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PREFACE 

In the absence of viable theory of quantum gravity, 

the study of influence of the gravitational field on quantum 

phenomena has been very much interesting, from the last 

decade. In the early days of quantum theory, many calculations 

were undertaken in which electromagnetic field was considered 

as a classical background field interacting with quantized 

matter fields. Such a semi-classical approximation yields some 

results that are in complete accordance with the full theory 

of quantum electrodynamics. A similar regime exists for quantum 

aspects of gravity in which the gravitational field is 

retained as a classical background field while the matter 

fields are quantized in the usual manner. Adopting Einstein's 

theory of general relativity, as a description of gravity, one 

is led -to the subject of quantum field theory in a curved ' 

background of spacetime. 

In Einstein's theory of gravity, curvature manifests 

gravitation. As many results of flat spacetime are not true 

in curved spacetime, vacuum state is absolute in flat spacetime, 

whereas it is not so in curved spacetime. As a result creation 

of particles is expected in curved background of the space-

time. 
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The possibility of creation of particles, in curved 

background, was first discussed by S.W. Hawking, in the 

context of black holes. Later on, this type of approach was 

adopted by L. Parker, B.L. Hu, S.A. Fulling, B.K. Berger, 

J. Audretsch, E. Mottola, L.H. Ford and others. 

This dissertation contains a systematic survey of 

the work done by different scientists on creation of spinless 

particles in different cosmological models. Chapter I is 

introductory and contains some basic ideas of scalar fields in 

flat as well as curved spacetimes, idea of creation of 

particles etc. In Chapter II, possibility of creation of 

spinless particles in different cosmological models are 

discussed. Chapter III contains creation of particles in 

anisotropically expanding universe. Chapter IV consists of 

idea of Quantum Equivalence Principle and discussion on 

possibility of creation of spinless particles, using this 

principle. Similar type of work in higher-dimensional KSluza-

Klein spacetimes has been included in the last Chapter. 
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CHAPTER I 

INTRODUCTION 

Gravity is not an interaction which can be turned 

off or on at will. This property of gravity encouraged 

Einstein to think that it must be intrinsic to the region, 

where gravitating matter exists. This intrinsic property of 

the region was identified by its geometry. So in Einstein's 

theory, spacetime geometry manifests gravitation. Now if a 

quantum field interacts with unquantized gravitational field, 

it is natural to study them in curved spacetimes. 

In the background of curved spacetimes it is seen 

that creation of particles is a spontaneous consequence of 

quantum field theory. It occurs in particle-antipartide 

pairs in the model under consideration and does not violate 

local conservation laws . Before going into details for the 

study of quantum fields in curved spacetimes, it is reasonable 

to know them in flat spacetime which is given as follows. 

Cl 2 3I 
1.1 Quantized Scalar fields in Minkowski Spacetimg ' ' 

In flat spacetime, Langrangian density for the 

scalar field (t)(x) is given by 

L = (\^ 3,(j) 3j- (j) - ̂ '"4)'-) . O'Q 

where 'm' is the mass of the scalar field ^{x) 
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The action is given by 

ft = J L C X 3 d'^x. 

varying the field (j)(x) and using the action principle 

6A = 0, we get the field equation as 

where • = V*^ ̂i, 3j-

One set of the solution of (1.2) for the mode k is 

given by 

UJt,x3 = y>-\ 
2coCZTr) I ^ ] 

~J_ 
2. 

f<l|coc -(Lcot j 
(I-3J 

where 

GD=: (̂K 
2. 7_\ 2. 
-fro J 

and 

I— 'O ^ 

Here U, (t,x) are positive frequency modes with 

respect to 't' because it is eigen-function of the operator 

at 
defined as 

3t 

The scalar product of two scalar fields (jjjand cj), 

is defined as 

i^A^) = - c I ̂  ̂, 3,4; - [3̂  4,J 4 * I d--^ 

= - C 4,1:4;̂  d-i:. 0-0 
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where t = constant defines the hypersurface enclosing 

n-dim. region. 

Using (1.3) one gets for u. 

The system is quantized by treating ' ^ ' as an 

operator and applying the equal-time commutation relations 

where 'It'is the canonical conjugate momentum for (j) defined 

as 

3L TT = ^^^ (l-&bj 
3 [3,^) 

U. and its complex conjugate form a complete 

orthonormal basis with scalar product (1.4). So <t>(tp{) may be 

expanded in terms of U. and U, ( U is the complex conjugate 

of u, ) as k 

where k's are discrete modes. 

The equal-time commutation relations (1.6) imply that 

a. and aj|' in (1.7) satisfy 
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Kj '̂ k'] [a = o 

= o C^-8) 

- ^ i c f c ' 

In the Heisenberg picture, the quantum states span 

a Hilbert space. A convenient basis in Hilbert space is the 

Fock representation. Therefore we can construct the normalized 

basis ket vectors |^ , from the vector |0^ (called the vacuum 

or no particle state ). This state I 0\ has the property 

that it is annihilated by all the a, operators; 

Q-u |o> = O V-K (1-93 

and also |0 has the property that it is created by all the 

aj" operators. 

ajo^ -|1„> ̂  V- k (Moj) 

Similarly we can also construct many pa* tide 

states as 

Also one gets 

t 

^./ |o> l"̂ .."S'̂ 3- • '̂ j> 

a 

CL 

-K> 

-^.> 

= t"+l) 
ir 

nr\ Z. 
lb-Oi,> (Ml bj 
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To show the signif-icance of the above stated 

Fock states, one can exa mine the Hamiltonian and momentum 

operators. These quantities are obtained from the stress-

energy-momentum tensor, T.. which is defined as 

The Hamiltonian density is given by 

and the momentum density 

in terms of Minkowski co-ordinate (t,x). Substituting the 

value of (j) from (1.7) in (1.13) one gets 

T = I 
tb -^ 

Similarly substituting the value of ' (J) ' from (1.7) in (1.14) 

one gets the momentum as 

Again using the commutation relations (1.8) in (1.5) we 

can rewrite 
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Both H and P. commute with the operator N 

[ N . H ] . [ ;N,PJ = o 

where N K \ "̂̂  \ ^ k̂ k̂ 

0-18) 

(1.19) 

From (1.9) and (1.11b) one gets 

<o|Nk^|o> = o ^ K 

Similarly 

0.20} 

K, K2 - . , K. -TOi, m , Y) 
l<C a. 

(,.20 
Thus the expectation value of the operators N. is 

is the integer ''n. If N, is summed up over all i 

< | K ) > = 1 : 0 • ̂ ^) 
This simple relationship between N. & n, suggests 

the name, 'number operators for the mode k', n, and 'total 

number operator', N. 

Also another interpretation from (1.18)is that 

eigenstates of N are also eigenstates of both H and P. 

When """n increases by one, <i|H|> and <^1PI> also increase 

by cj. and k. respectfvely. Therefore *• n can be interpreted 

as the number of quanta, each of energy cu • and'.. I momentum 

k., for a particular mode k.. Thus the state 

\ ' > 

•"k • "i" " r 

is the state containing n * quanta in the mode 

with momentum k-,, n quanta in the mode with momentum k„, etc, 
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From (1.11) we get a useful physical interpretation 

for the operators a^ and a+ . In (1.11(a)) a+ increases 

the number of quanta by one. So the name 'creation operator'. 

Similarly, in (1.11b), a. reduces the number of quanta by one, 

So a, is known as the annihilation operator. 

1.2 Quantized Scalar fields in Curved Space-time 

Field quantization, in curved space-time, proceeds 

in close analogy to the Minkowski space-time. In curved space-' 

C2l 
time ^, the simplest generalization of the Klein-Gordon 

equation is given by replacing • =11 ° 3-9 (9 . means 

partial derivative with respect to x''' ) in Minkowski space-

time by 

and adding a term ^R in the mass term of the scalar field 

So Klein-Gordon equation for a scalar field cb is 

where ^ is the coupling constant v;hich couples gravity 

with (j) 

If g, and g, are two solutions of (1,24), then 

we can define the scalar product ( inner product) as 
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where ds. = n. dv ( dl is the surface element of the three 

dimensional hyporsurface t = constant and n. is a vector 

normal to the surface ) . 

In the case, the Lagrangian density for the 

field (() is given by 

L-^P-^ Cg'J3.<̂ 3j4 -(-V^Rj'l'] (J-2.6J) 

The canon ica l momentum, conjuga te to ^ i s given by 

3L 
9C3o4.3 

1 , 

(1.2T3 

To quantize the field, v/e consider cj) and n as 

operators and impose that the equal-time canonical commutation 

relations 

= o (.2 93 

(X - 3C,'J) 

The Heisenbergs equation of motion are given in terms 

of Hamiltonian which is defined as 

. L dF 
dt J 

(I.2.9J) 

where 
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The field operators act on state vectors | y which 

describes the possible states of system is given by the 

construction of a state vector space known as Fock spaces. 

In the case of curved space-time, it is difficult 

to define physically relevant positive frequency solutions 

and also to regularize the Hamiltonian and energy-momentum-

tensor because there may exist a nonvanishing v acuum energy 

resulting from curvature or by the topological properties of 

space-time. Therefore one cannot demand that (U., U.) = 6.. 
"̂  1 3 1 j 

be satisfied in curved space-time by the basis of wave 

functions. For example, if 

Ui 

with 

0-3°J 

°̂ . -d H =̂  
Then we should have also 

(U., U. ) = 6--. Although U. are not purely 1 ] 1 ] 1 

positive frequency solution with respect to U.. The mere 

fact that U. & U. cannot describe the same particles can be 

seen as follows. 

U. and U. both form complete sets, so that ' (|)' 

can be written as 

> .t , ̂  

CXsnc 
0-3i; 



- 10 

Now, 

< -'i\.<) ^^^^^rr-Hj.u^^-hS) 
(i.aa) 

Similarly 

= ̂ ^ ̂  - P^ ^ Q. . 33} 

The transformations of creation and annihilation 

operators (1.32 ) and (1.33) are known as Bogoliubov 

C4,5] 
transformations 

6. = 1, By virtue of the condition |tt..|̂  • 

it follows that both the primed and unprimed operators satisfy 

commutation relations (1.8). Hence we can construct the Fock 

space H on 0\ where 

< |o'> ^ O v-^ 0 • ^^J* 

The average number oL primed particles present in the unprimed 

vacuum state is given by 

N̂  ̂  r. ^Lo O-L a; |o> P. 'd 
(I • 3SJ 

But the number of unprimed particles in the unprimed vacuum 

state is zero. 
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Now let us consider the Rindler coordinates^ 

v,z. It is related to Minkowski cooidinates (t,x) through 

( z 0, - cO<v<iaO ) 

t+3C = z. e. 
J 

L -;ai = - z e 
-NI 

So tbo-t d s = Z. CIN) - d z ^ 

(1.36J 

0 • 3-D 

The metric coefficients are independent of the 

time co-ordinate 'v' and velocity is given by 

,1:7] 

O-asJ 

F u l l i n g -" has solved the f i e l d equa t ion (1.23) in 

Rindler c o - o r d i n a t e s (v ,z) for the " s t a t i o n a r y wave func t ion 

of time depending exp (jv) ( j = 0 , 1 , 2 , . . . . ) . When m / 0, 

in Rindler c o o r d i n a t e s 

1, 

oCj ^ = [air c^^ Q - e ^"0 ] f w ^ l l ) 

J t 

with 

^1< 
2TT|-

[I.39J 

From ( 1 . "̂ 2) , we have 

oO 

i 

CO 

dk P 
d ^ 

2. 
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or 

O 
( 

which is a black body spectrum given by Unruh' 

(1.409 

1.3. The Meaning of Particle Concept 

It is natural to ask "What is the set of modes 

which furnishes the best description of a physical vacuum, 

ie. the state of 'no particles'?". Answer of this question 

depends on measurement process to detect the presence of 

quanta. For example, a free-falling detector will not always 

register the same particle density as a non--inertial , 

accelarating detector. In fact, this is even true in 

Minkowski space, where an accelarated detector will register 

quonta even in vacuum state defined as a.joN-o-V'k-

The special feature of Minkowski space is not that 

there is a unique vacuum,but that the conventional vacuum state 

as defined in terms of mode (1.3) is the agreed vacuum for all 

inertial device throughout the space-time. This is because, 

the vacuum defined by (1.9) is invariant under Poincare' 

group. 

