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PREFACE

In 1737, Euler proved that the infinitude of rational primes by
using an infinite series which has come to be known as the
Riemann zeta function. Riemann studied this function and showed
how this function reflected the arithmetic properties of the
integers. In 1837, Dirichlet, in an 1ngenigus manner, used
another infinite series, now known as the Dirichlet L-series, to
prove the theorem on existence of infinitely many primes in an
arithmetic ﬁrogression. Dirichlet L-series was shown ta have an
Euler product expansion, and satisfied a functional equation. But
more importantly, it was found that just as Riemann zeta function
reflects the arithmetic structure of the rational field, the
Dirichlet L-series does the same far the cyclotaomic field.

This connection lead to further generalisations of the concepts
of the L-series and the zeta function. Dedekind =zeta functions
for algebraic number fields and abelian L-series were introduced
and their analytic continuation and functional equationsx were
established. These series played an important role 1n the /theory
of abelian extensions of number fields.

This technique of attaching suitably. defined L-series or
L-functions to various mathematical objects to reflect their

inherent properties continued over the years. One may mention, as



examples, "“non—abelian" L-functions of Artin or L-function
associated by Weil to representations of “Weil groups" or more

generally L-function "motives" (for a brief survey, see [JT1). In

another direction, recently C. J. Bushnell and I. Reiner developed

the theory of L-functions of arithmetic orders in a semisimple

algebra (over @ or its completion @p at some prime pl. They

showed that these L-functions can be used to study the

corresponding zeta functions introduced by L. Solomon in [LS51. As

in the classical case, their L-functions satisfy functional

equations.

This qissertatioq is an attempt to study the techniques of
C. J. Bushnell and I. Reiner as developed in a series of papers
{BR11, [BR2J1, [BR3]1 and (BRA41]. In the following paragraphs, we
outline the contents of the different chapters aof this
dissertation.

Chapter 2 is completely devoted to the study of the analytic
treatment of the Solomon zeta function, as in [BR1l. The crux of
this chapter is the developement of the Solomon zeta functions as
a sum of some suitable integrals called the .zeta integrals (see
2.1.2 and 2.2.6). MWith the help of this integral we can obtain an
Euler product expansion of the Solomon zeta function (see 2.333).

In Chapter 3, the L-functions introduced by C. J. Bushnell and
I. Reiner in [BR21 have been studied. It 1s shown khat these
L-functions are related to some standard L-function (see 3.2.17)
which can be described completely in terms of classical

L—functions (in the global case). This relation helps to

ii



‘determine the analytic continuation of the Solomon zeta functions
and various partial zeta function arising out of 1t (see 3.3.3.
and 3.3.4). Following [BR2] and [BR4], it is shown that the above
mentioned functiop have a pole of order precisely r at s = 1,
where r is the number of simple components of the semisimple

1

algebra (see 3.3.5 and 3.3.7).

Chapter 4 has the flavour of Tate's thesis (as given in [S5L1]).
In this chapter the functional equations of 2zeta integrals have
been studied (see 4.1.2), which imply a functional equation for
L—function (see Ch. 4, §2). The function;i equation of zetza
integral give rise (in the local case) to a factor which can be
éxplained in terms of "non-abelian congruence Gauss sums"” (see
4.1.10). The calculation for this relation is carried out in this
chapter. This chapter follows [BR3] closely.

In the concluding chapter, some results which are closely
connected with the earlier chapters have been stated without
proof. We also state some prablems which arise after studying the

matarials contained in previous chapters.

iii
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CHAPTER 1

Introduction. We begin this chapter by briefly summarising same of

the results connected with classical L— functions. This builds up
the proper set-up in which the results discussed in the
dissertations can be appreciated better as most of them are
generalisations of classical results. Then we introduce the
concepts relevant to the latter chapters and quote a few ‘results .
about them.

The last section concerns itself with a brief discussion of
Tate’'s thesis as the methods used by Bushnell and Reiner
in discussing L—functions of orders follow methods introduced

by Tate.

The notatins to be used are also set up in this chapter.

§.1 CLASSICAL RESULTS

We consider the Dirichlet series

in which a are fixed complex numbers, and s is a complex variable
n

(n°is defined to be e°°9™). Suppose T a_ is 0(t"), that
. nst
is T a t ' is bounded as t —— ®, for some r = O. Then  the
nit n e 0] _
series Y a n converges for Real s 2 r and the convergence

n
n<t



is uniform on compact subsets of the half plane Real s > r. This

shows that the Riemann zeta function

converges and is analytic on the half plane Real s > 1.
The Dirichlet L-function defined via characters mod m (i.e

characters of 2:) is

Q0 _
Y x(n) n °

n=4

1.1.3 Lix, s)

whgre x is a character of 2: and is defined for all n e 2 as
follows: If (n, m) =1, x(n) = x(n modm) and if (n, m) = 1,
set x(m) = 0. Clearly 1.1.3 converges for Real s > 1.

More generally, let R be the ring of all algebraic integers in
an algebraic number field K such that (K : @) is finite. If X is
a non—zero ideal of R, the norm NX of X is the index (R : X) of X

in R. Then the Dedekind zeta function (R(s) of R is defined by

1oy
1.1.4 ((s) = LN = §i n°
XER n=14
where jn denotes the number of ideals: of R with (R:I) = n,
converges to a holomorphic function of s for Real s >1. This is

a straight forward generalisation of the Riemann zeta function,
which occurs when R = £2. Moreaover it has analytic continuation
to the whole s—plane, which 1is holomorphic everywhere except

at s =1, where it has a simple pole. The residue there is



given by the formula

. _ _ EB(k).Reg(k)  -tr2
g1m ‘(s 1)(n(s) = a = ” dk hR

where C(k) is a positive constant depending only on the behaviour
of K at infinity, Reg(k) is the regulator, w is the number of
roots of unity in K, dk is the absolute discriminant and hR is the
order of the ideal class group Cl(R) of R.

We'define the Hecke L-function

1.1.5 L(s,y) T wiX)(NX)™®

X<R

where & ¢t Cl1(R)Y —— C * is a linear character. We can also use
the characters of ray class group for this purpose. The
function L(s,y) converges to a holomorphic function of s for
Re(s) > 1, and admits analytic continuation to a meromorphic

function on the whole s—-plane. If py = 1, then L(s,y) is

holomorphic everywhere and L(1,y) # O. 1In case ¥ = 1, we have
Lis,yp) = (R(s). Each L—function has an Euler product expansion
1.1.6 Lis,p) = MNQ-pPYNP) 7!

P
P ranging over the maximal ideals of R. This product converges

absolutely and uniformly for Re(s) > 1.
The classical Gaussian sum associated to a non—trivial character

mod m (that is a character of Zm*)x, is defined as



1.1.7 Tk(x) = r x(a)wak where w = e2 7™

*
ae2
m

Orthogonality conditions for characters shows that

To(x) = T x(a)

*
a € 2
m

Suppose x’ is a character mod d for some d|m such that the diagram

commutes. The vertical mapping is reduction mod d. Then we will

say that x’ induces x. If now ¥ is a character mod m which is not

a character mod d, then

_ [xtkrT () if (kym) = 1
1.1.8 Ty () { o * if (k,m) > 1

bar denoting complex conjugation.

§.2 SOME BASIC DEFINITIONS, NOTATIONS AND RESULTS.

We now briefly summarize some results some with proof and others
without; which will be used in this dissertation. For details one
can refer to [MOl for subsections (A), and (C), to C[HR1 for (D),

to [G1,[LN] and (W] for (E) and [CF1 and [MO]l for (F).

1.2.1 Notation. Throughout this dissertation



(i) Mm,uull denote localisation of M at P and MP the P—adic

completion of M at P, where P is a maximal ideal in & Dedekind

domain R.

(ii) The "#" symbol denotes the unit group of a ring.

(A) Transition from localisation to completion.

Let ﬁ be a Dedekind domain with quotient field K # R and let P
be a maximal ideal of R. The completion KP of K at P 1is called
the P—adic field and its elements the P—-adic numbers. Now let M
be any R—module. Then the passage from M to Mp can be accomplished
in two steps: localisation (from M to Mp)’ and completion (M““ to MP)

Thus M = R_®M,

[¢ ) (P) R

1.2.2 M =R_ @ M
P P R ™
[ )

If M is any R-lattice (finitely generated R-module). and V = K. M
then we can recover M from MP with P ranging over all maximal

ideals of R as follows;

1.2.3 M KM n (£ g M2», P ranging oaver all

P

maximal ideals of R.

Again for each P, suppose there be given a full Rp—lattice Y(P)

in KP eV = VP, such that Y(P) = MP almost everywhere and we define

1.2.4 N =VnH{ Q Y(P)>, P ranging over all maximal

ideals R. Then N is an R-lattice in V such that KN = V. Further



we have Np = Y(P) for all P.

(B) Orders.

Let R be a noetherian integral domain with field of fractions K ,

and let A be a finite dimensional K - algebra.
1.2.9 Definition. (i) For any finite dimensional K -
space V, a3 full R — lattice in V is a finitely generated

R — submodule M in V such that K.M = V
(ii) An R - order in 2 K —algebra A is a2 subring A of A, having
the Same.unity element as A, and such that A is a full R - lattice
in A. We note that A is both left and right noetherian, since A
is finitely generated over a noetherian domain.

Orders can be thought of as the non—commutative generalisation
of the ring of algebraic integers. Integral group rings are

another example.

1.2.6 REMARKS :
(i) Let M and N be full R-lattices in A. Then

{M:N}L={x € A : Mx € N } and { M:N 3 = {x € A : xM € N } are

full R- lattices in A.

Proof: K.M =A implies that M contains a K- basis of A . So we
can write M = Re‘e I Ren and N = Rf‘ - S - Rfn for
some K- basis { By seecesc @ }y and { ft, .......,fn > of A .

Again for each y € A, yM is an R— lattice in A , and ye, =¥ aufj,

where au € K. Hence we can find an rte R such that rl(yei) € N



for 1 £ 1 =X n . Therefore there exists r € R such that
r(yM) & N, implying ry € { M:N }l . Hence K.{ M:N )l= A. Next as
1r € A, we can find a non- zero 8 € r such that S.lre N.
So € M:N > < s 'N . Since R is noetherian and s 'N is an
R— lattice, so this implies that { M:N )Lis also a R— lattice.
Same can be done for { M:N }ralso. »
(ii) { M:M }L= OL(M) and { M:M }r= DP(M) are R-orders in A, as
lAe DL(M) and Dr(M).

(1ii) For a full R~ lattice M in A, and an R— order I' in A such
that '.M = M we have Dr(M) = Homr(M,M). This is because each
¢ € Homr(M,M) extends uniquely to an element of HomA(K.N sy K.M)

which is the same as HomA(A,A), and hence is given by a right
multiplication by an element of Or(M). We also note that this
shows that Homr(M,M) does not depend upon the choice of I'.

(iv) If A is a maximal R- order in A , then for each n e IN,
Mn(A) is a maximal R— order in Mn(A). ( Proof of this may Dbe
found in ([MO1 8.7)).

(v) Let R be a Dedekind domain, and A an R- arder in A. Then A
is a maximal order if and only if for each prime ideal P of R, the
P—-adic completion AP is a maximal RP order in AP. 1 This 1is in
general true for noetherian integrally closed domains which says
that A is & maximal R-order if and only if R is a maximal ﬁ—order
in A for each completion A of A. (CMO1 11.5)

(vi) Let R be a Dedekind domain and A an R-order in A. If A’ is
another R-order in A then there exists a,f3 € R such that

oA’ € A € 3A'. Now there exists only finitely many prime ideals P

of R such that either a or /3 or both belong to P. For 211 those



prime ideals P such that o, « P we have (aA‘2m= A’ and (ﬁA‘2m= %

'h i 1. c' = - : =
which implies that §<m Aun for almost all P So, AP AP for

almost all P because A = R e A .
P P P)
(vii) From (vi) we see that if A is any R—-order in A, then AP is

a maximal order for almost all P, where P_is a prime ideal of a
Dedekind domain R.

(viii) Suppose X and Y are two Zp—lattices ( Zp is the completion
of 2 at a prime number p ) then we extend the index symbol (X:Y)
sag that it is defined for every pair of full Zp— lattices in a
finite dimensional ®p— algebra A, by putting
(X:Y)= (X:XAY)/(Y:XAY). If x € A" we define "x"A= (Nx:N). Then
|]x||A is independent of ., the choice of N, as
(NxzN)=(NxsMx) (Mx:M) (M:N)=(Mx:M). Also (ny:N)=(ny:Nx)(Nx:N).éo

. C e * . .
I "AIS a multiplicative norm on A . This norm map gives us a

homomorphism from A* into the cyclic subgroup of @ generated by p.

1.2.7 LEMMA. If R = Z ar Zp (where p is 2 prime number) and if A
and I’ are any two R-orders in A, then (A*:r*) < oo,
Proof: There is a positive integer n such that nA € I'. the index

(A*:F*) is then atmost the order of the unit group A 7/ nA. =

(C) Genus.
Let R be a Dedekind domain with field of fractions K. Let A be

an R—arder in a K—-algebra A.

1.2.8 Defintition : Two left A— lattices My N are in the gsame
genus if for each prime ideal P of R, there is a Am;- isomorphism
M =N _ .
P P>



1.2.9 Notation: The Genus of M ={ N

N ~ M > will be
P) P

denoted by g(M).

1.2.10 REMARKS.
(i) Let M,N be left A—lattices such that KM = KN. Then M and
N are in the same genus if and only if R® M 2 R e N that is M 2 N _.
P R P R P P

This shows that two full A- lattices M and N are in the same genus
if M~ N,

P P
(i1) Suppose L,M,N are left A-lattices in the same genus.
Then there exists 3 left A-lattice X in the same genus such that
LeM=N® X.
(iii) Let A be a maximal order. Then any fractional left

ideal of A in A (always subject to the condition that K.M = A) is

in the genus of A.

(D) Some basic facts about Haar measures.

Let G be a locally compact group. Then G has a non—zero
measure u such that

(3) The o—algebra of u measurable sets contains each open set
and hence Borel sets.

(b) u(A) > O for every open set A.

(c) u(A) < o for every compact set A.

(dd) u(A) < o for some open set.

(e) u(A)

u(xA) for all x € 6 and for all u—measurable sets.
That is the measure is left invariant.
This measure is unique upto positive constant multiple. This

is known as a left Haar measure on G. It arises out of a



functional on the linear space

C (B) E{all continuous complex valued functions with complex support1
C

L | J

That is if T:C (G)—> CC is a functional defined by T(f) = € € C,

then we have J fdu = c.
a

Thus all functions in CC(G) are u—integrable. If f € Cc(G) such

that f =2 0 then I fduy 2 0. Furthermore u—left invariant means:

J}(g)dy = J f(xqgldu for all x € G.
a a

1.2.11 REMARKS.

(i) If G is compact then u(G) < o and the normalised Haar
measure in G is given by u(G) = 1.

(ii) One has right Haar measure too and we can convert right
Haar measure to left Haar measure and vice-versa. If G is

commutative they are the same.

1.2.12 Dual Measures.

Ltet f be a continuous function on G that is integrable with

respect to the Haar measure u. The Fourier transform f of f is a

A A

function on G defined by f(x)

H

J fix) <x,x>du(x), where G is the
G

character group of G, and <x,§> = ;(x) for x € 6. Now f is always
continuous. If *in addition % is integrable then the Fourier

inversion formula.

fl-x ) = J FIX) < %yx > dap(x) = F(x)
holds, for a suitable choice of Haar measure L on é.(For this

10



3

we cannonicaly identify G with G.

1.2.13 Definition.

~

(i) Such a measure u on é is said to be dual to u.
(ii) Let G be a locally compact group for which G = G and p a
Haar measure on 6 for which f(-x ) = Fix). Then u 1is called =a

self dual Haar measure on G. (Examples of such measures may be

found in [G] ).

Some facts about Haar measures on simple Qp— algebras.

1.2.14 PROPOSITION Llet A be a simple algebhra over Qp

equipped with a Haar measure u. Then for any maximal order A in

A and a € A*, we have u(aA) = "a"A H(A), where | "A is as defined
in 1.2.6 (viii).

Proof: Let A =Mn(D), D a division algebra over the center of A.
Then D has a unique maximal order A ([MO] 12). We put A = Mn(A).
Then A is a maximal order in A. Since any other maximal order in
A is a conjugate of A in A, it suffices to prove the proposition
for A = Mn(A).

Let m be a prime element of A. Then for a € A we can find

an integer m =2 O, such that n"a € A. Let b = n"a. Then bA is a
. * aAh .. A .
A— submodule of aA, and if a € A then BA = 7™ - So bA is of

. m . .
index |n “A in aA. Since two cosets have the same measure, so

(bA)
ACUSE =07 al, -

Therefore w(aA) = |r|| ™ utbA) = |af, wu(A). L

]

ntan) = fa"|  ubAI.  Also (bAzA) = b,

11



1.2.14. Notation. From now onwards,whenever we write dx,we will

mean du(x) for the respective Haar measure u.

* .
1.2.15 REMARK We can also introduce a Haar measure on A by using
»* .
a Haar measure on A. For this, let f € Cc( A ) and we consider

I(f) = J . TEX) "xwddx » where || [=] "Aand dx is a Haar measure
A

on A. Now J FOxy) x| Tt = J . Ty Iy [y Jex = J L F00 x| ax
A . . A A

if [yldx = d(xy). This is a symbolic way of writing p(yE) = |y|x(E)
for all u—measurable sets E. To prove this we note that if we
define p’ (E) = u(yg), y fixed, then ' is again a Haar measure on A.
Thus w’' is a constant multiple of p and hence it suffices to prove
that the constant is |y|. But we have p’" (A) = ulyA) = |y | <A
from 1.2.15. Therefore |y|dx = d(xy) is established. Hence I(f)
is left invariant; also f 2 O implies that I(f) =2 0. So by a

well known result in measure theory I(f) can be extended to an

integral on A* which arises out of a3 Haar measure on A*. This
Haar measure on A is clearly dx"x"-t.

