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(r, r')-FREE BORDISMS, CHARACTERISTIC 
NUMBERS AND STATIONARY POINT SETS 

S. S. KHARE* (Shillong) 

Introduction 

C. N. Lee and Wasserman [7] developed the notion of characteristic numbers for 
G-manifolds and proved their G-bordism invariance. In [2] we defined characteristic 
numbers for an unoriented singular G-bordism and proved their invariance with 
regard to singular G-bordism. The case of oriented singular G-bordism is considered 
in [3] and [4]. One of our primary aims in this paper is to develop these notions for 
(F, F')-free singular bordisms, F'cY being families of subgroups in a finite group 
G. (For definition see [6]). In [2] we tackled this problem for some special pairs of fa- 
milies (for so called "almost adjacent" pairs). In an effort to consider more general 
pairs of families, we get an analogue of Stong's result [6, Proposition 2] for finite 
abelian groups in w In this section we prove that if (M", 0) is a G-manifold with 
stationary point free induced action of the subgroup G~, then (M", 0) is a G-boundary, 
G a finite abelian group. Lastly in w this analogue has been used to show that if the 
fixed point set F of G2 in M" is nonempty and if F has an equivariant trivial normal 
bundle in M", then (M", 0) is a G-boundary. 

The author wishes to thank Dr. P. Jothilingam and Dr. R. Tandon for several 
helpful discussions and Dr. Kalyan Muldaerjea for this helpful comments. I am 
indebted to Prof. R. E. Stong for his invaluable suggestions. 

Characteristic numbers for an almost adjacent pair (F, F') 

Let G be a finite group and Xbe a G-space. Let h* be an equivariant cohomology 
theory and h, be the associated equivariant homology theory [1] given by h*=H*A 
and h, = H,  A, where A is a functor from the category of G-spaces and G-maps to the 
category of topological spaces and continuous maps, H* is the singular cohomology 
theory and H,  is the associated singular homology theory. Let 

( , ) :  h*(X; G) @ h,(X; G)-~ H,(pt.) 
H*(pt.) 

be the Kronecker pairing. 
Suppose for each compact G-manifold W there exists a class [W, OW]E 

Eh,(W, OW: G) such that 
a) [W1U W~, OWIUOW~I=[W~, OWll+[W~, 0W~] 

and 
b) O,[W, OW]----[OW I. 

Such an element [W, OW]Eh,(W, OW; G] is called a topologicalclass of W. 

* The author was partially supported by D. A. E. grant. 
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Following Stong [5], a family F in G, is a collection F of subgroups of G such 
that (i) HEF implies that all the subgroups of Halso belong to F (ii) HEF implies 
that gHg-~EF, VgCG. Let F'cF be families in G such that each member of 
F---F" is maximal in G. Such a pair (F, F') is called a pair of almost adjacent families. 

For any subgroup H o f  G, let K = + ,  N being the normalizer of Hin  G. Let Fn(X) 

be the set of xEX such that hx=x, VhEH. Consider the action of K on F~(X) by 
(gH)x =gx. IZet EK be the total space of the universal K-bundle. For a pair (F, U)  
of almost adjacent families, consider the equivariant cohomology and equivariant 
homology 

h*(X; G ) =  �9 H*((EKXFH(X)/K; Z2) 
H 

h.(X; G) = + H.((EK• Z~), 
H 

the summation is over the set of all representatives of the conjugacy classes of sub- 
groups H in F - F ' .  Let X be a G-space and [M", OM", r O,f] be an element of 
(F, F')-free bordism group ~,(G; F, F') (X) [5]. Then 

k n . h.(M"; G) ~ 0 @ H.(F~(M )/K, Zy), 
H k = O  

where F~(M") is the union of k-dimensional submanifolds in F~(M"). We define 

a topological class [M, OM] of M" in h.(M",OM"; G) to be @ @ a~ 
H k = O  

H k n . where akEHk(F~(M)/K,Z~)is the fundamental class of F}(M")/K. Let 
uEh*(XXB(O, G),; G). Let zMn: M'~-+B(O, G), be the tangent map .  

DEFINITION 2.1. We define the u-characteristic number of an (F, U)-free element 
(M", OM", rp, O,f) by ((fXzMn)*(u), [M, OM])EZ~. 

Regarding the bordism invariance, we establish 

THEOREM 2.2. [M", OM", q~, O,f]C~,,(G; F, r ' )  (Jr) is zero i f  and only i f  all the 
u-characteristic numbers (corresponding to the theory h*) of the (F, f)-free element 
(M", OM,, ~, O, f )  are zero. 

