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PREFACE

In 1988, J.P. Zhang [27], in 1989, W. Feit and G.M. Seitz [7], and in
1991, R. W. van der Waall and A. Bensaid [24] independently settled the
well-known Syskin problem [17]. Syskin problem asserts that if G is a finite
group in which any two elements having the same order are conjugates, then
G must be either a trivial group or the cyclic group C5 or the symmetric
group S3. Since then several authors have investigated similar problems. In
1994, C. Li [15] has studied all finite groups in which any two elements of the
same order are conjugates or inverse conjugates. Given a finite group GG and
an element « € G, the set OS¢(x) = {y € G : o(y) = o(x)} is called the order
class of z in G. Most often, when there is no ambiguity, we write OS(z) in
place of OSg(x). Since any two conjugates have the same order, the above
mentioned property of a finite group G that any two elements having the
same order are conjugates can also be restated by saying that the number of
order classes and the number of conjugacy classes are same. In 2006, X. Du
and W. Shi [6] have studied all finite groups in which the number of conjugacy
classes exceeds the number of order classes by one. Keeping in mind the fact
that the size of each conjugacy class divides the order of a finite group, C.
E. Finch and L. Jones [8] have considered finite abelian groups in which
the size of each order class divides the order of the group and called such
groups as groups having perfect order subsets. They demonstrated several
methods for the construction of finite abelian groups having perfect order

subsets and also established a curious connection between such groups and



Fermat numbers i.e. numbers of the form 22" + 1, n > 0. In 2003, the same
authors [9] considered some of their results for finite non-abelian groups also.
In 2003, S. Libera and P. Tlucek [16] have also given some examples of finite
non-abelian groups having perfect order subsets. Recently A. K. Das [4]
considered arbitrary finite groups having perfect order subsets, and obtained
some interesting results along with a number of classes of non-abelian finite
groups having perfect order subsets using the idea of semidirect product of
finite groups.

In Chapter 1, we have collected some basic definitions and some results
form the theory of groups which have been used in the forthcoming chapters.
We also recall some results from the theory of numbers.

Let o be a set of primes. A natural number n is called a o-number if n
is a product of primes chosen from the set o. A finite group G is said to be
o-order conjugate or o-OC' if, whenever a o-number n is the order of some
element of GG, all elements of order n are conjugate in GG. In particular G is
said to be order conjugate (or OC) if ¢ O 7(G), the set of primes dividing the
order of GG. In Chapter 2, we study some properties of o-OC and OC-groups.
Some of the significant results are given below.

Lemma 2.2.1 Let G be a 0-OC group. Let x and y be p-elements of G where
p € 0. Assume that N < G and in the factor group G = G/N the images T
and i have the same order # 1. Then x and y have the same order.
Theorem 2.2.2 If G is a 0-OC group and N QA G, then G = G/N is also a
o-0C group.

Lemma 2.3.1 If G is an OC-group, then G does not have a subgroup N of

index two and even order.
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Theorem 2.3.2 If an OC-group G has a non-trivial subgroup N of index
two, then G = Ss.

Theorem 2.3.3 Let G be a 0-OC group. If Cg(t) has a normal Sylow 2-
subgroup, then G = Cy or Ss.

Theorem 2.3.4 The only non-trivial order conjugate groups are Cy or Ss.

Let G be a finite group and = € G. consider the order class OS(z) =
{y € G:o(y) =o(x)} of zin G. If |OS(x)| divides |G|, then G is said to
have perfect order subsets, or, in short, one says that G is a POS-group.

In Chapter 3, we study some properties of POS-groups. Some of the
results are given as follows.

Lemma 3.1.2 If G is a POS-group, then, for every prime divisor p of |G|,
(p—1) is also a diwvisor of |G|. In particular, every non-trivial POS-group is
of even order.

Given a positive integer n and a prime p, we write ord, n to denote the
largest non-negative integer k such that p* | n. ord,n is called the p-adic
order of n.

Proposition 3.1.3 Let G be a POS-group. Then the odd prime factors (if
any) of |G| are of the form 1 + 2%t | where k < ordy |G| and t is odd, with the
smallest one being a Fermat’s prime i.e. a prime of the form 22" +1, n > 0.
Proposition 3.1.4 Let G be a non-trivial POS-group with ords |G| = «. If
x € G, then the number of distinct odd prime factors in o(x) is at most «.
In fact, the bound gets reduces by (k — 1) if ordyo(z) = k > 1.

Proposition 3.2.1 Let G be a finite group. If |G| = 2k where k is an odd
positive integer having at least three distinct prime factors, and if all the

Sylow subgroups of G are cyclic, then G is not a POS-group.

111



Proposition 3.2.2 Let G be a finite group. If |G| = 42 x 43", r > 1, then
G s not a POS-group.

Theorem 3.2.3 Let G be a finite non-abelian group and p be a prime divisor
of |G|. Suppose that |Cg(x)| = p for all x € G. If G has more than one
conjugacy class of elements of order p, then G does not have perfect order
subsets.

Proposition 3.3.1 Let G be a finite group with |G| = p{'ps?...p.* where
a1, Qa, ..., QL are positive integers and 2 = py < pa < ...Dpk are primes such
that pp, — 1 = p"ps®...pp*F, k > 2. If G is a POS-group, then the Sylow
pr-subgroup of G s cyclic.

Proposition 3.3.2 Let G be a non-trivial POS-group. Then, the following

assertions hold :
(a) Ifordy |G| =1, then either |G| =2, or 3 divides |G|.
(b) If ordy |G| = ords |G| = 1, then either |G| =6, or 7 divides |G].

(¢) If ordy |G| = ord; |G| = ord7 |G| = 1, then either |G| = 42, or there
exists a prime p > 77659 such that 43%p divides |G]|.

Theorem 3.4.1 Let G be a group such that G = S3 x (Cs)t X M, where t > 0
and M is a cyclic group of odd square-free order not divisible by 3. If G is a
POS-group, then G is isomorphic to one of the following three groups:

(a) S3
(b) 53 X 02 X 07
(c) S5 x (Cy)? x Cs

v



In Chapter 4, we study some results on abelian POS-groups. Some of the
important results are as mentioned below.
Lemma 4.2.1 Let a, b and t be positive integers with b < a, and let G =
(Cpa)t, where p is a prime. Then the number of elements in G of order p° is
(P " = 1)
Lemma 4.2.2 Let p be a prime and M be a finite group (not necessarily
abelian) such that ged(p, |M|) = 1. Let G and G be two finite groups such
that G = (Cpa)' x M and G = (Cpas1)! x M, where a and t are positive
integers. Suppose that d is the order of an element in G and that p*tL does
not divide d. Then both G and G contain the same number of elements of
order d.

The following result helps in generating an infinite family of POS-groups.
Theorem 4.2.3 (Going-up theorem)
Let p be a prime and M be a finite group (not necessarily abelian) such that
ged(p, |[M|) =1. Let G and G be two finite groups such that G = (Cpa)tx M
and G = (Cpa+1)t x M, where a and t are positive integers. If G has perfect
order subsets, then G has perfect order subsets.
Proposition 4.2.4 Let M be the unique non-abelian group of order 21. Then
Co X M is a POS-group for each a > 1.
Theorem 4.3.2 (Chopping-off theorem)
Let p be a prime and M be a finite group (not necessarily abelian) such
that ged(p, |[M|) = 1. Let G and G be two finite groups such that G =
Char X Chaz X -+ X Choucr X (Coas)t x M and G =2 (Cpas)t X M, where
a; < ap < -+ < as_ 1 < ag are positive integers. If G has perfect order

subsets, then G also has perfect order subsets.



Theorem 4.3.3 (Going-down theorem)

Let p be a prime and M be a finite group (not necessarily abelian) such
that ged(p, |M|) = 1. Let G and G be two finite groups such that G =
(Cpa)t x M, t >0 and G =~ (Cp)t x M. If G has perfect order subsets, then
G also has perfect order subsets.

Suppose that G = (Cy)t x M, where |M]| is odd. Then G is called a
minimal POS-group if G has perfect order subsets and there is no proper
subgroup M of M such that (Cy)* x M has perfect order subsets.
Theorem 4.4.4 Let G be a finite abelian group of even order whose Sylow
p-subgroup is a cyclic group of order p for each odd prime p dividing |G|.
If G is a minimal POS-group, then G is isomorphic to one of the following

nine groups:
(a) Co
(b) (C2)? x C5
(c) (Cy)? x C5 x Cy
(d) (C2)* x C5 x C5
(e) (Cr)® x O3 x C5 x O3
(f) (Cy)® x C3 x C5 x Cy7
(g) (C9)'° x C3 x C5 x Ch7 x Cysy
(h) (C9)' x C3 x C5 x Cyz x Cysz X Chzion
(i) (Cy)3% x C3 x C5 x Cy7 X Cosy x Cessar

vi



In Chapter 5, we give some examples and non-examples of POS-groups.
Some of the results are given below:
Theorem 5.2.2 Let p be a Fermat’s prime. Let o, 3 be two positive integers
such that 2* > p—1. Then there exists a homomorphism 0 : Coa — Aut(Cps)
such that the semidirect product Cya Xg Cps is a non-abelian POS-group.

Theorem 5.3.2 The dihedral group

2

Dy, ={(z,yly"=1,2"=1, 2y =y 'z)

where n > 2 is a POS-group if and only if n = 3!, for some | > 1.

Theorem 5.3.3 The quasi-dihedral group

277171

QD,, = {(a, b|a® " =1, =1, ba =a®*" "*'b)

where n > 2™, m > 4 is not a POS-group.

Theorem 5.3.4 The semi-dihedral group
SD, = (s, t|s¥" =1, =1ts=5" "'t

where n = 2™, m > 3 is not a POS-group.

Theorem 5.4.1 The generalized quaternion group

m—1 m—2 _
Qn="(z,y|la* =1y =2 yz=a""y)

where n = 2™, m > 3 is not a POS-group.
Theorem 5.5.1 The special linear group SL(2,q) where ¢ = p™ for some

prime p and for some positive integer n is a POS-group if and only if
qg€{2,3,5,7,9, 11, 17, 19, 41, 49, 127, 251}.

vil



Proposition 5.5.4 The projective special linear group PSL(2,q), where q¢ >

3 1s prime, do not have perfect order subsets.

Proposition 5.6.1 Forn > 3, the alternating group A,, is not a POS-group.
We conclude with the observation that the theory of POS-groups being

a relatively new concept have enough scope for future research.

Viil
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Chapter 1

Preliminaries

In this chapter we recall some of the basic definitions, notations and conven-
tions from the theory of groups and the theory of numbers, which are used

in the forth coming chapters.

1.1 Some standard groups

In this section we recall some standard examples of groups. The groups which
play perhaps the most crucial role in this dissertation are the cyclic groups.
We write (), to denote a cyclic group of order n.
(A) The permutation groups

The set of all bijective maps on a set X forms a group under the composi-
tion of maps. This group is called the symmetric group on X and is denoted
by SymX. In particular, if X = {1, 2, ..., n}, then SymX is also denoted
by S, and is called the symmetric group of degree n. Clearly, |S,| = n!.



