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INTRODUCTION

Every vector space has a basis and is thus a free module. A free
module P is projective, namely if M — N is an onto homomorphism every
homomorphism P — N can be 'lifted' to a homomorphism P — M. The concept

of an injective module dualises that of a projective module. Baer started

the study of injective modules in a classical paper [ B:40 ]*and proved the
‘theorem named after him. In another important paper [ ES:53 ] Eckmann
and Schopf proved the existence of a minimal injective extension of any module.
Both these concepts turned out to be of great significance in commutative
and non-commutative algebra and fields like algebraic geometry where this
algebra is applied. These concepts yield to natural generalisations. The concept

of a gquasi-injective _module ( a module M such that for every submodule

N of M a homomorphism N —» M can be extended to an endomorphism
of M) was introduced by Johnson and Wong [ JW:61 ] and studied by Faith,
Utumi, Ann Boyle, Goodearl, Birkenmeier and others. The dual concept of

a_quasi-projective _module was studied by Wu and Jans [ WJ:67 ] and Ranga-

swamy and Vanaja [ RV:72 ). Azumaya [ A:n.d. ] defined M-injective and

M-projective _modules. These coﬁcepts yield quasi-injectivity and quasi-projec-

tivity as special cases. Fuller [F:69] considered T\ -quasi-injective modules

(modules M for which Ml is quasi-injective for each indexing set I ) and

fWe follow the following pattern while referring to the items in the bibliography.
A book will be cited as [ St Jor as[XIIJ or as [ XYZ J; here[ St Jor [ X
or [ XYZ ] will denote the initial letter(s) of the name(s) of the author(s).
A memoir may be cited, e.g., as [ XYZ:83]; here '83 gives the year in which
the paper was published. This will give an approximate idea of when the research

was carried out.



the dual concept of X -quasi-projective module.

Chapter | of this dissertation ( Relative injectivity and projectivity)
will be devoted to a study of these generalisations of injectivity and projectivity.

In Chapter II we study hopfian and cohopfian modules. While some
results of Chapter 1 are indeed used there, it differs in form as well as content
from Chapter I. It is a modified version of a technical report outlining some
research carried out by the Ring Theory group at N.E.H.U., Shillong. Most
of the results of Chapter I belong to the realm of Module Theory in the sense
that they hold over arbitrary rings. Chapter II is mostly Ring Theory.
A knowledge of the basic properties of semi-simple, regular, self-injective,
p-injective and strongly regular rings is required there.

For the pre-requisites on Ring Theory we refer to standard textbooks
mentioned in the Bibliography. We shall usually follow the terminology of
Stenstrom [ St.].

The rest of the Introduction will be devoted to fixing some frequently
used or special notation.

As usual, the symbols N, Z, Q will denote the sets of natural numbers,
integers and rationals. For a module M and a natural number n, M(n) will
denote the direct sum of n copies of M. Let M be a left R-module. For
a subset S of M, by the left annihilator of\ S we shall mean the subset
1R(8) = {r € R| rx = 0 for each x in S_} of R. For a subset T of R r,(T)
will denote the subset i X € M| tx = 0 for each t in T} of M.

In the interest of compactness we have sometimes used some natural
abbreviations and it is hoped that this will not cause any confusion. For

instance, the word "map" and the symbol f: M— N are assumed to refer to

module homomorphisms unless otherwise specified. The canonical map from



a module M to a quotient module M/N is given by the rule x 3 X ( i.e.,
X stands for the coset x+N). A direct sum of a family of modules {Ai}ieI

is written ®Ai when the indexing set is clear from the context.
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CHAPTER - I

RELATIVE INJECTIVITY AND PROJECTIVITY

INTRODUCTION

In this ehapter we shall study the notions of relative
injectivity and projectivity of modules. These concepts were
originally introduced by F.L. Sandomierski in his Ph. D. Thesis
S 64J7 submitted to Pennsylvania State University in 1964.
They were further studied by de Rebert / de R : 69_7 and -
Azumaya. Two memoiis / A : n'ed_/ and [ At 707 are genérally
cited while referring to Azumaya's work. Unfortunately, neither
Sandomierski's Thesis nor Azumaya's memoirs are easily
available. Hence a student has to study their work through _
other sources like /AW : 757 [V : 767 [ GV : 807 [F.: 727
[ FR : 86_] and [ FR : 87_J (Apart from the treatment-in
[ AF , pp.184-191 7 very little of this material has been

included in text books or monographs) .

As defined in81.2 below, a module E is called
M;injective if for each submodule N of M every R - homomorphism
fi:N — E extends to a R-homomorphism ¢g:M ——— E.
M-projective modules are defined dually. A module M is called

guasi-injective if it is M-injective; quasi-projective modules



are defined dually. These latter concepts, which were

introduced by Johnson and Wong [-JW : 61_7 and by Wu and Jans

[ W3 : 67_J in fact preceded the concepts of M-injective and
M-projective modules. These and related concepts will be studied
in other sections of this chapter. Actually, in the classical
paper / B : 40_7 where Baer introduced the notion of an

injective module, he also introduced the notion of Il.completeness
of a left R-module (for a left ideal I of a ring R.) This

concept can be easily seen to be a particular case of the concept
of (N,M)~ completeness of a module which will be introduced in

§ 1.1 below. Although these "completeness" concepts have not
been used very often this seems to be the proper setting in
which a number of genmeralisations of injectivity can be studied.
(A reference for I.completeness is / FI : p.159 /.) Therefore

we shall begin in § I'1 with some remarks on (N,M)-completeness

and the dual concept of (N,M)~Co-completeness.

@ Y.l Completeness and Co-completeness

1. 1'eY.CONVENTION. In this section the letters N,M,E,P will

denote left R-modules (over a ring R)

1% 1.2.DEFINITION, Let N&M, E a module, We say that E is



(N,M) - complete if for each R-homomorphism f:N —3 E

there exists an R ~ homomorphism g¢!M ———> E extending
f'e
e 13 CONVENTION, Let I € R (i.ee I is a left ideal of R). If

E is (I,R)~complete we simply say E is I-complete.

I'34s DEFINITION, Let § be a family of submodules of M. We say
E is § - complete if E is (N,M)- complete for ewery

Nege S

I'e1'5'% PROPOSITION. Let N be a submodule of a module M.
(I) If N is direct summand of M then every E is (N,M)-
completels
(II)Conversely, if every E is (N,M)-complete then N is a

direct summand of M,

Proof :-(I) Let M= N @D N' where N'S< M,

Let f ¢ N =~ E be a R~homomorphism. Note that each
element m € M can be written uniquely in the form
m=ntn ! where neNand n'e N, We define g ¢ M ——> E by
g{m) = f(n). It is easy to see that g is R-linear and
extends f%

(II) Suppose every module E is(N, M)-complete. In



Ite L'e6'e

el'eTe

le1.8%

particular N will be (N,M)-complete. Then choosing f to
be the identity map of N we see that the inclusion map
i*N ———> M splits, showing that N is a direct summand

of M.

DEFINITION. We say that a is a reqular element of R if
there exists an element b belonging to R such that

aba=a. We say that a ring is (von Neumann) regular if

every element of R is regular.

REMARK. If a is a regular element of R then there exists
an element b€ R such that aba = a. Let e = ba then Ra =
Raba £ Rba = Re £ Ra showing that Re = Ra.
Hence Ra is a direct summand of R, i.e. every M is Ra-

complete's

REMARK. Let N be a submodule of M and let h:M ——-)% be
the canonical quotient map. The concept of (N,M)-
completeness can be dualised as follows: We shall say

that P is (N,M)-co-complete if for each R-homomorphism

-~

fiP ——3 M/N there exists a "lifting" g!P ——3 M

(i'se’s an R-homomorphism g such that hog = f).

Proposition l'e1'sSe¢ has a dual:



' 1%9's PROPOSITION. (I) If N is a direct summand of M every P
is (N,M)- co-complete's

(II) Conversely, if e?ery P is (N,M)~ co-complete then
N is a direct summand of M.

Broof: The proof is dual to that of Proposition l'.l45.
and hence it is omitted.

@ e 2 Basic P;operties

This section is devoted to the basic properties of M-

injective and M-projective modules.

I'42.1's DEFINITION. An R-modules E is called M-injective
(AW : 757, [7A, n'ed_]) if for every submodule N of
M every R~homomorphism f ¢ N —> E extends to a

R-hombmorphism from M to E.

1+2.2. DEFINITION., An R-module P is called M-projective (/ AMV:
757 [ A : n.d._J if for every quotient mcdule M" of M
every R-homomorphism f ¢ P ——> M"™ can be lifted to an

P

R-homomorphism g ¢ p —> M,

1'e2.3+ REMARK. In the termdnology of § l''l E is M-injective if

i

and only if E is $(M) - complete, where $(M) = all

submodules'of M.



1te2e4's REMARK. (Tearly, an R-module E is injective if and only

if E is M-injective for every R-module M.

1'e2.5. REMARK. An R~module E is injeétive if and only if E is
R-injective in the sense of Azumaya's This is the well-
known Baer criterion fof injectivity (See / B : 40_J or

[L, 84.2 Lemma 1 7 or [AF, 18.3_7 or / R,Theorem 3.197).

Ye2'e6+ REMARK. An R-module P is projective if and only if P is

M-projective for every R-module M.

127, REMARK. P is projective over R implies that P is R-
projective but the converse is not true. ror example if
we choose the ring to be Z and the module P to be anynonzere
abelian group satisfying HomZ (P,z ) = 0, then P is not
projective over R although P is R-projective (in the

sense of Azmmaya)'s

Let N¢M and let j ¢ N — M the inclusion map and
h it Me———) M/N the canonical quotient map'. Consider for a module
U, the group homomorphisms (1) jx : Homp (M,U) —— Ho’mR(N,U)
defined by f ) f|y (restriction of f to N).
(2)® : Homy (U,M) —— Hom 5 (U,"/y) defined by f+— hot

(See / AF, Proposition 16%6 R, Theorem 2.6 _/ for the
9



exactness properties of the fung —tors involved here.) We shall
relate the various concepts introduced above to these mappings

in the following remarks'.

128 REMARK (I) E is (N,M)-complete is equivalent to saying

jx  Hom g (M,E) —— Hom p (N,E) is onto.
- (II) P is (N,M)- co-complete is equivalent to saying
h: Homy (P,M)—— Hom , (P,"/.) is onto
L lnR 9 R ? N lS On Oo
1%2%9% REMARKe. U is M-injective (M-projective) if and only if
Hom (-,U) (respectively Hom (U,-)) preserves the

exactness of all short exact sequences with middle term

M,

I'2 JO.REMARK. U is injective (projective) if and only if Hom(-,U)
(respectively Hom {(U,-)) preserves exactness of all

short exact sequences with middle term M.

1%2.11.DEFINITION. The injectivity domain of a left R-module U

is the .collection of all modules gM such that U is

M-injective. It is denoted by In~1 (U) or ¢ (V).

12, 12.DEFINITION. The projectivity domain of a left R-module

U is the collection of 3ll1 modules BM such that U is



M-projective. It is denoted by Pr"l (U) or CP(U).

12.13.REMARK. Let V be any module and let M be a semi-simple
module's Let N be a submodule of M. Then N is a direct
summand of M and hence by l'e1¢5.(II) U is (N,M)-complete.
So by Remark 142.3. U is M-injective. Thus M € C1(U) for
every semi-simple module M. Similarly every semi~simple
module belongs to cP(U). Also U is injective if and only
if ¢1(U) coincides with R-mod, the class of all left

R-modules and U is projective if and only if CT) =R-mod.

In propositions l'e2¢14, 1216, 1¢2%19, 1.2.20 we shall
show that Ci(H) and CP(H) are closed under submodules and
homomorphic images for each module H. Prepositions 1%2.15 and
I'e2417 follow from these preperties of Ci(H) and CP(H). Two more
results about Ci(H) and CP(H) will be stated without proof

(1'2e21 and 1%2.22)%

112t 14 PROPOSITION. CP (H) is closed under submodules's

- .

Proof's Let P L N{M where ME cP(H)‘. Consider the
following diagram. (We use the same letter h for the

quotient maps M ——— M/, and N —— N/P).



u—h Ny

We are given that H is M-injective for N M
Let f ¢ H —————?‘N/p be the given map. By the M-injectivif&

of H, there exists a R~linear map g ¢ H =———> M such that

hog = jof, where j : N/p ——> M/p, is the inclusion map.
Now for x e H,

hog (x) = f(x) € N/P

= g{x) € N, so g(x) € N and g is actually a map

H ~———> N such that hog = f, hence the claim.

14215 ,PROPOSITION« Suppose H is E-projective for every injective
module E, then H is Naprojective for every N i.e. H is
projective's
iggggi. Let N be any module's It is well-known that there
exists an injective module Ej such that N £ E,» By

hypothesis, Eoea CP(H)u Hence Proposition l':2.14 implies

that N € CP(H), iees H is N-projective's
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142! 16" PROPOSIBION. C1(H) is closed under homomorphic images-
Proof. We are given that H is M-injective.
Claim H is M/N injective, for every N&M
Note that any submodule of M/N can be written as Ml/N

where Mls M. We consider the following diagram

M 'S
N N
h,=h h
‘[ 1 'VH X
O _;Ml A/M

Since H is M-injective there exists a R-linear map g :
M = H which extends fohl : Ml—————7 H.

Now for each element n € N

g(n) = £, h;(n)=£(0) = O

So g induces a R-homomorphdsm
.Q-:M/N—‘)H
Now for X € M)/N

f(x) = £ (hl(x)) = go ho i(x)

g h (x)

=g (x)
Showing that g extends 'f'".Hence H is M/N - injective.
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142 17 PROPOSITION. Supoose H is P-injective for every projective
module Pe Then, H is N-injective for every N i.e. H is
injective's
Proof's Let N be any module's It is well-known that there
exists a projective module Po much that N is a homomorphic
image of Pou By hypothesis, Poe Ci(H)o Hence Proposition

12,16 implies that N €CL(H), i.e. H is N-injective.

12,18 .REMARKs Propositions 142.15 and 1.2.17 are reformulations
of two results in Rotman's monograph (/ R, Lemma 4.9 7 and
[ R, Remark after Lemma 4%9_7) in the language of relative
injectivity and projectivity. Rotman uses these
Proéositions to give a characterization of left hereditary
rings, i.e. rings in which every left ideal is projective

R, Theorem 411 /.
L 7

1426 19« PROPOSITION, Ci(H) is closed under submodules

Proof's Let NXM and we are given that H is M-injective.

We have to prove that H is N-injective. Consider the

—

following row exact diagram (where N, N).

H
/ F'\\ h
\..

o Nl >N - M
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Since H is M-injective there exists a homomorphism
h ¢ M ———> H which extends f'. Now consider,
g = th ¢ N —> H; then this map g extends f.

Hence H is N-injective's

1'¢2'¢20.PROPOSITION. Cp(H) is closed under homomorphic images.

Proof. Let H be M-projective. We shall prove that H is
M" . projective where M" = M/T.

