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CHAPTER 0 

Preliminary definitions 

The purpose of this chapter is to explain briefly, some 

of the terms ~hich are used in this dissertation. These terms 

will be used in the following sense, unless othercrise stated 

1. Ring - A commutative ring with an identity 

element. 

2. Module ~A . mo-dul.e me-an·s, unitary module. 

3. Ring homomorphism- A map respecting additive and 

multiplicative structures and carrying the multiplicative 

identity to multiplicative identity. 

4. Cstegorz A category C consists ot 

{a) A class of objects 

(b) For every ordered pair of objects 

X and Y, a set Hom(X,Y) of "morpbisms" with domain X 

and range Y; if t 6 Hom(X,Y), l1e write f s XI---;) Y. 
(c) For every ordered triple ot objects 

x,Y and z, a function associating to a pair ot morphism 

f I Xl---l y and g : y 1----7 z their composite gt = got z X~ 

These satisfy the follotdng two axioms: 

(i) Associativity If f : X~ Y, 9 : Y ~ Z and 

h: Z~ W then h(gf) = (hg)f where (hg)t a x~w. 

(ii) Identity For every object Y there is a 

morphism ly : Y ~ Y such that if t : X ~ Y, tllen 

lyf = t and if h 1 Y r-t z, then bly = h. 

z 
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- Let C and D bo categories. A 

convarlont tuneto~ (respectively contravariant functor) 

T tram C to 0 consists of an obJoc\ function ~bleb 

assigns to e~ery object X of C oo object T(X) ot D 

and a morphism function ~btcb nsaigns to every morphism 

t : X 1----}Y of ~ a morphism T(l) 1 !(1)'--, T(Y) 

( rospecu.voly T(f) : i'(Y) ~ T(l)) ot D socb &bat 

(a) !(11) = lt(X) 

(b) T(gt) = f(g) T(f) respectivoly 7(gf) = ~(f) T(g} 

- A COQplox is a soquoneo ot oodn1os 

and bo~morpbisma a 

8n-1 

d o-1 
I ) 

(indexed by all integers •n•) sneb tbat 4
0

_ 1 d
0 

co. 

- A seqa~nce of R-aodulcs nnd U•hooomorpbiame 

. t---;) 

- A ring wltb unique aaxionl ldoal ts 

called local ring. 

9. Unlgu..g V~et.oria,_qt!_on _qqmaln (Abbreviation U .v .D) - An 

integral domain n 1s callod on unique Fac,orizatioo 

Docain if 

(a) Every elemen& ~ e n - £o} can be uritlen in the form 

where u is a unit of n" n )} o 



- 3 -

i'rreducible elements o.t R. By an irreducible elemenot ue 

mean an element nan tn R such that "au is a non-unit 

and whenever "a" is expressed as a product of tno elements 

nb" and ncn in R, one ot "bn or n 0 n is an unit. 

(b) If oa I b . 0 0 ob where nun and n 1n ua a · · = u 1 u 
1 2 Ill n 

are units of R and "a n and nb " are irreducible 
1 j 

elements, then n = m and ai 1::1 uibrr (i) where "u n is a i 

u»J t. an.d 7T J.s a permutation o.n J,2,.,.,,, D 

10. Zerodivtsor of a modu~e - Suppose M is R-module. An 

element r ~ R ts a zero divisor of M if there exist 

m b M, m F 0 such that rm = 0. 

11. Jorston free module - Suppose M is an R-module. M is 

a torsion froe module it n ?\ n ~ ft ts a nonzero divisor of 

n implies "" n is a nonzero <Uvisor of M. 

12. Froe modul~ An R-module F is free if it is 

isomorphic to a direct sum of copies of R. It Rak ~ R, 

and F = & Rak ; 
k6f( 

13. Localisation 

then [a11 ; k ~ K~ is called a basis of F. 

- Let R be a ring. A mn!ttplicnttvely 

closed subset ot R is a subset "S" of R such that l1 c nsu 

and "S" is closed under multiplication. Define a relation 

_.,/"\.,., on R x S as follows: 

(a, s) I"V' (b, t) if and only it (at. - bs) u = o for oome 

"u" in s. This is an equivalence relation on R x s. Let 

s-1R denote the set of equivalence classes. An element of 

s-1R is denoted by ; ublch ~s the equivalence class of 

(a.s). We put ring structure on s-1a by defining addition 



and multiplication of these "Fractions" as follous: 

Let. npn be 

+ .11 
t 

-= at + bs 
st 

a prime ideal of R. 

multiplicatively closed. We write 

case. The process of passing f:rom 

"localisation" at "P". 

Then s = R - P is 

llp for s-1a in this 

R. ·to Rp is called 



CHAPTER 1 

ProJ~~tiJLe. flat and gaithfnllY flat modules 

§1. Pro.JecU.ve modulQJ! 

The purpose of tbis section is to give definition, 

various equivalent conditions and ex~~plea of projective 

modules. 

Definition: A R-module P is projective if M ~ N ~ 0 

is an exaet sequence of R-modoles and 1f given a ft-bomomorphism 

from P1--4 N, tllere exists a R-holilomorphism from P ,__, M 

such that the fo llo\:ring diagram 

p 
\ ~ I 

"' M I >N ~ 0 ts cocmutative 

.!!runp 1 e: nvery free R-module is projective • 

Proof: Let F be a free module on the basis ( e 1) i G 1 

Let M ~ N ~ 0 be an exact sequence of a-modules and 

pI fi'J-----'1> tJ i>e a R-bomomorpllism. Consider tbe diagrama 

F 

0 

Let P. (ei) = ni for all •i• in I. Since e is surjec·t.ive, 

there exists a 1 G M such that 6 (m1) ::: n 1 for all 'i • in I. 

Define ~ ' F ~ il such that \)! ( e 1) = m1 and extend it 

by linearity. 

Then e. 'f :::: p and hence J:> is projective. 



Exgmple of a non-free proJective module 

Consider the ring R = ~2 x ~3 • A nonzero 

free R-module with finitely many elements bas 6° elements 

for some integer n ~ 1. 

Consider a= ~2 x (o), b = (o) x ~3 
Then "a" and "b" are ideals of R. Also a ~b = R. So 

"a" is a projective R-module but "a" is not free oter n. 

-
Proposition {1.1.1). For any R-modnle P, the following 

condit1ons- a~e equivalent. 

(1) P ts projective. 

(ii) P is a direct summond of a tree R-module. 

(iii) The functor M 8 Hom(P,M) is an exact functor from 

the category of n-module to the category of abelian groups. 

i.e. if 0 ~M1 ·~ M2 "--? M3 •--} 0 is an exact sequence of 

R-modules, then 

0 ~ Hom(P,M 1) ...__..,. Hom(P,M2)._____, liom(P,M3 )1---70 is exact. 

(iv) There exist x1 ~ P~ t 1 G Hom(P,R) sucb that for each 

X~ P,r 1 (x).~?· fo~ .. almost all,·~·i·~· -in I an:d X'_:=) L_xit"i~x?::: , • 
i~I 

Proof: 

(1) => (ii) Tbere exist a free module and a surjective 

R-hocomorphism 

Consider the following diagram 

p 

F ~ P ~ O. 

By (i), ] aL R-homomorpbism ------,. F such that 
" 



- 1-

• 
&cp = 1p = 1 p is an injection. fben V = P0 3 Q0 

and _ P e:7 Q
0 

/'-' F and (ii) follons. 

(11) =) (i) Consider the following diayram: 

p 

' 
M ~ rl ....----7 0 \7he~a M ,~J aro B-oodul·e 

@ and ~ aro R-homomorphtsms. and is s u r j e c t 1 v 'e • 

8y (li), tbere oxista a free a-module F and a R•oodule-

]. a tt-bocomorpbism cJ.. : f (f) Q ~ P such tlaat 

~ ((p,q})= P for all (p,q) {: P e Q and a B-bomomorpbiom 

p : P 1-7 P (f) Q. Sucil tbat .P (P) = (p,o) to~ all p 6 P 

So consider: 

Since v iG tree, it is projective nnu hence there eniots 

'f' : F ~ M sucb that e.ljl = if·~ • 
'jl. p : P 1----7 M is aucta that. (;l. ('f. p) = cj:> • Tberotoro 

P is projective. 

(i)~) (iit) fho tour term sequence 

0 I--> Hom(P ,M
1 

)--1-----7 Som(P ,M2) '--7 liom(P ,ti3 ) is always exact 

tor nny n-aodule P. 

Clatm: Hom(P ,M2 ) ~ fiom(P ,M3 ) 1----) o ts esaet itt P is 

projective. 

jf is de.fiood as p--- ( e) = P· tJ ! 

P io proJective if.f given g : P1---7 nt3 , ..:1 t 3 P ,_s)- .u2 
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such that ~Df = g , i.e. )/(f) = g~ which is equivalent 
,...,.. 

to p is surjective. 

(ii) =) (iv) By ( ii) 3 a tree R-module F and a 

R-module Q such that. P e Q = F. Let i e1} i 6 1 be 

a basis of F over R. Ana f 6 F is of the form 

t = ~a1 e 1 where a1 = 0 for all but finitely many •t•. 
J.E; 1 
Define p

1
: F'l---1 R such that p 1 (f) = a1 and 

t
1 

= p
1
j : P ~ R. Write e

1 
= x 1 + y 1 where x 1 tE P 

p 
and y 1 6 Q. 

Let X (: P C F. So x = L:_ bi e 1 , bi 6 U 

= Lbi (xi+ 1 1) 

= ~bixi + ~biyi • 

l b 1 x 1 t P and L b 1y 1 t:. Q. Hence L_!Ja,Y 1 = 0 • Therefore 

X:= l_biXi Where t 1 (x) c::: bi • 

and all but finitely many t 1(x) 

That is x = L x1t 1 (x) 
:i&r "1. 

are zero. 

(iv) =) (1i) Let 

B: Fl-f P 

F be the free R-module ~ ne1 
;J.~EEL 

Define s.t. 

Let x & P. Then by assumption 

x = L x1 t 1 (x) 
icc-J 

= (i { ~ e it i ( x >) • So e is surjective. 

Define 
1€;1 

"~ a P 1--> F such tbat. 

Let K = Ker fJ • Also Go If = 

'f (x) =. "[ e1 t 1 (x) • 
:i&::I. 

lp• Therefore 

0 1----7K I---} F,._, P ,...__, 0 is split exact and P (t) !{ "'::: F. 



§2. Direct sum. tensor eroduct and scal~r extension og 
'' 

Rrojective modules~ 

Pronositio':' (1.2.1) Let (P1 ) 1 €-l be a family of R..,modules 

indexed by the non empty set I. Then ED P 1 is a project.i ve 

R-module, if and only it each P1 is a projective R-module. 

Proof: f1) P1 is projective .·~~'7(··~ ... ® P1 is a dire·ct·. 

summond of a free module ~~ each ~i is a direct.surnmond 

of some tree module <?) each P 
1 

is pro_jective. 

-
Proposition (1.2.2) Tensor product of projective modules 

is projective. 

Proo(a Let P and pJ be-two projective modules 

ower ~. 

There exists free modules F, F1 and modules Q,Q1 such 

that F = P ~ Q and pl = pl ~ ql • 

Now F ~ F1 = (P $ Q) -~~ (Pl ® Ql) 

= (P @ll-Pl) @ (Q (i)n..Pl) (!) (P <i)RQl) ff> (Q ®R Ql) 

F ® F1 is a free module. So P ® P 1 is R-projective. 
n. 

-
Proposition (1.2.3). Scalar extension of projective module 

is projective. 

Proof a Let f be a ring homomorphism from R to S 

where R and' S are rings. Then s can be considered as 

a R-module. Suppose P is a R-projective module. 
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P ® S is S-projective. 
(C.. 

Since P is R-project1ve, there exist free R-module 

and a n-module Q such that P(f)Q= F. 

F ®RS = (P (B Q) @R s = (P ® S) (f) (Q ®KS) 
J'?.. 

F X s is tree 8-module, theroto~e p ®'$- iS 8-projective., 
(( ', 

-
§3. flat and faithfully-flat modules. 

In this section we uill discuss flat and faithfully-flat 

modules wbicn·Jeads to a simple consequence like 1 

P @ S is S-projective ~=/ P is R-projective where S 
R 

is a faithtuily flat R-algebra and P is an R-module. 

Definition: A R-module M (not necessarily ~initely 

generated} iS called nflat" if vhenever 

0 ~-----;> N 1 1----? N2 I? N3 1-----7 0 is an exact sequence of R-modules, 

0 ~ N
1 

® M 1--------j N2 ® M 1----) N3 ® M 1-7 0 ts exact.. 
R R R 

.§.xagelesa (1) Free modules are flat • 

(11) Projective modules are flat. 

Example of flat modules which are not pro.iecttyea 

(1) Q over ~ is flat but not projective. 

Proof: Q considered as a ~module 1s flnt, being the 

localiza\ion or ~ at the multiplicatively closed set of 

nonzero integers. But Q is not projec,tive as a Z'-modula.-. 

tor otherwise Q will be a direct summQnd of a free a-module, 

say @ ~. where I is some nonempty indexing set. Let 
r. 

f. J ~ Z 1---7 2i denote projection on the itb SU11lmond for 
! r 

1 £: 1. 
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Vor alleast. one it: I, t
1
l Q is a nonzero homomorphism. 

Call this homomorphism f. Let t(l) = t. Let p/q be 

any rational number, where Ptq are integers and q f o. 
Then q t(p/q) = f(p/g + p/g + ••• + p/g} 

= f(q ~) 

= t(p) 

= p t( 1) 

q times 

= p t • Bence t(p/q) = ~ t • That is 

tQ(Z ; but this is possible only uhen t = o, in ~hich case 

f is the zero map, a contradiction. Hence Q is not 

Z -projective. 

(11) ~/2Z ts not a Z.flat. module. 

Proof: Consider tbe sequence 

0 ~ Z' ~ Z' ~ il/27J ,_, o where f( x) = ax J,f x E: a 

and g is the cannonical map, is exact. Tensoring eith 

7i/2Z' ae get o~ Z' ® 'll/271 _, Z' ® Zl'/ 211 ,_, 2/2 Zt ® 'b/ 2 ~ 1---:) o. 
~ "l.. e 

But z ®z'lf/2Z "'-' 11/2'1: • The above sequence becomes 

'A/2Z ~ '11/211 ._._, 11/271 ®C' 11/2Z ..-....,. O, 
J,.... 

o........, \'I here f is 

multlplicatlon by 2, i~e. r- is the zero map. So t.he 

sequence is not exact. Hence ~/2~ is not a flat Z4module. 

-
Remark (1.3.1) Flat modules are torsion tree. 

Proof a Let M be a flat R-module. Suppose 

(\ ~ o , A f. n is a nonzero dl visor of Il. 

0 ~~ R ~ R where t(x) = ;.. x for all 

sequence. 
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Since M is flat. R-module 0 ~ R QOM 1---1 R~M . is exact 

t- a 
i~ e. .01---7 M M is ~:xact where f(m) =A m tor all 1----:} 

m in ~!0 So u is torsion tree R-module. 

DefinitionJ A module M over R is called faithfully flat 

R-module if 0 ....-, N1 ~ N2 1----} N3 ,__, 0 is a sequence ot 

R-modules, then it is exact i£ and only if 

is exact. 

Propos! tion (1~3.11 If M is flat and it mM ~ M tor every 

maximal ideal m of R, then M is faithfully flat. 

Lemma a Let M be a flat module such that m M ~ M 

tor every maximal ideal m of a. Let. A be a R-module 

such that A ® M = o·. Then A = o. 
R 

Proof: Suppose A Jr OJ let x (:-A be n nonzero element. 

Then te~soring the exact sequence 0 ~ Rx ~ A t---t A/Rx ~ o, 
,; 

by M, we get the following exact sequence; 

A@M=O 
R. . 

implies that Rx @M = o. Let. m be any maximal ideal of 
p_. .. '-

Then Rx X M X R/m = 0 ' i~e~ Rx/m(Rxl ® tf/mM = o. 
i'ifm · 

Since R/m iS a field, Rx/m(Rx) and M/mM are vector 

spaces over R/m 1 since M/mM ~ o, by assumption, we get 

therefore Rx/m(Rx) = 0,, i.e. Rx = m(Rx) ~ This being true 

tor every maximal ideal m ot n, we obtain Rx = o, a 

contradiction. Bence A = o. 

-

ft. 
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be a sequence ot a-modules. It is enough to show that it 

0 }----=} N I <t M ~ N 2 ~ ~ N 3 ~M ,.._., 0 • • • • • • • • ( 1) is 
ol.. (p exact, then 0 ~N 1 ~ N2 ~ N3~ 0 J.s exact. 

Let (1) be an exact sequence. 

Let K = Kernel o( • Then 0 1----7 K ~N 1 ~ N2 ts exact. 

By flatness ot 

But N 1 ~M H 

M, 0 

N
2 

,__ M 

~ K ~M 1---j N 1 ~ ~ N2 ~M is exact. 

is injective. Therefore K ~M = o. 

Hence by lemma above, tC = o. That is 0 1-;> N 1 ~ ru 2 is 

exact. 

Let L = Cokernal p , then N2 ,_...:rN
3 

~---"> L \-----'7"0 is exact. 

Therefore N2 '-M ~N3 ~~M ~ L ~M ~o is exact. But 

N3 ~M~ Jr,~M is surjective. Therefore L())(.2._M = 0 vbich 

implies L = o. That is N2 t--=r N3 1----}0 is exact. 

