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PREFACE

Since the advent of the notion of finite groups, their classification has
occupied perhaps the central position in the theory of finite groups. The finite
abelian groups are the direct products of cyclic groups of prime power order,
however the group structure becomes increasingly complex with decreasing
abelianness. Study of finite groups in terms of their centralizers is a tool
through which we can classify some of finite non-abelian groups.

Given a finite group G and = € G, the set Cq(z) = {y € G|zy = yz}
is called the centralizer of x in G. The set of all such centralizers in G is
denoted by Cent(G). Note that G is abelian if and only if | Cent(G)| = 1.

At this point two questions can be posed:
(a) Given a finite group G, what can be said about | Cent(G)| 7
(b) If the value of | Cent(G)| is known then what can be said about G 7

In 1994, S. M. Belcastro and G. J. Sherman [10] proved that if a finite group
G is non-abelian, then | Cent(G)| > 4. Moreover they classified all finite
groups G with |Cent(G)| = 4,5 and asked whether | Cent(G)| could take
any value different from 2 and 3. They also asked whether any value of

| Cent(G)| different from 1,2,3,4 and 5 characterize G. In addition they also

t
studied the number PrCent(G) = %.
A finite group G is called n-centralizer if | Cent(G)| = n, and primitive
n-centralizer if | Cent(G)| = \Cent(%ﬂ = n. In 2000, A. R. Ashrafi

[, 5] studied n-centralizer and primitive n-centralizer groups, and answered



some of the questions raised by Belcastro and Sherman. He also studied the
structure of finite groups having | Cent(G)| = 6,8.

In 2006, A. R. Ashrafi and B. Taeri [7] studied the structure of finite
groups with | Cent(G)| = 7. They also computed | Cent(G)| for some finite
groups using the structure of G modulo its center.

In 2007, A. Abdollahi, S. M. J. Amiri and A. M. Hassanabadi [I] gave
some interesting relations between | Cent(G)| and the maximum number of
the pairwise non-commuting elements in G. They also characterized all n-
centralizer finite groups for n = 7 and 8, and settled a conjecture posed
by A. R. Ashrafi [4] affirmatively. In 2005, A. R. Ashrafi and B. Taeri [6]
obtained a characterization of As in terms of the number of centralizers.

A group G is called minimal simple group, if it is a finite non-abelian
simple group all of whose proper subgroups are solvable and G is said to
be finite semi-simple group if it has no non-trivial normal abelian subgroup.
In 2009, Mohammad Zarrin [33] calculated | Cent(G)| for all minimal simple
groups and gave negative answer to a question raised by A. R. Ashrafi and
B. Taeri [7]. They also characterized all finite semi-simple groups G with
| Cent(G)| < 73.

In Chapter 1, we have collected some basic definitions and results from
the theory of groups which have been used in the forthcoming chapters.

For a finite group G and an element z € G, the centralizer of x in G is
given by Cg(z) = {y € G|zy = yz}. The set of all such centralizers in G
is denoted by Cent(G). At this point one question arises ‘What can be said
about | Cent(G)|?" Clearly, G is abelian if and only if | Cent(G)| = 1. In
chapter 2, our goal is to study the possible values of | Cent(G)|. Some of the
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significant results are as given below.

Proposition Let G, H be two groups, then

Cent(G x H) = Cent(G) x Cent(H).

Lemma Let G be a group. Then Z(G) is the intersection of all cen-
tralizers in G, i.e. Z(G) = xQGCg(a:).
Lemma If G is a group, then G is the union of centralizers of all
non-central elements of G, i.e. G = e G!Z(G)Cg(x).
Theorem Let G be a non-abelian group, then | Cent(G)| > 4.

A group G is called n-centralizer if | Cent(G)| = n. We write C), to
denote a cyclic group of order n.
Proposition There exist n-centralizer groups for n # 2, 3.
Proposition Let Dy, be the dihedral group of order 2m. Then

m+2, if 24m
| Cent(Ds,,)| =

B4+2, Aif 2|m.

Proposition |2.2.3| Let G be a group and p be a prime. [f% = O, xC) then
| Cent(G)| = p+2. If p is odd and % = D,,, then | Cent(G)| = p+ 2.
Proposition If G is a non-abelian p-group, then

| Cent(G)| > p + 2, with equality if and only if Z(C;) = (O, x C,.
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Theorem Let G be a group. Then |Cent(G)| = 4 if and only if

76 = (9 x Cy; that is, G modulo its center is isomorphic to the klein four
group.
Theorem Let G be a finite group. Then | Cent(G)| = 5 if, and only

if, % = (O3 xCs or % = S3, where S3 1s the symmetric group on three

symbols.
Let G be a finite group then the ratio PrCent(G) = %, gives an
estimate for | Cent(G)| relative to the size of G.

Theorem Let p be the largest prime divisor of |G|. Then

, if p=2

+4ip, if pis odd.

D=

PrCent(G) <

NI

Given a finite group G, its commutativity degree, denoted by PrCom(G),
is the probability that a randomly chosen pair of G commutes. Clearly,
0 < PrCom(G) <1, and PrCom(G) = 1 if and only if G is abelian. A
non-empty subset X = {xy,xs,...,2,} of a finite group G is called a
set of pairwise non-commuting elements if z;x; # x;x; for all distinct
i,7 € {1,2,...,r}. A set of pairwise non-commuting elements of G is said
to have maximal size if its cardinality is largest one among all such sets.
We denote this largest cardinality by r(G). In chapter 3, we study some
interesting relations between |Cent(G)| and other invariants of GG, namely
the commutativity degree of GG, and the maximal size of a subset of pairwise
non-commuting elements of G. In this chapter, there are four sections. In

the first section we discuss some results related to PrCom(G). Some of the
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results are given as follows.
Theorem [3.1.1| Let G be a finite group. Then -~ =2 Ss if and only if

2(G) —
PrCom(G) = 1.

Theorem If the smallest prime divisor of |G| is p, then

2
—1
% if and only if
p

PrCom(G) = =, x Cp.

G
2(G)

In the second section we discuss some relations between | Cent(G)| and
PrCom(G). We know that for an abelian group G, PrCom(G) = | Cent(G)| =
1. Some of the important results are as mentioned below.

Theorem Let G be a finite group. Then PrCom(G) = 2 if and only
if | Cent(G)| = 4.
Proposition If the smallest prime divisor of |G| is p and

PrCom(G) = Z%,then | Cent(G)| = p+2.
In the third section we discuss some results related to r(G). Some of the
important results are as given below.
Proposition Let G be a finite n-centralizer group and r(G) =
n — 1. Then every proper centralizer of G is abelian. Moreover, for every
non-central elements x andy of G, Cg(x) = Ca(y) or Ca(z)NCeq(y) = Z(G).
Proposition Let G be a finite group and {x1, s, ..., 2.} be a set of

pairwise non-commuting elements of G having mazimal size. Then

(i) {Cq(x))|i = 1,2,...,7} is an irredundant r-cover with the intersection

Z(G) = iélcg(xi).



(i) |55 < /().
(i) £(3) = 4.f(4) = 9,£(5) = 16, (6) = 36.

(iv) iof G is a group such that every proper centralizer is abelian, then for

all a,b € G —Z(G) either Cg(a) = Cgq(b) or Ca(a)NCq(b) = Z(G).

In the fourth section we discuss some relations between |Cent(G)| and

r(G). Some of the results are given as follows.

Proposition Let G be a finite non-abelian group, {1, s, ..., 2.} be a

set of pairwise non-commuting elements of G having maximal size. Then,
(i) r=3,
(ii) r+ 1 < |Cent(G)|,
(iii) » = 3 if and only if | Cent(G)| = 4
(iv) r = 4 if and only if | Cent(G)| = 5.

Proposition Let X = {x1,x9,...,2,.} be a set of pairwise non-
commuting elements of a finite non-abelian group G having mazximal size.

Then,
(a) If | Cent(G)| < r + 4, then

(i) For each element x € G, Cg(x) is abelian if and only if
Ca(z) = Cg(x;) for some i€ {1,2,...,r}.
(i) If Co(x;) is a maximal subgroup of G for some 1 € {1,2,...,1},

then Z(G) = Cg(x;) N Cqlx;) for all j € {1,2,...,r} —{i}. In
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particular, if |G|Cq(z1)] < |G : Cg(x2)| <2, then |Cent(G)| =
4, and if |G : Ce(z1)| < |G|Cq(z2)| = 3, then | Cent(G)| = 5.

(b) If | Cent(G)| = r+2, then there exists a proper non-abelian centralizer
Ce(x) which contains Cg(x;,), Ca(xiy,) and Ca(xi,) for three distinct

11,1%2,13 6{1,2,...,7“}.

(c) If |Cent(G)| = r+ 3, then there exists a proper non-abelian central-
izer Cg(x) which contains Cg(x;,) and Cg(z,) for two distinct

11,19 € {1,2,...,7’}.

Proposition Let G be a finite non-abelian group. Then every proper
centralizer of G is abelian if and only if | Cent(G)| = r + 1, where r is the
maximal size of a set of pairwise non-commuting elements of G.

In Chapter 4, we study some properties of 6, 7, 8-centralizer groups. Some
of the significant results are as given below.
Theorem If G is a 6-centralizer group, then

ngS’A47C2 XCQ XCQ O’I’OQ XCQ XOQ XCQ.

Theorem Let G be a finite group. Then G is T-centralizer group if
and only if 55 = Cs x Cs, Dig, (w,yl2® = y* = Ly 'ay = 2°).
Theorem Let G be a finite 8-centralizer group. Then

m = CQ X CQ X 027"44 or D12-
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A group G is called minimal simple group, if it is a finite non-abelian
simple group all of whose proper subgroups are solvable and G is said to
be finite semi-simple group if it has no non-trivial normal abelian subgroup.
In Chapter 5, we study some properties of what is known as a primitive n-
centralizer group, i.e., a group in which the number of centralizers equals the
number of centralizers of its central quotient. We also study the structure
of finite groups G having large values of | Cent(G)|. Finally, we study the
values of | Cent(G)| for all minimal simple groups G. In this chapter, there
are three sections. In the first section we study some properties of primitive
n-centralizer groups. Some of the results are as follows.
Proposition There exists a primitive n-centralizer group for all odd
n # 3.
Proposition Let G be an n-centralizer group and |G' N Z(G)| = 1.
Then G is a primitive n-centralizer group.
Theorem A finite group G is primitive T-centralizer if and only if
% > Dy or (z,yla® = y* = 1,y oy = 2?).

In the second section we study 22, 23-centralizer groups. Some of the

important results are as mentioned below.

Theorem |5.2.3| If G is a finite group and % = As, then | Cent(G)| = 22
or 32.

Theorem If G is a finite simple group and | Cent(G)| = 22, then
G = As.

In the third section, we study the values of | Cent(G)| for all minimal
simple groups GG. Some of the significant results are as given below.

Theorem Let G = PSL(2,q), where q is a p-power (p-prime). Then
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(i) If g € {2,3,5} or ¢ =0 (mod 4). Then

.

¢ +q+2, if ¢>5,
22, if ¢ = 4 orbh,
| Cent(G)| =
6, if q =3,
(5 if ¢ = 2
(ii) If¢g>5 and ¢ =1 (mod 4). Then
3¢ +3q+4
| Cent(G)| = %
(ili) If ¢ > 5 and ¢ = 3 (mod 4). Then
2
4
| Cent(G)| = ?’4’%

Theorem Let G = Sz(q)(q = 2*™' m > 0). Then

2(@+1) AP+ -1)  F@+1)(g—1)
2 d(g+2r+1) 4(g—2r+1)

|Cent(G)| = ¢*—*+q+2

1

where r = 3

Theorem Let G be a finite non-abelian simple group such that

| Cent(G)| < 73. Then G = As.
Theorem [5.3.9)If G is a finite semi-simple group with | Cent(G)| < 73, then
G = As or Ss.

We conclude the dissertation with an observation that the study of finite
groups in terms of the number of their centralizers provides enough oppor-

tunity for future research even though a lot has already been done.

1X
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Chapter 1

Preliminaries

In this chapter we recall some of the basic definitions and results from the

theory of groups which have been used in the forthcoming chapters.

1.1 Group Action

Let G be a group and X be a set. Then G is said to act on X if there exists
amap ¢ : G x X — X such that the following conditions hold:

(i) ¢(1,2) = x V€ X, 1 being the identity element of G.
(i) 6(gh,a) = o(g,6(h,z)) Vo€ X and ¥ g,h e G.

If a group G acts on a set X then for each z € X, the orbit of x denoted
by orb(z) is defined to be the set {¢(g,z) € X|g € G} and for each x € X,
the stabilizer of  denoted by stab(z) is defined to be the subgroup

{9€G|d(g,x) =x} of G.



Theorem 1.1.1. Let a group G acts on a set X. Then, for each x € X, the

number of elements in the orbit of x equals the index of stabilizer of x, i.e.,

|orb(z)| = [G : stab(x)].

1.2 Isomorphism theorems

The following theorems play crucial roles in the theory of groups.

Theorem 1.2.1. (First isomorphism theorem) ([29], page 25) Let G and
H be two groups and ¢ : G — H be a homomorphism with Ker¢p = K . Then
K is a normal subgroup of G and G/K = Im ¢.

Theorem 1.2.2. (Second isomorphism theorem) ([29], page 25) Let G
be a group and let H and N be subgroups of G, and N < G. Then

H  HN
HAN ~ N

Theorem 1.2.3. (Third isomorphism theorem) ([29], page 26) Let G
be a group and K C H C G, where both H and K are normal subgroups of
G. Then H/K is a normal subgroup of G/K and

G/K G
H/K ~ H

Theorem 1.2.4. (Correspondence Theorem) ([11], page 98)

Let ¢ : Gy — G4 be a homomorphism of a group Gi onto a group Gy. Then

the following are true:

(1) H1 < G1 = ¢(H1) < GQ.



(11) H2 < G2 = ¢_1<H2) < Gl.
(lV) H2 < GQ = ¢_1(H2) < Gl

(v) The mapping Hi — ¢(Hy) is a 1-1 correspondace between the family
of subgroups of G1 containing Ker ¢ and the family of subgroups of Go;
furthermore, normal subgroups of Gy correspond to normal subgroups

Of GQ.

Corollary 1.2.5. Let N be a normal subgroup of G. Given any subgroup H;
of G/N, there is a unique subgroup H of G such that Hy = H/N. Further,
H <G if and only if H/N < G/N.

1.3 Sylow’s Theorems

Let G be a group and p be a prime such that |G| = p*m where a, m € N
and p{ m. Then any subgroup of G of order p* is called a Sylow p-subgroup
of G. The set of all Sylow p-subgroups of G is denoted by Syl,(G).

Result 1.3.1. (Sylow’s first theorem) ([17], page 330) Let G be a finite
group such that |G| = p*m where a, m € N and p is a prime with p { m.

Then there is a subgroup of G of order p*.

Result 1.3.2. (Sylow’s second theorem) ([I7], page 331) Let G be a finite
group and p be a prime such that p divides |G|. If P is a p-subgroup of G
and S € Syl,(G), then there exists g € G such that P C S9.



Result 1.3.3. (Sylow’s third theorem) ([I7], page 332) Let G be a fi-
nite group and p be a prime such that p divides |G|. If n is a positive
integer such that |51%52| > p" VS, Sy € Syl,(G) with Sy # Sy, then
|Syl,(G)| = 1(modp™). In particular, we have |Syl,(G)| = 1(modp).

1.4 Product of groups

Direct product: Let H and K be any two groups, then the (ezternal) direct
product of H and K, denoted by H x K, is the set of all ordered pairs (h, k),
where h € H and k € K, with the binary operation

(W YR K = (WH', K'E"), where b, 1" € H and ¥, k" € K.

Theorem 1.4.1. ([29], page 29)
Let G be a group and H, K be two subgroups of G such that

() HOK = {1},
(i) G = HK and
(iii) Every element of H commutes with element of K, i.e.

hk = kh¥Yhe H VkekK.

Then, G =2 H x K.

Theorem 1.4.2. ([29], page 29)
Let G be a group with normal subgroups H and K. If HNK = {1} and
HK = G, then G=2 H x K.



Theorem 1.4.3. ([29], page 30)
Let G = HXx K, and let Hi < H and K1 < K. Then H; x K1 <G and
G B K
Hx K, H K
Semidirect product: Let X and H be any two groups and 6 : X — Aut(H)
be a homomorphism. Then the cartesian product X x H forms a group under

the binary operation

(z1, h1) (22, ha) = (2172, 0(22)(h1)h2),

where z; € X, h; € H,i = 1,2. This group is known as the (external)
semidirect product of X with H (with respect to 6) and is denoted by X x4 H.
If 4 is the trivial homomorphism, then X x4 H is the direct product of X
and H.

The semidirect product of C; and C5 gives S3. The dihedral group Do,

is isomorphic to a semidirect product of Cy and C,,.

1.5 Commutator Subgroup

Let a, b be two elements of a group G, the commutator of a and b, denoted by
[a, ], is the element aba~'b~'. The commutator subgroup or derived subgroup
of G, denoted by [G, G] or G’, is the subgroup of G generated by all the

commutators in G.

Theorem 1.5.1. ([29], page 24)

The commutator subgroup is a normal subgroup, the quotient group G /G’ is



abelian, and if H is a normal subgroup of G for which G/H is abelian then

G'" is contained in H.

Few Commutator Identities:
There are many commutator identities that are quite useful. Few such

commutator identities are given below.

Lemma 1.5.2. ([29], page 92)
If x, y, z € G then

(i) [z, yI=" = [y, 7]
(i) [z, yz] = [, yl[z, 2J¥

(iil) [y, 2] = [y, 2)*[z, 2]

1.6 Class equation

Let G be a group with center Z(G) = {x € Glay = yzx for all y € G}. If
x € G, then the centralizer of x in G is given by Cg(x) = {y € Glzy = yz}.
Note that Z(G) = xQGCg(x). Also, if G is a group and % is cyclic, then
G is abelian.

Let z, y be two elements of a group GG. We say that = is conjugate to y
if 29 = grg~' = y for some g € G. The relation ‘x is conjugate to y in G’
is an equivalence relation on G. This equivalence relation yields a partition
of G and each cell in the partition arising from an equivalence relation is an

equivalence class. The equivalence classes are called conjugacy classes of G.

The conjugacy class of = is denoted by Cl(x).

6



Theorem 1.6.1. The number of conjugates of x in G is |G : Cg(x)], i.e.
|Cl(z)| = |G : Cq(x)].

Theorem 1.6.2. (Class Equation) ([29], page 57)

Let G be a finite group, then
G| = 12(G)|+ ) _[G: Colay)]

where one x; is chosen from each conjugacy class having more than one

element.

1.7 Capable groups

A group G is called capable if there exists a group H such that G =2 %H)
For example All groups with trivial center, Z, X Z,, where p is a prime.

All non-trivial cyclic groups are not capable groups.

Proposition 1.7.1. [1] The groups {(z,y | 2° = y* = 1, y~lay = 271,

C3 X Dyg, S3x Cy and (z,y|z% = 1,9* = 23,y tay = z7') are not capable.

Proof. Suppose, for a contradiction, that there exists a group H such that

H
7200 ~ [ = (z,yla® = y' = Ly lay = a7,

2

So, there exist elements hy, hy € H such that |hZ(H)| = 4, |heZ(H)| = 10
with h2Z(H) = ho°Z(H). Therefore Cy(hy) and Cy(hs) are subgroups
of Cy(h?) and so the lem(4,10) divides ]%Zl;” This forces hi? to be in
Z(H), which is a contradiction.



Now assume, on the contrary, that there exists a group G such that

% = (3 X Dyg. Then there exist two elements x and y in G such that
zZ(G)] = 15, [yZ(G)] = 6 with 2°Z(G) = y*Z(G). Tt follows that

Ca(x®) contains both of Cg(z) and Cg(y). Thus Cg(2°) = G, which gives
z° € Z(@G), which is not possible.

Next suppose, for a contradiction, that there exists a group K such that
% = S3x (5. Thus there exist elements ky and ko in K and |k Z(K)| = 15
and |k Z(K)| = 10 with k> Z(K) = ko*Z(K). Therefore Ck (k;®) contains
both of Cx (k1) and Ck(ks). It follows that Cx(k*) = G, a contradiction.

Lastly suppose, on the contrary, that there exists a group L such that

1

= <xay|$6 = 1>y2 = 1’3,y_ Ty = .CE_1>.

Z(L)
Then there exist elements 1,y € L such that |l Z(L)| = 4, |lbZ(L)] = 6
with 1,°Z(L) = [,°Z(L). Therefore Cp(l;) and Cp(ly) are subgroups of

Cr(1,*) and so lem(4,6) divides |C§§IL1)2)| This implies that ;> € Z(L),

which cannot happen. O

Remark 1.7.2. [I] Let A be a finite abelian group. Let p be a prime number
and ¢ > 0 be an integer. Suppose that r(A,p’) is the number of cyclic direct
summands of order p’ in the decomposition of A into cyclic groups of prime
power orders. In [§], it is showed that A is capable if and only if for every

prime number p, (A, p’) = 1 implies that A contains elements of order p*!.

Proposition 1.7.3. [1/ (1) The only capable groups of order 12 are D1y and
Ay



(2) The only capable groups of order 20 are

Dyy and (z,ylz° = y* = 1,y lay = 2?).

(3) The only capable group of order 30 is Dsp.

Proof. 1t is well-known that, if n > 2 is an integer then Dy, is a capable
group. Also clearly every centerless group is capable.

(1) There are exactly four non-cyclic groups of order 12, namely
Gy x Cp x C3, D1p, Ay and (z,yla® = 1,9° = 2®,y oy = 7).