Any quotient of M" can be written as M/K
where K )Tl We consider the following diagram (where, as

usual, the quotient maps h, hl’ h satisfy the condition

h=h h)
---E._.g >
M" = .M/T h ?M/K—_—_?O

Let g ¢ H =———> M/K be given. By M-projectivity of H
there exists f ¢+ H ——=> M such that hof = g i.e. thl
of = ge Thus P = h,of ¢ H ——— M/T is a linear map

satisfying

1'421.21'.PROPOSITION. C1(H) is closed under direct sums's

Proof. See [/ AF, Proposition 16.13 (2)_7.
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1e2e22 PROPOSITION. CP(H) is closed under finite direct sums.

Proofls See [/ AF, Proposition 16.12 7.
Let ?Nik i€l be a family of modules. The following two
results are "classical™

14223 PROPOSITION. The module Nlie I N, is injective if and only
if each Nl is injective's

Proofs See /[ R, Theorem 3.14 7 or / L, § 4.2 Proposition 2/

1'42.24'.PROPOSITION. The module ® N; is projective if and only
if each N; is projective's

Proof's See /[ R, Theorem 3.12 7 or / L, § 4.1 Proposition 3/

These results can be derived from analogous results for
M-injective and M.projective modules. These are propositions
142626, 1e2.27, 1.2429, 142430 below. Since the proofs are also

similar to those of the classical results only two prooositions

will be stated with proof's.

142.25.NOTATION. We shall denote by C. (M) the class of all

M-injective modules.

-

1'42'426'« PROPOSITION . Ci(M) is closed under the formation of
direct products'.

Proof. Let;{ﬂi} be a family of M-injective modules.
iel
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Claim.TTNi is M-injective. We consider the following

diagram with row exact

Pi
NN
h; 17‘
f / 8¢
ll
o s N —M

Let i € I. Since Ni is M-injective, there exists
3::M—:'Ni’ which extends p; © s S N———-}Ni. We define
g M___,KNi by
mlﬁﬁ(gi (m))ie I
We claim that this map g ¢ M————ﬂfNi extends
f‘:N——Ni. (for if n € N, we know that
o g{n) for every i € I;

o j (n) = p,

p; © f(n) = g, N

1
so f (n) =g (n) )

102427 « PROPOSITION « Ci(M) is closed under direct factors.

14228 .NOTATION. We shall denote by C, (M) the class of all

M-projective modules.

142,29 PROPOSITION. Cp(M) is closed under direct sums.
Proofle Let H= @& Hi’ where each Hi is Meprojective
Let N M and let k ¢+ M——M/N be the canonical

surjection's It is sufficient to show that
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?:Hovk(H,M)—-—)HomR(H,M/N) is onto. (See 192.8 (IL))

So, let f €Hom (H,M/N) and let f, = f| H;t H——> MW/N
for each i ' So f (2 hi) = > f(hi) = > f,(hi), for
ZhE® H,. Since H; is M-projective, we get a lifting
9::H5__—')M of the R-homomorphism £, : Hi-——>M/N i.es an
R-homomorphism g; * Hi-hﬂ\/l satisfying k 9; < fi'.Now we consider
g: © H———M
Zhg——55g, (hy)
If hi & Hi’ then

ko g (h;) = ko gi(hi) = f. (h,)

1 1
ko g (5 h;) =2ko g (h;) = Sko g; (hy)
=2 f, (b)) =f (2h,)
..'. kog = f

So given f € HomR(H, M/N) there exists g € Hom (H,M) satisfying

kog = f'« Hence the map K is onto.

1'¢ 2«30, PROPOSITION. Cp(M) is closed under direct summands.
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31.3 A Theorem on direct products

It is known that CP(M) is closed under finite direct
sums (1+2.22). The following example shows that it is not closed
under arbitrary direct sums, unlike C'(M) (1.2.21). (See 1.2.11

and 1.2.12 for the notations C1(M) and CP(M)).

Let R = Z and M = Q, the additive group of rationals.
Since Hom, (Q,Z ) = O, by Remarks 1.2.7, @ is Z - projective. Thus,
Z € CP(Q). Now let J be an infinite set and for each jeJ let
Mj =2 . Then Q is a quotient of N = ® jeg Mj' However, the
identity map of Q cannot be lifted to a map of @ into N. Thus

N 5!(:"(@).

Since CP(M) is closed under submodulesw (by 1.2.14) it
follows from the above example that CP(M) cannot be closed under

arbitrary direct oroducts.

s

This section will be devoted to a theorem of Azumaya
which states that if a module M has a projective cover, then
CP(M) is closed under direct products. We shall follow fGV : 807
for a proof of this theorem. Since the proof is not given in any

other accessible source, we shall give it in detail.
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It is well-known / AF, Theorem 18:10 /7, /L, §4.2 7
that every module has an injective hull {envelope). The concept

of a projective cover dualises that of an injective hull.

1.3.1.DEFINITIONS. Let K ¢ M. We shall say that K is small (or
superfluous) in M if whenever N { M and K + N = M, we have
N = M., We shall write K<<KM | to denote K is small in M.

An epimprphism p ¢ M ——— N is called minimal (superfluous)

if Kerp is small in M.

1'e3«2.,DEFINITION. Let M be a module. By a projective cover

[ AF, p, 199 7 of M we mean a pair (P,p) satisfying the
following conditions ¢
(I) P is a projective modulz.

(11) P _P .M is 3 minimal epimorphism.

1.3.3.REMARK (I) We also use natural variations and abbrevia-
tions of this terminology; for example, we may call P
itself a projective cover of M; We may sometimes denote
‘the projective cover of M by P(M) to emphasize its
dependence on M.
(II) Projective covers need not always exist (unlike
injective hulls.) Call a ring R a perfect if every R-
module has projective cover. A ring R is called semi-

perfect if idempotents modulp Rad R can be lifted and
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R/ is a semi-simple ring (See /L, §3.6_/ or

Rad R

[ AF, & 277). A ring R is semi-perfect if and only if
every finitely generated left R-module has a projective
cover (/7L, 84,2 Exercises 13 and 15_/ or [/ AF, Theorem
27.6_/)+ Thus if R is not semi-perfect (for example Z) then
there will exist finitely generated Re-modules which do not
have projective covers. This last fact can easily be seen

directly( )tc;r Z.) .

, (III) If however a module has projective cover it is

1'e3ede

unigue upto isomorphism (/ L, 4.2 Exercise 10_/ or

/[ AF, Lemma 17.17_7).

(IV) Let f ¢ M = N and R ~ homomorohism. Let K ¢ <M.
Then it is easy to see that f(K)<{ {N. /L, §4.2 Exercise
8_/

(V) Trivislly, if K'«KK & M and K is small in M then

clearly K' is small in M.

PROPOSITION. Let R be a ring, M,A,P left R-modules. Let
M be A-projective and h ¢ P ~———3> M be any minimal
epimorphism. Let K = Ker he Then for any f ¢ P —> A we
have f(K) = O and hence there is a unique g : M —> A

which makes the diagram



commute .
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Proof. Let gq : A —m A/f(K) denote the canonical

quotient map. Since K(K P it follows by /L, § 4.2,

Exercise 8_/ that f(K) << f(P). Also f induces a map

M — A/ ¢(k) With

Ly

f :

f
P > A
" L

commutative. The exactness of A ——q-—-> A/f(K)———-ﬁ.(),

together with the fact that M is A-projective, yields a

map g ¢ M ———— A with

M

4
Id

e

e
/

g
v
A —Ls A ¢

commutative. Let 1

f -

’ (3

(K) » O

we have qol = gqof - qogoh

Thus 1(P) C f(K) Let L

foh -« foh = 0O

ker 1. Since 1(P) C {(K),

given any u € P, we have 1(u) = £(k) for some k € K. Thus

{@)-goh(w)= £(k) or flu-k) = 0. We get f{u-k) = goh(u) - goh(k)
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i.e. f(u-k) = goh(u-k) or (f - goh) (u - k) =0 or

1{u - k) =0t‘hus (u-k)€E Ker 1 =1L

Hence u = (u - k) + ke L + K and hence P = L + K. From
K{< PwegetlL = P thus 1l =0.This implies that f =
gohs;hence f(K) = 0 and g ¢ M ~——— A is the map obtained

from f by passing to the quotient by K.

PROPOSITION. Let A, € cP(M) for each i € I. Suppose there

h
exists a minimal epimorphism P ——— M with IT A; ecP(p)
i€l

Then TTA; € cPm).
1

Proof. Let Ai -5 B > O be exact and f @

M =————— B any map. Since P is 1A Ai ~ projective, there

exists a msp h ¢ P ——m> TrAi with

P
s
h
// foh
TAj—2— B 5 0

commutative's For any i € I, let P, : JT A, ——— A,

o i, i i,
denote the projection. Since M is A-projective, from
earlier proposition-we see that pioE(K) =0 for all iel,

where K = Xer h. Hence h(K) = O. It follows that h induces

amap g : M ——-—-»‘II'A:.L with

P -
h l\PTTA.
"9
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commutative . Hence foh = loh = logoh. Since h ¢ P — M

is an epimorphism, we get f = log. Thus

M
g
|
TA, B

. 1

v
O

is commutative. This proves that TIAiEECP(M).

1.3.6. THEOREM (Azumaya) If M has a projective cover, then
cP(M) is closed under direct products.
Proof. Let P ——2—7 M be a minimal epimorphism with P
projective. Let Aiec,p(m) for each iel .
As P is projective, TVAi € CP(P). Hence by proposition

1.3.5 TFAi € CP(M),

In /A ¢ 70_/ Azumaya asked whether the converse of the
above Theorem 1.3+6 holds viz. whether CP(M) is closed
under direct products implies that M has a projective

cover. Fuller / F ¢ 72_/ answered this question in the

negative by giving an example (1.3.9 below).

Using the theory of of additive classes due to C.L.
Walker and E.A. Walker / WW : 72_J Fuller proved the following

re SUIt'o
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Ye3e7'e PROPOSITION. Let M bean R-module which contains direet
summands isomorphic to.each simple R-module then CP(M) is
closed under direct products if and ondy if R/Rad g is a

semi-simple ring.

Next he proved the following Lemma.

13.8% LEMMA. Let U and V be modules such that U and U ®.v have

projective covers. Then V 3lso has a projective cover.

£ f!
Proofs Let P y V y O and P'=————"3U ® V—>0

be projective covers of V and U ® V respectively Consider

the diagram

/'p'
g //’/ .f'

& f691v ¥
P & Veooeoro-o-uS UPV —m0m — 0

hp l 4

p 0

with exact row and column'.
Now Ker (f C)lv) =K @ O where K = Kerf. and K small in
P implies K small in P ® V. Again P' is projective hence

there exists g: P'—— P @ V such that (f © 1,)o g = f'.

Next, we have P ® V = Img + K / For if, 2¢P ® V

then (f @ 1 )(%) = £'(p"). But £'(p') = (f @ 1v)(9“°')).
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this implies that z - g(P’)€ K/ . So K small in
P ® V implies that P ® V = Img. So g is onto.
Let hp ¢ P ® V ~——3 P be the canonical projection.Then

0 — > L - P'—QPQQ—)P —————3 O splits (since P is

projective).

Hence L = (hpog)"l (0) = g~1(V) is a direct summand of P'.
Therefore L 1is projective.

Notice also that Kerg L.

We claim that Kerg is small in P!

(For f'(Kerg) = (f ® 1,) g/ (Kerg) / =0

This implies that Kerg { Ker f', and kerf' is small in
P' , hence Kerg is small in P').

So Ker g is small in L, a direct summand of P',

Al
so 9

0 =———> Kerg — L = g-l(Y) ¥ V — o exact

and L is projective. This shows that V has a projective
COVers

EXAMPLE. Let K be a field, R=.K [[t]] , the ring of
formal power series in one indeterminate t. It is known

that R is alocal ring with unique maximal ideal tR and

thus tR is small in R. Hence the exact sequence
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O—>+tR > R - R/tR._—_——-—_% 0 1is a
projective cover of the unique simple R- module S=RfiR. Since R
is not perfect there exists an R module Y which does not have a

projective cover'.

Now let M = S @ Y. Then M satisfies the hypothesis of
Proposition 143.7 and R/p_4p = R/4R is a field. Hence CT(M) is
closed under direct products. However by Lemma 1.3.8 M cannot
have a projective cover. This answer Azumaya's question in the

negativee.
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g I'4 M-.epimorphisms and M-monomorphisms

It is well known (and easy to see) that a module H is
projective if and only if every epimorphisms C ————> H splits.
Dually, H is injective if and only if every monomorphism
H—————— C splitss In this section we shall show that these
results have analogues for M.projective and M-injective modﬁles.
For this we have to replace epimorphism by "M-epimorphism" (see
Definition 1.4+l below) and monomorphism by "M-monomo;bhism"

(see definition l'e4.2 below). These results have aoplications in
the theory of M-projective and l-injective modules; see [-FR : 86_Z

They are also of independent interest.

1'e4t I's DEFINITION. Let g ¢ C =———> H be an epimorphism of
right R-modules. The map g is called an Mwepimorphism if
there exists a homomorphism f ¢ C ———> M such that
KergN¥Kers = (0).

This definition can be dualised as follows:

1%e4'42's DEFINITION. Let g ¢ B ———> A be a monomorphism of
right R-modules. The map g is called an M_monomorphism‘
if there exists a homomorphism f ¢ M ——— A such that

Img + Im £ = AL
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First, we shall define pu:}a-outs and prove a proposition
prentodz
about them. This will be used to relate M-injectivity to

M-monomorphisms in Theorem l.4'¢6.

1443 DEFINITION. Let f ¢ B=——>H and g ¢ B ————> A be maps.
Consider the submodule K = {(-g(b), f(b)) / b € B} of
AXHLetQ(l\H = (A X H)/K.

Let v ¢ H=—m Q(A,H) be defined by w(n) = To,hJ

And let u ¢ A ——3 Q(A,H) be defined by u(a) = Ta,o0)

Then (vof){b) = v(f{ b)) = To,f(b)) = (a(b),0) = uogla)

(Since (o,f(b)) - (g{b), o) = 0).

Thus the diagram

B > A

f J
3Q (

v

A,H)

commutes. This diagram is called the push-out of
fiB~———>H and g ¢ B =——> A,
In l'v4's4 and l'e4'.5 below we follow the notation of 1.4%3

l'e4 .4, REMARK. Suppose g is a monomorphism then O = v(h) =
{o,h). This implies (0,h) € K; so, (0,h) = (~g(b), f(b))

for some b & B.
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Hence g(p) = O yielding b = 0. Hence h = f(b) =0
Thus v is also a monomorphisms
1'.4'e5's ROPOSITION. (Mac Lane) Assume g is a monomorphisme Then

v splits if and only if there exists 1 ¢ A — H

satisfying log = flo

proofle ( & ) Supoose 1% A ——> H satisfies log = f. We

define r ¢ A XH ——HDY r(a,h) = 1(a) ¥ h. let keK

then k (;g(b)—, £(p)) for some b € Bo

Now, r(k) = £(b) ; log (b)) = f(b);f(b) =0

Hence r induces a map T : Q(AH) — H defined by

Pl R) = 1a) * b

Now Tgv (h) = To,n) = 1(0) * h = h,

This shows that v is split by T.

