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On Wave Solutions of Kilmister and Newmann’s
Weakened Field Equations

M. ANSARI

Abstract

Gravitational situations arising out of the introduction of the two
functions A and B in the flat metric have been examined by Sharan (1965)
and some cases have been investigated in presence of electromagnetic
field and the cosmological term. In the present paper I have considered
the weakened field equations originally given by Kilmister and Newman
(1961), Pirani, Rund, Eddington and Rund (1967) in a space-time metric

de® = —adv —oly® —de® — i+ 24dwdt + 2Ry, when A =

Az )end 5 = B{x, 3} and have established the existence of plane
wave-like solutions. In this space-time the interesting case is that the
field equations provide two differential equations that are integrable in
terms of elliptic functions.
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Introduction

Einstein’s field equations in the theory of general relativity is given by
. 1
Gie = Riy _E.gfkR = —kTy., (1.1)

where [ is a coupling constant to be determined by comparison with

experiments and T{. i is the energy momentum tensor in the presence of
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matter, | ik is the Ricci tensor and R is the scalar curvature defined by
— ik

R = g" Ry

The tensor (7;,. enjoys the properties

@) G = G ond (1) Gl = (g™Gw), =0,

where a semicolon (;) followed by an index denotes covariant differentiation.

In vacuum T:' i vanishes and (1.1) reduces to

Ri?{' =10 (1.2)

Eddington, Buchdahl, Kilmister and Newman, Rund and Du Plessis have
suggested vacuum field equations alternative to (1.2) which are weaker than
(1.2) in the sense that they admit a class of solutions for which (1.2) holds,
and have called such field equations “Weakened Field Equations”. Thompson
[1] has made a study of these equations and has concluded that the weakened
field equations are too weak. D. Lovelock [2], [3] has solved a set of five
weakened field equations, namely

— it —_ -
Jijx = Rijpe =0 (1.3)
= u inp mn L 1 ih i
fpe S =) (7" R — 5" Bijan +- . —9nd R — B
i i LY
3 i — (1.4

with properties

() Gjy = Gy; and (b)[?g;j =0,

1 N i
E.u.t.-_ = f—y}i' lQ"JHk'{ERj'f!'vn R'lnf. + Hm'rRij;.r.z — E:Ij}

1 ; iy =
—3 ,tlhk(R-'ruﬁ'zm — ™R rw'.]] =0, {1.3)
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with properties

R L} o REk _
(a) E™ = E* and (b) E}" =0,

+ R [J?._. _ a';"-',?.]l o, (1.6)

with properties
(a) €™ =& and (b) €t =0,

and

H! =R =0. (1.7)

R

Here Cj hik 1s the Weyl curvature given by
1.
Cinix = Rinic — E(ijﬂu — Ruiftjx — Risgnp + Brrgji) +

o .
3 (ij@nk — Omigje) (1.8)

Although the physical implications of these weakened field equations are yet
not well established many authors have tried to find the solutions of these
field equations in the hope that these may be useful in future. Kilmister &
Newman [4] and Pirani, Rund, Eddington & Rund [5] originally suggested
these field equations. Here we propose to solve the above field equations
(1.3) to (1.7) in a space-time whose metric is in the form [6]

dst = —dxd — dye — dz? + ded — 2Adzdr — 25hdxdy, { 1.5
where 4 = A(z, tiand B = B {x, y)
1. Calculation of Christoffel Symbols and Ricci Tensors

The determinant g of the metric (1.9) is found to be
g=—I14+ 1211 - B @13
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Since g is negative, 5 2 o 1. The non—vanishing components of o] tf are

12
(}'11 = |:.‘I|"" = I;l = 1
’ B 1 — B?
3 .
a a -
—pdd = g%t == = 2.2
S I Iy 1 (2-2)
k
and the surviving components of Christoffel symbols of second kind i j are
{1“_:—551 {3}:Aﬂg
1 1/ 1-54' 3 3 1+42°
-2 LY
1 1/ 1-B%’ 3 3 1+4%
1)_ -5 3 ) 4
[ = 5 = 5 (2.3)
2 2/ 1-E 4 4 144
{2“__—552 {4}_}1}14
2 2)  1-p¥ 4 4) 7 1447
9B 0B 94 84 _
whereB1 :Bz . AB and 4 4 standfora 3y 5 anda respectively.