The group of even permutations of n symbols is called the alternating
group of degree n and is denoted by A,. The alternating groups of degree

greater than or equal to 5 form examples of an important class of groups

!
called the simple groups. Clearly |A,| = ey

2
(B) The dihedral groups
A dihedral group Ds,, of order 2n, n > 2, is the group of all symmetries

of a regular polygon with n sides. It is presented as
Dy = (r, flr" =1, f* =1, fr=r""f).
A quasi-dihedral group of order n = 2™, m > 4, is presented as
QD, = {a, bla® " =1,0* =1, ba = a*" *'b).
A semi-dihedral group of order n = 2™, m > 3, is presented as
SD, = (s, tISQWl =1,t*=1,ts= stf?*lt).

(C) The quaternion groups

A quaternion group of order n = 2™, m > 3, is presented as
Qn=(ryla”" =1,y =2""", yr=2""y).
In fact, this is a generalization of the well-known group of quaternions
Qs = (i, j, k| = j° = k* = ijk = —1).

(D)The linear groups
Let F be a field. The set of all n X n invertible matrices with entries from

F' forms a group under matrix multiplication. This group is known as the

2



general linear group of degree n over the field F' and is denoted by G L, (F)
or GL(n, F'). For n > 2, the group GL(n, F') is non-abelian.

Let F' be a field. The set of all n x n matrices of determinant one with
the entries from F' forms a group under matrix multiplication. This group is
called the special linear group over the field F' and is denoted by SL,,(F') or
SL(n, F). In fact, SL(n, F) is a subgroup of GL(n, F).

SL(2, q) is the group of all 2 x 2 matrices of determinant one with the
entries from the finite field F, of ¢ elements, where ¢ = p™ for some prime p

and for some positive integer n.
Result 1.1.1. The cardinality of SL(2,q) is q(¢ — 1)(q + 1).

Result 1.1.2. The exact number of conjugacy classes in SL(2,q) is q + 4

when q is odd, and ¢+ 1 when q is even.

The projective special linear group is the quotient of the group of matrices

SL(n,F) by its center. It is denoted by PSL(n,F). The cardinality of
PSL(2,q) is (¢+1)(¢° — q) when ¢ = 2" and 5(¢+1)(¢* — ) when ¢ = p", p

is an odd prime and n > 0.

1.2 Some topics from the theory of groups
(A) Isomorphism theorems
The following theorems play crucial roles in the theory of groups.

Result 1.2.1. (First isomorphism theorem) ([19], page 25) Let G and
H be two groups and ¢ : G — H be a homomorphism with Ker ¢ = K . Then
K is a normal subgroup of G and G/K = Im ¢.

3



Result 1.2.2. (Second isomorphism theorem) ([19], page 25) Let G be
a group and let H and N be subgroups of G, and N < G. Then
H _ HN
HNN N~
Result 1.2.3. (Third isomorphism theorem) ([19], page 26) Let G be a

group and K C H C G, where both H and K are normal subgroups of G.
Then H/K is a normal subgroup of G/K and
G/—K > g
H/K H’
(B) Automorphism groups
An isomorphism of a group G onto itself is called an automorphism. The
set of all automorphisms of a group G, denoted by Aut(G), forms a group

under composition of maps, called the automorphism group of G.

Result 1.2.4. (N/C Theorem) ([20], page 50) Let H be a subgroup of a
group G. Then Ng(H)/Cq(H) is isomorphic to a subgroup of Aut(H).

(C) Semidirect product of groups
Let X and H be two groups and 6 : X — Aut(H) be a homomorphism.

Then the cartesian product X x H forms a group under the binary operation

(21, h1)(22, ho) = (w122, O(22)(h1)h2),

where x; € X, h; € H, © = 1, 2. This group is known as the semidirect

product of X and H (with respect to 6) and is denoted by X xy H. If 0 is

the trivial homomorphism, then X x, H equals the direct product X x H.
The semidirct product of Cy and C5 gives S3. The dihedral group Do, is

isomorphic to a semidirect product of Cy and C,,.

4



(D) Sylow’s theorems

Let G be a group and p be a prime such that |G| = p*m where a, m € N
and p f m.Then any subgroup of G of order p? is called a Sylow p-subgroup
of G.

The set of all Sylow p-subgroups of G is denoted by Syl,(G).

Result 1.2.5. (Sylow’s first theorem) ([11], page 330) Let G be a finite
group such that |G| = p*m where a, m € N and p is a prime with p { m.

Then there is a subgroup of G of order p*.

Result 1.2.6. (Sylow’s second theorem) ([11], page 331) Let G be a finite
group and p be a prime such that p divides |G|. If P is a p-subgroup of G
and S € Syl,(G), then there exists g € G such that P C S9.

Result 1.2.7. (Sylow’s third theorem) ([11], page 332) Let G be a finite
group and p be a prime such that p divides |G|. If n is a positive integer such
that | Sy : Sy NSy > p™ VS1, Sy € Syl,(G) with Sy # Ss, then |Syl,(G)| =
1(modp™). In particular, we have |Syl,(G)| = 1(modp).

1.3 Some additional results

Result 1.3.1. ([19], page 40) The number of conjugates of x in G is |G :
Ceo(z)| i-e., | Clg(z)| = |G : Cg(x)|.

Result 1.3.2. (Frobenius)([12], page 136 ) If n is a divisor of the order of

a group G, then the number of solutions of ™ =1 in G is a multiple of n.



Result 1.3.3. ([18], page 290) If G is a group all of whose Sylow subgroups

are cyclic, then G has a presentation
G={a,bla"=1=0b"b"'ab=a")

where ™ = 1(modm), m is odd, 0 < r < m, and m and n(r — 1) are
coprime. Conversely, in a group with such a presentation, all Sylow subgroups

are cyclic.

1.4 Some results from number theory

The Goldbach’s conjecture says that any integer greater than 3 can be written
as a sum of two primes. This conjecture remains unsolved till today. However

we have the following result due to J. L. Brown [2] and R. E. Dressler [5].

Result 1.4.1. FEvery positive integer, except 1, 2, 4, 6 and 9 can be written

as the sum of distinct odd primes.

Result 1.4.2. Let a and m be integers such that 1 < a < m. Then, for any

divisor d of m, we have that gcd(a, m) = d if and only if ged(m —a, m) = d.
As immediate consequences of the above result, we have

Result 1.4.3. Let n > 2 be an integer. Then the exact number of positive

2" —1
integers m such that m < 2"~1 —1 with ged(2" — 1, m) =1 is %
Result 1.4.4. Let n > 1 be an integer. Then the exact number of positive

2"+ 1
integers m such that m < 2"~1 with ged(2" +1, m) =1 is w



Result 1.4.5. Let n > 1 be an integer and p be an odd prime. Then the exact

'

-3
number of positive integers m such that m < b with ged(p™ —1, m) =1

. P(p" — 1)'
2

Result 1.4.6. Letn > 1 be an integer and p be an odd prime. Then the exact

T

number of positive integers m such that m <

. op" +1)
2

with ged(p"+1, m) =1

Result 1.4.7. Let m > 1 be an integer and suppose that d divides m. Then

the number of positive integers k < m such that ged(m, k) = d is ¢(7).
Result 1.4.8. If d divides m and ¢(m) divides 2m, then ¢ (%) divides 2m.

o 2
Result 1.4.9. Letm = }Hlp;-”. Then Wm) s an integer if and only if exactly
= m

one of the following is true:
(a) t =1, p1 = 2; so that m = 2°.
(b) t =1, p1 = 3; so that m = 3°.
(c) t=2,p, =2 and py = 3; so that m = 2°3°.
(d) t =2, p1 =2 and ps = 5; so that m = 2°5°.
(e) t=3,p1 =2, ps =3 and p3 = T; so that m = 2°3°7¢.

with all exponents positive.



Chapter 2

Order classes and their relation

to conjugacy classes

In this chapter, we make an elaborate study on a particular type of maximal
subsets of a given finite group, called the order classes, in each of which all
the elements are of equal order. We also study some of the properties of the

finite groups in which these order classes coincide with the conjugacy classes.

2.1 Introduction
Let GG be a finite group and x € G. Then, the set
OSa(x) ={y € G : o(y) = o(x)}

is called the order subset of G containing z, or, the order class of x in G.

Most often, when there is no ambiguity, we write OS(z) in place of OSg(z).



For example, in S3 = {(1),(12),(13),(23),(123),(132)}, we have

05((1)) ={)}
05((12)) = {(12), (13), (23)}
05((123)) = {(123), (132)}

Thus, an order class of G is a maximal subset of G in which all the elements
are of the same order.

On the other hand, the set
Clg(z) ={y € G:y=gaxg™ "' for some g € G}

is called the conjugacy class of x in GG. Thus, a conjugacy class is a maximal
subset of G in which all the elements are conjugate to each other. Clearly,
any two elements of G, which are conjugate to each other, have the same
order. Therefore, it follows that each order class of G is a union of certain
conjugacy classes of G.

If any two elements of G having the same order are conjugate in G, or,
in other words, if each order class of GG is a conjugacy class of GG, then G is
either a trivial group or Cs or S3. This is often referred to as Syskin problem,
and is mentioned as a well known problem in [17]. This problem remained
unsolved for a long period of time. In 1988, J.P. Zhang [27] and in 1989,
W. Feit and G. M. Seitz [7] independently settled the problem. Since then
several authors have investigated similar problems.

In 1994, C. Li [15] has characterized all finite groups in which any two

elements of the same order are conjugate or inverse conjugate (that is, one



is conjugate to the inverse of the other). In other words, Li considered those
finite groups G in which OS(z) = Clg(z) U Clg(z™?) for all z € G.

In 2006, X. Du and W. Shi [6] have classified all finite groups in which
the number of conjugacy classes exceeds the number of order classes by one.
Since each order class of G is a union of certain conjugacy classes of G, there
exists a non-negative integer k such that k(G) = |7.(G)| + k, where k(G)
is the number of conjugacy classes of GG, and 7.(G) is the set of the orders
of the elements of G. Du and Shi called such groups as co(k) groups and
characterized all co(1) groups. Clealy, co(0) groups are the ones discussed in
the Syskin problem.

In 2007, X. You, G. Qian and W. Shi [26], investigated finite groups in
which elements of the same order outside the center are conjugate. They
proved that there does not exist a finite non-abelian group with non-trivial
center in which elements of the same order outside the center are conjugate.

P. Fitzpatrick [10] has also studied some of properties of the groups in
which any two elements of the same order are conjugate. We discuss this in

the forthcoming sections.

2.2 o-order conjugate groups

Let o be a set of primes. A natural number n is called a o-number if n is a
product of primes chosen from the set o.

A finite group G is said to be a o-order conjugate group, or, simply a
0-0C group if, for each o-number n € m.(G), all the elements of order n

in G are conjugate to each other. Here, as mentioned in Section 2.1, 7 .(G)
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denotes the set of the orders of the elements of G.
Given a prime p, an element x € G is called a p-element if o(x) is a power
of p. More generally, an element z € G is called a o-element if o(z) is a

o-number.

Lemma 2.2.1. Let G be a 0-OC group. Let x and y be p-elements of G
where p € o. Assume that N < G and in the factor group G = G/N the

images T and y have the same order # 1. Then x and y have the same order.

