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Abstract. The zeta function of a lattice over an order in a semisimple Q-algebra introduced
by L Solomon, is a generalization of Dedekind zeta function and has an Euler product in
terms of local zeta functions. In this paper, the local zeta functions of localized orders in
quadratic fields and hence the global ones are computed first by using Solomon's
combinatorial method. Next the same formulae are obtained by considering orders in algebras
(over p-adic fields) obtained by completing quadratic fields. In the complete case the methods
of integration initiated by Bushnell and Reiner to study Solomon’s zeta functions are used.
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1. Introduction

In this paper we determine Solomon’s zeta functions for lattices in a quadratic number
field over Z-orders in the field. We begin by briefly discussing the concepts involved,
and fix the notation. For detailed discussion see [9],[10]. For facts about orders we
refer to [7].

Let A be a finite dimensional semisimple Q-algebra and let A be an R-order in A
where R is either Z or the localization Z, of Z at a rational prime p. Let L be a (full)
A-lattice in a finitely generated A-module V. Solomon’s zeta function {,(L; s) for the
A-lattice L is defined as

{alLss)=Z|L:N|™° (1)

where the sum is over all A-sublattices N of L. Here |L:N| denotes the index of N
in L, and s is a complex variable. In the case V = A4 where A4 is a number field and
L = A is the ring of integers in A4, then Solomon’s zeta function for L coincides with
Dedekind’s zeta function for A.

If Ais a Z-order in the Q-algebra 4, for a rational prime p, we form A, =7, ®,A =
ZpA and L,=7,®,L=17Z,L. Then A, is a Z,-order in A and L, is a A -lattice in
V. So we may form local zeta function {, (L,;s) by using (1). It is shown in [10] that
the Euler product formula

CAlL; 5) =TIC4 (Lp; s) @)

holds; here the product is over all rational primes p. Now fix a rational prime p, and
let 2 be the partially ordered set of all A -lattices in V' ordered by reverse inclusion.
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£ is locally finite and has a Mobius function u. Fix an indeterminate ¢t and for any
pair of A,-lattices N < M write [N:M]=1¢" if the index |M:N|=p" It is known
[7,p.228] that the number of A,-isomorphism classes of A,-lattices in V is finite;
choose a complete set of representatives Ly, L,,..., L, of A,-isomorphism classes in
2. Define two k x k matrices &/ = [a;;] and Z =[Z;;] as follows:

a;; = L, M)[M:L,;] (3)
Z,=Z[M:L],

where both the sums run through all A,-sublattices M of L; isomorphic to L;. It can
be shown that &/ depends only on the labelling of the classes and is independent of
the choice of representative in each class. Furthermore, Solomon [9] proved that

g 1=2. “é)
Now denote by Z,(t) = Z, the sum of the ith row of Z; it is clear that
Zp™*)={a,(Lis9). ©)

Thus the local zeta functions are known once we compute o/ and invert it.

In the next section, we give a complete description of the matrix .« for A ,-lattices
in a quadratic field 4 where A, is a Z,-order in A. As a consequence we obtain explicit
formulae for the corresponding local zeta functions and hence global formulae also.

In contrast to Solomon’s algebraic and combinatorial method, Bushnell and Reiner
[2,3] in a series of papers successfully adopted p-adic integration in computations
involving Solomon’s zeta functions. In §3, we use their method to work out some
local zeta functions.

2. Solomon’s matrix o/ and zeta functions for quadratic orders

We begin by collecting some facts we need about Zp-orders in an algebraic number
field A. Throughout this section p will be a fixed but arbitrary rational prime unless
otherwise specified. For definitions and basic facts about order, refer to [7].

