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Abstract. The zeta function of a lattice over an order in a semisimple Q-algebra introduced 
by L Solomon, is a generalization of Dedekind zeta function and has an Euler product in 
terms of local zeta functions. In this paper, the local zeta functions of localized orders in 
quadratic fields and hence the global ones are computed first by using Solomon's 
combinatorial method. Next the same formulae are obtained by considering orders in algebras 
(over p-adic fields) obtained by completing quadratic fields. In the complete case the methods 
of integration initiated by Bushnell and Reiner to study Solomon's zeta functions are used. 
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1. Introduction 

In this paper  we de te rmine  So lomon ' s  zeta  funct ions for lattices in a quadra t i c  number  
field over ;e-orders in the field. We begin by briefly discussing the concepts  involved,  
and  fix the notat ion.  F o r  detai led discussion see [9],  [10]. F o r  facts a b o u t  orders  we 
refer to [7]. 

Let A be a finite d imens iona l  semisimple Q-a lgeb ra  and let A be an R-order  in A 
where R is ei ther 7 / o r  the local izat ion Z v of 7' at a ra t ional  pr ime p. Let  L be a (full) 
A-lat t ice in a finitely genera ted  A-module  V. So lomon ' s  zeta function (A(L; S) for the 
A-lat t ice L is defined as 

~A(L; S)= ~ I L : N I  -s, (1) 

where the sum is over  all A-sublat t ices  N of  L. Here  IL:N[ denotes  the index of  N 
in L, and s is a complex  variable.  In the case V = A where A is a n u m b e r  field and 
L = A is the r ing of integers in A, then So lomon ' s  zeta function for L coincides  with 
Dedek ind ' s  zeta funct ion for A. 

I f A  is a Z-o rde r  in the Q-a lgebra  A, for a ra t iona l  pr ime p, we form Ap = Z p |  = 
ZpA and Lp = 7]p |  = ZpL. Then Ap is a Zp-order  in A and Lp is a Ap-lat t ice in 
V. So we may  form local  zeta  function ~Ap(Lp;s) by using (1). It is shown in [10] that  
the Euler p roduc t  formula  

CA(L; S) = II(Ap(Lv; s) (2) 

holds; here the p roduc t  is over  all ra t ional  pr imes p. N o w  fix a ra t iona l  pr ime p, and 
let ~ be the par t ia l ly  o rdered  set of all Ap-lat t ices in V ordered  by reverse inclusion. 
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is locally finite and has a Mobius function #. Fix an indeterminate t and for any 
pair of Ap-lattices N___ M write [N:M] = t" if the index I M : N I  =p". It is known 
[7, p.228] that the number of Ap-isomorphism classes of Ap-lattices in V is finite; 
choose a complete set of representatives L 1, L 2 . . . . .  L k of Ap-isomorphism classes in 
~.  Define two k x k matrices ~r = [a~j] and ~ = [Zu] as follows: 

aij = Y#(Li ,  M)[M:L~] (3) 

Z q  = Z [M:Li] ,  

where both the sums run through all Ap-sublattices M of L~ isomorphic to Lj. It can 
be shown that d depends only on the labelling of the classes and is independent of 
the choice of representative in each class. Furthermore, Solomon [9] proved that 

- 1 = ~ .  (4) 

Now denote by Z~(t) = Z i the sum of the ith row of 0~; it is clear that 

Z~(p-S) = ~a,(L,; s). (5) 

Thus the local zeta functions are known once we compute d and invert it. 
In the next section, we give a complete description of the matrix d for Ap-lattices 

in a quadratic field A where Ap is a Zp-order in A. As a consequence we obtain explicit 
formulae for the corresponding local zeta functions and hence global formulae also. 

In contrast to Solomon's algebraic and combinatorial method, Bushnell and Reiner 
[2, 3] in a series of papers successfully adopted p-adic integration in computations 
involving Solomon's zeta functions. In w 3, we use their method to work out some 
local zeta functions. 