In many problems of interest, the spacetime can be 

treated as asymptotically Minkowskian in the past and 

future. Under these circumstances, the choice of the "natural" 

Minkowskian vacuum defined by (1.9) has a well-understood 
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physical meaning ie. the absence of ,particles according to 

all inertial observers in the asymptotic region - usually 

taken to be the commonly accepted idea of a vacuum. We refer 

to the remote past and future as the 'in' and 'out' regions 

respectively. This is borrowed from Minkowskian quantum 

field theory where it is assumed that as t-> +co all the 

field interactions approach zero. The analogor situation here 

is to suppose that in the 'in' and 'out' regions spacetime 

admits natural particle states and a privileged quantum 

vacuum. This can be either Minkowski space,or some other 

spacetime of high symmetry such as Einstein static universe. 

Whether a particular spacetime constitutes a suitable 'in' or 

lout' region depending on the quantum field of interest. In 

the case of massless, conformally coupled fie'lds, a conformaly 

flat spacetime, even if not static is a good spacetime. 

Since v;e work in the Heisenberg picture, so if we 

choose the state of the quantum field in the 'in' region to 

be the vacuum state, then it will remain in that state 

during its subsequent evolution, nuc at later times, outside 

the 'in' region, freely falling particle detector may still 

register particles in this 'vacuum' state. In particular, if 

there is also an 'out' region then the in-vacuum may not 

coincide with the out-vacuum. In that case a natural class of 

observers in the out-region will detect the presence of 

particles. We can, therefore, say that particles have been 

created by the time-dependant external gravitational field. 
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This is an especially useful description,if the 'in' and 'out' 

regions are Minkowskian so that all inertial observers in the 

out-region register the presence of quanta. Analogous processes 

of particle creation by external electromagnetic fields are 

also knowrr •'. The possibility of similar particle production 

due to spacetime curvature was discussed over forty years ago 

by Schrodinger and others . The first thorough treatment 

of particle production by an external gravitational field was 

given by Parker'• -'and Sexl & Urbantke- r 

1.4 Particle Creation by Black Holes 

Black holes are caused by gravitational collapse of 

stellar objects. In 1975, S.W. Hawkin^^' "̂ -̂'attempted to 

show creation of particles due to gravitational field of 

ri9l 

a black hole. In 1976, Hartle and Hawking "'attempt ed the 

same problem through path integral approach. We sh ill review 

Hawking's original method- ' -"because of its clei->r and 

unambigious physical basis. 

Consider a neutral scalar field (j)(x) with mass 

m = 0 obeying the Klein-Gordon equation (1.24) and 

quantization rules (1.28). Here interest lies in observations 

which depend on the characteristics of the geometry outside 

the event horizon. The spacetime around the black hole, of 

mass M, is described by the Schwarzchild line element 
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where c\-n. " = d-^ - -̂ -i© -H Sin 0 df 

One finds that the solution 'g' of (1.24) in the 

spacetime (1.41) is proportional to • 

where 

- ccot 
(1.42) 

, 9 Q 
3 i o 9 

Q - 43 ; 
The radial function R (r) satisfying 

cot 

where 

•){ =-^-1-2^1 loci ^H C2f^) -I 

Here r*_^-oO » when r—p2M and r*_-̂ oO as r—^ oo . 

Equation (1.44) is analogous to the Schrodingers equation 

with CO playing the role of energy and L?-(?-+l3'a -\-21^'^ J 

ri-aMr"""- 1 the pot ential. Since this potential vanishes 

as r —^ 2M and r —> oO , the solutions in these regions are 

superpositions of exp ( + i co r*) . Hence the solutions '4\Q!S.lfi^' 

(1.42.) will be superpositions of terms proportional t,p.,: 
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-1 (-<̂ u5u.) , -1 (-i-cov ) ,̂ 
r e VT and r e y, in the regions 

-'Im Im 

r*_^ +cOf where 

are null coordinates. Here outgoing spherical null waves are 

characterized by u = constant and incoming waves by 

v=constant. 

I l l ) 
In terms of u and v the Schwarzschild metric 

becomes 

The effect of the potential in (1.44) is to scatter 

incoming waves or outgoing waves so that it becomes 

superpositions. Therefore 'if one sends a purely incoming 

-1 (-'(.COM ) 

wav e r e y, from infinity, a part of it will reach 

the horizon and be absorbed and a part will be reflected 

back out to infinity. 

Let us consider the quantized field ct)(x), in the 

spacetime of the black hole. To specify the initial state we 

are specifying the complete set of positive and negative 

frequency solutions of the field equation at early times. 

It is necessary because results at very late times depend 

only on the Schwarzschild metric at R = 0. Also we take 
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^= 0 in (1.2 4). Therefore (1.24) looks as 

IlCacCgyFg3j)c^) r o Q-'^V 

Denoting the complete set of positive and negative 

frequency by 

(positive frequency at early times) 

(negative frequency at early times) 

(1.4S) 

t 
Now, t h e f i e l d q)(x)cai i be v / r i r t e n a; 

r 
Cl-49) 

where 

Cij,i,^,, L u , ^ , ) -- S(c^:-c^) s^,^^ 'C,^. 0- 50) 
is the normalization of f and the conserved scalar 

Co -CTO 

product is defined by (1.2 5) and the commutation relations 

(1.2 8) becomes 

[ co'it.TO, } ^c^^£^Tn^J - °C"i''=^2J f5"̂ ,̂ 2_ C^-m.-m 
CL 1 

1 '"a 

[ Cb I a 
^.^.^, J C0^^2.Tr.^ I ~ ° .] 

(1-50 

Here ct i«__ are annihilation operators 

corresponding to incoming particles at early times and the 
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specification of the state | 0^ is given by 

^co'^^ l^> ^ ° i^^ "-'* "^'^^^ O-^O 

We decompose the field into positive and negative 

frequency parts to find the observed facts at infinity at 

late times. Now let us define 'p n ' such that the 

superposition of them over a range of'cxj'from a wave packet 

localized at large r* at late times, which is a superposition 

of outgoing positive frequency v/aves r exp (-ccou,) y, . p , 

and P*f-,-i f oî î  3 complete set for expanding any solution 

of the field equation which is purely outgoing at late times, 

Since the most general solution of the wave equation has a 

part which is incoming at the horizon at late times. Hence we 

introduce a set of solutions q , such that a superposition 

of them over the range "^tLO forms a wave packet which is 

localized near the horizon at late times and has zero 

Cauchy data on future null infinity. And the normalization 

is also done as 

nro.-rr) ,1.12. 

(1.53J 
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Since p , and q „ are disjoint region at iabe 

times one gets 

O 

Now the field ' A' can be written as 

[l.5^J 

with 

t 

=- o 

[̂ c., , ^c„.J = [^^' J < ] 
0 • ̂ 6j 

- o 

Here b „ are annihilation operators for particles 

outgoing at late times at infinity. And the number operator 

is given by 

t 
<^^i^> = <o b̂ „ bc^e^k) (I.51J 

Since f ,. and f* „ are a complete set for 
CO lIT) ^ VTr) 

expanding any solutions of the field equatios, one can 

write 
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v-here of and £> are complex numbers, independent of the 

coordinater- (-m on f* is necessary because we have normalized 

the y, such that y 
-̂  Im ^ 

* 
Im yi,-m )• 

From (1.55) one gets, 

'̂ ĉot-ro " L V t'^E^^ 
C\'53) 

Putting the value of o and p p in terms of 'f and f* 

from (1.49 ) and ( 1.58 ) r'tid also using the orthonormality 

relations one gi. ' 

r 
L ico CTI <^E.Tn zJltD ^- ,* 

t 
CO Zrm "" Pcof-TT) cJltr, ^ ^ l 

0 • £o3 
From (1.52 ) one gets 

Z 

<'^'c.t^> = <°\ b^e^ b^t^ \o} -Jdw' jp^,„ „.,„ I (̂,. fei) 

Similarly from (1.58) one gets 

I C O C-no CO -(.Trj CO E . - r o >* 

°(, COf.'-ro t O - t T D " (̂  icoe-m J J w'^To _y 

(̂ \ • 6 2 } 

( _ ; 
Here pc^^a^e positive frequency at late times at 

infinity^ while f cut-r̂  â ^̂  positive frequency at early times 

at infinity. Also one can notice that, if there is no mixing 

of positive and negative frequenc'y solutions caused by the 
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black-hole, the &coco' "^H vanish and no particles will be 

observed at infinity at late times. 

By neglecting the scattering from the static 

geometry as it is not the cause of the particle creations, 

(1.4-'̂ ) can be rewritten as 

^t -h-^^R^^ = o (i-GsJ 

Now it is useful to study one explicit example 

example which are given as under. 

Consider a spherical wave starts at early times 

teavelling along a an incoming path v = constant, and passes 

through the collapsing body just before formation of the horizon. 

After passing r = 0 it moves along an outgoing path u = constant, 

which remains close to the horizon for a long time before 

peeling off to infinity at late times. From this idea one 

can conclude the following three observations. 

Since the wave r exp(-Lcoa) y, reaches infinity 

at late times with a finite frequency co and there is a very 

large red shift, the incoming waves r exp(+cco\/ )y-, at 

early times must have very high frequency co' . Hence the co­

efficients B(^^i aî e those with very large OJ' . So one has to 

consider the asymptotic form of Bcocd ^'^^ large <UJ' . Since the 

wave has a very high frequency when it reaches the collapsing 

body' and as it moves through the interior geometry, we can trace 
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the propagation of the vs?ave through the interior geometry by 

geometrical optics. And thirdly the probability for observing 

particles is built only after it enters the collapsing body 

after formation of the horizon and it is more when it is 

travelling outward near the borizon for a very long time 

before it moves off to infinity. Therefore firstly, one should 

describe the free field accurately when the wave packet reaches 

infinity at late times after remaining near borizon for a very 

long time. 

Now we trace the wave packet's components r exp(-tcou)y, 

at late times, backward to early times, where they can be 

expressed as a superposition of waves r exp ( +icJs/) y-, with 

large values ofco' . Also one can observe that it's phase 

remains constant, at the value cou, , where u is the value of 

u-coordinates at late times, and it has the form r exp (-tcouiy)) 

y, . Here 'u' is the constant value of u-coordinate which the 

^ Im 

wave moves along after passing r = 0 and 'v' is constant value 

of V coordinate which the wave moves along before reaching 

r = 0. Thus the problem reduces to find the value of u(v). 