1.2.16 PROPOSOTION. Let A be a finite dimensional simple
Gp—algebra. Then the set A\A* = {x € A :1x & A*} has measure zero,
with respect to any  Haar measure on A.

Proof: Let A = Mn(D), D a division ring over Qp. We assume n 2 22
since, the case n = 1 is trivial. Let A be the maximal order 1in

D, and let ¥ be a prime element of A. Suppose (A3A¥) = g. We fix
a notation and write | || = | “n' If we are given a left vector

space V over D, and a D-basis VoaVorsesa V) of V, we extend | | to

12



r
a function on V by defining Higxxivi" = ?ffsﬂxt"’ x, € D.
Let uD be the (additive) Haar measure on D for which uD(A) = 1.

Let “v be the corresponding product measure on V because of its
identification with D". Then for v € V and N 2 O we have

p,({u €V : lu - v|| = g V3 = g™V (because ag®

{uebD: |uf = q
We have to show that the set Mn(D)\Gln(D) of singular matrices
in A has measure zero. Now if SL is the set of matrices with the
property that the im row is a left D-linear combination of the
remaining rows, then Mn(D)\Bln(D) =£915£. So it is enough to show
that “A(Si) =0 ¥V i. To simplify notations we take i = n and
prove that pA(Sn) = 0. Let V be the left D-space of vectors (xu,xk)
for 1 =1 <n-1, 1 £ j<n, 1=k =n-1. Then dimDV = n®-1. The

map F:V —— Sn defined by

i ]
x -‘..-‘...‘I.x
11 in
F((x"‘i . )\k )L,j,k) = . ...........n..
DAX reene - 7\Lx,m
i=1 i=1
‘ L .

is a surjection. Let L be the A- lattice in V consisting of the
B . . . . . _ -m
vectors with all their entries xu,xk lying in A. Since V —mg%( L,

it is enough to show that yA(F(t-mL)) = 0 for each m =2 0. Let N be

a large positive integer and view M as fixed. ° Let
’ - ’ » = -m
v (xtj'xk ) € V,and v (xu,xk) € ¥ L, and suppose
| v = v =a™.
. -n —_y ¢ . - -
Then, || F(v) - F(v’) || £ Max {ﬁ s | E(Kfﬁjxk §j Y[ = 1=i=zn }

P . ’ . m-~N
But | £ 0y, Arx 0 1S max (IRl Il < @

Therefore for a fixed v € £¢"L, the set E, = {F(v') : |v-ve || = q ™ }

13



2
n (m-N)

has measure =< q . Now let v range over a set T of coset
- N
representatives of 4 "L mod L. Then T has
2 2
(t—mL:tNL) = (A:Em*NA)"‘—” = qm”an-“ elements. Moreover,

if for v € Vv Xv = {V' Vs ”V"V' " = q'N} then f~mL =vg’l‘xv'

2 2 2
Hence it follows that u, (F(Z77L)) < gMn S gn (moNy, q2n momeN

Since this holds for all large positive integers N, therefore

pA(F(Z-mL)) = 0 as required.

The following remark shows how Proposition 1.2.14, Remark

1.2.16 and Proposition 1.2.17 can be extended fo semi—simple

algebras.

n

1.2.18 REMARK: If A = i A;’ At simple Qp— algebra, then any

i=1
order A of A can be written as A = A‘G Aze....e An (see [MO1)
n
and hence "x"A= I‘JXm"A » where X = (X yceceaa,x ). If H, is a
= n
Haar measure on AL then u defined by up(E) = 7 “(Et)' for a
=3

measurable set E of A and Et= E N At' is a Haar measure on A.
Now since any Haar measure on Q is a constant multiple of u,
therefore 1.2.14, 1.2.16 and 1.2.17 is also valid when A is a

semisimple Qp— alebra.

(E) The space of Schwartz-Bruhat functions.

~

In the last section we introduced the Fourier transform f of a
function f defined on a group G. Functions f for which both f
and f are continous and integrable turn out to be quite

important. The space of Schwartz - Bruhat functions is one

i4



such class of functions fof which this is true. We shall define

this class of functions when G = R" and G is a vector space over

1.2.19. Definirtion:

(i) A Schwartz - Bruhat function f on R" is a complex valued c®
function on R” such that for every polynomial p on R" and every
differentizal operator D aof the form g Q/Oxi,....., o/oxn )
where q is some polynomial in C[x‘,..,xn], the function Dpf is
bounded.

(ii) A locaily constant function on a space S is one such that
every point of S has an open neighbourhood where the function is
constant.

(iii) Let A be a Qp— vector—space. A Schwartz - Bruhat function on
A is a complex valued locally constant function with compact

support.

1.2.20.,, REMARK A function f is locally constant if and only

if f '(a) is open for every a € C.
Proof: If f '(a) is open for every a € €, then the implication 1is
trivial. For the other way impliction, let f be locally constant,

that is for x € A there exists an open neighbourhood Nx of x such

1

that f(Nx) = ¢, c a constant. Let f (a) = L and y e L € A. So
there exists a neighbourhood Ny of y such that f(Ny) is a
constant. But Nyﬁ L is nonempty ,implying that f(Ny) = a.

Therefore NyS L, showing that L is open.

15




1.2.21. REMARKS

(i) A Schwartz — Bruhat function is continous, because if 0 £ C

be open , then f (@) = U £ G is open .

(ii) A Schwartz - Bruhat function on A is a finite linear

combination of characteristic function of the sets w + X, where w € A

and X a full Zp— lattice in A.

Proof: The finite linear combination of characteristic function of

the sets w + X clearly has compact support Uw+X), a finite union

and so the combination is locally constant also.

Conversly, let f be a Schwartz — Bruhat function on A. Then we have

A = Ucfd(a) s a8n apen cover of A. Let L be the compact support
ae

of f, then since L < A € U f4(a), there exists finitely many
aeC

r
-1
818, 4e0c02--8 € C such that L Siyif (a). So Range f < {P,ai,...,ar}

and A= fa) cL if a. = 0. Also as f (a) = a\ U F 1)U 1o
' : t t k#t k

s0 we see that f—t(ai) is closed and hence compact (being a closed

subset of a compact set L). Since f-i(ai) is open and

compact, there exists xu,...,xmjn f—i(ai) and a full Zp— lattice

m
X, in A such that f ‘(a) = U (x, + X). The cosets are
r m
disjoint proving that f = [T T ai(ch.function of (xLJ + XL). -
iz4 j=1 .
(iii) Since f € S(A), the space of Schwartz — Bruhat function on

A, f is locally constant with compact support, it follows that we
can find full Zp— lattices X,Y in A with X € Y such that f 1is
constant on cosets mod X but is identically zero outside Y.

(iv) Given any two full Zp— lattice Xo, X in A, there 1is an

integer f 2 O such that pro € X. Sa the space of Schwartz - Bruhat

16



. f
functions on A is spanned by characteristic function of spheres w + p Xo

for varying w e A, f €2, f 2 0 and a fixed Xo.

r
1.2.22. REMARK. Let A =i Ai is a semisimple QP — algebra.
i=1
Then S(A) = S(Ax) ® ...® S(Ar), where ¢u®....® ¢; € S(A1)®...®S(Ar)
r
is defined by ¢1®...® ¢r(x1,...,xr) = .Ln_ft(x,‘) faor X, € At.
Proof: Clearly S(A‘)G...Q S(Ar) € S(A). Let ¢ € s(A). we choose

r
a full Z - lattice Lt in At for each i and put L =t91LL' Then L
P = .
is a finite Zp— lattice in A. Now ¢ 1is a finite C- linear

. . . f
combination of characteristic functions of spheres x + pL , f 2 O

and x € A. This can be written as a tensor product of

characteristic functions of the spheres x. + pﬂ% in AL’ (1<i<0)
and where x = (xi,...,xr). Hence S(A) = S(Az)e"'e S(Ar). -
We now quote a theorem without proof which gives us a nice
property of the space of Schwartz - Bruhat functions.

1.2.23 THEOREM Let G be a2 locally compact abelian group. If
f € S(G), then f is continuous and intergable and f € S(6). So the

same 1s also true for f.

1.2.24. Notation: G a locally compact group. By S(G) we will

mean the space of Schwartz — Bruhat function on G.

(F) Reduced norms and traces.

Let A be a2 simple algebra with centre K. Then there exists an

extension E of K which splits K. This means that there is an

17



’ 2
isomorphism of E — algebra- h : E @KA = M“(E) where (A:K) = n".

Consider the characteristic polynomial of the matrix Wi®a).
We have the follqwing properties:
(a) this characteristic polynomial is independent of h.
(b) this characteristic polynomial isAindependent of the
splitting field E.
(c) characteristic. polynomial 6f h(lea) € K [x].

Hence for a € A we define its reduced charactéristicApolynomial as

1.2.25. Definitions.
(1) Reduced characteristic polynomiaIA/K(a)

= characteristic polynomial of h(1lea)

(ii) Reduced trace of a = tr (a)

trace of h(lea)
A/K

nr (a)

determinant of h(iea)
A/K

(111 Reduced norm of a

1.2.26. Relative reduced traces and norms.

Let B denote a2 central simple L- algebra with (B:L) = m> and iet K
be a subfield of L with (L:K) = n. For each b € B, we define its

reduced characteristic polynomial relative to K by

Red. ch. poly.a/K(b)

NL/K[ red. ch.~poly.n/h(b) ]'

= x™- ¢tr WX L+ -1D™Ar (b))
Br/K B/K

where ﬁuxf(_x') = determinant of f(X): f(X) itself is defined as
follows: If f(X) = [ ax’ e L[X], we define f(X) = [ Z,‘x" € M (KIXD)

where each a € L maps onto a matrix a € Mn(K) describing the

18



action of left multiplication by a on some K- basis of L.

We call ¢tr the relative reduced trace and nr the relative
B/K B/K

reduced norm,and we have

1.2.27.

]

tr (b)) = T [ tr (b) ]
B/K L/K B/L

nr (b) N [ nr (b)
B/K L/K B-/L

where T and N are the usual trace and norm of L over K.
L/K L/K

1.2.28. REMARKS.

. _ 2 =
(1) If (A:K) = n 'y, then char. poly.A/K(a) = {red. char polyi/x(a)}

for a € A. Hence T (a) = n . tr (a) and
A/K A/K

N (a) = (nr (a)y)".
AK A/K

(1i) If A is a simple @ ( Qp ) algebra with center C, then we call

trA/Q ( trA/GL) and npA/Q (nPA/Q: the absolute reduced trace and

norm respectively.

m

(iii) Let A be a semisimple algebra with center L. Then A = 1] AU
m L=t

L=n Lt where At is a simple algebra with center Lt' The reduced
t=1

norm and trace maps of At aver L,L can be put together to give a

reduced norm and trace map of A over L defined by

m m
nr (a) = q nr (a ) and tr ta) = §, tr (a ),
AL i=1 Acky b At iz I
where (at,......,at). Further, if A is a semisimple @ - algebra

with centre C, then

m
) = n NC;/Q (nraclc}ai))

=13

nrA/Q(a) =‘ nPAL/Q(ai

L 19

1]
-

m
A/@ ' ) = £ T (tr, o (3 )

=4

m
tr (a) = g trAL/Q(aL
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1.2.29. REMARKS.
(i) Let A = Mr(D) where D is a skew field with centre K. Let a € A
be given by a = (aqr € Mr(D). We now choose E > K to be the
splitting field for D, and let

g2 D—— E @KD = MS(E) be an embedding of A in MO(E).
Then the embedding of A in rua(E) is given by

't A — E @KA = Mra(E) defined by u’ (a) = (“(a;j))tst.js:*

r
Therefore trA/K(a) = trace of u’ (a) = FE trace of u(au) = tg trD/K(a”)

(ii) Keeping the notation as in (i) if a = (au) € A is now upper
r r
triangular then nrA/K(a) = det. wu’ (a) =rg det. u(au) =‘Utnro/x(au)

(iii) Notation as in (i). Let a = (au) € A. Then

nr (a) = det. u’(a) = det. (u(a )) . = ul(det. (a ). ). Now
A/K 1) L) L) o)

if we put =z diag(1,1,...,det. (au)) then we have

nr (z) = det. p’' (z) = det. diag(l,1,...,ul(det.a)) u(det.a)

A/K

= nr (a).
A/K

1.2.30 PROPOSITION. Let A be a finite dimensional simple Qp—algebra

with centre C. Let A be the maximal order of C, and A’ a maximal

order in B . Then we have

I

(i) If p is an infinite prime and A MP(M) where H is the skew

field of real quarternions then nr(A) = nr(H) = R* and nr(A*) = R
{ii) Otherwise nr(A) = C and nr(A*) = C*.

Here nr stands for nr .
A/C

(The proof of this proposition can be found in [MO1l, 33.3 and 33.4).
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The following theorem attributed due to NAKAYAMA and MATUSHIMA
tells us something about the kernel of the reduced norm map. We
will quote the results without proof, but the details can be found

in [NM].

1.2.31. THE NAKAYAMA MATUSHIMA THEOREM

If D is é'division algebra over a p—adic number field with center
C. Then every a € D with nrb/c(a) = 1 is necessarily a product of
commutators ——actually a product of atmost three commutators.
Hence kernel AL commutator subgroup of D (say D’). Further

if A = MP(D) then kernel LN A’, the commutator subgroup of A.

§3 BRIEF DISCUSSIONS OF THE OBJECTS AND RESULTS APPEARING IN

TATE'S THESIS.

Let K = Kv be the completion of a number field under the absolute

value v. We call K a 1local field. We denate by | the

l
normalised absolute value, inducing the ordinary absolute value on
the reals if v is archimedean, and the p—-adic absolute value |p|v=1/p
if v is n-adic (n is the maximal ideal of the ring of integers of

of ‘the number field K and p = n n 2).

Ifn = (K : @) is the local degree, then we set [x| = |x|n
v v v v v

If v is padic , and Nn denotes the number of elements in the residue
class field ao/n of K (a is the ring of integers of K), then
= -
X = lIx = (Nn) where = ord _x
Ixl, = lIxl, = oo y n

Suppose for the moment that K = Qv. We define a non—-trivial
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character on the locally compact, additive group of K as follows:
If v is archimedean, we put
xo(x) = ~-x (mod 2)
If v is n-adic then there is a cannonical embedding of Gp/ Zp into
®/ Z, namely onto that subgroup of ®/ Zhaving only powers of p in
the denominator. Viewing @/ 2 as embedded in R/ Z = S‘,um let X,
be the compositions of these homomorphisms, sending @p into R/ 2

X 1 O, —— Q /2 —— Q)2 —— R/ 2

o]
If K is a finite extension of @ and Tr = Tr is the
p K/@P
trace, then the homomorphism x =x, ° Tr is a continuous |,

non—trivial homomorphism of K into the unit circle in the caomplex
plane.
With the help of the above definitions we can now say that if K
is 8 local field, then the bilinear map
(x, y) eznt Adxy)

induces an identification of the additive group of K with its own

character group.

In choosing a Haar measure on K, we choaose one which 1is

self—dual. We shall choose

dx = ordinary Lebesgue measure on the real line if K = R
dx = twice the ordinary Lebesgue measure if K = C
dx = that measure for which the integers a of K get measure (NDP).V2

if K is np—adic. Here Dp is. the local different, that is the ideal

of a such that Dp = { x € K : Tri(xy) € Zp for all y € a }.

. *
If g denotes any Haar measure on K, and if x €« K is a non-zero

element of K, then
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pixae) = ||x|| u(a)  or symbolically dixy) = |x] dy
Notice that 1.2.14 is a clear generalisation of this result.
As in 1.2.12 if we define the Fourier transform f of a function
f e Lx(K) by

fly) = I f(x) e 2 Ry g
K

then with our choice of measure, the inversion formula %(x) = f(-=x)

holds for f in S(K).

The units Uv = U of our local field K are the kernel of the
homomorphism a — |a], for a K¥. If v is n—adic, then a
trivial verification shows that U is a compact open subgroup of K*,
and it is always a compact subgroup of K*.

. * . .
By a quasi-—character of K we mean a continuous homomorphism c

of.K* into the multiplicative group of complex numbers. A character

is thus a quasi—characfer of absolute value 1. We say that c is
unramified if it is trivial on U and ramified otherwise. The
unramified quasi—characters aof K are the maps of the form
c(a) = [a]|® o9 ¢

where s is any complex number; s is qetermined by c¢ if v 1is
archimedean, and 1is determined only upto rational integral
multiples of 2nrni / log Np if v is np—adic.

If v is n-adic, then the subgroups 1+nr (y € 2, yz0) form a
fundamental system of neighbourheoods of 1 in U. Any character

must therefore vanish on one of these subgroups; we call the ideal

- - m
;n = #p.x n

the conductor of ¥ if m is the smallest integer for which x(1+nr) =

Now any bounded quasi-characterc is a character: for if |c(x)| = 1

23
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for some x € K* then x has no finite order. So without 1loss of
generality we can assume |c(x)| > 1 and hence can find n large
enough such that |c(x)|n > M, a bound of c. From this it also

* .
follows that a quasi—character of K restricted tao a compact

*

subgroup of K is a character and hence in particular a
* A

quasi—character of K restricted to U is a character. Therefore

if x € K*, x = nu for u € U and n a local uniformizer, and c a

*
quasi-character of K , then

c(u) z" where c(nt) = 2

c(x)

x (u) z" where xy is a character of K*.
Conversely given a character y of K* and a8 complex number 2z we
get a quasi—-character
c(x) = x(x) z"
Using the above two results one can prove that the
quasi-characters of K* are the maps of the form
a —— c(a) = c’ (") |af°
where c’ is any character of U uniquely determined by ¢, and a’ is
the U—-component of a € K*. The complex number s is determined by
c if v is archimedean and determine only wupto rational integral
multiples of 2ni/logNp if v is p-adic.
Two quasi—characters c, and c, are said to be equivalent if
‘ s s
ct(x) = x(x) |x] * cz(x) = x(x) |x]| 2
for a fixed character xy of K*. Then the equivalence class of
quasi—characters determined by x is in one—one correspondence with
the "surface" obtained by identifying points in € which differ by
rational integral multiples of 2ni/logNn. Hence we can talk abaut

analytic properties of functions defined on that equivalence

class. In other words h(c) is analytic at ¢ if it 1is so as a

24



function of the complex variable s determined by c(x) = x(x) "x"s.