( = ) Let v be split by s« We define T = sou : A —7 H.

So that rog = souog = sovof = lHof = f, Hence if Vv splits

then there exists r* A —> H satisfying rog = fo

1.4'.6's THEOREM.  Let H and M be R;modules"e
Then the following conditions are equivalent:
(i) H is M-injective's
(ii) Every M-.-monomorph‘ism gt H——>C splits.

(1ii) Given an M monomorphism gt B ———> A and any
homomorphism f: B ——> H There exists 1: A — H.
Such that log = f.
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Proof. (i) =.7(ii) Let v ¢ M ——————3 C be such that

u+Imv=C., Consijer the row exact disagram.

3
0 5 L 5 M > M/ 5 0

wl d lv l'v' | ~(1)
0y HE——y C—— /= O

Here L = v=1 (Im(u)), by definition's

So that we have V(L) & Im(u).

So, there exists w ! L ————>H such that ugw = v | |

and M ————3 M/, is the natural map. The map v : M —3%C
has the oroperty that hov(L) = hgugw(L) = h(u(H))ﬁ = 0.
Hence v ¢ My —> C/u(H) given by m f—— h(v(m))

is well-defined,

Clearly, both sguares of figure (I) commute. Since H is
Meinjective there exists d ¢ M .——-—-——9 H satisfying

doj = wo

Let Eec/u(H)

write ¢ = u(h) * v(m) for some h¢H, m ¢ M,

Hence ¢

via) = V(&) in C/y(y),

Thus v is an epimorphism.

0 = vim)eu(4) = Im u.

it

Next -\;(E)

So mev"l(Im u) =L i.e.m=0 in M/L.
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Thus Vv is a monomorphism. So Vv is an isomorphism.
Next, we define a map M/}, ————> C as follows : Note that
(veupd) (1) = v(1)=ugw(l) = O by hypothesis on w. So,
(vaugd) (L) = 0 and induces a map q @ M/ ——> C defined
by q(m) = (v = uod) (m).

Notice that, hog(m) = h (v - uod) (m)

h(v(m)) = w(m).

Hence, h ¢ C —~—->C/u(,_{) splits. This implies that u :
H —=——>C also splits.
(ii)=y(iii) Consider the push-out Q(A, H) of f : B ——3 H

and g ¢ B ———3 A and the following diagram.

' |
0 — —> H > Q(A,H) ——> Q(A,H (g)y—>0
f u T u
0 -y B - 5 A Y Alg(p) » 0

L d

Hence, now uog(B) = v(f(B)) =v(H)'. Hence u induces u :
A/g(B) — Q(4,H)/v(H) making the diagram commute.
The map g ¢ B =——— A is a \M-monomorphism. So, there
exists w ¢ M ——-:'--} B such that Im g * Im w = B.

Hence (a,h) = (3,0) + (O,h) = u(a) + v(h); further, letting

ulw(m)) + ulg(b)) + vi(n)

a * w(m) + g(b) we get (3,h)

uow (m) + v(f(a)) + v(h)

ugw(m) + v/F(a)+h/eIm(uow)
+ Imv
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Hence, Q(A,H) = Imv + Im(u,w) showing v is a Monomorphism.
Now, by hypothesis v splits's Hence by Maclane's Proposition
(1.405) there exists 1 ¢ A ~————3H such that log = f.
Hence the result O i
(1ii) =(i). Let N¢(M and r ¢ N ———3 H any map. Now the
inclusion jy ! N ——Y M is 3 M-monomorphism‘(for Ly
M ————> M is such that Im jy + Im 1, = M). So by

hyoothesis ((iii)) thefe exists 1 ¢ M ———>H such that

lojy = o dence H is M-injective.

Now we shall define pull-backs as duals of push-outs
and prove a proposition about them. This will be used to relate

Meepimorphisms to M-projectivity in Theorem l.4.10.

le4+.7'« DEFINITION. Let f ¢ H ————-} Band gt A———>B be
maps. Consider the submodule P(A,H) = sl(a,h)éA X Pyg(a)
= f(h)} of A X H. Let py ¢ P(A,H) —————> H be defined by
pyla,h) = h and py ¢ P(A, H) ———> A be defined by
pala,h) = a. Then for (a,h) € P(A,H), we have,
fopy(a,h) = £(h) = gla) = goppla,n)

Thus the diagram
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ge)
'3>
ey
I

g
commutes. This diagram is called the pull-back of f
He~————3>Badg ! A—=——>BL4

We follow the notation of le47 in l.4.8 and 1.4.9 below.

REMARK. Suppose g is an epimorphism. et heH; then f(h)eB.
Since g is onto there exists an element a ¢ A such that
gla) = £f(nh). This implies that (a,h) € P(A,H).

Now, pH(a,h) = h,shows that py is an epimorpkism.

PROPOSITION. (Msclane). Assume g is an apimorphism. Then
Py splits if and only if there exists a homomorphism u
H —————3 A satisfying gou = f.
Proof (& ) Suppose u ¢ H ———> A satisfies gou = f. We
define r ¢ H ~————3 P (A,H) by

h ——— (u(h),h)
Since gou = f, it follows that (u(h),h) ¢ P(A,H)
Then it is easy to see that r is R-linear and PyOT (h) =
Rty h) =h

Hence Py is split by r'
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Conversely, suppose that py has a splitting, say r, We
will show that there exists a homomorphism u * H —5 A
satisfying gou = f%

Let r ¢+ H ————> P(A,H) be such that pyor = 1y
Let u ¢ H ~——— A be defined by u = pAOT where
Py * P(A,H) ——> A is the first projection. Then,
r(h) = (u(h),h) and glulh)) = £ (h) ¥ h€H [ since
(u(nl),n) € P(A,H)]

Hence, gou = f,.

14,10, THEOREM. Let H and M be right R-modules. Then the followinrg
are equivalent (i). H is M-orojective
(ii) Every M-epimorphism g ¢ C ———3 H splits.
(iii) Given an M-epimorphism g : A —3 B
and any homomorphism f ¢ H «—————— B,
there exists u ¢ H =———> A such that

gou = £

Proof. (i) =>(ii) Suppose that H is M-projective and let

g t C———3H bean M-epimorphism. Then Kerg Nl Ker v = O

for some v ¢ C—————-}M.

N

Let K = Ker g and v, = vijyy the restriction of v to K.

Theh for k€K, v (k) = O implies that k €Ker v ) Ker g = O, by
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assumption. Thus Vo is a monomorphism. It follows that

K™ v(K) &M

Now consider the following commutative diagram with exact rows.
(The map w is the canonical epimorphism and g is defined by
q{h) = w_v (c) for an element c €C satisfying g(c) = h).
I

Pv\/V O

@ > K > C
S l
M &

0~ v(K) ——

- O

\\l/

\—QI

The map 'q' is well defined, for if
;;(cl) = glc,) = h
:-? (c; - cy)éKer g =K
= vlie; - ¢c,) € vK)
= wv (c;) =wv (c,).
By I‘varc.)jec?\,ivity of H there exists q ¢ H——> M
satisfying woa =g
Now if c €Cywo / v - gog_/(c)_/
=w [ v(c) = gog (c)_/

wov(c) - goglc)

Q(h) - q(h) = Oo
Therefore, Im / v - qog_/ < Ker w = v(K)
also v(K) = /v = gog_/ (K)E Im (v - gog) ,

hence, Im /v ~ qog_/ = v(K).
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Now, consider the composite

v-gog v
u: C » V(K) - 5 K

for keK

vo"l / (v - gog) (k) 7 = vo‘lv(lt.) = k.

So, the inclusion

K =————> C is split by u ¢ C———:—7K

hence by a standard result g ¢ C ——3>H 3150 splits.
(ii) = (iii) Let g ¢ A ——= B be an M-epimorphism and
let f ¢ H =————> B be a homomorphism. Then we have the

row exact diagram.

PH
0 y K - P{A,H) 3 H
Pa f
g
0 -5 K -5 A a:

A ——> M be a homomorphism satisfying Ker g N

N
(@]

350

L X

Let v

Ker v = (0).

Let v vop, * P(A,H) —— M. Clearly then, Ker Py N

Ker v = (0); for if (a,h) ¢ P(A,H) such that py (a,h) =0
and v(a,h) = va(a,h) = 0 then h = 0 and v(a) = 0.

So a¢ Kerv.
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Also gla) = £(h) =0 implies aé Kerg

So a = Oe Thus (a,h) =0

Hence Py is an M-epimorphism and therefore jt splitse
Hence we z;re in the situation of Proposition 1.4.9.

So there exists 3 nomomorphism u * H——%A satisfying
f = gou

10e's (iii) holdse

(31i) 2 (i) Note that any e pimorphism of the form

=1yt M —— M, then Ker fNKerg = 0) . Therefore,
given an epimorphism g : M — M" and a homomorphism
£ : H———> M" there oxists u ¢ H—"7 M satisfying

gou = T Hence H is M-projective.
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@ I''5 V_modules and p-V-modules

Recall that a ring is called a left V-ring (after
Villamayor) if every simple left R-module is injective. It was
shown by Kaplansky [ RZ : 59_/ that for a commutative ring R this
condition is equivalent to von Neumann regularity. V-rings were
studied in depth by Michler and Villamdyor / MV : 73_7 and many
other authors. There is an important class of rings, the clas; of
left p-V-rings which contains all left V-rings and all regular rings.
To define this class we first introduce the concept of p-M-injectl-

vity for a module.

le5¢1e DEFINITIONs Let M and N be left R-modules. We say N is

p-M-injective if N is (Rm M)- complete for each element m
of M.

A special case of the above concept is the following

1,542« DEFINITION. We say a module N is p-injective if it is

p-R~injective in the sense of 1l.5.1. (Thus N is called
p-injective if N is Ra-complete for each element a of R in

the sense of lel.3.)

1.5.3. DEFINITION. A ring R is cslled a left p=V-ring if every

simple left R-module is p-injective.



37

1.5.4. REMARKS. (I) Tfivially M—injective implies p-M-injective
and injective implies p-injective.
(II) As seen in @el.7. if R is a reqular ring then every
Jeft R-module is Ra-complete for each a in R. So every
left R-module is p-injective. In particular, R is a left
(and right) p-V-ring.

(III)Trivially, left V-rings are left p-V-rings.

Regular rings, V-rings and p-V-rings have been extensively

sfudied. (See /7G_/, [ St, Chapter I, §12. 7, /R :86_7, /M:74 7,
L—MV:73_7). The concepts of a Voring and a p-V-ring have the

following natural extensions to modules.

1'455. DEFINITION. Let RM be a module. We say M is a Vomodule if

every simple left R-module is M-injective. We say M is a

p-V-module if every s imple left R~module is p-M-injective.

1.5.6'» REMARKS. (I) In / H : 81 7 Y.Hirano has credited Tominaga
/T : 76_/ with the definition of a V-module. These modules
have also been c;lled co-semisimple modules in
[ F: 72, &3] and [AF, Exercises 9.14 and 18.23_7. In
line with this terminology Anderson and Fuller have called
left V-rings as left co-semisimole rings / AF, Exercises

13.10 and 18.23_/. However, the term "V-ring" has been used
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by most other authors and has become standard.

(II) In the notatim1<rf€JJ2 M is a V-module if and only
if M e cl (S) where S is the family of all simple left

R-modules's

(I1I) Generalising the element-wise definition of a regular
ring Zelmanowitz / Z ¢ 72_7 defines a right R-module M to
be regular if for every element m of M, there exists an
R-homomorphism f ¢ M ———>3 R such that mf(m) = m.

Supvose MR is a regular module. Then it is easy to see

that if m is an element of M then mR is a direct summand

of M. Hence by l.1.5. every right R-module N will be

(mR, M)-complete. Sc every N will be p-M-injective. This
shows that if M is a regular module, then M is a

p-V~module. These remarks extend Remark 1.5.4 (II).

(1v) Clearly, we can use the concept of co-completeness
(1e1e8) for dualising some concepts introduced above. For
example, we can dualise the condition in Definition
1%5%1 by considering the condition "N is (Rm, M)-co-

complete for each m € M".

(V) It is well-known that all simple left R-modules are
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projective if and only if R is semi-simole (See / MV:77,
p.566_/ for a proof.) This extends to the result : simple
modules are ALp;ojective if and only if M'is a semi-simple
module (See / AF, Exercise 16.8_/). Thus replacing injective
by projective in the definition of V-module does not yield

a new class of modules.

Next we prove a theorem giving a necessary and sufficient
condition for a module to be a V-module. Putting M = R in
Theorem 1.5.8, we obtain the result that R is a left
V-ring if and only if every left ideal I of R is the
intersection of maximal left ideals containing it, a well-
known characterization of left V-orings due to Michler and

Villamayor / MV:73 Theorem 2.1 /.

NOTATION. For a sub-module N of M, N¥*¥ will denote the
intersection of all members of the family 3%N of maximal
sub-modules of M containing N. If N = M, theg My = 75
and M* = M. Thus O* is the intersection of all maximal
sub-modules of M and thus eguals J(M), the Jacobson
radical of M. Clearly N = N¥ if and only if O¥ = O in

M/y if and only if J(M/yN) = O.
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1.5.8. THEOREM. The following conditions are equivalent for a
module RM'
(i) M is a V-module'
(ii) M/yN has zero Jacobson radicsl for each sub~module
N of M.
Proof. In the prooic X will denote the coset x + Q for

different Q'S's The meaning will be clear from the context.

(i) = (ii) let N be & sub-module of M. It is reguired to
prove that for x & M/N X 75 O there exists a maximal
sub-module Zo/N (say) of M/N such that ?('% Zo/N .
Consider = i N &M = M/y such that ¥ ,e’Né. Since
'Oéf , Dois nonempty. It is easy to see that\jo is an
inductive poset'.
’ Let.% = Zo/N be a maximal element of . This exists by
Zorn's lemma. Since x/&/%. we have xf_( Zo. Let

:Tf:iy/ \/oﬁy £ Mo} s note that Mo€X . Then x €Y  for
every Y in this family X (by the maximality of Yo ).
Let D = Q%/Y s then x € D and D%»Yo

As xf,’“fo so D%Y,and D/y, # O.

Claim: D/YO is a simple R-module. For, if Dl/Yo$ D/Yo

with Dl/Y ;" O then Yoé D, and Dléﬁ .
o
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So, D4D,. This implies D = D . Thus D/Yo is a simple R-module.

1 1

(Hence the claim)
Hence D/Yo is M-injective, by hypothesis.
- ~
As D £ Mo = M/ we can write D = Z /N for some Z & M.,
Consider the following diagram (where h;s h, are canonical

quotient maps)

D
/vo

N

1

|
h ig

|

> M

0 i

By the M-injectivdty of D/, , there exists a map g : M—> D/yo
o

o

extending h = h,0 h, : 2 -————-)D/Yo.

