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PREFACE

In the absence of viable theory of quantum gravity,
the study of influence of the gravitational field on quantum
phenomena has been very much interesting, from the last
decaée. In the early days of quantum theory, many calculations
were undertaken in which electromagnetic field was considered
as a classical background field interacting with quantized
matter fields. Such a semi-classical approximation yields some
results that are in complete accordance with the full theory
of quantum electrodynamics. A similar regime exists for quantum
aspects of gravity in which the gravitational field 1is
retained as a classical background field while the matter
fields are quantized in the usual manner. Adopting Einstein's
theory of general relativity, as a description of gravity, one
is led to the subject of quantum field theory 1in a curved
background of spacetime.

In Einstein's theory of gravity, curvature manifests
gravitation. As many results of flat spacetime are not true
in curved spacetime, vacuum state is absolute in flat spacetime,
whereas it is not so in curved spacetime. As a result creation
of particles 1is expected in curved background of the space-

time.
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The possibility of creation of particles, in curved
background, was first discussed by S.W. Hawking, in the
context of black holes. Later on, this type of approach was
adopted by L. Parker, B.L. Hu, S.A. Fulling, B.K. Berger,

J. Audretsch, E. Mottola, L.H. Ford and others.

This dissertation contains a systematic survey of

the work done by different scientists on creation of spinless

particles in different cosmological models, Chapter I is
introductory and contains some basic ideas of scalar fields in
flat as well as curved spacetimes, idea of creation of
particles etc. In Chapter II, possibility of creation of
spinless particles in different cosmological models are
discussed. Chapter III contains creation of pgrticles in
anisotropically expanding universe. Chapter IV consists of
idea of Quantum Equivalence Principle and discussion on

possibility of creation of spinless particles, using this

principle. Similar type of work in higher-dimensional Kaluza-

Klein spacetimes has been included in the last Chapter.
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CHAPTER 1

INTRODUCTION

Gravity is not an interaction which can be turned
off or on at will. This property of gravity encouraged
Einstein to think that it must be intrinsic to the region,
where gravitating matter exists. This intrinsic property of
the region was identified by its geometry. So in Einstein's
theory, spacetime geometry manifests gravitation. Now if a
gquantum field interacts with unquantized gravitational field,

it is natural to study them in curved spacetimes.

In the background of curved spacetimes it is seen
that creation of particles is a spontaneous consequence of
quantum field theory. It occurs in particle-antiparticle
pairs in the model under consideration and does not violate
local conservation lawsl. Before going into details for the
study of quantum fields in curved spacetimes, it 1is reasonable

to know them in flat spacetime which is given as followe.

1.1 Quantized Scalar fields in Minkowski Spacetimél’2’3]

In flat spacetime, Langrangian density for the

scalar field ¢(x) is given by

L=t (il ag gpd -7 @

where 'm' is the mass of the scalar field ¢(x).



The action is given by
R = S'L@c) Ny
varying the field ¢{x) and wusing the action principle

A = 0, we get the field equation as
©+mt) CfJ =0

where ] = ’rlda." ad.

(t-2)
One set of the solution of (1.2) for the mode k is
given by
~1
z

Uk(t’x,) =[’2C,D (?_rr)h—':, e‘("—kx - Ceot ) (‘.3)

where
A
z
G = (Kz-f-"ﬂ)?—)
and
L
T 2
— 2 -
kK = Ikl = [2 kL] ("OOQKL<003 teb2: T‘)-—l)
L:l
Here Uk(t,x) are positive frequency modes with

respect to 't' because it is eigen-function of the operator

)

St defined as

%{_Ut&ox} = -tw UK@J._C)

The scalar product of two scalar fields ¢,and ¢,

is defined as

(s ¢)

I

T - (a4 4»:} 4™
_Lj‘(t)'gt}:ct’: ,’n—‘lc) G4



where t = constant defines the hypersurface enclosing

n-dim. region.

Using (1.3) one gets for Uk
| -
(UK,UK) = O('m(k-k') (-5)

The system is quantized by treating ' ¢ '

as an

operator and applying the equal-time commutation relations

Ldx), ¢rea)]
RIESHIBO)
[$i0, TED] = ¢ & @)

where 'NlI'is the canonical conjugate

it

O

1

0]

(1-6)

momentum for ¢ defined
as

T o239k =3 Yy
P . {C" (

Uk and its complex conjugate form a complete

orthonormal basis with scalar product (1.4). So ?(gx) may be

*
expanded in terms of Uk and Uk ( U: is the complex conjugate

of Uk ) as

b = Zlaotoly] (1)

where k's are discrete modes.

The equal-time commutation relations (1.6) imply that

ay and ai in (1.7) satisfy



t
O

\
(o, , a,. ]
+
[O*;) 03<|]

(O“K ) OL'] = ‘gkk‘

n
O

(a-8)

In the Heisenberg picture, the quantum states span
a Hilbert space. A convenient basis in Hilbert space 1is the
Fock representation. Therefore we can construct the normalized
basis ket vectors |} , from the vector [Q> (called the vacuum
or no particle state ). This state ‘O> has the property |

that it is annihilated by all the a operators:

k

a oy =0 N K (1.9)

)

and also |0 has the property that it 1is created by all the

ai operators.
-f.
a, lod =|1,> ¥k (t-10)

Similarly we can also construct many pa’ticle

states as

T +
a +
ke ey oy = |k kg ik k>
Also one gets

O“: I“K> = @H)?‘ l(ﬂﬂ):) (1. ]1@)

L

aklm> = mz '@-QK> (1.11 b)



To show the significance of the above stated

Fock states, one can exa mine the Hamiltonian and momentum

operators. These quantities are obtained from the stress-

energy-momentum tensor, T.. which is defined as

Ad
R I e I S Sl PR (RLY
The Hamiitonian density is given by

Ttt = < ,: @tq’)z + é? (thmz.‘. rm?-c‘)z:, @.13)

and the momentum density

T . =3¢3.¢ : ;
b t L , C=1, - .o, ™Mo (1.14)
in terms of Minkowski co-ordinate (t,x). Substituting the

value of ¢ from (1.7) in (1.13) one gets

-
,H = JT;t d - x
- L5 (o ' (RNES
2 kK Kak+aka’k)w
Similarly substituting the value of ' ¢' from (1.7) in (1.14)

one gets the momentum as

PL = J-Tti. dm—':r_ ={ Q: a k; (l-l@)
t

Again using the commutation relations (1.8) in (1.5) we

can rewrite

- +
Ho = % (akak"'"a‘)w

(terp



Both H and Pi commute with the operator N

[N)H] = [N, P = 0 (1-18)

where N = 5% N, and N = ak* a, (l.l9)
From (1.9) and (l1.1llb) one gets
<OlNK\O> =D ¥ K O'ZQ>

Similarly
C
< rnK, Ko Kd\ ng \ K, kZ Kd>

is the integer ‘n. 1If N, is summed up over all i

<,N|> =%:Ln | ' | 0-22)

This simple relationship between N. & n, suggests

k

the name, 'number operators for the mode k', nk and 'total

number operator', N.

i

Also another interpretation from (1.18)is that
eigenstates of N are also eigenstates of both H and P.

When *n increases by one, Z‘Hl) and  Z|pl> also increase

by w. and ki respectively. Therefore 'n can be interpreted

as the number of quanta, each of energy w andfﬁ { momentum

: 1 3
ki’ for a particular mode ki' Thus the state n, 'zml' my ...

“en an'> is the state containing ln "quanta in the mode

with momentum kl' 2n quanta in the mode with momentum k etc.

2!



From (1.11) we get a useful physical interpretation
for the operators ay and aL . In (1.11(a)) aE increases
the number of quanta by one. So the name 'creation operator'.

Similarly, in (1.11lb), a, reduces the number of quanta by one.

k

So a, is known as the annihilation operator.

k

1.2 Quantized Scalar fields in Curved Space-time

Field quantization, in curved space-time, proceeds
in close analogy to the Minkowski space-time. In curved space-:
timéé], the simplest generalization of the Klein-Gordon
equation is given by replacing (X =qfﬁ atal (ai means

partial derivative with respect to x' ) in Minkowski space-

time by
2 =y A (i ) (1-23)

and adding a term §gR 'in the mass term of the scalar field

So Klein-Gordon equation for a scalar field ¢ is
2
(Cl +§R +m) C% = O 0.24)

where ‘g'is the coupling constant which couples gravity

with ¢

If 91 and g, are two solutioésof (1.24), then

we can define the scalar product ( inner product) as

(3.9) =-¢]@ 9 - 92850/ 7 dse |, (1029)



A
where ds.L = n; dy ( dg is the surface element of the three

A .
dimensional hyporsurface t = constant and n, is a vector

normal to the surface ).

In the case, the Lagrangian density for the

field ¢ is given by

L= (9934954 -+ 4R)4] (-2

The canonical momentum, conjugate to ¢ is given by

oL é{ ot .
San =03 9 99 (-2

To quantize the field, we consider ¢ and [ as

m =

operators and impose that the equal-time canonical commutation

relations

[¢(x,t)) C#@C"Jt)] O
[}T G;’E).) m GSJE)J o) . (?.2_%)
oy, nEw] = SE)

]

The Heisenbergs equation of motion are given in terms

of Hamiltonian which is defined as
A T T L 1 (1-2
[’ t at dt 9)

where

WW = [d%x Grag-L)



The field operators act on state vectors |> which
describes the possible states of system is given by the

construction of a state vector space known as Fock spaces.

Tn the case of curved space—timg?] it is diffi;ult
to define physically relevant positive frequeqcy solutions
and also to regularize the Hamiltonian and energy-momentum-
tensor because there may exist a nonvanishing v acuum energy
resulting from curvature or by the topological properties of
space-time. Therefore one cannot demand that (Ui' Uj) = Gij
be satisfied in curved space-time by the basis of wave

functions. For example, if

Ui - OCAUJ +PLJ A (1+30)
with

BC&

T
Ayl -
Then we should have also

| | |
(Ui' Uj ) = Gij' Although Ui are not purely

positive frequency solution with respect to ;- The mere

fact that Ui & Uil cannot describe the same particles can be

seen as follows.

|
Ui and Ui both form complete sets, so that '¢'

can be written as

¢ - (alug + QL'T u;")
and ’ % (|.31)
(¥ = %; (}RL\Ji T A0 YU )



, Now,
- R ,j" _ Z ) o 'E '* -*.
a @”Uf) t (Ea'a CR [O(g“i *%"3‘7—])
'* . *
= - fe (22
Similarly

T .
ac = (45" )
; .
= O((;C'l QJ - Pc(l QJ @'33)

The transformations of creation and annihilation
operators (1.32 ) ard (1.33) are known as Bogoliubov

[4,5].

transformations

, L 2 2 _
By virtue of the condition laijl |Bij| 1,

it follows that both the primed and unprimed operators satisfy
commutation relations (1.8). Hence we can construct the Fock

] 1
space H on ‘0> where

a; 0> =o Yo (1-34)

The average number ol primed particles present in the unprimed

vacuum state 1is given by

L

le% éola;ailcv =2 ('35

B'L(}

But the number of unprimed particles in the unprimed vacuum

state is zero.
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(6]

Now let us consider the Rindler coordinates

v,z. It is related to Minkowski cooidinates (t,x) through
(z 0, - D<«VeoO )

-
L+ =ze’ b-x =-ze , (13@

sothat  ds” = 2%V - dZ* (137

The metric coefficients are independent of the

time co-ordinate 'v' and velocity is given by

%ch ~tamh v (1- 38)

Fulling[7] has solved the field equation (1.23) in

Rindler co-ordinates (v,z) for the 'stationary wave function

of time depending exp (jv) (3 0,1,2,.... ). When m # O,

in Rindler coordinates

Lo =lerenie ”‘D]a (%) ‘

/ﬁjk [focok(e _I)JE(C‘OK"’K)L(}

with

i

2T

e (1-39)

w7

From (1.32), we have
<D
1 :jak (logkf—’\%kr)
- zmt L) \( [



or

v K 2 ) -
VIR O L Ly an

which is a black body spectrum given by Unruhg.

