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Exact Solution of Hysteresis in One Dimensional
Anti-ferromagnetic Random Field Ising Model

At Zero Temperature

(Abstract)



This thesis isa first step towards an exact determination of the
non-equilibrium response of an anti-ferromagnet with quenched
disorder. As indicated in the thesis, much of the effort in solving
Ising models with quenched disorder has been focused on
ferromagnetic models. To the best of our knowledge, exact solution
of hysteresis in an anti-ferromagnetic Ising model with quenched
disorder has not been attempted so far, although the problem was
posed and solved approximately a few years ago [8,9]. In view of this
situation we decided to determine the hysteretic response of the anti-
ferromagnetic random field Ising model (AFRFIM). We were forced
to make further simplifications by necessity. We limited our effort to
one dimensional AFRFIM, zero-temperature Glauber dynamics, and
the case when the applied field is ramped up and down infinitely
stowly. In spite of these simplifications, it proved difficult to find the
solution of the model for a general, unbounded, continuous
distribution of the random field at par with the solution of the
ferromagnetic RFIM [1-7]. The reason lies in the qualitative
difference  between the zero-temperature dynamics with
ferromagnetic interactions and that with anti-ferromagnetic

interactions. The ferromagnetic case is abelian [3], i.e. if we start



with any stable configuration of Ising spins, and then increase the
external field and allow the system to relax, the final stable
configuration reached is same and independent of the order in which
the unstable spins are flipped. Also, in the relaxation process no spin
flips more than once. In the anti-ferromagnetic case, the order in
which the unstable spins are relaxed is important, and a spin which
" has flipped up in increasing field may flip down again at a higher

field.

In the first instance [10,11], we considered a bounded, rectangular

distribution of the random field of width 24, with 4 <|J| , where
|J| is the magnitude of the nearest neighbour anti-ferromagnetic

interaction. In this case, the numerical simulation of the model shows
that the magnetization on the lower hysteresis loop takes the form of
three ramps separated by two platcaus. The model and its numerical
simulations are described in Chapter II. The analysis of the three

ramps is presented in Chapters III, IV, and V. We could not

immediately generalize our solution for small disorder (A < |J]) to

the case of large disorder (A 2|J |) , and to unbounded distributions

of the random field. Some progress has been made in this direction,



but only recently. This is presented in Chapter VI. Finally Chapter

VII contains a summary of our results and concluding remarks.

References

[1] P. Shukla, Physica A 233, 235 (1996).

[2] D. Dhar, P. Shukla, and J. P. Sethna, J. Phys. A: Math. Gen. 30,
5259 (1997).

[3] S. Sabhapandit, P. Shukla, and D. Dhar, J. Stat. Phys. 98, 103
(2000).

[4] P. Shukla, Phys. Rev. E 62, 4725 (2000).

[5] P. Shukla, Phys. Rev. E63, 027102 (2001).

[6] P. Shukla, Ind. J. Phys. 76A (1), 51 (2002).

[7] S. Sabhapandit, D. Dhar, and P. Shukla, to appear in Phys. Rev.
Lett. (2002).

[8] P. Shukla, Physica A 233, 242 (1996).

[9] P. Shukla, Ind. J. Phys. 72A (5), 439 (1998).

[10] P. Shukla, R. Roy, and Emilia Ray, Physica A 275, 380 (2000).

[11] P. Shukla, R. Roy, and Emilia Ray, Physica A 276, 365 (2000).

NEHU 1TRPARY é

9 0 \
‘.\{"_‘ }O 3% T =
e , aq/



Studies in Relaxation Dynamics of Complex Systems:
Exact Solution of Hysteresis in One Dimensional
Anti-ferromagnetic Random Field Ising Model
at Zero Temperature

A THESIS SUBMITTED IN
FULFILMENT OF THE REQUIREMENT FOR
THE DEGREE OF

DOCTOR OF PHILOSOPHY
IN
SCIENCE

BY

RATNADEEP ROY

TO

DEPARTMENT OF PHYSICS
NORTH-EASTERN HILL UNIVERSITY
SHILLONG - 793 022






The North Eastern Hill University
April 2002

I Ratnadeep Roy , hereby declare that the subject matter of this
thesis is the record of work done by me, that the contents of this thesis
did not form basis of the award of any previous degree to me or to the
best of my knowledge to anybody else, and that the thesis has not been
submitted by me for any research degree in any other
University/Institute.

This is being submitted to the North Eastern Hill University for

the degree of Doctor of Philosophy in Physics.
Kfﬁ/ ("\ (( p% /( ¢

(Ratnadeep Roy)

Yy SN

\/ (S /L0727
1z, , . Ju

Prof. M. K. Parida Prof. Prabodh Shukla
Head, Dept. of Physics Supervisor
Bygfer..r = Heed

~ 3 WP



Dedicated to
“:baJu ’



Acknowledgement

Keeping with tradition this page is for acknowledging the help from persons
received during the completion of this work.

First and foremost I would like to thank my guide Prof. Prabodh Shukla who
was instrumental in suggesting this problem and without whosc help this work
would not have scen the light of the day. I would also take the opportunity to thank
him for being so patient with me in spite of my l;eing “slow™.

I would like to thank my tcachers especially Mr. Debasish Choudhury who
taught me to look beyond the equations while studying Physics. I would also like to
thank Dr. T. K. Sinha and Dr. S. Aravamudan who always took keen interest in my

work and who always gave me new insights into the problem.

I am also thankful to the staff of Physics Department especially the
Librarians- Mr. L. Jarian and Mr. P. S. Nongsiej for all the help 1 received from
them,

Assistance from a DST Research Project- “Relaxational Dynamics in a
Complex Landscape” is gratefully acknowledged.

I would also thank my friends Rajesh and Sabyasachi who always cgged me
to complete the work and in whose company I felt reassured.

Thanks are also due to Mr. Ayon Bhattacharjee with whom I had some
useful discussions.

My gratitude to Dr. Sudipta Dey and Dr. Sanghita Dutta who always stood
by me in all my ups and downs during the completion of this work.

Lastly I would like to mention my Baba, Ma and Didi and especinlly my

friend Bornali all of whom 1 can never thank enough for all that they have done for

me.

Roaatsf X
Place: Shillong

Date: 18 - 04 - 2002 (Ratnadeep Roy)



I.1
1.2
1.3
1.4
LS
1.6
1.7
1.8

1.

IL.1
1.2
I1.3

IIL.

III.1
1.2
I1L.3

IV.
IV.1
Iv.2

CONTENTS

Introduction

Importance of Exactly Solved Models
Non-Equilibrium Phenomena

Hysteresis

Analysis of Hysteresis Loops

Complexity

Quenched Disorder and Separation of Time Scales
Random Field Ising Model

Our Work

The Model and Simulations
Motivation
The Model

Simulations

Ramp-I
Introduction
Screening Pairs

Magnctization on Ramp- I

Ramp-11
Plateau-I

Magpnetization on Ramp-1I

Page No.

0w N & =

12
16
20
23

27
28
29

33
34
38

39
47



V. Ramp-I11

V.1  Plateau-1I 53
V.2  Magnetization on Ramp-III 58
V.3  Creation of New Singlets 61
V.4  Destruction of New Singlets 71
V.5  Hysteresis Loop 73
V.6  Discussion . 75

V1. Large Disorder

VL1 Introduction 78
VI.2 Screening Pairs 79
VL3 Magnetization on Lower Hysteresis Loop 87
VII. Summary and Concluding Remarks 99

References 101

Bio-Data 107



CHAPTER-1



I. Introduction

1.1 Importance of Exactly Solved Models

Statistical mechanics has made great strides in recent decades.
The behaviour of systems in equilibrium is now understood quite
well including phase transitions. Simple but exactly solved models
have played an important role in the development of equilibrium
statistical mechanics. Ising model [1] is one of the simplest and
perhaps the most extensively studied model of cooperative behaviour
in an extended system. The model is defined on a d-dimensional
lattice, with fattice points denoted by i=1, 2, 3,...N. We are interested
in the thermodynamic limit N — . Each lattice point { is assigned a
dynamical degree of freedom called an Ising spin Si. An Ising spin is
a binary variable. It can take the values 0 or 1, or any other set of two
values depending on the context of the physical system. In modelling
a magnetic system it is customary to assign the values +1 (up) or -1
(down) to S The magnetization (per site) is simply the average

orientation of the Ising spins, i.e.



1 N
m=-1—V-Z;S,' (~L1)
j=

Nearest neighbour Ising spins are coupled to each other through an

exchange interaction J. Thus an Ising model is characterized by the

Hamiltonian

H=-JY5S; (1.2)

nn
I J>0 (ferromagnetic coupling), the interaction aligns ncarest
neighbour spins parallel to each other. This produces a long range
ferromagnetic order in the system, and therefore a net magnetization.
If the system is in thermal equilibrium with a hcat bath at a
temperature 7, the thermal energy k,T acts to disrupt the long range
order. We may expect long-range order to prevail at low
temperatures, and disorder at high temperatures. There may be a
phase transition from an ordered state to a disordered state at a
critical temperature 7,  given approximately by the ecquation
k1. =zJ, where z is the number of nearest ncighbour of a site on a

d-dimensional lattice, and &, is the Boltzmann constant. The

primary motivation in introducing the Ising model is to calculate 7,



and the singularitics in the thermodynamic  functions at the critical
point.

The Ising model is easily solved in one dimension. It was solved
by Ising in 1925 [2]. Surprisingly, the result showed that the critical
temperature 7, in one dimension is equal to zero. The absence of
long-range order at any finite temperatures is a special feature of one
dimensional  models  with - short-range  interactions. It is  now
understood in a broader context as a result of theorems due to
Landau, Mermin, and Wagner [3, 4). This is an illustration of how
exact solutions of very simple models can bring out a result of more
general validity, and deepen our understanding.

Going beyond the one dimensional case, the simplicity of the
Ising model turns out to be rather deceptive. The solution of the
model in two dimensions is quite difficult. It was solved by Onsager
in 1944 [5]. The Onsager solutions still remains a classic piece of
work in equilibrium statistical mechanics and a required reading for a
serious student of the subject. The solution was also extended to the
case of a vanishingly small applied field in two dimensions [6]. The

two dimensional Ising model in a finite applied field, and the three



dimensional Ising model even in the absence of an applied ficld have
not been solved exactly so far in spite of a great effort. However,
cxtensive numerical studies of the three dimensional Ising model
have been made, as also analytical studies based on perturbation
theory (high temperature expansion) [7]. These studies have
contributed greatly to the theoretical understanding of universality
and scaling in critical phenomena [8-10].

1.2 Non — Equilibrium Phenomena

Following the success of equilibrium statistical mechanics,
attention has turned increasingly to non-equilibrium phenomena. A
basic difference between equilibrium and non-equilibrium
phenomena is the role of relaxation dynamics in non-cquilibrium
phenomena. By relaxation, we mean a process by which a system
lowers its frce energy to attain thermal equilibrium  with its
surroundings. The equilibrium state is the state of lowest free energy
of the system. The properties of a system in equilibrium are
independent of the relaxation path taken by the system to reach
cquilibrium. ‘This results ina great simplification in the formulation

ol cquilibrivm statistical mechanics, The relaxation dynamics of a



system does not enter its equilibrium statistical mechanics. The
success of equilibrium statistical mechanics arises from the fact that
a great variety of physical systems relax very fast on the time scale of
experimental observation, If the relaxation is slow or punctuated, we
must take into account the relaxation dynamics of the system to
understand its behaviour. This brings us to the subject of non-
equilibrium statistical mechanics.

Non-equilibrium phenomena are generally as diverse as the
systems cxhibiting them. A first step towards their understanding
would be to identify features that may have a weak universality
going beyond the microscopic details of the system. Reasonable
progress has been made in this direction. It has created several
smaller fields of study which are better known by the key words such
as coarsening , diffusion-limited-aggregation, viscous fingering [11-
13], spinglasses [14-18], neural networks [19-25], persistence [26,27]
etc. These keywords represent different aspects of weakly universal
features seen in a wide variety of non-equilibrium phenomena.

Simple models which provide an interesting caricature of these



phenomena have been identified, studied numerically as well as
analytically, and compared with experiments.

1.3 Hysteresis

Hysteresis is a common feature of non-cquilibrium phenomena.