Let JL = Image ( p .. o<) • Then 0 ~-:;;:> -n. ~N 3 and 

N 
1 

~----'> .JL ~ 0 are exact sequences. Therefore 

0 ~ x®M ~ N
3 

<IJM 
(t. A.. 

and are exact. 

Composing them we get N
1 

® M~ ..Jl@M ~ N
3

@)M. 
iL ~ ft._ 

Image 

o t this compos i t.e map is S2. ® M. Since 
"fl-. 

0 ~---"'~ N l <\_ M ~N2 ~ M f---7 N3 ~M 1----(!) is exact, J2..®. M = 0 
I "l..._ 

which implies ~ o. Therefore 0 1---') N l 1---"\ N 2 I~ N 3 -? 0 

is a complex. 

Next we show that 0 ~ N
1 
~ N

2 
t---7 N3 ~ 0 is exact. 

Let A= Ker J3 , then 0 H N1 >---7A is exact. Let 

T = Co kernel of N 
1 

+---7 A, so that. 0 ~N 
1 
~ A t----"1 T ,~ 0 

!s exact. Tensortng with M, qe get 

0 ~ N l ~ M ~ A l#1 M ~ T dR M ,_, 0 is exact~ Also 

0 -7 A 1--7 N2 ~ N3 J---) 0 is exact. Therefore 

o ~ A ~ M J-.? m 2 ® M 1~ N 
3 

® M ~ o 1 s exact , But 
f2- /2. 
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Kernel of N2 ® M~ N3 ® M 
12 1'-

is N1 ®M• Therefore 
e. 

A ® ~ = N 
1 

® M. From the sequence 
f2. fl._ 

o·..-, Nl ® M ~ 
fZ_ 

A ® M ~ '1' ~ M ~ O, T x· M = 0 ·which 
~ fL. 

1mpl1es 'f = o. Tbat is ·xmage o{ = Ker J3 • So 

o ~ N
1 

M m
2 
~ N

3 
0 0 is exact.· Hence· M is faithfully 

flat. 

-
Remark: (1.3.2} It M is faithfully flat, clearly M is 

a flat. module. Moreover in this case it can be shown that 

M 1: m M for any maximal ideal m of R. 

Examples% (l) The z-module Q is flat but not faithfully 

flat, since (p)Q = Q, for any prime number p, ~bare (p) 

denotes the ideal (maximal) generated by p. 

(ii) Any non-zero free module is faithfully flat. 

(iii) The polynomial ring RL_x_7 is a faithfully flat R-module. 

(tv) Let R be a ring uith a nonzero f.dempotent e. Then 

Re is a finitelNj generated flat module but not faithfully flat.. 
·, . 

For, Re is projective and hence flat. But Re ®R(l-e) = 0 
t"2... 

where R(l-e) ~ o, which implies Re is riot faithfully flat. 

(v) Suppose R is a ring and 

generating the unit ideal of 

flat R-module. 

are elements 

is a fai tbfully 

Proof a ~et 0 ~--"> N 'I M be an exact sequence ot R·modoles. 

is exact tor every . i • Hence 

exact, i~e. 

is R-tlat" 

1'\ 

o,~ N ® n Rf ~ 
R. i:t 1 
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Suppose m ts a maximal ideal ot R, then there exists 

at least one t 1 f m. 

(it m R(r ) = R{t ) 
1 i 

1-'t 

Then 
m R(ti) /a R(fl), 

then t 
1 

c m.). Therefore 

tor all maximal ideal m of a. 

'therefore [T R(f ) is a f!itbfully flat R-module; 
,l..:::l. i 

-
Proposition {1.3.2) It S is an R-algebra which is 

faithfully flat as R-module and it P is an a-module, then 

P is R-projective it and only if P~ S is &-projective. 

Lemma a Suppose S is a faithfully flat R-algebra. If 

M is an 11-module such that M® S ts finitely generated as 
R 

~-module then M is finitely generated as R-module. 

Proof a 

o t generators tor M ®R S as S-module where x1 E ~. Let 

F be a free module on a basts [e1, e2 , •••• , e
0
j • 

Dettne a map & : V ~ M sueh Uu~t e(e1) = x 1 , then 

the induced map,. ~® 1
8 

1 F ® S ~ M ® S is surjective. 
ll.... R ~ 

By taithfull flatness, F ~ M is $Drject1ve. So 

tx1,x2'••••t x0~ generates M as R-module. 

Proof of the·Proposition {1.3~) Since scalar extension ot 

pr-ojective module is projectlv~ P ft-projeetive implies 

P ® S is S-projeetive. Converse dopends on the above lemma. 
R. 

Suppose P ® S is 5-project~ve. 
R 

Claim {tj a HomR (P, M) ® s ~ Bom5 {P ® s, M f S) tor 
/( R 
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any R-module M. 

Since P: is fi·ni,ely generated, there exists a 

finitely generated free module 

ls exact. Let K = Kernel of 

F such 'that F ~ P H 0 .. o .. · . . o 

F ~ P. Therefore 
0 

0 f-7 .K ~ F ·~ P ~ 0 t·s exact. Sincf"· S is flat, .. 
0 

0 ~ K dO S ~ F . ~ S ,__, P @ S ~ 0 1 s exact • It. S p 1 its 
R 0 ~ R 

as S-modules, since P ~ S ls &-projective. Therefore 

K ® S is fin\\el, g~t.~'ta~.0<1 as s-m~du\0. 61 L~w.ma K 1s. 
R 

finitely. generated tt~;.::'ft-module. r'i·he1~·~'fore':t-.here exists a 
:~:\\,"- ·.· ~-:;~~~~:· . -}~~ ---~ .. . ~-

finitely ·generate·d flf'~e mod~le ~-~. ·such thai .·Fl ~ K f? 0 

is exact. Therefore F1 t--?> F0~ p~··o is exact•' 

Applying the functor HomR( ,M) to this sequefice, 

0 H Homa(P,M) ,.__, Hom8 (F
0

,M) 1-----? Hom1 (F 1 ,M). is exact., Since 

S · is R-flat, 

·o 1-7 Boma(P,M) ~ s 1-:7 Homn(F
0

,M) ~ s ~ Homa(F1,M) t s is 

exact. 
: ; '· ..... ·. 

For any module N, there exists a c~nonical 

homomorphism of S-module: · HomR(N,M) ~ S.~ Uom8 (N ,_ S, M ~~). 

Given t : N--, M, there exists t ® ls: N ® S,l---9 M ® S 
R. ll (?_ 

as R-homomorphisms. Also t ~Is is an S-bomomorpbism. 

Define 1 s HomR(N,M-) H Hom5 (N ~ s, M 6i S),. by t (f) = f ~ •s· 

Then' . ~· . extends to ·a!l &-homomorphism 

1 : HomR(N ,M) ~ S ~ Homs, (N ~ s, M ~ S) · wbere 

· '7 ( L..ft ® s 1 ) · = L s 1 1. (t1) • Hence Claim (11) ls proved • . 
The above homomorpbi·SOJ is an isomorphism if N .ts fin! tely 

generated and· free. For suppose. N ~ Rn tor some positive 

integer·. n. Then , HowR(N,M) ~· HomR(B8 ,M) ~ 

BomR(N ,M) ® S ~ ( ~ M) ® S "'"' ~ (11 ® S). 
R n. R - ")'\- R. 

which implies 
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Also Hom8 (rJ ~ s, M ~ s) ~ HolDs (R
0 's, M ~ s) 

t:;::::. Hom5 (s0
, M ® s) 

- R.. 

-:;: ~ (M ® S) • 
-n R 

Hence tbe·assertion. 

Since F1 f--7 F
0

1---J' P ~ 0 is exact, 

F1 ~ S ~ F
0 

~SI----;) P ~ SJ----7 0 is exact. Applying functor 

Hom
5 

( , M x · s ) , 

OJ.--.7 lloms(P ®R.S,M ~S)~ Hom5 (F0 ~S,M ~S)~ Hom8 (F 1 ~S,M ~S 

is exact. From this sequence and the sequence 

o~ Hom8 (P,M) ~s M Uomn(F
0

,M) ®~S~ HomR(F 1,M) ~s we 

have the following commutative diagram: 

0 1---7 RomR(P ,M) ®~S ~llomR(F 
0

,M) ~ S '---7 Hom8 (F pM) '®RS 

j, s, t {):) ~ \9 3 

0~ Hom5 (P ®._S,M dll S)~Hbms(F l1i) S,He,s)yHomR(F 1 «! S,M ® S) 
R: I? . o I< R R- 'A. 

Here 2 and 3 are isomorphisms. Therefore Ker 

That is, UomR(P,M) ag S ~ Hom5 (P ®R s, M ~ S). Therefore 

Claim (1) is proved. 

Let 0 ~M1~ M2~ M3~ 0 be an exact sequence of 

R-modules. Then 0 !--!} M
1 

® S ~ M2 ® S ~ M
3 

® S 1----j 0 
. R R.. ·R 

is exact. Since P ® S is S-project!ve, 
. R 

Ker 

OJ--.7 Hom8 (P ~~S,M 1 IIDRS)I---) Bom5 (P ~ S,M2 ~ S) 1----;7 Hom8 (P <fS,M3~)' 
is exact. Also the sequence 

o ~ RomR(P,M 1) 1-7 Uoma(P,M2 ) ~ Homa(P,M3 ) is exact. 

Tensoring oith S gives the exact sequence 

Ol---7 floma(P,M 1) ~ S *-7 Homft(P,M2 ) ®R.S ~ Hom11 (P,M3 ) '~ S .a 
:Clearly:"' the tollooing diagram is commutativea 

0~ Hom5 (P ®RS,M 1 ~ S}~--7Hom5.(P ®~S,M2 ®RS.)~ozt{P ~ S,M3 ~ S)~ 0 

·. J,t- J ;- J ~ 
o.-, HomR(P,M 1) ~ S ~ Hom8 (P,M2 ) ~~.s 1 ) HoinR(P,M3 ) ~ S 
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Each of t ,g, h , are isomorphism. So , 

0 ~ltom(P,M 1 ) 'S ~ HomR{P,M2) tt S ~Hom1(P,M3 ) f S .-,o 
is exact. By faithful flatness, 

O~Hofi\lP,M 1 ) ~Ho~P,M2 ) HHomR(P,M3 )J-? 0 is exact. 

Therefore P is R-projective. 



CIIAPTER 2 

ProJective modules - detailed studx 

., 
Section 1 of this chapter is devoted to examine the 

structure of Projective modules over certai~.· class of rings. 
,, 

Section 2 is dealt witb the connection betw~en projective 

modules and the prime spectrum of a ring. In the end we 

shall give an example of a finitely generated flat module 

which is not projective. 

§1. ProJective modules over certain class of rin«§l 

Proposition (2.1.1) Finitely generated projective modules 

over local rings are free. 

Proof a Let R be a local ring and let m be the 

maximal ideal of R. Let P be a t.g. projective module 

over R. Let £x 1 , i 2 , •••• , i
0
J be a basis of P/mP as 

a vector space over ft/m; let x1 ,x2 , •••• ,x
0 

be 
-representatives of x

1
, •••• ,x

0 
respectively. Let 

L e 1,e2 , •••• ,e0 J be the cannonical basis for R0 • 

Define a R-bomomorphi ams p : R0 ~P such that p ( e 1 ) = x1 • 

Let K ~ Kernel p , L = Cokernel cp • Then 

o 1-7 l{ 1----7 R8 ·~ P ......_., L ,__, 0 is exact~ Tensoring the exact 

sequence R0 
,.__, P ~ 1:.1----1 0 wt th R/m,_ we get. the exact 

sequence R0 /mR0 
1---, P/mP ~-----:> L/mL t----} O(e,~ But ttn/mR0 1----;7,P/mP 

is surjective. So L = mL, therefore by Nakayama's Lemma 

L = o. 
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Tensoring the split exact sequence, 0~ K~ R8~ P .........,0 

with R/m, we get that 0 ~ K/m~'1->J ll0 /mR8 ~P/mP'r---70 

is exact. Since dim ( R8 /mR8 a R/m ) = dim (P/mPaR/m) = n 

we get, R0 /mft0 ~ P/mP. That is, K = mK, uhich implies 

K = 0 (K is finitely generated, since ~ ~~ = R8
). So 

R~ ~ P, tbat is P is f'ee ll-godulo. 

Proposition (2.1.2) Suppose R is a semi-local ring. 

P is a finitely generated projective R-module such that 

for all maximal ideal m ot R, P is ft -tree ot the m m 
same rank, then P is tree. 

Proof a Let J = Jacobson radical of a. Let S = R/J. 
' 

Assume that the proposition is true tor t.g. projective 

modules over the semi-local ring R/J. 

Look at p CXJ s. -1< 
Clearly is 8-projective and 

finitely generated as S-module. A maximal ideal of S is 

of tbe form m = ~£J where m = maximal ideal of R. 

Then (P ®~ s); = (P ® S) 
R 

~ s­s m 

= P ® (s ® s-) 
R ~ m 

= P ~s; 

= P ~ R ~ s- • 
1L m JC:'rn m 

P ® P ::::- R0 tor some integer 
fl.. m- m 

n. 

Then (P <f1 S)- .:Y R0 
19. S- ~ 

~ m - m 161Rm m -
Ill s- • m 

of m, it is clear from above that 

Since 

Since 

R 
m is a l'ocal ring, 

n is independent 

n is independent of -m • 

So by assumption, P ~ S is tree over s. 
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Let£ x1 ® 1, x2 ® 1, •••• , x
0 

® 1-} be-a basis of 

P x S over s. Let F =.free module on the basis [e1,e2 , ••• ,en} 

and let .. 9 a F~ P be the homomorphism defined by e{e1) = xi. 

Let K = KerB , L = .Coker e , then 0 '"7 K ~ft' ~ P~LJ-----;'0 

is exact. 'i'ensoring with S = R/J, F/jfo'~P/JP~ L/JLt-? 0 

is exact •. Since F/JF '---7 P/JP· i·s surjective, L = JL. Also 

L is finitely generated. So L = 0 by Nakayama's Lemma. 

Since 0 ~ K ~ F 1----"'1 P ~ 0 is split exact. Therefore 

0 . .....-, K./JK ..._.., F/J.f~ ...._, P/JP '---7 0 is exact. But F/JF,, P/JP 

are free of same rank and F/JF 1---7 P/JP. is surjective. So 

F/JF 9: P/JP. Therefore K = JK,. Also K + P = F implies 

K is finitely generated, hence K = o. Therefore F ~P, 

i.e. P is free.-· 

So it's left to sboti that the r_esult is true for S = R/J. 

Let Q be a finitely generated projective module over S 
· ot; the same -rank 

such that ~ ls sm-tree/for all maximal ideal m of s. 

I 
~ r 

By Chinese .Remainder Theorem; S = R J = IT K1, K
1 

= fields 

and t = numb~r of.maximal ideals 

Now mi = 7T K 
. ?1-i j 

= £ (xl:.~ ~2···~!· 
are all the maximal tdeal·S of s. 

£A !.!#,_ml s ~ cci. m -1 
K j; We have the homomorphisms i 

~ (k1) = (o,o, ••• o,k1,o, ••• ,o) , 
it.h place 

in R. 

xt) 

s J} 

.. 
l..=l 

such 

s 
mi 

and ~ ( lll ' :X 2 ., • .• • • ' X t ) = ( X J..' X 2 ' • • • • X t. ) • 
1 

easily seen that Ki ~ Sm · 
i 

Look at, Q ® S = o 
.s mi ~, 

depend on m1 • Also 

= where 

that x, = o) 

, where 

It can be 

n does not. 

is finitely generated vector space over K1• So 
ni 

Q ;(I\K K 
~ 1 = 1 
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tor some +Ve integer n 1 • Therefore 

Also • Tbereforo for all i=t,a, ••• ,t. 

Therefore Q ~ 8°, where = Q @S = q • 
.s 

That is Q is S-tree. 

Next ne look nt projective modules over Dedekind rings. 

DefinltionJ A Dedekind ring is a noetherian domain 

satisfying the follouing propertieaa 

1) integrally closed 

ii) Any non-zero prime ideal is maximal. 

It can be shown I 0 7 that nn integral domain is -
Dedekind if and only if the fractional ideals are invertible, 

i.e. projective L-aee also i J. 
Definition: Let R be an integral domain, K its field 

ot fractions. An R-submodules M of K is an invertible 

ideal it there exists a submodule N of K such that 

MN = R. 

Remark: (2.1.1) The module N is unique 

(R;M) = {_ x ~ K such that m'\4 ~ ft} • 
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Remark:{2.1.2) Every inv•rtible ideal is finitely .generated. 

Definition: Let R be an integral domain, K its f1.eld 

of tractions. An R-sobmodule M ot K is a traction·at 

ideal of R if xM f. R for some x /: 0 in B. 

Proposition {2.1.3) For a tractional ideal M, the 

following are equivalenta 

i) M 

ii) M 

p, M 
p 

iii) M 

m, Mm 

Proof I 

is invertible 

is finitely generated and, for each prime idea! 

is invertible. 

is finitely generated and, for each maximal ideal 

is invertible •. 

(1) => (11) 

M is invertible implies R = M (R:M). Hence Rp = (M(R:M))p 

= M (R :M ·.), 
p p p 

Ibis holds because M is finitely generated by Remark (2,1.2). 

( 11) -/ (iii) is easy by noting that any maximal ideal is 

a prime ideal. 

(iii) 7 (i) Let ot= .M(R:M) t'lhich is an ideal. of B. 

since M m is invertible M (R : M ) = R m m m m and hence = R ,, 
m 

t.e. (R/0\_ )m Ill: 0 for all maximal ideal m of R. Therefore 
, 

61= R Q~;\)lSual l~.rgJumen.t .~n~~· ~,en~,e }1. 1 i~ Jnver~~~ble: .. . 

