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PREFACE 

In 1737, Euler proved that the infinitude of rational primes by 

using an infinite series which has come to be known as the 

Rlemann zeta function. Riemann studied this function and showed 

how this function reflected the arithmetic properties of the 

integers. In 1837, Dirichlet, in an ingenious manner, used 

another infinite series, now known as the Dirichlet L-series, to 

prove the theorem on existence of infinitely many primes in an 

arithmetic progression. Dirichlet L—series was shown to have An 

Euler product expansion, and satisfied a functional equation. But 

more importantly, it was found that just as Riemann zeta function 

reflects the arithmetic structure of the rational field, the 

Dirichlet L-series does the same for the cyclotomic field. 

This connection lead to further generalisations of the concepts 

of the L-series and the zeta function. Dedekind zeta functions 

for algebraic number fields and abelian L-series were introduced 

and their analytic continuation and functional equations, were 

established. These series played an important role in the theory 

of abelian extensions of number fields. 

This technique of attaching suitably, defined L-series or 

L-functions to various mathematical objects to reflect their 

inherent properties continued over the years. One may mention, as 



examples, "non-abelian" L-functions of Artin or L-function 

associated by Weil to representations of "Weil groups" or more 

generally L-function "motives" (for a brief survey, see CJT]). In 

another direction, recently C. J. Bushnell and I. Reiner developed 

the theory of L-functions of arithmetic orders in a semisimple 

algebra (over C! or its completion <D at some prime p ) . They 
P 

showed that these L—functions can be used to study the 

corresponding zeta functions introduced by L. Solomon in CLSD. As 

in the classical case, their L-functions satisfy functional 

equations. 

This dissertation is an attempt to study the techniques of 

C. J. Bushnell and I. Reiner as developed in a series of papers 

CBRl], CBR2], CBR3: and CBR4]. In the following paragraphs, we 

outline the contents of the different chapters of this 

dissertation. 

Chapter 2 is completely devoted to the study of the analytic 

treatment of the Solomon zeta function, as in CBRID. The crux of 

this chapter is the developement of the Solomon zeta functions as 

a sum of some suitable integrals called the zeta Integrals (see 

2.1.2 and 2.2.6). With the help of this integral we can obtain an 

Euler product expansion of the Solomon zeta function (see 2.3.3). 

In Chapter 3, the L-functions introduced by C. J. Bushnell and 

I. Reiner in CBR2D have been studied. It is shown that these 

L-functions are related to some standard L-function (see 3.2.17) 

which can be described completely in terms of classical 

L-functions (in the global case). This relation helps to 

11 



determine the analytic continuation of the Solomon Eeta functions 

and various partial zeta function arising out of it (see 3".3.3. 

and 3.3.4). Following CBR23 and CBR4:, it is shown that the above 

mentioned function have a pole of order precisely r at s = 1, 

where r is the number of simple components of the semisimple 

algebra (see 3.3.5 and 3.3.7). 

Chapter 4 has the flavour of Tate's thesis (as given in CSLD). 

In this chapter the functional equations of zeta integrals have 

been studied (see 4.1.2), which imply a functional equation for 

L-function (see Ch. 4, §2). The functional equation of zeta 

integral give rise (in the local case) to a factor which can be 

explained in terms of "non-abelian congruence Gauss sums" (see 

4.1.10). The calculation for this relation is carried out in this 

chapter- This chapter follows CBR3D closely-

In the concluding chapter, some results which are closely 

connected with the earlier chapters have been stated without 

proof. We also state some problems which arise after studying the 

matarials contained in previous chapters. 

Ill 
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CHAPTER 1 

introduction. We begin this chapter by briefly summarising some of 

the results connected with classical L- functions. This builds up 

the proper set—up in which the results discussed in the 

dissertations can be appreciated better as most of them are 

generalisations of classical results. Then we introduce the 

concepts relevant to the latter chapters and quote a few 'results . 

about them. 

The last section concerns itself with a brief discussion of 

Tate's thesis as the methods used by Bushnell and Reiner 

in discussing L-functions of orders follow methods introduced 

by Tate. 

The notatins to be used are also set up in this chapter. 

§.1 CLftSSICflL RESULTS 

We consider the Dirichlet series 

00 

1.1.1 r a n'° 
'-' n 

in which a are fixed complex numbers, and s is a complex variable 
ri 

(n°is defined to be e" °̂ '̂  ) . Suppose E ^ i^ 0(t'^), that 

is F a t "̂  is bounded as t • oo, for some r > 0. Then the 
n 

n< I 00 
series T a n ^ converges for Real s > r and the convergence 

n 
n<l 



is uniform on compact subsets of the half plane Real s > r. This 

shows that the Rlemann zeta function 

00 

1.1.2 C(s) = E n~" 

converges and is analytic on the half plane Real s > 1. 

The Dlrlchlet L-function defined via characters mod m (i.e 

characters of Z ) is 
m 

,00 

1.1.3 Hx, s) = E x^n) n'" 
n=l 

where v is a character of Z and is defined for all n e Z as 
m 

follows: If (n, m) = 1, Ar<n) = x^^^ modm) and if (n, m) ^ 1, 

set ;̂ (m) = O. Clearly 1.1.3 converges for Real s > 1. 

More generally, let R be the ring of all algebraic integers in 

an algebraic number field K such that (K : <D) is finite. If X is 

a non-zero ideal of R, the norm NX of X is the index (R : X) of X 

in R. Then the Dedeklnd zeta function C (s) of R is defined by 
R 

00 

1.1.4 C <s) = r (NX)"® = r j n'° 
R "f " n 

X £ R n=l 

where j denotes the number of ideals of R with (Rsl) = n, 

converges to a holomorphic function of s for Real s >1. This is 

a straight forward generalisation of the Rie mann zeta function, 

which occurs when R = Z. Moreover it has analytic continuation 

to the whole s-plane, which is holomorphic everywhere except 

at s = 1, where it has a simple pole. The residue there is 



given by the formula 

/ .^r / X C(k).ReQ(k) .-1/2. 
lim (5-l)C (s) = a, = d, h 
s >± R k w k R 

where C(k) is a positive constant depending only on the behaviour 

of K at infinity, Reg(k) is the regulator, w is the number of 

roots of unity in K, d. is the absolute discriminant and h is the 
•̂  ' k R 

order of the ideal class group C1(R) of R. 

We define the Hecke L-function 

1.1.5 L(s,v') = E v/(X) (/«)"" 
X£R 

where v* s C1(R) • C is a linear character. We can also use 

the characters of ray class group for this purpose. The 

function LCs,^) converges to a holomorphic function of s for 

Re(s) > 1, and admits analytic continuation to a meromorphic 

function on the whole s-plane. If y/ ̂  1, then L<s,v') is 

holomorphic everywhere and LdfV') "̂  O. In case v' = 1» we have 

L(s,v') = C (s). Each L—function has an Euler product expansion 

1.1.6 L(s,v) = n(l-v(P) (AP)'')~* 

P ranging over the maximal ideals of R. This product converges 

absolutely and uniformly for Re(s) > 1. 

The classical Gaussian sum associated to a non—trivial character 

•ft 
mod m (that is a character of Z );t» is defined as 

Tn 



1.1.7 T (;̂) = JC A:(a)<.> where w = e 

a € Z 
m 

Orthogonality conditions for characters shows that 

a € Z 
m 

Suppose ;t' is a character mod d for some d|m such that the diagram 

commutes. The vertical mapping is reduction mod d. Then we will 

say that x' induces x- If now ;:̂: is a character mod m which is not 

a character mod d, then 

1.1.8 (V) = /.^(•<)T (;t) if <k,m) = 1 
^ \ O if (k,m) > 1 

bar denoting complex conjugation. 

§.2 SOME BASIC DEFINITIONS, NOTATIONS AND RESULTS. 

We now briefly summarize some results some with proof and others 

without; which will be used in this dissertation. For details one 

can refer to CMO] for subsections (A), and (C), to CHR3 for (D), 

to CGD,CLN3 and CWl for (E) and CCFD and CMQl for (F). 

1.2.1 Notation. Throughout this dissertation 



(i) M^ will denote localisation of M at P and M the P-adic 

completion of M at P, where P is a maximal ideal in a Dedekind 

domain R. 

(ii) The "•" symbol denotes the unit group of a ring. 

(A) Transition from localisation to completion. 

Let R be a Dedekind domain with quotient field K ^ R and let P 

be a maximal ideal of R. The completion K of K at P is called 

the P—adic field and its elements the P—adic numbers. Now let M 

be any R—module. Then the passage from M to M can be accompl,ished 

in two steps: localisation (from M to M ), and completion (M to h ) 
'̂  p ' *̂  <P) p 

Thus M = R «> M, 
<P> <P) R 

1.2.2 

I f M i s any R - l a t t i c e ( f i n i t e l y genera ted R-module ) . and V = K. M 

then we can recover M from M w i t h P ranging over a l l maximal 

i d e a l s of R as f o l l o w s ; 

1 . 2 . 3 M = K M n { r i M > , P ranging over a l l 

maximal ideals of R. 

Again for each P, suppose there be given a full R -lattice Y(P) 

in K ® V = V , such that YCP) = M almost everywhere and we define 
p p ' p ' 

1.2.4 N = V n < n Y(P)>, P ranging over all maximal 

ideals R. Then N is an R-lattice in V such that KN = V. Further 

M 
P 

=R « „ M 
p R <p> 

<p> 



we have N = Y(P) for all P. 
p 

(B) Orders. 

Let R be a noetherian integral domain with field of fractions K , 

and let A be a finite dimensional K - algebra. 

1.2.5 De/ini tion. (i) For any finite dimensional K — 

space V, a full R - lattice in V is a finitely generated 

R - submodule M in V such that K.M = V 

(ii> An R - order in a K -algebra A is a subring A of A, having 

the same unity element as A, and such that A is a full R — lattice 

in A. We note that A is both left and right noetherian, since A 

is finitely generated over a noetherian domain. 

Orders can be thought of as the non-commutative generalisation 

of the ring of algebraic integers. Integral group rings are 

another example. 

1.2.6 REMARKS : 

(i) Let M and N be full R-lattices in A. Then 

<:M:N>J^=|X € A : M X £ N I and <. M:N > = |x e A : xM ^ N I are 

full R- lattices in A. 

Proof: K.M =A implies that M contains a K- basis of A . So we 

can write M = Re « ® Re and N = Rf ® « Rf for 
1 r> 1 n 

some K- basis ^ e , ,e > and <. f , ,f > of A . 

Again for each y e A, yM is an R— lattice in A , and ye. =J] a. .f., 

where a. . e K. Hence we can find an r.e R such that r. (ye. ) e N 



for 1 S i < n . Therefore there exists r € R such that 

r(yM) S N, implying ry € I M:N > . Hence K.l M:N > = A. Next as 

1 € A, we can find a nan- zero s e r such that s.l € N. 
r r 

So {. M:N > £ s N . Since R is noetherian and s N is an 

R- lattice, so this implies that i M:N >,is also a R- lattice. 

Same can be done for i M:N > also. • 
r 

(ii) < M:M > = O, (M) and < M:M > = O <M) are R-orders in A, as 
L L r r 

1 <E O. (M) and O (M) . 
A I r 

(iii) For a full R- lattice M in A, and an R— order P in A such 

that r.M £ M we have O (M) = Hom„(M,M). This is because each 
r 1 

tp € Hom (M,M) extends uniquely to an element of Hom.(K.M , K.M) 

which is the same as Hom-<A,A), and hence is given by a right 

multiplication by an element of O (M). We also note that this 
r 

shows that Hom„(M,M) does not depend upon the choice of F. 

(iv) If A is a maximal R— order in A , then for each n e IN, 

M (A) is a maximal R- order in M (A). ( Proof of this may be 
n n 

found in(tMO: 8.7) >. 

(v) Let R be a Dedekind domain, and A an R— order in A. Then A 

is a maximal order if and only if for each prime ideal P of R, the 

P—adic completion A is a maximal R order in A . This is in 
p p p 

general true for noetherian integrally closed domains which says 
A A 

that A is a maximal R-order if and only if A is a maximal R—order 
A A 

in A for each completion A of A. (CMOD 11.5) 

(vi) Let R be a Dedekind domain and A an R-order in A. If A' is 

another R-order irj A then there exists o^ift € R such that 

oiA' ^ A S (3A' . Now there exists only finitely many prime ideals P 

of R such that either ot or ^ or both belong to P. For all those 



prime ideals P such that a.(3 « P we have <ot/V' ) = A' and (/9A' ) = A' 

which implies that A' = A for almost all P. So, A' = A for 

almost all P because A = R ® A 
p p <p> 

(vii) From (vi) we see that if A is any R-order in A, then A is 
' ' p 

a maximal order for almost all P, where P is a prime ideal of a 

Dedekind domain R. 

(viii) Suppose X and Y are two Z —lattices ( Z is the completion 
p p 

of Z at a prime number p > then we extend the index symbol (X:Y) 
so that it is defined for every pair of full Z — lattices in a 

p 

finite dimensional <0 - algebra A, by putting 
P 

(X:Y)= (X:XnY)/(Y:XnY) . If x € A* we define ||x|| = (Nx:N). Then 

||x|| is independent of , the choice of N, as 
/ 

(Nx:N)=(Nx:Mx)(Mx:M)(M:N)=(Mx:M). Also <Nxy:N>=(Nxy:Nx)(NxzN).So 

II II is a multiplicative norm on A . This norm map gives us a 

homomorphism from A into the cyclic subgroup of <D generated by p. 

1.2.7 LEMMA. If R = 2 or Z (where p is a prime number) and if A 
P 

and r are any two R—orders in A, then (A rP ) < oo. 

Proof: There is a positive integer n such that nA £ F. the index 

(A :r ) is then atmost the order of the unit group A / nA. • 

(C) Genus. 

Let R be a Dedekind domain with field of fractions K. Let A be 

an R-order in a K-algebra A. 

1.2.8 Definition : Two left A- lattices M, N are in the same 

genus if for each prime ideal P of R, there is a A — isomorphism 

M ^ N . 
<P) <p> 

8 



1.2.9 Notation: The Genus of M ={ N : N st M > wi 11 be 
<p> (P> 

denoted by g(M). 

1.2.10 REMARKS. 

(i) Let M,N be left A-lattices such that KM ^ KN. Then M and 

N are in the same genus if and only if R e M = R « N that is M = N . 
P R P R P P 

This Shows that two full A- lattices M and N are in the same genus 

if M ~ N . 
p p 

(ii) Suppose L,M,N are left A-lattices in the same genus. 

Then there exists a left A-lattice X in the same genus such that 

L ® M ^ N «> X. 

(iii) Let A be a maximal order. Then any fractional left 

ideal of A in A (always subject to the condition that K.M = A) is 

in the genus of A. 

(D) Some basic facts about Haar measures. 

Let G be a locally compact group. Then G has a non—zero 

measure iJ such that 

(a) The o^algebra of fj measurable sets contains each open set 

and hence Borel sets. 

(b) /j(A) > O for every open set A. 

(c) p(A) < 00 for every compact set A. 

<d) /Li(A> < 00 for some open set. 

(e) yj(A) = /u(xA) for all x e G and for all yu-measurable sets. 

That is the measure is left invariant. 

This measure is unique upto positive constant multiple. This 

is known as a left Haar measure on G. It arises out of a 



functional on the linear space 

C (B) =<all continuous complex valued functions with complex supports 

That is if T:C (G) * C is a functional defined by T(f) = c e C, 
c 

then we have j fd^ = c. 
Jo 

Thus all functions in C (G) are A^-integrable. If f € C (6) such 

> 0 then 

jf(Q)dM = j f(x9)d/j for all x 
Jo Jo 

that f > 0 then | fd^ > O. Furthermore /j-left invariant means: 

G. 

1.2.11 REMARKS. 

(i) If G is compact then /J(G> < oo and the normalised Haar 

measure in G is given by /j(G) = 1. 

(ii> One has right Haar measure too and we can convert right 

Haar measure to left Haar measure and vice-versa. If G is 

commutative they are the same. 

1.2.12 Dual Measures. 

Let f be a continuous function on G that is integrable with 

respect to the Haar measure /J. The Fourier transform f of f is a 
^ . r 

function on G defined by f(x) =1 f(x) <x,x>d^(x), where G is the 

Jo 
character group of G, and <x,x> = x(x) for x € G. Now f is always 

continuous. If _.in addition f is integrable then the- Fourier 

inversion formula. 

'I f(-x ) = f(x) < x,x > d^i(x) = f(x) 

G 

holds, for a suitable choice of Haar measure /J on G.(For this 

10 



we cannonicaly identify G with G. 

1.2.13 Definition. 

(i) Such a measure /j on G is said to be dual to /j. 

(ii) Let G be a locally compact group for which G = G and p a 

Haar measure on G for which f (-x ) = f<x>. Then ju is called a 

self dual Haar measure on G. (Examples of such measures may be 

found in C6D ). 

Some facts about Haar measures on simple <Q - algebras. 
— — • • p 

1.2.14 PROPOSITION Let A be a simple algebra over <D 
p 

equipped with a Haar measure ^2. Then for any maximal order A in 

A and a e A , we have /j(aA) = ||a(| (-t(.A), where |( || is as defined 

in 1.2.6 (vi i i ) . 

Proof: Let A =M (D), D a division algebra over the center of A. 
n 

Then D has a u n i q u e maximal o r d e r A (Cli03 1 2 ) . We p u t A = M ( A ) . 
n 

Then A is a maximal order in A. Since any other maximal order in 

A is a conjugate of A in A, it suffices to prove the proposition 

for A = M (A). 
n 

Let Tx be a prime element of A. Then for a € A we can find 

an integer m > O, such that rr a € A. Let b = ft a. Then bA is a 

A- submodule of aA, and if a € A then r—r = —mx • So bA is of 
' bA n A 

i ndex \\n"^\\ i n aA. S i n c e two c o s e t s have t h e same measu re , so 

M(aA) = llrr '"!^ M<bA). A l s o ^ { ^ = (bA:A> = |lb||^ = | | n | | - | |a||^ , 

T h e r e f o r e (ulaA) = Wnf"" ^ ( b A ) = ||a|| (ulA) . • 

11 



1.2.14. Notation. From now onwards,whenever we write dx,we will 

mean d/j(x) for the respective Haar measure yj. 

1.2.15 REMARK We can also introduce a Haar measure on A by using 

a Haar measure on A. For this, let f e C ( A ) and we consider 

1(f) = I f(x) ||x|| 'dx , where || ||=|| || and dx is a Haar measure 

on 
'A J A JA 

A. Now I ̂ f (xy)l|x|l"'dx = \ ^ + (xy> ||xyIf*||y idx = I * f (X) Ijxlf'dx 
JA JA JA 

if |ly||dx = d(xy). This is a symbolic way of writing iJ^yE) = j|yj|/j(E) 

for all /j-measurable sets E. To prove this we note that if we 

define p' (E) = /Li(yE), y fixed, then /J' is again a Haar measure on A. 

Thus /j' is a constant multiple of pu and hence it suffices to prove 

that the constant is ||y||. But we have fu' (A) = /j(yA) = ||y||Ai(A) 

from 1.2.15. Therefore ||y||dx = d(xy) is established. Hence 1(f) 

is left invariant; also f > O implies that 1(f) > 0. So by a 

well known result in measure theory 1(f) can be extended to an 

integral on A which arises out of a Haar measure on A . This 

Haar measure on A is clearly dx||x||~ . 