Now let K be a local field and f € S(K) and x a character of
K*, c a quasi—-character of K* (in the equivalence class of x).
The local zeta—function of f is defined as

Z(f, c) = I . fOo cto d¥x
K

(this is known as the Mellin transform of f). If c(x) = x(x) "x"°
we write

Z(f, €) = Z(f, c, s) = I . OO 200 x|® d¥x.
K

This local zeta—function is holomorphic for Real s > O.

For a quasi-character c of K*, let ¢ be defined as

cix) = ¢ *(x) B3l
If c(x) = x(x) "x"e, then
c(x) = 2 Y(x) "x"‘—s
With the above definition of E, and f, g € S(K) the 1local zeta
function satisfies a functional equation
Z(f, c) 2(g, c) = Z(f, c) Z(g, ©)

in the domain O < Real s < 1. ,

In view of the functional equation, if there is a function f
such that Z(f, c) = 0, then the quotient Z(f, c)/Z(f, ¢©) is
independent of the function f. This quotient will be denoted by
elc) = p(y, s). Then for f € S(K) and O < Regal s < 1 we also have
the following functional equation

Z(f, c) = plc) Z(Ff, &)
The function p(c) is defined by this equation for 0 < Real s < 1,

but can be extended to a meromorphic function to the whole s—plane

by analytic continuation.
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CHAPTER 2

Introduction: In this chapter, we discuss the analytic treatment

of the Solomon’s 2zeta function of 1lattices over orders in
detail. The material covered here were first given in [BR1]. The
treatment is in terms of idel&c integrals and is in the 1lines pf
J . Tate’'s thesis. As a result of this discussion, not only we
express Solomon’s functions as zeta integrals but also establish
the Euler products for such functions. All these will be basic jn
our discussion of L- function of orders later.

We must point out that Soiomon, in his paper [LS] where he
introduces his zeta functioqs, also establishes Euler
products([LS]nglb)but then he does it in ,a purely algebraic

manner.

§1. SOLOMON'S ZETA FUNCTIONS.

Let A be a finite dimensional semisimple @ or ®p— algebra and A a
2 order if A is a @ -algebra or a Zp order if A is a QP— algebra.
From now onwards we will call A an order in A and it will be
understood that it is a 2 or Zp order according as A is a @ or
Qﬁ-algebra. Given a full A- lattice L in a finitely generated
left A— module V, we define

2.1.1. (L 5 ) =Y (L:N)"

g
A NEL
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where the sum extends over all full A- lattices N in L and s is a

complex variable. Thus (A = (A(L 3 5) counts the sublattices of

L and clearly is a generalisation of the Dedekind zeta function.
We also define the partial zeta functions in case A 1is a

Q- algebra.

2.1.2. Z, (L , aM) 3 5) =L (LzN)"
NEL
NEg M)
the sum extending over all full A- lattices in L such that N lies
in the genus of M denoted by g(M).
There are only finitely many genera of full A- lattices in V
as given in [CR1. So we can pick a finite set S of genus
representatives of these genera. Then clearly

2.1.3. (Ly s) = L Z, (L, g(M; )

MEes

Ca

The following result establishes the region of convergenge of such

functions.

2.1.4. PROPOSITION Let A be any order in the @- algebra A, and

let L, M be full A- lattices in a finiéely generated A~ module V.
Then both the series (A(L; s) and ZA(L, g(M); s) converge
absolutely in the half plane Real s > dimQ V and define
holomorphic functions there.

Proof: The proof is a madification of that of Hey (LDM] pg 130)
given for zeta functions of maximal orders.

Suppose first that A =V =Q, A =L = 2. Then (Z (Z2 ;3 s) 1is
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just the ordinary Riemann zeta function and here is nothing to

n

prove. Next let A =Q, V=&, A=2, L = 2". 1f N is any full
A— sublattice of L then N contains {e‘,...,en}, a basis of V ' over

A = Q. Since L is also a full A- lattice in V, L contains {f‘,...,fn}

some other basis of V over A = Q. Then for 1 1 < n we can have
z a j’ with au € 2 as L and M are both 2£- modules. We
i=1

then have x = (au) e\Mn(Z) N GLn(Q) as det (au) ® 0. So we can

write N = Lx with x e Mn(Z) N BLn(Q) for every A— sublattice N of

N. Further, Lx Ly if and only if xyﬂ € GLn(Z). Therefore we

L (L:Lx) , where x ranges over a full set of
X

representatives of the right coset space GLn(Z)\ [Mn(Z) N GLn(Q)].

have CA(Zn ;5 s)

A set of coset representatives is given by the integral matrices
in the Hermite normal form determined by the conditions (see [N]

Th.II.2 ) a 21,1 <i<n, a=01if i > j and O = a =< a
i ij i) it

i1f 1 < j. If x is in this form then (La:Lx) = | det x [ and

therefore (Z 2" s s) = 1% | det x | where x ranges as above. We
x ©
may rearrange (Z 2" s S) das a Dirichlet series Y cim) m-e,
where the general coefficient c(m) = r n ci(L ” the sum
(d‘,.”dgtl b

extending over all n-tuples (di,....,dn)of positive integers

(8-1) -{8-<(n-1)]

whose product is m. Now sinc

e ¥ d° ¢ d ... d

4 N * 4 &N 2 d, €N

equals L 1\d . L d\d] .... L d"""\d" . So it follows that
d, N d, N d. €N n

n-=
n

(Z"; s) = (2(5). (Z(s—l)....(z(s— (n-1)), where is the

(2(5)

absolutely to a holomorphic function for Real (s) > n.

{2

Returning to the general case when A and A are arbitrary the
comparision test yields the proposition because all A- lattices

will be 2 lattices and hence the number of A- lattices will be less
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than that of 2—- lattices. -

In the local case if A is a @p - algebra, we have already defined
(A (L; s) where A is a Zp order in A and L is a full A- lattice in
a finitely generated left A- module V. Now we define a local
analogue of the partial zeta function. Given a full A- lattice M
in V, we modify the definition 2.1.2 as follaows :

2.1.5. Z,(L, M5 s) = [ (L:N)~

NEL

N=M
the sum extending over all full A- sublattices N of L such that N = M
(this is a correct analogue of 2.1.2 , since in the local case
only one prime is involved). As in 2.1.3 we can again express (A(L 3s)
as a8 finite sum } ZA(L, M; s), where now M ranges over a full

M

set of representatives af isomorphism classes of full A- 1lattices

in V. Also Proposition 2.1.4 is wvalid in this case with @

replaced by Qp and ZA(L, g(M); s) replaced by ZA(L s M 3 s).

§2 THE TRANSITION TO IDELES

OQur aim in this section is to express the zeta functions defined

in the preceeding section in terms of suitable integrals.

(A) Local case

Suppose that A is a Qp— algebra and A 2 Zp~order in A. Let V be a
finitely generated left A- module and let L, M, N denote full
A- lattices in V.

Let B = EndAV and B = Aut V = Units of B
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We can view B as an (A,B)— bimodule. We now define

{M = N = {M : N = { x e€B : Mx € N }

r
This is a full Zp— lattice in B, and furthermore, M : M} = Dr(M)
is a Zp order in B and its group of units is precisely AutAM/ (see

Remark 1.2.6 (i) and (ii) ).

Now note the following remark:

2.2.1. REMARK L, M, N as above. N €L and N =M, then N = Mx
for some x € {M : LY n B* with x unique mod AutAM.

Proof: For the proof of this remark, note that as A = QPA and

v = QPN = QPM, the isomorphism between N and M can be extended to

an A— isomorphism of V, say x. Thus N = Mx with x € AutAV = B .
Since N € L it follows that x € {M : L>. Uniqueness oaof x 1is
clear. ]

The above remark at once gives us

2.2.2. Z, (L, M; s) = T (L:Mx)

X
the sum extending over all x € AutAM \ [ M :LIn B* ] and (L:Mx)
is defined as in Remark 1.2.6 (viii). We now put "X"v = (Nx:N)
for x € B*, where n is any full Zp— lattice in V. As shown 1in
1.2.6 (viii), this norm | "v is independent of the chioce of N and
multiplicative. The norm map therefore gqives a multiplicative
homomorphism from B* into the cyclic subgroup generated by p.

Further, if x is unit in some Zp order N in B, then Nx = N showing
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that x|, = 1.
We now have (L:Mx) = (L:M) (M:Mx) = (L:M) “x“v and therefore
2.2.3 Zy(L, M5 5) = (L:7° L x]g
X

where x ranges over the orbit space AutAM \ [ M : LY n B* ]as
before.

We now discuss the topoloqy on B and B* and show how to
introduce a suitable Haar measure on B*so as to write Z, (L, M; s)

A

as an integral.

A basic theorem given in [W]l, which says that if V is a
topological finite dimensional vector space over a local field K,
then the mapping (xt,....,xn) h——————+.£ X V. of K onto V is a
topological isomorphism for the struct;:;s of K" and v, for any
basis (x‘,...,xn) of V over K, and further V is locally compact.

This shows that the finite dimensional Qp— algebra B is a
locally compact algebra.

Now 1let M be any full Zp— lattice in B . Then
M= bizpe...ebnzp for some Op— basis (b‘,...,bn) of B. Since Zp
is a compact open neighbourhood of zero in QP, it follows thatt%Z

n
is a compact open neighbourhood of zero in @p for 1<i<n whence T bJZ

i=4
is a compact cpen neighbourhood of (0,...,0) in B. So we conclude
that any full ZP— lattice in B is a compact neighbourhood of =zero

in B. Also the units B*of B form an open subset of B as

n
BY =@ \ { U ( @xeuex O xevucuux Q" )} as vector spaces and
p UK P .
(i™ place)
Q xxewax O xaaux @ is closed in Q: for 1<i<n. With the subspace

CLTH plcso)
topology, B forms a locally compact topological group. Similarly
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note that if I' is any Zp order in B, its unit group is a compact
* .

open subgroup of B in the subspace topology as I' is open compact
subgroup of B.

* * »*

We therefore can choose a Haar measure du (x) = d x on B .

This measure can be chosen of the form dx/ ]]x"B for a Haar measure

du(x) = dx on B. (It is possible to prove that these measures are

both left and right invariant). Now for each full Zp— lattice ™

in V, we have End M = Or(M) is a Zp order in B and its unit group

A
*
AutAM is a8 campact open subgroup of B . Hence by elementary
results in measure theory quoted in Chapter 1, AutAM has finite
nonzero measure u*( AutAM ). Now we consider the following integral
a * .
IB* @ (x) "X"v d x » where ¢ = ¢ is the
characteristic function in B of +the 1lattice M:zL>. Since

*

B = y (AutAM)y, where y ranges over AutAM \ B* and so this 1is a
finite union as ( B* : AutAM ) is finite by 1.2.8. Hence 1t
follows by Fubini’'s theorem (LRH]l pg 26%9) that in the domain

of absolute convergence of the integral,

I . P00 |x|2 d*x = ¢ I . ) |x|2 d*x
B y (AutAM)y

the sum extending over all y € AutAM\ B*. Note that " if
X € (AutAM)y for vy € {M:L}, then May € My € L, so that x € {M:L3>.
Thus ¢ being the characteristic function of {M:L> for y € {M:L> we

have

J s [x]2 a*x = J Ix ]2 a*x
(AutAM)y (AutAM)y

- e *
= "y"v H (Aut M)



The last equality follows as "X”v =1 if x € Aut M, Aut M being a

unit group for the Z- arder EndAM. Also, 1f yv &« {M:L} then
b

J P(x) "x": d*x = o.
(AutAM)y ’

Thus J . P00 x| d¥x = u*(AutAM) L vl
. )] !

where y ranges over AutAM \ [ B* N {M:L2 ]. Comparing with 2.2.3
this yields

t

2.2.4 Z, (L, M; s) = g (Aut,m™ (L : M° J . POQ[x]S d”x
B

A

where ¢ is the characteristic function of {(M:L} in B.
In the special case of L = A, M a full left ideal of A, this
can be used to prove that ZA( A, M; s) converges at.s = 1. See

(t01 pg 62\

(B) Global case

We now extend the treatment of the local case to the global case.
For this it will be neceséary to introduce ideles first.

To start with, let B be any finite dimensional semisimple & -
algebra, and let I' be a 2-order in B. The ring Ad(B) of finite
adeles of B is the topological restricted direct producttof the
algebras Bp with respect to FP s P ranging over all ﬁétional
primes. This definit;on is independent of the choice of the order
' To see this, let I' and F‘ are two Z2-orders in B. Then there

exists r, s € 2 such that r[C € € sI'. Now for all primes which
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do not divide both r and s we have (rI")p = FP and (SF)p =T , s0

P
that " =T . Since there are only finitely many primes which
P p
divide either r or s, we have Fp = Fp for almost all primes p. By

generalities of topological restricted direct product, Ad(B) is a
locally compact topological ring. We set Ad(I') = | Fp s+ P Tanging
over all rational primes. Then it is clear th:t Ad () is a
compact open subring of Ad(B). Similarly for any Z2— lattice i in
B, we define Ad(X) =1} Xp s P rangiﬁg over all prime numbers. So
Ad (X)) is a compact DpZn additive subgroup of Ad(B).

Likewise we can form the group J(B) of finite ideles of B as
the topological restricted direct product of the group B: with
respect to the subgroups F: - Again J(B) is independent of the
choice of 'y and is a locally compact abelian group. We
write U(M) = qq F: + P ranging over all prime numbers. Then U(I') is
a open compac: subgroup of J(B). |

We now suppose that A is a3 semisimple @- algebra as before, and
V a finitely generated A- module. Set B = EndAV. Then the group
J(B) acts on the set of full A- lattices in V. We describe this
action explicitly now. Define the lattice Mx, for M a full A-
lattice in V and x = (xp) e J(B), by the requirement that (Mx)P= Mpxp
for all rational primes p-. To prove that such a lattice exists,
we start with the identification of Bp with EndAPVp . IfTI = EndAM

then ' is an order in B and Fp = EndA Hpis an order in Bp. We

P

have xp € F* for almost all p and then M xp = Mp for each such p.

Then Mx = V. N { N Mpxp } is a full A- lattice in V. (We have
P

used the results 1.2.4 quoted in Chapter I freely here).



This action of the idele group J(B) on the set of full A-
lattices in V is transitive on the lattices of each genus. The
lattices in the genus of M are precisely the 1lattices Mx with
x € J(B). This is because if N € g(M), then NP = Np as AP~
modules, which shows that there is a Ap— isomorphism xp such that
Mx =N . S0 x € B* « Now as in 1.2.6 (vi) for any two full

PP P P P
2- lattices M and N in V Mp = Np for almost all p, say for p « S a
*
finite set. Therefore for all p&«e8&5 Mx =M , implying x I .
PP P P p
Hence taking x = (xp) € J(B) we have Mx = N. Further Mx = My if
-1 *
and only if M x =M for all if and only if x eI for
Y PP p7'p Ps y »'p P
all p, if and only if xyd € U(r'y. We now define ux"v = ( Mx:M ),
for x € J(B), where M is any full 2- lattice in V. Then "x"v is

independent of the choice of M. We now consider

J P(x) "x": d™x s where ¢ is the characteristic function of
J(B)

Ad ({M:L2) in Ad(B) and d*x is a mul%iplicative Haar measure on
J(B). Since J(B) = y Uuirdy , where y ranges over the coset

representatives of UT) \ J(B). Therefore

I @(x) ux“: d¥x = T PIx) uxu: dx , where vy
J(B) y JU(f)y

ranges over the orbit space U \ J(B).

N if = (y ) Ad ({M:L2) th M €L Ad({M:L2) = M =L >
ow if y yp € ’ en pyp o as [l. L

{(a ) e U
P

where p ranges over all prime numbers. Also a
implies that M a =M €L that a € Ad({M:L2). Thus
pii ppYp e p v SO Fhat &y

for y € Ad({M:L2) we have

» *
I P(x) "x": dx = J "xy": d x
UMy ur)

*
o I B W
Vo Jua M

Iy s & wa)
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where p* denotes the measure of a set with respect to the Haar
measure d*x on J(B) . The last equality follows as xe u(r)
implies (Mx)p= Mpxp = Mp for all p, implying that Mx = M and hence
“x“v = 1. On the other hand for y & Ad({M:L}) we have

J PG xS d*x = o
UMy

Putting both these together, we obtain that

I P [x|2 d*x
J(B)

p* () ¢ "y": , where y ranges
Yy

over the orbit space ua) \ [ J(B) n Ad({M:zL3) ].

To connect this integral with ZA (L, g(M); s ), we start with

T (L:N)- . But NS L and N 2 M for all p
NSL P P
Neg (M)

ZA( Ly, g(M); s)

implies that N = Mx for x e U(M) \ ( J(B) n Ad({M:L2}) ]. Hence

_ . -8 - . -8 )
2.2.5 ZpC Ly 95 5) = T (LaMo) (LM B Ix|Ig

where x ranges over the orbit space U(F)\ [ J(B) mn Ad({M:L2>) ].