Let V = V be the coordinate of the particular 
o ^ 

incoming null ray which reaches the horizon just as it is 

formed and let n"^ be the given null vector which points 

radially inwards at a point on the horizon outside the 

collapsing body. Now we choose ̂ & such that -£ n connects 
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the horizon to the ray at u and parallel transport the 

-^-nr along the null generator of the future horizon to the 

point at which the past and future horizons intersect and also 

choose an affine parameter ?i on the past horizon such that 

T̂  vanishes at the intersection of the two horizon and 

increases towards the future. 

. -r '^^ Therefore ^ = v- 6-

with C > 0 <='^^ (i'^'t) 

where k =(41̂ 3 

k is the surface gravity at the horizon. 

Also choose c such that TO = doc c)>\ at the point 

where the horizonsinter sect. When in a local inertial frame 

in which d oc d 7» vanishes because 7\ is affine, so that. Y) 

is constant near A = 0, integrating n ^1\ along the 

past horizon̂ from ?N = 0 to /̂  ( u ) one gets^ 

L L I. 

Hence 

£ =-?^(pl) = C ^ "^ (1-65) 

Now parallel transport the vector - £,Tr along the null 

generator of the past horizon and then along the path of the 

radially incoming null ray at v out to early times and 

large distances from the matter. Therefore, V-VQ = -gn . 
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V . At infinity the space is nearly flat so that n is a constant 

( say D, D >0) . So, 

-KU-

U_ = -4^1 loa [(N/o-V̂  j(CD3] 

The spherical wave p ĉ ^̂ ^ for r > 2M at late times 

can be written as 

fi -f -I 
COt-ir) =. N c o ^ -»' e3:ipC-̂ cx)ĉ 3̂ t'm̂  (^' G 8 ) 

where 'N' is the real normalization constant which is given 
-3I2 -I 

by ( N = 2 TT )• From (1.67), at early times outside the 

collapsing body , one gets. 

f« Cdt-rn 
O JOY V>VO 

Here for v>v P.,* vanishes at early times 

because any null ray which is incoming along v > v will enter 

the horizon of the black holes and does not reach infinity 

at late times. 

The function f ̂  ,1 • at early times outside the 

collapsing body is given by 



2 5 -

By taking Fourier transforms with respect to v one gets 

d3 ,^ 

-TT-) ^ cot-m cô t-TT) 2. TT 
poO^T 

-oO 

or Vo 

^ 
CJtTr,co'l^ S-'TJo V«-> ^n^J I ̂ 2. +CCO \; 

eoc p[.+M*g(-^}] (I02) 

and N'o 

P, 
_ I 

Ojt-TT) CO-t-rrj 2,Tr J V o J d^(^j'^"'^e=cp[. + M . ^ 3 C ^ 3 ] 0-̂ Ĵ 
-CO 

By evaluating these integrals one finds that, 

^ 
Coco' 

= e^cpCSmvIco) p ^ ^ (\.-13j 

The average number of particles in the mode cutrn outgoing at 

infinity at late times is given by 

< ^ o . , . > 
= dco' 

- since the probability for an outgoing wave in 

mode CO.ITT) starting from just outside the horizon to reach 

infinity is the same as the absorption probability faog. for 

an incoming wave starting from infinity to be absorbed by 

the black hole.Therefore 1.74) becomes 
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1.5 Summary of the Work included in the other Chapters 

and Units 

Chapter IT contains discussion on creation of 

particles in isotropically expanding models of the early 

universe. In isotropically expanding models, particles are 

created when conformal symmetry is broken. Conformal 

symmetry may break in different situations. Examples correspond­

ing due to different situations are included herein. In 

Chapter III, idea of creation of particles, in anisotropically 

expanding models of the early universe, has been discussed 

taking massless as well as massive scalar fields. Chapter IV 

containtj diiscutosion of work done by Castagnino et.al. who 

have proposed a different method, based on Quantum Equivalence 

Principle, for the study of possibility of creation of particles 

in curved spaces. From the last decade, study of Kaluza-Klein 

theories have been very much interesting in the context of 

unification of gravity with other interactions of the Nature, 

for example, electromagnetic weak, strong interactions and other 

gauge interactions. Motivated by 5-dim. Kaluza-Klein' s 

prescription for unifying gravity with electromagnetic 

interaction, higher-dim. theories have been proposed by Dewitt 

and others. The last Chapter contains possibility of creation 

of particles in the higher-dim. Kaluza-Klein spacetimes. 
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The units used, in the thesis,- are natural units 

which are given as 8 G = c = ^ = 1, where Jh ^[h 12.TTJ 

( h is Planck's constant ), c is the speed of light and 

G is the Newtonian aravitational constant. 
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CHAPTER II 

PARTICLE CREATION BY THE ISOTROPICALLY EXPANDING UNIVERSE 
15; 

Here we are interested in the study of scalar 

field (|)(x) obeying Klein-Gordon equation (1.24) in an 

isotropically expanding and homogeneous cosmological model. 

The most suited homogeneous and isotropic model is given 

by Robertfeon-Walker spacetime, 

2 2 2 2 I I . where a(b) is the scale factor, r = x +y +z and k is the 

spatial curvature with three possible values +1, 0, -1 for 

closed, flat and open models respectively. Also t is the 

cosmic time which corresponds to the proper time of the 

geodesies x = constant ( i=l,2,3). The early universe is 

supposed to be spatially flat, so we shall consider the case 

k = 0 only. 

2.1 Conformal Symmetry 

Conformal symmetry is very much crucial for 

particle production in isotropic model. When this symmetry 

breaks due to some reasons one can get creation of particles, 

The action is given by, 
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where 'L' is the Lagrangian for scalarfield CP (X) in 

curved spaces. The action A* is conformally non-invariant 

in three cases. (1) when m ;̂  0 and €P = 0 or ^ = _L 

(ii) when ^ ^-^and m = 0 (iii) when m ^ 0 and ^ -̂  g-

Under the conformal transformation 

The Christoffel symbol, Ricci tensor and Ricci scalar 

transforms as*- •' 

As a result, 

where ^(x) = ^ (oc;) (̂ (x̂  (i • Sj 
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So, one can sre that the action (2.2) is conformally 

invariant provided that ^ = 0 or -i- and m = 0 . But if t^f^ -^ , 
2 

action (2.2) is not conformally invariant even when m = 0 . 

Hence one can get creationt of particles in the above three 

cases. Here examples for different cases are given for 

isotropically expanding cosmological models. 

2.2 Case for Minimal Coupling { "^ = 0 ) 

[2] 
The minimal coupling of the scalar field (b (x) 

with gravity is characterized by ̂ = 0. The Klein-Gordon 

equation (1.2 4), in this case, is 

"3 -2-

in the background of the Robertson-Walker line element (2.1) 

The Fourier expansion'for CD (x) can be written as 

where k is the continuous mode {~ca <£, i^^oo). Connecting 

(2.9) and ( 2.10) one gets 
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where 
t 

and 
C0^= k cx̂ (lj HfTnrf 

A. , are constant operators obeying commutation 

relations 

and the Wronskian condition for consistency of the equations 

of (2.13) and (1.28) are so that Cf*c^f^O = ̂ (K-K'J ctod 

where 

h =(210^ e.̂ *''" -Mr CO Ĉ -'+J) 
TK 

is given by 

Y.4^ - T : ^ =̂  (...) 

For a statically bounded expansion^ 

ai as T-^-co 
(2-16) 

when a is constant, the theory reduces to special relativity. 

â as l-^'^dO 
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For large negative T 

(TOT-^-OO ^C^S-^K) e.cpC-̂ rco,x3 (2.n3 

Substituting (2.17) in (2.10), we get 

'3 r , ^ 
-ico^t 

-t-fipj. e"-^"^^ g ^ ^ i c t l (2.183 

where 

P-r = Pi=-^. . Xi=<^,'< 

and 

And X- is the usual Minkowski coordinate in the 

initial spacetime, Pj- is the physical momentum, and Ap 

obey the boson commutation relations (2 .13) with the cS" function 

And for large X r the spacetime is again flat 

{a=EL ) and one gets 

in which Ajf is a superposition of both positive and negative 

frequency components. 
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Putting (2.2 1) in (2.10) and regrouping according 

to positive and negative frequencies one gets a form for 

like P .18) with a, replaced by a, ; and the annihilation 

operator for physical particle at late times is given by 

^k = °f^ fik' i-P, P.̂ , (2.23) 

t 
The a. and a. obeys the correct commutation 

relations Q. .13) by virtue of the Wronskian condition ( 2.14) 

1 demands which demands 
2. 

Now suppose that no particles are present in the 

initial Minkowski space 

Rk |o> = o Jo« cull K̂' ( a a s ) 

Now we will investigate whether particles are 

present in the final Minkowski space. For that let us impose 

boundary conditions on (fc (x,t) in a cube of length L so 

that k takes on discrete values. Using (2 . Z5) and (2.25) we 

get the number of particles in mode k at late times as 

2. 

Here we can observe that B . vanishes in limit of an 

infinitely slow expansion. Therefore we can say that the 

particle number is adiabatic invariant. However,in general. 
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'p. does not vanish. So we can conclude that particles are 

present in the final Minkowski space. These particles are 

created during the expansion of the universe from a, to a,. 

Since particle number is adiabatic invariant, the 

initial and final periods in which a(X) is constant can be 

replaced by periods in which the expansion is slow, also the 

WKB solutions of (2 .2 ) are a valid approximation of the 

k • function'Y, 

Now it is reasonable to understand the probability 

distribution and average number of created particle 

Let I 0> be the vacuum in the final Minkowski 

space and is defined by 

^K 

and it contains n particles in mode -k and is mode k 

in the final Minkowski space. Applying (2.23) and Q. .2 5) 

one gets 

Therefore 
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where fOfnl is the state containing n particles in mode-

-k in the final Minkowski space. Repeating the process we get 

This equation gives the most general non-vanishing 

matrix element of a final state containing particles in 

mode -k or k with the initial vacuum because the matrix 

elements of the form ^m,n I 0^ vanish when m ;̂  n. If m-^ n 

we get ( 0 1 ̂|̂  I 0 ]> or (0 I aj^ I 0^ and if m< n, it vanishes 

in accordance with equation t2«2 7) , 

Therefore the most general non-vanishinn mat ix 

element of a final basis with initial vacuum is given by 

CK}I<5> ="̂  CP^Kf" Co|o> (23a) 
where I ̂ TOJ^V 1 is the final state containing n. pairs wi 

one particle in mode k and the other in mode -k 

th 

Using (2..31) we get^ 

1 = ^o|o> =lcolo>|'y Y l R ^ K f 

where 

, , Z CO , 

j C ° | o > | Tl jcQl 

,. Is Id" 1 
} ^ 

2X> 
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Therefore, 

|co|o>| =Tr|or,j'^= G-pC^i^lcrJ'^J (^.^s^O 

and 

(1"K] °> = 1 [ ( P<Kk k l̂ ) (^-^^^ 

• Therefore the probability . P-n[<J °f observing 

n particles in mode k at large "̂  is given by 

U^^ = \KK 
S-n 

^ . 
(2-35:) 

Using this result, the average number of particles ^^\^ 

present in mode k in the volume CLaa^J *. 

oo 
< N , > = X T. pjKj = p 

•in=o 

C2.36J 

The average particle density,summing over all modes 'and 

taking the limit we we get, 

.-3 

\ 
N 

(2.30 
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Now we consider a model of the very early universe in 

which the significant particle production occurs near the 

Planck time t = G"^ (in the unit h = c = 1) . G is the 

Newtonian gravitational constant. So the average energy of the 

initially created particles will be of the order t which is 

very large with respect to the elementary pasticle rest masses. 