1.2.16 PRQPOSOTION. Let A be a finite dimensional simple 

<0 -algebra. Then the set A\A = tx € A : x ie A > has measure zero, 
p . 

with respect to any Haar measure on A. 

Proof: Let A = M (D), D a division ring over <D . We assume n > 2 
n p 

since, the case n = 1 is trivial. Let A be the maximal order in 

D, and let ? be a prime element of A. Suppose (A:A^) = q. We fix 

a notation and write || || = || || • If we are given a left vector 

space V over D, and a D-basis v ,v ,...,v of V, we extend | || to 

12 



a function on V by defining | J] ̂i,̂i.ll ~ ^^^ 11̂  ll» ^ ^ ^• 

Let u be the (additive) Haar measure on D for which u (A) = 1 . 
D D 

Let ^ be the corresponding product measure on V because of its 

identification with D . Then for v e V and N > O we have 

M (<:u € V : ||u - v|| < q"*̂ >) = q'""** (because A?^ = t u e D : ||u|| < q"^>) 
We have to show that the set M (D)\G1 (D) of singular matrices 

n n 

in A has measure zero. Now if S is the set of matrices with the 

property that the in row is a left D-linear combination of the 
remaining rows, then M (D)\G1 (D) =.U S. . So it is enough to show 

n n v = l t 

that /J (S. ) = 0 V i. To simplify notations we take i = n and 
A L 

prove that fj iS ) = O. Let V be the left D-space of vectors (x ,\ ) 

for 1 < i < n-1, l < j < n , l < k < n-1. Then dim V = n^-1. The 
D map F:V •+ S defined by 

n 

F((X . , X. ). .. ) 
tj k i.,j,k 

11 In 

'-' \. \.i 
t=i 

n 

-E >̂  X 
. V vn 
v=l 

L 
is a surjection. Let L be the A— lattice in V consisting of the 

vectors with all their entries x. -X, lying in A. Since V = U ^"'"L, 

it is enough to show that fj (F(? D ) = 0 for each m > 0. Let N be 

large positive integer and view M as fixed. Let 

<x' .,X,' ) 
t J k 

V,and V = (x..,X ) € ? L, and suppose 
VJ K 

V — V 

Then, 

^ q 
-N 

F ( v ) - F ( v ' ) II < Max I q " ' ' , || E< \x^-X '^ x'. ) || : l < i < n T 

But II E <^ Xj -̂ 'K'. ) II ̂  Max {||V^:«ll\ill' IIMIi^r^'cjIl} ̂  '''""'' 

'l = { F ( V ' ) : ||v-v' II < q"*̂  | Therefore for a fixed v e ? L, the set E. 
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2 

has measure < q*̂  <'"-N>̂  ^^^ ^^^ ^ range over a set T of coset 

representatives of s *- '"O'̂  s L. Then T has 
2 2 

„-m. „N. . . ^ „m+N» »(n -1) <m+N><n -1> , . ^ (? L : ^ L ) = (A:? A) = q e l e m e n t s . M o r e o v e r , 
i f f o r V € V, X^ = | v ' € V : | |v-v' || < q " ^ | then ^''^L %y^X^. 

2 2 2 
. . J- , , ^L j_ y r - y ^ - " ! ! v,%. ^ <m+N><n -1> H <ir>-N> <2n - l ) m - N Hence it follows that p (F(? D") < q -q = q 

A 

Since this holds for all large positive integers N, therefore 

u (F(? ""D ) = 0 as required. 
A 

The following remark shows how Proposition 1.2.14, Remark 

1.2.16 and Proposition 1.2.17 can be extended fo semi-simple 

algebras. 

n 

1.2.18 REMARK; If A = ̂  A , A. simple <Q - algebra, then any 
i = 1 ^ 

order A of A can be written as A = A « A ®....® A (see CMOD ) 
1 2 n 

n 

and hence ||^|L= FI i^ IL ' where x = (x , ,x ) . I f M i s a 
i= 1 n "̂  *• 

Haar measure on A then fj defined by p(E) = |̂  ^(E. ), for a 
1=1 

measurable set E of A and E. = E n A. , is a Haar measure on A. 
Now since any Haar measure on A is a constant multiple of /j, 

therefore 1.2.14, 1.2.16 and 1.2.17 is also valid when A is a 

semisimple <Q - alebra. 
P 

(E) The space of Schwartz-Bruhat functions. 

In the last section we introduced the Fourier transform f of a 

function f defined on a group G. Functions f for which both f 

and f are continous and integrable turn out to be quite 

important. The space of Schwartz - Bruhat functions is one 

14 



such class of functions for which this is true. We shall define 

this class of functions when G = K" and G is a vector space over 

1.2.19. De/inttion: 

(i) A Schwartz - Bruhat function f on [R^ is a complex valued C 

function on 0?"̂  such that for every polynomial p on [R and every 

differential operator "D of the form q< S/Sx , , d/dx. ) 

where q is some polynomial in CCx ,..,x 1^ the function Dpf is 

bounded. 

(ii) A locally constant function on a space S is one such that 

every point of S has an open neighbourhood where the function is 

constant. 

(iii) Let A be a <0 - vector-space.A Schwartz - Bruhat function on 
P 

A is a complex valued locally constant function with compact 

support. 

1.2.20.T. REMARK A function f is locally constant if and only 

if f (a) is open for every a e C. 

Proof: If f (a) is open for every a e C, then the implication is 

trivial. For the other way impliction, let f be locally constant, 

that is for x e A there exists an open neighbourhood N of x such 

that f (N ) = c, c a constant. Let f (a) = L and y e L S A. So 

there exists a neighbourhood N of y such that f(N ) is a 
y y 

constant. But N n L is nonempty ,implying that f(N ) 

Therefore N S L, showing that L is open. 

a. 
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1.2.21. REMARKS 

(i) A Schwartz - Bruhat function is continous, because if O ^ C 

be open , then f~ (O) = KL'f' <x> is open . 

(ii) A Schwartz - Bruhat function on A is a finite linear 

combination of characteristic function of the sets w + X, where w € A 

and X a full Z - lattice in A. 
p 

Proof: The finite linear combination of characteristic function of 

the sets w + X clearly has compact support U(w+X), a finite union 

and so the combination is locally constant also. 

Conversly, let f be a Schwartz - Bruhat function on A. Then we have 

A = U f <a> , an open cover of A. Let L be the compact support 
aeC 

of f, then since L c A S U f~ (a), there exists finitely many 
a€€ 

a ,a ,.......a € C such that L £.U f~'(a ). So Range f £ ^O.a ,...,a > 
1 2 r v=l V ^ l ' l ' ' r j 

and A.= f"'(a ) c L if a. ^ 0. Also as f"̂ (a. > = A\ U f'* (a. )U f"^<0) 

so we see that f (a.) is closed and hence compact (being a closed 

subset of a compact set L). Since f~ (a.) is open and 

compact, there exists x. ,...,x. in f~ (a. ) and a full Z - lattice 
VI im V p 

m 
X. in A such that f~*(a ) = U (x..+ X.) . The cosets are 
t I = 1 1. 1 V 

r m 
disjoint proving that f = T E a. (ch.function of (x + X, ). • 

1 = 1 j = i 

(iii) Since f e S(A), the space of Schwartz - Bruhat function on 

A, f is locally constant with compact support, it follows that we 

can find full Z - lattices X,Y in A with X £ Y such that f is 
p 

constant on cosets mod X but is identically zero outside Y. 

(iv) Given any two full Z - lattice X , X in A, there is an 

integer f > O such that p X £ X. So the space of Schwartz - Bruhat 
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f u n c t i o n s on A i s spanned by c h a r a c t e r i s t i c f u n c t i o n o f s p h e r e s w + p X 

f o r v a r y i n g w e A, f e Z , f i O and a f i x e d X . 
o 

1.2.22. REMARK. Let A = n A. is a semisimple <D - algebra. 
i = i 

Then S(A) = S(A ) <» ...9 S(A ), where <p ». . . .(» <p e S(A )«...i8)S(A ) 
1 r 1 r 1 r 

r 
is defined by <*»...« <p (x ,...,x ) = n <p.ix.) for x. e A.. 

• ^ 1 r l r . " t v v x. 
«. = 1 

Proof: Clearly S(A )<»...« S(A ) £ S(A>. Let <p € S(A). we choose 
1 r 

r 

a full Z - lattice L. in A. for each i and put L =.® L.. Then L 
p %. \. t. = 1 \. • 

is a finite Z — lattice in A. Now 0 is a finite C-' linear 
p 

combination of characteristic functions of spheres x + p L , f > O 

and X € A. This can be written as a tensor product of 

f 
characteristic functions of the spheres x. + p L. in A., (l<i<0) 

and where x = (x ,...,x ). Hence S(A) = S(A )»...<& S(A ). 
1 r 1 r 

We now quote a theorem without proof which gives us a nice 

property of the space of Schwartz - Bruhat functions. 

1.2.23 THEOREM Let 6 be a locally compact abelian group. If 

f € S(G), then f is continuous and intergable and f e S(G) . So the 

same is also true for f. 

1.2.24. Notation: G a locally compact group. By S(G) we will 

mean the space of Schwartz — Bruhat function on G. 

(F) Reduced norms and traces. 

Let A be a simple algebra with centre K. Then there exists an 

extension E of K which splits K. This means that there is an 
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isomorphism of E - algebra h : E «)̂ A = M^tE> where (A:K) = n . 

Consider the characteristic polynomial of the matrix h(l®a). 

We have the following properties: 

<a) this characteristic polynomial is independent of h. 

(b) this characteristic polynomial is independent of the 

splitting field E. 

(c) characteristic, polynomial of h(l®a) e K Cx]. 

Hence for a € A we define its reduced characteristic polynomial as 

1.2.25. De/inilions. 

(i) Reduced characteristic polynomial <a) 

= characteristic polynomial of h(l®a) 

(ii) Reduced trace of a = tr <a) = trace of h(l(da) 

(iii Reduced norm of a = nr (a> = determinant of h(l«a) 
A/K 

1.2.26. Relative reduced traces and norms. 

Let B denote a central simple L- algebra with (B:L) = m and let K 

be a subfield of L with (L:K) = n. For each b € B, we define its 

reduced characteristic polynomial relative to K by 

Red. ch. poly. (b) = N f red. ch. poly. (b) ) • 

= X - tr (b)X + + (-1) nr (b) 

where N f(X) = determinant of f(X): f(X) itself is defined as 

follows: If f (X) = r ay} e LCXD, we define f (X) = T a x*" e M (KCX3) 

where each a e L maps onto a matrix a € M (K) describing the 
n 
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action of left multiplication by a on some K- basis of L. 

We call tr the relative reduced trace and nr the relative 
B/K B/K 

reduced norm,and we have 

tr (b) = T 
1.2.27. 

[ -̂̂ B/û ^̂  ] 
nr (b) = N f nr (b) 1 

B/K . U/K J_ B/L J 

where T and N are the usual trace and norm of L over K. 

1.2.28. REMARKS. 

(i) If (A:K) = n , then char. poly. (a) = Jred. char poly. (a)I 
•̂  ^ Ky\(. y ^ -^A/K J 

for a € A. Hence T (a) = n . tr (a) and 
A/K A/K 

N (a) = (nr (a))". 
A/K A/K 

(ii) If A is a simple <0 ( <0 ) algebra with center C, then we call 
p 

*^A/<D ^ *^A/© * ^"^ "^A/<D ^"^A/O^ *^^ absolute reduced trace and 
p •* 

norm respectively. 
m 

(iii) Let A be a semisimple algebra with center L. Then A = fj '̂  » 
m l=t 

L = f] L. where A. is a simple algebra with center L. . The reduced 
i.= 1 

norm and trace maps of A. over L. can be put together to give a 

reduced norm and trace map of A over L defined by 

nr (a) = n "^ <a. > and tr (a) = E tr (a,), 
A/U .H^ A^L. V A^t^ .^^ Â /L..̂  V 

where (a.,. ,a ) . Further, if A is a semisimple <D — algebra 
with centre C, then 

m tn 

"^A/<D<^* =,n "^A. /<E)(\> = n N c . /Q ^"^A./D^^^^ 
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1.2.29. REMARKS. 

(i> Let A = M (D) where D is a skew field with centre K. Let a e A 
r 

be Qiven by a = (a .) e M (D) . We now choose E r̂  K to be the 
^ •' tj r 

splitting field for D, and let 

u : D • E <» D ^ M (E) be an embedding of A in M (E). 

Then the embedding of A in M (E) is given by 

rs 

fj' : A • E ® A ^ M (E) defined by ^J' (a) = (/u(a..)) 
r r • 

Therefore tr (a) = trace of u' (a) = r trace of uCa..) = F tr (a.) 
v=l 1=1 

( i i ) Keeping the n o t a t i o n as i n ( i ) i f a = (a. .) e A i s now upper 
r r 

t r i a n g u l a r then nr <a) = d e t . u' ( a ) = n d e t . u ( a ) = n nr (a ) 
v=l t = 1 

(iii) Notation as in (i). Let a = (a ) € A. Then 

nr (a) = det. fj' (a) = det. (ij(a. )). . = u(det. (a ) ). Now 

if we put z = diag (1,1, . . . ,det. (a..)) then we have 

nr^^^(z) = det. ^/'(z) = det. diag(l,l, ,^/(det.a)) = Ai(det.a) 

= nr (a). 
A/K 

1.2.30 PROPOSITION. Let A be a finite dimensional simple <D -algebra 
p 

with centre C. Let A be the maximal order of C, and A' a maximal 

order in B . Then we have 

(i) If p is an infinite prime and A = M (IH) where W is the skew 

r 

field of real quarternions then nr(A) = nr([H) = R* and nr(A ) = R. 
(ii) Otherwise nr(A) = C and nr(A ) = C . 

Here nr stands for nr 
A/C 

(The proof of this proposition can be found in CMOD, 33.3 and 33.4). 
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The following theorem attributed due to NAKAYAMA and MATU5HIMA 

tells us something about the kernel of the reduced norm map. We 

will quote the results without proof, but the details can be found 

in CNMD. 

1.2.31. THE NAKAYAMA MATUSHIMA THEOREM 

If D is a division algebra over a p-adic number field with center 

C. Then every a e D with nr (a) = 1 is necessarily a product of 

commutators actually a product of atmost three commutators. 

Hence kernel nr = commutator subgroup of D (say D' ) . Further 

if A = M (D) then kernel nr = A' , the commutator subgroup of A. 

§3 BRIEF DISCUSSIONS OF THE OBJECTS AND RESULTS APPEARING IN 

TATE'S THESIS. 

Let K = K be the completion of a number field under the absolute 

value V. We call K a local field. We denote by | | the 

normalised absolute value, inducing the ordinary absolute value on 

the reals if v is archimedean, and the p-adic absolute value |p| =l/p 

if V is fi-adic (fi. is the maximal ideal of the ring of integers of 

of the number field K and p = fv n 2 ) . 

If n = (K : <Q > is the local degree, then we set ||x|| = |x| 

If V is /Tr-adic , and Nfi denotes the number of elements in the residue 

class field a/ft of K (a is the ring of integers of K ) , then 

||x|| = ||x|| = (A/ft)"'̂  where y = ord x 

Suppose for the moment that K = ® . We define a non—trivial 
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character on the locally compact, additive group of K as follows: 

If V is archimedean, we put 

X <x) = -X (mod Z) 

If V is n,-adic then there is a cannonical embedding of <D / Z into 
p' p 

<D/ Z, namely onto that subgroup of <D/ Zhaving only powers of p in 

the denominator. Viewing © / Z as embedded in K / Z = S , we let x 

be the compositions of these homomorphisms, sending CI into R/ Z 
p ' 

X '. <fi > <D / Z • Q / Z • R/ Z 
If K is a finite extension of © and Tr = Tr,^,_. is the 

p K/®„ 
p 

trace, then the homomorphism X = X ° Tr is a continuous , 

non-trivial homomorphism of K into the unit circle in the complex 

plane. 

With the help of the above definitions we can now say that if K 

is a local field, then the bilinear map 
, . 2771 X<xy> 
(x, y> • e 

induces an identification of the additive group of K with its own 

character group. 

In choosing a Haar measure on K, we choose one which is 

self—dual. We shall choose 

dx = ordinary Lebesgue measure on the real line if K = R 

dx = twice the ordinary Lebesgue measure if K = C 
—1/2 

dx = that measure for which the integers a, of K get measure (ND ) 
P 

if K is ft—adic. Here D is. the local different, that is the ideal 
P 

of a. such that D = •( x e K : Tr(xy) e Z for all y e a V. 
P I p J 

If fj denotes any Haar measure on K, and if x e K is a non—zero 

element of K, then 
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/uixQ.) = ||x|| fjio.) or symbolically d(xy) = ||x|) dy 

Notice that 1.2.14 is a clear generalisation of this result-

As in 1.2.12 if we define the Fourier transform f of a function 

f € L <K) by 
1 

= I f(y) = f (x) e dx 

then with our choice of measure, the inversion formula f(x) = f(-x) 

holds for f in S(K). 

The units U = U of our local field K are the kernel of the 
V 

homomorphism a • î ||) "^°^ a e K . I f v i s ft-adic, then a 

trivial verification shows that U is a compact open subgroup of K , 

and it is always a compact subgroup of K . 

By a quasi-character of K we mean a continuous homomorphism c 

of. K into the multiplicative group of complex numbers. A character 

is thus a quasi-character of absolute value 1. We say that c is 

unramified if it is trivial on U and ramified otherwise. The 

unramified quasi-characters of K are the maps of the form 

c(a) = ||af ^"^ "^ 

where s is any complex number; s is determined by c if v is 

archimedean, and is determined only upto rational integral 

multiples of 2fTi / log Nfx, if v is fv-adic. 

If V is /x-adic, then the subgroups 1+fv (y e 2, Y>0) form a 

fundamental system of neighbourhoods of 1 in U. Any character x 

must therefore vanish on one of these subgroups; we call the ideal 

f. = f. = A 

the conductor of ;t if m is the smallest integer for which ;̂ :(l+ft'") = 1. 

Now any bounded quasi-characterc is a character: for if |c(x)| * 1 
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for some x e K then x has no finite order. So without loss of 

generality we can assume |c(x)| > 1 and hence can find n large 

enough such that |c(x)|'^ > M, a bound of c. From this it also 

It 
follows that a quasi-character of K restricted to a compact 

subgroup of K is a character and hence in particular a 

quasi-character of K restricted to U is a character. Therefore 

i f x € K , K = n u for u € U and n a local uniformizer, and c a 
It-

quasi-character of K , then 

c(x) = c(u) z where cin) = z 

= ;t:(u) z where ;t: is a character of K . 

Conversely given a character ;̂  of K and a complex number z we 

get a quasi-character 

c(x) = ;̂ (x) z n 

Using the above two results one can prove that the 

quasi-characters of K are the maps of the form 

a 1 > c(a) = c' (a' ) ||a||" 

where c' is any character of U uniquely determined by c, and a' is 

the U-component of a € K . The complex number s is determined by 

c if V is archimedean and determine only upto rational integral 

multiples of ^ni/lagNp. if v is fv~adic. 