Proposition (2.1.4) Let R be a Dedekind ring. Then any 

finitelJ generated torsion free R-module is projective. Also 

the module is isomorphic to a finite direct sum of ideals of -~ n. 
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Proof: Let P be a torsion free ft-module. Let 

K = quotient field of R. Proof is by induction on the 

dimension o·f P®K over K. Suppose dimension of P x K 
fl... 

I 

over K is 1. Then p X K K. Since p is torsion 

free, the canonical map : PM P ®K 
fl.. 

taking .P to p ® 1 

is injective, i.e. tber~ exists injection : P~ K. Therefore 

P is isomorphic to a fractional ideal of R and hence 

projective. (because is invertible, see also 3.1.3 to follow 

Let X t P, X /: 0 • Look at Kx P in P ® K. · 
R 

Cl qim:_ Kx nP is isomorphic· to a fractional ideal of R. 

Since P is finitely generated and R is noetherian, Kxl) P 

is a finitely generated s~bmodule of P. There exists 

injection a K Xt/ P J--..-7 ( K X () P) ® K = ( K X ® K ) n ( P ~ K ) 
R R R 

= Kx{l(P®K) 
~ 

= Kx 

K. 

That is there exists tnjectiona Kx n P ~ K. Since Kx (] P 

is a finitely generated R-submodule of K, it is isomorphic 

to a fractional ideal of R, and hence projective. 

Look at P~xn P). 

Cla1m2 P/{fxn PL 1s torsion tree. 

For it y .f P, and 01:;.. E-R is such that ')(;f '=-Kx()P, 

then }\ y f. Kx which implies y €: Kx!· Also y €- P. So 

y t Kx n P. Hence the claim. 

Also P/(Kxll P) 

= 

Therefore dimension of 

P®K 
R 

(kx n P) ~ K 
P®K 

./2, 
• 

Kx 

over is less than 
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the dimension of P@K over K. So by induction P/(Kxn P) 
p. 

is projective and isomorJ?hic to finite direct sum of ideals 

of R. Look at. the exact sequence 
; 

. 0....., l{x ()P. ~ P t-7 P/{Kxfl P_) t--7 o •. This is split exact, 

so P"-- (rcxnP) ®P/(Kxf?P). So p iS projective being 

isomorphic. t.o ~· d,irect sum of projective modules. 

Now Kx P being isomorphic to a tractional ideal it is 

actually isomorphic to an ideal of R. Therefore P is 

isomorphic to a finite direct sum of ideals of R. 

Corollary: If R is a Principal ideal domain, any 

linitely generated projective module over R is free. 

Proof I Since R is a P.I.D., it is a Dedekind ring. 

Also projective modules are torsion free. Therefore by 

previous proposition any finitely generated projective 

module over R is isomorphic to a tinite.direct sum of ideals 

of R and hence free (since ideals are.principal). 

Proposition (2.l.~l Let R be a U.F.D. If P is a 

finitely generated projective module over n such that 

P P ~ RP for all prime ideals p ~ in R, then P is free. 

Proof: Let K = field of fractions of R~ ge have 

i.e. P ® « ~ K. P is projective~ therefore 
R. 

torsion free and hence there exists an injection: P 1----'f P ® « 
~ 

and since P ® K ~ It, P is a finitely generated R-submodule 
~ 
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of K and hence is isomorphic to a fractional ideal. 

Since P ~ R , P is an invertible ideal. 3y proposition p = p p 

(2.1.3), P is an invertible ideal. Therefore P(R:P) = R. 

Let P be generated by x1 ,x2 , •••• ,x
0 • 

(R:P) = (R: 
"' II\ II\ -1 
LRx1) = [)(R:Rx1):: ()(Rx1 ). 
1.."' I 1,.-::1 t.-=1 

Claim: In a U.F.D R, intersection of any two non zero 

principal ideals is principal. 

Suppose x,y c- R, x /: o, y 1: o. Write x = unit 
b 

y =Unit X np p Where ap,bp are integers. Clearly 
max( a ,b ) 

RxnRy = Rz where z = ~p p p • So Rx n Ry is 

principal. Therefore finite intersection of principal ideals 

is principal. 