So restricting to the massless case ( 2.12) can be written as 

To obtain a more explicit expression for the average 

particle number, <^N.> and probability distribution p (k) for 

a smooth expansi 

function namely, 

4 
a smooth expansion from a, to â  , one can express a (X) as a 

where 

"̂  = I s ' ("a-̂ o) 

and where b, a,, a„ and g are adjustable costants with â  ̂  a, . 

This function and all its derivatives are continuous, and it 

approaches a, as '^—>-oo and a, as T—>'*'oO. 

Epstein and Eckart have shown that particle 
IS"' 

production can occur only when e is small. So, in cosmological 

context, it is wise to write (2.39) effectively as 
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where a„ is an adjustable parameter, a-^ a, as "J"—>~oO and 

a —^ a„ when x —:̂"t'oo • With this a (T), the solution 

of (2.38) reduces to a positive frequency solution in the 
rQ~\ 

initial Minkowski space as^ 

' 2 . 2. T-

where' K = 2KS 
I - 1 / 

T= US (2. (2 45) 

where J is a Bessel function. For large T f "YL is a super 

position of positive and negative frequency WKB solutions of 

Eq. (2..38 ), which is given by 

I I -̂  

where <if^ and B satisfying (2..2 3 ) . Making use of the asymptotic 

form of the Bessels function, one gets 

•̂<''̂ .̂  -cka,2-

Re = ^\e. ^ 
X ̂ T t̂ '̂' 

p^ 
°(K 

- exip (^4715Ka, J 

(2.. 45} 

(a • 4iJ) 

(̂ •45) 

Substituting (2 .48) into the probability distribution 

of Q. .35) and the average number of created particles Q. .36) 
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and making use of [tV̂-l - jPtl — I _, one finds that , 

and 

<N^=C-pCr)-'] ^^-^"^ 

where . 

1^ = 4-n-scL, ' h.^i) 

and the average particle density of ( 2.37 ) is given by 

-I f 

o \ 

2.3 Pertubation Calculation of the Particle Creation 

( Case ̂ 7^-^ and m^ = 0 ) 

Here we consider the gravitational particle creation 

following pertubation approach to calculate the number 

density of the created particles . 

Here the line-element under consideration is a spatially 

flat Robertson-Walker metric, 

where dt = adnfi. The Klein-Gorden equation (1.24), with î  = 0 , 
/ 
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If if ji ^ ^ this field is not conformally invariant and the 

particle production occurs. 

Now to calculate the number density and energy density 

of the created particles, we take a pertubation calculation 

treating I <!» --!̂  I as a small parameter. This was d6ne by 

Zel'dovich and Starobinsk and by Birrel and Davie 

In the spacetime (2.53), the scalar curvature is 

given by 

where c = â  and D = c |c . And the field (i) possess mode 

solutions of the form 

where 

with 

when -VI^^QO , ^ .51) can be written as 

where ô  

^'l 



- 42 -

ana cO 

h - c 
2co 

] e. ^ \;(̂ ) drj (2.. 59) 

The number density of the created p a r t i c l e s i s given by 

Tt 
2--W^C^ 

ft 'cO CO d cO ( ^ . 6 0 ) 

which can be written in terms of co-ordinate space integrals 

I 
a s 

•n =. 
IG-TTQ? ^ 

J ^1) d 1 (a.6i3 

Also, the energy densi ty of the created p a r t i c l e s i s 

given by 

f = 

00 

2Tr CL' ^ 
f I"'M' "d cO (e. 62) 

or cO oo 

r -. 
32TT^cx+ - ^ 

1^1.1^^^, ^^(Kril^^)^^l^ <T^ ^ 
( 2 . - & 3 ) 

2.4. Particle Creation in de Sitter space ( case m 7̂  0 for all€t) 

Here, we are interested in the study of scalar field cp(x) 

obeying the Klein-Gordon equation (1.24) in a spatially closed 

rial 
de Sitter space which is given by I- •• 

where C^JT. = cl©^-f siry'^Q 2- . ^._2._ J 12-
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The Klein-Gordon equation (1.2 4), in this case, is 

1 Cosl^Ht f̂c L 

where 

and 

A 
^ 3 

. R = 

L.05n H t 

M ^ = - T T o S ^ R 

_ 1 

S i n ^ ; ^ 

2 
12H . 

^ t 

If. [-̂ '̂  

J - ^ 

•S-1 ' Sin© 

- - t 

3_ 
<£)Q 

• (2- 6lJ 

The solutions to (2 .65 ) can be written in terms of 

standard functions analysis 

where Y, , are S^ spherical harmonics obeying 

~ ^ 3 Y « ^ ='^ (!<+?)V,t̂  (-2.69) 

which are (K+1) fold degenerate ( m= - 1,..., +1; l=0,l,...k) 

So, 2.65) becomes 

I 

Cosh-' 

which is a form of Legendre's equation, 

ri4") The solutions are given by- •' 
-aut 
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and 

2.Ht 

(2.. n 2j) 

where 2_F, is the hyper geometric Function- . As t—b'^oO 

the first set of solutions are 

.fe). "dO ^K Ct3 - ^ eocp [3^-^-^ ±tVHt~[ t-^^< 

As t ^ -oO^ , 

And the four s o l u t i o n s are given by, 

(a-wj 

(2.-14^ 

(S. 15) 

(2. -re) 
From C2..V3) and fa .74 ) we can observ/e t h a t , yArO a nd 

y., can be used as basis function for the field <i>(x). Using 

, when t —^ —oO . we can write 

t •" 7 7 ^ If-̂ -̂  X+Dk^^"^ '̂ t̂ '̂o Tc-^kl-n (2-^1) 

r±^ Similarly, y, lunctions define a similar decomposition 

at t -^oO 

^ - ̂  K^ -̂ tî  + ̂ ^.^ t^e^ kZ-m ĉ -̂ . 
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The Bogoliubov coefficients, which are given by 

(^•"'i' 

are found from ( 2.71 ) and ( 2 .TZ ) and using the inversiton 

transformation for the hyper geometric function. 

^ . 

P^ 

h^'So) 

= 0-0 

These coefficients ĉ  & &. satisfy Û î ĵ — | ̂ Ĵ  | for all k. 

The magnitudes jô ^ '"̂  I K\ are independent of k 

Therefore one can write 

- 2.CCV. 

°̂ ^ - Cx:6V^ 2.© 

Pt = {(^y SinU 2.© 

where ^ is a fixed constant given by 

SinVi iQ . r= C o S e c loTTT' (z.«r) 

The relative amplitude for producing a pair of particles 

in the final states (klm) and (kl,-m). If none were present 

in the initial state is 
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Using (2". 81 ) one gets the relative probability of 

creating a pair of particles as 

^-- - 1 ^ ^ tcLnh^ 2.G ^ 5<̂ ch -^-C {Q.'?>2?) 
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CHAPTER III 

PARTICLE CREATION BY THE ANISOTROPICALLY EXPANDING UNIVERSE 

So far, only isotropic models have been discussed. In 

1970, Zel' dovich ̂ -̂  speculated that the universe might have 

begun in an anisotropic state, but rapidly isotropized as a 

result of quantum effects. Robertson-Walker spaces ( which are 

homogeneous and isotropic ) are conformally flat, but anisotropic 

homogeneous models are not conformally flat. So anisotropy is 

a very significant factor in a conformally invariant theory. 

In the massless limit of the scalar field theory with conformal 

coupling 4(>=-i-, there will be no particle creation in an isotropic 

space-time because breaking of conformal symmetry causes 

creation of particles and presence of massive term caused 

breaking of conformal symmetry. On the otherhand, one finds 

that in anisotropic model, conformal symmetry is broken even 

in massless limit. So in the absence of mass also, in anCisotropic 

model, particles are created. Some examples are given below. 

3.1 Massless Scalar fields in Bianchi type I model. 

Here a spatially flat, homogeneous and anisotropic 

Bianchi type I model is considere which is a generalised 

Kasner model. This model is given by 

<i . (3.r) 
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The Klein-Gordon equation ( 1.CL4 ) with ^ = 0, m = 0 

. r3i 
m this model is ̂  -̂  

-I 

(a.a,a33 |_Ca,a,a3|̂ cj>) -, a,-'-ii_^ _ 
3x,^ 

2. rJL- - o u l ^ ^ = Q,o ^^4 -

The Fourier expansion for ^ in the metric ( 3.1 ) can be 

t 
written as ( 2.10 ) withA, and A. obeying the commutation 

relations (2 .13). Here Ij/'. which appears in ( 2.10 ) satisfies 

^V< . .̂  2 
dz 

-hV ĉ  Y^ = o (3-3) 

where 

CLnc 

cô  - ̂  k/I cxj-

C3 0 

C3-5J 

The Wronskian condition is the same as ( 2.14 ) 

As in the isotropic case, for large negative X > 

-1 

f3-6) 

where to and X/T. are the initial value of co and v. Also 

one can take the state vector to be |0> characterized by the 
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absence of particles in the initial space-time is 

fi|^|0>^0 ^K (3-lJ 

At late times, one gets again 

fh^ 

with the same condition as ( 2.2 3 ) and the annihilation 

operators at late times are the same as 

C3-9J 

i 2. 

For large negative values of T , the quantity v oj 
2. 

appearing in ( 3.3 ) smoothly approaches v̂ co , and if one 

supposes that its behaviour sufficiently smooth, then as in 

the isotropic case, one gets 

- ^ ^ f f-4Trs Ml CJ-L) ( 3 . 1 0 ; 

where s is the characteristic "C -time interval during which 

significant particle production occurs. If most of the particle 

creation occurs in a t-time interval of order t , during which 
P 

time V = v^, then ( 3.5 ) gives 
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s . v;\tp 
(3-10 

The p r o b a b i l i t y of o b s e r v i n g n p a r t i c l e s in mode 

^ k' a t l a t e t imes i s 

2.1-1 - 2 . 

fJ^3 = •V . 

::; eo:: p (^-n4-Trt^ cj^ 3 [̂ 1 _ et^p C-4Trtp ^ x ) ] (^•'2.3 

And the average number of particles per unit volume in the state 

\oy at late times, when v = v , is 

- I 

<N> =(«TT\3 j aVl^ / 

3 "' f 
C3->3j 

3 2 Approximation Method in Anisotropic models 

It is very difficult to solve Klein-Gordon equation 

in anisotropic models which is needed for proper understanding 

of the number density and energy density of created particles 

during the course of expansion of the model with increasing 

time. So, some simple cases have been attempted by Fulling, 

Parker and Hu, and Nariari. In view of this difficulty. It 

is natural to investigate approximate methods for solving it-
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One such method was proposed by Zel'dovich and Starobinski. 