AN

1.3. The Meaning of Particle Concept

It is natural to ask "What is the set of modes
which furnishes the best description of a physical vacuum,
ie. the state of 'no particles'?". Answer of this question
depends on measurement process to detect the presence of
quanta. For example, a free—falliné'detector will not always
register the same particle density as a non-—-inertial ,
accelarating detector. In fact, this is even true 1in
Minkowski space, where an accelarated detector will register

quonta even in vacuum state defined as akb>==o k.
The special feature of Minkowski space is not that

there is a unique vacuum,but that the conventional vacuum state
as defined in terms of mode (1.3) is the agreed vacuum for all
inertial device throughout the space-time. This is because,
the vacuum defined by (1.9) is invariant under Poincare'
group.

In many problems of interest, the spacetime can be
treated as asymptotically Minkowskian in the past and

future. Under these circumstances, the choice of the 'matural'

Minkowskian vacuum defined by (1.9) has a well-understood
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physical meaning ie. the absence of,partiples according to

all inertial observers in the asymptotic region - usually
taken to be the commonly accepted idea of a vacuum. We refer
to the remote past and future as the 'in' and 'out' regions
respectively. This is borrowed from Minkowskian quantum
field theory where it is assumed that as t—> *tec all the

field interactions approach zero. The analogor situation here
is to suppose that in the 'in' and 'out' regions spacetime
admits natural particle states and a privileged quantum
vacuum. This can be either Minkowski space,or some other
spacetime of high symmetry such as Einstein static universe.
Whether a particular spacetime constitutes a suitable 'in' or
Iout' region depending on the quantum field of interest. In
the case of massless, conformally coupled fields, a conformaly

flat spacetime, even if not static is a good spacetime.

‘ Since we work in the Heisenberg picture, so if we
choose the state of the quantum field in the 'in' region to
be the vacuum state, then it will remain in that state
during 1its subsequent evclution. Fut at later times, outside
the 'in' region, freely falling particle detector may still
register particles in this 'vacuum' state. In particular, if
there is also an 'out' region then the in-vacuum may not

coincide with the out-vacuum. In that case a natural class of

observers in the out-region will detect the presence of

’

particles. We can, therefore, say that particles have been

created by the time*dependant’external gravitational field.



This is an especially useful description,if the 'in' and 'out'
regions are Minkowskian so that all inertial observeré in the
out-region register the presence of quanta. Analogous processes
of particle creation by external electromagnetic fields are
also knowA101 The possibility of similar particle production

due to spacetime curvature was discussed over forty years ago
by Schrodinger and other£11_14? The first thorough treatment
of particle production by an external gravitational field was

given by Parkerlli]and Sexl & Urbantkél6j

1.4 Particle Creation by Black Holes

Black holes are caused by gravitational collapse of
stellar objects. In 1975, S.W. Hawkin517’lg]attempted to
show creation of particles due to gravitational field of
a black hole. In 1976, Hartle and Hawkin&lg]attemp‘ed the
same problem through path integral approach. We shill review
Hawking's original methoél7’ld]because of its cleor and

unambigious physical basis.

Consider a neutral scalar field ¢(x) with mass
mgz0 obeying the Klein-Gordon eguation (1.24) and
guantization rules (1.28). Here interest lies in observations
which depend on the characteristics of the geometry outside

the event horizon. The spacetime around the black hole, of

mass M, is described by the Schwarzchild line element
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=i
(\-g_o_'\_)cltz._ (l-zTM) At vrda” (-4
9
where “dnt = c:\92+51r)29 c\ct>2

One finds that the solution 'g' of (1.24) in the

spacetime (1.41) is proportional to -

- ceot

8 of ~~ ng‘lj th(ofz) e 0,4,2)

where -

30 55 (S0 280 ) 4o d Rt LR

Swuea aq>2_

(1-43)

The radial function R {(r) satisfying
@

Ciq;*a —z ot +@) - @D S vy j L- ZMJ)R (|-++)

where
_*-

¥ = A 2M J&oa | CZM)—'-—I l

Here r*__,-oo  when r —52M and r*. 300 as r-—>o0 .
Equation (1.44) is analogous to the Schrodingers equation
with co® playing the role of energy and [[(U—I)?!‘Zﬁ- ZMW—BJ
El*?.Mr_l] the potential. Since this potential vanishes
as r — 2M and r —» o© , the solutions in these regions are

superpositions of exp ( i(co r*). Hence the solutions 'g,:@é‘fl}r‘;q"\w

/(&W
I:’DI .
(1.42) will be superpositions of terms proportional to.f,

/Gﬂ(zl{ "Q? “\}f *_‘:., -
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-1 (-« - ~lwv
1 \wu)ylm and L oe(tt )ylm

r in the regions

r* 3y +o, where

U =t-4" Vater® (1-45)

)

are null coordinates. Here outgoing spherical null waves are
characterized by u = constant and incoming waves by

v=constant.

In terms of u,andlv) the Schwarzschild metric

becomes

. , |
ds* = (i-aMy') dudv —7*dn (1-46)

The effect of the potential in (l1.44) is to scatter
incoming waves or outgoing waves so that it becomes
superpositions. Therefore ‘if one sends a purely incoming

—1e(-Lcov)

wav e r from infinity, a part of it will reach

Yim
the horizon and be absorbed and a part will be reflected

back out to infinity.

Let us consider the quantized field ¢(x), in the
spacetime of the black hole. To specify the initial state we
are specifying the complete set of positive and negative

frequency solutions of the field equation at early times.

It is necessary because results at very late times depend

only on the Schwarzschild metric at R = 0. Also we take
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é¢= 0 in (1.2 4). Therefore (1.24) looks as

q'_—a (3c(8L<jFa ad-)%)‘ =0 (1-47)

Denoting the complete set of positive and negative

frequency by

5CJ{MS1JSJ¢)t) (positive frequency at early times) (1148)

»*
‘{CUW¢£7)3)¢)t) (negative frequency at early times)

Now, the field *(x)can be wrirten as

- + *
q> -—%2; \[;i00| 035170 §:J£xn T abfivﬂ §i;f£Tn‘) O"*Q)

where
[ ! é; |oE5Q)
\ 1 - — g (
(‘{wll,‘m. p) fcozlz'm?_ ) - é(CO, CJZ) {|£z RALTHAL>
is the normalization of £ and the conservéd scalar

w'f:rr)

product is defined by (12 5) and the commutation relations

(1.28) becomes

U |
[Q‘w:(lm: J Q‘wz'zz'ma] ~ Cg(col—w;_) 5{.[2 é’mrmz

(|-5-|)

[Q* ‘ a
Cl‘)'I—I'TY)I J Ct)al’tamz

T
o)

)

{
a 1 .
Here o ™, are annihilation operators

corresponding to incoming particles at early times and the



specification of the state \ d> is given by

QICO‘XTO \O> =0 £o‘8 O—” Cﬂ‘/&'m (\.52)

We decompose the field into positive and negative
frequency parts to find the observed facts at infinity at
late times. Now let us define "Pesg, | Such that the
superposition of them over a range of'w’ from a wave packet

localized at large r* at late times, which is a superposition

. C -1 .
of outgoing positive frequency waves r exp(—conb)ylm. Pesim

and p*&olm f orm a complete set for expanding any solution
of the field equation which is purely outgoing at late times.
Since the most general solution of the wave equation has a
part which is incoming at the horizon at late times. Hence we
introduce a set of solutions 9 v1m such that a superposition
of them over the range ‘o forms a wave packet which is
localized near the horizon at late times and has zero

Cauchy data on future null infinity. And the normalization

is also done as

(Pcolﬁlm, ) szzzmz ) = JCQ_),- C‘)Z) 6{”{1 J’"Mmz

(1-53)
(ﬁw. Lo, s Clwaeamz ) = c{(w, -0 ) C({.{’g gm,MZ
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Since pwzmj and g

are disjoint region at ltate
wlm
times one gets

(ﬂ/c‘)'elml 2 wzfzmz)

= O

(-54)

Now the field ' +' can be written as

.\y
ﬂ) :”%: .(ACQ (i}awﬁno Rk%mn.+ qk&rn chtro f-bCUz*o i

PcOLﬂo
+ %

(1-55)
T CQ&“’ qau&n'}
with p)

\

(@]

(b, o bl | = S(eor-02), [bes,» bes, |
[bw\) Cwa:l = o 5 [cw' ) CI"Z]
[ecrs ] =

il

J@J‘-%)

(1-56)
p D’wu Cf:a] = O

Here bgﬂraare annihilation operators for particles
outgoing at late times at infinity. And the number

operator
is given by

<Nc.ufm > = <O\ bfwgm bw?m lO>

and f*
co

(-5
Since f , are a complete set for
w'tm b

expanding any solutions of the field equatios, one can
write

! * ’
ﬂw£w3 = j;kd (qQﬂﬂﬂuhxn }w%w)+ Phﬂ““ﬁ&"‘faﬂgn) O-E;Q)



where o( and }5 are complex numbers, independent of the
coordinates (-m on f* is necessary because we have normalized

the Yim such that yim = Y31, om ).

From (1.55) one gets.

o~ () (59

4

Putting the value of + and p in terms of 'f' and f*
e lary
from (1.49 ) and ( 1.58 ) &né also using the orthonormality

relations one g¢'

S = | do' (- * T
Winn Q(wem W' m a'w\y_,m - Bwtm e L qw‘,g)_m)

(- 60)

From (1.52 ) one gets

2

Nepeo D = <Ol gwg,,, bcutmlo> =J¢*w' \szm w‘z@m‘ (r- el)

Similarly from (1.58) one gets
%
ﬁ:uﬂ—m co - C wam) fu'f,—m)

(1-62)
O(anchLwa t<}im”°.)f°337“.)

‘ Py .
Here Pugmgre positive frequency at late times at
infinity éwhile f.4, are positive frequency at early times

at infinity. Also one can notice that, if there is no mixing

of positive and negative frequency solutions caused by the
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black-hole, the Pa&J will wvanish and no particles will be

observed at infinity at late times.

By neglecting the scattering from the static
geometry as it is not the cause of the particle creations,

(1.44) can be rewritten as

4 R 2
e i

o (j-6§)

Now it is useful to study one explicit example

example which are given as under.

Consider a spherical wave starts at early times

teavelling along a an incoming path v = constant, and passes
through the collapsing body just before formation of the horizon.
After passing r = 0 it moves along an outgoing path u = constant,
which remains close to the horizoﬁ for a long time before
peeling off to infinity at late times. From this idea one

can conclude the followiﬁg three observations.

Since the wave r T exp (- tcow ) Yy, feaches infinity
at late times with a finite frequenry e and there is a very
large red shift, the incoming waves r—1 exp(+ico v )ylm at

"early times ;ust have very high frequency «w' . Hence the co-

efficients 1 are those with very largec' . So one has to

Beoco

consider the asymptotic form of BCUQd for largeed . Since the

wave has a very high frequency when it reaches the collapsing

body' and as it moves through the interior geometry, we can trace
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the propagation of the wave through the interior geometry by

geometrical optics. And thirdly the probability for observing
particles 1is built only after it enters the collapsing body

after formation of the horizon and it is more when it is

travelling outward near the borizon for a very long time

before it moves off to infinity. Therefore firstly, one should

describe the free field accurately when the wave packet reaches

infinity at late times after remaining near borizon for a very
long time.
1 "l
Now we trace the wave packet's components r exp(wwu)ylm

at late times, backward to early times, where they can be
expressed as a superposition of waves r_lexp(ilcdv)ylm with
large values of ' . Also one can observe that it's phase
remains constant, at the value cow , where u is the value of
u-coordinates at late times, and 1t has the form r—lexp(—uuuﬂ)

'u' is the constant value of u-coordinate which the

Yim® Here
wave moves along after passing r = 0 and 'v' is constant value

of v coordinate which the wave moves along before reaching
r = 0. Thus the problem reduces to find the value of u(v).

Let v = vy be the coordinate of the particular
incoming null ray which reaches the horizon just as it is
formed and let nP* be the given null vector which points

radially inwards at a point on the horizon outside the

M

COllapsing body. Now we choose ‘€’ such that =-¢n connects



the horizon to the ray at u and parallel transport the
-E-n‘& along the null generator of the future horizon to the
point at which the past and future horizons intersect and also

choose an affine parameter » on the past horizon such that

A vanishes at the intersection of the two horizon and

increases towards the future.