Webster’s New Collegiate dictionary tells us:
Hys-ter-e-sis: n [NL, fr. Gk hysteresis shortcoming, {r. hysterein to
be late, fall short, fr. hysteros later] a retardation of the effect when
the forces acting upon a body are changed (as if from viscosity or
internal friction); esp.: a lagging in the values of resulting
magnetization in a magnetic material (as iron) due to a changing
magneltizing force. - hys-ter-et-ic adj.

It is clear that hysteresis represents history dependence of
physical systems. The term is most commonly applied to magnetic
systems: as the external field associated with the microphone is
turned off, little magnetic domains created by the recorded voice in
the tape do not return to their original configuration(by design,
otherwise our record of the music would disappear !). Generally any
system which is capable of several configurations of equilibria for

given external conditions exhibits hysteresis. Hysteresis 1n a

6



magnetic system is also the focus of this thesis. For the sake of
completeness, we recall what is meant by hysteresis in a magnetic

system. We take a magnet and drive it by a smoothly varying cyclic
field of frequency w. For simplicity we take the starting value of
applied ficld to be very large and negative. Let us represent the
applied field by the equation £(t)=~h, coswt . Thus at the start of
the hysteresis experiment, i.e. at time ¢=0 , the applied field is

equal to—h,. We assume that this initial value is large enough to

saturate the magnetization in the downward direction, i.e.m =1/, at
t = 0. As the applied field goes through a cycle the magnetization
traces out a loop in the m-h plane. There are two values of
magnetization for each applied field; the magnetization in increasing
ficld being smaller than the magnetization in decreasing fickl, This
indicates that we are observing a non-equilibrium effect where the
response of the system lags behind the applied field. It may be
expected that if the field is varied infinitely slowly, i.c. in the limit
w — 0, the system may be better able to keep pace with the applicd
field, and the hysteresis may disappear. This expectation is not
always borne out by experiments and we shall say more on it later.

7



Suffice it to say here, that the existence of a loop even as @ —» 0 is
puzzling. In thermodynamic equilibrium, the system cannot exist in
two distinct states except at a phase transition point. The hysteresis
loop sceins to indicate that the system has two thermodynamic states
which are both stable at experimental time scales. This is a classic
example of the conflicts between the predictions of classical
cquilibrium thermodynamics and empirical data that have cexisted
since 19" century.

In experiments the hysteresis loops corresponding to subsequent
cycles of the applied field often do not overlap each other perfectly.
Rather, with each subsequent cycle of the applied field, the hysteresis
loop shifts slightly and systematically. This is a complex
phenomenon known as reptation (28], We shall not go into it further
in this thesis. We are concerned with simple hysteresis loops that
connect the system between two states of oppositely saturated
magnetization and which do not show reptation.

1.4 Analvsis of Hysteresis Loops

Even the simple hysteresis loops mentioned above are difficult to

obtain  theoretically, Readers would  appreciate that all hy steresis



loops encountered by them are (most probably) of an experimental
origin. Efforts to understand hysteresis theoretically were pioneered
by Raleigh [29] and Preisach [30]. In the present work we attempt to
obtain hysteresis loops theoretically from simple exactly solved
models.

It is worthwhile to ask if there are any characteristics of hysteresis
loops whose significance might go beyond the specifics of the
physical system. For example, we expect the area of the hysteresis
loop to vanish as @ — 0, irrespective of the system. It is interesting
to investigate if the area vanishes as a (universal?) power of w, or
how it might depend on the parameters h,, w and T charactcrizing
the field and the system. This question has been investigated by

several authors [31-33]. It has been suggested that in the limit

I _
h, @ — 0, the area scales as (hoa))/Z .The limit @ — 0 means that

the time period of the applied field tends to infinity. In other words,
the time over which the applied field changes significantly is much
larger than any other time scales in the experiment. The time period

of the applied ficld is one of the characteristic time scales for the



system. The other time scale is determined by the thermal relaxation
time of the system. In fact, in most systems, there is a whole
spectrum of thermal relaxation times. In many practical cases the
Jongest thermal relaxation time is larger than the time period of the
applied field even if the field is cycled very slowly. In such cases the
arca of the hysteresis loop shows no indication of vanishing even if
the applied field were to be cycled so slowly so as to take an entire
life of an experimentalist to complete one cycle. The work presented
in this thesis concerns these systems with infinitely slow thermal
relaxation. We may convenicntly set the temperature of the system
equal to zero to model systems whose thermal relaxation is infinitely
slow. The microscopic structure of magnetization loops in such
systems can be broadly divided into two categories ~ () noisy, and
(if) smooth. The noisy structure is characteristic of ferromagnetic
systems. Even though the applied field changes smoothly, the
magnetization changes in sporadic jumps of irregular and
unpredictable sizes. This is known as Barkhausen noise [34]. The
Barkhausen noise shows an apparent power-law spectrum, and has

been studied by several workers  experimentally as well as

10



theoretically [35-39]. It is a paradigm of non-equilibrium response of
systems that respond to slow and smooth applied forces by
avalanches. Other systems in this category are sandpiles [40,41],
carthquakes, and avalanches of snow on mountains. The second
calcgory of systems respond relatively smoothly (i.c. without
avalanches) but infinitely slowly to smoothly changing forces. These
systems are characteristic of anti-ferromagnetic interactions. 'T'he
anti-ferromagnetic interactions ensure that an Ising spin that has
flipped in response to a changing external field generally acts to stop
its immediate ncighbours from flipping. As we shall see below, there
are exceptions to this rule. Occasionally a nearest neighbour may flip
but the process does not continue beyond the nearest neighbour.
There are no avalanches in this category of relaxation. Examples of
physical systems showing this behaviour are amorphous anti-
ferromagnets, glasses and spinglasses which continue in a metastable

state for a long time and then transit to another by small localized

events sans avalanches [42-44].



1.5 Complexity

Complexity is a topic of current rescarch activity in a number of
]

ficlds including statistical mechanics, computer science, mathematics
and biology. Within such diverse groups it is not surprising that the
term complexity is used with several shades of meaning. We shall
not go into the various definitions of complexity, rather we will
briefly mention what we understand by complexity in an intuitive
way in the context of recent research, and then state more
specifically in the context of this thesis. Generally we can describe
an extended system at two levels: microscopic level and macroscopic
level. Complexity refers to the richness of the description at the
macroscopic level. Consider two examples: water (as a chemical)
and an animal (a biological system). At the macroscopic level water
is adequately described by stating the phase in which it exists ¢.g. is
it liquid, vapour or ice? The phase in turn is specilicd uniquely by the
temperature and pressure. There are critical points for water where
two phases may coexist but generally it has a unique macrostate. On
the contrary if our system is a biological system, its macroscopic

description may be rich (an animal may run, sleep, cat, jump ...).

12



‘The varicty of the macroscopic description is taken as an indication
of complexity.

I‘rom this point of view, clearly all traditional physical systcms
are simple and apparently complexity is not relevant in the world of
physics. However, in the last years the situation has changed: it has
been found that there are many disordered physical systems for
which the macroscopic description is quite rich. An example that is
easy to visualize is a heteropolymer, 1.e. a polymer composed of a
sequence of many different functional units. Typical biological
heteropolymers are proteins, DNA and RNA. Sometimes it happens
that the same heteropolymer at low temperature folds in a unique
way, but in other cases more than one folding is possible. I the
he!cropolymcr may fold in many different ways, we can consider
cach folding as a different phase and such a system is a complex
system [45, 46]. Other physical systems like spinglasscs have similar
properties; they have been carefully investigated and structure of
different phases of the systems has been studied in details. It is
striking that these systems have a rather interesting chaotic

behaviour: a small change in the form of the system may completely

13



upsct the macroscopic behaviour. This effect becomes more and
more pronounced by increasing the size of the system. In the case of
large systems the macroscopic behaviour is extremely difticult to
predict because it is sensitive to a huge number of microscopic
details.

This kind of difficulty is not wit};out precedent in physics. Indeed
the observation that for a given system the actual trajectory is
extremely sensitive to the initial conditions (as billiard balls),
destroyed the hope of computing the trajectory of a large system in a
precise way (apart a few exceptions). However the birth of statistical
mechanics is related to this difficulty; the unpredictability of the
trajectory in a deterministic sense makes possible to obtain
probabilistic predictions for the behaviour of the system for generic
initial conditions. The main proposal of Boltzmann was to give up
the possibility of predicting the evolution of the system for given
initial conditions and to concentrate the attention on the study of the
most likely evolution starting from generic initial conditions. In the
same way we can give up the possibility of computing which are all

the macroscopic descriptions of a particular complex system. Doing

14



s0 we gain the possibility of obtaining statistical predictions on its
behaviour. The statistical predictions however are different from the
ones of usual statistical mechanics. In usual statistical mechanics the
system is nearly always in one given macrostate and we compute the
probability distribution of several different microscopic realizations
of the same macrostate. Here we predict the probability of having a
given number of simultancously available macrostates and the
relations among the different macrostates. Other interesting
quantities that can be computed are, for example the average time
spent by a system in a given macrostate before jumping into another
macrostate.

For a large class of systems, a generic choice of the system
implics the existence of many macroscopic states. In other words if
the system is chosen in a random way, the macroscopic behaviour is
automatically very rich. We do not need to tune the parameters that
control our system in order to have many different macroscopic
states because this feature is present in the generic case. We can

summarize the situation by saying that microscopic randomness

generates complexity.
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1.6 Ouenched Disorder and Separation of Time Scales

Disorder is really unavoidable in any thermodynamic system. The
reason is that any system must have o finite enttopy at nnon z¢to
temperature. However, there may be instances of small disorder e.g.
a uny fraction ol point defects in an otherwise perfect crystal, or a
large disorder that is characteristic of liquids. This separation of
disorder between small disorder and large disorder does not have a
sharp dividing line, but the meaning is intuitively clear. Similarly,
there s another classification of disorder into (two  categories:
anncaled and quenched. This classification is based on the relaxation
dynamics ol the system. Thermodynamic systems have several
modes of relaxation. The number of modes maybe infinitely large,
and each mode has a different rate of relaxation. If the disorder is
able to relax well over experimental time scales, we call it annealed
disorder. Annealed disorder is the kind of disorder seen in very
slowly cooled liquids and metals. If the disorder is not able to relax
itself over the time periods of experimental observation i.e. if it
remains frozen for all practical purposes, we call it quenched

disorder. Examples of quenched disorder arce glasses, spinglasscs,

16



and other amorphous solids. It is quenched disorder that gives rise to
a large number of macrostates of the system and hence to complex
behaviour.

Again, the dividing line between what can relax and what remains
frozen is not very sharp. It depends on the period over which the
system is obscrved. Suppose the time of observation is Ty, and the
time ol relaxation (inverse of relaxation rate) is 7. Quenched
disorder corresponds to the case, T, >>1T, Even in this case, there is
small probability that the slowest relaxation modes may affect the
system during observation. However, for theoretical convenicnee, we
shall impose a strict separation of time scales in the analysis of the
system. Relaxation processes which occur extremely slowly will be
assumed not to occur at all. Consider for example a glass. There is
natural separation of time scales in this example. The mean positions
of atoms change extremely slowly, while the vibrations around the
mean positions (phonons) are fast. Quenched disorder assumes that
the mean positions do not change at all.

In quenched systems, a fraction of the degrees of freedom is
assumed to remain strictly frozen during the life time of the system,

17



and the remaining degrees of freedom evolve in this frozen
background. Due to the randomly frozen background in which the
system has to evolve, its evolution depends strongly on the initial
state i.e. the history of the system. If the time period of observation
were truly infinite and all relaxation processes were allowed the
cvolution of the system will be punctuated by long-lived metastable
states. Over practical time periods, the system explores only a limited
phase space corresponding to the domain of a metastable state. Going
back to our example of phonons in a glass, the glassy solid can only
explore those phonon modes which are possible in the frozen
configuration of the mean positions of atoms. It is not possible for
the system to explore phonon modes belonging to a different
realization of the distributions of mean positions of atoms.