In this method, anisotropy is assumed as small pertubation 

in Minkowski metric. So, the line element looks like 

ds =s dt - ô |(tJcloc - aaCt3 clĉ '̂ ^ dltj clz.̂  

where 

a.CtD ^ i4-h,(t3 , a;,Ct3 =1+^2(0 

such that 

Later on this method was developed by Birrel and 
g 

Davies taking the metric, 

where 

3.3. Birell & Davies approach for Anisotropic model 

The Klein-Gordon equation ( 1.24 ) has mode 

solutions, (i» (x) in the spacetime { 3.14 ) of the form 

where 
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with 

\ ^ 

and CO = 

(3-133 

2 1 2 . 
(3 19) 

provided by the restriction on h. as 

•'X bjTĵ : = o 
(3-^o) 

In the late times, when ii _^ QO ̂  ( 3.17 ) becomes, 

T>ft-Ĉ J =c/:,e'-'"T iw - - +Pcj=-'' ^ (3^0 

where the Bogoliubov coefficients are given by 

oO 

cO 

P -00 L- L- V 

One can see that, whe n -Y^-^ - CO J of ̂ = 1 and Bco = 0. P 
Substituting in ( 3.21 ) we get '̂ <C'n3 = e~'''^T and putting 

this value of Oj/̂ C-nD i n ( 3 •> 2 ) and ( 3.2 3 ) o n e g e t s , 

^cJ - 1+4 
oO 

- Q O *-- (324) 
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oO 

r 

Pw 2.CJ 
—oo 

: C ^ . ̂ ^ (3-2.53 

The number density ( per unit proper volume ) in out region 

-3 
^ =(2.Tra:' J (p̂ l A (3-^eJ 

for the quantum state chosen corresponding to the 'in' vacuum. 

The energy density is given by 

f -
(2.T13 oJ^ 

^cj CO d fc 
(3 21) 

where h^('»^), a (oi ) R (-rj ) —> —> 0 as 1 - ^ C30 

Substituting ( 3.2 3 ) in ( 3 2 6 ) v;e get, 

cO <« 

T) = ^ ^ K I A I ^ &f Ĉ >;K̂ ^M Î) 

-t V&ip N/Ĉ 1 ^^f t ^ ' ^ C v V . (3-2 8) 

where V(:r|3 = nnô [̂ ô ^̂ cOj - a ? ^ ) ] - ( ^ ^ " ^ 3 ^^^ ^ \ 3 (̂ 3 29J 
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And also,under the angular integration in k space, yields, 

o (3 303 

^K i ^'< 
5" 

(3 aij) 

Using ( 3 .20 ) we h a v e . 

r 

L ci ^ 

Ji.. 2. K K: k h 3 L(-r]^ c k = 
A BIT 4 

V k (•̂ ).d^ = V ' ' ^ ^̂ .̂' ^̂ (11 (3 32D d -n''-;i 

Assuming that h. , h. >> 0 as on ~J^ ± ao 5 Integrating the 

Fourier transform of h. twice by parts one can replace 

^^(11) byT- ĥ '(̂ Ti J I '^'^^ J ' ^^^° replacing the 

exponentia?l in ( 3.2 8 ) by its real part ( 3.28 ) becomes 

-n = I 

qfcoiT' 

oO 00 oO 

d3. 

-\- iaoVer|^VC^2 r ( | , ) ^ C o s ^ c o ( r L , - ' ^ J d r j (3 33) 

using the following, i n t e g r a l . 

= i I ^ J cos op r̂ ^c ĵ 
I 
2. dk 
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oO 

^ 4 NJkVc^ 

o O C3«3 

= jdk 3 IdxI[:cC^^_:.^jtJ 
* ^ o 

CJO 

Cos ko: 

= J dk fcoskc^ + - ^ j d a : | . X & Cĉ  - a c ^ > J cos |c=c ) 
n —oO 

T ^W-h:g,|^ToCcK|) 
a°^ 

a a=c 

one ge t s , 

CO 

no _ 
^feo 

—3 r c^ C<^\^) + GO Vi (^)) dri 

-t-

— OO 

C O < * ' 

K.I 
•oO 

2._ 2. 

-vfft^'^-G^ a.a^ -̂v--!: 3. a^^ ?-^^^l.^^Cl2 C^'^t) -n^ 
T, [2.-^ (\Vl Ĉ° "̂ ''V ^K^'^i:^^^^ ^'^V) 
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where 

_B-_ C ^ C c r 
>!• 

FL^:3^ 

and 

P(^3 = Z ^ + DC (JX2-:0 H_(:^0 -t- H-̂ Ĉ oĉ  7, (2.^^ 

H are Starve functions, J are Bessel functions, 
V V 

Assuming h. vanish as i' i") >> +_ oO^ and pcrfoiming 

k-integrations one obtains 

' J dor) J Jn|̂ ^ ê  ko!>-^C'^rp]C3.v^^"3 
-CXI ^-_oO 

f = 
3 8+OFT̂ Q,̂  

I20 M h) (̂v"̂ (̂ ^̂ " -̂̂ 'J'̂ -̂̂ V ̂ '̂̂ •̂'̂  ^̂ '"-̂  

where k„ is the modified Bessel function of second kind 

In' the massless limit, ( 3.35 ) reduces to 

r= 
OO CO 

r 

38^DTT (at'_; .P^ J\̂ &^^^ri?l̂  
oo - o O 

I I I I U l 

2.0 vj (n|p Vĉ p -t- r . 1̂ ,1̂ ,:̂  k i V ) (3-36) 
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3 i4- Explicit Exajflples 

Following are some examples of few choices of h.(T1) 

or N/( -n ) for which the number density and energy density 

can be calculated by pertubation technique. 

(a) Isotropic Spacetime, Conformally coupled massive field 

In this example we are considering a conformally 

coupled ( ̂  =~~ ) massive field ( m ĵ  0 ) . In this case conformal 

symmetry breaks due to the presence of mass and in turn causes 

creation of particles. 

where ô  and A are constants corresponding to a universe 

which contracts rapidly bounces at il = 0 and expands out 

again symmetrically. From (3.29 ) one gets 

Substituting in ( 3.25 ) one gets, 

2. ? 2 
where co = k' + m from ( 3.19 ) 

Substituting in ( 3.2 6 ) one gets, 

C3-4-0) 
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4 2. I"" °° , 2. 

similarly substituting in ( 3.27 ) one gets 

O. 

Again using, 

and by interchanging the order of integration, and using 

Wittaker function one obtains. 

f = ^ "̂ ? C-^3& ̂ ^ 3 -(S3 W ^-^ol^'^J (̂  -̂ -̂̂  

I n < Here we can observe that n and f becomes '0 

as m • ^ 0. Also n &-p ^ 0 as m — > oo . This case 

happens when m/o^ satisfies ( m/c^ ) «c*c | and ( m/of ) »| 

respectively. We can use thi,s special case to conclude that 

a Freidmann universe which expands from the Planck era with 

a decelarating rate ( a(t)o^-t^ o(; Ti ) will not produce 
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conformally coupled particles appreciably until a/a ^ m 

-1 le. t = m 

(b) Isotropic spacetime, N6n-conforinally coupled massive field 

i 

In this case, ne take a field which is both massive 

and non-conformally coupled , and the influence of the mass 

is neglected. ( "̂f t'g") i"̂  ̂  realistic cosmological model. 

Consider the model, 

where 

From ( 3.26 ) 

where 

fi = 2 o < ^ ^ V 3 8 t ° C A ^ B = 6 1 2 . A - 1 c c \ r , ^ . 

c = 4Soi£:A ^ A =c^ -^3 

From ( 3.2 7 ) and ( 3.46 ) one gets. 

(3 4 8 ; 
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f = TT) 
5"l2c^^ 

ft^ 3 
_&^ c3ĉ ' 

c 
(3+2L r̂̂ J)°̂  

(3 42>;) 

Q-faTo^ (2.+a^^ 

when n—> oo , f—^ 0. But in the massless limit ( 3.49 ) 

does not vanish for nonzero A , and it is given by 

I - 1- 84-3 A |oe « A R 
•Trnaac 

where R is the maximum value of the curvature, max 

(3 S-oJ 

(c) Anisotropic spacetime, Massive field 

Here the conformal symmetry is broken by the departure 

of the background spacetime from conformal flatness and causes 

particle production. 

Considering the metric ( 3.14 ) with 

U U ) = ex.pf-oCT|̂ J) cos (BT^'+SI) 

where o^^ differ by ajr so that 

(3 51) 

< h. = 0 
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Fnom ( 3.2 6 ) one gets, 

From ( 3.2 7 ) one gets, 

^ ^ ' i ^ ^ . . ^^;A^' -Fc-3^-^^c.w/KVp^ji 
oT 

°c +p-

for the contribution of the anisotropic perturbations to the 

energy density. In the massless limit this reduces to 

As a second simil'ar example consider 

2, 

, Ki-^ = - ? V L ^ c.<P'L+<fc) {3SSJ 

Then 

I "̂-̂  ^ CO L ^ (asfij 



- 63 -

a n d 

a, oO 

o (3 ^D 
2. — 2. oTft /" £, 

-f "̂  ^ ©(PU - ^ ^ ^'^'^ 4«CcO oik 

when "P, <i 2in a(coj , one getJ 

K i a oc a t 

and for p) > 2m the integrals cannot be performed in terras 

of known functions. However, in the massless limit, 

* 

Now a natural question is that whether anisotropic 

oscillations of the form ( 3.51 ) and ( 3.55 ) is possible 

in realistic cosmological models without producing so many 

particles.as to be in conflict with observation.This is 

particularly relevant since it seems inevitable that the 

universe will emerge from the quantum gravity era, prior to 

Planck time ( t = 10~ S ),(with 'random' oscillations of 
IT 
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this form. These oscillations will persumably be damped by a 

variety of mechanism including back reaction, by the 

created particles. But we are not in a position to study this 

back reaction, especially since vacuum polarisation effects 

are of first order in the anisotropic pertubation •• and thus 

are of more importance to back reaction than the second-order 

particle production calculated as follows ( we shall take 

I a = 10 ) . 

If we consider the oscillations about a radiation 

dominated Friedmann model 'with 

2. I 

substituting in ( 3.51 ) one gets, 

and the frequency v' of oscillation is given by 

with a measure of the isotropisatiori time t^ is given by 

•7 
and the energy density ( •3.5'f ) at the present time Xo~ io 5 
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and in terms of V and t^ is given by 

P/to3 ^Jl ^ ti- (vicM (act) 

Putting y = vt, the values of known constants and 

rearranging one gets ( 3.64 ) as 

CJ 4.?c| 4.,ocj ^,oC| +5-cj^, ^ 1 0 (̂||0 (3 GSj 

when y = 1, 

N rr* I 0 - 4 4 - 1 
^ so that Vr^ lo s 

and t^ = lO'̂ '̂ s =^ t^ . 
r p 

If 1 <xy<^10^^ V "•'" , ( 3.65 ) gives 

'û '̂  ^ \d^ ("MÎ 'J) ̂ J implies that 

^9 -513 

' Now we consider a model with oscillations ( 3.55 ), 

which is given by 

y^ 
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where isotropization time is given by 

tr - °c^f^\ 4 (aeaj) 

while the frequency of oscillations are given by 

-^it) = ViCtxIt; ̂  (3^^) 

where v̂ . is the frequency at the isotropisation time, 

^r =-i^, C3TOJ 
rt^ n^ 

From ( 3.59 ) one gets 

fa-ii; 

where y = v,t^ 

Inserting the known constants, the condition f ( t̂  ) - To 

becomes 

when y = 1, 
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v^ =̂ 10 ^̂  so that V, = 10 '̂^ , s = t & t^ = t . I I ' p i p 

Thus, as in the previous example, Planck frequency 

oscillations damp within few Planck times. 