It follows from Remark and Proposition that Dy and A, are the
only non-cyclic capable groups of order 12.

(2) There are exactly four non-cyclic groups of order 20, namely

Cox Cy x Cs, Doy, T = (z,ylz® = y* = 1,y lzy = 2?) and
(z,yl2® = y' = Ly lay = 27}).

Since Z(T) = 1, so Remark and Proposition gives that Da
and (z,ylz> = y* = 1,y 'zy = x?) are the only non-cyclic capable

groups of order 20.

(3) There are exactly three non-cyclic groups of order 30, namely
Dgo, Og X D10 and S3 X 05.

It follows from Proposition that D3 is the only capable group of order
30. [l



1.8 Solvable Groups

Normal series: A sequence (Gg, Gi, -+, G,) of subgroups of a group G

is called a normal series of G if
{1} = GOS]G1S]G2§]"'S1G7~71§]G7«
The factors of a normal series are the quotient groups G;/G;_1, 1 <i <.

Note 1.8.1. We often refer to a normal series (Go, Gy, ---, G,) by saying
that
{1} = GocGiC---CG, =G

is a normal series of G.

As the derived subgroup G’ of a group G we define the nth derived sub-

group of G, written as G, as follows:
GV =¢g, G =(G"VY (n>1).
A group G is said to be solvable if G = {1} for some positive integer k.

Theorem 1.8.2. ([I1], page 119)
A group G is solvable if and only if G has a normal series with abelian factors.
Further, a finite group is solvable if and only if its composition factors are

cyclic groups of prime orders.

Theorem 1.8.3. ([11], page 119)
Let G be a group. If G is solvable, then every subgroup of G and every

homomorphic image of G are solvable.
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Theorem 1.8.4. ([29], page 82)
Let N is a normal subgroup of G such that N and G/N are solvable, then G

15 solvable.
Corollary 1.8.5. If H and K are solvable, then H x K is solvable.

Corollary 1.8.6. Fvery finite p-group s solvable.

1.9 Nilpotent Groups

We define inductively the n'* center of a group G as follows. For n = 1,
Z1(G) = Z(G). Consider the center of the quotient group G/Z;(G). Because
Z(G/Z1(G)) is a normal subgroup of G/Z1(G), by Corollary there is a
unique normal subgroup Z,(G) of G such that

Z5(G)
Z1(G)

— 2(GZ:(G)).

Thus, inductively we obtain a normal subgroup Z,(G) of G such that

Zn(G)

(@) Z(G/Zn-1(G))

for every positive integer n > 1. Z,(G) is called the n'* center of G. Setting
Zo(G) = {1}, we have

Zn(G)

76 (G Zn-1(G))

for every positive integer n. It follows immediately from the definition that
Z,(G)={r G |ryz 'y € Z,1(G) V y€G}.
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Hence, (Z,(G)) C Z,-1(G).

The ascending series
{1} =2y(G) c Z1(G) C --- C Z,(G) C - -

of subgroups of a group G is called the upper central series of G.
A group G is said to be nilpotent if Z,,(G) = G for some m. The least

such integer m is called the class of nilpotency of G.

Theorem 1.9.1. ([11], page 121) A group G is nilpotent if and only if G has
a normal series

{1} =GycGyC---CG, =G

such that G;/G;—y C Z(G/G,—1) for alli=1, ---, m.

1.10 Covering of a group

A group G is covered by a family of cosets or subgroups if G is simply the
set theoretic union of the family. We say that a covering of G = LzJXi is
irredundant if none of the subgroups X; can be ommited; that is, X; ¢ jL;in,
for each 1.

The maximum value of |G : iélXi] in a group G with an irredundant

covering by n subgroups is denoted by fa(n). [27]

Lemma 1.10.1. [32] Tomkinson’s lemma

Let M be a proper subgroup of the (finite) group G and let Hy, ..., Hy be
subgroups with |G : H;| = piand py <--- < By. IfG = MUH,U---UHjy,
then By < k.

12



Furthermore, if 8y = k, then p1 = [ = -+ = [ = k and
H,NH; <M, foralli#j.

Theorem 1.10.2. [37] Tomkinson’s Theorem

Let G has an wrredundant covering G = X, U---U X, where Xq,---, X,
be subgroups of G with |G : X;| = «a; and o < ay < -+ < ay; and
D = N Xi. Then

(1) Qg <n-— 1
(i) Ifay = n—1 then |G : D| < (n —1)*(n — 3)!
(iii) If g <n—1 then |G : D| < (n—2)%(n—3)..

Theorem 1.10.3. [1}] Cohn’s Theorem

Let Hy,Hs, ..., H, be subgroups of G. If G = tngt’ then |G| < ti2|Ht|,
with equality if and only if HHH, = G for allt # 1 and Hy N H; C H; for
all k # 1.

Theorem 1.10.4. [22] Ito’s Theorem
If G is a finite group of two class lengths, then G is the direct product of a
p-group P with an abelian group A.

1.11 Some standard groups

In this section we recall some standard examples of groups. The groups which
play perhaps the most crucial role in this dissertation are the cyclic groups.

We write C,, to denote a cyclic group of order n.
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(A) The permutation groups

The set of all bijective maps on a set X forms a group under the composi-
tion of maps. This group is called the symmetric group on X and is denoted
by SymX. In particular, if X = {1, 2, ...,n}, then SymX is also denoted
by S, and is called the symmetric group of degree n. Clearly, |S,| = n!.

The group of even permutations of n symbols is called the alternating
group of degree n and is denoted by A,. The alternating groups of degree
greater than or equal to 5 form examples of an important class of groups
called the simple groups. Clearly |A,| = %'
(B) The dihedral groups

A dihedral group Ds, of order 2n, n > 2. is the group of all symmetries

of a regular polygon with n sides. It is presented as
Doy = (z, yly" =1, 2 =1, zy =y~ 'a).

A semi-dihedral group of order n = 2™, m > 3, is presented as

2m71

SD, = (s, t|s =1, =1,ts=5" ")

(C) The generalized quaternion groups

A generalized quaternion group of order n = 2™, m > 3, is presented as

am=—1 2 2m=2 -1

Qoo™ =1 =2,y =)
In fact, this is a generalization of the well-known group of quaternions,
Qs = (i, j. k|i® = j* = k¥ = ijk = —1).

(D) The dicyclic groups
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A dicyclic group of order 4m, m > 2, is presented as
Qum = {a,b|a®™ =1, b* =a™, ba = a™'b).

When m = 2, the dicyclic group is isomorphic to the quaternion group
®s. More generally, when n is a power of 2, the dicyclic group is isomorphic
to the generalized quaternion group.

(E) The linear groups

Let F' be a field. The set of all n x n invertible matrices with entries from
F forms a group under matrix multiplication. This group is known as the
general linear group of degree n over the field F' and is denoted by G L, (F)
or GL(n, F'). For n > 2, the group GL(n, F') is non-abelian.

Let F be a field. The set of all n x n matrices of determinant one with
the entries from F' forms a group under matrix multiplication. This group is
called the special linear group over the field F' and is denoted by SL,(F) or
SL(n,F). In fact, SL(n, F) is a subgroup of GL(n, F).

SL(2, q) is the group of all 2 x 2 matrices of determinant one with the
entries from the finite field F, of ¢ elements, where ¢ = p™ for some prime p

and for some positive integer n.
Result 1.11.1. The cardinality of SL(2,q) is q(¢ — 1)(¢ + 1).

Result 1.11.2. The ezact number of conjugacy classes in SL(2,q) is ¢+ 4

when q is odd, and ¢+ 1 when q is even.

The projective special linear group is the quotient of the group of matrices

SL(n,F) by its center. It is denoted by PSL(n,F). The cardinality of
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PSL(2,q) is (¢+1)(¢* — q) when ¢ = 2" and 3(¢+1)(¢* — ) when ¢ =p", p

is an odd prime and n > 0.
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(F) The classification theorem for finite simple groups
Every finite simple group is one of 26 sporadic simple groups or belongs

(up to isomorphism) to atleast one of the following three infinite families:
(a) A cyclic group with prime order;
(b) An alternating group of degree at least 5;
(¢) A simple group of Lie type, including both

(i) the classical Lie groups, namely the groups of projective special

linear, unitary, symplectic or orthogonal transformations over a

finite field;

(ii) the exceptional and twisted groups of Lie type (including the Tits

group).
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Chapter 2

| Cent((7)|, the number of

centralizers

Given a finite group G and an element = € G, the set Cg(x) = {y € G|zy =
yx} is called the centralizer of x in G. The set of all such centralizers in G
is denoted by Cent(G). At this point one question arises ‘What can we say
about | Cent(G)|?” In this chapter, our goal is to study the possible values
of | Cent(G)|.

2.1 Definition and some properties

Let G be a finite group. Then for any element x € G, the set
Colx) = {y € G| zy = yx} is called the centralizer of x in G; the
set of all centralizers in G is denoted by Cent(G) and | Cent(G)| denotes the

number of distinct centralizers in G. A group G is called n-centralizer if
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Cent(G)| = n. For example,
|
(i) Dg = (z,y|ly* = 2% = Lzyz™! = y~!) is a 4-centralizer group

and the centralizers are precisely
D87 ODs(y) - <y>7 CDg(x) = {17 9271‘,@27 I}7 CDg(ny) = {]-7 y27 xyga xy}

(i) S3 = (a,b|V® = a* = 1,aba™* = b!) is a 5-centralizer group and

the centralizers are precisely

Ss,Cs,(a) = {1,a}, Cs,(b) = (b), Cs,(ab) = {1,ab}, Cs,(ab?) = {1, ab®}.

Proposition 2.1.1. [70] Let G be a group. Then G is abelian if and only if
| Cent(G)| = 1.

Proof. We know that G is abelian if and only if Cs(z) = G for each x € G.
This proves the proposition. O

Proposition 2.1.2. Let G, H be two groups, then
Cent(G x H) = Cent(G) x Cent(H).

Proof. 1t follows easily from Cgxmy(g,h) = Ca(g) x Cg(h), for any g € G
and h € H. O

The following lemmas play an important role in finding lower bound for

| Cent(G)].

Lemma 2.1.3. Let G be a group. Then Z(G) is the intersection of all
centralizers in G, i.e. Z(G) = ﬂGCg(x).
T e
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Proof. Clearly, Z(G) C ﬂGC’G(x). Now, suppose y € ﬂGCg(:c) then
T € T €
xy = yx V x € G, which gives y € Z(G). Hence, the lemma follows.
0

Lemma 2.1.4. If G is a group, then G is the union of centralizers of all

non-central elements of G, i.e. G = U Cg(x).
z € G-Z(Q)
Proof. Clearly, GUZ(G)Cg(JI) C G. Let g € Z(G), then by using Lemma
z e G—
2.1.3l g € Cq(z) Vo € G. So, g € GUZ(G)Cg(x). Let g € G — Z(G), then
r e G—
g e Cg<g) = g€ Ve GL;JZ(G)CG('I).
Therefore G C U Cg(x) and the lemma follows. O
z € G—Z(G)

Lemma 2.1.5. A group G cannot be written as a union of two proper sub-

groups.

Proof. Suppose H, K be two proper subgroups of G such that G = HUK.
Let v € H— Kandy € K— H. Suppose vy € H, then 27 'zy = y €
H, a contradiction. Again suppose zy € K, then zyy™! € K = a €
K, a contradiction. Therefore zy ¢ G, a contradiction. This proves the

Lemma. [
Theorem 2.1.6. [10] Let G be a non-abelian group, then | Cent(G)| > 4.

Proof. We have that G is the union of its proper centralizers, i.e.

G = e G!Z(G)CG(J:) ( by Lemma [2.1.4)).

If |Cent(G)| = 1 then G is abelian, a contradiction. If |Cent(G)| = 2
then G is the proper subgroup of itself, which is not possible. Suppose
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| Cent(G)| = 3, then Cent(G) = {G,Cq(z),Cqe(y)}, where Cg(z) and
Ce(y) are proper centralizers of G. Therefore G = Cg(z) UCg(y), which is
not possible by Lemma, [2.1.5]

Hence, | Cent(G)| > 4. This completes the proof. O

2.2 Some computation of | Cent(G)|
In [10] Belcastro and Sherman make two questions

(i) Can we make | Cent(G)|, anything we like, i.e. if n is a positive integer
other than two or three, does there exists a group withn = | Cent(G)|

centralizers?

(ii) Which values of | Cent(G)|, other than 4 and 5, characterize G ¢

The following proposition gives an affirmative answer to the first question.

Of course the second question is still not answered completely.
Proposition 2.2.1. [J] There exist n-centralizer groups for n # 2, 3.

Proof. We know that any abelian group is 1-centralizer, so we can assume
n > 4. Now we consider the dicyclic group Q4,, m > 2. The group Qg,, is

defined by

Qum = {(a,bla®™ = 1,b> = a™ bab™' = a™')

= {l,a,d* ...,a*" ' b,ba,... ba*" '}
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Here Cg,, (1) = Qum. Now consider Cg,, (a’),1 < i < 2m — 1. Suppose
b € Cq,,. (a"), then

ba' = a'b= a' = ba'b' = ¥ = 1= 2m|2i= i = mt,

where t € N.
If t > 1 then 7 > 2m, a contradiction. Thereforet = 1= ¢ = m. Now

suppose a*b € Cp,, (a’), where 1 < k < 2n — 1. Then

(a*b)a’ = a'(a"b)

= d"ba'b™! = o't*

= dha—t = itk
=a% =1
= 2m | 2i
=1 = ml,
where [ € N. If [ > 1 then ¢ > 2m, a contradiction. Therefore : = m.

Hence, Cg,, (a') = {1,a,...,a*™ '}, where 1 <i(#£m) < 2m — 1.
Next consider Cg,, (a'), where 1 < i < 2m —1. Suppose o/ € C,, (a'b),
where 1 < 7 < 2m — 1. Then

a(a'h) = (a'b)a’ = a¥ = 1= m|j= j = m.
Suppose a*b € Cg,, (a'b), where 0 < k < 2m — 1. Then
(a*b)(a’b) = (a'b)(a*b) = a®*) = 1= 2m |2k —i)= k—i = mt,
where t € Z.
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If t > 2 then &k — i > 2m, a contradiction. If £ < —2 then i — k > 2m, a
contradiction. Hence t = 0,1, —1 and therefore & = ¢,m + 14,7 — m. Also

a'’=™ = "™, Thus Cy,, (a'b) = {1,a™,a’b,a" b}, where 0 < i < 2m—1.

Therefore
Co,, (b)) = {1,a™,b,a™b}
Co,n(ab) = {1,a™, ab,a™ b}
Coun (@™10) = {1,a™,a™ 'b,a®" b}
CQun (a™b) = {1,a™,a™b, b}
Coun (@™710) = {1,a™,a® b,a™ b}
Hence | Cent(Qum)| = m + 2, where m > 2. Again since n > 4, therefore

(n —2) > 2; and so | Cent(Q4n—2))] = (n —2)+2 = n. This proves the

proposition. ]

Proposition 2.2.2. [5] Let Do, be the dihedral group of order 2m. Then

m+2, if 24m
| Cent(Dap,)| =
mo if 2| m.
Proof. The group D,,,, m > 3 can be presented in the form

Doy = (z,ylz™ = y* = Lyay™' = 27

= {l,z,....2" y,yz,... yz" '}
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Now Cp,, (1) = Da,. Next consider Cp, (z%),1 < i < m — 1. Suppose
yr? € Cp,, ('), then

(yz))z' = 2'(y2x?) = ya' = 'y = 2% = 1= m|2i.

If m is odd then m | i, a contradiction. If m is even then 2i = mt, ¢t € N. If
t > 1 then 2i > 2m = ¢ > m, a contradiction. So t = 1. Therefore i = =
Thus Cp,, (z') = (), if m is odd and Cp,, () = (z), if m is even, where
1<k<m-—1landk# 7.

Next consider Cp,, (y2?),0 < j < m — 1. Suppose z* € Cp,, (yz?) then

¥ = 1= m |2 If misodd then m | 4, a contradiction. If m is even
then m = 20 = i = Z. Therefore if m is odd then 2’ ¢ Cp,, (y27) and
if m is even then 22 € Cp,, (y2’) and Cp,, (v2) = Da,. Now suppose

yx* € Cp,, (ya?), where 0 < k(# j) < m — 1. Then

(yz*)(y2?) = (ya’)(y=")

:>xk’jy = y:z:k’j

= g2k =
=m|2(k—j).
If m is odd then m | k — j, a contradiction. If m is even then k — j = mt,

t € Z. Suppose t > 2 then k — j > 2m, a contradiction. Similarly ¢ < —2
gives j — k > 2m, a contradiction. Therefore t = 0,1,—1. If t = 0 then
k = j, a contradiction. So k = j —m,j+m. Also yz'™™ = yzIt™.

Hence

, {1,y2’}, if m is odd
Oty = {70
{1,272, yx? , yx?™™}, if m is even.
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Therefore | Cent(Dap,)| = m + 2, if m is odd.

Again for m even,

CD2m (y> - {17 17%7 Y, y$m}

Therefore | Cent(Dy,,)| = % + 2, if m is even. Hence

m+2, if misodd
| Cent(Day,)| =

o +2, if miseven.
This completes the proof. O

Proposition 2.2.3. [10] Let G be a group and p be a prime. [f% = O, xC,
then | Cent(G)| = p+2. Ifpis odd and % = Dy, then | Cent(G)| = p+2.

Proof. Suppose, first that % = (), x Cp. Then

G

- = \Zw, Zyl(Za)" = (Zy)’ = Z,(Z2)(Zy) = (Zy)(Z2)), Z = Z(G)
= (Zx, ZylaP yP, zyzty ™t € Z).

If% < %,then% = p= ]%] = p. Therefore H = ZUZt,U---UZt, 4,

where t; € H— Z and i € {1,2,...,p — 1}. So, the proper subgroups of G
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properly containing Z are

H = ZUZxUZz*U---U ZaP L,
Hy = ZUZyUZy*U---UZy" !,

Hy = ZU Zxy Zx2y2 L---u pr’lypfl,

H

1 = 4 U ZaPly U ZaP 2y U U ZayP L

Now we will show that H;, Hy, ..., H,y, are the only proper centralizers of

G. Let a € G — Z then Za = Zk for some
ke{x,... Py Py ey Py ,:Ep_lyp_l}.

Therefore C%(Za) = C%(Zk) = Cgla) = Cg(k) (Using Lemma .

+1
Again let k € H; — Z then Cg(k) € ,pulHj, as Hy, Ho, ..., H,y, are the only
] =
i#
proper subgroups of G. Also k € Cg(k), therefore Cq(k) # H;,1 < j <p+1
and i # j. Therefore Cq(k) = H;. Hence Hy, Hs,...,H,, are the only
proper centralizers of G. Thus |Cent(G)| = p+ 2.
Next suppose that % = Dy,. Then

S =z (Za) = (Zyp = Z(Zn)Z) (2 = (2)7)

= 1{Z Zy,..., 29" Zx, Zay, ..., ZoyP 1}

K = zZuztyuzZt,u-- '|_|th_1, where tl,tg,tp_l,l € K —Z. So the proper

NIQ

If% < % then

= por2= |%| = 2orp. Therefore K = ZUZl or

N®

subgroups of G properly containing Z are
Ka=ZUZyU---UZy" " Ky = ZUZx,...,Kp;1 = Z U Zzy’ .
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We are to show that K, Ky, K3, ..., K,1; are the only proper centralizers
of G. Let b € G—Z then Zb = Zk forsomek € {y,...,y* ', z,zy, ..., zyP 1}
Therefore C'¢ (Zb) = C’%(Zk:) = Cg(b) = Cg(k) (Using Lemma [2.4.3)).
Again let k € K; — Z, then k ¢ K;,1 < j(#1i) < (p+1). Also k € Cg(k),
therefore Cq(k) # K;. So Cq(k) = K;. Hence Ky, Ky, K3, ..., K, are the
only proper centralizers of G. Thus | Cent(G)| = p+ 2. This completes the
proof. O]

Proposition 2.2.4. [5] The group Us, is defined by

Usn = (a,bla®™ = b = 1,a 'ba = b '),
Then for all n, | Cent(Us,)| = 5.
Proof. The group U, is given by

Usn = (a,bla®™ = b* = e,a 'ba = b71).

Now we calculate Z(Us,). Let a't? € Z(Us,),1 < i <2nand 1 < j < 3.
Then (a't)a = a(a'V) = Va = abl = V7 = 1= 3|2j= j = 3.
Also (a'b®)b = b(a'V?) = a'b = ba'. Again a 'ba = b~ ! = a® € Z(Usy).

Case 1. i is even. In this case, i = 2k for some k € N. So a®* € Z(Us,).
(As a® € Z(Usy))

Case 2. ¢ is odd. In this case, © = 2t + 1 for some ¢t € N. Suppose
a' € Cy,, (b) then we have a**'b = ba**!' = ab = ba, a contradiction.

Hence (a?) = Z(Us,). Therefore |Z(Us,)| = |(a?)] = o(a®) = n. So
ZEJ(?;I)’ = 6= Z?[%‘n) >~ S3. Hence, the proposition follows. n
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Proposition 2.2.5. [4] Let SDon,n > 3 be the semi-dihedral group of order
2". Then | Cent(SDgn)| = 2772 4 2.

Proof. The group SDsn is defined by
SD2n — <(l, b|a2n71 _ b2 _ 1,bab_1 _ a_1+2n—2>'

Here ba2n72b_1 _ (ba/b_1>2n72 _ (a/_1+2n72)2n72 _ a_2n72(a2n72)2n72 _ a2n72.
Therefore a®"° € Z(SDan). So Csp,, (a*" ) = SDyn.
Now consider Csp,, (a’),1 < i < 21 — 1,4 # 2"2. Let b € Csp,, (a’)

then

ba' = a'b
=a" = ba'b?
=q = a’i(azn_%)

= (@) = a¥.