Therefore (R:P) 'Y\ -1 
= (1_Rx1 

Since P(R:P) = R 
~~~ 

= Rt for t 1: o, t 6 R. 

P(Rt) = R which implies Pt = R that is P = Rt-l 

where t-1 e K. Therefore p is isomorphic to R. That ts 

p is free. 

§2. ~pectrum of a rin~ 

Definition: Let n be a ring. Underlying set ot spectrum 

R is the set of ;>rime ideals of R. For any subset E of 

R we define V(E) = (P prime ideal s.t p 2 E J • It 

satisfies following properties a 

( i) V(E) = V{OL ) = V(r( tn)), where en is the ideal 

generated by E in R and r( OL) = radical of ot in n. 

(it) If i_E1 L is any family of subsets of R, then 
J 1 e- I 
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V(UE 1) = n V(E 1 ) 
lk[ L &I 

(iii) V(O) = set of n.ll prime idealstl R and V{R) = p 
/ 

(iv) V(Olnb) = V(Ct) Q V(b) tor id •als Dl. and b in R. 
<' 

Above properties show that the set.s., .V(E) satisfy the 

axioms for closed sets in a topological s~ace. The topology 

formed by these close~ sets is known as 'Zariski topology'. 

A bas:e: for open sets of this topology is fji ven by the sat 

D( t) = L p pr~me ideal in R such that p f f ~ where 

f £ n. The set of prime ideals of R with Zarlski topology 

is known as the prime spectrum of. n and denoted by 'Spec a•. 

Set of the form D(f) are known as special open set. 

Propositton l2.2.1l Suppose P is a finitely generated 

projective module over R. There exists a covering of 
I 

Spec R by special open sets say D(t 1) U D(t2 ) U •••• UD(tn) 

= Spec R 

such that for every fixed i , 1 L. i ~ n, and whatever 

p ~ D(f1) , the 

(rank depends on 

R -module P 
p p 

1 ) • 

Pro ott Let p Spec R. 

is tree of the same rank 

We uill construct 

such tnat for all q D(t) , P is free of the same rank q 

over R • Thus we get a covering of spec R by special q 

open sets (n<to(_ ) a o( E 1} With the property that for a 

fixed D(fe( ) , whatever q ~»(~) p is free of same rank. q 
?'\ 

.. c;taim: Spec ll = y D(fo<,) for all' o<.2 , ••• o{n e-x. 
1,;;:::.) '-

The ideal generated by the f 's is the unit ideal by 

construct ion. Hence we can find indices ~~, o< 2 , •••• , oc: n, 

and elements a~ , a~ , •••• , a~ such that 
t 2- 1'\ 

1 = ao( f~1 .+ .. 1), f .. + ••• •+ ao{ f~ wiJicb implies, given any prime 
I "'• "'• "'J 1'\ .-. 
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ideal at lenst one ~~- for 1 51~ n, is not contained 
L. 

f'1 

in it, i.e Spec n = U D(tol. ) • 
<-=r l 

So our problem re4uees \o finding a f t ft tor every 

p e Spec R such that ~ f p and tor all q e: D(t), 

is tree of the same rank over a • q 

Given P is finitely generated R-projeetive, so 

p 
q 

P = R ® P is finitely generated R -projective. Since 
p p ~ p 

finitely generated p~ojee\ive ·module over a local ring iS 

is RP-tree. Let 1 a 1/s 1, x2/s2, •••• , x
0
/sn] 

be a basis of P over p ftp where x 1 l: P and s 1 f ft- P. 

Let F , be -'t h e""t free R-module of rank n on the bas is 

{el,e2, • • • ,'enS • 

Construct a R.;_homomorphism ~ r Fl-----'f P, sucb that 

e (e1) = x 1 • Let K = Kernel (} , L = Cokernel B • 

Then 0 ~ K ~ F ~ P .---., L ~ 0 is exact. Loealising at p 1 

0 r--:, K t---"J F ~ P ~ L ~ 0 is an exact. sequence of p p p p 

np-modules. Fp-t PP is surjective and both have same rank 

over RP. Oence FP ~ PP • Tberefore KP = o, LP = o. 
L is finitely generated. Let l'a•l:;.••••••lr} be a 

set ot generators for L. Since LP = O, 3 s 1j p such 

tbat s,y1 = 0 tor all i = 1,2, •••• ,r. Take s = s 1s 2 ••• s, 

Then sy 1 = o for all 1 which implies L(s) = o. 

Local ising 0 ~ K 1---7 F ,-)'P ~ L >--/ 0 at. the 

multiplicatively closed set generated by s, we get 

0 f---1 K(s) -t-7 V(s),____-, P(s) ~ 0 ------­

is R(s) _ exact. p(s) is n(s) - proJective shous tbat 

o K ~, P Therefore 

<.·> 

above sequence splits and r(s} = (s) ~ (s)• 

is finitely generated 

r~o te that. 

R(s)-module.· 

so that (K
8

) 
pRS 

= (0). 
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Since K(s) is ftuttelN genera\ed R(s)-codnle, tbero 

exists t fPR(s) sucb tbat (K(a))(t.) = o. Oitbont loss 

of generality ue can tako l / P• Tben (~)) (t) = K(st) = (0). 

Stnce 0 ~ "<at) t--7 11 (a\) 1-----:> P{st) ~~ 0 is a1tact and 

K(st) = 0 • F(st) ':: P(at) • 

Let t = st.. 

£1 £!!!!!.; v-ov £ U(f), rank it' f' is tao same. 

J..et. q t D-(f). tbOD Pq = (P(t}) a ~ (fl ,> Cl Fq • 
q f . qflt 

Beuee tbe proposition is proved. 

ergpos~tlon j2.a,g) So~~oso ? ·sa a fini&ely generated 

a-module such tbat, there exists a eovoring ot Spec · a by 

special open sot, say Spec 

is n(f ) - tree for every 
i 

= lJ D(f1) · such f.but P(f ) 
~kJ 1 

lben P is projective. 

Proog,a Without loss of genernlits, we ean assume tbot 

tile set or elements fi is finite SOJ f 1. •. f 2' f 3 t • • • • t t D • 
v\ 

Look at s = r tl<t > s is B taitbtu!!y flat R-algebr~ • 
~..~t 1 

= ft (P ®.n(f i) 
'r" '1l 

Also P@S = P@) TfR(t ) c:t 7T p(f ·) .• 
R f?- L.:1 i '"=I A l ~:.I l 

Oivon tbat for co.ch i, p 
(r1 ) 1s n(ti) - fico. So 
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Vetintt~on~ A m~dole M over R ts said lo be "finitely 
( 

presentcqlf' it there exists an exact. sequence v1 H V0 !---7 M ~ 0 

sacb tbat r1 and v
0 

are fini,ely generated troe modoles. 

Rx.eple~: 

(1) Any finitely gene~atod codule over a noetherian ring 

is finitely presented. 

Proof': Le' u be n finitely generated R-modole. 

Tbe?e exists v0 finitely generated and freo soch tbat. 
() 

F0 ~ Y .....---, o is eaact. Let. K = Ker e • R is 

noelberian. « ts a sub2odule of n0 • so K is finitely 

generated. Therefore there exists v1 ltnitely gene~nted 

tree module sucll tbnt F 1 ~ a ~ 0 is exact. Therefore 

11
1 

!---') P
0 
~ M .....-, o is exact. 

(11) Any finitely generated projective modole is finitely 

presented. 

Proo(.: Let P be a finitely generated projective 

n-module. There exist a finitoly generated troe module v
0 

and a surJecLtve bomomorpblsm $ : v0 ~ P. Let & = Ker e 
tho sequence 0 ~----> K ~ F 0 ~-"'"'> P ~ 0 is apli t exact since 

P ls projective. Renee F0 = P @K, benee K ls finitely 

generated. So tbore exists a finitely gene?ated tree module 

F1 and a surJective bomooorpblsmt V 1 ~ K, i.e 

v
1 
~ F

0 
~ P !----') o is exact. 

Remark (2.2.1l It P is finitely presented U-module and 

there exists an exact sequence of R-modulea 0 ~ f1 ~ F 1--) P ~ c 

where F la finitely generated, then K is finitely 

generated. 
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r0 ,v
1 

such tbat 1?1 H v
0 
~ P ~-----;" 0 is exact. ~llerefo1te 

F l --, F O I-) P ...____, 0 

y K 1--7 V ~ P ~ 0 vbare ol... 0 f3 exists bJ tbo pi"ojcettvo 

of v
1 

and v0 , is com~ulaliwo. By Snakec Lemma, 

iter~ ~ Kel' p ~Ket lf -7Coher o/ ~Coker p ~CokoP if ia esaet. 

Since Ker 1.r = o, Coker jp =t o we gel, o ~Coker"'~'.,__..., toker,, ~ o 
is eaact, i.e. 0 ~ K/q_ (U1) ~ P/ ..p(F0 ) ~ 0 io exacl. 

So K/ cJ., (F 1) "::. F/ _f) (F 0 ) and hence l/ o<. (F 1 ) is t lni tels 

generated. Also ~ (V1) is ftnl,ely generated. therefore 

I is finitely generated. 

Remnrk (2,.2.21 If P is I) finitely prescn\ed module and 

ta & prJme tdeal eucb tbal 

exista t p sucb lbnl 

P7oog: 

is 

ts 

ap-t•ee, lbon tbere 

fl(f)-tree. 

[z1/s 1 , a2/s2 , •••• , s
0
/s

0 
J be a basts ot PP ovo7 RP. L~& 

F be a. tree R-modulo of rank n and {. e1, e2, •••• , e
0 

) be_ a 

basts of F ower n. then there exiata a R-bomomorpbism 

@ s V ~ P tnking e1 to : 1• Let K ~ Ker 9 an4 L m Coker 

tbett 0 ~ .(( 1---7' V ~ P ~ 1.. I-"? 0 is exact. 

Now as Jn the proo8 of Proposition (2.2.1) eo get an 

sf p sncb that 0'"7 K(a)~ V(s) 1----? P(a)~ 0 is no exnet. 

sequence ot R(s)-modulos. Seve P le a fin1telt preaentod 

R-oodule, so P(e& is a flnitel~ presented R(s)-module. 

By remark (2.2.1), K(s) ls a ftnitely genoFate4 R(s)-modole 

and rest ot 'be proof is similar &o the said P1opositton (2.2.1) 
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11 ~ is finitely p~osonted and 

flat then P is projeciive. 

Case (i) Le& R be a local ring. 

Let give o 

basts of tbe R/m - vector space P/mP where m is tbe 

maximal idcnl of n. Let F bo a tree module of rant n 

with n bas is { e
1

, o2 , •••• , e
0 

~ • fben thei"o e.uis tn a 

homomorpbism e a F ___,p tatttng e1 to x1 • Let 

ls exact. tensorlng 

wttb R/m we get F/mF ~ P/mP ,_, L/sL ->0 is exact. nut. 

V/mF ~ P/mP is sur ject.ive, so 1./ml. = 0 r~b1ch implies 

L = 0 by Nakayua•s Lemma. 

Let « = Kernel r ~ P. Therefore 0 ~ K ,.._., F ~ P _, 0 

ts exact. · ?enaorlng uith m, K®a,_.., F®m~P~m-7' 0 
R 12 R 

is exact. Also, tenaoring 0 f---4m ,__., fl wi tb «, F and P 

snecoealvcly, we get bQQomo~pbtsm 

"'-= m dlln.K ~~ (sineo a ®n K = K} 

{J I m <Sf> F ~F 
12. 

i: m®PI~P. 
P. 

lly flatness 0 ~ m ~ P~ P ts exact. We got tbe Kollot:ing 

eommutntlve diagram: 0 
.Jr 

m ® S ,_, m ®~F ~ m ®~tl, •---? 0 
.J,ot~. R "- r t v 

0 ._...., K ~ ~ ~ ~ P __, o. 

we get an exact sequeneeJ 

So bJ Sna.Zte' :. lemma, 

Ker 11/. ~ Kerr> ~ Ker..J _., Coke~ol. ,____._, Coker J!l f-.; Colter~. Hero 

Ker v = o, so 1' gives the following exact sequencea 

0 ~ Cokel' o< ~Coker p 1--J' Coker)' · But. Coker~ = K/mft, 

Coker p = F/mF and CotterY = P/mP • 
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But F/mV ~ P/mP, therefore K/m& • 0 tbat is I ~ mi. But bf the 

Remark (2.2.1), K moat be finitely generated. Bence by 

iakaywna's Lemma K c:a O, tbat is v::: P and benee P ts projective. 

"" jase (ttl a is 

Let. p Spec R. 

any commutative rlng. 

Since P is flat, p 
p 

is tla& R -aodu.le. p 

Also it F1y F0~ P ,___.,o is a finite presentation for P, 

tben (r 1) P ,_.., (V0 )_P ~ P ,~ 0 is a presentation of P P 
" 

as a,-modnle. Dy Case (i) PP ts tree over a,. ',,So b7 tbe 

(2.2.2) &bere exists f,/ p, such 'll'at P(f) ts R(t)";-tree. 
. 

Call 

this t· as tp to ahow its dep~ndance on p. then the ideal 
' not contained in any mcuc !mal ideal. <rp>, &Spae 

(It (tp) P 
6 spe~ a c:: •• 

m maalrilal ·ideal., &bert im E. m). 

- BeDce 

Spo~ R 

n • ideal (tP)P ~ Sp0 c , 1, 
l 

:=~ U D( V • mhere P ( 1 ) 
p 

whtcb tmpli~s 

is 

&be Proposition (2.2.2} P iB R-projective. 

80 

Nest we sball give example to show that a finitely 

generated flat module neee not be projective. Tbis, we do by 

eoostruc,ing an example of a flat module which is finitely 

generated but no& flnttelJ presented. 

As a general remark le~ us take a to be any eon 

noetherian ring. Let. 01. be any non flni telJ generated ideal of 

R. tbeo by remark (2.2.1) it is clear tbat R/~ 19 not tinltelJ 

presented (although R/n is ftnlteJy eenerated)• however we 

ean also prove this tn the following manner. 
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finitely generated. 

Claim• R/n is not finitely presented. 

Suppose nfn ls finitely presented, then we have an 

exact sequence of the form Y 1 ~ F 0 1---7 R/ (/l 1___, 0 

where F
1 

and F2 aPe finitely generated tree modules. 

Also o ~ 01 ~ a H R/tn ~ 0 is exact.. l'ben we llave 

the folloning diagram: 

.}. 

R 

~ 
0 ~ ~ ( F l) H f O ~ R/m t-) 0 

t 
0 

Uere a is a R-projeet.ivo module, F
0 

is a. projective 

module. So by Scbanuel• s Lemma in Homologicnl Algebra, 

Ol- @J F0 ~ G(F 1) G) R \lhicb implies ()l is a finitely generated 

R-module. This is a contradiction. So R/m is not finitely 

presented. 

Therefore R/ 01.. is an example of a tint tely generated 

module which is not ttnitely presented. 

Remnrk (2.2.3J Suppose M is a finitely generated projective 

R-module. Ne define \he rank map associated with M as 

t.he mep rM: Spec R ~ 'll as follows• 

It p t-7 Spec R, then 

generated. Let rankR M 
p p 

Take discrete topology on 

M 
p 

= n p 

~. 

is R -free p and finitely 

• Define 'tt(p) = np • 

then TM 1s continuous 
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u1th respect to tbe Zarlski topology in Spec R. It is 

enougn to sbow that ru is locally constant. 

Suppose p Spec R and rankg P = nn then ne proved 
p p y 

earlier that, tbere exists t p aucb tbat for all q O(t), 

P• So the map 

continuous. 

p 
p • llere D(t) 1s a neighbourhood ot 

r is locally construct and bence 
~ 

is 

Critegia for nroJectltitx: Suppose P is a finitely 

generated R-module. Suppose for all p e Spec R• Pp is 

RP-tree of rank np , and moreover the map rp1 Spec R ~ ~ 

taking p t.o is locally constant (i.e. continuous), 

then P is projective. 

Proof: l..et p Spec a. Let LPt/lJl~l6n be 11 

basis ot p as a -module 11bere pi£ P. Let F be a p p 

tree module of ran~ D with tbe basis f 0 1' e2' • • • •, en 1· 
Tben there exists a homomorphism u a F~P taking oi to 

pi • Then the map u a F p t----7 p p is sul'ject.tve. Hence p 

there exists t'p such that u, 1 F f 1--) Pg ia surjective. 

Also since Spec a....._, ~ is locally const.ant, there exists 

a neigbbouPhood D(g) of p such that tor all q f_ O(g) 

rankn P = llo "lahe b = tg, here b f-P• Then uh;Fh l---1 pll 
q .q 

is still surjective. 

Claim: nh is an isomorphism ot nh-modules~ 

\7e have Qnly to shocr that. (ub) la (Fb) 1 ~ (Ph) 1 is an 
q q q 

isomorphism for all ql, prime ideal of Rb •. 
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The prime ideal q1 corresponds to a prime ideal· q of R 

wbicb does not contain h. Clearly {I f g, that is q C::- D(g). 

Noto that (Fb) 1 = F and {Ph) 1 = p q • 
' q 

q q 

Uere (Fh) 1 -and {Ph) 1 are both free (Rb) 1 = n -modules. q 
q q q 

' 
Since tor all q G D(g), rank p = Fanka F fl) .Q\1) (Fb) 1 ' q Q q q 

(Ph) 1 are tree (Rh) 1-module ot same rank 
Q q 

n. Also 

u
11 

: F
11 

1---) Ph ls surjective. So (uh) 11 (Fh) 1 ~ (Pb) 1 
q q q 

is surjective. Hence (Fb) 1 ~ (Pb) 1 ts isomorphisms of 
- q q 

(R11 ) 1-module. therefore ub 1 Fh ~ P11 is an isomorphisms 
q 

of ab-modulos. 

Conelusigna For all p G Spec a, there exists h f p, such 

R,-free. Thus we geL a covering of Spec R. 
d 

Then by the proposition (2.2.2) P is a R-projecttve modulo. 

§3. Rxamg,le of a fiq,Uely penerat.ed tlat ,mo_<h1~ .. r,:hi .. c..h !s.no_\ 

nro.tectivg 

Le.mmn.1 Suppose M is an fl-module such that. MP is 

RP-tree tor every prime ideal p of R, then M is R-tlnt. 

Proo.ft Let Or? t\1 1 t---;) N 2 be any exact sequence of 

R-modules. Let L = Kel'ncl of (N 1 ~ M 1-7 ~J 2 ~ M). Let p 

be a prime ideal of a. then OH (rJl)p 1-7 (N2)p is e.xnct. 

sequence of np-modules. N-ow I~ Mp is Rp•frce. 

n -f 1 at. So o ~ (r~ 1) @ M t----:7 (N 2 ) ~ M 
p P"?P P rP 

is exaet. Also from the exact sequence 

in particular 

((;)) 

0 ~ i. ~ rJ 1 ®1'\ ~ y N 2 ®rz. M we get tbe exact sequence 

0 ~ Lp ~ (N 1 ~ U)p ~ (t-3 2 ®~ M)p 
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But (ro 1 ~ M)P = (N 1) ® M and (N2 ® M) = HJ2) ® Mp • 