PROOf. The G-equivariant map f :  M"-*X gives K-equivariant map f :  F~(M")-~ 
+F~(X). Let 

,H. F~(M") -+ FH(B(O, N),)-k) l k �9 

be the normal map. In fact the image of v~ will be contained in/;/~(B(0, N),,-I~) the 
union of path components of pEFn(B(O, N),,_k) for which the fibre (7)'-k)p at/> 
contains no trivial H-representation, 7,,-k being the universal real N-vector bundle. 
Let all: F~(M")-+El( be the cover of the classifying map for K-brindle F~(M 0 -~ 
-~(F~(MO)/K. Letf~ be the map obtained from ~X(fX) '~ )  on passing to quotients. 
This gives the map 

~: ~,(G; F, F')(X) ~ �9 + xk((EKX {FH(X)XF'n(B(O, N)~_k)})/K) 
1f  k = O  
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defined by 

q ([M", aM", ~o, O, f])  = (~ $ [F~ (M")/K, f~]. 
H k=0 

We know that g is an isomorphism [5] and thus [M", OM ~, ~o, O,f] is zero if and only 
ff [F}(M")/K,f~] is zero, Vk and H. Next the group h*(X• G), ; G) is iso- 
morphic to 

@ 0 [H*((EKX{FH(X)XF~(B(O, N),_k)})/K; Z2)| Z~.)]. 
H k = 0  

Also (fxzM,,)*=-@ (~ (f~xz~)* where ,~: F}(M")/K--,-BO k is the tangent map. 
H k=0  

Thus the u-characteristic number 

( (SXzM ' ) * (U ) ,  [M, aM]) ((~ @ " H , @ ak ) = (fk XZk)*(Uk)> @ n 
H k = O  H k = 0  

where u~ is given by u= @ + u~. This together with the fact that [M', aM", ~o, O, f l  
/J k=O 

is zero if and only if [F~ (M')/K, fff] is zero gives the theorem. 

An analogue of Stong's result and characteristic numbers for 
a more general pair of families 

So far we confined ourselves to a pair of almost adjacent families. In an effort to 
get rid of almost adjacent families as much as possible, we come across an analogue 
of Stong's result [6, Propositiol~ 2] for general groups. For this let G be a finite abelian 
group and/7  be the family of all subgroups of G. Let F ' c F  be families in G such 
that there exists an element a in G of order 2 such that 

(1) HC F'=,[HU {a}I~ F', 
(2) a r H, VHC V -  r ' ,  
(3) the intersection S of all the members of F - F '  is in F--F'. We call such 

a pair of families an admissible pair with respect to aC G. 

EXaMVr:E 3.1. Let G be a finite abelian group of even order given by GENII, 
u 

where H i s  a finite group of odd order and G2= )< (Z2i)",. Let Fk={UX V: Vis a 
i=1  

subgroup of H and U is a subgroup of G ~ not containing Z~--[fi, ..., 5,], 1Nk<=7~ 

where tl, ..., t> generate (Zz)% 7, = ~ n,}. It is simple to see that (Fk+z, Fk) is 

an admissible pair with respect to tk+~. Here by F~r+, we mean the family of all 
subgroups of G. 

THEOREM 3.2. I f (F ,  r9 is an admissible pair o f  families in G with respect to a, 
then a (F, F')-free element in z,(G; F, F') is zero as an element of  z,(G;/7,  F'). 

PROOF. It is enough to show that the homomorphism i,:  z,(G; F, F')-+ 
-+z , (G; / / ,  U)  induced from the inclusion i: (F, F')-~(/7, F') is the constant homo- 
morphism. Let [M, 0] be an element o fz , (G;  F, F'). Let F b e  the closed submanifold 
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of M consisting of all points of M fixed by S, S being the intersection of all the mem- 
bers of F--F'. Let v be the normal bundle of the imbedding of F in the interior of 
M and let D(v) be its disc bundle with the action 0* of G on D(v) induced by the real 
vector bundle maps covering the action 0 on F. Since F is the fixed point set of S, 
a~H, V H ( F - F '  and no point of Fis  fixed by the subgroup [SU {a}] generated by 
SU{a},a will act freely on F and hence on D@). Let F'-=F/[al and D ' ( 0 =  
=D(v)/[a]. Since G is abelian, the actions 0 and 0* on F and D(v) induce actions O" 
and 0"  on F" and D'(v), respectively. Consider the quotient maps ql: D(v)~D'(v) 
and qz: F~F'  which are equivariant and double covers over D'(O and F', respec- 
tively. Let C~ and Co, be the mapping cylinders of q~ and q~ and ~k* and ~ be the 
induced actions on C~ and C~, respectively. We havethe following commutative diag- 
ram 