If ^c y « 10^^ Vj"2 (3 li) 

From ( 3.72 ) one gets 

3 ,^88 -2 
y = 10 Vj , 

'29-2/3 -1 
hence y - 10 v , and thus, for v ^^ t 

f 

t -I 
10^^ Vj-5/3, (3-143 

which is the same as ( 3.66 ). 
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CHAPTER IV 

CREATION OF PARTICLES IN AN EXPANDING UNIVERSE 

USING QUANTUM EQUIVALENCE PRINCIPLE 

Most of the workers, studying the possibility of 

creation of particles in curved spaces, do not prefer to 

decompose the fields into positive and negative frequency 

parts during the expansion of the universe for defining 

the particle concept. They prefer to confine themselves to 

the determination of particle number only in asymptotically 

static situations ie. in - and out - states which has been 

discussed at length in previous chapters in different models. 

In this chapter, on the contrary, the approach of M. Castagnino, 

D. Harari and L. Chimento *-•'for evaluating the creation of 

particles in an expanding universe as a function of time, 

has been discussed. This approach is based on the particle 

model proposed by M. Castagnino and R. Weder *• called Quantum 

Equivalence Principle (Q.E.P.). Later on, Q.E.P. was reformulated 

C3] . by M. Castagnino, A.Foussats, R.Laura and 0. Zandron in a 

\more precise and consistent manner and so they obtain an exact 

particle model which coincides with the mode of reference C23 • 

The new formulation is based on the fact that in a 

local inertial frame ( where gravitational force vanish *) , the 

file:///more
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particle model must be similar to the model of flat spacetime. 

Usually general relativity translates flat spacetime theories 

to curved space ones by replacing ordinary partial, derivative 

by covariant derivatives. In Quantum field theory, particles 

are supposed to be linear combinations of plane wave function, 

exp [Jc (cot - koc) ]] (with co> 0 ) . So it does not contain 

any partial derivative to be replaced by covariant ones. This 

is the main difficulty. In ref. [[2] as a panacea to this 

problem, a particle model has been prescribed which behaves 

as the flat spacetime particle model in normal co-ordinates 

at each spacetime point. To make such a definition possible, 

a new global property of spacetime has been imposed which is 

not only globally hyperbolic but also has normal Cauchy 

surface ( each point on the Cauchy surface can be linked with 

a unique space - like geodesic ). In this kind of manifold, 

Q.E.P. can be formulated yielding satisfactory consequences. 

So, one can try set of solutions îiT (pO} with the 

-3. _L -| 

generalization of properties of (ZTTD ̂ (a.cô )̂  ĉ xip [^C C^t-<z.^j 

where t,x are normal cartisian coordinates in flat spacetime, 

but in curved spacetime such coordinates do not exist. Moreover, 

we do not know which of the linear combinations must be genera­

lized to obtain "XlTĵ  (x) in curved space. Both ambiguities will 
be eliminated if the particle model were described by two 

[4l 
kernels G(x,y) and G,(x,y) first introduced by Lichnerowicz . 
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Details of normal coordinates and Q.E.P. are given below. 

4.1 Normal Co-ordinates 

We use normal Riemannian co-ordinates for represent­

ing the points of curved spacetime^ ' . Let x = (~i /x" ) and 

y = (t,y) be two points of the curved spacetime, which is 

endowed with normal Cauchy hyper surface and let 's' be the 

length of the geodesic between x and y and v. is the 

unitary vector tangent to the geodesic at x. Then the normal 

co-ordinates of y with respect to the origin !x' is given by 
I 

•' ^' '- C^-o 

The transformation of ordinary coordinates to normal 

coordinates is given by 

<H''' = ĉ^ ' ^A^"- -^-1- ^\fiO Ax'̂  A ^ V ^ A (oÔ DciAx A:̂ ^ 

+ ] c+-̂ 3 

(4-33 

\ 

rn 
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When we consider the metric 

els'- - clt^ - a \ t j Cdoc^ - i - ^^+^^^J (4-5^ 

In this case, the transformation from ordinary co-ordinates 

to normal "coordinates is given by using ( 4.2 ) - ( 4.-̂  }• 

where R = ^-(6H + d fq, ) 

and 0( H Aa;'^ ) and o( H j A^x*^) a r e n e g l i g i b l e 

when 14—>o ctod ^3c—>© 

In normal c o - o r d i n a t e s 

where 
1 

/I 
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4.2 Quantum Equivalence Principle (QEP) 

[4] The QEP completes a study begun by Lichnerowic2f-

devoted to the generalization to curved spacetime of the 

propagators A (x-x') and A (x-x ) used in flat spacetime to 
1 

make the decomposition of free fields into positive and negative 
C7] frequency parts. It has been proved^ "̂ that Lichnerowicz 

conditions allow the unique definition of the function 

G(x,x ), the generalization of A(x-x' ), but not of a 

function G,(x,x ), except in a static case. In ref. [_33 the 

possibility is then considered of the existence of a different 

G, at each Cauchy surface in every globally hyperbolic universe 

and a method is proposed to find such a function in a unique 

manner. From Ref.CiJ , one can get the boundary conditions in 
I 

the form of an expansion in powers of Hubble coefficients. 

QEP states that "The kernel G,.(x̂ ,x ) has the same Cauchy data 

on the normal .surface Z^ as A(0,x' ) written in normal 

co-ordinates with origin at ^r," • 

From ref. £2]applying QEP to the case of a spatially 

flat universe up to the second order in the Hubble coefficients 

to the following Cauchy data for negative frequency solutions 

are given by 
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P • ^ 
•̂  raro^^il ^rct^^li 

1 _ B 

X 

2 0^2 0 
(4-83 

(aTr<^ 3li-

2L 

(4-9J 

where 
I 
2. 

4. 3 General Formalisin 

1 

Here we consider the particle model obtained from 

the QEP and develop the general formalism to find the Bogoliubov 

transformation between the appropriate basis at two different 

Cauchy surfaces, and the number of created particles in the time 

elapsed between them, which is evaluated up to second order in 

an expansion in powers of the Hubble coefficients. 

Consider a scalar field ^ (x) satisfying the Klein-

Gordon Equation ( 1.2 4 ) in the background of spatially flat 

Robertson-Walker universe, for which the matric is given by 

( 2.1 ) with k = 0. 
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We use separation of variables in ( 1.Z4 ). Letting, 

YKC=S'^ =i.L» f l ^ , (4.0) 

as the solution of ( 1:24 ) one gets i^(iJ ^ satisfying 

the equation, 

where k »|i<;| 

Now let us propose 

where jTi. and A are real functions which can be calculated 

using { 4--ii ). Here this procedure has no loss of generality 

as we have expressed fî (t) in terms of its argument and absolute 

value. One can construct the functions '\ir(x) and its complex 

conjugates, a basis for the space Klein-Gordon equation 

solutions by imposing the orthonormality condition on w 

of (4.10), which is given by 

(4-'33 
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and the inner product is the space of solutions of the 

Klein-Gordon equation, which is defined as 

which is independent of the Cauchy surface on which it is 

evaluated. Using ( 4'i5) we get >n. = A and 

Therefore one can take \Y^(?^^, Th ^^)] as an orthonormal 

basis for the Klein-Gordon equation, since 'Xf^ and its 

complex congugate form a complete orthonormal basis with the 

inner product {wf.14), so the Klein-Gordon equation solution 

can be ex essed as 

whe re IT Cot^O ; is given by 

Substituting (4•l^) into (4-ii)/ we have Lo.' satisfies the 
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equation, 

(4-.18J) 

• 2-

where H = a/a, the Hubble constant^and R = 6 ( H+2 H ). 

We have already seen in section ^.2'] of Chapter II 

that if coefficients of the dxpansion of the field in a 

particular basis are interpreted as creation and annihilation 

operators, the vacuum state associated with a particular basis 

would be a many-particle state respective to other basis. 

Here using QEP, the appropriate linear combination 

of '\1C (x) and '\ir (x) over each Cauchy surface can be found 

out. Here we equate the normal coordinates over the hyper-

surface of the Green functions with their analog in flat space. 

From this one gets the boundary conditions at that particular 

Cauchy surface such that the solutions of the type (4-11) are 

considered as negative frequency solutions and positive for its 

complex conjugates. And we take the boundary conditions over 

\ the surface Sir' ba 

Now we will find the Bogoliubov transformation between the basis 
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at two different Cauchy surfaces H r and -^ r- in terms of 

P^ and p"J Now we write 

T ^ - . . ^ 

(aTcg 312. 
- \ "^fe^j i- B̂Y-̂ "̂̂ -̂ -̂̂  ^''^-^ 

, • T — c l c o c 

P §: 

(^ocy 
=. R ' Yfc^C^-^^ +• B_, Y - C -̂-̂ -̂  6--2-^3 t 

K 

where fi, B 

solving (4.19')) and ( 4.2 0 ) one gets 

(4.21J 

where FCKJO — - i--^ --^ (̂ 3H-»--rx|-rx̂  . 

and the ne-jative frequency funct ion over "L r i s given by 

4> ;̂  (Dc,tJ . ^^xjT(x^tj + ^'^'^.^:^.t^ ( f .25; 



- 79 -

Therefore there exist a Bogoliubov transformation related 

to the surface ^% 

T T -X" 

(4-24) 

Then one gets 

B"̂ < = Y, (T-.-0 B ^ ^ p^CEo.O f\^ 

Solving the above two equations again one gets 

P t̂̂ t;) = X'k X. 

- [P^P ; Ko] [p^ r(y - p?] - f (c W * ) ^.iS) 

Decomposing the field Oi Ĉ jtO in terms of the 

basis j cb - 4̂  ̂  \ °"^ gets, 

i" + 
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where a, , a_, are the annihilatiofi,. and creation 

operators at the surface 51t . Similarly one can write, 

To • i 4) -, ^ ' • ' ' ^ 

and the particle number operator, with eigenvalue N ( 1o ) 

is given by 

Frpm ( 4:26)) and ( 4.̂ 27)/one gets 

and the particle number operator at 5lv is given by 

Now to evaluate P>ICCT^^T3 ^^^ particle production 

number by the expanding universe to second power in H, one 

can propose for o^.( k,t ) as. 
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-ja(^kjt.j = cjk, ̂  eco H H-T'itj) H' 
(^-3p 

2 £ 

for which H is propotional to H , such as a{t) = t with 

*£' real. Substituting (4-3|) in (4'I9) and equating the 

coefficients in the expansion and taking e and T' proportional 
t o H, we ob ta in 

H' 
8 GSk-S 4-co>^: 

(4 -3a; 
_R 

C ^ — . ^ j + 

Substituting in {4'2S-) for ^^ , and taking only up to second 

powers of H, one gets 

lo Lo 
(4 • 2.3; 

with 

•L̂^̂^̂  =T^.Q2^" -|-C^^-<3] 
Then 

C4*343 

t 

I' 
To 
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Since in ( A--^-f) , there is no term in ^ , we can 

say that, there is no difference in minimal coupling and 

conformal coupling. Also it depends only in k = | k| , one 

can conclude that particles are created in pair having opposite 

momentum. 