p lp p fl p PJ?p 

From (•) and (• 1 ) we_get Lp = 0 for all p~ prime 

ideals of R VIhtcb iml)lies L = o. ·So 0 ~-N 1 ~M. t-4 ~Ja Oi M 

is exact. So M is R-flat. 

Detinitiona Let R be a ring (not necessari"ly commutative·) 

is called V.N. Regular if for every a £ R, there exists 

R such that aba = a. 

Bxamole of a V.N. Regular ring 1 R = 1\ K-~,. ( infini t.e product 
t?{.c j\ 

of fields) ts .v.N. Regular. 

Let a € R, then a = (aoL le--1\ • If a~ 1: o, let bo( = 
if a" = o, let b..z = o, then aol b-t a-< = a~ in both the 

. -·-·-., 

-1 

~· 

cases. Take b = (blll.~e-.1\ , then aba = (aa{b-ta-<~tl\ c:~(acl)atcl\ 

::: a • 

Remark ( 2 • 3 • 1 } If R is V.N.Regular, then s-la is 

V.N.Regular tor any multiplicative closed set S of R. 

Let x f. S-lR then X = a/S for a E: R, s E S. So 

there exis.ts b such that aba = a. Therefore 

a/s(1h) a/s :::(~) a/s 
1 1 

= J!.!ul = afs • lienee 
s 

ts V •N. .Regular. 

So R is V.N.Regular 
p 

for any prime ideal p in R. 

Remark ( 2 • 3. 2} 

R is a field. 

If R =local, commutative, V.N.Regular, then 

If a E::- R, then· there exists b E: R such that aba = a 

which implies abab = ab, that ts ab is an idempotent of R. 

Also if a ~.o, ab 1: 0 (since aba =a); ab be in.g an 

idempo:tent _ .and R l~~g.~.. ·sh·ow tha,t ab=l. .-=There.fore· 
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Example: Let R = infinite product of fields, then R 

is v.ro.Regular, non noetherian. Let OL =non finitely generated 

ideal of R. Let M = R/~ • Then MP = Rp/Otp for p 

prime ideal of R. R V.N.Regular implies R 
p 

is V.N.Regular. 

Also R is local and commutative. p 
So R 

p is a field by 

Remarks (2.3.1) and (2.3.2). Here is an ideal of 

so either 

There tore 

p of 

Olp = 0 or~ p 

M p is a tree 

Hence by Lemma, 

= Rp , that is Mp = Rp 

R -module tor all prime p 

M is R-flat. Also M 

finitely generated R-module. 

Claim: M is not R-projective. 

or 

ideal 

is a 

If n.1 1s R-projecti ve then 0 ~ t7l ~ R ......_, M ~ 0 is split 

ex net and hence R ~ (5I ~ M. Therefore 01 is a quotient of 

R and heuce &t is a finitely generated R-module which is a 

contradiction. So M is not projective. 

Therefore M is a finitely generated flat R•module which 

is not projective. 
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Functors nssoclated with ProJective modules 

The purpose of Ulls chapter ts to study some functors 

uhlch ~111 be useful in examining projective modules over 

certain class ot rings. 

§1. ficarg fgnctor 

f_tcard group of a ring Ra Let X be tbe set of 

lso~orpbism elassos of finitely generated projective wodules 

ot constant rank 1 over a. ne make X into a group throogb 

tbe follouing operations. If /!l7, £Q_] £X, define 

P ® Q is proJecttvo. 
R 

It p spec a, 

ni"O tree of rank 1 

Also P ~ Q ls 

l -p ® Q 7 6 lt. 
/<.. -

Clearly tbis binary 

operation is oell defined. 

1. Assoc1ativ1ty - It follows from tbe associativity of tensor 

product. 

2. Identity - ~R_7 is tho identity, since 

CP_7l-aJ = l-P 'n_7 = {"P_7 ~CP_7£ x. 
3. Inverse - Inverse of L-P_7 utll be ~P:? where p• 

= Homa(P, 

• Claim a P ts finitely generated projective of rank 1. 

P is finitely generated projective implie~ &here exists a 

finitely generated free module F and a module P1 such that 

P @ P1 = V. Thea Bom8 (F ,ft) :::.: llom8 (P <i> P1, a) 

~ 9omn(P,R) ~ HomR(P 1,a). 
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Suppose F ~ R0 for some positive integer n, then 

Roma(P ,R) ~ ~ R0
• Therefore flomn(P,R) @ HomR(P1, ft) ~ R0

• 

So p• is finitely generated projective. 

Claim: Rank of p* is 1. 

Since P is projective, it is finitely presented, therefore 

3 v
0
,v

1 
finitely generated tree modules sucb that 

F Q M r 1 ...._, P t7 0 to exact. We have for all prime ideal p, 

l-Hom8 (P1,n£l ~ Bomg l-(v1)P , RP_7 
p 

£-Rom8 (v0,a)_7P~ Bomn £-(r0 )P , np_7. 
p 

From the above exact sequence ue get 

oM Hom8(P,R) 1---} Bomg{r1, a)....-_, Hom2 (t?0 ,R) is exact. 

Locnlis1ng at a prime.idenl p, 

o ~ £-uom8 (P,R)_l f-7 l-nomR(F1 ,a)JP ~ £·nomn(&,.0,n)_7P is 
exact. We have the following commutative diagram 

o ,_,Cuom8 ( P, R) J P .,..._, CRom8 ( F 1, R) _7 P ..._, £-Uom11 (lr 0 , R) J P 

~ ~ ~ 
. o ._.,.nom8 (PP,RP) ~ Bom8 C<v 1 )P,aPJ~ noma CH'o)p,apJ• 

p p p 

The map : Uoma(P,R) t-} Uoma (P ,a ) iSJ. Qa·tural ,_.naqle}y ·_ 
p p p p 

suppose ~:P"='~,i~ ,'a,R~homo~Qrphism ancj, <ilefine (t/s)(r/t) 

' .. 
t(rl 

= tat 

for r E:: P, t f p. The diagram is commutative, so 

L-nom8 (P,R)_7P -::::: noma (PP,aP). Since P is of rank 1, PP~ RP 
p 

Uenee Uom11 (P ,n ) ~ np, 
p p p 

Hom1 (P,ll) ~ ft • p - p 
0 

p is of 

rp•_7 / x, rank 1, therefore L e sinee P is tlnitelJ genera.ted 

• projective P is finitely generated~ 

Claims ~P0_7 is the !nveroe 

a natural bomomorphis~ p : 
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~ (t e a) = t(a) for • t E- p , aE- P and extend bJ addit.ivit.J. To 

sbow 4' ts isomorphism it is enough to show that cp is an isomorphism 

• vlaen localised at any prime ideal. If pc- spec a, &heo (P ®~P)P 

""". ""V - <* ) • PP ®fp PP o RP®,\f n, • a,. Bence Pp s P ~P ,~a, ts 

reduced to an isomorphism. Therefore ~ is an isomorphism. We have 

.CPJ ,CP• J= £• ~R P•j.£"aJ. Therefore X with &his binary 

operation is a group known as Picard group of the ring R and te 

denoted by Pte ft. 

Detjnitiona Nonaero tractional ideals of R form a group under 

multiplication. the group of fractional ideals modulo principal ldeala 

is known as ideal class group. 

1heorema(3.1.1) Let R be a Dedektn4 ring. We shall show that 

Plc R ~ ideal claas groupp 

We know from Proposition (2.1.4) that. torsion free modules 

over Dedeklnd rtnos are isomorphic to a finite direct sum ot ideals 

ot a. Since projective modules are torsion tree the result quoted no• 

Implies &bat a projective module of rank 1 is isomorphic to a 

traction.al ideal 0 t a. 
' ' I 

Suppose P and Q are projective modules ot rank I over ft. S.r 

P ~ Ot , Q a b where (Jl , b are traetlonnl ideals o t n. We shall show 

&ba& P ® Q a m b • Let K be &be quotient field ot a. fben 
Q 

c 

and the inject ion a P ,_., P ®A K identifies P with a 

fractional ideal ot R. !hiS is bow we obtained the isomorphism P a 01 , 

Q eh • Not\, that P ~R 'q H P ~ Q ®~K is still tnjectiYe lilnce P 1- Q 

is torsion tree, being proj~ctiwe. Also P ~ Q ~ K ;it (P ~K) ®R 
\ 

(Q ®~ S) and tbe homomorphism P ~ Q)-, P ®R Q ~ K can be identitled 
f 1 I t 

witb tbe tensor product of tbe bomomorpbiams PH -p ~ 1, Q 1----7 Q ~ K, 
l 1 1 r 

1 .e with the homomorphism P ~ Q ~ {P Ill It) ® (Q ® K). It we 
~ I? R , R, 
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iden&lfJ P ® K witb I and Q ® « also wiUa &, &ben noting &lla& 
R ~ ~ 

ll ® R ~ s:, we get. an ioject.loo P ® Q I---} I. Since t.bo map K «J & ,___, & 
R R s r? 

ls &be product bomomorpbism we gel that image of P ~ Q can be 
~ 

ldeo&ified wlUa Ol b • 

Let. (}{ denote the image ilf dt in &be ideal class group ot a. 
Define a mop :Pte R ~ Ideal class group of R as followas 

9 <DJ) • 01 if p ~ ffl , en fl'actlonal ideal ot R. ClearlJ 

this mop ls.well defined. By wha& precedes we find &bat. 

• wbere e t.CPJ .Cv) • slCP ®kV) • Ol·b 
Ot , b ue fractional ideola and P ~ 01 , Q • b • Also B(fF!l)· 
e <rv> = 01 b. Benca B (.£Pj rQ J> • e trPJ) 6)(LQj), 

i.e ~ ta a homomorphism of groups. Tills bomomorpbism is suJectiwe, 

for let Ol. he an3 nonzero fl'aet.tonal ideal of R. ftaen 

(Jl., (ft atJI.) • fl. tiot.lce &bat (n a Ot) ia" Hom
8

(m_, R}. There 

a E Dt 
1 

Let b1 ~ t 1 
t 1(a) • b1x 

in 8om8 (01, R), t.ben tor a117 ~ t 0( , 

so &bat. a • L.a1(b1a) • L a1ti(s). fhts 

implies ~~ proJeettvtt; criterion &bat Ol is projective. 

for any r. prime .lt ideal f of a, 
~ 

@ Uom8 ( (}{! • ~ 
""" ~, hence op. ts tree or rank 1. = 

B is iuJee&ive atnee fJ_({iPJ • I tmpl tes 07. iS 

prtne lpal 11rbere 
l"'v 

p Ill ot, but t.ben p lB tree; beoee fPJ 

will be the unit¥ element ot Pte R. Oence the theorem. 
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Sltpattopa Let R be a rlng. In the rest or tbla eeetion 

S denotes tbe multtplteattve ae& ot non-aero divisors of R. 

Let. i = e8 • 

Renmrts (3 1 1;$.) The caoonteal homomol'pblsm from R H> R • R8 ts 

lnJect.lve. 

Jletinl&iona Let. M be any R-submodole of B. fbeD U ls ael4 -to be non-degenerate it R u = U • 

.......... 
2!ftmplet It R bappeae to be a domain in Wbieb case i a quotient. 

field of u, i'beo non-degenerate~ non-aero. 

Pgopoalt.lon (3.l.J) Let U be any ft-submodule of B. The 

tolloving are equivalent.. 

(I) M ts non-degenerate. 

(it) M n S Is + . 
(itt) It U ~ R is tbe canonical tnject.ton, t.beo s-ly t--:) i 
ts an lsomorpblsm. 

j!roofa (l) 7 (tt) 

& = L. ., ... , t- u. 

(li) ~ (111) 

So 

Let. 

where 

a r:a s G M n ~~ fllat. la M f1 S /. tj> • 

a b M n S, l'ben I -l l I'll s 8 E: s u. So image 

of s/s in 8 is I, So s-lu ......._, R ill SUI'jectlYe, Alao it 

is lnjec~tve. Therefore s-~ ~ I, 

(111) 7 (I) Let. qe 
.;. .-.. 

the induced bomomorphtem trom U ~ 8, Tben we have Image ot 

s-lu • 1f M. Let a e. Image ot s-lu. So s = (s-1t) ( e ) where 

e E: s-1u. So 9 = Jl tor e t s, m 40:- u, That ta 
8 

a • (s-1t) ( ~ ) = ''i1 (by detlnt &ion of s-1t) • ~ c.. R u. 
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If. · 1· c.-_~, . then 
a 

7 = [_ ~ m~ , .. 11bere · a:. t:: a., s t- s,. m:. €: ·u. 
~~8 1 & & 

Since Iilttal& U, 7 

a· :aa Image .of" s-lu = 
=· ~ [.a1m1 '= Image ·or· · ·(s-1u')'. · fherefoi•e 

IU •. M to non degenerate. 

·D!ft'ntttoh·f· ·Let· M ll»e· '8n1 a.;.submo'eaule of · R: Then u-- ls 

ea·td·· t~· b'e tnvert.ible 11 tbere exists another R-submodule N 

of·. a; • such that . UN. = 1 •. 

aemart (3~ J.·~~lWI~- u· ·is tnver&ib.le, &hen 1 c ts non-degenera&e. 

-~inee. M is lnvertlble. so there exists · N, -R-submodule· 

of . a , aueh, that .. MN =-- R. For Ru a R(Bu:) .·2- i(NU) ca RR a If. 

Also RM ~ if. therefore 1W =. i .. uut~---ce it 1.41 non~deg~~erat.e 
• ' ' ' ' • '. • .... .t'·. :.. • • • ' • '"';"'1~~) . . .. 

Prooosltion- (3•1.2) :·Let" \4 be non· degenerate. Let N be PJ 

a.._Jtubmoclole of· .. J. Define, .t(M d4) a L a E- R such that aU {, N j • 

'!hen there existfL a canonical R-Aaomorphtsm from 

(N aM) ~ Bomlt(M,N). 

Proof&· Let a .,6 (NaB). Define e (a) as tollowaa 

_e (a)(m) =am tor -m· e: u. 

e.' is lnJeetiyet Let 8 E s-- n M '(~_»ossi'ble since u ta non-

degenerate). Suppose B (a) c O, then e (~) (s) a 0 · tha~ is 

-as C8 o. Since 9 is a UDlt ln R 
' a = o. 

& ls surJnctlyea Let f t:.-Hom8 (aa,N) be given. Let s 6 S f"' Me 
! 

Define a = ''sl It 
8 • x e u, tben tbore exists l c s aoch 

that tx E- e. Look at f(stx) = stt(z). s • t e:- R~"' Alao 

r(sts) = txt(s), tx E:: a, 8 E: u. So t(x) = .1!. t(s) st · a .! t(s) • 
(since t E: s). Therefore t(x) a z,. f!s)_ ca 

' 
a €: (N aM) since t(x) G N. Also {} (a) a t. 

" 

3D7 JectJ ve.. Therefore 8, is an isomorph ism. 

Remark (.3 ·• l ·~ A;).{:b:) : . !\I r>M , N ··~are- .R--su'l>!no d u l e s o f 

M.N=R, then it is. easily seen that N. = (R:.M). 

•a· So 

Renee 

....-
.R such that 
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Proposition (3.1,3) Suppo,e M ts a non-degenerate R-aubmodule . ' 

""'" ot D• Then the following are equivalent, 

(i) H is invertible 

(it) M is a finitely generated projective R-module of rank 1. 

' 
,...._ 

Proof a (1) =; (i:l)l 3 N, R-submodaale of R such that 
' 

MN = R, that is a n
1 

t: N, m1 6. M 

Define t 1 t Bom8 (M,R) as follows 

such that ~ m1n1 = 1, 
..p....:..G:. 

t 1 (x) = n1x tor x <;- M. 

t 1 ts a R-homomorpbism. Also z = 

~s ~ M. This shows that M is a tinltelr generated projective 

a-module. Suppose p iS a prime ideal of a. Let r = ranka 
p p 

We have to show that rp = 1 -\f- p ~Gapec R. Le& S1 = Image of 

s in RP, 

.,-l(s-la) = 
-1 .......... Y = Image of R-p in S R a a. Then clearly 

-1 -1 
s 1 (I ) and t-1(s-1M) = s 1 (M ) , Therefore p p 

-1 -1 
,-1(s 1 R ) = ,-1(t-1(s-1R)) = r-1(s-1e) and y-1(s 1 u ) p p 

equals to r-1(T-1(s-1M)) = T-1(s-1u), Since Y ia non­

degenerate, by the proposition (3.1,1) s-1u a R = s-1a, So 
-1 * 

T-1(s 1 UP) is tree of rank 1 over ,-1 (s-1~~ Bence 

rp = 1. Therefore M to a finitely generated projective 

module of rank 1. 

(ii) ~ 

we bave 
** 
Since M 

(l)t 3 t 1 &Hom8(M,R), m1 t:M such that v- s e-M, 

x = L m1 t 1(x), where all but finitely man1 f 1 (x) • o. 
is non-degenerate, by the proposition (3,1.2} 

e 1 (&aM) ~ llom1(U,R) is an isomorphism. So 3 a, e (RaH) 

such that & (a~) = r1 , that ts r 1 (x) = at•• Hence 

s = L, a1m1x, That ls ~£(a1m1 ) - 1 _7s = o. Choose 

X 6 S nu (possible since M is non degenerate), In this 

case, L_ a1m1 = 1, Let N = R-submodule of R generated by the 

/.

Tllls 1s because T- 1 (.~ 1 -IH/=') = T-
1
(S-'1'-1) = T-'c_s- 1~) ::.T-L.s:'-1 Rp)l 

** 1n fact we can choose f.~ to be flnlte 1 n number. 
1.. 
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a 1•s •. Then MN = R• that is M' is invertible. 

Note: In tbe previous proposition it is clear that the part 

(ii) =;)>(i) follows only·from the fact that M is finitely. 

generated projective •. 

Proposition (3.1.4) Suppose M is an invertible R-submodule 
/V 

of ~~ Let N be any other R-submodule of R. Then the 

canonical map M ® N ,___., MN is an a-isomorphism. 
R -Proof a Tensortng the canonical injection N ~ R wtth 

M over R we get an injection from 

{Si_nc_e_ AI'~ .is_ ,.c:projective, 
~ 

M ts non-degenerate 1f ®M = s-ly -= 
2 

N®M~R@M 
A ~ -

M is flat). Since 

So 

N ® M H s-Ift is injective. Image is 
R 

NM, therefore 

M ® N ~ MN is au lsomorpblsm. 
R 

Proposition (3.1.5} Suppose A and 8 are rings. Let 

faA ~ B be a ring homomorphism. If P is a tint tely 

generated projective A-module of rank 1, then P~B 
A 

proJective, tin1tely generated a-module ot rank 1. 

is a 

Proof a P ~ B is 8 projective and finitely generated. 
' Let q be any prime ideal ot B. Let p be tts'contractlon 

to A. Then p is a prime ideal in A. Look at 

(P <i) B) ® 8 = P ® 8 = P «J A ® 8 • P «J, A ls a tree 
14 !J., q P+ q · A P t1p q A P 

A -module ot rank 1. Hence (P @ A ) «J B' la a tree 
p fl p 11p q 

Bq-~odule of rank 1. That 1s (P ~B) ~ Bq ts a tree 

B -module of rank 1.. 'i'hat is P @ 8 ts a projecti_ve B-module 
q 4 

of rank 1. 
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Remark (3.1.&1 Lot A,B be of as before. Wo bave a group 

hom~morpbism from Pic A r-7Pte 8 taking £-P_7 to 

l-P @RB_7. §ince 

/.-P1Q~8Jca CP~B'Q'BJ= /.-P~BJ[.-Q~B-7 

S!tga!igna a,s, R a?e as before. lo &be rest ot this 

section a• will denote lbe group of invertible elementa 
,..,.... 