Therefore we have

2.2.6  Z,( L, g(M); s ) = graarnTt wemn® I P (x) “XH: d*x
J<(B)

Here, I' = EndAM, ¢ is the characteristic function of Ad({M:L2) in
Ad(B), and y* denotes the measure of a set with respect to the

Haar measure d x on J(B). 2.2.6 is the global analogue of 2.2.4 .

§3 THE EULER PRODUCT

We may relate formulas 2.2.4 and 2.2.6 with an Euler product.
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For this we have to first construct a Haar measure on J(B).
Returning for the time being to the general notation, let B be a
@- algebra and I' an order in B. A basis for open sets in J(B) is
provided by sets of the form E = | Ep + Where Ep is open in B: for
all p, and Ep = Fp for almost allpp. We can construct a Haar
measure d*x on J(B) by choosing a Haar measure d*x on B: for each

p in such a manner that Jr* d*xp = 1 for almost all p. We then

4

put I d*x =N I d*x . This product has only finitely
E pE_ P

many factors different from 1. The measure d*x is thereby uniquely

determined, and any Haar measure on J(B) can be put in this form.

» *
We write d x = 1 d xp + P Tranging over all prime numbers.
P
To apply this in §2, let B = EndAV and I = EndAV, where A, V, A
and M are as before. We choose d*xP on B: as above. Now we

consider a finite set S of primes which include all those p for

which either (M :L > = I or .[* d¥x = 1.
P P P r P

P
Now for x = (xp) € J(B) and ¢ the characteristic function of {M:L>
we have ¢@(x) =1 ¢p (xp), where ¢pis the characteristic function
P
of M :L 3, (L:M) =.g (LsM)  and so x|, = rl Ix l, + and
» *
HOUC)Y) = up (Fp) where u: is the measure of a set with respect
* P » * *
tod x on B . Let JS(B) =M B n-r an open subgroup of
P p peES pes P
J(B). Then we have
-] »*
IJ (B) @(x) "x"v d x
s
-] »* =Y *
S SR CIE I P AT T PR P M
PES P P vp P pES P P vp P
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* * -3
= r ) (L M) z (L M: s).
Pgﬂ“(p PP AP p’ p’

Taking the limit over increasing sequences of such sets 5, we obtain

( in any domain of absolute convergence )

PU) x| d¥x = gty (L:m® Z, (L, M; s), that is
v M “aA P P
J(B) P P
2.3.1 Z, (L, g s) = ngp(Lp, M5 s)

One can now assemble these product formulas 2.3.1 for various
M's, to obtain an Euler product far (A(L;s). First of all, Ap is a
maximal order 1in Ap for almost all p. For each such p, any two
Ap— lattices in Vp are isomorphic ( [MO] 18.10 ) and hence

Y4 (L ., M5 s) =
P P

(Lp; s) for any L and M.

2.3.2 REMARK Let { M‘,...,Mh } be a8 complete set of genus

representatives of all full A- lattices in V. Then there exists

r and S, in 2 for i = 1,...,h such that PJ% s L s sJﬂ for a full

14

A- lattice L in V. So we can choose a finite set S such that for

’

s &S Lp = (Mt)p for i = 1,...,h. Now let S be the finite set

"

such that for all p « S , we have Ap is a maximal order. Then if
S =858 U8 , we take x = (xp) € J(B) such that for all p &« S, xp €

where we now take I' = End, L an order in B*.
P App P

So (Mx) = (M) x =L x =1 for 2ll p & S.
U L PP PP P

Also since (ML)pxp = (ML)p Hence we can choose the complete

set of genus representatives of all full A- lattices in V to be

{ M‘x,..., th }. -
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Let R be the complete set of genus representatives as in the
remark above, that is for M € R, Mp = Lp for 2ll p &« S as above.

Let Rp be a subset of { Mp t Me R } for each p, such that Rp is a

complete set of representatives of isomorphism classes of full Ap—
lattices in Vp. Then there is a natural bijection
@ : R——— T[IR

. ees P
M — >» { Y 2 where MP =Y for

all p € S.

6 is ane-one as 8(M) = 6(N) implies that MP = Np for all p € S.

For all p « S we already have MP x> Np as Ap is a maximal order then.

Therefore N and M are in the same genus. Since M, N € R sa M = N.

@ is onto for if { Yp >eq Rp s then by the theorem ( [MD] 5.3 )
pES

quoted in the first chapter (1.2.2 ) we can have a full A- lattice

N in V such that N =V n { g YP } where for p &« S Yp = Lp. Take

the genus representative of N say N € R, then 8(N) = { Yp}.

Therefore we obtain

n ((Lp; s) = N L ZI(L , M 5 s)
P

p M erR P P
P P
=i ; s n r Z(L , M35 s)
pes P peS M eR_ PP
=l ;5 s) T n I« , M ;5 s)
p P MeR peS PP
= M nmaw , M5 s) = Y Z(L, gM); s). So
MeR p P P MeR
2.3.3 i ((Lp; s) = (L; s)

39



Thus in analogy to Dedekind zeta functions it is shown that the
Solomon zeta functions also satisfies an Euler product identiy.
It should be noted that formula 2.3.3 can be obtained without using

adeles, see [LS] Pg316 Lemma 6.
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CHAPTER 3

Introduction : We shall deal with the analytic theory of L-

functions of orders in a finite dimensional semisimple @- algebras
in this chapter. Such L- functions will be defined in terms of
Solomon’'s zeta functions that were studied in the 1last chapter.
Standard L- functions ( they appear in [GJ] ) which can be defined
in terms of classical L- functions will be introduced and it will
be shown that these two types of L-— functions differ by some
elementary functions which can be described in purely local term.
The main aim aof this chapter is to establish the analytic
continuation of the L—- functions of orders and to discuss their
behaviour around s = 1. However, we also study partial =zeta
functions defined in the last chapter —— they are bést studied
via L— functions.

We have the following convention : we consider only those

( left ) full ideals of an order whose indices are finite

§1 GLOBAL AND LOCAL L- FUNCTIONS AND EULER PRODUCTS

(A) Global L— functions

Let A be 8 &£ order in a finite dimensional semisimple @- algebra

A. Consider the Solomon zeta function

a1



-8
(A(s) = ¥ (A:zX)
where X ranges over all left ideals X of A, and s a complex variable.
This converges at least for Real s > 1 (see [LS])). To study the
analytic properties of (A we introduce partial zeta functions as

explained below.

Let M be a (full) left ideal of A.

3.1.2 Deftnition: Two lattices X, Y in the genus g(M) of M is
said to be stably isomorphic if X e M =X Y & M,

In most cases, stable isomarphism implies ordinary isomorphism.
This is true if the algebra A satisfies "Eichler condition®
(C(MO138.1). It was shown by Jacobinski [JH] and Frohlich L[FA1l,
that the genus g(M) can be partitioned into a finite number of
stable isomorphism classes.

We now define the partial zeta function ZA(Q(N); s), ZA([M]; s),
ZA(M $ S) by a series such as 3.1.1 but where X is restricted to
the genus of M, the stable isomorphism classes [M] in g(M) and the

isomorphism classes of M respectively. All these series converge

well for Real s > 1 by comparison with CA(s). It is clear that

. /

L,.(s) = Y Z,(g(M); s) ,
3.1.3 A M A h
Z,(g(M) 5 s) = '212"([""]; s)
v=

where M ranges over a (finite) set of representatives of the

genera of left ideals aof A, and where for a fixed M, the stable
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isomorphism classes in g(M) are [M‘],..., [MhJ.

In the special case of M = A, the stable isomorphism classes in
g(A) faorm a finite abelian group Cl(A), called the 1locally free
class group of A. Addition in Cl1(A) is given by [X1 + [X*1 = [X"]
for X, X' € g(A), where [X”] is defined by the condition
X ® X* = X” @ A (such an X” will exist by the result in LMO1
27.3). That Cl(A) is actually an abelian group is verified in
£MOl 35.5 and [MO1 38 P343.

In the general case where M is an arbitrary left ideal of A, we
set [T = EndA(M). Then I' is a Z2—-order in A, and we may view M as a
right 'module. As shown by Jacobinsk; [JH], there is a bijection
between Cl1(I') and the set of stable isomorphism classes in g(M)
given by [X} ——— [MX] for each X € Ebl(r). Now via this
bijection we can impose a ;tructure of finite abelian group on the
set of stable isomorphism classes in g(M). The addition is
therefore given by the formula [M‘] + [M2] = [Ms] where
”19 "z = MSQ M. This group is denoted by Cl(M) and will be called
the genus class qroup of M.

We note that this group structure on Cl1(M) depends on the
choice of M in its genus because it is given via the isomorphism
Cia) = Cl1(M). But as we shall see this will not be an
abstruction to our calculations ahead.

Let w be a character of Cl1(M), that is, a homarphism from Cl (M)
to §’, the unit circle in €. We now define the global L-function

by the formula
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3.1.4 Ly(My sy ¥) = E wlxI(AzX) " °

XEA

X €« g(M)
where s is a complex variable. This series converges absolutely
for Real s > 1, uniformly on compact subsets, by comparison with

the series 3.1.1. We show how to express the zeta functions in

3.1.3 in terms of this L—-function. It is clear that

LA(M, s, ¥) = ¥ wINI] ZA([N]; s)
[ NlecliM)
Therefore T v 'tP] LaMy s, ¥) = L L v 'EPIyIN1 Z,(CN1;s)
wIN]
= E L w(INI-IP1) Z, (IN1; s)

wiN]

r { T w([N]—[P])} Z,(IN15 =)
IN] ¥

Now orthogonality conditions for characters of finite groups(LG]

O if (N1 = [P1]

say that [ w(LNI-L[PJ) = { h = |C1(M)| if ENI = L[P)

and hence ¥ Wd[P] LA(m, S, ¥) = h ZA([P]; s). This implies that

3.1.5 Z,(CP1; s) = h™*

A L ¥ 'IP1 LM, 5, ¥

¥
for each stable isomorphism class [P]1 in g(M). This suggests that
we can use information about L-functions to study the partial zeta
function ZA([N]; s).
Now we will show that a character y of Cl1(M) can be viewed as
an idele class character of A. This 1s done as follows.

Let w be a character of Cl1(M). Then y may also be viewed as a
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character of C1(M) via the Jacobinski isomorphism C1(I") = Cl (M),

where ' = EndA(M). Let Jf(A) denote the full idele group of A,
formed by taking both finite and infinite primes of Q. (Note:
this is different from the finite idele group of Q—-algebras
introduced in Chapter 2 for the finite idele group was formed by
taking only the finite primes of @.). Let J;(A) be the closure of
the commutator subgroup of Jr(A)' The group A* of invertible
elements of A sits inside Jr(A) because for x € A*, xI' is a full
lattice in A and hence for almost all p, xprp = Fp. The image of
A* inside Jf(A) is called the group of principal ideles in Jf(A).

Frolich in [FA] showed that
‘ ~s ’ *
3.1.6 Ci(r) = Jf(A)/Jf(A).A .Uf(F)
where Uf(F) is the group of unit ideles of the order I'y, defined by

*
3 =
3.1.7 Ufﬂq) (R QQA) P g Fp

with p ranging over 2all prime numbers.
Now following Frolich (FAl we can describe Cl(I") in an
alternative way as follows.

Since A is semisimple Q-algebra with center C we can write
n

n
A= 1mnA and C = 11 C , where each A, 1s a semisimple algebra
=1 18 i=1 t L
with center CL' It is routine verification that
n

J Ay = @ I A
L=1
n

J A€y = I AC)
[ §



*
Now the reduced norm Af _— Ct can be put together as shown
L

* *
in chapter t to give a reduced norm map nrA/C : A — C . On

* *
completion we get the reduced norm nrge/CP: AP —_— Cp and hence

a continuous homomorphism

nr @ Jf(A) —p J‘(C)

(xp) b (nrAéCF(xp))
which we again call the reduced norm map. Now Ker(nr) is a closed

subgroup of Jf(A) and J;(A) < Ker(nr). By Nakayama—Matushima theorem

which was quoted in Chapter 1 we have Ker[prA/C] and Ker[nrA‘/C ]
*’ P P
’ AP denotes the respective

’

are A" and A: respectively uwhere A*

commutator subgroups.

*‘
.Jf(A) N r‘l) Ap .

The commutator subqroup aof JI(A) is Jf(A)'

Since now for x = (xp) € Ker(nr) ) = 1 which implies

' nrAP/CP(xp '
that x_ e A: which further implies that (x ) < m A: . Therefare
Ker(nr) < Jf(A)' and hence Jf(A)' = Ker{(nr).
By HASSE-SCHILLING—-MAASS norm theorem which is quoted below we
have nr(A*) = C* N nr(Jt(A)) and C*.nr(Jt(A)) = Jr(é) and so we have

* * * *
Jf(C) \ cC =2¢C .nr(Jf(A)) \ c =z nr(Jf(A)) \ nr{A ). Therefore

nr induces isomorphisms

R * *
J ) \ T (A LAY =T () \C
J (A) J (A)’ A* Uu(ar) = J () C* nr U ()
¢ \ ¢ - =Y = ¢ \ .Nr ¢

Now we suppose that M is a left ideal of an order A in a @-algebra A,
and let I = EndA(M). Because of the Jacobinski isomorphism Cl(M) = C
and the Frolich isomorphism of 3.1.6, each character yw of Cl1(M)

can be viewed as a2 continuous character (also denoted by w) of the
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*
idele group Jf(A), which is trivial on JI(A)'.A .Uf(F). Furthermore

by 3.1.8 we may write

3.1.9 wix) = ; (nr(x)), x € JI(A)
for some uniquely determined continuous character ; of Jf(C) such
that y is trivial on C .nar(U ("),

We conclude this subsection by a result which describes the

characters of Cl1(M).

3.1.10 THEOREM. (HASSE-SCHILL ING-MAASS [MO1,pg 289)

Let A be a central simple K-algebra, where K is a global field.
Let a € K*. Then a is the reduced norm of an element of A if and
only if ap > 0 at every real prime P of K ramified in A. (a prime

P of K is said to be ramified in A if Ap = Mk(S), S a3 skew field

2 P

over K and (§ zK ) = m > 1 )
P P P

(B) Local L-functions.

Let A be a3 semisimple Op— algebra and A is a Zp order in A. Let
M be a left ideal of A, of finite index in A and we set I' = EndA(M).
*
Suppose that y is a continuous character of A* which is trivial on I' .
We then define the local L- function
-8

3.1.11 LatMy 5, ¥) = B w(X) (A : X)
X

where the sum extends over all left ideals X of A such that X = M.

I

This is the correct local analogue for 3I.1.4 as here only one

prime p is involved. This sum converges for Real s > 1.
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I1f we now 1dentify A with EndAA, then as in Chapter 2 we can

*
Mx and this x is unique modl . We now

find x € A* such that X
define w(X) = w(x). 1w is independent of the choice of x in the
above formula as y is trivial on F*. LA(M, s, ¥) is then a power
series in p-g, with coefficients in the ring 2Lyl generated by
adjoining to 2 the values of y (which are of course roots of

unity).

(C) Euler product formula.

In this subsection let A be a semisimple ®@-algebra again. Let
J(A) be the finite idele group of A. Then we may view J(A) as a
subgraup of Jf(A)° Similiarly the finite adele ring Ad(A) is a
subring of Adr(A). As in Chapter 2, if X is a full Z-lattice in A,

we put Ad((X) = nxp where p ranges over rational primes. Then
P
Ad(X) can be viewed as an additive subqgroup of Adf(A). If U = F:
P

p ranging over rational primes, then U(T) = J(A) N Ufﬁ“). Let P
be the characteristic function of Ad({M:A}) in Ad(A) and ¢p the
characteristic function aof {MP:AP} in Ap. Let ¥ be a character of
the genus class group Cl1(M). Then as shown in Chapter 2 §1 (A), y
also defines a continuous character of JI(A)’ also written és Ve
We now put v, = v| J(A), and v, = V| A: for each prime number p.

We then obtain Y. = 1 wp. The character y of JI(A) is trivial on
P

the subgroup [!R ®g A]* of J (A as it is trivial U,

Therefore just as in the proof 2.3.14, we obtain

3.1.11 L, (M, 5, ¥) = P U (ArMd

1

*
@ (x) wf(x) "x"B d x
JCA)
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* .
where d % is a Haar measure on J(A), wu

1=

*
set with respect to d x, and =

Z— lattice N in A.

The character yw is trivial on U(()

for all rational primes p. So we can

each rational prime p, and just as in

1

J.1.12 L

A (Mp, S, wp)

uar*y”
P P
P

< (A

* . »* .
where d x is a measure A as defined
P

for any full Zp— lattice 1n Ap.

Proceeding now in the same way as in Chapter

product formula for LA(M, S, ¥)

3.1.13 L

A M,

S, ¥) n LA
P

results.

*
denotes the measure

of a

(N:Nx) ! for any full
A *

and so wp 1s trivial on Fp
form LAP(MP' S, wp) for

Chapter 2 we obtain

-8
.Mp) JA

in Chapter 2 and |x| = (N:Nx)~

8 *
t ¢p(x)wp(x)"x"p d x

1

2 §3, the Euler

(Mp, S, wp), Real s > 1

1 4

3.1.14 REMARK All these above calculations can be carried out
even when A is an F- algebra, F an algebraic number field with
ring of integers R, and A an R-arder in A, and p replaced by the
nonzero prime ideals of R.
§2 STANDARD L-— FUNCTIONS

In this section we will construct the 1local standard L-

functions on a semisimple Qp— algebra A, and develop some of their
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interesting prbperties. The global counterpart will then be
defined via the Euler product (which.we will show converges). We
will also show the connection between L~ functions defined 1in
3.1.4 and 3.1.10, and the standard L- functions.