4.4. Alternative Method 

Here we use the basis for the decomposition of the 

field into its positive and negative frequency parts, which 

are functions, that are not solutions of the Klein-Gordon 

equation but which satisfy.at every Cauchy surface the boundary 

conditions imposed by the QEP. ParkeT was the first who noticed 

that, the particle-production process involves a mixing of 

positive and negative frequencies using another criterion 

to define the particle model : the so called minimization 

principle. 

Now when we propose the following decomposition of 

the scalar field in a spatially flat expanding universe: 

•c 

1^ J \ rouir.^*^T3- /•oTr̂ >-̂ '2. £Z Vs)(kjtjJ ^ (2.Tra.3 

+ w-c ") 
(4-353 

where W( k,t ) is a real function, to be determin^d in a 

t 
physical way interpreting the coefficient a, ,.. and a, , . as 
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annihilation and creation operators of particles at every 

instant. Here we use QEP and take as functions of negative 

frequency the following: 

ĉ .fetj .e^pr-cJ^WMJdi'J koc 

and 

and imposing (̂ .SGCO and (4-36b) to satisfy the boundary 
I 

conditions (4-9 ) and ( 4-'3 ) at every spatial hypersurface 

and neglecting higher powers, one gets 

Comparing this expression with (4--3a), one can conclude that 

(+<36£0 is not a Klein-Gordon solutions. If W =.n_ the Klein-

Gordon 'solutions are the same as (^•\'\ ) satisfying at every 

time the boundary conditions of the QEP. Therefore there is no 

mixing of positive and negative frequency while passing from 

one Cauchy surface to another, and there' is no particle creation. 
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Now, if one propose the following relation, 

with the condition '=C(lq,T3=l ^^^ P*c C^ ^) ~ ^' keeping 

( ̂ '^s* ) as the Klein-Gordon solution, one obtains 

1 "̂  -I 

(4.3903 

p̂  - L j di SCtJ [^ t <̂  ea.p (al j U at'J ] 
-r "to 

(4 • 33 îJ) 

where the function S^k,t) is defined from W as 

+ i (Htj_H^; 
(+.403 

Putting (4^0) in (̂ .3-1) one gets 

5 = -J-nno"' 
4 co^i 

(̂ H4-3Ĥ J)-t--|- - ^ ^•4 0 

T-aking in the integrand a zero-order approximation: of - 1 
. t^ -

^̂ '̂ ^ _ o ' (4'39b) becomes 
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P^^V^XJ - '̂  j clt SCO eo.p (aL]• W cLt' j 

To C^.^^J 

Here S(t) is itself of second order, we can stop the 

iteration method,and taking W = CXD̂ , in the exponential 

one gets ̂  

To 

X 

u> 

From this one can observe that when S(t) vanishes, there is 

no particle creation from (4.39b) which gives 13̂ =̂ 0 for 

every t. Also when 5 = 0 ( 4.40) and (4«I8) coincides and 

JCL = W, resulting no particle creation. 

4.5 Future developments 

Now a natural interests is in facing the problem of 

comparing particle model with experimental evidence. Which kind 

of astronomical observations can one try to explain with this 

particle-creation mechanism? Of course, the ultimate aim of 
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these types of theories is to formulate a'"i3uantum cosmoiogy" 

explaining the existing data of the universe evolution. But 

one can also search for observable effects of this particle-

creation proces^s without formulating a self-consistent cos-

mological model, for example, assuming the standard hot big-

bang model of evolution of the universe, and evaluating the 

production by this background. If the creation is not so 

great such as to have a considerable "back-reaction" effect 

in the universe evolution, but if it is not completely 

negligible, one can search for observable consequences. Of 

course, the kind of observations which this model would 

eventually explain must be related with background, isotropic 

distributions of particles, with no local origin (i.e., that 

are not created in our solar system, by the explosion of a 

£ , etc.). Diffuse cosmic x and V rays might be an 

[91 t ,ple, -• or the high-energy electron component of cosmic 

raysf"'"! 

Thus one can evaluate the present flux of the created 

particles by the expansion of .the universe per unit energy 

interval, per unit solid angle, in order to compare it with 

cosmicray experimental data. The particle model considered will 

be valid only if it is verified that the condition H/̂ ,̂. < 1 

is satisfied. Otherwise, the expansions made .to obtain the 

boundary conditions from the QEP and to solve Eq.(4.ig) would be 
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meaningless. For most common cosmological models H—'l/t, 

thus one ds-. restricted '^y 1/m for massive particles. For 

massless particles the minimum possible value for To will depend 

upon the energy E wished to be considered at the time T : 

one needs 1o> C«i.(loJ)/a(t33f'/̂ ^ • ̂ "^ ^^^ observe that the 

particle model is perfectly valid in the present stage of 

the universe evolution, leading to an absolutely negligible 

production compared to the number of already existing particles, 

One can also note from expression (4.34-)that for every 

evolution of the type a(t) = At with e. < 1 it can be verified 

that L( to ) » L{'T ) if T » T o • Then the number of created 

particles between two very widely separated instants To r̂î  \ 

does not depend upon the particular evolution considered 

throughout the time range, byt only on the evolution in the 

neighbourhooid'of the initial instant (ie., on R Q and o^ , 

the scalar curvature and the radius of the universe at the 

initial instant). The evolution at the times near the initial 

instant Xo will determine the rate at which the process takes 

place. 

Imposing the condition that w\co^^-\ , and considering 

all the parameters R„ and a„/a, the ratio between the radius 

of the universe at the initial instant and the present one, 

instead of assuming a particular evolution for a (t) between 
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To and X • For the type of e v o l u t i o n s when X > > To ^^^ 

L ( T d ) » L ( l ) , one can approximate , 

PJTo.I) 
I 4c^8(V) 

Ho + ̂  [ jg^ + co^\Tij] (4'41) 

Another approximation can also be made for the ratio of the 

present kinetic energy at time To is the same as the ratio, 

a^/a which in turn less than unity. Neglecting m with 

respect to k/a^ ̂ "̂ ^ gets. 

P.C .̂t) _ 1 Bo.) (Xo 
t 

IG \GJ Tt (ff-^V 

and the density of the created particles is given by 

d\ f[0 - d k 4TrK 
^ i P j 

l^aircci/)' ( 4 - 4 9 

Flux ffi is given by 

cik 
(4-41) 

where v, is the velocity of the particle with linear momentum 



89 -

k/a. The energy of the created particles is 

.2. 2.> 2-
(4 ^sj) 

with m expressed in frequency dimensions pnill/s) = ni(gr) 

(c^/h)] . Then 

Vu = I: 'iDQ. 

-1|2 

-vo-̂ ex-

Denoting by T the kinetic energy of the particle, T = E-mh, 

one gets 

k = CL 

2. 

connect ing (4—^T) and (4*4-5) one can w r i t e 

^/+ 2TnO-6 T (3-.4-9) 

giving the present flux per kinetic energy interval per unit 

solid angle. 

Experimental evidence for the diffuse cosmic *x and v 
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ray background reveals a spectrum given by ^ = 25 E 

2 
keV/cm s, which is exactly the same as (4..49 ) in the massless 

limit. If one assume the standard hot big-band model for the 

evolution of the universe, with a radiation-dominated era 

continued by'a matter-dominated one, and take the age of the 

-1 18 
universe as the Hubble time t„ = H 10 sec, then one can 

n 

put a ^ / a ={.'^ \t^^ ') (T4^^^ I T^ ''̂  ), where T^ denotes 

the time when radiation and matter became decoupled, approxi-

13 -- ̂  1 2 . 

mately 10 sec. For dimensional reasons one can take Ro'~ ' | To 

without specifying strictly the time dependence of the radius 

of the universe in the neighbourhood of the initial instant of 

the creation process. Then equating (4.49) with the experimental 

-43 data for cosmic x and y ray fone obtaihs "Ti,r-'3xl0 sec, which 

is of the order of magnitude of Planck time t = (Gh/c ) C-̂  10 see. 

Heuristic arguments show that this semiclassical theory 

can b^ applied just until Planck time,but before this time it 

would be necessary to quantify gravitation because the energy 

density of the created particles would'be of the order of that 

producing the spacetime curvature. For the present considered 
-2 -u. 

energy of the photons (E >1 keV) it is verified RQ(k/aQ) r^\o 

so the particle model in an expansion in powers of H/cô ^ is valid 

Thus this theory can be applied to such an extremely little time. 
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Nevertheless, if the particles would have been created before 

the decoupling of radiation with matter, the created photons 

would become thermalized, and would be present today at the 

3 K background radiation. Although this produces a negative 

result,the coincidence in the shape ofthe spectrum encourages 

us to further improve the model, and to continue this study 

with higher spins, in order to eventually explain in a more 

realistic way the extagalactic isotropic component of cosmic 

rays as created by the expansion of the universe. 

REFERENCES 

1. M. Castagnino, D.H. Harari and L. Chimento; Phy. Rev D2. 4, 
No24', '290 (1981) . 

2. M. Castagnino and R. Weder, J. Math. Phys. 27L > 142.(1581) 

3. M. Castagnino, A. Foussats, R. Laura and 0. Zandron, 
"XL Nuovo Cimento, 6£ , 138(1980) 

4. A. Lichnerowicz; Inst. Haut. Et. Sci. Publ. Math. 10, 

293 (1961). 

5. J.A. Schoutten ; RICCI Calculas ( Berlin, 1954 ) • 

6. J.L. Synge; Relativity. The General Theory ( Amsterdam). 
7. M. Castagnino; General Relativity. Gravit. 9̂, 101 ( 1978 ) 

8. L. Parker, Phy. Rev. 182 10^7 ( 1969 ). 



92 -

9. C.S. Dyer,, A.R. Engel, and J.J. Quenby, Astrophys. 
Space Sci. 1^,359 (1972). 

D.W. Sciama, Modern Cosmology ( Cambridge University 

Press, Cambridge, 1975 ). 

11. A.M. Hillas, Cosmic Rays ( Pergamon, Oxford, 1972). 

12. S,W. Hawking, Commun. Math. Phys. 43̂ , 199 (1975) 



93 -

CHAPTER V 

QUANTUM PARTICLE PRODUCTION DUE TO A CONFORMALLY COUPLED 

SCALAR FIELD PLUS GRAVITY IN N + 4 DIMENSIONS USING KALUZA-

KLEIN THEORIES 

In the previous four chapters we had seen the 

possibility of particle creation under the influence of 

gravity due to a scalar field in 4 dimensions. But Nature 

has some other symmetries also. Under the unification scheme 

of gravity with other interactions of nature (electromagnetism, 

weak interaction and strong interaction ) , Kaluza-Klein type- -• 

theories are very important. In these theories, observed 

gauge symmetries of nature are a result of the proper 

description of nature being general relativity in more than 

4-dimensions. The extra dimensions are assumed to be compact 

with the distances around these dimensions being so small 

that they cannot be directly perceived in the history of 

universe. Using the Einstein-Hilbert action in ( n+4) 

dimensions as a starting point, one may obtain an effective 

four dimensional action by integrating over the n - compact 

dimensions. In this chapter the influence of gauge symmeteries 

of Nature can be seen in the four dimensional theory thus 

[3] 
obtained. The metric for the gravitational field is taken as 
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a generalization of Robertson-Walker metric which is given by 

ds^=-dtSRtOC$;,jc!^'-cl^<i+B'CtJ^^^dg"dg^ (s-0 

where x are the coordinates of the usual three space 

while y are the coordinates of the compact space and 

this compact space is taken as n-torus. 