2. Solomon's matrix ~/and zeta functions for quadratic orders 

We begin by collecting some facts we need about Ze-orders in an algebraic number 
field A. Throughout this section p will be a fixed but arbitrary rational prime unless 
otherwise specified. For definitions and basic facts about order, refer to [7]. 

If O is the ring of algebraic integers in A, then YpO is the unique maximal Zp-order 
in A, denoted by A o. It is well known that A o is a principal ideal domain and if pO 
= I-IP~' where Pi are distinct prime ideals of O, then pA o = IIM~' where Mi are the 
distinct prime ideals of A 0. Now let A be a Zp-order in A. Since pT/p is the unique 
maximal ideal in the local ring Zp, it follows that pA ___ Rad A, where Rad A is the 
Jacobson radical of A. We can now prove 

Lemma I. Let L be a A-lattice in a vector space V over the number field A, where A 
is a ~_p-order in A. Let It denote the Mobius function o f  the poser of  A-lattices in V. 
Then t~(L, M)  = 0 unless M ~_ pL. 

Proof. By a result due to Ph. Hall [8; Cor. to Prop. 2, w 5] p(L, M ) =  0 unless M is 
an intersection of maximal A-sublattices of L. Since pA __c_ Rad A, the A-sublattice pL 
of L is contained in the intersection of all maximal A-sublattices of L. The lemma 
follows. [] 
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Let A~ and A 2 be tWO Ze-orders in A containing a Z f o r d e r  A in A such that A~ 
and A: are isomorphic as A-lattices. If ~ is the A-isomorphism, it can be extended 
uniquely to an A-module isomorphism of A (as QA = QA1 --QA_, = A). Such an 
isomorphism of A is given by the multiplication by a non-zero element of A. So 
Ax = aA2 for some cteA. Comparing the 'order' we then see that Aj = A 2. (By the 
order O(L) of a A-lattice L in A we mean O(L)= { x e A : x L ~  L}. O(L) is actually a 
Zp-order in A containing A.) Thus we have 

Lemma 2. Let A x and A z be Zp-orders in a number field A containing a 7/p-order A in 
A. I f  A~ and A 2 a r e  isomorphic as A-lattices, then A 1 = A 2. []  

From now onwards let A be a quadratic field. We choose |  such that A =: Q(| 
and O = Z • Y| Then 

Ao = Zp(~ ZpO 

is the unique maximal Zp-order in A. For each integer r ~> 0, let 

A, = Z p O Z e p ' O  (6) 

so that A, is a Ze-order in A of index pr in A 0. If A is any Zp-order of index p" in 
Ao, then p'Ao ~ A so that A, = A. Thus we conclude that the collection of all Zp-orders 
in A forms a chain 

Ao -~ At D--. D A , ~  ... (7) 

where A, as given in (6) is the unique Zp-order of index p' in A o. 
Any Z-lattice L in the quadratic field A is invertible. 1-1, p. 198]. Since O(ZpL) = 

Zp(O(L)) and Z~L -1 =(ZpL) -1 [7, pp. 109, 192] it follows that any Zflat t ice  in A is 
invertible. Consequently one has 

Theorem 1. Any Zp-lattice L in A is principal i.e. there is r such that L = O(L)~. 
[] 

A proof can be found in I-6, p. 98] where it is attributed to Ihara. It is a special case 
of more general results I-4, Theorems 35.5, 35.14]. For us the importance of theorem 
lies in the following corollary, 

COROLLARY 1 

For a Z forder  A~ in the quadratic field A, two A,-lattices in A are A,-isomorphic if 
and only if their orders coincide. Thus for a fixed r >t O, {As;0 <~ s <~ r} is a complete 
set of representatives of A,-isomorphism classes of Ar-lattices in A. 