Systems with quenched disorder have a large number of
metastable states. As we discussed in the preceding section, the
existence of several metastable states or macrostates give rise to
complex behaviour. We shall take an extended system to be a
complex system, if its free energy has a thermodynamically large

number of local minima in the phase space of the system, and the

18



local minima arc separated from each other by thermodynamically
large energy barriers. Spinglasses are our paradigm of complex
systems, and spinglass behaviour that of complexity. The local
minima arc the metastable states of the system. Large barricrs mean
that the metastable states have a very long lifetime. A systent tay
stay in the same metastable state du.ring the period of experimental
observation. Thus the observed' properties of the system should be
obtained by averaging the system over the thermodynamic domain of
a single metastable state, and then taking a second average over the
distributions of local minima of free energy. The barriers separating
various local minima are assumed to be random and mainly larger
than thermal energy of the system. Experience with spinglasses and
other random systems has shown that Ising models with quenched
random interactions or quenched field on sites, produce a free energy
landscape of the kind indicated above. However, models with
quenched interactions have not been solved exactly even in the mean
field approximation [17]. Random field Ising models (RFIM) are

more amenable to exact solution. In the following, we describe the

19



nature of the work done on the RFIM so far before taking it up for

further analysis in this thesis.

The random field Ising model (RFIM) has played an important
role in understanding disordered systems. It first came into
prominence around 1975, when Imey and Ma [47] argued that Ising
magnets with quenched random field were capable of sustaining a
long range order in two dimensions. It was an appealing argument,
and a kind of clear statement which was lacking in the context of
other prominent models of quenched disorder, e.g. the Sherrington-
Kirkpatric (random bond) model of a spinglass. Thus several people
were attracted to the study of the equilibrium statistical mechanics of
the random ficld Ising model. Soon a controversy was generated.
Dimensional reduction arguments based on field theoretic methods
[48] showed that the lower critical dimensionality of RFIM was three
rather than two as predicted by Imry and Ma. It took some ycars to
resolve that the application of the dimensional reduction method in
this context was unjustified because it necessarily assumed the

existcnce of a unique solution of the field equations. It was shown

20



that the ficld cquations for systems with quenched disorder have a
large number of solutions (mietastable states). Due to the preseuce of
numerous metastable states in the system, the numerical simulations
- proved rather difficult and inconclusive, and the initial enthusiasm
for the model faded in due course.

Some years later, interest in RFIM revived for the same reason it
had faded earlier. Its richness in metastable states was a deterrent in
the study of its equilibrium properties, but made a good model for the
study of non-equilibrium phenomena in glassy and complex systems.
These systems are characterised by éxtremely slow relaxation, and
history dependent effects which arise from the presence of several
metastable states in the system. Recently Sethna et al [49] used the
RFIM to study hysteresis and other related phenomena such as the
return point memory effect, and Barkhausen noisc. Hysteresis is a
kinetic phenomena, and therefore one needs to put in a dynamics in
the model. Sethna et al employed the zero-temperature Glauber
dynamics of Ising spins. It showed remarkable success in
reproducing the observed features of hysteresis and other phenomena

mentioned  above. The success of the Scthna model is  not
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unreasonable. It forms a minimal model which takes into account the
most important aspects of hysteresis. For complex systems of the
kind indicated above, the zero-temperature dynamics is a rcasonable
approximation to the finite temperature dynamics on laboratory time
scales. The thermal energies are anyway much smaller than barrier
heights, therefore it is a reasonable approximation to assume that the
thermal energy is zero. Although the dynamics is deterministic,
there is a stochastic aspect to it coming from the randomness of the
quenched field. The metastable states of the RFIM become fixed
points (stable states) under the zero-tempernture dynamies, "This
simplifies their numerical as well as analytic characterization.
However, the model retains the key features of the original problem.
There is a broad distribution of energy barriers between nearby stable
states. When the system is driven by a smoothly increasing applied
ficld, it jumps from a stable state to a nearby stable state of lower
conergy when the applied field crosses the barrier between the two
states. As the barriers are random variables, the trajectory of the
system is not smooth. On a microscopic scale, it consists of irregular

jumps in the magnetization (Barkhausen noise).
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For ferromagnetic systems, experiments show that there is a broad
distribution of the size of the magnetization jumps. Averaged over
the entire hysteresis loop, jump distribution shows power laws over
several decades (usually three). This has led to suggestions that there
is a self-organized criticality in the system. The Sethna model
provides a framework for examininé this question. Although it does
not appear to support self-organized criticality in the system, but
there is a “plain old critical point” on each half of the hysteresis loop.
At this point, the magnetization jumps show true power laws. The
critical region appears to be rather broad. Thus approximate power
laws are expected over a wide sector of the hysteresis loop. The
extensive study of the Sethna model is based on numerical
simulations of the model, and its analysis in the mean field
approximation. For ferromagnetic interactions, the zero temperature
hysteresis loops, the distribution of sizes of the Barkhausen jumps,
and minor hysteresis loops have been determined exactly in one
dimension as well as on a Bethe Lattice [50-56].

1.8 Our Work

This thesis is a first step towards an exact determination of the
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non-cquilibrium response of an anti-ferromagnet with quenched
disorder. As indicated in the previous section, much of the effort in
solving Ising models with quenched disorder has been focused on
ferromagnetic models. To the best of our knowledge, exact solution
of hysteresis in an anti-ferromagnetic Ising model with quenched
disorder has not been attempte(-i so far, although the problem was
posced and solved approximately a few years ago [57,58]. In view of
this situation we decided to determine the hysteretic response of the
anti-ferromagnetic random field Ising model (AFRFIM). We were
forced to make further simplifications by necessity. We limited our
effort to one dimensional AFRFIM, zero-temperature Glauber
dynamics, and the case when the applied field is ramped up and
down infinitely slowly. In spite of these simplifications, it proved
difficult to find the solution of the model for a general, unbounded,
continuous distribution of the random field at par with the solution of
the ferromagnetic RFIM [50-56]. The reason lies in the qualitative
difference  between the =zero-temperature dynamics  with
ferromagnetic  interactions and that with anti-ferromagnetic

interactions. The ferromagnetic case is abelian [52], i.e. if we start
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with any stable configuration of Ising spins, and then increase the
external field and allow the system to relax, the final stable
configuration reached is same and independent of the order in which
the unstable spins are flipped. Also, in the relaxation process no spin
flips more than once. In the anti-ferromagnetic case, the order in
which the unstable spins are relaxed is important, and a spin which
has flipped up in increasing field may flip down again at a higher
field.

In the first instance [59, 60], we considered a bounded,
rectangular distribution of the random ficld of width 24, with

A<|J| , where |J| is the magnitude of the nearest neighbour anti-

ferromagnetic interaction. In this case, the numerical simulation of
the model shows that the magnetization on the lower hysteresis loop
takes the form of three ramps separated by two platcaus. The model
and its numerical simulations are described in Chapter 1. The
analysis of the three ramps is presented in Chapters III, IV, and V.
We could not immediately generalize our solution for small disorder

(A<]J|) to the case of large disorder (A >|J|) , and to unbounded
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distributions of the random field. Some progress has becen made in
this direction, but only recently. This is presented in Chapter VL
Finally Chapter VII contains a summary of our results and

concluding remarks.
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CHAPTER- 11



II. The Model and Simulations

11.1 Motivation

Relaxation dynamics of random field Ising model (RFIM) at zcro
temperature provides a simple caricature of complex non-equilibrium
phenomena. RFIM with ferromagnetic as well as anti-ferromagnetic
interactions has been investigated in the context of two distinct classes
of relaxational behaviour. The ferromagnetic REIM shows relaxation by
avalanches and has been applied to study hysteresis and Barkhausen
jumps in magnetic materials[49-56]. The anti-ferromagnetic — model
does not support avalanches, and is more appropriate for the glassy kind
of dynamics where relaxation may proceed by single localized events
[42-44,61]. In spite of the simplicity of RFIM and its relaxational
dynamics at zero (emperature, exact solution of the model is dilticult on
account of its randomness. So far, analytic solution of the model has
been obtained in one dimension and on a Bethe lattice for ferromagnetic
interactions only. In the following, we present a solution of the non-
equilibrium dynamics of the anti-ferromagnetic RFIM at zero
tempcerature in one dimension in a limited range of the applied field. For
simplicity, we limit ourselves o a bounded uniform distribution of the

random field.
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11.2 The Model

At each site of a one dimensional lattice, there is an Ising spin

s; =%/, i=1, 2, 3,......,n which intcracts with its ncarest neighbours

i
through an anti-ferromagnetic interaction J (/<0). Each site has o
quenched random field A; drawn independently from a continuous

bounded distribution,

1
h)=— if —-A4<k<A
p()= =
= 0, otherwise (IL.1)

The entire system is placed in an externally applicd uniform field /.

The Hamiltonian of the system is given by

H==JY s:5, -3 s; —h, ). s; (11.2)

We consider the hysteretic response of this system when the external
field h, is slowly increased from —oco to +eoc. We consider the
dynamics to be the single-spin-flip Glauber dynamics at zero
temperature, i.c. a spin is flipped only if it lowers the energy. We
assumc that if the spin-flip is allowed, it occurs with a rate I" | which is
much larger than the rate at which the magnetic field 4, is increased.
Thus we assume that all flipable spins relax instantly, and the spin s;

always has the same sign as the net local field /; at the site.



si= sign l; =sign [J(s,.sm )+ b + ha] (1L.3)
The hysteretic response of the system to an applied field A, 1s

mcasured by the magnetization m(h,) per spin,
1
m(h, )=—2s,- (1L.4)
N7

We start with 1, =—eo , when f;1=—1, and increase /i, slowly to
h, =+eo when m=1. Our object is to calculate m(h,) for all values of A,.
The magnetization mpg (h, ) on the return trajectory when A, is slowly
decreased from h, = +e0 t0 h, =—o can be obtained from m(h,) by a
symmetry relation mpg (h, )=—m(- h, ). Therefore the knowledge of the
magnctization curve on the lower half of the hysteresis loop suffices to
determine the entire hysteresis loop, and we can limit oursclves to the
calculation of  m(h, ) alone.
I1.3 Simulations

It is instructive to look at a computer simulation of the model before
proceeding to obtain it analytically. Figure (11.1) shows magnetization
m(h,) in an increasing applied field &, for an anti-ferromagnetic RFIM
(J ==1) , obtained from a simulation of 10" spins averaged over 10°
different realizations of the random ficld distribution of width 24 = 1.

The magnctization m(h,) rises from —1 to +/ in three steps. We call
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these steps as ramp-I (h,,=—2ll|—A to h,= ——2|.I|+A); ramp-11
(hy==A to h, =+A); and ramp-II ( b= 2|J|~A to h, =2/J|+4).
The ramps are connected to each other by two plateaus; plateau-I
(hy==2J|+4  to h,=-A4); and plateau-Il ( h,=+A to
h, =2|J|—A). On the plateaus, thie magnetization remains constant

cven though the applied field continues to increase. Plateaus occur for

A<|J | (small disorder), and simulations suggest that magnetization on

the plateaus is independent of A. Numerically, the magnetization on the
plateaus is approximately m! =—0./35 on plateau-1, and m" =0.109
on plateau-11.

The qualitative shape of m(h,) is easy to understand. Due to the anti-
ferromagnetic interaction between nearest neighbours, spins with both
ncighbours down are the easiest to be turned up by an applied field
increasing in the up direction. Such spins turn up on ramp-I. Next are
the spins with one neighbour up and one down which turn up on ramp-
I1. Spins with both neighbours up require the largest applied ficld to turn
up, and these turn up on ramp-111, On cach ramp, the sequence in which
the spins turn up is determined by the distribution of the quenched

random field. Spins with large positive quenched ficld turn up before
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spins with a lower quenched field. The quenched field lies in the range
— A to +A. Thus each ramp has a width 2A along the axis of the
appliced ficld.

