —=>A given by the lemma. Since D

(*)

0...
is projective, 3 a map : Do k—aco « Also we have a

comnutative diagran Dl — Image D!

s

cl — Image cxu—a (1]
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S,o _.7 a map Dl;-——> C"i; 'By ‘this ‘Way, Ve get mappings -
t s Dih_j ci V‘ i':”a'nd the above diagram (*) i8 commutative.

Define 2, = DR 1 @Cy for k> 1. 25 =Gy, Define.
N8B 2y by 7 (de) = (FA@), 3(e) £a)) .

Therefore’ 1 " is Ré X_/= homomorphism, '

We need to show that '~ -~ 0 L.
Ceeed D2 :».a,n.zk iy By y iy beser 3335 2005 0 18
exact. It's easy to See that v %= 0.  Take (d,e) €2,
such that 7 {d,e) = (0,0), that is - |
2 (e) '+ £(a) =0, 2(d). =0 .. ‘a(d)';»‘o _implies I

1 ‘such that - d’ =7 (al ). Therefore

d* ¢ Dk .. :

am +£(a ) -a(e) s 2(2(ah) =D (e) + ama‘n

=2 (e+ £(at)) -wwf(d') e—ck. y . 80 .:VQ-,*,-t(dl_i) ?(c )
for ol €, . “Consider (-dl, el-).“ A

S

k-ﬂ ,
o (-a? .g) (-?(-a‘) > a(c‘) + £(=a")).
- (2 (d ) ,’a (cl) - f(d )) = (d;c). . . So the sequenC'e is

‘6xact’ at eagch’ zi e
7 Next we will Shéiv that Coker: Zj 5 Z.(= Cg) = CGoker (B
Coker 2, Z, = Tnage (Z, > 2,) = T9(C.) ¢ £(D)
: 17 %o 1 Yo
Coker B s> A m b A
4 , > 4= Image (B~ A) = 1Image (Do._-» B'— A)
‘Also A L

= -.*Image (cl — Go); .
: ’ o cgw a0 e
Image (cl »—_—,-7.00) + Image (

 Goker B A =

co ,‘c0~- L
= 20c, )+ 2(dy) °

= Cokernel of B —A., Since Coker

'TherefdreﬁCokernel of

ZI — ZO

(B~ A) =W ( ,-oh.,nh—-,AHM 20 “is. eXa
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~
We ge& oooco‘h—)zn‘——,zn-lf-—’ ....,_.,Zlu._?Zo l—-—,k“ l——?o

is exact. We have Z, =D,_, ® C = (B[ X7 @Y%gl)
® (/X7 ®a X, ) = R[TX] % (Yy_y @ Y, )e Zy=Co= RLTX 7 ® X,

Here Xo and Yk_!(y Yk are finitely generated projective

1

Re-module fof every k. Thorcfore Lemma is proved.

5

Proof of the Theorem jd.i.l!: The above Lemma shows that
R regular = R/ X_7 regular = R[‘xl,xz......xn_7 s

regular for every a.

Remark (4.1.2) I R+ 8 is a homomorphism of commutative
rings, them 3 a induced group homomorphism from

Ko(R) i Ko(S) taking [P7 to [7S %9_7. Also if

Ri—s S + T are homomorphism of yings, then the composite
map KO(R) — Ko(§) — KO(T) i3 induced from the

composite : R—> T (Actually KO(R) is a8 functor from the

categories of rings to the category of groups).

Corollary (4) Suppose R s regular, let xx,xa,....,xn
be indeterminates over R, then the homomowphism
Ko(a)—n——7 Ko(a['xl.....,xnj ) given by

[P — l’R['Xl,....,Xn_7<§ P_/] 1is an isomorphism of

R
groaps .. - e ' .«}: R Sl PO R Firree Tl oadnla,
Proofs Enough to comsider the case of one variable.