5.1 General Formalism 

given by 

In (n+4) dimensions the Lag'rangian d e n s i t y i s 

[4] 

L = ' t â Cfi a.̂  -̂1 ^C^'f^Of (F.2J 

where i,j = 1,2... n+4 with x being the time variable, R 

is scalar curvature ^ -i Variation of L with respect to (b 

gives 

a 
S L F I "̂"̂  d^^C^"--^^) ^ = o (?-3j 

as the equation of motion for h> • To simplify tr.e equations, 

one can put 

(X dn^ ^ -' 
"HF 

, -l ^ -'h^ + 3 

C5--4-J 
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Using ( 5.4) and substituting (5.1) in the Klein-Gordon 

equation •( 5.3 ), one gets 

6j +(n+2) 
* 2. -2. ^ -2- ̂  I 

(5.5; 

:= O 

where i = 1,2,3, B = 5, ...., n+4 and the differentiation 

is with respect to 11 

IS periodic in the y , we can impose 

the periodic boundary condition 

^. <̂ .T3 =tC^-^-^L3.V + ^ ^ ^ 4 - 1 ^ C L ^J 
where ni and n are vectors with three and n integer 

components, respectively and 'r' represents the pair ( x,y) 

Now, 

t , ^ 
Ĉ (r,^ - ^ C^K^t^ l̂̂  t % i Ĉ .TPH Qs-^) 

where 

it'.i)=CLro'"-<T''̂ '̂*\-^^^" L 

XKgtgJ Y K ^ ' 
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and X ir (y) 3^^ the eigen-functions of the Laplacian on the 

compact space. a, and aj^ obey the usual commutation 

relations. 

tk3\'] = °V [^K,^k'] -'̂...C 

From (5.4) and the above commutation relations we get the 

differential equation for llT Cn) as 

Y<ep + j^^ ^"^VC ̂  
— 

-t-
•rn-3 

\ (^= C), ^̂ .ij 

where ^ (T>3 = _ 1 _ ( ^ + 2 ; ) | ^+3J ) 
^ 

and -]C2 are the eigenvalues 
0 

of the Laplacian on the compact space, Defining co (Vi} 

^ 

So (5.7) becomes 
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t 

where iQ = TĴ  is the time when a. and a, corresponds to 

physical creation and annihilation operators.Converting(5. 8) 

into integral form one gets, 

\^V = 
in 

1 
I I . 1 

cô ev -i^^^'t'"'' [-<^v^Tl^^Ta'n 
\o C^'Sj 

where n^. (713 is the positive frequency solution to (5.8),and 

it is related to '̂ ^̂ Q̂ ^ ^^ ^ Bogoliubov transformation, 

W = <A'V %\^ + P̂ l̂iV T-̂ V̂ 
when we substitute in ( 5.5 ) one gets. 

^.^ -^^(W\ -^fAAo^ ^-
t 

where 

u ,'"̂  

u 
C5"-ioJ 
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X 
(5-«l) 

The vacuum is defined by 

Q.,̂  |o^ = O Jo-3- all K (E.123 

The particle number per mode at time Vi is given by 

P< CI. V 
(^.I3J 

Th e total particle number *s N C'̂ 'HT) )> ^^ given by 

<̂ fi>v> -i<\^\vy 

-n % ^\'V. 
(e-itj 

and the number density î C I'V is given by 
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-3 

(5-15:1 

Whe n L3-^oO,^ -n Ĉ .-̂ ô  5°^^ ^°. 

cP 

L3->aO ^̂^ O 
C5--I0 

Here one can observe that "topological inflation" viewpoint 

espoused by Kaku and Lykken are the same as above equations 

5.. • Calculation of Number density 

Here, the particle number density is calculated to 

lowest order about conformal invariance in a similar manner 

to that used by Birrel and Davies for Bianchi type-I spacetimes 

From ( 5.9 ) "̂ 1 0*13 •'•'̂  lowest order is given by "ur (TIJ .And 

Tn tn) •'•̂  given by 

-lb 
T."? =?"KCV] e-'^vn. 

and substituting this in ( 5.11) one gets, 
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U\'V = 
- (, 

2. CO 

Tf n̂  .̂t I -acco,., 
V.HJ ^ .CVT, 

J ^ 

\ 

Now let us write, 

\Jj,h; = k-̂ j C + ^c^^ C12^'V 

= ^^0|3k3^^4-^lq) 

where 

Hi) =W'v-M^T 13 - 1 - 'V 

(f'\i) 

(g.i83 

(5- \9^ 

hQrp T K V ^ I T 
n 

tL̂  ; = i -
CL l^) (^B-i'abJ 

11 
j ^ ^ = ̂ X; [VV-]«t1?-^^^^"^ IT-T]^1^ Ĉ-̂ -̂̂  

\ 

\ ) C-̂ -t-*^^>\0 = Ot (10 3 I TT) (5-i9dJ 

=: TD 
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and we have assumed that RCHD^ ^ ^^c? ^^"^^^ that 

Putting (5.18 ,) in (5.11 ) one gets, (5.17) as, 

r) (^V 2.Tr^RVri) ic ZCOr 
2^Y^/^^^v 

(£-2d) 

where coJ denotes co. 

parts, one obtains 

Clo; Integrating by r] and TI by 1. 1-

00 

\\ 

^ ° 

t CM̂ 3̂ [̂ ; CV fV ^ ̂ ^l4^]f^^?fh p 

Using the help of cosine transform in Oberhettinge 

( 5, 21) , becomes. 
„/;5U^ 

W^--^^2 

l o i ^ A f '!(t,t̂ --



- 102 -

y\ ei-V = i^ b^'^^h^l ' X 

k 
3 

[J ^ 1 c»^'c^^+«^*(^^^^^+'^3M^] 
\ 

i-

1, \o 

- -rn t v [ h {r|,j 2̂ 1,3 +1" (jy ^(.I'^J+"• 3 CV a q,'^] 

(S--2 2D 
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where V^) - O T I O ^ fr 0=̂-̂  H_,Ĉ 3 +T,C^J HOC^CD] « J j ^ ^ 

and '̂ ,,(̂ 3 are Bessel and Sturve functions respectively. 
r 

To perform k sums, we choose an 'n' torus so 

that, k are given by k = ( a-rr /L . )1, where the 

components of 1 are integers. By the repeated application 

of the Abel-Plana summation formula and for m = 0, the 

number density can be written 

I a-rr 
n(^,^J=-r..MTP] Lu,. 

- Z 
a. IT 

4 

^« 

1 

f 2.¥ 

L, rwt. 
\ ' 

-

2. J 

— \ 

^\ CK̂^ - ̂ ci)] {^^^3) 

where "C ( -ns/2,n) is the analytic continuation of the 

-P flO 111 
Epstein ^ function given by "̂  ' J 
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As a particular case, when n = 1 and with 

"%,{ s/2,1 ) = 2^(s), the number density can be written as 
E 

^(i.vL -rat-̂ '̂ 'T:! 
- I 

air 

LLsJ 

H 
2.1 

L "̂  U J 

2TX 

\ 

d^'[i^ci^-f>Kj' 

T 

^ ^ 
'I 

r 

10 

2.Tr 

1-5 L J 
[?(n> k^]-tj(r(^ (5'2.^J 

Since the values of ns/2 are fixed and the zeros of 

the Epstein "̂  functions are ns/2 = -I, /t is a positive 

integer, the functions never change, its sign as n varied. 

The % functions do not cross as functions of n. Therefore, 

the number density can be written as, 

"Cl'V = ^ C^^'R^] 
-I IT 

BeC-^>":)tS/c%-W^,(-i,njj 
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_2 

L +^ 

cin' [h C^; - ̂  (i(j] 

\o 

i- [̂ î \ [-V W^f (i;̂  

""^TTI 

qCH^VH(^.] 
1 

(5- 2.63 

when m 7̂  0, number density can be expressed in terms of the 

analytic continuation of a ^ function like quantity denoted by 

Z(ns/2,nt/2,n), and it is given by 

' 2 . 2 
J 

00 oo 

= z - - x {l^ + 
{.=-* V-

-05)2 2. -ntiz 

oo 
(S-S6) 

For m 5̂  0, the number density is given by 
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n ^ 3, - ' {\%> = - f &Tr R \ ^J ] 

>< 

1 1 

' \ 

2Tr 

L 1+4 
|2^-f.°.^)K^>c^^ 

-zr--^-f'-i-r'^^^ L'K'^^'f^ey-^k^^KTL^] 

+ ^C--ir^-^3 H .̂3 K(<|j 

2-Tr 

> L nt+ 
^C--i:r'.̂ 3 [ K V f (̂ -̂̂ Ĉ̂ â ^ ev] 

- 2.( '-T-°̂ '̂ 3 C^ îpĝ T,̂  +^%3 2 ^1^] j 

+ ^C--t.^.Sf(V !^V (5-21) 

5.3 Explicit Examples 

Here we take the five-dimensional massless (n=l, m=0) 
[12] 

case. This is the simplest caser For' R (r̂  ) = 1 it is also the 

same case as the one considered in Appelquist and Chodos. 
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For n = 1 and m = 0, the number density is given by, 

"fl^V ^ T"« t^^Rt-^^] air f 
-2-1 

+ 
air 

A 

-i-

^ ^P 

^̂ , % r̂ Ĉ p-K̂ O] + [p^* f ̂̂  

Now suppose that RC^n) and A ( ti ) are given by 

with |£j^<| . Evaluating (5'2-8) for this choice of R('n ) 

and A('in ) to 0( £ ) over the interval ( 'vigr oo ), withri <o 

gives 

If̂  Co^; " ^ ^ 9 ) = ( 5 - O ^ T T 3 
a-rr 

(^5*30) 

Since we could imagine the oscillations to be initially 

driven by some mechanism one might be interested in RC'̂ n) 

and A( 11 ) of the form 

To lowest order in £. the number density produced over (̂-oo oo') 

is given by, 
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nn r°Oj~ ooj = C'^^^J 
-I 2.TT 

T7 (U.32) 

If one had instead chosen A('n) = \+-& e. sTncoTi 

one would have found that no particles were produced to 0 ( t ) . 

This is because the perturbation in A ( TI ) is an odd function 

of "Yl . Here one can observe that the number density does not 

depend on "̂  .To see this consider A ( TI ) given by 

where sup £ ('>i ") < < I 

density is given by 

To 0( E ) the resulting number 

Is 
_L_|3JL 
2.1 IF 

4 r-1 . . . - 2 . 
I I, rd'n" 2£(oi'3 

1o 

.4-

t • + ' 1 - iR 
^ -

(5 • 3+J 
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w here c^']\ = gR | R + ̂  Cp | R )%-&(R jO £+ 2 £•' To 0^3 • This 

shows that to,0( g,̂  ) the number density is independent to 

whenever R ( ii ) is a constant and £. ( T| ) vanishes at the limits 

of integration, which v-7as the situation in the above examples. 

Equation (5'3>4-) also shows that the choice R = 1, 

£tn) = £- e. ~ "̂  ^1 gives n o £ contribution to the 
^ oo 

number density because 1 JT-, ^ Crp = o-
-co L L 
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