- KW
Therefore A= Ce

with C>0 and (-64)
where K :C@POﬂ

k is the surface gravity at the horizon.

Also choose ¢ such that YJZ:dzy—Jhat the point

where the horizonsintersect. When in a local inertial frame

M

2
in which d'x}L d»° vanishes because A is affine, so thatn

is constant near A = 0, integrating va d? along the

past horizonfrom A= 0 to A(}A) one gets,

C P'(’\) —x rA(o) P

Hence
£ ="AR) = ce P <|.6§)

Now parallel transport the vector-—&n“ along the null
generator of the past horizon and then along the path of the

radially incoming null ray at v, out to early times and

large distances from the matter. Therefore, V-Vq, = 'gry
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At infinity the space is nearly flat so that n' is a constant
( say D, D>0). So,

Vo =TED =Tcoe (-ee)

L = T4M ua [ @o-v) [@ D) | (i-67)

The spherical wave p y¢., fOr r >2M at late times

can be written as

PCAJ?_'?O ’ NC‘)% R exP(";w“*)j&m) Q’GB)

by ( N =2 n ). From (1.67), at early times outside the

collapsing body , one gets,

Nw% fx—le;r.PE c4Meo Lo ‘\%;;’):\ ]\/2_ }cn!\l<\l

?wem ( I-G9)
O for NV,
Here for v Vo pcutﬂwvanishes at early times
because any null ray which is incoming along v Vo will enter
the horizon of the black holes and does not reach infinity

at late times.

The function f Q){mat early times outside the

collapsing body is given by

Pt = N@c‘):f " exp(-eeon) Ve, (1+10)
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By taking Fourier transforms with respect to v one gets

- —LcoN
1\ 2 d | = |
N (CO) q \Jf.mr) d\w(m ol ;- \S‘ C\\) € Podf:"')

or

Vo ‘
|
1 INZ tlcdV - -V
O(wgm Sy 2T :god\l(% e exp E—‘i—Mw&og (-‘%;-)] (-7
and

Protrs et 27 fdv(wj Sl @‘P‘:‘*MDZ (&5 V)] (1-72)

By evaluating these integrals one finds that,

'O(ww"?. = exp (BTMed) \delz (1-13)

The average number of particles in the mode cobtm outgoing at
infinity at late times is given by

-1

<ngm> = fdw' IBCO@"Z =[61‘-P C%erw)-—l:] (\-‘H)\

. Since the probability for an outgoing wave in
mode Eotw{starting from just outside the horizon to reach
infinity is the same as the absorption probabilitylﬂw& for
an incoming wave starting from infinity tp be absorbed by

the black hole.Therefore 1.74) becomes

N, > =T [op Gormend-i ] (119
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1.5 Summary of the Work included in the other Chapters

and Units

Chapter I1 contains discussion on creation of
particles in isotropically expanding models of the early
universe. In isotropically expanding models, pérticles are
created when conformal symmetry is broken. Conformal
symmetry may break in different situations. Examples correspond-

ing due to different situations are included herein. In

Chapter 111, idea of creation of particles, in anisotropically
expanding models of the early universe, has been discussed
taking massless as well ac massive scalar fields. Chapter IV

contains discussion of work done by Castagnino et.al. who

have proposed a different method, based on Quantum Equivalence
Principle, for the study of possibility of creation of particles

in curved spaces. From the last decade, study of Kaluza-Klein

theories have been very much interesting in the context of
unification of gravity with other interactions of the Nature,
for example, electromagnetic weak, strong interactions and other
gauge interactions. Motivated by 5-dim. Kaluza-Klein's
prescription for unifying gravity with electromagnetic
interaction, higher-dim. theories have been proposed by Dewitt
and others. The last Chapter contains possibility of creation

of particles in the higher-dim. Kaluza-Klein spacetimes.



The units used, in the thesis, are natural units
which are given as 8 G = ¢ = 4 - 1, where 4 :(hlzw)
( h is Planck's constant ), c¢ 1is the speed of light and

G 1is the Newtonian aravitational constant.
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CHAPTER I1I

PARTICLE CREATION BY THE ISOTROPICALLY EXPANDING UNIVERSE

%

Here we are interested in the study of scalar
field ¢(x) obeying Klein-Gordon equation (1l.24) in an
isotropically expanding and homogeneous cosmological model.
The most suited homogeneous and isotropic model is given

by Robertson-Walker spacetime,

2 2 2 1
ds = dt- o) 5 [d'x,a-f c\(a +Clzzj (Q'I)

(5

where a(k) is the scale factor, r2 = x2+y2+z2 and Yk is the
spatial curvature with three possible values +1, 0, -1 for
closed, flat and open models respectively. Also t 1is the
cosmic time which corresponds to the proper time of the
geodesics xi = constant ( i=1,2,3). The early universe is
supposed to be spatially flat, so we shall consider the case

k = 0 only.

2.1 Conformal Symmetry

Conformal symmetry is very much crucial for
particle production in isotropic model. When this symmetry

breaks due to some reasons one can get creation of particles.

. The action is given by,
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4
p.—.jdx L (-2)
where 'L' is the Lagrangian for scalarfield q;(x) in

. ‘ ) . s .
curved spaces. The action A is conformally non-invariant

in three cases.(l) when m2 # 0 and €f= 0 or ﬁ.:

L
2 2 G
(ii) when‘tp #Lland m® = 0 (iii) when m” # 0 and Ef.f:-é-

Under the conformal transformation
I =
Fur =26 Qur (2-3)

The Christoffel symbol, Ricci tensor and Ricci scalar

transforms as[l]

- f =f f -1 P
Mar™ T = Ty 2 (St 8505 G T i)
(2-4)
Rv ._>§V o2 N -1 _D:) v N
" woC ol P\‘w"?--o- ( Spp a + 32 )(—Q)jfs-
af’s‘ J; (’2.5)

—_ -2 -3 v
R>R =0n2R +4+6n"n0n,. iy
+ JHV a

@-o)

As a result,

447 $[B+47]F =2 [oex] (2o

where }7(1:) -_:_()-_'(x.) (}(x) (2'8)



- 31 -

So, one can sre that the action (2.2) is conformally
invariant provided that § = 0 or t and m2 = 0. But if q’#-‘s— ’

action (2.2) is not conformally invariant even when m2 = 0.

Hence one can get creation of particles in the above three
cases. Here examples for different cases are given for

isotropically expanding cosmological models.

2.2 Case for Minimal Coupling (= 0)

(2]
The minimal coupling of the scalar field ? (x)

with gravity is characterized by §= 0. The Klein-Gordon

equation (1.24), in this case, is

-3 -2,
a"3 (o33 — a ah Yhy = 2.9
ot (CL §¥c¥) Egigg Ei%:i-frnqc#) ° ( D

in the background of the Robertson-Walker line element (2.1).

The Fourier expansion’ for ¢ (x)}) can be written as

d3 Lkx t - %
R O P

where k 1is the continuous mode (—-o0 4 k< 0@). Connecting

2.9) and ( 2.10) one gets

Clz"VK('U 6, =
TE efel @ =o 0




where
t \
= [dt (2 12)
o)
and

P
oo: = K a(1) +vF

Ak's are constant operators obeying commutation

relations

L a ;nk‘] =°, [nk)nt.] = () @3

and the Wronskian condition for consistency of the equations

of (2.13) and (1.28) are so that (fkgfk') :"J(K-K') and

where
2 tkx
Fo = @0 T (D @14)
K
is given by

Yedle -yt dy i

at (2-15)

For a statically bounded expansion,

a, as T—>" 0

a— N 2-16)
o} as T—> «©

When a is constant, the theory reduces to special relativity.
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For large negative T

-
Nascp

(\K‘) T = (2 oy o) exp (- e, 1) (2-11)

Substituting (2.17) in @ .10), we get

. -3 -1 .
- - 2 3 z X -teo b
() it o G, 5
L .
+ R, @™ BT kat] (218)
where
Pr= | x; = aX
a, .
and GZ 'QJ
3
le = @ nk (’2.-20)

5
And X is the usual Minkowski coordinate in the
initial spacetime, Py is the physical momentum, and ‘API

obey the boson commutation relations (2 .13) with the & function

J(PI"P;') =-"O-|3 Sk-xD) . (2_'29

And for 1arge:z , the spacetime is again flat

(a=a ) and one gets

g -%: """aazc')x 1 ca,} cox T .
C“i;)'l—aoo :=CZCLS cn&) I}Q:e +,FL€- . :] (2 2

in which'v; is a superposition of both positive and negative

frequency components.
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Putting (2.21) in (2.10) and regrouping according
to positive and negative frequencies one gets a form for

like @ .18) with a replaced by 3, i and the annihilation

1
operator for physical particle at late times is given by
‘ 1
a =
k =P +B A, (2.23)
The a and a obeys the correct commutation

k k
relations @ .13) by virtue of the Wronskian cohdition ( 2.14)

which demands

I°(k|z" Bkr = | (224

Now suppose that no particles are present in the

initial Minkowski space

Alod =0 for all 'K (2-25)

Now we will investigate whether particles are
present in the final Minkowski space. For that let us impose
boundary conditions on <¥(x,t) in a cube of length L so
that k takes on discrete values. Using (2.2%) and (2.25) we

get the number of particles in mode k at late times as

2

+
<NK>T—>co :<O\O"k QK\O> = [P (2-28)

Here we can observe that ﬁ K vanishes in limit of an
infinitely slow expansion. Therefore we can say that the

particle number is adiabatic invariant. However,in general,
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‘pk does not vanish. So we can conclude that particles are
present in the final Minkowski space. These particles are

created during the expansion of the universe from ay to a, .

Since particle number is adiabatic invariant, the

initial and final periods in which a(1) is consaant can be

replaced by periods in which the expansion is slow, also the
WKB solutions of Q .2) are a valid approximation of the

G, 4, 5]

function K

Now it is reasonable to understand the probability

distribution and average number of created particleéyj.

Let lO) be the vacuum in the final Minkowski

space and is defined by
A lo> =0 for all (2-?:9

sta e‘y)T, e T M
tate |n, ) =("1) (o) (0.1;) | ©) (2-28)

and it contains n particles in mode -k and is mode k

in the final Minkowski space. Applying (2.23)and @ .25)

one gets
* t
Qk h3>' =Q£%;_) CL_K ‘¢3> (é.g@)
Therefore

(rnlo> =0 E1%) @] @y @Y fos
O (A eIk o us0)
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where (O,n\ is the state containing n particles in mode:

-k in the final Minkowski space. Repeating the process we'get
¥, %N
Comlo> = (Beetx ) (olod (231)

This equation gives the most general non-vanishing
matrix element of a final state containing particles 1in
mode -k or k with the initial vacuum because the matrix
elements of the form (xn,nl 0> vanish whenm # n. If m.» n
we get (O\al:l 0> or {0 ‘agl 0% and if mgn, it vanishes
in accordance with equation (2.2 7) .

Therefore the most general non-vanishino mat ix

element of a final basis with initial vacuum is given by

Cs“k}l‘» =T: (Bi\d,f)nk Colo) (2.-32)

where l {“k}\ is the final state containing ny, pairs with

one particle in mode k and the other in mode -k

Using (2.31) we get,

- <olo> = oolos| ' s

it

Celos| "1 £ [l ™

‘ 2
£ | (o o>] r}( .‘ork

where \"(}‘2-— \B\‘\a =1. !
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Therefore,
\ CO\O>\2—TT 2 [= 2
= |°ﬂ<§ = exp | £ {°a|°ﬂ<\ ] -3

and

2 2n, s
=T (fRle] D e

[SESIER

- Therefore the probability 5 Pﬁ(K) of observing

n particles in mode k at large T 1is given by

b, () e

™ = d 2.35
\Bk\ K \o(‘K\ (2-35D

Using this result, the average number of particles <,Nk)

present in mode k  in the volume [ La>]:"

LN 3:{; n PO \PK (2.38)

o]

The average particle density,summing over all modes ‘and

taking the limit we we get,

: -3
|N\ = L+L->oo[La'°‘] SE <N

(2.31)

=1
= [_2“22125 ]
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Now we consider a model of the very early universe in

which the significant particle‘production occurs near the
]

Planck time tp = Gij(in the unit h =c¢c =1). G 1is the

Newtonian gravitational constant. So the average energy of the

initially created particles will be of the order which is

£
P
very large with respect to the elementary pasticle rest masses.