of R. Tbe lnvertlble R-aabmodules of R form a group 

under moltipllcotlon uttb the ideott&7 being B. Le& us 

denote tbls bJ K. 

Deorem (3,1,.6.) 

sequence esact, 

"V 

la lndaced l~om Q ~ a. 
Ybe mapping f te defined a. tollowat ~et 

&ben t (a} ca Btle Be ts tnvortiblo since 
' 

-I Ra lla • R, 

lf' ta deft ned as follows a Suppose M ta an invertible 

i-submodole ot B. fben M ts tinltel7 generated projective 

module of rank 1. So lp(U) • f:U.J. lf(Wi) • £n~J. But 

\'18 bQ,VG an lsomorJ)lli81lll am to it ~ N' Therefore 

"f (UN) a Lu a N_7 = £u_7 £N_.7 • If (U) r(N), And 

--7 I Pte R ~ Pte 8, is the canonleol bo.momorphiam, ClearlJ 
• "-* 

1 J.--7 11 ~ R ts e:a.ae~. 

Eaag&oesa a\ a• & (!. • ...___, a• t---7 a) . 

( ¢. e ) (a) a 4> ( e (a) ) o 4 (a) = lla c R. 
....... 

Also let a e R 

sucla &ha~ f (a) c ,0, &bat ts Qa = B. Yhts implies .3- b E R 
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snch th&t ba = 1 and a = la 6 a. Therefore a is a unit 

in R. Tha\ is • a E: R • 

Esactnesa at Ka (ft F----1 K ~ Pte R) 

Let b c ?{', ( \fof)(b) = 'f ( cF (b)); = lf' (Rb) = LllbJ • 
...... 

Sine e b t R , R ~ Rb 

(~~~)(b) = t:a_7. Let 

which is isomorphic to 

(r1-7rb) is an a-isomorphism. 

M be invertible R-submodule of . 

.. 
So 

R. Let the isomorphism be R ~ M 
\ 

a 

(I J..--=,b). Then M =- Rb and Rb is invertible module. Bence 
,...._ /'"'\/ 

Rb is non degenerate. That is R . Rb = R which implies 
~ _,....; r-
Rb = R, that is there exists c c R sueh tha• cb = 1 • 

. ~""* 

Theretore b ~ R • 

fi:actness gl Pic Rr (K ,.!.., Pic R ~ Pte ft.) 
fV 

Take M invertible R•submodule of R. 

""' ""' -""'" = Lf:.MJ = M ® R = MR = R 
R 

degeneracy of M• 

because of the non 

Let LPJ ~ Pic R 
"""" I"'V ~ 

and P@ R ~ R, 3 R•injection from R ~ R, 
R 

""'" Since P is projective, it ie flat. Therefore P-;;' R ®RP~ R ~ P 
,._.. 

is injection. That is P ~ R ® P is an injection, That is ..3 

" ,.._ 
injection So p can be identified with R-submodule of a. 

Claims This submodule is non-degenerate. 

Consider the canonical injection from P ~ Then s•lp = P ® '; r-., R 
t< .. 

is injective and image is 
/V <"--' rv-" 

RP. But P @ a := R and so 
R 

and P is non•degenerate. Since P is finitely generate~ proJective 

of rank 1 and non-degenerate, by the proposition (3.1.3}• it 
I 

ts invertible. 
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Conseauences of the pre~tous Theorem• 
........ 

Deflnltiona The co-kernel of tbe ho~omorpblsm a~ K, 

ts called the group of classes of invertible R-submodules of 

"""" R. In case R is a domain, it is called 'ideal class group•. 

If Ple R = o, then Pie R ~ group of classes ot invertible 
_,.._ 

R-submodule ot R. 

It R ts a domain, then Pic 1f = o •. ClearlJ 

tn this case "R = quotient field ot R and so Pic R = o. 

R!msfs ,3.l.f1• If ll ts a noetherian ring, then Pic·'R = o. 
f 
I 

P£go'! In tilts case ·a will be semi-local. 
n 

Let (0) = (1 ql be a reduced primarJ decomposition of 
L~l 

(o). Let pl be the associated prime ideals ot 

q 1 \1-1 = 1 ,2, ••• ,n. Then the set ot aero divisors ot R is 

"' preetsel7 ~ p1 by the theor7 ot primary decomposition • 
.... , "'" 

Bence S = (R - ~ p1 ) ts the set ot non-zero divisors of ,.,., 
R. 

Now 3 a one to one correspondence between the prime 
with the prime ideals of R, , 

tdeals ot a /whtch do not meet s and maximal tdeals of If 

correspond to prime ideals ot R which are maximal with 

respect to the proper&J of not meeting S and' the latter are 
........... 

found among the prime ideals p 1,p2 , •••• ,p
0

• Hence R is 

semi local. Since finitely generated proJective modules ot 
.-

constant rank over semilocal rings are tree, .we get Pte a= o. 

Remark (3.1 .. -Gla 

Pie R = 0 for R 

From the Proposition (2.1.5) we know that 
'' 

any U.F.D. We can observe that this 
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mea~s the ideal elass group ot an u.r.D Js tl'ivtal. 

f 

Bagmple~ Let R be the ring ot algebraic integers in the 

number field Q(~). Then one can show that R ts a 

U.F.D. Hence the class nu~ber ot ~ i.e. the order ot 

the ideal class ozoup ot a ls 1 • . 

S2, 
' 

Deftnilio!! I Let' C.&~ category of all f1ni tely generated project! ve 
' 

R-modules. Let I =>free abelian group on the ~enerators (P) where 

(P) den'otes th3 isomorphism class of the fiottely geaeret.ed 

projective R•module P. Let Y = subgroup nt X with generators 

( P(f) Q) • (P) • ( Q) where P E. c. Q E c. Then the -group ~ is known 

as grothendieck group of R and is denoted by K0(a). We let ~p_] 
K 

t~ denote the coset ot (P) tn ~ wb~re P E c. 

Remark (s_.g.Jl·: An1 element of K0 (R) can be v;ritten as 

ro- L-V 01' as L-PJ .. LR0J Where P,Q_ t c and D 

positiYe ~nteger. 

Proof& 

a 1 e Z'. In K0 (R), the image ot this elemeat .'3i11 look like 

~ niCP, J. Not.e t.ba& if P~Q ~ c~ then fP (i) Q J • fPJ 

£Q J. lt o ts a positive integer, then a£P.J • fP ~ P 

~ . . . . ~ !7 = rsome i)rojeeti ve mocluleJ. If n=- m, m 

positive integer, then nl-P-2 = -mL-P ~~ =- ~ ~rojective module~. 
Define 0 fP J = o. Using tneae '[ u 1J.-P 1.J 0311 .be written as 
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2nd parta Choose a finitely generated projective module 
r I I D 

.{L such that ...Q ® x ts free, say -t..~ SL = & , n some 

positive integer. fhen ~~-7- l~_7= l-~_7+ l~_l- l~_l- £~.7 

a ~ ~J- L'n_ ~ .ri.J • 
• l-T_7- l-R0_7 where T E c. 

§3. Aupendi:tu 

Definition a A ring a is called grided ring if it is a direct 

sum of additive subgroups Rq ot R satisfying the relation 

RqRq' ~ lq+ql 
l o..ver the set 'II. , q., q rang In,g·.j 

B is' said to be homogenous of degree q 

and ls different trom o.Bo tn a graded 
.... 

a direct decomposition a = 2: aq • 
.,.... .. -"'0 

if it 

ring 

An element 

belongs to 

R wo have 

It S ts a subring of n we say that S is graded 

subring ot R it S is &b~ direct sum of its subgroups 

that ts tt & = L. sq. 

of 

a q 

and a1 are two graded rings R = ra , a1= L a1 , 
,_q -v q 

a homomorphism t:f of ft tnto a1 is satd to be homogenous 

ot degree s tt 'f (Rq) ~ a!+s , lor all q. 

Defiaittqa: Let 

the sum is direct. 

a be a graded ring, say 

A graded module U over 

0.. 

R = )_ ft , where 
..y:_.... q 

R is a module M, 
~ 

together wt th a di.rect sum deeomposi tion M = L Mq ot the 
.,...v :- --"""' 
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additive group ot' M", such that, for 'every pair ot ·tntegers 
Nonzero 

(q,r), we have aruq ~ Mq+r• ;·' , elem~nts of, llq are said 

to be homogenous of degree q. Given any element & c M, 

we can w~lte in a unique way 

where all but tin1tel7 manJ 

l\r 

z = L. & where 
"""""' q 

x •s i are o. 

Example! Let R be a ring. The polynomial ring 

and 

RL-x1,x2 , •••• ,x
0
_7 to 

Every el em en&• r in 

p =PO + pl +•··~+ Fj 

to~ of degree j. 

n in determinates is a graded ring. 

a~x1 ,x2 , •••• ,x
8
_7 ean be written as 

+••• where rj ts either 0 or a 

Lpmar (lakaJama•s lemma f~r Graded modules). Let M 
D() 

be an3 graded module over R = 2.... a1 • Let 
I L=~ 

M = D& 7 U = O. 

u. 
out 

3 

We have M = nt lmp~t,s II = 1M = J:lu = ••••• , 
= n ljM (defining 1° =B). Note that 
J~ ~ 

~ M j + U J+l +.... where M = L~D u1 is the grad at ton ot 

Benee U c .n !jU~ n (MJ+Mj+l+• ••• ) • Then it will turn 
i~O (f/0 / , 

that (l (UJ + UJ+I+ •••• ) ~ (~). lt it is not (0) • then 
1~0 ' ' ' 

:r /z 0 • :r belongiug to 't'he inte7se41Jol2. 

s = x 1 + x 1 which implies s d u 1 +I + u1 +a+ •••• 
1 a•· • • •+ a, T m m 

1111 
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and which ls a centradiction. 'Hence M = o. 

Remark (3,3,1)• R as tn lemma. Let u and N be aay 

graded R-module and N graded R•submodole ot U, then it 

N+IU ::a M we get N ::a M, 

Proof a Now 

by Lemma. That ta M = N. 

=I which implies M •=0 

Dettnttlona R ts a graded rtng (gradation b7 non-negative 

integers), A. graded module over R ts said to be g.radecl ,free 

it tt has a basis ot homogenous elements, 

Detlultloaa A graded module P ls aal,d to be graded projective 

tt J another graded module <:s such that P ~ Q (with obvious 
' ' 

gradation) is graded tree, 

Prgpositton (3,3.J) A gr~ded mod~le P over a ts graded 

projective ttt lt is projective in the usual sense. 

Proof a By the definition ot graded projective module lt 

it is clear that graded grojecttve ~ projective. Conversel7, 

suppose P ts p~ojective in the usual sense. Choose a set 

LXt3. ot homogenous generators tor P, Let F be ~ tree 
·~1 

module on a basis (e 1) 1 & 1 , that ts F = L_Be1• We grade 
i. f:L 

FD, =,..,., ~~. ~!,, (118 = mth homogenous components 

ot R), Then F = ~ F0 • Dettne ~~~,~ P by t(e1) = zt• 
"'), 0 

tbts ts a graded homomorphism ot degree o~ ~ince P ts 

as follows 

* projective, ~ g a P ~ F such that lola ~ lp , 1 We detine ' 
l 

h on graded component ot P and extend tt' b7 additiYl&J •. ·'' 
I ' I 

*i'le defl'ne a graded homomorph1sm h:P~F to sat1sfy the 

cond1 t1on 
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Let p E P n , then define b(p) = nth component or g(p), 

R'!ltnearit.z of ba For m e Rm' p ~ P
8 

h(l"mP ) = (m+n)tb 

component of g(rm p), Therefore h(rmp) = (m+D)tb component 

ol rmg(p) = rm(ntb component ot g(p)) = rmb(p), It can be 

easily cheeked that fob = lp' Enough to check it on tbe 

generators. Suppose deg x1 = u 1 • Then (fob)(xi) = t(b(x1)) 

g(x
1
)) = a 1tb component of t(g(x1 ) = t(n1th component of 

(since t is of degree 0) = n,th component ot a 1 (since 

fog = x,). = x, (since 

shows that fob = lp , 

a 1 ts homogenous of degree a 1). Tbta 

Proposition {3,3.21 Let R be a graded rtng (gradation by 

non-negative integers), Assume that B0 = K, a field. (For 

example a= JL-X •••• , X
8
_7, a polJnomial ring over a field 1). 

Let P be any ttnltel7 generated graded projective module over 

R, Then P is actually graded tree. 

Proof a Since P ls finitely generated graded projective, 

3 another finitely generated graded proJective module Q sucb 

that p $ Q = '· r ts graded tree. Let I = Rl + •a + ita + 

ot e. Then I ts an ideal of R. 'fensorlng p + Q with 

R , p L F Bot 
p _g t.... graded y we get iP a:> - - are IQ = IF ' IP ' IQ ' IF 

modules over the ring .!! = K. That is 
p Jl.. , 

J = Ro - -IP ' IQ ' IF 
are graded vector spaces over k. (Here I( has trivial 

gradation K0 = K, K1 = 0 tor i ~ 0), Choose elements 

x1 t P , 7~ ~ Q ,: 1 ~ i ~ n, 1 ~ J 'm homogenous such that 

the elements Li"i] 1 ~ i ~ n torm a b&mogenous K-basie of ~P 

• • • • 
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and ouch that elements i i ~ 1 ~ J s m form a homogenous 

K-basls of Q/IQ. Then clearly {ii\UfiJl ts a homogenous 

K-basis ot ~F • Let P1 be the R-graded su~odule of P 

generated b1 x1,x2, •••• ,x
0 

aad Q1 be the submodule of Q 

generated by 7 1,y2 , •••• ,,m • Clearly P1+IP = P, Q1+IQ = Q• 

So by the 'Remark (3.3.1) P1 =-P, Q1 • Q. That is 
;,.. 

[x1,a2 , ••• ,x
0
J is a homogenous system of generators tor P. 

Simllarlz {,1,,2 , •••• ,,
0

] ts a homogenous system of generators 

for Q. ''We shall show that s 1 ,x2, •••• ,a0 are linearly 

independent oTer R. Aetually one can see that 

[ x1 ,z2 , •••• ,a
0 

, ~ 1 ,, 2 , •••• ''m J ts a basts for the tree 

R-module F. Note that rank2F = dtmi~~ = n+m • Let 

[ e1,e2 , •••• ,en+m) be a homogenous R-basis of F. Clearl,-

generates F as && a-module. 

»eftne a Uap t F '-----? r taking e 1 to x 1 to11 1 ~ l _< n and 

en+J to 7 J for 1 ~ J ~ m. This ts an B-bomomorphtsm. Also 

lt ts surjective. Bence thla must be an isomorphism. That 

ts ~ x1, •••• ,x
8

,71 , •• ••1m r ts also an R-basis of F. So tn 

particular { x 1 , •••• ,xn1 and ly1,,2 , •••• ,JmJ are linearlJ 

independent. Therefore P ts R-graded tre~~ 
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StablY freamodoles, regBlar rings and Bllbe!\'f 
s.yargr Theotstm 

11• In this Chapter which is comprised of one section onl7 we 
shall tnwestlga\e a category of modules ealled stably tree modules 

and apply it to prove a general version of the clasaieal theorem 

of Utlbert on SJ&ygles. 

Deftntttona A !-module P 
I 

integers r,s such that 

is satci to be slo.bi.J free if ..3 posltiwe 
~ I ~ s 

P ~ a = n • 

Eswmole& All free modules are stably free. 

I 

lemgr~ (4.1.1} All projective modules are not staoly tree. 

Proof: Suppose 

\bat la 3 r,s R 

P 1e a projeet1Ye 1 mod~le which is stably f~ce, 

such that P ~ ar ~ R8 which implies rank 

P = (s-r). That ts, P has constant rank, Ybie shows that any 

projective modules ot nonconstant rank will serve as an example. 

Consider R = K1 a ~2 (&1 =fields), Then 

P = K1 z (o) ts projective, but not stably tree beeause P 

does not have constant rank. 

Pr0RAA1tion (4,1.J} Let P be a finitely generated proJective 

R-.module. Then P ts stably t~ee iff ~~.7 6 ~a_] ~. where 

CRJ 11 means the subgroup of K
0

R generated bJ CRJ, 

Proof a We use tbe notations o t §2 of chapter 3. 
s 

Suppose P is stably tree, Tben there exists r and 

positive integers sucb that P ~ a~" ~ R8
• Hence 

CP li) a' J .. .Ca8j. Also £'*P iJ a~'J a fPJ *Cn'J. So 



f.-P .;.7. + ·t._,rtr".-7 = :{·~a~_7_.~hiclr implies L~PJ+ :~L*'I_7= sf.~R_], 
that Js /.~P:_7 -~ '(.s-r) L'-RJ. e /.-R~7z : .•. : 

· Next· su·ppos~ -·z~P~]:_E t.~a_7'i .•. _·_.-·wri-te: 'l~~P~l=· .. D:L-:aJ, 
that ts .. (P). ··~- 11(R)' ;£ .:y··~· ... ·W~-i t~ .. _. . . ·. . : ". . '. . . . . . . 

. . . . 

Jf) ~ n(R~ ~- t:ni£'{1'~1 · +,;·q1).,~ .. (P1)' ~~·_(Q 1 )J·.,·.·_·:_ Wl~·~ou~ :. 

l()ss . o'f: gener~li t~. we:· can: .\a~~- . ~i. =-·.! -1. •: .. ..-~~n ~Y .. '~~~ing., :~ 
' . . ' . . . . . .s . . . . 

(p);.:. ~'(Jl):. =· f{.\Pi: +:,Qt)>~-. (Pi)'- (Qt)f- :L{ ('P,J ,+' QJ)-(P.j)-(QJ)j. 

Tne~ef~re,, ,-(pJ~ .. +' .;t<~J- + .. Q.j).~~.:. £. (~1 > .. l:r>f-.(Q1) · . ·. 
. , 'T" . : . tf"l'+l · , ,S . . . . . :UI . . .· t__.,1 .. ·. . . . .. 

=,.· .n(R'): + :.[ {'P1 ~ _Qi), ~ -~ fP .t·r + .. t·. {~a;:~ •. :~~nee. x · is 
.. , ' '. 'l..::J , , ... · .... I a=Y-tl .. ,, , 'j=r+l' '.: ... , . , . ' ·' '• 

_r·~~e··a~a,i·f~~-gr~~~-?n ... g·ener~t:~rs ··(~), w(i get_;if .[(P1 ) = t,(Qi), 
, ' I, ,r • ' .: ':. ::• :, '..' .' ' ,• 1 = ; • ' •. I , 1 " , ' . ·~: • ' , ' ': , 

then· ·.&~ P· · =· Lin Q: · ... · So· wE):· ·get 
. 1,;!;.1 i. ..\;!;/ i' .• 

. ~ .. ; s .. ~ :. ' :. .,.. . . .. < .. :·~ .. < . 
·p: ~ L ·p j ~-- .r:. Qj, (f) .L:" pI 'EP .L Qi 

j_=r"-1-f .. rr-H.·· ... _'-.-=.•. ·'·' . .._.~~- , . . . . . ·li . . .. ,... . . ' . . ' . . . 1" . . . ' . . 5 . .. . .. . . . s ' . ' ' ; . 

1- ; ; 

~-.a ~ ~. P1 -~-.LQt ~-~~J lfl._L Qj • ·wr-ite. . __ 
... i,. . L:= I . · S L . .: I;,,.,· . (}'. r"+ · . , J": T'_-t-l . , . : .' _: . ' • . , ' n · · " 