Case 1. i is even. In this case, we get a* =1 = 2""1|2i = 21 = 2"k
for some k € N. If £ > 2 then 7 > 2"!, a contradiction. If & = 1 then
i = 2"72 which is not the case.

Case 2. i is odd, i.e. © = 20+ 1 for some [ € N. In this case, we get

(a2n—2)21+1 _ a2i

n—2 :
=ad¥" = a”
= 2" 122 2

=i =2"7-2""?m

= ¢ is even, which is not the case.
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Hence Csp,, (a') = (a), where 1 <4 <2771 —1 4 £ 22,

Next consider Csp,,(a'b),1 < i < 2"'. Let a € Cgp,,(a'b) then
a(a’b) = (a'b)a = ab = ba, a contradiction. So (a)NCysp,. (a’b) = {1,a*" " }.
Let a’b € Csp,, (a'b), where 0 < j(#£ i) < 2"' — 1. Then

(a’b)(a'b) = (a'b)(a’b)

= ba"Ipt = @'

- (a—1+2n*2)i—j — gid
:>a—(i—j)(a2"*2)i—j I
I R
Case i. |i — j| is even. In this case, we get a7 = 1 which gives
21| 2(i — j) = 2(i—j) = 2" 'k, for some k € Z. If k > 2 then

we get i — j > 2"! a contradiction and if ¥ < —2 then j —i > 2"71 a

contradiction. Therefore k' = 0,1,—1. For k¥ = 0 we have 1 = j,
which is not the case. For k = 1,2(i—j) = 2" = j = j—2"72
and for k = —1,5 = i+2"2 Also a2 b = a2 ’b. Therefore

ait?" *p e Csp,n. (a'h), where 0 <4 < 277! —1.
Case ii. |i — j| is odd. In this case, we get
2= g=2""% _ 1
= 2" 2(i — j) — 2"?
= 2(i—j)—2""% = 2" 'k, for some k € N
=i—j = 23, where 1 +2k = I,n >3

= |i — j| is even, which is not the case.
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Thus Csp,, (a'b) = {1,a* ", a’b,a’**" b}, where 1 < i < 2"~!. Therefore

Csp,. (ab) = {1, a2’ ,ab, gt b}

CsDyn (a®b) = {1, a2 ,a’b, a2+2n72b}

Copye (¢ b) = {1,a®"", ™ ", b}

—2

Csp,n (@ F10) = {1,a® 7, """ b, ab}

CsDyn (aQn_1 b) = {1, a2’ . b, a2n_2b}.

Hence | Cent(SDgn)| = 1+1+2""2 = 2+ 272 This completes the proof.
[

Proposition 2.2.6. [/ Let n > 2 be an integer and let G be a finite group
such that % = Dy,. Then | Cent(G)| = n+ 2.
Proof. Given £ = D,,, where Z = Z(G). Then

O - wZyIWZ = 2 = 20D eDWE) = @2)7)

Therefore G = Z U xZ U ... U 2" ' Z UyZ U ysZ U ... U yz" 127,
Now let us we consider C%(xiZ), 0<i<n-—1 Let y*2'7 ¢ C’%(xiZ)
where 0 <! <n-—1,k = 0,1; then (y*2)(2'Z) = (2'2)(y*Z). f k = 0
then it is obvious. If & = 1 then
v2)('2) = (2'2)(y2)
=177 = 7

= n | 2i.
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For n odd, n | i, a contradiction. For n even, 2i = mnt where
t € N. If t > 2 then n < 4, a contradiction. So¢ = 1thatis: = 3.
Thus C’%(:viZ) = {Z,xZ,...,2"'Z}, if nis odd; and for ¢ # %, we have
C%(xiZ) = {ZzZ,..., 2" Z}, if nis even.

Now consider C'¢ (y272),0 < j <n—1. Let y*2'Z € C%(y:z:jZ) where
0<Ii<n-—1;k = 0,1. Then (y*2'Z)(yx’Z) = (y2?Z)(y*2'Z).

Case 1. £ = 0. In this case,

(' Z)(y2'Z) = (ya'Z2)(2'Z2) = 2% Z = Z = n|2l

For n odd, n | [, a contradiction. For n even, 2l = np where p € N. If p > 2

n

then n <[, a contradiction. So p = 1 and hence [ =

N

Case 2. £ = 1. In this case,
(y2'Z) Yy’ Z) = (w’ 2)(y2'Z) = 297 = Z = n|2(1—j).

For n odd, n | [ — j, a contradiction. For n even, 2(l — j) = nt, for some
teZ. Ift > 2thenl—j > n, a contradiction. If t < —2 then j — [ >n, a
contradiction. Therefore, ¢t = 0,1,—1. If t = Othen! = j. If ¢t = 1 then
| =2+ Ift = —1then! = j—2. Againya?™ 2 = yai'z.

Thus Cg(y:ch) = {Z,y2?Z}, if n is odd. Also % - C%(yij),
SO % = C’%(yij) = {Z,y2?Z}. Therefore Cq(yz?) = ZUys!Z,
where 0 < 7 <n—1.

Again, from above we have C%(yij) = {Z,yd? Z,y2x?*t2 7}, if n
is even. Here C%(yijr%) = C’%(yasz) (Since z2Z € Z(£)) and using

a simple calculation we can see that % C C’% (yx’Z). Suppose
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CG(ZW') — O%(yij), for some j, 0 <j7<n—1. Then

Ca(yai™2)
A

Ca(y?) _

- C%(yxﬁ%Z) = C’%(yxj) ==

Therfore Cq(yx'*2) C Ca(ya?). So yaitz € Cq(ya?) = x2 € Z, which is a
contradiction. Therefore % < Ce¢ (y2?Z), where 0 < 7 < n — 1. Hence
|%| = 2and so Cg(yz!) = {Z,y2’Z},0<j<n-—1

Again “al”) C C%(a:iZ), where 1 <i <n—1. If €42 < C%(xiZ) for
some i € {1,2,...,n— 1}, then 2*7 ¢ % for some k € {1,2,...,n — 1},
k #i= a% ¢ Cg(x'), which is not true. Hence % = C%(xiZ).
Therefore, Co(z') = {Z,2Z,..., 2" 1 Z}, 1 <i<n-—1.

Thus, Cent(G) = {G,Cq(z),Ca(y), Ca(yz),...,Ca(yz™ 1)}, Hence
| Cent(G)| = n + 2. This completes the proof.

[

Proposition 2.2.7. [/ Let F = GF(2"), a finite field of order 2™ and 6 be

an automorphism of F'. Consider the group A(n, @) consisting of all matrices

of the form
1 0 0
U(a,b) = |a 1 0
b O(a) 1

with a,b € F. Then | Cent(A(n,0))| = 2".

Proof. We know that A(n,#) is a group under the matrix multipication, i.e.,
Ula,b)U(a’, V) = U(a+d',b+ 1 +db(a)) where a,a’,b,b' € F. We will
show that if € is non-trivial then Z(A(n,0)) = {U(0,b)|b € F}. Let
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U(x,y) € Z(A(n,0)) then for all U(a,b) € A(n, ), we have
U(z,y)U(a,b) = Ula,b)U(zx,y)
=Ux+ay+b+ab(z)) = Ula+z,b+y+x6(a))

= al(r) = x0(a)

= 0(za™') = za!

= za~' = 0 (Since 6 is non-trivial)
=z = 0.
Therefore, Z(A(n,0)) = {U(0,b)|b € F}. Now let § : F — F be an

automorphism such that §(z) = 2%V z € F. Suppose a # 0 and therefore
U(a,b) ¢ Z(A(n,0)).
Now consider C(U(a,b)). Let U(r,s) € C(U(a,b)) where r,s € F. Then
U(r,s)U(a,b) = Ula,b)U(r,s)
=U(r+a,s+b+ab(r)) = Ula+r,b+s+rb(a))
=s+b+ab(r) = b+ s+r0(a)
= 0(ra™') = ra™’
= (ra™')? -1
=rat =1
=7r = a.
Therefore, C(U(a,b)) = {U(0,s)|s € F} U{U(a,s)|a,s € F}. Similarly
if @ # 0 then C(U(d,V)) = {U(0,5)|s € F} u{U(d,¢)|d,s € F}.
Therefore

C(U(a,b)) = C(U(d,V)) if and only if a = d'. (2.2.a)
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Now

Cent(A(n,0)) = {C(U(a,b))|U(a,b) € A(n,0)}
= {C(U(a,b))|a € F}. (Using (2.2.4))

Therefore, |Cent(A(n,0))] = [{C(U(a,b))la € F}| = |F| = 2", which
completes the proof. O

Proposition 2.2.8. [J] Let F = GF(q),q = p" is a prime power, a finite
field of order ¢ = p". Consider the group A(n,p) consisting of all matrices

of the form
1 00

V(aa b7 C) - a1l 0
b ¢ 1
with a,b,c € F. Then |Cent(A(n,p))| = p" + 2.

Proof. We know that A(n,p) is a group under the matrix multipication. i.e.
V(a,b,c)V(d,b,c) = V(a+d,b+V +cd,c+ ) where a,b,c,a’, b/, ¢ € F.
We will show that Z(A(n,p)) = {V(0,r,0)|r € F}. Let V(x,y,z2) be an
arbitrary element of Z(A(n,p)) then for all V' (a,b,c) € A(n,p), we have

V(z,y,2)V(a,b,c) = V(a,b,c)V(x,y,z)
=V(@+ay+b+za,z+c) = Via+z,b+y+cr,c+2)
=y+b+za =b+y+cx

= zZa = CX.

In particular fora = 1,¢ = 0weget 2.1 = 0.x = 2z = 0. Also for

a = 0,c = 1lweget 20 = lou= x = Oand fora = 1,¢c = 1 we get
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z = x. Hence z = = 0. Therefore
Z(A(n,p)) = {V(0,7,0)|r € F}.

Using similar arguments to those in Proposition [2.2.7 we can see that

| Cent(A(n,p))| = p™ + 2. This completes the proof. O

Proposition 2.2.9. [J] If G is a non-abelian p-group, then

| Cent(G)| > p + 2, with equality if and only if

Z(GG) = C, x C,,.
Proof. We will prove this using induction on p.

We know that, if G is a non-abelian group then by Proposition [2.1.6],
|Cent(G)| >4 = 2+42. So for p = 2, the result is true. Assume that p
is an odd prime. Suppose p = 3 and |Cent(G)| = 4. Then by Theorem

2.3.1,, we have

m%(]pxcp
G
m\“

=4]Z(G)] = |G|
=41|G],

which is a contradiction, as G is a 3-group. Therefore, | Cent(G)| > 5 = 3+42.

Now let p > 5 and G be a non-abelian group with r = | Cent(G)| < p+1.
Suppose X7, ..., X, are distinct centralizers of G such that | X;| > --- > | X,|
and X; = G. So G = iL:TJQXi and by Cohn’s Theorem [1.10.3| we have

Gl <) Ixil.

1=23

35



Also, |X;| < %, since G is a p-group and so |X;| is at most %, where 7 # 1.

Hence

G G
|G|§u+...+|_’
p p

[\ J/
-~

(r—2)—times

Gl

= |G < (r—2)—.
P
Therefore, p <r — 2= r > p+ 2, a contradiction. Therefore

|Cent(G)| = r>p+1

= |Cent(G)| > p+ 2.

Second part: Suppose that % = (), x C,, then by Proposition
| Cent(G)| = p+ 2.

2.2.3

we have

Conversely, assume that r = | Cent(G)| = p+ 2 so that % = 1. Suppose

X1, Xo, ..., X, are distinct centralizers of G such that | X;| > --- > | X,| and
X =G SoG = ~92Xi and by Cohn’s Theorem |1.10.3 we have

T

Gl < Y I1Xl.

=3

Also, | X;| < ‘%, since G is a p-group and so |X;| is at most % where i # 1.

(€]}
)

Suppose, there exists an X; such that |X;| < %‘ for 3 <4 <r then

G G
|G|<u+...+u
p p

[\ J/
-~

(r—2)—times

e <<r—2>’%' — al.
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a contradiction. Hence |X3| = S1Xe] = Also | X3 > -+ > | X

therefore | Xo| > |G| . But | X;] < |§‘,2 <i<rso |X| = TWhGKGZ <i<r.

Hence Z X = (r 2)|G‘ = |G|. Therefore Z |X;| = |G| if and only
=3 i1=3
if XoX; = GVt#2and X;NX; C X, forall k£ # [ (By Cohn’s Theorem

1.10.3). Therefore, by interchanging X;’s, we have Xy N X3 = Z(G). Thus

| Xo|| X5
Xo X3 = —————
XXl 1 X5 N X
6l o 16l
= |G| = 22
1Z(G))
= G |- p
z@@| "
G
= 7200 Cp x Cy,
since (G is non-abelian. This completes the proof. O]

PROBLEM 2.2.10. If p is the smallest prime dividing |G|, then is it true
that | Cent(G)| > p ?

Proposition 2.2.11. [J] Let G be an n-centralizer group, n —2 = p, p a

prime and X1, Xa, ..., X, be distinct centralizers of elements of G such that
X1 = G ]f|GX2| = |GX3| = e = ‘GXn| = n—2, then
G) = (O, x Cp.

Proof. Given X1, X, ..., X, are distinct centralizers of G such that X; = G
and |G : Xy = |G: X3 = -+ = |G:X,| = p = n—2,s0 G has only
two class lengths 1 and p, as index of the centralizer of an element is order
of the conjugacy class of that element. Also by Ito’s theorem [I | G is the
direct product of a p-group P with an abelian group A. Therefore

| Cent(G)| = |Cent(P x A)| = |Cent(P)| x | Cent(A)| = | Cent(P)].
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Without loss of generality we can assume that G is a p-group. Further-

more it is clear that G = <L_732Xi,.6 X, = Z(G)and |G] = > |Xil|

= i=3
Suppose one of X;’s is non-normal subgroup of G, say X,. Then by [7, The-

orem 1], Z(G) = CoregXy and |%| = p? Since \X% = p, hence
Z(GG) = Corfg <; 8 isomorphic to a subgroup of S, and so we must have

p? | p!, which is a contradiction. Therefore all of X;’s are normal in G and

SO ;= = (), x Cp. This completes the proof. m

Z(G

Proposition 2.2.12. [J] Let G be an n-centralizer group, n —2 = p*, p a
prime, and X1, Xo, ..., X, be distinct centralizers of elements of G such that
X, =G If|G: Xy = |G:X3| = - = |G: X, = n—2, and two of
=C, x Cp, x Cp x C,.

X;’s are normal in G, then —7= Z

Proof. Given Xy, X, ..., X, are distinct centralizers of G such that X; = G
and |G : Xy| = |G: X3 = - = |G:X,| = p* = n—2. So, G has
only two class lengths 1 and p?, as index of the centralizer of an element is
order of the conjugacy class of that element. Also by Ito’s theorem G

is the direct product of a p-group P with an abelian group A. Therefore
| Cent(G)| = |Cent(P x A)| = |Cent(P)| x |Cent(A)| = |Cent(P)|.

Without loss of generality we can assume that G is a p-group. Again
G = U X and ﬂ X = Z(G). Also Z |X;| = |G|. Suppose X5 and
X3 are normal in G Now by Cohn’s Theorem L X0 Xy, = G, for all
t # 2 and since |G : X;| = n—2,2 <i < n, therefore Xo N X3 = Z(G).
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Therefore

| Xo|| X5
Xo X3 =
RERE] 1 X5 N X
6l lc|
=Gl = 2P
G| 720G

o G _ XoX3 _ Xo X X X3 _
Now it is clear that 77 = %58 = &7y and 2) N (5) = {Z(G)}
So by Theorem |[1.4.2 Z(GG) ~ (Z)(%)) X (Z)(%)) Since \ P
therefore
G

m%’szxszoGCzxCpxCpoGCxCpXC’pXCp.

If Z(GG) & (O x Cp x C), then C2 x C), x C), is capable. But by Corollary 8.20
of [8], Cp2 x €}, x Gy, is not a capable group. Therefore 7 ;’é Cp2 x Cp x Cp.

Next suppose that ( ;= Cp2 x Cp2. Here we Wlll show that G has
exactly p(p + 1) cyclic subgroups of order p?. First our aim is to calculate
the number of elements of Cj2 x Cp2 of order p?.

Let (a,b) € Cpz x Cp2 then o((a,b)) = p?, if o(a) = p* or o(b) = p*
Now number of elements of order p* in Cp2 is ¢(p?) = p* —p = p(p—1). So
number of elements (a, b) in Cp2 x Cpe with o(a) = p?is p(p—1)p* = p*(p—1)
(Since o(b) may be equal to 1,p or p?, so b can be chosen p-times). Also
number of elements (a,b) in Cpz x Cp2 with o(a) # p* and o(b) = p* is
(p*—p(p—1))p(p*) = p*(p—1). Hence total number of elements in Cj2 x C)2
of order p* is p*(p — 1) + p*(p — 1), that is we get p*(p — 1) + p*(p — 1) cyclic
subgroups (not distinct) of order p?. But if o((a,b)) = p* then number of

generators of ((a,b)) will be ¢(p?) = p(p — 1).
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Therefore, total number of distinct cyclic subgroups in Cp2 x Cp2 is

p’(p—1)+p*(p—1)

= p(p+1).

p(p—1) p+1)
Hence, there are exactly p(p+1) cyclic subgroups of order p? in Cy2 x Cz2, say
Z‘?é,), Z‘?é), . Ag((’g)”. Now, we choose a; € A; — Z(G) for 1 <i < p(p+1).

Then by assumption, C(a;) = A;;1 < i < p(p+ 1) and A;’s are distinct
centralizers of G, which is impossible. Therefore, %G) % Cp2 x Cp2. Hence
G~

7 = C, x C, x C, x C,. This completes the proposition. O

In this direction, we pose the following problem

PROBLEM 2.2.13. Let G be an n-centralizer group, n—2 = p*, where
2 < k < n,paprime, and Xq, Xs,..., X, be distinct centralizers of GG such
thatX1 = @. If|GX2’ = ‘GXs‘ = - = ‘GXn| = n—2, and k

number of X;’s are normal in GG, then is it true that % =2C,x--xCp7?
—_——

2k _times

Suppose p is a prime number. Then N(p) denotes the set of all integers
n such that n = | Cent(G)| for some p-group G.

Proposition [2.2.7 shows that 2" € N(2),

Proposition shows that p™ + 2 € N(p) and

Lemma shows that N(p) # N — {2,3}
Define N(7) = U  N(p) (See [4)

p is a prime

PROBLEM 2.2.14. [4] Is it true that N(7) = N —{2,3} ?

2.3 4-centralizer groups

In this section, we study the structure of 4-centralizer groups.
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Theorem 2.3.1. Let G be a group. Then |Cent(G)| = 4 if and only if

G

Vi) = (9 x Cy; that is, G modulo its center is isomorphic to the klein four

group.

Proof. Suppose | Cent(G)| = 4, then Cent(G) = {G, C(p), C(q), C(r)}, where
p,q and r are non-central elements of G. Therefore G = C(p) U C(q) U C(r),
since (G is the union of its proper centralizers.
Now consider C'(pq). Then C(pq) will be one of G, C(p),C(q) or C(r).
Case 1. C(pq) = G. In this case, pqg € Z(G) = p = zq ! for some
z € Z(G). Let t € C(p) then

tp = pt = tzq ' = zq 't = te€COlq).

Therefore C(p) C C(q). Thus G = C(p) U C(q), a contradiction.
Case 2. C(pq) = C(p) = p!). In this case, pg € C(p™') = pg = qp.
Let g € C(p) = C(pq), then

gpq = pag = p9q = pag = g € C(q).

Therefore C(p) € C(q). Hence G = C(q) U C(r), a contradiction.
Case 3. C(pq) = C(q). Let t € C(q) = C(pq), then

tpg = pgt = tpg = ptq= t € C(q).

Therefore C(q) C C(p). Hence G = C(p) U C(r), a contradiction.
Thus C(pg) = C(r) and so

G = C(p)UC(q) UC(pg).

In the similar way we can show that C(pq) = C(gp).

41



Now we will show that, C'(p)NC(q) = Z(G). Clearly, Z(G) C C(p)NC(q).
Let g € C(p) N C(q),then

gp = pg= (9p)q = (pg)a= gpq = pag = g € C(pq).

Therefore g € C(p) N C(q) N C(pq) = Z(G) and so C(p) N C(q) C Z(G).
Thus
Clp)NClq) = Z(G).

Similarly we can show that C'(¢)NC(pq) = Z(G) and C(p)NC(pq) = Z(G).

Next we will show G = ZU ZpU ZqU Zpq, where Z = Z(G). First we
will show that Z, Zp, Zq, Zpq all are disjoint.

Supppose Z = Zp = p € Z, a contradiction. Therefore Z # Zp.
Similarly Z # Zq, Zpq.

Suppose Zp = Zq= p = zq for some z € Z. Let g € C(p) then

gzq = zq9= g€ C(q).

Therefore C'(p) C C(q) and so G = C(q) U C(pq), a contradiction. Again

suppose Zp = Zpq then
(pq)"'p € Z = q € Z, a contradiction.

Similarly Zq # Zpq. Thus all Z, Zp, Zq, Zpq are disjoint.

Now clearly, Z U ZpU Zq U Zpq C G.

Let g € Z, then g € ZU Zpl Zqll Zpq. Suppose g € G — Z and without
any loss we can assume that g € C'(p).