So restricting to the massless case ( 2.22) can be written as
dzxp
2
K 4
—_— + K a = .
at? tk =0 (2-39)

To obtain a more explicit expression for the average

particle number,(ka> and probability distribution pn(k) for
a smooth expansion from a to a, ; One can express a4(1') as a

function namely,

of (1) =a.++e€e[§a{—af) (e.t’+.)+b] ()" (2-39)

where |
l;a :I3-| (2_.4.0)

17 @, and § are adjustable costants with 8> a

This function and all its derivatives are continuous, and it

and where b, a 1

approaches a, as T—>-c0 and g as T>t0.

)

Epstei£6]and Eckart have shown that particle

Ts™
production can occur only when e is small. So, in cosmological

context, it is wise to write (2.39) effectively as

4 s *
a () =Q\++ ate (2-‘“)
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where ag is an adjustable parameter, a—» ay as T —-00 and
a — a, when T —>%tc0 . With this a4(I ), the solution
of (2.38) reduces to a positive frequency solution in the

initial Minkowski space[gas,

-1 o2 ?-Tl
2 2. 1 K =) 2 1

e

1 1 =l
where K =2Kks , T= s IZ. (2.439
where J 1s a Bessel function. For large T , q& is a super
position of positive and negative frequency WKB solutions of

Eq. (2.38 ), which is given by

-1 |

. 2 t‘ EN l .y 2 t' L) ZT
=({2K - K . )
(\VK)T—;& ( ase ) {O(k ex,P( LKag e )HBKGJ:P(L o€ ) (2_ 44
where qa;and PK satisfying t2.22 ) . Making use of the asymptotic

form of the Bessels function, one gets

@ =G%%)%-Cos(i—_LWV

Z—>D0 !

=V ") 2 45)

o2 L
Ka' ’Lkala

=l C
q;( :(Q_K'Q'Z') a(K‘qoz) o FCI'LK‘GED Tr_?l:e,LE

s )(eggkkhz Gi-‘?%)
ﬁ( ="do( e Trka'

< (2 - 47)
bl

= eocP(:;4JTSF“13) 61-‘?})

B
Xk

Substituting @ .48) into the probability distribution

of @ .35) and the average number of created particles @ .36)
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(9]

2 2
and making use of Idk|-— \BK\ = | ) one finds that™;

F,, (k) = exp Cm F.K) EI - exp C—HK)J (2_. 49)

and
d |

= Le=p(po-1] S

where o) )
[\.L = 40sq, (2,59

and the average particle density of ( 2.37 ) is given by

<N> =[2_1r2a23J—IJ;dk kz[e,xpcluk)ﬂ]-l (252)

2.3 Pertubation Calculation of the Particle Creation

(Caseé’;«ff—sL and m2'=0)

Here we consider the gravitational particle creation
following pertubation approach to calculate the number

(10]

density of the created particles

Here the line-element under consideration is a spatially

flat Robertson-Walker metric,

ds’ = db® - W doc® = oty (- dx) (253)

where dt = adq: The Klein-Gorden equation (l1.24), with % =0,

1

‘\,‘—_—gat(‘aL‘j\f:gad)(F'f@R#’:o (2.54)
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I1f Q’#-t , this field 1is not conformally invariant and the

particle production occurs.

Now to calculate the number density and energy density

of the created particles, we take a pertubation calculation

as a small parameter. This was done by

treating ]é,—.%l
Zel'dovich and Starobinslei]and by Birrel and Davie&Lﬂ.

In the spacetime (2 .53), the scalar curvature is

given by
R = 3 C-| y LR (2-55)
= (o++0 )
And the field‘?‘possess mode

2 .
where ¢ = & and D =cC |c

solutions of the form

(?k(x) :(2w)_a‘ e \{"K(*U (2. 56)

where —Lopl ﬂﬂ
Ro=e 'E_JOQV("P >0 ) ¥ (2 5D

with
Vo = (F TR REY <
when «1,9cg , @ .51) can be written as

Yo =A™ + Boe Tl (2 58)

where ol

Yot val v

-0



- 4?2 -

and

Pco _ _;w — -2.&om vep CJ1L - (2-59)

The number density of the created particles is given by

Y
| J%“d
I (] S G.
amd 2:69)
o)
which can be written in terms of co-ordinate space integrals
0
as | ~f o J
or® 2 U T (28D
Also, the energy density of the created particles is
given by

o0
- g;zaariwﬂsw\a@ 6o

or

- d A = 1) V) v
. ”M A1, i

32T

2.4, Particle Creation in de Sitter space ( casex% # 0 for allﬁ)

Here. we are interested in the study of scalar field #(x)
obeying the Klein-Gordon equation (1.24) in a spatially closed

de Sitter space which is given by[}3]
2 - 2 | h?.’ 2 a6 2 Lf')..z .
ds® = -4t +—F Cos Hth\?w in“A & ) (2 eﬁ

where dao = de®+ sinte cH;"



- 43 -

The Klein-Gordon equation (1.24), in this case, is
| 2 2L
3 [ Bue d |- Hwa -0
2 |cosh Ht 2 |- 3 +M™M = 0 2.65
cos Hy 9 )l TowrHt )

MZ:: m?—-\-trR @‘69

2
A~3 sin*A iaﬂ Em h?a‘% t Sine &9[5 G +S\n ea<‘>2-}
R = 12H°. (2 61)

The solutions to (2 .65 ) can be written in terms of

standard functions analysis

F(5n06) =1l Vep, (esdd  Geon)

where Yklm are S3 spherical harmonics obeying
A3ka.m =K Ck+2Q\/kem (2.-69)
2.
which are (K+1) fold degenerate ( m= - 1,..., +1; 1=0,1,...Kk).

So, @ .65) becomes

2
i é_ [wg”t A;ak]'*- HZ K!K+2} ak + M C{]K =0 (g.qo_)

Cosh’ Yt dt Cas hZHE

which is a form of Legendre's equation.

The solutions are given bJ14]
-2Ht

* "
Y (D) ~ cosh (L) axPE—K—%iLY) Ht]zr'(kJ,%). 3 xitisd-e )
(23D
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and

2HE
3 . .
3 - 347, ¥e-e
HKHBL)N Cosh(HL) expi[s; +§__tw]utjaﬁ(k+_£)k+?_af/ \+e¥me )
(2-12)
where ,F, is the hyper geometric FunctioJlsl as t—=>too

the first set of solutions are

&) | )
de (V) — exp E—g— Ht tiw Ht ] t—> P (2#3)
As t—» -0 )
EK@:)GJ) —> &xP[%Hb + 7 HtJ t—> 0 (2'14’)

And the four solutions are given by,

(-2 *
g © =[y] )]

Yl = [%%)@J (219
. o (x '
£ Y ‘Efk()(-‘f) G 19
From (2.732) and ¢2.74) we can observe that, y(;) and

K

yk@ﬂ can be used as basis function for the field ?(x). Using

yk(y + when t > —o , we can write

+
=2 b b
‘P K frr kzmct)@)xem“' K& q)(ﬂ Kgn (2-‘1‘9
. £ .
Similarly, Y tunctions define a similar decomposition
at t-—>o0

_ ® = S
(‘) - KZEm bklm ¢k€m -+ bktm Kf’_m (g_.:}@
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The Bogoliubov coefficients, which are given by

¢ @
% -
(b A (‘J p;,* q’h (7, t

are found from ( 2.71 ) and ( 2.22 ) and using the inversiton

transformation for the hyper geometric function.

[-iv) e
o(k =

<+.3° r‘Ck—-—'—-i—"f)
r@-«-}_‘ ty) 2 (2,-89

B - M-c @) ot

I?K-t—%) rc——é—--'K) sinh Y

2 2
These coefficients <¥h & PK satisfy 'qk\-— ‘Bh\ for all k;

The magnitudes lqkl and ‘ Pk‘ are independent of k.

Therefore one can write

26,
C¥k = e < Cesh 26

P’K =€G)K Sinh 20

where © 1is a fixed constant giwven by

sinrhoo = Cosec hT ¥ @' ED

The relative amplitude for producing a pair of particles

in the final states (klm) and (kl,-m). If none were present

in the initial state is
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<°°‘5t lbt&m Ek?,-m \ i”i
éi()¢f‘k\>

Using (2.81 ) one gets the relative probability of

creating a pair of particles as

10.

11.

2 PR
Weem, = =fonh 20 = sech T (2+82)

Pe
A
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CHAPTER III

PARTICLE CREATION BY THE ANISOTROPICALLY EXPANDING UNIVERSE

So far, only isotropic models have been discussed. In
1970, Zel’dovichll] speculated that the universe might have
begun in an anisotropic state, but rapidly isotropized as a
result of quantum effects. Robertson-Walker spaces ( which are
homogeneocus and isotropic ) are conformally flat, but anisotropic
homogeneous models are not conformally flat. So anisotropy is
a very significant factor in a conformally invariant theory.
In the massless limit of the scalar field theory with conformal
coupling &f:é, there will be no particle creation in an isotropic
space-time because breaking of conformal symmetry causes
creation of particles and presence of massive term caused
breaking of conformal symmetry. On the otherhand, one finds
that 1in anisotropic model, conformal symmetry is broken even
in massless limit. So in the absence of mass also, in anCisotropic

model, particles are created. Some examples are given below.

3.1 Massless Scalar fiélds in Bianchi type I model.

Here a spatially flat, homogeneous and anisotropic
Bianchi type I model is consideregﬂ, which is a generalised

Kasner model. This model is given by

ds® = dt’_ = o} i
EZGH&J dx 30
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The Klein-Gordon equation ( 1.24 ) with % =0, m = 0
(3] )

in this model is

-
‘Can"-a“:s) %E(ma?_a&%:qg - al-a%%g}_i — Qz-z ﬁ__ ..a,;a%%: o
i

dxXL*

€3
The Fourier expansion for q: in the metric ( 3.1 ) can be

written as ( 2.10 ) withAk and A‘r obeying the commutation

k
relations (2 .13). Here 1¥k which appears in ( 2.10 ) satisfies

dy,
dt*

I
o

ety

(G-»

where

N = “g — ‘a‘q,‘,_aj

T =\fq'él>citl (3 +)

and
2 l‘ z
= (03
The Wronskian condition 1is the same as ( 2.14 )
As in the isotropic case, for large negative T ,
-
2
= V- - .
WO, =(Eerv) e=p (Fiay ) 3
wheret;;and VI are the initial value o¢f > and v. Also

one can take the state vector to be \0} characterized by the
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absence of particles in the initial space~time is

Pe o> =0 ¥« 37

At late times, one gets again

"U(KLT)T;%OO=G wp\,,_,)a i%e‘@pm G
T Pke—b%vptj

with the same condition as ( 2.23 ) and the annihilation

operators at late times are the same as

* Y «
a, =R +R A (3-9)

, ) 2
For large negative values of T , the quantity v

appearing in ( 3.3 ) smoothly approaches vIo)f', and if one

supposes that its behaviour sufficiently smooth, then as in

the isotropic case, one gets

2
B - :
,o?‘%[ = exp (-4TsNre) (3:10)

where s 1is the characteristic T -time interval during which

significant particle production occurs. If most of the particle

creation occurs in a t-time interval of order tp’ during which

time v = v then ( 3.5 ) gives

II



- 51 -

S5 = \’I tP Cg.“)

The probability of obser ving ‘n' particles in mode

' at late times is

Pe

Xk

L)

"

= e,:r.? C-hz\_TrtPcuI) [._e_x_F(-—q.TrthI_)] (3-12)

And the average number of particles per unit volume in the state

l()) at late times, when v = Vi is

ANV = (%TTJ\I'F)—‘ SdBK \Px\z
(3 13) -
3 ! -
® (8“ V¢ ) Jdak E:xF (xmt‘:w;)—q

32 Approximation Method in Anisotropic models

It is very difficult to solve Kle;n—Gordon equation
in anisotropic models which is needed for proper understanding
of the number density and energy density of created particles
during the course of expansion of the model with increasing
time. So, some simple cases hav e been attempted by Fullin%ﬁ

(e]

] o : . .
Parker and Hgf and Nariari. In view of this difficulty, It

is natural to investigate approximate methods for solving 1it.
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G0

One such method was proposed by Zel'dovich and Starobinski.
In this method, anisotropy is assumed as small pertubation

in Minkowski metric. So, the line element looks like

C;‘Sz = dtz—- 04@24_)0\369_— a(td G‘:Z’Z'.h qé\t‘) d=?

where

() = +h(t) , ay) = 1+h(t)
ag(t) = ‘+|’)3tt)

such that

max “‘L(Dl Z < | (L.:I)?_/S)

Later on this method was developed by Birrel and

Davies 8 taking the metric,

3
st = ap (G- £ (rmepe’) G
where

maz |hiplest, (L=123) @18

3.3. Birell & Davies approach for Anisotropic model

The Klein-Gordon equation ( 1.24 ) has mode

solutions, *(x) in the spacetime ( 3.14 )} of the form
=) -

ct)k @ = @-CU)—& o e/‘tbkm: VKGB (3 6
where
P\*/;('B _ a~LwTL+ _CIL_ \lk('p Sian—q‘) '\f’;@b) clwh
- @D



with
2 2 2 L2 -1 S ‘
W = S hip ke [ ) - ApHE ¢ ) R el
318
and COZ:: K2+m9. aZ@O) (3!9)
provided by the festriction on hi as
ZL bL(WP =0 (320)

In the late times, whenfm_acn) ( 3.17 ) becomes,.