Proof. Because of Theorem 1, if two At-lattices have the same order, they must be 
isomorphic as A,-lattices. Conversely, if they are isomorphic their orders will be 
isomorphic as A,-lattices. Since these orders contain At, the proof is complete by 
lemma 2. []  

Now fix a ~p-order A, [r/> 0). In view of the preceding results, in order to know 
the zeta functions of A,-lattices in A, we need to compute only the zeta functions of 
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the orders A i (0 ~< i ~ r) considering them as A,-lattices. Let ~'(r) = ~.~ and ~ ( r )  = 5 e 
be the matrices associated to the order A, as in (3). Since {Ao,A~ . . . . .  A~} is a full set 
of non-isomorphic A,-lattices in the poset of A~-lattices in A, both ~ ( r )  and ~e(r) are 
(r + l) • (r + l) matrices. Let /2, denote the Mobius function of this poset; then the 
entries of ~ ( r )  are given by 

aij(r) = E/#(AI, M) [M:AI],  (8) 

where the sum is over all A,-sublattices M in A~ such that pA~ _ M and M ~ Aj as 
A,-lattices (see lemma 1). Also as mentioned in the introduction, ~ ( r )  = ~r ~ and 

ffa~(Ai; s) = Zi(r ), (9) 

where Zi(r ) is the sum of the ith row of the matrix ~(r) .  Note that in both the 
matrices ~r and ~(r) ,  the subscripts i and j run from 0 to r. Our next result describes 
the nature of Zp-lattices between A~ and pA~. 

Theorem 2. Let M be a Zp-lattice lying between A i and pA~; M r A~, M r pA i. (i >10). 
Let e(p) = -- 1,0 or 1 depending on whether p is inert, ramifies or decomposes in A. 

(i) I f  i =0 ,  then the order O(M) of M is either A o or A 1. The number of M with O(M) 
= A  o is e(p) + 1, and with O(M) = AI is p--e(p). 
(ii) I f  i > O, then O( M) is either A i_ x or A i + 1. The lattice p A i_ ~ is the only one having the 
order Ai_ ~. The number of M with O(M)=Ai+ ~ is exactly p. 

Proof. We first observe that if for such a lattice M, O(M) = A s then s ~< i + 1, for 
otherwise As ~ A~. Also by Theorem 2, we may choose ~ s M  such that M = A~ct. Now 
multiplying pA~ c M = As~ c A; by Ai we obtain pAi c A~e c A ~  = A~ which implies 
p~-~ = p contradicting s > i + 1 This observation proves the first assertion in (i). To 
prove the corresponding assertion in (ii), assume O(M) = As where s ~< i. Now multiply 
pAi ~ M c A~ by As to obtain pA~ ~ M ~ A s whence 

p2 ~ IAs:MI = IA~:Ail IAi:MI=pIA,:Ai l .  

Thus ]As:Ail~<p so that either As=Ai_~ or A s = A  i. Our  first assertion.in (ii) is 
proved once we exclude the second possibility. So let O(M) = Ai; we aim to obtain 
a contradiction. As before, we write M = Aic~ for some ~ M .  In that case, multiplying 
pA~ c M = A ~  c A~ by Ao we obtain pA o c_ Aoa _ Ao. 

If Aoa = Ao, then ~ U ( A o ) ,  the group of units in A o. But ~eAi and U ( A o ) n A / =  
U(AI) [7, Ex 25.4,p. 224] so M = A ~ = A  i, a contradiction. If Ao~=pAo,  then 
~ p A o n A  i =pAi_ 1 and thus M ~_ pA i_ 1 C Ai. As [Ai:M [ = p, these inclusions imply 
that M = pA~_ 1 which contradicts O(M) = A~. Thus we can assume that IAo:Aoal = p. 
In that case Aoc~nAa = pAo so aepA o and Aoa c__ pAo, a contradiction. These show 
that O(M) = As 4: A~. 