~ P1 ::::·.L,_,. :[ 91. = ~· , ... we get. P .. m L,@ M =· R. ~. L @-14~ · 
··I.~ I''- .... ' . {_,.~ •.. !_~. [. ·•• . .,.,, ..•• J • • • • • 

L -~ M . is projectiv·~ 9 . ..J' finitely generated ·projecti v~.-

~~d~~e: ,,·· -~~_ch. -~-~at::.·L.~··_M;·~t ~'ait,:~ ~-.. ·~·.;,>.so.·_<J,··~-~k= Rn e9 ak 
, ~ , , , • , 1 : , , ' , , . , 1 ~ 1 , • , ' ~ ' , ; ,' , ' I • , ' • , ' ,~ • ) I . k n+k . . ... . . -
which i•p~·~~· ~:$R =. R • That·ts .P is stably trea.· 

. \·,, .· . 
. . ~· -~· 

::_: ..:. ' . ,.· 

. • ~ . ! . . '. • i ' ., .' :: ... J ' : t • ' 

~- . . ; ·, 

· ... , 

.. ·: :_ .. :.,). 

., 
.; ... ' • it .. _;' · •. 

Proposition {4,1,2_) Suppose P ~ c, admits a resolution by 

·--fini tel;y generate~ free modules; then. · P is st.ably free, 
. ' . . .~ .. ' . ' ' \ . 

Proofa .. . S;uppose. t~e resolution. be 
. . ~ . . . . '• . . . ' . . 

o __ ~ ~n ~ Fn-.·1 :.._, .·, •••• ~-t F ~ ~ r0 ~ P -~ ~· :·· w~ get short 

exac-t sequences a_·. 0 ~ 1.1 y F 0 ,_,. P ':'-? O, .· · 
. ' . . . ' .· '' ' -

() ~ L2.~r r 1 ~ _·L1 ~ o, ...... _H 0 ~ 0 ~--~u~ _ Ln;·~ o, 
Now P p.rojective,,_·_~: L

1 
projectiveJ· --~ ··;.fJ..'. 'proJe-~tiv~ek. 
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So F 0 ~ L1 (f) P , F l ~ L2 ~ L1, ••• • • • 

F n-l = L
0 

tJ L
11

_ 1, F n ~ L0 • Therefore £F o-7= f.-P J$ /.-L1_7, 
/.-F 1_7 = /.-L1_7 &) /.-La-7 • •. • •• , f.-F 

0
_7 = f.-L

0
_7 • Taking 

alternating sum we get /.-Fo-7- ~P1_7 +~Fa-] - ••• +(-l)n-l~P0_7 
= /.-P _7. This shows that /.-P _7= n/._R_7 tor some n ~ a, 

that ts P ts stably free. 

Definition a Suppose R is a ring. Then R is regular if 

(1) R is noetherian. 

(it} Every finitely generated modules M oYer R admits 

a resolution of tbe type 0 ~ p •-+ p ~ • • • _., PO~ M ~ O, a n-1 
where Pi are finitely generated projective. 

Examplea BvBry field is regular. 

Jheorem (4.1,1)a It R is regular, then R~X1 ,x2 , ••• ,X
8
_7 

ts regular tor every n t:- tN. 

Lemma ( 1): Suppose R is a. noetherian ring. X ts an , 

indeterminate over R. Let N0 be a finitely generated 

R-module and M be a Rl_X_7- submodule of 

Rf._X_7 ®~N0 = N. Then 3 finitely generated Rf._X_7- modules 

A and B of the type A = ae,x_7 ~ A0 and 

8 = Rf._X_7 ~ B
0 

where A0 , &0 are tint tely generated 

!-modules aud homomorphisms B ~ A and A ~ M such that 

0 ...._, B~ A ~Y ~ 0 ts exact, 

Prgota 
-t-

Nt = ~ x'wo. 
t.:rO 

a = a_ + Ia. + 

Considering N0 as a R-submodule of M, define 

Any element a G Nt ts ot the form 

x2a ........ + xtaA where a .. €: N ... . 
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Also N_0 ~ N1 c.. ,N; ~ • • • • •. Also -~t ·c~ be seen that 
. . . . . ' ' ' 

.N ~ U Nt• · 'lake s t- N , <·then ·x ·=. _1 ® a0 :·X~ a 1+ ••• + X ··(J) at 
. -t~u - . 

!'her_e· a 1_ f. N0 -\f .1.- Tben· _x c-Nt · by ld~ntit·te'atlon of 

1(.1' ® a
1 

with . · X-1a
1

• Also Nt c N -t:f-- t. Therefore· · 

N -~· l/' Nt • Define Mt· aNn m,. 
. i.?O . 

M = U· f1 N = M fl (U Nt) c:a U (M fJ Nt) = U Yt and 
. -t:.1P t.~o . i:":!.o 

.u0 c .141 ~ M2~ • •• • • • Since N ts a finitely generated 

R~X_7- m~dole and R~X_7 is noetherian, M is a ttnitely 

gen~rated . acx_7- submodole. Let . m1,m2 , •••• ,ak ·_generate 

~ as a[·x_7- .moclule! Take n large enougta so that 

i ml ,m2, • • ~- • ·~} f.Mn+l • 

'B = R ~~ 7 @ 1&
8 

• 
. '- - R 

Define A = RCI ] ® U l • 
-· R. D+ 

Deti~e··s I' A~ :u taking Xt t1Jm ·to x'm·· ·and extend.by 
JJ_· 

ltnearl~y. Suppose a GM, th~n a.~ f;t1ml ~here tis 
are polyno~Qials in X. ·Also )_ · t 1m1 = e ( .L·· t 1 ® -~t.>. 

. t= I · t.::: I · 

which ·implies 9 ts surjective. Define cp a a· 8 A as 

f(X~ X m) = xt+l @ m - x' @ .Xm and extend by ltnearlty. . . 

m· t MD .f ~~~+1 

well•detined· 

and m 6 M0 implies Xm € Mn+l• So cp is 

· Cf .aDd . tlJ al'·e _ R£XJ- homom~r~hl_sms • We need 

to' show that· . 0 . 8 B .,____.,.A' H · M ,__,. 0 is exact. No" 

(e·i .. ><i~ s m)·=_',tf-(x'•1 ® m- ~~·~_Xm)= x'•1m- x•xm ... a-o·. 

Th_eretore ·{)~·f. ~ .. · o.: ... 
·: -· '. 

cp ts. ·ln~ect1Y~I Suppose cf5 (x' ® ~, + xt-l ® a~~~ + ••• +1 ~ a0 ) 

= d ~b~~~ a1 :·~ M
8 

.. ~nd a,~ o. This show~ that 
i+l ' t ,. t;.:.l . 

(x ·®a,-. X ;@ xa,) + .<x ~ at~l - X , @ _za,_1) 

~-~ •.••• • +· ~~:®a~··; 'l @:·,~o) :?=. o. 
' .. ; . . -·~. ' ' 
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That is xt+l ®at + Xt ®(al-l - lat) + ••••••+ = O. 

Which implies a1 = 0 , a,_1 - Xat = 0 e.t.c. Therefore 

a1 = 0 is a contradiction. So f is injective. 

Exactness at A: Since e cp = O. So image c/) £ 

Let z '=A socb that e ( z) l:j: o. 
Ker 19 • 

t t-1 z =X ®at+ X ~ a,_1 +•••••+ X® a 1 + 1 ® a0 where 

a 1 t- 11
0

+1 • a 1 t- MD+l implies 

D+l D a, = .:xl,n+l X + -"l,nx +•••••+ -At,o where 

~ l,n+l e.t.c belong to No· T~z) = At,n+l xD+l+t + 

lower detree terms = 0 • So ]\. t, n+l = o. Therefore 
n n-1 

8 t. o /\ t,n1 + .:::\ t,n-1 1 •· • • • • .+ .At,o ~ 14a • 
> t 1 

Call Y = z- ~(X- X a,). t9(Y) = S(Z)- 0 = O. 

t J t-1 t 
Therefore Y = a ® at + X ® a,_1 +• •••• + 1 ® a0 • X ® "t 

+ x'-1 ® xa, = xt-l ® a,_1 •· .... + 1 ® a0 + x'-1 ® xa,. 
We prove Ker G c lm.age <(> 1»1 induction on t. If t = O, 

then Z = 1 ® a
0

• S (Z) = 0 implies a0= 0 and hence Z=O. 

So Z = rjJ(o). Let us assume the result tor all a<:: t. !hen 

by induction Y = 4' (!: ) , -c & B. Z = Y + cp (x'-1 ~ a,) 

= q> ( y ) + cp (xt .. l ® a,) = ¢ ( T ! xt-l ® a,). Tb~t ts 

Z ~ Image cp • So O~B~A~M~O isexaot. 

Lemma (tl) Let R be a regular r:tng. Let M be aBJ 

tlnltely gen&rated Rl_X_7- module. Then ~ an esact sequence 

ot the folloulng type: 

OI---}P0~ Pn-l~·····t---)'P1~ P0 ~U--}"0 where Pia 

are tlnltely generated projective a~x_7- modules ot the 
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tol"m P 1 = R/.""'X_7 ~ Q1 wbere Qi s are tini tely generated 

projective R-modules. 

Proota M is a finitely generated R~X_]-module 

implies 3 n belonging to N such that R/.-XJn ~ M ~ 0 

ts exact. Let 'if" be t.he kernel of R/.._X_7° ~ M. Tben 

o M if ,...........,acx_7nl---4 u ~o is exact. ~ is a finitely 

generated 'RCX 7-submodole of Rf.-x ]® tm. So applJing 
- - R.. 

previous lemma we get. J A ~a R/__X_7 ®R. A0 , B = at.·x_7 ~ a0 

where A0 , B0 finitely generated R-modules such that. 

0 ~ B I-} A ,___, M ~ 0 1'8 exact.. Since R is regular, 

~,80 ltnttely generated a-modules, we get exact. sequences of 

the form 0 ~ X
8 
~ 1

8
_ 1 1-7 ••••• ~ X0 ~ ~,____, 0 

0 }----} Yk t---7 Yk-l ~ •••• ~r0,____, 80 ...._,o where x1 and Y J 

are lintte17 generated proje~tive R-modules. B/.-X_7 ts a 

flat a-module so we get exact sequences of the form 

0 ~ X8 ~ B[!XJ 1-1 X
8

_ 1 ~ RCX_] ~ ••••• ~A ,___, 0 

and 0 ~ Yk ~ R/._X_7 ~k-l @n.R/._X_7 '"7•.... ~ B i----70 · 

Wl'lte c., = x, ®~ex_] ' o, D Y, ~ acx_], that ts the above 

sequences look like 

o ~ c
19 

,...__, e8 _ 1 t-t • • • • • '--'i c1 ~ c0~ A ~ o 

'\f (•) 

Here cp ls the map given by the lemma • Since 

.ts projective, 3 a map : D0 ~__,c0 • Also we have a 

commutative diagram o1 ....._, Image o1 

t 
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•• j 

So 3 a map .:· n1·:~ Cl ~ By 'this 'way~ ··we get ·mappings· 

t s D
1 
~ c

1 
vi 1 and the above diagram (*) i$ commutative. 

o·e,ttn~ :. Zk = Dk~l ~ ·ck -:tor· k.i l .- z0 ~ ~O ·!> ... ··~Qet:i~e: 

i .' ~k -~ zk.:.l by '1 (d, c)'_ =· c~d(d)' ' d. (c), __ 'if -~:(d0 •. 
Therefore· 1 .. · is ·R{~x_]•:homomorphism.~ · .. :·.: 

. ' 

We· neid to sh~w t•at \ "' .. 

• · .•• .":·~zk+t -J---o).z~·~.zk-i.:~. ~ ••.•. ~ · ..;;;z1 ~ z0.~:-:-7 o ts 

eiac't·. · Jt's. easy to:see that "1-~=· o·~ .. Tak~ (d,c) .. t. Zk 

s'uch_ that "'1_. ~d,c};= (0,0), th·at iS -- . ,, 

-~(c) + t(d) = o· , o(d" ·= 0 • C) (d).= :0 .. imp.li~s. 3 ' 

d 1 i= Dk . $u~h that.·. d. :=a (-d 1). ·Theretor.e ., 

'd ( c) + r ( Cl ) · = d (c) + t ( ';) (d.!) ) =· 'd (.c) + 'd ( t ( d 1) ) 

= 'd ·(e .. + t(d1-)) •. :c: +: t(d1)- ~ct , . so .~.+ .. ~(d.~) =d(e~) 
. . . . I 

·r· L ""c ···c· td· · ( d 1 • 1 ) or c .. -.:: ··k-1>1 • · · ons . ~r. . - ·. ; ..... ., ... - . , 

~f (;..d1, ~1 > = f.;..·'d (~d1r , --'d t<l> .... · rt-.d 1 lL .. 
= ('d(d1) -,'d.(c~ ~.t(d~)L=· :\d.;c} ..•... :so the s~quenc·e is . - .: ... . . ~ 

:exact· at ~-ach: -~ .. ~· .· .. ' 1 . ' 

N e:xt w~ w~ 11,:· sl;low ,that Cote~: ~'j ~ · :Zo(=:= c0 ): = Coker ( 8 J.-4 A). 
i •• 

.. . . . zo co 
Coker zl.~ Zo = Image (zl ~ Zo) = ,.ld;;:....(~c-1 .... )--.-, .... (P!!D,_o_> 

Coker B ~ A . = ··-.. o;;~:...m_a_g_e_('P"!B-,___,--A-) :a 

c 
· A 1 so· .-A = -..~.1-0----(.,..c~·~----c~) · m.ag e · 

1 
~ 0 : 

'l. 
'!".: 

Image (~0 ~ B ·~ A) 

c' 
-~oker · . B t---7 A = · 0 · · · · · ·· · · · · . 

, . :, Im~g~ (c1 ~ c,0 ) _+ -~~ag~ (o0~ c0 ~A) 

·· ~ ·· Co .. · ·Therefore Cokernel of . 4~,, 
~tc 1 ) .,. t(n0 )' • g,~ 

z1 0 z0 = Cokernel. of B ~A. 
-~-

(B ~ A) = M_ { ·: 0 ~ B ':---7 A. ,..__, M ~ is. e ~-.. ~ ~;) • '5 :J 
. -.\ ....l 1( I 

• •• Ao/_: '·~ f"'' 

'~< ·<t >----:~\\ 
'\ >---.-'! f"~;- qll\" 

•, ·:. -::.:.:__._ 
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f""--/ 

We get •••••• ~ zn ~ Z
0

_ 1 r---, •••• ~ z1 ~ z0 ~ ~ t---7 o 

is eaact. We have ,zk = Dk-l ~ c, = (n£~X_7 ~Y4L1 > 
~ (R/.~X_] ~ Xk) = R/.-X_] ~ ( l'k-l ~ Yk). Z0=Co= R£X_] ~ 10 

Here x0 and Yk-l ~ Yk are finitely generated projective 

R-module tor every k. Therefore Lemma ts prove~. 

Proof ot theTbeorem (4.l.l)a The above Lemma shows that 

R regular ~ a~x_7 regular ~ R/.-x1,x2 , •••• ,xn_7 ~ 

regular for every n. 

Remark (4,1 1 2} lt n ......., S is a homomorphism of commutative 

rings, then 3 a induced group homomorphism from 

taking 1..-s ® P ]. 
R -

Also if 

R r--, S ~ T are homomorphism of rings, then the compost te 

map K0(B) ~ K0(~) ~ 1 0(!) is induced from the 

composl,te a a~ T (ActuallJ K0(R) is a functor from the 

categories of rings to the category of groups). 

Corollary (t) Suppose a Is regular, let x1,x2 , •• ,.,Xn 

be indeterminates over R, then tbe homomorphism 

K0(a)-~ K0 (R/.-x 1, •••• ,x
11
_7 ) gt ven by 

(.-P _7 .._, /.-R/.-x1, •••• ,X
8
_7 <l P _7 is an isomorphism of 

groups 

Proof a 

. ~ ... , . ; > 1 T 

" .. :;. ~ 
i' : ... : ,_,;." 1 JAi }.!\..""i" .-,_ 

Enough to consider the case of one variable. 

For suppose x0(R)~ K0 (Rl-x1_7) is an isomorphism, then 

working with the regular ring Rl-x1_7 we get 
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K
0
(n£x

1
_7) .._, rt

0
(uCx

1 
,x2.7) ts an tsomo,plllsm and by the 

remark (4.1.2), K
0

(n) r; 1 0 (RL-1
1
,x2_7) ts an isomorphism 

and so &be result la true for o variables. So we will 

pi'OYe for one Variable • ..J a l'lDg homomol'phlsma RCX_7 ,.___, ll 

given by R ,...._., R and lt ~ o. fbe composite 
i * . 

R '---' BCJ_7 ~ ft ie identity on R. Hence the composite 

x0(a) ~ x0(B~X.7) ~ a0 (D) ta idenattr. fbaa ts 

K0 (R) ~ 1 0 (RL-x 1_7) .ts injective. Neat. we will show that 

K0(a) ~s0(R~I 1_7) ta surjective. Let l-P_7 be any 

generator tor &0(RL-x 1_7) where P ls a tinlt.el7 generated 

proJectiYe R~X_7- module. We will sbow that £P_7 ts tbe 

image of some element. in 1 0 (B). 87 Lemma ( 1 i), .3 an 

exact. sequence ot tbe following t7pe 

0 ~n ~n-l ~ •••••• ~ P0 ~p,___., 0 wbere P1 are 
I 

finitely generated projective R~X_7- module of tbe t7pe 

p 1 - acx,_7 '\ Ql where q,.. are tint t.e17 generated 

a-module. 'tben ~~~7.- L-Po-1 + ~P1_7 + ••••• +(-1) 0
-

1P
0 

= o 

cblcb implies ~'-7= ~Po-7- ~P1_7+ ••••• +(-1)
0~P8_7 

= CR£1_7 (I)R QoJ- ~.-~~.-1_7 @RQlJ+•• .. +(•I)D£8/_-1.7 ~ fl,.J• 
So /.-P_7 c:. Image of &0 (D) 1~K0(R~'fJ). Renee 

K0(B) 1---7K0(aCX.J) ts an isomorphism. · . · . 

*here 1 means 1Dclus1on map. 

eorolla•x (11) Suppose R is a regular local ring. Let 

1 1,12, •••• ,10 be indeterminate OYer Re 'fheB &nJ t1olte17. 

generated proJecttwe R£-x1,x2 , •••• ,x0~7- module is stablJ 

tree. 



.... ·65-

Proota 

Now J:ocal impli e~, ·anY tini tely 
• ',' ,. I ' 

generated· proje9tiYe a-module ts ·actually. t~ee.·. · T~:at ·is, 
• • 0 ' L 0 . . . . ; . 

K0 (a) 7i .. CJJ z .:.· Bence· K0(~f.-x 1 ,x2 , •••• ~~8_7) ts also 

' .. 
by Proposition (4.1.i), an·y tlnlte)y 

• : ~ ' , • ' •l , •'' , ·, ' ' ,, • , ' ' I , • : ' • I 

n{•x1,· •••• ·,xn-7- .mo~ule 1~ e.tably 

free-. 

Remark (4 •. l.:t)'a. ··suppose .. K ts a tteid ; 1 1, x2, .- ••• , Xr& 

~re n , -lndetermtnat~.s·. Tb.en 1(. · i~ regul.ar .. aQ.d local. 

by Corol.lar.v (11). , any .tinttel.; generated projective 
•" • , ' I ' 

K/.-1 1,. ~ •• ,X0J- modq,l.e. ,t,s stablJ tree~ 
. ~ i 



CHAPTER 5 

Serre's ConJecture 

Tbis chapter is devoted to the proof of Serre's Conjecture 

L- 6 J on projective modules. In the language of algebraic 

geometry tbe conjecture states that any algebraic vector bundle 

over an affine epaee is trivial. In terms of projective modules 

the conjecture ean be stated as follo~s 1 

£pnJecture 1 Any finitely generated projective module over 

KLX 1 ,x2 , ••• ,X~, K being a field, ts tree. This is trivial 

for n = 1 a for n = 2, it was first proved by Seshadri 

~ ~ _7. Later, generalisations of Seshadri's theorem gere 

obtained by several authors ~ J ~~ ~ i _7. Murthy 

proved the conjecture for the case n = 3 and K algebraically 

closed ~ 4 _]. Finally the conjecture was settled ln the 

affirmative by Quillen L7t 5 J and Suslin £ !!J J simul­

taneously. The proof we give follows the presentation of 

Vashersteln and Suslin. 

Theorem ,5,1.1) (Quillen-Suslin) 1 

be the polynomial ring in n variables over a field 1. Then 

any finitely generated proJective K~x 1 , ••• ,x~ -module P 

is free. 

For the proof ot the above theorem we need the following 

definition. 

Definition 1 Let R be a ring. A sequence (a1.a2, ••• ,an) 

'f elements a 1 ln n is said t.o be unimodular if 
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n 
3 (b 1 ,b2 , ••• ,bD) c an such that. 2: aib1 = 1 • 

i=l 

Remark (5.lel) Let x = (a
1

, ••• ,a
8

) GR
11

• Then R"- is 

a direct summond ot Rn iff X is unimodular. 

Proof 0~ Theorem '5.1.1) ' It is enough t.o prove the following. 

Claim 1 Suppose (t1,r2 , ••• ,fr) is a sequence of unimodular 

elements of K~X 1 ,x2 , ••• ,x~. Then there exists an invertible 

r ~ r matrix uboae entries are in K~X 1 ,x2 , ••• ,X~ and 

whose first row !a (t1,t2 , ••• ,tr)• 

We shail first assume that the claim is correct and prove 

Theorem (5.1.1)• 

By earlier theory we know that there exists a finitely 

generated tree mosule f such that P ~ F is tree, say 

P $ F ~ Rt , for some positive integer -t. Using tnd~ction 

on the rank of F we shall prove that P is tree. ~uppose 

to start with that F is tree ot rank 1. Then the isomorphism 
t o(_ tl' 