‘\{KCTL) = O(w e + chLwTL | (32D

where the Bogoliubov coefficients are given by

o(w = 14l je, T VK@L Yo 41 | (322

0

po ==k, [ L u yep 9 (329
One can see that, when n:—a —c0 qﬁd = 1 and Pq,= 0.

Substitdting in ( 3.21 ) we get N¥K@p = e “’W, and putting

this value of 'WK@P in ( 322 ) and ( 3.23 ) one gets,

Yo = Vi [y
" +zw_joov.&p 1 .
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v—' ‘2.&4(&)
Bo =] € T

2ey \JK("B C‘L"L ® 25

The number density ( per unit proper volume ) in out region

(m—>+ ) !

N o= @Traj3 j[pwlzdfk (3-26)

for the quantum state chosen corresponding to the 'in' vacuum.

The energy density is given by

1= m | [mle =

" (@nyat (321)

where h; (7 ), az(wl)R(vL) — 0 as «L——>:’:°°-

Substituting ( 3.23 ) in ( 32 & ) we get,

)

: |
o= L Lo [ (25 00 o)

BZTT%E

+@p Ve | exp i) (29)

where \/Qp = ’Yﬂz[_'a,z@o) -—O—z("'[/):] - Cd’:f“é"J QQP C"Q(WP (3 29)
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And also,under the angular integration in k space, yields,

b (kFdk = 4T KES b =0 CED
C 3 C
2 4! %? T%
2 A T
kS ki dk = ALk <Y
frs i @2V
35

Using ( 3.20 ) we have,
2 2 Ao 3T 4 , ‘
%%J'% G PR = T LR e

) ! 1 .
Assuming that hi P hi —> 0 as ”L-a:tcﬂ 5 Integrating the

Fourier transform of hi twice by parts one can replace
1) .
hi(q—) by(} h P / 4co? ) . Also replacing the

exponentidl in ( 3.28 ) by its real part ( 3.28 ) becomes

Pt c:\rrL J\d [2 b @b) h_("l) J( =) Cos 2@@1 'rzz)clk

@,
+ 120 V@) V() i(lé)zc:;s 200,-",) c\h_] @33

using the following, integral,
<0

T =ch°r(|<+a) dk
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o0
- ja_.j <SWH¥(k%+c%)?:
= Sk
o

k%4c2

0 oo
:'-ich g%:i dx ]; [}:Qg{-xﬁ)%T:]cxs ko

od l
= Jclk (C_oskOQ +—é_—jc‘x b@_% To e (a2 ad)=] COSK'x)
Q

5 —_

=T &) + I g_ijo(;qo(l)

=T @) + F T =T o) - T e IEO }

one gets,
"= q;orr 3 f a+ (C?-QL) + 60 \}2_('1)) GI’rL
S e
Him [ [ e [y

r (8w T-ema8,+3 373" ) Thil ‘Wp] B39

m 3 o] (60 Vo Vi by “3@1’3)]
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where
N TP 00
! aqb , o(prdr . L7
m o= a(e
and

Fe - 2+ (T 0T Hew T60)

HV are Sturve functions, JV are Bessel functions.

. m . " .
Assuming hi vanish as Wlf__§>:L o0, and performing

k-integrations one abtains

P = 38+on2 Arfc\ g "l?_ Re. kotgum@b TLL)] (a 4_;\:32)
E’ZO \I(Y‘t) \’@1_7') +<alaz_ 4_(;;;_)1% h&fll) EL%_)] (3‘%5)

where k0 is the modified Bessel function of second kind.

In’ the massless limit, ( 3.35 ) reduces to

= m’ri d“b_i . g ]

( 120 \J‘(wt) \Jl%) A+ 2 h‘LHUL.) 5&”}}) 3-38)
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3.4 Explicit Exariples

N

Follog}ng are some examples of few choices of hi@B

or ‘J(*L) for which the number density and energy density

can be calculated by pertubation technique.

(a) Isotropic Spacetime, Conformally coupled massive field

In this example we are considering a conformally
coupled (% =- ) massive field ( m # 0 ). In this case conformal
symmetry breaks due to the presence of mass and in turn causes

creation of particles.

’12. .
cCUL) = 1= A exp(am) CIED)
where c{ and A are constants corresponding to a universe

which contracts rapidly bounces at q/= 0 and expands out

again symmetrically. From (3.29 ) one gets

\](”p = A exp (—orz'rf‘) @38

Substituting in ( 3.25 ) one gets,

o - LT g () -

2 ) 2
where co =K + m from ( 3.19 )

@4

Substituting in ( 3.2 6 ) one gets,
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m+n2 2 il ° -2k2
N = exP(—zrr;_) oV _mzje—“o(:_clk
gmac? o 272 S E 42
(-4
Similarly substituting in ( 3.27 ) one gets
; 0 I
4 o K% |«(*
= _ ex ¥ Q’IP( ). d 3 42)
- P
8 2—\—'!’02‘
o
Again using,
| od
2 .
= __ﬁ__jko@mx) ces kx dk (3 43)
L‘i -+fn:3)2 5

and by interchanging the order of integration, and using

Wittaker function one obtains,

fem

" exp G o) @ (40

I?.STI'

Here we can observe that n and f becomes '0!

as m —-> 0. Also n &P > 0 as m—>oco. This case

happens when m/ef satisfies ( m/o¢ ) <<| and ( m/oc )
respectively. We can use this special case to conclude that

a Freidmann universe which expands from the Planck era with

4
a decelarating rate ( a{t)Qt?* ocer ) will not produce
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conformally coupled particles appreciably until a/a ~ m
{

ie. £t =m

(b) Isotropic spacetime, Non-conformally coupled massive field

'

{
In this case, se take a field which is both massive
and non-conformally coupled , and the influence of the mass
is neglected. ( &f$2?) in a realistic cosmological model.

Consider the model,

’ 2
am) = | —<=C
where
) 3
R = 6 (o [ (Prele) 3+
From ( 3.26 )
a1 -29 ) —V2 o ¢ 47
B, =T (e +8)e ™Y c e (34D

where

2 2
A =2°(zmz+38+oc/\) B =672NA -1 ™M

(348)

C = 480{Z A ) A =(&—%&)

From ( 3.27 ) and ( 3.46 ) one gets,
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= Ra K, C4‘m°() L
F 5i2a0* ]je.q- AP Ll Héao—(‘((3+zﬁ)°(‘

| ™ —-Bkl@m@> B ¢ ) (34
K, [C2+vz )mer ] e 1y

+ c® K (205 me) — 2BC K\[C%E)W]}
2yzep @H’E)"C

when n—3 o , P—5 0. But in the massless limit ( 3.49 )

does not vanish for nonzero A , and it is given by

o 4 2 2 _
Fo=1sesn™[e”  —n"fl,. _ (350
where Rmax is the maximum value of the curvature.

(c) Anisotropic spacetime, Massive field

Here the conformal symmetry 1s broken by the departure
of the background spacetime from conformal flatness and causes

particle production.

Considering the metric ( 3.14 ) with

hiop = exp(eer) cos (p+5:) 3 5D

where 61 differ by \ gﬂj)so that < h. =0
3 ’ 4
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- Fpom ( 3.26 ) one gets,

2L ¢ (°(+¢P)_Z-

Fyom ( 3.27 ) one gets,

>
2 2 z LT 1
= D o
R, R e Dm0

(3 53)

)2

W_, a2 [2a P

for the contribution of the anisotropic perturbations to the

energy density. In the massless limit this reduces to

5
Pt (cxpD*
T.2e8om  xILf @54

As a second similar example consider

hp = e < () @59

Then

B

i

”':):Zr Zkf(ec'o& e—\‘TCfC«D-B)\
C
.\.Ef& e—x(zw+p) )

3

(58
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and
+ h < ol
f = o cosh 2« B J ee*)‘ﬁ\z)_ﬁ.%_ e 4 i
leoat 2 0 .
(35
w j
2 _-2CB ¢
TS ¥ je@\z - - eosh deren el

2.0 a S i

when P & 2ma(®) , one gets

rs

P = v a0) cosh 2B Ky 4o o(e o] (@ 5®
5120 at

and for B > 2m the integrals cannot be performed 1in terms

of known functions. However, in the massless limit,

f= [4("(5)5+ 20(0(‘{3)61- 3B +15 e—aocs] /(614-400(‘#a+) (3 59)

Now a natural question is that whether anisotropic
oscillations of the form ( 3.51 ) and ( 3.55 ) is possible

in realistic cosmological models without producing so many

particles.as to be in conflict with observation.This is

particularly relevant since it seems inevitable that the

universe will emerge from the guantum gravity era, prior to

Planck time ( tp = 10_438 ),(with ‘random' oscillations of
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this form. These oscillations will persumably be damped by a

(8]

variety of mechanism including back reaction, by the
created particles. But we are not in a position to study this
back reaction, especially since vacuum polarisation effects

9,l10]

are of first order in the anisotropic pertubation and thus

are of more importance to back reaction than the second-order

particle production calculated as follows ( we shall take

Po = 10730 .

If we consider the oscillations about a radiation

dominated Friedmann model with
- 2
a(t) ::'-Y'ta = | W ,,L (360)

substituting in ( 3.51 ) one gets,

%

— . ‘el
")L(’C) = exP(_ﬂ‘%L) cos (45!:‘714-:2) <3 D
and the frequency ‘V” of oscillation 1is given by
~ B
= 4B (36@

"with a measure of the isotropisation time tI is given by

ty = ¢ ] @0 (3¢9

|
and the energy density ( 3.54 ) at the present timef,Z10 S
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and in terms of Vv and tI is given by

3 5l2

F(‘to) = f L (\/:{;:2) , (3(;@

4c08mC® o2

Putting vy = vt, the values of known constants and

1

rearranging one gets ( 3.64 ) as

o a 16
a -+ 52 + 'an-t‘ l02++5<}2~rl = ‘O‘ leU+ @ 68)

when vy = 1,

-4 -5
N = 10 ~ 44
s so that V=0 s
- 44 o
and tr = 10 s = tp
If 1a«ycc10®® w71, (3.65) gives
1o 116 4 . .
Y =10 (.\d(v) ) implies that
23 -5i3

&, =t v (3 e
Now we consider a model with oscillations ( 3.55 ),
which is given by

2

of
o *+ 4L
ml

b = ces Capt%l*“ + )

@ev
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where isotropization time is given by
2
tr =ov [ 4 3-e®

while the frequency of oscillations are given by

e

V() = vy (tglt) o (3 &)

where V} is the frequency at the isotropisation time,

Ve = 2B (3 )
th”l

From ( 3.59 ) one gets

2

f(to) = 5 5 (‘\%%) —2]'—1 (q—asj‘zo<33+3a+lge; a)/

983040c
D

where y = VItI

Inserting the known constants, the condition P ( ty) =f{,

becomes

38

4_35g_202f3+ 38 +|5w3‘28 =~ 1D CH[WJ a.C&?%)

when y = 1,
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-2_ -87 _ -43 _ _
VI = 10 so that vI = 10 ;, S = tp & tI = tp.