To obtain the other assertions, note that if s > i, then Ai/PA ~ is a two-dimensional 
vector space over the field As/pA s_ 1 ofp elements and that the number  of As-sublattices 
of A~ containing pAi and having index p in A~ is exactly (p + 1). On the other hand it is 
clear that the number of sublattices ofA o having index p in Ao with their order as Ao is 
e(p) + 1. Hence the second assertion in (i). If i > 0, we have already shown that the 7/p- 
sublattices of index p in A~ are all Ai+ ~-sublattiees so they number (p + 1) by the 
preceding observation. If, for such a lattice M, O(M)= A~_ ~, then the inclusions 
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pA i c M c A i yield pA i_ 1 ~ M c A i which forces M = pA i_ 1. This completes the 
proof of (ii). [] 

Note that a consequence of the last result is the following 

COROLLARY 2 

For i > 0, the Zp-order A i is a local rin9 with p A l -  1 as the unique max imal  ideal. [] 

Now that we know the number and the isomorphism classes of the required lattices, 
we just have to compute the values of the Mobius function to complete the description 
of d(r) .  Using the information of the preceding result and the recursive definition of 
/z, we can compute these values easily (see [9] and [10]; for the sake of completeness 
we give the recursive definition of the Mobius function p of a poset ~ :  

/~(L,L)=I ,  Z /z (L ,N)=0  if L_~M, L4 :M,  

where the sum is over all N in ~,  such that 

L ~ _ N ~ _ M  

Iz(L, M )  = 0 

We list these values 

otherwise.) 

#o(Ao, pAo) = e(p), 

/~,(Ar,pA,)=0 if r~> 1, 

i ~ , ( p i , p A i ) = p  if O<~i<~r, 

/~ , (Ai ,M)=-I  if 0~<i~<r, 

of index p. 

M Ar-sublatticc of A i 

Putting all these in (8), we can easily obtain the following description of the matrix ~(r) .  

Theorem 3. Let  r be a non-negative integer and let ~ ( r )  = [air] be the (r + 1) x (r + 1) 
matrix  as defined in (8). 

If r = 0, then 

aoo = 1 - (e(p) + 1)t + e(p)t 2. 

If r >/l,  then air = 0 unless l i -  j[ ~< 1. The remaining entries are 

aoo = 1 - (e(p) + 1)t + pt2; a01 = - (p - e(p))t, 

a,, = l, 

aii = 1 + pt2; 0 < i < r, 

a i , i  + 1 = - -  pt; 0 < i < r, 

ai + l,i = - t; O <~ i < r. 

The picture of ~ ( r )  for r > 1 obtained in Theorem 3 makes it clear that the suitable 
row and column operations allow us to link ~ ( r )  to ~ ( r -  1). To be precise, let E 0 
denote the elementary ( r+  1 ) x ( r +  1) matrix with 1 at (i,j)th place and zeros 
everywhere else; and let I be the (r + 1) x (r + 1) identity matrix. Then using the picture 
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of ~r in Theorem 3 one easily verifies that  

(I -I-(p - e(p))tEo ,)~r + tE l o)= r ~ ( O ) ~  l 
. , L 0 1 1 l  �9 

For simplicity, fix the following notation 

~b(t) = (1 - t)(l - e(p)t), 

h(p) = p - e,(p). 

The preceding relations then yield the following interesting result: 

C O R O L L A R Y  3 

For r>~O, 

(1o) 

(11) 

(12) 

det ,~r = th(t), 

det .~'(r) = (b(t)- 1. [ ]  

Note that ~b(t)-t = Zo(0 ) is the local zeta function of the maximal order A o. 
Now inverting the matrix 

~ 1 ( 1 ) = [  1 - (~ (P )+- t l ) t+p t2  -hl(P)t 1 

where we use the fact that det ~r = ~b(t), we obtain 

Zo(1) = q~(t)-' I-1 + h(p)t-], (13) 

Z,  (1) = O(t)- ' l-1 - e(p)t + pt2], (14) 

they being the sum of the first and the second rows of .~(1). For  future reference we 
list two individual entries of ~ (1 )  also: 

Zo, 1 (l) = ~(t)-  i h(p)t, (15) 

Z1.1(1 ) = ~(t)-  t [1 - (1 + ~(p))t + pt2]. 