For suppose Ko(R)F—f’Ko(Rl.x1-7) is an isomorphism, then
working with the regular ring B['X‘_7 we get



Ko(n['xn_7)’~> xo(u[°x‘,xz_7) is an isomorphism and by the
remark (4.1.2), KO(R) —3 xo(n('x‘,x2_7) to an isomorphism
and so the result is troe for n variables. So we will
prove for one veriable. 3 a ring homomorphisms B/ X 7/ B
given by B+~> B and X — 0. The composite

R:i: B/ % /. >R is tidentity on B. Hence the composite
Bo(R) s B (BRLTX ]) +> By(R) 18 identity. That 1

50(3)*—7 Ko(ﬂl'xl_7) ts injective. Next we will show that
Bo(R) —> Bo(R[E, 7) 15 surjective. Let [/ P_7 be any
generator for xoisl‘x‘_7) where P 4is a finitely gemerated
projective B/ X_J- module. Ue will show that [/ P_7 1s the
image of some element in xo(a). By Lemma {(ii), 3 an

eEgact sequence of the following type

o .__—;f’n P g D eeeses ,_590 +—>P+—— O where P, are
finitely generated projective R/ X_7=- module of the type

P, = n[’x‘] @;{Qa where Q,'s are ﬁnue!y- generated
R-module. Then L3?.7 - "Po_7 + Z'P‘_7 #.....0(-1)3"1?n = 0
which fmplies [P 7= [7Po J= [P Jeeecc a(=1)"LP 7

= [B[27 ®0 7~ [8[K] ®Q; T4--- s(=1)"TBET] D0, ]
So ['P_7 < Image of Ko(R)'——axo(R['?‘7). HBence
KO(R):——aﬂo(B[’x.7) s an isomorphism,

*here 1 means 1nclusion map.
L ]

Corollary (£i) Sﬁppoae 8 4s a regular local ring. Let

KysBgpeeessE, Do indetoroivate over R, Then any finitely

generated projective a"xl.xa,.....xn~7- module is stably

freo,
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Proofs ””"'_ By Corollary (). x (a)p—+ K (a[ xl.....x 7)
'is an isomorphism. Now R local implles, any finitely
generated projectire R-module 18 actually free.: That is,

K (R) ”’[63_7 z ;1 Bence K (R[ xl,xz.....,x 7) ‘18 also'
inf!ntte cyelice, So by Proposition (4.1.1). any finitely
generated projective' R[ xl,.....x 7- wodule is stably

tree.

Remark (4.1.§)lv;8nppoée WK” is a flield ;Xx,xz,;,Q.,Xd
are n_ -indeterminates. Then K 'is regular .and loecal,
by Corollary (11) s any ftnitely generated projectlve
K[ xl,.....x _7- module i8 stably free.



CHAPTER §

Serre’s Conjecture

This chapter is devoted to the proof of Serre's Conjecture
ZT- A _7 on projective modules. In the language of algebraic
geometry the conjscture states that any algebraic vector bundle
over an affine space is triviale In terms of projective modules
the conjecture ean be stated as follous ¢

Conjecture 3 Any finitely generated projective module over

K/ %,0%55000,X 7, K Dbeing a field, &s free. This is trivial
for n =1 3 for n = 2, it was first proved by Seshadri
L 9 _J. Later, generalisations of Seshadri's theorem were

obtained by several authors [/ 3 _7, [ 1 _7. Marthy

proved the conjecture for the case m = 3 and K algebraically

closed / 4 _J. Finally the conjecture was settled in the

affirmative by Quillen /7 5 _7 and Swsits / 9 _7 stoul-

taneously. The proof we give follows the presentation of
Vasherstein and Saslin,
Theorem (S.1.1) (Quillen-Suslin) 3 Let x[xl,xa,...,x 7

be the polynomial ring in m variables over a field K, Then
any finitely gemerated projectivé &['xl.....x 7 -module P

is free.

For the proof of the above theorem we need the following
definition.

Definition 3 Let R be a riag.

€ elements a

A Sequence (al.azgooogan)

i in R is said to be unimodular if
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n
Z a b = l °
i=l 14

Remark (Se1a1) Lot % = (8yp00es3 ) ¢R®. Then Rx is

a diroect summond of : iff x §is unimodular,

n
3 (bl.bzgooo’bn) € R such that

Proof of Theorem {(S5.1.1 H I8 is enough to prove the followinge.