When a spin turns up on ramp-1, its nearest neighbours are placed in
a category that cannot turn up befqre ramp-I1. Similarly when a spin
turns up on ramp-1I, its nearest neighbour which is down cannot turn up
before ramp-Ill. This is essentially the reason for the absence of
avalanches in the anti-ferromagnetic RFIM. Occasionally on ramp-II
and ramp-11, a spin turning up can induce its nearest neighbour which
is alrcady up to turn down. We will discuss the situation on ramp-11 in
detail later, but suffice it to say here that this process too does not cause
an avalanche. With anti-ferromagnetic interactions, spins turn up one at
a time (no Barkhausen noise), and the calculation of m(h,) becomes
essentially a matter of sorting quenched random fields in decreasing
order on ecach ramp. The difficulty arises from the fact that the a
posteriori distribution of random ficlds on spins classificd according to
the ramp on which they turn up is significantly modified from the
uniform distribution given in Equation (IL.1). Indeed, one of our

immediate object is to calculate this distribution.
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Fig.IL.1: Magnetization m(h,) in an applicd ficld A, for an anti-ferromagnetic
RFIM J =—1 , obtainced from a simulation of 10° spins averaged over 10°
rcalizations ol the random (ield distribution of which 2A = 1. 'The solid line shows
thc magnetization in an increasing field . The broken line shows the return half of

the hysteresis loop. The data in increasing ficld is scparated into five parts along the

applicd ficld: Ramp-1 (&, = —-ZIJI ~-A 1w h,= —-2|J| +A4); Platcau-I
(h, =—2,J'+A to h, =—=A);Ramp-Il (h, =—A 1o h, =+A); Plateau-II
(h,=+4 0 h,=2/J|-4 ) ; and Ramp-ll (h,=2J|-4 1o

h, :2|J |+A). Theoretical expressions obtained in this thesis have been

superposed on the simualation curve and the two are indistinguishnble,
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CHAPTER- III



II. Ramp —1

II1.1 Introduction

Magnetization on ramp-I was determined earlier [57] by
exploiting a similarity between this problem and the problem of random
sequential adsorption (RSA) [62]. The rate equations of the RSA
problem were used to determine m(h,) on ramp-I, but they could not
determine mh,) on ramp-11 and ramp-111. Here , we rederive the result
for ramp-I by a different approach which can be extended to ramp-II as
well.

We start with a large negative applied field (h, =) when all
spins are down and increase the applied field slowly. At the start of
ramp-I, i.e. at 4, =—2|J|-A , the spin with the largest positive
quenched ficld becomes unstable and flips up. As the applied ficld
continues to increase, the spin with the next largest quenched field turns
up unless it happens to be next to a spin which is already up. In this case
the spin which turns up next is the one with the largest quenched field
from among the spins with both neighbors down.

Consider an arbitrary point on ramp-1 at an applicd ficld

h,==2/J|—h . In the following, the field / will be used more

frequently than A, In general, the field 2 will be given by the relation
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h=—I, mod 2[1' , so that on each ramp it has the samec range as the

random ficld —A<h £ A.

At an applied ficld &, =——2|J|—h all spins with quenched random
ficld iy > h are relaxed, and a fraction of them arc up. The fraction of

sites with A; > h is given by
¢ A-h
p(n)= | plh by =——= (IIL1)
h

The fraction of spins which are up on ramp-I at h, =—2|J|—h is given
by

p! =é[, _e2r ] (111.2)

I11.2 Screening Pairs
Let Pf . be the probability (per site) of finding a pair of
adjacent down spins on ramp-I at the applied field &, =—2|J | —h.On

the lower half of the hysteresis loop, a pair of adjacent sites that have
remain unflipped shicld the cvolution of the chain on one side of the

pair from that on the other side. We therefore call it a pair of screening

[
sites. The probability P;; can be calculated as follows. Imagine

coloring all sites with h; > h black, and all sites with A; < h white.
Consider two adjacent down spins A and B shown in Figure (I11L1). The
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sites A and B can be both white, both black , or mixed. Given that A is
down, it is clear that the state of B can only be influenced by the
cvolution of the system to the right of B. Similarly, given that B is
down, the state of A can only be influenced by the evolution of the
system to the left of A. We shall refer to this as the principle of

conditional independence [63]'. It requires

P=PlaliBl)P(Blial) (L11.3)
where P(A 1B L) s the probability that spin at site A is down given
that spin at B is down, and P(B Ua J«) is the probability that B is
down given that A is down. We take up the calculation of P(B UA »L).
If B is a whilte site, l’(li A J«) = [ because the white sites have not
been relaxed from their initial state. If B is a black site and the site to
the right of B is a white site then P(B Ua J«)=0 . In general
P(B Ua J«) depends on the length of the string of black sites to the
right of B. Suppose B is a black site, and there are (n-1) additional black
sites to the right of B. In this case, the probability P that B is down

satislies the following recursion relation,

Py =-1-PB"“2 +(1 —-{)P,;"I (111.4)

n n

' Also sce Ref. |62] for a detailed discussion of the screening property of this class of problems,
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The rationale for the above recursion relation is as follows. Let the
black site farthest from B on the right be labeled as the n-th site. Any of

the n sites could flip first. The probability that the n-th site flips first is
Fig. I1L.1: Spins on ramp-1 in an applied ficld —2J| =/ . Filled circles show sites

with A, > & . The probability per site of a doublet (two adjacent down spins) such as

AB is cqual 0 e, where p is the fraction of filled circles on the infinite lattice.

therefore equal to L 1f this happens, (n-1)th site is prevented from
n

fTipping up on ramp-1. The probability that B is down is now reduced to
the probability that the end point of a chain of (n-2) black sites is down

ic. P2 . This accounts for the first term in cquation (111.4). The

probability that n-th site is not the first site to flip up is equal to[l —i)
n

Given this situation, the probability that B is down is equal to the
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probability that the end of a string of (n-1) black sites is down. This
accounts for the second term in equation (I11.4). We can rewrite the

recursion relation (II1.4) as

(PI;' )n l) [P" -1 1)’51—2] (”li)

It has the solution,

Py = 2 () (1IL6)

m=0 m!

Summing over various possible values of n with appropriate weight, we

get
Py = ZZ——-Z— (1 »)
n=om=0 M
_1 '
=2( m,) (7- 1))21)"
m=() n=m
_ven)_
"Z;,T_e P (111.7)
Thus,
Plll =e¢~2p (111.8)
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111.3 Magnetization on Ramp-I

Let Pil be the probability per site of finding a down spin and Pi’T

the probability per site of finding a down spin which is followed by an
up spin. Clearly,
I _ _ 1
P/ = Pili + RilT =1-P; (111.9)
Keeping in mind that on ramp-1 an up spin must be preceded (as well as

followed) by a down spin, we get. P/, = P{. Thus,
P{ =1-P/ - F{

or,
\

1 1
Aol dieenl oo
The magnetization on ramp-I is given by

m!(h)=2P{ (h)-1=—-e-2p(t) (LL.11)

Equation (III.11) has been superposed on the simulation data for
ramp-I shown in Figure (IL.1). The fit between the simulation and theory
is so good that the two curves are indistinguishable from each other on

the scale of Figure (I1.1). The exact value of the magnctization on

plateau-I 1s equal to __lf which is approximately equal to —0./35.

é
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CHAPTER- IV



IV. Ramp-II

1V.1 Plateau-I

Platcau-1 forms the initial state for the development of ramp-11. It
containg down spins in singlets and doublets punctuated by up spins.
The down spins were relaxed on ramp-I but did not turn up because the
then applied field was not strong enough to turn up spins with at least
one neighbour up. The singlets have two neighbours up, and the applied
field on ramp-II is still not strong enough to turn them up. They have to
wait for their turn on ramp-111. On the other hand, each spin in a doublet

has one neighbour up and one down. It therefore experiences zero net
field from its neighbours. The net field on a doublet spin is simply the
sum of the random field A; on its site and the applied fieldh, =-h. It
turns up when h, +h; 20, or h; 2h . Note that the random field is
bound in the range —A <, <+A4. Therefore an applicd ficld smaller
than — A is sufficiently negative to pin down all doublets. This is the
reason for the plateau in the magnetization for applied fields in the
range (— 2|J|+A)< h <—A . In each doublet, the spin with the larger

quenched field /i, flips up on ramp-II when the applied field reaches a

value such that /i, = /ii. The spin with the smaller quenched field then

39



becomes a singlet which does not flip up before ramp-1lI. Thus, in
order to find the form of ramp-II, we need to find the a posteriori

distribution of quenched random fields on the doublets.

$§§$

Fig.IV.1: A doublet on plateau-I: #; and h; are the quenched fields on the doublet

sites 1 and 2.

Consider a doublet on plateau-I as shown in Figure (IV.1).The
doublet sites are denoted as 1 and 2, and the quenched random ficlds on
these sites are h; and h,. The probability (per site) of finding a doublet

on plateau-I is easily obtained from equation (III.8) by putting p=1. It is

equal to L We now calculate the probability distribution for #; and &,.
€

The distribution of /i; and h; will be identical if the evolution of the
system on the two sides of the doublet i1s similar to each other. We

assume this to be the case for now, although we shall examine a more

40



general situation later. In order to obtain the desired probability
distribution, consider the system on ramp-1 when all spins are relaxed
upto an arbitrary applied field —2|J|—A . At this point, the probability

per site for finding a doublet is Pill =e™%? , where p is {raction of

sites with /;>h (black sites) on an infinite lattice.

A-h
h)=——
plh)==
It is often easier to think in terms of the fraction p. We therefore

introduce similar fractions for the quenched fields given by the

following relations.

Given that site 1 is down on ramp-I, the conditional probability that the
adjacent site 2 is also down is equal to e™ . Site 2 may be black (h; >
h or cquivalently p, < p) with an a priori probability p, or white with an
a priori probability (/-p). If site 2 is white (h, < h), it must be down
because white sites are yet to be relaxed. Thus, the conditional
probability that the spin at site 2 is down, and the quenched field at site

2 1s larger than h is given by

Prob U1, p, < p)= le-» ~(1-p)] (IVv.1)
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The probability that the quenched field #; lies in the range A and h-dh,
or equivalently p; is in the range p and p+dp can be obtained by taking
the derivative of the above expression. We obtain,
Prob [p<p, <p+dplp=[1~e-rlp (av.2)
Similarly,
Prob [p <p;<p+ dp]dp = [1 —e P ]dp (1v.3)
We now address an issue which is crucial for determining ramp-II
correctly. This concerns two adjacent doublets on plateau-I as shown in
Figure (IV.2). Let Ay, ha, h3, hy and hs denote the quenched fields at sites
1, 2, 3, 4, and 5 respectively. If hp>h;, and hy>hs, then spins at sites
2, 3, and 4 will be up at some value of the applied field on ramp-II.
When this happens, i.e. when a triplet of up spins is created on ramp-1I,
the central spin at site 3 becomes unstable and it flips down. It stays
down till the system reaches ramp-IIl. In order to take this effect into
account, we must know the probability per site of observing two
adjacent doublets on plateau-], and also the distribution of fields at sites

2 and 4.
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Lolladollad

h;

Fig.IV.2: Two adjacent doublets on Platcau-I: Each doublet scparates the lattice
into two parts whosc evolution historics on Ramp-1I arc independent of cach other,

Evolutions inside cach dash box is shiclded from outside. The probability that spin

1 . . -
at site 3 flips up on Ramp-I is therefore equal to 3 Given this, the probability

. . . . 1
that the spins at site 1 and 5 remain down all along Ramp-1 is equal 0 -~ cach,
e

The shiclding property of the boxes can also be used to determine a posteriori

distribution of random fields ky, hy, hs, hs, and hs.