To obtain the corresponding "part ial"  zeta functions for r >~ 2, we first take inverses 
in the matrix equation (10). This yields 

Int roducing the matrix 
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the last equat ion may  be rewritten as 

~ ( r ) = X  + t  ~ x r _ l . j E , j + p t  ~ X i . , _ t E , , + p t 2 x , _ L , _ l E r r .  
j=o i=o 

Now,  for 0 ~ i < r, the sum of the ith row of X is Zi(r  - 1) whereas the sum of  the 
last row i.e. the rth row is just  1. Therefore one can easily deduce the following from 
the preceding matr ix  equation: 

(i) Z i ( r ) = Z ~ ( r -  1 ) + p t Z i , ~ _ l ( r -  1) O<<.i<r, 

(ii) Z~,(r) = ptZ~,,_ ~ (r - ] ) 0 < i < r, 

(iii) Z , ( r )  = 1 + pt2 Z , _  L,_ l (r - 1) (16) 

(iv) Z,(r)  = t Z , _  l(r - 1) + Z,,(r). 

The main  result shows that  (A,(Ai;s) is a p roduc t  of 4~(p-S) -1 and certain 
polynomials  in p-S. We first define these polynomials:  Fo r  any integer k, let the symbol  
[k; t] denote  the ra t ional  function in t given by 

[k; t ]  = (1 --  tk)/(1 -- t) 

so that  for k > / I ,  [k; t]  is a polynomial  in t whereas  [0; t] = O. Now for  integers i and 
r, 0 ~ i ~< r, and a ra t ional  pr ime p let 

fp  (r, i; t) = [r - i + 1; pt] + (pt ) ' -  i + , .  t [i - 1; pt 2 ]. 

I t  is clear that  fp(r,  i; t) is a polynomial  in t if 1 ~< i ~< r. One  readily verifies tha t  for 
integers i, r such that  1 ~< i ~ r, we have 

fp(r,  i; t) -- t f e ( r  , i -- 1; t) = (1 -- t)[r -- i + 1; pt]. (17) 

Theorem 4. Let  p be a rational  prime and let ~b(t) = (1 - 0(1 - e(p)t). Le t  i, r be integers 
such that 0 <~ i ~ r, and let A i and A ,  be 77p-orders in the quadratic f ie ld  A having index 
p~ and p" respectively in the maximal  7/ f o r d e r  A o in A. Then  

(^.(Ai; s) = ~b(p -~) - 1 [(1 - e(p)p-~) fe(r ,  i; p - s )  + p,p-~t~+ o]. 

Proof.  It suffices to prove  that  

Zi(r ) = ~b(t) -1 [(1 - e(p)t)fp(r,  i; t) + p ' t '+i] .  (1 8) 

Case I: i =  O. In this case if r = 0, then (18) is Zo(0 ) = ~(t) -1 which we have verified 
already. So we assume  r > 0. Writ ing out  the right hand side of  (18) in terms of  h(p) 
where h(p)=  p -  e(p), we can put  (18) in the form 

Zo,r, I 
This we prove  by induct ion on r. I f  r = 1, (19) is just  the relat ion (13). So assume 
r > 1. In this case note  that  the second relat ion in (16) together  with (15) implies 

Zo.,_ l (r - 1 ) =  qb(t)- l h(p)t(pt) "-2.  
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Using this in the first relation of (16) and applying the induction hypothesis we can 
obtain (19) easily. 