The non-vanishing independent components of K ; j are given by

; at ¥, .
Hyy = Rz = 5 =X,
LEW .
=R3a = Rya = ? =Y, (2.4)
where
B> BB, B,
X —

= ~+
1-B2 (1—B2)?



M. ANSARI 101

Az, AAs 4,
1+42 (1+42)2

Y (2.5)

From (2.2) & (2.4) the scalar curvature R is given by
R=2(-X+Y). (2.6)

From (2.2) & (2.4) the non-vanishing components of RU are

. R X
Rl: = R-z = - = - B
B 1 — B*
L'EN v _
3: _ pit _ A%
B S Py e (27)
The non-vanishing components of curvature tensor
Rijim (: —Rjiim = —Rijm1 = Rgnlfj) are given by
oo B,
Riave = B.q 4 .
212 = P12 Ty pe
AAd. A, )
Rasa =4s =770 (28)

Using (2.4), (2.6) & (2.8), the non-vanishing components of Weyl curvature

tensor Cj kil from (1.8) are computed as

—X+Y
—Ci313 = (o323 = Ciy14 = Couny = T
(1-B2%)(5X+Y)
1212 — 3 )
(1+A4%)(5Y + X)
3434 — 3 )
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AB(X —Y)
Ciz24 = Ciuoz = )
6
A(=X+Y)
Ci314 = Co324 = )
6
B(—X+Y)
Ci323 = —Cia24 = .
6
2. Solutions of the Weakened Field Equations (1.3)
The curvature tensor Rf} j; satisfies the Bianchi identity [7]
i a ] —
Rijs + Rikey T Riye =0 (3.1)

Let us put a =1 and sum with respect to ‘a’ remembering that Rf} i 18

skew-symmetric inj and &, we find
Rﬁ'-‘r;a = Ri'i':it - Ri’-‘n’:]’ . (3.2}
Therefore, the weakened field equation (1.3) reduces to
Rijw — Ring; =D 3.3}
k
Using the values of i j and R; j from (2.3) and (2.4) in (3.3), we obtain

52}( ‘l_ Ba]_X = OJ alX + BazX — D, (3421)

64Y + A63Y - DJ 631/ — A§4Y = OJ (34b)
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Solving (3.4a) & (3.4b), we obtain

,X=0, 8,X=0,0,Y=0, 9,y=0, G5

which implies
= o T (3.6)
5 T —~a = K
1-B2 (1-B2p
and :':I-]_; :"I..l'lE:"I._]_

- e 3.7
1+42 (1+a42)2 2 (3.7)

where ‘Efl and ,E(.z are constants.

Equations (3.6) and (3.7) are non-linear partial differential equations
and their solutions are complicated. However, on taking

B = B(;,j + }’),A = A (z — f) and substituting 5in u’; for B
and ginh (rt: for A, the equations (3.6) and (3.7) reduce to

dy
1,.” ¢ + 2%, siny

= dg (3.8)

and
ehip

JE — 2k sith ¢

= du (3.9

respectively, where Cy and €, are constants of integration and
f=x+y,a=z—t.
P

Putting t@ n% = t;, ta ”E = {5, it is easy to see that the
equations (3.8) and (3.9) take the form
2dt,

df = — - _ '3.10)
VO Ak - ottt H 4k E 4G

and
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2dt,
oy = - : {3.11)
-\.'lfl':'ztg' + _4_||||‘2 tg - '}i".'; :I"f - 4'{; :f_': 'l' I"T:

The equations (3.10) and (3.11) are integrals of the form [ F ({'J u) d t,
where F denotes a rational function of t & u and where
ut = aott +4att + et +4agt+a,

is a quartic or cubic function of ¢ without repeated factor, which can be
evaluated in terms of elliptic functions [8].

Thus the solution of the weakened field equation (1.3) consists of

Gij givenby (19 where B = B(x + y)and A = A (z — t)

which are determined respectively from equations (3.10) and 3.11).