Claim @ Suppose- (tl’gz"“’fr) is a sequence of unimodular
elements of x['xl,xz,...,xn;7. Then there exists an invertible
r » r matrix vhose entries are in Kfox,xz,...,x&;7 and
whose first row is (fl'fa”°"tr)°

We shall first assume that the claim is correct and prove
Theorem (S5.1.1)%

By earlier theory we knov that there exists a finitely
generated free mosule ¥ sSuch that P g F 4s free, say

t

PerF R® , for some positive integer -8. Using induction

iR

on the rank of F we shall prove that P is free, Suppose

to start with that F 1s free of rank 1., Then the isomorphism
o«

PaeaF = Rt, gives a split exact sequence O R haRtwﬁ P —0,

<
c*—a R be a splitting of R +— Rt. Let ©19@990e090y

Let s+ R
be the canonical basis of Rt. Let ‘t(ei) = bi’ for l1<ict,

Also suppose that < (1) = (31’82"’°’at)' Then clearly

t
. %Ezaibﬂ =1, 4di.e. the sequence (al,az,...,at) is unimodular,
=

By the assumed wvalidity of the claim, there exists a & x ¢
fnvertible matrix H with eutries §n u[‘xn,xz,...,x 7 and
whose first row is (al,az,...,at). The matrix R yieldé an

R=linear automorphism Rtr~ﬂ Rt

such that if we let
a = (al,az,...,at), them Y (a) = ©; » The following diahram

is clearly commutative
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Lot

O — R — R

vV

0 . Re,— &
wher; the isomorphism R Rel is defined by mapping 1 onto
ell and the map Re‘ - Bt is the natural inclusion, Passing

- Rt-l s Lo0.

to quotients we get the isomorphism P & R‘/'Re,
P s tree.' Nest suppose F 1is free of rank greater than 1,
say F & B® where s St. Then P oF = (P& 8°)) @ & = &%

8=1 48 free. By induction

by eh at precedes we get that P @®R
we then obtaein the result that P itself 18 free.

In order to prove the c¢laiih we meed the following Lemnmas,
Lemma 1 ¢ Let B be any commutative ringe T an indeter-
minate over R, Let f£,g¢ c.wnz_§;7Q Assume £ 48 monic of
degree %d%, Let degrece ¢ L d¢ Then every none=gero coeffi-
cient of %g® will be the leading coefficient of a polynomial
of degree (del) 1ying in the ideal (f,g).

Proof t - HYe agree to write polynomiale of degree « d in

d-1 d=2
a-1¥  * Cqaof

d-x'ca-z’ etc. to be gero if necessary. Consider the following

the form C + ece + clw + co, by allowing
c
statement A(k), where k 13 any integer sach that O <k < del,

A{k) s "For any polynomial g(%) = cd—le-l

+ coe * clr + Cy
of degree £ d, end any integer °*t* such that k < ¢t < del,
there oxists a polynomial in the ideal (f,g), of the form
ctld°l + terms of degree less than .(d=1)%,

The leémma then asserts that A{Q) 4s true. Ue shall prove
the truth of A(k) for any"ﬂk by ;édcendtng induction on K.

Trivially A(d=1) 4is true, since in this case the polynomial
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§8solf will do. Assuoing the 8rutb of A(k), we shall prove
the trath of A(k-l)}.

d=2

grite, 0(f) = ¢, 29" e ¢, 790 4 Ll 4 g

£(2) » ¢ ad_‘?d“l ¢ eoe 48y o

Consider Fg(%) =~ cd-lf(?). It is of degree < d. Coeffictient

of ?k is C So by applying She wvalidity of

k=1 = “a-1%x°
stotement A(k) 8o the polynomial Tg(f) - cd_‘t(?), se find
that there ezxisis some polynomial A{%) belounging to

‘ d-1
(f.fg - Cd_lf) sueh that (T; < (Ck-l - Cd_lak)? ¢ oee
Consider NA(T) + akg(f) © c&_‘?é'x ¢+ lower dogree terms. Since
A (%) + a,0(?) € (f,9), we find that A(&-1) 45 true. Heace

tho lepma.

io what follows, for a ring 8 w@e shall denoto by GLr(a),
the group of invertible R-1ipocar transformatioans of the freoe
4 P
module R o If 4 ¢ ﬁ&r(ﬁ) aad s = (t‘gtz.oooga’) € R,
then 2 (4) will be the result of applying < %o § « Oceca-
stonally we shall confuse GL,(R) sith fho groop of P x ¥

invertible patrices over 8B, The conteat will make this eclear.