If O is the ring of algebraic integers in A, then Z,0 is the unique maximal Z,-order
in A, denoted by A,,. It is well known that A, is a principal ideal domain and if pO
.=TI1P¢ where P; are distinct prime ideals of O, then pA, = IIM{ where M, are the
distinct prime ideals of A,. Now let A be a Z,-order in A. Since pZ,, is the unique
maximal ideal in the local ring Z,, it follows that pA = Rad A, where Rad A is the
Jacobson radical of A. We can now prove

Lemma 1. Let L be a A-lattice in a vector space V over the number field A, where A
is a Z,-order in A. Let p denote the Mobius function of the poset of A-lattices in V.
Then u(L, M) =0 unless M = pL.

Proof. By a result due to Ph. Hall [8; Cor. to Prop. 2, §5] u(L, M) =0 unless M is
an intersection of maximal A-sublattices of L. Since pA < Rad A, the A-sublattice pL
of L is contained in the intersection of all maximal A-sublattices of L. The lemma
follows. dJ



Zeta functions of quadratic orders 33

Let A, and A, be two Z,-orders in 4 containing a Z,-order A in A such that A,
and A, are isomorphic as A-lattices. If ¢ is the A-isomorphism, it can be extended
uniquely to an A-module isomorphism of A (as QA = QA; = QA, = A). Such an
isomorphism of A4 is given by the multiplication by a non-zero clement of A. So
A, =aA, for some ac 4. Comparing the ‘order’ we then sec that A, = A,. (By the
order O(L) of a A-lattice L in 4 we mean O(L)= {xeA:xL< L}. O(L) is actually a
Z,-order in A containing A.) Thus we have

Lemma 2. Let A, and A, be Z -orders in a number field A containing a Z ,-order A in
A If A, and A, are isomorphic as A-lattices, then A = A,. |

From now onwards let A be a quadratic field. We choose @€ A such that A = Q(®)
and O =7Z@®70. Then

Ae=2,072,0
is the unique maximal Z,-order in A. For each integer r > 0, let
Ar:Zp®ZPp,® (6)

so that A, is a Zp-order in A of index p” in Ay. If A is any Z,-order of index p” in
Ao, then p"A, < A so that A, = A. Thus we conclude that the collection of all Z ,-orders
in A forms a chain

AOjAlg...DA'D... (7)

where A, as given in (6) is the unique Z -order of index p” in A,.

Any Z-lattice L in the quadratic field A is invertible. [1, p. 198]. Since O(Z,L) =
Z,0(L)) and Z,L7' =(Z,L)"' [7, pp. 109, 192] it follows that any Z -lattice in 4 is
invertible. Consequently one has

Theorem 1. Any Z -lattice L in A is principal i.e. there is aeL such that L =0(L)a.
|

A proof can be found in [6, p. 98] where it is attributed to Ihara. It is a special case
of more general results [4, Theorems 35.5,35.14]. For us the importance of theorem
lies in the following corollary,

COROLLARY !

For a Z,-order A, in the quadratic field A, two A,-lattices in A are A,-isomorphic if
and only if their orders coincide. Thus for a fixed r 20, {A;;0<s<r} is a complete
set of representatives of A,-isomorphism classes of A,-lattices in A.

Proof. Because of Theorem 1, if two A,-lattices have the same order, they must be
isomorphic as A,-lattices. Conversely, if they are isomorphic their orders will be
isomorphic as A,-lattices. Since these orders contain A,, the proof is complete by
lemma 2. a

Now fix a Z,-order A, (r > 0). In view of the preceding results, in order to know
the zeta functions of A,-lattices in 4, we need to compute only the zeta functions of
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the orders A; (0 <i<r) considering them as A,-lattices. Let &/(r)= .o/ and Z(r)=Z
be the matrices associated to the order A, as in (3). Since {Ay.Aq,..., A, } is a full set
of non-isomorphic A,-lattices in the poset of A,-lattices in 4, both o/(r) and Z(r) are
(r+1) x (r+ 1) matrices. Let u, denote the Mobius function of this poset; then the
entries of .«/(r) are given by

a;;(r)=Zu (A, M) [M:A;], ®)

where the sum is over all A,-sublattices M in A; such that pA;, = M and M = A; as
A,-lattices (see lemma 1). Also as mentioned in the introduction, Z(r) = «/(r)" ! and

{adA8)=Zi(r), ©

where Z,(r) is the sum of the ith row of the matrix 2(r). Note that in both the
matrices .« (r) and Z'(r), the subscripts i and j run from 0 to r. Our next result describes
the nature of Z-lattices between A; and pA,.