Two quasi-characters c and c are said to be equivalent if 

s s 

c^(x) = Ar(x> ||x|| ^ c^ (x ) = A:(X) ||X11 ^ 

for a fixed character ;): of K . Then the equivalence class of 

quasi-characters determined by x is in one—one correspondence with 

the "surface" obtained by identifying points in C which differ by 

rational integral multiples of 2ni/laQNp,. Hence we can talk about 

analytic properties of functions defined on that equivalence 

class. In other words h(c) is analytic at c if it is so as a 
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function of the complex variable s determined by c(x) = x^x^ \\^\\°' 

Now let K be a local field and f e S(K) and x ^ character of 

K , c a quasi-character of K (in the equivalence class of x^• 

The local zeta-function of f is defined as 

JK 
Z(f, c) = I ̂  f(x) c(x) d*x 

(this is known as the Mellin transform of f). If c(x) = x^^x^ 11̂11° 

we write 

JK 
Z(f, c) = Z(f, c, s) = I . f(x) xix) 11x11° d*x, 

This local zeta—function is holomorphic for Real s > O. 

For a quasi—character c of K , let c be defined as 

c(x) = c"'(x) l|xl| 

If c(x) = ;̂ (x) |x||°, then 

c(x) = A:~'(X) ||X||'~̂  

With the above definition of c, and f, Q e S(K) the local zeta 

function satisfies a functional equation 

Z(f, c) Z(Q, c) = Z(f, c) Z(Q, c) 

in the domain O < Real s < 1. 

In view of the functional equation, if there is a function f 

such that Z(f, c) ^ O, then the quotient Z(f, c)/Z(f, c) is 

independent of the function f. This quotient will be denoted by 

p(c) = piXi s ) . Then for f e S(K> and O < Real s < 1 we also have 

the following functional equation 

Z(f, c) = p(c) Z(f, c) 

The function pic) is defined by this equation for O < Real s < 1, 

but can be extended to a meromorphic function to the whole s—plane 

by analytic continuation. 

• 
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CHAPTER 2 

Introduction; In this chapter, we discuss the analytic treatment 

of the Salomon's zeta function of lattices over orders in 

detail. The material covered here were first given in CBRID. The 

treatment is in terms of idelic integrals and is in the lines of 

J . Tate's thesis. As a result of this discussion, not only we 

express Solomon's functions as zeta integrals but also establish 

the Euler products for such functions. All these will be basic in 

our discussion of L- function of orders later. 

We must point out that Solomon, in his paper CLSD where he 

introduces his zeta functions, also establishes Euler 

productsCCLSDpg316)but then he does it in ,a purely algebraic 

manner. 

§1. SOLOMON'S ZETA FUNCTIONS. 

Let A be a finite dimensional semisimple <0 or <0 — algebra and A a 
p 

Z order if A is a <D —algebra or a Z order if A is a <0 — algebra. 
p p 

From now onwards we will call A an order in A and it will be 

understood that it is a Z or Z order according as A is a <D or 
P 

<D - algebra. Given a full A- lattice L in a finitely generated 
p 

left A— module V, we define 

2.1.1. C^ <L ; s) = E (L:N) 
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where the sum extends over all full A- lattices N in L and s is a 

complex variable. Thus C* = ^A^*" ' ^^ counts the sublattices of 

L and clearly is a generalisation of the Dedekind zeta function. 

We also define the partial zeta functions in case A is a 

<Q- algebra. 

2.1.2. Z^ (L , g(M) ; s) = E (L:N)"° 

the sum extending over all full A— lattices in L such that N lies 

in the genus of M denoted by g(M). 

There are only finitely many genera of full A- lattices in V 

as given in CCRD. So we can pick a finite set S of genus 

representatives of these genera. Then clearly 

2.1.3. C^ <L; s) = E Z^ (L, g(M); s) 

The following result establishes the region of convergentje of such 

functions. 

2.1.4. PROPOSITION Let A be any order in the <D- algebra A, and 

let L, M be full A- lattices in a finitely generated A- module V. 

Then both the series C A < L ; S ) and Z.(L, g(M); s) converge 

absolutely in the half plane Real s > dim_ V and define 

holomorphic functions there. 

Proof: The proof is a modification of that of Hey (CDMD pg 130) 

given for zeta functions of maximal orders. 

Suppose first that A = V = <D, A = L = Z . Then t^ ̂  (2 ; s) is 
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just the ordinary Riemann zeta function and here is nothing to 

prove. Next let A = (D, V = €('', A = 2, L = Z'̂ . If N is any full 

A- sublattice of L then N contains <e ,...,e >, a basis of V over 
1 n 

A = <D- Since L is also a full A- lattice in V, L contains if ,...,f > 

some other basis of V over A = <0. Then for 1< i < n we can have 
n 

e = r a f. , with a. . € Z as L and M are both 2- modules. We 

then have x = (a. ) e'̂ M (2) n BL (<0) as det (a. .) ^ O. So we can 
vj n n vj 

write N = Lx with x e M (Z) n GL (<Q) for every A- sublattice N of 
n n 

N. Further, Lx = Ly if and only if xy e 6L (Z). Therefore we 

have C A < 2 ; S ) = J] (L:Lx) , where x ranges over a full set of 

representatives of the right coset space GL (Z)\ IM (Z) n GL (©)|. 
n L "̂  " J 

A set of coset representatives is given by the integral matrices 

in the Hermite normal form determined by the conditions (see CN3 

Th.II.2) a > l , l < i < n , a.= O i f i > j and O < a < a. 
VI. VJ V.J \.\. 

if i < j. If X is in this form then (L:Lx) = | det x ( and 

therefore C^ (2 » s) = J] | det x | where x ranges as above. We 

may rearrange C^ <2 ; s) as a Dirichlet series £ c(m) m , 
n 

where the general coefficient c(m) = E FI ^•^~ » **̂ ^ "̂"̂  
1 n 

extending over all n-tuples (d , . . . .,d ) of positive integers 
whose product is m. Now since ^ d ..J]d ...J^d 

d, dN ' d,^N * d „ ^ 
equals £ l\d" . £ d \d" D d""'\d" . So it follows that 

d, ̂ N ' d, ̂ N ^ ^ d„^N " " 
C^ ^̂ ''i s> = ^z< = ̂- ^2^="^^ '•Z^^" <n-l)), where C^^^^ is **̂ e 

absolutely to a holomorphic function for Real (s) > n. 

Returning to the general case when A and A are arbitrary the 

comparision test yields the proposition because all A- lattices 

will be Z lattices and hence the number of A- lattices will be less 
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than that of 2- lattices. 

In the local case if A is a © - algebra, we have already defined 
p 

C. (L: s) where A is a Z order in A and L is a full A- lattice in 
A ' P 

a finitely generated left A— module V. Now we define a local 

analogue of the partial zeta function. Given a full A- lattice M 

in V, we modify the definition 2.1.2 as follows : 

2.1.5. ^A^'-' M; s) = E (L:N) 

the sum extending over all full A— sublattices N of L such that N = M 

(this is a correct analogue of 2.1.2 , since in the local case 

only one prime is involved). As in 2.1.3 we can again express CA<L ;S) 

as a finite sum J] Z.(L, M; s ) , where now M ranges over a full 
M 

set of representatives of isomorphism classes of full A- lattices 

in V. Also Proposition 2.1.4 is valid in this case with <D 

replaced by <D and Z.(L, g(M); s) replaced by Z.(L , M ; s ) . 

§2 THE TRANSITION TO IDELES 

Our aim in this section is to express the zeta functions defined 

in the preceeding section in terms of suitable integrals. 

(A) Local case 

Suppose that A is a <D — algebra and A a Z —order in A. Let V be a 
p p 

finitely generated left A- module and let L, M, N denote full 

A- lattices in V. 

Let B = End V and B* = Aut V = Units of B 
A. A. 
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We can view B as an (A,B)- bimodule. We now define 

CM : N> = <:M 
r 

: N > = | x e B : M x E N | 

This is a full Z - lattice in B, and furthermore, <;M : M> = O (M) 
p «• 

is a Z order in B and its group of units is precisely Aut M/ (see 
p A ' 

Remark 1.2.6 (i) arid (ii) ). 

Now note the following remark: 

2.2.1. REMARK L, M, N as above. N ^ L and N ^ M, then N = Mx 

for some x e tM : L> n B with x unique mod Aut M. 

Proof: For the proof of this remark, note that as A = <D A and 
p 

V = <D N = <0 M, the isomorphism between N and M can be extended to 
p p 

an A- isomorphism of V, say x. Thus N = Mx with x e Aut V = B . 

Since N £ L it follows that x e CM : L>. Uniqueness of x is 

clear. • 

The above remark at once gives us 

2.2.2. Z^ (L, M; s) = E (L:Mx) 
X 

^M \ r CM : L> n B* 1 the sum extending over all x e Aut M \ I -CM : L> n B I and (L:Mx) 

is defined as in Remark 1.2.6 (viii). We now put ||x|| = (Nx:N) 
•ft-

for X € B , where n is any full 2 — lattice in V. As shown in 
p 

1.2.6 (viii), this norm || || is independent of the chioce of N and 

multiplicative. The norm map therefore gives a multiplicative 

homomorphism from B into the cyclic subgroup generated by p. 

Further, if x is unit in some Z order N in B, then Nx = N showing 
p 
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tha t ||xll^ = 1 . 

a s 

We now have (L:Mx) = (L:M) (M:Mx) = (L:M) ||x|l and t h e r e f o r e 

2 . 2 . 3 Z^ (L , M ; s ) = (L:M)~° E ix | |° 
X 

where x ranges over the orbit space Aut M \ I -CM : L> n B I 

before. 

We now discuss the topology on B and B and show how to 

introduce a suitable Haar measure on B so as to write Z.(L, M; s) 

as an integral. 

A basic theorem given in CW], which says that if V is a 

topological finite dimensional vector space over a local field K, 
n 

then the mapping (x ,....,x ) \ > T x.v. of K" onto V is a 
I n I. L 

\. = ± 

topological isomorphism for the structures of K'̂  and V, for any 

basis (x ,...,x ) of V over K, and further V is locally compact. 

This shows that the finite dimensional <D — algebra B is a 
p 

locally compact algebra. 
Now let M be any full Z - lattice in B . Then 

P 
M = b Z ®...®b Z for some <D - basis (b , ,b ) of B. Since Z 

I p n p p i n P 

is a compact open neighbourhood of zero in <D , it follows that b.Z 
p I p 

n 
is a compact open neighbourhood of zero in <D for l<i<n whence J] b Z 

p ., ^ P 
V = 1 

is a compact open neighbourhood of (0,...,0) in B. So we conclude 
that any full Z - lattice in B is a compact neighbourhood of zero 

p 

in B. Also the units B of B form an open subset of B as 

|,U ( <0 X X O X X af )l 
*- <>.TMplac«> -* 

B = <D" \ •{ y ( <0 X...X O X X <Q" ) \ as vector spaces and 

<D X. . .X O X. . .X O is closed in <Q" for l<i<n. With the subspace 
p p p 

topology, B forms a locally compact topological group. Similarly 
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note that if P is any Z order in B, its unit group is a compact 
p 

open subgroup of B in the subspace topology as F is open compact 

subgroup of B. 

We therefore can choose a Haar measure d^ (x> = d x on B . 

This measure can be chosen of the form dx/ ||x|| for a Haar measure 

d/u(x) = dx on B. (It is possible to prove that these measures are 

both left and right invariant). Now for each full 2 - lattice M 
p 

in V, we have End.M = 0 (M) is a Z order in B and its unit group 
A r p "=" "̂  

Aut.M is a compact open subgroup of B . Hence by elementary 

results in measure theory quoted in Chapter 1, Aut.M has finite 

nonzero measure /J ( Aut.M ). Now we consider the following integral 

I 0 ( x ) | | x | * d X , w h e r e <p = <p i s t h e 
B 

characteristic function in B of the lattice <:M:L>. Since 

'N' It 
B = U (Aut.M)y, where y ranges over Aut.M \ B and so this is a 

y A A 

finite union as ( B : Aut.M ) is finite by 1.2.8. Hence it 

follows by Fubini's theorem (CRHD pg 269) that in the domain 

of absolute convergence of the integral, 

f ^ ^ ( x ) | | x | | ; d*x = E f <? (̂x) | | x | | ; d*x 
J B y J(Aut^M>y 

the sum extending over all y e Aut.M\ B . Note that " if 

X € (Aut^M)y for y e <:M:L>, then May S My £ L, so that x e <:M:L>. 

Thus <p being the characteristic function of <;M:L> for y e tM:L> we 

have 

J(Aut^M>y J(Aut^M): l>y " J (Aut^M)y 

Ml A^*<Aut^M) 



The last equality follows as ||x|| = 1 if x e Aut.M, Aut.M being a 

unit group for the 2-order End.M. Also, if y « •CM:L> then 
P A 

1 0(x) ||x||° d*x = O. 
(Aut^ri)y ^ 

Thus j ^ 0(x) |x||̂  d*x = M*<Aut^M) £ Hyjl̂  

where y ranges over Aut.M \ j B n CM:L> 1. Comparing with 2.2.3 

this yields 

2 . 2 . 4 Z^( L , M; s ) = M * ( A u t ^ M ) " ' (L : M) " * f 0 ( x ) | | x l | ° d 
•is 

* 
X 

where <p is the characteristic function of €M:L> in B. 

In the special case of L = A, M a full left ideal of A, this 

can be used to prove that Z.( A, M; s) converges at s = 1. See 

(Ca: pg 62). 

(B) Global case 

We now extend the treatment of the local case to the global case. 

For this it will be necessary to introduce ideles first. 

To start with, let B be any finite dimensional semisimple <D — 

algebra, and let F be a Z-order in B. The ring Ad(B) of finite 

adeles of B is the topological restricted direct product of the 

algebras B with respect to F » p ranging over all rational 
p p 

primes. This definition is independent of the choice of the order 

F. To see this, let F and F are two 2-orders in B. Then there 
# 

exists r, s € Z such that rF £ F £ sF. Now for all primes which 
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do not divide both r and s we have (rD = F and (sD = F , so 
p p p p 

that r = r . Since there are only finitely many primes which 
P P 

divide either r or s, we have F = F for almost all primes p. By 
P P 

generalities of topological restricted direct product, Ad(B) is a 

locally compact topological ring. We set Ad(F) = n F , p ranging 
" p 
p 

over all rational primes. Then it is clear that Ad(F) is a 

compact open subring of Ad(B). Similarly for any Z- lattice X in 

B, we define Ad(X) = f] ̂  ' P ranging over all prime numbers. So 
p 

Ad(X) is a compact open additive subgroup of Ad(B). 
Likewise we can form the group J(B) of finite ideles of B as 

the topological restricted direct product of the group B with 
p 

n-
respect to the subgroups F . Again J(B) is independent of the 

p 

choice of F, and is a locally compact abelian group. We 

write U(F) = n '̂  •> P ranging over all prime numbers. Then U(F) is 
I p 
p 

a open compact subgroup of J(B). 

We now suppose that A is a semisimple <0- algebra as before, and 

V a finitely generated A- module. Set B = End V. Then the group 
A 

J(B) acts on the set of full A- lattices in V. We describe this 

action explicitly now. De'fine the lattice Mx, for M a full A-

lattice in V and x = (x ) e J(B), by the requirement that (Mx) = M x 
p p P P 

for all rational primes p. To prove that such a lattice exists, 

we start with the identification of B with End^ V . If F = End.M 
P '̂ o P ^ 

then F is an order in B and F = End. M is an order in B . We 
P Ap p p 

It-
have X € F for almost all p and then M x = M for each such p. 

p p p p p 
T h e n Mx = V n J p | M x I IS a full A- lattice in V. (We have 

p p I 
P 

used the results 1.2.4 quoted in Chapter I freely here) 

34 



This action of the idele group J(B) on the set of full A-

lattices in V is transitive on the lattices of each genus. The 

lattices in the genus of M are precisely the lattices Mx with 

X € J(B). This is because if N e g<M)» then M ^ N as A -
p P p 

modules, which shows that there is a A — isomorphism x such that 
P p 

M X = N . So X € B . Now as in 1.2.6 (vi) for any two full 
p p P P p 

Z- lattices M and N in V M = N for almost all p, say for p <z S a 
p P 

Alt 

finite set. Therefore for all p e S M x = M , implying x e F 
p p p p p 

Hence taking "x = (x ) e J(B) we have Mx = N. Further Mx = My if 
p 

and only if M x = M y for all p, if and only if x y e F for 
P p p P p p p 

all p, if and only if xy~ € U(r). We now define ||x|| = ( Mx:M ), 

for X € J(B), where M is any full Z- lattice in V. Then |x|| is 

independent of the choice of M. We now consider 

J 0 ( x ) ||x|| d X , where ip i s the c h a r a c t e r i s t i c f u n c t i o n of 
J < B > 

Ad({M:L>) in Ad(B) and d x is a multiplicative Haar measure on 

J(B). Since J(B> = U U(F)y , where y ranges over the coset 

representatives of U(F) \ J(B). Therefore 

f ^<'<> ll'<iC d*x = E f 
Jj<B> y Ju(r 

ranges over the orbit space UCF) \ J(B) 

<^{x) ||x[| d x , where y 
y J U ( r ) y ^ 

Now if y = (y ) € Ad(<:M:L>), then M y £ L as Ad(tM:L>) = n <M sL > 
p p p p " • p P 

p 

where p ranges over all prime numbers. Also a = (a ) e U(F) 
p 

i m p l i e s t h a t M a y = M y S L , s o t h a t ay e Ad<<:M:L>). Thus 
p p p p p p 

f o r y € Ad(<M:L>) we have 

r ^(x> l lx l" d*x = r l lxyl i ; d*x = ||y||; [ i x | | ; d*x 

Ju( r )y Ju(F) Ju ( r ) 
= Ml /^*(U(r)) 
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It 
where p denotes the measure of a set with respect to the Haar 

measure d x on J(B) . The last equality follows as X S L K D 

implies (Mx> = M x = M for all p, implying that Mx = M and hence 
p p p p 

||x|| = 1 . On the other hand for y « Ad(<M:L>) we have 

f 0(x) | x r d*x = o 
Ju(r)y 

Putting both these together, we obtain that 

I <^(x)||x||"dx = fj (U(r))J]||y||'',wherey ranges 
J < B > y 

over the orbit space U(r) \ f J(B) n Ad(<M:L>) 1. 

To connect this integral with Z. ( L, g(M); s ), we start with 

Z.( L, g(M); s) = E (L:N)"^ . But N £ L and N = h for all p 
^ N£L P P 

NegCM) 

i m p l i e s t h a t N = Mx f o r x e UCD \ f J ( B ) n Ad(<:M:L>) 1 . Hence 

2 . 2 . 5 Z . ( L , g ( M ) ; s ) = E (L :Mx) ° = ( L : M ) " ° E 11x11° 

where x r a n g e s o v e r t h e o r b i t space U ( r ) \ I J ( B ) n Ad(<M:L>) 

T h e r e f o r e we have 

2 . 2 . 6 Z^( L , g ( M ) ; s ) = / j * ( U ( r ) ) " ^ (L :M) ° 0 ( x ) ||x||° d *x 

Here, F = End.M, <p is the characteristic function of Ad(-CM:L>) in 

Ad(B>, and ^ denotes the measure of a set with respect to the 

Haar measure d x on J(B). 2.2.6 is the global analogue of 2.2.4 

§3 THE EULER PRODUCT 

We may relate formulas 2.2.4 and 2.2.6 with an Euler product, 
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For this we have to first construct a Haar measure on J(B). 