Lemma 2 3 Let 2 be local with mezimal ideal e Let

L = (f,0850000,f.) be unimosular sequeace of oloments in 8/l 7,
assame that ome of f£,,f,0e.0,f, 15 monic. taenj-z«eGLr(q[’:;7)
such that 2 of = (1,05e.050)

Broof 3 If ral, thes 3 g, € 8/ %/ such that £,°8y = 1o
Hero ¥ 88 tnvortible. Take 2 = Gy I1f P =« 2, wo knoow

6)08, ¢ B/ T7 ouch that f,0, + f,0, = 1. Take 2 efg, o,
]
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belonging to GL,(R/ 7 7)e Then (g, o\ /1, 1

Shat 48 <2.£ = 3 e So we are through in this ecase,
Take » > 3. By elementary operations on a row (gl.gz,....gr)

ve shall mean the following operations or combinatlions of them.
(1) ‘gloﬂgv,oiooﬂi,) F———?‘(ﬁilaﬁgzOHOoQ‘r) where 310‘200000“,
is 3 permatation of 1,2,3,¢ee9T¢

(2) (9)00g000008,) > (8p0eccnfy 100, + DO G, 10eccsBgrccest,)
where 1 £ §.

it 18 ocasy %o sece that these operations correspond to the
effects of applications of invertible iinoear transformations to
(9)s900+090,)c Moreover 1f g,,gqseces9, 15 unimodular, so
are tho sequences obtained through these operations.

Now tf all fi's are constant then ome of them must be
unit, Otherwise the ideal <:tl"2""'zr7 will becobtained in
™ coniradieting the unimodularity of f£. So fn $his case by
elementary operations £ ehanges fnto the rov (1,0,...,0) and
ve are throungh.

! Hext assume that not all ti's are constants, Let us
choose a monic polynomial of lenst degree among fl.ta.....t; °
After an olementiary operation let 21 be the chosen monf@kyolyo
nomial of 16a5% degree. B

Now we will apply EBhclidean algorithm which asserté that if
f 4s a commutative ring, and £, ¢ B/ %_7 (polynomtal ring in
one varlable} of degree > O and g 4is a monic polynomial, them

3 uniqgue polynominls. ¢ and ¥ belonging to R/ X_J such that

f=2gq + 2 aﬁd deg ¥ Ldeg g or r = O. Applying Buclidean



algoritho 8o £, and £, for 4> 2 we got a sequence
(tl.a;.g;,....g;) ghere olther q; =20 or deg g; < deg £,.
Now we choose a monic polynomial of leastd degreo among
tl.g;....,g; and repeal the processe Now this process stops
when we Peach & sequence where ome of thea is moni¢ and olthers
are either gero or non=-mounic of ﬁee?ees strictly less thgn the
dogrec of the monic polynomial. Hence after an eclementary
operation we can assuse that the given sequeace "1"3""":’
fo such that tx s aonic 8sd the others are non-monic of
degrees less tham that of f,. Let deg £, = 0, then
(tl"'°"r) - (fn.o.o.....o) and we are fhrough. Lot dig fi=dy,
By uodmodularity 3J  g,e0gecece0, < B[ EJ such that

2 -

r
£f,0, = 3. Redueing modulo ve gel
2 "% %1 ’ iwm}

i=l

vhere 71.31 € é{*jo
Llaim 3 pot all ?2‘?3!""?r are zere. For othervise

2,0, =t = %, 15 o unit fo ,-g[wj. that 45 2, s a unit

of % ° Let :1 = ?d * )\l‘la.l ® o000 *+ Ado 303, ?l i5 a
anit of = > 4 = 0, a contradiction. Hence claims i3 proved.

"

Assume without 1088 of generality that ?3 # O which fmplies
fa bas a coefficient which does not belong to " oe that is, 18

82 g unit ‘*a® s 8., VUe have daag ’2 < deg £, « 4 and tl

|
is monic. So by Lemma 1, 3 a polynomial g of degree (d-1)
lying in the tdeal (fl.ta) and such that its leading coeffi-
cient 18 ‘a*.

Look at 23 + g UWithoutl 1088 of gonerality we can assume
that &tke loading cooefficient of £y 1is a pon-anit. So the

leadiag coefficient of 23 + g §s unit. Consider the sequence
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(fl,fa,f3+g,f4,...,fr). Since ¢ € (fl’fz)’ the above sequence
is till unimcdular. To prove the Lemma we apply induction or
deg f, = d., Earlier we disposed of the case when d = 0, If

d =« 1, thern deg fl =1 and fz’fa”'°’fr are constantoand
since fz’fs”"’?r are not all O, one of them is umit. So

by elementary transformations (fl’fz"'°'fr) ——5(1509000,0)

and we are through, Let us assume the result for all degrees

< d-1, WWe arrived at the step that the sequence
(fl,fz,f3+g,f4,.;.,fr) i3 unimodular and that the polynomhal