Ca -s D' (v) 
o! 
C2 ~ .... F '  

where a: CI~C~ is the map induced from v': D'(v)~F' by going to mapping 
cylinder. It is simple to see'that 0C2 ~ F and the action ~ on a-1(0C2) is isomorphic 
to the action 0* on D(v). Consider W=MX[0, 1] U C1/,-~ where ~ is the equivalence 
relation obtained by identifying D(0X {1} with ~-1(0C2). Let the action O of G on 
Wbe given by O[M'NI=Ox1 and OIC1=O*. Take V to be 

(OMX I) U (MX {1} - ( D  (v) X {1}) ~ U (OCz- (c~-1 (OC~))o) 

where 0 is the interior operator. Clearly V is (F', F')-free and OW is isomorphic to 
MU V by identifying 0 Vwith 0M. This shows that [M, 0] is zero in g, (G;/ / ,  F'). 

TI-IEOREM 3.3. Let F be a family in a finite abelian group G such that there exists an 
element a in G of  order 2 with [a] ([ F, [a] being the subgroup of  G generated by a.Then 
the homomorphism i,: x,(G; F)-~x,(G; 11) induced groin the inclusion i: k-~11 is 
the zero homomorphism. 

PROOF. Let [M, 0]Eg,(G; F). Since [a] qF, a will act freely on M and therefore 
the quotient map q : M-~M/[a] will be a double cover over M/[a]. Let C be the mapp- 
ing cylinder of the double cover with the induced action ~ of G on C. Clearly the 
boundary OC is isomorphic to M with OIOC=O. Consider W=MX[0, 1]UC/~ 
where~is the equivalence relation obtained by identifying MX {1} with OC. Let the 
action O of G on Wbe given by OIMxl=OX1 and OIC=O. Clearly O(W, O)= 
=(M, 0). This shows that [M, 0] is zero in z,(G; H). 

Let G be a finite abelian group and P be the family of all proper subgroups of 
G. Suppose F" is another family in G such that there exists a chain of families 
F'=F~c...cF,+~=P with (Fi+l, Fi) being an admissible pair of families with 
respect to an element a~, i=1 . . . .  , r. By repeated application of Theorem 3.2 one 
concludes that the homomorphism j ,  : z,(G; 11,F')-+n,(G; II, P) induced by the 
inclusion j :  (11, F')~(11, P) is a monomorphism. Therefore we can give charac- 
teristic numbers for an (11, F')-free element, since (Jr/, P) is an almost adjacent 
pair. In this case we define equivariant homology and cohomology as h,(X; G)= 
=H,(FG(X); Z~) and h*(X, G)=H*(F~(X); Z2), for a G-space X, F~(X) being 
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the fixed points set of X under G. Thus corresponding to the equivariant homology 
and cohomology defined as above, using Theorems 2.2 and 3.2, one gets the following 

THEOREM 3.4. An (1I, F')-free element in x,(G; 17, F') is zero i f  and only i f  all the 
characteristic numbers are zero. 

Special cases. We will consider two cases G = Z~ and G-= f (  (Z~ i)", ;< H, H being 
i = 1  

any finite abelian group of odd order and each element of H commuting with each 

element of )~ (Zzi)",. 

Case 1: G=Z~=[tl,  ..., tk]. Let F~= {U: U is a subgroup of Z~ not containing 
Z~ =[tl, ..., ti], 1 <=i<=k}. It is easy to see that (Fi+l, F~) is an admissible pair with 
respect to ti+l and F c F 2 c . . . C F k = P .  Therefore by repeated applications of 
Theorem 3.2 one infers that the homomorphism 

Jl,: ~,(Z~; /7, F1)~  x,(Z~; H, P) 

induced from the inclusion Jl : (H, F~) ~(H, P) is an injection. Also [fi] ([ F1, there- 
fore by Theorem 3.3 the homomorphism 