We consider C(gq), then C(gq) is one of G,C(p), C(q) or C(pq).
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Case 1. C(gq) = G. In this case gqg € C(x) V2 € G. In particular
999 = q9q = g € C(q). Therefore g € C(p) NC(q) = Z, a contradiction.

Case 2. C(gq) = C(p).

In this case ggp = pgg = p € C(q). Therefore p € C(p)NC(q) = Z,
a contradiction.

Case 3. C(gq) = C(q).
In this case C(gq) = Clq) = Cl¢™") = 997" = ¢ '99 = g € C(q).
Therefore g € C(p) NC(q) = Z, a contradiction. Hence

C(gq) = C(pq).

Thus we have

C(g9q) = C(pg) = C((pg)™")
= (99)(pg)"" = (pg)"*(99)
=gp ' =q 'plgq

= gp~' € C(q).
Now our aim is to show that,

g = zp for some z € Z
i.e. to show that gp~' € Z
i.e. to show that gp~* € C(p) N C(q)

i.e. to show that g € C(p) and gp~' € C(q),

which are true.
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Hence, g = zp for some z € Z. Therefore g € ZU Zpll Zql Zpq. Hence
G = ZUZpUZqU Zpg, i. e.

G
|
= % =~ Oy x Os.
Conversely let % & (Y x Cy, then we are to show that | Cent(G)| = 4.
Given % 2 (0yxCy = ‘%‘ = 4. Let Z, Zp, Zq, Zr be the elements
of %, where p, ¢, r are distinct non-central elements of G and Z = Z(G).
Then

G = ZUZpU ZqU Zr.

So, g € G which gives g€ Zorge Zporge Zqorge Zr. If ge Z
then Cg(g) = G. lf g € Zp then ¢ = zp for some z € Z, therefore
Calg) = Cqlzp) = Calp). If g € Zg then g = zq for some 2z, € Z,
therefore Ci(g9) = Ca(z1q) = Ca(q). If G € rZ then g = zor for some
29 € Z and so Cg(g) = Cg(zer) = Cg(r). Hence G has atmost four
centralizers namely G, Cg(p), Ca(q) and Cg(r). Again by Theorem [2.1.6]
| Cent(G)| > 4.

Hence | Cent(G)| = 4. This completes the theorem. O

2.4 5-centralizer groups

In this section, we study the structure of 5-centralizer groups. Given any two
non-empty subsets A and B of a group G, we write AB = {ab|a € A,b € B}
and A7t = {a7'|a€G}.
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Lemma 2.4.1. [13] Let G = AUBUC, where A, B, C' are the proper distinct
subgroups of G. Put K = ANBNC,L = ANB—-K,M = AnC - K,
N=BNC—-K and A=A—(BUC), B=B—(AUC),C=C-(AUB).
Then

(v) K is a normal subgroup of G.
(vi) Ka = A, Kb = B,K¢ = C.

Proof. (i) Consider I € L and ¢ € C. Then él € Aor Bor C. Ifél € A
then ¢ll=! = ¢ € A, a contradiction. If él € B then éll™! = ¢ € B,
a contradiction. If & € C then ¢~ ¢l = [ € C, a contradiction. Since

C +# ¢, we must have L = ¢. Similarly M = N = ¢.

(i) Leta € A, thenae A= a '€ A= a'eKor A Ifa! € K then
a € K, a contradiction. Hence a~* € A.
Similarly, if b € B then b~ € B and if ¢ € C then ¢+ € C.

(iif) Suppose a € A, be B, thenabe Kor Aor Bor C. Ifab € A C A, then
a~lab € A, a contradiction. If @b € B C B, then abb™! € B= a € B,

a contradiction. If ab € K, then ab € A. Soa'abe A= be A, a

contradiction. Hence ab € C.
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(iv)

Given a,d; € ACA. Soad, € A= ad, € Aor K.

Suppose ad; € A. Consider bad; for some b € B. Then, by third
part we have b(ady) € C and (ba)d; € B. Since a,b,d; € G so by
associativity in G, b(ady) = (ba)d, = bad, € BN C, a contradiction.

Similarly, we can show the other two.

Let g€ Gthenge Korge Aorge Borge C. If g € K then
g lkge KVkeK.

IfgecAtheng'eA Alsoge ACA ke K CA,so
kge A = AUK = kge Aor K.

Suppose kg € K then k~'kg = ¢ € K, a contradiction. Therefore
kg € A. So g'kg e KVk e K. If g € B then ¢! € B. Also
C

ge BCB,ke K CB,so

kge B = BUK = kge BorK.

Suppose kg € K then k~'kg = ¢ € K, a contradiction. Therefore
kg€ B. Sog kg e KVke K. If g e C, then go* € C. Also
-

geCCCkeKCC,so
kge C = CUK = kge CorK.

Suppose kg € K then k~'kg = ¢ € K, a contradiction. Therefore
kgeC.Sog'kge KVkeK.

Thus g tkge KV g€ G, Vke K and hence K <G.
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(vi) Let ki € Ka, wherea € AC A ke K CA Sokie A = AUK.
If ka € K then k~'ka € K = a € K, a contradiction. Therefore
ki € A and so Ka C A. Conversely let a; € fl, then dia~* € K. So
dia”! = kforsome k € K = d; = ka € Ka. Therefore A C Ka.
Hence, Ka = A. Similarly, Kb = B and K¢ = C.

O

Lemma 2.4.2. [13] A group G can be written as the union of three proper
subgroups A, B,C if and only if K = AN BNC is a normal subgroup of G

and%%CQ XCQ.

Proof. Suppose G = AU BUC where A, B, C are three proper subgroups
of G. We are to show that K = AN BN C is a normal subgroup of G and
&~ 0y x O

If AC Bthen G = BUC, a contradiction. If B C C then G = AUC,
a contradiction. If A C C' then G = B UC(, a contradiction. Hence all
A, B,C are distinct. suppose A = A—(BUC), B = B - (AUQ),
C =C—-(AUB)and K = ANBNC.

Then by using Lemma [2.4.1, we have that the quotient group

% = {Kz|z € G} = {K,Ka, Kb, K¢}.

Now, o(Ka) = o(Kb) = o(Ké&) = 2 (since (Ka)(Ka) = K(aa) = K).
Thus |£| = 4 and order of each non-central element is 2. Therefore
&~ 0y x Cs.
Conversely let % = (5 x (5, where K < G and K is the intersection
of three proper subgroups of G. Given % >~ Oy x Oy = |%] = 4. Let
£ = {K,X,Y,Z}, where o(X) = oY) = o(Z) = 2.



Consider P = XUK,QQ = YUK, R = ZUK. We are to show that P
is a subgroup of G. Aso(X) = 2,80 XX = K= za € K, Vr,10€ X
and K is the identity element of %, so XK = X = zk € X, where
r € X,k € K. And since K < @, so for ki,ky € K we have kiky € K.
Therefore P is closed. Let pe P = XUK = peXorpe K. lfpe X
then p = zforsomez € X = p! = 27t e X! = X. Therefore
pt e XCP Ifpe€ K then p! € K C P. Hence P is a subgroup of G.

Similarly, @, R < G. Also PNQNR = K,as XNY NZ = ¢ ; therefore
PUQUR = (XUK)UYUK)U(ZUK) = KUXUYUZ = G,
which completes the proof. O

Lemma 2.4.3. [6/ Let x € G such that |C% (xZ)| = p,p a prime, where
Z = Z(G). Then for ally € G with C’%(xZ) = C’%(yZ), we have
Ca(r) = Caly)-

Proof. We have that

Cg<l‘>
7 < C% (Z‘Z)
Suppose that CGT(@ < C’g(mZ). Since |C’%(xZ)| = p and \CGT(I)| divides
|Cc(xZ)| so |CGZ($)| = 1= Cqlx) = Z = =z € Z, a contradiction.
Z
Therefore CGT(QU) = C%(xZ).
Clearly, CGZ(y) < C%(yZ) = C%(xZ). Therefore |C%(xZ)\ = |CGT(9)|
and so CGZ(y) = CGZ(:”). Thus
Ca(z C
GZ() - GZ(y> = {Z I T, ..ty T},

where {t1,...,t,-1} € Ca(x) N Ca(y) — Z. So Ce(z) = Cg(y). Hence, the

lemma follows. [
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Now, we will prove the main theorem of this section which characterizes

5-centralizer groups.

Theorem 2.4.4. [1(}] Let G be a finite group. Then |Cent(G)| = 5 if, and
only if, %G) = (O3 x C5 or % > S3, where Sz is the symmetric group on

three symbols.

Proof. Suppose first that % = (3 x (3. Then

G
- = (Zu, 2yl(Z2)* = (2y)* = Z,(Z2)(Zy) = (Zy)(Zx))
= {Zx, Zy|2®, y* wyx 'y € Z}.
G G
If%<%,then|§| = 3= |4| = % = 3. Therefore H = ZUZkU ZI,

where k,l € H— Z. So the proper subgroups of G properly containing Z are
H = ZUZxUZ2z* Hy = ZUZyU Zy?, Hy = Z U Zxy U Za?y?,
Hy = ZUZxy? U Zx?y.

Now we are to show that Hy, Hy, H3, H, are the only proper centralizers of
G. Leta € G—=Z then Za = Zkforsomek € {z, 2%y, y?, vy, v*y*, vy?, 2%y }.
Therefore C%(Za) = C’%(Zk’) = Cg(a) = Cg(k) ( Using Lemma [2.4.3)).
Again let k € H; — Z, then Cg(k) € i_g#i[{j as Hy, H,, Hs, H, are the only
proper subgroups of G. Also k € Cg(k) gives Ca(k) # H;, 1 < j(#1) < 4
Therefore Cq(k) = H;. Hence Hy, Hy, H3, Hy are the only proper centraliz-
ers of G. Thus |Cent(G)| = 5.

Next assume that % >~ G5, Therefore

o =z m(2a) = (29 = Z(Za)(Zy)(ZX) = ()7

= {Z,Zy,ZyQ,Zx,ny,nyZ}.
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G

If £ < Sthen|#| = 3or2= |£| = 2o0r3. Therefore K = ZUZt,UZt,
A

or K = ZUZI, where ty,t,l € K — Z. So the proper subgroups of G

properly containing Z are
K = ZUZyuZy* K, = ZUZx,Ky = ZU Zvy, Hy = Z U Zxy .

Now we are to show that K, Ky, K3, K, are the only proper centralizers of
G. Let be G—Z, then Zb = Zk for some k € {y,y?, x, vy, xy*}. Therefore
O% (Zb) = C’%(Zk') = Cg(b) = Cg(k) ( Using Lemma [2.4.3| ). Again
let k € K; — Z then Cg(k) € ifjl K;, as Ky, Ks, K3, K4 are the only proper

i#j
subgroups of G. Also k € Cg(k) gives Cq(k) # K;,1 < j<4,1<i<4and

i # j. Therefore Cq(k) = K;. Hence Ky, Ky, K3, K, are the only proper
centralizers of G. Thus | Cent(G)| = 5.

Conversely suppose |Cent(G)| = 5. Let P,R,S,T be the four proper
centralizers of G and we choose p € P — (RUS),r € R— (PUS) and
se€eS—(PUR).

Now we will show that C'(p) = P,C(r) = Rand C(s) = S. If
C(p) # P then C(p) = R,SorT. Butp ¢ R,S; so C(p) # R,S. So
p€T —(RUS) and this gives P— (RUS)C T —(RUS)= P CT. Next
if we interchange the roles of P and T, then we have T' C P. Hence P = T,
a contradiction. Therefore C'(p) = P. Similarly C(r) = R,C(s) = S.

Now we will use the following lemmas to prove this part.

Lemma 1. No one of P, R, S or T is contained in the union of the other
three.

proof: Suppose to the contrary and without loss of generality that 7" is a
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subset of PURUS. Then G = PURUSUT = PURUS. Now
by Proposition we have —%— =~ (Cy x Cy. Now we will show that

PNRNS

PNRNS = Z. Letdxr € (PN RNS)— Z and consider C(x):
(i) C(x) # G, since x ¢ Z.

(ii)) C(z) # T, since if C(x) = T thenx € T. Alsox € PN RNS, so
rePNRNSNT = Z= x¢€ Z, contradiction.

(iii) C(z) # P,R,S. Asx € PN RNS , therefore p,r,s € C(x). But
ré¢ C(p),p¢ C(r)and r ¢ C(s).
This means if 32 € PN RNS — Z then C(z) # G,P,R,S,T. That is

| Cent(G)| must be at least 6, a contradiction. Hence PNRNS —Z = ¢,
therefore PNRNS = Z. Thus by Theorem [2.3.],

§%CQ x Oy = ’CGHt(G)‘ = 4,

which is a contradiction.

Lemma 2. No element of G is in exactly two proper centralizers.
proof: Let g€ (PN R) — (SUT) then g € C(p) NC(r) = p,r € C(g). But
p ¢ C(r),so C(g) # P,R. Again g ¢ S,T; so C(g) # S,T. Also C(g) # G,
since g € G — Z. Therefore C(g) # G, P, R, S,T. That is | Cent(G)| must be
at least 6, a contradiction. Hence (PN R) — (SUT) = ¢.

Lemma 3. No element of (G is in exactly three proper centralizers.
proof: Suppose g € (PNRNS)—T then g € C(p) NC(s)NC(s). Therefore
p,r,s € C(g). Butr ¢ C(p),s ¢ C(r). SoC(g) # P,R,S. Also C(g) # T, G,
as g ¢ T and g ¢ Z. Therefore C(g) # G, P, R, S,T. This means | Cent(G)|
must be at least 6, a contradiction. Hence PN RNS —T = ¢.
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Therefore the above lemmas show that GG is atmost a disjoint union of its
four proper centralizers. The arithmetic summary is
Lemma 4. |G| = |[PURUSUT| = |P|+|R|+|S|+|T| - 3|Z|.
Next we compute the value of |Z].

Lemma 5. If X and Y are distinct proper centralizers of GG, then

[ X]Y] |G|
— < |7 < —.
proof: Let X and Y be proper subgroups of G. Then % = |XNY]. Also
XY XY
XY CG,so ﬁ > ﬁ Therefore | X NY| > I‘TI = |Z| > %
Also by Lemma 4,
Gl = |P[+[R|+ S|+ |T| - 3]Z]
>21Z|+2|1Z| +2|Z| + 2|Z] — 3| Z|
= 5|Z|
G
= |—=| > 5.
212
If ‘%‘ = 5 then % is cyclic = G is abelian, a contradiction. Therefore

G X||Y G

G1=6= |G| =6|z| = 2] < . so B <|z] < .
Now our aim is to get more near lower bound for |Z|. We may assume
without loss of generality that |P| > |R| > |S| > |T|. Suppose |P| < @, as

1<|P| < @ That is |P| < ITC:'. Now by Lemma 4,

Gl = [P[+[R] +[S]+|T| - 3|Z]
Gl 16l 16l Gl

< {uadl A ol A ol R
=7 + 1 + 1 + 1 3|Z|
= |G| - 3|Z]

= |G| <G,
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a contradiction. Hence |P| = &1 or |P| = %

Case 1. |P| = % In this case Lemma 4 gives,

Gl = |P[+|R[+[S] +[T] - 3]Z]

G
_ G R 15141 - 3121

2
G
:>%<]R|+|S]+|T]
1Gl -
= 5 < 3|R| ( since |R| > |S| > |T)
|G|
R
= i < |RJ.

Also applying Lemma 5 on P and R we have % < % = |R| < |G‘ . That

is ‘%' <|R| < |—§| So |R| is one of |§‘, E‘ or % Again reapplying Lemma 5
on P and R we have,
IPIR| _ 1G]
Z
ol AR
L
!G| G| Gl _ G| _ |G
=z < B (g L L I
o =\Zl=7g (s 175
Thus |Z| is one of |(6;|, 7',%,'%' or ‘G| Now suppose |Z| = %l Here

|Z]| divides |P| = @ | 5 Gl o 9 | 7, which is not possible. Again suppose

Z| = ‘G| , then |G| divides @ = 2|9, which is not possible. Now let
= == |Z| = = = = 53. Next let = 1= then 1vides
Z 'g‘ S = 6= ¢ =G, Nextlet |Z] = 9 then |Z] divid
|R| = |8£| | |R]. If |R| = ‘—?' then 3 | 8, a contradiction. If |R| = % then
5| 8, a contradiction. Therefore |R| = %.
Also by Lemma 4, we have |G| = |P|+ |R|+ |S|+ |T| — 3|Z| which
gives % = |S| 4+ |T|. Also |R| > |S| > |T|. So |S],|T] < |4£‘. Therefore
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15| + |7 < 8 < 38 — 8] + |7, a contradiction. So |Z| cannot be equal

2 8

to %.
Next suppose |Z| = ‘1—%', so |Z| divides |R| = |G‘ | |R|. If |R| = %
then 3 | 10, a contradiction. If |R| = @ then 4 | 10, a contradiction.

Therefore |R| = ‘G| . Now Lemma 4 gives, |G| = |P|+|R|+|S|+|T|—3|Z]

which gives |S|+ |T| = %ﬁ'. Also |R| > |S| > |T|, therefore

2[G| _ 6|G]
< —_—

S|+ |T = S|+ |T
s+ < 299 g
a contradiction. Hence |Z | # & @

Case 2. |P| = . In this case Lemma 4 gives,

Gl = |P[+[R|+ 5]+ |T| = 3|Z]

2|G
= 29 Ryt 181+ 1m

2|G
:>%<3|R|

_ 26|
8

= |R| > —

< |R|
1G1
4
Also |P| > |R|, so |—§| > |R| > %. Therefore |R| = |3£| or %;'. Again

applying Lemma 5 on P and R we get,

|PIIR] 1Gl
<\|Z
el 121 < 6
|R| |G|
o oz < 2
3 = 6
G G G G
NI P I <
Therefore |Z| is one of @ @ @, —|G| —|G|, —‘ﬁ' or —|G| Now if |Z| = —‘G| then
1Z| divides |P| = 9l = 3|7, a contradiction. Similarly |Z| # f‘, |1GO‘, |ﬁ‘
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Now let |Z] = “then |§] = 6= & =S Let |2 = 9 then

% ~ (O3 x Cs. Let |Z] = % and |R| = % then applying Lemma 5 on P
and R we have,
| P||R|
< |Z]
G|
|R|
= -——<1Z
P
L1¢l [
9 71

G|

Which gives a contradiction. If |R| = 7 then Lemma 4 gives,

Gl = |P[+[R[ +[S| +[T] = 3]Z]

4G
= |S|+|T| = M
6
Also |S],|T| < %', so |S|+|T| < % < % = |S| 4+ |T|, which is not

possible. Hence |Z| # %
Thus % =~ (3 x (3 or S3, where S5 is the symmetric group on three

symbols. n
In this direction we can pose the following problems:

PROBLEM 2.4.5. If G is a finite group such that % = S, then what can
we say about | Cent(G)|?

PROBLEM 2.4.6. If every non-trivial subgroup of G is a centralizer then
is G = sz?
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2.5 An estimate for | Cent(G)| relative to |G|

Let G be a finite group. Consider the ratio

PrCent(G) = WTI%

Then PrCent(G) gives an estimate for | Cent(G)| relative to the size of G. We
now discuss about bounds of PrCent(G) for a finite group G. The following

lemma is useful in Theorem [2.5.2]

Lemma 2.5.1. [20] If G is a finite group and not all elements of G are

involutions, then

Prinv(G) = ]In’\gfﬂ < p2—;17

where p is the largest prime divisor of |G| and | Inv(G)| denotes the number

of elements x in G such that x = e or x is an involution.

Theorem 2.5.2. [10] Let p be the largest prime divisor of |G|. Then

1 ; —
29 pr—2

3., 1 : :
iars if pis odd.

PrCent(G) <

Proof. First our aim is to find a partition of G that is created by assigning
elements in their centralizers.

If p = 2 then G is a 2-group and since it is a p-group so it has non-
trivial center. Again elements in the same coset of the center have the same
centralizer. Therefore | Cent(G)| will be atmost |G : Z| where Z = Z(G),

as G can be written as the union of right (left) cosets on the center. Hence

Cent(G G:Z 1
PrCent(G) = | |G|( ) g‘ I | = ik
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As G is a 2-group, so

1Z] > 2

1
= - <

N | —

Therefore PrCent(G) < 1.

If p is odd, then we cannot say about the existence of non-trivial center.
By Cauchy’s theorem, there exists an element = € G such that o(xz) = p. So
such an element is distinct from its inverse. Also Cg(z) = Cg(z™!). So we
partition G by taking sets {x,z7'} as its components. Again some of these
components may consist of only one element if 2> = e thatisz = eorx
is an involution. We denote the number of such elements in G by |Inv(G)|,
so | Inv(G)| < |G]. Again since for z € Inv(G), either 2 = eorz = z71,
so number of centralizers of those elements (whose order is not equal to one

or two) will be atmost

|G — Inv(G)| _ |G| — | Inv(G)|

5 5 > 0.
Therefore
| Cent(c)] < E1F gm(G”. (2.5.)
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Hence

|G|+ [Inv(G)]
P t <
rCent(G) < G
1 |Inv(G)|
P t < -4 —=
= PrCent(G) < 5 + oG]
1 |Inv(G)
p < -4 )
= PrCent(G) < 5 + el
1 1 1
= PrCent(G) < - 4+ = X Pt (Using Lemma [2.5.1
2727 "9
= PrCent(G) < §—l— L
— 4 4p
This completes the proof. n

We use the following lemma in proving Theorem [2.5.4]

Lemma 2.5.3. [20] Let p be the largest prime divisor of |G| and let

Prinv(G) = %}1, then G =2 D,, x Cy X --- x Cy where j is the number of
—_—
j—times

times Cy occures as a direct factor in G.