(f3 + g) 1is monic of degree d-=1, Now from (fl,fz,f3+g,...,fr)
we can get a unimodular soquence (by clememntary transformation)
(hl,ha,...,hr) where h, 4s-monic of degree £ (d=1) and
hz,...,hr are either O or non-monic of degree [ deg hl'
Now applying induction to this sequence we get

(hl'hz’f“’hr) —» (1,0,...,0), by elementary transformations,
But (hl’hz""’hr) has bheen got from (tl,tz,...,fr) by
elementiary transformation, So we get a 2 e GLr(R[fT_7)

such that 2 £ = (1,0,444,0),

Therefore the lemma is proved,

Lemma 3 Let R be any ring, 1let (fl,fz,...,fr) be a
unimodular sequence in R/ T_/, one of f£.9850000,f, being
monic, Then I 2 ¢ GLr(R[_T_7) such that Y, (£y58,5000,f,)
= (£,(0),2,5(0),000,1,(0))

Proof Let £ denote the row (fl’fz""’fr)' Let X be

asy indeterminate over the ring B/ T_J, Let 1 be the set of
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_elements x ¢ R .such.that 3 L(T,X) ¢ GL«I,([T,XJ) _ such
21,021 + xX). = £(T). | ~

Claim $ ~ I is an idea) of R.

Let X,y €I. 3 2(T,X) and u(1;X) & GL(RLT,X7) such

that g(r,x)g(.'r"+ xX) = 3(?),,,u('s,x)._1;(i' + yX) = £(T). Now

/,L(T + xX,X) (T + %X + yX) = T + =K}, 'S0

2 (T,X)/u.('l‘ + B5,X)2(T + %X + yX) = & (T,X)2(T + =X) = £(T).

So we get (x + y) € I, Let A ¢ Rs Then Z (T +2AX)L(T + A xX)
= £(T) which in‘ip‘iies Ax cl, Théreforé I 1is an ideal of
Rs It is enmough to show that 1 £ I, for in this case -
3 4(1,X) ¢ cx.r(a['r,xj) such that 2 (T,X)£(F + X) = £(T).
Take T =0, then & (0,X)£(X) = £(0)s Change X to T to
get the result, Next we claimAthat 41 ¢ 1. Suppose l/é 1,
Choose a maximal ideal 7 such that 7'(2 I, Let us look at
our situation over R “7;7. "Now £ 1is @ unimodular sequence
in R -r__7.: ‘So applying previous lemma to it, we get a

2 (T) ¢ GLr(R T_7) Asu’ch that 2 £ = (l,o,o,..;-,O); Define
T(T,X) = &(T)" 2 (T + X) which belongs to GL (R L T,5_7)
and T (7,0) = 2 (f)"12(1) which is the ideatity., This shoas
that no entry of t(‘!’,x) involves monomials in T alone with
posiiive degrees, So I s /GE m such that T (%,8%) belongs to
6L (BLT,X 7)o TAT,X)ef(T + X) = & (1)1 2 (T +.X)L(T + X)
=2 (1)"1(1,0500.,0) = £(T) n ct.,(nhz["r,xj). Look at:-

T (T,8X)L(T + oX) = £(T), 1this s '0® when we localise at
77, tha; is 3 gt ?f » such that s*' annihilates
T(T,5%)2(T + sX) - 2(T). Let the (i,))th entry ot T (%,sX)

be denoted by A Since (T,0) is r xr identity

1,5°



triz, we can write A =1 + Za“) ?J\l(sx)(z and
nasr x, a 4 i’i .{l .(2

“) € g § alse we canr wrile

02 ™ ‘

£ £
AU = Za“"” g l(s;l() 2 4r 1 £ J, where summation is

extended over certa(n indices B,, p, with B, 0. The
kth entry of the vector T(T,sX)L(T ¢+ sX) = £(T) 1is equal
to A,,f, £.(T + 8X) + ta(r + 8X) ¢ o0 + Appfy (T + 8%) = tk(‘l').
Clearly if { # k, then At ‘ ((‘2 + sX) ean be written as sX
times a polynomial in R /[ %,8% 7, Also Akktk(‘l' + oX) -tk('l')

{zk(r + oX) = rk(r)} $ 5 a,,‘k:),xz r{’(‘(sx)"zrk(r + ).