Case II: i > 0. We first note that the following relation 

Z i ( r ) = Z i ( i ) +  p t [ r -  1;pt]Zu(i); 1 <<.i<~r (20) 

can be obtained from (i) and (ii) of (16). Now coming back to the proof of (18) in the 
present case of i >  0, we use induction on i. The case of i =  1 is a straightforward 
substitution of values of ZI(1) and ZI,I(I ) from (14) and (15) in (20). So we may 
assume i >  1. First we put (20) in the form 

Zi(r)  = tZ ,_  1 (i - 1) + [r -- i + 1; pt] { 1 + p tZZi_  1.i- 1 (i - 1)} 

using the values of Zi(i) and Z. ( i )  from (16). 
On the other hand, since i >  1, we may replace i -  1 by i in (20) to obtain 

Z i -  1 (r) = Z i -  1 (i - 1) + pt[r  - i + 1; pt] Z i -  1,i- 1 (i - 1). 

These two relations imply that 

Z~(r) = tZ~_ ~ (r) + [r - i + 1;pt], 

whence (18) follows by the induction hypothesis and (17). []  
In the special case of i =  r, since fp(r,  r; t )=  Jr; pt 2] a simple calculation shows that 

(1 - -  e (p ) t ) f  p(r, r; t) + p ' t  2r -- (1 -- e(p)t)(1 -- (pt2) r) + (1 -- pt2)(pt2)" 
1 - -  pt 2 

Thus, in the special case of i -- r, the formula for the corresponding zeta function in 
the preceding theorem reduces to the one given by Galkin [5]. Galkin's formula is 
for odd primes only, and is obtained by solving congruences modulo powers of primes. 

The deduction of the formulae for the global case is now fairly routine. Let F be 
the maximal Z-order in the quadratic field A, A an arbitrary Z-order and L a A-lattice 
in A; the subscript p as before denotes the localization at a rational prime p. We are 
interested in an explicit formula for (A(L, S). NOW Fp being the maximal Zp-order in 
A, if (A(S) denotes the Dedekind zeta function for the quadratic field A, then 

(A(S) = 1-I (r.(Fp; s) 

by (2), where the product is over all rational primes p. Since theorem 4 shows that 

( r . ( r p ;  s) = r 

for any rational prime p (where thp(t) is the polynomial (1 - t) (1 - e(p)t) it follows that 

(A(S) = n r - '. (21) 

The product being over all rational primes p. Now given a Z-order A in A, there is 
a set E(A) of exceptional primes p, (the set of primes that divide the index ]F:A]) 
such that Fp = Ap if and only if p• E(A). Consequently for primes pC E(A), CA.(Lp; s) = 
Crp(Fp;s). On the other hand, if peE(A) and if the Yp-order isomorphic to Lp has 
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index pi in Fp, then our last theorem implies that 

~Ap (Lp,  S)/~rp(rp', S) = (1 - -  e(p)p-')fp(r, i; p-~) + p,tX -s)-si, 

where r is determined by the relation p' = IF/Apl.  (r > 0). The right hand side of the 
preceding equation is a polynomial in p-~; denote it by 9p(p-s). Therefore, the Euler 
product expression for (A(L; S) together with (21) yield the following global formula: 

~A(L; S) = ~a(s)Flg~(p-~), (22) 

where the product is over all the primes p in the finite set E(A). 

3. Computations using the method of Bushnell and Reiner 

Shortly after the appearance of Solomon's [9, 10] papers, Bushnell and Reiner [2, 3] 
gave an alternative treatment of Solomon's zeta functions by adopting the idea of 
"zeta integrals on the idele group". Their treatment requires working with lattices 
over orders in semisimple algebras over the p-adic field Qp, so that suitable topology 
can be introduced and a Haar measure can be chosen on certain entities related to 
these algebras. These lead to the formulation of the zeta functions in terms of Haar 
integrals. We do not go into the details, for our aim is limited to use these integrals 
in our special case of orders in quadratic fields. In our case, this new machinery may 
not appear to simplify the matters, but there can be little doubt that it is more 
powerful, at least for theoretical purposes, than the combinatorial methods of 
Solomon. For facts about orders with respect to complete base fields, we refer to 
Reiner .[7]. 