Theorem 2.5.4. [I()] Let G be a finite group. Then PrCent(G) < 2 and
PrCent(G) = % if and only if G = Ss.

Proof. First part: Theorem m gives, if p is the largest prime divisor of |G|

then
if p=2

?

D=

PrCent(G) <

LY

+ 4 if pisodd.

_ 93, 1 _5 3,1 _5 _ 1_5
Forp—?),z—l—m—g.Forp>3,;1—|—4—p<g.Forp—2,PrCent(G)§§<g.
Hence PrCent(G) < 2.
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Second part: Suppose that G = S3. Then

PrCent(G) = PrCent(S;)

B | Cent(S3)]
|.S3]
3+2
6

| Ot

Conversely, suppose PrCent(G) = 2 < 5. Therefore, by theorem if p
is the largest prime divisor of |G| then p is odd. Therefore

3 1
PrCGnt(G)SZ+4_p
:>5<3+ 1
6 4 4p
=p<3.

Hence p = 3. So for p = 3,PrCent(G) = % = %+%§. Therefore using

Equation (2.5.a)) from Theorem [2.5.2] we have that for p = 3, Prlnv(G) is

maximum i. e.

3+1
Prinv(G) = ———.
rlnv(G) 53
Hence by Lemma [2.5.3, G = D3 x Cy X - -- x (. Therefore by Proposition
—_———
j—times
2.1.2) | Cent(G)| = |Cent(D3)] = 5. So
5
P t = A
rCent(G) 535
L2 5
6 6.2
=7 = 0.
Thus G = D3 =2 S3. This completes the proof. n
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Using the GAP system, we can see all the groups G of order n < 100 such

that PrCent(G) > % In the following table we list all the groups of order

n < 100 and PrCent(G) > % except dihedral groups; as we have computed
the number of distinct centralizers of dihedral groups.

Let S(m,n) denote the solvable group (m,n) in the library of GAP [34].

Table 2.1:  [5] Non-dihedral groups G of order n < 100 and PrCent(G) > 1

| Cent(S5(12,5))| = 6 | Cent(S(18,3

= 11 | |Cent(S(18,5))| = 11

)| 5
)| = 14 | | Cent(S(32,42))| =

| Cent(S(24,15))] = 14 || | Cent(S(30,4 2 16

| Cent(5(32,43))] = 16 || | Cent(S(36,13))] = 25 || | Cent(S(42,6))] = 23

| Cent(S(50,3))| | Cent(S(50,5))] = 27 || |Cent(S(54,13))| = 29
= 29 0 35

| Cent(5(66,4))] | Cent(S(70,4

)
= 37 || | Cent(S(72,47))| =
2

| Cent(S(72,48))

(S( (S(
(S( (S(
(S( (S(
(S( = 27 (S(
| Cent(S(54,14))] = 29 || | Cent(S(54,15))|
(S( = 35 (S(
(S( (S(
(5( (S(

Nl = 38
N = 45 | | Cent(S(90,9

| Cent(S(84, 14 = 47 || | Cent

)|
| Cent(S(78,6))] = 41 || |Cent(S(82,2))] = 43
)|
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Conjecture 2.5.5. [4] If PrCent(G) > 2, then G is isomorphic to Ss, S3x Sy

or a dihedral group of order 10.

PROBLEM 2.5.6. To study the ratio,

Number of centralizers in G

CPR(G)

" Total number of subgroups in G

i.e., the probability of randomly chosen subgroup of GG to be a centralizer in

G.
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Chapter 3

Connecting | Cent(G)| with other

Invariants

Recall that, given a finite group G, the number of centralizers in G is denoted
by | Cent(G)|. In this chapter, we study some interesting relations between
| Cent(G)| and other invariants of G, namely the commutativity degree of G,

and the size of a maximal subset of pairwise non-commuting elements of G.

3.1 Commutativity degree of finite groups

Given a finite group G, its commutativity degree, denoted by PrCom(G), is
the probability that a randomly chosen pair of G commutes. That is

Number of ordered pairs (z,y) € G x G such that xy = yx
Total number of ordered pairs (z,y) € G x G

PrCom(G) =

Clearly, 0 < PrCom(G) < 1, and PrCom(G) = 1 if and only if
G is abelian. It may be recall that (see, for example, [16]) that
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PrCom(G) = k(G)/|G| where k(G) denotes the number of conjugacy classes
in G and by using pages 329 and 330 of [I7] we have that for a non-abelian

group G, PrCom(G) < g.
Theorem 3.1.1. [10] Let G be a finite group. Then % >~ S3 if and only
if PrCom(G) = 3.
G~
Proof. Suppose that 70 = S3, then

G
Z(G) (Zy, Za|Za® = Zy* = Z,Zyay™" = Za'),
where Z = Z(G). Therefore, G = ZUZxUZz*UZyl Zyx U Zyx?. Hence

the only four centralizers of G are

Colzr) = ZUZxU Za?, Calzy) = ZU Zy,

Co(zyz) = ZU Zyx, Colzyz®) = Z U Zya?,

where z € Z. Leta € ZzUZz? thena = zx or 2922, for some 21, 25 € Z.

Now we consider Clg(z1x). Then for any zy € Zy,

(zy)(212)(2y) ™ = z(yay™') = z2”,
for some 23 € Z (Since Zyxy~' = Zz?); for any 2yx € Zyz,
1 2

(zyo)(z12)(zy2) ™ = alyry™') = 22,

for some z3 € Z; for any zyax? € Zya?,

(zy2®)(21z)(zy2®) " = z(yay ') = 22’
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for some z3 € Z and for any za? € Za?,
(z2?)(z12)(22?) 7" = 2.

Therefore Clg(z17) = {z17, 232%}. Next consider Clg(227?). Then for any
2y € 2y,
(zy)(222%)(zy) " = (zoyay ")(yay ') = 2z,

for some 2’ € Z; for any zyxr € Zyx,
(2y2)(200%) (2y2) ™" = 2oya®y™ = 2a,
for some 2’ € Z; for any zyax? € Zyx?,
(2y2®)(202%) (2y2®)™h = zyz’y™ = 2z,

for some 2’ € Z and for any zx € Zx,

(22)(202%)(22) ™' = 2922
Therefore, Clg(z92?) = {2'x, zp2?}. Hence Clg(a) C Zx U Zx? and each
non-central element of ZxZx? forms a conjugacy class of order 2, so number
of conjugacy classes of Zz L Zz? is M = |Z|.
Again for any zy € Zy,
G| 67|
Clg(zy)| = = = 3,
el = et 202
Similarly, for any zyr € Zyx, | Clg(zyz)| = 3; and for any zyz? € Zyx?,

| Clg(2z2yx?)] = 3. Now each conjugacy classes of Zy Ll Zyx U Zyz? is

ZyU Zyx U Zyz®|  3|Z] Vi
3 -3
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Hence

k(G)

PrCom(G) = G where k(G) is the number of conjugacy classes in G.
12 +121+12
G

_ 34

6]

1

2

Converse part is proved by using Lemma 3 and Corollary of [25]. O

Theorem 3.1.2. [10] If the smallest prime divisor of |G| is p, then

2
—1
PrCom(G) = % if and only if % = C, x C.

Proof. Suppose first that % = (), x Cp. Then

S = e Zy\(Zay = (2P = Z.(Z0)(Zy) = (Z)(Zx), Z = Z(G)

= (Zx, Zyla? P xyx 'y € Z).

G
If%<%then\§| = p= |Z| = p. Therefore H = ZUZt;U---UZt,,,

where t; € H— Z and i € {1,2,...,p — 1}. So, the proper subgroups of G
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properly containing Z are

H = ZUZxUZz*U---U ZaPL,
Hy = ZUZyUZy*U---UZyP !,

Hy = ZU ZayU Za*y? U --- U ZaP Pt

H, = ZUZaP 'y ZaP 2y U U ZayP ™!,

and each of which is the centralizer of non-central elements of G.

Let a € G — Z then

G| a
| Clg(a)] = = =
[Cala)l  plZ|
Therefore each conjugacy class of G — Z has p elements. So number of
conjugacy classes of G — Z is ®=DIZ Therefore
PrCom(G) = e where k(G) is the number of conjugacy classes in G
(r*-1)|Z|
_ Z| + =
P*Z|
_ pPP+p-1
o
Conversely, suppose PrCom(G) = p2;§_1, where p is the smallest prime

divisor of |G|. Then

2

pP+p—1 [Z]  k(G)—|Z]

—_—— = 3.1.a
P G| G| (3.1a)
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noting that PrCom(G) = % Since p is the smallest prime divisor of |G/,

so || >p= |S|>p* Suppose |§]| > p* = A <L

a < 2 Therefore Equation

(3.1.a) gives,
pPP+p-1 1  KkG)-|Z
P’ P’ |Gl
Po1_HG) -2
P |Gl
Now using class equation, |G| = |Z| + > |G|Cq(x)|, where = runs through

=

a complete set of representatives of all the distinct conjugacy classes having

more than one element, we have
G| > 1Z]+p) 1

= |G| > |Z| + p(k(G) — |Z])

= |G| =2 k(G) + (p — DK(G) + (1 = p)|Z|
KG) (= DK(G) — |2])

- 1>
Gl |G
2
P’ +p—1 k(G) — |2
SN N S AR S b el
> — +t(—-1) c
2 _ —
N O]
p G
which is a contradiction. Hence |£| = p* = % = (C, x C,. This
completes the proof. O

Putting p = 3 in Theorem we get the following:

Corollary 3.1.3. [10] If % >~ Oy x C3 then PrCom(G) = 3 and if
PrCom(G) = 3 and the smallest prime divisor of |G| is three, then
G
m = 03 X 03.
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3.2 Relation between |Cent(G)| and PrCom(G)

Recall that for any finite group G, | Cent(G)| denotes the number of distinct
centralizers in G and PrCom(G) denotes the commutativity degree of G. We

know that for an abelian group G, PrCom(G) = |Cent(G)| = 1.

Theorem 3.2.1. [10] Let G be a finite group. Then PrCom(G) = 32 if and
only if | Cent(G)| = 4.

Proof. Suppose that |Cent(G)| = 4. Then by Theorem [2.3.1] we have

G G
T~ T =y
7@ - 2= ‘Z(G)’

Now for a; € G—Z(G), there exists ay € G—Z(G) such that ajay # asay;
otherwise a; € Z(G), a contradiction. Next consider as = ajas. Then
az € G — Z(G), because for ag € Z(G) we have aja3 = aza; = ajay = asay,
a contradiction.

Now we will show that Z(G), a1 Z(G),a2Z(G), a3Z(G) all are disjoint. If
Z(G) = a1Z(G) then a1 € Z(G), a contradiction. So a1Z(G) # Z(G).
Similarly, a2Z(G) # Z(G),a3Z(G) # Z(G). Suppose a1Z = asZ where
Z = Z(G), then

as tay € Z
= ay ‘ay = z for some z; € Z

= a; = agz for some z; € Z.

Therefore a1as = aszias = asasz1 = asaq, a contradiction. Now, suppose
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a1Z = a3/ then

as ‘e € Z

= (alag)*lal e 7

= ay € 4,

a contradiction. Suppose asZ = azZ then
-1

asas €z

= qiasay € Z

= a; € Z,

a contradiction. Therefore % = {Z(GQ), a1 Z(G),asZ(G),a3Z(G)}, where

as = ajap and a;?,ax?, a3 € Z(G). Again, if z € 0;Z(G) and y € a,;Z(G)

then xy # yx where 1 < i(# j) < 3, because for vy = yx we have

(a;z1)(ajz2) = (a;22)(a;z1), where 21,2, € Z(G)

= wa; = aja;,
a contradiction. Thus z,y € G will commute if
(i) z € Z(G),y € G.
(ii) x € a1 Z(G),y € Z(G) or y € a1 Z(G).
(i) z € axZ(G),y € Z(G) or y € ax Z(G).

(iv) z € a3Z(G),y € Z(G) or y € a3Z(G).
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Now

| Com(G)| =

Hence

{(z,y) € G x Glay = ya}|
H{(z,y) € G xGlz € Z(G),y € G}

+3{(z,y) € G x Glx € a; Z(G),y € Z(G)}|

+3{(z,y) € G x Glz,y € a1 Z(G)}|

= |Z(G|G] + 3lar Z(G)]|Z(G)] + 3|ar Z(G)||ar Z(G)]

= 1Z(G)l|G] +6|1Z(G)[".

PrCom(G) =

| Com(G))|

GI*

Z(G)IIG| +612(G)*

1Z(G)|

+6

Gl

Z(G)°

G

1
+6

1
4
>
g

Conversely, suppose that PrCom(G) =
2.1.6, |Cent(G)| > 4. Also it is clear that | Cent(G)| < |%|

by Theorem
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5

3

G?

Then G is non-abelian and so



Therefore |Z(G | > 4. Assume \Z \ >4 = % < 3. Now

5

PrCom(G) = 3

_k:|(é¥|) = g where k(G) is the number of conjugacy classes in G
1Z(G)| + k(G) - |2(G)]
=
G
1Z2(G)| | K(G) —14(G)]
= - =
G| |G|
1 k(G)—12(G)]
< 1 + Tel

k(G) —12(G)]
1€ '

=

ool W ool ot
A

=

Using class equation, |G| = |Z(G)| + > |G : Cg(x)|, where z runs through
T
a complete set of representatives of all the distinct conjugacy classes having

more than one element, we have
G| > |Z(G) +2) 1

= |G = [2(G)| + 2(k(G) = |2(G)])
= |G| = 2k(G) - |2(G)|
L1 MG | KG) —12(G)]

|G| |G|
5 | k(G)—124(G)
=1> -
=3 + I
k(G)—12(G)] _ 3
= <
|G| — 8
which is a contradiction. Hence |%| = 4= |Cent(G)| = 4. This
completes the proof. O
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Thus, combining Theorem [3.1.2| and Proposition [2.2.3] we get the follow-

ing proposition.

Proposition 3.2.2. If the smallest prime divisor of |G| is p and PrCom(G) =
’% , then |Cent(G)| = p+ 2.

The following question arises trivially.

PROBLEM 3.2.3. Suppose p is the smallest prime divisor of |G|
and |Cent(G)| = p+ 2. Then is it true that PrCom(G) = % ?

Note that, for p-group the answer is true by Proposition and The-
orem for p = 2 the answer is true by Theorem [3.2.1} and for p = 3
the answer is true by Theorem [2.4.4] and Theorem |3.1.2

3.3 Maximal subset of non-commuting ele-

ments

A non-empty subset X of a finite group G is called a set of pairwise non-
commuting elements if xy # yx for all x,;y € X with x # y. A set of pairwise
non-commuting elements of G is said to have mazximal size if its cardinality

is largest one among all such sets. We denote this largest cardinality by r(G).

Proposition 3.3.1. [7/ Let G be a finite n-centralizer group and r(G) =
n — 1. Then every proper centralizer of G is abelian. Moreover, for every

non-central elements x andy of G, Ca(x) = Ca(y) or Ca(z)NCeq(y) = Z(G).

72



Proof. Let {x1,2z9,...,2,_1} be a set of pairwise non-commuting elements

of G. Then we have
Cent(G) = {G,Cq(x1),...,Cq(xn-1)}.

Now suppose for some i,1 < i < n—1, X = Cg(z;) is non-abelian.
We choose elements a,b € X such that ab # ba (since, X is non-abelian
such elements exists). So a,b ¢ Z(G). Therefore Cg(a),Cq(b) # G.
Also Cg(a) # Cg(b), as b ¢ Cg(a). Without any loss, we can assume that
Cg(a) = Cg(z;) for some j #i,1 <j<n-—1

Also x; € Cg(a), since a € X = Cg(z;). Which implies z; € Cg(z;), a
contradiction. Hence every proper element centralizer of G is abelian.

For the second part, we assume that x and y are non-central elements
of G and Cg(x) # Cg(y). Let T = Cgq(x) N Ce(y). Choose an element
aeT—Z(G),ie Cgla) #G.

Let b € Cg(z) U Cq(y) be an arbitrary element. If b € Cg(z) then
ab = ba, since a € Cg(x) and Cg(x) is abelian. Therefore b € Cg(a).
Similarly, if b € Cg(y) then b € Cg(a). Hence

Ca(r) U Ca(y) € Cola)
= Cg(x) € Cg(a) and Cu(y) € Ca(a).

But since Cg(x) # Ce(y) and x and y are non-central elements of G, so for

somei # 7,1 <1i,7 <n—1, we have Cg(z) = Cqg(z;) and Ce(y) = Ca(z;)
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and Cg(a) = Cg(xy) for some k #1i,75;1 <k <n-—1. So

Cg(ZL’) = Cg(l’z) C Cg(a)

= Cg(l'l) C Cg(([k)

= 1;x, = XLT;,a contradiction.
Hence
T-2(G) = 6
= Ca(z) N Cely) = Z(G).
This completes the proof. n

Proposition 3.3.2. [1/ Let G be a finite group and {z1,z2,...,2,} be a set

of pairwise non-commuting elements of G' having mazximal size. Then

(i) {Cq(x))|i = 1,2,...,7} is an irredundant r-cover with the intersection

Z(G) = iélcg(xi).
(i) |zl < f(r).
(iii) f(3) = 4,f(4) = 9,f(5) = 16, f(6) = 36.

(iv) if G is a group such that every proper centralizer is abelian, then for

all a,b € G—Z(G) either Cg(a) = Cg(b) or Ca(a)NCq(b) = Z(G).

Proof. (i) If there were an element x € G—(_ QIC’G(@)), then {1, z9, ..., 2., 2}

would be a set of (r + 1) pairwise non-commuting elements. This

74



contradicts the maximality of the set {z1,zs,..., 2.} of pairwise non-

commuting elements of G. Hence

G— (U Co(z,) = ¢

1=1
=G = U Cqlzi)

i =1

Now, we suppose that for some 7,1 <i <r, Cg(z;) C .L;.Cg(xj) where
j#i

1 <j <, then z; € Cg(x;), a contradiction. Therefore
Co(w:) € ,;J,Cc(xj), l<j<r
J#i

Next suppose that there is an element a € (. 6ng(xi)) — Z(@). Then

there is an element b such that [a,b] # 1. Now for each ¢ = 1,2,...,r,
define
Yi =
ax;, if [z;,b] = 1.
Then {y1,v2,...,yr, b} is a set of (r 4+ 1) pairwise non-commuting ele-

ments contradicting the maximality of . Therefore

(N Co(x,) = Z(G) = ¢

i=1
= iélca(mi) —= Z(G).
Hence {Cqs(z)[i = 1,2,...,r} is an irredundant r-cover with the
intersection Z(G) = iélCG(Ii)'
(ii) See Corollary 5.2 of [32]
(iii) See [30], [18], [14] and [2] respectively
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(iv) Suppose Cg(a) N Cu(b) # Z(G), which gives there exists an element
z € (Cgla) N Cg(b)) — Z(G). Then Cg(z) contains both Cg(a) and
Cq(b), since Cg(a) and Cg(b) are abelian. Since z is not in Z(G),
Ca(z) < Cg(a) and Cg(z) < Cg(b). Thus Cg(z) = Cgla) = Ca(b).
This completes the proof.

3.4 Relation between |Cent(G)| and r(G)

For any finite group G, |Cent(G)| denotes the number of centralizers in
G and r(G) denotes the maximum possible size of a set of pairwise non-

commuting elements of G. In this section we discuss about some relations

between | Cent(G)| and r(G).

Proposition 3.4.1. [1] Let G be a finite non-abelian group, {x1, s, ..., 2.}
be a set of pairwise non-commuting elements of G having maximal size.

Then,

(i) r >3

(ii)) 7+ 1 < | Cent(G)|

(iii) » = 3 if and only if | Cent(G)| = 4
(iv) r = 4 if and only if | Cent(G)| = 5.

Proof. (i) Since G is not abelian, there exists elements =,y € G such that
xy # yx. Thus {z,y,zy} is a set of pairwise non-commuting elements

of GG, and so r is atleast 3, as required.
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(i)

(i)

(iv)

Given {z1,zs,..., 2.} is a set of pairwise non-commuting elements of

G, so Cg(z1),Ca(za),...,Cq(x,) all are distinct. Therefore
r+1 < |Cent(G)].

Suppose that » = 3. Then

< f(3) ( Using Proposition [3.3.2)

<4 ( Using Proposition [3.3.2))

= =14

G
:m:CbXCE

= | Cent(G)| = 4.

Conversely let |Cent(G)| = 4. Then by first part » > 3 and second

part forces to be r = 3.

Suppose first that » = 4 then |Z | < f(4) = 9. Since r = 4, so
{1, 9, 23,24} is a set of pairwise non-commuting elements of G' hav-
ing maximal size. Then Cg(x1), Ca(x2), Ca(xs), Ca(xy) all are distinct
centralizers in G and so G = Cg(z1) U Cg(z2) U Cg(xs) U Ca(xy).

Suppose |G : Cg(x;)| = a;for 1 <i<4and oy < ay < a3z < ay.

Now we will show that % is not a 2-group. Assume on the contrary

that, Z(G) is a 2-group. Then %‘ = 4 or 8 and so C(z) is abelian
for each x € G — Z(G), this is because ‘Z(Cgéf;)) is cyclic. Hence

by using Proposition [3.3.2(iv), we have Z(G) = Cg(x) N Cg(y) for
distinct proper centralizers Cg(z) and Cg(y) .
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Again by Theorem [1.10.2]

042§4—1

= |G : Co(z2)] < 3.

Also |G : Cg(x2)| = ‘Li;% therefore |G : Cg(x2)| divides ’L‘ But
we assumed that % 12(2 2-group, SO |CG(I2 | = 2thatisay = 2.
Therefore oy = 2.
Also
o - ()
|Ca(x1)]|Ca(s)]

- 'G'GZ 60

- |zt

[l

= % =~y x Oy

So, by third part r = 3, a contradiction. Hence % is not a 2-group.