Thus, as in the previous example, Planck frequency
oscillations damp within few Planck times.

If «¢ Yy << 1088 VI—2 (3 ‘L’Q

From ( 3.72 ) one gets

y~ = 10 Vi ’
hence y ¢ 1022 v1_2/3, and thus, for v, ¢¢ tp-l ,
b v 16 93, (314
which is the same as ( 3.66 ).
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CHAPTER 1V

CREATION OF PARTICLES IN AN EXPANDING UNIVERSE

USING QUANTUM EQUIVALENCE PRINCIPLE

Most of the workers, studying the possibility of
creation of particles in curved spaces, do not prefer to
decompose the fields into positive and negative frequency
parts during the expansion of the universe for defining
the particle concept. They prefer to confine themselves to
the determination of particle number only in asymptotically °
static situations ie. in - and out - states which has been
discussed at length in previous chaptérs in different models.

In this chapter, on the contrary, the approach of M. Castagnino,
D. Harari and L. Chimento DJfor evaluating the creation of
particles in an expanding universe as a function of time,

hés been discussed. This approach is based on the particle

model proposed by M. Castagnino and R. Wedertz]called Quantum
Equivalence Principle (Q.E.P.). Later on, Q.E.P. was reformulated
by M. Castagnino, A.Foussats, R.Laura and O. Zandron[BJin a

{more precise and consistent manner and so they obtain an exact

particle model which coincides with the mode of reference [2] .

The new formulation is based on the fact that in a

local inertial frame ( where gravitational force vanish ), the


file:///more
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particle model must be similar to the model of flat spacetime.
Usually general relativity translates flat spacetime theories
to curved space ones by replacing ordinary partial. derivative

by covariant derivatives. In Quantum field theory, particles

are supposed to be linear combinations of plane wave function,

exp [¢ (ot - k) ] (with e3> 0 ). So it does not contain

any partial derivative to be Feplaced by covariant ones. This
is the main difficulty. In ref. (2] as a panacea to this
problem, a particle model has been prescribed which behaves

as the flat spacetime particle model in normal co-ordinates

at each spacetime point. To make such a definition possible,

a new global property of spacetime has been imposed which is
not only globally hyperbolic but also hés normal éauchy
surface ( each point on the Cauchy surface can be linked with

a unique space - like geodesic ). In this kind of manifold,
Q.E.P. can be formulated yielding satisfactory consequences.
So, one can try set of solutions SI{K@c)} with the

generalization of properties of (zﬂ)—%@ws": exp EC th-kz)]
\where t,X are normal cartisian coordinates in f%at spacetime,
but in curved spacetime such coordinates do not exist. Moreover,
we do not know which of the linear combinations must be genera-
lized to obtain \Vk(x) in curved space. Both ambiguities will

be eliminated if the particle model were described by two

4]

kernels G(x,y) and Gl(x,y) first introduced by Lichnerowicz
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Details of normal coordinates and Q.E.P. are given below.

4.1 Normal Co~ordinates

We use normal Riemannian co-ordinates for represent-

[5’6}. Let x = (T,X ) and

ing the points of curved spacetime
y = (t,g) be two points of the curved spacetime, which is
endowed with normal Cauchy hyper surface and let ‘s' be the
length of the geodesic between x and y and vy is the

unitary vector tangent to the geodesic at x. Then the normal

co-ordinates of y with respect to the origin 'x' is given by
ol
< L 'L
L —
% - J‘-,SV ‘l ) (4'1)
The transformation of ordinary coordinates to normal

coordinates is given by

AR A J K ._L_./\l‘ L
a _.J_L iAx +'§'{'A3K(xJAx Dx + 357 AK(ECJAJC—ADCA:C

T

. i N s L
A =f; N =T 43 T BN Y

JK K dkt  dxt (e 7 '
e e ~2r

R T

ro =t ~pp” G

(JPJP-: dr2 diw)m
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When we consider the metric
2 2 PR
cds?* =dt" — afw Cclgc?'—}—A‘a wdz? ) (4—**5,)
In this case, the transformation from ordinary co-ordinates
to normal ‘coordinates is given by wusing ( 4.2 ) - ( 4.4 ).

G = AT +HAT Av+ L oPHr ) + 5 (R - W) arax

— 3 4
1 C>Cf4/,A:x, ) ) GQ'G)
b= et n@e) S (B K) A aer o 4t

2 . 2
where R = ~(6H + a'[a )

and O( W ax*t ) and  of H, ax™®) are negligible
when H4—>0 and dx —»D

In normal co-ordinates

< i
Avl(xl"‘o)‘al) =C;_‘—)—3-' [ .C_E_S_C,iu.ﬁf_- ex_F E-('_Kta‘qjdsk
o
K

(4-)

where
4

——

¢ 2 2 2
w :(Ka'.;.m:') . =™ +€fR
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4.2 Quantum Equivalence Principle (QEP)

The QEP completes a study begun by LichnerowicJA]
devoted to the generalization to curved spacetime of the
propagators Lk(x—xi) and zséx—x‘) used in flat spacetime to
make the decomposition of free fields into positive and negative

7]

frequency parts. It has been proved that Lichnerowicz

conditions allow the unique definition of the function

| 1

G(x,x" ), the generalization of A(x-x ), but not of a

function Gl(x,x'), except in a static case. In ref. (3] the
possibility is then considered of the existence of a different

Gl at each Cauchy surface in every globally hyperbolic universe
and a method is proposed to find such a function in a unique
manner. From Ref.[2] , one can get the boundary coqditions in
the form of an expansion in powers of Hubble coefficients.

QEP states that "The kernel Gl(xo,x ) has the same Cauchy data

on the normal .surface 21 as zsjo,x' ) written in normal

co-ordinates with origin at xo".

From ref. [21applying QEP to the case of a spatially

flat universe up to the second order in the Hubble coefficients

to the following Cauchy data for negative frequency solutions

{3

are given by
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.- allP3
° T ~Chkx =*_L_.(_,--‘ - 5 HmT ¢y :
G?Wc{)‘l
9
X (1 4 #(2ealsm®) -exx ()
3 f’““"”i\"
Q.C.OK Gﬂ-q) 2,
where

4.3 Generél Fofmalism

Here we consider the particle model obtained from
the QEP and develop the general formalism to find the Bogoliubov
transformation be£ween Ehe appropriate basis at two different
Cauchy surfaces, and the number of created particles in the time
elapsed between them, which is evaluated up to second order in

an expansion in powers of the Hubble coefficients.

Consider a scalar field <?(x) satisfying the Klein-
Gordon Equation ( 1.24 ) in the background of spatially flat

Robertson-Walker universe, for which the matric is given by

( 2.1 ) with k = 0.
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We use separation of variables in ( 1.2% ). Letting,

Y 0 =1 et (4-10)

(?quaz

as the solution of ( 1.24 ) one gets jK&J , satisfying

the equation,

|

e TR S D E T N
where R "Kl

Now let us propose

fow = =P Folackedt]

(*12)
[2A(ke)] ™ ,

where £ and A are real functions which can be calculated

using ( 4-1) ). Here this procedure has no loss of generality

as we have expressed fk(t) in terms of its argument and absolute
value., One can construct the functions q&fx) and its complex
conjugates, a basis for the space Klein-Gordon equation
solutions by imposing the orthonormality condition on “Q

of (4.0), which is given by

Mo, > =9,
Q+.|3)
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Klein-Gordon equation, which is defineé as

(k) =« i Ly, -W a4, (o1

which is independent of the Cauchy surface on which it 1s

evaluated. Using (4:3) we get (3 =A and

.
<\*§ ) V-: ) = c%;ﬁ ‘-1

*
Therefore one can take S}Y;C;), L ij} as an orthonormal

basis for the Klein-Gordon equation, since q& and 1its

complex congugate form a complete orthonormal basis with the
inner product (4.14), so the Klein-Gordon equation solution

can be ex essed as

3
cF@CD =Jd K (o Vbt +b wy_:(xgt)j (416

where ’W; Cx,t) , is given by

\ e |-¢ _[L@gﬂ)dﬁ- aka
_ exp [<‘j“ :} Eé;;SSkL 6441)

1( Gt 12
- (o]

Substituting (442 ) into (4-uy ), we have ‘)’ satisfies the



equation,

2 aNT d : 2 2
crHE) &) R

: 419)
- 3 u* (

3 u+,2._u)

where H = a/a, the Hubble constant.and R = 6 ( ﬁ{ZHz ).

We have already seen in section [}.2] of Chapter I1I
that if coefficients of the dxpansion of the field in a
particular basis are interpreted as creation and annihilation
operators, the vacuum gtate associated with a particular basis

would be a many-particle state respective to other basis.

Here using QEP, the appropriate linear combination
of \rk(x) and 'W;*(g) over each Cauchy surface can be found
oht. Here we equate the normal coordinates over the hyper-
surface of the Green functions with their analog in flat space.
From this one gets the boundary conditioné at that particular
Cauchy surface such that the solutions of the type (4-1) are

considered as negative frequency solutions and positive for its

complex conjugates. And we take the boundary conditions over

the surface v b%’

- .
—p e k> 6T Lok
i and K
3j. 3 ]

Now we will find the Bogoliubov transformation between the basis
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at two different Cauchy surfaces 3 r and gro in terms of

T . .
P and p;t Now we write
T -ikx T '
e = .
PK 32 HK 1\!;(351:) T @-KW‘K(IJt) @ '2)
T
Y A —(Llc2¢

T 1 %
P =R YEL +B Y et (4 20)

e
(?_Tl’a,) 3l2

where (Htlz'. l B_Tklz = |

solving (4.19')) and ( 4.20) one gets

T
" = -pT £ 5T exp | S c\]
= Eap CPL Pl Pl freon]
‘ T
Bt .h_[P F(k,t)—P:]xe::P ELS.Q.Q(_.t)dt]

[Zn(k,ﬂj (4-22)

where F(kt) = - (0 -4 3+ |2 ).

and the negjative frequency function over ¥ r is given by

MCORE “:\{;(xgt) + P:w{r_K(aa.,t) (4-23)
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Therefore there exist a Bogoliuboy transformation related

to the surface 2,
1 o x
4; K(x)t) = OCK(T.O,T ) Ci)l( =) + ﬁ(('l}g, 1 C‘>_E° (e (4_.24.)

Then one gets

*.

T o To T
R = o« (o, 1D P + B (. D B,

1 *

.
BY - (LD 8+ B GV

Solving the above two equations again one gets

BK.Q:COJ -C) = . ‘ 12
W:Qwrlﬁuojqzljafxail‘ :

I ) 1
i\}":- P Fl | [Pe FD- Pf]e—xP(-Léﬂdt)
:
- [Pr-pu PO o Fea - P 1] emp (¢ [2e) ?[ G2

Decomposing the field * (=) in terms of the

basis @T ¢.t* one gets,
kK > T

T oqt
et = [ rdlen Tal 4T @ ], 429
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1‘-

T 1 - .
where ap a_, are the annihilation.. and creation

operators at the surface 2~ . Similarly one can write,

bt =[d [a™ & G
»T | o (42
t A« 4tkl?b§%]

and the particle number operator, with eigenvalue g ( To)

is given by

t
CL:D q_:a \ To > = Nk(_to_) (4— <2 8)

From ( 4:26) and ( 4.27),one gets

T
K @..29)

1

K3 % »*
Cl.K = O(K (TOJI) Q-k - Po;@o“-t) <

and the particle number operator at S 1is given by

<

l\lk(t) = <~*[3,\Q.:T a_‘T l'[o>

= N + Bl [iezng] D

Now to evaluate P,(To,T) and particle production

number by the expanding universe to second power in H, one

can propose for 3 ( k,t ) as,



- 81 -

Q(kt) =Ck+ EEH +V¥p HE

(43D

€
for which H 1is propotional to H2, such as a(t) = t with

‘e’ real. Substituting (4-31) in (4./g) and equating the
coefficients in the expansion and taking € and v proportional

to H, we obtain

2
T Okt = @ + T Hm*E H m2
°oexs A “4-32)
- R ™ 2 e R
lzcof '5?'+cxk ) T 2wy

Substituting in (4-25) for Bk , and taking only up to second

powers of H, one gets

~

L&) exp (. _gcukcit) L, Ei)e;cP J <itJ
(4 . 33)

B (0D

with

Lo = [ (gt rel) ]

Then

i

\[3 (‘oﬂ)\ L3 + L@ ~ 2 LD L) cos (2fwkdt)

439
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Since in ( 4:34), there is no term in Qf , we can
say that, there is no differencé in minimal coupling and
conformal coupling. Also it depends only in k = lk] , one
can conclude that particles are created in pair having opposite

momentum.