Returning for the time being to the general notation, let B be a 

<D- algebra and F an order in B. A basis for open sets in J(B) is 

• 

provided by sets of the form E = n E , where E is open in B for 
l i p p p 
p 

all p, and E = F for almost all p. We can construct a Haar 
p p 

* * n 
measure d x on J(B) by choosing a Haar measure d x on B for each 

P P 

p in such a manner that I * d x = 1 for almost all p. We then 
l̂ p P 

it 
d X . This product has only finitely 

P JE P 

many factors different from 1. The measure d x is thereby uniquely 

lut I d X = 1̂  I 
JE D JE 

determined, and any Haar measure on J(B) can be put in this form. 

We write d x = n d x , p ranging over all prime numbers. 
P "" 

To apply this in §2, let B = End^V and F = End.V, where A, V, A 

and M are as before. We choose d x on B as above. Now we 
p p 

consider a finite set S of primes which include all those p for 

which either CM :L > ?« T or „* d x ?* 1. 
p p p ir p 

P 

or J, 

Now for X = (x ) € J(B) and <p the characteristic function of <M:L> 
p 

we have <̂ (x) =11'^ (x ) , where <p is the characteristic function 
II p p p 

of <M^:L^>, (L:M) = n ^^^'-^^^ and so |x| |^ = n ll'<pllv ' ^"^ 
• * P » P P 

fj ( L K D ) = n ^ (F ) where /J i s the measure o f a s e t w i t h respect 
I I p p p 

* -it It It 

t o d X on B . Let J (B) = pj B PI ^ a" open subgroup of 
pes ** p e s P 

J ( B ) . Then we have 

I s 

= n [ B * -̂  <X > iXpli: d*Xp n [r'" 
pes J o o oes J t 

iixpii: ^*\ 
p " p • p € s J p p 
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= n A'*<r* ) <L :M )° Z. (L , M ; s ) . 
'' P p P A p' p' 

Taking the limit over increasing sequences of such sets S, we obtain 

( in any domain of absolute convergence ) 

1 0(x) ||x||° d*x = /j*(U(r)) (L:M)° ^ ^A '̂" ' " ' ^^ ' *^^* ^^ 
J < B ) p p 

2.3.1 Z^ (L, g(M); s) = fj ̂ A '̂-«' ^r^^ ^^ 
P P 

One can now assemble these product formulas 2.3.1 -for various 

M's, to obtain an Euler product for C A ^ ' - ; S ) . First of all, A is a 

A p 
maximal order in A for almost all p. For each such p, any two 

p 
A - lattices in V are isomorphic ( CMOD 18.10 ) and hence 
P P 

Z ^ ( L , M ; S ) = C A < L ; S ) for any L and M. A p ' p ' ^ A p -̂  
P P 

2.3.2 REMARK Let i M^, ,M^ I be a complete set of genus 

representatives of all full A- lattices in V. Then there exists 

r and s in Z for i = l,...,h such that r,M. £ L £ s M for a full 

A- lattice L in V. So we can choose a finite set S such that for 
» »» 

s « S L = (M. ) for i = l,...,h. Now let S be the finite set 
p «• p 

f» 

such that for all p e S , we have A is a maximal order. Then if 
p 

S = S u S , we take x = (x ) e J<B) such that for all p <z S, x € 
p . P 

where we now take F = End. L an order in B . 
p Ap p p 

So (M X) = (M ) X = L X = L f o r a l l p « S . 
t p t p p p p p 

Also since (li ) x = (M ) Hence we can choose the complete 
I. p p t p 

set of genus representatives of all full A— lattices in V to be 

{ V V }-
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Let R be the complete set of genus representatives as in the 

remark above, that is for M e R, M = L for all p e S as above. 
P P 

Let ^ be a subset o f < M : M e R > for each p, such that ^ is a 
p I P J P 

complete set of representatives of isomorphism classes of full A -
P 

lattices in V . Then there is a natural bijection 
p 

e : R 
?es P 

fi , • <: Y > where M ^ Y for 
p p p 

all p € S. 

e is one-one as ©(M) = ©(N) implies that M = N for all p € S. 
P p 

For all p <E S we already have M = N as A is a maximal order then, 
p p p 

Therefore N and M are in the same genus. Since M, N e R so M = N. 

e is onto for if C Y y e n R . then by the theorem ( [MOD 5.3 ) 
P ' p pes "̂  

quoted in the first chapter (1.2.2 ) we can have a full A- lattice 

" { ? ̂  } N in V such that N = V n ^ n Y_ }. where for p « S Y = L . Take 

the genus representative of N say N e R, then 0(N> = t Y >. 
p 

Therefore we obtain 

P P P 

= n C ( L : s) n E Z(L , M ; s) 
P«S P pes M eR P P 

p P 

= n C(L ; s) E n Z(L M ; s) 
P ^ hGR pes ^ ^ 

E n Z^L » M ; s) = E Z<L, g(M); s ) . So 
MeR p P P MeR 

2.3.3 n C(L ; s) = C <L; s) 
p 
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Thus in analogy to Dedekind zeta functions it is shown that the 

Solomon zeta functions also satisfies an Euler product identiy. 

It should be noted that formula 2.3.3 can be obtained without using 

adeles, see CLS3 Pg316 Lemma 6. 
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CHAPTER 3 

Introduction : We shall deal with the analytic theory of L-

functions of orders in a finite dimensional semisimple <D— algebras 

in this chapter. Such L- functions will be defined in terms of 

Solomon's zeta functions that were studied in the last chapter. 

Standard L- functions ( they appear in CGJ3 ) which can be defined 

in terms of classical L- functions will be introduced and it will 

be shown that these two types of L— functions differ by some 

elementary functions which can be described in purely local term. 

The main aim of this chapter is to establish the analytic 

continuation of the L- functions of orders and to discuss their 

behaviour around s = 1. However, we also study partial zeta 

functions defined in the last chapter they are best studied 

via L- functions. 

We have the following convention : we consider only those 

( left ) full ideals of an order whose indices are finite 

§1 GLOBAL AND LOCAL L- FUNCTIONS AND EULER PRODUCTS 

(A) Global L- functions 

Let A be a Z order in a finite dimensional semisimple <0— algebra 

A. Consider the Solomon zeta function 
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3.1.1 C A < S > = L (A:X)"* 

where X ranges over all left ideals X of A, and s a complex variable. 

This converges at least for Real s > 1 (see CLS])). To study the 

analytic properties of (f we introduce partial zeta functions as 

explained below. 

Let M be a (full) left ideal of A. 

3.1.2 De/ini tionz Two lattices X, Y in the genus g(M) of M is 

said to be stably isomorphic if X ® M = Y ® li. 

In most cases, stable isomorphism implies ordinary isomorphism. 

This is true if the algebra A satisfies "Eichler condition" 

(CM0D38.1). It was shown by Jacobinski C J H : and Frohlich CFA], 

that the genus g(M) can be partitioned into a finite number of 

stable isomorphism classes. 

We now define the partial zeta function Z (g(M); s ) , Z.(CM]; s ) , 

Z.(M ; s) by a series such as 3.1.1 but where X is restricted to 

the genus of M, the stable isomorphism classes CUD in g(M) and the 

isomorphism classes of M respectively. All these series converge 

well for Real s > 1 by comparison with C A ^ S ) . It is clear that 

3.1.3 
C^(s) = E Z^(g(M); s) 

M h 
Z^(g(M); s) = E Z^(CM^D; s) 

i. = 1 

where M ranges over a (finite) set of representatives of the 

genera of left ideals of A, and where for a fixed M, the stable 
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isomorphism classes in Q ( M ) are CM 1,..., ^'^u^-

In the special case of M = A, the stable isomorphism classes in 

Q(A) form a finite abelian group CI(A), called the locally free 

class group of A. Addition in CI(A) is given by CXD + CX'3 = CX"D 

for X, X' € g(A), where CX"D is defined by the condition 

X ® X' ^ X" ® A (such an X" will exist by the result in CMQ] 

27.3). That CI(A) is actually an abelian group is verified in 

CMQ] 35.5 and CMOD 38 P343. 

In the general case where M is an arbitrary left ideal of A, we 

set r = End.(M). Then F is a Z-order in A, and we may view li as a 

right F-module. As shown by Jacobinski CJHD, there is a bijection 

between C I ( D and the set of stable isomorphism classes in g(M) 

given by CXD > • CMXD for each X € CUP). Now via this 

bijection we can impose a structure of finite abelian group on the 

set of stable isomorphism classes in g(M). The addition is 

therefore given by the formula CM D + CM D = CM D where 

M ® M ^ M « M. This group is denoted by CI(M) and will be called 

the genus class group of M. 

We note that this group structure on C1(M) depends on the 

choice of M in its genus because it is given via the isomorphism 

Cl(r> ^ C1(M). But as we shall see this will not be an 

obstruction to our calculations ahead. 

Let v' be a character of CI(M), that is, a homorphism from C1(M) 

to S', the unit circle in C. We now define the global L-function 

by the formula 
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3 . 1 . 4 •-A^'^' =» ^^ = EvCx3<A:X)~° 
XSA 
X e g ( M ) 

where 5 is a complex variable. This series converges absolutely 

for Real s > 1, uniformly on compact subsets, by comparison with 

the series 3.1.1. We show how to express the zeta functions in 

3.1.3 in terms of this L—function. It is clear that 

L^(M, s, y/) = Z V^CN: Z ^ C N D ; S ) 
[ N]€CL(M> 

Therefore J] V/"^CP: L (M, S, y) = E E v'^CP^V^tN] Z.(CND;s) 

= E E ^(CNl-CPD) Z.(CN:; S ) 

= E i E V<CND-CPD)| Z (CND; s) 

Now orthogonality conditions for characters of finite groups(CG] 

*.^, 4. r̂  / T K n r m i f O i f CND ^ CP3 
say that E V^CCND-CPD) = | ^ = |C1(M)| if CN3 = CPD 

and hence E V tP] L.(m, s, v') = h ^A^^''^' ^^" This implies that 

3.1.5 Z^CPD; s) = h"* E V~'tP3 L^<M, s, v') 

for each stable isomorphism class CP3 in g(M). This suggests that 

we can use information about L-functions to study the partial zeta 

function Z^CCND; s ) . 

Now we will show that a character y of CI(M> can be viewed as 

an idele class character of A. This is done as follows. 

Let V be a character of CI(M). Then v̂  may also be viewed as a 
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character of CI(D via the Jacobinski isomorphism CI(D ^ C1(M), 

where P = End,(M). Let J,(A) denote the full idele group of A, 
A f 

formed by taking both finite and infinite primes of Q. (Note: 

this is different from the finite idele group of ©-algebras 

introduced in Chapter 2 for the finite idele group was formed by 

taking only the finite primes of <CJ.). Let J' (A) be the closure of 

the commutator subgroup of J (A). The group A of invertible 

elements of A sits inside J (A) because for x e A , xF is a full 

lattice in A and hence for almost all p, x F ~ F . The image of 
p p p 

A inside J (A) is called the group of principal ideles in J (A). 

Frolich in CFA] showed that 

3.1.6 C K F ) ^ Ĵ (A)/J'̂  (A).A*.U^(r) 

where U (F) is the group of unit ideles of the order F, defined by 

3.1.7 U^(F) = (R «^A) X n r* 
p 

with p ranging over all prime numbers. 

Now following Frolich CFA] we can describe Cl<r) in an 

alternative way as follows. 

Since A is semisimple <D-algebra with center C we can write 
n n 

A = n ^ ^"^ '-• ~ n ^ » where each A. is a semisimple algebra 
1 = 1 V. = 1 

with center C.. It is routine verification that 
\. 

n 

j ^ ( A ) = n J f < ^ > 
1 = 1 

j ^ ( c ) = n Jf(c^> 
t = 1 
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-N- 'N' 
Now the reduced norm A • C can be put together as shown 

i. t 

> C . On in chapter 1 to give a reduced norm map ^^/\/r ' ^ — 

* * 
completion we get the reduced norm nr. „ : A • C and hence 

H /Up p P 

3 continuous homomorphism 

nr : Ĵ (A> * J^(C) 

(x ) I r-¥ (nr-,„ (x )) 
P ' A/C p 

p < 

which we again call the reduced norm map. Now Ker(nr) is a closed-

subgroup of J (A) and J' (A) £ Ker(nr). By Nakay.ama-Matushima theorem 

which was quoted in Chapter 1 we have Kerjnr. ._] and Kerlnr I 
* ' * ' * ' • * ' p p 

are A and A respectively where A , A denotes the respective 
p p 

commutator subgroups. 
The commutator subgroup of J (A) is J (A)' = J (A) n |̂  A . 

P 
Since now for x •= (x ) e Ker(nr) nr. ,„ (x ) = 1 which implies 

P ^p/'-p P 
«' *' 

that X e A which further implies that (x ) e n A . Therefore 
P p p 'p' p 

Ker(nr) c J (A)' and hence J (A)' = Ker(nr). 
f f 

By HASSE-SCHILLING-MAASS norm theorem which is quoted below we 

have nr(A ) = C n nr(J (A)) arid C .nr(J (A)) = J,(C) and so we have 
f f f 

Jj,(C) \ C* = C*.nr(J^(A)) \ C* ^ nr(J^(A)) \ nr(A*). Therefore 

nr induces isomorphisms 

Jj<A) \J^(A)'.A ^J-^CC) \ C 

3.1.8 
J (A) \ J (A)'.A".U (D ^ J,(C) \ C'.nrCU (D) 

Now we suppose that li is a left ideal of an order A in a Q-algebra A, 

and let F = End.(M). Because of the Jacobinski isomorphism C1(M) = C 

and the Frolich isomorphism of 3.1.6, each character v of C1(M) 

can be viewed as a continuous character (also denoted by y) of the 
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idele group J (A), which is trivial on J^(A)'.A .U^CD. Furthermore 

by 3.1.8 we may write 

3.1.9 v'<x> = V (nr(x)), x e J^(A) 

for some uniquely determined continuous character y^ of J (C) such 

that y/ is trivial on C.nr(U(r)). 

We conclude this subsection by a result which describes the 

characters of C1(M). 

3.1.10 THEOREM.(HASSE-SCHILLING-MAASS CM03,pQ 289) 

Let A be a central simple K-algebra, where K is a global field. 

Let oi € K . Then a is the reduced norm of an element of A if and 

only if a > O at every real prime P of K ramified in A. (a prime 

P of K is said to be ramified in A if A = M (S), S a skew field 
P k 

2 P 
over K and (S :K ) = m > 1 ) 

p p p 

(B) Local L-functions. 

Let A be a semisimple <Q - algebra and A is a 2 order in A. Let 
p p 

M be a left ideal of A, of finite index in A and we set F = End.(M). 

Suppose that v' i^ ^ continuous character of A which is trivial on F . 

We then define the local L— function 

3.1.11 L.(M, s, v') = E V<X) (A : X)~° 
X 

where the sum extends over all left ideals X of A such that X = M. 

This is the correct local analogue for 3.1.4 as here only one 

prime p is involved. This sum converges for Real s > 1. 
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If we now identify A with End A, then as in Chapter 2 we can 
A 

find X € A such that X = Mx and this x is unique modF . We now 

define i/̂ CX) = >^lx) . w is independent of the choice of x in the 

above formula as y/ is trivial on V . ^A^^I S, V̂ ^ is then a power 

series in p~^, with coefficients in the ring ZL^^l generated by 

adjoining to Z the values of v' (which are of course roots of 

uni ty>. 

(C) Euler product formula. 

In this subsection let A be a semisimple <0-algebra again. Let 

J(A) be the finite idele group of A. Then we may view J(A) as a 

subgroup of J (A). Similiarly the finite adele ring Ad(A) is a 

subring of Ad^(A). As in Chapter 2, if X is a full Z-lattice in A, 

we put Ad(X) = nX where p ranges over rational primes. Then 
p 

Ad(X) can be viewed as an additive subgroup of Ad (A). If LKD = f] '̂  

p 

p ranging over rational primes, then IHF) = J(A) n U ( D . Let <p 

be the characteristic function of Ad({;M:A>> in Ad (A) and <p the 
p 

characteristic function of ^M :A > in A . Let w be a character of 
p p p 

the genus class group CI(M). Then as shown in Chapter 2 §1 (A), y 

also defines a continuous character of J (A), also written as w. 
f 

We now put v = v | J (A), and v = v( A "for each prime number p. 

We then obtain ^> = y] w • The character v' of J (A) is trivial on 
I * 

* 

p 
p 

the subgroup JR <»̂  AI 

Therefore just as in the proof 2.3.14, we obtain 

of J,(A) as it is trivial U (D . 
f f 

3.1.11 L^(M, s, V) = /j*(U(r)) *. (A:M) ® <p(:<) yj^ix) ||x||° d*̂  
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where d*x is a Haar measure on J(A), fj denotes the measure of a 

set with respect to d x, and ||x|| = (N:Nx>~* for any full 

Z- lattice N in A. 
* 

The character w is trivial on LKD and so v' is trivial on P 
p P 

for air rational primes p. So we can form L^ (M , s, v' ) for 
p 

each rational prime p, and just as in Chapter 2 we obtain 

3 . 1 . 1 2 L . (M , s , \y ) = P A p p p 
P 

( T * ) ' ' . (A :M )"® L * <p ( x ) v (x> | |x | l ° d*x 
P P p A p p " "p 

where d x is a measure A as defined in Chapter 2 and ||x|| = (N:Nx)~* 

for any full 2 - lattice in A . 
P P 

Proceeding now in the same way as in Chapter 2 §3, the Euler 

product formula for L.(M, s, y/) 

3.1.13 ^A^'^' ^'> ^^ ~ n '"A "̂̂  1 s, v̂  ), Real s > 1 
p P 

results. 

3.1.14 REMARK All these above calculations can be carried out 

even when A is an F- algebra, F an algebraic number field with 

ring of integers R, and A an R-order in A, and p replaced by the 

nonzero prime ideals of R. 

§2 STANDARD L- FUNCTIONS 

In this section we will construct the local standard L-

functions on a semisimple © - algebra A, and develop some of their 
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interesting properties. The global counterpart will then be 

defined via the Euler product (which we will show converges). We 

will also show the connection between L- functions defined in 

3.1.4 and 3.1.10, and the standard L- functions. 

We begin with the construction of the local standard L-

functions. 

(A) Local Standard L~ functions. 

Let A be a <Q - algebra and v' a continuous character of finite 
p 

order of the group A . Let S(A) be the space of Schwartz-Bruhat 

functions on A (see Chapter 1 for definition ). If 0 e S(A), then 

<̂  is a C- linear combination of a finite number of characteristic 

functions of spheres ( w + p D for an order P in A , f is a fixed 

positive integer and w ranges over a finite set of elements of A 

(see 1.2.21 ii and iv). For <p € S(A) we define 

JA 
3.2.1 Z(0, s, V') = ^ <̂ (x) v/(x) llx 

• a 

where d x is a multiplicative Haar measure on A . 