S

Now Y <D i.e. Zo/N £ Z/N and

D/Y is simple implies that ’Z/Z is simple’,
o o

Now fo Z
(o) fr,zoéo

9(z5) = hyoh,(z5) = hy(Zo) = 0

P4

’ . - i -
Hence g induces a mep g ¢ M/7z —— D/, —> 2/,
0 o . 0

Also for pe’Z, g(p) = glp) = hzohl(p) = h2('5) = p,
(Where p denotes the coset of p in aporopriate quotients).

So g splits the inclusion/Z/Z ‘———-—am/z ,
o o}
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and M/ZO= Z/Zo @T/Zo for some submodule T/ZO of M/Zo
We have, Yo = Zo/y £ '1'/N .

Now x & T/Zo since xéff/zo and X is nonzero as x ¢ Zs

So x¢T, this implies that Yﬁ‘f T/N
Now Zo/yy = Yo £ T/ is impossible by the maximality of
Yoo Hence Zo =T.
So M/Zo = Z/Zo is simple, which shows. that Zo is a maximeal
submodule of I.
Now Y, = Z /N & My = M)
So My =y M/, is simple.
o o)
ieeo Yo is a maximal submodule of M/N. Thus there exists a
maximal submodule Z /N of M/N such that X¢Zy/N.
(ii)% (i) Let gS be a simple R-module's

Let us consider the following diagram

0 5 N M
Case (1) : f;O; then h = O extends f.
Case (2) : £#0; then f(N)#O sa f(N) =S (since S is simple).
and f N/Kerf —c—\—)S defined by x*tKe—— f(x)(where

K= Kerf)is an isomorphismb
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Now since f is nonzero, there exists né&N such that

ngK it REO in Ny < My

By hypothesis, M/K has zero radical; so there exists a
maximal submodule M;/K of M/K such that H¢ M)/K i.e.n¢ My,

We consider

g: Ne¢ y M > M
7 7/Ml

Note that n ! » n >n * M= F;&O under g and g(K)=0.

- The map g induces a R-linear isomorphism

Alson ¥+ Ki————n + Ml#O under g

So this map has an inverse
-1

9 Ve T N

For z €N, we have,
-1

g(x) = fo Elou (x)

=Tog (x+M))

=T (x + K) = £f(x)
So g extends f, showing that every simple R-module is

Meinjective.

As in Theorem 1e5.8 a number of properties of V-rings
extend to Vamodules. Similarly many properties of p-V-rings extend

to p-V-modules. In Theorem 1.5.9 we shall prove an analogue for
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p~-V~.modules of a characterisation of p-V-rings due to Ming
~/ M:80, Theorem 1_/. Since the result for p-V-modules has not

appeared in the literature’we shall give a detailed proof.

l'¢5.9« THEOREM. For a R-module M, the following conditions are
eguivalent.
(1) M is a p=-V-module.
(2) If K is a maximal submodule of a cyclic submodule P of
M then K*;éP*
Proofi. (2) = (1) Let S be a simple left R-module.
It is required to‘show that S is p-M-injective.

Let P be a cyclic submodule of M. We consider the following

diagram

0 —> P ¢ - M

Case (1) £ = 0. Then g = 0 : M ——> S extends f.
Case (2) ¢ £#0. Then P —ﬁl;é S is simple. So
7 /Kerf ple.
* %
K = Kerf is a maximal submodule of P, hence K# P (by
hypothesis). i.e. there exists a maximal submodule M, of
M such that M;2 K but Ml}‘Pi therefor M)+ P = M. Notice

that KKMpNP £ P (for otherwise,P = M)N P M) which is

is not the case).
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Hence K = Mlﬂ P (as P/ is simple)
and Ml/Kn P/K—.-(M,‘n P)/K
This implies- that M/K = Ml/K @ p/K.

Consider the following diagram (with usual notation)

S« (definition)
T \_ 9= (o)
\\
0 > P > M = ® M
% Y/x /K. 1/K
h
0 y P M
For p € P we have gohM(p) = gohplp) = g(p)
= (¥,0)(p)
= 1(p)
= f(p)

This shows that S is p-M-injective.

(1) = (2)

Suppose, if possible P is a cyclic submodule of M and K
* *
is a maximal submodule of P such that K =P

We consider the following diagram (whede f is the canonical

quotient map)
?/K
P
f h \\ g
\

* \
0 — P - P —M
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Since P/K is simple and hence M-injective, there exists a

map g * M — P/K which extends f ¢ P —— P/K

*
Let h = g‘P* ! P —— P/K’ then h extends f and
h(K) = £f(K) = 0.
This implies that KCH = Kerh —(A)
~ Notice that,

* * *

H{P =KCMand K(PLP=K M - (B)

We shall use the following two e asily verifiable remarks:

* *
Remark (1) H; < Hy implies that H, ¢ H,

N

% ¥k
Remark (2) H =H

¥* %*
Claim 1) H =K

H*\< (K )"= K" by (B) and Remagks (1) and (2).
Also K*\< H by (A) and Remark (1), Hence claim(1)%
Let G = Kerg'
Then M/5 = P/ shows that G is a maximal submodule of M.
Claim (2) GAP = H.

We have, H ={z eP*/ hiz) = O} ={26P*/ glz) = Oj

=p'N Kerg = PN G £G and so H'<G

Now H =K' (by claim (1))

* 3
P (Assumption)

i

* * *
So, P LG, But H= P NG, this implies that P = H.

i

So, h =0 i.ese f =0 and P = K, absurd.

* *
Hence K # P
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As mentioned by Zelmanowitz / Z :72,(2.5)_/ if M is a regular
module, then the Jacobson radical J(M) of M equals zero. A similer
result holds for V-modules by Theorem 1.5.8.

The following extension of these facts does not seem to have

aopeared in the literature’.

145.10.PROPOSITION. If _M is a p-V-module then J(M) = O.

R
Proof. If possible, let O#m eJ(M),

Since O#Rm <M, there exists a r;.aximal submodule

No of Rm so that Rm/NO is simple (and, in particular,
non-zero). We consider the following row exact diagram
(where h is the canonical gquotient map)

i,

f

0 > Rm >M
Since Rm/NO is simple and hence p=M-injective there exists
amap f ¢ M —— Rm/No extending h ¢ Rm ——-—-)Rm/NO. Then
f is an epimorphism and so M/kerf -f-}—? Rm/No. So Kerf 1s a
maxima]’~ submodule of M. Hence me J(M) £ Kerf :;f(m) =0
Nowm = h(m) = £f(m) = O in Rm/NO
So Rm/NO = 0 which is impossible. This contraaition shows

that J(M) = 0.
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Many results about V-modules and p-V-modules have been
proved by Hirano / H:8i_/. These classes of modules have also
been studied by Yousif. We shall conclude this section by
stating Qithout proof a result for projective modules over

commutative rings ( See / Y:86, Proposition l.l_/ where reference

is made to / H:81_/ and [/ Y: nod_7.)

1.5.11 PROPOSITION. If R is a commutstive ring and M is a
projective module then the following are ecuivalent
(i) M is a regular module
(ii) M is a V-module.
(iii)M is a V'-module (i.e. every simple singular

R-module is M-injective)

(iv) M is a p-V-module
(v) M is a p=V'-module (i.e. every simple singular

module is p-M-injective).
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8146. A theorem on direct sums

Wwe know that a direct product of M-injective modules is
always M-injective (1.2.26) and that of injective modules
injeetive ( / AF. 16.11 7 ) Direct sums of injective modules need
not, in general, be injective (Let {Ki} g ¢ Iy Pe an infinite
sequence of fields and R = TfKi. Then R is a self injective and
von Neumaun regular ring, each K; is an injective R-module but

the ideal A = @ K; of R is not ﬁlinjective). It was shown by
Bass (/B t 62_/) that R is left noetherian if and only if the
direct sum of a family of injective left R-modules is always
injective's (See / FI, Exercise 3.48.3_7) or ( / AF, Proposition
18.13_/ ) or ( /'R, Theorem 4.27_7/.) In this section we follow
the argument of Azumaya, Mbuntum and Varadarajan to orove a
result giving a necessary and sufficient condition for a direct
sum of M-injective modules to be an M-injective module. Bass'

result follows as a special case of this theorem / AMV:75,

Theorem 2.5_/.

le6+le NOTATION. For any module gA and any x € A, we denote the
left annihilator i)\ea /Ax =0t of x by L 5 L is a left

ideal of R.
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DEFINITION. An element xe¢ A is said to be dominated by M

if LXD Lm for some m € M.

Given a family {A} of modules let x be the element
T ied

of TV. éJAi whose i-component is x;'e

1
Le‘l:I {J\ep./?\xé@léJ J

DEFINITION'.We call xe 7T a special element if

1eJ i

Ixxi = 0 for almost ail i. In other words there exists a

finite subset F of J such that 7\xi = O for all AE€ IX and

for all i¢F.

PROPOSITION. A is M-injective & A is Rm~-injective for

all m ¢ M,

Proofs ( => ) Follows from the closedness of cli(A) under
submodules (see Proposition 1'42.19)

( &) we know that ci(A) is closed under direct sums
(Proposition 1.2.21). Hence it follows that A is

@

meM Rm-injective. M is a homomorohic image of
@méM Rm and since Cl(A) is closed under homomorphic

images (Proposition l+2.16) it follows that A is

Meinjective'

THEOREM. The module ® s eg A is M-injective &> each
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A, is M-injective and every element of TriEJ A; is

dominated by M is soecial’

Proofle (=) Let x = (xi)i ¢g A4 be dominated by M,

that is, there is an m &M such that LmCLx this implies
that the mapping A m+——> Ax (A€R) is well-defined and
give‘s a homomorphism f : Rm —— TfAi. The image of the
submodule I m by f is clearly I x (C ®Ai)' Thus the
restriction of f to Ixm by f is regarded as a homomorohism
Im—> @Ai. Since @Ai is Rm-injective (by l.6.4) this
homomorphism can be extended to a homomorphism Rm ——ﬁ@Ai
which means that there exists an u € @Ai such that

A X =2Au for all A€ I Letus= (ui) It follows then

ieJ
that Iﬁxi = I_)Sui for all ieJ. But since u; = O for almost
all i, it follows that Ix(_g(_)i = 0 for almost all i too,
i.e., X is special.

(&= ) Let m € M and consider the cyclic submodule Rm of

M. Let I be a deft ideal of R. Then Im is ‘a submodule of
Rm. (Conversely, every submoj.iule of Rm is-of the form of Im
with a suitable left ideal I). Let there be given a

homomorphism h ¢ Im —3® A, Then since @AiCTTAi and A,

is Mcinjective and hence Rm-injective, h can be extended
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to a homomorphism k ¢ Rm ——ﬁTfAi.

Let x eTfA.l be the image of m. Then the homomorphism k is
given by Am b—=>Ax ( A€R). Therefore, it follows that
Ix = h(Im) C @Ai and hence ICI » On the other hand,
since clearly LmCLx, x is dominaged by M and thus x is
special by assumption, i.e. ngi = 0 whence Iixi =8 for

almost all i. Let u be the element of @Ai whose

i-comdonent is x, or O according as 1 x.#:o or I x. = 0.
i > x"i x7i

Then it is clear that A u = Ax for all A€ I, Further, it
is also clear that LmC Lx c Lu and therefore the mapping
Amb——3> AN u (ANeR) is well-defined. This mapping gives
a homomorphism f ¢ Rm ——> @Ai which is an extension of
h, because £ (Am) =Au =Ax for all AéI., This implies
that @Ai is Bm-injective for each m € M and so is

M-injective (by Proposition l.6.4).

l.6+6'« THECREM. The direct sum of any fémily of M~injective
modules is M-injective & every cyclic submodule of M is
noethe;ian‘.
Proof. ( & ) Let {Aik be a family of M-injective modules.
Let x be an element of 7TAi dominated by M; thus there

is an m € M such that Lm c Lx‘(‘;onsider Ixm. Since
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LCI, whence Ly G I,. It follows that L/Ly & Ime On the
other hand, Ixm is a submodule of the Noetherian module
Rm. Hence Ix/Lm is finitely generated, i.e. there exists
a finite number of elements .%1, Az, ...J&n of Ix such
that

= + + + +
I R7\l R7\2 R7\n Lm

It follows therefore Ié X; = R7\lxi+R '7\2xi + R/\3 X5 t ol
+ R]\nxi for all components X Since, however for each
Jo N 3%5 = O for almosy all i, it follows that ngi =0
for almost all i , that is x is special. Thus ® A, is
M-injective (by Rheorem l.6.5).

( = ) Let Rm, méEM, be any cyclic submodule of M. Then
R/Lm = Rm, and there is a one to one correspondence
between the left ideals of R containing Lm and submodules
of Bms Thus in order to show that Rm is Noetherian it is
sufficient to prove that there is no properly ascending
infinite sequence of left ideals of R containing Lm.
Suppose there exists an infimite sequence L Ilé.Izs I,
esss of left ideals with Ik#:lk + 1 for every k > 1.

Let B, = R/Ik’ h, ¢ R —> B, the cononical quotient

map's Let Ek be the injective hull of Bk° Then each Ek is

M-injective also. By assumption, Il:DLm. The element
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x = (Xk)kbl of 7‘-k>,l Ek where Xy = hk(l) is clearly
dominated by M. For any A€ I, we have A xp= O for p > k.
Hence Ik511£ for all k » 1. Let Ay be any element of

Ik +1 which is not in Ik’ Then ;\kxkﬁko and )\ké'Ii' This
proves that Ixxk¢=0 for every k > 1.

This means x is not a special element and hence by Theorem

1.6+5, ® ) 51 E, is not M-injective'

'1.6+7« REMARK. Letting M = R we get Bass' theorem mentioned

in the introduction to this section'e
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Quasi-injectivity and gquasi-projectivity

DEFINITION. An R-module M is called a guasi-injective
module if for every submodule N of M every R-homomorphism
f ¢ N——> M can be extended to a R-homomorphism from M

to M.

DEFINITION. An B-module M is called a guasi-projective

module if for every quotient module M" of M every
R-homomorphism f ¢ M —————3 M" can be lifted to an
R-homomorphism g ¢ M —— M,

REMARK. Clearly, M is quasi-injective if and only if M
is S(M)-complete (where S(M) = all submodules of M) in the
terminology ofél.Z. Dually, quasi-projectivity can also be

described in terms of co-completeness and M-projectivity.

DEFINITION. Let M 4 Npo We shall say M is jinvariant under

all endomorphisms of N if for every R-endomorphism

ftN ———— N, we have 7(M){ M, We shall also say that M

is a fully invariant submodule of N in this case.

-~

PROPOSITIONe Let E be an injective module and M S E. If
M is invariant under all endomorphisms of E then M is

quasi~injective.
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Proof ¢ Let us consider the following diagram
5 E

9o Ig
>E

Since E is injective there exists a map g:!E =—————> E

A4

h
Ber——— B

o) N

extending f:N ——— M. Now g € Endp (E) implies g(M)XM
(by hypothesis) So 9" 9Mm is an endomorphism of M. For

neN g (n) =g(n) = f(n) (since g extends f). So g

extends f, fdence M is quasi-injective.