Similarly in the other three cases when

B=RB(x—1y), A=A{z—1t}; B=Bx+y),
A=d{z+Dand B =8Bx—y),A=4(z+1)

equations (3.6) & (3.7) reduce respectively to

dy s .
=dl, = At , 312}
JE — 2k sty S — 2k, sinh
dhy et
———— =4 = da {3.13}
e+ 2k st Jon =2k sinh g
and
A Yo
i = dp, i = du. 3140

A g = 2hy ST B -.'.,'f!'.'g + 2y cirl -
Like equations (3.8) & (3.9), equations (3.12), (3.13) and (3.14) each can be
again reduced to forms (3.10) & (3.11) and hence will be integrable in terms
of elliptic functions. Consequently the solutions of (1.3) corresponding to

these chosen forms of A & B can be obtained on the same lines as in the

case when f = B(,],j + y)lfi] = A(Z — f).
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3. Solutions of the Weakened Field Equations (1.4), (1.5) and (1.6)
Theorem 4.1 A necessary and sufficient condition that {f; j given by (1.9)
be a solution of weakened field equations (1.4), (1.5) & (1.6) is
() (11— R — Xaad + IR+ I X — BR Y, - X0 =0,

(B) (1 — =430V =V ) — CAALY, + AT + 44V — AW = 0,4.2)

where the suffixes 1, 2, 3, 4 denote partial differentiation with respect to

X,V Z, I respectively and the values X and Y are given by (2.5).
_ Cy RN
Proof: Substituting the components of & - 8. Ry B¥. 1 Fijim and

thf}{ from section 2 in the field equations (1.4), (1.5) & (1.6) and solving
each field equation separately, we see that each field equation gives the

same condition (4.2).

Conversely, if the relation (4.2) holds then the weakened field
equations (1.4), (1.5) & (1.6) are identically satisfied. This proves the theorem.

4. Solutions of the Weakened Field Equations (1.7)

Using the components of ' from (2.7) in the field equation (1.7), we get

a %  2BRX

I_Bz_(]_ﬁz*}z:n* (5.1}
DX RRX 0 <5
1-E52 (1-E%* (>2)
i d 2AAY

i 2 (5.3)

- + — =10,
T+ A2 (14 492
A,y . 24y
14+ 4% (1 +42)2

(5.1}

Solving (5.1) to (5.4), we obtain equation (3.5) of section 3, which gives
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By bb G
¥ = i —— = |, [5.5)
1—F* (1-—g?)
and
. -"I!_.l_l_ :'l!.n'l.j_.n"l._l_ , -
Y = —— = k, (5.6)

1+ 47 (14472 7%

where [ 5 and k 4 are constants.

Equations (5.5) and (5.6) are similar to equations (3.6) & (3.7) except

for the constants which are now k, and k, instead k, of and k,

Consequently, the solutions of the field equations (1.7) can be obtained

on the same lines as those of (1.3) obtained in section 3.

References

[1] A.H. Thompson, The investigation of a set of weakened field equations
for general relativity, Ph. D. Thesis, U.S.A.F. (1963).

[2] D.Lovelock, Weakened field equations in general relativity admitting
an ‘unphysical’ metric, Commun, Math. Phys., 5 (1967), 205-14.

[3] D.Lovelock, A spherically symmetric solution of the Maxwell-Einstein
equations, Commun. Math. Phys., 5 (1967), 257-61.

[4] C.W. Kilmister and D. J. Newman, The use of algebraic structure in
Physics, Proc. Cambridge Phil. Soc., 57 (1961), 851-64.

[5] H.Rund, Invariant theory of variational problems for geometric objects,
Tensor (N.S.), 19 (1967).

[6] R. Sharan, On the gravitational significance of deviations from the
Minkowskian metric, Proc. Nat. Inst. Sci. (India), 31 (1965), 311-22.

[71 J.L. Synge and A. Schild, Tensor Calculus, Toronto University Press
(1949).

[8] E.T. Copson, An Introduction to the theory of Functions of Complex
Variable, Chap. XIII, Article 137, Oxford University Press (1955).