Theorem 2. Let M be a Z,-lattice lying between A, and pA;; M # A;, M #pA;. (i 2 0).
Let &(p) = — 1,0 or 1 depending on whether p is inert, ramifies or decomposes in A.

(i) If i =0, then the order O(M) of M is either A, or A,. The number of M with O(M)
=A, is €(p) + 1, and with O(M)=A, is p —&(p).

(i) If i > 0,then O(M)is either A;_, or A, ,. The lattice pA,;_ is the only one having the
order A;_,. The number of M with O(M) =A, ., is exactly p.

Proof. We first observe that if for such a lattice M,0O(M)= A, then s<i+ 1, for
otherwise A; = A,;. Also by Theorem 2, we may choose xe M such that M = A «. Now
multiplying pA; @ M = A,a = A; by A; we obtain pA; « Aja = A;a = A; which implies
p*~!=p contradicting s > i + 1. This observation proves the first assertion in (i). To
prove the corresponding assertion in (i), assume O(M) = A, where s < i. Now multiply
pA;c M < A; by A, to obtain pA, < M < A, whence

P* 2 A:MI=AgA ] [AcM]=plAgAl

Thus |A;:A;| <p so that either A;,=A,_, or A;=A,;. Our first assertion .in (ii) is
proved once we exclude the second possibility. So let O(M) = A;; we aim to obtain
a contradiction. As before, we write M = A;a for some ae M. In that case, multiplying
pPA;c M =A;xc A; by A, we obtain pA, € Aga S A,.

If Ajoe = Ag, then acU(A,), the group of units in A,. But aeA; and U(Ay)nA; =
U(A;) [7, Ex 254,p.224] so M = A;a=A,, a contradiction. If Ay =pA,, then
aepAgnA;=pA;_, and thus M < pA;_ |, = A;. As |A;: M| = p, these inclusions imply
that M = pA,;_, which contradicts O(M) = A;. Thus we can assume that |[Ay:Agx| = p.
In that case Aqan A =pA, so aepA, and Aja € pA,, a contradiction. These show
that O(M) = A, # A,.

To obtain the other assertions, note that if s > i, then A,;/pA, is a two-dimensional
vector space over the field A,/pA,_ , of p elements and that the number of A ~sublattices
of A, containing pA,; and having index p in A; is exactly (p + 1). On the other hand it is
clear that the number of sublattices of A, having index p in A, with their order as A, is
&(p) + 1. Hence the second assertion in (i). If i > 0, we have already shown that the Z -
sublattices of index p in A; are all A;, ,-sublattices so they number (p + 1) by the
preceding observation. If, for such a lattice M, O(M)= A,_,, then the inclusions
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PA;c M c A, yield pA;_, €M c A; which forces M =pA,_,. This completes the

proof of (ii). O
Note that a consequence of the last result is the following

COROLLARY 2

For i>0, the Z ,-order A, is a local ring with pA,;_, as the unique maximal ideal. [

Now that we know the number and the isomorphism classes of the required lattices,
we just have to compute the values of the Mobius function to complete the description
of #(r). Using the information of the preceding result and the recursive definition of
u, we can compute these values easily (see [9] and {10]; for the sake of completeness
we give the recursive definition of the Mobius function u of a poset £:

wlL,LYy=1, Tu(L,N)=0 if L=2M, L#M,
where the sum is over all N in 2, such that
LoN2M
u(L, M)=0 otherwise)
We list these values
Ho(Ag, PAg) = &(p)s
u(A,,pA)=0 if r=1,
(i PA) = p if 0<i<r,
WAL M= —1 if 0<i<r, M A,-sublattice of A,

of index p.
Putting all these in (8), we can easily obtain the following description of the matrix 2/ (r).