PROPOSITION. Let E(M) be the injective hull of M. If M
is quasi-injective then M is invariant under all

endomorphisms of E(M).

Proof's We shall denote the canonical inclusion

M ——— E(M) by j.

Let atE(M) ——— E(M) be an endomorphism of E(M).

Let N = a=1(m) £ E(M) and N, = NN M. Hence we have a map
b = a’NO: N—/ M.

Now consider the diagram
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As M is quasi-injective there exists an extension

¢c!M ——= M of b. Since E(M) is injective there exists
a map d¢ E(M) —— E(M) extending c.

Consider a-d ¢ E(M) ———— E(M).

Let if possible (a-d)(M)fO, then there exists meM such
that O # (a-d)(m) € E(M) .

As M q E(M), so there exists r € R such that
Of#r(a=d)(m) € M %0 # (a-d)(rm) € M\ ——— (I)

Now d(rm) = c(rm) €M

=  a(rm) € M hence, rm €N (since a~1(M) = N)

Sormé€&€ NN M= N,
Therefore a(rm) = b(rm) = d(rm) contradicting (I)
(since c extends b and d extends c)

So (a-d)(M) =0

jee's alm) = d(m) ¥ meMjalm) = c(m) €M ¥YmeM
ice's a(M) & M.

Showing that M is invariant under all endomorphisms of E(M).

1.7.7. THEOREM. An B-module M is quasi-injective if and only

if M is invariant under all endomorphisms of E(M),

Proof. This follows from Propositions 1.7.5 and 1l.7.6.
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1's748+ PROPOSITION. If P is projective, WP and W is invariant

under all endomorphisms of P, then P/w is quasi-projective.

Proof's Let us consider the following diagram (wheze hl and
h, are the natural quotient maps)

f

>P/w

Ly ]
WWé- - -~~~
o g

i
|
!
!
e P;w_iza_) P/T —————— O

Since P §s projective there exists amap r ¢ P ————-?.P
satisfying gof = hzo hlor.

Also W is invariant under all endomorphisms of P, hence
r(W){W. So r induces amap T ® Py — Prw defined by
r (p) = r(p) for each p € P/W (By p we mean the canonical
image of p in P/W)

Now hzo; (3) = hZ(ETE))

= hyh,(r{p))

hzohlor(p)

gof(p)
= g(p), for each ‘ﬁéP/w
Hence h,or = g

i.e g/w is quasi-projective.
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17«9, PROPOSITION. If M is quasi-projective and has a projective

P
cover 0 =——3 Kerp —— P(M) - M > 0

then Kerp is invariant under all endomorphisms of P(M).

) p
Proof. Let O———) Kerp —— P(M) > M - 0 (1)
be the projective cover of M with M quasi-projective and
let g€ End (P(M)). We shall show that g(Kerp) & Kerp.

Let T = (Kerp) +9(Kerp)

Now, consider the map g’:M 'M/p('l') defined as follows @
Let m € M, then there exists, x € P(M')s'uch that m = p(x).
Define g'(m) = hopog{x). Since g(Kerp) <T. The map g' is

well.defined. Moreover, the following diagram commutes

P(M) P > M

o’
9 ' -(11)
p(M) P M ——————M/p(T)

Now, since M is quasi-projective there exists kiM ——— M
satisfying hok = g"'. Again, using the projectivitiy of
P(M), we get the following commutative diagram

(with f€End (P(M)) ) ¢

P(M) i >

M
fl j’ ‘ (111)
P M

P(M)

~

A4
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Notice, that the commutativity of (III) implies that
f(Kerp) £ Kerp. -(1v)
Next, consider the map f (M ———> M/ﬁ(’l‘) defined by

f'= hoke Then the following diagram

P
P(H) 3 M
f'
P . h
P(M) — > M ,M/p(r)

commutes. Since g' = f' using diagrams (II) and (IV) we
get hop / (g-f)(x)_/ = O for every x € P(M). Hence
(g-f)(P(M)) C Ker(hop) ¢ T, as shown below (If z € Ker(hop)
then O = hop(z) ; this implies p(z) € p(T).

So let p(z) = p(t) for some t€&T; thenp(z-t) =0
showing that z - t éker p { T. Thus z &€ T)
Let X =ixéP(M)/ g(x)-f(x) éKerp}————-—— (V1)
We shall show that X = P(M)
Now let x € P(M) then,

g{x) - f(x) = k;* g(kz) with k, € Kerp. .
or g(x-kz) = k,* f(x) (VII)

consider,

g(x=k,)- fx-ky) = k* f(x)-£(x) + £(k,) by (V1I)

k.t f(kz) € Kerp by (1IV)
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6l

This implies (x - k,) €X, so X * Kerp = P(M).

Now p is a minimal epimorphism, hence X = P(M),

Let x € Kerp £ P(M) = X. Then by the definition (VI)of X;
g(x)- f(x) € Kerp ————— (VIII).

By (IV) since x € Kerp, f(x)é.Kerp So (VIII) gives

g(x) € Kerp. Thus we get g{Kerp) & Kerp, the desired

conclusion's

THEOREM. Let M be any mabHule. Suppose

p
0 ~——— Kerp —— P(M) > M —> 0

be a projective cover of M., Then M is quasi-projective if
and only if Kerp is invariant under all endomorphisms

of P(h‘) .
Proof's Follows from Propositions l.7.8 and 1.7.9.

EXAMPLES (1) Clearly injective {projective) modubes are
quasi-injective (quasi-projective).

Let M be a semi-simple module and N<M, Then N is a
direct summand of M and hence by Proposition l.l1l.5 every
module E is (N,M)-complete. So eve;y E is M-injective. In
particudar, M is M-injective i.e. M is quasi-injective.

A dual argument shows that semi-simple modules are

quasi-projective. Examples of semi-simple modules are
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simple modules and vector spaces over division rings.
(II1) Let R be a commutative self-injective ring and A
any ideal of R. Then each R-linear map from R to R

is a homothecy . R «=—— R, which takes x to rx. So,

fr(A) = rA C A for every r € R, Hence A is quasi-injective

over R (Proposition 1.7.5)%.

More generally, let R be a right self-injective rings, A
any ideal of R. Then A is a quasi-injective right R-module. (For,
A & Rp, since A is a right ideal. Also A is a left ideal, So
fr(A) = rA A for every r € R. Hence by Proposition 1.7.5 Ap is

quasi-injective)'s

(Iv) It follows from Proposition 1.7.8 that if R is a ring
and A an ideal of R, thenR/A is quasi-projective as a

left R-module as well as right R-module’.

Let M be a left S-module and f¢: R —— S a ring
homomorphisme Then M can be always regarded as a left
R-module "via f" ¢ re.m = f(r).m for all reR, meM, In
particular, if A i/s an ideal of R, taking the canonical
quotient map f¢: R ——— R/A, any left R/A module M becomes
a left R-module "via f". It is easy to see that M being

injective over R/, does not imply that M is injective
A
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over R, (Take R=2, A =p2, p a prime , M = Z/pz.)

However, for quasi-injectivity we have the following result.

1'47%12% PROPOSITION. Let R = R/p and M a le€t R-module. Then
(I) E is quasi-injective over R if and only if E is
quasi-injective over.: R.

(II) M is quasi-projective over R if and only if M is

quasi-projective over R.

Proof. (I)(=>) Trivial.
(&= ) Comsider the following diagram (where N is any R

submodule of E and f: N ——— E is R-linear).

+h
Mm.——-3m

0) N¢ »

!

Notice that for every neéN , ron = ren €N . So, N is a
R-submodule of E and f is R-linear,

Since E is quasi-injective over R there exists a
R-linear map g ¢ E —— E extending ft N ——— E.
Now g (T.e) = g(r.e) = r.g(e) = T.g(e)

i.es g is R-linear extension of f. Hence E is quasi-
injective over R.

(II) Proof of this is dual to that of part (I).
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1.7+13% REMARK. In the notation of 1.7.12 clearly R is projective
as a left (as well as right) R-module and hence quasi-
projective as a left (as well as right) R-module. In
particular, Z/,z is always a wumasi-projective Z-module

( = abelian group).

l.7.14. EXAMPLE. It is well-known that if R is a P.I.D and A a
nonzero ideal of R, then S = R/A is a self-injective ring
/[ R, Theorem 4.28_7
In particular, for a prime p, Z(Pn) is always a self
injective ring. Letting R=2 , R = Z/(pn), n)2 we get
from Proposition 1.7.12 that since R is a self-injective
and so quasi-injective over R, it is also quasi-injective
as a Z-module. However, it is neither injective, nor

semi-simple as a Z-module's

l.7.15. REMARK. Z/(b2) is guasi-projective over 2 (by 1.7.13)
but is heither semi-simple nor projective over Z,.
Let N be a sub-module of a module M. In general, N can

—

be isomorphic to a direct summand of M without being itself a
direct summand of M (e.g. R =2, M =2, N =22Z; Clearly N & M,)
However, this cannot happen in a quasi-injective module M. We

shall prove this in Proposition l.7.16. A dual result

(Proposition 1'7.17) will be stated without proof's
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LEMMA. /TRV:72, Lemma 4.3'_/
Let S be a submodule of a quasi-injective module A. Then
S will be a summand of A if and only if S is isomorphic to
a summand of Al
Proofe (=3 ) trivial.
g
( &= ) Let S <= B where B®C = A} B —— A is the

p
natural inclusion and A ——5-——7 B is the natural projectione.

We consider the following diagram

- iB A
e-———p————../"'
g B p
. + h
1l /
S e———————A

f

As A is quasi-injective there exists a map h ¢ A ———;—ﬁ A
extending jgog : S — A i.e. hol = jjog
or pgo hoi = ppojpog

-1
or g’& pgo hoi = g og(since 'g! is an isomorphism)

-1
or (go pgo hoi)oi =1
Hence there exists a map f ¢ A ——— S satisfying f o i=lg

i.es the inclusion splits and hence S is a direct summand

of Al

LEMMA. Let S be a submodule of a quasi-projective
module A. Then S is a summand of A if and only if A/s is

isomorphic to a summand of A.
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Proofe See / RV:72; Lemma 4.3 7

The two results below appear in / RV:72_/. However, our
proofs use the concepts of relative injectivity and
projectivity and as a result, are somewhat simpler than

those in / RV:72_/.

LEMMA. /"RV:72; Lemma 4.4'_]

If A is quasi-injective, then the exact sequence
i

0 y A — y X RV > 0 splits

whenever X is a quotient of A.
Proofls It is given that A is A-injective hence A is
X-injective (for a quotient X of A) by 1.2.16. Hence given

a row exact diagram

"A
”~
!
1 g
{
> X

V) A

there exists a map g¢X =———> A which extends lAtA —_— A

i'ee'e go 1 = lA iee'ethe monomorphism itA ——> X splitse.

—

LEMMA. / RV:72; Lemma 54'.4_/

Let A be a quasi-projective module. Then the exact

sequence O -5 T - S . 3 A ~> 0 splits,

whenever S is a submodule of A,
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Proof. Given A is A-projective. So A is S-projective

(for a submodule S of A) by l.2.l14%.

We now consider the following row exact diagram

then there exists a map g!A ———> S such that f o g = 1,.

So f splitse.

PROPOSITION. If A® B is quasi-injective then A and B

are also quasi-injective.

Proof. We consider the following diagram (whth usual

notations)
ia
ﬁe___..____-A@B
f : Pa
- ] 9
1) J
0 —>Ne—>A A >A @ B

Since A ® B is quasi-injective there exists a map
gt A®B ——— A®B satisfying g,j 0 i = jof.
Now consider h = PpOgO, ¢ A ————> A then

hoi = p,o g 0 joi = paojp0f = ljof = f.

Hence the above map htA — A extends f:N ——— A, So
A is quasi-injective. Similarly we can also show that B

is quasi-injective’s
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Dually we have ¢
1e7+21s PROPOSITIONs. If A®D B is quasi-Projective then A and B

are also quasi-projective's

YeT's22' REMARK (I) A,B quasi-;,injective does not imply that A ® B
is quasi-injective. For example, we know that ZQ is
inyective and hence quasi;injective: and for a prime
b , Z/p2 is simple/Z and hence quasi-injective. We shall

show that M = Q ® (Z/bz) is not quasi-injective/Z.

If possible let M = Q ® (z/pz) be quasi-injective. Let no
us consider the submodule N = Z®0 of Q@ (Z/PZ) and define a
map f : 20 ——>Q D (Z/pz) by f(a,o) = (o0,3).
Since ZM is quasi-injective there exists a map gt M ——— M

extending f ! N ——— M,

Now £(1,0) = g(1,0) = g(P % , 0)) =Pg (-é, 0)

P(x,¥) for x € Q
and qu/pZ

(Px, PY)
= (Px, 0)
But f (1,0) = (0,1) and (0,1) = (Px,D)
This implies 1 = O, which is not possible. So, M is not

quasi-injective.
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(II) In contrast to the situation in Remark (I) if A and

B are isomorphic quasi-injective modules, then A © B is

also quasi-injective. More generally, we have the following

Theorem by Harada.

THEOREM. (Harada) .Let n be a natural number.

If M is quasi-injective then M- ne....on (n copies)
is also guasi-injective.

Proof. Let E(M) be the injective hull of M then E(M)(")=
E(M) ® ... ®E(M) (n copies) is the injective hull of M(n)
Now, M(P) ¢ £ (7)) = E) (M= g0 (say).

Since n is finite, Ey is injective's Then End (E(M)(n)) can
be viewed as the total n X n matrix ring over E(M).

And any fe End (E(M)™)) is of the form

l ¢ee n |

1 ... pn Where f;, ¢ E ——— E and Ej

denotes the i*M copy of E(M).

= i=

Now f;,(M) KM ¥ i, j

f(M(n)) \< M(n).
(n)).

Thus M is invariant under all endomorphisms of E(M

Hence, by Theorem l.7.5 M(n) is also quasi-injective.

PROPOSITION. If M has a projective cover and if M is

m(n)

quasi-projective then is also quasi-projectivee.

p
Proof's Let O ~————— Kerp ———> P(M) > M > O
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be the projective cover of M. The projective cover of

u'n) is P(M)(n), the direct sum of n copies of P(M) with
appropriate projection's By Proposition 1.7.8 it is
sufficient to show the kernel of P(M)(")-——~——9 M(n)———-¥ 0

is an End (P(M)(")) submodule of P(M)(n). The endomorphism

)(n)

can be viewed as the total n X n matrix

ring over End(P(M)). Also the kernel of the map is Kerp(n).

ring of P(M

Since it is clear that any map fij: Pi(M) —_— Pj(M)

th copy of P(M) to the jth) must carry Kerp; into

(from the i
Kerp, (because Ker p is an End (P(M))- sub-module), it
follows that Kerp is an End (p(M)(“)) submodule of p(M)(“).

Hence the proof's

1.7'e25.PROPOSITION. Let MR be such that M contains a copy of R
(ie.e there exists a R-monomorphismffrom R to M). Then M is
quasi-injective over R implies that M is injective over R.