We begin with the construction of the local standard L-

functions.

(A) Local Standard L—- functions.

Let A be a Qp- algebra and y a3 continuous character agf finite
order of the group A*. Let S(A) be the space of Schwartz-Bruhat
functions on A (see Chapter 1 for definition ). If ¢ € S(A), then
¢ is a €- linear combination of a finite number of characteristic
functions of spheres ( w + p‘r) for an order I' in A , f is a fixed
positive integer and w ranges over a finite set of elements of A

(see 1.2.21 ii and iv). For ¢ € S(A) we define

3.2.1 Z(¢p, 5, Y) = J . P(x) wix) "x"°
A

* . . . . *
where d x is a8 multiplicative Haar measure on A .

Now if ¢ is the characteristic function of pﬁ“, for an order T

[0 o]
in A then p'r\(o? = U A , where A = p"r \ p""'r. Therefore if we

define [x|| = O for x € A\A* then we have
| Z¢(ey 54 W) | = j ¢ - ﬂxua d*x where ¢ = Real s
P I nA)
= J . " dx (see 1.2.16)
p r '
g-1
(B! dx

AR

|Nn



[+ o]
(-1 ,
= ( Jr\pr dx ] nEf e]" for if xel then |x[=<1

a
Spu . L™ for > 0.
n=f
Then Z(¢, s, w) conveges absolutely to a holomorphic function

of s, for Real s > 1. Hence for all ¢ e sS(A), Z(¢, s, W)

converges to a holomorphic function of s for Real s > 1.

We now introduce the standard L— functions LA(S’ w). They are
some sense the "least common denominator" of the zeta integrals
I(¢$, 5, W) and are characterised by the following axioms:

(C1) There is a polynomial f(x) € CIxl with f(0) = 1, such that
L (s, ¥) = f(p .

(C2) There exists ¢ € S(A) such that LA(S, w) = Z(¢py S, ¥).

(C3) For any ¢ € S(A), the function LA(s, w)“. Z(¢, 54 ¥) is a
polynomial in Cip°,p °1.

The idea of such a "standard L—- function" occurs in [GJ1l.

The existence of such a function satisfying (Cl), (C2) and (C3)

will be shown by producing an explicit one. But once such a

function exists, its uniqueness can be shown as follows:
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Suppose there is another L;(s, v) satisfying the axioms. That is

-1

(i) for some h(x) € CCxJ, L’ (s, @) = hip %) and h(0) = 1.

(i1i) L;(s, y) = Z(¢’, s, y) for some @' € S(A).

‘. Z(p, s, ¥) € CTLp°,p "1.

(iii) For any ¢ € S(A) is such that L’ (s, w)
1f @ € S(A) is such LA(S, v) = 2(¢, s, W), then by (iiit)

L: (s, w) . L (s, ¥) = g(p®,p °) € C€p®,p™"1. Also from (C1) we have
L. (s, vy L. L (s, ¥) € C(p°), the space of complex rational
functions in p °. Therefore g(p°,p °) € C(p ®) n Cp®,p °1 = CCp 1.
Alsa note that qgq(0) = 1 as f(0) = 1 = h(0). Repeating the
arguement for LA(S, w)—i.L;(s, w) = g '(p°,p %), we see that

9 'p%,p™®) € Cp™®1 and g" 0y = 1. This, along with the conclusion

about g yeilds that g = 1 identically. Hence the uniqueness.

We begin the construction of LA(s, yw). The general case may be
reduced to that of simple algebras by using the following
proposition:

r
3.2.2 PROPOSITION Let A = n AL be a finite dimensional semisimple

v=4
QP— algebra with simple components Ai’ and let v, = w|AT, 1 £41 = r.

Suppase that, for each i, there exists a standard L- function LA(S, wi)
L
satisfying (Cl), (C2) and (C3). Then the standard L- function LA(S, w)
r
also exists and is given by LA(S, yw) = n‘LA(s, wi).
v = L
Proof: We only need to check that the above product satisfies (Cit),

(C2) and (C3). Now (C1) and (C2) are obviously satisfied. To check
(C3), we note that s((A) = S(A‘) ec ....@c S(Ar) where C is the center
of A (see 1.2.22). Then any ¢ € S(A) has the form ¢ = ¢u®...® ¢r and

now (C3) is aobvious. =
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It therefore suffices to define L (s, y) when A is a simple Qp—

*
algebra. The first step is to describe the characters of A : this is

done in the following local version of 3.1.9.

3.2.3 LEMMA Let A be a finite dimensional simple @p— algebra
with center with center C. Let R be the valuation ring of the
field C, and let A’be a maximal order in A. Then for each continuous
character y of A* of finite order, there is a unique character ; of C*
such that y = ; o nr, where nr is the reduced norm map fram A* to C*.
Further,

nr(A*) = C* ........................... (i)

3.2.4 * *
nr(A’ ) =R

Thus v is trivial on (A’%) if and only if » is trivial on R*.
Proof: Statement 3.2.4 (i) is just the local norm theorem ( [MO]
33.4) quoted in 1.2.30. To see 3.2.4 (ii) we let A = Mk(D), b a
division algebra over QP, with center C. Then D has a unique
maximal order A, which is a discrete valuation ring. Since nr(A)eR
so if £ is a prime element of A, then nr(f) = n, where n 1is a

prime element of R. So nr(A) = R. But nr(a)

nr{A) by 1.2.29
(iii). Since nr is multiplicative and all maximal orders A’ in A
are conjugates of A, we have nr(A’) = R implying that nr(K'*) = R*.
The NAKAYAMA-MATSUSHIMA theorem stated in 1.2.31 says that the
kernel of the reduced norm map coincides with the commutator
subgroup of A*. Thus there is an isomorphism A*/A*' = C*, A*' is
the commutator subgroup aof A*. This is induced by the reduced

*
norm map. For any continuous character v of A , we thus have that
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~ *
v is trivial on A*ﬁ Now we define a character w of C as follows:

for c € C*, let ;(c) = w(a) where nr(a) = ¢ and a € A*. Then
this is well defined as yw is trivial on A*ﬁ Therefore y = ; o nr
for a uniquely determined character ; aof C*. The remaining
statement is now clear. . ]

3.2.9 Definittion: Notations as in Lemma. A character ; of C* is
called unramified if it is trivial on R* and ramified otherwise.
We can extend this terminology to w, a character of A* by saying
that » is unramified if and only if ; is unramified, that 1i1s 1if
and aonly if y is trivial on A*, for some (ar equivalently, any)

maximal order A in A.

We are now ready to to give a farmula for LA(s,w) when A 1is a

simple Op— algebra.

3.2.6 THEOREM Let a be a simple Qp— algebra with center C. Let
R be the valuation ring of C and p = nR the maximal ideal of R.
We put Np = (R:p), so that N is the usual counting norm. We write
A = Mk(D), where D is a division algebra wth center C, and 1let
dim D = e y dim A = n? s N = ke.
c c
Given a continuous character y of A* of finite order, let yw be the
character of C* such that vy = ¢ o nr as in 3.2.3. Define

~ (1 - p(r) Np®>™ if w is unramified
J.2.7 Lc(s,w) =

1 otherwise.
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and

n-4 ~
J3.2.8 LA(s,w) = .n Lc(ns—j, ¥ )

j=o

j=0o(mod @
Then LA(s,w) is the standard L—- function of A satisfying the
conditions (C1), (C2) and (C3).
Proof: The proof can be divided into two distinct parts. Case I,
when y is unramified and Case II, when w is ramified. For the
Case 1 we require the following Lemma.
3.2.9 LEMMA Let A’ be a maximal order in A, and let y be any
unramified character of A". Then

LA,(A‘, S, W) = LA(s,w)
where LA,(A’, Sy ¥) 1s the L- function of A’ defined in 3.1.10 and
LA(s,w) as in 3.2.8.
Proof: Before going into the proof we first recall some facts
required in the proof.
(a) If D is a division ring whose center contains a 1local field,
then there exists a unique maximal R- order. A in D (I[MD] 12.8).
(b) A is 23 non commutative discrete valuation ring and is
actually the integral closure of R in D ([MO1 12.64).
(c) Let  denote a prime element of A and hence powers of A will
give all non zero one sided ideals of A. These ideals are
necessarily two sided ideals (L{MO]1 17.3).
(d) If A = Mk(D) be a central simple C— algebra (C contains a
local field) then Mk(A)_ and 1its conjugates gqgive all possible
maximal R~ orders in A (IMO] 17.3).

(e) If (D:C) = ez then the index of ramification e(D/C) = e
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whence if p = nR is the maximal ideal of R then pA = (AZ)o (CMO1 14.3)

(f) Let = Mk(D). Ihen A= Mk(A) is a maximal order and every
other maximal order A’ in A is a conjugate of A in A.

Coming back to the proaof of the Lemma (notations used will be
the same as in 3.2.4), let A denote the unique maximal R- order in
D. Then A is a non conmmutative discrete valuation ring and we may
choose its prime element ¥ so that nro/c(t) = n, where n is a
prime element of R. We then have A¥ = fA and (A:AZ) = Npe, where
p = nR. Any two maximal orders are conjugates in A and hence it

follows that LA,(A', s, ¥) is independent of the choice aof A’'.

Thus we may without of loss of generality assume that A’ Mk(A).

Since every left ideal of A’ is principal, and y is trivial on A

the L— function LA,(A', sy, ¥) can be written as
Lyr (A9 55 9) = E wix) (A’ zA %) ° for Real s > 1
X
where x ranges over a full set of representatives of right coset

* *
space A’ \ A’ nA .
*
Since A’ = le(A), we may choose these orbit representatives

in the "Hermite normal form" ([Nl pg 15) X = a,“i € Mk(A), where au

satisfy
=" ,r. 20,15 i< k.
L t
a. =0 if § < i
)
aU ranges over a full set of coset representatives of A modtr A if

We note that for i < j, there are (A:fr A) choices far aU, that is

er

Np choices. Now we have by 1.2.29 (ii)

r+...tr

nr (x) = [nr (8)] t koo ah Tk
AsC psC
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We further have
(A’ sA’ x) = (A:Af)k(r' AT I anf.r.‘
by considering Bx (B € A’) to be the sum of the column vectors of
the product of B and the upper triangular matrix x.
Also having chosen R there are Npmra e SRAR Rk N

choices for the coset representatives x, with each of them in

distinct cosets mod(A’ﬁA*). Then L

A,(A'., s, ¥) is equal to
L ;(n)r, +. . .40, Np“r‘ +2r; +. . . +tk-0n ) Np_ne(r‘ +...45)
L >0

This multiple series when summed gives us
n-t ~ < pl

3.2.10 L, (N, s, ) = [ 1-y(n) Np ““’] for Real s > 1
j=o
J=0 mode

Hence the Lemma. a

3.2.11 COROLLARY Keeping the above notation, for some € > O the
function LA(s,w) is holomorohic and non zero for Real s > 1-£.
Proof: Immediate from the Lemma and the fact that LA,(A', s, ¥) is

holomorphic and non zero for Real s > 1. : -

Now coming back to the proof of the Theorem 3.2.6 for the
case when v is unramified, we must show that the function LA(s,w) in
3.2.7 satisfies (C1), (C2) and (C3). Of these (C1) is obviously
satisfied. Condition (C2) holds because by Lemma 3.2.9 we have
Lo(s,») = L, (A, s, ) = 2 (A )»™ 2(8, s, p), where ¢ is the

characteristic function of {A’:A’2} in A. Since a constant multiple

of a Schwartz— Bruhat function is again a Schwartz~ Bruhat
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function, so (C2) is also satisfied.

We now proceed to verify (C3) for the case when y 1is
unramified. Let ¢ € S(A) . We may express ¢ as a Tinite C-
linear combination of characteristic function of spheres w + ptA',
t is some fixed positive integer depending on ¢ and w ranges over
some finite set of elements of A. We can choose A’ = Mk(A) as 1in
(f) of 3.2.9 without loss of generality. Therefore it suffices to
verify (C3) when ¢ is the characteristic function of a typical

sphere w + pLA'. Next we choose d € 2, d 2 0O such that pdw € A

Then JA, P wix) x| d¥x = L, e%) wipd) [x|® a*x

"p"daw(pd) Jg* ¢(pdx) "x“e wix) d*x

L d »*
p'° wipH J* 2 (%) |x|° wix) d*x
: A

The support of the function x —— ¢(pdx) is p"d times the

support of ¢. Hence at the cost of introducing a factor t:pL'a for
some 1 € 2 and ¢ € €, we can assume that the support of ¢ is
contained in the lattice A’. It follows that we can assume that ¢
is the characteristic function of the sphere a + pfA' with .aa € A’
and f =2 0. Hence it suffices to show that

- wx) "x“9 d™x

3.2.12 LA(s,yJ)_" I .
(a+p ' A*) M A

lies in Ctpe,p-gl. We now break up the remaining part of the

proof into the following steps.
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Step I Since yw'is unramified, we can change the range of
integration on either sides by a factor from A'* without changing

%he value of the above integral. This allows us to reduce o to
the "Smith normal form" (LN] )

a = diag (Ej, Ej,....,fj, Oyecaeay O)

with j1 < j2 € ...=< J'r and Zj A properly contains prA for 1 €1 < r
Step II Now let @ = diag ( B, B,,.-., () where B = gd for

<i=<r, and ﬂJ= 1 for J > r. Then we have

L w0 fx)* d¥x = L B x| d¥x

1
J(ﬁa+ﬁp‘A') N A J(a+p‘A') N A

= [5]° w(ﬂ)I ) . vo x|° d*x
(a+p ' A’) N A

So our integral is a power of p—9 multiplied by a constant complex
multiple of the same integral taken over the set (fBo + ﬁpfA') N A* .
Clearly ﬁpfA' S A’. We decompose (o + ﬁpfA') into a disjoint

union of spheres » + pfA'. Since » looks like diag (yt,...,yr,o,...,O)
where v, = 1 + erL for ki € A, s0 reducing » in the same way

as was done for a 4, we can make y» look like

¥y = diag fl, ly, cceey 14 04...,0) with r ones on the diagonal.

It is now clear that we only need to show that

-1
LA(s,w) =

a *
I ¢ . P Ix||” d x
(r+p A’) N A
lies in CI[p®,p "1 (where y is as above).
Step III Let U be the set of all x € A’ such that x(+p'A*) = p+p'A°

This is an open subgroup of A’ of finite index as U is precisely

1 + pfA'. We then have
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*
«1° d¥x = (¥t J |]x||s d x
jmpfm e W Ay o A"

* * * . - ¢ *
We now decompose A’ .(y + p?A' ) "A as a disjoint union of A

orbits ,say A'*y. Each orbit contains a unique element y in the

“Hermite normal form" looking like

It follows that the inteqral of the R.H.S of the last equality can
be written as u*(A‘*) T wiy “y“s , where the sum is over the
representatives of diZtinct orbits A‘*y and each y 1is 1in the
"Hermite normal form". Therefore it can be summed as in the proof

of the lemma 3.2.9 to give a series in C[ps,p_gl. This completes

the unramified case.

Case 11 Let yw be ramified, that is w is not trivial on A for
a maximal order in A. In this case the assertion of 3.2.7 is
that LA(s,w) is identically 1. So (Cl1) surely holds. Now we

verify (C2). First note that any small neighbourhood N of 1 e s'

. . . *

contains no subqgroup except {1>. Since yw is continuous on A s0
* * .

wlA' is continuous on A’ . Hence there exists a neighbourhood N’

of 1 € A ¥ such that w(N’) = N. We can choaose f sufficiently

large such that (1 + ;fA') € N’. This is possible as 1 + ;fA' is
an open neighbourhood of 1 € A for all f. Now 1 + ;fA' is a
subgroup of A'*, so y(1 + FJA') is a subgroup of N. Therefore

we must have yp(1 + FJA') = {1} and hence 1 + ng' S ker y.
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. LI .
Let ¢ be the characteristic function of the set 1 + pA in A.
*
Then ¢ € SCA) and Z(@, s, ¥) = pu (1 + p'A’). Since 1 + p'A’ is
open and compact in A so its measure is non zero and finite. This

shows that the constant function 1 is of the form Z(¢', s, W) for

some ¢’ € S(A) as desired. Now we establish that Z(¢, s, y) € C[pe,p‘QJ

for every ¢ € S(A). As in Case I it suffices to do this when ¢ is
the characteristic function aof the set p + plA'* (pf=pLR). where

¥ = diag (1, 1, ....41y3 Oy Oy..., 0) € A* = Mk(A)' Suppose that
the first r diagonal entries are 1 and the rest 0. If r = k then
Yy = 1A and we have just now seen that then Z(¢, s, ¥) 1s a3 constant.
On the other hand 1f r < k, then we choose y e A'* of the form

y = diag (1, 1, ..., 1, u) with u € A* chosen such that

wly) = w( nrA/Cy) = w( nrb/cu) = 1.
We can find such a "u" as y is ramified and nr(A*) = R* by 3.2.4 .
Then since @¢(xy) = @¢(x) for x € A and |y|| = 1 so we have

r

*
o @(x) wix) |x||® d x

(¢, s, V)

*
= | . @ixy) wixy) |xy|® d x

wly) Z(¢, s, W)
But yw(y) = 1, which forces Z(¢, s, ) to be zero. Hence (C3) is

satisfied and the proof of 3.2.6 is complete. =

Having given an explicit formula for LA(s,w) in the 1local
case, we are now in 3 position to compare LA(S,W) with LA(M,s,w)
as defined in 3.1.10. The following theorem gives us the

connectiaon between the two.
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3.2.13 THEOREM. Let A be an order in a8 finite dimensional
»
semisimple Dp-algebra, M a left ideal of A, and w a character of A

which is trivial- on AutAM. Then there exists a polynomizal

f(s) & Z[w][p_gl, (ZLywl is the ring obtained by adijoining to Z all
the values of y), such that

LA(M,s,w) = f(s) LA(s,w)
Further, f(s) is identically 1 if A is a maximal order.
Proof: Note that the values of y .are roots of unity. For
Real s > 1 sy we set f(s) = LA(M,s,w)/LA(s,w). Both these

functions lie i1n the ring Z[w][[p_°]] of formal power series in p-g

with coefficients in the ring 2Lyl. Further,

LA(s,w)" e ZLypllp °1 : (i)
On the other hand we have by 3.1.11

LA(Mys,9) = p7 (F7) L (AzM) J* et Wi |x||° d¥x
A

where ¢ is the characteristic function of {M:A> in A, I' = EndAM.