Let Qp and Zp denote the p-adic field and its ring of integers (7/p still denotes 
the localization of 7/ at p). If A is a 7/p-order in a finite dimensional semisimple 
Q-algebra A, and L a A-lattice in a finitely generated A-module V, then by setting 

/]=Qp| ,~=2~p| f ' = Q p |  L=~_p| L. 
0 

We see that ,~ is a Zp-order in A, ~" a finitely generated/]-module and L a ,~-lattice 
in v. Now, in a manner completely analogous to the definition (1), we can define the 
zeta function ~(L;  s). The natural map between A-lattices in V and/~-lattices in f' 
allow us to conclude that 

~^(L; s) = ~x(L; s). (23) 

See [lemma 9; 10]. This relation shows that even for global formulae, we may as well 
work with completions. 

As in earlier sections, let A = Q ~ Q| be a quadratic field. Since we shall be working 
with a fixed prime p, we shall drop the subscript p henceforth while discussing p-adic 
field or its integers. Then / i  = Q 09 Q| We note that, depending on the nature of the 
minimal polynomial of a primitive element of A over Q,/1 is either a quadratic 
extension of ~ or .4 is isomorphic to the sum of two copies of Q as a G-algebra. 
[w 5c; 7]. We set 

A,=7_~p'~_O, r =0,  1,2, . . . .  
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Then from what we have already seen about  7 / forders  in a quadrat ic  field, we conclude 
that ,~o is the maximal 2-order  in .,i and that the chain 

ho =--. 

gives all the Z-orders in A. The result about  isomorphism classes too carries over. 
So for a fixed r ~> 0, the isomorphism classes of ,~,-lattices in A are represented by 
the ,'kr-lattices {,~i:0 ~< i ~< r}. 

We now set V = ,4 itself so that  we can discuss (,~i(Ar s) in its proper  setting. We 
define the partial zeta functions 2ij  as follows 

2~j = Z I A i : M I  -s, 

where s is a complex variable and the sum is over all ~-sublattices M of Ai such that 
M ~ Aj. Thus for fixed positive integers i and r (0 ~< i ~< r), we see that the zeta function 

~X,(h,,s) = ~ 2,j.  (24) 
j = 0  

Thus as in w 2, we have to evaluate the functions 2~j. Note  that  2o. o is nothing but 
the zeta function of the maximal order  ~,o. So we know this explicitly. I f / ]  remains 
a quadrat ic  extension of Q, Zo. o depends on the ramification of p i n / 1  and will be 
the same as in the formula found in w 2. If .4 ~- (~ x Q, then 

Zo.o = ( 1 - p - ~) - 2. 

To evaluate 2, j  in general, we first express it as an integral following Bushnell and 
Reiner [2, w 3.4]. Our  task is simplified here, for we are taking V- -A .  Now /] as a 
finite dimensional Q-algebra, inherits a topology which makes it a locally compact  
topological algebra; the units ,~x of ,4 form a locally compact  topological group. Let 

X X a suitably normalized Haar  measure dXx be chosen on A , and le t / l  (S) denote the 
measure of a subset S of ,~x. For  x~,4 x, let II x I[ denote its no rm defined in terms of 
the '~eneralized' index as in [2]; namely Ilxll is the 'generalized' index IMx:M[ for 
any Z-lattice M in ,4 where 

[Mx:Mf = Mx:Mxc~M[/IM:Mxc~M[. 

The norm II x II independent of the lattice M, is multiplicative, and if x is a unit in 
some ~-order  in .4, then II x II = 1. Now adopting formula (11) of [2] to our  case, we 
obtain 

21j=#X(AX)-l[Ai:Aj[-s | [IxIISdXx, O<<.j<~i, (25) 

t ~  

where 
A ^ 

{Ai:Ai} = {xe,4:Ajx ~ ?ii} 

= p ~ - ~ h  s. 