Z
Thus
G
| = o
) ‘—6then—_5’3:>|Cent( )|—5If‘ ’—9then

(—QJCgXOg:} ’CGHt(G” = 5.

Conversely, suppose | Cent(G)| = 5. Then by second part, r < 4 and
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by first part, » > 3. On the other hand r # 3 by third part. Thus

r = 4. This completes the proof.
]

Proposition 3.4.2. [1] Let X = {x1,29,...,2,} be a set of pairwise non-
commuting elements of a finite non-abelian group G having maximal size.

Then,
(a) If | Cent(G)| < r + 4, then

(i) For each element © € G, Cg(z) is abelian if and only if
Ca(z) = Cq(x;) for somei € {1,2,...,r}.

(ii) If Cg(x;) is a mazimal subgroup of G for some i € {1,2,...,r},
then Z(G) = Cg(z;) N Cq(x;) for all j € {1,2,...,r} — {i}.
In particular, if |G : Cg(z1)] < |G @ Cg(za)| < 2, then
|Cent(G)| = 4, and if |G : Ca(z1)] < |G : Cglaz)] = 3,
then | Cent(G)| = 5.

(b) If | Cent(G)| = r+2, then there exists a proper non-abelian centralizer

Ce(z) which contains Cg(x;,), Ca(xiy,) and Cg(xyy,) for three distinct
il,ig,ig € {1,2,...,7"}.

(c) If |Cent(G)| = r+ 3, then there exists a proper non-abelian central-
izer Cg(x) which contains Cg(x;,) and Cg(z,) for two distinct

il,iQE {1,2,...,7"}.

Proof. (a) (i) Suppose, for a contradiction that there exists an index ¢ such
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that K = Cg(x;) is non-abelian. Then
| Cent(K)| = | Cent(Cq(z;))| > 4.

So Cg(z;) contains at least three proper centralizers, say Cq(y;),
Jj = 1,2,3. By hypothesis, Ce(z;) # Cq(y;) for every 1 <t <r
and 1 < j < 3. Therefore

(r+1)+3 < |Cent(G)|

=1r+4 <|Cent(G)| <r+4,

which is not possible. Hence, each Cg(x;),1 < i < r is abelian.

Conversely suppose that for each element z € G, C(z) is abelian.
Since {1, xa,...,2,} is a set of pairwise non-commuting elements
of G having maximal size, so there exists an index j such that
z € Cg(z;) and by assumption, Cg(z;) is abelian.
Now, we will show that Ce(z;) = Cg(z). Let t € Cg(x;) then
tr = at, since v € Cg(z;) and Cg(z;) is abelian
=1€ Cg(fb)
Therefore Cg(z;) € Cg(x). Similarly Cg(z) € Cg(xj). Thus
Co(z;) = Colx).
First part: Let x € Cg(x;) N Ca(z;) Vj € {1,2,...,r} — {i}.
By previous part, Cg(z;) is abelian. Now we will show that
Ca(z;) < Cg(z). Let | € Cg(x;). Then
lx = zl, since v € Cg(z;) and Cg(z;) is abelian

=1 e Cq(x).
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Suppose, Cg(x;)) = Cg(z). Then z; € Co(x) = Calz),
a contradiction. Therefore Cg(z;) < Cg(x). Since Cg(x;) is a

maximal subgroup of G, so Cg(x) = G = x € Z(G). Hence
Z(G) = Cg(z;) N Cg(x;) for all j € {1,2,...,r} —{i}.

Second part: Given |G : Cg(z1)] < |G : Cg(xz)| < 2, therefore
|G : Cg(x1)| = |G : Cglxz)| = 2. So, Cg(xy) is a maximal
subgroup of G and by first part we have, Cg(x1)NCq(22) = Z(G).

Therefore

Ca(a1)[|Calz)]

Colr)Colwa)l = 16 () Colea)]
= |G| > ’CG(QTIZ)(HC?)T(%)’
> |7 <
S % _
= i = O

Third part: If |G : Cg(z1)| < |G : Ca(xa)] = 3, then Cg(xs) is
a maximal subgroup of G and Z(G) = Cg(x1) N Cg(zs), by the
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first part. So
Ca(x1)]|Ca(w2)]

|Cg($1)CG(LU2)’ = |Cg<I1)ﬂCG(I2)’
Ca(a1)]|Corls)|
= 1¢ =2 =7
G
- ’m’ ="

Also |G : Cg(x2)| = 3, therefore

G
3“2@‘

G
:>‘Z—G)‘3,6,9
:>LQS >~ x(C
Z2(G) Mz T T

(b) Given |Cent(G)| = r+ 2. So by part (a)(i), there exists x € G such

that Cg(z) # Cae(z;),1 < i < rand K = Cg(x) is non-abelian.
Therefore,

| Cent(K)| > 4.

So K = Cg(x) contains at least three proper centralizers, say C (y;),
i = 1,2,3. Therefore {Cx(y;)|i = 1,2,3} is a set of three proper
centralizers of K, then {Cq(y;)|i = 1,2,3} is a set of three proper

centralizers of (.

Since | Cent(G)| = r + 2, we may assume that Cq(y;)) = Ca(z;,)
for three distinct ji, j2,js € {1,2,...,7}. Then Cq(y;) is abelian for
i = 1,2,3, by part (a)(i).
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Next we will show that C(y;) € Ce(z) fori = 1,2,3. Let t € Ca(y:).
Therefore

tr = at, since v € Ck(y;) C Ca(y;) and Cg(y;) is abelian

=1 Cg($)
So, Ca(y;) C Cg(z) fori = 1,2,3.

(c) Given |Cent(G)| = 7+ 3. So by part (a)(i), there exists x € G such
that H = Cg(z) is non-abelian. Therefore

| Cent(H)| > 4.

So H contains at least three proper centralizers, say Cy(w;),i = 1,2, 3.
Therefore {Cy(w;)|i = 1,2,3} is a set of three proper centralizers of

H, then {Cq(w;)]i = 1,2,3} is a set of three proper centralizers of G.

Since | Cent(G)| = r+ 3, we may assume that Cg(w;) = Cg(xj,) for
two distinet jq, 72 € {1,2,...,r}. Then Cg(w;) is abelian for i = 1,2,
by part (a)(i).

Now we will show that Cg(w;) C Cg(z) for i = 1,2. Let n € Cg(w;)

then

nr = zn, since x € Cy(w;) C Ce(w;) and Cg(w;) is abelian

=n € Cg(x).

So, Ca(w;) C Cg(z) for i = 1,2. This completes the proof.
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Proposition 3.4.3. [1/ Let G be a finite non-abelian group. Then every
proper centralizer of G is abelian if and only if | Cent(G)| = r + 1, where r

1s the mazimal size of a set of pairwise non-commuting elements of G.

Proof. Suppose that every proper centralizer of G is abelian and let
X = {x1,29,...,2.} be a set of pairwise non-commuting elements having
maximal size. Consider Cg(x) where © € G — Z(G). Then there exists an
i€{1,2,...,r} such that x € Cg(x;).

We will show that Cg(z;) = Cg(z). Let t € Cg(x;) then

tr = at, since x € Cg(z;) and Cg(x;) is abelian

=1€ Cg<x)

So, Ca(z;) € Cg(z). Similarly Cg(x) € Cg(x;). Thus Ce(z;) = Cgq(x).

Hence

Cent(G) = {G,Cq(x1),Ca(xs), ..., Calz,)}

= | Cent(G)| = r+1.

By using Lemma |3.3.1, we can prove the converse part of this Lemma. [

84



Chapter 4
Groups with | Cent(G)| =6, 7, 8

In this chapter we study some properties of 6, 7, 8-centralizer groups.

4.1 6-centralizer groups

In this section we study the structure of 6-centralizer groups. The following

lemmas are useful in proving the main theorem in this section.

Lemma 4.1.1. [/ Let G be a 6-centralizer group and Xi, Xs,..., Xg be

distinct centralizers of G such that X1 = G. If |G : Xo| =--- = |G : X¢| =4,

then all of X;’s are normal in G and % =y x Cy x Cy x Cs.

Proof. Given X1, X, ..., Xg be distinct centralizers of G such that X; = G.
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So G = .L6J2XZ~ and ,r% X, = Z(G). Also

| X5] + | Xy| + | X5] + | X6

]
=

1=3
Gl 1a el il
4 4 4 4
= |G|.
Therefore by Cohn’s Theorem [1.10.3] X5.X; = G for all t # 2 and by

interchanging X;’s we have, XoN X, = Z(G). So

| Xo|| X
X,.X,| = =202t
| X2 Xi| 1 X5 N X
lels
= 4G =
|Z(G)]

= |G1Z(G)| = 16.

Suppose X; is a non-normal subgroup of G for some i,2 < ¢ < 6, then

Coreg(X;) = Z(G). Since |G : X;| = 4, therefore Z(GG) = Coreg(Xi) is

isomorphic to a subgroup of S;. Therefore 16 | 4!, which is impossible. So, all

of X;’s are normal in G. Hence by Lemma [2.2.12] % = Oy x Oy x Cy x Cs.

This completes the proof. O
Now we will prove the main result of this section.

Theorem 4.1.2. [5] If G is a 6-centralizer group, then

G
—— = Dg, Ay, Cy x Cy x C. Cs x Cy x Cy x Cs.
7 ( G) 8y 14, L2 2 2 0T Uy 2 2 2
Proof. Let G be a 6-centralizer group and {xy, za, ...,z } be a set of pairwise
non-commuting elements of G having maximal size. Then Cg(x1),...,Cq(x,)
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are distinct proper centralizers of G. Suppose X; = Cg(z;),1 <1i <r, and
|G: X4 <|G: Xs| <--- <G X,

Also by using Proposition [3.4.1] we have r > 3 and r + 1 < | Cent(G)],
so 3 < r < 5. Suppose r = 3 then by Proposition [3.4.1] |Cent(G)| = 4,
a contradiction. Suppose r = 4 then by Proposition 3.4.1] | Cent(G)| =
5, a contradiction. Therefore » = 5 and so by Proposition [3.3.2, G has
an irredundant covering by proper centralizers and by Lemma [3.3.1}

X;NX; =Z(G) where 1 < i, j <5;i# j . Also by Proposition [3.3.2]

m‘ < f(5) = 16.

Again by Theorem [1.10.2]

So our main proof will consider a number of cases.
Case i. |G : Xy| = 2. It is easy to see that Cg(x1) N Cq(xe) C Ca(zi22),
hence |G : Cg(z129)| = 1,2,4.

Suppose that Cg(z122) = G, then z129 € Z(G). So in particular

T1X1T2 = T1T2X1
= Iz = T2y,
which gives contradiction to our assumption. Also if |G : Cg(xi2a)] = 4

then Cg(z1xe) = Cg(z1) N Cg(xs2), which is also a contradiction. Lastly,
if |G : Cg(x122)] = 2 then we can see that two of z;’s commute, which is a

contradiction.
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Case ii. |G : X3] = 3. Since 3 | |Z | and |Z | < 16, therefore

|%| 12. But Ay is the only 6-centralizer group of order 12, so 7= = Ay.
Case iii. |G : X3] = 4. In this case by Theorem 1 in [15], we have
G : Xa] = |G: X3 = |G: Xy = |G: X5/ = 4 and hence

|G Xy| = 2,3 0r 4.
If |G: Xy] = 4 then by Lemma4.1.1 (LgCQXCQXCQXCQ. If |G
Xq| = 3then12HZG)\andso )_A4 If |G: X4 = 2then8\|ZG)]

and so |m| = 8,16. Suppose |G : Z(G)| = 8 then Z(G) = Dg,Cy x Cy or
Cy x Uy x Cy. But by Remark|1.7.2 Cs x Cy is not capable, so Z(G % Oy xOy.

Next suppose |G : Z(G)| = 16. Here let X, be non-normal, then is

m
isomorphic to a subgroup of Sy, therefore 16 | 24, a contradiction. Thus Z(G)
is abelian. SO — = Og X 08702 X Cg X 04702 X CQ X 02 X 02 or 04 X 04

But using Corollary 8.20 in [24], we have Cy x Cg and Cy x Cy x Cy are not

capable.

Suppose that 7 = Cy x Cy, then = has exactly six cyclic subgroups
of order 4, say Z(G), Z‘?é) .. (G). Choose a; € A; — Z(G),1 <i<6. We
can assume that A; = C (ai), 1 <i <6 and A;’s are distinct centralizers of

the group G. Therefore | Cent(G)| = 7, which is impossible. This completes
the proof. O

Corollary 4.1.3. [, [J] [f% > Ay, then |Cent(G)| = 6 or 8.

Proof. We first assume that there exists an element x € G such that

|Z(G)| = 4. We will now show that there is no y € G such that | 2l) | = 2,
that is C(y) = ZUyZ where o(yZ) = 2and Z = Z(G). To see this
assume that |%| = 2, then since % >~ A, we have % C g((g)) and
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so C(y) € C(z). Now since C(y) is an abelian subgroup of G, therefore
Z(C(z)) € Z(C(y)) = C(y). Hence Z(C(x)) = Z(G), that is, x € Z(G),
which is a contradiction. Therefore, if there exists an element x € G such
that |§((é))| = 4, then for all y € G, we have ]%] = 3,4,12. But, A4 has
exactly six subgroups with orders 3,4, 12. Thus | Cent(G)| = 6.

Now we assume that there is no such element z, that is, for any = with

the conditon |C'(zZ(G))| = 4, then we have ](ZJ(%))] = 2. If2Z(G),yZ(G)

255, then £ = {Z(G),2Z(G)},

% = {Z(G),yZ(G)} and % = {Z(G),tZ(G)}. Therefore, the all of

and tZ(G) are three involutions in

C(z),C(y) and C(t) are distinct. Now if we consider the sylow 3-subgroups
of A4 and itself A4, then by using Sylow’s second and third theorem we have

| Cent(G)| = 8. This completes the proof. O
Corollary 4.1.4. [7] If % >~ (Cy x Oy x Cy, then | Cent(G)| = 6 or 8.

Proof. Clearly, | Cent(G)| < |G|Z(G)| = 8. Suppose

G
Z = {Z, le, LIZ‘QZ, .1}3Z, LL’4Z, QJ5Z, I‘GZ, QZ7Z}

where Z = Z(G) and | Cent(G)| < 8. Suppose C(z;) # C(z;) for all 7, j.
Then | Cent(G)| = 8, which is a contradiction to our assumption. Therefore,
there are i and j such that 1 <1i,5 <7,i# j and C(z;) = C(z;) # G.
Now we consider, C(;i) = {yZly € C(x;)}. Then possible orders of %
are 1,2,4,8. If |@ = 1,8 then z; € Z, a contradiction. If |% = 2
then % = {Z,x;Z}. But z;,x,x; € C(z;), therefore |%| # 2 and so,

’—C(sz) = 4 and C(ZIL) = {Z,I’iZ,ij,l'iij} = —C(;j).
Next consider C(‘TT%) Then possible orders of w are 1,2,4,8. If
|@| = 1,8 then z;z; € Z, which is not possible. If |@| = 2 then
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r, = x; = x;x; as v, x; € C(r;x;), a contradiction. Hence | <22 I’IJ | = 4

and % — {Z,Z'ZZ,x]Z,xZwJZ} SO
Clz) = Cla;) = Clagwy) = ZUwiZ Ua;Z Ui 2.

This shows that | Cent(G)| < 6. Again, since G is non-abelian, therefore
| Cent(G)| > 4. If | Cent(G)| = 4 then % & (5 x (Cy, a contradiction. If
| Cent(G)| = 5 then % = (3 x C5 or S3, which is a contradiction. Thus
| Cent(G)| = 6. O

Remark 4.1.5. [4, [5] If G is a 6-centralizer group such that X; = G and
|G2X2’ = ’GXgl = = |G X6| = 4thenZ(G —CQXOQXCQXCQ
The converse is not true.

Assume that G is a direct product of two copies of Dg that is G = Dg x Dy.
Then

G o Ds " Dy

Z(G)  Z(Ds) ~ Z(Ds)

G
#—Z(G)NCQXCQXCQXCQ

and | Cent(G)| = | Cent(Dg) x Cent(Dg)| = | Cent(Dg)| x | Cent(Dg)| = 16.

Therefore the converse is not true.

4.2 T-centralizer groups

In this section we study the structure of 7-centralizer groups.

Lemma 4.2.1. [1] Let G be a finite 7-centralizer group. Then Z(G) 15 not a
2-group.
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Proof. Suppose on the contrary that % is a 2-group.

Let {x1,22,...,2.} be a set of pairwise non-commuting elements of G
having maximal size such that |G : Cg(z;)| = a; with o < s+ < a,.
Then {Cq(z;)|i = 1,2,...,r}is an irredundant cover for G with intersection

Z(G). Also r +1 < |Cent(G)| and r > 3. Then 3 <r < 6. Again since for
r = 3,|Cent(G)] = 4 and for r = 4,|Cent(G)| = b5, therefore r # 3,4.
Thus r = 5 or 6.

Suppose that » = 5. Then by Theorem [1.10.2] as < 4. If ag < 2 then by
Proposition [3.4.2) (a)(ii), | Cent(G)| = 4, a contradiction. If ap = 3 then by
Proposition [3.4.2] (a)(ii), | Cent(G)| = 5, a contradiction. Therefore ay = 4.
Now Proposition (b) shows that there exists a proper centralizer C(x)
which is not abelian and contains at least three Cg(z;), say ¢ = 2,3,4.
Therefore

G = Cg(x1) UCq(zs) U Cq(x).

So, by Lemma [I.10.1, a5 < 2 = a5 = 2, which is not possible.

Next suppose that r = 6. Then by Lemma [3.3.1] for every non-central
elements z and y of G,Cq(z) = Cq(y) or Ca(x) N Ce(y) = Z(G). Hence,
in such a group G,{Cq(x)|lzr € G — Z(G)} forms a partition with kernal

Z(G). It follows that {CZG((G:”)) |z € G — Z(G)} forms a partition whose kernal

Co(z:)
Z(Q)

is the trivial subgroup. We assume that | = n; for 1 <7 < 6. Since
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G _ LGJ Cg (x’L

z@ = 9,720 , therefore
. C(x1) C ()
‘ G“‘Z<G> * +‘Z(G) ’
a 6
[ - B

:>Z_Zlnl = ' )‘+5

6
As -9~ is a 2-group, so > m; is an odd integer, which is a contradiction.

2@ i=1
Hence % is not a 2-group. O]

PROBLEM 4.2.2. If | Cent(G)| = p, a prime, then is it true that Z(G) is

not a 2-group ?

Now we will prove the main theorem of this section which characterizes

7-centralizer group.

Theorem 4.2.3. [1] Let G be a finite group. Then G is T-centralizer group

if and only if 55 = C5 x Cs, Do, (w,y]2° = y* = Ly ey = 7).

Proof. Suppose that G is a T7-centralizer group and {zy,x9,...,z,} is
a set of pairwise non-commuting elements of (' having maximal size.
Let |G : Cg(z;)] = «; such that o < as < --+ < «,. Then the set
{Cq(z;)li = 1,2,...,r} is an irredundant r-cover for G with intersection
Z(@G). So it follows from Proposition that r = 5 or 6.

If r = 5 then by Theorem [1.10.2, s < 4. If ap < 3 then by Proposition
3.4.2] | Cent(G)| = 4 or 5, a contradiction. Therefore ap = 4 and so by
Lemma [1.10.1, o; = 4 for ¢ > 2.
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Now Proposition m gives that there exists a proper centralizer Cg(x)
which is not abelian and contains igSCG(Ii) for some S C {1,2,...,5} with
|IS| = 3. Thus G = (igTOG<xi)) UCq(z), where T = {1,...,5} — S.
Therefore Lemma [1.10.1] gives that a; = 2 for some 2 < ¢ < 5, which is a
contradiction. Therefore r = 6. Then by Lemma all proper centraliz-
ers of G are abelian. Therefore {Cq(x;)[i = 1,2,...,6} is a partition with
kernal Z(G) for G. So it follows from Theorem that as < 5. Also
Proposition [3.4.2[ implies that as # 2,3. If ap = 4 then 4 | |%] Again

|G| > |Ca(a1).-Calzs)]
Ca(z1)[|Cq (22)|

|Ca(21) N Co(xs)]
GlIG]

16]2(G))|

= |G: Z(G)| < 16.

= |G| >

= |G| >

Now Lemma 4.2.1{ implies that |%| = 12 and so % = Dyy or Ay, which
is impossible. Therefore oy = 5 and so by Lemma [1.10.1] we have a; = 5
6
for i >2. Thus |G| = > |Cs(z;)| and so by Cohn’s Theorem [1.10.3]
i=2

G = Cg(x1).Cq(x;) for alli # 1. If ag = 2 then

G| = |Ca(x1).Calr)]
|Ca(1)]|Ca(xs)|

= |G| =
1€l = {Calen) N Calay)
e
=18 = 55520

= |G: Z(G)| = 10,
so %~ = Dyg. If a; = 3 then as above |%| = 15 and so it is cyclic.