J2,: ~,(Zk; H ) ~  x,(zk; H,/"1) 

induced from the inclusion J2: (H, ~b)~(H, F1) is a monomorphism. Thus 
j , :  z,(Z~; H)~n, (Z~;  H, P) is a monomorphism, j:  (H, ~o)~(//, P). Let us define 
the equivariant homology and cohomology as follows: h,(X, Z~)=H,(Fz,~(X); Z~) 
and h*(X; Z~) = H*(Fz,;(X); Z2), where H,  and H* are singular homology and 
cohomology, respectively. Using the monomorhism of 

j,:  ~,(z~; 11) -~ ~,  ( z ~ ; / / ,  P) 

and Theorem 2.2 for the almost adjacent pair (//, P), one immediately gets 

THEOREM 3.5. A/ / - f ree  element in g,(G; 1-1) is zero i f  and only i f  all its charac- 
teristic numbers (corresponding to the theories h* and h, defined as above) are zero. 

Case IL" G is a finite abelian group of even order given by G 2 X H where H is a 
r 

finite group of odd order and G "~ is the 2-group X (Zzi)"~. Let P be the family 
,=~ 

of all subgroups of G of the type UX V where V is a subgroup of H and U is a sub- 
r 

group of G 2 not containing G2=(Z~)r~ , 7,= ~ n i .  Let (Z2)r, be generated by {tk}, 

1 <=k~7~. 

THEOREM 3.6. The following sequence is exact: 

0 -~ ~,(G; n)A~* z,,(G; n , P )  ~ ~,(G; P) -+0. 

PROOF. By Example 3.1, (Fk+~,/'k) is an admissible pair with respect to tk+l, 
l <=k<=7~. Therefore by repeated application of Theorem 3.2, one infers that the 
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homomorphism 
(A),: ~,(a; n ,  r o  -~ ~,(G; n, 1 ~) 

is a monomorphism, A: (H, F1)~(/-/, P). Since [tx]~F1, using Theorem 3.3 we get 
(Jz), : ~,(G;//)-*~.(G;/-/ ,  F~) to be monomorphism, A: (//, ~o)-*(H, F~). Thus the" 
inclusion j: (11, 9)~(H, P) induces monomorphismj,.  This completes the poof of 
the Theorem. 

: COROLLARY 3.7. Let (M", O) be a G-manifold and the induced action of  the sub- 
group Gz be stationary point free. Then (M", O) bounds as a G-manifoM. 

The stationary point set FG~(M") 

As in Case II of w let G=G2• be a finite abelian group of even order where 

H is an odd order group and G2: X (Zj)"~. Let us denote the subgroup (Z2)~r by 
i=1 

by G~, ;~r= ~ ni. Let R be the field of real numbers and GL(R,j) be the set of all 
i=1  

isomorphisms of the vector space R j onto itself, j = 1, 2. Any irreducible real represen- 
tation of G will be either one dimensional or two dimensional. Let ~oJ: G-~GL(R, j) 
be any nontrivial irreducible real j-dimensional representation of G, j = 1, 2. 

TIqEORI~M 4.1. Ker ~o ~ contains a subgroup of G isomorphic to (Ze)~r-1. 

PROOf. It is simple to see that the image (oJ/G 0 is either the trivial subgroup or is 
the subgroup consisting of just two elements, namely the identity element and the 
isomorphism 0: RJ-~R j given by O(x)---(-1)x, for eve~ xER j. Therefore 
Ker (o,J/G2) is either Ge itsetf or is isomorphic to (Z2)~ -1. 

Let (M", 0) be a closed G-manifold and F:FG~(M" ) be the stationary point set 

of M" under the subgroup Ge. Consider the decomposition F =  @ F z where F z is the 
/=0  

/-dimensional component. Let D(vz) be the normal disc bundle of F z in M" with the 
induced action 0~. Let H be the family of all subgroups of G and P be the family of 
subgroups of G &the type U•  V where Visa subgroup of Hand  U is a subgroup of 
G ~ not containing G2. 

DI~FINmON 4.2. F is said to have an equivariant trivial normal bundle in M" if 
G/Ge acts trivially on F and there exists some positive dimensional real G-representa- 
tions (Wl, (Pl) such that in z.(G, H, P) [D(vi), 0t] = [FZ][D(Wz), ~Pt] where D(W~) 
is the unit disc of W~. 