Henee A, tk(‘r + SX) - ZB(T) can also be written as 8X ‘;(11:952 Q
a polynomial in R .sXJ. 1,00, any entry of 7 (T,8X) - g(t
can be uwritten as sX times a polynomial in R,z['l',sxjg let

us write T (Ty8X)L(T + 8X) w L(T) » 8XB{Ty8K) cecevoecs(®)

then Y (T,8'8X)L(T ¢ 8'sX) = £(T) = 8'sXp(%,8'sX). Since »°
anninilates ¥ (T,8X)L(T + oX) = £(F) we find that

s'sXp(T,8X) = 0. Note that eoXp(T,sX) « R/ T,X_/, aince the
LS. of (°) belongs to R/ ¥,X 7. Then clearly s®sXn(T,s*sX)
=0 in B/ T,X 7. That 18 o (%,s'sX)g(T + s'sk) a £(T),

This implies s8°* < I, Since . B s';‘ r and lc_yr. we

obtain a contradiction. Hence 1 ¢ I and we are through.

Now we give the proof of the claim which states that if
(fl’“"rn) is a sequence of unimodular elements in
x['xl,xz,...,xnj. then 7 r x r invertible matrix over
K[-xl'“"xnj such that its first rov 18 (f,,f550000f,),

¥
Proof 3 Grite fl' Za,(”dz"."*nxrl eeo Xnn. where

("(U"(,_)- 749 .
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&“1'*2";‘**n # 0 and summation is taken over ceftain sequencen
of positive integers (Al,dz,....xn). Ue change the variables

A
by putting X, = Tio Ky = 7 oecesX = T + T} D @here A 1::

1
are positive integers so chosen that g + 7‘2*2 +.. *7h°<n

sre all distinct for all sequences (Jl.da,....in) oceuring in

the sum above. We have only to choose j)z = K, %3 = kz,...,)n

- kn'l where Kk 18 any integer larger than any of xl""’*h

for all sequences (ix.“é,.iq.«n) occuring in the sum above.
Let f:lfl,rz,...,fn) be the polynom:?l r‘(xl,xa..,.,xn) after
the change of Var}ablga. Let /a ¢ K be the coefficient of
o < o,
the monomial X, 'K, 2 ... X " Multiply £, by &' to get

a‘lfl. Suppose € 1is an invertible matrix over &[‘Xl,xz.....xu
such that (a‘l‘l,fz,ooo,fr)c = (1,0,...,0). Then clearly C.l

15 an invertible matrixz whose first row &5 (a'lf‘.ta,....fr)o

Y

Let L=C a

1 .
Then the first row of L 18 (f,,%590c002.),

Here a is invertible. So L 18 also

invertibie,
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AC:‘. Y PPRPPYY ]
C}qu bj'. .......... -

a, e d o by
By the above discussion it is clear t %} e;isteﬂgg“ot C

.........
----------

So W.L.0.G. we can assume that the coeffident of the monomial
/

T Sy
| 2 n

over R = K[T?z,fs..u.,fn;7, then\’?}(?l) i3 monic in the
variable T,o Let- f = (f;5f500000%,)s Clearly T 1s uni-

modular over R = &[-Tz....,Tu;7. Now by Lemma 3, 3

¢ € GL (BT, J) such that. 2(f,0f,50000f,) =

(21005500000 T ) 485000500009 Ty )00 es Ty (0,T 5000, T ) )0 Also

i3 unity. Consider ?; a8 8 polynomial

(?;(0,72....,?nyz ...,?;(0.72.0...rn)) is an unimodular
sequence in ~KZP?2‘13'..Q’33;7. Changing to original variables
X, we get @ & € GL(B/ K ye.00X 7) - such that. ’
6 (2ysfy0eccnt) @ (£,(00X00000X )sf3(00X00000sX )oece
o...tn(o.xz,...,xn)). Since this sequence is still unimodular
over g['xl.....xn;7. we will gepealt the process until we get
an invertible transformation over x['xl,xz....,xu;7 which
takes (fy9f500000%.) to (£,(0p00c90)pecesf (0scees0))e The
resulting sequence (11(0....,0).....!,(0,0.....0)) is uni=
modul ar over K, so omo of them is a nonszero ecomstant in K,
Sohby an elementary transformation
(rl(o....,o)....,rr(o.....o)) ——> (140500090), Hence

an invertible transformation ¥ € GL (KL X ee.e,X 7 which
takes (1,0p50.400) to (fl,....tr) of Te So the rx ¢
matrix hes first rou (fx'fZ"""r)‘

The claim ts preved and 8o also the Theorem (Selel)e

L2 22224
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