Now if 4> is the characteristic function of p P, for an order P 
CD 

i n A t h e n p P\<:0> = U, A , w h e r e A = p^V \ p'^*V. T h e r e f o r e i f we 

d e f i n e llx 11 = O f o r x € A\A t h e n we h a v e 

Z(0 , s , V) I ^ f , ^ 
J (p P n A ) 

Ixll d X w h e r e a = R e a l s 

^ JpV 

00 p 

- ^ A 
n= f J n 

i C - l | |x| | dx ( s e e 1 . 2 . 1 6 ) 

Ixll^"^ dx 



'3c l^-"^ """'"""' "' 

= [Jr.pr l|xr'-'< ] JM--'^'" 

- [ Jr.pr •"< ] 3 , 11" l""""*"'" '̂  "̂ ^ *''°" ll'̂ll-' 

00 
^ /T-. » « -n<0'-l)l _ V ^ 

< A/ (r ) . E p , far I > O. 

Then Z(0, s, v'J conveges absolutely to a holomorphic function 

of s, for Real s >,1. Hence for all <p e S(A) , Z(0, s, v) 

converges to a holomorphic function of s for Real s > 1. 

We now introduce the standard L- functions L (s, v'̂  • They are in 

some sense the "least common denominator" of the zeta integrals 

Z(0, s, v') and are characterised by the following axioms: 

(CI) There is a polynomial f(x) e CCxD with f(0) = 1, such that 

L (s, y) = f (p~")~'. 

(C2) There exists <p G S(A> such that L (s, v') = Z ((̂S-, s, y) . 

(C3) For any <p <= S(A), the function L (s, v'>~ - Z (<̂ , s, y/) is a 
A 

polynomial in CCp ,p 1. 

The idea of such a "standard L- function" occurs in CGJD. 

The existence of such a function satisfying (CI), (C2) and (C3) 

will be shown by producing an explicit one. But once such a 

function exists, its uniqueness can be shown as follows: 
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Suppose there is another L' <s, y/) satisfying the axioms. That is 

(i) for some h(x) e CCx3, L' (s, ^y = h(p~^)~* and h(0) = 1. 

(ii> L' (s, y) = Z<0' 1 s, v') for some 4>' e. S(A). 
A 

(iii) For any 0 e S(A) is such that L' (s, y)"*. Z (<̂ , s, v') « CCp'',p~°D. 

l-f <p G S(A) is such L <s, y/) = Z(0, s, y/) , then by (iii) 

L' (s, v')*^. L (s, v') = gCp",?"") € CCp^^p""]. Also from (CD we have 
A A 

L' (s, y)" . L (s, v̂ ) € C(p ), the space of complex rational 
A A 

"O 8 ~~8 ^S 9 ^8 *~8 

functions in p . Therefore Q(p ,p ) e C(p ) n CCp ,p 3 = CCp ]. 

Also note that Q ( 0 ) = 1 as f(0) = 1 = h(0). Repeating the 

arguement for L (s, V'̂ " -L' (s, y) = g~ (p°,p~^), we see that 
A A 

g (p ,p ) € Ctp °] and g~ (O) = 1. This, along with the conclusion 

about g yeilds that g = 1 identically. Hence the uniqueness. 
We begin the construction of L (s, y/) . The general case may be 

A 

reduced to that of simple algebras by using the following 

proposition: 

3.2.2 PROPOSITION Let A = f] A be a finite dimensional semisimple 
V. = 1 

<D - algebra with simple components A., and let v'. = v|A » 1 < i < r. 

Suppose that, for each i, there exists a standard L— function L (s, v'. > 
I 

satisfying (CI), (C2) and (C3). Then the standard L- function L (s, v'̂  
r 

also exists and is given by L (s, y) = H '- ^^' V. )-
1 = 1 \. 

Proof: We only need to check that the above product satisfies <C1), 

(C2) and (C3). Now (CD and (C2) are obviously satisfied. To check 

(C3), we note that S(A) = S(A ) <» <» S(A ) where C is the center 
' 1 G C r 

of A (see 1.2.22). Then any <t> e S(A) has the form 4> = 0 «> 9> <p and 

now (C3) is obvious. • 
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It therefore suffices to define L (s, y/) when A is a simple Cl -
^ Mr 

It 

algebra. The first step is to describe the characters of A : this is 

done in the following local version of 3.1.9. 

3.2.3 LEMMA Let A be a finite dimensional simple <D - algebra 
P 

with center with center C. Let R be the valuation ring of the 

field C, and let A'be a maximal order in A. Then for each continuous 

character v' of A of finite order, there is a unique character y of C 

such that y/ = v/ o nr, where nr is the reduced norm map from A to C . 
Further, 

3.2.4 
nr(A*) = C* (i) 

nr(A'*) = R* , . . , 
~ (11) 

* ~ -jj 

Thus w is trivial on (A' ) if and only if V' is trivial on R . 

Proof: Statement 3.2.4 (i) is just the local norm theorem ( CM03 

33.4) quoted in 1.2.30. To see 3.2.4 <ii) we let A = M.<D), D a 
division algebra over <D , with center C. Then D has a unique 

p 

maximal order A, which is a discrete valuation ring. Since nr(A)£R 

so if ^ is a prime element of A, then nr(?) = n, where n is a 

prime element of R. So nr<A) = R. But nr(A) = nr(A> by 1.2.29 

(iii). Since nr is multiplicative and all maximal orders A' in A 

are conjugates of A, we have nr(A' ) = R implyi^ng that nr(A' ) = R . 

The NAKAYAMA-MATSUSHIMA theorem stated in 1.2.31 says that the 

kernel of the reduced norm map coincides with the commutator 

subgroup of A . Thus there is an isomorphism A /A ' = C , A ' is 

the commutator subgroup of A . This is induced by the reduced 

norm map. For any continuous character v' of A , we thus have that 
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V̂  is trivial on A '. Now we define a character v̂  of C as follows: 

for c e C , let ifj{c) = v/(a) where nr(a) = c and a € A . Then 

this is well defined as y is trivial on A '. Therefore v = y/ o nr 

for a uniquely determined character v' of C . The remaining 

statement is now clear. • 

3.2.5 D&/initioni Notations as in Lemma. A character y of C is 
It 

called unramified if it is trivial on R and ramified otherwise. 

-K-

We can extend this terminology to y, a character of A by saying 

that y/ is unramified if and only if V' is unramified, that is if 

and only if yj is trivial on A , for some (or equivalently, any) 

maximal order A in A. 

We are how ready to to give a formula for L (s,v/) when A is a 
A 

simple Q - algebra, 
p 

3.2.6 THEOREM Let a be a simple <0 - algebra with center C. Let 
p 

R be the valuation ring of C and p = nR the maximal ideal of R. 

We put Np = (R:p), so that N is the usual counting norm. We write 

A = M (D), where D is a division algebra wth center C, and let 
2 2 

dim D = e , dim A = n , n = ke. c ' c ' 

Given a continuous character y/ of A of finite order, let yj be the 

character of C such that y/ = v' « nT* as in 3.2.3. Define 

3.2.7 L (s,¥/) = 

-9.-1 
( 1 — v(rT) Np ) if v is unramified 

1 otherwise. 
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and 
n - l 

3 . 2 . 8 L ( s , v ) = n L ^ ( n s - j , w ) 
j=o 
j=0<IT\od 0> 

Then L (SjV*) is the standard L- function of A satisfying the 
A 

conditions (CI), (C2) and (C3). 

Proof: The proof can be divided into two distinct parts. Case I, 

when V is unramified and Case II, when v is ramified. For the 

Case I we require the following Lemma. 

3.2.9 LEMhft Let A' be a maximal order in A, and let v* be any 

•K-

unramified character of A . Then 

L^, CA' , s, V) = L^(s,v/) 

where L., (A' , s, v) is the L- function of A' defined in 3.1.10 and 

L (s,^) as in 3.2.8. 
A 

Proof: Before going into the proof we first recall some facts 

required in the proof. 

(a) If D is a division ring whose center contains a local field, 

then there exists a unique maximal R- order A in D (CMOl 12.8). 

(b) A is a non commutative discrete valuation ring and is 

actually the integral closure of R in D (CMOl 12.6). 

(c) Let Z, denote a prime element of A and hence powers df A^ will 

give all non zero one sided ideals of A. These ideals are 

necessarily two sided ideals (CMO] 17.3). 

(d) If A = M (D) be a central simple C- algebra (C contains a 

local field) then M (A) and its conjugates give all possible 

maximal R- orders in A (CMOl 17.3). 
(e) If (D:C) = e then the index of ramification e(D/C) = e 
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whence if p = nR is the maximal ideal of R then pA = (A?) (CM03 14.3) 

(f) Let = M (D). Then A = M (A) is a maximal order and every 
k / k 

other maximal order A' in A is a conjugate of A in A. 

Coming back to the proof of the Lemma (notations used will be 

the same as in 3.2.6), let A denote the unique maximal R- order in 

D- Then A is a non commutative discrete valuation ring and we may 

choose its prime element f so that nr (?) = n, where n is a 
^ DXC 

prime element of R. We then have A? = ?A and (A:A^) = Np , where 

p = nR. Any two maximal orders are conjugates in A and hence it 

follows that L., (A' , s, v') is independent of the choice of A' . 

Thus we may without of loss of generality assume that A' = M (A)-
It 

Since every left ideal of A' is principal, and yj is trivial on A' 

the L- function L.,(A', s, v) can be written as 

L^, (A' , s, y) = E V<x) tA' :A'x)"^ for Real s > 1 

where x ranges over a full set of representatives of right coset 

space A' \ A' n A 

Since A' = Gl (A) , we may choose these orbit representatives 

in the "Hermlte normal form" (CND pg 15) x = a e h (A), where a 
ij k ij 

satisfy 

â . = ? ^ , r . > 0 , l < i < k . 

a. . = O if j < i 

a., ranges over a full set of coset representatives of A mod? A if j>i 

We note that for i < j, there are (A:? A) choices for a ., that is 
'•J 

or 

Np choices. Now we have by 1.2.29 (ii) 

nr (x) = fnr (? )1 * 
r +. - .+r, 

k r +. = n ' 
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We further have 

(A'-.A'x) = (A:Â >''̂ '̂*---̂ '"«' = A/p" ̂  "̂  

by considering Bx (B e A' ) to be the sum of the column vectors of 

the product of B and the upper triangular matrix x. 

., o(r +2r, +. . . +<k-l>n. > 

Also having chosen r ,r , . . . , r, , there are Np » •» *• 
^ i' 2 ' ' k' 

choices for the coset representatives x, with each of them in 

distinct cosets mod(A'nA ). Then L., (A' , s, y) is equal to 

—, '^ , .r , +. . . +r «<r +2r •••. . . +<k-l)r. ) . , -na<r +. . . +r ) 
J] V (n ) • *" Np » » " Np ' * 

>o 
This multiple series when summed gives us 

r > - l p ^ -,-1 

3.2.10 L^. (A' , s, V) = n 1-V<n) A/p"*''̂"-'* for Real s > 1 
j=o L J 

j=0 modo 

Hence the Lemma. 

3.2.11 COROLLARY Keeping the above notation, for some c > O the 

function L (s,y) is holomorohic and non zero for Real s > 1-c. 
A 

Proof: Immediate from the Lemma and the fact that L., (A' , s, v') is 

holomorphic and non zero for Real s > 1. • 

Now coming back to the proof of the Theorem 3.2.6 for the 

case when yj is unramified, we must show that the function L (s,v') in 
A 

3.2.7 satisfies (CI), (C2) and (C3). Of these (CD is obviously 

satisfied. Condition (C2) holds because by Lemma 3.2.9 we have 

L (s,v) = L., (A' , s, v*) = Â  <A' )~ Zi<p, s, v) , where 4> is the 
A iX 

characteristic function of CA':A'> in A. Since a constant multiple 

of a Schwartz- Bruhat function is again a Schwartz- Bruhat 
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function, so (C2) is also satisfied. 

We now proceed to verify (C3) for the case when v is 

unramified. Let (p € S(A) . We may express 0 as a finite C-

linear combination of characteristic function of spheres w + P A', 

t is some fixed positive integer depending on <p and w ranges over 

some finite set of elements of A. We can choose A' = M, (A) as in 
k 

(f) of 3.2.9 without loss of generality. Therefore it suffices to 

verify (C3) when 4> is the characteristic function of a typical 

sphere w •*- p A' . Next we choose d e Z, d > O such that p w € A' . 

Then \ ^ 0 ( K ) V<X) ||x|f d*x = [ ^(p'^x) v'tp'̂ K) ||x||̂  d*x 
JA JA 

|p||'' '¥'<p''> . * (p ' ' x ) l l x f v ( x ) d*x 

I = p " v' tp > ^ <^(p X) ||xl|° v ( x ) d X 

The support of the function x » (̂ (p'̂ x) is p"** times the 

support of (p. Hence at the cost of introducing a factor cp " for 

some 1 € 2 and c e C, we can assume that the support of <f> is 

contained in the lattice A' . It follows that we can assume that <p 
f 

is the characteristic function of the sphere a + p A' with .ot € A' 

and f > O. Hence it suffices to show that 

3.2.12 L (s,v) ' I . . V/(x) 11x11° d*x (s,v)"' r ^ ^ V(x) l|x 
J (a+p A' ) n A 

lies in CCp ,p 3. We now break up the remaining part of the 

proof into the following steps. 
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step I Since v'is unramified, we can change the range of 
•ft 

integration on either sides by a factor from A' without changing 

""the value of the above integral. This allows us to reduce a to 

the "Smith normal form" (CND ) 

a = diag (̂  ̂  ? \ , ? \ O, . . . , O) 

with j ^ j < . . . < j and K A properly contains p A for 1 5 i ^ r 
1 2 r 

S t e p I I Now l e t ft = d i a g ( (3^, ft^^ , fi^) w h e r e ft.^ = ?""' f o r 

1 < i < r , and (3=1 f o r j > r . Then we h a v e 

r * V ( x ) | | x f d *x = f ^ yjiftx) Wftnf d*K 
J {(3a+(3p A' ) n A J (a+p A' ) n A 

= \\nf v^(^)r ^ v (x ) | | x f d*x 
J (a+p A' ) n A 

So our integral is a power of p ^ multiplied by a constant complex 

multiple of the same integral taken over the set {.(3a. + (3p A' ) r\ A 

Clearly /?p A' £ A' . Me decompose {(3a + ^p A' ) into a disjoint 

union of spheres r •*• P A* . Since y looks like diag {r , . . . ,r ,0,...,0) 

t r 

where y. = 1 + p \ for X. € A' , so reducing y in the same way 

as was done for a , we can make y look like 

y = diag (1, 1, ...., 1, 0,...,0) with r ones on the diagonal. 

It is now clear that we only need to show that 

J (r+p A' ) n A 
L^(s,v/) • = I ^ ^ V(x) llxir d*x 

{y+p 

lies in CCp ,p 1 (where y is as above). 

Step III Let U be the set of all x e A'* such that x{y+p'A') = y+p^A' 

This is an open subgroup of \' of finite index as U is precisely 

f 
1 + p A'. We then have 

59 



J (K+p A' ) -̂  A 
Ixir d*x = 

JA' . (^+p^A' ) r> A* 
IxT d*>< 

We now decompose A' . (̂  + p A' ) n A as a disjoint union of A' 

orbits ,say A' y. Each orbit contains a unique element y in the 

"Hermite normal form" looking like 

• 1 i 

m 

It follows that the integral of the R.H.S of the last equality can 

be written as ^J (A' ) J] v(y) |y|l* « where the sum is over the 
y 

representatives of distinct orbits A' y and each y is in the 

"Hermite normal form". Therefore it can be summed as in the proof 

of the lemma 3.2.9 to give a series in CCp^,p~^3. This completes 

the unramified case. 

Case II Let v' be ramified, that is V' is not trivial on A' for 

a maximal order in A. In this case the assertion of 3.2.7 is 

that L (s,v') is identically 1. So (CI) surely holds. Now we 

verify (C2). First note that any small neighbourhood N of 1 e s' 

contains no subgroup except iiy. Since v' is continuous on A so 

V/(A' is continuous on A' . Hence there exists a neighbourhood N' 
•If. 

of 1 € A' such that yjiti' ) ̂  N. We can choose f sufficiently 
f f 

large such that (1 + p A' ) ̂  N' . This is possible as 1 + p A' is 

an open neighbourhood of 1 e A for all f. Now 1 + p A' is a 

* f 

subgroup of A' , so v̂ (l + pA' ) is a subgroup of N- Therefore 

we must have y/ll + p A' ) = <!> and hence 1 + p A' £ ker V'-
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Let <p be the characteristic function of the set 1 + p A' in A. 

* t f 

Then 0 e S(A) and Z ((̂ , s, yi) = fj (1 + p A' ) . Since 1 + p A' is 

open and compact in A so its measure is non zero and finite. This 

shows that the constant function 1 is of the form Z (<}!>' , s, v) for 

some <f>' € S(A) as desired. Now we establish that Z (0, s, V') « <CCp ,p 1 
for every <p e S(A). As in Case I it suffices to do this when <p is 

I • f I 
the characteristic function of the set ^ + p A' <p=pR), where 

r = diag (1, 1, .,1, 0, 0,..., O) e A* = Mj^(A). Suppose that 

the first r diagonal entries are 1 and the rest O. If r = k then 

y = 1 and we have just now seen that then Z(0, s, v') is a constant. 
A 

On the other hand if r < k, then we choose y e A' of the form 

y = d i a g (1, 1, ..., 1, u) w i t h u e A chosen such that 

^(y) = w^ nr y) = y/{ nr u) >^ 1. 
•' A/C-' D/c 

We can find such a "u" as y/ is ramified and nr(A ) = R by 3.2.4 . 

Then since 0(xy> = 0(x) for x e A and ||yl( = 1 so we have 

• " ' ! « • 
Z ( 0 , s , v/) = I ^ <p{x) v / (x) | x | l ° d *x 

<j!>(xy) v ' t x y ) HxyH" d x 
JA 

= v'ty) Z(0, s, V) 

But v(y) ^ 1, which forces Z (<̂ , s, if/) to be zero. Hence <C3) is 

satisfied and the proof of 3.2.6 is complete. • 

Having given an explicit formula for L (s,v) in the local 

case, we are now in a position to compare L (ŝ v') with L.(M,s,v) 
A A 

as defined in 3.1.10. The following theorem gives us the 

connection between the two. 
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3.2.13 THEOREM. Let A be an order in a finite dimensional 

semisimple <ct -algebra, M a left ideal of A, and -y a character of A 

which is trivial on Aut^M. Then there exists a polynomial 
A 

f(s) € ZCv^Cp"^], (ZCy/] is the ring obtained by adjoining to Z all 

the values of v') , such that 

L.(M,s,v/) = f(s) L (s,v) 
A A 

Further, f(s) is identically 1 if A is a maximal order. 