Proof. Let o(z) = p"*" and o(y) = p", where r > 0. Then

o(z)

 ged(o(z),p")
pn—f—r

~ ged(prtr,pr)

o(z"")

Since G is a 0-OC group, we have
(zP")9 =y for some g € G
=g " g=y

= ¢ !Na¥" NgN = yN

= (z")9 = .
But
o o(z o(y
o(z? ) = — = < oy
TGN BTN B
This contradiction shows that o(z) = o(y). O
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Theorem 2.2.2. If G is a -OC group and N {1 G, then G = G/N s also

a o-0C group.

Proof. Let Z,y € G be o-elements of the same order p;® p,®2 ... pp®*, where
not all the «; are zero.

Let o(x) = mn where ged(p;,n) = 1 for each i and m involves only the
primes py, P2, ..., Pr- S0 there exist integers a and b such that am + bn = 1.

Hence we have zb™

= 7. So a2’ is a preimage of # whose order has the
required form.

Let o(x) = p/"po?2 .. pi® and o(y) = p1"p?? ... pp*. We have 3; > a;
and y; > q; for all i, since o(Z) divides o(x). Also let ¢ = po™ps% ... ppP*

and d = p2p3” ... pp %, So
o oz
) = gedlo(e), 0
_ pi7pa™ i
ged(prPipaP2 o P, poPapsPs L pyPr)

= p1ﬁl-
Similarly o(y?) = p;”*. Then

e 0(T)
o) = ol&) = ged(o(z, )
_ P17 D2 .. Dy
ged(pr®ipa®e L ph, pa®2 L ppoE)
R R
D2%% ... pEE

il

Qg

=D

Similarly, o(y?) = o(7%) = p1**. So by lemma 2.2.1, ¢ and y* have the same

order. Hence 3; = 7;. Hence the theorem follows. O

12



Lemma 2.2.3. If G is a 0-OC group and N <G, then N contains all the

o-elements of any order dividing the order of a o-element of N.

Proof. Let a € N be a o-element and o(a) = n. Let « be a o-element of G
and o(x) divides o(a). Suppose that o(z) = m. So n = ms for some s € N.
Then o(a®) = m. Hence a® and z have same order. Since G is 0-OC, we
have a® is conjugate to x. Also a® € N. Hence x € N. This completes the

proof. O

2.3 Order conjugate groups

In the previous section, we have studied some properties of the o-order con-
jugate groups, where o is a set of primes. If, in particular, o O 7(G), the set
of primes dividing the order of GG, then G is called an order conjugate group,
or, simply an OC group. In this section, we study some of the properties
of OC groups and also some of the particular cases of the famous Syskin

problem.

Lemma 2.3.1. Let G be an OC group. Then GG does not have a subgroup N

of index two and even order.

Proof. Suppose that |G : N| = 2 and |N]| is even. Let g € G~ N. Since
|G : N| = 2, we have

13



Now consider the product N(g). We have N < N(g) < G. Since g ¢ N,
N{g) # N. Also |G : N| = 2. So we must have

N{g) =G. (2.3.a)

1

Now since GG is a OC group, g is conjugate to its inverse g~*. Hence there

1 1

exists u € G such that ugu™ =¢—.

Now by (2.3.a), we have u = ng* where n € N. So

ng'g(ng')~t =g~
=ng'gg n =g

= ngn_1 = g_l.

So we have
ng =g 'n. (2.3.)
For t € N,
(ng)* = ((ng)(ng))’

= (ngg~'n)", by (2.3.0)

= n?".

Hence (ng)® = n® for any even number s. Also

(ng)**! = (ng)*(ng)
=n*'ng

— n2t+lg.

14



Again

So

If o(ng) = 2r + 1, then

which is a contradiction.

o(ng) = 2j. Then

Also

(ng)**! = (ng)(ng)*

= ngn*.
ngn® = n*tlg. (2.3.¢)
(ng)** =1

= p¥rtl =1

= g=n"®+) e N,

So o(ng) must be even. Let o(n) = 2i and let

(ng)¥ =1
=n¥ =1

= 2i < 2j.
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Hence o(ng) = 2j = o(n). Suppose that o(n) = 2i + 1. Then n**! =1 and

(ng)**! = g. Now

ngn™ = (ng)n*
= ngn' =g, using 2.3.c
=g 'l=yg, using 2.3.0
= o(g) = 2.

Since g € G\ N is a 2 element, by lemma 2.2.3, g has larger order than any 2
element of N. So if m is a 2 element of N, then o(m) < o(g) = 2. But |N| is
even, so there exists © € N such that o(x) = 2. This is a contradiction. Thus
o(n) = o(ng) = k where k is even. Since G is a OC group, n is conjugate to
ng and so ng € N, which means that g € N. This is a contradiction. So our

assumption was wrong. Hence the lemma follows. O

Fitzpatrick [10] has proved some particular cases of Syskin problem which

are as follows:

Theorem 2.3.2. If an OC group G has a non-trivial subgroup N of index
two, then G = Ss.

Proof. By the lemma 2.3.1, we have | N | is odd. Let t € G~ N. Then
t? € N. Suppose that o(t) = 2r where r is odd. If ¢ € Cg(x) for some

x € N, x # 1, then |Cg(z)| = 2. So by theorem 1.2.4, we have

Ng(< x >)

= odd
Cg(.r)

= |Aut <z > | = odd

= ¢(| <z > ) =odd,

16



which is a contradiction. Thus

t¢ Cq(x) Yee N, v #1

=ttt ' A Ve EN, v#1.

But tt*t~! = ¢ € N. So we must have t* = 1. Hence o(t) = 2.
Let x € N. Then

tr e G N
= (tz)* =1

= txtr =1

= tot = 27"

= tot P =27 N

Let x, y € N. Then

t(zy)t = (zy) ™
= (tot)(tyt) =y '~ !

= :U’ly’ =y x

= yr = xy.

Hence N is abelian. Suppose that |[N| # 3. Then there exist , y € N such

that  # y=!, z # y and o(z) = o(y). So grg™*

= y for some g € G. Since
x # y and N is abelian we have g € G~ N. But then gzg~! = z~!. Thus it
follows that y = z~! which is again a contradiction. Hence |N| = 3 and so

|G| = 6. Since G is non-abelian, we have G = Sj. O

17



Theorem 2.3.3. Let G be an OC group. If for any involution t in G the

centralizer Cg(t) has a normal Sylow 2-subgroup, then G = Cy or Ss.

Proof. Suppose that ¢t € Z(S) where S € Syly(G). Then ts = st for all
s € S. Sos € Cg(t). Hence S is a subgroup of Cg(t) and by hypothesis,
S > Cq(t). By lemma 2.2.1, C%(t)

must be trivial and so C¢(t) = S. Now G is a group in which the centralizer

is a 2'-OC group, of odd order which

of every involution is a 2-group. Suzuki [22] has classified such groups and

none of them is OC. Hence G = (5 or Ss. [
Theorem 2.3.4. The only non-trivial order conjugate groups are Cy or Ss.

Proof. Let G be an OC group. If GG is abelian, then we have G = (5. Suppose
that GG is non-abelian. If G is alternating or of Lie type, then G is not OC
by known properties of such groups. If G is sporadic, then from Syskin [23]
we have (G is not OC. Hence we have G =2 S;. O

R. W. van der Waall and A. Bensaid [24] also have proved the Syskin
problem in 1991 by using classification of simple groups. R. W. van der
Waal has further classified all finite groups [25] whose subgroups of equal
order are conjugate and also all groups whose abelian subgroups of equal

order are conjugate.
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Chapter 3

Groups having perfect order

subsets

In this chapter we study the finite groups whose order is divisible by the size
of each of its order classes. This chapter is based on the work of C. E. Finch

and L. Jones [9] and A. K. Das [4].

3.1 Definition and basic properties

Let G be a finite group. As mentioned in Chapter 2, the order class of an
element = € G is defined as OS(x) = {y € G : 0o(y) = o(z)}. The group G is
said to have perfect order subsets, or, G is said to be a POS-group if |OS(z)|
divides |G| for all z € G.

For example, in S5 = {(1),(12),(13),(23),(123),(132)}, we have the

following table.
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Element order | Cardinality of order subset

1 1
2 3
3 2

It follows that S3 is a POS-group.

Again consider Cg = {0, 1, 2, 3, 4, 5}. Then we have,

Element order | Cardinality of order subset
1 1
2 1
3 2
6 2

So Cg has perfect order subsets.

Property of having perfect order subsets is not necessarily passed on to
subgroups. For example, Aj is a subgroup of S3 and S3 has perfect order
subsets but As has no perfect order subsets.

The finite groups that are not POS-groups are often referred to as non-

POS-groups.
Lemma 3.1.1. For each x € G, |0S(z)| is a multiple of ¢(o(x)).

Proof. Define a relation ~ on GG by a ~ b if a and b generate the same cyclic
subgroup of GG, that is, < a >=< b >. Now we show that ~ is an equivalence

relation on G.

(a) Reflexivity : Clearly a ~ a for all a € G..
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(b) Symmetry : Let a, b € G be such that a ~ b. Then

<a>=<b>
=><b>=<a>

= b~a

(c) Transitivity : Let a,b,c € G be such that a ~ b and b ~ ¢. Then

<ag>=<b>and <b>=<c>. So

<a>=<c>

= a~cC
nce ~ is an equivalence r ion on G.
Hence S an e alence relation on GG

Now

la] ={be G:a~b}
={beG:<a>=<b>}

= Set of all generators of < a >

So it follows that |[a]| = ¢(o(a)) and for all y € [a], o(a) = o(y).

Therefore for all x € G and for all « € OS(z), we have

[a] C OS(z)
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Also we have,

0S(z) = I_l[a] where a is the representative of each equivalence class in OS(z).

= |0S(x) |=lal| + |[a] | +---|[d] |
kt;nes
=k |[a] |
ko(o(z))
Hence the lemma follows. O

Proposition 3.1.2. If G is a POS-group, then, for every prime divisor p of
|G|, (p—1) is also a divisor of |G|. In particular, every non-trivial POS-group

1s of even order.

Proof. Suppose that GG is a POS-group and it is non-trivial. Then there
exists a prime p dividing |G|. Now by Cauchy’s theorem, G has an element
x of order p. By the proposition 3.1.1, ¢(o(x)) divides |OS(z)| which implies
o(p) = p— 1 divides |OS(z)|. Since G is a POS-group, |OS(z)| divides |G].
So p — 1 divides |G|.

For the second part note that if p = 2, then there is nothing to prove.
Let p be odd. Then p — 1 is even, i.e. p — 1 = 2m for some m € N. Now, by
the first part, p — 1 divides |G|. So 2 divides |G|. Therefore |G| is even. O

Given a positive integer n and a prime p, we write ord, n to denote the
largest non-negative integer k such that p* | n. ord,n is called the p-adic

order of n.
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Proposition 3.1.3. Let G be a POS-group. Then the odd prime factors ( if
any ) of |G| are of the form 1 + 2%t | where k < ordy |G| and t is odd, with

the smallest one being a Fermat’s prime.

Proof. Let p be an odd prime factor of |G|. Then p — 1 is even. Suppose
that k is the largest non-negative integer s.t. 2¥ divides p — 1 and n is the
largest non-negative integer s.t. 2" divides |G|.

Let p—1 = 2¥¢ where ¢ is odd. Then p = 1 + 2*. We have by proposition
3.1.2, (p—1) divides |G|. So 2* divides |G|. Also 2" is the highest power of 2
dividing |G|. Hence k < n and therefore k = ords(p — 1) < ordy |G|. Hence
p =1+ 2%t where t is odd and k < ordy |G|. Now if t = 1, then p = 1 + 2*.