2(G)
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Thus in this case |Cent(G)| = 1, which is not possible. If oy = 4 then

|%| = 20. Therefore by Proposition [1.7.3, there are only two non-cyclic
groups of order 20, namely Dy and (z,y|2®> = y* = 1,y 'zy = 2?).
Therefore Z(g) >~ Dy or (z,y|2® = y* = 1,y lay = 22). If % >~ Doy

then | Cent(G)| = 12, a contradiction. Hence

G 4

mg@ylxs =y = Ly ey = 27).
Next assume that a; = 5 then |Z | = 25 and so Vich >~ (O x Cs.
Conversely, suppose Z(G = (5 x Cs, Dy, (x, y|x =yt =1,y oy = 2?)
If L >~ (5 x C5 or Djy then by Proposition 2.2.3] | Cent(G)| = 7.
Next suppose that Z(G) ~ (pyla® = oyt = 1y lzy = 2?), then
l9Z(G)] € {1,2,4,5} for each g € G.
If |gZ(G)] = 4 or 5 then Cq(g) = (9)Z(G) and if |gZ(G)| = 2

then there exists g1 € G such that [¢;Z(G)] = 4 and g = ¢,z for some
z € Z(G). So Cglg) = Cq(g1?) = Cg(g1). On the other hand, G has
five sylow 2-subgroups and one sylow 5-subgroup which are all cyclic. Thus

| Cent(G)| = 7. This completes the proof of the theorem. O

4.3 8-centralizer groups

In this section we study the structure of groups having 8 centralizers.

Lemma 4.3.1. [7] Let G be a finite group and Z(G = R, where
R = (a,bla® = 1,a® = b*,bab™" = a™'). Then | Cent(G)| = 8.
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Proof. Given % ~ R = (a,bla® = 1,a® = b%,bab™" = a~'). Therefore

7@ = @BbIdZL = 2,82 = ¥Z,(2)(a2)b2)” = (@)

= (aZ,bZ|a°Z = Z,a°Z = VZ,bab"'Z = a 'Z).

Now we will show that (aZ) C % where 0 < 4 < 5. It is clear that
(aZ) C CGT(G) for all 7. Suppose for some i, (aZ) C %‘Ii), then

oz c £el®)

for some j, j€{1,2,...,5}
= a’b € Cg(a’)

= b € Cg(a)

=a €7,

a contradiction. Thus for every 7,0 < i < 5, we have

(aZ) = OGéCM
N —OGéal) = {Z.aZ,...,d"Z}

= Cgld') = ZUaZU---Ud"Z.

Next consider C_¢ (a'bZ),0 < i < 5. Let a*'Z € C_¢

Z(Q) Z(G)

0<k<51l =12
Case 1. [ = 1. Then

(a'bZ), where

(a*b2)(a'bZ) = (a'bZ)(a"b7)
=a"z = Z
=6|2(k—1)

=k—1 = 3t,tel.
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If t > 1 then kK — 7 > 6, a contradiction. If ¢ < —1 then i — k > 6, a
contradiction. Therefore t = 0,1,—1. If t = Othen k = 4. Ift = 1

then ¥ = i+ 3 andift = —1then & = i — 3. Again a'™0Z = a"3bZ7.
Therefore a"3bZ € C 2% (a'bZ).
Case 2. [ = 2.

In this case,
a7z e Ci(ain)

Z(G)

= (a*2)(a'b2) = (a'bZ)(a*2)

=ad"Z = Z

= 6|2k

=k = 0,3.

Therefore C'_¢_(a WZ) = {Z,a*Z,a'bZ,a"3bZ} where 0 < i < 5. Also

CG(alb ( 'bZ). Suppose CG(“ b) C%( a'bZ) for some i, 0 <7 < 5.
Then

V

‘

Cg<aib)

i+3
Cala™D) oy (7)) = C o (a'bZ) =

7 Z(G Z(G

i
i

Therefore
Og<ai+3b) - Cg(a’b)
Z - Z
= Cg(CLH_Sb) - Cg(alb)

= (a"7?b)(a'b) = (a'b)(a""?b)
= a’b = ba’

=a® e Z,
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a contradiction. Hence w C C%(a"bZ). Therefore |w| = lor2.

But, if |%‘llb)| = 1 then a'b € Z, a contradiction. Thus |%| = 2 and
S0
Ca(a'd -
Gg’ ) — (z.4bz2)

= Cg(a'b) = ZUa'bZ,
for every 7, 0 <17 < 5. Hence
| Cent(G)| = 8.
This completes the proof of the lemma. O

Lemma 4.3.2. [1] Let G be a finite 8-centralizer group. Then is a

{2, 3}-group.

_G
Z(G)

Proof. Let {x1,2s,...,z,} be a set of pairwise non-commuting elements of
G having maximal size. Then {Cq(z;)|i = 1,2,...,7} is an irredundant
r-cover with intersection Z(G). Therefore it follows from Proposition [3.4.1]
that r = 5,6 or 7.

Assume that |G : Cg(z;)| = «; where a; < ap < -++ < . and consider
a p-element x such that p is a prime number greater than 5. Then by Lemma
2.1 of [14], x € Z(G), a contradiction and so %G) is {2, 3, 5}-group.

Now by Lemma [I.10.1, ap < 6. If r < 6 then by Proposition [3.3.2]
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|%| < 36. If r = 7 then by Lemma [3.3.1, Cg(z1) N Cq(xe) = Z(G). So

|G| = [Co(21)Co(s))|

Ca(z1)[|Cq (22)|
ICG(xl) N Ca(as)|

= |G =

]

< 36.

- |zl <

If 5 is a divisor of |Z | then \Z \ e {10, 15,20,25,30,35}. Since every

group of order 15 or 35 is cyclic and Z(G) is not cyclic, therefore

e {10,20,25,30}.

\m

If \Z \ = 10 or 25, then 7 = Djq or C5 x C5 and so by Theorem {4.2.3

| Cent(G)| = 7, acontradlctlon.

If|ZG)| = 20 or 30, then Z(G) > (r,ylz® = y* = L,y loy = 2%), Dy

or D3g. So by Theorem and Proposition 2.2.6 | Cent(G)| = 7,12,17,

a contradiction. Hence % is not a 5-group. This completes the proof. [

Lemma 4.3.3. [1] Let G be a finite 8-centralizer group. [f% is a 2-group,
then = 02 X 02 X 02

Proof. Suppose that X = {x,zs,...,z,.}is aset of pairwise non-commuting
elements of G having maximal size. Assume that |G : Cg(z;)] = «; such
that oy < ag < --- < ,. Then {Cq(x;)|i = 1,2,...,r} is an irredundant
cover with intersection Z(G). Therefore it follows from Proposition [3.4.1]
that r # 3 or 4.
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If r = 5 then ay < 4. But by Proposition |3.4.2| and Theorem [1.10.2}
a; = 4 for ¢ > 2. Therefore by Proposition M(c), there exists a proper
centralizer K = Cg(x) which is not abelian and contains at least two
Cqo(x;)s, say for i = 1,2. Thus G = Cg(a3) U Cg(xy) U Cq(xs) U Ca(x)
which implies from Lemma that «; < 3 for some i € {3,4,5}, a
contradiction.

Now suppose that » = 6 then by Proposition and Lemma [4.3.2]

= 4. Also by Proposition[3.4.2(b), there exists a proper centralizer Cg ()
which is not abelian and contains at least three Cg(x;)s, say for i = 1,2,3.

Thus G = Cg(z4) U Cq(xs) U Cq(xg) U Cq(x) which implies from Lemma

1.10.1| that a; < 3 for at least one i € {4,5,6}. If y = 2 then ]Z ] < 8.

G(iv

This gives | | < 4 and so Cg(z) is abelian, a contradiction. Thus «; > 4
for every ¢ € {1, 2,...,6}, which is not possible. Therefore r # 6.

Finally suppose that » = 7. Then by Proposition 3.4.2) Cg(z;) is
abelian for each i € {1,2,...,7} and {CG z4)
whose kernel is the trivial subgroup. Also by Theorem and Lemma
4.3.2) ag 4andso\z 5| < aran <16, then|ZG)| = 8 or 16.

If]m] = 8thenm:Cg><Cg><CQOng. Butm;éDg, SO

gOQXCQXOQ.

1 <4 < 7} forms a partition

o
Z(G
If |Z | = 16 then o; = 4, otherwise |Z | < 8 or 12, a contra-
diction. If Cg(z;) is not a normal subgroup of G for ¢ = 1 or 2, then
Z(G) = Coreg(Cg(x;)) and so, |%| divides 4!, which is not possible. Hence

Cq(x;) is a normal subgroup of G for ¢ = 1,2. Tt follows that is abelian

Z(G)
and so m gC4XC4,CQXCQXCQXCQ,CQXCS or CQXCQ><C4. But

Cy x Uy x Cy and Cy x Cy are not capable. Again Cy x C4 cannot have such
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a partition. For, if \CZG((&E;)

= n,;, then

i=1
7
= n; = 22
i=1
7
=Y n; = 14
i=3
It yields that n3 = ny = 4 and ns = ng = ny = 2. This is impossible,

since Cy x (4 has only three elements of order 2. Finally, we will show that
%%CQXCQXCQXCQ.

Consider P = {CZG(g;)

i = 1,2,...,7} and A; = C;(g;> for 1 <i<T.

Then P is a partition of % with trivial kernal having exactly three members
of size 2 and four members of size 4. So for each z € G, let T = zZ(G), and
let A, = {I,a@,b,ab} and Ay = {1, d,cd} for some a,b,c,d € G — Z(Q).

Now using the fact that P is a partition of % with trivial kernal, we

can show that P is equal to one of the following:
(i) {A1, Ay, {1,ac}, {1,bc, ad, abed}, {1,bd, abc, acd}, {1, abd}, {1, bed}}.
(ii) {A1, Ay, {1,ac}, {1, bc, abd, acd}, {1, ad, abc, bed}, {1, abed}, {1,bc}}.
(iii) {Ay, Ag, {1,ac, bd, abed}, {1,bc}, {1, ad, abc, bed}, {1, abd}, {1, acd}}.
(iv) {A1, Ay, {1,@c, bd, abed}, {1, be, abd, acd}, {1, ad}, {1, bed}, {1, abc}}.
(v) {Ay, As, {1,@c, abd, bed}, {1,bd, abe, acd}, {1, bc}, {1,ad}, {1, abcd}}.
(vi) {A1, Ag, {1,@c, abd, bed}, {1, be, ad, abed}, {1,bd}, {1, acd}, {1, abc}}.
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Again, if T,y € A; then [z,y] = 1, and if 1 #7 € A;,,1 #7 € A; and

i # j, then [z,y] # 1. Now we reach to a contradiction in each of the above

cases. For example in the case (i), we have 1 = [bc,ad] = [b,d][c,q]
and 1 = [bd,abc] = [b,(][d,al]ld,b] which yield that [abd,bed] = 1, a
contradiction. Hence % = (5 x Cy x Os. O

Lemma 4.3.4. [1] Let G be a finite 8-centralizer group. Then |%| # 24, 36.

Proof. Let {x1,x9,...,2,} be a set of pairwise non-commuting elements of
G having maximal size. Then {Cq(z;)|i = 1,2,...,7} is an irredundant
r-cover with intersection Z(G). Assume that |G : Cg(z;)| = «; where
ap < - < @

Suppose, for a contradiction, that |%| = 36. Then by Proposition
and Proposition[3.4.1, r = 6 or 7. If r = 6 then by Lemma and
Lemma [1.10.1], as < 4. Now Proposition [3.4.2] implies that as # 2 or 3 and
so as = 4. If oy < 3 then |%| < 12, which is not so. Thus ; = 4 and
so o > 4 for each 7 > 1.

On the other hand by Proposition there exists a proper centralizer
Ce(x) which is not abelian and contains atleast three subgroups Cg(z;) for
ie€{l,2,...,6}. Thus G = iLeJTCG(xi) U Cg(z) for some T' C {1,2,...,6}
such that |T'| = 3. Therefore by Lemma [1.10.1] there exists at least one of

Cg(z;)s whose index is smaller than 4, which is a contradiction.

Therefore r = 7 and {Cq(x;)[i = 1,2,...,7} forms a partition with

kernal Z(G). Since |%| = 36, therefore by Lemma|l.10.1|and Proposition
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3.4.2| we have oy = --- = a7y = 6. This gives that

Cg(.IZ) B
' 2) | = °
Co(ri)

= Z(G) >~ (g or S3

But CZ%) is abelian as Cg(z;) is abelian, so CZC’(é;) % Ss. Thus CG((é;) is

a cyclic subgroup of order 6 for every ¢ € {1,2,...,7} and so %G) has 14

elements of order 3 (as, there are exactly two elements of order 3 in each

CZG((é;),i € {1,2,...,7}), this contradicts the fact that every group of order
36 has a unique sylow 3-subgroup.

Now suppose that | G)| = 24. If r = 6 then by Proposition
3.4.2(a)(it) and Lemma we have, ap = 4. If a3 < 3 then by
Proposition [3.4.2(a) (i), |Z | # 24, which is not so. Thus «; > 4 for each

i € {1,2,...,6}. On the other hand by Proposition [3.4.2|b), there exists

a proper centralizer C(x) which is not abelian and contains atleast three
proper centralizers C(z;) for i € {1,2,...,6}. Therefore by Lemma [1.10.1]
there exists at least one of Cg(x;)s whose index is smaller than 4, which is a
contradiction.

If r = 7 then by Theorem as < 6. Now Proposition [3.4.2)(a)(ii)
implies that as # 2 or 3. If ap = 4 then |%| < ajay < 16, which is not
possible. Therefore by Lemma 4.3.2, a; = 6for2 <¢< 7. Ifay = 6

then by inclusion-exclusion principal, ]%] = 36, a contradiction. Thus
a1 = 4 and so % is the unique cyclic subgroup of order 6. Therefore

G = Z(G) has the unique sylow 3-subgroup U = (w), where w = wZ(G).
7 P Xq . . . .
Since G = igchG((é;)’ CZG(((%) N ZG(Gi)] = 1 for distinct 7 and j; 0y = 4
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and a; = 6 for 2 <i < 7,G has 20 elements of order 2 or 4. It follows that
the number of sylow 2-subgroups of G is three, namely P, P" and ?EQ. Also
= =W =W = =W _ —=Ww> —

|[PUP UP | = 20sothat |[PNP NP | = 2. Thus |Coreg(P)| = 2.

Next since G = U P, we have C5(U) = UCores(P), so that
|IC5(U)] = 6. But C?U) embeds into Aut(U) = Cy and so |G| < 12,
which is a contradiction. Hence |,% VA(E | # 24, 36. O

Now using above lemmas we will prove the main theorem of this section.

Theorem 4.3.5. [1l] Let G be a finite 8-centralizer group. Then

mgCZXCQXC%ALl OT’D12-

Proof. Let {x1,x9,...,2,} be a set of pairwise non-commuting elements of
G having maximal size. Then {Cq(z;)|i = 1,2,...,r} is an irredundant
r-cover with intersection Z(G). Assume that |G : Cg(z;)| = «; where

a; < -+ < a,. Then by Lemma |3.4.1, » = 5,6 or 7.

Now, suppose that » = 5. Then by Proposition [3.3.2] |%| < f(5) = 16.

If oy < 3 then | Cent(G)| = 4 or 5, a contradiction. Therefore by Lemma

1.10.1, g = -+ = a3 = 4. If &y = 2 then by Proposition
3.4.2|(a)(it), ]Z(G | < 8. Now using Theorem [2.3.1] and Theorem [2.4.4] we

have |m| # 4 or 6. Again Lemma [4.3.3 gives that == = Cy x Uy x Cy. If

_G

7 =~ A, or Dis. Also since o; = 4 for

a; = 3 then |Z(G)| = 12 and so
1 = 2,3,4,5, WehaveZG)_A4

Assume that ay; = 4, then Proposition |3.4.2| implies that there exists
a proper centralizer C(x) which is not abelian and contains atleast

two of Cg(x;)s for 1 < i < 5. Thus G = 'UTOG(IL‘Z') U Cg(z) for some
1€

103



T C{1,2,...,6} such that |T'| < 3. Therefore by Lemma [1.10.1] there exists
at least one of Cg(x;)s whose index is smaller than 3, which is not possible.

Suppose that r = 6. Then s <5 and so by Lemma [4.3.2] and Proposi-

tion [3.4.2(a)(ii), a2 = 4. If oy = 2 then |Z | = 8 from which it follows
that Z(GG) =~ Oy x Uy x Cy, a contradiction. If oy = 3 then |m| = 12.
Therefore % >~ A, or Dio, which is not possible. Therefore a; = 4 and

a; >4 fori € {1,2,...,6}. On the other hand there exists a proper central-
izer C(x) which is not abelian and contains at least three subgroups Cg(z;)
fori e {1,2,...,6}. ThusG = iéJTCg(xi)UCg(x) for some T' C {1,2,...,6}
such that |T'| < 3. Therefore by Lemma , there exists at least one of
Cq(x;)s whose index is smaller than 3, which is a contradiction.

Finally suppose that 7 = 7. Then {Cg(z;)|1 < i < 7} is a partition with
kernel Z(G) for G by Lemma [3.3.1 Also by Theorem as < 6. Now
by Proposition [3.4.2] (a)(ii), we have that as > 4 and so by Lemma [1.3.2]

oy = 4 or 6. Now assume that ay = 4.

If 7 = 2, then |Z | < 8 and so |Z | = 8. Thus by Lemma 4.3.3]
% > (5 x Uy x Cy which is not possible, since Cy x Cy x Cy does not have
an irredundant 7-cover with ay = 2.

If &y = 3 then by Proposition|3.4.2(a)(ii), |Z(G)| = 12. So Z(G) = A or

D15. This is impossible since every irredundant cover of Ay with a; = 3 has
five members and Di5 has an element of order 6 which implies that a; = 2.

Thus «; = 4 and so |Z | < ajag < 16. It follows that |Z | = 8,12

or 16. Since ay = ap = 4, m % Dy5. Hence, by Lemma (4.3.3| and

properties of capable groups, % > (5 x Oy x Cy or Ay.
Now suppose that o = 6. Then Lemma [1.10.1] implies that o; = 6
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7 .
for 2 < i < 7. Since ;&% = Y Colr) and | z<§§) N Cg((é;” = 1 for

Z(G) =1 2(G)
1<i+#j <7, we have |Z(%| = 6a;.
If oy = 2, then |7 G)\ = 12 and so —) o D12 or A;. Now since Ay
does not contain a subgroup of index 2, we have Z = Dys.
If ay = 3, then |Z | = 18 and K = Cg((é;) is a unique subgroup of

W of order 6. Therefore there exists an element § = yZ(G) € K such

that o(y) = 2 and so (y) is a subgroup of Z(m) Thus Z(%) = )P

where P is a normal Sylow 3-subgroup of Z (%) Hence % is abelian and
we have Z > (5 x C3 x (3, which is not possible.

Finally 1f a; = 4 or 6 then | ;% 72G \ = 24 or 36, which is not possible by
Lemma [4.3.4l This completes the proof. n

Remark 4.3.6. [4] There exists a group G with exactly eight centralizer
G~
subgroups such that Vo Ay.

Assume H = (x) is the cyclic group of order 3 and N = (s is the
quarternion group of order 8. Then Aut(/N) has a unique conjugacy type of
automorphism of order 3.

Consider the semidirect product G = H xg¢ N, where 0(x) is an automor-
phism of order 3 of the group Q)s. Then G is a group of order 24, (G >~ Ay,
and | Cent(G)| = 8.

PROBLEM 4.3.7. To study the characterization of finite groups having 9

through 21 centralizers.
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Chapter 5

Groups with
| Cent(G)| = \Cent( )|, and with

22 < | Cent(G)| < 73

In this chapter, we study some properties of what is known as a primitive
n-centralizer group, i.e., a group in which the number of centralizers equals
the number of centralizers of its central quotient. We also study the structure
of finite groups G having large values of | Cent(G)|. Finally, we study the

values of | Cent(G)| for all minimal simple groups G.
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5.1 Primitive n-centralizer group

Recall that for a finite group G, | Cent(G)| denotes the number of centralizers

in G. A group G is called primitive n-centralizer if

Cent (%)' — n

Proposition 5.1.1. [J] There exists a primitive n-centralizer group for all

odd n # 3.

| Cent(G)| =

Proof. We first assume that n > 5 is an odd integer.
Now consider the dihedral group D,,, of order 2m. Then by Proposition

227

m—+2, if misodd
| Cent(Dy,,)| =

o +2, if miseven.
Since n > 5 is an odd integer, so | Cent(Dapn—9))| = (n—2)+2 = n. Again
Z(Ds(n-2y) = {1}. Therefore

| Cent(Dg(n,Qm =

D2(n—2) )’
Cent [ ——=—=_ || = n.
<Z(D2(n2))

This proves the proposition. ]

Corollary 5.1.2. [1] Let G be a finite group and % > Dy,. Then G is

primitive n-centralizer if and only if n > 1 is an odd integer.
Proof. Given, n > 1 is an odd integer. Since there is no 3-centralizer group,

so n > 5 is an odd integer that is, (n — 2) > 3 is an odd integer. Therefore
by Proposition [2.2.2]

G
Cent <m)‘ = |C€Ht(D2(n_2))| =n—242 = n.
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Again by Proposition 2.2.6] we have |Cent(G)| = n—2+2 = n. Hence
_ ¢
| Cent(G)| = [Cent(4z)

= n. Therefore G is primitive n-centralizer
group.

Conversely, suppose that G is primitive n-centralizer group. We
know that | Cent(Dypn—9))| = (n —2)+2 = n, if n —2is odd. Therefore

% = Dy(n—g), if n is odd. This completes the proof. O

In the following simple proposition, we obtain a class of primitive n-

centralizer groups.

Proposition 5.1.3. [/ Let G be an n-centralizer group and |G'NZ(G)| = 1.

Then G is a primitive n-centralizer group.

Proof. Suppose | Cent(G)| = n and Cent(G) = {Cq(x1), Ca(z2),...,Calx,)}.