A doublet on plateau-I has an important property. It separates the
lattice into two parts (one on each side of the doublet) which have
evolved uninfluenced by each other on ramp-1. Thus, we can separate
Figure (IV.2) into three parts as enclosed in the dashed boxes. Evolution
inside each box has remained shielded from the outside on ramp-1. The

cvolution in the middle box requires that site 3 flips up before site 2 or

site 4. The probability for this event is equal to . Given this event,

the probability that spins at sites 1 and 5 remain down all along *amp-I
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is each equal to 1 Thus the probability per site of observing two
(ﬂ

adjacent doublets on plateau-1 is equal to —1-5 . Notc that it is quite
3e

different from the square of the probability of finding a single doublet!
The shielding property of the dasl?ed boxes in Figure (IV.2) can also
be used to calculate the a posteriori distribution of fields kj, hj,...,hs.
The distribution of A; and /s is the same as obtained above for a
doublet with similar evolution on the two sides (Figure IV.1).
Prob(p<p, S p+dpdp = [1 -e }/1) (v.4)
and ,

Prob(p< ps < p+dp)p = [I—e“" ]dp (IV.5)

We now turn to the distributions of hy, and Ky Suppose, in the
middle box in Figure (IV.2), the central spin at site 3 is up when all sites

in the system with quenched fields &; 24 (black sites) have been
relaxed. This necessarily means that h; 2 h , i.e. site 3 is a black site,

but sites 2 and 4 have other options. Site 3 will be up with probability
i .. . :
3 p? if 2 and 4 are both black, probability p (7-p)® if 2 and 4 are both

white, and (/-p) p® if 2 and 4 are mixed. Thus the probability of
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observing two adjacent doublets with the up spin separating them
having field h, > h(p; < p) is given by

L !
Puna(ps S P)=| 507+ 0U=p) 4 0-2)? | v

In order to calculate the distribution of A, and Ay, it is convenient to
write the distributions of the smallér and the larger of these two fields
separately. Without any loss of generality, we can assume

hy = min (hy , hy) and hy = max(hz, hy)
If hy2h, then we have hy 2h, 2h as well. Thus the fraction of
adjacent doublets on plateau-I with Ay, h3, and /iy all greater than an
arbitrary 4 is given by

p3 1
Pt (psspaspy s p)=-3—e—2 av.7)

The above equation gives the cumulative fraction of py < p sites. The
[raction of sites in the range  p+dp 2 p, 2 p can be obtained by

differentiating the above expression. We get,
2 i
Pt (p<p, Sp+dp)=p = (1V.8)

The distribution of /14 is obtained similarly. We find,

I
Py (pSpy<p+dp)=2p(l- 1));2— (IV.9)
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Given that we have a pair of adjacent doublets, the probability densities

of the quantities p;, p2, ps and ps (each normalized to unity) are given

by:
pi(py)=ell—ei] (IV.10)

p2(p2)=3p% av.11)
ps(ps)=6p,1-py) (IV.12)
ps(ps)=eli—eps] (IV.13)

In the following, we focus on adjacent doublets which create up
triplets on ramp-11. These are the objects with h, 2 h, and h, 2 hs. At
this stage, we can determine the lower and the upper bound on these

objects at any point on ramp-II when spins with 4, 2h have been

relaxed. Suppose we order the adjacent doublets in the order of
increasing h; or increasing /4. Note that a sequence in increasing /; does
not posses any particular order in /iy, and vice versa The lower bound is

given by the fraction of objects with h2h, = h, (ls being free to have

any value in the range h, <h, < A ).We obtain

P 1
Jpz (1)2 )d[)z J P ([)1 )1[)1
0 P2

=(6+6p+3p2lel-p +(1+e)p3 ——gep4 —6e

46



= [16 —%‘ze} (at p =1) =0.369 (approximately) (IV.14)

Thus a minimum of approximately 37 % adjacent doublets will give rise

to (unstable) up triplets on ramp-IL.

Similarly, the fraction of adjacent doublets with h>h, > h; 2-A

is given by
P 1
[patadpa [ps(pships
0 Pa

=(I+e)p?(3-2p -2ep3+§-ep4+6e-6(1+p+p2)e1—P
2

= [-I—Zze -1 7] (at p = I) = 0.668 (approximately) (IV.15)

This gives the upper bound. No more than approximately 67 % of the
adjacent doublets can create (unstable) up triplets on ramp-11.
1V.2 Magnetization on Ramp-11

Ramp-II is determined by the combination of two opposite terms.
The dominant term is the increase in magnetization due to the decrease
in the number of doublets. When a doublet disappears, it adds an extra
up spin in the system which increases the magnetization. Occasionally,
a disappearing doublet creates a string of three up spins. A triplet of up

spins is unstable on ramp-1I, and the central spin of the triplet flips
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down as soon as the triplet is created. This decreases the magnetization.
In the following, we calculate the above two terms scparately.

Refer to Figure (1V.1) for calculating the first term. The probability
that the doublet shown in the Figure (1V.1) disappcars when spins with

h; 2 h are relaxed is given by
2 P 1 ﬁ
PTI% = ;7 f[ P(1)1 )’1)1 IP(PZ )’1)2
Py

s . ” . “ e .
I'hc factor — s the probability per site of finding a doublet shown in
(l

Figure (IV.1). The factor 2 takes care of the fact that either h; or h; may
flip up first. The integrals are written on the assumption that the spin at
sitc | flips up first. Together they give the probability that h, 2 A , and
hy <h,; . Note that when a doublet disappears, a pair of adjacent up
spins is created. This is the rcason for the choice of the subscript on

1’1’4 . 'The superscript indicates that the probability refers to ramp-11. We

obtain,

P =L _[(1+et)-(p+er)F (IV.16)
e?

We now calculate the [raction of (unstable) up triplets formed in the

system when all spins with /; 2/ have been relaxed on ramp-11. Let us
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refer to Figure (IV.2). Recall that h, < h, in this figure. We want the

probability that i, 2 by, hy 2 hs , and hy 2 h . This is given by,

[ p2 1 i
J P(pydpy JP(P5 Mp s
Pity =3 > f p(p2 Yip; )I p(p, Yip )| ————— av.17)
P2 - [ P(pgpy J
L 0 .

‘The first factor is the probability per site of finding the object shown in
Figure (1V.2). The next two integrals give the probability that h, 2 h ,
and h, <h,. The quantity in the square brackets is understood as
follows: When h; is in the range h and h+dh, hs can be anywhere in the

range hy to A. Let p(hy) be the density of Ay in this range. Clearly,

(”14
/ / V.18
pa(hy)= hjm(u ) (IV.18)
or,
P2~
p2(p;)= JP4(P4 Hp 4 (1v.19)
0
Thus,
Palpy) dp2(p2) (1V.20)

dpo
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or,

B4(ps)=6p, av.z1)

We get,

2

113 6 1 i 1 5 ) 2
Plo==|Z4+=—6l1+=p+3p2+|{1+~| p’==|1+=Pp*+=p’
T 3[2+ 6[ e)p b ( e) P 4 e[ 5[

€

—{6(1+—1-)——6p—3(1+l)[)2 +2p3}e"’+(—§—+31)}‘74’]
e e

We show in Figure (IV.3) a comparison of the above expression with a
result from the simulation. As may be expected, the agreement between
the simulation and the theory is excellent.

Incidentally, an interesting quantity is the ratio of (unstable) up
triplets at the end of ramp-1I to the fraction of adjacent doublets at the
start of ramp-11. We noted in the previous section that this ratio must lic

approximately in the range 0.369 to 0.668. If there were no correlations

between adjacent doublets, this ratio would be equal to -}I , because the

events /i > hy, or hy> hs would occur with probability % . The exact

value of the probability that h, 2hs2—-A and h, 2h; 2-A is given

by

50



111 7 27
Pl = | — 4 e—"2p2 Iv.22
M 32 [ 2 4e 20e :l ( )

The quantity in the square bracket is approximately cqual to 0.281. We
have checked this result rather carefully numerically, and it is born out
by the simulations. Finally, putting the various terms together, the

probability of an up spin on ramp-1I is given by
P{'(p)= Pl (1)+ P (p)- P4, (p) (1V.23)

The magnetization on ramp-II is given by

m"(p)=2P/"(p)-1 (1v.24)
This expression has been superposed on the numerical data for ramp-
II shown in Figure (1I.1). The agreement between the numerical data

and the theory is extremely good. The exact value of the magnetization

on plateau-1I, and its numerical estimate are given by

mll (1)= [z—g - g e~ — ge“z] =0.109 (approximately) (IV.25)
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Fig.1V.3: Unstable up triplets on Ramp-II with hy 2 h (lower curve) ; hg 2 h

(middle curve) ; and k3 2 h (upper curve). Refer to Figure (IV.2) for h;, hy, and h;.

The simulation data is shown by lines, and the symbols on each linc show the

corresponding theoretical prediction.



CHAPTER-V



Y. Ramp-111

V.1 Plateau-11

Each down spin on plateau-II is a singlet. However, there are
three different classes of singlets: the singlets formed on ramp-I;
singlets formed on ramp-11 by a vanishing doublet; and finally the
singlets formed on ramp-II by the unstable central spin of an up
triplet flipping down. Each class is characterized by its own a

posteriori distribution of the random field.

Let us denote the three distribution densities by p1” , pé’ ,and p3”

respectively.  Let P]”,P”, and P3” denote the cumulative
populations in each class when spins with /;; 2 /it have been relaxed

on ramp-11I. We have,

r
p )= [ Gidpini=1,23. (V.1)
0

It is usclul to think of the singlets in each class as being black
(h = k) , or white (i < h),where #; is the quenched random field at
the singlet site, and £ is an arbitrary reference field. In order to

calculate ramp-111, we need only the populations of black singlets in
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cach class given by Pi” (p) . If needed, one can obtain the density

plt (p) by dilferentiating Pi” (p) with respect to p.

The fraction of black singlets created on ramp-I is given by,
1 2
P (p)=p-Jli-e2r}-2lemr - (- p)] (vV.2)
e

The explanation of the above equation is as follows. Imagine

ordering the sites of the lattice in order of decreasing quenched field
on the site. When all sites with h; 2 h have been relaxed, the fraction
of the relaxed sites is equal to p (the black sites). This fraction is
made of the up sites (the second term on the right), black doublet
sites (the last term), and the black singlets. ence the equation for

PIH (p). The last term is written as follows. In each doublet, there are

two sites from which we can choose one. This accounts for the factor

2. The quantity in the square bracket gives the probability that the

chosen site is black, and L s the probability that the other site can
e

have any allowed value of the quenched field.

The fraction of black singlets generated by vanishing doublets on

ramp-I1 is given by,
11 -p 2
P (p)=[e7P -0-p)] (v.3)
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The above equation is easily understood. It is the probability that
both sites of the doublet are black. If both sites of the doublet are
black, the one with higher random field must flip up on ramp-I1l,
leaving us with a singlet on plateau-1I which is black.

The fraction of black singlets created by unstable triplets requires
the calculation of triplets. We have. calculated the fraction of triplets
as they are formed on ramp-Il. What we need now is a similar but
different calculation. The point can be understood with a reference to
Figure (1V.2). Recall that h; 2h, 2 h,. On ramp-II, we needed the

fraction of triplets with h, >k , because the formation of triplets is

controlled by this threshold. The restoration of the triplets on ramp-
111 is controlled by the condition h; 2 h . In the earlier calculation,
sites 2, 3, and 4 were all black sites. In the calculation needed now,

only site 3 is black. Sites 2, and 4 are white, and we want &, <h, ,

and hs < h, . The probability for this event is given by

p 1 1 1 1
Pll(p)=2[dp;.[dp, [[1—ePs bips [dp, [[1—e=ri Yip,
0 Ps P4 P4 P2

As a check, we note that

I I
2 fdl)4 jdl)z =(I-p; )2

P P4
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Thus, the double integral gives the probability that sites 2 and 4 are

white {compare with the second term on the right hand side of

Equation (IV.6)}. The extra terms in P3” (p) take into account the

requircments hs <hg ,and by Shy .