Proof. Let A be a right ideal of R.Consider the diagram

M
S
'

;
|
'
R

A ~
3 f

As M is quasi-injective there exists hiM ——3 M such



71
that hofoj = g or (hof) oj = g. Hence hof : R ——> M
extends g ¢ A ——— M. So, by Baer's criterion (1.2.5) M

is injective over R.

1,726 . REMARKS(I) Let R be a ring, then Rp quasi-injective implies
that R is a right self;injective ring.
(II) The fact that M=Q ® (2/pz) is not quasi-injective
can be deduced from 1l.7.25. If M is quasi;injective over
Z then M is injective over Z and so 2/pz is injective over

Z, which is impossible.

We know that R.is semi-simple if and only if every left R-module
is injective (projective). In the following Propositions we shall

generalise this to quasi-injective (quasi-projegtive) modules.

147.27.,PROPOSITION. If A @ B is quasi-injective and
f : A~———> B is a monomorphism then f splits.

Proof. Consider the diagram (with usual notation)

A @ B

0

Since A @ B §s quasi-injective there exists a map

h:A @ B——>A @ B extending f.
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i.e. hoiBof = iA'
Hence paohoipgo f = Pp0 iA
or (pjohoiglof = 1,. Hence f splits.
1.7+28.,COROLLARY. /[ RV:72, Lemma 3.2'_/. If A ® B is quasi-
injective, B is injective and ftA ——— B is a monomorphism

then A is injective’

Proof. Since A ® B is quasi-injective and f:A ——— B is
a monomorphism the map f splits (by 1.7.27). i.e. There exists
a map g:B —— A Such that gof = 1pe Now, let us consider

the following diagram with row exact

f
A‘:————-—§ B
by AN Th
O \ j \;NM
7 N 74

Since B is injective there exists h ¢ M —— B extending
fortN —— B

Thus, we have for = hoje.

Let g = gohtM ————— A -

Then goj = gohoj = gofor = ler = r, which shows that A
is injective's

Dually we have the following results:
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PROPOSITION. If A ® B is quasi-projective and fi:B —> A

is an epimorphism then f splits.

COROLLARY / RV:72, Lemma 3.2_/. If A © B is quasi-
projective, B is projective and f¢B ——> A is an epimorphism

then A is projective's

REMARK. A, B quasi;projective does not imply that A @ B
is quasi-projective's

For edample, Let p be a prime number. If z © (Z/pz) is
quasi-projective/Z, it will follow from 1.7.30 (on
considering the canonical quotient map. Z ———3 Z/pz. that
Z/bz is projective/z, which is absurd. This shows that direct

sum of quasi-projective modules need not be a quasi-

projective modulel.

PROPOSITION. R ks semi simple if and only if every left

R-module is quasi-injective.

Proof'e ( = ) Trivial

( & ).Let us consider any R;mbdule M. Then M can be
embedded in an injective R;module E.M ® E is quasi;
injective (by hypothesis). Hence by 1+7.28 M is an injective

R-module.s So, R ks semi-simple's

Dually we have:
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PROPOSITION. R is semi-simple if and only if every left

-

R-module is quasi-projectives.

Proof. ( = ) Trivial.

( &= ) Let us consider an R;module M. Then there exists
a free R;module F with an R;epimorphism p ¢ F ———— M.
Now % ® M is quasi;projective (by hypothesis). Hence by

1's7.30 RM is projective. So, R is semi-simple.

*

PROPOSITION. Submodules of quasi-injective are quasi-

injective if and only if every module is quasi-injective.

Proofle ( < ) Trivial.

(= ) Let gA be any module. Then pA can be embedded in an

-

injective module’ RE. Now E is injective, hence quasi-

¥

injective. fence Ais quasi-injective (by hypothesis).

A

PROPOSITIONe. R is semi-simple if and only if every quasi-

projective left R-module is projective.

Proofls ( =) Trivial. .
( & ) We know that all simple modules are quasi-projective

So, by hypothesis, all simple modules are projective. Hence

R is semi-simplels

In the remainder of this section we shall state two

theorems without proofls
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Using the standard techniques of localisation of rings

and modules Faticoni has proved the Theorem 1%.7.36 stated below :

1.7.36. THEOREM -/ F:84, Theorem 2_/ Let C be a commutative ring

l‘o7 ‘3710

and tet R be a C-algebra. Let M be a finitely presented
R-module's Then M is quasi-projective R—mddule if and only
if for each prime (maximal) ideal I of C, M; is a

quasi-projective Ri- module .

In [/ FR:70_/ Fuchs and Rangaswamy explicitly described
the quasi-projective abelian groups in the following

theorem $
THEOREM  / FR:70, Theorem_/ An abelian group A is quasi;
projective if, and only if, it is (i) free or

(ii) a torsion group such that every p;component Ap is

a direct sum of cyclic groups of the same order pnk

!
6®o o0
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§ 148, The TV~ and J_ . properties

-

Let M be a right R;module. We shall say M is TV~x (3= -x)
if every direct product (sum) of cooies of M has property x.
Injective modules are T\;injective by 1.2.23. Similarly, the terms
2 ._;proﬁective and ‘25';flat are clearly redundant. This section
will be devoted to a survey of the research on TV~ andwjz;properties
in the context of quasi;injectivity and quasi;projectivity that has

been carried out in the last three decades.

In /[ CR:71_/ Colby and Rutter gave a characterization of
\~flat modules which follows the characterization of rings for
which direct products of flat modules are flat given by Chase in
[ C:60_/ They also considered TT;projective modules. However, it
will take us too far a field to consider TT;flatness.and

TY-projectivit? here's

Faith characterised J -pnjective modules in / F:66_/
Fuller (/[ F:69_/) and /[ F:70_/) studied T\- X -quasi-projectives

and quasi-injectives. These concepts were also considered by Hill

[/ H:74_7 and Rangaswamy / R:79_ /.

We begin with Faith's theorem on S~ -injective modules.
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For a module pM left ideals of the form 1R(><) (X a subset of M)

will be called Meannihilator left ideals's

le8el. THEOREM (Fgith) The following conditions on an injective
R;module M are equivalent,
(1) M is zz;injective.
(ii) The NLannihilator left ideals satisfy the ascending
chain condition's

(iii) u) is injective.

Proof's See /[ AF, Theorem 25.1 J or [/ F:66_7.

Next we shall use the above Theorem to derive a result of

Faith and Walker'.

1.8.2. THEOREM (Faith and Walker). If every injective module is
S~ -injective then R is left noetherian. (Note fhat the

converse follows by a theorem of Bass ( 8§1.6 Introduction).

Proof. Let S be the family of all left ideals of R.

Consider M = ® R/, Then if E = E(M) the set of E-annihilator
Aed '

left ideals is precisely S As E is J.~injective, it

follows by 1.8.1 that tf satisfies the ascending chain

conditions. So R is left noetherian.

We shall now consider Jl-quasi-injective modules. Clearly
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M-injective implies M; injective for each indexing set J (by 1.2.23)
and hence M must be ’K;quasi-injective. In the Theorem that follows
we shall prove that RM is ’T;quasi-injective if and only if M is
injective over R/lR(M). In the following Remarks we shall record

some results we need.

1.8.3. REMARKS (1) Let us recall the following notation. For a
module M and an ideal I of R, by ry(I) we mean the subset
{x EM/ Ix = Okof M. Notice the following @
for x ery(I) , reR, Irx ©€Ix =0,

This implies that rx ErM(I)o Thus rM(I)\< gM .

(II) We shall show that rM(I) is invariant under all
endomorphisms of M. For, let ftM —— M be any R-linear map.
Let xerM(I)'. Then Ix = 0 = f(Ix) = 0 i.e. If(x) = O i.e,

f(X) érM(I)lo So f(rM(I))ng(I);‘

(III) If E is injective R-module then X = r;(I) is quasi-
injective. For, f(X)&X, whenever f 6€ndR(E) (using
Remark II). This shows that X is invariant under all
endomorphisms of E. Hence by 13;7.7 X is quasi-;injective

over Rl
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1'.8+4'« THEOREM. The following conditions are equivalent for a left

R-module M,

(i) M is JT-quasi-injective

(ii) M is injective over R = R/lR(M)

(1i1) M = rg(yy(I) for some ideal I in R.
Proofls (i) = (ii) Consider the map f : K —— M defined by
f(s) = (sm)_ . Mo The map f is a monomorphism as M is
§;faithful} Thus there exists an indexing set J such that
R——mM J is a monomorphism. So, M J is quasi;injective
over R i.eo M is injective over R (by 1.7.12). Hence M is
injective over R (by 1.7.30). This impdies that M is

injective over R.

(ii) =5 (i) Let My = M , J any indexing set.

Now M is injective over R implies that Mg is injective over
R which in turn implies that Mg is quasi-injective over R.
Hence, My is quasi;injective over R (by 1.7.12). This shows
that M is TV;quasi;injective over R.

(1i1) = (1) M= £ gy (1) So MW = pp(yyT (1)

Since E(M)Tis injective over R, rE(M)J (I) is quasi-injective
over bey 1.8.3)% So MJ is quasi-injective over R. Thus M

is T{=quasi-injective's
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(ii) = (iii) Let Q = rE(M)(lR(M)) T E(M).

1.8.5%

108.60

Clearly if m € M, xg];(M) Then xm = O. So m € Q which
implies M £ Q. Also Q is an essential extension of M with
same annihilator (For xM = O 3x € 1.(M) = xQ = 0).

Thus Q is an R-module, M is essential in Q and M is
R;injective. Hence M = Q.

So M =IZE(M) (1) for some ideal I of R.

REMERK. Take R=2 , M = Z/bz , where p is a prime. Then
lR(M) = pZe As M is injective over Z/PZ » M is J{-quasi-

injective over Z by Theorem 1.8.4., However, M is not

injective over Z.

REMARK. Tisseron / T:70_/ has proved that if every quasi-
injective left R;module is TT—quasi;injective then R/RadR
is a finite;dimensional left V;ring. Fuller [fF:72,Theorem
3°3;7 has proved that ;% every semi;simple left R-module is

T\-~quasi-injective then R must be a left noetherian left

V-ring (Cf. / H:74, Theorem 1.5 /). -

Now we shall record some results on > -quasi-injective

modulesoe
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(J)

is semi-
simple and so quasi-injective for every indexing set J.

Thus M is J -quasi-injective.

(11) SuppOSe’R is a left noetherian ring and M an injective

left R;module Then M is Z-injective (see introduction to
1.6) and a fortiori, y-quasi-injective Thus over left

noetherian rings injective modules are necgssarily

J=- quasi-injective.

(iii) Corwersely, if every injective module is >-quasi-
injective then R is left noetherian:! For let E be any
injective left R.-..module and E(R) an injective module
containing R,Let E_= E(R) C).IE. Then E_ (being injective)
is ji;quasi;injective, by hyoothesis. Let A be any indexing

(A)

sete Then EO is quasi-injective and so injective (for
A=0@ . This is trivial; for A # @ This follows by 1.7.30
since E  and so EO(A) contains a copy of E(R) and hence

of R.) Since EO(A) = g™ @™ it follows that EP) 55
injective. Hence by the theorem of Faith and Walker (1.8.2)

R must be left noetheriane

(iv) A ring R is left noetherian if and only if every

guasi-injective module is S -gquasi-injective;"Ig" follaws
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from (III). "Only if": assume that R is left noetherian and
Mis quasi;injective, then M is M;injective and the condition
in Theorem l's6.6. is satisfied. Hence M(A) is M<injective for
each indexing set A. So M € C i(M(A)) implying, by l.2.21

that M(A) € ct (M(A)) ie.e. M(A) is quasi-injectivee.

(v) The following theorem /[ H:74, Theorem l.4_7 improves (IV):
A ring R is left noetheriap if and only if for every pair

M, N of left R-modules and every set A, M is N;injective
implies M(A) is.N(A);injective. This can be proved using

Theorem le6.60

(J)

If P is a projective module, Then by l.2.24 P is also

projective for each indexing set J. Hence projective modules are

clearly S--guasi-projective. If M is semi-simple then for each

indexing set J, M(J) is semi-simple and so quasi-projective. Thus

M is S -quasi-projective's Thus _J--quasi-projective modules need

not be projective, as shown by examples of simple non-projective

—

modules.,

The following result gives a sufficient condition for

J_=quasi-projective modules to be projective.
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l1.8.8. PROPOSITION. If M is a > -quasi-projective module and

M contains a sub-module isomorphic to RR Then M is projective.

Proof. Consider the row-exact diagram with E injectives

>0 (1)

Now there exists an indexing set J such that R(J)—h——) E is
a surjection. Since, RE is injective this gives a map
(J)—-——-? E which is also a surjection. Now consider the

diagram (where J and éj dre de;ined below)

(J)

M—-————-)M -
g
q
Ml Py g f3¥x 50 (11)
g (J
As M is J -quasi~projective M(J) is quasi-projective. So
there exists a map q ¢ M(Jl—-——-—-) M(J) satisfying

;opoa = -g- « As aoj =g where jt Me—m—— M (J) identifies

M with a copy of M in M(J). Now we have fopogoj = goj = g.

Thus pogoj ¢ M —— E is the required map which makes
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Hence M is orojective, by l.215.

the diagram (I) commute.

thout proof the

We conclude this section by stating wi

followipg result of Fuller and Hill concerning TPquasi-projectives.

1.8.9. THEGREM  ( /[ FH:70, Corollary 2.2/ ) 1I1f the left R-module

RR is TY;quasi-projective, then every direct product of

projective left BR-modules 1s projective.
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CHAPTER - 11

HOPFIAN AND COHOPFIAN MODULES

g 2ol Introduction. Let V be a finite-dimensional vector
space’s It is well-known that a linear map fi:V ——— V is one-to-one
if and only if it is onto. This fact has led to the introduction
of th8 following concepts: a module M is cohopfian /[ B:76_/ if
every oneto-one endomorphism of M is an automorphism; a module is
hopfian (/ B:76_/, / HM:86_J [ H:86_/) if every onto endomorphism
of M is an automorphism. Noetherian modules are hopfian and
artinian modules are cohopfian. Orzech / 0:71_/ considered the
following property stronger than hopfianness: for each submodule

N of M every epimorphism N =———— M is an isomorphism. He showed

that noetherian modules satisfy this stronger condition',

In Q 2 of this chapter we fix conventions and state a
bumber of results, most of them essentially known. In & 3 we
prove some results involving character modules, change of rings,

P

localisation and direct sums's In % 4 we consider Orzech's
property and its dual; we also introduce a number of related

properties. Of these Mepimorphism properties” are studied in§ 5

and "monomorphism properties" in &€ 6. In the final section we
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give examples of commutative rings with non-hopfian ideds, and
thereby answer a query in [7H286;7. This le ads us to a study of
rings all of whose left ideals are hopfian (cohopfian). We show,
inter alia, that strongly regular rings have both these

properties (on left as well as on right).

@2.2. Known Resultse. For'ease of reference we collect a number

of definitions and results. A module is called directly finite

if it has no proper direct summand isomorphic to it
(LG, p.1657, [P:757)
2.2.1« REMARK . Hopfian (cohopfian ) modules are directly finite.