Thus we can find 2 ¢° € S(A) such that LA(M,s,w) = Z(¢p5s,¥) and

therefore by (C3) we have

F(S) € CLP®,p T mmmemeemsisismessenmsssssneees (ii)

From (i) and (ii) we get
f(s) € CIp°,p "1 n 2LpllIp %11 = ZLyllp 1

For the second assertion, if A is a maximal order them M = A as

A—modules ([MO1 18.10) and so LA(M,s,w) = LA(A,s,w). Also when A

is a maximal order, EndAM is also a maximal order and so y is
r
trivial on AutAM implies that wlAt is also unramified (A = |} Ai’ A

L=4

are the simple components aof A). Therefore by 3.2.3 and 3.2.10 we

L

get LA(s,w) = LA(A,s,w) = LA(M,s,w), and so f(s) = 1, ]
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3.2.13 COROLLARY. Each 1local L-function admits analytic
continuation to a meromorphic function on the whole s—-plane.
Further, there exists £ > O such that LA(M,s,w) is holomorphic for
Real s 2 1—-¢ for all y € S(A).
Proof: For Real s > 1 we have

Ly(Mys,w) = f(s) L (s,y) and L, (s,¥) = g(p™™t
where f(s) € Z2Lyllp °1 and g(p °) € CLp °1 with g(0) = 1.

Since f(s)/g(p_a) is meromorphic in the whole s—plane, 1t is
possible to define LA(M,s,w) for Real s £ 1 as f(s)/g(p-a). This
is the desired analytic continuation. Also since there exists € > 0
such that LA(s,w) is holomorphic for Real s 2 1-¢ the last

statement follows. |
Similiarly one can prove

3.2.14 COROLLARY. Let A be a finite dimensional semi~simple
Qp—algebra and w a continuous character of A* of finite order.
Then the function Z(¢,s,yw) defined as in 3.2.1 admits analytic
conpinuation to a meromorphic function of s. Moreover, . there
exists € > O such that for 23ll ¢ € S(A) the integral 3.2.1
converges ¢to a holamorphic function of s in the - Eegion

Real s =2 1-£. . »

(B) Global standard L- function.

In this subsection we define a global standard L- function.
Thus assume far this that A is a finite dimensional semisimple

Q- algebra and y a continuous character of JI(A) of finite order
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which is trivial 6n AY. The idea is to form Euler product of the
various local standard L- functions LA (s,wp) and show that the
product converges in a certain region.p Then the ﬁroduct can be
defined to be the global standard L- function LA(s,w) as usual.
For the convergence one has to link up our L— function with the

classical Hecke L- function. The precise formulation of the

result is the following.

3.2.16 THEGOREM Let A = Ai, where A‘ are the simple components

||»'-£:J‘1

L
of the algebra A. Let v, WIJI(Ai)’ 1 £1i =< r. Then

(i) The Euler product 1 LA (s,wp) converges absolutely and
P P

uniformly on compact sets in the region Real s > 1, to a holomorphic

. function LA(S,W). Moreover,

3.2.17 LA(s,w) =.n LA (s,wJ

(ii) The function LA(S,W) admits analytic continuation to a
meromorphic function of s on the whole s— plane.
Q(iii) Let t = t(y) be the number of indices i for which uk is the

trivial character. Then LA(s,w) has a pole of order t at s = 1.

It t(y) O then LA(s,w) is an entire function of s, and LA(l,w) = 0.

Proof: We claim that once the simple case is proved, the semisimple

case is easy (except possibly for iii), for then by 3.2.2
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By the simple case we know that the Euler products for the LA(s,wJ
A"

converge absolutely for Real s > 1 and so we can rearrange them to

give

r

U LA (s,whp) =M LA(s,wp)

1 uLp P P

-

r r
n LA (S’WL) =‘n
i=1 p L=

and so ] LA'(S,WP) is also convergent absolutely and uniformly on
P P

compact sets for Real s > 1. Since

3.2.18 n LA (s,wp) = La(s,w) Real s > 1

P P
by definition, the theorem follows in the general case by its
validity in the case of simple algerba.
Therefore, it is enocugh to prove the theorem for simple Q-

algebra A. As usual let C denote the centre of A, and R the

2

valuation ring aof C. Suppose dimCA = n and y the 1idele class

character of C such that ¢ = ¢ o nr.__c Bas in 3.1.9. For each

prime number p, we have A = A ® @ = n Ap s Wwhere the product
Pople

is taken over all maximal ideals p of R lying over p. As A 1is

simple each Ap is therefore a central simple Cp— algebra of
dimension n° and is isomorphic to a full ring of matrices over
some central Cp— division algebra of dimension e; over Cp. Then
ep > 1 only for finitely many p (IMO1 32.1 ). We also have by

applying 3.2.3 to the Cp— algebra Ap

3.2.19 LA (s,wp) = "N LA (s,wp)
P ele P
*
where as before = A .
L
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Then we have the Euler product

3.2.20 n LA (s,wp) = 7N LA (s,wp)
P P P P
where p ranges over all the maximal ideals of R and p over all

rational primes. We have seen in the local case 3.2.8 that

3.2.21 LA (s,wp) = D L (ns—a,wp)

with LC (s,wp) defined as 3.2.7. It is natural to consider the

F2
product

c

3.2.22 LC(s,w) =nt (S,wp)
P P

where p ranges over all maximal ideals of R. Then LC(s,w) is the

classical Hecke L- function attached to the idele class character

w of C ([SL]1 Ch. XII §1).

We note the following properties of LC(s,w) and 1 LC (s,wp).

~ P P
(Li) The product [j LC (s,wp) converges absolutely and uniformly on

P P :
compact sets, in the reqgion Real s > 1 ([SL] Ch. XIII §1, Ch.VIII

§3 Th.7)

(L1i) The function LC(s,w) defined by 1 LC (s,wp)admits analytic

P P
continuation to a meromorphic function of s, with no zeros in the

region Real s > 1 (LSL]1 Ch. XIII &3 Th.1, Ch. VIII §3 Th.7).

(Liii) If v is the trivial character, then L_(s,y) has a pole at

c

s = 1, while aotherwise LC(s,w) is entire and Lc(l,w) * 0O ([SL1]
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Ch. VIII §3 Th.8, §2 Th.5c).

From (Li) we see that n LA
P P

absolutely on compact sets for Real s > 1 and thus LA(s,w)= n LA (s,wp)
B P

(s,wp) converges uniformly and

where p ranges over all rational primes.

To complete the proof of the theorem we now go from the other
direction to link up LA(s,w) with the various LC we have introduced.
To facilitate . matters we introduce the following "auxiliary

functions".

n—-1

3.2.23 KA(s,w) = 7N LC(ns—j, w)
j=o
: n-1 ~
J3.2.24 KA (s,9) = N LC (ns—j, wp)
P j=o P

The properties (Li), (Lii) and (Liii) imply that

(Ki) The Euler product n KA (s,wp) converges absolutely,

P P

uniformly on compact sets to K, (s,y) in the region Real s > 1.

A

(Kii) KA(s,w) admits analytic continuation to a meromorphic
function of s on the whole s— plane.
(Kiii) If w is the trivial character (equivalently y is trivial),

then KAs,w) has a simple pole at s = 1. Otherwise KA(s,w) is an

entire function of s and KA(I,w) z 0.

On the other hand, comparing 3.2.23 and 3.2.24 with 3.2.21 and
3.2.22 we see that

LA(S,W) = n LA (s,wp) = KA(s,w) n fp(s)
P fof o

where for each p, fp(s) is defined as follows:
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~ -(ns-)» . ~ . e
= 1 - (r ) N if is unramified
fP(S) g [ wP £ P ] WP

fp(s) = 1 1if ;pis ramified

(Here np denotes some prime element of the discrete valuation ring Rp)
Thus fp(s) is a polynomial in p-s, where p is & prime number 1lying
below p. For each maximal 1deal p of R, therefore fp(l) # 0.
Further, fp(s) is identically 1 unless both conditions ep > 1 and ;
unramified are satisfied. But there are only finitely many p for
which ep > 1 (LMO2 32.1). And so for almost all p, f (5) = 1
identically. Hence it follows that LA(s,w)/KA(s,w) is a finite
product of polynomials fp(s) and therefore can be continued to an
entiré function of s which does not vanish at s = 1. Consequently
the relation LA(s,w) = Kg(s,w) n fp(s) allows us to analytically
continue LA(s,w) to a meromorph?c function on the whole of s— plane
with a simple zero at s = 1 if y is trivial, and otherwise to an
entire function of s with LA(l,w) # 0. This completes the proof for

the simple case.

Property (iii) for semisimple case now follows. For, note that

LA (S’Wi) has a pole of order 1 at s = 1 whenever v, = wlﬁt ié

tr;vial; otherwise it is entire with LA,(I'VQ) # 0. So if t = t(y)
v

be the number of indices for which v, = wlA: is trivial, then

LA(s,w) = ELLAL(s,vk) implies property (iii). This ends thé proof

of Theorem 3.2.16. =

s
’

(s), Z,( g{(M), s) AND

§3 BEHAVIOUR OF GLOBAL L-— FUNCTIONS, A

Ca

Z,(M1, s) AT s = 1.

By now we have accumulated enough knowledge about the behaviour
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of the global standard L- functions to undertake the study of the

behaviour mentioned at the title of the section, because all such

funtions are related to the global L- function in a very simple
manner.

Therefore assume that A is a Z2-order in a finite dimensional
semisimple @—- algebra A, M a 1left ideal of A, and ¥y is a
continuous character of Jf(A) of finite order, which is trivial on

J}(A).A*.Ur(r) . In this situation we have

3.3.1 THEOREM

(i) The global L- function LA(M, S, W) admits analytic

continuation to a meromorphic function on the whole s— plane.

r
(ii) Let A = i Ai, where AL are simple components of the algebra A
LRI §

and let ¥, be the restrictions of y to ff(A) for 1 =i < r., If
exactly t = t(y) of the characters y, are trivial, then LA(M, S, ¥)
has a pole of order atmost t at s = 1.

(1ii) If the character y is non—-trivial, then LA(M, s, ) has a
pole of order atmost r—1 at s = 1. If t(y) = 0, then LA(M, S, ¥)
is an entire function.

(iv) If A is a maximal order then wp = w|A: is unramified for
all p and LA(M, S, YY) = LA(s,w).

Proof: It is clear that the proof depends on the relation between
LA(s,w) and LA(M, S, w). From the Euler products 3.1.13 and 3.2.18

we have for Real s > 1
LAaM, s, v/ L. (s,9) = 1 fp(s)

P
where for each prime number p,
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fp(s) = LAP(MP, S, wp)/ LAp(s,wp)

By 3.2.13 each f (s) is a polynaomial in p—8 with co—-efficients in ZLyl.
P
Further fp(s) = 1 whenever Ap is a maximal order. Therefore fp(s) =1

for almost all p. Thus we obtain

3.3.2 LA(M, S, ¥ = LA(s,w) n fp(s)
P

where the product n-fp(s) is a finite product. So in view of the
properties of LA(s,w) in 3.2.16, the identity 3.3.2 immediately
implies the assertions (i), (ii) and (iii) of the theorem. For

assertion (iv) we know that if A is a maximal aorder then EndAM is

also a maximal order and hence wp is trivial on AutA Mp the wunit
P
A MP. Therefore each wp is unramified.

P
Now (iv) follows from the Euler products of L

group of the maximal order End

A(N, s, ¥) and LA(s,w)

and 3.2.13. |

3.3.3 COROLLARY Notations as in the preceeding theorem. The

ﬁartial zeta function ZA([MJ, g) defined in §1 admits analytic

cantinuation to a meromorphic function of s, with a pole of order

atmost r at s = 1.

Proof: By 3.1.5 we have Z,([NI, s) = h™t ¢ v UIND) Ly
¥

for each stable isomorphism class. [Nl in g(M). Here y ranges over

M, s, W)

all characters of Cl1(M) and h = |C1(M)|. So by Theorem 3.3.1
the corollary follows. -

Note that this treatment does naot give any information about
the continuation of ZA(M, s). But in 1984 BUSHNELL and REINER in
[BR4] showed in a completely different way that
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3.3.4 THEOREM The partial zeta function ZA(M’ s) defined 1in §1

admits analytic continuation to a meromarphic function of s to the
whole s—plane. !
For the proof of this theorem refer to [(BR4]l. The proofs of two
special cases, namely when the algebra satisfies Eichler condition

and when A is a totally definite quatérnion algebra has been done

in [BR21]. ]

Next we come to the order of the poles of the various zeta
functions considered till now at s = 1. 1t turns out that tGe
order of the pole at s = 1 of each CA(S), ZA(g(Ms, s) and ZA([M], s)
is exactly r.

Let A’ denote a maximal order in A. Since every left ideal of A’
lies in the Qenus Q(A’), we have

(A,(s) = ZA' A’
%@ere v, is the trivial character of Ci1(A’) (or Qf‘%(ﬁ)). But by

(g(A’), 8) = L,, (AN, s, wo)

S v
3.3.1 (iv) we have LA,(A‘, =1 wo) = LA(s,wo) and so fram 3.2.15 it
follows that (A,(s) has a pole of order r 3t s = 1. Also for any

order A in A we have

h
Zy(g(M), ) =_‘)—:12A<m‘3, s)

where [Mal’ ""[Mh] are the stable isomorphism classes in g(M) and so

by 3.3.3. we get that Z (g(M), s) has a pale of order atmast r at

A
s = 1. Here r denotes the number of simple components of A. Therefore
du = élm . ZA(g(M), s)/ (A,(s)

is a non—-negative constant and independent of the choice of A’.

The following theorem gives an explicit and nice formula for d_,
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which shows that dM > 0. The fact that du > 0 will then at once

give us that the order of the pole of ZA(Q(M), s) at s = 1

1

is exactly r.

3.3.5 THEOQOREM Let A be an order in the finite dimensional
semisimple @—- algebra A, A’ a2 maximal order in A, and M a left

ideal of A. Then

1

3.3.6 d, = (AT (M:AY:A') 1 (A TzAut,

M)
p
p P
so that d > O.
M

Proof: Since EndAM is an order in A, so for almost all p,

A

End Mp = A;. Consequently (A'*:AutA Mp) = 1 for almost all p showing
P P

that the product i (A'*:AutA M) is well defined. On the other hand
P p ¥ '
for each rational prime p we have ZA (Mp, s) = (A, (s) fp(s) for some
P P

polynomial fp(s) < Z[p-el (by 3.2.13) which 1is identically 1 1if Ap is
a maximal order. Taking the Euler products of ZA(g(M), s) and (A,(s)

for Real s > 1, we therefore get that

ZA(Q(M), s)/ (A,(s) = g fp(s)

and the product is a finite one . By analytic continuation, the same

formula holds for all s, and we have du =N fp(l). Therefore it is
p

sufficient to prove that for each p,

f (1) = (A M )-1 ({M =A 2:A’) (A'*: Aut, M )
P P P P P P Ap P

For this we need the following formula of 3.1.12

. 1
ZA (Mp, s) = u (AutA
P P

MO™ A =M H7® f = @ GO x| d¥x
P P P Ap P

where ¢p 1s the characteristic function of {MP:AP}. This is valid 1in
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the region Rezal s > 1-£ for some £ > 0 (see 3.2.14)

Our aim 1s to evaluate this integral at s = 1. We begin by
changing the measure d*x into the additive Haar measure dx of Ap
(by the formula dfx‘= "x”-idx) and then using the Proposition 1.2.16
of Chapter 1 which says that for any finite dimensional semisimple

QP— algebra A the measure of A\A* is zero with respect to any

measure. Thus we have ( ¢ same as before)
P

) * 8—4 a-1
JA* ¢p(x) Ix}}" d x = I{M ‘A 3rat |l dx = J{M A 3 x|~ "dx
P P P P P

so that the value of the integral is u({Mp:Ap}) at s = 1 (u denotes

the measure of a set with respect to dx). Therefore

1 i

* - -
Z (M 1) = (Aut, M) (A : M) ({M A )
A " p? H A p PP HEMe %
P P
— * s 31 8 *,
(A; (s) = Lt Jg: p(x) ||x|° d”x

where ¢ is the charateristic function of A‘’. We similarly have

* -1
, (1) = (A°) (A°)
(Ap H o KA

These two formulas allow us to compute fp(l) as shown below:

A
P

= u*(A;*) o (Aut

f (1) = 2, (M 1) (1)
P P’ / (A;

1 -1 1

M) ({M A 2) u(A’) (A :M )~
Ap P H P P H P P P

and by a basic fact in elenentary measure theory we get

prac®y s Ly aue, Mo ( A% aut,. M
P Ap P P Ap P

IS VATIS L IRT IS
P P P

(A 2 M A 3)
P p P

Hence the Theorem ' n
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The following proposition tells us about the order of the pole

of ZA(M, s) at s=1.

3.3.7 PROPOSITION The function ZA(M, s) has a pole of order

precisely r at s=1, where r is the number of simple components of

the algebra A.