We affect a change of variables in the integral of (25) by letting x = pi-jy, y~ j .  Then 

dXx=dXy, IIxll=(p-2)i-Jllyll 
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SO 

f3 I[xj]~dXx=p -2"O-j) I HY]I~dXy" 
x ,~r ~ d ~x~,~j 

Also note that IAi:A./I-x = p~-i. Thus we have the following form of (25) 

2~j = #x(hx) -  tp -~- j~  fa~x~ II x II ~ dXx. (26) 

One easily concludes that 

L j  o <. i. (27) 

This is precisely our formula (ii) of (16). It looks better as there is no extraneous 
matrix to keep track of. 

We now look for a recursive formula for 7~j;, which according to (26) has the form 

Zj~-- #x(hx)-  a f Ilxll'dXx, j>/O. (28) 

For j = 0, we already know Zoo, for it is the zeta function of the maximal order '~o- 
So we assume j~> 1. Now to handle the integral in (28), we break up the 
range of integration A"Xc~, i into two non-overlapping subsets, .4Xc~Rad/~j and 
.,~Xc~(h~ - Rad Aj). Note that for j t> 1, A) is a local ring; in fact 

~'i = ~- ~ P "i~-O, Rad A i = pT_ ~9 p-i~_O. (29) 

Since Rad ,~j = pAj_ t(J >1 1), it follows that 

f ~x~,,,xj li x ll" dXx = p- 2" f axoxj_ ll yll" dXy (30) 

-2s X ^ X  = p  g ( A j - O Z j - t j - r  

To evaluate the integral over the other set, we note from (29)/~/Rad ,~j ~ Z/p~_, whence 
comparing the unit groups of these rings (and using the fact that Aj is local) we obtain 

AX/(1 + Rad ,~i) ~ (Z/pZ) x 
so that 

#x(hx) = (p - 1)#x(1 + Rad ~i). 

Also for any xeAi  such that xeRad hi, x is a unit in hi  as well as in .,t. Thus 

f~ 11 II s d xx = (P - 1)#x( t + Rad hi) (31) x 

Therefore, combining (30) and (31), and using (28), we obtain 

Zj = 1 + 1 
^ X  . " X  A 

= 1 +p-2~{IAj_t .Aj  I}Zj-x..~-x. 
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Finally, we show how to compute  [,,~x_ l:AXl. Note  that  A t_ 1 acts transitively on the 
set of all 2-sublat t ices between ,'~j_ 1 and pAj_ t and having their order  (or coefficient 
ring) as ,~j. Since the stabilizer of any such sublattice is A x, we see that  the index 
I/k x_ l:,~x[ is precisely the number  of sublattices be tween /~ j_  l and p,~j_ 1 having ,,~j 
as their order. F r o m  Theorem 2, we conclude that  

[/~kX_ l:mxI =p,  j >  1 

=p--e(p), j-----l. 

Thus the final form of the recursive relations for Zjj is as follows: 

Z j j =  1 q - p - E s + l z j _ l , j _ t ,  j >  1 

21,1 = 1 + p -  2~(p __ e(p))Zoo. (32) 

Note  that  in w in relations (iii) of  (16) and (15) we had found these relations by 
Solomon 's  de terminant  method.  It  is now a routine work to compute  various 21j (by 
using (27)) and then Solomon 's  zeta functions (using (25) and  (23)). 

Now that  the two methods  of calculating zeta functions of  quadrat ic  orders (one 
by evaluat ing determinants  and the other  by integration) m a y  be compared,  it may  
appear  that  the method of integrat ion is superior  due to its simplicity. But here it 
should be pointed out that So lomon ' s  papers  raise some other  questions in addi t ion 
to the s t raightforward calculation of zeta functions. See for example  his conjecture 
about  the de terminant  s~(t) [9]. It  seems certain that  So lomon ' s  combinator ia l  me thod  
will cont inue to be useful in questions relating to the de terminant  d ( t ) .  
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