Theorem 3. Let r be a non-negative integer and let o/(r) = [a;;] be the (r + 1) x (r + 1)

matrix as defined in (8).
If r=0, then

ago = 1 — (e(p) + 1)t + e(p)t>.
If r > 1, then a;; =0 unless |i — j| < 1. The remaining entries are
ago=1—(e(p) + Dt +pt*; ag, = —(p—e@))t,
a, =1,
a;=1+4+pt? O<i<r,
a;;+,=—pt; O0<i<r,
4., =—4 0<i<r

The picture of .« (r) for r > 1 obtained in Theorem 3 makes it clear that the suitable
row and column operations allow us to link #/(r) to &/(r — 1). To be precise, let E;;
denote the elementary (r+ 1) x (r + 1) matrix with 1 at (i, j)th place and zeros
everywhere else; and let I be the (r + 1) x (r + 1) identity matrix. Then using the picture
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of ./(r) in Theorem 3 one easily verifies that

Lr—-1l 0
0+ piEy s 0 418, = LD (10)
«0) 0
0+ 0= ko, ) + 66,00 =| ST | (1)
For simplicity, fix the following notation
&) =(1—0)(1 —&(p)), (12)
h(p) = p — &(p)-
The preceding relations then yield the following interesting result:
COROLLARY 3
Forr=0,
det o (r) = ¢(t),
det Z(r)=¢(t)" . a
Note that ¢(t)~! = Z(0) is the local zeta function of the maximal order A,.
Now inverting the matrix
— 2
d(l)=|i1 (e(p)+ Dt +pt h(p)t]
—t 1
where we use the fact that det /(1) = ¢(t), we obtain
Zo(1)= ¢ ' {1 + h(p)t], (13)
Z,()=0@® '[1 —e(p)t +pt*), (14

they being the sum of the first and the second rows of Z(1). For future reference we
list two individual entries of Z'(1) also:

Zy,(1)= @) ' hip)t, (15)
Z, ()=o) '[1—(1+e(p)t + pt*].

To obtain the corresponding “partial” zeta functions for r > 2, we first take inverses
in the matrix equation (10). This yields

ZFr-n{ 0

0 l](1+ptEr—1,r)'

Zn=u+ tEr,r—l)[

Introducing the matrix
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the last equation may be rewritten as

g(r)=X +1 z xr—l,jErj+pt Z Xi,l—lEir+pt2xr—l,r—1Err'
j=0 i=0

i=

Now, for 0 <i<r, the sum of the ith row of X is Z,(r —1) whereas the sum of the
last row i.e. the rth row is just 1. Therefore one can easily deduce the following from
the preceding matrix equation:

() Zn=2Z,r—D+ptZ;,_(r—1) O<i<r,
0 Z,n=pZ,,_r—1) O<i<r,
(iii) Z,()=1+p?Z,_;,(r—1)
) Z,)=tZ,_,(r — 1)+ Z,(r).

(16)

The main result shows that {, (A;;s) is a product of ¢(p~*)~! and certain
polynomials in p~°. We first define these polynomials: For any integer k, let the symbol
[k; ] denote the rational function in t given by

[k;t] =1~ /(1 —1)

so that for k> 1, [k;t] is a polynomial in ¢ whereas [0;¢] = 0. Now for integers i and
r, 0<i<r, and a rational prime p let

folristy=[r—i+1;pr]+(pty " e[i - 1;pr?].