Proof: Note that the values of v' are roots of unity. For 

Real s > 1 , we set f(s) = L-(li,s,v')/L (s,v^). Both these 

functions lie in the ring ZCv'^CCp 11 of formal power series in p 

with coefficients in the ring ZCv'D. Further, 

L (s,v>'* € ZCv^D[p"®3 (i) On t h e o t h e r hand we have by 3 . 1 . 1 1 

.^ (M,s ,v^) = / j * ( r * ) . (A:M) ^ L (M,s,v^) = / j * ( r * ) . (A:M) ^ 0 ( x ) xf/{x) l lx l l^ d *x 

where <p is the characteristic function of tM:A> in A, T = End»M. 
A 

Thus we can find a 0' e S(A) such that L,(M,s,v') = Z(0;s,V') and 

therefore by (C3) we have 

f(s) €CCp°,p"°3 ( i i ) 

From (i) and (ii) we get 

f(5) e CCp°,p"°: n ^L\f/lLLp~^ll = ZCv^DCp'^D 

For the second assertion, if A is a maximal order then M = A as 

A-modules <CM03 18.10) and so L.(M,s,v> = L.(A,s,v). Also when A 

is a maximal order, End.M is also a maximal order and so v is 

trivial on Aut.M implies that wlA. is also unramified (A = n A. , A 
A ' I ' ' i t 

L = 1 

are the simple components of A>. Therefore by 3.2.3 and 3.2.10 we 

get L (s,v> = L.(A,s,v) = L.(M,s,v'), and so f(s) = 1. • 
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3.2.13 CORQLLftRY. Each local L-function admits analytic 

continuation to a meromorphic function on the whole s-plane. 

Further, there exists £ > O such that L (M,s,v') is holomorphic for 

Real s > i-£ for all v̂  « S(A). 

Proof: For Real s > 1 we have 

— 8 —i. 

L.(M,5,v> = f<s> L (s,v) and L (s,v) = Q(p ) 

where f (s) € ^LylLp'^l and Q(p"°) e CCp"°3 with Q ( 0 ) = 1. 

• Since f(s>/g(p ^) is meromorphic in the whole s-plane, it is 

possible to define L.(M,s,v') for Real s < 1 as f(s)/g(p ). This 

is the desired analytic continuation. Also since there exists £ > O 

such that L (s,v') is holomorphic for Real s > 1-e the last 

statement follows. • 

Similiarly one can prove 

3.2.14 COROLLARY. Let A be a finite dimensional semi-simple 

Q -algebra and y/ a continuous character of A of finite order, 
p 

Then the function Z(<̂ ,s,v̂ ) defined as in 3.2.1 admits analytic 

continuation to a meromorphic function of s. Moreover,- there 

exists c > O such that for all <p e S(A) the integral 3.2.1 

converges to a holomorphic function of s in the region 

Real s > l-£. m 

(B) Global standard L— function. 

In this subsection we define a global standard L- function, 

Thus assume for this that A is a finite dimensional semisimple 

Q- algebra and v' 3 continuous character of J (A) of finite order 
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which is trivial on A . The idea is to form Euler product of the 

various local standard L- functions L (s,̂ / ) and show that the 
A p 
P 

product converges in a certain region. Then the product can be 

defined to be the global standard L- function L (s.v) as usual. 

For the convergence one has to link up our L— function with the 

classical Hecke L- function. The precise formulation of the 

result is the following. 

r 

3.2.16 THEOREM Let A = f] ^ » where A are the simple components 
v = l 

of the algebra A. Let v'- = v|J.(A. >» 1 < i < r. Then 

(i) The Euler product |̂  L. (s,V' ̂  converges absolutely and 
P P ** 

uniformly on compact sets in the region Real s > 1, to a holomorphic 

function L (s,v') - Moreover, 

r 
3.2.17 L^(s,v> = n L^ (s,v/̂ ) 

L = 1 

(ii) The function L (s,v') admits analytic continuation to a 

meromorphic function of s on the whole s— plane, 

^(iii) Let t = t(v) be the number of indices i for which w is the 

trivial character. Then L (s,y) has a pole of order t at s = 1. 
A 

If tC^) = O then L ^s,^) is an entire function of s, and L (l,v) ^ O. 
A A 

Proof: We claim that once the simple case is proved, the semisimple 

case is easy (except possibly for iii), for then by 3.2.2 

p 1 = 1 l.p 
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By the simple case we know that the Euler products for the L (s,v'. > 

converge absolutely for Real s > 1 and so we can rearrange them to 

give 

n Lft ( '̂V't^ = n n L^ ^^^^p) = n n L^ <='n,p^ = n ^(^^^^%^ 
i. = l p i = l p i.p p i = ± v,p p p 

and so n L_ (SjV' ) is also convergent absolutely and uniformly on 
'' ft p 
p P 

compact sets for Real s > 1. Since 

3.2.18 f] L^ (ŝ v' > = L^Cs^V') Real s > 1 
P p 

by definition, the theorem follows in the general case by its 

validity in the case of simple algerba. 

Therefore, it is enough to prove the theorem for simple <D— 

algebra A. As usual let C denote the centre of A, and R the 

2 ~ 

valuation ring of C. Suppose dim A = n and y/ the idele class 

character of C such that v' = v' o nr as in 3.1.9. For each 
AXC 

prime number p, we have A = A < » < D = n A , where the product 
P p „V P 

P|p 

is taken over all maximal ideals p of R lying over p. As A is 

simple each A is therefore a central simple C - algebra of 
2 

dimension n and is isomorphic to a full ring of matrices over 
2 

some central C - division algebra of dimension e over C . Then 
P P P 

e > 1 only for finitely many p (CMOD 32.1 ). We also have by 
applying 3.2.3 to the C - algebra A 

p p 

3.2.19 L^ (s,w ) = n. L^ < = 'V̂ p> 
P P|p P 

where as before w = w I A 
P "̂p ' p 
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Then we have the Euler product 

3.2.20 n L^ < = 'V > = n L^ ^̂ 'V' > 
P P P P 

where p ranges over all the maximal ideals of R and p over all 

rational primes. We have seen in the local case 3.2.8 that 

n-l . 

3.2.21 L^ ^='V^> " n Lj, (ns-j,v ) 
P ^ J=o P 

J=0 modo 

with L (SiV' ) defined as 3.2.7. It is natural to consider the 
^P ^ 

product 

3.2.22 L^(s,J) = n "-c <s»V̂ >̂ 
P P 

where p ranges over all maximal ideals of R. Then L (s,v) is the 

classical Hecke L- function attached to the idele class character 

J of C (CSL] Ch. XII §1) . 

We note the following properties of L„(s,y) and jj L„ (SjV' >-
P P ^ 

(Li) The product pj L„ (ŝ v' > converges absolutely and uniformly on 
P P ^ 

compact sets, in the region Real s > 1 (CSLl Ch. XIII §1, Ch.VIII 

§3 Th.7) 

(Lii) The function Lp(s,V'^ defined by w L„ (s,v̂  )admits analytic 
P P ^ 

continuation to a meromorphic function of s, with no zeros in the 

region Real s > 1 (CSLD Ch. XIII §3 Th.1, Ch. VIII §3 Th.7). 

(Liii) If y/ is the trivial character, then L (s,v/) has a pole at 

s = 1, while otherwise L„(s,v^) is entire and L (l,v) •* O (CSL] 
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Ch. VIII §3 Th.8, §2 Th.5c). 

From (Li) we see that [] L <s,v > converges uniformly and 

P P ^ 

absolutely on compact sets for Real s > 1 and thus L (s,v)= p| L. <s,v ) 
' P P 

where p ranges over all rational primes. 

To complete the proof of the theorem we now go from the other 

direction to link up L (s,v) with the various Lp we have introduced. 

To facilitate . matters we introduce the following "auxiliary 

functions". 

n-l 
3.2.23 K^(s,v) = |-| Lj,(ns-j, y) 

j=o 

r i - 1 ^ 

3.2.24 K^ <s,v/) = n L^ (ns-j , v ) 
P J=o p 

The properties (Li), (Lii) and (Liii) imply that 

(Ki ) The Euler product f] K^ (SjV' ) converges absolutely, 
P P ^ 

uniformly on compact sets to K-(s,v') in the region Real s > 1. 

(Kii) K (s,v) admits analytic continuation to a meromorphic 

function of s on the whole s— plane. 

(Kiii) If v̂  is the trivial character (equivalently V' is trivial), 

then K s,v/) has a simple pole at s = 1. Otherwise K^(s,v'^ is an 

entire function of s and K (l,v) ^ 0. 

On the other hand, comparing 3.2.23 and 3.2.24 with 3.2.21 and 

3.2.22 we see that 

L^(s,v) = n L^ ^S'V'^^ = K^<s,v) n ^p^^^ 
p P ^ P ^ 

where for each p, f (s) is defined as follows: 
P 
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f(5) = n ( l - v ( n ) Hp ^^ ^ I if v' is unramified 
P jj I P P J P 

f (s) = 1 if V is ramified 
P P 

(Here n denotes some prime element of the discrete valuation rino R ) 
P P 

Thus f <s) is a polynomial in p , where p is a prime number lying 

belouj p. For each maximal ideal p of R, therefore f (1) ^ 0. 

Further, f (s) is identically 1 unless both conditions e > 1 and v 
P P P 

unramified are satisfied. But there are only finitely many p for 

which e > 1 (CMOD 32.1). And so for almost all p, f (s) = 1 p ^' p 

identically. Hence it follows that L (s, v'^/K. (s, v') is a finite 

product of polynomials f (s) and therefore can be continued to an 

entire function of s which does not vanish at s = 1. Consequently 

the relation L (ŝ v') = K (s,^) y\ f (s) allows us to analytically 
P ^ 

continue L (s,^) to a meromorphic function on the whole of s- plane 

with a simple zero at s = 1 if v' is trivial, and otherwise to an 

entire function of s with L (1,^) ^ 0. This completes the proof for 

the simple case. 

Property (iii) for semisimple case now follows. For, note that 

\. 

L_ (s,v. ) has a pole of order 1 at s = 1 whenever xf/. = v|A. is 

trivial; otherwise it is entire with L_ (1,V ) ^ O. So if t = t(v) 

be the number of indices for which v' = v|A- is trivial, then 

L (s,v) = ĵ  L_ (s,v ) implies property (iii). This ends the proof 

of Theorem 3.2.16. • 

§3 BEHAVIOUR OF GLOBAL L- FUNCTIONS, C^(s), Z^( 9(M), s) AND 

Z^(CM3, s) AT s = 1. 

By now we have accumulated enough knowledge about the behaviour 
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of the global standard L- functions to undertake the study of the 

behaviour mentioned at the title of the section, because all such 

funtions are related to the global L- function in a very simple 

manner. 

Therefore assume that A is a Z-order in a finite dimensional 

semisimple <D- algebra A, M a left ideal of A, and v' is a 

continuous character of J (A) of finite order, which is trivial on 

J' (A).A .U,(r) . In this situation we have 
f f 

3.3.1 THEOREM 

(i) The global L- function L.(M, s, y) admits analytic 

continuation to a meromorphic function on the whole s— plane. 
r 

(ii) Let A = p A., where A are simple components of the algebra A 
V = 1 

and let v' be the restrictions of w to J (A) for 1 < i < r. If 
t f 

exactly t = tCy/) of the characters tfi. are trivial, then L.(M, s, y) 

has a pole of order atmost t at s = 1. 

(iii) If the character v' is non-trivial, then L.(h, s, v*) has a 

pole of order atmost r-1 at s = 1. If t (v) = O, then L.(M, s, V') 

is an entire function. 

(iv) If A is a maximal order then v* = vlA is unramified for 
p ' p 

all p and L.(M, s, v') = L (s,v') . 

Proof: It is clear that the proof depends on the relation between 

L (s,v'> and L.(M, s, v'̂  - From the Euler products 3.1.13 and 3.2.18 

we have for Real s > 1 
L^(h, s, y ) / L^(s,v/) = n ^ < = > 

where for each prime number p. 
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p P 

By 3.2.13 each f (s) is a polynomial in p with co-efficients in ZCyJ, 
p 

Further f (s) = 1 whenever A is a maximal order. Therefore f (s) = 1 
p p p 

for almost all p. Thus we obtain 

p 

where the product n f (s) is a finite product. So in view of the 
' P 

properties of L (s,v) in 3.2.16, the identity 3.3.2 immediately 
A 

implies the assertions (i), (ii) and (iii) of the theorem. For 

assertion (iv) we know that if A is a maximal order then End.M is 
A 

also a maximal order and hence rp is trivial on Aut. M the unit 
p A p 

p 
group of the maximal order End. M . Therefore each y/ is unramified. 

A p p 
P 

Now (iv) follows from the Euler products of L. (M, s, y/) and L (s,v') 

and 3.2.13. • 

3.3.3 COROLLARY Notations as in the preceeding theorem. The 

partial zeta function Z.(CMD, s) defined in §1 admits analytic 

continuation to a meromorphic function of s, with a pole of order 

atmost r at s = 1. 

Proof: By 3.1.5 we have Z (CN], s) = h"' £] v'~*(CN3) L^CM, s, v̂ ) 

for each stable isomorphism class. CND in Q ( M ) . Here if/ ranges over 

all characters of CI(M) and h = |C1(M)|. So by Theorem 3.3.1 

the corollary follows. • 

Note that this treatment does not give any information about 

the continuation of Z.(M, s). But in 1984 BUSHNELL and REINER in 

CBR4] showed in a completely different way that 
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3.3.4 THEOREM The partial zeta function Z.(M, s) defined in §1 

admits analytic continuation to a meromorphic function of s to the 

whole s-plane. 

For the proof of this theorem refer to CBR43. The proofs of two 

special cases, namely when the algebra satisfies Eichler condition 

and when A is a totally definite quaternion algebra has been done 

in CBR2]. • 

Next we come to the order of the poles of the various zeta 

functions considered till now at s = 1. It turns out that the 

order of the pole at s = 1 of each C^(s), Z^(g(M), s) and Z.(CM3, s) 

is exactly r. 

Let A' denote a maximal order in A. Since every left ideal of A' 

lies in the genus g(A' ), we have 

C^. (s) = Z^, (g(A'), s) = L^. (A' , s, v^ > 

Ijihere y/ is the trivial character of CI (A' ) (or of J (A) ) . But by 

3.3.1 (iv) we have L., (A' , s, y ) = L (s-v '> and so from 3.2.15 it 

follows that CA. (S) has a pole of order r at s = 1. Also for any 

order A in A we have 
h 

Z,(g(M) , s) = r Z. <CM.3, s) 
A . " A 1. 

t = 1 

where CM D, ...,CM 3 are the stable isomorphism classes in g(M) and so 

by 3.3.3. we get that Z.(g(M), s> has a pole of order atmost r at 

s = 1. Here r denotes the number of simple components of A. Therefore 

d = lim Z.(g(M), S ) / C A . < S ) 

M 8 •! A ^ ' ' A' 

is a non-negative constant and independent of the choice of A'. 

The following theorem gives an explicit and nice formula for d , 
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which shows that d > O. The fact that d > O will then at once 
M M 

give us that the order of the pole of Z . ( Q ( M ) , S ) at S = 1 
1 

is exactly r. 

3.3.5 THEOREM Let A be an order in the finite dimensional 

semisimple <D- algebra A, A' a maximal order in A, and M a left 

ideal of A. Then 

p 
3.3.6 d = (A:M) * (<:M:A>:A') n <A'":Aut. M ) 

M " A p P p 

so that d > O. 
M 

Proof: Since End.M is an order in A, so for almost all p. 

End. M = A' . Consequently (A' :Aut. M ) = 1 for almost all p showing A p p A p 
P * P 

that the product n <A' :Aut. M ) is well defined. On the other hand 
" A p 
P p 

for each rational prime p we have Z. (M » s> = CA» ^S) f (s) for some 
A p yv p 
p p 

polynomial f (s) e ZCp °3 (by 3.2.13)' which is identically 1 if A is 
p p 

a maximal order. Taking the Euler products of Z^(g(M), s) and C** <s) 

for Real s > 1, we therefore get that 

Z^(g(M), s ) / C^. <s) = n %<s> 
P 

and the product is a finite one . By analytic continuation, the same 

formula holds for all s, and'we have d p n f (!)• Therefore "it is p 
p 

sufficient to prove that for each p. 

f (1) = (A :M )'' (tM :A >:A' > (A'*: Aut^ M ) 
P P P P P P A p 

P 
For this we need the following formula of 3.1.12 

Z^ (M , s) = M*<Aut^ M )"' (A :M )"*' j • <p 
A p' A p p p lA ; 

O D J D 

(̂x) llxf d*x 

where <p is the characteristic function of -CM :A >. This is valid in 
p p p 
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the region Real s > 1-e for some e > O (see 3.2.14) 

Our aim is to evaluate this integral at s = 1. We begin by 

changing the measure d ;< into the additive Haar measure dx of A 
p 

(by the formula d x '= ||x|| dx) and then using the Proposition 1.2.16 

of Chapter 1 which says that for any finite dimensional semisimple 

<D - algebra A the measure of A\A is zero with respect to any 
p 

measure. Thus we have ( 4> same as before) 
p 

L . *^(x. ||x||- d % = f .^ , ^ . ||x||-' dx . f .^ , llxf-'dx 
J p J p p » ' p p 

so that the value of the integral is /j (CM :A >) at s = 1 (̂̂  denotes 
p p 

the measure of a set with respect to dx). Therefore 

Z. (M , 1) = /u*(Aut^ M ) " ' (A :M )"^ /J (CM :A >) 
A p A p P P P P 

P P 

C . , ( s ) = ^ * ( A ' ) " ^ * 0 ( x ) l l x f d*x 
A' 

P " -̂  P 
where 0 is the charateristic function of A' . We similarly have 

C * . ( 1 ) = |U (A' ) M<A' ) 
A p p 

P 
These two f o r m u l a s a l l o w u s t o compute f (1) a s shown b e l o w : 

p 
f ( 1 ) = Z . (M , 1) / C*, <1) P A p ' A 

P P 
= iJ*<A'*) j U * ( A u t . M ) ' * iJiit^ : A > ) M < A ' ) " ' (A :M ) " ' 

P A p - p p p P P 
P 

and by a basic fact in elenentary measure theory we get 

/J*(A'*)/ ̂ i*(Aut. M ) = ( A'*: Aut. M ) 
p ' A p p A p 

P P 

M(A' ) / Â (CM :A >) = (A' : CM :A >) 
p f p p P p P 

Hence the Theorem 
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The following proposition tells us about the order of the pole 

of Z (M, 5) at s=l. 

3.3.7 PROPOSITION The function Z (M, s) has a pole of order 

precisely r at s=l, where r is the number of simple components of 

the algebra A. 