4.4. Alternative Method

Here we use the basis for the decomposition of the
field into its positive and negative frequency parts, which
are functions, that are not solutions of the Klein-Gordon
equation but which satisfy.at every Cauchy surface the boundary
conditions imposed by the QEP. Parké?]was the first who noticed
that, the particle~productioh pgocess involves a mixing of
positive and negative frequencjes using another <criterion
to define the 'particle model : the so called minimization

principle.

Now when we propose the following decomposition of

the scalar field in a spatially flat expanding universe:

T .
3?@:_,1,) =Jd3K (ak(t) excp -] W(m") L |
(2 Wieta] = (2ra)®* (435

+Hc )

where W{( k,t ) is a real function, to be determined in a

physical way interpreting the coefficient a and a

k(t) as

k(t)
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annihilation and creation operators of particles at every
instant. Here we use QEP and take as functions of negative

frequency the following:

exp L‘—cjt WktDdt' ] e ™

3l L
L2 w(ot)] " S (:' 36 @)

¢, Gt -

and

cka
e

exp (-v th dt')
Ew'™ @
64.365)

and imposing (4.3ga) and (4-36b) to satisfy the boundary

l2

by = ¢ (i“*%“*%ﬂ

conditions ( 4.¢ ) and (49) at every spatial hypersurface

and neglecting higher powers, one gets

2
= 5 Wt 4 SR
\/\J(k_,‘t) Gy (I+-—3_ H KL + Y (4_.3‘1)

Comparing this expression with (4:32), one can conclude that
(4.36a) is not a Klein-Gordon solutions. If W =£2. the Klein-
’Gordoﬁ 'solutions are the same as (411 ) satisfying at every
time the boundary conditions of the QEP. Therefore there is no
mixing of positive and negative frequency while passing from

one Cauchy surface to another, and there  is no particle creation.



pos
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Now, if one propose the following relation,
* ¥
a (O = o« 6:0’[) a () - B B.(D & ( CEL

with the condition 0(':@0J*[)=| and p‘((za) T) = 0. Keeping

(435 ) as the Klein-Gordon solution, one obtains

o =|_,,jc\x s [:o(wp.( wP(ZLXth)]

4+ 39
1 ) T
= ( JGH. SW [—:PKT"Q exp (a.tjkidt')]
T T 4-39b)
where the function Syk,t) is defined from W as
2 '|2 -2
2WS =W - W o R
42 (W) - el
(4-.4-0)
3 A 2
T3 (Hr2w)
Putting (4 40) in (4+37) one gets
— R -
5 = —#« ™ (H +3H°) 7 T, G40

Taking in the integrand a zero-order approximation: o(‘(oi._,
. K ~

B‘L"J: o + [(439b) becomes
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T 1
BK(D(To)D = LSc\t S exp (aleow dt’ )

T° (4+42)

Here S(t) is itself of second order, we can stop the

iteration method,and taking W = oo in the exponential
one gets

1 T
BK CB,I) = f_(t_?_- exp (2LS w, at )
. To

2 Wy

RN CIEEY

=L exp (;_L o cit') - L(w)

From this one can observe that when S(t) vanishes, there 1is

no particle creation from (4.39b) which gives B, = 0 for

every t. Also when S = 0 ( 4.40) and (4-18) coincides and
4

e

<£L = W, resulting no particle creation.

4.5 Future developments

Now a natural interests is in facing the problem of
comparing particle model with experimental evidence. Which kind

of astronomical observations can one try to explain with this

particle-creation mechanism? Of course, the ultimate aim of



these types of theories is to formulate a'“fHuantum cosmology"
explaining the existing data of the universe evolution. But
one can also search for observable effects of this particle-
creation procesg without formulating a self-consistent cos-
mological model, for example, assuming the standard hot big-
bang model of evolution of the universe, and evaluating the
production by this background. If the creation is not so
great such as to have a considerable "back~reaction" effect
in the universe evolution, but if it is not completely
negligible, one can search for observable consequences. 0Of
course, the kind of observations which this model would
eventually explain must be related with background, isotropic
distributions of particles, with no local origin (i.e., that

are not created in our solar system, by the explosion of a

s , etc.). Diffuse cosmic x and Y rays might be an
1y .pleggj or the high-energy electron component of cosmic

raysﬁio’lll

Thus one can evaluate Fhe present flux of the created
particles by the expansion of .the universe per unit energy
interval, per unit solid angle, in order to compare it with
cosmicray experimental data. The particle hodel considered will
be valid only if it is verified that the condition H/Cbk < 1

is satisfied. Otherwise, the expansions made .to obtain the

boundary conditions from the QEP and to solve Eq. (4.1 would be



meaningless. For most common cosmological models H~1/t,

thus one isﬂrestricteq Te> 1/m for massive particles. For
massless particles the minimum possible value for Ty will depend
upon "the energy E wished to be considered at the time T

one needs“‘[o) EQL&)/G{T)](IIE) . One can observe that the
particle model is perfectly valid in the present stage of

the universe evolution, leading to an absolutely negligible

production compared to the number of already existing particles.

One can also note from expression (4.34)that for every
evolution of the type a(t) = Afgwith £<1 it can be verified
that L(To )> L(T) 1f T >71, . Then the number of created
particles between two very widely separated instants T, and 1
does not depend upon the particular evolution considered

;

throughout the time range, but only on the evolution in the
neighbourhood of the initial instant (ie., on R, and ap ,

“

the scalar curvature and the radius of the universe at the

initial instant). The evolution at the times near the initial
instant T will determine the rate at which the process takes

place.

Imposing the condition that H[Cukc.l , and considering
all the parameters RO and aO/a, the ratio between the radius
of the wuniverse at the initial instant and the present one,

instead of assuming a particular evolution for a (t) between
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To and T . For the type of evolutions when T >3% T, and

L(Tp) > L(1), one can approximate,

PR 2 2
pen] - (B k] | e

Another approximation can also be made for the ratio of the
present kinetic energy at time To is the same as the ratio,

ao/a which in turn less than unity. Neglecting 'm with

respect to k/a0 one gets,

2 ‘ 2

—_-‘_‘__.(B_o,.) ao’
le \é ./ 5* (445

B.(& D

and the density of the created particles is given by

2 l Bk IL

C?WC%DB (ﬁ“‘*ﬁ)

jd'} Py = jdk 4T K

Flux @ is given by

d
jc}@ dk =.fmo Vi ok (4.47)

where v

K is the velocity of the particle with linear momentum
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k/a. The energy of the created particles is

__'_;-

4
E= M- — _hbo =H(k>Eim>) = 48
(l—\lﬁé)‘a‘ < aZ D (4%
with m expressed in frequency dimensions [@(l/s) = m(gr)

(c* /h)] . Then

-|\2
2
| k
Vg = ( t
Denoting by T the kinetic energy of the particle, T = E-mh,
one getsl
A
2
T 2_mT)
= Q +
¢ - (fmrg
connecting (4.47) and (4:45) one can write
£ 2.
PmdT = 1, (%) al dT __ 5
6 @M c at Ti42mbT G"*‘)

\

giving the present flux per kinetic energy interval per unit
solid angle.

Experimental evidence for the diffuse cosmic 'x

and v~
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ray background reveals a spectrum given by @ = 25 E:—2

keV/cm?s, which is exactly the same as (4..49 ) in the massless

limit. If one assume the standard hot big-band model for the
evolution of the universe, with a radiation-dominated era
continued by a matter-dominated one, and take the age of the

universe as the Hubble time tH = H_1 lolssec, then one can

put ao,/ a = (‘[ol‘z/ t»zls) (Td2|3/ Tq 2 ), where T4 denotes
the time when radiation and matter became decoupled, approxi-
mately 1013sec. For dimenSional reasons one can take Ro~4|153
without specifying strictly the time dependence of the radius

of the universe in the neighbourhood of the initial instant of

the creation process. Then equating (4-42) with the experimental
-43

data for cosmic x and y ray bne obtailhs T[~3x10 sec, which
is of the order of magnitude of Planck time tp = (Gh/cs)lﬁi H;tic.

2
Heuristic arguments show that this cemiclassical theory

can be applied just until Planck time,but before this time it
would be necessary to quantify gravitation because the energy

density of the created particles would be of the order of that
producing the spacetime curvature. For the present considered

. -2 -
¢nergy of the photons (E >1 keV) it is verified Ry(k/ag) ~io T

so the particle model in an expansion in powers of H/cakis valid.

Thus this theory can be applied to such an extremely little time.
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Nevertheless, if the particles would have been created before

the decoupling of radiation with matter, the created photons

would become thermalized, and would be present today at the
3 K background radiation. Although this produces a negative
result, the coincidence in the shape ofthe spectrum encourages
us to further improve the model, and to continue this study
with higher spins, in order to eventually explain in a more
realistic way the extagalactic isotropic component of cosmic

rays as created by the expansion of the universe.
Ll
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CHAPTER V

QUANTUM PARTICLE PRODUCTION DUE TO A CONFORMALLY COUPLED

SCALAR FIELD PLUS GRAVITY IN N + 4 DIMENSIONS USING KALUZA-

KLEIN THEORIES

In the previous four chapters we had seen the
possibility of particle creation under the influence of
gravity due to a scalar field in 4 dimensions. But Nature
has some other symmetries also. Under the unification scheme
of gravity with other interactions of nature (electromagnetism,
weak interaction and strong interaction ), Kaluza-Klein typélj
theories are very important. In these theories, observed

gauge symmetries of nature are a result of the proper

description of nature being general relativity in more than
4-dimensions. The extra dimensions are assumed to be compact

with the distances around these dimensions being so small

that they cannot be directly perceived in the history of
universe. Using the Einstein-Hilbert action in ( n+4)
dimensions as a starting point, one may obtain an effective
four dimensional action by integrating over the n - compact

dimensions. In this chapter the influence of gauge symmeteries

of Nature can be seen in the four dimensional theory thus

(3],

obtained. The metric for the gravitational field is taken as



a generalization of Robertson-Walker metric which is given by

2 _ .2 L4 a2 A, 8
ds =-dt +RW SLJ dac olf):d—f'ﬂ Ct)c%aclra Cl‘d (5-1)

where x°' are the coordinates of the wusual three space
while yA are the coordinates of the compact space and

this compact space is taken as n-torus.