It is clear that f,(r,i;¢) is a polynomial in ¢ if 1 <i<r. One readily verifies that for
integers i,r such that 1 <i<r, we have

Sty —tf(ni—L=0—-r—i+1pr] 17

Theorem 4. Let p be a rational prime and let ¢p(t) ={1 — t)}(1 — e(p)t). Let i, r be integers
such that 0 <i<r, and let A; and A, be Z ,-orders in the quadratic field A having index
P’ and p’ respectively in the maximal Z ,-order A, in A. Then

In (A9 =d(p™*) (L —e(@)p~*) fp(r,p~*) +p'p 0],
Proof. It suffices to prove that
Zir)=¢ [(1 —e@) fp(r,is) + pr* ], (18)

Case I: i=0. In this case if r = 0, then (18) is Z4(0) = ¢(t)~! which we have verified
already. So we assume r > . Writing out the right hand side of (18) in terms of h(p)
where h(p) = p — £(p), we can put (18) in the form

Zo( =" [i +ho) T (pt)f]- 19)

This we prove by induction on r. If r=1, (19) is just the relation (13). So assume
r> 1. In this case note that the second relation in (16) together with (15) implies

Zo,-1(r =)= ¢(1)" h(p)e(pt) .
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Using this in the first relation of (16) and applying the induction hypothesis we can
obtain (19) easily.

Case 1I: i>0. We first note that the following relation
Z(ry=Z,®O+ptlr—1;pt]1Z;(i), 1<i<r (20)

can be obtained from (i) and (i) of (16). Now coming back to the proof of (18) in the
present case of i >0, we use induction on i. The case of i =1 is a straightforward
substitution of values of Z,(1) and Z, (1) from (14) and (15) in (20). So we may
assume i > |. First we put (20) in the form

Z=tZ_(i—D+[r—i+ Lp {1 +pr*Z,_, (- 1)}

using the values of Z;(i) and Z;{i) from (16).
On the other hand, since i > 1, we may replace i — 1 by i in (20) to obtain

Zi\(n=Z; (- D+ptlr—i+ Lpt]Z;_,;_(i—1).
These two relations imply that
Z(ry=tZ;_(r)+ [r—i+ 1;pt],

whence (18) follows by the induction hypothesis and (17). O
In the special case of i =r, since f,(r,r; ) = [r; pt*] a simple calculation shows that

(1 —e(pt)(1 —(pr2)) + (1 — pt?)(pt2y
1 —pt? '

(1 —e) folr,r; 1) +p1* =

Thus, in the special case of i =r, the formula for the corresponding zeta function in
the preceding theorem reduces to the one given by Galkin [5]. Galkin’s formula is -
for odd primes only, and is obtained by solving congruences modulo powers of primes.
The deduction of the formulae for the global case is now fairly routine. Let I be
the maximal Z-order in the quadratic field 4, A an arbitrary Z-order and L a A-lattice
in A; the subscript p as before denotes the localization at a rational prime p. We are
interested in an explicit formula for {4(L; s). Now I', being the maximal Z-order in

14
A, if { 4(s) denotes the Dedekind zeta function for the quadratic field A4, then

Ca(s) =M{r (Tps8)

by (2), where the product is over all rational primes p. Since theorem 4 shows that
(M) =¢,0p7°

for any rational prime p (where ¢,(t) is the polynomial (1 — t) (1 — ¢(p)t) it follows that
Lals) =TI, (p™°)"" 21

The product being over all rational primes p. Now given a Z-order A in A, there is
a set E(A) of exceptional primes p, (the set of primes that divide the index |I":A|)
such that ', = A, if and only if p¢ E(A). Consequently for primes p¢ E(A), {4 (L,;s) =
{r,(I'p3s). On the other hand, if peE(A) and if the Z,-order isomorphic to L, has
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index p in I',, then our last theorem implies that
Cap(Lps )/Cr (T p38) = (1 — e(p)p %) f,(r, 5;p %) +p 1 7975,

where r is determined by the relation p"=|I',:A,|. (r > 0). The right hand side of the
preceding equation is a polynomial in p~*; denote it by g,(p ). Therefore, the Euler
product expression for {,(L; S) together with (21) yield the following global formula:

CalLss) = {4(5)T1g,(p~7), (22

where the product is over all the primes p in the finite set E(A).