PJ(p)=2[dps [+ et = py—epelipy [li+ et = p —e Jip,

0 Ps3 P4
We get,
2 1 2 4 1 5> 4 13 4 1
Pl(p)=—1+= |+|=+=+—|p—=|1+=+ 24— =+—+—
7 (p) ( e) [4 - ez]p 2[ - ele’ 3[2 >

iT ] 2 2 )
——|1+=|p*+—pi+|1+=|eP—~ZpeP +pleP +—|l-e2P
4[ }p 57 [ ] =P p 2[ ]

(V.4)

As a check we note that,

HO=s5l e 5]
e

This is the same as given by Equation (IV.22). As one may expect,

the number of triplets with si; 24 is larger than (riplets with

Iy, 2 h, butthe two mergeat h=-A4 ie. p=I.
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It is of some interest to calculate the number of triplets with

hy > h as well, although this quantity is not directly needed in the

calculation of ramp-1II. Denoting this quantity by P[{[ (p), we get
p 1 1 1
P (p)= 2][’4“[’4 J[I —ebs }1[)5 Jdl)z “1 —e~ P }11)1
0 7 Pe P2
Note that cither iy or iy could have been the larger of the two
fields although we have assumed that ks is the larger one. This
accounts for the factor 2 on the right hand side. The factor p, comes

from integrating p; over the range 0 to p,. The other terms are self-

cxplanatory.
chcl',
[ 2] 1], 5 4 2[3 4 1 31
Pl(p)=—-+= +—l:l+—+—-—] )2—-—-[——+-+—— ¥ = [+ — | p?
/() [2 e] 2l e eV T2 e e [ T e,

—%[}5 + HI + 3}1 +p-p2)+ p3]e‘1’ —[§+ [)]6*21’ (V.5)
e

It can be checked that P4” (1) also reduces to the expression in

Equation (IV.22) as may be expected. In Figure (IV.3), we have

) . * I 1 /i
shown the theoretical expressions for Ppyy (p), P; (p),and Py (»)

"In the reference [591 in the expression (46), in the sccond-last term p? should be replaced by —p?
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along with the results from the simulations for the sime quantities,
The simulations were performed for a system of 10° spins, and
averaged over 10°  different realizations of the random field
distribution. The agreement is excellent as may be expected from an
exact analytic result. The agreement between the simulation and the
theory also justifies (albeit post facto) the implicit assumption in our
analysis (hat the system is sell-averaging. ‘The fact that simulations
over arclatively small size of the system (10" spins) agree with the
exact result is due to the super-exponential decay of correlations in
this system [62].
V.2 Magnetization on Ramp —II1

Plateau-1I forms the ground state for the evolution of ramp-III in
an increasing applied field. The ground state has solitary down spins
dispersed in a sea of up spins, The net ficld on a singlet is cqual to

~2/J|+ M +h, . This lies in the range |-2J|-4+4h,] to
- 2y |+A+haJ. Therefore, the singlets begin to turn up at
hy=2|J|-A , and are all up at h, =2|J|+A . These limits mark the

beginning and the end of ramp-IIlL. The shape of ramp-111 s
determined by the fraction of up spins at applied fields between these

limits. We take an arbitrary value of the applied field /1, = —2]] |—/1
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on ramp-1I11, and calculate the fraction of singlets which are up at this
field. In other words, we calculate the fraction of singlets with
h; = h orequivalently p; <p , where

A-h

_ 1
Pi=——

2A
As discussed, the singlets on plateau-I fall into three categories. In
category (1) are the singlets which were created on ramp-I. The
fraction of singlets which belong to this category, and whose

quenched field is greater than 4 is given by,

Al (p)=p-21-e72 |- 2P —(-p) (V.6)

®

Fig.V.1: A singlet (site 3) with one next nearest neighbour down (site 1), and
one next nearest neighbour up (site 5). When the singlet turns up at an applied
field h, the spin at site 2 stays up if A < |J I , but the spin at site 3 will flip down

when the spin at site 2 flips up on ramp-III. This process creates a new singlet on
Ramp-IIIL.
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In category (2) are the singlets which were created on ramp-11 by a
vanishing doublet. The fraction of singlets in this catcgory whose

quenched field is greater than 4 is equal to,
i - 2
P (p)=[e7P -(-p) (V.7)
Finally, category (3) singlets are those that were created on ramp-II
by the central spin of an unstable up triplet flipping down. The

fraction of singlets in this category whose quenched field is larger

than 4 is given by,

P3” (I))= ‘(l + 2e—-l )+ [i—+ 2e_l +4e_2]p

——l—[l+5e_l +4¢3_2]p2 +l[§+4e"I +e™2 ,;3
2 312
—l[l+e—l]p4 +—Lp5 +[1+ 2e_l]e—p
4 20
—2pe_(l+p)+p2e—p +%[1—e—2p] (V.8)

The total fraction of singlets present on platcau-1I whose quenched

fields is larger than 4 is equal to,

P (p)= P (p)+ B (p)+ P (p) (V.9)
The above equation gives the fraction of sjnglets which will turn up
in an applied field #h, =2|J]—h from among the singlets initially
present on plateau-II. However, when these singlets turn up, some of
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their ncarest neighbours turn down. This process crcates new

singlets2. The newly created singlets turn up later at a higher applied
ficld on ramp-111. We need to calculate the fraction of newly created

singlets, and their restoration to the original state as function of the
applied field before we can determine ramp-1IL

V.3 Creation of New Singlets

In this section, we consider the circumstances in which the
destruction of a singlet on ramp-IlI accompanics the creation of a
new singlet. Consider a singlet in the ground state, say the spin at site
3 in Figure (V.1). Its nearest neighbours at sites 2 and 4 are up. A
next nearest neighbour at site 1 is down, and the other next nearest
neighbour at site 5 is up. Suppose the singlet just flips up on ramp-I1I
at an applied field h,, i.e. k3 -2|J|+h, =€ , where £ 20. The applied
ficld at this point is  hg =2|J|-h3 +¢. We ask the question, could a

nearest neighbour of the singlet flip down when the singlet flips up?

2 Although the new singlets make the analysis of ramp-III somewhat tedious, but
they save our model from an unphysical feature. If we neglect the new singlets, the
two halves of the hysteresis loop cross ecach other twice so as to make a scrics of
three subloops. In this case, one could engineer a violation of the second law of
thermodynamics by running an engine over two of the subloops. However, the new
singlets on ramp-1I push down the lower half of the hysteresis loop and prevent the

upper half from crossing it.
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First, consider the nearest neighbour at site 2 in Figure (V.1),
Alter site 3 has flipped up, site 2 has one nearest neighbour up and

one down. Thus site 2 may flip down if hy+h, <0, or

hy < hy -2|J|-¢ . However, this is not possible because h; and h; lie
in the range [—~A to A], and we are considering the case A<|J| .

Thus a nearest neighbour of a singlet which has both its nearest
ncighbours down will stay up when the singlet turns up as long as
A<

Next, consider the spin at site 4. After the singlet has turned up,
silc 4 has both its nearest neighbours up. It will turn down if
—2J|+hg+hy SO ,0r hgshy—e . If hg<h3,site 4 will turn down
when site 3 turns up. After site 4 has turned down, site 3 has one
ncighbour up and one down. The net field at sitc 3 is then
h3 +hy =2|J|+€, which is positive. Thus site 3 will stay up alter site
4 has turned down. We conclude that, when a singlet turns up, its
nearest neighbour may turn down if that nearest neighbour has less
quenched field than the singlet, and also if it had one nearest
ncighbour already up before the singlet turned up. Note that when
site 4 turns down, it increases the upward field at site 5. There is no

possibility of site 5 turning down as a result of site 4 turning down.
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Consequently, a spin turning up on ramp-IlI does not cause any
change in the state of spins beyond the nearest neighbours (absence
of avalanches).

Before proceeding further, we rewrite the two rules which will
guide us in the following analysis.

Rule-1: When a singlet turns up on ramp-11I, its nearest neighbour

stays up if the adjacent next nearest neighbour is down, and A < |J | .

Rule-2: When a singlet turns up on ramp-IlI, its nearest neighbour
turns down if both of the following conditions are satisficd:

()  the adjucent next nearest neighbour is up, and

(b) the nearest neighbour has less quenched field than the singlet.
The next question is, in what circumstances, the quenched field on a
nearest neighbour of a singlet on plateau-1I can be smaller than the
quenched field on the singlet. We examine various possible cases.
Suppose the singlet in question was created on ramp-I1 by the
destruction of a doublet, For example, look at Figure (V. 1) again and
suppose sites 2 and 5 were up, and 3 and 4 were down on plateau-I.
This requires i3 Shy and hg<hs . Let  h3 Shg  without any loss
of gencerality. In this case, site 4 will turn up on ramp-11. When site 3

turns up on ramp-1l, no new singlet can be created because both
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nearest neighbours of site 3 have a larger quenched ficld than site 3
(Rule-2).

Next, let us assume that the singlet in question was created on
ramp-1I by the unstable central spin of an up triplet flipping down.
‘The central spin of an up triplet flips up for the first time on ramp-1,
It separates two adjacent doubletg on plateau-I. Therefore, the
quenched field on the central spin is larger than the quenched field
on each of its nearest neighbours. The nearest neighbours of the
central spin flip up on ramp-II (the central spin flips down at this
cvent). Therelore each nearest neighbour of the central spin has a
larger quenched field than the next nearest neighbour of the central
spin which is adjacent to it. Consequently the central spin has a
larger quenched field than each of its next nearest neighbours. When
the central spin flips up for the second time on ramp-IlIl, its next
nearest neighbours are still down. Therefore there is no chance
(Rule-2) for the nearest neighbours of the central spin to flip down

when the central spin flips up on ramp-III.
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Fig.V.2: Two adjacent singlets on Plateau-I: If k; = min (hz, hq) ,and k3 < hp

then the spin at site 3 will flip down when the spin at site 2 flips up on Ramp-III.

This proccess creatcs a new singlet on Ramp-111.

bodoc

Fig.V.3: A singlct followed by a doublet on Platcau-1 : If hig 25 , and
h3 < hp, then a new singlet will be created at site 3 when the spin at site 2 turns

up on Ramp-IIL

Having ruled that the destruction of a singlet created on ramp-II
does not give rise to a new singlet on ramp-IlI, we are left with
singlets created on ramp-I and present on plateau-I. When one of

these singlets disappears on ramp-111, it may create a new singlet if
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one of its nearest neighbours has a smaller quenched ficld than the
singlet, and if the next nearest neighbour is up. We note that only one
of the two nearest neighbours of a singletlon plateau-I can have a
quenched field which is smaller than’ the singlet. A site which has a
larger quenched field than both of its nearest neighbours must be up
on plateau-I. Now consider a singlet on plateau-I as shown at site 2
in Figure (V.2). Let its nearest neighbour on the right (at site 3) have
a smaller quenched field (i3 <47). Site 4 must be down because
there are no strings of up spins of length greater than unity on
plateau-1. Site 5 may be up or down. The two possibilities for site 5
are depicted in Figures (V.2) and (V.3) respectively. In Figure (V.2),
a singlet is followed by a singlet on plateau-1. In Figure (V.3), a
singlet 1s followed by a doublet.

Consider Figure (V.2) first. What is the probability per site that
such an object occurs on plateau-1? A singlet on plateau-1 must be
followed by a singlet or a doublet. It was shown that the probability

per site of the occurrence of a doublet is equal to e? and the

probability that a doublet is followed by a doublet is equal to%e“z.

Thercfore, the probability that a doublet is followed by a singlet (or
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vice-versa) is equal to %e—z . It was also shown that the probability

of the occurrence of a singlet is equal to %[l —3e‘2] . 'Therelore, the
probability per site that a singlet is followed by a singlet on plateau-1
. 1 13 -2
isequalto —|1-—=¢ .

alto 7[1-3 ]

We have obtained above the probability of the occurrence of
objects shown in Figure (V.2). Our immediate interest lies in a subset
of these objects with h3 s min (hz, hy ). This subset determines the
creation of new singlets. Suppose Ay S 4y . Then on rump-111, site 4
will flip up before site 2. When site 2 flips up, site 3 will flip down
because the conditions for the creation of a new singlet are fulfilled
(Rule-2). In order to calculate the fraction of newly created singlets,
we need to know the distribution of fields /i, /3, and &y . These may
be obtained if onc notes that sites 1 and 5 must have flipped up on
ramp-1 before site 3. Site I must have flipped up before site 3
because k| > hy 2 h3y .Similarly, site 5 must have flipped up before

site 3 because hs 2hy , hy 2 h,, hy 2 hy , and therefore hs 2 h3 .
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Fig.V.4: A doublet followed by a singlet on Plateau-I: If #3 2hy , and
h4 < h5 , then a new singlet will be created at site 4 when the spin at site 5 turns

up on Ramp-III.

This proves that just before site 3 flipped up on ramp-I, sites 2, 3, and
4 formed a string of three down spins bordered by up spins at sites |
and 5. The screening property discussed can be applied here to
conclude that the distributions of h;, and A4 are independent of each

other, and cach is given by
Problp< py sp+dpl= [1 - P ]dp
Problp s ps s p+dpl= [l ~e 0 ](I[)
where

A-hj

Pi=—F—

2A
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Given that A, lies in the range [h to A+ dh)] , h; must be uniformly
distributed in the range [- A4 to k). Thus,

Prob[p< p3 s p+dpl=dp (f p3=p3)
The contribution of Figure (V.2) to the fraction of newly created

singlets when all sites with h; 25 have been relaxed on ramp-111 is

given by’,
p 1 p;
pji (p)=21[1 —er? lip, jdp3 _“1 — &2 ip,
0 P2 0
=3-200-p)-3 0% - 1=p+p? p P42 (=20} (V.10)

Consider Figure (V.3) next. It shows a singlet at site 2 followed
by a doublet at sites 4 and 5. An identical contribution will come
from a situation where the doublet occurs at sites 2 and 3, and the
singlet at site 5 as shown in Figure (V.4). We work out the

contribution from Figure (V.4) explicitly and then multiply it by a
factor 2 to take into account the contribution from Figure (V.4).