5.1 General Formalism

In (n+4) dimensions the Iagrangian density 1is
given by[4J

L m Qi gt (et -2

where 1i,3 = 1,2... n+4 with x4 being the time variable, R
is scalar curvature &J Variation of L with respect to ?

gives ‘
E‘L@é— 37 99 9y~ o) ¢ = o (53

as the equation of motion for ? . To simplify tre equations,

one can put d —lrn+3
. =1 = I n
HW%L = o =(&77) G 4)
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Using ( 5.4) and substituting (5.1)

equation ( 5.3 ), one gets

in the Klefn—Gordon

n R 2, ., -2 2 -2 2
#+@@)%J§+a(m+§bk %—HQB)¢ (5-5)

= O

where 1 = 1,2,3, B =5, ., ntd and the differentiation
is with respect to’m

Since ? is periodic in the yA, we can impose

the periodic boundary condition

Yy =4 Ceombsy vnboy D). (Loe o)

where m and n

are vectors with three and n integer
components, respectively and 'r' represents the

pair ( x,y).
Now,

e =5 Dokl + o g ) G o)

where

an 2 (2 .
s =(L L) el _ux

a(q? o

7(Ka(%) lﬂ;@P '
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and X‘ky(y) are the eigen-functions of the Laplacian on the
T

compact space. a, and a, obey the usual commutation

relations,
= a =
[O'k > Qk‘] © [ K> Qk'] O(KJK'

From (5.4) and the above commutation relations we get the

differential equation for‘wlcm? as

(v oo b

+ 2 éf(h; % lrep - Afaep] ]VK("P/Z ° (5-1)

T3

where é,@u =’#TGG+%> I @3+aj) and -kt are the eigenvalues

4

of the Laplacian on the compact space.Defining coka@B
caltp = atp fro 7] dkp iy [ Wep + vl R |
J ] 2'
+(@n|mes) & [R|REp-Alagp]

So (5.7) becomes



- 97 -
Y o yep = Lol =~ p) ety
= \lk(’“\? IYK@P (6"8)

k

physical creation and annihilation operators.Converting(5.8)

where 7L='q° is the time when a and a, corresponds to

into integral form one gets,

- 1
M = lp _C:’LELJ XVK(TK) sio [a0) («l-*t'):]\ﬂ@t)drrt
b )

in
where qyk (n? is the positive frequency solution to (5.8),and

it is related to q{k@B by a Bogoliubov transformation,

LGUEENGE PRNOIES K PR
when we substitute in ( 5.5 ) one gets,
* ¥
QKQE = A M. Y T qu)qlo) =

where

EAGEE '+LK V, (P “\f:@t) yop dn . G
o
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L n
B (Lm0 ;—LS VO Y D e d G-
o |

The vacuum is defined by

Q. ‘D> =0 :‘:o'a’ all Kk (5-!2)

The particle number per mode at time ?L is given by

ESHEERE ‘ Q:(T a (o

b3 (5.13)
= Fk(?bqb)]
The total particle number <N(¢b«h>> is given by
(Ve > = 3 N ()
2 (5"+)

=3 B (M
- \

and the number density ) is given by
> e
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| -3
"y = L, R(T] N > (5.15)

_When L3-)oo r,om («[) "10) goes to\

1

o8]

L'mo n ('rbfrlp) = l:-a'szRs('TL)]‘ kz gdk&tk: \ECWE%’)
q ©

2

5-16)

La—> o0

Here one can observe that "topolbgical inflation" viewpoint

(6]

espoused by Kaku and Lykken ~are the same as above equations.

5. Calculation of Number density

Here, the particle number density is calculated to
lowest order about conformal invariance in a similar manner
to that used by Birrel and DaviéZ]:Eor Bianchi type-I spacetimes.
From ( 5.9 ) ‘Q}m; " in lowest order is given by N&;%ﬁ) .And

V, n (qv is given by
3

\YKM(WP = [2 cok (M) ]-'|2 e NN ‘

and substituting this in (5.11) one gets,
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B = —— w’lj Yo e orealgon] 4o (51D
Now let us write,
\JKUL) = h(wL) k;‘ + E@L) ka2 + 3(@ (5-1®)

= h@'l/) k$2+abl()

where

h (1 {%—]qo) -%]W:\—F(JOL), (5-199)
o Bl e
L

. W = o) [tf éf(n):\ R(WL)—r é}(ﬂ &— %X(TL) (5129
§op = > -
rr_ﬁz('*L) . - a'?-('@ [mz+kail nl(,L)] (5.|9d)
a QHE = ?Bqtq?) ,;;;%TE?_:chz , (5-19e)
g @ - [“Z(“Lv) ’“%Tﬁjml - (5-196)
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and we have assumed that RCqF) = C46h9 ancl that
QPQTQ & o0 §o? ™ F 0.

Putting (5.18 ) in (5.11 ) one gets, (5.17) as,

T " ‘ 2ieq-n)
"o R("P %: dk"‘ L:“J F\Whljéq‘le e
o] 'r\—o qlb

CS-Zq)

[k o) ke + 3%)] [k 02 Kot 30@]

where ‘coé denotes &JKCT@) . Integrating by qll and TLZ by

parts, one obtains

“@110) —-l:zv R(’?L)] §'_ gc\k Q&\a%) X
“q ©

a dn cos 2ea, (-1 Yk, |2ca) Bigp bty
l 2 - T {(” JCaR
Mo Wip W, WL’ Qg'al)

t(kele<2) [hop g+ b3V )+ g0 g1 }

Using the help of cosine transform in OberhettingeSBJ

[d%llﬂ(? f{(\( ‘Q&e_'.,.-- }. .

(5.21) , becomes,
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. nd
il

g -G r*ep] X
%3 [i{ d/rL‘ D;-?(-T) +gﬁq-£)j(rt‘)+leal(*[)]
I PR
oo b ’
X i3 [a.la:;* 12 r‘n‘a{qb) 3,3, +le™ Afwlo)] h@h) h(’lz)
+ 3 [aa-2m ] ey g rlveqey 3('19}
- ﬁ(wpidwh 1 (2™ %)\*b“h\)
o
X hmo g + 4 [ i+ Jevl e g g2 }

- 16 "Fﬁ(wb) Ebc‘«hglénb iﬁ“"@lo) hq.) h(-rb)

- ™ t’p [h W 3(13 + hqz) 301&] +16 a(*p 8(*1:3}:\

(5‘- 22)
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where Ty =(rf2) o [Jo e H (0 +T60 Ho &2 ] - Tlu?o

and ‘4HGt) are Bessel and Sturve functions respectively.

To perform ky sums, we choose an 'n' torus so
that, ky are given by ky = (21T /Ln+4 1)l, where the
components of 1 are integers. By the repeated application
of the Abel-Plana summation formula and for m = 0, the

. humber density can be written aégq

n () = L] [r.::] Se[+7) [ﬂg{f@f

L S ﬁsﬁ i [Fop-rep]

I G | [ B ren])] | (e
4 np

\

where'g ( -=ns/2,n) is the analytic continuation of the

Epstein ’g function given by[lo ll]

oo -ns{2

Celsln) =% -0 = (43 4gl)

{‘.—b"w 4,\-‘)‘0@



- 104 -

~

As a particular case, when n = 1 and with

1%( s/2,1) = 2‘§(s), the number density can be written ‘as

2T

o =1
v b <Fs Brepd (1]

12

' ["" [%] [ﬂ g‘*“l LR - F\q)]]
}A [ [ }[m‘l) Mfljﬂ-f(q)] 2 G-29

Since the values of ns/2 are fixed and the zeros of
the Epstein 'Q functions are ns/2 = -{, f is a positive
integer, the functions never change. its sign as n varied.
The'g functions do not cross as functions of n. Therefore,

the number density can be written as,
l
n = JL 2.3 2T’
q) ‘Ylo) 8 L2 R QP ] Ln+4~]

<A {6 (5m 48 C4,m) [, (% n)]
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i) Tt

ULG\ \ F e Cam] fop

+ ;_":___‘%f:?——— [‘E‘L—E—X [h tr[)-h(wt)] } (528
Ce Gem)” b

when m # 0, number density can be expressed in terms of the

_analytic continuation of a "g function like quantity denoted by

Z(ns/2,nt/2,n), and it is given by

. -ntlz

nNns nt ad ot 2 2- Z”QS'Z
z[_{. -é—n:l =2 3 (L%—----Hn,-;—r'c,') (&Q{_,..+£n)
L2  Ay=meo (g.g@

For m # 0, the number density is given by
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= § et [

4

T 4
X |d ‘}LA 2T Z (-5 on
%, bt [LJ {zezomhr

—Z(2 -1, D(*b)?’("’lz) +h NP E(Tt) ]

+Z(z,-2m)hep K(qa}

2

) PRI - ; ~
1T 126 Fop §opriapg )

nt4

- 203.00) [rep Fep +hep g )] |

+Z-(1l2)o)h)g(~l,,) ﬁﬁlf } | Cg.z‘D

5.3 Explicit Examples

Here we take the five-dimensional massless (n=1, m=0)

2 . .
case. This is the simplest cang]FOf'R(q,) =-1 1t is also the

same case as the one considered in Appelquist and Chodos.
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For n =1 and m = 0, the number density is given by,
s 2 B 21 I ! i =
= 2 Vo |
"0 = s ety H Zn‘[tg] [ 4 Drep-+e] |
P

= i}"ﬁl A, dep [Fep-rg] + [Qﬂw

(529
Now suppose that R(WL) and A(«L? are given by
RQTP = ‘/ QQL) = l+e 6@12 C-OC’Y]___ s'nf)q)'\'\/ (5. 29)
with lelc<;| . Evaluating (5.28) for this choice of R(q’)

and A(WL) to Of él) over the interval ( nﬁJ 0 ), withfqp<c

gives
5

2
- £c) 2T
n (o0, wb<o) = (5‘04-“) hot| |Lls (S +30)

Since we could imagine the oscillations to be initially
driven by some mechanism one might be interested in R(WL)

and A(WL ) of the form
-
R("D =1 ) n@LJ = |+ £ & \*L\ coscorl (5'39

To lowest order ih € the number density produced over C‘oofxo

is given by,



- 108 -

- Eof 2T
oo o [

~o Ml

If one had instead chosen A(Wp =\lr€e e swwaL
one would have found that no particles were produced to O(é‘)
This is because the perturbation in A(rwl is an odd function
of n_. Here one can observe that the number density does not

depend on 1} . To see this consider A(nl_) given by

Rep = Rep [i+eep] (5-33)
where sup g(WL) << | . To O el) the resulting number

density is given by

o ~Fao ] [l [hen )’
e

e [ierat]oo [[ln o]

+ {\;‘,-.‘3;]1 gtj;ldm {% R 44 J +6 [%:\E +9—~‘C-']("L‘)J

(530
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; . , 2 » . . .
where a,)—(R = @R IR + 4 CRlR)+6(R|R)E+28 o O(e) . This

shows that to,O( €*) the number density is independent to
whenever R( q-) is a constant and é(wL) vanishes at the limits
of integration, which was the situation in the above examples.

Equation (5-:34) also shows that the choice R =1,

el) = E.e.—“‘hm’ gives n o e® contribution to the
oo
number density because E dnm @D = o -
S
REFERENCES

1. Th. Kaluza,Sitzungsber Preuss. Akad. Wiss. Phys. Math,
KI, 966 (1°21); O. Klein, Z. Phys. 37, 895(1926);
Nature 118, 516 (1926).

2. S. Weinberg, Phys. Lett. 125B, 265 (1983); P. Candelas and
S. Weinberg, Nucl. Phys. B237, 397 (1984).

3. 0. Freund, Phys. Rev. D 12, 1711(1975); Y.M. Cho and P.S.
Jang, ibid. 12, 3789(1975); E. Witten, Nucl.
Phys. B186, 412(1981); E. Cremmer, in Supergravity
'81, edited by S. Ferrara and J. Taylor (Cambridge
University Press, Cambridge, 1982).

4, I. Parker, Phys. Rev. 183, 1057 (1969); N.D. Birrell and
P.C.W. Davies, Quantum Fields in Curved Space
(Cambridge University Press, Cambridge, 1982),
and references therein. .

5. Our conventians are those of C.W. Misner, K.S. Thorne, and
J.A. Wheeler, Gravitation (Freeman, San
Francisco, 1973).



10.

11.

12.

- 110 -

M. Kaku and.J. Lykken, CCNY Report No.CCNY-HEP-84-4,
1984 (unpublished).

N.D. Birrell and P.C.W. Davies, J. Phys. A 13,2109
(1980)

F. Oberhettinger, Tabellen zur Fourier Transformation
(Springer, Berlin,1957).

E. Lindelof, Le Calcul des Residus (Gauthier-villars,
Paris;, 1905); G. Barton, J. Phys. Al4, 1009
(1981).

H.P. Baltes and E.R. Hilf, Spectra of Finite Systems
(Bibliographisches Institut, Mannheim,1976).

A. Erdelyi, W. Magnusg, F. Oberhettinger, and F.R.
Tricomi, Higher Transcendental Functions
(McGraw-Hill, New York, 1953}, Vol.III.

Philip Gribosky; Phys. Rev. D.Vol.32,15Dec. (1985).