Since p is a prime, k is a power of 2. Hence p is a Fermat’s prime. O

Proposition 3.1.4. Let G be a non-trivial POS-group with ords |G| = «. If
x € G, then the number of distinct odd prime factors in o(x) is at most «.

In fact, the bound gets reduces by (k — 1) if ordgo(z) =k > 1.

Proof. Suppose that o(x) = 2fn, k > 0 and n has r distinct odd prime

factors. Let n = pi'p ... pfr. Then

1 1 1
o(n) =pipy ... pkr (1—]3—1) (1—])—2) (1—197)

pip2 ... pr

= ptll_lp?_1 .. .pff‘l(pl —D(pa—1)...(pr —1).

Now p1, p2, ...,pr are odd primes. So (p; — 1), (p2 — 1), ..., (p, — 1) are

even.
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Let (p1 — 1)(py —1)...(pr — 1) = 2"m. Then ¢(n) = pi*~'p~t . ph—1,
So

o(n) = ptf*lptj*l .. .pff_IQTm
= 2"|¢(n)

= 27| ¢(o(x)).

Since G is a POS-group, by proposition 3.1.2, 2" divides |G|. But ord, |G| =
a. Hence r < . So the number of distinct odd prime factors in o(z) is at
most o.

For the second part, suppose that ords |G| = k& > 1. Then by the first
part, o(z) = 2% where n = p!'p% ... pt; p1, po, ..., pr are odd primes.

Now

¢(o(x)) = ¢(2"n)
= ¢(2%)¢(n)
= (28 =2 )@ mpl PR pr Y

= 27 mp Y,

So 27*~1 divides ¢(o(x)). Hence

r+k—-—1<a

=r<a-—(k—-1).

This completes the proof. O
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3.2 Some conditions for non-POS groups

In this section we study some conditions under which a finite group cannot

have perfect order subsets.

Proposition 3.2.1. Let G be a finite group. If |G| = 2k where k is an
odd positive integer having at least three distinct prime factors, and if all the

Sylow subgroups of G are cyclic, then G is not a POS-group.

Proof. G has the following presentation
G=<z,y:2™m=1=y", syz 't =y" >

Where 0 < r < m, ™ = 1(modm), m is odd, ged(m,n(r — 1)) = 1 and
mn = 2k. Clearly at least one of m and n is divisible by two distinct odd
primes. So, o(x) and o(y) is divisible by at least two distinct odd primes. So

by proposition 3.1.4, GG is not a POS-group. O

Proposition 3.2.2. Let G be a finite group. If |G| =42 x 43", r > 1, then

G is not a POS-group.

Proof. Suppose that G is a POS-group. Given that |G| =2x3x7x43", r >
1. Since G is a POS-group, by proposition 3.3.1, the Sylow 43-subgroup of
G is cyclic. We have all Sylow subgroups of G are Cyclic. Also |G| is a
product of three distinct odd prime factors. By proposition 3.2.1, GG is not a
POS-group. This is a contradiction. Hence G is not a POS-group. O

The following theorem due to C. E. Finch and L. Jones [9] gives us a cri-
terion to eliminate some more non-abelian groups which do not have perfect

order subsets.
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Theorem 3.2.3. Let G be a finite non-abelian group and let p be a prime
dwisor of |G|. Suppose that |Co(x)| = {y € G : vy = yx}| = p for allz € G.
If G has more than one conjugacy class of elements of order p, then G does

not have perfect order subsets.

Proof. Let N be the number of conjugacy classes of elements in G of order

p. Since |Cg(z)| = p, for every element x in G of order p, we have

e
) = et = 7

NG|

Thus the total number of elements of order p in GG is ——. If GG has perfect
p

order subsets, then, for some k € N, we have

N|G
NGl g
p
= Nk=p
= N =p,

which is impossible as N > 2. So GG does not have perfect order subsets. [

3.3 Some more results on POS-groups

In this section we study some more results on finite groups having perfect

order subsets.

Proposition 3.3.1. Let G be a finite group with |G| = pi'p5* ... pe~ where
a1, Qa, ...q are positive integers and 2 = py < pg < ...pg are primes such
that pp, — 1 = p"ps?...pp*, k > 2. If G is a POS-group, then the Sylow

pr-subgroup of G is cyclic.
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Proof. By Sylow’s first theorem, GG has a Sylow pg-subgroup. By Sylow’s
third theorem, the number of Sylow pg-subgroups are 1 + tpp where t €
NU{0}. Now

(1 + tpx) [ 1G]
= (1 + tpe) | PY'P5° - 0i*
= (1 + tp) | pP'p5% . ..pp" ", since ged(1 + tpg, pr) =1
= (1 + tpr) | (px — 1)
= (1 + tpe) < (o — 1)
(

=0<2<(1 - t)py

= (1 -1 >0, since py > 0
=1>t
=1=0.

So G has a unique Sylow pg-subgroup, say P. Hence every element of G, of
order a power of py, lies in P.
Let m; = [{z € G : o(z) = p}, 1 <i < ay}|. Then by lemma 3.1.1, ¢(p})

divides m;. Hence, for some integer x; > 0, we have

m; = ¢(p},)x;

=p, e — Dz

27



Since GG is a POS-group, we have

m; | |G|
a1 Qo Qp—1,_ O

= pp (e — D | 7052 - ppt g

= P?l(]?k — Dar = pP'ps? .. ppt ot for some r € N
= py Hpr — Dair = (pe — Dpi*

= p?jla:ir =ppt

i+l
il’ﬂ":pgk ot .

So
z; | p (3.3.a)

whenever z; #0, 1 <i<k. Now

8

> mi=|P|-1
=1
:>Zp pe— Doy =pit — 1

= Zpk Ty = Dr — 11
= Zpk x; = ZPZ‘I.
=1

So we have
Zp —1)=0. (3.3.0)

From the above equation, we get

pr | (x1—1)

= 7 = 1(modpy).
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So by (3.3.a), we have x; = 1. Then from (3.3.b) we get

g
sz_l(xi —1)=0.
=2
Repeating the above process inductively, we get
T1 =Ty =" ""=1Tq, =1
= M, =i (o — 1) #0.
Hence P is cyclic. O

Proposition 3.3.2. Let G be a non-trivial POS-group. Then, the following

assertions hold :
(a) Ifordy |G| =1, then either |G| =2, or 3 divides |G|.
(b) If ords |G| = ords |G| = 1, then either |G| =6, or 7 divides |G].

(¢) If ordy |G| = ord; |G| = ord7 |G| = 1, then either |G| = 42, or there
exists a prime p > 77659 such that 43%p divides |G]|.

Proof. Since G is a non-trivial POS-group, by proposition 3.1.2, |G| is even.
So let |G| = p{'p5?* ... pp* where k > 1, 2 =p; < ps < ... < py are primes,
and aq, awg, ..., ap are positive integers.

Now for all i =1, 2, ... | k we have ged(p;, p; — 1) = 1. Also by propo-
sition 3.1.2, we have, (p; — 1) divides |G|, i =1, 2, ... k.
(a) If k =1, then |G| = p* = 2, since a; = 1.

Now suppose that & > 2. We have |G| = 2p5* p5*® ... pp*, since oy = 1.
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Also

(p2 —1) | G
= (p2— 1) | 2p52 p3® ... pp*
= (p2— 1) |2, since ps, ... pr are odd primes and (py — 1) is even
=py—1=2, since py >p; =2

= p2 = 3.

Hence 3 divides |G|.
(b) If k = 2, then we have

‘G| ZP?IPSQ =2x3=06, since a; =ay=1.
Now suppose that & > 3. We have |G| = 6p5*...p.*. Also
(ps —1) | |G]
= (p3—1) | 6p5*...po"
= (p3 —1)| 6, since (p3 — 1) is even
=p3—1=6

= p3=1.

Hence 7 divides |G|.
(C) If kK =3, then

|Gl =pl p3?p5P =2 x3x T =42
Now suppose that £ > 4. We have
|G| =42py* ... p*
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Also

(pa —1) | |G|
= (ps— 1) | 42
= pg = 43.

If £ > 5, then, for ay = 1, we have
|G| =2x3x7x43xpg®...pp* = 1806 x pg® ... pek,

since @y = ap = a3 = 1. Therefore ps; — 1 divides 1806, which is not
possible for any prime p; > 43. Hence we must have oy > 1. Also by
proposition 3.2.2, there exists a prime ps; > 43 which divides |G|. Since
p=T7659 = 2 x 3 x T x 43% + 1 is the smallest prime greater than 43 such
that (p — 1) divides 2 x 3 x 7 x 43", r > 1, it follows that p; > 77659. This

completes the proof. O

Remark 3.3.3. Using proposition 3.2.1 and the celebrated theorem of Frobe-
nius (see Result 1.3.2), one can show that if |G| = 42 x 43" x 77659, r < 3,
then G is not a POS-group. The proof involves counting of group elements

of order powers of 43.

We have enough evidence in support of the following conjecture; however,

a concrete proof is still eluding.

Conjecture 3.3.4. If G is a POS-group such that ords |G| = ords|G| =
ordqs|G| =1, then |G| = 42.
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3.4 A characterization

In this section we have the following result.

Theorem 3.4.1. Let G be a group such that G = S3 x (C2)' x M, where
t >0 and M 1is a cyclic group of odd square-free order not divisible by 3. If
G is a POS-group, then G is isomorphic to one of the following three groups:

(a) S
(b) 53 X 02 X 07
(C) 53 X (02)2 X 05

Proof. First suppose that t = 0. Then G = S5 x M.

Since |M| is odd and 3 1 | M|, there are no elements of order 2 and 3 in
M. Since, in S3, the number of elements of order 2 is 3 and the number of
elements of order 3 is 2, G' has three elements of order 2 and two elements
of order 3. Let p be the smallest prime dividing |M|. Then the number of
elements of order p is (p — 1). Since G is a POS-group, by proposition 3.1.2,
(p—1) divides |G|. Now p # 2, 3 since 21 |M|, 31 |M|. Suppose that p = 5.
Then the number of elements of order 5 is 4 and 4 divides |G|. Hence 4
divides |Ss||M| which implies 2 divides 3|M|. This is not possible as |M| is
odd. Hence p =5 is not possible. So 7 is the smallest prime dividing |M]|.

Now S5 has three elements of order 2 and M has six elements of order
7. Thus if (z, y) € G such that o(x, y) = 14, then o(z) = 2 and o(y) = 7
since ged(o(x), o(y)) = 1. We have three choices for the first position and

six choices for the second position. Hence the total number of elements of
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order 14 in G is 18 and 18 1 |G|, since |G| is square free. So M is trivial and
G = S5, which is indeed a POS-group.

Next suppose that ¢ > 1. Then G = S5 x (C3)! x M. Now we count
the number of elements of order 2. Suppose that (s, 21, 22, ... 2, m) €
Sy x (Co)t x M s.t. ofs, 21, 29, ... z) = 2. Then o(m) =1 as 2t |M]|.

