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GENERALIZATION OF EISENSTEIN’S CONGRUENCE

P. JOTHILINGAM (Shillong)

We shall use the letter p to denote an odd prime number. Fermat’s little theo-
rem asserts that the residue of 2?~! modulo p is 1. Regarding the residue of 27~*
modulo p? Eisenstein [1], proved the following.

THEOREM A. For any integer 5, 1=s=p—1, let 5 represent the inverse class
of s mod p. Then

2?-1=14p(+3+...4p-2) (mod p?.

In this note, Eisenstein’s congruence is extended to include residue of 27-%
modulo p®. We state

—1
THEOREM B. Let p=>3 and define /.= . For any integer s, 1=s=p—1;

let § be a representative of the inverse class of s mod p*. Then

. . —~ A 2
277 =14 p( 434+ +p=—D—p? 2{95—%(;) 9;,_“1}25—1 {mod p%)
s=1

2
where (;] stands for the Legendre’s symbol and 0y, 0,, ..., 0, are the quadratic
residues mod p in a certain order. '

REMARK. Since p§=ps (mod p®), it is clear that Theorem A follows from
Theorem B.

PROOF OF THEOREM B. We start from the identity
o1 (wl)" * . 1(]25—1
45 1*7—%—3— = 2( D Pt

This identity is easily established through induction. Take n=p in this identity
and vse the fact that [p ) =2 (‘D o 1]; we get
s} s is-—-1
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Since [{: :i)z(—l)’“1 (mod p), the identity (2) implies that the numerator of

the fraction (in reduced form)

1
©) b= o= p 3 5

is divisible by p2. Multiplying the fraction (3) by [(p—1)!]* we find that p* divides

the integer

~ ~ ~ A’ 2 2 p—1
4 1-24+3—...—p— 1——p————p 2’ -1s

where § denotes inverse of s mod p.
But it is well known that {1]

1-34+3— . —p1=2(+3+...4+p-2) (modp?)
and that
124224, +p—12=0 (modp).
Using these informations in (4) we find that the integer

202
2(0+3+...+p— 2)-~—p——2p§2s 152

is divisible by p®. Cancelling the factor 2 and multiplying by p we find that
o~ o~ o~ =1
5) 22 = 14p(1+3+...+p—~2)—p? 3 22715 (mod p?).
s=1
- e ariter (2 ; {2 Avl—
By Euler’s criterion, 2(P~b= 3 (mod p) ie. 2'= > (mod p). Hence 2*t1=

2 2 2 )
=2 [—), 244202 (—), veey 2P 2=20P )2 (—) mod p). This implies
7 7 , (mod p) p

—1 A i —_— 4 4 —
FZ: 2s-1§2 — Z 25——1 §2+ Z‘ 2i+s—1(l+s)2 = 2 28—-1 §2+Z 25—1(%) ()'_*_5)2 =
=1 s=1 s=1 1 1

55{52 [ ](A-{—S)Z}ZS“I—Z’{ ( J(,l~s+l)2}7s 1 (mod p)

since A+s=—(A—s+1) (modp). Let 60,,0,,...,0, be the residues of 1% 22, ...
.., 22 mod p, in this order. It is clear then that 8,,0,, ..., 6, are the quadratic
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residues modulo p. Moreover, from what precedes,

-1 A
pzv 2s—1g2 = Z’ {Bs_f_(..z_) 0}.—5+1} 2s-1 (mod p).

s=1 =1 b

Using this in (5) we get Theorem B.
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