3. Computations using the method of Bushnell and Reiner

Shortly after the appearance of Solomon’s [9, 10] papers, Bushnell and Reiner [2,3]
gave an alternative treatment of Solomon’s zeta functions by adopting the idea of
“zeta integrals on the idele group”. Their treatment requires working with lattices
over orders in semisimple algebras over the p-adic field @I,, so that suitable topology
can be introduced and a Haar measure can be chosen on certain entities related to
these algebras. These lead to the formulation of the zeta functions in terms of Haar
integrals. We do not go into the details, for our aim is limited to use these integrals
in our special case of orders in quadratic fields. In our case, this new machinery may
not appear to simplify the matters, but there can be little doubt that it is more
powerful, at least for theoretical purposes, than the combinatorial methods of
Solomon. For facts about orders with respect to complete base fields, we refer to
Reiner [7].

Let @ and Z denote the p-adic field and its ring of integers (Z,, still denotes
the localxzatlon of Z at p). If A is a Z -order in a finite dimensional semisimple
Q-algebra A, and L a A-lattice in a ﬁmtely generated A-module V, then by setting

,3=Q,,®A, A=72,8,A V=0Q,8,V, L=2,8,L

We see that A is a Z -order in A, V a finitely generated A-module and L a A-lattice
in V. Now, in a manner completely analogous to the definition (1), we can define the
zeta function {;(L;s). The natural map between A-lattices in V and A-lattices in ¥
allow us to conclude that

{alLss) = La(Ls ) (23)

See [lemma 9; 10]. This relation shows that even for global formulae, we may as well
work with completions.

Asin earlier sections, let 4 = Q B QO be a quadratic field. Since we shall be working
with a fixed prime p, we shall drop the subscript p henceforth while discussing p-adic
field or its integers. Then A = Q@ Q©. We note that, depending on the nature of the
minimal polynomial of a primitive element of 4 over Q, A is either a ‘quadratic
extension of Q or A is isomorphic to the sum of two copies of Q as a Q-algebra.
[§ 5¢;7]. We set

-~

A,=Z®p76, r=0,1,2,....
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Then from what we have already seen about Z ,-orders in a quadratic field, we conclude
that A, is the maximal Z-order in A and that the chain

KO D Al oD AZ D
gives all the Z-orders in A. The result about isomorphism classes too carries over.
So for a fixed r = 0, the isomorphism classes of A,-lattices in A are represented by
the A,-lattices {A;:0 <i<r}.

We now set ¥ = A itself so that we can discuss { A( .. 8} in its proper setting. We
define the partial zeta functions Z as follows

ZU=Z|A,-:M|_S,

where s is a complex variable and the sum is over all Z-sublattices M of A, such that
M = A;. Thus for fixed positive integers i and r (0 < i < r), we see that the zeta function

G Res= 5 2, 4

Thus as in § 2, we have to evaluate the functions Z Note that Z0 o 1 nothing but
the zeta function of the maximal order Ao So we know this explicitly. If A remains
a quadratic extension of @, Z4.o depends on the ramification of p in A and will be
the same as in the formula found in §2. If A ~Q x @, then

Zoo=(1—p5)2

To evaluate Z in general, we first express it as an integral followmg Bushnell and
Reiner [2,§3.4]. Our task is simplified here, for we are taking V = A Now 4 as a
finite dimensional Q-algebra, inherits a topology which makes it a locaily compact
topological algebra; the units A% of 4 form a locally compact topological group. Let
a suitably normalized Haar measure d¥x be chosen on 4%, and let p*(S) denote the
measure of a subset S of 4X. For xeA¥, let | x|| denote its norm defined in terms of
the ‘generalized’ index as in [2]; namely | x| is the ‘generalized’ index |Mx:M]| for
any Z-lattice M in A where

IMx:M|=Mx:MxnM|/|M:MxnM]|.