Since S3 has three elements of order 2, the number of choices for the
first position in (s, z1, 29, ... z;, m) is 3. Now each of z;,1 < i < ¢, has

two choices. Hence the total number of choices for the next ¢ positions is

2x2x---x2 = 2" Again if we take the first position as identity, then

t times
number of choices = 2! — 1. Hence the number of elements of order 2 is

32042t -1 = 2+2 1,

Now we count the number of elements of order 6. Suppose that the order of
the element (s, z1, 22, ... 2, m) is 6. Since S3 has two elements of order 3,
the number of choices for the first position is 2. The number of choices for
the next positions is 2° — 1. Hence the total number of elements of order 6
is 2(2* — 1). Thus the total number of elements of order 6 is 2(2" — 1). Since
G is a POS-group, 2(2" — 1) divides 6.2|M|. Since 2! — 1 does not divide 2*,
we have 2! — 1 divides 3|M|. Also 2/+2 —1 divides 6.2°|M| which implies that
212 — 1 divides 3|M|. So 3|M]| is divisible by both 2 — 1 and 272 — 1. If p
is an odd prime dividing ¢ + 2, then ¢ + 2 = pk for some k. Now

22 1 =2PF 1= (22— 1)((2")F 1t + (292 4 o+ 1),

So (2P — 1) divides (2% — 1). Then 2? — 1 divides |G| which implies 27 — 1

divides 211.3| M|. Since p is an odd prime, we have p > 3, and so 2? —1 > 7.
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Thus 2P — 11 3. Also 2P — 142!, So 2P — 1 divides |M|. Since |M]| is square

free, 2P — 1 is square free. Suppose that ¢ is a prime divisor of 2 — 1. Then
2P = 1(mod q)

Hence the order of 2 modulo ¢ is p, i.e. in the multiplicative group Cj,
o([2]) = p. Hence p divides |Cy| = ¢ — 1. So if ¢; and g, are distinct primes
dividing 2P — 1, then p divides ¢; — 1 and ¢, — 1 and consequently p? divides
(¢1 — 1)(go — 1), which is the number of elements of order ¢;¢; in G.
So p? divides 6.2¢|M| i.e. p* divides 3|M|. This is not possible as |M] is
square free. So 2P — 1 must be prime.

Suppose that p; and p, are two distinct odd primes dividing ¢ + 2. Then
from above

21 — 1 = 1(mod3)
272 — 1 = 1(mod3)

Hence 3 divides 2P' —2 and 2> —2. So 9 divides (2P* —2)(2P> —2), the number
of elements of order (2°* — 1)(2P2 — 1). So 9 divides |G| i.e. 3 divides |M],
which is a contradiction. So at most one odd prime divides t + 2.

Suppose that 2p divides t + 2, where p is an odd prime. Then 2P — 1 is
prime. So 3 divides 2P — 2. Now t + 2 = 2pk for some k. So,

22 — 1 =4 —1

=(1+3)"* -1

_3 Kplk) + (pzk).:s TR L
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Thus, 3 divides 272 — 1, and hence 9 divides (2072 — 1)(2P — 2). Now, the
total number of elements of order 2 is 272 — 1 and the number of elements of
order 2 — 1 is 2P — 2. Hence the total number of elements of order 2(2F — 1)
in G is (272 — 1)(2F — 2). Therefore 9 divides |G| = |S3 x M|. This is not
possible as |S3 x M| is square free. Hence t + 2 is necessarily a power of a
single prime. Suppose that ¢ + 2 = p® for some odd prime p. If b = 1, then
from above, 27 — 1 divides 2%2 — 1. Suppose b > 1. Then 2!*2 — 1 is not
prime. Also 2/+2 is square free. So there exists a prime ¢ # 2 — 1 such that
q divides 2072 — 1. Thus p? divides (¢ — 1)(2P —2), the number of elements of
order ¢(2” — 1) in |G|, which is a contradiction since |S3 x M| is square free.
Thus b =1 and t + 2 is prime.

Similar argument shows that either ¢ = 1, ¢ is a power of 2 or ¢ is an odd
prime. Since, t and ¢ + 2 have the same parity, there are three possibilities.
Casel t=1.

In this case t +2 = 3. So, the number of elements of order 2is 2> —1 = 7.

Since G is a POS-group, 7 divides |G|. Hence
Gg53XOQXC7XM

But then the number of elements of order 42 is 12. Hence M is trivial. For,
if there is an odd prime p dividing | M |, then the number of elements of
order 42p is 12(p — 1), a multiple of 8, and so we have a contradiction since

8 does not divide |G|. Thus
G= S3 x Cy X 07,

which is a POS-group.
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Case II Both t and t + 2 are odd primes.

In this case both 2" — 1 and 27 — 1 are primes and they divide |G|. So 9
divides (2¢ — 2)(212 — 2), the number of elements of order (2 —1)(2/t2 — 1)
in GG. Therefore we do not get any new POS-group from this case.

Case III t = 2% and t + 2 = 2° for some positive integers a and b.

In this case 2°7! — 227! = 1. So we have a = 1 and b = 2. Now, the

number of elements of order 2 is 2* — 1 = 15 and since 15 divides | G |, we

have

GgSP,X(OQ)QXC%XM

But then the number of elements of order 30 is 24. Therefore, as in Case I

(noting that 16 does not divide |G|), it follows that M must be trivial. Hence
G = Sg X (02)2 X Cg,,

which is a POS-group. O
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Chapter 4

Abelian POS-groups

In this chapter, we discuss in detail some properties of abelian POS-groups.

This chapter is based primarily on the work of C. E. Finch and L. Jones [8].

4.1 Fermat numbers

A Fermat number, named after Pierre de Fermat who first studied them, is
a positive integer of the form F,, = 22" 4+ 1 where n is a non-negative integer.
If F,, happens to be prime, F), is called a Fermat prime. Fermat numbers
and Fermat primes were first studied by Pierre de Fermat, who showed that
F, is prime for each n < 4, and conjectured that all Fermat numbers are
prime. This conjecture was disproved by Leonhard Eular in 1732 when he
showed that F5 = 4294967297 is divisible by 641. It is now known that F,
is composite for many values of n but till now, no new value of n has been

found for which Fj, is prime.
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Lemma 4.1.1. The Fermat number Fy is composite and is divisible by 641.

Proof. Putting a = 2" and b =5 in 1 + ab, we have, 1 +ab = 1+27.5 = 641.
Now,

1+ab—b" =1+ (a—b)b* =14 (128 — 125)5 = 2*.
So, we have
Fy=2" 11
=2%* + 1
=(1+ab—0bYHa*+1
= (14 ab)a* + (1 — a'b?)

= 641[a* + (1 — ab)(1 + ab?))].

Thus, 641 divides F5. O

4.2 Infinitude of abelian POS-groups

In this section, we study how one can exhibit an infinite family of abelian

POS-groups.

Il

Lemma 4.2.1. Let a, b and t be positive integers with b < a, and let G

(Cpa)t, where p is a prime. Then the number of elements in G of order p° is

(P HH - 1).

Proof. The number of elements of order p® in Ca is the number of generators
of the unique cyclic subgroup of Cpa of order p’. This number is ¢(p°) =

p® — p*~1, where ¢ is the Euler’s phi function.

38



Now the number of elements in Cp« which does not have order p® is

" —o(p")
b — b gt
gt

Hence the number of elements in G of order p® is
(") = (")
:(pb—l)tpt . (pb—l)t

PN -1).

This completes the proof. O

Lemma 4.2.2. Let p be a prime and M be a finite group (not necessarily
abelian) such that ged(p, |M|) = 1. Let G and G be two finite groups such
that G =2 (Cpa)t x M and G = (Chas1)t x M where a and t are positive

a1 does

integers. Suppose that d is the order of an element in G and that P
not divide d. Then both G and G contain the same number of elements of

order d.

Proof. Suppose that (z, y) € G where € (Cpes1)!, y € M and o(z, y) = d.
d can be factored as p'n where r < a, n | |M| and p { n, since p**t! { d.
Now the number of elements of order p” in (Cpa)* is same as the number of
elements of order p” in (Cpa+1)". Hence the number of elements of order d in

G is same as the number of elements of order d in G. O

We now have the main result of this section.
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Theorem 4.2.3. (Going-up theorem)

Let p be a prime and M be a finite group (not necessarily abelian) such that
ged(p, |M|) = 1. Let G and G be two finite groups such that G = (Cya)t x M
and G = (Cpas1)t X M where a and t are positive integers. If G has perfect

order subsets, then G has perfect order subsets.

Proof. Let (z, y) € G where x € (Cpas1)t, y € M. Suppose that o(z, y) = d.
First assume that p®* ! { d. Then by lemma 4.2.2, |0Sg(z, y)| = |OSa(x, v)).
So |08 (z, y)| divides |G].

Next assume that p®™! | d. So we can write d = p®"'n where n | |M].

Number of elements of order p®*!

P =D - 1) =00 - 1)

Now the number of elements in G having order p®n is (p*~ ') (p' — 1)k
where £ is the number of elements in M of order o(y). Since G is a POS-

group, we have

(=)' = Dk |G

(P '@ = Dk | (") M]

(p' = Dk [[M], since pt[M]

") (0" = Dk [|G].

So G has perfect order subsets. O

As a consequence, we have the following result due to Das [4].

Corollary 4.2.4. Let M be the unique non-abelian group of order 21. Then
Co X M is a POS-group for each a > 1.
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Proof. M has one identity element, six elements of order 7 and 14 elements

of order 3. Therefore, for Cy x M we have the following table:

Orders of group elements | Cardinalities of corresponding order subsets
1 1
2 1
3 14
6 14
7 6
14 6

It follows that C'y x M is a POS-group. Since M need not be abelian, by

using going-up theorem, we have Cs. x M is a POS-group for each a > 1. O

Example 4.2.5. (Cy)* x C3 x C5 has perfect order subsets. Using going-up

theorem, we have (C32) x (Cy)? x Cs5 i.e. Cy x (Cy)* x Cs5 has perfect order

subsets. Also Coz X (C3)* x C3 has perfect order subsets. Applying the going-

up theorem successively yields groups such as (Cjg)* x Cg X Cl95 with perfect

order subsets.

From the above observations, it follows that starting with a group having

perfect order subsets we can generate new ones using going-up theorem. In

fact, this method enables us to exhibit an infinite family of such groups.

4.3 Existence of minimal POS-groups

We can also find a smaller POS-group starting from a bigger POS-group.

Chopping-off theorem and going-down theorem give us techniques for finding
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such groups.

Suppose that G = (Cy)" x M, where |M] is odd. We call G a minimal
POS-group if G has perfect order subsets and there is no proper subgroup
M of M such that (Cy)* x M has perfect order subsets.

Example 4.3.1. (C3)? x C3 is a minimal POS-group.

Theorem 4.3.2. (Chopping-off theorem)

Let p be a prime and M be a finite group (not necessarily abelian) such

I

that ged(p, |M|) = 1. Let G and G be two finite groups such that G
Char X Chan X -+ X Choucs X (Cpas )t x M and G = (Cpas )t x M where a

IN

ay < - < as_1 < ag are positive integers. If G s a POS-group, then G is

also a POS-group.

Proof. Let (z, y) € G where z € (Cpe.)!, y € M. Then o(z, y) = pPm, b <
as, o(x) = p°,0(y) = m. Suppose that p¢k is the number of elements of order
m in M where p t k. Then by lemma 4.2.1 the number of elements of order
p®min G is (p*~ 1) (p' — 1)p°k.