2.2.2. PROPOSITION. (/7G , Lemma 5.1_7)
A module Misdirectly finite if and only if fg = l,, implies

gf = 1, in End p(M).

R
2+2.3. COROLLARYe Ry is directly finite if and only if xy =1
jmplies yx = 1 in R.
If R satisfies the left-right symmetric condition of

Corollary 2.2.3 R is called a directly finite Fing (or "von Neumann

finite ring" / P:75_/ or "Dedekind finite ring" / F 1I,p.85_7).

2.2.4, PROPOSITION. (Utumi [ U:g5_/) If R is left and right

self-injective then R is directly finite.
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(n)

Recall that for a module M, and natural nukber n,M

denotes the direct sum of n copies of M. Proposition 2.2.2 yields:

2425, PROPOSITION. Let n be a natural number. The right R~
module R‘P) is directly finite if and only if M_(R) is a

directly finite ring.

2+2+.6+ PROPOSITION« Let M be a quasi-injective, directly finite

module. Then M is cohopfiane

Proofs Let f ¢ M =———> M be a monomorphism. As M is quasi-
injective, there exists g ¢ M —— M such that gof = Ly
Proposition 2.2. implies that fog = 1, and so f is an

epimorphisme.

2.2.7. COROLLARY. [/ B:76, Corollary 2_/ If M is quasi-injective
and hopfian then it is cohopfian.

The following are the duals of 2.2.6 and 2.2.7. -

2+2.8, PROPOSITIONs Let M be a quasi-projective, directly finite

module. Then M is hopfiane.

24249, COROLLARY. [/ B:76, Remark on p.l102_7 If M is quasi-
projective and cohopfian then it is hopfian.

A module RM is called p-injective

if for each principal left ideal I of R every R-homomorphism

f¢ I ——3 M can be extended to a R-homomorphism
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g: R ——> M, Left self-injective rings and (von Neumann)
regular rings are left p-injective, i.e., the module RR
is p=injective.

PROPOSITION. (/ cf. B:76, Remark on p.103_7/) Let R be
a directly finite, left p-injective ring. Then gR is

cohopfiane

Proof'e Analogous to that of Proposition 2.2.6.

REMARK. It follows from Propositions 2.2.4 and 2.2.10
that if R is left and right self-injective then RR and RR

are cohopfian

REMARK. It follows from Remark 2.2.1 and Proposition
2.2.,8 that the conditions (a) R is a directly finite ring
(b) RR is hopfian and (c) RR is hopfian are equivalent.

A special case of Corollary 2.2.9. is

2.2,13'«REMARK. If RR is cohopfian then it is hopfian.

2214,

More examples are given in

PROPOSITION. (I) Noetherian modules are hopfian

([ L, p.23_7; [ AF, p.138_ 7). (II) Artinian modules are
cohopfian (Loc.cit. in Remark (I)). (III) If M is a
finitely enerated module over a commutative ring then M

is hopfian (a theorem of Vasconcelos / V: 69 7).
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2+2.1%. EXAMPLE. The 2-Prufer group Z'(ﬁm) is an examplé of an
artinian, and therefore cahopfian, Z-module which is not
hopfian, as multiplication by 2 is an onto endomorphism,

but not an isomorphisme

Let us recall some (more or less) standard terminology: an

ideal means a two-sided ideal; a ring is called left (;iqht) duo

if every left (right) ideal is an ideal; it is called left(right)

quasi-duo if every maximal left (right) ideal is an ideal; a duo

(quasi~duo) ring means a left or right duo (quasi-duo) ring. By an

abelian ring we mean a ring such that every idempotent is centreal,
by a local ring a ring such that R/Rad R is a division ring. A

local ring is left and right quasi-duo.

2ué.1su REMARKS. (I) Suppose xy = 1 in a left duo ring R. Then

1 belongs to thehideal Rx and so 1 = zx for some z. Then

y =z and so yx = 1, So R is directly finite. This |

result will be extended in section 2.5.

(II)R is directly finite if and only if R/RadR
is soe [ F.II, p.85 7.
(III)It is a consequence of (II) that local rings

are directly finite.

The next result extends remarks 2.2.16(I) and (III). It
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may be known but we could not find a reference in the literature.

2.2.17%

2+2.18%

2 02'019 .

242420,

PROPOSITION. A quasi-duo ring R is directly finitee.
Proof. By Proposition 4.4 in / R:86_/ R/Rad R is

reduced and, in fact, a subring of a product of division
rings. So R/Rad R is directly finite. Hence by Remark
2.2.16(I1) R is directly finite.

A ring R is called left f-regular if for each element

a of R there exists an integer n>1 and an element b of
R such that b.an+l = a", Right A-reqular rings are
defined similarly. In / D:76_/ Dischinger attributes this
definition to Azumaya o Dischinger defines a

ring to be strongly sr-regular if it is left as well as

right N -reguler.

REMARK. Left A-regularity is equivalent to the d.c.c.
on principai left ideals Ran, n> 1, for each a in the
ringe.

REMARK . Right perfect rings satisfy d.c.c. on principal

left ideals / AF, 828 7 and so are left Ti-regular.

REMARK . Recall that a ring R is called strongly regular

if for each element a of R there exists an element b
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such that a = a2b. Strong regularity is a left-right
symmetric condition / St.,p.40/. Clearly, strongly regular

rings are strongly J-regular (with n = 1),

242,21 PROPOSITIN. Let R be commutative. Then R is strongly

A-regular if and only if R is zero-dimensional.

The above proposition was proved by Storrer / S:68,Lemma 5.6/ .
The result below was stated without proof in / D:7¢ 7 .
However, a modification of the argument in / S:¢8,

Lemma 5.6, (e)=»(a)_/ yields a proof.

2.2022,PROPOSITION. A ring R is right R-regular if and only if
every cyclic right R-module is cohopfiane.

242423 THEOREM . [fD:?é, Theorem 1;7. A ring R is left XK -reqular

if and only if it is right A -regular.

2¢2424'COROLLARY . Every cyclic left R-module is cohopfian if

and only if every cyclic right R-module is cohopfian.
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&,233 Hopfian and Cohopfian modules

In this section we record some results on hopfian

and co-hopfian modules and answer one of Hiremath's queries.

Recall that if M is.a right R-module then its
character module is defined to be the left R-module
*
M = Hom Z(M » @/2 ). It is well known that thé sequence

0 5 M 5 > Mg > O

— M

1

of right R-modules is exact if and only if the sequence
* .

*

0 — My > M,

of left R.modules is exact. (/ L,p.127_7, /[ R, p.57_7)

*
1

> M > 0

An application of this result will yield

*
2.3L1l's PROPOSITION.  Suppose pM is hopfian, then MR is co-hopfian.
Proofle Let ftM ——5M be a monomorphism. Consider the

exact sequence

f 9
0 > M > M > M/f(M)— O

whete g is the natural quotient maps

Then

0 ——> (M/£(M)) " —— W'— > M — 0
is also exactl
As M is hopfian f* is an isomorphism implying that
(M/£(M)) = O, Therefore, M/£(M) = O and so f is an

epimorphism's
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Dually, we have
*
PROPOSITION . Suppose RM is co-hopfian. Then MR is

hopfian'e

Proofle Dual to that of proposition. 2.3.1.

Next we study the situation under a change of rings. Let
8 : R—>T be a unitary ring homomorphism. Let M be a

left T-module. Regard M as a left R-module via 8.

PROPOSITION. (1 )RM cohopfian implies that M is
cohopfiante
(11 ) gM hopfian implies that (M is hopfian.
(III) If © is onto then the converses of

(1) and (II) hold.

EXAMPLEs  The converses of (I) and (II) in 2.3.3. do not
hold generally. Let R be a field and

S =;II;\'Ri where each R, = R. Regard R as a subring of S
via the map a ———> ( a,a,a, «ese )o As S 1is a reqular
ring, by 2.2.,10 and 2.2,.,12,S is cohopfian and hoofian
oQ;r itself. As S is an infinite-dimensional R-vector
space it is neither hopfian nor cohopfian over R.

In the next Proposition we use the terminology of

[/ St's, Chapter 2_7/.



2¢3e¢De

2.3%6'

94

PROPOSITION. Let S be a right denominator set in a ring
Re Let M be a S-torsion-free right R-module. If M [3‘1_7
is hopfian as a right R [5'1_7 -module then M is hopfian

as an R-module's

Proof. Let f:tM —— M be an R-epimorphism with kernel K.
As R[S‘lJ is flat as a left R-module, the induced map
M [5‘1_7———-) M ['S"'l_] is an epimorphism. The hypothesis

then implies that this map is an isomorphism. So its kernel

K [_5"1_7 = 0, As K is S.torsion-free it follows that K = O.

REMARKe The first example of a domain T such that MZ(T)
is not a directly finite ring is generally attributed to
Shepherdson / S:51_/(See also / H, pp.33-34 7). It follows
that T®T is not a d.f'e (left) T-module'. and hence not

a hopfian T-module. However, since T is a domain T'I‘ is a
hopfian module. This answers a query in [H=86, observation
after Proposition 6_7: whether M,N hopfian implies that

M ® N hopfian. The infinite analogue of this question
[H:86, same observation_/ has trivially a negative /answer:

an infinite dimensional vector space, a non-hopfian

module, is a direct sum of l-dimensional spaces.
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8 2.4, Orzech's condition and related properties

Orzech's results (Propositions 2.5.1 and 2.5.2
below) suggest the introduction of a property (called as El by us)
stronger than hopfianness. This property has a natural dual, Ml}
In the definitions below we shall introduce a number of related
properties. For a fixed module U, C will denote a class of

submodules of U,

2+4.1. DEFINITIONS. A module U has proverty E,C (Respectively,
EC, Eag)' i\f, whenever f: W =—— U is an epimorphism with

W belonging to C then f is an isomorphism (Resp.WzU, W = u).

24442, DEFINITIONSe. A module U has property Mlg (Respectively,
M,C, MJC) if, whenever f: U —> U/W is a monomorphism

with W belongig to C then f is an isomorphism (Resp.

W =0, UMW 5 U \

244'43s NOTATION. When C denotes the class of all submodules of
a module we shall drop the suffix C and talk simply of

properties El . Ml , E2 etcl

In the rest of this section we shall record some immediate
consequences of these definitions. No conditions on the rings are

assumed in any of these results's

244 .4« REMARK. Each of the properties Elg and Ezg irplies E3§.

Similarly, MLE and MZE each implies M3§P
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245 REMARK.  If a hopfian module has E,C then it has E,C. If

2

a cohopfian module has M,C then it has M,C,

2+.4.6. REMARK. Let D denote the direct summands of U. Then each
of the conditions E,D and M,D is equivalent to the direct

finiteness of the module U,

2.4.7. REMARK. Let X = E,, Ess M; or Mye If a direct sum U ® v

of modules has property X then each of them has property X.

2+4.8., REMARK. Every module of finite length has each of the

prooerties El, E2, Ml’ Mzw

Next we extend Corrollary 2.2.9.

2'¢4'¢9 ,THEOREMe Let C be a class of submodules of a cohopfian
module U. Suppose that U is Waprojective for each W in C,

Then U has prooerties E,C and E,C.

Proof's Let f:W —— U epic, where W€ C. Then by
the Weprojectivity of U we get a map g¢ U ——> W such that
fog = 1. Now g(U) < W £ U and g.is monic. As U is
cohopfian, we get é(U) = W = U. Thus g is an isomorphism
and hence f also is an isomorphism. Thus U has the asserted

propertiests

244 .10.COROLLARY » A quasi~-projective, cohopfian module has
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properties El and Ez.
Proof . Note that since U is U-projective U is W-oprojective
for each submodule W of U (See Proposition 1l.2.14).

This theorem has a dual ¢

244411 THEOREM. Let C be a class of submodules of a hopfian module
U. Suppose that U is U/W-injective for each WEC. Then U

has properties M;C and M,C.

»

Proof. Let W € C and fi:U —> U/W monic. Then we get a
map g:U/W —— U such that gof = 1y Let hiU — U/W be
the natural quotient map. Then goh:U ~— U is epic and so,
as U is hopfian, monic. 50 h is monic, W=0 and h = Ly

flence g and f are both isomorphisms.

244,12 ,COROLLARY. A quasi-injective, hopfian module has

properties Ml and Mzu

Proof's Note that since U is U-injective, U is
U/W-injective for each submodule W of U (See Proposition

142416)

-

2.4,13.NOTATION. In the next two propositions F = F(U) denotes
the class of fully invariant submodules of a module U,
(See Definition 1.7.4).

2+4'414 ,PROPOSITIN « A quasi-injective module has property E2£.

Proof' Let W € F(U) and f:W —> U an epimorphism. As
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U is quasi-injective there exists an endomorphism g of
U extending f. As W is fully invariant in U, it follows
that U = £(W) = g(W) < W, Hence W = U,

We have the following dual results
PROPOSITION. A quasi-projective module has property M2_Ij.

Proof. Let W¢F(U) and f:U ———> U/W a monomorphism.
Let htU ~—> U/W be the natural quotient map. As U is
quasi-projective there exists an endomorpﬁism g of U
satisfying hog = f« As W is a fully invariant submodule of
U we have g(W) & W, Hence f(W) = h(g(W)) = O, Since f is a

monomorphism we get W = O,
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% 2'e5le The Epimorphism properties

In this section we shall consider the "epimorphism

properties® E» E,y Ez, usually in the context of particular rings.
First, we recall Orzech's results. He extended 2:214 (1)as
foliows:

24541 PROPOSITION. [/ 0:71,Lemma 1_/ Every noetherian module
has property Elu
He deduced, using the technique of noetherian reduction,

the following extension of Vasconcelos' theorem'

2.542. PROPOSITION. [/ 0:71, Theorem l_/ Every finitely generated
( f.ge ) module over a commutative ring has E) .
Two results obtained by Flanders in / F:67_7 follow as

Corollaries of 2.5624

253 COROLLARY. Let R be a commutative ring, M a free R-module
of finite rank and N a free R-submodule of M. Then rankgﬁ
£ rank RM‘
2.5.4, COROLLARY. Let R be a commutative ring and M an R-module
generated by n elements. Supvose N is a free submodule of
M with rankRN = ne. Then M is a free R-module and

rankRM = n
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(There is an obvious misprint in the statement of this

result in Orzech's paper which we have corrected.)
Next, we look at a few examples.,

2is5'e5% EXAMPLE. Let V be a vector space. Let W be a subspace
of V and fitW —> V be an epimorphism. An application of
Schroder-Bern stein theorem to the bases of V and W shows
that V5:5_Wk So V has property Ege (A similar argument
shows that V has Msh)
In the next two examples P denotes the set of principal

left ideals of a ring R.

2.5¢6'e EXAMPLE. Let R be a non-zero domain which is not a division
ring. Then there exists a&R such that Ra# R and

Ra £, Re Thus pR does not have EsP.

25T\ EXAMPLEs Let R be a directly finite ring and f:Ra —> R
an epimorphisms Then there exists b in R such that
1 = f(ba) = bf(a). As R is directly finite we have
f(a)b= 1Y Therefore, for each y in Ker(f) we have: y=23,

zf(a) = £f(za) = 0, and so z =.zf(a)b.= O. Thus, f is an

isomorphism and LR has E,P.