Proof: Let A and A be orders in A, and let M be a left ideal of A

and N a left ideal of A. Then for Real s > 1

Z,(M, s) = E Az07° = A g |x|°
XEA ' x
XM
where x ranges over the orbits of {M:AY © A* modulo Aut M (the

A

action considered here 1s the left one). Similarly

Z,(Ny s) = (A:N)7° E |ly|°
y

the sum extending over orbit representatives y of {N:A> n A

modulo AutAN. Now we consider the group
W = AutAH N AutAN

Since W is the group of units of the order End M N EndAN, it

A
follows from 1.2.7 that W is of finite index in both AutAM and AutAN.
So we get
- Tmy 8 s
Z,(M, s5) = c_ (AzM) T (3.
xeW\ ({M:zAZMA )

for some positive constant c,- Similarly there is a c, > 0 such that

Z,(N, s) = c, (A:N)7°

A > IIYIIB.)

yeW\ ({N:AYMA

Since {(N:A} and {M:A} are full Z-lattices we can find a positive

integer q such that q {(N:AY € {(M:A} . Then if s is real and s > 1

and dimQA = n then
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ns

Z,(N, s) = c, q (A:N)~

=

8
qy
yeE\({NyA}AA*)
ns 1=

= ¢, q (AzN) T v~ .
yeW\ (qiNza3ma™)

< ¢, q" an7° c:‘ (A:M)® Z, (M, s)

Therefore given £ > 0 we can find c > 0O such that

3.3.8 Z,(N, s) = Z,(M, s) for 1 < s < 1+e

Now let { M;} be any finite collection of left ideals of A and { Ni}

a finite collection of left ideals of A. Summing the inequalities
3.3.8 for M,L and Nj we get c’ > 0 such that
T Z,(N:, s) £ ¢ E Z,M, s)

The reverse inequality, with a different constant factor holds by
symmetry and hence ény two such sums N ZA(Nj’ s) aﬁd M ZA(M, s)
which are meromorphic at s=1 must have the same number of poles.
But we already know that if A any order then there are only a
finite number of isomarphism classes of left A—-ideals (by Jordan

Zassenhaus theorem). So in particular if A’ is a maximal order

then

npMx

(A,(s) =

i

‘ Zy, (M, s)

and (A,(s) has a pole of order exactly r at s=1. The proposition

now follows at once. . ]

We camplete this chapter by investigating the behaviour of (A,(s)

and ZA(g(M), s) near s = 1.

3.3.9 THEOREM Let A be an order in a fTinite dimensional
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semisimple @~ algebra A, and suppose A has r simple components.

Let A’ be a maximal order in A, and let

: _ -r 1 _ i1-r
(A,(s) =c, (s 1) + c. (s 1) +iiernenas
be the Laurent expansion of (A,(s) about s = 1. That is
- - - r
C, = §1m 1(s 1) (A,(s)

Let M be a left ideal of A, and hM be the number of stable
isomorphism in the genus g(M). Then
(1) ZA(g(M), s) and CA(S) have a pole of order exactly r at s =1

and the Laurent expansion of ZA(g(M), s) about s = 1 has leading
termd_ c (s - 1) .

M A
(i1i) For each stable isomorphism class [Nl in g(M) the partial zeta

function ZA([N], s) has a pole of order r at s = 1, and its Laurent

expansion about s = 1 has leading term Ca dM hM (s — 1),

Proof: (1) Since CA(5)= Yy Z

A(g(M), s) where M ranges over a finite
M

set of representatives of the genera of left ideals of A, and each
ZA(g(M), s) has a pole of order exactly r at s = 1, so the same is
true for CA(S). The second assertion of (i) follows as
d, = lim 1ZA(g(M), s)/ (A,(s)
(ii) We have by 3.1.5
-1 -1
ZA([N], s) = hM T w (IN1) L
v .
where y ranges over all characters of Cl1(M). On the other hand

A(M, S, W)

LA(M, S, wo) = ZA(g(M), s) where wois the trivial character of Cl1(M).
Therefore ZA([N]’ s) has a pole of order exactly r at s = 1 by

{i) aboaove and 3.3.1. The last assertion of (ii) is now clear. =

o

3.3.10 COROLLARY Notations as in the theorem. Then we have
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r ——
lim 1('5 1) (A(s) = cAEdM

where M ranges over a finite set of representatives of the genera

of left ideals aof A. »
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CHAPTER 4

Introduction: In this chapter, we continue working with the =zeta

integrals introduced in the last chapter in order to establish

their functional equation. The functional equations of L-
functions of orders will be a consequence. The functional
equation for a zeta integral gives rise to a "local constant" or

symmetry factor. This factor will be evaluated in terms some
"non—abelian congruence Gauss sum”. As in earlier chapters, the
subject matter is a generalisation of the results related to =zeta

integrals in the local field case (as in Tate’'s thesis).

§1 LOCAL FUNCTIONAL EGUATIONS AND GAUSS SUMS

Let A be a finite dimensional semisimple QP— algebra and w a
continuous character of A". Our main aim here is to show that
Z(¢p, s, w) ‘satisfies a functional equation.

We begin with the special case of simple algebras. Let A be a
finite dimensional simple QP— algebra, with centre C. Let 6A

denote the cannonical continuous character of the additive group

of A defined by

4.1.1 GA(x) = exp ( 2ni trA/@p(X) ) ; X € A

When there is no chance of confusion we will denote GA by Jjust 6.
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In 4.1.1 tPA/Q is the absolute reduced trace as defined in 1.2.26.

P
For a e Qp, we interpret exp ( 2nia ) as exp ( 2niao), where o € Q
is the principal part of a. The pairing A x A ——» C* give by
(Xy y) —— 6A(xy), Xy, ¥ € A is nondegenerate and symmetric as

tPA/Q is so. So as in [Gl 7.1.10 it allows us to identify the

p
locally compact abelian group A with its Pontrjagin dual A via QA(x)
for 2 fixed x € A. Let dx be the self dual Haar measure on A for
this identification. As already pointed out in Chapter I, a self
dual measure 1s one for which Fourier inversion formula

é(x) = @¢(-x) 4, € S(A), x € A

holds.

We can now prove the desired functional equation.

4.1.2 THEOREM Let A be 3 finite dimensional simple QP— algebra, and
let ¥ be a continuous character of A* of finite order. For f € S(A)
consider the zeta integral

Z(f, s, ¥) = J . FOO weo x| % %
: A

Then for. g € S(A) and for all s
2(f, s, w) Z(g, 1-s, ¥ ) = Z(f, 1-5, ) Z(g, S, ¥)
where ;is the complex conjugate of yw, and f (similarly gq) 1is the

Fourier transform of f given by

fly) = J f(x) 6(xy) dy s Y €A
A

Proof: The proof is broken up into two cases.

CASE I w is unramified This case is a consequence of the proof

in([GJ]1 9.6 pg 125)by taking in the notation of [GJ1, n to be the

unramified character y of A* and replacing s by ns, where n?= (A:C)

,
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C being the centre of A.

CASE 11 y is ramified The above proof fails in the ramified case

because then some of the functions 2Z(¢, s, ) arising 1in the
proof becomes identically zero. But if y is ramified then as
LA(s,w) = 1, the condition (C3) of the standard L-function shows
that Z(¢, s, w) converge uniformly for all s. Hence both sides
of the abaove functional equation converge for all s and can be

compared directly following the idea of Tate’'s thesis as shown

below.
Let dx be the self dual Haar measure on A. We choaose a
. . R * »* -1
multiplicative measure on A as d.x = [x] dx.

Then Z(f, s, w) Z(g, 1-s, w)

* * - - '
= [;~ Fex) wix) x|® d"x Jg* aly) wiy) |y d”y

r~

= . { fixy) yixy) ||xy||e J gly) wiy) ||y||1"e d*y } d”x
o A : A

J . J fixy) gly) w(x) ||x||° d*x dy
a* Ja

as by 1.2.16 the measure of A\A*is zero with respect to any Haar

measure. Thus

Z(f, s, ) Z(g, 1-s, ;) = I . {w(x) "x||° J f(xy) g(y) dy } d™x
A A

Similarly the right hand side of the functional equation becomes

A

Z(f, 1-s, y) Z(g, s, YY) = J *'{ wix) ||x"9'_1 J flyx ') gly) dy } d™x
A A

where we replace x by x* after the first step. Now we apply the
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definition of Fourier transform to aobtain

J fixy) g(y) dy = fixy) g(z) 8(yz) dz dy
A NA uA
= g(z) fixy) 8(yz) dy dz
JA JA
But fizx™) = [ fixy) 6(zx *xy) dxy
A

= || I f(xy) B(yz) dy
A

Therefore for all s we have

Z(f, s, ¥) Z(g, 1-s, ¥)

J . { wix) ||x]|a-1 J flyx™) gly) dy }d*x
A A

Z(f, 1-s, ¥) Z(g, s, W)

By our remark about the convergence of zeta integrals, now the

functional equation holds for all s. ]

Now let us define for ¢ € S(A)

Y(@, 5, W) = LA(s,w)“

Z(¢, 5, W)
Then from the defining property (C3) of LA(s,w) (see 3.2. ) we see
that Y(¢, s, w) € C€p®°,p 1. The functional equation 4.1.2 and

shows that there 1is a meromorphic function eA(s,w)

independent of ¢ such that for all ¢ € S(A) we have

A

4.1.3 Y{(¢p, 1-5, Y) = eA(s,w) Y(¢, 5, ¥)

We also observe that cA(s,w) is independent of the choice of the

. . . *
multiplicative Haar neasure d x.
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OQur aim, as explained at the outset, is to examine the/ nature
of eA(s,w). To that end we need more concepts and notations which

we introduce now.

2

Let A = Mk(D), D a skew field with centre C and 'dim;D = e
Let A be a maximal order in A. - We will show that all our
calculations are independent of the chioce of A, so we take A = Hk(A),
where A& is the unique maximal order in D. Let (3 bhe the unique
maximal ideal of A. Then the two sided fractional ideals of A in
A form a free abelian group generated by A (see ([MO] 17.1). The
absolute inverse different D;1 of A is defined below generalising
the same concept' for the ring of algebraic integers in an

algebraic number field.

N ~4
4.1.4 Definitton. DA { X € A : tPA/Q (xy) € ZP, for all vy € A }

P

Note that since A is finitely generated aver Zp by say & basis {ei}
of A over Qp, so D;1 is also finitely generated over ZP by a basis
dual to {ei} with respect to the reduced trace form. By symmetry
of the reduced trace map, D;1 is also a two sided A-submodule of A
cantaining A. So D;‘ is actually a fractional A  ideal in A.
Therefore D;‘ = (BA)" " for some m = O. The ideal D, = (™ of A
is called the absolute different of A. We also note that with GA
defined in 4.1.1 we have

D;‘ = { x € Az 6 (xy) =1, for all y €A }

Now we choose a Haar measure on A such that I dx = ND—”Q, where
A

if 8§ is a fractional A ideal in A we put NA6 = N§ = (A : &). This

Haar measure is independent of the choice of the maximal aorders A
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in A because all maximal orders in A are conjugates of Mk(A) and
hence have the same measure.
In the next thearem we show that this measure is self-dual.

4,1.5 THEOREM The Haar measure on A for which J dx = ND::/2

. A
is self dual.
Proof: We are to prove that if f € S(A) then f(x) = f(-x) with
respect to the given haar measure. now by a well known result in
Fourier analysis we have f(x) = ¢ f(-x), where c 1is a constant
depending on f and the chosen Haar measure. The theorem will be
proved if we show that ¢ = 1 for the chosen Haar measure on A.
Hence it suffices to show that ¢ = 1 for a particular f € S(A).
So we take f = ch. function of A. Then
N 0 ify & 'A
fly) = I f(x) 6A(xy) dx = I GA(xy).dx = a2

A A ulA) = NR if y e
Therefore
4.1.6 f = ND.*% . ch. function of D’
Again

A A -1,2

f(—x%x) = fly) 8 (yx) dy = -1 ND 6 (yx) dy

A A DA A A .

-1r/2
NDA Jb;a GA(yx) dy

O if x &« A

’

{ ND Y 2D Y) if x € A
A A N

But by a 1.2.14, since D;t is a fractional A ideal in A we have

83

»0



5
8
5
&

Hence

1 if x € A
. O if x &« A

So f(—x) = f(x) holds. Hence the theorem.

-h > >
-~
l
X
~
il

We next generalise the concept of the conductor

4.1.7 Definttion: Let w be a3 character of A*. Then we define
the conductor £(y) of ¢ by setting fly) = A if y is unramified.
Dtherwise we define A(y) to be the largest two sided ideal U of A
such that yw is trivial on the subgroup 1 + U of A*. In other words,
in the case of y ramified, if for an ideal B of A such that py(1+28) =
then B € f{y).

Now we come to the main object in our list of definition. The
generalised Gauss sum T(y) (for classical definition see 1.1.6)

associated with a character y of A iIs defined by

4.1.8 ty) = "B wieT'x) 8, (')
X

where x ranges over a full set of coset representatives of A* modulo
(1+£(yw)) N A*, and ¢ is any element of A such that cA = DA#(w).
Such a c always exists as DAﬁ(w) is a two sided ideal in A.
Further ¢ can be chosen to be in A*. Again we note that if y is

*
unramified, then A < 1+£(y) and hence in this case we obtain
T(y) = wlc*) since 6, is trivial on D;i. /

4
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4.1.9 REMARKS
(i) tly) is independent of the choice aof the coset representatives x

for if x$(l+{(w)) = x2(1+#(w) then x:x1 € 1+&{y), whence w(x—ix‘) = 1.

2
Therefore w(x;ﬂztfixt) = 1 implies that w(c"xz) = w(c‘ixt). Also
cA = DA#(w) implies that £(y) c:_1 = D;‘. Therefore we conclude that if
x —x_ € f{y) then c "(x-x ) € D"* and hence 6 (c'x) = & (c*x ).

1 T2 1 T2 A A 1 A 2
(ii) T(y) is independent of the choice of c. To see this we
notice that if c A = D #(y) = c A then c;%a e A*. Now for x e A*,

-1 - -4 _ 1 . * ~1 .
€, x = c2 <, c:1 X €,y with y €€ A . But X, 0%, € 1+4{y) it

. -1 ~1 -1 _ - .
and only i1f (czc‘ x‘) (czc1 xz) = X X, € 1+8{yr. Since Ty}

is independent of the choices of the coset representatives % by (i)

it follows that v(y) is also independent of the choice of c.

(iii) This is.to Justify our choice of the maximal ord?r as A = Nk(A)
in the definition of the Gauss sum T(y). If A is relaced by
another maximal order A',.then‘Q and A’ are conjugates in A.
Consequently the ideals {#(y) and DA are replaced by their
corresponding conjugates. Since both y and QA are invariant under
cunjugation by elements of Q*, it follows at once that t(y) is

independent aof the chgice of the maximal order.

Now we are ready to relate the local constant factor sA(s,w) of

4.1.3 to the sum T (y)

4.1.10 THEOREM The function cA(s,w) is given by

1/2-9 'r(—u:)/ N“w)t/z

cA(s,w) = N(DA#(w))
where notation is as above.

Proof: Through out this proof whenever we say a Haar measure dx
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on A we will mean a Haar measure dx = du(x), that is the measure
*

of a set E with respect to dx is u(E). Similarly for d*x = d uix).

CASE I- w unramified, that is f(y) = A

We have seen in 3.2. that LAs,w) = L. (A, 54 ) and so by 3.1.

A
LA(s,w) = ;_t%(/\%)-1 Z{(p, s, y¥) where ¢ is the characteristic function

of A in A. For this ¢ we therefore have Y(¢, s, w) = u (A",

Also by 4.1.6 we have ¢ = p(A). ch, function of D;‘. We choose

c e An A* such that cA = DA, and then we have

P(x) = ND;VZ P(x) for x € A
Therefore Z(¢, s, W) = N’D;V2 J . D) wix) "x"a d™x
A
1/2

= A YF e e Zee, s, W

- - * *
= N VP wie) e u ATy L (s,

But D, is a two sided ideal of A and hence |c| = (AzAc)™t = ND; .

So L (5,97 Z(@, s, ) = D272 yio uay .

Relpacing s by 1-s in the above expression we have

Y@, 1-5, y) = NDI7F° yio ™)
Therefore
_ 1/2-9 —, -4 _ 1/2-9
cA(s,w) = NDA wlec 7)) = NDA T (y)

as required. Now we turn our ;ttention to the case when y 1is
ramified.
CASE 11— yw is ramified, that is f(y) = A.

From now onwards we will write £ = {(y) whenever there is no
chance of confusion. If ¢‘ is the characteristi; function of 1+£

then we have Z(¢‘, S, W) = p*(l+£) and so

' *
4.1.11 Y(¢i, s, ¥) = g (1+5
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We will now calculate Y(¢;, S, ;). For this we notice that {(;) =
. Let @ be the characteristic function A and ¢° the characteristic
function of £. Then

¢1(y) = Jg ¢;(x) 8A(xy) dx = J; ¢°(x—1) GA(xy) dx

JA @, (x) O, Lix+1)y) dx

i

6,ty) ¢_(y)

Now imitating the proof of 4.1.6 we have

1]

8, H(£).ch.function of D;‘f1

and so

ND;i/z.Nf4¢(cy), for y € A

i

¢°(y)
where c € A N A* is such that cA = DAﬁ. Therefore

~-4/2

~4 8 ¥’
A - N£ I;* ¢(cy)9A(y) Ivll™ d'y

Z(¢_, s, w) = ND

N(DA#)S-1/2N£-1/2

-4 - - »*
L, #ly) € (cy) wicTy) |y|® dy
since |c| = N(DAﬁfﬂ-

Dpr aim will now be to evaluate this inteqgral. Denote it by I

for brevity and write I = Ix+ I2 where
- - - *
I = J yl(c 1y) 8 (c ‘y) dy
1 - ’ A
A
1 = J picty) o () |y |° d%y
2 » . A
(A\A )MA

We will prove that I2 = O and I1 = u*(l + ;).T(;). The ranges of
integration in both I1 and I2 are invariant under translation by
elements of A*, and it follows as in 4.1.9(ii) that both the
integrals are independent of the choice of ¢ where c is such that
cA = D L.