Now the number of elements of order p* m in G is

s—1

as— Zai as—
pal pa2 L pasfl(p s l)t(pt . 1)])0/{? = pi=1 (p s l)t(pt . 1)pc k.
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Since GG is a POS-group, we have

s—1
> ai s — c
p=t (= 1) pk | |G|

= pa1+a2+---+as—1+(a571)t+6(pt _ 1) k | pa1+a2+---+as—1+a5t

M

= pa1+a2+---+as—1+ast M’ — pa1+a2+---+as—1+(a571)t+c(pt _ 1) Lz for some z € Z

=p' M| =p°(p' = 1) k=2
= (' = Dk |[M], since ged(p, (p — k) =1

and t > ¢, since p t|M].

Now

(r' = Dk |M]|

= (") — 1)k | p**

= pbtf (tfc)(pt . 1) k ‘ past

M|, since b < ay

M|, since ¢ <t

=Y e - Dtk |G

Now (pP~1)ip° k is the number of elements of order p*m in G. Hence G

has perfect order subsets. O

Theorem 4.3.3. (Going-down theorem)

Let p be a prime and M be a finite group (not necessarily abelian) such that
ged(p, |[M|) = 1. Let G and G be two finite groups such that G = (Cpa)t x M
and G = (Cp)t X M where a and t are positive integers. If G is a POS-group,
then G is also a POS-group.

Proof. Let (z,y) € G where z € (C,)!, y € M. Suppose that o(z, y) = d.

So d can be factored as pm where o(y) = m. Hence the number of elements
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of order d in G is (p'~1)i(p' — 1)k = (p' — 1) k where k is the number of
elements in M of order m.

Now the number of elements of order p®m in G is (p®~')*(p' — 1) k which
divides |G]|.

Hence

Gl =" ) (' = 1)k
= p" M =p"""" (' = Dkr
=p' M| = (p' =1 kr
= |G| =(p' — ) kr

= (' =1k ||G].
So G has perfect order subsets. O

Since we are dealing with finite groups, it follows immediately that the
repeated application of the above two theorems will always end up with a

minimal POS-group.

4.4 Some minimal abelian POS-groups

Lemma 4.4.1. Let p be a prime, let a be a positive integer and let q be a

prime divisor of 2°° — 1. Then p divides ¢ — 1.

Proof. Since 2" = 1(mod q), 2" is the identity element in (C,)* where
(C,)* is the multiplicative group of nonzero elements of C,. Since 2" =
1 (mod q), o(2) divides p*. So p divides o(2). By Langrange’s theorem, o(2)

divides |(C,)*| which implies p divides ¢ — 1. O

44



Lemma 4.4.2. If G = (Cy)' x M is a minimal abelian POS-group where

|M| is odd and square-free, then t = p® where p is a prime and a > 0.

Proof. Without any loss, we may assume that ¢ is not a power of 2. Since
G = (Cy)' x M and |M] is odd, number of elements of order 2 in G is 2* — 1.

Since G has perfect order subsets,

(2" =1) G
= (2" = 1) | 2" | M|

= (2 = 1) | |M|.

So 2 — 1 is square-free. Let p be an odd prime dividing ¢t. So t = pm for

some m. Now
28 —1 =2 — 1= (2 - )[(2")" 1 4+ (2))" 2 + ... +1].

So (27 — 1) divides (2" — 1), and thus (27 — 1) is square-free. Suppose that ¢
and ¢ are distinct primes dividing 2”7 — 1. Then by lemma 4.4.1, p? divides
(1 — 1)(g2 — 1) which is the number of elements of order ¢; ¢ in G. So p?
divides | M| which is not possible. Hence 27 — 1 must be prime.

Since p is odd, we have 27 = 2(mod3) which implies that 3 divides
2P —2. Suppose that p; and py are disinct odd primes dividing t. So 9 divides
(2Pr —2)(2P2 —2) which is the number of elements of order (2P —1)(2P2—1) in
G. Since (2P —2)(2P2 — 2) divides 2" |M], it follows that 9 divides |M|. This
is a contradiction since |M]| is square-free. Hence at most one odd prime p
divides t¢.

Suppose that 2p divides ¢, where p is an odd prime. Then ¢t = 2pk for
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some k. Now

2l —1=2%k _1

= (14 3)P" -1

3 Kpf) " (pj) PR 3k] .

Hence 3 divides 2 — 1 and so 9 divides (2! — 1)(2P — 2). Since, in G, the
number of elements of order 2 is 2! — 1 and the number of elements of order
2P —1is 2P —2, it follows that the total number of elements of order 2(2°—1) in
G is (28 —1)(2? —2). Hence 9 divides | M| which is a contradiction. Therefore

t must be a power of a prime. O

Lemma 4.4.3. If G = (Cy)! X M is a minimal abelian POS-group, where
|M| is odd and square-free, then t = p® with a < 1 when p is an odd prime

and a < 5 when p is even.

Proof. By lemma 4.4.2, t = p®. Suppose that ¢ = p* where p is an odd prime
and a > 2. Now 27 —1 is a prime divisor of 2°" — 1. Since 2P" — 1 square-free,
there is some prime ¢ # 27 — 1 ¢ divides 2** — 1. Then by lemma 4.4.1, p

divides ¢ — 1. Also we have,

pl2P—2

= p'l(g— 127

which is the number of elements of order ¢(2° — 1) in G. Then p? divides
|M]|. This is a contradicton. Hence ¢t = p* with a < 1.

Next we consider the case t = 2% a > 1. Then 28 — 1 =22 —1,a > 1.
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Note that

Let us assume that @ > 6. Then Fj divides 2%° — 1. Also F, = 3 divides
92 _ 1. But Fy = 4294967297 = 641 x 6700417, and so, 6700417 is a prime
factor of F5. Also 3 divides 6700416. So 9 divides (22" — 1)(6700416), the
number of elements of order 2 x 6700417 in G. Thus, 9 divides 2¢|M]|, and

so, 9 divides |M|. This is impossible since |M]| is square-free. So a < 5. [0

Theorem 4.4.4. Let G be a finite abelian group of even order whose Sylow
p-subgroup is a cyclic group of order p for each odd prime p dividing |G|.
If G is a minimal POS-group, then G is isomorphic to one of the following

nine groups:
(a) Co
(b) (C2)* x Cs
(c) (Cu)? x C3 x Cy
(d) (Co)! x C5 x C5
(e) (Cy)® x O3 x C5 x O3
(f) (C2)® x C3 x C5 x C7
(g) (C9)'% x O3 x C5 x C17 X Cosy
(h) (Cy)'7 x C3 x Cs5 x C17 x Coz7 x Chzron
(i) (C2)* x C3 x C5 x Ch7 x Cas7 X Cossar
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Proof. Suppose that G = (Cy)" x M is a minimal POS-group where |M| is
odd. Then by lemma 4.4.2, ¢t = p® where p is a prime. By lemma 4.4.3, if p
is odd, then a < 1 and if p is even, then a < 5. Thus, t =1 or p if p is odd.

Since 2(2P~1 — 1), the number of elements of order 2P — 1, divides | G |,
it follows that if we take t = p — 1, then p — 1 is even and since t is a power

of a prime, p — 1 must be a power of 2. Hence
p—1=2% for some k
=p= o2k 4 1.
So p is a Fermat prime. Hence p = 3, 5, 17, 257, 65537. So if t = p, then
t=3,5, 17, 257, 65537.
Now if p is even, then a < 5. So
t=2,2% 23 2% 2°
— 2,4, 8, 16, 32.
Hence ¢ is a member of {1, 2, 3, 4, 5, 8, 16, 17, 32}.
If t =1, then G = (.
if t = 2, then since G is a POS-group, we have 22 — 1 divides |G|. So 3
divides | M.
Since |M] is odd, M = C3. Hence G = (Cy)? x Cj.
If t = 3, then 2° — 1 =7 and 7 divides |G| = 8| M|. Hence 7 divides |M].
But 7 — 1 = 6 should also divide |G|. So
M = 03 X 07.

Hence

G = (02)4 X Cg X 07.
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If t = 4, then 2* — 1 = 15 and 15 divides |G| = 24|M]. So 3 x 5 divides
|M|. Hence
M= 03 X 05.

So
G = (02)4 X Cg X 05.

If t =5, then 2° — 1 = 31 and 31 divides 2° |[M|. Also 31 is prime. So
31 —1 =30 divides |G| = 2° |M|. 30 can be factored as 2 x 3 x 5. So
M = 03 X Cg, X 031
Hence
G = (02)5 X 03 X Cg, X 031

If t =8, then 2% — 1 = 255 and 255 divides 23| M|. So 255 = 3 x 5 x 17
divides |M|. Therefore
Mg03><05><017.

Hence

G = (02)8 X 03 X 05 X 017.

If t = 16, then 2'® — 1 = 65535 and 65535 divides 2'°|M|. So 65535 =
3 x5 x 17 x 257 divides |M|. So

M’ECg X Cg, X 017 X0257.

Hence

G (02)16 X 03 X 05 X 017 X 0257.
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If t = 17, then 27 — 1 = 131071 and 131071 divides 2!7|M|. 131071
is a prime number. Also 131071 — 1 = 131070 divides |G| = 2'7|M]. So
2 x 3 x5 x 17 x 257 divides 217|M]|, d.e., 3 x 5 x 17 x 257 divides |M|.

So

M = C3 x Cs X Cy7 X Cas7 X Chzo71-

Hence

G= (02)32 X Oz x C5 x C17 X Cas7 X Clzio71-

If t = 32, then 232 — 1 = 4294967295 which divides |G| = 23%|M|. So
65535 x 65537 divides |M], i.e., 3.5 x 17 x 257 x 65537 divides |M|. So

M = C5 x C5 x C17 X Cos7 X Cessar

and hence

G = (C3)** x O3 x C5 x Cy7 x Casy X Cssar.

This completes the proof. O
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Chapter 5

Some standard POS and
non-POS groups

In this chapter we consider several standard examples of finite groups and
study whether they have perfect order subsets or not. This chapter is based
on the work of S. Libera and P. Tlucek [16], A. K. Das [4] and C. E. Finch
and L. Jones [9)].

5.1 Cyclic groups

Lemma 5.1.1. Let n be a positive integer. Then ¢(n) divides n if and only
ifn=1 orn=2%3" with where k > 1 and [ > 0.

71 T2

Proof. Suppose that n > 1 and ¢(n) divides n. Let n = pi' p5* ... p;*, where
t>1and p; <py <... <p;are primes. Also, r; > 1 for 1 <14 <t. Then
1 1 1

o(n) =n(l — ]3_1)(1 - p—2), (1= ;t) (5.1.a)
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So
(pl - 1)(?2 - 1) (Pt - 1)
pPip2 ... Dt
zp?*lp?*l ...p?_l(pl — D(pa — 1) ... (pr — 1).

o(n) =pi'py ... pi'

Since ¢(n) divides n, n = ¢(n) k for some k € Z. Using (5.1.a), we have

(1 —Dp2 —1) ... (pr — 1)
Pip2 ... Pt

= pip2 ... pe=k(pr —1(p2 —1) ... (pr —1).