Given a real representation ~o: G-~GL(R,j) of G one gets a j-dimensional 
vector space R ~ over R with the action ~:  G• j given by O(g, x)=o(g)(x). 
We say (R j, ~) a representation space of G or by abuse of language, a representation 
of G. Let {(Vk, Ok)}l_<-k_-<m be the finite set of all nonisomorphic nontrivial 
irreducible real representations of G. Let Z + be the set ofnonnegative integers. Given 
any map f :  {1, ..., m} ~ Z  + one has a real representation (V(f), ~b (f)) of G given by 

V(f)= G (Vk, Ok) f(k) where (Vk, ~bk)Y(k) is the direct sum of f (k )  copies of(Vk, ~Jk). 
k = l  

Let us denote the unit disc and unit sphere of V(f) by D(f) and S(f) ,  respectively. 
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THEOREM 4.3. I f  F has an equivariant trivial normal bundle in (M", O) then it is the 
boundary o f  some manifold and (M', O) itself is the boundary of  some G-manifold 
(U, 0). 

PROOF. Since F has an equivariant trivial normal bundle in M", we have 
[D(vt), 01]=[F~][D(W~), qh] for some positive dimensional real representations 
(W~,ep,) of G. Also (W~, (ol)=(V(f~), ~b(fi)) for some map f :  {l, :.., m}-~Z +. 
Therefore [D(vl), 0~] = [Fl][D(f), ~b(ft)]. Let j . :  u.(G;//)-~:4,(G;/7,  P) be the 
homomorphism induced by the inclusion j :  (/7, ~)~(/7,  P). We have 

j.[h4", 01 = ~ [D(vt) , Oil = ~ [FI][D(ft), 0(fz)]. 
I = 0  l=O 

Therefore from Theorem 3.6, one gets 

n 

(O.j,)[M n, O] = O. Z [Ft][D(f), ~(f~)] = ~ [Fl][S(fl), ~b (.f~)] = 0 
t=O ! = 0  

in z ,  (G; P). Therefore there exists a P-free G-manifold (D, ~/) such that 

(1) (OD, ~) = ~ (U• ~(f))) 
I = 0  

Since each (Wz, qh) is a positive dimensional real representation of G, there 
exists a member k(l) in the set {1, ..., m} such that fl(k(1))r By Theorem 4.1 
there exists a subgroup Hk(0 of G isomorphic to (Z~)~r-~ fixing Vk(l). Let us fix some 
fl, O~fl<-n. Let Ak(p) be the largest subset of {1, ..., m} such that Hkr fixes Vj, 
jEAn(p). Let Ak(p) be the disjoint union of Bk(p) and C~(~) where Bk(B) consists of all 
j~Ak(p) such that V1 is one dimensional and Ck<p) consists of all jEAk(~) such that Vj is 
two dimensional. Let 

Z A(J)+ Z 2f i(J)=A(l ,  fl)C Z+. 
J E Bk(~) J E Ck(l 0 

Since f~(k(fl))r and Ak(~) contains k(fi), A(fl, fi) cannot be zero. From (1) we get 
rt 

(2) ~:.~,~>(OD, ~) = ~:,~, (i~0 (F' • (S(~), ~ (~)))). 

Suppose FH~{o)(D)=F* and Z~,p~Z be the complement of ilk(e)in (Z~)7~. Then 
from (2) we have 

(OF*, ,71z~,~) = 0 ( t : l•  ~(I'~)-~, ~)) 
/ = 0  

where a is the antipodal involution. Since D is P-free, F* will have stationary point 
free action of Z2,p. Therefore [OF*, ~[Z2,~] is zero in r.,(Z~,p, F~) so that 

(3) 2 [FI][ S~(~'~)-~, a] = 0 
t = 0  

in ~,(Z~,r FO where F~ is the family in Z~,a consisting of only trivial subgroup of 
Zz,~. We know that :4,(Z~, F~) is the free z,-modu!e with generators {[S", a], n~Z+}. 
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Therefore (3)gives [Fa ]=0 ,  since A (fl, f l)~0.  By varying fi, one concludes that 
[FP]=0, /3=0, ..., 17. Hence [ F ] = 0  in z . .  Also 

�9 M n j , [  , O] Z [Ft][D(f ) ,  i/t ( f ) ]  = O. 
/ = 0  

By Theorem 3.6, j ,  is a monomorphism and therefore one infers that [M", 0] is 
zero in ~ , ( G ; / / ) .  This completes the proof  of  the Theorem. 

Combining Corollary 3.7 and Theorem 4.3, one infers that the fixed point data 
of  the subgroup G2 determines the equivariant bordism class of  a G-manifold (M", 0). 
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