Proof: Let A and A be orders in A, and let h be a left ideal of A 

and N a left ideal of A. Then for Real s > 1 

Z (M, s) = E (A:X)'° = (A:M)"^ E ||x||̂  
X£A *̂  

where x ranges over the orbits of <;M:A> n A modulo Aut.M (the 

action considered here is the left one). Similarly 

Z^(N, 5) = (A:N>-^ E ||y|r 
y 

the sum extending over orbit representatives y of {;N:A> O A 

modulo Aut.N. Now we consider the group 

M = Aut.M n Aut^N A A 

Since M is the group of units of the order End.M n End.N, it 
A A 

follows from 1.2.7 that W is of finite index in both Aut.M and Aut.N. 
A A 

So we g e t 

- Q 
Z (M, 5) = c (A:M)-" E ||xH% 

X€W\(<:M:AJnA ) 

f o r some p o s i t i v e c o n s t a n t c . S i m i l a r l y t h e r e i s a c > O such t h a t 
^ 1 -̂  2 

, - a Z (N, s ) = c (A:N) E ||y|| ^ 
y€W\({ :N:A>nA ) 

Since <N:A> and -CMiÂ  are full Z-lattices we can find a positive 

integer q such that q <:N:A> S tMrA} . Then if s is real and s > 1 

and dim„A = n then 
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Z (N, s ) = c q (A:N) T qy 
^ * yeW\({:N:A} 

n s , . . , . - s __ II II s 

yeW\ ( { :N:A>nA ) 

= c q-- (A:N) E ||y|r * 
yeW\ (q{ :N:A>nA ) 

< c q''^ ( A : N ) " ^ c"* ( A : M ) ° Z A < M , S ) 

2 1 A 

T h e r e f o r e g i v e n £ > O we can f i n d c > O such t h a t 

3 . 3 . 8 Z A < N , S > < C Z - ( M , 5 ) f o r 1 < s < l+£ 

A A 
Now let -j M. > be any finite collection of left ideals of A and •{ N j-

a finite collection of left ideals of A. Summing the inequalities 

3.3.8 for M. and N. we get c' > 0 such that 
I- J 

E Z^(N., s) < C E Z^<M., s) 

The reverse inequality, with a different constant factor holds by 

symmetry and hence any two such sums E Z.(N., s) and E Â̂ '*'» ^^ 

which are meromorphic at s=l must have the same number of poles. 

But we already know that if A any order then there are only a 

finite number of isomorphism classes of left A-ideals (by Jordan 

Zassenhaus theorem). So in particular if A' is a maximal order 

then 
k 

^A' ̂ ^^ = ^ ^A' ̂ "l' =^ 
i = 1 

and C*. <s) has a pole of order exactly r at s=l. The proposition 

now follows at once. • 

We complete this chapter by investigating the behaviour of CA. ̂ S^ 

and Z.(g(M), s) near s = 1. 

3.3.9 THEOREM Let A be an order in a finite dimensional 
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semiBimple ©- algebra A, and suppose A has r simple components. 

Let A' be a maximal order in A, and let 

C*, (s) = c (s - l)""" + c* (s - l)^""" + 
A A A 

be the Laurent expansion of C*. <s) about s = 1. That is 

c = lim (s - l)"" C A , < S ) 
A B >± A 

Let M be a left ideal of A, and h be the number of stable 

isomorphism in the genus g(M). Then 

(i) Z.(g(M), s) and C A ^ S ) have a pole of order exactly r at s = 1 

and the Laurent expansion of Z.(g(M), s) about s = 1 has leading 

term d c ( s — 1 ) 
M A 

(ii) For each stable isomorphism class CN3 in Q ( M ) the partial zeta 
function Z.(CND, s) has a pole of order r at s = 1, and its Laurent 

— 1 —r 
expansion about s = 1 has leading term c d h (s - 1) . 

^ A M M 

Proof: (i) Since C»(s)= J] Z^(g(M), s) where M ranges over a finite 
M 

set of representatives of the genera of left ideals of A, and each 

Z.(g(M), s) has a pole of order exactly r at s = 1, so the same is 

true for C.<s). The second assertion of (i) follows as 

d = lim Z.(g(M), s)/C*,<s) 
M a *± A ^ ' ' ^A 

(ii) We have by 3.1.5 

Z^(CND, s) = h^* Ev'^<CN3) Ly^(M, s, v̂ ) 

where y/ ranges over all characters of CI(M). On the other hand 

L.(M, s, V' ̂  = Z.(g(M), s) where yj is the trivial character of C1(M) A ' ' o A ' o 

Therefore Z.(CN], s) has a pole of order exactly r at s = 1 by 

(i) above and 3.3.1. The last assertion of (ii) is now clear. • 

3.3.10 COROLLARY Notations as in the theorem. Then we have 
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lim (s - 1) CA <s) 
9 >1 ^ A 

A *̂  M 
M 

where M ranges over a finite set of representatives of the genera 

of left ideals of A. • 
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CHAPTER 4 

Introduction; In this chapter, we continue working with the zeta 

integrals introduced in the last chapter in order to establish 

their functional equation. The functional equations of L-

functions of orders will be a consequence. The functional 

equation for a zeta integral gives rise to a "local constant" or 

symmetry factor. This factor will be evaluated in terms some 

"non-abelian congruence Gauss sum". As in earlier chapters, the 

subject matter is a generalisation of the results related to zeta 

integrals in the local field case (as in Tate's thesis). 

§1 LOCAL FUNCTIONAL EQUflTIONS AND GAUSS SUMS 

Let A be a finite dimensional semisimple <D — algebra and \p a 
p 

continuous character of A . Our main aim here is to show that 

Z(<^, s, v') satisfies a functional equ-ation. 

We begin with the special case of simple algebras. Let A be a 

finite dimensional simple <0 — algebra, with centre C. L&t Q 
p ^ 

denote the cannonical continuous character of the additive group 

of A defined by 

4.1.1 e (x> = exp ( 2.nx tr. ._ <x) ) ; x e A 
P 

When there is no chance of confusion we will denote Q by just B. 
A 
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In 4.1.1 tr„,^ IS the absolute reduced trace as defined in 1.2.26. 
p 

For a € <D , we interpret exp ( 2nia ) as exp ( 2nia ) , where a e <D 
p' 1 - 1 - ^ O ' O 

is the principal part of ex. The pairing A K A * C give by 

(;<, y) • 9 <xy)j Xj y e A is nondegenerate and symmetric as 
A. 

tr. ,„ is so. So as in CG3 7.1.10 it allows us to identify the 
P 

A 

locally compact abelian group A with its Pontrjagin dual A via O (x) 

for a fixed x e A. Let dx be the self dual Haar measure on A for 

this identification. As already pointed out in Chapter I, a self 

dual measure is one for which Fourier inversion formula 
A 

<^(x) = <p(-x) , <p e S(A), x € A 

holds. 

We can now prove the desired functional equation. 

4.1'.2 THEOREM Let A be a finite dimensional simple <D - algebra, and 
p 

let v̂  be a continuous character of A of finite order. For f e S(A) 

consider the zeta integral 

Z(f, s, v') = I ^ f(x) v(x> ||x|l "d X 
JA 

Then for g e S(A) and for all s 
A A 

Z(f, s, v/> Z(g, 1-s, v' > = Z(f, 1-s, y^) Z(g, s, y/) 
A A 

where v'is the complex conjugate of y? and f (similarly g) is the 

Fourier transform of f given by 

f(y) = f(x) e(xy) dy , y e A -I 
Proof: The proof is broken up into two cases. 

CASE I y/ is unramified This case is a consequence of the proof 

in(CGJ] 9.6 pg 125)by taking in the notation of CGJl, n to be the 

^ 2 
unramified character v' of A and replacing s by ns, where n = (A:C) 
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C being the centre of A. 

CASE II v' is ramified The above proof fails in the ramified case 

because then some of the functions Z(0, s, V'̂  arising in the 

proof becomes identically zero. But if yv is ramified then as 

L (s,v) = 1, the condition (C3) of the standard L-function shows 
A 

that Z((^, s, v') converge uniformly for all s. Hence both sides 

of the above functional equation converge for all s and can be 

compared directly following the idea of Tate's thesis as shown 

b e1ow. 

Let d:< be the self dual Haar measure on A. We choose a 

multiplicative measure on A as d x = |x|| dx. 
A 

Then Z(f, s, y) Z(g, 1-s, ŷ ) 

= r ̂  f<x) v/(x) Ijxf d*x r ̂  g(y) ^(y) H y f d*y 
JA JA 

" I * { ̂ ^̂"̂̂  ^̂""̂^ """̂"̂  f ^̂^̂  ^̂^̂  "̂""̂  '**̂  } '**'' 
= [ ̂  I f (xy) g(y) V'(x) ||x||̂  d*x dy 

JA JA 

as by 1.2.16 the measure of A\A is zero with respect to any Haar 

measure. Thus 

Z(f, s, v') Z(g, 1-s, v') = \ ^ jv(x) ||x||" f(xy) g(y) dy | d*x 

Similarly the right hand side of the functional equation becomes 

Z(f, 1-s, ^) Z(g, s, y/) = | * { V'<x> ||x|r"' [ f(yx"S g(y) dy | d*x 

where we replace x by x after the first step. Now we apply the 
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definition of Fourier transform to obtain 

f ( x y ) g ( y ) dy = f ( x y ) Q ( Z ) 0 ( y z ) dz dy 
JA JA JA 

g ( z ) f ( x y ) 0 ( y z ) dy dz 
JA JA 

r f ( x> 
JA 

But f ( z x ~ * ) = f ( x y ) © ( z x " ' x y ) dxy 

= \\x\\ \ 
J< 

f ( x y ) © ( y z ) d y 
A 

Therefore for all s we have 

Z(f, s, v> Z(9, 1-s, V') = I » I V'(x) \\xf~*- I f (yx'') gCy) dy |d*x 

A ^ 

= Z(f, 1-s, v) Z(Q, S, V'> 

By our remark about the convergence of zeta integrals, now the 

functional equation holds for all s. • 

Now let us define for <p e S(A) 

Y(0, z, yy) = L (s^y^)' Z (<^, s, v'> 

Then from the defining property (C3) of L (s,v/) (see 3.2. ) we see 
A 

that Y(<^, s, \f/) € C[p^,p~°3. The functional equation 4.1.2 and 

shows that there is a meromorphic function s (s,v) 

independent of <p such that for all <p e S(A) we have 

4.1.3 Y(<^, 1-s, y/) = £ (s,v/) Y(0, s, V) 

We also observe that c (s,V') is independent of the choice of the 

multiplicative Haar neasure d x. 
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Our aim, as explained at the outset, is to examine the nature 

of e (s,V'̂  • To that end we need more concepts and notations which 

we introduce now. 

Let A = M,(D), D a skew field with centre C and dim D = e . k ' . c 

Let A be a maximal order in A. • We will show that all our 

calculations are independent of the chioce of A, so we take A = H (A), 

where A is the unique maximal order in D. Let ft be the unique 

maximal ideal of A. Then the two sided fractional ideals of A in 

* A form a free abelian group generated by ftS. (see (CM03 17.1)). The 

absolute inverse different D of A is defined below generalising 

the same concept for the ring of algebraic integers in an 

algebraic number field. 

4.1.4 Definition. D~ = •( x e A : *»'.._ (xy) e Z , for all y € A > 

Note that since A is finitely generated over Z by say a basis <;e.> 
p «• 

of A over O , so D is also finitely generated over Z by a basis 
p A p 

dual to <e.> with respect to the reduced trace form. By symmetry 

of the reduced trace map, D is also a two sided A—submodule of A 

containing A. So D is actually a fractional A ' ideal in A. 

Therefore D~ = </?A)~"* for some m > O. The ideal D = (̂ A)"* of A 
A A 

is called the absolute different of A. We also note that with O 
A 

defined in 4.1.1 we have 

D"* = I X € A : 0^(xy) = 1, for all y e A | 

I —1/2 

Now we choose a Haar measure on A such that j dx = ND , where 
JA 

if 4 is a fractional A ideal in A we put N 6 ~ N6 = (A : ^) . This 
^ A 

Haar measure is independent of the choice of the maximal orders A 
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in A because all maximal orders in A are conjugates of M. (A) and 

hence have the same measure. 

In the next theorem we show that this measure is self—dual. 

4.1.5 THEOREM The Haar measure on A for which I dx = M)"*''^ 
1A 

ich 

J/ 
is self dual. 

A 
A 

Proof: We are to prove that if f e S(A) then f(x) = f(-x) with 

respett to the given haar measure. now by a well known result in 
A 
A 

Fourier analysis we have f(x) = c f(-x), where c is a constant 

depending on f and the chosen Haar measure. The theorem will be 

proved if we show that c = 1 for the chosen Haar measure on A. 

Hence it suffices to show that c = 1 for a particular f e S(A). 

So we take f = ch. function of A. Then 
r r f O if y IB D" 

f(y) = f(x) e (xy) dx = B (xy).dx = I 
JA ^ JA ^ t M<^> = f^~*'^^ if 

y € D 
-1 

Therefore 

4.1.6 f = A/D . ch. function of D 
A A 

Again 

(-X) = f(y) e (yx) dy = L-j 
JA '̂  J^A 

f(-x) = I f(y) e^(yx) dy = |̂ -i '̂ ^̂ ''̂  e^(yx) dy 

1/2 r 

J A 
= ND L--1 e (yx) dy 

A ID A •' 

{ 
ND'^'^^uiD *) if X € A 

A A 

O if X « A 

But by a 1.2.14, since D~' is a fractional A ideal in A we have 
A 
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'^ A A "̂  A A A 

Hence 

A {1 if X 

O if X 

A 

f <-

« A 

So f(-x) = f(x) holds. Hence the theorem. 

We next generalise the concept of the conductor 

4.1.7 Definition: Let v be a character of A . Then we define 

the conductor ^(v^ of v' by setting ^(y) = A if yj is unramified. 

Otherwise we define ^{y^y to be the largest two sided ideal ^ of A 

such that y/ is trivial on the subgroup 1 + ^ of A . In other words, 

in the case of v' ramified, if for an ideal 3 of A such that y/Cl+JS) = 1 

then j& £ ^(v) • 

Now we come to the main abject in our list of definition. The 

generalised Gauss sum T<V/) (for classical definition see 1.1.6) 

associated with a character y of A is defined by 

4.1.8 T(V/) = 'E V<c:"̂ x) e (c~*x) 
X 

where x ranges over a full set of coset representatives of A modulo 

(l+ZCv)) n A , and c is any element of A such that cA = D /(v̂ ) . 

Such a c always exists as D f(v> is a two sided ideal in A. 

Further c can be chosen to be in A . Again we note that if y/ is 

unramified, then A S l+yj(v> and hence in this case we obtain 

T (v) = w<c~') since G is trivial on D . / 
^ ^ A A ' 
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4.1-9 REMARKS 

(i) T(V/) is independent of the choice of the coset representatives x 

for if X (l+/<v/)) = X <1+̂ (V/) then x~ x e l+/f<v/) , whence v(x~^x ) = 1. 
* 2 2 1. 2 1 

Therefore vtx" c c~ x ) = 1 implies that vCc~*x ) = v'(c:~'x ). Also 

cA = D /(v) implies that /(v) c" = D~*. Therefore we conclude that if 
A A ' 

X -X € /(v> then c~ (x -x ) € D~' and hence © (c~*x ) = G (c~̂ x ). 
1 2 1 2 A A 1 A 2 

(ii) T(\y) is independent of the choice of c. To see this we 

notice that if c A = D f^i^) = c A then c c € A . Now for x e A , 
1 A 2 2 1 ' 

c x = c ' c c ~ x = c y w i t h y e A . But x~'x € l+/<v> i f 
1 2 2 1 2 1 2 

and only if (c c x )" ic c~ x ) = x'*x € l+/f(v>. Since r (u/) 
2 1 1 2 1 2 1 2 

is independent of the choices of the coset representatives x by (i) 

it follows that T(V/) is also independent of the choice of c. 

(iii) This is to justify our choice of the maximal order as A = M, (A) 

in the definition of the Gauss sum T(v). If A is relaced by 

another maximal order A', then A and A' ^re conjugates in A. 

Consequently the ideals /(y^ and D are replaced by thei r 
A 

corresponding conjugates. Since both y/ and & are invariant under 
A 

cunjugation by elements of A , it follows at once that T(y) is 

independent of the choice of the maximal order. 
Now we are ready to relate the local constant factor e (fe»V) of 

4.1.3 to the sum rCy) 

4.1.10 THEOREM The function c (ŝ v'J is given by 
A 

£ (s,v> = A'tD <f(v) )*''^''* T(v^)/ A//(v>̂ ''̂  
A A ' 

where notation is as above. 

Proof: Through out this proof whenever we say a Haar measure dx 
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on A we will mean a Haar measure d;< = d/j(x), that is the measure 

of a set E with respect to dx is ^ ( E ) . Similarly for d x = d /L/(X). 

CASE I- V' unramified, that is f<.^) ^ A 

We have seen in 3.2. that L s,\y) = L.(A, s, v*) and so by 3.1. 

-x- -x- -t 
L <s,v') = /u (A ) Z(0, s, V'̂  where <p is the characteristic function 
A 

of A in A. For this <p we therefore have Y(0, s, V'> ^ /j (A ) . 

Also by 4.1.6 we have (p = / J ( A ) . ch, function of D . We choose 
A 

c € A n A such that cA = D , and then we have 
A ' 

0 ( x ) = Art) ' '^^ 0 ( x ) f o r X € A 
A ^ 

T h e r e f o r e Ii<P, s , v> = M D " * ' ' ^ | ^ 0 ( c x ) v '^x) 11̂ 11° ^ ^ L' 
ND'^^^ V(c) lie 11"̂  Z(<^, 5 , V) 

B u t D i s a t w o s i d e d i d e a l o f A a n d h e n c e jjc| | = ( A : A c ) ~ = ND~ . 

So L ( s ^ v ' ) ' * Z ( 0 f s , V') = NQ^'*"'^ V<c) j U * ( A * ) . 
A A 

Relpacing s by 1-s in the above expression we have 

Y(0, 1-s, V') = ND*'^'"'^ y/ic) (j*iA*) 

Therefore 

/ \ vnA*''2-a ~ , - 1 . . ^ l / 2 - a , . £ (s,v) = M) v(c ) = M) T(\f) 
A A A 

as required. Now we turn our attention to the case when V is 

ramified. 

CASE II- v is ramified, that is /(v) ^ A. 

From now onwards we will write / = /(y) whenever there is no 

chance of confusion. If <p is the characteristic function of 1+^ 

then we have Z (<̂  , s, v̂ ) = fj (l+̂ > and so 

4.1.11 Y((* , s, v-'> = AJ (1+^) 
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We will now calculate "i (<f> , s, y/) . For this we notice that /(v') = ^^ 

Let <p be the characteristic function A and <p the characteristic 

function of f. Then 

& (y) = I <p (X) e (xy) dx = r 
JA ' ^ JA 

0 (y) = <p (X) e (xy) dx = 4, (x-1) 0 (xy) dx 

I 0 (X) © ((x-H)y) dx 
A ^ ^ 

= e (y) <p (y) 

Now imitating the proof of 4.1.6 we have 

4> = A<(̂ ) .ch. function of D f 
O A 

and so 

—1/2 —4 
.{̂ (̂y) = /VD̂  .Nf ipicy), for y e A 

where c e A n A is such that cA = D /. Therefore 
A 

Z(<P^y s , V) = ND'^^'^.Nf^ I ^ < (̂cy)© (̂y) ||yf d*y 

I' = NiXiJ)^~^'''^Nf^^^ ^ 0 ( y ) e ^ ( c " V > V'(c"V> | ly | r *^*y 

s i n c e | |c | | = /V(D / ) " * . 