P ~ F -- R , gives a split exact sequence 0 ~ R .__, R ~ P .._,o. 
Let _.. l Jlt~ R be a splitting ot R ~ at. Let '- - ~ e 1 ,e2 , ••• ,e, 
be the canonical bas is· ot Rt. Let "1: ( e1) = b1, tor 1 ~ 1 !f. t. 

Also suppose that o( (1) = (a1,a2 , ••• ,at)• Then clearly 

t. 
L: a 1b1 = 1, i.e. the sequence (a1,a2 , ••• ,at) is unimodular. 

1=1 

By tbe assumed validi t.y of t.he claim, there exists a t >c t 

invertible matrix 8 with entries in K~x 1 ,x2 , ••• ,x~ and 

whose first row is (a1,a2, ••• ,at)• The matrix n yields an 

R-ltnear automorpbism at ,....._, at such that if we let 

a= (a1,a2, ••• ,at), then ~(a)= e 1 • Tbe follouing diagram 

is clearly commutative 1 
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o ...._, a _! _.l..,. a' 
~s ~y 

o ~ Re1 ~ u' 

wbere t.be isomorphism R 1----1 Be
1 

ls oef'ined by mapping '1 onto 
' 

e
1

' and the ID$P Re1 ~ a' is &he natural inclusion. Passing 

to quotients we get the isomorphism P ~ a'/'ael ~ at-1 , t.e. 

' p ls tree. Nest suppose F is free of rank greater than 1, 

aar F • Ba where 8 > '· 'lhen ~ $ -P ar ( P ~ a8
-.

1 ) ~ I ~ It J 

b7 abat precedes we get that P@ as-l iS free. 87 tndoction 

we then obtain the result that P itself ts tree. 

'In order to prove the claiil we seed the f'ol·lowing LeDUilas. 

Lemma 1 1 Let R be any commutative rtug. f an tndeter-

- -mtnate eYer a. Let f,g ~ ~~ ~-'• Assume t is monte ot 

degree ~d~. Let degree o L d. Then everr non-zero coetfl­

clent of 1'g' will be 'he leading coefficient of a polJDomial 

ot degree (d-1) lJin~ in the ideal (t.g). 

Proof 1 , •e agre~ to write polynomials of degree ~ d tn 

the form c4_ 1fd-l + c4• 2t 4• 2 + ••• + c
1

T + c0 , by allowing 

c4_1.c4_2, etc. to be zero if neeessarJ• Consider tbe following 

statement A(t), •here t is ana integer such that O~k~d-1. 

A(k) I •For any polynomial g(f) D cd-lfd-1 + ••• + elf + Co 

of degree L d·, and any lnt.eger • t. • each that k ~ t ~ d-1, 

there exists a polynomial 1n the ideal (f,g), of tbe torm 

Ctfd-l + terms of degree less thaD ,(d-1)•. 

The lemma then asserts that A(~) ts true. We shall prove 
., 

the truth of A(k) tor any" k by dJscendlng induction on k. 
Trivially A(d-1) is true, since ln this case the polynomial 



- 69-

itself will do. Assuming &he lrutb of A(k), ge sball prove 

\be trotb ot A(k-1). 

tlr u.e, g(T) • e4-1Td-1 + ed-2Td-2 + ••• + co 

f(t) • rd + a4-lyd-l + ••• + ao • 

Yg(f) - Cd•lt(i). It is of degree ~ d. Coefflelent Consider 

ot tk 18 Ck-l - Cd-lak. So b7 applJlng lbe Yalidl\J of 

statement. A(~) lo the polJoomial Tg(T) - c4_1t(T), we find 

tbat tl:\olte ealato some polynomial A (T) belonging to 

(f,Yg - c4_1t) such &bat (f) • (Ck-l - cd-~a,)td•l + ••• 

( ) d-1 Consider ;x 'f + a11g(T) a c11• 1t + lower degree tel'ms. Since 

)\('f) + akg('f) ~ (f,g), we find tbat A(lt•IJ ie true. Ueneo 

-
Ja wbat follows, tor a rtno n ae snall denote b7 GLr(n), 

&be group ot invertible R•llnear transtorwatio~of tbo tree 

module a". lt l. t. cu ... ( B) and .,La (& 1,&2, ••• ,& .. ) c u!, 
tben 6 (1) will be the reoalt. ot applJing 1. to .1 • Oeea­

otonallJ we a~all contose GLr(H) ellb tbo groop ot • x r 

iower&lble matrices over R. the conteat will make tbis eleal'. 

Let a be local wtlb maaimal ideal • 
1 o (t1,t2, ••• ,rr) be oolmosular eeqaence ot elements in ~y_7, 

assume &!ltd oae of t 1,t2, ••• ,tr ts monic. fbenj- ;. eGLr('R/.-YJ) 

sucb tbat ~ •L = (l,o, ••• ,o). 

l!rggf a 

Hero g 1 ts io~erttble. fake 6 ~ Gt• It 

g 1,o2 ' R/.-Y-1 sueb tbat f 1o1 + t 2u2 ~ 1. 

r • 2, we laov 

'fake 
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belonging to GLa(R~Y_7). 
·' !ben ('' 'i) ('i\= (I) 

12 -rtl 12) 0 

that ls ~-! = ! • So we are through ln this ease. 

fate r ?:- 3. 87 elementnr1 operat.ions ~n .a row (g1,o2 , ••• ,g .. ) 

we shall mean &he following operations or combtnationa of tbem. 

(I) 

ie a permutation ot l,2,3, ••• ,r. 

(2) (g 1,o2 •••• ,,r) ~ (a1 ••••• o1_1.u1 + hgJ,ot+t'•··•'J•···•Or) 
' vbere 1 ~ J. 

I& ls eaa1 to see that tbeae operations correspond to the 

effects of applleat•ons ol invertible linear transto~atlons to 

(g 1,g2, • .'.,u,.). Moreover tf g 1,g2, ••• ,gr ls unimodular, eo 

are the sequences obtained throagb tbese operations. 

Now tf all t 1•a ~e constant tben one of them must. be 

unit. Othenise the ideal <(t1,t2, ••• ,1r/ will beco•taloed to 

, , contradicting tbe unimo•ulartty ot ~· So in this case b7 

elemestaz1 operations ~ changes Into the row (J,o, ••• ,o) aad 

ve are through. 

Neat assume tbat not all t 1•a are constants. Let us 

choose a monic polJnomlal of least degree among t 1.r2, •••• t~ • 

After an elemen&.ary ope rat lon let. t 1 be t.he chosen aont·~~ pOlJ• 
'-· 

nomtal of lea~& degree. 

Now we will appl~ Ruclldean algorithm which asserts that if 

ft la a commutative rtng, and· t,g t ~x_7 (polJnomlal ring lD 

one Yarlable) ot degree ~ Q and o Ia a monic polynomial, t.be~ 

3 unique pol7nomials- q and ~ belonging to ~x_] such &.ba&. 
-

t = gq + r and deg I' <. deg g or ~ ii o. AppJ~ing Roel14ean 
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algoll'llhm to t 1 and t 1 for i ~ 2 we gel & sequence 
/ ,- I t' / 

(t1,g1,g2, ••• ,g,) wbere el&ber a1 • o or deg s1 ~ det t 1• 

Nov ve choose a monic polJnomtal of leas& degree among 
I I r 1,g1, ••• ,g, and repeat the process. Now lbls process stopa 

wben we reaeb a sequence where one of &beg 1s monle and o&here 

are either aero or non-monte of degreoa strlctlJ leas than the 

4egree of lbe monic pol7noata1. Hence after an olementar1 

opera&loa we can assume &bat the given sequence (t1,r2, ••• ,t,) 

le sucb tbat t
1 

is monic and tbe o&bers are non-monic et 

degrees lese tban that of t 1 • Let deg t 1 a 0, tbea 

(t1, ••• ,r .. ) • (t1,o,o, ••• ,o) and ve are t.brough. Let d-eg· f:
1
z.d>,r 

87 uoimodalari&; .3 g 1,cr2, •• ••Or ~ a,Ct:J sue!l &bat 

r r ~ ~ t 1o1 s 1. Reduciog mo4ulo 'll-1 , we gel 2:::: ~1i1 • I 
lml l i•l 

where i 1,i1 -G ~rJ. 

J not all i2,i3~···•'r ar' zero. »or other•15e 

'ail • 1 ~ 11 
of ~ • Let 

ani& ot .I ~. 
I 

is a unl\ 1D ~_7, that !a ! 1 la a unlt 
d 4-l 

.t I • f + .AI I + • • • + 

d =a o, a contradtctlon. 

~d. Now, 11 is a 

Bence cl&lm ts proved. 

.Assume t7lthout Joas of genertdl,lJ" that 12 y. 0 wblcb implies 

r 2 taaa a eoetficteo& wblcb does not belong to Wj , that l&, 1& 

is a uait •a• ia a. ii.& lltn'e deg t 2 ~ 4eg t 1 • d and 11 

ts monte. So bJ &.emma 1, 3 a polJDOmlal g of degree (d-1) 

l71og in &be ideal (t1,t3) and such that its Jeadtag coefft­

oleat is •a•. 

Look at t 3 + g. Wttbout loss of generaJtty we can asswae 

that the leading eoefflclent of 13 is a oon-antt. So tho 

leading coetflcient ot t
3 

+ g ts unit. Consider t•e eequenco 
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(r
1
,f

2
,f

3
+g,f4 , ••• ,fr). Since g c (f1,f2), the above sequence 

is till unimodular. To prove the Lemma we apply induction oe 

deg t
1 

= d. Earlier we dtsposed of the case when d a o. If 

d = 1, tben deg t 1 = 1 QDd t
2
,t

3
, •.•• ,tr are constantband 

since i 2 ,13 , ••• ,?r are not all o, one of them is unit. So 

by elementary transtormattons (fpf2 , ••• ,-fr) ~(l,o, ••• ,o) 

and we are t.brougll. Let tts assume tne result Cor all degrees 

6d-1. We arrived at the step that the sequence '' 

(f 1,t2,f3+g,f4 , ••• ,fr) 1$ unimodular and that the polynombl 

(t3 + g) is monic of degree d-1. Now from (t1,t2,t3+g, ••• ,fr) 

we can get a unimodular sequence (by elementary transformation) 

(bph 2, ••• ,llr) where h 1 is ·monte of degree ~(el-l) and 

h 2 , ••• ,hr are either 0 or non-monic of degree ~ deg b
1

• 

Now applying induction to this sequence we get 

(hl,h2'~··•hr) ~ 

But (b 1,h2, ••• ,hr) 

(t,o •••• ,o), by elementary transformations. 

has Lean g6t tram ( t 
1

, t 
2

., ••• , t r) by 

elementary transformation~ So 've get. a ;g. ~ GL~(B£TJ) 

such that ~ ! = (l,o, •••• o). 

Therefore the lemma ts proved. 

-
Lemma 3 ~ 

unimodular sequence in RL-T_/~ one 

monic. Then 3 6 t. GL.,(RfTJ) 

= (t 1(o),t2 (o), ••• ,rr(o))'. 

of rl,f2~···•fr being 

s u c h t b_a t 6 ( t 
1 

,, f 
2

, •.• ,• , f r ) 

Proof 1 Let L denote the row (t1,t2, ••• ~tr)• Let X be 

any indeterminate over tbf; r112g IlL-rJ. Let l be &be set ar 
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elementa, x f R .. ~such,. that· 3 · l,(T,X): f GLr(CT ,xJ) . such 

. d, ( T, X) l ( T + xX). = .! ( T) • 

Claim 1 · I is in ideal flf R,. 

Let x:,y · t: I. 3 .. t (T ,Jt) and ;U (t;xr c GLr(R£t ,i.J) such 

that ~ (T,X),!(.•:r + xX) = l(T),?(T,X)•,!('l• + yX) = _!(T)~·· Now 

,f'L(T + xX ,X )!(T + xX. + yX) = 1(1' + xi)'; :So 
\ ·!·' 

6 {T,X)jL(T + xX)X)!(T 

So we get (x + y) ~ I. 

+ xX + yX) = 6 (T,X)_t(T +d) =.K.(T). 

Let ~ t- a. Then b (T +..'\X)J:(f + )\ ·xx) 

= _!:('l'} whic-h imp'lies .>. x G I. Therefore I iR an ideal ot 

a. It is enough to sho~ that l'G I, tor in this case 

;J 6 (T,X) · E; GLr(Rft,XJ) such that ~ (T,X).,t(f +X) = J:(T). 

Take ·T ·=-Ot then 6 (o,X).!(X) a L(O). Change X to 'l to 

get ·the result. Next we claim that 1 €;; I. Suppose 1/ I. 

Choose a maximal ideal 7'Y/ such that 1_2 I. Let us look at 

ou~ st t'·u:at.ion over Rf_T_;./ • · Now 1 ts a unimodular sequence 

tn R~TJ •' . ·So applying previous lemma to it,· tve get a 

6 (T) t: GLr(VrJ) such that .6! = (l,o,o, •• ~·,o). Dettne 

t:(T ,X) = 6 {i')-16 (T· + X) ·which belongs to CiLr( R L-T ,xJ) 
and Y(T,O) = ·~ (T)-ll (T) which is toe identity. This snows 

that no entry of L: (T,X) involves monomials in T alone with 

positive degrees. So 3 s / L such that 't{'i',,sX) belongs to 

G Lr ( RIT, xJ) • t: ( T ,.x ) • .t ( T + X) = l ( 'l) ... 1 6 ( T .... x).! ( T + x) 
•1 -= 6 (T) (l,o, •••. ,o) = J:(~) in GLr(R,L T,XJ). Look a·t·-· 

L' (T,sX)J:(T + sX) ~ J:(T). t'bta is· 1 0 1 when ue localise at 

~·, that Is d s• t nz_ such that st annihilates 

L(~,sX)j(t + si} - J:(T). Let tne (i,J}th entry ot t (r,sX} 

be denoted by Ai~j· Since l::(T,o) ts r x r identity 
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it A 1 ~ a~~11 ) ~2 • ~(sX) -<a and matrts, we can wr, e t,i = + L- , ~ a 

a(i) t I 1 also we can write 
~t•-<a ~ P · P. 

AiJ s [ a(l,J) f 1(sX) 2 i.f t. ~ j 1 where summation is 
11 Pa 

est ended over certa(n indices f3 a• Pa w1 Ul /32 I o. Tile 

ttb entry ot the vector r(t,sX)!(T + sX) - L(T) is equal 

to Ak1t 1(t + sl) + A•2r 2(t + sl) + ••• + Atr'r(t + aX) - fk(r). 

Clearlr it -(_ J. t, then A11 ,.t f~_ (Y + sX) caD be written as sX 

times a polynomial in & ~t,ax_7. Also Akkfk(T + sl) •fk(t) 

= { t 11 ( t + eX) - t k ( 'l) J »'/ + L'; ~ k) o<.- t .:\1 ( sX) 1' 
2 

t k ( T + sX) • 
1, a 

Hence Akktk(r + ~) - tk('l) can also be written as aX times 
f(TrAX) 

a polynomial in r.tw[t,axJ, i.e., any entry or t: (t,al) - ,l(Yj 

can be written as sl times a polynomial in 11~t,sx_7, let 

us write ~(f,sX)~(T + sl) • !(T) • sXA(T,sX) •••••••• (•) 

then <t('i",s'sX)_g('f + s 1 sX)- .,g(T) • s 1 sXJ!(T,s'sX). Since s 1 

annihilates ~(r,sX)l(T + sX) - .,g(T) we find tba& 

s 1 sX!(f,sX) • o. Note that 

L.u.s. ot (•) belongs to 

• 0 ~~ I~Y,~. Tbat ts 

- -aX.!l(T, sX) e R/. 'l,XJ, atnce the 1 

R~T,x_7. !ben clearly s•sXl('••'~) 

'L (T,s'sX)~(f + s•sX) • ,1(T). 

fh:ls implies , s• Since . _, s• f "7 and 

obtain a contradiction. Hence 1 t 1 and ue arc through. 

Now we give the proof ot the claim ~ich states that 11 

(t1, ••• ,t
0

) is a sequence ot unimodular elements in 

r.Cx 1,x2 , ••• ,x~, then 3 r "' r invertible 11\atrtx over 

KL-x1, ••• ,x~ eueh that its first row ts (t1,t2, ••• ,t,.). 

Proof t Wrl&e t • ~ a"'- X~ X a<n where 
--- I c__ l~~t••••,"a I ••• D ' 

' 
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a. ' Ia 0 and summation is taken over cettatn sequence~:> 
"'--1 1 ..l.a• • • • ~ D 

of positive integer& (~,~2 , ••• ,~n)• We change the variables 
~ AD 

bJ putting x1 • T 1, X2 = T:{'1 , ••• ,X
0 

• t
0 

+ T 1 wbere A 1•a 

are positive, integers so chosen that 6( 1 + ~2<{2 +·- -~--~ o< n 

are all distinct tor all sequences ( ~~ ~~ •••t~D) occuring in 

tbe sum above. We have onlJ to choose 'A a • k, 'A a 
2 

• k , ••• ,-4
0 

• ,n-l where k is any integer larger than any or ~····•~n 

tor all sequences (11(1, ~~·~•,1"\ 0 ) occu,ring ln the sum above. 

Let r;(Y 1,r 2'' ••• ;r 
0

) be the polJnomlal ti (X 1 ,x2, •.•• ,x
8

) after 
~ 

the change of variables. Let a -t K be the coefficient of 
o( I -'.. / ,.,_, 

-I the monomial x lx 2 D UultiplJ' II by to oet 1 2 ••• XII 0 a· 
-1 r a r 1 ~ Su~pose c is an invertible matrix over ~~ x1,x2 , ••• ,xr 

such that (a-1t 1.t2, ••• ,t,.)C a (1 1 0, ••• ,0). Then clearly c-l 

is an invertible matrix whose first rov ts (a-1r
1
,t2, ••• ,rr)• 

Let L • c~1 a 
1 

0 • 
• 

0 • 
• 
• 
• 
• 

1 • 

Then the first row of £ ts (r,,ta•···•'r>• 

Here a is invertible. So L ts also 
1 0 • 

• 
0 • 

• 
• 
• 
• 

1 

invertible. 
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Cl<h<> b; .......... ~· 

By tile above discussion it ts clear t~~~ ~~~{ste~~-~ .. ot C 

o:rt ,... •'o...~-1 by '("f.. r \ ensures an lnver\ible ma\.rls L ~hose fi ra C.·row ,~a l! 2 t ••• , 'r" 
I • e • • • • • • • • • • • • • • • • •,. • • 

So w.L.o.G. we can assume that ,the coeffl~nt ot the monomial 
~I I I 

lv- ~ w, ~ 1 <I& C tA r.-'f 1 i 1 x1 a 2 ·~· AD s UD&•Y• ons ver 1 as a po ynom a 

o•er I. xC'a•·'3······'.:1· then, rl(fl) i'S'monic ln the' 

Yariable T1•. Letr t a (t1,t;, ... ,tr)• Clearl.V t is uni­

modular ov~r a • KL-t2, ••• ,T~. Now by Lemma 3, 3 

6 ~ GLr(a,LT 1J) such that. Z (t1,t2, ••• ,tr) = 
(~(o,t2, ••• ,r0 )1,f;(o,T2, ••• ,rn)••··•~(o,r2, ••• ,rn))•· Also 

( ~ ( o,r 
2

, ••• , T8)·~·~ •. ·~ t;.to, f 2, ••• , 'l 
8
)) is an un,imodular 

a~quence in -'~'a''a•••••'~· Cbanging'to original variables 
J 

x1 · we get a b E GL .. (K,£-x1, •• ;,xa-7) · such that-

b (t1,t2 , •••• tr) ~ (t1(o,x2, ••• ,xn),t2 (o,x2 , ••• ,x
8
), ••• 

o •• ,t
8
(o,x3, ••• ,x

8
)). Since this sequence is still unimodular 

- -over Ki x1, ••• ,x.-J, we will tepea& the process until we get 

an invertible transformation over KL-x
1
,x2 , •••• x~ ~ich 

takes (t1,r2 , ••• ,t .. ) to (t1(o, ••• ,o), ••• ,tr(o, ••• ,o)). The 

resulting sequence (t1(o, ••• ,o), ••• ,tr(o,o, ••• ,o)) is uni­

modular over K, so one of them is a non•zero constant tn K. 

So_b7 an elementary transformation 

(t1(o, ••• ,o), ••• ,tr(o, ••• ,o)) ~ (l,o, ••• ,o). Hence 

an Invertible transformation T £ GLr(K!-x 1, ••• ,x~ which 

takes (I,o, ••• ,o) to (t1., ••• ,tr) ot T. So the r x r 

matrix has first row (t1,t2 •••• ,tr)• 

The claim ts proved and so also tbe Theorem (5.1.1) • 

•••••• 
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