¢(n) = ¢(n) k

So

(p =Dz —1) ... (ot = 1) [p1p2 ... pr. (5.1.5)

Similarly, if (py —1)(p2 —1) ... (pr —1) divides p; ps ... pi, then ¢(n) | n.
Thus we see that ¢(n) divides n if and only if (p; — 1)(p2 —1)... (pr — 1)
divides p1 ps ... p;.

Suppose that p; > 2. Then (p; — 1) is even. So from (5.1.5), we have,
p1 P2 ... priseven. So atleast one of py, pa, ..., p; is even, which is impossible
as pp is the smallest prime among them. Hence p; = 2. Thus, if t = 1, then
we are through.

Next we assume that ¢ > 2. Then (py — 1), (p3 — 1), ..., (pr — 1) are
even. Hence (po— 1)(ps— 1) ... (pr— 1) = 27! s for some s € N. By (5.1.0),
2t divides pips ... p;. Note that 201 > 4. So 4 divides p; ps ... p; which
implies 2 divides p;ps ... p;. This is a contradiction since py, ps, ..., p; are
odd primes. Hence t < 2.

If t = 2, then from (5.1.), we have (p; — 1)(p2 — 1) divides p1ps. So
(p2 — 1) divides 2p,. Since ged((p2 — 1), p2) = 1, we have (ps — 1) 1 po.
Hence (ps — 1) divides 2 and so py = 3.
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Putting all these together we see that if n > 1 and n divides ¢(n), then
n is of the form 2% 3! with k£ > 1, 1 > 0.

Conversely, suppose that n = 283/, k > 1,1 > 0. If | = 0, then n = 2*.
So ¢(n) = ¢(2%) = 2= 1. Thus, ¢(n) divides n. on the other hand, if [ > 1,

then
1 1
—n(l— 2)(1- =
o) =n(i- H- 1)

n

3

— 2]€ 31—1
So 2k 31=1 divides 2F 3! = n. Hence the lemma follows. O

Proposition 5.1.2. C, is a POS-group if and only if n = 1 orn = 2%38

where a > 1, § > 0.

Proof. Suppose that d is a positive divisor of n. For each positive divisor d
of n, C,, has exactly ¢(d) elements of order d, where ¢ is Euler’s phi function.
So C,, is a POS-group if and only if ¢(d) divides n for each positive divisor d
of ni.e. if and only if ¢(n) divides n. By the above lemma, we have n = 2% 38

where a > 1, 3 > 0. 0
Proposition 5.1.3. A 2-group is a POS-group if and only if it is cyclic.

Proof. Let G be a POS-group with |G| = 2™, m > 0. For 0 < n < m, let
X,={9€G:g* =1}. Let g€ X,,_1. Then



So g € X,, and hence X,,_; C X,,. We use induction to show that | X,| = 2"
for all n with 0 < n < m. This is equivalent to saying that G is cyclic.
Now, |Xo| =1 =2° So let us assume that n > 1. We show that

X, — Xoo1={g9g€G:o(g) =2"}.

Let g € X, — X,,_1. Then ¢*" =1 and ¢*" ' # 1. Suppose that o(g) = 2.
Since ¢>" = 1 we should have k¥ < n. But if ¥ < n then ¥ < n — 1 and
then g2* = 1 which implies ¢>"~ " = 1 which is not possible. So k = n and so
o(g) =2".

Conversely, let o(g) = 2. Then ¢*" = 1. Alsosince 2"~ ! < 2" ¢2" "' £ 1.
Hence

X, — Xno1={g9€G:0(g9) =2"}.
Using lemma 3.1.1, we have
| Xn| = [ Xl = [Xp — X a] = 0or 2 (5.1.c)

for some ¢t with n — 1 <t < m, since |G| = 2™. By induction hypothesis,
| X, 1] = 2"~ and by Result 1.3.2, 2" divides |X,,|. So |X,| = 2". Hence
by proposition 5.1.2, G is a POS-group. O

5.2 Semidirect product of cyclic groups

Recall that if X and H are any two groups and 6 : X — Aut(H) is a
homomorphism, then the cartesian product X x H forms a group under the

binary operation

(21, h1) (22, ho) = (w122, O(22)(h1)h2),
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where x; € X, h; € H, i = 1, 2. This group is known as the (external)
semidirect product X with H (with respect to 6) and is denoted by X x4 H.

Proposition 5.2.1. Let G be a POS-group with |G| = 2%p” where a and 3
are positive integers, and p is a Fermat’s prime. If 2* < (p — 1)? then G
s isomorphic to a semidirect product of a group of order 2% with the cyclic
group Cps.
Proof. Since p is a Fermat’s prime, p = 22" 4+ 1 where k > 0. Hence we have
22" = —1(mod p)
= 22" = 1(mod p).
Thus order of 2 modulo p is 22", Let X,, = {g € G|¢*" = 1}. Then using
the same argument as in the proof of the proposition 5.1.3, we get | X,,| = p"

for all n with 0 < n < (. So G has a unique Sylow p-subgroup and it is

cyclic. Hence the proposition follows. O

Theorem 5.2.2. Let p be a Fermat’s prime. Let o, 3 be two positive integers
such that 2* > p—1. Then there exists a homomorphism 0 : Coa — Aut(Cps)

such that the semidirect product Cya X9 Cps 1s a non-abelian POS-group.

Proof. Since p is a Fermat’s prime, we have p = 22" 4+ 1 where k > 0. Now
the group U(C,s) of units in the ring C,s is cyclic since p” has a primitive

root. Also

U(Cys)| = o(p”)

()

_ pﬁ—122’“'
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92k

So we have, 22” "% = 1(mod p°) for some z € U(Cps). Also

(xp[jfl?k*l)2 = 1(mod p”)

—192k
= @)

gk gkl
=p7 | (@ T+ )T T ),
Hence 2" "2 ' = —1(modp?). Thus if we take z = 2" ', we have
22" _ 8
2% = 1(modp”)
and
ko
27 = —1(mod pP).

Moreover, we may choose z in such a way that
92 B+1
2= # 1(mod p”™).

Define a mapping f : C,s — Cps by f(b) = b* where ged(z, p) = 1. Since
ged(z, p?) = 1, there exist two integers m and n such that mz + np® = 1.
Suppose that ¢ € Cps. Then ¢ = b¢ for some integer i. Now b = pmatne® —
(b™)%. Hence b* = (b"™)* = b™. So f is onto and hence one-one. Also f is a
homomorphism. Hence f € Aut(C,s).

Now consider the mapping 6 : Cy« — Aut(Cps) defined by 6(a) = f.

Then 6 is a homomorphism. Also

0(a™)(0") = f* (")
= (f(b")*

— pv*°
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Hence

0(a”)(b¥) = b¥*". (5.2.a)
Now
(a®,b¥)* = (a®, 1Y) (a”, bY)

— (@2967 pv=" by)

= (CL2$, by(zx—l—l))

(aa:7 by)?) _ (CL3$, 0(a2$)(by)by(zz+1))

_ <a317 by(z””+z2“”+1))
(a?’g”,by(ifll)) )

(a®,b¥)* = <a3‘”,by<zz4;11)> )

So, in Chya X9 Cps, repeating this process, we have,

Similarly

(a®, b*)* " = (1,b7) (5.2.b)
where
o 227 1
T=Y o1
o 22'm
— Y z2m 1’

Put ¢ = ord, m. Then m = p°u for some positive integer u such that p { u.

Therefore we have for all r > 2%,
. Qk 27‘72 pcu
Z2m = <22 ) = 1(modp”™)
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but
2¥'™ % 1(modp?Tett).

Since z has order 22" modulo p, we have
22" | 2'm = 2F < 1.
So if r < 2% then
2¥™ £ 1(mod p).

Thus we have

pbrets ifr < 2k
")/ =
piw, ifr > 2%

where u and w are two positive integers both coprime to p. Hence we have,

e 1, ifr < 2%,
0 <(a’”,by)2 ) = (5.2.¢)
p’=s  ifr > 2k,
Suppose that o(a®,b¥) = t. Then we have,

(ax’ by)t = (17 1)

= ad’=1
= 2%|2"tm
= 277t

since 27"t m as m is odd. So from (5.2.c¢), we have

ga-r. ifr < 2k
o(a®, V) = (5.2.d)
ga—rpf=s ify > ok,
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Hence we can count the number of elements of Coa Xy Cps having a given

order, and construct the following table:

Orders of group elements

Cardinalities of corresponding order subsets

1 1
20T (0 < r < 2F) 20 1pf
20T (28 < p < ) ga—r-1
PP (0< s < ) PP (p—-1)

207 (2P <r <, 0< s < )

2a7r71pﬁ7571(p _ 1)

From this table, we get that Caoa xg Cs is a non-abelian POS-group. U

Remark 5.2.3. For p = 5, taking z = —1 in the proof of the above theorem,

we get another class of non-abelian POS-groups, namely, Cha Xy C5s where

a > 2 and 3 > 1. We have the following table:

Orders of group elements

Cardinalities of corresponding order subsets

1 1
20 2071568
20T (1< r<a) go—r—1
50-5 (0 < s < f) 225A=s-1
2075 (1 <r<a,0<s<f) go-rtlgf=—s—1

Remark 5.2.4. Consider the semidirect product Cy xg C7. Using the same

argument in the above theorem, we get that Cg Xy C; is a non-abelian POS-

group. In this case we consider the homomorphism 6 : Cs — Aut(C7) given
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by 0(a)(b) = b* where a and b are generators of Cs and C respectively. We
have the following table:

Orders of group elements | Cardinalities of corresponding order subsets
1 1
2 1
3 14
6 14
7 6
14 6

5.3 Dihedral groups
Lemma 5.3.1. Consider the dihedral group
Doy = (z, yly" =1, 2" =1, 2y =y ')

of order 2n,n > 2. Let x € Dy, be such that o(x) = i, i # 2. Then
|0S(z)| = o(2).

Proof. |0S(z)| = |[{y € Dan|o(y) = i}| consists of rotation of order i. Now
(r) is the subgroup of rotation of Dy, of order n. So if y € OS(x), then

y = r" for some m and

o(y) =o(r™) = rd(m, ) = 1.

Hence the elements in OS(x) are all rotations of the form 7* such that

0 <s<mnand ged(s,n) = o
i
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Let — = d, then r* € OS(x) if and only if ged(5,%) = 1 and 0 < s < n.
i
The number of such s is ¢(%5) = ¢(i), where ¢ is Euler’s phi function. Thus
we have, |0S(z)| = ¢(7).

Theorem 5.3.2. The dihedral group
Doy = (z, yly"=1,2° =1, 2y =y~ 'z)
is a POS-group if and only if n = 3!, for some | > 1.

Proof. Suppose that n = 3'. Let € Dy, be such that o(x) = 2. Since n is
odd, only the reflections have order 2. So |OS(x)| = n which clearly divides
| Dan|-

If |o(x)| # 2 divides n, then we must have o(x) = 37 for some o < ¢ < .

When ¢ > 0, we have
1
olx)) = 0(37) = 39(1 - 1) = 2.3

which divides 2n. When ¢ = 0, then o(xz) =1 and |OS(x)| = 1. So Dy, is a
POS-group when n = 3.

Conversely, suppose that D, is a POS-group. D, is the group of sym-
metries of a regular n gon, the dihedral group splits into n rotations and n
reflections. Suppose that n is even. Then the only rotation of order 2 is the
rotation by 180°. Also each reflection has order 2. Hence if x € D,, such
that o(z) = 2, then |OS(z)] =n + 1. Since n + 1 is odd and n + 1 > n, this
is not possible. Hence D, is not a POS-group when n is even.