The norm | x| 1ndependent of the lattice M, is multiplicative, and if x is a unit in
some Z-order in A, then ||x| = 1. Now adopting formula (11) of [2] to our case, we
obtain

Z.-,-=u"(&-‘>'1|&:&-|“f_x CIxlrd*x, o<, (25)
ATn{Az A
where o . .
{AjA}={xed:Ax = A}
=piTiA

We affect a change of variables in the integral of (25) by letting x = pi~Jy, yeA 7 Then

d¥x =d¥y, |Ix| =) |yl
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SO

J B IIXIlstX=p‘2““”f IylsdXy.
,Zxr\{Aj:Al-} jxnf\j

Also note that ]/A\,-:/A\jl‘1 =p'~J. Thus we have the following form of (25)
Z; =u"(7\5‘)’1p"“‘ﬁf lIx]1* d¥x. (26)
FLNY
One easily concludes that
Z‘i} —pS=h Z;;s 0<j<i 27N

This is precisely our formula {ii) of {16). It looks beiter as there is no extraneous
matrix to keep track of.

We now look for a recursive formula for Z,

1j» Which according to (26) has the form

Zy=wAH™ J. Ix)*d*x, j=0. (28)

Axni\j

For j =0, we already know Z, for it is the zeta function of the maximal order Ao
So we assume j>1. Now to handle the integral in (28), we break up the
range of integration AX nA into two nomn- overlappmg subsets, A% mRadA and
A% m(A —RadA ;- Note that for i=1, A is a local ring; in fact

A,=2®p'z8, RadA;=p2®p26. (29)

Since Rad A;=pA;_,(j> 1), it follows that

j* ffxif* d¥x =P‘2‘J ﬁyﬁ‘d"y (30
A¥~RadA; AXnA;
i X(A I)Z] 1,j—1°

To evaluate the integral over the other set, we note from (29) A i/Rad A =~ Z/pZ, whence
comparing the unit groups of these rings (and using the fact that A is Iocal) we obtain

Af,-‘/(l + Rad Aj) ~(Z/pZ)¥
so that _ .
WXAK)=(p — (1 +Rad A,

Also for any xeA; such that x¢Rad f\j, x is a unit in f\j as well as in 4. Thus
J lx*d¥x =(p — )pX(l +Rad /A\j) (31)
I Rad.&_’)
= pX(A%).
Therefore, combining (30) and (31), and using (28), we obtain

Z=14p 2 AL YA Z -1 -1
=1+p B{AX AN}Z, -y
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Finally, we show how to compute |AX Y AX |. Note that A]_ 1 acts transitively on the
set of all Z sublattices between A ~, and pA ;-1 and having their order (or coefficient
ring) as Al Since the stabilizer of any such sublattice is AX we see that the index
IA AX | is precisely the number of sublattices between AJ , and pA ;-1 having A
as thelr order From Theorem 2, we conclude that

AL A1 =p, j>1

Thus the final form of the recursive relations for Z is as follows:

ZAjj=1+p~zs+IZAj——1,j—1, ]>1
Zy =14p 2(p—ep))Zoo. 32

Note that in §2, in relations (iii) of (16) and (15) we had found these relations by
Solomon’s determinant method. It is now a routine work to compute various Z, ; (by
using {27)) and then Solomon’s zeta functions (using (25) and (23)).

Now that the two methods of calculating zeta functions of quadratic orders (one
by evaluating determinants and the other by integration) may be compared, it may
appear that the method of integration is superior due to its simplicity. But here it
should be pointed out that Solomon’s papers raise some other questions in addition
to the straightforward calculation of zeta functions. See for example his conjecture
about the determinant &/(t) [9]. It seems certain that Solomon’s combinatorial method
will continue to be useful in questions relating to the determinant .o7(1).
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