Consider an element 27(G) € %
Now, we will show that C’% (xZ(GQ)) = %Cég)) Let yZ(G) be an element

of C%(xZ(G)). Then
WZ(G)(x2(G)) = (22(G))(wZ(G))
=y o lyr € Z(G).
Also y~ 'z 'yx € G'. Therefore

y e lyr € G N Z(G) = {1}

=y = yx

=y € Cg(x).
Therefore yZ(G) € %G(g)) and so C’%(xZ(G)) < CZCZ(GQC)) Again, clearly
%G(g)) < C%(.%Z(G)). Hence C%(xZ(G)) = C;CE(G’”))
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Next, it is enough to show that, for any 1 < 4,57 < n,i # j;
C e (1:2(G)) # C
1<4,j <n, i# jsuch that

(z;Z(G)). We assume that there exists some

G
Z(G)

C o (2:2(G) = C o (2;2(G))

Z(G) VACE)
Colri))  Calzy)
TG T z6)
Suppose y € Cg(x;). Then
VZ(G) € C o (1:2(Q) = C o (5,2(G)) = %

Therefore y € Cg(z;). Thus Cg(z;)) < Cg(z;). Similarly, we can show
that Cq(z;) < Cg(w;). Hence Cq(z;) = Cg(xj), a contradiction. Hence

| Cent(G)| = |Cent(%)| = n. This completes the proof. O

Result 5.1.4. [28] Let G be a finite group and any sylow subgroup of G is
abelian, then |G' N Z(G)| = 1.

Corollary 5.1.5. [J] If any sylow subgroup of G is abelian andn = | Cent(G)],

then G is a primitive n-centralizer group.

Proof. Given any sylow subgroup of G is abelian, then by Result [5.1.5]
|G’ N Z(G)| = 1. So by Proposition [5.1.3] G is a primitive n-centralizer
group. O

Theorem 5.1.6. [7] A finite group G is primitive 7-centralizer if and only

if 7y = Do or (w,yla® = y* = Ly lay = 2%).

Proof. Using Theorem [4.2.3] we have that G is 7-centralizer group if and
only if & = C5 x C5, Dyg, (x,yla® = y* = Ly 'ay = 2?).

Z(G)
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If == = C5 x C5 then ]Cent( &)l = | Cent(C5 x C5)| = 1 # | Cent(G)],

Z
which ylelds that G is primitive 7—Centrahzer if and only if m = Day,

(z,yle® = y* = Ly ey = 7). O

Remark 5.1.7. [10} [I]
(a) Suppose G is a 4-centralizer group. Then by Theorem [2.3.1]
Z( = (y x Cy and so |Cent(5; G))| = 1. Hence, there is no primitive

4-centralizer group.
(b) Suppose that G is a finite 8-centralizer group. Then by Theorem [4.3.5
_CQXCQXCQ,A4 or Dyp. If 77 NC’Qngngthen]Cent( )|—1
If G = A, then |Cent( )| = 6 and if
2.2. 2 | Cent (5%

Z(G) = Dyy then by Proposmon

)| = 5. Hence, there is no primitive 8-centralizer group.

Z(G)

The above discussion gives the following conjecture.

Conjecture 5.1.8. [J] For all positive integer n, there is no primitive

2" -centralizer group.

PROBLEM 5.1.9. To determine the positive even integers for which there
is a primitive n-centralizer group, equivalently, for which positive even inte-

gers there is no primitive n-centralizer group.

5.2 22,23-centralizer groups

In this section we prove that, if GG is a finite group such that % >~ Ay then
| Cent(G)| = 22 or 32. Moreover, we prove that Ay is the only finite simple

group with 22-centralizers.
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First we prove some lemmas which will be used in proving, if G is a finite

group and % =~ A, then | Cent(G)| = 22 or 32.

Lemma 5.2.1. [6] Let x be an element of a finite group G such that

|C% (xZ)| = pq, where Z = Z(G); p,q are primes not necessarily
ot Ca(x) _ Calg) Co(z)
distinct and =5~ = C’% (x2). If =52 < == for some g € G, then

Calg) = Co(w).

Proof. Suppose on the contrary that Co(g) < Ce(z). Then Celo) o Celo)

Z Z
otherwise C¢(g) = Cg(x). Therefore ]CGT@| =porg, as |CGT(I)| = ]C% (x2)|.
Suppose |CGT(9)| = p then CGT@ is cyclic. Therefore
CGZ(Q) — (tZ), where t € Cq(g) — Z
= CGZ(9> = (Z.tZ,..., 77}
= CGZ(Q) = ZUtZU---utrz

= Cg(g) is abelian and Z(Cg(g)) = Ca(g).

Again,
Z(Cq(z)) € Z(Ca(g))
= Z(Ca(z)) C Calg).
Now for if u € Z(Cg(x)), then [u,v] = 1 for all v € Cg(x). In particular
when v = g, we have u € Cg(g). Also, for all v € Cqs(g), [u,v] = 1,

so u € Z(Cg(g)). Therefore Z C Z(Cx(z)) C Cq(g) and |Ca(9)|Z] = p.
Hence either Z(Cg(z)) = Calg) or Z(Ca(z)) = Z. If Z(Ce(z)) = Ca(g)

then for all u € Cg(z) we have [u,g] = 1, and so u € Cg(g). Therefore
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Ce(z) = Cg(g), a contradiction. If Z = Z(Cg(z)) then x € Z, which is a

contradiction. This completes the proof. O

Lemma 5.2.2. [6] Let G be a finite group, Z = As; and let x € G such
that |C’L(93Z)| = 4, where Z = Z(G). ) = C%( Z), then for

all y € G with |C’ (yZ)\ = 4, we have GZ() = C%(yZ).

Proof. Given = A; and |C o (xZ)] = 4. Therefore, C_ s (q:Z) is a

m

sylow 2-subgroup of

Z(G), and for every yZ € C’m( Z), we have

Z(@) Z(G)
Therefore
Ca(y) _
7 < CZGG) (yZ) = CZGG) (x2)
Ca(y) _ Ca(x)
<
7 Z

So by Lemma [5.2.1, C¢(z) = Cg(y). Hence
Caly) _ Colz)

Z A
Now suppose yZ ¢ C ¢ (¢Z). Then C -, (yZ) is a sylow 2-subgroup of

Z(G)

S dlfferent from C 7 (xZ) Since As acts transitively, by conjugation,

= Cqc (¢2) = C_c (y2).

Z(G) Z(G)

Z(G)

on the set of its sylow 2-subgroups, there exists u € G such that

utruZ € C’(i(yZ) Therefore C ¢ (yZ) = C_¢ (v 'zuZ) and

Vi) VACE)
Ca(y) Co(x)®  Cg(a*)
7 Z(G) Y Z(G) A Z .

SCL(Z):CL(JJZ)HZ =
Now by Lemma Ca(y) = Cg(z"), which gives
Caly) _ Cala")

7 = 5 = g0l

This completes the proof. n
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Theorem 5.2.3. [0] If G is a finite group and % >~ As, then
| Cent(G)| = 22 or 32.

Proof. Let n, denote the number of sylow p-subgroups of As. Then
ny = H,n3 = 10,n5 = 6. Let C%(miZ),i = 1,2,...,21 be proper and

distinct centralizer of 7, where
IC ¢ (x;2)] = 4,1 = 1,2,...,5
Z(0)
IC ¢ (2:2)] = 3,i = 6,7,...,15
Z(G)
IC ¢ (2:2)| = 5,i = 16,17,...,21.
Z(0)
Clearly, el¥) — €' o (2,7),i = 6,7,...,21. Thus %€l ; — 6,7,... 21
Z(G)

are all of the sylow subgroups of Z(G) of order 3,5. Now if y € Cg(z;) — Z
for some 6 < i < 21, so by Lemma2.4.3] Cs(z;) = Cqa(y).

Again if CG ) = C 7S ( ;) for some 1 <4 <5, then by Lemma [5.2.2]

% = C%( x;Z) for all 1 <4 < 5. Therefore in this case, we have 5
distinct centralizers Cg(x;),7 = 1,2,...,5. Hence | Cent(G)| = 22.

Now suppose % < C’% (2;Z) for all i for 1 <i < 5. Let
C ¢ (IQZ) = {Z,le,ylZ,tlZ},z = 1,2,...,5.

C e (y2) = CZL)(tZZ),i = 1,2,...,5. Therefore
Colr) Celvi) Celt) '  (;7) wherei = 1,2,...5 and so

(
Colw)| _ |Caly)| _ |Celtd| _
Z A 7 ’
That is, Cg(z;) = ZUx;Z, Coy;) = ZUyZ, Ca(t;) = ZUt;Z where
i = 1,2,...5. Therefore Cu(x;),Ca(yi),Ca(ti),i = 1,2,...,5 are all

distinct and we have 15 distinct centralizers of G. Hence | Cent(G)| = 32. O
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Now we give an example which verifies the above theorem:

Example 5.2.4. [6] We assume that G is a group generated by two permu-
tations
(1,20,17,5,12)(2,3,9,19,10)(4, 14,22,11,6)(7, 8, 15,13, 16) and
(2,18)(5,1)(6,21)(7,24)(9,17)(10,16)(12,23)(13,20)(14,19)(15, 22).

Then |G| = 240, TGG = As and | Cent(G)| = 32.

The following theorem can be proved by using classification of finite

simple groups which proves that As is the only finite simple group with

22-centralizers.

Theorem 5.2.5. [0] If G is a finite simple group and | Cent(G)| = 22,then
G = As.

Combining Theorem and Theorem [5.2.5] it can be proved that Aj;
is the only finite simple group with 22 centralizers. We can also prove that
if G is a finite group and | Cent(G)| < 21, then G is not simple. Moreover
all proper subgroups of GG are not simple.

Though Ashrafi and Taeri [6] claimed that if G is a finite group and
| Cent(G)| < 21, then G is solvable, but it does not come from the above two

theorems. As such we leave it as an open problem.

PROBLEM 5.2.6. If G is a finite group and |Cent(G)| < 21, then is it

true that G is solvable?

Remark 5.2.7. [6] It may seem that if G and H are finite simple groups and
|G| < |H]|, then | Cent(G)| < | Cent(H)|. But this is not true. For example,
| Cent(PSL(2,7))] = 79> 74 = |Cent(PSL(2,8))|.
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In this direction Ashrafi and Taeri [6] posed the following question:

Let G and H be finite simple groups. Is it true that if | Cent(G)| =
| Cent(H)|, then G is isomorphic to H ¢

However, the above question has a negative answer as we shall see in the

next chapter.

5.3 Distinct centralizers in minimal simple

group

Let G be a minimal simple group, i.e. finite non-abelian group all of whose
proper subgroups are solvable. In this section we compute the value of

| Cent(G)].

Theorem 5.3.1. [33] Let G = PSL(2,q), where ¢ is a p-power (p-prime).
Then

(i) If g € {2,3,5} or ¢ =0 (mod 4). Then

/

@*+q+2, if ¢>5,
22, if ¢ = 4orb,
| Cent(G)| =
6, if ¢ = 3,
\5, if ¢ = 2.
(ii) If ¢ > 5 and ¢ =1 (mod 4). Then
3¢ +3q+4
| Cent(Q)| = %_
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(i)

If g >5and ¢ =3 (mod 4). Then
32 +q+4

| Cent(G)| = 5

Proof. (i) We have that

(i)

PSL(2,2) = Sy, PSL(2,3) 2 A,, PSL(2,4) = PSL(2,5) = A;
and | Cent(S3)| = 5,|Cent(Ay)| = 6,|Cent(A;)| = 22, therefore
(22, if ¢ = 4orb,
|Cent(G)| = ¢6, if ¢ = 3,

5, if ¢ = 2.

\

If ¢ > 5 then G is an AC-group (i.e. the centralizer of every non-central
element is abelian). Now this part follows from Proposition and
Lemma 4.4 of [3].

From Proposition 3.21 of [3], the group G contains subgroups A, B and
P such that the set

P = {A" = {1}, B" = {1}, P" = {1}|z € G}

is a partition for the set G — {1} and the number of conjugates of A, B

: : _ (g+1)(g=1) _ (g+1)(g=1)
and P in G are respectively o = %, B = W and

v = ¢+ 1 and also for any a € G — {1} we have

(

Ng((a)), if a* = 1 and a € A* for some x € G,

A*, if a®>+# 1 and a € A* for some z € G,
Cola) =

B*, if a € B* for some z € G,

P if a € P* for some z € G.

\
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(i)

As P is a partition, the element a lies in the conjugate of one the
subgroups P*, A* or B*. Now if a € P* or B*, for some x € G. Then
Cg(a) = P® or B® (indeed |Cgla)] = g, & respectively). That
is, corresponding to each element in P — {A* — {1}|z € G} we have

exactly one element centralizer of G.

Assume that a lies in the subgroup A® for some x € G. Again since
q > 5 and A is cyclic, there exists an element a € A® with a® # 1
and also since ¢ = 1 (mod 4) and A is cyclic, there exists exactly one
element of order 2. If a® # 1, then Cg(a) = A® so [Cg(a)] = 4. If
a’ = 1 then Cg(a) = Ng({a)), so by part (2) of Proposition 3.21 of
[B], |Ca(a)] = ¢q— 1. It follows that corresponding to each A* — {1}

of P we have exactly two distinct centralizers. Therefore,

|Cent(G)| = 2a+8+v+1

3¢+ 3q + 4

—

Using part (6) of Proposition 3.21 of [3], and a similar argument as part
(i1) mentioned for A%, we can see that corresponding to each BX — {1}

of P we have exactly one centralizer. It follows that

(g+1)(g—1)2 (g+1)(g—1)2

| Cent(G)| = (¢+1)+ 20D +2 x CToEY] +1
2 2
3¢ 4q+4
i e—
This completes the proof. n
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Theorem 5.3.2. [33] Let G = Sz(q)(q¢ = 2*™*' m > 0). Then

2(,.2 2(,.2 2(,2
3 ¢ +1)  A@+1)g—1) @@ +1)(g—1)
|Cont(G)] = @ = q e = T e T T dlg—2r+ 1)

where r = %

Proof. Given, G be a Suzuki group. Then by [[21], pp. 192 — 193, Theorems
3.10 and 3.11], G contains subgroups F, A, B and C such that |F| = ¢,
Al = ¢—1,|B] = ¢—2r+1and |C] = ¢+ 2r + 1 and the set

P = {A®,B*,C°, F°|lz € G}

is a partition for G and A, B, C are cyclic and F' is a sylow 2-subgroup of G
and also Cg(b) < M for all b € M — {1} for every M € P (*x).
Now [[21], Chapter XI, Theorems 3.10 and 3.11], implies that the number

of conjugates of C, B, A and F' in G are respectively,

2(,.2 1 -1 2(,.2 1 -1 2(,.,2 1
_ e+ e, _ e+l gt ey
Ad(g+2r+1) 4(g—2r+1) 2
From [[2I], Chapter XI, proof of Lemma 5.9], we have |Cr(g)|Z(F)| = 2,
forall g e F—Z(F). If Cr(g) = H, then |%| = 2 which implies that F

is abelian, namely F'is an AC-group. Assume that
Cent(F) = {Cp(x1),Cp(z2),...,Cr(x,)} U{F}.

Since F'is an AC-group, we have that for every 1 <1¢ < j < n,z;z; # x;x;. It

follows that F' = Cp(x1)U---UCp(z,) and the set {% i =1,2,...,n}
forms a partition for the group % Therefore |Cent(G)| = ¢, which

implies that corresponding to every element of G in {F* — {1}|z € G} we

have exactly ¢ — 1 element centralizer of G.
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On the other hand as A, B and C are cyclic groups and also by (),
we have that for every non-trivial a € A, B and C, Cgla) = A,B
and C', respectively. It follows that corresponding to each element of

P — {F*|x € G} we have just one element centralizer of G. Thus

|Cent(G)| = n(g—1)+k+1+m+1

2(,2 2(,2 20,2
+1 +1 1 +1 1
- +q q°(q ) (g Jg—1) , ¢(q )(g )

2 4(g+2r+1) 4(g—2r+1)

This completes the proof. n

Note that by using GAP, we get | Cent(PSL(3,3))| = 1237. Therefore
in view of the above theorems and also by [31], we have obtained | Cent(G)|
for all minimal simple groups.

Finally, we give the negative answer to the question raised by Ashrafi and

Taeri with the help of following proposition:

Proposition 5.3.3. [33] | Cent(PSL(2,23))] = |Cent(A7)| = 807, but

they are not isomorphic.

Proof. 1t is easy to see by GAP system, that | Cent(A7)| = 807 and also by
Theorem 5.3.1((#ii), | Cent(PSL(2,23))| = 807. Clearly, PSL(2,23) 2 A; O

Remark 5.3.4. [33] By an easy computation we can see that the answer to
the question, which is raised by Ashrafi and Taeri, is affirmative for every
two projective special linear groups of degree 2, namely,

if | Cent(PSL(2,41))| = | Cent(PSL(2,¢2))|, then ¢ = g¢o.

Now we prove the following lemma which is useful in Theorem [5.3.9
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Lemma 5.3.5. [33] Let G; be a finite group with |Cent(G;)| = n,,
i€{1,2,...,m}. Then |Cent(G; X Gy X -+- X Gp,)| = ﬁlnz

Proof. We put K = G1 x Gy X --- X G,,. It is clear that
Ck(x1,29,...,xym) = Cg(x1) X Cgy(x2) X -+ X Cq,, ()

for all (x1,29,...,2,) € K. It follows that for every 1 < i < m we have

Cr(z1,%9,. .., Tm) = Cr(Y1,Y2,...,ym) if and only if Cg,(z;) = Caq,(y;).
This implies that

|C€Ilt(G1XG2X"'XGm)| = T[1n,.
Hence the lemma follows. O
We also need the following results in the proof of Theorem [5.3.9,

Theorem 5.3.6. [[20], Theorem 1] If G is a finite non-abelian simple group

then G contains a subgroup which is a minimal simple group.

Lemma 5.3.7. [33] Let G be a finite group and H < G. Then
| Cent(H)| < | Cent(G)].

Proof. Let X; = Cg(h;),i = 1,2,...,m be distinct centralizers in H.
Then X; = H N Cg(h;), and so Cg(h;) # Ca(h;), for all i # j. Hence the

lemma follows. O

Let G be finite group, p a prime divisor of the order of G. We denote
by v,(G), the number of Sylow p-subgroups of G which pairwise intersect

trivially.
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Theorem 5.3.8. [33] Let G be a finite non-abelian simple group such that
| Cent(G)| < 73. Then G = As.

Proof. Suppose on the contrary that there exists a non-abelian finite simple
group G, not isomorphic to As and of the least possible order such that
| Cent(G)| < 73. Now by Proposition 3 of [2§], Theorem and Lemma

5.3.7), it is enough to consider the following groups:

PSL(2,27),p = 4 or a prime;

PSL(2,37), PSL(2,5), p a prime;

-

,p a prime and p > 7,

SL(2,p)
3);
)

-

SL(3,

-

SL(3,

ot

3

PSU(3,4)(the projective special unitary group of degree 3 over the
finite field of order 4%) or

Sz(2P), p an odd prime.

If G is isomorphic to either PSL(2,2P),p = 4 or a prime, or isomorphic to
PSL(2,q), where ¢ = 37,57 or p(p is a prime), then by Theorem [5.3.1] we
can see that | Cent(G)| > 74, a contradiction. Therefore we must consider
the groups PSL(3,3), PSL(3,5),PSU(3,4) and Sz(2?), p an odd prime.

If G = PSL(3,3). then |Cent(PSL(3,3))| = 1237, a contradiction.

If G = PSL(3,5), then |G| = 5% x 2° x x3 x 31 and so by GAP system,
we can see v31(G) = 4000 which is not possible by Lemma 4 of [9)].

If G = PSU(3,4) then by Theorem 10.12(d) in [20], it has order
26 x 52 x 13. Therefore v13(L) = 1+ 13k > 21 for some k > 0. Since v13(G)
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divides |G|, we have vi3(G) > 79, a contradiction.
If G = S2(2°) then |G| = 2% x (2 — 1) x (2?? + 1). Now by Theorem
5.3.2, we have 73 < | Cent(G)|. Thus in each case we obtain a contradiction.

This completes the proof. n

If G is a finite group then we call the product of all minimal normal
non-abelian subgroups of G, the centerless C'R-radical of G. It is a direct
product of non-abelian simple groups. Let G be a finite group, then Sol(G)
denote the solvable radical (that is, the largest normal solvable subgroup of

G).

Theorem 5.3.9. [33] If G is a finite semi-simple group and | Cent(G)| < 73,
then G = A5 or S5.

Proof. Assume that G is a semi-simple group and R is its centerless
C R-radical. Then R is a direct product of a finite number, ¢, of finite non-
abelian simple groups, say R = 57 X Sy X -+ x S;.

By Lemma 6 in [9], we have | Cent(S;)| < 73. Also | Cent(R)| < 73.
Therefore by Theorem [5.3.8, S; = A; for i € {1,2,...,t}.

On the other hand from Lemma and since |Cent(R)| < 73, we
have t = 1. Therefore R = Aj and so Aut(R) = S;. But we know that
Ca(R) = 1 and so G is embedded into Aut(R). Hence G = A5 or S5. [

Corollary 5.3.10. [33] Let G be a finite non-solvable group such that
| Cent (S 57)| < 73. Then gy = As or Ss.

Proof. Since for any finite group H has no non-trivial and proper

751(

normal abelian subgroup, the proof follows from Theorem 5.3.9] n
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We conclude the chapter and also the dissertation with an observation
that even though lots of work have been done as the number of centralizers
of finite groups, lots of gaps still remain to be filled up. This provides enough
opportunity for future research. For example, what can be said about the
solvability and the nilpotency of a finite group G if the value of | Cent(G)]| is

known.
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