Our aim will now be to evaluate this integral. Denote it by I 

for brevity and write 1 = 1 + 1 where 

1 
y) 0 (c"*y) d*y 

1 = 1 ^ v/(c"*y> © <c'V> ||y|r d*y 
'(A\A )nA 

# — 
We will prove that I = O and 1 = /j (1 ••- yJ).T(v). The ranges of 

integration in both I and 1 are invariant under translation by 
^ 1 2 

elements of A , and it follows as in 4.1.9(ii> that both the 

integrals are independent of the choice of c where c is such that 

cA = D <t. 
A / 

/ 
/ 
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Consider I . It is possible to write (A\A ) n A as a 
2 

countable disjoint union of sets xA , for x e (A\A ) n A . It 

therefore suffices to show that 

;x) = 
JyJ 

I(x) = I v(c"V> ^ (c"'y> ||y|r d*y = 0 
cA ^ 

whenever x e A n A but x « A . By 4.1.3, the integral is 

unchanged when the range of integration is replaced by A x. Thus 

it is possible to replace x by u xu for any u , u e A . This 

means that we can assume x to be of the Smith-Normal form, that is 

^ r r r ^ 
X = diag I? *, ? ̂ ,...,? J 

where ? is a prime element of A and r 's are nan—negative integers 

with Tĵ  > 0 (C N3,15II9). Now suppose ^ = ?̂ A with 1 > 1. Then 

l-t I "^ 

there exists w = (a ) € ^ A\? A such that ^(.1 + w) ^ i. Let yj 

be the continuous character of C such that w = V » nr . Then 

V^d + w) = w{nr (1 + w) ) J^ 1. 
A/'C 

Since nr (1 + w) = nr (detd + w) ) and v'̂ nr (detd + w) ) ) >^ 1 
AXC DXC D/C 

by d e f i n i t i o n of ^, we have 1—detd + w) e ? ~ A\^ A. Hence we 

can f ind z = d iag ( 0 , 0 , . . . ,X? ~ ) wi th \ € A such t h a t v 'd •*• z) ^ 1. 

C l e a r l y 1 + z e A . Then because || 1 + z j| = 1 and the measure /J 

i s i n v a r i a n t under t r a n s l a t i o n , we have 

I (x ) = I ^ v < c ' y d + z ) ) d^(c~*yd+z>) | |y|f |ll+zl|®d*y 

x) = r . v(c"^ 
JxA 

JxA* 

V 

= V'd + z) I ^ y^ic'*^y) d^(c'V> d^(c"Vz> ||y|r d*y. 

Now if we write y = xu with u e A , then 

e (c~*y2) = 9 (c~*xu2) = 0 (c" xu) (by symmetry of reduced trace). 
A A A 

Since zxu e ? A = ̂ , so c zxu e D~ . Hence 9 (c yz) = 1 and 
A A 

I(x) = V'd + z) I(x) implying I(x) = O. 
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If 1 = 1 then in the same way as in the case 1 > 1 we can 

choose \ € A and set z = diag (0,0, .. . ,\) e A such that i(/il •+ z) ^^ 1. 

But notice that such a choice is passible unless (A :^A) = 2. For 

then 1 + X €. ?A and so y/il + z) = 1, a contradiction to our choice 

of \. But when this case arises / = ^A is not possible because of 

the following reason: As v' is ramified we can choose u e A such 

that v'<nr^^^(u)) ?« 1 (by 3.2.4). But (A : ?A) = 2 implies that 

u - 1 e ^A. Hence diag(0,0,...,u-l) € ?A which implies that 

y = diag (1 ,1, . . . ,u) € 1 -•• ?A and since ^A = / so v'̂ nr (u)) ^ 1, 

a contradiction to our choice. Hence the case (A : ?A) = 2 and 

^ = ^A cannot arise together. 

Now the proof for the case 1 = 1 carries out word for word as 

in the previous case and we get I(x> = O. 

We can now write 1 = 1 , that is 
1 

Z(<̂ ,̂ s, v> = N(D^f)^~^^^ A//"*''̂  ^ V'<c"'y) ©^(c"*y> d*y 
1 A - ^'•="'= 

We may write A = | | x ( l + / ) , where x ranges over a set of 

coset representatives of A mod (1+/). Then, since v' is trivial 

on 1+/ and O is trivial on c~ x/, for x € A ( a s c A = ^ D 

and 9 is symmetric), we obtain 

Z(0 , s, v> = /̂ <D f) Nf fj (1+/) Z V<c: x) & (c x) 
X 

X ranging over a full set of coset representatives of A mod (1+/) 

Therefore 

Y(i , s, v> = ^<0 jt)*"*^^ Nf^"'^ iJ*(l+f) Tiy/) 
1 A 
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as v' is ramified. Therefore by 4.1.11 we have 

Y(<j!. , 1-s, yj) 
ryy-T r = N <D f) Nf T(V) 

Y(0^, S, W) A'̂  '̂  ^ 

and h e n c e £ (s,V'> = N(D yf> "^ A//~ T ( V > a s r e q u i r e d , 
A A 

4.1.12 REMARK Notations as in theorem. Let y be any character 

of A . We now choose <p e S(A) such that Y(0, s, y/) is not 

identically zero. In fact we can take Y<0, s, y) = 1 for a 

suitable choice of <̂  e S(A). From 4.1.3 we have 

Y(0, 1-s, ^) = £ <s,v> Y(<^, s, v) 
A 

and 
A 

Y(0, s, v/) = £ (l-s,v^) Y(J>, 1-s, v') 

Now we have ^(-x) = <̂ (x) as dx is self dual, and we obtain 

Y(0, s, V') = v'(-l) Y(0, s, v/) 

Therefore theorem 4.1.10 yields the identity 

4.1.13 T(v/) T(v) = w<-l> A/ŷ <V> 

Also from 4.1.S we have 

*• ^ ^ , - * • 

4.1.14 T(v') = E v/(c* X) e (c"* X) = H v/(c X) 0 i-c X) 
x_ _ X _ / 
V{-1) E V<c"*x) ^ (c"^x) = v<-l) T(v/) 

X 

everywhere x ranges over a full set of coset representatives of 

A mod A n (1+/). Therefore 4.1.13 and 4.1.14 imply the 
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following corollary to theorem 4.1.10. 

4.1.15 COROLLARY The Gauss sum T(V> is a complex number of 

1X2 

absolute value N^{\f/) . In particular r iifj) ^ 0. m 

We will conclude this section by briefly outlining how we can 

go over from the simple case to he semisimple case. Suppose A is 

semisimple Q - algebra, and A = n '̂^ » where each A is a simpl( 
p •' V t 

t = 1 

algebra. Since 
r 

^^a/a^ <^> = E *^A /di < a ) , where a = ( a , . . . a ) A/<D . ' ^ A /<0 V 1 r 
P v = t ». p r 

SO we can define a cannonical character 9 of A by O = 0 ® 
1 = 1 t 

for the canonical character G of A. defined in 4.1.1. 
A I 

The self dual Haar measure dx = d/j(x) on A is the product of 

the self dual measures on A . Defining the Fourier transform in 

the usual manner, we at once see that Theorem 4.1.2 

remains valid using the fact- that S(A) = S(A ) «. . .« S(A ). 
^ 1 r 

Defining Y(<^, s, y) in the same way as in the simple case (for 

(p G S(A) and a character v' of A ) we see that 4.1.3 remains valid. 
r 

Further choosing <p = y]| <̂. , 0. e S(A ) , we obtain 
i. = 1 

r 
4.1.16 £ <s,v) = n ^ <s,V' ) 

V = 1 

where «' is the restriction of w to A . One can define 
L I. 

differents and conductors as before, relative to the choice of the 

maximal order A in A. These can now be expressed as corresponding 

objects for the A . To be presise if v = y/j A we write 

A = A ® A e . . . 0 A where A. is a maximal order of A 
1 2 r «. \. 
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D = D ® D « . . . « D where D i s the d i f f e r e n t of A. 
A A A A A V 

/<^) = f-it^ ) ® /(y/ ) ©. ..e /(v > where /(^ ) is the conductor of v' 
1 Z r I t 

The formula 4.1.8 will now define the Gauss sum (when A is a semisimple 

<Q - algebra) and it is clear that 
p 

r 

4.1.17 T ( v ) = n T { v . > 
1 = 1 

because if x = (x,..., x ) and y = (y ,...y ) with x, y € A are 

such that xy « (l+/(y/>> n A then there exists i such that 

xy « <1+/(V' )) o A and vice versa. 
I V . I, V 

Theorem 4.1.10, Remark 4.1.12 and Corollary 4.1.15 now hold for A 

semisimple <& - algebra. The semisimple \fersion of Theorem 4.1.10 
p 

can now be stated as follows: 

4.1.18 THEOREM Let A be a finite dimensional semisimple <D - algebra, 
P 

and v/ a continuous character of A . Let A be a maximal order in 

A, and let D be the absolute different of A, ;(v> the. conductor of V' 

defined relative to A. Then for each <p « S<A) we have 

4.1.19 L (l-s,V')"* Z(0, 1-s, v/) 
A 

= N (D ^<v)>*^^~* T(v^) N (̂v')"*''* L (s,v)~* Z(0, s, V') 
A A A A 

where for a two sided fractional ideal 3 of A we put N B ~ (A:<). 
A 

This theorem can be used to work out the functional equations 

for L-functions as shown in the next section. 
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§2 FUNCTIONAL EQUATIONS FDR L-FUNCTIONS (LOCAL CftSE) 

In this section we will briefly show how 4.1.18 can be used 

to work out the functional equations for L-functions. To start 

with let A be a finite dimensional semi-simple © - algebra and let 
P 

A be a Z order in A. Let M be a left ideal of A of finite index 
p 

(A:M) in A. Suppose 6 is as defined earlier (4.1.1). Let 

4.2.1 M"̂  = I X € A : ©^(yx) = 1 for all y e M | 

By symmetry of 0 , it follows that M is a right A-module. Also M 
A 

is a full A-lattice as M is so (proof goes in the same way as for 

the proof that D is a full A-lattice). 
A Now letting V = End^(M) can view M as a (A, D-bimodule. Then 

A^ 
r S End.(M ) and so M is (T, A)-bimodule. Repeating the 

process we get End.(M ) £ End.(M ) and since M = M, we obtain 

r = End.(M ). Now suppose y is a character of A which is 

trivial on F . Then we may define another L-function based on the 

right ideals of A (note that we have been till now defining 

L-functions based on the left ideals of A ) . We define this as 

follows: 

4.2.2 L!^'"'(M-^, S , V') = E V^<Y) (A:Y>~° 
Y 

where the sum is taken over all right ideals Y of A which are 

isomorphic to M . (^(Y) is defined as V'(Y) = v^y) where y e A is 

such that Y = yM . Since yj is trivial on Aut.M this is well 

defined). This L—function converges for Real s > 1. We are 

interested in establishing a relation between L-functions via left 
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ideals of A and L-functions via right ideals of A. For this we 

< r) L 

proceed in the following way by inverting L (M" , s, y/) into an 

integral. 

Let 4) be the characteristic function of <:M:A>. Then 

^(y> = <?>(x) e (xy) dx = e (xy) dx 
JA *" J{M:A> "^ 

•{ 
0 if y « <:M:A> 

Ai(<M:A>> if y € <:M:A>' 

This implies that 4f = ^(<:M:A>) times the ch.function of CM:A> 

Now as since M £ M it follows that 

<:M'^:A> £ <:M:A> £ <:M:A>-^ (i) 

Also if z € <:M:A> then zM £ A implying that e(zm) = 1 for all 

m € M. This shows that {M:A> £ M . xM £ A shows that 

dixy) = 1 for all y e M and so in particular for all y e ihsAl. 

Hence x e <:M:A> . Therefore -CM :A> £ CM:A> and this together 

with (i) yields CM:A>'^ = <:M'^:A>. 

If now II II denotes the norm defined in 1.2.26 (viii) with 

right A-lattices replacing left A—lattices, then we can write 

L^^'cM-^, s, v> = E llyii; v<y> 
y 

where y ranges over a full set of coset representatives of <fi :A> n A 

mod Aut.M . As in 2.2.4 we connect this with the integral 

I ^ <ifr(x) v'(x) d X , where 4> is the characteristic function of 
A 

<:M:A>. Proceeding in the in the same way as in Chapter 2 §2 and 

using the preceeding facts, one obtains 
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, < r> ,^±. . AJ*(r)~* (A:M)'' Ai*(<:M:A>)~* J-Cx) v'(x)|lx|l° d*x 

This together with the functional equation 4.1.18 gives us a 

relation between 

L (M, s, v) / L^(s,v/) and L̂ '"'(M'̂ , 1-s, y) / L ^ d - s , ^ ) . 

In general this relation will be too complicated, however m case 

A is a group ring it takes a neater form. For then we can 

< r) J. 

identify L. (M , s, v̂ ) with an L- function defined via the 

left ideals of A with the help of the standard anti- automorphism 

of A. Let F be a finite extension of © with with valuation ring R. 
p 

Let 6 be a finite group of order n and put A = FG, A = RG. Let 

the suffix a denote the standard anti automorphism of A defined by 

For a function f on A we denote by f defined by f (x) = f(x ) 
ci CI a. 

for X e A. Let M be a left ideal of A. Then we define the 

contragradient of M as 

M = r £M:A>1 

With all these notations above now the functional equation of 

L.(M, s, v'J 1 when A is a group ring looks like 

4.2.3 L (l-s,v ) ̂  L^(M, 1-s, v̂  ) 

^ -x2a-l _ _ 

= j(A':A) N̂ /(v/)"̂ '̂ l̂ V<nc^ b"^) T (v̂ ) N^iy/)'^''^ L^ (s, v^)~^L^(M,s, y) 

where c e R such that c R = D , the absolute different of F and 

F F F ' 

A' is some maximal order in A containing A. 

4.2.4 REMARK The global counterpart of 4.2.5 or the relation 
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< r) (M"̂ , 1-s, v')/ L (l-s,v) between L^(M, s, v ) / L^iB,y^) and ^^ , _ , , , ^ 

can be obtained by taking the product of the functional equation 4.2.3 

(with A replaced by A and the other objects appearing accordingly) 
p 

over all rational primes p. It is a trivial verification that 

the products are well defined. 
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CHAPTER 5 

Introduction; In this concluding chapter, we will briefly state 

some results (without proofs) which are closely connected with the 

material covered in the earlier chapters. We will also state some 

problems which arise in connection with the results we have 

discussed so far. 

§1 (A) Some results connected with the earlier chapters. 

In the classical case, we know that the Dirichlet L— series was 

used to prove the distribution of primes in arithmetic progression 

of rational integers. We now discuss a similar result in terms of 

the L- functions of orders in semisimple algebras (for number 

field case refer to CSL3 Ch.XV ). To see this let A be an order 

in a finite dimensional semisimple (Q- algebra A with r simple 

components. Let A' be a maximal order in A. Let 

c =limit (s-1) CA, <S) A A 
s » 1 

Let M be a left ideal of A, and let h be the number of 

isomorphism classes in the genus g(M). Then, for a positive T 

tending to oo and each stable isomorphism class CND in g(M) (see 

3.1.2) , the number of left ideals X of A such that 

(A:X) < T, X e g(M), CXD = CND 
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is asymptotically equal to 

c d 1 
- V ^ T?:rryT TdogT) 

M 

In particular, the left ideals of A in a given genus g(M) are 

asymptotically, uniformly distributed among the stable isomorphism 

classes in that genus. For the proof of this result refer to 

ICBR2] 6.10). 

In Chapter 4 we have discussed the functional equations for 

zeta integrals and L— functions of orders in the local case 

extensively. For the global case, let A be a finite dimensional 

semisimple <D- algebra and A a maximal order in A, v' a character of 

J <A) which is trivial on A . Then we can write V = f{ V , where 
P 

I * V = V A . The space S(A) of functions on Ad,(A) is defined as 
p ' p t 

all those functions which are spanned by functions of the form 

<P = U <P : X > r i < p i x ) , x = { x ) G Ad (A) 
'' p '' p p p f 
p p 

where <p e S(A ) for all p and <i> is the characteristic function 
p p p 

of A for almost all p. It is a trivial verification to see that 
p 

the definition is independent of the choice of A. We now form 

5.1.2 Z(0, s, v/) = I <p(x) v'tx) ||x||̂  d*x 

where as usual |(x|| = p || x ||. 
p 

I f now (p e S(A) i s o f t h e f o r m <p = n (P •, 4> <s S(A ) , t h e n 
U p p p 
p 

5 . 1 . 3 Z ( 0 , s , v') = n ^^'P » s , v' ) » R e a l s > 1 
" P P 
p 
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Bushnell and Reiner in CBR3] showed that in the global case 

5.1.4 Z(0, 1-s, w ) = Z(<̂ , s, V ) , for all <p « S(A). 

We now change the notation and let A be a finite dimensional 

semisimple <D - algebra, A a 2 — order in A, A' a maximal order in 
p p 

A and M a left ideal of A. We have already seen in 3.2.13 that 

f(s) = Z^(M,s)/ C^. <s) € 2Cp"°3. 

The functional equation 4.1.2 yields some information about f(s) 

and it has been shown inCCBR33 12.8) that 

5.1.5 f(s)=c||o»|| (A:M) p 

+ (terms contaning lower powers of p ) 

where 

(i) c is the positive constant 

c = A^*(Aut.M)"* A:<N) (^M:A>:A'> 

M A 
( i i > a ( L ) = u ( S (L) ) where f o r an i n t e g e r k we s e t 

S. ( L ) 
k 

= I X € L n A* : |lx|l = p'̂  I 

( i i i ) t h e i n t e g e r a (L) i s d e f i n e d by 

p""^^^' = Max I l|x|| : X € L n A* I 

for any arbitrary full 2 - lattice L in A. 
p 

<iv) N .= I y € A : ©(xy) = 1, for all x e <:M:A> I, that is 

N = <M:A> (using the notation introduced in Chapter 4). 

* -L 
(v) oi € A is such that A' = A'ot (such a choice is 

J. 
possible as A' is a left A'— lattice). 
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(B) Some open problems. 

(I) As usual, the calculation of L- functions of orders in 

concrete cases present a lot difficulty. Of immediate concern is 

the calculation of orders in number fields. In this connection, 

let us point out that even the simplest case of quadratic fields 

have not been tackled so far. ( L-functions for group rings have 

been calculated in CBR2].). 

(II) Another problem worth venturing into is to see whether 

L. (M , s, v) can be expressed as an L- series via left of A in 

general ( it has been shown in Chapter 4 that this is possible for 

integral group rings). It is too much expect a neat relation 

between L^(M, s, v') / L (s,v) and L.*̂  (M , 1-s, v ) / L ( I- s, y/) 

in general. However, it may not be impossible to get such a 

relation in special case. 

(III) If A is a finite dimensional semisimple <D — algebra then with 
p 

usual notations we know that 

L^(M, s, v') = g(s) L̂ (5,V'> 

where g ( s ) e 2Cv/3Cp~^]. I f v' = V i s t h e t r i v i a l c h a r a c t e r , t h e n 

L . ( M , s , V ) = Z . ( M , s ) A ' ' o A 

and in 5.1.5 we have given a somewhat explicit expansion of 

f(s) = Z^(M,s) / CA' ̂ ^^1 ^' 3 maximal order. It would be nice to 

see if such a formula could be given for 

g(s) •-^(M, s, v> / L^(s,v) • 

when y^ is any character of A . 
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