A /
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* *
Consider 12. It is possible to write (ANA) AN A as &

*_ *
countable disjoint union of sets xA*, for x € (ANA) N A . It

therefore suffices to show that

- - - *
I(x) = J . wielyrye «tyy |y|Pdy =0
A
®A
whenever x € A N A* but x e A*. By 4.1.3, the 1ntegral 1is
unchanged when the range of integration is replaced by A*x. Thus
it is possible to replace x by u xu, for any Uy, u, € A*. This

means that we can assume x to be of the Smith-Normal form, that is

r r r

x = diag [{ ", 4 2,...,8 k]

where ¢ is a prime element of A and P;'S are non—-negative integers

with r_ > 0 (L N1,15119). Now suppose £ = £'A with 1 > 1. Then
there exists w = (au) e fbiA\ZLA such that w1l + w) = 1. Let v
be the continuous character of C* such that ¢ = v nr. et Then
+ =
w1 w) w(nPA/C(l + w)) = 1.
Since nr (1 + w) = nr (det (1 + w)) and w(nr (det (1l + w))) = 1
A/C D/C D-/C
by definition of £, we have i1-det(1 + w) € zbiA\flA. Hence we

can find z = diag(0,0,..., X ") with A € A" such that w(1 + z) = 1.
¥* *
Clearly 1 + z € A'. Then because [[1 + z|| = 1 and the measure u

is invariant under translation, we have

I{x)

[ . pictyt+z)) o (cty ez [y|® 1ez|® a¥y
xA AN

-~ -, -1 -1 -1 s _%*
wil + 2) JYA* yicy) 6,(cy) 6,(cyz) |y| dy-

Now if we write y = xu with u € A*, then
eA(cfiyz) = eA(c—ixuz) = GA(C-‘xu) (by symmetry of reduced trace).
 §

Since zxu € ZLA = ¢, s0 c 'zxu € D; . Hence GA(C-iyz) = 1 and

I(x) = w(1 + z) I(x) implying I(x) = O.
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If 1 = 1 then in the same way as in the case 1 > 1 we can
choose A € A* and set z = diag(0,0,...,A) € A such that w(1 + z) & 1.
But notice that such a choice is possible unless (A :£A) = 2. For
then 1 + X € A and so (1 + z) = 1, a contradiction to our choice
of A. But when this case arises £ = ¥A is not possible because of
the following reason: As ; is ramified we can choose u € A* such

that w(nrn/c(u)) # 1 (by 3.2.4). But (A : £A) = 2 implies that

u-1e€¥fA. Hence diag(0,0,...,u-1) € ¥A which implies that
y = diag{l,ly...,u) € 1 + ¥A and since A = £ so w(nrb/c(u)) = 1,

a contradiction to our choice. Hence the case (A : fA) = 2 and

£ = ¥A cannot arise together.

Now the proof for the case 1 = 1 carries out word for word as
in the previous case and we get I(x) = O.
We can now write [ = 11’ that is

A

Z(¢d 4 S, w) = N(D p° Y2 npto2 I victy)y & (cty) d’y
1 A A* A

We may write A* = |__[ x(1 + £), where x ranges over a set of
X
* . - . R
coset representatives of A mad (1+£). Then, since ¥ is trivial

- - ~e -
an 1+f and GA is trivial on c ‘x#, for x € A ( as c *A = £ DA*

and 9A is symmetric), we obtain

a-1/2 ~1/2

2(p 5 s, ¥) = N D NZ W1+ T owilex) e )

X

*
X ranging aver a full set of coset representatives of A mod (1+f).

Therefore

N‘—axz

a-1/2

A -— * -
Y(¢1, S, Yl N(DA;) u (1+£) Ty
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as y is ramified. Therefore by 4.1.11 we have

Y, 1-s, w)
Y(@ 4 S, ¥)

= N(DA;)"Z‘“ NEYR )

1/2-g 1/2

and hence £ (s,y) = N(D_ A NE T(y) as required. »
4.1.12 REMARK Notations as in theorem. Let y be any character
of A*. We now choose ¢ € S(A) such that Y(¢, s, w) is not
identically zera. In fact we can take Y(¢, s, w) = 1 for a
suitable choice of ¢ € S(A). From 4.1.3 we have

Y(;, l-s, ;) = cA(s,w) Y(¢, 54 ¥)

and

A

Y(p, 5, @) = cA(l—s,;) Y(p, 1-5, w)

~

Now we have 3(—x) = @$(x) as dx is self dual, and we obtain

~

Y(g, 5, ¥w) = wi=1) Y(¢, S, W)

Therefare thearem 4.1.10 yields the identity
4.1.13 () TY) = wi=-1) NEGw)

A}so from 4.1.8 we have

4.1.14 T = p e g ey x) = T wic ) 9A(7c"x)
/
X_ - _ X iy
= yw(-1) ¢ w(c‘x) eA(ctx) = w(—-1) Ty
X

everywhere x ranges over a full set of coset representatives of

A* mod A (1+f). Therefore 4.1.13 and 4.1.14 imply the

0



following corollary to theorem 4.1.10.

4.1.15 COROLLARY The Gauss sum 7T{(y) 1is a complex number of

absolute value N{(w)‘/z. In particular T(y) = O. ]

We will conclude this section by briefly outlining how we can

go over from the simple case to he semisimple case. Suppose A is

r .
semisimple QP— algebra, and A = i At’ where each AL is a simple
it=1

algebra. Since

r
trg/@ (a) = '2 trA /Q (a‘) s where a = (at,...ar)
P 1=4 8 P .

so we can define a cannonical character 6A of A by 6A

n

{:1

Q
>

for the canonical character GA of A,L defined in 4.1.1.

The self dual Haar measure dx = du(x) on A is the praoduct of
the self dual measures on A‘. Defining the Fourier transform in
the usual manner, we at once see that Theorem 4.1.2
remains valid using the fact that S(A) = S(At) ®...® S(Ar).

Defining Y(¢, s, ) in the same way as in the gimple case (for

¢ € S(A) and a character y of A*) we see that 4.1.3 remains valid.

r
Further choosing ¢ = [ ¢i’ ¢L<e S(A‘) y We obtain
i=14
r /
4.1.16 £ As,w) = .n € A(s,w 2 ,
v=4 A8
where wLis the restriction of y to AT - One can define

differents and conductors as befare, relative to the choice of the

maximal order A in A. These can now be expressed as corresponding
* .

objects for the AL. To be presise if w,o= w[ AL we write

A= Az [::3 Az D ... @ Ar where AL is a maximal ovrder of AL

?1



D =D D @...9 D where D is the different of A
A A A A A 19
fly) = {(wl) @ {(wz) @.e.® #(wr) where i(wt) is the conductor of y
L
The formula 4.1.8 will now define the Gauss sum (when A is a semisimple

Qp— algebra) and it is clear that

r
4,.1.17 () = N T(WL)

t=1

because if x = (x‘,..., xr) and y = (yt,...yr) with x, y € A* are
such that xy"1 e {1+8yr) n A* then there exists i such that
>&y:‘ = (I+fy 1) A Af and vice versa. ,
Theorem 4.1.10, Remark 4.1.12 and Corollary 4.1.15 naow hﬁid for A
semisimple Qp— algebra. The semisimple version of Theorem 4.1.10

can now be stated as follows:

4.1.18 THEGREM Let A be a3 finite dimensional semisimple QP— algebra,
and ¢ a caontinuous character of A*. Let A be 3 maximal order in
A, and let DA be the absolute different of A, £f(y) the,conductor of y

defined relative to A. Then far each ¢ € S(A) we have

1

3.1.19 LA(1-—s,$)° (¢, 1-5, ¥
1,2~ - -1/2 ~1
= N, (D _£()) ® () N #Gy) t L tsay)™" 243y s, @)
where for a two sided fractional ideal 8 of A we put NA6 = (A:8). n

This theorem can be used ‘to work out the functional equations

for L-functions as shown in the next section.
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§2 FUNCTIONAL EQUATIONS FOR L—-FUNCTIONS (LOCAL CASE)

In this section we will briefly show how 4.1.18 can be used
to work out the functional equations for L-—functions. To start
with let A be a finite dimensional semi—simple @p— algebra and let
A be a2 Zp arder in A. Let M be a2 left ideal of A of finite index

(A:M) in A. Suppose GA is as defined earlier (4.1.1). Let

4.2.1 Mt = { x €Az 6 (yx) =1 for all y € M }

By symmetry of GA, it follows that M’ is a right A-module. Also !'1'L
is a full A-lattice as M is so (proof goes in the same way as for
the proof that DA is a full A-lattice).

Now letting ' = EndA(M) can view M as a (A, M—-bimodule. Then
r s EndA(M‘L ) and so M- is ('y A)-bimodule. Repeating the
process we get ErtdA(M‘L ) EndA(ML¢) and since M~ = M, we obtain
r = EndA(Ml ). Now suppose ¢ 1is a character of A* which 1is
trivial on r*. Then we may define another L-—function based on ghe
right ideals of A (note that we have been +till now defining
L-functions based on the left ideals of A). We define this as
follows:
4.2.2 vLR”(M*, s, w) = T w(Y) (A:Y)®

Y

where the sum 1s taken over 211 right ideals Y of A which are
isomo;phic to M*. (p(Y) is defined as w(Y) = w(y) where y € A* is
such that Y = yML. Since yw is trivial on AutAML this 1is well

defined). This L—function converges for Real s > 1. We are

interested in establishing a relation between L-functions via left
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ideals of A and L-—functions via right ideals of A. For this we

A”(M*, S, ) into an

proceed in the tfollowing way by inverting L
integral.

Let ¢ be the characteristic function of {M:A}. Then

Ply) = J @) 9A(xy) dx J GA(xy) dx
A Mz A

0 if y & {MzAX™"
p(LMzAY) if y € {M:A}™

This implies that ; = u({M:A2) times the ch.function of {M:A}’L
Now as since M € M~ it follows that
MY £ M:AY € Mzndt (i)

Also if z € {M:A} then 2M € A implying that &(zm) = 1 for all
m € M. This shows that {M:A> € M. xM" £ A shows that

8(xy) = 1 for all y e Mt and so in particular for all y € {M:A>.
Hence x € {M:A} . Therefore (M :A} € (M:AY" and £his together
with (i) yields M:A>T = M :aA3.

If now | "rdenotes the norm defined in 1.2.26 (viii) with

right A-lattices replacing left A-lattices, then we can write

LA”(ML, s, ¥ = £ |y[2 vy

Yy
*
where y ranges over a full set of coset representatives of {ML:A} N A

mod Aut ML. As in 2.2.4 we connect this with the integral

A

~ *
I . @(x) wpw(x) d x , where ¢ is the characteristic function of
A

{M:A}. Proceeding in the in the same way as in Chapter 2 §2 and

using the preceeding facts, one abtains
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» -
LRN(ML, s, w) = u (M) t

1

(A T emzan I . P00 pGo|x|° df
A .

This together with the functional equation 4.1.18 gives us &

relation between

LytM, s, ¥) /L (s,y)  and LR“(ML, 1-s, ¥) / LA<1—5,5).

In general this relation will be too complicated, however i1in case
A is a group ring it takes a neater form. For then we can

RN(ML, s, ) with an L- function defined via the

identify L
left ideals of A with the help of the standard anti— automorphism
of A. Let F be a finite extension of Qp with with valuation ring R.

Let G be a finite group of order n and put A = FG, A = RG. Let

the suffix a denote the standard anti automorphism of A defined by

-1
La g ] = L a g 5, a €F
(Eoo) = E oo o
For a function f on A we denote by fu defined by fc(x) = f(xa)
for ¥ € A. Let M be a left ideal of A. Then we define the
contragradient aof M as
M = [ {M:A}]
Qa

With all these notations above now the functional equation of

LA(M, s, ¥), when A is a group ring looks like

-~ T - -1 4 -
4.2.3 L (1=s,p )7 Ly (M, 1-s, y)

1/2

LA(s,yn“L (M,s5,y)

28-1

.. -1-2 = -1 - -
= {(A tA) NA{(w) } w(ncF b ") Ty} NE(y) A
where c. € R such that CFR = Dr’ the absolute different of F and

A' is some maximal order in A containing A.

.

4_.2.4 REMARK The global counterpart of 4.2.3 or the relation

5
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between L,(M, s, v)/ L, (s,¥)

can be obtained by taking the product of the
(with A replaced by A and the other objects
P

over all rational primes p. It is a trivial

the products are well defined.

and

L

(r
A

(M

4

7

i-s, w)/ L, (1-s,¥)
functional equation 4.2.#
appearing accordingly)

verification that
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CHAPTER 5

Introduction: In this concluding chapter, we will briefly state

some results (without proofs) which are clasely connected with the
material covered in the earlier chapters. We will also state some
prablems which arise in connection with the results we have

discussed so far.

&1 (A) Some results connected with the earlier chapters.

In the classical case, we know that the Dirichlet L- series was
used to prove the digtribution of primes in arithmetic progression
of rational infegers; We now discuss a similar result in terms of
the L—- functions of orders in semisimple algebras (for number
field case refer to [SL] Ch.XV ). To see this let A be an order
in a f;nite dimensional semisimple @— algebra A with r éimple
components. Let A’ be a maximal order in A. Let

cA =limit (s-1) CA,(S)
g —>1

Let M be 3 left ideal of A, and let hM be the number of
isomorphism classes in the genus g(M). Then, for a positive T
tending to o and each stable isomorphism class [Nl in g(M) (see

3.1.2) , the number of left ideals X of A such that

(A:X) £ T, X € g(M), [X1 = [N]
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is asymptotically equal to

-cd 1
h (r—1)!
M

T(loqgT?

In particular, the left ideals of A in a given genus g(M) are

asymptotically, uniformly distributed among the stable isomorphism
classes in that genus. For the proof of this result refer to
(LBR2) &.10).

In Chapter 4 we have discussed the functional equations for
zeta integrals and L—- functions of orders 1in the local case
extensively. For the global case, let A be a finite dimensional
semisimple @— algebra and A a maximal order in A, y a character of

*
JI(A) which is trivial on A . Then we can write yp = n wp, where
p

*
wp = wIAP. The space S(A) of functions on Adf(A) is defined as
all those functions which are spanned by functions of the form

= H (x ) = (x ) Ad_(A)
e/ g ¢p X — g ¢p xp y X wp e '

where ¢p e S(Ap) for all p and ¢p is the characteristic function
of Ap for almost all p. It is a trivial verification to see that

" the definition is independent of the choice of A. We now form
a9 *
5.1.2 Z(p, s, Y) = J P(x) wi(x) |x|~ d x
JCA)

where as usual [x[ = n "xp".
P

If now ¢ € S(A) is of the form ¢ = 1 ¢p ' ¢p € S(Ap), then
P

95.1.3 yA = ) = Z( s ) Real s > 1
@, » ¥V g ¢p’ ) WP ’
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Bushnell and Reiner in [BR3] showed that in the global case
5.1.4 Z(¢, 1-s, ¥ ) = I(¢, s, ¥), for all ¢ € S(A).

We now change the notation and let A be a finite dimensional
semisimple @p- algebra, A a Zp- order in A, A’ a maximal order in
A and M a left ideal of A. We have already seen in 3.2.13 that

- -3
f(s) = ZA(M,S)/ (A,(s) € ZLp 1.
The functional equation 4.1.2 yields some information about f(s)

and it has been shown in (CBR3) 12.8) that

5.1.5 f(s) = C "ane-t (A:M)™® p—aonu—m
M

+ (terms contaning lower powers of p-e)

where

(1) T is the positive constant

-— * -1
€y = H (AutAM)

(ii)> oal(L) = u* ( S_NLJL) ) where for an integer k we set

*» k
S (L) = { x e LA x| =p }

x(N) ({M2A3:A")

(iii) the 1integer a(lL) is defined by

p *Y = Max { Ix]) = x e L n AY }

for any arbitrary full Zp— lattice L in A.

(iv) N .= { y € A : 8(xy) = 1, for all x € {M:A} }, that is

L
N = {MzA} (using the notation introduced in Chapter 4).
(v) o € A* is such that A = A a (such a choice 1is

4
possible as A’ is a left A~ lattice).
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(B) Some open problems.

(I) As usual, the calculation of L- functions of orders 1n
concrete cases present a lot difficulty. Of immediate concern is
the calculation of orders in number fields. In this connection,
let us point out that even the simplest case of quadratic fields
have not been tackled so far. ( L-functions for group rings have
been calculated in [BR21.).

(II) Another problem worth venturing into is to gsee whether

LRN(M s Sy, ¥) can be expressed as an L- series via left of A in

general ( it has been shown in Chapter 4 that this is possible for

integral group rings). It is too much expect a neat relation

«r

A

in general. However, it may not be impossible to get such a

’ L — -
between L, (M, s, ¥) / L (s,w) and L, (M, 1-s5, ¥ ) / L(t-5, ¥
relation in special case.

(III) If A is a finite dimensional semisimple Qp— algebra then with

usual notations we know that
LA(M, S, ) = g(s) LA(S,W)
where q(s) € th][p_gl. It v = v, i the trivial character, then
LA(M, S, wo) = ZA(M,S)
and in 5.1.5 we have given a somewhat explicit expansion of
f(s) = ZA(M,S) / (A,(s), A’ a maximal qrder. It would be niﬁe ta
see if such a formula could be given for
g(s) LA(M, s, v) / LA(s,w)

*
when y is any character of A .
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