Now assume that n is odd. We have assumed that D, is a POS-group.
So if & € Dy, such that o(x) = n, then |OS(z)| must divide | Do, | = 2n. Now
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¢(n) divides 2n. Also ged(2,n) = 1 and ¢(2) = 1. So ¢(n) = ¢(n)p(2) =
¢(2n).
From lemma 5.1.1, ¢(n) divides 2n if and only if 2n = 2*3" with k£ > 1.

Since n is odd, we must have n = 3! for some [ > 1. O
We have the following result for the quasi-dihedral group.

Theorem 5.3.3. The quasi-dihedral group
QD,, = {(a,b|a® " =1, =1, ba=a*" *'b)
where n = 2™, m > 4 is not a POS-group.

Proof. Suppose that QD,, is a POS-group. Let r € QD,, be such that o(r) =
2. We shall show that @D, is not a POS-group by showing that |OS(r)|
does not divide n. To begin, we shall show that for 0 < ¢ < % there is only
one element of the form a* with order 2.

If o(a') = 2, then since o(a) = %, we have
2i = 0(mod g)
= i = 0(mod %)

Since 0 < @ < 7, we must have 1 = 7. Let a’b € QD,, be such that

o(a’b) = 2 where 0 < j < 2. Now

m—2
ba = a*" "t

= a=b"t(a% +1)b
= o = b talitip

= ba! = qlTTVIp,
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So we have a’ba’b = a/a'iTVibb = ai+27 . Since o(a’b) = 2, we have

(Z +2)j = 0(mod 5)

= (2™72 4 2)j = 0(mod 2™ 1)
= 27(2™% +2) = 0(mod 2™ 1)

= j(2™ 3 +1) = 0(mod 2™ ).

When m > 3, ged(1 +2m73,2m72) = 1. So j = 0(mod2™~?). Hence j must
be a multiple of 22 i.e. 7. Thus the number of elements of the form a’b
with order 2 is 2. Therefore, if t € () Dy, such that o(t) = 2, then |OS(t)| =3
and 3 does not divide n since n = 2™. This is a contadiction. So Q) D, is not

a POS-group. O

Theorem 5.3.4. The semi-dihedral group

2m71

SD, = (s, t|s =1, =1ts=5" 1)

where n = 2™, m > 3 is not a POS-group.

Proof. Supose SD,, is a POS-group. We shall show that there are 5 elements
of the form s’t, where 0 < i < 5. Furthermore, half of these elements have ¢
even, and half have 7 odd. Thus, there are % elements of the form st when i
is even and % elements of the form s't when i is odd. We claim that o(s't) = 2

if and only if 7 is even.
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We have

Now
s'ts't = s'sUi Vit
N
Since o(s) = %, we have sT = 1 if and only if 2 = o(mod%), i.e., if and

only if i = 0(mod?2).

Let 0 < j < %. We claim that o(s’) = 2 if and only if j = 2. Suppose

that j = 2. Then (s7)? = s2 = 1. Conversely supppose o(s’) = 2 for some

0 <j <% Since s¥ =1, % divides 27, and so, we have

n
=0 d-—).
j = 0(mod-)
Since 0 < j < 3, there is exactly one value for j, namely j = 7%, which

satisfies this condition.
Now let r € SD, such that o(r) = 2. Then |OS(r)| = §+1. Since we have
assumed that SD,, is a POS-group, |OS(r)| must divide |SD,| = n = 2™.

The divisors of n larger than 7 are only 5 and n itself. Now if 7 +1 = 7,

then this equation does not have an integer solution and if 7 +1 = % then
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we have n = 4. But n > 8, by assumption. So we have a contradiction.

Therefore |OS(r)| does not divide n and SD,, is not a POS-group. O

5.4 Quaternion groups

Theorem 5.4.1. The generalized quaternion group

1 277172 1

Qu="(z,ylz® =19"=2""" yz=2a""y)
where n = 2™, m > 3 is not a POS-group.

Proof. Let x € @, such that o(z) = 4. We shall show that @, is not a POS-

group by showing that |OS(z)| does not divide n. There are % elements of
the form 2’y where 0 < < Z. We claim that |2'y| = 4 V0 < i < %. Now
x =y 'z~ ly, and so, 2° = y~lz~%y. Therefore,

1 2 om=2

dyr'y =2y(y Ty =y =1

Hence o(z'y) # 2. Clearly o(z'y) # 3 since 3 does not divide n. Now

2"1*2)2 — p2m-1l

(a'ya'y)® = (x
So o(z'y) = 4 and we have at least 5 elements of order 4. Now let j € N and
0<j<4%. Since o(z%) = 4, so there is at least one element of the form z7
with order 4. Let k € N be the number of elements of the form z7 that have
order 4. Hence the total number of elements of order 4 is § + k. For @, to
be a POS-group, § + k should divide | @, |=n. So k=0or 5. But k # 0
since |0S(x)| = {y € Glo(y) = 4}| is non-empty. So k = %, but there are
only 3 — 1 elements of the form 2/ with 0 < j < 5 which is a contradiction.

So @), is not a POS-group. O
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5.5 Linear groups

SL(2,q) is the group of all 2 x 2 matrices of determinant one with the entries
from the finite field I, of ¢ elements, where ¢ = p™ for some prime p. We

shall show that SL(2,q) is a POS-group if it satisfies certain conditions.
Theorem 5.5.1. SL(2,q) has perfect order subsets if and only if
g€{2 3,5 79,11, 17, 19, 41, 49, 127, 251}.

Proof. The exact number of conjugacy classes in SL(2,q) is ¢ + 4 when ¢ is
odd and ¢+ 1 when ¢ is even. We construct the table 5.5.2 for the structure

of conjugacy classes when ¢ is odd and table 5.5.3 when ¢ is even.

Conjugacy class Order of the | Cardinality of the
Representative Representative class

1 1 1

z 2 1

c D q22_ !

d D q22_ !

zc 2p q22_ !

zd 2p q22_ !
a, 1<1<%? D qlq+1)
bt L<m <O i q(q—1)

Table 5.5.2: ¢ is odd
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Conjugacy class | Order of the | Cardinality of the
Representative | Representative class
1 1 1
c 2 ¢ —1
al, 1<1<%2 w0 D) q(qg+1)
o 1<m < | gt q(q—1)

Table 5.5.3: ¢ is even

From table 5.5.2 we see that the number of elements of each of the orders
1, 2, p and 2p divides the order of SL(2,q) for any value of ¢. So the restric-
tions on ¢ are imposed by the order subsets determined by the elements a'
and 0. The same is true when ¢ is even, as can seen from Table 5.5.3.

Let d be a divisor of ¢ — 1 with d not equal to &2

5— or ¢ — 1. By lemma

1.4.7 the number of positive integers [ < ¢ — 1 such that ged(l,q — 1) = d
-1

is @ (%). By lemma 1.4.2 the number of such integers [ < 4= is 5

q—1
=1 is L(QT)(Q%—l).

Hence the total number of elements in SL(2, ¢) of order
From lemma 1.4.8 it is clear that we have to consider only the case when
d = 1. A similar argument holds for b". Using corollaries 1.4.5 and 1.4.6 we
get that the total number of elements in SL(2, q) of order g—1 is 24= )(q+ 1)
and the total number of elements in SL(2, q) of order ¢ + 1 is 24t )(q + 1)

Summarizing all these, we have SL(2, q) is a POS-group if and only if 2 d)(q—l)

q+1)
¢(g+1)

and are both integers. We use theorem 1.4.9 for finding the values of
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q. Here m = ¢+ 1. We get the following twelve equations:

3P —30=2

gc=l _ ga—lgb _ 1
gb=1 _ ga=1 _ q
ob—lge _ ga—1 _ 4
gc=l _ ga—lgb _ 1
gc—lgd _ ga—lgb _ 4
gc—1gd _ ga—lgb _ q
ob—lge _ ga—1 _ 4
gb—lgcmd _ ga—1 _ 4
9d—1 _ ga—lgbme _ q
gc—lgdpe _ ga—lgb _ 1

2d715e - 2a713b76 -1

Solving these equations by using a combination of divisibility, congruence

and Pell equation arguments, we get the following table:
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Equation qg—1 1] qg+1 Solutions | Corresponding ¢
3b—321=2 34 3b (0,1) 2
201 _ga-lgb — 1 205° 2¢ none none
9b-1 _ 9a-1 — | 2a 2b (1,2) 3
9b-13¢ _9a-1 — | 20 | 203¢ | (2,1,1) 5
(4,1,2) 17
9e=1 _ ga—lgb _ | 9a3b 9¢ (1,1,3) 7
ge-l5d _e—13b — 1 | 203t | 2¢5¢ | (1,2,2 1) 19
(4,1,1,2) 49
9e-13d _ga—l5b — 1 | 2e5b | 2¢3¢ | (1,1,2,1) 11
(5,1,1,4) | 161=7x 23
ob-15¢ _ a1 — | 9a 9b5e (3,1,1) 9
20713e7d — 207 =11 2¢ | 2b3¢7¢ none none
9d—1 _ ga—lgbye — | | gagbye | 9od (1,2,1,7) 127
2¢-13d7e — ga=lsb — 1 | 2a5° | 2¢397¢ | (3,1,1,1,1) 41
(1,3,2,2,1) 251
29-15¢ — 20-13b7e — 1 | 203b7¢ | 245¢ none none
The theorem now follows from the above table. O

Proposition 5.5.4. The projective special linear group PSL(2,q), where

q > 3 is prime, do not have perfect order subsets.

Proof. Let S be a Sylow g¢-subgroup of PSL(2,q). Since |PSL(2,q)| =

%, we have |S| = ¢ and Cg(S) = S. Assume that G contains exacly

one conjugacy class of elements of order q. We count the number N of ele-

Gl _ (¢=D)(g+D)
6 _ la=l@)) 704

ments of order ¢ in two ways. First, we see that N = B
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k be the number of Sylow g—subgroups of G. Then N = k(¢ — 1) and so
k = 1. But this is impossible as k = 1(mod q). O

PROBLEM : To determine whether or not GL(n, F) is a POS-group.

5.6 Alternating group

In [9], Finch and Jones have proved that if n > 4 is a positive integer such
that n or n—1 is a prime, then the alternating group A, is not a POS-group.
They conjectured that A, is a not a POS-group for all n > 4. A. K. Das [4]

has settled this conjecture as follows.
Proposition 5.6.1. Forn > 3, the alternating group A,, is not a POS-group.

Proof. Consider a positive integer n > 3. Then, in view of Result 1.4.1, either
n or n — 1 can be written as the sum of distinct odd primes pq, po, ..., px

where k > 1). If x € A, is such that o(z) = pipa...pk, then |OS(z)| =

[{y € A, :0(y) =pip2...0k}| = plp’;_!"pk which does not divide |4,| = Z.

Hence A,, is not a POS-group. O

PROBLEM : To determine whether or not S,, is a POS-group.

We conclude this chapter and also the dissertation by observing that
the notion of POS-groups provides us with yet another interesting bridge
between the theory of finite groups and the theory of numbers. Also, being
a relatively new concept have enough scope for future research. It will also

be an interesting work to classify all finite POS-groups.
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