2.5%8. EXAMPLE. Let R be a left artinian ring. Then every

fo.ge left R-module M is artinian and noetherian and hence
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of finite length's So M has properties El and E2

(also Ml and M2).

In the rest of this section we shall be mainly interested

in conditions under which RR has properties El and E2.

2459

24510,

2(.5‘. ll=.

2¢5613%

R

25414

PROPOSITION. If RR is a cohopfian module, then RR has

properties El and Ezk
Proof. This is a special case of 2.4.10.

COROLLARY. Let R be a directly finite, left p-injective

ring. Then RR has properties El and E2.
Proofle This follows from 2.2.10.

COROLLARY. Let R be a directly finite, regular ring.Then
for each element a of R the left ideal Ra has properties

El and E2~o

Proof'e In a reqular ring every principal left ideal is

a direct summand of RR; So this follows from 2.,5.10. and
2646 Te
COROLLARY. Let R be right and left self-injective. Then

R has properties El and Ezu

Prooflte This follows from 2.5.10 and 2.2.4.

properties El and E.l

Proof's This follows from 2.2.22 and 2.2.23%
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We shall denote the set of ideals of a ring R by

I; in notation 2.4,13 I = E( pR ) = E( Rg). There is an analogy

between quasi-injective modules and p-injective rings. This was

noticeable in propositions 2.2¢6 and 2.2.,10; it is again evident

on comparing 2.5.15(II) with 2.4.14. Part (I) of 2.5.15 is

actually Corollary 2.5.10. However, we shall give a self-contained

proofls

245615, PROPOSITION. Let R be a left p-injective ring, A a left

ideal of R and f¢tA ——> R an epimorphism.

(I)s If R is directly finite, then A = R (and f is an
isomorphism)'s

(II)e If A € I, then A = R. (Thus the module R (for R

a left p-injective ring) has E,I property.)

Proofse Let g be a splitting of f and let a = g{1). Then
the restriction h of f to Ra is an isomorphism from Ra
to Re As R is a left p-injective ring the map h is

-~

given by the right multiplication by an element z of R.
"Hence we have 1 = h{a) = az.

Case (I) If R is directly finite, then 1 = zae€Ra.
So A = R, This proves part (I).

Case (II), If A is an ideal of R, then 1 = az €A. So

A = R. This proves part (II).
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Next we consider duo rings in the context of the
property E;; the E2 property for pR does not hold for any
commutative domain which is not a field's (2.5.6)'« We prove that
if R is a left duo ring then every cyclic left R-module has
property El' This will be deduced from a proposition giving
sufficient conditions for a"duo" left ideal to have property El’

The left annihilator of a subset S of R will be denoted by 1(S).

2516« PROPOSITION. Let A be a left ideal satisfying
AN1(A) = O, Suppose that, considered as a ring (possibly)

without identity, A is left duo's Then gA has property El.

Proof's Let BLA and f:B —3> A an epimorphism with
kernel K. As A is left duo, KB £ KA {K. Therefore,
KA = f(KB) = O, So we get K< AN1(A) = O, Hence f is an

isomorphism,

2.5.17 REMARK. We shall show in & 2.7 below that the

annihilator condition in 2.5.16 cannot be omitted.

2'.5's18' PROPOSITION. Let R be a left duo ring's Then gR has
property Ef.

Proofls Take A = R in proposition 2.5.16.

2519 THEOREM. Let R be a left duo ring. Then every cyclic

-+

left R-module has property El2
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Proofs Let R be a left duo ring and M = R/B be a cyclic
left R;moduleb Let N = A/B be a sub;module of M and let
f¢tN =—> M be an R;epimorphismu Then B is an ideal of R,
the ring R/B is left duo and f is R/B;linear. So by
2.5.18 f is R/B ;isomorphismh So M has Elk

It follows from the above results that if R is either left
noetherian (2.5.,1), left duo (2.5.18), directly finite and left
p:injective or strongly 7§;regui;r (245410 and 2.5.14) then
gB has El' An example of a ring R such that gR is hopfian but

does not have El must therefore lie outside these classes of

ringse. Such an example will be furnished in 2.5.22 below.

Recall that a domain R is called a left Ore domain if for
all nonlzero a, b in R we have RaiRb # O / St., p.52_7.
Commutative domains are trivially Ore. Left noetherian domains
are left Ore. (See / St'+,p.53_Z) In the theorem below we shall
show that for domains the three properties (I)R is left Ore,

(II)gR has E,, and (III)RR has Ej are equivalent'

2,520, LEMMA.  Suppose a is a right non-zero divisor in a
ring R such that RR is an indecomposable module with
property E3% Then Ra is an essential left ideal of R,

- v

Proof. Let RaflRb = O. As a is a right non-zero-divisor
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the mapping defined by f( xa*yb ) = x is an R-epimorphism
from Ra+Bb onto R. So by property E; we have R £, Ra ® Rb.

By the indecompasability of RR’ we get Rb = O,

THEOREM. Let R be a domain. Then the following conditions
are equivalents

(1) The ring R is a left Ore domain'

(2) gR has property E,.

(3) zR has property Eg.

Proofs Let R be a left Ore domain. Let A be a left ideal
of R and ftA —3» R be an epimorphism. Now, f splits and
so A =Ra @ B. Since R is left Ore, Ra is essential in
R Hence B =0 and f is an isomorphism. This proves

(1) implies (2)f The implication (2) implies (3) is
trivigl and it follows from the lemma above that if R is -
a domain having property E3 then Ra is essential in R

for each non-zero element a of R. This completes the
proofl

EXAMPLE. We show by an example that gR hopfian does
not imply that pR has E; and that (unlike hopfianness)
RR has El does not imply that RR has El' Let f: K= K

be an endomorphism of a field K which is not onto. The
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skew polynomial ring R = Kf[7K47 is a right ore domain
which is not left Ore [fSt., p.53;7. Thus R is a d.f. ring.

Rp has E; but pR does not have E, , by the above theorem.,

8 260 The monomorphism properties

In this section we shdll consider the
monomorphism properties Ml’ M2, M3% After dualising a result of
Orzech and proving some results for duo rings we shall prove a
theorem showing the equivalence of various conditions for a left

p-injective ring'e
First, we shall dualise 2.5.1.
2.6l 1l PROPOSITION. Every artinian module has M, .

Proofle Let U be artinian, W a submodule of U and

f:U ——> U/W be a monomorphism. Suppose that Im (f)=Tl/W
with W&T, U, Let £(T;) = T,/W, say, and continuing
define f(Ti) = Tiﬂ/ijhus we get a decreasing sequence
of, submodules containingW :

Tl>/T2)) ooo.ooTi>/ Ti+l" *

As U is artinian this series must terminate's So, let

Tn B Tn'*'l'. Then f(Tn;l) = f(Tn)K As f is a monomorphism,
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we get Tn;l = Tn. Continuing this argument we finally get

U= Tl, ieee, f is an epimorphism.

It is possible to give a direct proof of the next result.

However, we shall derive it as a corollary of 2.4.15.

2¢6020

24643

PROPOSITION. Let B be left duos. Then every cyclic left
R;module has property M2.

Proof. Let U be a cyclic left R;module. Then U = R/A )
where A is a left ideal and hence an ideal of R. It follows
that U is quasi-projective over R. (see, e.g., I+ (V) =

[ RV : 72, Corollary to Lemma 4.1 /). Let W be a submodule
of U. Then W = B/A where B is a (left) ideal of R. Now
each R;endomorphiSm of U= R/A is given by right
multiplication by an element of R. Hance W is a fully

invariant submodule of U. It now follows from 2.4.15 that

U has property M,.

COROLLARY. Suppose R is left duo and strongly RX-regular.
Then every cyclic left R;module has properties Ml and M2.
Proofly Let U be a cyclic left R;module,w a submodule of

U and f:U —— U/W be a monomorphism. As U has property

M, (by propositioﬁkwe have W = O, By Proposition 2.2.22
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U is cohopfian and so f is an isomorphism. Thus U has My

as well,

2.6¢4c COROLLARY. Let R be a commutative zero-dimensional ringe.
Then every cyclic R-module has oroperties M, and M2.

(See 2.2.21)

Recall that if R is a regular ring then R is strongly
reqular- if and only if R is left (or right) duo if and only if

R is reduced (/ St., p.40_/).

2.6+5. COROLLARY. Let R be strongly regular. Then every cyclic
left (or right) module has properties M, and M,.
In the final result of this section we shall prove the

equivalence of some E and M properties for a left

p-injective ring.

2.6+6'« THEOREM. Let R be a left p-injective ring. Then the
following conditions are equivalent.
(1) gR has properties M; and M,.
(11) gR is cohopfian. .
(111) gR has properties E; and E,.
(1v) gR is hopfiane

Proof's Since the El prooerty is stronger than hopfianness



109

and the Ml property implies cohopfianness we get the
implications (I) implies (II) and (III) implies (IV). (II)
implies (III) holds for any ring by Proposition 2.5.9.
Now, assume (IV) and let f: R — R/A'be a monomorphism,
where A is a left ideal of R. Suppose f(l) = 3« As f is
monic, it follows that 1(a) = O.(Here 1(a) denotes the left
annihilator of a.) Since R is left p-injective, it follows
(see, for example, theorem 1 in L-IN:54_7)that

aR = r(1(a)) = R. As R is directly finite (2.2.12) we get
R = Rae. Now let z be an element of A. Write z = xa. Then
f(x) = xa = O shows x = O, and so z = O. Thus A = O and
RR has property M2. As R is directly finite, left
p;injective, by Proposition 2.2.10 the map f (R — R)

must be an isomorphism. This completes the proof of the

Theorem.
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§ 2.7, Rings with hopfian (cohoofian) ideals

In [ﬁ:BQRemark 7_7'Hiremath asks whether M hopfian
and N a submodude of M implies that N is hopfian. We answer this

question in the negative in 2.7.1. below.

2.7.1. REMARKS. (I). Let R be a ring and M a left R;module.
Consider S = R ®© M, made into a ring by defining
(a,m){b,n) = (ab, antbm); (1,0) is the identity of tliqis
ring's Now M becomes an ideal of S through the embedding
j:mp—> (O,m). The maps f:R —=> S, f(a) = (a,0) and
h:S —— R, h(a,m) = a, are ring homomorphisms such that
hof = lp, the identity map of R. Clearly, S is directly

finite if and only if R is.

Now any R-submodule U of M becomes an ideal of S via j.
Moreover, for R-submodules U,V of M any R;linear map
g:V —> U is also left and right S-linear. (%ince S acts

on U,V via the map h, for (a,m)€S, v€V we have

g((a,m)v) = g(av) = ag(v) = (a,m)g(v£>

—

It follows that U has Ei as an R-module if and only if

U has E; as a left (or right) ideal.

(II)'s Consider the following special case of (I). Let M

be a cohopfian R-module which is not hopfian, for example,
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M= Z(pw) over the ring Z. Then in the ring S = Z ® M, M
is a cohopfian ideal which is not hopfian. As SS is a

hopfian module this answers Hiremath's query in the negative.

(III). Another special case of (I) is furnished by choosing
R =K, a field and M an infinite;dimensional vector space.
Then the ideal M im S = K @ M is neither hopfian nor
cohopfiane. It follows that it does not have either El or Ml‘
Noticé that S is a loceal ring with a unigque prime ideal M.
As S is zero;dimensional every cyclic S;module is

cohopfian, by 2.2.21 and 2.2.22. This example also shows

that the annihilator condition in 2.5.16 cannot be omitted.

2.7.2.REMARK. Consider the guestion dual to that asked by
* Hiremath?! are quotients of cohopfian modules necessarily
cohopfian ?
The following example shows that the answer is negative.
Let R=Z and T = TTZ/pZ where p varies over the set of all
primes. It is known that N =@ 2Z/pZ is the torsion sub-group

of T and T/N is a torsion free and divisible group.

Therefore, T/N is an infinite-dimensional vector space over

v

Rl

Q and so is not cohopfian as a Q-module and as a Z-module's

Now let f¢ T —=> T be a Z-monomorphism (or a Z-epimorphism)'e
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Consider 2Z/pZ as a sub-group of T in a natural manner. It
follows from the considerations of p;torsion that £(2/pz) C z/pZ.
for each prime p's Hence the restriction of f to each Z/pZ
is an isomorphisme. So f itself is an $somorphism. So T is

hopfian as well as cohopfian as 'a Z-module'.

Next,we give a sufficient condition for each left ideal of a

ring R to be hoofian,

PROPOSITION. Let R be semi-prime, left duo (equivalently,
reduced, left duo). Thenevery left ideal of R has prooerty
El and so is hppfiane

Proof. Let A be a left ideal of R and let T = ANIL(A).

2

Then T = O, As R is semi-prime, this implies that T = O,

So by Proposition 2.5.16 RA has property El%

REMARK. Neither semi-primeness (example in 2.7.1 (III))
nor left duo property (Example 2.5.22) can be omitted from

the hypotheses of Proposition 2.7.3.

Our next aim is to show that if R is a left duo, left

p-injective ring then every left ideal of R is cohopfian. We shall

tirst introduce some terminology modifying Baer's completeness

terminology's (See Section l.l.)
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DEZFINITION. Let I be a left ideal of a ring R. Ye say a

left R-module M is I-pbseudo-complete if any R-monomorphism

I = M can be exgended to a R-homomorphism R —— M.

DEFINITIONs Let S be a subset of a ring R. A left

~

R-module M will be calledlg:pseudo-complete if for each

a in S, M is Ra-pseudo-complete.

PROPOSITION. Let A be an left ideal of R. Supoose that
(1) every left ideal of R properly contained in A is an
ideal of R and (II) gR is{RLpseudo-complete. Then pA is
cohopfian

Proof. Let f: A ——> A be an R;monomorphism. Let, if
possible, a €A, a ¢ £(A). By hypothesis (I), f(A) is an
ideal of Ro, Let y = f{a). Let h: Ra —> Ry be the
restriction of f to Ra. Then h is an isomorphism with
igverse k¢ Ry —> Ra, say's It follows by hypothesis (II)
that k is given by right multiplication by an element z in
Re So a = k(y) = yz € £f(A), as f(A) is an ideal. This
contradiction proves that f must be onto, i.e. an

isomorphism

COROLLARY. Let R be a left p-injective, left duo ring.

Then each left ideal of R is cohopfian's
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2s7'49's COROLLARY (Birkenmeier / B : 76_/) Each ideal of a

commutative self-injective ring is cohopfian.

For the definition of a strongly regular ring see 2.2.20.

L]

27 10.,THEOREM. Let R be a strongly regular ring. Then every left

(right) ideal of R is hopfian and cohopfian'e

Proofle It is known [/ St., p.40_/ that strongly regular
rings afe regular, reduced and left and right duo. So by
Proposition 2.7.3 every left (right) ideal of R is hopfian.
Regular rings are left and right p;injective. So by
Proposition 2.7.8 every left (right) ideal of R is

cohopfian as well's
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