When site 2 flips up, site 3 will flip down if k3 <hy , and if site 4 is

up as well. Note that site 4 would have flipped up earlier on ramp-11

if hg2hs . If hg2hy , site 5 would have flipped up on ramp-I1L

? In Reference [60], Equation (9), the upper limit of the third integral is shown as p due to a
typographical crror. It should be p;.
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In this case there is no possibility of site 3 flipping down when site 2
flips up. The reason is as follows. The presence of a doublet at sites 4
and 5 on plateau-1 means that hg <hy  and hs < hg. We must have
k3 < hy for the creation of a new singlet (Rule-2). If h4 <h3 , and

I3 S hy , then we have hgq < by . Thus, when site 2 turns up on ramp-

111, site 4 will be down, and one of the two conditions for the creation
of a new singlet is not satisfied.

A similar reasoning as applied in the analysis ol igue (V.2)
reveals that site 3 must have flipped up after sites 1 and 6. The
distribution of fields at sites 2 and 5 in Figure (V.3) must be similar
to the distribution of fields at sites 2 and 4 in Figure (V.2). The
distribution of fields at sites 3 and 4 must be uniform over the
interval [~ A to min(h;,hg)] . Thus the contributions of Figures
(V.3) and (V.4) to the fraction of newly created singlets when sites
with #; 2k have been relaxed on ramp-11I is given by,

1 1 i

p
PSI” (1))= 2”:1_,8"172 ]'11’2 Id[)3 Idp4 J- [l-—e_l’s ]‘11)5
0

P2 p3 P4
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“(Lyse )4 l+5e"l ) — l+2e"l 2+—‘-(l+e—l)p3-——l—p4
3 3 2 3 12
+{(§+3e_1 )—(1+2e—1)p+e—1p2-§p3}e—p—e_2p (V.11)

V.4 Destruction of New Singlets

The destruction of newly created singlets on ramp-III can be
analysed in a similar manner as their creation. For example, refer to
Figure (V.2) again, and recall that h; = min (hz,hs), and k3 <hy .
In this figure, the creation of new singlets when all sites with # > &
have been relaxed is determined by hy 2 . The destruction of new
singlets when all sites with h; 2h have been relaxed is given by
Iy 2 h . The result is an integral similar to the expression for the

creation of singlets. Only the limits of the integration are altered. We

obtain®,
p p p
P6lll ([))‘: 2Idp3 JZ[] —e~ P2 }ipz f[[ —e P4 ],'I[)4
0 0 0
=%[1 —0‘21’]—2,;@‘1’ +p(i- .v)-'-%p3 (V.12)

Similarly, the contribution from Figures 3 and 4 is given by,

*In Relerence 100], Lguation (11), the upper limit of the third integral is shown as p; duc to i
typographical crror. It should be p;,
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P3 1 1

J. [l—e_'p2 ]dp2 Idp4 J. [l—-e_p5 }!1)5 (V.13)

r
1’71” (p)= ZJ.dp:;

O 0 p3  Ppa
=207 -—(l+4¢'—l )p-i- -:-;-+3e"l )2 - l-o--2-¢'_l )3+-l—p4
2 3 4
—{(1+ 2¢71 )-— 2(1+ e_l)p+p2}e_p +e2P (V.14)

Putting the various terms together, the probability that a randomly

chosen spin on the chain is up on ramp-III is given by
Py (p)= P )+ A" (p)+ B (p)+ P5" (p)
- P (p)- P (p)+ P (p)+ 7 () (V.15)

The magnetization on ramp-III is given by,

m (1) = 2PT’” (p)-1 (V.16)

After some simplification, we obtain

mH! ()= —{%—%e—l +-g-e_2}+{%l-—18('_l + 3"—2}[’

—(l ~5¢71 +4e"2 )pz +-:];(l +2e"l + 2(3"2 )p3
_{(§+ 10e”1 )—(2+4e"1 )p —(4— 2071 )pz —-32~p3}e“” +(4+2p)2P

(V.17)
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The above expression has been superposed on the simulation data in
Figure (II.1). The agreement is excellent. The analytic result is

indistinguishable from the simulation on the scale of Figure (11.1).

V.S Hysteresis Loop

So far, we have analyzed the magnetization m(h,) in increasing
applied field. We have shown that the analytic result agrees with the
simulation rather well. The magnetization nig(h,) in decreasing field
(return loop) is related to m(h,) by a symmetry of the model, i.e.
mp (h, )==m(=h,) . Thus we have implicitly determined the return
loop as well. The return loop has been shown in Figure (I1I.1) by a
broken line. The hysteresis in the anti-ferromagnetic RFIM is rather
small, and the two halves of the hysteresis loop lie very close to each
other. In order to show them more clearly, we have plotted in Figure
(V.5) the separation between the two halves of the hysteresis loop

versus the applied field. To be precise, we have plotted [m(h, )-n]
and [mg(h,)-m] vs. h, where ﬁ:%[mR (hg)+m(hy)) -

As we may expect, the agreement between the theoretical
expression and the simulation is excellent on the scale of Figure
(V.5) as well. In Figure (V.5) the simulation data was obtained from

a system of 10” spins, and averaged over 10’ independent realizations
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of the random field distribution. The set of applied ficlds where the
spins {lip on cach half of the hysteresis loop is of course differeat for
each realization of the random field distribution. Therefore, the
average over different realizations requires a judgement on how to
group the data. We divided the entire range of the applied field from
[;- 2|Jl-—A to 2|J |+A] into 3 x 10 sections (bins) of equal width.
The data in each bin was averaged separately. The simulation data
shown in Figure (V.5) is a much sparser set of data (in order not to
crowd the figure). We have shown the simulation data at intervals of

oh, =0.1 , and the theoretical expression at intervals of ok, = 0.0/

(joined by a continuous line on the lower half and a broken line on

the upper half of the hysteresis loop).
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Fig.V.5: Separation between the two halves of the hysteresis loop in figure
(IL.1) has been magnified by plotting it relative to the average value of the two

halves. The solid line shows &m=[m—m] , and (he broken linc
. — - — 1
Sm = [mg —m] vs. the applicd ficld h, , m = 5[})1 gA+m]mand my are

the magnetizations at applied field h, in increasing and decreasing ficld

respectively.

V.6 Discussion

We have considered the zero-temperature dynamics of a one-
dimensional anti-ferromagnetic random field TIsing model, and

obtained an analytic solution of the model if the following conditions

apply:
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1) All spins are down initially, and the applied field is swept from

h,=-oo to h, =+co infinitely slowly. The solution is also

a

applicable by symmetry to the case when all spins are up in the initial
state, and 4, is decreased from A, =+o0 (0 h, =—oo .
2) The random field has a uniform bounded distribution in the

interval [- A to + A] . So far we have considered the case A < ]J | .

The simplifying feature of this case is that the increasing applied
field exhausts all strings of down spins of length three or more
(ramp-I) before working on strings of down spins of length two
(ramp-1I). Similarly, strings of down spins of length one (singlets)
are turned up (ramp-11I) only after the doublets are finished.

The second condition mentioned above has been adopted
essentially for simplicity. It serves to illustrate the method of solution
with a minimum of algebraic detail.

The restriction to an initial state where spins are either all down or
all up appears to be necessary so far. A similar difficulty is
cncountered in the ferromagnetic random field Ising model [52]. The
relaxation dynamics of the forromagnetic model is qualitatively
different from that of the anti-ferromagnetic model. The relaxation

process in the fcrromagnetic model is abelian, while in the anti-
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ferromagnetic model it is not. We have made some progress in the
methods of analytic solutions in both cases, but a qualitatively new
1dea appears to be needed in extending these methods to an arbitrary

initial state.
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CHAPTER-VI



V1. Large Disorder

Y1.1 Introduction

The preceding chapters have presented the solution of the zero-
temperature hysteresis in the AFRFIM in the case that the half-width of
the rectangular distribution of the random field is less than the
magnitude of the exchange interaction, i.e. A .<.!J ] In this case, on the
lower half of the hysteresis loop, \a site with two nearest neighbours up
flips up only after all sites with one nearest neighbour up have flipped
up. Similarly, a site with one nearest neighbour up flips up after all sites
with no ncarest neighbours up have been exhausted. Thus the problem
of calculating the lower hysteresis loop breaks up into three separate
problems of calculating ramp-I, ramp-II, and ramp-III. This
simplification is not available in the case of large disorder, i.e. if A 2|J|.

We have spent considerable time and thought attempting to
generalize the results for AS|J| to the case of large disorder, ic.
Az|J|. However, the progress in this direction has been less than
satisfactory. We understand some of the new features of the relaxation

dynamics that arise when 4 2 ]J ] and we have attempted to incorporate

these into our analysis. However, as discussed below, there remains a
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slight discrepancy between our theoretical expressions and the
corresponding simulations. This makes us suspect that there may be
additional effects which have not been included in our analysis so far, or
our trcatment of the effects that are included is not entirely accurate. We
arc constrained by various factors to leave this issue for further research,
and we present here the results which we have obtained so far.

V1.2 Screening Pairs

In Chapter — IV we discussed the importance of a pair of adjacent
sites which screen the evolution of the spin chain on one side of the pair
from the evolution on the other side. In other words, the screening pair
of adjacent sites divides the chain into two halves that have evolved
uninfluenced from each other. In general there is a finite fraction of
screening pairs on the chain. The screening pairs punctuate the entire
chain into a number of segments that have evolved independently of
each other. On the lower half of the hysteresis loop, starting with a state
with all spins down, the screening pairs of sites at an applied field h are
simply pairs of adjacent sites which have not flipped up till the
application of field 4. In Chapter (I11I) we calculated the fraction of such

pairs when A S|J|. We now take up the same calculation in the case of

large disorder ie. A Z'JI .
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Consider Figure (V1) shown below,

hy h l hy
Fig V1.1

Given that site 1 is down at an applied field &, we want the
probability that the adjacent site 2 is down as well. Let this conditional

probability be denoted by p,, (). Given that site 1 is down, the event

that site 2 is down can occur in the following two ways. Either site 3 is
down or site 3 is up. If site 3 is up, there are again two cases: either site
3 flipped up under a po— process i.e. site 3 flipped up when sites 2 and 4
were both down, or site 3 has flipped under a p; — process i.e. site 3
flipped up when site 4 was up and site 2 was down. Notice that the

flipping up of site 3 under a p; — process while site 2 is down is not

allowed if A<|J].

Let us write

Py (h)= P, (h)+ pi’l () (VL1)
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where p¢, (1) corresponds to the event that site 3 is either down or it

has flipped up under a py — process. Similarly, I’Ifl(h) gives the
contribution of the event in which site 3 flips up under a p; — process.

The term p{ (k) is similar to the case of small A with site 2

staying down on ramp — II. We get,
piy(h)=e=po®) — [e=pst) {1 - p, ()}] (VL2)

The first term on the right-hand side gives the probability that site 2
reniting down under a pg ~ process whether site 3 has flipped up or stays
down under a po — process. The second term in square bracket gives the
probability that site 2 flips up under a p; — process after site 3 has
flipped up. This term was calculated in Chapter — i, and we simply
take this result from there.

Next, Ict us consider the event shown in Figure (V1.2).

b
|-

Fig. V1.2
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Here we have,

he +21J1 +h > 0 (VL3)
hy +21J1 +h > 0 (V14)
hy+21J1 +h > 0 (VL5)
ha> h3 >h; (VL6)
hs+ h>0 (VL7)
h+ h<0 . (VL8)

Thus each of the sites, site 1, site 2, site 3, or site 4 can flip up at an
applied field /2 with both nearest neighbours doWn, but site 4 flips first,
then site 3. Site 27 remains down because it does not have sufficient
random field on it to flip up if one of its nearest neighbours is up.

Given that site 1 is down, the conditional probability that site 2 is

down in this event is given by

~h
dh
i, (h)= j "Z—AZ—[‘?"”("") ~{1-p,n)) (V19)
-2|J|-h

‘The limits on the integral over the random ficld 4, follow f{rom
LEquations (VL5) and (VL8). The maximum applicd ficld that can be
applicd without causing site 2 to turn up is equal to h=-h,. The
quantity in the square bracket in Equation (V1.9) gives the probability

that the ficld /i3 is large enough to satisfy Equations (V1.3), (V1.4) and
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(VL.7). Note that after site 4 has flipped up under a py — process, the a
posteriori distribution of the field h; is determined as discussed carlier
in Chapter (I1I). Another point to be noted is that the lower limit in the

integral in Equation (VL9) is to be set equal to -4 if

—2|J|—h<—A . Thus we get

P )= - PO <[5y 0)= s 0| 1= 23,0+ a0}

(VL.10)

where

p(h)=p,(n) if —-2|J|—112—-A
=1—%[ if —2jJ|-h<-4

Finally, for A_>_|J l, the probability of finding a pair of adjacent sites

which remain unflipped up to an applied field on the lower hysteresis

loop 1s given by

a b 2
P (h)=|py, +pyy (VL11)

In Figure (V13a) we show a comparison between the theoretical
prediction given by Equation (VI.11), and simulation data obtained
from a system of 10’ spins (averaged over 10* independent realizations

of the random field distribution) for A = 3. The agreement between the
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thcoretical result and the simulation looks reasonable but there is a slight
discrepancy in Figure (V1.3a) which becomes visible in Figure (V1.3b).
Figure (V1.3b) is a magnified version of Figure (VI1.3a) in the range
— 1< <£3. Qualitatively similar (mostly smaller) discrepancics arise for

other values of A larger than |J | . We have not been able to resolve

these discrepancies so far. Qur educated guess is that the simulation

results are more reliable than the theoretical expressions. For the case of

small disorder A<|J|, our simulations have matched perfectly with the

theoretical expressions even on magnified scales (hence magnified

figures have not been shown for 4 < |J | ).
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Iiig.V1.3a: Fraction of screening pairs vs. applied ficld for A =3'J|. The
theoretical cxpression is shown by a continuous linc and the result of  simulation
(10 spins averaged over 10* distinct realization of the random field) are shown by
dots. The simulation results arc not distinguishable from the theoretical expressions

on the scale of the above figure.
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Fig.V1.3b: This is Figure (V1.3a) magnified in the range — I < h, <3 to bring out

the small discrepancy between the theoretical exprcésion and the simulation result.
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V1.3 Magnetization on Lower Hysteresis Loop

We now take up the calculation of the magnetization curve on
lower half of the hysteresis loop. The basic quantity to be computed is
Pr(/i)- the fraction of sites that are up at an applicd ficld h. The
magnetization is given by

my(h)=2Py(h)~-1
The magnetization on the upper half of the loop may be obtained from
my(h) by a symmeltry of the model as indicated in section V.5.

As is the case of A<|J|, there are two main issues that need to be
addressed. The a posteriori distribution of random fields at unflipped
sites next to a flipped site needs to be determined. Secondly, a small
fraction of sites which flip up in an increasing applied field, flip down
when their nearest neighbours flip up. These sites make consecutively a
positive, negative, and again a positive contribution to the magnetization
on the lower hysteresis loop.

Consider the sites which flip three times on the lower hysteresis
loop. In the case of A le l, all sites which flip three times, flip up the
first time on ramp-1. Some of these sites flip down on ramp-I1, and
others on ramp-III. Finally, all sites which flip three times flip up the

sccond time on ramp-H1 For A ZIJ[, the magnctization curve no longer
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breaks up into three distinct ramps. However, it is possible to retain the

earlier formulation with a slight change of nomenclature. For 4> /|, all

sites which flip three times, flip for the first time under a po — process;
ie. they flip up the first time when none of their nearest neighbours is
up. A small set of these sites flip down under a p; — process. More
precisely these sites flip down when-their nearest neighbour flips up
under a p; — process. The nearest neighbour in question has one nearest
neighbour up and one nearest neighbour down when it flips up. In other
words, a site flipping up under a p; — process causes its nearest
neighbour to flip down. Earlier we had called this event the creation of a
singlet from an unstable up triplet on ramp-1I. The up triplet is created
by a p; — process and is unstable against the central site flipping down.
The remaining sites which flip three times flip down under a p; -
process. Finally, all sites which flip three times flip up for the second
time under a p; — process, i.e. they flip up for the second time when both
of their nearest neighbours are up.

The form of a posteriori distribution of random ficld at an
unflipped site next to a site that has flipped up under a po — process is
not affected if p; — processes commence bef(;re all py — processes have

been completed. Similarly, the distribution of fields at singlets formed
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by both nearest neighbours flipping up under a po — process has the same

form for A2|J| , as for ASlJI. In Chapter (V), we stated two rules

governing the sites which turn down under a p; — process.
Rule-1 stated that “when a singlet turns up on ramp-lI, its nearest

neighbour stays up if the adjacent next nearest neighbour is down, and

A<|J|.” This rule is modified to the following form:

Rule-1 (modified): When a singlet turns up under a p; — process, its
ncarest neighbour stays up if the adjacent next ncarest neighbour is
down.

The omission of the inequality A _<.]J ] in the modified rule needs

an explanation. Consider Figure (V.2); when site 2 turns up at an applied

ficld h, we have —2|.I|+h+112 =0. After site 2 has turned up the net
field at site 3 is equal to hy + h=h; + 2|J|~ h,. The net field at site 3 is
necessarily negative if A SII | If A >|J |, we may have
hs +2|J|—hy <0, if hy >hy +2|J|. But in this case, site 2 would have

flipped up before site 3 considering that there is no longer a restriction
that that all pp — processes must be completed before p; — processes can

commence. Hence, we get the modified rule-1 as stated above.

Similarly, the modified form of rule-2 becomes:
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Rule-2 (modified): When a singlet turns up under a p; — process, its
nearest neighbour turns down if both of the following conditions are
satis{icd:

(a) the adjacent next nearest neighbour is up, and

(b) the nearest neighbour has less quenched field than the singlet.

It can be proven on similar lines as in Chapter (V) that only the
destruction of a singlet that was created entirely by a py — process (ramp-

I in the nomenclature of AS|J|) can cause a neighbouring site to flip

down. With these provisions, we write

0 11 12
PT =PT +PT —PT

21 22 23
+P +P +P;

"PT24 —PT25 +PT26 +PT27
The various terms occurring in the above equation are described in
the following. We give a key to each expression. The key is given in the
form of a brief description of the term, a diagram, an integral for the
contribution of the term. The integrals can be performed as done earlier
in Chapter (V).
Following symbols have been used to in order to simplify the

integral expressions:
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u(y)=1-e>
po = po(h)
pi=p;h)
P2 ='Pz (n)

The variable of integration y (subscripts are used to denote the
variable at a particular site as indicated in the diagram) is related to the
random field at the site. It denotes the probability for the site to flip up

under a po, p; or p2 - process (as appropriate) at an appliced ficld A.

PTU (1): spins turning up under a py— process.

Do .
P (n)= fe‘ydy e’
0

9]



= %l] —_— e’"zl’u j

Explanation: The central spin turns up under a pg-process with

probability dy. The nearest neighbour on' each site is down with

‘e =y
probability ¢ " .

1 : :
Py (11): spins turning up under a p; — process.

P ()= _ru(y)dy g(y)

=2emlen == p)) -k - (- p)f
Explanation: The central spin turns up under a pj-process  with
probability dy. The nearest neighbour on the left has already flipped up

with probability u(y) and the neighbour to the right is down with

probability g(y).



PTI 2 (h): spins turning down under a p; — process (unstable up triplets).

TToTT

P; Y2 Y4
12
Py (1)=2[2(y,) dvz [8(adys [dy;
) 0

¥ et

/1 1

where y, 0 =y, — e Vimin =0 11y, < e

Explanation: The term is written on the assumption that h, </h,. The
case h, > h, makes an equal contribution, hence the factor 2 in front.
The unstable up triplet is created when site 2 turns up; g(y,) gives the
probability that site 2 turns up before site 1. Similarly g(y,) is the

probability that site 4 turns up before site 5.

21
Py (h): spins turning up by a p; — process; (destruction of singlets

created by a pg — process).
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I)
I'IZI(I:)" fu(.\') dy [2u(py) u(v)]

0

Explanation: The a posteriori field at the singlet is determined by the

ncighbour which flips up first. u(y) is the probability for the first

neighbour to flip up (before the applied field reached the value k), and

u(p,) is the probability that the second neighbour also flips up by the

time the applied ficld rcaches the value /1.

22
Py (h): spins turning up by a p, — process; (destruction of singlets

created by a p; — process).
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P (;1)=2pfu(y) dy f(y)

0

Lxplanation: u(y) refers to the neighbour which {lips up under a py -

process and f(y) the neighbour which flips up under a p; — process.

23
Py (h): spins turning up by a p, — process; ( destruction of singlets

created by unstable up triplets).

PETeT

Y2 mav

24 H !
Py (/1)2 2 f{/_\'_; f.&’ (_\’.; )!/,\'4 f.‘.' (.\’) )’I.\'.’

0 ¥; Y4

/1

Ifl 4.,
A

where Yamax = V3 +'Z-’ Y2 max =1 if y3 +

Explanation: The rationale for the above integral is similar to the

integral expression for unstable triplets mentioned above.

24
Py (1): spins turning down by a 12 — process.
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bbbod

PP =2 (=) 10) dy )

0

1
Explanation: Similar to term P, (p) in Chapter (V).

25
Py (#): spins turning down by a p, — process.

PRS-

b2 =2 fulo s fars fare[2-10)]

0 Y2 Y3

i}
Explanation: Similar to term Ps (p) in Chapter (V).

26
Py (n): spins turning up by a p, — process (destruction of singlets

24
created by Pp ).
26 P2 Y3
Py (’l)=2IdY3 ju()’z) Flyz) dy:
0 0

, . m, \.
Explanation: Similar to term F (p) in Chapter (V).
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27 ) _
Py (h): spins turning up by a p, — process (destruction of singlets

25
created by Py ).
P2 1 1
P (n)=2 J'dy3 f(ys) [dy, [;- f(y: )]
0 Y3

i
Explanation: Similar to term P, (p) in Chapter (V).
In Figure (VI1.4) we have plotted the theoretical expression for

Py(h) for A=3 along with the result of the corresponding simulation.

The agreement is seen to be reasonably close.
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Fig.VI.4: Magnetization vs. applied field on the lower half of the hystcresis loop for

A=3|J I.Thc simulation result is not distinguishable from the theoretical

expression on the scale of the above figure.
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CHAPTER-VII



VII. Summary and Concluding Remarks

The non-equilibrium response of complex physical systems shows
a variety of interesting features. Computer simulations of minimal
models have helped us in understanding several intricate aspects of non-
cquilibrium phenomena. There is also a need for simple, but exactly
solved models that may provide a caricature of non-equilibrium
phenomenology. The random field Ising model fits the bill adequately.
Zero temperature Glauber dynamics of ferromagnetic RFIM describes
systems that relax by avalanches. The non-equilibrium response of the
ferromagnetic model has been obtained exactly in one dimension, and
on a Bethe lattice. The distribution of avalanche sizes has been obtained
as well, and has proved usclul in explaining scale invariant aspects of
the Barkhausen noise. Minor hysteresis loops have also been obtained.
On the other hand, zero-temperature dynamics of anti-ferromagnetic
RFFIM describes systems that relax without avalanches. The work
presented in this thesis is an attempt (perhaps the first attempt) to obtain
the non-cquilibrium response of the anti-ferromagnetic RFIM cxactly.
The problem, although very simple to state, appears unexpectedly

difficult to us. We could only find an exact solution of the problem in

one dimension in the case of a bounded rectangular distribution of the
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random field of half-width A <|J|, where |J| is the strength of the anti-

ferromagnetic interaction. We have also presented a solution for the case
a4 >|J| but it is to be regarded as an approximate solution only, albeit
very close to an exact solution. It is desirable to develop the techniques
of statistical mechanics that would allow us to solve the problem stated
here for an arbitrary, unbounded, continuous, distribution of the random
ficld, and also to extend it in higher dimensions. We do not see a clear

road to this end at the present time, but our efforts are likely to continue,
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